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PREFACE
This volume contains the full-length papers accepted for presentation at the XI International Conference on
Structural Dynamics EURODYN 2020, streamed online from Athens, Greece on November 23-26, 2020.
EURODYN Conference Series is organized under the auspices of the European Association of Structural
Dynamics (EASD). EASD was founded in 1990 as a joint European initiative of experts in Structural Dynamics,
with the purpose of sponsoring and overseeing the organization of the EURODYN conferences, scheduled to
take place with a three-year interval. The first EURODYN Conference was held in Bochum in 1990, organized
by the founding president of EASD Prof. Wilfried Krätzig. Following Bochum, the conferences were held in
Trondheim (1993), Florence (1996), Prague (1999), Munich (2002), Paris, (2005), Southampton (2008),
Leuven (2011), Porto (2014), Rome in 2017 and this year in Athens, the city where the EURODYN 2020
conference would have taken place in June 2020.
In view of the first signs of the COVID-19 pandemic at the beginning of this year, we were forced to
postpone the conference dates at the end of November 2020. This was expected to give the opportunity to
the participants to attend the conference either physically or remotely. Unfortunately, and contrary to what
we had all anticipated, the COVID-19 was still around at the end of June 2020, and hence we were left with
no other choice but to abandon the idea of a physical conference and organize a fully online event. This
transition was very painful and created many administration complications. Nevertheless, EASD and the
organizing committee have seen this sanitary crisis as an opportunity to organize a different type of event
and to propose a new approach for scientific collaboration and communication that respects both the legacy
of the conference series and the health of the members of the European Community of Structural Dynamics.
EURODYN conferences have been established as the top scientific events in the area of theoretical,
numerical and experimental Structural Dynamics worldwide and are highly-anticipated every three years by
the international community of Structural Dynamics. For the 2020 edition of EURODYN series, more than
1000 abstracts were submitted, of which 830 were selected for presentation and among them 400 fulllength papers were accepted for publication in the EASD Open Access Procedia, indexed by Scopus
Database.
The editors of this volume would like to thank all authors for their contributions. Special thanks go to the 88
colleagues who were involved in the organization of 38 Minisymposia and to the reviewers who contributed
to the scientific quality of this e-book with their work.
We would particularly like to thank the Members of the EASD Executive Board, and especially Álvaro Cunha,
the President of EASD, Guido De Roeck, the Honorary Chairman of EURODYN 2020 and Fabrizio Vestroni the
Chair of the EURODYN 2017, for their valuable advice, suggestions and interest, during the three-year
preparation period of EURODYN 2020. Their contributions were significant to the successful outcome of this
undertaking.

Manolis Papadrakakis
National Technical University of Athens, Greece
Michalis Fragiadakis
National Technical University of Athens, Greece
Costas Papadimitriou
University of Thessaly, Greece
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Abstract. This paper presents a computationally efﬁcient modelling approach for the prediction of underwater noise radiation from offshore pile driving. A near-source module is adopted
to capture the interaction between the pile, ﬂuid and soil, which is based on a previously developed semi-analytical vibro-acoustic model. This module primarily aims at modelling the
sound generation and propagation in the vicinity of the monopile. The Green’s tensor for an
axisymmetric ring source in a horizontally stratiﬁed acousto-elastic half-space emitting both
compressional and shear waves is derived using the normal modes and branch line integrations. The boundary integral equations are then formulated based on the reciprocity theorem,
which forms the mathematical basis of the far-from-source module for the propagation of the
wave ﬁeld at large radial distances. The complete noise prediction model comprises the two
modules, which are coupled through the boundary integral formulation with the input obtained
from the near-source module. Model predictions are benchmarked against measurement data
from an offshore installation campaign.
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1

INTRODUCTION

The anthropogenic noise generated during the installation of the foundation piles for offshore
wind farms has raised serious concern over environmental issues. The underwater noise pollution can endanger the lives of marine mammals and ﬁshes [1]. Under the strict environmental
regulations imposed by the government in many countries, the offshore industry strives to keep
the noise levels to within acceptable limits. To assess the noise levels to be expected and control the hydro-sound emission, underwater noise predictions are required prior to the offshore
installation of piles in most projects.
Over the last decades, modeling of the underwater noise generated by offshore pile driving
has been studied extensively. Reinhall and Dahl [2] ﬁrstly proposed a coupled Finite Element
(FE) and Parabolic Equation (PE) model for the prediction of underwater noise for offshore
pile driving. The former method (FE) aims at generating the noise in the vicinity of the pile,
while the latter one (PE) focus on the long-range propagation of the sound ﬁeld. The coupling
is achieved via a vertical array of phased point sources from FE results. Lippert and Estorff
[3] presented a coupled FE and wavenumber integration model and investigated the inﬂuence
of uncertainties in the sediment parameters through Monte-Carlo simulations. A theoretical
benchmark case was then examined by various models discussed in [4]. Similar to [2], a twostep approach is adopted in most available models mentioned in [4, 3, 5] with a FE model to
capture the vibration of the pile and a sound propagation model to propagate the ﬁeld at larger
distances (from the pile).
A semi-analytical approach for the prediction of underwater noise from pile driving was
developed by Tsouvalas and Metrikine [6] based on a mode-matching technique. In contrast
to most of the aforementioned models, this model additionally captured the characteristics of
more complex seabed conditions with the soil being described as a three-dimensional elastic
continuum. This allows one to examine the inﬂuence of the seabed properties on the noise
generation and transmission.
In this paper, the authors present a coupled modelling approach for the noise prediction
by impact piling with the focus being placed on a computationally efﬁcient approach for the
propagation of the sound ﬁeld at large distances. The method extends the earlier works [7]
by a far-range propagation module. The complete model comprises two modules: i) a nearsource module aiming at the accurate description of the pile-water-soil interaction together with
the sound generation and propagation in the pile vicinity [6], and ii) a far-from-source module
aiming at the propagation of the waveﬁeld at larger distances. The input to the far-from-source
module is provided by the near-source module through the boundary integral formulation.
Section 2 introduces the mathematical statement of the problem together with the solution
technique. In section 3, an experimental benchmark case is presented and measurement results
are compared to model predictions. Finally, section 4 gives an overview of the main conclusions
of the paper.
2

THEORY

The complete vibro-acoustic model for noise prediction in impact piling is shown in Fig.1.
The pile is modelled as linear elastic thin shell occuping the domain 0 ≤ z ≤ L. A vertical force
F (t) is applied at the top side of the pile. The ocean environment is modelled as an acoustoelastic layered waveguide. The ﬂuid is modelled as a three-dimensional inviscid compressible
medium with a compressional wave speed cf and a density ρf occupying the domain z0 ≤
z ≤ z1 and r ≥ R. The soil is described as a three-dimensional horizontally stratiﬁed elastic
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continuum. Each soil layer is characterised by its density ρj , the compressional and shear
wave speeds cp,j and cs,j , and the compressional and shear damping coefﬁcients αp,j and αs,j ,
respectively. In the near-source module, the soil occupies the domain z ≥ z1 and is terminated
at a large depth z = H with a rigid boundary which has been shown not to affect the pile
vibrations and noise generation in the vicinity of the pile [6]. In the far-from-source module, the
soil extends to inﬁnity in the vertical direction to accurately capture the energy loss mechanisms
at larger distances from the pile.

Figure 1: Geometry of the complete system (left) and the coupled modelling approach (right).

2.1

Governing equations

The equations of motion of the pile-soil-water system read [7]:
L up + Im üp = − [H(z − z0 ) − H(z − L)] ts + f

(1)

Gj ∇2 ujs + (λj + Gj ) ∇∇ · ujs − ρj üjs = 0

(2)

∇2 φf (r, z, t) −

1
φ̈f (r, z, t) = 0
c2f

(3)

In the equations above, up = [up,z (z, t) up,r (z, t)]T is the displacement vector of the mid
T
surface of the shell, ujs (r, z, t) = ujs,z (r, z, t) ujs,r (r, z, t) is the displacement vector of each
solid layer and φf (r, z, t) is a velocity potential introduced for the description of the ﬂuid. The
operators L and Im are the stiffness and modiﬁed inertia matrices, respectively [6]. The vector
ts represents the boundary stress vector that takes into account the reaction of the soil and ﬂuid
surrounding the shell at z0 < z < L. Naturally, in the domain z0 < z < z1 this reﬂects only the
normal pressure exerted by the ﬂuid normal to the surface whereas for z > z1 both shear and
normal stresses are present. The functions H(z − zi ) are the Heaviside step functions which
are used here to account for the fact that the soil and the ﬂuid are in contact with a segment
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of the shell in correspondence with Fig.1. The vector f = [frz (z, t) frr (z, t)]T represents the
externally applied force on the surface of the shell.
A set of boundary conditions and interface conditions are formulated as follows for r ≥ R:
pf (r, z0 , t) = 0

(4)

1
1
(r, z1 , t) + pf (r, z1 , t) = 0, σs,zr
(r, z1 , t) = 0, u1s,z (r, z1 , t) − vf,z (r, z1 , t) = 0
σs,zz

(5)

j+1
j
j
σs,zi
(r, zj , t)−σs,zi
(r, zj , t) = 0, uj+1
s,i (r, zj , t)−us,i (r, zj , t) = 0 , 2 ≤ j ≤ N −1, i = z, r (6)

N
uN
s,r (r, zN , t) = us,z (r, zN , t) = 0

(7)

j
(r, z, t) represents the stresses in the
where pf (r, z, t) indicates the pressure in the ﬂuid, σs,zi
soil at the corresponent layer j. In addition to Eqs. (4–7), the radiation condition needs to
be satisﬁed at r → ∞. In the far-from-source module, the boundary conditions at z = zN
are substituted by the radiation condition at z → ∞, which indicates that the bottom soil is
modelled as elastic half-space.

2.2

Solution to the coupled problem

The complete solution to the coupled vibroacoustic problem consists of two modules: (i) the
near-source module aiming at the noise generation and propagation in the vicinity of the pile;
and (ii) the far-from source module aiming at propagating the ﬁeld at larger distances from the
pile.
2.2.1 Near-source module
The near-source module is based on a three-dimensional vibroacoustic model developed by
Tsouvalas and Metrikine [6]. The module captures the characteristic of dynamic interactions
between the pile and the surrounding media. A modal decomposition is applied both for the
shell structure and the acousto-elastic waveguide as:
∞


ũp,k (z, ω) =

Am Ukm (z) ,

m=1
∞


φ̃f (r, z, ω) =

(2)

Cp H0 (kp r) φ̃f,p (z) ,

p=1

φ̃s (r, z, ω) =

∞


(8)
(2)
Cp H0 (kp r) φ̃s,p (z) ,

p=1

ψ̃s (r, z, ω) =

∞


(2)

Cp H1 (kp r) ψ̃s,p (z) ,

p=1

in which the subscripts p, f, s indicate the pile structure, ﬂuid and soil, respectively, k refers to
the displacement components r and z, the index m = 1, 2, ..., ∞ represents the mode number.
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(2)

Hn denotes the nth -order Hankel function of the second kind which ensures that the radiation condition at r → ∞ is satisﬁed at all times. The expressions for the displacement and
the pressure/stress ﬁelds can be obtained through Helmholtz decomposition by substituting the
potential functions. The coefﬁcients Cp with p = 1, 2, ..., ∞ are the unknown modal amplitudes. The coefﬁcients Am are the modal amplitudes to be determined by solving the coupled
problem. The terms kp denote the horizontal wavenumber obtained by the formulation of the
eigenvalue problem of the acousto-elastic region [8]. A system of inﬁnite algebraic equations
to the unknown coefﬁcients Cp can be obtained [7]:


∞
∞
∞



R
Q
Fm Qmp
mq
mp
(2)
Cq Lqp + kq H1 (kq R) Γq δqp −
(9)
=
I
I
m
m
q=1
m=1
m=1
The coefﬁcients of the shell structure are given by:
Fm +
Am =

∞


Cp Rmp

p=1

Im

(10)

The terms Lqp , Γq , Qmp , Rmp and Im are computed given the expressions in [6], which are omitted here for brevity. The eigenproblem of the shell and the surrounding acousto-elastic medium
can be solved independently, which provide ﬂexibilities in examining various conﬁgurations of
the system.
2.2.2

Far-from-source module

To propagate the axisymmetric disturbances radiated from the pile into the surrounding
medium, Green’s tensors for a ring source emitting both compressional and shear waves are
ﬁrst derived. Assuming that a ring source is positioned at r 0 = (r0 , z0 ), the wave equation in
the Fourier-Hankel domain reads [9]:
 2
d
J0 (kr r0 )
2
+ kz,ξ
(11)
Φ̂gΞ,ξ (kr , z; r0 , z0 , ω) =
δ(z − z0 )Sβξ (ω)
2
dz
2π
in which ξ indicates the type of the sources considered; ”f” being a ﬂuid source, ”p” a compressional source, and ”s” being a shear source. The subscript Ξ represents the position of the
receiver in the layered medium. Sβξ (ω) represents the source strength, which will be determined
based on a unit impulse in β direction at source point r 0 as discussed in section 2.2.3.
g
The solutions to Eq.(11) for the displacement potentials Φ̂gΞ,ξ = [φ̂gf,ξ , φ̂gs,ξ , ψ̂s,ξ
] in the wavenumber domain are ﬁrst derived for an acousto-elastic layered half-space. Applying the inverse
Hankel transform yields:
e−ikz,ξ |z−z0 |
(2)
+ A1ξ eikz,ξ z + A2ξ e−ikz,ξ z )J0 (kr r0 )H0 (kr r)kr dkr
4πik
z,
ξ)
(
−∞
(12)
For z ≥ zN , A1ξ = 0 to ensure that the downward propagating waves leave the soil half-space
without reﬂection. Upon substitution of the Eq.(12) into Eqs.(4–6), it becomes clear that the
kernels in the integral representations need to be satisﬁed. This yields a linear algebraic system
of equations with unknowns A1ξ and A2ξ . Once the amplitude coefﬁcients are solved for every

Φ̃gΞ,ξ (r; r 0 , ω) = −

1
2

+∞

(Sβξ (ω)
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kr , the Green’s tensor for any conﬁguration of compressional or shear source potentials can be
obtained.
To evaluate the wavenumber integral given by Eq.(12), the complex contour integration technique is applied. The solution can be expressed as a summation of a ﬁnite number of (normal)
modes supplemented by Ewing-Jardetsky-Press (EJP) branch line integrations. The ﬁnal expression of the Green’s tensor in modal summation for the acousto-elastic domain considered
here reads:
M  g,num
(m)

Φ̂Ξ,ξ (kr , z; r0 , z0 )
(2)
g
Φ̃Ξ,ξ (r, z; r0 , z0 ; ω) = −πi
J0 (kr r0 )H0 (kr r)kr
f  (kr )
m=1
(13)
1
(2)
g
+
Φ̂ (kr , z; r0 , z0 )J0 (kr r0 )H0 (kr r)kr dkr
2 α+β Ξ,ξ
g,num
= [φ̂g,num
, φ̂g,num
in which Φ̂g,num
Ξ,ξ
f,ξ
sj ,ξ , ψ̂sj ,ξ ] denotes the numerator of the solutions of the potential functions in Hankel domain. The characteristic equation f (kr ), being the determinant of
(m)
the coefﬁcient matrix, is used to determine the horizontal wavenumbers kr .

2.2.3 Direct boundary element integral
The direct boundary element method (BEM) is adopted in this model to couple the nearsource and far-from-source modules. The solution of the waveﬁeld in both acoustic and elastodynamic ﬁeld employs Somigliana’s identity in elastodynamics and Green’s third identity in
potential theory [9-11]. The boundary data is speciﬁed from the near-source module on a cylindrical surface at r = r0 from the pile, i.e. section 2.2.1, are used as input to the far-from-source
module via the BEM.
Ξξ
The fundamental solutions of Green’s displacement tensors Uαβ
(r, r 0 , ω) are derived from
the potential functions [12] given the receiver point at r = (r, z) (in medium Ξ) in α-direction
due to a unit impulse at source r 0 = (r0 , z0 ) (in medium ξ) in β-direction:
sξ
(r, r 0 , ω)
Uαβ
fξ
(r, r 0 , ω)
Uαβ

=

∇φ̃gsj ,ξ (r, r 0 , ω)

=

∇φ̃gf,ξ (r, r 0 , ω)

+ ∇ × W,

W =−

∂ψsgj ,ξ (r, r 0 , ω)
∂r

(14)

Ξξ
Ξξ
(r, r 0 , ω) related to Uαβ
(r, r 0 , ω) can be
For the elastic domain, the Green’s stress tensors Tαβ
obtained through substitution of Eq. (14) into the constitutive equations [12]. The fundamental
solution pair {Uαβ , Tαβ } can be obtained once the unknown source strengths Sβξ (ω) are determined. By employing the Green’s displacement tensors in Eq.(14), the traction vector can be
expressed through stress tensor as,
τ̃i = σ̃ij nj
(15)

where τ̃i is the traction vector in i direction, nj is the unit normal vector at the boundary. The
condition of a unit impulsive load can be applied in the β-direction at the source r = r 0 by
setting, :


τ̃β
δ(r − r 0 )
(16)
=
0
τ̃α
The solution of Eq.(16) yields the coefﬁcients Sβp (ω) and Sβs (ω).
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For the acoustic domain, the conventional boundary integral representation is the Helmholtz
integral in terms of pressure or displacement potential. By taking the directional derivative
of the displacement potential as stated in Eq.(14), the boundary integral formulation for the
displacement can be obtained directly by setting S f (ω) = 1, which is analogous to the integral
formulation in the soil.
By utilizing Betti’s reciprocal theorem in elastodynamics [10] and Green’s theorem for
acoustic problem [11], the complete solution for the acousto-elastic domain reads:
ũΞα (r) =


Ss

β=r,z

+
Sf

n,Ξs
Ξs
s
Uαβ
(r, r 0 , ω) · t̃n
β (r 0 , ω) − Tαβ (r, r 0 , ω) · ũβ (r 0 , ω) dS0 (r 0 )

Ξf
Uαr
(r, r 0 , ω)

(17)
· p̃(r 0 , ω) −

n,Ξf
Tαr
(r, r 0 , ω)

dS0f (r 0 ),

· ũr (r 0 , ω)

r∈V

where n is the outward normal to the cylindrical boundary. The superscripts of the Green’s
tensors, ”f” and ”s” indicate ﬂuid and soil domains, respectively.
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Figure 2: Input forcing function.

3

VALIDATION CASE STUDY

In order to validate the model, a benchmark case is considered with the measurement data
recorded at offshore wind farm BARD Offshore 1 [5]. The material properties and the geometry
of the model are given in Table 3 [5]. The seabed in the model consists of a thin marine sediment
layer overlaying a stiffer soil half-space. The actual penetration depth of the pile was around 20
m. The pile was driven by a hydraulic hammer. The time signature of the applied force is the
one shown in Fig.2, which generates approximately 1370 KJ blow energy into the system. The
frequency spectrum is also given in Fig.2.
The peak pressure level (Lpeak ) and the sound exposure level (SEL) of receiver points at
radial distances up to 1500m are shown in Fig.3. As can be seen, the difference between the
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Figure 3: Comparison of SEL and Lpeak at several radial distances from the pile and 2 m above the seabed.

Parameter
Length[m]
Density [kg/m3 ]
Outer diameter [m]
Wall thickness [mm]
Final penetration depth [m]
Maximum Blow Energy [kJ]

Pile
85
7850
3.35
70
20
1370

Parameter
Depth [m]
ρ[kg/m3 ]
cL [m/s]
cT [m/s]
αp [dB/λ]
αs [dB/λ]

Fluid Upper soil Bottom sediment
40
2
48
1000
1888
1908
1500
1705
1725
186
370
0.91
0.88
1.86
2.77

Table 1: Basic input parameters for the simulations.

predicted SEL and the measured values are 0.60 dB and 0.89 dB at 10m and 1500m radial
distances from the pile respectively. The SEL indicates the averaged amount of energy radiated
into the surrounding media and Lpeak evaluates the impulsiveness of the pressure waves from
the pile. The results verify the validity of the developed model, which can provide predictions
that lies within the accuracy of the measurement equipment (± 1 or 2 dB).
Figure 4 shows the pressure levels (dB re 1μP a2 /Hz) in 1/3-octave bands at various radial
distances from the pile. Assuming that the energy in all the deﬁned bandwidths (one-third
octave) results from an effective source, the bandwidth energies add directly to give the total
energy in one frequency band. The derivation of the sound pressure level in the unit of dB re 1
μP a2 s−1 reads:
SPL1/3−octave

n

|p̃i (ω)|2
= 10 log10
p20
i=m

(18)

As can be seen in Fig.4, the spectrum shows that most of the energy is distributed at low frequencies, which is consistent with the 1/3-octave band spectrum obtained by measurement data
and numerical results from FE-PE model in [5].
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Figure 4: One-third octave band spectrum for a point positioned 2m above the seabed in the ﬂuid and at r = 1500m
from the pile.

4

CONCLUSIONS

The paper presents a computationally efﬁcient coupled approach for noise predictions by
offshore pile driving. The mathematical background of the generation and propagation of the
sound ﬁeld is given and the adopted method of solution is described. The direct boundary
integral equation (BIE) formulation is adopted to propagate the radiated wave ﬁeld from the
near-source module to larger distances. A numerical analysis of a benchmark case is conducted,
which veriﬁes the validity of the model for the prediction of underwater noise from offshore pile
driving. In the future, model predictions will be benchmarked against both numerical model
predictions and available data from other measurement campaigns published in the scientiﬁc
literature.
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Abstract. For the development of future passenger aircraft comprising novel technologies and
designs, a reduction of cabin noise is one major aim. An analysis of the aircraft cabin sound
pressure levels can be achieved by mechanical models. In opposite to energy-based methods,
wave-resolving models allow a detailed investigation of distributed ﬂuid loadings and the wave
propagation within the fuselage. A turbulent boundary layer loading on the outer skin of the
aircraft is investigated exemplary. As the loading bring along a speciﬁc footprint on the aircraft
skin and the model resolves the bending waves, the load input can be applied directly. Besides
the outer skin, the aircraft fuselage model considers the stiffeners, the insulation, the inner
cabin lining and the cabin ﬂuid of the entire cabin. Each part is validated separately and
included in the aircraft fuselage model. The structural and ﬂuid domains are fully coupled and
discretised with ﬁnite elements using 2D shells and 3D continua resulting in millions of degrees
of freedom. The simulation shall not model a speciﬁc aircraft, but rather demonstrate on the
example of a generic research aircraft the crucial modelling and solving aspects of typical
aircraft parts. Within this contribution, a section of the fuselage is presented having a speciﬁc
focus on the cabin ﬂuid modelling. The damping characteristics of the seats are considered by
impedance boundary conditions within the 3D ﬂuid domain and compared to a homogenising
approach using a frequency-dependent damping loss factor. The necessary input parameters are
measured in a reverberation chamber having available an aircraft seat bench. The numerical
comparison of the modelling approaches in the fuselage model shows that local differences can
be expected but in general the SPL is decreasing similarly with increasing frequency.
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1

INTRODUCTION

Facing an increasing demand for mobility, the number of ﬂights is expected to raise signiﬁcantly in future. Many passengers are exposed to cabin noise during ﬂights. Under high noise
levels, health and comfort issues may occur. A simulation of cabin sound pressure levels in
early design stages can help to avoid a high exposure by integrating sound reduction measures
if necessary.
Based on preliminary aircraft design data as provided in the Collaborative Research Center
880 [1], a wave-resolving fuselage model can be derived. The modelling of structure-borne
sound waves in the primary and secondary structure and the ﬂuid waves in the insulation and
the cabin itself allows a detailed analysis of the sound transfer paths. As waves in all domains
are considered, sound reduction measures like, e.g., acoustic black holes and their placement
can be studied directly without any assumptions on their efﬁciency. Discretising and solving
the model delivers the sound pressure level (SPL) distribution in the cabin under certain loads.
Fluid loads like jet noise or the turbulent boundary layer (TBL) bring along a characteristic
footprint on the outer skin. Only a correct consideration of phase differences and amplitudes
of such loads ensure a precise prediction of cabin noise. Especially for novel aircraft concepts,
resulting sound sources are not known and may be assessable through complex simulations. In
[2], e.g., the cabin noise due to jet noise is investigated for a comparison of an UHBR engine
with a conventional engine. The model is extended by a TBL load in [3] suggesting that this
load might be one of the dominating loads in aircraft with UHBR engines.
However, appropriate modelling assumptions for all fuselage parts are required in order to
receive reasonable responses in the cabin. The cabin ﬂuid itself including seats and passengers
is expected to play a major role in the entire model. Hence, a comparison of models of different
complexity is aimed for in this contribution. Simple approaches considering a homogenised
cabin ﬂuid offer a simple and fast modelling procedure. A detailed consideration of seats is
more complex but may offer crucial quality differences in the model. A boundary element
solution of an aircraft passenger cabin is applied in [4] to the cabin ﬂuid of an aircraft segment.
The numerical model is compared to experiments – differences are mainly attributed to the
neglected inﬂuence of the surrounding structure. In the model applied here, all surrounding
structures are considered. Qualitatively, in [4], the numerical sound pressure distribution near
the seats matched experimental results under a consideration of impedance boundary conditions
for the seat surfaces. Hence, this shall be the local approach applied here within the fuselage
model described in the next section.
2

FUSELAGE MODEL

The preliminary design data by the design tool PrADO [1, 5] within the CRC 880 provides a
dimensioning of the entire primary structure of a virtual research aircraft for 100 passengers. For
the purpose of cabin noise simulations, these information on materials, thickness distribution
and cross-sections are automatically transferred into a ﬁnite element shell model of the outer
skin, the stiffeners and the ﬂoor section. In Fig. 1, the FE model of the fuselage is shown.
Basically, the model underlies the assumptions of linearity and symmetry. For simplicity, a
small model with three seat-rows is applied in this study. Curved sandwich plates ﬁxed to the
stiffeners are considered as typical inner sidewall and ceiling panels with a constant thickness
of 0.01 m. An aramid honeycomb core is homogenised to a 3D continuum meshed by 27-node
quadratic hexahedrons while a glass-ﬁbre-reinforced plastic layer is modelled at each side by
shell elements perfectly ﬁxed to the honeycomb core.

2438

Christopher Blech and Sabine C. Langer

The double wall gap between outer skin and inner cabin linings is ﬁlled by glass wool. The ﬁbres material is considered as homogenised 3D equivalent ﬂuid volume meshed by hexahedrons
as well. The passenger cabin itself is basically ﬁlled by air with typical density, temperature and
humidity values of the cabin air in cruise. Different modelling approaches for the cabin ﬂuid
volume including damping, reﬂection and refraction of the aircraft seats shall be in focus of this
contribution. As visible in Fig. 1, seat domains are already separated in groups in order to apply
different modelling approaches keeping the ﬁnite element mesh unchanged.
Insulation
Inner linings
Cabin ﬂuid
Seat backrest
Seat sitting area
Floor with stiffener
Outer skin and stiffener

Figure 1: Meshed fuselage section model including structural and ﬂuid domains; Symmetry boundary conditions
are applied.

Fluid and structural domains are strongly coupled resulting in a total computational cost
of 7.3 min per frequency step1 . As exemplary load for a comparison of the cabin models, an
artiﬁcially generated TBL load is considered as described in detail in [3].
3

MODELLING ASPECTS IN THE PASSENGER CABIN

In previous studies of the aircraft model from Sec. 2 which can be found in [2, 6, 3], a
homogeneous constantly damped Helmholtz ﬂuid domain is considered according to Eq. 1. A
constant complex speed of sound c is applied for the entire ﬂuid in order to consider the damping
properties of seats and passengers. p is the sound pressure, ω is the angular frequency and x is
the location in the aircraft cabin.
ω2
p(x, ω) = 0
(1)
c2
c is calculated according to Eq. (2) by use of the ﬂuid loss factor ηf and the imaginary unit i
[7].
2 p(x, ω) +

c2 = c2 (1 + iηf )
1

(2)

Using the direct MUMPS solver and the institute’s in-house code elPaSo at 20 cores on the phoenix cluster of
TU Braunschweig
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In order to assess the consideration of c = const, the model complexity is increased in this
contribution. As the surrounding structures of the cabin (sidewall panels, ﬂoor) are considered
with material damping properties in the model, the seats and the passengers are mainly expected
to inﬂuence the cabin ﬂuid domain. For the purpose of experimental studies on the damping
characteristics of seats, three aircraft seats are available which are shown in Fig. 2 (a). As
sketched in Fig. 2 (b), each seat is transformed to simpliﬁed cornered domains and considered
as separate block in the FE model. Two approaches are investigated: A frequency-dependent
loss factor and an introduction of surface impedances for the seat rows.

absorbing
surfaces

reﬂecting back
of backrest

reﬂecting back
of sitting area
a)

b)
Figure 2: (a) Aircraft seats in reverberation chamber and (b) sketch of simpliﬁed seat assembly.

A ﬁrst extension of the previous model is a consideration of a frequency-dependent loss
factor ηf (f ) leading to a frequency-dependent speed of sound c(f ) (Eq. (2)). The frequencydependent parameter is yielded by measurements. The reverberation time Tr (f ) is measured
in a reverberation chamber resulting in the equivalent absorption area At (f ) according to DIN
ISO 354 [8] for the three seats shown in Fig. 2. The equivalent absorption area of three seats
is linearly scaled to 100 seats which neglects any inﬂuences between seat rows. The effect
of passengers has been studied as well, but the change of At (f ) is not signiﬁcant. For the
equivalent absorption area with 100 seats At,100 (f ), the reverberation time Tr,cabin is calculated
according to Eq. 3 [8] inserting the properties of the passenger cabin.
Tr,cabin (f ) =

55.3Vcabin
(At,100 (f ) + 4Vc mcabin (f )) c

(3)

Vcabin = 118 m2 is the ﬂuid volume in the cabin and mcabin (f ) is the air absorption coefﬁcient. Finally, ηcabin (f ) is related to Tr,cabin (f ) as given in Eq. (4) [9] with frequency f .
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ηcabin (f ) =

2.2
f Tr,cabin (f )

(4)

In Fig. 3, the resulting loss factor is shown. In the low frequency range (< 250 Hz), a
homogenised loss factor of 3 % can be expected by the seat cushions. With increasing frequency,
the loss factor decreases to 1 % damping at 1000 Hz. As most passenger cabins are similarly
designed, a transferability of these results is expected to a certain extent.
0.04

ηglobal [-]

0.03
0.02
0.01
0.00
102

103
Frequency [Hz]

Figure 3: Homogenised loss factor in the cabin with volume Vc = 118 m2 for 100 passengers based on measurement of the reverberation time of three seats.

The second approach is similar to the above described approach by [4] – an acoustic surface
impedance Z a according to Eq. 5 [10] is placed in the ﬂuid domain for the seat’s backrest and
the sitting area. The seat positions are given by the preliminary design data.
Z a (f ) =

p(f )
v n (f )

(5)

The impedances are experimentally determined in the reverberation chamber as well. By
placing an intensity probe near the surface, p and v are calculated on the basis of the two
pressure signals and the cross-correlation of these. This way, the impedances of the surfaces
(backrest and sitting area) are approximately given. The results for the Z a are depicted in Fig. 4.
In the low frequency range (< 250 Hz), the values show high variations which is consistent
with ﬁndings in [11]. In these frequency ranges, rather a smoother curve is expected which
can be shown by comparing with porous material models or impedance tube measurements.
With increasing frequency, the real part of the impedance converges to the impedance of air
(blue curve) which is physically reasonable as the absorption performance of the seat cushion
is expected to increase with reduced wave lengths.
As shown in Fig. 5 (b), the meshed cabin ﬂuid volume assigned to the seat row is substituted
by the surface impedance. This means, the ﬁnite elements in these regions are removed introducing a reﬂecting surface at the back of each seat cushion besides the impedance at the front
of each seat cushion (backrest and sitting area). For the homogenised approach (Fig. 5 (a)), the
mesh is the same including the ﬁlled gap. Here, no reﬂecting boundaries are introduced.
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Figure 4: Acoustic impedances measured near the seat surfaces; The dotted lines are the imaginary parts.

a)

b)

Figure 5: (a) Continuous mesh for homogenised approach; (b) Removed elements in seat region.

By removing the elements in the cabin ﬂuid domain for the seat model, the computational
costs are reduced by 17 % in comparison to the homogenised approach. Of course, the modelling effort is higher as the seat volumes must be considered in the model. In the vicinity of
the sidewall panels, the meshing procedure is slightly more complex.
4

RESULTS

In Fig. 6, the SPL is plotted for the two described modelling approaches. The position corresponds to the seat in the central row near the sidewall panel. The height is chosen in accordance
with a typical passenger ear height. Basically, the two SPL curves are similarly decreasing over
frequency and show comparable basic sound levels. The overall damping characteristics seem
similar as the dynamics of both curves is comparable as well. For a fast comparison of aircraft
conﬁgurations (e.g. in third octave bands), the global loss factor may be appropriate in order
to save modelling effort and avoid further mistakes during the introduction of impedances and
reﬂecting boundaries. Furthermore, the impedance approach brings along several assumptions
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like one impedance value at normal sound incidence which requires a more critical interpretation of results.
80

SPL (dB re 2e-5 Pa)

homogenised damping (ηcabin )
seat model (Za )
60

40

20

0 2
10

103
Frequency (Hz)

Figure 6: Sound pressure level at central seat position near the sidewall panel under TBL load with two different
modelling approaches for the cabin.

Having a closer look, some resonances occur in both approaches (e.g. around 300 Hz and
530 Hz) but in most frequency regions there are local differences up to 10 dB and slightly more
resonances in the response of the seat modelling approach. In the case of the local seat model,
standing waves between seat rows and acoustic effects near seats can occur besides global resonances of the entire cabin ﬂuid. In Fig. 7, pressure distributions in a cabin slice are shown for
several frequencies. For the global pressure distribution at 168 Hz, for instance, only a slight
distortion of the global shape is observed. For shapes in longitudinal direction as, e.g. seen at
184 Hz, the backrests of the seats seem to have a major inﬂuence. Furthermore, as it can be
observed at 232 Hz, local effects (here below the seat sitting area) occur.
Concluding the results, detailed seat models seem necessary for applications or analyses
which require a knowledge of local effects. For a rough and global comparison of the sound
pressure levels, a global loss factor is appropriate. For active sound reduction measures, like
noise cancelling in aircraft cabins, these local information are crucial and a seat model must be
considered. Also, for a detailed investigations of tonal components like propeller noise, a seat
model should be preferred in order to cover local effects at speciﬁc frequencies which might
interfere with the tonal noise transferred into the cabin.
5

CONCLUSION

In this contribution, the SPL in an aircraft cabin is simulated using a ﬁnite element model
of a typical fuselage section under an artiﬁcially generated TBL load. A comparison of two
different modelling approaches is conducted – a homogenised damping loss factor for the entire
cabin ﬂuid is compared to a local modelling of seats introducing local impedances for the seat
cushions. Both input parameters are frequency-dependent and received by measurements of a
real seat bench. The resulting SPL at one passenger ear delivers comparable results regarding
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168 Hz

184 Hz

232 Hz

Figure 7: Qualitative pressure distribution in slices of the passenger cabin ﬂuid; Each row refers to one example
frequency with identical contour map ranges per row; The evaluation position for Fig. 6 is indicated by the green
dots.

basic sound levels and damping performances over frequency. A detailed comparison of the
pressure distribution in the cabin shows local effects at and between seat rows which lead to
differences up to 10 dB in the model response.
For studies in future, a consideration of few tria elements in the volume mesh and noncoincident meshes in general may reduce the modelling effort. In addition, a consideration
of porous material domains for the seat cushions might be a third approach. Furthermore, an
experimental setup without surrounding aircraft parts seems reasonable in order to validate the
local approach using impedances and reﬂecting backs of the seats. Finally, a more precise
measurement of the seat impedances, especially for lower frequencies, is aimed for in future.
6
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Abstract. Acoustical and structural systems are often found in engineering, whose importance
of dynamic responses to random excitation is extended to high frequencies. On vibroacoustics,
the prediction of the sound transmission loss and damping of a structural element in full spectral
range is important for design purposes in many areas, like the automotive and aerospace industry. In the context of noise control, Statistical Energy Analysis (SEA) coupled with the Transfer
Matrix Method (TMM) is widely used in high-frequency modeling of multilayered systems. Two
mechanisms are involved in the application of a noise control treatment: the sound insertion
loss (IL) and the damping loss factors of the equivalent systems. The ﬁrst one is related to the
transmission loss (TL) of the layers and, conceptually, is deﬁned as the ratio between the acoustic TL of an treated panel over the TL of the panel without the attached treatment. The second
one is related to the dissipative part that imposes acoustic or structural damping to the medium
in contact with the treatment surfaces. This work presents a theoretical review involving the
SEA approach coupled with the TMM for modeling the Sound Transmission Loss of treated
subsystems. Additionally, implementing strategies are presented for considering this kind of
wave approach in a SEA model. The results obtained from the SEA-Toolbox, a new open-source
code developed in this project, are compared with experimental data.
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1

INTRODUCTION

Acoustical and structural systems are often found in engineering, whose importance of dynamic responses to random excitation is extended to high frequencies. Examples of such situations include:
• The structural response of an aerospace payload in ﬂight;
• The vibration result of a structure under diffuse ﬁeld conditions;
• The calculation of sound pressure into a car;
• The dynamical analysis of an aircraft structure (fuselage) due to jet noise and other dynamical sources;
• The sound transmission between partitions in a building;
• The knowledge of marine structures excited by intense vibration.
Statistical Energy Analysis (SEA) can be used for modeling a given system as an interaction
of modes associated with isolated parts of the system (subsystems), considering each mode
group as a single-degree-of-freedom oscillator described by the average energy response. The
responses are obtained from the analysis of the energy distribution through the system, excited
by a power source. This technique is based on the power balance equations for each mode
group [1].
Some hypotheses are assumed in the determination of a model in SEA. The most important
is that the vibration energy varies from one subsystem to another with a rate proportional to
the difference between the modal energy and the proportionally dissipated energy within each
subsystem. Another important hypothesis assumes weak coupling between subsystems. The
weak coupling condition is valid if the internal dissipation of the subsystem is more important
than the coupling path in the total loss of energy. It makes the ratio between the coupling factors
and the internal dissipation factors considerably less than 1. Thus, the energy ﬂow between the
subsystems may be based on the difference between the energies of the decoupled subsystems
[2, 3]. Additionally, it is important to ensure that the input powers are uncorrelated, and they can
be simply summed. It guarantees the linearity of the equations that govern the SEA problem.
This paper concerns on the presentation and validation of the SEA Toolbox, an open source
code that has been developed in the present project. In this version, the main connection types
are implemented between beams, plates and acoustic subsystems. From the coupling between
SEA and the Transfer Matrix Method (TMM) [4, 5], it is also possible to model plates and
cavities with attached noise control treatments. An overview concerning the implementation
of the method is presented and the Transmission Loss of treated subsystems obtained from the
in-house code is compared with experimental data collected from the bibliography [6].
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2

FUNDAMENTALS

In SEA the system is divided into physical elements in which the vibroacoustic characteristics, such as damping, excitation and coupling properties, can be considered similar. Subsystems directly excited by external sources will transmit a portion of energy to the others by
means of coupling characteristics. The main mechanism in SEA is based on the relationship
between power inputs and outputs from each subsystem. Figure 1 shows a simple problem of
sound transmission loss in the SEA point of view.

Figure 1: Example of a sound transmission loss problem.

Figure 1 shows the coupling of 3 SEA subsystems. However, it is common to have more
robust models with a high number of elements. Considering a subsystem i coupled to a number
of n subsystems, the power ﬂow is [1, 2]
Πin
i

=

Πabsorbed
i

+

n


Πtransmited
.
i;j

(1)

j=i

Equation (1) shows that there are a dissipated portion of the input power into a subsystem
(controlled by the dissipation loss factor) and a transmitted portion of this power, controlled
by the coupling loss factors. The transmitted powers by the coupling between subsystems will
depend on the radiation characteristics and differences between the environments.
Considering a 3-subsystems problem, where the subsystem 1 is excited by an input power,
as shown in Figure 1, the power ﬂow can be illustrated by Figure 2.

Figure 2: SEA ﬂow for the cavity-plate-cavity problem.

It is possible to obtain the equations of the power ﬂow illustrated in Figure 2, for each
subsystem, as
Subsystem 1: Πin + Π21,trans + Π31,trans = Π1,diss + Π12,trans + Π13,trans
Subsystem 2:
Π12,trans + Π13,trans = Π2,diss + Π21,trans + Π31,trans
Subsystem 3:
Π23,trans + Π13,trans = Π3,diss + Π31,trans + Π32,trans .
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The power Π is related to the energy from
Πi = ωηi Ei ,

(3)

where ω is the angular frequency, η is the loss factor and E is the energy of a subsystem. Then,
the dissipated power and the transmitted power will be given by
Πi,diss = ωηi,diss Ei
[i = 1, 2, 3] ;
Πij,trans = ωηij Ei
[i = j].

(4)
(5)

being ηij the coupling factor between the subsystems i and j.
Substituting Equation (4) and (5) into (2), the following linear system is obtained
⎫
⎫ ⎧
⎡
⎤⎧
η1,diss + η12 + η13
−η12
−η13
⎨ E1 ⎬ ⎨ Πin ⎬
⎦ E2
−η21
η2,diss + η21 + η23
−η23
0
ω⎣
.
=
⎭
⎭ ⎩
⎩
0
−η31
−η32
η3,diss + η31 + η32
E3
(6)
It can be observed that the SEA method is based on the resolution of linear systems for calculating the energy for each subsystem. The determination of damping variables for more complex
systems is based on theoretical models or from direct experimental data. However, if the modal
density of the subsystems involved in the problem are known, the coupling loss factor in one
direction is required, and the following consistency ratio is valid to complement the damping
matrix
ni ηij = nj ηji ,
(7)
where ni e nj are the modal densities of the subsystems i and j, respectively. Theoretical models
for the modal densities of ﬂat plates and rectangular cavities can be found in [1, 3].
For the problem illustrated in Figure 1, the mean square value of the pressure inside the
cavities p2i = Ei ρi c2i /Vi can be recovered from the solution, with ρi being the ﬂuid density,
ci the sound velocity and Vi the volume of the cavity i = 1, 3. The transmission loss of the
partition can be calculated as [7]
T L = 10 log10

p21
p23

+ 10 log10

S
Aeq

,

(8)

where Aeq = 4ωV3 η3,diss /c3 is the equivalent absorption area of the reception cavity and S is
the area of the panel.
2.1

The cavity-plate-cavity connection

The coupling between the three subsystems showed in Figure 1 is controled by diferent
propagation paths. The most important ones are controled by the resonant and non-resonant
sound transmission. The ﬁrst one is affected by the radiation capacity of the structural system
and is important in frequencies above the coincidence spectral region of the plate. On the other
hand, the non-resonant path is controled by the mass of the structure and it is important for
global responses below the coincidence frequency [8]. The radiation loss factor that models the
connection between plate s and cavity a is given by
ηsa = ηrad =

ρ a c a Ss
σrad ,
ωMs
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with ρa being the ﬂuid density, ca the ﬂuid sound velocity, Ss the area of the partition, Ms the
structural mass and σrad the radiation efﬁciency of the structural system that can be recovered
in theoretical models as that one proposed by Leppington [9]. The non-ressonant loss factor
that models the coupling between two cavities i and j is
ηij = ηmass =

c i Ai τ m
,
4 ω Vi

(10)

where A is the total surface area, V is the volume of the cavity and τm is the mass controled
transmission coefﬁcient of the system. In this work, the ﬁeld incidence transmission coefﬁcient
presented in [8] was used.
2.2

Noise control treatments modeling using transfer matrices

Multilayer panels are often used in the context of noise control. The mechanisms involved
in the application of a noise control treatment (NCT) on a face of a structural system are: the
sound insertion loss (IL) that can change the acoustic radiation and the mass law transmission
of the structure, the sound absorption seen by the acoustic medium in contact with the surface
of the treatment and the added structural damping. The methodology of the Transfer Matrix
Method (TMM) [4] is based on the theory of plane wave propagation in a given layer. The
material of each layer is assumed homogeneous, transversely isotropic and the surface of the
treatment is considered inﬁnite in this formulation. Figure 3 shows an incident plane acoustic
wave upon a media with thickness h, at an incident angle θ.

Figure 3: Ilustration of an inﬁnite extent layer on the Tranfer Matrix Method.

The sound propagation inside the layer is represented by a transfer matrix T such that
V (M ) = [T ]V (M  ) ,

(11)

where V is a vector containig the response for each degree of freedom of the media at the
points M and M  set close to the foward and the backward of the layer [4]. The matrix T
depends on the physical propierties as well as the thickness of the medium. If considering the
layer illustrated in Figure 3 as an equivalent ﬂuid, the vector V = {p, v}T is composed by the
pressure and the particle velocity. The transfer matrix T f , in this case, is given by

0
cos(kx h)
j ωρ
sin(kx h)
f
kx
[T ] =
,
(12)
kx
cos(kx h)
j ωρ0 sin(kx h)

where kx = kc2 − k02 sin2 (θ) is the longitudinal component of the wavenumber into the layer,
kc being the propagating wavenumber of the material, k0 and ρ0 the wavenumber and density
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of the air. The continuity between adjacent layers is applied and a global transfer matrix [Tg ] is
constructed according to the references [4] and [5]. The acoustic properties depend on the surface impedance computed from the ratio between pressure and velocity p(M )/v(M ), obtained
from the solution of a linear system V = [Tg ]−1 {F }.
2.2.1

Insertion Loss (IL) from the TMM

The Insertion Loss is deﬁned as the ratio between the acoustic TL of a panel with the attached treatment over the TL of the unteated panel. This parameter can be calculated from the
TMM simulation if considering a semi-inﬁnite ﬂuid as the boundary condition. The insertion
coefﬁcient IC will be given by
 θf
|TN CT (ω, θ)|2 sin(θ) cos(θ)dθ
IC(ω) = 0θf
,
(13)
2 sin(θ) cos(θ)dθ
|T
(ω,
θ)|
bare
0
where θf is the ﬁnal incidence angle, TN CT and Tbare are the transmission coefﬁcients of the
treated and untreated inﬁnite extent systems, respectively. In order to solve this problem, the
bare panel is considered as the ﬁrst solid layer in the TMM simulation. The insertion loss
IL(ω) = −10 log10 (IC(ω)) is recovered from the insertion coefﬁcient. Finally, the insertion
loss from TMM is applied as a scaling factor to the radiation and the mass law coupling loss
factors in the SEA problem [5], then
ηrad = ηrad IC(ω) = ηrad (10−IL(ω)/10 ) ;
ηmass = ηmass IC(ω) = ηmass (10−IL(ω)/10 ) .

(14)
(15)

With SEA-Toolbox, it is possible to model equivalent ﬂuids, solids and poroelastic materials,
over the incidence range from 0 to π/2.
3

METHODOLOGY

The present study consists of testing the functionality of Statistical Energy Analysis coupled
with the Transfer Matrix Method for Transmission Loss problems. The SEA simulation of two
acoustic cavities with a multilayered partition was done and the obtained results were compared
with experimental data extracted from reference [6]. The experimental study was developed
at the Laboratory of Vibration and Acoustics of the Federal University of Santa Catarina Brazil and folowed the guidelines of the ISO 10140-2 standard [7]. Kulakauskas [6] presented
a numerical and experimental evaluation of the sound transmission loss for single and doublewall setups using different porous samples.
In this work, the single and double-wall setups were reproduced in the new open-source code
(SEA-Toolbox) using two different porous samples, considering the SEA implicit approach. It
means that the multi-layer structures were represented by applying the obtained Insertion Loss
from the TMM analysis to the SEA coupling factors (see Equations 9 and 10), as illustrated in
Figure 4.
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Figure 4: Ilustration of the simulated systems.

Based on the experimental procedure, the porous samples were modeled as simply supported
limp ﬁbers. The Johnson-Champoux-Allard model [10, 11] was used for the characterization
of the ﬂuid part in addition to the equivalent density calculated from the simpliﬁcation of the
Biot’s Theory for low-stiffness framed materials [4]. This approach avoids artiﬁcial clamping
between the plate and the porous material, but in case of using the full Biot’s Theory (poroelastic
material), an air gap should be applied between the structure and the foam to simulate the cited
mounting condition. The properties for the solid structures and ﬁbers considered in this work
are presented in Table 3.
Table 1: Material properties of the setups considered in this work.

Thickness h [mm]
Young’s Modulus E [Pa]
Poisson’s ratio ν [-]
Density ρ [kg/m3 ]
Flow Resistivity σ [kN/m4 ]
Porosity φ [-]
Tortuosity α∞ [-]
Viscous charac. length Δ [μm]
Thermal charac. length Δ [μm]

Solid
Plate 1 Plate 2
1.0
0.5
71E9
0.33
2700
-

Porous
Material A Material B
50
58
27
9.6
5
38.72
0.89
0.92
1.37
1.06
213
37
288
148

As already mentioned, the SEA simulation consists of 3 subsystems illustrated by Figure 1.
The emission (S1) and reception (S3) cavities have a volume of 147.54 m3 and 199.0 m3 , based
on the dimensions of the experimental reverberant chambers [6]. The total surface area A1
and perimeter P1 of the cavity S1 are 190 m2 and 70.44 respectively. For the cavity S3, these
geometrical dimensions are A3 = 210 m2 and P3 = 72.0 m. The total surface area of the bare
panel is S2 = 1.0 m2 . An acoustic power source of 1 Watt was applied in the S1 subsystem. The
total mean absorption of the non-treated surfaces of the cavities was considered 1%, as well as
the dissipation loss factor of the solid plate.
A propagation way that can be important in experimental procedures is the leakage due to
the mounting conditions. According to Beranek [8], this phenomena causes a reduction in the
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Insertion Loss that can be simply modeled as
ΔILL = ILs − ILL ≈ 10 log10 (1 + β 10T Ls /10 )

(16)

where ILs and ILL are the insertion losses of the sealed and leaky systems, T Ls the transmission loss of the system and β is the leak ratio factor. Experimentally, the inﬂuence of this
phenomena becomes more important in high frequencies [6]. In this paper, the application of
the model presented in Equation 16 was evaluated in the Transmission Loss of the double wall
systems, considering β = Sleak /Splate = 2.0 E − 6. The determination of Sleak was done by
adjusting experimental data. The analyses are presented in Section 4.
4

RESULTS

The results were obtained in one third-octave band, from 250 Hz to 8000 Hz. Although the
damping of the subsystems in contact with the surfaces of the NCT can be changed when applying the noise control treatment, these parameters are not important for this work. Since the
treated acoustic surface is too small if compared to the total surface area of the reception cavity,
the mean absorption of the subsystem 3 would not be signiﬁcantly altered in this scenario. On
the other hand, the loss factor of the structural system can be important for the sound transmission on frequencies above the critical frequency (≈ 12 kHz) for this panel. Therefore, the
Insertion Loss (IL) of the treatment is the only parameter that contributes signiﬁcantly to the
numerical transmission loss of the complete system. Figure 5 shows the inﬁnite size insertion
loss for the single and double-wall setups, considering the Material A and Material B, obtained
from the Transfer Matrix Method.
60

50

Material A - Double wall
Material B - Double wall
Material A - Single wall
Material B - Single wall

IL [dB]

40

30

20

10

0

-10

10 3

Frequency [Hz]

Figure 5: Insertion Loss obtained from the TMM for the studied systems.

It can be noticed in Figure 5 that the formulation of transfer matrices is capable of capturing
the poor performance of the double-wall conﬁguration in frequencies below the resonance of
the spring-mass system (f ≈ 300 Hz), represented by a negative value of the IL. The results
also show the importance of the ﬂow resistivity parameter for improving the Insertion Loss of
the system, which is expected since this parameter controls the barrier capacity of the porous
material. The Insertion Loss was applied to the coupling factors, as presented in Equations 10
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and 9. The Transmission Loss results calculated for the single-wall conﬁgurations (plate +
porous) are presented in Figure 6.
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Material B - Exp

10 3

Frequency [Hz]

Frequency [Hz]

(a) Material A

(b) Material B

Figure 6: Sound Transmission Loss obtained for the single-wall conﬁgurations.

Figure 6 shows good agreement between numerical and experimental data for the considered
single-wall systems, which indicates the efﬁciency of the presented modeling approach for ﬂat
structures. It can be noticed in the obtained result for Material B the drop of TL in high frequency that probably occurs due to the leakage of the sound wave in the experimental condition.
This characteristic is more evident in Figure 7, that brings the collected Transmission Loss for
the double-wall setups (plate - porous - plate) with and without the leakage correction applied
to the numerical data.
Figure 7 shows that the greater the complexity of the multilayers, the more difﬁcult it becomes to obtain a perfectly sealed condition from an experimental point of view. It can be seen
in Figures 7 (a) and 7 (c) that the experimental TL of the different systems converges in high
frequencies even though it does not occur when the same samples were used in the single-panel
setups. It suggests greater importance of leaks in the double wall conﬁgurations. Although
adjusting the parameter β imposes uncertainties, Figures 7 (b) and 7 (d) shows that the use of
a model for considering this propagation path is necessary when the presence of leaks becomes
evident in the experimental results. Nevertheless, the method of SEA/TMM can be a useful tool
when due care is taken.
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Figure 7: Sound Transmission Loss obtained for the double-wall setups.

5

CONCLUSIONS

This paper presented an overview of the transmission loss characterization of multilayered
structures using Statistical Energy Analysis and the Transfer Matrix Method. The Insertion
Loss of the treated systems was calculated by using the TMM and applied to the coupling loss
factors of the SEA matrix. Additionally, a model for leaks was presented and applied to the
TL results for simulating experimental conditions of a double-wall system composed by plateporous-plate. The results obtained from the SEA − T oolbox, an open-source code developed
in the present project, demonstrated good agreement with experimental data.
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Abstract. Investigating the status of travelling waves in systems integrated with periodic
means of distant communication, and the possibility of obstructing the energy flow carried via
coupled modes, are of interest. The governing system of linear differential equations with periodic coefficients gives the possibility to adopt Floquet theorem, as a powerful framework, to
identify the location of stop band frequencies. The generation of gaps in the band structure of
the system owing to the newly launched periodic long-range channels is shown. The likelihood of pulling the first stopband to lower frequency bands as a major demand, is examined
by raising some assumptions.
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1

INTRODUCTION

The analysis of waves travelling in periodic arrays has grabbed the attention of many researchers over the past few decades, and direct application in electromagnetism and acoustics
have been the keynote to most of the investigations. The existence of bandgaps in the band
structure of the mechanical systems, within which the transmission of energy is prohibited, is
significantly important due to the problems frequently faced in real-life, such as discomforting
noise in cars and noise-related health concerns.
In principle, the repetition of subunits with a certain pattern gives birth to some gaps in
the band structure of the system [1]. The characteristics of the stopbands, including the width
and the location, are totally dependent upon the type of subunits. Several studies concerning
the analysis of the vibro-acoustic behaviors of structures composed of periodic attachments,
have been conducted [2-4]. Recently, the acoustic metamaterials, typically made of thinwalled segments integrated with simple mechanical subunits such as spring and dampers,
have been in the center of attention. A sizable number of studies [5, 6] are devoted to fully
describe the features of the foregoing periodic configurations including the effect of resonator
type and its placement on the band structure of the array. Although subunits mostly act locally,
cases might be imagined in which the distant action between two or several points forms the
force exerted by the element. To clarify the effect of nonlocalities on the status of travelling, a
handful of investigations have been carried out [7-9]. For instance, in Ref. [9] the arising
propagation regimes in a newly proposed waveguide in which distant particles may communicate remotely, is investigated, as the emergence of hypersonic group velocity under certain circumstances.
Although nonlocalities can adopt any topology, one may assume them to be distributed
periodically. The recently developed mechanisms are, indeed, new paths for energy transmission through the system. The combination of nonlocality and periodicity might be a fruitful
design which guarantees the born of gaps in the band structure of the system as well as other
potential phenomena. To put it differently, the coincidence of periodicity and long-range interactions could deliver peculiar behaviors under particular conditions. The potential latent
qualities offer the opportunity to tackle problems encountered in the vibro-acoustic field including achieving the ultra-low-frequency bandgaps, which is a hugely demanding task
among the academics.
The inclusion of the periodic nonlocalities within the domain of a conventional system,
alters the dynamics of the structure, and thereby a strong modification in the behavior of
waves travelling through the domain. Using Floquet theorem, a structured investigation of the
dependence of the system’s response upon the intensity of the long-range effects is presented.
2

THEORY AND FORMULATION

This work investigates the dynamics of a periodic structure, as in Figure 1, composed of
an infinite axisymmetric cylindrical shell. Besides, spring-like links let distant points interacting with each other. The inclusion of the periodically allocated axial connections generates
y
new dynamic effects in the dynamic
performance. The global dynamic response, by the disand
along the axis and along the transverse direction, respectively,
placements
p differential equations:
q
is associated by the following coupled
(1)
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with , , , , and being the mass density, Young’s modulus, radius, thickness
and Poisson’s ratio, respectively.
y The nondimensional forms become:
(2)
denoting the nondimensional axial coordinate,
and
the
nondimensional axial and bending displacements, are introduced.
is
the nondimensional frequency. In the correspondent structure, the energy is carried out via
coupled modes due to the coupling between the axial and bending terms in the equations of
motion. This may be perceived by inspecting Eq. (2) where both and are present in both
equations indicating the link between the extensional and flexural modes.

Figure 1: A periodicity cell of a cylindrical shell with periodic nonlocalities

Using modal coefficients

, the general solution for the system of equations (2) is:
(3)

(
) are the roots of the dispersion relation for a homogenous and isotropic axisymmetric cylindrical shell. Given the above expressions for the displacements
and , 24 equations, in total, are necessary to fully characterize the kinematics of both segments. However, only twelve of them are self-sufficient and the rest are indeed connected to
the independent ones by the modal coefficients. The modal coefficients are:
(4)
where is the imaginary unit. Considering a unit cell of the system, which contains
two equivalent shell segments coupled with periodic nonlocalities of stiffness , the interface
conditions between the neighboring segments 1 and 2, in the nondimensional form, are:

(5)
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where
denotes the nondimensional spring stiffness.
and
are nondimensional length parameters. The above conditions are referring to the
continuityy of axial and bending
the slopes
g displacements,
p
, the flexural moments
and bending forces
at the interface. Besides, the condition regarding the
continuityy
of
the
axial
force,
is
modified
by
an
additional
term
, which brings into the system the effects induced by nonlocalities. To proceed with the analysis, six more equation are required, which
are obtained by
y considering
g the Floquet
q pperiodicity
y conditions, as:

(6)

Here is a standard parameter describing the phase shift in a periodic array [10]. The
relations in (6) compare the state vector of neighboring segments. It is apparent how the state
vector gets modified from one cell to the next by the parameter . Considering
with
being
g the Bloch parameter, two possibility for its value may be imagined: real-valued ,
, suggests the propagation is allowed in the structure, complex valued , inhence
ducing
, disclosed the impossibility to project the state vector of one segment on the
neighboring, implying the existence of stopband frequencies. Note that, once is defined, its
value is constant for any selected periodicity cell. A sixth-order transcendent equation associy
ated with the described system
is of the form:
(7)
The above polynomial is the nontrivial solution of a system of equations obtained from
the combination of Eqs. (5) and Eqs. (6). Eq. (7) proclaims the existence of three pair of roots
possibly determining the energy transmission across the domain. Note that, the coefficients in
y not be explicitly extracted and values of are individually calcuthe preceding equation may
lated for a given frequency .
3

RESULTS AND DISCUSSION

This section is devoted to investigating the band structure of an unbounded axisymmetric
cylindrical shell in the presence of periodic nonlocalities governed by the nondimensional
stiffness . The analysis of the trend of with respect to the nondimensional frequency unveils the existence of several bandgaps induced by the introduction of periodic nonlocalities,
occurring whenever
, spread along the entire frequency domain. Since the bandgaps
usually get smaller, the higher the frequency, only the first two bandgaps are here illustrated
( ) In fact, energy transmission is not permitted about
(see
in Figures (2a) and (2b).
Figure (2a)) and
(see Figure (2b)), where
may adopt any value but unity. Evidently, the first gap is significantly broader with respect to the second one of the widths 0.006.
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The figure implicitly points to the fact that the long-range interactions are conveniently beneficial for blocking the energy paths no matter it is being carried by extensional or bending
modes.

(a)

(b)
Figure 2: Band structure of an axisymmetric cylindrical shell with periodic nonlocalities (
a) First gap b) Second gap

,

)

According to Eq. (2), the response of the system is dependent upon the thickness-radius
ratio η=h/R; therefore, the effect of this parameter may sensibly influence the location and the
width of the gaps dramatically. Considering other parameters to be fixed as ν=0.3, γ=1, λ=1
and k ̂=0.5, for four different value of η, the location of the stopbands is given in Table 1.
First gap

Second gap

0.005
0.01
0.015
0.02
Table 1: The low-frequency bandgaps in an axisymmetric cylindrical shell with periodic nonlocalities

To extract what is brought in the table, a narrow band
is taken into account.
Although the change in roughly influences the width of the gaps, for the case of first stopband, a quite wider gap is met as this ratio increases. In fact, the left border of both gaps is
pulled towards higher frequencies as the thickness-length ratio rises. Obviously, the origin of
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these gaps may be simply explained by the decoupling of the flexural and longitudinal modes,
which are integrated because of the Poisson’s ratio and the further discussion is held for the
future works.
The frequency dependence of
is demonstrated in Figure 3, for two values of the nonshown in black and
in red. Two distinct patdimensional stiffness, namely
terns are observed: those points which resemble non-flat curves are originated from the real
= 1, are referring to pass band
roots of Eq. (7), and the roots constructing the flat lines i.e.
frequencies. Based on the figure, the right border of the stopband, the frequency at which the
stop band vanishes, moves towards higher frequencies for higher values of . The emerging
frequency (seed of the stopband) picks a slightly higher value with respect to the frequency
associated with the system having less stiff external links. Given the circumstances, a wider
gap is attained.

Figure 3: Band structure of an axisymmetric cylindrical shell with periodic nonlocalities for
two different values of nondimensional stiffness
4

CONCLUSION

To identify the band structure of a hollow axisymmetric cylindrical shell with periodic
long-range links embedded, Floquet analysis is carried out. The structure is composed of
equivalent shell segments and equivalent axial links, which connect the interface of one pair
of segments to the next. To simplify the analysis, the axial links are assumed to be simple extensional springs by which the interaction of distant points is made possible. The results suggest the generation of bandgaps in the band structure of the system and the occurrence of this
phenomena may be attributed to the newly introduced periodic external links. Parametric
studies show that the major gap (first one) becomes wider as stronger external connections are
implemented. Moreover, the presented mathematical formulation shows the possibility of attenuating the flexural and extensional energy owing to solely axial nonlocalities.

REFERENCES
[1] M. S. Kushwaha, P. Halevi, G. Martínez, L. Dobrzynski, and B. Djafari-Rouhani, Theory of Acoustic Band Structure of Periodic Elastic Composites, Physical Review B 49,
2313, 1994.

2462

A. S. Rezaei, S. V. Sorokin, F. Mezzani and A. Carcaterra

[2] D. J. Mead, Wave Propagation in Continuous Periodic Structures. Research Contributions from Southampton 1964–1995, Journal of Sound and Vibration 190, 495–524,
1996.
[3] J. S. Jensen, Phononic Band Gaps and Vibrations in One- and Two-dimensional Massspring Structures, Journal of Sound and Vibration 266, 1053–1078, 2003.
[4] S. V. Sorokin, O. A. Ershova, Plane Wave Propagation and Frequency Band Gaps in
Periodic Plates and Cylindrical Shells with and without Heavy Fluid Loading, Journal
of Sound and Vibration 278, 501–526, 2004.
[5] H. Sun, X. Du, P.F. Pai, Theory of Metamaterial Beams for Broadband Vibration Absorption, Journal of Intelligent Material Systems and Structures 21, 1085-1101, 2010.
[6] R. Zhu, X.N. Liu, G.K. Hu, C.T. Sun, G.L. Huang, A Chiral Elastic Metamaterial Beam
for Broadband Vibration Suppression, Journal of Sound and Vibration 333, 2759-2773,
2014.
[7] M. Zingales, Wave Propagation in 1D Elastic Solids in Presence of Long-range Central
Interactions, Journal of Sound and Vibration 330, 3973-3989, 2011.
[8] V.E. Tarasov, Lattice with Long-range Interaction of Power-law Type for Fractional
Non-local Elasticity, International Journal of Solids and Structures 51, 2900-2907,
2014.
[9] A. Carcaterra, F. Coppo, F. Mezzani, S. Pensalfini, Long-range Retarded Elastic Metamaterials: Wave-Stopping, Negative, and Hypersonic or Superluminal Group Velocity,
Physical Review Applied 11, 014041, 2019.
[10] C. Kittel, Introduction to solid state physics, Wiley, New York, 1996.

2463

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

GLOBAL LONG WAVE APPROXIMATIONS FOR ELASTIC
WAVE GUIDES
Kirill Cherednichenko1 , Julius Kaplunov2 , 3, Danila Prikazchikov2,3 , and Leyla
Sultanova4
1

University of Bath
Bath, BA2 7AY, UK
e-mail: k.cherednichenko@bath.ac.uk
2

Keele University
Keele, Staffordshire, ST5 5BG, UK
e-mail: j.kaplunov@keele.ac.uk, d.prikazchikov@keele.ac.uk
3

Institute for Problems in Mechanical Engineering, RAS
St. Petersburg, 199178, Russia
4

WMG, University of Warwick
Coventry, CV4 7AL, UK
e-mail: leyla.sultanova@warwick.ac.uk

Keywords: Long wave, high frequency, uniformly asymptotic, thin layer.
Abstract. It is well known that the long-wave approximations for thin elastic structures can be separated into local low-frequency and high-frequency ones. The former
are given by more conventional plate and shell theories justiﬁed near zero frequency,
whereas the latter correspond to 2D equations valid over the vicinities of thickness resonances. In this contribution, we develop a more general long-wave procedure for a
broad band surface loading resulting in 2D equations involving transcendental expressions of the spectral frequency parameter. These equations are reduced to the aforementioned local approximations in the vicinities of zero and thickness resonance frequencies. As an example, SH waves in a layer loaded along its faces are considered.
Comparison with the exact solution of the problem is presented. Similar global approximations could also be constructed for periodic media, due to the analogy for asymptotic
schemes for thin and periodic structures.
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1

INTRODUCTION

Dynamic asymptotic theories for thin elastic structures have been investigated in
great detail, see e.g. books [6, 15], and references therein. The most focus traditionally has been on low-frequency dynamics corresponding to both classical and reﬁned
models, e.g. see [5, 11]. High-frequency long wave approximations got less attention.
Nevertheless, the initial efforts in this area [1, 3] later on have found various implementations for ﬂuid-loaded, pre-stressed, layered and curved structures, as well as for
thin coating and interfacial layers modelled by imposing Dirichlet, Neumann and mixed
boundary conditions along the faces, e.g. see [7, 8, 12, 13, 14, 17, 18, 19, 20].
At the same time, all the mentioned low- and high-frequency long-wave approximations are local ones in a sense, that their range of validity is restricted to the vicinities of
zero and thickness resonance frequencies, respectively. Although their interaction was
analysed for initial value problems for thin plates [10, 16], a non-local long-wave model
covering a broad frequency range has not been developed yet. The previous consideration in [2] studying forced vibrations under arbitrary high-frequency loading did not
take into account the peculiarities of near-cut-off behaviour and consequently has not
resulted in a lower dimensional partial differential equations of motion.
Below we attempt to derive a non-local long-wave approximation oriented to a broad
band surface loading for the simplest setup of anti-plane problem in elasticity for a thin
layer with clamped lower face and a prescribed time-harmonic shear force on the upper face. The normalised vibration frequency is assumed to be of order unity meaning
that the focus is not on the vicinity of a single chosen thickness resonance frequency
as it has been usually done, but on a family of thickness resonances; it is obvious that
the clamped lower face does not support low-frequency vibrations. Straightforward
asymptotic scheme leads to a 1D differential equation in which the spectral parameter
is transcendentally dependent on the vibration frequency, in contrast to all the above
mentioned previous considerations on the subject. Various limits of the derived approximations are tackled, including its near- and outside cut-off behaviours. Comparisons
with the exact solution and the known approximate results are presented.
2

STATEMENT OF THE PROBLEM

Consider an anti-plane problem of elasticity for a thin isotropic layer, such that the
displacements u1 = u3 = 0 and u2 = u2 (x1 , x3 , t), see Fig. 1. The governing equations
of motion and constitutive relations are given by
σ12,1 + σ23,3 = ρu2,tt ,

σ12 = μu2,1 ,

σ23 = μu2,3 ,

(1)

where comma denotes differentiation with respect to appropriate spatial or time variable,
and ρ and μ are volume mass density and the shear modulus, respectively.
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Boundary conditions are taken in the form
x3 = −h,
x3 = 0.

σ23 = P,
u2 = 0,

(2)

The exact solution may be easily written for the case of harmonic loading, as well as the
associated dispersion relation, see Appendix for more detail.

Figure 1: Statement of the problem.

3

ASYMPTOTIC ANALYSIS

The focus is on the long-wave regime, i.e. it is assumed that the thickness of the layer
h is small compared to the typical wavelength l, therefore, a small parameter ε is
h
1.
(3)
l
Then, following the conventional asymptotic integration procedure, the dimensionless
variables and parameters are introduced
ε=

ξ1 =

x1
,
l

ξ3 =

x3
,
h

K = kh,

Ω=

ωh
,
c2

(4)

along with the scaling
u2 = hu∗2 ,

∗
σ12 = εμσ12
,

∗
σ23 = μσ23
,

P = μp∗ ,

Ω ∼ 1,

(5)

where the quantities with asterisks are assumed to be of the same asymptotic order.
Note that in what follows the time-harmonic motion is assumed, with the factor e−iωt
omitted for brevity. Using (5), the governing equations (1) are rewritten as
∗
∗
+ σ23,3
+ Ω2 u∗2 = 0,
ε2 σ12,1

∗
σ12
= u∗2,1 ,

∗
σ23
= u∗2,3 ,

(6)

together with boundary conditions (2) represented as
∗
σ23
= p∗ ,
u∗2 = 0,

ξ3 = −1,
ξ3 = 0.
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We proceed with expanding the scaled displacement and stress components as asymptotic series
⎛ (1) ⎞
⎛ ∗ ⎞ ⎛ (0) ⎞
u2
u2
u2
⎜ (0) ⎟
(1) ⎟
2⎜
∗ ⎠
⎝ σ12
= ⎝ σ12 ⎠ + ε ⎝ σ12
(8)
⎠ + ...
∗
(0)
(1)
σ23
σ23
σ23
Therefore, at leading order we have
(0)

(0)

(0)

σ23,3 + Ω2 u2 = 0,
which leads to

(0)

(0)

σ12 = u2,1 ,

(0)

(0)

σ23 = u2,3 ,

(9)

(0)

u2,33 + Ω2 u2 = 0

(10)

subject to the leading order boundary condition
(0)

u2 = 0,

ξ3 = 0.

(11)

Taking into account boundary condition (11) the solution of (10) is given by
(0)

u2 = C1 (ξ1 ) sin(Ωξ3 ),

(12)

hence,

dC1
(0)
sin(Ωξ3 ),
σ23 = C1 Ω cos(Ωξ3 ).
(13)
dξ1
As may be seen from (12), the corresponding leading order dispersion relation has a
term of cos Ω degenerating at the cut-off frequencies, see (22) below, hence, consideration of the next order corrector is required.
At next order we have
(0)

σ12 =

(0)

(1)

(1)

(1)

σ12,1 + σ23,3 + Ω2 u2 = 0,

(1)

σ12 = u2,1 ,

(1)

(1)

σ23 = u2,3 .

(14)

Therefore, from (14) and taking into account (13)1 , we obtain
(1)

(1)

u2,33 + Ω2 u2 = −

d 2 C1
sin(Ωξ3 ),
dξ12

(15)

from which, in view of the boundary condition at ξ3 = 0,
(1)

u2 = C3 (ξ1 ) sin(Ωξ3 ) +

ξ 3 d2 C1
cos(Ωξ3 ).
2Ω dξ12

(16)

∗
follow from (8),
Thus, the two-term expansions for the displacement u∗2 and stress σ23
(12) and (16) as

u∗2 = A(ξ1 ) sin(Ωξ3 ) + ε2

ξ3 d 2A
cos(Ωξ3 ) + O(ε4 ),
2Ω dξ12
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and
1 d 2A
[cos(Ωξ3 ) − ξ3 Ω sin(Ωξ3 )] + O(ε4 ),
2Ω dξ12

∗
= A(ξ1 )Ω cos(Ωξ3 ) + ε2
σ23

(18)

where A(ξ1 ) = C1 (ξ1 ) + ε2 C3 (ξ1 ).
Then, from boundary condition (2)1 the relation between the load and displacement is
p∗ = AΩ cos(Ω) +

ε2 d 2A
(cos(Ω) − Ω sin(Ω)) + O(ε4 ).
2Ω dξ12

(19)

This may be rewritten in dimensional form as
h2

P
d 2A
+ f (Ω)A = g(Ω) ,
2
dx1
μ

(20)

where

2Ω2
f (Ω)
,
g(Ω) =
.
(21)
1 − Ω tan Ω
Ω
Thus, the derived approximation is in a sense global over the long-wave region, complementing the previous local long-wave high-frequency theories applicable in the vicinity
of a single chosen cut-off frequency [6], however at a cost of a more sophisticated dependence on the spectral parameter f (Ω).
f (Ω) =

4

DISCUSSION

Let us compare the obtained approximate results with the exact solution displayed
in the Appendix. Let us ﬁrst examine the dispersion relations. The exact form of the
dispersion relation becomes from (A.6) as
K 2 = Ω2 − Ω2n ,

(22)

which gives the cut-offs at K = 0 as Ω = Ωn or cos Ω = 0.
−1
On setting A = U eikx1 = U eiKε ξ1 and P = 0 in (19), we have
K 2 = f (Ω),

(23)

with f (Ω) deﬁned in (21).
Note that (23) naturally gives the same cut-off frequencies as (22), associated with
discontinuities of tan Ω. Indeed, since tan Ω ∼ (Ωn − Ω)−1 in the near cut-off vicinity
Ω2 − Ω2n
1, the leading order term in the series of (23) around the cut-offs coincides
with (22), i.e.
2Ω2
(Ω + Ωn )Ω
∼ Ω2 − Ω2n .
∼
1 − Ω tan Ω
1 − Ωn (Ωn − Ω)−1

2468

(24)

J. Kaplunov et al.

At the same time, the form of (23) suggests the approximation will blow up in the
vicinity of the roots of the transcendental equation tan Ω = Ω−1 , which moves the wave
number K outside of the long-wave range of validity (K
1). A conﬁrmation of the
above may be readily observed from the following illustration, see Fig. 2.

K

Ω
Figure 2: Dispersion curves: comparison of the exact solution (22) (blue solid curves) and approximation
(23) (dotted lines).

The ﬁrst four harmonics of the exact dispersion relation (22) depicted in Fig. 2
by blue solid lines, are compared with their approximation provided by formula (23)
shown by dotted lines. On the contrary to known ”local” polynomial approximations
valid within the vicinity of a given cut-off frequency, see e.g. [6], the approximation
derived in the present contribution, involving trigonometric functions of frequency, are
”non-local”, thus providing approximation in a broad range of frequencies.
Let us now compare the solutions of the forced problem. On setting A = U eikx1 and
making use of (4) and (5), the exact and approximate displacements follow from (A.3)
and (19) as
!
√
1
P0 h
2
2
√
√
uex
sin
Ω − K ξ3 ,
(25)
2 =
μ
Ω2 − K 2 cos Ω2 − K 2
and
uas
2 =

P0 h
μ

1

(26)
sin (Ωξ3 ) ,
K
Ω cos Ω −
(cos Ω − Ω sin Ω)
2Ω
respectively, with the factor ei(kx1 −ωt) omitted for brevity. It is clear that as K → 0,
the argument of sine function√in (25) coincides
√ with that of (26). Moreover, straight2
2
forward Taylor expansion of Ω − K cos Ω2 − K 2 in (25) around K = 0 gives the
2
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appropriate denominator in (26). Moreover, outside the vicinity of cut-offs a simpler
approximation is possible as
uas
2 =

P0 h
1
sin (Ωξ3 ) ,
μ Ω cos Ω

whereas in the vicinity of the cut-offs |Ω − Ωn |
uas
2 =

(27)

ε we have (similar to [6])

P0 h
2(−1)n+1
sin (Ωξ3 ) .
μ K 2 − (Ω2 − Ω2n )

(28)

The comparison of the exact solution (25) with the approximations (26), (27) and
(28) are presented in the following Figs. 3 and 4.
U2

Ω

Figure 3: Comparison of the exact solution (25) and its approximations (27), (26) and (28) in the vicinity
of the ﬁrst cut-off frequency.

Fig. 3 demonstrates the variation of the scaled displacement on the upper surface
"
μ
(29)
u2 "x3 =−h
U2 =
P0 h
on the frequency in the vicinity of the ﬁrst thickness resonant frequency Ω1 = π/2. The
calculations are performed for K = 0.1. It may be clearly observed that the elementary leading order approximation (27) shown by dashed line is not capturing the true
resonance, conﬁrming its validity outside the cut-off vicinity. At the same time, the approximation (26), and its simpliﬁed version aimed at the vicinity of the cut-off frequency
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(28), are virtually indistinguishable from the exact solution (25) in the above-mentioned
vicinity. Indeed, the three solid lines merge together.
An even more pronounced behaviour may be seen in the following Fig. 4, showing
variation of the scaled displacement U2 on the wave number in case of the exact solution
(25) and approximations (27), (26) and (28). The calculations are performed for the
frequency value close to the ﬁrst thckness resonant frequency, i.e. Ω − Ω1 = 0.1.
As before, the approximations (26) and (28) are extremely close to the exact solution
(25), all shown by solid lines, but virtually indistinguishable. At the same time, the
rough approximation (27) depicted by dashed line obviously cannot take into account
the resonant nature in K, since it is independent of the wave number. This conﬁrms the
importance of the differential terms in (20), following from the asymptotic analysis for
correctors.
U2

K

Figure 4: Comparison of the dependence of the exact solution (25) and its approximations (27), (26) and
(28) on the wave number.

5

CONCLUSION

The derived long-wave equation (20) with a transcendental dependence of the spectral parameter is valid over a broad frequency band. This equation was implemented
to analyse free and forced vibrations. As expected, it involves both the local highfrequency approximations valid near the thickness resonances (28), as well as a simple
approximation (27) of the forced amplitude outside the latter. Comparison with the exact solution demonstrates that the obtained equation is robust over the whole long-wave
range failing at short-wave domain which is generally not typical for surface loading
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of thin structures. The developed methodology has a potential to be extended to more
general setups, including plane and 3D problems with boundary conditions along the
faces, supporting not only considered long-wave high-frequency vibrations, but also
low-frequency ones. Finally, we note that a hierarchy of h-dependent effective hyperbolic problems with sharp-norm estimates for the difference between the appropriate
solutions could be obtained using the mathematically rigorous approach in [4].
ACKNOWLEDGEMENT
J. Kaplunov and D. Prikazchikov acknowledge support by the Russian Science Foundation, Grant No. 20-11-20133.
REVIEW
Peer review under the responsibility of the Scientiﬁc committee of EURODYN 2020.
REFERENCES
[1] J.D. Achenbach. An asymptotic method to analyze the vibrations of an elastic
layer. Journal of Applied Mechanics, 36(1), 65–72, 1969.
[2] L. Aghalovyan. Asymptotic theory of anisotropic plates and shells. World Scientiﬁc, Singapore, 2015.
[3] V.L. Berdichevskii. High-frequency long-wave plate vibrations. Doklady
Akademii Nauk SSSR 236(6), 1319–1322, 1977.
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APPENDIX. EXACT SOLUTION FOR TIME-HARMONIC LOADING
Equations (1) imply a conventional wave equation for the non-zero displacement
u2,11 + u2,33 =

1
u2,tt ,
c22

(A.1)


where c2 = μ/ρ is the shear wave speed. We focus on the time-harmonic load of the
form and the corresponding anzats for the solutions
P = P0 ei(kx1 −ωt) ,

u2 = U f (kx3 )ei(kx1 −ωt) ,

(A.2)

where k and ω stand for the wave number and frequency. On substituting (A.2) into
(A.1) and satisfying the conditions (2), we obtain
u2 =

P0
sin(kαx3 ) ei(kx1 −ωt) ,
μkα cos(kαh)
#

where
α=

ω2
− 1.
k 2 c22

(A.3)

(A.4)

The corresponding dispersion relation maybe trivially derived from the solvability of
the homogeneous boundary value problem (P = 0), taking the form
kα cos(kαh) = 0,

(A.5)

implying non-trivial eigensolution for the displacement u2 for
kαh = Ωn =

(2n − 1)π
,
2
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Abstract. In waveguide theory calculating the energy ﬂowing through the guide is often of
prime interest and especially within elastodynamics the energy partition between the different
transmission paths such as axial, torsion, shear etc. is also of interest. In this paper, we show
that the deﬁnition of state variables is not unique which make conclusions on energy partition
between the various transmission paths somewhat ambiguous. On the other hand, we show that
for the various deﬁnitions of state variables they all have in common what we denote essential
state variables which is the part of the states variables that is responsible for the transmission of
energy. The essential variables, therefore, correspond to what can be interpreted as the unique,
or essential, part of any deﬁnition of the state variables. To illustrate this we use an inﬁnite
elastic plate strip simply supported at the edges as an example.
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1

INTRODUCTION

Calculating and interpreting the energy ﬂow in a waveguide provides valuable insight into the
behaviour of a waveguide and, at times, reveal interesting phenomena such as tunnelling effects,
dominant transmission paths and near ﬁeld re-distribution of energy between components of the
waveguide e.g. between ﬂuid and structure. This topic of energy and transmission path analysis
within waveguide theory has become more or less a standard subject. However, there are equally
interesting phenomena hidden in the total energy ﬂow that are yet unresolved. For instance, in
[1] it was shown how waves in orthotropic shells emit more energy in one direction than the
other. Even for symmetric waveguides, where the energy is split into equal shares, there are
still open questions such as which sub-components of the force and displacement ﬁelds are
responsible for energy transmission through the waveguide. A deeper understanding of these
issues is the subject of this paper.
For the waveguide governed by a self-adjoint operator, it is not surprising that the total energy
ﬂow varies much with frequency, however, it is not so obvious that only speciﬁc, or essential,
terms of the forces and displacements contribute to the energy ﬂow. Effectively, this negates
the need for all remaining, or non-essential, terms and quite surprisingly also negates the effect
of Poisson’s ratio. This makes calculation of the total energy ﬂow for all such waveguides
indisputably simple.
While it is known from [2] that non-essential terms of forces and displacements all contribute
to the energy ﬂowing through individual transmission paths, the total energy ﬂowing through
the waveguide is completely independent of these, [3]. Showing this constitutes one of the main
objectives of this paper. Furthermore, the non-essential terms of the forces are sensitive to the
method of derivation, or rather the deﬁnition of the state variables. It makes the deﬁnition of
transmission paths and the energy partition in them somewhat ambiguous. Fortunately, each
deﬁnition contains the essential part which alone is responsible for the energy ﬂow while the
non-essential part can be attributed to the ambiguity. This novel view on the composition of
energy ﬂow constitutes the essence of the paper. To clarify this novel view, wave propagation
in an inﬁnite straight plate strip is considered.
The paper is structured as follows: In Sec. 2 the governing equations and deﬁnition of energy
ﬂow for the elastic plate strip are presented. In Sec. 3 two deﬁnitions of forces are shown for
the example and in Sec. 4 the derivation of the essential state variables from the two deﬁnitions
is shown. This section we also discuss a generalisation of the formulation of the total energy
ﬂow. Finally, Sec. 5 summarizes the results reported in the paper.
2

ENERGY FLOW IN WAVEGUIDES

In classical textbooks wave propagation in elastic solids, dispersion of waves and the energy
ﬂow through such waveguides are usually the main scope of the analysis. Moreover, we usually prefer to split the energy ﬂow into its physical constituents (transmission paths) in terms of
pairs of state variables e.g. we look at the energy propagating in shear, torsion etc. Thus, we
deﬁne our state variables as the kinematic states (displacement and rotation) and the associated
states of forces/moments, which essentially make up the total energy ﬂow in a waveguide. However, as we shall see shortly the deﬁnition of these state variables is non-unique and therefore,
particularly in the near-ﬁeld, the energy distribution will depend on the choice of deﬁnition.
To illustrate this we use the inﬁnite simply supported plate strip as an example i.e. we impose
boundary conditions w(x, y, t) = My (x, y, t) = 0, at y = 0 and y = L. The Equation of Motion
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(EoM) within the standard Kirchhoff plate theory is given as
D∇4 w(x, y, t) + ρh

∂2
w(x, y, t) = q(x, y, t)
∂t2

(1)

Eh3
where D =
, ρ is density, h the plate thickness, E Young’s modulus, ν Poisson’s
12(1 − ν 2 )
ratio, w(x, y, t) the transverse displacement of the plate strip and q(x, y, t) a distributed driving
force.
The solution to this problem is standard and hence all details are omitted. The displacement
ﬁeld is given as
mπ !
w(x, y, t) = W sin
y exp(kx − iωt)
(2)
L
where m ∈ N is the integer order of the wavenumber in coordinate y, k is the wavenumber in
the propagation
√ direction x, ω is the angular frequency, W the amplitude, L the width of the
strip and i = −1 the complex operator. (x, y, t) will be omitted in what follows.
Substituting this ansatz into the Equation of Motion with q = 0 gives the dispersion equation
D k4 − 2

m2 π 2 2 m4 π 4 ρh 2
k +
− ω
L2
L4
D

from which we can ﬁnd the wavenumbers as
#
$
mπ !2
ρhω 2
+
k1 = −
L
D

=0

(3)

#

$
mπ !2
ρhω 2
−
k2 =
(4)
L
D
% mπ &2 ' ρhω2
<
. Note that since
where k1 are evanescent waves and k2 propagating waves if L
D
the waveguide is symmetric we consider the right-going waves.
The solution to the inhomogeneous problem with q = 0 can be obtained straightforwardly,
see e.g. [4]. From the inhomogeneous solution we can then easily deduce the state variables
(generalised moment, shear force, rotation and displacement) and formulate components of the
total energy ﬂow propagating via the different transmission paths, [5].
Following [5] the time-averaged energy ﬂow is deﬁned as in Eq. (5).

∗
1
∂
N = − Re
U dΓ
Q·
(5)
2
∂t
Γ
where Q and U are the state variables on vector form, · the scalar product, Re is the real part, ∗
the complex conjugated and Γ the cross-section of the waveguide.
For the plate strip with exp(−iωt) the formula expands to
 L
ωh
N (x) = − Im
Qw∗ + M γ ∗ dy
(6)
2
0
where γ =

∂
w.
∂x
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3

AMBIGUITIES IN STATE VARIABLES OF WAVEGUIDES

As already mentioned the deﬁnition of state variables in e.g. dynamics of thin plates and
shells, is not unique and depends on the applied derivation methodology. Obviously, it does
not alter the results in terms of total energy ﬂow but does, however, alter the near-ﬁeld energy
distribution in the individual transmission paths and therefore slightly distorts conclusions of
the near-ﬁeld energy partition. Let us consider the different formulations of state variables for
a plate strip.
State variables from inﬁnitesimal volume equilibrium Probably, the most common way
of deriving the state variables is to consider an inﬁnitesimal element subjected to stresses and
strains and require equilibrium thereof. Doing so, we arrive at the EoM from Eq. (1) and the
state variables (relevant for the energy ﬂow in the propagation direction x) given as in Eq. (7),
[6].
γx =

∂w
∂x

Mx = −D

γy =
∂ 2w
∂ 2w
+
ν
∂x2
∂y 2

∂w
∂y

Qx = −D

Mxy = −D(1 − ν)
∂ 3w
∂ 3w
+
∂x3
∂y 2 ∂x

∂ 2w
∂x∂y

(7)

Except for a few changes in sign convention we arrive at the same result coming from the
variational principle, [6].
State variables from Equation of Motion On the other hand, we may also derive the state
variables directly from the EoM. To do this we consider the homogeneous EoM in Eq. (1)
formulated for w(j) and multiply it by the solution w(n) . Then, through ’by parts integration’
following [6], we arrive at
γ=

∂w
∂x

M =D

∂ 2w ∂ 2w
+
∂x2
∂y 2

Q=D

∂ 3w
∂ 3w
+
∂x3
∂x∂y 2

(8)

Even from this derivation, we would see that there are several ambiguities in the deﬁnition
of state variables as they can be derived differently depending on the sequence of ’by-parts
integration’.
The ﬁrst and, likely, most notable difference between the two formulations of the state variables is the lack of Mxy and Poisson’s ratio in Eq. (8). Thus, it is indeed far from obvious that
no matter which pairs of state variables are substituted into Eq. (5) the total energy ﬂow remains
the same. However, the reason why these state variables can be so different and yet still satisfy
the same equations was pointed out in [3]. It is because they all have essential state variables in
common, while all non-essential terms cancel completely in the reciprocity relation.
4

ESSENTIAL STATE VARIABLES

The essential state variables are not always easily derived and to accomplish this task the
reciprocity relation should be used. So before deriving the essential state variables we need to
derive the relation between total energy ﬂow and reciprocity since the purpose is to show that
the essential state variables constitute the energy-carrying terms.
The reciprocity relation is essentially a product of the state variables from one solution, (n),
of the EoM with the state variables from another solution, (j). The inhomogeneous reciprocity
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relation associated with the state variables from Eq. (8) is thereby given as
 (n) (j)

Q w − Q(j) w(n) + M (j) γ (n) − M (n) γ (j) dΓ =
qw(n) dV
Γ

(9)

V


Although, we proceed with Γ in the following it does in this case reduce to Γ [ ] dΓ =
L
[ ]x=b
x=a hdy.
0
Then following [5] or [3] we multiply by −iω, consider only the real parts, take the time
average and after some straightforward algebra we arrive at

 (n) (j)∗

ω
ω
∗
(j) (n)∗
(j) (n)∗
(n) (j)∗
− Im
Q w
dΓ = − Im
−Q w
+M γ
−M γ
qw(n) dV (10)
2
2
Γ
V
where we immediately notice that the right-hand-side equals the total injected energy, [5], and
therefore the left-hand-side must equal the total energy ﬂow through the waveguide and is therefore equivalent to Eq. (5).
Moreover, it was shown in [3] that if n and j are single modes the reciprocity relation in Eq. (9)
obeys bi-orthogonality and the left-hand-side is therefore non-zero only when n = −j (where
−j means the opposite going wave of j i.e. k −j = −k j ). For the inhomogeneous case where
each solution, (n) and (j), is an eigenfunction expansion, bi-orthogonality of Eq. (9) converts
the reciprocity relation to a quantity for which superposition applies (cross-terms cancel) and
thereby proving that the total energy ﬂow in Eq. (10) is a linear quantity. Then, the energy ﬂow
in multi-modal waveguides may be calculated straightforwardly as
(
)
∗

1
∂ (n)
N = − Re
U
Q(n) ·
dΓ
(11)
2
∂t
n∈N Γ
i.e. all cross-products of the state variables’ expansions cancel completely. Here (n) counts
only propagating waves. See details in [3].
Besides, it was also shown in [3] that Eq. (9) has both spatially invariant real and imaginary
parts. It is essential for deriving the modal amplitudes related to the inhomogeneous problem.
This immediately leads to a generalised expression for energy ﬂow, while the conventional
deﬁnition from [5] – Eq. (5), retains only a spatially invariant real part. For details see [3].
4.1

Reciprocity – State variables from equilibrium

As it has already been shown that the reciprocity relation is closely related to the total energy
ﬂow we may continue and manipulate the reciprocity relation to simplify the energy expression.
Thus, let us consider instead the homogeneous reciprocity relation for the state variables from
the equilibrium derivation in Eq. (7). In this case reciprocity is formulated as in Eq. (12), see
[6], and for simplicity we consider n and j to be single modes.


(n) (j)
(j) (n)
(j)
(n)
dΓ = 0
(12)
γy + Mxy
γy + Q(n)
− Q(j)
−Mx(n) γx(j) + Mx(j) γx(n) − Mxy
x w
x w
Γ
3

(n)

w
Then, by substituting the state variables into the reciprocity relation using the notation: ∂ ∂x
≡
3
(n)
wxxx and omitting D we get
% (n)
& (j) % (j)
& (n)
(n)
(j)
(n) (j)
(j) (n)
wy − (1 − ν)wxy
wy
(13)
wxx + νwyy
wx − wxx + νwyy
wx + (1 − ν)wxy
Γ
% (n)
& (j) % (j)
& (n) 
(n)
(j)
− wxxx
w + wxxx + wxyy
w
dΓ = 0
+ wxyy
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and further, substituting the solution from Eq. (2) into the latter we get
*

k 2(n) k (j) − k 2(j) k (n) − k 3(n) + k 3(j)

Γ

+

(14)


m2 π 2 
(j)
(n)
(n)
(j)
(n)
(j)
dΓ = 0
+
νk
+
(1
−
ν)k
−
(1
−
ν)k
+
k
−
k
−νk
L2

from which we see that the bracket must satisfy the equation (for n = −j, [3]) and we get
k 2(n) k (j) − k 2(j) k (n) − k 3(n) + k 3(j) + 2


m2 π 2  (n)
k − k (j) = 0
2
L

(15)

By keeping track of the origin of each cancelled and remaining term we may deduce the essential state variables which are identical to those derived from the EoM in Eq. (8) – For example
(n) (j)
we see that the ﬁrst term k 2(n) k (j) from Eq. (15) arises from wxx wx in the ﬁrst term in Eq. (13)
(n)
(j)
(j)
which in turn belongs to Mx and γx , respectively. The second term comes from Mx and
(n)
(n) (j)
γx and so on. The terms in the last bracket of Eq. (15), however, come from Mxy γy .
Then, by comparing the different state variables from, respectively, Eq. (7) and (8) it becomes
obvious that it is only the product of the essential part of the forces with the essential part of the
kinematic variables that are responsible for the propagation of energy and thus Poisson’s ratio is
seen to not affect the total energy ﬂow. We may also note that cancellation of the non-essential
parts are obvious only in the reciprocity relation while in the conventional deﬁnition of total
energy ﬂow from Eq. (6) the cancellation is indeed not obvious and here rely, somewhat, on
cancellation of numerical values.
Plate in polar coordinates Another interesting example in terms of ambiguous deﬁnitions of
state variables is a plate in polar coordinates with direction of propagation in r. In this example,
the state variables derived from equilibrium and the variational principle are not identical as in
the case of the strip. Furthermore, although the EoM is the same for the plate and the plate strip
2 2
the essential state variables are different as the last terms in Eq. (15) with the factor 2 mL2π in
front vanishes for the plate.
4.2

From reciprocity relation to dispersion equation

Besides a close relationship between the total energy ﬂow and the reciprocity relation, there
is also a close relation between reciprocity and the dispersion relation from Eq. (3). To show
this we take the reduced reciprocity relation from Eq. (15) and multiply by (k n + k j ) to get
k 4(j) − k 4(n) − 2

&
m2 π 2 % 2(j)
2(n)
k
=0
−
k
L2

(16)

which in comparison with the dispersion equation is seen to correspond exactly to the dispersion
equation formulated for k n subtracted the dispersion equation for k j . In other words, we can
express the reduced reciprocity relation, which is associated with the total energy ﬂow, directly
from the dispersion equation by taking the difference of two different solutions (n and j), divide
by (k n + k j ) and integrate over the contour (cross-section), Γ. Thus, we can deduce, directly
from the EoM, the essential state variables.
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5

CONCLUSIONS

In this paper, we have shown that there exist several deﬁnitions of state variables depending
on which methodology is used to derive the governing equations. These deﬁnitions slightly
distort the view on energy partition between transmission paths. It is shown explicitly here
that each of these deﬁnitions consist of what we denote a non-essential and an essential part
where the non-essential part can be attributed to the various deﬁnitions (the ambiguity) while
the essential part alone is responsible for the energy transfer through the waveguide. This novel
view on the energy ﬂow in waveguides using essential state variables suggests that the energy
partition between the transmission paths might be better deﬁned using the essential variables
as they are consistent (unique) throughout the various deﬁnitions. Finally, the essential state
variables also make up the energy balance in Eq. (10) which can be interpreted as a generalised
formulation of the energy ﬂow deﬁned in [5] as it has both spatial and temporal invariant real
and imaginary parts.
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Abstract. The effectiveness of a one-dimensional acoustic black hole has often been characterized by its reﬂection coefﬁcient R and its so-called normalized wave number variation, both
of which depend on the height proﬁle of the beam. The underlying assumptions of existence of
acoustic black holes require the normalized wave number variation to be small. In this work,
we consider an acoustic black hole with ﬁxed parameters of geometry (i.e. length, maximal and
minimal height) and pose the variational problem of ﬁnding a height proﬁle which minimizes R
under the additional constraint of keeping L2n norm of the normalized wave number variation
small, since for large n this norm approximates a point-wise estimate. Using the method of
Lagrange multipliers, we solve this variational problem and prove that the optimal proﬁle is
one of three different types. These proﬁle types can be seen as direct generalizations of the wellresearched proﬁle h(x) = x2 . In the limiting case n → ∞, we obtain closed form expressions
for the optimal proﬁles as well as the corresponding reﬂection coefﬁcient and the normalized
wave number variation. Furthermore, we compare numerically the performance of the optimal
proﬁles and proﬁles previously considered in the literature. In this comparison, we demonstrate
that for comparable reﬂection coefﬁcients the normalized wave number variation of the optimal
proﬁle is far superior to the other proﬁles.
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1

INTRODUCTION

In [10] M. Mironov showed that if the height of a plate goes sufﬁciently smoothly to 0 at the
edge then bending waves does not reﬂect from this edge. In particular, Mironov considered a
height proﬁle near the edge of the plate given by h(x) = xm , for m ≥ 2 and  small. In reality
an edge truncation is always present and in [10] Mironov also demonstrated how a truncation
of the edge (see Figure 1) can lead to increased reﬂection. To combat this problem many
different approached have been considered [1, 3, 6–8] and numerous experiments and practical
applications have been proposed [3–5, 9, 12].
In this paper we consider the optimal choice of height proﬁle h for acoustic black holes
with ﬁxed parameters of geometry. In particular, we will formulate a variational problem for
the optimality of a proﬁle and solve this using the method of Lagrange multipliers. In the
literature different choices of proﬁles have been considered. These proﬁles include h(x) = xm
[3,6–8,10,12], h(x) =  sinm (x) [8], and h(x) = xm +h0 [1,11]. Especially noteworthy for our
purpose is [11] in which multi-objective optimization algorithm was employed to numerically
ﬁnd an optimal proﬁle of the form h(x) = xm + h0 for an acoustic black hole. Note that
our approach to ﬁnding optimal proﬁles is purely analytical and as opposed to [11] we do not
restrict our attention to one particular type of proﬁle.

h1

h1
h0

0
−h1
0

ξ1

0

ξ1

Figure 1: Non-truncated proﬁle (left) and truncated proﬁle (right).

2

SETTING AND PROBLEM STATEMENT
We consider an Euler-Bernoulli beam with local wave number given by the equation
(k(x))4 =

12ρω 2
12ω 2
=
,
Eh2
c2 h2 (x)

(1)

where c = (E/ρ)1/2 is the speed of dilatation wave velocity in beams [7, 8]. We assume a time
dependence e−iΩt and take energy dissipation into consideration, i.e. E = E0 (1 − iη) for some
η > 0. The reﬂection coefﬁcient of an acoustic black hole, situated between x0 and x1 is deﬁned
as
!
x1
Im(k(x)) dx ,
(2)
R = exp − 2
x0

under the assumption that the following geometrical acoustics validity condition is satisﬁed
"
"
" 1 dk "
"
"
1,
(3)
" k 2 dx "
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see e.g. [1, 7, 8, 10]. The left hand side of (3) is often referred to as the normalized wavenumber
variation (NWV) [1]. The condition (3) has been suggested to be satisﬁed when the NWV is
less that 0.3 [2].
For the rest of this paper we consider dimensionless variables and denote dimensional variables with a tilde. We want to construct an acoustic black hole in the interval [0, ξ1 ]. We
construct a symmetric acoustic black hole (cf. Figure 1) and hence we denote half the maximal
(minimal) height by h1 (h0 ). We assume that h1 = 1 and h0 ∈ (0, 1), see Figure 1. Additionally,
h(ξ) denotes the half beam height at ξ and Ω denotes the dimensionless frequency.
The equivalent problem in dimensional variables is to consider an interval [x̃0 , x̃1 ] and a
function h̃ such that h̃(x̃0 ) = h̃0 , h̃(x̃1 ) = h̃1 , and h̃(x̃) is the half height of the beam at
x̃ ∈ [x̃0 , x̃1 ]. Transformation to non-dimensional variables is done by the formulas
h̃0
x̃1 − x̃0
ω̃ h̃1
,
, ξ1 =
, Ω=
c̃
h̃1
h̃1
where ω̃ is the dimensional angular frequency and c̃ it the dimensional longitudinal wave velocity and k̃ is the dimensional local wave number.
Our aim is to ﬁnd a proﬁle h which minimizes R in (2) while (3) hold. However, for simplicity we will approximate the pointwise bound in (3) with a bound of the L2n norm of the NWV
for large n. By noting that R is minimized by maximizing the integral on the right hand side of
(2) and using a ﬁrst order approximation to the non-dimensional form of k in (1) we arrive at
the following isoperimetric variational problem: Given η, Ω0 > 0 ﬁnd, for every n ∈ N, a curve
hn which maximizes the functional
h(ξ) =

h̃(x̃0 + ξ h̃1 )
,
h1

k(ξ) = k̃(x̃0 + ξ h̃1 )h̃1 ,

ξ1

h →
0

h0 =

1/2

121/4 Ω0 η
√
dξ
2h1/2 (ξ) 4

(4)

subject to the boundary conditions
hn (0) = h0 ,
and the additional constraint that

√

ξ1
0

and

hn (ξ1 ) = 1,

hn (ξ) !2n

2
1/2

1/2

2 · 121/4 Ω0 hn (ξ)

(5)

dξ = L

(6)

for some L
1.
We refer to Ω0 as the design frequency.
3

RESULTS

By using the method of Lagrange multipliers together with a convenient scaling and the
notation δ = (−λ)−1/(2n) we ﬁnd that a solution to our isoperimetric problem must maximize
ξ1

h →

b
0

n+1/2 η
.
8

where b = (2δ)2n 12(2n+1)/4 Ω0
tion

(h (ξ))2n
1
−
dξ,
h1/2 (ξ)
hn (ξ)

(7)

Hence any solution must satisfy the Euler-Lagrange equa-

h (ξ) = (2n − 1)−1/(2n) (ahn (ξ) − bhn−1/2 (ξ))1/(2n) ,

ξ ∈ (0, ξ1 ),

(8)

where a is some constant which must be determined so that the boundary conditions (5) holds.
Note that by considering a sequence of oscillating functions with increasing frequency it follows
that (7) does not have a minimizer.
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3.1

The case b = 0

The case b = 0 is uninteresting from a practical perspective since it corresponds to minimizing the NWV without any regards for the reﬂection coefﬁcient. Nevertheless it turns out to be
interesting when considering the literature on acoustic black holes. When b = 0 the function
h(ξ) =

1−

 !ξ

h0
+ h0
ξ1

2

(9)

is the unique solution to (8) satisfying (5) for all n ∈ N. This is a generalization of the proﬁle
h(x) = x2 (which has been used extensively in the literature, see e.g. [1, 4, 7, 8, 10, 11]).
Indeed when converting this proﬁle to non-dimensional variables it solves (9) if and only if
h̃0 x̃21 = h̃1 x̃20 .
3.2

The case b > 0

When b > 0 solving (8) leads to two possibilities. Speciﬁcally, for every n ∈ N there exists
a number bn such that:
−1/2

1. If b ≤ bn there exists a unique a ≥ bh0
solution satisfying (5).

such that (8) has a unique C ∞ ([0, ξ1 ], [h0 , 1])

2. If b > bn there exists a unique ξ(b) ∈ [0, ξ1 ] and a function hb ∈ C ∞ ([ξ(b), ξ1 ], [h0 , 1])
satisfying (8) with the boundary conditions hb (ξ(b)) = h0 and hb (ξ1 ) = 1 such that
+
if 0 ≤ ξ ≤ ξ(b),
h0 ,
h(ξ) =
hb (ξ), if ξ(b) < ξ ≤ ξ1
is a C 1 ([0, ξ1 ], [h0 , 1]) and piecewise C ∞ ([0, ξ1 ], [h0 , 1]) solution to (8).
Note that in both cases the solution must be found numerically as no closed form expression
exist. Therefore it is unclear how to choose the parameters δ and n in practical applications.
The parameter n should be large to ensure that the left hand side of (6) approximates a
!2
√
h0
point-wise estimate. By taking n to inﬁnity we obtain the following: If Ω∞ = 121−1/4 δξ
, then:
1
(a) If Ω0 < Ω∞ then no optimal proﬁle exists.
(b) If Ω0 ≥ Ω∞ then the optimal proﬁle is given by
⎧
⎨h0 ,
!2
h(ξ) =
⎩ 121/4 δΩ1/2
(ξ
−
ξ
)
+
1
,
1
0
where ξ∞ = ξ1 −

if 0 ≤ ξ ≤ ξ∞ ,
if ξ∞ < ξ ≤ ξ1

(10)

√
1− h0
1/2 .
121/4 δΩ0

Note that h is a continuous function with a discontinuity in the ﬁrst derivative at ξ∞ . Furthermore, the simple expression for h makes it possible to determine both R and the NWV
explicitly. The NWV for the optimal proﬁle in (10) is given by
⎧
" 1 dk " ⎨0,
if 0 ≤ ξ ≤ ξ∞ ,
"
"
!1/2
(11)
" 2 "= √
⎩ 2δ Ω0
k dξ
,
if
ξ
<
ξ
≤
ξ
,
∞
1
Ω
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(a) The classical (solid) and optimal (dotted)
proﬁle of Section 4.

(b) Reﬂection coefﬁcients for the proﬁles in
Figure 2a. The same line speceﬁcations as in
Figure 2a have been used.

Figure 2: Classical and optimal proﬁle and their corresponding reﬂection coefﬁcients.
and the reﬂection coefﬁcient for the proﬁle in (10) is
* ηΩ1/2 ln h
121/4 ξ∞ !,
0
R = exp √
.
−
1/2
2 2 2δΩ1/2
h0
0

(12)

One strength of the optimal proﬁle in (10) is that its NWV becomes a piecewise constant function of ξ. Hence to make the√NWV small it sufﬁces to consider sufﬁciently large Ω. For
example, it is clear that if δ = 2/5 then we have NWV< 0.4 when Ω > Ω0 . This is not the
case for e.g. proﬁles of the form h(x) = xm with m > 2 cf. Section 4.
4

NUMERICAL EXPERIMENTS

In [1] it was demonstrated that increasing m for proﬁles like h̃(x̃) = x̃m decreases the
reﬂection coefﬁcient but increases the NWV. In this section we demonstrate numerically the
difference between an acoustic black hole with proﬁle h̃(x̃) = x̃m for m = 5 and the proﬁle in
(10). We consider the following dimensional parameters: x̃0 = 5cm, x̃1 = 20cm, h̃0 = 0.00195
cm, h̃√1 = 2cm, c̃ = 3000m/s. Furthermore, we assume that the loss factor is η = 0.01 and let
δ = 52 . We then ﬁnd Ω0 such that the optimal proﬁle given by (10) has reﬂection coefﬁcient
similar to that of the non-optimal proﬁle (see Figure 2b). The difference in the shape of the
proﬁle (see Figure 2a) leads to the vastly different NWV for the two proﬁles (see Figure 3).
Note that the NWV of the “classical” proﬁle is larger than 0.3 somewhere in the acoustic black
hole at most of frequencies considered.
5

CONCLUSIONS

In the present paper the choice of optimal height proﬁle for a one-dimensional acoustic
black hole with ﬁxed parameters of geometry has been considered. By regarding the reﬂection
coefﬁcient R as a functional deﬁned on the possible height proﬁles we have posed the variational
problem of minimizing R subject to the constraint that the L2n norm of the NWV equals some
small constant. By solving this problem we obtain, that the optimal proﬁle can be of three types:
a quadratic polynomial, a smooth function (which has to be determined numerically), or a C 1
function which is comprised of a constant part equal to the minimal height and a smooth part.
In the limiting case n → ∞, there is essentially one solution: a continuous piecewise smooth
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(a) NWV for the classical proﬁle in Figure 2a.

(b) NWV for the optimal proﬁle in Figure 2a.

Figure 3: NWV for the proﬁles of Figure 2a.
function comprised of a constant part equal to the minimal height and a quadratic part. In fact,
we obtain simple expressions for both the quadratic part and the length of the constant part.
We have shown that this can be seen as a generalization of the well-known proﬁle h(x) = x2 .
We have numerically compared this optimal proﬁle in the limiting case to a proﬁle of the form
h(x) = xm for m > 2. This shows that at similar reﬂection coefﬁcients the NWV differs
vastly. For the optimal proﬁle the NWV becomes small for large frequencies but for the other
proﬁle NWV is large for most of the frequencies considered.
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Abstract. The classical theory of acoustic black holes (ABHs) is quite complex with its application being limited to simple plates and beams. The aim of this paper is to promote ABHs for the
community of engineers well familiar with ﬁnite element analysis (FEA). Firstly, a validation
of FEA as a tool to analyze and design ABHs is done by conventional FE studies replicating
experiments, which have already been conducted. Then the concept of modal analysis-based
design of ABH is proposed and veriﬁed by means of harmonic analysis (both using standard
ANSYS software). As the damping layer is an essential part of any real fabricated products
utilizing the ABH effect, the inﬂuence of its size and thickness are studied by the means of FEM
and compared to what has been found in earlier experiments.
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1

INTRODUCTION

ABHs are power-law wedges used to achieve efﬁcient damping of waves. The power-law
wedges are described by h(x) = εxm , where ε is the wedge parameter and m is the power-law
exponent, m ≥ 2. Under such circumstances, the wave speed gradually decreases and the wave
stops in the limit of h → 0 where the height is zero, see Fig. 1, and hence, is not reﬂected
but trapped. However, real fabricated wedges have truncations and it has been shown that the
introduction of such truncations only reduce the reﬂection coefﬁcient to about 50-70%, [1],
making them practically useless as ABH dampers. It has been shown, on the other hand, that
placing a damping layer in the ABH at the tip of the wedge can reduce the reﬂection coefﬁcient
to only 1-3%, meaning that almost all of the wave energy is absorbed by the damping layer, [1].
h(x)=x m

x
Incident waves

Figure 1: Illustration of the wave as it approaches the tip of the wedge.
The idea of the ABH is illustrated in Fig. 1 i.e. when a wave travelling through the plate
reaches the ABHs the wave speed gradually slows down due to the gradual decrease in height,
which causes the wavelength to decrease and the amplitude to increase. Thus, by placing a
damping layer at the tip where the wavelength is short and the response is high, an efﬁcient
damping of the wave energy can be achieved. If, on the other hand, the damping layer is placed
outside the ABH, where the wavelength is long and the energy is less concentrated, the damping
layer has little to no effect. Thus, as the ABHs rely on sufﬁciently small wavelengths in the
damping layer zone, ABHs are indeed mostly effective at higher frequencies, as also conﬁrmed
in literature, [2]. Likewise, it has been shown in [3] that damping layers do not need to cover
the entire ABH area but covering just a small area may in fact be more efﬁcient, see e.g. Fig.
6. It was also shown that at higher frequencies a larger damping area was required to retain the
strong effect of the ABH which may be somewhat counter intuitive.
In this paper, we begin with simulations conducted using a commercial FEA program on
cases, which have already been investigated experimentally by others. This is done to investigate the capability of the FEA program to simulate the ABH effect. Next, we implement ABHs
in a physical product in FEA, and interestingly, it is found that design of ABHs can be done
using modal analysis alone. The performance of the ABHs can, to some degree, be predicted
from the eigenmodes as the damping effect proves to be strongly related to localization of the
eigenmodes. This also explains why ABHs are more effective at higher frequencies. Therefore,
ABHs of arbitrary shapes have also been tested as they do not need to be circular.
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2

ACOUSTIC BLACK HOLES USING FINITE ELEMENT ANALYSIS

ABH theory is typically associated with inﬁnite structures and incident waves while FEA
is concerned with ﬁnite structures and therefore standing waves. Likewise the experimental
work on ABH done in [2] was also based on ﬁnite structures with no attempt to make anechoic
terminations and thus the effects observed here should be reproducible using e.g. FEA. Thus,
to verify the ability of the commercial FE program ANSYS to capture the effect of a plate with
ABHs, harmonic analysis has been conducted on cases from [4, 5], which involves both 1D
and 2D examples. In [5], several conﬁgurations of plates with 2D ABHs are presented, but for
brevity, only one of them is presented here. The cases presented here are seen in Fig. 2.
2.1

FEA setup

Meshing has been done following the guidelines from ANSYS and the damping layer has
kg
density of 1160 m
3 , stiffness equal to 0.1 of the plate material, [2], Poisson’s ratio of 0.48,
thickness of 0.2 mm, and a loss factor of 0.4 according to [2, 4, 6]. For the 1D example in Fig.
2, a unit force was applied transversely on the rear edge, while the transverse surface velocity
response was measured on a line on top of the uniform section of the plate. Similarly for the
2D case, transverse loading and response measurements were done on two opposite edges of
the plate.

(a)

(b)

Figure 2: a) 1D ABH at the end of a plate. b) 2D ABH on a plate. Both in free conditions.
2.2

Harmonic analysis of acoustic black holes

The results from the replicated experiments on plates with 1D and 2D ABHs are plotted in
Fig. 3.
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Figure 3: a) Results from analysis of 1D ABH. b) Results from analysis of 2D ABH. Velocities
in dB following ISO 1683, [7].
As can be seen in Fig. 3a, the unmodiﬁed plate with a damping layer has almost no effect
on the response as mentioned in Sec. 1, while the introduction of ABHs without damping
just shifts the eigenfrequencies, but does not signiﬁcantly damp the response as the reﬂection
coefﬁcient remains within 50-70%, according to Sec. 1. The combination of an ABH with a
damping layer, however, damps the response signiﬁcantly and damping is seen to increase with
increasing frequency as also discussed in Sec. 1. This is also observed for the 2D example in
Fig. 3b.
In conclusion, we see similar tends of the ABH as those observed in experiments and the
ABH theory in Sec. 1 when using standard harmonic analysis. Furthermore, in both graphs, we
see that the dB-response is reduced signiﬁcantly: for the 1D case in Fig. 3a about 20 dB and
for the 2D case close to 100 dB.
2.3

Modal analysis of acoustic black holes

From the analyses done in Sec. 2, it has been found that the observed phenomena of the
1D and 2D ABHs, can actually be very well explained through simple modal analyses. In Fig.
4, we see selected eigenmodes from the modal analysis and immediately note that in terms of
eigenmodes, the ABHs simply cause the eigenmodes at higher frequencies to localize in the
center of the hole. This readily explains why ABHs work only at sufﬁciently high frequencies
but also why adding a damping layer signiﬁcantly improves the performance. Thus, localizing
’all’ higher order modes in one location obviously makes damping by a small damping layer in
the ABH very efﬁcient for broad band excitation, in accordance with Sec. 1. Further, we see
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that the lower order modes remain global and are thus less affected by the ABH. However, the
wave speed still decreases in the ABH and some energy can be damped even at lower frequency
as we shall see in Sec. 3.

(a)

(b)

(c)

Figure 4: a) Global eigenmode at 770 Hz. b) Localized eigenmode at 2790 Hz. c) Localized
eigenmode at 8165 Hz.
Furthermore, comparing Fig. 4b and 4c we can readily explain the counter intuitive phenomenon that for higher frequencies the localized eigenmodes become spatially less compact
and thus require a larger damping layer, as also observed in experiments see e.g. Sec. 1.
Indeed, choosing the right damping layer thickness and size is not trivial. From Fig. 5a, we
see that a low coverage can be desirable for these low frequencies, although the peak at 300 Hz
is slightly higher for lower coverage. Considering 5b, it is seen that a thicker damping layer
lowers the ERPL response, as expected. Therefore, it is believed that a thick and low coverage
damping layer would be the optimal design.
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(b)

Figure 5: a) Comparison of damping layer coverage of the ABH. Layer thickness 1 mm. b)
Comparison of damping layer thickness. Coverage of ABH: 25%. ERPL (Equivalent Radiated
Power Level) is used. Test case: Circular ABH from Fig. 4.
In conclusion, ABHs cause the eigenmodes to localize, thereby producing a large response
in a small area, which can then be damped efﬁciently using only a small patch of damping layer.
Thus, for a desired frequency range, the ABH can be designed based on a simple modal analysis
and moreover the size of the damping layer be determined by matching the size of the spatially
largest mode shape in the spectrum, which will typically be the last mode in the desired range.
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At lower frequencies, however, the ABH have only little effect, but as this is usually interesting
from a industrial viewpoint this will be the main interest in the following section.
3

ACOUSTIC BLACK HOLES OF ARBITRARY SHAPES

As we have shown in the previous section, the ABH can be evaluated and designed directly
from modal analysis, we no longer conﬁne ourselves to think of ABH as wedges or circular
holes, nor are we strictly conﬁned to power-laws (though they may likely be the most efﬁcient
ones) as long as we ensure localization of the eigenmodes. Therefore, we consider instead
arbitrarily shaped ABHs (with power-laws) and study how they perform compared to the regular
circular ABHs.
In this paper, two ABHs of ’arbitrary’ shape have been considered. The ﬁrst one is an elliptically shaped ABH, as a simple idea to reduce the size of the ABH without compromising the
effect of the ABH, see Fig. 6a. This shape could also be tailored to match speciﬁc eigenmodes
or shapes of an industrial product. The other type is an acoustic black ’moat’, where a powerlaw proﬁle is swept along a path to create a type of insulator, tailored to a speciﬁc lower order
eigenmode. The purpose is to prevent waves generated at the source point B, from reaching the
receiver point A, see Fig. 6b.

B

A
(a)

(b)

Figure 6: Conceptual illustrations of arbitrary ABH. a) Elliptical ABH. b) Acoustic black ’moat’
with a receiver (A) and source point (B).
To compare the performance of the arbitrarily shaped ABHs, a traditional circular one is
used as benchmark. This ABH corresponds to the dotted circle in Fig. 6. For consistency, all
ABHs are 100% covered with a 1 mm damping layer. Additionally, these ABHs have been
implemented in a physical product and analyzed using the FEA approach elaborated in Sec. 2.
The circular, elliptical and moat ABH cover, respectively 56%, 48% and 34% of the total surface
area of the product. Further, the material properties have been changed to those of the physical
product, which compared to steel, is much more compliant. Furthermore, the frequency range
of interest is 150-600 Hz, which is indeed in the low frequency range even for this compliant
material.
In Fig. 7, we see that all three cases reduce the ERPL by about 20 dB, even in this lower
frequency range. Further, we note, interestingly enough, that the moat performs surprisingly
well given a coverage of only 34% compared to the benchmark, which covers 56%. The elliptical ABH (with 48% coverage) also outperforms the circular one. This may be explained by
the location and dimensions of the ellipsoid, which has been designed to match a speciﬁc mode
shape.
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Figure 7: Comparison of ERPL, for the baseline design, a circular ABH, an elliptical ABH, and
the acoustic black ’moat’.
Upon closer inspection of the eigenmodes of the moat, it can be seen from Fig. 8 that
it does in fact act as an eigenmode-insulator, where the energy is sufﬁciently damped in the
moat before it ’reaches’ and excites the mode. The reason for this is explained by the decrease
in wave speed, elaborated in Sec. 1. In conclusion, we have shown that we can, even at lower
frequencies, beneﬁt from the ABH concept even without having strict localization of the modes,
simply by tailoring the ABH shapes to match the modes we are trying to damp, or ’protect’,
from the source. Thus, we have shown that we can beneﬁt greatly from arbitrarily shaped ABHs
designed based on modal analysis.

Figure 8: Lower order eigenmode for the acoustic black moat.
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4

CONCLUSION

In this paper, we demonstrate that design of acoustic black holes can be done through standard ﬁnite element modal analysis of a structure with ABH through the eigenmodes. Further,
the phenomena found in experiments conducted by various authors, may conveniently be explained by localization of eigenmodes. If the eigenmodes are not localized, the size of the ABH
generally needs to be increased. Respectively, we have shown that the damping layer only needs
to cover the area, where the given eigenmodes are localized, as a larger damping layer will have
only an insigniﬁcant effect. Since localization of eigenmodes has been shown to be the key for
designing efﬁcient ABHs, it has been proposed that the shape of the ABHs does not need to be
circular, which certainly allows for more freedom in design. This has also led to think of ABHs
as moats, e.g. ’insulators’ to protect a ’receiver’ from a ’source’. This signiﬁcantly widens the
possibilities of using ABHs in industrial applications.
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Abstract. A classical problem in the design of periodic waveguides is to get stop bands at
desired frequencies. In this paper, the problem is addressed by use of optimization within the
Wave Finite Element Method (WFEM). Typically, today optimization for stop bands is done using stochastic optimization due to the ’semi-discrete’ behavior of the objective function. This
method, in-line with previous work, is used as benchmark. This is compared to another method
which handles the ‘semi-discrete’ behavior by a simple manipulation of the objective function
into being continuous. This is a novel method that allows for fully gradient based optimization
to be used. By comparing the continuous objective function with the benchmark method, it is
found, that the continuous objective function outperforms the benchmark, in terms of computational speed and robustness.

2497

Peter H. Broberg, Mikkel T. Steffensen, Sergey V. Sorokin, Lasse S. Ledet

1

INTRODUCTION

This paper is concerned with the general case of wave propagation in waveguides with complex geometry, where analytical solutions might not be available. To accommodate this, we
use the wave ﬁnite element method (WFEM) which is a well-established numerical method for
solving wave propagation problems of complex waveguides, and is described in numerous references, [1–4]. In WFEM a ﬁnite waveguide is modelled as being inﬁnite through periodicity by
use of continuity and periodicity conditions. Analysis of periodic structures is concerned with
Bloch’s parameter, KB , which is a complex number, describing the phase change (Re{KB })
and attenuation (Im{KB }) of a wave over a unit cell. A description of analysis of periodic
structures can be found in classical text such as [5]. To obtain wavenumbers in WFEM, Bloch’s
parameter is divided with the length of the unit cell. In this paper, however, only Bloch’s parameter is of interest. Description of the WFEM is out of scope for this paper, but is described
in detail in e.g. [2].
Periodic waveguides have the ability of attenuating waves at certain frequencies, following
the phase-closure principle, [6]. This is also known as stop bands. For the industrial partner,
Grundfos A/S, the main issue, that can be alleviated by stop bands, is the propagation of waves
from pumps into a system, causing noise or damage. It is thus relevant to investigate how stop
bands in periodic structures can be moved to or created at desired frequencies. By employing
optimization on a parametric model of a waveguide, it is possible to tailor the performance
of a waveguide to include stop bands at desired frequencies. In literature, this has been done
by use of a stochastic optimization scheme and subsequent gradient based optimization on an
analytical model of a waveguide in [7], by use of a pure stochastic optimization on a WFEM
model in [8] and a genetic algorithm on an analytical model of a composite in [9]. Common
for all papers is that they use zero order optimization algorithms. One of the main pit falls
of zero order algorithms is increased computational time for problems involving many design
variables. The scope of this paper is to present a novel method for optimization in WFEM using
fully gradient based optimization.
The paper is structured as follows; In Sec. 2, optimization of the waveguides is described.
This includes a benchmark method based on previous work from literature and a novel method.
In Sec. 3, the optimization is carried out on two different examples. Finally, Sec. 4 will contain
a discussion on the advantages of using the new method instead of the benchmark method.
2

OPTIMIZATION ON A WFE MODEL

In the optimization it is desired to maximize the attenuation of waves at desired frequencies,
hereinafter denoted target frequencies, by including stop bands in a frequency range, corresponding to e.g. the operating frequency range of a pump.
From the WFE program a 2m × n array, KB , is obtained. This array contains Bloch’s
parameter for n target frequencies and m different types of waves. To maximize the attenuation
at all target frequencies with respect to all wavemodes of interest, corresponds to maximizing
the absolute value of the imaginary part of KB . Mathematically this can be expressed as,
min
x

f (x) = max[−|Im{KB }|]

(1)

In Eq. (1), x is the vector of design variables that is put into the WFE model. The problem with
the formulation of the objective function from Eq. (1), is that it has a ’semi-discrete’ behavior,
meaning that gradient information is only available at some points in the frequency spectra, see
Fig. 1, where e.g. no gradient information is available at 0-1 kHz and 2-4 kHz. To overcome
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this problem literature, [7–9], suggests that a stochastic algorithm must be applied before a
gradient based optimization can be carried out. The issue with this method is that the stochastic
algorithm is computationally heavy, when there is a large number of design variables, and needs
several reruns to ensure robustness.
4
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Figure 1: Illustration of the ’semi-discrete’ behavior corresponding to Eq. (1) (left) and a function, which is C 1
continuous at almost all frequencies corresponding to Eq. (2) (right). The dispersion diagram is obtained for a two
volume functionally graded material model, see Sec. 3, with only propagating longitudinal waves considered.

These issues can be overcome, by a simple manipulation of the objective function as proposed here. This method contains a formulation which is the summation of the real and imaginary part of the complex Bloch parameter. The real and imaginary part of the Bloch parameter
is alternating C 1 continuous, and summation of them will yield an expression continuous almost
everywhere, see Fig. 1. The continuous problem may thus be formulated as,
min
x

f (x) = max[−w1 |Im{KB }| − w2 |Re{KB }|]

(2)

where w1 and w2 are weights for the imaginary and real part, respectively.
Through the rest of this paper, optimization on the objective function in Eq. (1) will be denoted formulation 1, while optimization on the objective function in Eq. (2) will be denoted
formulation 2 and will be benchmarked against formulation 1. The controlled random search
(CRS) algorithm, [10], is used as the stochastic optimization scheme, in-line with [7], and
the sequential quadratic programming algorithm (SQP), [11], instead of the method of moving
asymptotes (MMA), for the gradient based optimization. The sensitivities are calculated numerically by use of forward difference approximation. Further, when optimizing with respect to a
target frequency range, the frequency range is discretized into a sufﬁcient number of discrete
frequencies. To overcome the inherent problem of non-differentiability in the min-max problem
of minimizing Eq. (1) and Eq. (2), bound formulation is used, when multiple target frequencies
(n > 1) and wavemodes (m > 1) are considered, [12].
3

EXAMPLES

To compare formulation 2 with the benchmark formulation, two different 1-dimensional
examples are considered. The ﬁrst example is optimization of a waveguide, that consists of
elements with ﬁxed geometry and discretely functionally graded material properties. The second example is optimization of a waveguide, consisting of a bi-material composite with ﬁxed
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material properties and variable geometry. For both examples optimization is targeted for respectively maximum attenuation at a single target frequency, maximum attenuation at a target
frequency range and maximum attenuation at multiple target frequencies. The focus of the optimization is on longitudinal propagating waves. Optimization using formulation 1 is carried
out four times to ensure robustness, as the algorithm is stochastic, [7]. Only the solution with
the highest attenuation level is presented in the following. For formulation 2, the optimization
is made with different weighings. Not all solutions are presented.
3.1

Functionally graded material

In this example, optimization is carried out on a model consisting of n volumes of size
1m×1m×1m, see Fig. 2. Each volume has constant material properties given by the relation,
Ei = EA + xi (ES − EA ),
ρi = ρA + xi (ρS − ρA ),

i = 1, 2, .., n
i = 1, 2, .., n

(3)

where EA and ρA are the material properties for aluminum, and ES and ρS the material properties for steel, see Tab. 1. xi are the design variables and have upper and lower bound,
0 ≤ xi ≤ 1. This means that there is an abrupt change in material properties at the volume
Material Young’s modulus E
Aluminum
69 GPa
Steel
210 GPa

Poisson’s ratio ν
0.30
0.30

Density ρ
2700 kg/m3
7800 kg/m3

Table 1: Material properties used for the functionally graded materials.

boundaries which is needed for the travelling waves to be reﬂected and stop bands to be created.
An industrial application for this example could be an element consisting of sintered metals with
changing porosities which would result in this form of functionally graded materials.
Unit Cell
1

2

E1,  1

E 2,  2

1m

1m

...

n-1
En-1, n-1
1m

n
E n,  n

1m

1m

Figure 2: Illustration of the model consisting of n volumes of functionally graded material. Each volume has the
dimensions 1m×1m×1m.

For a two volume model, it is the stiffness ratio between the two volumes that determines the
stop bands. The stop bands evolve from the critical frequencies or ’seeds’ of stop bands, which
L2
is described in [13]. The critical frequencies are dependent on the parameter τ = cc21 L1
, where ci
and Li is the speed of sound and length of each volume. As the length of each element is ﬁxed
and the speed of sound remains constant, it is not possible to change the critical frequencies,
see Fig. 1. Optimization is therefore carried out on a model consisting of 8 volumes, as this
increases the mobility of the critical frequencies and thus stop bands.
The optimization is carried out for several target frequencies, see Tab. 2, and the starting
guess for formulation 2 is a homogeneous material distribution, i.e. xi = 0.50. The optimization
for a desired stop band at frequency 2150 Hz, shows that formulation 1 ﬁnds a minimum with an
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xmin

Formulation

fmin

Attenuation

Time [s]

nFunEval

w1

w2

1
2

Target frequency: 2150 Hz
[0.01, 0.01, 0.92, 0.92, 0.01, 0.01, 0.89, 0.92]
-0.23
[0.92, 0.01, 0.92, 0.92, 0.01, 0.92, 0.92, 0.01]
-0.15

0.23
0.15

5176
1308

1804
389

100

1

1
2

Target frequencies: 275-400 Hz
No solution found
[0.00, 1.00, 0.00, 0.90, 0.70, 1.00, 0.00, 0.00] -1.12E+03
0.13

627

151

1

10

1
2

Target frequencies: 500 Hz, 1000 Hz, 1500 Hz, 2000 Hz, 2500 Hz
No solution found
[0.92, 0.01, 0.92, 0.01, 0.92, 0.92, 0.92, 0.24]
-5.02
0.00
533

160

100

1

Table 2: Results for optimization of the eight elements model for various target frequencies. Attenuation describes
the lowest attenuation of target frequencies.

attenuation level just above formulation 2, but takes approximately 4 times as long. The result
from the optimization, for a stop band in the frequency range 275-400 Hz for formulation 2, are
shown in Fig. 3. From the table, it is seen that formulation 1 fails at ﬁnding a minimum, while
formulation 2 ﬁnds a minimum. This is because there is a low number of possible solutions
that produce a stop band at this frequency range, which makes the probability for the CRS
algorithm to ’guess’ a solution lower. In Tab. 2 the results are shown for a desired stop band at
4

4
|ReK B |

|ReK B |

-|ImK B |

3

3|ImK B |

f

1

1

KB

2

KB

2

0

0

-1

31

-2

32

-3

3f
0

500

1000

1500

2000

2500

0

f [Hz]

500

1000

1500

2000

2500

f 000

[Hz ] -

Figure 3: Results with a target frequency range of 275-400 Hz (left) using formulation 2. Results for target
frequencies 500, 1000, 1500, 2000 and 2500 Hz using formulation 2 (right). Gray areas indicate stop bands.

500, 1000, 1500, 2000 and 2500 Hz, which corresponds to a fundamental frequency of 500 Hz
and its ﬁrst four harmonics. Formulation 1 fails to ﬁnd a solution, while formulation 2 ﬁnds a
solution where some of the target frequencies are, however, not placed in a stop band, see Fig.
3. This result highlights an important property of formulation 2; that it is capable of ﬁnding a
solution where only some target frequencies are in stop bands, because it might be impossible
to place all target frequencies in stop bands for the given mobility. Formulation 2, thus, gives a
’compromise’ solution, while formulation 1 gives an ’all or nothing’ solution. This implies that
formulation 2 is more robust, as it always ﬁnds a solution.
3.2

Bi-material composite

This example consists of optimization of a composite consisting of two different materials.
The model used is sketched in Fig. 4. The model consists of n layers of repeating ﬁber and
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matrix material, with the material properties listed in Tab. 3. The length of the model is L = 1
m and the cross sectional area is A = 1m×1m. The design variables used in this case are the
length of the material layers, xi , where i = 1, 2, .., n, while the total length of the layers are
constrained by,
n


xi = 1

(4)

i

This means that only n − 1 design variables are independent. The lower bound for the design
variables are xi ≥ 0.01. The starting guess for formulation 2 is in all cases an evenly distributed
thickness of all layers, i.e. xi = 1/n. This example is tested for a two and six layer model. The
dispersion diagram for the starting guess for these models, are shown in Fig. 5. As the starting
guess in both cases are evenly distributed layer thicknesses, one could expect the dispersion
diagrams to be identical. However, this is not the case, as seen in Fig. 5, due to the constraint
on the length of the model.
Unit Cell
A, Ef, f, f
1

A, Em, m, m
3

2

n-1

n

xn-1

xn

...
x1

x2

x3

1m
Figure 4: Illustration of the bi-material composite consisting of n repeating layers (left). The length of the composite must sum to 1 m and the cross sectional area is 1 m2 .

Material Young’s modulus E
Fiber
72.35 [GPa]
Matrix
4.09 [GPa]

Poisson’s ratio ν
0.22
0.38

Density ρ
2500 [kg/m3 ]
1272 [kg/m3 ]

Table 3: Material properties used for the composite.

For the two layer model (n = 2), the optimization is carried out for a single target frequency
at 5000 Hz with different weightings, and a target frequency range at 4000-6000 Hz. The results
are listed in Tab. 4. For a target frequency at 5000 Hz the resulting dispersion diagrams for both
formulations are shown in Fig. 6. As is observed from the results, the desired frequency
is placed in a stop band by use of both formulations. Formulation 2 is as high as 5.2 times
faster than formulation 1 depending on the chosen weighing. It is seen that the weight w1 can
be increased to decrease the computational time, but at some values of w1 , local minima may
be found, as is the case for w1 = 10 in Tab. 4. Fortunately, the speed is increased when
w1 /w2 → ∞ in which case formulation 2 approaches formulation 1, which is indeed the main
objective of the optimization, i.e. to maximize attenuation. Formulation 1 ﬁnds a minimum with
a slightly higher attenuation and broader stop band than formulation 2. However, the solution
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Figure 5: Dispersion diagram for the starting guess (equal volume ﬁber and matrix) for the two layer model (left)
and for the six layer model (right). Gray areas indicate stop bands.
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Figure 6: Results with a target frequency at 5000 Hz. (left) shows the dispersion diagram for results obtained using
formulation 1 and (right) the results for formulation 2 with weights w1 = 100, w2 = 1. Gray areas indicate stop
bands.

Formulation xmin

fmin

Attenuation

Time [s]

Target frequency: 5000 Hz
-1.53
1.53
659
-2.29
1.43
396
-0.89
0.97
217
-1.44
1.42
126

nFunEval

w1

w2

222
126
71
41

1
10
100

1
1
1

1

1

1
2
2
2

0.89
0.38
0.12
0.37

1
2

Target frequencies: 4000-6000 Hz
0.89 -0.39
0.39
915
276
0.86 -0.24
0.00
218
74

Table 4: Results for optimization of the two layer composite for various target frequencies. Attenuation describes
the lowest attenuation of target frequencies.
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found for formulation 2 is closer to the starting guess, see Tab. 4, and thus tries to widen the
nearest stop band instead of shifting. This means that formulation 2 ﬁnds a minimum, with less
change of the original structure, discussed further in Sec. 4. The results for the optimization
for a desired stop band at the frequency range 4000-6000 Hz is shown in Fig. 7. Formulation
4
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0
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Figure 7: Resulting dispersion diagram for optimizing the two-layer composite for a desired stop band at 40006000 Hz, using formulation 1 (left) and formulation 2 (right). The arrow indicates the placement of the desired
stop band and the gray areas indicate stop bands.

1 ﬁnds the same minimum for a single frequency at 5000 Hz and a frequency range at 40006000 Hz. The minimum found by formulation 2 is approximately the same as the one found by
formulation 1, but it is slightly offset from the target frequency range, see Fig. 7. This could be
ﬁxed by proper weighting. From the results it is observed that by optimizing with respect to a
frequency range, formulation 2 is capable of shifting stop band and ﬁnding the same minimum
as for formulation 1. Formulation 2 thus outperforms formulation 1, in the sense, that it can ﬁnd
the same minimum as formulation 1 but at a much lower computational cost. Furthermore, it
shows that formulation 2 is more versatile than formulation 1, because it is able to ﬁnd different
solutions to a single target frequency and a target frequency range.
The next optimization case is for a six layer model. The optimization is carried out for a
single target frequency at 2000 Hz and multiple target frequencies with harmonics hereof, i.e.
2000 Hz, 4000 Hz, 6000 Hz, 8000 Hz and 10000 Hz. The results are listed in Tab. 5. The
results for a single target frequency at 2000 Hz are shown in Fig. 8. Approximately the same
Formulation

1
2

1
2

xmin

fmin

Attenuation

Target frequency: 2000 Hz
[0.01, 0.25, 0.01, 0.01, 0.67] -1.50
1.50
[0.01, 0.12, 0.01, 0.01, 0.68] -1.49
1.47

Time [s]

nFunEval

w1

w2

2078
598

619
209

100

1

20

1

Target frequencies: 2000 Hz, 4000 Hz, 6000 Hz, 8000 Hz and 10000 Hz
[ 0.27, 0.04, 0.08, 0.22, 0.38] -6.70
0.89
3566
1007
[0.66, 0.08, 0.01, 0.01, 0.06] -1.17
0.97
734
240

Table 5: Results for optimization of the six layer composite for various target frequencies. Attenuation describes
the lowest attenuation of target frequencies.

minimum is found for both formulations. Interestingly, it is observed that x2 in formulation 1
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Figure 8: Resulting dispersion diagram for the six layer composite after optimizing for a stop band at 2000 Hz
using formulation 1 (left) and formulation 2 (right). Gray areas indicate stop bands.

is approximately twice as large as in formulation 2. This implies, that x2 in this case is actually
irrelevant for the generation of the stop band at 2000 Hz, and hence we see that there exists several almost ’identical’ solutions as mentioned in Sec. 3.1. The computational time is still higher
for formulation 1, but it is observed that going from 1 to 5 design variables, the computational
time for formulation 2 have increased by approximately a factor 5, while it is approximately
only a factor 3 for formulation 1. The reason is that there are several solutions that makes a
stop band at 2000 Hz. The probability of the CRS algorithm to ﬁnd a minimum, therefore,
signiﬁcantly increases. For a stop band at target frequencies 2000 Hz, 4000 Hz, 6000 Hz, 8000
Hz and 10000 Hz, the results are shown in Fig. 9. As observed, both formulations ﬁnds a minimum that places all the desired frequencies in a stop band. Because less solutions exists for
stop bands at these frequencies, the solution time for formulation 1 is much higher than for formulation 2, and in two of the four reruns formulation 1 failed to ﬁnd a solution. Thus, to retain
robustness, the stochastic optimization scheme must have more mobility, i.e. a high number of
solutions. Furthermore, formulation 2 ﬁnds a minimum with a slightly higher attenuation. This
again indicates, that for optimization problems with only few solutions, formulation 2 is indeed
superior both on speed and robustness.
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Figure 9: Resulting dispersion diagram for the six layer composite after optimizing for a stop band at 2000 Hz,
4000 Hz, 6000 Hz, 8000 Hz and 10000 Hz using formulation 1 (left) and formulation 2 (right). Gray areas indicate
stop bands
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4

DISCUSSION

Formulation 1 has the advantage, that if it ﬁnds a minimum, all desired frequencies will
always be in a stop band. This is due to the stopping criteria for the CRS algorithm, ensuring
that all found starting guesses are in a minimum, [7; 10]. The drawback of this, however, is
that, if there is only a few number of solutions to the problem, the computational time of the
CRS algorithm will increase. Another drawback is that the optimization has to be carried out
several times to ensure the robustness of the algorithm, which is increasing the computational
time even more. For optimization problems involving a lot of design variables, formulation 1
would thus be most impractical.
The advantages of formulation 2 is that it is much faster than formulation 1. In the examples
studied, formulation 2 uses as low as 1/5 of the time of formulation 1. If analytical expressions
can be found for the design sensitivity analysis, this can be reduced even further. Another advantage of formulation 2 is that it gives a compromise if a solution, which has stop bands at all
target frequencies, does not exist. This can be improved even further by introducing different
weights on the target frequencies, such that the formulation will ﬁnd the best compromise solution. According to the authors wishes, formulation 2 is thus more robust than formulation 1.
The drawback of formulation 2 is, that speciﬁc weights are needed for different cases, which
increases the computational time as multiple reruns are needed. As multiple reruns also are
needed for formulation 1, to ensure the robustness, formulation 2 still outperforms formulation
1 in terms of computational time. One major difference between formulation 1 and 2 is that
formulation 2 typically ﬁnds the closest local minimum, while formulation 1, due to the CRS
algorithm, tends to ﬁnd a ’more global’ minimum with larger attenuation. This, however, can
result in large changes in the waveguide optimized compared to the starting guess. In the case
of waveguides of the industrial partner, a global minimum is not be desired, as long as there
are no constraints on static performance. The reason is, that a global minimum often results in
large ratios of stiffness between two elements, which will compromise the structural integrity.
If constraints on static performance are added to the optimization problem, a global minimum
is desired. However, when introducing constraints on static performance, another analysis is
needed for each iteration, which would increase the computational time signiﬁcantly. As no
constraints are introduced in this paper, a minimum that ensures stop bands at the target frequencies with minimal change to the starting guess is desired. This means, that the solutions
obtained by formulation 2 are likely better in a structural sense, as changes to the original structure are smaller. The work presented in this paper is work in progress and further improvements
to formulation 2 are currently being investigated.
5

CONCLUSION

This paper is concerned with periodic waveguides modelled by the WFEM and two different
methods for optimization of the waveguide is tested. One is a conventional benchmark which
has a ’semi-discrete’ behavior, causing lack of gradient information, and is optimized by a zeroorder algorithm (CRS) and subsequent gradient based optimization, in-line with earlier work
done by other authors. The other is a novel method which uses manipulation of the objective
function such that it becomes continuous with gradient information available. Both methods
has been tested on two 1-dimensional examples; one with the design variables associated with
material properties in a functionally graded material, and one with the design variables associated with length of layers in a bi-material composite. From the results it was found that the new
method solves the problem much faster and is indeed more robust than the benchmark method.
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Abstract. Effective treatment of unbounded domains using artiﬁcial truncating boundaries are
essential in numerical simulation including unbounded media, such as in the scope of exterior
acoustics, sound transmission calculations, ... Among these, Perfectly Matched Layers (PML)
have proved to be particularly efﬁcient and ﬂexible, as well as relatively easy to implement
using the Finite Element Method (FEM). However, an efﬁcient handling of frequency sweeps is
not trivial with such absorbing layers since the formulation inherently contains coupled spaceand frequency-dependent terms. Using the FEM, this may imply generating system matrices at
each step of the frequency sweep. In this contribution, an approximation is presented in order
to allow for efﬁcient frequency sweeps, for instance using Padé-based methods as extensively
used by the authors in previous contributions. The performance and robustness of the proposed
approximation is presented on an acoustic cases. A generic, robust way to truncate the acoustic
domain efﬁciently is also proposed, tested on a range of test cases and for different frequency
regions. It is shown that the approximation, based on a sub-interval approximation of a tuning
parameter in the frequency range of interest, provides consistently very good results, close to the
costly, original formulations. An a priori estimate of a robust choice for this tuning parameter
is also introduced, together with a set of empirical recommendations associated with mesh size,
domain size and truncation.
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1

INTRODUCTION

Modelling and simulation of propagating waves in an unbounded domain are necessary in
a wide range of disciplines such as acoustics, electromagnetism, solid and ﬂuid mechanics,
quantum mechanics, as well as study of earthquakes, water waves propagation, soil-structure
or water-structure interaction, etc. In a computational environment, such as the Finite Element
Method (FEM), the associated models imply a truncation of the unbounded domain with the
treatment of artiﬁcial boundaries in order to avoid spurious reﬂections of the outgoing waves
within the studied domain. Both for time- and frequency-domain analyses, the accuracy of
these non-reﬂecting conditions under various problem conﬁgurations is fundamental. For timeharmonic problems [1], these conditions may be referred to in different ways in the literature, but can generally be classiﬁed into three broad families: Absorbing Boundary Conditions
(ABCs) [2–7], Inﬁnite elements [8–10], or Absorbing layers such as the Perfectly Matched
Layer (PML) [11].
Over the past few decades, several improvements have been brought to these techniques.
However, due mostly to complementary strengths and weaknesses, at times problem- and physicsdependent, none of these families has been established as the default option in order to model
unbounded media, when considering a range of criteria such as accuracy, computational cost,
robustness, and ease of implementation.
Appreciated for their ﬂexibility (suited for a wide range of problems, e.g. including corners
or low-incidence outgoing waves, generally less case-dependent performance, and well-suited
for standard ﬁnite-element implementation [12–14]), PMLs are in focus in the present contribution. Their performance is however largely dependent on their thickness and on the choice
of the decay parameter. The latter, due to its dependence on the mesh, on the size of the layer
and on its position, may not always be tuned optimally. In short, PMLs require to deﬁne and
discretize an additional domain whose size and mesh naturally strongly impact the performance
and accuracy [15].
In view of the study of propagation of acoustic waves from structures into unbounded acoustic domains, frequency sweeps are an essential part of computational acoustics. However, neither ABCs nor PMLs are naturally adapted to such frequency sweep calculations via the FEM
due to their coupled dependence on space and frequency. This dependence requires an update of
the assembled system matrices at each frequency step, which has to be performed in a non-trivial
way in order to avoid the high computational cost associated with re-assembling these matrices
at each step. Furthermore, this coupled dependence on space and frequency makes these formulations difﬁcult to be introduced in the scope of fast frequency sweep techniques, such as the
Padé-approximant-based methods widely used by the authors in previous contributions [16,17].
The present contribution details an approximation which allows a frequency-independent generation of the system matrices, but also enables the straightforward use of Padé-based fast frequency sweep techniques for exterior acoustic calculations using the FEM.
First, a selection of PML formulations is presented in view of highlighting the chosen candidate for robust and efﬁcient frequency sweeps, to be combined with Padé-based fast frequency
sweep techniques. Then, a simple approximation is introduced, by imposing a piece-wise constant frequency approximation allowing for band-wise frequency-independent system matrices.
The impact of this approximation and the choices of band-wide constant frequency parameters
is subsequently evaluated on a 2D exterior acoustic case for various frequency ranges. Finally,
a tuning procedure of this approximation frequency is proposed.
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2

Cartesian Perfectly Matched Layer formulation

In order to take advantage of the geometric versatility of Perfectly Matched Layers as a
non-reﬂecting boundary treatment, several formulations, using a range of different coordinates
systems, have been proposed for unbounded wave propagation problems. From the original
contribution by Berenger, for the Maxwell system in rectilinear coordinates [11], numerous
formulations are available in the literature in order to respond to a range of more speciﬁc
cases. The approach has been adapted for several types of physical problems, including acoustics [14, 18, 19], among others. The present contribution focuses on an approximation of the
unbounded PML formulation initially proposed by Bermúdez et al., in [14], for 2D Cartesian
problems, enabling its use for fast frequency sweep techniques [20, 21]. In this sense, it relates
to the contribution by Lenzi et. al. [22], however aiming at an arguably simpler implementation. In order to assess the accuracy of the approximation proposed, it is initially tested against
the original, non-approximated, Cartesian coordinate formulation on the same application as
presented in [14]. Adapting the approximation to a curvilinear coordinates formulation, though
not the focus of this paper, is a natural extension of the present contribution. The problem formulation and its associated approximation are summarized in this section, after the formulation
in [14].
2.1

Cartesian formulation

A general problem description is provided in order to introduce the 3D Cartesian formulation
of the PML. As presented in Figure 1, the problem consists of a truncated inﬁnite domain ΩT ,
such that
.
ΩT = (x, y, z) ∈ R3 : |x| ≤ LTx , |y| ≤ LTy , |z| ≤ LTz .
This truncated domain contains an inner acoustic ﬂuid domain ΩF such that
.
ΩF = (x, y, z) ∈ R3 : |x| ≤ LFx , |y| ≤ LFy , |z| ≤ LFz ,
surrounded by a PML layer ΩA such that ΩA = ΩT \ ΩF . The interface between the acoustic
domain ΩF and the PML layer ΩA is referred to as ΓI , and the outer boundary of the truncated
inﬁnite domain as ΓD . An acoustic velocity source is introduced within the acoustic domain,
deﬁned by its velocity amplitude g along the normal nS to the boundary ΓS .
Following the formulation presented by Bermúdez et al. in [14] for a 2D case, the amplitudes
of the acoustic pressure ﬂuctuations in the acoustic domain ΩF , denoted pF , and in the PML
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Figure 1: Cartesian PML on 3D scattering problem.
layer ΩA , denoted pA , are solution of the following set of equations:
⎧
ΔpF + k 2 pF = 0 in ΩF
⎪
⎪
⎪
⎪
⎪
⎪
⎪
∂pF
⎪
⎪
⎪
= g on ΓS
⎪
⎪
∂nS
⎪
⎪
⎪
⎪
⎪
⎪
⎪
1 ∂pA
1 ∂pA
1 ∂pA
1 ∂
1 ∂
1 ∂
⎪
⎪
+
+
+ k 2 pA = 0 in ΩA
⎪
⎪
Sy ∂y Sy ∂y
Sz ∂z Sz ∂z
⎨ Sx ∂x Sx ∂x
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

(1)
pF = pA on ΓI
1 ∂pA
1 ∂pA
1 ∂pA
∂pF ∂pF ∂pF
+
+
=
+
+
on ΓI
∂x
∂y
∂z
Sx ∂x
Sy ∂y
Sz ∂z
∂pA
= 0 on ΓD , j ∈ {x, y, z}
∂nj

where Sx , Sy , and Sz are decay functions deﬁned in Eqs (3)-(5), and the nj are associated with
∂·
the outer normal unit vectors to the boundary surfaces. For the sake of clarity, the operator
∂
is denoted ∂ · in the following.
Standard arguments in the ﬁnite element framework lead to the following discrete problem,
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after the weak statement from the strong form of the problem in Eq. (1),

ΩT

Sy S z
∂ x p h ∂ x uh x y z +
Sx

ΩT

−

S x Sz
∂ y ph ∂ y uh x y z +
Sy

ΩT

2 h h

S x Sy
∂ z p h ∂ z uh x y z
Sz

(2)

h

Sx S y S z k p u x y z =

gu S

ΩT

ΓS

for all functions uh , continuous and piecewise linear in ΩT . The decay functions may be expressed as
+
1,
|x| < LFx
(3)
Sx (x) =
σ
LFx ≤ |x| < LTx
1 + γ(x),
ik
+
Sy (y) =

σ
1 + γ(y),
ik
+

Sz (z) =

1,

1,
σ
1 + γ(z),
ik

|y| < LFy
LFy ≤ |y| < LTy
|z| < LFz
LFz ≤ |z| < LTz

(4)

(5)

where LFx , LFy , LFz correspond to coordinates referring to inner boundaries of the PML layer
and LTx , LTy , LTz to outer boundaries (see Fig. 1). σ is a decay parameter and γ(x), γ(y) and
γ(z) are functions of the space variables, driving the shape of the decay functions. They may
take several forms (e.g. constant, linear, quadratic, rational), see e.g. [14,23]. In the preliminary
implementations leading to this contribution, three common forms have been investigated and
are further commented upon in the following. Given a coordinate u associated with one of
the axes of the Cartesian coordinate system considered here, i.e. u ∈ {x, y, z}, these selected
functions, for the three chosen PML formulations, may be expressed as
PML1 : γ(u) =
PML2 : γ(u) =
PML∞ : γ(u) =

u − LFu
LTu − LFu
u − LFu
LTu − LFu
1
.
LTu − u

,

(6)

2

,

(7)
(8)

Beyond the choice of γ function for the PML formulation, the tuning of the σ parameter
is yet another critical aspect to consider, in particular for the PML1 and PML2 formulations.
For the unbounded formulation PML∞ , Bermúdez et al. proposed in [14] a value of the decay
parameter, such that σ = 1, making it a robust, parameter-free formulation. Furthermore, it was
shown that this formulation is better suited to absorb outgoing waves on a scattering problem
than those associated with the linear and quadratic cases, PML1 and PML2 respectively, even
when optimal values of σ are available analytically for these cases. Similar conclusions were
drawn by Rabinovich et al., in [23], given constant, linear and quadratic decay functions on a
very different set of test cases.
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Given the ease of tuning for the σ parameter and the robustness of the unbounded formulation in a wide range of cases, this PML∞ formulation is primarily investigated in the present
contribution.
After discretization, the weak form of Eq. (2) leads to a Finite Element (FE) system of the
form
[K − k 2 M]p = f ,

(9)

where f , the right-hand side (RHS) vector, includes the source terms imposed as Neumann
boundary conditions on ΓS . K and M are, following a Galerkin approach, formed by the
contributions from elementary matrices Ke and Me , respectively, given by
Keij =

Sy Sz
∂x NiT ∂x Nj Ω +
Ω e Sx
S x Sy
∂z NiT ∂z Nj Ω,
+
Ωe Sz

Meij =

Ωe

Sx Sz
∂y NiT ∂y Nj Ω
Sy

(10a)

(Sy Sz Sx )Ni Nj Ω,

(10b)

gNj S,

(10c)

Ωe

fje =
ΓS

where the Ni correspond to the nodal ﬁnite element basis of an isoparametric FE formulation
and Ωe to the associated elementary domains.
Obviously, the rational forms involved in the elementary integration associated with the elementary matrices Ke , in Eq. (10a), combining the 3D Cartesian expressions of the decay
functions given in Eq. (3)-(5), imply non-separated space-frequency expressions. It implies,
in turn, frequency-dependent elementary matrices, critically impacting the efﬁciency of typical
frequency sweeps for acoustic applications. The following section therefore introduces considerations in order to perform frequency-independent integrations of the elementary matrices,
leading to formulations suited for the use of fast frequency sweep techniques for exterior acoustics, as previously discussed by the authors [24, 25].
2.2

Approximation for efﬁcient frequency sweep

In order to separate the frequency and space variables, in view of the elementary integrations
to be performed in Eq. (10a), several approximations may be sought in the form, for instance,
of polynomial expansions with respect to the frequency. The simplest form consists in choosing
1
a constant value such that f = f ∗ , in the terms
, u ∈ {x, y, z}.
Su
In the Perfectly Matched Layer domain ΩA , this leads to approximated expressions such that
1
1
,
∼
σ
Su
1 + ik∗ γ(u)

u = x, y, z,

(11)

where k ∗ corresponds to a constant value of the wave number, typically chosen within the range
of interest. This may imply piece-wise approximations for a given broad frequency range of
interest, which, as further detailed in the result Section 3, may match the need to adapt the FE
mesh for frequency sub-intervals in view of the trade-off between accuracy and efﬁciency.
A number of options have been tested in order to evaluate the potential of such an approximation, i.e. setting f = f ∗ constant only for some of the Su terms, since only the denominator
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terms in (10a) are critical in order to be able to perform frequency-independent integrations
within each element. The simplest, and potentially most severe approximation to be tested, corresponds to setting such constant wavenumbers in all the Su terms involved in the weak form of
the problem, both in Eq. (10a) and Eq. (10b). Interestingly, having provided a satisfying degree
of accuracy, and often better accuracy than the other combinations tested, this simple approximation, practical from an implementation point of view, is the focus of the analyses conducted
in the following sections.
3
3.1

RESULTS AND DISCUSSION
Deﬁnition of the numerical test case

In order to have a reference solution which may be compared to results of the literature, the
different formulations are tested on a bi-dimensional test case proposed by Bermúdez et al.
in [14]. As may be seen in Figure 2, this case corresponds to a scattering problem where the
center of the domain is limited by a circle of unitary radius with a totally reﬂecting boundary.
The solution of this problem, with a point source located at (x0 , y0 ), is given by
!
i (1) 
2
2
p(x, y) = H0 k (x − x0 ) + (y − y0 ) ,
4

(12)

(1)

where H0 is the Hankel function of the ﬁrst kind, of order 0.
Note that in Figure 2, the notations used in the original contribution, a and b, correspond to
LFx and LFy deﬁned in Section 2.1, respectively, and a∗ and b∗ , to LTx and LTy , respectively. N
stands for the mesh reﬁnement, in Figure 2, where N = 2 corresponds to 2 rectangular elements
in the thickness of the layer.
Figure 3 introduces the solution of the real pressure ﬁeld of this scattering problem for two
frequencies chosen arbitrarily: f = 20 Hz and f = 1 kHz.

Figure 2: Bermúdez et al. Scattering Problem [14].

3.2

Illustration of the approximation

The behaviour of the PML approximation proposed here, with respect to the choice of k ∗ , is
tested on the Bermúdez et. al. test case. For this purpose, the pointwise L2 -error with respect
∗
to the analytical solution of Eq. (12) is used. For each choice of f ∗ = c02πk in the frequency
range of interest, the mean of these L2 -errors over the whole frequency range is calculated.
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(a) f = 20 Hz

(b) f = 1 kHz

Figure 3: Acoustic pressure ﬁeld (real part) for the Bermúdez et al. scattering problem.
In this way, scanning all frequencies in the range of interest for each chosen value of f ∗ , an
error estimate assessing the quality of the choice is obtained. The outcome of this procedure is
presented in Figure 4a in the frequency range [50 − 400] Hz.
In this case the optimal frequency minimizing the error indicator is found to be of f ∗ =
130 Hz. Figure 4b shows the frequency sweep obtained for this choice of f ∗ = 130 Hz, together
with the results obtained with the non-approximated PML formulation. Note that the solutions
are obviously the same for the value f = f ∗ . In this case, the value of this parameter has a
-1

-2

10

-3

PML

: f * =130Hz

PML

: Exact

2

10

-2

L Error

10

2

L -Error-Based Indicator

10

100

200

Parameter f

300

*

10 -3

400

[Hz]

100

200

300

400

Frequency [Hz]
(b)

(a)

Figure 4: Impact of the tuning of f ∗ on the accuracy of the PML approximation: (a) Error with
respect to f ∗ ; (b) Comparison with the original PML formulation.
signiﬁcant impact on the accuracy of the approximation, which leads to the question of choosing
an optimal value for a problem without a known analytical solution, a point considered in the
following Section.
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3.3

A priori indicators for f ∗

In the process of attempting to locate, at least qualitatively, the optimal range for f ∗ , it seems
sensible to consider the impact of the f ∗ -approximation on the decay functions in Eqs. (3)-(5).
One suggestion to do so, is to connect f ∗ to the frequencies which allow to minimize the error
between the approximate functions 1/S ∗ or S ∗ , and the exact ones 1/S or S, respectively. This
assumption emerges from the fact that, in Eq. (2), the functions 1/S are impacting the integrations leading to the PML terms in the K system matrix, while the functions S are impacting the
integrations leading both to PML terms in the K and the M system matrices. These reference
approximation frequencies may be introduced as
fS∗ = argminf (||Sx − Sx∗ ||L2 ) ,
!
∗
1
1
.
f1/S = argminf Sx − S ∗
x

L2

(13)
(14)

Provided a systematic and reliable truncation of the PML layers, as proposed and further detailed in Ref. [25], the use of the above a priori approximation indicators is evaluated for different frequency ranges on the selected test cases.
3.4

Approximation of the Bermúdez et. al. test case

In order to evaluate the accuracy of the approximation and the impact of the choice of f ∗ ,
a number of calculations are performed, for different frequency ranges, and for varying values
of f ∗ . Figure 5 shows the results of these calculations. The calculations are performed in
the range [20, 1000] Hz in order to limit the computational burden, given that several sweeps
are to be calculated. The size of the domain, the thickness of the layer and the mesh size are
deﬁned according to the lowest and the highest frequencies of the range considered, as further
detailed in Ref. [25]. In order to limit the computational burden, as realistically done for larger
applications, the calculations in the full frequency range of interest are divided into sub-intervals
such that the ratio between the upper and lower frequencies remains reasonably small. Three
frequency intervals are therefore considered in this range, taking for bounds of these intervals
the approximate rule fmax ≤ 10 · fmin . Note that although two intervals only are necessary in
this case, the following intervals are chosen in order to test several conﬁgurations for the choice
of f ∗ : [20, 100] Hz, [50, 400] Hz and [100, 1000] Hz.
The Figures 5a, 5c, and 5e plot a measure of the error with respect to the choice of f ∗ . The
same error measure as in Fig. 4a is used here. The impact of the approximation may thus be
evaluated for different frequency ranges. The vertical lines correspond to the estimates calculated as detailed in Eqs. (13) and (14). These plots highlight that for most cases or frequency
ranges, there may be an optimal value for f ∗ in order to minimize the approximation error. In
connection with this, the a priori indicators detailed in Eqs. (13) and (14) seem to provide a
fair estimate for a sensible choice of such approximation frequency. In particular, in this case,
the estimate according to Eq. (13) clearly provides a higher weight to the low frequencies, as
more severely exhibited by the optimal values for this case. It is not surprising that this estimate
doesn’t necessarily provide the optimal value for f ∗ , since minimizing the error between the
approximate and the exact functions in Eqs. (13) and (14), does not imply optimizing the absorption performance of the PML. Another observation from these plots is that the narrower the
frequency range (in term of ratio fmax /fmin ), the less important the impact of the value of f ∗
on the results. A trivial approach to the problem would therefore be to chose narrower intervals
with optimal mesh sizes, and to choose an approximation frequency close to a quarter or third
of the frequency span.
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Figure 5: Bermúdez et. al. test case: Impact of the choice of f ∗ for different frequency
ranges (left), and comparison of the error with the f ∗ -approximation, the original PML, and the
COMSOL implementation (right).
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The Figures 5b, 5d, and 5f plot the comparison between the error from the frequency sweep
performed without the approximation (i.e. updating the assembly of the system matrix K in
Eq. (9)), and the frequency sweep with the approximation where f ∗ is set as the arithmetic average of the indicators in Eqs. (13) and (14). For the sake of comparison with a commercial
implementation, a reference calculation using COMSOL and its implementation of a rational
PML formulation [26], with the same discretization and geometry, is also added for this test
case. First, although the a priori estimate of a suitable value for f ∗ does not provide the optimal choice, the accuracy of the approximation is overall quite good. It is also noteworthy that
the truncation approach detailed in Ref. [25] seems quite robust for all frequency ranges, since
the error is kept low for all three plots. Finally, the approximated solution using the approach
proposed in this contribution provides, overall, a better accuracy than the reference COMSOL
implementation, for this speciﬁc case and problem deﬁnition (mesh, domain truncations, ...).
Despite the value for f ∗ not being optimal, thus implying in this case a sharp increase of the error in the low-frequency end of the intervals, the maximum error observed for the approximated
formulation remains in the range of the lowest error for the reference calculation. These observations may of course be case-dependent, and one may argue that the reference calculation may
have the potential to be improved by tweaking the set of parameters available for that speciﬁc
PML formulation. The objective is however here to estimate the robustness of the proposed
approximation with as little prior knowledge about the problem of interest as possible, hence
avoiding any speciﬁc tuning as available in COMSOL.
4

CONCLUSIONS

In this paper, a simple yet robust approximation of the unbounded PML formulation introduced by Bermúdez et. al. [14] is introduced in order to allow for the possibility of computationally efﬁcient and accurate frequency sweeps. The proposed approximation provides results
close to the original formulation while enabling for the FE system matrices to be generated once
only during the initial assembly step. It is however shown that a tuning of the f ∗ approximation
frequency is necessary for each frequency sub-interval of interest.
An a priori estimate of a robust choice for the value of this parameter is therefore proposed.
It relies on a cost-effective minimization of the difference between the approximate and exact
PML functions. It is shown that the resulting choice provides sensible approximations for the
test case considered.
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Abstract. Prediction of dynamic effects of reinforced concrete structures under impact loading
is a technical challenge. This is a consequence of the great variability of the physical properties resulting from the wide adaptability of reinforced concrete and a consequence of the wide
range of impact loading. Experiments and numerical investigations are normally used on a
small scale to address the problem. In this paper, impact tests on reinforced concrete plates
with the lateral dimensions of 1.5 m x 1.5 m and a thickness of 30 cm are presented. In bending
reinforcement, besides the velocity two properties are varied, the diameter and the spatial distribution of the rebars. Experiments are performed at the Otto-Mohr-Laboratory of the Institute
of Concrete Structures of the Technische Universität Dresden. Due to the accelerated fall of the
impactor the velocity ranges between 20 and 70 m/s. In addition to the measured quantities
such as bearing forces, accelerations are also measured at 4 different positions on and under
the plate, as well as the deﬂection at several positions. The measured data are used for the
analysis of the damage form and the numerical examinations with the program Ansys Autodyn
and the material model after Drucker-Prager. Numerical investigations support the tests, with
detailed analysis of individual effects. These numerical computations and the planar tomographic investigations were carried out at BAM in Berlin. With the help of planar tomographic
evaluation, the damaged structure is made visible and compared with the numerical results.
Inﬂuences of the bending reinforcement are explained on the basis of damage evaluation in the
local area and on selected measured values. In addition to the test evaluation, the tomographic
and numerical methods are presented.
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1

INTRODUCTION

Reinforced concrete (RC) is used as a construction material in a wide range of applications in
the building industry. This great variability of applications is reﬂected in the range of physical
properties. Due to the variability of the physical properties it is still an engineering challenge to
meet all necessary requirements for predicting dynamic effects in structural reinforced concrete
members under impact loading. The damage behaviour of RC structures depends on various
parameters and cannot be predicted exactly. There are several empirical formulas that give a
prognosis for the penetration depth and the minimum thickness of the concrete layer to avoid
perforation [1, 2]. Some formulae are anchored in codes of practice and can be used for initial
analyses and veriﬁcation [3]. However, often the real structural behavior is only approximated.
In addition to the analytical approaches, experiments are performed. These are often carried
out in a small scale. For example, in [4] RC columns are investigated under hypervelocity
impact (500–1700 m/s). In [5] - [9] investigations on impact damage on plates due to small
projectiles and cylinders at high velocity (70–500 m/s) are presented. Large-scale tests were
carried out with different boundary conditions (target size and shape, impactor velocity and
shape) for example at Sandia Laboratories [10, 11], at the VTT (summarized among others in
[12]) or [13].
Numerical investigations are performed to investigate parameter studies or to study structures
that cannot be investigated destructively. Furthermore, it is possible to implement experiments
that are otherwise not or very difﬁcult to realize. Examples can be found at [14] - [18].
Not only the load and its temporal course are relevant for the test evaluation, as described
e.g. by [19] and [20]. Also the local damages are interesting. Furthermore, there are many
factors that inﬂuence the post-impact behaviour, such as the bond properties between concrete
and steel. This leads to different damage characteristics due to the impact [2].
Most studies are focussing on investigations of detailed damage analysis after an impact is
in the speed range above 100 m/s.
This paper presents some results of a study on damage of plates impacted by moderate impactor velocities. The impact damage was caused by an accelerated fall of the impactor on
reinforced concrete plates (1.5 m x 1.5 m). The test setup should be comparable to a part of
the scenario of an impact of an aircraft engine. The physical properties of the plates (concrete
strength, plate thickness, degree of reinforcement) and the impact properties (energy, weight,
speed) were varied.
To identify and characterize the internal crack structures of the RC plates, the innovative
planar tomographic method was applied on a unique tomography laboratory test stand. Possible damages, such as cracks, scabbing and spalling, are made visible during the tomographic
reconstruction. Numerical simulations are used to identify the physical effects.
2

EXPERIMENTAL INVESTIGATIONS

The experiments were carried out at the Otto-Mohr-Laboratory of the Institute of Concrete
Structures of the Technische Universität Dresden. The drop tower facility, which was available
for this purpose, was built in a former project part and can be used in two different conﬁgurations. In the freefall mode, the impactor moves due to a sledge-rail construction. Through
gravity and in dependence of the height of fall, the energy and velocity of the impactor can
be controlled. In contrast to this, the impactor in the ballistic conﬁguration is accelerated by
air pressure and a guided impact of the plate is realized with a pipe (Figure 1) [21]. At ﬁrst,
the inﬂuence of external (impact energy, impactor size) and internal parameters (plate geom-
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Figure 1: Experimental setup of an accelerated impact test

etry, concrete quality, reinforcement parameters) was investigated in free-fall tests and a ﬁrst
damage analysis was carried out [22, 19, 23]. Currently, a comprehensive investigation of the
internal parameters takes place with accelerated experiments. Four test series are planned for
this purpose (Figure 2). First of all, experiments with different plate thicknesses were carried

Plate thickness

Bending reinforcement

Shear reinforcement

constant geometry and
bending reinforcement:

constant geometry and
plate thickness:

1.50 x 1.50 m

1.50 x 1.50 m

constant geometry,
plate thickness and
bending reinforcement:

ø8, 10 cm

30 cm

ø8, 10 cm

modified bending
reinforcement:

modified shear
reinforcement

ø8, 10 & 12 mm

ø6, 8 and 10 mm

space 5, 10 & 20 cm

30 & 64 pieces

modified plate
thickness:
100, 200 & 300 mm

1.50 x 1.50 m, 20 cm

Scale tests
modified geometry, plate thickness and bending reinforcement

Figure 2: Planned test series

out. Therefore 15 plates with a geometry of 1.50 m x 1.50 m and a thickness of 10, 20 and 30 cm
were tested with different velocities. All test specimens were made of concrete C35/45 and reinforcement ø8 with a spacing of 10 cm. These tests are the foundation for further investigations
[24].
In the context of a further series of tests, the inﬂuence of bending reinforcement variations
was investigated. Next to the the diameter, also the inﬂuence of the space between the reinforcementbars was examinated. In total, 32 plates with a geometry of 1.50 m x 1.50 m and a
thickness of 30 cm were made. With a previous plate series include the reinforcement combinations therefore conﬁgurations of ø8 with a spacing of 5 and 20 cm as well as ø10 and ø12
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with a spacing of 5, 10 and 20 cm. Four plates per conﬁguration were loaded by impactors with
different velocities and compared with the 30 cm thick samples (ø8–10 cm) from the plate thickness variation test series. In total, nine different bending reinforcement conﬁgurations could be
realized.
Table 1 shows for each specimen (series & number) the respective reinforcement parameters
(steel diameter dr and spatial distribution of the rebars ar ). Vimp represents the velocity of the
impactor measured in the experiments and Iimp the impulse resulting from multiplication of the
velocity with the impactor mass.
series
S31P01
S31P02
S31P03
S31P04
S29P04
S29P05
S29P06
S30P01
S33P01
S33P02
S33P03
S33P04

dr /ar
[mm]/[cm]
8/5
8/5
8/5
8/5
8/10
8/10
8/10
8/10
8/20
8/20
8/20
8/20

vimp
[m/s]
54.02
73.50
67.98
61.64
54.95
68.97
62.04
74.73
52.81
61.34
73.08
67.56

Iimp
[N/s]
1169.98
1592.01
1472.45
1335.08
1190.28
1493.79
1343.80
1618.64
1143.96
1328.62
1582.85
1463.25

series
S31P05
S31P06
S31P07
S31P08
S32P05
S32P06
S32P07
S32P08
S34P01
S34P02
S34P03
S34P04

dr /ar
[mm]/[cm]
10/5
10/5
10/5
10/5
10/10
10/10
10/10
10/10
10/20
10/20
10/20
10/20

vimp
[m/s]
54.29
74.07
61.79
68.53
52.52
61.54
67.20
73.64
53.90
61.69
68.22
73.22

Iimp
[N/s]
1175.83
1604.44
1338.34
1484.36
1137.64
1332.92
1455.49
1595.12
1167.49
1336.17
1477.70
1585.90

series
S32P01
S32P02
S32P03
S32P04
S33P05
S33P06
S33P07
S33P08
S34P05
S34P06
S34P07
S34P08

dr /ar
[mm]/[cm]
12/5
12/5
12/5
12/5
12/10
12/10
12/10
12/10
12/20
12/20
12/20
12/20

vimp
[m/s]
54.17
61.14
67.44
71.97
53.30
61.64
73.43
67.02
54.02
61.64
68.04
74.07

Iimp
[N/s]
1173.31
1324.34
1460.66
1558.86
1154.39
1335.09
1590.52
1451.64
1169.98
1335.09
1473.73
1604.44

Table 1: Test properties of all plates of the reinforcement variation, sorted by the diameter (dr ) of the reinforcement
bars and its spatial distribution (ar )

For all experiments, a 38 cm long steel impactor with a mass of 21.66 kg was used. For
the impactor tip, a ﬂat shape was chosen. In addition to the support forces and displacements,
especially accelerations on the top on rear side of the plates were also measured (Figure 4). To
evaluate the plate’s damage, the weight of the test specimen was determined before and after
the test and the masses of the fragments on the top (spalling) and under the plate (scabbing)
were measured (Figure 3). After the experiments, the specimens were cut in the middle and the
punching cones were investigated in the cross section. A computer tomographic examination
was also carried out (see section 3).

(a)

(b)

Figure 3: (a) Spalling damage on the top and (b) scabbing damage on the bottom side of the plate
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Figure 4: Plan of measuring points of the accelerating data ACC and the load cells LC

3

PLANAR TOMOGRAPHY AND CRACK DETECTION

Planar tomography measurements were performed in the High Energy X-ray Laboratory
(HEXY Laboratory) at the Federal Institute for Materials Research and Testing in Berlin (BAM).
The manipulator can be controlled by 13 axes, 9 linear and 4 rotational axes, which ensures a
different movement of X-ray source, object and detector for 3-dimensional investigations (CT
and laminography) (Figure 5). The dimensions of the object can be up to 4 m in length, 1.5 m
in height and 2 t in weight. A betatron, an electron accelerator, with an acceleration voltage
of 7.5 MV is used. With this energy it is possible to radiate through concrete with a thickness
of 0.3 m. The image data was recorded with a high-resolution matrix detector (DDA: Digital
Detector Array) from PerkinElmer (XRD1620).
Due to the large dimensions of the concrete plates, the scanning method had to be adapted.
With the new method a total of 4392 projections with 2048 x 2048 pixels each can be scanned.
The total recording time for half a plate is 17 hours. The volume data of the investigated object
are reconstructed using a fast shift-average algorithm [25]. The resulting three-dimensional
volume is composed of voxels (a 3D equivalent of a pixel) with a side length of 0.5 mm in lateral
direction and 1.5 mm in depth direction of the plate. This resolution allows the visualization of
cracks with a minimum width of 0.5 mm.
The methodology of crack detection and segmentation is further explained in [26]. Data in
STL format are generated from the segmented cracks in order to compare them with the exported data from the numerical simulations. STL data are a standard format for STereoLithography and contains all necessary geometric information. Figure 6 shows the visualization of the
crack structure projected onto a layer of the tomographic data.
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Figure 5: Schematic structure of the HEXY lab with its source, object, detector and its rotational axes [26]

Figure 6: Visualization of the crack map (orange colored) projected on a layer of the tomographic data (gray
colored)

4

NUMERICAL SIMULATION

For a numerical analysis the real system is simpliﬁed and transferred into a simulation model.
The continuous body is reduced to small ﬁnite elements. Depending on the selection of the
element type the nodes are generated. At each individual node the momentum balance equation
is solved in the form of the weak differential equation of second order (Equation 1).
Mü(t) + Cu̇(t) + Ku(t) = P(t)

(1)

In Equation 1, M is the mass matrix, C is the damping matrix and K is the stiffness matrix of the
system. P describes the externally acting time-variable forces. u(t) describes the deformation
which is also dependent on time.
In the explicit solution approach, the current status (time step n) of the deformation, acceleration and stress at each node of the system is determined ﬁrst. From this, the deformations
and velocities of the next time step (n+1) will be derivate. After calculating the internal forces
and stresses of the time step (n+1) using the velocity, the external forces will be determined.
Accelerations will be get from th forces and are the initial values for the next time step (n+2).
This cycle is iteratively be going through until the last time step of the numerical simulation
[27].
The impact test is modeled as a full model (Figure 7) with the program Ansys Autodyn. The
bearings, the impactor and the plate are described with solids, whereas the rebars are modeled
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with line elements. Automatic meshing takes place with a speciﬁed element edge length. Hexahedron were primarily used for the solids and beams for the line elements. The given edge
length for the bearings is 20 mm and for the other components 10 mm. Thus, the system has
750,000–790,000 nodes and 730,000–810,000 elements when meshed.

(a)

(b)

(c)

(d)

Figure 7: Side view of the model with the bearings, the plate, the impactor and the reinforcement (a), top view of
the plate with the spatial distribution of the reinforcement bars: 5 cm (b), 10 cm (c) and 20 cm (d)

The impactor velocity was determined in the test from the measured data and was initially
applied to the modeled impactor. The surfaces of the bearings are assumed to be ﬁxed. Another
ﬁxed contact (contact = bonding) is deﬁned between the plate and the four bearings. The impactor hits the center of the plate, whereby the contact is assumed to be frictionless. Previous
comparative computations with the friction coefﬁcient of 0.8 determined from the tests showed
no relevant difference in the simulation. A reason is presumably the short contact time between
impactor and plate. The rebars are modeled into the plate in a smeared pattern and the contact
behaviour is deﬁned as ’body interaction, type = reinforcement’. According to this formulation,
the reinforcement bars are modeled as line bodies which are tied to each element they intersect.
An elastic material model was used for the structural steel components, since no signiﬁcant
damage to the components was detected during the tests. Concrete is described with the nonlinear material model ’Beton NL’. This model is freely available in the Ansys material library
and is based on the strength description according to Drucker-Prager (DP).
The description of the failure surfaces according to Drucker-Prager is an extension of the
description according to von Mises and is similar to that of Mohr-Coulomb under certain conditions, [28, 29, 30].
The failure criterion (Equation 2)

f (I1 , J2 ) = αI1 + J2 − k = 0
mit
1
p = − I1
3
3J2
σef f =
k = f (ε̇pij )
∂g assoz.
∂f
dεpij = dλ
= dλ
∂σij
∂σij

(2)
(3)
(4)
(5)
(6)

is described with the ﬁrst invariant of the volumetric stress tensor I1 , the second invariant of the
deviational stress tensor J2 , the hardening rule k and a material parameter α for the compaction
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path. p describes the pressure. σef f represents the effective or von Mises equivalent stress.
εp describes the plastic strains in the object. Equation 6 is called ﬂow rule. The derivative of
a plastic potential g(σij ) multiplied by a proportionality factor dλ represents the rule for the
kinematic description of inelastic deformation, which is associative according to Drucker and
Prager.
For the description of the piecewise linear yield surface of concrete under compression, the
points Pi (pressure p / yield stress Y) in the meridian plane can be determined from measurements and comparisons with triaxial tests, see Figure 8. In [30], the appendix is a very extensive
summary of about 13 international studies of triaxial tests with variing concrete strength which
helps to identify the yield surface of concrete. Further material parameters for the model de-

Figure 8: Failure surface after DP as a projection in a meridian plane based on the used test material

scription are shown in table 2. The material parameters for the tested plates are speciﬁed in a
range. They refer to two different test sets: the plate thickness variation [24] and the bending
reinforcement variation described in section 2. These data were used to calibrate the model.
Only the tensile strength was adjusted so that the value is outside the range of the test data.
Properties
FEM
Density
2250 kg/m3
Young’s modulus
32200 MPa
Poisson’s ratio
0.2
Maximum tensile pressure
6 MPa
Fracture energy Gf
100 J/m2

Test
2204–2279 kg/m3
27300–35700 MPa
0.2
2.82–4.58 MPa

Table 2: Material parameters of the numerical model and the range of the tested data of about 9 series (plate
thickness variation [24] and reinforcement variation. The properties are named as in the Ansys program.

Figure 9 shows the process of numerical evaluation of the damage based on the damage
structure. The computations were carried out without element erosion (Figure 9a). Using the
parameter ’user deﬁned result: damageall’, the damage is displayed smeared. The result is
shown per element as probability based on the user deﬁned material failure (Figure 9b). For
further comparison, elements with a value exceeding 0.93 are isolated and extracted (Figure 9c).
This corresponds to a damage probability of 93%. In the SpaceClaim module of Ansys, the data
set (STL format) is manually cleaned, replacing failed elements and re-meshing the surface
(Figure 9d).
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(a)

(b)

(c)

(d)

Figure 9: Visualization of the damage evaluation; (a) geometry of the model, (b) damage pattern based on the
material failure, (c) extracted damaged elements (d) cleaned and remeshed damage map

5

EVALUATION

In the following, damages in selected form (penetration depth, total degree of damage, quantity of cracks and impact area) with different emphasis (dr = const. and ar = const.) are to
be examined on the tested plates. Furthermore, crack structures are evaluated based on tomographic data and comparisons with the numerical results. The bearing forces, the acceleration
and the deformation data of the tests are compared with those of the numerical simulations
using a plate series.

Figure 10: Visualization of the number of cracks (nc ) in the middle cut surface of the plate (top row), number of
cracks on the half rear side (middle row) and the diameter of the damaged area of the front side of the plate (bottom
row) in series with constant spatial distribution and varying rebar diameter

In Figures 10 and 11, the upper row shows the number of cracks (nc ) in the cut surface and
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the middle row shows the cracks on the half rear side, both w.r.t. the impact pulse. In the
bottom row, the diameter of the damaged area on the top side of the plate w.r.t. the impact
pulse is presented. Cracks are counted as those that can be detected without using tools. This
corresponds in some cases to a crack width of 0.1 mm. Every single crack was counted, which
results in a large number for some plates.
The impactor mass was identical for all tests of series S29 to S34, see section 2. Therefore,
for visualization it makes no difference whether the results are displayed w.r.t. the impact pulse
or the impact velocity. For better comparison with other tests the impact pulse was used here.
Three series are compared in each presentation. These differed in the reinforcement’s diameter (d = 8/10/12 mm) or it’s spatial distribution (a = 5/10/20 cm). Despite of the parameters
of the different series, the color representation is identical. The series with the smallest size of
the varying parameter is colored black and circles are used for value marking. The series with
the middle parameter is colored red and marked with squares, and the series with the highest
parameter is colored blue and marked with a triangle.

Figure 11: Visualization of the number of cracks in the middle cut surface of the plate (top row), number of cracks
on the half rear side (middle row) and the diameter of the damaged area of the front side of the plate (bottom row)
in series with varying spatial distribution and constant rebar diameter

In Figure 10, the series are sorted by the spatial distribution of the rebars. In each column,
the spatial distribution remains constant and the diameter of the bars varies. In Figure 11, the
comparison is the other way round. In the columns, the diameters of the bars remain constant
and the spatial distribution varies. The aim is to obtain an overall comparison of the crack
damage and to identify potential correlations.

2530

Deborah Nerger, Robabeh Moosavi, Franz Bracklow, Marcus Hering, Tino Kühn, Manfred Curbach, Falk Hille
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For all combinations, the number of detected cracks is approximately in the same range and,
with a few exceptions, increases with rising impact velocity. The number of cracks in the cut
surface (upper row in each case) is currently not related to the number of cracks varying with
the diameter or the distance between the bars. A similar conclusion can be drawn about the
number of cracks on the half underside of the damaged plate.
In the following passages, the individual diagrams are explained in more detail.
At a constant distance of 5 cm, the ’curve’ with the bar diameter of 12 mm behaves differently
than expected (Figure 10, left diagram). In the comparison above, the plates with medium
impact pulse show more cracks than the other plates. In the middle diagram, the whole series
(S32 with d = 12 mm and a = 5 cm) shows more cracks. In the lower diagram, the diameter of
the damaged surface on the upper side is plotted. In this series the plate with the lowest impact
pulse has a much larger damaged area than the other series. With increasing velocity of the
impactor, however, this changes slightly. In the three diagrams, the other two series (S31 with
d = 8 mm and S31 with d=10 mm) are close together. A possible connection between impact
area and number of cracks on the rear side cannot be recognized. At higher velocities the plates
of the series S31 display a larger damaged area than that of S32. However, the number of cracks
does not increase as expected.

Figure 12: Degree of damage and penetration depth in the series with constant spatial distribution and varying
rebar diameter

When comparing the series with constant rebar distance of 10 cm, the series S32 with
d = 10 mm and S33 with d = 12 mm are relatively close to each other and show similar behaviour with increasing impact pulse. The series 29/30 with a bar diameter of 8 mm is the
exception. A plate of this series with an impact pulse of about 1350 N/s is more damaged by
cracks than the other plates of this series. The other three plates of this series are of about the
same amount. A further remarkable difference to the two series S32 and S33 is the impact area.
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With increasing velocity, the area is signiﬁcantly smaller than the other plates of the series under the same experimental conditions. In the right column of Figure 10, all results of the plates
are close together.
When comparing the series with constant diameter (see Figure 11) of 8 mm, the results of
the individual plates differ from each other. When comparing the series with constant diameter
of 10 mm and 12 mm, most results are again relatively close. Even if the individual results are
not similar in every diagram, the behavior of the individual curves is relatively similar.

Figure 13: Degree of damage and penetration depth in the series with varying spatial distribution and constant
rebar diameter

In the Figures 12 and 13, the total damage and penetration depth is given by the impact
pulse. The total damage in this illustration is the ratio of the damaged material to the total
volume of the plate and is calculated based on the weight loss. Analogous to the comparisons
of the number of cracks, the exceptions to the results in individual series can be observed here.
The results of the series with constant distance a = 5 cm with respect to the impact area can
be seen in the total damage and in slight variance in the values of the penetration depth, see
Figure 12. When comparing the series with a spatial distribution of 10 cm, the results of the
individual series are similar to each other, except for series 29/30 (d = 8 mm and a = 10 cm).
The differences in the results of the series with 20 cm bar spacing were greater than expected
after considering the previous results. With relatively minor crack damage and small impact
area, the results of penetration depth and material loss show a high degree of damage.
Comparing the series with constant diameter (Figure 13), again the two series (S32 with
d = 12 mm and a = 5 cm, and S29/30 with d = 8 mm and a = 10 cm) are an exception in
the analysis of the results. The results of the series S31 and S33 with a constant diameter of
d = 8 mm show expected results for the total damage and the penetration depth. In the S29/30
series, the impact area decreases with higher impact pulses, but the total damage increases.
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and Andreas Rogge

When evaluating the results with constant diameter of d = 10 cm, the results of the series S31
with a = 5 cm and S32 with a = 10 cm can be explained. The results of series S34 with a = 20 cm
cannot be concluded from the previous results. Similarly, this applies to the series with a bar
diameter of 12 mm. Here it concerns the series S32 with a = 5 cm and S34 with a = 20 cm.
All the comparisons described here concerning damage (Figures 10 to 13) are based on a
relatively small amount of tests. In total, 36 plates were examined. With the varying parameters of impact velocity, rebar diameter and their spatial distribution, one plate per constellation
was tested. The individual damage characteristics examined will probably not show a large
scattering width per parameter constellation, but it is exactly this scattering width and the reproducibility of damage caused by an impact that is not known.

Figure 14: Visualization of the acceleration data in [m/s2 ] comparing the test data with the numerical results of
the plate S31P01 for the ﬁrst 5 milliseconds at 4 measuring positions

Figure 15: Visualization of the acceleration data in [m/s2 ] comparing the test data with the numerical results of
the plate S31P02 for the ﬁrst 5 milliseconds at 4 measuring positions

The acceleration data were recorded at four positions on the plate, with three sensors mounted
on the front and one sensor on the back (Figure 4). The measured data contain a time intervall
of 2s. In the diagrams of Figure 14 bis 17, the measured values from the tests are only plotted
for the ﬁrst 5 milliseconds per plate compared to the numerical results based on the used time
intervall of the numerical computations. Point 1 corresponds to measuring point ACC1, Point
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2 corrensponds to ACC2 and so on. From the acceleration curve w.r.t. the time in every measuring position at every plate, it can be seen that the plate is damped faster than the numerical
simulation. Further comparison have to be carried out with all measured data of all plates.

Figure 16: Visualization of the acceleration data in [m/s2 ] comparing the test data with the numerical results of
the plate S31P03 for the ﬁrst 5 milliseconds at 4 measuring positions

Figure 17: Visualization of the acceleration data in [m/s2 ] comparing the test data with the numerical results of
the plate S31P04 for the ﬁrst 5 milliseconds at 4 measuring positions

In Figure 18, the maximum bearing force measured on the load cells in the tests with the
results of the FEM is compared. Analogous to the previous comparisons, the results here are
shown with constant bar diameter (left column) or constant spatial distribution (right column)
w.r.t. the impact pulse. As in the previous ﬁgures, the colouring is black with circles as the
second parameter increases, then red with squares and blue with triangles as marking of the
measured data. The results from the numerical computations are colored the same. The measured values are marked with crosses for better differentiation.
The maximum forces in the bearings are mostly of the same order of magnitude. In the
numerical results, the variance between the individual plates is much smaller than in the tested
plates. Further investigations will follow, in which the relationship between the damage and the
bearing reaction will also be investigated over time.
Figure 19 displays a selection of the analyzed tomographic results. Not all 36 plates of the
reinforcement variation were examined. Here, 4 plates of the series 29/30 with a diameter of
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Figure 18: Visualization of the maximum bearing forces on the load cells comparing the test data with the numerical results

8 mm and a spatial distribution of 10 cm are compared to a plate of the series S31 (d = 8 mm
and a = 5 cm) and two plates of the series S33 (d = 8 mm and a = 20 cm). In Figure 20, three
plates with a spatial distribution of 20 cm and varying bar diameter are compared.
The crack maps (orange-red colored) were generated and in this case mapped to a layer of
the radiated plate (gray colored). On some plates, the reinforcement bars are clearly visible
(black colored). Only half plates are shown. The upper edge of each plate image corresponds to
the middle cut edge of the entire plate. Due to the resolution, hairline cracks and cracks running
diagonally into the material are not completely detected.
In table 3, the calculated damage degrees are shown. For a better allocation, the table lists
the designation (series and plate), the rebar diameter (dr ), the spatial distribution of the rebars
(ar ) and the impact pulse (Iimp ). The total damage (dod total) is calculated from the material
loss normalized to the mass of the total plate. The crack damage is calculated analogously
from the crack volume normalized to the total volume. The identiﬁed crack volume from the
tomographic data is calculated similar to the FEM damage maps. Both degrees of damage are
evaluated separately and are based on different forms of damage (spalling and scabbing for
one and crack volume for the other). In further steps, the crack maps are compared with the
numerically computed damage maps in order to be able to conﬁgure the numerical parameters
better for the future, also with regard to the damage. In this paper this takes place on the photos
of the damaged plates, as shown in the Figures 21 to 23.
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Figure 19: Visualization of the crack maps of the plates with a constant rebar diameter of 8 mm

Figure 20: Visualization of the crack maps of the plates with a constant spatial distribution of 20 cm

designation dr [mm] ar [cm]
S31P02
8
5
S29P04
8
10
S29P06
8
10
S29P05
8
10
S30P01
8
10
S33P04
8
20
S33P03
8
20
S34P04
10
20
S34P08
12
20

Iimp [N/s]
1592.01
1190.28
1343.80
1493.79
1618.64
1463.25
1582.85
1585.90
1604.44

dod total [%]
0.824
0.103
0.041
0.201
0.411
0.451
0.441
0.539
1.452

dod crack [%]
0.0070
0.0130
0.0133
0.0007
0.0135
0.1044
0.1145
0.0442
0.0993

Table 3: Summary of the degree of crack damage (dod crack) and total damage (dod total) combined with the test
parameters, like rebar diameter (dr ), the spatial distribution (ar ) and the impact pulse (Iimp )

In the Figures 21 to 23, the results of the numerical simulations are compared to the crack
patterns of the plates. On the left side, there is the middle cut surface, and on the right side,
there is the half rear side of the plate, where the lower edge of the ﬁgure corresponds to the cut
edge. The 4 plates of each series are shown sorted from top to bottom according to the impact
velocity.
The cracks in the photos are highlighted in black and the spalling and scabbing in red. On
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the photos, the individual cracks, the punching cone and the size of the impact area can be seen.
The damage patterns of the FEM illustrate the probable damage due to the impactor. A blue
coloring corresponds to a probability of 0%. The color gradient goes from blue to green to
yellow to red. A red coloring corresponds to a probability of 100% damage of the element. The
comparison of the representations (photo and FEM) indicates the difﬁculty of simulating crack
structures if the damage level changes rapidly.
The material model was calibrated on previous plate experiments [21, 22, 19, 24]. The previous plates were not varied in the reinforcement parameters. The diameter remained constant
8 mm and the spatial distribution was 10 cm. For this reason, the correlation between the numerical data of the present plates and the experimental data in this series is better than for the
others. Further reﬁnements in the material model and in the contact modeling regarding the
inﬂuence of the reinforcement will follow.
For a global evaluation of the damage, the external damage and the internal crack structures
are of interest. In most cases, the cracks on the rear side of the plate between the numerical
investigation and the damaged plate are identical. Difﬁculties occur in the case of spalling,
since they do not appear in the numerical damage analysis. Due to the way the bearing is
modeled, the damage to the bearing locations in the numerical model is unusually large.
The conformity of the cracks in the cut surface is less than that of the rear side of the plate.
The impact velocities using in the tests are selected in such a way that, if possible, no bending
failure and no perforation occurs. The damage area with cracks along the reinforcement and a
punching cone due to the high compression force are in the focus. These patterns can be seen
on the photos and in the numerical simulation. When comparing the photos with the numerical
plots, not all computations show a match of the crack path. In contrast to the tests, the numerical
results are reproducible and the models show no imperfections within the material.
In summary, the agreement is better for the plates with a distance of 10 cm than with a smaller
or larger distance. The sensitivity of numerical modeling in this context is different from that
of the experiments. In the experiments, there is still a lack of studies on the reproducibility of
damage in order to be able to deﬁne a scattering width.
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(a) Diameter of 8 mm and spacing of 5 cm

(b) Diameter of 8 mm and spacing of 10 cm

(c) Diameter of 8 mm and spacing of 20 cm
Figure 21: Comparison of the damage maps of the FEM (color map from blue to yellow to red, means from 0%
to 100% damage) with the photos of the plates of the series with a constant diameter of 8 mm, left: middle cut
surface, right: half rear side, the plates are sorted with raising velocity
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(a) Diameter of 10 mm and spacing of 5 cm

(b) Diameter of 10 mm and spacing of 10 cm

(c) Diameter of 10 mm and spacing of 20 cm
Figure 22: Comparison of the damage map of the FEM (color map from blue to yellow to red, means from 0%
to 100% damage) with the photos of the plate of the series with a constant diameter of 10 mm, left: middle cut
surface, right: half rear side, the plates are sorted with raising velocity
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(a) Diameter of 12 mm and spacing of 5 cm

(b) Diameter of 12 mm and spacing of 10 cm

(c) Diameter of 12 mm and spacing of 20 cm
Figure 23: Comparison of the damage map of the FEM (color map from blue to yellow to red, means from 0%
to 100% damage) with the photos of the plate of the series with a constant diameter of 12 mm, left: middle cut
surface, right: half rear side, the plates are sorted with raising velocity
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6

CONCLUSION
• With this variation of the reinforcement parameters, a large number of effects of local
damage due to an impact was shown. In all series of reinforcement variation, the increase
of damage with the impact velocity is clearly visible. Correlations between individual
measured values and the structural behavior of the components were described.
• Further effects that concern the individual damage characteristics must be investigated
more intensively. For example: What is the relationship between crack structure, impact
area and reinforcement parameters? What about the reproducibility of damage? How
large is the scatter range of the damage characteristics?
• The wide range of experiments and the detailed documentation is advantageous for further
numerical investigations.
• It was shown that, the evaluation with the help of the combination of methods (direct
analysis, tomography and FEM) can illustrate and explain many effects. The results of
the combination of the evaluation methods tomography and numerics were presented using crack maps. In both methods, the structures were analyzed with the focus on damage.
The damaged structure was identiﬁed and extracted. In further investigations the combinability of the tomographic data with the numerical results will be evaluated.
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[16] N. Gebbeken, M. Hübner, M. Larcher, G. Michaloudis, A. Pietzsch, Beton und Stahlbetonkonstruktionen unter Explosion und Impakt, Beton- und Stahlbetonbau, 108/8, 515–
527, 2013.
[17] T. Duc-Kien, K. Seung-Eock, Numerical simulation of pre-stressed concrete slab subjected to moderate velocity impact loading, Engineering Failure Analysis, 79, 820–835,
2017.
[18] O. Martin, V. Centro, T. Schwoertzig, Finite element analysis on the VTT–IRSN ﬂexural
failure test, Nucl. Eng. Des., 252, 88–95, 2012.
[19] F. Hille, A. Rogge, G. Nery, B. Redmer, Bauteilverhalten unter stoßartiger Beanspruchung
durch aufprallende Behälter (Flugzeugtanks): Phase 1B: Quantiﬁzierung der Schädigung
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MODEL REDUCTION FOR STRUCTURES SUBJECTED TO BLAST
LOADING BY USE OF DYNAMIC SUBSTRUCTURING
Linus Andersson, Peter Persson, Kent Persson
'HSDUWPHQWRI&RQVWUXFWLRQ6FLHQFHV/XQG8QLYHUVLW\
32%R[6(/XQG6ZHGHQ
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Keywords:'\QDPLFVXEVWUXFWXULQJ%ODVWORDGLQJ'LUHFWWLPHLQWHJUDWLRQ%HDPIUDPHVWUXF
WXUH
Abstract. In the present study, strategies are developed to enable time-efficient models for
structures subjected to blast loading, appropriate for use in a structural design process. Dynamic substructuring is employed to obtain reduced models with localized nonlinearities, such
as predefined plastic hinges in a beam–column structure. The parts of the substructures that
remains linear elastic are modeled by Ritz-vectors whereas parts with a nonlinear response are
retained as physical degrees-of-freedom. Furthermore, a time-stepping method is presented
that is shown to be suitable for reduced models including local and predefined rigid–plastic
behavior. The proposed methodology is applied and demonstrated in a numerical example of a
concrete frame structure. Both the well-established Craig-Bampton method and reduction bases enriched by so-called correction modes are evaluated. For the load case studied, it is shown
that the standard Craig-Bampton technique is suitable for reducing the substructures. Furthermore, it is shown that only a few Ritz-vectors are needed to sufficiently describe the deformation
of the structure. However, additional modes are needed to ensure an accurate representation
of the interface forces between the substructures.
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1

INTRODUCTION

6LPSOLILHGPRGHOVVXFKDVHTXLYDOHQWVLQJOHGHJUHHRIIUHHGRP 6'2) V\VWHPVDUHRIWHQ
XVHGIRUGHVLJQRIFRQFUHWHPHPEHUVVXEMHFWHGWREODVWORDGLQJDQDSSURDFKSURSRVHGDOUHDG\
LQWKHPLGV>@:KHQWKLVVLPSOLILHGDSSURDFKLVXVHGIRUVWXG\LQJLQGLYLGXDOVWUXFWXUDO
PHPEHUVWKHVXSSRUWLQJJOREDOVWUXFWXUHLVRIWHQFRQVLGHUHGDVULJLGDQGWKXVUHSUHVHQWHGE\
SUHVFULEHGGLVSODFHPHQWERXQGDU\FRQGLWLRQVLQWKHORFDOUHVSRQVHDQDO\VHV+HQFHLIDJOREDO
UHVSRQVHDQDO\VLVLVUHTXLUHGLWLVLQJHQHUDOSHUIRUPHGLQDVXEVHTXHQWVWDJHZKHUHWKHUHDFWLRQ
IRUFHVFRPSXWHGLQWKHORFDODQDO\VHVDUHDSSOLHGRQWKHJOREDOVWUXFWXUH6XFKDSURFHGXUHFDQ
EHVXLWDEOHLIWKHVWLIIQHVVDQGRUPDVVRIWKHJOREDOVWUXFWXUHDUHUHODWLYHO\ODUJH+RZHYHULQ
FDVHVZKHUHWKHVWUXFWXUDOPHPEHULVVWLIIDQGKHDY\RUHYHQLQWHJUDWHGDVDSDUWRIWKHJOREDO
ODWHUDOORDGEHDULQJVWUXFWXUHLWFDQEHQHFHVVDU\WRHPSOR\DPRGHORIWKHFRXSOHGV\VWHP
)XUWKHUPRUHLWFDQEHQHFHVVDU\WRLQFOXGHKLJKHURUGHUPRGHVWRDFFXUDWHO\FDSWXUHWKHIRUFH
WUDQVPLWWHGEHWZHHQLQGLYLGXDOPHPEHUVDQGWKHJOREDOVWUXFWXUHLQSDUWLFXODULIWKHVWUXFWXUH
LVVXEMHFWHGWRDSXOVHZLWKVKRUWGXUDWLRQDQGODUJHSHDNSUHVVXUHDVHJGLVFXVVHGLQ>@
7KHG\QDPLFUHVSRQVHRIDVWUXFWXUHFDQHJEHFRPSXWHGE\XVHRIDQRQOLQHDUILQLWHHOH
PHQW )(  PRGHO LQFOXGLQJ WKH PHPEHUV VXEMHFWHG WR H[WHUQDO ORDGLQJ DQG WKH VXSSRUWLQJ
JOREDOVWUXFWXUH+RZHYHUWKHGHVLJQRIFRQFUHWHVWUXFWXUHVVXEMHFWHGWREODVWORDGLQJLVRIWHQ
DQLWHUDWLYHSURFHVVZKHUHWKHFURVVVHFWLRQGLPHQVLRQVDQGWKHDPRXQWDQGDUUDQJHPHQWRI
EHQGLQJUHLQIRUFHPHQWDIIHFWWKHG\QDPLFUHVSRQVH7KHUHIRUHVLPSOLILHGDQGFRPSXWDWLRQDOO\
HIILFLHQWPRGHOVDUHNH\LQWKHFRQFHSWXDOGHVLJQSKDVH
,QWKHSUHVHQWVWXG\VWUDWHJLHVDUHGHYHORSHGWRHQDEOHWLPHHIILFLHQWPRGHOVIRUVWUXFWXUHV
VXEMHFWHGWREODVWORDGLQJDSSURSULDWHIRUXVHLQDVWUXFWXUDOGHVLJQSURFHVV0RUHVSHFLILFDOO\
UHGXFHGPRGHOVZLWKORFDOL]HGQRQOLQHDULWLHVVXFKDVSUHGHILQHGSODVWLFKLQJHVLQDEHDP±FRO
XPQ VWUXFWXUH DUH REWDLQHG E\ XVH RI G\QDPLF VXEVWUXFWXULQJ '6  IRU DQ RYHUYLHZ RI '6
WHFKQLTXHVVHHHJ>@ +HQFHSDUWVWKDWUHPDLQVOLQHDUHODVWLFDUHUHGXFHGDQGPRGHOHGE\
5LW]YHFWRUV ZKHUHDV WKH GHJUHHVRIIUHHGRP '2)V  LQFOXGHG LQ SDUWV ZLWK D QRQOLQHDU UH
VSRQVHDUHUHWDLQHGDVSK\VLFDO'2)V)XUWKHUPRUHDWLPHVWHSSLQJVFKHPHLVSUHVHQWHGWKDWLV
VKRZQWREHVXLWDEOHIRUUHGXFHGPRGHOVLQFOXGLQJORFDODQGSUHGHILQHGULJLG±SODVWLFEHKDYLRU
VXFKDVIUDPHVWUXFWXUHVZLWKSODVWLFKLQJHV
2

SIMPLIFIED MODELING OF CONCRETE STRUCTURES SUBJECTED TO
BLAST LOADING

$VIRUG\QDPLFORDGLQJLQJHQHUDOWKHGHVLJQRIFRQFUHWHVWUXFWXUHVVXEMHFWHGWREODVWORDG
LQJFDQEHFKDOOHQJLQJGXHWRWKDWWKHUHVSRQVHLVDIIHFWHGE\WKHVWUXFWXUH¶VPDVVVWLIIQHVVDQG
VWUHQJWK+HQFHDPRGLILFDWLRQRIWKHGLPHQVLRQVWKHDPRXQWDQGRUDUUDQJHPHQWRIUHLQIRUFH
PHQWPXVWLQJHQHUDOEHYHULILHGE\DQXSGDWHGG\QDPLFUHVSRQVHDQDO\VHV)XUWKHUPRUHD
QRQOLQHDUUHVSRQVHDQDO\VLVLVRIWHQUHTXLUHG7KHNLQHWLFHQHUJ\LQGXFHGE\WKHH[WHUQDOSUHV
VXUHLVFRQYHUWHGLQWRHODVWLFDQGSODVWLFVWUDLQHQHUJ\DQGLIWKHSODVWLFGLVVLSDWLRQLVRPLWWHG
LQ WKH DQDO\VLV WKH UHVSRQVH FDQ EH LQDFFXUDWH HJ UHVXOWLQJ LQ D YHU\ FRQVHUYDWLYH GHVLJQ
7KHUHIRUHVLPSOLILHGQRQOLQHDU6'2)PRGHOVDUHRIWHQHPSOR\HGWRHYDOXDWHWKHUHVSRQVHRI
LQGLYLGXDOVWUXFWXUDOPHPEHUV
,QDGGLWLRQWRWKHGHVLJQRILQGLYLGXDOPHPEHUVWKHJOREDOVWUXFWXUHPXVWEHGHVLJQHGWR
UHVLVW SURJUHVVLYH FROODSVH DQG WR HQVXUH ODWHUDO VWDELOLW\ ,I D QRQOLQHDU UHVSRQVH DQDO\VLV LV
UHTXLUHGIRUVWXG\LQJWKHJOREDOUHVSRQVHLWLVLQJHQHUDOQRWVWUDLJKWIRUZDUGWRFRQVWUXFWD
VLPSOLILHG PRGHO +HQFH D PRUH UHILQHG QRQOLQHDU )( PRGHO RI WKH ZKROH VWUXFWXUH FDQ EH
QHFHVVDU\

2545

/LQXV$QGHUVVRQ3HWHU3HUVVRQ.HQW3HUVVRQ

)LJXUH7\SLFDO OHIW DQGLGHDOL]HG ULJKW EODVWSUHVVXUH±WLPHKLVWRU\

2.1 Impulse pressure due to unconfined explosion
$QXQFRQILQHGH[SORVLRQORFDWHGRQWKHJURXQGVXUIDFHUHVXOWVLQDJURXQGUHIOHFWHGVKRFN
ZDYHWKDWPRYHVUDGLDOO\DZD\IURPWKHFHQWHURIWKHH[SORVLRQ>@,IWKHH[SORVLRQFHQWHULV
UHDVRQDEOHIDUIURPDVWUXFWXUHWKHSUHVVXUHDFWLQJRQWKHVWUXFWXUHFDQEHDSSUR[LPDWHGE\D
XQLIRUPSUHVVXUH8SRQLPSDFWWKHLQLWLDOZDYHLVUHLQIRUFHGDQGUHIOHFWHG7KHUHIOHFWHGLP
SXOVHSUHVVXUHDFWLQJRQWKHVWUXFWXUHLVFKDUDFWHUL]HGE\DYHU\VKRUWGXUDWLRQDQGODUJHSHDN
SUHVVXUH)RUGHVLJQSXUSRVHVWKHUHIOHFWHGLPSXOVHFDQLQJHQHUDOEHUHSODFHGE\DQHTXLYD
OHQWWULDQJXODUSXOVHDVVKRZQLQ)LJXUH7KHDFWXDOGXUDWLRQLVWKHQUHSODFHGE\DILFWLWLRXV
GXUDWLRQFRPSXWHGIURPWKHSHDNUHIOHFWHGSUHVVXUHDQGWKHUHIOHFWHGLPSXOVH
2.2 Reduced models for design of concrete members
7RHQVXUHDQDGHTXDWHGHVLJQRIFRQFUHWHPHPEHUVVXFKDVEHDPVDQGSODWHVVXEMHFWHGWR
EODVWORDGLQJERWKWKHORFDOUHVSRQVHDQGWKHVHPLJOREDOUHVSRQVH LHWKHJOREDOUHVSRQVHRI
DQLQGLYLGXDOPHPEHU PXVWEHFRQVLGHUHG+HQFHFRQFUHWHPHPEHUVPXVWEHGHVLJQHGWRUHVLVW
ORFDOIDLOXUHPRGHVVXFKDVSXQFKLQJVKHDUIDLOXUHVFDEELQJVSDOOLQJDQGSHQHWUDWLRQ)XUWKHU
WKHVKHDUIRUFHFDSDFLW\DQGURWDWLRQFDSDFLW\PXVWEHVXIILFLHQWO\ODUJH7KXVLWLVFUXFLDOWR
HQVXUHVXIILFLHQWGXFWLOLW\DQGWRDYRLGEULWWOHIDLOXUHPRGHV
$FRPPRQSURFHGXUHZKHQHYDOXDWLQJWKHVHPLJOREDOUHVSRQVHRIEHDPVDQGSODWHVLVWR
VHW XS DQ HTXLYDOHQW HODVWRSODVWLF 6'2) V\VWHP ZKHUH WKH \LHOG IRUFH LV GHULYHG IURP WKH
XOWLPDWHPRPHQWFDSDFLW\>@,QIDFWWKH\LHOGIRUFHFRUUHVSRQGVWRWKHXOWLPDWHORDGZKLFK
LPSOLHVWKDWWKHPD[LPXPVKHDUIRUFHLQWKHG\QDPLFUHVSRQVHDQDO\VLVLVHTXDOWRWKHVKHDU
IRUFHJLYHQE\DVWDWLF\LHOGOLQHDQDO\VLV$VHJVKRZQLQ>@WKHVKHDUIRUFHFRPSXWHGXVLQJ
WKLVVLPSOLILHGDSSURDFKPLJKWEHXQGHUHVWLPDWHGGXHWRWKHQHJOHFWLRQRIKLJKHURUGHUPRGHV
1RQHWKHOHVVWKHDSSURDFKFDQEHUHDVRQDEO\DFFXUDWHDQGLQDFFRUGDQFHZLWKVHYHUDOGHVLJQ
FRGHVVXFKDV8)&>@
8VLQJDVLPSOLILHGHTXLYDOHQW6'2)V\VWHPLPSOLHVWKDWWKHSRVLWLRQRIWKH\LHOGOLQHVDQGRU
SODVWLFKLQJHVFDQE\DVVXPHGLQDFFRUGDQFHZLWKDVWDWLF\LHOGOLQHDQDO\VLVZKHUHWKHVSDWLDO
ORDGGLVWULEXWLRQFRUUHVSRQGWRWKHVSDWLDOGLVWULEXWLRQRIWKHLPSXOVHSUHVVXUH7KLVDVVXPSWLRQ
LVDOVRWKHEDVLVLQWKHPRGHOLQJVWUDWHJLHVGHYHORSHGLQ6HFWLRQVDQG+RZHYHULWVKRXOG
EHQRWHGWKDWWKLVDSSURDFKLVSULPDULO\LQWHQGHGWREHXVHGLQDFRQFHSWXDOGHVLJQSKDVHLHD
IXOOQRQOLQHDUDQDO\VLVFDQEHQHFHVVDU\WRYHULI\WKHILQDOGHVLJQ
3

DYNAMIC SUBSTRUCTURING OF STRUCTURES WITH PLASTIC HINGES

%\XVHRIG\QDPLFVXEVWUXFWXULQJ '6 WKHDLPLVWRHIILFLHQWO\FRPSXWHWKHG\QDPLFUH
VSRQVHRIDVWUXFWXUHE\VXEGLYLVLRQRIWKHVWUXFWXUHLQWRVXEVWUXFWXUHV6ROYLQJVHYHUDOVXE
VWUXFWXUHVFDQEHFRPSXWDWLRQDOO\OHVVH[SHQVLYHWKDQVROYLQJRQHODUJHV\VWHP0RUHRYHU'6
FDQ EH HPSOR\HG WR UHGXFH V\VWHPV ZLWK ORFDOL]HG QRQOLQHDULWLHV VXFK DV SUHGHILQHG SODVWLF
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KLQJHVLQDEHDP±FROXPQVWUXFWXUH7KHSDUWVRIWKHVWUXFWXUHWKDWUHPDLQVOLQHDUHODVWLFLVWKHQ
UHGXFHG DQG PRGHOHG E\ 5LW]YHFWRUV ZKHUHDV WKH '2)V LQFOXGHG LQ SDUWV ZLWK D QRQOLQHDU
UHVSRQVHDUHUHWDLQHGDVSK\VLFDO'2)V
,QPRVW'6WHFKQLTXHVUHGXFWLRQLVSHUIRUPHGRQWKHVXEVWUXFWXUHOHYHO+HQFHWKHVXE
VWUXFWXUHGLVSODFHPHQWVu s DUHUHSUHVHQWHGE\DUHGXFHGVHWRIFRRUGLQDWHVq s JLYHQE\
us



Tq s

ZKHUHVXSHUVFULSWsLVWKHVXEVWUXFWXUHODEHODQGTLVDn s îm s WUDQVIRUPDWLRQPDWUL[ZKRVH
FROXPQVDUH5LW]YHFWRUVRUVRFDOOHGFRPSRQHQWPRGHV'HSHQGLQJRQWKH'6WHFKQLTXHWKH
UHGXFHGYHFWRUq s FDQLQFOXGHSK\VLFDOPDVWHU RUERXQGDU\ '2)VDQGRUJHQHUDOL]HGFRRU
GLQDWHV7\SLFDOO\m s n s 
$)(IRUPXODWLRQRIDVXEVWUXFWXUHOHDGVWRDOLQHDUHTXDWLRQRIPRWLRQRIWKHIROORZLQJIRUP
M s uሷ s C s uሶ s K s u s



p s

ZKHUH p s LVDn s îVXEVWUXFWXUHORDGYHFWRUDQGM s C s DQGK s DUHWKHn s în s VXEVWUXF
WXUHPDVVGDPSLQJDQGVWLIIQHVVPDWULFHVUHVSHFWLYHO\%\LQVHUWLQJ(TXDWLRQ  LQ  DQG
SUHPXOWLSO\LQJZLWKT7 WKHUHGXFHGVXEV\VWHPLVJLYHQE\
s
෪
M qሷ

s

෩ s qሶ s  K
෩ s q s  p s
C



ZKHUH
෪s
M

T7 M s T

෩s
C

T7 C s T

෩s
K

T7 K s T

p s

T7 p s



෩ s DQGK
෪ s C
෩ s LVWKXVm s îm s DQGWKHUHGXFHG
7KHVL]HRIWKHUHGXFHGV\VWHPPDWULFHVM
ORDGYHFWRUp s LVm s î WRVLPSOLI\WKHQRWDWLRQWKHVXSHUVFULSWsZLOOEHOHIWRXWXQWLO6HF
WLRQRQVXEVWUXFWXUHFRXSOLQJSURFHGXUHV 7KHVXEVWUXFWXUHVDUHWKHQUHDVVHPEOHGWRIRUP
DUHGXFHGPRGHORIWKHIXOOFRXSOHGV\VWHPZK\'6LVVRPHWLPHVUHIHUUHGWRDV&RPSRQHQW
0RGH6\QWKHVLV &06 
$UJXDEO\WKHPRVWVWUDLJKWIRUZDUGPHWKRGVZLWKLQ'6DUHWKHVRFDOOHGFRQGHQVDWLRQPHWK
RGV ZKHUH RQO\ SK\VLFDO PDVWHU '2)V DUH LQFOXGHG LQ q 7KH PRVW FRPPRQ FRQGHQVDWLRQ
PHWKRGLV*X\DQUHGXFWLRQDOVRUHIHUUHGWRDVVWDWLFFRQGHQVDWLRQGXHWRWKDWLQHUWLDHIIHFWVDUH
LJQRUHG>@7KH*X\DQWUDQVIRUPDWLRQPDWUL[LVJLYHQE\
ui
Ψ
±K ± Kib
ቂu ቃ    ii
൨ ub    ib ൨ ub  T* ܙ
Ibb
b
Ibb



ZKHUHWKHVXEVFULSWViDQGbGHQRWHVWKHinteriorDQGLQWHUIDFHboundary'2)VT* LVWKH*X\DQ
WUDQVIRUPDWLRQPDWUL[DQGqFRQWDLQVWKHSK\VLFDOERXQGDU\'2)V7KHFROXPQVRIWKHWUDQV
IRUPDWLRQPDWUL[DUHWKHVRFDOOHGFRQVWUDLQWPRGHVREWDLQHGE\SUHVFULELQJDXQLWGLVSODFH
PHQWIRUDERXQGDU\'2)ZKLOHWKHLQWHULRU'2)VDUHIRUFHIUHHDQGWKHRWKHUERXQGDU\'2)V
DUHKHOGIL[HG8VLQJWKLVDSSURDFK³H[DFW´UHVXOWVDUHDFKLHYHGIRUVWDWLFORDGLQJ+RZHYHU
GXHWRQHJOHFWHGLQHUWLD HIIHFWVWKHDFFXUDF\FDQEHH[SHFWHGWRGHFUHDVHZLWKDQLQFUHDVLQJ
IRUFLQJIUHTXHQF\
8VLQJDVLPLODUSURFHGXUHEXWUHSODFLQJWKHVWLIIQHVVPDWUL[ZLWKWKHG\QDPLFVWLIIQHVVPD
WUL[H[DFWUHVXOWFDQLQVWHDGEHDFKLHYHGIRUDFHUWDLQIRUFLQJIUHTXHQF\RIWHQUHIHUUHGWRDV
G\QDPLFUHGXFWLRQ7KHUHDUHDOVRRWKHUPRUHVRSKLVWLFDWHGFRQGHQVDWLRQPHWKRGVVXFKDV,P
SURYHG5HGXFWLRQ6\VWHP ,56 DQG6\VWHP(TXLYDOHQW5HGXFWLRQ([SDQVLRQ3URFHVV 6(5(3 

2547

/LQXV$QGHUVVRQ3HWHU3HUVVRQ.HQW3HUVVRQ

ZKHUHWKHQXPEHURIH[DFWUHVRQDQFHVLVOHVVRUHTXDOWRWKHQXPEHURIERXQGDU\'2)V>@
+RZHYHUXVLQJFRQGHQVDWLRQPHWKRGVLWLVQRWSRVVLEOHWRERWKREWDLQDUHGXFHGPRGHOWKDWLV
³VWDWLFDOO\FRPSOHWH´ LHDEDVLVIRUDOOSRVVLEOHGHIRUPDWLRQVWKDWUHVXOWIURPORDGLQJDWWKH
VXEVWUXFWXUHERXQGDU\QRGHV DQGDWWKHVDPHWLPHNHHSLQJH[DFWUHVRQDQFHV7RDFKLHYHWKLV
D&06DSSURDFKLVUHTXLUHGWKDWXVHVJHQHUDOL]HGFRRUGLQDWHVUHSUHVHQWLQJWKHDPSOLWXGHVRI
DGGLWLRQDO5LW]YHFWRUV
6HYHUDO&06WHFKQLTXHVKDYHEHHQGHYHORSHGVLQFHWKHVZKLFKFDQEHGLYLGHGLQWR
fixed-interface DQG free-interface PHWKRGV 7KH PRVW SRSXODU DSSURDFK D IL[HGLQWHUIDFH
PHWKRGLV&06E\&UDLJ%DPSWRQ &% GHYHORSHGLQWKHODWHV>@7KH&%PHWKRG
FRPELQHVIL[HGLQWHUIDFHQRUPDOPRGHVZLWKVRFDOOHGFRQVWUDLQWPRGHVVHHIXUWKHU6HFWLRQ
)UHHLQWHUIDFHPHWKRGVXVLQJVRFDOOHGIUHHLQWHUIDFH FRPSRQHQWPRGHVZHUHGHYHORSHGE\
0DF1HDO5XELQDQG&UDLJDQG&KDQJLQWKHV>@,QDGGLWLRQDQRWKHUIUHHLQWHUIDFH
PHWKRGWKHGXDO&UDLJ%DPSWRQPHWKRGZDVSURSRVHGLQWKHHDUO\VZKLFKLQFRQWUDVW
WRWKHRWKHUIUHHLQWHUIDFHPHWKRGVSUHVHUYHVWKHVSDUVLW\RIWKHV\VWHPPDWULFHV>@
5HGXFLQJDVWUXFWXUHZLWKSODVWLFKLQJHVLWLVLPSRUWDQWWRHPSOR\D'6WHFKQLTXHZKHUHWKH
SK\VLFDOERXQGDU\'2)VQDPHO\WKHURWDWLRQDO'2)VDWWKHSODVWLFKLQJHVDUHUHWDLQHG7KHUH
IRUHWKH&06PHWKRGSURSRVHGE\&UDLJDQG&KDQJLVH[FOXGHGGXHWRDQDVVHPEOLQJSURFH
GXUHWKDWUHPRYHVWKHSK\VLFDOERXQGDU\'2)V7KHGXDO&%PHWKRGLVDQLQWHUHVWLQJDSSURDFK
VLQFHWKHLQWHUIDFHIRUFHVDUHNHSW DV'2)VLQ WKHDVVHPEOHGV\VWHP +RZHYHUWKLV PHWKRG
SURGXFHVQHJDWLYHHLJHQYDOXHVZKLFKPDNHDVWDEOHWLPHLQWHJUDWLRQLPSRVVLEOH>@ DQDS
SURDFKWR RYHUFRPHWKLVLVVXHLV HJSURSRVHGLQ>@XQIRUWXQDWHO\ WKLV DSSURDFKLQFOXGHV
UHPRYLQJDOOSK\VLFDO'2)V 
$SDUWIURP UHWDLQLQJWKHSK\VLFDOERXQGDU\'2)VDWWKHSODVWLFKLQJHV WKHSODVWLFGHIRU
PDWLRQVRIWKHDVVHPEOHGV\VWHPPXVWEHUHVROYHG+HQFHWKHUHGXFHGVXEV\VWHPVVKRXOGEH
³VWDWLFDOO\FRPSOHWH´DQGULJLGERG\PRGHVRIWKHVXEV\VWHPVVKRXOGEHLQFOXGHGLQWKHUHGXF
WLRQEDVLV8VLQJWKH&%PHWKRGWKHULJLGERG\PRGHVDUHQRWH[SOLFLWO\LQFOXGHGLQWKHUH
GXFWLRQEDVLV+RZHYHUWKHULJLGERG\PRGHVDUHVSDQQHGE\WKHFRQVWUDLQWPRGHV,QIDFWWKH
VHWRIFRQVWUDLQWPRGHVLVDEDVLVIRUDOOSRVVLEOHGHIRUPDWLRQVWKDWUHVXOWIURPORDGLQJDWWKH
VXEVWUXFWXUHERXQGDU\QRGHV>@,QDGGLWLRQWRWKH&%PHWKRGWKHIUHHLQWHUIDFHPHWKRGVE\
0DF1HDODQG5XELQUHWDLQVWKHSK\VLFDOERXQGDU\'2)VLQWKHDVVHPEOHGV\VWHPDQGH[SOLFLWO\
LQFOXGHVWKHULJLGERG\PRGHVLQWKHUHGXFWLRQEDVLV
,QVXPPDU\HLWKHUWKHIL[HGLQWHUIDFH&%PHWKRGRUWKHIUHHLQWHUIDFHPHWKRGVE\0DF1HDO
DQG5XELQDUHMXGJHGWREHWKHPRVWVXLWDEOHPHWKRGVIRUUHGXFLQJDEHDP±FROXPQVWUXFWXUH
LQFOXGLQJSUHGHILQHGSODVWLFMRLQWV$IUHHLQWHUIDFHDSSURDFKFDQEHH[SHFWHGWREHPRUHDFFX
UDWHXSRQ\LHOGLQJLHZKHQWKHMRLQWVWLIIQHVVLV]HURZKHUHDVDIL[HGLQWHUIDFHDSSURDFKFDQ
EHH[SHFWHGWREHPRUHDFFXUDWHZKHQWKHMRLQWVDUHIL[HGLHZKHQ\LHOGLQJGRHVQRWRFFXU
%DVHG RQ WKLV REVHUYDWLRQ LW LV DVVXPHG WKDW WKH FODVVLF &% DSSURDFK ZKLFK SUHVHUYHV WKH
VSDUVLW\RIWKHV\VWHPPDWULFHVLVWKHSUHIHUUHGFKRLFH
3.1 Craig-Bampton method
7KH&UDLJ%DPSWRQPHWKRGFRPELQHVWKHUHWDLQHGSK\VLFDO'2)VZLWKJHQHUDOL]HGFRRUGL
QDWHVFRUUHVSRQGLQJWRWKHDPSOLWXGHVRIVRFDOOHGIL[HGLQWHUIDFHQRUPDOPRGHV1HJOHFWLQJ
GDPSLQJWKHSDUWLWLRQHGPDVVDQGVWLIIQHVVPDWULFHVFDQEHZULWWHQDV
p
M
Mib uሷ i
K
Kib ui
 ii
൨  ൨   ii
൨ ቂu ቃ   p i ൨

Mbi Mbb uሷ b
Kbi Kbb
b
b
%\VHWWLQJWKHERXQGDU\GLVSODFHPHQWVWR]HURLQ(TXDWLRQ  WKHIL[HGLQWHUIDFHQRUPDO
PRGHVDUHREWDLQHGE\WKHJHQHUDOL]HGHLJHQYDOXHSUREOHP
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൫Kii Ȃ Ȧj Mii ൯൛ϕi ൟ  



j

ZKHUHKii DQGMii DUHWKHLQWHULRUVWLIIQHVVDQGPDVVPDWULFHV7KHHLJHQYHFWRUVDUHQRUPDOL]HG
VR WKDWΦii 7 Mii Φii  Iii  ZKHUHΦii LV WKH FRPSOHWH VHW RI IL[HGLQWHUIDFH QRUPDO PRGHV 7KH
SK\VLFDOFRRUGLQDWHVFDQWKHQEHUHSUHVHQWHGDV
ui
Φ
Ψib qk

ቂu ቃ    ik
൨ ቂ ቃ  T&Ǧ% q
0
Ibb ub
b
b
ZKHUH WKH VXEVFULSW k GHQRWHV WKH NHSW IL[HGLQWHUIDFH QRUPDO PRGHV T&Ǧ% LV WKH &UDLJ
%DPSWRQWUDQVIRUPDWLRQPDWUL[qk LV WKHJHQHUDOL]HG FRRUGLQDWHV DQGሾΨib Ibb ሿ7 LV WKHFRQ
VWUDLQW PRGH PDWUL[ HTXLYDOHQW WR WKH *X\DQ UHGXFWLRQ EDVLV +HQFH WKH &UDLJ%DPSWRQ
PHWKRGFDQEHLQWHUSUHWHGDVDQH[WHQVLRQRIWKH*X\DQUHGXFWLRQZKHUHWKHQHJOHFWHGLQHUWLD
WHUPVDUHFRPSHQVDWHGE\LQFOXGLQJDVHWRIIL[HGLQWHUIDFHQRUPDOPRGHV
3.2 Craig-Bampton with Modal Truncation Augmentation
7KHIL[HGLQWHUIDFHQRUPDOPRGHVLQFOXGHGLQWKH&%UHGXFWLRQEDVLVFDQEHDXJPHQWHGE\
VRFDOOHGKLJKRUGHUVWDWLFFRUUHFWLRQPRGHVZKLFKFDQEHLQWHUSUHWHGDVDIRUPRIJHQHUDOL]D
WLRQRIWKH*X\DQVWDWLFPRGHV7KH&%PHWKRGZLWKVRFDOOHG0RGDO7UXQFDWLRQ$XJPHQWD
WLRQ 07$ LVSUHVHQWHGLQ>@
,IWKHLQWHUQDOIRUFHVDUH]HURWKHWRSURZRI(TXDWLRQ  FDQEHUHZULWWHQDV
Mii uሷ i Kii ui  ±Mib uሷ b ±Kib ub



+HQFHWKHVXEVWUXFWXUHFDQEHFRQVLGHUHGH[FLWHGE\LPSRVHGGLVSODFHPHQWVRQLWVERXQGDU\
)XUWKHUWKHLQWHUQDOGLVSODFHPHQWVFDQEHDSSUR[LPDWHGDV
ui  uiVWDW y

 

ZKHUHuiVWDW  ±Kii ± Kib ubLVWKHTXDVLVWDWLFVROXWLRQPRGLILHGE\WKHVHFRQGWHUPyWRREWDLQ
WKHG\QDPLFUHVSRQVHLHVLPLODUO\WRWKHZHOOHVWDEOLVKHGPRGHDFFHOHUDWLRQPHWKRGHJGH
VFULEHGLQ>@%\LQVHUWLQJ(TXDWLRQ  LQWR(TXDWLRQ  WKHG\QDPLFUHVSRQVHRIWKHUHOD
WLYHVROXWLRQLVJLYHQE\
Mii yሷ Kii y ±Mii uሷ iVWDW ±Mib uሷ b = Yuሷ b

 

ZKHUHY Mii Kii ± Kib ±Mib  ZKLFK FDQ EH LQWHUSUHWHG DV LQHUWLD IRUFHV DVVRFLDWHG WR VWDWLF
PRGHV>@7KLVSURFHGXUHFDQEHFRQWLQXHGE\UHSODFLQJyZLWKDTXDVLVWDWLFVROXWLRQDQGD
G\QDPLFFRUUHFWLRQ+HQFHDUHFXUVLYHSURFHGXUHLVREWDLQHGLQGLFDWLQJWKDWWKHG\QDPLFUH
VSRQVHFDQEHDSSUR[LPDWHGDV
n
±

±

j±

±

ui § ±Kii Kib ub  ൫±Kii Mii ൯ Kii Y
j 

Gj ub
Gtj

 

ZKHUHnLVWKHQXPEHURIVWDWLFFRUUHFWLRQV
$FFRUGLQJWR(TXDWLRQ  DG\QDPLFUHVSRQVHDQDO\VLVLVQRWLQFOXGHGLQWKHDSSUR[LPDWLRQ
+RZHYHULIDG\QDPLFDQDO\VLVLQFOXGLQJkHLJHQPRGHVKDVEHHQSHUIRUPHGSDUWRIWKHFRU
UHFWLRQVLVDOUHDG\FRQVLGHUHG7KHH[SUHVVLRQIRUWKHKLJKHURUGHUFRUUHFWLRQVFDQWKHQEHUH
ZULWWHQDV
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k

ui,cor.j § ቌKii

±

j
ϕr ϕr 7
± j± G ub
ቍ ൫±Mii Kii ൯ Y j
±
ωr
Gt

 

r 

ZKHUHZHXVHWKDWWKHLQYHUVHRIWKHVWLIIQHVVPDWUL[FDQEHH[SUHVVHGDV
N

۹ 

±

k

N

ϕr ϕ7r
ϕr ϕ7r
ϕr ϕ7r
=  =   
ωr
ωr
ωr
r 

r 

 

r k

ZKHUH N LV WKH WRWDO QXPEHU RI HLJHQPRGHV DQGϕr DQGω LV WKH HLJHQPRGH DQG HLJHQIUH
TXHQF\IRUPRGHr+HQFHWKHVSDFHDOUHDG\VSDQQHGE\WKHIL[HGLQWHUIDFHQRUPDOPRGHVLV
UHPRYHGIURPWKHFRUUHFWLRQV7KHWRWDOUHVSRQVHLVWKHQJLYHQE\
k

n

ui §  ϕr Tr +  uicorj
r 

 

j 
Gj u

ZKHUHuicorǤͲ  ± Kii ± Kib ub)XUWKHUPRUHWKHDPSOLWXGHV jbFDQEHWUHDWHGDVVHSDUDWH'2)V
Gt
LHLQVWHDGRIKLJK RUGHUFRUUHFWLRQVWKHPRGDOEDVLVLV DXJPHQWHGE\KLJKRUGHUFRUUHFWLRQ
modesDOVRUHIHUUHGWRDVIRUFHGHSHQGHQW5LW]YHFWRUVRU.U\ORYYHFWRUV+HQFHWKHjWKRUGHU
FRUUHFWLRQPRGHVLVJLYHQE\
k

icorǤ

ቌKii

±

ϕr ϕr 7
j±
ቍ ൫Mii Kii  ൯ Y
±

ωr

 

r 

1RWHWKDWWKHQXPEHURIYHFWRUVJHQHUDWHGLQHDFKLWHUDWLRQHTXDOVWKHQXPEHURIERXQGDU\
'2)VZK\WKHVXEVSDFHVSDQQHGE\WKHJHQHUDWHGYHFWRUVLVVRPHWLPHVUHIHUUHGWRDVDEORFN
.U\ORYVXEVSDFH>@7KHVWDWLFFRUUHFWLRQPRGHVDUHERWKPDVVDQGVWLIIQHVVRUWKRJRQDOWR
WKHIL[HGLQWHUIDFHQRUPDOPRGHV+RZHYHUWKH\DUHQRWPXWXDOO\RUWKRJRQDO7KLVFDQHJEH
DFKLHYHGE\VROYLQJDVPDOOHLJHQYDOXHSUREOHP
ሺ ܆cor KXcor ሻZ ሺࢄcor MXcor ሻZΛ

 

ZKHUH XFRU LV WKH FRUUHFWLRQ PRGH PDWUL[ 7KH HLJHQYHFWRUV DUH QRUPDOL]HG VR WKDW
Z7 ൫X7FRU MXFRU ൯Z IDQG WKH RUWKRQRUPDO EDVLV RI WKH FRUUHFWLRQ YHFWRUV LV WKHQ JLYHQ E\
෩ FRU  XFRU Z7KHUHODWLRQEHWZHHQWKHVXEVWUXFWXUHSK\VLFDO'2)VDQGWKHUHGXFHGFRRUGLQDWH
X
LVWKHQJLYHQE\
qk
ui
෩ cor Ψib
Φik X
 
ቂu ቃ   
൨ q ൩  T&Ǧ%ǡ  q
b
0bk 0b Ibb un
b
ZKHUHqn LVWKHDPSOLWXGHVRIWKHFRUUHFWLRQPRGHVDQGT&Ǧ%ǡ  LVWKH&%WUDQVIRUPDWLRQPD
WUL[DXJPHQWHGE\FRUUHFWLRQPRGHV
8VLQJWKHDERYHSURFHGXUHFRUUHFWLRQPRGHVDUHJHQHUDWHGEDVHGRQLQWHUIDFH H[FLWDWLRQ
8VLQJDVLPLODUSURFHGXUHWKHFRUUHFWLRQPRGHVRUVRFDOOHGIRUFHGHSHQGHQW5LW]YHFWRUVFDQ
DOVREHJHQHUDWHGEDVHGRQH[WHUQDOORDGVDSSOLHGWRWKHVXEVWUXFWXUHLQWHULRU'2)V
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3.3 Substructure coupling procedures
6LQFHWKHSK\VLFDOERXQGDU\'2)VDUHSUHVHUYHGLQWKH&%UHGXFWLRQSURFHVVWKHDVVHPEO\
PHWKRGLVVWUDLJKWIRUZDUGKHQFHHDFKVXEVWUXFWXUHFDQEHWUHDWHGDVDVXSHUHOHPHQW+RZHYHU
WKHVXEVWUXFWXUHVFDQHLWKHUEHDVVHPEOHGE\HOLPLQDWLQJRQHVHWRILQWHUIDFH'2)VDVRFDOOHG
primalDVVHPEOHGV\VWHPRUVRWKDWDOOLQWHUIDFH'2)VDUHSUHVHUYHGDVRFDOOHGdualDVVHP
EOHGV\VWHP
7KHEORFNGLDJRQDOV\VWHPPDWULFHVIRUDVWUXFWXUHFRQVLVWLQJRINsVXEVWUXFWXUHVDUHJLYHQ
E\
M GLDJ M s 

C GLDJ C s 

K GLDJ K s



ZKHUHMCDQGKKDYHVL]HnînDQGWKHVXSHUVFULSWsLVWKHVXEVWUXFWXUHODEHO7KHHTXDWLRQ
RIPRWLRQFDQWKHQEHZULWWHQDV
 

Muሷሷ Cuሶሶ Ku p

ZKHUHܝLVWKHnîJOREDOGLVSODFHPHQWYHFWRULQFOXGLQJDOO'2)VDWWKHLQWHUIDFHVEHWZHHQ
VXEVWUXFWXUHV $VVXPLQJ FRPSDWLEOH PHVKHV FRQVWUDLQWV HQIRUFHG EHWZHHQ VXEVWUXFWXUHV IRU
s
s
LQGLYLGXDO'2)SDLUVHJXi   Xj  FDQEHZULWWHQLQPDWUL[IRUP
Bu

 

0

ZKHUHWKHFRQVWUDLQWPDWUL[B LVDVLJQHG%RROHDQPDWUL[ZLWKVL]HmînZKHUHmLVWKHQXPEHU
RIFRQVWUDLQWVDQGnLVWKHWRWDOQXPEHURI'2)V
$VHJVKRZQLQ >@ D SULPDO DVVHPEO\ FDQEH HQIRUFHGE\ XVLQJ WKH VRFDOOHG %RROHDQ
ORFDOL]DWLRQPDWUL[LIRXQGE\FRPSXWLQJWKHQXOOVSDFHIRUBLH
L

 

1XOO B 

7KHUHODWLRQEHWZHHQWKHJOREDOGLVSODFHPHQWYHFWRUDQGDGLVSODFHPHQWYHFWRUZLWKDXQLTXH
VHWRILQWHUIDFH'2)VuP LVWKHQJLYHQE\
u

 

LuP 

%\LQVHUWLQJ(TXDWLRQ  LQ(TXDWLRQ  DQGSUHPXOWLSO\LQJZLWKL7 WKHHTXDWLRQRIPRWLRQ
IRUWKHSULPDODVVHPEOHGV\VWHPLVJLYHQE\
MP uሷ P CP uሶ P KP uP =pP

 

ZKHUH
MP =L7 ML

CP =L7 CL

KP =L7 KL

pP W =L7 p

 

7KHQXPEHURI'2)VLQWKHSULPDODVVHPEOHGV\VWHPLVWKXVnP n± mDQGDFFRUGLQJO\WKH
VL]HRIMP CP KP LV>nPînP@DQGpP LV>nPî@
,QVWHDGRIHOLPLQDWLQJRQHVHWRI'2)VDGXDODVVHPEOHGV\VWHPFDQEHDFKLHYHGE\HQIRUF
LQJWKHLQWHUIDFHFRQVWUDLQWVXVLQJ/DJUDQJHPXOWLSOLHUVλ7KHV\VWHPRIHTXDWLRQVFDQWKHQEH
ZULWWHQDV
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7 u
p
M 0 uሷ
C 0 uሶ
 
ቂ
ቃቂ ቃቂ
ቃ ቂ ቃ  K B ൨ ቂ ቃ ቂ ቃ
0
0 0 λ
0 0 λ
B 0 λ
WKXVSUHVHUYLQJDOOLQWHUIDFH'2)V>@ 1RWHWKDWλFDQEHLQWHUSUHWHGDV DQLQWHUIDFHIRUFH
YHFWRULHWKHIRUFHVUHTXLUHGWRHQIRUFHHTXDOGLVSODFHPHQWVIRULQWHUIDFH'2)SDLUV
$GXDODVVHPEOHGV\VWHPFDQDOVREHHQIRUFHGXVLQJWKHSHQDOW\PHWKRGHJH[SUHVVHGDV

Muሷሷ Cuሶሶ (KĮB7 B)u p

 

ZKHUHȽLVWKHSHQDOW\VWLIIQHVVFKRVHQVXIILFLHQWO\ODUJHVRWKDW۰ ܝൎ >@1RWHWKDWWKLV
DSSURDFKFRUUHVSRQGVWRDGGLQJVWLIIVSULQJVEHWZHHQWKHFRQVWUDLQHG'2)V
7KHSUHIHUUHGDVVHPEO\PHWKRGRUFRQVWUDLQWHQIRUFHPHQWPHWKRGGHSHQGRQVHYHUDOIDF
WRUVVXFKDVWKHDQDO\VLVW\SHWKHRXWSXWGDWDRILQWHUHVWHGHWF
4

TIME-STEPPING METHOD FOR STRUCTURES WITH RIGID–PERFECTLY
PLASTIC JOINTS

6LPSOLILHGPRGHOVDUHRIWHQXVHGIRUGHVLJQRIFRQFUHWHVWUXFWXUHVZKHUHOLQHDUHODVWLFEHDP
HOHPHQWVDUHFRPELQHGZLWKSUHGHILQHGGLVFUHWHSODVWLFKLQJHVDSSUR[LPDWHGDVULJLG±SHUIHFWO\
SODVWLF7RHQIRUFHDULJLG±SHUIHFWO\SODVWLFFRXSOLQJEHWZHHQWZR'2)VQDPHO\WKHURWDWLRQDO
'2)VDWWKHSODVWLFKLQJHVRQHDOWHUQDWLYHLVWRXWLOL]HWKHSHQDOW\PHWKRGLHE\LQWURGXFLQJ
DVWLIIHODVWLF±SHUIHFWO\SODVWLFURWDWLRQDOVSULQJ+RZHYHURQHREYLRXVSUREOHPZKHQXVLQJWKH
SHQDOW\PHWKRGLV WR FKRRVHDVXLWDEOHSHQDOW\VWLIIQHVV²LILWLV WRR ORZ WKHUHVXOWV ZLOOEH
LQDFFXUDWHDQGLILWLV WRRODUJHWKHV\VWHP HTXDWLRQV ZLOOEHLOOFRQGLWLRQHGZLWK UHVSHFW WR
LQYHUVLRQ)XUWKHUPRUHWKHKLJKHVWHLJHQIUHTXHQF\RIWKHV\VWHPFDQEHH[SHFWHGWRLQFUHDVH
VLJQLILFDQWO\ZKLFKFDQUHVXOWLQDYHU\VPDOOFULWLFDOWLPHLQFUHPHQWVL]HLQFRQGLWLRQDOO\VWDEOH
WLPHLQWHJUDWLRQVFKHPHV
$QRWKHU DOWHUQDWLYH LV WR VHW XS D GXDO DVVHPEOHG V\VWHP DFFRUGLQJ WR (TXDWLRQ   DQG
VHWWLQJDPD[LPXPYDOXHFRUUHVSRQGLQJWRWKHSODVWLFPRPHQWIRUWKH/DJUDQJHPXOWLSOLHUV
7KH/DJUDQJHPXOWLSOLHUVZLOOWKHQEHHLWKHUNQRZQLHWUHDWHGDVH[WHUQDOIRUFHVHTXDOWRWKH
SODVWLF PRPHQWV RU XQNQRZQ +RZHYHU HQVXULQJ VWDELOLW\ IRU D V\VWHP LQFOXGLQJ /DJUDQJH
PXOWLSOLHUVIRUVRFDOOHG'LIIHUHQWLDO$OJHEUDLF(TXDWLRQV '$(V LVRIWHQIRXQGWREHSURE
OHPDWLFLQGLUHFWWLPHLQWHJUDWLRQRIGXDODVVHPEOHGV\VWHPV)RUH[DPSOHDVWDQGDUG1HZPDUN
WLPHLQWHJUDWLRQVFKHPHDVVXPLQJFRQVWDQWDYHUDJHDFFHOHUDWLRQVLVLQWKLVFDVHXQFRQGLWLRQ
DOO\XQVWDEOH+RZHYHUPHWKRGVWRHQVXUHVWDELOLW\H[LVWVHHHJ>@1RQHWKHOHVVWKHDYDLOD
EOHWLPHLQWHJUDWLRQVFKHPHVDUHVRPHZKDWOLPLWHG
,QVWHDGRIXVLQJDSXUHGXDORUSULPDOIRUPXODWLRQDPHWKRGRORJ\LVSURSRVHGZKHUHWKH
V\VWHPLVUHDVVHPEOHGZKHQ\LHOGLQJRIWKHULJLG±SHUIHFWO\SODVWLFKLQJHVVWDUWVRUVWRSV6XFK
DSURFHGXUHLPSOLHVWKDWWKHQRQOLQHDUDQDO\VLVLVSHUIRUPHGDVDVHULHVRIOLQHDUDQDO\VHV+HQFH
WKHSODVWLFKLQJHVDUHHLWKHUPRGHOHGDVIL[HGE\HOLPLQDWLQJRQHRIWKHURWDWLRQDO'2)VRUDV
H[WHUQDOPRPHQWVDSSOLHGRQERWKURWDWLRQDO'2)VDWWKHSODVWLFKLQJHV7KLVDSSURDFKFDQEH
H[SHFWHGWREHSDUWLFXODUO\VXLWDEOHIRUV\VWHPVFRQVLVWLQJRIUHGXFHGVXEVWUXFWXUHVZLWKDOLP
LWHGQXPEHURISODVWLFKLQJHV7KHFULWLFDOWLPHLQFUHPHQWLVWKHQUHODWHGWRWKHKLJKHVWHLJHQ
IUHTXHQF\RIWKHDVVHPEOHGVXEVWUXFWXUHVZKLFKLQWXUQKDYHDOUHDG\EHHQUHGXFHGE\DPRGDO
WUXQFDWLRQRQWKHVXEVWUXFWXUHOHYHOUHPRYLQJWKHKLJKIUHTXHQF\FRQWHQW)XUWKHUPRUHKLJK
IUHTXHQF\QRLVHLQGXFHGE\SHQDOW\HOHPHQWVLVDYRLGHG
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4.1 Time-stepping algorithm
6WDUWLQJZLWK WKHV\VWHPLQ (TXDWLRQ  D m î n VLJQHG%RROHDQPDWUL[BFDQEHFRQ
VWUXFWHGWRGHILQHDOOWKHLQWHUIDFHFRXSOLQJVEHWZHHQWKHVXEVWUXFWXUHV7KHFRXSOLQJVFDQHLWKHU
EHIL[HGFRQVWUDLQWVRUULJLG±SHUIHFWO\SODVWLFFRXSOLQJV7KHPDWUL[LVWKHQSDUWLWLRQHGDV
Br
B  Bc 
By

 

ZKHUHBr GHILQHVmrFRQVWUDLQWV RUERXQGDU\FRQGLWLRQV WKDWDUHQRWOLPLWHGE\D\LHOGIRUFH
HJ WKH WUDQVODWLRQDO '2)V DW D SODVWLF KLQJHBc GHILQHV WKH mc ULJLG±SODVWLF FRXSOLQJV QRW
\LHOGLQJDQGB GHILQHVWKHmyULJLG±SODVWLFFRXSOLQJVFXUUHQWO\\LHOGLQJ+HQFHWKH%RROHDQ
PDWULFHV۰ DQG۰௬ PXVWEHXSGDWHGLQDWLPHVWHSSLQJVFKHPH7KHFRQVWUDLQWVGHILQHGE\Br 
DUHHQIRUFHGXVLQJDSULPDOIRUPXODWLRQEHIRUHWKHWLPHVWHSSLQJLVLQLWLDOL]HGKHQFHE\HOLPL
QDWLQJmrLQWHUIDFH'2)V7KHHTXDWLRQRIPRWLRQIRUWKHDVVHPEOHGV\VWHPFDQWKHQEHZULWWHQ
DV
 uሶ r K
 uሷ r + C
 ur  pො
M

 

ZKHUH
 = L7r MLr 
M

 = L7r CLr 
C

 = L7r KLr 
K

pො = L7r p

 

DQGZKHUHWKH%RROHDQORFDOL]DWLRQPDWUL[Lr =1XOO Br 7RVLPSOLI\WKHLPSOHPHQWDWLRQWKH
HOLPLQDWHG'2)VDUHWKHQUHPRYHGIURPWKHPDWULFHVBc DQG By LHE\UHPRYLQJWKHFRUUH
 c DQG B
 y LV WKHQ
VSRQGLQJ mr FROXPQV FRQWDLQLQJ ]HURV 7KH VL]H RI WKH XSGDWHG PDWULFHVB
 c
mcî n± mr DQGmyî n± mr UHVSHFWLYHO\$WWKHLQLWLDOVWDJHWKHFRXSOLQJVGHILQHGE\B
i
 c $WHDFKWLPHLQFUHPHQWt WKH
LVHQIRUFHGLQWKHVDPHPDQQHUE\FRPSXWLQJLc = 1XOO B
i
LQWHUIDFHIRUFHVλ LVFRPSXWHGIURPWKHH[SUHVVLRQ
 Lc uሶ c i ± K
 7c λ i = pො i ±M
 Lc uሷ c i ± C
 Lc u c i
B

 

ZKHUHWKHUHODWLRQur =Lc uc KDVEHHQDSSOLHG,IWKHLQWHUIDFHIRUFHIRUDFRXSOLQJLVODUJHUWKDQ
 y DUHXSGDWHGLHWKHURZLQB
 c GHILQ
 c DQGB
WKHVSHFLILHG\LHOGIRUFHWKH%RROHDQPDWULFHVB
 y 7KHUHDIWHUWKHV\VWHPLVUHDVVHPEOHGE\FRPSXWLQJWKHORFDO
LQJWKHFRXSOLQJLVPRYHGWRB
 c DQGDSSO\LQJLWWR(TXDWLRQ  7KHFRXSOLQJVFXUUHQWO\\LHOGLQJ
L]DWLRQPDWUL[Lc =1XOO B
DUHWKHQFRQVLGHUHGE\DGGLQJWKH\LHOGIRUFHVDVH[WHUQDOORDGVKHQFH
 Lc uሶ c i  L7c K
 y7 fy ൯
 Lc uሷ c i  L7c C
 Lc uc i =L7c ൫pො i ±۰
L7c M

 

ZKHUHfy LVDmyîYHFWRUFRQWDLQLQJWKHVSHFLILHG\LHOGIRUFHV8QORDGLQJRIWKHmyFRXSOLQJV
FXUUHQWO\\LHOGLQJLVGHWHFWHGE\FKHFNLQJWKHUHODWLYHYHORFLW\VLJQLHLI
 y uሶ r i ൟ ቁ ≠ VLJQ ቀ൛B
 y uሶ r i ൟ ቁ
VLJQ ቀ൛B
j

j

 

 y uሶ r ,IXQORDGLQJRFFXUVWKHV\VWHP
ZKHUHVXEVFULSWjGHQRWHVDQHOHPHQWRIWKHFROXPQYHFWRUB
 y WRB
 c FRPSXWLQJWKHORFDOL]DWLRQPDWUL[Lc =1XOO B
 c DQG
LVXSGDWHGE\PRYLQJURZVIURPB
DSSO\LQJLWWR(TXDWLRQ  
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7KHWLPHLQWHJUDWLRQEHWZHHQWKHV\VWHPXSGDWHVFDQEHSHUIRUPHGLQDVWDQGDUGPDQQHUE\
WKH1HZPDUNβPHWKRGDVHJGHVFULEHGLQ>@+RZHYHUIRUDQRQOLQHDUV\VWHPLQFOXGLQJ
ERWKHODVWLFDQGSODVWLFGHIRUPDWLRQVLWLVFRQYHQLHQWWRXVHLQFUHPHQWDOTXDQWLWLHV
¨u i  u i Ȃ u i  ¨u i  u i Ȃ u i  ¨uሷ i  uሷ

i

ሺiሻ

±uሷ 

¨p i  p i ±p i

 

,QIDFWWKHWLPHVWHSSLQJDOJRULWKPLVFRQVWUXFWHGVRWKDWWKHFRPSXWHGLQFUHPHQWDOGLVSODFH
PHQWVDUHDOZD\VWUDQVIRUPHGDQGDSSHQGHGWR
 WKXV
ur i  ur i Lc ¨uc i

 

&RQVHTXHQWO\WKHGLVSODFHPHQWYHFWRUQHHGQRWWREHWUDQVIRUPHGDWWKHV\VWHPXSGDWHV0HUJ
LQJ'2)SDLUVLQFRXSOLQJVZKHUH\LHOGLQJLVVWRSSHGZRXOGFHUWDLQO\EHDQDPELJXRXVRSHUD
WLRQVLQFHWKHGLVSODFHPHQWLQHDFK'2)LQJHQHUDOZLOOGLIIHU
8SRQ\LHOGLQJWKHV\VWHPLVXSGDWHGVRWKDWFRXSOLQJVZKHUH\LHOGLQJLVLQLWLDWHGDUHUH
OHDVHG7KHLQWHUSUHWDWLRQRIWKLVXSGDWHLVVWUDLJKWIRUZDUGVLQFHWKHLQLWLDOVWDWHRIWKHSK\VLFDO
TXDQWLWLHV LHGLVSODFHPHQWVYHORFLWLHVDFFHOHUDWLRQV LQWKHQHZFRQILJXUDWLRQLVZHOOGHILQHG
E\WKHSUHYLRXVVWDWH,I\LHOGLQJLVVWRSSHGULJLGFRXSOLQJVDUHHQIRUFHGE\HOLPLQDWLQJRQHVHW
RILQWHUIDFH'2)V7KHYHORFLWLHVIRUWKHFRQVWUDLQHG'2)VDUHE\GHILQLWLRQHTXDOZKHQXQ
ORDGLQJ LV GHWHFWHG DQG LW LV WKXV VWUDLJKWIRUZDUG WR HOLPLQDWH RQH VHW RI '2)V 7KH LQLWLDO
DFFHOHUDWLRQLQWKHXSGDWHGV\VWHPLVFRPSXWHGDV
±
 uሶ r i ±K
 Lc ൯ L7c ቀpො i ±B
 7y fy ±C
 ur i ቁ
uሷ c i  ൫L7c M

 

1RWHWKDWWKHWLPHLQFUHPHQWEHWZHHQV\VWHPXSGDWHV¨t i  t i ±tሺi±ሻLV]HUR+HQFHWKH
YHORFLWLHVDQGGHIRUPDWLRQVDUHHTXDOLQLQFUHPHQWiDQGi ±+RZHYHUWKHDFFHOHUDWLRQVDUH
FKDQJHGDWWKHV\VWHPXSGDWHVLQDFFRUGDQFHZLWK(TXDWLRQ  (YHQWKRXJKDQLQVWDQWDQHRXV
FKDQJHRIWKHDFFHOHUDWLRQVPLJKWVHHPXQUHDVRQDEOHWKLVLVDFRQVHTXHQFHRIWKHXQSK\VLFDO
DVVXPSWLRQRIDSHUIHFWO\ULJLGFRQQHFWLRQZKLFKKRZHYHUFDQEHDYHU\XVHIXODSSUR[LPDWLRQ
LQSDUWLFXODUZKHQPRGHOLQJSODVWLFKLQJHVLQEHDP±FROXPQVWUXFWXUHV)XUWKHUPRUHLWVKRXOG
EHQRWHGWKDWERWKWKHVWUDLQDQGNLQHWLFHQHUJ\LVSUHVHUYHG
4.2 Remarks on performance and accuracy
,Q FRQWUDVW WR D FRQYHQWLRQDO LPSOLFLW GLUHFW WLPH LQWHJUDWLRQ WKH SURSRVHG WLPHVWHSSLQJ
VFKHPHDVSUHVHQWHGDERYHLVDQRQLWHUDWLYHSURFHGXUH+RZHYHULQJHQHUDODQDGMXVWPHQWRI
WKHODVWLQFUHPHQWVL]HEHIRUHDV\VWHPXSGDWHLVQHHGHGWRHQVXUHWKDWWKHV\VWHPLVXSGDWHG
MXVWEHIRUH\LHOGLQJVWDUWRUVWRS7KLVDGMXVWPHQWFDQEHVHWXSLQDQLWHUDWLYHIDVKLRQ
,IWKHV\VWHPFRQVLVWVRIUHGXFHGVXEVWUXFWXUHVWKHFULWLFDOWLPHLQFUHPHQWLQDFRQGLWLRQDOO\
VWDEOHWLPHLQWHJUDWLRQVFKHPHFDQEHH[SHFWHGWREHUHDVRQDEO\ODUJHVLQFHWKHKLJKIUHTXHQF\
FRQWHQWKDVEHHQUHPRYHGLQWKHUHGXFWLRQSURFHVVRQWKHVXEVWUXFWXUHOHYHO7KHWLPHLQFUHPHQW
VL]HSUHVFULEHGLQWKHDQDO\VLVLVWKHQLQVWHDGJRYHUQHGE\WKHSUHFLVLRQRIWKHUHTXHVWHGWLPH
KLVWRULHV &RQVHTXHQWO\ WKH 1HZPDUN SDUDPHWHUV FDQ EH RSWLPL]HG WR LQFUHDVH WKH DQDO\VLV
DFFXUDF\ RUSHUIRUPDQFH UDWKHUWKDQWRHQVXUHVWDELOLW\)RUH[DPSOHVHWWLQJWKHSDUDPHWHUV
WRβ DQGγ HQVXUHVIRUWKRUGHUDFFXUDF\DQGβ DQGγ HQDEOHVWKHH[SOLFLW
FHQWUDOGLIIHUHQFHVFKHPH>@)XUWKHUPRUHLIWKHV\VWHPDWKDQGLVUHODWLYHO\VPDOODQGLIWKH
QXPEHURIV\VWHPXSGDWHVFDQEHDVVXPHGUDWKHUOLPLWHG WKHFULWLFDOWLPHLQFUHPHQWFDQEH
XSGDWHGEDVHGRQDQHLJHQYDOXHDQDO\VLVRIWKHXSGDWHGV\VWHP+RZHYHUDQDOWHUQDWLYHLVWR
SUHVFULEHDFRQVHUYDWLYHWLPHLQFUHPHQWDQGWKHUHE\VNLSWKLVFKHFN
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5

NUMERICAL EXAMPLE: CONCRETE FRAME SUBJECTED TO BLAST
LOADING

$FRQFUHWHIUDPHVWUXFWXUHVXEMHFWHGWREODVWORDGLQJLVVWXGLHGWRGHPRQVWUDWHWKHGLVFXVVHG
VXEVWUXFWXULQJDQGWLPHVWHSSLQJPHWKRG7KHG\QDPLFUHVSRQVHLVFRPSXWHGXVLQJDVLPSOLILHG
WZRGLPHQVLRQDOPRGHOVXLWDEOHLQDFRQFHSWXDOGHVLJQSKDVH9DULRXVVWUDWHJLHVWRUHGXFHWKH
PRGHOE\XVHRI'6DUHLQYHVWLJDWHGERWKLQWHUPVRIDFFXUDF\DQGFRPSXWDWLRQDOO\HIILFLHQF\
LHQXPEHURI'2)V )RFXVLVSULPDULO\RQHYDOXDWLQJ'6WHFKQLTXHVDSSOLHGWRWKHODWHUDO
ORDGEHDULQJVWUXFWXUHWKDWLVQRWVXEMHFWHGWRH[WHUQDOORDGLQJLHWKHVXSSRUWLQJVWUXFWXUHFRQ
VLVWLQJRIWKHKRUL]RQWDOEHDPDQGWKHULJKWFROXPQDVVKRZQLQ)LJXUHD7KHG\QDPLFUH
VSRQVHLVFRPSXWHGXVLQJWKHWLPHVWHSSLQJVFKHPHSURSRVHGLQ6HFWLRQ)XUWKHUPRUHWKH
KLJKHVWHLJHQIUHTXHQF\ZKLFKLVUHODWHGWRWKHFULWLFDOLQFUHPHQWVL]HLQFRQGLWLRQDOO\VWDEOH
WLPHLQWHJUDWLRQVFKHPHVLVHYDOXDWHGIRUWKHUHGXFHGPRGHOV
7KH FRQFUHWH IUDPH LV VXEMHFWHG WR D XQLIRUPO\ GLVWULEXWHG UHIOHFWHG LPSXOVH SUHVVXUH RI
3DÂVDVVKRZQLQ)LJXUHD7KHSXOVHLVDSSUR[LPDWHGE\DQHTXLYDOHQWWULDQJXODUSXOVH
ZLWKDILFWLWLRXVGXUDWLRQRIPVDQGDSHDNUHIOHFWHGSUHVVXUHRIN3DDWt V7KHOHQJWK
RIWKHIUDPHPHPEHUVLVPDQGWKHFURVVVHFWLRQZLGWKDQGKHLJKWIRUWKHFROXPQVDVZHOODV
WKHKRUL]RQWDOEHDPDUHPPDQGPPUHVSHFWLYHO\<RXQJ¶VPRGXOXVIRUFRQFUHWHLV
VHWWR*3DDQGWKHGHQVLW\IRUUHLQIRUFHGFRQFUHWHLVVHWWRNJP7KHXOWLPDWHPRPHQW
FDSDFLW\IRUWKHFROXPQVDQGWKHKRUL]RQWDOEHDPLVVHWWRN1P
5.1 Frame structure model reduced by dynamic substructuring
7KHIUDPHVWUXFWXUHLVDQDO\]HGZLWKDWZRGLPHQVLRQDOEHDPPRGHO7KHSRVLWLRQVRISRV
VLEOH SODVWLF KLQJHV DUH SUHGHILQHG DQG DSSUR[LPDWHG DV ILYH GLVFUHWH ULJLG±SHUIHFWO\ SODVWLF
MRLQWVDVVKRZQLQ)LJXUHE<LHOGLQJRIWKHIUDPHFRUQHUVDUHDSSUR[LPDWHGE\RQHGLVWLQFW
SODVWLFKLQJHLH-RLQWVDQGUHVSHFWLYHO\+RZHYHULWVKRXOGEHQRWHGWKDWDPRUHDFFXUDWH
DSSUR[LPDWLRQFDQEHDFKLHYHGE\PRGHOLQJWKHFRUQHUVDVVHSDUDWHVXEVWUXFWXUHV0RUHRYHU
VHYHUDOHIIHFWVDUHQHJOHFWHGLQWKHDQDO\VLVHJFDWHQDU\HIIHFWVUHGXFHGVWLIIQHVVGXHWRFRQ
FUHWHFUDFNLQJHWF1HYHUWKHOHVVWKHPRGHOLVVXLWDEOHIRUVWXG\LQJGLIIHUHQW'6WHFKQLTXHVDQG
WRHYDOXDWHWKHHIILFLHQF\RIWKHSURSRVHGWLPHVWHSSLQJPHWKRG







D


E

)LJXUH&RQFUHWHIUDPHVWUXFWXUHVXEMHFWHGWREODVWORDGLQJ D DQGORFDWLRQVDQGODEHOLQJRISODVWLFKLQJHV E 
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)LJXUH%RXQGDU\'2)VDQGQXPEHULQJRIVXEVWUXFWXUHV

7KHVWUXFWXUHLVGLYLGHGLQWRWKUHHVXEVWUXFWXUHVDVVKRZQLQ)LJXUH(DFKVXEVWUXFWXUHLV
PRGHOHGE\(XOHU±%HUQRXOOLWZRQRGHEHDPHOHPHQWV6L[LQWHUIDFH'2)VDUHUHWDLQHGIRU
6XEVWUXFWXUHVDQGQDPHO\WKHWUDQVODWLRQDODQGURWDWLRQDO'2)VDWWKHEHDPHQGV%\VH
OHFWLQJWKHVHERXQGDU\'2)VWKHIL[HGLQWHUIDFHQRUPDOPRGHVZLOOEHWKHH[DFWPRGHVKDSHV
RIDIL[HG±IL[HGEHDP)XUWKHUHLJKWERXQGDU\'2)VDUHUHWDLQHGIRU6XEVWUXFWXUHQDPHO\
WKHWUDQVODWLRQDODQGURWDWLRQDO'2)VDWWKHWRSDQGERWWRPDQGWKHURWDWLRQDO'2)VDWWKHMRLQW
SRVLWLRQHGDWPLGVSDQ%\VHOHFWLQJWKHVHERXQGDU\'2)VWKHIL[HGLQWHUIDFHQRUPDOPRGHV
ZLOO LQFOXGH WKH H[DFW V\PPHWULF PRGHV IRU D IL[HG±IL[HG EHDP ZKHUHDV WKH DQWLV\PPHWULF
PRGHVZLOOEHDIIHFWHGE\WKHFRQVWUDLQHGURWDWLRQDO'2)VDWPLGVSDQ7KHIL[HGLQWHUIDFHQRU
PDOPRGHVDQGWKHFRQVWUDLQWPRGHVLQFOXGHGLQWKHUHGXFWLRQEDVLVIRU6XEVWUXFWXUHLVVKRZQ
LQ)LJXUHVDQG1RWHWKDWWKHDQWLV\PPHWULFPRGHVIRUDIL[HG±IL[HGEHDPDUHQRWH[FLWHG
E\DXQLIRUPO\GLVWULEXWHGORDG+RZHYHUVLQFH6XEVWUXFWXUHLVQRWIXOO\VXSSRUWHGDWWKHWRS
VRPHDQWLV\PPHWULFQRUPDOPRGHV PRGHVDQG DUHLQFOXGHGLQWKHUHGXFWLRQEDVLV

)LJXUH6XEVWUXFWXUH±IL[HGLQWHUIDFHQRUPDOPRGHV
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)LJXUH6XEVWUXFWXUH±FRQVWUDLQWPRGHV

'XULQJDG\QDPLFUHVSRQVHDQDO\VLVWKHSUHGHILQHGSODVWLFKLQJHVFDQEHHLWKHUIL[HGRU
IUHHLHQRQ\LHOGLQJRU\LHOGLQJ$WRWDORIILYHSUHGHILQHGSODVWLFKLQJHVDUHLQFOXGHGLQWKH
PRGHOZKLFKLPSOLHVWKDWDUHVSRQVHDQDO\VLVFDQLQFOXGHXSWRWHQGLIIHUHQWV\VWHPFRQILJXUD
WLRQV+RZHYHUWRJHWDURXJKHVWLPDWHRIWKHUHGXFHGPRGHODFFXUDF\WZRFRQILJXUDWLRQVDUH
HYDOXDWHG²ZKHUHDOOMRLQWVDUHHLWKHUIL[HGRUIUHHUHVSHFWLYHO\
7KHHLJHQIUHTXHQFLHVIRUWKHDVVHPEOHGUHGXFHGV\VWHPVDUHHYDOXDWHGE\FRPSXWLQJWKHVR
หൗffull

FDOOHGQRUPDOL]HGUHODWLYHIUHTXHQF\GLIIHUHQFH 15)' JLYHQE\15)'  หfired Ȃffull
i
i
WKDWUHODWHWKHHLJHQIUHTXHQFLHVRIWKHUHGXFHGV\VWHPWRWKRVHRIWKHIXOOV\VWHP$VSUHYLRXVO\
GHVFULEHGWKHUHGXFWLRQEDVLVIRU6XEVWUXFWXUHLQFOXGHVWKHIL[HGLQWHUIDFHQRUPDOPRGHVDQG
FRQVWUDLQW PRGHV VKRZQ LQ )LJXUHV  DQG  UHVSHFWLYHO\ )LYH GLIIHUHQW UHGXFWLRQ EDVHV IRU
6XEVWUXFWXUHVDQGDUHHYDOXDWHG8VLQJDVWDQGDUG&%DSSURDFKUHGXFWLRQLVSHUIRUPHG
LQFOXGLQJ WZRRUIRXUIL[HGLQWHUIDFHQRUPDO PRGHV)XUWKHUPRUHUHGXFWLRQ EDVHV LQFOXGLQJ
WZRRUIRXUFRUUHFWLRQPRGHVDVGHVFULEHGLQ6HFWLRQDUHHYDOXDWHG7KHFRUUHFWLRQPRGHV
DUHJHQHUDWHGEDVHGRQWKHFRQVWUDLQWPRGHVDVVRFLDWHGWRWKHURWDWLRQDOERXQGDU\'2)VDWWKH
EHDPHQGV+HQFHWZRPRGHVDUHJHQHUDWHGE\FRPSXWLQJDVHWRIILUVWRUGHUFRUUHFWLRQPRGHV
DQGWZRDGGLWLRQDOPRGHVDUHJHQHUDWHGE\FRPSXWLQJDVHWRIVHFRQGRUGHUFRUUHFWLRQPRGHV
,QDGGLWLRQWKHDFFXUDF\RIDUHGXFWLRQEDVLVLQFOXGLQJERWKIRXUIL[HGLQWHUIDFHQRUPDOPRGHV
DQGWZRILUVWRUGHUFRUUHFWLRQPRGHVLVHYDOXDWHG7KHDQDO\]HGPRGHOVDUHVXPPDUL]HGLQ7D
EOH

0RGHOQDPH
1RUPDOPRGHV &RUUHFWLRQPRGHV 1RRI'2)V
0RGH



&RUVW

îVW

0RGH



VW QG
VW
QG
&RU  

î î 

0RGH&RUVW 
îVW

)XOOPRGHO






&RUUHFWLRQPRGHVDVVRFLDWHGWRURWDWLRQDOERXQGDU\'2)V 
7RWDOQXPEHURI'2)VIRUPRGHOZLWKIL[HGMRLQWV



7DEOH1RUPDOPRGHVDQGFRUUHFWLRQPRGHVIRU6XEVWUXFWXUHVDQG
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7KHFRPSXWHG15)'YDOXHVDUHVKRZQLQ)LJXUHVDQG$VVKRZQLQWKHILJXUHVDWOHDVW
WKHILUVWVHYHQIUHHDQGIL[HGJOREDOPRGHVUHVSHFWLYHO\DUHZHOOGHVFULEHGE\DOOWKHHYDOXDWHG
UHGXFHGPRGHOVPHDVXUHGDV15)'+RZHYHUWRLQFUHDVHWKHSUHFLVLRQIRUKLJKHURUGHU
PRGHVWKHFRQVWUDLQWPRGHVLQ6XEVWUXFWXUHVDQGQHHGWREHFRPSOHPHQWHGE\DWOHDVWIRXU
PRGHV +RZHYHU LQFUHDVLQJ WKH QXPEHU RI IL[HGLQWHUIDFH QRUPDO PRGHV DQGRU FRUUHFWLRQ
PRGHVLQWKHUHGXFWLRQEDVLVUHVXOWLQDGGLWLRQDOJHQHUDOL]HG'2)VLQWKHUHGXFHGV\VWHPKHQFH
LQFUHDVLQJWKHFRPSXWDWLRQDOFRVW0RUHRYHUWKHDFFXUDF\ZKHQXVLQJFRUUHFWLRQPRGHVDQG
QRUPDOPRGHVDUHFRPSDUDEO\DVORQJDVWKHVDPHQXPEHURIPRGHVDUHLQFOXGHGLQWKHUHGXF
WLRQEDVLV

)LJXUH15)'YDOXHVIRUV\VWHPVZLWKXQFRQVWUDLQHGURWDWLRQVDWMRLQWV

)LJXUH15)'YDOXHVIRUV\VWHPVZLWKFRQVWUDLQHGURWDWLRQVDWMRLQWV
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)LJXUH)DLOXUHPRGHVVSDQQHGE\ULJLGERG\PRGHV

1RWHWKDWWKH15)'YDOXHLVQRWFRPSXWHGIRUWKHILUVWWZRHLJHQPRGHVIRUWKHV\VWHPVZLWK
IUHHURWDWLRQVDWWKHMRLQWV7KLVLVGXHWRWKDWWKHILUVWWZRPRGHVDUHULJLGERG\PRGHVZLWK
]HURIUHTXHQF\%\SURSHUO\VFDOLQJRIWKHULJLGERG\PRGHVWKHIDLOXUHPRGHVVKRZQLQ)LJ
XUHDUHREWDLQHG
5.2 Dynamic response analysis and results
7KHG\QDPLFUHVSRQVH LV FRPSXWHG IRU WKH UHGXFHGV\VWHP ZKHUHWKH UHGXFWLRQEDVLVIRU
6XEVWUXFWXUHVDQGLQFOXGHVIRXUQRUPDOPRGHVDQGWZRILUVWRUGHUFRUUHFWLRQPRGHV$JDLQ
WKHUHGXFWLRQEDVLVIRU6XEVWUXFWXUHLQFOXGHVWKHQRUPDOPRGHVDQGFRQVWUDLQWPRGHVVKRZQ
LQ)LJXUHVDQGUHVSHFWLYHO\7KHUHGXFHGPRGHOKDVDWRWDORI'2)VLQWKHLQLWLDOVWDJH
LH ZKHQ WKH SODVWLF KLQJHV DUH IL[HG ZKHUHDV WKH IXOO PRGHO KDV D WRWDO RI '2)V 7KH
UHVSRQVHLVFRPSXWHGXVLQJWKHWLPHVWHSSLQJVFKHPHSUHVHQWHGLQ6HFWLRQ'LUHFWWLPHLQWH
JUDWLRQLV SHUIRUPHGXVLQJWKH1HZPDUNPHWKRGZLWK SDUDPHWHUV β  DQG γ  WKDW
UHVXOWLQDFRQGLWLRQDOO\VWDEOHLQWHJUDWLRQVFKHPHZLWKIRUWKRUGHUDFFXUDF\>@7KHFULWLFDO
WLPHLQFUHPHQWLVFRPSXWHGDVGtcrit ωmax7KHDQDO\VLVLVSHUIRUPHGZLWKDWLPHLQFUH
PHQWGt GtcritDQGWKHDQDO\VLVWLPHLVVHWWRPV
6QDSVKRWVRIWKHGHIRUPHGVKDSHGXULQJWKHILUVWPVLVVKRZQLQ)LJXUH$VVKRZQLQ
WKHILJXUHWKHUHVSRQVHRIWKHOHIWFROXPQGXULQJWKHILUVWDSSUR[LPDWHO\PVLVVLPLODUWR
WKDWRIDIXOO\VXSSRUWHGIL[HG±IL[HGFROXPQGXHWRWKHLQHUWLDRIWKHVXSSRUWLQJKRUL]RQWDOEHDP

)LJXUH6QDSVKRWVRIWKHGHIRUPHGVKDSHGXULQJWKHILUVWPV7KHGHIRUPDWLRQLVVFDOHGE\DIDFWRURI
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)LJXUH(ODVWLFVWUDLQDQGNLQHWLFHQHUJ\SODVWLFDQGYLVFRXVGLVVLSDWLRQDQGH[WHUQDOZRUNIRUWKHUHGXFHG
V\VWHP

$VVKRZQLQ)LJXUHWKHHQHUJ\LQGXFHGE\WKHH[WHUQDOLPSXOVHSUHVVXUHLVPDLQO\GLVVL
SDWHGE\SODVWLFGHIRUPDWLRQVLHE\URWDWLRQRIWKHSUHGHILQHGSODVWLFKLQJHV$ORZ5D\OHLJK
EHWD GDPSLQJ LV LQFOXGHG LQ WKH DQDO\VLV E\ VHWWLQJC Ȃ ÂK $V VKRZQ LQ WKH ILJXUH WKH
YLVFRXVGLVVLSDWLRQLVDOPRVW]HUR
7KH UHODWLYH URWDWLRQ RI WKH SODVWLF KLQJHV LV VKRZQ LQ )LJXUH  $V VKRZQ PRVW RI WKH
SODVWLFGLVVLSDWLRQLVGXHWRSODVWLFURWDWLRQLQ-RLQWVDQG7KHURWDWLRQFRPSXWHGZLWKWKH
IXOOPRGHOLVVKRZQLQOLJKWJUD\FRORU$VVKRZQLQWKHILJXUHWKHUHVSRQVHLVDOPRVWLGHQWLFDO
WRWKDWRIWKHUHGXFHGPRGHO1RWHWKDWWKHUHODWLYHURWDWLRQRIWKHSODVWLFKLQJHVLVDQLPSRUWDQW
SDUDPHWHULQDGHVLJQFDOFXODWLRQZKLFKVKRXOGQRWH[FHHGWKHURWDWLRQFDSDFLW\RIWKHFURVV
VHFWLRQ
7KHKRUL]RQWDOGLVSODFHPHQWDW-RLQWVDQGLVVKRZQLQ)LJXUH7KHGLVSODFHPHQWLV
YHU\FORVHWRWKHGLVSODFHPHQWFRPSXWHGZLWKWKHIXOOPRGHO7KHIXQGDPHQWDOHLJHQIUHTXHQF\
IRUWKHQRQ\LHOGLQJIUDPHVWUXFWXUHLV+]FRUUHVSRQGLQJWRDSHULRGRI PV
&OHDUO\WKHGLVSODFHPHQWDIWHUDSSUR[LPDWHO\PVFDQHVVHQWLDOO\EHGHVFULEHGE\WKHIXQGD
PHQWDOPRGHDQGDSODVWLFGLVSODFHPHQW
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)LJXUH5HODWLYHURWDWLRQVDW-RLQWV±SRVLWLRQHGDFFRUGLQJWR)LJXUHE

)LJXUH+RUL]RQWDOGLVSODFHPHQWVDW-RLQWVDQGSRVLWLRQHGDFFRUGLQJWR)LJXUHE

,IDVXLWDEOHUHGXFWLRQEDVLVLVDSSOLHGWR6XEVWUXFWXUHWRSURSHUO\GHVFULEHWKHDSSOLFDWLRQ
RIWKHH[WHUQDOSUHVVXUHWKHJOREDOGLVSODFHPHQWVFDQEHZHOOGHVFULEHGE\RQO\LQFOXGLQJWZR
IL[HGLQWHUIDFHQRUPDOPRGHV RUFRUUHFWLRQPRGHV IRU6XEVWUXFWXUHVDQGDVLQGLFDWHGE\
)LJXUHVDQG+RZHYHUDPRUHUHILQHGUHGXFWLRQEDVLVLVQHHGHGWRSURSHUO\GHVFULEHWKH
UHDFWLRQDQGLQWHUIDFHIRUFHVEHWZHHQWKHVXEVWUXFWXUHV7KHLQIOXHQFHRIWKHUHGXFWLRQEDVLVRQ
WKHKRUL]RQWDOLQWHUIDFHIRUFHLQ-RLQWLVVKRZQLQ)LJXUH$VVKRZQWKHFRQVWUDLQWPRGHV
QHHGWREHFRPSOHPHQWHGE\DWOHDVWIRXUPRGHVWRREWDLQDUHDVRQDEOHDFFXUDWHUHVSRQVH7KH
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DFFXUDF\IRUWKHPRGHOVUHGXFHGE\XVLQJIL[HGLQWHUIDFHQRUPDOPRGHVDQGFRUUHFWLRQPRGHV
UHVSHFWLYHO\DUHFRPSDUDEOH+HQFHWKHFRUUHFWLRQPRGHVDUHWKHQWKHSUHIHUUHGFKRLFHVLQFH
WKHJHQHUDWLRQRIWKHVHPRGHVDUHOHVVFRPSXWDWLRQDOO\H[SHQVLYH LQWKLVVLPSOHH[DPSOHKRZ
HYHUWKHFRPSXWDWLRQDOFRVWRIJHQHUDWLQJHLWKHUQRUPDOPRGHVRUFRUUHFWLRQVPRGHVLVQHJOL
JLEOH 
7KHFULWLFDO WLPHLQFUHPHQW LQ DFRQGLWLRQDOO\ VWDEOHGLUHFW WLPHLQWHJUDWLRQPHWKRGLV LQ
YHUVHO\SURSRUWLRQDOWRWKHKLJKHVWHLJHQIUHTXHQF\&RQVHTXHQWO\DUHGXFWLRQRIDV\VWHPWKDW
UHPRYHVWKHKLJKIUHTXHQF\FRQWHQWFDQUHVXOWLQDPRUHFRPSXWDWLRQDOO\HIILFLHQWDQDO\VLV7R
JHWDQHVWLPDWLRQRIKRZPXFKWKHHLJHQIUHTXHQF\LVDIIHFWHGE\WKHUHGXFWLRQEDVHVVWXGLHG
KHUHLQWKHKLJKHVWHLJHQIUHTXHQF\LVFRPSXWHGIRUWKHLQLWLDOVWDWHRIWKHUHGXFHGV\VWHPVLH
ZKHQDOOMRLQWVDUHIL[HG
7KHKLJKHVWHLJHQIUHTXHQF\RIWKHUHGXFHGPRGHOVLQFOXGLQJWZRDQGIRXUIL[HGLQWHUIDFH
QRUPDOPRGHVLQWKHUHGXFWLRQEDVHVIRU6XEVWUXFWXUHDQGLVN+]DQGN+]UHVSHF
WLYHO\7KHKLJKHVWHLJHQIUHTXHQF\ZKHQXVLQJWZRDQGIRXUFRUUHFWLRQPRGHVLVN+]DQG
N+]LHDOPRVWHTXDOWRWKHHLJHQIUHTXHQFLHVREWDLQHGZKHQXVLQJQRUPDOPRGHV+RZHYHU
WKHKLJKHVWHLJHQIUHTXHQF\LQWKHUHGXFHGPRGHOVLVLQWKLVFDVHPRVWOLNHO\JRYHUQHGE\6XE
VWUXFWXUHUHGXFHGE\DPRUHUHILQHGUHGXFWLRQEDVLV
)RUWKHUHGXFHGPRGHOLQFOXGLQJIRXUIL[HGLQWHUIDFHQRUPDOPRGHVDQGWZRILUVWRUGHUFRU
UHFWLRQPRGHVWKHKLJKHVWHLJHQIUHTXHQF\LVN+],QFRPSDULVRQWKHKLJKHVWHLJHQIUHTXHQF\
RIWKHIXOOPRGHOLVN+]LHDIDFWRURI≈)XUWKHUPRUHWKHKLJKHVWHLJHQIUH
TXHQF\IRUDUHGXFHGV\VWHPZKHUHWKHULJLG±SHUIHFWO\SODVWLFMRLQWVDUHPRGHOHGXVLQJSHQDOW\
HOHPHQWVZLWKDVWLIIQHVVWLPHVWKHPHDQVWLIIQHVVRIWKHFRUUHVSRQGLQJHQWULHVLQWKHXQUH
GXFHGVWLIIQHVVPDWUL[LVN+]+HQFHIRUWKHPRGHOVWXGLHGKHUHLQWKHQXPEHURIWLPH
LQFUHPHQWVFDQEHGHFUHDVHGE\DIDFWRU≈E\DYRLGLQJSHQDOW\HOHPHQWV

)LJXUH+RUL]RQWDOLQWHUIDFHIRUFHDW-RLQW
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6

CONCLUSIONS

,Q WKH VWXG\ VWUDWHJLHV DUH GHYHORSHG WR HQDEOH WLPHHIILFLHQW PRGHOV IRU FRQFUHWH IUDPH
VWUXFWXUHVVXEMHFWHGWREODVWORDGLQJDSSURSULDWHIRUXVHLQDVWUXFWXUDOGHVLJQSURFHVV'\QDPLF
VXEVWUXFWXULQJLVHPSOR\HGWRREWDLQUHGXFHGPRGHOVZLWKORFDOL]HGQRQOLQHDULWLHVVXFKDVSUH
GHILQHGSODVWLFKLQJHVLQDEHDP±FROXPQVWUXFWXUH7KHSDUWVRIWKHVXEVWUXFWXUHVWKDWUHPDLQV
OLQHDUHODVWLFDUHPRGHOHGE\5LW]YHFWRUVZKHUHDVSDUWVZLWKDQRQOLQHDUUHVSRQVHDUHUHWDLQHG
DV SK\VLFDO GHJUHHVRIIUHHGRP )XUWKHUPRUH D WLPHVWHSSLQJ VFKHPH LV SUHVHQWHG WKDW LV
VKRZQWREHVXLWDEOHIRUUHGXFHGPRGHOVLQFOXGLQJORFDODQGSUHGHILQHGULJLGSODVWLFEHKDYLRU
7KHSURSRVHGPHWKRGRORJ\LVDSSOLHGDQGGHPRQVWUDWHGLQDQXPHULFDOH[DPSOHRIDFRQ
FUHWH IUDPH VWUXFWXUH 7KH VWDQGDUG &UDLJ%DPSWRQ PHWKRG WKDW XVHV IL[HGLQWHUIDFH QRUPDO
PRGHVDQGFRQVWUDLQWPRGHVLVHYDOXDWHG)XUWKHUPRUHUHGXFWLRQEDVHVDXJPHQWHGE\VRFDOOHG
FRUUHFWLRQPRGHVDUHLQYHVWLJDWHG9DULRXVUHGXFWLRQEDVHVDUHHYDOXDWHGIRUWKHVXEVWUXFWXUHV
LQFOXGHG LQ WKH VXSSRUWLQJ VWUXFWXUH LH WKH VXEVWUXFWXUHV WKDW DUH QRW VXEMHFWHG WR H[WHUQDO
ORDGLQJ7ZRFRUUHFWLRQPRGHVRUWZRVWDQGDUGIL[HGLQWHUIDFHQRUPDOPRGHVDUHVXIILFLHQWWR
GHVFULEHWKHGLVSODFHPHQWDQGUHODWLYHURWDWLRQV DWWKHSODVWLFKLQJHV+RZHYHUWRREWDLQDQ
DFFHSWDEOHDFFXUDF\RIWKHLQWHUIDFHIRUFHVEHWZHHQWKHVXEVWUXFWXUHVDWOHDVWIRXUFRUUHFWLRQ
PRGHVRUIRXUVWDQGDUGIL[HGLQWHUIDFHPRGHVDUHQHHGHG)RUWKHVWXGLHGORDGFDVHWKHDFFX
UDF\ZKHQXVLQJFRUUHFWLRQPRGHVDQGIL[HGLQWHUIDFHQRUPDOPRGHVDUHFRPSDUDEOH
0RUHRYHUWKHKLJKHVWHLJHQIUHTXHQF\IRUWKHUHGXFHGV\VWHPVZKLFKLVUHODWHGWRWKHFULWLFDO
LQFUHPHQWVL]HLQFRQGLWLRQDOO\VWDEOHGLUHFWWLPHLQWHJUDWLRQPHWKRGVLVHYDOXDWHG,WLVVKRZQ
WKDWDUHGXFWLRQRIWKHVWXGLHGPRGHOE\XVHRIG\QDPLFVXEVWUXFWXULQJFDQLQFUHDVHWKHFULWLFDO
WLPHLQFUHPHQWE\DIDFWRURIDSSUR[LPDWHO\)XUWKHUPRUHLWLVVKRZQWKDWE\HQIRUFLQJD
ULJLG±SODVWLFEHKDYLRUXVLQJWKHSURSRVHGWLPHVWHSSLQJVFKHPHWKHFULWLFDOLQFUHPHQWVL]HFDQ
LQFUHDVHE\DIDFWRURIDSSUR[LPDWHO\FRPSDUHGWRDPRGHOLQJDSSURDFKZKHUHWKHULJLG±
SODVWLFEHKDYLRULVHQIRUFHGXVLQJSHQDOW\HOHPHQWV
7KH SUHVHQW PHWKRGRORJ\ FDQ EH H[WHQGHG IXUWKHU WR IRU H[DPSOH FRQVLGHU ODUJH GHIRU
PDWLRQVDQGIDLOXUHHJE\FRQVLGHULQJWKHURWDWLRQFDSDFLW\RIWKHFURVVVHFWLRQV)XUWKHUPRUH
WKHPHWKRGVFDQEHDSSOLHGDQGHYDOXDWHGIRUODUJHUDQGPRUHFRPSOH[VWUXFWXUHVHJWKUHH
GLPHQVLRQDOEHDP±FROXPQVWUXFWXUHV$OVRDPRUHUHILQHGPRGHOLQJDSSURDFKIRUIUDPHFRU
QHUVFDQEHLQYHVWLJDWHGZKHUHWKHFRUQHULWVHOILVWUHDWHGDVDVHSDUDWHVXEVWUXFWXUH
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2DOF BLAST ANALYSIS OF BUILDINGS
Sander J.H. Meijers, Peter J. Flink, Harm G. Kraaijenbrink and Meindert Wiersma
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32%R[$05RWWHUGDP7KH1HWKHUODQGV
HPDLOVDQGHUPHLMHUV#UKGKYFRP


5R\DO+DVNRQLQJ'+9
32%R[$05RWWHUGDP7KH1HWKHUODQGV
SHWHUIOLQN#UKGKYFRPKDUPNUDDLMHQEULQN#UKGKYFRPPHLQGHUWZLHUVPD#UKGKYFRP

Keywords:%ODVW'2)6'2)/XPSHG
Abstract. Blast loading on buildings may originate from various sources and may be redefined
during the lifetime of a building. The blast response of buildings is roughly governed by the
response of the façade and the main load bearing structure. While a full FEM analysis in the
time domain can provide reliable and accurate results for the building response in detail, a
quick assessment based on lumped masses is preferred in many cases in practice, either related
to early design stages, decision making or to validation of sophisticated models. In such classical single or multi degree-of-freedom approaches the façade and main load bearing structure
can be clearly distinguished. In practice both components are usually dealt with individually,
conveniently ignoring the effect of the response of the former on the blast load on the latter
component. Early graphical tools for the incorporation of non-linear effects have been widely
used. Here the results of time-domain analyses of an elasto-plastic 2-degree-of-freedom system
in terms of ductility demand are shown and compared to those of corresponding single-degreeof-freedom systems. Explicit results for the interaction of façade members and main load bearing members are obtained and shown for various configurations. It is concluded that representation of structural systems by individual single-degree-of-freedom systems in blast analysis is
generally conservative for façade members, but can be unconservative for the main load bearing structure. In practical cases this underestimation is not likely to exceed 10%.
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INTRODUCTION

:KLOHQRZDGD\VQRQOLQHDUILQLWHHOHPHQW )(0 DQDO\VLVFDQEHXVHGWRDFFXUDWHO\HYDOXDWH
WKHLPSDFWRIEODVWORDGLQJRQEXLOGLQJVVWLOOVLPSOHDQDO\VLVRILQGLYLGXDOVWUXFWXUDOPHPEHUV
UHSUHVHQWHGDVVLQJOHGHJUHHRIIUHHGRP 6'2) V\VWHPVLVFRPPRQLQHQJLQHHULQJSUDFWLFH
6XFKVLPSOHDQDO\VLVLVXVHIXOLQHDUO\GHVLJQVWDJHVDQGLQWKHYDOLGDWLRQSKDVHRIWKHPRUH
FRPSOH[FDOFXODWLRQV*UDSKVIRUWKHHYDOXDWLRQRIGXFWLOLW\GHPDQGRIQRQOLQHDU6'2)V\V
WHPVZHUHDOUHDG\SUHVHQWHGE\%LJJV>@LQ+RZHYHUWKHDVVHVVPHQWRILQGLYLGXDOPHP
EHUVZLWKRXWFRQVLGHUDWLRQRIWKHLUG\QDPLFLQWHUDFWLRQZLWKRWKHUPHPEHUVRUWKHPDLQORDG
EHDULQJVWUXFWXUHPD\HQWDLOVLJQLILFDQWHUURUV$ORJLFDOVWHSWRDVVHVVWKHVHHUURUVLVWRH[SDQG
WKH6'2)OXPSHGDSSURDFKWRDQRQOLQHDUGHJUHHRIIUHHGRP '2) V\VWHPVHH)LJXUH
EULGJLQJWKHJDSEHWZHHQVLPSOH6'2)DQGVRSKLVWLFDWHG)(0DQDO\VLV7KHILUVWGHJUHHRI
IUHHGRP '2) UHSUHVHQWVWKHPHPEHUWKDWLVVWUXFNE\WKHEODVWILUVWZKLOHWKHVHFRQG'2)
UHSUHVHQWVLWVVXSSRUWLQJVWUXFWXUH
7KHEODVWUHVSRQVHRIDQRQOLQHDU'2)V\VWHPLVGHWHUPLQHGE\ILYHLQGHSHQGHQWYDULDEOHV
DVRSSRVHGWRWZRLQGHSHQGHQWYDULDEOHVLQDQRQOLQHDU6'2)V\VWHP)XUWKHUPRUHD'2)
V\VWHPLVHVVHQWLDOO\QRWGLIIHUHQWIURPPXOWLSOHGHJUHHRIIUHHGRPV\VWHPVLH)(0PRGHOV
ZKLOHWKHODWWHUDUHPRUHGLIILFXOWWRLQWHUSUHW'2)6\VWHPVFDQEHHDVLO\UHFRJQLVHGLQEXLOG
LQJVHJIDoDGHDQGPDLQORDGEHDULQJVWUXFWXUHRUJODVVSDQHOVDQGVXSSRUWLQJPXOOLRQV7KHUH
IRUHWKH'2)V\VWHPLVHOLJLEOHIRUDVVHVVLQJWKHDFFXUDF\RI6'2)DSSURDFKHV7KLVZLOOEH
HODERUDWHGLQWKHQH[WVHFWLRQVZLWKIRFXVRQGXFWLOLW\GHPDQG
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)LJXUH$GHJUHHRIIUHHGRPV\VWHP OHIW DQGLWVGHFRPSRVLWLRQLQWRWZRLQGLYLGXDOVLQJOHGHJUHHRIIUHH
GRPV\VWHPV ULJKW 
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2DOF SYSTEM FOR BLAST ANALYSIS

7KHG\QDPLFUHVSRQVHRID'2)V\VWHPDVGHSLFWHGLQ)LJXUHWRDVKRFNZDYH>@LV
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ZLWKPDVVGDPSLQJDQGVWLIIQHVVFRHIILFLHQWVGHQRWHGE\ܯ ܥ DQGܭ UHVSHFWLYHO\ZKHUH݅LV
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7KHDQDO\VLVUHVXOWVRIWKHVH'2)DQG6'2)V\VWHPVDUHSUHVHQWHGLQWKHQH[WVHFWLRQ
3

DUCTILITY DEMAND IN 2DOF VERSUS SDOF SYSTEMS

7KHGXFWLOLW\GHPDQGDVFDOFXODWHGIRU6'2)V\VWHPVZKLFKDUHPHPEHUVRIDODUJHUVWUXF
WXUHLVH[SHFWHGWREHGLIIHUHQWIURPWKHRQHFDOFXODWHGXVLQJDVRSKLVWLFDWHG)(0PRGHOZLWK
PDQ\'2)V7KLVKLJKHUFRPSOH[LW\LVUHSUHVHQWHGKHUHE\D'2)V\VWHPDQGWKHGXFWLOLW\
GHPDQGIRUHDFKRIWKHWZR'2)VLVFRPSDUHGEHWZHHQWKH'2)V\VWHPDQGWKH6'2)V\VWHP
7KLVLVVKRZQKHUHE\PHDQVRIFRQWRXUSORWVRIWKHPD[LPXPGXFWLOLW\UDWLRߤ LHGXFWLOLW\
GHPDQGUHVXOWLQJIURP'2)DQDO\VLVGLYLGHGE\WKHPD[LPXPGXFWLOLW\UDWLRUHVXOWLQJIURP
6'2) DQDO\VLV VHH )LJXUH  WR )LJXUH  7KLV PHDQV WKDW D YDOXH VPDOOHU WKDQ XQLW\ LQ WKH
FRQWRXUSORWVLQGLFDWHVFRQVHUYDWLYHGHVLJQLQFDVHRIDQ6'2)DSSURDFKDQGDYDOXHJUHDWHU
WKDQXQLW\LQGLFDWHVXQFRQVHUYDWLYHGHVLJQLQFDVHRIDQ6'2)DSSURDFK7KHFRQWRXUSORWVDUH
D IXQFWLRQ RIݐௗ Τܶଵ DQGܽIRU FRQVWDQWܨଵ Τܴଵ ܨଵ Τܴଶ DQGܾ ,I QHFHVVDU\ UDWLRݐௗ Τܶଵ FDQ EH
UHDGLO\FRQYHUWHGWRUDWLRݐௗ Τܶଶ EDVHGRQHTXDWLRQ
௧
்భ

௧

ൌ ் ට

ሺାଵሻ

మ



 

6LQFHLQ UHDOLW\DOZD\VVRPHGDPSLQJLV SUHVHQW DVPDOO DPRXQWRIGDPSLQJLHRI
FULWLFDOKDVEHHQVSHFLILHGLQWKHFDOFXODWLRQVIRUSUDFWLFDOSXUSRVHV7KHFRUUHVSRQGLQJGDPS
LQJPDWUL[KDVQRWEHHQVHWXSEDVHGRQPRGDOGDPSLQJEXWUDWKHUDVDQRQSURSRUWLRQDOGDPS
LQJPDWUL[ UHIHUWRHTXDWLRQ ZKHUHWKHGDPSLQJFRHIILFLHQWVDUHRIWKHFULWLFDOGDPSLQJ
FRHIILFLHQWVRIWKHLQGLYLGXDO6'2)V\VWHPV
)XUWKHUPRUHHFRQRPLFDOEODVWGHVLJQXVXDOO\FRUUHVSRQGVWRUHVLVWDQFHܨଵ ΤܴଵUDWLRVJUHDWHU
WKDQXQLW\DQGLQSUDFWLFHDOVRWKHVWLIIQHVVUDWLRܽLVXVXDOO\JUHDWHUWKDQXQLW\,QFDVHRIYHKL
FOHERPEV>@WKHGXUDWLRQRIWKHEODVWLVPRVWO\VKRUWHUWKDQWKHQDWXUDOSHULRGRIWKHJOD]LQJ
>@VRWKDWWKHUDWLRݐௗ Τܶଵ LVVPDOOHUWKDQXQLW\'HSHQGLQJRQWKHOHYHORIDJJUHJDWLRQLQWKH
'2)UHSUHVHQWDWLRQWKHPDVVUDWLRܾPD\EHVPDOOHUWKDQXQLW\ HJIDoDGHDQGEXLOGLQJFRUH 
RUDSSUR[LPDWHO\XQLW\ HJJODVVSDQHOVDQGPXOOLRQV 7KHUHIRUHFRQWRXUSORWVDUHSUHVHQWHG
KHUHIRUWKHFRQVWDQWVDVOLVWHGLQ7DEOHRQO\EXWPDQ\PRUHKDYHEHHQJHQHUDWHGDQGLQWHU
SUHWHGIRUܨଵ ΤܴଵDQGܨଵ Τܴଶ LQWKHUDQJH « DQGܾLQWKHUDQJH « 
&DVH





5HVLVWDQFHUDWLR
ܨଵ Τܴଵ





5HVLVWDQFHUDWLR 0DVVUDWLR
ܨଵ Τܴଶ
ܾ









7DEOH&RQVLGHUHGFDVHVIRUHYDOXDWLRQRIWKHGXFWLOLW\GHPDQGLQD'2)V\VWHPFRPSDUHGWRLQGLYLGXDO
6'2)V\VWHPV

7KHQXPHULFDOVROXWLRQVKDYHEHHQREWDLQHGE\D1HZPDUNWLPHVWHSSLQJVFKHPHZLWKSD
UDPHWHUVߚ DQGߛ SURYLGLQJXQFRQGLWLRQDOQXPHULFDOVWDELOLW\7LPHVWHSVZHUH
FRQVWDQWSHUDQDO\VLVDQGVHWWRWKHVPDOOHURIWKRIWKHORZHUQDWXUDOSHULRGDQGWKRI
WKHEODVWGXUDWLRQ7KHQXPEHURIWLPHVWHSVSHUDQDO\VLVZDVVHWWRIXOO\FRYHUWKHEODVWGXUDWLRQ
RUWKHXSSHUQDWXUDOSHULRGZKLFKHYHUZDVJUHDWHU7KHHODVWRSODVWLFUHVSRQVHZDVGHDOWZLWK
E\1HZWRQ5DSKVRQLWHUDWLRQVZLWKDWROHUDQFHRIZLWKLQHDFKWLPHVWHS
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)LJXUH'XFWLOLW\GHPDQGUHVXOWLQJIURP'2)DQDO\VLVGLYLGHGE\GXFWLOLW\GHPDQGUHVXOWLQJIURP6'2)
DQDO\VLVDW'2) OHIW DQG'2) ULJKW IRUFDVH ܨଵ Τܴଵ  ܨଵ Τܴଶ  ܾ  

)LJXUH'XFWLOLW\GHPDQGUHVXOWLQJIURP'2)DQDO\VLVGLYLGHGE\GXFWLOLW\GHPDQGUHVXOWLQJIURP6'2)
DQDO\VLVDW'2) OHIW DQG'2) ULJKW IRUFDVH ܨଵ Τܴଵ  ܨଵ Τܴଶ  ܾ  

)LJXUH'XFWLOLW\GHPDQGUHVXOWLQJIURP'2)DQDO\VLVGLYLGHGE\GXFWLOLW\GHPDQGUHVXOWLQJIURP6'2)
DQDO\VLVDW'2) OHIW DQG'2) ULJKW IRUFDVH ܨଵ Τܴଵ  ܨଵ Τܴଶ  ܾ  
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)LJXUH'XFWLOLW\GHPDQGUHVXOWLQJIURP'2)DQDO\VLVGLYLGHGE\GXFWLOLW\GHPDQGUHVXOWLQJIURP6'2)
DQDO\VLVDW'2) OHIW DQG'2) ULJKW IRUFDVH ܨଵ Τܴଵ  ܨଵ Τܴଶ  ܾ  

)LJXUHWR)LJXUHVKRZWKDWWKHGXFWLOLW\GHPDQGRI'2)LVDOZD\VFRQVHUYDWLYHO\HVWL
PDWHGE\DQ6'2)DSSURDFKKRZHYHUWKLVLVQRWDJHQHUDOUXOH DIWHULQVSHFWLRQRIRWKHUSORWV
QRWSUHVHQWHGKHUH $SSDUHQWO\'2)DQDO\VLVPD\UHWXUQRQO\RIWKHGXFWLOLW\GHPDQG
FDOFXODWHGE\6'2)DQDO\VLVRI'2)LQVRPHFDVHV2QWKHRWKHUKDQG6'2)DQDO\VLVRI
'2)URXJKO\WHQGVWRSURGXFHXQFRQVHUYDWLYHUHVXOWVIRUVWLIIQHVVUDWLRVܽRIDQGOHVVDQG
ݐௗ Τܶଵ UDWLRVVPDOOHUWKDQ,WDSSHDUVWKDW6'2)DQDO\VLVRI'2)PD\XQGHUHVWLPDWHWKH
GXFWLOLW\GHPDQGE\LQVRPHFDVHVHJIRUVWLIIQHVVUDWLRܽ DQGUHODWLYHEODVWGXUDWLRQ
ݐௗ Τܶଵ  LQ)LJXUHDQG)LJXUH,WVKRXOGEHQRWHGWKDWVWUXFWXUHVZLWKVWLIIQHVVUDWLRܽRI
RUOHVVDUHUDUHFDVHVLQSUDFWLFH
8QGHUHVWLPDWLQJWKH'2)UHVSRQVHPLJKWQRWIUHTXHQWO\RFFXULQEXLOGLQJGHVLJQ&RQVLG
HULQJWKHSUDFWLFDOFDVHRIJODVVIDoDGHV>@ZLWKUHODWLYHUHVLVWDQFHVܨଵ Τܴଵ DQGܨଵ Τܴଶ 
PDVVUDWLRܾ  )LJXUH VWLIIQHVVUDWLRܽ DQGUHODWLYHEODVWGXUDWLRQݐௗ Τܶଵ  
WKLVXQGHUHVWLPDWLRQRI'2)LVUHGXFHGWRDQGWKHGXFWLOLW\GHPDQGRI'2)LQ'2)
DQDO\VLVLVFRPSDUHGWRWKHRQHLQ6'2)DQDO\VLV7KLVLVVKRZQLQWKHWLPHGRPDLQLQ
)LJXUHDQG)LJXUH6XFKGHYLDWLRQVFDQEHFRQVLGHUHGIDLULQHDUO\GHVLJQVWDJHVRU)(0
PRGHOYDOLGDWLRQVWDJHV1RWHWKDWREYLRXVO\'2)DQDO\VLVDQG6'2)DQDO\VLVRI'2) DV
GHILQHGLQ)LJXUH SURGXFHWKHVDPHUHVXOWVLIWKHVWLIIQHVVUDWLRܽ ب
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)LJXUH1RUPDOLVHGGLVSODFHPHQWVRIWKH'2)V\VWHPVKRZLQJWKHLQWHUDFWLRQRI'2)VIRUWKHSUDFWLFDOFDVH
RIܨଵ Τܴଵ ܨଵ Τܴଶ  ܾ VWLIIQHVVUDWLRܽ DQGUHODWLYHEODVWGXUDWLRQݐௗ Τܶଵ  
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)LJXUH'XFWLOLW\UDWLRVDFFRUGLQJWR'2) VROLGOLQHV DQG6'2)DQDO\VLV GDVKHGOLQHV IRUWKHSUDFWLFDOFDVH
RIܨଵ Τܴଵ ܨଵ Τܴଶ  ܾ VWLIIQHVVUDWLRܽ DQGUHODWLYHEODVWGXUDWLRQݐௗ Τܶଵ  

'XFWLOLW\UDWLRVJUHDWHUWKDQXQLW\ SODVWLFLW\ DQGPRUHGLVFUHSDQF\DW'2)EHWZHHQ'2)
DQG6'2)DSSURDFKHVDUHREVHUYHGHJLQWKHUDUHFDVHRIVWLIIQHVVUDWLRܽ FRPELQHGZLWK
UHODWLYH UHVLVWDQFHVܨଵ Τܴଵ    DQGܨଵ Τܴଶ    PDVV UDWLRܾ   )LJXUH   DQG UHODWLYH
EODVWGXUDWLRQݐௗ Τܶଵ  7KLVLVIXUWKHUVKRZQLQ)LJXUHDQG)LJXUHZKHUHLWFDQEHVHHQ
WKDWWKHGXFWLOLW\UDWLRDW'2)LVDFWXDOO\RIWKHYDOXHFDOFXODWHGZLWKDQ6'2)DSSURDFK
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4

CONCLUSION

,Q HQJLQHHULQJ SUDFWLFH IUHTXHQW XVH LV PDGH RI VLQJOHGHJUHHRIIUHHGRP 6'2)  DS
SURDFKHVWR EODVWUHVLVWDQW GHVLJQ DQGHYDOXDWLRQ RIEXLOGLQJVHLWKHULQ FRQFHSW GHVLJQ RULQ
YDOLGDWLRQRIVRSKLVWLFDWHGILQLWHHOHPHQWPRGHOV:KLOHWKLVDSSURDFKLVVLPSOHDQGIDVWWKH
RPLVVLRQRIWKHG\QDPLFLQWHUDFWLRQZLWKRWKHUVWUXFWXUDOPHPEHUVREYLRXVO\HQWDLOVVRPHLQ
DFFXUDF\7KLVLQDFFXUDF\KDVEHHQDVVHVVHGKHUHE\PHDQVRIDGHJUHHRIIUHHGRP '2) 
V\VWHP,WDSSHDUHGWKDWLIWKHPHPEHUWKDWLVVWUXFNE\WKHEODVWILUVWLVDQDO\VHGDVDQ6'2)
V\VWHPLWVFDOFXODWHGUHVSRQVHLQWHUPVRIGXFWLOLW\GHPDQGZLOOEHFRQVHUYDWLYHLQPRVWFDVHV
+RZHYHUWKHUHVSRQVHRIWKHPHPEHURUVWUXFWXUDOV\VWHPWKDWVXSSRUWVWKLVSULPDU\V\VWHPLI
FDOFXODWHGXVLQJDQ6'2)DSSURDFKPD\EHVLJQLILFDQWO\XQGHUHVWLPDWHGLQWKHRU\,QSUDFWLFDO
FDVHVVRPHXQGHUHVWLPDWLRQRILWVVWUXFWXUDOUHVSRQVHPD\RFFXUDOWKRXJKWKLVLVQRWOLNHO\WR
H[FHHG
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PROTECTION OF MASONRY STRUCTURES AGAINST EXPLOSIONS
APPLYING LAYERS OF TEXTILE REINFORCED MORTAR
Leonidas A. Kouris1, Georgios Valsamos1, Savvas Triantafyllou2, Vasileios Karlos1, Daniel A. Pohoryles1, Dionysios A. Bournas1, Martin Larcher1 and Folco Casadei1


(XURSHDQ&RPPLVVLRQ-RLQW5HVHDUFK&HQWUH -5& 
9LD()HUPL,,VSUD 9$ ,WDO\
HPDLO^/HRQLGDV.285,6*HRUJLRV9$/6$0269DVLOHLRV.$5/26'DQLHO32+25</(6'LR
Q\VLRV%2851$60DUWLQ/$5&+(5)ROFR&$6$'(,`#HFHXURSDHX


1DWLRQDO8QLYHUVLW\RI$WKHQV
,QVWLWXWHIRU6WUXFWXUDO$QDO\VLVDQG$VHLVPLF5HVHDUFK6FKRRORI&LYLO(QJLQHHULQJ1DWLRQDO7HFK
QLFDO8QLYHUVLW\RI$WKHQV*5*UHHFH
HPDLOVDYWUL#PDLOQWXDJU

Keywords:7H[WLOHUHLQIRUFHGPRUWDU%ODVWORDGV([SOLFLWPRGHO([SHULPHQWDOFDOLEUDWLRQ
Abstract. The protection of masonry walls against blast-induced loads by using textile-reinforced mortar (TRM) is investigated herein. Typically the consequences to a structure from
explosions (either intentional or accidental) may range from total or partial building collapse
due to the direct release of energy to injuries and fatalities due to the created debris. Masonry
elements are of stiff and brittle nature and demonstrate considerable resistance in mediumsized compressive loads but degrade dramatically for stronger loads and impacts under tensile
stresses. TRM constitutes a novel composite, using open-mesh textiles made from fibre rovings,
which has been proven effective as strengthening material to carry the tensile stresses of outof-plane inertial loading, while satisfying the necessary compatibility, reversibility and durability requirements for masonry buildings. Retrofitting of existing structures with the use of
TRM can substantially increase their strength and deformation capacity, providing a sufficient
protection to the occupants from blast loads. It should be noted that improving the deformation
capacity of masonry can increase the gravitational load bearing capacity of the structure and
minimise second order phenomena during a blast event. In this work, we propose a numerical
method to accurately predict the various structural effects of explosions on masonry. The focus
is to evaluate the developed damage due to impulsive loads and investigate the enhancement of
the global dynamic response of a masonry wall before and after retrofitting. Masonry consists
of brick units surrounded by mortar joints. The brittle behaviour of this two-phase material is
modelled in the EUROPLEXUS explicit finite element code for fast transient phenomena, in
complex three-dimensional fluid-structure systems. The performance of masonry is described
using plasticity laws for the constituent elements and damage for softening. Geometric nonlinearity effects accounting for large displacements and large rotations are also considered.
The numerical response is validated using out-of-plane experiments of masonry walletes.
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1

INTRODUCTION

6WURQJEODVWVDQGLPSDFWORDGVRQVWUXFWXUHVUHVXOWLQFUDFNLQJIUDFWXUHGLIIXVLRQRIGHEULV
DQGPD\OHDGWRWKHLUWRWDORUSDUWLDOFROODSVH7KHPDLQFDXVHRILQMXULHVDQGIDWDOLWLHVDIWHUWKH
LPSDFWRIDEODVWZDYHRQDVWUXFWXUHLVPDLQO\DWWULEXWHGWRWKHLPSDFWRIWKHUHVXOWLQJVWUXFWXUDO
IUDJPHQWVDQGGHEULVRQWKHRFFXSDQWV>@:KLOHVWUXFWXUDOLQWHJULW\FDQQRWEHHQWLUHO\HQVXUHG
GDPDJH FRQWURO FDQ EH DFKLHYHG E\ DSSO\LQJ VWUHQJWKHQLQJ WHFKQLTXHV $ GHVFULSWLRQ RI WKH
DSSOLHGORDGVRQVWUXFWXUHVGXHWRH[WHUQDOH[SORVLRQVLVDYDLODEOHLQ>@+RZHYHULQWKHFDVH
RIODUJHDQGFRPSOH[VWUXFWXUHVZKHUHVKDGRZLQJDQGFKDQQHOLQJSKHQRPHQDWDNHSODFHDG
YDQFHGQXPHULFDOPRGHOOLQJWHFKQLTXHVDUHUHTXLUHG>@WRDFFXUDWHO\HVWLPDWHWKHHIIHFWRI
VWUHQJWKHQLQJRQWKHG\QDPLFUHVSRQVHRIWKHVWUXFWXUH
0DVRQU\ ZDOOV DUH DPRQJVW WKH PRVW FRPPRQ EXLOGLQJ FRPSRQHQWV WKH\ FDQ EH GLVWLQ
JXLVKHGLQORDGEHDULQJDQGQRQORDGEHDULQJHOHPHQWVDVLQWKHFDVHRILQILOOZDOOVLQUHLQIRUFHG
FRQFUHWHIUDPHEXLOGLQJV0DVRQU\ZDOOVGHPRQVWUDWHDVWLIIDQGEULWWOHQDWXUHDQGHYHQZKHQ
GHVLJQHGDVQRQVWUXFWXUDOHOHPHQWVWKH\LQIOXHQFHWRDJUHDWH[WHQWWKHVWUXFWXUH¶VUHVSRQVHWR
H[WHUQDORULQWHUQDOH[SORVLRQV)HZVWXGLHVDUHDYDLODEOHLQWKHOLWHUDWXUHIRUVLPXODWLQJWH[WLOH
UHLQIRUFHGPRUWDU 750 VWUHQJWKHQHGPDVRQU\VWUXFWXUHVXQGHUVHLVPLFORDGVDQGYHU\OLP
LWHGLQIRUPDWLRQH[LVWVRQWKHPRGHOOLQJRIPDVRQU\VXEMHFWHGWREODVWORDGVDQGWKHVLPXODWLRQ
RIWKHVWUHQJWKHQLQJ7KHUHDVRQRIVFDUFHQXPHULFDOPRGHOVRI750VWUHQJWKHQHGPDVRQU\LV
WKHSUHVHQFHRIIRXUGLIIHUHQWPDWHULDOV EULFNXQLWVPRUWDUWH[WLOHPDWUL[ DQGWKHLUFRPSOL
FDWHGLQWHUDFWLRQVWKDWJLYHULVHWRQXPHURXVDQGFRPSOH[GDPDJHPRGHV7KHVHQHFHVVLWDWH
ILQHUHVROXWLRQVWKDWUHQGHUQXPHULFDOVLPXODWLRQDFRPSXWDWLRQDOO\LQWHQVLYHSURFHGXUH7KHUH
IRUHVHYHUDOVLPSOLILFDWLRQVQHHGWREHSHUIRUPHGLQRUGHUWRVWULNHWKHULJKWEDODQFHEHWZHHQ
WKHDPRXQWRIQXPHULFDODQDO\VLVDQGH[KDXVWLYHPDWHULDOFKDUDFWHULVDWLRQWHVWV
)RFXVLQJRQO\RQWKH750H[WHUQDOOD\HUWKHLQIOXHQFHRIWKHLPSHUIHFWLRQVRIWKHLQSODQH
SRVLWLRQRIWKHWH[WLOHLHDFXUYHGOD\HURIWKHWH[WLOHLQVLGHWKHPDWUL[RQLWVWHQVLOHEHKDYLRXU
ZDVVWXGLHGLQ>@XVLQJWZRGLPHQVLRQDOILQLWHHOHPHQW )( PRGHOV,QWKLVWKHPRUWDUZDV
VLPXODWHGXVLQJSODQHVWUHVVHOHPHQWVZKHUHDVWUXVVHOHPHQWVZHUHXVHGIRUWKHWH[WLOH$VH[
SHFWHG WKH KLJKHU WKH LPSHUIHFW DQG QRQVWUDLJKW SODFHPHQW RI WKH WH[WLOH LQ WKH PDWUL[ WKH
KLJKHUWKHFKDQJHRIWKHVWLIIQHVVRIWKH7507RUHGXFHFRPSXWDWLRQDOFRVWVUHGXFHGRUGHU
PDFURPRGHOOLQJDSSURDFKHVIRU750VWUHQJWKHQHGPDVRQU\ZDOOVZHUHSUHVHQWHGEDVHGRQ
'SODQDUPRGHOVLQFOXGLQJHLWKHUDKRPRJHQLVHGQRQOLQHDU 1/ PDWHULDOFDOLEUDWHGWRH[SHU
LPHQWDOUHVSRQVHV>@RUGLIIHUHQWPDWHULDOVIRUEULFNVDQGPRUWDU>@7KHSODQHHOHPHQWVFDQ
RYHUODSDQGDSHUIHFWERQGEHWZHHQWKHPDVRQU\WKHLQRUJDQLFEDVLVDQGWKHWH[WLOHZDVDV
VXPHG>@,Q>@WKHDXWKRUVXVHGIXOO\ERQGHGVKHOOHOHPHQWVIRUWKHEULFNVDQGWKHPRUWDU
DQGOLQHDUHOHPHQWVDUUDQJHGLQDJULGIRUWKH75ȂWKH1/PDWHULDOODZVZHUHFDOLEUDWHGXVLQJ
H[SHULPHQWDOGDWD
.\ULDNLGHVHWDO>@SHUIRUPHGDQH[SHULPHQWDOFDPSDLJQDQGDFRUUHVSRQGLQJQXPHULFDO
LQYHVWLJDWLRQVWXG\LQJWKHRXWRISODQHDQGUHWURILWWLQJRIPDVRQU\ZLWKDQH[WHUQDOFRDWPDGH
RIVWHHOILEUHVVSUD\HGLQDFHPHQWLWLRXVPRUWDUWKHVRFDOOHGHQJLQHHUHGFHPHQWLWLRXVFRPSR
VLWH (&& ZLWKRUZLWKRXWDWZRGLPHQVLRQDOVWHHOWH[WLOH>@7KHPRGHOOLQJFRQVLGHUVEULFN
XQLWV DQG PRUWDU MRLQWV VHSDUDWHO\ VLPXODWHG ZKHUHDV D VHFRQG PRUH VLPSOLILHG DSSURDFK
PHUJHVWKHWZRPDWHULDOVZKLOHPDLQWDLQLQJWKHLQWHUIDFHVEHWZHHQWKHKRPRJHQLVHGHOHPHQWV
WRVLPXODWHWKHLQWHUDFWLRQ$SHUIHFWERQGEHWZHHQWKHUHLQIRUFHPHQWDQGWKHLQRUJDQLFPDWUL[
LV DVVXPHG LQ ERWK PRGHOV 0RUHRYHU HODVWRSODVWLF HOHPHQWV DUH LQWURGXFHG WR VLPXODWH WKH
LQWHUDFWLRQEHWZHHQWKHFRDWDQGWKHPDVRQU\
8QUHLQIRUFHGPDVRQU\ZDOOVVXEMHFWHGWREODVWORDGVKDYHEHHQLQYHVWLJDWHGERWKH[SHULPHQ
WDOO\DQGQXPHULFDOO\$VWXG\LQYHVWLJDWLQJPDVRQU\PDWHULDOVXQGHUKLJKVWUDLQUDWHFRQGLWLRQV
DQGWKHLULQIOXHQFHRQWKHVWUXFWXUDOEHKDYLRXUXQGHUEODVWVKRZVWKDWWKHVWUDLQUDWHHIIHFWKDV
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DVXEVWDQWLDOLPSDFW>@/DUJHXQUHLQIRUFHGPDVRQU\ZDOOVPîPIL[HGDWWKHLUEDVHKDYH
XQGHUJRQHEODVWORDGVXSWRFROODSVHDQGWKHUHVXOWLQJUHIOHFWHGSHDNSUHVVXUHVKDYHEHHQGH
WHUPLQHGLQ>@$KRPRJHQLVDWLRQPRGHOZLWKVWUDLQUDWHHIIHFWKDVEHHQGHYHORSHGIRULPSDFW
ORDGVRQXQUHLQIRUFHGPDVRQU\ZDOOVLQ>@$VWXG\FRQFHUQLQJPDVRQU\ORDGHGE\QHDUILOHG
GHWRQDWLRQVLQYHVWLJDWHGWKHTXHVWLRQRIIUDJPHQWDWLRQRIPDVRQU\>@$UHYLHZRIWKHDYDLO
DEOHQXPHULFDOPRGHOVIRUPDVRQU\VWUXFWXUHVH[SHULHQFLQJEODVWORDGVFDQEHIRXQGLQ>@
,Q>±@WKHHIIHFWRILPSDFWORDGVRQPDVRQU\VWDFNVSHFLPHQVVWUHQJWKHQHGZLWKFRP
SRVLWHVKDVEHHQLQYHVWLJDWHGERWKH[SHULPHQWDOO\DQGQXPHULFDOO\7KHILQLWHHOHPHQWVLPXOD
WLRQZDVSHUIRUPHGRQWKHEDVLVRIDQLPSOLFLWG\QDPLFDQDO\VLVSURFHGXUHFRQVLGHULQJPDWHULDO
IDLOXUHYLDDVPHDUHGFUDFNLQJPRGHODQGORVVRIFRKHVLRQDWWKHLQWHUIDFHV7KHHIILFLHQF\RI
HODVWRPHULFPDWHULDOVIRUVWUHQJWKHQLQJPDVRQU\ZDOOVDJDLQVWEODVWORDGVKDVEHHQLQYHVWLJDWHG
LQ>@7KHPDVRQU\VSHFLPHQVDUHóVFDOHGDQGPDGHRIFRQFUHWHEORFNVZKLOHWKHVWUHQJWK
HQLQJSURFHVVLQYROYHGVSUD\LQJZLWKDSRO\XUHDOLQHU6LQJOHGHJUHHRIIUHHGRP 6'2) PRG
HOVKDYHEHHQXVHGWRVLPXODWHPDVRQU\SHUIRUPDQFHDQGHVWLPDWHWKHLUGDPDJHSURGXFLQJ3,
FXUYHV>@
7KLVVWXG\GHYHORSVDQRQOLQHDU)(PRGHOLQ(8523/(;86>@DQH[SOLFLWFRGHWRLQ
YHVWLJDWHWKHVWUHQJWKHQLQJRIPDVRQU\VWUXFWXUDOHOHPHQWVXVLQJ750DJDLQVWEODVWORDGV
2

EXPERIMENTAL CAMPAIGN

2.1 Test design and set-up
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LQ)LJXUHLQFOXGLQJWZRFRQWUROVSHFLPHQV XQVWUHQJWKHQHG 7KHORDGLVLQFUHDVLQJPRQR
WRQLFDOO\ DW WKH PLGVSDQ RI WKH PDVRQU\ SLHUV ZKLFK KDYH  FRXUVHV RI EULFNV XQLWV LQ D
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0RUWDUMRLQWVZHUHDSSUR[LPDWHO\PPWKLFNDQGWKHVSHFLPHQV¶GLPHQVLRQVZHUHP
ORQJîPZLGH:DOOWKLFNQHVVZDVDSDUDPHWHUXQGHULQYHVWLJDWLRQDQGWKHUHIRUHWKHHLJKW
VLQJOHZ\WKHSLHUV 6 ZHUHPWKLFNZKLOHWKHHLJKWGRXEOHZ\WKHSLHUV ' ZHUH
PWKLFNDVWKH\LQFOXGHRQHKHDGPRUWDUMRLQW7KUHHGLIIHUHQWILEUHVZHUHXVHG L FDUERQ & 
LL JODVV * DQG LLL EDVDOW % ,QWKLVVWXG\RQO\WKHFDUERQWH[WLOHLVLQYHVWLJDWHG'HWDLOV
DERXWWKHHSR[\UHVLQDQGWKHLPSUHJQDWLRQSURFHVVFDQEHIRXQGLQ>@7KHWKLFNQHVVRIWKH
FRDWLVPPIRUWKHRQHOD\HUFDUERQWH[WLOH
2.2 Material properties
7KHPDVRQU\ZDOOVZHUHEXLOWXVLQJVROLGFOD\EULFNVPPKLJKDQGZLWKEHGIDFHGLPHQ
VLRQVîPPDQGDPRUWDUZLWKDPL[UDWLRRI FHPHQWVDQG E\YROXPH7KH
PRUWDUXVHGIRUWKHPDWUL[RI750LVPDGHRIFHPHQWPL[HGZLWKSRO\PHUVDWDUDWLRZKLOH
WKHZDWHUWRPDWHULDOZHLJKWUDWLRZDVNHSWDW
0DWHULDO
0DVRQU\
5HLQIRUFLQJPRUWDU
PDWUL[ 
&DUERQ & 

6WUHQJWK
>03D@


(ODVWLFPRGXOXV
>*3D@


7KLFNQHVV
>PP@














7DEOH0DWHULDOSURSHUWLHVHODVWLFPRGXOXV *3D VWUHQJWK 03D DQGWKLFNQHVV PP 

7KHPDVRQU\¶VYHUWLFDO(ODVWLFPRGXOXVDQGQRPLQDOVWUHQJWKDUHHTXDOWR*3DDQG
03DUHVSHFWLYHO\HVWLPDWHGIURPWKHPHDQRIWKUHHFRPSUHVVLRQWHVWVRIPDVRQU\ZDOOHWWHV
>@7KHPDWUL[PRUWDUFRPSUHVVLYHVWUHQJWKZDVIRXQG03D7KUHHGLIIHUHQWFRPSRVLWH
WH[WLOHVKDYHEHHQXVHG L FDUERQZLWKDQRPLQDOWKLFNQHVVPPJODVVZLWKDQRPLQDO
WKLFNQHVVPPDQGEDVDOW FRDWHGWH[WLOH ZLWKDQRPLQDOWKLFNQHVVPP0HDVXUHG
PDWHULDOSURSHUWLHVIRUDOOPDWHULDOVDUHSURYLGHGLQ7DEOH
2.3 Test results
0DVRQU\ZDOOVXVXDOO\H[SHULHQFHWZRSUHGRPLQDQWIDLOXUHPRGHVRUDFRPELQDWLRQRIWKH
WZR L WH[WLOHIDLOXUH 7; RU LL PDVRQU\IDLOXUH 05 7KHWH[WLOHIDLOXUHFDQRFFXUHLWKHUDV
ILEUHEUHDNDJH )% RUWH[WLOHGHERQGLQJ '% DQGVOLSSDJH 6/ 0DVRQU\IDLOXUHFDQEHHLWKHU
IOH[XUDOZLWKYHUWLFDOFUDFNV )/ VKHDUZLWKGLDJRQDOFUDFNV 6' RUVKHDUVOLGLQJRIWKHEULFNV
RQWKHPRUWDUMRLQWV 69 GXHWR ORVVRIERQGLQJ ,QERWK FDVHV LH ILEUHV DQGPDVRQU\ D
FRPELQDWLRQRIWKHIDLOXUHPRGHVLVSRVVLEOH7KHVSHFLPHQVUHWURILWWHGZLWKFDUERQ750IDLOHG
LQWH[WLOHVOLSSDJH VLQJOHZ\WKHVSHFLPHQ DQGWH[WLOHUXSWXUH GRXEOHZ\WKHVSHFLPHQ 
3

NUMERICAL MODELLING FOR BLAST LOADING

)LQLWHHOHPHQWDQDO\VLVKDVEHHQSHUIRUPHGWRYHULI\WKHTXDVLVWDWLFH[SHULPHQWDOUHVXOWV
DQGWKHQREWDLQDTXDOLWDWLYHDVVHVVPHQWRIWKHSHUIRUPDQFHRIWKHVSHFLPHQXQGHUEODVWORDGLQJ
7KHVLPXODWLRQVKHUHLQDUHFDUULHGRXWXVLQJWKHH[SOLFLWILQLWHHOHPHQWVROYHU(8523/(;86
>@MRLQWO\GHYHORSHGE\WKH)UHQFK&RPPLVVDULDWjO¶(QHUJLH$WRPLTXHHWDX[(QHUJLHV$O
WHUQDWLYHV &($6DFOD\ DQGWKH(XURSHDQ&RPPLVVLRQ¶V-RLQW5HVHDUFK&HQWUH -5&,VSUD 
7KHPDLQDSSOLFDWLRQGRPDLQRIWKHVRIWZDUHLVQXPHULFDOVLPXODWLRQRIIDVWWUDQVLHQWSKHQRP
HQDLQFOXGLQJQRQOLQHDUHIIHFWVVXFKDVH[SORVLRQVDQGLPSDFWVLQFRPSOH[WKUHHGLPHQVLRQDO
IOXLGVWUXFWXUHV\VWHPVDQGWKHUHIRUHVXLWVSHUIHFWO\IRUWKHPDVRQU\EODVWDQDO\VLVDSSOLHGKHUH
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3.1 Numerical setup
7KHQXPHULFDOPRGHORIWKHPDVRQU\ZDOOZDVGLVFUHWL]HGE\QRGHOLQHDUEULFNHOHPHQWV
ZLWKUHGXFHGLQWHJUDWLRQWRDYRLGORFNLQJSKHQRPHQD$XQLIRUPHOHPHQWVL]HRIFPZDVRSWHG
IRUWRDOVRUHVROYHWKHPRUWDUMRLQWVVHH)LJXUH7KH750OD\HUKDVEHHQPRGHOOHGZLWK
QRGHVKHOOHOHPHQWVZLWK'2)VSHUQRGHLQWHJUDWLRQSRLQWVLQWKHSODQHDQGLQWHJUDWLRQ
SRLQWVWKURXJKWKHWKLFNQHVV$VLPLODUHOHPHQWVL]HRIFPKDVEHHQHPSOR\HGIRUWKH750
OD\HUZKLFKLVVKDULQJFRPPRQQRGHVZLWKWKHPDVRQU\ZDOOLQRUGHUWRWDNHLQWRDFFRXQWWKH
ERQGLQJEHWZHHQWKHWZRGLIIHUHQWFRPSRQHQWV7KHVSHFLPHQZDVFRQVWUDLQHGDORQJWKHYHUWL
FDOGLUHFWLRQ SDUDOOHOWRWKHORDG DWWKHVXSSRUWORFDWLRQV)RUWKHTXDVLVWDWLFWHVWVWKHORDGKDV
EHHQLPSOHPHQWHGVRPHZKDWIDVWHU FRQVWDQWYHORFLW\RIPV XVLQJWLPHVFDOLQJZKLFK
LPSOLHVWKDWWKHVLPXODWLRQUXQGXULQJDVKRUWHUWLPHLQWHUYDOWKDQWKHGXUDWLRQRIWKHSK\VLFDO
SURFHVVRIWKHWHVW7LPHVFDOLQJLQFUHDVHVWKHVWUDLQUDWHVLQWKHVWUXFWXUHWKHUHIRUHUDWHVHQVL
WLYLW\KDVEHHQGHDFWLYDWHGIURPWKHFRQVWLWXWLYHPRGHO

)LJXUH1XPHULFDOPRGHORIWKHPDVRQU\ZDOO

3.2 Blast load
$QLGHDOL]HGIRUPRIDEODVWSUHVVXUHWLPHFXUYHDWDFHUWDLQGLVWDQFHIURPWKHGHWRQDWLRQ
SRLQWDQGZLWKRXWLQWHUPHGLDWHREVWDFOHVLVSUHVHQWHGLQ)LJXUH7KHVKRFNZDYHILUVWUHDFKHV
WKHSRLQWXQGHUFRQVLGHUDWLRQDWWKHDUULYDOWLPHta ZKLFKLQFOXGHVWKHWLPHRIWKHGHWRQDWLRQ
LWVHOI 7KHSUHVVXUHUHDFKHVLWVPD[LPXPYDOXHpmax SHDNRYHUSUHVVXUH DOPRVWLQVWDQWO\DQG
VWDUWVGHFD\LQJXQWLOLWUHDFKHVWKHDPELHQWSUHVVXUHp0 LQPRVWFDVHVWKHDWPRVSKHULFSUHVVXUH 
ZLWKLQ WLPH td FDOOHG WKH SRVLWLYH SKDVH GXUDWLRQ 7KH SUHVVXUH FRQWLQXHV WR GURS EHORZ WKH
DPELHQWSUHVVXUHUHDFKLQJLWVPLQLPXPYDOXHpminDQGWKHQVWDUWVWRULVHDJDLQUHDFKLQJWKH
DPELHQWSUHVVXUHZLWKLQWLPHtnNQRZQDVWKHQHJDWLYHSKDVHGXUDWLRQ7KHH[SRQHQWLDOGHFD\
RIWKHSUHVVXUHWLPHKLVWRU\LVUHSUHVHQWHGWKURXJKWKHPRGLILHG)ULHGODQGHUHTXDWLRQ>@WKDW
GHVFULEHVWKHUDWHRIGHFUHDVHRIWKHEODVWSUHVVXUHYDOXHV'HSHQGLQJRQWKHGLVWDQFHRIWKH
REVWDFOHIURPWKHGHWRQDWLRQSRLQWDQGWKHPDVVRIWKHH[SORVLYHFKDUJHWKHGHVLUHGSDUDPHWHUV
WLPHRIDUULYDOSUHVVXUHPDJQLWXGHVGXUDWLRQDQGLPSXOVHV FDQEHGHILQHGXVLQJWKHJUDSKV
LQFOXGHGLQ>@
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)LJXUH,GHDOL]HGIRUPRISUHVVXUHWLPHKLVWRU\GXHWRH[SORVLRQ )ULHGODQGHUHTXDWLRQ>@ 

3.3 Material properties and modelling considerations
7KHUHVSRQVHRIDSHUIHFWO\ERQGHG750VWUHQJWKHQHGPDVRQU\LVJHQHUDOO\DVVXPHGWREH
WULOLQHDU>@DVVKRZQLQ)LJXUHZKHUHWKHWKUHHVXEVHTXHQWSKDVHV,,,DDQG,,EDUHFKD
UHFWHULVHGE\WKHPRGXOL((  DQG(ZKLFKFDQEHIXUWKHUVLPSOLILHGWRDOLQHDURQH
QHJOHFWLQJ WKH ILUVW WZR SKDVHV +RZHYHU D FRPSOH[ LQWHUDFWLRQ SURFHVV EHWZHHQ ILODPHQWV
\DUQVWKHPDWUL[DQGWKHPDVRQU\WDNHVSODFHZKLFKUHVXOWVLQDPDFURVFRSLFGHERQGLQJDQG
DQXQHYHQVWUHVVGLVWULEXWLRQRIWKHILEUHVPLFURVFRSLFDOO\7RWKLVHQGDQHVWLPDWLRQRIDQµHI
IHFWLYH¶HODVWLFPRGXOXVLVRSWHGIRULQWKLVVWXG\FDOLEUDWHGIURPWKHH[SHULPHQWDOUHVXOWV7KH
GHILQLWLRQRIWKHHIIHFWLYHVWUDLQLVDVIROORZV
εeff = ε + εbond



ZKHUHεbond LVWKHPDFURVFRSLFµVWUDLQ¶GHILQHGDVWKHUDWLRRIWKHVOLSWRWKHOHQJWKRIWKHURYLQJ
7KH750FRDWLVPRGHOOHGDVVXPLQJRQO\WKHWH[WLOHWRWKLVHQGWKHHIIHFWRIWKHPDWUL[LV
LQWURGXFHGDVDQLQLWLDOLQFUHDVHGVWLIIQHVVDSSO\LQJWKHUXOHRIPL[WXUHVWRUHIOHFWLWVµSUHVHQFH¶
SULRUWRFUDFNLQJDQGORVVRIWHQVLOHFDSDFLW\

stress

IIb

E3

IIa
I
E1
strain

)LJXUH7\SLFDOWULOLQHDUVWUHVVVWUDLQFXUYHRI750DQGDVLPSOLILHGOLQHDURQH>@

7KHPRUWDUDQGWKHEULFNVH[KLELWDEULWWOHEHKDYLRXUWKHUHIRUHDWKUHHLQYDULDQWFDSPRGHO
ZLWKPL[HGKDUGHQLQJKDVEHHQXVHG>@,WLQFOXGHVVWUDLQUDWHVHQVLWLYLW\DQGLVRWURSLFGDPDJH
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DQGKDVEHHQVXFFHVVIXOO\HPSOR\HGLQSUHYLRXVVWXGLHVUHSUHVHQWLQJFRQFUHWHVWUXFWXUHV>@
)RUWKH750OD\HUD9RQ0LVHVPDWHULDOODZKDVEHHQXVHGZKHUHHODVWRSODVWLFLW\ZLWKLVR
WURSLFKDUGHQLQJLVLPSOHPHQWHGYLDDUDGLDOUHWXUQDOJRULWKP
)DLOXUHZDVPRGHOOHGXVLQJHOHPHQWHURVLRQ HOHPHQWH[FOXGHGIURPWKHFDOFXODWLRQIRUWKH
UHPDLQLQJ SHULRG  WKDW LV WULJJHUHG ZKHQ DOO WKH LQWHJUDWLRQ SRLQWV LQ WKH UHVSHFWLYH HOHPHQW
UHDFKDFULWLFDOYDOXHUHODWHGZLWKWKHFRQVWLWXWLYHODZ)RUWKHEULWWOHPDWHULDOODZWKHYROXPHW
ULFSODVWLFVWUDLQKDVEHHQXVHGDVDIDLOXUHFULWHULRQZKLOHWKHWKUHVKROGKDVEHHQGHILQHGDIWHU
DSSURSULDWHSDUDPHWULFVWXGLHV)RUWKH750DFULWHULRQEDVHGXSRQWKHSULQFLSDOVWUDLQVKDV
EHHQHQJDJHG7KHFULWHULRQLVDFWLYHZKHQWKHK\GURVWDWLFVWUHVVLVSRVLWLYH WUDFWLRQ ZKLOH
ZKHQWKHK\GURVWDWLFVWUHVVLVQHJDWLYH FRPSUHVVLRQ IDLOXUHLVLQDFWLYH
4

MODEL CALIBRATION AND BLAST ANALYSES

4.1 Calibration of the proposed model
7KHQXPHULFDOPRGHODQGWKHDVVXPSWLRQVGHVFULEHGLQ6HFWLRQDUHDSSOLHGWRWKHPDVRQU\
VLQJOHDQGGRXEOHZ\WKHVSHFLPHQVRIWKH H[SHULPHQWDO FDPSDLJQSUHVHQWHGLQ 6HFWLRQWR
FDOLEUDWHWKHHIIHFWLYHPDWHULDOSURSHUWLHV7KHFDOLEUDWHGPDWHULDOSURSHUWLHVIRUERWKVSHFLPHQV
UHWURILWWHGZLWK DFDUERQ750 OD\HUDUHSUHVHQWHGLQ7DEOHDQG7DEOH ,WLVQRWHGWKDWD
XQLIRUPZHLJKWLVDSSOLHGWRDOOPDWHULDOVDVWKHDQDO\VLVLVH[SOLFLW0DVRQU\DQGPRUWDUMRLQWV
DUHPRGHOOHGXVLQJDFRQFUHWH1/PDWHULDOODZDSSO\LQJD'UXFNHU3UDJHUVWUDLQWKUHVKROG>@

0DWHULDO

'HQVLW\
>NJPñ@

<RXQJ
PRGXOXV
>*3D@

%ULFN
0RUWDU







3RLVRQ
UDWLR

&RPSUHV
VLYHVWUHQJWK
>03$@

7HQVLOH
VWUHQJWK
>03D@










9ROX
PHWULF
VWUDLQ
WKUHVK
ROG



Table 2. 0DWHULDOSDUDPHWHUVIRUEULWWOHFRQVWLWXWLYHODZ

'HQVLW\
>NJPñ@


<RXQJPRG
XOXV
>*3D@


3RLVRQUDWLR
>@

(ODVWLFOLPLW
>03$@





8OWLPDWH
VWUHVV
>03D@


8OWLPDWH
VWUDLQ
>@


Table 3. (IIHFWLYHPDWHULDOSDUDPHWHUVIRUWKHFDUERQ750OD\HU

7KHFDOLEUDWLRQRIWKHHIIHFWLYHPDWHULDOSDUDPHWHUVIRUWKHFDUERQWH[WLOHLVVKRZQLQ7DEOH
DQGWKHFRPSDULVRQ EHWZHHQDQDO\WLFDO DQGH[SHULPHQWDOUHVXOWV DUHSUHVHQWHGLQ )LJXUH
ZKHUHDQH[FHOOHQWPDWFKLQJLVREVHUYHG)DLOXUHLVFDOLEUDWHGZLWKKLJKDFFXUDF\LQERWKFDVHV
DVZHOODVWKHLQLWLDOVWLIIQHVV$UHDVRQDEO\VPDOOYDULDWLRQRIWKHVWLIIQHVVLVREVHUYHGIRUWKH
GRXEOHZ\WKHPDVRQU\VSHFLPHQZKLFKFDQEHDWWULEXWHGWRORFDODOHDWRU\ERQGLQJLPSHUIHF
WLRQV
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)LJXUH&RPSDULVRQEHWZHHQH[SHULPHQWDOUHVXOWVRIVLQJOH 6B& DQGGRXEOHZ\WKH 'B& PDVRQU\DQG
QXPHULFDOPRGHO (3; 

0RUHRYHUFRPSDULQJWKHIDLOXUHPRGHDQGWKHFUDFNSURSDJDWLRQDPRQJWKHH[SHULPHQWDO
VSHFLPHQVDQGWKHQXPHULFDOPRGHOVVKRZDUHDVRQDEO\DFFXUDWHFRLQFLGHQFHDVGHSLFWHGLQ
)LJXUH

)LJXUH)DLOXUHPRGHRIH[SHULPHQWDOVSHFLPHQVDQGDQDO\WLFDOUHSUHVHQWDWLRQ
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4.2 Application of blast loading
$KHPLVSKHULFDOEODVWZDYHSURGXFHGIURPDNJ717FKDUJHDWDVWDQGRIIGLVWDQFHRIP
KDVEHHQFRQVLGHUHGWRLPSLQJHWKHXSSHUVXUIDFHRIWKHZDOO7KLVVFHQDULRLPSOLHVD+RSNLQ
VRQ&UDQ]VFDOHGGLVWDQFHRI݉Ȁ݇݃ଵȀଷ DFFRUGLQJWRWKHIROORZLQJ(TXDWLRQ

ܼ ൌ ܴൗయ
ξܹ
ZKHUHܴLVWKHVWDQGRIIGLVWDQFHDQGܹLVWKHFKDUJHPDVV
7KHPDWHULDOVFRPSULVLQJWKHPDVRQU\ZDOOEHKDYHGLIIHUHQWO\XQGHULPSXOVLYHORDGLQJZKHQ
FRPSDUHGWRVWDWLFRUTXDVLVWDWLFORDGLQJGXHWRWKHHIIHFWRIWKHLQFUHDVHGVWUDLQUDWHV)LJXUH
SUHVHQWVWKHFRPSDULVRQRIWKHPDVRQU\ZDOOUHVSRQVHXQGHUEODVWORDGLQJZLWKDQGZLWKRXW
750HQKDQFHPHQW7KHPDJHQWDFRORXUHG]RQHVLQGLFDWHWKHHURGHGHOHPHQWVDIWHUUHDFKLQJ
WKHLUPD[LPXPOLPLW0RUHDFFXUDWHUHSUHVHQWDWLRQRIWKHFUDFNSURSDJDWLRQQHHGVILQHUGLV
FUHWLVDWLRQEXWWKHFXUUHQWRQHLVVXIILFLHQWWRH[WUDFWTXDOLWDWLYHFRQFOXVLRQV
7KHDGGLWLRQDO750OD\HUDSSHDUVWRSUHYHQWWKHH[WHQVLYHFUDFNLQJRIWKHPRUWDU,QIDFW
WKHRSHQLQJRIWKHPRUWDUEHGMRLQWVLQWKHPLGGOH]RQHGXHWRWHQVLOHIDLOXUHLVSUHYHQWHGDO
ORZLQJIRUDQDGGLWLRQDOPDVRQU\DUFKPHFKDQLVPWRGHYHORSZKLFKKRZHYHULVVWLOOIDUIURP
KLJKSODVWLFVWUDLQV7KLVDGGLWLRQDODUFKPHFKDQLVPDSSHDUVZLWKDPRGHUDWHGLDJRQDOFUDFNLQJ
DQGDFRPSUHVVLRQ]RQHLQWKHPLGGOHPRUWDUKHDGMRLQWV0RUHRYHUWKLVPHFKDQLVPUHOLHYHV
SDUWRIWKHVWUHVVDQGVWUDLQWHQVLRQDWWKHVXSSRUWV
0RQLWRULQJRIWKHQXPEHURIWKHIDLOHGHOHPHQWVIRUHDFKFDVHUHYHDOVWKDWWKH750HQ
KDQFHGZDOOKDVOHVVHURGHGHOHPHQWVWKDWLVDFOHDULQGLFDWLRQRIGDPDJHUHGXFWLRQ7KH
750LVQRWH[IROLDWHGNHHSLQJWRJHWKHUWKHLQGLYLGXDOFRPSRQHQWVRIWKHZDOODFKDUDFWHULVWLF
WKDWFDQFRQWULEXWHWRZDUGVWKHUHGXFWLRQRIWKHSRWHQWLDOIO\LQJGHEULVDQGWKHLUOHWKDOFRQVH
TXHQFHVDQGWKXVLQFUHDVHVXEVWDQWLDOO\WKHVDIHW\RIWKHVWUXFWXUH

D

E

)LJXUH'DPDJHVWDWHVIRU D XQUHLQIRUFHGPDVRQU\DQG E UHWURILWWHGPDVRQU\ZLWK750

5

CONCLUSIONS
x $PRGHOIRUXQUHLQIRUFHGPDVRQU\DQGPDVRQU\VWUHQJWKHQHGZLWK750KDVEHHQGHYHO
RSHGLQDQH[SOLFLW)(FRGH
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x 7KHPDWHULDOPRGHOVRIWKHVLPXODWLRQKDYHEHHQFDOLEUDWHGXVLQJVWDWLFRXWRISODQHH[
SHULPHQWV
x 7KHPDWHULDOVVWUDLQUDWHHIIHFWGXHWRWKHLPSXOVLYHORDGLQJKDVEHHQHVWLPDWHGIURPWKH
OLWHUDWXUH
x 8QUHLQIRUFHGDQGUHWURILWWHGPDVRQU\SLHUVXVLQJRQHOD\HURIFDUERQWH[WLOHLQLQRUJDQLF
FHPHQWEDVHGPDWUL[ 750 KDYHEHHQH[SRVHGWREODVWORDGV
x $SSOLFDWLRQRIRQHOD\HURI750 XVLQJFDUERQWH[WLOHLQLQRUJDQLFPDWUL[ FDQVXEVWDQ
WLDOO\LQFUHDVHWKHFDSDFLW\DJDLQVWLPSDFWDQGEODVWORDGV
x )O\LQJGHEULVLVH[SHFWHGWREHVXEVWDQWLDOO\UHGXFHGDQGWKXVLQFUHDVHWKHRFFXSDQWVDIHW\
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SIMPLIFIED DYNAMIC RESPONSE ANALYSIS OF A RAILWAY
BRIDGE CONSIDERING SOIL-STRUCTURE INTERACTION
Christoph Adam1 and Benjamin Hirzinger1
1 University

of Innsbruck, Unit of Applied Mechanics
Technikerstr. 13, 6020 Innsbruck, Austria
e-mail: {christoph.adam,benjamin.hirzinger}@uibk.ac.at
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Abstract. Based on a simple mechanical model, the dynamic response of a railway bridge
crossed by a high-speed train is analyzed. The bridge structure is represented by an EulerBernoulli beam resting at both ends on spring-damper elements, which model the viscoelastic
ﬂexibility of the soil below the bridge foundations. The train is simpliﬁed by its axle loads, which
cross the beam at constant speed. The inﬂuence of the train on the structure during the approach
phase and after departure is considered. In an application example the effect of the train speed,
the subsoil conditions and the type of train on the peak acceleration of a ballasted bridge is
studied.
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1

INTRODUCTION

The bridge structures along high-speed rail lines can be excited to resonance at critical speeds
of the crossing train. Resonance leads to considerable acceleration responses of the bridge deck,
which has a negative effect on the stability of the ballast bed and the track quality [1]. As a result,
the intervals for track maintenance and track servicing must be reduced in order to maintain
ongoing operation at the intended operating speed. Consequently, Eurocode 1 [2] speciﬁes limit
values for the maximum bridge acceleration, which is for ballasted bridges 3.5 m/s2 and for
non-ballasted bridges 5.0 m/s2 . Such resonance phenomena should be already identiﬁed at the
planning stage. Therefore, a sufﬁciently accurate computational prediction of the dynamic bridge
response is of great importance in this phase.
The analysis of the structural response is generally based on a mechanical model. For the
problem soil-bridge-train interaction, various modeling strategies with varying degrees of detail
can be found in the literature [3]. In the more complex models, the bridge structure is converted
into a three-dimensional ﬁnite element model and the train is represented as a multi-body system
[4]. In simple cases, the structure is represented as a beam, which is dynamically loaded by
the static axle loads of the passing train [5]. The majority of studies neglect the ﬂexibility of
the soil under the bridge bearings and only very few studies (e.g. [6, 7]) deal with the effect of
soil-structure interaction on the dynamic bridge response. The soil can be represented simpliﬁed
by discrete spring-damper elements [8] below the supports.
In this contribution a simple model recently proposed by the authors [9] is used to efﬁciently
predict the dynamic response of a bridge exposed to high-speed trains. The structure is modeled
as an Euler-Bernoulli beam, whose viscoelastic supported bearings capture the behavior of the
soil below the foundations. As a novelty, the approach presented in [9, 10] is used to take into
account the effect of the train on the response of the structure while approaching and leaving the
bridge. The train is represented in simpliﬁed form by the static axle loads moving at the speed of
the train. The response of the non-classically damped beam is found by complex modal analysis.
For an example problem the inﬂuence of the soil-structure interaction on the dynamic response
of the bridge structure is studied.
2
2.1

MODELING STRATEGY
Bridge structure, foundation and subsoil

A slender single-span bridge with a constant cross-section over its span L is considered. The
bridge structure can be sufﬁciently accurately represented as an Euler-Bernoulli beam with
bending stiffness EI and mass per unit length ρA. The lumped masses m located at both beam
ends represent the mass of the bridge foundations and the mass of the soil above the foundations.
The half-space below the vertically excited rigid foundations is simpliﬁed by means of springdamper elements [11], which are located under the bridge bearings in the model, see Figure 1.
Assuming that the half-space is homogeneous, the spring stiffness k and the viscous damping
parameter c of these elements are estimated in the present study on the basis of the Wolf cone
model [12],
ρb c2w A0
k=
, c = ρ b c w A0
(1)
z0
where
2
cw
π
z0 = (1 − ν)
(2)
4
cs
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Figure 1: Idealization of the train as a sequence of moving static axle forces and bridge model; from [9].


ρb is the density of the soil, A0 the contact area of the foundation, and cs = G/ρb the shear
velocity with G denoting the shear modulus. For soils with a Poisson’s ratio ν ≤ 1/3, cw
corresponds to the compression velocity,
#
Es
, ν ≤ 1/3
(3)
cw =
ρb
with the constrained modulus Es , which is related to the shear modulus G through Es =
2G(1 − ν)/(1 − 2ν).
The time history t of the vertical displacement w(x, t) of the Euler-Bernoulli beam at position
x satisﬁes the following partial differential equation [13],
ρAẅ(x, t) + EIw,xxxx (x, t) = p(x, t)

(4)

The corresponding boundary conditions of the present beam problem read as [10, 13],
mẅ(0, t) + kw(0, t) + cẇ(0, t) + EIw,xxx (0, t) = 0 , w,xx (0, t) = 0
mẅ(L, t) + kw(L, t) + cẇ(L, t) − EIw,xxx (L, t) = 0 , w,xx (L, t) = 0

(5)

The load function p(x, t) in the equation of motion Eq. (4) accounts for the effect of the moving
train. It is composed of three portions [9],
p(x, t) = pb (x, t) + p0 (x, t) + pL (x, t)

(6)

where pb (x, t) captures train load when moving on the bridge, p0 (x, t) represents the effect of the
train in the approach phase, and pL (x, t) in the departure phase when the train has already left the
bridge. In contrast to a vertically immovable bridge (i.e. on rigid ground), the two contributions
p0 (x, t) and pL (x, t) must be taken into account for this ﬂexibly supported bridge, as described
below.
2.2
2.2.1

Train model
Train on the bridge

Since the rail vehicles are generally low tuned, according to Eurocode [2] for the estimation
of the dynamic bridge response a train with Nw wheel sets may be described by its Nw static
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(i)

axle loads Fb , i = 1, ..., Nw moving at the train speed v, as shown in Figure 1. If the speed v is
constant, the load function pb (x, t) on the bridge can be expressed as follows [3],
pb (x, t) =

Nw


(i)

(B)

(C)

Fb δ(x − ξi )[H(t − ti ) − H(t − ti )]

(7)

i=1
(i)

The Dirac delta function δ(x − ξi ) represents the i-th axle load Fb at ξi = vt − li , with li
denoting the initial position of the force at time t = 0 (cf. Figure 1). The Heaviside functions
(B)
H describe the arrival of this force on the bridge at time ti = li /v or its departure at time
(C)
ti = (li + L)/v.
2.2.2

Approach and departure phase of the train

In the common models of viscoelastically supported beam bridges, the beam is suddenly
loaded when the i-th axle load of the train is applied. Since the deﬂection of the beam is still zero
when the load arrives at the bridge, an inertial force is suddenly generated which counteracts this
axle load. However, the acceleration jump in the model associated with this inertial force has no
physical background, but is only caused by the insufﬁcient model, which ignores the approach
and departure phase of the train. An appropriate model must consider the lowering of the bridge
foundation caused by the deformation of the ground and track when the train approaches the
bridge. The acceleration jump is then avoided in the analysis.
(A)
The model proposed recently by the authors [9] assumes that at time ti = (li − L0 )/v at
(i)
the distance L0 from the left support the i-th static axle load Fb of the train induces the single
(i)
(i)
(A)
force P0 (t) at this support. P0 (t) increases linearly with time t − ti from zero. At time
(B)
(i)
(i) (B)
(i)
ti = li /v the axle load Fb reaches this support, where P0 (ti ) = Fb . This model is based
(i)
on the assumption that the axle load Fb in the approach phase crosses a rigid massless beam of
length L0 , which is simply supported on the left and elastically supported on the right by the
(i)
soil spring of stiffness k, as shown in Figure 2(a). The force P0 thus represents the quasi-static
(i)
reaction force of this beam at the ﬂexible support due to the load Fb moving at constant speed.
The effect of the Nw axle loads on the left support can be combined to form the total force P0 (t)
as [9],
p0 (x, t) ≡ P0 (t) = δ(x)

Nw


(i)

Fb

1+

i=1

vt − li
L0

,
*
(A)
(B)
H(t − ti ) − H(t − ti )

(8)

The Dirac delta function δ(x) indicates the position of P0 (t) at x = 0, i.e. at the left bridge
(i)
(A)
(A)
bearing. The ith axis load Fb is activated at the time ti by the Heaviside function H(t − ti ),
(B)
(B)
and is deactivated at the time ti by the Heaviside function H(t − ti ) when entering the left
bridge bearing.
(C)
(i)
(i) (C)
(i)
If at time ti = (li + L)/v the axle load Fb leaves the bridge, the force PL (ti ) = Fb is
(i)
applied to the right support, which then decreases linearly with increasing distance of Fb until
(D)
it is zero at time ti = (li + L + LL )/v. LL represents the inﬂuence length behind the bridge.
Mathematically, the total force PL (t) at the right bridge bearing is expressed as [9],
pL (x, t) ≡ PL (t) = δ(x − L)

Nw

i=1

(i)

Fb

1−

vt − li − L
LL
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(C)
(D)
H(t − ti ) − H(t − ti ) (9)
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Figure 2: (a) Basic idea of considering the approach and the departure phase of the train, visualized for the ith axle
load, whose position is shown at different time instants. (b) Implementation of the approach and departure condition
on the viscoelastic supported beam model; modiﬁed from [9].
(i)

Figure 2(b) illustrates the load on the beam induced by the i-th moving axle load Fb . In the
(A)
(B)
(i)
approach phase in the period ti ≤ t ≤ ti the force P0 is applied to the left support, in the
(B)
(C)
(i)
(i)
period ti ≤ t ≤ ti the force Fb crosses the bridge and in the departure phase PL is applied
to the right support.
3

ANALYSIS OF THE STRUCTURAL RESPONSE

The Euler-Bernoulli beam described by the equation of motion Eq. (4) is non-classically
damped due to the non-classical boundary conditions Eq. (5). Therefore only a complex modal
analysis leads to the decoupling of the modal equations. For the complex analysis the equation
of motion is transferred to the state space. For details it is referred to [9, 10].
4
4.1

APPLICATION
Bridge and soil parameters

A single-span ballasted steel railway bridge with a span of L = 21 m is considered, see also
[9]. The corresponding beam model has a bending stiffness of EI = 2.6 · 1010 Nm2 and a mass
per unit length of ρA = 7083 kg/m. The modal damping coefﬁcients ζr = 0.5%, r = 1, 2, ...
of the vertically immovable steel structure (i.e. the base is rigid) are assumed to be equal to
0.5% according to Eurocode 1 [2]. In contrast, in the viscoelastically supported bridge models
the modal damping coefﬁcients for the steel structure are only half of the value proposed in
Eurocode 1 [2], i.e. ζr = 0.25%, because the effect of radiation damping is captured by the
viscous dampers.
Five homogeneous soils of different stiffness are considered, whose soil parameters (con-
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strained modulus Es , Poisson’s ratio ν, mass density ρ) are summarized in Table 1 [9, 10]. Soil 1
with the lowest stiffness corresponds to a medium stiff soil and soil 5 to a stiff soil (rock). Since
the required contact area A0 of the foundations depends on the soil stiffness (i.e. the stiffer the
soil the smaller the required area), the product of the base area of the foundation A0 and the
root
√modulus of the soil Es is kept constant when determining k and c, i.e.
√of the constrained
4
A0 Es = 2.289 · 10 Nm. The foundations are assumed to have the same mass for all soils
considered, i.e. m = 1.5 · 105 kg.

1
2
3
4
5

Es
[MN/m2 ]
200
250
300
400
500

ν
[-]
0,30
0,28
0,26
0,25
0,25

ρ
[kg/m3 ]
2263
2300
2333
2367
2400

k
[N/m]
5,895·108
7,662·108
9,495·108
1,284·109
1,605·109

c
[kg/s]
1,089·106
1,098·106
1,106·106
1,114·106
1,121·106

Table 1: Soil parameters and corresponding parameters of the spring-damper elements [9]

4.2

Maximum dynamic bridge response

In the following, the maximum dynamic response of the bridge subjected to the Austrian
high-speed train Railjet and the Intercity-Express train ICE 3, respectively, is studied. The Railjet
train with the maximum speed of vmax = 280 km/h consists of two powercars and twice six
wagons with a total length of Ltrain = 205.4 m and 56 axles. The considered ICE 3 train is
composed of two units (i.e. 16 cars) with a total length of Ltrain = 400 m and has 64 axles. The
maximum speed of the ICE 3 train is 330 km/h. The amplitude and distances of the axle loads
for the Railjet train can be found in [14] and for the ICE 3 train in [15].
As already described in the introduction, in general the maximum acceleration of the bridge
deck is decisive for the assessment of the reliability of the bridge structure exposed to high-speed
trains. Therefore, in a series of analyses, the acceleration response of the beam model under the
effect of the axle loads of the considered trains is computed, increasing in each analysis the speed
v stepwise by Δv = 0.1 m/s. The response is approximated by seven modes. Additionally, the
deﬂection wr of the beam model is also determined, which is the vertical displacement w(x, t)
minus the rigid body displacement due to the lowering of the supports,
wr (x, t) = w(x, t) −

(w(0, t) + w(L, t))
2

(10)

A previous convergence study [9] has shown that the inﬂuence length before and after the bridge
of L0 = LL = 20 m is sufﬁcient. Plotting the maximum bridge acceleration a and the maximum
deﬂection wrel , respectively, observed in the period T = (l1 + Ltrain + L0 + L + LL )/v,
a(v) = max{|ẅ(x, t, v)| : 0 ≤ x ≤ L, 0 ≤ t ≤ T }
wrel (v) = max{|wr (x, t, v)| : 0 ≤ x ≤ L, 0 ≤ t ≤ T }

(11)

against the train speed v, yields the response spectra of the bridge structure induced by the Railjet
train (Figure 3) and the ICE 3 train (Figure 4), respectively. In the Figures 3 and 4 the maximum
accelerations are shown on the left and the maximum deﬂections on the right. The maximum
(r)
spectral values occur at the critical speeds vl (also referred to as resonance speeds), which
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Figure 3: (a) Maximum acceleration and (b) maximum deﬂection of the bridge with respect to the speed of the
Railjet train for different subsoil conditions.
(r)

are deﬁned as [3] vl = dfr /j, j = 1, 2, 3, .... These resonance phenomena are a consequence
of the excitation of the structural modes by the moving axle loads with constant distance d. fr
denotes the r-th natural frequency of the bridge and j is an integer variable. The distance d,
which corresponds to the car length, is 26.5 m for the Railjet train and 24.78 m for the ICE 3
train.
(1)
(1)
As can be seen from Figure 3, the ﬁrst two main resonance speeds v4 and v3 of the Railjet
train in the ranges between 150 to 160 km/h and 200 to 230 km/h are a consequence of the
excitation of the fundamental mode. The decrease of the soil stiffness is accompanied by a
reduction in the fundamental frequency and consequently in the corresponding critical speeds.
(1)
Thus, for the simply supported beam (rigid soil) the critical speed v4 is 162.4 km/h, but for
(1)
the structure on medium stiff soil 1 only v4 = 142.2 km/h. In the ﬁrst case the maximum
(1)
(1)
acceleration is a(v4 ) = 4.08 m/s2 , in the latter case only a(v4 ) = 2.37 m/s2 .
According to Figure 3(a), for the simply supported beam on rigid soil as well as for the
(1)
(1)
structure on soils 4 and 5 at critical speeds v4 and v3 the acceleration threshold for ballasted
bridges according to the Eurocode 1 [2] of 3.5 m/s2 is exceeded. This is due to the low ﬁrst mode
damping for this combination of structure and soil properties. From this ﬁgure two main effects
of the soil-structure interaction can already be seen. The critical speeds become smaller with
lower soil stiffness, but at the same time the corresponding maximum accelerations are reduced
because the overall damping increases. In contrast to the acceleration spectra, which show
numerous local peaks, a minor ampliﬁcation of the maximum deﬂection is only observed at the
previously mentioned resonance speeds, as shown in Figure 3(b). However, these ampliﬁcations
are not critical.
As the spectra of Figure 4(a) shows, the ICE 3 train induces resonance accelerations for all
subsoil conditions that are a multiple of the acceleration threshold of 3.5 m/s2 . The critical
speeds of the ICE 3 train, at which this limit acceleration is exceeded, start at about 220 km/h.
(1)
(2)
(2)
These critical speeds excite the ﬁrst and second mode (v2 , v10 , v11 ) of the simply supported
(1)
(4)
structure (on rigid soil), and the ﬁrst and fourth mode (v2 , v10 ) of the beam on ﬂexible subsoil,
as can be seen from Figure 4(a). As observed, the rigidly supported bridge model exceeds for
(2)
the ﬁrst time the limit acceleration of 3.5 m/s2 at the speed v11 = 220 km/h, which is at a lower
speed than with the models with ﬂexible soil. The largest maximum acceleration of 9.6 m/s2
(1)
occurs at v2 of the model with soil 5, because the damping of the ﬁrst mode is smaller with this
model than with the simply supported beam. The deﬂection, on the other hand, is signiﬁcantly
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Figure 4: (a) Maximum acceleration and (b) maximum deﬂection of the bridge with respect to the speed of the
ICE 3 train for different subsoil conditions.
(1)

increased by the ICE 3 train only at the critical speed v2 , see Figure 4(b).
5

CONCLUSIONS

The results of this study on the soil-bridge-train system are based on a simpliﬁed model in
which the structure is represented as a beam, the subsoil as spring-damper elements below the
bearings, and the train as moving axle loads. A corresponding consideration of the approach
phase and the departure phase of the train is decisive for physically meaningful outcomes of this
model.
This study shows the inﬂuence of soil-structure interaction on the numerically predicted
acceleration response of a bridge structure exposed to a high-speed train. In general, the
maximum accelerations become smaller due to the radiation damping of the ground. In many
cases the resonance speeds are also reduced as the fundamental frequency of the bridge decreases
due to the decreasing overall stiffness. As in the case of the considered bridge crossed by the
ICE 3 train, additional resonance peaks can occur when taking into account the soil-structure
interaction, since additional modes emerge in the interacting system due to the ﬂexibility of the
soil.
6
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Abstract. The ultra-high-speed (UHS) Hyperloop is the next-generation mode of passenger/freight transportation, and is composed of a tube or a system of tubes through which a
pod travels free of friction. The entire system must be supported by piers (multi-span viaducts), where the tubes act as the bridge deck. The UHS moving Hyperloops can exert large
dynamic effects to the supporting pier-deck system both vertically and laterally. Particularly,
asymmetric Hyperloop loading can generate significant lateral vibrations. Therefore, for safe
design of a bridge pier-deck system for UHS trains, it is of great importance to explore dynamic interaction of bridge deck and piers under UHS moving Hyperloops. Hence, this paper
analytically summarizes the dynamic amplification factors of the Hyperloop-deck-pier system
for vertical and lateral vibrations. It was found that the UHS Hyperloop trains result in higher dynamic effects compared to the high-speed trains.
1

INTRODUCTION

The Hyperloops suggested initially by Tesla, and later by TransPod, are ultra-high speed
(UHS) trains that move and transport passengers at (UHSs) [1]. As shown in Figure 1, the
train travels inside a vacuum tube (continuous beams) free of air resistance and friction. In
addition, this UHS idea uses magnetic levitation and linear accelerators to push the train forward. The suggested operating speed of these trains are around 970 km/h, with a maximum
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speed of 1200 km/h. This compares with mean operating speed of 270km/h for high-speed
(HS) trains.

Figure 1: Preliminary concept of Hyperloop trains.

The present UK network rail guideline for design and assessment of bridge structures [2]
does not take into account dynamic effects of moving loads for train speeds less than 160
km/h or vertical dynamic amplification factor (DAF) of 1. Nonlinear analysis of existing UK
railway bridges also recommends that dynamic effects of train loading are very pronounced
for train speeds over 160 km/h [3, 4]. Eurocode EN 1991-2 [5] recommends similar vertical
DAFs for train speeds below 200 km/h. However, for train speeds higher 200 km/h, Eurocode
EN 1991-2 [5] suggests further advanced dynamic analysis to determine vertical DAFs.
Analytical approaches for moving load problems are very appropriate for parametric analyses. However, it should be noted that all moving force problems cannot be analytically described and more rigorous numerical approaches are necessary to calculate dynamic effects of
moving loads [6]. Dynamic effects of moving loads can be substantial particularly for HS
trains. Thus, DAFs are defined as dynamic-to-quasi static peak deflection due to the dynamics
of moving loads. A solid literature review on DAFs of road bridges for vertical motion can be
found in [7]. Currently, there is lack of sufficient knowledge on the UHS Hyperloop trains,
and hence, no design recommendations exist to design bridges and accommodate the nextgeneration UHS transport system. Therefore, this study summarizes DAFs of Hyperloop
train-bridge-pier systems for vertical and lateral vibrations already published in [8, 9].
2

ANALYTICAL MODELLING

In this section, the equations of motion of a train composed of a set of moving masses traveling at any speed across a continuous beam of any span length with any number of spans is
analytically studied. Consider a set of moving masses traveling at some group velocity V
across a continuous beam of n spans of length L as illustrated in the Figure 2. The beam has a
uniform mass per unit length m and flexural rigidity EIb. In addition, for lateral vibration, lateral flexural rigidity of each column (bridge pier) of height h is EIc. Small deflection theory
and linear elastic analysis are used to formulate the lateral motion of the deck. Torsional and
vertical oscillations are also ignored in this analysis.
To derive governing equations of vertical and lateral motions of the bridge deck, the Lagrangian formulation is used. The kinetic energy of the system is composed of kinetic energy
of the beams and of the moving trainset, and the potential energy of the system includes the
internal flexural strain energy of the beam and the external work done by the gravitational
load of the train for vertical vibration. However, for lateral vibration due to vertical moving
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load eccentricity, the flexural energy of the laterally deformed cantilever piers is also added to
the potential energy. Then, the minimization of action principle is employed to derive equations of vertical and lateral motion separately:
M ijb, v  M ijt , v Zi  Cijv Z i  K ijv Z i

(1)

F jt ,v

M ijb ,l  M ijt ,l Yi  Cijl Yi  K ijb ,l  K K ijc Yi

F jt ,l

(2)

Equations (1) and (2) are respectively for vertical and lateral vibrations; M, C and K are mass,
damping and stiffness matrices respectively; superscripts b, t, v, and l stand for beam, train,
vertical and lateral; η is the pier-to-deck stiffness ratio; Z and Y are non-dimensional vertical
and lateral deflections:
Z

gz / Z12v ;

Y

gy / Z12l

(3)

where ω1v and ω1l are the first natural frequencies of the unloaded bridge respectively for vertical and lateral motions. For more information on the parameters and assumptions taken, you
can see [8, 9].

(b)

Figure 2: A train set of moving point masses traveling across an n span continuous beam: (a) vertical vibration,
and (b) lateral vibration.

3

DYNAMIC AMPLIFICATION FACTORS

To study the effects of moving train on vertical and lateral motions of the pier-deck system,
dynamic amplification factor (DAF), η, is determined and compared for a wide range of key
parameters, η = ydmax /ysmax where ydmax and ysmax are dynamic and quasi-static vertical/lateral
deflections. The key parameters of the bridge deck-pier systems are: (1) vertical/lateral nondimensional speed, Ω = πV/ω1L, (2) number of spans of length L, n (3) single train-to-single
span bridge mass ratio, α, and (5) the spacing ratio between moving loads to span length, s.
Figure 3 shows the effects of single span to multi-span beams on dynamic amplification
factors for both vertical and lateral motions. Vertical and lateral DAFs are plotted versus nondimensional speed for single-span to 5-span beams. This figure is for case of single moving
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mass on a continuous beam. The results show a clear maximum which increases for higher
number of spans for vertical vibration. For lateral vibration, the increase in the peak is far less
than the vertical motion. The increase in the peak is because of the train loading being in contact with the beam for more cycles of loading. The, the higher the number of span is, the more
dominant the resonant response is. The peak speed limits for HS trains and Hyperloop trains
form regions for lateral vibration as the natural frequency of the unload bridge changes for
different number of spans for the lateral motion. It is desirable that the current maximum
speed for HS trains is below this resonance.

Figure 3: Dynamic amplification factors for single mass crossing multi-span continuous beam: (a) vertical vibration, and (b) lateral vibration.

Figure 4 illustrates vertical and lateral DAFs of a beam with different train-to-bridge mass
ratios, α. Different train-to-bridge mass ratios show difference between a moving force (very
small mass ratio, α = 0.01) and a moving mass (larger mass ratios, α = 0.1, 0.5, and 1.0). The
maximum speed limits for HS trains and Hyperloop trains are constant for both lateral and
vertical motions as the natural frequency of the unload bridge remains unchanged for different
mass ratios. At α = 0.01, there is a very small difference between moving force and moving
mass problems, and for higher mass ratios, this difference becomes far more significant. It is
worth noting that as the mass ratio increases, the lateral DAF does so. Moreover, the maximum vertical and lateral DAFs shift toward lower non-dimensional speed with the increase of
mass ratio. Comparison of the vertical DAF range with those pf lateral motion shows that
DAFs of vertical vibration are much larger than those from lateral vibration. This was expected as the magnitude of bridge lateral vibration due to the train loading eccentricity is
much smaller than the vertical vibration of the bridge. Figure 5 illustrates vertical and lateral
DAFs versus non-dimensional speed and spacing for a train of 9 equidistance masses. In the
case where s is zero, a single moving mass travels the bridge while for s = 0.25, the mass of
each moving load is divided by 9. The maximum vertical and lateral DAFs are roughly similar to a single moving mass case (s = 0). Further, the speed at which the maximum vertical
and lateral DAFs occur depends on the spacing ratio. As spacing ratio increases, the maximum lateral DAF moves towards higher non-dimensional speeds for both vertical and lateral
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vibrations. For normal HS trains, this is very desirable as it pushes the resonance further away
from their operating speed limit. However, for Hyperloop trains, it is adverse as this effect
pushes the resonance close to their operating speed limit.

Figure 4: Dynamic amplification factors for different mass ratios, α: (a) vertical vibration, and (b) lateral vibration.

Figure 5: Dynamic amplification factors for different loading spacing values, s: (a) vertical vibration, and (b)
lateral vibration.
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From Figures 3 and 4, it is easy to understand that the DAFs at the operating speed limit
can be used to design the structural system. This is correct for the HS train as the maximum
DAF occurs for its maximum operating speed. However, for the Hyperloop train, the max
DAF occurs below its max operating speed and all DAFs up to its maximum operating speed
have to be taken into account. This is because there are bound to be accelerations, decelerations, emergencies and faulty trains and the designed structural system must be able to safely
support all those speeds up to its maximum operating one.
4

CONCLUSIONS
This study addresses and summarizes the Dynamic amplification factors of Hyperloop
trains for both vertical and lateral vibrations. It was found that the vertical and lateral DAFs
of the system are highly dependent on the train speed, number of spans, train-to-bridge
mass ratio, and train loading spacing. The DAFs of the lateral vibration are much smaller
than the vertical vibration. Therefore, this work highlights the significance of vertical and
lateral vibrations of the Hyperloop train-bridge-pier systems which needs be considered in
future design guidelines. Given the significantly large dynamic amplification factors of the
vertical vibration, it is necessary to highly stiffen the bridge spans and incorporate large
damping in the form of viscous and tuned mass dampers.
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Abstract. The study is focussed on the near-critical regimes of the moving load on
a coated elastic half-space. The material properties of the coating are assumed to be
depending on the vertical coordinate. The analysis relies on the hyperbolic-elliptic formulation for the Rayleigh wave induced by prescribed surface loading, containing an
elliptic equation for the elastic potential governing its decay over the interior, and a singularly perturbed wave equation on the interface between the layer and the substrate.
This scalar formulation allows signiﬁcant simpliﬁcations, including in particular, classiﬁcation of the near-resonant regimes. The method of ﬁctitious absorption is then used
in order to incorporate the effect of poles, associated with the radiation of energy from
the moving source. Finally, numerical illustrations of results for several types of vertical
inhomogeneity are presented.
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1

INTRODUCTION

Moving load problems on elastic structures have been studied for around a century
now, see e.g. [12], [25] and possess important industrial applications, in particular, in
high-speed train operation [4]. Solution for steady-state regime of a moving load on
an elastic half-space has been ﬁrst presented in [6], see also [14]. Moving load on a
coated half-space has been seemingly ﬁrst considered by [2]. More realistic modelling
motivates development of studies oriented to dynamics of multi-layered and vertically
inhomogeneous half-space, see e.g. [15] and [22].
At the same time, sophisticated structure of the exact solution stimulates development of effective approximations. In view of the well-known fact of the Rayleigh wave
speed being the critical speed of the moving load, the near-resonant formulation for surface wave ﬁeld, allowing explicit solutions seems a prospective approach. The current
work is based on the long-wave asymptotic formulation presented in [7], which has been
applied to problems on a moving load for elastic half-space [17, 10, 8, 26], see also [18]
for a more systematic exposition of the methodology of hyperbolic-elliptic models for
surface waves. Recent advances of the approach include in particular extensions incorporating the effects of anisotropy [13] and pre-stress [21], composite models for elastic
layers [9], as well as development of seismic meta-surfaces [29] and the second-order
reﬁned model [30].
The described asymptotic model [18] is focused on the contribution of the Rayleigh
wave to the overall dynamic response. It is derived as a slow-time near-resonant perturbation of the self-similar solution by [5] and hence allows reduction of the vector
problem of elasticity to a scalar problem for the Laplace equation in respect of the longitudinal elastic potential, with the boundary condition on the surface presented in the
form of the forced wave equation. In case of the coated half-space the presence of
the layer is reﬂected by the appropriate pseudo-differential operator, thus, the boundary
condition describing the near-surface dynamics is a singularly perturbed wave equation,
see e.g. [7].
The focus of the current contribution is on the near-resonant steady-state regimes of
a moving line load on a half-space coated by a vertically inhomogeneous thin coating.
The corresponding extension of the hyperbolic-elliptic model has been recently suggested in [24]. The study of a singularly perturbed hyperbolic equation at the interface
allows classiﬁcation of the regimes of the moving load, pointing out typical behaviours
depending on the speed of the load and the combinations of material parameters.
The paper is organized as follows. The problem is formulated in Section 2. The analytic treatment of the pseudo-differential equation on the interface between the layer and
the substrate and classiﬁcation of regimes of the moving load is carried out in Section
3. Finally, numerical illustrations of the results are presented in Section 4.
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2

FORMULATION OF THE PROBLEM

Consider a linearly isotropic, elastic half-space over the domain −∞ < x1 , x2 < ∞
and x3 ≥ 0, coated by a thin layer of thickness h described by −∞ < x1 , x2 < ∞ and
−h ≤ x3 ≤ 0, see Fig. 1.

Figure 1: Moving load on a coated elastic half-space.

The properties of the coating are assumed to be dependent on the transverse variable
x3 , so that
λc = λ(x3 ), μc = μ(x3 ), ρc = ρ(x3 )
(1)
denote the Lamé elastic parameters and volume mass density, respectively. The substrate is assumed homogeneous, with the associated material parameters given by λs ,
μs and ρs . The governing equations of motion and the constitutive relations of linear
isotropic elasticity are conventionally written as
%
&
q
σij,j
(2)
= ρq uqi,tt ,
σijq = λq uqk,k + μq uqi,j + uqj,i ,
where σijq and uqi (i, j = 1, 2, 3) are the Cauchy stress and displacement components
of the coating and substrate (q = c, s), comma indicates differentiation with respect to
appropriate spatial or time variable, and the Einstein summation convention is adopted.
Here we restrict the consideration to plane-strain formulation, for which uq2 = 0 and the
components uq1 = uq1 (x1 , x3 , t) and uq3 = uq3 (x1 , x3 , t) are independent of x2 .
The loading on the surface of the coating is prescribed in the form of a line vertical
force P , moving at a constant speed c, hence the boundary conditions are written as
c
σ31
= 0,

c
σ33
= P0 δ (x1 − ct) ,

at

x3 = −h,

(3)

see Fig.1. Perfect bonding on the interface is assumed, giving (m = 1, 3)
usm = ucm ,

s
c
σ3m
= σ3m
,
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Below, the long-wave assumption is adopted, i.e.
=

h
L

1,

(5)

where L is the typical wave length.
We consider the steady-state problems focusing on the near-resonant regimes, when
the speed of the moving load is close to that of the resonant Rayleigh wave cR in the
substrate, namely
"
"
"c
"
" − 1"
1.
(6)
" cR
"
Then, the contribution of the Rayleigh wave to the overall dynamic response is dominant
compared to that of body waves, hence, the hyperbolic-elliptic model for the Rayleigh
wave is applicable.
The corresponding asymptotic formulation for a vertically inhomogeneous coated
half-space has been recently proposed in [24], extending the previous results in [7].
Within this framework, efﬁcient boundary conditions are derived by means of the asymptotic integration technique, see e.g. [11] and [19], then serving as a starting point for
slow-time perturbation procedure.
For the current problem, the proposed model for surface wave contains an elliptic
equation for the interior x3 > 0
2
∂ 2φ
2 ∂ φ
+ αR 2 = 0,
∂x23
∂x1

(7)

where φ is the longitudinal Lamé elastic potential in the substrate and
#
ρs c2R
.
αR = 1 −
λs + 2μs

(8)

The boundary condition at x3 = 0 is given by a singularly perturbed 1D hyperbolic
equation
#
∂ 2φ
1 ∂ 2φ
∂2
∂ 2φ
1 + βR2
−
−
bh
−
(9)
=
−
P0 δ (x1 − ct) ,
∂x21
c2R ∂t2
∂x21 ∂x21
2μB
where
& βR %
&
αR %
2
1 − βR2 +
1 − αR
− 1 + βR4 ,
B=
βR
αR

#
βR =

1−

ρs c2R
,
μs

(10)

and the constant b is given by
b=


(1 − βR2 )  2
ρ̃ cR (αR + βR ) − βR γ̃ ,
2μB
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with the integral quantities accounting for vertical inhomogeneity
4
γ̃ =
h

ˆ0
−h

μc (λc + μc )
dx3 ,
λc + 2μc

and

1
ρ̃ =
h

ˆ0
ρc dx3 .

(12)

−h

#

∂2
is an essential feature
∂x21
of the problem, associated with the dispersion of waves within the coating layer. Moreover, the sign of the coefﬁcient b is associated with the sign of the group velocity in the
long-wave limit, see [28] for more detail.
Once the longitudinal potential φ is determined from the scalar formulation (7), (9),
the transverse potential ψ may be found as its harmonic conjugate, see e.g. [18], originating from [5]
2αR ∗
ψ (x1 , βR x3 , t) =
φ (x1 , βR x3 , t) ,
(13)
1 + βR2
It is worth noting that the pseudo-differential operator

−

where the asterisk denotes the Hilbert transform.
Now, the boundary value problem (7), (9) may be rewritten in the moving coordinate
system (ξ, x3 ) = (x1 − ct, x3 ), hence the steady-state limit is governed by
2
∂ 2φ
2 ∂ φ
+
α
= 0,
R
∂x23
∂ξ 2

(14)

subject to
∂ 2φ
η 2 − bh
∂ξ

#
−

∂2
∂ξ 2

∂ 2φ
∂ξ 2

=−

1 + βR2
P0 δ(ξ)
2μB

where
η =1−
3

at

x3 = 0,

(15)

c2
.
c2R

ANALYSIS ON THE INTERFACE

Let us concentrate on the analysis of equation (15) on the interface x3 = 0. Note that
on setting h = 0 the problem formulation (14), (15) will reduce to that for an uncoated
elastic half-space which is the leading order Taylor expansion of the exact solution [6],
for more details see [18].
Another observation which immediately follows from (15) is the presence of two
small parameters, a geometric one, associated with the long-wave approximation, as
well as η corresponding to the near-resonant vicinity.
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"η " ξ
" "
Now, let us introduce the dimensionless coordinate ζ = " " along with a scaled
b h
quantity
χ=−

2μ B b h ∂ 2 φ
.
(1 + βR2 ) P0 ∂ξ 2

(16)

Then, the equation (15) takes the form
#
sgn (b η) χ −

−

∂2
(χ) = δ(ζ),
∂ζ 2

(17)

The solution of the latter can be obtained by using the Fourier integral transform
1
χ=
2π

ˆ∞
−∞

eiωζ dω
.
sgn (b η) − |ω|

(18)

From (18) it may be observed that the analysis splits in two sub-cases, depending on the
value of sgn (b η).
3.1

SUB-CASE 1: NO POLES ON THE REAL AXE

Consider ﬁrst the situation bη < 0, in which
ˆ ∞ iωζ
1
e dω
χ=
= F (|ζ|) ,
2π −∞ −1 − |ω|

(19)

where
F (x) =

1
[si(x) sin x + Ci(x) cos x] ,
π

(20)

with si and Ci denoting the sine and cosine integral functions, respectively, i.e.
ˆ∞
si(x) = −

ˆ∞

sin t
dt,
t

Ci(x) = −

x

cos t
dt,
t

x

see e.g. [1]. Note that this case occurs either in the the sub-Rayleigh regime (c < cR )
with local minimum of the phase velocity at the Rayleigh wave speed (b < 0), or in
the super-critical regime (c > cR ) combined with local maximum of the phase velocity
(b > 0), for more detail see [7].
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3.2

SUB-CASE 2: POLES ON THE REAL AXE

The second sub-case bη > 0 of poles on the real axis of the integral (18) may be
treated using the limiting absorption principle, see e.g. [27, 16].
In case of the sub-critical regime (c < cR ), when (b > 0), formula (18) yields
ˆ ∞ iωζ
e dω
1
= −2 H (−ζ) sin ζ + F (|ζ|) ,
(21)
χ=
2π −∞ 1 − |ω|
whereas in the case of the super-Rayleigh regime (c > cR ) the solution becomes
χ = 2 H (ζ) sin ζ + F (|ζ|) ,

(22)

with F deﬁned in (20) and H(ζ) denoting the Heaviside function.
4

NUMERICAL RESULTS

In this section, the illustrations of the obtained results are presented. We consider the
dependence of the Young’s modulus Ec of the coating layer on the vertical coordinate
x3 of exponential form, see e. g. [22]
E(x3 ) = Ec eβ x3 , β =

Es
1
ln
h
Ec

,

(23)

providing a smooth variation from the value Ec on the surface of the coating to the
Young’s modulus Es of the homogeneous substrate. In the computations below we
also take h = 1 and assume constant mass densities ρc = ρs = 1, and Poisson’s
ratios νc = νs = 0.25, with the sub-Rayleigh and super-Rayleigh regimes computed for
c = 0.9 cR , and c = 1.1 cR , respectively.
Consider ﬁrst the case of a relatively hard coating layer, when Ec /Es = 10. The
associated graphs in Fig. 2 show the dependence of the quantity χ on the scaled moving
coordinate ζ. In this case, the constant b may be computed using (11), resulting in
b ≈ −1.32. In Fig. 2(a) the super-Rayleigh regime is depicted (η > 0), corresponding
to the case of no poles in (18), whereas Fig. 2(b) illustrates the sub-Rayleigh regime
(η < 0), clearly showing the effect of poles in (18) for positive ζ, i.e. radiation of energy
in front of the moving source.
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(a) η > 0.
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(b) η < 0.

Figure 2: Dependence of the quantity χ on the moving coordinate ζ for the case of softening within the
layer (Ec /Es = 10).

The following Figs. 3 (a) and (b) illustrate another typical scenario, when the coating
layer is relatively soft compared to the substrate and stiffens gradually with depth, when
Ec /Es = 0.1. The calculation of the constant b according to (11) gives b ≈ 0.276. The
plots in Fig. 3(a) and 3(b) show the variation of the quantity χ on the moving coordinate
ζ. Now, the energy radiation behind the moving load is observed in the super-Rayleigh
regime in Fig. 3 (a).
χ

χ












-



-
-

-

-



(a) η > 0.







-

ζ

-







(b) η < 0.

Figure 3: Dependence of the quantity χ on the moving coordinate ζ for the case of hardening within the
layer (Ec /Es = 0.1).

5

CONCLUSIONS

The steady-state problem for a moving line load on a half-space coated by a thin
vertically inhomogeneous layer has been analysed. The hyperbolic-elliptic formulation
for the Rayleigh wave ﬁeld allowed an explicit solution, as well as a clear classiﬁcation
of the regimes.
Further possible developments include addressing transient problems [17], generalizations to coatings with more sophisticated mechanical properties, taking into account
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the effects of viscosity, curvature, long-wave high-frequency waves [20], as well as a
more general treatment of a vertically inhomogeneous half-space, see e.g. [3]. We also
mention potential applications for seismic metabarriers [23]
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VERIFICATION OF THE VALIDITY OF THE IMPACT FACTOR
USED IN THE DESIGN OF PC SLEEPERS
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7UDFN'\QDPLFV/DERUDWRU\5DLOZD\'\QDPLFV'LYLVLRQ5DLOZD\7HFKQLFDO5HVHDUFK,QVWLWXWH
+LNDULFKR.RNXEXQMLVKL7RN\R-DSDQ
HPDLO^PLQRXUDVKLQWDURZDWDQDEHWVXWRPX`#UWULRUMS

6WUXFWXUDO'\QDPLFV/DERUDWRU\5DLOZD\'\QDPLFV'LYLVLRQ5DLOZD\7HFKQLFDO5HVHDUFK,QVWLWXWH
+LNDULFKR.RNXEXQMLVKL7RN\R-DSDQ
HPDLO^PDWVXRNDNRGDLQDULWDNHQML`#UWULRUMS

Keywords:3&VOHHSHU,PSDFWORDG2QVLWHPHDVXUHPHQW:KHHOORDG5DLOZD\WUDFN
Abstract. The purpose of this study is to identify the actual load environment of train loads
acting on PC sleepers in order to perform effective maintenance and optimize design of PC
sleepers. In Japan, the design load for PC sleepers is calculated by multiplying the static
wheel load by impact factor, which is a factor for considering the impact load (generally 2.0)
and this value has been conventionally used since the beginning of the use of PC sleepers in
Japan. However, considering the improvement of current track and vehicle maintenance
technology, it is considered that wheel flats and track irregularities that cause impact loads
have been reduced. Therefore, it is necessary to identify the impact factor based on the field
tests. In this study, the wheel load was measured in the long rail section of the conventional
line, and the actual condition of the impact factor was investigated. As a result, the current
impact factor 2.0 is in a safer side to freight trains. Furthermore, for commuter trains, we
confirmed that the impact factor for the static design wheel load in Japan (generally 80kN)
can be lower than the current value.
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1

INTRODUCTION

3& VOHHSHUV DUH DQ HVVHQWLDO FRPSRQHQW WKDW FRQWULEXWHV WR WKH VDIHW\ VWDELOLW\ DQG KLJK
VSHHGWUDQVSRUWDWLRQRIPRGHUQUDLOZD\V3&VOHHSHULVDFRPSRQHQWPDGHRISUHVWUHVVHGFRQ
FUHWHZKLFKLV ODLGXQGHUWKHUDLOVRIUDLOZD\ WUDFN ,WV PDLQUROHLV WR NHHSWKHGLVWDQFHEH
WZHHQWKHWZRUDLOVFRQVWDQWDQGWRSURSHUO\GLVWULEXWHWKHORDGRIWKHSDVVLQJWUDLQWUDQVPLWWHG
WKURXJK WKH UDLOV WR WKH JUDYHO FDOOHG EDOODVW ,Q DGGLWLRQ WR 3& VOHHSHUV WKHUH DUH ZRRGHQ
VOHHSHUVDQGLURQVOHHSHUV3&VOHHSHUVKDYHDGYDQWDJHVVXFKDVPDVVSURGXFWLRQDQGKLJKGX
UDELOLW\
)LJXUHVKRZVDQH[DPSOHRID3&VOHHSHUODLGRQDUDLOZD\WUDFNLQ-DSDQ$OWKRXJKWKHUH
DUH GLIIHUHQFHV LQ WKH GLVWDQFH EHWZHHQ UDLOV WUDFN JDXJH  DQG WKH VL]H RI 3& VOHHSHUV WKH
VWUXFWXUHRIUDLOZD\WUDFNLVJHQHUDOO\WKHVDPHWKURXJKRXWWKHZRUOG0DVVLQWURGXFWLRQRI3&
VOHHSHUVLQ-DSDQEHJDQDURXQGWKHVDQGWKHFXPXODWLYHQXPEHUWKHFXPXODWLYHQXPEHU
RILQVWDOODWLRQVKDVH[FHHGHGPLOOLRQRQO\IRU-DSDQHVH1DWLRQDO5DLOZD\V -15 DQG-5
FRPSDQLHVZKLFKWRRNRYHUPRVWRIWKHDVVHWVRIWKH-15DIWHUSULYDWL]DWLRQ7KHOLIHH[SHF
WDQF\RI3&VOHHSHUVLVXVXDOO\\HDUV+RZHYHULQUHFHQW\HDUV3&VOHHSHUVZKLFKH[FHHG
HG WKLV OLIH H[SHFWDQF\ KDYH DOVR LQFUHDVHG DQG VWXGLHV IRU DSSURSULDWH PDLQWHQDQFH DQG
UHSODFHPHQWJXLGHOLQHVKDYHEHHQSURPRWHG>@>@

)LJXUH([DPSOHRID3&VOHHSHUODLGRQDUDLOZD\WUDFN

)LJXUHVKRZVWKHPHWKRGRIGHVLJQRI3&VOHHSHUVLQ-DSDQ7KH3&VOHHSHULVGHVLJQHG
VRWKDWWKH3&VOHHSHUGRHVQRWFUDFNXQGHUDSUHGHWHUPLQHGGHVLJQORDG,Q-DSDQWKHGHVLJQ
ORDGIRU3&VOHHSHUVLVFDOFXODWHGE\PXOWLSO\LQJWKHWUDLQORDGWUDQVPLWWHGYLDZKHHOV VWDWLF
ZKHHOORDG E\LPSDFWIDFWRUZKLFKLVDIDFWRUIRUFRQVLGHULQJWKHLPSDFWORDG JHQHUDOO\ 
>@+RZHYHUWKLVYDOXHKDVEHHQ FRQYHQWLRQDOO\XVHGVLQFHWKHEHJLQQLQJRIWKHXVHRI3&
VOHHSHUVLQ-DSDQ7KHLPSDFWORDGLVJHQHUDWHGE\XQHYHQQHVVRIWKHZKHHO ZKHHOIODW DQG
LUUHJXODULWLHV>@6LQFHWKHWUDFNDQGYHKLFOHPDLQWHQDQFHWHFKQRORJ\DGYDQFHLQUHFHQW\HDUV
LWVHHPVWKDWZKHHOIODWVDQGWUDFNLUUHJXODULWLHVFDXVLQJLPSDFWORDGVKDYHEHHQUHGXFHGFRP
SDUHG WR WKH SDVW WLPH 7KHUHIRUH WKH YDOXH RI WKLV LPSDFW IDFWRU PD\ QRW EH LQ DFFRUGDQFH
ZLWKWKHDFWXDOVLWXDWLRQ,QRUGHUWRHYDOXDWHWKHUHPDLQLQJOLIHDQGWRPDNHDQRSWLPDOGHVLJQ
RIWUDFNPHPEHUVVXFKDV3&VOHHSHUVLWLVUHTXLUHGWRSURSHUO\XQGHUVWDQGWKHORDGFRQGLWLRQ
,QWKLVVWXG\WKHZKHHOORDGZDVPHDVXUHGLQWKHORQJUDLOVHFWLRQRIWKHFRQYHQWLRQDOOLQH
DQGWKHDFWXDOFRQGLWLRQRIWKHLPSDFWIDFWRUZDVLQYHVWLJDWHG
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)LJXUH0HWKRGRIGHVLJQRI3&VOHHSHUVLQ-DSDQ

2
2.1

ON-SITE MEASUREMENT
Target site and PC sleeper

)LJXUHVKRZVWKHWUDFNFRQGLWLRQVRIPHDVXUHPHQWVLWHDQG)LJXUHVKRZVWKHW\SH3&
VOHHSHUZKLFKLVLQVWDOOHGWKHVLWH7KHPHDVXUHPHQWVLWHLVDVWUDLJKWFRQWLQXRXVZHOGHGUDLO
VHFWLRQ 7KH UDLO XVHG LQ WKH VLWH LV D ³NJ 1UDLO´ ZKLFK LV VSHFLILHG LQ -DSDQ LQGXVWULDO
VWDQGDUGV -,6 7KHWDUJHW3&VOHHSHULVD³7\SH3&VOHHSHU´VSHFLILHGLQ-,67KLVW\SHRI
3&VOHHSHULVIRUDVWUDLJKWVHFWLRQDQGDFXUYHGVHFWLRQZLWKDUDGLXVRIPRUPRUHDQGLV
RQHRIWKHPRVWSRSXODU3&VOHHSHUV-DSDQ7KH1R3&VOHHSHULVGHVLJQHGXQGHUWKHFRQGL
WLRQRIDGHVLJQZKHHOORDGRIN1ZLWKWKHLPSDFWIDFWRURI7KHGHIDXOWLQWHUYDORI3&
VOHHSHUV LQ WKH WDUJHW VHFWLRQ LV  VOHHSHUV SHU P EXW WKH HDFK LQWHUYDO EHWZHHQ VOHHSHUV
YDULHVE\VHYHUDOWHQVRIPP

)LJXUHFRQGLWLRQVRIPHDVXUHPHQWVLWH

)LJXUH7\SH3&VOHHSHU
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2.2

Measurement method

)LJXUHVKRZVWKHPHWKRGRIPHDVXULQJZKHHOORDG,QWKLVPHDVXUHPHQWDVWUDLQJDXJH
IRUPHDVXULQJWKHZKHHOORDGZDVDWWDFKHGWRWKHVLGHVXUIDFHRIWKHUDLO7KHZKHHOORDGZDV
PHDVXUHGE\FRQYHUWLQJWKHPHDVXUHGVWUDLQ$SLH]RHOHFWULFDFFHOHURPHWHUZDVLQVWDOOHGRQD
3&VOHHSHUDERXWPDZD\IURPWKHPHDVXUHPHQWSRLQWLQWKHGLUHFWLRQRIWUDLQDUULYDODQG
XVHGLWDVDWULJJHUWRVWDUWPHDVXUHPHQW7KHVWUDLQJDXJHZDVFRQQHFWHGWRWKH1DWLRQDO,Q
VWUXPHQWVPRGXOHVDQGVWRUHGLQD3&YLDD/$1FDEOH7KHVDPSOLQJUDWHZDVN+]7KH
UHFRUGLQJ SURJUDP ZDV FRQVWUXFWHG E\ /DE9,(: ,Q WKLV PHDVXUHPHQW ZKHHO ORDG RI ERWK
FRPPXWHUWUDLQVDQGIUHLJKWWUDLQVZHUHPHDVXUHG7KHPHDVXUHPHQWSHULRGLVGD\VLQWRWDO
DQGWKHQXPEHURIPHDVXUHPHQWFDVHVLVIRUFRPPXWHUWUDLQVDQGIRUIUHLJKWWUDLQV

)LJXUH6HQVRUIRUPHDVXULQJZKHHOORDG

3

MEASUREMENT RESULTS

)LJXUHVKRZVWKHWLPHVHULHVGDWDRIWKHPHDVXUHGZKHHOORDGDQG)LJXUHVKRZVWKH
ZKHHO ORDG RI FRPPXWHU WUDLQ IRU HDFK WLPH 7KH GDWD LQ )LJXUH  LV REWDLQHG E\ DYHUDJLQJ
ZKHHOORDGIRUHYHU\PLQXWHV7KHDYHUDJHZKHHOORDGLVN1IRUFRPPXWHUWUDLQVDQG
N1IRUIUHLJKWWUDLQVDQGWKHPD[LPXPZKHHOORDGLVN1IRUFRPPXWHUWUDLQVDQG
N1IRUIUHLJKWWUDLQV7KHZKHHOORDGRIFRPPXWHUWUDLQVRQZHHNGD\VWHQGVWRLQFUHDVH
DW FRPPXWHUKRXUV IURP DURXQG WR  DQGIURP  WR  2QKROLGD\V ZKHHO
ORDGRIFRPPXWHUWUDLQVWHQGVWRLQFUHDVHDURXQG$FFRUGLQJWR)LJXUHWKHZKHHOORDG
DWDURXQGZKLFKLVWKHPD[LPXPRQZHHNGD\VZDVWLPHVODUJHUWKHZKHHOORDGDW
DURXQG  RQ ZHHNGD\V WKH ZKHHO ORDG DW DURXQG  ZKLFK LV WKH PD[LPXP RQ
KRO\GD\VZDVWLPHVODUJHUWKDQWKDWDW

)LJXUH7LPHVHULHVGDWDRIWKHPHDVXUHGZKHHOORDG
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)LJXUH:KHHOORDGIRUHDFKWLPH :HHNGD\V 

)LJXUH:KHHOORDGIRUHDFKWLPH +RO\GD\V 

)LJXUH:KHHOORDGIRUHDFKWLPH DYHUDJLQJZKHHOORDGIRUHYHU\PLQXWHV 

)LJXUHVKRZVWKHPLQLPXPDYHUDJHDQGPD[LPXPYDOXHVRIZKHHOORDGPHDVXUHGE\
HDFKWUDLQVLQ RUGHUWR HYDOXDWHWKHYDULDWLRQRIWKHZKHHO ORDGLQ WKHVDPHWUDLQ 7KHPLQL
PXPDQGDYHUDJHYDOXHVRIWKHZKHHO ORDGRIHDFKWUDLQ LV VLPLODUYDOXHEXW WKHPD[LPXP
ZKHHO ORDG YDULHV ZLGHO\ )URP WKLV WKHUH LV D SRVVLELOLW\ WKDW D VLJQLILFDQW ZKHHO ORDG LV
FDXVHGE\DZKHHOIODWJHQHUDWHGRQDVSHFLILFWUDLQ
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)LJXUH:KHHOORDGPHDVXUHGE\HDFKWUDLQV

)LJXUH  VKRZV WKH SUREDELOLW\ GLVWULEXWLRQ RI ZKHHO ORDGV IRU FRPPXWHU DQG IUHLJKW
WUDLQV7KHVDPHJUDSKDOVRVKRZVDSUREDELOLW\GHQVLW\IXQFWLRQIROORZLQJDORJQRUPDOGLV
WULEXWLRQ)URPWKLVJUDSKWKHPHDVXUHGZKHHOORDGJHQHUDOO\IROORZHGDORJQRUPDOGLVWULEX
WLRQ7KHPRGHRIZKHHOORDGIRUFRPPXWHUWUDLQVZDVN1DQGWKHPRGHRIZKHHOORDG
IRUIUHLJKWWUDLQVZDVN1

)LJXUH3UREDELOLW\GLVWULEXWLRQRIZKHHOORDGVIRUFRPPXWHUWUDLQ

)LJXUH3UREDELOLW\GLVWULEXWLRQRIZKHHOORDGVIRUIUHLJKWWUDLQ

)LJXUHVKRZVWKHH[FHVVSUREDELOLWLHVRIPHDVXUHGZKHHOORDGDQGLPSDFWIDFWRU7KH
H[FHVVSUREDELOLW\REWDLQHGIURPWKHSUREDELOLW\GHQVLW\IXQFWLRQIROORZLQJDORJQRUPDOGLV
WULEXWLRQ ZDVDOVR VKRZQLQ WKHILJXUH)URP ILJXUH  DQG ILJXUH  LW LVFRQILUPHGWKDW
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ZKHHO ORDG RI FRPPXWHU WUDLQ PHDVXUHG LQ WKH ILHOG WHVW H[FHHGLQJ N1 DUH DSSUR[LPDWHO\
RUOHVVZKLFKLVVLJQLILFDQWO\VPDOOHUWKDQWKHGHVLJQZKHHOORDGFRQVLGHULQJWKHLPSDFW
ORDG N1  6LPLODUO\ ZKHQ FRQYHUWHG ZKHHO ORDG WR DQ LPSDFW IDFWRU IRU D VWDWLF ZKHHO
ORDGRIN1LPSDFWIDFWRUZKLFKH[FHHGVDUHRUOHVV7KHPDLQUHDVRQIRUWKLVLV
WKHZHLJKWRIWKHYHKLFOHRIDUHFHQWFRPPXWHUWUDLQLVOLJKWHUWKDQWKHGHVLJQHGZKHHOORDG
)RUIUHLJKWWUDLQVSHUFHQWDJHRIZKHHOORDGZKLFKH[FHHGVN1LVOHVVWKDQDQGDOVR
LPSDFWIDFWRUZKLFKH[FHHGVLVOHVVWKDQZKLFKLVFORVHWRWKHYDOXHXVHGLQWKHGH
VLJQ  ,QDGGLWLRQWKHH[FHVVSUREDELOLW\GLVWULEXWLRQRIFRPPXWHUWUDLQVURXJKO\PDWFKHV
WKHH[FHVVSUREDELOLW\E\WKHORJQRUPDOGLVWULEXWLRQ2QWKHRWKHUKDQGIRUIUHLJKWWUDLQVWKH
ORJQRUPDOGLVWULEXWLRQXQGHUHVWLPDWHGWKHH[FHVVSUREDELOLWLHVHVSHFLDOO\LQWKHUHJLRQZKHUH
WKHZKHHOORDGZDVPRUHWKDQN17KLVPHDQVWKDWFRPPXWLQJWUDLQVUXQRQO\WKHVDPH
W\SHRIWUDLQDQGWKHYDULDWLRQRIWUDLQVSHHGSDVVLQJWKHVLWHLVUHODWLYHO\VPDOO:KHUHDVIRU
RIIUHLJKWWUDLQVWKHUHDUHPDQ\W\SHVRIORFRPRWLYHVDQGIUHLJKWZDJRQVDQGWKHYDULDWLRQLQ
SDVVLQJVSHHGLVODUJHUWKDQWKHFRPPXWHUWUDLQ

)LJXUH([FHVVSUREDELOLWLHVRIPHDVXUHGZKHHOORDGIRUFRPPXWHUWUDLQ

)LJXUH([FHVVSUREDELOLWLHVRIPHDVXUHGLPSDFWIDFWRUIRUFRPPXWHUWUDLQ
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)LJXUH([FHVVSUREDELOLWLHVRIPHDVXUHGZKHHOORDGIRUIUHLJKWWUDLQ

)LJXUH([FHVVSUREDELOLWLHVRIPHDVXUHGLPSDFWIDFWRUIRUIUHLJKWWUDLQ

4

CONCLUSION

7KHSXUSRVHRIWKLVVWXG\LVWRLGHQWLI\WKHDFWXDOORDGHQYLURQPHQWRIWUDLQORDGVDFWLQJRQ
3&VOHHSHUVLQRUGHUWRSHUIRUPHIIHFWLYHPDLQWHQDQFHDQGRSWLPL]HGHVLJQRI3&VOHHSHUV,Q
WKHVWXG\WKHZKHHOORDGZDVPHDVXUHGLQWKHFRQWLQXRXVZHOGHGUDLOVHFWLRQRIWKHFRQYHQ
WLRQDO OLQH DQG WKH DFWXDO FRQGLWLRQ RI WKH LPSDFW IDFWRU ZDV LQYHVWLJDWHG 7KH FRQFOXVLRQV
REWDLQHGDUHDVIROORZV
x 7KH PD[LPXP ZKHHO ORDG PHDVXUHG LQ WKH VWXG\ LV N1 IRU FRPPXWHU WUDLQV DQG
N1IRUIUHLJKWWUDLQV
x 2Q ZHHNGD\V WKH DYHUDJH ZKHHO ORDG GXULQJ FRPPXWLQJ KRXUV ZDV  WLPHV KLJKHU
WKDQWKHZKHHOORDGPHDVXUHGGXULQJWKHGD\WLPH
x 7KHLPSDFWIDFWRURIZKLFKKDVEHHQXVHGLQWKHGHVLJQRIWKH3&VOHHSHULVJHQHUDO
O\ DSSURSULDWH IRU IUHLJKW WUDLQV +RZHYHU IRU FRPPXWHU WUDLQV WKH GHVLJQ ZKHHO ORDG
ZDVODUJHFRPSDUHGWRWKHPHDVXUHGZKHHOORDG
x )RUFRPPXWHUWUDLQVWKHSUREDELOLW\RIRFFXUUHQFHRIWKHZKHHOORDGFRQVLGHULQJWKHLP
SDFWORDGFRXOGEHURXJKO\HVWLPDWHGE\ORJQRUPDOGLVWULEXWLRQ%DVHGRQWKLVLWFDQEH
XVHGIRUIXWXUHGHVLJQDQGSUHGLFWLRQRIIDWLJXHOLIH
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DYNAMIC RESPONSE OF SINGLE AND MULTI-SPAN BEAMS
UNDER A MOVING LOAD USING DYNAMIC STIFFNESS
FORMULATIONS AND GALERKIN’S METHOD
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Abstract. This paper is concerned with the dynamic response analysis of single and multispan beams under moving point loads. The Dynamic Stiffness Method (DSM) is used to calculate the mode frequencies and shapes of single, two and four-span Bernoulli-Euler beams.
The exact mode shapes obtained from dynamic stiffness formulations are used to derive generalized mass, stiffness and force terms for normal modes using Galerkin’s method. This enables efficient and accurate calculation of the time-history response of the investigated
structures. This is demonstrated by comparing the results from this study with advanced finite
element simulations of the same problem from the literature. The results validate the accuracy
of this approach and demonstrate how this technique can be used to model dynamic amplification of bridges under the influence of moving loads.
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1

INTRODUCTION

The dynamic response of structures assembled from beam elements under moving loads is
commonly encountered in bridge engineering applications. Fryba’s textbook [1] summarises
the pioneering work carried out on the dynamic behaviour of beams under moving loads. This
includes analytical and computational work carried out on the response of solitary beams with
different moving loads (e.g. point loads and sprung masses) and boundary conditions (simple
or fixed supports), as well as work on more complex beam assemblies (e.g. frame structures
and curved beams). For complex structures assembled from multiple beams, the free vibration
characteristics of the system play an important role in reliable prediction of time-history response. Therefore, it is important to perform free vibration analysis of beam assembly systems accurately and use these to predict the dynamic response.
There has been significant research activity in the last few decades on simulating the response of beam assemblies to moving loads. For instance, Henchi et al. [2] applied the DSM
to free vibration and time-history analyses of multi-span Bernoulli-Euler beams under moving
load by using a fast Fourier transform (FFT) approach. Ichikawa et al. [3] combined direct
integration method and analytical solutions to obtain the dynamic response of multi-span Bernoulli-Euler beams under a moving mass. Mahmoud [4] investigated the effects of cracks on
the dynamic response of simply supported Bernoulli-Euler beams subjected to a concentrated
moving load. Uzzal et al. [5] obtained the dynamic response of an infinite Bernoulli-Euler
beam resting on a Pasternak foundation under the influence of a moving load. Mazilu [6] investigated the dynamics of infinite beams on bilinear viscoelastic foundation under constant
and harmonic moving loads by using Bernoulli-Euler beam theory (BET). Beskou and Muho
[7] investigated the dynamic response of a simply supported Bernoulli-Euler beam resting on
a Winkler foundation considering a moving load on its surface with variable speed. Yang and
Wang [8] performed time-history and stability analysis of an inclined beam subjected to a
moving vertical concentrated load by using BET. Dynamic behaviour of various types of Timoshenko beams under moving loads and different boundary conditions were also investigated [9-12]. Kim and Lee [13] applied modified spectral element method (SEM) to the timehistory analysis of single and multi-span Timoshenko beams and the results were presented in
comparison with finite element method (FEM) results.
In this study, a simple approach is used to predict the dynamic response of multi-span
beams under moving loads. In particular, continuous parameter models and DSM are used to
identify mode frequencies and shapes of assembled structures. These exact mode shapes are
then used to derive the dynamic time history response of the structure under the influence of
moving loads using Galerkin’s method. The use of theoretically exact mode frequencies and
shapes for complex assemblies allow capturing the dynamic response efficiently and accurately. To demonstrate this, free vibration analyses of single, two and four-span Bernoulli-Euler
beams are performed. First five natural frequencies and mode shapes are presented for all
models. Then, time-history responses under a load moving with a constant speed are calculated for the single and two-span beams. Additionally, for the four-span beam model, an accelerating concentrated load is considered. The natural frequencies and time-history responses are
compared to published studies from the scientific literature for validation purposes. The conclusion section summarizes the findings and provides a brief discussion on extending these
models to simulate dynamic amplification in bridges.
2

FREE VIBRATION RESPONSE

The single, two and four span Bernoulli-Euler beams presented in Figure 1 are considered
in this study. In Figure 1a, x describes the local beam coordinate, S(t) is current position of the
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load, P is a concentrated load, v is the velocity of this load, t is time and a is the constant acceleration of the load. For this preliminary study, the following assumptions are made: i) The
behaviour of beams is linear elastic, ii) the material of beams is isotropic, iii) damping is neglected, and iv) axial deformations of the beam are not considered.

Figure 1: (a) Single-span Bernoulli-Euler beam under moving load (b) Two-span Bernoulli-Euler beam under
moving load (c) Four-span Bernoulli beam under accelerating load [13]

The governing equation of motion of a single Bernoulli-Euler beam in free vibration can be
written as [14]:

EI

 4 y( x,t )
 2 y( x,t )

m
0
x 4
t 2

(1)

where y(x,t) is transverse displacement function of the beam, m is mass per unit length, E is
modulus of elasticity, I relevant area moment of inertia. If the bending motion of the beam is
harmonic, Eq.(2) is obtained by applying the separation of variables method:

d 4 y( x ) m 2

y( x )  0
dx 4
EI

(2)

where ω is natural circular frequency.
It is assumed that the solution to Eq.(2) is of the form:

y( x )  C  eisx

(3)

where {C} is a vector of integration constants, s represents the characteristic roots of equation
and i is the imaginary number.
Substituting Eq.(3) into Eq.(2) leads to the following solutions for the transverse displacement and cross-section rotation functions in Eqs.(4) and Eq. (5), respectively:
y( x )  ( C1eis1x  C2eis2 x  C3eis3 x  C4eis4 x )

(4)

 ( x )  ( is1C1eis x  is2C2eis x  is3C3eis x  is4C4eis x )
1

2

where C1, C2, C3 and C4 are integration constants.
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Bending moment function M(x) and shear force function T(x) can then be defined as follows:

M ( x )  ( EIs12C1eis1x  EIs22C2eis2 x  EIs32C3eis3 x  EIs42C4eis4 x )

(6)

T( x )  ( EIis13C1eis1x  EIis23C2eis2 x  EIis33C3eis3 x  EIis43C4eis4 x )

(7)

In order to determine the eigenmodes of the assembled beam structure, its dynamic stiffness
matrix needs to be assembled. To do this, the dynamic stiffness matrix of a single span element first needs to defined. This is achieved by the following procedure described below [15]:
i) a closed form solution for the free vibration problem is obtained, using Eqs. (2) – (3);
ii) the nodal degrees of freedom and forces are determined in terms of the natural vibration
frequencies and boundary conditions;
iii) a frequency dependent dynamic stiffness matrix of the element is formulated by relating generalized nodal forces to generalized nodal displacements.
Following this procedure, the nodal degrees of freedom of the element and the arbitrary integration constants can be written in matrix form follows:

   y0 0

C  C1

yL  L 

T

(8)

C2 C3 C4 

T

(9)

where y0  y  x  0  , 0    x  0  , yL  y  x  L  , L    x  L  . Here, L represents the
length of a Bernoulli-Euler beam element. The nodal force vector (F) is given in Eq.(10) as:

F  T0

M 0 TL

ML

T

(10)

The sign convention utilised for the displacements and forces is shown in Fig. 2.

Figure 2: Positive sign convention for displacements and forces for a Bernoulli-Euler beam

The relations of δ=ΔC and F=κC are obtained by using Eqs.(8-10) where Δ and κ represent
coefficient matrices. Using these, the dynamic stiffness matrix of the single-span beam model
is constructed by establishing a relationship between δ and F as follows:
1

F    
K*     

(11)

1

(12)

where K* represents the dynamic stiffness matrix of the single-span Bernoulli-Euler beam.
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The global dynamic stiffness matrix of the two-span and four-span beam models are obtained
by assembling dynamic stiffness matrices from each element using standard assembly procedures:
 F1 
 δ1 
F 
δ 
 2
 2
 F3 
 δ3 
 
 
 .    DSM glob  j  j  . 
 . 
 . 
 
 
 . 
 . 
F 
δ 
 j  j 1
 j  j 1

(13)

where j equals to the number of nodes multiplied by 2. Correspondingly, Fi and δi are the jth
nodal force and degree of freedom of the system, respectively, and DSMglob represents global
dynamic stiffness matrix of the whole vibrating system. The DSMglob is reduced to DSMglob,red
matrix by removing rows and columns of inactive degrees of freedom according to displacement constraints arising from the boundary conditions.
The natural frequencies of the assembled structure are obtained by equating the determinant of the global dynamic stiffness matrix DSMglob,red to zero. A standard root finding algorithm (based on an iterative bisection approach) is used for obtaining the natural frequencies.
This allows the calculation of the mode shape of each element of the structure for a given natural frequency. These are then normalized in a consistent manner, considering compatibility
between nodal displacements and rotations to obtain the mode shape of the whole structure.
3

MOVING LOAD RESPONSE

The differential equation of a single Bernoulli-Euler beam element subjected to a moving
concentrated load can be written as [4]:
 4 y( x,t )
 2 y( x,t )
EI
m
 P D  x  S  t  
4
2
x
t

(14)

D

where δ is the Dirac delta function. Galerkin’s method can be used to minimize the error in
satisfying Eq.(14) with the following expansion for y(x,t) [16]:


y( x,t ) 

 y  x q ( t )
n

n

n 1

(15)

where n is mode number, yn(x) and qn(t) are a chosen set of functions which approximate the
eigenmodes and generalized displacements of the system, respectively. These need to satisfy
boundary conditions of the model. When the chosen eigenmode functions are exact and orthogonal, Galerkin’s method yields exact results. In this paper, the exact mode shape yn(x) of
the whole structure is obtained from continuous parameter models using DSM, following the
procedures discussed in the previous section.
Substituting Eq.(15) into (14) and assuming normal modes, Eq.(16) is obtained.
*
&
m* q&
n  t   k qn  t   Q  t 

2625

(16)

Baran Bozyigit, Sinan Acikgoz and Yusuf Yesilce

*
*
In Eq.(16), m is generalized mass, k is generalized stiffness and Q(t) is generalized force
which are defined as follows [4]:
L

m 
*



yn  x  dx;
2

0

L

k* 


0

2

 d yn  x  
EI 
 dx;
2
 dx

2

(17)

L

Q t  



P D  x  S  t   yn  x dx  Pyn  S( t )

0

By using Eqs.(16) and (17), the dynamic response of the single-span beam can be obtained in
terms of the generalized displacements for each vibration mode. Then, by using Eq. (15), the
displacements at any desired location on the beam can be determined. For the two and four
span beams, Eq.(17) is used to calculate generalized mass, stiffness and force values for each
span separately. Then, these values are summed to obtain the total generalized mass, stiffness
and force terms.
4

NUMERICAL CASE STUDY

To illustrate the numerical modelling procedure, the response of simple beam assemblies
from the scientific literature will be discussed in this section. The following material and geometric properties are considered for each span of the model [13]: L* = 4 m, width × height of
the cross-section: 0.06 m × 0.02 m, unit weight of the beam: 7850 kg/m3, E = 2×108 kN/m2.
In the free vibration analysis part of numerical case study, the first five natural frequencies
and mode shapes are obtained by using DSM. Table 1 compares the first five natural frequencies of single, two and four-span beam models determined in this study to detailed finite element simulations conducted in an earlier study [13]. A very good agreement is observed
where the maximum relative error between the results is less than 1%. It should be noted that
the results from [13] are based on Timoshenko beam theory. However, as the cross-section of
the beam is thin, the effects of rotational inertia and shear deformations are negligible. The
accompanying mode shapes for single, two and four-span beam models are presented in Figure 3(a)-(c).
Model
Single-span beam

Two-span beam

Four-span beam

Method
DSM
[13]
Error (%)
DSM
[13]
Error (%)
DSM
[13]

Error (%)

1st mode
17.8047
17.9755
0.95
17.8047
17.9755
0.95
15.0807
15.2254
0.95

2nd mode 3rd mode
71.2787 160.2420
71.8935 161.7267
0.86
0.92
27.8143
71.2187
28.0796
71.8935
0.94
0.94
21.5993
34.6706
21.8059
35.0013
0.95
0.94

4th mode
284.8747
287.4325
0.89
90.1361
90.9805
0.93
36.9614
37.3130
0.94

5th mode
445.1167
448.9480
0.85
160.2420
161.7267
0.92
57.7196
58.2663
0.94

Table 1: First five natural frequencies (rad/sec) and relative errors for single-span, two-span and four-span
beam model
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(a)

(b)

(c)
Figure 3: First five mode shapes of (a) Single-span Bernoulli-Euler beam model (b) Two-span Bernoulli-Euler
beam model (c) Four-span Bernoulli beam model

After obtaining exact mode shapes, the dynamic response of the beam models can be calculated by using Eqs.(16)-(17). In this study, Eq.(16) is solved numerically using the ode45
function in Matlab, which is based on an explicit Runge-Kutta formulation [17]. The timehistory responses of single and two-span Bernoulli-Euler beams under loads moving at constant velocity are presented in Figures 4 and 5. Both figures show the displacement at the
middle of the first span. For the single span in Figure 4, accurate results could be achieved by
considering only a single vibration mode. In contrast, for the two-span beam in Figure 5, the
first two modes need to be considered to achieve good agreement with the published results.

Figure 4: Time-history response of single-span beam model taking v = 20 m/s, P = 100 N
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Figure 5: Time-history response of two-span beam model taking v = 20 m/s, P = 100 N

The proposed approach can also be used to calculate the dynamic response of beams under
accelerating concentrated loads. Figure 6 shows the displacement time history at the middle of
the second span of the four-span beam for an accelerating load. In this case, at least the first
four modes need to be taken into account to capture the dynamic time history response of the
multi-span beam structure accurately.

Figure 6: Time-history response of four-span beam model taking v = 20 m/s, a = 10 m/s2 and P = 100 N

5

CONCLUSIONS
 In this paper, the dynamic stiffness approach, which is based on theoretically exact mode
shapes, is combined with Galerkin’s method for time-history response analysis of Bernoulli-Euler beams under moving loads. This enables the study of complex beam assemblies under the influence of moving loads in a computationally efficient manner.
 To demonstrate the numerical method, single, two and four-span beam models were considered for free vibration and dynamic response analysis under a concentrated moving
load. Moving loads with constant velocity or constant acceleration have been considered.
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 The estimation of natural frequencies and mode shapes from the DSM method demonstrate excellent agreement with detailed finite element simulations from the published literature.
 The time-history responses under the influence of moving load also demonstrate excellent agreement. The results show that increasing span number increases the number of
modes that should be taken into account to achieve sufficient accuracy.
 The proposed approach is rigorous but simple. It can be easily extended to account for
more advanced beam models (considering shear deformability) and geometries (e.g. arch
frames) to investigate dynamic amplification in bridges under the influence of moving
loads. This requires conducting a DSM analysis and using the identified mode shapes to
calculate generalized mass, stiffness and force values to simulate the time history response of the structure.
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Abstract. Ring-like structures are very commonly used in civil, mechanical and aerospace
engineering. Typical examples of such structures are components in turbomachinery, compliant
gears, conventional pneumatic tires and more recent non-pneumatic tires, to name a few. In
this paper, a ring on elastic foundation is considered. The foundation, modelled as distributed
springs, connects the inner surface of the ring to an immovable axis. Focus is placed on the
in-plane response of the ring subjected to in-plane load only. A high-order ring model, which
accounts for the through-thickness variations of displacements is adopted for the study. Two
loading situations of a ring structure are of interest in practice: (i) a stationary ring subjected
to a circumferentially moving constant load; and (ii) a rotating ring under a stationary constant
load. For the ﬁrst situation, it is well-known that resonances occur when the rotational speeds
of the load satisfy certain conditions. In a series of recent investigations, such resonance speeds
have been predicted for a rotating ring subjected to a stationary load. In this paper the case
of the rotating ring under a stationary constant load and that of a stationary ring subjected
to a moving load are compared in terms of their resonance speeds, as well as the steady-state
responses for various parameters. It is found that these two cases are distinguishable even for
system parameters which result at similar critical speeds.
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1

INTRODUCTION

The in-plane vibration of rings is a classical problem in solid mechanics due to the broad
applications of ring-like structures in practice. It is usually the case that the ring and the load
acting on it are in relative motion. Two particular situations, namely a stationary ring subjected to a circumferentially moving load (hereafter it is termed as moving load case) and a
rotating ring under a stationary load (hefeafter it is termed as rotating ring case) are commonly
encountered in engineering. Despite the absence of consensus on the existence of resonances
of a rotating ring subjected to a stationary load with constant magnitude [1, 2], a seemingly
conclusive result has been obtained in [3] according to which resonance can occur in rotating
rings. Modes which are stationary as observed in a space-ﬁxed reference system, are excited
by the load [4] when a ring rotates at high speeds, resulting in a steady-state response which is
time-invariant to a space-ﬁxed observer. The experimental evidence of such a response is the
occurrence of the so-called “standing waves” in rolling tires [5]. Similar wave phenomena have
been reported in soft calenders of paper machines [6]. On the contrary, there is no doubt in the
literature that resonances of a stationary ring subjected to a circumferentially moving constant
load occur when the rotational speeds of the load equal to one of the natural frequencies divided
by the corresponding mode number. Investigations of the steady-state responses in such a case
can be found in [6, 7].
To what extent the moving load case and the rotating ring situation can be treated as equal
is of interest and some deliberations on the topic can be found in the literature. It is concluded
in [6] that the effect of rotation is negligible and the rotating ring under stationary load and
stationary ring under moving load can be treated as equal. In this work, the steady-state deﬂection patterns of the ring when the speed of the relative motion is lower and higher than the
minimum resonance speed are investigated for both moving load and rotating ring cases. The
high-order model adopted from [3] is employed to simulate the in-plane response of rings on
elastic foundation in relative motion with a load. The primary aim is to critically study the earlier suggested equivalence between the two cases. The responses of the two cases are compared
in terms of their resonance speeds, as well as the steady-state responses for various parameters. It is shown that these two cases need to be distinguished especially when the foundation
stiffness is relatively large.
2

HIGH-ORDER RING MODEL

A ring on elastic foundation subjected to a point load is shown in Fig. 1. The ring and the
load are in relative motion with Ωr being the rotating speed of the ring and Ωp the velocity of
the load. The inner surface of the ring is connected to an immovable axis by distributed radial
springs kr and circumferential springs kc . The in-plane radial and circumferential displacements
of the ring are designated by w(z, θ, t) and u(z, θ, t). A space-ﬁxed coordinate system (r, θ) is
adopted to describe the motions of the ring. It is assumed that the mean radius of the ring is R.
An auxiliary coordinate z is introduced as z = r − R. The material properties of the ring are:
the density ρ, Young’s modulus E, shear modulus G, Poisson’s ratio ν, Lamé constants λ and
μ. The dissipation in the ring material is considered by replacing E by E ∗ = E(1 + ζd/dt)
in which ζ is a loss factor of the material. In addition, A is the cross-sectional area, I is the
cross-sectional moment of inertia, b is the width of the ring. A constant point load P (t) = P0 is
applied on the outer surface of the ring.
The high-order model of the ring developed in [3] is employed. Plane strain conﬁguration
is assumed for the model. The external load is incorporated in the governing equations by the
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Figure 1: An elastic ring on elastic foundation in relative motion with a point (line) load. Ωr and Ωp are the
rotational speeds of the ring and the load, respectively: left ﬁgure for front view; right ﬁgure for side view.

Hamilton’s principle. One is referred to [8] for details of the derivation procedure. According
to [3], the displacement ﬁelds are expressed as polynomial functions of the ring thickness z:
w(z, θ, t) =

l=N
1



q=N2
l

wl (θ, t) z , u(z, θ, t) =

uq (θ, t) z q

(1)

q=0

l=0

in which l, q are integers and l ≥ 0, q ≥ 0. N1 and N2 are the orders of the polynomials of the
displacement ﬁelds. Assuming a radial point load of constant amplitude is applied on the outer
surface of a rotating ring, the equations of motion that govern the small vibrations of the ring
around the static equilibrium in the radial direction are:
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The dimension of P0 is N.m−1 and δ is the Dirac delta function.
The linearised equations of motion of a rotating ring in the circumferential direction are:
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(q = 0, 1, 2, 3...N2 ).
lin
lin
lin
The details of the governing equations including the expressions for Ilin
1 , I2 , f1 − f4 and the
velocities v1 and v2 of a differential element of the ring in radial and circumferential directions in
the left-hand side of Eqs. (2-3) can be found in [8]. For the case of a stationary ring subjected to
a circumferentially moving load of constant amplitude, the governing equations can be obtained
by setting Ωr and the static equilibrium to zero on the left side of Eqs. (2-3) and altering P0 δ(θ)
to P0 δ(θ − Ωp t) on the right-hand side of Eq. (2).
The following dimensionless parameters are introduced [3]:

k = I/A, k̄ = k/R, γ̄ = n k̄, ω̄ = ω k/c0 , v̄(r,p) = R Ω(r,p) /c0 , k̄(r,c) = k(r,c) k 2 /(Eh), (4)
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where c0 = E/ρ is the speed of the longitudinal wave in the rod, I = bh3 /12 is the cross
section area moment of inertia and k̄ is the non-dimensional radius of gyration. θ̄ = θ/k̄ and
τ = c0 t/k are the dimensionless angle and temporal variables, respectively. P̄ = P0 k̄/(Eh) is
the dimensionless load amplitude.
3

MOVING LOAD VERSUS ROTATING RING

The load speeds causing resonance of a stationary ring subjected to a constant point load
moving circumferentially are well known [7], namely Ωp = ωn /n in which n is the circumferential mode number and ωn is the nth natural frequency of the ring. The minimum resonance
speed (the critical speed) is the lowest value of ωn /n. Resonance speeds of a rotating ring
subjected to a stationary constant load satisfy the condition ω̄n = 0 in which ω̄n is the natural
frequency calculated in a space-ﬁxed reference system [3]. By substituting ω̄n = 0 into the frequency equation [3], one can solve for resonance speeds for each circumferential wavenumber.
Theoretically, resonances of the moving load case always exist. However, in practice the load
speed can not always reach the resonance speeds, especially for stiff rings since their resonance
speeds are high. On the contrary, resonance occurs only for certain parameters of a rotating ring
subjected to a stationary load of constant magnitude. Speciﬁcally, resonances of a rotating ring
may only occur for relatively soft rings. For example; for a ring made of steel, resonance speeds
do not exist for the rotating ring case whereas resonance speeds of such a ring for the moving
load case do exist but are extremely large. One needs to bear in mind that if a ring is stiff, the
responses of the ring for the rotating ring and moving load cases are similar. The reason is that
in the operational speed range, the translational rigid-body like motion governs the response in
both cases. Thus, only soft rings are considered in this section because resonance speeds exist
for such rings for both moving load and rotating ring cases.

Figure 2: Comparison of resonance speeds, h/R = 0.1, k̄c = 0.1 using the high-order model with increasing
stiffness of radial springs. Grey dashed line for moving load case; Red dotted lines for rotating ring case: (a)
k̄r = 0.001; (b) k̄r = 0.01; (c) k̄r = 0.1.

3.1

Comparison of resonance speeds between both cases for relatively soft rings

Fig. 2 shows the comparisons of resonance speeds, as functions of the mode number, between moving load and rotating ring case with different values of the foundation stiffness. Since
high-order theory is used, there are several curves representing higher order motions of the ring.
In the ﬁgure, the lower abscissa in each plot is the dimensionless wavenumber, whereas the
upper abscissa is the corresponding discrete circumferential mode number n. All the chosen
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parameters represent relatively stiff foundation (soft ring) conﬁguration since only in this case
resonance speeds of rotating rings exist.
In Fig. 2 the upper limit of the plots is set at v̄ = 1 and therefore only the lowest branch
of resonance speeds is shown. The reason is that at higher speeds, the predictions of other
branches are not accurate since the rotation-induced hoop tension is approaching unrealistically
high value. Generally, rotation stiffens the ring, therefore, the resonance speeds of rotating
rings are larger than those in the moving load case as shown in Fig. 2(a). With increasing
k̄r , the resonance speeds for the two lower branches of both cases become close as shown
in Figs. 2(b)(c). For the two higher branches of resonance speeds, the differences are still
large. The minimum resonance speed in Fig. 2 is a critical speed at which a wave-like steadystate deformation pattern is initiated. For the parameters shown in Figs. 2(b)(c), the critical
speed converges to the Rayleigh wave speed with increasing wavenumber and a Rayleigh wave
resonance is expected when a stationary constant load is applied [6].
3.2

Steady-state response for soft rings on stiff elastic foundation

The steady-state responses of a ring in relative motion to a constant point load is investigated
in this section for a soft ring. The parameters are chosen the same as in Fig. 2(b). For this set of
parameters, resonance speeds in the two cases are close, especially for the lower order motion.
The dynamic responses are derived using the so-called ”method of the images” described in
[7, 8].
(a)

(b)

vr =vp=0.3

moving load

vr =vp=0.3

rotating ring

moving load
rotating ring

Figure 3: Displacements at the middle surface of the ring for v̄r = v̄p = 0.3, k̄r = 0.01, k̄c = 0.1, ζ =
0.002, P̄ = 0.002: (a) Normalised radial displacement; (b) Normalised circumferential displacement.

As shown in Fig. 2(b), the minimum resonance speed in both cases is the same, namely
v̄cr ≈ 0.5. Therefore, two velocities of the relative motion are chosen: v̄r = v̄p = 0.3 as a
sub-critical speed and v̄r = v̄p = 0.7 as a super-critical one. Fig. 3 shows the displacements
(normalized with respect to the ring radius at the middle surface) at the middle surface of the
ring for the two cases. It can be seen that the responses are very close. In this case, the stiffening
effect due to rotation for the rotating ring case is not obvious. When the speeds increase, for
the rotating ring case, the static expansion due to rotation becomes large, resulting in high hoop
tension. This tension stiffens the ring, especially it suppresses the radial displacement of the
rotating ring comparing to the moving load case as shown in Fig. 4(a) for the super-critical case
v̄r = v̄p = 0.7. However, the stiffening effect is not obvious on the circumferential displacement
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moving load
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rotating ring
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(c)
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(d)
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0
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Figure 4: Displacements at the middle surface of the ring for v̄r = v̄p = 0.7, k̄r = 0.01, k̄c = 0.1, ζ =
0.002, P̄ = 0.002: (a) Normalized radial displacement; (b) Normalized circumferential displacement; (c) Ring
deformation, moving load; (d) Ring deformation, rotating ring. The ring deformations are scaled by 5.

(Fig. 4(b)). In Figs. 4(c)(d), the ring deformations in both cases are illustrated. Besides the
different patterns, the rotating ring shows static radial expansion caused by rotation. In addition,
the effect of damping is more pronounced in the rotating ring case as the displacements decay
fast along the circumference away from the loading point.
3.3

Maximum deﬂection of the ring versus velocity

√
The maximum displacement at the middle surface (Dmax is deﬁned as max{ w0 2 + u0 2 }
in which w0 and u0 are the radial and circumferential displacements at the middle surface,
respectively) for a ring with the same parameters as used in section 3.2 is shown in Fig. 5(a).
For the chosen parameters, the resonance speeds of both cases are quite similar as shown in Fig.
2(b). However, the responses are different under the same load as shown in Fig. 5(a), especially
when the relative speeds between the load and the ring exceed the minimum resonance speed.
For rotating ring case, the rotation of the ring stiffens the ring, resulting in smaller responses. In
Figs. 5(b) and (c), the maximum middle surface displacements in the radial and circumferential
directions are demonstrated, respectively. It can be seen that the responses are mainly governed
by the radial motion. To conclude, for the moving load and rotating ring cases which have
similar resonance speeds, their responses are in large disagreement at higher speeds of the
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Figure 5: Comparison of maximum deﬂection at the middle surface versus velocity, k̄r = 0.01, k̄c = 0.1: (a)
Dmax ; (b) maximum radial displacement; (c) maximum circumferential displacement.

relative motion between the load and the ring.
4

CONCLUSIONS

The equivalence of the rotating ring under a stationary constant load case and a stationary
subjected to a moving constant load case are discussed by comparing their resonance speeds, as
well as the steady-state responses. It is found that these two cases need to be distinguished even
for system parameters which result in similar critical speeds. The moving load on stationary
ring and the rotating ring under stationary load cases can only be considered equivalent when
the relative speeds between the ring and the load are low or the responses are mainly governed
by the n = 1 mode. First, if resonance speeds exist, these can be very different in the two cases
under consideration, which will result in different dynamic responses. Second, even for system
parameters which result in similar critical speeds, the responses under the same load can be
different due to the rotation effects.
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Abstract. This paper deals with the identiﬁcation of the weight of a train in motion, based on
the measurement of the time-history of the response in terms of strains at the foot of the rail.
The direct problem is initially addressed: the response of a rail modelled as a one-dimensional
Euler-Bernoulli beam with constant properties, resting on a linear elastic foundation with viscous damping and subjected to a Dirac delta load travelling at constant speed is considered. For
the model described, a closed-form expression of the solution can be obtained, which permits to
investigate the sensitivity of the response to the main mechanical parameters. Analytical strains
are compared to their experimental counterpart, showing their practical ability to describe the
real phenomenon. As a second step, the inverse problem consisting in the identiﬁcation of the
loads for a given time-history of measured strains is addressed. The solution of the inverse
problem is set up as a minimization problem whose objective function is based on the difference
between experimental and model time-histories of strains. This inverse problem is nonlinear,
and its solution can be pursued by the Newton method, which requires recursive application of
a linearized expression for the evaluation of the optimal parameters. The Bayesian formulation
enables to investigate identiﬁability of parameters and minimum number of measurements, and
leads to conclude that the identiﬁcation process must begin with an improving of the interpretative model. This model updating can be achieved by evaluating the model parameters, using
the time-history of a train whose weight is known. After that, the actual identiﬁcation of the
loads can be performed. The procedure proposed is applied to experimental strains recorded at
the foot of a rail on a stretch of line run by a locomotor moving at a low constant speed. The
identiﬁed loads were in good agreement with the expected value, with errors smaller than 4%.
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1

INTRODUCTION

Increased standards of safety in railway transport require awareness of the loads actually
travelling on railway lines, in particular when freight trains running. This enables to timely
schedule maintenance and monitor rail wear, as well as to check unbalanced loads which can
affect vehicle safety, and requires the development of methods for the identiﬁcation of travelling
loads. This paper deals with the identiﬁcation of the weight of a train in motion, based on the
measurement of the time-history of the response in terms of strains at the foot of the rail.
To solve this inverse problem, it is ﬁrst useful to address the direct problem. Here, the rail is
modelled as a one-dimensional Euler-Bernoulli beam with constant geometrical and mechanical properties, resting on a linear elastic foundation with viscous damping and subjected to a
Dirac delta load travelling at constant speed. The same model was used in the past to describe
the response of rocket test tracks [1] and train tracks [2]. This model has proved its ability
to describe the real experimental response and, since it enables obtaining a closed-form solution, it is used here as a reference model, enabling to investigate the response sentitivity to the
main mechanical parameters. More complex models involving 2D descriptions of the elastic
foundation were also proposed [3], but they seem not suitable for this inverse problem.
On accepting the simpliﬁed modelling of the travelling load as a Dirac delta, its identiﬁcation involves the evaluation of its amplitude only. We approach this inverse problem using an
estimator which minimizes the difference between the experimental response and the response
provided by the described mechanical model of the rail. An overview of the different approaches
presented in the literature for the solution of load identiﬁcation problems can be found in the
work by Ouyang [4]. Among these, it is worth citing the approach proposed by Trujillo and
Busby [5], based on dynamic programming, not only the forcing term which provides the best
match is sought, but also that which has a certain degree of smoothness according to Tikhonov’s
regularization. An application of dynamic programming to train load identiﬁcation is presented
by Zhu et al. [7]. Among other possible approaches, Ronasi et al. [6] calculate the minimum
of an objective function measuring the distance between experimental and analytical data. In
the framework of an algebraic solution, Meli and Pugi [8] made hypotheses to simplify the
load time-histories and adopted a multibody model for the railway vehicle. We develop here
a load identiﬁcation procedure within the framework of a Bayesian approach, also addressing
problems of optimal choice of parameters and measurements [9, 10, 11]. Based on the results
obtained from the investigation of the Fisher matrix, we were able to conclude that the load
identiﬁcation problem can be better formulated in two steps. The ﬁrst step consists in a model
updating performed on the grounds of the knowledge of the response to a known load. The
second step is the actual load identiﬁcation.
Experimental tests were used for validation: they consist of ﬁeld measurements of the rail
strain time-histories due to the transit of a two-axis locomotor at low speed.
2

DIRECT PROBLEM

The rail is represented as a plane beam with constant geometrical and mechanical properties
resting on a linearly elastic foundation with viscous damping, and subjected to a Dirac delta
load of amplitude P moving at constant speed v. On setting E the Young’s modulus of the cross
section, I its moment of inertia, the solution to this problem in terms of transverse displacement
w as a function of time t and space z can be written in closed form:
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⎧
⎨P
w(z, t) =

e(z−vt)k3
(k3 −k4 )(k3 −k1 )(k3 −k2 )

EI

⎩− P

EI

e(z−vt)k4

e(z−vt)k2
(k2 −k4 )(k2 −k1 )(k2 −k3 )

+

(k4 −k3 )(k4 −k2 )(k4 −k1 )

+

e(z−vt)k1

!

(k1 −k3 )(k1 −k2 )(k4 −k1 )

!

z≤0
z > 0.

(1)

where k1 , k2 , k3 and k4 are wavenumbers. The time-history of the response at z = 0 for P = 1 N
resulting from Equation (1) is represented in terms of curvatures χ(z, t) = ∂ 2 w/∂z 2 in Figure 1,
for different speeds and damping. Curvature is the observed quantity, since in the experimental
tests we will measure the strain at the foot of the rail, which is tied to the curvature by the linear
relation  = hG χ, valid under the hypothesis of small displacements, with hG distance between
the center of mass of the cross-section and the foot of the rail. Figure 1a shows that, for speeds
of 28 km/h, approximately corresponding to 0.1 of the critical speed vcr , the dependence of the
maximum amplitude on damping is very limited. The critical speed vcr = (4kEI/(ρA)2 )1/4 ,
with k stiffness of the soil, ρ mass density, and A area of the cross-section, is the lowest speed
at which a free wave can propagate in the rail [1]. When the speed increases, the response is
no longer symmetric, and the maximum amplitude more and more depends on the train speed
(Figure 1b). When the speed equals the critical velocity, a resonance occurs: the maximum
response increases and strongly depends on damping (Figure 1c).
Figure 2a shows the analytical time-history of the strains due to a series of ten Dirac loads
with P =78400 N, which is approximately the load insisting on one wheel of an unalden ETR324,
obtained using Equation 1 for a travelling speed of 28 km/h. Figure 2 b reports, for comparison, the experimental time-history of an ETR324, travelling at around 30 km/h. The pattern of
the time-history obtained from the model satisfactorily agrees with the time-history observed
experimentally.

a

b

c

Figure 1: Time-histories of curvatures for different values of damping and speed: 28 km/h=0.1vcr (a), 140
km/h=0.5vcr (b), 280 km/h=vcr (c). ccr = 2(kρA)1/2

3

INVERSE PROBLEM

The goal of the solution of the inverse problem consists in the identiﬁcation of the amplitude
of the Dirac deltas representing train loads. It must be considered that the model contains several
parameters, whose values may be more or less uncertain, and that have an inﬂuence on the result
of the load identiﬁcation. Some parameters are mechanical and geometrical characteristics of
the model, that is ρA, EI, k, c, while others concern the load: P and v. We will be dealing with
recordings made at low speed, therefore we will assume c = 0, and, also, that v is known, since
it is easily measurable. The vector of unknown parameters will be x = {ρA, EI, k, P }T .
Let us call (x) the vector of observed quantities as a function of the vector of parameters x,
and z the vector of corresponding measured quantities, that is, the time-discretized experimental
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a)

b)
Figure 2: Analytical (a) and experimental (b) microstrain time-histories of an ETR324.

response at a given location. The vector of observed quantities is an m-element vector (x) =
{1 (x), ...m (x)}, whose i-th element represents the strain at a given abscissa and at the i-th
time instant.
Within a Bayesian approach, parameters are random variables, and measured quantities satisfy the relationship
z = (x) + n

(2)

where n is a vector of stochastic noise, independent of x. Assuming a multivariate normal
distrubution for x and n, and being Sx and Sn the covariance matrices of the initial estimate of
the parameters and of the noise, respectively, the maximum of the probability p(x|z) is attained
for the optimal x̂ of x which minimizes the objective function:
1
1
T −1
l(x) = [z − (x)]T S−1
n [z − (x)] + (x − x0 ) Sx (x − x0 ).
2
2

(3)

Assuming that the initial estimate x0 is not too far from x̂, a linearization of the relationship
between observed quantities and parameters provides a recursive formula whose iterative application enables to reach the minimum of the objective function:
−1 −1 T −1
x̂ = x0 + (HT S−1
n H + Sx ) H Sn (z − (x0 )),

(4)

where H is the sensitivity matrix whose components are Hij = ∂i /∂xj , and S = (HT S−1
n H+
−1
S−1
)
is
the
a
posteriori
covariance
matrix.
Within
this
linearized
framewok,
the
Hessian
x
−1
matrix associated to l(x) is He = HT S−1
n H + Sx , whose ﬁrst term is the Fisher or information
T −1
matrix A = H Sn H.
Figure 3a reports the time-history of the change of the curvature for a 10% variation of each
of the three model parameters EI, ρA and k. These time-histories are, in practice, the columns
of the sensitivity matrix each multiplied by the variation of the related parameter, and divided by
hG . Figure 3a shows that the parameters which play the most important role are EI and k, while
ρA has a scarce inﬂuence. Identiﬁability is the actual possibility to determine a single set of
optimal parameters x̂ such that the objective function is at a minimum. Some information about
it is provided by H, whose rank indicates the maximum number of identiﬁable parameters: in
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our case, the rank of H is 3, independently of the number of time samples, which are as many
as the rows of the sensitivity matrix.
More precise information on the choice of parameters and measurements is provided by the
Fisher matrix, which must be invertible for the solution (4) to be calculated. The list of its eigenvalues can put the parameters, or more often, their linear combination, in order of importance.
This is displayed by the shape of the eigenvectors, which enables to point out possible coupling
between parameters. Observing the eigenvectors of the Fisher matrix, which are reported in
Figure 3b, it can ﬁnally be concluded that the parameters EI and k are coupled, while ρA is
an independent parameter with scarce inﬂuence on the response, in fact, it is associated with
the smallest eigenvalue and the related eigenvector has only the ﬁrst component different from
zero. In such situation, it seems to be appropriate to obtain the solution of the inverse problem
in two steps: ﬁrst the optimal parameters EI and k are sought using the response to a known
load, then the updated model is used to determine the amplitude P , the real unknown of the
problem.
The Fisher matrix also provides information on the choice of measurements by means of
its Fisher inﬂow, which is the value of the terms on the principal diagonal as a function of the
number of measurements. In fact, on assuming that Sn is a diagonal matrix,
is the noise is
 that
4 −1
uncorrelated, the terms on the principal diagonal can be written as: Aii = k (σk ) (∂k /∂xi )2 .
Since the summation occurs over the time instants, in the limit of the time instant between two
T
samples tending to zero, it is obtained Aij = (1/T ) 0 (σ 4 )−1 (∂/∂xi )2 dt, where T is the duration of the phenomenon. The terms on the principal diagonal of the Fisher matrix provide
then an approximation of this integral, and tend to stabilize when the sampling frequency is
sufﬁcient, indicating that further samples do not provide further information. This is shown in
Figure 4 a and b, where also the trace of A is reported, showing that a number of 40 measurements will provide a stable estimate of the covariance matrix, for our purposes, with a variation
smaller than 5% for an increase of the number of measurements.

a

b

Figure 3: Time-histories of the change of curvature for a 10% variation of mechanical parameters (a) and eigenvalues of the Fisher matrix (b).

As proposed, we proceed to the identiﬁcation of EI and k using 40 samples of a pseudoexperimental time-history generated by a known load. In the absence of noise and starting
from initial parameters with a 30% error, we obtain convergence to the exact values within ﬁve
iterative applications of Equation 4, according to the Newton method. The objective function is
smooth and has a unique minimum, as it is shown in Figure 5. Using the identiﬁed parameters, if
we proceed to the identiﬁcation of the load, we obtain the exact value with a single application
of Equation (4), in fact, since the dependence of the response on P is linear, Equation (4)
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A[i,i]

A[i,i]

a

b

Figure 4: Fisher inﬂow and trace of the Fisher matrix (a), and % variation of their values (b) as a function of the
number of samples.

does not constitute an approximation when the unknown parameter is P . It is instead an exact
relationship, which does not requires iterations.

Figure 5: Contourplot of the objective function for pseudo-experimental data in the absence of error.

4

EXPERIMENTAL RESULTS

The procedure proposed is applied to experimental strains recorded at the foot of a rail on a
stretch of line run by a locomotor moving at low constant speed. The weight of the locomotor
is known and equal to 154.22 kN, so that two time-histories are ﬁrstly used to identify the
soil stiffness. The resulting objective function is reported in Figure 6a, showing a distinct
minimum. Then, a total of 10 locomotor transits with different constant speeds in the range
5-25 km/h were investigated. The updated model was used to identify the loads considered, at
this stage, as unknowns, and the resulting identiﬁed values are reported in Table 1. These loads
are in good agreement with the expected ones, with a mean error of 3.82%. The dispersion of
errors, varying from -10.3 to 3.6%, can be ascribed to the simple interpretative model and to the
the fact that experimental measurements were performed on one rail only, disregarding possible
unbalance of the load. Figure 6b shows the comparison between the experimental time-histories
of strains and those obtained from the updated model and the identiﬁed loads.
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transit
weight
error [%]
transit
weight
error [%]

1
2
3
4
5
154.68 144.29 138.28 155.35 154.44
0.3
-6.4
-10.3
0.7
0.14
6
7
8
9
10
155.46 144.63 157.71 142.73 159.73
0.8
-6.2
2.3
-7.5
3.6

Table 1: Identiﬁed weights [kN] in the different transits and related error.

a

b

Figure 6: Objective function (a) and comparison between experimental and numerical time-histories of strains (b).

5

CONCLUSIONS
• We applied an approach for the identiﬁcation of travelling loads of freight trains based
on the minimization of the difference between the experimental time-history of strains at
the base of the rail and their analytical counterpart. The model describing the response
is a one-dimensional Euler-Bernoulli beam resting on a linearly elastic soil. The load is
modelled as a Dirac delta load travelling at constant speed, whose amplitude is unknown
and is the ﬁnal goal of the identiﬁcation procedure.
• As a result of a sensitivity analysis, among the model parameters, the soil and the beam
stiffness resulted to be the most relevant, while damping was proved to be not signiﬁcant
for an appropriate description of the response in range of speeds away from the critical
value. The procedure of identiﬁcation is then performed in two steps, ﬁrst updating the
model using the response to a known load, then identifying the intensity of travelling
loads.
• Experimental ﬁeld tests were performed, in which the strains at the foot of the rail due
to the transit of a locomotor at low speed were recorded. Making reference to the known
loads, the model was updated by identifying the optimal value of the soil stiffness and,
afterwards, used as interpretative model to identify the weight of the locomotor, now
assumed as unknown. The loads were then identiﬁed with satisfactory accuracy, with a
mean error smaller than 4%.
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DYNAMIC EFFECT OF TRAINS WITH ARTICULATED COACHES
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Abstract. This paper deals with the dynamic response of railway bridges traversed by articulated trains, speciﬁcally the interaction effect between the coach length D and bogie distance
dBA . Current design code EN 1991-2 stipulate that the ratio D/dBA should not be close to an
integer value, but no further guidance is given. By using train signatures and a so-called bogie
factor, the combined effect is illustrated in a non-dimensional domain. The results are also presented by realistic examples which show that integer ratios of D/dBA are not necessarily worse
than non-integer ratios. This is further conﬁrmed by a parametric study of simply supported
beams and ranges of train parameters according to EN 1991-2 Annex E.
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1

INTRODUCTION

Excessive vibrations may occur in railway bridges if the load frequency coincides with the
natural frequency of the bridge. In the design of railway bridges, especially on high-speed lines,
the dynamic response is analysed using a set of universal trains, named as HSLM in EN 1991-2
[1]. These train load models were developed within ERRI D214.2/RP6 [2] and should also
cover ranges for different real trains, as deﬁned in EN 1991-2 Annex E. Excessive vibrations
are likely to occur at resonance, where the load frequency depends on the axle spacings or any
of its integer multiples.
This paper focus speciﬁcally on the articulated train (AT) with jacobs bogies, where the
coach length D and bogie distance dBA are the main parameters. In EN 1991-2 Annex E it is
stipulated that D/dBA should not be close to an integer value. No further guidance is given on
how close to an integer value such ratio is allowed, or how to assess its effect. The main aim
of this study is therefore to explore the interaction effect between D and dBA in terms of the
resulting dynamic response. This is done by a parametric study of simply supported bridges
and a non-dimensional approach based on train signatures and a so-called bogie factor, further
explained in this paper.
2

MOTIVATION OF THE RESEARCH

A typical example is presented ﬁrst, in order to motivate the reasons for this investigation.
Let a theoretical simply supported (S-S) railway bridge have ﬁrst natural frequency n0 = 7.0 Hz,
which is a usual value for spans between some 12.5 and 30 m. Consider also an AT (see Figure 1) with characteristic distances D = 18 m (carriage length) and dBA = b = 3 m (bogie
wheelbase) travelling over the bridge. For the moment, the presence of the power cars (1) in
Figure 1 is ignored, and it is admitted that all passenger coaches of type (2) and (3) have the
same distances D and b. These hypotheses allow one to focus on the possible resonant coupling
caused by integer values of the D/b ratio.

D
d%$


N ×D

D





d%$



L



m, E, I]

Figure 1: Articulated train passing over a S-S bridge.

Any mode of vibration of the bridge that is excited by the passing train will remain in free
vibration once the train has left the bridge. The passage of each axle load generates such kind
of free vibrations, that will accumulate with the free vibrations generated by the subsequent
passing loads, in a way that may lead to (i) resonance in the case of in-phase addition, (ii)
cancellation if the addition is in counter-phase, or (iii) addition to some intermediate degree in
the rest of cases. If damping were absent, which is only possible from a theoretical point of
view, resonance and cancellation phenomena would be ideally perfect for axle loads of equal
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intensity adding in-phase or counter-phase, respectively. All these aspects were dealt with in
depth in previous research works [3].
The relevance of an eventual integer value of D/b is apparent: in a two-axle bogie, if the
vibrations of the second axle add in phase with those of the ﬁrst axle, this means that the time
interval b/V , where V is the speed of the train, is an integer multiple of the period T of the
vibration mode of interest. For the fundamental mode, this entails
b/V = n/n0

n = 1, 2, 3, . . .

(1)

In equation (1) n = 1 is referred to as the ﬁrst bogie resonance, while for n = 2, 3, . . . one
speaks of second resonance, third resonance, etc. With the values presented above, one gets
Vn=1 =

3·7
b n0
=
= 21 m/s = 75.6 km/h
1
1

(2)

It is apparent that for speeds equal to integer fractions of 75.6 km/h, one will get the second,
third, etc. resonances of the bogie. Because of damping, the amplitude of the resulting vibration from each of them will decrease as n increases. Moreover, speeds around 75.6 km/h are
nowadays considered low speeds, and particular bridge vibration problems are not expected in
regular operation of railway vehicles at such speeds.
In the sample case presented here, when the ﬁrst resonance of the bogie takes place, then
also a sixth resonance of the carriage takes place, because, in a way analogous to equation (2),
one has, for characteristic distance D = 18 m:
Vn=6 =

(6 · 3) · 7
D n0
=
= 21 m/s = 75.6 km/h
6
6

(3)

Of course, if damping were high enough, such sixth sub-harmonic of the carriage resonance
would have little effect, but it should also be born in mind that damping can be higher or lower
depending on the bridge type and condition.
For free vibrations to accumulate, cancellation of the vibration mode (for each axle) must not
take place [4], [3]. Therefore, the nondimensional speed K must be different from 1/(2i + 1)
if the bridge is S-S, of span equal to L. Integer i is referred to as the order of the cancellation
of the inﬂuence line, since it yields the order of the corresponding zeros of the free vibration
amplitude response (see ﬁgure 2 in reference [3]). Consequently, the condition to be veriﬁed to
avoid cancellation is as follows:

K=

V
1
=
2n0 L
2i + 1

i = 1, 2, . . .

(4)

With the reference data employed above, cancellation would happen at 75.6 km/h for the
spans listed in Table 1. So, one can select a span equal to L = 15 m and be sure that is neatly
far from cancellation, and indeed very close to a point of maximum free vibration. In such
case, the addition of successive axle loads will lead to a maximum resonance phenomenon (see
section 4 in reference [3]).
Figure 2 shows the response of the above described bridge under the circulation of a series
of 2k = 20 loads, arranged in k = 10 equidistant bogies with two loads P = 170 kN in each
bogie. The linear mass of the bridge is set to m = 12 t/m, which is a realistic value for a
concrete, single-track, beam bridge of 15 m span, and damping ratio is ζ = 1.0%. Damping
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i
L(m)

1
4.5

2
3
4
5
6
7
7.5 10.5 13.5 16.5 19.5 22.5

Table 1: Span lengths for i-th cancellation of the 1st mode at 75.6 km/h in a S-S bridge with n0 = 7.0 Hz.

2

D/b = 6.5
D/b = 6.0

Acceleration (m/s²)

1.5
1
0.5
0
-0.5
-1
-1.5
-2
0

1

2

3

Time (s)

4

5

6

Figure 2: Time-history response of a S-S bridge under a sequence of 10 equidistant, two-axle bogies with D =
18 m, and P = 170 kN. L = 15 m, n0 = 7.0 Hz, m = 12 t/m, ζ = 1.0%. b = 3 m for the dashed line;
b = 2.769 m for the solid line.

should probably be somewhat higher for a bridge of such span, but the vibration effects will be
better illustrated with the selected value.
Figure 2 shows a response that is clearly resonant, with six cycles between maximum peaks
as expected from equation (3). Two time series are displayed: the dashed line corresponds to a
slightly higher response, obtained with b = 3 m, so that D/b = 6.0; conversely, the solid line
has been obtained with b = 2.769 m, which leads to D/b = 6.5. It should be noticed that in the
latter case, the D/b = 6.5 ratio is as far as possible from being integer, but still the observed
resonant response is almost identical in both cases. So the following question arises: From the
point of view of bridge vibrations, is it reasonable to consider that ATs where D/b = D/dBA is
close to integer are more critical than others? This question is dealt with in greater detail in the
following sections.
3
3.1

NONDIMENSIONAL APPROACH BASED ON TRAIN SIGNATURE AND BOGIE
FACTOR
Signature of a set of equidistant loads

Based on superposition of effects in linear regime, in reference [2] the following approach
was presented for the computation of the acceleration level in a S-S bridge due to the passage
of a train:
amax = Γmax (mL, ζ, K) · G(Fi , di , λ, ζ)
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where the term G(Fi , di , λ, ζ) is the signature or train spectrum for a series of loads Fi
with spacing di measured from the ﬁrst load (d1 = 0). The wavelength λ = V T , where T is
the period of the vibration mode, and Γmax (mL, ζ, K) is the inﬂuence line for the fundamental
mode of a S-S bridge. Because the inﬂuence line will vary between different types of structures,
it is convenient to keep it as a separate factor, as in equation (5). In so doing, one can concentrate
in the values of the signature; those values depend only on damping and the train type for each
wavelength. Plots as a function of wavelength will then provide a quick view of the phenomena
involved.
In reference [5], a new expression of the signature is presented for a group of k equidistant,
unit loads:
GE (k, Λ, ζ) = k
#
GE (k, Λ, ζ) =

if ζ = 0 and Λ = 1, 1/2, 1/3, ...(resonance)
σ 2(1−k) fk (σ, Λ)
f1 (σ, Λ)

otherwise.

(6)

where
fk (σ, Λ) = (1 + σ 2k − 2σ k cos(2kπ/Λ))
σ = eζ2π/Λ ≥ 1
Λ = λ/D = V T /D
and f1 = fk (k = 1). Such expression can be computed very efﬁciently because it neither involves summations of out-of-phase loads, nor it involves taking the maximum among subtrains
as prescribed in [2]. Conversely, it has the disadvantage that the power cars are not taken into
account. The nondimensional wavelength Λ represents the fraction of D travelled in one period
of the free vibration.
In order to get the complete signature for a series of carriages supported on bogies as it is
usual in an AT, one has to multiply the signature given in equation (6) by the bogie factor or
bogie spectrum. This factor is also introduced as a function of a nondimensional wavelength in
reference [5], as explained next.
3.2

Bogie factor

The bogie factor is a multiplying function that can vary in the interval [0, 2], and provides
an exact, equivalent amplitude of the effect of two consecutive loads separated by distance
b = dBA . The equivalence is established in terms of the addition of the free vibrations created
by each of the two loads, when they pass over a ﬂexible structure at speed V :
'
fB (μ, ζ) = 1 + e−ζ4π/μ + 2e−ζ2π/μ cos(2π/μ)
μ = λ/b = V T /b

(7)

In the same way that Λ = 1/nD = 1, 1/2, 1/3, .. implies resonance or sub-resonance or order
nD associated to distance D (carriage resonance), μ = 1/nb = 1, 1/2, 1/3, .. implies resonance
or sub-resonance of order nb associated to distance b (bogie resonance). Also, when μ =
2, 2/3, 2/5, .. bogie cancellation occurs. Conversely, above μ = 2.0, fB → 2.0 monotonically,
in a way similar to the signature in equation (6), which tends to kF when Λ → ∞ (F is the
value of the constant axle loads different from unity).
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In case of bogie resonance, integer ratios D/b = l would lead to
VT
VT b
1 1
1
· =
(8)
=
·
=
D
b D
nb l
nD
As it is apparent, nD = nb × l is integer and (higher order) resonance of the carriage would
also be induced. For this reason, the D/b integer ratios may initially be considered more aggressive, as explained in previous section.
Λ=

3.3

Combined effect of signature and bogie factor

The signature or spectrum of a set of k two-axle bogies of constant loads F can be obtained
exactly by multiplication of F times equations (6) and (7). Such signature will represent the
vibration coupling of a series of carriages of an AT, where the power cars are neglected and all
carriages are assumed to have constant length D. Therefore, the main coupling phenomenon
between D and b can be analysed at once.
The signature can be suitably plot as a function of Λ and μ. In such approach it is convenient
to realise that any constant ratio η = D/b, will lead to a inclined line in the [Λ, μ] plane, since
VT
VT D
=
·
=Λ·η
(9)
b
D b
Therefore, in log-log axis the lines corresponding to constant η ratios will appear as inclined
parallel lines, as shown in Figure 3. The upper limits in Figure 3 are set by considering that
n0 = 7.0 Hz, Vmax = 350 km/h, Dmin = 18 m and bmin = 2.5 m, which are all usual values for
high-speed articulated trains. Damping has been neglected, which leads to maximum values of
the spectrum equal to 20, since the number of unit loads in the trainset is 2k = 20.
In Figure 3 the three inclined lines correspond to η = D/b equal to 5.5, 6.0 and 6.5. It
is seen that the critical point (where Λ = 1/6 and μ = 1) reaches a maximum amplitude of
20 for D/b = 6.0, but the amplitudes for D/b = 5.5 and D/b = 6.5 are very similar. This
is the theoretical explanation to the very small difference in the amplitude of vibrations levels
displayed in Figure 2.
The peak response in Figure 2 can be also analysed for a wider range of speeds, as it is
shown in Figure 4, where sub-resonances of the carriage are visible for nD = 2 at 226.8 km/h
to nD = 8 at 56.7 km/h, except for nD = 3 that cancels exactly (indeed it cancels twice: i = 2
in equation 4, and also μ = 2).
All predictions from Figure 3 are conﬁrmed in Figure 4. The highest peak for the sixth subresonance corresponds to D/b = 6, while the other two curves give very similar response in
this case, even if they are as far as possible from being integer. Besides, the peaks for the eighth,
seventh and second sub-resonances are higher for D/b = 6.5, while the peaks for the fourth and
third sub-resonances are higher for D/b = 5.5.
The conclusions of the studies presented in this section are generalised next for a wide ensemble of S-S bridges and articulated trains that cover the vast majority of cases of interest.
μ=

4
4.1

PARAMETRIC STUDIES
Hypotheses and methods

In order to conﬁrm that integer values of D/b are not necessarily more aggressive than nonintegers as regards the coupling of carriage-induced and bogie-induced vibrations, a comprehensive parametric study has been carried out with the following characteristics.
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Figure 3: Signature of a sequence of k = 10 equidistant, two-axle bogies of unit loads (log-log axis). Red, black
and blue lines correspond to η = D/b equal to 5.5, 6.0 and 6.5, respectively.

Prestressed bridges of S-S type on rigid supports are analysed under sequences of (10 − 1) =
9 carriages supported on equidistant bogies. Therefore, k = 10 as in Figure 4 and each train
has 20 constant, concentrated loads travelling at a constant speed V .
According to Table 2, the carriage length D is varied in a discrete manner from 18 m to 27 m
in steps of 0.5 m, in line with the limits in Annex E from EN1991-2 [1]. Providing that the
bogie wheelbase b is limited to the interval [2.5 m, 3.5 m] as stated also in Annex E from [1],
the number of combinations of D and b that can produce integer ratios is limited to 51 different
cases. Such cases are shown in Table 2, particularly in the two columns headed by symbol b;
the integer D/b = l value for each case is also shown in the corresponding row.
Also in Table 2, 51 × 2 bogie wheelbases are gathered where D/b is as far as possible
from being integer. For instance, in the ﬁrst row of the table, D/b = l = 6 for D = 18 m
corresponds to b = 3 m, while b− = 3.273 m corresponds to a smaller ratio D/b = 6 − 0.5 =
5.5. Analogously, b+ = 2.769 m corresponds to a larger ratio D/b = 6 + 0.5 = 6.5.
It can be seen in Table 2 that some of the values of b− and b+ lie outside the interval
[2.5 m, 3.5 m], but such interval is never exceeded by more than 9 %, so the values in the table can be deemed acceptable for the purpose of this study.
Spans from L = 5 m and L = 30 m have been analysed under the action of such 51×3 trains,
and the response under the trains with integer D/b values (column b) has been compared with
the one due to the trains with non-integer D/b values (columns b− and b+ ). Damping values for
the prestressed bridges have been selected according to [1]. Clearly, the possible carriage-bogie
resonant coupling situation would take place for nD = nb × l, as explained from equation (8)
in section 3.2. In such case, the resonance order for the carriage (length) is a multiple of the
resonance order for the bogie (wheelbase).
If the speeds involved were to be close to 200 km/h or higher, which is the usual range
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D/b = l
6
7
–
6
7
–
6
7
–
6
7
–
6
7
8
6
7
8
6
7
8
7
8
–
7
8
–
7
8
9

D
18
18
–
18.5
18.5
–
19
19
–
19.5
19.5
–
20
20
20
20.5
20.5
20.5
21
21
21
21.5
21.5
–
22
22
–
22.5
22.5
22.5

b
3.000
2.571
–
3.083
2.643
–
3.167
2.714
–
3.250
2.786
–
3.333
2.857
2.500
3.417
2.929
2.563
3.500
3.000
2.625
3.071
2.688
–
3.143
2.750
–
3.214
2.813
2.500

b−
3.273
2.769
–
3.364
2.846
–
3.455
2.923
–
3.545
3.000
–
3.636
3.077
2.667
3.727
3.154
2.733
3.818
3.231
2.800
3.308
2.867
–
3.385
2.933
–
3.462
3.000
2.647

b+
2.769
2.400
–
2.846
2.467
–
2.923
2.533
–
3.000
2.600
–
3.077
2.667
2.353
3.154
2.733
2.412
3.231
2.800
2.471
2.867
2.529
–
2.933
2.588
–
3.000
2.647
2.368

D/b = l
7
8
9
7
8
9
7
8
9
7
8
9
8
9
10
8
9
10
8
9
10
8
9
10
8
9
10
–
–
–

D
23
23
23
23.5
23.5
23.5
24
24
24
24.5
24.5
24.5
25
25
25
25.5
25.5
25.5
26
26
26
26.5
26.5
26.5
27
27
27
–
–
–

b
3.286
2.875
2.556
3.357
2.938
2.611
3.429
3.000
2.667
3.500
3.063
2.722
3.125
2.778
2.500
3.188
2.833
2.550
3.250
2.889
2.600
3.313
2.944
2.650
3.375
3.000
2.700
–
–
–

Table 2: Deﬁnition of 51 × 3 ATs for the parametric study.
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b−
3.538
3.067
2.706
3.615
3.133
2.765
3.692
3.200
2.824
3.769
3.267
2.882
3.333
2.941
2.632
3.400
3.000
2.684
3.467
3.059
2.737
3.533
3.118
2.789
3.600
3.176
2.842
–
–
–

b+
3.067
2.706
2.421
3.133
2.765
2.474
3.200
2.824
2.526
3.267
2.882
2.579
2.941
2.632
2.381
3.000
2.684
2.429
3.059
2.737
2.476
3.118
2.789
2.524
3.176
2.842
2.571
–
–
–
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Figure 4: Acceleration envelope for a sequence of k = 10 equidistant, two-axle bogies of F = 170 kN. Values of
b corresponding to η = D/b equal to 5.5, 6.0 and 6.5.

for dynamic analysis, nb ≥ 2 would correspond to very stiff elements and/or higher modes of
frequencies above some 30 Hz, for b ∈ [2.5 m, 3.5 m] . Moreover, nb ≥ 3 would correspond
to frequencies above 45 Hz, approximately. These are not the cases of main interest for the
present study, which is focussed in the behaviour of principal structural elements. With such
perspective, and given that for speeds lower than 200 km/h vibrations have traditionally not
been considered a key concern in railway bridges [6], such cases will be left out of this study;
accordingly, the resonance order of the bogie will be limited to nb = 1. However, a closer
nondimensional analysis such as the one presented in Figure 3 reveals that the conclusions for
nb = 1 and nb = 2 are very similar.
Because resonance is a consequence of the addition of free vibrations, for a relevant resonant
peak to occur the speeds of the trains must be carefully chosen in order to avoid cancellations of
the inﬂuence line, as prescribed by equation 4. Therefore, the values of nondimensional speed
K = K̂i selected for the analysis can be taken as the average ones for every two consecutive
cancellations, i.e.:
K̂i =

V
= 0.5
2n0 L

1
1
+
2i + 1 2i + 3

i = 1, 2, . . .

(10)

Equation (10) yields nearly maximum free vibrations for each speed range between cancellations. In addition to those values K̂i , also one extra point has been selected above the ﬁrst
cancellation, named as K̂1m = 0.386 in reference [3]. Only the fundamental mode of vibration
has been considered, since the addition of free vibrations for every mode obeys the same physical rules that the addition for the fundamental mode. As for the integration of the equations of
motion, Duhamel’s integral has been used throughout.
From previous considerations, it is clear that each train with a D/b = l integer ratio will
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present maximum response when nD = nb × l = 1 × D/b. Consequently, the sub-resonances
for Λ = 1/nD = b/D from Table 2 are the ones to be analysed. This objective has been
accomplished by selecting 41 different, equally spaced speed values between Λ = 1/(nD + 0.5)
and Λ = 1/(nD − 0.5), which captures the resonant peak with the required precision.
The frequency of the bridges has been taken from the lower bound of the frequency band
in section 6.4.4 from [1]. This only entails that the nominal speed depends linearly on such
frequency for the analyses, but it does not affects the spans involved.
The spans are selected to avoid resonance, by using the values K̂i obtained previously. Because sub-harmonic nD is the mid-point of the speed range for each analysis, then Vtarget =
n0 D/nD is such mid-point. Given the deﬁnition of K, it is straightforward to obtain the associated span for each possible K̂i , which should lie within the range L ∈ [5 m, 30 m], or is
otherwise discarded. This procedure follows the concept of the maximum resonance described
in section 4 of reference [3]:
L=

D

(11)
2 K̂i nD
A total of 442 spans can be derived from the procedure explained above, which cover in a
nearly continuous fashion the full range L ∈ [5 m, 30 m], with very few minor exceptions that
stem from the discretisation procedure adopted in the different ranges of parameters.
4.2

Results and discussion

Figures 5 and 6 summarise some of the main results of the parametric study. In each ﬁgure,
the horizontal axes are merely counters of the number of different speeds (41) and number of
different spans (442). The vertical axis shows the normalised maximum acceleration for every
speed, obtained from time-histories of accelerations similar to the one in Figure 2.
The normalisation procedure is as follows. First, the analyses for wheelbase b corresponding
to D/b = l integer ratios are run and, for each span Lk , the maximum resonance acceleration
is computed (abmax (Lk ), where k = 1, 2, . . . 442). Then, the response envelope for span Lk is
divided by abmax (Lk ) and represented in Figure 5; therefore, the maximum value of all curves for
every span in Figure 5 is equal to unity. Since the response values at minimum and maximum
speeds display variations among different spans that render the plot too jagged, the spans have
been rearranged with a view to give an appearance as smooth as possible.
Second, the analyses for wheelbase b− corresponding to D/b = l − 1/2 non-integer ratios
are run and, for each span Lk , the maximum resonance acceleration is normalised against the
value abmax (Lk ) previously computed. In such way, the maxima of the curves for every span
in Figure 6 are not equal to unity, but only slightly smaller. This phenomenon was previously
demonstrated to happen for a particular case in Figure 4 (sixth sub-resonance).
From Figures 5 and 6 the comparison of maximum response values for each span has been
carried out. In so doing, the conclusion is that the largest observed difference is 4.2 %, which
is caused by the difference between b and b− . A similar comparison has also been carried out
among the results corresponding to b and b+ , which produces a largest difference of 3.2 %.
In conclusion, the parametric study conducted here shows that the peak response of sequences of equidistant bogies where D is a multiple of b is not signiﬁcantly larger than for
sequences of bogies where the ratio D/b is as far as possible from being integer, when the ﬁrst
resonance case of the bogie nb is considered.
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Figure 5: Envelope of maximum normalised accelerations for wheelbase b, corresponding to D/b = l integer
ratios.
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Figure 6: Envelope of maximum normalised accelerations for wheelbase b− , corresponding to D/b = l − 1/2
non-integer ratios.

5

CONCLUSIONS

The coupled resonance effect of sequences of equidistant Jacobs bogies has been analysed
in this article. The following conclusions can be drawn from the analyses carried out in this
research work:
• The addition of the free vibrations created by series of 2k constant loads arranged in
two-axle bogies that travel through a ﬂexible structure can be carried out in an exact
manner, by means of the multiplication of the signature (or spectrum) of a series of k
equidistant loads times the signature of the bogie (bogie factor). Closed-form expressions
for such signatures are summarised in this paper, and were either introduced or discussed
in previous works [5].
• The multiplication of the signature of a series of k equidistant loads times the bogie factor
yields the signature of an articulated train (power cars are neglected). Such signature can
be represented in two-dimensional contour plots as a function of normalised wavelengths.
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• The two-dimensional signature of the articulated train shows that the response of a train
where the ratio between carriage length D and bogie wheelbase b is an integer value l is
critical for sub-resonance order 1/l, in case of ﬁrst resonance of the bogie wheelbase.
• Both from a theoretical perspective as well as from a comprehensive parametric study, it
has been shown that actual articulated trains (as described in Annex E from EN 1991-2)
are not signiﬁcantly more critical when D/b takes integer values than if such ratio is noninteger. This situation has been examined thoroughly for the ﬁrst resonance of the bogie
wheelbase.
• A closer analysis to the two-dimensional signature of the articulated train demonstrates
that the preceding conclusions are also valid for the second resonance of the bogie wheelbase, which takes place at half the speed of the ﬁrst one.
6
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Abstract. In this paper, analysis of vibrations induced by proximate moving masses traversing a beam supported by a finite-depth foundation with partial shear resistance is presented.
This model is simple enough to be handled by semi-analytical approaches and has a counterpart in modal expansion, which is suitable for finite beams [1]. The model can acceptably approximate vibrations recorded experimentally as shown in [2] and provides results
sufficiently close to the ones obtained on more sophisticated models [3].
The semi-analytical analysis is based on developments related to massless foundation presented in [4-7]. The method is extended, and additional aspect of dynamic amplification due
to the proximity of moving masses are included. Final solution is presented in convenient
form where most terms are analytical, and thus can be easily evaluated. This form also clearly identifies each part contribution. Main part of the solution is harmonic, composed from
steady and unsteady parts of the solution. The unsteady part needs identification of induced
frequencies. These frequencies are also important indicators of the onset of instability of the
moving masses. Generally insignificant transient part of the solution has to be obtained numerically.
The possibility of analysing same situation on finite beams is very important for results validation. In addition, because it is easy to determine vibration modes for beams with abrupt
change in foundation stiffness, this additional feature can also be analysed.
The main new contribution of this paper is detailed analysis of dynamic amplification effects
due to masses proximity and conclusion that, as far as the instability is concerned, its onset is
not influenced by increasing number of masses.
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1

INTRODUCTION

In recent years, due to increased computational power, there is a tendency to overlook analytical and semi-analytical solutions, despite their inherent and undoubtable advantages. Nevertheless, at the same time, this computational facility also amplified possibility of symbolic
and high-precision calculation with adaptable number of digits precision. This way, after numerical identification of exact values of some key parameters, final results can be presented as
closed-form formulas, evaluable in places of interest without the full-time history, and without the necessity of testing discretization parameters ensuring the results convergence.
The aim of this contribution is to fill the gap in available semi-analytical solutions related
to wave propagation induced by moving loads, with practical applications of high-speed rails.
Many works over the years were directed to moving force problems with a beam as a guiding
structure, placed on simplified foundation models. However, when there is no inertia in the
moving system, then there is a lack of dynamic interaction and important issues like instability of the moving object are completely hidden. Either inertia is considered in the supporting
structure or not, in case of longitudinally homogeneous structure the solution related to moving force with constant velocity rapidly achieves its steady-state form. In case of linearity, superposition is possible.
When inertia is added to the moving object, the problem becomes inherently non-linear
and therefore the question of proximate moving objects is relevant and important from a practical point of view. There are several published works on similar subjects, but the question of
proximity is rarely considered.
In [7], some preliminary results related to the effect of proximity of two moving masses
travelling over an infinite beam supported by a two-parameter visco-elastic foundation are
presented. It was concluded that is it possible to define two limiting distances between the
masses, identifying an interval for which full solution is strictly necessary. For higher
distances, i.e. when masses are sufficiently apart, the error introduced by results superposition
is negligible; while when masses are very close to each other, it would be better to replace the
two masses by one single doubled mass. It was also concluded that these limiting distances
can be determined from analysis of induced frequencies and the corresponding amplitudes. In
addition, it was shown that the instability region is not affected in an undamped case and the
onset of instability occurs exactly at the critical velocity, as for one moving mass.
In [2] it was proven that the classical critical velocity related to moving force on an infinite
beam is not realistic. It was also shown that quite satisfactory foundation model can be obtained by considering finite depth foundation with partial shear resistance. Then the critical
velocity is determined as a function of the mass ratio defined as square root of the ratio of the
beam mass over the dynamically activated foundation mass. Such simplified model gives
quite a good approximation of the full more sophisticated models as shown in [3].
It is therefore interesting to see how the preliminary conclusions from [7] will be affected
by more realistic foundation model. In Section 2 the model under consideration is described.
Some indications about the way how the semi-analytical solution is obtained are given in Section 3. Numerical results are presented in Section 4 and the paper is concluded in Section 5.
2

MODEL SPECIFICATIONS

In this paper it is assumed that a homogeneous beam is placed either on massless twoparameter visco-elastic foundation or on a foundation with finite depth and partial shear resistance under plan strain condition. The beam is subjected to two moving masses, acted on
by constant force with harmonic component each. Both masses are moving at a constant velocity and the contact between the beam and each mass is rigid. The influence of the distance
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between these masses is subject of analysis. The model is depicted in Figure 1. Part a) is
showing the massless foundation and part b) the foundation with finite depth.
P1
P2
P1
P2
v M
v
v M
v
2
M1
2
M1
N
N
N
N
d
d
kp
H
k
cb
Rigid base
Figure 1: The model under consideration with supporting medium as: a) massless two parameter visco-elastic
foundation; b) finite-depth foundation with partial shear resistance under plane strain condition.

It is further assumed that at zero time the beam is at rest and all deflections are measured
from static position of the involved parts, excluding from further analysis beam and foundation weight. As the problem has applications in railways, the moving force acting on the point
mass may not be coincident with the mass weight. The beam will be treated according to the
Euler-Bernoulli theory. Foundation model, as described in [1-3], corresponds to a foundation
strip of a finite width b and a finite depth H under plane strain condition and with neglected
horizontal displacements, however, the shear resistance is included in its simplified form by
the part of the shear stress coming from vertical displacements. This means that in finite element models, the foundation can be modelled by plane strain continuum without horizontal
displacements.
3

GOVERNING EQUATIONS AND THE SOLUTION METHOD

The solution method follows the previous publications by this author. The governing equation for determination of the beam deflection field w(x,t) reads:

EIw, xxxx x, t  Nw, xx x, t  mw,tt x, t  cb w,t x, t  p x, t

F x, t

(1)

where EI, m, and N stand for the bending stiffness and mass per unit length of the beam, and a
normal force acting on the beam normal axis. cb is the coefficient of viscous damping, p(x,t) is
the foundation pressure and F(x,t) is the loading term. x is spatial coordinate and t is the time.
Derivatives are designated by the respective variable in subscript position, preceded by a
comma. The foundation pressure in case of two parameter foundation is given by

p x, t

kw x, t  k p w, xx x, t

(2)

where k and kp are Winkler’s and Pasternak’s moduli of the foundation. In case of foundation
of finite depth, dynamic equilibrium in the vertical direction of the foundation has to be
solved to determine the foundation pressure. In such a case

O  2 P u z , zz x, z , t  P u z , xx x, z , t

U uz ,tt x, z , t

(3)

where uz(x,z,t) is the vertical displacement field in the foundation and z is the vertical downward oriented spatial coordinate. Further:

O O0 1  c f x,t , P P0 1  c f x,t
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where cf is the coefficient of viscous damping of the foundation and λ0, μ0 are basic values of
Lame’s constants. After determination of the displacement field, using also the boundary condition that states zero displacement at the bottom of the foundation depth and the interface
condition establishing that the beam deflection is equal to the soil deflection on the top, foundation pressure is calculated from basic equation of elasticity.
The loading term is in both cases reads:

F x, t

P1c  P1a sin Z f 1t  M f 1  M1w01,tt t G x  x1

(5)

 P2c  P2 a sin Z f 2t  M f 2  M 2 w02,tt t G x  x2
where, according to Figure 1, M1 and M2 are the rear and front mases, respectively, and

P1

P1c  P1a sin Z f 1t  M f 1 , P2

P2 c  P2 a sin Z f 2t  M f 2

(6)

P1c, P2c designate the constant forces; P1a, P2a are the amplitudes of the harmonic components,
ωf1, ωf2 are forced frequencies and φf1, φf2 are phases of the harmonic terms. δ is the Dirac delta function, marking location of the load at positions x1 and x2. As rigid contact is assumed,
then

w01 t

w x1 , t

w vt , t , w02 t

w d  vt , t

w x2 , t

(7)

For proper problem statement, initial conditions must also be stated. It is assumed for the
beam that
w x, t

0 , w,t x, t

t 0

t 0

0

x

(8)

and also, for the foundation that at zero time there are no initial displacements or velocities in
the full domain. Boundary conditions are defined as
w x, t

0 , w, x x, t

t , x o rf

(9)

It will be important to validate the final solution with solution on finite beams. In such a case,
the boundary conditions must be altered. The advantage of the foundation model with finite
depth specified above is that it can be conveniently represented on finite beams by separation
in vibration modes, as shown in [1]. This is particularly advantageous, because in moving inertial object problems, where the supporting structure is composed of a beam on a foundation,
there is an intimate connection between finite and infinite beams. Therefore, results obtained
on finite beams are very good approximation of the infinite scenario, as already demonstrated
in [4-7]. For finite beams it is necessary to start actuation of the load further from the initial
support, to eliminate its influence. This also means that the most convenient supports can be
used. These are undoubtably simple supports due to analytical version of the vibration modes
described by numerically stable sine function without involvement of hyperbolic ones. Then
the boundary conditions are
w x, t

x 0

0 , w, xx x , t

x 0

0 , w x, t

x L

0 , w, xx x , t

x L

0

t

(10)

where L is the beam length.
Basic steps to be followed to obtain for solution on finite beams are presented in [1, 7]. In
[7] construction of time dependent matrices is given. In [1] is it explained and proven how to
determine vibration modes and how to define the orthogonality condition for the case of
foundation with finite depth. The loading term is the same as for the massless foundation.
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Disadvantage of the solution on finite beams is that quite a high number of modes must be
used for good approximation of the results, which is particularly aggravated in the case of finite-depth foundation. Due to the moving inertial terms, equations in modal space are coupled,
which makes the numerical solution of the modal coordinate computationally demanding.
Nevertheless, it is possible to reorganize the terms in governing time-dependent matrices in a
way that the computational effort is significantly reduced. The advantage of solution on finite
beams is that it inherently includes all parts of the solution from the very beginning, therefore
vibration patterns are not reduced directly to the steady-state solution as would result from the
double Fourier transform. This way it forms convenient form for validation of infinite beams,
where vibration patterns are considered also from the very start.
Solution on finite beams is conveniently rescaled to dimensionless parameters, which have
same base for both types of foundations due to the possibility of introduction of an equivalent
Winkler constant for the finite-depth foundation

k

O0  2 P0 b
H

, F

4

PF
, vcr
2k

k
, wst
4 EI

4

4kEI
m2

1

F

k
m

(11)

Further in Eq. (11): χ is the inverse of the characteristic length, wst is the maximum static displacement exhibited by the beam under constant still force P when the beam is supported by
Winkler foundation characterized by modulus k. vcr is the critical velocity related to the same
case, but with the force moving by constant velocity. These values can be used to define dimensionless velocity α, time τ, spatial coordinate ξ and displacement, respectively

D

v
,W
vcr

F vcr t t

k
,[
m


Fx , w

w
wst

(12)

It is useful to remark that α=1 does not necessarily mean critical velocity of the problem,
because even for massless foundation, the true critical velocity of the problem depends on the
effect of the normal force and Pasternak’s modulus, and in the case of foundation with finite
depth, the critical velocity depends also on the mass ratio R

R

U bH

(13)

m

where ρ is the soil density.
Basic steps for solution on infinite beams follow [1,4-6]. It is convenient to introduce the
moving coordinate, and then in Eq. (12), instead of fixed coordinate x, r=x-vt is used. Final
solution is presented as a sum of the steady-state solution, the unsteady harmonic solution and
the transient vibration. As in previous works, the transient part can be mostly disregarded and
affects the solution in initial times to force the full solution to match the initial conditions.
Main equation that determines the induced frequencies necessary for the unsteady part is


(14)
S  2K M1 q 2 K 0, q S  2K M 2 q 2 K 0, q  4K M1K M 2 q 4 K d , q K d , q 0

where q is the unknown complex induced frequency and d
tance between the masses. Further in Eq. (14):
K [,q

f

ei[ p dp
³ D p , q , K M1
f

Polynomial expression from Eq. (15) is given by
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p 4  4 p 2 K N  K S  D 2  4q 2  8D pq  8iKb q  D p  4

D p, q

(16)

for massless foundation. For foundation with finite depth the formulation is the same, only the
effect of Pasternak modulus is removed, and the last number 4 is replaced by
4Kd C f / tan C f / K d

(17)

Formulations for other parameters can be consulted in previous author’s works.
4

EXAMPLES

In this section, vibrations induced by two masses of equal value acted on by constant forces of equal value and without harmonic component are analysed. At first, a case with massless
foundation is shown. As an example, the case with input data given in [4], where it is designated as Case 1, is used. In Figure 2 deflections of the contact point are plotted with respect to

the dimensionless time. It is assumed that the masses are distanced by d 2 F .
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Figure 2: Deflections of the contact point of the rear mass with respect to dimensionless time for massless foundation (orange: one moving mass, grey: solution for doubled force and mass, red: approximate solution obtained
by superposition, blue: correct solution).

The results in Figure 2 clearly show that, in case of proximate masses, superposition cannot be used. It is seen that the red line, which corresponds to the results superposition, is
quite deviated from the blue one. Moreover, it exhibits the same frequency as one single mass.
Full solution represented by the blue line is getting closer to the grey one obtained for the
doubled mass and force with decreasing distance between the masses. It is important to remark that for the sake of comparison same static displacement as of one single force is used to
scale the grey line results, because it was also used for the other results.
Next case is related to foundation with finite depth, mass ratio R=2 is selected. Results presented were obtained on finite beams. For the sake of simplicity, the number of foundation
modes was reduced to one. For the correct solution more modes should be used, nevertheless,
the general tendencies are the same. At first, foundation with no shear resistance is examined.
This means that the foundation acts as a set of closely located columns with no mutual interaction. This is similar to Winkler’s foundation, but here, mass inertia of the foundation is activated in the vertical direction. In Figures 3-5 deflection of the contact point is plotted for
both masses, orange curve is for the front mass and the blue one for the rear mass. Effect of
distance between mases is analyzed. In the first case, shown in Figure 3, the distance is very
low. Both deflections are very similar and with almost steady amplitude. In Figure 4, deflections look like there were out of phase and thus the amplitude is also almost steady. Nevertheless, when the distance between the masses is between these two values, like in Figure 5, it is
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seen that the dynamic interaction is affecting the amplitudes; firstly the rear mass is dominant,
then the front mass is dominant and then they switch their roles again. Such dynamic interaction is very strong and can be deduced from the values of the induced frequencies.
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Figure 3: Deflections of the contact points of two masses distanced by d 2 F with respect to the dimensionless
length (orange: front mass, blue: rear mass).
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Figure 4: Deflections of the contact points of two masses distanced by d 15F with respect to the dimensionless length (orange: front mass, blue: rear mass).
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Figure 5: Deflections of the contact points of two masses distanced by d 5F with respect to the dimensionless
length (orange: front mass, blue: rear mass).

Finally, the influence of the shear resistance of the foundation on the dynamic interaction
described above is analyzed. By increasing the shear resistance, it is seen that the dynamic
interaction is reduced and the effect on the amplitudes is not so pronounced. This is shown in
Figure 5 where three cases are plotted at the same time. They are for ϑs=0; 0.2 and 0.4, where
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ϑs is defined as the ratio of the velocity of propagation of the shear waves in the foundation
over the critical velocity. The larger ϑs the more moderate influence on the amplitudes.
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Figure 6: Deflections of the contact points of two masses distanced by d 10 F with respect to the dimensionless length (red: front mass, blue: rear mass); different cases are for -s

0;0.2; 0.4 .

Together with the analysis of induced frequencies, the onset on instability and its relation
the critical velocity was examined. As expected, the instability can take place only in the subcritical range, nevertheless, the critical velocity must be considered in the form as proven in
[1-3].
5

CONCLUSIONS

In this paper it is shown how proximity of moving masses affects the beam deflection
shape and what differences can be observed in vibration patterns when solution on massless
two-parameter visco-elastic foundation and the one on finite-depth foundation with partial
shear resistance are compared. Besides the confirmation of strong non-linearity of the problem itself which is demonstrated by impossibility of results superposition of proximate masses,
it is shown that in the case of foundation with finite depth, additional frequency is controlling
the vibration amplitudes. This effect can be reduced by increasing the shear resistance of the
foundation.
Quite obvious conclusion was confirmed, namely, when masses are sufficiently apart, the
results superposition is generally acceptable, but when masses are very close, it would be better to replace them by one load with doubled mass and force. The correct solution involving
directly both masses is necessary only when masses are at an intermediate distance. In addition, it was shown that the instability region is not affected and in an undamped case, the onset of instability occurs exactly at the critical velocity, as for one moving mass.
The paper demonstrates that by using semi-analytical solutions, several analyses on the
quality of the vibrations induced by the moving loads can be performed quickly and accurately without testing numerical convergence of discretized models. This way, it is possible to
obtain straightforwardly accurate results in dimensionless forms, and thus encompassing in
few graphs results related to all possible parameter combinations.
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Abstract. The paper presents a comparative analysis of the wheelset/track vertical interaction considering two track damping models, the hysteretic model and viscous model, respectively. To this end, a simple track model consisting in two independent infinite EulerBernoulli beams, each of them resting on a foundation with two elastic layers and an inserted
inertial layer is used. The wheelset model has asymmetrical structure such as a driving
wheelset. The axle is modelled using a free-free Euler-Bernoulli beam, and the wheels and
driven wheel are considered rigid bodies. Regarding the parameters of the track model, given
the values of the elastic foundation with hysteretic damping, the values of the parameters for
the viscous damping model are calculated by applying the least square method in terms of
rail receptance at acting point. The stiffnesses and damping constants of the viscous damping
model minimize the sum of squared residuals, where the residual is the difference between the
receptance modulus of the hysteretic model, and the receptance modulus of the viscous model
at a certain angular frequency. Receptance modulus calculated with the viscous damping
model matches the receptance derived from the hysteretic model excepting a limited frequency range around the antiresonance frequency of the rail. For simplicity, wheelset/track interaction is modelled applying the moving irregularity model. Interaction between wheelset and
track is analyzed based on the numerical results. It is shown that the contact force predicted
with the viscous damping model elastic overestimates the results delivered by the hysteretic
damping model around the bounce-roll natural frequencies of the wheelset/track system. On
the other hand, the results produced by the two models are in satisfactory agreement at lower
and higher frequency.
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1

INTRODUCTION

The study of the wheel-rail interaction based on theoretical models is important in order to
find solutions to many practical problems such as: rolling noise, rail corrugation and wheel
out-of-roundness, ballast settlement etc.
Two kind of track models are used in numerical simulations depending on the track structure and frequency range: infinite beam on continuous elastic foundation [1] and infinite beam
on discrete foundation, respectively [2]. In this context, the damping model of the track plays
a role, since it has a strong impact on the magnitude of the wheel/rail contact force. From this
perspective, the hysteretic and viscous damping models are the most common used due to
their simplicity for the rail pad and ballast [3, 4].
Viscous damping model is a linear one and can be applied in both frequency and timedomain. However, the accuracy of the numerical simulations is affected by the fact that the
dynamic stiffness increases with the frequency. Hysteretic damping model provides a better
agreement with the test results – the dynamic stiffness doesn’t depend on frequency, but it can
be applied in the frequency-domain only [5]; it doesn’t satisfy the causality requirement [6].
Despite the shortcomings mentioned above, the two damping models will still be used in
the wheel/rail problem and the question is what kind of results we should expect when using
one or the other. To answer this question, a theoretical investigation regarding the influence of
the track damping model - hysteretic versus viscous - upon the magnitude of the interaction
between a wheelset and track in the presence of the irregularities of the rolling surfaces is presented in this paper.
For simplicity, simple models for track and wheelset have been adopted: two infinite continuous beams on independent elastic foundation for track model and free-free beam with attached rigid bodies for wheelset model.
Values of the parameters of the viscous damping model are derived from those of the hysteretic damping model parameters applying the least square method regarding the difference
between the rail receptance modulus at acting point calculated with the hysteretic damping
model and the rail receptance modulus at acting point derived from the viscous damping
model.
To evaluate the magnitude of the wheelset/tract interaction, the power spectral density
(PSD) of the irregularities of the rolling surfaces are calculated starting from rail roughness
limit spectrum [7].
Finally, the wheelset/track interaction is analyzed in terms of the PSD of the wheel/rail
contact forces and wheel/rail displacements.
2

WHEELSET/TRACK MODEL

Fig. 1 shows the model of the interaction between a wheelset and track when the rolling
surfaces exhibit small irregularities - roughness.
The wheelset is considered as an asymmetrical structure, corresponding to a driving wheelset, and consisting of two wheels and a driven gear rigidly fixed on the axle. The axle is modelled using a uniform free-free Euler-Bernoulli beam of 2l length, EIa bending stiffness, where
E is Young’s modulus and Ia is the moment of inertia of the cross-section, and of ma is the
mass per length unit. The wheels and driven gear are considered rigid bodies of Mw mass and
Jw mass moment of inertia for wheels, and Mg mass and Jg mass moment of inertia for the
driven gear. Distance between wheels is 2e and the distance between a wheel and the corresponding axle end is a. The drive gear is located at the distance b from the left end of the axle.
Equation of motion for the driving wheelset is
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EI a

w 4 wa ( y a , t )
wya 4

ª w 2 w (a, t )
º
w 2 wa (l  a , t )
a
 Mw «
δ( y a  a ) 
δ( y a  l  a ) » 
wt 2
wt 2
«¬
»¼

ª w 3w a, t
º
w 3 wa l  a , t
a
Jw «
δ c( y a  a ) 
δ c( y a  l  a ) » 
«¬ wy a wt 2
»¼
wy a wt 2
Mg
ma

w 2 wa b , t
wt 2
w 2 wa ( y a , t )
wt 2

δ ya  b  J g

w 3 wa b , t
wxwt 2

(1)

δc ya  b 

 Q1 t δ y a  a  Q2 t δ y a  l  a ,

where wao(ya, t) is the axle displacement in the cross section at the distance ya from the left
end of the axle at the t time moment and Q1,2(t) are the dynamic components of the wheel/rail
contact.

Fig. 1. Wheelset/track model.

Using the modal analysis method, the axle deflection becomes
wa ( ya , t )

wao (t )  ( ya  l / 2)θ ao (t ) 

f

¦ Yn ( ya )Tn (t )

(2)

n 1

where wao(t) and Tao(t) represent the axle motions as rigid body, and Tn(t) and Yn(ya) are the
time coordinate and the eigenfunction of the nth elastic vibration mode.
In the following, the axle motion is described by the rigid vibration modes and the first two
elastic vibration modes. In this context, Eq. (1) transforms into the below matrix equation
Mq
q  Kq

Q,

(3)

where q = [wao Tao T1 T2]T is the column vector of the modal coordinates, M and K are the inertia and stiffness 4×4 matrix and Q is the column vector of the four modal forces.
When the steady-state harmonic behaviour is considered (frequency-domain), Eq. (3) becomes

2669

T. Mazilu and M. A. Gheți

ω2M  K q

where q

ª¬ wao

θao

T1

Q,

(4)

T

T2 º¼ is the column vector of the complex amplitude of the modal

coordinates and Q is the column vector of the complex amplitudes of the modal forces.
Solving Eq. (4), the complex amplitudes of the axle displacements at the two wheels may
be calculate
wa1,2

wao

eeθθao 

2

¦ Yn ( yan )Tn

(5)

n 1

where y a1,2

l

e.

After some calculations, it holds
wa1

 α11Q1  α12 Q2

wa 2

 α 21Q1  α 22 Q2 ,

(6)

where αij with i,j = 1,2 is the axle receptance corresponding to the i wheel due to the unit
harmonic force acting at the j wheel, and Q1,2 is the complex amplitude of the wheel/rail harmonic force.

Fig. 2. Track model: (a) viscous damping; (b) hysteretic damping.

Ignoring the weak coupling between the two rails dynamics via sleepers, and the effect of
the equidistant supports represented by sleepers, the track model is reduced to two identic infinite Euler-Bernoulli beams, each of them supporting on continuous foundation including
two elastic layers and an intermediate inertial layer. The beams model the rails, and the continuous foundation introduces the elasticity of the rail pads and the ballast and the inertia of
the sleepers. Such track model can be applied up to 6-700 Hz [7].
Regarding the damping of the track model, two kind of models are taken into consideration, viscous damping model and hysteretic damping model (fig. 2).
Parameters for the track model are the bending stiffness of the rail EI, where E is Young’s
modulus and I is the moment of inertia of the rail cross-section, the rail mass per unit length
m, the railpad stiffness and damping constant per unit length kr and cr, the sleeper mass per
unit length ms, the ballast stiffness and damping constant per unit length kb and cb; the stiffnesses and damping constants correspond to the visco-elastic model for the foundation.
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The track model with viscous damping can be applied in both time and frequency-domain
and the equations of motion are given below.
Equations of motion for the time-domain:
EI

w 4 w1,2 ( x , t )
wx

4

m

w 2 w1,2 ( x , t )
wt

2

 k r ª¬ w1,2 ( x , t )  z1,2 ( x , t ) º¼
w 2 z1,2 ( x , t )

ms

wt 2

§ ww1,2 ( x , t ) wz1,2 ( x , t ) ·
 cr ¨

¸
wt
wt
©
¹

Q1,2 (t )δ( x )

wz1,2 ( x , t )
§ wz1,2 ( x , t ) ww1,2 ( x , t ) ·
 cr ¨


¸  cb
wt
wt
wt
©
¹

 k r ª¬ z1,2 ( x , t )  w1,2 ( x , t ) º¼  k b z1,2

(7)

0.

where wi(x,t) is the i rail displacement and zi(x,t) is the i sleeper displacement.
Equations of motion in the frequency-domain
EI

d 4 w1,2
dx

4

  ω 2 m  k r  iω cr w1,2  k r  i ω c r z1,2

ª¬  ω m s  k r  k b  i ω c r  cb º¼ z1,2  k r  i ω c r w1,2
2

Q1,2 δ( x )

(8)

0.

where the notations with bar are complex amplitudes, and i2 = –1.
When the hysteretic damping model is considered, the parameters for the two elastic layers
are: kr and kb – the stiffness for the rail pad and ballast, Kr – the loss factor of the rail pad and
Kb – the loss factor for the ballast.
Equations of motion of the track model with hysteretic damping can be written in the frequency-domain only
EI

d 4 w1,2
dx

4

 ª¬  ω 2 m  k r 1  iη r º¼ w1,2  k r 1  iη r z1,2

ª¬  ω m s  k r 1  iη r  k b 1  iη b º¼ z1,2  k r 1  iη r w1,2
2

Q1,2 δ( x )

(9)

0.

The rails displacements at the acting points (x=0) are
w1,2

(10)

α r Q1,2 ,

where α r is the rail receptance calculated for the section of the unit harmonic force.
Wheel/rail contact forces can be calculated applying linearized Hertz’s contact theory
Q1,2

k H ( wa1,2  w1,2  r1,2 ),

(11)

Q1,2

k H ( wa1,2  w1,2  r1,2 ),

(12)

or, for the frequency-domain,

where r1,2 are the rolling surfaces irregularities and kH stands for the Hertzian contact stiffness.
Inserting Eqs. (6) and (10) in Eq. (8), it holds
(α11  α r  α H )Q1  α12 Q2
α 21Q1  (α 22  α r  α H )Q2
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where α H 1 / k H is the receptance of the wheel/rail contact.
Problem solution is as follows:
- contact forces
 r1 (α 22  α r  α H )  α12 r2

Q1
Q2

-

(14)

(α11  α r  α H )(α 22  α r  α H )  α12 α 21

wheelset displacement at wheels level
wa1
wa 2

-

(α11  α r  α H )(α 22  α r  α H )  α12 α 21
 r2 (α11  α r  α H )  α 21r1

> α11 (α 22  α r  α H )  α12 α 21 @ r1  α12 (α r  α H ) r2
(α11  α r  α H )(α 22  α r  α H )  α12 α 21
> α 22 (α11 +α r  α H )  α12 α 21 @ r2  α 21 (α r  α H ) r1

(15)

(α11  α r  α H )(α 22  α r  α H )  α12 α 21

rails displacement at acting points
 r1 (α 22  α r  α H )  α12 r2
(α11  α r  α H )(α 22  α r  α H )  α12 α 21

w1

αr

w2

 r2 (α11  α r  α H )  α 21r1
αr
.
(α11  α r  α H )(α 22  α r  α H )  α12 α 21

(16)

In the following section, the same roughness is considered on the two wheel/rail pairs.
3

NUMERICAL APPLICATION

In this section, the parameters corresponding to the wheelset of the electric 060 EA
locomotive in service on CFR (Romanian Railway) are considered. The values of these
parameters are as follows: ma= 244,4 kg/m, E = 210 GPa, Ia = 7.7136 10-5 m4, 2l = 2.11 m,
a = 0,305 m, b = 0.52 m, e = 0.75 m, Mw = 500 kg, Jw = 48.8 kgm2, Mg = 550 kg (including
the part of the gear housing resting on the axle), Jg = 17.7 kgm2.
To point out the impact of the track damping model upon the assessment of the
wheelset/track interaction, the hysteretic damping model is considered as reference and two
kind of rail pad are considered: stiff rail pad with the stiffness of 350 MN/m and soft rail pad
with the stiffness of 60 MN/m (both per half sleeper). Loss factor of the rail pad is Kr = 0.25.
The other parameters of the track model are: rail mass per length unit of 60 kg/m, the inertia
moment of the rail cross-section of 3.055 10-5 m4, half sleeper mass of 132 kg, ballast
stiffness corresponding to a half sleeper 50 MN/m, ballast loss factor of 1.00 and the sleeper
bay of 0.55 m. Values per length unit for the rail pad and ballast stiffness are obtained by
dividing the stiffness per half sleeper to the sleeper bay. Similar, the sleeper mass per length
unit is calculated. The wheel/rail contact stiffness is kH = 1.5 GN/m.
Figure 3 shows the receptance of the wheelset calculated at the two wheels when the
harmonic unit force acts on left/right wheel. The receptance at the left wheel ( α11 ) is lower
than the right wheel receptance ( α 22 ) due to the inertial influence of the driven gear and
housing gear which are mounted next to the left wheel. The natural frequencies of the
wheelset bending modes taken into consideration in the model are at 86.5 and 187.3 Hz. The
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left wheel receptance has antiresonance frequencies at 83.8 and 186.8 Hz, and the right wheel
receptance, at 84.8 and 181.3 Hz. The cross-receptance of the wheelset ( α12 α 21 ) reflects
the coupling between the vibration modes of the wheelset.

Fig. 3. Receptance of the wheelset calculated at each wheel.

The values of the parameters for the viscous damping model are calculated by applying the
least square method in terms of rail receptance at acting point. The stiffnesses and constants
damping of the viscous damping model minimize the sum of squared residuals, where the
residual is the difference between the receptance modulus of the hysteretic model, and the
receptance modulus of the viscous model at a certain angular frequency,
S ( k rv , crv , kbv , cbv )

¦

ω min d ω i d ω max

α rh (ωi )  α rv (ωi )

2

,

(17)

where the index h or v denotes the hysteretic damping model or the viscous damping model,
and Zmin and Zmax are the limits of the angular frequency range.

Fig. 4. Rail receptance for soft rail pad: a) receptance modulus; b) receptance phase.
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Optimal parameters values can be found by setting the gradient to zero or by mapping the
S function using the numerical calculation. Applying former approach, the results are
displayed in Figs 4 and 5 for soft and stiff rail pad.
In Fig. 4, the optimal parameters values per half sleeper for the viscous model are: krv =
70.33 MN/m, crv = 7.596 kNs/m or ]r = 0,0788, kbv = 68.77 MN/m, cbv = 82.15 kNs/m or ]b =
0.4327, where the damping ratio for rail pad, ]r, and for the ballast,]b, are defined as
ζr

crv
2 k rv m

,

ζb

cbv
2 kbv m s

.

The rail receptance exhibits two peaks corresponding to the natural frequencies of the
track, one at 86.2 Hz, and the other one at 244.7 Hz, and a deep at 145.9 Hz – the antiresonant frequency due to the dynamic absorber effect produced by sleeper. The results
derived from the viscous damping model well matches the results from hysteretic damping
model, excepting the range around the anti-resonant frequency, where the maximum error can
reach about 10 %.

Fig. 5. Rail receptance for stiff rail pad: a) receptance modulus; b) receptance phase.

In the stiff rail pad case, the optimal parameters values per half sleeper for the viscous
model are: kbv = 374.28 MN/m, crv = 20.415 kNs/m or ]r = 0,0788, kbv = 76.500 MN/m and cbv
= 76.500 kNs/m or ]b = 0.4327. Track natural frequencies take the frequency of 87.6 Hz and
581.7 Hz, respectively. The anti-resonant frequency is 278.1 Hz. The viscous damping model
ensures results very close to those of the hysteretic damping model, especially around the
natural frequencies of the track and at higher frequencies. However, there is a narrow
frequency interval around the anti-resonance frequency where the errors are bigger.
Receptance phase from the viscous damping model shows significant difference at lower
frequencies in relation to that obtained from the hysteretic damping model.
The roughness of the rolling surfaces can be represented as the power spectral density
function depending on the wave number. Starting from the rail roughness limit spectrum (fig.
6), power spectral density function can be derived considering the fourth-power dependence
like in ref. [9] and adding a linear term in numerator
S (: )

A  B:
:n

,:j-1 < :<:j,
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where : is the wave number, A [radn-1/mn-3] and B [radn-2/mn-4] – constants, :j-1 and :j are
the limit frequencies delimiting a 1/3 octave interval and n is an exponent (n = 4).

Fig. 6. Roughness limit spectrum [8].

Fig. 7. Spectral density spectrum of the roughness.

Fig. 7 shows the power spectral density of the roughness of the rolling surfaces derived
from the limit spectrum of the roughness, which has been extended from the wavelength of
0.63 m to the wavelength of 2 m in order to cover the lower frequencies.
When the wheelset travels along the track with the speed V, the power spectral density of
the rolling surfaces roughness becomes Z dependent function, where Z = VΩ is the angular
frequency,
G (ω)

S (ω / V )

A  Bω / V

V

V (ω / V ) n

.

(19)

The wheel/rail displacement power spectral density (PSD) can be calculated applying
the following equation
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, w1,2 (ω)
a 1,a 2

Gw

where H w

a 1, a 2

, w1,2 (ω)

2

, w1,2 (ω) G (ω) ,
a 1, a 2

Hw

(20)

is the frequency response function of the wheel/rail displacement.

Similar, PSD of the contact force can be obtained
GQ (ω)
1,2

2

H Q (ω) G (ω) ,
1,2

(21)

where H Q (ω) is the frequency response function of the wheel/rail contact force.
1,2

Fig. 8. PSD of the wheel/rail displacement at 30 m/s– soft rail pad.

Fig. 9. PSD of the wheel/rail contact force at 30 m/s– soft rail pad.

Figs 8 and 9 shows the PSD of the wheel/rail displacements and contact force for both
track damping models considering that the wheelset is moving along a track with soft rail pad
at 30 m/s. Wheelset/track dynamics exhibits two resonance frequencies in the interval of 3550 Hz (depending on the damping model) due to the bounce and roll motions of the wheelset
on the track. However, instead of two peaks corresponding to the two resonance frequencies,
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the PSD calculated with the hysteretic damping model shows one peak for the left wheel (at
lower frequency) and other one for the right wheel (at higher frequency) due to the damping.
When the viscous damping model is used, the left wheel has one peak, and the right wheel
shows two peaks. It can be observed that the left side of the wheelset/track system vibrates
more intense at low frequency due to the higher inertia. In general, the results obtained with
the two damping models are close, but a significant difference can be identified in the range
of resonance frequencies due to wheelset bounce-roll on the track.

Fig. 10. PSD of the wheel/rail displacement at 30 m/s– stiff rail pad.

Fig. 11. PSD of the wheel/rail contact force at 30 m/s– stiff rail pad.

Similar comments can be drawn from the Figs 10 and 11 which show the results for the
case of the track with stiff rail pad.
4

CONCLUSIONS
Theoretical investigation of the interaction between a wheelset and track is interesting
from many practical reasons.
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From the track modelling perspective, the most used damping models are the hysteretic
and viscous models.
It was shown that the values of the parameters of the track model with viscous damping
can be determined applying the least squares method to obtain the best approximation of
the rail receptance given by the track model with hysteretic damping.
The results regarding the wheelset/track interaction in the presence of rolling surface irregularities calculated with the track model with viscous damping approximate well the
results provided by the track model with hysteretic damping especially at lower and
higher frequencies than the resonant frequencies due to the bounce-roll motion of the
wheelset on track.
However, the viscous damping model overestimates the magnitude of the rail/wheel interaction in relation to the results obtained with the help of the hysteretic damping model
in the range of resonant frequencies due to the bounce-roll motion of the wheelset on the
track.
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Abstract. Perceptible vibration effects in adjacent buildings due to passing trains on a nearby track are usually expected in distances lower than one-hundred meters. Railway vibrations
in distances of more than two-hundred meters are generally not considered to be a relevant
emission source which could affect the living conditions in planned buildings of urban development projects.
This paper focuses on a real-estate project in a German city to develop a new residential
district with an almost identical structural design. Surprisingly, after completion of the first
buildings in distances even further away than two-hundred meters to the next railway track,
residents on higher floors complained about shaking ceiling lamps and substantially shocks in
their apartments.
As a first approach, long-term monitoring revealed building vibrations with higher vibration velocity peaks, which can also be categorized perceptible for humans. The vibrational
source could be identified quickly by frequently passing freight trains on the faraway track. A
further aspect of the monitored data showed that the discomforting situation was caused by
horizontal building movements in a low-frequency domain, especially on higher floors. To
solve this vibrational problem, the dynamic behavior of the already constructed buildings, as
well as the characteristic of the wave-propagation on the terrain, were measured.
Freight train induced horizontal vibrations correspond to the horizontal eigenmodes of the
constructed buildings and amplifies the vibration level within the structure significant. In the
early stage of the project, optimization of the construction has been required to detune the
dynamic properties of planned buildings from the train vibrations. The paper represents the
vibrational situation described above, the detailed numerical studies to find the critical points
of the building design as well as the optimization process of the building structure.
Furthermore, this example should also give a short guideline on how the unintended effect
of an increased vibrational impact lateral of a railway track can be avoided in future urban
development projects.
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1

INTRODUCTION

Perceptible vibration effects in adjacent buildings due to passing trains on a nearby track
are usually expected in distances lower than one hundred meters. Railway vibrations in distances of more than two hundred meters are generally not considered to be a relevant emission
source which could affect the living conditions in planned buildings of urban development
projects.
This paper focuses on a real-estate project in a German city to develop a new residential
district with almost identical building design. Surprisingly, after the construction of the first
buildings in distances of more than two hundred meters to the next railway track, residents on
higher floors complained about shaking ceiling lamps and substantially shocks in their apartments.
Studies and detailed investigations were launched to improve the vibrational situation for
further planned buildings and give a short guideline of how the unintended effect of an increased vibrational impact can be reduced for future urban development projects.
2

URBAN DEVELOPMENT PROJECT

The project area is subdivided into several sections and located on sandy soil in a larger
distance from the next railway line (see Figure. 1). The building design mainly consists of
multistory buildings with five to six floors. The construction process started on the opposite
side of the track and evolved spatially towards the track over several years.

Figure 1: Building design and layout of the district area. The distance between the railway track and district area
accounts for more than 200 meters.

A potential impact due to traffic vibrations on planed buildings is usually estimated in a
preliminary stage of an urban development project. In the case of floor vibrations and secondary airborne sound, the attenuation of shock waves over distances of one hundred meters is
commonly sufficient to avoid disruptive vibrations inside of living spaces.
However, residents on the upper floor in Building 2 in even more than two hundred meters
to the next railway track complain about perceptible shocks in their apartments especially
during the night times.
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3

VIBRATION MONITORING

Long-Term monitoring in Building 2 revealed higher vibration velocity peaks which can
also be categorized as perceptible (see Figure. 2). The vibrational source could be quickly
identified by frequently passing freight trains on the faraway track.
A further aspect of the monitored data revealed that the discomforting situation is caused
by horizontal building movements in a low-frequency range at around 4 Hz, especially on
higher floors. Floor vibrations in vertical direction were not monitored during the corresponding events.
A more detailed monitoring-study in the apartments revealed up to 60 passing freighttrains in the night and 100 during the daytime. The relevant frequency-weighted velocity values for night and day do not exceed the requirements of the underlying vibrational standards
[1].
However, more detailed investigations of the vibrational phenomena were launched to improve the living situation for future residents on higher floors of further planned buildings in
the district area.

Figure 2: a) Vibration monitoring in an upper floor apartment of Building 2. b) - c) Monitored data in the time
and frequency domain reveal horizontal building oscillations in the y-direction with vibration velocities of
vmax = 0,63 mm/s and vrms = 0,46 mm/s at 4 Hz.

4

FREIGTH TRAIN VIBRATIONS AND WAVE PROPAGATION

Ground vibrations of freight trains in the immediate range of the railway track and the
wave-propagation on the terrain were measured. The averaged vibration spectra of freight
trains are depicted in Figure 3 as 1/3 octave band values.
A combination of the driven train velocity, the weight and bogie spacing of freight-wagons
as well as irregularities of the track superstructure lead to shock wave vibrations in a lowfrequency regime laterally to the track. Additionally, sandy soils represent an ideal propagation medium for Rayleigh waves having longer wavelengths within a range of 20 to 40 meters.
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Figure 3: a) – b) Ground vibrations (averaged 1/3 octave values) of freight trains on track 1 (left) and track 2
(right) in the immediate range (16 m) of the railway track.

The reduction exponents of wave propagation on the terrain are depicted in Figure 4. For
the purpose of interpretation, these exponents are summarized into three categories. The frequency domains relate to vibrational effects of building dynamics, floor vibrations and secondary airborne sound
On the basis of this rough interpolation, it is evident that the district area is exposed by
low-frequency Rayleigh waves. Vibration components in the horizontal and vertical direction
are present below the ground level [2]. Instead, higher frequency ranges reveal larger attenuations and corresponding vibrational effects in distant apartments are not estimated.

Figure 4: a) Reduction exponents n(f) for the wave propagation in sandy soil. b) Rough interpolation of the vibrational impact on the district area regarding building dynamics (red), vertical floor vibrations and secondary
airborne sound.

5

DYNAMIC RESPONSE OF THE BUILDING STRUCTURE

In the next step, the dynamic response of the building structure on the horizontal wave excitation is examined. Vibration sensors were placed on various floors from the basement to
the top level. The principal setup and basic concept for detection and interpretation of horizontal oscillations are described in Figure 5. Two different buildings were selected for closer
examination (see Figure 1).
Building 1 is subdivided into six floors above the basement. The exterior wall construction
consists entirely of reinforced concrete and a wall thickness of 0.2 meters. Building 2 has one
floor less and the exterior wall is executed in the masonry of calcareous sandstone.
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Figure 5: a) – b) Principal set up to detect horizontal transfer functions TFi which represents the dynamic
response of the building structure on external excitations. c) A simple dynamic model to emulate the dynamic
behavior of bearing structures.

The transfer functions TFi from the basement to of each floor are plotted in Figure 6 a) and
b). In addition, Figure 6 c) shows the transfer behavior derived from the dynamic model. The
parameters for stiffness k and mass m of the coupled system have been tuned to reach an eigenfrequency of around 4 Hz. A numerical method was used to calculate the temporal development of the system [3].
The magnification factors for lateral vibrations of the building structures are depicted in
Figure 7. In addition, the model-like behavior for different attenuation ratios ξ of around 1,3%,
2,5% and 5% of the mass oscillations are plotted.
In contrast to the dynamic response of Building 1 in Figure 7 a), the model-like behavior
does not fit well with the transfer magnification of Building 2 in Figure 7 c). Building 1 exhibits a better-natured transfer behavior due to its constructive design. Structural damping in between 2,5% and 5% match with the expected attenuation for structures of reinforced concrete
[4]. Larger amplification within the structure of Building 2 in y-direction leads to rocking
movements and a higher vibration level on the upper floors.

Figure 6: a) – b) Transfer functions TFi of Building 1 and Building 2 in y-direction. c) Numerical results of
the dynamic model with an attenuation ratio of about 2,5% for mass oscillations m i. (model parameter: mi = 1 to,
ki = 1100 kN/m, di = 21.75 kNs/m).
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Figure 7: a), c) 1/3 octave magnification factors of Building 1 and Building 2. Besides, numerically gained results from the dynamic model and for different attenuation ratios are depicted. b), d) represent the horizontal
deflection of the building schematically.

In summary, disruptive vibrations on upper floors in Building 2 are caused by an interaction between freight-train vibrations at the track, wave propagation in sandy soils as well as
the horizontal oscillation amplification within the building structure which is partially made
of calcareous sandstone. A stiffer design should increase structural stability and lead to a
model-like response.
On the basis of this knowledge gained, a more detailed FEM study was targeted to improve
the dynamic performance of the structural design and to find an optimized constructive design
for the district area the dynamic performance of the structural design and to find an optimized
constructive design for the district area.
6

OPTIMIZED BUILDING DESIGN

Future area development involves the construction of further multi-story buildings. Fundamental measures to improve the vibrational situation for the whole area could be implemented at the railway track as well as on the propagation path between track and buildings.
An upgrade of the train track and strengthening of the railway superstructure could reduce
vibrations at the track. A subterraneous curtain on the path works as a propagation barrier, but
these options appeared to be unrealistic due to long approval processes, technical reasons, and
economic inefficiency.
Modal analysis in the low-frequency range in Figure 8 reveals basic movement patterns of
the building structure in a horizontal direction. The eigenfrequency of Rocking modes matches the experimental results and corresponding resonance magnifications should be minimized.
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Figure 8: Modal analysis of the building structure having regard to the sandy foundation. a) - b) Rocking modes
match with the experimental results and cause horizontal movement patterns. c) – d) In addition, torsion and
vertical modes are present in the low-frequency range.

A detailed FEM study instead was launched which is based upon the prior approach. The
structural building design and foundation soil were modeled in FEM and a detailed analysis of
the building dynamics depending on its parameter was conducted.
Figure 9 depicts the transfer behavior of a construction made of calcareous sandstone
(blue). Besides a shift towards higher eigenfrequencies, a stiffer wall construction of a thickness of 0.2 meters (red) made of reinforced concrete leads to a transfer reduction of 33%.
These numerical gained results match the experimental results in Figure 7. Furthermore, an
increased exterior wall thickness of 0.3 (yellow) meter only reduces the amplification by 40%.
As a result, a stiffer wall construction of thickness 0.2 meter represents a cost-effective solution to reach a reduced vibration level within planned apartments on higher floors.

Figure 9: Transfer functions for three different constructive building designs derived from FEM. The transfer
behavior for an exterior wall made of calcareous sandstone (blue), reinforced concrete wall of thickness 0.2 meters (red) and 0.3 meters (yellow).
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7

SUMMARY

Shock-waves from the faraway railway track lead to horizontal oscillations of the building
structure. Buildings are exposed by low-frequency Rayleigh waves which match with the
Rocking modes of the constructional design. The design leads to higher amplification of the
vibration level within the structure.
The dynamic response of two different constructional designs exhibits that the structural
stability of the exterior wall construction is decisive for the amount of amplification within
the structure. The optimized structure was determined within a FEM model. A reinforced
concrete wall can reach a cost-effective reduction of the vibration level in contrast to a masonry construction of calcareous sandstone.
In general, this case-study indicates, that the constructional design of planned buildings
should be investigated more precisely if dynamical risk factors like soft ground, higher building constructions, and a low-frequency shock-wave exposition lateral of a railway track occur.
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Abstract.
Floating Slab Track (FST) are proven to provide the best mitigation for railway vibration.
The inertia of the floating slab balances the excitation of the train pass. Floating Slab on discrete bearing usually provides a system frequency lower than 10 Hz. Although the system frequency is low, FST shows at higher modes, especially in the typical ground-borne noise
frequency band of about 63 Hz smaller performances as normally expected. Higher modes of
the slab itself amplify train vibration because these modes will not be damped adequately by
the support bearings or springs. The solution is an on these specific disturbing frequencies
tuned TMD mounted on top of the slab, which balances this problem expertly. The case study
at the Metro line 4 shows the application of this combined mitigation measure.
1

INTRODUCTION

In China, the metro network has been rapidly expanded over the past 15 years. A wide variety
of noise and vibration measures were also applied in order to protect nearby residential
houses. In particular, mass-spring-systems (MSS) were completed in many urban areas in
China. An MSS supported by steel springs is a standard mitigation measure in China now. In
some areas of the line, however, these systems did not show the isolation effect in practice
that could theoretically be expected. This may be due to mistakes during the design phase or
construction phase.
2

VIBRATION ATTENUATION BY FLOATING SLAB TRACK

There is no doubt that the best performances in terms of vibration attenuation can be achieved
by floating slab track systems if they are well designed by experienced engineers. These
mass-spring-systems (MSS) consist of floating slabs with the rails mounted on top. The slabs
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are usually constructed of reinforced concrete. Together with the dead load of rails, sleepers
and fastenings (and the ballast, if any), they form dynamically active masses that are isolated
from the sub-structure by elastic mounts which may be of rubber, elastomeric material or
steel. The performance of an MSS depends on a number of factors. Besides the vertical tuning
frequency, the bending natural frequencies of the slabs are of significant importance. In addition, the system damping, as well as the stiffness of the sub-structure, has a clear influence.
Finally, the success of an MSS can also depend on the dynamics of the tunnel itself. In certain
cases there is little advantage to be obtained by using a medium-frequency (say above 15 Hz)
floating-slab track construction in railway tunnels. Since the tuning frequency depends on the
static spring deflection, it is obvious that the spring stiffness is the most important issue. Fig.
2 shows the transmissibility factor VF over the tuning factor K. The tuning factor is defined as
the ratio of the excitation frequency f divided by the natural frequency f0. It clearly shows that
the attenuation of vibration transmission takes place only if the factor is beyond the value of
2 . There is no reduction of dynamic forces possible when the natural frequency (= tuning
frequency) of an MSS is close to or above the relevant excitation frequencies. For an undamped single degree of freedom system (SDOF), the dynamical amplification V being the
ratio between dynamic and static force equals:
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Figure 1: transmissibility curve depending on the damping

Typical vibration frequencies induced by trains are found in a range of 10 - 80 Hz. The frequency spectra usually reveal a concentration of higher peaks in the 60 Hz area, e.g. due to
wheel-rail interaction. However, quite often there are high vibration levels between 10 and 30
Hz as well.
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Figure 2: Force density levels for Commuter Train and LRT

In the case of a standard track bed, these frequencies might cause severe vibration problems in
nearby buildings showing resonance frequencies just in that range.
A' low-tuned ' mass-spring-system on steel springs can be relied on to provide a tuning frequencies 4 to 10 Hz. Since the tuning frequency of a floating slab track is so important, it has
to be explained how it is defined. As a first approach, the extension of the slab can be neglected and all spring stiffnesses of a direction can be united as one common spring. This results in a single-mass-system with 6 degrees of freedom. With respect to the direction of the
dominant train excitations, the vertical translation natural frequency is the most relevant one,
here referred to as the 'tuning frequency'. A linear spring elasticity provided, the tuning frequency f0 of the non-damped system can easily be calculated by the following simplified
equation:
5
F
with G
f0
Hz
kz
G >cm@
Although the actual correlations are much more complex, the tuning frequency can be used to
evaluate the efficiency of a floating trackbed system at a first view.
Sometimes the non-suspended part of the rolling stock is added to the mass leading to a lower
tuning frequency. This part is usually chosen as 10% to 15% of the axle loads contributing to
the sprung system.
A more realistic result is achievable by modeling the slab according to the Finite- ElementMethod (FEM). In this case, the flexural modes of the slab are taken into consideration. This
is of special importance when the 1.-order bending natural frequency of a slab is in the same
range as the tuning frequency resulting in coupled modes. The tuning frequency will be
shifted, and a diminished tuning factor might result in a reduction of the isolation efficiency
of the system.
2100

Vertical Loading
13500

Dynamic Factor

6750

1 6 t A X L E S (1 5 7 k N )

13500

6750

13500

Phi = 1.3 (multiplying the static load and considering the dynamic of a
rolling stock)
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Horizontal Loading Curve

PH

P

v²  f
127  r

Nosing

30 - 100 kN

Braking

25% of vertical loading

Table 1: Usual train loading for the FST design

3

DESCRIPTION OF THE METRO LINE

The metro line 4 in a Chinese city with a total length of about 42 km was inaugurated in 2017.
This line goes from North to South and connects residential areas downtown. The line is constructed as a bored tunnel with a China typical inner diameter of 5.4 m. The tunnel depth is in
the range of -20 m (T/R). The subsoil condition is mostly soft clay. Due to the close vicinity
between Metro line and dwelling areas and also the very soft soil condition the need for mitigation measures can be normally expected. At the residential area, the predicted vibration
level was 72 dB > 62 dB (accepted value for residential buildings).

Figure 3: Alignment of Metro Line 4 and affected residential buildings

Table 2: Accepted limits according to JGJ/T170-2009, Aw= 65 dB (aref=1e-6 m/s)

Due to the predicted vibration level, an FST on steel spring with a system frequency of f=10
Hz was required. Spring supported Floating Slab Tracks are the common mitigation measure
in China to attenuate Noise & Vibration from Metro lines.
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Figure 4: Cross Section of the installed Floating Slab Track

Although an FST on springs was installed the residentials complain about noticeable rumbling
noise during the train pass-by. A comprehensive measurement campaign was carried out to
identify the reason for the rumbling noise. The measured spectrum at the tunnel wall and
within the residential building clearly shows a main peak in the spectra at the 63 Hz 1/3 octave band. The installed FST on springs was not able to mitigate significantly the vibration
from the wheel/rail interaction.

Figure 5: Vibration spectrum inside the affected building on the second floor

Measurements at the tunnel wall confirmed the results of the buildings. Due to the rail wheel
interaction, a major peak at 63 Hz on the slab and at the tunnel wall is visible.
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Figure 6: Measured vibration at the tunnel

4

POTENTIAL MITIGATION MEASURES

4.1 Damping of the FST
In order to mitigate the vibration level at 63 Hz, several options were investigated. Damping
is an essential factor for all mitigation systems. At railways systems, the standard mitigation
materials provide hysteretic and viscous dampers.
The introduction of more viscous damping into the spring cans would increase the damping
but would also result in a higher system frequency due to the stiffening effect of the viscous
liquid. Real viscous dampers provide only at low frequencies < 10 Hz enough damping, therefore higher structural modes usually are not damped by viscous dampers.

Figure 7: Typical damping behavior of a viscous damper (real measurement)

A theoretical analysis of the expected vibration level at the tunnel wall for an FST with ideal
viscous damping and the consideration of the real damping can be seen in figure 8.
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Figure 8: Calculated vibration level at the tunnel wall depending on the applied damping model

4.2 Lower FST system frequency
A lower support frequency can increase the mitigation effect. FST on springs allows due to
the permanent access from above to change the springs easily. Softer ones can replace the current springs. Due to the given dimensions, spring stiffness can be varied in the range of +20%, which means approx. 10% lower system frequency. It has to be checked whether softer
springs would also in compliance with the permissible deflection of the FST (e.g. effect on
rail stress) and the static design pf the slab itself (e.g. installed reinforcement).
4.3 Application of a Tuned Mass Damper
A standard method of introducing damping or balancing forces is the application of so-called
Tuned Mass Damper (TMD). Excitation forces are compensated by mass forces so that parts
of the structure (main construction) remain almost at rest in a certain frequency range. In vibration damping, an additional oscillator consisting of mass and stiffness (undamped absorber) or of mass, stiffness, and damping (damped absorber) is attached to the main structure
to be calmed.

Figure 9: Structure with a Tuned Mass Damper
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The undamped absorber is usually used for stationary harmonic oscillation problems, where
the absorber natural frequency T is tuned to the excitation frequency. Theoretically, the vibration amplitudes of the main system can be reduced to zero if no damping is present.
For stationary broadband excitation, which is essential in the range of a natural system frequency, the use of an optimally damped absorber is useful. The natural frequency and the
damping ratio Dopt of the optimally damped absorber can be designed according to [Petersen] with the mass ratio as follows
According to Den Hartog

ρൌ

்݉
݉

߱ ் ൌ ඥ݇ ் Ȁ݉ ்

߱ ்ǡ௧ ൌ ߱ඨ

ͳ
ͳρ

͵ρ
ܦ௧ ൌ ඨ
ͺሺͳ  ρሻଷ

Figure 10: Effect of the TMD mass on the primary system

The above figure shows the effect of an optimally damped absorber with different mass ratios.
In order to achieve enough vibration reduction, mass ratios of 0.05 to 0.15 are recommended.
The analysis of a 63 Hz TMD leads to the following results:
x
x
x
x
x

The insertion gain can be improved at 63 Hz (from 10 Hz to 65 Hz) with the disadvantage of lower mitigation between 70 and 100 Hz.
A reduction of -6 dB can be achieved in the 63 Hz 1/3 octave band
A weakly damped TMD has a stronger narrowband effect.
The double-weight absorber performs twice as strong and more broadband.
Minimum damping of 15% is recommended to ensure reliable TMD amplitudes and
transmitted forces
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Figure 11: Calculated Insertion Gain for an FST/TMD combination

5

PREFERRED SOLUTION (COMBINED FST / TMD APPLICATION)

Due to the advantages of the TMD compared to the other options, it was decided to continue
with the design of the TMD. The following requirements have to be considered to ensure the
absolutely safe operation of the track line.
x
x
x

A low profile of the TMD, it must be designed in between the rails
No coverage of drainage checking holes
No obstruction of rescue vehicles

These requirements result in a compact TMD design. The TMD consist mainly of steel plates
supported by rubber strips. The system frequency can be adjusted by the specific bedding modulus of the strips and the related strip size. Metal brackets prevent the steel plates from lifting
off. A total of 100 m per direction was equipped with these TMD.
Host frequencies
Total length of equipped FST per direction
Number of TMD
Installation time per TMD
TMD Mass
Mass ratio
1. TMD frequency (Theory, Measured)
1. TMD Damping (Optimum/ Measured)
2. TMD frequency (Theory, Measured)

10 Hz (vertical FST system frequency) / 63
Hz (rail / wheel interaction)
100 m
88
2h
970 kg
0,15
8.74 Hz / 12.5 Hz
18.9 % / 15%
48 Hz / 50 Hz

Table 3 Overview of the design parameter
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Figure 12: Design of TMD on top of the floating slab track

Figure 13: Installed TMD on the FST

6

ON-SITE RESULTS

Vibration measurements have been performed to check the performance of the installed TMD.
In particular, the vibration level at the rail, on the slab, at the TMD, and at the tunnel wall was
measured before and after the installation of the TMD. Simultaneously also measurement in
residential buildings nearby has been carried out. It was figured out that the effect of the TMD
on the tunnel wall vibration shows only low mitigation but measurements within the building
show the expected reduction. The TMD itself shows peaks at its eigenmodes which reveals
the operation of the TMD itself during train pass-by.
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Figure 14: Vibration Level at the tunnel site with and without TMD

Figure 15: Measured vibration level inside the building with and without TMD

A noticeable reduction mainly at the 63 Hz (1/3 octave band frequency) was measured and
confirmed the balancing effect of the TMD on the vibration level. The mitigation effect is
even a little bit higher and might result due to the additional inertia of the TMD mounted on
the FST.
7

CONCLUSION

Floating Slab Track (FST) are proven to provide the best mitigation for railway vibration. The
inertia of the floating slab balances the excitation of the train pass. Floating Slab on discrete
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bearing usually provides a system frequency lower than 10 Hz. Although the system frequency is low, FST shows at higher modes, especially in the typical ground-borne noise frequency band of about 63 Hz smaller performances as normally expected. A TMD mounted on
top of the slab and tuned on these specific disturbing frequencies can balances this problem
expertly. The Case Study at the Metro Line 4 in a Chinese city shows clear vibration mitigation in nearby residential housings due to the installed TMD over 100 m track length.
x

x
x
x

The theoretical analysis shows a reduction of – 6dB at the 63 Hz 1/3 octave band. Onsite measurements show in the nearby residential housel a slightly higher mitigation
effect compared to the theory. The reason might be due to a higher inertia effect of the
TMD.
The design has to consider the requirement/clearance of the track
Minimum damping of 15% is recommended to ensure reliable TMD amplitudes and
transmitted forces
A TMD mass ratio of 15% is recommended
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Abstract. When modelling the railway induced vibration in a building, three main aspects of
the problem have to be considered: the vibration generation at the moving vehicle-track interaction points, the vibration propagation in the underlying infinite soil, and the vibration reception inside the building. This study proposes a computational modelling approach for
predicting the full vibration propagation path from the train vehicles up to the building structure. The method includes a moving train model that is directly coupled to a stationary building
structure, with interaction between them through the underlying soil using a single step solution
procedure. A semi-analytical model is utilized to model the soil to which rigid objects and
structures modelled by finite elements (FE) are coupled. The system is excited by a multi-body
vehicle model passing over an irregular track. The proposed modelling approach uses the frequency-domain solution with some parts, such as the railway track, formulated in the moving
frame of reference (FOR) and other parts, such as building structures, formulated in a fixed
FOR. The coupling terms between the two FORs are found by utilizing an analytical formulation of receptance between the two FORs. It is shown that due to the coupling between the fixed
and moving FORs, the previously uncoupled discrete frequencies become coupled through the
other FOR as a result of the Doppler effect and wave scattering. Two solution procedures of
the full system are proposed: partial coupling, where some secondary effects from reflected
waves propagating through soil are disregarded, and full coupling, where the vehicle, track,
soil and structure are modelled as a fully coupled system. Both proposed solution procedures
offer a single-step approach for solving the whole system in the frequency-spatial domain. The
application of the model is demonstrated and validated in two example cases: one analyzing a
simple building structure near a railway track, using the partial coupling solution procedure,
and another analyzing the behaviour of a vehicle model passing over a rigid block embedded
inside the soil, using the full coupling solution procedure.
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1

INTRODUCTION

One of the important environmental impacts of existing and future railway lines occurs due
to the ground-borne vibration induced by the trains. When a train runs on the track, its wheels
induce vibration in the track structure. This vibration then propagates through the ground into
nearby buildings where it is perceived either directly, due to motion of floors and walls, or
indirectly as re-radiated noise. This causes disturbance to occupants, potential loss of building
functionality (e.g. interference with sensitive equipment), loss of real estate value and, in worst
case, leading to structural damage.
The impact of railway-induced vibrations has been investigated since the beginning of the
previous century and much work has been done to understand and simulate the dynamic interactions between the train, track, tunnel (for underground railways) and ground resulting in models which can predict ground-borne vibration around the railway system. The exact propagation
mechanism of environmental vibration is an extremely complex phenomenon, and thus proper
evaluation of its effects is difficult. Several different numerical models have been developed
for predicting vibration from surface and underground railways in the last few decades. They
are mainly based on numerical or semi-analytical methods. Each approach has its own merits.
Semi-analytical models are simpler, requiring less input parameters, but they are not able to
represent the full details of a given situation. Conversely, numerical models can represent more
detailed geometry but require a larger number of input parameters and greater computational
effort. The results are then specific to this particular situation and cannot be generalized easily.
There are also important limitations in the use of either type of model, due to the modelling
simplifications and parameter uncertainty. A comprehensive overview of the state of the art on
railway-induced ground vibration models and the underlying excitation mechanisms can be
found in [1].
When modelling the environmental vibration in a building induced by railway traffic, three
main parts of the problem need to be considered: the vehicle-track system which is the vibration
source, the underlying soil through which the vibration propagates, and the building structure
which is the vibration receiver. Ideally, all the parts would be combined into a single model,
including all coupling terms. However, due to complex analytical formulation needed and the
limitations of computational models, this is rarely performed. Most often, parts of the model
are coupled together; for example, a coupled vehicle-track-soil model is calculated, and the
obtained results propagate to the building structure [2 - 9]. This way, the secondary coupling
terms are excluded from the system, such as the effect of the building structure to the response
of the track and the vehicle. This is acceptable, as these coupling terms do not influence the
system significantly [10]. For example, Fiala et al. [2] used a two-step approach to obtain the
response of a building structure by splitting the problem into a vehicle-track-soil source model
and a structure-soil receiver model. With a similar approach, François et al. [3] studied roadtraffic-induced vibration. The work also proposed a methodology to exclude the soil-structure
interaction problem for cases of soft structures resting on stiff soils. A so-called sub-modelling
technique was proposed by Hussein et al. [6], where the response of the soil surface from a
tunnel structure was modelled using the ‘pipe-in-pipe’ model [11] to find the response of a 2D
frame. An almost identical system assembly method was also used by Lopes et al. [5]; however,
the soil surface response from a tunnel structure was modelled using a 2.5D FEM-PML (perfectly matched layers) model and a 3D building structure was analyzed. In [9], Kuo et al. use a
similar numerical approach and the model developed in [10] to investigate the effect of dynamic
soil characteristics, surface foundation type, and building geometry on the building’s response
to railway induced vibrations and compare with the FRA empirical adjustment factors [12].
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The aim of this work is to model the full vibration propagation path from the vehicle up to
the building structure. The proposed method includes a moving vehicle model that is directly
coupled to a stationary building structure, with interaction between them through the infinite
underlying soil, without needing a multiple step solution. At the same time, the method offers
a relatively quick and flexible solution procedure. A fully 3D system is modelled, with structures modelled using FE, allowing a wide variety of configurations. To limit the computational
times needed, the semi-analytical soil formulation is utilized, with a surface railway track, using
the model originally proposed by Sheng et al. in [13, 14] and later extended in [15]. A multibody vehicle model passing over an irregular track excites the system. The work introduces an
approach of solving the coupled vehicle-track-soil-building system using a single step solution
procedure. Two system assembly and solution methods are presented: partial coupling and full
coupling. With the partial coupling procedure disregarding some effects caused by the reflected
waves for a more computationally efficient solution, and the full coupling procedure including
all the coupling terms. Additionally, the methodology for modelling rigid objects and FE structures interacting with the soil is described with its implementation into the proposed solution
approaches. To show the capabilities of the proposed modelling approach two example cases
are analyzed: (i) for a simple building structure near a railway track, using the partial coupling
solution procedure, and (ii) the behaviour of a vehicle model passing over a rigid block embedded inside the soil, using the full coupling solution procedure.
2

SEMI-ANALYTICAL SOIL MODEL

A semi-analytical soil model is used in the present work. The model utilizes a well-known
approach based on an analytical solution to the Green’s function in the frequency-wavenumber
domain. For the linear hysteric half-space  ݖ 0, the displacement field in time–space domain
can be obtained using a convolution integral:
௧



ஶ

ஶ

ݑ (ݔ, ݕ, ݖ,  = )ݐන න න න ݃ ( ݔെ  ݔᇱ ,  ݕെ  ݕᇱ , ݖ,  ݖᇱ ,  ݐെ  ݐᇱ )  ( ݔᇱ ,  ݕᇱ ,  ݖᇱ ,  ݐᇱ ) d ݔᇱ d ݕᇱ d ݖᇱ d ݐᇱ

(1)

ିஶ ିஶ ିஶ ିஶ

where the Green’s function ݃ relates the displacement component ݑ at the point (ݔ, ݕ,  )ݖand
time  ݐto the loads  applied in direction ݆ at all positions and times up to and including the
time ݐ. The soil is assumed invariant and infinite in both horizontal directions, while the material properties vary over depth due to stratification.
The Green’s function is challenging to find analytically in time-space domain for a layered
half-space. Thus, a triple Fourier transformation can be performed, transforming the two horizontal coordinates into the wavenumbers ݇௫ and݇௬ , and time into the circular frequency ߱. By
introducing a discretization into a number of depths ݖ , ݊ = 1,2,3, … , ܰ௭ , Eq. (1) simplifies
into
ே

ഥ (݇௫ , ݇௬ , ݖ, ߱) =  ܩҧ (݇௫ , ݇௬ , ݖ, ݖ , ߱) ܲത, (݇௫ , ݇௬ , ߱)
ܷ

(2)

ୀଵ

ഥ and ܩҧ are components of the displacement vector and the Green’s function tensor,
where ܷ
respectively, in the frequency-wavenumber domain. After the discretization over depth, ܲത,
signifies the traction applied on a horizontal interface placed at the depth ݖ . In the following,
upper case symbols indicate Fourier transforms with respect to time, whereas overbar indicates
Fourier transforms with respect to the horizontal spatial coordinates.
There are two major approaches used to assemble multiple soil layers and express analytically the Green’s functions ܩҧ appearing in Eq. (2): the flexibility approach and the stiffness
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approach. The flexibility approach is based on the original work proposed by Thomson [16]
and Haskell [17]. The stiffness approach was introduced by Kausel and Roësset [18] and extends the original transfer matrix, as derived in [16, 17] by reordering it into a stiffness expression equivalent to those used in the FEM, assuming that the interface between two layers is
interpreted as a connecting node. Multiple layers can be assembled by overlapping the stiffness
matrices at the connecting interfaces.
In this work, both methods have been utilized: the flexibility approach with numerical stabilization for the fixed FOR soil model and the stiffness approach for the moving FOR model.
The reason that the flexibility approach is used for the fixed FOR and the soil-structure interaction is because it enables the application of structure-to-soil interaction forces without increasing the size of the involved matrices (that is always six by six) for foundations that are
embedded in the ground (i.e. piled foundations). For the moving FOR problem, only the Green’s
functions for a surface load (i.e. the track) are needed and thus the stiffness approach is used
which is free of numerical instabilities at higher frequencies, that are more prominent due to
the moving of the load. Any instabilities occurring in the flexibility approach are dealt using
stabilization techniques that are based on the orthonormalization method [19] and by splitting
very thick layers (if any) into multiple smaller layers with the same material properties.
After the displacements in the frequency-wavenumber domain are obtained, a double inverse
Fourier transformation is performed into frequency-space domain
ஶ
ஶ
1
ഥ (݇௫ , ݇௬ , ݖ, ߱ ) e୧(ೣ௫ା௬) d݇௫ d݇௬ .
ܷ  (ݔ , ݕ, ݖ, ߱ ) =
න න ܷ
ଶ
4ߨ ିஶ ିஶ

(3)

This equation is used when both the load and the response in a fixed FOR is considered. The
load is applied at a circular frequency ߱ and coordinate ݔ , with subscript ‘f’ indicating a fixed
FOR. Here, the inverse Fourier transformation can be carried out in semi-discrete form by
adopting polar coordinates, since the integration with respect to the azimuthal angle can be done
in closed form, leading to Bessel functions in the components of the Green’s function.
When the whole system is considered in a moving FOR, the Green’s function and, at the
same time, the response in the frequency-wavenumber domain lose the polar symmetry around
the origin of the wavenumber domain, compared to a purely fixed FOR. Hence, a fully discrete
inverse Fourier transformation from wavenumber domain into spatial domain is necessary. Assuming that a load is moving in the positive x-direction, the frequency used to compute the
Green’s function becomes wavenumber dependent. In that case, the inverse double Fourier
transformation into frequency–space domain is defined as
ஶ
ஶ
1
ഥ ൫݇௫ , ݇௬ , ݖ, ߱୫ െ ݇௫ ݒ൯e୧൫ೣ௫ౣା௬൯ d݇௫ d݇௬
ܷ୫  (ݔ୫ , ݕ, ݖ, ߱୫ ) =
න න ܷ
ଶ
4ߨ ିஶ ିஶ

(4)

where  ݒis the velocity at which the moving FOR travels through the fixed FOR. Subscript ‘m’
indicates values in the moving FOR.
Since the methodology presented in this work uses both moving and fixed FOR, a mixed
FOR is used, where the displacement response observed in a fixed FOR from a load applied at
a stationary point in the moving FOR and vice versa are needed in order to obtain the coupling
terms between the two FORs.
Following a similar analysis with [13], the displacements ܷ  at ݔ for fixed FOR from a
harmonic moving load of circular frequency ߱୫ can be expressed as
ܷ  (ݔ , ݕ, ݖ, ߱୫ , ߱ ) =

1 ୧ఉ௫ 1 ஶ
߱୫ െ ߱
e 
න ܷ ൫ߚ, ݇௬ , ݖ, ߱୫ െ ߚݒ൯e୧௬ d݇௬ , ߚ =
(5)
2ߨ ିஶ
ݒ
ݒ
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where ߱ is the receiving frequency at the fixed FOR.
Alternatively, using an equivalent analysis for a stationary harmonic load of circular frequency ߱ received in a moving FOR at ݔ୫ = ݔ െ  ݐݒthe displacements ܷ୫  can be expressed as:
ܷ୫  (ݔ୫ , ݕ, ݖ, ߱ , ߱୫ ) =

1 ୧ఉ௫ 1 ஶ
e ౣ
න ܷ ൫ߚ, ݇௬ , ݖ, ߱ ൯e୧௬ d݇௬ ,
2ߨ ିஶ 
ݒ

ߚ=

߱୫ െ ߱
. (6)
ݒ

Comparing Eqs. (5) and (6) it is evident that the expressions are equivalent. That is, the displacements originating from a moving source and observed in a fixed FOR are equivalent to
the displacements caused by a stationary source and observed in a moving frame:
ܷ୫  (ݔ୫ , ݕ, ݖ, ߱ , ߱୫ ) = ܷ  (ݔ , ݕ, ݖ, ߱୫ , ߱ )

(7)

given that the horizontal coordinates ݔ୫ and ݔ have the same numerical value. In practice, this
means that only Eq. (5) or Eq. (6) needs to be evaluated. Then the integral part of the equation
is reused for the other FOR combination, with changed x-coordinate.
3

STRUCTURES INTERACTING WITH SOIL IN A SINGLE FRAME OF
REFERENCE

To couple the semi-analytical soil model to a FE model of one or more structures, a dynamic
stiffness matrix of the soil is established. Firstly, the desired geometry of the soil-structure interface is discretized into a number of ‘soil–structure interaction’ (SSI) nodes. The response is
requested at a range of ‘observation’ nodes. The dynamic stiffness matrix is established using
the SSI nodes, which is then coupled to structures and used to obtain the system displacements.
To establish the dynamic stiffness matrix of the soil, a global flexibility matrix relating all
the degrees of freedom is needed. For a three-dimensional case, each SSI node has three degrees
of freedom. Therefore, the receptance matrix  ܀ୱୱ (߱), also called the flexibility matrix, is a
square matrix with three times more rows and columns than the number of nodes in the system.
To create the receptance matrix, a unit harmonic load ܲത,௦ೕ is applied to a single degree of freedom, ݏ , and the resulting displacements are observed at all SSI degrees of freedom, including
the loaded one. The procedure is repeated for every degree of freedom in the system. This way,
the receptance relating all degrees of freedom to the loaded degree of freedom is established.
The receptance between degrees of freedom ݏ and ݏ is found as
λ

λ

iቀ݇ (௫ ି௫ )+݇ (௬ ି௬ )ቁ
ܴ௦ ,௦ೕ (߱) = න න ܩҧௗ ௗೕ (݇௫ , ݇௬ , ݖ , ݖೕ , ߱) ܲതೕ ,௦ೕ (݇௫ , ݇௬ , ߱) e  ݔ ೕ  ݕ ೕ d݇ ݔd݇ (8)
െλ െλ

where ܲതೕ,௦ೕ (݇௫ , ݇௬ , ߱) is the double spatial Fourier transform of a distributed harmonic load
ܲೕ,௦ೕ (ݔ, ݕ, ߱) of unit magnitude acting within the frequency domain at the depth ݖೕ in degree
of freedom ݏ . The same procedure can be performed in both fixed and moving FORs. The
obtained results are placed in a single column of the receptance matrix and the process is repeated for every degree of freedom. Assuming there is a total of ܵ SSI degrees of freedom in
the system, the assembled receptance matrix becomes:
ܴ௦ ,௦ (߱)
 ۍభ భ
ܴ
(߱)
 ܀ୱୱ (߱) =  ێ௦మ ,௦భ
ڭ
ێ
ܴۏ௦ೄ ,௦భ (߱)

ܴ௦భ,௦మ (߱) ڮ
ܴ௦మ,௦మ (߱) ڮ
ڭ
ڰ
ܴ௦ೄ,௦మ (߱) ڮ
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ܴ௦భ ,௦ೄ (߱)
ې
ܴ௦మ ,௦ೄ (߱)ۑ
.
ڭ
ۑ
ܴ௦ೄ,௦ೄ (߱)ے

(9)
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The receptance matrix can be established for the moving and fixed FORs. However, only in
the fixed FOR, the matrix is symmetric, assuming that the applied load ܲೕ,௦ೕ (ݔ, ݕ, ߱) is the
same for all degrees of freedom. If no external structures are connected to the semi-analytical
soil model, it is possible to apply the loads and obtain the system displacements ܃ୱ directly as
܃ୱ (߱) =  ܀ୱୱ (߱) ۾ୱ (߱)

(10)

where ۾ୱ is the vector of load magnitudes. It is implied here that the load acting in degree of
freedom ݏ has a spatial distribution defined by ܲೕ,௦ೕ and a magnitude defined by element ݆ of
۾ୱ .
3.1 FE models interacting with the soil
To couple the soil model with an FE model of one or more structures, the dynamic stiffness
matrix of the soil ۹ ୱୱ (߱) is needed. It can be obtained by inverting the receptance matrix. Including the dynamic stiffness matrix ۹  of the FE model the dynamic stiffness in the single
frame of reference (SFOR) can be assembled as:
۹ ୗୖ (߱) = 

ୱ୬
۹ ୱୱ (߱) + ۹ ୱୱ
 (߱) ۹  (߱)
൨
۹ ୬ୱ
۹ ୬୬
 (߱)
 (߱)

(11)

where superscript ‘s’ denotes the degrees of freedom through which the FE model interacts
with the soil, while superscript ‘n’ denotes the degrees of freedom that are internal to the FE
model. Combinations of superscripts ‘sn’ and ‘ns’ denote the coupling terms. Due to symmetry
ୱ୬
ୱ୬

of the FE system matrices, ۹ ୬ୱ
 (߱) = [۹  (߱)] . In addition, the matrix ۹  (߱) is usually
sparsely populated.
The displacements of the system can then be obtained by solving the system of equations:
۹ ୗୖ (߱) ܃ୗୖ (߱) = ۾ୗୖ (߱).

(12)

To obtain the displacements of the observation degrees of freedom, a flexibility matrix relating the SSI and observation degrees of freedom is needed. Assuming that the numbering of
observation degrees of freedom is stored in a set { = ଵ , ଶ , … , ை } with the number of degrees
of freedom being ܱ, the flexibility matrix will have ܱ rows and ܵ columns. The flexibility matrix for observation degrees of freedom is assembled as:
ܴ ,௦ (߱) ܴభ,௦మ (߱) ܴ ڮభ,௦ೄ (߱)
 ۍభ భ
ې
ܴ
(߱)
ܴ
(߱)
ڮ
ܴ
(߱)

,௦

,௦

,௦
మ మ
మ ೄ
ۑ.
 ܀୭ୱ (߱) =  ێమ భ
(13)
ڭ
ڭ
ڰ
ڭ
ێ
ۑ
ܴۏೀ ,௦భ (߱) ܴೀ ,௦మ (߱) ܴ ڮೀ ,௦ೄ (߱)ے
To find the displacements of the observation nodes, the observation flexibility matrix  ܀୭ୱ is
multiplied by the soil displacements at the SSI degrees of freedom ܃ୱ , which are extracted from
the whole system displacement vector ܃ୗୖ :
܃୭ (߱) =  ܀୭ୱ (߱) [ ܀ୱୱ (߱)]ିଵ ܃ୱ (߱) =  ܀୭ୱ (߱) ۹ ୱୱ (߱) ܃ୱ (߱).

(14)

3.2 Rigid structures interacting with the soil
The semi-analytical soil model allows also modelling of completely rigid objects interacting
with the soil. This is useful when modelling structures that are much stiffer than the surrounding
material, for example building foundations. To create a three-dimensional rigid object, the object shape is discretized into a number of SSI nodes. The global flexibility matrix is created in

2705

Paulius Bucinskas, Evangelos Ntotsios, David J. Thompson and Lars V. Andersen

the same way as in the previous subsection and inverted to obtain the dynamic stiffness matrix.
However, condensation of the stiffness matrix must be performed in order to reduce the system
such that the response can be determined in terms of the rigid body modes rather than the original degrees of freedom of the SSI nodes. This is achieved by assuming that SSI nodes belonging to the same rigid object are fixed relatively to each other and move together with the degrees
of freedom of a reference master node that defines the motion of the rigid object. In principle,
the master node can be placed at any position. However, it is most conveniently placed in the
point at which coupling to an FE model should be done. That is, for example, in the centre of
the topside of a footing. In the most common three-dimensional case, separate SSI nodes have
three degrees of freedom each, i.e. three lateral displacements, while each rigid object has six
degrees of freedom: three for lateral displacements and three additional rotational degrees of
freedom of the reference node. For a single rigid object composed of a number of SSI nodes,
the transformation matrix ܂, is created. Multiple rigid objects can also be a part of the same
system. The global transformation matrix for a system with ܰ rigid objects can be assembled
as:
܂,ଵ
ۍ

܂ୱ = ێ
ڭ ێ
 ۏ


܂,ଶ
ڭ


ڮ
ڮ
ڰ
ڮ


ې

ۑ.
ۑ ڭ
܂,ே ے

(15)

The system can also contain non-associated ‘free’ SSI nodes, which are not part of any rigid
object. In that case, the local transformation matrix for such nodes will be the identity matrix
with the same number of rows and columns as the number of degrees of freedom associated
with the free node.
To obtain the condensed stiffness matrix of the soil, , the dynamic stiffness matrix of the soil
۹ ୱୱ (߱) is modified:
۹ ୱ (߱) = [܂ୱ ] ۹ ୱୱ (߱) ܂ୱ .

(16)

The matrix can then be coupled to FE structures in the same way as described previously.
Due to condensation of some SSI nodes, Eq. (14) is also modified by introducing the transformation matrix
܃୭ (߱) =  ܀୭ୱ (߱)[ ܀ୱୱ (߱)]ିଵ ܂ୱ ܃ୱ (߱) =  ܀୭ୱ (߱)۹ ୱୱ (߱)܂ୱ ܃ୱ (߱).

(17)

3.3 Vehicle, railway track and wheel-rail interaction
The system is excited by one or more vehicles travelling across a railway track. The vehicles
can be modelled using various multibody systems, with varying complexity, depending in the
application case. Vehicles are only modelled in two dimensions and only the vertical wheel-rail
interaction forces are considered. The dynamic stiffness matrix of the vehicle ۹ ୴୴, (߱୫ ) is created in a moving FOR by combining the vehicle stiffness, damping and mass matrices. If multiple vehicles are needed, it is assumed that there is no direct interaction between vehicles and
the dynamic stiffness matrix becomes:
ۍ
۹ ୴ (߱୫ ) = ێ
ێ
ۏ


ڮ
۹ ୴୴,ଵ (߱୫ )

۹ ୴୴,ଶ (߱୫ ) ڮ
ڭ
ڭ
ڰ


ڮ
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ې

ۑ.
ڭ
ۑ
۹ ୴୴,ூ (߱୫ )ے

(18)
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Here it is assumed that there is a total number  ܫof vehicles in the system. Further, there is
no coupling between separate vehicles through the vehicle stiffness matrix, i.e. each car of a
train acts like a separate vehicle.
A layered track structure containing the rails, rail-pads, sleepers and ballast is used. It is
coupled to the underlying soil in the frequency-wavenumber domain as described in [15]. By
using the stiffness matrix for the rails ۹ ୰ (߱୫ ) and the diagonal stiffness matrix ۹ ୌ for the
wheel-rail contact interaction the coupled vehicle–track system response from a unit amplitude
unevenness is given as:
۹ ୳୳
୴ (߱୫ )
୵୳
۹ ୴ (߱୫ )


۹ ୳୵
୴ (߱୫ )
୵୵
۹ ୴ (߱୫ ) + ۹ ୌ
െ۹ ୌ


߱( ୳୴܃୫ )

୵
െ۹ ୌ
 ቐ߱( ୴܃୫ )ቑ = ൝ ܭୌ ߱(܌୫ ) ൡ
െܭୌ ߱(܌୫ )
۹ ୰ (߱୫ ) + ۹ ୌ ܃୰ (߱୫ )

(19)

ఠ

where ߱(܌୫ ) = exp ቀ ౣ  ୵ܠቁ is the vector containing the unit unevenness for all wheel posi௩
tions  ୵ܠin the moving FOR. In Eq. (19), the vehicle degrees of freedom are split into two parts:
those relating to the wheels, denoted with the superscript ‘w’, and those that are not coupled to
the track, denoted with superscript ‘u’. It is assumed that each vehicle wheel has the same
linearized Hertzian spring stiffness ܭୌ when calculating the acting forces. Solving Eq. (19) for
the unknown displacement vector  ܃produces the system behaviour. Note that in this case, the
effects of external structures coupled to the railway track through the soil are not accounted for.
The stiffness matrix for the rails in Eq. (19) can be found by inverting the flexibility matrix
 ܀୰୰ (߱୫ ) relating the rail displacements between all vehicle wheel sets positions is constructed.
This is achieved in a similar manner as described in the previous section, assuming a single
degree of freedom of a rail in a moving FOR for every wheel. The matrix is later used to establish the stiffness matrix of a coupled-domain stiffness matrix.
4

ASSEMBLY AND SOLUTION OF GLOBAL SYSTEM

Parts of the model described in the previous sections are combined into a single global system. The resulting system combines parts formulated in a moving FOR, such as the vehicle and
the track, and parts formulated in the fixed FOR, such as the structures interacting with the soil.
To couple the two FORs together, the relation described in Section 2 is used. For this purpose,
෩ ୱ୰ , providing the interaction between the degrees of freedom of the rails
the receptance matrix ܀
෩ ୱ୰ couples the moving and
and the degrees of freedom of the soil, is established. The matrix ܀
fixed FORs, and it is therefore dependent on two frequencies: ߱୫ and ߱ . The tilde indicates
that the quantity is defined in the mixed FOR.
4.1 Partly coupled global system
The flexibility matrix, assembled in the fixed FOR and connecting all the degrees of freedom
interacting with the soil, is added to the system. Using the created matrices, the full flexibility
matrix for the so-called ‘global’ (indicated by subscript ‘g’) system can be constructed
෩ ୰ୱ (߱ , ߱୫ )
܀
෩  (߱୫ , ߱ ) = ቈ  ܀୰୰ (߱୫ )
܀
.
෩ ୱ୰ (߱୫ , ߱ )
 ܀ୱୱ (߱ )
܀

(20)

If no rigid bodies are present in the soil model, the global flexibility matrix may be inverted
෩  (߱୫ , ߱ ). When the system contains rigid
to obtain the stiffness matrix of the global system ۹
objects, which are formulated as described in Section 3.2, the global stiffness matrix can be
constructed using the global transformation matrix
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۷ 
܂ = 
൨
(21)
 ܂ୱ
where ۷ is the identity matrix with dimensions equal to the number of rail degrees of freedom.
It is assumed that there are no rigid bodies modelled in the moving FOR. In theory, it is possible
to model rigid bodies in both the moving and the fixed FORs, given that the reference nodes
for these bodies are not shared between the two FORs.
After the stiffness matrix of the system has been obtained, the vehicle and the FE structures
can be also added to the global system. The governing equation for partial coupling in the mixed
FOR becomes:
where

and

෩ (߱୫ , ߱ )܃
෩ (߱୫ , ߱ ) = ۴෨(߱୫ , ߱ )
۹

(22)

۹ ୳୳
۹ ୳୵



୴ (߱୫ )
୴ (߱୫ )
୳୵ ۍ
ې
୵୵
(߱
)
(߱
)
۹
െ۹

 ۑ
۹
+
۹
୴
୫
୴
୫
ୌ
ୌ
ێ
෩ ୰୰
෩ ୰ୱ
෩ (߱୫ , ߱ ) = ێ

െ۹ ୌ
۹
۹
 ۑ
۹
 (߱୫ , ߱ ) + ۹ ୌ
 (߱ , ߱୫ )
ێ
ୱୱ
ୱ୬
ୱ୰
ୱୱ
෩  (߱୫ , ߱ ) + ۹
෩  (߱ ) ۹  (߱ )ۑ
෩  (߱୫ , ߱ )
۹


۹
ێ
ۑ



۹ ୬ୱ
۹ ୬୬
ۏ
 (߱ )
 (߱ )ے

(23)

෩ ୴୳ (߱୫ , ߱ )
܃
୵ ۓ
ۗ
෩ ୴ (߱୫ , ߱ ) ۖ
ۖ܃
෩ ୰ (߱୫ , ߱ ) ,
෩ (߱୫ , ߱ ) = ܃
܃
 ۔෩ୱ
ۘ
(߱
)
ۖ ܃ ୫ , ߱ ۖ
෩ ୬ (߱୫ , ߱ )ۙ
܃ە


ۗ ) ߱(܌ ܭ ۓ
୫ ۖ
ۖ ୌ
۴෨(߱୫ , ߱ ) = െܭୌ ߱(܌୫ ) .
۔
ۘ

ۖ
ۖ
ۙ
ە


(24)

The superscripts relate to the degrees of freedom of: ‘w’-wheels, ‘r’-rails, ‘s’-soil in the fixed
FOR, ‘n’-parts of FE structures not coupled to the soil and ‘u’-vehicles uncoupled from the
෩୴, ܃
෩  and ܃
෩  store the displacements for the vehicle,
track (e.g. the vehicle body). Vectors ܃
global railway track–soil system and the FE structure, respectively.
After the system has been solved, the displacement for the observation degrees of freedom
in the fixed FOR can be obtained. When the displacements for both the global and the observation degrees of freedom have been obtained, the effects from ܬ୫ discrete excitation frequencies
߱୫ can be added together to obtain the total response in the fixed FOR:
ౣ

1
෩  ൫߱୫, , ߱ ൯ ݇(ܦ୫, ) ο݇୫
܃
܃ (߱ ) =
2ߨ

(25)

ୀଵ

where ݇(ܦ୫, ) is the rail unevenness obtained from a power spectral density (PSD) according
to the wavenumber ݇୫, , and ο݇୫ is the wavenumber step size.
The time-domain response for the degrees of freedom associated with the fixed FOR can be
obtained by performing an inverse discrete Fourier transformation of the displacements ܃ (߱ୱ ):


1
 ܃ ൫߱, ൯e୧ ఠ,ೕ ௧ ο߱
ܝ (= )ݐ
2ߨ

(26)

ୀଵ

where ܬ is the number of discrete frequencies in the fixed FOR. Note that ܬ and ܬ୫ need not be
equal. However, the step sizes ο߱ and ο݇୫ must be small enough, and the number of frequencies ܬ and ܬ୫ large enough, to ensure proper discretization of peaks in the loads and resonances
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of the system while, at the same time, avoiding violation of the periodicity inherent in the frequency-domain solution.
4.2 Fully coupled global system
Using the matrices already created for the previously described solution procedure, it is also
possible to assemble a fully coupled global system. Such a system will account for the frequency spreading of the reflected waves due to the Doppler effect and might be useful for certain cases where the full coupling between the vehicle (the source) and the structures (the
receivers) cannot be discarded. In such a system, the previously uncoupled frequencies in a
single FOR are now coupled through the other FOR and the matrix ۹  will be fully populated.
The system can be solved by applying loads in either FOR or both FORs at the same time.
However, the computation of the fully coupled system is an extremely computationally demanding process, which involves double inversion of very large matrices. Thus, it should only
be used when the secondary coupling effects are an important factor.
5

VALIDATION AND APPLICATIONS

The methodology described in this paper is validated by comparisons with other state-ofthe-art computational approaches. By considering a system with no structures or rigid objects
interacting with the soil, the described system assembly and solution procedures provide identical results to the approach provided by Sheng et al. in [13, 14]. This is expected, as the proposed method here utilizes the same vehicle-track-soil interaction model, and, with no other
structures interacting with the soil, the coupling terms cancel out. Modelling of rigid objects
interacting with the soil was validated by comparison with BE and FEM-PML models. It was
determined that the semi-analytical model provides a very good match, especially with the
FEM-PML model, where even the secondary coupling terms show very good agreement. To
demonstrate the capabilities of the proposed fully-coupled modelling approach, an example
case was set up where the modelled structure is close to the railway track.
5.1 Coupling between moving and fixed frames of reference
In order to validate the coupling terms between the two FORs and especially the symmetry
between when a load is applied in the moving FOR and the displacements observed in a fixed
FOR and vice versa, two test cases were set up. The proposed mixed-FOR model was simplified
by removing the railway track, the vehicle and the FE/rigid structures interacting with the soil.
This way, the effects of a single load with a single excitation frequency acting directly on the
soil surface can be observed. The ground was modelled as a homogenous elastic half-space of
dense sandy-type soil, with 250 MPa Young’s modulus, 0.25 Poisson’s ratio, 2000 kg/m3 mass
density and 0.05 loss factor. A stationary point in the fixed FOR was placed 3 m from the line
along which the load was moving.
A moving vertical load with constant speed  ݒand frequency ݂୫ was modelled. The vertical
displacements were observed within a fixed FOR for a range of frequencies ݂ . The system was
modelled using the simplified mixed-FOR model. For the analysed case, only the coupling
terms between the moving and the fixed FORs, as described in Section 2, have an effect for the
obtained results. For comparison, a full model was established, modelled only in the moving
FOR, using the semi-analytical approach.
Using the created model, the displacement field of the soil surface in the moving FOR and
within the time domain was obtained for a single excitation frequency. Then, a time signal for
displacements of an observation point moving through the displacement field with speed െݒ
was found, considering that for every time step the position of the observation point changed.
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Fourier transforming the obtained time signal into frequencies ݂ୱ , the displacement spectra for
a stationary observation point was obtained. Two combinations of speed and frequency in the
moving FOR were investigated: Case 1 with  = ݒ20 m/s and ݂୫ = 20 Hz, and Case 2 with = ݒ
40 m/s and ݂୫ = 10 Hz. The comparison of both approaches are shown in Figure 1 where it
can be seen that the two approaches agree, confirming the analytical derivation presented in
Section 2.
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Figure 1: Displacements in a fixed FOR from a unit load applied in a moving FOR: (a)  = ݒ20 m/s and ݂୫ =
20 Hz; (b)  = ݒ40 m/s and ݂୫ = 10 Hz.

A similar validation example was created to analyse the coupling between a load in a fixed
FOR and the resulting displacements in a moving FOR. Here, the mixed FOR model was compared to a full solution formulated only in a fixed FOR. In the same way as for the previous
validation case, using the full model, the displacement field of the soil surface was found in
time domain. Then the vertical displacements for a moving observation point were obtained by
changing the position of the point for every time step. Fourier transforming the time-domain
response for frequencies ݂୫ , the displacement spectra for a moving observation point were obtained. Two combinations of speed and stationary frequency were again investigated: Case 1
with  = ݒ20 m/s and ݂ୱ = 20 Hz; Case 2 with  = ݒ40 m/s and ݂ୱ = 10 Hz. Results of both approaches are given in Figure 2. Once again, the results agree well, this time confirming the
derivation given in Section 2.
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Figure 2: Displacements in a moving FOR from a unit load applied in a fixed FOR.: (a)  = ݒ20 m/s and ݂ୱ =
20 Hz; (b)  = ݒ40 m/s and ݂ୱ = 10 Hz.

Comparing the two validation examples, it is evident that the response spreads out through
the observer frequencies due to the Doppler effect, independently of which FOR the load was
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applied in. The range of affected frequencies dependent on the speed of the moving FOR. However, a load applied in the fixed FOR produces two symmetric peaks around the excitation
frequency, when observed in a moving FOR, while a load applied in a moving FOR produces
two peaks in the fixed FOR. Further, comparing the results of Case 1 for both cases, it can be
observed that the result in Figure 4 at ݂ୱ = 20 Hz and the result in Figure 5 at ݂୫ = 20 Hz show
exactly the same response. This confirms the symmetry between the two FORs implied by
Eq. (7). The same result is obtained by comparing the responses of Case 2 for both cases.
5.2 Validation of the modelling approach
To validate the modelling approach presented in this paper, it was compared to a sub-modelling technique, as described in [6]. A similar modelling approach was also used in [5]. In both
cases the sub-modelling approach was used to model an underground railway tunnel with a
vehicle travelling through it, in turn exciting a building structure above the soil. However, the
solution procedure can also be applied to surface railways and the system analysed in this work.
The method uses the free-field displacements of the soil caused by a passing vehicle, which are
later modified by introducing the building structure. Ensuring equilibrium and compatibility
between the degrees of freedom connecting the building and the soil, a solution for the building
displacements can be found.
Comparing the methodology proposed in this work with the sub-modelling technique, it becomes evident that the basic parts used for both solution procedures are identical. For example,
the free-field displacements from a moving load used in the two-step approach are identical to
the flexibility matrix used here. However, the assembly and solution of the full system is somewhat different, with the proposed methodology allowing a wider range of applications, such as
modelling rigid inclusions or allowing a two-way coupling between the two FORs. Further, the
sub-modelling technique, as applied in this work, is a two-step solution approach, as the wheelrail interaction forces are obtained in the moving FOR before being used to obtain the displacements in the fixed FOR.
As, both approaches use the same basic parts, it is relatively easy to compare them. For
comparison, a building structure, with six columns supporting two floors was used. The building is facing the railway track with its narrow side, which is 8 m wide, and the building is
supported by two columns at either side. The length of the building is 10 m in the direction
orthogonal to the track. In addition to the four columns placed at the corners, a column is placed
in the middle of each of the longer sides. Each storey is 4 m high. The whole building structure
is constructed from concreate with a Young’s modulus of 30 GPa, a Poisson’s ratio of 0.15, a
mass density of 2400 kg/m3, and loss factor of 0.03. The columns have square cross-sections,
with one side equal to 0.3 m, while the floors are 0.25 m thick slabs. Since the sub-modelling
technique cannot directly model rigid objects, a flexible slab footing lies underneath the whole
building with the same thickness as the building floors. 3D beam elements were used to model
the columns, using Euler-Bernoulli beam theory to account for bending. The floors and the
foundation slab of the building were modelled using Mindlin-Reissner shell elements, accounting for bending as well as shear. All FE parts of the model were discretized with mesh size of
0.5 m, resulting in 4841 degrees of freedom in the system.
The soil is modelled as a half-space of sand, with the same properties as in Section 5.1. Both
systems were excited by a single passing vehicle, travelling at 40 m/s, exposed to a unit rail
unevenness, with a 4 m wavelength corresponding to an excitation frequency of 10 Hz. For
analysis, only a single excitation frequency is used, as the effects from multiple excitations
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frequencies are just added together due to the principal of superposition. Thus, a single excitation frequency is enough to evaluate how well both models perform. The test case is illustrated
in Figure 3.

Figure 3: Investigated case for validating the modelling approach. The vehicle is travelling from left to right,
with magenta nodes indicating the wheel positions. The red nodes indicate the observation points, while the
shades of colour indicate the vertical displacements (bright yellow is up, dark blue is down). Track unevenness is
not scaled.

Figure 4 shows the displacements of the building structure obtained at the centre of the
ground floor and the second floor where both approaches provide almost identical results, showing that the proposed method is performing well. At the same time, almost identical results
indicate that the back-coupling of the building structure to the railway track is insignificant.
Thus, for at least for the considered case, there is no significant difference whether on or the
other approach is considered.
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Figure 4: Displacements in a moving FOR from a unit load applied in a fixed FOR.: (a)  = ݒ20 m/s and ݂ୱ =
20 Hz; (b)  = ݒ40 m/s and ݂ୱ = 10 Hz.

5.3 Fully coupled system
A fully-coupled system solution approach might be necessary in cases where the modelled
structures are close to the railway track, introducing a significant change of dynamic stiffness
along the track. In that case, the re-scattered waves can have an effect on the vehicle behaviour
and the obtained wheel-rail interaction forces. Problems where these effects are important could
include modelling of tunnels underneath buildings, railway stations and various structures
nearby the tracks. Several such cases have been investigated by Coulier et al. [20], finding that
while the axial loads are not effected significantly, the vibration insertion gain for source–receiver transmission can be affected up to 10 dB, when using a fully coupled solution procedure.
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Another set of problems could include the sudden change of stiffness underneath the track, e.g.
when a concreate passage is constructed underneath the railway track.
To examine such a case, a test case was set up modelling a single vehicle traveling across a
railway track, as shown in Figure 5. The speed of the vehicle was 40 m/s. The vehicle and the
track properties are given in Tables 1 and 2. The soil was modelled as a 5 m layer of soft clay
sitting over a stiffer half-space of sand. The clay had a Young’s modulus of 80 MPa, a Poisson’s
ratio of 0.48, a mass density of 2100 kg/m3, and a loss factor of 0.05. The underlying sand had
the same properties as in Section 5. Underneath the track, at a depth of 1 m, a rigid block was
embedded within the soil. The block was centred at the position, where the travelling vehicle
centre line was located at time 0. The block was modelled as a 2D plate, placed in the horizontal
plane with one side equal to 2 m. It was discretized into 36 discretization nodes, with three
degrees of freedom per node. The system was excited by the deadweight of the vehicle only
applied at ݂୫ = 0 Hz, with no excitation from the rail unevenness. The system was assessed by
the fully-coupled modelling approach. As only the quasi-static effects of the vehicle were modelled, the considered frequency ranges are reduced. The one-sided frequency range of the moving FOR was 0-30 Hz, and the one-sided frequency range of the fixed FOR is 0-25 Hz. In the
computation, negative as well as positive frequencies were considered for either FOR, and each
range was split into 200 discrete frequencies.

Figure 5: Vehicle passing over a buried rigid block, at an instance where the leading wheel of the vehicle is directly above the centre of the rigid block. The vehicle is travelling at 40 m/s from left to right. The black line indicates the vehicle traverse line, with the magenta nodes indicating the positions of the vehicle wheel sets. Only
the two wheel sets of the front bogie are shown.

Rail mass per unit length
Rail bending stiffness
Rail loss factor
Railpad stiffness
Railpad loss factor
Sleeper spacing
Sleeper mass per unit length
Ballast vertical stiffness
Ballast mass per unit length
Ballast loss factor
Track width

60.0 kg/m
6.4 ή 10 N/m2
0.01
5.0 ή 10଼ N/m
0.1
1m
542.0 kg/m
4.64 ή 10ଽ N/m2
1740 kg/m
0.04
3.2 m

Table 1: Railway track properties.

Figure 6 shows the velocities obtained for the vehicle in the moving FOR as well as the rigid
block in the fixed FOR. It can be observed that the vehicle passing over a rigid block introduces
a significant excitation into the system, with the rigid block as well as the vehicle reacting to
the passage. In this system, the observed excitation of the vehicle is purely due to the weak
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coupling effects that are disregarded in the two-step procedure. The waves generated by the
passing vehicle are scattered by the rigid block in the fixed FOR and in turn excite a range of
frequencies in the moving FOR. These effects would not be accounted for when the weak coupling between the vehicle and structures is not modelled.
Mass of car body
Mass of bogie
Mass of wheel set
Car body pitch moment of inertia
Bogie pitch moment of inertia
Primary suspension stiffness
Secondary suspension stiffness
Primary suspension damping
Secondary suspension damping
Distance between bogies’ centers
Distance between bogie’s wheels sets
Herztian constant

40000 kg
5000 kg
1800 kg
2.0 ή 10 kg·m2
6000 kg·m2
2.4 ή 10 N/m
6.0 ή 10ହ N/m
30 ή 10ଷ N·s/m
20 ή 10ଷ N·s/m
19.0 m
2.7 m
5.14 ή 10ି଼

Table 2: Vehicle properties.
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Figure 6: Vertical velocities for parts of the vehicle (in moving FOR) and the rigid block underneath the track (in
fixed FOR). The vertical dashed black lines indicate time instance when the first and third vehicle wheels are
directly above the centre of the rigid block. The response is shown for: (a) the first and the third vehicle wheels;
(b) both vehicle bogies; (c) rigid block underneath the track.

From the wheel velocities shown in Figure 6(a), it can be seen that both leading wheels of
separate bogies produce very similar results. However, the excitation due to the first wheel
passage over the rigid block generates a wave that excites the third vehicle wheel, even before
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it reaches the rigid block. A similar effect is also observed after the third wheel passes over the
rigid block, where the generated wave travels forward and excites the first vehicle wheel. A
very similar behaviour is also observed on the bogies. When comparing these secondary excitations, it can be seen that the reaction of the third wheel due to the first wheel passage is higher
than the excitation of the first wheel due to third wheel passage. This is due to the Doppler
effect of the wave travelling through the rail, as the third wheel is travelling towards the wave
propagating form the first wheel, while the wave generated by the third wheel must ‘catch up’
to the first wheel. From the rigid block displacements, it can be observed that the largest velocities are reached just before the leading wheel of a bogie reaches the centre of block. Interestingly, to obtain the same displacements of the rigid block, a fully-coupled system solution
approach is unnecessary, as the partly coupled solution provides results that are almost identical.
For the analysed case, it can beconcluded that the fully coupled solution approach is only necessary if the vehicle behaviour is of interest, for example for assessment of driver and passenger
comfort, or if the track and wheel wear is to be assessed.
6

CONCLUSIONS
The paper introduced a new modelling approach for the estimation of environmental vibration resulting from railway traffic. A model of a coupled vehicle-track-soil-building
system was introduced with two approaches proposed for assembly and solution of the
whole system: the partly-coupled approach and the fully-coupled approach. Both solution
approaches use a single step procedure with one approach considering a fully-coupled system, while the other approach discards some secondary coupling effects for a more computationally efficient solution procedure.
A semi-analytical model was utilized to model the soil to which rigid objects and structures
modelled by the FE were coupled. The proposed modelling approach uses the frequencydomain solution with some parts, such as the railway track, formulated in the moving FOR
and other parts, such as building structures, formulated in a fixed FOR. The coupling terms
between the two FORs are found by utilizing an analytical formulation of receptance between the two FORs. It has been established that due to the coupling between the fixed and
moving FORs, the previously uncoupled discrete frequencies become coupled through the
other FOR as a result of the Doppler effect and wave scattering. Thus, additional consideration is needed when modelling such systems.
The proposed methodology is a robust approach that does not suffer from numerical instabilities, due to the usage of frequency domain solutions. A wide range of cases can be
assessed, including the modelling of rigid objects in or on the ground and flexible structures modelled by the FEM, interacting with the soil. Using the proposed partly-coupled
solution approach, the computations can be easily parallelized, thus providing a relatively
fast and efficient computational method. Further, the suggested fully-coupled solution procedure is useful in cases where the weak coupling between the vehicle and structures cannot be discarded.
The analytically derived coupling terms between the two FORs were validated by comparing with models formulated in a single FOR. Further, the partly coupled solution procedure
of the full system was compared to a solution procedure in which the weak coupling is
completely discarded. The two solution procedures have been found to provide almost
identical results, validating the proposed partly coupled solution procedure while, at the
same time, indicating insignificant back-coupling in the considered case.
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To demonstrate the capabilities of the numerical model and the potential of the fully-coupled solution procedure, the response of a vehicle passing over a buried rigid block was
investigated. It was been found that the fully coupled solution procedure can predict the
weak coupling effects between the vehicle and the structure, producing a vehicle response
distributed through frequencies, when the load is applied only at a single frequency. Thus,
in the present example, the modes of the vehicle were excited parametrically by the waves
scattered from the rigid inclusion as a result of the passing deadweight of the vehicle.
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Abstract. With the increases in train speed in recent decades, it is important to define the
track-ground critical velocity to prevent high track dynamic amplification. This is affected by
wave propagation in the soil layers and track supporting the moving load. Therefore, this paper investigates the important variables that influence the critical velocity and dynamic amplification based on three case studies of track-ground dynamic problems, which are: the
presence of low stiffness soil layer, track shakedown and soil improvement. Three modelling
strategies (analytical, hybrid analytical-numerical and 2.5D numerical) are used to analyse
the different track-soil problems. The findings provide a better understanding of critical velocity and dynamic amplification. These are useful when considering a new track-ground design or improving the existing railway lines.
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1

INTRODUCTION

In recent decades, global railway transportations put a great effort into providing the service with higher train capacity and faster journey time; thus, the increase of operational train
speed is required. This can bring the problems to engineering practice when the increased
train speed approaches to the critical velocity of the track-ground system. By definition, the
critical velocity is the minimum threshold speed of the moving and non-oscillating load that
wave commences propagation within the supporting track-ground ( [1], [2], [3],[4], [5]).
At critical velocity, high levels of dynamic track-ground amplification occur and lead to
the accelerated track degradation, including the elevated ground-borne vibration in the freefield ([6], [7]). These phenomena are undesirable on the railway line because they directly
concern the safety risk and require the various expensive and advanced solutions to remediate
[8]. To prevent such negative impacts, it is essential to define the influential variables related
to track-ground dynamics issues, in particular, critical velocity and dynamic amplification.
This is because the behaviour and response of track-ground dynamics can become more significant when experiencing high-speed moving load [9].
Existing railway standards for high-speed track attempt to consider the track behaviour and
using a basic function of static response and speed to calculate dynamic response [10]. However, this concept is insufficient to achieve an accurate assessment of the complexity of wave
propagation within track and soil because of the variety of track types and ground conditions.
Several models have been developed and proposed in the literature, aimed to investigate
the dynamic track behaviour due to the moving load. Basically, [11] used analytical methods
to model the problem by considering the moving load over an elastodynamic medium. With
this approach, the dispersion characteristics of track and ground can be analysed, and the critical velocity can also be derived from the dispersion curves ([12],[13]). Better than the pure
analytical simulation, the problem has been modelled semi-analytically ([14],[15]) where the
analytical methods are applied for only track structure whereas the 3D soil is simulated using
the Green’s functions in terms of wavenumber-frequency domain [16]. These simulations are
useful to achieve a better understanding of the relationship between moving speed and dynamic displacement amplification while the computation requirements are relatively low.
However, when the track structures are more complex, they are still unable to overcome those
limitations and complexities.
Alternatively, the 2.5D model has been developed which assumed the track as an invariant
structure in the direction of train passage. With this simulation, the number of degrees of freedom are reduced by discretising the track into 2D slices and then capture the response in 3D
using a transform ([6],[17],[18], [19],[20]). This is beneficial because it is capable of analysing a relatively complex track and soil conditions, with much lower run times compared to 3D
model [21]. For the non-repetitive geometry (for example, transition zones or singular defects), 3D modelling has become an attractive alternative, presenting with a series of brick
elements for individual track-ground components. Thus, ensuring the more accurate results in
stress and strain field ([22], [23],[24],[25]).
In this paper, the effect of track-soil problems (a presence of low-stiffness soil layer, track
shakedown and soil improvement) on dynamic track-soil behaviour, particularly, dynamic
amplification and critical velocity will be investigated and analysed. Due to the complexity of
such problems, track and soil geometry can be considered repetitive. Therefore, an analytical,
semi-analytical and 2.5D numerical model are sufficient to perform the analysis above. The
remaining sections of this paper are arranged in order as follow. In section 2, three modelling
approaches are described. The modelling analysis of three track-soil problems will be presented in section 3.
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2

MODELLING STRATEGIES

In this paper, three different approaches have been developed individually to analyse each
problem. The detail of each modelling strategy is described as follows.
Strategy 1 (Analytical): As outlined in [13], analytical expressions are used to compute the
dispersion relationship between track and ground. Once the dispersion curves have been plotted, the critical velocity can be identified. For example, the track and soil dispersion curve in
terms of wavenumber and phase velocity, as shown in Figure 1, derived from the concrete
slab track model with two-layered soil support. Both sub-figures point out that the critical velocity occurs at the intersection point between track and soil dispersion line. For phase velocity, it is straightforward to read to critical velocity, whereas the calculation is required for
wavenumber representation, using the frequency divided by wavenumber.

Figure 1: Dispersion relation (a) Wavenumber (b) Phase Velocity

Strategy 2 (Semi-analytical): The track and soil are modelled separately using different
methods. An analytical approach is applied to model the track while the ground is modelled
using the thin-layer element method (TLM). The thin-layer element and Green’s function of
soil are used to compute the equivalent soil stiffness in the wavenumber-frequency domain,
and such stiffness is then used within a track model to compute the coupled track-ground response, as shown in Figure 2 [26].

Figure 2: Track-ground interface of a semi-analytical model

Strategy 3 (2.5D numerical): The 2D geometry of track and soil structure are defined using
eight-node quadratic finite elements and solving in the frequency domain Absorbing bounda-
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ries are created to alleviate the reflection at boundaries, as presented in Figure 3, and the
transform is then used to capture the 3D response ([18],[27]).

Figure 3: Simplified model of 2.5D modelling method

3
3.1

MODELLING ANALYSIS
Modelling parameters

To generate less complicated models and simulations, only slab track is used throughout
this paper, with the properties as shown in Table 1. For the soil properties, Young’s modulus
is varied in each section depending upon the purpose of informing discussion, and the Poisson’s ratio and density are constant at 0.35 and 2000 kg/m3 respectively. Regarding the analysis layout, the soil problem with low stiffness magnitude are presented first, followed by the
track shakedown, and remediation solutions for soil are given in the last section.
Component
Rail
Railpad
Slab

Properties
Bending stiffness (Nm2)
Mass (kg/m)
Stiffness (N/m)
Damping (Ns/m)
Height of slab (m)
Young's modulus (MPa)
Half-track width (m)
Density (kg/m3)

Value
1.29x107
120
5x108
2.5x105
0.35
30,000
1.25
2500

Table 1: Track material properties

3.2

Low stiffness soil layers

In general, the stiffness of soil stratum increases with depth because of the historical earth
pressure. An example of dispersion curves for the typical soil layers, which the upper layer
contains low stiffness soil (30, 75 and 100 MPa) overlying high stiffness soil (150 MPa) are
illustrated in Figure 4(a). It is seen that the soil phase velocity is relatively low when the small
magnitude of soil stiffness occurs. In contrast, with the natural processes [28] or localised soil
improvement [26], the low-stiffness layers can arise below the top surface zones, possibly
causing an increase in soil phase velocity. To illustrate the effect of this scenario on track and
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earthwork design, the example of an upper layered soil with 100 MPA stiffness and 6m depth
overlying an infinite thickness of soil layer with 50 MPA stiffness is generated. The result of
the relationship between train speed and maximum rail displacement is shown in Figure 4(b).
It is seen that two peaks occur at similar speeds to the shear wave velocities of two different
soil layers. The first peak can be defined as critical velocity which the elastodynamic wave
energy commences propagating in low-stiffness layers and the train moving speed is located
at the second peak with the highest dynamic amplification. Apart from the theoretical impact,
it also affects the engineering practice because the expensive and advanced solutions are required for soil improvement.

Figure 4 : A presence of low stiffness soil layer: (a) dispersion curves when low-stiffness overlying highstiffness, (b) Maximum rail displacement curve when low-stiffness underlying high-stiffness

3.3

Track shakedown

With the repeated passages of moving train, track deformations can be both elastic and
plastic. Its response can be classified into three main stages: elastic, elastic shakedown, cyclic
plasticity and ratcheting depending on moving train loading as presented in Figure 5
([29],[30],[31] ).

Figure 5: Elastic- Perfectly Plastic behaviour during cyclic loading

For the early stage of elastic, this happens when the train loading is low and does not exceed the elastic yield limit. The permanent track settlement does not appear because the track
behaviour is fully elastic with no accumulated strain.
The more adverse stage is elastic shakedown. When train loading is high and exceeds the
elastic yield limit for initial train passages, the track will settle with the short period and then
return to elastic. The additional train passages at the same loading have no significant impact
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on the permanent settlement unless the train loading increase. The reason is that the total
stress field (resulting from the combination between the accumulated remaining stress during
the initial load cycles, incremental stress from train loading and at-rest stress field) does not
affect the yield limit.
The last stage is cyclic plasticity and ratcheting, which is the most critical scenario because
the permanent strains occur during each train passage due to the very high train loading exceeding the elastic limit. Such strains, then, induce the instability of track permanent deformation, leading to the increased permanent settlement and ultimate failure.
Regarding the stage of track deformations above, it points out that the elastic shakedown
stage plays an important role in track failure because the failure will occur when train loading
equal or exceed the elastic shakedown limit. The influential factor for defining this limit are
the material properties of track & subgrade, loading aspects (for example, speed and geometry)
and level of track dynamic during train passages. To investigate the relationship between the
elastic shakedown limit and train speed, an example of the homogenous ground with Young’s
modulus of 71 MPA and varying friction angle, ϕ = 20˚-35 ˚ are created [32]. The results are
plotted, as presented in Figure 6. It is seen that the elastic shakedown limit tends to decrease
when the train speed increase for all varying friction angles and the minimum value of shakedown limit can be found at critical speed of 116 m/s. Therefore, the track failure can occur at
equal to higher than this speed. However, the analysis above is based on a single moving load,
and if considering full train geometries, the shakedown limit will likely be reduced.

Figure 6: The relationship between train speed and elastic shakedown limit

3.4

Soil improvement

As mentioned in section 3.2, sandwiched low stiffness layers can cause the multiple dynamic amplification factor (DAF) peak generation and significant stiffness contrast. This is
challenging to find out the reasonable solutions that can increase the soil stiffness while the
cost is needed to be optimised. Therefore, in this section, two main solutions will be considered and discussed.
x

Soil replacement
This is the fundamental practice to improve the soil stiffness by replacing the
existing softer soil with the stiffer soil throughout the localised layer. The challenging
tasks are to determine the optimisation between the magnitude of stiffness improvement and replacement depth, with respect to construction cost.
To illustrate this, the example of an original homogenous half-space soil with
the stiffness of 45 MPa is created. Then, the soil is locally stiffened by varying five
discrete depths (1 to 5 m) and three stiffer magnitudes (100, 200 and 300 MPa). After

2723

P. Chumyen, D.P. Connolly, K. Dong, P.A. Costa, P.J. Soares and P.K. Woodward

simulating the model, the results of all variation cases are plotted, as shown in Figure 7.
It is seen that the improvement depth and stiffness magnitude have a non-linear relationship with track deflection. When considering the improvement depth of 1 m, only
300 MPa of stiffness results in lower rail displacement compared with the benchmark
case with no improvement (see the dashed line in Figure 7). The reasons are that the
train speed is higher than the critical velocity of the original soil, including the increased stiffness shifts the DAF peak closer to train speed [26].
Apart from at 1 m depth above, it is seen that the lower deflections occur when
the stiffness magnitude increase. Interestingly, the complex relationships between improvement depth and magnitude stiffness are found at a different level of deflections.
For example, 1 m of 300 MPa improvement presents a similar displacement as 2m of
100 MPa, as well as 2 m of 300 MPa and 5 m of 100 MPa. Therefore, to maximise performance and minimise cost, different combinations of both variables are essential to
be considered.

Figure 7: Soil replacement optimisation considering improvement depth and stiffness magnitude

x

Discrete soil stiffening
In contrast with soil replacement, soil can be stiffened discretely by either placing stone columns or performing jet grouting. To investigate the performance of both
methods, two-layered soil models are created with the thickness of 4 m and 102 MPa of
stiffness for the upper layer while the infinite depth of lower layer is modelled with 468
MPa. Then, nine stone columns with diameter of 0.8 m and a stiffness of 160 MPa
were placed at the top layers with 1.6 m of spacing while the jet grouting was performed at five locations at 3.48 m of spacing in top layer with 0.7 m of diameter and
stiffness of 1 GPa for another model as shown in Figure 8.
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Figure 8 : Discrete soil stiffening model (a) stone column, (b) jet grouting

The results of dynamic amplification for both methods, including the nonimprovement case (considered as benchmark case) are plotted, as shown in Figure 9.
Such curves from two methods have been normalised as regard to the static displacement of the benchmark. When considering dynamic amplification aspect, using stone
column and jet grouting provides a benefit of 12% and 39% respectively compared to
the benchmark. Besides, both methods also offer an advantage on critical velocity, 7%
when using stone column and 22% for jet grouting. However, these benefit can be affected if the quantity, dimension and stiffness of stone column and jet grouting are
changed. Therefore, these three variables above are required to consider when optimising cost and performance of these two methods.

Figure 9: Normalised rail displacement curve when using a stone column and jet grouting

4

CONCLUSION

This paper aims to analyse the dynamic behaviour due to various track and soil problems
which involve low-stiffness soil layers, track shakedown and soil improvement. Three types
of modelling strategies which consist of analytical, semi-analytical and 2.5D numerical model
are developed individually to simulate an example for each problem.
The analysis shows that the presence of sandwiched low stiffness layers can result in a
higher level of complexity of soil wave dispersion, with respect to critical velocity. For track
shakedown issue, it is found that the elastic shakedown limit is considered as an important
factor for the likelihood of track failure due to train loading. Besides, the shakedown limit is
highly sensitive when train speed increase. Soil improvement is also examined with two remediation solutions which are soil replacement and discrete soil stiffening. For soil replace-
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ment, an improvement depth and stiffness magnitude of replacing soil are essential variables
for optimisation of the cost and performance. The relationship between these two variables
and track deflection are both non-linear. Lastly, the stone column and jet grouting are considered as discrete soil stiffening method. Two solutions can increase the critical velocity and
reduce the dynamic amplification, while jet grouting has a more significant impact on such
parameters compared to the stone column.
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Abstract. Assessment of environmental vibration of railway lines can take many forms, often
depending on the skills and tools of whoever carries it out. In order to protect stakeholders
from this arbitrariness and to reduce assessment costs, the Dutch government has commissioned the design and implementation of a screening model for railway vibration. After a
study on the state-of-the-art of different methods a methodology has been chosen. This has
been carried out and the model is now taken into service.
In our state of the art study we found that the best approach is to combine a database of vibration forces of different train types for different soil conditions with a numerical model of
the soil and an analytical model of the building. This is also given by the type of data that is
usually available in environmental impact studies. Key parts are the existence of an extensive
soil database in the Netherlands as well as a 6-monthly update of the track geometry. An important issue we addressed was controlling train-track-soil interaction in such a hybrid model
given the soft soils that are typical for the Netherlands. We also gave a thorough treatment of
all the variations and uncertainties.
What is achieved now is a model where users input general information like geometry of the
track and the types, speeds and number of trains into the model. The model itself collects detailed information from various databases, builds an FEM model and runs its calculations
resulting in expected exposure values and their bandwidth. Validation will show to what extend this model can be used.
This paper focusses on the schematization of the problem and the measurement of vibration
forces.
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1

INTRODUCTION

Current procedure in The Netherlands for environmental vibration impact studies of railway projects is the common three step approach: 1. scoping (setting a distance contour around
the project and finding relevant buildings); 2. screening (identifying possible exceedance of
criteria); 3. detailed predictions (targeting identified locations). As the third step can be quite
costly, a good screening procedure is very important. As most projects involve existing lines
(to be upgraded), measurements as a central part of the screening is a possibility and in fact
the main method right now. Any model to replace that should at least deliver the same quality,
in terms of the avoidance of false positives (wrongly identifying buildings) and false negatives (missing the right buildings). It implies that the model should be especially at his best
around the criteria levels and that the model should provide information about its reliability,
for users to make it possible to choose the level of certainty that suits their purpose. Another
important requirement is that it does not need more input than is available in a screening
phase. A nice to have for a screening model is that it is also of use for detailed predictions,
for instance by allowing parts of the screening model to be replaced by alternative modelling.
That way a detailed study can focus on a part without the burden of building a complete alternative model.
A state of the art study [1] learned that such a model, applicable to typical Dutch soils
(ranging from very soft to sandy), is not readily available nor can be easily derived from existing similar models. For instance: an existing Dutch commercial screening model 1, completely based on empirical data, lacks information about its reliability. The Swiss model VIBRA-2
is not applicable to soft soils. Current procedures involving the combination of a train-tracksoil model, a ground-propagation model and a building response model require too much details.
The models that are available, according to the state of the art study, fall into three categories:
1. Empirical models. They often offer solutions for the complete problem: source, soil
propagation, building response. However they lack known reliability and cannot be
transposed from their empirical base to other soils, trains, etc.
2. Detailed models. They offer only solutions for parts of the problem: either the source,
or a part of the propagation. Their use requires input that is often not available during
screening.
3. Machine learning models. As with empirical models loads of measurement data are
statistically treated but instead of deriving closed expressions or look-up tables, networks (neural nets, random forests, etc.) are trained on it. They require a quantity and
quality of empirical data that is not yet available in The Netherlands.
It has become clear that any new screening model would involve a combination of models.
Empirical models suit the level of detail during screening, detailed models make it possible to
transpose the empirical models, statistics is needed to learn about the resulting reliability.
2

SCHEMATIZATION OF OURS
OURS 2 is built up like noise models used for environmental assessment:
x The source part is empirical
x The propagation part is detailed

1

VibraDyna, Movares
OURS is an acronym, Ontwikkeling Uniform Rekenmodel Spoortrillingen, which is Dutch for “development of
a uniform calculation model for railway vibration”
2
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x The building response is empirical/detailed
Different from noise models is that the propagating medium, the soil, influences both the
source and the building response. The detailed soil module therefore also feeds into the
source module and the building module.
Similar to noise models, each part of problem is described in the frequency domain. Modules generate octave band spectra with mid frequencies 2, 4, 8, 16, 32 and 63 Hz. The main
metrics that the model needs to produce are of a peak nature: Vmax and Vtop. They are the
maximum over a week of the maximum of each pass-by. The model works with an average
over a week of the root-mean-square of each pass-by. This supports the use of spectral analysis. The peak metrics are derived afterwards based on statistical assumptions about the distribution of the vibration amplitude during a pass-by and the distribution of peak levels among
pass-bys.. That procedure is already in use for common railway vibration measurements in
the Netherlands [2].
2.1

Source

The kinetic energy of the forward moving train is the actual source of environmental vibration. Irregularities, like track unevenness, track stiffness variation, discontinuities, wheel out
of roundness, etc. transform part of this energy into propagating waves. Quasi static excitation caused by the moving axle load only lead to propagating waves above a certain critical
speed but also generate a near field below that speed which for soft soils can be considerable.
The mechanics of the train, the track and local soil influence how much power is injected into
the ground and at which frequencies. OURS does not model all that in detail. Instead, the
combined source mechanisms are modelled as one “equivalent” point force on the track,
equivalent in the sense that it generates the same vibration levels at a given distance, of 25
meter, from the track. The assumption is that the source power is proportional to the square
of the excitation force of the train-track system on the soil.

Figure 1: Measurement procedure for use of the equivalent force characterization of a railway track. Using a
drop weight the transfer mobility from point 1 to point 2 is measured. Assuming translational symmetry of the
ground and regarding the embankment as part of the source, that transfer mobility is taken to be valid also for the
train-track system towards point 1.

The distance of the evaluation point (distance a in Figure 1) is determined from a sensitivity study performed by Hoving [3]. In that study, a physically complete, though simplified
numerical model of the train-track-soil system is set up to determine the minimal distance a
where the transfer mobility from track to point 1 is not influenced by the train and the track.
That distance can be considered the border between source and propagation path and the
evaluation point for an equivalent force method.
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A drop weight generating a force F on point 1, 25 meter from the track, leads to a velocity
response v of point 2 at a distance of 25 meter from point 1. The ratio is the transfer mobility
over 25 meter, denoted by Y25:
(1)
Assuming translation invariation, Yo also describes the transfer mobility from a point directly under the embankment to point 1. Measuring the velocity at point 1 during a train passby, a force can be calculated that is characterizes the active train-track-system as a source
equivalent to a drop weight:
(2)
The force levels are determined from in situ measurements. How this is done precisely is
described in chapter 3. It leads to a database of force spectra for a range of train types, with
different speeds, on certain measurement locations. This database constitutes the main part of
the source module of OURS. However, this is not enough for describing the source.
Equivalent forces are characteristic for the measurement circumstances under which they
are determined: of course train speed and track conditions, but also soil conditions. An algorithm is needed to transpose the measurement data to different conditions. For train speed,
that can be a simple case of interpolation between measurement data, given that sufficient
speed variation is available in the database. For track conditions, the force can be scaled, given that condition measurements from monitoring trains are available. However, for the embankment as well as for soft soils there is a problem that cannot be solved as easily.
When the receiving system, especially the soil, is relatively soft, the assumption that the
source power is proportional to the excitation forces breaks down. The relative mobilities of
source system and receiving system influence the actual power injection. This interaction has
to be taken into account. In structural acoustics, this is done by introducing a coupling function that is dependent on de mobilities of the subsystems. For railways lines this is difficult:
the two dimensional interface between the subsystems complicate the coupling function and
complicate the measurement of the needed mobilities.
For OURS, a more simple approach is chosen to take the influence of the soil on vibration
generation into account. For each type of train, the equivalent force is determined on two
very different soils: a very stiff one and a very soft one. The soil mobility of each of those
two locations, already needed to determine forces from measured velocities, become part of
the source description. For any location where a prediction is needed, the equivalent fore is
determined by interpolation between the two measurement sites based on the mobility of the
prediction site. The latter mobility is determined by the same module that calculates the
ground propagation.
The interpolation parameter that weights the relative contribution of the soft soil measurements and the stiff soil measurements is determined as follows:

(3)
In this formula, Z with an arrow up is the transfer impedance (reciprocal of the transfer mobility) of the stiff soil and Z with the arrow down likewise for the soft soil, i is the index for fre-
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quency bands, Y25 is the calculated transfer mobility of the soil. Given that soil mobilities can
differ by an order of magnitude or more, a logarithmic scaling is chosen.
For a certain situation to be evaluated, the equivalent force of a train can thus be calculated
from the measured equivalent forces at two sites:

(4)
In this formula, V stands for the train speed. The exponent n for the influence of the train
speed on the equivalent force is also determined at the two measurement sites, each with their
own appropriate reference speed (being the median speed at that location).
2.2

Ground propagation

A rather unique opportunity for soil characterization, needed for any propagation model, is
the availability in The Netherlands of an extensive and continuously growing database of cone
penetration tests (CPT’s). For about 80% of the railway system, at least one CPT is available
within 600 meter distance. This trove of input data makes it feasible to employ a detailed
numerical model. Chosen is to start with implementing a 2D axial symmetric finite element
method. Possibly this will be accompanied in the future by a full 3D FEM implementation,
for instance for assessing tracks not on grade, mitigation measures, etc.
After drawing from the CPT database, a 2D FEM is built, meshed and solved in the frequency domain. This automated process is implemented into OURS and does not require any
commercial FEM code.
The ground module generates transfer functions, for use of calculating the decay over distance as well as point mobilities. These point mobilities are used for taking soil-structure interaction into account, for the source as well as for the building. For the source, the calculated
mobility amplitude is used to interpolate between the measured ground mobilities in the
source database (see paragraph 2.1). For the building, the calculated complex mobility is
combined with a calculated complex building mobility to determine a coupling function (see
paragraph 2.3). Also, at the position of the building, the speed of the incoming waves, of
whatever nature, is determined for use of the building response.
Choosing a 2D solution over 3D has the benefit of fast calculation but has the drawback
that the actual 3D geometrical decay is not represented fully in the 2D solution. This is remedied by imposing the missing extra dimension afterwards.
Choosing to describe the soil with a 2D model in the frequency domain has the drawback
that the moving load effect cannot be represented correctly. The near field decay related to
the pass-by of an axle cannot be determined from a transfer function. This can be helped by
treating the moving load effect completely separately in the time domain, adding axle loads to
the source database and using the FEM representation for static deflection tests. This is not
implemented in OURS yet.
The ground module is described in more detail in another paper of this Proceedings.
2.3

Building response

The assessment of environmental vibration mainly involves annoyance. To a lesser degree,
for railway vibration, structural damage is also an aspect to be accounted for. According to
the Dutch regulation [4] in use for annoyance, vibration possibly leading to annoyance is
evaluated at the floors of buildings. Vibration possibly leading to structural damage is evaluated at the foundation of the building, according to a generally excepted guideline [5]. In ei-
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ther case, a building response model is needed and should take account of soil – structure interaction. To calculate vibration levels on floors, the dynamics of the building structure as
well as those of the floors need to be described.
The building response module of OURS is an analytical model in the frequency domain. It
takes in information about the nature of the structure and the floors as well as the point mobility and the wave speed in the ground as a function of frequency. From that input, it calculates
transfer functions from a green field soil to the foundation and to the floors.
A more detailed description is outside the scope of this paper.
3
3.1

MEASUREMENT METHOD FOR SOURCE DESCRIPTION
General

In OURS, a train type is described by at least two locations, each delivering an equivalent
force and the mobility of the soil on which this force is measured. Force and mobility are octave spectra. The mobility is a transfer mobility over 25 meter, determined from a drop
weight test. The force is the root-mean-square (rms) of the ground velocity during pass-by,
on 25 meter distance from the track, divided by the mobility.
To reduce the influence of varying soil conditions at the measurement location as much as
possible, the following precautions are made:
x locations on one side of a track are used with an area of about 200 meter by 200 meter
that only contain grass land, without ditches or elevations
x 9 vibration measurements points are used, each at least 2D, preferably 3D. The horizontal of a 2D sensor is oriented towards the source (track or drop weight), a horizontal
of the 3D sensor is oriented towards the track.
x for placing the measurement equipment, first the top layer, often about 25 cm, is removed
The drop weight test is performed at each of the 9 measurement points, not only to then later
average mobilities, but also to identify possible deviated local soil conditions, to be taken into
account during post processing.
To reduce the influence of variation between trains of the same type, at least 50 pass-by’s
are required, which are averages later. In practice, the measurements continue for at least 2
weeks.
To determine train type and track number a webcam is used and software is trained on the
resulting images. To determine train speed a speed radar is installed.
3.2

Measurement procedure

At each measurement location, after careful selection of such a location, the following procedure is followed.
1. A mesh of 3x3 of 50 by 50 meter is set out on 25 meter from the nearest rail of a railway track. See Figure 2.
2. At the 9 mesh points vibration equipment is installed. After removal of the top layer,
first a sufficiently stiff plate (first mode>160 Hz, size 30 cm x 30 cm) is positioned and
on top of that the sensor is placed. The hole is covered to avoid sensor excitation by
rainfall.
3. Webcam and speed radar are installed close to the track and set to run and save continuously.
4. The area is closed down: no cattle or farming or humans allowed.
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5. Triggered by a pass-by, full time signals of all 9 points are collected and saved with a
pretrigger and posttrigger of 2 seconds.
6. After at least two weeks of measurements, at the last two days a drop weight of at least
300 kg is brought and used to perform the mobility measurements. The drop weight is
equipped with an accelerometer to determine the excitation force. The weight is
dropped on a plate of about 1 m2, near each of the 9 measurement points. At least 6
drops at each point: 3 at maximum impulse and 3 at 30% of maximum impulse. Each
time the full time signals of all measurement points are collected. In addition to the 9
fixed vibration sensors, there are 4 1D vibration sensors that accompany the drop
weight and are positioned around it.
At least 8 seconds of signal, including a pretrigger of 1 second, is recorded.

Figure 2: Measurement grid, next to the track. The lines V, Z and H are on a distance of resp. 25, 50 and 75 meter from the nearest rail

The equipment needs to fulfill the next requirements:
x Vibration measurement equipment must fulfill the requirements according to the Dutch
guideline SBR B [6] (a.o.: measurement range of 1 to 80 Hz, with a resolution of 0.01
mm/s). The four extra sensors placed around the drop weight need to have a resolution
of 0.001 mm/s.
x For the pass-by measurements, the sample frequency is at least 500 Hz. Synchronization between the sensors of 1 second is sufficient.
x For the drop weight measurements, the sample frequency is at least 1000 Hz and all
sensors need to be in sync.
x The drop weight should be able to generate a maximum impulse of at least 1000 Ns.
3.3

Post process procedure

First the drop weight tests are processed.
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For each drop, the time signals of the four “traveling” sensors are averaged to one signal.
For each drop weight test location, the transfer function estimate from the accelerometer on the drop weight to each of the measurement channels is determined. Preferably
the estimate is based on a pwelch procedure.
If in the field accelerometers instead of velocity sensors are used, the transfer functions
are divided by the angular frequency.
The transfer functions are divided by the mass of the drop weight, resulting in a mobility.
The transfer functions are spectrally averaged to octave band spectra.
Along with the transfer function estimate, the coherence is determined. The coherence
can turn out to be insufficient for large parts of the spectrum, for instance because the
drop weight bounces too much or local deformation of the soil underneath the drop
weight plate occurs. In that case, instead of determining transfer function estimates,
each measurement channel is filtered to octave bands and spectra are generated bases
on the root-mean-square of the full signal. The mobilities are derived from the ratio of
the spectra, after corrected for drop weight mass. If in the field accelerometers are
used, the time signals are first integrated.
For each test location, the point mobilities (derived from the 4 traveling sensors) is
compared to the mobility derived from the vertical direction of the field sensor at that
location to investigate the validity of the field sensor. In case of a considerable deviating spectrum, that sensor is removed from all measurements, including the pass-by’s.
The 9 point mobilities are also compared mutually to find outliers to be removed from
all measurements.
From the remaining mobilities, all the 25-m “neighbor” mobilities for the vertical direction are selected. The inverse is taken to yield the impedance. These impedances
are averaged, thus resulting in what is called, in OURS, Zo. Multiplication of Zo with
a velocity measurement on a 25 meter distance gives an equivalent force.
From the neighbor mobilities the horizontal in the direction of the drop weight is divided by its vertical. These are averaged, resulting in what is called, in OURS, Yratio.
That parameter is used to derive a vertical force to horizontal velocity mobility from Zo.

Then the pass-by’s are processed.
x The time signals are put through an octave filter bank.
x The signals, including the original unfiltered one, are further treated according to SBR
B: the frequency weighting related to human perception is applied in the time domain,
the signal is convoluted with an exponential filter with a decay time of 1/8 second, resulting in a DC signal.
x For each channel from the unfiltered but SBR-B treated signal the moment that the
maximum (called “Veff,max” by SBR-B) occurs is determined. For that moment and 5
seconds (±2.5 seconds) around it, the root mean square of the octave filtered and SBRB treated time traces is determined. This results in what is called, in OURS, a Vrms,5s
per octave band per measurement point per vibration direction per pass-by.
x The decay over distance, from 25 to 50 and 75 meters from the track, for the vertical
and the horizontal vibration directions, is determined by curve fitting an exponential
decay on each pass-by and average the results.
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The Vrms,5s spectra are multiplied with correction spectrum that accounts for the
amount that the local track geometry deviates from the Dutch mean as determined by
the most recent visit from a track monitoring train.
Using the distance decay, the Vrms,5s on 50 and 75 meter are translated to a prospected spectrum at 25 meter. For multiple tracks, pass-by’s on the tracks further from the
field are translated to the first track, using that same distance decay relation.
Each Vrms,5s is multiplied with Zo to yield an equivalent force spectrum.
Per type of train, all force spectra of that type are collected to fit the exponential of the
relationship between train velocity and equivalent force. This exponential becomes
part of the source database.
After applying train speed correction, for each type of train all equivalent force spectra
are averaged, yielding Feq, which becomes part of the source database.
MEASUREMENT RESULTS

In 2018, specialists from the company Cauberg-Huygen have carried out source measurements at 3 locations in the Netherlands: Best, Schalkwijk and Nijkerk. Best and Nijkerk are
chosen for their stiff soil (sandy), Schalkwijk for its very soft soil (clay).
From this experience, some lessons are learned. One involves the drop weight. Applying
an elastic layer under a drop weight is an often used method to skew the excitation spectrum.
Varying that layer makes it possible to “scan” a considerable frequency range. Eventually it
turned out, for this procedure, that just using one very stiff rubber (of unknown Youngs’s
modulus though) is sufficient.

Figure 3: Impedance over 25 meter Zo, as determined by drop weight tests on three different locations in The
Netherlands. The variation coefficient in each band is about 30%.

Some results are presented in figures 3, 4 and 5. First the measured impedances are shown.
For the purpose of investigation, the impedances are evaluated for third octaves instead of octave. Around 8 Hz, an important frequency for railway vibration on soft soils, the difference
between the stiff soils and the soft soil is an order of magnitude. Around 63 Hz, the soft soil
has a much higher impedance over 25 meter.
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Figure 4: Equivalent force of a VIRM passenger train at 135 km/hr as determined on three different locations.
The variation coefficient in each band is about 30%.

The equivalent force for a very common and very significant train type, the double deck
passenger train VIRM, is shown in 4, for each of the three locations. It illustrates the influence of the soil on the equivalent force. Remarkable is that for the main part of the frequency
range, not the one soft location but one of the two stiff locations stands out: Nijkerk. From a
stiffer soil higher forces are expected so the current assumption is that it is actually the other
stiff location, Best, that is deviating from expectations. Either way, these results are not fully
explained yet and are still under investigation.

Figure 5: Power, injected into propagating waves, by VIRM passenger trains with a speed of 135 km/hr, on three
different locations. The variation coefficient in each band is about 50%.
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Finally, the power injected into propagating waves is determined from the equivalent force
and resulting response at 25 meters from the track. It illustrates the influence of the soil on
injected power and therefor the need to incorporate the soil influence into a source characterization. Again, Nijkerk stands out. This can partially be explained by the high forces that are
generated there. Schalkwijk shows why 8 Hz is such an important frequency for soft soils:
most of the power is in that octave band. It can be explained by the relatively low soil impedance there which leads to a stronger coupling with the train-track system.
5

CONCLUSIONS

This paper describes the physical schematization that OURS uses to describe the generation and propagation of railway vibration. An important aspect is the influence of the stiffness of the soil on the vibration generation. This led to a measurement procedure that is
described in this paper. That procedure has been carried out at three locations, to fill the
source database of OURS.
The measurement results show that the injected power indeed depends on the soil conditions and that the equivalent force as a descriptor of a source is only valid under similar soil
impedances.
Two similarly stiff locations generate different injected and different equivalent forces
though. This is not understood yet.
The full implementation of OURS, the installer as well as all the code, which is released
under an open source license, can be found on Github [7].
6
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Abstract. Nuisance due to railway induced vibrations has been receiving increased attention
in the Netherlands, as a recent study has found that a signiﬁcant part of the population living in
the vicinity of railway tracks in the Netherlands, experiences excessive vibrations levels. As a
result, the Dutch government has commissioned the design and implementation of a screening
model for the estimation of railway induced vibrations at a network level. Within this screening model, attention has been paid to the characterisation of the subsoil. This paper focuses
on the methodology developed to perform a semi-stochastic subsoil characterisation, based on
publicly available datasets for the Netherlands. The method uses a countrywide cone penetration test database and the Dutch geomorphological map to deﬁne, at a speciﬁc location, a
set of possible subsoil schematisations, their likelihood of occurrence, and the corresponding
subsoil parameters. The effect of soil variability on the vibration levels is assessed by computing the transfer function at different distances from the source. The transfer functions are
computed with a newly developed ﬁnite element model kernel. The kernel is optimised to specifically compute layered half-spaces. The results show that the subsoil schematisation plays a
signiﬁcant role on the vibration level, which shows that it is paramount to perform a correct
characterisation of the subsoil when trying to estimate induced vibration.
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1

INTRODUCTION

Railway induced vibrations are found to cause public nuisance to inhabitants living on the
vicinity of railway tracks. In the Netherlands it is estimated that 20% of the inhabitants living
within 300m of a railway track experience severe nuisance due to railway induced vibrations
[27].
In order to better characterise the environmental levels of exposure to railway induced vibrations the Dutch government has commissioned a screening model. In 2016 the desire for
a robust calculation model was expressed by the minister of the Ministry of Infrastructure and
the Environment (currently the Ministry of Infrastructure and Water Management). In response
the Dutch National Institute for Public Health and the Environment (RIVM) started a project to
answer the following questions:
1. What is the quality of available calculation methods?
2. Can the available methods be improved?
3. What calculation model could best be developed that is suited for railway induced vibrations in the Netherlands?
In an inventory on the state-of-the-art of railway induced vibration models [8], 17 calculation
models were considered (10 foreign and 7 domestic). The main conclusion of this study was that
none of these models were directly suited to be used in the Netherlands, but a combination of
methods could be applied to create a calculation method that ﬁts the requirements for accuracy
and reproducibility.
The lead to the development of a new screening model : OURS (a detailed description of the
model can be found in [13]). At the heart of the OURS model lies the soil independent source
characterisation as developed in [26]. This enables the generation of a database with source
parameters that only depend of parameters such as train speed, weight and wagon types. Once
a database is ﬁlled, then the source terms are convoluted with the transfer admittance through
the soil and the vibration levels can be predicted at the foundation of the buildings.
One of the major components of admittance modelling corresponds to the subsoil modelling.
Even in countries with abundant information about the subsurface, such as the Netherlands, the
data density is in most cases not high enough for reliable deterministic subsoil schematisations.
The challenge is to produce a reliable subsoil schematisation and parametrisation, with the
available information.
The development of OURS screening model had the following requirements:
• The method needs to be applicable in the entire county;
• The method needs to provide unique response (independent of the user);
• The method needs to provide, for a speciﬁc location, subsoil layering and subsoil parameters (Young modulus, soil density, Poisson ratio and damping ratio).
During the past years, a methodology has been developed for ﬂood defences [10] that uses
subsurface build up scenarios to characterise the subsurface for a certain assessment. This
approach combines data from e.g. boreholes, cone penetration test (CPTs) and geological maps
with expert knowledge about the natural pattern in the build-up of the subsurface. The result
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is a stochastic subsoil schematisation that, at a certain location, provides the possible subsoil
schematisations and its likelihood of occurrence.
Although this methodology has successfully been adopted in ﬂood defences, it cannot be
translated into the current project, as it requires expert knowledge in order to derive the subsoil
schematisations. The proposed methodology for OURS uses the concepts deﬁned in the ﬂood
defences methodology, such as the concept of subsoil scenario [10], but the derivation of the
subsoil scenarios is purely based on public datasets.
The second major component of the development of the admittance modelling consists of
the creation of a ﬁnite element analysis (FEA) kernel. The admittance can be modelled using
several methodologies. One of the fastest options is to deploy a semi-analytical description of
a layered halfspace. However, the ﬂexibility of such a model is very low. It can only be used
in very homogeneously distributed layers. A slightly slower, and a more ﬂexible option are
Boundary Element models (BEM). This is a fully numerical method in which only the enclosing
surfaces of the layers are discretized. When introducing many thin layers or irregularities, the
BEM methods becomes slower. The most ﬂexible and unfortunately slowest option corresponds
to Finite Element Method (FEM). In FEM the complete soil domain under consideration has to
be discretised. This generally leads to a large number of unknowns to be solved. However, the
system of equations to be solved is sparse (in contrary to BEM) and when deploying an explicit
scheme to solve the differential equations, only a diagonal matrix has to be inverted.
The major advantage of using FEM is its ﬂexibility. Although it is not foreseen within the
scope of this project, it should be easy to improve the method to also model e.g. countermeasures to prevent nuisance. Only FEM is able to easily model these geometric constructs.
This paper the methodology for subsoil modelling and admittance computation in OURS
and it is organised as follows: section 2 describes the principles of subsoil modelling, section 3
presents the development of the FEM kernel for the analysis, and section 4 illustrates the application of the methodology in a case study.
2

SUBSOIL MODELLING

2.1

Public datasets for subsoil modelling

The model for the subsoil schematisation and parametrisation developed for OURS has been
developed with the following public datasets:
• The Netherlands Hydrological Instrument (NHI);
• Geomorphological map;
• Cone Penetration Test (CPT).
The following sections show the description of these different datasets, and its interpretation
(when applicable).
2.1.1

NHI dataset

In the Netherlands the NHI [3] provides the targeted water level for the entire country. This
information is used to compute the phreatic level depth, z  , and therefore estimate the verti‘
cal effective stresses, σv0
, which are of importance to perform the subsoil schematisation and
parametrisation (see Section 2.2.2).
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Figure 1 illustrates the targeted water level for the Netherlands. This value is displayed in
NAP level (Normaal Amsterdams Peil), which corresponds to the reference surface for vertical
positions for the Netherlands. From the Figure 2 it follows that the east and southeast part of the
Netherlands have a higher target water level than the western part. This is related to the higher
elevation of this region.

Figure 1: Yearly targeted ground water level for the Netherlands [3].

2.1.2

Geomorphological map

In the Netherlands the geomorphological map has been developed by the Wageningen Environmental Research (Alterra). This map is freely available through PDOK [21]. The geomorphological map provides a detailed overview of the altimetry, origins and formations of the
Dutch subsoil (e.g. moraines, river valleys; old river beds), as well as abnormal geological
depositions and elevation details. Moreover, the geomorphological map provides information
about active geomorphological processes, such as dune formation due to aeolian transport and
sedimentation and erosion along rivers and tidal processes.
Figure 2 illustrates the geomorphological map of the Netherlands. Each colour corresponds
to an independent geomorphological entity. These geomorphological entities can be interpreted
as geological formations that have a similar build-up process. From the ﬁgure it follows that the
eastern part of the Netherlands has more complex morphology than the western part. Areas as
Flevoland have little variability, as they are the result of land reclamation activities.
2.1.3

CPT tests

The CPTs tests are generally the main information used to perform the subsoil schematisation and parametrisation in geotechnical engineering, therefore have been adopted as the main
dataset for the development of the subsoil modelling in OURS.
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Figure 2: Geomorphological map of the Netherlands [21].
In the Netherlands a public database containing CPTs is freely available (BRO: Basisregistratie Ondergrond [2]), and it is maintained by the Dutch government. This database is being
continuously updated with new CPT data, as in the Netherlands it is compulsory to add the
CPTs tests into the BRO database for projects funded by the public works.
Figure 3 shows the CPT dataset available in the BRO (February 2020), alongside with the
Dutch railway network. In total there are 97732 CPTs tests. It follows that the Randstad has a
higher density of CPT tests than the rest of the Netherlands. Nevertheless, the amount of CPT
tests will increase with time, as more data will become available in the BRO, which will lead to
an overall increase in the density of CPT tests across the country.
2.2
2.2.1

CPT interpretation
CPT: subsoil layering deﬁnition

The CPT tests were used to perform the subsoil layering deﬁnition. This layering was performed in accordance to the methodology presented in Robertson and Cabal [23]. This is the
most established classiﬁcation system for soils found in literature. This methodology for the
calculation is described in Procedure 1.
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Figure 3: Overview of the CPT distribution in the Netherlands [2].  represents a CPT and −
/
the Dutch railway network.
Procedure 1
1. Read CPT ﬁle from BRO
2. Read phreatic level from NHI
3. Compute soil volumetric weight (see Section 2.2.2)
4. Compute total and effective stresses
5. Compute lithology according to [23]

2.2.2

CPT: subsoil parametrisation

For the analysis of wave propagation problems, not only the subsoil layering is of importance, but also the geomechanical parameters associated with each layer. In the model of OURS
the wave propagation analysis is done by means of FEA, which has the following geomechanical parameters as input: soil density, ρ; Poisson ratio, ν; small strain shear modulus, G0 ;
and damping ratio, Dr . Table 1 provides the overview of the correlations used to estimate
the geomechanical parameters. Further information about the choice of the correlations, and
parameters can be found in [22].
Different correlations exist to establish the relation between CPT data and soil volumetric
weight, γ. In OURS the correlation proposed by Lengkeek et al. [15] was adopted. This
consists of a speciﬁc correlation developed for the Netherlands, based on the interpretation of
300 CPT tests, that accounts for the very soft and highly organic soils, typical of the region.
Very little literature is available on the correlation between CPT testing and Poisson ratio.
However, this parameter does not vary greatly [14]. From the literature [7, 24, 11, 16] it follows

2745

B. Zuada Coelho, S. Lentzen, M. Pronk, D. de Lange, E. Smyrniou, and M. Hijma

Property

Correlation

volumetric weight γ

γ = γref − β ·

soil density ρ
Poisson ratio ν

ρ = γg
0.495

q

log t,ref
qt


Rf,ref
log
R

Note
from [15]

f

0.25
0.3
0.3
0.375'

shear wave velocity vs
small strain shear modulus G0
damping ratio Dr

vs = 100.55·IC+1.68 ·
G0 = ρ/vs2
‘
σv0
Pa

% qt −σv0 &
Pa

!−0.2889

Dr = 2.512 ·
Dr = 0.8005 + 0.0129 · Ip · OCR−0.1069 ·
!−0.2889
‘
σv0
· (1 + 0.2919 ln f )
Pa
!−0.05
σ‘
−0.1069
· Pv0a
Dr = 0.55 · Cu0.1 · D50

clay
/
loam
undrained
behaviour
silty / sandy clay
silty sand
sand
dense sand
from [23]
peat [30]
clay [6]

sand [18]

Table 1: Overview of the correlations for CPT interpretation.
that several authors provide a range of admissible values for the Poisson ratio in the different
types of soils.
The value of the shear modulus G depends on the level of shear strain experienced by the
soil. For problems involving wave propagation through the subsoil it is generally assumed
that the material behaves in elastic regime and that the strain levels are very small. The shear
deformations are the result of particle distortion rather than sliding and rolling between particles.
Such deformation is almost linearly elastic. This behaviour can be quite accurately simulated
by means of the small strain shear modulus, G0 , which is the shear modulus that is mobilised at
very small strains [9]. Most of the correlations between CPT and small strain shear modulus are
performed through the shear wave velocity, vs . In OURS the adopted correlation for the shear
wave velocity is one proposed by Robertson and Cabal [23], as it is a very well established
correlation, and has the advantage of being an universal correlation for all the different soils
types.
The value of the damping ratio, Dr , similarly to the shear modulus, is related to the shear
strain level. However, while the shear modulus decreases with the increase of the shear strain,
the damping ratio increases with the increase of the shear strain. This is related to the dissipation
of energy due to hysteretic damping [20]. The damping ratio is estimated for very small shear
strains, the reasoning being the same as presented before for the shear modulus. The correlation
used to compute the damping depends on the type of soil material.
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2.3
2.3.1

Scenario schematisation
Methodology for subsoil scenario schematisation

The methodology devised for the subsoil schematisation was based on the methodology that
has been developed for ﬂood defences in the Netherlands [10].
For ﬂood defences, the subsoil is schematised by dividing the subsurface into build-up scenarios that characterise the subsurface for a certain assessment (e.g. macrostabilily, piping).
This approach combines data from e.g. boreholes, CPTs and geological maps with expert
knowledge about the natural pattern in the build-up of the subsurface. This is relevant, because
it important the order of deposition of the sediments (e.g. sediments deposited in a dynamic
river-mouth area or at the bottom of the sea). The environment in which the sediments were deposited gives information about what build-up to expect, how much variability is possible, over
what distances relevant changes in build-ups can occur and what are the expected geotechnical
properties.
One of the requirements for the development of OURS is that the methodology is independent of expert knowledge, so that at any given location the results are always the same,
independently from the user.
In order to achieve this, the methodology proposed in [10] for ﬂood defences has been modiﬁed. The concept of subsoil scenarios with a deﬁned probability of occurrence remains, however the methodology for its derivation has been modiﬁed.
The subsoil scenarios have been computed by combining the information of the geomorphological map with the CPT tests. At the analysis location (x,y) all the CPT tests are gathered for
all the geomorphological entities that are in the vicinity of the analysis location (600 m). Each
geomorphological entity is a different subsoil scenario (with a probability of occurrence), and
the soil properties for the scenario are derived from all the CPT tests that are contained in the
geomorphological entity.
In order to keep the FEA computations into a reasonable computational time the scenarios
were schematised with a minimum layer thickness of 0.5 m. This means, that layers that are
thinner than 0.5 m are merged together. This method is further elaborated in Procedure 2.
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Procedure 2
1. Deﬁne circle with a radius of 600 m, with centre at the railway analysis location
2. Intercept circle with geomorphological map
3. Identify all the geomorphological entities contained in the interception
4. Read and process all CPTs within each geomorphological entity
5. Read and process remaining CPTs contained in the circle that are not part of any
geomorphological entity
6. Schematise in scenarios
(a) Each geomorphological entity is considered one scenario
(b) If there is a region in the circle without a geomorphological entity, this
region is also considered a scenario
(c) The probability of occurrence of each scenario is the ratio between the area
of the geomorphological entity within the circle and the area of the 600 m
radius circle
7. Perform interpolation at the house analysis location. The interpolation is performed to determine the geomechanical properties of each scenario at the analysis point. The interpolation is performed by means of the inverse distance
method
Figure 4 shows this procedure in a schematic example. In this example three scenarios: exist Scenario 1, that corresponds to Geomorphological #1 (containing CPT1, CPT2 and CPT3),
Scenario 2, that corresponds to Geomorphological #2 (containing CPT6 and CPT7) and Scenario 3 with corresponds to the remaining part of the circle without a geomorphological entity
(containing CPT 4 and CPT5).
The geomechanical properties of each scenario will be calculated by interpolating the CPTs
contained within each scenario at the calculation point.

Figure 4: Example of the subsoil scenario schematisation.
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The variability in the subsoil parameterisation has been done following the methodology ﬁrst
proposed by Vanmarcke [28], and further developed for the speciﬁcs of the Dutch situation by
Calle [4].
The methodology is derived from a time series analysis, in which a time varying signal is
assumed as one realisation from a stationary stochastic function. Signal characteristics, such as
scale of ﬂuctuation and irregularities, are determined by means of the autocorrelation function.
The method is based on the assumption that that at each location (x,y) along the line infrastructure (e.g. dike, road, railway) the spatial variability along the horizontal directions can be
described as the random ﬂuctuation, in relation to the average value along the vertical direction.
In other words, the average value is random at each location in the (x,y) plane and it is assumed
as a stochastic function with average value and standard deviation. These average and standard
deviation are called regional parameters, and correspond to the representative values for the
soil layer within the area of interest (local ﬂuctuations within a layer, z direction, are averaged
out). On the model schematisation of OURS the material parameterisation corresponds to the
regional parameters.
3

FINITE ELEMENT ANALYSIS

There is a multitude of options to determine the admittance spectra of a layered half space.
The fastest option consists of analytical models. However, analytical models are not ﬂexible
enough to eventually simulate mitigation techniques to reduce the vibration levels. On the other
end of the spectrum the numerical methods (especially FEM), offer a slow but very ﬂexible
alternative.
The modelling of mitigation techniques does not lie within the scope of this project. However,
in order to account for the future developments of the model, it is chosen to implement a FEM
methodology to determine the admittances.
Within the scope of this project it is sufﬁcient to implement an axisymmetric FEM procedure.
Axisymmetric FEM models are impractical when modelling mitigation techniques (which are
generally not axisymmetrically oriented around the source of vibrations. However, axisymmetric FEM models do require a similar infrastructure as 3D FEM models do, and thus it can easily
be upgraded to a 3D environment.
Further constraints are imposed to the choice of the transmission model by the geometrical dimensions and the maximum frequencies in which the admittances are determined. The admittances are to be determined within a maximum range of 150m to 200m with soils characterised
to a depth of 50m. The maximum required frequency is set at 80Hz to 100Hz. These numbers
determine whether the system matrices of the FEM model can be assembled and kept in RAM,
or be only directly translated into force vectors each time step in an explicit procedure. With
these dimensions the system matrices of the axisymmetric models can easily be determined
once and stored in RAM. This is determinative for the implemented solving procedures.
When eventually switching to 3D FEM models, the solving procedures need to be adapted. In
this light an explicit procedure and an optimal assemblage procedure are developed which can
be used when implementing 3D models.
3.1

Finite Element formulation

Several Finite Elements have been implemented in the code. There is naturally an axisymmetric element to determine the stiffness, mass and damping of the soil. There are also elements
that determine the stiffness and the damping and the so-called inﬁnite boundaries. For efﬁciency
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reasons the equations have been incorporated analytically on ﬁnite element level. This is made
possible by assuming that all elements constitute a rectangular geometry. The numerical equations are ﬁrst fully written out and after summarising all terms, the number of ﬂoating point
operations are reduced. The resulting analytical equations are rather lengthy and they are therefore not presented in this paper. The resulting number of ﬂoating point operations per element
are roughly equal to the implementation of the axisymmetric iso-P elements in commercially
available explicit software packages. The present element is based on incompatible modes
which offers the advantage of a locking free behaviour. The aforementioned iso-P elements
suffer greatly from locking (i.e., added parasitic non-physical stiffness caused by improper interpolation of the displacement strains) and this is generally alleviated by reducing the order
of numerical integration. The downside of low-order numerical integration is the exhibition of
so-called zero energy or hourglass modes. These modes, which consume no energy hence the
name, add a zig-zag form of displacements to the solution and are generally battled by adding
a numerical damping to the solution procedure.
By analytically incorporating the incompatible mode or Enhanced Assumed Strain element [25],
the need of adding artiﬁcial damping can be circumvented without consuming additional CPU
time.
3.1.1

Axisymmetric stiffness matrix

The strain and stress component vectors of an axisymmetric elements are deﬁned in Voigt
notation as
⎧
⎫
⎧
⎫
εrr ⎪
σrr ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨
⎬
⎨
⎬
εzz
σzz
ε=
, σ=
,
(1)
ε
σϕϕ ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩ ϕϕ ⎪
⎭
⎩
⎭
2εrz
σrz
where ϕ denotes the hoop direction.
The strain and stress vector are coupled by the constitutive equations. In this case the linear
elastic-isotropic Hooke’s law is chosen
⎤
⎡
1−ν
ν
ν
0
⎢ ν
E
1−ν
ν
0 ⎥
⎥ ε = Dε,
⎢
σ=
(2)
ν
1−ν
0 ⎦
(1 + ν)(1 − 2ν) ⎣ ν
1−2ν
0
0
0
2
where E is the Young’s modulus, and ν is the Poisson ratio.
The strain components are kinematically linked to the displacements as
εrr =

∂ur
∂ur
∂ur
∂ur
, εrr =
, εrr =
, and εrr =
.
∂r
∂r
∂r
∂r

(3)

The displacements u (ξ, η) within the element are interpolated with bilinear interpolation shape
functions HI (ξ, η)
3 
2
4
ur (ξ, η)
=
HI (ξ, η) uI ,
(4)
u (ξ, η) =
uz (ξ, η)
I=1

where the index I denotes the node number of the element and
1
HI (ξ, η) = (1 + ξI ξ) (1 + ηI η) .
4
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In order to alleviate the locking effect, the strain components are enhanced with so-called incompatible modes [25] as
ε (ξ, η) = B (ξ, η) uI + M α,
(6)
where B is the so-called strain-displacement matrix resulting from the above kinematic expressions. The enhanced strain components are determined as M α, where
⎡
⎤
ξ − ξ¯
0
0
0
0
⎢ 0
⎥
η − η̄
0
0
0
⎢
⎥
⎥
M =⎢
(7)
0
ξ − ξ¯ η − η̄
0
⎢ 0
⎥
⎣
⎦
J (ξ, η)
0
0
0
0
ξη
J (0)
r (ξ, η)
%
&
¯ η̄ , and J is the determinant of the
The element averaged coordinates are denoted with a bar ξ,
Jacobian matrix
⎡
⎤
∂r ∂z
⎢
∂ξ ⎥
J = ⎣ ∂ξ
(8)
∂r ∂z ⎦
∂η ∂η
THe additional enhanced strain components should not generate additional internal work. Therefore
σ T M α dV = 0
(9)
V

It can be shown that the above interpolation matrix M fulﬁls this constraint.
The internal virtual work δW i can be expressed in terms of the stiffness matrix K α as
2
δσ · ε dV = δ

i

δW =
V

u
α

3T 

K e LT
L Q

2

u
α

3
= δq T K α q

(10)

where
Ke =

B T DB dV, L =
V

M T DB dV, Q =
V

M T M B dV

(11)

V

The coefﬁcient vector α is constant within one ﬁnite element and discontinuous across the
element border. Therefore these degrees of freedom can be statically condensated on element
level, and the element stiffness matrix K becomes
K = K e − LT Q−1 L

(12)

Due to the static condensation the above type of EAS ﬁnite elements (Enhanced Assumed
Strain) is numerically very expensive in the assembling process. The advantage of these elements is that they lack any kind of locking. The cheapest of avoiding locking is by introducing
mixed integration schemes, such as SRI (Selective Reduced Integration), which dictates that the
shear terms in the internal virtual work are integrated with a reduced Gauss quadrature scheme.
One of the disadvantages is that the ﬁnite element suffers from hourglassing caused by the incapability of capturing the strain energy in these so-called hourglassing deformation modes of the
element. In the present code the EAS formulation does not produce unacceptably large CPU
times, because:
• The matrices are only assembled once, and
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• The assemblage is optimised by constructing K with an analytical expression
• This is possible, since all ﬁnite elements are rectangularly shaped
• The ﬁnite elements in one column of one layer are described by the same stiffness matrix
3.1.2

Axisymmetric mass matrix

The construction of the mass matrix M is more straightforward than the construction of the
stiffness matrix. The mass matrix should represent the kinetic virtual work δW k as
ρδu · ü dV = δuT M ü

δW k =

(13)

V

With the interpolation function of Eq. 5 the construction of the mass matrix M
 is fully deﬁned.
Usually a full integration scheme iwth four integration points n at ξn , ηn = ± 1/3 is deployed.
However, when the integration points are located at the nodal positions ξn , ηn = ±1 then a
diagonalized or lumped mass matrix is generated. This matrix could alternatively be constructed
by summing all columns j in each row i of the original (or consistent) mass matrix and by
replacing the respective diagonal component with the result
Mlumped,ij = δij

all


Mconsistent,ij

(14)

j=1

The application of the lumped mass matrix in a explicit central difference method leads to a
very efﬁcient implementation.
3.1.3

Axisymmetric damping matrix

In dynamic analysis of FEM models, the treatment of damping has to be considered carefully.
The standard case of viscous damping (i.e., velocity proportional damping) leads to frequency
dependent behaviour. A common methodology is to apply Rayleigh damping, by constructing
the damping matrix C from a mass proportional part and a stiffness proportional part
C = αM + βK

(15)

The resulting damping ratio ζ then becomes
ζ=

α
βω
+
2ω
2

(16)

which is dependent on the circular frequency ω. Alternatively, the Caughey damping could be
deployed as viscous damping model [1]. However, this leads to a fully occupied damping matrix (a lot of RAM is needed), and it requires the determination of all eigenmodes (a lot of CPU
time is needed at assemblage).
As the input data of the soil properties assumes frequency independent damping, hysteretic
damping seems to be the appropriate choice here. Hysteretic damping is described by assuming a complex Young’s modulus leading to a certain amount of phase difference between the
displacements and the resulting elastic reaction forces
E tot = E (1 + iη)
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For relatively small amount of damping (up to 15 % damping ratio) the hysteretic damping η is
related to the viscous damping ratio ζ as
η = 2ζ

(18)

to simulate a comparable amount of energy loss per cycle. The hysteretic damping matrix Chyst
can now easily be constructed as
Chyst = ηK
(19)
In the frequency domain analysis, modelling hysteric damping is straightforward. In the time
domain analysis special attention has to be given to describing the complex part of the reaction
forces. The hysteretic damping force F d is computed as
F d = iChyst u

(20)

The hysteretic damping matrix is thus multiplied with a vector iu which is in phase with the
velocity vector (i.e., in the same multi-dimensional direction), but which has the same length as
the displacement vector. Therefore the hysteretic damping forces can be obtained as [19]
F d = Chyst
3.1.4

u
u̇
u̇

(21)

Inﬁnity boundary elements

In order to simulate inﬁnite boundaries are characterised by the fact that elastic waves (primary and secondary) move from the interior to the exterior only. This can be simulated by
absorbing the incoming wave energy. For the primary waves this is best approximated by imposing a normal stress σ as [17]
σ = ρ VP u̇n
(22)
and for the secondary waves this is best approximated by imposing a shear stress τ as
τ = ρ VS u̇t

(23)

Here VP and VS are the wave velocities of the primary and the secondary waves [5]
#
#
E (1 − ν)
E
, VS =
VP =
(1 + ν) (1 − 2ν) ρ
2 (1 + ν) ρ

(24)

and u̇n and u̇t are the velocity components normal and tangential to the inﬁnite boundary, respectively. The damping force F c is expressed in terms of an inﬁnite damping matrix C ∞ as
F c = Cn∞ u̇n + Ct∞ u̇t = C ∞ u̇

(25)

where the force vector is constructed as the surface integral of the stresses and therefore
Cn∞

∞

=

ρ VP dA,

Ct∞

A

∞

=

ρ VS dA

(26)

A

The integrals are numerically evaluated by Gauss integration over two integration points. The
ﬁnal result is expressed and implemented as an analytical/parametric equation.
The disadvantage of solely applying dashpots at the inﬁnity boundaries, is that the model can
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potentially become statically underdetermined. Therefore it is suggested that an additional
stiffness needs to be introduced at these boundaries. It is found that the following additional
stresses have minimal contribution to wave reﬂection [12]
σ=

ρ VP2
ρ VS2
un , τ =
ur
2R
2R

(27)

where R denotes the distance to the source of excitation. The elastic force F k is expressed in
terms of an inﬁnite stiffness matrix K ∞ as
F k = Kn∞ un + Kt∞ ut = K ∞ u

(28)

where the force is constructed as the surface integral of the stresses and therefore
Kn∞

∞

=
A

3.2

ρ VP2
dA, Kt∞ =
2R

∞
A

ρ VS2
dA
2R

(29)

Solving the system of equations

The equation to be solved reads
M ü (t) + C ∞ u̇ (t) + [K + K ∞ + iChyst ] u (t) = F ext (t)

(30)

where F ext (t) denotes the time dependent externally applied force vector. This equation is
solved either in the frequency domain as a harmonic response analysis, or in explicitly in the
time domain by the central difference method.
At the basis of the harmonic response analysis lies the decomposition of the linear response into
multiple and independent exp-functions of circular frequency ω
u (ω) = û exp iωt, F ext (ω) = F̂ F̂ exp iωt

(31)

where û is the vector of amplitudes, F̄ is the normalised excitation vector, F̂ is the force
amplitude and i is the complex unit. With this decomposition the equation to be solved becomes



−ω 2 M + iωD ∞ + K + K ∞ + iC ∞ û = F̂ F̄

(32)

Introducing the system matrix A representing the bracket terms on the left-hand side, it follows
û (ω)
F̂ (ω)

= A−1 F̄

(33)

The code is developed in Python and the Pardiso solver is used to solve the equation directly.
The Python interface to Pardiso (i.e., pyPardiso) only support real matrices and therefore the
solution vector û, the complex system matrix A and the external force vector are extended as
3
3
2

2
Areal −Aimag
ûreal
F̄real
∗
∗
∗
, A =
, F̄ =
(34)
û =
Aimag Areal
ûimag
F̄imag
Solving the system of equations explicitly with the central differences method is based on
the Taylor series approximation of the ﬁrst and the second derivative
1

n+ 12

u̇

un+1 − un
∂un+ 2
∂ 2 un
un+1 − 2un + un−1
=
, ün =
=
=
∂t
Δt
∂t2
Δt2

2754

(35)

B. Zuada Coelho, S. Lentzen, M. Pronk, D. de Lange, E. Smyrniou, and M. Hijma

where n is an index to a position in time, and Δt is the time increment with which the differential
equation of motion is integrated through time.
With the aforementioned approximation of the hysteretic damping, the system of equations to
be solved becomes
ün = M −1 F ext,n − (K + K ∞ ) un − Chyst

1
u n− 1
u̇ 2 − C ∞ u̇n− 2
u̇

(36)

In linear systems the central difference scheme becomes unconditionally stable when
Δt ≤

2
ωn,max

(37)

where ωn,max denotes the maximum undamped eigenfrequency of the system. However, due to
the approximation of the hysteretic damping, this conditions has proven not to be strict enough.
In general the above maximum time increment has to be reduced by a factor of 0.6.
3.3

Veriﬁcation

One of the undertaken veriﬁcation cases consists of the calculation of the compliance of a
rigid disk with a radius of 1 m on a 20 m thick homogeneous layer of soil with non-reﬂecting
boundary conditions at r → ∞, see Figure 5.

Figure 5: Illustration of the veriﬁcation case
The soil is excited dynamically by applying a vertical force on the circular rigid disk. A
damping of 5 % is assumed and the maximum frequency is set to 100 Hz. The inﬁnitely stiff
disk is modelled by coupling the underlying soil nodes in vertical direction to one degree of
freedom.
The compliance experienced by the disk is computed with both the central difference method
as well as the harmonic response analysis. The results are compared with those obtained by the
semi-analytical Wolf model [29]. It is shown (see Figure 6) that the harmonic response analysis
agrees well with the results obtained with the Wolf model. In amplitude the central difference
method agrees well with the Wolf model. The agreement is less when comparing the phase. It
should be noted though that only the amplitude results are relevant for the calculations of the
train induced vibrations.
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Figure 6: Results of the veriﬁcation case
4

CASE STUDY

In order to illustrate the proposed methodology for subsoil modelling and FEA admittance
calculation, the model developed for OURS has been applied to two locations in the Netherlands: Delft and Tilburg.
Figure 7 shows the subsoil scenario schematisation for the two locations. It follows that
the subsoil schematisation in Delft exhibits more variable than the subsoil schematisation in
Tilburg. Although for both locations 4 scenarios exist, the variability in the build-up layer
formation is bigger in Delft. For Tilburg the subsoil consists of two soil types, sand and sand
mixtures, while in Delft it consists of at least six different soil types, ranging from sand to clay
layers.
The location in Tilburg is dominated by two scenarios (scenario 3 and 4) that together form
96 % probability of occurrence. The location in Delft is dominated by three scenarios (scenarios
2, 3 and 4 form 99 % probability of occurrence).
The subsoil parametrisation is illustrated in Figure 8 for both locations. Although all geomechanical parameters have a mean and standard deviation, the ﬁgure only shows the mean
value, for the sake of readability. Similarly to the layering schematisation, the location in Delft
exhibits more variation in the geomechanical parameters than the location in Tilburg.
Figure 10 shows the vertical and radial admittance results for both locations at three different
distances from the source: 10, 50 and 100m. The results for all the different scenarios are
represented as well as the results for the weighted mean admittance. As it would be expected,
the admittance is found to reduce with the distance from the source.
The results are also different for the two locations. For Delft it is found that the admittance
is constant for the point located at 10m from the source, but for the points further away from
the source (50 and 100m) the admittance exhibits a linear reduction with the frequency, i.e. the
admittance attenuates linearly with the frequency. This behaviour is less visible in Tilburg. This
is related with the presence of soft soil layers in Delft, that cause an higher attenuation of the
high frequencies.
Figure 10 shows the mean vertical and radial admittance obtained for the two location. It is
clear that the admittance attenuates with the distance, in the entire frequency range.
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(a)

(b)

Figure 7: Subsoil schematisation from OURS: (a) location Delft, (b) location Tilburg.

2757

B. Zuada Coelho, S. Lentzen, M. Pronk, D. de Lange, E. Smyrniou, and M. Hijma

(a)

(b)

Figure 8: Subsoil geomechanical parameters (mean values): (a) location Delft, (b) location
Tilburg.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 9: Vertical and radial admittance for points located at 10m (a, b), 50m (c, d) and 100m
(e, f) from the source. Figures (a, c, e) are at location Delft and ﬁgures (b, d, f) are at location
Tilburg.
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(a)

(b)

Figure 10: Vertical and radial admittance: (a) location Delft, and (b) location Tilburg.
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5

CONCLUSIONS

This paper presented the methodology developed in OURS to model the subsoil and compute
the admittance, between source and receiver.
The subsoil modelling is done by combining public datasets to provide a semi-stochastic
subsoil schematisation and parametrisation. The admittance is computed by means of a FEA
kernel that has been develop to optimise calculation speed.
The application of the methodology of OURS has been illustrated in two locations (Delft
and Tilburg).
6
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Abstract. In most numerical models of railway tracks, the ballast (i.e. the granular
layer in which the sleepers lie) is modeled by a homogeneous medium. This assumption
allows an easier implementation within a Finite Element (FE) code, yet may not be justiﬁed. In fact, considering the results of in-situ measurements, the global response of the
track varies signiﬁcantly before and after ballast tamping, even at low frequencies (< 100
Hz). After having analyzed these experiments, this paper proposes to include in a track
model a heterogeneous medium for the ballast, fully compatible with the FE framework.
Samples of random ﬁelds (previously ﬁtted to Discrete Elements simulations) are taken
for the mechanical properties of the ballast layer. Because the heterogeneous properties
require a reﬁned mesh, a model reduction strategy is then proposed to ensure a reasonable
computation cost: a learning procedure to construct a reduced basis from several heterogeneous samples. Finally, time-based computations on the track model are performed. It
is shown that the heterogeneity does not signiﬁcantly alter the global response of the track
below 30 Hz, yet generates local modiﬁcations which are relevant to characterize for the
track settlement analysis.
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1

INTRODUCTION

The majority of railway tracks are nowadays ballasted, i.e. covered by a layer of a
granular material (typically 0.3 m thick) composed of coarse crushed stone of calibrated
size [1]. The main roles of the ballast layer are to transfer the dynamic load caused by the
train to the soil and provide elasticity and vibration damping, while facilitating maintenance and water draining. Like other granular materials, ballast mechanical behaviour is
not fully understood yet and subject of much research [2–4].
Characterizing the dynamic behavior of the ballast is an industrial issue for the conception and the maintenance of railway tracks. The experimental approaches are mainly
a triaxial test on a ballast sample [5] or a full-scale model in laboratory [6, 7]. However,
these experiments have a limited range of study due to the boundary conditions of the
model and are costly to set up. Thus, numerical studies of railway ballast are also frequent. An extensive approach consists in modeling every ballast grain and the interactions
between them (contact, friction, impact...). This method is known as Discrete Element
Method (DEM), and is mainly implemented in NSCD (Non-Smooth Contact Dynamics)
codes [8–10] or in Molecular Dynamics [11]. However, this granular approach requires
huge computational power (a week per computation for [8]), is limited to low frequencies
(< 40 Hz) and to a small sample of ballast, and is not easily coupled with soil Finite
Element (FE) models.
When a larger scale study is required and lower computational cost desired, continuous models of the railway track are prefered. The ballast layer is then considered as
a homogeneous medium, and FE approches are considered [12–19]. These models are
coupled with soil behaviour or even train dynamics. To reduce the computational cost,
model reduction strategies are accessible, with a periodicity assumption along the track
axis [12, 18, 19]. The ballast layer mechanical behavior is often considered linear elastic,
yet a non-linear approach is used by Alves Costa et al. [15].
The objective of this paper is to determine the frequency range of inﬂuence of the
heterogeneity of the ballast layer, neglected without proof in classical FE approaches. A
heterogeneous track model has been developed by Abreu Corrêa and al. [20]. The idea
of this model consists in mapping the ballast mechanical properties from a sample of 3D
random ﬁelds. The result is a deterministic model where the mechanical properties at
each integration point are diﬀerent. In [20], the resolution is made by Spectral Element
Method (SEM), which is well-suited for large-scale problems especially in seismic wave
prediction [21]. The model has been compared successfully to an equivalent DEM model
solved by NSCD. However, this approach has not been yet extensively studied in a fullscale track model, which is one purpose of this paper. Another issue of [20] is the high
computational cost required.
The ﬁrst section of this paper will motivate the study of heterogeneous ballast by
presenting experimental results. The global responses of the track after ballast tamping,
with and without dynamic stabilization, are compared. In a second section, the model
from [20] is adapted to a piecewise periodic reduced FEM model, ﬁrst developped by
Arlaud et al. [18]. The inﬂuence of the heterogeneity can thus be studied with a much
smaller computation cost. In a third part, hammer impact and pass-by of vehicles are
simulated for the heterogeneous track model and compared to a homogeneous one.
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2

OBSERVATION OF THE EFFECT OF BALLAST HETEROGENEITY

According to standard maintenance operations on French ballasted tracks, the ballast
layer is mechanically packed under sleepers by a tamping machine and then stabilized
by a dynamic stabilizer. To assess the eﬃciency of these operations, a track survey was
carried out in Évres, Grand Est region, France, on the East-European High Speed Line
(EE-HSL) linking Paris and Strasbourg. Two areas distant of 50m were surveyed before
and after tamping. Only the second zone was stabilized.
A vertical accelerometer is placed at the end of a bi-block sleeper (blue dot on ﬁgure
1) and the rail is excited by an instrumented hammer (red star). The hammer and
the accelerometer are synchronized, and the measurements are sampled at a sampling
frequency of 16 kHz.

sleeper

ballast layer

hammer impact
rail
accelerometer

Figure 1: Scheme of the receptance test on a high-speed line.
20 hammer strokes were recorded and the receptance is post-processed, i.e. the transfer
between the vertical displacement of the sensors uz (t) and the force exerted by the hammer
f (t):
Uz (ω)
R(ω) =
.
(1)
F (ω)
The main interest of this survey is that all frequencies are excited at a similar level by the
hammer. The 20 tests are highly repeatable, thus the mean value of these tests will be
considered. The coherence between the signals of the sensor and the hammer was above
90% only above 20 Hz. As the focus of this study is only medium frequencies, the results
are shown in ﬁgure 6 between 20 and 200 Hz.
Before ballast tamping (dotted line in ﬁgure 6), the receptances of the two zones have
a similar shape with a very broad peak and a identically decreasing phase until 80 Hz,
but a very diﬀerent magnitude (around 60 %), even if the zones are as close as 50m.
After ballast tamping, the magnitudes have similar levels, increased 5 times compared
to magnitude before tamping. However, without dynamic stabilization (plain blue curve
in ﬁgure 6), an additional peak appears at 80 Hz. These experiments show that the the
ballast layer settlement can then have a high impact on the magnitude level.
These observations are a clear motivation to study the impact of the ballast heterogeneity (mean stiﬀness and variability), within a numerical model.
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Figure 2: Receptance of the track on two zones (Z1 in blue and Z2 in orange) before
(dotted lines) and after ballast tamping (plain lines). On Z1, only ballast tamping is
done, on Z2, ballast tamping and dynamic stabilization.
3

REDUCED TRACK MODEL WITH HETEROGENEOUS BALLAST

3.1

Meshing of the slice model

A geometrically periodic track model is considered, adapted from [18]. A reference
cell Ω0 of width x0 = 60 cm, the distance between two sleepers as shown on ﬁgure 3, is
meshed with hexahedral quadratic elements. The mesh size is deﬁned to ensure 6 nodes
per wavelength for the shortest shear wave propagating in the track.

(a) Reference cell.

(b) Closeup to periodic track structure.

Figure 3: 3D view of the periodic track model.
To build a heterogeneous model for the ballast layer, the following procedure is used
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1. 3D periodic random ﬁelds are generated for the density ρ, the bulk modulus K =
E
E
and shear modulus G = 2(1+ν)
(where E and ν are respectively the Young
3(1−2ν)
modulus and Poisson ratio). The choice of these mechanical parameters ensures realvalued shear and pressure wave velocities. These ﬁelds are not correlated, and follow
a log-normal distribution, ensuring positive values, with parameters taken from table
1. They are eﬃciently generated with a spectral method proposed by Shinozuka and
Deodatis [22]. For example, the density random ﬁeld ρ [x] is calculated from
ρ [x] = Eρ (x) + 2

N
rand
n=1



ζn Sρ (nΔk)Δk cos (nΔkx + ϕn ) ,

(2)

where Eρ and Sρ are the expectation and autocorrelation of ρ, ζn standard normal
ﬁelds, ϕn uniform ﬁelds on [−π π] and Δk the step in wavenumber. The correlation
model for each ﬁeld between the 3 directions of space is chosen gaussian, only
determined by a correlation length λcorr , equal to 7 cm. These values are taken
from [20], and were identiﬁed to a DEM simulation.
Property
Bulk modulus K
Shear modulus G
Density ρ

Mean value Standard deviation
139 MPa
417 MPa
104 MPa
312 MPa
3
1700 kg/m
5100 kg/m3

Table 1: Properties of the heterogeneous beam.
2. Samples of these random ﬁelds are generated. A 3D view of a sample of the density
ﬁeld in a block of size 0.25×0.25×0.6 cm3 is presented in ﬁgure 4. The isosurfaces are
represented for 80% and 99% of the maximal density. This representation highlights
harder points (in red) included in a softer medium (transparent). The periodicity of
the ﬁeld ensures the continuity of the mechanical properties by taking only Δk = 2π
x0
in equation (2).

Figure 4: Sample of 3D random ﬁeld for density. Isosurfaces for 80% and 99% of maximal
density are plotted respectively in blue and red.
3. The values of the sample generated in a block bigger than the ballast layer are
interpolated linearly at the integration points of the mesh. In order to keep a good
representativeness, the mesh in the ballast layer is reﬁned down to λcorr
. This reﬁned
3
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mesh is connected with the coarser mesh with Multiple Point Constraint (MPC):
the reﬁned surface of the ballast is forced to have the displacement of the surface
below.
The pad between the sleeper and the rail is 9 mm thick, and has a dynamic stiﬀness
of 180 kN/mm. As a volumic element, it is modeled with an anistropic behavior, with an
equivalent stiﬀness 100 times higher in the vertical direction and a damping ratio of 20%.
Finally, every other part of the track model has linear elastic behavior shown in table
2. For the reduction phase, an hysteretic damping model is used by taking a complex
modulus E ∗ = E (1 + iη). For time simulations, an equivalent viscous model is built. The
natural soil has been chosen with an artiﬁcially low density to avoid unwanted soil modes.
A clear perspective is to include PML elements to model properly the radiation of waves
in the soil.
Part
E [MPa] ν [-] G [MPa] ρ [kg/m3 ] η [%]
Under ballast layer
360
0.35
133
1700
7
Shape layer
544
0.35
201
2000
1
Embankment
1290
0.3
496
1990
1
Natural soil
67
0.3
26
1.8
10
4
4
Sleeper
3 · 10
0.25 1.2 · 10
2400
0
Rail
2.1 · 105 0.285 8.2 · 104
7800
0
Table 2: Properties of the homogeneous track components (in order: Young modulus,
Poisson ratio, shear modulus, density, damping ratio).

3.2

Building of reduced heterogeneous slice models

The implementation and validation of the reduced methodology used in this paper is
fully detailed in [23]. A summary is presented here for reference.
At the end of the meshing phase, the matrix problem in the reference cell Ω can be
expressed after assembly as




−ω 2 [M ] + [K] {q(ω)} = [b] {f (ω)} ,

(3)

where [M ] is the mass matrix, [K] the stiﬀness matrix (taken with complex values E(1+iη)
to include damping behavior), {q} the displacement at the Degrees of Freedom (DOF),
and [b] {f } the external forces applied to the track (contact force of train wheels for
example).
When expressing the problem in the wavenumber domain at a ﬁxed wavenumber κ0 =
x0
(where λ0 is the wavelength), the periodicity condition between Ω0 and its adjacent
λ0
cell can be expressed as




Re (Q(κ0 , ω))
[c(κ0 )]
= {0} ,
Im (Q(κ0 , ω))

(4)

where matrix [c] is independent of frequency. Then the constrained problem can be written
as






0
Re (Qc )
Re (F )
T Z
T b 0
[Tc ]
[Tc ]
= [Tc ]
,
(5)
0 Z
Im (Qc )
0 b Im (F )
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where [Tc ] is a basis of the kernel of [c], and {Qc } the reduced coordinated such as
{Q} = [Tc ] {Qc }. The equation (5) can be solved by a classical modal approximation [24],
after having computed the modes ({φj (κ0 )} , ωj (κ0 ))j of the structure Ω0 for each κ0 .
The key proposition of the reduction procedure is to compute the modes only for few
1
κ (κ = 12 , 15 and 50
cell−1 in this paper), considering that the modes vary slightly as a
function of κ. The main contributing modes for these 3 values of κ are selected with
a Singular Value Decomposition (SVD) procedure. Adding the static contribution, and
after some manipulations to ensure the periodicity of the selected modes, the reduced basis
for the slice (noted [T ]) is constructed. As examples, two chosen modes are presented in
1
ﬁgure 5: a global bending mode (a) for κ = 50
cell−1 and f = 17.8 Hz, and a local ballast
shoulder mode (b) for κ = 12 cell−1 and f = 168.3 Hz. The name ‘local’ denotes that only
a small portion of the track is moving.

(a) Global track bending mode.

(b) Local ballast shoulder mode.

Figure 5: Examples of slice modes selected during the learning phase. Blue corresponds
to minimal value of vertical displacement, yellow to the maximal value.
This procedure is performed for three diﬀerent samples of the ballast layer and the
ﬁnal reduced basis is the result of the SVD for all samples. Then, problem (5) can
be expressed and solved in reduced coordinates (208 DOF per slice) instead of physical
coordinates (464,919 DOF), thus reducing the computational cost by a factor of more
than 2000.
3.3

Assembly of the track from slice models

At this step, heterogeneous slice models have been constructed. However, if one of this
slice model is repeated to assemble the track model, the track will remain periodic, which
is not the case in reality, with a full random ballast layer.
To avoid this issue, the second key proposition is to consider for each repetition of the
slice mesh a random combination of the heterogeneous models. First, reduced matrices
[Ma ] and [Ka ] are assembled by selecting only elements that have homogeneous properties
(i.e. the whole track except the ballast layer). These matrices are independent of the
heterogeneous sample. Similarly, reduced matrices [Mb,j ] and [Kb,j ] are assembled from
elements with heterogeneous properties, for each sample j. To obtain the reduced matrices
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[M
 n] and [Kn ] of the n-th slice of the track model, a random combination of coeﬃcient
αjn such as j αjn = 1 is sampled with a uniform law on [0 1]
j

[Mn ] = [Ma ] +


j

αjn [Mb,j ] ,

[Kn ] = [Ka ] +


j

αjn [Kb,j ] .

(6)

With this procedure, each slice of the assembled track model is diﬀerent, though taken
from the same reduced basis. The numerical gain is even more dramatic between a full
3D track model of 100 slices (more than 40 millions of DOF), and the reduced model
(12,880 DOF), i.e. a reduction of a factor more than 3000.
Moreover, to avoid reﬂection of waves at the end of the track model, the 3 ﬁrst and 3
last slices are modiﬁed to include a damping gradient. If α is the desired damping (here
α = 0.1), the real-valued part of the stiﬀness matrix [Kj ] of the j-th slice of the 3 edge
slices is substituted by the damping matrix iω jα
[Kj ] (j = 3 corresponding to the ﬁrst or
3
last slice of the track). The mass matrix [Mj ] is untouched.
4
4.1

NUMERICAL SIMULATION RESULTS
Simulation of hammer impact on a track

The ﬁrst study case is a simulation of the impact experiment presented in section 2.
A track of 60 m (i.e. 100 slices) is modeled with the procedure described in section 3.
Following the setup in ﬁgure 1, an impact is applied on the exterior rail in the middle
of the model (i.e. 30 m from the edges or in the 50th slice) and the displacement is
measured on the sleeper. The impact is modeled by a Ricker impulse of time 10 ms, with
a weight of 10 kg. The temporal integration is done by a Newmark implicit scheme with
a time step of δt = 1 ms and a simulation time of tf = 0.8 s. The receptance (deﬁned
in equation (1)) is computed and shown in ﬁgure 6. The heterogeneous track model is
compared for reference to a homogeneous model, constructed from the same mesh and
reduction procedure with the mean values for ballast properties (see ﬁgure 1).

|Receptance [m/N]|

Homogeneous
Heterogeneous

10-7

phase (w) [deg]

10-8
100
0
-100
10

20

30

40

50

60

70

80

90

Frequency [Hz]

Figure 6: Computed receptance of the track for a heterogeneous model (plain orange
curve), and for a homogeneous model (dotted blue curve).
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It can be seen that the receptance is very similar at low frequencies (until 25 Hz),
especially the phase. The static level (around 0 Hz) is increased by 30%, i.e. 30% softer,
which can be explained by a local diﬀerence in properties of the ballast layer under the
considered sleeper of the heterogeneous model. At higher frequencies (> 25 Hz), the
diﬀerence is more noticeable. In particular, the peak at 55 Hz is split into two for the
heterogeneous model, and the anti-resonance at 83 Hz is shifted to higher frequencies.
This ﬁrst simulation shows that the diﬀerence generated by the heterogeneity of the
ballast layer can be non-negligible for higher frequencies than 30 Hz. An immediate
continuation of this work is to analyze the discrepancies between impacts at diﬀerent
position in the same track model, and between several track models constructed from
diﬀerent random samples.
4.2

Simulation of bogie pass-by

Another simulation of interest for railway engineering is the pass-by of a vehicle on
the track. As a ﬁrst approach, the pass-by of a single bogie is considered. The bogie is
modeled by a assembly of Standard Linear Solid (SLS) models (composed of two springs
K1 = K2 = 1.226 · 106 N/m and a damper C1 = 103 Ns/m) and beams (represented in
blue in ﬁgure 7) which have the properties of steel (as the rail in table 2). The masses
for the wheels are Mwheel = 595.5 kg, for the axles Maxle = 1024 kg, and for the bogie
Mbogie = 6780 kg. These values are representative of a French high speed train. The
contact on the rail between the vehicle model and the track model is performed with a
functional gap force representation.
Mbogie

Mbogie
SLS
Maxle

C1
K2

Maxle
Mbogie

SLS

(a) SLS (Standard linear solid model).

Maxle

Mbogie
SLS

SLS

SLS

K1
Mwheel

SLS
Maxle

Mwheel

Mwheel

Mwheel

(b) Scheme of the bogie model (beams in blue).

Figure 7: Scheme of the vehicle used in the simulation.
In the simulation (at a time step of δt = 0.1 ms), the bogie passes by at v0 = 80
km/h on a 60 m track (i.e. 100 slices) with heterogeneous ballast. The displacement
of the 5 middle sleepers (48th to 52th slices) is measured and plotted in ﬁgure 8 for the
heterogeneous and homogeneous track. The 5 curves are superimposed to show dispersion,
0
with a rescaled time axis t∗j = {t} + jx
.
v0
The displacement for the heterogeneous model is lower than for the homogeneous
model, and the spread is bit wider. This means that this zone of the heterogeneous
ballast is globally stiﬀer than the homogeneous properties. This seems to be contradictory to the result for the impact simulation (see ﬁgure 6), where it is softer. However,
the excitation is very diﬀerent between both simulations: for the impact, all frequencies
are equivalently excited on a small portion of ballast below the concerned sleeper, and
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for the bogie pass-by, the excitation is dominated by low frequencies and a larger portion of ballast (around 5 sleepers) are excited. It is possible that the mean stiﬀness of
the ballast layer excited by the impact is lower than the mean properties, but the mean
stiﬀness of the ballast layer excited by the bogie pass-by is higher. This is a ﬁrst eﬀect of
heterogeneity, which would not be represented by a fully homogeneous track model.
0

10-4

-0.5

Sleeper displacement [m]

-1
-1.5
-2
-2.5
-3
-3.5
-4

Homogeneous
Heterogeneous

-4.5
-5
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

Time [s]

Figure 8: Displacement on 5 consecutive sleepers for a homogeneous (in blue) and heterogeneous track model (in orange), with a rescaled time axis.
The second noticeable eﬀect is the dispersion of the displacement at a pass-by. For
the homogeneous model (blue curve in ﬁgure 8), the displacement curves on 5 consecutive sleepers are near identical (0.17% of standard deviation from the mean value). This
observation validates that the bogie simulation is at an established regime. For the heterogeneous model (orange curve), the displacement curves have a 16 times higher dispersion
(2.8%), which is visible by the spread of the curves at the minimum values. This second
eﬀect is explained by the local discrepancies of ballast properties, and is also not captured
by a homogeneous track model.
5

CONCLUSION

In this paper, the construction of a heterogeneous track model has been presented.
The ballast layer is modeled by a heterogeneous, continuous medium whose mechanical
properties are taken randomly. A reduced basis for the slice models is constructed from
modes computed at few wavenumbers. The slices are then combined randomly to obtain
a track model where the ballast layer has lost periodicity. Two type of simulations have
been introduced: a hammer impact which excites the track at all frequencies and thus
gives an estimation of the critical frequencies, and a vehicle pass-by which is the design
case for railway engineering. These ﬁrst simulations highlight the dispersion added by the
heterogeneity, which cannot be obtained from a homogeneous model.
A ﬁrst clear perspective is to better characterize this dispersion by considering several
randomly generated tracks, simulating impacts at diﬀerent positions along the track,
and passages at diﬀerent speeds. A second development is to add absorbing boundaries
(PML) to the soil edges to take into account the radiation in our model. In particular,
the remaining eﬀect of heterogeneity while taking into account the radiative behavior of
the soil should be checked.
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[10] E. Azéma, R. Radjai, R. Peyroux, F. Dubois, G. Saussine, Vibrational dynamics of
conﬁned granular materials, Physical Review E 74 (2006) 031302.
[11] M. Allen, D. Tildesley, Computer Simulation of Liquids: Second Edition, OUP Oxford, 2017.
[12] H. Chebli, D. Clouteau, L. Schmitt, Dynamic response of high-speed ballasted railway
tracks: 3D periodic model and in situ measurements, Soil Dynamics and Earthquake
Engineering 28 (2) (2008) 118–131.
[13] S. Gupta, G. Degrande, G. Lombaert, Experimental validation of a numerical model
for subway induced vibrations, Journal of sound and vibration 321 (2009) 786–812.
[14] S. François, M. Schevenels, P. Galvı́n, G. Lombaert, G. Degrande, A 2.5D coupled
FE–BE methodology for the dynamic interaction between longitudinally invariant
structures and a layered halfspace, Computer Methods in Applied Mechanics and
Engineering 199 (23–24) (2010) 1536 – 1548.

2773

Hadrien Pinault, Etienne Balmes, Elodie Arlaud and Régis Cottereau
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MITIGATION OF VIBRATION INDUCED BY RAILWAY TRAFFIC
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Abstract. This paper presents the experimental and numerical evaluation of the barrier’s efﬁciency to mitigate vibration induced by railway trafﬁc. A full-scale in situ experimental setup
in France for trains passages on a commercial track is presented. The performance to mitigate
vibration of both open and in-ﬁlled trench with different materials for different size of trenches
is investigated. A numerical model is also introduced in order to understand the phenomena
involved and to enable improvements to the design of the barriers to be proposed. A moving
load representing a train pass-by is considered. Under the assumptions of linearity and periodicity the response induced by a train pass-by can be reconstructed from the response of a single
bogie on a single sleeper.
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1

INTRODUCTION

Railway trafﬁc induces vibrations that can be detrimental to industrial activities and cause
annoyance to people in the neighboring buildings. One method to mitigate these waves is to
use open trenches or soil barriers (ﬁlled trenches). Main conclusions of previous studies about
trenches and ﬁll materials of different types highlight that open trenches isolate better than
barriers [4] and that trench depth is the main controlling parameter of efﬁciency [2]. However,
the depth of open trenches is limited by stability : rainwater ﬁlling, risk of collapse. The use of
ﬁlling materials improves the stability of the barrier but reduces it efﬁciency. A main parameter
of the efﬁciency of the barrier is the impedance ratio between soil and the barrier. In this paper,
we will study different ﬁlling materials and different conﬁgurations of the barrier.
First, the experimental campaign that is being set up in France to study the efﬁciency of the
barriers for different parameters of the barriers is presented. Then, a numerical model will be
used to understand the details of the experiments and to enable improvements to the design of
the barriers to be proposed.
2

EXPERIMENTAL SETUP

With the increase in rail trafﬁc the problems related to noise and vibrations have started to
be largely studied. Within the framework of the European research and development project
RIVAS, SNCF has carried out a measurement compaign to assess the inﬂuence of solutions to
reduce vibrations generated by rail trafﬁc. Another experimental campaign is being set up to
characterize the efﬁciency of a barrier on the transmission path to mitigate railway waves. The
frequencies of interest are in the range of 10-250 Hz. The test site selected to test the barrier
is the same that has been used for RIVAS project. It is located in Florange, France. The track
is used for commercial purposes and trains running on this track are TER (Regional Express
Trains) and Intercity trains. About ten trains run on this track every day.
2.1

Description of the measurements

Before any works are carried out, a characterization of track and soil is required. The tested
site has been already partially characterized during experiments realized for the RIVAS project.
As the roughness is the source of vibrations induced at the wheel/rail contact, measurements
of rail roughness were realized. Accelerometers were installed on the track and in the soil at 8
m, 16 m and 32 m from the track as presented Fig. 1. Using hammer impacts on the rail and
receivers in the soil measurements of track receptances and track/soil transfer functions were
realized. The soil/soil transfert functions are estimated from excitations from hammer strikes on
an aluminum plate. Others experiments such as for instance the MASW (Multiple Analysis of
Surface Waves) to deduce shear wave velocity variations in the soil are carried out to determine
soil’s properties.
Two areas are deﬁned: a reference section and a test section in which barriers is dug. Measurements are performed for three conﬁgurations: before any works, for open trenches and for
trenches ﬁlled with a different materials. The repeatability of the measurements are veriﬁed by
comparison of acquisitions results for the same type of trains. Barriers are 20 m long. The ﬁrst
one will be 5 m deep and 3 m wide and the second one 3 m deep and 5 m wide. About ﬁfty
acquisitions in each conﬁguration are performed.
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a

Figure 2: Principle of the test section

Figure 1: Position of receivers in the soil

2.2

Usefulness of measurements

Before any works are carried out, acquisitions in both areas are compared in order to verify
that the responses of the soil for a passing train are similar. The inﬂuence of the trench and the
barrier on the vibration ﬁeld is evaluated using the insertion losses deﬁned by :
"
"
" âref (x, ω) "
"
" Z
IL(x, ω) = 20 log10 " T rench
(1)
"
" âZ
(x, ω) "
T rench
where âref
(x, ω) is the
Z (x, ω) is the vertical acceleration at the reference section and âZ
vertical acceleration at the test section. The test section has two functions : to be a reference in
the estimation of barrier efﬁciency and to ensure that the zone was not affected by works in the
test section (Fig. 2).
These experiments allow to compare the efﬁciency of an open trench with these of a barrier,
but also to the inﬂuence of parameters such as depth, width of the trench and the ﬁlling material.

3

WAVE PROPAGATION PROBLEM IN THE PRESENCE OF A BARRIER FOR A
MOVING LOAD

In this section, a numerical model is used to understand the phenomena observed during the
experiments and propose improvements to the design of the barrier. First, the numerical model
is introduced. Then, the modeling of the source is presented. A moving load representing
a train pass-by is considered. We show that the response induced by a passing train can be
reconstructed from the response of a single bogie on a single sleeper under the assumptions
of linearity and periodicity (sleepers spaced regularly). Signals corresponding to a dynamic
loading can be easily introduced. Simulations are realized in the time domain.
3.1

Description of the model

Wave propagation problems are solved using the SEM software developed in partnership
by CentraleSupelec, Institut de Physique du Globe de Paris and the Commissariat à l’Énergie
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Atomique et aux énergies alternatives. SEM is a 3D solver based on the spectral element method
(Komatitsch et al. [5] or Cohen [1]). The spectral element method is Finite Element Method
(FEM) that uses Lagrange polynomials of high order. The nodes of the Lagrange polynomials
are those of the Gauss-Lobatto-Legendre (GLL) quadrature.
A simple model of the track has been considered in this study. Indeed, only the soil, the
ballast layer and the sleepers are taken into account (see Fig. 3). In this part, all materials are

Figure 3: 3D model of the track

assumed to be isotropic linear elastic and follow the Hooke’s law. The sleepers are regularly
spaced every 0.6 m.
An explicit time scheme is used to solve the problem of wave propagation, the time step Δt
is calculated in SEM from the courant number C < 1 by :
Δt = C

min Δxnodes
cp,max

(2)

where min Δxnodes is the minimum distance between two nodes and cp,max is the maximum
velocity of materials considered in the model. Then, the time step will be very small for a small
mesh or too high velocities.
3.2

Response to a train pass-by obtained from the response of a single bogie

The train is modeled as a set of 13 bogies with different weights. Vibrations produced by
a train pass-by can be separated into a quasi-static and dynamic excitation. The quasi-static
excitation is related to the static components of the moving axles loads whereas the dynamic
excitation is related to the wheel/rail interaction. For a train passing at a speed lower than
the wave speed in the soil, vibrations induced by the dynamic excitation are higher than those
induce by the quasi-static excitation [8]. For barriers close to the track, the vibration produced
by a quasi-static load must be taken into account. The moving axle load can be decomposed in
the time domain into a static component and a dynamic component [7].
Under the assumptions of linearity and periodicity, the acceleration at a point x due to a
quasi-static load of a passing train is equal to the sum of accelerations produced by the pass-by
of each bogie. It is given by:
aTrain (x, t) =

12


aBk (x, t) =

k=0

12


αk aB (x, t + τk )

(3)

k=0

where aBk is the acceleration produced by the bogie Bk , τk the time delay of the k-th passing
bogie with respect to the ﬁrst one, αk is the ratio of the weight of bogie k with respect to bogie
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Figure 4: (Left) Loading time function on a single sleeper (Right) Fourier Transform of the loading.

0, α0 = 1, and aB = aB0 . The spectrum of a train pass-by is thus given by :
âTrain (x, ω) =

12


âBk (x, ω) = âB (x, ω)

k=0

12


αk exp(iωτk )

(4)

k=0

where âB is the spectrum of the ﬁrst bogie. The spectrum due to a quasi-satic excitation for a
full train can then be analytically calculated from the spectrum of a single passing bogie.
The input force representing the quasi-static load of a bogie is determined using the approach
of Hoang et al. [3]. The rail is modeled as an Euler-Bernoulli beam, supported by a periodic
elastic support modeling the rail pads on the sleepers. The total force applied on the beam can
be expressed as a function of the moving load and reaction forces of sleepers (Fig. 4). By
performing a double Fourier transform in time and space of the vertical displacement uz , given
by a dynamic equation, an analytical expression of the 2D-Fourier transform is obtained. The
estimation of the dynamic excitation for an axle due to track unevenness characterized by its
power spectral density is presented in [7]. The contribution of the dynamic excitation has not
been taken into account yet.
For a point force of constant amplitude moving at constant sub-Rayleigh speed along an
ideally ﬂat surface of an elastic half-space there are only quasi-static localized displacements
moving along with the force that are generated and no elastic waves [6]. However Rayleigh
waves are generated if the railway is supported by sleepers. The Fig. 5 presents displacement induced in the soil by a bogie pass-by on 100 sleepers. Three waves can be identiﬁed: a

Figure 5: Displacement in the soil obtained for a simulation with 100 sleepers.

wave propagating in the soil at the Rayleigh waves velocity, a wave corresponding to the bogie
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Figure 6: (Left) Displacements (magniﬁed by 5e5) in the soil for a bogie loading on a single sleeper (Right)
Reconstructed and simulated displacements in the soil for a bogie pass-by through the simulated domain.

pass-by and a return wave in the soil. The wave in the soil and the return wave appear in the
simulations because of the limited size of the track. The loading is applied from the ﬁrst to the
last sleeper and there is no time history of the loading neither before nor after the simulated
time. Then, the load on the ﬁrst bogie generates one wave in the soil and another one which
corresponds to the bogie pass-by. The signal of interest is obtained after the removal of these
two waves. Oscillations can be seen after the bogie pass-by. They correspond to interference
between the displacement induced by a load on one sleeper and displacements induced by loads
on the following sleepers. So since there is no loading history above the simulated domain the
wave in the soil induced by a load on the last sleeper doesn’t interfere with any other wave and
a return wave appears in our simulation.
The acceleration at point x for a moving bogie at speed v can be reconstructed from the
acceleration measured in sensors distributed along the track with the same periodicity d that
sleeper and excited by a non-moving loading applied on only one sleeper using formula :

d
aB (x, t) =
(5)
a0 x − kd, t − k
v
k∈Z
where a0 (x, t) is the acceleration at point x at time t produced by a loading at point x0 at
instant t0 . In order to be able to carry out this reconstruction it is necessary to simulate a
bogie loading on one single sleeper for a great number of sleepers. The simulation is realized
for 40 sleepers. Assuming that wave form are conserved and that the only difference between
measurements is in their amplitudes, results are extrapolated beyond the simulated domain. The
Fig. 6 (Left) represents the displacement in the soil for a bogie loading on a single sleeper. The
reconstructed displacements for a moving bogie along the track are presented in the Fig. 6
(Right). The reconstructed displacements (bleu line) are in good agreement with displacements
obtained from the simulation (orange dashed line) of a bogie pass-by.
4

CONCLUSION

A planned experience that aims to evaluate the efﬁciency of a barrier on the transmitted
waves induced by a railway trafﬁc was presented. Different sizes of trenches and materials will
be tested. Concerning numerical simulations, they will be used to understand the phenomena
that occur on the experiments. The use of a single bogie loading on only one sleeper allowed
to reduce the numerical costs. The response of the passing bogie and the spectrum of the train
pass-by can then be reconstructed from the simulation results of only a standing bogie in one
sleeper.
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Abstract. The scattering by a transversely isotropic sphere in a three-dimensional, homogeneous, isotropic and inﬁnite elastic medium is considered. The problem is a scalar one and
is phrased as a scattering problem for an incident SH elastic waves propagating in the direction parallel to the axis of material symmetry. The elastodynamic equations inside the sphere
are transformed to spherical coordinates and the displacement ﬁeld is expanded in associated
Legendre functions in the polar coordinate and powers in the radial coordinate. This leads
to recursion relations for the expansion coefﬁcients inside the sphere. Using the boundary
conditions on the surface of the sphere results in a system of equations for all the expansion
coefﬁcients for the ﬁelds outside and inside the sphere. As a result, the transition (T) matrix
elements are calculated and given explicitly for low frequencies.
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1

INTRODUCTION

Scattering of a wave by a single obstacle has been of much interest in physics and mathematics. This includes the study of scattering for acoustic waves, electromagnetic waves, and
elastic waves, where the latter are of interest in this article. There is a wide body of literature on
elastodynamic wave scattering in isotropic media. In the treatise on theoretical physics, Morse
and Feshbach include several aspects of continuum mechanics and elastic wave propagation [1].
A comprehensive overview of scattering of acoustic, electromagnetic and elastic waves is presented in a uniﬁed way by de Hoop [2] and Varadan et al. [3]. However, there exist many natural
and synthetic materials, which are not isotropic. This may be ﬁbers in a composite, the grains in
a metal, or, on a larger scale, natural soils and rocks or an anisotropic formation in the ground.
If the materials are anisotropic the classical series expansion methods for circles and spheres
are not applicable any longer and the problem becomes more complicated.
The study of waves in unbounded or semi bounded anisotropic media has mostly been treated
in Cartesian and cylindrical coordinates. It is then straightforward to investigate the propagation of waves in layered media. For bounded anisotropic media, where the present focus
lies, not so much has been done by analytical methods. However, spherically and cylindrically anisotropic obstacles have been considered by some authors [4–8]. For the case when
the obstacle is anisotropic in Cartesian coordinates most interest seems to arise for electromagnetic problems, not mechanical ones. Thus, Wu and Ren [9] investigate the scattering by an
anisotropic circle in an isotropic medium using cylindrical wave functions in anisotropic electromagnetic media. Similar wave functions have been used to treat the scattering by a sphere,
and to derive the null ﬁeld approach (T matrix method) [10–12]. The basic idea in the derivation
of these wave functions is a plane wave expansion that is transformed into polar or spherical
coordinates, which leads to quite complicated expressions involving integrals that have to be
computed numerically. It seems that the method has not been used for mechanical scattering problems. Zharnikov and Syresin [13] develop a very different approach which leads to a
Riccati equation for the impedance operator, and they determine the modes in an anisotropic
elastic waveguide. Recently, investigations have been performed for scattering of elastic waves
by anisotropic obstacles in the 2D case for an orthotropic circle for incident SH waves [14] and
P-SV waves [15], using the same type of method as in the present article.
In this paper the scattering problem is considered for a single transversely isotropic spherical
obstacle contained in a three-dimensional, homogeneous, isotropic and inﬁnite elastic medium.
This is a problem that ﬁnds applications in particle composites and in grain scattering in metals (see Boström and Rudá [16]). This canonical problem is here investigated in the simplest
case with an incident plane SH wave propagating in the z direction which is scattered by a
transversely isotropic sphere with the axis of material symmetry perpendicular to the xy plane
(see Figure 1). Therefore, the problem becomes rotationally symmetric and the displacement
and stress ﬁelds are independent of the azimuthal angle ϕ. Based on the polarization of the
incident wave the problem reduces to a scalar one, relating only to motion in the azimuthal ϕ
direction. The ﬁrst step is to state the elastodynamic equations in spherical coordinates which
leads to expressions containing trigonometric functions in the polar θ coordinate. Expanding
the displacement ﬁeld in associated Legendre functions in θ leads to coupled ordinary differential equations which can be solved by a power series expansion in the radial r coordinate. An
expansion in the spherical vector wave functions outside the sphere is employed and using the
boundary conditions on the surface of the sphere results in a system of equations for all the expansion coefﬁcients of the ﬁelds outside and inside the sphere. The method is in particular well
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suited for low frequencies and in this case it is possible to give the elements of the transition
matrix in simple analytical form. Some numerical examples are given showing the scattered
wave in the far ﬁeld.
z

x
a
y

uin
Figure 1: Transversely isotropic sphere with radius a, and incident torsional wave.

2

STATEMENT OF PROBLEM

Consider an anisotropic sphere with radius a surrounded by a homogeneous isotropic elastic
inﬁnite medium with density ρ and Lamé parameters λ and μ. Due to the geometry of the
problem, it is convenient to use spherical coordinates (r, θ, ϕ). Considering a time harmonic
situation and suppressing the time factor e−iωt , it is convenient to introduce the spherical vector
wave functions of the surrounding medium [3]
0
ψ1σml
(r, θ, ϕ) = 

0
(r, θ, ϕ) = 
ψ2σml

=

0
ψ3σml
(r, θ, ϕ) =

=

1
l(l + 1)

1
l(l + 1)

jl (ks r)

kp
ks
kp
ks

= jl (ks r)A1σml (θ, ϕ),

(1)

∇ × ∇ × rjl (ks r)Yσml (θ, ϕ)


jl (ks r)
jl (ks r)
A2σml (θ, ϕ) + l(l + 1)
A3σml (θ, ϕ),
+
ks r
ks r

3/2

3/2

∇ × rjl (ks r)Yσml (θ, ϕ)

1
∇ jl (kp r)Yσml (θ, ϕ)
kp

jl (kp r)
A2σml (θ, ϕ) .
(jl (kp r)A3σml (θ, ϕ) + l(l + 1)
kp r

(2)

(3)

Here the ﬁrst index 1, 2 and 3 on the wave functions indicates SH, SV and P waves, respectively.
The spherical harmonics Yσml (θ, ϕ) are deﬁned as
#
3
2
m (2l + 1)(l − m)! m
cos mϕ
,
(4)
Pl (cos θ)
Yσml (θ, ϕ) =
sin mϕ
4π(l + m)!
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where Plm (cos θ) is an associated Legendre function of order m = 0, 1, 2, .. and degree l = m,
m + 1, m + 2, ..., which has the following deﬁnition in terms of the Legendre polynomial
dm Pl (x)
(5)
= (−1) (1 − x )
.
dxm
In eq. (4), σ = e for the upper row which is even with respect to ϕ or σ = o for the lower row
which is odd with respect to ϕ. m is the Neumann factor, 0 = 1 and m = 2 for m = 1, 2, 3, ....
The upper index 0 on the wave functions denotes that they are regular containing spherical
Bessel functions jl , while outgoing waves containing spherical Hankel functions of the ﬁrst
(1)
index +. The longitudinal and transverse wave numbers are
kind hl are denoted by an upper 
kp = ω ρ/(λ + 2μ) and ks = ω ρ/μ, respectively. Finally, the vector spherical harmonics
Aτ σml (θ, ϕ), τ = 1, 2 and 3, form a vector basis system for vector-valued functions on the unit
sphere which are mutually orthonormal and are deﬁned as
Plm (x)

2

m

1
m
2

1
∇ × (rYσml (θ, ϕ))
A1σml (θ, ϕ) = 
l(l + 1)
1 ∂
∂
1
=
eθ
Yσml (θ, ϕ) − eϕ Yσml (θ, ϕ) ,
sin θ ∂ϕ
∂θ
l(l + 1)
1
A2σml (θ, ϕ) = 
r∇Yσml (θ, ϕ)
l(l + 1)
1
∂
1 ∂
=
Yσml (θ, ϕ) ,
eθ Yσml (θ, ϕ) + eϕ
∂θ
sin θ ∂ϕ
l(l + 1)

(6)

A3σml (θ, ϕ) = er Yσml (θ, ϕ).
Usually it is necessary to have the traction vector on a surface for applying boundary conditions. The traction vector t(r) on the spherical surface r = a with normal er is needed to solve
the scattering problem, and can be derived directly from the displacement ﬁeld u by
t(r) = er λ∇ · u + μ 2

∂u
+ er × (∇ × u) ,
∂r

(7)

The ﬁrst vector wave function (SH waves) and its traction only depend on the ﬁrst vector
spherical harmonic while the second and third wave functions (P-SV waves) only depend on
the second and third vector spherical harmonics. Therefore, the scattering problem can be
solved for SH waves and P-SV waves separately.
The scattering problem for an incoming wave scattered by the sphere is determined by the
constitutive and governing equations inside the sphere (as described later) and the boundary
conditions on the sphere, which here are taken as continuity of displacement and traction. Solving the problem, the scattering by the sphere can be represented by the transition (T) matrix
which gives the relation between the expansion coefﬁcients of the scattered waves and incoming waves. The incoming and scattered waves can be expanded in the vector wave functions
uin (r) =



bτ σml ψτ0σml (r),

(8)

gτ σml ψτ+σml (r),

(9)

τ σml

usc (r) =


τ σml
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where the expansion coefﬁcients of the incoming wave bτ σml can be regarded as known and
the expansion coefﬁcients of the scattered wave gτ σml are to be determined. The T matrix is
deﬁned as the linear relation between bτ σml and gτ σml

gτ σml =
Tτ σml,τ  σ m l bτ  σ m l .
(10)
τ  σ  m l 

Inside the sphere the material is assumed to be transversely isotropic with density ρ1 , such
that the axis of anisotropy is perpendicular to the xy plane. Therefore, the constitutive equations
in Cartesian coordinates are
⎧ ⎫ ⎡
⎤⎧ ⎫
σxx ⎪
0
0
0
C11 C12 C13
xx ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎢
⎪
⎥
⎪
C

σ
C
C
0
0
0
⎪
⎪
⎪
⎪
yy
12
11
13
yy
⎪
⎪
⎢
⎥
⎪
⎨ ⎬ ⎢
⎬
⎨ ⎪
⎥
C
C
C
0
0
0

σzz
13
13
33
⎥ zz .
=⎢
(11)
⎢ 0
⎥ ⎪ yz ⎪
0
0 2C44
σyz ⎪
0
0
⎪
⎪
⎪
⎢
⎪
⎥
⎪
⎪
⎪ ⎣
⎪
⎪
⎪
⎦⎪
0
0
0
0
2C44
σ ⎪
0
 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩ zx ⎪
⎭
⎭
⎩ zx ⎪
0
0
0
0
0
C11 − C12
σxy
xy
The equations of motion in spherical coordinates inside the sphere are
∂σrr 1 ∂σrθ
1 ∂σϕr 1
+
+
+ (2σrr − σθθ − σϕr + cot θσrθ ) = −ρω 2 ur ,
∂r
r ∂θ
r sin θ ∂ϕ
r

(12)

∂σrθ 1 ∂σθθ
1 ∂σθϕ 1
+
+
+ (cot θ (σθθ − σϕϕ ) + 3σrθ ) = −ρω 2 uθ ,
∂r
r ∂θ
r sin θ ∂ϕ
r

(13)

1 ∂σϕϕ 1
∂σϕr 1 ∂σθϕ
+
+
+ (3σϕr + 2 cot θσθϕ ) = −ρω 2 uϕ ,
∂r
r ∂θ
r sin θ ∂ϕ
r

(14)

where the strains ij in spherical coordinates are
∂ur
1 ∂uϕ cot θ
ur
, ϕϕ =
+
uθ + ,
∂r
r sin θ ∂ϕ
r
r
1 ∂uθ ur
1 ∂uϕ
1 ∂uθ
+ , θϕ =
− cot θuϕ +
,
θθ =
r ∂θ
r
2r ∂θ
sin θ ∂ϕ
1 ∂ur ∂uϕ uϕ
1
1 ∂uθ uθ 1 ∂ur
+
−
, rθ =
−
+
=
2 r sin θ ∂ϕ
∂r
r
2 ∂r
r
r ∂θ
rr =

ϕr

(15)
.

By using the transformation of the stresses and strains between Cartesian and spherical coordinates the stress-strain relations in spherical coordinates become
σrr = (α1 + 2α2 ) rr + α1 θθ + (α1 − β2 + β3 ) ϕϕ − 2β1 (rr cos 2θ − rθ sin 2θ)
− β3 (ϕϕ cos 2θ) + β2 ((rr − θθ ) cos 4θ − 2rθ sin 4θ) ,

(16)

σθθ = (α1 + 2α2 ) θθ + α1 rr + (α1 − β2 + β3 ) ϕϕ + 2β1 (θθ cos 2θ + rθ sin 2θ)
+ β3 (ϕϕ cos 2θ) + β2 ((θθ − rr ) cos 4θ + 2rθ sin 4θ) ,

(17)
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σϕϕ = (α1 + 2α2 + 2β1 + β2 ) ϕϕ + (α1 − β2 + β3 ) (θθ + rr )
+ β3 ((θθ − rr ) cos 2θ + 2rθ sin 2θ) ,

(18)

σθϕ = α3 θϕ + β4 (θϕ cos 2θ + ϕr , sin 2θ) ,

(19)

σϕr = α3 ϕr − β4 (ϕr cos 2θ − θϕ sin 2θ) ,

(20)

σrθ =2α2 rθ + β1 ((θθ + rr ) sin 2θ) + β3 (ϕϕ sin 2θ)
+ β2 ((θθ − rr ) sin 4θ − 2rθ cos 4θ) ,

(21)

where
1
1
α1 = (C11 + 6C13 + C33 − 4C44 ), α2 = (C11 − 2C13 + C33 + 4C44 ),
8
8
1
1
1
β1 = (C11 − C33 ), β2 = (C11 − 2C13 + C33 − 4C44 ), β3 = (C12 − C13 ),
4
8
2
1
1
α3 = (C11 − C12 + 2C44 ), β4 = (C11 − C12 − 2C44 ).
2
2

(22)

Here, α1 , α2 , β1 , β2 and β3 are ﬁve linearly independent coefﬁcients that are sufﬁcient to describe the transversely isotropic medium. However, for simplicity, two more coefﬁcients α3
and β4 are deﬁned for the case of incident SH waves. They can easily be written in terms of the
other coefﬁcients
α3 = 2α2 + β1 − β3 ,

β4 = 2β2 + β1 − β3 .

(23)

In the isotropic limit βi = 0, i = 1, 2, 3, 4, α1 = λ1 and α3 = 2α2 = 2μ1 , with μ1 and λ1 being
the Lamé parameters of the sphere, and eqs. (16) to (21) reduce to the isotropic case.
3

SCATTERING OF INCIDENT TORSIONAL WAVES

The simplest form of the deﬁned scattering problem occurs for a plane SH wave (or torsional
wave) propagating parallel to axis of material symmetry in the z direction. Due to the uncoupling of the SH waves, the displacement ﬁeld outside the sphere can be written in terms of
the ﬁrst spherical vector wave function (eq. (1)). Such a rotationally symmetric incident wave
together with the symmetrical geometry of the media simplify the problem to an axisymmetric
situation. Consequently, the displacement and stress ﬁelds are ϕ independent and the vector
wave function only consists of m = 0 terms (which only have an even part σ = e). For such
an incident plane wave the displacement ﬁeld outside the sphere, which can be divided into
incident and scattered waves, only consists of displacement in the azimuthal direction and is
from eqs. (8) and (9)
uin
ϕ (r, θ)

=

∞


0
b1l ψ1e0l
(r, θ)

· eϕ =

l=1

∞

l=1
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usc
ϕ (r, θ)

=

∞


+
g1l ψ1e0l
(r, θ)

· eϕ =

l=1

∞


(1)

g1l wl hl (ks r)Pl1 (cos θ),

(25)

l=1


where wl = (2l + 1)/(4πl(l + 1)).
The radial traction outside the sphere is equal to zero for the r and θ directions and it only
has a ϕ component which is derived from eq. (7) for the incident and scattered waves
in
σϕr

sc
σϕr

=
=

∞

l=1
∞

l=1

b1l μrwl

d jl (ks r)
Pl1 (cos θ),
dr
r
(1)

d hl (ks r)
Pl1 (cos θ).
g1l μrwl
dr
r

(26)

In order to ﬁnd the linear relation between g1l and b1l , the continuity conditions on the surface of the sphere must be applied, and eqs. (12) to (14) must be satisﬁed inside the sphere.
Since there is only traction and displacement components in the ϕ direction and they are ϕ independent as well, substituting eqs. (19) and (20) into eq. (14) and using the strain relation in
spherical coordinates (eq. (15)) lead to the following partial differential equation to be satisﬁed
inside the sphere

∂ 2 uϕ 2 ∂uϕ
1 2
∂ 2 uϕ
2
1
+
+
∇
u
+
β
cos
2θ
−
+ 2 uϕ + 2 ∇2p1 uϕ
ϕ
p1
2
2
2
∂r
r ∂r
r
∂r
r
r

(27)
1 ∂uϕ
2
1
∂ 2 ∂uϕ
2
+ β sin 2θ cot θ
− 2 uϕ +
− 2 uϕ
+ k uϕ = 0,
r ∂r
r
∂θ r ∂r
r
where 
β = β4 /α3 is a measure of the degree of anisotropy, with β = 0 in the isotropic case,
k = ω 2ρ1 /α3 is the wave number in the anisotropic sphere determined with the mean stiffness
of the sphere α3 /2, and

∇2pm =

m2
∂2
∂
−
+
cot
θ
.
∂θ2
∂θ sin2 θ

(28)

The differential equation for the Legendre functions of order m can be written in terms of this
operator
∇2pm Plm (cos θ) + l(l + 1)Plm (cos θ) = 0.

(29)

Due to the appearance of ∇2p1 , it is useful to expand the displacement ﬁeld inside the sphere in
terms of the associated Legendre functions of order 1
uϕ (r, θ) =

∞


fl (r)Pl1 (cos θ).

(30)

l=1

Substituting eq. (30) into eq. (27) and using multiple angel formulae for trigonometric functions and the differential equation for the associated Legendre function of order 1 (eq. (29)) lead
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to the following relation
(

∞

2
1
1
Pl (cos θ) (1 + β)fl (r) + fl (r) − (l(l + 1) + β (2 − l(l + 1))) 2 fl (r)
r
r
l=1

1
1
+ Pl1 (cos θ) cos2 θ 2β −fl (r) + fl (r) − l(l + 1) 2 fl (r)
r
r
)

2 
1
dPl1 (cos θ) 2
+
sin θ cos θ 2β − fl (r) + 2 fl (r) + k 2 fl (r)Pl1 (cos θ) = 0,
d cos θ
r
r

(31)

where a prime denotes differentiation with respect to r. Equation (31) contains terms including
multiplication of the associated Legendre functions and trigonometric functions. However, it
is convenient to write them in terms of orthogonal functions. For this purpose, the following
recursion relations can be used
m
m
(l − m + 1)Pl+1
(x) = (2l + 1)xPlm (x) − (l + m)Pl−1
(x),
m
dP (x)
m
(−1)m (1 − x2 ) l
= lxPlm (x) − (l + m)Pl−1
(x).
dx
It can be concluded that
1
1
cos2 θPl1 (cos θ) = c1l Pl1 (cos θ) + c2l Pl+2
(cos θ) + c3l Pl−2
(cos θ),
1
dPl (cos θ) 2
1
1
sin θ cos θ = s1l Pl1 (cos θ) + s2l Pl+2
(cos θ) + s3l Pl−2
(cos θ),
d cos θ

(32)

(33)

where
c3l =

l(l + 1)
,
(2l + 1)(2l − 1)
s3l = (l + 1)c3l ,

c2l =

l−1
l+2
c3l +
c2l ,
l
l+1
l−1
l+2
s3l +
s2l .
s1l =
l
l+1

l(l + 1)
,
(2l + 1)(2l + 3)

s2l = −lc2l ,

c1l =

Consequently eq. (31) turns into
∞ 

1
1
(cos θ)R2,l (r) + Pl−2
(cos θ)R3,l (r) = 0,
Pl1 (cos θ)R1,l (r) + Pl+2

(34)

(35)

l=1

which is an expansion only in terms of the associated Legendre functions. It is noted that there
is coupling between different degrees of the associated Legendre functions. Here
1
R1,l (r) = (1 + β − 2βc1l )fl (r) + 2(1 + βc1l − 2βs1l ) fl (r),
r
% 2 2
%
&
& 1
+ r k − l(l + 1) − β 2 − l(l + 1) − 2βc1l l(l + 1) + 2βs1l 2 fl (r),
r
(36)
%
&1
1


R2,l (r) = −2βc2l fl (r) + 2β(c2l − 2s2l ) fl (r) + 2β − l(l + 1)c2l + s2l 2 fl (r),
r
r
%
&
1
1
R3,l (r) = −2βc3l fl (r) + 2β(c3l − 2s3l ) fl (r) + 2β − l(l + 1)c3l + s3l 2 fl (r).
r
r
Using the orthogonality of the Legendre functions, the following relation must be satisﬁed
inside the sphere for all values of l = 1, 2, 3, ... with the condition f0 (r) = f−1 (r) = 0,
R1,l (r) + R2,l−2 (r) + R3,l+2 (r) = 0.
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This is a system of coupled ordinary differential equations for the functions fl (r). To solve this
system of equations, fl (r) are expanded in power series in r. In order to achieve a solution that
is analytical at the origin, the functions fl (r) must behave as rl when r approaches the origin
and must also contain only even or odd powers of r. Thus, the following series expansion can
be made

fl (r) =
qj,l rj .
(38)
j=l,l+2,...

Inserting eq. (38) into eq. (37), results in
 
qj,l M1j,l + qj,l+2 M2j,l + qj,l−2 M3j,l + qj+2,l k 2 rj−2 = 0,

(39)

j=l,l+2,...

where
(j + j 2 − l(1 + l)) (−3 + 4l + 4l2 + 3β)
,
−3 + 4l + 4l2
2 (6 + 5l + l2 ) (3 + j 2 + 4l + l2 + 2j(2 + l)) β
(40)
,
M2j,l = −
(3 + 2l)(5 + 2l)
2 (j 2 − 2j(−1 + l) + (−2 + l)l) (2 − 3l + l2 ) β
M3j,l = −
.
3 − 8l + 4l2
Finally, the linear independence of the powers of r leads to the following equation for all
l = 1, 2, .., and j = l, l + 2, .., with the condition qj,l = 0 for all j > l
M1j,l =

qj,l M1j,l + qj,l+2 M2j,l + qj,l−2 M3j,l + qj+2,l k 2 = 0.

(41)

This system of equations can be used to determine all qj,l for j = l + 2, l + 4, .. in terms of ql,l .
Thus the solution inside the sphere is complete and only contains the unknown coefﬁcients ql,l .
Furthermore, for solving the scattering problem, the continuity conditions at the boundary of
the sphere must be considered. Substituting the expanded displacement ﬁeld into the constitutive relation (eq. (20)), the following stress inside the sphere is evaluated

2
fl (r)
σϕr =
(1 + β) fl (r) −
α3
r
l=1
∞

Pl1 (cos θ) − 2β cos2 θPl1 (cos θ)fl (r)

dP 1 (cos θ) 2
sin θ cos θ
− 2β l
d cos θ

fl (r)
r

(42)
,

which again contains terms including multiplication of trigonometric and Legendre functions.
However, in order to apply the continuity condition it is convenient to derive the stress inside
the sphere in terms of the associated Legendre functions of order 1, the same as the one outside
the sphere. Therefore using the same recursion relations as eq. (33) the stress inside the sphere
can be rewritten
∞ 

fl (r)
2
fl (r)
− 2β c1l fl (r) + s1l
Pl1 (cos θ)
(1 + β) fl (r) −
σϕr =
α3
r
r
l=1

fl (r)
1
(43)
Pl−2
(cos θ)
+ − 2β c3l fl + s3l
r

fl (r)
1
+ − 2β c2l fl (r) + s2l
Pl+2
(cos θ).
r
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Considering the expansion of f (r) in terms of powers as in eq. (38), the stress becomes
∞

 
2
σϕr =
qj,l N1j,l + qj,l+2 N2j,l + qj,l−2 N3j,l rj−1 Pl1 (cos θ),
α3
l=1 j=l,l+2,...

(44)

where
3 + 9β − 2l(2 + 3β) − 2l2 (2 + 3β) + j (−3 + 4l + 4l2 + 3β)
,
−3 + 4l + 4l2
2(3 + j + l) (6 + 5l + l2 ) β
,
=−
(3 + 2l)(5 + 2l)
2(2 + j − l) (2 − 3l + l2 ) β
=−
.
3 − 8l + 4l2

N1j,l =
N2j,l
N3j,l

(45)

Due to the orthogonality of the associated Legendre functions, the boundary condition for
the displacement on the surface of the sphere r = a for l = 1, 2, ..., gives from eqs. (24), (25),
(30) and (38)

(1)
qj,l aj = b1l wl jl (ks a) + g1l wl hl (ks a).
(46)
j=l,l+2,...

The stress boundary condition likewise gives from eqs. (26) and (44)
 
d jl (ks r)
qj,l N1j,l + qj,l+2 N2j,l + qj,l−2 N3j,l aj−1 =γrb1l wl
dr
r
j=l,l+2,...
d
+ γrg1l wl
dr

"
"
"
"

r=a

(1)
hl (ks r)

r

"
"
"
"

(47)
,
r=a

where γ = 2μ/α3 is the ratio of the stiffness outside the sphere and the mean stiffness inside
the sphere. These equations together with eq. (41) are sufﬁcient to ﬁnd all the unknowns g1l and
qj,l expressed in terms of the incident wave coefﬁcients b1l . Therefore, the solution outside the
sphere in the isotropic medium can be derived using eqs. (24) and (25)
uϕ (r, θ) =

∞


!
(1)
b1l jl (ks r) + g1l hl (ks r) wl Pl1 (cos θ).

(48)

l=1

Here the coefﬁcients g1l of the scattered ﬁeld are to be determined by using the derived system
of equations, where the expansion coefﬁcients of the incoming ﬁeld are known. For incident
plane SH wave, the b1l are

(49)
b1l = il 2π(2l + 1).
4

THE RAYLEIGH LIMIT

A scattering problem can be simpliﬁed by considering extreme values of the geometrical or
physical parameters that enter the scattering process. For instance, when the size of the sphere
is much smaller than the wavelength of the incident wave, or in other words, when the sphere
disturbs only a small fraction of the full incident plane wave, only lower degrees of the scattered
wave are signiﬁcant. This is known as low-frequency scattering, also known as the Rayleigh
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limit. For such a problem, the interior displacement ﬁeld can be expanded to a speciﬁc (low)
order jmax and the regularity condition requires that lmax ≤ jmax . Here, jmax = lmax = 4 is
considered. The problem can be decoupled into l = 1, 3 and l = 2, 4. For the l = 1, 3 part the
following equations are derived from the continuity conditions given in eqs. (46) and (47)
(1)

q1,1 a + q3,1 a3 = b11 w1 j1 (ks a) + g11 w1 h1 (ks a),

(1)

q3,3 a3 = b13 w3 j3 (ks a) + g13 w3 h3 (ks a),
"
2
d j1 (ks r) ""
24
2
2
(5 + 3β)q3,1 a − βq3,3 a =b11 γaw1
"
5
5
dr
r
r=a

"
(1)
d h1 (ks r) ""
+ g11 γaw1
" ,
dr
r
r=a

"
6
d j3 (ks r) ""
8
2
2
− βq3,1 a + (2 − β)q3,3 a =b13 γaw1
"
15
5
dr
r
r=a

"
(1)
d h3 (ks r) ""
+ g13 γaw3
" ,
dr
r
r=a

(50)

(51)

(52)

(53)

which contains the ﬁve unknowns g11 , g13 , q1,1 , q3,1 and q3,3 . The additional equation needed
comes from eq. (41) which is zero identically for l = 1, j = 1 and l = 3, j = 3, and is as
follows for l = 1, j = 3
k 2 q1,1 + 2(5 + 3β)βq3,1 − 24βq3,3 = 0.

(54)

For solving the system of equations, it is convenient to use the series expansion of the spherical Bessel and Hankel functions, where at low frequencies two terms at most are sufﬁcient.
Solving the system of equations the T matrix is derived based on eq. (10) for elements relating
to SH waves (τ = 1) and for m = 0, σ = e and different values of l. These matrix elements are
simply denoted Tll and has the following value for T11
T11 = −

iks3 a5 (−k 2 + γks2 )
ik 5 a5
ρ1
= − s (1 − ).
45γ
45
ρ

(55)

As l = 1 corresponds to a rigid body rotation at low frequencies, this element only depends
on the density of the sphere, not on the stiffness properties of the sphere. Consequently, this
element is identical to the one for an isotropic sphere with the same density.
The l = 2, 4 part gives
(1)

q2,2 a2 + q4,2 a4 = b12 w2 j2 (ks a) + g12 w2 h2 (ks a),

(1)

q4,4 a4 = b14 w4 j4 (ks a) + g14 w4 h4 (ks a),
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"
d j2 (ks r) ""
1
40
3
3
(1 − β)q2,2 a − (−21 + 5β)q4,2 a − βq4,4 a =b12 γaw2
"
7
7
dr
r
r=a

"
(1)
d h2 (ks r) ""
+ g12 γaw2
" ,
dr
r
r=a

"
9
d j4 (ks r) ""
24
3
3
− βq4,2 a + (3 − β)q4,4 a =b14 γaw4
"
35
7
dr
r
r=a

"
(1)
d h4 (ks r) ""
+ g14 γaw4
" ,
dr
r
r=a

(58)

(59)

which contains ﬁve unknowns g12 , g14 , q2,2 , q4,2 and q4,4 . The additional equation from eq. (41)
for l = 2, j = 4 is
k 2 q2,2 + 2(7 + β)βq4,2 − 40βq4,4 = 0.

(60)

The result of solving the system of equations for the ﬁrst T matrix element T22 (using the
asymptotic form of the spherical Bessel and Hankel functions) is
T22 = −

iks5 a5 (β + γ − 1)
.
45(β − 4γ − 1)

(61)

In the isotropic limit β = 0 and γ = μ/μ1 , this is in agreement with the corresponding isotropic
T matrix element.
To determine other elements of the T matrix Tll , it is necessary to truncate the expansion of
the displacement ﬁeld inside the sphere at lmax in which lmax > l + 2 and lmax > l + 2, since
there is coupling between the l, l − 2 and l + 2 degrees of the associated Legendre functions
inside the sphere. For instance to evaluate T13 , T31 and T33 , lmax ≥ 5 must be considered.
Expanding the displacement ﬁeld inside the sphere to jmax = lmax = 5, the following result for
the T matrix elements is obtained
ρ1
iks5 a5
(1 − )
45
ρ
3 7
175k 2 ks2 k 4 (−70β 2 + 87βγ + 5(7 + 3γ)(2 + 5γ))
ik a
+
125ks4 −
+ s
23625
γ
γ 2 L1
√ 2 5 7
i4 2k ks a β
i2k 7 a7 5 (−1 + β 2 ) + (5 + 3β)γ
√
=T31 =
, T33 = − s
,
7875
L1
1125 7 L1
ik 5 a5 (β + γ − 1) iks5 a7 3k 2 γ + ks2 (β 2 − 5γ 2 − β(2 + γ) + γ + 1)
=− s
+
,
45L2
189
L22

T11 = −

T13
T22

,
(62)

where
%
&
L1 = 2 −1 + β 2 − (5 + 3β)γ,

L2 = β − 4γ − 1,

(63)

This is all T matrix elements that are of order (ks a)5 and (ks a)7 , higher order elements are all
smaller, going at least as (ks a)9 .
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5

Numerical Results

The numerical implementation is straightforward, the only parameter to check is the truncation jmax and lmax . The validity of the computations can be checked in three ways. The ﬁrst is
to look at the special case of isotropy and this is exactly fulﬁlled as the method reduces to the
standard separation-of-variables solution for this case. The other two is to check the T matrix
for symmetry and ”hermicity” [17], which are both only valid for lossless media, i.e. real stiffnesses. Symmetry is due to reciprocity and is exactly fulﬁlled in the Rayleigh limit and more or
less exactly fulﬁlled numerically. ”Hermicity” is due to energy conservation and this gives the
following relation for the T matrix (in matrix notation)
T † T = −ReT

(64)

where the dagger denotes the Hermitian conjugate (taking both the transpose and the complex
conjugate). This is a very good nonlinear check (but of course it is only necessary, not sufﬁcient). This check is not possible to apply in the Rayleigh limit as the leading order terms are
all imaginary and the leading order real terms are much smaller and are thus not calculated. For
higher frequencies it is possible to perform this check numerically and this has been done with
a very satisfactory result. For ks a = 5, for instance, this relation is satisﬁed to 4 digits when the
truncation jmax = 20, lmax = 10 is used and to 7 digits for jmax = 24, lmax = 12.
One physical quantity that is often calculated is the far ﬁeld amplitude which is deﬁned
according to
usc = F (θ)

eiks r
,
ks r

(65)

where the asymptotic behaviour of the spherical Hankel function for the scattered ﬁeld is used
and the far ﬁeld amplitude is

il+1 g1l wl Pl1 (cos θ).
F (θ) =
(66)
l=1

For numerical illustration, the absolute value of the far ﬁeld amplitude for cases with the material of the sphere denser and stiffer than the surrounding is calculated. Therefore, ρ1 /ρ = 2
and γ = 0.2 is assigned for all cases. The degree of anisotropy is given by the parameter
ζ = (C11 − C12)/(2C44), which is the quotient between the two shear stiffnesses inside the
sphere. The frequency is speciﬁed by the parameter ks a. The computations are performed both
numerically and in the Rayleigh limit to order (ks a)5 and (ks a)7 .
First the validity of the Rayleigh limit is examined for an anisotropic sphere with stiffness
quotient ζ = 0.2. Figure 2 shows the normalized far ﬁeld amplitude of the sphere in the θ =
3π/4 direction as a function of frequency. As the T matrix goes as (ks a)5 for low frequencies
the normalization is F (3π/4)/(ks a)5 . The Rayleigh limit with only (ks a)5 is shown dashed and
with including (ks a)7 is shown dash-dotted, and the numerical result with jmax = 24, lmax = 12
is shown dotted. These are also compared with the far ﬁeld amplitude of the isotropic sphere
when ζ = 1 (full-drawn). A good agreement between the Rayleigh limit and the numerical
result is observed for low frequencies (approximately ks a < 0.3 by considering (ks a)5 terms
and ks a < 0.8 by including (ks a)7 terms). Also, the effect of anisotropy is considerable even
for low frequencies.
To illustrate the effect of anisotropy, Figure 3 shows a polar plot (for 0 ≤ θ ≤ π) of the
absolute value of the far ﬁeld amplitude of the anisotropic sphere for ks a = 2 and different
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Figure 2: The normalized far ﬁeld amplitude as a function of frequency ks a in the θ = 3π/4 direction for the
density ratio ρ1 /ρ = 2 and stiffness ratio γ = 0.2. Curves are given for a transversely isotropic sphere with
stiffness quotient ζ = 0.2, both with numerical computations (dotted) and in the Rayleigh limit (two curves, one
with only (ks a)5 terms (dashed) and one with including also (ks a)7 terms (dash-dotted)). Also the result for an
isotropic sphere (ζ = 1, full-drawn) is included.

values of the stiffness quotient: ζ = 10 (full-drawn), 2 (dashed), 0.5 (dotted), 0.1 (dash-dotted).
This is also compared with the isotropic case (i.e. ζ = 1) on the left side of the ﬁgure. Figure 4
illustrates the same situation for the higher frequency ks a = 5, which shows somewhat stronger
effects due to the anisotropy.





















Figure 3: The far ﬁeld amplitude for the frequency ks a = 2, density ratio ρ1 /ρ = 2 and stiffness ratio γ = 0.2
for the isotropic sphere (ζ = 1) on the left side and transversely isotropic sphere with stiffness quotient ζ = 10
(full-drawn), 2 (dashed), 0.5 (dotted), 0.1 (dash–dotted), on the right side.

6

CONCLUSIONS

The scattering problem for a transversely isotropic sphere inside an isotropic medium for an
incident SH wave in the z direction is considered. Transformation of the constitutive equations
from Cartesian to spherical coordinates results in complicated expressions for the equations of
motion and stresses inside the sphere. Expanding the displacement ﬁeld in associated Legendre
functions of order 1 in θ and power series expansions in r, leads to recursion relations for the
expansion coefﬁcients that couple different polar degrees (in contrast to an isotropic sphere
where there is no such coupling). Applying the boundary conditions on the sphere the T matrix
elements can be obtained. Explicit expressions are obtained for the T matrix elements for low
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Figure 4: The far ﬁeld amplitude for the frequency ks a = 5, density ratio ρ1 /ρ = 2 and stiffness ratio γ = 0.2
for the isotropic sphere (ζ = 1) on the left side and transversely isotropic sphere with stiffness quotient ζ = 10
(full-drawn), 2 (dashed), 0.5 (dotted), 0.1 (dash–dotted), on the right side.

frequencies.
The present calculations for the SH waves in low frequencies are of limited interest as these T
matrix elements are not of leading order (the P-SV waves are expected to behave as (ka)3 as they
do in the isotropic case). However, the present article also includes the necessary expressions
for the stresses expressed in spherical coordinates for the general case. The present approach is
applicable to this general case as well and such work is in progress.
The calculated T matrix elements can be used for various purposes. One important application is in the estimation of damping and phase velocities in polycrystalline materials, typically
metals. The grains in such materials are far from spherical, but at low frequencies (when the
grains are much smaller than the wavelength) the grain shape is not very important as the scattering is mainly a volume effect. For damping calculations in 2D this approach has been shown
to give excellent agreement with FEM computations (Boström and Rudá [16]).
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Abstract. In this paper, a new prediction methodology to deal with longitudinally invariant
soil-structure interaction problems in elastodynamics is presented. The method uses the ﬁniteelement method to model the structure, the boundary-element method to model the local soil surrounding the structure and the method of fundamental solutions to model the wave propagation
through the soil. All those methods are formulated in the two-and-a-half-dimensional domain.
The methodology is ﬁrstly veriﬁed in the framework of a homogeneous half-space system by
comparing the results of the current method with those computed by the semi-analytical solution
of this problem. Secondly, the methodology is veriﬁed against a two-and-a-half-dimensional ﬁnite element-boundary element approach, for two calculation examples: a tunnel embedded in
a homogeneous half-space and a tunnel embedded in a layered half-space. This comparison
also shows that this novel methodology reduces the computational costs of such simulations
without compromising the accuracy of the results. The increase on the computational efﬁciency
is due to the use of the method of fundamental solutions to account for the wave propagation in
the medium, and it is even higher when the number of evaluations points increases.
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1

INTRODUCTION

In the framework of soil-structure interaction problems, some structures can be considered as
longitudinally invariant systems that can be assessed by two-and-half-dimensional approaches.
Structures like at-grade railway tracks [4], tunnels [1], roads [2] or bridges [3] are some examples of soil-structure problems where the structure can be modelled as longitudinally invariant system. A review of the literature indicates that there are several works that contributed
to the study of this kind of soil-structure interaction problems. Among them, coupled 2.5D
ﬁnite element-boundary element methodology (2.5D FEM-BEM) is a well-known numerical
approach for the assessment of the soil-structure interaction problems. François et al. [2] presented a 2.5D FEM-BEM model in frequency domain. They proposed this method to study
the wave propagation in soil induced by railway or road trafﬁc using this method. Galvı́n et
al. [4] used the same method to analyse two different applications: a ballasted track over a
layered half-space and a tunnel embedded in a layered half-space. Lopes et al. [5] proposed
an alternative method where a 2.5D FEM with 2.5D perfect matched layers (PML) is used to
assess the ground-borne vibration response of a building. Later, the re-radiated noise inside
the building was investigated using a 2.5D MFS in acoustics weakly coupled with the building
vibration ﬁeld obtained with the method presented in [5] [6]. More recently, Ghangale and his
colleagues [7] presented a method for the prediction of the energy ﬂow radiated by underground
railway infrastructures based on a 2.5D FEM-BEM method to model the tunnel and the locally
surrounding ground and on the semi-analytical solutions of a cylindrical cavity to model the
wave propagation on the soil.
The MFS is a collocation method which approximates the solution within an elastic medium
employing a combination of fundamental solutions of the medium governing equations. It is
specially interesting for dealing with wave propagation problems in unbounded or partially
unbounded domains. Its application is based on a distribution of collocation points, which
evaluates the boundary conditions at discrete positions, and on a distribution of source points
(or virtual forces, in elastodynamic problems), which are obtained by complying the boundary
conditions at the collocation points. The collocation points are located on the boundary and the
source points outside the domain. Godinho et al. [11] presented two-dimensional FEM-MFS
modelling approach for these types of problems. An extension of this to longitudinally invariant
systems was presented by Amado-Mendes and his colleagues [1], where a methodology that
models the structure using 2.5D FEM and the surrounding soil with 2.5D MFS is proposed.
For many years, it has been a concern of the researchers to ﬁnd the optimal distance between
collocation and source points, particularly in complicated shapes. An incorrect selection of this
distance may lead to large errors of the numerical method [9]. Besides, it should be noted that
the amount of source points affects the numerical convergence and stability of the results [10].
In this study, a 2.5D FEM-BEM-MFS method in frequency domain is presented. The 2.5D
FEM-BEM is used to obtain the displacement ﬁeld on the boundary and the 2.5D MFS is used
as a post-processing tool to obtain the displacement and traction ﬁelds on the soil from the
displacement ﬁeld on the soil-structure interaction boundary. The main novelty of the current
method is, thus, the way MFS is applied, which leads to two global beneﬁts. On the one hand,
the application of this methodology results to an increase of the computational efﬁciency of the
method respect to traditional 2.5D FEM-BEM approaches and this is mostly signiﬁcant when
many evaluator points are to be analysed. On the other hand, a signiﬁcant difference between
the work of Amado-Mendes et al. [1] and the current method is related about how the dynamic
stiffness matrix of the soil at the soil-structure interaction boundary is obtained.
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2

Description of the methodology

In this study, the calculations are performed in two general steps. Firstly, the displacements
on the boundary are computed through a 2.5D FEM-BEM method. In this 2.5D FEM-BEM
approach, the FEM is used to model the structure and the BEM is used to model the locally
surrounding soil. The formulation of the 2.5D FEM-BEM used here is based on [2]. The
response of the soil-structure system can be calculated by
*

,

K0 − ikx K1 + kx 2 K2 + K̄s − ω 2 M Ū = F̄ ,

(1)

where K0 , K1 , K2 and M are the stiffness and mass matrices related to the 2.5D FEM
domain, K̄s is the dynamic stiffness matrix of the soil obtained by 2.5D BEM model, kx is the
longitudinal wavenumber and ω is the angular frequency. Moreover, Ū and F̄ are the vectors of
displacements and applied external forces along the mesh of the structure, respectively. Thus,
the displacements Ūb on the boundary can be extracted from Ū .
Secondly, the displacement and traction ﬁelds in the soil are calculated using a 2.5D MFS
for elastodynamics. For this aim, the displacements on the boundary (Ūb ) are considered as the
boundary conditions of the MFS. Then, the virtual source strengths can be computed as
S̄v = H̄−1
cs Ūc ,

(2)

where S̄v is the vector of virtual source strengths, H̄cs represents the matrix of displacement
Green’s functions on the collocation points due to the virtual sources and Ūc represents the
displacements at the collocation points. If the collocation points are considered to be directly
the nodes of boundary mesh, Ūc = Ūb . If the conﬁguration is different, the displacement in the
collocation points Ūc should be obtained by interpolation along the boundary from Ūb . In this
study, the Green’s function are computed by the ElastoDynamics Toolbox for MATLAB [8].
Given the source strengths, the displacement and traction ﬁelds can be calculated as
Ūf = H̄f s S̄v ,

T̄f = H̄τf s S̄v ,

(3)

where H̄f s and H̄τf s represent the source-evaluators Green’s functions for displacements and
tractions, respectively, and Ūf and T̄f stand for the displacement and traction of the evaluation
points, inside the domain.
In order to improve the computational efﬁciency of the method, a mapping technique is used.
In this technique, the Green’s displacement and Green’s traction ﬁelds are calculated for the
unique values of the sources depth and relative distances of the source-receiver points. Then,
these Green’s functions are mapped into the original conﬁguration of sources and evaluation
points by performing the required coordinate rotations [7].
3

Veriﬁcation of the method for a homogeneous half-space problem

The proposed method is ﬁrstly veriﬁed for a solid cylinder with a radius of 3 m embedded
in a homogeneous half-space, a system illustrated in Fig. 1. In order to compare with the semianalytical solutions of a homogeneous half-space for veriﬁcation purposes, the solid cylinder is
assumed to be deﬁned by the exact same mechanical parameters than the soil. The mechanical
parameters of the soil are deﬁned in Table 1. The vertical displacements obtained with the new
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method are plotted against the results obtained by the semi-analytical solution of the problem
and by the 2.5D FEM-BEM approach for a wavenumber of 0.1 rad/m. Results of this veriﬁcation are shown in terms of displacement Green’s functions in the wavenumber-frequency
domain, presented in dB based on reference of 10−12 m/(N/m).
Type
E [MPa]
Cylinder
108
Soil
108

ρ [kg/m3 ] ν
1800
1/3
1800
1/3

Damping
0.05
0.05

Table 1: Mechanical parameters of the solid cylinder and the soil.

y

B

z
9m
A

5m

5m

Figure 1: Geometry of the system studied, based on a solid cylinder in a homogeneous half-space. A and B
represent the ﬁeld points on the soil where the results will be obtained. The input vertical force applied at the
center of the cylinder is represented by a big arrow.

According to the results presented in Fig. 2, very good agreement of the results is observed
between the three methods compared. The results of the current method and those obtained
by 2.5D FEM-BEM method are almost exactly matched. However, a slight difference can be
observed between the results of the proposed method and semi-analytical solution, particularly
at frequencies higher than 60 Hz, due to the mesh size.
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Figure 2: Vertical displacement Green’s functions at evaluation points A (a) and B (b). Methods: 2.5D FEM-BEM
(solid red line), 2.5D FEM-BEM-MFS (dashed black line) and semi-analytical solution (dashed gray line).

4

Veriﬁcation of the method for the case of a tunnel embedded in a half-space

In this section, the methodology is veriﬁed against a 2.5D FEM-BEM approach, for two calculation examples: a tunnel embedded in a homogeneous half-space and a tunnel embedded in
a layered half-space. In these examples, the comparison is done in terms of the displacement
Green’s function due to a vertical force applied in the bottom of the tunnel and for the wavenumber of 0.1 rad/m. The mechanical parameters of the soil and tunnel are presented in Table 2 and
Table 3 for the homogeneous and layered half-space cases, respectively. In the example of a
tunnel embedded in a layered half-space, the soil is divided into three layers.
Type
E [MPa]
Tunnel
31000
Medium
108

ρ [kg/m3 ]
2500
1800

ν
0.2
1/3

Damping
0.001
0.05

Table 2: Mechanical parameters of the tunnel and the soil for the homogeneous half-space case.

Type
Tunnel
Soil layer 1
Soil layer 2
Soil layer 3

E [MPa]
31000
50
180
400

ρ [kg/m3 ] ν Thickness [m]
2500
0.2
−
1900
0.3
4
1980
0.3
9
2050
0.3
∞

Damping
0.001
0.05
0.05
0.05

Table 3: Mechanical parameters of the tunnel and the soil for the layered half-space case.

4.1

A tunnel embedded in a homogeneous half-space

The application of the methodology for a tunnel embedded in a homogeneous half-space is
studied. As shown in Fig. 3, a tunnel embedded in a homogeneous half-space at a depth of 9 m
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from the ground surface is assumed. The external radius and the lining thickness of the tunnel
are 3 m and 0.3 m, respectively. A single vertical point load is considered to be acting on the
bottom surface of the tunnel. Two evaluation points, one on the near ﬁeld (A), one in the far ﬁeld
(B) are assumed in the soil. The vertical displacements obtained by the proposed methodology
are compared with those obtained by the 2.5D FEM-BEM approach. This comparison is shown
in Fig. 4, where the left graph represents the vertical displacements in the point A and right
ﬁgure denotes the vertical displacements at point B.
y

B

z
9m
A

5m

5m

Figure 3: Geometry of the second system studied, based on a tunnel embedded in a homogeneous half-space. A
and B represent the ﬁeld points on the soil where the results will be obtained. The input vertical force is represented
by a big arrow.

As presented in Fig. 4, the vertical displacements obtained by the 2.5D FEM-BEM-MFS are
in a very good agreement with respect to those obtained with the 2.5D FEM-BEM approach.
(a)

(b)
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Figure 4: Vertical displacement Green’s functions for the system in Fig. 3. Methods: 2.5D FEM-BEM (solid red
line) and 2.5D FEM-BEM-MFS (dashed black line).
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4.2

A tunnel embedded in a layered half-space

In order to investigate the performance of the method for a tunnel embedded in a layered
half-space, another example is presented in this section. As can be observed in Fig. 5, a tunnel
structure is located in the second layer and two ﬁeld points are assumed in the soil (A and B).
The geometry of the tunnel is the same as previous example.
y

B

z

Layer 1

9m
A

Layer 2

Layer 3
5m

5m

Figure 5: Geometry of the third system studied, based on a tunnel embedded in a layered half-space. A and B
represent the ﬁeld points on the soil where the results will be obtained. The input vertical force is represented by a
big arrow.

The results conﬁrms that the proposed methodology can be used for the case of layered
half-space. Based on Fig. 6, the results of the current methodology are again consistent with
the results of the 2.5D FEM-BEM approach. However, a slight difference can be observed at
frequencies higher than 60 Hz for the point A.
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Figure 6: Vertical displacement Green’s functions for the system in Fig. 5 at evaluation points A (a) and B (b).
Methods: 2.5D FEM-BEM (solid red line) and 2.5D FEM-BEM-MFS (dashed black line).
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5

CONCLUSIONS

In this study, a methodology is presented to deal with longitudinally invariant soil-structure
interaction problems in elastodynamics. The methodology is ﬁrstly veriﬁed for the case of a
solid cylinder embedded in a homogeneous half-space, having the structure and the soil the same
mechanical parameters. Then, the performance of the model is investigated by presenting two
calculation examples; a tunnel embedded in a homogeneous half-space and a tunnel embedded
in a layered half-space. The results obtained for the three cases studied conﬁrm that the accuracy
of the new 2.5D FEM-BEM-MFS method is in agreement with those obtained by 2.5D FEMBEM, especially in the far ﬁeld results. Furthermore, the inclusion of the MFS as a postprocessing tool has found to be very simple to be implemented. However, it is also found, as was
expected, that the accuracy of the 2.5D FEM-BEM-MFS strongly depends on the accuracy of
the boundary conditions obtained by 2.5D FEM-BEM method. Moreover, the displacement and
traction Green’s functions in the ﬁeld points can be obtained in x, y and z directions. However,
in this paper, only the vertical displacements are presented.
The accuracy of the results can be improved considerably by controlling the robustness of
the method. To do so, a check point can be assumed in the domain and the distance between
virtual sources and collocation points can be optimised by minimising the relative error between
the current method and 2.5D FEM-BEM approach at this control point.
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Abstract. This paper proposes a new semi-analytical approach for the computation of the dynamic response of a pile embedded in a half-space when it is subjected to a vertical harmonic
load applied at the pile head or to loading from an incident wave ﬁeld. The proposed approach
considers the soil as an elastic half-space medium. In order to capture all essential dynamic behaviour of the pile-soil interaction avoiding large computational efforts, the system is modelled
using the substructuring method in which the displacements and forces in a set of uniformly
distributed points along the pile shaft are compatibilized with another set of coupling points in
the soil also uniformly distributed along the virtual interaction area between the pile and the
soil. The paper aims to study the accuracy and computational efﬁciency of this approach in
comparison with two other methodologies: a numerical approach based on axisymmetric ﬁnite
elements and perfect-matched layers, and against the approximate analytical approach based
on linear elasticity developed by Novak. These comparisons reveal that the dynamic response
for driving-point, far-ﬁeld or incident wave-ﬁeld problems can be predicted with acceptable
accuracy and computational efﬁciency when the number of interaction points in the system
increases.
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1

INTRODUCTION

Ground-borne vibration is an important cause of annoyance to nearby buildings inhabitants,
malfunction on precision devices in surrounding facilities or even structural damage. These
negative effects occurs when the ground-borne vibration incident wave-ﬁeld excites the building structure through its foundations, being piled foundations one of the most common types.
There are different models used to study the dynamic response of a single pile embedded in a
half-space, which can be classiﬁed into three broad groups [6]. First group is based on the dynamic Winkler foundation approach, attributed as earliest building foundations dynamic models. In that method, the soil medium is modelled by inﬁnitesimally, thin, independent, horizontal layers, meaning that waves can be only propagated in horizontal direction. This approach is
adopted in the Novak’s benchmark research [10], where the dynamic response of single piles
is found throughout an Euler-Bernoulli beam and axial rod models of the pile for the lateral
and vertical responses, respectively, which include the soil reaction directly in their differential
equations of motion. The second type of methods are based on modelling the soil as an elastic
medium. They are proposed to account for wave propagation in the soil in all directions. A
relevant model of this method was presented by Kaynia and Kausel [3], where a general formulation for the prediction of the dynamic response of single piles and pile groups embedded in a
layered half-space is presented. In this method the soil is also modelled as an elastic half-space
while the piles are modelled as Euler-Bernoulli beams and axial rods. Furthermore, forces and
displacements of each substructure (soil and pile) are compatibilised in a set of coupling points
in order to compute the response of the system. These coupling points are deﬁned when the
whole traction acting on the virtual soil-pile interface is segmented along the pile shaft. Where,
each segment is identiﬁed by a node and placed in its center. Therefore, each node represents either the load acting on the lateral surface of the pile (called barrel load distribution), or the load
which is related to the pile-tip surface (called disk load distribution). Recently, the PiP model
developed by Forrest [2] was adapted by Kuo et al. [7, 8] in order to create a three-dimensional
single-pile dynamic model, which is formulated in the wavenumber domain and uses mirrorimage sources to simulate a half-space and the ﬁnite length of the piles. Ntotsios et al. [11]
developed two methods for the dynamic response of piled foundations where the approach for
the coupling technique is similar to the one proposed by Kaynia in [3]. Euler beam and axial rod
formulations are again used to model the pile. The dynamic compatibility between the pile and
the soil is performed by distributing the displacements and forces in discrete points along the
pile shaft over an annulus on the soil, with mean radius equal to the pile radius and a thickness
of one-tenth of that, except for the pile-tip, where the distribution is done over a circular disk
with the same radius than the pile. On their ﬁrst method, the response of the soil is computed
using the thin layer method (TLM), while in the second approach, the boundary element method
(BEM) is used to model the soil medium with the pile cavity. Finally, numerical approaches
are also an interesting modelling option for piled foundations. With the ﬁnite element method
(FEM) [5, 4], the non-linear behaviour of the soil and its interaction with the pile can be introduced. However, the computation of FEM models requires large computational efforts, mostly
when high frequency analysis is performed. Furthermore, the FEM applied to wave propagation
problems in the soil requires the implementation of energy-absorbing boundaries to simulate an
unbounded medium [1]. The BEM is another alternative to be used for this type of problems in
order to model the soil, where the use of energy-absorbing boundaries is not required.
In some piled foundation problems where only the pile-driving response is required, the Winkler foundation approach could be enough to compute the dynamic response. When the soil
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response is required or when the coupled response between piles is desired to be computed, the
low accuracy of this method for these problems releases the numerical approach as the most
suitable method to compute the dynamic response without decreasing accuracy. However, the
usage of these methods is usually complex and they inherently have high computational requirements. For these reasons, the aim of this paper is presenting a new semi-analytical approach
for the computation of the dynamic response of a single pile embedded in a half-space when it
is subjected to a vertical harmonic load applied at the pile head or to the action of an incident
wave-ﬁeld. The beneﬁts are its computational efﬁciency keeping high accuracy levels and the
simplicity of its implementation in a computer algorithm, becoming a suitable tool for design
use by practising engineers.
2

SINGLE PILE-SOIL MODEL

The current section starts describing the assumptions adopted in the present work. Then, the
resulting formulation of the pile-soil model presented here is described. This pile-soil model
is mainly constructed using dynamic substructuring techniques. Thus, the dynamic behaviour
of each substructure (the pile and the soil) is analysed separately to be later assembled using a
coupling procedure. The assumptions followed here are:
• The pile is assumed to be perfectly elastic and it is modelled as a structural column member for the axial response. Lateral motion is not considered in the present work.
• The soil is considered to be a perfectly elastic homogeneous half-space.
• The non-linear effects associated to the soil-pile contact interaction, high strain levels or
liquefaction of the soil are neglected.
• The coupling of sub-systems is performed in the basis of equilibrium of forces and compatibility of displacement conditions.
Fig. 1 illustrates the system of a single piled foundation embedded in a homogeneous halfspace, which is the problem considered in this study. The system is subjected to a external
time-harmonic vertical point load applied either at the pile head or on the soil. In the framework
External force
x

Evaluation
point

z

Figure 1: Single pile model.

of dynamic substructuring, the coupling between the pile and the soil is proposed to be done
in a set of uniformly distributed coupling points. To do so, the soil-pile interaction traction,
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distributed along the the soil-pile interface, is divided into N +1 segments (see Fig. 2a) and each
of these segments is identiﬁed by its corresponding node, placed at the centre of each segment,
at the pile shaft. First N nodes are related to the segments of traction acting on the lateral soilpile surface (barrel loads, see Fig. 2b) while the segment associated to the node N + 1 refers
to the traction acting on the pile-tip (disk load, see Fig. 2c). Therefore, soil-pile interaction
will be performed at those points, called coupling points, in where the force equilibrium and
compatibility of displacement conditions are complied. The resulting compatibility equations
are:
Pcp + Pcs = 0,

(1a)

Ucp = Ucs .

(1b)

where

Pcp = Ppc1

Pcs = Psc1

Ucp = Upc1

Ucs = Usc1

c

Ppc2 ... Pp N +1

T

,

(2a)

Psc2 ... Ps

,

(2b)

Upc2 ...

,

(2c)

.

(2d)

cN +1 T

Usc2 ...

T
c
Up N +1
T
c
Us N +1

The subscripts described in equations of the current section are referred to the corresponding
substructure of the system (s, soil or p, pile). Coupling points, evaluation point or external force
are referred by the superscripts c, e and f, respectively. Thus, in Eq. (1), Pcp and Pcs represent the
vectors of vertical interaction forces acting on the pile and the soil, respectively (Eq. (2a),(2b)),
while, Ucp and Ucs are referred to the vector of vertical displacements at the coupling points of
the pile and soil, respectively (Eq. (2c),(2d)).
2.1

Response due to an external force applied in the pile head

Based on the dynamic system presented in the previous section, the displacements at the
coupling points when the system is excited by an external vertical force applied in the pile head
can be written as
c c
Ucp = Hcf
p F p + Hp P p ,

(3a)

Ucs = Hcs Pcs ,

(3b)

where the Hcp and Hcs represents the receptance matrices of the pile and the soil, respectively, at
the coupling points, having a dimension of (N + 1) × (N + 1). The vector Hcf
p represent the
receptance of the coupling points due to the external force Fp , which is applied at the pile head.
Thus, the interaction forces at the coupling points in the pile can be obtained combining Eq. (3)
with Eq. (1), that is
Pcp = −(Hcp + Hcs )−1 Hcf
(4)
p Fp .
Finally, if the dynamic response of the system is required at the pile head, its driving-point
response Up is expressed by Eq. (5a), while if the evaluation points is placed on the soil, then
its responses Us is deﬁned by Eq. (5b).
c
ef
Up = Hec
p P p + Hp F p ,

(5a)

c
−Hec
s Pp ,

(5b)

Us =
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(b)

(a)
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Figure 2: Discretisation of the pile-soil interaction traction (a), where segment from 1 to N represent to barrel
type loads (black dots representing the coupling points) while the last segment N + 1 depicts the disk type load
(coupling point represented by star dot). Continuum barrel traction for the ﬁrsts N segments (b). Continuum disk
traction for the last segment N + 1 (c).

ec
where Hec
p and Hs refers to the vector of receptances relating the response in the evaluation
point, placed at the pile head or at the soil, respectively, due to the interaction forces Pcp , while
the Hpef is the receptance of the evaluation point due to the external force Fp applied in the pile.

2.2

Response due to an external force applied in the soil

In the previous section, the system was subjected to an external force placed at the pile head.
In the current section, the response of the pile to an incident wave-ﬁeld due to an external
vertical point load in the soil is formulated. In this case, the displacements in the coupling
points in the point of view of the pile and the soil are
Ucp = Hcp Pcp ,

(6a)

c c
Ucs = Hcf
s F s + Hs Ps ,

(6b)

respectively, being Fs the force applied on the soil and Hcf
s the receptance matrix that relates
the displacement at the coupling points with the applied external force. Therefore, the corresponding interaction forces of the system are equal to:
Pcp = (Hcp + Hcs )−1 Hcf
s Fs .

(7)

Thus, the dynamic response of the pile at the pile head Up under an incident wave-ﬁeld
produced by Fs is given by:
c
Up = Hec
(8)
p Pp .
2.3

Soil receptance matrices

In order to compute the soil receptance matrices appearing in the previous sections, the soilpile interaction traction in the point of view of the soil is discretised in a set of Ns uniformly
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distributed points placed along the virtual pile perimeter for each pile segment, as shown in
Fig. 3. This can be seen as a discretised form of the method proposed by Kaynia and Kausel [3].
The corresponding receptance matrix associated to all these points Hcsg of M × M dimensions,

... N
s
1

. . . Ns

... 2

1

... 2
(a)

(b)

Figure 3: Traction segment discretised into Ns points for a: a) barrel type traction element. b) disk type traction
element.

being M = (N + 1)Ns , can be condensed into Hcs by the expression:
Hcs = Wd Hcsg Wf

(9)

where Wd is the matrix which condense all Ns displacement values of each segment into a
corresponding equivalent displacement. The matrix Wf applies the same concept for the case
of the interaction forces. In both cases, this research is developed assuming a uniform distribution. Similarly, when an external force is applied in the soil, this procedure can be extended
to compute the soil receptance matrix Hcf
s . Finally, The Green’s functions of the soil required
c
to construct Hsg and the remaining soil receptances are computed using the ElastoDynamics
Toolbox for MATLAB [12], which uses the direct stiffness matrix method to deal with wave
propagation problems in horizontally layered media.
2.4

Pile receptance matrices

The receptance matrices related to the pile can be found assuming that the pile can be modelled as a simple rod structural member. Thus, the differential equation for the axial vibration
of the pile in the time domain is described as
∂ 2 uz
∂ 2 uz
−
E
A
= 0.
(10)
p p
∂t2
∂z 2
In Eq. (10), the mass per unit of length is deﬁned by mp , while Ap and Ep are the crosssection area and the elastic modulus of the pile, respectively. Therefore, if an external force Fz
is applied at the pile in some position z1 of its shaft, the solution of Eq. (10) in the frequency
domain for free-free rod is given by
Uz (z)
cos(αz)[cos(αz1 ) + sin(αz1 ) tan(αL)]
0 ≤ z ≤ z1 ,
=−
(11a)
Fz
Ep Ap α tan(αL)
cos(αz1 ) cos(αz) cos(αz1 ) sin(αz)
Uz (z)
−
z1 ≤ z ≤ L, ,
=−
(11b)
Fz
Ep Ap α tan(αL)
E p Ap α
mp
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α=

mp ω 2
,
Ap Ep

(12)

in where L is the total length of the pile and ω is the circular frequency in which the dynamic
analysis is performed.
3

COMPARISON OF THE MODEL

In this section, the accuracy of the new semi-analytical approach is analysed in order to
demonstrate its applicability in different pile problems. The methods presented for the comparison are the new semi-analytical approach, the extended Novak approach [10] proposed by Kuo
[7, 8] and an axisymmetric FEM-based approach with perfect matched layers (aFEM-PML).
The aFEM-PML is based on an axissymmetric version of the method presented by [9] considering eight-noded square elements of 25 cm of side. In the extended Novak approach, the
approximate far-ﬁeld response using the Novak approach is obtained by the assumption that
only cylindrical SV-waves can spread from the pile through the soil and just in radial direction
[7, 8]. The parameters used to compute the results are as following: the pile has a length of
L = 20 m and radius rp = 0.354 m and it is made of concrete with density ρp = 2800 kg/m3 ,
Young’s modulus Ep = 40 GPa, Poisson’s ratio νp = 0.3 and hysteretic damping ratio β = 0.01;
while the soil is modelled as a homogeneous half-space elastic medium with density ρs = 2250
kg/m3 , shear modulus Gs = 90 MPa, Poisson’s ratio νs = 0.4 and hysteretic damping ratios
for S- and P-waves equals to Ds = 0.03, Dp = 0.03, respectively. Furthermore, the range of
frequency considered to perform the comparison is from 1 Hz to 80 Hz.
Plots in Fig. 4 show the driving-point response of the pile head. These responses are computed using different values of N and Ns and the results are compared with the outcomes from
the Novak method. In this ﬁgure, a poor agreement in the response is observed when the pile
has N = 5 coupling points, as shown in Fig. 4a, where the difference between the two methods
rise until 11 dB over the frequency range of 80 Hz. Likewise, if the the number of coupling
points is increased to N = 10 or N = 15 (see Fig. 4b and Fig. 4c) the response of the system
presents a good agreement respect to results obtained by the Novak method (less of 2dB of
variation) furthermore, the response computed by the current approach shows a smooth curve
for the whole range of frequency. Finally, high accuracy is achieved (0.6 dB of variation) when
the new semi-analytical method is applied with N = 25 coupling points, see Fig. 4d. This can
be also seen in Fig. 5a, where the results obtained with the aFEM-PML method are also added
in the comparison.
In Fig. 5, the new method is compared with the Novak and the aFEM-PML methods in terms
of the response at the soil due to the action of a vertical harmonic force at the pile head. The
response in the soil has been computed at the ground surface and at distances of 5 m, 10 m and
20 m from the pile shaft. For this comparison, the new method is applied assuming N = 25
and Ns = 4. It is observed that the Novak method shows large discrepancies with respect to
the aFEM-PML model, mostly at large distances from the pile. That is due to the assumption
adopted by Novak in his model and the consequent inaccuracy of the wave-spreading equations
[7] in where the wave propagation in the soil due to the axial pile action is assumed to be based
only on SV-waves. By other hand, the new semi-analytical model shows less than 2 dB, 1.5 dB
and 1 dB of variations in comparison with the aFEM-PML method when the evaluation point
and the pile shaft are at a distance of 5 m, 10 m, and 20 m, respectively. This shows that the
agreement in the results for axial vibrations is good in the whole frequency range of interest.
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Figure 4: Driving-point response in dB (with a reference of 1 m/N). Cases: N = 5 (a), N = 10 (b), N = 15 (c)
and N = 25 (d) coupling points.
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Figure 5: Displacement response in dB (with a reference of 1 m/N) due to an external force applied at the pile
head considering with N = 25 and Ns = 4 for the semi-analytical approach. Cases: Driving-point response (a);
response at 5 m (b); response at 10 m (c); and response at 20 m (d).
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4

CONCLUSIONS

In this paper, a new semi-analytical modelling approach for the dynamic response of a single pile embedded in a half-space is presented. This new semi-analytical model captures the
driving-point response of the pile reasonably well, with some differences at high frequencies
(less than 1.5 dB) when the results obtained are compared against the Novak’s method [10].
That agreement is obtained when the number of coupling points is equal to 25 and when the
number of points used to discretise the traction distribution of each segment is eight. If the
number of coupling points is less than 25, the differences in the dynamic response are high for
the whole range of frequency.
When the response of the soil due to a force in the pile is required, the results obtained with
the new approach present a good agreement in comparison with the aFEM-PML model. The
aFEM-PML is an accurate numerical model that requires considerable computational costs,
while the new approach is able to reach similar levels of accuracy using quite less resources
and time, due to its semi-analytical nature. Novak method, in contrast, is showing a poor
agreement with respect to the aFEM-PML method, an expected result due to simpliﬁcations on
soil modelling inherent to the Novak’s method. It can be concluded, then, that the new proposed
semi-analytical method can provide accurate results on the soil response, being this feature of
the method a signiﬁcant beneﬁt with respect to Novak’s method.
ACKNOWLEDGEMENTS
This research has been carried out with the ﬁnancial support of three research projects:
• Project VIBWAY: Fast computational tool for railway-induced vibrations and re-radiated
noise assessment, with reference RTI2018-096819-B-I00, supported by the Ministerio de
Ciencia e Innovación, Retos de Investigación 2018.
• Project NVTRail: Noise and Vibrations induced by railway trafﬁc in tunnels: an integrated approach, funded by FEDER funds through COMPETE2020 (Programa Operacional Competitividade e Internacionalizacão (POCI)) and by national funds (PIDDAC)
through FCT/MCTES, with grant reference POCI-01-0145-FEDER-029577.
• Project POCI-01-0145-FEDER-029634 funded by FEDER funds through COMPETE2020
Programa Operacional Competitividade e Internacionalizao (POCI) and by national funds
(PIDDAC) through FCT/MCTES.
• The author would like to thank PRONABEC (www.pronabec.gob.pe) for the ﬁnancial support given through the scholarship: “Beca Presidente de la Repblica”

2815

Kenny F. Conto, Robert Arcos, Cecı́lia Parente, Pedro Alves Costa and Jordi Romeu

REFERENCES
[1] A. J. Deeks and M. F. Randolph. Axisymmetric time-domain transmittings boundaries.
Journal of Engineering Mechanics, 120(1):25–42, 1994.
[2] J. A. Forrest and H. E. M. Hunt. A three-dimensional tunnel model for calculation of
train-induced ground vibration. Journal of Sound and Vibration, 294(4-5):678–705, jul
2006.
[3] A. M. Kaynia and E. Kausel. Dynamics of piles and pile groups in layered soil media.
Soil Dynamics and Earthquake Engineering, 10(8):386–401, 1991.
[4] R. Kuhlemeyer. Static and dynamic laterally loaded ﬂoating piles. Journal of the Geotechnical Engineering Division, Proceedings of the American Society of Civil Engineers,
105(GT2):289–304, 1979.
[5] R. Kuhlemeyer. Vertical vibration of piles. Journal of the Geotechnical Engineering
Division, Proceedings of the American Society of Civil Engineers, 105(GT2):273–287,
1979.
[6] K. Kuo and H. Hunt. Dynamic models of piled foundations. Applied Mechanics Reviews,
65(May 2013):9, 2013.
[7] K. A. Kuo. Vibration from underground railways: considering piled foundations and twin
tunnels. PhD thesis, University of Cambridge, 2010.
[8] K. A. Kuo and H. E. M. Hunt. An efﬁcient model for the dynamic behaviour of a single
pile in viscoelastic soil. Journal of Sound and Vibration, 332(10):2549–2561, may 2013.
[9] P. Lopes, P. A. Costa, M. Ferraz, R. Calçada, and A. S. Cardoso. Numerical modeling of
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.H\ZRUGV6WUXFWXUHVRLOVWUXFWXUHLQWHUDFWLRQVHLVPLFZDYHSURSDJDWLRQ'ILQLWHHOHPHQW
PRGHO
$EVWUDFW The seismic response of buildings is generally obtained by modeling structures as
isolated from surroundings. However, the structural vibration contributes through the soil to
the excitation of adjacent structures and vise-versa. In this research, the structure-soilstructure interaction (SSSI) is studied questioning the influence of an adjacent construction,
whose interference passes through the soil. Beneficial and detrimental cases are distinguished.
The one-directional three-component wave propagation in a T-shaped soil profile (1DT-3C)
is adopted as modeling technique to explore the effects of coupling seismic site effects, due to
the local soil stratigraphy, with the SSSI, taking into account the foundation deformability and
rocking. A three-dimensional model of each structure is adopted to estimate the seismic
response taking into account the different mode shapes. This approach allows an easy analysis
of SSSI to inspire the design of seismic risk mitigation tools and urban organization.
The seismic response of a reinforced concrete framed structure is numerically simulated by
accounting for the effect of an adjacent structure in the linear elastic regime, in both cases of
seismic loading exciting the target structure or the adjacent structure. The target to adjacent
structure fundamental frequency ratio, is adopted as a key parameter influencing the SSSI
phenomenon. In some cases, the effect of the adjacent structure resonance is more detrimental
to the target structure than its own resonance as a single building. In other cases, a beneficial
effect is obtained by the presence of the adjacent structure. The obtained results can be extended
to understand the effect of an adjacent vibration control device.
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 ,1752'8&7,21
1RZDGD\VFRQVWUXFWLRQVWHQGWREHEXLOWPRUHFORVHO\WRVDYHVSDFHHVSHFLDOO\LQELJFLWLHV
DOWKRXJKEXLOGLQJFRGHVVWLOOFRQVLGHUSXUHO\LVRODWHGVWUXFWXUHVLQWKHGHVLJQSKDVH
6WUXFWXUHVRLOVWUXFWXUHLQWHUDFWLRQ 666, LQYHVWLJDWLRQVWRXQGHUVWDQGWKHHIIHFWRIDQHDUE\
EXLOGLQJKDYHEHHQXQGHUWDNHQE\/XFRDQG&RQWHVVH>@XVLQJDWZRGLPHQVLRQDODQDO\WLFDO
PRGHO 7KH HIIHFWV RI DQ H[LVWLQJ VHFRQG VWUXFWXUH DUH PRUH LPSRUWDQW IRU WKH FDVH RI
DVWLIIHUVWUXFWXUHORFDWHGFORVHWRDPRUHGHIRUPDEOHRQH,QSDUWLFXODULQFDVHRIUHVRQDQFHRI
WKH VWLIIHU VWUXFWXUH LWV VHLVPLF EDVH PRWLRQ LV VLJQLILFDQWO\ GLIIHUHQW IURP WKH RQH REWDLQHG
ZKHQLJQRULQJWKHQGQHDUE\PRUHGHIRUPDEOHVWUXFWXUH
:DUEXUWRQHWDO>@KDYHIRXQGWKURXJKDQDQDO\WLFDOVWXG\WKDWWKHXQH[FLWHGPDVVDIIHFWV
RQO\VOLJKWO\WKHUHVSRQVHRIWKHH[FLWHGPDVV2QWKHRWKHUKDQGWKHXQH[FLWHGPDVVLVODUJHO\
LQIOXHQFHGE\WKHH[FLWHGPDVVHYHQIRUVLJQLILFDQWLQWHUGLVWDQFH:KHQWKHDGMDFHQWPDVVKDV
QRPRUHLQIOXHQFH LQFUHDVLQJLQWHUGLVWDQFH WKHVRLOVWUXFWXUHLQWHUDFWLRQ 66, LQFUHDVHVZLWK
GHFUHDVLQJVRLOIUHTXHQF\
$ SDUDPHWULF QXPHULFDO DQDO\VLV XQGHUWDNHQ E\ $OGDLNK HW DO >@ IRU WKUHH DGMDFHQW
RVFLOODWRUV FRXSOHG WKURXJK WKH VRLO VKRZHG WKDW WKHUH DUH GHWULPHQWDO DQG EHQHILFLDO
FRQILJXUDWLRQV RI G\QDPLF FKDUDFWHULVWLFV RI EXLOGLQJV DGMDFHQW WR WKH EXLOGLQJ XQGHU
FRQVLGHUDWLRQ7KHDXWKRUVFRQVLGHUHGWKDWDFHQWUDOEXLOGLQJLVPXFKPRUHLQIOXHQFHGE\WZR
DGMDFHQWEXLOGLQJVWKDQZKHQWKHUHLVRQO\RQHDGMDFHQWEXLOGLQJ5HJDUGOHVVRIWKHHDUWKTXDNH
HYHQWIHDWXUHVWKHLQWHUDFWLRQJHQHUDOO\DPSOLILHVWKHVHLVPLFHQHUJ\VHHQE\DEXLOGLQJZLWK
WZR DGMDFHQW WDOOHU EXLOGLQJV 2Q WKH RWKHU KDQG WKH HIIHFW RI WZR DGMDFHQW VOLJKWO\ ORZHU
EXLOGLQJVZDVEHQHILFLDOLQWKHLUVWXG\
0L]XQR>@KDVH[SHULPHQWDOO\REVHUYHGWKH666,ZLWKWKHFRQVHTXHQWYDULDWLRQDQGSRVVLEOH
LQFUHDVH RI WKH VWUXFWXUDO UHVSRQVH FDXVHG E\ WKH UDGLDWLRQ ZDYHV IURP D QHDUE\ VWUXFWXUH
0RUHRYHU WKH H[FLWDWLRQ RI D QHDUE\ VWUXFWXUH LQGXFHV HQHUJ\ GLVVLSDWLRQ 8QGHU DPELHQW
YLEUDWLRQWKHUHVSRQVHRIWKHEXLOGLQJKDYLQJORZIXQGDPHQWDOPRGHEHFRPHVODUJHUWKDQWKDW
RI D VLQJOH EXLOGLQJ ZKLOH WKH UHVSRQVH RI WKH EXLOGLQJ KDYLQJ KLJK QDWXUDO PRGHV KDV DQ
RSSRVLWHWUHQG
7URPEHWWDHWDO>@LQYHVWLJDWHWKH666,E\FHQWULIXJHWHVWV'XULQJVWURQJVKDNLQJ666,LV
IRXQGWREHOHVVVLJQLILFDQWWKLVFRXOGEHGXHWRDFRPELQDWLRQRIVXSHUVWUXFWXUH\LHOGLQJDQG
VDWXUDWLRQRIIRRWLQJIRUFHV&RQVHTXHQWO\IURPDGHVLJQSHUVSHFWLYHWKHUHVXOWVVXJJHVWWKDW
666,HIIHFWVVKRXOGEHFRQVLGHUHGIRUORZWRPRGHUDWHOHYHOVRIHDUWKTXDNHVKDNLQJ
1DWHJKL DQG 5H]DHL7DEUL]L >@ XVH D WZRGLPHQVLRQDO )( PRGHO WR VWXG\ WKH QRQOLQHDU
G\QDPLF UHVSRQVH RI WZR DGMDFHQW WDOO IUDPHG EXLOGLQJV :KHQ WKH VRLO DQG VWUXFWXUH
IXQGDPHQWDOPRGHVDUHFORVHWKHLQWHUDFWLRQEHWZHHQDGMDFHQWVWUXFWXUHVLQFUHDVHWKHQRQOLQHDU
UHVSRQVHVRLWFDQQRWEHQHJOHFWHG
$FFRUGLQJWR9LFHQFLRDQG$OH[DQGHU>@666,HIIHFWVLQFUHDVHZKHQFRQVLGHULQJORRVHVRLO
DQGFORVHO\VSDFHGEXLOGLQJV7KHPRVWDGYHUVHHIIHFWVRQEXLOGLQJGLVSODFHPHQWRFFXUZKHQ
WKHUHLVDELJGLIIHUHQFHRIKHLJKWEHWZHHQWKHDGMDFHQWEXLOGLQJV0RUHRYHUVRLOQRQOLQHDULW\
FDQ PRGLI\ 666, HIIHFWV LQ DGYHUVH RU EHQHILFLDO ZD\ VR LW VKRXOG EH DFFRXQWHG IRU 7KH
QRQOLQHDU666,UHVSRQVHDFFHOHUDWLRQLVDPSOLILHGIRUWKHFDVHRIDORZHUEXLOGLQJIODQNHGE\D
WDOOHURQHDEHQHILFLDOHIIHFWFDQRFFXUIRUWKHWDOOHUEXLOGLQJEXWWKLVUHGXFWLRQLVQRWDVVXUHG
IRUWKHHQWLUHUDQJHRIDVSHFWUDWLRV
([SORLWLQJ 666, D GHYLFH FDOOHG YLEUDWLRQ EDUULHU 9L%D  EHKDYLQJ DV DQ RVFLOODWRU LV
SURSRVHG E\ &DFFLROD HW DO >@ 7KH 9L%D LV DEOH WR UHGXFH WKH VHLVPLF HQHUJ\ RQ LWV
QHLJKERUKRRG VWUXFWXUHV DQG WKHLU VHLVPLF UHVSRQVH 7RPEDUL HW DO >@ VKRZV D UHGXFHG
VWUXFWXUDOVHLVPLFUHVSRQVHXVLQJD9L%DEXULHGLQWKHVRLO
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,Q WKLV UHVHDUFK D SDUDPHWULF DQDO\VLV LV FDUULHG RXW WR LQYHVWLJDWH WKH LQWHUIHUHQFH RI DQ
DGMDFHQW VWUXFWXUH $6  LQ WKH VHLVPLF UHVSRQVH RI D WDUJHW VWUXFWXUH 76  7KH PRGHOLQJ
WHFKQLTXH SURSRVHG E\ )DUHV HW DO >@ LV DGRSWHG FRQVLVWLQJ RI D RQHGLUHFWLRQDO WKUHH
FRPSRQHQWVHLVPLFZDYHSURSDJDWLRQLQD7VKDSHGVRLOGRPDLQ '7& 
 '7&:$9(3523$*$7,2102'(/)25666,
7KHVRLOEDVLQLVDVVXPHGDVKRUL]RQWDOO\OD\HUHGDQGLQILQLWHO\H[WHQGHG6KHDUDQGSUHVVXUH
ZDYHVSURSDJDWHYHUWLFDOO\IURPWKHWRSRIWKHXQGHUO\LQJHODVWLFEHGURFNWRWKHVRLOVXUIDFH
7KHRQHGLUHFWLRQDOSURSDJDWLRQRIDWKUHHFRPSRQHQWVHLVPLFZDYHLQD7VKDSHGVRLOGRPDLQ
DVVHPEOHGWRRQHRUPRUH'EXLOGLQJLVPRGHOHGLQDILQLWHHOHPHQW )( VFKHPHDVSURSRVHG
E\)DUHVHWDO>@$IXOO\'VRLOGRPDLQLVPRGHOHGXQWLODIL[HGGHSWK݄ZKHUH66,LVQRW
QHJOLJLEOH$RQHGLPHQVLRQDOPRGHOLVWKHQXVHGIRUGHHSHUOD\HUVXQWLOWKHXQGHUO\LQJHODVWLF
EHGURFNUHSUHVHQWHGE\GDVKSRWV
7KHVRLOGRPDLQDUHDܣLVVHOHFWHGDVWKHVPDOOHVWIRUZKLFKWKHSHDNRIWKHEXLOGLQJEDVHWR
EHGURFNWUDQVIHUIXQFWLRQFRUUHVSRQGVWRWKHVRLOFROXPQIXQGDPHQWDOIUHTXHQF\LQWKHIUHH
ILHOG FDVH 6DQWLVL G¶$YLOD DQG /RSH]&DEDOOHUR >@  'HSWK݄LV GHILQHG E\ D SUHOLPLQDU\
DQDO\VLVGHILQLQJWKHYDULDWLRQLQVWUHVVHVDQGVWUDLQVLQWKHVRLOGXHWR66,FRPSDUHGZLWKWKH
IUHHILHOGFDVH )DUHVHWDO>@ $FRQVWUDLQWHTXDWLRQLVDVVLJQHGWRFRQGHQVHRXWWKHGHJUHHV
RIIUHHGRPDWWKHEDVHRIWKH'VRLOGRPDLQWRWKRVHDWWKHWRSRIWKHXQLWDUHDVRLOFROXPQ1R
VWUDLQYDULDWLRQLVFRQVLGHUHGLQWKHKRUL]RQWDOGLUHFWLRQVDQGIRUWKLVUHDVRQDSHULRGLFODWHUDO
ERXQGDU\FRQGLWLRQLVLPSRVHGDWWKHODWHUDOERXQGDU\VXUIDFHV
7KH'IUDPHVWUXFWXUHLVPRGHOHGXVLQJ7LPRVKHQNREHDPHOHPHQWV7KHEXLOGLQJVKDOORZ
IRXQGDWLRQLVULJLGO\FRQQHFWHGWRWKHVRLOQRGHE\QRGH7KHURWDWLRQDOGHJUHHVRIIUHHGRPRI
QRGHVDW WKHEDVHRIEXLOGLQJFROXPQV DUHEORFNHG7KHGDPSLQJGXHWR VWUXFWXUDO DQG QRQ
VWUXFWXUDOHOHPHQWVLVWDNHQLQWRDFFRXQWE\WKHGDPSLQJVXEPDWUL[UHODWHGWRWKHEXLOGLQJWKDW
LVDVVXPHGDVPDVVDQGVWLIIQHVVSURSRUWLRQDODFFRUGLQJWR5D\OHLJKDSSURDFK>@
7KH GLVFUHWH G\QDPLF HTXLOLEULXP HTXDWLRQ LV VROYHG GLUHFWO\ IRU WKH DVVHPEO\ RI VRLO
IRXQGDWLRQVVWUXFWXUHV )LJXUH 7KHG\QDPLFSURFHVVLVVROYHGVWHSE\VWHSE\WKHLPSOLFLW
+LOEHU+XJKHV7D\ORUDOJRULWKP>@1XPHULFDOGDPSLQJLVSURYLGHGE\WKHߙPHWKRGXVLQJ
WKH SDUDPHWHUVȽ ൌ െͲǤͳȾ ൌ ͲǤʹͷሺͳ െ Ƚሻଶ ൌ ͲǤ͵ͲʹͷDQGɀ ൌ ͲǤͷ െ Ƚ ൌ ͲǤWKDW JXDUDQWHH
DQ XQFRQGLWLRQDOO\ QXPHULFDO VWDELOLW\ 7KH WLPH VWHS LV DXWRPDWLFDOO\ VHOHFWHG LQ WKH UDQJH
EHWZHHQͳͲିସ DQGWKHWLPHVWHSXVHGIRUWKHLQSXWVLJQDOVDPSOLQJ0RUHGHWDLOVDERXWWKH
PRGHODUHJLYHQE\)DUHVHWDO>@

)LJXUH'7&PRGHOIRUVWUXFWXUHVRLOVWUXFWXUHLQWHUDFWLRQDQDO\VLV

2819

5)DUHV036DQWLVLG¶$YLOD$'HVFKDPSVDQG()RHUVWHU

 ,1387'$7$
$SDUDPHWULFDQDO\VLVLVFDUULHGRXWWRVWXG\WKHLQIOXHQFHRIDQ$6RQWKHG\QDPLFUHVSRQVH
RID76IRUYDULRXVWDUJHWWRDGMDFHQWVWUXFWXUHIUHTXHQF\UDWLR்݂ௌ Ȁ݂ௌ LQOLQHDUHODVWLFUHJLPH
3.1 Soil profiles
7ZRVRLOSURILOHVDUHXVHGIRUWKHDQDO\VLVZKRVHVWUDWLJUDSK\DQGPHFKDQLFDOSDUDPHWHUV
DUHJLYHQLQ7DEOH7KHSURILOHVKHDUYHORFLW\ݒ௦ LVVHOHFWHGWRREWDLQJURXQGW\SHV&DQG'
DFFRUGLQJ WR WKH (XURFRGH  FODVVLILFDWLRQ >@ 7KH GHQVLW\ɏDQG WKH FRPSUHVVLRQDO ZDYH
YHORFLW\ݒ DUHFDOFXODWHGDFFRUGLQJWKHUHODWLRQVKLSVSURSRVHGE\%RRUH>@6RLOSURSHUWLHV
DUHDVVXPHGFRQVWDQWLQHDFKVRLOOD\HU
$VTXDUHGVRLODUHD ܣൌ ʹͷ ൈ ʹͷLVVHOHFWHG$'VRLOGRPDLQLVPRGHOHGXQWLODGHSWK
݄ ൌ ͷ݉WKDWFRUUHVSRQGVWRWKHLQWHUIDFHEHWZHHQWKHILUVWDQGVHFRQGVRLOOD\HUDQGD'
PRGHOLVXVHGLQGHHSHUVRLOOD\HUV
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3.2 Reinforced concrete framed buildings
)LYH ' IUDPHG VWUXFWXUHV DUH PRGHOHG 7KH QXPEHU RI VWRULHV LV GHWHUPLQHG LQ RUGHU WR
REWDLQYDULRXVEXLOGLQJIXQGDPHQWDOIUHTXHQFLHV 7DEOH 7KHIORRUDUHDLVGHILQHGDUELWUDULO\
EHFDXVHLWKDVDQHJOLJLEOHLQIOXHQFHRQWKHEXLOGLQJIXQGDPHQWDOIUHTXHQF\
7KH FROXPQ RULHQWDWLRQ DQG WKH IORRU SODQ GLPHQVLRQV DUH LQGLFDWHG LQ )LJXUH  7KH
VWUXFWXUDOHOHPHQWVVL]HLVJLYHQLQ7DEOH7KHORDG VXPRIGHDGDQGOLYHRQHV LVͲͲȀ;
,W LV GLVWULEXWHG RQ EHDPV LQݔGLUHFWLRQ DFFRUGLQJ WR WKHLU LQIOXHQFH DUHD DV PDVV SHU XQLW
OHQJWK7KHLQWHUVWRU\KHLJKWLV͵Ǥʹ$OOWKHDQDO\]HGEXLOGLQJVKDYHDWUDQVODWLRQDOPRWLRQ
DVILUVWPRGHVKDSHLQyGLUHFWLRQ
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7DEOH'LPHQVLRQVRIUHFWDQJXODUFURVVVHFWLRQEHDPVIRUWKHDQDO\]HGEXLOGLQJV

7KH FRQFUHWH PHFKDQLFDO SURSHUWLHV FRQVLGHUHG DUH WKH HODVWLF FRPSUHVVLRQ PRGXOXV
ܧ ൌ ͵ͳʹʹͲȀ; DQG WKH 3RLVVRQ UDWLR ߥ ൌ ͲǤʹ  )RU UHLQIRUFHG FRQFUHWH 5&  EHDP
HOHPHQWVLWLVDVVXPHGDVKHDUFRUUHFWLRQIDFWRU߯ ൌ ͲǤͺͷDGHQVLW\ɏ ൌ ʹͷͲͲȀଷ DQGD
GDPSLQJUDWLRߞ ൌ ͷΨ7KHIRXQGDWLRQHPEHGGHGLQWKHVRLOLVD5&VODEZKLFKLVͳORQJ
ZLGHDQGͲǤͷGHHS
(DFK RI WKH ILYH IUDPHG EXLOGLQJV LQ 7DEOH  DUH DVVHPEOHG ZLWK WKH WZR 7VKDSHG VRLO
SURILOHVGHVFULEHGLQ7DEOH0RUHRYHUPRGHOVDUHREWDLQHGIRUHDFKVRLOSURILOHZKHUH
HDFKEXLOGLQJ 7DEOH LVFORVHWRDVLPLODUEXLOGLQJDQGWRWKHRWKHUV7KHGLVWDQFHEHWZHHQ
WKHVKDOORZIRXQGDWLRQVLQݕGLUHFWLRQ )LJXUH LVDVVXPHGWREHHTXDOWRͲǤͳ7KH666,
DQDO\VLVLVFRPSDUHGWRWKHVLQJOHEXLOGLQJFDVH 66, 7KHPRGHOVSURGXFHGZKHQDVVXPLQJDV
76WKHEXLOGLQJZLWKIXQGDPHQWDOIUHTXHQF\்݂ௌ ൌ ͳǤͷ DUHVKRZQLQ)LJXUH

)LJXUH6RLOEXLOGLQJV\VWHPVIRU666,DQDO\VLVFRPSDUHGZLWK66,DQDO\VLV OHIW 7KLVILJXUHUHSUHVHQWVWKHFDVH
ZKHUHWKHWDUJHWVWUXFWXUHKDVIXQGDPHQWDOIUHTXHQF\்݂ௌ ൌ ͳǤͷ 
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3.3 Synthetic narrow-band seismic loading
7KH VHLVPLF ORDGLQJ LV DSSOLHG DW WKH VRLOEHGURFN LQWHUIDFH LQ WHUPV RI YLVFRXV IRUFH
SURSRUWLRQDOWRWKHPRWLRQYHORFLW\,QWKLVUHVHDUFKDV\QWKHWLFZDYHOHWLVXVHGDVLQSXWPRWLRQ
IRUWKH666,DQDO\VLVZKRVHSUHGRPLQDQWIUHTXHQF\FRUUHVSRQGVWRWKHEXLOGLQJIXQGDPHQWDO
PRGH
7KHLQFLGHQWPRWLRQDWWKHVRLOEHGURFNLQWHUIDFHLVH[SUHVVHGLQWHUPVRIYHORFLW\>@DV
ݒ ሺݐሻ ൌ ݒ୫ୟ୶ Ȁʹ ቂͳ   ቀʹߨ݂ Ȁ݊ሺ ݐെ ݐ ሻቁቃ ሺʹߨ݂ ሺ ݐെ ݐ ሻሻ

7KHPRWLRQGXUDWLRQLVʹݐ ZKHUHݐ ൌ ݊Ȁ൫ʹ݂ ൯LVWKHWLPHRISHDNHQYHORSHWKHSUHGRPLQDQW
IUHTXHQF\ LV݂ DQG݊ ൌ ͷ LV WKH QXPEHU RI F\FOHV 7KH LQFLGHQW PRWLRQ DPSOLWXGH ݒ୫ୟ୶ 
FRUUHVSRQGVWRDSHDNDFFHOHUDWLRQܽ୫ୟ୶ ൌ ͲǤͳȀ;7KHORDGLQJLVDSSOLHGLQWKHݕGLUHFWLRQ
)LJXUH 
 666,$1$/<6,6
,QDILUVWSDUWRIWKLVSDUDPHWULFDQDO\VLVWKHVHLVPLFUHVSRQVHRID76LVLQYHVWLJDWHGLQWKH
FDVH ZKHUH WKH VHLVPLF ORDGLQJ H[FLWHV LWV IXQGDPHQWDO IUHTXHQF\்݂ௌ  7KLV PHDQV WKDW WKH
V\QWKHWLFVLJQDOKDVSUHGRPLQDQWIUHTXHQF\݂ ൌ ்݂ௌ 7KHUDWLREHWZHHQWKHSHDNDFFHOHUDWLRQV
IRU666,DQG66,DQDO\VHV ܽௌௌௌூ Ȁܽௌௌூ ሻREWDLQHGDWWKHWRSRIWKH76ZLWKUHVSHFWWRWKH76WR
$6IXQGDPHQWDOIUHTXHQF\UDWLR்݂ௌ Ȁ݂ௌ LVVKRZQLQ)LJXUHIRUWKHWZRVHOHFWHGVRLOSURILOHV
$WWKHUHVRQDQFH ݂ ൌ ்݂ௌ WKHUHVSRQVHIRUDVWLIIHU76LVQRWDIIHFWHGE\WKHSUHVHQFHRI
WKH$6LWLVVLPLODUWRWKHVLQJOHEXLOGLQJFDVH2QWKHFRQWUDU\ZKHQWKH$6LVVWLIIHUWKH76
UHVSRQVHLVUHGXFHGE\FRPSDUHGZLWKWKHVLQJOHEXLOGLQJFDVH

)LJXUH5DWLREHWZHHQWKHSHDNDFFHOHUDWLRQDWWKHWRSRIWKHWDUJHWVWUXFWXUH 76 LQD666,DQDO\VLVDQGWKDWLQ
D66,DQDO\VLV VLQJOHH[FLWHGEXLOGLQJ YHUVXVWKHWDUJHWWRDGMDFHQWVWUXFWXUHIXQGDPHQWDOIUHTXHQF\UDWLR்݂ௌ Ȁ݂ௌ 
DWWKHUHVRQDQFHRIWKH76 ݂ ൌ ்݂ௌ VRLOSURILOHKDYLQJQDWXUDOIUHTXHQF\݂௦ ൌ ͳǤͷ  OHIW DQG݂௦ ൌ ʹ  ULJKW 

,QD VHFRQGSDUWRIWKLVDQDO\VLVWKHVHLVPLFUHVSRQVHRID 76 LVLQYHVWLJDWHG LQ WKHFDVH
ZKHUHWKHVHLVPLFORDGLQJH[FLWHVWKHIXQGDPHQWDOIUHTXHQF\݂ௌ RIWKH$67KLVPHDQVWKDW
WKHV\QWKHWLFVLJQDOKDVSUHGRPLQDQWIUHTXHQF\݂ ൌ ݂ௌ )LJXUHSUHVHQWVWKHUDWLREHWZHHQ
WKH666,DQG66,SHDNDFFHOHUDWLRQV ܽௌௌௌூ Ȁܽௌௌூ ሻREWDLQHGDWWKHWRSRIWKH76ZLWKUHVSHFWWR
WKH76WR$6IXQGDPHQWDOIUHTXHQF\UDWLR்݂ௌ Ȁ݂ௌ IRUWKHWZRVHOHFWHGVRLOSURILOHV
$WWKHUHVRQDQFHRIWKH$6 ݂ ൌ ݂ௌ ZKHQWKH76LVVWLIIHULWVUHVSRQVHLVLQFUHDVHGXSWR
GXHWRWKHSUHVHQFHRIDQ$6FRPSDUHGWRWKHVLQJOHEXLOGLQJFDVH,QWKLVVLWXDWLRQWKH
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76DVDVLQJOHEXLOGLQJLVDOVRORDGHGE\DQLQSXWVLJQDOH[FLWLQJWKHIXQGDPHQWDOIUHTXHQF\
݂ௌ RIWKH$6 2QWKHFRQWUDU\ ZKHQWKH$6 LV VWLIIHU WKH76 UHVSRQVHLV UHGXFHG E\ 
FRPSDUHGZLWKWKHVLQJOHEXLOGLQJFDVH

)LJXUH5DWLREHWZHHQWKHSHDNDFFHOHUDWLRQVDWWKHWRSRIWKHWDUJHWVWUXFWXUH 76 IRU666, ZLWKDGMDFHQWVWUXUH
$6 DQG66, VLQJOHH[FLWHGEXLOGLQJ DQDO\VHVZKHQWKH$6LVH[FLWHGDWLWVUHVRQDQWPRGH ݂ ൌ ݂ௌ YVWKH76
WR$6IXQGDPHQWDOIUHTXHQF\UDWLR்݂ௌ Ȁ݂ௌ FRQVLGHULQJWZRVRLOSURILOHVZLWKGLIIHUHQWQDWXUDOIUHTXHQFLHV OHIW
݂௦ ൌ ͳǤͷ ULJKW݂௦ ൌ ʹ  

7KH76UHVSRQVHIRU666,DQDO\VLVLVWKHQFRPSDUHGLQERWKFDVHVRI76DQG$6UHVRQDQFH
)LJXUH 7KH76UHVSRQVHLVKLJKHUDWLWVUHVRQDQFHWKDQDWWKHUHVRQDQFHRIWKH$6H[FHSW
LQWKHFDVHRIVWLIIHU76KDYLQJIXQGDPHQWDOIUHTXHQF\FORVHWRWKDWRIWKH$67KH76UHVSRQVH
DWLWVUHVRQDQFHLVORZHUWKDQDWWKHUHVRQDQFHRIWKH$6IRUWDUJHWWRDGMDFHQWIUHTXHQF\UDWLR
்݂ௌ Ȁ݂ௌ LQWKHUDQJHሾͳ െ ͳǤͷሿ

)LJXUH5DWLRVEHWZHHQWKHSHDNDFFHOHUDWLRQVDWWKHWRSRIWKH76IRU666,DQG66,DQDO\VHVZKHQWKH$6LV
H[FLWHGDWLWVUHVRQDQWPRGHYVWKH76WR$6IXQGDPHQWDOIUHTXHQF\UDWLR்݂ௌ Ȁ݂ௌ FRQVLGHULQJWZRVRLOSURILOHV
ZLWKGLIIHUHQWQDWXUDOIUHTXHQFLHV OHIW݂௦ ൌ ͳǤͷ ULJKW݂௦ ൌ ʹ  

7KH76VHLVPLFUHVSRQVHLVFRPSDUHGIRUERWKFDVHVDWLWVUHVRQDQWPRGH ݂ ൌ ்݂ௌ DVD
VLQJOHEXLOGLQJDQGDWWKH$6UHVRQDQWPRGH ݂ ൌ ݂ௌ ,QWKHILUVWFDVH 76DVDVLQJOHEXLOGLQJ
DW UHVRQDQFH 76 UHVSRQVH LV JHQHUDOO\KLJKHUWKDQLQ WKHODWWHUFDVHH[FHSW ZKHQWKH76LV
VWLIIHUZLWKIXQGDPHQWDOPRGHFORVHWRWKH$6RQH )LJXUH +RZHYHUWKH76UHVSRQVHIRU
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WKH VHFRQG FDVH UHVRQDQFH RI DQ $6  LV KLJKHU IRU 76 WR $6 IUHTXHQF\ UDWLR்݂ௌ Ȁ݂ௌ LQ WKH
UDQJHሾͳ െ ͳǤͷሿ
7KHVH UHVXOWV DUH XVHIXO WR LGHQWLI\ WKH UDQJH RI IXQGDPHQWDO PRGHV ZKLFK D YLEUDWLRQ
UHGXFWLRQGHYLFHVKRXOGKDYHWRSURGXFHWRREWDLQDEHQHILFLDOHIIHFWLQWKHYLFLQLW\RID76

)LJXUH5DWLREHWZHHQWKHSHDNDFFHOHUDWLRQVDWWKHWRSRIWKH76IRUD666,DQDO\VLVZKHQWKH$6LVH[FLWHGDQG
IRU D 66, DQDO\VLV VLQJOH H[FLWHG 76 EXLOGLQJ  YV WR WKH 76 WR $6 IXQGDPHQWDO IUHTXHQF\ UDWLR ்݂ௌ Ȁ݂ௌ 
FRQVLGHULQJWZRVRLOSURILOHVZLWKGLIIHUHQWQDWXUDOIUHTXHQFLHV OHIW݂௦ ൌ ͳǤͷ ULJKW݂௦ ൌ ʹ  

 &21&/86,216
$SDUDPHWULFVWXG\KDVEHHQFDUULHGRXWWRLQYHVWLJDWHWKHHIIHFWRIDQDGMDFHQWVWUXFWXUH $6 
RQWKHVHLVPLFUHVSRQVHRIDWDUJHWVWUXFWXUH 76 7KHVHLVPLFUHVSRQVHLVDQDO\]HGLQWKHFDVH
RIDVLQJOH76DQGLQWKHSUHVHQFHRIDQHDUE\RQH
7KH '7& ZDYH SURSDJDWLRQ DSSURDFK DOORZV VLPXODWLQJ WKH UHVSRQVH RI VRLO DQG
VWUXFWXUHV WR D WKUHHFRPSRQHQW VHLVPLF PRWLRQ LQ D ILQLWH HOHPHQW VFKHPH DFFRXQWLQJ IRU
IRXQGDWLRQ GHIRUPDELOLW\ URFNLQJ HIIHFW VRLOVWUXFWXUH LQWHUDFWLRQ DQG LQWHUDFWLRQ EHWZHHQ
FORVHVWUXFWXUHV7ZRUHLQIRUFHGIUDPHGVWUXFWXUHVKDYLQJVKDOORZIRXQGDWLRQDUHDVVHPEOHG
ZLWKD7VKDSHGVRLOGRPDLQ
,QDVWUXFWXUHVRLOVWUXFWXUHLQWHUDFWLRQ 666, DQDO\VLVHDFKEXLOGLQJLVPRGHOHGDVFORVHWR
DVLPLODUEXLOGLQJDQGWRRWKHUVKDYLQJYDULRXVKHLJKWDQGIXQGDPHQWDOIUHTXHQF\ $VLPLODU
WUHQGLVREWDLQHGIRUWKHVHLVPLFUHVSRQVHRIDOOWKHDQDO\]HGVWUXFWXUHV
,Q WKLV UHVHDUFK WKH IRFXV LV SXW RQ WKH 76 WRS UHVSRQVH 7KH YDULDWLRQ RI WKH SHDN
DFFHOHUDWLRQYHUVXVWKH76WR$6IXQGDPHQWDOIUHTXHQF\UDWLRLVLQYHVWLJDWHGIRU666,DQG66,
DQDO\VHV
:KHQWKH76LVVWLIIHUDWLWVUHVRQDQWPRGHWKHUHVSRQVHLVQRWPRGLILHGE\WKHSUHVHQFHRI
WKH$6LWLVVLPLODUWRWKHVLQJOHEXLOGLQJFDVH2QWKHFRQWUDU\DWWKH$6UHVRQDQWPRGHWKH
76UHVSRQVHLVDPSOLILHGGXHWRWKHSUHVHQFHRIDQ$6FRPSDUHGWRWKHVLQJOHEXLOGLQJFDVH
:KHQWKH$6LVVWLIIHUWKH76UHVSRQVHLVUHGXFHGFRPSDUHGWRWKHVLQJOHEXLOGLQJFDVHLQ
ERWKFDVHVRIUHVRQDQFH IRU76DQG$6 
:KHQFRPSDULQJWKH76UHVSRQVHLQERWKFDVHV 76RU$6UHVRQDQFH WKHDFFHOHUDWLRQDW
WKHWRSRIWKH76VWUXFWXUHLVKLJKHUIRUWKH76UHVRQDQFHFDVHZKHQLWLVPRGHOHGDVVLQJOH
EXLOGLQJH[FHSWZKHQFRQVLGHULQJDVWLIIHU76ZLWKIXQGDPHQWDOPRGHFORVHWRWKH$6RQH,Q
WKLVFDVHRIVWLIIHU76KDYLQJIXQGDPHQWDOIUHTXHQF\FORVHWRWKDWRIWKH$6WKHKLJKHVWUHVSRQVH
RIWKH76LVREWDLQHGZKHQLWLVPRGHOHGQHDUE\WKH$6VWUXFWXUHDWWKHUHVRQDQFHRIWKH$6
VWUXFWXUH
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7KHSURSRVHGDSSURDFKIRU666,DQDO\VLVFDQEHXVHGWRLGHQWLI\WKHUDQJHRIIXQGDPHQWDO
PRGHVZKLFKDYLEUDWLRQUHGXFWLRQGHYLFHVKRXOGKDYHWRSURGXFHWRREWDLQDEHQHILFLDOHIIHFW
LQWKHYLFLQLW\RID76
 $&.12:/('*0(176
7KLV UHVHDUFK ZDV SHUIRUPHG XVLQJ +3& UHVRXUFHV IURP *(1&,>&,1(6@ *UDQW 
>$@ 
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COUPLED ITM-FEM APPROACH FOR THE ASSESSMENT OF THE
MITIGATION EFFICIENCY OF FINITE AND INFINITE OPEN
TRENCHES AND INFILLED BARRIERS
Julian Freisinger1 , Gerhard Müller1
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Abstract. In order to determine the wave propagation in unbounded media considering the
interaction of structures with the soil and thus also their inﬂuence on the resulting wave ﬁeld,
an appropriate model is necessary. A efﬁcient approach to account for the inﬁnite extension of
the soil by the analytical solutions of the Integral Transform Method (ITM) and for the irregular
geometries of the structures by the Finite Element Method (FEM) is presented. The coupled
ITM-FEM approach is applied for the assessment of the mitigation efﬁciency of inﬁnite open
or inﬁlled trenches using a computationally proﬁtable 2.5D approach. For spatially limited
trenches a complete three dimensional model is used. Amplitude reduction factor and insertion
loss are calculated for different combinations of soil and barrier material. The accuracy of the
method is shown by comparison to analytical solutions and literature results.
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1

INTRODUCTION

In the modern urban environment, vibrations are caused by a variety of sources such as rail
and road trafﬁc, industrial- or construction machinery. These vibrations are transmitted into the
soil causing disturbances in adjacent structures and annoyance of nearby residents. In order to
attenuate the disrupting effects, mitigation measures can be installed at the source or the receiving structure. However, as a big part of the vibratory energy is transported by Rayleigh waves
propagating in an area close to the ground surface, introducing suitable wave barriers in the
transmission path leads to an appropriate reduction in the amplitude of the elastic waves on the
side of the barrier averted from the source. Usually both, open and soft or stiff inﬁlled trenches
act as vibration isolating screens by reﬂecting and diffracting the incident waves.
A comprehensive amount of studies on the mitigation efﬁciency of open and inﬁlled trenches
can be found in literature. First ﬁeld tests on the screening effect of rectangular open and bentonite ﬁlled trenches were conducted by Dolling [1]. Further measurements were performed by
Woods [2], who clearly distinguished between active isolation, installing the open trench in the
near ﬁeld very close to the source, and passive isolation placing the trench in the far ﬁeld, where
the Rayleigh wave dominates the wave ﬁeld. Numerical studies investigating the amplitude reduction of Rayleigh waves by open or concrete ﬁlled trenches using the Finite Element Method
(FEM) in the frequency domain were presented by Segol et al. [3] and Haupt [4]. Later, the
Boundary Element Method (BEM) was employed by Emad and Manolis [5] as well as Beskos
et al. [6], Dasgupta et al. [7], Leung et al. [8], who used it to investigate the efﬁciency of open
and inﬁlled trenches due to harmonic sources. Ahmad and Al-Hussaini [9] performed an extensive parametric study on the effects of the dimensions and the ﬁlling material of trenches and
barriers situated in a homogeneous as well as a layered soil. To be able to include more complex barrier and source compositions, still satisfying the radiation condition for inﬁnite media,
different FEM-BEM formulations were developed and used to predict the reduction of ground
vibrations by wave barriers due to moving loads [10, 11, 12]. Mitigation measures aiming on the
reduction of railway induced vibrations can be assumed to be longitudinally invariant. Coulier
et al. [13] and François et al. [14] used a coupled 2.5D FEM-BEM approached based on [15] to
investigate the effect of soft and stiff wave barriers, open trenches and subgrade stiffening next
to the track.
In this paper an efﬁcient domain decomposition method to model the three dimensional SoilStructure-Interaction (SSI) is presented using a coupled Integral Transform Method (ITM) Finite Element Method approach. The inﬁnite soil is described by the analytical solutions of
the ITM avoiding any non-physical reﬂections at artiﬁcial boundaries, whereas the FEM is used
to model structures of more complex geometry and material distribution. Fully or partially embedded cylindrical or spherical cavities can be modeled, thus enabling the coupling of ﬁnite or
longitudinally invariant structures within a matching FEM subsystem.
The outline of the paper is as follows. In section 2 ﬁrstly the fundamental solutions are introduced and superposed in order to obtain the stiffness matrix of the ITM subsystems in the
respective reference system. Subsequently the dynamic stiffness of the FEM subsystems is presented, followed by the coupling of the substructures. A validation of the proposed method is
shown in section 3 by comparison with the analytical solution of the homogeneous halfspace.
In section 4, a 2.5D ITM-FEM approach is used to model inﬁnite open trenches and inﬁlled
barriers. First, the results for a concrete ﬁlled trench and subgrade stiffening next to the track
are checked against literature results. Second a comparison of the mitigation efﬁciency of very
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soft or stiff barriers and an open trench is presented. Furthermore a 3D ITM-FEM model is
used to investigate the screening efﬁciency of a spatially limited open trench for different load
positions and frequencies. Finally the results for the length invariant open trench are directly
opposed to those for the ﬁnite open trench.
2
2.1

ITM-FEM FORMULATION FOR ELASTODYNAMICS
Fundamental solutions

The dynamic behavior of an linear elastic, homogeneous and isotropic continuum can be
described by the Lamé differential equation, which consists of three coupled partial differential
equations
μui |jj + (λ + μ) uj |ij − ρüi = 0

(1)

with the displacement ﬁeld ui , the Lamé constants μ and λ and the density ρ. Using a Helmholtz
decomposition ui = Φ|i + Ψl |k εikl and thereby expressing the displacement ﬁeld by the sum of
the gradient of a scalar ﬁeld Φ and the rotation of a vector ﬁeld Ψ, the system of equations turns
into three decoupled wave equations in dependency of the wave velocities of the compressional
cp and the shear wave cs (setting Ψz = 0 cp. [16]).
Φ|jj −

1
Φ̈ = 0
c2p

Ψi |jj −

1
Ψ̈ = 0
c2s

(2)

The fundamental solutions for the systems halfspace, fullspace with cylindrical cavity and
fullspace with spherical cavity are derived from (2) transforming the equations into the appropriate basis and then applying the respective local and non-local boundary conditions.
The system halfspace is solved in Cartesian coordinates (x, y, z) by using a threefold Fourier
transform into the wavenumber-frequency domain (kx , ky , z, ω). Thus the coupled partial differential equations can be transformed into three decoupled ordinary differential equations that
can be solved analytically with an exponential approach [17]:
Φ̂ = A1 eλ1 z + A2 e−λ1 z

(3)

Ψ̂α = Bα1 eλ2 z + Bα2 e−λ2 z
(4)
'
'
2
2
2
with α = x, y, λ1 = kx + ky − kp , λ2 = kx 2 + ky 2 − ks2 and kp = cωp , ks = cωs .
The system fullspace with cylindrical cavity is solved in cylindrical coordinates (x, r, ϕ)
under application of a Fourier transform with respect to x d t kx and t d t ω as well as performing a Fourier Series expansion along the circumferential direction ϕ → n. Furthermore the
vector ﬁeld Ψ = Ψ g1 + χ|j εij1 gi is expressed by two independent scalar ﬁelds. The respective
system of equations is solved with Hankel functions of ﬁrst and second kind [18]:
Φ̂ (kx , r, n, ω) = C1n Hn(1) (k1 r) + C4n Hn(2) (k1 r)

(5)

ψ̂ (kx , r, n, ω) = C2n Hn(1) (k2 r) + C5n Hn(2) (k2 r)

(6)

χ̂ (kx , r, n, ω) = C3n Hn(1) (k2 r) + C6n Hn(2) (k2 r)

(7)

with k1 2 = kp 2 − kx 2 respectively k2 2 = ks 2 − kx 2 .
The system fullspace with spherical cavity is solved in spherical coordinates (r, ϕ, ϑ). All
quantities on the spherical boundary are transformed into series of spherical harmonics (ϕ, ϑ →
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m, l) and a Fourier transform into the frequency domain is carried out. Thus the wave equations
are solved in the (r, m, l, ω) domain by spherical Hankel functions of ﬁrst and second kind [19]:
(2)
Φ̂ (r, m, l, ω) = C1lm h(1)
m (|kp |r) + C4lm hm (|kp |r)

(8)

(2)
ψ̂ (r, m, l, ω) = C2lm h(1)
m (|ks |r) + C5lm hm (|ks |r)

(9)

χ̂ (r, m, l, ω) =

C3lm h(1)
m

(|ks |r) +

C6lm h(2)
m

(|ks |r)

(10)

For all three systems local stress boundary conditions are applied respectively on the halfspace surface Λ, the cylindrical cavity surface Γc or the spherical cavity surface Γs . Additionally
employing the Sommerfeld radiation condition [20] the vector of unknown coefﬁcients Ci can
be determined for each system separately and the stresses and displacements due to unit load
states at the surfaces can be calculated by σ̂i = K̂i Ci and ûi = Ĥi Ci , where i = hs, c, s stands
for the different fundamental systems and K̂i , Ĥi are the matrices including the fundamental
solutions, kinematic and material relations linking the unknowns with the stresses and the displacements. A detailed derivation of the solutions of the fundamental systems as well as the
matrices for the calculation of the σ̂i and ûi can be found in [21, 22] and [23].
2.2

Superposition of fundamental systems

The superposition of two of the fundamental systems each is now used to satisfy the boundary conditions of the complete system at both surfaces. Therefore the halfspace is superposed
with the fullspace with cylindrical cavity resulting in a halfspace with cylindrical cavity. Furthermore the halfspace is superposed with the fullspace with spherical cavity to obtain the system of a halfspace with spherical cavity. For this reason ﬁctitious surfaces δΛ resp. δΓj (with
j = c, s for the cylinder resp. the sphere) are introduced into the fundamental systems allowing
a superposition at the common surfaces as depicted in Figure 1. Thus, loading the halfspace
(Λ)
with unit stress states σ̂Λ at Λ for each wavenumber combination (kx , ky ), the stresses σ̂δΓj at
(Γ )

the ﬁctitious surface δΓj can be determined. The other way round, the stresses σ̂δΛj at δΛ due
to unit stress states σ̂Γj at Γj for each of the respective series members (n resp. m, l) can be
calculated. The sum of the stresses at Λ and Γj has then to be equal to the external loads p̂Λ and
p̂Γj acting on the complete system. Thus the scaling factors CITM for the unit stresses and the
σ̂Λ
Λ

(Γ )

δΛ

(Λ)

σ̂δΓj

p̂Λ

σ̂δΛj

Λ

σ̂Γj
=

+

δΓj

Γj

p̂Γj

Γj

Figure 1: Fictitious surfaces and stresses at the surfaces due to unit stress states.

stresses at the ﬁctitious boundaries, gathered in ŜITM , can be determined in dependency of the
total external load P̂ITM on Λ and Γj as:
CITM = Ŝ−1
ITM P̂ITM
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Subsequently, also the resulting displacements ûITM at Λ and Γj can be calculated from the
displacements due the unit stresses, gathered in V̂ITM , scaled with the amplitudes CITM :
ûITM = V̂ITM CITM

(12)

−1
Combining equations (11) and (12) the stiffness matrix K̂ITM = ŜITM V̂ITM
of the ITM subsystem for a halfspace with cylindrical or spherical cavity is obtained giving a direct relation
between the displacements and the external loads:
(
)
 

K̂ΛΛITM K̂ΛΓj ITM
P̂ΛITM
ûΛITM
=
(13)
ûΓj ITM
K̂Γj ΛITM K̂Γj Γj ITM
P̂Γj ITM
56
7 4
56
7
4
56
74
ûITM

K̂ITM

P̂ITM

The systems halfspace with cylindrical or spherical indentation can be derived analogously by
shifting the cavity to the halfspace surface. Further details can be found in [24].
2.3

Finite Element Implementation

The FEM structures that shall be coupled to the previously introduced ITM subsystems need
to match with the shape of the respective cavity surface Γj . Therefore the dynamic stiffness
matrix of a FEM mesh with a cylindrical and a spherical outer boundary have to be computed.
Applying the 2.5D approach, the stiffness of the halfspace with cylindrical cavity was calculated
in the (kx , ω) domain. This allows to represent the 3D response on a two dimensional mesh.
Thus quadrilateral ﬁnite elements with linear shape functions are used to discretize the cross
section of the FEM substructure. However, the FEM formulation has to be adopted to the
wavenumber frequency domain as presented in [18]. To enable a direct stiffness coupling with
the ITM later on, the nodes need to be equally distributed along the cylindrical boundary.
For the spherical FEM structure usual three dimensional, eight node solid elements can be used
and the dynamic stiffness matrix is computed in Cartesian coordinates and in the frequency
domain as well (x, y, z, ω). The FEM nodes on the spherical boundary must be situated on the
intersections of latitudes and longitudes to be able to transform the FEM stiffness matrix into
the basis of the ITM subsystem for the coupling. Thereby the z-coordinates of the latitudes are
chosen as the Gauß points along the diameter and the longitudes are equally distributed along
the circumference [22].
(
)
 

K̄Γj Γj FE K̄Γj ΩFE
ūΓj FE
P̄Γj FE
=
(14)
K̄ΩΓj FE K̄ΩΩFE
ūΩFE
P̄ΩFE
2.4

Coupling of Substructures

The coupling of the ITM and the FEM substructure is carried out at the cylindrical respectively the spherical boundary of the substructures. On the coupling surface the continuity of displacements as well as the equilibrium of forces are used as transition conditions. As reference
system for both cases the basis of the ITM subsystem is chosen. Therefore the dynamic stiffness
matrix of the cylindrical FEM subsystem on Γc needs to be transformed into the (kx , r, n, ω)
domain by applying a twofold Fourier transform as well as a Fourier series expansion along
the circumference. The spherical FEM structure is transformed into the (r, m, l, ω) domain by
transforming the dynamic stiffness on Γs into spherical coordinates, conducting a Fourier transform into the frequency domain and developing it into series of spherical harmonics. The FEM
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formulation inside the structure Ω is kept in the (x, y, z, ω) domain.
⎤⎛
⎡
⎞ ⎛
⎞
0
K̂ΛΛITM
K̂ΛΓj ITM
ûΛITM
P̂ΛITM
⎥⎜
⎢
⎟ ⎜
⎟
⎥ ⎝ û
⎢ K̂Γs Λ
+
K̂
K̂
K̄
⎠ = ⎝ P̂Γj ⎠
Γ
Γ
Γ
Γ
Γ
Ω
j
j
j
j
j
ITM
Γj
⎣
FE ⎦
ITM
FE
ūΩFE
P̄ΩFE
0
K̂ΩΓ
K̄ΩΩ
FE

j FE

3

(15)

VALIDATION

The systems halfspace with partly embedded cylindrical or spherical cavity are veriﬁed in
this section by a comparison with the analytical solution of a homogeneous halfspace. Therefore
in the coupled ITM-FEM system the cavity is homogeneously ﬁlled with ﬁnite elements. Same
material parameters are chosen for the FEM substructure and the surrounding soil modeled by
the ITM. The system is excited by a vertical harmonic load with f = 12 Hz at the halfspace
surface P̂Λ with block size 2x2 m and amplitude P0 = 1 mN2 at yload = −10 m outside of the
FEM inclusion with radius R = 4 m. (Figure 2). The soil material parameters are chosen as
Soil A given in Table 2.
R

Λ

P̂Λ

Λ

P̂Λ

y

y

z

z

Γj

Ω

(a)

(b)

Figure 2: Setup for comparison of coupled ITM-FEM system (a) with analytical solution for homogeneous halfspace (b).

The results for the absolute value of the vertical displacement on the halfspace surface are
presented normalized with the load resultant in Figure 3. A very good agreement of the coupled
ITM-FEM approach with the benchmark solution can be stated for both, the 2.5D and the 3D
model.






































(a)















(b)

Figure 3: Comparison of |uz (x = 0, y, z = 0, ω)| between analytical solution for homogeneous halfspace and (a)
halfspace with cylindrical FEM inclusion (2.5D), (b) halfspace with spherical FEM inclusion (3D).
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4
4.1

NUMERICAL RESULTS
Inﬁnite open trenches and inﬁlled barriers (2.5D)

In this section numerical results for length invariant open trenches and inﬁlled barriers are
presented applying the proposed 2.5D ITM-FEM approach for a halfspace with cylindrically
shaped FE substructure. Firstly the results gained with the proposed methodology for a concrete ﬁlled trench are compared with those available in published literature. Second the effect
of subgrade stiffening as wave impeding barrier is shown followed by a comparison of the
mitigation efﬁciency and the mechanism of action of open trenches and soft or stiff barriers.
Concrete ﬁlled trench
In this example the Rayleigh wave diffraction by a rectangular trench, inﬁlled with concrete,
in the transmission path, as depicted in Figure 4a, is investigated with the ITM-FEM approach.
The results are compared with those obtained by Haupt [4] with the FEM, and Beskos et al. [6]
with a constant element based BEM implementation. As the literature results were calculated
for a 2D case, the ITM-FEM solution was also done only for wavenumber kx = 0, which
means constant conditions in longitudinal direction x. A vertical harmonic load with amplitude
P0 = 1 mN2 and a width of by,load = 2 m is applied at a distance of yload = −16 m from the
trench with a frequency of f = 30 Hz resulting in a Rayleigh wavelength of λr = 3.18 m. The
width and depth of the barrier were chosen to wtr = 1.25 m and dtr = 3.25 m, prescribed by
the FE discretization. Therefore the normalized dimensions result to Wtr = 0.39, Dtr = 1.02
and Lload = 5.03, which almost coincide with the dimensions used in [4, 6]. The further
discretization and geometry parameters are given in Table 1 as well as the material parameters
of the soil (Soil B) and the concrete ﬁlling (Inﬁll A) in Table 2.
Nx = N y
Concrete ﬁlled trench
29
Subgrade stiffening
29
Comp. soft-stiff-open
28

Bx = By
128
128
64

Nϕ
128
96
192

R
8
8
8

dx = dy = dx,FE
0.25
0.25
0.25

dy,FE
0.125
0.333
0.166

Table 1: Discretization and geometry parameter for coupled ITM-FEM approach.

 
E mN2
Soil A 26.00 · 106
Soil B 46.12 · 106
Soil C 21.60 · 107
Inﬁll A 15.81 · 108
Inﬁll B 15.12 · 108
Inﬁll C 30.00 · 109
Inﬁll D 25.00 · 104

ν [−]
0.30
0.25
0.33
0.25
0.248
0.2
0.4

ρ [ mkg3 ]
2000
1720
2000
2356
2000
2600
700

ζ [−]
0.05
0.03
0.05
0.05
0.025
0.01
0.05

cp [ ms ]
132.5
179.5
400.5
914.6
950.7
3580.5
27.6

cs [ ms ]
70.8
103.6
201.7
528.1
550.3
2192.6
11.3

cr [ ms ]
65.7
95.3
188.0
485.8
506.1
1998.9
10.6

Table 2: Material parameters of different soils and inﬁll materials

In Figure 4b the amplitude reduction factor Ar for the absolute value of the vertical displacement |uz (x = 0, y, z = 0, ω)| at the halfspace surface is shown at x = 0 over the dimensionless
distance y/λr . Ar is deﬁned as the amplitude in presence of the trench |uz,tr | divided by the
amplitude in absence of the trench |uz,ref |. Thus values of Ar smaller than one mean a reduction
of the vibration amplitudes of (1.0 − Ar ) · 100 percent. Signiﬁcant ampliﬁcations are observed
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in front of the trench caused by the constructive or destructive interference of the incident and
reﬂected Rayleigh waves due to their phase difference [9], which is indicated by the peak distances being very close to λr /2. On the load remote site, a substantial amplitude reduction due
to the concrete barrier of 50 − 70% is achieved. A very good agreement between the literature
results and the ITM-FEM approach can be stated.
Wtr =

wtr
λr

P̂Λ

y

Dtr =

z

Lload =

dtr
λr

yload
λr

(a)

(b)

Figure 4: (a) ITM-FEM model for concrete ﬁlled trench in transmission path. (b) Comparison of ITM-FEM
results for amplitude reduction factor Ar of the vertical displacement |uz | with BEM solution of Beskos et al. [6]
and FEM solution of Haupt [4].

Subgrade stiffening as wave impeding barrier
In this section the 2.5D ITM-FEM approach is used to investigate the efﬁciency of subgrade
stiffening as mitigation measure in the transmission path. The setup depicted in Figure 5a is
adopted from Coulier et al. [13], who used a 2.5D FEM-BEM methodology to analyze subgrade stiffening next to the track for the mitigation of railway induced vibrations. A block of
stiffened soil (Inﬁll B) with a width and depth of wtr = dtr = 2 m located within a homogeneous halfspace (Soil C) is investigated. The discretization parameters are given in Table 1. The
material parameters for the surrounding and the stiffened soil, leading to the same wave velocities as in [13], are presented in Table 2. A quadratic, harmonic block load with P0 = 1 mN2 and
a width of bx,load = by,load = 1 m is applied at a distance of yload = −6 m from the barrier. The
¯ z over the total surface were
absolute value of vertical displacements and the insertion loss IL
evaluated for the reference case |uz,ref | without subgrade stiffening and the situation in presence
of the stiffened block |uz,tr |. Therefore positive values of the insertion loss
¯ z (x, y, z = 0, ω) = 20 log10 |uz,ref | [dB]
IL
|uz,tr |

(16)

indicate a reduction compared to the reference case without mitigation measure.
Coulier et al. [13] showed by an investigation of the insertion loss in the wavenumberfrequency domain, that the block of stiffened soil can act as a wave impeding barrier. Considering the stiffened block as inﬁnitely long Timoschenko beam, it was demonstrated that the
wave impeding effect depends strongly on the relation of the projection of the Rayleigh wave
length in the soil in longitudinal direction λx and the free bending wave length in the beam λb .
The transmission of plane waves in the soil with λx < λb is impeded, as the response of the

2834

Julian Freisinger, Gerhard Müller

beam is then dominated by its bending stiffness and the amplitude decreases proportionally to
ky−4 for a given frequency.
wtr
k̄x

by,load
Bx

k̄x = k̄r

k̄y
θ

y
x

k̄r

bx,load

¯z
high IL

k̄x
k̄x = k̄b

yload

¯z
low IL
f

fc
By

(a)

(b)

Figure 5: (a) Topview of setup for comparison of coupled ITM-FEM system with 2.5D FEM-BEM model of
Coulier et al. [13]. (b) Schematic sketch of the dispersion curves of the free bending wave in a Timoschenko beam
and the Rayleigh wave in a homogeneous halfspace.

¯ z (k̄x , y, z = 0, ω) over the diFigure 5b shows a schematic sketch of the insertion loss IL
mensionless wavenumber k̄x = kx cs /ω and the frequency f as presented in [13]. A high insertion loss is obtained for wavenumbers k̄x smaller than the dimensionless Rayleigh wavenumber k̄x = k̄r = cs /cr and bigger than the free bending wavenumber k̄b . The contribution of
wavenumbers k̄x > k̄r to the total response and especially the response in lateral direction is
quite limited. This is due to the fact, that the value of the transfer function of a homogeneous
halfspace in the wavenumber frequency domain for wavenumbers kx2 + ky2 > kr2 is quickly decreasing with increasing wavenumbers and thus, as the propagation direction in the x − y plane
is given by θ = tan−1 (k̄x /k̄y ), for k̄x > k̄r the waves traveling in y-direction have only comparatively small amplitudes. The propagation direction of the Rayleigh wave, which makes up the
largest part of the overall response results as θr = sin−1 (k̄x /k̄r ). For wavenumbers k̄x < k̄b follows λx > λr and thus the Rayleigh wave is able to propagate through the stiffened block with
low transmission loss, whereas for k̄x > k̄b the waves are impeded by the barrier because λx
gets smaller than λb . Therefore a critical frequency fc , when the mitigation measure becomes
effective, can be determined by the intersection of the Rayleigh wave and the free bending wave
dispersion curves [13]:
#
$
c2r ρA
Eμκ
fc =
(17)
2π EI (E − ρc2r )(μκ − ρc2r )
where E is the Young’s modulus, μ the shear modulus, ρ the density, A the cross sectional area
and I the moment of inertia of the beam. κ is the shear coefﬁcient and can be set to κ = 5/6 for
rectangular cross sections. cr is the Rayleigh wave velocity in the soil. This critical frequency
strongly depends on the stiffness contrast between the soil and the block of stiffened soil. Thus
subgrade stiffening is more effective in soft soils. For the given material parameters the critical
frequency results to fc = 12.37 Hz.
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The propagation direction of the Rayleigh waves is given by θr . Beyond a critical angle of
θc = sin−1 (k¯b /k̄r ) and assuming ω > ωc , the wavenumbers k̄x are bigger than k̄b and thus
λx < λb holds. Therefore the impinging plane waves with θ > θc are impeded by the barrier.
The critical angle in dependency of the frequency is given by [13] as:
⎛ 8
⎞
#

9 
4E(μκ)2 A
⎜ 9
⎟
(2Eμκ)−1 ⎠
(18)
θc (f ) = arcsin⎝cr :ρ E + μκ ± (E − μκ)2 +
ρI(ω/2π)2
Figure 6a and 6c show the real part of the vertical displacement uz (x, y, z = 0, ω) due to a
harmonic load with f = 5 Hz < fc for the reference case and the case when subgrade stiffening
was applied. The Rayleigh wave length λr is much larger than the depth of the barrier and
thus a signiﬁcant part of the Rayleigh wave is able to pass beneath it. For all waves impinging
at the stiffened block, k̄x > k̄b holds and therefore they are not impeded. The wave ﬁeld in
¯ z in Figure 6e is almost zero
both cases is very similar and the corresponding insertion loss IL
over the whole surface. The real part of the vertical displacements for a excitation frequency of
f = 30 Hz > fc is shown in Figure 6b and 6d. In the reference case cylindrical wave fronts are
observed, whereas, if subgrade stiffening is applied, the wave ﬁeld is not cylindrical anymore
due to the interaction of the barrier and the soil. All waves hitting the barrier at an angle greater
than the critical angle θc are impeded, leading to a signiﬁcant reduction of vibrations in the areas with θ > θc . Hence, large values of the insertion loss, partly exceeding 10 dB, are observed
there. The critical angle, which results to θc = 43.26◦ at f = 30 Hz, is sketched in Figure 6f.
However, below the critical angle the amplitude reduction is rather small due to the relatively
shallow barrier (only 0.32 λr at f = 30 Hz) and the not so pronounced stiffness contrast be¯ z can be observed in this area due
tween the barrier and the soil. Although lines of increased IL
to the partial destructive interference caused by the phase shift of the waves passing below the
barrier and the waves transmitted through the barrier with much higher wave velocity, which
appears mainly for thick barriers of lower depth [25]. For larger depth of the barrier and an
increased stiffness contrast also for angles θ < θc a signiﬁcant reduction can be achieved, as
more reﬂections occur at the left face of the barrier and less vibrations are transmitted. Furthermore a smaller part of the Rayleigh wave passes below the barrier. On account of this in
the following section the mitigation efﬁciency for an open trench, a soft and a stiff barrier are
compared, assuming adequate dimensions and a sufﬁcient stiffness contrast.
Stiff and soft barriers vs. open trench
The vibration screening efﬁciency of open trenches massively depends on the trench depth.
A satisfactory screening efﬁciency of Ar < 0.25 can be achieved for depths dtr greater than
about 1.2λr of the soil [2]. Due to stability reasons the construction of ideal open trenches with
vertical sides is limited to shallow depths. For this reason, trenches are often ﬁlled with soft
material that must be able to withstand the horizontal soil stresses while still providing adequate
insulation [26]. Open trenches achieve their vibration reduction effect by the reﬂection of the
incident Rayleigh waves. As no energy can be transferred across the open trench the vibration
reduction usually is higher than for inﬁlled trenches, where a part of the wave energy is transmitted through the barrier. If a very soft inﬁll material is used the behavior of the ﬁlled trench
resembles that of open trench [27], which also yields for the mitigation efﬁciency.
However, the physical mechanism, which is responsible for the vibration reduction changes,
when it comes to stiff barriers. Additionally to the reﬂected and transmitted Rayleigh waves,
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 6: Real part of the vertical displacement uz (x, y, z = 0, ω) due to harmonic excitation with block load at
y = −6 m in the reference case (a,b) and in the case with subgrade stiffening (c,d) as well as the corresponding
¯ z (e,f). Left column for fc > f = 5 Hz and right column for fc < f = 30 Hz.
insertion loss IL
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the presence of the barrier gives rise to body (P- and S-) waves, that are also reﬂected and transmitted [9]. Furthermore body waves radiating downward the barrier occur, acting like a new
wave source at the lower end of the stiff barrier, emitting body waves into the interior of the
halfspace [25]. This transformation of Rayleigh waves into body waves is called mode conversion. The screening effect of a stiff barrier with adequate depth therefore is partly based on
the reﬂection of the Rayleigh waves and partly on its transmission into the interior of the halfspace. For ﬁxed dimensions, the decisive parameter for the vibration mitigation efﬁciency of a
stiff barrier is the stiffness difference between soil and inﬁlled trench rather than the impedance
[13]. The material damping of the inﬁll material has no signiﬁcant effect on the on the screening performance [28]. Therefore, very stiff barriers in relatively soft soils have a mitigation
efﬁciency close to that obtained by an open trench [14].

(a)

(b)

Figure 7: (a) Absolute value of vertical displacement |uz (x = 0, y, z = 0, ω)| due to harmonic excitation with
f = 20 Hz by a 1x1 m block load at yload = −4 m for soft barrier, stiff barrier, open trench, homogeneous
halfspace and (b) the corresponding amplitude reduction factor Ar . The gray bar indicates the area enclosed by
the open trench resp. the barrier.

Figure 7a shows the vertical displacement |uz (x = 0, y, z = 0, ω)| for an extremely stiff
(Inﬁll C) and a very soft (Inﬁll D) barrier as well as an open trench and the reference case of a
homogeneous halfspace (Soil A). The material properties of the barriers and the soil are given in
Table 2, the used discretization in Table 1. Again a 1x1 m block load with P0 = 1 mN2 located at
yload = −4 was chosen. For the excitation frequency of 20 Hz, λr results to 3.3 m and therefore
the normalized dimensions of the trench respectively the barrier account for Dtr = 1.2 and
Wtr = 0.4. The soft barrier and the open trench show large displacement amplitudes at the load
sided edge, whereas in case of the stiff barrier the deformation is almost zero. This also reﬂects
in the amplitude reduction factor depicted in Figure 7b, exhibiting Ar  1 for the open trench
and the soft barrier and a very small Ar for the stiff barrier. Behind the trench a signiﬁcant
reduction of vibrations is observed for all three cases, albeit the open trench performs best over
the largest part of the considered range.
This tendency is also visible in Figures 8(a,c,e), where the amplitude reduction factor Ar over
the surface with dimensions normalized by λr is depicted. In the graphs, the area occupied by
the barrier is marked by the white lines. The open trench shows the greatest reduction effect
over the entire area on the load averted side. Nearly the same pattern of Ar develops on the load
facing side for the open trench and the soft ﬁlled barrier, which can be explained by the similar
physical mechanism for the vibration screening, relying almost solely on the reﬂection of the
impinging Rayleigh waves.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 8: Left column: Amplitude reduction factor Ar , right column: Resultant of displacements u(x, y, z, ω) =
'
u2x + u2y + u2z for (a,b) soft barrier, (c,d) stiff barrier and (e,f) open trench.

However, in case of the stiff barrier, due to the very different ratio of wave velocities in
the soil and the barrier compared to the soft inﬁll material as well as larger amount of mode
conversion, a very different interference pattern of the reﬂected waves occurs before the bar-
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rier.
in Figures 8(b,d,f) the pseudo resultant of the displacements u(x, y, z, ω) =
 2 Moreover,
ux + u2y + u2z within the FEM substructure is illustrated for all three cases in a section at
x = 0. In the considered frequency range the wave lengths in the soil are considerably larger
than the barrier width and thus impose their displacements to the barrier quasi statically [14].
It is clearly visible that with the soft ﬁlling material, large deformations occur at the edge and
within the barrier, similar to the limit case of the reﬂection of the incident waves at the free end,
as for an open trench. In contrast the stiff barrier shows no deformation at all and therefore
almost acts as ﬁxed boundary [11].
4.2

Finite open trench (3D)

Unlike the previously presented 2.5D approach, dealing with inﬁnitely long mitigation measures in longitudinal direction, the 3D approach allows the investigation of spatially limited
open trenches or barriers, closer to practical applications. For the length invariant structures
the energy transmission is restricted over the whole length, whereas in case of ﬁnite vibration
shielding measures much more complex wave interference phenomena occur, as additionally to
the lower trench end diffraction effects arise also at side edges [7]. Thus, regions with reduced
or increased vibration amplitudes on the ground surface can clearly be observed as depicted in
Figures 10c and 10d.
For the investigation of the ﬁnite open trench, the three dimensional ITM-FEM approach is applied, whereby the open trench is modeled within the half spherically shaped FEM substructure
as displayed in Figure 9. A radius of R = 6 m was chosen for the sphere and a open trench
with dtr = 3.8 m, wtr = 1.2 m and ltr = 4.8 m included. A total region of Bx = By = 64
m was investigated using Nx = Ny = 27 Fourier series members on the halfspace surface as
well as Nl = 40 longitudes and Nm = 20 latitudes for the discretization of the sphere, leading
to a ﬁnite element size of dx,FE = dy,FE = 0.6 m along the surface. The Material properties of
Soil A, given in Table 2, were used for the calculations. In the FEM subsystem solid elements
by,load

open trench
x

bx,load

y

Ltr Dtr

z

Wtr
Lload

Figure 9: Sketch of the three-dimensional ITM-FEM system for the vibration isolation by an ﬁnite open trench.
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with linear shape functions were used, which, in general, are not as accurate as higher order
elements, if it comes to stress concentrations or detailed results for the displacement amplitude
in the near ﬁeld around the load are of interest. However, for the assessment of the vibration
mitigation efﬁciency, the response behind the trench is more important than the deformation of
the trench itself or the stress concentrations around it [7]. Therefore satisfactory precision is
reached for the investigated problem, using the ITM-FEM approach.
In the following sections the inﬂuence of the trench length and depth as well as the distance of
the load from the trench is investigated and ﬁnally compared to results obtained for the inﬁnite
trench.
Variation of the excitation frequency
Figure 10a shows the absolute value of the vertical displacements at x = 0 over the y due to
a harmonic 1.2 x 1.2 m block load located at yload = −3 m with excitation frequencies of 12 Hz
and 22 Hz. The corresponding amplitude reduction factor Ar is depicted in Figure 10b. As the
frequency changes, also the Rayleigh wavelength and therefore the relative dimensions of the
open trench vary. At f = 12 Hz, λr results in 5.5 m and thus Dtr = 0.69, Wtr = 0.22 and Ltr =
0.87, whereas for f = 22 Hz the Rayleigh wave length is λr = 2.9 m and thereby Dtr = 1.31,
Wtr = 0.41 and Ltr = 1.65. The amplitude reduction for 12 Hz, depicted in Figure 10e, is rather
limited as a signiﬁcant part of energy passes below the open trench. With increasing frequency
the penetration depth of the Rayleigh wave reduces and therefore the mitigation efﬁciency rises,
as can be seen in Figure 10f showing Ar for an excitation frequency of 22 Hz. Ampliﬁcations of
the displacement amplitudes can be observed in front of the trench and at the sides as well as a
reduction behind the trench. For small ratios ltr /λr ampliﬁcations occur also directly behind the
open trench, a phenomenon which was also observed by Woods [2] experimentally. Due to the
small trench length, especially for lower frequencies, the waves travel around the trench thereby
causing this ampliﬁcations, as can clearly be seen in Figure 10c. With increasing dimensionless
length and depth the mitigation efﬁciency rises and thus the shadow zone enlarges and gets
more deﬁned.
Variation of load position
Dolling [1] showed that above a certain trench length the shielding effect no longer changes
signiﬁcantly and concluded that an radiation angle of 45◦ − 56◦ leads to an effective vibration
reduction. Also Woods [2] found that larger trenches are required at greater distance from the
source to achieve a certain amplitude reduction. Therefore in this section the variation of the
load position with a ﬁxed open trench length, depth and width is investigated as depicted in
Figure 11a. This leads to a variation of the radiation angle
α = tan−1

Ltr /2
Lload − Wtr /2

(19)

of the waves on the open trench of 45◦ for yload = −3 to 10◦ for yload = −14 and therefore
a different shielding zone and mitigation efﬁciency. Figure 11b shows the amplitude reduction
factor Ar (x = 0, y, z = 0, ω) for load positions yload = −3, −8, −14 due to an excitation with
f = 22 Hz. With increasing yload the amplitude reduction at some distance behind the trench
decreases substantially, which ﬁts well to Woods’s [2] statement, that the screening efﬁciency
is larger, if the trench is positioned close to the source.
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Figure 10: (a) Absolute value |uz (x = 0, y, z = 0, ω)| and (b) corresponding Ar . (c,e) Real part of the vertical
displacement uz (x, y, z = 0, ω) and Ar of |uz (x, y, z = 0, ω)| for f = 12 Hz and (d,f) for f = 22 Hz.

2842

Julian Freisinger, Gerhard Müller
By


Wtr


R
2

Bx



dyFE

R
2

x
y

R
2



Ltr
dyFE



R
2



yload




(a)





















(b)

Figure 11: (a) Setup for variation of load position and radiation angle (blue lines). (b) Amplitude reduction factor
Ar of |uz (x = 0, y, z = 0, ω)| for different load positions yload for the ﬁnite and the inﬁnite open trench.

This is further conﬁrmed, when the amplitude reduction factors for different load positions
considering the inﬁnitely long trench is opposed to the ones obtained for the ﬁnite open trench
as depicted also in Figure 11b as well. The variation of Ar due to different load positions is
very small for the length invariant open trench because the radiation angle is not relevant in this
case, as there is no possibility for the waves to travel around open trench. A more exposed peak
in front of the trench can be observed in the 2.5D case because a bigger part of the incoming
waves is reﬂected leading to a lower Ar over the whole length behind the trench.
5

CONCLUSIONS

In this paper a coupled Integral Transform Method - Finite Element Method approach for
the Soil Structure Interaction of length invariant (2.5D) and ﬁnite (3D) structures has been presented. Therefore fundamental solutions of the Lamé differential equation were superposed in
order to gain the systems halfspace with partially or fully embedded cylindrical or spherical
cavity. At the cavity boundaries a FEM substructure is coupled to the ITM using a direct stiffness coupling by enforcing the continuity of displacements and the equilibrium of forces. The
proposed methodology was validated by comparison with the analytical solution of a homogeneous halfspace for the 2.5D and the 3D approach.
Within the FEM region, structures with more complex geometry and material distribution can
be modeled. This was used to investigate the vibration reduction efﬁciency of longitudinally
inﬁnite open trenches and barriers with soft or stiff inﬁll material. The normalized depth of the
barrier and the stiffness contrast between inﬁll material and soil are found to be the most important parameters for the performance of the screening measure. More shallow barriers with less
pronounced stiffness contrast, as in case of subgrade stiffening, act as wave impeding barrier
up from a critical frequency and provide a signiﬁcant insertion loss within an area delimited by
a critical angle. For deeper stiff or soft ﬁlled barriers with distinct stiffness contrast the performance is similar to an open trench.
In case of spatially limited open trenches also the dimensionless length plays an important role.
As diffraction occurs at the sides of the trench additionally to the bottom, more complex wave
interference patterns occur. The radiation angle and therefore the distance of the source from
the trench has fundamental impact on the mitigation efﬁciency, which is not the case for length
invariant trenches.
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Abstract. The construction of apartment and ofﬁce buildings close to road or rail trafﬁc is
becoming more frequent in urban areas. These sites are however prone to issues of disturbing
vibrations in nearby buildings induced by trafﬁc. In Sweden, designing building foundations
with pre-fabricated end-bearing concrete piles is often a necessary and economical measure
when soil conditions are poor. Although pile groups have been studied extensively in the context of seismic analysis, there are limited experimental results on the response of end-bearing
pile groups due to ground vibration evoked by sources acting on the soil’s surface. This paper presents the design of an experimental case study of an end-bearing pile group, aimed at
validating models for predicting vibration levels in piled buildings. The test site is presented
with results from geotechnical and geophysical site investigations. The experimental setup is
outlined, describing measurements taken at each stage of construction of the pile group. Results
from numerical simulations demonstrate a different behaviour of the pile group in comparison
to an equally large surface foundation.
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1

INTRODUCTION

The densiﬁcation of the urban environment drives the desire to build on previously unused
land close to railway lines or heavily trafﬁcked major roads. When utilizing land close to trafﬁc
lines for apartment or ofﬁce buildings, the risk for comfort disturbing vibrations induced by
trafﬁc becomes imminent. Therefore, assessment of expected vibration levels should be carried
out prior to construction. In the Stockholm area, and in many other regions in Sweden, the
railway network is partially constructed in areas with relatively shallow glacial clay deposits
overlaying a high quality bedrock. On such sites, end-bearing pre-fabricated concrete piles are
commonly used when constructing building foundations. Soil-structure interaction of different types of pile foundations has been extensively analysed in the literature through numerous
numerical models and experiments. However, the vast majority of experimental studies available in the literature have mainly been focused on the local behaviour of ﬂoating piles and pile
groups. There is limited experimental data presented in the literature on the response of endbearing pile groups, and especially considering the response due to distant sources acting on the
ground surface. Moreover, most studies consider only the narrow frequency range of interest in
earthquake engineering, and there are few studies covering the full frequency range 1–80 Hz,
relevant for the analysis of trafﬁc induced vibrations [5].
This paper presents the design of an experimental case study with the purpose of validating
prediction models for the transmission of vibrations through soil to end-bearing pile foundations. The experiment concerns the dynamic response of a 2 × 2 pile group with pre-fabricated
end-bearing concrete piles subjected to controlled dynamic excitation in the frequency range
1–80 Hz. The experiment is performed in phases of staged construction at a site with a minimum of outside disturbance, allowing to isolate the inﬂuence of the addition of the foundation
to the site. To determine the ability of numerical models to capture the inﬂuence of the embedment in the soil on the bending behaviour of the piles, and thereby the kinematic interaction,
measurements are performed at various depths along the center lines of the piles. The objective of the paper is to document and motivate the design of the proposed experiment. The site
is presented in section 2 with the identiﬁed soil properties obtained from site investigations.
Section 3 describes the measurement setup, the geometry of the test foundation and the data
to be acquired. Section 4 presents numerical predictions of the expected response of the pile
foundation. Finally, section 5 concludes the paper.
2
2.1

MEASUREMENT SITE
Location

The measurement site is located in Brottby, about 40 km north of Stockholm, Sweden, at
a remote ﬁeld that has not been cultivated for more than ﬁve years. There is a small private
road adjacent to the site and a single inhabited house close by. Thereby, the experimental
environment is considered to have a high degree of control while maintaining realistic ﬁeld
conditions. An overview of the site is presented in ﬁg. 1.
2.2

Stratiﬁcation

An extensive geotechnical site characterization has been performed at the site, consisting of
weight probing, bedrock probing, cone peneration tests (CPT) and laboratory testing of undisturbed soil samples. The soil proﬁle at the site consists of a top 1 m thick layer of stiff dry-crust
clay, a 3.5 m body of soft clay and 2 m layer of moraine on top of a stiff bedrock. A summary
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Figure 1: Overview of the experimental site in Brottby outside of Stockholm.
of the clay proﬁle properties obtained from laboratory measurements of the clay is presented
in table 1 and the interpreted soil proﬁle is presented in ﬁg. 2, where the points and depths of
investigation are indicated.
Depth

Density

Water content

PI

τcu

OCR

K0

[m]

[kg/m3 ]

[%]

[%]

[kPa]

[-]

[-]

1
2
3
4

1880
1570
1720
1780

31.8
78.2
53.6
47.2

34
29
24

54.4
19.6
19.2
23.1

5∗
2.6
1.9
1.9

0.86
0.74
0.66

∗

Estimated from CPT correlations.

Table 1: Clay soil properties obtained from laboratory measurements.

2.3

Dynamic soil properties

The small strain dynamic properties that characterise the mechanical behaviour of the soil
are the soil density ρ, P- and S-wave velocities Cp and Cs and the corresponding damping ratios
βp and βs . The soil density of the clay is obtained directly from the laboratory measurements,
while the underlying moraine and bedrock densities are assumed using typical values used in
geotechnical design. The P- and S-wave velocities of the soil are estimated from in-situ and laboratory testing. Material damping ratios are assumed equal for P- and S-waves and are estimated
from the geophyscial tests. The oedometer and triaxial aparatuses used in the laboratory testing
were additionally equipped with bender elements (BE), allowing to determine S-wave velocities
of undisturbed soil samples reloaded to their in-situ stress states. The material samples were
taken at point 13 in ﬁg. 2, where the pile group is constructed. In addition to the laboratory
measurements, in-situ testing has been performed by means of two seismic cone penetration
tests (SCPT) carried out at points 13 and 8 in ﬁg. 2, a seismic refraction test and spectral analysis of surface waves (SASW) based on the vertical acceleration responses of the soil along a
line between points 9 and 12 in ﬁg. 2. The seismic refraction test yields estimates of P-wave
velocities while the SCPT and SASW tests yield S-wave velocities. However, P-wave velocities
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Figure 2: Geotechnical investigation points (numbered) in topview (down-right corner) and sections with shading indicating the interpreted stratiﬁcation at the site with moraine (bottom), clay
(mid-layer) and dry-crust and topsoil (top-layer). The position of the pile group and excitation
points on the soil surface are indicated in relation to the investigation points.
are assumed uniform below 1 m depth, due to the full saturation of the clay. A summary of the
estimated small-strain dynamic properties of the proﬁle based on the aforementioned tests is
presented in table 2.
Depth

Layer thickness

ρ

Cp

Cs

βp

βs

[m]

[m]

[kg/m3 ]

[m/s]

[m/s]

[-]

[-]

0.66
1.08
1.73
4.23
6.23
∞

0.66
0.42
0.65
2.5
2
∞

1880
1880
1720
1780
2300
2700

129
420
1450
1450
1450
3500

66
139
103
84
600
2500

0.05
0.02
0.02
0.02
0.02
0.02

0.05
0.02
0.02
0.02
0.02
0.02

Table 2: Estimated dynamic soil properties at the test site in Brottby.

3

EXPERIMENTAL SETUP

The investigation concerns a 2×2 pile group constructed of prefabricated concrete piles with
a square 235×235 mm cross section, illustrated in ﬁg. 3. The pile cap is cast so that it is slightly
elevated from the ground. Thereby, only the piles are in contact with the soil. The four plies
are driven to bedrock at a depth of approximately 6.5 m and are separated by a distance of
1365 mm. To enable measurements to be performed at depth, a 76 mm plastic pipe is cast
along the center line of each pile. To replicate the case of vibrations induced by nearby sources
at the surface, two positions on the surface with a distance 10 and 20 m to the front of the pile
cap are considered. At each position, a concrete foundation of dimension 0.5×0.5×0.2 m is cast
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Figure 3: Dimensions in millimetres of the case-study pile foundation.
in place to allow for dynamic excitation (see ﬁg. 5b). Accelerometers are mounted at the soil’s
surface in the vertical direction and in the horizontal direction, aligned with the propagation
path between the excitation points and the construction site. Additional sensors are placed
symmetrically at a distance 20 m perpendicularly from the line between the excitation points, to
serve as reference points to control for temporal variations in between measurements. Figure 4
presents an illustration of the setup.
3
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Figure 4: Measurement setup in Brottby. Excitation positions are indicated by an ×, vertical
measurement channels by a dot and horizontal channels by an arrow.
To reduce the uncertainty regarding the stiffness of the piles, an experimental modal analysis
test has been carried out in the factory after the casting of the piles, suspending one of the piles
in ﬂexible springs to simulate free-free boundary conditions. In order to identify the material

2850

Freddie Theland, Jean-Marc Battini, Costin Pacoste, Geert Lombaert, Stijn François, Peter Blom and Fanny
Deckner

properties of the reinforced concrete beam, the experimentally obtained natural frequencies
and bending modes are matched with an analytical model of the free-free beam. The model
updating yield an equivalent modulus of elasticity Ep = 39 GPa with a Poisson’s ratio νp = 0.2
and density ρp = 2400 kg/m3 for the concrete piles.
3.1

Dynamic measurements

The dynamic force is applied to the soil by means of a Wölfel BD.5 inertial shaker. The
inertial shaker supplies a constant amplitude force over a frequency range 0.5–200 Hz with harmonic or band-limited noise excitation. Thereby, possible non-linearities can be investigated
for the frequency band of interest by varying the excitation amplitude. The shaker is ﬁrmly
mounted on the cast in place concrete foundations by means of threaded ﬁttings. Additionally,
an impact sledgehammer Dytran 5803 series is used for impact testing whenever mounting the
shaker in place is infeasible, e.g. when determining pile impedances. The responses on the
soil’s surface are measured by 20 PCD 393A03 and 9 PCB 393B31 accelerometers, with sensitivities 1 and 10 V/g, respectively. The more sensitive sensors are used for the most distant
vertical measurements. The accelerometers are mounted on aluminium pickets with a curciform
section of dimensions 40 × 40 × 300 mm and are shown mounted in the soil in ﬁg. 5c. The
soil-picket-sensor dynamic system is veriﬁed experimentally to have a natural frequency well
above the frequency band of interest (1-80 Hz) when mounted at site, according to the recommendations given by Degrande et al. [2] and Hunaidi and Rainer [4]. After installation of the
sensor pickets in the ground, they are left in place to ensure that the position and mounting is the
same in between measurement sessions. Responses in the piles at depth are measured with sensors attached to a pneumatic device, equipment originally designed for seismic exploration in
boreholes (see e.g. [8]). The cavity along the centreline of the piles makes it possible to mount
the sensors at arbitrary depth, allowing to determine the frequency response at any number of
measurement points along the piles with a limited amount of sensors.

(a)

(b)

(c)

Figure 5: Dynamic measurement equipment: (a) Wölfel BD.5 inertial shaker, (b) Dytran 5803
series impact sledge hammer and (c) PCB 393A03 accelerometers mounted on aluminium pickets.
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3.2

Measurements at different phases of construction

For the purpose of response prediction, it is desirable to relate the foundation response to
the free-ﬁeld response measured at the surface prior to installation of the foundation. As the
dynamic behaviour of the system is modiﬁed at each phase of construction, the inﬂuence of
the piles and the interaction through the union of the pile tops in the pile cap are tracked by
performing response measurements at three different stages of construction (with reference to
ﬁg. 6):
1. At the soil surface prior to construction due to distant excitation (P1 ) from L =10 and 20 m.
2. On the pile tops and in the surrounding soil due to excitation of the piles in three directions
(P2 ) as well as excitation vertically (P1 ) from the two distances L = 10 and 20 m.
3. On the pile cap and in the surrounding soil due to excitation of the pile group in three
directions (P2 ) as well as distant vertical excitation (P1 ) for L = 10 and 20 m.
STAGE 1

P1 (ω)

L

(a)

STAGE 2

P1 (ω)
P2 (ω)

L

(b)

STAGE 3

P1 (ω)

P2 (ω)

L

(c)

Figure 6: Illustration of the measurements during the different construction stages (a) in the free
ﬁeld, (b) where only piles are installed and (c) where the full pile group is constructed.
Measuring at the different phases of construction of the foundation allows to extract the responses and impedances of the individual piles and the impedance of the pile group when joined

2852

Freddie Theland, Jean-Marc Battini, Costin Pacoste, Geert Lombaert, Stijn François, Peter Blom and Fanny
Deckner

through the cap. This way, data is collected at each step in the construction process whenever
additional complexity is added to the system. Thereby, model validation can be performed at
each stage of construction. Furthermore, prediction methods using the information acquired in
the ﬁrst or second construction stage to make predictions of the joined pile group’s behaviour
can be analysed and evaluated. Such methods can be purely empirical models or hybrid models
that merge experimental data and numerical predictions, e.g. the strategy followed by François
et al. [3] using the method of joining subsystems [6], where hybrid predictions are made based
on experimentally obtained pile top impedances and pile top responses due to distant excitation,
in combination with a numerical model of the structure joining the pile tops.
4

NUMERICAL PREDICTIONS

To assess the experimental setup, preliminary numerical simulations are performed using a
numerical model of the site and the pile group. A comparison is made to the case where instead
of a pile foundation, a surface foundation of the same size as the pile cap is considered. Additionally, the corresponding response at the free ground surface at the position of the foundation
is considered as a reference to both cases, highlighting the differences of the responses of the
two foundation types in relation to the measured velocity at the free surface.
4.1

Numerical model

Simulations are conducted based on the assumption of small strains, so that the soil can be
considered linear elastic. A ﬁnite element model is constructed to simulate the response of
the pile group due to dynamic excitation using the software Comsol Multiphysics. The
model is composed of solid elements to model both the pile group and the soil. The pile group
material properties are set to the experimentally identiﬁed ones presented in section 3. The soil
layer material properties are deﬁned in accordance with table 2, except for the bedrock which
is replaced by a ﬁxed boundary condition. As the problem is symmetric along the path between
the source and the receiver, a symmetry condition is applied. The radiation condition is fulﬁlled
by using Perfectly Matched Layers (PML), applied in a zone closest to the boundary in ﬁg. 7,
attenuating any outgoing waves before hitting the ﬁxed outer boundary of the model. The PML
stretch functions are deﬁned in accordance with the ones proposed by Basu and Chopra [1] and
have been veriﬁed to efﬁciently absorb outgoing waves when compared to Green’s functions
of the proﬁle, corresponding to the exact solutions of a point load, computed with the Direct
stiffness method using the Matlab toolbox EDT [7].
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(a)

(b)

Figure 7: Geometry of single symmetric ﬁnite element model of the (a) pile foundation and
(b) surface foundation. The arrow indicates the position and direction of the applied load at
the offset 10 m and the outer black partitions of the model correspond to the zone of Perfectly
Matched Layers (PML).
4.2

Simulation results

The vertical and horizontal responses of the pile- and surface foundation due to a vertical
point load applied at the soil surface at a 10 m distance are compared to the responses at the
free surface corresponding to the mid-point of the foundations. Figure 8 compares the velocity
responses of the reference points for all three cases. The surface foundation ampliﬁes both the
vertical and horizontal responses in the lower frequency range, while acting as a ﬁlter at higher
frequencies where the dimensions of the foundation are comparable to the wavelengths of the
surface waves.
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Figure 8: Velocity response at a 10 m distance from the source at the free surface (dotted line),
mid-point surface foundation (dashed line) and mid-point pile cap (solid line) in the (a) vertical
direction and (b) horizontal direction.
The pile group, on the other hand, presents a different behaviour, where the vertical response
in the lower frequency range is suppressed, while a higher response is found in the frequency
range 70–80 Hz, compared to the surface foundation. The horizontal motion of the pile group
shows a similar response as the free surface in the frequency range 10–40 Hz. The horizontal
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motion of the surface foundation shows a similar trend as the vertical motion, where an ampliﬁcation of the response is found for lower frequencies while higher frequencies are attenuated.
5

CONCLUSION

Trafﬁc induced vibrations are becoming a concern when constructing apartment or ofﬁce
buildings in the vicinity of major roads or railway lines. When building on sites with poor soil
conditions, pre-fabricated concrete piles are an economical choice for constructing the foundation. Although many different modelling approaches exist for making predictions of the
response of piled foundations, there is a lack of experimental evidence of the ability to predict
the response of end-bearing piles when subjected to distant excitation on the soil’s surface.
The design of an experimental campaign investigating the dynamic response of a pile group
due to small strain incident loading is presented. The aim of the experiment is to validate models
used for the prediction of trafﬁc induced vibrations in buildings. The experiment is conducted at
a remote site in the vicinity of Stockholm, where no outside disturbance or construction activity
is present. The site’s soil proﬁle consists of a shallow layer of soft clay on top of a bottom layer
of moraine resting on a high quality bedrock. Multiple geophyscial tests are performed, yielding
dynamic soil parameters used as input for model predictions. At this site, a 2 × 2 concrete pile
group is constructed using conventional pre-fabricated concrete piles, joined by a 2 × 2 × 0.6 m
concrete pile cap.
Controlled dynamic excitation is applied at the construction site from distances of 10 and
20 m at different stages of construction. Measurements are taken at the undisturbed soil surface
before construction, after the piles are driven and ﬁnally when the pile tops are joined in the
pile cap. Responses are measured along the propagation path in the soil, along the center line
of the embedded piles and on top of the pile cap. Numerical simulations of the experimental
setup show a different behaviour of the pile group compared to a surface foundation of the same
dimensions, demonstrating that the foundation type has a large inﬂuence on the transmission of
vibrations for the proposed setup.
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Abstract. A semi-analytical method deals with vertical vibrations of a massive, ﬂexible rectangular foundation smoothly jointed to an elastic, homogeneous halfspace is presented. The
method is based on the solution in frequency domain that represents a combination of the Integral Transform Method (ITM) used for the soil and the Dynamic Stiffness Method (DSM) used
for the foundation. The coupling of the foundation and the soil is established using the modal
superposition technique. The inﬂuence of the foundation mass and the foundation stiffness on
the response of the system is analyzed. The accuracy of the results obtained by using the proposed technique is also discussed.
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1

INTRODUCTION

The dynamic response of rigid foundations on the elastic halfspace has been investigated extensively since the beginning of the last century [1]. The assumption that the foundation is rigid
simpliﬁes the solution. However, it is not applicable in the general case, since foundations exhibit ﬂexural behavior. The response of the ﬂexible foundation-soil system is affected by many
factors, such as the foundation-soil stiffness ratio, the load distribution, the foundation mass,
etc. The studies of the dynamic response of ﬂexible foundations are mostly performed using a
combined ﬁnite element method and Green’s function [2, 3, 4, 5, 6, 7]. This is a computationally demanding approach, especially in the high frequency range. A more efﬁcient technique is
the one based on modal analysis that uses free vibration mode shapes of a plate and the modal
stiffness matrix of the soil. This technique is used by Chen and Hou [8] to solve the problem of
vibrations of circular ﬂexible foundation. It requires the usage of the Bessel functions and the
closed form stiffness matrices for wave propagation problems in layered media.
In this paper the solution for vertical vibrations of rectangular ﬂexible foundations smoothly
jointed to an halfspace is obtained. The Integral Transform Method (ITM) [9, 10], used to
compute impedance functions of the soil, is combined with the Direct Stiffness Method (DSM)
[11, 12], used to calculate the dynamic stiffness of the foundation plate, to obtain the response
of ﬂexible surface foundation in the frequency domain.
The ITM is based on solving Lamé’s differential equations of motion, decoupling them using the Helmholtz decomposition and transforming them from partial to ordinary differential
equations by a threefold Fourier Transform. The ordinary differential equations are solved in
the transformed wavenumber-frequency domain by taking into account the boundary conditions
of the system. The solution is transferred in the original space-time domain by using threefold
inverse Fourier Transform.
The DSM is based on the exact solution of the governing differential equations of motion in
the space-frequency domain. Consequently, the dynamic stiffness matrix of the element is frequency dependent. It can be developed explicitly for one-dimensional beam elements and Levytype plates. In the case of plates with arbitrary boundary conditions, the plate displacements
are presented in inﬁnite series form, and the boundary problem is solved using the Projection
method [15].
The soil-foundation interaction problem (FSI) is solved using the substructure approach and
the modal superposition technique [8, 13, 14].
The proposed method is used to analyze the inﬂuence of the foundation mass and the foundation stiffness on the response of the system. Both perfectly ﬂexible massive foundation and
massive rigid foundation are analyzed. The obtained results are compared with the results from
the literature.
2

FORMULATION OF THE PROBLEM

The formulation is derived by observing a steady state vertical vibrations of a rectangular
ﬂexible foundation on the surface (z = 0) of an elastic, homogeneous and isotropic half-space,
Figure 1. It is assumed that the foundation behaves as a Kirchhoff plate and that the contact
between the foundation and the soil is smooth. The foundation-soil system represents the assemblage of two substructures, namely the soil and the foundation. The solution is obtained
using the substructure approach, i.e. each medium is considered separately and ﬁnally combined taken into account the equilibrium and compatibility conditions at the contact surface. In
order to reduce the numerical effort the modal superposition is introduced. The displacement
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ﬁeld of the foundation is represented by a set of modal coordinates corresponding to free vibration mode shapes of a rectangular plate, while the inﬂuence of the soil reaction forces on the
foundation is considered by introducing modal soil impedance functions. The response of the
system is obtained in the frequency domain, (x, y, ω). Regarding the steady state analysis, the
ω variable is omitted in the notation of the functions.
p(x, y)
q(x, y)

y

z

Foundation

p(x, y)

x

q(x, y)

By

L
B
Bx
Soil

Figure 1: Disposition of the problem.

The differential equation of the problem in (x, y, ω) domain is given by




∂ 4 w(x, y)
∂ 4 w(x, y) ∂ 4 w(x, y)
D
+
2
+
− ρhω 2 w(x, y) = p(x, y) − q(x, y)
∂x4
∂x2 ∂y 2
∂y 4

(1)

where ω is the excitation frequency, D denotes the bending stiffness of the plate, w(x, y) is the
displacement ﬁeld, ρ is the material density and h is the thickness of the plate. The bending
stiffness of the Kirchhoff plate is deﬁned as
D=

Eh3
12(1 − ν 2 )

(2)

where E is Young’s modulus, ν is Poisson’s coefﬁcient of the foundation. The functions
w(x, y), p(x, y) and q(x, y) are the transverse deﬂection of the foundation, the vertical load
and the soil reaction, respectively. They can be expanded in a series of free vibration modes as
follows:
w(x, y) =
p(x, y) =
q(x, y) =

N


Yn φn (x, y)

(3)

Pn φn (x, y)

(4)

Qn φn (x, y)

(5)

n=0
N

n=0
N

n=0
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where φn represents the orthonormalized mode shape of the foundation for the nth mode and
Yn , Pn and Qn are modal coefﬁcients:
Yn =
Pn =
Qn =

B

L

x=0
B

y=0
L

w(x, y)φn (x, y)dxdy

(6)

p(x, y)φn (x, y)dxdy

(7)

q(x, y)φn (x, y)dxdy

(8)

x=0
B

y=0
L

x=0

y=0

The mode shapes of the foundation are obtained for the case of free vibrations of the completely
free plate, solving the eigenvalue problem by using the DSM [11]. The general solution of the
problem is of the form
φn (x, y) = ekxn x ekyn y

(9)

where kxn and kyn are wavenumbers in x and y direction, such that
#
2
2
+ kyn
= ±ωn
kxn

ρh
D

(10)

and ωn is the nth natural frequency of the plate. The problem is solved by introducing an inﬁnite
series of base solution in the (kx2 , ky2 ) plane [15]. Figure 2 shows the ﬁrst eight mode shapes of a
Kirchhoff plate. The ﬁrst mode is a translational mode. Substituting equations (6) and (9) into

a0 = 0.00

a0 = 0.01

a0 = 0.69

a0 = 1.24

a0 = 1.75
a0 = 2.96
a0 = 3.05
a0 = 3.54
Figure 2: Free vibrations mode shapes of a rectangular foundation.
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equation (1) gives
N


!

4
2
2
4
D(kxn
+ 2kxn
kyn
+ kyn
) − ρhω 2 φn (x, y)Yn =

n=0

N


φn (x, y)Pn −

n=0

N


φn (x, y)Qn (11)

n=0

Since the mode shapes φn are orthonormal, for a uniform mass distribution, equation (11) can
be decoupled into N equations by multiplying with the mode shape φn and integrating over the
area of the foundation. That gives the system of N equations, written in matrix form:
*

*

,

,

D k4 − ρhω 2 [I] {Y} = {P} − {Q}

(12)

where {Y}, {P} and {Q} are coefﬁcient vectors of the modal displacement, the load and the
soil reaction, respectively, [I] is the identity matrix and [k4 ] is the pure bending wavemode
wavenumber matrix of the plate
⎡
*

k

4

,

=

⎢
⎢
⎢
⎢
⎢
⎣

0

···

0

0
..
.

0 ρhω12
..
..
.
.
0
2
0 ···
0 ρhωN

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(13)

where ω1 , . . . , ωN are natural frequencies of the plate, obtained using the DSM [11].
Relation between displacements and soil reaction coefﬁcient vectors can be deﬁned as follows
[Ks ]{Y} = {Q}

(14)

where [Ks ] is the modal impedance matrix of the soil, obtained using ITM [16]. Substituting
(14) into (12) the equation of motion becomes
*

*

,

,

D k4 − ρhω 2 [I] + [KS ] {Y} = {P}

(15)

Once the modal impedance matrix of the soil is formed, the displacement coefﬁcient vector Y
is obtained by solving the system of equations (14) and ﬁnally the displacement ﬁeld w(x, y) is
obtained by using equation (3). To obtain the displacement ﬁeld spectrum, the procedure should
be repeated for every frequency ω in a desired frequency range. A computer program based on
this formulation is developed in MATLAB [17]. In order to achieve numerical stability of the
ITM, it is necessary to introduce a small damping into the system. This is accomplished by
using a complex moduli
E ∗ = E(1 + 2iξ)
G∗s = Gs (1 + 2iξ)

(16)
(17)

where Gs is soil medium shear modulus, i is imaginary unit and ξ = 1% is the damping ratio.
3

NUMERICAL RESULTS

In order to investigate the inﬂuence of the mass and stiffness of the foundation on the response of the system it is good to rewrite equation (15) as
*

,

[Kp ] + [Km ] + [Ks ] {Y} = {P}
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where
*

[Kp ] = D k4

,

[Km ] = −ρhω 2 [I]

(20)
(21)

Two extreme cases are analyzed: a rigid foundation and a perfectly ﬂexible foundation. The
obtained results are presented in terms of main system parameters: the dimensionless stiffness
ratio K, the dimensionless mass ratio M , the dimensionless frequency a0 and the dimensionless
response parameter - the displacement Δ [7]
K=

Eh3 (1 − νs )
12(1 − ν 2 )Gs (B/2)3

(22)

M=

hρ
(B/2)ρs

(23)

a0 =

ω(B/2)
cs

(24)

Δ̄ = Δ

Gs (B/2)

(1 − νs ) Fext

(25)

where ω is the excitation frequency, foundation parameters are: modulus E, Poisson’s ratio ν,
density ρ, thickness h, width B and soil medium parameters are: shear modulus Gs , shear wave
velocity cs , Poisson’s ratio νs and density ρs . A set of steady state analyses is performed, for
a0 ∈ [0.1, 6] with an increment of 0.05.
In the case of rigid foundation (K ≥ 3.3) the displacement ﬁeld is uniform and spatially independent. The stiffness [Kp ] vanishes since [k4 ] = 0. The usage of only the ﬁrst, translational
mode shape participates in the solution, n = 0. The system of equations (27) is reduced to a
single equation:
(Ks0 + Km0 )Y0 = P0

(26)

After obtaining Y0 from equation (26) the response of the system is calculated as
Δ = Y0 φ 0

(27)

The response of rigid foundation is analyzed for M = 0 and M = 1. The results are presented
in Figures 3 and 4 in terms of absolute values of dynamic stiffness and dynamic ﬂexibility of the
system, respectively. Figure 3 shows the absolute values of the components of dynamic stiffness
matrix: Km0 , Ks0 and Km0 + Ks0 . It is shown that the mass of the foundation decreases the
stiffness of the system for a0 < 3 and increases the stiffness of the system for a0 > 3. Figure
4 shows the absolute values of vertical displacement Δ of massive foundation M = 1 and
the foundation without the mass M = 0. The vertical displacement of massive foundation is
higher than the vertical displacement of massless foundation for a0 < 3, while for a0 > 3 is the
opposite.
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Figure 3: The inﬂuence of foundation mass on dynamic stiffness [K] of rigid foundation.



















Figure 4: The inﬂuence of foundation mass on dynamic ﬂexibility Δ of rigid foundation.

In the second case a perfectly ﬂexible massive foundation is analyzed, K = 0, M = 1.
The inﬂuence of the number of mode shapes n on the response of the system is analyzed and
compared with the results from the literature [7]. The ﬁrst eight mode shapes, Figure 2, are
taken into account. Absolute values of vertical displacement of the center of the foundation
are shown in Figure 5. It is obvious that as the number of mode shapes increases the results
converge. Six natural frequencies of the system are distinguished by using eight free vibration
mode shapes of the plate, n = 8. The corresponding natural mode shapes of the system are
shown in Figure 6. There is no resemblance between the natural mode shapes of the ﬂexible
foundation, 6, and the natural mode shapes of the ﬂexible plate, 2.
The third and fourth natural frequency, a0 = 3.75 and a0 = 4.15, does not occur in the literature [7]. In the comparison with the rigid massive foundation, Figure 4, the ﬂexible foundation
performs similar within the frequency range 0 ≤ a0 ≤ 2.5. However, for a0 > 2.5, the absolute
displacement of the ﬂexible foundation does not decrease with the frequency as in the case of
rigid foundation.
The deviation of the results obtained using the proposed method is visible in ﬁgures 3, 4 and

2863
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Figure 5: The inﬂuence of the number of mode shapes on the response of the system involving
the ﬂexible foundation, K = 0, M = 1, plotted against the results from the literature [7].

5 for a0 ∈ [0, 1.5]. For small damping ratios, especially in the low frequency range, it is hard
to avoid the aliasing effect of Fourier Transforms without a signiﬁcant computational effort.
The solution could be the application of the method of residue [18, 19] but this is still to be
investigated.
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a0 = 1.45

a0 = 3.00

a0 = 3.75

a0 = 4.15
a0 = 4.55
a0 = 5.00
Figure 6: Displacement shapes of the ﬂexible foundation at characteristic peaks,
K = 0, M = 1.
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4

CONCLUSIONS

This paper presents a semi-analytical method for solving the problems of massive ﬂexible rectangular foundations resting on the surface of the soil. It is a hybrid method based on
coupling Dynamic stiffness method (DSM) and Integral transform method (ITM) using substructuring approach and modal superposition technique. Both DSM and ITM are based on
the analytical solution of governing equations of motion in space-frequency or wavenumberfrequency domain. The presented study shows the differences between the analysis of a massive rigid and ﬂexible foundation. In the case of rigid foundation, the inﬂuence of the mass
could be added to the system separately, while in the case of ﬂexible foundation, the analysis
must be carried out simultaneously. The response of a perfectly ﬂexible massive foundation is
analyzed. Regarding the nature of the presented method, the number of mode shapes used for
the calculation is important for the convergence of the results. The results of the analysis are
compared with the results from the literature. More natural frequencies are discovered in the
spectrum of vertical displacements of the foundation central point using the proposed method.
The deviation of the results obtained using the ITM-DSM is visible in the low frequency range,
a0 < 2.5. The solution to this problem is discussed, and it is to be investigated.
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Abstract. The effects of model assumptions on the dynamic impedance functions of shallow foundations are investigated using ﬁnite elements. The shallow foundations are considered
massless and rigid and are positioned in strata of frictional soil on top of bedrock. Two studies
are established. The ﬁrst investigates the combined effects of model assumptions including the
variation of modulus with depth, the embedment of the foundation, and permanent load acting on the foundation. The second study is a parametric analysis investigating the effects of
permanent load considering strata with varying soil modulus coefﬁcients and with varying soil
depths. Functions describing the small-strain modulus and the modulus reduction of frictional
soil are used in an iterative process to update the spatial modulus distribution of the soil due
to the permanent load. The results show that model assumptions can have a large effect on the
impedance functions. The static stiffness coefﬁcients vary substantially, in some instances by
more than 100 %. The impedance functions, normalized with the static stiffness coefﬁcients,
match each other well in the frequency range below the fundamental frequency. However, in the
frequency range above the fundamental frequency, the normalized impedance functions differ
substantially from each other. Further, the results show that the effect of the permanent load is
largest in the case of shallow and stiff soil strata, both regarding normalized impedance functions as well as the static stiffness coefﬁcient, which was increased up to 67 %. The variation
in fundamental frequency is however small.
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1

INTRODUCTION

In the design of high-speed railway bridges, a dynamic assessment is required. The boundary
conditions of these bridges are in many design situations modeled with ﬁxed supports. However, the ﬂexibility of the supports, due to the dynamic soil–structure interaction (SSI), may
signiﬁcantly change the dynamic properties of the bridges. One method of considering the
SSI is by decoupling the models and calculating impedance functions. Instead of computing
the complete soil–foundation–structure system, the model is decoupled and impedance functions are calculated from the soil–foundation subpart before being applied to the structure. This
sub-structuring of the system enables faster calculations, especially at train loading analysis, as
compared to the calculation of the complete system.
The impedance function is commonly expressed in complex numbers:
Z(ω) = kd (ω) + iωcd (ω)

(1)

where kd is the dynamic stiffness
√ coefﬁcient, cd is the dashpot coefﬁcient, ω is the cyclic frequency of excitation, and i = −1.
Impedance functions have been published in many journal papers and are compiled in handbooks to give structural engineers simple tools to take SSI into account in design (see e.g. [1]
or [2]). Although the studies given in the literature fully explore the effects of one or two of the
speciﬁc features in each paper, when it comes to combinations of features that are not given in
the literature, it may be difﬁcult for the engineer to ﬁnd the relevant model assumptions to use
in a speciﬁc project and what consequences to expect. To ﬁll that gap, this paper investigates
the effects of the embedment of the foundation, the variation of the modulus with the depth,
and the depth of the stratum on bedrock in different combinations. Further, the effects of applying a permanent load to the soil–foundation system and updating the spatial distribution of the
modulus before performing linear dynamic analyzes are introduced.
The purpose of this paper is to show the effects of model assumptions on the dynamic
impedance functions of shallow foundations. The article aims at ﬁlling the gap in the literature by investigating the combined effects of model assumptions from a practical point of view.
Two main objectives of the study are deﬁned. The ﬁrst was to study the implications of model
assumptions, including the embedment of the foundation, the variation of the modulus with the
depth, and the permanent load. Impedance functions calculated from the models with varying levels of idealization are compared in the paper. The second objective was to quantify the
inﬂuence of permanent load in relation to the soil modulus coefﬁcient and stratum depth. A
parametric study was performed for this purpose. To fulﬁll the objectives, numerical models
using ﬁnite elements (FE) were created. The shallow foundation was assumed to be rigid and
massless and was given a ﬁxed geometry. The soil strata consisted of frictional soil supported
by bedrock. Whereas the permanent load of the structure was included in the soil–foundation
FE model in order to consider its effect on soil properties, the mass of the structure was not.
This mass will be taken into account when the impedance functions are attached to the structure.
The spatial variation of the modulus of elasticity caused by the permanent load was updated for
each element, considering functions for the low-strain modulus and modulus reduction. Linear
dynamic analyses were then performed on the updated models, and the impedance functions
were calculated. The dynamic loading was assumed to affect the soil within the linear elastic
range, and the impedance functions are valid in the serviceability limit state.
The soil and foundation parameters were chosen in the context of high-speed railway (HSR)
bridges and Swedish soil conditions. Swedish geology is dominated by glacial soil masses
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on top of high-quality bedrock [3]. At many locations, lodgment moraine overlays bedrock,
possibly covered by clay or silt layers. For shallow strata consisting of frictional soil, shallow
foundations may be suitable for HSR bridges. Such soil deposits are limited in depth, and the
maximum depth considered in this study was assumed to be 8 m. The embedment depth of a
foundation is typically determined by the frost-free depth, which in Sweden is considered at
1.1-2.5 m.
2
2.1

SOIL PROPERTIES
Small-strain shear modulus

The small-strain shear modulus of soil has been studied empirically by several authors for
soil types ranging from cohesive to frictional, and many suggestions for formulas have been
proposed [4–6]. Seed and Idriss [7] suggested a simpliﬁed formula for the small-strain shear
modulus of frictional soil:
G0 = K0 (σ  )d
(2)
where K0 is the soil modulus coefﬁcient, d is the stress exponent, and σ  is the mean effective
stress. K0 and d are soil type-speciﬁc constants. The Swedish design recommendations [8]
have adopted this formula and adjusted it for Swedish conditions. In the recommendations, K0
ranges from 15,000 to 30,000 where the ﬁrst value corresponds to sand and the latter to crushed
ﬁll material. Furthermore, d = 1/2, and the stress is inserted in kPa.
The mean effective stress σ  can be subdivided into two additive parts. For frictional soil,
the stress in the undisturbed in situ soil is commonly estimated by the conﬁned effective stress
based on the coefﬁcient of lateral earth pressure [9]:
σ0 = σv

1 + 2k
3

(3a)

where this approximate relationship can be used:
k = 1 − sin(φ )

(3b)

Here, σv is the effective vertical stress, k is the coefﬁcient of lateral earth pressure, and φ is
the drained friction angle. Assuming no groundwater, the effective vertical stress σv can be
calculated with ρgz where ρ is the density, g is the gravity constant, and z is the depth from the
soil surface. External load adds to σ  by the mean effective stress

σm
=

σx + σy + σz
3

(4)

where σx , σy , and σz are the effective normal stresses. Finally, the resulting stress becomes

σ  = σ0 + σm

2.2

(5)

Normalized modulus reduction

The reduction of modulus and increase of material damping ratio due to loading have been
evaluated empirically in numerous studies for soil gradations ranging from cohesive to frictional
soils [10–12]. In recent decades, researchers have aimed at collecting data from empirical studies and describing nonlinear relationships using statistical tools. In [13], a statistical analysis of
empirical data from resonant column tests was conducted. This produced a set of 18 dimensionless parameters describing the normalized modulus reduction curves and material damping ratio
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curves. The 18 parameters can be chosen to get either mean values or variances of the curves,
and their values are dependent on the soil type. The normalized modulus reduction curve is
calculated with
G
1
!a
=
(6)
G0
1 + γγr
where γ is the current shear strain, γr is the reference shear strain, and a is the curvature coefﬁcient. The formulas for γr and a are found in [13] and require, in addition to the 18 dimensionless parameters, the plasticity index, over-consolidation ratio, and stress in the soil. Only soils
with gradations ranging from clay to sand were included. However, the difference in normalized modulus reduction curves between different gradations of frictional soils is relatively small
[12, 14]. A comparison between the mean normalized modulus reduction curve of gravelly soils
by Rollins et al. [12] and the corresponding curve for sand in [13] shows good agreement.
The shear strain can be calculated from the effective octahedral shear strain [15],
α'
2 + γ2 + γ2 )
γ=
(εx − εy )2 + (εx − εz )2 + (εy − εz )2 + 6(γxy
(7)
xz
yz
3
where εi and γij are components of the strain vector and α = 0.65. This shear strain measure
has been used in previous studies [16, 17].
3

NUMERICAL STUDIES

A ﬁxed geometry of the foundation was used in all numerical simulations, and an overview
of the FE model including the dimensions of the foundation is presented in Figure 1. The
foundation was regarded as massless and rigid. The dimensions of the foundation are as follows:
L = 9.4 m, B = 3.3 m, the thickness of the slab is 1.0 m, the length of the support wall is 7.0
m, and the thickness of the support wall is 0.9 m. H1 is the soil depth underneath the bottom of
the foundation, H2 is the embedment depth and R is the radius of the FE model. The FE model
is further described in section 4.1.

soil domain (FEM)
H

foundation (massless, rigid)
infinite elements

H

y

RP

L

x

B/2

z

R

Figure 1: A cross-section of the ﬁnite element model.
The material properties of the soil were chosen from typical values of frictional lodgment
moraine [18] and were assumed constant in all calculations. The following material properties
were chosen for all cases: material damping ratio ξ = 2.0 %; density ρ = 2000 kg/m3 ; Poisson’s
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ratio ν = 0.25; friction angle φ = 45 deg; stress exponent d = 1/2, and gravity constant g =
9.81 m/s2 .
The permanent load was applied as a force P . In order to relate the load to the size of
the foundation, the load is presented as a pressure q obtained from dividing the force P with
the foundation’s bottom surface area. The following values were taken: q = (0, 220, 500)
kPa. According to the Swedish design requirements, the upper limit on the pressure of shallow
foundations on top of lodgment moraine on bedrock is 600 kPa [19].
The modulus at the surface of the stratum goes toward zero due to Eq. 2. This can cause poor
conditioning of the elements because elements with high modulus are next to elements of low
modulus, which can be particularly sensitive in the calculation of impedance functions from
surface foundations. To avoid this, a lower limit for the modulus corresponding to the value at
a depth of 0.2 m was chosen.
3.1

Model assumptions study

The effects of the model assumptions on the impedance functions were studied by investigating four cases as shown in Figure 2. It was decided that the fundamental frequency of
all cases should be the same. This choice was made based on the fact that the behavior of
the soil–foundation system is essentially different at frequencies below compared to above the
fundamental frequency of the soil stratum, and ﬁxing it was considered to be the best way to
compare the models. In order to get the fundamental frequency of the homogeneous stratum to
match the fundamental frequency of the stratum with a modulus varying with depth, the modulus value of the homogeneous soil stratum can be obtained by calculating an equivalent depth
zeq [20, 21]. zeq determines the depth at which the equivalent modulus value Geq of the modulus varying with the depth G(K0 , σ0 ) is taken from. Geq is then applied to the homogeneous
stratum and the equivalent wave speed veq gives the fundamental period T = 4H/veq , where
H is the total stratum depth. In this work, since d = 1/2 in Eq. 2, the equivalent depth was
calculated to zeq =0.64H.

G Kı

G=const
H

z

z

z

z

H

D

E

F

G

Figure 2: Cases considered in the model assumptions study.
The model assumption cases had the following properties:
• Case (a): A surface foundation on a stratum of homogeneous soil. No permanent load.
• Case (b): An embedded foundation in a stratum of homogeneous soil. No permanent
load.
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• Case (c): A surface foundation on a stratum with modulus varying with the depth. Includes permanent load P .
• Case (d): An embedded foundation in a stratum with modulus varying with the depth.
Includes permanent load P .
The following parameters were chosen for all the models: H1 = 8 m and K0 = 30,000, corresponding to a deep soil stratum consisting of stiff lodgment moraine. The embedment depth
was ﬁxed at H2 = 1.6 m. The modulus of Case (a) and Case (b) was calculated to Geq = 240
MPa.
3.2

Parametric study

The effect of the permanent load was studied for the strata with varying depth H1 and soil
modulus coefﬁcient K0 in the parametric study. All the models had the conﬁgurations of Case
(d) in Figure 2. Eighteen combinations were analyzed based on the following parameters: q =
(0, 220, 500) kPa, H1 = (2, 4, 8) m, and K0 = (15,000, 30,000). The embedment depth was
ﬁxed at H2 = 1.6 m.
4

NUMERICAL MODEL

4.1

FE model

The numerical model of the soil–foundation system was created in the commercial FE software Abaqus [22], and an overview of the FE model is presented in Figure 1. The soil domain
was created as a disk with a thickness equal to the stratum depth, and the bedrock was made
inﬁnitely stiff by constraining the bottom surface of the disk against translations. A void within
the soil domain was created with the geometry of the embedded foundation. Then, rigid connections were applied to the surfaces of the soil facing the void linking them to a reference point
(RP) positioned at the midpoint on the bottom surface. In the case of a surface foundation, no
void was created and the single surface at the interface between soil and foundation was rigidly
connected to the RP. Loading was applied and output was taken at the RP. The damping of the
soil was applied as rate-independent structural damping which is incorporated in the complex
modulus as K ∗ = K(1 + i2ξ), where K is the stiffness matrix.
Quadratic tetrahedral solid elements were used. The mesh size at the center of the soil
domain at the foundation was 0.25 m. From the center, the mesh size was gradually enlarged
along the radius toward the boundary of the model. The radius of the model was R = 200 m.
At the boundary, the mesh size was 20 m. Due to the gradual enlargement of the elements, the
computational time was reduced without causing spurious waves that can occur due to large
size differences between elements. Inﬁnite elements [23] were attached to the outer surface
boundary of the model domain.
4.2

Calculation procedure

The updating of the G-modulus in each of the elements due to permanent load and the calculation of impedance functions were performed as follows:
1. Initially, the unloaded modulus was assigned: Calculate σ0 (Eq. 3) and G0 (Eq. 2). In
this state, G/G0 = 1 (Eq. 6), and the shear modulus is G = G0 .
2. Apply permanent load P to the RP in Figure 1 and run a static analysis.
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Figure 3: Updating of the shear modulus distribution due to permanent load. Values given in
MPa. a) H1 = 2 m, K0 = 30,000, b) H1 = 8 m, K0 = 30,000 and c) H1 = 8 m, K0 = 15,000.
Dashed lines: Unloaded soil. Solid lines: Updated soil.

3. Successively calculate: σ0 (Eq. 3), σm
(Eq. 4), σ  (Eq. 5), G0 (Eq. 2), γ (Eq. 7), and G
(Eq. 6).

4. Repeat steps 2 and 3 until convergence of the distribution of shear modulus G is reached.
5. Calculate impedance functions.
Direct steady-state calculations were performed in order to obtain the impedance functions.
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Harmonic unit loads were individually applied at the RP displayed in Figure 1 to each of the
six degrees of freedom in a given frequency range. The compliance functions U were obtained
from the model. The impedance functions were then calculated by the inverse of the compliance
functions Z = U −1 . Only the values of the diagonal of the impedance function matrix were
analyzed.
The converged distributions of the shear modulus for three of the models are shown in Figure
3, and the cuts are taken along the y–z plane. The models were conﬁgured as in Section 3.2 with
q = 220 kPa. An increase of the permanent load results in two opposite effects on the modulus:
an increase of G0 due to the increase of σ  and a reduction by G/G0 due to the increase of γ. In
the volume between the foundation and the bedrock, the permanent load caused an increase in
the modulus. The inﬂuence is large for shallow stratum depths. Just outside of this volume, the
modulus can be either reduced or increased from permanent load depending on the stress–shear
strain interaction.
5

RESULTS

The real part of the impedance function is denoted with Re(Zj ), whereas the imaginary part
is denoted with Im(Zj ). The degrees of freedom are indicated by the subscript j and the coordinate axes are deﬁned in Figure 1. The compliance functions, |Uj |, are denoted in the same
way as the impedance functions and are given as absolute values. All functions arepresented
with the dimensionless frequency a0 = ωw/vs,eq where w = B/2 and vs,eq = Geq /ρ is
the equivalent shear wave velocity of the strata (without the inﬂuence of the permanent load).
Impedance functions are normalized with the static stiffness coefﬁcients kj,stat , and the compliance functions are normalized by the static displacements uj,stat .
5.1

Model assumptions study

The normalized impedance functions from the model assumptions study are presented in Figure 4 including the x and z degrees of freedom. The corresponding static stiffness coefﬁcients
are given in Figure 5. The following observations are made:
• The static stiffness coefﬁcients range from 3 to 9 GN/m depending on the model case.
The embedment of the foundation increases the static stiffness coefﬁcient as compared
to the static stiffness coefﬁcient of the corresponding surface foundation, as shown by
comparing Case (a) to Case (b), and Case (c) to Case (d). This is explained by the reduced distance to the bedrock. Strata with a modulus varying with the depth have lower
static stiffness coefﬁcients than strata with homogeneous modulus. This is evident when
comparing Case (a) to Case (c) and Case (b) to Case (d). With increasing permanent load,
the values of the static stiffness coefﬁcients in Cases (c) and (d) are increased but they do
not exceed the static stiffness coefﬁcients of the homogeneous cases of (a) and (b).
• In the pre-resonance state, i.e. before wave propagations are initiated, the impedance
functions are proportional to the static properties of the soil–foundation system. The
normalized impedance functions can be described by a single degree of freedom system.
The real part of this system is (kj,stat − ω 2 mj,stat )/kz,stat , where mj,stat is the mass of the
system, and the imaginary part is constant and is equal to i2ξ. The normalized impedance
functions are thus very similar in the pre-resonance frequency range, however, they differ
substantially at higher frequencies. In the post-resonant frequency range, the impedance
is highly inﬂuenced by wave propagations and the single degree of freedom system can
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Figure 4: Normalized impedance functions from the model assumptions study.

Figure 5: Static stiffness coefﬁcients of the four model cases.
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no longer describe the impedance functions. The imaginary part is increased signiﬁcantly
due to the radiation damping, and the differences in impedance between the cases are
large.
• All cases had the same fundamental frequency which was also the same as the analytical
fundamental frequency of the soil strata [20]. The ﬂuctuations in impedance that can
be observed for all cases at a0 ≈ 0.7 in the x-direction are due to the second mode
of vibration of the soil, which for a homogeneous stratum has the natural frequency of
three times the fundamental frequency according to Tn = (4H/v)/(2n − 1) were v is
the wave speed and n is the mode number. The natural frequencies of the second mode
for the strata with modulus varying with the depth are somewhat lower than the natural
frequencies of the strata with homogeneous soil. The fundamental frequencies of the
strata are not changed by the local inﬂuence that the permanent loads have on the soil
moduli.
• For surface foundations on top of strata with modulus varying with the depth, as in Case
(c), very low static stiffness coefﬁcients are obtained with q = 0. This shows the consequences of omitting permanent load in combination with a very low modulus at the
surface of the model. Adding the permanent load to Case (c) increases the static stiffness
coefﬁcient considerably. This effect is also shown for the normalized impedance functions, where an increase of the permanent load leads to a decrease of the real part of the
impedance and an increase of the imaginary part.
5.2

Parametric study

Normalized impedance functions in the z-direction are presented in Figure 6. The static
stiffness coefﬁcients of each case, normalized with the static stiffness coefﬁcients with q = 0
kPa, are given in Figure 7. The static stiffness coefﬁcients with q = 0 kPa are given in Table
1 as a reference. Normalized compliance functions are presented in Figure 8. The following
observations are made:
• For most cases, the static stiffness coefﬁcient increases with the permanent load, in particular for shallow strata with a high soil modulus coefﬁcient, see Figure 7. This can be
explained by the high pressure and the small shear strain that mainly increase the modulus, see Figure 3 (a)–(b). The maximum increase of the static stiffness coefﬁcient is 67
%. In the case of the deep strata with a low soil modulus coefﬁcient (H1 = 8 m and K0 =
15,000), the static stiffness coefﬁcient decreases with an increased permanent load. The
reduction is small (4 %) and is likely due to the high shear strains beside and under the
foundation, which reduces the modulus (see Figure 3 (c)).
• In the pre-resonance frequency range, the system acts as a single degree of freedom
system, as described in section 5.1. The real part of the normalized impedance can
however be signiﬁcantly inﬂuenced by the permanent load in this range, especially for
shallower strata. This is clearly visible in Figure 6 in the case of H1 =2 m where
(kj,stat − ω 2 mj,stat )/kz,stat is less steep for increasing permanent load, which is explained
by a larger kz,stat in relation to mz,stat . In the case of the deep soil, the effect of the
permanent load on the pre-resonance impedance is low.
• In the frequency range above the fundamental frequency, the effect of the permanent load
can lead to both an increase and a decrease of the normalized impedance at different
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H1 = 2 m

H1 = 4 m

H1 = 8 m

Figure 6: Normalized impedance functions and the effects of the permanent load.

Table 1:
Static stiffness
kz,stat,q=0kP a (GN/m).
K0
15,000
30,000
Figure 7: Static stiffness coefﬁcients normalized with kz,stat,q=0kP a .
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Figure 8: Normalized compliance functions from the parametric study.
frequency ranges. In the case of the shallower strata however, the real part of the normalized impedance is generally increased from the additional permanent load, whereas
the imaginary part is decreased. Whereas the effect of the permanent load on the static
stiffness coefﬁcients can be quite large, the effect on the normalized impedance functions
is relatively small, especially for the deeper strata and at lower frequencies.
• The effect of the permanent load on the fundamental frequency is small, see Fig 8. In the
case of K0 = 15,000, the fundamental frequency decreases with an increasing permanent
load, whereas it increases in the case of K0 = 30,000. The effect is smaller for deeper soil
strata and increases with shallower depths. However, the variations of the fundamental
frequency due to the permanent load are small when compared to the ones that are due to
the stratum depth and the soil modulus coefﬁcient.
• In most cases, the resonances of the normalized compliance functions decrease with an
increasing permanent load, see Figure 8. The decrease is larger in the cases with stiffer
and deeper soils. The resonance peaks for these cases are less distinct, whereas the resonance peaks become pointier for deeper and softer soils. The largest reduction of the
normalized resonance peak is however observed in the case of the intermediate depth of
H1 = 4 m with a stiff soil K0 = 30,000 and is 34 %. In the case of the soft and deep soil
stratum (H1 = 8 m with K0 = 15,000), a small increase of the normalized resonance (8
%) due to the permanent load is observed.
6

CONCLUSIONS
The conclusions from the presented studies are summarized in the following main points:
1. The model assumptions can have a great inﬂuence on the impedance functions. The con-
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sidered combinations of model assumptions produced normalized impedance functions
that are similar in the frequency range below the fundamental frequency. However, in the
frequency range above the fundamental frequency, the normalized impedance functions
are very different. Further, the static stiffness coefﬁcients of the models differ with more
than 100 %.
2. The parametric study showed that the permanent load has a signiﬁcant inﬂuence on the
normalized impedance functions, especially in the cases of shallow soil strata with high
soil modulus coefﬁcients. In most of the cases, an increase of the permanent load leads
to an increase of the static stiffness coefﬁcient (with up to 67 %). However, in the case
of the deep and soft soil, it leads to a small decrease of 4 %. The normalized impedance
functions are in some cases relatively uniform, especially for the deeper strata.
3. The permanent load has a small effect on the fundamental frequency of the soil–foundation
system.
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Peter T. Wootton1 , Julius Kaplunov2,3 and Danila Prikazchikov2,3
1

University of Glasgow
Glasgow, G12 8QQ, UK
e-mail: peter.wootton@glasgow.ac.uk
2

Keele University
Keele, Staffordshire, ST5 5BG, UK
e-mail: j.kaplunov@keele.ac.uk, d.prikazchikov@keele.ac.uk
3

Institute for Problems in Mechanical Engineering, RAS
St. Petersburg, 199178, Russia

Keywords: Rayleigh wave, seismic, meta-surface, ﬂexural.
Abstract. Previous work has considered the effect that an array of periodic ﬂexural resonators formed from Euler-Bernoulli beams attached to the surface of a linear elastic
half-space has on Rayleigh wave propagation, using a specialised leading order asymptotic model for the Rayleigh-like wave motion induced by applied surface stresses. In
this work we consider the same beam-like ﬂexural resonators but instead apply a recently developed second order model as a correction to the leading order model. The
higher order model is shown to be straightforward to apply and obtains an explicit
dispersion relation, albeit one that is signiﬁcantly less concise than obtained from the
leading order model. This explicit dispersion relation is shown to give a signiﬁcant improvement over the leading order model for cases with either a vertical or horizontal
stress only, but not when a mixed stress is applied. As in previous work, special attention is devoted to the effect of various junction conditions between the half-space and
resonators.
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1

INTRODUCTION

Recently, there have been several analytical [3, 6], numerical [5, 14], and experimental [2] studies on the use of sub-wavelength resonators for the control of surface waves
on elastic substrates. Notable features of such resonant arrays include ﬁltering, focusing,
rainbow trapping, and mode-conversion of surface waves to bulk waves [4]. Numerical
approaches are computationally intensive and require extensive GPU computing facilities [5], while complete analytical studies present their own signiﬁcant challenges [6].
Unlike bulk waves, these surface waves do not have an explicit wave equation; they
are instead ‘hidden’ through the equations of linear elasticity. This makes both ﬁnding
the exact solution or undertaking numerical analysis for a system dominated by surface
waves difﬁcult. A leading order asymptotic model has been developed for the Rayleightype waves produced by forcing along the surface of a linearly elastic half space, relying on a slow-time perturbation procedure applied to the eigensolution expressed in
terms of a single plane harmonic function, see [1, 12]. Within the described asymptotic
formulation, the propagation of the Rayleigh wave along the surface is described by a
hyperbolic equation, whereas the decay over the interior is governed by an elliptic equation for one of the elastic potentials. A systematic exposition of the asymptotic models
for the Rayleigh and Rayleigh-type wave may be found in [11].
This model has been applied to multiple problems including moving loads [10, 8],
surface arrays of rod-like resonators [7]. In each, the asymptotic model has produced a
simple but remarkably accurate approximation of the exact solution. The formulation
has also been recently extended to anisotropic media [13, 9].
While the asimptotic model for the Rayleigh wave has proven to give close representations of the exact solution in many cases, as the problems become more involved
the deviation between the exact solution and result from the leading order model will
increase. Previous consideration of a system of a surface array of beam-like resonators
has shown notable deviations when there are stresses both parallel and perpendicular to
the surface [15]. As such it is necessary to investigate this system further, making use
of a newly developed higher order model [16].
2

PROBLEM STATEMENT

First we make use of the same system of ﬂexural resonators introduced previously [15].
Shown in Figure 1, this consists of a periodic array of vertically arranged Euler-Bernoulli
beams of length L and spacing l attached to the surface of a linearly elastic half-space.
Classically, these Euler-Bernoulli beams have governing equation
Bb I b

∂ 4 ub
∂ 2 ub
+
M
= 0,
b
∂z 4
∂t2

(1)

where ub is perpendicular displacement, Bb and Mb are the bending stiffness and mass
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Figure 1: An array of beam-like resonators of length L and diameter hb periodically attached with spacing
l to the surface of a semi-inﬁnite linearly elastic half space.

per unit length of the resonators respectively, and
πh4b
Eb
, Bb =
(2)
64
1 − ν2
where hb is the diameter of a beam Eb and ν are the Young modulus and Poisson ratio
respectively. This gives the dispersion relation as,
Ib =

K=

64MR
Bb πh4b

1
4

√

ω.

(3)

In order to investigate the effect on the half-space, these resonators have boundary
conditions for displacement, bending angle, bending moment and horizontal force respectively at z = 0,
∂ 2 ub
∂ 3 ub
∂ub
∂u3
∂σ33
H = I b Bb 3 ,
(4)
=
= −Bb 2 ,
∂z
∂x
∂x
∂z
∂z
where the half-space displacement is u = (u1 , u2 , u3 ), σ is the usual stress tensor and
H is the out-of-plane force in the x-direction.
Since the width of each beam is much less than the separation length l we can assume
to a good approximation that the stress from the beams will be distributed evenly.
ub = u1 ,

2.1

ASYMPTOTIC MODEL

Suppose that waves are near the classical Rayleigh wave speed. Then a small parameter is deﬁned by the difference between the wave speed c and the classical Rayleigh
speed cR , such that |c − cR |
1. For the sake of simplicity, below we focus on the
plane-strain case. Then, at leading order, the elastic bulk has governing equations,
2
∂ 2φ
2 ∂ φ
+
α
= 0,
R
∂z 2
∂x2

2
∂ 2ψ
2 ∂ ψ
+
β
= 0.
R
∂z 2
∂x2
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where φ and φ are longitudinal and shear displacement potentials respectively and,
#
#
c2
c2
α(c) = 1 − 2 ,
β(c) = 1 − 2
(6)
c1
c2
with αR = α(cR ), βR = β(cR ) and c1 , c2 being the bulk longitudinal and shear wave
speeds respectively.
Depending on whether the half-space is subject to a normal or tangential stress, we
obtain different boundary conditions. In the case of a tangential stress at z = 0, σ33 = 0
and
ψ = −

1 + βR2
σ31 ,
2μB

(7)

while for a normal stress at z = 0, σ31 = 0 and
φ =

1 + βR2
σ33 ,
2μB

(8)

where  is the D’Alambertian operator
=

1 ∂2
∂2
−
,
∂x2 c2R ∂t2

and B is a material constant arising from the perturbation scheme, given by
B=

αR
βR
2
(1 − αR
)+
(1 − βR2 ) − (1 − βR4 ).
αR
βR

(9)

Following the same approach as for the leading order model we obtain new second
order boundary conditions. In the case of a normal stress, at z = 0,
φ,11 =

1 + βR2
1 σ33
2μB

(10)

1 + βR2
1 σ31 .
2μB

(11)

and similarly for a tangential stress,
ψ,11 = −
where the operator 1 is deﬁned as
1 =

∂2
+ AR 
∂x2

and the constant AR is given by,
AR =

1 − βR2
1
+
2
1 + βR 4B

2(1 − βR2 )2 +
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3

NORMAL OR TANGENTIAL STRESS

Similar to the previous approach, we consider three distinct sets of junction conditions. The ﬁrst two of these arrays, with simply supported and beam on a rail junction
conditions, produce only a tangential and normal stress respectively.
3.1

SIMPLY SUPPORTED BEAMS

Begin the treatment of this array with simply supported beams. Then choose the
junction conditions for simply supported connections to be,
ub = u 1 ,

−Bb

∂ 2 u1
= 0,
∂z 2

H = Ib Bb

∂ 3 ub
,
∂z 3

(13)

which gives the horizontal stress on the half-space as as,
σ31 ≈

πh4b 3
cos(KL) cosh(KL) − 1
H
,
=
B
K
u
b
H
l2
64l2
cosh(KL) sin(KL) − cos(KL) sinh(KL)

(14)

Then introduce a scaled stress Ĥ,
H
1 − βR2
3
3
=
K
=
−kK
ψ,
Ĥu
Ĥβ
H
R
l2
1 + βR2

(15)

where the full unimodal dispersion relation is
!
&
%
&
%
(λ + 2μ)k 2 α2 − λk 2 −μk 2 1 + β 2 − kK 3 Ĥβ

!%
&
= 2 μk α + kK Ĥ −2μk 2 β .
2

3

(16)

and the asymptotic dispersion relation is given by,
k 2 + kK 3 Ĥ βR

1 − βR2
ω2
− 2 = 0.
2μB
cR

(17)

Following the same approach but for the higher order model yields,
k 3 + k 2 K 3 (AR + 1)Ĥ βR

1 − βR2
1 − βR2 ω 2
ω2
= 0.
− k 2 + K 3 AR Ĥ βR
2μB
cR
2μB c2R

(18)

The comparison of these dispersion relations is given in Figure 2. This plot shows a
uniform improvement on the accuracy of the asymptotic model, becoming near indistinguishable to the full unimodal solution for lower frequencies. However, this improved
accuracy comes at the cost of increased complexity in the dispersion relation; while the
quadratic dispersion relation is less accurate, it yields a straightforward closed form solution. Although the new cubic dispersion relation still produces a closed form solution,
it is more difﬁcult to intuitively interpret.
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3.2

BEAMS ON RAILS

Next take the junction conditions for connections of a beam moving freely on a rail
∂ 2 u1
∂σzz
= −Bb 2 ,
∂x
∂z

∂ub
∂u3
=
,
∂z
∂x

Ib B b

∂ 3 uη
= 0,
∂ζ 3

(19)

so the vertical stress is given by,
σ33 ≈

V
K πh2b
1 − cos(KL) cosh(KL)
=
i
B
u
b
V,x
l2
k 4l2
cosh(KL) sin(KL) + cos(KL) sinh(KL)

(20)

Introduce a scaled stress V̂ deﬁned by
V (x, y, t)
K
1 − βR2
V̂
u
ψ,
=
i
=
−iKk
V̂
V,x
l2
k
2

(21)

leading to the full unimodal dispersion relation,
!
!
%
&
μk 2 1 + β 2 λk 2 − (λ + 2μ)k 2 α2 + kK V̂ α = 2μk 2 α −2μk 2 β + kK V̂
(22)
and the approximate dispersion relation,
1 − βR2
ω2
αR
k −k
K V̂
− 2 = 0.
μB
2
cR
2
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Figure 2: Dispersion curves (frequency ω vs. wavenumber k) for surface waves on the half-space coated
with simply supported beam like resonators (left) and beam-like resonators on a rail (right). Solid blue
lines show the full unimodal solution, solid black lines the higher-order asymptotic solution and solid
gray lines the leading order asymptotic solution.
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For the higher order model, using the same approach as before, we obtain the dispersion
relation,
k3 − k2

αR
1 − βR2
αR
ω2
1 − βR2
K(AR + 1)V̂
−k 2 −
KAR V̂
= 0.
μB
2
cR
μB
2

(24)

The comparison of these dispersion relations is again given in Figure 2. Unlike the
simply supported array, this plot does not show a uniform improvement for the full range
of frequencies. It does, however, show greatly improved accuracy in the immediate
vicinity of the Rayleigh line, in particular being much more accurate at predicting the
locations of the band gaps. This is also again a cubic dispersion relation, with added
complexity over the lower order model.
4

MIXED NORMAL AND TANGENTIAL STRESS

Finally we consider the case where all relevant quantities between the resonators and
half plane are conserved. Matching all junction conditions (4) gives the multi-stress
condition,
H
πh4b
=
Bb K 2 (ξuV,x + KηuH ),
l2
64l2
V
πh2 K
≈ 2 = i 2b Bb (ζuV,x + KξuH ),
l
4l
k

σ31 ≈
σ33

(25)

where,
sin(KL) sinh(KL)
,
cos(KL) cosh(KL) + 1
cosh(KL) sin(KL) + cos(KL) sinh(KL)
,
η=
cos(KL) cosh(KL) + 1
cosh(KL) sin(KL) − cos(KL) sinh(KL)
.
ζ=
cos(KL) cosh(KL) + 1
ξ=

(26)
(27)
(28)

This gives the full unimodal solution as
%
& πh4b
% 3
&
2
μk 2 1 + β 2 +
B
k
K
βη
−
K
kξ
b
64l2
=

(λ + 2μ)k 2 α2 − λk 2 +

&
πh2b % 2
Bb K ξ − Kkαζ
2
4l

(29)

However the existing asymptotic model is not formulated to account for both a normal
and tangential stress. Naively combining the previous leading order asymptotic models
yields the multi-stress model,
ψ = −

1 + βR2
αR
σ31 − i
σ33 .
2μB
μB
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However, this new model inherits the assumption that at coincidence with the Rayleigh
line the stresses tend to zero. This does not take into account for cross interaction between stress terms. Hence to ﬁnd the predicted inaccuracy with the model at c = cR
ﬁrst assume that the stresses have the decomposition
σ31 = Hφ φ + Hψ ψ,

σ33 = Vφ φ + Vψ ψ.

(31)

so that substitution into the classical Rayleigh denominator gives,
−(1 + β 2 )2 − 4αβ
2β
1 + β2
1 + β2
2α
Hφ Vψ − Vφ Hψ
= i 2 Hφ +
Hψ −
Vφ + i 2 Vψ +
2
2
μk
μk
μk
μk
μ2 k 4

(32)

from which a leading order expansion about the Rayleigh line yields,
k2 −

ω2
c2R

ψ=

αR
V φ H ψ − Hφ V ψ
1 + βR2
σ31 + i
σ33 −
ψ.
2μB
μB
2μ2 Bk 2

(33)

and so at leading order we predict an inaccuracy of the order of Vφ Hψ −Hφ Vψ . Therefore
when the two applied stresses are similar this will tend to zero, but will give a signiﬁcant
deviation when the stresses are more distinct.
The use of this new model gives the leading order asymptotic dispersion relation as,
2
1 + βR2 πh4b
2 1 − βR
K
B
ξ
b
2μBl2 64
2
1 − βR2
αR πh2b
1 + βR2 πh4b
1 − βR2
3
−k
B
ζ
−
B
K
K
β
η
b
b
R
μBl2 4
2
2μBl2 64
1 + βR2
ω2
1 − βR2
αR πh2b
2
−
B
+
K
β
ξ .
b
R
c2R μBl2 4
1 + βR2

0 = k2 1 +

(34)

We can combine the higher order model in a similar way to produce a multi-stress
model,
ψ,11 = 1 −

1 + βR2
αR
σ31 − i
σ33 ,
2μB
μB

which on substitution of the stresses yields the higher order dispersion relation,
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2
1 + βR2 πh4b
2 1 − βR
B
ξ
K
b
2μBl2 64
2
1 − βR2 πh4b
αR πh2b
1 − βR2
− k 3 (AR + 1)
B
ζ
−
Bb K 3 βR η
K
b
2
2
μBl 4
2
2μBl 64
2
2
ω
1 − βR2
αR πhb
2
− k 2 2 + (AR + 1)
K
β
ξ
B
b
R
cR
μBl2 4
1 + βR2
2
ω2
1 + βR2 πh4b
2 1 − βR
+ k 2 AR
B
ξ
K
b
2μBl2 64
2
c2R
1 − βR2 πh4b
1 − βR2
ω2
αR πh2b
3
B
ζ
−
B
− kAR
K
K
β
η
b
b
R
μBl2 4
2
2μBl2 64
c2R
ω2
αR πh2b
1 − βR2
2
− AR
ξ 2.
Bb K βR
μBl2 4
1 + βR2
cR

0 = k 4 1 + (AR + 1)

(36)

This dispersion relation is shown with the leading order and full unimodal solutions
in Figure 3. While the higher order model is a signiﬁcant improvement over the leading
order model, particularly for lower frequencies, both models show the same divergence
from the unimodal solution at the Rayleigh line. While this inaccuracy can be calculated, this would signiﬁcantly reduce the simplicity of the model.
Furthermore, this higher order dispersion relation is signiﬁcantly more complicated
than the leading order relation. While the quartic dispersion relation can still have a
closed form solution, it will be signiﬁcantly less concise or simple to interpret.
ω

140

120

100

80

60

40

20

0
0.0

0.5

1.0

1.5

2.0

k

Figure 3: Dispersion curves (frequency ω vs. wavenumber k) for surface waves on the half-space coated
with fully matched beam-like resonators. Solid blue lines show the full unimodal solution, solid black
lines the higher-order asymptotic solution and solid gray lines the leading order asymptotic solution.
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5

CONCLUSION

The reﬁned model for Rayleigh waves has been successfully applied to the array of
beam-like resonators for a range of junction conditions. While this showed a general improvement in accuracy compared to the leading order model, it also made the solutions
obtained more complicated. This is particularly notable for the fully matched model
where the increase in accuracy was only shown away from the Rayleigh line, where
there is a ﬁxed deviation from the unimodal solution. This deviation is fundamentally
related to the formulation of the model and forms of the stresses so cannot be reduced
by taking higher order models.
Overall, the results show the scope of the use of the higher order model. Accurate,
closed form solutions in terms of scalar variables can be obtained for a signiﬁcantly
reduced amount of computing power. However, as the complexity of these systems
increases, it may not be possible to produce closed form solutions.
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*pRG\QDPLTXH 6WUXFWXUH
0RQWURXJH)UDQFH
HPDLOFKDULVLVFKDW]LJRJRV#JHRG\QDPLTXHFRP


%XUHDXGH5HFKHUFKHV*pRORJLTXHVHW0LQHXUV
2UOpDQV)UDQFH
NPH]DIDMDUGR#EUJPIU

.H\ZRUGVEULGJHS\ORQGHVLJQVXUIDFHZDYHVQRQOLQHDUVRLOVWUXFWXUHLQWHUDFWLRQVXUURJDWH
PRGHOVLQFUHPHQWDOG\QDPLFDQDO\VHV
$EVWUDFW The impact of surface waves on long-period structures remains among the less well
understood aspects in the earthquake-resistant design of civil structures. Surface waves are
typically characterized by rich low-frequency content and long durations and accordingly they
can be particularly damaging for long-period structures, such as high-rise buildings, bridge
pylons, liquid storage tanks, telecommunication masts etc. It is understood that an insufficient
seismic design may be obtained for this class of structures if the effect of surface waves is not
taken into account in the definition of earthquake loading. The present paper proposes a concise surrogate mechanical model for the study of the seismic nonlinear response of bridge pylons with and without the consideration of the effect of surface waves on dynamic response. The
model is fully parametrizable based on a reduced number of dimensionless parameters that
allow generating a large set of different structural and foundation configurations. The model
couples a multi-fiber beam model for the bridge pylon with a nonlinear macroelement for the
pylon foundation, accounting for sliding, uplifting and partial or full loss of bearing capacity
in the foundation soil. This coupled pylon-foundation model is subjected to three cases of record
sets for performing Incremental Dynamic Analyses (IDA), in which the records may preserve
or not the surface wave components in the horizontal and rotational degrees-of-freedom of the
incident motion. The IDA methodology is exploited for presenting in a synthetic manner the
overall dynamic response for two characteristic bridge pylon designs and for highlighting the
situations in which the non-consideration of surface waves may indeed lead to an insufficient
design.
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 ,1752'8&7,21
$FRPPRQDVVXPSWLRQLQQRUPDWLYHVHLVPLFVWXGLHVRIFLYLOVWUXFWXUHVLVWRHVWDEOLVKJURXQG
PRWLRQV WREHXVHGDVLQFLGHQWH[FLWDWLRQVDWWKHIRXQGDWLRQOHYHO YLD'VLWHUHVSRQVHDQDO\VHV
LQZKLFKWKHYHUWLFDOSURSDJDWLRQRIVKHDUZDYHVLVVWXGLHGDORQJDQLGHDOL]HGVRLOFROXPQ '
PRGHO 'HVSLWHLWVHIILFLHQF\WKLVDSSURDFKZLSHVRXWWKHHIIHFWVRIUHDO'WRSRJUDSK\RIWKH
VXEVRLO DQG LQ SDUWLFXODU WKH HYHQWXDO SUHVHQFH RI VXUIDFH ZDYHV 5D\OHLJK ZDYHV  /RYH
ZDYHV 6XUIDFHZDYHVDUHW\SLFDOO\JHQHUDWHGLQJHRORJLFDOVHWWLQJVVXFKDVVHGLPHQWDU\EDVLQV
DQGDUHFKDUDFWHUL]HGE\ULFKORZIUHTXHQF\FRQWHQWDQGORQJGXUDWLRQV)RUH[DPSOHSUHVHQFH
RI5D\OHLJKZDYHVLQWKHLQFLGHQWPRWLRQZLOOOHDGWRDQLQFUHDVHLQKRUL]RQWDOVSHFWUDODFFHO
HUDWLRQV WUDQVODWLRQDOFRPSRQHQW LQWKHORZIUHTXHQF\UDQJHDQGDOVRZLOOJHQHUDWHDURWDWLRQDO
FRPSRQHQWWKDWFDQQRWEHREWDLQHGYLD'VLWHUHVSRQVHDQDO\VHV
1RWZLWKVWDQGLQJWKHXELTXLWRXVSULQFLSOHDOUHDG\DQWLFLSDWHGE\%LRW>@LQWKH¶V cf
7ULIXQDF>@ WKDWXQGHUIDYRUDEOHFRQGLWLRQV ORQJZDYHV URWDWLRQDOVHLVPLFPRWLRQVDUHVPDOO
DQGFDQEHQHJOHFWHGVHYHUDOUHFHQWVWURQJHDUWKTXDNHV e.g&KL&KL&KXHWVX(O
0D\RU7RKRNX KDYHUHYHDOHGVLJQLILFDQWURWDWLRQDOPRWLRQVUHODWHGWRWKHSDVVDJH
RIVXUIDFHZDYHV7KHVHPRWLRQVFDQEHGHWULPHQWDOIRUORQJSHULRGVWUXFWXUHVVXFKDVKLJKULVH
EXLOGLQJVEULGJHS\ORQVDQGOLTXLGVWRUDJHWDQNVWRQDPHWKHPRVWLPSRUWDQWRQHV
$YDLODEOHVWXGLHVIRUDVVHVVLQJWKHLPSDFWRIVXUIDFHZDYHVRQORQJSHULRGVWUXFWXUHVDUH
UDWKHUVFDUFH,QWZRUHFHQWSDSHUV>@>@0H]D 3DSDJHRUJLRXKDYHVWXGLHGWKHHIIHFWRI
VXUIDFHZDYHVRQWKHUHVSRQVHRIWDOOEXLOGLQJVDQGKDYHVKRZQWKDW5D\OHLJKZDYHV FDQLQ
FUHDVHWKHGDPDJHOHYHOVLQVXFKVWUXFWXUHVEHFDXVHRISHULRGHORQJDWLRQGXHWRQRQOLQHDUUH
VSRQVH H[WHQGHG VKDNLQJ GXUDWLRQ DQG ULVN RI UHVRQDQFH &RQFHUQLQJ WKH HIIHFW RI VXUIDFH
ZDYHVRQEULGJHS\ORQV&KDW]LJRJRVet al>@KDYHUHFHQWO\SURSRVHGDVLPSOLILHGVXUURJDWH
PRGHO ZLWK FRQVLGHUDWLRQ RI QRQOLQHDU UHVSRQVH LQ WKH S\ORQ DQGRU LQ WKH IRXQGDWLRQ 7KH
PRGHOLVXVHGIRUVWXG\LQJGLIIHUHQWVRLOS\ORQFRQILJXUDWLRQVDQGIRUTXDQWLI\LQJWKHLQFUHDVH
LQVHLVPLFGHPDQG ZLWKUHVSHFWWRVHYHUDOSHUIRUPDQFHFULWHULD GXHWRWKHFRQVLGHUDWLRQRI
VXUIDFHZDYHV
7KHSUHVHQWSDSHUDLPVWRH[WHQGWKHLQLWLDOUHVXOWVREWDLQHGE\&KDW]LJRJRV et al>@E\
SURELQJLQDPRUHV\VWHPDWLFZD\WKHLPSDFWRIVXUIDFHZDYHVRQQRQOLQHDUUHVSRQVHRIVH
OHFWHGVRLOS\ORQFRQILJXUDWLRQVYLDWKHWHFKQLTXHRI,QFUHPHQWDO'\QDPLF$QDO\VLV ,'$ >@
,'$LVE\QRZDZHOOHVWDEOLVKHGPHWKRGIRUJDLQLQJLQVLJKWLQWRQRQOLQHDUVHLVPLFUHVSRQVH
IRULQFUHDVLQJOHYHOVRIVKDNLQJ7KHVWXGLHGEULGJHS\ORQVDUHVXEMHFWHGWRYDULRXVUHFRUGVRI
LQFUHDVLQJLQWHQVLW\DQGWKLVDOORZVSORWWLQJ'DPDJH0HDVXUHV '0 RILQWHUHVWDVIXQFWLRQVRI
DSSURSULDWHO\VHOHFWHGVHLVPLF,QWHQVLW\0HDVXUHV ,0 7KHDQDO\VHVDUHSHUIRUPHGZLWKDQG
ZLWKRXWFRQVLGHUDWLRQRIWKHVXUIDFHZDYHFRPSRQHQWRIWKHFRQVLGHUHGUHFRUGVDQGWKLVDOORZV
TXDQWLI\LQJWKHDGGLWLRQDOGLVWUHVVSURYRNHGE\WKHLQFLGHQFHRIVXUIDFHZDYHV
 68552*$7(02'(/)25%5,'*(3</216
*HQHUDOSULQFLSOHV
,QWKHIROORZLQJZHFRQFHQWUDWHRQWKHVWXG\RIEULGJHS\ORQVDVVKRZQRQ)LJXUH7KH
VXUURJDWHPRGHOSURSRVHGE\&KDW]LJRJRVet al>@ZLOOEHXVHGKHUHDIWHUIRUVWXG\LQJWKHUH
VSRQVH RI WZR FKDUDFWHULVWLF S\ORQ FRQILJXUDWLRQV ZLWK WKH ,'$ PHWKRGRORJ\ 7KH PRGHO LV
LQWHQGHGIRUVWXG\LQJWKHWUDQVYHUVHG\QDPLFUHVSRQVHRIVLQJOHEUDQFKS\ORQV SLHUV DQGLWLV
IRUPXODWHGLQ'NLQHPDWLFV7KHSLHUVXSSRUWVDWLWVWRSDSDUWRIWKHEULGJHGHFNDQGWKHGHFN
SLHUFRQQHFWLRQLVFRQFUHWL]HGYLDDORFDOVSULQJGDVKSRWHOHPHQW7KHSLHUIRXQGDWLRQLVDVKDO
ORZIRRWLQJUHVWLQJDWWKHJURXQGVXUIDFH WKHIRRWLQJHPEHGPHQWLVQHJOHFWHG %DVLFIHDWXUHV
RIWKHVXUURJDWHPRGHODUHWKHIROORZLQJ
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 Consideration of full nonlinear pier response in bending7KLVLVDFKLHYHGE\GLVFUHWL]
LQJWKHSLHULQWRQRGHGPXOWLILEHUEHDPHOHPHQWV7KHFURVVVHFWLRQRIWKHSLHULVHTXDOO\
GLVFUHWL]HGLQWRDQXPEHURIILEHUVWKDWDUHDVVLJQHGDQDSSURSULDWH'QRQOLQHDUODZ)RUWKH
DSSOLFDWLRQSUHVHQWHGKHUHDIWHUWKHQRQOLQHDUPRGHOIRUWKHILEHUVZLOOEHDVLPSOHHODVWRSODVWLF
ODZ ZLWK LQLWLDO HODVWLF VWLIIQHVVܧ  \LHOG VWUHVV݂௬ DQG SRVWHODVWLF VWLIIQHVVܧᇱ ൌ ߙ ܧ  ߙ ǣ
SURSRUWLRQDOLW\FRQVWDQW ,QWHUPVRIJOREDOEHKDYLRUSDUDPHWHUVܧ DQG݂௬ JLYHULVHWR\LHOG
EHQGLQJPRPHQWܯǡ௬ DQG\LHOGFXUYDWXUHߢ௬ RIWKHSLHUVHFWLRQ
 Nonlinear response at the foundation level7KLVLVDFKLHYHGYLDDGHGLFDWHGQRQOLQHDU
IRXQGDWLRQPDFURHOHPHQWIROORZLQJ&KDW]LJRJRVet al>@7KLVPRGHOLVEULHIO\SUHVHQWHGLQ

 Translational and rotational seismic excitation7KHH[FLWDWLRQLVLQWURGXFHGDVLPSRVHG
GLVSODFHPHQWWRDFRQWUROSRLQWDWWKHEDVHRIWKHPRGHO)ROORZLQJ>@WKUHHVFHQDULRVZLOOEH
VWXGLHGKHUHDIWHUD RQO\KRUL]RQWDOH[FLWDWLRQZLWKRXWVXUIDFHZDYHHIIHFWE RQO\KRUL]RQWDO
H[FLWDWLRQHQULFKHGZLWKVXUIDFHZDYHHIIHFWDQGF KRUL]RQWDODQGURWDWLRQDOH[FLWDWLRQVZLWK
IXOOFRQVLGHUDWLRQRIVXUIDFHZDYHHIIHFWV)RUVLPSOLFLW\YHUWLFDOFRPSRQHQWRIVHLVPLFPRWLRQ
LVQHJOHFWHGLQWKHSUHVHQWHGDQDO\VHV
 Solution in time domain.7KHUHVXOWLQJG\QDPLFHTXLOLEULXPHTXDWLRQLVLQWHJUDWHGLQ
WLPHGRPDLQXVLQJDQXQFRQGLWLRQDOO\VWDEOH1HZPDUNVFKHPHXQGHUWKHDVVXPSWLRQRIVPDOO
GLVSODFHPHQWV&DOFXODWLRQVDUHUXQLQWKHRSHQVRXUFH)(0SODWIRUP&RGHB$67(5>@

)LJXUH6XUURJDWHPRGHOIRUVWXG\LQJWKHHIIHFWVRIVXUIDFHZDYHVRQEULGJHS\ORQV

*HRPHWULFDQGPHFKDQLFDOFKDUDFWHUL]DWLRQ
7KHSURSRVHGVXUURJDWHPRGHOLVLQWHQGHGIRUHIILFLHQWO\JHQHUDWLQJDODUJHQXPEHURIGLI
IHUHQWS\ORQIRXQGDWLRQFRQILJXUDWLRQVLQWKHVHDUFKIRUWKRVHFDVHVWKDWDUHSDUWLFXODUO\YXO
QHUDEOHLQWKHLQFLGHQFHRIVXUIDFHZDYHV(DFKLQVWDQFHRIWKHVXUURJDWHPRGHOFDQDFFRUGLQJO\
EHREWDLQHGYLDDVHWRIJHRPHWULFDQGPHFKDQLFDOSDUDPHWHUVWKDWDUHRUJDQL]HGLQWRYHFWRU܉
WKDWJURXSVDOLPLWHGQXPEHURIGLPHQVLRQDOSDUDPHWHUVDQGLQWRYHFWRU܊WKDWJURXSVDOORWKHU
JRYHUQLQJTXDQWLWLHVWKDWDUHHLWKHUGLPHQVLRQOHVVRUH[SUHVVHGDVQRUPDOL]HGSDUDPHWHUV,Q
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WKHGHILQLWLRQRIJRYHUQLQJPRGHOSDUDPHWHUVZHXVHVXEVFULSWV݂݀DQGݏWRGHVLJQDWHUH
VSHFWLYHO\WKHSLHUWKHGHFNWKHIRXQGDWLRQDQGWKHVRLO1RUPDOL]HGSDUDPHWHUVDUHGHVLJQDWHG
ZLWKDWLOGH a 
7KHYHFWRURIGLPHQVLRQDOSDUDPHWHUVUHDGV
܉ ൌ ሼܪ ǡ ݉ ǡ ܣ ǡ ܧ ǡ ܶ ǡ ܯǡ௬ ǡ ܹ ሽ



ZLWKWKHIROORZLQJGHILQLWLRQV
 ܪ KHLJKWRIEULGJHSLHU
 ݉ PDVVRIEULGJHSLHU
 ܣ ǣFURVVVHFWLRQDODUHDRISLHU FRQVLGHUHGXQLIRUPLQWKHHQWLUHKHLJKW 
 ܧ <RXQJ¶VPRGXOXVRIEULGJHSLHU LQLWLDOHODVWLFVWLIIQHVV 
 ܶ IXQGDPHQWDOSHULRGRIYLEUDWLRQRIWKHSLHUFRQVLGHULQJIL[HGEDVHFRQGLWLRQV
 ܯǡ௬ \LHOGEHQGLQJPRPHQWRISLHUVHFWLRQ
 ܹ୲୭୲ ൌ ݃ሺ݉  ݉ௗ  ݉ ሻWRWDOZHLJKWRIWKHVWUXFWXUH
7KHGHILQLWLRQRIWKHVXUURJDWHPRGHOLVFRPSOHWHGE\DGGLWLRQDOSDUDPHWHUVWKDWDUHHLWKHU
GLPHQVLRQOHVVRUDUHQRUPDOL]HGDQGDUHJURXSHGLQYHFWRU܊ZKLFKUHDGV
෩ௗ ǡ ܦ
෩ ǡ ܪ
෩ ǡ ܤ෨ ǡ ݉
෩ǡ୫ୟ୶ ǡ ܸ෨ǡ୫ୟ୶ ǡ ܯ
෩ǡ୫ୟ୶ ሽ
܊ ൌ ሼܪ
ௗǡ ݉
 ǡ ܬሚௗ ǡ ܬሚ ǡ ߦ ǡ ߦ௦ ǡ ߥ ǡ ߥ௦ ǡ ߩ௦ ǡ ܸ෨ௌ ǡ ܰ



ZLWKWKHIROORZLQJGHILQLWLRQV
෩ௗ ൌ ܪௗ Ȁܪ QRUPDOL]HGKHLJKWRIWKHEULGJHGHFN IRUPSLHUWRSWRWKHFHQWHURIJUDY
 ܪ
LW\RIEULGJHGHFNcf)LJXUH 
෩ ൌ ܦ Ȁܪ QRUPDOL]HGEULGJHSLHUGLDPHWHU RUHTXLYDOHQWGLDPHWHUIRUQRQFLUFXODU
 ܦ
SLHUVHFWLRQV 
෩ ൌ ܪ Ȁܪ QRUPDOL]HGIRXQGDWLRQKHLJKW IURPSLHUEDVHWRWKHFHQWHURIJUDYLW\RI
 ܪ
EULGJHIRRWLQJ 
 ܤ෨ ൌ ܤ Ȁܪ QRUPDOL]HGFKDUDFWHULVWLFIRRWLQJGLPHQVLRQ
 ݉
 ௗ ൌ ݉ௗ Ȁ݉ QRUPDOL]HGPDVVRIEULGJHGHFNVXSSRUWHGE\WKHSLHU
 ݉
 ൌ ݉ Ȁ݉ QRUPDOL]HGPDVVRIEULGJHIRXQGDWLRQ
ሚ
 ܬௗ ൌ ܬௗ Ȁ݉ ܪଶQRUPDOL]HGURWDWLRQDOLQHUWLDRIEULGJHGHFN
 ܬሚ ൌ ܬ Ȁ݉ ܪଶQRUPDOL]HGURWDWLRQDOLQHUWLDRIIRXQGDWLRQ
 ߦ FULWLFDOGDPSLQJUDWLRIRUWKHEULGJHSLHU LQWKHOLQHDUYLVFRHODVWLFUDQJH 
 ߦ௦ FULWLFDOPDWHULDOGDPSLQJUDWLRLQWKHVRLO LQWKHOLQHDUYLVFRHODVWLFUDQJH 
 ߥ 3RLVVRQ¶VUDWLRIRUWKHEULGJHSLHU
 ߥ௦ 3RLVVRQ¶VUDWLRLQWKHVRLO

 ߩ௦ ൌ ߩ௦ Ȁሺ
ሻQRUPDOL]HGVRLOPDVVGHQVLW\
 ு
 

ு
 ܸ෨ௌ ൌ ܸௌ Ȁሺ ் ሻQRUPDOL]HGVKHDUZDYHYHORFLW\ ULJLGLW\FRQWUDVWEHWZHHQVRLODQGVWUXF


WXUH 
෩ǡ୫ୟ୶ ൌ ܰǡ୫ୟ୶ Ȁܹ୲୭୲PD[LPXPFHQWHUHGIRUFHVXSSRUWHGE\WKHIRXQGDWLRQ
 ܰ
 ܸ෨ǡ୫ୟ୶ ൌ ܸǡ୫ୟ୶ Ȁܹ୲୭୲ PD[LPXPKRUL]RQWDOIRUFHVXSSRUWHGE\WKHIRXQGDWLRQ
෩ǡ୫ୟ୶ ൌ ܯǡ୫ୟ୶ Ȁܯǡ௬ PD[LPXPRYHUWXUQLQJPRPHQWVXSSRUWHGE\WKHIRXQGDWLRQ
 ܯ

2896

&KDULVLV&&KDW]LJRJRVDQG.ULVWHO&0H]D)DMDUGR

7KHDERYHGHILQLWLRQVIRUWKHS\ORQIRXQGDWLRQLPSO\WKDWLWLVSRVVLEOHWRGHWHUPLQHG\QDPLF
LPSHGDQFHWHUPV FRPSXWHGDWWKHIXQGDPHQWDO66,IUHTXHQF\RIWKHS\ORQ DVVXPLQJHTXLYD
OHQWIRXQGDWLRQGLPHQVLRQܤ DQGWKHKRPRJHQL]HGOLQHDUYLVFRHODVWLFVRLOGRPDLQZLWKSDUDP
HWHUV ^ߩ௦ ߥ௦ ܸௌ ߦ௦ ` )RU D VXUIDFH IRRWLQJ DQWLFLSDWLQJ QHJOLJLEOH RIIGLDJRQDO LPSHGDQFH
WHUPV DQG'NLQHPDWLFVWKUHHVWLIIQHVVWHUPVሼܭேே ǡ ܭ ǡ ܭெெ ሽDQGWKHFRUUHVSRQGLQJGDPS
LQJWHUPVሼܥேே ǡ ܥ ǡ ܥெெ ሽDUHREWDLQHG
1RQOLQHDUIRXQGDWLRQPDFURHOHPHQW
$Q LPSRUWDQW IHDWXUH RI WKH SURSRVHG PRGHO LV WKH XVH RI D GHGLFDWHG PDFURHOHPHQW IRU
GHVFULSWLRQRIQRQOLQHDUUHVSRQVHDWIRXQGDWLRQOHYHO7KHLPSOHPHQWHGIRXQGDWLRQPDFURHOH
PHQWIROORZVWKHIRUPXODWLRQSURSRVHGE\&KDW]LJRJRVet al>@7KHIRXQGDWLRQPDFURHOHPHQW
LVDQDGYDQFHGOLQNHOHPHQWWKDWLVSODFHGDWWKHEDVHRIWKHPRGHODQG DLPVDWUHSURGXFLQJ
QRQOLQHDUIRXQGDWLRQUHVSRQVHXQGHUHDUWKTXDNHDFWLRQ7KHPDFURHOHPHQWSURYLGHVDSKHQRP
HQRORJLFDO FRQVWLWXWLYH ODZ IRU UHODWLQJ WKH LQFUHPHQW RI IRXQGDWLRQ GLVSODFHPHQWVܝሶ  WR WKH
FRUUHVSRQGLQJLQFUHPHQWRIZRUNFRQMXJDWHIRUFHSDUDPHWHUVۿሶ)RUREWDLQLQJWKHPDFURHOH
PHQWFRQVWLWXWLYHODZWRWDOGLVSODFHPHQWLQFUHPHQWLVGHFRPSRVHGLQWRWKHOLQHDUHODVWLFFRXQ
WHUSDUWܝሶ ୪୧୬ WKDW LV FRPSXWHG IURP LPSHGDQFH WHUPV DQG FRXQWHUSDUWV IRU WKUHH LQGHSHQGHQW
QRQOLQHDUPHFKDQLVPVVOLGLQJ ܝሶ ୱ୪ IRXQGDWLRQXSOLIWLQJ ܝሶ ୳୮ DQGVRLOSODVWLFLW\ ܝሶ ୱ୮ 7RWDO
GLVSODFHPHQWLQFUHPHQWܝሶ  WKXVUHDGV
ܝሶ ൌ ܝሶ ୪୧୬  ܝሶ ୳୮  ܝሶ ୱ୪  ܝሶ ୱ୮ 



(DFKQRQOLQHDUPHFKDQLVPLVGHVFULEHGLQGHSHQGHQWO\E\DQDSSURSULDWHPRGHO,QSDUWLF
XODUVOLGLQJ PHFKDQLVPLV GHVFULEHGE\WKHVWDQGDUG&RXORPEIULFWLRQ FULWHULRQZLWK DQRQ
DVVRFLDWLYHIORZUXOH6RLOSODVWLFLW\LVGHVFULEHGE\DERXQGLQJVXUIDFHK\SRSODVWLFIRUPXODWLRQ
>@WKDWFDQHDVLO\EHDGDSWHGWRVRLOEHKDYLRU FRKHVLYHIULFWLRQDORUFRPELQDWLRQRIWKHWZR 
)LQDOO\XSOLIWPHFKDQLVPLVGHVFULEHGE\DSKHQRPHQRORJLFDOQRQOLQHDUHODVWLFPRGHOWKDWUH
VSHFWVWKHSHUIHFWUHYHUVLELOLW\RIWKLVPHFKDQLVPDQGGHSHQGVVROHO\RQIRXQGDWLRQJHRPHWU\
&RXSOLQJEHWZHHQQRQOLQHDUPHFKDQLVPVLVDFKLHYHGE\VROYLQJVLPXOWDQHRXVO\WKHQRQOLQHDU
HTXDWLRQVRIHDFKPHFKDQLVP ZLWKRQO\PLQRUDGMXVWPHQWVLQWKHIRUPXODWLRQRIHDFKPHFKD
QLVP IRUWKHVDPHIRUFHLQFUHPHQW$GHWDLOHGSUHVHQWDWLRQRIWKHIRXQGDWLRQPDFURHOHPHQW
PRGHOLPSOHPHQWHGLQWKLVVWXG\LVSURYLGHGLQUHIHUHQFHV>@DQG>@
 678',('&21),*85$7,216
7KHDQDO\VHVSUHVHQWHGKHUHDIWHUDUHSHUIRUPHGIRUWZRS\ORQFRQILJXUDWLRQVFRUUHVSRQGLQJ
WR WZRW\SHVRIVHLVPLF GHVLJQ SKLORVRSK\IRUWKHIRXQGDWLRQ7KHILUVW FRQILJXUDWLRQFRUUH
VSRQGVWRZKDWZRXOGEHDFRQYHQWLRQDOGHVLJQLQZKLFKWKHIRXQGDWLRQLVGHVLJQHGZLWKDQ
RYHUVWUHQJWK LQWHUPVRIRYHUWXUQLQJPRPHQW ZLWKUHVSHFWWRWKHEHQGLQJPRPHQWFDSDFLW\
DWWKHS\ORQEDVH6XFKDGHVLJQLPSOLHVWKDWGDPDJHZLOOEHFRQFHQWUDWHGDWWKHEDVHRIWKH
EULGJHS\ORQZKLOHWKHIRXQGDWLRQVKRXOGH[KLELWDTXDVLOLQHDUUHVSRQVH
,QWKHVHFRQGFRQILJXUDWLRQWKHIRXQGDWLRQGLPHQVLRQLVUHGXFHGLQYLWLQJIRUGHYHORSPHQW
RIQRQOLQHDUUHVSRQVHDWWKHIRXQGDWLRQOHYHO YLDDFWLYDWLRQRIVOLGLQJXSOLIWLQJDQGVRLOSODV
WLFLW\PHFKDQLVPV 6XFKDQ³LQYHUVLRQ´LQFRQYHQWLRQDOFDSDFLW\GHVLJQRILQWHUDFWLQJIRXQGD
WLRQVXSHUVWUXFWXUH V\VWHPV KDV EHHQ SURSRVHG E\ PDQ\ UHVHDUFKHUV e.g. >@  DV D YLDEOH
PHDQVRIVHLVPLFSURWHFWLRQRIVWUXFWXUHVZLWKDQDIIRUGDEOHVFKHPHIRUIRXQGDWLRQGHVLJQ7KH
SULFHWRSD\LVWKHLUUHYHUVLEOHIRXQGDWLRQUHVSRQVHDQGWKHSURQRXQFHGGLVSODFHPHQWVDWWKHWRS
RIWKHS\ORQ GXHWRXSOLIWLQJDQGKLJKIRXQGDWLRQURWDWLRQV WKDWPXVWEHVKRZQWRUHPDLQLQ
DFFHSWDEOHOLPLWV
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7DEOHSUHVHQWVWKHJHRPHWULFDQGPHFKDQLFDOSDUDPHWHUVWKDWGHILQHWKHWZRVWXGLHGFRQ
ILJXUDWLRQV*LYHQWKDWWKHSLHUKHLJKWLVܪ ൌPWKHFRQILJXUDWLRQVDUHGHVLJQDWHG³3
/DUJH´RUVLPSO\3/DQG³36PDOO´RUVLPSO\36
3/H[KLELWVDIRXQGDWLRQZLWKFKDUDFWHULVWLFGLPHQVLRQܤ ൌP)RU36ܤ ൌP
7DEOHSURYLGHVWKHGLPHQVLRQDO YHFWRU ܉DQGGLPHQVLRQOHVVSDUDPHWHUV YHFWRU ܊GHILQLQJ
WKHVWXGLHGFRQILJXUDWLRQV)RUFRQYHQLHQFH7DEOHDOVRSURYLGHVWKHGLPHQVLRQDOSDUDPHWHUV
FRUUHVSRQGLQJWRYHFWRU܊
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,W LV LQWHUHVWLQJ WR QRWH WKDW WKH PD[LPXP IRXQGDWLRQ RYHUWXUQLQJ PRPHQW LVܯǡ୫ୟ୶ ൌ
01P IRU3/DQG RQO\ܯǡ୫ୟ୶ ൌ01P IRU36 <LHOGEHQGLQJ PRPHQW RIWKH
SLHUVHFWLRQLVܯǡ௬ ൌ01PIRUERWKFRQILJXUDWLRQV
7DEOHV D DQG E SURYLGHVRPHDGGLWLRQDOSDUDPHWHUVFKDUDFWHUL]LQJWKHWZRFRQILJXUD
WLRQV,QSDUWLFXODU7DEOH E SURYLGHVWKHSDUDPHWHUVIRUWKHGHILQLWLRQRIIRXQGDWLRQPDFUR
HOHPHQWIROORZLQJ>@DQG>@
 5(&25'6(7)25,1&5(0(17$/'<1$0,&$1$/<6(6
7KHLPSOHPHQWDWLRQRI,'$UHTXLUHVWKHGHILQLWLRQRIDFRQFLVHVHWRIVHLVPLFUHFRUGVWKDW
FRUUHVSRQGWRDSUHVFULEHGHDUWKTXDNHVFHQDULR GHILQHGIRUH[DPSOHE\WKHFRXSOH^0DJQL
WXGHGLVWDQFH`DQGJLYHQJHRWHFKQLFDOFRQGLWLRQV 7KHQXPEHURIUHFRUGVLQWKLVVHWPXVWEH
ODUJHHQRXJKWRFRYHUXQFHUWDLQWLHVUHODWHGWRWKHREWHQWLRQRIDUHSUHVHQWDWLYHDFFHOHUDWLRQWLPH
KLVWRU\ LQ WHUPV RI VSHFWUDO DFFHOHUDWLRQV VWURQJ SKDVH GXUDWLRQ FKDUDFWHULVWLF LQWHQVLW\
PHDVXUHVetc,QVWDQGDUG,'$DSSOLFDWLRQV cf>@ FDOFXODWLRQVDUHSHUIRUPHGIRUDVHWFRP
SULVLQJDWOHDVWUHFRUGV2QFHVXFKDUHFRUGVHWKDVEHHQGHILQHGXQLIRUPVFDOLQJLVDSSOLHG
WRDOOUHFRUGVWRDFKLHYHDSUHVHOHFWHGUDQJHRIYDOXHVIRURQHRUPRUHFKDUDFWHULVWLFLQWHQVLW\
PHDVXUHV,QPRVWFDVHVVFDOLQJLVSHUIRUPHGZLWKUHVSHFWWR3*$EXWRWKHULQWHQVLW\PHDVXUHV
FDQEHXVHGDVIRUH[DPSOH$ULDVLQWHQVLW\etc
1RWZLWKVWDQGLQJWKHQHFHVVLW\RIDGHQVHUHFRUGVHWFRPSDWLEOHZLWKDVSHFLILFHDUWKTXDNH
VFHQDULRWKHIROORZLQJ,'$LPSOHPHQWDWLRQVZLOOEHSHUIRUPHGIRUDUHFRUGVHWFRPSULVLQJ
VLJQDOVWKDWKDYHEHHQREWDLQHGIURPGLIIHUHQWUHFHQWHDUWKTXDNHVH[KLELWLQJYDULDEOHFKDUDFWHU
LVWLFV 7KLV UHFRUG VHW FRPHV IURP WKH VWXGLHV RI 0H]D  3DSDJHRUJLRX >@ >@ DQG LQ WKH
SUHVHQWFRQWH[WRIIHUVWKHDGYDQWDJHWKDWIRUWKHVHOHFWHGUHFRUGVLWKDVEHHQSRVVLEOHWRH[WUDFW
WKHVXUIDFHZDYHFRPSRQHQWVLQWKHGHILQLWLRQRIWKHWUDQVODWLRQDODQGURWDWLRQDOJURXQGPRWLRQV
&RQVHTXHQWO\IRUWKHWZRGHJUHHVRIIUHHGRPRILQWHUHVWIRUWKHSUHVHQWHGDQDO\VHVWKUHHVHS
DUDWHVLJQDOVDUHSURYLGHG
D WRWDOPRWLRQ୲ݍ୭୲ ZKLFKFRUUHVSRQGVWRZKDWKDVEHHQUHFRUGHGin situ
E H[WUDFWHGPRWLRQݍୗ ZKLFKFRUUHVSRQGVWRWKHFRQWULEXWLRQRIVXUIDFHZDYHVLQWKH
UHFRUGHGPRWLRQ
F ERG\ ZDYH PRWLRQݍ  ZKLFK LV WKH PRWLRQ H[HPSW RI WKH HIIHFW RI VXUIDFH ZDYHV
ݍ ൌ ୲ݍ୭୲ െ  ݍୗ LWLVWKXVXQGHUVWRRGWKDWݍ FRPSULVHVH[FOXVLYHO\WKHHIIHFWRI
ERG\ZDYHV
,QWKHDERYHGHILQLWLRQVZHXVHݍWRGHVLJQDWHJHQHULFDOO\HLWKHUKRUL]RQWDOWUDQVODWLRQݑRU
URWDWLRQߠDERXWDKRUL]RQWDOD[LV URFNLQJ 7KHVLJQDOVDUHSURYLGHGLQWHUPVRIGLVSODFHPHQWV
YHORFLWLHVDQGDFFHOHUDWLRQVDUHREWDLQHGE\GLIIHUHQWLDWLRQ7KHPHWKRGIRUH[WUDFWLQJWKHVXU
IDFHZDYHFRPSRQHQWRIWKHUHFRUGHGVLJQDOVKDVEHHQH[KDXVWLYHO\SUHVHQWHGLQ>@DQG>@
7DEOHSUHVHQWVPDLQSURSHUWLHVDQGLQWHQVLW\PHDVXUHVRIWKHVHOHFWHGUHFRUGV)RUHDFK
UHFRUGZHSURYLGHWKHVHLVPLFHYHQWRIRULJLQDQGVRPHEDVLFIHDWXUHV \HDUORFDWLRQPDJQL
WXGH GHSWK  WKH WLPH VWHSݐXVHG IRU GHILQLWLRQ RI WKH SURYLGHG VLJQDO DQG FRUUHVSRQGLQJ
1\TXLVWIUHTXHQF\݂ 7KHQIRUHDFKRIWKHWZRUHWDLQHGGHJUHHVRIIUHHGRP WUDQVODWLRQUR
WDWLRQ 7DEOHSURYLGHVFKDUDFWHULVWLFLQWHQVLW\PHDVXUHVIRUWRWDOPRWLRQ୲ݍ୭୲ H[WUDFWHGPR
WLRQݍୗ DQGERG\ZDYHPRWLRQݍ ZLWKݑ ؠ ݍIRUKRUL]RQWDOWUDQVODWLRQDQGߠ ؠ ݍIRUWKH
URFNLQJ7KHSURYLGHGLQWHQVLW\PHDVXUHVDUHD PD[LPXPDFFHOHUDWLRQE PD[LPXPYHORFLW\
F PD[LPXPGLVSODFHPHQWG $ULDV,QWHQVLW\ܫ H &XPXODWLYH$EVROXWH9HORFLW\DQGI
HIIHFWLYHGXUDWLRQݐ 'HILQLWLRQRIܫ DQGݐ IRUURWDWLRQDOPRWLRQVLVH[WUDSRODWHGIURP
FRUUHVSRQGLQJGHILQLWLRQVIRUWUDQVODWLRQV
7KHSUHVHQWHG,'$DQDO\VHVDUHSHUIRUPHGIRUILYH3*$OHYHOVGHILQHGZLWKUHIHUHQFHWR
PRWLRQVݑ  7KH FRQVLGHUHG LQWHQVLW\ OHYHOV DUH ^J J J J J` $OO RWKHU
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PRWLRQVDUHVFDOHGDFFRUGLQJO\VRWKDWWKHDERYH3*$OHYHOVDUHDVVXUHGIRUPRWLRQݑ %DVLF
VFDOLQJIDFWRUDVUHSRUWHGLQ7DEOHLVWKHFRHIILFLHQWWKDWPXOWLSOLHVWKHLQLWLDOVLJQDOVRWKDW
3*$RIPRWLRQݑ EHFRPHVHTXDOWRJ
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ϭ͘ϬϳϯϬ

ϭ͘ϰϮϰϵ

DĂǆŝŵƵŵsĞůŽĐŝƚǇ

ŵͬƐ

Ϭ͘ϬϭϬϴ

Ϭ͘ϬϭϬϰ

Ϭ͘Ϭϯϭϱ

Ϭ͘ϬϮϰϮ

Ϭ͘ϬϭϯϬ

Ϭ͘ϬϭϮϳ

Ϭ͘Ϭϵϳϯ

Ϭ͘ϬϴϬϭ

Ϭ͘ϭϬϳϲ

Ϭ͘Ϭϳϰϲ

Ϭ͘Ϯϯϯϱ

Ϭ͘ϮϴϲϬ

dŽƚĂůdƌĂŶƐůĂƚŝŽŶ
dŽƚĂů
dƌĂŶƐůĂƚŝŽ

Ϭ͘ϬϲϬϬ

ŵͬƐ

ǆƚƌĂĐƚĞĚdƌĂŶƐůĂƚŝŽŶ
ǆƚƌĂĐƚĞĚ dƌĂŶƐůĂ

୲ݑ୭୲ 

ϳ
ŚŝͲŚŝ
ĂĨƚĞƌƐŚŽĐŬ
ϭϴϬϯ

dƌĂŶƐůĂƚŝŽŶ;ǁŝƚŚŽƵƚ^tͿ
ƐůĂƚŝŽŶ;ǁŝƚŚŽƵ

ݑୗ 

ϲ
ůDĂǇŽƌͲ
ƵĐĂƉĂŚ

ŵͬƐϮ

dŽƚĂůZŽƚĂƚŝŽŶ

ݑ 

ϱ

DĂǆŝŵƵŵsĞůŽĐŝƚǇ

ǆƚƌĂĐƚĞĚZŽƚĂƚŝŽŶ
ǆƚƌĂĐƚĞĚZŽƚĂƚŝŽ

ߠ୲୭୲ 

ϰ

DĂǆŝŵƵŵĐĐĞůĞƌĂƚŝŽŶ

ZŽƚĂƚŝŽŶ;ǁŝƚŚŽƵƚ^tͿ
ŽƚĂƚŝŽŶ ;ǁŝƚŚŽƵƚ

ߠୗ 

ϯ

ZĞĐŽƌĚEĂŵĞ

^/^>/E'&dKZ ϭϲ͘ϲϴ

ߠ 

Ϯ

DĂǆŝŵƵŵŝƐƉůĂĐĞŵĞŶƚ ŵ

Ϭ͘ϬϭϬϮ

Ϭ͘ϬϬϴϳ

Ϭ͘Ϭϭϱϭ

Ϭ͘Ϭϭϱϰ

Ϭ͘ϬϮϯϮ

Ϭ͘ϬϬϲϴ

Ϭ͘Ϭϳϲϴ

Ϭ͘Ϭϳϯϴ

Ϭ͘Ϭϳϯϰ

Ϭ͘ϬϱϴϮ

Ϭ͘ϬϵϴϬ

Ϭ͘ϬϵϲϬ

ƌŝĂƐ/ŶƚĞŶƐŝƚǇ

ŵͬƐ

Ϭ͘ϬϬϭϵ

Ϭ͘ϬϬϭϴ

Ϭ͘Ϭϭϱϳ

Ϭ͘Ϭϭϭϴ

Ϭ͘ϬϬϰϱ

Ϭ͘ϬϬϲϴ

Ϭ͘Ϭϲϭϰ

Ϭ͘ϬϱϬϱ

Ϭ͘Ϭϱϳϰ

Ϭ͘ϬϮϵϬ

Ϭ͘ϲϴϵϲ

ϭ͘Ϯϯϰϵ

s

ŵͬƐ

ϭ͘ϰϮϰ

Ϭ͘ϳϳϴ

Ϯ͘ϱϬϵ

Ϯ͘ϵϳϲ

ϭ͘ϯϲϬ

ϭ͘ϯϲϭ

ϰ͘ϳϮϵ

ϰ͘ϬϲϮ

ϯ͘ϲϮϬ

Ϯ͘ϰϯϭ

ϭϵ͘Ϭϭϭ

Ϯϱ͘ϮϲϮ

ĨĨĞĐƚŝǀĞƵƌĂƚŝŽŶ

Ɛ

Ϯϲϭ͘ϵ

ϴϭ͘ϭ

ϳϲ͘Ϭ

ϭϳϬ͘ϱ

ϳϴ͘ϰ

ϱϭ͘ϲ

ϲϭ͘ϵ

ϲϰ͘ϱ

ϰϵ͘ϰ

ϱϬ͘Ϯ

ϵϲ͘ϵ

ϵϱ͘ϭ

DĂǆŝŵƵŵĐĐĞůĞƌĂƚŝŽŶ

ƌĂĚͬƐϮ ϭ͘ϳϱϵͲϬϰ

ϭ͘ϬϵϳͲϬϰ

Ϯ͘ϰϳϴͲϬϰ

ϰ͘ϱϲϳͲϬϰ

ϯ͘ϬϮϯͲϬϰ

Ϯ͘ϱϮϯͲϬϰ

ϭ͘ϬϭϵͲϬϯ

ϱ͘ϰϴϳͲϬϰ

ϵ͘ϮϰϲͲϬϰ

ϰ͘ϳϲϬͲϬϰ

Ϯ͘ϱϬϳͲϬϯ

ϳ͘ϬϰϮͲϬϯ

DĂǆŝŵƵŵsĞůŽĐŝƚǇ

ƌĂĚͬƐ ϭ͘ϯϮϮͲϬϱ

ϳ͘ϵϰϲͲϬϲ

ϭ͘ϱϯϴͲϬϱ

Ϯ͘ϱϴϳͲϬϱ

ϭ͘ϴϲϳͲϬϱ

Ϯ͘ϭϬϱͲϬϱ

ϰ͘ϯϱϵͲϬϱ

ϰ͘ϳϱϴͲϬϱ

ϳ͘ϭϭϬͲϬϱ

ϰ͘ϲϭϯͲϬϱ

ϭ͘ϭϵϱͲϬϰ

Ϯ͘ϰϲϬͲϬϰ

DĂǆŝŵƵŵZŽƚĂƚŝŽŶ

ƌĂĚ

ϭ͘ϬϭϯͲϬϱ

ϱ͘ϮϭϰͲϬϲ

ϯ͘ϯϭϮͲϬϲ

ϱ͘ϰϬϵͲϬϲ

ϵ͘ϴϮϯͲϬϲ

ϭ͘ϬϰϳͲϬϱ

ϯ͘ϭϳϰͲϬϱ

ϯ͘ϬϯϴͲϬϱ

Ϯ͘ϭϵϱͲϬϱ

ϭ͘ϲϴϬͲϬϱ

Ϯ͘ϮϮϳͲϬϱ

Ϯ͘ϱϴϰͲϬϱ

ƌŝĂƐ/ŶƚĞŶƐŝƚǇ

ƌĂĚͬƐ ϲ͘ϮϭϲͲϬϵ

ϱ͘ϮϬϳͲϬϵ

ϭ͘ϵϮϳͲϬϴ

ϰ͘ϮϳϲͲϬϴ

ϭ͘ϯϳϯͲϬϴ

Ϯ͘ϬϱϱͲϬϴ

ϭ͘ϯϲϴͲϬϳ

ϭ͘ϬϬϳͲϬϳ

ϭ͘ϴϱϰͲϬϳ

ϵ͘ϯϯϳͲϬϴ

Ϯ͘ϯϮϯͲϬϲ

ϭ͘ϱϲϮͲϬϱ

s

ƌĂĚͬƐ ϭ͘ϳϴϰͲϬϯ

ϭ͘ϮϭϰͲϬϯ

Ϯ͘ϯϭϰͲϬϯ

ϯ͘ϮϱϯͲϬϯ

ϭ͘ϴϭϰͲϬϯ

Ϯ͘ϬϵϲͲϬϯ

ϱ͘ϰϳϭͲϬϯ

ϰ͘ϳϭϵͲϬϯ

ϱ͘ϮϴϰͲϬϯ

ϯ͘ϲϯϴͲϬϯ

ϯ͘ϬϵϳͲϬϮ

ϳ͘ϭϵϰͲϬϮ

ĨĨĞĐƚŝǀĞƵƌĂƚŝŽŶ

Ɛ

ϳϳ͘ϴ

ϰϬ͘ϭ

ϮϮ͘ϵ

Ϯϵ͘ϴ

ϯϭ͘Ϯ

ϰϴ͘ϱ

ϴϭ͘ϲ

Ϯϴ͘ϳ

ϭϵ͘ϳ

ϱϲ͘ϵ

ϰϰ͘ϴ

DĂǆŝŵƵŵĐĐĞůĞƌĂƚŝŽŶ

ƌĂĚͬƐϮ ϭ͘ϱϬϰͲϬϱ

ϳ͘ϬϴϬͲϬϲ

ϱ͘ϯϭϬͲϬϲ

ϲ͘ϴϳϱͲϬϲ

ϲ͘ϱϵϱͲϬϲ

ϲ͘ϲϵϯͲϬϲ

ϴ͘ϰϭϰͲϬϱ

ϭ͘ϱϴϳͲϬϰ

ϴ͘ϵϱϮͲϬϱ

ϴ͘ϲϵϴͲϬϱ

ϴ͘ϴϱϵͲϬϱ

ϵ͘ϮϭϴͲϬϱ

DĂǆŝŵƵŵsĞůŽĐŝƚǇ

ƌĂĚͬƐ ϭ͘ϭϳϮͲϬϱ

ϱ͘ϴϮϮͲϬϲ

ϰ͘ϬϰϯͲϬϲ

ϱ͘ϳϲϮͲϬϲ

ϳ͘ϵϬϱͲϬϲ

ϴ͘ϭϰϴͲϬϲ

ϯ͘ϰϬϭͲϬϱ

ϯ͘ϬϬϭͲϬϱ

Ϯ͘ϰϯϰͲϬϱ

Ϯ͘ϰϵϭͲϬϱ

ϯ͘ϵϴϮͲϬϱ

ϯ͘ϯϵϵͲϬϱ

DĂǆŝŵƵŵZŽƚĂƚŝŽŶ

ƌĂĚ

ϵ͘ϵϰϮͲϬϲ

ϰ͘ϵϮϳͲϬϲ

ϯ͘ϭϰϭͲϬϲ

ϰ͘ϳϱϮͲϬϲ

ϵ͘ϴϭϱͲϬϲ

ϭ͘ϬϯϭͲϬϱ

Ϯ͘ϲϳϳͲϬϱ

Ϯ͘ϮϴϵͲϬϱ

ϭ͘ϯϯϲͲϬϱ

ϭ͘ϰϳϬͲϬϱ

ϭ͘ϴϵϲͲϬϱ

ϭ͘ϱϳϰͲϬϱ

ƌŝĂƐ/ŶƚĞŶƐŝƚǇ

ƌĂĚͬƐ ϭ͘ϴϰϱͲϭϬ

ϯ͘ϵϵϯͲϭϭ

Ϯ͘ϱϰϮͲϭϭ

ϯ͘ϴϮϱͲϭϭ

ϯ͘ϱϵϴͲϭϭ

ϯ͘ϳϯϵͲϭϭ

ϰ͘ϴϱϯͲϬϵ

ϲ͘ϯϬϱͲϬϵ

ϯ͘ϱϬϴͲϬϵ

Ϯ͘ϴϬϳͲϬϵ

ϭ͘ϱϰϯͲϬϴ

ϭ͘ϰϰϴͲϬϴ

s

ƌĂĚͬƐ Ϯ͘ϮϬϯͲϬϰ

ϴ͘ϳϭϵͲϬϱ

ϳ͘ϴϲϳͲϬϱ

ϴ͘ϴϯϰͲϬϱ

ϴ͘ϮϲϮͲϬϱ

ϴ͘ϯϳϳͲϬϱ

ϭ͘ϮϱϬͲϬϯ

ϭ͘ϯϭϴͲϬϯ

ϴ͘ϭϰϮͲϬϰ

ϳ͘ϱϱϱͲϬϰ

ϯ͘ϳϯϲͲϬϯ

ϯ͘ϯϴϳͲϬϯ

ĨĨĞĐƚŝǀĞƵƌĂƚŝŽŶ

Ɛ

ϭϱ͘Ϯ

Ϯϭ͘ϱ

ϭϳ͘Ϭ

ϭϰ͘ϯ

ϭϰ͘ϭ

ϱϳ͘ϲ

ϭϯϳ͘ϱ

ϯϬ͘ϵ

ϯϳ͘Ϯ

ϭϴϵ͘ϭ

ϭϲϬ͘ϭ

DĂǆŝŵƵŵĐĐĞůĞƌĂƚŝŽŶ

ƌĂĚͬƐϮ ϭ͘ϳϱϴͲϬϰ

ϭ͘ϬϵϲͲϬϰ

Ϯ͘ϰϳϱͲϬϰ

ϰ͘ϱϲϲͲϬϰ

ϯ͘ϬϭϬͲϬϰ

Ϯ͘ϱϭϯͲϬϰ

ϭ͘ϬϮϴͲϬϯ

ϱ͘ϮϰϭͲϬϰ

ϴ͘ϱϴϳͲϬϰ

ϰ͘ϵϮϬͲϬϰ

Ϯ͘ϱϭϮͲϬϯ

ϳ͘ϬϱϱͲϬϯ

DĂǆŝŵƵŵsĞůŽĐŝƚǇ

ƌĂĚͬƐ ϴ͘ϬϱϵͲϬϲ

ϴ͘ϬϵϮͲϬϲ

ϭ͘ϱϯϯͲϬϱ

Ϯ͘ϱϴϳͲϬϱ

ϭ͘ϴϯϰͲϬϱ

Ϯ͘ϭϰϵͲϬϱ

ϰ͘ϰϲϲͲϬϱ

ϰ͘ϲϬϳͲϬϱ

ϲ͘ϲϳϬͲϬϱ

ϰ͘ϴϯϲͲϬϱ

ϭ͘ϬϵϮͲϬϰ

Ϯ͘ϰϮϮͲϬϰ

DĂǆŝŵƵŵZŽƚĂƚŝŽŶ

ƌĂĚ

ϭ͘ϴϯϭͲϬϲ

ϭ͘ϯϯϭͲϬϲ

ϯ͘ϬϰϬͲϬϲ

ϯ͘ϬϴϱͲϬϲ

ϭ͘ϵϱϳͲϬϲ

Ϯ͘ϰϬϱͲϬϲ

ϭ͘ϵϲϴͲϬϱ

ϭ͘ϴϱϵͲϬϱ

ϭ͘ϮϱϵͲϬϱ

ϴ͘ϬϲϲͲϬϲ

ϭ͘ϴϭϴͲϬϱ

ϭ͘ϵϳϯͲϬϱ

ƌŝĂƐ/ŶƚĞŶƐŝƚǇ

ƌĂĚͬƐ ϲ͘ϬϮϯͲϬϵ

ϱ͘ϭϲϯͲϬϵ

ϭ͘ϵϮϱͲϬϴ

ϰ͘ϮϳϭͲϬϴ

ϭ͘ϯϲϵͲϬϴ

Ϯ͘ϬϱϭͲϬϴ

ϭ͘ϮϴϵͲϬϳ

ϵ͘ϮϵϭͲϬϴ

ϭ͘ϳϴϳͲϬϳ

ϴ͘ϵϰϴͲϬϴ

Ϯ͘ϯϬϲͲϬϲ

ϭ͘ϱϲϬͲϬϱ

s

ƌĂĚͬƐ ϭ͘ϲϴϴͲϬϯ

ϭ͘ϭϳϬͲϬϯ

Ϯ͘ϯϬϯͲϬϯ

ϯ͘ϮϯϵͲϬϯ

ϭ͘ϴϬϱͲϬϯ

Ϯ͘ϬϵϭͲϬϯ

ϱ͘ϬϴϵͲϬϯ

ϰ͘ϭϴϬͲϬϯ

ϱ͘ϭϰϭͲϬϯ

ϯ͘ϰϭϱͲϬϯ

Ϯ͘ϵϲϴͲϬϮ

ϳ͘ϭϮϴͲϬϮ

ĨĨĞĐƚŝǀĞƵƌĂƚŝŽŶ

Ɛ

ϲϳ͘ϲ

ϰϬ͘Ϭ

ϮϮ͘ϳ

Ϯϵ͘ϳ

ϯϭ͘ϭ

ϯϲ͘ϲ

ϳϳ͘ϳ

Ϯϴ͘ϴ

ϭϴ͘Ϭ

ϱϰ͘ϳ

ϰϰ͘ϳ

ϭϬϬ͘Ϭ

Ϯϯ͘Ϭ

ϲϳ͘Ϭ

7DEOH5HFRUGVHWIRU,'$,QWHQVLW\PHDVXUHVIRUWUDQVODWLRQDODQGURWDWLRQDOFRPSRQHQWV

6RPHDGGLWLRQDOFRPPHQWVGHVHUYHWREHQRWHGIRUWKHVHOHFWHGUHFRUGV
x 0RWLRQݑௐ LVXVHGDVUHIHUHQFHPRWLRQIRUVFDOLQJWKLVLVWKHPRWLRQWKDWZRXOGEHIHOW
E\WKHVWUXFWXUHLIQRHIIHFWRIVXUIDFHZDYHVZHUHWREHFRQVLGHUHGIRUWKHWUDQVODWLRQDO
FRPSRQHQWDQGLIURFNLQJ ߠ ሻZHUHWREHQHJOHFWHGIROORZLQJ%LRW¶VSULQFLSOH,QFL
GHQFHRIVXUIDFHZDYHVZLOOPRGLI\WKHKRUL]RQWDOPRWLRQIURPݑௐ WR୲ݑ୭୲ PRUHRYHU
LWZLOOLQGXFHWKHDPSOLILHGURWDWLRQDOPRWLRQߠ୲୭୲  ZLWKUHVSHFWWRߠ 
x 7KH HIIHFWLYH GXUDWLRQV HVSHFLDOO\ IRU PRWLRQ୲ݑ୭୲  DUH SDUWLFXODUO\ ODUJH ZLWK YDOXHV
WKDWPD\H[FHHGPLQDWOHDVWIRURQHUHFRUG &+%ݐ ൌV 7KLVLVEHFDXVHHP
SKDVLVLVWREHJLYHQLQWKHVXUIDFHZDYHFRPSRQHQWZKLFKLVFKDUDFWHUL]HGE\ORZIUH
TXHQFLHV EHORZ+] WKDWWHQGWRLQFUHDVHGXUDWLRQLIVHYHUDOF\FOHVDUHFRQWDLQHGLQWKH
VLJQDO
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x $FFRUGLQJO\WLPHVWHSݐXVHGIRUWKHGHILQLWLRQRIVLJQDOVLVUDWKHUODUJH UDQJLQJEH
WZHHQPVHFDQGPVHFZLWKFRUUHVSRQGLQJ1\TXLVWIUHTXHQFLHV݂ UDQJLQJEHWZHHQ
+]DQG+] 7KLVLPSOLHVWKDWKLJKIUHTXHQF\FRQWHQWLVSRRUO\GHVFULEHGLQWKH
VLJQDOVEXWWKLVLVDGHOLEHUDWHFKRLFHIRUUHGXFLQJWKHQXPEHURIWLPHVWHSVDQGDFFRUG
LQJO\FRPSXWDWLRQDOFRVW
x 7RWDOURWDWLRQVߠ୲୭୲ LQWKHVHOHFWHGVLJQDOVDUHUDWKHUOLPLWHGDQGWKLVLVOLQHZLWK%LRW¶V
SULQFLSOH ZKLFK SRVWXODWHV TXDVLQHJOLJLEOH URFNLQJ PRWLRQV )RU H[DPSOH UHFRUG
&+%SUHVHQWVሼߠ୲୭୲ሽ ൎHUDGZKLFKDIWHUVFDOLQJIRUWKHKLJKHVWLQWHQVLW\OHYHO
ሼݑሷ  ሽ J \LHOGVሼߠ୲୭୲ ሽ ൌൈൈHUDG PUDG7KLVYDOXHFRU
UHVSRQGVWRDQLPSRVHGGULIWDWWKHEDVHRIWKHS\ORQRIRQO\Å
)LJXUHSUHVHQWVWKHUHVSRQVHVSHFWUDRIWKHVLJQDOVIRUPRWLRQVݑ ୲ݑ୭୲ DQGߠ୲୭୲ DIWHU
VFDOLQJ RIݑ WR J &KDUDFWHULVWLF IUHTXHQFLHV RI ݑ PRWLRQV DUH FRQWDLQHG EHWZHHQ
+]DQG+])RU୲ݑ୭୲ WKLVLQWHUYDOLQFUHDVHVIURP+]WR+]ZLWKKLJKHUVSHFWUDODFFHO
HUDWLRQVHVSHFLDOO\IRUWKHILUVWFKDUDFWHULVWLFSHDNRIWKHVSHFWUXP&KDUDFWHULVWLFIUHTXHQFLHV
IRUWRWDOURWDWLRQVDUHEHWZHHQ+]DQG+])LQDOO\LWLVLQWHUHVWLQJWRQRWHWKDWDOWKRXJKDOO
ݑ PRWLRQVDUHVFDOHGDWJ3*$YDOXHVIRU୲ݑ୭୲ PD\UDQJHIURPJWRJWKHGLIIHU
HQFHKLJKOLJKWLQJWKHLQFUHDVHLQ3*$GXHWRWKHVXUIDFHZDYHFRPSRQHQW
,WLVUHFDOOHGWKDW,'$DQDO\VHVDUHSHUIRUPHGIRUWKUHHKLHUDUFKLFDOPRWLRQVFHQDULRV
x 6FHQDULR2QO\KRUL]RQWDOWUDQVODWLRQݑ LVDSSOLHGDWWKHS\ORQEDVH
x 6FHQDULR2QO\KRUL]RQWDOWUDQVODWLRQ୲ݑ୭୲ LVDSSOLHGDWWKHS\ORQEDVHVFHQDULRDGGV
WKHWUDQVODWLRQVXUIDFHZDYHHIIHFWZLWKUHVSHFWWRVFHQDULR
x 6FHQDULR+RUL]RQWDOWUDQVODWLRQ୲ݑ୭୲ DQGURWDWLRQߠ୲୭୲ DUHDSSOLHGDWWKHEDVHVFHQDULR
DGGVWKHWRWDOURWDWLRQDOHIIHFWZLWKUHVSHFWWRVFHQDULR

୲ݑ୭୲ 

ݑ 

ߠ୲୭୲ 

D

E

F

)LJXUH5HFRUGVHWIRU,'$ D 5HVSRQVHVSHFWUDRIKRUL]RQWDOWUDQVODWLRQVZLWKRXW6: PRWLRQݑ ሻVFDOHGDW
PVð E 5HVSRQVHVSHFWUDRIWRWDOKRUL]RQWDOWUDQVODWLRQV PRWLRQ୲ݑ୭୲ ሻ F 5HVSRQVHVSHFWUDRIWRWDOURWDWLRQV
PRWLRQߠ୲୭୲ ሻ

 ,03/(0(17$7,21$1'5(68/76
2UJDQL]DWLRQRIFRPSXWDWLRQVDQGUHVXOWV
7KHFRPSXWDWLRQVUHTXLUHGIRU,'$DQDO\VHVDUHSHUIRUPHGZLWKRSHQVRXUFH)(0SODWIRUP
&RGHB$67(5>@7KHWRWDOQXPEHURISHUIRUPHGDQDO\VHVLVܰ S\ORQFRQILJXUDWLRQVൈ
H[FLWDWLRQVFHQDULRVൈUHFRUGVൈLQWHQVLW\PHDVXUHV QRQOLQHDUDQDO\VHV7KHFDOFX
ODWLRQVDUHSHUIRUPHGLQWLPHGRPDLQXQGHUWKHDVVXPSWLRQRIVPDOOGLVSODFHPHQWV
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,'$DQDO\VHVJLYHULVHWRVRFDOOHG,'$FXUYHVZKLFKSUHVHQWWKHHYROXWLRQRIDJLYHQGDP
DJHPHDVXUH '0 RUSHUIRUPDQFHFULWHULRQDVIXQFWLRQRIDSUHVHOHFWHGLQWHQVLW\PHDVXUH)RO
ORZLQJ>@VHYHQGDPDJHPHDVXUHV '0 DUHXVHGIRUSURGXFLQJ,'$FXUYHVDQGSURELQJWKH
SHUIRUPDQFHRIEULGJHS\ORQLQQRQOLQHDUUDQJH7KHVHOHFWHG'0VDUH DFURQ\PVDUHSURYLGHG
LQSDUHQWKHVHV 
 0D[LPXPWRWDOGULIWRIWKHGHFN 07' WKDWLVREWDLQHGIURPWKHVXPRIWKUHHFRPSR
QHQWVKRUL]RQWDOGLVSODFHPHQWRIWKHIRXQGDWLRQIRXQGDWLRQURWDWLRQDQGVWUXFWXUDOGULIW
GXHWRSLHUGHIRUPDWLRQ
 0D[LPXPVWUXFWXUDOGULIWRIWKHGHFN 06' WKLVLVWKHFRPSRQHQWRIGHFNGLVSODFH
PHQWZKLFKLVGXHH[FOXVLYHO\WRSLHUGHIRUPDWLRQ
 5HVLGXDOWRWDOGULIWRIWKHGHFN 57' WKLVLVGHFNGLVSODFHPHQWREWDLQHGDWWKHHQGRI
H[FLWDWLRQ$VVXPLQJWKDWS\ORQYLEUDWLRQKDVEHHQFRPSOHWHGDWWKHHQGRIQRQOLQHDU
DQDO\VLV57'FRUUHVSRQGVWRWKHLUUHYHUVLEOHFRPSRQHQWVGXHWRVOLGLQJDQGSHUPDQHQW
URWDWLRQDWWKHIRXQGDWLRQDQGDOVRGXHWRSHUPDQHQWVWUXFWXUDOGULIWRIWKHSLHU
 5HVLGXDOVWUXFWXUDOGULIWRIWKHGHFN 56' ZKLFKFDQEHKLJKLIWKHSLHUUHVSRQVHLV
VWURQJO\QRQOLQHDU
 0D[LPXPGXFWLOLW\GHPDQG '' REWDLQHGDWWKHEDVHRIWKHS\ORQGHILQHGDV
 ൌ  ൜ͳǢ

ሺ௧ሻ


ൠ



ZKHUHߢሺݐሻWKHGHYHORSHGFXUYDWXUHDWWKHS\ORQEDVHDQGߢ௬ WKH\LHOGFXUYDWXUHFRUUH
VSRQGLQJWRWKHILUVWH[FHHGDQFHRI\LHOGVWUHVVLQWKHRXWHUILEHURISLHUVHFWLRQ,I''
WKHUHVSRQVHLVHODVWLF
 0D[LPXPPRPHQW 00 GHYHORSHGDWWKHEDVHRIWKHSLHU
 $FFXPXODWHG IRXQGDWLRQ VHWWOHPHQW )6  DW WKH HQG RI ORDGLQJ 3URQRXQFHG )6 LV DQ
LQGLFDWRURIDEHDULQJIDLOXUHDWWKHIRXQGDWLRQ HYHQWXDOO\FRPELQHGZLWKVLJQLILFDQW
SHUPDQHQWURWDWLRQ
7KHSURYLGHG'DPDJH0HDVXUHVFKDUDFWHUL]HWKHJOREDOEHKDYLRUDQGDOORZLGHQWLI\LQJVLJ
QLILFDQWQRQOLQHDUUHVSRQVHDWWKHSLHURUDWWKHIRXQGDWLRQ*OREDOSDUDPHWHUVDUH07'DQG
57'3DUDPHWHUVSHUWDLQLQJWRWKHVXSHUVWUXFWXUHDUH06'56'''DQG00)LQDOO\)6LV
DQ LQGLFDWRU RI GDPDJH OHYHO DW WKH IRXQGDWLRQ ,Q ZKDW UHJDUGV WKH GHILQLWLRQ RI LQWHQVLW\
PHDVXUHVZHSURYLGHWKH,'$FXUYHVHWSHUWDLQLQJWRWKHEDVLF,0XVHGIRUVFDOLQJZKLFKLV
3*$RIPRWLRQݑ 
,'$FXUYHVIRUJOREDO'0V
)LJXUHVDQGSUHVHQWWKHREWDLQHG,'$FXUYHVIRUWKHWZRJOREDO'0VQDPHO\PD[LPXP
WRWDOGULIW 07' DQGUHVLGXDOWRWDOGULIW 57' RIEULGJHGHFN)RUSUHVHQWDWLRQRI,'$FXUYHV
WKHVDPHILJXUHVHWXSLVDOZD\VDGRSWHG(DFKSUHVHQWHGILJXUHFRQWDLQVWZRSORWVLQWKHOHIW
VLGHUHVXOWVIRU36 VPDOOIRXQGDWLRQ DUHSORWWHGLQWKHULJKWVLGHIRU3/ ODUJHIRXQGD
WLRQ  ,'$ FXUYHV DUH SORWWHG LQ VSDFH ^'0 ,0` ZKHUH KRUL]RQWDO D[LV FRUUHVSRQGV WR WKH
VWXGLHG'0DQGYHUWLFDOD[LVWRWKHVHOHFWHG,0ZKLFKLV3*$RIݑௐ YDU\LQJIURPJWR
J(DFKSORWFRQWDLQVWKHIROORZLQJGDWD
 7KHUDZGDWDIURPWUDQVLHQWDQDO\VHVFRUUHVSRQGLQJWRVFHQDULRVLQWHQVLW\OHYHOVDQG
UHFRUGV7KHVHGDWDDUHSORWWHGDVJUH\FLUFOHVHDFKSORWFRQWDLQVGDWDSRLQWV
 )RUHDFKH[FLWDWLRQVFHQDULRDVWDWLVWLFDOWUHDWPHQWDOORZVSORWWLQJWKHPHGLDQYDOXHWR
JHWKHUZLWKDQGSHUFHQWLOHVRIVWXGLHG'0DVIXQFWLRQRILQFUHDVLQJ,00H
GLDQYDOXHVDUHSUHVHQWHGZLWK FRQWLQXRXV OLQHVSHUFHQWLOHVDUHSUHVHQWHGZLWK GRWWHG
OLQHV(DFKH[FLWDWLRQVFHQDULRLVUHSUHVHQWHGE\DVSHFLILFFRORU6FHQDULR H[FLWDWLRQ
ZLWKݑௐ LVUHSUHVHQWHGLQEOXHVFHQDULR H[FLWDWLRQZLWK୲ݑ୭୲ LVUHSUHVHQWHGLQJUHHQ
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VFHQDULR H[FLWDWLRQZLWK୲ݑ୭୲ DQGߠ୲୭୲ LVUHSUHVHQWHGLQUHG,QWKHIROORZLQJZHPD\
UHIHUWRVFHQDULRDV6& UHVSHFWLYHO\IRUDQG 6&ZLOOLQGLFDWHVFHQDULRVDQG
WRJHWKHU

^ϭ
^Ϯ
^ϯ

^ϭ
^Ϯ
^ϯ

)LJXUH,'$FXUYHIRUJOREDOSDUDPHWHU07' 0D[LPXPWRWDOGULIW 

,'$FXUYHVIRUJOREDOSDUDPHWHU07'DVSUHVHQWHGRQ)LJXUHLQGLFDWHDVKDUSFRQWUDVW
LQ UHVSRQVH IRU WKH WZR VWXGLHG FRQILJXUDWLRQV )RU 36 PD[LPDO 07' FDQ EH DV KLJK DV
PIRUWKHPRVWFULWLFDOGDWDSRLQW'HVSLWHWKHIDFWWKDWWKLVLVDQLVRODWHGYDOXHLWFHUWDLQO\
LQGLFDWHV GHYHORSPHQW RI D EHDULQJ IDLOXUH PHFKDQLVP DW IRXQGDWLRQ OHYHO DFFRPSDQLHG E\
SURQRXQFHGURWDWLRQV)RU3/PD[LPDO07'LVPDQGWKLVLVGXHWRQRQOLQHDUSLHUUHVSRQVH
LQEHQGLQJ)RU36PHGLDQFXUYHVDUHDOOLQFUHDVLQJZLWKLQFUHDVLQJ,0DQGLWLVLQWHUHVWLQJ
WRQRWHWKDWXSWRJWKHUHLVOLWWOHGLIIHUHQFHEHWZHHQ6&DQG6&%H\RQGJKRZHYHU
WKHGLIIHUHQFHEHWZHHQWKHWKUHHVFHQDULRVLVPRUHSURQRXQFHGDQGRQHFDQQRWLFHDQLQLWLDO
LQFUHDVHIURP6&WR6&WKHQDQDGGLWLRQDOGLVWUHVVZKHQSDVVLQJWR6&7KLVLQGLFDWHVWKDW
ERWKWKHWRWDOURWDWLRQDOFRPSRQHQWDQGWKHWUDQVODWLRQDOFRPSRQHQWRIVXUIDFHZDYHVFDQKDYH
DQLPSDFWRQWKHUHVSRQVHIRUYHU\VWURQJHYHQWVLQFDVHRI\LHOGLQJIRXQGDWLRQV\VWHPV2Q
WKHFRQWUDU\LQ3/PHGLDQFXUYHVVKRZDVOLJKWLQFUHDVHLQ07'ZKHQSDVVLQJIURP6&
WR6&EXWQRDGGLWLRQDOGLVWUHVVZKHQSDVVLQJWR6&$FWXDOO\6&FXUYHVDUHVWULFWO\VXSHU
LPSRVHGWR6&FXUYHVLPSO\LQJWKDWWKHFRQVLGHUDWLRQRIߠ୲୭୲ KDVQRLPSDFWRQWKHILQDOUHVXOW
HYHQIRUYHU\KLJKLQWHQVLWLHV)LQDOO\WKHH[WHQWRISHUFHQWLOHFXUYHVLVDQLQGLFDWRURIYDULD
ELOLW\LQUHVSRQVH,Q366&SUHVHQWFOHDUO\ODUJHUYDULDELOLWLHVWKDQ6&DQGWKLVLVGXH
WRKLJKO\QRQOLQHDUIRXQGDWLRQUHVSRQVH)RU3/WKHUHLVVWLOODGLIIHUHQFHLQYDULDELOLW\EH
WZHHQ6&DQG6&EXWLWLVOHVVSURQRXQFHG

^ϭ
^Ϯ
^ϯ

^ϭ
^Ϯ
^ϯ

)LJXUH,'$FXUYHIRUJOREDOSDUDPHWHU57' 5HVLGXDOWRWDOGULIW 
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)LJXUHSUHVHQWVWKHREWDLQHG,'$FXUYHVIRUUHVLGXDOWRWDOGULIW 57' $JDLQWKHSHUIRU
PDQFHRI36LVPXFKPRUHFULWLFDOWKDQIRU3/7KHPD[LPDOREWDLQHG57'YDOXHIRU36
FDQEHDVKLJKDVPRUPRUHIRUDYHU\VWURQJHDUWKTXDNHDQGREYLRXVO\WKLVFRUUHVSRQGVWRD
IDLOXUHDWIRXQGDWLRQOHYHOWKDWOHDGVWRQRQWROHUDEOHUHVLGXDOGLVSODFHPHQWVDWEULGJHGHFN,Q
WHUPVRIPHDQYDOXHVLWLVLQWHUHVWLQJWRQRWHWKDW6&OHDGVWR57'VWKDWLQFUHDVHVOLJKWO\ZLWK
LQWHQVLW\DQGUHPDLQOHVVWKDQPHYHQDWJ:KHQWKHHIIHFWRIVXUIDFHZDYHVLVFRQVLGHUHG
6& 57'PD\EHLQFUHDVHGE\IDFWRURUPRUHZLWKUHVSHFWWR6&5RFNLQJFRPSRQHQW
6& FDQOHDGWRHYHQKLJKHU57'YDOXHVIRUYHU\VWURQJHYHQWV
57'HYROXWLRQIRU3/VHHPVWRUHPDLQLQGHSHQGHQWRIFRQVLGHUHGVFHQDULRIRULQWHQVLWLHV
XSWRJ,WLVQHHGHGWRUHDFKJWRVHHDGLIIHUHQFHEHWZHHQ 6&DQG6&$VIRU
07'6&DUHVWULFWO\VXSHULPSRVHG ERWKPHGLDQDQGSHUFHQWLOHFXUYHVDUHDOPRVWLGHQWLFDO 
,'$FXUYHVIRUVWUXFWXUDO'0V
)LJXUHVWRSUHVHQW,'$FXUYHVIRUIRXU'0VSHUWDLQLQJWRWKHUHVSRQVHRIWKHSLHUQDPHO\
PD[LPXPVWUXFWXUDOGULIW 06' UHVLGXDOVWUXFWXUDOGULIW 56' GXFWLOLW\GHPDQGDWS\ORQEDVH
''  DQG PD[LPXP GHYHORSHG EHQGLQJ PRPHQW DW WKH EDVH 00  $OO IRXU '0V DUH FOHDU
LQGLFDWRUVRIWKH³LVRODWLRQHIIHFW´RIIHUHGE\WKHUHGXFHGIRXQGDWLRQGHVLJQLQ36DVFRP
SDUHGWR3/

^ϭ
^Ϯ
^ϯ

^ϭ
^Ϯ
^ϯ

)LJXUH,'$FXUYHIRUVWUXFWXUDOSDUDPHWHU06' 0D[LPXP6WUXFWXUDO'ULIW 

^ϭ
^Ϯ
^ϯ

^ϭ
^Ϯ
^ϯ

)LJXUH,'$FXUYHIRUVWUXFWXUDOSDUDPHWHU56' 5HVLGXDO6WUXFWXUDO'ULIW 

0RUHVSHFLILFDOO\)LJXUHSUHVHQWV,'$FXUYHVIRUPD[LPXPVWUXFWXUDOGULIW 06' )RU
3606'YDOXHVDUHOLPLWHGQRWH[FHHGLQJFPIRUWKHPRVWVHYHUHFDVHLQWKHGDWDVHW2Q
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WKH FRQWUDU\ 06' YDOXHV IRU 3/ FDQ EH DV KLJK DV P LVRODWHG GDWD SRLQW  ,Q WHUPV RI
LQIOXHQFHRIVXUIDFHZDYHV06'LQFUHDVHVVOLJKWO\IURP6&WR6&DQGWKHQWR6&IRU36
IRUDOOLQWHQVLWLHVEH\RQGJ,QWKHFDVHRI3/6&DUHVWULFWO\VXSHULPSRVHG ERWKPH
GLDQDQGSHUFHQWLOHFXUYHV 7KHSDVVDJHIURP6&WR6&OHDGVWRDQLQFUHDVHLQGLVWUHVVZKLFK
LVDPSOLILHGDVLQWHQVLW\LQFUHDVHV
)LJXUHSUHVHQWV,'$FXUYHVIRUUHVLGXDOVWUXFWXUDOGULIW 56' ,WLVUHFDOOHGWKDWUHVLGXDO
YDOXHVDUHWKHRQHVREWDLQHGDWWKHHQGRIWUDQVLHQWDQDO\VLVDQGLWLVVXSSRVHGWKDWS\ORQYLEUD
WLRQ KDV EHHQ FRPSOHWHG )RU 36 PHGLDQ 56' YDOXHV RQ )LJXUH  DUH OHVV WKDQ FP DQG
SUHVHQWVLJQLILFDQWYDULDELOLW\WKHVHYDOXHVDUHDFWXDOO\³VSXULRXV´DQGRULJLQDWHIURPWKHIDFW
WKDWS\ORQYLEUDWLRQKDVQRWEHHQSHUIHFWO\GLVVLSDWHGE\WKHILQDOWLPHVWHSLQWUDQVLHQWDQDO\VHV
LIWKHDQDO\VHVZHUHWREHFRQWLQXHGIXUWKHU56'FXUYHVIRU36ZRXOGEHH[FHSWHGWRIDOO
LGHQWLFDOO\WR]HUR5HVXOWVIRU3/DUHDOPRVWLGHQWLFDOWRWKHUHVXOWVIRU57'SUHVHQWHGRQ
)LJXUH7KLVLPSOLHVWKDW57'LQFDVHRI3/LVRQO\REWDLQHGIURPWKHVWUXFWXUDOFRPSRQHQW
ZKLOHWKHIRXQGDWLRQFRQWULEXWLRQLVQHJOLJLEOH DVH[SHFWHGVLQFHWKHIRXQGDWLRQUHVSRQVHLV
TXDVLOLQHDU 

^ϭ
^Ϯ
^ϯ

^ϭ
^Ϯ
^ϯ

)LJXUH,'$FXUYHIRUVWUXFWXUDOSDUDPHWHU'' 'XFWLOLW\'HPDQGDWSLHUEDVH 
^ϭ
^Ϯ
^ϯ

^ϭ
^Ϯ
^ϯ

)LJXUH,'$FXUYHIRUVWUXFWXUDOSDUDPHWHU00 0D[LPXPEHQGLQJPRPHQWDWSLHUEDVH 

)LJXUHSUHVHQWV,'$FXUYHVIRUGXFWLOLW\GHPDQG '' DWWKHS\ORQEDVH7KHUHVXOWIRU
36LVYHU\FOHDUDOO''VDUHVWULFWO\HTXDOWRZKLFKPHDQVWKDWWKHS\ORQUHVSRQVHUHPDLQV
HODVWLF IRU DOO LQWHQVLW\ OHYHOV 7KLV D FOHDU PDQLIHVWDWLRQ RI WKH ³FDSDFLW\GHVLJQ´ DSSURDFK
ZKLFKJXLGHVDOOGDPDJHWRDVWUXFWXUDOHOHPHQW KHUHWKHIRXQGDWLRQ DQGWKXVSURWHFWVDQRWKHU
VWUXFWXUDOHOHPHQW KHUHWKHSLHU ,QFDVHRI3/³FDSDFLW\GHVLJQ´LVLQYHUVHG&RQVHTXHQWO\
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PHGLDQ''FXUYHVDWWKHS\ORQEDVHDUHTXLFNO\UDLVLQJZLWKLQWHQVLW\OHYHODQGPD\UHDFKWKH
YDOXHIRU6&DWJ7KHHIIHFWRIVXUIDFHZDYHVLQFUHDVHVHYHQIXUWKHUPHGLDQ''YDOXHV
H[FHHGLQJWKHYDOXHDWJ$VLQWKHSUHYLRXVFDVHVIRU3/6&DUHVXSHULPSRVHGWKH
HIIHFWRIVXUIDFHZDYHVFRPHVIURPWKHWUDQVODWLRQDOFRPSRQHQW7KHURWDWLRQDOFRPSRQHQWLQ
GXFHVQRIXUWKHUGLVWUHVVRQWKHV\VWHP
)LJXUHSUHVHQWVWKHREWDLQHG,'$FXUYHVIRUPD[LPXPEHQGLQJPRPHQWGHYHORSHGDWWKH
S\ORQEDVH 00 $QLQWHUHVWLQJIHDWXUHRIWKHVHFXUYHVLVWKDWFRQWUDU\WRWKHSUHYLRXVO\H[
DPLQHG '0V KHUH WKH YDULDELOLW\ LV ODUJHU IRU VPDOOHU LQWHQVLWLHV $V ,0 LV LQFUHDVHG ,'$
FXUYHV ERWKPHGLDQDQGSHUFHQWLOHV WHQGDV\PSWRWLFDOO\WRDFKDUDFWHULVWLFYDOXH)RU36
WKLVYDOXHLV01P cf7DEOHE DQGFRUUHVSRQGVWRWKHIRXQGDWLRQRYHUWXUQLQJPRPHQW
FDSDFLW\)RU3/WKLVYDOXHLVDOPRVW01PDQGFRUUHVSRQGVWRWKHEHQGLQJPRPHQWFD
SDFLW\RIWKH SLHU5HFDOO WKDWIRU3/WKHRYHUWXUQLQJ FDSDFLW\DW WKHIRXQGDWLRQLV 
01P cf7DEOHE 
,'$FXUYHIRU'0VSHUWDLQLQJWRIRXQGDWLRQUHVSRQVH
$VDILQDOUHVXOW)LJXUHSUHVHQWV,'$FXUYHVIRUIRXQGDWLRQVHWWOHPHQW )6 ZKLFKLVD
SHUIRUPDQFHLQGLFDWRURIIRXQGDWLRQUHVSRQVH$VH[SHFWHGUHVSRQVHIRU3/LVYHU\IDYRUDEOH
ZLWKPHGLDQVHWWOHPHQWVQRWH[FHHGLQJFPIRUWKHVWURQJHVWLQWHQVLW\OHYHO7KHHIIHFWRIVXU
IDFHZDYHVLVDOPRVWQHJOLJLEOHDQGPHGLDQFXUYHVIRU6&DQG6&DUHDOPRVWVXSHULPSRVHG
2QWKHFRQWUDU\WKHSHUIRUPDQFHIRU36LVDVH[SHFWHGPXFKPRUHVHYHUH0HGLDQVHWWOH
PHQWVIRU6&DUHPDWJEXWH[KLELWYHU\KLJKYDULDELOLW\&RUUHVSRQGLQJSHUFHQ
WLOHYDOXHLVDWOHDVWWLPHVODUJHU !P 7KHHIIHFWRIVXUIDFHZDYHVDOPRVWGRXEOHVPHGLDQ
)6IRUKLJKLQWHQVLWLHVDQGRQHFDQREVHUYHDVOLJKWDGGLWLRQDOGLVWUHVVLQSDVVLQJIURP6&WR
6&

^ϭ
^Ϯ
^ϯ

^ϭ
^Ϯ
^ϯ

)LJXUH,'$FXUYHIRUIRXQGDWLRQSDUDPHWHU)6 DFFXPXODWHG)RXQGDWLRQ6HWWOHPHQW 

 &21&/86,216$1'3(563(&7,9(6
7KHSUHVHQWZRUNKDVIRFXVHGRQWKHDVVHVVPHQWRIGHWULPHQWDOHIIHFWVWKDWVXUIDFHZDYHV
PD\LQGXFHRQEULGJHS\ORQV7ZRS\ORQFRQILJXUDWLRQVZHUHVWXGLHGZLWKHPSKDVLVRQWZR
YDULDQWVIRUIRXQGDWLRQGHVLJQD FRQYHQWLRQDOGHVLJQLQZKLFKWKHIRXQGDWLRQH[KLELWVRYHU
VWUHQJWKZLWKUHVSHFWWREULGJHS\ORQEDVHVHFWLRQE LQYHUVHGFDSDFLW\GHVLJQLQZKLFKIRXQ
GDWLRQGLPHQVLRQLVUHGXFHGVRDVWRFRQFHQWUDWHQRQOLQHDUUHVSRQVHDWWKHIRXQGDWLRQDQGWKXV
SURWHFWWKHVXSHUVWUXFWXUH7KHS\ORQVKDYHEHHQVWXGLHGYLDWKH,'$WHFKQLTXHXVLQJDVHWRI
WZHOYHUHFRUGVLQZKLFKLWKDVEHHQSRVVLEOHWRLVRODWHWKHHIIHFWRIVXUIDFHZDYHVIRUKRUL]RQWDO
WUDQVODWLRQDQGURFNLQJ%DVLFFRQFOXVLRQVRIWKHVWXG\DUHWKHIROORZLQJ
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x 7KHGHWULPHQWDOHIIHFWRIVXUIDFHZDYHVLVPDLQO\GXHWRWKHKRUL]RQWDOPRWLRQFRPSR
QHQWDWOHDVWIRUWKHUHFRUGVHWXVHGLQWKLVVWXG\(YHQVRWKHHIIHFWRIVXUIDFHZDYHV
PD\OHDGWRDVLJQLILFDQWLQFUHDVHLQGHPDQGIRUERWKVWXGLHGFRQILJXUDWLRQV )RUWKH
S\ORQZLWK\LHOGLQJVXSHUVWUXFWXUHGXFWLOLW\GHPDQGVDWWKHS\ORQEDVHVHFWLRQPD\EH
GRXEOHGGXHWRVXUIDFHZDYHV)RUWKHS\ORQZLWK\LHOGLQJIRXQGDWLRQIRXQGDWLRQVHW
WOHPHQWVPD\HTXDOO\EHGRXEOHGEHFDXVHRIVXUIDFHZDYHV
x 'HWULPHQWDOHIIHFWVRIVXUIDFHZDYHVEHFRPHPRUHVHYHUHDVVHLVPLFLQWHQVLWLHVLQFUHDVH
)RUVHLVPLFOHYHOVXSWRJWKHUHVSRQVHVHHPVWREHVOLJKWO\DOWHUHGE\WKHLQFLGHQFH
RIVXUIDFHZDYHV
x $QREVHUYDEOHHIIHFWRIWKHURFNLQJPRWLRQVKDVRQO\EHHQREWDLQHGIRUYHU\KLJKLQWHQ
VLWLHVDQGRQO\IRUWKHFRQILJXUDWLRQZLWK\LHOGLQJIRXQGDWLRQ,QWKHFDVHRI\LHOGLQJ
VXSHUVWUXFWXUHURFNLQJPRWLRQVKDYHLQGXFHGQRIXUWKHUGDPDJHZLWKUHVSHFWWRKRUL
]RQWDOWUDQVODWLRQV
x %ULGJHS\ORQVGHVLJQHGZLWK\LHOGLQJIRXQGDWLRQVUHPDLQDQLQWHUHVWLQJRSWLRQIRUVHLV
PLFGHVLJQDVDPHDQVIRUDYRLGLQJH[FHVVLYHGDPDJHLQWKHVXSHUVWUXFWXUH+RZHYHU
WKHVHV\VWHPVVHHPWREHPRUHYXOQHUDEOHWRWKHHIIHFWRIVXUIDFHZDYHVWKDQFRQYHQ
WLRQDOV\VWHPV
7KHSUHVHQWHGUHVXOWVFRQVWLWXWHWKHSUHOLPLQDU\VWHSIRUDGHWDLOHGDVVHVVPHQWRIWKHHIIHFW
RI VXUIDFH ZDYHV RQ EULGJH S\ORQV ZLWKLQ WKH IUDPHZRUN RU )UHQFK UHVHDUFK SURMHFW $15
02'8/$7(3URVSHFWLYHUHVHDUFKZRUNVFDQIRFXVRQWKHIROORZLQJWRSLFV
x $SDUDPHWULFLQYHVWLJDWLRQRIDODUJHQXPEHURIS\ORQ FRQILJXUDWLRQV H[SORLWLQJWKH
SURSRVHGVXUURJDWH PRGHODQGFRQIURQWDWLRQZLWKUHDOFDVHV
x )XUWKHU,'$DQDO\VHVDQGFRQVWUXFWLRQRIIUDJLOLW\FXUYHVIRUUHFRUGVHWVHQULFKHGZLWK
QHZUHFRUGV$VDPDWWHURIIDFWRQHRIWKHPDLQREMHFWLYHVRIWKHUHVHDUFKSURMHFWLVWR
JHQHUDWHVXFKUHFRUGVERWKIURPSRVWSURFHVVLQJRIQDWXUDOUHFRUGLQJVDQGE\ODUJH
VFDOHQXPHULFDOFRPSXWDWLRQVLQUHDOLVWLFDQGFDQRQLFDOVXEVRLOWRSRJUDSKLHV$IXUWKHU
XQGHUVWDQGLQJLVUHTXLUHGDVWRWKHLQIOXHQFHRIURFNLQJPRWLRQVDQGDVWRKRZODUJH
URFNLQJPRWLRQV LQGXFHGE\VXUIDFHZDYHV FDQEH,'$DQDO\VHVFDQIXUWKHUEHLQYHV
WLJDWHGDVWRWKHVHOHFWLRQRIPRVWUHOHYDQWGDPDJHDQGLQWHQVLW\PHDVXUHVIRUWKHVWXGLHG
SUREOHP
x /DVWEXWQRWOHDVWWKHVWXGLHVFDQEHH[WHQGHGWRDQDO\VHVIRUODUJHGLVSODFHPHQWVZKLFK
LVDPRUHULJRURXVK\SRWKHVLVIRUV\VWHPVQHDULQVWDELOLW\IRXQGDWLRQIDLOXUHRUH[WHQ
VLYHVWUXFWXUDOGDPDJH$QRWKHUSRVVLEOHH[WHQVLRQLVWRZDUGVPRUHUHDOLVWLFPRGHOLQJ
RIPHFKDQLFDOEHKDYLRULQWKHFRQFUHWHSLHU6RPHVHOHFWHGS\ORQ FRQILJXUDWLRQVFDQ
EHFRPHWKHREMHFWRIGHWDLOHG'DQDO\VHV
 $&.12:/('*(0(176
7KLVUHVHDUFKZRUNKDVUHFHLYHGIXQGLQJIURPWKH)UHQFK1DWLRQDO5HVHDUFK3URMHFW$15
02'8/$7(  0RUHGHWDLOVDQGXSGDWHVRQ$1502'8/$7(FDQEHDFFHVVHG
WKURXJKWKHSURMHFWZHEVLWHKWWSVPRGXODWHEUJPIU

5()(5(1&(6
>@ %LRW0$  7KHRU\RIHODVWLFV\VWHPVYLEUDWLQJXQGHUWUDQVLHQWLPSXOVHZLWKDQDS
SOLFDWLRQWRHDUWKTXDNHSURRIEXLOGLQJV3URF1DWO$FDG6FL  
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Abstract. This contribution is concerned with a numerical approach to represent the elastic half-space subjected to dynamic forces. The proposed numerical solution is achieved by
combining the advantages of the isogeometric analysis concept and the absorbing boundary
technique, Perfectly Matched Layer (PML). Due to the nature of the half-space modeling, the
attenuation or propagation of the wave motion to inﬁnity as well as an optimal representation
of the dynamic response of the media must be validated. Both conditions are needed to obtain
acceptable results for dynamic analysis. In this contribution, the PML in combination with the
B-Splines is adopted. On one hand, B-Splines is capable of describing more precisely the geometry, dynamic effects and the unknown ﬁeld of the problem. On the other hand, the spurious
reﬂections are avoided employing the PML method. This is deﬁned using an artiﬁcial layer
surrounding the computational domain. Using these two formulations, a better representation
of the half-space domain can be achieved with less computational effort and higher accuracy.
In order to evaluate the performance of this approach, a numerical example is presented for the
2D case considering a homogeneous linear elastic domain. The equation of motion is solved
using the displacement-based formulation and approximated by an implicit time integration
method. The variation of spatial and temporal reﬁnement of the selected domain, the order of
interpolation functions and geometrical properties of the absorbing layer are the considered
aspects to investigate the performance of this approach. The results are also compared with the
standard FEM.
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1

INTRODUCTION

The success for the representation of unbounded domains in transient analysis relies mainly
in two aspects: the validation of the energy propagation and a well-representation of the wave.
Depending on the considered problem, solution approaches are commonly based on numerical,
analytical or semi-analytical methods.
In numerical methodologies, the most common practice to fulﬁll the ﬁrst condition is imposing artiﬁcial conditions in order to imitate the behaviour of the far ﬁeld. Among the most
common techniques are those where mechanical methods based on spring and dash-pot models or sufﬁciently extended domains are used. There are others where preferably absorbing
boundary conditions are imposed.
The Perfectly Matched Layer (PML) belongs to the last category. The particularity of PML
is that the waves are attenuated inside of an artiﬁcial medium without generating any reﬂection
during the transition at incidence plane, see Fig.1. This approach was introduced by Beregner
in studies of the electromagnetic ﬁeld to solve Maxwell’s Equations [1].Afterwards this was
extended for the modelling of other unbounded media, such as media in elastodynamics [2] [3].
This method has evolved considerably resulting in complex formulations where the equations
to be solved include convolutional terms. Those formulations are efﬁcient but certainly costly.
On the other side, not only the energy dissipation must be guaranteed but also the best way
to depict the geometry problem and dynamic effects. The Finite Element Analysis is famous for
its high potential to model complex media. However, a ﬁne discretization is commonly needed
to achieve the desired approximation of the solution. This fact is a major concern generally in
time-domain analysis. Therefore, here, the isogeometric analysis is employed not only because
of its easy way to catch the geometry but also because it avoids spurious results in dynamics
analysis. For example, optical branches occurring in standard FEM for high order interpolation
functions are eliminated using the IGA approach. The use of IGA has great advantages since
the high order basis functions used in numerical analysis demonstrate superior approximation
behaviour. That is basically because it possesses higher continuity in comparison with the
standard FEA [4] [5]. The basis functions or B-Splines are used not only to depict the geometric
but also to approximate the unknown ﬁeld of the problem to be treated.
In this contribution, the Perfectly Matched Layer Method in combination with the isogemetric analysis (IGA-PML), is used primarily as twofold for unbounded media modelling. Firstly,
the use of PML eliminates the inﬂuence of reﬂected wave coming back to the domain of interest. Secondly, isogeometric analysis is used to achieve a better representation of the wave
propagating through the media and to capture PML effects all over the computational domain.
2

ISOGEOMETRIC ANALYSIS

The isogeometric analysis concept is an analysis procedure supported by a representation
using CAD [4]. The basic idea is to deﬁne as good as possible a geometry model to be used in
a direct way into an analysis model. The most common computational geometry technologies
used for that purposes are the Non-Uniform Rational B-Splines (NURBS), however there are
others approaches which can be employed instead. NURBS functions are a strong engineering
design tool due to their capability to represent almost directly curved shapes. Other advantages
for using NURBS as basis functions are their ﬂexibility to reach a better reﬁnement by knot
insertion procedure, their C p−1 continuity for p-th order NURBS, and a higher continuity along
the described geometry. This avoids some shortcomings in dynamic analysis due to the fact that
no abrupt changes occur in the approximated geometry.
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The parameter space using NURBS is determined by using patches instead of elements;
therefore, the mapping itself is global to the whole patch. Regularly, the domain contained in
each patch is homogeneous and uniform. For heterogeneous media additional patches can be
added.
The NURBS basis funtions, based on B-Splines, are deﬁned using the Cox-de Boor Recursion formula. For more details see [4], [5]. In case that p = 1, the B-Splines functions are
the same like those used for standard piece-wise linear element functions. For higher order
basis functions no similar equivalence is shown. Those functions are piece-wise non-negative
through the domain. Another relevant aspect, and among the most important features of these
functions, is the p − 1 continuous derivatives across the element boundary for each pth order
function.
In this contribution, a single patch is used to depict the geometry of the half-space containing
the absorbing boundary layer. Then, the approximation of the geometry and the unknown ﬁled
are continuous along the domain of interest and the perfectly matched layer.
3

PERFECTLY MATCHED LAYER FORMULATION

The perfectly matched layer is an artiﬁcial absorbing boundary method, see Fig. 1. It is
based on creating a layer surrounding the domain of interest where outgoing waves from the
source are exponentially attenuated. This effect is achieved using analytic continuation to map
the equation of motion into a complex plane [6]. This modiﬁcation is accomplished by changing
the coordinate system of the problem. Hence, spurious reﬂections are avoided at the interface
between the layer and the domain with an additionally imposed attenuation along this layer.
This PML approach is achieved in terms of a complex coordinate stretching but it is in fact
mathematically equivalent to the original split-ﬁeld and perfectly matched anisotropic absorbers
approaches [7].
incidence plane

free surface
incident wave
θ

propagating wave

bounded medium,
ΩBD
E, ν, ρ

ﬁxed boundary

absobing layer,
ΩP M L

reﬂecting wave

Figure 1: Scheme of perfectly matched layer method. θ denotes incidence angle of the wave.

Here, the complex coordinate stretching approach is adopted for a two dimensional case
under plane strain motion. For more detailed information see e.g. [1],[2],[3],[8],[9].
PML equations are naturally developed in the frequency domain. For an elastic medium
undergoing time-harmonic motion whose displacements of the form, u(x, t) = ū(x)exp(iωt)
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the governing equations, without material damping and body forces, are
divσ̄ = ω 2 ρū
- σ̄ = Cε̄
.
1
ε̄ = 2 grad(ū) + grad(ū)T ,

(1)

where, σ̄ is the stress tensor, ρ material density, ε̄ contains the strains, C is the elasticity matrix,
and ω is the angular frequency. These quantities are mapped into an orthogonal real coordinate
system. The Eq.1 accepts body-wave solutions of the form,
ū(x) = qe−ikr ·x· p ,

(2)

where, ū are the displacements at position vector x, kr is the wavenumber, kr = ω/cr , with, cr
wave velocity for r-wave type: r ∈ {p, s} for P and S-waves, respectively. p is unit vector for
the propagation direction and q = ±p is the particle motion, see [2].
The wave described by Eq. 2 will travel without any variation or attenuation in an unbounded
medium. With the intention of avoiding that effect, an additional attenuation is imposed to the
wave response.
3.1

Complex stretch coordinate system

In order to impose the desired attenuation for outgoing waves, the wave equation solution
is modiﬁed using a transformation into a complex coordinate system. This means that the
dependent variable x is deﬁned with a real and an imaginary part. A simple representation of
this conversion is given as,
λ(x) = x̃ = a(x) − ib(x).

(3)

If Eq.3 is used into Eq.2, replacing x, the wave solution in Eq. 2 is transformed as,
ū(x̃) = qe−ikr ·x̃· p = qe−ikr ·(a(x)−ib(x))· p = qe−kr b(x)·p e−ikr a(x)·p .

(4)

The function b(x) in Eq. 4 imposes an additional attenuation in the wave solution if it is
bigger than zero but exponential ampliﬁcation if it is smaller than zero [6]. In this paper, a and
b functions are deﬁned as a(xi ) = 1 + f (xi )/b0 ki , and b(xi ) = fi (xi )/b0 ki , where i ∈ {1, 2}
deﬁnes the direction in which the wave is attenuated. The term b0 is the characteristic length
of the problem. The function fi (xi ) is called attenuation function. These functions impose the
rate of attenuation at the position xi . Evanescent and propagating waves are attenuated by a(xi )
and b(xi ), respectively. The Eq. 3 is considered for the determination of,
xi

x̃i =

λ(ξ)dΩξ ,

(5)

0

where λ is the complex value coordinate stretching function. This relation implies the following
mathematical change,
∂
1 ∂
∂ x̃i
= λ(xi ) →
=
.
∂xi
∂ x̃i
λ(xi ) ∂xi

(6)

Finally, the transformation of the coordinate system is done by applying Eq.6 into Eq. 1 for
all ∂/∂xi . It results in,
div(σ̄ Λ̃) = ω 2 ρλ1 (x1 )λ2 (x2 )ū
σ̄ = Cε̄
.
1
ε̄ = 2 grad(ū)Λ + ΛT grad(ū)T
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The terms Λ̃ and Λ are called stretch tensors deﬁned as,


0
0
1/λ1 (x1 )
λ2 (x2 )
, Λ=
Λ̃ =
0
λ1 (x1 )
0
1/λ2 (x2 )
The subindex 1 and 2 in Eq. 7 and 8 denotes the direction of attenuation, and
⎡
⎤
⎡
⎤
σ11
ε11
σ̄ = ⎣ σ22 ⎦ , ε̄ = ⎣ ε22 ⎦
σ12
2ε12

(8)

(9)

The system of equations in 7 is formulated with respect to a rotated orthogonal system with
basis ei . Afterwards, these functions are mapped to the orthogonal basis system ei using the
rotated matrix Q whose components are Qij = ei · ej .
The time domain equations are obtained through the inverse Fourier transform of Eq. 7 after
the change of basis. The resulting equations are,
!
cr ρ
μ
e
p
div σ F̃ + ΣF̃ = ρfm ü +
fc u̇ + 2 fk u
b0
b0
σ = Cε
(10)
(Fe )T ε̇ Fe + (Fp )T ε Fe3+ (Fe2
)T ε Fp + (Fp )T EFp =
2
3
1
1
(Fe )T (grad u̇) + (grad u̇)T Fe +
(Fp )T (grad u) + (grad u)T Fp
2
2
The terms Fn and F̃n , assuming n ∈ {e, p}, contain the components of the stretching tensors
for e, evanescent and p, propagating wave, see [3]. μ is the shear modulus, E and Σ are the
integration of stresses and strains over the time, respectively. ε̇ , u̇ and ü is the derivative of
strains, displacements and velocities with respect to time, respectively. The constants, fm , fc
and fk are,
fm = [1 + f1e (x1 )] [1 + f2e (x2 )] ,
fc =f1p (x1 ) [1 + f2e (x2 )] + [1 + f1e (x1 )] f2p (x2 ),
fk =f1p (x1 )f2p (x2 ),

(11)

where the quantities with prime denote the direction of attenuation in the orthogonal system
with basis ei .
4

NUMERICAL APPROXIMATION WITH B-SPLINES

The above mentioned equations are approximated in space and time by employing IGA and
the Newmark’s Method.
The weak form of the equations in 10 is obtained using an arbitrary test function, v and
integrating the system throughout the computational domain Ω. The geometry and all unknown
ﬁelds are approximated using NURBS basis functions such as,
uh (ξ, η) = N̄u,

xh (ξ, η) = N̄x

(12)

where, N̄ = N (ξ) M (η), with N and M containing the B-Splines basis functions for parametric directions, ξ and η, respectively. The superscript h indicates the approximated term.
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The approximation in time is carried out with the Newmark’s method. It is important to
mention, that due to the nature of new quantities generated by the complex coordinate stretching, which associate the attenuation functions, the equation to be solved must be linearised at
the time step ti+1 . Therefore, the Newton-Raphson method is employed to solve the system at
each time step, Δt, confer e.g. [3]. Due to the use of Newmark’s method, the system is solved
through increments using an effective stiffness and forces. In piece-wise element representation,
the effective stiffness matrix is,
γ
1
(ce + c̄e ) +
βΔt
βΔt2

(13)

p̃ei+1 = me u̇i+1 + ce u̇i+1 + ke ui+1 + pei+1

(14)

k̃ei+1 = (ke + k̄e ) +
and effective vector of forces,

where,
me =

ρfm N̄N̄dΩe ,

ce =

Ωe
e



c̄ =

Ωe
e

B̃CB dΩ ,

cs ρ
fc N̄N̄dΩe ,
b0

ke =

k̄ =

ρ

Ωe

B̃CB dΩ

Ωe
e

μ
f N̄N̄dΩe
2 k
b0

(15)

Ωe

The operators, B , Bρ , and B̃ = Be + ΔtBp , contain the derivatives of the basis functions
modiﬁed by the components of the attenuation tensors, see [3]. The terms β and γ are constants
of the Newmark’s method. The element internal forces, p̃ei+1 are expressed by,
T

B̃p · Σ̂i+1 dΩe

(16)

σ̂ i+1 ,
Σ̂i+1 = Σ̂i + Δtσ̂
h
σ̂t+1 = Cε̂t+1 ,
*
,
1
1

ρ

ρ
= Δt B u̇ i + B ui+1 + Δt F̂ ε̂i − F̂ Êi

(17)

p̃ei+1 =

B̃T · σ̂i+1 dΩe +
Ωe

Ωe

with,

ε̂hi+1

Being unique for each PML-element, the terms F̂ and F̂ρ contain only the components of
the attenuation functions for evanescent and propagating waves, respectively.
The computational domain and the PML layer are deﬁned in the same patch using B-Splines
basis functions. Due to the inﬂuence of control points over each element for higher order, the
standard PML technique is modiﬁed since the attenuation property can be activated directly
before of the delimited physical border between the adjacent computational medium and absorbing layer. Let us set this assumption using Fig. 2. The right element is in charge to
represent the absorbing layer, and the left two elements the bounded domain. Then, for linear
order, the inﬂuence of absorbing property of the wave starts immediately at the boundary between the bounded and PML domain. This fact can change when higher order basis functions
are employed, where the participation of attenuation functions also inﬂuences the control points
belonging to the PML-Element allocated just before of the delimited boundary. This aspect is
discussed further in the numerical application.
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ξ
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0

1
ΩP M L

0

M1 M2

0

1

1 N1

N4

ΩP M L
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N2

(b)
N3 N 4

N5

N7
N6
ξ

0
1 M 1 M2

1

η

1

0

ΩP M L
(c)

Figure 2: IGA-PML. Inﬂuence of basis functions in ξ parametric direction beyond the absorbing layer for order; (a)
q =1 , (b) q =2, and (c) q =4. Ni and Mj are the basis functions along ξ- and η-parametric direction, respectively.
Subscripts i, j ∈ 1, 2, ..., Ncp , where Ncp is the number of basis functions. Square dots are the control points.

5

NUMERICAL EXAMPLES

A 2D case for a band geometry is presented, see Fig 3. This is subjected at its left side
to a sinusoidal time-dependent displacement, u(t) = 0.01sin(16πt) [m] for t ∈ [0, 0.25] [s]
and u(t) = 0 [m] for t ∈ (0.25, 1.00] [s]. Its right side is ﬁxed. The medium possesses a
Young’s moduls, E = 10 [kPa], density, ρ = 10 [kg/m3 ] and Poisson’s ratio, ν = 0 [-]. No
material damping is considered. The approximation of the geometry is based on the standard
displacement based formulation using linear elements as reference solution. The density mesh
in horizontal direction is quantiﬁed based on the wavelength, λω , as, Δx = λω /9, see [10].
Δy=2 [m] since the wave only travels along x-direction. For this example, the incidence angle
of propagating wave, θ is zero. The used time step is Δt =0.001 [s].
y

u(t)

A

B
ΩBD

ΩP M L
L

h

C
x

Lp

Figure 3: Band geometry. L=10 [m], and Lp=h=5 [m]. ΩBD and ΩP M L are the bounded and PML layer domain,
respectively. A, B and C are reference points.

The mesh density used in IGA-PML is the same as in the reference solution, FEM with
Lagrange Interpolation Functions, but not the basis functions. The order of B-Splines basis
functions, p and q, is the same in both parametric directions for IGA-PML, with p = q =1, 2
and 4. As reference solution, the standard approximation used for the PML is also considered.
The results are presented in Fig.4, 5 and 6, for the horizontal displacements of the system at
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point A, B and C, see Fig. 3.
The displacements at point A, are shown in Fig.4. These are quite similar for all cases at
t < 0.6[s]. By using the standard FEM, the system continues oscillating since no attenuating or
absorbing boundary is used. In order to prevent this issue, the domain is usually extended.
·10−2
FEM
FEM-PML
IGA-PML, p = q = 1
IGA-PML, p = q = 2
IGA-PML, p = q = 4

1

u(t) [m]

0.5

0

−0.5

−1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t [s]

Figure 4: Horizontal displacement of system at point A (0.3 , 2.5) [m]

At the point B the wave amplitude is slightly attenuated in these cases where the PML method
is used. However, this small difference could be neglected since all displacements are artiﬁcial
beyond this point. Furthermore, this effect could be removed using a smaller integration step.
·10−2
FEM
FEM-PML
IGA-PML, p = q = 1
IGA-PML, p = q = 2
IGA-PML, p = q = 4

1

u(t) [m]

0.5

0

−0.5

−1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t [s]

Figure 5: Horizontal displacement of system at point B (9.9 , 2.5) [m]

Another aspect to analyse in Fig.5 is the description of the wave. For the linear FEM, FEMPML, and IGA-PML, it is noticed that the transition of the wave between 0.18 and 0.28 [s] has
some small oscillations. These spurious effects are absent when higher order B-Splines basis
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functions are used. This numerical error is commonly avoided when the mesh reﬁnement is
increased keeping a small time step calculation.
In Fig.6 the displacements, corresponding to point C, are plotted for IGA-PML of order
p = q =1, 2 and 4. Even when these displacements are small in the range of 1.5x10−5 and
0.2x10−5 [m], there are still some differences when the order is increased. Presumably, this fact
is due to the high-continuity presented in the basis functions.
2

·10−5
IGA-PML, p = q = 1
IGA-PML,p = q = 2
IGA-PML, p = q = 4

u(t) [m]
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−1

0

0.1
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0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t [s]

Figure 6: Horizontal displacement of system at point C (14.7 , 2.5) [m]

Additionally, the displacements using IGA-PML at different instants of the time calculation
are plotted in Fig. 7. These ﬁgures correspond to the case with interpolation function of order,
p = q =2. It is noticed that the displacements at the end of the calculation, Fig.7.d, are in
general zero, but small displacements are presented. However, these could be neglected in
comparison with the initial imposed displacement amplitude, see Fig. 4.
·10−2
1.0
u(t) [m]

u(t) [m]

·10−2
1.0
0.0
-1.0

0.0
-1.0

h
L + Lp
(b)
·10−2
1.0
u(t) [m]

u(t) [m]

·10−2
1.0

(a)

0.0
-1.0
(c)

0.0
-1.0
(d)

Figure 7: Displacement of horizontal degrees of freedom at: (a) t = 0.25, (b) t = 0.38, (c) t = 0.50, and (d)
t = 1.00 [s]
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6

CONCLUSIONS
• Combination of PML using high order basis functions based on IGA is carried out for
two dimensional cases for elastic, homogeneous unbounded domains.
• The attenuation effects of the absorbing layer are slightly imposed just before the incidence border if mesh is considerably ﬁne. However, an absorbing inﬂuence beyond
the PML border can be expected when a coarse mesh is used. This assumption can be
considered for further studies.
• The effects of the basis functions are tested near the ﬁxed boundary where it is observed
that, even when the displacements are minimal, the attenuation rate increases with higher
order B-Splines basis functions, Fig.4.
• Due to discretization in time, the solution depends strongly on time step. The smaller this
interval is, the better the wave approximation is for both FEM and IGA-PML.
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1RUZHJLDQ*HRWHFKQLFDO,QVWLWXWH
6RJQVYLHQ2VOR1RUZD\
HPDLOVMRRQVDQJSDUN#QJLQRNDULQQRUHQFRVJULII#QJLQRDPLUPND\QLD#QJLQR

.H\ZRUGV:DYHQXPEHULQWHJUDWLRQ')(7LPHKDUPRQLFZDYHHTXDWLRQ
$EVWUDFW In this study, we propose and implement a convergence scheme for the numerical
wavenumber integration in the context of 2.5D FE solution and validate it through a numerical
example. In brief, the scheme is to estimate the convergence based on the relative difference
between two interpolations for a given set of wavenumbers, which is done iteratively by refining
the wavenumber sampling until the relative difference becomes no greater than a specified
value. We evaluate the performance and convergence of the numerical integration scheme by
comparing the results of the responses of a tunnel in a layered ground due to a concentrated
harmonic load using both a full 3D model and a 2.5D model, including computational time
aspect. Finally, we consider applying the same scheme to other relevant numerical integrations.
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 ,1752'8&7,21
0RVWSUREOHPVLQVWUXFWXUDODQGVRLOG\QDPLFVDUHGHILQHGLQ'VSDFH+RZHYHULQDPDWK
HPDWLFDOIUDPHZRUNTXLWHDIHZDPRQJWKRVHSUREOHPVFDQEHVLPSOLILHGLQVXFKDZD\WKDWWKH
JHRPHWU\DQGPDWHULDOSURSHUWLHV LHGHQVLW\VWLIIQHVVGDPSLQJHWF RIWKHPHGLDRILQWHUHVW
DUHLQYDULDQWDORQJDSDUWLFXODUD[LV,WLVWKHQSRVVLEOHWRVROYHVRPHRIWKHVH'SUREOHPVYLD
WKHVRFDOOHG'QXPHULFDODSSURDFK HJ*DOYLQHWDO )RULQVWDQFHZDYHSURSDJDWLRQ
GXHWRPRYLQJORDGDORQJDWXQQHOVWUXFWXUHEXLOWLQOD\HUHGVRLOPHGLDLVDJRRGH[DPSOHZKHUH
WKHJLYHQJHRPHWU\DQGPDWHULDOSURSHUWLHVDUHRIWHQDVVXPHGFRQVWDQWDORQJWKHWUDFNGLUHFWLRQ
6D\yD[LV ZKLOHWKH\YDU\DORQJWKHRWKHUWZRGLUHFWLRQV xDQGz 7KDQNVWRWKHyGLUHFWLRQ
LQYDULDQFHRIERWKJHRPHWU\DQGSURSHUW\DOOWKHGLIIHUHQWLDWLRQVZLWKUHVSHFWWRWKHyFRRUGL
QDWHLQWKH'ZDYHHTXDWLRQFDQEHUHSODFHGE\WKHyGLUHFWLRQZDYHQXPEHU ky ZLWKRXWDQ\
ORVVRIDFFXUDF\LQGHVFULELQJWKHIHDWXUHVLQWKH'SUREOHPV7KHQDVLQGLVFUHWHPHWKRGV
VXFKDVILQLWHHOHPHQW )( PHWKRGWKHVROXWLRQFDQEHREWDLQHGE\DVSDWLDOGLVFUHWL]DWLRQRQO\
DORQJWKHxDQGzD[HVHIIHFWLYHO\UHGXFLQJWKHQXPEHURIGHJUHHVRIIUHHGRP '2) WRVROYH
2QWKHRWKHUKDQGWKLVIRUPXODWLRQUHTXLUHVWKDWWKHUHVXOWLQJ')(HTXDWLRQEHVROYHGIRU
PDQ\ZDYHQXPEHUV kyLQWKH)(FRQWH[W7KLVFDQEHWLPHFRQVXPLQJEXWLVVWLOOPXFKOHVV
GHPDQGLQJ WKDQ D IXOO ' )( DQDO\VLV SURYLGHG WKDW RQH HPSOR\V D SURFHGXUH WKDW HQVXUHV
HIILFLHQWFRQYHUJHQFHRIWKHDVVRFLDWHGZDYHQXPEHULQWHJUDWLRQ7KHUHIRUHLWLVLPSRUWDQWWR
RSWLPL]HWKHVDPSOLQJDQGQXPEHURIky VWRVROYHVRWKDWRQHFDQFDOFXODWHDFFXUDWHDQGFRQ
YHUJHGUHVXOWVZKLOHWKHFRPSXWDWLRQDOWLPHLVUHDVRQDEOH3DUWLFXODUO\IRUFDOFXODWLRQRIKLJK
IUHTXHQF\ a+] G\QDPLFUHVSRQVHDWIDURIIVHWDORQJWKHyD[LVWKH')(VROXWLRQLQ
GHHG EHFRPHV HVVHQWLDO LQ FRPSDULVRQ WR D IXOO ' )( VROXWLRQ GXH WR WKH FRPSXWDWLRQDO
PHPRU\UHTXLUHPHQW
,QWKLVVWXG\ZHLPSOHPHQWDFRQYHUJHQFHVFKHPHIRUWKHQXPHULFDOZDYHQXPEHULQWHJUD
WLRQLQWKHFRQWH[WRI')(VROXWLRQDQGYDOLGDWHLWWKURXJKDQXPHULFDOH[DPSOH,QEULHI
WKHVFKHPHLVWRHVWLPDWHWKHFRQYHUJHQFHEDVHGRQWKHUHODWLYHGLIIHUHQFHEHWZHHQWZRLQWHU
SRODWLRQV HJOLQHDUDQGVSOLQH IRUDJLYHQVHWRIZDYHQXPEHUVZKLFKLVGRQHLWHUDWLYHO\E\
UHILQLQJWKHZDYHQXPEHUVDPSOLQJXQWLOWKHUHODWLYHGLIIHUHQFHEHFRPHVQRJUHDWHUWKDQDVSHF
LILHGYDOXH HJ :HGLVFXVVWKHSHUIRUPDQFHDQGFRQYHUJHQFHRIWKHQXPHULFDOLQWHJUD
WLRQ VFKHPH E\ FRQVLGHULQJ YDULRXV DVSHFWV $W WKH HQG ZH DOVR GLVFXVV WR DSSO\ WKH VDPH
VFKHPHWRRWKHUUHOHYDQWQXPHULFDOLQWHJUDWLRQVHJZDYHQXPEHULQWHJUDWLRQIRUWKHIXOO\DQD
O\WLFDOVROXWLRQ
$OOWKH)(FDOFXODWLRQVLQWKHFXUUHQWVWXG\DUHSHUIRUPHGE\PHDQVRIWKHFRPPHUFLDOVRIW
ZDUHCOMSOL Multiphysics7KHUHOHYDQW'ZDYHHTXDWLRQLVLPSOHPHQWHGDQGVROYHG
LQWKHPRGXOHRI2D Coefficient Form PDE,QRUGHUWRDYRLGDUWLILFLDOUHIOHFWLRQIURPWKHFRP
SXWDWLRQDOGRPDLQERXQGDU\DSHUIHFWO\PDWFKHGOD\HUWHFKQLTXH 3DUNDQG.D\QLD LV
GHSOR\HGLQWKHFXUUHQWVWXG\
 352326(':$9(180%(5,17(*5$7,210(7+2'
7KHQXPHULFDOZDYHQXPEHULQWHJUDWLRQLVDFRPPRQDQGQHFHVVDU\VWHSLQFDOFXODWLRQRIWKH
DQDO\WLFDOVROXWLRQIRUHODVWLFZDYHSURSDJDWLRQLQOD\HUHGPHGLD HJ$SVHODQG/XFR
3DUNDQG.D\QLD WRREWDLQG\QDPLFUHVSRQVHLQWKHVSDWLDOGRPDLQIURPWKHZDYHQXPEHU
GRPDLQ7KHUHDUHWZRDVVRFLDWHGFKDOOHQJHV KDQGOLQJRIWKHSROHVLQJXODULWLHVLQWKHNHUQHOV
RIZDYHQXPEHULQWHJUDWLRQDQG FRQWUROOLQJRIWKHFRQYHUJHQFHRIQXPHULFDOLQWHJUDWLRQ7KH
IRUPHUFKDOOHQJHZKLFKLVWKHPRVWFULWLFDOLQWKHDQDO\WLFDOVROXWLRQLVGXHWRWKHH[WUHPHO\
ODUJHDQGVLQJXODUYDOXHRINHUQHOVDWWKHSURSDJDWLRQSROHV$VLPLODUSURFHGXUHIRUQXPHULFDO
ZDYHQXPEHULQWHJUDWLRQLVUHTXLUHGLQWKH')(VROXWLRQ+RZHYHUWKHFKDOOHQJHLVUHODWHG
PDLQO\WRWKHFRQYHUJHQFHFRQWUROEHFDXVHWKHSROHVLQJXODULW\GRHVQ WH[LVWRULVQRWVRVWURQJ
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LQWKH')(VROXWLRQ,QWKHIROORZLQJZHGLVFXVVWKHVHIHDWXUHVWKURXJKDQH[DPSOHRIZDYH
UHVSRQVHLQDKRPRJHQHRXVKDOIVSDFH
)LJXUHFRPSDUHVWZRNHUQHOVFDOFXODWHGYLDDIXOO\DQDO\WLFDOVROXWLRQ UHGWKLQVROLGOLQH 
E\3DUNDQG.D\QLD  DQGWKHFRUUHVSRQGLQJ')(VROXWLRQ EOXHWKLFNVROLGOLQH %RWK
RIWKHNHUQHOVDUHIRUWKHVDPHKRPRJHQHRXVKDOIVSDFHVXEMHFWHGWRDKDUPRQLFYHUWLFDOORDG
ZLWKIUHTXHQF\+]DSSOLHGDWWKHVXUIDFH7KHNHUQHOVDUHFDOFXODWHGH[DFWO\DWWKHORDGLQJ
SRLQW,WLVFOHDUO\VKRZQLQ)LJXUHWKDWWKHNHUQHORIWKH')(VROXWLRQORRNVUDWKHUPRG
HUDWHZLWKRXWDQ\VWURQJVLQJXODULW\QHDUWKH5D\OHLJKSROH EODFNWKLQGDVKHGYHUWLFDOOLQH 2Q
WKH RWKHU KDQG WKDW RI WKH DQDO\WLFDO VROXWLRQ VKRZV D VWURQJ DQG VKDUS VLQJXODULW\ QHDU WKH
5D\OHLJKSROHVXEVHTXHQWO\UHTXLULQJYHU\GHQVHO\VDPSOHGZDYHQXPEHUVWRFDOFXODWHDFFX
UDWHO\,WLVVKRZQWKDWWKHFKDOOHQJHLQUHODWLRQ WRWKHSROHVLQJXODULW\LVOHVV VLJQLILFDQW RU
DOPRVWQHJOLJLEOH LQWKH')(VROXWLRQWKDQWKHDQDO\WLFDOVROXWLRQ7KHUHIRUHLWLVH[SHFWHG
WKDWLQWHUSRODWLRQRIWKHNHUQHOVRIWKH')(VROXWLRQLVIHDVLEOHHYHQQHDUWKHSROHVZKLFK
LQWXUQFDQVDYHVLJQLILFDQWO\WKHFRPSXWDWLRQHIIRUWLQWKH')(VROXWLRQ<HWZHVWLOOQHHG
WRPDNHVXUHWKHFRQYHUJHQFHRIWKHZDYHQXPEHULQWHJUDWLRQE\RSWLPL]LQJWKHVDPSOLQJDQG
QXPEHURIZDYHQXPEHUVWRLQFOXGHLQWRWKH')(FDOFXODWLRQ

)LJXUH&RPSDULVRQRIWZRNHUQHOVFDOFXODWHGE\PHDQVRIDQDO\WLFDODQG'VROXWLRQVQRUPDOL]HGZLWKUH
VSHFWWRWKHUHIHUHQFHNHUQHOFDOFXODWHGDWWKH]HURZDYHQXPEHU1RWHWKDWWKHxD[LVLVWKHQRUPDOL]HGZDYH
QXPEHUZLWKUHVSHFWWRWKHVKHDUZDYHQXPEHUksDQGkrDQGkyDUHWKHUDGLDODQG\GLUHFWLRQZDYHQXPEHUV
UHVSHFWLYHO\XVHGLQWKHDQDO\WLFDODQG')(VROXWLRQV

%DVHGRQWKHREVHUYDWLRQVPDGHWKURXJKWKHH[DPSOHLQ)LJXUHZHSURSRVHDFRQYHUJHQFH
FRQWUROOLQJVFKHPH7KHVFKHPHDVLPSOHDSSURDFKFRQVLVWLQJRIWKHIROORZLQJVWHSV
 ,QLWLDOL]HDZDYHQXPEHUVDPSOLQJRIk >'kkPD[@+HUHkPD[VKRXOGEHVRODUJHWKDW
WKHNHUQHOVDWkPD[LVVPDOOHQRXJK1RWHWKDWDVVKRZQLQ)LJXUHWKHNHUQHOVGHFD\
TXLFNO\IRUk!k5D\OHLJK,QDGGLWLRQ'kFRXOGEHODUJHHQRXJKVXFKWKDWWKHWRWDOQXP
EHURIk VLVQRVRKLJKHJ$OWHUQDWLYHO\WKHVDPSOLQJFDQEHGRQHORJDULWKPL
FDOO\ZKLOHXVLQJWKHVDPHkPD[
 &DOFXODWHWKHNHUQHOVIRUWKHJLYHQZDYHQXPEHUVDPSOLQJkE\')(VROXWLRQSUR
FHGXUH
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 ,QWHUSRODWH WKH NHUQHOV E\ PHDQV RI WZR GLIIHUHQW LQWHUSRODWLRQV HJ OLQHDU DQG
VSOLQH 
 (VWLPDWHWKHUHODWLYHGLIIHUHQFHVEHWZHHQWKHLQWHUSRODWHGYDOXHVRIWKHWZRGLIIHUHQW
LQWHUSRODWLRQPHWKRGVDWWKHPLGGOHSRLQWVRILQGLYLGXDOZDYHQXPEHUVDPSOLQJLQ
WHUYDOV
 &ROOHFWWKHPLGGOHSRLQWZDYHQXPEHUV VD\k! ZKHUHWKHUHODWLYHGLIIHUHQFHVDUH
JUHDWHUWKDQDVSHFLILHGFULWHULRQ HJ 
 5HFDOFXODWHWKHWUXHNHUQHOVIRUWKRVHFROOHFWHGPLGGOHSRLQWZDYHQXPEHUVk!E\
')(VROXWLRQSURFHGXUH
 5HSHDW6WHSVE\XSGDWLQJk ZLWKDFFXPXODWLYHO\DGGLQJk!XQWLOk!GRHV
QRWH[LVW
2QFH6WHSDERYHLVFRPSOHWHGZHSHUIRUPDQLQYHUVH)RXULHUWUDQVIRUPIURPkyGRPDLQ
WRyGRPDLQLQRUGHUWRFDOFXODWHWKHILQDOZDYHUHVSRQVHLQWKHVSDWLDOGRPDLQ:HKDYHIRXQG
WKURXJKQXPHULFDOH[SHULPHQWVWKDWWKHQXPEHURIZDYHQXPEHUVDIWHU6WHSLVDURXQGDIHZ
 V ,IRQWKHRWKHUKDQGZHLQDEUXWHIRUFHPDQQHUXVHDQHTXDOO\VSDFHGZDYHQXPEHU
VDPSOLQJIRUN >kPD[@WKHWRWDOQXPEHURIZDYHQXPEHUVFRXOGEHLQWKHRUGHURI!
 180(5,&$/(;$03/(6
:HYDOLGDWHWKHZDYHQXPEHULQWHJUDWLRQVFKHPHSURSRVHGLQWKHVWXG\E\VROYLQJDVLPSOH
H[DPSOHRIDWXQQHOHPEHGGHGLQDWZROD\HUHGVRLOPHGLXP)LJXUH D VKRZVWKHIXOO'
PRGHOGHVFULEHGZLWKV\PPHWULFSODQHVXVHGDWx PDQGy P7KHWXQQHOLVORFDWHGLQWKH
XSSHUVRLOOD\HURIPWKLFNQHVVDQGWKHWXQQHOERWWRPLVFORVHWRWKHORZHUEHGURFNOD\HURI
LQILQLWHWKLFNQHVV7KHWKLFNQHVVRIWKHWXQQHOZDOOYDULHVEHWZHHQPWRPDORQJWKHSH
ULPHWHUVKRZQLQ)LJXUH7KHKDUPRQLFH[FLWDWLRQORDGRI+]LVDSSOLHGLQWKHPLGGOHRI
WKHWXQQHOEDVHDQGLQWKHYHUWLFDOGLUHFWLRQUHGDUURZLQ)LJXUH E 7KHPDWHULDOSURSHUWLHV
DQGJHRPHWU\LQWKHH[DPSOHSUREOHPLVVKRZQLQ7DEOH,QDGGLWLRQ)LJXUH E VKRZVIRXU
OLQHVKLJKOLJKWHGLQEOXHZKHUHZHH[WUDFWWKHGLVSODFHPHQWUHVXOWVDQGFRPSDUHZLWKDIXOO'
)(VLPXODWLRQ)LJXUH D DQG E VKRZWKH)(PHVKHVXVHGLQFDOFXODWLRQUHVSHFWLYHO\IRU
WKH'DQG'DQDO\VHV7KHQXPEHUVRI'2)VXVHGLQHDFKPRGHODUHDURXQGuDQG
uUHVSHFWLYHO\

D

E

)LJXUH D ([DPSOHSUREOHPRIDWXQQHOLPEHGGHGLQWRWZROD\HUHGVRLOPHGLXP PRGHOOHGZLWKWZRV\PPHW
ULFSODQHVDWx PDQGy P  E OLQHV EOXH RQWKHWXQQHOVXUIDFHZKHUHUHVSRQVHVDUHFDOFXODWHGDQGFRP
SDUHG5HGDUURZVKRZVZKHUHWKHYHUWLFDOSRLQWORDGRI+]LVDSSOLHGRQ/LQH
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8SSHUOD\HU
/RZHUOD\HU
&RQFUHWHWXQQHO





6KHDU&RPSUHVVLRQ
YHORFLW\>PV@




7KLFNQHVV>P@

LQI
 ERWWRP 

7DEOH0DWHULDOSURSHUWLHVDQGJHRPHWU\LQWKHH[DPSOHSUREOHPLQDQDO\VLV$XQLIRUPYLVFRXVGDPSLQJRI
LVDSSOLHGWRDOOWKHPDWHULDOV

D

E

)LJXUH)(PHVKHVXVHG D IRU'VLPXODWLRQ E IRU'VLPXODWLRQ

)LJXUHFRPSDUHVWKHWZRUHVXOWVRIWKH'DQG')(VLPXODWLRQVFDOFXODWHGDORQJWKH
OLQHVKLJKOLJKWHGZLWKEOXHOLQHVLQ)LJXUH E 7KHVROLGDQGGDVKHGOLQHVDUHUHVSHFWLYHO\
IRUWKH'DQG')(VROXWLRQVDQGWKHEOXHDQGUHGFRORUVGHQRWHUHVSHFWLYHO\WKHUHDODQG
LPDJLQDU\SDUWVRIWKHWLPHKDUPRQLFUHVSRQVH,WLVFOHDUO\VKRZQWKDWWKHDJUHHPHQWEHWZHHQ
WKH'DQG')(VLPXODWLRQVLVSHUIHFWIRU/LQHDQG1DPHO\WKHVROLGDQGGDVKHG
OLQHVDUHH[DFWO\RQWKHWRSRIHDFKRWKHU7KHDJUHHPHQWIRU/LQH OLQHDORQJWKHWXQQHOFURZQ 
LVDOVRYHU\JRRGEXWQRWDVPXFKDVWKHRWKHUOLQHVZKLFKLVEHOLHYHGWRKDYHWRGRZLWKWKH
ZDYHQXPEHU VDPSOLQJ QHDU WKH 5D\OHLJK RU JHQHUDOO\ ZDYH SURSDJDWLRQ  SROH V  7KH LP
SURYHPHQWRQWKLVLVVXHLVXQGHULQYHVWLJDWLRQ
,WLVPHQWLRQHGHDUOLHUWKDWkPD[VKRXOGEHVRODUJHWKDWWKHNHUQHOVDWkPD[LVVPDOOHQRXJK
PDNLQJVXUHWKDWWKHQXPHULFDOLQWHJUDWLRQLVFRQYHUJHG)XUWKHUPRUHZHKDYHDOVRIRXQGRXW
WKDWkPD[GHSHQGVRQWKHUHODWLYHSRVLWLRQRI RU GLVWDQFHEHWZHHQ ORDGDQGUHFHLYHUSRLQWV
)LJXUHVKRZVWKHQRUPDOL]HGNHUQHOVIRUWKHIRXUUHVSRQVHOLQHVLQ)LJXUH E ZKRVHGLVWDQFHV
WRWKHYHUWLFDOORDGDUHGLIIHUHQW/LQHKDV]HURGLVWDQFHWRWKHORDGSRLQWDQG/LQHVDQG
KDYHPPDQGFDPGLVWDQFHUHVSHFWLYHO\,WLVHDVLO\QRWLFHGLQ)LJXUHWKDWWKHGHFD\
LQJUDWHRIWKHNHUQHOV LVSURSRUWLRQDO WR WKHGLVWDQFHEHWZHHQWKHORDG DQGUHVSRQVHSRLQWV
7KHUHIRUHZHPD\FRQFOXGHWKDWWKHORQJHUWKHGLVWDQFHLVWKHVPDOOHUkPD[LVQHHGHG
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D /LQH

E /LQH

F /LQH

G /LQH

)LJXUH&RPSDULVRQRI' VROLGOLQHV DQG' GDVKHGOLQHV VLPXODWLRQUHVXOWVLQGLVSODFHPHQWDORQJOLQHV
RQWKHWXQQHOVXUIDFHV GHILQHGLQ)LJXUH 1RWHWKDWWKH<D[LVVFDOHRI3ORW E LVWLPHVPDOOHUWKDQWKDWRI
WKHRWKHUWKUHHSORWV

)LJXUH&RPSDULVRQRINHUQHOVFDOFXODWHGIRUWKHIRXUOLQHVRQWKHWXQQHOVXUIDFHV GHILQHGLQ)LJXUH 1RWH
WKDWWKHNHUQHOVDUHQRUPDOL]HGZLWKUHVSHFWWRWKHUHIHUHQFHNHUQHOFDOFXODWHGDWWKH]HURZDYHQXPEHU,QDGGL
WLRQWKHxD[LVLVWKHQRUPDOL]HGZDYHQXPEHUZLWKUHVSHFWWRWKHVKHDUZDYHQXPEHUksRIFRQFUHWH a 
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 &21&/86,216
,QWKLVVWXG\ZHSURSRVHDVLPSOHVFKHPHZLWKZKLFKZHFDQHIILFLHQWO\LQWHJUDWHWKHZDYH
QXPEHULQWHJUDWLRQLQWKHFRQWH[WRI')(VROXWLRQIRUDIXOO'ZDYHHTXDWLRQ7KHVFKHPH
FRQVLVWVRIVWHSVDQGFRQWUROVLWHUDWLYHO\WKHFRQYHUJHQFHRIWKHLQWHJUDWLRQ7KHVDWLVIDFWRU\
SHUIRUPDQFHRIWKHSURSRVHGLQWHJUDWLRQVFKHPHLVGHPRQVWUDWHGE\FRPSDULQJWKHUHVXOWVRI
WKHUHVSRQVHVRIDWXQQHOLQDOD\HUHGJURXQGGXHWRDFRQFHQWUDWHGKDUPRQLFORDGXVLQJERWKD
IXOO'PRGHODQGD'PRGHO,QDGGLWLRQWRFRPSDULVRQRIWKHGLVSODFHPHQWVLQIRUPDWLRQ
DERXWFRPSXWDWLRQDOWLPHLVSURYLGH2QHRIWKHNH\SDUDPHWHUVLQWKHSURSRVHGVFKHPHLVWKH
PD[LPXPZDYHQXPEHUWREHXVHGLQWKHDQDO\VLV kPD[ $QDO\VHVLQGLFDWHWKDWWKHORQJHUWKH
GLVWDQFHEHWZHHQORDGDQGUHVSRQVHSRLQWVWKHVPDOOHUkPD[LVUHTXLUHG
+HUHLQ ZH KDYH DSSOLHG VXFFHVVIXOO\ WKH SURSRVHG LQWHJUDWLRQ WHFKQLTXH WR WKH ' )(
ZDYHHTXDWLRQ1HYHUWKHOHVVLWLVZRUWKZKLOHWRPHQWLRQWKDWWKHVDPHWHFKQLTXHFDQDOVREH
DSSOLHGWRDQ\QXPHULFDOLQWHJUDWLRQHJQXPHULFDOZDYHQXPEHULQWHJUDWLRQIRUWKHIXOO\DQD
O\WLFDOVROXWLRQE\3DUNDQG.D\QLD  UHSODFLQJDEUXWHIRUFHLQWHJUDWLRQZLWKHTXDOO\
VSDFHGZDYHQXPEHUVDQGVDYLQJFRPSXWDWLRQWLPHE\!WLPHV$UHODWHGVWXG\LVLQSURJUHVV
 $&.12:/('*(0(17
7KHVWXG\LVILQDQFHGE\WKH5HVHDUFK&RXQFLORI1RUZD\ 5&1 WKURXJK1*, V%DVLV*UDQW
1R

5()(5(1&(6
>@ 5-$SVHODQG-(/XFR2QWKH*UHHQ VIXQFWLRQVIRUDOD\HUHGKDOIVSDFH3DUW,,%XO
OHWLQRIWKH6HLVPRORJLFDO6RFLHW\RI$PHULFD  $XJXVW
>@ 3*DOYtQ6)UDQoRLV06FKHYHQHOV(%RQJLQL*'HJUDQGH*/RPEDHUW$'
FRXSOHG)(%(PRGHOIRUWKHSUHGLFWLRQRIUDLOZD\LQGXFHGYLEUDWLRQV6RLO'\QDPLFV
DQG(DUWKTXDNH(QJLQHHULQJ
>@ -3DUNDQG$0.D\QLD)(VLPXODWLRQRIVWHDG\VWDWHZDYHPRWLRQLQVROLGVFRPELQHG
ZLWKD30/DSSURDFK;,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV(852'<1
3URFHGLD(QJLQHHULQJ
>@ - 3DUN DQG $0 .D\QLD 6WLIIQHVV PDWULFHV IRU IOXLG DQG DQLVRWURSLF VRLO OD\HUV ZLWK
DSSOLFDWLRQVLQVRLOG\QDPLFV6RLO'\QDPLFVDQG(DUWKTXDNH(QJLQHHULQJ
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(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

86(2)7+('20$,15('8&7,210(7+2'726,08/$7(7+(
6(,60,&5(63216(2)$1(;,67,1*6758&785(3527(&7('
%<5(621$7,1*81,7&(//0(7$0$7(5,$/6
&RQVWDQWLQRV.DQHOORSRXORV%RULV-HUHPLü,RDQQLV$QDVWDVRSRXORVDQG%RåLGDU
6WRMDGLQRYLü


(7+=XULFK
6WHIDQR)UDQVFLQL3ODW]=XULFK6ZLW]HUODQG
HPDLO^NDQHOORSRXORVVWRMDGLQRYLF`#LENEDXJHWK]FK


8QLYHUVLW\RI&DOLIRUQLD'DYLV
2QH6KLHOGV$YHQXH'DYLV&$
HPDLOMHUHPLF#XFGDYLVHGX


(7+=XULFK
6WHIDQR)UDQVFLQL3ODW]=XULFK6ZLW]HUODQG
HPDLOL[D#LJWEDXJHWK]FK

.H\ZRUGV 'RPDLQ 5HGXFWLRQ 0HWKRG 6HLVPLF 0HWDPDWHULDOV 5HVRQDWLQJ 8QLW &HOOV
'\QDPLF6RLO6WUXFWXUH,QWHUDFWLRQ
$EVWUDFW Metamaterials have been successfully used during the past decade in the field of
electromagnetism to control the propagation of electromagnetic waves. Interesting and
possibly practically useful phenomena, such as negative refraction and generation of frequency
bandgaps, may be induced in metamaterials. Recently, remarkable attempts have been made to
bring this concept to the civil engineering scale in order to control the incoming seismic waves,
mitigate their effects on structures and enhance seismic resilience of communities. A study on
the potential of installing multiple resonating unit cells around an existing structure to improve
its seismic performance is presented in this paper. Taking advantage of the 180o phase
difference that occurs right after the resonance of the unit cell masses, bandgaps can be
generated at frequencies of interest for earthquake engineering applications. The Domain
Reduction Method (DRM) is employed to realistically model the wave field (vertically
propagating shear waves in this case). The model is verified and key features of DRM important
for modeling the seismic response of metamaterials are exemplified.
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,1752'8&7,21
8VH RI PHWDPDWHULDOV WR FRQWURO WKH SURSDJDWLRQ RI HOHFWURPDJQHWLF ZDYHV ZDV LQLWLDOO\
SURSRVHGE\3HQGU\HWDO>@6LQFHWKHQPDQ\UHVHDUFKHUVDSSOLHGWKLVFRQFHSWLQGLIIHUHQW
VFLHQFHDQGHQJLQHHULQJILHOGVZKHUHWKHZDYHOHQJWKVDUHRUGHUVRIPDJQLWXGHODUJHUDVLQWKH
FDVHRIPHFKDQLFDOZDYHVLQVROLGV,QSDUWLFXODUHDUWKTXDNHHQJLQHHUVKDYHFRQVLGHUHGORFDOO\
UHVRQDQWPHWDPDWHULDOVRUUHVRQDWLQJXQLWFHOOVRUUHVRQDWRUV PXOWLSOHXQLWFHOOVZLWKDYLEUDWLQJ
PDVV LQVLGH HDFK RQH RI WKHP  HPEHGGHG LQWR WKH VRLO DV WKH PHDQV WR JXLGH WKH LQFRPLQJ
VHLVPLFZDYHVLQFHUWDLQIUHTXHQF\UDQJHV LHZDYHOHQJWKV DZD\IURPWKHVWUXFWXUHWREH
SURWHFWHG 0RVW RI WKHVH VWXGLHV >@ >@ >@ >@  KDYH VKRZQ HLWKHU QXPHULFDOO\ RU
H[SHULPHQWDOO\WKDWWKLVLVIHDVLEOHIRUWKHFDVHRIVXUIDFHZDYHV6XFKZDYHVFRXSOHZLWKWKH
UHVRQDWRUVDQGDUHWUDQVPLWWHGGRZQZDUGVEHIRUHUHDFKLQJWKHVWUXFWXUH
+RZHYHUDVVKRZQE\=DFFKHULQLHWDO>@LQFDVHRIPRUHUHDOLVWLFLQKRPRJHQHRXVVRLO
OD\HUVZLWKGHSWKLQFUHDVLQJVWLIIQHVVWKHLQLWLDOO\GRZQZDUGWUDQVPLWWHGZDYHVZLOOHYHQWXDOO\
EHQGXSZDUGVDQGWUDYHOEDFNWRZDUGVWKHJURXQGVXUIDFH7KLVLPSOLHVWKDWWKHVXFFHVVIXOO\
GLYHUWHG VXUIDFH ZDYHV DLPLQJ WR SURWHFW RQH VWUXFWXUH  PD\ FDXVH DGGLWLRQDO GDPDJH WR
QHLJKERULQJ VWUXFWXUHV 6XFK XQLQWHQGHG ³WUDQVIHU´ RI VHLVPLF ULVN QHHGV WR EH WKRURXJKO\
DGGUHVVHGLIVHLVPLFPHWDPDWHULDOVDUHWRILQGWKHLUZD\LQWRFLYLOHQJLQHHULQJSUDFWLFH
0RVWLPSRUWDQWO\RQO\DIHZVWXGLHV >@>@ KDYHGHDOWZLWKWKHRWKHUFULWLFDOVHLVPLFZDYH
FRPSRQHQWWKHERG\VKHDUZDYHV,QFRQWUDVWWRVXUIDFHZDYHVERG\ZDYHVSURSDJDWHDOPRVW
YHUWLFDOO\WKURXJKWKHVRLOLQFLWLQJWKHVWUXFWXUHIURPEHORZ$GHEDWHRQZKLFKZDYHV VXUIDFH
RU ERG\  DUH PRUH GHVWUXFWLYH LV VWLOO RQJRLQJ LQ WKH HDUWKTXDNH HQJLQHHULQJ FRPPXQLW\
+RZHYHUZLWKDUHDOLVWLFPRGHORIWKHVHLVPLFZDYHILHOGJHQHUDWHGE\WKHUXSWXULQJVHLVPLF
IDXOWWKHUHODWLYHLPSRUWDQFHRIWKHGLIIHUHQWW\SHVRIVHLVPLFZDYHVFDQEHDVVHVVHGEDVHGRQ
WKHEDVLVRIVRXQGVHLVPLFULVNDQDO\VLVSULQFLSOHV
7KLV VWXG\ HPSOR\V WKH 'RPDLQ 5HGXFWLRQ 0HWKRG '50  >@ >@  WKDW UHDOLVWLFDOO\
PRGHOVERWKERG\DQGVXUIDFHZDYHV7KH'50LVD)LQLWH(OHPHQW )( DQDO\VLVPHWKRGWKDW
DLPVDWUHGXFLQJDODUJHFRPSXWDWLRQDOGRPDLQWKDWLQFOXGHVWKHHQWLUHSUREOHP LQFOXGLQJWKH
VHLVPLFIDXOWWKHEHGURFNWKHVRLODQGWKHVWUXFWXUH WRDPXFKVPDOOHUFRPSXWDWLRQDOGRPDLQ
WKDWRQO\LQFOXGHVORFDOVRLODQGVWUXFWXUHXVLQJDSSURSULDWHERXQGDU\DQGLQLWLDOFRQGLWLRQV
DQGLQWHUIDFHOD\HUV>@7KHHQHUJ\JHQHUDWHGE\RVFLOODWLRQVRIWKHVWUXFWXUHLVUDGLDWHGEDFN
LQWRWKHGRPDLQDQGGLVVLSDWHGXVLQJVRFDOOHGGDPSLQJHOHPHQWVDWWKH'50PRGHOERXQGDU\
'50HQDEOHVDFFXUDWHPRGHOOLQJRIDOOFRPSRQHQWVRIVHLVPLFZDYHV
7KHSDSHUIRFXVHV RQD' SODQHVWUDLQ GRPDLQYHUWLFDOO\SURSDJDWLQJKRUL]RQWDOVKHDU
ZDYHV DQG D VWUXFWXUH UHSUHVHQWHG E\ DQ HODVWLF VLQJOH GHJUHH RI IUHHGRP 6'2)  V\VWHP
UHVSRQGLQJWRKRUL]RQWDOEDVHH[FLWDWLRQDQGPHWDPDWHULDOUHVRQDWRUVVLPLODUZLWKWKRVHRQHV
SURSRVHG E\ &RORPEL HW DO >@ 7KH DLP LV WR VKRZFDVH WKH HIIHFWLYHQHVV RI WKH '50 LQ
PRGHOOLQJVRLO±VWUXFWXUH±PHWDPDWHULDOVHLVPLFUHVSRQVH(PSKDVLVLVSODFHGRQWKHLPSRUWDQFH
RI PRGHO YHULILFDWLRQ DQG YDOLGDWLRQ DQG WKH LOOXVWUDWLRQ RI VRPH RI WKH PRVW SRZHUIXO DQG
XVHIXOIHDWXUHVRIWKH'50DVLPSOHPHQWHGLQWKH5HDO(66,6LPXODWRU>@
),1,7((/(0(1702'(/
7KHLQSODQHOLQHDUHODVWLF)(PRGHOOLQJLVFRQGXFWHGXVLQJWKH5HDO(66,6LPXODWRU>@
LQZKLFKWKH'50LVDOUHDG\LQFRUSRUDWHGDQGFDQEHHDVLO\DSSOLHG7KH)(PRGHOLVLOOXVWUDWHG
LQ)LJZKHUHWKH'50HOHPHQWVDUHKLJKOLJKWHGZLWKRUDQJHFRORU7KH)(PRGHOLVSDUWRI
DRQHWRWZRRUGHUVRIPDJQLWXGHODUJHUGRPDLQWKDWLQFOXGHVWKHURFNDQGWKHUHPDLQLQJVRLO
WKURXJKZKLFKWKHVHLVPLFZDYHVSURSDJDWH7KHVHLVPLFPRWLRQVDUHLQVHUWHGLQWRWKH)(PRGHO
E\DSSO\LQJ³HIIHFWLYH´IRUFHVRQWKH'50HOHPHQWV7RFDOFXODWHWKHVHHIIHFWLYHIRUFHVRQH
QHHGVWRFDOFXODWHWKHGLVSODFHPHQWDQGDFFHOHUDWLRQWLPHKLVWRULHVIRUHDFKQRGHRIWKH'50
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HOHPHQWV XVLQJWKHIUHHILHOGUHVSRQVHRIWKHODUJHUGRPDLQDQGWKHNQRZQPDVVDQGHODVWLF
VWLIIQHVV PDWULFHV RI WKH )( PRGHO 7KLV FDQ EH GRQH HLWKHU DQDO\WLFDOO\ >@ >@  RU
QXPHULFDOO\XVLQJRQHRIWKHDYDLODEOHFRPPHUFLDOSDFNDJHVWRFDOFXODWHIUHHILHOGUHVSRQVH
7KLVFRPSOH[SURFHVVLVDXWRPDWHGLQ5HDO(66,REOLYLDWLQJWKHQHHGWRPDQXDOO\FDOFXODWHWKH
HIIHFWLYHIRUFHVRQ'50HOHPHQWV,QWKLVZD\WKHRQO\QHFHVVDU\LQSXWLVWKHDFFHOHUDWLRQDQG
GLVSODFHPHQWWLPHKLVWRULHVRIWKHVHLVPLFPRWLRQ
$VHFRQGLPSRUWDQWSDUWRIWKH)(PRGHODUHWKHGDPSLQJHOHPHQWV VKRZQZLWKGDUNJUH\
FRORULQ)LJ ZKLFKVXUURXQGWKH'50HOHPHQWV RUDQJH 1RWHWKHGLIIHUHQWGDPSLQJUDWLR
YDOXHV DVVLJQHG WR WKH GDPSHU HOHPHQW ]RQHV RQ WKH VLGHV DQG XQGHU WKH VRLO GRPDLQ 7KH
SXUSRVHRIWKHGDPSLQJHOHPHQWV LVWRGDPSRXW DQ\ZDYHV JHQHUDWHGE\RVFLOODWLRQVRIWKH
VWUXFWXUH E\ DUWLILFLDOO\ DSSO\LQJ KLJK YDOXHV RI 5D\OHLJK YLVFRXV GDPSLQJ RQ VXFK LQFLWLQJ
ZDYHV,QWKHDEVHQFHRIDVWUXFWXUH IUHHILHOG WKHGDPSLQJHOHPHQWVUHPDLQLQDFWLYHDVWKHUH
DUHQRUDGLDWHGZDYHVHQWHULQJWKHLUGRPDLQ

)LJ*HRPHWU\RIWKH)(PRGHOLQFOXGLQJWKHUHVRQDWLQJXQLWFHOOVDQGWKHVWUXFWXUH

6RLOVWUXFWXUHDQGPHWDPDWHULDOSURSHUWLHV
$XQLIRUPDQGUHODWLYHO\VRIWVRLOOD\HURIPGHSWKLVFRQVLGHUHGZLWKVs PV VKHDU
ZDYHYHORFLW\ Ȟ  3RLVVRQ¶VUDWLR ȡ 0JP PDVVGHQVLW\ UHVWLQJRQULJLGEHGURFN
WKHUHVXOWLQJKRUL]RQWDOQDWXUDOSHULRGLVV7KHVRLOLVPRGHOOHGXVLQJQRGHHODVWLFVROLG
EULFN HOHPHQWV ' PRGHOOLQJ ZLWK ' HOHPHQWV LH D ' VOLFH  VXIILFLHQWO\ GLVFUHWL]HG WR
SURSHUO\FDSWXUHZDYHILHOGUHVSRQVH DWOHDVWHOHPHQWVSHUZDYHOHQJWK>@>@ 6LQFH
ULJLGEHGURFNLVDVVXPHGDWPGHSWKWKHUDGLDWHGZDYHVIURPWKHVWUXFWXUHDQGWKHUHVRQDWRUV
VKRXOGQRWEHGDPSHGRXWE\WKHGDPSLQJHOHPHQWVDWWKHERWWRPRIWKHPRGHO,QWKLVSDUWLFXODU
FDVH UDGLDWHG ZDYHV SURSDJDWLQJ WR WKH ERWWRP ERXQGDU\ RI WKH )( PRGHO VKRXOG JHW IXOO\
UHIOHFWHG EDFN WRZDUGV WKH JURXQG VXUIDFH DQG FRQWLQXH SURSDJDWLQJ GRZQZDUGV DQG
XSZDUGV XQWLOWKH\JUDGXDOO\GLVVLSDWHRUJHWDUWLILFLDOO\GDPSHGRXWE\WKHODWHUDOGDPSLQJ
HOHPHQWV WKLVLVZK\ȟ GDPSLQJUDWLRLVXVHGIRUWKHGDPSLQJHOHPHQWVLQWKHKRUL]RQWDO
]RQHXQGHUWKHVRLOVDPHDVIRUWKHVRLODERYHDVVKRZQLQ)LJ 
$WWKLVSRLQWLWVKRXOGEHQRWHGWKDWWKLVLVQRWKRZGDPSLQJHOHPHQWVDUHVXSSRVHGWREH
XVHG $FFRUGLQJ WR WKH '50 GDPSLQJ HOHPHQWV VKRXOG EH XVHG WR GDPS RXW LQWHUQDOO\
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JHQHUDWHGDQGUDGLDWHGZDYHVQRWDOORZLQJWKHPWRJREDFNLQWRWKHPDLQGRPDLQ$GHHSHU
)(PRGHOZRXOGEHUHTXLUHGIRUWKLVSXUSRVHDOVRLQFOXGLQJWKHURFNOD\HUDERYHWKH'50
HOHPHQWVVRWKDWDQ\UDGLDWHGZDYHVZRXOGEHQDWXUDOO\UHIOHFWHGDWWKHVRLO±URFNLQWHUIDFH
$QLGHDOL]HG6'2)V\VWHPLVXVHGWRUHSUHVHQWDQH[LVWLQJVKHDUEXLOGLQJO\LQJRQDULJLG
VXUIDFHIRXQGDWLRQRIPZLGWKZKLFKLVPRGHOOHGZLWKQRGHHODVWLFEULFNHOHPHQWV7KH
6'2)V\VWHPRIPKHLJKWLVPRGHOOHGZLWKHODVWLFEHDPHOHPHQWVDVVXPHGWREHPDVVOHVV
DQGD0JOXPSHGPDVVRQWRS7KHVWLIIQHVVRIWKHEHDPLVGHILQHGVRWKDWWKHUHVXOWLQJ
QDWXUDOSHULRGRIWKH6'2)V\VWHPLVV$5D\OHLJKYLVFRXVGDPSLQJRIZDVDVVXPHG
7KHUHVRQDWLQJXQLWFHOOVDUHSODFHGDWWKHVLGHVRIWKHVWUXFWXUHHPEHGGHGLQWRWKHVRLO(DFK
XQLWFHOO LQWRWDO LVDKROORZUHLQIRUFHGFRQFUHWH 5& ER[FRQWDLQLQJDPDVVHOHPHQW DW
WKHFHQWUH  FRQQHFWHGWRWKHVLGHVRIWKHER[WKURXJKWZRSDLUVRIVSULQJV DQGGDVKSRWVDV
VKRZQLQ)LJ7KH5&ER[LVPRGHOOHGZLWKHODVWLFVKHOOHOHPHQWVRIh PWKLFNQHVV
<RXQJ¶VPRGXOXVE *3DY DQGȡ 0JPZKLOHD.HOYLQ9RLJWWUXVVHOHPHQW
LV XVHG WR PRGHO HDFK SDLU RI VSULQJV DQG GDVKSRWV 7KH VSULQJ VWLIIQHVV DQG WKH PDVV DUH
GHWHUPLQHGVRWKDWWKHQDWXUDOYLEUDWLRQSHULRGRIHDFKXQLWFHOOLVV±MXVWDERYHWKHV
SHULRGRIWKH6'2)V\VWHP WKHUHDVRQRIWKLVVHOHFWLRQZLOOEHH[SODLQHGLQ6HFWLRQ +HQFH
DVVXPLQJDPDVVRI0JIRUHDFKXQLWFHOOWKHVSULQJVWLIIQHVVVKRXOGEHN1P$V
GLVFXVVHGODWHURQWKHLQFUHDVHRIWKHPDVVRIWKHUHVRQDWLQJXQLWFHOOVOHDGVWRLQFUHDVHRIWKHLU
HIILFLHQF\)LQDOO\DGDPSLQJUDWLRRILVDVVXPHGIRUWKHXQLWFHOOV
&RQFHUQLQJWKHERXQGDU\FRQGLWLRQVRIWKH)(PRGHODOOGHJUHHVRIIUHHGRPRIWKHRXWHU
ODWHUDODQGERWWRP ERXQGDULHVRIWKHGDPSLQJHOHPHQWVDUHIL[HG,QDGGLWLRQVLQFHDRQH
FRPSRQHQWJURXQGPRWLRQH[FLWDWLRQLVHPSOR\HG LHYHUWLFDOO\SURSDJDWLQJKRUL]RQWDOVKHDU
ZDYHV WKHVRLOHOHPHQWQRGHVDUHDOORZHGWRPRYHRQO\KRUL]RQWDOO\7KHVDPHDSSOLHVWRWKH
OXPSHGPDVVDWWKHWRSRIWKH6'2)V\VWHPDQGWKHYLEUDWLQJPDVVHVLQVLGHWKHXQLWFHOOV LH
QRURWDWLRQVRUYHUWLFDOPRWLRQVDUHDOORZHG )LQDOO\WKHIRXQGDWLRQVRLODQGUHVRQDWRUVVRLO
LQWHUIDFHVDUHPRGHOOHGXVLQJIXOOFRQWDFWERQGHGHOHPHQWV
,QSXWPRWLRQ
$VVKRZQLQ)LJWKHGHVLUHGEDVHH[FLWDWLRQRIWKH6'2)V\VWHPLVD5LFNHUSXOVHRI
V SHULRG DQG  J SHDN DPSOLWXGH 7KH LQSXW PRWLRQ DSSOLHG RQ WKH '50 HOHPHQWV LV
FDOFXODWHG WR FUHDWH VXFK D ZDYH ILHOG WKDW ZLOO UHVXOW LQ WKH WDUJHWHG PRWLRQ DW WKH JURXQG
VXUIDFH*HQHUDWLRQRIWKHIUHHILHOGZDYHILHOG E\ILUVWSHUIRUPLQJGHFRQYROXWLRQRIWKH5LFNHU
SXOVH GRZQ WR WKH EHGURFN  WR FUHDWH WKH ³HIIHFWLYH´ IRUFHV IRU WKH '50 HOHPHQWV LV GRQH
DXWRPDWLFDOO\LQ5HDO(66,XVLQJWKHDQDO\WLFDOVROXWLRQVGHVFULEHGLQ>@DQG>@
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)LJ5LFNHUSXOVH VPV  D KRUL]RQWDODFFHOHUDWLRQDQG E KRUL]RQWDOGLVSODFHPHQWWLPHKLVWRULHV 
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9HULILFDWLRQRIWKH)(PRGHO
)UHHILHOGUHVSRQVH
7KHIUHHILHOGPRGHORI)LJLVGHYHORSHGDQGXVHGWRYHULI\WKDWWKHH[FLWDWLRQDWWKHJURXQG
VXUIDFHLVLQGHHGWKHWDUJHWHG5LFNHUSXOVHRI)LJ7KHGHYHORSHGIUHHILHOGPRGHOLVH[DFWO\
WKHVDPHDVEHIRUHEXWWKH6'2)VWUXFWXUHDQGWKHUHVRQDWLQJFHOOVDUHUHPRYHG )LJXUHD
GHSLFWVWKHGHIRUPHG)(PHVKZLWKVXSHULPSRVHGKRUL]RQWDOGLVSODFHPHQWFRQWRXUVIRUt V
$W WKLV VSHFLILF LQVWDQW WKH PRGHO VXUIDFH DWWDLQV WKH PD[LPXP QHJDWLYH GLVSODFHPHQW
DPSOLWXGH P DVLWVKRXOG([DFWO\WKHVDPHGHIRUPHG)(PHVKLVVKRZQLQ)LJE
EXWZLWKH[DJJHUDWHGKRUL]RQWDOGLVSODFHPHQWVFDOLQJWRYHULI\WKDWWKHVRLOOD\HUGHIRUPVLQLWV
ILUVWYLEUDWLRQPRGHVKDSHDVLWVKRXOGVLQFHWKHGRPLQDQWSHULRGRIWKH5LFNHUSXOVH V 
FRLQFLGHVZLWKWKHQDWXUDOSHULRGRIWKHVRLOFROXPQ V 

sƐсϭϵϬŵͬƐ
ʇсϬ͘ϬϮ

ZDĞůĞŵĞŶƚƐ
ĂŵƉŝŶŐĞůĞŵĞŶƚƐ

)LJ)(PRGHOGHYHORSHGWRYHULI\WKHIUHHILHOGUHVSRQVH

7KHHIIHFWRIQXPHULFDOGDPSLQJLVH[DPLQHGLQPRUHGHWDLOORRNLQJDWWKHJURXQGVXUIDFH
DFFHOHUDWLRQWLPHKLVWRULHV )LJ 1XPHULFDOGDPSLQJFDQEHWXQHGXVLQJWKHSDUDPHWHUȖRI
WKH1HZPDUNLQWHJUDWLRQPHWKRG>@$WWKLVSRLQWLWVKRXOGEHQRWHGWKDWQXPHULFDOGDPSLQJ
KDV QRWKLQJ WR GR ZLWK WKH SK\VLFDO GDPSLQJ PHFKDQLVPV 6XFK algorithmic GDPSLQJ ZDV
LQWURGXFHGE\1HZPDUN>@LQRUGHUWRGDPSRXWWKHQRQUHDOLVWLFKLJKIUHTXHQFLHVVWHPPLQJ
IURP PRGHO GLVFUHWL]DWLRQ 6XFK QXPHULFDO GDPSLQJ VKRXOG EH HPSOR\HG FDXWLRXVO\ DV LWV
LPSURSHUXVHFRXOGDOVRGDPSRXWWKHUHDOUHVSRQVHRIWKHPRGHO

)LJ)UHHILHOGDQDO\VLV±GHIRUPHG)(PHVKZLWKVXSHULPSRVHGKRUL]RQWDOGLVSODFHPHQWFRQWRXUVIRUt V
D FRQVLVWHQWVFDOLQJ E H[DJJHUDWHGKRUL]RQWDOGLVSODFHPHQWV

$VVKRZQLQ )LJDLQ WKHDEVHQFHRIQXPHULFDOGDPSLQJ Ȗ  WKHWDUJHWHG5LFNHU
ZDYHOHW LV ³FRQWDPLQDWHG´ E\ VSXULRXV RVFLOODWLRQV DIWHU WKH PDLQ SXOVH 7KHVH RVFLOODWLRQV
YDQLVK ZLWK DVOLJKW LQFUHDVHRIQXPHULFDO GDPSLQJ Ȗ  ZKLOHWKH PDLQSXOVHUHPDLQV
XQDIIHFWHG )LJE )XUWKHULQFUHDVHWR Ȗ OHDGVWRLPSURSHUUHSURGXFWLRQRIWKHPDLQ
SXOVHDQGWRVSXULRXVRVFLOODWLRQV )LJF ,WLVWKHUHIRUHHVVHQWLDOWRFRQGXFWDVKRUWVHQVLWLYLW\
DQDO\VLVDWWKHEHJLQQLQJRID'50VWXG\WRILQHWXQHWKHQHFHVVDU\QXPHULFDOGDPSLQJ$
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VLPLODUVHQVLWLYLW\DQDO\VLVLVFRQGXFWHGIRUWKHFRPSOHWHPRGHO LQFOXGLQJWKH6'2)VWUXFWXUH
DQGWKHUHVRQDWRUV FRQFOXGLQJWKDWQRQXPHULFDOGDPSLQJLVQHFHVVDU\ LHȖ  
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)LJ7LPHKLVWRULHVRIKRUL]RQWDODFFHOHUDWLRQVDWWKHJURXQGVXUIDFHIRUWKUHHGLIIHUHQWYDOXHVRIQXPHULFDO
GDPSLQJ D Ȗ  QRQXPHULFDOGDPSLQJ  E Ȗ DQG F Ȗ 

'DPSLQJRIWKH'50HOHPHQWV
$VSUHYLRXVO\GLVFXVVHGVLQFHWKHGDPSLQJHOHPHQWVDWWKHERWWRPRIWKH)(PRGHODUHQRW
DFWLYH ZDYHV UDGLDWHG IURP WKH VWUXFWXUH FDQ SURSDJDWH GRZQZDUGV DQG XSZDUGV EHLQJ
UHIOHFWHGDWWKHERWWRPERXQGDU\ EHGURFN DQGDWWKHJURXQGVXUIDFHUHVSHFWLYHO\7KHVDPH
5D\OHLJKYLVFRXVGDPSLQJ ȟ  LVXVHGIRUWKHVRLODQGWKHGDPSLQJHOHPHQWVXQGHUWKH
'50HOHPHQWVZKLOHDKLJKHUȟLVHPSOR\HGIRUWKHODWHUDOGDPSLQJHOHPHQWV )LJ 
$ VKRUW VHQVLWLYLW\ VWXG\ LV FRQGXFWHG WR EHWWHU XQGHUVWDQG WKH LPSRUWDQFH RI GDPSLQJ
HOHPHQWV)RUWKLVSXUSRVHWKH5D\OHLJKYLVFRXVGDPSLQJRIDOOGDPSLQJHOHPHQWV LQFOXGLQJ
WKRVH XQGHU WKH '50 HOHPHQWV  LV SURJUHVVLYHO\ LQFUHDVHG XQWLO WKH UHVSRQVH RI WKH 6'2)
VWUXFWXUH LQWHUPVRIKRUL]RQWDODFFHOHUDWLRQVDWWKHPDVV LVQRWDIIHFWHGDQ\PRUH )LJ 
6XFKFRQYHUJHQFHLVREVHUYHGIRUȟ   DVWKHUHVSRQVHUHPDLQVXQDIIHFWHGZLWKIXUWKHU
LQFUHDVHRIGDPSLQJWRȟ   7KLVLPSOLHVWKDWZLWKȟ DOOUDGLDWHGZDYHVIURP
WKH6'2)VWUXFWXUHDQGWKHXQLWFHOOUHVRQDWRUVDUHIXOO\DEVRUEHGE\WKHGDPSLQJHOHPHQWV
)LJXUHFRPSDUHVWKHUHVSRQVHIRUȟ DSSOLHGWRDOOGDPSLQJHOHPHQWVWRWKHFDVHZKHUH
WKHVDPHKLJKYDOXHRIȟLVDSSOLHGRQO\WRWKHODWHUDOGDPSLQJHOHPHQWV7KHDFFHOHUDWLRQWLPH
KLVWRULHVDWWKHWRSRIWKH6'2)VWUXFWXUHDUHVKRZQLQ)LJD([FHSWIURPWKHQRQQHJOLJLEOH
GLIIHUHQFH EHWZHHQ WKH WZR FDVHV LW FDQ DOVR EH REVHUYHG WKDW WKDW WKH VWUXFWXUDO UHVSRQVH
EHFRPHVPRUHLQWHQVHZKHQWKHUDGLDWHGZDYHVDUHIXOO\DEVRUEHGZKLFKLVQRWLQWXLWLYH$V
GLVFXVVHGODWHURQWKLVLVDWWULEXWHGWRWKHUHVSRQVHRIWKHUHVRQDWLQJXQLWFHOOV7KHYLEUDWLQJ
PDVVHVLQVLGHWKHXQLWFHOOVDUHPRYLQJRXWRISKDVHZLWKUHVSHFWWRWKH6'2)VWUXFWXUH$VD
UHVXOWWKHUDGLDWHGZDYHVIURPWKHUHVRQDWRUVSURSDJDWHGRZQZDUGVWREHGURFNEHLQJUHIOHFWHG
EDFNWRZDUGVWKHJURXQGVXUIDFH$QGVLQFHWKH\DUHRXWRISKDVHWKLVOHDGVWRDGHFUHDVHRI
WKHDFFHOHUDWLRQRIWKH6'2)VWUXFWXUH7KLVLVZK\WKHDFFHOHUDWLRQVRIWKH6'2)VWUXFWXUH
LQFUHDVHZKHQWKHUDGLDWHGZDYHVDUHGDPSHGRXW
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)LJ7LPHKLVWRULHVRIKRUL]RQWDODFFHOHUDWLRQDWWKHWRSRIWKH6'2)VWUXFWXUHIRUWKUHHGLIIHUHQWYDOXHVRI
GDPSLQJUDWLR ȟ DQG RIWKHGDPSLQJHOHPHQWVLQWKH)(PRGHO

^K&ƐǇƐƚĞŵ

)LJ7LPHKLVWRULHVRIKRUL]RQWDODFFHOHUDWLRQ D DWWKHWRSRIWKH6'2)VWUXFWXUHDQG E DWWKHJURXQG
VXUIDFH SRLQW$ )RUWKHODWHUDOGDPSLQJHOHPHQWVȟ  LHODWHUDOO\SURSDJDWLQJZDYHVDUHIXOO\DEVRUEHG 
IRUWKHGDPSLQJHOHPHQWVXQGHUWKH'50HOHPHQWV LQVLGHWKHZKLWHER[RIWKHHPEHGGHGILJXUH ȟ LV
FRPSDUHGWRȟ  LHSUDFWLFDOO\QRGDPSLQJ 
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)LJXUHERIIHUVDFRPSDULVRQRIIUHHILHOGJURXQGVXUIDFHDFFHOHUDWLRQV DW3RLQW$DZD\
IURP WKH VWUXFWXUH  :KHQ ȟ   IRU DOO GDPSLQJ HOHPHQWV WKH UHVSRQVH DW SRLQW $ LV WKH
WDUJHWHG5LFNHUSXOVH IUHHILHOGUHVSRQVH +RZHYHUZKHQRQO\WKHODWHUDOGDPSLQJHOHPHQWV
DUH³DFWLYH´WKHUDGLDWHGIURPWKHVWUXFWXUHDQGWKHUHVRQDWRUVZDYHVDUHQRWGDPSHGOHDGLQJ
WRWKHGHYHORSPHQWRIVSXULRXVRVFLOODWLRQVDIWHUWKHPDLQSXOVH7KHVHZDYHVZLOOHYHQWXDOO\
EHGDPSHGRXWZKHQWKH\UHDFKWKHODWHUDOGDPSLQJHOHPHQWV,GHDOO\WKRVHZDYHVVKRXOGKDYH
EHHQDEOHWRFRQWLQXHSURSDJDWLQJVLGHZD\VDVVKRZQLQ)LJ7KHODWWHUSORWVWKH)(PRGHO
VWUDLQHQHUJ\GHQVLW\IRUIRXUGLIIHUHQWVQDSVKRWVVKRZLQJWKHZDYHVJHQHUDWHGE\WKHYLEUDWLRQ
RIWKH6'2)VWUXFWXUHDQGWKHUHVRQDWRUVWUDYHOOLQJODWHUDOO\

W V

W V

W V

W V
)LJ6QDSVKRWV t DQGV RIVWUDLQHQHUJ\GHQVLW\FRQWRXUVVKRZLQJWKHODWHUDO
SURSDJDWLRQRIZDYHVUDGLDWHGIURPWKH6'2)VWUXFWXUH

/DWHUDOERXQGDULHVRIWKH)(PRGHO
$QDGGLWLRQDOVHQVLWLYLW\DQDO\VLVLVFRQGXFWHGWRH[SORUHWKHHIIHFWRIWKH)(PRGHOOHQJWK
7KHOHQJWKLVJUDGXDOO\LQFUHDVHGXQWLOWKHUHVSRQVHRIWKH6'2)VWUXFWXUHLVQRWDIIHFWHGDQ\
PRUH$VVKRZQLQ)LJWKLVLVDFKLHYHGZKHQWKH)(PRGHOOHQJWKEHFRPHVHTXDOWRP
DVIXUWKHULQFUHDVHWRPGRHVQRWVHHPWRFDXVHDQ\FKDQJHVLQUHVSRQVH7KLVOHDGVWRDQ
H[WUHPHO\ ODUJH )( PRGHO ZKLFK PD\ EH FRPSXWDWLRQDOO\ DIIRUGDEOH LQ ' EXW QRW LQ '
+RZHYHU IDVWHU ZDYH DWWHQXDWLRQ LQ ' DORQJ ZLWK DGGLWLRQDO GDPSLQJ GXH WR PDWHULDO
QRQOLQHDULWLHV>@PD\DOORZVLJQLILFDQWUHGXFWLRQRIWKHUHTXLUHGOHQJWK
5(68/76
%HIRUHSUHVHQWLQJVRPHRIWKHNH\UHVXOWVLWLVLPSRUWDQWWRH[SODLQDVLPSOHSURSHUW\RI
UHVRQDWLQJ XQLW FHOOV WKDW OHDGV WR GHFUHDVHG DFFHOHUDWLRQV LQ WKH VXUURXQGLQJ VRLO DQG
FRQVHTXHQWO\WRDUHGXFWLRQRIWKHVHLVPLFUHVSRQVHRIWKHVWUXFWXUH:KHQD6'2)V\VWHP
UHVRQDWHVXQGHUKDUPRQLFEDVHH[FLWDWLRQLWPRYHVZLWKDRSKDVHGLIIHUHQFHZLWKUHVSHFWWR
WKHH[FLWDWLRQGLVSODFHPHQWVLJQDO,IWKHKDUPRQLFH[FLWDWLRQIUHTXHQF\LVVOLJKWO\FKDQJHGWKH
GLVSODFHPHQWSKDVHGLIIHUHQFHZLOOUDSLGO\GURSWRRRUMXPSWRRSURYLGHGWKDWWKHYLVFRXV
GDPSLQJ UDWLR RI WKH 6'2) V\VWHP LV UHODWLYHO\ ORZ ,Q WKH )( PRGHO VWXGLHG KHUHLQ WKH
UHVRQDWLQJXQLWFHOOVKDYHDVOLJKWO\VPDOOHUUHVRQDQWIUHTXHQF\ +] V WKDQWKH6'2)
VWUXFWXUH +] V WKH5LFNHUH[FLWDWLRQLVVOLJKWO\ODUJHU +] V 7KXV
WKHUHVRQDQWXQLWFHOOPDVVHVDQGWKHVRLOZLOOPRYHRXWRISKDVH ZLWKRSKDVHGLIIHUHQFH 
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)LJ+RUL]RQWDODFFHOHUDWLRQVDWWKHWRSRIWKH6'2)VWUXFWXUHIRUWKUHHGLIIHUHQW)(PRGHOOHQJWKV

6XFKRSSRVLQJPRWLRQ ZLOOUHGXFHWKH DFFHOHUDWLRQV DW WKH JURXQGVXUIDFHOHDGLQJ WR WKH
GHVLUHGUHGXFWLRQRIWKHUHVSRQVHRIWKH6'2)VWUXFWXUH2XWRISKDVHUHVRQDWRUV\VWHPVDUH
PRUHHIIHFWLYHIRUFRQWLQXRXVPXOWLF\FOHH[FLWDWLRQVVXFKDVKDUPRQLFV7KH5LFNHUSXOVHZDV
GHOLEHUDWHO\FKRVHQ EHFDXVHRILWVVLPLODULW\WRWKHPDLQSXOVHRIUHFRUGHGJURXQGPRWLRQV WR
H[DPLQHWKHHIILFLHQF\RIXQLWFHOOUHVRQDWRUVIRUVXFKVKRUWSXOVHVLJQDOV
)LJXUHFRPSDUHVWKHUHVSRQVHRIWKH6'2)VWUXFWXUHLQWHUPVRIDFFHOHUDWLRQZLWKDQG
ZLWKRXWXQLWFHOOUHVRQDWRUV7ZRFDVHVDUHH[DPLQHGZLWKUHVSHFWWRWKHYLEUDWLQJPDVVLQVLGH
WKH XQLW FHOOV  0J DQG  0J 7KH FRUUHVSRQGLQJ VWLIIQHVV RI WKH XQLW FHOO VSULQJV LV
DSSURSULDWHO\ DGMXVWHG VR WKDW WKHLU QDWXUDO SHULRG UHPDLQV  V 7KH SHDN UHVSRQVH RI WKH
6'2)VWUXFWXUHLVEDUHO\DIIHFWHGE\WKHXQLWFHOOUHVRQDWRUV$GHFUHDVHLQUHVSRQVHFDQEH
REVHUYHG RQO\ DIWHU WKH WKLUG F\FOH UHYHDOLQJ WKDW WKH HIIHFWLYHQHVV RI UHVRQDWLQJ XQLW FHOOV
LQFUHDVHVZLWKWKHQXPEHURIH[FLWDWLRQF\FOHV


QRUHVRQDWRUV



WQ
0J

$FFHOHUDWLRQ PV



0J
WQ










W V




















)LJ+RUL]RQWDODFFHOHUDWLRQVDWWKHWRSRIWKH6'2)VWUXFWXUHZLWKDQGZLWKRXWUHVRQDWRUV7KHYLEUDWLQJ
PDVVLQHDFKXQLWFHOOLVYDULHGIURPWR0JWR0J
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)LJXUHFRPSDUHVWKHDFFHOHUDWLRQDWWKHWRSRIWKH6'2)VWUXFWXUHWRWKDWRIWKHXQLWFHOO
YLEUDWLQJ PDVV  0J  5LJKW DIWHU WKH HQG RI WKH WUDQVLHQW SDUW 5LFNHU SXOVH  ERWK WKH
EXLOGLQJDQGWKHUHVRQDWRUVH[SHULHQFHIUHHYLEUDWLRQ6LQFHWKHPDVVRIWKH6'2)VWUXFWXUH 
0J LV DSSUR[LPDWHO\ HTXDO WR WKHWRWDO PDVVRIWKHUHVRQDWRUV [0J 0J WKH
LQHUWLD IRUFHV RI WKH WZR V\VWHP FRPSRQHQWV 6'2) VWUXFWXUH DQG UHVRQDWRUV  ZLOO EH
SURSRUWLRQDOWRWKHLUDFFHOHUDWLRQV7KHDFFHOHUDWLRQRIWKH6'2)VWUXFWXUHJUDGXDOO\GHFUHDVHV
UHDFKLQJDPLQLPXPDWt VZKHQWKHUHVRQDWRUVDUHPRYLQJH[DFWO\RXWRISKDVH)RUt !
V WKH DFFHOHUDWLRQ RI WKH UHVRQDWRUV LV VLJQLILFDQWO\ UHGXFHG GXH WR WKHLU LQWHUQDO YLVFRXV
GDPSLQJ ȟ  $IWHUWKLVSRLQWWKHIUHHYLEUDWLQJ6'2)VWUXFWXUHEHFRPHVWKHH[FLWDWLRQ
VRXUFHIRUWKHUHVRQDWRUVZKLFKDUHKHQFHIRUWKH[FLWHGDWWKHQDWXUDOYLEUDWLRQSHULRGRIWKH
6'2)VWUXFWXUH V $QGVLQFHWKHLUQDWXUDOYLEUDWLRQSHULRGRIVLVDELWORQJHUWKHLU
PDVVHV DUH DJDLQ JRLQJ WR PRYH RXW RI SKDVH ZLWK WKH 6'2) VWUXFWXUH ,Q WKLV ZD\ WKH
UHVRQDWRUVFRQWLQXHSOD\LQJDSURWHFWLYHUROHUHGXFLQJWKHUHVSRQVHRIWKH6'2)VWUXFWXUH



EXLOGLQJ
6'2)V\VWHP



UHVRQDWRUWQ
0J 
UHVRQDWRU

$FFHOHUDWLRQ PV










W V




















)LJ+RUL]RQWDODFFHOHUDWLRQVDWWKHWRSRIWKH6'2)V\VWHPFRPSDUHGWRWKHPDVVRIWKHWRSOHIWUHVRQDWRU

)LJXUHFRPSDUHVWKHKRUL]RQWDOGLVSODFHPHQWFRQWRXUVZLWKDQGZLWKRXWUHVRQDWRUV RI
0JXQLWFHOOPDVV IRUDVQDSVKRWDWt VZKHQWKHV\VWHPVDUHVXEMHFWHGWRIUHHYLEUDWLRQ
VDPHGLVSODFHPHQWVFDOHIDFWRU ,QWKHDEVHQFHRIUHVRQDWRUV )LJD WKHGLVSODFHPHQWVDUH
YLVLEO\ODUJHUFRPSDUHGWRWKHFDVHZLWK0JUHVRQDWRUV )LJE ERWKIRUWKHVRLODQGWKH
6'2)VWUXFWXUH2EVHUYHDOVRWKDWWKHXQLWFHOOPDVVHVDUHPRYLQJLQWKHRSSRVLWHGLUHFWLRQWR
WKDWRIWKH6'2)VWUXFWXUHZKLFKH[SODLQVWKHLUSURWHFWLYHIXQFWLRQ
&21&/86,216
7KHSDSHUKDVSUHVHQWHGDSUHOLPLQDU\VWXG\RQWKHSRWHQWLDORILQVWDOOLQJPXOWLSOHUHVRQDWLQJ
XQLWFHOOVDURXQGDQH[LVWLQJVWUXFWXUHWRLPSURYHLWVVHLVPLFSHUIRUPDQFH7KHIROORZLQJNH\
FRQFOXVLRQVDUHVXPPDUL]HGDVIROORZV
x 7KH 'RPDLQ 5HGXFWLRQ 0HWKRG '50  ZDV XVHG ZLWKLQ WKH 5HDO(66, 6LPXODWRU WR
UHDOLVWLFDOO\PRGHOERWKERG\DQGVXUIDFHZDYHVLQ)(PRGHOVDQGLQYHVWLJDWHVRLOVWUXFWXUH
PHWDPDWHULDOLQWHUDFWLRQ6RPHRILWVSRZHUIXOIHDWXUHVVXFKDVWKHSRVVLELOLW\WRGDPSRXW
ZDYHVUDGLDWLQJIURPWKHYLEUDWLQJVWUXFWXUHVZHUHGHPRQVWUDWHG
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x 7KHLPSRUWDQFHRIFRQGXFWLQJVKRUWVHQVLWLYLW\DQDO\VHVWRGHWHUPLQHWKHSDUDPHWHUVRIWKH
)(PRGHOZDVVWUHVVHG,QWKLVVWXG\WKHVHQVLWLYLW\RIWKH)(PRGHOWRQXPHULFDOGDPSLQJ
DQGWKHOHQJWKRIWKH)(PRGHOZHUHVWXGLHGLQGHWDLO,WZDVVKRZQWKDW IRUWKLVSDUWLFXODU
FDVH WKHODWHUDOERXQGDULHVRIWKH)(PRGHOVKRXOGEHSODFHGDWDFRQVLGHUDEOHGLVWDQFHIURP
WKH VWUXFWXUH LQ RUGHU QRW WR DIIHFW LWV UHVSRQVH ,W ZDV DOVR VKRZQ WKDW DGGLQJ QXPHULFDO
GDPSLQJ LQ WKH DQDO\VLV WR PLWLJDWH WKH VSXULRXV KLJKIUHTXHQF\ UHVSRQVH GXH WR PRGHO
GLVFUHWL]DWLRQPLJKWDOVRGDPSRXWUHDOIUHTXHQF\FRPSRQHQWVRIUHVSRQVH
x

7KHUHVRQDWLQJXQLWFHOOPHWDPDWHULDOVZHUHHIIHFWLYHLQUHGXFLQJWKHIUHHYLEUDWLRQUHVSRQVH
RIDQH[LVWLQJVWUXFWXUHIRUWKHVSHFLILFFDVHDQDO\VHG,WZDVVKRZQWKDWVXFKPHWDPDWHULDOV
DUHHIIHFWLYHWKDQNVWRWKHRXWRISKDVHYLEUDWLRQRIWKHXQLWFHOOPDVVHVZLWKUHVSHFWWRWKH
VRLODQGWKHVWUXFWXUH7KLVLVDFKLHYHGE\WXQLQJWKHUHVRQDWRUXQLWFHOOYLEUDWLRQSHULRGVWR
EHVOLJKWO\ORQJHUWKDQWKHIXQGDPHQWDOQDWXUDOYLEUDWLRQSHULRGRIWKHSURWHFWHGVWUXFWXUH
7KHLUHIIHFWLYHQHVVLQFUHDVHVZLWKLQFUHDVLQJXQLWFHOOPDVVSURYLGHGWKH\UHPDLQSURSHUO\
WXQHG

;ĂͿ

;ďͿ

)LJ+RUL]RQWDOGLVSODFHPHQWFRQWRXUV D QRUHVRQDWRUVFRPSDUHGWR E UHVRQDWLQJXQLWFHOOV 0J 
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$FNQRZOHGJHPHQWV
7KLVZRUNOLHVZLWKLQWKH³,163,5(´(8SURJUDP7KLVSURMHFWKDVUHFHLYHGIXQGLQJIURPWKH
(XURSHDQ 8QLRQ¶V +RUL]RQ  UHVHDUFK DQG LQQRYDWLRQ SURJUDP XQGHU JUDQW DJUHHPHQW 1R


5()(5(1&(6
>@ -%3HQGU\'6FKXULJDQG'56PLWK&RQWUROOLQJHOHFWURPDJQHWLFILHOGV6FLHQFH
±
>@ $3DOHUPR6.U|GHO$0DU]DQLDQG&'DUDLR(QJLQHHUHGPHWDEDUULHUDVVKLHOGIURP
VHLVPLF VXUIDFH ZDYHV 6FLHQWLILF 5HSRUWV  ± KWWSVGRLRUJVUHS

>@ $3DOHUPR6.U|GHO.+0DWODFN5=DFFKHULQL9.'HUWLPDQLV(1&KDW]L$
0DU]DQL DQG & 'DUDLR +\EULGL]DWLRQ RI JXLGHG VXUIDFH DFRXVWLF PRGHV LQ
XQFRQVROLGDWHGJUDQXODUPHGLDE\DUHVRQDQWPHWDVXUIDFH3K\V5HY$SSO

>@ $3DOHUPR09LWDOLDQG$0DU]DQL0HWDEDUULHUVZLWKPXOWLPDVVORFDOO\UHVRQDWLQJ
XQLWVIRUEURDGEDQG5D\OHLJKZDYHVDWWHQXDWLRQ6RLO'\Q(DUWKT(QJ
>@ 6 .U|GHO 1 7KRPp DQG & 'DUDLR :LGH EDQGJDS VHLVPLF PHWDVWUXFWXUHV ([WUHPH
0HFK/HWW 6HSWHPEHU ±
>@ 5=DFFKHULQL$&RORPEL$3DOHUPR9.'HUWLPDQLV$0DU]DQL+57KRPVHQ
% 6WRMDGLQRYLF DQG ( 1 &KDW]L /RFDOO\ UHVRQDQW PHWDVXUIDFHV IRU VKHDU ZDYHV LQ
JUDQXODUPHGLD3K\V5HY$SSO
>@ $&RORPEL5=DFFKHULQLDQG$3DOHUPR0LWLJDWLRQRIVHLVPLFZDYHVPHWDEDUULHUV
DQGPHWDIRXQGDWLRQVEHQFKWHVWHG DU;LY>SK\VLFVJHRSK@
>@ 3&DFFLRODDQG$7RPEDUL9LEUDWLQJEDUULHUDQRYHOGHYLFHIRUWKHSDVVLYHFRQWURORI
VWUXFWXUHVXQGHUJURXQGPRWLRQ6XEMHFW$UHDV3URF56RF$0DWK3K\V(QJ6FL

>@ -%LHODN./RXNDNLV<+LVDGDDQG&<RVKLPXUD'RPDLQUHGXFWLRQPHWKRGIRUWKUHH
GLPHQVLRQDO HDUWKTXDNH PRGHOOLQJ LQ ORFDOL]HG UHJLRQV SDUW , 7KHRU\ %XOOHWLQ RI WKH
6HLVPRORJLFDO6RFLHW\RI$PHULFD  D
>@ &<RVKLPXUD-%LHODNDQG<+LVDGD'RPDLQUHGXFWLRQPHWKRGIRUWKUHHGLPHQVLRQDO
HDUWKTXDNHPRGHOOLQJLQORFDOL]HGUHJLRQVSDUW,,9HULILFDWLRQDQGH[DPSOHV%XOOHWLQRI
WKH6HLVPRORJLFDO6RFLHW\RI$PHULFD  D
>@ -HUHPLF HW DO 1RQOLQHDU )LQLWH (OHPHQWV 0RGHOOLQJ DQG 6LPXODWLRQ RI (DUWKTXDNHV
6RLOV6WUXFWXUHVDQGWKHLU,QWHUDFWLRQ8&'DQG/%1/&$86$  ,6%1

>@ 5HDO(66, 6LPXODWRU UHOHDVH YHUVLRQ LV *OREDO 5HOHDVH  -DQ KWWSUHDO
HVVLXV
>@ :77KRPVRQ7UDQVPLVVLRQRIHODVWLFZDYHVWKURXJKDVWUDWLILHGVROLGPHGLXP-$SSO
3K\V
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>@ 1$+DVNHOO7KHGLVSHUVLRQRIVXUIDFHZDYHVRQPXOWLOD\HUHGPHGLD Bulletin of the
seismological Society of America  ±
>@ -)6HPEODWDQG$3HFNHUWaves and Vibrations in Soils: Earthquakes, Traffic, Shocks,
Construction works,8663UHVVILUVWHGLWLRQ
>@ .:DWDQDEH)3LVDQzDQG%RULV-HUHPLü$QXPHULFDOLQYHVWLJDWLRQRQGLVFUHWL]DWLRQ

HIIHFWVRQVHLVPLFZDYHSURSDJDWLRQDQDO\VHVEngineering with Computers  ±
-XO
>@ 101HZPDUN$PHWKRGRIFRPSXWDWLRQIRUVWUXFWXUDOG\QDPLFV$6&(-RXUQDORIWKH
(QJLQHHULQJ0HFKDQLFV'LYLVLRQ-XO\
>@ ..DQHOORSRXORVDQG**D]HWDV9HUWLFDOVWDWLFDQGG\QDPLFSLOHWRSLOHLQWHUDFWLRQLQ
QRQOLQHDU
VRLO
*pRWHFKQLTXH

1R


KWWSVGRLRUJMJHRW3
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(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

7+(())(&72)62,//,48()$&7,21217+(6(,60,&
5(63216(2)$7<3,&$/48$<:$//
6WHOOD9.DUDIDJND6WDYURXOD')RWRSRXORX$QQD&.DUDW]HW]RX*HRUJLD(
.URXSLDQG.\ULD]LV'3LWLODNLV


$ULVWRWOH8QLYHUVLW\RI7KHVVDORQLNL
HPDLOVWHOODN#FLYLODXWKJU

.H\ZRUGV /LTXHIDFWLRQ 6HLVPLF SHUIRUPDQFH 3RUW TXD\ ZDOO (IIHFWLYH VWUHVV DQDO\VLV
1XPHULFDOPRGHOOLQJ2SHQ6HHV
$EVWUDFW Quay walls are one of the key elements of the port facilities. Experience obtained
from past strong seismic events has demonstrated the increased seismic vulnerability of port
facilities due to ground shaking as well as the important economic and societal losses (e.g.
the 1995 Kobe earthquake. The most significant source of earthquake-induced damage to port
facilities is the increase of induced earth pressures caused by inertial forces to the retained
groundmass and by hydrodynamic force and pore-water pressure build-up in the saturated
cohesionless soils that often prevail at coastal areas. This pressure build-up both in the backfill and the foundation soil may increase the lateral pressures to quay walls and generate liquefaction effects at the foundation soil. The aim of this study is to investigate the influence of
liquefaction on the seismic response of a typical port gravity quay wall resting on a potentially liquefiable soil. The analyses were conducted, under effective stresses using OpenSees.
Comparative results highlighted the effect of liquefaction in modifying the ground motion and
the quay wall dynamic response. The main conclusion of the comparative numerical study in
a typical gravity quay wall is that while the impact of the liquefaction on the amplitude of the
acceleration of the wall is negligible compared to the non-liquefaction case, the effect on the
permanent seaward horizontal and vertical displacements of the wall is very important, almost doubled, increasing in that way considerably the vulnerability of the wall.
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 ,1752'8&7,21
3RUWVDUHFULWLFDOIDFLOLWLHVWKDWUHSUHVHQWPDMRUSDUWRIUHJLRQDOQDWLRQDODQGLQWHUQDWLRQDO
WUDQVSRUWDWLRQIDFLOLWLHVVRPHWLPHVORFDWHGLQDUHDVVXVFHSWLEOHWROLTXHIDFWLRQ$VTXD\ZDOOV
DUHRIWKHPRVWLPSRUWDQWDVVHWVRIDSRUWWKH\PLJKWEHVWURQJO\LQIOXHQFHGE\OLTXHIDFWLRQ
KD]DUGV 7KH\ DUH HDUWK UHWDLQLQJ ZDWHUIURQW JUDYLW\ VWUXFWXUHV SDUDOOHO WR WKH VKRUHOLQH WKDW
FUHDWHVXIILFLHQWO\GHHSYHUWLFDOIURQWLQRUGHUWRDOORZWKHDSSURDFKEHUWKLQJPRRULQJRS
HUDWLRQV DQGPDLQWHQDQFHRIVKLSVDQGYHVVHOV%ORFNW\SHTXD\ZDOO LVWKHVLPSOHVWW\SHRI
JUDYLW\ TXD\ ZDOO ZKLFK FRQVLVWV RI FRQFUHWH EORFNV FRQVWUXFWHG RQ D OD\HU RI JUDYHO RU
FUXVKHGVWRQH>@7KHH[DPSOHVRIUHFHQWGHYDVWDWLQJHDUWKTXDNHVLQ.REH-DSDQ>@
.RFDHOL7XUNH\>@1LLJDWD&KXHWVX2NL-DSDQ>@0DXOH&KLOH>@
&KULVWFKXUFK1HZ=HDODQG>@DPRQJRWKHUVLQGLFDWHGWKDWSRUWZDWHUIURQWJUDYLW\VWUXFWXUHV
DUHSDUWLFXODUO\VXVFHSWLEOHWRJURXQGVKDNLQJDQGJURXQGIDLOXUHLQFOXGLQJOLTXHIDFWLRQDQG
ODWHUDOGLVSODFHPHQWZKLFKPD\UHVXOWLQKLJKHFRQRPLFORVVHV7KHUHIRUHWKHLQYHVWLJDWLRQ
RIWKHVHLVPLFUHVSRQVHRIZDWHUIURQWJUDYLW\TXD\ZDOOVKDVEHFRPHDFRQFHUQWRWKHVFLHQ
WLILFFRPPXQLW\DVZHOODVWKHZDWHUERUQHWUDQVSRUWDWLRQLQGXVWU\
7KHVHLVPLFUHVSRQVHDQGYXOQHUDELOLW\RIZDWHUIURQWTXD\ZDOOVKDVDOUHDG\EHHQVWXGLHG
XVLQJ QXPHULFDO VRLOVWUXFWXUH LQWHUDFWLRQ PHWKRGV >@ 3LWLODNLV DQG 0RXWVDNLV >@ DQD
O\VHGWKHVHLVPLFEHKDYLRXURIDJUDYLW\UHWDLQLQJTXD\ZDOODQGFRPSDUHGLWZLWKILHOGREVHU
YDWLRQV .DNGHUL DQG 3LWLODNLV >@ SURSRVHG VHLVPLF IUDJLOLW\ FXUYHV IRU W\SLFDO PRQROLWKLF
JUDYLW\TXD\ZDOOVQHJOHFWLQJSRVVLEOHGDPDJHVGXHWROLTXHIDFWLRQHIIHFWV,QWKHIUDPHZRUN
RI83*5$'(UHVHDUFKSURMHFW>@VHLVPLFIUDJLOLW\FXUYHVDUHSURSRVHGIRUW\SLFDOEORFNW\SH
JUDYLW\TXD\ZDOOVFRQVLGHULQJSRVVLEOHIULFWLRQDQGGLVSODFHPHQWVEHWZHHQWKHLQWHUIDFHVRI
WKH FRQVWUXFWLRQ EORFNV DJDLQ QHJOHFWLQJ OLTXHIDFWLRQLQGXFHG GDPDJHV $OLHODKL DQG
0RJKDGDP>@LQYHVWLJDWHGWKHLQIOXHQFHRITXD\ZDOOKXQFKRQWKHVHLVPLFIUDJLOLW\LJQRULQJ
DOVR VRLO OLTXHIDFWLRQ .DPDO]DGHK DQG 3HQGHU >@ LQYHVWLJDWHG WKH VWDWLF DQG G\QDPLF UH
VSRQVHRIDJUDYLW\UHWDLQLQJZDOOIRUGLIIHUHQW5LFNHUZDYHOHWH[FLWDWLRQV
$PRQJWKHYXOQHUDELOLW\VWXGLHVRIZDWHUIURQWJUDYLW\VWUXFWXUHVFRQVLGHULQJOLTXHIDFWLRQ
,FKLL >@ DQG 0LUDHL DQG -DIDULDQ >@ SURSRVHG DQDO\WLFDO VHLVPLF IUDJLOLW\ FXUYHV IRU
JUDYLW\W\SH TXD\ ZDOOV ZKLOH &DODEUHVH DQG /DL >@ GHYHORSHG IUDJLOLW\ IXQFWLRQV IRU
EORFNZRUNZKDUYHVXVLQJDUWLILFLDOQHXUDOQHWZRUNVFRQVLGHULQJGLIIHUHQWJHRPHWULHVW\SHRI
IDLOXUHPHFKDQLVP DQGWKHHIIHFW RI OLTXHIDFWLRQRFFXUUHQFH$OOWKHVH VWXGLHV GRQRW H[WHQ
VLYHO\ H[DPLQH WKH HIIHFW RI VRLO OLTXHIDFWLRQ RQ WKH VHLVPLF UHVSRQVH RI JUDYLW\ TXD\ ZDOOV
DQGLWVVXUURXQGLQJVRLO
,QWKLVFRQWH[WWKHKHUHLQZRUNSUHVHQWVDQXPHULFDOLQYHVWLJDWLRQRIWKHHIIHFWVRIOLTXHIDF
WLRQRQWKHVHLVPLFUHVSRQVHRIDW\SLFDOSRUWJUDYLW\TXD\ZDOOUHVWLQJRQDOLTXHILDEOHVRLO
7KH DQDO\VHV DUH FRQGXFWHG XQGHU HIIHFWLYH VWUHVVHV XVLQJ 2SHQ6HHV ZLWK WKH GLUHFW DS
SURDFKZKHUHWKHVRLODQGWKHVWUXFWXUHUHVSRQVHLVFRXSOHG:HFRPSDUHWKHUHVSRQVHRIWKH
ZDOOIRUDQXPEHURIVWURQJJURXQGH[FLWDWLRQVZKHQOLTXHIDFWLRQLVQRWDOORZHGWRWKHFDVH
ZKHQLWPD\RFFXU7KHUHVXOWVDUHSUHVHQWHGDQGGLVFXVVHGLQWHUPVRIDFFHOHUDWLRQWLPHKLV
WRULHVDWGLIIHUHQWORFDWLRQVRQWKHZDOODQGWKHVRLODVZHOODVLQWHUPVRIWKHUHVLGXDOVHDZDUG
GLVSODFHPHQWDQGWKHSHUPDQHQWYHUWLFDOGLVSODFHPHQWRIWKHTXD\ZDOO
 )5$0(:25.$3352$&+(6$1'180(5,&$/02'(//,1*
$W\SLFDOSRUWTXD\ZDOOV\VWHPLVXVHGIRXQGHGRQWKHVDPHVRLOSURILOHSURQHWROLTXHIDF
WLRQ XQGHU VWURQJ VHLVPLF H[FLWDWLRQV 7KH SRWHQWLDO HIIHFW RI WKH OLTXHIDFWLRQ LQ WKH JOREDO
VHLVPLFUHVSRQVHRIWKHJUDYLW\TXD\ZDOOLVVWXGLHGFRQVLGHULQJDFRXSOHGVRLOVWUXFWXUHV\V
WHPXQGHUHIIHFWLYHVWUHVVFRQGLWLRQVZKHUHLQDILUVWVWHSZHDUWLILFLDOO\GRQ¶WDOORZWKHOLTXH
IDFWLRQWRKDSSHQZKLOHLQWKHVHFRQGZHDOORZLW
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6HOHFWLRQRIWKHVRLODQGVWUXFWXUHW\SRORJ\

$W\SLFDOJUDYLW\ZDOOVHFWLRQRIWKH3RUWRI7KHVVDORQLNLKDVEHHQVHOHFWHG%DVHGRQWKH
DYDLODEOHJHRWHFKQLFDOLQIRUPDWLRQ1637YDOXHVDQGODERUDWRU\GDWD>@ZHGHILQHDVRLO
SURILOH UHSUHVHQWDWLYH RI WKH SRUW DUHD RI 7KHVVDORQLNL *UHHFH )LJXUH   7KH IXQGDPHQWDO
SHULRGRIWKHVRLOSURILOH7RLVHTXDOWRV7KHKLJKOLTXHIDFWLRQSRWHQWLDORIWKHVXEVRLO
OD\HUVLVHVWLPDWHGDFFRUGLQJWR(&JXLGHOLQHV>@7KHVRLOIRUPDWLRQVVXVFHSWLEOHWROLTXH
IDFWLRQ DUH ORFDWHG IURP P WR P FRQVLVWLQJ PDLQO\ RI VLOW\FOD\H\ VDQGV DQG QRQ
SODVWLFVLOWV 0/600/&/6&60 ZLWKORZ1637YDOXHV2ZLQJWRWKHUDWKHUKLJKOLTXH
IDFWLRQVXVFHSWLELOLW\RIWKHSRUWDUHDWKHVRLOSURILOHUHIHUVWRJURXQGW\SH6LQDFFRUGDQFHWR
(&VRLOFODVVLILFDWLRQVFKHPH7KHKHLJKWRIWKHTXD\ZDOOLVHTXDOWRP)LJXUHVKRZV
WKHJHRPHWU\RIWKHTXD\ZDOODQGLWVVXUURXQGLQJEDFNILOOHGDQGPRXQGJUDYHO7KHVRLOOD\
HUVWKHTXD\ZDOODQGLWVVXUURXQGLQJJUDYHOFKDUDFWHULVWLFVDUHDQDO\WLFDOO\GHVFULEHGLQWKH
IROORZLQJ
9V PVHF
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)LJXUH5HSUHVHQWDWLYHVRLOSURILOHZLWK86&6FODVVLILFDWLRQDVZHOODV9VSURILOHDQGDYHUDJH1637YDOXHV



6RLOVWUXFWXUHPRGHOOLQJ

7ZRGLPHQVLRQDO '  QXPHULFDO VLPXODWLRQ RI WKH VRLOVWUXFWXUH V\VWHP LV FRQGXFWHG LQ
2SHQ6HHV>@7KHVRLOJULGDGRSWHGKDVDWRWDOOHQJWKWKUHHWLPHVLWVGHSWKWRPLQLPLVHZDYH
UHIOHFWLRQV DW WKH YHUWLFDO ERXQGDULHV 7KXV WKH GLPHQVLRQV RI WKH VRLO PRGHO DUH P [
P6XIILFLHQWO\GHQVHGLVFUHWL]DWLRQLVDFKLHYHGE\XVLQJTXDGULODWHUDOHOHPHQWVRIP
[PFRQVLGHULQJWKDWWKHPD[LPXPIUHTXHQF\RILQWHUHVWLVVHWWR+]DOORZLQJDQDGH
TXDWHQXPEHURIHOHPHQWVWRILWZLWKLQWKHVKRUWHVWZDYHOHQJWKRIWKHSURSDJDWLQJVKHDUZDYH
)LJXUHLOOXVWUDWHVWKHJHRPHWU\RIWKHILQLWHHOHPHQW )( VRLOVWUXFWXUHPRGHO7KHORFDWLRQV
RIWKHQRGHVDWGLIIHUHQWVLWHVRIWKHVRLOPRGHOQDPHO\$%&'DQG)) SRLQWDWWKHIUHH
ILHOGVXUIDFH DVZHOODVDWWKHWRSRIWKHTXD\ZDOO :7 XVHGWRFDSWXUHWKHVRLODQGTXD\
ZDOOVHLVPLFUHVSRQVHDUHDOVRVKRZQ
7KH VRLO SURILOH FRQVLVWV RI GLIIHUHQW OD\HUV RI FRKHVLYH DQG FRKHVLRQOHVV VRLO PDWHULDOV
)LJXUH WKXVWKHVRLOPRGHOLQ2SHQ6HHVLVGLYLGHGLQWRHLJKWVRLOOD\HUV )LJXUH 6DWX
UDWHGXQLWZHLJKWVDUHXVHGIRUWKHVRLOEHORZWKHJURXQGZDWHUOHYHO P ZKLOHQLQHQRGH
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TXDGULODWHUDOHOHPHQWVDUHXVHGIRUWKHVRLODQGWKHEDFNILOOHGDQGPRXQGJUDYHOLQWKHIUDPH
RIHIIHFWLYHVWUHVVDQDO\VLV6XFKHOHPHQWVDUHFDSDEOHRIVLPXODWLQJIOXLGVROLGFRXSOLQJGXU
LQJ WKH HDUWKTXDNH H[FLWDWLRQ EDVHG RQ %LRW V WKHRU\ RI SRURXV PHGLXP >@ DV WKH\ KDYH
FRUQHUQRGHVZLWKERWKGLVSODFHPHQW X DQGSRUHSUHVVXUH S GHJUHHVRIIUHHGRPDQGLQWHULRU
QRGHVZLWKRQO\WZRGLVSODFHPHQWGHJUHHVRIIUHHGRP

)LJXUH*HRPHWU\RIWKHW\SLFDOJUDYLW\TXD\ZDOODQGLWVVXUURXQGLQJEDFNILOOHGDQGPRXQGJUDYHO

)LJXUH*HRPHWU\RIWKHILQLWHHOHPHQWVRLOVWUXFWXUHPRGHODORQJZLWKWKHORFDWLRQVRIWKHQRGHVXVHGWRFDS
WXUHWKHVRLODQGTXD\ZDOOVHLVPLFUHVSRQVH

7KH IXOO\ FRXSOHG X3  DSSURDFK LV DSSOLHG ZKLFK FDQ VLPXODWH SHUPDQHQW VKHDUVWUDLQ
DFFXPXODWLRQLQFOHDQPHGLXPGHQVHFRKHVLRQOHVVVRLOVGXULQJOLTXHIDFWLRQDQGGLODWLRQGXH
WRLQFUHDVHGF\FOLFVKHDUVWLIIQHVVDQGVWUHQJWK7KHFRQVWLWXWLYHPRGHOHPSOR\HGWRGHVFULEH
WKHVRLOEHKDYLRXULVEDVHGRQ3UHYRVW V>@PXOWLVXUIDFHSODVWLFLW\PRGHOZLWKVRPHPRGL
ILFDWLRQVE\<DQJ>@'XULQJWKHDSSOLFDWLRQRIWKHJUDYLW\ORDGWKHPDWHULDOEHKDYHVLQHODV
WLF UDQJH ZKLOH GXULQJ WKH VXEVHTXHQW G\QDPLF ORDGLQJ LWV UHVSRQVH LV HODVWLFSODVWLF 7R
VLPXODWHWKHK\VWHUHWLFEHKDYLRXURIVRLOXQGHUF\FOLFORDGLQJ3UHYRVW V>@NLQHPDWLFODZLV
HPSOR\HGWKHUHIRUHDOO\LHOGVXUIDFHVFRUUHVSRQGWRVWUHVVVSDFHZLWKLQWKHIDLOXUHHQYHORSH
>@DQGFRPSO\ZLWK0DVLQJORDGLQJXQORDGLQJUHORDGLQJFULWHULD>@7KHFRKHVLRQOHVV
VRLOOD\HUVDUHVLPXODWHGXVLQJWKH³3UHVVXUH'HSHQG0XOWL<LHOG´HODVWLFSODVWLFPDWHULDOLQ
2SHQ6HHV7KH\LHOGIXQFWLRQLVDVVXPHGWRIROORZWKHVKDSHRIWKH'UXFNHU3UDJHUFULWHULRQ
DQG WKH \LHOG VXUIDFH LV D IXQFWLRQ RI FRKHVLRQ DQG IULFWLRQ DQJOH 3ODVWLFLW\ LV H[SUHVVHG
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WKURXJKDQRQDVVRFLDWLYHSODVWLFIORZUXOH>@FDSDEOHRIKDQGOLQJWKHFRQWUDFWLYHGLODWLYH
VRLOEHKDYLRXUVWLPXODWHGE\VKHDUORDGLQJWRHIIHFWLYHO\GHSLFWWKHLQWHUDFWLRQEHWZHHQVKHDU
DQG YROXPHWULF UHVSRQVHV 7KH FRKHVLYH VRLO OD\HUV DUH VLPXODWHG ZLWK WKH ³3UHVVXUH,QGH
SHQG0XOWL<LHOG´ PDWHULDO LQ 2SHQ6HHV ZKLFK GHVFULEHV DQ HODVWLFSODVWLF PDWHULDO LQ ZKLFK
WKH YROXPHWULF VWUHVVVWUDLQ UHVSRQVH LV OLQHDU HODVWLF DQG LQGHSHQGHQW RI WKH GHYLDWRULF UH
VSRQVH 7KLV PDWHULDO VLPXODWHV WKH PRQRWRQLF RU F\FOLF UHVSRQVH RI PDWHULDOV ZKRVH VKHDU
EHKDYLRXU LV LQVHQVLWLYH WR FKDQJHV RI WKH FRQILQHPHQW SUHVVXUH 7KH \LHOG IXQFWLRQ LV DV
VXPHGWRIROORZWKH9RQ0LVHVFULWHULRQDQGWKH\LHOGVXUIDFHLVVROHO\DIXQFWLRQRIWKHXQ
GUDLQHGVKHDUVWUHQJWK3ODVWLFLW\ZKLFKH[KLELWVRQO\LQWKHGHYLDWRULFVWUHVVVWUDLQUHVSRQVH
LV GHILQHG YLD WKH PXOWL \LHOG VXUIDFH SODVWLFLW\ PRGHO ZLWK DQ DVVRFLDWLYH SODVWLF IORZ UXOH
ZKLFKFRQVLGHUVWKDWWKHLQFUHPHQWDOSODVWLFVWUDLQYHFWRULVQRUPDOWRWKH\LHOGVXUIDFH
)RU HDFK VRLO OD\HU WKH VRLO IHDWXUHV DUH GHILQHG QDPHO\ WKH PDVV GHQVLW\ ȡ  WKH VKHDU
ZDYHYHORFLW\ Vs WKHIULFWLRQDQJOH ĳ DWWKHSHDNVKHDUVWUHQJWKWKHFRKHVLRQ c DQG3RLV
VRQ V UDWLR Ȟ WDNHQ HTXDO WR   ZKLOH WKH UHIHUHQFH ORZVWUDLQ VKHDU *U  DQG EXON %U 
PRGXOLDUHFRPSXWHG7KHPDVVGHQVLW\RIWKHPDWHULDOVFRUUHVSRQGVWRWKHWRWDOPDVVGHQVL
WLHV WKXV IRU WKH VRLO OD\HUV WKDW RYHUOD\ RU XQGHUOD\ WKH JURXQGZDWHU WDEOH GU\ RU VDWXUDWHG
FRQGLWLRQV VKRXOG EH UHIOHFWHG UHVSHFWLYHO\ 7DEOH  VXPPDUL]HV WKH VRLO SURSHUWLHV DGRSWHG
IRUHDFKVRLOOD\HU)RUVRLOVVXVFHSWLEOHWROLTXHIDFWLRQDVHWRISDUDPHWHUVWKDWGHVFULEHDQG
FRQWUROWKHPHFKDQLVPRIWKHDFFXPXODWLRQRIFRPSOHWHO\SODVWLFVKHDUGHIRUPDWLRQFDXVHGE\
OLTXHIDFWLRQDUHDOVRGHILQHGDFFRUGLQJWRWKHSURSRVHGYDOXHVRI<DQJHWDO>@5HJDUGLQJ
WKH JUDYHO EDFNILOO LW LV VLPXODWHG HPSOR\LQJ WKH ³3UHVVXUH'HSHQG0XOWL<LHOG´ PDWHULDO
ZKHUHWKHPDVVGHQVLW\LVVHWHTXDOWR0JPEHORZWKHZDWHUWDEOHDQG0JPDERYH
WKHZDWHUWDEOHZKLOH WKHIULFWLRQDQJOHĳ *U DQG %U DUHGHILQHG HTXDO WR R03DDQG
03DUHVSHFWLYHO\
7KH TXD\ ZDOO LV VLPXODWHG XVLQJ VWDQGDUG IRXUQRGH SODQH VWUDLQ TXDG HOHPHQWV P [
PZLWKQRGHVWKDWKDYHRQO\WZRWUDQVODWLRQDOGHJUHHVRIIUHHGRP,WLVQRWHGWKDWWKHTXD\
ZDOO LV PRGHOOHG DV D PRQROLWKLF FRPSRQHQW QHJOHFWLQJ WKH IULFWLRQ LQWHUIDFHV EHWZHHQ WKH
EORFNVIRUPLQJWKHTXD\ZDOO7KH³ElasticIsotropic” PDWHULDOLQ2SHQ6HHVLVXVHGWRPRGHO
WKH TXD\ ZDOO FRQVLGHULQJ D <RXQJ¶V 0RGXOXV E  HTXDO WR E 03D D PDVV GHQVLW\
HTXDO WR ȡ  0JP DQG D 3RLVVRQ¶V UDWLR HTXDO WR Ȟ  1R LQWHUIDFH LV FRQVLGHUHG EH
WZHHQWKHTXD\ZDOODQGWKHVXUURXQGLQJVRLOPDWHULDORIWKHJUDYHOEDFNILOOZKLOHHTXDOGLV
SODFHPHQWVDUHHQVXUHGEHWZHHQWKHTXD\ZDOODQGWKHEDFNILOOQRGHV
6XEVHTXHQWO\WKHK\GUDXOLFERXQGDULHVRIWKHPRGHODUHDOVRGHILQHG$VWKHJURXQGZDWHU
WDEOHLVORFDWHGDWPGHSWKDOOWKHSRUHSUHVVXUHQRGHVWKDWOLHDERYHWKLVOHYHOKDYHWKHLU
SRUHSUHVVXUHGHJUHHRI IUHHGRP IL[HG7KLV FUHDWHVDZDWHUGUDLQDJHSDWK ZKLFKDOORZVWKH
ZDWHUWRHVFDSHWRWKHDGMDFHQWHOHPHQWVDQGHQVXUHVWKDWQRSRUHSUHVVXUHLVEXLOWXSLQWKH
DUHDDERYHWKHJURXQGZDWHUWDEOHWKXVLWLVPDLQWDLQHGWR]HUR7KHVDPHFRQVWUDLQLVDVVLJQHG
WRWKHQRGHVRIWKHVHDEHGZKLFKOLHDWWKHIRRWRIWKHTXD\ZDOODVWKH\DUHVXEPHUJHGEH
QHDWKWKHZDWHUDQGWRWKHEDFNILOOQRGHVZKLFKDUHLQFRQWDFWZLWKWKHTXD\ZDOODVZHOO7KH
ERG\RIZDWHUDQGWKHG\QDPLFHIIHFWVLWFDXVHVDUHLQFRUSRUDWHGLQWRWKHPRGHOLQDZD\WKDW
GRHVQRWDIIHFWWKHHIIHFWLYHVWUHVVHVRIWKHVRLOHOHPHQWV7KHZDWHUIRUFHVDUHDSSOLHGWRWKH
QRGHVRIWKHVHDEHGDVYHUWLFDOQRGDOPDVVHV7KHZDWHUPDVVYDOXHIRUHDFKRIWKHVHQRGHVLV
GHULYHGE\PXOWLSO\LQJWKHKDOIRIWKHGLVWDQFHWRDGMDFHQWQRGHVWKHWKLFNQHVVRIWKHHOHPHQWV
WKLVPDVVUHIHUVWRWKHGHSWKRIWKHZDWHUDQGWKHZDWHU¶VPDVVGHQVLW\$VLPLODUSURFHVVLV
IROORZHGWRGHILQHWKHZDWHUIRUFHVDSSOLHGDWWKHYHUWLFDOIURQWIDFHRIWKHTXD\ZDOO,QWKLV
FDVH KRUL]RQWDO PDVVHV DUH DVVLJQHG FDOFXODWHG E\ DSSO\LQJ D WULDQJXODU GLVWULEXWLRQ RI WKH
K\GURVWDWLFIRUFHVFRQVLGHULQJWKDWWKHPD[LPXPGHSWKLVP
6SHFLDOERXQGDU\FRQGLWLRQVDUHDOVRDVVLJQHGWR HQVXUHWKDWIUHHILHOGFRQGLWLRQVH[LVWDW
WKHODWHUDOERXQGDULHVRIWKHVRLOPRGHODQGDYRLGWKHSUHVHQFHRIZDYHUHIOHFWLRQV,QSDUWLFX
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ODUWKHHOHPHQWVLQWKHHGJHODWHUDOFROXPQVRIWKHPHVKDUHJLYHQDVLJQLILFDQWO\LQFUHDVHG
SUDFWLFDOO\LQILQLWHWKLFNQHVVVRWKH\DSSHDUWREHDGHTXDWHO\PRUHPDVVLYHWKDQWKHUHVWRI
WKH HOHPHQWV LQ WKH LQWHULRU RI WKH PHVK ,Q DGGLWLRQ SHULRGLF ERXQGDU\ FRQGLWLRQV DUH
DFKLHYHG E\ ERXQGLQJ WRJHWKHU WKH WUDQVODWLRQDO GHJUHHV RI IUHHGRP IRU WKH QRGHV RQ HLWKHU
VLGHRIWKHVHODWHUDOFROXPQVVRWKH\SHUIRUPHTXDOGLVSODFHPHQWVERWKLQWKHKRUL]RQWDODQG
LQ WKH YHUWLFDO GLUHFWLRQ )LQDOO\ WKH VRLO JULG LV XQGHUODLQ E\ DQ HODVWLF KDOIVSDFH ZKLFK
VWDQGVIRUWKHILQLWHULJLGLW\RIWKHXQGHUO\LQJEHGURFN$/\VPHUDQG.XKOHPH\HU>@YLV
FRXVGDPSHULVDSSOLHGLQWKHKRUL]RQWDOGLUHFWLRQWRWKHVRLOPRGHOEDVHWRDFFRXQWIRUWKHIL
QLWH ULJLGLW\ RI WKH XQGHUO\LQJ KDOIVSDFH VHWWLQJ D EHGURFN VKHDU ZDYH YHORFLW\ HTXDO WR
PV DQG PDVV GHQVLW\ HTXDO WR 0JP 7R GHILQH WKH /\VPHU DQG .XKOHPH\HU >@
GDVKSRWWKHYLVFRXVXQLD[LDOPDWHULDOLVXVHGZKLFKLVGHVFULEHGE\WKHGDVKSRWFRHIILFLHQW
F 7KHGDVKSRWFRHIILFLHQW LV FDOFXODWHG DFFRUGLQJWR -R\QHUDQG&KHQ >@E\PXOWLSO\LQJ
WKHXQGHUO\LQJEHGURFN¶VPDVVGHQVLW\DQGVKHDUZDYHYHORFLW\DVZHOODVWKHEDVHDUHDRIWKH
VRLOWRREWDLQWKHHTXLYDOHQWORDGLQJDSSOLFDWLRQWKURXJKRXWWKHVLWH7RSURSHUO\VLPXODWHWKH
XQGHUO\LQJ HODVWLF KDOIVSDFH QHFHVVLWDWHV WKDW DOO WKH EDVH QRGHV RI WKH VRLO PRGHO DUH IL[HG
DJDLQVWYHUWLFDOWUDQVODWLRQRQO\DQGOHIWIUHHWRPRYHLQWKHKRUL]RQWDOGLUHFWLRQZKLOHDOODUH
JLYHQHTXDO KRUL]RQWDO GLVSODFHPHQWV 6HLVPLFHQHUJ\GLVVLSDWLRQ GXULQJ G\QDPLF ORDGLQJLV
DFFRXQWHGIRUE\DVVLJQLQJPDVVDQGVWLIIQHVVSURSRUWLRQDO5D\OHLJKGDPSLQJZLWKDGDPSLQJ
UDWLRHTXDOWR
ȡ
*U
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ĳ
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7DEOH6RLOSURSHUWLHVDGRSWHGIRUWKHFRQVLGHUHGVRLOSURILOH 3'0<3UHVVXUH'HSHQG0XOWL<LHOG3,0<
3UHVVXUH,QGHSHQG0XOWL<LHOG 

 180(5,&$/$1$/<6,6


6HLVPLFLQSXWPRWLRQ

$UHSUHVHQWDWLYHVHWRIHDUWKTXDNHUHFRUGVLVVHOHFWHGIURPWKH(XURSHDQ6WURQJ0RWLRQ
'DWDEDVH7KH\DUHDOOUHIHUULQJWRURFNW\SHRUVWLIIVRLOV JURXQGW\SHV$DQG%DFFRUGLQJWR
(& VRLO FODVVLILFDWLRQ VFKHPH  ZLWK PDJQLWXGH 0Z  DQG HSLFHQWUDO GLVWDQFH 5  EHWZHHQ
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0Z DQG 5NP UHVSHFWLYHO\ 7KH\ DUH FRYHULQJ D ZLGH UDQJH RI SHDN JURXQG
DFFHOHUDWLRQ 3*$  IURP J WR J 7KH VHOHFWLRQ FULWHULRQ LV WKH DYHUDJH DFFHOHUDWLRQ
VSHFWUD RI WKH VHW WR EH RI PLQLPDO ³HSVLORQ´ >@ DW WKH SHULRG UDQJH 7VHF ZLWK
UHVSHFW WR WKH FRUUHVSRQGLQJ  GDPSHG PHGLDQ SOXV  VWDQGDUG GHYLDWLRQV VSHFWUXP GH
ILQHGEDVHGRQWKHJURXQGPRWLRQSUHGLFWLRQHTXDWLRQ *03( E\$NNDUDQG%RPPHU>@
7KHRSWLPL]DWLRQSURFHGXUHLVSHUIRUPHGXVLQJ5(;(/>@WKDWDOORZVREWDLQLQJFRPELQD
WLRQVRIDFFHOHURJUDPVZKLFKRQDYHUDJHDUHFRPSDWLEOHWRWKHUHIHUHQFHVSHFWUXP7KHOLVWRI
WKH VHOHFWHG UHFRUGV LV SUHVHQWHG LQ 7DEOH  ZKLOH )LJXUH  VKRZV WKH  HODVWLF UHVSRQVH
VSHFWUDRIWKHVHOHFWHGHDUWKTXDNHUHFRUGVDQGWKHLUPHDQHODVWLFUHVSRQVHVSHFWUXPFRPSDUHG
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7DEOH/LVWRIHDUWKTXDNHUHFRUGVXVHGIRUWKHG\QDPLFDQDO\VHV

7KHVHUHFRUGVDUHWKHQILOWHUHGEHWZHHQDQG+]XVLQJDIRXUWKRUGHUEDQGSDVV%XW
WHUZRUWKW\SHILOWHU%DVHOLQHFRUUHFWLRQOLQHDUW\SHLVDOVRDSSOLHG7DEOHSUHVHQWVDOVRWKH
YDOXHVRI3*$FRUUHFWHGREWDLQHGIURPWKHFRUUHFWHGDFFHOHURJUDPVXVHGIRUWKHDQDO\VHV
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)LJXUH(ODVWLFUHVSRQVHVSHFWUDRIWKHVHOHFWHGHDUWKTXDNHUHFRUGVDQGWKHLUPHDQHODVWLFUHVSRQVHVSHFWUXPLQ
FRPSDULVRQZLWKWKHFRUUHVSRQGLQJPHGLDQSOXVVWDQGDUGGHYLDWLRQV$NNDUDQG%RPPHU>@VSHFWUXP



&RPSDUDWLYHG\QDPLFDQDO\VLV

7KHHIIHFWRIVRLOOLTXHIDFWLRQRQWKHVHLVPLFUHVSRQVHRIWKHW\SLFDOJUDYLW\TXD\ZDOOLVLO
OXVWUDWHG EHORZ FRQGXFWLQJ WZR VHWV RI VHLVPLF DQDO\VHV IRU WKH WZR FRQFHSWXDO PRGHOOLQJ
DSSURDFKHVXVLQJDVLQSXWWKHHDUWKTXDNHUHFRUGVRI7DEOH/D\HUVRISRWHQWLDOOLTXHIDFWLRQ
DUHLGHQWLILHGE\WKHORVVRIHIIHFWLYHFRQILQLQJVWUHVV HTXDOWR]HUR ZKLFKLVDOVRYHULILHGE\
WKHFRUUHVSRQGLQJVWUHVVVWUDLQORRSV HJDWPGHSWKDWIUHHILHOGFRQGLWLRQVDVVKRZQLQ
)LJXUH   ,QGLFDWLYHO\ )LJXUH  SUHVHQWV WKH FRPSXWHG HIIHFWLYH FRQILQHPHQW SURILOH DQG
VWUHVVVWUDLQ K\VWHUHVLV ORRSVDW VSHFLILFGHSWK IRU .DODPDWDHDUWKTXDNHPRWLRQ ,'  UHF
RUG IRUWKHWZRDSSURDFKHVDOORZLQJRUQHJOHFWLQJVRLOOLTXHIDFWLRQ

)LJXUH(IIHFWLYHFRQILQHPHQWSURILOH OHIW DQGVWUHVVVWUDLQK\VWHUHVLVORRSVDWPGHSWK ULJKW IRUWKH,'
LQSXWPRWLRQDWIUHHILHOGFRQGLWLRQVIRUWKHOLTXHILDEOHDQGWKHQRQOLTXHILDEOHFDVHV
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)RUWKHFDVHWKDWZHDOORZOLTXHIDFWLRQWRRFFXUWKHK\VWHUHVLVORRSVFRUUHVSRQGLQJWRWKH
WLPHEHIRUHWKHRQVHWRIOLTXHIDFWLRQDUHVPRRWKDQGDUHGRPLQDWHGE\VWHHSHUVORSHLQGLFDW
LQJ JUHDWHUYDOXHVRIWKHG\QDPLFVKHDUPRGXOXV ZKLFKUHSUHVHQWVWKHVKHDUVWLIIQHVVRIWKH
VRLOZKLOHDIWHUDVSHFLILFSRLQWDFKDQJHLQWKHSDWWHUQRIWKHVWUHVVVWUDLQORRSVLVREVHUYHG
6SHFLILFDOO\ WKH FLUFOHV DUH FKDUDFWHUL]HG E\ ODUJH VKHDU VWUDLQ DPSOLWXGHV DQG DGHTXDWHO\
VPDOOVKHDUVWUHVVHVOHDGLQJWRDUDGLFDOGHFUHDVHLQWKHVKHDUVWLIIQHVV DQGDFFXPXODWLRQRI
ODUJHVKHDUVWUDLQV )LJXUH 
7KHHIIHFW RIOLTXHIDFWLRQ RQWKHDFFHOHUDWLRQWLPHKLVWRULHV DQG WKH IUHTXHQF\FRQWHQW RI
WKHPRWLRQDWIUHHILHOGVRLOVXUIDFHDQGRQWKHTXD\ZDOOLVDOVRH[DPLQHG,QGLFDWLYHO\WKH
DFFHOHUDWLRQWLPHKLVWRULHVIRUWKHWZRFRQVLGHUHGDSSURDFKHVDWWKH))DQGWKH:7IRU.DOD
PDWD ,' DQG$QR/LRVLD ,' LQSXWPRWLRQVZKLFKDUHFRQVLGHUHGUHSUHVHQWDWLYH
RIWKHH[WUHPHDQGDYHUDJHUHVSRQVHUHVSHFWLYHO\DUHSUHVHQWHGLQ)LJXUHDQG)LJXUHUH
VSHFWLYHO\
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)LJXUH&RPSDULVRQRIWKHDFFHOHUDWLRQWLPHKLVWRULHVFRPSXWHGDWWKHIUHHILHOGFRQGLWLRQV)) WRS DQGRQWKH
ZDOO:7 ERWWRP IRUWKHWZRDSSURDFKHVIRU.DODPDWD ,' LQSXWPRWLRQ

5HJDUGLQJWKHFRPSXWHGDFFHOHUDWLRQWLPHKLVWRU\DWWKH))DVVKRZQLQ)LJXUH WRS DQG
)LJXUH WRS IRU.DODPDWD ,' DQG $QR/LRVLD ,' LQSXWPRWLRQVUHVSHFWLYHO\
OLTXHIDFWLRQDSSDULWLRQFDXVHVVHLVPLFHQHUJ\GLVVLSDWLRQDQGOHDGVDVH[SHFWHGWRVLJQLILFDQW
UHGXFWLRQLQWKHVWURQJJURXQGPRWLRQGXUDWLRQ7KHDPSOLWXGHVRIWKHJURXQGPRWLRQLQWKH
FDVHZKHUHOLTXHIDFWLRQRFFXUVDUHGHFUHDVHGFRPSDUHGWRWKHFRUUHVSRQGLQJYDOXHVLJQRULQJ
OLTXHIDFWLRQ7KHVHWUHQGVDUHPRUHSURQRXQFHG IRUWKHORZHUIUHTXHQF\ .DODPDWD ,' 
LQSXWPRWLRQZKLOHWKH$QR/LRVLD ,' LQSXWPRWLRQVHHPVPRUHUHSUHVHQWDWLYHRIWKH
DYHUDJHG\QDPLFUHVSRQVH
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)LJXUH&RPSDULVRQRIWKHDFFHOHUDWLRQWLPHKLVWRULHVFRPSXWHGDWWKHIUHHILHOGFRQGLWLRQV)) WRS DQGRQWKH
ZDOO:7 ERWWRP IRUWKHWZRDSSURDFKHVIRU$QR/LRVLD ,' LQSXWPRWLRQ

&RQWUDU\WRWKHIUHHILHOGFRQGLWLRQVLWLVREVHUYHG )LJXUHDQG)LJXUHERWWRP WKDWWKH
OLTXHIDFWLRQGLGQ WDOWHUWKHFRPSXWHGDFFHOHUDWLRQWLPHKLVWRULHVRQWKHWRSRIWKHZDOOFRP
SDUHGWRWKHQROLTXHIDFWLRQFDVH,QGLFDWLYHO\FRPSXWHGDFFHOHUDWLRQWLPHKLVWRULHVDWGLIIHU
HQWORFDWLRQVZLWKWKH.DODPDWD ,' DQG$QR/LRVLDUHFRUGV ,' XVHGDVURFNLQSXW
PRWLRQ DUH SUHVHQWHG IRU WKH WZR DSSURDFKHV LQ )LJXUH  DQG )LJXUH  7KH UHDVRQ RI WKLV
SKHQRPHQRQPD\EHDWWULEXWHGWRWKHRVFLOODWLRQRIWKHULJLGZDOOLQDFRXSOHGV\VWHPZKHQ
UHFHLYLQJDUDWKHUVLPLODUVHLVPLFH[FLWDWLRQDWLWVEDVH
,Q)LJXUHZHSUHVHQWWKHFRPSXWHG3*$YDOXHVIRUDOOLQSXWPRWLRQVXVHGDWWKHWRSRI
WKH ZDOO :7  DQG DW WKH GLIIHUHQW RWKHU ORFDWLRQV LH )) & DQG ' 7KH FRPSXWHG UHVLGXDO
VHDZDUGGLVSODFHPHQWDQGWKHSHUPDQHQWYHUWLFDOGLVSODFHPHQWDWWKHWRSRIWKHTXD\ZDOODUH
VKRZQLQ)LJXUHIRUERWKDSSURDFKHVZKHQDOORZLQJRUUHVWULFWLQJOLTXHIDFWLRQ0RUHRYHU
WREHWWHUXQGHUVWDQGWKHGLIIHUHQFHVEHWZHHQWKHWZRDSSURDFKHVDWWKHTXD\ZDOOUHVSRQVHLQ
WHUPVRIGLVSODFHPHQWVWKHUDWLRVRIWKHSHUPDQHQWKRUL]RQWDODQGYHUWLFDOGLVSODFHPHQWYDO
XHVDWWKHWRSRIWKHZDOO :7 IRUWKHOLTXHILDEOHFDVHWRWKHFRUUHVSRQGLQJRQHVIRUWKHQRQ
OLTXHILDEOHFDVHDUHDOVRSUHVHQWHGLQ)LJXUH
7KH PDLQ REVHUYDWLRQ IURP WKH DQDO\VHV RI WKH 3*$ LV WKDW WKH FRPSXWHG YDOXHV RQ WKH
ZDOODUHJHWWLQJODUJHYDOXHVLQGHSHQGHQWO\RIWKHSUHVHQFHRUQRWRIOLTXHIDFWLRQDQGWKDWWKH
3*$YDOXHVDUHSURJUHVVLYHO\GHFUHDVHGZLWKGLVWDQFHIURPWKHZDOOWRWKHIUHH ILHOGYDOXHV
)LJXUHORFDWLRQV))DQG' GXHWRWKHLQFUHDVHRIWKHLPSRUWDQFHRIOLTXHIDFWLRQDQGQRQ
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OLQHDUVLWHHIIHFWV7KHFORVHUZHDUHWRWKHZDOOWKHPRUHWKHJURXQGUHVSRQVHLVFRQWUROOHGE\
WKHRVFLOODWLRQRIWKHZDOOLWVHOI,WVKRXOGEHDOVRQRWLILHGWKDWWKHUHGSRLQWVGHSLFWWKHUHVXOWV
RIWKHDQDO\VLVIRU8PEULD0DUFKH ,' LQSXWPRWLRQZKHUHWKHDQDO\VLVIDLOHGDQGWKH
UHVXOWVDUHSUHVHQWHGRQO\IRUFRPSOHWHQHVVUHDVRQV0RUHRYHUIRUWKHOLTXHILDEOHFDVHDWWKH
)) )LJXUHWRSULJKW LWLVREVHUYHGWKDWIRUD3*$URFNYDOXHORZHUWKDQDSSUR[LPDWHO\J
WKHUHLVVWLOODQDPSOLILFDWLRQRIWKH3*$UHODWLYHWR3*$URFNZKLOHIRU3*$URFNYDOXHVKLJKHU
WKDQJWKH3*$YDOXHRIWKHVHLVPLFPRWLRQDWWHQXDWHVGXHWROLTXHIDFWLRQ7KHVHREVHUYD
WLRQV DUH LQ DFFRUGDQFH ZLWK WKH UHVXOWV RI WKH VWXG\ FRQGXFWHG IURP /RSH]&DEDOOHUR DQG
0RGDUHVVL)DUDKPDQG5D]DYL>@

)LJXUH$FFHOHUDWLRQWLPHKLVWRU\UHVSRQVHDWWKHYDULRXVVLWHVRIWKHPRGHOIRU.DODPDWD ,' LQSXWPR
WLRQDOORZLQJ WRS RUQHJOHFWLQJ ERWWRP OLTXHIDFWLRQ
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)LJXUH$FFHOHUDWLRQWLPHKLVWRU\UHVSRQVHDWWKHYDULRXVVLWHVRIWKHPRGHOIRU$QR/LRVLD ,' LQSXW
PRWLRQDOORZLQJ WRS RUQHJOHFWLQJ ERWWRP OLTXHIDFWLRQ

)LJXUH  SUHVHQWV WKH FRPSXWHG SHUPDQHQW KRUL]RQWDO DQG YHUWLFDO GLVSODFHPHQWV RI WKH
ULJLGZDOOZKLOHLQ)LJXUHZHSUHVHQWWKHUDWLRRIWKHVDPHGLVSODFHPHQWVZKHQFRQVLGHU
LQJWKHSUHVHQFHRIOLTXHIDFWLRQRUQRW,WLVFOHDUWKDWLQWKHFDVHRIOLTXHIDFWLRQWKHVHDZDUG
SHUPDQHQWGLVSODFHPHQWVRIWKHZDOODUHPXFKKLJKHULHDOPRVWWZLFHDVKLJKFRPSDUHGWR
WKH QRQOLTXHIDFWLRQ FDVH ZKLFK QHYHUWKHOHVV DUH QRW QHJOLJLEOH )RU H[DPSOH IRU URFN
EDVHPHQWH[FLWDWLRQVRIJJWKHDYHUDJHYDOXHRIWKHKRUL]RQWDOSHUPDQHQWGLVSODFHPHQW
ZLWKRXWOLTXHIDFWLRQDUHRIWKHRUGHURIFPDQGWKH\DUHGRXEOHGLQFDVHOLTXHIDFWLRQLVFRQ
VLGHUHG$VLPLODUWUHQGLVREVHUYHGIRUWKHYHUWLFDOGLVSODFHPHQWVZKHUHKRZHYHUWKHDEVR
OXWHDQGUHODWLYHYDOXHVDUHDVH[SHFWHGORZHUFRPSDUHGWRWKHKRUL]RQWDOGLVSODFHPHQWV0RUH
VSHFLILFDOO\UHJDUGLQJWKHFRPSXWHGDEVROXWHGLVSODFHPHQWYDOXHVWKHSHUPDQHQWKRUL]RQWDO
GLVSODFHPHQWVYDU\IURPFPWRFPZKHQZHFRQVLGHUVRLOOLTXHIDFWLRQDQGIURP
FPWRFPZKHQOLTXHIDFWLRQLVQHJOHFWHGZKLOHWKHSHUPDQHQWYHUWLFDOGLVSODFHPHQWYDO
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XHVUDQJHEHWZHHQFPDQGFPIRUWKHOLTXHILDEOHFDVHFRPSDUHGWRWKRVHRIWKHQRQ
OLTXHILDEOHFDVHWKDWYDU\EHWZHHQFPDQGFP
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Abstract. This contribution presents a 2.5-dimensional, frequency domain approach to model
linear elastic soils, based on Indirect Trefftz Elements. 2.5-dimensional solution procedures
allow a convenient way to model structures that are periodic in one direction.
The solution of the problem is carried out in the frequency domain. One dimension is transformed to the wave number domain using a Fourier Transformation. The problem is solved
for each wave number separately and the results are reproduced by superposing the different
wave number solutions. For each wave number, Indirect Trefftz Elements are used to solve
the differential equation governing the considered problem, allowing to model problems with
boundaries of moderate complexity. With the help of a Helmholtz decomposition, the Lamé
differential equation is split up in its irrotational and solenoidal parts, with each of the ﬁelds
approximated by a truncated set of wave functions. The used wave functions inherently satisfy
the governing equation of the problem. Inter-element continuity is enforced using a Galerkin
approach.
Compared to conventional Finite Element Approaches the method incorporates the wave characteristics of the solution directly since the shape functions are chosen as a linear combination
of propagating and evanescent waves. Inclusion of radiating boundary conditions is straightforward. The resulting systems of equations are smaller as compared to Finite Elements, which
can reduce solving time for the soil model effectively. As a drawback, the method suffers from
matrices that are fully populated and include complex entries.
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1

INTRODUCTION

Vibrations introduced by heavy machines or railway lines are transported through the soil
and affect systems in the vicinity as for example adjacent structures. Resulting oscillations may
cause inconvenience or even damage to the exited systems. Densiﬁcation in urban areas has
lead to an additional awareness for this mechanism and the requirement to limit those effects
became even more present. Since reduction measures are preferably planed during the design
process, the demand for a proper prediction of vibrations and their propagation using numerical
simulations has steadily increased.
Classical FEM approaches suffer from reﬂections at artiﬁcial boundaries since only areas of
limited size can be modeled. Different approaches have been developed to deal with the inﬁnite
extensions of the soil in the context of numerical simulations. Extensions to the FEM include
Transmitting Boundaries (TB) [1], Perfectly Matched Layers (PML) [2] and the Thin Layer
Method (TLM) within others. Fontara [3] investigates two different formulations of PML in the
frequency domain.
Besides, coupled Finite Element - Boundary Element methods (FEM-BEM) are widely used,
to model the semi inﬁnite system [4]. Francois [5] presents a 2.5 dimensional FEM-BEM
procedure for systems with invariant geometry in one dimension. The approach uses Green’s
functions of a layered halfspace for the BEM model. This avoids the requirement to mesh the
free surface.
Another approach, the Integral Transform Method (ITM) is based on available analytical solutions in the frequency domain, making use of the characteristics of the wave components of
those solutions for negative frequencies [6]. Frühe [7] developed a solution for a halfspace
with cylindrical or spherical inclusion using the ITM to couple the different analytical systems.
Hackenberg and Dengler [8] enhanced the ITM approach with a FE procedure for 2.5 dimensional problems. The inﬁnite extension of the problem is handled using analytical solutions
in the context of the ITM whereas those parts requiring a ﬁner resolution are described by the
FEM. The degrees of freedom of the FE mesh along the common boundary with the ITM domain are transformed in the wave number domain to couple the two subsystems in a direct
manner. Hackenberg [9] and later Freisinger [10] expanded the method for 3-dimensional problems and evaluated the insertion loss of different structures.
Different publications refer to Trefftz [11] like methods to solve bounded and unbounded problems. Jirousek [12] introduced Hybrid Trefftz FEM elements for various applications. Different
authors [13] extended this idea for an application to 2-dimensional dynamic soil problems in
the frequency domain and developed Hybrid-Trefftz displacement or stress elements. Moldovan
[13] extended those elements to be applicable to biphasic media.
The Wave Based Method (WBM) belongs to the family of Indirect Trefftz methods and has
originally been introduced by Desmet [14] for acoustic problems to cover the so called mid
frequency gap, where pollution effects and increasing numerical effort prevent the applicability of traditional element-based procedures as the FEM. It is a deterministic prediction method
based on the ideas of Trefftz using propagating and evanescent waves to set up the approximation space. The WBM is based on a rather coarse discretization of the problem domain, using
convex subdomains, as shown in ﬁgure 1. The method was extended to plate in membrane and
plate bending problems ([15, 16]). Later Klanner [17] showed an application of the WBM for
thick plates. A summary of current extensions to the method is given in [18].
Huybrechs [19] investigates the numerical behavior of WBM and its approximation space and
proposes an oversampled collocation method rather than a weighted residual method to solve
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the problem. He also states, that the used function set rather resembles a frame than a basis in a
mathematical sense. An overview of different Trefftz Methods, with focus on the used approximation space is given in [20].
This work aims to give an application of the WBM to 2.5 dimensional soil problems, described
by the Lamé equation. The idea is to develop a more ﬂexible solution procedure with respect
to geometric restriction of methods like the ITM, that is always limited to simple geometries,
with analytical solutions being available. Nevertheless the presented procedure can still handle
radiating boundaries or inﬁnite extensions straight away.
In the ﬁrst chapter the theory of 2.5 dimensional problems is described. A Helmholtz de(β)
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Figure 1: Concept of domain decomposition in the WBM

composition of the partial differential equation of the problem is given. The resulting three
decoupled wave equations are used to deﬁne a suitable shape function approximation set in
the frequency wave number domain (ω, kx ). After transformation the problem can be treated
similar to conventional 2 dimensional approaches. In the next chapter the incorporation of the
boundary residuals along real and artiﬁcial boundaries Γ, in the sense of a weighted residual
approach is focused, followed by a short veriﬁcation example and the conclusion.
2

2.5 DIMENSIONAL SOILS

The presented solution procedure handles systems with inﬁnite extension in x-direction. Instead of solving the problem directly, a Fourier Transform (FT) of the considered system from
time domain t to frequency domain ω and from the spatial coordinates x to the wave number
domain kx is carried out. Starting from a general 3-dimensional continua the governing equations are transformed in the frequency - wave number domain and solved for each frequency ω
and wave number kx separately. For the homogenous part of the resulting differential equation
in the wave number frequency domain a Trefftz complete set of shape functions can be found,
that spans the entire solution space and where each shape function itself inherently satisﬁes
the underlying differential equation of the problem. A general shape function will be stated as
N(x, y, z, t) in the following, here given in dependency of the time t and the spatial coordinates
x, y and z. In a ﬁrst step the FT with respect to time is carried out, deﬁned by:
∞

f (t) · e −i ω t dt

F (ω) =
−∞
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The same procedure is repeated with respect to the spatial coordinate x:
∞

f (x) · e −i kx x dx

F (kx ) =

(2)

−∞

The transformed problem is solved using the shape functions N̂(kx , y, z, ω), given in the kx , y, z, ω
domain. The same procedure is repeated for the inhomogeneous part of the differential equation. Therefore external loads are are also transformed to the kx , y, z, ω domain, as shown in
ﬁgure 2 for the spatial coordinate x.
0
σ̄zz
(kx0 , y, z = 0)

y
x

1
σ̄zz
(kx1 , y, z = 0)

y
x

z

2
σ̄zz
(kx2 , y, z = 0)

y
x

z

z

kx0
kx1
kx2
Figure 2: Concept of the Fourier Transform in x-direction for an external loading.

2.1

Governing Equations

The general problem is described by the Lamé Equation for 3-dimensional continua which
is derived from the equilibrium,
σ ij |j + Qi − ρüi = 0

(3)

with the stress tensor σ ij , internal volume forces Qi and the inertia terms ρüi . Considering only
the homogenous part of the equilibrium equation (3) and introducing the constitutive equation
and the kinematic relations leads to the Lamé equation (4):
μui |jj + (λ + μ)uj |ij − ρüi = 0

(4)

In the above equation a linear elastic, homogeneous, isotropic material descriptions has been
used, with the Lamé constants λ and μ describing the material properties. Hysteretic damping
effects are considered using a complex Young’s modulus,
E = E (1 + i sgn (ω) ζ)
with the imaginary unit i =
2.2

√

(5)

−1 and the hysteretic damping ratio ζ.

Helmholtz Decomposition

The three coupled equations described by equation (4) can be transformed into linear independent equations using a Helmholtz decomposition. The solution of the Lamé equation can be
written as the sum of a irrotational ﬁeld given by the gradient of a scalar ﬁeld Φ and a solenoidal
ﬁeld given by the rotation of a vector ﬁeld Ψ.
ui = Φ|i + Ψl |k ikl
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This gives the following linearly independent wave equations.
Φ|jj −
Ψi |jj

1
Φ̈ = 0
cp2

#

cp =

with

$

1
− 2 Ψ̈i = 0
cs

cs =

λ + 2μ
ρ

(7)

μ
ρ

Herein cp denotes the compressional wave velocity and cs the shear wave velocity respectively.
The density of the soil is given by ρ. Applying the two-folded FT as mentioned in chapter 2 the
wave equations can be written as Helmholtz equations

∂2
∂2
−kx 2 + kp 2 + 2 + 2 Φ̂(kx , y, z, ω) = 0
(8)
∂y
∂z

∂2
∂2
−kx 2 + ks 2 + 2 + 2 Ψ̂1 (kx , y, z, ω) = 0
(9)
∂y
∂z

∂2
∂2
−kx 2 + ks 2 + 2 + 2 Ψ̂2 (kx , y, z, ω) = 0
(10)
∂y
∂z
with the wave numbers kp =
2.3

ω
cp

and ks =

ω
cs

.

Boundary Conditions

The boundary is deﬁned by either Dirichlet boundary conditions with prescribed displacements (equation (21)), Neumann boundary conditions with prescribed stress (equation (22)) or
mixed Boundary Conditions (equations (23)).
The physical quantities in the cartesian reference system are recovered from the potentials Φ̂
and Ψ̂ using the following relations:
∂
Ψ̂2
∂z
∂
∂
ûy =
Φ̂ + Ψ̂1
∂y
∂z
∂
∂
Φ̂ −
Ψ̂1 + i kx Ψ̂2
ûz =
∂z
∂y
and similar for the stress components:
ûx = i kx Φ̂ −

∂
∂
ûy + ûz
∂y
∂z
∂
+ λ i kx ûx + ûz
∂z
∂
ûy
+ λ i kx ûx +
∂y

σ̂xy = 2μ ·

σ̂xx = (2μ + λ) i kx ûx + λ
σ̂yy = (2μ + λ)
σ̂zz = (2μ + λ)

∂
ûy
∂y
∂
ûz
∂z

σ̂yz = 2μ ·
σ̂xz = 2μ ·

(11)
(12)
(13)

1 ∂
1
ûx + i kx ûy
2 ∂y
2
1 ∂
1 ∂
ûy +
ûz
2 ∂z
2 ∂y
1 ∂
1
ûx + i kx ûz
2 ∂z
2

(14)
(15)
(16)

All used boundary conditions require the evaluation of displacements or stresses in normal or
in plane direction, with the normal vector of the boundary n = ni · e i and two perpendicular in
plane vectors t1 = t1 i · e i and t2 = t2 i · e i . Finally the cartesian components are transformed
to the normal and in-plane components using tensor calculus:
σn = ni · σ ij · nj

σt1 = ni · σ ij · t1 j

σt2 = ni · σ ij · t2 j

(17)

un = n i · u

ut 1 = t 1 i · u

ut 2 = t 2 i · u

(18)

i
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For the sake of conciseness, the relations from equation (11) to (18) are replaced by a differential
operator Lu (N̂) for the displacements or Lσ (N̂) for the stresses respectively.
3

THE WAVE BASED METHOD

To solve the problem for each combination of frequency ω and wave number kx the Wave
Based Method (WBM) is used. A Trefftz complete basis of the partial differential equation
(PDE) is employed. The approximation space is formed by a truncated set of wave functions. To
ensure convergence a non-convex domain Ω has to be split up into multiple convex subdomains
Ω = Ω(α) ∪ Ω(β) as shown in ﬁgure 1. Since the used shape functions fulﬁll the differential
equation of the problem by deﬁnition, the total residual of the approximate solution results only
of the accumulated errors along the boundaries.
3.1

Field Variable Expansion

The approximate solution is recaptured using a superposition of the shape functions Φ̂i , Ψ̂i1
and Ψ̂i2 multiplied with the yet still unknown weighting factors ci .

û =

I

i=1

Lu (N̂i ) · ci +

J


⎛

ûp,j

with

j=1

⎞
Lux (N̂)
Lu (N̂) = ⎝Luy (N̂)⎠
Luz (N̂)

(19)

External loads can either be applied along the boundaries or as external volume loads. The later
are included using particular solutions functions for an inﬁnite domain. In equation (19), ûp,j
refers to the displacement ﬁeld of the particular solution due to the external volume load j.
The shape functions are chosen in accordance with [15], applying a suitable truncation rule for
the maximum of the integer values pk respectively sk with k = 1 . . . 4. The used shape functions
are listed in table 1, where pl = 1, 2, . . . , Pl,max ∈ N+ and pm = 0, 1, . . . , Pm,max ∈ N with
l = 1, 2 and m = 3, 4 and similar rules applied for sk .
The wave numbers k1 and k2 used for the shape functions are deﬁned in equation (20) as the
projected components of the physical wave numbers kp and ks to the y-z-plane.
k1 2 = kp 2 − kx 2
3.2

k 2 2 = k s 2 − kx 2

(20)

Incorporation of Boundary Residuals

A single shape function by itself violates the boundary conditions of the problem, resulting
in a residual term along the boundaries. In theory, due to the completeness of the solution
space, the residual term vanishes if an inﬁnite number of shape functions is used. The occurring
¯
residual terms are given in equations (21) to (23) with the terms (∗)(x)
describing the non
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Irrotational scalar ﬁeld Φ̂
set 1

set 2

Φ̂p1 = sin(kp1y y) · e−i kp1z z

kp1y =

Φ̂p2 = e−i kp2y y · sin (kp2z z)

kp2z =

Φ̂p3 = cos(kp3y y) · e−i kp3z z

kp3y =

Φ̂p4 = e−i kp4y y · cos (kp4z z)

kp4z =

p1 π
Ly
p2 π
Lz

kp1z = ±

p3 π
Ly
p4 π
Lz

kp3z

kp2y

kp4y



(k1 )2 − (kp1y )2

= ± (k1 )2 − (kp2z )2

= ± (k1 )2 − (kp3y )2

= ± (k1 )2 − (kp4z )2

Component Ψ̂1 of the solenoidal vector ﬁeld
set 1

set 2

Ψ̂1,s1 = cos(ks1y y) · e−i ks1z z

ks1y =

s1 π
Ly

ks1z = ±

Ψ̂1,s2 = e−i ks2y y · cos (ks2z z)

ks2z =

s2 π
Lz

ks2y

Ψ̂1,s3 = sin(ks3y y) · e−i ks3z z

ks3y =

s3 π
Ly

ks3z

Ψ̂1,s4 = e−i ks4y y · sin (ks4z z)

ks4z =

s4 π
Lz

ks4y



(k2 )2 − (ks1y )2

= ± (k2 )2 − (ks2z )2

= ± (k2 )2 − (ks3y )2

= ± (k2 )2 − (ks4z )2

Component Ψ̂2 of the solenoidal vector ﬁeld
set 1

set 2

Ψ̂2,s1 = cos(ks1y y) · e−i ks1z z

ks1y =

s1 π
Ly

ks1z = ±

Ψ̂2,s2 = e−i ks2y y · cos (ks2z z)

ks2z =

s2 π
Lz

ks2y

Ψ̂2,s3 = sin(ks3y y) · e−i ks3z z

ks3y =

s3 π
Ly

ks3z

Ψ̂2,s4 = e−i ks4y y · sin (ks4z z)

ks4z =

s4 π
Lz

ks4y



(k2 )2 − (ks1y )2

= ± (k2 )2 − (ks2z )2

= ± (k2 )2 − (ks3y )2

= ± (k2 )2 − (ks4z )2

Table 1: Shape functions
homogeneous part of the boundary condition.
⎧
⎪
⎨Run = ûn (x)
(α)
Ru (x) = Rut1 = ût1 (x)
⎪
⎩
Rut = ût2 (x)
⎧ 2
⎪
⎨Rσn = σ̂n (x)
(α)
Rσ (x) = Rσt1 = σ̂t1 (x)
⎪
⎩
Rσt = σ̂t2 (x)
⎧ 2
⎪
⎨Run = ûn (x)
(α)
Ruσ (x) = Rσt1 = σ̂t1 (x)
⎪
⎩
Rσt2 = σ̂t2 (x)

− ūn (x) = 0
− ūt1 (x) = 0
− ūt2 (x) = 0

∨ x ∈ Γu

(21)

− σ̄n (x) = 0
− σ̄t1 (x) = 0
− σ̄t2 (x) = 0

∨ x ∈ Γσ

(22)

− ūn (x) = 0
− σ̄t1 (x) = 0
− σ̄t2 (x) = 0

∨ x ∈ Γuσ

(23)

For inter-element coupling the displacement ﬁeld of element α is prescribed to element β and
the stresses of element β to element α resulting in a additional residual term for each element.
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3.3

Weighted Residual Formulation

By introducing the truncated set of wave functions as an approximate solution the residual
terms along the boundaries do not disappear anymore, but can only be minimized in an integral
sense, for example by using a weighted residual method. In the sense of a Galerkin procedure
the same functions used for the approximation are used as weighting functions, denoted by δ(∗).
δun =
δσn =

K

i=1
K


Lun (Ni ) · δci

δut = . . .

(24)

Lσn (Ni ) · δci

δσt = . . .

(25)

i=1

3.4

Solution and Post Processing

The weighted residual expression is evaluated along the complete boundary Γ = Γσ ∪ Γu ∪
Γuσ ∪ Γc and expressed in dependency of the deﬁned boundary conditions as
−

δun Rσn + δut1 Rσt1 + δut2 Rσt2 dΓσ +
Γσ

δσn Run + δσt1 Rut1 + δσt2 Rut2 dΓu ... = 0
Γu

which leads to the linear system of equations to be solved for the unknown contribution factors
ci :
→

δcT (K c − f) = 0

(26)

The ﬁnal physical values in the frequency-wave-number domain are reproduced using equation
(19). After that an inverse FT with respect to time t and the spatial coordinate x is carried out
in the sense of:
1
f (x, y, z, t) =
(2π)2
4

∞

∞

F̂ (kx , y, z, ω) · e i kx x · e i ωt dkx dω

(27)

−∞ −∞

NUMERICAL EXAMPLES

As a validation example a linear elastic homogenous soil is considered. The halfspace is
loaded at the surface by a constant line loading. The calculated results are compared to a
reference solution using the Fourier Transform (FT) of the load in spatial y-direction and the
analytical response to each contribution in the wave number domain ky . For the reference
solution a repetition length of By = 256 [m] and n = 4096 Fourier terms are used. Due
to comparability the example is solved for a uniform line loading with constants value in xdirection. An extension to different wave numbers kx can be achieved using the procedure
described in chapter 2. For the validation example a soil with the given parameters is used:
kg
elasticity modulus E = 260 · 105 [ mN2 ], Poisson ratio ν = 0.3, density ρ = 2000 [ m
3 ] and
hysteretic damping ratio ζ = 0.1 . The external loading at the halfspace surface is considered
as an inhomogeneous Neumann boundary condition using equation (22) with constant value
σ̄n = 1[ mN2 ].
The used decomposition for the WBM model is given in ﬁgure 3. Three coupled, convex
subdomains are used to model the considered area. The chosen subdomains serve well to proof
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σ̄n
Γσ

Γσ

Γc

Γc
40m

z
Γu

y
x
30m

6m

8m

6m

30m

Figure 3: Validation example - Geometry and used decomposition into convex subdomains

inter-element continuity on the one hand side as well as the ﬂexibility of the element boundary
description on the other hand side. In this example, the dimensions of the modeled domain are
chosen large enough that the effect of spurious reﬂections at the artiﬁcial exterior boundaries
become small. Nevertheless they can not be neglected completely without further treatment. In
the presented example this results in rather large relative errors for the left and right element at
the surface. Figure 4 shows the results split up in real and imaginary part for a sample frequency

(a)

(b)

Figure 4: (a) Real part and (b) imaginary part of vertical displacements uz (x = 0) in [m].

of 20 [Hz]. Figure 5 shows the results of the vertical displacement at the surface along a line
(x = 0, y, z = 40) for the given frequency of 20 [Hz] comparing them against an ITM solution
using the described FT of the load along the y-direction. Evaluating the relative error along the
surface reveals the largest values at the beginning and end of the surface line load. This is not
surprising due to the discontinuity of the boundary condition at exactly those positions.
5

CONCLUSION

The presented results show that the method can be adapted to model 2.5 dimensional soil
problems and gives correct and precise results. Nevertheless the consideration of the semi
inﬁnite area should be included to avoid spurious reﬂections. This can be achieved by using
a different set of shape functions for the exterior elements which is straight forward for the
presented method. Furthermore special treatment of singularities as occurring at the beginning
and end of the surface line load can enhance the numerical efﬁciency and convergence rate of the
method signiﬁcantly. Therefor particular solution functions for external loads as well as special
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Figure 5: Vertical displacements uz at surface (z = 40, x = 0) for 20 [Hz] (yellow line) and FT
reference solution (purple line)

purpose functions for singularities due to the geometry of the problem should be developed in
the future.
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Ingenieurwesen 83 (2019) 31–42.
[11] E. Trefftz, Ein Gegenstück zum Ritzschen Verfahren, Proc. Second Int. Congress Appl.
Mech. (1926) 131–137.
[12] J. Jirouseka, L. Guex, The hybrid-trefftz ﬁnite element model and its application to plate
bending, International Journal for Numerical Methods in Engineering 23 (1986) 651–693.
[13] I. D. Moldovan, T. D. Cao, J. A. T. de Freitas, Hybrid-trefftz displacement ﬁnite elements
for elastic unsaturated soils, International Journal of Computational Methods 11 (2014).
[14] W. Desmet, A wave based prediction technique for coupled vibro-acoustic analysis, 1998.
[15] Caroline Vanmaele, Development of a wave based prediction technique for the efﬁcient
analysis of low and mid frequency structural vibrations, 2007.
[16] C. Vanmaele, D. Vandepitte, W. Desmet, An efﬁcient wave based prediction technique for
plate bending vibrations, Computer Methods in Applied Mechanics and Engineering 196
(2007) 3178–3189.
[17] M. Klanner, K. Ellermann, Wave based method for the steady-state vibrations of thick
plates, Journal of Sound and Vibration 345 (2015) 146–161.
[18] E. Deckers, O. Atak, L. Coox, R. D’Amico, H. Devriendt, S. Jonckheere, K. Koo,
B. Pluymers, D. Vandepitte, W. Desmet, The wave based method: An overview of 15
years of research, Wave Motion 51 (2014) 550–565.
[19] D. Huybrechs, A.-E. Olteanu, An oversampled collocation approach of the wave based
method for helmholtz problems, Wave Motion 87 (2019) 92–105.
[20] R. Hiptmair, A. Moiola, I. Perugia, A survey of trefftz methods for the helmholtz equation,
in: B. e. a. Barrenechea (Ed.), Building Bridges, 2016, pp. 237–279.

2965

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

0,7,*$7,212)*5281'9,%5$7,21)5203,/('5,9,1*
%<&,5&8/$5$55$<62)5,*,'%/2&.6
3/$&('217+(*5281'685)$&(
/DUV9$QGHUVHQ3HWHU3HUVVRQDQG$QGUHZ73HSORZ


'HSDUWPHQWRI(QJLQHHULQJ$DUKXV8QLYHUVLW\
,QJH/HKPDQQV*DGH'.$DUKXV&'HQPDUN
HPDLOOYD#HQJDXGN


'HSDUWPHQWRI&RQVWUXFWLRQ6FLHQFHV/XQG8QLYHUVLW\
32%R[6(/XQG6ZHGHQ
HPDLOSHWHUSHUVVRQ#FRQVWUXFWLRQOWKVH



&ROOHJHRI1DWXUDODQG+HDOWK6FLHQFHV=D\HG8QLYHUVLW\
32%R[$EX'KDEL8QLWHG$UDE(PLUDWHV
HPDLODQGUHZSHSORZ#]XDFDH


.H\ZRUGV*URXQG9LEUDWLRQ3LOH'ULYLQJ/D\HUHG6RLO,QVHUWLRQ/RVV:DYH,PSHGDQFH
$EVWUDFWGround vibration associated with pile driving causes annoyance to inhabitants of
the neighbouring environment and may possibly lead to damage on existing structures in the
proximity of a construction site. Vibration mitigation near the source can reduce the problem.
The paper investigates the effect of circular arrays of blocks, placed on the ground surface
around the position at which the pile is driven. A semi-analytical model of a layered soil has
been used for the analysis, and the blocks have been modelled as monolithic structures, accounting for the full structure–soil–structure interaction. Two different sites have been studied:
a layered soil with three metres of soft sand over a half-space of till, and a five metres deep
layer of soft clay overlying a half-space of lime. The block arrays consist of one to three concentric rings with radii 4, 8, and 12 m, respectively. The rings contain 6, 12, and 24 blocks,
respectively, and the size of the blocks have been scaled such that each ring has the same total
mass. The pile has not been modelled explicitly; instead vertical excitation has been applied in
different depts over a circular area corresponding to the cross section of a pile. For the considered cases it has been found that an array of blocks, shaped as a “Stonehenge”, may provide
significant mitigation of the ground vibration level in a receiver zone placed 20–40 m from the
pile. When a load is applied within the soft topsoil layer, the array provides an insertion loss
in the order of 5–20 dB, depending on the size of the blocks and the configuration of the arrays.
For loads applied deeper in the soil, within the stiffer half-space, the insertion loss is small and
may in some situations be negative. However, this must be seen in the context that the transfer
mobility in the reference state without the blocks, i.e. the greenfield, is low when the load is
applied within the stiff half-space.
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(QYLURQPHQWDOYLEUDWLRQIURPFRQVWUXFWLRQDFWLYLWLHVLQXUEDQHQYLURQPHQWVFDXVHVDQQR\
DQFHWRLQKDELWDQWV/RQJWHUPH[SRVXUHWRQRLVHDQGYLEUDWLRQPD\HYHQOHDGWRKHDOWKSURE
OHPV>@DQGH[FHVVLYHYLEUDWLRQVFDQEHWKHFDXVHRIGDPDJHWRVWUXFWXUHV+HQFHFRQWUROOLQJ
WKHOHYHORIYLEUDWLRQVLQWKHEXLOWHQYLURQPHQWLVLPSRUWDQW
6HYHUDOLGHDVKDYHEHHQSURSRVHGIRUWKHPLWLJDWLRQRIJURXQGYLEUDWLRQIURPYDULRXVVRXUFHV
)RUUDLOWUDIILFLQGXFHGYLEUDWLRQVFRQFHSWVVXFKDVEDUULHUVWUHQFKHVDQGVRLOVWLIIHQLQJ>@
>@RUKHDY\PDVVHVSODFHGDORQJWKHWUDFN>@KDYHEHHQGHPRQVWUDWHGWRUHGXFHWKHJURXQG
YLEUDWLRQOHYHOVLQWKHVKLHOGHG]RQHVEHKLQGWKHEDUULHUV$OVRVKHHWSLOHZDOOVLQYDULRXVFRQ
ILJXUDWLRQVKDYHEHHQSURSRVHGIRUYLEUDWLRQVFUHHQLQJ>±@+RZHYHULQVWDOOLQJVXFKEDUULHUV
ZLOOLWVHOIFDXVHYLEUDWLRQGXULQJWKHGULYLQJRIWKHLQGLYLGXDOSLOHV
$VDQDOWHUQDWLYHWRWKHFRQWLQXRXVEDUULHUVZDYHLPSHGDQFHEORFNV :,%V SODFHGRQWKH
JURXQGVXUIDFHRUHPEHGGHGZLWKLQWKHVRLOFDQEHXVHGIRUWKHUHGXFWLRQRIJURXQGYLEUDWLRQ
>±@0DVRXPLHWDO>@UHSRUWHGDQH[SHULPHQWDOYDOLGDWLRQRIWKHPLWLJDWLRQSURYLGHGE\
VXFKV\VWHPV:,%V±RUDQRWKHUFKDQJHLQJHRPHWU\RUPDWHULDO±FDQEHSODFHGLQDSHULRGLF
DUUD\)ROORZLQJWKHRULJLQDOLGHDRI0HDG>@ZDYHSURSDJDWLRQLQFHUWDLQIUHTXHQF\EDQGV
FDQ WKHUHE\ EH UHGXFHG VLJQLILFDQWO\ WKHRUHWLFDOO\ OHDGLQJ WRWKH SUHVHQFH RI VWRS EDQGV RU
EDQG JDSV ZLWK QR SURSDJDWLRQRIHQHUJ\,QWKLV FRQWH[W3HUVVRQ HW DO >@ VXJJHVWHGWKH
UHVKDSLQJRIDODQGVFDSHLQWRDQDUUD\RIKLOOVDQGRUYDOOH\VZKLOH$QGHUVHQ>@DQDO\VHGWKH
HIIHFWRIOLQHDUDUUD\VRIHPEHGGHG:,%VXVLQJDWZRGLPHQVLRQDOPRGHO7KHVWXG\ZDVODWHU
H[WHQGHGWRILQLWHDUUD\VLQWKUHHGLPHQVLRQV>±@$OVRVLPSOLILHGPRGHOVZHUHSURSRVHG
IRUIDVWSUHOLPLQDU\DQDO\VLVRI:,%DUUD\VSODFHGRQWKHJURXQGVXUIDFH>@
5HWXUQLQJWRWKHSDUWLFXODUYLEUDWLRQSUREOHPUHODWHGWRLQVWDOODWLRQRISLOHVDWKRURXJKVWXG\
RQWKHZDYHSURSDJDWLRQYLDWKHVRLODQGLQWREXLOGLQJVLQFOXGLQJWKHHIIHFWRQWKHVWUXFWXUH
DQGWKHRFFXSDQWVZDVFRQGXFWHGE\$WKDQDVRSRXORVDQG3HOHNLV>@0RUHUHFHQWO\WKHYL
EUDWRU\VKHHWSLOHGULYLQJZDVVWXGLHGE\'HFNQHUHWDO>±@7KHYLEUDWLRQVWUDQVPLWWHGYLD
WKHJURXQGFDUU\PRVWRIWKHHQHUJ\LQWKHIUHTXHQF\UDQJHUHOHYDQWIRUZKROHERG\YLEUDWLRQV
LHLQWKHUDQJH±+])XUWKHUEXLOGLQJV RUVWUXFWXUDOHOHPHQWVVXFKDVIORRUVRUZDOOV PD\
UHVRQDWHDWWKHH[FLWDWLRQIUHTXHQFLHVLQYROYHGLQYLEUDWRU\RULPSDFWSLOHGULYLQJ>@
$PHDQVRIPLWLJDWLQJWKHJURXQGYLEUDWLRQVIURPSLOHGULYLQJLVWKHUHIRUHEHQHILFLDOEXW
GHPDQGVWKDWLWFDQEHUHDOL]HGDWDORZFRVWDQGZLWKRXWFDXVLQJDGGLWLRQDOYLEUDWLRQ7KHXVH
RI:,%VSODFHGRQWRSRIWKHJURXQGFRXOGSURYLGHDQHIILFLHQWVROXWLRQE\XVLQJDV\VWHPRI
ODUJHFRQVWUXFWLRQZDVWHEDJVRURWKHUW\SHVRIFRQWDLQHUVWKDWFDQEHILOOHGZLWKORFDOO\DYDLO
DEOH PDWHULDO H[FDYDWHG VRLO UHF\FOHG FRQFUHWH HWF  WKH ZRUN LQYROYHG LQ HVWDEOLVKLQJ WKH
YLEUDWLRQPLWLJDWLRQV\VWHPZRXOGEHPLQLPDO%DVHGRQWKLVLGHDWKHDXWKRUVSUHYLRXVO\SUR
SRVHGWKHLQWURGXFWLRQRIDFLUFXODUDUUD\RI:,%VSODFHGDURXQGDYLEUDWLRQVRXUFHDFWLQJRQ
WKHJURXQGVXUIDFH>@'LIIHUHQWFRQILJXUDWLRQVRIWKHDUUD\ZHUHWHVWHGXVLQJDVHPLDQDO\W
LFDOPRGHO7KHPDLQILQGLQJVZHUHWKDWWKH:,%DUUD\VSURYLGHGDQLQVHUWLRQORVV ,/ RIXSWR
G%LQWKHYHUWLFDOJURXQGYLEUDWLRQOHYHOVGHILQHGDVWKHPHDQYDOXHLQWKH]RQH±P
DZD\IURPWKHVRXUFH7KHHIIHFWZDVSDUWLFXODUO\SURQRXQFHGDWIUHTXHQFLHVMXVWDERYHFXWRQ
IRUZDYHSURSDJDWLRQLQVRIWWRSVRLOZKHUHWKHYLEUDWLRQOHYHOVSHDNHGLQWKHUHIHUHQFHFDVH
ZLWKRXWWKH:,%V$OVRDQDUUD\ZLWKDFRQILJXUDWLRQPLPLFNLQJWKDWRI6WRQHKHQJH ZLWKODUJH
EORFNVLQWKHFHQWUHULQJDQGJUDGXDOO\VPDOOHUEORFNVLQWKHVXUURXQGLQJULQJV ZDVLQPDQ\
VLWXDWLRQVIRXQGWREHPRUHHIIHFWLYHWKDQDUUD\VZLWKEORFNRIHTXDOVL]HLQDOOULQJV
+RZHYHUZKHUHDV$QGHUVHQHWDO>@FRQFOXGHGWKDWWKHFLUFXODU:,%DUUD\VPD\EHHIIL
FLHQWIRUJURXQGYLEUDWLRQPLWLJDWLRQUHODWHGWRVXUIDFHVRXUFHVQRDQDO\VHVRIEXULHGVRXUFHV
RUSLOHGULYLQJZHUHSHUIRUPHG7KLVSDSHURQWKHRWKHUKDQGKDVIRFXVRQWKH,/UHODWHGWR
YLEUDWLRQVJHQHUDWHGE\H[FLWDWLRQDWYDULRXVGHSWKVEHORZWKHJURXQGVXUIDFH7KHIUHTXHQF\
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UDQJH±+]KDVEHHQFRQVLGHUHGDVWKLVLVUHOHYDQWIRUZKROHERG\YLEUDWLRQDQGIRUWKHILUVW
HLJHQPRGHVRIW\SLFDOEXLOGLQJHOHPHQWVDQGUHVRQDQFHLQVRLOOD\HUV7RDOORZDGLUHFWFRP
SDULVRQZLWKWKHHDUOLHUILQGLQJVLWKDVEHHQFKRVHQWRXVHWKHVDPHVRLOVWUDWLILFDWLRQVLHP
RIVRIWVDQGRYHUDWLOOKDOIVSDFH &DVH DQGPRIVRIWFOD\RYHUDOLPHKDOIVSDFH &DVH 
+RZHYHUFRPSDUHGWR>@RQO\WKH³6WRQHKHQJH´FRQILJXUDWLRQRIWKH:,%DUUD\KDVEHHQ
DQDO\VHGLQWKHSDSHU,GHDOO\WRVWXG\WKHYLEUDWLRQIURPSLOHGULYLQJDQXPHULFDOPRGHOVKRXOG
DFFRXQWIRUWKHQRQOLQHDUUHVSRQVHRIWKHSLOH±VRLOV\VWHPDVSURSRVHGIRUH[DPSOHE\5RR]
HWDO>@+RZHYHUIRUDFRQFHSWXDOIHDVLELOLW\VWXG\RIWKHVXJJHVWHGPLWLJDWLRQVWUDWHJ\ZH
SURSRVHWKHXVHRIDVLPSOLILHGPHWKRGRORJ\+HQFHDOLQHDUYLVFRHODVWLFPRGHOLVXVHGIRUWKH
JURXQGDQGWKHSLOHLVQRWPRGHOOHGH[SOLFLWO\,QVWHDGYLEUDWLRQVRXUFHVDWYDULRXVGHSWKVLQ
WKHJURXQGDUHFRQVLGHUHG'XULQJWKHGULYLQJSURFHVVDSLOHZLOOWUDQVIHUHQHUJ\WRWKHVRLO
SDUWO\DORQJWKHVKDIWDQGSDUWO\DWWKHWLS7KHSURSRVHGPRGHODOORZVDTXDQWLILFDWLRQRIWKH
,/WKDWFDQEHDFKLHYHGIRUWKHFRQWULEXWLRQVDWHDFKVHSDUDWHGHSWKEXWEHFDXVHRIWKHVLPSOL
ILHGPRGHOOLQJDSSURDFKLWFDQQRWEHXVHGIRUWKHDVVHVVPHQWRIWKHRYHUDOOYLEUDWLRQOHYHOV
7KH UHPDLQLQJ SDUWV RI WKH SDSHU DUH VWUXFWXUHG DV IROORZV )LUVW 6HFWLRQ  GHVFULEHV WKH
FRPSXWDWLRQDO PRGHO 7KHQ 6HFWLRQV  DQG  SURYLGH WKHUHVXOWV DQGDGLVFXVVLRQ RI WKH,/
DFKLHYHGLQ&DVHVDQGUHVSHFWLYHO\)LQDOO\WKHPDLQFRQFOXVLRQVDQGVXJJHVWLRQVIRUIXU
WKHUUHVHDUFKDUHJLYHQLQ6HFWLRQ
 6(0,$1$/<7,&$/02'(/)257+(62,/$1'5,*,'%/2&.6
7UDQVIHUPDWUL[PHWKRGIRUDOD\HUHGJURXQGZLWKHPEHGGHGVRXUFHV
7KHDQDO\VHVFRQFHUQWKHYLEUDWLRQSURSDJDWLRQLQWRWKHIDUILHOGDQGLQWKHFDVHRIPDQ
PDGHYLEUDWLRQGXHWRSLOHGULYLQJWKHF\FOLFVKHDUVWUDLQPDJQLWXGHVDUHVPDOOHQRXJKWKDWD
OLQHDUYLVFRHODVWLFEHKDYLRXURIWKHVRLOFDQEHDVVXPHG:LWKZDYHOHQJWKVPXFKORQJHUWKDQ
WKHFKDUDFWHULVWLFJUDLQVL]HDVROLGFRQWLQXXPPRGHOFDQEHDSSOLHG7KHKDOIVSDFHݔଷ  ͲLV
FRQVLGHUHGDVVXPLQJWKHJURXQGVXUIDFHDQGDQ\LQWHUQDOLQWHUIDFHVWREHKRUL]RQWDO*LYHQWKH
OLQHDULW\DQGKRUL]RQWDOLQYDULDQFHRIWKHSUREOHPWKHGLVSODFHPHQWLQGLUHFWLRQ݅DWDQ\SRLQW
ሺݔଵ ǡ ݔଶ ǡ ݔଷ ሻDQGWLPHݐFDQEHIRXQGDV


ஶ

ஶ

௧

 ݑ ሺݔଵ ǡ ݔଶ ǡ ݔଷ ǡ ݐሻ ൌ න න න න ݃ ሺݔଵ െ ݕଵ ǡ ݔଶ െ ݕଶ ǡ ݔଷ ǡ ݕଷ ǡ  ݐെ ߬ሻ



ିஶ ିஶ ିஶ ିஶ

ൈ   ሺݕଵ ǡ ݕଶ ǡ ݕଷ ǡ ߬ሻ߬ݕଵ ݕଶ ݕଷ ǡ
ݔଷ  Ͳǡ 

ZKHUH ݃ ሺݔଵ െ ݕଵ ǡ ݔଶ െ ݕଶ ǡ ݔଷ ǡ ݕଷ ǡ  ݐെ ߬ሻ LV WKH *UHHQ¶V IXQFWLRQ IRU WKH KDOIVSDFH DQG
 ሺݕଵ ǡ ݕଶ ǡ ݕଷ ǡ ߬ሻLVWKHORDGDSSOLHGDWWKHSRVLWLRQሺݕଵ ǡ ݕଶ ǡ ݕଷ ሻDQGWLPH߬
7KH*UHHQ¶VIXQFWLRQLQWKHWLPH±VSDFHGRPDLQFDQQRWEHIRXQGLQFORVHGIRUPIRUDOD\HUHG
KDOIVSDFH,QVWHDG(T  LV)RXULHUWUDQVIRUPHGLQWRWKHIUHTXHQF\±KRUL]RQWDOZDYHQXPEHU
GRPDLQDUULYLQJDWWKHHTXDWLRQ
ேౌ



ഥ ሺ݇ଵ ǡ ݇ଶ ǡ ݔଷ ǡ ߱ሻ ൌ  ܩҧ ሺ݇ଵ ǡ ݇ଶ ǡ ݔଷ ǡ ݕଷ ǡ ߱ሻܲത ሺ݇ଵ ǡ ݇ଶ ǡ ݕଷ ǡ ߱ሻǤ
ܷ



ୀଵ

ഥ ሺ݇ଵ ǡ ݇ଶ ǡ ݔଷ ǡ ߱ሻLVWKHWULSOH)RXULHUWUDQVIRUPRIݑ ሺݔଵ ǡ ݔଶ ǡ ݔଷ ǡ ݐሻZKLOHܲത ሺ݇ଵ ǡ ݇ଶ ǡ ݕଷ ǡ ߱ሻLV
ܷ
WKH WULSOH )RXULHU WUDQVIRUP RI ሺݕଵ ǡ ݕଶ ǡ ݕଷ ǡ ߬ሻ DQGܩҧ ሺ݇ଵ ǡ ݇ଶ ǡ ݔଷ ǡ ݕଷ ǡ ߱ሻLV WKH WULSOH )RXULHU
WUDQVIRUP RI݃ ሺݔଵ െ ݕଵ ǡ ݔଶ െ ݕଶ ǡ ݔଷ ǡ ݕଷ ǡ  ݐെ ߬ሻ $ GLVFUHWL]DWLRQ KDV EHHQ PDGH LQ RUGHU WR
HYDOXDWHWKHFRQWULEXWLRQVIURPDILQLWHVHWRIORDGVDSSOLHGDWWKHGHSWKVݕଷ ݊ ൌ ͳǡʹǡ ǥ ǡ ܰ 
)RUHDFKGLVFUHWHGHSWKWKDWLVQRWFRLQFLGLQJZLWKDQLQWHUIDFHEHWZHHQWZRVRLOOD\HUVRUWKH
JURXQGVXUIDFHDQDGGLWLRQDOLQWHUIDFHPXVWEHLQWURGXFHGLQWKHPRGHO
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7KHPDWHULDOSURSHUWLHVRIHDFKVRLOOD\HUDUHGHILQHGLQWHUPVRIWKHVKHDUPRGXOXVG3RLV
VRQ¶VUDWLRȞWKHPDVVGHQVLW\ȡDQGWKHORVVIDFWRUȘ7KXVUDWHLQGHSHQGHQWK\VWHUHWLFPDWHULDO
GDPSLQJLVDVVXPHGOHDGLQJWRDFRPSOH[YDOXHGG\QDPLFVWLIIQHVVRIWKHVRLO1H[WIRUDQ\
FRPELQDWLRQ RI WKH VRXUFH DQG UHFHLYHU GHSWKV ݔଷ DQG ݕଷ  WKH KRUL]RQWDO ZDYHQXPEHUV
ሺ݇ଵ ǡ ݇ଶ ሻDQGWKHDQJXODUIUHTXHQF\߱DQDQDO\WLFDOVROXWLRQIRUܩҧ ሺ݇ଵ ǡ ݇ଶ ǡ ݔଷ ǡ ݕଷ ǡ ߱ሻFDQEH
IRXQGE\WKHOD\HUWUDQVIHUPDWUL[PHWKRGSURSRVHGE\7KRPVRQ>@DQG+DVNHOO>@7KH
HIILFLHQWLPSOHPHQWDWLRQRI$QGHUVHQDQG&ODXVHQ>@KDVEHHQXVHGIRUWKHSUHVHQWDQDO\VLV
DXJPHQWHGE\WKHVWDELOL]DWLRQPHWKRGSURSRVHGE\:DQJ>@7KLVDOORZVDIDVWFDOFXODWLRQ
RIWKHUHVSRQVHZLWKRXWQHFHVVLWDWLQJDGLVFUHWL]DWLRQRYHUGHSWKE\WKHWKLQOD\HUPHWKRG
2QFHܩҧ ሺ݇ଵ ǡ ݇ଶ ǡ ݔଷ ǡ ݕଷ ǡ ߱ሻDQGܲത ሺ݇ଵ ǡ ݇ଶ ǡ ݕଷ ǡ ߱ሻKDYHEHHQHYDOXDWHGIRUDJLYHQDQJXODU
IUHTXHQF\DGRXEOHLQYHUVH)RXULHUWUDQVIRUPDWLRQFDQEHFDUULHGRXWZLWKUHVSHFWWR݇ଵ DQG݇ଶ 
LQRUGHUWRREWDLQWKHVROXWLRQLQWKHIUHTXHQF\±VSDFHGRPDLQܩ ሺݔଵ െ ݕଵ ǡ ݔଶ െ ݕଶ ǡ ݔଷ ǡ ݕଷ ǡ ߱ሻ
,QWKHSUHVHQWZRUNWKHORDGLVDVVXPHGWREHGLVWULEXWHGXQLIRUPO\RYHUDFLUFXODUKRUL]RQWDO
DUHDZLWKDUDGLXVRI ݎൌ ͲǤʹͷPFRUUHVSRQGLQJWRWKHFURVVVHFWLRQRIWKHSLOHDWDJLYHQGHSWK
+HQFHWKHORDGLVD[LV\PPHWULF7KHVDPHSURSHUW\DSSOLHVWRWKH*UHHQ¶VIXQFWLRQJLYHQWKH
KRUL]RQWDOLQYDULDQFHRIWKHVWUDWLILFDWLRQ7KLVDOORZVWKHGRXEOHLQYHUVH)RXULHUWUDQVIRUPDWLRQ
WREHFDUULHGRXWLQDVHPLGLVFUHWHPDQQHUZLWKDQDO\WLFWUDQVIRUPDWLRQRYHUWKHD]LPXWKGL
UHFWLRQDQGGLVFUHWH)RXULHUWUDQVIRUPDWLRQLQWKHUDGLDOGLUHFWLRQ$GLVFUHWL]DWLRQLQWR
ZDYHQXPEHUVDORQJWKHUDGLDOGLUHFWLRQKDVEHHQXVHGIRFXVVLQJRQWKHUDQJHUHOHYDQWWRZDYHV
SURSDJDWLQJLQWKHOD\HUHGPHGLXPDQG6LPSVRQLQWHJUDWLRQKDVEHHQDSSOLHGIRULQFUHDVHG
DFFXUDF\>@6LQFHWKHIUHTXHQF\GRPDLQLVFRQVLGHUHGLQWKHSUHVHQWDQDO\VHVIXUWKHULQYHUVH
)RXULHUWUDQVIRUPDWLRQLQWRWKHWLPHGRPDLQVKRXOGQRWEHFDUULHGRXW
5LJLGEORFNVLQWHUDFWLQJG\QDPLFDOO\ZLWKWKHVRLO
$QDUUD\ZLWKܰ ULJLGEORFNVLVFRQVLGHUHG7KHEORFNVDUHSODFHGRQWKHJURXQGVXUIDFH
DQGWKHG\QDPLFVRLO±VWUXFWXUHLQWHUDFWLRQ 66, LVPRGHOOHGGLVFUHWL]LQJWKHLQWHUIDFHEHWZHHQ
HDFKEORFNDQGWKHVRLOLQWRܰୱୱ୧ SRLQWV7KHEORFNVKDYHDUHFWDQJXODUIRRWSULQWRIPîP
IRUWKHLQQHUULQJRIWKHFLUFXODUDUUD\DQGVPDOOHUIRUWKHRWKHUULQJV7KLVIRRWSULQWLVGLVFUH
WL]HGLQWRîSRLQWV$URXQGHDFKRIWKH66,SRLQWVWKHWUDFWLRQLVGLVWULEXWHGXQLIRUPO\
RYHUDFLUFXODUDUHDZLWKWKHUDGLXVݎୱୱ୧ ൌ  ݎൌ ͲǤʹͷP+HQFHWKHFLUFXODUORDGHGDUHDVKDYHD
VPDOORYHUODSDQGDWRWDORIܰୗୗ୍ ൌ ܰୱୱ୧ ܰ ൌ ʹܰ 66,SRLQWVDUHSUHVHQW
8QLW ORDGV ZLOO EH DSSOLHG LQ WXUQ DW D VHW RIܰ VRXUFH SRLQWV 7KLV DGGVܰ GHJUHHV RI
IUHHGRP GRI WRWKHSUREOHP7KXVWKHPRGHOKDV͵ܰ  ͵ܰୗୗ୍ GLVSODFHPHQWGRIOHDGLQJ
WRDJOREDOIOH[LELOLW\PDWUL[۱ୗୗ୍ ሺ߱ሻWKHHOHPHQWVRIZKLFKDUHGHILQHGE\WKH*UHHQ¶VIXQFWLRQ
ܩ ሺݔଵ െ ݕଵ ǡ ݔଶ െ ݕଶ ǡ ݔଷ ǡ ݕଷ ǡ ߱ሻWKDWUHODWHVܷ ሺݔଵ ǡ ݔଶ ǡ ݔଷ ǡ ݕଷ ǡ ߱ ሻWRܲ ሺݕଵ ǡ ݕଶ ǡ ݔଷ ǡ ݕଷ ǡ ߱ ሻ
6LQFHHDFKULJLGEORFNKDVVL[GRIܰ ULJLGERG\PRGHVH[LVWIRUWKHDUUD\LQDGGLWLRQ
WRWKH͵ܰ GHJUHHVRIIUHHGRPDVVRFLDWHGZLWKWKHVRXUFHSRLQWV7KHUHODWLRQVKLSEHWZHHQWKH
͵ܰ  ͵ܰୗୗ୍ GRIDQGWKH͵ܰ  ܰ ULJLGERG\PRGHVLVGHILQHGLQWHUPVRIWKHPDWUL[܃ 
DQGWKHG\QDPLFVWLIIQHVVPDWUL[۲ୗୗ୍ ሺ߱ሻIRUWKHUHGXFHGPRGHOFDQEHIRXQGDV


ିଵ

۲ୗୗ୍ ሺ߱ሻ ൌ ܃் ൫۱ୗୗ୍ ሺ߱ሻ൯ ܃ ǡ



ZKLFKKDVWKHGLPHQVLRQV൫ሺ͵ܰ  ܰ ሻ ൈ ሺ͵ܰ  ܰ ሻ൯7KHGLVSODFHPHQWUHVSRQVHDWDVHW
RIUHFHLYHUDQGREVHUYDWLRQSRLQWVFDQILQDOO\EHGHWHUPLQHGE\SRVWSURFHVVLQJ+HUHWKHGRQXW
VKDSHGDUHDZLWKLQQHUUDGLXVPDQGRXWHUUDGLXVPFHQWUHGDWWKHORDGLVFRQVLGHUHG
XVLQJDSDWWHUQRIQHDUO\UHJXODUWULDQJOHZLWKPEHWZHHQWKHUHFHLYHUSRLQWVLQWKHUDGLDO
GLUHFWLRQ DQG DSSUR[LPDWHO\ P GLVWDQFH LQ WKH D]LPXWKDO GLUHFWLRQ 7KLV SURYLGHV 
SRLQWVLQWKHUHFHLYHU]RQH)ROORZLQJWKHVDPHGLVFUHWL]DWLRQVWUDWHJ\REVHUYDWLRQSRLQWV
DUHSUHVHQWRQWKHJURXQGVXUIDFHZLWKLQWKHFLUFXODUDUHDLQVLGHWKHGRQXWVKDSHGUHFHLYHU]RQH
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&RQILJXUDWLRQVRIWKHULJLGEORFNVDQGWKHORDGV
,QWKHSUHYLRXVZRUNE\WKHDXWKRUV>@GLIIHUHQWFRQILJXUDWLRQVRIFLUFXODU:,%DUUD\V
ZHUHFRQVLGHUHG+HUHZHVKDOORQO\FRQVLGHUWKHVRFDOOHG³6WRQHKHQJH´FRQILJXUDWLRQ7KH
:,%VDUHSODFHGRQWKHVXUIDFHRIWKHJURXQGIRUPLQJRQHWZRRUWKUHHFRQFHQWULFULQJV7KH
UDGLLDUHPPDQGPUHVSHFWLYHO\DQGWKHORDGVDUHDSSOLHGDWWKHFHQWUHRIWKHULQJVDW
VRPHGHSWKEHORZWKHJURXQGVXUIDFH7KHUHIHUHQFHSRLQWIRUHDFKRIWKHULJLGEORFNVLVSODFHG
DWWKHFHQWUHRIWKHUHFWDQJXODUEDVHLHLQWKHFHQWUHRIWKH66,LQWHUIDFHIRUHDFKEORFN7KH
QXPEHURIEORFNVLQ5LQJVDQGLVDQGUHVSHFWLYHO\DVVKRZQLQ)LJXUHD
7KHLQQHUULQJ 5LQJ VHUYHVDVWKHUHIHUHQFHLQWHUPVRIEORFNGLPHQVLRQV$VPHQWLRQHG
WKHEORFNVLQWKLVULQJKDYHDUHFWDQJXODUIRRWSULQWRIWKHGLPHQVLRQVPîP7KHVKRUWHU
VLGHOHQJWKLVLQWKHUDGLDOGLUHFWLRQZKLOHWKHORQJHUVLGHOHQJWKLVWDQJHQWLDOWRWKHULQJ7KUHH
GLIIHUHQWEORFNKHLJKWVDUHFRQVLGHUHGPPDQGP7KH:,%VLQ5LQJVDQGDUHVFDOHG
XQLIRUPO\LQDOOGLUHFWLRQVWKXVNHHSLQJWKHDVSHFWUDWLR7KHVFDOLQJIDFWRUVͲǤͷଵȀଷ DQGͲǤͷଶȀଷ 
DUHXVHGIRUWKHEORFNVLQ5LQJVDQGUHVSHFWLYHO\VXFKWKDWWKHWRWDOYROXPHRIWKHEORFNV
LQHDFKULQJZLOOEHWKHVDPH)RUH[DPSOHZLWKDKHLJKWRIPDQGDPDVVGHQVLW\RI
NJPFRUUHVSRQGLQJWRGHQVHVRLORUJUDQXODWHGFRQFUHWHWKHPDVVRIWKHEORFNVLQ5LQJLV
 NJ HDFK ZKLOH WKH LQGLYLGXDO EORFNV LQ 5LQJV  DQG  KDYH PDVVHV RI  NJ DQG
NJUHVSHFWLYHO\$JDLQLWLVQRWHGWKDWVXFKEORFNVFRXOGIRUH[DPSOHE\UHDOL]HGE\
ILOOLQJVRPHW\SHRIFRQWDLQHUVZLWKPDWHULDOWKDWLVDOUHDG\SUHVHQWDWWKHFRQVWUXFWLRQVLWH



D 

E

F



)LJXUH0RGHODQGH[DPSOHUHVXOWVD &RQILJXUDWLRQRIWKHULJLGEORFNV :,%V LQWKH³6WRQHKHQJH´ZLWKWKUHH
ULQJVE JURXQGYLEUDWLRQDW+]F JURXQGYLEUDWLRQDW+]7KHUDGLLRIWKHULQJVDUHPPDQGP
UHVSHFWLYHO\DQGWKHUDGLXVRIWKHPRGHOLVP7KHORDGLVSODFHGPEHORZWKHJURXQGVXUIDFHDQGDSSOLHG
YHUWLFDOO\XQLIRUPO\GLVWULEXWHGRYHUDFLUFXODUDUHDZLWKDUDGLXVRIP
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)LJXUH E VKRZV WKH JURXQG GLVSODFHPHQW DW +] GXH WR D ORDG DSSOLHG P EHORZ WKH
JURXQGVXUIDFHDQGZLWKWKUHHULQJVRI:,%VSODFHGLQD³6WRQHKHQJH´7KHFHQWUHEORFNKHLJKW
LVPDQGWKHVRLOFRQVLVWVRIPRIVRIWGU\VDQGXQGHUODLQE\DWLOOKDOIVSDFH VHH6HFWLRQ
7DEOHIRUVRLOSURSHUWLHV )LJXUHFVKRZVWKHVLPLODUUHVXOWVDW+]$W+]WKHGLV
SODFHPHQWUHVSRQVHLVFRQILQHGZLWKLQWKHVHFRQGULQJZKHUHDVODUJHYLEUDWLRQVUHDFKWKHWKLUG
ULQJDW+]+RZHYHUDFOHDUHIIHFWLVVHHQLQWKHILJXUHIRUERWKIUHTXHQFLHV
,QVHUWLRQORVVDQGWUDQVPLVVLRQORVVLQWKHUHFHLYHU]RQH
$WDQ\IUHTXHQF\WKHYLEUDWLRQOHYHOLQWKHUHFHLYHU]RQHLVLQIOXHQFHGE\ WKHVRXUFHPDJ
QLWXGHJHRPHWU\DQGSRVLWLRQ WKHWUDQVPLVVLRQWKURXJKWKHVRLODQGDQ\VWUXFWXUHVSUHVHQW
ZLWKLQWKHFORVHHQYLURQPHQWDQG WKHHIIHFWRIWKH:,%DUUD\$GHWDLOHGGLVFXVVLRQRIWKH
VRXUFH LV EH\RQG WKH VFRSH RI WKH SDSHU +RZHYHU DVVXPLQJ OLQHDU EHKDYLRXU WKH UHVSRQVH
VFDOHVOLQHDUO\ZLWKWKHVRXUFHPDJQLWXGH)XUWKHUDVDOUHDG\PHQWLRQHGWKHORDGLVDSSOLHG
XQLIRUPO\RQDFLUFXODUDUHDWKDWFRXOGUHSUHVHQWWKHFURVVVHFWLRQRIDSLOHDWDJLYHQGHSWK
5HJDUGLQJ WKH WUDQVPLVVLRQ RI YLEUDWLRQ WKURXJK WKHVRLO ZH DVVXPH WKDW QR REVWDFOHV RU
VWUXFWXUHVDUHSUHVHQWH[FHSWIRUWKH:,%V7KHUHIHUHQFHOHYHO 5/ IRUYLEUDWLRQVLQWKHGRQXW
VKDSHGUHFHLYHU]RQHLVWKHUHIRUHWDNHQDVWKHOHYHOREVHUYHGLQWKHJUHHQILHOG,QGHFLEHOVWKH
5/IRUDQ\SRLQWRQWKHJURXQGVXUIDFHሺݔଵ ǡ ݔଶ ǡ ݔଷ ൌ ͲሻDQGDQJXODUIUHTXHQF\߱LVGHILQHGDV
 ሺݔଵ ǡ ݔଶ ǡ ߱ሻ ൌ ʹͲ ଵ ൫หܷ ሺݔଵ ǡ ݔଶ ǡ ߱ሻห൯ െ ʹͲ ଵ ሺܷ୰ୣ ሻ





+HUHܷ ሺݔଵ ǡ ݔଶ ǡ ߱ሻLVWKHJURXQGVXUIDFHGLVSODFHPHQWDPSOLWXGHIRUDXQLWPDJQLWXGH

1 
YHUWLFDOGLVWULEXWHGORDGDSSOLHGDURXQGDVRXUFHSRLQWDWGHSWKݕଷ DQGܷ୰ୣ ൌ ͳͲͲSP2QO\
WKH YHUWLFDO YLEUDWLRQV DUH FRQVLGHUHG 7KXV RQO\ܴܮଷ ሺݔଵ ǡ ݔଶ ǡ ߱ሻLV HYDOXDWHG IRU WKH SRLQWV
ZLWKLQWKHUHFHLYHU]RQH6LQFHDXQLWPDJQLWXGHORDGLVDSSOLHGWKH5/PD\EHUHJDUGHGDVD
WUDQVIHUPRELOLW\LQG%IRUWKHOD\HUHGJURXQG
7KHHIIHFWRID:,%DUUD\FDQEHTXDQWLILHGLQWHUPVRIDQ,/GHILQHGDVWKHGLIIHUHQFHLQ
G%EHWZHHQWKHREVHUYHGYLEUDWLRQOHYHOVEHIRUHDQGDIWHULQWURGXFLQJWKH:,%V+HQFHDSRV
LWLYHLQVHUWLRQORVVLPSOLHVDUHGXFWLRQLQYLEUDWLRQOHYHO)RUGLVSODFHPHQWFRPSRQHQW݅:,%
FRQILJXUDWLRQ݆DQGSLOH ORDG GHSWK݊WKH,/LVJLYHQDV




 ሺݔଵ ǡ ݔଶ ǡ ߱ሻ ൌ ʹͲ ଵ ൫หܷ ሺݔଵ ǡ ݔଶ ǡ ߱ሻห൯ െ ʹͲ ଵ ൫หܷ ሺݔଵ ǡ ݔଶ ǡ ߱ሻห൯





ZKHUHܷ ሺݔଵ ǡ ݔଶ ǡ ߱ሻLVWKHVXUIDFHGLVSODFHPHQWDPSOLWXGHREWDLQHGE\DSSO\LQJWKHXQLWPDJ
QLWXGH ORDG LH WKH WUDQVIHU PRELOLW\ DIWHU LQVHUWLRQ RI WKH :,% DUUD\ $JDLQ RQO\ YHUWLFDO

YLEUDWLRQLVFRQVLGHUHGLHRQO\ ଷ ሺݔଵ ǡ ݔଶ ǡ ߱ሻLVHYDOXDWHGDWWKHUHFHLYHUSRLQWV
7RDVVHVVWKHLPSRUWDQFHRIPLWLJDWLRQRIJURXQGYLEUDWLRQDWDJLYHQIUHTXHQF\LWLVQHFHV
VDU\WRVWXG\WKH5/DQG,/LQFRPELQDWLRQ,IWKH5/LVKLJKDQGWKH,/LVORZLQDUDQJHRI
IUHTXHQFLHVUHOHYDQWWRWKHJHQHUDWLRQRIYLEUDWLRQVDWWKHVRXUFHWKHUHFHLYHGYLEUDWLRQOHYHO
ZLOOEHKLJK2QWKHRWKHUKDQGLIWKH5/LVORZDVPDOO RUHYHQQHJDWLYH ,/FDQEHWROHUDWHG
HVSHFLDOO\LIWKHVRXUFHOHYHOLVDOVRDQWLFLSDWHGWREHUHODWLYHO\ORZ7KLVZLOOIRUPWKHEDVLVIRU
WKHGLVFXVVLRQRIWKHUHVXOWVSUHVHQWHGLQWKHIROORZLQJVHFWLRQV$VRXWOLQHGLQWKHLQWURGXFWLRQ
WZRFDVHVZLOOEHFRQVLGHUHG
x &DVH PVRIWVDQGRYHUDWLOOKDOIVSDFH
x &DVH PVRIWFOD\RYHUDOLPHKDOIVSDFH
$VDVLQJOHPHDVXUHRIWKH5/DQG,/IRUGLIIHUHQW:,%DUUD\VWKHPHDQYDOXHVRIWKH5/DQG
,/ZLWKLQWKHUHFHLYHU]RQHZLOOEHXVHG7KHYDULDWLRQZLWKLQWKHUHFHLYHU]RQHLVYLVXDOL]HGE\
IXUWKHUFDOFXODWLQJWKHDQGTXDQWLOHVRIWKH5/DQG,/
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 &$6(0(75(62)62)7'5<6$1'29(5$+$/)63$&(2)7,//
7KHPDWHULDOSURSHUWLHVIRUWKHVRIWVDQGOD\HUDQGWKHXQGHUO\LQJWLOOKDOIVSDFHDUHJLYHQLQ
7DEOH7RH[DPLQHWKHHIIHFWRIWKHEORFNKHLJKWWKUHHVXEFDVHVDUHFRQVLGHUHG
x &DVH PKLJKEORFNVLQ5LQJDQGZLWKHLWKHURQHWZRRUWKUHHULQJV
x &DVH PKLJKEORFNVLQ5LQJDQGZLWKHLWKHURQHWZRRUWKUHHULQJV
x &DVHPKLJKEORFNVLQ5LQJDQGZLWKHLWKHURQHWZRRUWKUHHULQJV
,WLVQRWHGWKDWWKHEORFNVLQ5LQJVDQGZLOOEHVPDOOHUWKDQWKRVHLQ5LQJDVH[SODLQHGLQ
6XEVHFWLRQDQGVKRZQLQ)LJXUHD
7KHEORFNVDFWDVPRQROLWKLFVWUXFWXUHV7KHPDVVLVSURSRUWLRQDOWRWKHKHLJKWZKHUHDVWKH
VWLIIQHVVUHODWHGWRWKHVRLO±VWUXFWXUHLQWHUDFWLRQLVLQYDULDQWWRWKHEORFNKHLJKW+HQFH:,%V
ZLWKGLIIHUHQWKHLJKWVZLOOUHVRQDWHDWGLIIHUHQWIUHTXHQFLHV7KLVLVHYHQPRUHSURQRXQFHGIRU
WKHSLWFKDQGUROOLQJPRGHV RUURFNLQJ RIWKHEORFNVVLQFHDSDUWRIWKHURWDWLRQDOLQHUWLDVFDOHV
ZLWKWKHFXEHRIWKHKHLJKW)XUWKHUVLQFHWKHEORFNVLQWKH5LQJVDQGDUHQRWRIWKHVDPH
VL]HWKHUHVRQDQFHIUHTXHQFLHVZLOOGLIIHU7KHYDOXHVDUHSURYLGHGLQ7DEOHEDVHGRQWKH
VWDWLFVWLIIQHVVRIWKHVRLODQGWKHLQHUWLDRIWKHEORFNV,WKDVEHHQMXGJHGWKDWWKHYHUWLFDOYL
EUDWLRQOHYHOVLQWKHUHFHLYHU]RQHDUHPDLQO\LQIOXHQFHGE\WKHYHUWLFDOPRWLRQ KHDYH RIWKH
EORFNVWKHLUKRUL]RQWDOVOLGLQJDQGWKHLUSLWFKURWDWLRQDURXQGWKHD[LVWDQJHQWLDOWRWKHSHULP
HWHURIWKHULQJ+HQFHRQO\WKHIUHTXHQFLHVUHODWHGWRUHVRQDQFHLQWKHVHPRGHVDUHJLYHQ
$QLPSRUWDQWREVHUYDWLRQFDQEHPDGHUHJDUGLQJWKHUHVRQDQFHIUHTXHQFLHVLQ7DEOHWKH\
DOOOLHLQWKHIUHTXHQF\UDQJH±+]ZKLFKLVUHOHYDQWWRZKROHERG\YLEUDWLRQVDQGEXLOGLQJ
YLEUDWLRQ)XUWKHUWKLVLVWKHIUHTXHQF\UDQJHZKHUHPRVWRIWKHHQHUJ\ZLOOEHSUHVHQWLQWKH
H[FLWDWLRQGXHWRSLOHGULYLQJDQGLWPD\EHH[SHFWHGWKDWJXLGHGZDYHVPD\EHJHQHUDWHGLQ
WKHVRIWVDQGOD\HUZLWKLQWKLVIUHTXHQF\UDQJH7KHUDWLRVEHWZHHQWKHUHVRQDQFHIUHTXHQFLHV
IRUWKHEORFNVDQGWKHFXWRQIUHTXHQFLHVIRUWKHOD\HUZDYHVFDQEHH[SHFWHGWRKDYHDQLQIOX
HQFHRQWKH,/2EYLRXVO\WKHPDVVRIWKH:,%VZLOOLWVHOIEHLPSRUWDQWVLQFHDKHDYLHUPDVV
UHTXLUHVPRUHHQHUJ\WREHPRYHG
7KHWUDQVIHUPRELOLW\RIWKHVWUDWLILHGVRLOTXDQWLILHGLQWHUPVRIWKH5/GHSHQGVVWURQJO\
RQZKHWKHUWKHORDGLVDSSOLHGZLWKLQWKHWRSOD\HURIVRIWVRLORUZLWKLQWKHXQGHUO\LQJDQG
PXFKVWLIIHUKDOIVSDFH+RZHYHULWKDVEHHQIRXQGWKDWWKHUHVSRQVHLVRQO\PDUJLQDOO\LQIOX
HQFHG E\ WKH UHODWLYH GHSWK RI WKH ORDG ZLWKLQ WKH OD\HU +HQFH WR DYRLG DQ RYHUH[FHVVLYH
QXPEHURIILJXUHVRQO\WZRVRXUFHSRLQWV ݊ ൌ ʹǡ ͺሻZLOOEHFRQVLGHUHGWKDWLVݕଷଶ ൌ െʹP
ZKLFKLVLQVLGHWKHWRSVRLOOD\HU DQGݕଷ଼ ൌ െͺP ZKLFKLVZLWKLQWKHXQGHUO\LQJKDOIVSDFH 
6RLOOD\HU
IURPWRS 
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G>03D@

3RLVVRQ¶VUDWLR
Ȟ>@

0DVVGHQVLW\
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h>P@

6DQGsoft, dry
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)LJXUH0HDQ,/VIRUWKHJURXQGYLEUDWLRQZLWKLQWKHGRQXWVKDSHGVXUIDFHDUHDSODFHG±PDZD\IURPWKH
FHQWUHRIWKHORDG&DVHVDQGZLWKWKHORDGDFWLQJPEHORZWKHJURXQG7KHEODFNOLQHVVKRZWKH
UHIHUHQFHOHYHORIYLEUDWLRQVDQGWKHWKLQOLQHVVKRZWKHDQGTXDQWLOHVRIWKHUHVSHFWLYHTXDQWLWLHV

)RUWKHORDGGHSWKRIP)LJXUHVKRZVWKHPHDQDQGWKHDQGTXDQWLOHVRIWKH
5/ EODFNOLQHV LQ&DVH)XUWKHUWKHILJXUHVKRZVWKHPHDQDQGTXDQWLOHYDOXHVIRUWKH,/
DFKLHYHGZLWKRUULQJVLQWKH³6WRQHKHQJH´LQ&DVHV PKLJKEORFNVLQ5LQJ 
PKLJKEORFNVLQ5LQJ DQG PKLJKEORFNVLQ5LQJ )RUIUHTXHQFLHVEHORZ+]
WKH5/LVUHODWLYHO\VPDOODERXW±G%UHOSP7KHQZLWKLQWKHLQWHUYDO±+]WKH
5/LQFUHDVHVWRDERXWG%LQGLFDWLQJWKHSUHVHQFHRIDFXWRQIUHTXHQF\IRUZDYHSURSDJDWLRQ
LQWKHWRSOD\HUDWDSSUR[LPDWHO\+]7KHVKHDUZDYHYHORFLW\LQWKHVRIWVDQGLVDERXW
PV ZKLFK OHDGV WR D ZDYHOHQJWK RI P DW WKLV IUHTXHQF\ +HQFH WKH OD\HU WKLFNQHVV
PDWFKHVZLWKRQHTXDUWHURIDZDYHOHQJWKZKLFKOHDGVWRUHVRQDQFH)URP+]DQGXSWR
+]WKH5/GHFUHDVHVDOPRVWPRQRWRQRXVO\7KLVFDQEHDWWULEXWHGWRPDWHULDOGLVVLSDWLRQ
DQG OHVV FRQVWUXFWLYH LQWHUIHUHQFHRIZDYHV %H\RQG +]ZKHUH WKH VKHDU ZDYHOHQJWK EH
FRPHVVPDOOHUWKDQWKHOD\HUWKLFNQHVVWKHUHVSRQVHYDULHVGLIIHUHQWO\
)RUWKHYDULRXVFRQILJXUDWLRQVRIWKH:,%DUUD\VWKH,/SHDNVVRPHZKHUHLQWKHIUHTXHQF\
UDQJH±+]ZLWKWKHH[DFWSRVLWLRQRIWKHSHDNEHLQJGHSHQGHQWRQWKHEORFNKHLJKWDQG
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)LJXUH&RQWRXUVRIWKHUHIHUHQFHYLEUDWLRQOHYHOVDQG,/V LQG% IRU&DVHZLWKRUULQJV
7KHFHQWUHEORFNVDUHPKLJKDQGWKHYHUWLFDOORDGLVDSSOLHGPEHORZWKHJURXQGVXUIDFH
3DOH\HOORZGDUNEOXHVKDGHVUHSUHVHQWXQIDYRXUDEOHIDYRXUDEOHYDOXHVUHVSHFWLYHO\

QXPEHURIULQJV,Q&DVHZLWKDOOWKUHHULQJVSUHVHQWWKH,/LVDURXQG±G%LQWKHUDQJH
±+]ZLWKVRPHWLSVDQGGLSV7KLVFRQILJXUDWLRQLVPRUHHIIHFWLYH SURYLGLQJKLJKHU,/
WKDQ WKH RWKHU FRQILJXUDWLRQV  LQ WKH IUHTXHQF\ UDQJH ± +] 7KH P KLJK EORFNV HYHQ
SURYLGHDODUJHU,/WKDQWKHRUPKLJKEORFNVLQWKHIUHTXHQF\UDQJH±+]+RZHYHUD
ODUJHU,/LVREWDLQHGIURPWR+]LQ&DVHVDQG,QPRVWRIWKHWHVWHGVFHQDULRVWKH
,/LQFUHDVHVZLWKWKHQXPEHURIULQJV$VDQH[FHSWLRQ&DVHLVSDUWLFXODUO\HIIHFWLYHDURXQG
+]ZKHQRQO\WZRULQJVDUHSUHVHQW$OVRLQ&DVHVDQGRQHULQJRI:,%VSURYLGHV
VOLJKWO\KLJKHU,/WKDQWZRRUWKUHHULQJVDURXQG+])LJXUHVKRZVWKH5/ WRSOHIWTXDG
UDQWVRIWKHVXESORWV DQG,/ UHPDLQLQJTXDGUDQWVRIWKHVXESORWV RQWKHJURXQGVXUIDFHDWQLQH
VHOHFWHGIUHTXHQFLHVIRU&DVH7KHILJXUHFOHDUO\VKRZVWKDWWKHDUUD\KDVOLPLWHGHIIHFWIRU
IUHTXHQFLHVEHORZ±+])RUIUHTXHQFLHVKLJKHUWKDQ+]WKH,/LVVXEMHFWWRODUJHYDU
LDWLRQZLWKLQWKHUHFHLYHU]RQHZKLFKFDQDOVREHVHHQIURPWKHTXDQWLOHOLQHVLQ)LJXUH
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0HDQLQVHUWLRQORVV>G%@

5HIOHYHO>G%UHOSP@

0HDQLQVHUWLRQORVV>G%@

5HIOHYHO>G%UHOSP@




)LJXUH0HDQ,/VIRUWKHJURXQGYLEUDWLRQZLWKLQWKHGRQXWVKDSHGVXUIDFHDUHDSODFHG±PDZD\IURPWKH
FHQWUHRIWKHORDG&DVHVDQGZLWKWKHORDGDFWLQJPEHORZWKHJURXQG7KHEODFNOLQHVVKRZWKH
UHIHUHQFHOHYHORIYLEUDWLRQVDQGWKHWKLQOLQHVVKRZWKHDQGTXDQWLOHVRIWKHUHVSHFWLYHTXDQWLWLHV

)LJXUHVKRZVWKHPHDQDQGTXDQWLOHYDOXHVRIWKH5/DQG,/LQWKHUHFHLYHU]RQHIRU&DVH
ZLWKWKHORDGDSSOLHGDWݕଷ଼ ൌ െͺP$VDQH[DPSOHRIWKHORFDOYDULDWLRQVRIWKH5/DQG,/
ZLWKLQWKHUHFHLYHU]RQHIRUWKLVORDGGHSWK)LJXUHVKRZVWKHUHVXOWVIRU&DVHLHZLWKD
EORFNKHLJKWRIPLQ5LQJ7KH:,%DUUD\VKDYHOLPLWHGHIIHFWIRUIUHTXHQFLHVEHORZ±
+]VLPLODUO\WRWKHFDVHZLWKWKHORDGGHSWKRIP+RZHYHUIRUWKHIUHTXHQF\UDQJH±
+]WKH,/YDULHVVLJQLILFDQWO\DQGLVLQVRPHFDVHVQHJDWLYHGRZQWRDERXW±G%7KH
QHJDWLYH ,/ DVVRFLDWHG ZLWK WKH  DQG P KLJK EORFNV LV PRUH SURQRXQFHG DURXQG +]
ZKHUHDVWKHDQGPKLJKEORFNVOHDGWRORZHU,/DURXQG+]+RZHYHUZLWKUHIHUHQFHWR
)LJXUHWKLVLVZKHUHWKHKLJKHU,/LVREWDLQHGZKHQWKHORDGLVDSSOLHGDWݕଷଶ ൌ െʹP
+HQFHDJLYHQFRQILJXUDWLRQRIWKH:,%DUUD\PD\SURYLGHDKLJK,/LQVRPHIUHTXHQF\
UDQJHZKHQWKHORDGLVDSSOLHGDWRQHGHSWKEXWLWPD\EHLQHIIHFWLYH±RUHYHQDPSOLI\WKH
JURXQGYLEUDWLRQ±LQWKHVDPHIUHTXHQF\UDQJHZKHQWKHORDGLVDSSOLHGDWDQRWKHUGHSWK$
FRPSDULVRQRI)LJXUHVDQGVKRZVWKDWWKH5/LVDERXW±G%ORZHUZKHQWKHORDGLV
DSSOLHGDWPGHSWKFRPSDUHGWRWKHORDGDSSOLHGPEHORZWKHJURXQGVXUIDFH7KLVLQGLFDWHV
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)LJ













)LJXUH&RQWRXUVRIWKHUHIHUHQFHYLEUDWLRQOHYHOVDQG,/V LQG% IRU&DVHZLWKRUULQJV
7KHFHQWUHEORFNVDUHPKLJKDQGWKHYHUWLFDOORDGLVDSSOLHGPEHORZWKHJURXQGVXUIDFH
3DOH\HOORZGDUNEOXHVKDGHVUHSUHVHQWXQIDYRXUDEOHIDYRXUDEOHYDOXHVUHVSHFWLYHO\

WKDWWKHYLEUDWLRQVZLOOQRWEHWUDSSHGZLWKLQDQGJXLGHGE\WKHVRIWWRSVRLOOD\HU,QDQ\FDVH
WKHUHVXOWLQJYLEUDWLRQOHYHOLQWKHUHFHLYHU]RQHFDQEHIRXQGDVWKH5/PLQXVWKH,/6LQFHWKH
଼
PHDQYDOXHRI଼ଷ െ ଷ LVZHOOEHORZ]HURIRUDOOFRQVLGHUHGIUHTXHQFLHVWKHSRRUSHUIRU
PDQFHRIWKH:,%DUUD\VIRUWKHGHHSHUVRXUFHKDVOLPLWHGFRQVHTXHQFHVIRUWKHRYHUDOOTXDOLW\
RIWKHPLWLJDWLRQWHFKQLTXH,QVWHDGWKH:,%DUUD\VLPSO\DVLJQLILFDQWUHGXFWLRQRIWKHYLEUD
WLRQOHYHOZKHQWKHORDGLVDSSOLHGZLWKLQWKHVRIWWRSOD\HUH[HPSOLILHGE\ݕଷଶ ൌ െʹP$W
WKHVHIUHTXHQFLHVWKH5/LVDURXQGG%:LWKUHIHUHQFHWR7DEOHDQG)LJXUHWKHODUJHU
ଶ
YDOXHVRI ଷ DUHSUHVHQWZLWKLQWKHIUHTXHQF\UDQJHZKHUHWKH:,%VPD\UHVRQDWH+HQFH
GHSHQGLQJRQWKHVRLOVWLIIQHVVWKH:,%VFDQEHGHVLJQHGWRUHVRQDWHLQWKHIUHTXHQF\UDQJH
IRUZKLFKDKLJK,/LVUHTXLUHG7KHVL]HRIWKHEORFNVDQGWKHLUWKHKHLJKWUHODWLYHWRWKHIRRW
SULQWDUHGHVLJQYDULDEOHV7RPDNHDGMXVWPHQWVRQVLWHWKHKHLJKWFDQEHFKDQJHGHJE\
ILOOLQJPRUHVRLORUJUDQXODWHGFRQFUHWHLQWRFRQWDLQHUVVXFKDVODUJHFRQVWUXFWLRQZDVWHEDJV
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 &$6(0(75(62)62)7&/$<29(5$+$/)63$&(2)/,0(
7KHVLWHFRQVLGHUHGLQ&DVHKDVDPOD\HURIVRIWZHWFOD\XQGHUODLQE\DOLPHKDOIVSDFH
7KHPDWHULDOSURSHUWLHVDUHJLYHQLQ7DEOHDQGLWLVQRWHGWKDWWKHFOD\LVVOLJKWO\VRIWHUWKDQ
WKHVDQGFRQVLGHUHGLQ&DVH&RPELQHGZLWKWKHGHHSHUWRSOD\HUWKLVSURYLGHVDORZHUFXW
RQIUHTXHQF\DURXQG+]FRPSDUHGWRWKHFXWRQIUHTXHQF\RI+]LQ&DVH
7KHUHVRQDQFHIUHTXHQFLHVRIWKHEORFNVZLWKLQWKH:,%DUUD\VFDQEHIRXQGLQ7DEOH
1RWDEO\WKHUHVRQDQFHIUHTXHQFLHVDVVRFLDWHGZLWKWKHKHDYHDQGSLWFKPRGHVDUHKLJKHUWKDQ
WKRVHLQ&DVH FI7DEOH ZKHUHDVWKHUHVRQDQFHIUHTXHQFLHVUHODWHGWRVOLGLQJDUHORZHU
7KLVFDQEHH[SODLQHGE\WKHVRLOGHIRUPDWLRQLQYROYHGLQWKHGLIIHUHQWPRGHVRIYLEUDWLRQ)RU
WKHKHDYH DQG SLWFK PRGHV WKH YHUWLFDO PRWLRQRI WKH 66, LQWHUIDFHV LV LPSRUWDQW+HUH WKH
LPSHGDQFHGHSHQGVRQWKHFRPSUHVVLELOLW\RIWKHVRLOZKLFKLVORZGXHWRWKHKLJK3RLVVRQ¶V
UDWLR  FRUUHVSRQGLQJWRQHDUO\LQFRPSUHVVLEOHEHKDYLRXU FRPSDUHGWRWKH3RLVVRQ¶V
UDWLRLQ&DVH  2QWKHRWKHUKDQGWKHVOLGLQJPRGHLVPDLQO\LQIOXHQFHE\WKHVKHDU
VWLIIQHVVDQGVLQFHWKHVKHDUPRGXOXVLQ&DVHLVDERXWORZHUWKDQWKDWLQ&DVHWKH
UHVRQDQFHIUHTXHQF\IRUWKHVOLGLQJPRGHFDQEHH[SHFWHGWREHORZHUDVZHOO
ଶ
)LJXUHVKRZVWKHPHDQDQGTXDQWLOHYDOXHVRIଶଷ DQG ଷ  ORDGSODFHGDWݕଷଶ ൌ െʹP 
IRU&DVHVDQGLHZLWKEORFNKHLJKWVRIPPDQGPUHVSHFWLYHO\LQ5LQJ
([DPSOHUHVXOWVIRUWKHORFDOYDULDWLRQVZLWKLQ&DVHDUHVKRZQLQ)LJXUH6LPLODUO\UHVXOWV
IRUWKHORDGSODFHGPEHORZWKHJURXQG ݕଷ଼ ൌ െͺP DUHVKRZQLQ)LJXUHDQG)LJXUH
)RUWKHORDGDFWLQJZLWKLQWKHVRIWFOD\OD\HUPEHORZWKHJURXQGVXUIDFHWKHUHIHUHQFH
YLEUDWLRQOHYHOZLWKLQWKHUHFHLYHU]RQHLVVPDOO DERXW±G% IRUIUHTXHQFLHVEHORZWKHFXW
RQIUHTXHQF\$UDSLGLQFUHDVHLQWKH5/FDQEHVHHQIURP+]DQGXSWRDERXW+]ZKHUH
WKH7/KDVLWVPD[LPXPDURXQG±G%%H\RQGWKLVSHDNDQDOPRVWOLQHDUPRQRWRQRXVGH
FUHDVHFDQEHREVHUYHGUHDFKLQJDSSUR[LPDWHO\±G%DW+]
7KH:,%DUUD\VJHQHUDOO\SURYLGHSRVLWLYHLQVHUWLRQORVVZKHQWKHORDGLVSODFHGDWDGHSWK
RIP:LWKDEORFNKHLJKWRIPLQ5LQJWKHDUUD\GHOLYHUVXSWRDERXW±G%UHGXFWLRQ
LQWKHYLEUDWLRQOHYHOZLWKLQWKHUHFHLYHU]RQHIRUWKHFRQVLGHUHGIUHTXHQF\UDQJHDERYH+]
7KHHIIHFWRIWKHVHFRQGULQJEHJLQVDWDURXQG+]DQGWKHWKLUGULQJFRQWULEXWHVWRDIXUWKHU
LQFUHDVHRIWKHPHDQ,/IRUIUHTXHQFLHVDERYH+]7KHPKLJKEORFNVSURGXFHDPHDQ,/
FRPSDUDEOHWRWKDWRIWKHPKLJKEORFNVLQPRVWRIWKHFRQVLGHUHGIUHTXHQF\UDQJH$VH[
SHFWHGDVOLJKWVKLIWLQWKHPHDQ,/SHDNVWRZDUGVORZHUIUHTXHQFLHVFDQEHVHHQ:KHQWKH
EORFNKHLJKWLVIXUWKHULQFUHDVHWRPDVLJQLILFDQWO\ODUJHUPHDQ,/LVREWDLQHGLQWKHIUH
TXHQF\UDQJH±+]7KHSHDNLQWKHPHDQ,/UHDFKHVG%LQGHSHQGHQWO\RIWKHQXPEHU
RIULQJVLQWKHDUUD\+RZHYHUWKHSHDNLVVOLJKWO\ZLGHUZKHQWZRRUWKUHHULQJVDUHSUHVHQW
6RLOOD\HU
IURPWRS 

6KHDUPRGXOXV
G>03D@

3RLVVRQ¶VUDWLR
Ȟ>@

0DVVGHQVLW\
ȡ>NJP@

/RVVIDFWRU
Ș>@

7KLFNQHVV
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6OLGLQJ




3LWFK




0HDQLQVHUWLRQORVV>G%@

5HIOHYHO>G%UHOSP@

0HDQLQVHUWLRQORVV>G%@

5HIOHYHO>G%UHOSP@

0HDQLQVHUWLRQORVV>G%@

5HIOHYHO>G%UHOSP@

/DUV9$QGHUVHQ3HWHU3HUVVRQDQG$QGUHZ73HSORZ


)LJXUH0HDQ,/VIRUWKHJURXQGYLEUDWLRQZLWKLQWKHGRQXWVKDSHGVXUIDFHDUHDSODFHG±PDZD\IURPWKH
FHQWUHRIWKHORDG&DVHVDQGZLWKWKHORDGDFWLQJPEHORZWKHJURXQG7KHEODFNOLQHVKRZVWKH
UHIHUHQFHOHYHORIYLEUDWLRQVDQGWKHWKLQOLQHVVKRZWKHDQGTXDQWLOHVRIWKHUHVSHFWLYHTXDQWLWLHV

FRPSDUHGWRWKHFDVHZLWKRQO\RQHULQJ)RUIUHTXHQFLHVEH\RQG+]WKH,/VIRU&DVHV±
DUHVLPLODU/LNHLWZDVIRXQGIRU&DVHLWFDQEHREVHUYHGWKDWWKH:,%DUUD\VKDYHDQ
HIIHFWLQWKHIUHTXHQF\UDQJHZKHUHWKH:,%VPD\UHVRQDWH
7KHYDULDWLRQVRIWKH5/DQG,/SURGXFHGE\WKHPKLJKEORFNV &DVH DUHVKRZQLQ
)LJXUH$JDLQLWLVFOHDUO\VHHQWKDWWKHHIIHFWRIWKH:,%DUUD\LVOLPLWHGDWORZIUHTXHQFLHV
7KHODUJH,/REVHUYHGDURXQG±+]LVDOVRYLVLEOHLQWKLVILJXUH+RZHYHUHYHQLIWKHPHDQ
,/ZDVSUHYLRXVO\IRXQGWRUHDFKQHDUO\WKHVDPHPDJQLWXGH G% WKHVXESORWVIRUWKHIUH
TXHQFLHVDQG+]LQ)LJXUHVKRZWKDWWKHPHDQ,/LVWKHUHVXOWRIYHU\GLIIHUHQWGLVWUL
EXWLRQVIRUWKHDUUD\ZLWKRQO\RQHULQJYHUVXVWKHDUUD\VZLWKWZRRUWKUHHULQJV(VSHFLDOO\DW
+]WKH,/ILHOGLVPXFKPRUHKRPRJHQHRXVDQGJHQHUDOO\KLJKHUZLWKWZRRUWKUHHULQJV
7KLVH[SODLQVZK\WKHPHDQ,/SHDNLQ)LJXUHLVQDUURZHUIRUWKHDUUD\ZLWKRQHULQJDQGLW
DOVRH[SODLQVZK\WKHDQGTXDQWLOHYDOXHVDUHORZHUDQGKLJKHUUHVSHFWLYHO\IRURQH
ULQJFRPSDUHGWRWZRRUWKUHHULQJV)LQDOO\DW+]]RQHVZLWKQHJDWLYH,/DSSHDU$VLPLODU
REVHUYDWLRQFDQEHPDGHIRU&DVHZLWKUHIHUHQFHWR)LJXUHZKHUH]RQHVZLWKQHJDWLYH,/
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)LJXUH&RQWRXUVRIWKHUHIHUHQFHYLEUDWLRQOHYHOVDQG,/V LQG% IRU&DVHZLWKRUULQJV
7KHFHQWUHEORFNVDUHPKLJKDQGWKHYHUWLFDOORDGLVDSSOLHGPEHORZWKHJURXQGVXUIDFH
3DOH\HOORZGDUNEOXHVKDGHVUHSUHVHQWXQIDYRXUDEOHIDYRXUDEOHYDOXHVUHVSHFWLYHO\

DSSHDUDW+]+RZHYHUWKHPHDQ,/LVVWLOOSRVLWLYHDWHJ+]IRUERWKFDVHVZKHQWKH
ORDGLVDSSOLHGPEHORZWKHJURXQGVXUIDFH VHH)LJXUHVDQG )RUVRPHKLJKHUIUHTXHQFLHV
HVSHFLDOO\DURXQG+]LQ&DVHDVOLJKWO\QHJDWLYHPHDQ,/LVREWDLQHG7KLVVKRXOGEHVHHQ
LQWKHFRQWH[WRIWKH5/ZKLFKLVDERXW±G%ORZHUKHUHFRPSDUHGWRWKHPD[LPXPWKDW
RFFXUV DW DURXQG +] DQG +] LQ &DVHV  DQG  UHVSHFWLYHO\ )XUWKHU WKH ORDG VSHFWUD
DVVRFLDWHGZLWKSLOHGULYLQJFDQEHH[SHFWHGWRKDYHOHVVHQHUJ\DWKLJKHUIUHTXHQFLHV
)LJXUHVKRZVWKHPHDQDQGTXDQWLOHYDOXHVRIWKH5/DQG,/VLQWKHUHFHLYHU]RQHZLWKLQ
&DVHZKHQWKHORDGLVDSSOLHGDWPGHSWK7KH5/LVFRQVLVWHQWO\EHORZ±G%UHOSP
LQWKHHQWLUHIUHTXHQF\UDQJHUHOHYDQWWRZKROHERG\YLEUDWLRQLHXSWR+]7KLVLVGLIIHUHQW
ZKHQ FRPSDUHG WR &DVH  ZKHUH DQ 5/ XS WR DERXW ±G% ZDV REWDLQHG IRU IUHTXHQFLHV
VOLJKWO\KLJKHUWKDQWKHFXWRQIUHTXHQF\RI+]$VPDOOORFDOSHDNLVDOVRSUHVHQWLQ&DVH
IRUIUHTXHQFLHVMXVWDERYHWKHFXWRQIUHTXHQF\ZKLFKLVKHUHDURXQG+]+RZHYHUWKLVSHDN
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0HDQLQVHUWLRQORVV>G%@

5HIOHYHO>G%UHOSP@

0HDQLQVHUWLRQORVV>G%@

5HIOHYHO>G%UHOSP@

0HDQLQVHUWLRQORVV>G%@

5HIOHYHO>G%UHOSP@

/DUV9$QGHUVHQ3HWHU3HUVVRQDQG$QGUHZ73HSORZ


)LJXUH0HDQ,/VIRUWKHJURXQGYLEUDWLRQZLWKLQWKHGRQXWVKDSHGVXUIDFHDUHDSODFHG±PDZD\IURPWKH
FHQWUHRIWKHORDG&DVHVDQGZLWKWKHORDGDFWLQJPEHORZWKHJURXQG7KHEODFNOLQHVKRZVWKH
UHIHUHQFHOHYHORIYLEUDWLRQVDQGWKHWKLQOLQHVVKRZWKHDQGTXDQWLOHVRIWKHUHVSHFWLYHTXDQWLWLHV

LV PXFK OHVV SURQRXQFHG LQGLFDWLQJ WKDW RQO\ D YHU\ VPDOO DPRXQW RI WKH HQHUJ\ WUDYHOOLQJ
ZLWKLQWKHJURXQGHQWHUVWKHWRSVRLOOD\HUZKHQWKHORDGLVDSSOLHGZLWKLQJWKHOLPHKDOIVSDFH
7KLVFDQEHH[SODLQHGE\WKHODUJHLPSHGDQFHPLVPDWFKEHWZHHQWKHVRIWFOD\DQGWKHOLPH
&RPSDUHGWR&DVHPRUHVSHFLILFDOO\E\FRPSDULQJ)LJXUHVDQGLWFDQEHREVHUYHG
WKDWWKHPHDQ,/LQ&DVHLVQHDUO\]HURZKHQWKHORDGLVDSSOLHGZLWKLQWKHOLPHKDOIVSDFH
ZKHUHDVVRPHYDULDWLRQRFFXUUHGLQ&DVHZKHQWKHORDGZDVDSSOLHGZLWKLQWKHWLOOKDOIVSDFH
7KHYHU\ORZLPSDFWRIWKH:,%DUUD\VRQWKH,/FDQDOVREHVHHQLQ)LJXUHZKLFKIXUWKHU
VKRZVWKDWWKHQXPEHURIULQJVKDVYHU\OLPLWHGLQIOXHQFH,Q&DVHLWLVWKHUHIRUHHYHQPRUH
SURQRXQFHGFRPSDUHGWR&DVHWKDWWKHFULWLFDOVFHQDULRZLOOEHUHODWHGWRORDGVDSSOLHGZLWKLQ
WKHVRIWWRSVRLO:KHQWKHORDGDFWVZLWKLQWKHGHHSHUDQGVWLIIHUVRLOWKHWUDQVIHUPRELOLW\WR
WKHJURXQGVXUIDFHLVORZ
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)LJXUH&RQWRXUVRIWKHUHIHUHQFHYLEUDWLRQOHYHOVDQG,/V LQG% IRU&DVHZLWKRUULQJV7KHFHQWUH
EORFNVDUHPKLJKDQGWKHYHUWLFDOORDGLVDSSOLHGPEHORZWKHJURXQGVXUIDFH
3DOH\HOORZGDUNEOXHVKDGHVUHSUHVHQWXQIDYRXUDEOHIDYRXUDEOHYDOXHVUHVSHFWLYHO\

 &21&/86,216$1'68**(67,216)25)857+(55(6($5&+
%DVHGRQDVHPLDQDO\WLFDOPRGHORIDOD\HUHGVRLOWKHLQVHUWLRQORVVSURYLGHGE\FLUFXODU
DUUD\VRIPRQROLWKLFEORFNVSODFHGRQWKHJURXQGVXUIDFHKDVEHHQVWXGLHG,WKDVEHHQIRXQG
WKDWEORFNVSODFHGLQDVRFDOOHG³6WRQHKHQJH´FRQILJXUDWLRQHIIHFWLYHO\UHGXFHWKHJURXQGYL
EUDWLRQOHYHOLQDUHFHLYHU]RQH±PDZD\IURPWKHSRVLWLRQDWZKLFKDSLOHLVGULYHQLQWR
WKHVRLO)RUWZRGLIIHUHQWFDVHVERWKRIZKLFKFRQVLGHUDVRIWWRSVRLOXQGHUODLQE\DVWLIIHUKDOI
VSDFH DQ LQVHUWLRQ ORVV RI DERXW ± G% FDQ EH REWDLQHG E\ XVLQJ EORFNV WKDW FRXOG RQ D
FRQVWUXFWLRQ VLWH EH PDGH IURP DSSURSULDWH FRQWDLQHUV LQILOOHG ZLWK H[FDYDWHG VRLO RU VRPH
KHDY\FRQVWUXFWLRQZDVWHPDWHULDO$GGLQJPRUHULQJVRIZDYHLPSHGDQFHEORFNVWRWKHDUUD\
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ZLOOLQPRVWFDVHVLQFUHDVHWKHLQVHUWLRQORVVEXWZLWKDQRSWLPDOWXQLQJRIWKHUHVRQDQFHIUH
TXHQFLHVDVLJQLILFDQWUHGXFWLRQLQWKHYLEUDWLRQOHYHOLQWKHUHFHLYHU]RQHFDQEHDFKLHYHG
HYHQZLWKDVLQJOHULQJRIEORFNVGHPRQVWUDWLQJWKHODUJHPLWLJDWLRQSRWHQWLDORIWKHVROXWLRQ
,QWKHSUHVHQWDQDO\VHVWKHSLOHKDVQRWEHHQPRGHOOHGH[SOLFLWO\,QVWHDGORDGVKDYHEHHQ
DSSOLHGDWGLIIHUHQWGHSWKVLQWKHVRIWWRSVRLORULQWKHVWLIIKDOIVSDFH:KHQDSLOHLVGULYHQ
IRUFHVZLOOEHWUDQVIHUUHGWRWKHVXUURXQGLQJVRLOVLPXOWDQHRXVO\DORQJWKHVKDIWDQGWKHDWWKH
WLS'HSHQGLQJRQWKHUHODWLYHVWUHQJWKVRIWKHVRLOGRZQDORQJWKHSLOHWKHH[FLWDWLRQVSURGXFHG
DORQJWKHVKDIWRUDWWKHWLSPD\GRPLQDWHG+RZHYHUWKLVFDQQRWEHPRGHOOHGFRUUHFWO\E\D
VLPSOHYLVFRHODVWLFPRGHO)XUWKHUUHVHDUFKRQWKHHQHUJ\WUDQVIHUPHFKDQLVPEHWZHHQWKHSLOH
DQGWKHVRLOLVSURSRVHGLQRUGHUWRDFKLHYHPRUHGHWDLOHGTXDQWLILFDWLRQRIWKHRYHUDOOPLWLJDWLRQ
SRWHQWLDORIFLUFXODUEORFNDUUD\V
)XUWKHUEDVHGRQWKHREVHUYDWLRQWKDWWKHEORFNDUUD\VDUHHIIHFWLYHZLWKLQWKHIUHTXHQF\
UDQJHZKHUHWKHEORFNVPD\UHVRQDWHDQRSWLPL]DWLRQRIWKHLQGLYLGXDOEORFNVLVSURSRVHGIRU
DIXWXUHVWXG\7KLVFDQEHFRPELQHGZLWKWKHRSWLPL]DWLRQRIWKHIXOODUUD\IRFXVVHGRQSODFLQJ
WKHEORFNVRQWKHJURXQGVXFKWKDWWKHLQWHUIHUHQFHSDWWHUQRIWKHVFDWWHUHGZDYHVOHDGVWRDQ
RYHUDOOPLQLPL]DWLRQRIWKHWUDQVIHUPRELOLW\ZLWKLQDVHOHFWHGUHFHLYHU]RQHDQGIRUDJLYHQ
UDQJHRIIUHTXHQF\
'HVSLWHWKHVKRUWFRPLQJVRIWKHFRPSXWDWLRQDOPRGHODQGNQRZLQJWKDWDIXUWKHUSRWHQWLDO
IRURSWLPL]DWLRQH[LVWVWKLVVWXG\VKRZVSURPLVHIRUDQLQQRYDWLYHWHFKQLTXHZKHUHPLWLJDWLRQ
LVSODFHGonWKHJURXQGVXUIDFHZKLFKLQKLELWVWKHWUDQVPLVVLRQRIYLEUDWLRQIURPwithinWKH
ERG\RIWKHJURXQG:LWKLQWKHFRQWH[WRIJURXQGYLEUDWLRQWKHPHWKRGHVWDEOLVKHGKHUHFRXOG
EHH[SHFWHGWRDSSO\WRRWKHUVFHQDULRVZLWKGLIIHUHQWVRXUFHFKDUDFWHULVWLFVLHGLIIHUHQWSLOH
GULYLQJPHWKRGV'HYHORSHGIXUWKHUWKHUHFRXOGDOVREHSRWHQWLDOWRVWXG\YDULRXVVRXUFHW\SHV
VXFKDVEODVWLQJRUVKRFNYLEUDWLRQ

$&.12:/('*0(176
7KHVHFRQGDXWKRUJUDWHIXOO\DFNQRZOHGJHVWKHILQDQFLDOVXSSRUWIURPWKH6ZHGLVK*RYHUQ
PHQWDO$JHQF\IRU,QQRYDWLRQ6\VWHPV 9LQQRYD JUDQWUHIQR

5()(5(1&(6
>@

70Q]HO)36FKPLGW66WHYHQ-+HU]RJ$'DLEHU06¡UHQVHQ(QYLURQPHQWDO
1RLVHDQGWKH&DUGLRYDVFXODU6\VWHP-$P&ROO&DUGLRO  
KWWSVGRLRUJMMDFF

>@

70Q]HO7*RUL:%DELVFK0%DVQHU&DUGLRYDVFXODUHIIHFWVRIHQYLURQPHQWDO
QRLVHH[SRVXUH(XU+HDUW-  KWWSVGRLRUJHXUKHDUWMHKX

>@

/$QGHUVHQ65.1LHOVHQ5HGXFWLRQRIJURXQGYLEUDWLRQE\PHDQVRIEDUULHUVRU
VRLOLPSURYHPHQWDORQJDUDLOZD\WUDFN6RLO'\Q(DUWKT(QJ  ±

>@

'-7KRPSVRQ--LDQJ0*57RZDUG0)0+XVVHLQ(1WRWVLRV$'LMFNPDQV
3&RXOLHU*/RPEDHUW*'HJUDQGH5HGXFLQJUDLOZD\LQGXFHGJURXQGERUQH
YLEUDWLRQE\XVLQJRSHQWUHQFKHVDQGVRIWILOOHGEDUULHUV6RLO'\Q(DUWKT(QJ
 ±KWWSVGRLRUJMVRLOG\Q

>@

$'LMFNPDQV3&RXOLHU--LDQJ0*57RZDUG'-7KRPSVRQ*'HJUDQGH*
/RPEDHUW0LWLJDWLRQRIUDLOZD\LQGXFHGJURXQGYLEUDWLRQE\KHDY\PDVVHVQH[WWRWKH
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WUDFN6RLO'\Q(DUWKT(QJ  ±
KWWSVGRLRUJMVRLOG\Q
>@

/$QGHUVHQ$+$XJXVWHVHQ0LWLJDWLRQRIWUDIILFLQGXFHGJURXQGYLEUDWLRQE\
LQFOLQHGZDYHEDUULHUV±$WKUHHGLPHQVLRQDOQXPHULFDODQDO\VLVLQWK,QW&RQJU
6RXQG9LE,&69

>@

/$QGHUVHQ0/LLQJDDUG9LEUDWLRQVFUHHQLQJZLWKVKHHWSLOHZDOOVLQ+7DNHPL\D
(G (QYLURQ9LE3UHGLFW0RQLW0LWLJ(YDO ,6(9 &5&3UHVV7D\ORU 
)UDQFLV*URXS/RQGRQ2ND\DPD-DSDQ±6HSWHPEHUSS±

>@

$'LMFNPDQV$(NEODG$6PHNDO*'HJUDQGH*/RPEDHUW(IILFDF\RIDVKHHW
SLOHZDOODVDZDYHEDUULHUIRUUDLOZD\LQGXFHGJURXQGYLEUDWLRQ6RLO'\Q(DUWKT
(QJ  ±KWWSVGRLRUJMVRLOG\Q

>@

*%:DUEXUWRQ-'5LFKDUGVRQ--:HEVWHU)RUFHG9LEUDWLRQVRI7ZR0DVVHVRQ
DQ(ODVWLF+DOI6SDFH-$SSO0HFK  ±
KWWSVGRLRUJ

>@ *%:DUEXUWRQ+'5LFKDUGVRQ--:HEVWHU+DUPRQLFUHVSRQVHRIPDVVHVRQDQ
HODVWLFKDOIVSDFH-(QJ,QG7UDQV$60(  ±
>@ $73HSORZ&-&-RQHV03HW\W6XUIDFHYLEUDWLRQSURSDJDWLRQRYHUDOD\HUHG
HODVWLFKDOIVSDFHZLWKDQLQFOXVLRQ$SSO$FRXVW  
KWWSVGRLRUJ6;  
>@ +0DVRXPL$9DQ/HXYHQ68UEDQLDN0LWLJDWLRQRIWUDLQLQGXFHGYLEUDWLRQVE\
ZDYHLPSHGLQJEORFNVௗQXPHULFDOSUHGLFWLRQDQGH[SHULPHQWDOYDOLGDWLRQLQ
(852'<1SS±
>@ '-0HDG)UHHZDYHSURSDJDWLRQLQSHULRGLFDOO\VXSSRUWHGLQILQLWHEHDPV-6RXQG
9LE  ±KWWSVGRLRUJ6;  
>@ 33HUVVRQ.3HUVVRQ*6DQGEHUJ5HGXFWLRQLQJURXQGYLEUDWLRQVE\XVLQJVKDSHG
ODQGVFDSHV6RLO'\Q(DUWKT(QJ  ±
>@ /9$QGHUVHQ8VLQJSHULRGLFLW\WRPLWLJDWHJURXQGYLEUDWLRQLQ&203'<1±
WK(&&20$67KHPDW&RQI&RPSXW0HWKRGV6WUXFW'\Q(DUWKT(QJ
>@ /9$QGHUVHQ3%XFLQVNDV33HUVVRQ00XUHVDQ/,0XUHVDQ,23DYHQ
0LWLJDWLQJJURXQGYLEUDWLRQE\SHULRGLFLQFOXVLRQVDQGVXUIDFHVWUXFWXUHVLQ3URF
,17(512,6(WK,QW&RQJU([SR1RLVH&RQWURO(QJ7RZDUD4XLHWHU
)XWXUSS±
>@ /9$QGHUVHQ$3HSORZ3%XFLQVNDV33HUVVRQ.3HUVVRQ9DULDWLRQLQPRGHOV
IRUVLPSOHG\QDPLFVWUXFWXUHVRLOVWUXFWXUHLQWHUDFWLRQSUREOHPVLQ3URFHGLD(QJ
SS±
>@ /9$QGHUVHQ$3HSORZ3%XFLQVNDV(IILFLHQF\RIQHDUO\SHULRGLFVWUXFWXUHVIRU
PLWLJDWLRQRIJURXQGYLEUDWLRQLQKWWSVGRLRUJ
>@ $3HSORZ/$QGHUVHQ3%XFLQVNDV9DULDWLRQVZLWKLQVLPSOHPRGHOVIRUVWUXFWXUH
VRLOLQWHUDFWLRQLQWK,QW&RQJU6RXQG9LE,&69
>@ $73HSORZ/9$QGHUVHQ3%XFLQVNDV(QYLURQPHQWDOYLEUDWLRQUHGXFWLRQXWLOL]LQJ
DQDUUD\RIPDVVVFDWWHUHUVLQ3URFHGLD(QJ
KWWSVGRLRUJMSURHQJ
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>@ *$$WKDQDVRSRXORV3&3HOHNLV*URXQGYLEUDWLRQVIURPVKHHWSLOHGULYLQJLQXUEDQ
HQYLURQPHQW0HDVXUHPHQWVDQDO\VLVDQGHIIHFWVRQEXLOGLQJVDQGRFFXSDQWV6RLO
'\Q(DUWKT(QJ  ±KWWSVGRLRUJ6  

>@ )'HFNQHU.9LNLQJ6+LQW]H$VSHFWVRIJURXQGYLEUDWLRQVGXHWRSLOHDQGVKHHW
SLOHGULYLQJ(OHFWURQ-*HRWHFK(QJ  ±
>@ )'HFNQHU.9LNLQJ&*XLOOHPHW6+LQW]H,QVWUXPHQWDWLRQV\VWHPIRUJURXQG
YLEUDWLRQDQDO\VLVGXULQJVKHHWSLOHGULYLQJ*HRWHFK7HVW-  ±
KWWSVGRLRUJ*7-
>@ )'HFNQHU.9LNLQJ6+LQW]H:DYH3DWWHUQVLQWKH*URXQG&DVH6WXGLHV5HODWHG
WR9LEUDWRU\6KHHW3LOH'ULYLQJ*HRWHFK*HRO(QJ  ±
KWWSVGRLRUJV[
>@ /9$QGHUVHQ$73HSORZ33HUVVRQ0LWLJDWLRQRIJURXQGYLEUDWLRQVE\FLUFXODU
DUUD\VRIULJLGEORFNVLQ03DSDGUDNDNLV0)UDJLDGDNLV (GV 3URFWK,QW&RQI
&RPSXW0HWKRGV6WUXFW'\Q(DUWKT(QJ9RO1DWLRQDO7HFKQLFDO8QLYHUVLW\RI
$WKHQV$WKHQVSS±
>@ $)+RPD\RXQ5RR]$+DPLGL$QXPHULFDOPRGHOIRUFRQWLQXRXVLPSDFWSLOH
GULYLQJXVLQJ$/(DGDSWLYHPHVKPHWKRG6RLO'\Q(DUWKT(QJ  ±
KWWSVGRLRUJMVRLOG\Q
>@ :77KRPVRQ7UDQVPLVVLRQRIHODVWLFZDYHVWKURXJKDVWUDWLILHGVROLGPHGLXP-
$SSO3K\V  ±
>@ 1$+DVNHOO7KHGLVSHUVLRQRIVXUIDFHZDYHVRQPXOWLOD\HUHGPHGLD%XOO6HLVPRO
6RF$P  ±
>@ /$QGHUVHQ-&ODXVHQ,PSHGDQFHRIVXUIDFHIRRWLQJVRQOD\HUHGJURXQG&RPSXW
6WUXFW  ±
>@ 5:DQJ$VLPSOHRUWKRQRUPDOL]DWLRQPHWKRGIRUVWDEOHDQGHIILFLHQWFRPSXWDWLRQRI
*UHHQ¶VIXQFWLRQV%XOO6HLVPRO6RF$P  ±
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Abstract. In this contribution, we present the implementation of the coupling between the
Finite Element Method (FEM) and the Boundary Element Method (BEM) in the time domain,
for the analysis of the Soil-Structure Interaction (SSI) in the three dimensional space. The
Boundary Element Method is based on the transient fundamental solutions for the half-space.
The coupling between the BEM and the FEM is obtained using the soil’s stiffness matrix and
the soil reaction forces, which result from a convolution integral. The coupling is implemented
linking the software MATLAB with the software ANSYS. The system of equations is solved in
ANSYS and within the solution step MATLAB is activated to calculate the soil’s stiffness matrix
and the interaction forces at the interface between soil and structures at the current time step.
Veriﬁcation examples for static and dynamic cases are presented. A case study for a seismic
excitation is presented to show the applicability of the proposed method.
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1

INTRODUCTION

The dynamic interplay between the buildings and the underlying soil is referred to as SoilStructure Interaction (SSI). The soil acts both as a compliant support with a frequency-dependent
ﬂexibility and as a energy absorber, due to its inﬁnite size. For certain combinations of buildings
and soil, the SSI may lead to an ampliﬁcation of the dynamic response w.r.t. the static response
of the whole system, to a shift of the natural frequencies of the buildings and to a change in
damping properties. Therefore, it is important to account for the dynamic behavior of the soil
and its effect on the dynamic behaviour of the structures placed on it.. The main difﬁculty of
simulating the SSI is related to the inﬁnite size of the soil, for which the Sommerfeld radiation
condition must be fulﬁlled.
Different methods exist to account for the SSI in seismic analysis of buildings, the most
popular of which are the Finite Element Method (FEM), the Finite Difference Method (FDM)
and the Boundary Element Method (BEM). A detailed state of the art can be found in [1].
For FEM the whole domain is discretised whereas in the BEM only the boundaries are divided into elements. Consequently, the dimension of the problem is reduced by one when
using BEM. This leads to less necessary storage space. Moreover, the BEM can achieve higher
accuracy for the results, since it uses fundamental solutions as weighting functions. These
fundamental solutions fulﬁll exactly the boundary conditions.
Although research has been conducted on boundary elements since the 1960s, BEM is not as
established as the FEM, mainly due to the fully populated system of equations generated by the
BEM and the requirement of the existence of suitable fundamental solutions for the investigate
soil systems (such as an homogeneous half space, a layered half space, etc...). Additionally,
several commercial tools made the FEM user-friendly and versatile, while the BEM is rarely
available as a ready-to-use black box. An extensive overview of the development of BEM can
be found in [2].
The BEM for SSI can be used both in the Time Domain (TD) and in the Frequency Domain
(FD), depending on the available fundamental solutions (also called Green’s functions). The
TD-BEM can be used for nonlinear problems and can lead to less computational effort for transient loads with a narrow frequencies spectrum. As a matter of fact, the transient fundamental
solutions have a bounded support, while the FD fundamental solutions never vanish.
From general descriptions of the coupling of BEM and FEM for elastodynamics [3][4][5],
the application to SSI problems was straightforward [6].
Further improvements of the BEM for SSI were achieved by using fundamental solutions
for the half-space instead of the full space [7]. Depending on the given problem, the suitable
fundamental solution can be chosen among the available ones [8] to optimize the computation.
Several studies have been conducted on the topic of BEM for 2D- and 3D-structures in the time
domain dealing with different issues, such as the choice of the suitable fundamental solutions
(e.g. [9] and [10]) or the coupling of incompatible interfaces of BEM and FEM for 2D boundary
elements ([11]).
Recently, Vasilev et al. [12] developed a hybrid computational tool, based on the FEM/BEM
coupling. The hybrid numerical scheme is realized via the sub-structure approach, integrating
the seismically active far-ﬁeld geological media as a macro-ﬁnite element in the commercial
program ANSYS. Here, they assume a plane strain state.
Galvin and Romero [13] developed a numerical tool SSIFiBo in MATLAB to study dynamic
soil-structure interaction problems. The model is based on a three dimensional TD-BEM. This
model allows computing structural forced-vibrations, as well as seismic responses.
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Figure 1: Notation of nodes for SOLID185, according to [18, p. 960]

Schepers [14] improved an existing customization of ANSYS [15] [16] [17] which allows
FEM-BEM coupling of structures at the surface of an arbitrarily layered half-space, both in time
and frequency domain.
In this work, we present the Ssibefe tool, a FEM-BEM coupling where the FEM subsystem
(the building) is modeled using ANSYS and the BEM subsystem (the soil) is treated using
MATLAB. The loading can be applied to the FEM elements and nodes and/or can be deﬁned
as a propagating transient plane wave in the soil with an arbitrary angle of incidence w.r.t the
surface. Pre- and postprocessing is performed in ANSYS. The TD fundamental solutions for the
homogenous half-space are taken from [8] and the procedure for the implementation is similar
to the one described by [15], [16] and [17].
2

METHODS

2.1

MODELLING THE STRUCTURE WITH THE FINITE ELEMENT METHOD

The equation of motion for the structure reads:
Mü(t) + Cu̇(t) + Ku(t) = P(t) + Q(t),

(1)

where M is the mass matrix, C the damping matrix, K the stiffness matrix, u(t) the displacements and P(t) the external loading. All the aforementioned vectors and matrices can be determined as usual by means of classical FEM formulations. The key vector in this formulation
is the vector Q(t), which contains the soil reactions at the interaction nodes. This is unknown
and represents the inﬂuence of the soil as nodal forces, which result from the contact pressure
at the soil–structure interface. This can be computed with the BEM formulation, described in
section 2.2.
The analysis of the ﬁnite system is done with the commercial software Ansys Mechanical
APDL 2019 R2. The structure is modelled by 3D solid elements, speciﬁcally the SOLID185elements, which consist of 8 nodes [18]. The arrangement of the nodes is depicted in ﬁg. 1.
2.2

MODELLING THE SOIL WITH THE BOUNDARY ELEMENT METHOD

2.2.1 Theoratical Background
At the heart of the TD-BEM used here lies the transient fundamental solutions for the 3D
the half space subjected to a vertical or horizontal unit point load on the surface, that changes
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in time as a Heaviside function (s. annex A). These satisfy the traction-free condition at the
surfaces of the soil and the Sommerfeld radiation condition.
We start from the discretized form of the boundary integral formulation of the Lamé-Navier
equation [19], in absence of body forces. At ﬁrst the time dependency is not considered and
will be treated separately in section 2.3. The displacements wi at point i on the soil surface can
be written as:
i

i

i

c w (x ) =

E 
N


Nn g(x, x )dS −

qen

i

Se

e=1 n=1

E 
N


wne

Nn t(x, xi )dS

(2)

Se

e=1 n=1

with
g(x, xi ):
t(x, xi ):
qen :
wne :
Nn :
ci :

fundamental solution for the displacements evaluated at point xi for loads at x
fundamental solution for the tractions evaluated at point xi for loads at x
nodal forces at point xi
nodal displacements at point xi
shape functions of nodes at point xi
geometrical coefﬁcient, which is related to the the position of the load
and contains unitary values at the soil surface for a smooth boundary
N , E, Se : number of nodes per element, number of elements
and area of each element respectively.
We assume constant tractions on each boundary element. Therefore, each boundary element
has only one node at the centre of the bottom surface of the coupled ﬁnite element. The elements
are pictured in ﬁg. 2a. Here, the red circled nodes deﬁne the contributing coupling nodes.
FEM

BEM

(a) Coupling nodes for constant shape functions.

(b) Coupling surface.

Figure 2: Coupling between soil and structure.

We consider Heaviside-time-varying unit forces for each nodal component of displacements
and tractions. If the load position is located inside the domain, the stresses t(x, xi ) on the
surface are equal to zero and only the ﬁrst part of the right side of eq. (2) will be considered in
further derivations, leading to the following expression for the the displacements:
i

i

i

c w (x ) =

E 
N


qen ΔGen

(3)

e=1 n=1

where

1

ΔGen

1

Nn (ξ, η)g(x, xi (ξ, η))J(ξ, η)dξdη

=
−1

−1
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Here, J(ξ, η) denotes the determinant of the Jacobian for the transformation of coordinates from
the original Cartesian to a local element reference coordinate system.
To obtain the ﬂexibility matrix of the soil, the integral in eq. (3) is evaluated (E · N )2 times.
The integral is performed for all the interaction nodes as an observation point and with the
loading position being located on every interaction node (collocation point method). This leads
to a matrix Gji , where the rows j indicate the loading position information whereas the columns
i indicate the observation position information. Once the unitary coefﬁcients ci are included in
the system matrix, eq. (3) can be written in matrix form as:
w = Gq

(5)

The fundamental solution g(x, xi ) is a antisymmetrical second order tensor, originally deﬁned in cylindrical coordinates, as described in annex A:
⎡
⎤
grr 0 grz
gcyl = ⎣ 0 gφφ 0 ⎦
(6)
gzr 0 gzz
with gzr = −grz . The transformation from cylindrical to Cartesian coordinates is performed
according to [15] (s. annex B).
Following the suggestions in [20], if the loading point x coincides with the observation
point xi , a 1/r-singularity occurs. This integration is solved using a transformation to polar
coordinates according to [21] (s. annex C).
Summarizing, eq. (5) says that the interaction of the soil with any other elastic body at
its surface can be represented by integrals over the contact surface and a force-displacement
relationship can be established to built the stiffness or ﬂexibility matrix of the soil.
The fundamental solutions depend on the dimensionless time τ which in turn depends on on
the time t. The time dependency will be treated in the next section.
2.3

Time discretization

According to [15], for the application of the proposed method in the time domain, the displacement at the current time depends on the current contact pressures and on its history and
is obtained with a convolution integral. For a Heaviside loading function, the second Duhamel
integral is performed:
w(t) = G(t) ⊗ q(t)
t

G(t − τ )

w(t) = q(0)G(t) +
0

dq(τ )
dτ =
dτ

t

G(t − τ )
0

dq(τ )
dτ.
dτ

The transient fundamental solutions are captured in the matrix G(t)
⎤
⎡
Gxx (t) Gxy (t) Gxz (t)
G(t) = ⎣ Gyx (t) Gyy (t) Gyz (t) ⎦ .
Gzx (t) Gzy (t) Gzz (t)

(7)

(8)

The integral is split into intervals of the length Δt. By calculating the mean of the upper and
lower value, the soil displacements for the time step i + 1 can be deduced
0

wi+1

0 i+1
0
Gi+1 − Gi 
G − Gi−1 1
G1 − G
0
7
q
q
qi+1
=
+
+
...
+

2
2
2
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Subsequently, the ﬂexibility of the soil is obtained after inserting the following abbreviations
valid for constant time step duration for the whole simulation
&
1 % i+1
G − Gi−1
2
1
1
= G1 = G(Δt)
2
2

Fi =
F

cur

(10)

and considering the initial condition q0 = 0 and the relation G0 = 0, which results from
causality, the deformations of the soil yield
wi+1 = Fi q1 + ... + F1 qi +Fcur qi+1
4
56
7

(11)

whist

If, additionally, a seismic excitation s occurs, one has to substitute the absolute displacements
at the interaction nodes wi+1 with the relative displacements (wi+1 − si+1 ) to get
wi+1 = whist + Fcur qi+1 + si+1
3

(12)

Implementation of the coupling

First, interaction nodes are deﬁned, which are located at shared surfaces of the structure and
the soil.
Fig. 2b shows the coupling surface between BEM and FEM for a square foundation. Since
the numbering of the nodes is different for the BEM and the FEM subsytem, different letters
identify different quantities:
• uI : displacements of the structure according to the nodal ordering of FEM at the interaction surface
• v: displacements of the structure for nodal ordering of BEM at the interaction surface
• w: displacements of the soil for nodal ordering of BEM at the interaction surface
The transformation matrices Tu and Tq help to couple the displacements of the two subsystems at the interface. These matrices are described in annex D.
From eq. (12), the soil’s contact pressure can be computed as
qi+1 = [Fcur ]−1 (wi+1 − whist − si+1 )

(13)

To satisfy compatibility at the interaction surface the structural displacements must equal the
soil’s displacement
wi+1 = vi+1 = Tu ui+1
(14)
I
The soil reaction forces at the FEM nodes result from the combination of eq. (14) with
eq. (15) as
Qi+1
= Tq qi+1 = Tq [Fcur ]−1 Tu ui+1
− Tq [Fcur ]−1 whist − Tq [Fcur ]−1 si+1 ,
I
4
56
7 I
4
56
7 4
56
7
Kcur
soil

Qhist
I

where Kcur
soil is the soil’s stiffness matrix.
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Therefore, the equation of motion of the coupled problem becomes



MRR MRI
üi+1
CRR CRI
u̇i+1
KRR
KRI
R
R
+
+
i+1
i+1
MIR MII
üI
CIR CII
u̇I
KIR KII + Kcur
soil
Pi+1
R
Pi+1
I

ui+1
R
ui+1
I

0
+ Qseism
I
(16)
where I indicated the degrees of freedom (DOFs) at the interaction nodes, whereas the remaining DOFs are marked with R.
The ﬂexibility matrix of the soil Fi in eq. (10) has to be calculated for every time step to
deduce the quantity whist .
The structural displacements uiI at the interaction nodes are computed by ANSYS at every
time step and used to compute the soil reaction forces at i + 1. The soil stiffness is added to the
structure’s stiffness through a user-deﬁned super-element in ANSYS (element type MATRIX50)
and the soil reactions are applied as external loads at the interaction nodes. The master DOFs of
the soil super-element are the DOFs of the coupling nodes of the FEM-structure at the soil surface. With this conﬁguration the system can be solved with usual solution routines in ANSYS.
An overall calculation sequence for the proposed scheme is given in annex E.
It is to highlight, that, if the soil properties, the discretization of the elements at the interaction surface and the time step remain unchanged, a new analysis with different parameters
and seismic and/or external loading can be carried out reusing the same ﬂexibility matrix. This
leads to a relevant reduction of computational time.
An interactive connection between MATLAB and ANSYS is created through the toolbox aaS
(ANSYS as a Server) and the Mechanical APDL preprocessor and solver are accessed directly
through MATLAB.
=

4

+

Qhist
I

VERIFICATION

For the veriﬁcation, we present the dynamic analysis of a rigid square foundation loaded with
a Heaviside point load at its center. After the oscillation has decayed, the static displacement
can be observed, so that also the static ﬂexibility of the system can be compared to literature
values. The results are compared to the ones found in [16], although we assume a Poisson’s
ratio ν = 0.25 for the soil, while the reference results are computed with ν = 0.33. As an
additional reference, the static ﬂexibility in different directions is compared to the reference
values given in [22, p. 43].
As the results are normalized w.r.t. the quadratic foundation geometry and to the soil properties, the foundation side length a, the foundation thickness h, the shear modulus of the soil
μs and the soil density ρs can be chosen arbitrarily. The Poisson’s ratio is given (νs = 0.25).
The other problem parameters are given in tab. 1. In order to simplify the invetsigation, the
Poisson’s ratio of the foundation is set equal to 0, but could take any arbitrary value.
The vertical displacement uz due to a vertical load Pz , the horizontal displacement ux due to
a horizontal load Px , the rotation φy due to a moment around the y-axis My , the rotation φz due
to a torsional moment Mz and ﬁnally the rotation φy due to a horizontal load Px are examined.
The loading starts at τ = tcas = 1. Two cases are investigated shown in ﬁg. 4:
• massless foundation: the response follows the shape of the variation in time of the loading
until it reaches a state of rest at ≈ τ = 3.
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Table 1: Problem properties of the veriﬁcation case.

massless foundation: ρf = 0 '
2
massive foundation: ρf = ρhs aπ
Young’s modulus of the foundation Ef ≈ μs ∗ 1011
Poisson’s ratio of the foundation
νf = 0
Poisson’s ratio of the soil
νs = 0.25
Foundation density

• massive foundation: the foundation oscillated around the static response and, eventually,
approaches the static solution at different times τ for the different directions of loading.

y

Pz (t)

x

1

τ =

tcs
a

z
ρf , E f , ν f
a

ρs , μs , νs
Figure 3: Veriﬁcation case, shown for a vertical load.

The foundation and the soil surface are discretised with 8 × 8 elements
' with the side length
l = a/8. The time step size is chosen as Δt = 0.75l/cs , where cs = μρss is the shear wave
velocity of the soil.
The static ﬂexibility is deduced from the displacements at rest. These are then compared in
tab. 2 to the results from [16, pp. 107-111] and from the static stiffness values in [22, p. 43].

Ssibefe
Bode [16]
discrepancy [%]
Wolf [22]

μs a
u
Pz z

μs a
u
Px x

μs a3
φ
My y

μs a 3
φ
Mz z

μs a 2
φy
Px

0.326
0.2951
1.11
0.319

0.398
0.379
1.05
0.380

1.551
1.419
1.09
1.5

1.050
0.940
1.12
0.964

0.067
0.064
1.05
-

Table 2: Static ﬂexibility of a rigid, massless foundation on a homogeneous half-space.

As can be observed in tab. 2, the results are in good agreement. Nevertheless, small discrepancies especially between [16] and the results from Ssibefe occur for all modes, because
of the different Poisson’s ratios used. This is also conﬁrmed in ﬁg. 4a and ﬁg. 4b, which show
the transient displacements for the vertical and horizontal case respectively. Considering the
different Poisson ratios, the different methods show a satisfying agreement.
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Ssibefe
Ssibefe

τ=

tcs
a

τ=

(a) Vertical displacement.

tcs
a

(b) Horizontal displacement.

Figure 4: Normalized displacements for a rigid square foundation subjected to a transient point load at the center
in different directions.

5

SEISMIC APPLICATION OF THE Ssibefe

For the demonstration of the application of the Ssibefe for seismic problems, we present the
dynamic analysis of an elastic cube of side length a resting on an elastic half space subjected
to a seismic excitation resulting from an incident plane wave that propagates through the soil.
Fig. 5 shows the investigated scenario.
Depending on the angle of incidence the wave, the direction of propagation and the time
function, the seismic excitation at the interaction points xI can be estimated according to
eq. (17). The time function s(t) of the plane wave can be chosen arbitrarily, from synthetic
accelerogram to recorded data to analytical expressions. In this application, we assume a Ricker
wavelet for the function s(t), described by eq. (18) and plotted in ﬁg. 6 for the speciﬁc loading
parameters given in tab. 3.
(xI − x0 )T n
s0
cind
%
&
2 2 2
s(t) = 1 − π 2 f02 t2 e(−π f0 t )
s=s t−

(17)
(18)

The spectrum of the input is shown together with the output in ﬁg. 9. In this application, the
seismic wave propagates in the positive x-direction and the soil particles move along the x-axis,
simulating a P-wave. The coordinates of the corner A of the building are x = [40 m, 5 m, 0 m]T
and the faces of the cubic building are oriented as the coordinate system.
The soil and structural properties are listed in tab. 5. The natural frequencies of the ﬁxedbase cube are also given in tab. 4 for a better result interpretation. The element size is l = 2.5 m
and the time step size is chosen equal to 0.025 s.
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y
B

x

D

E

z
s(t)

A ρf , E f , ν f
C

Seismic

a

plane
wave
ρs , μs , νs

Figure 5: Building resting on an elastic half space subjected to a seismic excitation resulting from an incident
plane wave that propagates through the soil.

10−3

10

8

Seismic Input s(t) [m]

6

4

2

0

-2
0

0.2

0.4

0.6

0.8

1

t [s]

Figure 6: Time function of the seismic wave.

Table 3: Seismic load parameters.

x0 = [0 0 0]T
n = [1 0 0]T
s0 = [0.01 0'0]T

Source position at t = 0
Orientation of the wave
Amplitude of the wave

Incident wave velocity
cind = cp =
Central frequency of the Ricker wavelet f0 = 3

2994

2μs (1−νs )
1−2νs

[m]
[-]
[m]
[m/s]
[Hz]
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Table 4: Soil and Structural properties.

μs
ρs
νs
a
Ef
ρf
νf

40·106
2200
0.25
40
83·106
1000
0.3

Table 5: Natural frequencies of the ﬁxed-base building.

[N/m2 ]
[Kg/m3 ]
[-]
[m]
[N/m2 ]
[Kg/m3 ]
[-]

1.
1.
1.
2.
2.
3.
4.
1.
2.

bending x, y
torsion/bending
axial
bending x, y
torsion/bending
torsion/bending
torsion/bending
bending z
axial/bending

0.76750
1.0436
1.8322
2.0320
2.5050
3.0997
3.1589
3.1680
3.5130

[Hz]
[Hz]
[Hz]
[Hz]
[Hz]
[Hz]
[Hz]
[Hz]
[Hz]

The results are compared to the ones obtained with the FEM/BEM coupling proposed by
Bode [23], which runs on a ANSYS/FORTRAN Framework. The authors had the possibility
to run the same identical example with both the existing framework [23] and the newly implemented Ssibefe. The only difference is the material damping in the soil, which we assumed
equal to zero, while in Bode [23] it is small (0.1%) but not exactly zero. In the following discussion, only the horizontal displacements are shown, being those the largest. However, all the
components of displacements and stresses can be computed.
Fig. 7 shows the horizontal displacements at the building base, at A and C. The delay of
the wave arrival between the two points is correctly represented. Fig. 8 shows the horizontal
displacements at the building top, at B and D and E. The spectra in ﬁg. 9 show that the response
at E is characterized by a natural frequency 0.6 Hz, which corresponds to the natural frequency
of the 1st bending mode of the ﬁxed-base building (0.76750 Hz) considering the inﬂuence of
the soil. At the corners B and D also higher modes play an important role, as shown in ﬁg. 9.
All the plots show good agreement between the reference results (Bode [23]) and the proposed results based on the Ssibefe tool. In general, there is a very slight difference of damping
during the ﬁnal oscillations, which leads to slightly different amplitudes and periods of oscillation. However, the difference can be neglected.
10−3

10

Ssibefe @A
Bode @A
Ssibefe @C
Bode @C

8

Displacements ux [m]

6
4
2
0
-2
0

0.5

1

1.5

2

2.5

3

3.5

4

t [s]

Figure 7: Horizontal displacements at the building base, at A and C.
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0.015
Ssibefe @B
Bode @B
Ssibefe @D
Bode @D
Ssibefe @E
Bode @E

Displacements ux [m]

0.01

0.005

0

-0.005

-0.01
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

t [s]

Figure 8: Horizontal displacements at the building top, at B and D and E.
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Single-Sided Amplitude Spectrum of ux (t) [m]
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Bode @D
Ssibefe @E
Bode @E
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1.5
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0
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Figure 9: Spectra of the horizontal displacements at D and E, compared to the spectrum of the time function of
the seismic wave.
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6

CONCLUSIONS

In this contribution, we presented a new implementation of the coupling between the BEM
and the FEM for soil-structure interaction problems, in the time domain. The developed computer tool Ssibefe is based on an interactive connection between MATLAB and ANSYS. The
FEM part is generated through the ASNYS preprocessor, the soil reaction forces and the soil
dynamic stiffness are computed with MATLAB functions based on the BEM formulation . The
generated quantities are combined together into the coupled system of equations of the SSI system and the resulting system is solved with usual ASNYS solver routines. We presented the
theoretical background of the methods and the time discretization approach. The tool can be
used for both external loads on the structure and seimsic excitation. For the veriﬁcation, we presented the dynamic analysis of a rigid square foundation loaded with a Heaviside point load at
its center. The dynamic response as well as the static ﬂexibility were compared to literature values, showing good agreement between the references and the results of the new implementation.
Finally, we demonstrated the applicability of the Ssibefe tool for seismic problems, showing the
dynamic analysis of an elastic cube of side length a resting on an elastic half space subjected
to a seismic excitation resulting from an incident plane wave that propagates through the soil.
The results match those from a reference software and show the potential of the proposed tool.
Further developments of the Ssibefe tool will enable the consideration of layered soils, using
fundamental solutions in the frequency domain, and additional forms of the seismic excitation.
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Appendices
A

Green’s Functions
In this section the above mentioned fundamental solutions are shown [8, p.78-83].

A.1

Vertical load
r=



2

a =

x2 + y 2
cs
cp

2

=

distance between loading and source point

(A.1)

1 − 2ν
2(1 − ν)

(A.2)

τ=

tcs
r

ratio of s- and p-wave velocity

dimensionless time

(A.3)

⎫
⎧
⎨ 1 t > t0 ⎬
1
t = t0
H(t − t0 ) =
Heaviside step function
⎭
⎩ 2
0 t < t0
π/2



K(k) =
0

π/2

Π(n, k) =
0

dθ
1 − k 2 sin(θ)2

complete ﬁrst elliptic integral

dθ

(1 + n sin(θ)2 ) 1 − k 2 sin(θ)2

R(ξ 2 ) = (1 − 2ξ 2 )2 + 4



ξ2 − 1

complete third elliptic integral


ξ 2 − a2 = 0

Rayleigh function

(A.4)

(A.5)

(A.6)
(A.7)

with ξ = cs /c a dimensionless wave slowness including the wave
√velocity
√ c.
The Rayleigh function is further multiplied by (1 − 2ξ 2 )2 + 4 ξ 2 − 1 ξ 2 − a2 to obtain the
bicubic equation
1 − 8ξ 2 + 8ξ 4 (3 − 2a2 ) − 16ξ 6 (1 − a2 ) = 0
(A.8)
For this equation the three roots [ξ12 , ξ22 , ξ32 ] are being calculated. The ﬁrst two are non-physical
values whereas ξ3 = cs /cr equals the ratio of shear and Rayleigh wave velocity. Due to considerations of real and complex roots of equation (A.8) the solutions of the half-space uzz and
urz are split into two domains (ν < 0.2631 and ν > 0.2631). Additionally, the numerical calculation of the ﬁrst and third kind of the elliptic integral has to be implemented. This is done by
adapting some parts but still applying the MATLAB code according to [8, pp. 250f.]. Further
parameters are derived as follows

(1 − 2ξi2 )2 a2 − ξi2 
Ai =
ξi = ξ j = ξ k
(A.9)
4(ξi2 − ξj2 )(ξi2 . − ξk2 )
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Bi =

(1 − 2ξi2 )(1 − ξi2 )
(ξi2 − ξj2 )(ξi2 − ξk2 )

ξi = ξ j = ξ k

(A.10)

τ 2 − a2
1 − a2

(A.11)

1 − a2
ni = 2
a − ξi2

(A.12)

k2 =

(2ξ32 − 1)3
1 − 4ξ32 + 8(1 − a2 )ξ36
√
Q1 (τ ) = 1 + 2z + z 2 + z

C=

(A.13)
(A.14)

a2 − ξ12
(A.15)
τ 2 − a2
Important to notice is the fact that Q1 should be replaced with 1/Q1 if |Q1 | > 1. With these
deﬁnitions the displacements uzz and urz can ﬁnally be obtained by
z=

Case 1: ν < 0.2631

uzz =

⎧
0
⎪
⎪
⎪
⎪

P (1 − ν) ⎨
2πμr

1
2

τ <a
1−

3

⎪
⎪
⎪
⎪
⎩ 1 − √ A3
2

i=1

ξ3 −τ 2

⎧
0
⎪
⎪
⎪
⎪
⎨
Pτ
1
urz = 2
(1−a2 )3/2
8π μr ⎪
⎪
⎪
k−1
⎪
⎩ (1−a
2 )3/2

√

Ai
τ 2 −ξi2 |

H(ξ3 − τ )

a<τ <1
τ >1

⎫
⎪
⎪
⎪
⎪
⎬
(A.16)

⎪
⎪
⎪
⎪
⎭

τ <a



2K(k) −

3

2K(k −1 ) −

i=1

Bi Π(k 2 ni , k)



a<τ <1


−1
√2πC
H(τ − ξ3 ) τ > 1
i=1 Bi Π(ni , k ) +
2
2

3

τ −ξ3

⎫
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎭

(A.17)
Case 2: ν > 0.2631

uzz

urz not available
⎧
0
τ <a
⎪
⎪
⎪
⎪
*
,
P (1 − ν) ⎨
(1−2ξ12 )2 (a2 −ξ12 )
1
8Re
+ √ A23 2 − 4 a < τ < 1
=
(ξ12 −ξ22 )(ξ12 −ξ32 ) Q1 −Q−1
)
ξ3 −τ
1
16πμr ⎪
⎪
⎪
2A
⎪
⎩ √ 2 3 2 H(ξ3 − τ ) − 8
τ >1
ξ3 −τ

A.2

⎫
⎪
⎪
⎪
⎪
⎬
⎪
⎪
⎪
⎪
⎭

(A.18)

Horizontal load

For a horizontal load the quantities urx and uθx are only known in case of the Poisson’s ratio
ν = 0.25. Again some parameters have to be deﬁned.
ah =

1√
3,
3

1
ξ12 = ,
4

√
1
ξ22 = (3 − 3),
4

3000

√
1
ξ32 = (3 + 3)
4
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1
1
C1 =
3, C2 =
6 3 + 10, C3 =
6 3 − 10
4
8
8
Subsequently, the displacements can be calculated
⎧
0
τ < ah
⎪
⎪
⎪
⎪
⎪

P ⎨ 2
ah < τ < 1
τ √ C21 2 − √ C22 2 − √ C23 2
urx =
τ −ξ1
τ −ξ2
ξ3 −τ
2πμr ⎪
⎪
⎪
2
⎪
⎪
τ >1
⎩ 1 − √2τ 2C3 2 [1 − H(τ − ξ3 )]
xi3 −τ

uθx

(A.20)
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⎧
0
τ < ah
⎪
⎪
⎪
⎨
,
*



−3P
1
4
2
2 − ξ2 − C
2 − ξ2 + C
2)
=
−
(C
τ
τ
ξ
−
τ
ah < τ < 1
1
2
3
1
2
3
⎪ 2 3
8πμr ⎪
⎪

⎩
1 − 83 C3 ξ32 − τ 2 [1 − H(τ − ξ3 )]
τ >1
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(A.22)
The above derived relations for the displacements due to horizontal and vertical loads are plotted
while being scaled with the shear modulus μ and the distance r in the ﬁgures A.1 to A.4. For the
later description via the tensor g according to [15], the quantities are written in a new notation,
acconting for a changed coordinate system (the z-axis in the Ssibefe tool points downward while
it was deﬁned upward in [8]).
gzz = uzz ,
B

grz = −urz ,

grr = urx ,

gφφ = −uθx ,

gzr = urz

(A.23)

Coordinate Transformation
The coordinate transformation
gcart = BT (φ)gcyl B(φ)

(B.24)

can be accomplished by the rotation matrix
⎤
⎡
cos(φ) sin(φ) 0
B(φ) = ⎣ − sin(φ) cos(φ) 0 ⎦
0
0
1

(B.25)

This leads to tab. B.1.
gxx = grr cos2 (φ) + gφφ sin2 (φ)

gxy = (grr − gφφ ) cos(φ) sin(φ)

gxz = grz cos(φ)

gyx = gxy

gyy = grr sin2 (φ) + gφφ cos2 (φ)

gyz = grz sin(φ)

gzx = gzr cos(φ) = −gxz

gzy = gzr sin(φ) = −gyz

gzz = gzz

Table B.1: Green’s functions in Cartesian coordinates.

3001

Francesca Taddei, Bettina Chocholaty, and Gerhard Müller

Figure A.1: Vertical displacement due to vertical
load, ν = 0.25.

Figure A.2: Radial displacement due to vertical
load, ν = 0.25.

Figure A.3: Radial displacement due to horizontal
load, ν = 0.25.

Figure A.4: Tangential displacement due to horizontal load, ν = 0.25.
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Figure C.1: Transformation to polar coordinates for constant boundary elements.

C

Transformation to polar coordinates

To regularise the weak singularity of the integrand in eq. (4) a transformation to polar coordinates according to [21] can be used.
ΔGen

=

M 
K


Nn (ξm , ηk )g(r(ξm , ηk ), φ(ξm , ηk ), t)J(ξm , ηk )Wm Wk

(C.1)

m=1 k=1

The coordinate system for constant elements is located in the centre of the element because
the origin of the coordinate system should be at the loading node (see ﬁg. C.1). The radius and
the angle are adapted as follows


η
(C.2)
ξ
For the calculation of the Jacobian determinant changes of the partial derivatives occur
r(ξ, η) =

ξ 2 + η2

φ(ξ, η) = atan2

∂r
ξ
=√ 2
∂ξ
ξ + η2

∂φ
η
=− 2
∂ξ
ξ + η2

∂r
η
=√ 2
∂η
ξ + η2

∂φ
ξ
= 2
∂η ξ + η 2

(C.3)

Except for these adaptations, formula (C.1) is valid for the constant elements as well. Since this
regularisation approach led to the best results, it is used for all further calculations in this thesis.
D

Transformation matrices from BEM to FEM
⎤
[N] [0] [0]
Tu = ⎣ [0] [N] [0] ⎦
[0] [0] [N]
⎡

with e.g.

(D.1)

⎡

⎤
NM 0 0 0 ...
0 NP 0 ... ⎦
N=⎣ 0
... ... ... ... ...
Tq = TTu A

with the matrix A which contains the element area as a diagonal matrix.
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Figure E.1: Workﬂow of the Ssibefe tool.

 3RVWSURFHVVLQJ

J 5HSHDWD  I IRUDOOWLPHVWHSV

I $SSO\VRLOUHDFWLRQIRUFHVDVH[WHUQDOORDGVWRVWUXFWXUHDWLQWHUDFWLRQQRGHV

H 8SGDWH࢝௦௧ WREHXVHGLQQH[WWLPHVWHS

G )RUWLPHVWHS݅ GHWHUPLQHVRLOUHDFWLRQIRUFHVࡽூ ሺݔǡ ݕǡ ݖሻ

F )RUWLPHVWHS݅ FDOFXODWHFRQWDFWSUHVVXUH ሺݔǡ ݕǡ ݖሻ

E )RUWLPHVWHS݅ UHDGGLVSODFHPHQWVDWLQWHUDFWLRQQRGHV࢝ூ ሺݔǡ ݕǡ ݖሻ

D 6ROYHV\VWHP

 )RUDOOWLPHVWHSV

 'HILQHDQDO\VLVDQGVROXWLRQRSWLRQVORDGVDQGWLPHVWHSVL]H

 ([SRUWVRLOVWLIIQHVVWR$16<6DVVXEVWUXFWXUHLQWKHHOHPHQW0$75,;

 5HRUGHUVRLO¶VVWLIIQHVVPDWUL[IRU)(0E\PHDQVRIWUDQVIRUPDWLRQPDWULFHV

 'HWHUPLQHWUDQVIRUPDWLRQPDWULFHVIRUWUDQVLWLRQIURP%(0WR)(0

 &UHDWHPRGHORIWKHVWUXFWXUH

E

$16<6

Francesca Taddei, Bettina Chocholaty, and Gerhard Müller

Workﬂow of the Ssibefe tool

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU
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Abstract. A novel pile-driving technique, named Gentle Driving of Piles (GDP), that combines
axial low-frequency and torsional high-frequency vibrations has been developed and tested recently. During the experimental campaign, several piles were installed onshore, making use of
the GDP shaker. Besides those, a number of additional piles were installed using conventional
pile-driving techniques, i.e. impact piling and axial vibratory driving. After the completion of
the installation phase, the installed piles have been subjected to impact hammer tests with the
following goals. First, the in–situ dynamic properties of the pile-soil system have been identiﬁed. Second, the post-installation soil state has been investigated, along with its evolution
in time for each pile driving scenario. Preliminary analyses, of the data collected during the
impact tests show dissimilar trends in the overall dynamic response between the piles installed
with impact hammer and those installed with the axial and the GDP shakers.This observation
suggests a difference in the post-installation dynamic behaviour of the pile-soil systems related
to different pile-driving techniques. In this paper, a ﬁrst attempt is made to identify the differences in the overall pile-soil dynamic behaviour of the piles installed by means of the three
different pile-driving techniques.
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Athanasios Tsetas, Sergio S. Gómez, Apostolos Tsouvalas, Kees van Beek, Faraz S. Tehrani, Evangelos
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1

INTRODUCTION

The offshore wind industry plays a major role in the energy transition. Due to the sustainability targets set at international level, the installed capacity of offshore wind turbines is
growing, leading to greater depths and distances to shore [7]. In that framework the foundations
of offshore wind turbines are also affected by this consistent progression challenge. Monopiles
are the most common foundations used for offshore wind turbines in shallow waters, like the
North Sea [6]. Various alternative foundation concepts do exist, yet these substructures remain
the most favorable choice due to simplicity of manufacture, ease of the installation procedure,
robustness and proven reliability [1, 5].
Currently, impact pilling is the most common method for the installation of monopiles in the
offshore environment [8]. However, the latter installation method engenders several issues that
require further consideration. The major drawbacks are the high levels of noise generated during
pile driving [9], which may be harmful for the aquatic species, and the large stresses developed
at the pile head during hammer impact, that can reduce the structural life-time of the monopile
due to fatigue [2]. Consequently, an alternative pile driving technique that can mitigate the
noise emissions and does not peril the fatigue life of the structure, without compromise of the
driving efﬁciency and the pile bearing capacity, has been a growing need. To that end, a novel
pile-driving technique, named Gentle Driving of Piles (GDP), that aims to accomplish the stated
objectives, has been recently developed. This technique is based on simultaneous application
of low-frequency axial vibrations and high-frequency torsional vibrations at low amplitudes.
To test the novel pile driving technique, an experimental campaign was designed and executed in a site of medium to medium-dense sand. This experimental campaign encompassed the
installation of several piles by means of three distinct pile driving techniques; namely, impact
pilling, axial vibratory driving and GDP. Following the installation tests, that were concluded
to be successful, further investigation was considered necessary to provide evidence that the
bearing capacity and the dynamic properties of the pile-soil system have not been compromised
and are within acceptable limits for operation. To this end, in the post-installation phase, lateral loading tests and impact tests with an instrumented hammer were conducted, in order to
investigate further the effect of each installation method on the behaviour of the pile-soil system. More speciﬁcally, the response in operational conditions, the vibration characteristics and
the temporal evolution of the dynamic properties of the pile-soil system are to be examined, in
accordance with the aforementioned experimental tests. The present work is focused upon the
instrumented hammer impact tests, in order to examine the dynamic behaviour of the installed
piles in terms of prior- and post-loading response, temporal evolution of the system properties
and inﬂuence of the respective installation method. At this point it was observed for the ﬁrst
time that the method of installation can have signiﬁcant inﬂuence on the vibration characteristics of the system such as damping and dynamic stiffness.
This paper is structured as follows. In Section 2, the experimental tests and the identiﬁcation
procedure followed are described. Onwards, in Section 3 a collection of the most representative
results are presented, along with some observations and relevant conclusions. In Section 4, the
main conclusions accompanied by the research questions to be addressed in the near future are
outlined.
2

EXPERIMENTAL TESTS AND IDENTIFICATION PROCEDURE

During the installation phase of the experimental campaign, several piles were installed by
means of impact pilling, axial vibratory driving and GDP techniques. The dimensions of the
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tests piles and the reaction pile are given in Table 1.
Pile Geometry Test piles [m]
Length
10
Outer diameter
0.762
Wall thickness
0.0159

Reaction pile [m]
10
1.6
0.02

Table 1: Geometrical characteristics of the piles.
Evidently, since the main objective of the experimental campaign was the proof of concept
of the GDP method, the majority of the piles were installed by means of the latter method.
Furthermore, the rest of the piles in the experimental site were installed by impact and axial vibratory driving, the two conventional and currently most established installation methods
[3]. The latter were mainly chosen to serve as reference cases, since they are vastly used in
engineering applications and their features during and post-installation are considered to be
known. The conﬁguration of the installed piles is shown in Figure 1. The position of the 8 piles
installed around the reaction pile is displayed, while the latter was used as a support for the
post-installation lateral tests loading apparatus.

Figure 1: Pile layout
As already presented in Table 1, the test piles were 10 meters long, with ﬁnal embedment
depth of 8 meters. Accordingly, the height above the ground level was 2 meters, such that an
adequate part of the pile could be used to mount the loading frame for the lateral loading tests.
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2.1

Experimental set-up

In order to perform the impact hammer tests, 2 PCB tri-axial accelerometers and an instrumented impact hammer were used. The tests were performed on all the installed piles using the
instrumentation set-up displayed in Figure 2.

Figure 2: Experimental set-up and pile instrumentation
The instrumented hammer was used to excite the pile at two different locations and with
different impact direction. First, the hammer was impacted horizontally, as shown in Figure 2
and at 1.5 meters above the ground surface. Each test was comprised of three distinct hits, in the
same location and direction, in order to ensure the consistency of the measurements. In the same
manner, hammer impact tests were repeated with an impact force applied along z-direction, at
the top of the pile and in the same vertical line that the horizontal impacts were performed.
The accelerometers were mounted to the outer wall of the pile at the same height with the
location of the horizontal hammer impacts, 1.5 meters from the ground surface. Acceleration
data were registered in x, y and z directions simultaneously, with a sampling frequency that was
set to 16 kHz for all tests.
During a period of two weeks, three hammer impact tests took place, one week apart from
each other and in parallel with the lateral loading tests. The latter tests, conducted in parallel
with the impact tests due to time constrains, were detrimental for the direct comparison of all
the hammer tests, but did allow for a comparison of the installed piles in groups. Piles that were
tested in analogous circumstances are grouped together and conclusions are drawn based on the
features of each respective pile group.
In the present work two groups will be considered, one group including the four piles seen
in Figure 1 at a radial distance of 16 meters from the reaction pile. These piles had been
laterally loaded before the start of the impact hammer test, to mimic loading conditions similar
to the ones encountered in offshore environments. This group was chosen on the basis that
all piles had experienced lateral loading already and piles installed by two different techniques
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comprise the ﬁrst group, namely the impact-driven and the GDP piles. Thus, without drawing
a conclusion with respect to the loading, the time evolution of the system properties and the
effect of the installation method could be identiﬁed. The second group is comprised of two
instrumented piles driven by axial vibratory driving and the GDP technique. At the ﬁrst day
of the hammer tests, both piles were not loaded, so a comparison was performed based on the
data obtained from the testing on the ﬁrst and last day of the experiments. In essence, the preand post-loading behaviours were compared, to showcase the effect of loading on the two piles
driven with different techniques.
2.2

Identiﬁcation procedure of the main system parameters

In this work, the half-power Band-width method (HPBW) is used to identify the main pilesoil system parameters. A natural frequency of the system can be obtained based on the location of a distinct peak in the acceleration frequency-response function (FRF) and its respective
equivalent viscous damping ratio can be quantiﬁed accordingly.
The quality factor Q and the frequency ratio in resonance Ωres of a damped system with
viscous damping ratio ξ, are deﬁned in a classical manner:
Q=

ΔΩ 1
2

Ωres

=

Ω+1 − Ω−1
2

2

Ωres

;

Ωres =



1 − 2ξ 2 ,

(1)

in which Ω+1 and Ω−1 correspond to the frequencies at which the PSD function is half of the
2
2
maximum value. A general expression for the damping ratio of a SDoF system can be obtained
in terms of the quality factor, as follows [4]:
#
−Q4 + 4Q2 + 4 − 2
1

(2)
ξ=√
2
−Q4 + 4Q4 + 4
Generally, for low-damped systems, it can be assumed that Q << 1. In these cases, the
damping ratio can be approximated by the following expression:
ΔΩ 1
1
2
.
(3)
ξ≈ Q=
2
2Ωres
This procedure is used in Section 3 to compute the selected natural frequencies and the
equivalent damping ratios of the tested piles.
3

RESULTS

In the current section the power spectral density graphs (PSD) are presented for the selected
4 out of 8 piles, organized in a consistent manner as presented in subsection 2.1 to draw the
relevant conclusions. The following graphs have been produced using the acceleration response
measured along the y-direction of each sensor, during the lateral hammer impact tests, as shown
in Figure 2. Each pair of simultaneous recordings for each hammer impact was averaged prior to
signal analysis. Subsequently, the acceleration frequency-response functions from the 3 lateral
hammer impacts per day were averaged. Finally, the averaged power spectral density Syy of the
pile-soil system at each day, for all responses and only lateral impacts, was obtained.
In Figure 3, the power spectral density for Pile IH-103, for each of the 3 testing days can be
seen. Apparently, the PSD’s of the three tests do not showcase signiﬁcant deviation within the
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testing period, while there exist some quite distinct peaks in the PSD of the system, which can
be considered to correspond to resonant frequencies of the pile-soil system.
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Figure 3: Power spectral density graphs for Pile IH-103 for all testing days
The PSD of the Pile GDP-101 can be seen in Figure 4. Similarly to Pile IH-103, Pile GDP101 does not present signiﬁcant alteration in its dynamic behaviour within the testing period.

102

0

10

-2

10

-4

10

0

50

100

150

200

250

300

Figure 4: Power spectral density graphs for Pile GDP-101 for all testing days
To showcase the possible differences between the measured properties of the two systems,
Figure 5 shows both PSDs of Pile IH-103 and Pile GDP-101, on the last testing day. It is evident
that the responses of the two systems are quite dissimilar and though the time evolution of the
properties of the two systems was shown to be insigniﬁcant in both cases. The difference in
magnitude and mainly in the form of the PSDs is an indication of lower damping present in the
pile-soil system of Pile IH-103. It needs to be noted that the piles have a structural dissimilarity.
Speciﬁcally, all piles except the ones driven with impact piling, have a cap welded on the top
of the pile, which was used to mount the axial vibratory and the GDP shaker. The effect of this

3010
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cap is not expected to be signiﬁcant, but is still to be investigated. A ﬁnal conclusion about
the dynamic stiffness of the two systems can thus not be drawn at this stage. However, piles
driven with the same installation method, all present identical behaviour. Thus, a consistent
observation is made regarding the signiﬁcant difference in the PSD magnitude and the damping
ratio of the IH- and GDP-driven piles.
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Figure 5: Power spectral density graphs for Pile IH-103 and Pile GDP-101 after the application
of lateral loading
The HPBW method presented in Section 2.2 is used to quantify indicative vibration characteristics for Pile IH-103 and Pile GDP-101. In Figure 3, there are two distinct peaks observed
in the same frequency and same amplitude for all the tests. Those two peaks are analyzed in
Figure 3 and their corresponding natural frequencies ωn and equivalent viscous damping ratios
ζeq are presented in Fig. 6.
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Figure 6: Identiﬁcation of equivalent viscous damping ratio by the HBWM for Pile IH-103
In the same manner, for the PSDs presented in Figure 4 one peak can be clearly identiﬁed,
that comprises also the fundamental frequency of the relevant time signal. Similarly to the IH-
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103, the same identiﬁcation procedure is followed and the respective natural frequency ωn and
equivalent viscous damping ratio ζn are given in Figure 7.
3

10

n,1

= 234.375Hz

eq,1

102

= 2.2784%

1

10

0

10

-1

10

200

210

220

230

240

250

260

270

280

290

Figure 7: Identiﬁcation of equivalent viscous damping ratio by the HBWM for Pile GDP-101
In continuation, the effect of the lateral loading is to be addressed by the PSDs of two piles,
driven by axial vibratory and GDP techniques respectively. In Figure 8 the PSDs of Pile VH-2,
installed with an axial vibratory hammer, are presented for the ﬁrst and last day of the measurements, indicating prior and post-loading behaviour. The system characteristics, both in
frequency and magnitude, indicate a decrease of dynamic stiffness after the application of lateral loading. As can be seen in Figure 8, the form of the PSD is preserved, but a shift to lower
frequencies and an increase in magnitude take place, which both indicate a dynamic stiffness
decrement. A multitude of reasons may have contributed to that observation, such as creation
of a gap between the pile walls and the soil and degradation of the soil in the immediate vicinity
of the pile.
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Figure 8: Power spectral density graphs for pile VH-2 in the ﬁrst and last testing day
A qualitatively similar behaviour can be observed in Figure 9, which refers to Pile GDP-4.
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Albeit, the shift of the PSD form with respect to the frequency is distinguished, no drop in the
dynamic stiffness of the system, as was observed in the case of pile VH-2, is seen here.
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Figure 9: Power spectral density graphs for Pile GDP-4 in the ﬁrst and last testing day
To investigate the latter observation, a PSD graph including both Pile VH-2 and Pile GDP-4
is presented in Figure 10. By inspection of this ﬁgure it can be inferred that the difference
in pre- and post-loading behaviour is much greater in the Pile VH-2, compared to that of Pile
GDP-4.
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Figure 10: Power spectral density graphs for Pile VH-2 and Pile GDP-4 in the ﬁrst and last
testing day
4

CONCLUSIONS

To summarize, the work presented herein comprises a part of a test campaign, conducted
in the context of investigating a novel pile driving method, namely the Gentle Driving of Piles
(GDP). During the campaign, onshore installation of scaled piles by means of two conventional

3013
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pile driving methods, namely impact piling and axial vibratory driving and the novel GDP
method was performed. The proof of concept was successfully accomplished indicating the
potential of this novel method to fulﬁll the originally envisaged goals and motivations.
To realize these objectives, post-installation tests were conducted to examine the various
aspects of the behaviour of the pile-soil system with respect to the reference cases of the conventional impact piling and axial vibratory driving. In this work, a part of the post-installation
tests, namely impact tests with an instrumented hammer, is brieﬂy discussed. Main objective
of this work is to present a collection of selected results of these experimental tests, that can
summarize and showcase the dominant trends observed in the majority of the data obtained.
Final conclusions were not drawn, but mainly some indications, which will be used to guide a
further investigation of the experimental data. A concise consideration of each respective case
parameters, accompanied with numerical modeling and used in conjunction with all the available experimental results is intended with the aim to provide a better understanding of all the
addressed techniques and predominantly of the GDP method.
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Abstract. One of the most recent and interesting research topics of structural seismic protection nowadays is the use of seismic metamaterials. The idea is based on the concept of
phononic crystals or in another term the attenuation of propagating waves due to the periodic
distribution of materials. There are different types of seismic metamaterials under study such
as periodic void inclusion, periodic rigid inclusion, Metaforest that is considered as a natural
seismic metamaterial and seismic isolation by using periodic foundation which is the subject
and locus of this paper. Phononic crystals concept produces frequency band-gaps at different
levels that are related to geometrical, physical and mechanical properties of arranged materials. Therefore, each propagating wave with a frequency within attenuation range will be
blocked due to the local resonance phenomenon. The following research attempts to present
the evolution of metamaterial periodic foundation system designed for seismic protection and
the analysis of fundamental theory and methods of periodic materials. Finite element method is
also employed and dynamic responses of a frame structure with periodic foundations are compared. Moreover, a parametric analysis is carried out to highlight on the inﬂuence of different
geometrical, physical and mechanical parameters of the composite periodic foundation on the
attenuation zone properties. In conclusion, this study proves that this seismic isolation concept
has the potential to signiﬁcantly reduce the seismic risk which in turn conﬁrms the validity of
the proposed metamaterial periodic foundation.
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1

INTRODUCTION

Natural disasters have been a threat to humanity with the support of industrial and urban
evolutions that take place nowadays. One of the most signiﬁcant catastrophes is a natural earthquake, taking into consideration its physical damages and human loss that it causes. Major
research and studies have been implemented to discover the ﬁnest solutions to evade the chaos
and crises left over by natural disasters, chieﬂy seismic ones. However, the most recent and interesting study is the propagating waves in periodic media that appeals to researchers’ concern
and generates approaches such as photonic crystals to alter the propagation of electromagnetic
waves and phononic crystal for seismic protection. The end of 20th century witnessed the
emergence of photonic crystals which comprise a periodic arrangement of materials with different dielectric properties that provide a dispersive medium to electromagnetic waves. Those
materials highlight a frequency range called band gap, where electromagnetic waves cannot
propagate. Photonic crystals’ capability to manipulate electronic waves evokes suggestions to
implement an analogous principle on propagating waves with different natures. Civil engineering researchers have applied that concept by changing scales on mechanical waves, such as
sound waves or seismic waves which paves the route to broaden the notion of phononic crystal
for seismic protection. The idea is based on the attenuation of propagating waves due to the periodic distribution of materials. There are different types of seismic metamaterials under study
such as periodic void inclusion, periodic rigid inclusion, Metaforest (that is considered as a natural seismic metamaterial), and periodic foundation for seismic isolation which is the subject
and locus of this paper. The addition of a ﬂexible isolation system, such as rubber bearings, frictional/sliding bearings, and roller bearings, between the structure and the foundation, reduces
the seismic effect on the structure and gives it a much lower fundamental frequency [12, 7,
3]. That system is the most prominent applied one in civil engineering for earthquake-resistant
design to protect installations and buildings. The disadvantage of this strategy is that buildings
usually have remarkably large horizontal displacements after an earthquake. To reduce those
displacements, additional dampers are often required, which can lead to new problems [11, 9,
5]. Theoretically, researchers have proved the effectiveness of a phononic crystal in general and
periodic foundation in particular to reach a new seismic isolation strategy.
This paper focuses on the development of metamaterial periodic foundation systems designed for seismic protection and the analysis of fundamental theory and methods of periodic
materials. This research presents the design of a multidimensional composite periodic foundation for seismic isolation. It highlights on the inﬂuence of geometrical, phtysical and mechanical properties of periodic arrangements of materials on the band gaps properties. In addition, a
study of the effectiveness of this approach at the strcutural scale will be shown.
2

Phononic Crystal

Phononic crystals are macroscopic materials blended with periodic distribution in one or
many directions. Thus, they are able to block acoustic propagation in some directions and
frequency ranges, by Bragg reﬂections or local resonance phenomenon of the periodic array’s
elements. Accordingly, the key of this concept is the frequency band gap.
2.1

Phononic Band Gap Structure

The aim of studies that treat the propagation of waves is to determine its behavior in terms
of the relationship between the frequency and wave vector according to the other parameters in
the medium of propagation. That relation is called a dispersion relation.
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Figure 1: Dispersion relation between vectors and frequencies of waves [8].

Waves with frequencies that have no corresponding wave vector (K) on the abscissa cannot
propagate in the periodic structure, since there are no corresponding modes which means these
frequencies are inside the bandgap. The mechanism of forming the band gap is based on Bragg
reﬂections due to the periodicity of crystal or the phenomenon of local resonance of resonators
that are placed in protection systems.
2.2

Opening of Bandgap by Diffusion of Bragg

If the wavelengths (λ) of elastic waves are in the order of periodic structure’s frequency, the
bandgap is obtained due to Bragg reﬂection. You can distinguish between three different areas
according to the value of the wavelength (λ) compared to the period of structure (a) [4].
- For λ << a : the wave propagates in a succession of media.
- For λ >> a : the wave is a little bit affected by structuring and it propagates in a homogeneous material.
- For λ = a : the wave is seriously affected by the periodicity of media. The propagation of
waves is more complex than the previous cases.
2.3

Opening of Bandgap by Local Resonance

The appearance of bandgap of resonance is related to the fact that each resonator will trap
a part of the energy of the transmitted wave, thus the stresses caused by the propagations of
waves interact with the stresses of the resonance of resonators in anti-resonance frequency
range, therefore the waves will be reﬂected. This association plays a key role in the presence or
disappearance of a bandgap where wavelengths are far from the frequency of phononic Crystal
[2].
3

Periodic Foundation and Theoretical Formulation

The two-dimensional (2D) periodic foundation consists of three materials with different geometrical, physical and mechanical properties of arranged materials. It consists of concrete plates
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that have cylindrical or square steel inclusions surrounded by rubber, and they are periodically
distributed in X and Y directions [6]. This type of foundation is a typical periodic foundation
with local resonance. The basic idea of this new seismic isolation method is to replace the
traditional solid foundation with the periodic foundation to reduce seismic risk.
3.1

Wave Equation

In a homogeneous medium, the equation of elastic wave propagation can be written in the
form (Cheong et al [6]):
&
&

%
∂ 2u
∂u
∂ % 2
ρCl − 2ρCt2 ∇ · u
(1)
+
= ∇ · ρCt2 ∇ui + ∇ · ρCt2
2
∂t
∂xi
∂xi
With i=1, 2, 3. For a 2D inﬁnite system, the displacement vector ui = u(x, y) and the
equation (1) will be:
ρ

∂uT
∂ 2u
= ∇T · (C44 ∇T ui ) + ∇T · C44
2
∂t
∂xi

∂ ∂
,
,i=1,2
with UT = [ux , uy ], ∇T =
∂x ∂x
ρ

3.2

+

∂ [(C11 − 2C44 ) ∇T · uT ]
∂xi

(2)

Periodic Boundary Conditions

The passage from one point of the array to another space of a mesh is translated by phase
−
−
→
shift of eiKB L . The calculation of the bandgaps of a periodic array is limited to the study of an
elementary cell by applying periodic boundary conditions given by equation (4) below.
According to Bloch’s theory [1], the solutions of the wave equation in the form of FloquetBloch can be written as:
−
u(r, t) = ei(k.r−wt) .uk →
r

(3)

Where:
K: wave vector in the reciprocal space.
w: wave pulsation.
−
uk →
r is on the same periodicity as the elastic parameters which is uk (r) = uk (r + L)
Thus,
u(r + L, t) = ei(k(r+L)−wt) .uk (r + L) = eikL .ei(k.r−wt) .uk (r) = u(r, t).eikL
4

(4)

Design and Development of Metamaterial Periodic Foundation

To apply phononic crystal concept for seismic protection, a bandgap in low frequency range
(between 1 and 10Hz) should be found. Therefore, a local resonance phenomenon should be
used in order to prevent seismic waves propagation in the sub-wavelnegth range [10].
4.1

Structure Conﬁguration

The studied model is a 2D periodic foundation composed of a concrete matrix (a=1.4m)
in which cylindrical steel inclusions (of radius r= 0,2m) are enrobed in rubber (of thickness
e=0,2m). Each enrobed steel cylinder is considered as a resonator (ﬁgure 2), where every resonator absorbs the energy from wave at a frequency range located in the anti-resonance frequency range to reach an equilibrium between wave and resonators stresses, where the gap is
observed
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Figure 2: (a) plan (xy) section of periodic foundation, (b) plan (xy) section of the unit cell

4.2

Materials properties

The goal is to create a low frequency bandgap by using a local resonance phenomenon,which
imposes the use of rubber material for the randall and steel or plumb material for the core, where
the low rubber’s elastic modulus and the high mass core allow this type of a resonator to resonate
at low frequency
Materials
Concrete
Rubber
Steel
Plumb

ρ(Kg/m3 )
2450
1300
7850
11600

E (GPa)
28
1,3 ·10−4
210
16,46

ν
0,3
0,463
0,3
0,4

Table 1: Mechanical properties of used materials density ρ, elastic modulus E, Poisson’s ratio ν.

4.3

Parametric Study

In this part, an elementary cell has been studied to determine the inﬂuence of the physical
parameters (elastic modulus E, the density ρ and the Poisson’s ratio ν) on the characteristics of
the bandgap: the lower edge frequency (FEL), the upper edge frequency (UEF) and the width
frequency deviation (FGW).
4.3.1 Numerical Model
The periodic structure is modeled with 2D plane deformation in Comsol Multiphysics software by implanting one cell. And, the ﬁnite element method is adopted to calculate structure’s
bandgap.
4.3.2 Boundary Conditions
The periodicity of the cells in the two directions (X, Y) are modelled by following Bloch’s
boundary conditions. The corresponding equations of Bloch’s conditions are:
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u3 = u1 .ei.Kx.a
v3 = v1 .ei.Kx.a
u4 = u2 .ei.Ky.a
v4 = v2 .ei.Ky.a

Figure 3: FE mesh and periodic conditions of a unit cell

4.3.3 Structure’s Bands Calculation
The calculation of the dispersion curve is limited by the principal symmetric axes of the ﬁrst
Brillouin’s zone. For every wave vector, the modes are calculated by using frequency analysis
proposed by Comsol (ﬁgure 4).

Figure 4: First irreducible Brillouin zone for a square periodic structure

Figure 5 shows the dispersion curve of model
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Figure 5: Dispersion cure of the periodic structure with reference properties

4.4

Results

The results indicate that the main physical parameters affecting the band gap properties are
core density and rubber elastic modulus. The ﬁgures (6, 7) below show that LEF and UEF
decrease and FGW increases when core density increases, and all characteristics of bandgap
increase when rubber elastic modulus increases. These results demonstrate the important role
of the low rubber elastic modulus on construction of periodic foundation with low frequency
bandgap and the core density’s effects to create low frequency bandgap.

Figure 6: Core density Inﬂuence on bandgap’s characteristics
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Figure 7: Rubber elastic modulus inﬂuence on bandgap’s characteristics

5

Veriﬁcation of the Effectiveness of a Metamaterial Periodic Foundation for Seismic
Protection

In order to verify the effectiveness of periodic foundation, it is necessary to compare between
the concrete base and periodic foundation. Thus, two models are built, one with a concrete
base and the other with a periodic foundation. Both foundations have the same geometrical
properties (3m*7 m*0.4m) and the same upperstructure which are composed of two storeys
(3m*3.2m*2,9m).

Figure 8: , Frame structure with (a) Concrete foundation (b) Periodic foundation,

The fundamental frequency of upperstructure is equal to 5.04 Hz, thus the cell’s bandgap
must cover its fundamental frequency. For this reason the following periodic foundation’s cells
properties (ﬁgure 9) have been adopted. These properties give a bandgap between [4.94; 6.8]
Hz. Comsol Multiphysics software was used to create the ﬁnite element model adopted in this
study with displacement conditions: zero displacement in the Z direction and 5cm of vibration
amplitude with different frequencies in Y direction
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Figure 9: Dimension of periodic foundation’s cell

5.1

Results and Analysis

The ﬁgure below shows the dynamic responses of the upperstructure and demonstrates the
effectiveness of the periodic foundation in seismic isolation with reduction factor about 7 times
inside the bandgap

Figure 10: Relative displacement responses in Y direction for second story
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6

CONCLUSIONS

The periodic distribution of materials provides itself with a new property, where it inhibits
the propagation of elastic waves in the same directions and frequency ranges. These periodic
materials are called phononic crystal. A big number of periodic structures is studied and all of
these studies indicate the presence of bandgaps, where the waves cannot propagate.
In this paper, a periodic foundation based on local resonance phenomenon was investigated
where the wavelengths of seismic waves are in order of a Kilometer. This research included
a parametric study to determine the effect of the materials parameters on the bandgap which
allowed us to deduce that the density of core and the elastic modulus of rubber are quite effective
on bandgaps’ characteristics. Moreover, a three-dimensional ﬁnite element structural model was
used to validated the effectiveness of this periodic foundation approach in achieving its role as
seismic attenuator in the desired frequency range [1 ; 10 ] Hz
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)HGHULFD*HQRYHVH*LXVHSSH0XVFROLQR*LRYDQQL%LRQGLDQG(UQHVWR&DVFRQH
'HSDUWPHQWRI(QJLQHHULQJ8QLYHUVLW\RI0HVVLQD9LOODJJLR6$JDWD0HVVLQD,WDO\
HPDLOIHGJHQRYHVH#XQLPHLWJPXVFROLQR#XQLPHLWJELRQGL#XQLPHLWHFDVFRQH#XQLPHLW

.H\ZRUGV $UWLILFLDO DFFHOHURJUDPV)XOO\QRQVWDWLRQDU\VWRFKDVWLFSURFHVV'1RQOLQHDU
VHLVPLFVLWHUHVSRQVHDQDO\VLV5HDOJURXQGPRWLRQUHFRUGV6LPXODWLRQ
$EVWUDFW Seismic response history analysis is the most significant approach for seismic analysis of structural and geotechnical systems, especially when nonlinearities are present. The
main purpose of this analysis is the determination of the system response when it is subjected
to a ground motion acceleration.
Several approaches have been proposed to select the most appropriate seismic acceleration.
The various approaches use, respectively: a) real accelerograms; b) synthetic accelerograms
and c) artificial accelerograms. The artificial accelerograms for their versality are the most
adopted. However, the main drawback of generated artificial accelerogram is the impossibility
to take into account of both the time and frequency contents of real accelerograms when the
spectrum compatibility is satisfied.
In this paper an alternative method is proposed. The proposed method requires the following
steps: i) to select a target accelerogram; ii) to find a fully non-stationary model of earthquake
ground acceleration such that the target accelerogram may be considered as one of its samples;
iii) to evaluate the mean elastic spectrum of a set of generate fully non-stationary accelerogram
samples; iv) to satisfy the compatibility of so determined elastic spectrum to elastic target response spectrum by means of an iterative procedure.
In order to quantify the influence of accelerogram models on the seismic response a non-liner
geotechnical system is analysed. In particular, selected a target accelerogram recorded in a
stiff soil, the response of a real soil deposit is evaluated assuming for the soil a non-linear onedimensional (1D) model.
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$SURSHUGHILQLWLRQRIWKHGHVLJQVHLVPLFDFWLRQVLVDIXQGDPHQWDOVWHSLQWKHG\QDPLFDQDO\VLV
RIVWUXFWXUDODQGJHRWHFKQLFDOV\VWHPVDVZHOODVLQG\QDPLFVRLOVWUXFWXUHLQWHUDFWLRQSUREOHPV
6HLVPLFFRGHVW\SLFDOO\UHSUHVHQWWKHHDUWKTXDNHLQGXFHGJURXQGVKDNLQJLQWHUPVRISVHXGR
DFFHOHUDWLRQUHVSRQVHVSHFWUXP+RZHYHUIRUVWURQJO\QRQOLQHDUSUREOHPVWKHXVHRIWKHGH
VLJQUHVSRQVHVSHFWUXPLVLPSURSHUDQGWKHVHOHFWLRQRILQSXWPRWLRQVWREHXVHGLQQRQOLQHDU
G\QDPLFDQDO\VHVLVUHTXLUHG,QWKLVIUDPHZRUNWKHLQFUHDVLQJDYDLODELOLW\RIVWURQJPRWLRQ
UHFRUGVPDNHVWKHXVHRIreal accelerogramsDQDWWUDFWLYHRSWLRQIRUDSURSHUGHILQLWLRQRIWKH
LQSXW PRWLRQV >@ HYHQ LI WKH UHVXOWV RI WKH VHOHFWLRQ SURFHGXUHV DUH LQIOXHQFHG E\ PXOWLSOH
VRXUFHVRIXQFHUWDLQWLHVUHODWHGWRWKHGHILQLWLRQRIWKHVHLVPLFKD]DUGDWWKHVLWHRILQWHUHVWDQG
WRWKHFULWHULDDGRSWHGWRFKHFNWKHFRPSDWLELOLW\RIWKHVHOHFWHGUHFRUGVZLWKWKHIUHTXHQF\DQG
HQHUJ\FRQWHQWRIDWDUJHWPRWLRQH[SHFWHGDWWKHVLWH>@'HVSLWHGLIIHUHQWVHOHFWLRQSURFH
GXUHVKDYHEHHQSURSRVHGLQWKHOLWHUDWXUH HJ>@ GHSHQGLQJRQWKHFKDUDFWHULVWLFVRIWKH
H[SHFWHGWDUJHWPRWLRQDQGRQWKHDGRSWHGFRPSDWLELOLW\FULWHULDLWPD\EHLPSRVVLEOHWRVHOHFW
DVXLWDEOHQXPEHURIFRPSDWLEOHDFFHOHURJUDPVZLWKRXWDSSO\LQJODUJHDFFHOHUDWLRQVFDOHIDF
WRUV ZKLFK GLVWRUW WKH DFWXDO FKDUDFWHULVWLFV RI VHOHFWHG PRWLRQV OHDGLQJ WR XQUHDOLVWLF LQSXWV
>@
$VXLWDEOHDOWHUQDWLYHIRUWKHGHILQLWLRQRIWKHLQSXWPRWLRQFRQVLVWRIVHWVRIsynthetic accelerogramsREWDLQHGIURPVHLVPRORJLFDOQXPHULFDOPRGHOVDQGDFFRXQWLQJIRUVLWHWRVRXUFHHI
IHFWV7KHGHWHUPLQDWLRQRIWKHVRXUFHSDUDPHWHUVIRUSUHYLRXVHDUWKTXDNHVLQYDULDEO\FDUULHVD
KLJK GHJUHH RI XQFHUWDLQW\ DQG WKH VSHFLILFDWLRQ RI WKHVH SDUDPHWHUV WR ZKLFK WKH UHVXOWLQJ
JURXQGPRWLRQVFDQEHKLJKO\VHQVLWLYHIRUIXWXUHHDUWKTXDNHVFHQDULRVFDQLQYROYHDVLJQLILFDQW
GHJUHHRIH[SHUWMXGJPHQW>@
)LQDOO\artificial accelerogramsJHQHUDWHGXVLQJSURSHUQXPHULFDOSURFHGXUHVFDQEHDOVR
DGRSWHGIRUHQJLQHHULQJSXUSRVHV7UDGLWLRQDOO\DUWLILFLDODFFHOHURJUDPVDUHJHQHUDWHGWRPDWFK
DWDUJHWUHVSRQVHVSHFWUXPE\REWDLQLQJDpower spectral density PSD IXQFWLRQIURPWKHWDUJHW
UHVSRQVHVSHFWUXPDQGWKHQWRGHULYHDFFHOHURJUDPVDPSOHVDVVLQXVRLGDOVLJQDOVKDYLQJUDQ
GRPSKDVHDQJOHV VHHHJ>@ 5HFHQWO\LWKDVEHHQVKRZQWKDWWKHartificial accelerograms
JHQHUDWHGE\DSSO\LQJWKHPRGHOVSURSRVHGLQWKHOLWHUDWXUHDUHQRWDEOHWRFDWFKWKHXSFURVVLQJ
ODZRIWLPHD[LVZKLFKLVDPHDVXUHRIHYROXWLRQDU\IUHTXHQF\FRQWHQWRIDFFHOHURJUDPVLQ
YDULRXV VHLVPRORJLFDO VLWHV >@ 0RUHRYHU LW KDV EHHQ UHFRJQL]HG WKDW DUWLILFLDO DFFHOHUR
JUDPVJHQHUDWHGE\DSSO\LQJVWDWLRQDU\PRGHOVH[WHQVLYHO\DGRSWHGE\,QWHUQDWLRQDO6HLVPLF
&RGHVKDYHDQH[FHVVLYHQXPEHURIF\FOHVDQGFRQVHTXHQWO\WKH\SRVVHVVXQUHDVRQDEO\PXFK
KLJKHUHQHUJ\FRQWHQWZLWKUHVSHFWWRUHDORQHV>@
,QWKLVYHLQDQHZSURFHGXUHIRUJHQHUDWLQJVDPSOHV RIDfully non-stationary ]HURPHDQ
*DXVVLDQSURFHVVKDYLQJDWDUJHWDFFHOHUDWLRQWLPHKLVWRU\DVRQHRILWVRZQVDPSOHVLVGH
VFULEHGLQWKLVSDSHU7KHSURFHGXUHUHTXLUHVWKHIROORZLQJVWHSVL VHOHFWDWDUJHWDFFHOHURJUDP
LL ILQGDfully non-stationaryPRGHORIHDUWKTXDNHJURXQGDFFHOHUDWLRQVXFKWKDWWKHWDUJHWDF
FHOHURJUDPPD\EHFRQVLGHUHGDVRQHRILWVVDPSOHVLLL JHQHUDWHDVHWRIfully non-stationary
accelerogramVDPSOHVDQGHYDOXDWHWKHLUPHDQHODVWLFUHVSRQVHVSHFWUXPLY XVLQJDQLWHUDWLYH
SURFHGXUHDLPHGWRREWDLQWKHFRPSDWLELOLW\EHWZHHQWKLVPHDQVSHFWUXPDQWKDWRIWKHWDUJHW
DFFHOHURJUDP
7KHUHOLDELOLW\DQGWKHDFFXUDF\RIWKHSURSRVHGSURFHGXUHLQJHQHUDWLQJVHWVRIDFFHOHUR
JUDPVZLWKVWDWLVWLFDOFKDUDFWHULVWLFVVLPLODUWRWKRVHRIWKHWDUJHWLVDOVRFKHFNHGDQGGLVFXVVHG
LQWKHSDSHUWKURXJKDQXPHULFDODSSOLFDWLRQFRQFHUQLQJ'QRQOLQHDUVLWHUHVSRQVHDQDO\VLV
,QWKLVIUDPHZRUNLWLVDOVRVKRZQWKDWWKHSURSRVHGSURFHGXUHLVDOVRDEOHWRFDWFKERWKWKH
WLPHYDU\LQJDPSOLWXGHDQGIUHTXHQF\FRQWHQWRIWKHWDUJHWDFFHOHURJUDP
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 (92/87,21$5<02'(/)25($57+48$.(,1'8&('*5281'
$&&(/(5$7,21
$FFRUGLQJ WR WKH IRUPXODWLRQ UHFHQWO\ SURSRVHG E\ WKH DXWKRUV >@ WKH fully non-stationary
PRGHORIHDUWKTXDNHJURXQGDFFHOHUDWLRQLV GHILQHGDV WKHVXP RI]HURPHDQ*DXVVLDQ uniformlymodulatedVWRFKDVWLFSURFHVVHV(DFKuniformlymodulatedUDQGRPSURFHVVFRQVLVWVRI
WKHSURGXFWRIDSRVLWLYHGHWHUPLQLVWLFmodulating function a t DQGDVWDWLRQDU\]HURPHDQ
*DXVVLDQILOWHUHGVXESURFHVV X k t 7KHVWRFKDVWLFSURFHVVVRGHILQHGLVDEOHWRFDWFKVLPXO
WDQHRXVO\WKHWLPHYDU\LQJLQWHQVLW\DQGWKHWLPHYDU\LQJIUHTXHQF\FRQWHQWDOWKRXJKLWVFRP
SRQHQW SURFHVVHV DUH LQGLYLGXDOO\ uniformly modulated 7KHQ WKH fully non-stationary
VWRFKDVWLFSURFHVV F t RIWLPHGXUDWLRQ TD LVKHUHREWDLQHGE\GLYLGLQJWKHWLPHLQWHUYDO

 y TD LQnFRQWLJXRXVWLPHLQWHUYDOVRIDPSOLWXGH 'Tk tk  tk  k    n DQGUHTXLULQJ
WKDWLQHDFKWLPHLQWHUYDOWKHVXESURFHVV X k t SRVVHVVHVDXQLPRGDOPSDIXQFWLRQWKDWLV
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ZKHUH ZLk DQG ZH k DUHWKHkWKIUHTXHQF\FRQWURORIWKHVHFRQGRUGHUORZSDVVDQGILUVWRUGHU
KLJK SDVV %XWWHUZRUWK ILOWHUV UHVSHFWLYHO\ Gk CP Z LV D XQLPRGDO RQHVLGHG PSD IXQFWLRQ
KDYLQJXQLWDUHDZKLFKFDQEHYLHZHGDVWKHOLQHDUFRPELQDWLRQRIWKHGLVSODFHPHQWDQGYHORF
LW\UHVSRQVHVRIDVHFRQGRUGHURVFLOODWRUVXEMHFWHGWRWZRVWDWLVWLFDOO\LQGHSHQGHQW*DXVVLDQ
ZKLWHQRLVHSURFHVVHV>@
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,QHTXDWLRQ   Uk DQG :k DUHWZRIUHHSDUDPHWHUV7KHILUVWRQHLVDFLUFXODUIUHTXHQF\EDQG
ZLGWKWKHVHFRQGRQHLVFORVHHQRXJKWRWKHSUHGRPLQDQWFLUFXODUIUHTXHQF\RIWKH kWKILOWHUHG
VWDWLRQDU\SURFHVV)LQDOO\LQ(T  WKHFRHIILFLHQW E k LVHYDOXDWHGLQVXFKDZD\WKDWWKHVXE
SURFHVV X k t SRVVHVVHVXQLWYDULDQFH ( X k t

{ V X k

,WLVJLYHQLQFORVHGIRUPVROXWLRQ
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6FDOLQJWKHPSDIXQFWLRQ  WRKDYHXQLWYDULDQFHDOORZVVHSDUDWLQJLQHDFKWLPHLQWHUYDOWKH
WLPHYDULDWLRQLQDPSOLWXGHIURPWKHIUHTXHQF\FRQWHQWRIWKHYDULRXVVHJPHQWVRIWKHVWRFKDVWLF
SURFHVV F t 
 3$5$0(7(56(67,0$7,21)520$7$5*(7$&&(/(52*5$0
7KHSXUSRVHRIWKLVVHFWLRQLVWRGHILQHDVWRFKDVWLFSURFHVV F t VXFKWKDWWKHWDUJHWDFFHOHU

RJUDP U J t PD\EHFRQVLGHUHGDVRQHRILWVVDPSOHV7RGRWKLVWKHmodulating functionDQG
WKHIUHTXHQF\FRQWHQWRIWKHSURFHVV F t DUHHVWLPDWHGVHSDUDWHO\

(VWLPDWLRQRIPRGXODWLQJIXQFWLRQ
/HWXVFRQVLGHUDWDUJHWDFFHOHURJUDP U J t RIWLPHGXUDWLRQ TD 7RHYDOXDWHWKHmodulating
function a t WKHWLPHLQWHUYDO  y TD LVVXEGLYLGHGLQWKUHHFRQWLJXRXVWLPHLQWHUYDOVRIDP
SOLWXGH 'T j

t j  t j  j   7KHmodulating functionLQWKHILUVWWLPHLQWHUYDO  d t  t 

LVKHUHDVVXPHGSDUDEROLFDOO\LQFUHDVLQJIURP]HURZKLOHLQWKHWKLUGWLPHLQWHUYDO t d t d TD 
LWLVDVVXPHGH[SRQHQWLDOO\GHFUHDVLQJ,QWKHVHFRQGWLPHLQWHUYDO t d t  t DSRO\QRPLDORI
pWKRUGHUWRPRGHOWKHmodulating functionLVDGRSWHG
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7KHSDUDPHWHURIWKHPRGXODWLQJIXQFWLRQ a t LQWKHILUVWWZRWLPHLQWHUYDOV > t DQG >t  t 


DUHHVWLPDWHGE\OHDVWVTXDUHILWWLQJWKHH[SHFWHGHQHUJ\RIWKHIXOO\QRQVWDWLRQDU\SURFHVVWR
WKHHQHUJ\RIWKHWDUJHWDFFHOHURJUDP7KDWLVWKHIROORZLQJRSWLPL]DWLRQSUREOHPVLVVROYHG
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LVWKHFXPXODWLYHHQHUJ\IXQFWLRQRIWKHWDUJHWDFFHOHURJUDP0RUHRYHULQWKHWKLUGWLPHLQWHU
YDOZLWK t >t  t { TD @ WKHmodulating functionLVDSSUR[LPDWHGE\DQH[SRQHQWLDOGHFD\LQJ
IXQFWLRQZKRVHFRHIILFLHQWVDUHHYDOXDWHGE\LPSRVLQJWKHFRQWLQXLW\ZLWKWKHSUHYLRXVRQHDQG
LWVGHFD\LQJGRZQWRWKHDEVROXWHYDOXH U J TD DWWKHHQGRIWKHWDUJHWDFFHOHURJUDP

at

ª t t
§ U J TD

a t H[S «
OQ ¨
« TD  t ¨© a t
¬

·º
¸ »  t d t d TD 
¸»
¹¼

 

(VWLPDWLRQRI36'IXQFWLRQSDUDPHWHUV
6LQFH DQDO\VLQJ WKH H[SHFWHG HQHUJ\ IXQFWLRQ RI WKH IXOO\ QRQVWDWLRQDU\ VWRFKDVWLF SURFHVV
F t LWLVSRVVLEOHRQO\WRHVWLPDWHWKHDPSOLWXGHYDULDWLRQRIWKHWDUJHWDFFHOHURJUDP U J t  
DQRWKHUFULWHULRQWRHVWLPDWHWKHYDULDWLRQRIWKHIUHTXHQF\FRQWHQWRI F t PXVWEHHVWDEOLVKHG
VXFKWKDW U J t PD\EHFRQVLGHUHGDVRQHRILWVVDPSOHV2QFHWKHWLPHLQWHUYDO  y TD LVGL
YLGHGLQnFRQWLJXRXVWLPHLQWHUYDOVWKLVSXUSRVHLVKHUHDFKLHYHGE\FDSWXULQJLQWKHJHQHULF
kWKWLPHLQWHUYDODJURXSRIVHLVPLFZDYHVSRVVHVVLQJWKHVSHFLILFIUHTXHQF\GLVWULEXWLRQRI
WKHWDUJHWDFFHOHURJUDPLQWKHVDPHWLPHLQWHUYDO7RGRWKLVWKHVSHFWUDOSDUDPHWHUV :k  Uk 

ZH k DQG ZLk DSSHDULQJLQ(T  RIWKHRQHVLGHGPSDIXQFWLRQ GX k Z RIWKHVWDWLRQDU\
VXESURFHVV X k t PXVWEHDSSURSULDWHO\HVWLPDWHG,QSDUWLFXODUWKHSUHGRPLQDQWFLUFXODUIUH
TXHQF\DQGWKHFLUFXODUIUHTXHQF\EDQGZLGWKDUHHYDOXDWHGUHVSHFWLYHO\DVDXWKRUV>@
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ZKHUH N  DQG P DUHWKHWRWDOQXPEHURIzero-level up-crossingsDQGWKHWRWDOQXPEHURIpeaks
RI WDUJHW DFFHOHURJUDP 7R FRPSOHWH WKH FKDUDFWHUL]DWLRQ RI WKH RQHVLGHG PSD IXQFWLRQ
GX k Z JLYHQLQ(T  WKHFLUFXODUIUHTXHQF\FRQWURORIWZR%XWWHUZRUWKILOWHUV ZH k DQG

ZLk LQDOOWLPHLQWHUYDOV >tk   tk KDYHWREHHVWLPDWHG

3031

)HGHULFD*HQRYHVH*LXVHSSH0XVFROLQR*LRYDQQL%LRQGLDQG(UQHVWR&DVFRQH

)XOO\QRQVWDWLRQDU\VDPSOHV
2QFH WKH SDUDPHWHUV FKDUDFWHUL]LQJ WKH fully-non stationary ]HURPHDQ *DXVVLDQ SURFHVV
F t  GHILQHGLQ(T  DUHHVWLPDWHGLWLVHDV\WRJHQHUDWHLWVVDPSOHVLQVXFKDZD\WKDWWKH
VHOHFWHGWDUJHWDFFHOHURJUDPFDQEHFRQVLGHUHGDVRQHRILWVRZQVDPSOHV,QGHHGWKHiWKVDP
SOHRIWKH F t VWRFKDVWLFSURFHVVFRQWDLQLQJLQLWVVHWWKHWDUJHWDFFHOHURJUDP U J t FDQEH
HYDOXDWHGDV
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  DQ XSSHU FXWRII FLUFXODU IUHTXHQF\

ZN UDG  V  DQG WKH UDQGRP SKDVH DQJOHV T r i  XQLIRUPO\ GLVWULEXWHG RYHU WKH LQWHUYDO
>  ʌ ,WIROORZV mN  DQG 't ʌ ZN 

 )8//<12167$7,21$5<63(&7580&203$7,%/($57,),&,$/
$&&(/(52*5$06
,QWKLVVHFWLRQWKHEPSDRIWKHIXOO\QRQVWDWLRQDU\LVPRGLILHGWRJXDUDQW\WKHVSHFWUXPFRP
SDWLELOLW\RIWKHVHWVRIDUWLILFLDODFFHOHURJUDPV
7RUHGXFHWKHJDSEHWZHHQWKHHODVWLFUHVSRQVHVSHFWUXPRIWDUJHWDFFHOHURJUDPDQGWKHPHDQ
HODVWLFUHVSRQVHVSHFWUXPRIDUWLILFLDODFFHOHURJUDPVDQLWHUDWLYHSURFHGXUHKDVWREHLPSOH
PHQWHG7KHEPSDIXQFWLRQ  LVUHZULWWHQDV
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,W KDV WR EH HPSKDVL]HG WKDW WKH SURFHGXUH VKRXOG QRW EH H[SHFWHG WR EH FRQYHUJHQW DW DOO
VHOHFWHGFRQWUROIUHTXHQFLHV
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0RUHRYHULWKDVEHHQSRLQWHGRXWWKDWLWLVQRWSURGXFWLYHWRLWHUDWHIRUPRUHWKDQDERXWIRXU
F\FOHV>@
2EYLRXVO\E\DGRSWLQJWKHIXOO\ QRQVWDWLRQDU\SURFHVV SRVVHVVLQJ DW WKH jWK LWHUDWLRQWKH
EPSD IXQFWLRQ   LW LV QRW SRVVLEOH WR IXOO\ VDWLVI\ WKH HQHUJ\ FRQWHQW DQG WKH IUHTXHQF\
FRQWHQW RI WDUJHW UHFRUGHG DFFHOHURJUDP DV ZHOO DV WKH VSHFWUXP FRPSDWLELOLW\ WR LWV HODVWLF
UHVSRQVHVSHFWUXP
+RZHYHU DV ZLOO VKRZ LQ WKH QH[W VHFWLRQ WKH SURSRVHG SURFHGXUH IXUQLVKHV D JRRG
FRPSURPLVHLQVDWLVI\LQJWKHVHWKUHHDVSHFWV
 180(5,&$/$33/,&$7,21
,QRUGHUWRKLJKOLJKWWKHUHOLDELOLW\DQGWKHDFFXUDF\RIWKHSURSRVHGSURFHGXUHLQJHQHUDWLQJ
VHWVRIDFFHOHURJUDPVZLWKVWDWLVWLFDOFKDUDFWHULVWLFVVLPLODUWRWKRVHRIWKHWDUJHWRQHDQXPHU
LFDODSSOLFDWLRQFRQFHUQLQJ'QRQOLQHDUVLWHUHVSRQVHDQDO\VLVZDVXVHG
$FRPSDULVRQZLWKWKHUHVXOWVREWDLQHGXVLQJDVHWRIDFFHOHURJUDPVJHQHUDWHGXVLQJWKHVWD
WLRQDU\UHVSRQVHVSHFWUXPFRPSDWLEOHPHWKRG>@LVDOVRSUHVHQWHGDQGGLVFXVVHGKHUHLQ
7DUJHWPRWLRQDQGVLWHGHVFULSWLRQ
7KH WDUJHW DFFHOHURJUDP FRQVLVW RI WKH 16 FRPSRQHQW RI WKH JURXQG PRWLRQ UHFRUGHG DW
9DVTXH]5RFNV3DUNGXULQJWKH1RUWKULGJHHDUWKTXDNH MZ  7KHUHFRUGLQJVWDWLRQV
LVFKDUDFWHUL]HGE\DQDYHUDJHVKHDUZDYHYHORFLW\LQWKHXSSHUPHTXDOWRVs, PV
DQGE\DVLWHVRXUFHGLVWDQFHR-% NP>@
7KHJURXQGPRWLRQKDYLQJDQRYHUDOOGXUDWLRQTD VZDVFKDUDFWHUL]HGE\DSHDNJURXQG
DFFHOHUDWLRQъmax gDtotal DQGArias intensityHTXDOWRI PV DQGI$ PV
UHVSHFWLYHO\DVLJQLILFDQWVWURQJPRWLRQGXUDWLRQ LHLQWHUYDORIWLPHHODSVHGEHWZHHQWKH
DQGRII SMD VDQGDWRWDO QXPEHURIzero-level up-crossingsDQGRIpeaksHTXDO
WRN+ DQGP UHVSHFWLYHO\
7KH'VLWHUHVSRQVHDQDO\VHVZHUHFDUULHGRXWXVLQJWKHVRLOSURILOHGHULYHGE\>@ZLWKUHI
HUHQFHWRWKHSRUWDUHDRI7UHPHVWLHUL 0HVVLQD ORFDWHGLQWKHHDVWFRVWRI6LFLO\
7KHVKHDUZDYHYHORFLW\SURILOHGHWHFWHGE\D&URVV+ROHWHVWLQWKHXSSHUPZDVLQWHUSR
ODWHGXVLQJWKHIROORZLQJH[SUHVVLRQ
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ZLWKV6 PVm DQGD DQGDOORZHGWRGHWHFWDVHLVPLFEHGURFN VV PV 
DWDGHSWKH P
)RUWKLVVRLOSURILOHWKHDYHUDJHVKHDUZDYHYHORFLW\LV V S  H PVDQGWKHIXQGDPHQWDOSH
ULRGRIHODVWLFYLEUDWLRQLVT1L V
)RUWKHVLWHRILQWHUHVWUHVRQDQWFROXPQWHVWVZHUHDOVRSHUIRUPHGRQVRLOVDPSOHVUHWULHYHGDW
GHSWKVRIDQGP
7KHWHVWUHVXOWVLQWHUPVRIYDULDWLRQRIWKHQRUPDOL]HGVKHDUPRGXOXVG/G0DQGRIWKHGDPSLQJ
UDWLRDZLWKWKHVKHDUVWUDLQDPSOLWXGHȖ, DUHSORWWHGLQ)LJXUH.7KHFXUYHVUHIHUWRHIIHFWLYH
YHUWLFDOVWUHVVHVıYcUDQJLQJIURPWRN3D
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)LJXUH**±Ȗ D DQG'±Ȗ E FXUYHVHYDOXDWHGRUWKHVLWHRILQWHUHVW

6HWRIIXOO\QRQVWDWLRQDU\DFFHOHURJUDPV
8VLQJWKHSURSRVHGSURFHGXUHDVHWRIDUWLILFLDODFFHOHURJUDPVZDVJHQHUDWHGXVLQJDSSURSULDWH
PRGXODWLQJDQGSRZHUVSHFWUDOGHQVLW\IXQFWLRQVZKLFKDOORZHGWRSUHVHUYHWKHDPSOLWXGHDQG
WKHIUHTXHQF\FRQWHQWRIWKHWDUJHWPRWLRQ
7RHYDOXDWHWKHmodulating functionъ t WKHWLPHGXUDWLRQRIWKHDQDO\VHGDFFHOHURJUDP·TD
LVGLYLGHGLQWKUHHWLPHLQWHUYDOVRSWLPL]LQJWKHFKRLFHRILQVWDQWVRISDVVDJHIURPRQHWLPH
LQWHUYDOWRDGMDFHQWRQHV VHHHJ>@ 
)LJXUH  VKRZV WKH DEVROXWH YDOXH RI WKH WDUJHW DFFHOHURJUDP WRJHWKHU ZLWK WKH modulating
functionъ t 
7KHSDUDPHWHUVZKLFKFKDUDFWHULVHъ t DUHOLVWHGLQ7DEOHWRJHWKHUZLWKWKHYDOXHVRIWKH
WLPHLQVWDQWVtDQGtFRUUHVSRQGLQJWRWKHSDVVDJHIURPRQHLQWHUYDOWRDQRWKHUWKHFRUUH
VSRQGLQJSHUFHQWDJHVRItotal intensitykDQGkWKHRUGHUpRIWKHSRO\QRPLDOLQWKHVHFRQG
WLPHLQWHUYDODQGWKHDEVROXWHYDOXH_ÜJ TD _DWWKHHQGRIWKHWDUJHWDFFHOHURJUDP
)RUWKHILUVWWZRWLPHLQWHUYDOVWKHSRO\QRPLDOFRHIILFLHQWĮiREWDLQHGWKURXJKWKHRSWLPL]D
WLRQSURFHGXUHDUHOLVWHGLQ7DEOH

)LJXUH$EVROXWHYDOXHRIWKHDQDO\VHGDFFHOHURJUDPVDQGVHOHFWHGmodulating functionsa t 
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7DEOH3DUDPHWHUVRIWKHPRGXODWLQJIXQFWLRQVHOHFWHGIRUWKHWDUJHWDFFHOHURJUDPV
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7DEOH3RO\QRPLDOFRHIILFLHQWV>PVi@LQWKHILUVWWZRWLPHLQWHUYDOVRIWKHPRGXODWLQJIXQFWLRQ

7KHFKDUDFWHUL]DWLRQRIWKHfully-non stationary]HURPHDQ*DXVVLDQSURFHVVF t PXVWEHFRP
SOHWHGE\HVWLPDWLQJWKHSUHGRPLQDQWFLUFXODUIUHTXHQF\ȍkDQGWKHEDQGZLGWKFLUFXODUIUH
TXHQF\ U k RI WKH RQHVLGHG PSD IXQFWLRQ GX k Z RI WKH VWDWLRQDU\ VXESURFHVV X k t 
DFFRUGLQJWR(T  $VKLJKOLJKWHGLQ>@WRREWDLQDFFXUDWHUHVXOWVWKHDQDO\VHGDFFHOHUR
JUDPPXVWEHVXEGLYLGHGLQWRPDQ\WLPHLQWHUYDOV U JJ t HDFKRIZKLFKFRQWDLQLQJDQXPEHU


RIzero level up crossings Nk DWOHDVWHTXDOWRRQHFRQVHTXHQWO\WKHWDUJHWDFFHOHURJUDPLV
VXEGLYLGHGLQWLPHLQWHUYDOVZLWKDFRQVWDQWWLPHVWHSRIV7KURXJKVHYHUDOQXPHULFDO
WHVWVLWZDVYHULILHGWKDWWKHFRQWUROIUHTXHQFLHVRIWZR%XWWHUZRUWKILOWHUV ZH k DQG ZLk FDQEH
 :k DQG ZLk :k   Uk UHVSHFWLYHO\7KHSDUDPHWHUVXVHIXOWR

WKHFKDUDFWHULVDWLRQRIWKHRQHVLGHGPSDIXQFWLRQ GX k Z DUHUHSRUWHGLQ7DEOH

DVVXPHGHTXDOWR ZH k
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)HGHULFD*HQRYHVH*LXVHSSH0XVFROLQR*LRYDQQL%LRQGLDQG(UQHVWR&DVFRQH
















































































































































































































































































































































































































































7DEOH0DLQSDUDPHWHUVRIWKHRQHVLGHGPSDIXQFWLRQVLQWKHWLPHLQWHUYDOVDQDO\VHG

2QFH WKH SDUDPHWHUV FKDUDFWHUL]LQJ WKH fully-non stationary ]HURPHDQ *DXVVLDQ SURFHVV
F t  DUHHVWLPDWHGDFFRUGLQJWR(T  LWLVHDV\WRJHQHUDWHLWVVDPSOHVLQVXFKDZD\WKDW
WKHVHOHFWHGWDUJHWDFFHOHURJUDPFDQEHFRQVLGHUHGDVRQHRILWVRZQVDPSOHV
$PRUHFRPSOHWHFRPSDULVRQFDQEHSHUIRUPHGE\HYDOXDWLQJIRUWKHDQDO\VHGDFFHOHUR
JUDP WKH FXPXODWLYH HQHUJ\ IXQFWLRQ EU t DQG WKH FXPXODWLYH zero-level up-crossing
g
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IXQFWLRQ N t ZKLFKFRXQWWKHQXPEHURIzero-levelup-crossingXQWLOWKHWLPHt7KHVHWZR
IXQFWLRQV DUH FRPSDUHG IRU WKH DQDO\VHG DFFHOHURJUDP ZLWK WKH FRUUHVSRQGLQJ PHDQ YDOXH
IXQFWLRQVREWDLQHGE\FDOFXODWLQJWKHDYHUDJHRIWKHUHVXOWVRIWKHVHWRIDUWLILFLDODFFHOHURJUDPV
VDPSOHV
,QSDUWLFXODULQ)LJXUHDWKHFXPXODWLYHHQHUJ\IXQFWLRQRIWKHDQDO\VHGWDUJHWDFFHOHU
RJUDPLVFRPSDUHGWRWKDWREWDLQHGDVWKHPHDQYDOXHRIVDPSOHV,QWKH)LJXUHDWKHFX
PXODWLYH HQHUJ\ IXQFWLRQ FRQILGHQFH LQWHUYDOV HYDOXDWHG DV WKH PHDQ YDOXHV SOXVPLQXV WKH
FRUUHVSRQGLQJVWDQGDUGGHYLDWLRQDUHDOVRSORWWHG
,Q )LJXUH E WKH FXPXODWLYH zero-level up-crossing IXQFWLRQ RI WDUJHW DFFHOHURJUDP LV
FRPSDUHGZLWKWKHPHDQYDOXHIXQFWLRQRIVDPSOHVDQGWKHzero-level up-crossingIXQFWLRQ
FRQILGHQFHLQWHUYDOV,Q)LJXUHVDDQGEWKHVKDGHGDUHDVUHSUHVHQWWKHHQYHORSHRIWKHPD[
LPXPDQGPLQLPXPYDOXHVRIWKHFXPXODWLYHHQHUJ\IXQFWLRQDQGWKHFXPXODWLYHzero-level upcrossingIXQFWLRQRIWKHJHQHUDWHGVDPSOHVUHVSHFWLYHO\

)LJXUH&RPSDULVRQDPRQJWKHFXPXODWLYHHQHUJ\IXQFWLRQD DQGWKHFXPXODWLYH]HUROHYHOXSFURVVLQJIXQFWLRQ
E RIWKHVHOHFWHGDFFHOHURJUDPZLWKVWDWLVWLFVRIWKHDUWLILFLDORQHVWDUJHWIXQFWLRQ UHGVROLGOLQH PHDQ
YDOXHIXQFWLRQ EODFNGRWWHGOLQH PHDQYDOXHSOXVPLQXVVWDQGDUGGHYLDWLRQIXQFWLRQV EODFNGDVKHG
OLQHV HQYHORSHRIWKHPD[LPXPDQGPLQLPXPYDOXHVRIDOOVDPSOHV VKDGHGDUHD 

6HWRI6WDWLRQDU\DFFHOHURJUDPV
$VHWRIVWDWLRQDU\VSHFWUXPFRPSDWLEOHartificial accelerogramsZHUHDOVRJHQHUDWHGE\DS
SO\LQJ WKHSURFHGXUHSURSRVHGE\ >@$FFRUGLQJWR WKLVSURFHGXUHWKH PSD IXQFWLRQRIWKH
ST
]HURPHDQ*DXVVLDQVWDWLRQDU\SURFHVV GF F Z LVGHWHUPLQHGDVIROORZV
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ST
GRPDLQRIWKHPSDIXQFWLRQ GF F Z  ] 
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LQZKLFK qU  LVWKHEDQGZLGWKIDFWRU7KHVDPSOHVRIVWDWLRQDU\*DXVVLDQ]HURPHDQ
SURFHVVFDQEHFDOFXODWHGE\DSSO\LQJWKHIROORZLQJUHODWLRQVKLS
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6SHFWUXPFRPSDWLELOLW\
7RVDWLVI\WKHVSHFWUXPFRPSDWLELOLW\EHWZHHQWKHPHDQHODVWLFUHVSRQVHVSHFWUXPRIWKH
DUWLILFLDOIXOO\QRQVWDWLRQDU\DFFHOHURJUDPVDQGWKHHODVWLFUHVSRQVHVSHFWUXPRIWDUJHWDFFHO
HURJUDPWKHLWHUDWLYHSURFHGXUHGHVFULEHGLQVHFWLRQZDVDSSOLHG
,Q)LJXUHDWKHDYHUDJHVSHFWUXPRIWKHLQLWLDO 0WKLWHUDWLRQ VHWRIDUWLILFLDODFFHOHURJUDPV
DQGRIWKHVDPSOHVJHQHUDWHGDIWHULWHUDWLRQV 4WKLWHUDWLRQ DUHFRPSDUHGZLWKWKHWDUJHW
HODVWLFSVHXGRDFFHOHUDWLRQUHVSRQVHVSHFWUXP,Q)LJXUHEWKHSHUFHQWDJHGHYLDWLRQ err EH
WZHHQWKHWDUJHWUHVSRQVHVSHFWUXPDQGWKHPHDQRIWKHUHVSRQVHVSHFWUDJHQHUDWHGE\WKH0WK
DQG4WKLWHUDWLRQVDUHVKRZQ7KHDYHUDJHVSHFWUXPRIWKHVHWRIDUWLILFLDODFFHOHURJUDPVJHQ
HUDWHGE\WKHVWDWLRQDU\PRGHODQGWKHFRUUHVSRQGHQWGHYLDWLRQIURPWKHWDUJHWUHVSRQVHVSHF
WUXPDUHDOVRSORWWHGLQ)LJXUHDDQGLQ)LJXUHEUHVSHFWLYHO\

)LJXUHD 7DUJHWHODVWLFUHVSRQVHVSHFWUXPDQGPHDQHODVWLFUHVSRQVHVSHFWUDHYDOXDWHGIURPJHQHUDWHGVDP
SOHVIRUWKHIXOO\QRQVWDWLRQDU\PRGHODWWKH0WKDQG4WKLWHUDWLRQVDQGIRUVWDWLRQDU\PRGHOE SHU
FHQWDJHHUURUVDPRQJWKHWDUJHWHODVWLFUHVSRQVHVSHFWUDDQGWKHPHDQRQHV

,Q)LJXUHWKHWLPHKLVWRU\RIWKHDQDO\VHGWDUJHWUHFRUGHGDFFHOHURJUDPLVFRPSDUHGZLWKRQH
i

VDPSOHRIWKHIXOO\QRQVWDWLRQDU\VSHFWUXPFRPSDWLEOHDFFHOHURJUDP F  JHQHUDWHE\PHDQV
i

RI(T  DQGRQHVDPSOHRIWKHVWDWLRQDU\VSHFWUXPFRPSDWLEOHDFFHOHURJUDP F  JHQHUDWH
E\(T  
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)LJXUH&RPSDULVRQDPRQJWKHVHOHFWHGDFFHOHURJUDPDQGWKHFRUUHVSRQGLQJiWKJHQHUDWHGVDPSOHVE\WKHSUR
i

i

SRVHGIXOO\QRQVWDWLRQDU\PRGHO F  DQGWKHVWDWLRQDU\PRGHO F  

7KHPHDQYDOXHRIWKHFXPXODWLYHenergy functionDQGWKHFXPXODWLYHzero level up crossing
IXQFWLRQRIWKHJHQHUDWHGVWDWLRQDU\VDPSOHVDUHUHSRUWHGLQ)LJXUHZLWKWKHFRUUHVSRQGLQJ
IXQFWLRQVREWDLQHGIURPWKHWDUJHWDQGIURPWKHVDPSOHVJHQHUDWHGE\DSSO\LQJWKHSURSRVHG
IXOO\QRQVWDWLRQDU\PRGHO
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)LJXUHD &RPSDULVRQDPRQJWKHFXPXODWLYHHQHUJ\IXQFWLRQRIWKHWDUJHWDFFHOHURJUDPDQGWKHPHDQFXPXOD
WLYHHQHUJ\IXQFWLRQVRIWKHIXOO\QRQVWDWLRQDU\PRGHODWWKH0WKDQG4WKLWHUDWLRQVDQGIRUVWDWLRQDU\
PRGHOE &RPSDULVRQDPRQJWKHFXPXODWLYHzero level up crossingIXQFWLRQRIWKHWDUJHWDFFHOHURJUDP
DQGWKHPHDQFXPXODWLYHIXQFWLRQVRIWKHIXOO\QRQVWDWLRQDU\PRGHODWWKH0WKDQG4WKLWHUDWLRQVDQG
IRUVWDWLRQDU\PRGHO

'QRQOLQHDUVLWHUHVSRQVHDQDO\VHV
'QRQOLQHDUVLWHUHVSRQVHDQDO\VHVZHUHFDUULHGRXWWKURXJKXVLQJWKHVRIWZDUH'HHSVRLOYV
>@7KHQRQOLQHDUEDFNERQHIRUPXODWLRQLVGHVFULEHGE\WKHPRGLILHGK\SHUEROLFPRGHO
0.=GHYHORSHGE\>@7KHK\VWHUHWLF5H8QORDGLQJ)RUPXODWLRQUHSUHVHQWHGE\WKHQRQ
0DVLQJPRGHOLVWKH05')8,8&3UHVVXUH'HSHQGHQW+\SHUEROLF>@PRGHOZKLFKOHDGVWR
DVLPXOWDQHRXVILWRIPRGXOXVUHGXFWLRQDQGGDPSLQJFXUYHV,QWKHDQDO\VHVWKHVRLOGHSRVLW
LVGLVFUHWL]HGLQGLVFUHWHPOD\HUVKDYLQJDVRLOXQLWZHLJKWȖ = N1PZKLOHWKHYDOXHV
VE PVDQGȖE = N1PDUHDVVLJQHGWRWKHVKHDUZDYHYHORFLW\DQGXQLWZHLJKRIWKH
EHGURFNUHVSHFWLYHO\

)LJXUH3URILOHVRISHDNVKHDUVWUDLQ D DQGSHDNVWUHVVUDWLR E FRPSXWHGIRUWKHWDUJHWDFFHOHURJUDP UHGOLQH 
DQGDVWKHPHDQRIWKHUHVSRQVHVFRPSXWHGIRUHDFKRIWKHVSHFWUXPFRPSDWLEOHVWDWLRQDU\ GDVKHG
EODFNOLQH DQGQRQVWDWLRQDU\ 0WKDQG4WKLWHUDWLRQ DUWLILFLDODFFHOHURJUDPV

7KHDQDO\VLVUHVXOWVDUHSUHVHQWHGLQ)LJXUHLQWHUPVRISURILOHVRISHDNVKHDUVWUDLQV )LJD 
DQGSHDNVWUHVV UDWLR )LJE GHILQHGDVWKHUDWLREHWZHHQWKHSHDNVKHDUVWUHVVFRPSXWHG
WKURXJKWKHDQDO\VLVDQGWKHVWDWLFHIIHFWLYHYHUWLFDOVWUHVV6SHFLILFDOO\WKH)LJXUHVKRZVWKH
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SURILOHVFRPSXWHGIRUWKHWDUJHWDFFHOHURJUDP FRQWLQXRXVUHGOLQH DQGWKHSURILOHVREWDLQHG
DV WKH PHDQ RI WKH UHVSRQVHV FRPSXWHG IRU HDFK RI WKH  VSHFWUXPFRPSDWLEOH VWDWLRQDU\
GDVKHGEODFNOLQH DQGQRQVWDWLRQDU\DUWLILFLDODFFHOHURJUDPV,QWKLVODWWHUFDVHWKHUHVXOWV
UHIHUWRWKHDYHUDJHRIWKHVLWHUHVSRQVHVFRPSXWHGIRUWKHLQLWLDO 0WKLWHUDWLRQ VHWRIDUWLILFLDO
DFFHOHURJUDPVDQGIRUWKHVHWREWDLQHGDIWHU4LWHUDWLRQVRIWKHSURFHGXUHGHVFULEHGLQVHFWLRQ
WRDFKLHYHWKHVSHFWUDOFRPSDWLELOLW\
)RUERWKWKHSHDNVWUDLQDQGWKHSHDNVWUHVVUDWLRLWFDQEHREVHUYHGWKDWDWDOOWKHGHSWK z 
WKHUHVSRQVHFRPSXWHGIRUWKHWDUJHWDFFHOHURJUDPLVLQDJRRGDJUHHPHQWZLWKWKHDYHUDJH
UHVSRQVHSUHGLFWHGXVLQJWKHWZRVHWV 0WKDQG4WKLWHUDWLRQ RIQRQVWDWLRQDU\DFFHOHURJUDPV
6SHFLILFDOO\WKH HIIHFWLYHQHVV RIWKHJHQHUDWLRQ SURFHGXUHGHVFULEHGLQ WKLV SDSHULV FOHDUO\
DSSDUHQWIURPWKHFRPSDULVRQZLWKWKHDYHUDJHUHVSRQVHUHODWHGWRWKHVHWRIVSHFWUXPFRP
SDWLEOHQRQVWDWLRQDU\DFFHOHURJUDPV 4WKLWHUDWLRQ LQWKLVFDVHGLIIHUHQFHVEHWZHHQWKHDY
HUDJHSURILOHDQGWKHSURILOHUHODWHGWRWKHWDUJHWDFFHOHURJUDPOHVVWKDQFDQEHREVHUYHGDW
DOOWKHGHSWK ZLWK WKHRQO\ H[FHSWLRQRIWKHVKDOORZHVW GDWD zP DERXW FRQFHUQLQJWKH
VWUHVVUDWLR )LJE 
&RQYHUVHO\ODUJHUGLIIHUHQFHVDUHDSSDUHQWEHWZHHQWKHSURILOHUHODWHGWRWKHWDUJHWDFFHOHUR
JUDPDQGWKHPHDQSURILOHFRPSXWHGIRUWKHVHWRIVWDWLRQDU\VSHFWUXPFRPSDWLEOHDFFHOHUR
JUDPV7KHVHGLIIHUHQFHVDUHPRUHHYLGHQWLQWHUPVRISURILOHRISHDNVWUDLQ )LJD LQWKH
ORZHUSRUWLRQRIWKHVRLOGHSRVLW7KHGLIIHUHQFHVLQWKHFRPSXWHGSURILOHVFDQEHDVFULEHGWR
WKHXQUHDVRQDEO\PXFKKLJKHUHQHUJ\FRQWHQWZKLFKJHQHUDOO\FKDUDFWHUL]HDUWLILFLDODFFHOHUR
JUDPV JHQHUDWHG E\ DSSO\LQJ VWDWLRQDU\ PRGHOV DV D FRQVHTXHQFH WKHVH DFFHOHURJUDPV DUH
ZLGHO\FKDUDFWHUL]HGE\DQH[FHVVLYHQXPEHURIORDGLQJF\FOHVLQFRPSDULVRQZLWKDFWXDODF
FHOHUDWLRQUHFRUGV>@DQGE\DYHU\ODUJHVWURQJPRWLRQGXUDWLRQ ZKLFKLVDOPRVWFRLQFLGHQW
ZLWKWKHWRWDOGXUDWLRQ 7KHVHFKDUDFWHULVWLFVRIWKHLQSXWPRWLRQVOHDGWRXQDFFHSWDEOHHUURUV
LQWKHSUHGLFWLRQRIWKHVHLVPLFUHVSRQVHDVDFRQVHTXHQFHRIDQRYHUHVWLPDWLRQRIQRQOLQHDU
HIIHFWV
$FFRUGLQJO\ WKH QHHG RI SURFHGXUHV DLPHG WR JHQHUDWH QRQVWDWLRQDU\ JURXQG PRWLRQ WR EH
XVHGLQQRQOLQHDUVHLVPLFDQDO\VLVLVFOHDUO\DSSDUHQW

 &21&/86,216
,QWKLVSDSHUDSURFHGXUHIRUJHQHUDWLQJIXOO\QRQVWDWLRQDU\VSHFWUXPFRPSDWLEOHDUWLILFLDODF
FHOHURJUDPVKDVEHHQSURSRVHG,QWKHSURFHGXUHWKHWDUJHWDFFHOHURJUDPLVVXEGLYLGHGLQPDQ\
FRQWLJXRXVWLPHLQWHUYDOVLQZKLFKDSSURSULDWHXQLPRGDO3RZHU6SHFWUDOGHQVLW\IXQFWLRQVDQG
PRGXODWLQJIXQFWLRQVKDYHEHHQHVWLPDWHGWRREWDLQFXPXODWLYHHQHUJ\DQGIUHTXHQF\FRQWHQW
YHU\FORVHWRWKHRQHVRIWKHWDUJHWDFFHOHURJUDP7RUHGXFHWKHJDSEHWZHHQWKHHODVWLFUHVSRQVH
VSHFWUXPRIWKHWDUJHWDFFHOHURJUDPDQGWKHPHDQHODVWLFUHVSRQVHVSHFWUXPRIIXOO\QRQVWD
WLRQDU\DUWLILFLDODFFHOHURJUDPVDQLWHUDWLYHSURFHGXUHKDVEHHQLPSOHPHQWHG
$QXPHULFDODSSOLFDWLRQFRQFHUQLQJ'QRQOLQHDUVLWHUHVSRQVHDQDO\VLVVKRZHGWKDWWKHXVH
RI DUWLILFLDO DFFHOHURJUDPV JHQHUDWHG E\ WKH SURSRVHG QRQVWDWLRQDU\ VSHFWUXP FRPSDWLEOH
PRGHOOHDGVWRSURILOHVRISHDNVKHDUVWUDLQDQGSHDNVWUHVVUDWLRYHU\FORVHWRWKDWREWDLQHG
XVLQJWKHWDUJHWDFFHOHURJUDPDVLQSXWPRWLRQ&RQWUDU\WKHXVHRIVWDWLRQDU\DFFHOHURJUDPV
OHDGVWRUHVXOWVYHU\IDUIURPWKRVHREWDLQHGXVLQJWKHWDUJHWDFFHOHURJUDPDVDFRQVHTXHQFHRI
DZURQJHVWLPDWHRIWKHDFWXDOQRQOLQHDUVRLOEHKDYLRXU
)LQDOO\LWKDVWREHHPSKDVLVHGWKDWWKHSURSRVHGPHWKRGIRUJHQHUDWLQJIXOO\QRQVWDWLRQDU\
VSHFWUXPFRPSDWLEOHDFFHOHURJUDPVFRXOGUHSUHVHQWDXVHIXODQGSURPLVLQJWRROLQWKHDQDO\VHV
GHYRWHGWRDVVHVVWKHVHLVPLFSHUIRUPDQFHRIVWUXFWXUDODQGJHRWHFKQLFDOV\VWHPVWKURXJKQRQ
OLQHDUG\QDPLFDQDO\VHV
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>@ %RPPHU--$FHYHGR$%  7KHXVHRIUHDOHDUWKTXDNHDFFHOHURJUDPVDVLQSXW
WRG\QDPLFDQDO\VLV-(DUWKTXDNH(QJLQHHULQJ6SHFLDOLVVXHSS
>@ *HQRYHVH)$OLEHUWL'%LRQGL*&DVFRQH(  ,QIOXHQFHRIVRLOKHWHURJHQHLW\
RQWKHVHOHFWLRQRILQSXWJURXQGPRWLRQIRU'VHLVPLFUHVSRQVHDQDO\VLV6SULQJHU1DWXUH
6ZLW]HUODQG$*)&DOYHWWLHWDO (GV 9,,&15,*/1&(SS±

>@ *HQRYHVH)$OLEHUWL'%LRQGL*&DVFRQH(  *HRWHFKQLFDODVSHFWVDIIHFWLQJ
WKHVHOHFWLRQRILQSXWPRWLRQIRUVHLVPLFVLWHUHVSRQVHDQDO\VLVWK&203'<1
-XQH&UHWH*UHHFH9ROSS
>@ .DWVDQRV(,6H[WRV$*0DQROLV*'  6HOHFWLRQRIHDUWKTXDNHJURXQGPR
WLRQ UHFRUGV $ VWDWHRIWKHDUW UHYLHZ IURP D VWUXFWXUDO HQJLQHHULQJ SHUVSHFWLYH 
6RLO'\QDPLFVDQG(DUWKTXDNH(QJLQHHULQJ9RO  SS
>@ 3DJOLDUROL$/DQ]R*6HOHFWLRQRIUHDODFFHOHURJUDPVIRUWKHVHLVPLFUHVSRQVHDQDO\VLV
RIWKHKLVWRULFDOWRZQRI1LFDVWUR 6RXWKHUQ,WDO\ GXULQJWKH0DUFK&DODEULDHDUWK
TXDNH(QJLQHHULQJ6WUXFWXUHV±
>@ *HQRYHVH)$OLEHUWL'%LRQGL*&DVFRQH(  $SURFHGXUHIRUWKHVHOHFWLRQRI
LQSXW JURXQG PRWLRQ IRU ' VHLVPLF UHVSRQVH DQDO\VLV 3URFHHGLQJV RI ,&(*( 
5RPH,WDO\SS±
>@ &DFFLROD3&RODMDQQL30XVFROLQR*  &RPELQDWLRQRIPRGDOUHVSRQVHVFRQ
VLVWHQWZLWKVHLVPLFLQSXWUHSUHVHQWDWLRQ-RXUQDORI6WUXFWXUDO(QJLQHHULQJ $6&( 

>@ &DFFLROD3  $VWRFKDVWLFDSSURDFKIRUJHQHUDWLQJVSHFWUXPFRPSDWLEOHIXOO\QRQ
VWDWLRQDU\HDUWKTXDNHV&RPSXWHUVDQG6WUXFWXUHV
>@ 0XVFROLQR * *HQRYHVH ) %LRQGL * &DVFRQH (   *HQHUDWLRQ RI )XOO\ 1RQ
6WDWLRQDU\5DQGRP3URFHVVHV&RQVLVWHQWZLWK7DUJHW6HLVPLF$FFHOHURJUDPV6XEPLWWHG
WR6RLO'\QDPLFVDQG(DUWKTXDNH(QJLQHHULQJ
>@ $OGHUXFFL70XVFROLQR*8UVR6  6WRFKDVWLFDQDO\VLVRIOLQHDUVWUXFWXUDOV\VWHPV
XQGHUVSHFWUXPDQGVLWHLQWHQVLW\FRPSDWLEOHIXOO\QRQVWDWLRQDU\DUWLILFLDODFFHOHURJUDPV
6RLO'\QDPLFVDQG(DUWKTXDNH(QJLQHHULQJSDSHUH
>@ &RQWH-33HQJ%)  )XOO\QRQVWDWLRQDU\DQDO\WLFDOHDUWKTXDNHJURXQGPRWLRQ
PRGHO-RXUQDORI(QJLQHHULQJ0HFKDQLFV $6&(   SS
>@ 9DQPDUFNH(+*DVSDULQL'$  6LPXODWHGHDUWKTXDNHJURXQGPRWLRQV 3UR
FHHGLQJV60,57&RQIHUHQFH6DQ)UDQFLVFRSDSHU.
>@ -R\QHU :% %RRUH '0   3HDN KRUL]RQWDO DFFHOHUDWLRQ DQG YHORFLW\ IURP VWURQJ
PRWLRQUHFRUGVLQFOXGLQJUHFRUGVIURPWKH,PSHULDO9DOOH\&DOLIRUQLDHDUWKTXDNH
%XOOHWLQRIWKH6HLVPRORJLFDO6RFLHW\RI$PHULFD±
>@ *HQRYHVH)  ,QIOXHQFHRIVRLOQRQOLQHDUEHKDYLRXURQWKHVHOHFWLRQRILQSXWPR
WLRQIRUG\QDPLFJHRWHFKQLFDODQDO\VLV&KDOOHQJHVDQG,QQRYDWLRQVLQ*HRPHFKDQLFV
3URFHHGLQJVRIWKHWK,QWHUQDWLRQDOFRQIHUHQFHRI,$&0$*0D\7XULQ
,WDO\
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'((362,/8VHU0DQXDO
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structures.
Abstract. During the recent seismic events in Italy (such as L’Aquila 2009, Emilia 2012 and the
2016 Central Italy seismic sequence), several damages and collapses were observed in precast
reinforced concrete industrial buildings. Although reliable seismic design criteria are nowadays available for precast frame structures, recent earthquakes showed that the optimal design
of the cladding-to-structure connections is yet to be solved. Currently, in the seismic design
practice of precast structures, the panels are modeled as additional masses, without any stiffness contribution. Then, the capacity displacement of the designed connection is compared with
its demand displacement. This design practice does not correctly reﬂect the actual behavior of
the connection because, due to the conﬁguration of the anchorage devices that exert friction
and blockage effects, a force exchange can occur between the panels and the supporting beams.
This was demonstrated by the surveys carried out after the seismic events, reporting several
damages to traditional anchorage systems. In the context presented above, the research work
is aimed at investigating the seismic behavior of the ﬁrst prototype of an innovative claddingto-structure connection for precast industrial buildings. The innovative device is capable to
guarantee higher robustness with respect to the devices currently available on the market, especially when friction forces on the sliding cart are signiﬁcant and is able to avoid jamming of
the cart. Full scale experimental tests are carried out on a prototype precast building equipped
with cladding panels. The system is forced by a vibrodyne mounted on the roof and providing
an in-plane sinusoidal force along the direction of the panel. Tests are repeated with two different types of connection between the wall panels and the structure: a traditional one and an
innovative one, showing the superior performance of the new type of connection in reducing the
load transfer and avoiding damage to the panel and the beam even at large excitation levels.
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INTRODUCTION

Precast reinforced concrete technology is a construction method which gained success especially in industrial constructions and commercial buildings, due to the need of large spans and
plan dimensions. The 2012 Emilia-Romagna earthquake (central Italy) highlighted the seismic
vulnerability of these structures in terms of direct and indirect losses [1], focusing the attention
on damage prevention methodologies for prefabricated structures [2, 3].
In particular, precast buildings can experience collapses or serious damages in structural and
nonstructural elements, expecially due to the lack of adequate beams-to-columns and claddingto-structure connections [4], demostrating an insufﬁcient safety level against seismic actions
[5]. Indeed, connections should be able to absorb the relative displacements due to cyclic seismic loading in order to avoid damage for both vertical and horizontal panels [6, 7].
In this framework, the research work is aimed at investigating the in-plane anchorage performance of an innovative cladding-to-structure connection device. The new device has a joint
capable of rotating along the two principal directions, as well as sliding along the vertical and
horizontal direction. It follows that, during the seismic event, the connection can perform a
rotational-translational motion. The idea is to effectively decouple the movement between the
panel and the structural element, overcoming the major limitations associated with traditional
anchorage systems, such as deformability, friction force and jamming of the cart.
2

THE CASE STUDY

The case study is a prototype single-story building (Figure 1) with plan dimensions of 10.2
x 14.6 m and with a height of 11.0 m. The frame is composed by reinforced concrete columns
with a rectangular cross section, prestressed I-shaped beams along the shorter side of the structure, and U-shaped precast roof beams along the longer side. A reinforced concrete cladding

vibrodyne

prototype building

Figure 1: The full scale prototype building.

panel can be mounted on the structure and is connected to a reinforced concrete support beam.
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The connection between the panel and the support beam is realized by 4 steel plates, two on
each side of the support beam, equipped with a hole to house a central connection pivot. The
support beam, integral with the wall panel and the principal beam as well, allows to measure
the cladding-to-structure force exchange through the displacements transducers installed on the
steel plates. A vibrodyne is installed on the rooftop, capable of inducing a sinusoidal force to
the structure, as better detailed in the next section.
Two different types of hammer-head strap devices are used to connect the cladding panel to the
support beam: a traditional hammer-head strap (Figure 2a) and a ﬁrst prototype of an innovative
device (Figure 2b).
The traditional connection is composed by: a hammer-head strap whose head is connected to
the panel in a vertically oriented C-shaped steel channel; a bolt and a toothed washer connected
to the support beam through an horizontally oriented C-shaped steel channel. The basic idea is
that the panel and the structure are rigidly connected through the two blocks (channels). One
of the limitations associated with the use of a traditional non-seismic connection concerns the
signiﬁcant amount of force exchange between the panel and the structure, due to the friction
exerted in the anchorage components which can lead to a collapse mechanism. In order to improve the anchorage performance, the innovative connection has a rotating pin near the panel
coinciding with the vertical bolt which allows rotation to take place around the vertical axis
passing through the bolt (yellow dashed line in Fig. 2b). Furthermore, a sliding block is installed on the support beam that allows the sliding movement as indicated by the red arrow in
Fig. 2b).

a)

b)

panel connection

panel connection

sliding movement

beam connection

beam connection

rotation axis

Figure 2: The tested connection devices: a) the traditional hammer-head strap; b) the ﬁrst prototype of the innovative device.

3

EXPERIMENTAL SET-UP

The prototype building is instrumented with several types of sensors (Figure 3): n. 8 uniaxial piezoelectric accelerometers, model PCB393B12 with a sensitivity of 10 V/g, are located
at the top of each column (A1-A8); n.2 accelerometrs (A9-A10) are installed on the support
beam connecting the principal beam to the cladding panel; n. 2 accelerometers are positioned
at the top of the cladding panel; n. 8 strain gauges are installed on the two faces of each steel
plate (E1-E8 with reference to Figure 3) to measure the force exchange between the panel and
the support beam. All the sensors are simultaneously acquired with the data acquisition (DAQ)
system, model NIcDAQ9184, connected to the PC via Ethernet.
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A7

A5

A8

A6

a)

15.1 m

10.2 m

b)

vibrodyne

Supporting beam

E3,E4
A9

A1
A2

E1,E2

c)

panel

A12

A10

E7,E8
A3

A11

A4

E5,E6

Figure 3: Sensors conﬁguration: a) global conﬁguration in plan; b) uniaxial accelerometers installed in two orthogonal directions; c) strain gauges installed in the steel plates to measure transmitted forces between cladding
panel and structure.

The structure can be subjected to an harmonic force induced by a mechanical vibrodyne
jointed to the rooftop in an eccentric position with respect to the geometric center of gravity.
The vibrodyne is composed of two eccentric masses (70 Kg for each mass) whose movement
induces the sinusoidal force in the horizontal direction.
4

PRELIMINARY ANALYSIS RESULTS

The experimental tests were carried out on July 3rd and 5th , 2019. The different conﬁgurations analyzed are:
• C1 - prototype building without the cladding panel.
• C2 - prototype building with the cladding panel connected through a traditional hammerhead strap connection.
• C3 - prototype building with the cladding panel connected through the innovative connection.
The response is measured by means of the accelerometers and displacement transducers as
shown in Figure 3.
4.1

Ambient Vibration Test

In order to identify the structural dynamic properties of the prototype building, ambient
vibration tests (AVTs) were carried out for the conﬁgurations C1 and C2, measuring micro
tremors induced by ambient vibrations and daily activities. The data were recorded for a duration of 1 hour with a sampling frequency of 1652 Hz, which was down-sampled to 100 Hz.
Figure 4 shows the normalized singular values (SV) of the spectral density matrix of all data
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Singular Values (dB | g 2/Hz)

sets identiﬁed through the Frequency Domain Decomposition (FDD) approach with the indication of the ﬁrst three principal vibration modes for conﬁguration C1 (Figure 4a), conﬁguration C2 (Figure 4b) and conﬁguration C3 (Figure 4c). The vibration modes associated to the
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Figure 4: Singular values (SV) of the power spectral density matrix obtained from the AVT and identiﬁed resonant
peaks of the ﬁrst 3 modes: a) conﬁguration C1, b) conﬁguration C2, c) conﬁguration C3.

ﬁrst three principal vibration modes are presented in Figures 5-7. As regards conﬁguration C1
(Figure 5), the ﬁrst mode is ﬂexural-torsional (f1 = 0.39 Hz), the second is ﬂexural-torsional
(f2 = 0.73 Hz) and the third one is purely torsional (f3 = 1.17 Hz). As concerns conﬁguration C2, from Figure 6 it can be observed that the ﬁrst mode is ﬂexural (f1 = 0.68 Hz), the
second is ﬂexural-torsional (f2 = 1.22 Hz) and the third is purely torsional (f3 = 1.90 Hz).
For further information, Figure 7 shows the ﬁrst three principal vibration modes associated to
conﬁguration C3: the ﬁrst ﬂexural (f1 = 0.63 Hz), the second ﬂexural-torsional (f2 = 1.17 Hz)
and the third purely torsional (f3 = 1.81 Hz). It is worth noticing that the different technologies
used for the cladding-to-structure connection, i.e., conﬁguration C2 vs conﬁguration C3, does
not signiﬁcantly affect the evaluation of the principal vibration modes. Indeed, at low levels of
vibrations the friction force exerted by the connection does not allow the sliding of the panel
with a consequent similar dynamic behavior. In any case, slightly lower natural frequencies
are observed using the innovative connection device, which is consistent with its mechanical
behavior.
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Figure 5: First three vibration modes obtained from the AVT for conﬁguration C1.

Figure 6: First three vibration modes obtained from the AVT for conﬁguration C2.

4.2

Forced Vibration Tests

In this section some results of the forced vibration tests associated to conﬁgurations C1,
C2 and C3 are presented. As an example, Figure 5 shows the horizontal lateral displacement
evaluated for channels A1 and A2 for all the conﬁgurations. Displacement time histories were
obtained by double integration of measured acceleration. In the case of conﬁguration C1 (Figure 5a-b) the force induced by the vibrodyne has a maximum value of 3450 N. In the case of
conﬁguration C2 (Figure 5c-d) the force induced by vibrodyne has a maximum value of 8600
N, while in conﬁguration C2 (Figure 5e-f) the maximum value corresponds to 5500 N.
The signiﬁcant panel-to-structure force exchange reached with conﬁguration C2 caused the
partial damage of the traditional connection. This aspect is conﬁrmed by analyzing Figure 6,
which represents the mean value of the force measured during the tests by the strain gauges E1E8 (Figure 3), suitably manipulated to reduce environmental effects (temperature and humidity)
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Figure 7: First three vibration modes obtained from the AVT for conﬁguration C3.

and projected in the two main directions x and y. In particular, a Butterworth ﬁlter was used to
clean up the signal. From the Figure it can be noted that the force exchange in the case of the
traditional device is strongly higher (blue line) with respect to the case of the innovative device
(red line).
Furthermore, Table 1 shows the maximum horizontal displacement (d) of the support beam and
of the cladding panel corresponding to the maximum horizontal force provided by the vibrodyne considering conﬁgurations C2 and C3.
The experimental results conﬁrm that force exchange between the panel and the structure due to
the friction exerted between the anchorage components of the traditional connection device is
not negligible, since it leads up to the connection collapse. Therefore, the reduced value of the
cladding panel displacement associated to conﬁguration C3 with respect to the support beam
proves the superior performance of the new type of connection in reducing the load transfer
and, consequently the in-plane movement of the panel, avoiding damages to the panel and the
beam.
Results of forced vibration tests highlight the effectiveness of the ﬁrst prototype of the innovaConﬁguration Fmax
[N]
C2
8600
C3
5500

Support beam
dx [m] dy [m]
0.1954 0.1827
0.1390 0.0131

Cladding panel
dx [m] dy [m]
0.0479 0.0238
0.0018 0.0087

Table 1: Maximum horizontal displacement (d) of the support beam and of the cladding panel with the indication
of the maximum horizontal force provided by the vibrodyne for C2 and C3 conﬁguration.

tive device in improving the seismic behavior of the panel-to-structure connection for in-plane
movement. Further prototypes, with optimized mechanical characteristics, will be tested considering both in-plane and out-of plane forces with the aim of improving robustness of the
connection device against seismic loads.
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Figure 8: Horizontal displacements evaluated during the experimental tests: a) conﬁguration C1 channel A1; b)
conﬁguration C1 channel A2; c) conﬁguration C2 channel A1; d) conﬁguration C2 channel A2; e) conﬁguration
C3 channel A1; f) conﬁguration C3 channel A2.

5

CONCLUSIONS

The study has focused on the evaluation of the seismic behavior of the ﬁrst prototype of an
innovative connection between cladding panels and supporting structures. The main objective
is to decouple the movement between the panel and the structure. For the purpose, a prototype
building has been built and used to perform AVTs and forced vibration tests along the plane of
the panel. The structural response has been measured by means of accelerometers and strain
gauges. Both AVTs and force vibration tests were performed considering three different conﬁgurations: C1, C2 and C3. The anchorage performance of two types of systems (traditional vs
innovative system) has been compared.
The effectiveness of the innovative device has been assessed by measuring the amount of force
transmitted between the support beam and the cladding panel. On the one hand, the results of
the experimental tests showed that the traditional device induces a not negligible force exchange
between cladding panels and supporting beam. On the other hand, the ﬁrst prototype of the innovative connection device considerably reduces the in-plane force transmission, decoupling
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Figure 9: Panel-to-structure force exchange measured by the transducers for the traditional and innovative devices:
a) Plate 1, x direction; b) Plate 1, y direction; c) Plate 2, x direction; d) Plate 2, y direction; e) Plate 3, x direction;
f) Plate 3, y direction; g) Plate 4, x direction; h) Plate 4, y direction;.
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more effectively the panel-structure movement. It follows that such a proposed design solution
is promising towards an effective improvement of the seismic behavior of reinforced concrete
precast structures, leading the way to further enhancements of the prototype device with the aim
of considering both in-plane and out-of plane loads.
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Abstract. Relationships between seismic action, system response and relevant damage levels in industrial plants require a solid background both in experimental data, due to the high
level of nonlinearity, and in knowledge of seismic input due to large uncertainty. Besides, risk
and fragility analyses depend on the adoption of a huge number of seismic records usually not
available in a site-speciﬁc analysis. In order to manage these issues and to gain knowledge on
the deﬁnition of damage levels, limit states and performance for major-hazard industrial plant
components, we present a possible approach and discuss results of an experimental campaign
based on a real prototype industrial steel structure. The investigation of the seismic behaviour
of the reference structure has been carried on through shaking table tests, focusing in particular on the structural or process-related interactions that can lead to serious secondary damages
as leakage in piping systems or connections with tanks and cabinets. This has been possible
thanks to the adoption of a ground motion model (GMM) able to generate a suite of synthetic
time-histories records for speciﬁed site characteristic and earthquake scenarios. In fact, model
parameters can be identiﬁed by matching the statistics of a target-recorded accelerogram to the
ones of the model in terms of faulting mechanism, earthquake magnitude, source-to-site distance and site shear-wave velocity. Hence, the stochastic model, based both on these matched
parameters and on ﬁltered white-noise process, generates the ensemble of synthetic ground
motions capable to capture the main features of real earthquake ground motions, including intensity, duration, spectral content and peak values. Finally, by means of the combination of a
high-ﬁdelity and a low-ﬁdelity FE model as well as the stochastic input generated by a GMM,
a seismic vulnerability assessment of both industrial components and the global structure can
be carried out.
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INTRODUCTION
Between major natural hazard critical for industrial facilities, we can undeniably enlist seismic events. In fact, as well documented in literature - see [1]; [2]; [3] -, in these occurrence,
industrial process plants have shown to be susceptible to experience signiﬁcant damages both
in primary structure and in secondary elements that usually constitute plant components and on
which rely the operation of facilities.
Besides, as demonstrated by recent catastrophic events - like Tohoku earthquake in 2011 and particularly stressed in the literature - see [4]; [5] - industrial facilities are especially vulnerable to those natural hazards which may trigger technological accidents: the so called NaTech
events, i.e. Natural-Technological events. Therefore, there is a strong necessity to investigate
interactions between primary structure and plant components, but also between the components
among themselves, in order to avoid, as shown in previous references, serious consequences
and critical secondary damages which, in addition to loss of production, also pose a danger
to humans and the environment if hazardous substances are released due to leakages. In this
perspective, the objective of the project SPIF, i.e. Seismic Performance of Multi-Component
Systems in Special Risk Industrial Facilities, under the grant of European H2020 - SERA, Seismology and Earthquake Engineering Research Infrastructure Alliance for Europe, is to carry
out a complete investigation of the seismic behaviour of industrial plants equipped with complex
process technology by means of shaking table tests.
The case-test structure is a three-storey moment resisting steel frame with vertical and horizontal vessels and cabinets, arranged on the three levels and connected by pipes. The three
levels are constructed as ﬂexible diaphragm made of steel cross beams, partially covered with
gratings. Tests are carried out without base isolation of the industrial structure. Furthermore,
ﬁrmly anchored components are taken into account to compare their dynamic behavior and interactions with each other. Besides, the campaign structure is equipped with sensor systems
integrated into the test structure itself for a rapid damage assessment.
Along with this line, the following paper focuses on the main aspects of investigation of
seismic performances of a prototype steel-frame industrial plant, with a special focus on loss
of containment (LoC) from bolted ﬂange joints (BFJs), see [6], pipe bends and tee-joints, vessels’ connections and anchorages. Therefore, seismic risk is evaluated through fragility curves
analyses, according to [10] inside the framework of PBEE, [8].
In details, to take into account the variability of the seismic action and the high number of
time histories needed, a GMM has been adopted, in order to generate a suite of synthetic timehistories records for speciﬁed site characteristic and earthquake scenarios, based on the results
of a site-speciﬁc probabilistic seismic hazard analysis in severe seismic prone zone in Italy PSHA, see [7].
Moreover, a faster-low (LF) and a reﬁned high ﬁdelity (HF) FE models are developed in
order to represent the complexity of the experimental campaign with two different level of
computational efforts and accuracy reproduced. The whole test campaigns provide then the
necessary background to properly calibrate FE models. Therefore, in order to reduce the space
of the GMM parameters, a global sensitivity analysis (GSA) over FE models is performed
to assess the individual contributions of each input variables to the total variance of the model
response. Finally, the LF model of the prototype industrial plant is adopted to perform a seismic
fragility analysis with a cheaper computational effort demanded.
In sum, the paper is arranged into 6 main sections: the ﬁrst section illustrates SPIF test
structure, whilst the second one focuses on the characterization of the seismic input. The third
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section presents the arrangement of the experimental campaign, in the ﬁxed conﬁguration. The
fourth one deals with the description of the FE modelling of the primary structure and of the
industrial components, such as pipes, bends and vessels. In the ﬁfth section, we show the
procedure in order to gain relevant seismic fragility curves both for components and the global
system. In the last section, main conclusions are drawn and future developments are proposed.
THE SPIF STRUCTURE
The primary steel structure is a three storey moment resisting steel frame with ﬂexible
diaphragm made of crossbeams. The three dimensional primary steel structure is shown in
Fig. (1). The ground-plan dimensions are 3.7 m x 3.7 m and the storey height is 3.1 m, which
leads to a total height of 9.3 m. The rigid frame is simply supported on the reinforced concrete base plate and the crossbeams are hinged connected to the frame beams. In total four
tanks are installed, two vertical tanks on the ﬁrst level and two horizontal tanks on the second
level. Furthermore one electrical cabinet is placed on the ﬁrst level. Concerning piping system,
the nominal pipe diameter is DN 100, with the exception of the suspended pipes on the third
story that are DN 80. In addition, smaller single degree of freedom (SDOF) oscillators systems
are installed on each of the three levels to investigate the structure component interaction for
different periods in the linear and non-linear range.

(a) Top view.

(b) Side view.

(c) 3D front view.

(d) 3D back view.

Figure 1: Representation with quote of the prototype industrial plant for SPIF project: (a) top,
(b) side and (c)-(d) 3D front and back views.
Besides, the test structure is equipped with a complex system of sensors which includes FBG
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ﬁber optics sensors, for LoC and leakage detection, strain-gauges, LVDT and accelerometer in
strategical positions, as shown for example in Fig. (2).

(a) FBG sensors.

(b) Accelerometers at base joint.

Figure 2: Part of system’s sensors applied to test structure: in more detail, (a) FBG sensors
connected to ﬂange susceptible to leakage phenomena, (b) disposition of accelerometer at base
joint of the primary steel structure.

EXPERIMENTAL CAMPAIGN
Sequence and intensity levels of shaking table tests are performed so as to reach more severe damages or even collapses in components by passing from fully operational (OP) to near
collapse (NC) limit states, or, as in case of major industrial plants, from operating condition
or design basis earthquake condition (OBE) to safe shutdown earthquake condition (SSE). In
particular, the ﬁrst set of simulation tests are executed on the base isolated structure while the
second set is run on the non-isolated conﬁguration. In both conﬁguration’s setup, after tuning
the shaking table, input signals are launched and then scaled with coefﬁcient related to the probability of exceeding the seismic action, PL , in TL years other than the reference probability of
exceedance PLR , over the same TL years, as reported in Tab. (2). In more details, according to

Cl.
Cl.
Cl.
Cl.

I
II
III
IV

Components
Buildings
EC8-4:(2.1.4) EC8-4:(4.2.5)
0.8
0.8
1
1
1.2
1.2
1.6
1.4

Table 1: Important class and coefﬁcients according to EC8, Part 1 and Part 4.
the assumption during design phase of considering an importance factor γI equal to 1.0, it has
been evaluated in Eq. (1) the ratio between the maximum allowed value of importance factor in
case of components versus the assumed one, see Tab. (1): this ratio is then used as a scale factor
in order to pass to a SLS safe life limit state for the structure and the equivalent OBE operating
condition or design basis earthquake condition for pipe systems.
γI =

1
= 0.625
1.6
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Probability of Exceedance
NTC18: 3.2.1
OP 81 % Fully Operational
DL 63 % Damage Limit
SD 10 % Signiﬁcant Damage
NC 2.5 % Near Collapse

Table 2: Probability of exceedance according to Italian Standards.
Then, according to EC8-Part 1: (2.1-4(P)Note), the value of the importance factor γI is obtained
by the ratio between TL and TLR , i.e. time associated to the reference seismic action in order
to achieve the same probability of exceedance in TL years as in the TLR years for which the
reference seismic action is deﬁned
γl =

TLR
TL

γl =

PL
PLR

as well as

−1/k

with

k = 3

(2)

with

k = 3

(3)

−1/k

again the needed factor with which multiply the reference seismic action. So, by referring to
Italian codes in Tab. (2), importance factors for different limit states are evaluated and reported
in Tab. (3), together with the reference peak ground acceleration of the spectra involved in the
design phase. Main assumptions in order to evaluate proper spectra for the test structure were

γI
agR

NC
1.000
0.690
SSE

SD
DL
0.625 0.541
0.431 0.233
OBE

OP
0.498
0.215

units
[-]
[g]

Table 3: Important coefﬁcients and reference peak ground acceleration for different limit states.
in fact the following ones: · nominal life: 50 years; · soil type: C –T1; · damping: 5%; · peak
ground acceleration: agR = 0.69 g and · importance class II.
Therefore, spectra-compatible accelerograms have been evaluated with a relative difference
between matched and target spectra less than 10%. These accelerograms are assigned to both
the conﬁguration setup, i.e. structure with and without base isolation, with the 4 aforementioned
different scale factors related to separated limit states.
Furthermore, for the isolated setup, natural records from PEER NGA-WEST2 database are
selected, with the purpose of stressing the designed isolators. In particular, selection criteria were devoted to have a strong frequency content around the range of the working-isolated
structure and to match the design spectrum. For this last point, it has been necessary to scale up
the natural accelerogram selected with the ﬁrst main issue, according to a scale factor derived as
the ratio between maximum acceleration reached by the artiﬁcial seismic input and the natural
one.
Then, in order to induce damage or collapse in previous analysed components, as, for example, leakage in selected ﬂanges or collapse of vessel’s footing, seismic records from ground
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motion model are selected, thanks to the high variability of the ensemble site-characteristic generated. Hereafter, the main characteristics and peculiar aspects of the ground motion model are
presented.
SEISMIC INPUT FROM GMM
Synthetic ground motions are employed in order to cover the range of IMs of interest and
eventually obtain a sufﬁcient large ensemble of time-histories for fragility curves analyses.
Here, a synthetic ground motion model has been assumed in order to reproduce the spectral
variability of recorded accelerograms. In particular, according to [9], with the purpose of calibrating the GMM for a speciﬁc geographical location and speciﬁc site characteristics, a PSHA
deaggregation is performed. Along this line, in the assumption of far-ﬁeld scenario, a severe
seismic prone zone of central Italy is selected. Below, see Fig. (3), it is reported the main result
of the probabilistic seismic hazard deaggregation analysis.

Figure 3: Probabilistic seismic hazard deaggregation analysis for Palmoli, Central Italy.
Moreover, the original recorded accelerograms are selected from the INGV site (http://www.ingv.it/)
and ITACA - Italian Accelerometric Archive - Database, with the following criteria:
• fault to site distance > 10 km;
• moment magnitude > 5.5;
• main shock seismic records only.
Besides, another core assumption, both in design of the structure and in selection of ground motions time histories, is correlated to the soil characteristics, that is assumed of type C according
to European standards. Herein, in Tab. (4) compatible accelerograms are reported.
According to [11], GMM is deﬁned in terms of a set of parameters based on ground motion
properties with physical meaning, as reported in Tab. (4). The model is based on a modulated,
ﬁltered white-noise process and incorporates both temporal and spectral non-stationarities, as
shown in Eq. (4)

t
1
ag (t) = q (t, α)
h (t − τ, λ(τ )) ω(τ )dτ
(4)
σf (t) −∞
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Earthquake Name

1
2
3
4
5
6
7
8
9

Station Name VS,30 [m/s]

IT-1979-0009-NORCIA
IT-1984-0004-LAZIO-ABRUZZO
IT-1984-0004-LAZIO-ABRUZZO
IT-1984-0004-LAZIO-ABRUZZO
IT-1984-0004-LAZIO-ABRUZZO
IT-2009-0009-L-AQUILA
IT-2009-0009-L-AQUILA
EMSC-20160824-CENTRAL-ITALY
EMSC-20160824-CENTRAL-ITALY

BVG
CSN0
PNT
GRG2
GRG1
AVZ
GSA
TRE
FOC

211
501
325
187
192
199
492
353
342

Moment
Magnitude
[Mw ]
5,8
5,9
5,9
5,9
5,9
5,5
5,5
6
6

Distance
fault-site
[km]
38
19,7
26,8
49,1
49,1
35,1
14,4
45,3
45,7

Table 4: Set of selected accelerograms from ITACA database.
where ω(τ ) is a white-noise process, while α
; is deﬁned by means of
α
; = arg min |Ia (t45 ) − I;a (t45 ) | + | (t95 ) − I;a (t95 ) |
α

!
(5)

It should be noticed that the modulating function q(t, α) completely deﬁnes the temporal characteristics of the process, whereas h (t − τ, λ(τ )), denoting the impulse-response function IRF,
and its time-varying parameters deﬁne the spectral characteristics of the process. In particular,
IRF of a linear time-varying ﬁlter can be expressed as follows:

where

h (t − τ, λ (τ )) = f (ωf , ζf )

(6)

ωf = ωmid + ω  (t − tmid )

(7)

Simulating process of GMM is then able to generate an ensemble of ground acceleration timehistory similar to those illustrated in Tab. (4) for a given set of model parameters, as reported in
Tab. (5).
Name
Ia
tmid
D5−95
ωmid
ζf

Distribution
Uniform
Uniform
Uniform
Uniform
Uniform

Average Value
0,212
3,6
8,8
43,7
0,25

Units
[m/s]
[s]
[s]
[Hz]
[−]

Table 5: Distribution of stochastic GMM parameters.
Along this line, two main hyphotesis have been assumed: the ﬁrst one is to consider parameters statistically independent; the second regards the choice of assuming uniform distributions
in order to describe probability distribution of all the parameters, with the only exception of
ω  that is assumed constant. Thus, in order to reduce the variability of the seismic input and
to reduce the space of parameters, a set of 200 white-noises combining 200 accelerograms is
performed on the LF model with a convergence check upon the third quartile of both spectral
acceleration for T1 = 0.36 s and maximum displacement at top storey. Results are reported in
Fig. (4) and Fig. (5) and indicate that at almost 100 of white-noises convergence is reached.
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Figure 4: Check on number of white-noises Nwn at the third quartile for Sa (T1 ).

Figure 5: Check on number of white-noises Nwn at the third quartile for umax at top storey.
THE FINITE ELEMENT MODEL
According to [9], one of the most important feature of a GMM is the possibility to study the
structural response to earthquake with characteristics that are coherent with the site seismicity
(e.g. fragility curves). The main disadvantage of this technique is the great number of non linear
analysis necessary to take into account the variability of the seismic action. To overcome the
numerical effort required in such procedure two model are needed.
First a low ﬁdelity model (LF) that aims to reproduce the essential characteristics of the
system with the smallest computational effort possible is developed. For our purposes this
essential characteristics are: natural periods, base shear and behaviour of the major component
such as tanks and piping system.
In a second phase an high ﬁdelity model (HF) is introduced with the purpose to caught
the behaviour of the structure in greater detail even with reference to the interaction between
primary and secondary elements.
In the next section, only issues and principal techniques involved in the deﬁnition of LF
and HF model of the isolators are discussed, while a general comment on the main differences
between LF and HF model is brieﬂy dwell.
Piping system
As can be seen in Fig. (1) the piping system is composed of straight pipes, bends, tee joint
and BFJs. Since our purpose is to include in the model only the foundamental aspects of the
structure, we ﬁrstly have to identify the most critical components for the LoC limit state. According to [14] there are only three possible failure modes for pipes: fracture due to excessive
tensile loading, local buckling due to compressive action and low cycle fatigue. The ﬁrst failure
mode is prevent if the plastic deformation does not exceed the tensile strain limit T u , that the
Author suggests to use a conservative value of 2%. Compressive failure is typical in pipe bends
and the limit compression strain Cu can be estimated from Eqn. (8)
t
σ h !2
Cu = 0.5 ·
− 0.0025 + 3000 ·
(8)
D
E
Neglecting the effect of internal pressure, a value of 1% is found. Instead, the third failure
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mode arises only if the component undergoes large plastic deformation several times. Thanks
to results of preliminary analysis, it is possible to outline only two points (the nozzle in position
6 and the tee joint in position 5) with tension’s value above yielding limit. To investigate the
possibility of high stress level, those position are model with shell ﬁnite elements. It is important
to notice LF model is an elastic one, since the structure is designed to remain elastic even
under very high seismic shacking. In later analysis the elastic solution will be used as guide to
choose signiﬁcant ground motions to evaluate inelastic response of components. In conclusion,
such level of deformation in pipes capable to induce failure seems to be unlikely. So, the
weakest component for the LoC prevention are the BFJs. The model proposed by [15] is used
to investigate the performance of the BFJs. This method is developed in the framework of the
EN 1591-2009 and results in a linear domain like the one shown in Fig. (6). The BFJs are
designed in accordance with EN 1591-2014 to ensure the performance level requested in two
seismic condition:
• Operating condition basis earthquake (OBE): it corresponds to an earthquake scenario,
considering the seismic hazard of the site, that could reasonably affects the structure
during his operating life time;
• Safe shut-down earthquake (SSE): it corresponds to maximum ground motion for which
some critical components of the plant must be designed to remain functional.
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Figure 6: Example of leakage domain of the La Salandra model
To model the rest of the piping system in terms of mass and stiffness, several techniques are
available. The easiest choice is to adopt beam element with reduced stiffness’ value by means of
ﬂexibility factors. Codes provide an analytical formulation of these factors based on elasticity
theory. Example of such factors, in the case of elbow element, are shown in equations below.
4 · R · en
d2m
1, 65
kB =
h

h=

(9)
(10)

In case of tee joint, no stiffness reduction is required. A more precise approach consist in
the determination of ﬂexibility factors for elbows derived from a FEA. In this case a FEM of
pipe bends based on shell element is developed and moments are applied to one end. Then, by
equating deﬂection of the FE model with an analogous system of beam deﬂection, it is possible
to evaluate proper ﬂexibility factors. According to [16] using this procedure ﬂexibility factors
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Flexibility factor
Direction
UNI EN 13480-3 FEM
In plane
9.24
8.28
Out of plane
9.24
8.21

Table 6: Comparison between ﬂexibility factor

Figure 7: FEM of a single elbow
for in plane and out of plane action can be found. The results of the two procedure are resumed
in Tab. (6), while FE model employed is depicted in Fig. (7).
In this calculation, stiffening effects of pressure are neglected, since just few elbows are
pressurized and with a negligible resultant effect caused by internal pressure.
The main hypothesis by referring to ﬂexibility factor is that the ends of the elbow are free
to ovalize. Thus, if this condition is not respected, a signiﬁcant stiffening effect raise. In order
to individuate those critical conditions, a parametric study is carried out with this scheme: a
specimen made of two elbows (with direction speciﬁed in Tab. (7)) separated by a straight
pipe is analysed. Several simulations are launched for increasing length of the central pipe
from 200mm to 3000mm. During the simulation, two set of displacement are imposed to the
specimen: a linear displacement parallel to the straight pipe and a rotation of one end. As
a result mutual force to the imposed displacement are collected. For high length of central
pipe, ﬂexibility contribution for elbow is constant and the central pipe behaves like a beam with
circular cross section. When the length of central pipe goes under a threshold value, a stiffening
effect can be seen and also induce an error greater than 10%, compared to the equivalent beam
behaviour. Thus, a cut-off length can be deﬁned.
Bends scheme
L-R
L-L
L-U

Direction
Axial
Bending
Axial
Bending
Axial
Bending

L [mm]
450
200
450
300
450
450

Table 7: Cut-off length
Looking at Tab. (7), it is possible to notice that in case of bending a cut-off length equal to
2, 5D is adequate. This result are in good agreement with results of [16]. In the other cases,
when forces are of primary importance, a greater value of 4D looks adequate.
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FRAGILITY ASSESSMENT OF A STEEL STRUCTURE AND COMPONENTS
In this paragraph, a method for performing fragility assessment of components and structure
is illustrated, based on the seismic response of the test structure on the LF model. In fact, by
using outputs of the simulations, it is possible to evaluate fragility functions FD deﬁned as the
conditional probability of an event - i.e. overpass a threshold for a certain damage state (D) given the observation of an intensity measure (IM) which describes the seismic event, see [7]
and [10].
FD (im) = P [D ≥ CLS |IM = im]

(11)

So, it is clear the importance of the choice of both the intensity measure proper for the casetest and the deﬁnition of the damage state D and its class of limit state CLS , seen as thresholds
- [17].
The most popular procedure to compute fragility functions via time-history analysis can be
summarized, according to [18] and [19], as follows:
• deﬁnition of a numerical model for the structure of interest, y(t) = M[ẍg (t|IM =
im); θM(t) ] where M stands for the numerical model, θM for a set of model parameters,
and ẍg for the seismic input;
• selection of suitable IM and N ground motions of interest;
• selection of EDP of interest;
• deﬁnition of damage limit states D via EDP thresholds.
Given the N outcomes, it is common to assume a lognormal probability distribution for the
random variable IM associated with the given damage state D. Then, the parameter of the
lognormal can be estimated via the method of the maximum likelihood. However, one positive
aspect of the likelihood function is that it can be written also for a generic probability density
function f (x; θ), where θ is the set of parameter to be estimated. Thus, by dividing data into
two groups, i.e. data that causes collapse and data that do not cause collapse, the likelihood
function is given by:
L (θ) =

N
<

f (x; θ)N [ 1 − F (x; θ) ](N − N )

(12)

n=1

or in logarithmic form
lnL (θ) =

N


%
&
f (x; θ) + N − N [ 1 − F (x; θ)]

(13)

n=1

and solution of the parameter can be found
θ̂ = arg min [−lnL (θ)]
θ
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CONCLUSIONS
In this paper, we investigate relationships between seismic action, system response and relevant damage levels in a prototype of an industrial plant. This has been possible by means of the
development of a procedure that combines modeling of the industrial structure, in both primary
and secondary elements, and selecting proper ground motion time histories for analyses. As
a ﬁrst step, we have deﬁned a seismic scenario associated to a geographical site by means of
a probabilistic seismic hazard analysis. Then, based on this analysis we provide an adequate
seismic input employing a stochastic ground motion model calibrated against coherent natural
seismic records. Successively, in order to select ideal signal causing desired damage in terms
of limit states, a large set of synthetic time histories has been generated and assigned to a low
ﬁdelity ﬁnite element model. In particular, we focused on the modeling of secondary elements,
such as elbows, tee-joints and bolted ﬂange joints, i.e. critical elements within the steel structure. As a result, both the steel structure and relevant industrial components have been subjected
to artiﬁcial spectrum-compatible and seismic records provided by a ground motion model. Thus
targeted LS have been sought. Finally, we present the methodology to derive fragility curves
based on the results of LF models.
ACKNOWLEDGEMENT
We wish to acknowledge the European Union’s Horizon 2020 research and innovation programme under grant agreement No 730900 for funding project SPIF and EUCENTRE Fondation for access to the laboratory.

3064

C. Nardin, R. di Filippo, R. Endrizzi, I. Lanese, F. Paolacci, O.S. Bursi

REFERENCES
[1] E. Cruz and D. Valdivia. Performance of industrial facilities inthe chilean earthquake of 27
february 2010. The Structural Design of Tall and Special Buildings, Vol. 20, pp. 83-101,
2011.
[2] M. Erdik and E. Uckan. Earthquake Damage and Fragilities of Industrial Facilities,
Springer, pp. 3-13, 2014.
[3] E. Krausmann, V. Cozzani, E. Salzano, and E. Renni. Industrial Accidents Triggered by
Natural Hazards: An Emerging Risk Issue, volume Vol.11. Natural Hazards and Earth
System Sciences, 2011.
[4] M. Campedel. Analysis of major industrial accidents triggered by natural events reported
in the principal available chemical accident databases, Technical report, JRC42281, Joint
Research Centre Institute for the Protection and Security of the Citizen, Ispra, Italy, 2008.
Report EUR 23391 EN - 2008.
[5] A. Cruz and N. Okada. Consideration of Natural Hazards in the Design and Risk Management of Industrial Facilities, Vol. 44(2):213-227 Natural Hazards, 2008.
[6] INDUSE2Safety. Component Fragility Evaluation, Seismic Safety Assessment And Design
Of Petrochemical Plants Under Design-Basis And Beyond-Design-Basis Accident Conditions, RFS-CT-2014-00025, Work Package 4 – Deliverable D4.4.
[7] J. Baker. Efﬁcient Analytical Fragility Function Fitting Using Dynamic Structural Analysis, Earthquake Spectra, 2015.
[8] T. Haukaas and A. Der Kiureghian. Finite Element Reliabilityand Sensitivity Methods
for Performance-Based Earthquake Engineering, Technical report, PEER - Paciﬁc Earthquake Engineering Research Center, 2004.
[9] S. Rezaeian and A. Der Kiureghian. Stochastic Modeling and Simulation of Ground Motions for Performance-Based Earthquake Engineering, Technical report, PEER - Paciﬁc
Earthquake Engineering Research Center, 2010.
[10] K. Porter, R. Kennedy, and R. Bachman. Creating Fragility Function for PerformanceBased Engineering, Earthquake Spectra, 2007.
[11] S.Rezaeian and A. Der Kiureghian. Simulation of synthetic ground motions for speciﬁed
earthquake and site characteristics, Earthquake Engineering and Structural Dynamics,
(39):1155–1180, 2010.
[12] MATLAB. 9.5.0.1049112 (R2018b) Update 3. The MathWorks Inc., Natick, Massachusetts, 2018.
[13] Computer Structure, inc. CSI Analysis Reference Manual, November 2017.
[14] M. Vathi, S. Karamanos, I. Kapogiannis, and K. Spiliopoulos. Performance criteria for
liquid storage tanks and piping systems subjected to seismic loading, Journal of Pressure
Vessel Technology, 139, 05 2017

3065

C. Nardin, R. di Filippo, R. Endrizzi, I. Lanese, F. Paolacci, O.S. Bursi

[15] V. La Salandra, R. di Filippo, O. Bursi, F. Paolacci, and S. Alessandri. Cyclic response of
enhanced bolted ﬂange joints for piping systems, PVP2016-63244.
[16] O. Kireev, D. Kireev, and A. Berkovsky. Parametric study of ﬂexibility factor for curved
pipe and welding elbows, 2013.
[17] H. Ebrahimian, F. Jalayer, A. Lucchini, F. Mollaioli, and G. Manfredi. Preliminary ranking of alternative scalar and vector in-tensity measures of ground shaking, Bulletin of
Earthquake Engineering, 2015.
[18] K. Mackie and B. Stojadinovic. Comparison of Incremental Dynamic, Cloud and Stripe
Methods for Computing Probabilistic Seismic Demand Models, ASCE: Proceedings of the
2005 Structures Congress, 2005.
[19] M. Broccardo. Lecture notes: Principle for fragility function computation, ETH Zürich:
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SIMPLIFIED ESTIMATION OF DESIGN FAULT DISPLACEMENT
FOR BURIED PIPELINES AT FAULT CROSSING
Vasileios E. Melissianos and Dimitrios Vamvatsikos


,QVWLWXWHRI6WHHO6WUXFWXUHV6FKRRORI&LYLO(QJLQHHULQJ1DWLRQDO7HFKQLFDO8QLYHUVLW\RI$WKHQV
,URRQ3RO\WHFKQHLRXVWU*5=RJUDIRX&DPSXV$WKHQV*UHHFH
HPDLOPHOLVVLD#PDLOQWXDJUGLYDPYD#PDLOQWXDJU

Keywords:SLSHOLQH±IDXOWFURVVLQJIDXOWRIIVHWKD]DUGVLPSOLILHGH[SUHVVLRQV
Abstract. A set of simplified expressions are derived for estimating the design fault displacement for pipelines crossing active faults by considering alternative scenarios, seismicity levels,
and the pertinent uncertainties. Buried steel pipelines are an efficient and safe means of oil and
gas onshore transportation and provide a direct link between extraction, processing, and consumption of fuel. Hazardous materials are transported via pipelines and consequently, any pipe
failure may have devastating consequences. In case of crossing an active tectonic fault, the
pipeline may be subject to significant deformations and strains threatening its integrity in the
event of an earthquake. Its design hinges on a single value of the fault displacement magnitude,
typically estimated as a specific “safe” percentile (e.g., 84%) from the surface displacement
distribution given a “maximum” magnitude, estimated from regression models parameterized
on fault characteristics. This single-scenario-based approach can lead to either conservative
or unconservative designs as the actual level of safety is unknown. Instead, Probabilistic Fault
Displacement Hazard Analysis (PFDHA) can provide a robust probabilistic basis to determine
design values corresponding to specified return periods, at the cost of requiring extensive seismological data that may be unavailable for every single major or minor fault that a transmission or distribution pipeline crosses. Herein, logic tree aggregation is employed to cater to
different levels of data completeness and provide design-level fault displacement values that
incorporate all pertinent uncertainties.
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1

INTRODUCTION

2QVKRUHEXULHGSLSHOLQHVWUDQVSRUWLQJRLODQGJDVDUHYXOQHUDEOHWRVHLVPLFDOO\LQGXFHGSHU
PDQHQWJURXQGGLVSODFHPHQWVVXFKDVWKRVHUHVXOWLQJIURPVHLVPLFIDXOWDFWLYDWLRQ7HFWRQLF
IDXOWRIIVHWLVWKHSULPDU\FDXVHRIHDUWKTXDNHUHODWHGFDWDVWURSKLFSLSHIDLOXUHV>@7KHVWUXF
WXUDOSHUIRUPDQFHRIEXULHGSLSHVXQGHUIDXOWLQJKDVGUDZQWKHDWWHQWLRQRIQXPHURXVUHVHDUFK
HUVRYHUWKHODVWGHFDGHVFDUU\LQJRXWH[SHULPHQWDODQDO\WLFDODQGQXPHULFDOVWXGLHV HJ>@±
>@ +RZHYHULQWKHYDVWPDMRULW\RIVWXGLHVIDXOWRIIVHWLVFRQVLGHUHGWREHGHWHUPLQLVWLF LH
DIHZUDWKHUDUELWUDU\YDOXHVDUHFRQVLGHUHG RULVHVWLPDWHGYLDHPSLULFDOH[SUHVVLRQVWKDWUHODWH
IDXOWFKDUDFWHULVWLFV HJHDUWKTXDNHPDJQLWXGHIDXOWJHRPHWU\UXSWXUHOHQJWKHWF VXFKDV
WKRVHSXEOLVKHGE\:HOOVDQG&RSSHUVPLWK>@,QWKHFDVHRIW\SLFDOVWUXFWXUHVVXFKDVEXLOGLQJ
DQGEULGJHVQXPHURXVGHVLJQFRGHVVWDQGDUGVRUJXLGHOLQHVDUHDYDLODEOHWRHVWLPDWHWKHVHLV
PLFORDGLQJIRUDSUHGHILQHGOHYHORIGHVLJQKD]DUGW\SLFDOO\DVWKHUHVXOWRISUREDELOLVWLFVHLV
PLFKD]DUGDQDO\VLV&RQWUDULO\IRUEXULHGSLSHOLQHVDVLQJOHIDXOWGLVSODFHPHQWPDJQLWXGHLV
FRQVLGHUHGDVWKHZRUVWFDVHVFHQDULRFRQVLVWLQJRIDSRVWXODWHGRFFXUUHQFHRIDQHDUWKTXDNH
ZLWKDVSHFLILFPDJQLWXGHDWDVSHFLILFORFDWLRQ&RQVHTXHQWO\SHUWLQHQWXQFHUWDLQWLHVDUHGLV
UHJDUGHGUHVXOWLQJLQDKD]DUGLQGHSHQGHQWHVWLPDWLRQZLWKDQXQNQRZQOHYHORIFRQVHUYDWLVP
7KHHQYLURQPHQWDOVRFLDODQGHFRQRPLFUHSHUFXVVLRQVRIDSRWHQWLDOSLSHOLQHIDLOXUHFDOO
IRUWKHHPSOR\PHQWRIVWDWHRIWKHDUWPHWKRGVIRUWKHHVWLPDWLRQRIIDXOWRIIVHWPDJQLWXGHDQG
WKHUHIRUHWKHGHVLJQRISLSHOLQHVDWIDXOWFURVVLQJV7RDFKLHYHSDULW\ZLWKWKHGHVLJQVWDQGDUGV
IRUEXLOGLQJVDQGEULGJHVDWWKHYHU\OHDVWDQDSSURDFKLVQHHGHGWRVHWWKHGHVLJQIDXOWGLV
SODFHPHQWIRUDSLSHOLQHDWDSUHGHILQHGKD]DUGOHYHO+HQFHDEHWWHUEDODQFHEHWZHHQVDIHW\
FDSLWDOPDLQWHQDQFHFRVWVDQGHQYLURQPHQWDOUHVSRQVLELOLW\FDQEHDWWDLQHG7KHDSSURSULDWH
VXFKPHWKRGLVWKH3UREDELOLVWLF)DXOW'LVSODFHPHQW+D]DUG$QDO\VLV 3)'+$ WKDWZDVLQWUR
GXFHG E\ <RXQJV HW DO >@ IRU WKH VHLVPLF KD]DUG DVVHVVPHQW RI WKH SODQQHG QXFOHDU ZDVWH
UHSRVLWRU\DW<XFFD0RXQWDLQ1HYDGD86$
7UDQVPLVVLRQDQGGLVWULEXWLRQSLSHOLQHVIRUPDQH[WHQVLYHQHWZRUNFRYHULQJDUHDVWKDWUDQJH
IURPDIHZKXQGUHGWKRXVDQGVTXDUHPHWHUVWRHQWLUHFRXQWULHV:KHQVHLVPLFDUHDVDUHWUDY
HUVHGFURVVLQJPDMRURUPLQRUWHFWRQLFIDXOWVLVDOPRVWLQHYLWDEOH7KHVHIDXOWVPLJKWEHDFWLYH
RULQDFWLYHRUHYHQQRWPDSSHGGXHWRLQDFWLYLW\GXULQJWKHODVWWKRXVDQGVRI\HDUV,QFDVHRI
FURVVLQJDPDMRUIDXOWWKLVZLOOEHSUREDEO\IXOO\PDSSHGDQGUHFRUGHGDOORZLQJWKHLPSOH
PHQWDWLRQRIDIXOOSUREDELOLVWLFKD]DUGDQDO\VLV 3)'+$ WRDFFRXQWIRUDOOJHRWHFKQLFDODQG
VHLVPRORJLFDOSDUDPHWHUVRIWKHFURVVLQJ2QWKHRWKHUKDQGGHVLJQHUVDUHDZDUHWKDWWKHODWWHU
LVQRWWKHFDVHIRUPLQRUIDXOWVW\SLFDOO\EHLQJSRRUO\PDSSHGDQGUHFRUGHGUHVXOWLQJLQDPLQ
LPXPRUHYHQ]HURGDWDDYDLODELOLW\7KHSUREOHPLVUHJXODUO\WUHDWHGEDVHGRQDEOHQGRIH[SHUW
RSLQLRQHQJLQHHULQJDVVXPSWLRQVDQGWKHLPSOHPHQWDWLRQRIHPSLULFDOUHJUHVVLRQHTXDWLRQVWR
FDOFXODWHHVWLPDWHWKHGHVLJQIDXOWGLVSODFHPHQW7KXVWKHDIRUHPHQWLRQHGGUDZEDFNVRIWKH
GHWHUPLQLVWLFDSSURDFKDUHLQIODWHGDJDLQLQWKHGHVLJQ7KHSUHVHQWVWXG\VWDQGVDVWKHILUVWVWHS
WRGHYHORSDVHWRIVLPSOLILHGH[SUHVVLRQVIRUWKHHVWLPDWLRQRIIDXOWRIIVHWPDJQLWXGHIRUSLSH
± IDXOWFURVVLQJVLQFDVHWKHUHLVLQVXIILFLHQWGDWD7KHH[SUHVVLRQVDUHGHULYHGIURPWKHVWDWLV
WLFDOSURFHVVLQJRI3)'+$UHVXOWVWDNLQJLQWRDFFRXQWW\SLFDOYDOXHVRIWKHSHUWLQHQWVHLVPR
ORJLFDOSDUDPHWHUVRIWKH(XURSHDQDUHD
2

FAULT DISPLACEMENT HAZARD

2.1 Probabilistic Fault Displacement Hazard Analysis
7KHEDVLVRI3UREDELOLVWLF)DXOW'LVSODFHPHQW+D]DUG$QDO\VLV 3)'+$ ZDVRULJLQDOO\HV
WDEOLVKHGE\<RXQJVHWDO>@DQGODWHUPRGLILHGLPSURYHGIRUH[DPSOHLQ>@±>@7KHRXW
FRPHRI3)'+$LVWKHPHDQDQQXDOIUHTXHQF\ 0$) RIH[FHHGLQJIDXOWGLVSODFHPHQWOHYHOV
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DWDVLWHE\FRQVLGHULQJWKHIDXOWJHRPHWU\WKHIDXOWVOLSUDWHWKHGLVWULEXWLRQRIHDUWKTXDNHV
DQGWKHSHUWLQHQWDOHDWRU\DQGHSLVWHPLFXQFHUWDLQWLHV3)'+$KDVEHHQDSSOLHGIRUWKHSLSHOLQH
± IDXOW FURVVLQJ SUREOHP E\ WKH DXWKRUV LQ >@ DGRSWLQJ WKH ³HDUWKTXDNH DSSURDFK´ WKDW LV
GHULYHGIURPWKHFODVVLF3UREDELOLVWLF6HLVPLF+D]DUG$QDO\VLV>@7KH³SULQFLSDOIDXOWLQJ´
RI 3)'+$ LV FRQVLGHUHG XQGHU WKH DVVXPSWLRQ WKDW WKH SLSHOLQH FURVVHV D PDLQ IDXOW ZKLOH
GLVWULEXWHG IDXOWLQJ LVVXHV DUH QHJOHFWHG 7KH IDXOW GLVSODFHPHQW KD]DUG HVWLPDWLRQ GHSHQGV
DPRQJRWKHUVRQWKHIDXOWHYHQWUDWHWKHPD[LPXPHDUWKTXDNHPDJQLWXGHWKHVXUIDFHUXSWXUH
OHQJWK 65/ WKHSRVLWLRQRIWKHUXSWXUHDORQJWKHIDXOWWUDFHDQGWKHSRVLWLRQRIWKHSLSHOLQH
FURVVLQJVLWH
3)'+$IRUSLSH ±IDXOWFURVVLQJVLWHLV HVVHQWLDOO\ DQDSSOLFDWLRQRIWKH WRWDO SUREDELOLW\
WKHRUHP
ߣ ሺ݀ሻ ൌ  ݒ ܲሺ ܦ ݀ȁ݉ ሻܲெ ሺ݉ ሻ





ZKHUHvLVWKHPHDQDQQXDOUDWH VHLVPLFUDWH RIDOOHDUWKTXDNHVDERYHDPLQLPXPHDUWKTXDNH
PDJQLWXGHRIHQJLQHHULQJVLJQLILFDQFHIROORZLQJD3RLVVRQPRGHORIRFFXUUHQFHVPM mi LVWKH
SUREDELOLW\RIPDJQLWXGHMIDOOLQJZLWKLQWKHiWKELQFKDUDFWHUL]HGE\miDWLWVFHQWHUDQGLV
HVWLPDWHGXVLQJWKH*XWHQEHUJ5LFKWHUERXQGHGUHFXUUHQFHODZ>@P D!d_mi LVWKHSURED
ELOLW\ WKDW WKH IDXOW GLVSODFHPHQW D H[FHHGV D GHILQHG YDOXH d DW WKH FURVVLQJ VLWH JLYHQ DQ
HDUWKTXDNHRIPDJQLWXGHmiKDVRFFXUUHG(T  LVDSSOLHGIRUERWKWKHDYHUDJHIDXOWGLVSODFH
PHQW $' DQGWKHPD[LPXPIDXOWGLVSODFHPHQW 0' RSWLRQVRI3)'+$HDFKRQHDVVRFLDWHG
ZLWKDGLIIHUHQWIDXOWGLVSODFHPHQWSUHGLFWLRQHTXDWLRQVLPLODUWRDJURXQGPRWLRQSUHGLFWLRQ
HTXDWLRQRIFODVVLF36+$
2.2 Hazard uncertainty
7KHLGHQWLILFDWLRQDQGTXDQWLILFDWLRQRIXQFHUWDLQWLHVLVDQLQWHJUDOSDUWRIVHLVPLFKD]DUG
DQDO\VLVDVWKHKD]DUGFXUYHLVVHQVLWLYHWRWKHSDUDPHWHUVDGRSWHGLQWKHDQDO\VLV$Q\XQFHU
WDLQW\ FDQEHLQFRUSRUDWHGLQ3)'+$8QFHUWDLQWLHVDUHFODVVLILHGLQWRWZRPDLQFDWHJRULHV
QDPHO\DOHDWRU\DQGHSLVWHPLF$OHDWRU\XQFHUWDLQWLHVDUHUHODWHGWRWKHLQKHUHQWYDULDELOLW\RI
QDWXUH HJ UDQGRPQHVV LQ HDUWKTXDNH PDJQLWXGH IDXOW GLVSODFHPHQW HWF DQG DUH KDQGOHG
WKURXJKVDPSOLQJ(SLVWHPLFXQFHUWDLQWLHVDUHUHODWHGWRWKHLQFRPSOHWHXQGHUVWDQGLQJRIQDWXUH
DQGLQWLPHFDQEHUHGXFHGZLWKEHWWHUREVHUYDWLRQVHJJURXQGPRWLRQSUHGLFWLRQHTXDWLRQV
7KHVHXQFHUWDLQWLHVOHDGWRDOWHUQDWLYHKD]DUGFXUYHVDQGDUHKDQGOHGWKURXJKORJLFWUHHV>@
E\ FUHDWLQJ GLIIHUHQW PRGHOV IRU LQSXW SDUDPHWHUV DQG DVVLJQLQJ ZHLJKW IDFWRUV WR WKH WUHH
EUDQFKHV :HLJKW IDFWRUV UHSUHVHQW WKH UHODWLYH EHOLHI RI WKH HQJLQHHU LQ DOWHUQDWLYH PRGHOV
ZLWKRXWQHFHVVDULO\EHLQJIUHTXHQF\EDVHGSUREDELOLWLHV>@,WLVQRWHGWKDWWKHUHLVQRHYL
GHQFH UHFRUGHGGDWD IRUIDYRULQJWKH$'RU0'DSSURDFKRI3)'+$7KXVWKLVRSWLRQLV
FRQVLGHUHGDVDQHSLVWHPLFXQFHUWDLQW\DQGLVDVVLJQHGDZHLJKWIDFWRUHTXDOWRLQDORJLF
WUHHIRUPXODWLRQ
3

METHODOLOGY OUTLINE

3.1 Parameters
7KHDIRUHPHQWLRQHGIRUPXODWLRQRIIDXOWGLVSODFHPHQWKD]DUGHVWLPDWLRQ UHTXLUHVWKHIRO
ORZLQJNH\LQSXWSDUDPHWHUV
x 6HLVPLFUDWHvRIDOOHDUWKTXDNHVDERYHPDJQLWXGH PLQLPXPHDUWKTXDNHPDJQLWXGHRI
HQJLQHHULQJVLJQLILFDQFH
x )DXOWW\SH VWULNHVOLSQRUPDOUHYHUVH
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x
x
x
x

0D[LPXPHDUWKTXDNHPDJQLWXGH MPD[
bYDOXHRIWKH*XWHQEHUJ5LFKWHU%RXQGHG5HFXUUHQFH/DZ>@ VORSHRIWKHFXUYH
)DXOWOHQJWK LF LQNP
3LSH±IDXOWFURVVLQJSRLQW XL WKDWLVWKHUDWLRQRIWKHORFDWLRQRIWKHFURVVLQJSRLQWWRWKH
FORVHWIDXOWHGJHWRWKHIDXOWOHQJWKZLWKXL
6SHFLILFDOO\WKHVHLVPLFUDWHDFFRUGLQJWR(T  LVDQH[WHUQDOPXOWLSOLHURIWKHVHLVPLF
KD]DUGFDOFXODWLRQVWKDWDUHFDUULHGRXWVHSDUDWHO\IRUHDFKIDXOWW\SH2QWKHRWKHUKDQGIRU
UHDVRQVRISUDFWLFDOLW\SDUDPHWHUVMPD[bFLDQGXLDUHWUHDWHGDVGLVFUHWHYDULDEOHVDQGDUH
DVVLJQHGLQGLFDWLYHUHDOLVWLFYDOXHVDVSHU7DEOH
3DUDPHWHU
MPD[
b
LF
XL

9DOXHV





7DEOH3DUDPHWHUVFRQVLGHUHGLQIDXOWGLVSODFHPHQWKD]DUGHVWLPDWLRQ

7KHUDQJHRIbYDOXHVRIWKH*XWHQEHUJ5LFKWHU%RXQGHG5HFXUUHQFH/DZ>@LVIURP
WR  IRU VWDEOH DQG DFWLYH UHJLRQV LQ (XURSH (8 6(5$ SURMHFW KWWSZZZVHUD
HXRUJHQKRPH 7KHUDQJHRIMPD[YDOXHVLVWRGLVFUHWL]HGLQELQVZLWKWKHELQ
FHQWHUVOLVWHGLQ7DEOH:HOOVDQG&RSSHUVPLWK>@SURYLGHH[SUHVVLRQVWKDWUHODWHIDXOWFKDU
DFWHULVWLFVDORQJZLWKWKHSHUWLQHQWOLPLWDWLRQVUHJDUGLQJWKHDSSOLFDELOLW\RIWKHH[SUHVVLRQV
7KXVLQWKHFDVHRIQRUPDOUHYHUVHIDXOWWKHPD[LPXPFRQVLGHUHGIDXOWOHQJWK LF LVNP
GLVFUHWL]HGLQYDOXHV ZKLOHLQWKHFDVHRIVWULNHVOLSIDXOWLWLVNP GLVFUHWL]HGLQYDOXHV 
3.2 Knowledge levels
$SSOLFDWLRQRIWKHIXOO3)'+$IUDPHZRUNDVGHVFULEHGVRIDUQHFHVVLWDWHVVHLVPRORJLFDO
DQGJHRWHFKQLFDOGDWDWKDWDUHQRWDOZD\VDYDLODEOHIRUH[DPSOHLQFDVHRIPLQRUIDXOWVRUIDXOWV
FRQVLGHUHGWREHLQDFWLYH7RDFFRXQWIRULQSXWGDWDLQFRPSOHWHQHVVWKHDLPLVWRIRUPXODWH
SHUWLQHQWH[SUHVVLRQVIRUWKHHVWLPDWLRQRIWKHGHVLJQIDXOWGLVSODFHPHQWIRUGLIIHUHQWOHYHOVRI
GDWDDYDLODELOLW\DVSUHVHQWHGLQGLFDWLYHO\LQ7DEOH
/HYHO
$
%
&
''
''
((
((

IDXOWW\SH b
ض
ض

ض

ض
ض

3DUDPHWHUV
MPD[ LF
ض

ض
ض

ض
ض
ض
ض

XL
ض
ض
ض

ض

7DEOH,QGLFDWLYHOHYHOVRIGDWDNQRZOHGJHIRUWKHSLSHOLQH±IDXOWFURVVLQJVLWHZLWKUHGXFLQJGDWDDYDLODELOLW\
IURP/HYHO$WR/HYHO(

7KHDYDLODEOHGDWDDWHDFKOHYHOUHIOHFWVWKHREMHFWLYHGLIILFXOWLHVLQJDWKHULQJDOOWKHQHFHV
VDU\GDWD$VVXPLQJDPLQRUIDXOWWKHOHQJWKFDQEHHVWLPDWHGE\DQDO\]LQJVDWHOOLWHLPDJHV
DQGGHWHUPLQLQJWKHQWKHIDXOWFURVVLQJSRLQW+RZHYHUWKLVIDXOWPLJKWKDYHEHHQLQDFWLYHIRU
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DORQJSHULRGDQGFRQVHTXHQWO\HVWLPDWLQJWKHPD[LPXPHDUWKTXDNHPDJQLWXGHDQGWKHb-YDOXH
RI*XWHQEHUJ5LFKWHU/DZPLJKWQRWEHSRVVLEOH
7KHSUHVHQWVWXG\VWDQGVDVWKHILUVWVWHSWRZDUGVIRUPXODWLQJVLPSOLILHGH[SUHVVLRQVIRUWKH
HVWLPDWLRQRIWKHGHVLJQIDXOWGLVSODFHPHQWIRUSLSHOLQHVFURVVLQJIDXOWV7KHVHLVPLFUDWHvLQ
(T  LVDVVXPHGWREH ݒൌ ͳUHIOHFWLQJDUHDVRIURXJKO\PRGHUDWHVHLVPLFLW\QDPHO\DUHDV
ZKHUHDQHDUWKTXDNHRIPDJQLWXGHDERYHLVH[SHFWHGRQFHD\HDURQDYHUDJH/HYHOV$
DQG%RI7DEOHDUHH[DPLQHGIRUDOOIDXOWW\SHVWDNLQJLQWRDFFRXQWDOOWKHSDUDPHWHUVRI7DEOH

3.3 Design fault displacement
7KHW\SLFDOUHWXUQSHULRGRIߒ ൌ ͶͷLVFRQVLGHUHGLQWKHFXUUHQWYHUVLRQRI(1
>@6WUXFWXUHVRIKLJKHULPSRUWDQFHWKDQWKHW\SLFDORQH QDPHO\VLJQLILFDQFHIDFWRU
HTXDOWRRQH DUHGHVLJQHGZLWKVHLVPLFORDGVWKDWDUHLQFUHDVHGE\PXOWLSO\LQJZLWKVLJQLILFDQFH
RUSHUIRUPDQFH IDFWRUVKLJKHUWKDQ0RUHUHWXUQSHULRGVDQGHTXLYDOHQWSUREDELOLWLHVRI
H[FHHGDQFH 3R( LQ\UVDUHFRQVLGHUHGKHUHLQDIWHU 7DEOH ,QPRUHGHWDLODUHWXUQSHULRG
RIߒ ൌ ʹʹͷUHIHUVWRORZLPSRUWDQFHLQIUDVWUXFWXUH HJPLQRUSLSHOLQHVQRWFDUU\LQJIXHO 
ZKLOHߒ ൌ ͻͷDQGߒ ൌ ʹͶͷDUHUHVHUYHGIRUVLJQLILFDQWVWUXFWXUHVRULQIUDVWUXFWXUH
T
\UV
\UV
\UV
\UV

3R(LQ\UV





0$)





7DEOH5HWXUQSHULRGV T FRQVLGHUHGDQGHTXLYDOHQWSUREDELOLWLHVRIH[FHHGDQFH 3R( LQ\UVDQGFRUUH
VSRQGLQJPHDQDQQXDOIUHTXHQFLHV 0$) 

4

LEVEL A

/HYHO$RIGDWDNQRZOHGJHLVWKHRQHWKDWUHTXLUHVDOODYDLODEOHGDWDQDPHO\IDXOWW\SHb
YDOXHPDJQLWXGHMPD[IDXOWOHQJWK LF FURVVLQJSRLQW XL &RQVLGHULQJDOOYDOXHVRI7DEOH
IRUVWULNHVOLSQRUPDODQGUHYHUVHIDXOWW\SH3)'+$ VHFWLRQ LVSHUIRUPHGIRUDOOSRVVLEOH
FRPELQDWLRQVRISDUDPHWHUYDOXHV,QFDVHRIDVWULNHVOLSIDXOWWKHQXPEHURIIDXOWGLVSODFH
PHQWKD]DUGFXUYHVSURGXFHGLVHTXDOWR YDOXHVRIMPD[ î bYDOXHV î YDOXHVRILF 
î YDOXHVRIXL  ZKLOHLQFDVHRIQRUPDODQGUHYHUVHIDXOWWKHQXPEHURIKD]DUGFXUYHV
LVHTXDOWR YDOXHVRIMPD[ î bYDOXHV î YDOXHVRILF î YDOXHVRIXL  7KHQ
WRLGHQWLI\WKHHIIHFWRIHDFKSDUDPHWHURQWKHKD]DUGFXUYHWKHFDVHRIQRUPDOIDXOWLQJLVH[
DPLQHGLQ)LJXUHZKHUHLQHDFKFDVHDVLQJOHSDUDPHWHULVYDULHGZKLOHWKHRWKHUWKUHHDUH
NHSWFRQVWDQW7KH³DQFKRULQJ´FHQWUDOVHWRISDUDPHWHUYDOXHVIRUWKLVH[DPSOHLV ܯൌ Ǥͷ
ܾǦ ൌ ͲǤͻͲ ܨܮൌ ͷͲDQGܺ ܮൌ ͲǤ͵Ͳ7KHHIIHFWRIPD[LPXPHDUWKTXDNHPDJQLWXGH
LVHYDOXDWHGLQ)LJXUH D ZKHUHIRUORZIDXOWRIIVHWVWKHUDQJHRI0$)VLVURXJKO\IURP
WRZKLOHIRUYHU\KLJKRIIVHWVWKLVUDQJHLVWLPHVKLJKHU,QJHQHUDOWKHLQFUHDVHRIMPD[
OHDGVWRORZHU0$)VLQGLFDWLQJWKDWDKLJKHUPDJQLWXGHHDUWKTXDNHLVUDUHU7KHQWKHHIIHFW
RIWKH*XWHQEHUJ5LFKWHUbYDOXHLVH[DPLQHGLQ)LJXUH E ZKHUHWKHKD]DUGFXUYHVIRUYDU
\LQJ bYDOXHVDUH DOPRVW SDUDOOHO WR RQHDQRWKHU 7KHLQFUHDVHRI WKHbYDOXHOHDGV WR ORZHU
0$)VVLQFHWKHbYDOXHLVWKHVORSHRIWKHFXUYHWKDWSURYLGHVWKH³H[SHFWHG´IXWXUHHDUWKTXDNH
PDJQLWXGH7KXVDKLJKHUbYDOXHLPSOLHVWKDW PRUHORZPDJQLWXGHHYHQWV³ZLOORFFXU´IRU
HDFKODUJHPDJQLWXGHHYHQWDQGFRQVHTXHQWO\WKH RYHUDOOUDWHRIODUJHPDJQLWXGHHYHQWVEH
FRPHVORZHU

3071

9DVLOHLRV(0HOLVVLDQRVDQG'LPLWULRV9DPYDWVLNRV

7KHGLVSOD\HGEHKDYLRURIWKHKD]DUGFXUYHVIRUYDU\LQJIDXOWOHQJWKLQ)LJXUH F PD\VHHP
SHFXOLDUDVORQJHUIDXOWVPD\VHHPWRXQGHUSURGXFHVPDOOGLVSODFHPHQWV+RZHYHURQHVKRXOG
EHDULQPLQGWKDWDOOFXUYHVDUHFDOFXODWHGIRUWKHVDPHVHLVPLFUDWH ݒൌ ͳǤͲͲPHDQLQJWKDWRQH
HYHQWZLWKPDJQLWXGH ܯ ͶǤͷͲLVH[SHFWHGRQDYHUDJHSHU\HDU7KXVWDNLQJIRUH[DPSOHD
VPDOO RIIVHW YDOXH RI݀ ൌ ͲǤͳͲߣሺͲǤͳͲሻ ൌ ͲǤͲͳͺͶIRU ܨܮൌ ͳͲǡZKLOH ȜሺͲǤͳͲሻ ൌ
ͲǤͲͲ͵ʹIRU ܨܮൌ ͳͲͲ 7KH UHDVRQ LV WKDW FRQWUDU\ WR SHDN JURXQG DFFHOHUDWLRQ PGA  RU
VSHFWUDODFFHOHUDWLRQSa T ZDYHSURSDJDWLRQHIIHFWVWKDWDIIHFWSRLQWVRXWVLGHWKHLPPHGLDWH
IDXOWUXSWXUHDIDXOWRIIVHWFDQQRWEHUHFRUGHGRXWVLGHWKHUXSWXUHLWVHOI7KXVRQDORQJHUIDXOW
WKHPDQ\VPDOOHYHQWVWKDWFRXOGSURGXFHVXFKDORZYDOXHRI݀ ൌ ͲǤͳͲDFWXDOO\KDSSHQDZD\
IURPWKHFURVVLQJSRLQWUHGXFLQJWKHFRUUHVSRQGLQJ0$):KHQODUJHUIDXOWRIIVHWVDUHFRQ
VLGHUHGODUJHUPDJQLWXGHVDXWRPDWLFDOO\FRPHLQWRSOD\UXSWXULQJODUJHUVHJPHQWVRIWKHIDXOW
WRSURGXFHPRUHIUHTXHQWODUJHURIIVHWV7KXVDIDXOWOHQJWKRINPZLOOYHU\UDUHO\SURGXFH
DGLVSODFHPHQWRI݀ ൌ ʹKDYLQJD0$)RIߣ ൎ ͳͲିହ YHUVXVD0$)RIߣ ൎ ͳǤͷ ൈ ͳͲିସ IRU
WKHNPIDXOW
)LQDOO\WKHHIIHFWRIWKHFURVVLQJSRLQWORFDWLRQDORQJWKHIDXOWWUDFHLVH[DPLQHGLQ)LJXUH
 G <RXQJVHWDO>@XVHGQRUPDOL]HGIDXOWGLVSODFHPHQWGDWDIRUWKHHVWLPDWLRQRIWKHFRQGL
WLRQDOSUREDELOLW\WKDWWKHRIIVHWDWDVSHFLILFSRLQWZLOOH[FHHGDSUHGHILQHGYDOXH7KHQRUPDO
L]DWLRQ LV H[SUHVVHG DVܦȀܦܣRUܦȀܦܯZKHUH D LV WKH IDXOW RIIVHW AD LV WKH DYHUDJH IDXOW
GLVSODFHPHQWDQGMDLVWKHPD[LPXPIDXOWGLVSODFHPHQW'LVWULEXWLRQVRIUDWLRVܦȀܦܣDQG
ܦȀܦܦDUHH[SUHVVHGDVDIXQFWLRQRIWKHFURVVLQJSRLQWxLF XL ZLWK݂ሺܦȀܦܦܣȀܦܯȁݔȀ
ܨܮሻEHLQJV\PPHWULFDERXWDPD[LPXPYDOXHDWݔȀ ܮൌ ͲǤͷͲǤ7KXVKLJKHUIDXOWGLVSODFHPHQW
LVH[SHFWHGIRUYDOXHVݔȀܨܮFORVHWRDVSUHVHQWHGLQ)LJXUH G ZKHUHKD]DUGFXUYHVIRU
KLJKHUݔȀܨܮDUHSDUDOOHOO\³GLVSODFHG´WRORZHU0$)V

D YDU\LQJPDJQLWXGHܾ ܯǦ ൌ ͲǤͻͲ ܨܮൌ ͷͲDQGܺ ܮൌ ͲǤ͵Ͳ
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E  ܯൌ ǤͷYDU\LQJܾǦ ܨܮൌ ͷͲDQGܺ ܮൌ ͲǤ͵Ͳ

F  ܯൌ ǤͷܾǦ ൌ ͲǤͻͲYDU\LQJܨܮDQGܺ ܮൌ ͲǤ͵Ͳ

G  ܯൌ ǤͷܾǦ ൌ ͲǤͻͲ ܨܮൌ ͷͲDQGYDU\LQJܺܮ
)LJXUH)DXOWGLVSODFHPHQWKD]DUGFXUYHVRQSLSHOLQHFURVVLQJVLWH

5

LEVEL B

,QNQRZOHGJH/HYHO%WKHPD[LPXPHDUWKTXDNHPDJQLWXGH MPD[ DQGWKHbYDOXHDUHXQ
NQRZQYDULDEOHVDVSUHVHQWHGLQ7DEOH7KHORJLFWUHHRI)LJXUHLVIRUPXODWHGWRKDQGOHWKH
XQNQRZQYDULDEOHVE\DVVLJQLQJSHUWLQHQWZHLJKWIDFWRUVWRWKHWUHHEUDQFKHV7KHZHLJKWIDF
WRUVIRUWKHbYDOXHDUHOLVWHGLQ7DEOHDQGDUHVHOHFWHGEDVHGRQH[SHUWRSLQLRQIRU(XURSHDQ
VLWHV
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SDUDPHWHUYDOXH




ZHLJKWIDFWRUwb




7DEOH/HYHO%±ZHLJKWIDFWRUVIRUWKHSDUDPHWHUbYDOXHRI*XWHQEHUJ5LFKWHU/DZ>@

)LJXUH/RJLFWUHHIRUPXODWLRQWRKDQGOHXQNQRZQSDUDPHWHUVLQGDWDNQRZOHGJH/HYHO%

7KHZHLJKWIDFWRUVIRUMPD[DUHHVWLPDWHGEDVHGRQWKHHPSLULFDOH[SUHVVLRQVRI:HOOV
DQG &RSSHUVPLWK >@ 7KH HDUWKTXDNH PDJQLWXGH LV QRUPDOO\ GLVWULEXWHG ZLWK UHVSHFW WR
IDXOWOHQJWK LF 7KHPHDQYDOXHRIHDUWKTXDNHPDJQLWXGHFRQFHUQLQJLFDQGWKHFRUUH
VSRQGLQJVWDQGDUGGHYLDWLRQIRUHDFKIDXOWW\SHDUHHVWLPDWHGDIWHU
ǣܯ ൌ ͶǤͺ  ͳǤ͵ʹ ଵ ሺܨܮሻ ǡ ߪ ൌ ͲǤ͵Ͷ



ǣܯ ൌ ͷǤͲͲ  ͳǤʹʹ ଵ ሺܨܮሻ ǡ ߪ ൌ ͲǤʹͺ



Ǧǣܯ ൌ ͷǤͳ  ͳǤͳʹ ଵ ሺܨܮሻ ǡ ߪ ൌ ͲǤʹͺ



7KXVIRUHYHU\IDXOWOHQJWKFRQVLGHUHGWKHPHDQHDUWKTXDNHPDJQLWXGHLVHVWLPDWHGXVLQJ
(TV    7KHQWKHZHLJKWIDFWRUIRUHDFKPDJQLWXGH MPD[ FRQVLGHUHGLVHYDOXDWHGDV
ݓ ൌ ܨሺ ܯሻ ൌ ߔ ൬

 ܯെ ܯ
൰
ߪ



,QFDVHRIQRUPDORUUHYHUVHIDXOWIROORZLQJWKHSURFHGXUHSUHVHQWHGDERYHDORQJWKHORJLF
WUHHRI)LJXUHOHDGVWRWKHUHGXFWLRQRIWKHWRWDOQXPEHURIKD]DUGFXUYHV RUFRPELQDWLRQRI
GLVFUHWHSDUDPHWHUYDOXHV WRFRQVLGHUIURPWR> YDOXHVRILF î YDOXHVRIXL @
ZKLOHLQFDVHRIVWULNHVOLSIDXOWWKHFRUUHVSRQGLQJUHGXFWLRQLVIURPFXUYHVWR> YDOXHV
RILF î YDOXHVRIXL @7KLVUHGXFWLRQLVVLPSO\DFKLHYHGE\VXPPDUL]LQJWKHODUJHUVDPSOH
RIKD]DUGFXUYHVWKURXJKWKHORJLFWUHH
7KHQH[WVWHSLQWKHSURFHVVLVWRGHWHUPLQHWKHIDXOWRIIVHWYDOXHVIURPHDFKKD]DUGFXUYH
WKDWFRUUHVSRQGWRHDFKUHWXUQSHULRGRI7DEOH7KHFDVHRIQRUPDOIDXOWLVLOOXVWUDWHGLQ)LJXUH
ZKHUHWKHKD]DUGFXUYHVDUHSORWWHGZLWKVROLGOLQHVDQGWKHUHWXUQSHULRGVXQGHUFRQ
VLGHUDWLRQDUHSORWWHGZLWKGDVKHGKRUL]RQWDOOLQHV7KHJURXSLQJRIKD]DUGFXUYHVWKDWLVRE
VHUYHGLVUHODWHGWRWKHGLIIHUHQWIDXOWOHQJWKVFRQVLGHUHG,QRWKHUZRUGVWKHJURXSLQJRIWKH
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KD]DUGFXUYHVLVDFRPELQDWLRQRI)LJXUH F DQG)LJXUH G 7KHLQWHUVHFWLRQRIHDFKKRUL
]RQWDOOLQHZLWKDKD]DUGFXUYHSURYLGHVDVLQJOHSRLQWHVWLPDWHRIWKHIDXOWRIIVHWJLYHQWKH
UHWXUQSHULRG&RQVHTXHQWO\IRUHDFKUHWXUQSHULRGIDXOWRIIVHWYDOXHVDUHHVWLPDWHG
7KHIDXOWGLVSODFHPHQWLQPHWHUVZLWKUHVSHFWWRIDXOWOHQJWKDQGFURVVLQJSRLQWFDQEHHVWL
PDWHGYLDWKHJHQHUDOIXQFWLRQ݀ሺܨܮǡ ܺܮሻ
݀ሺܨܮǡ ܺܮሻ ൌ   ଵ  ܨܮ ଵ ܺ ܮ ଶ  ܨܮଶ  ଵଵ ሺܨܮሻሺܺܮሻ  ଶ ܺܮଶ  ଷ  ܨܮଷ
 ଶଵ ሺ ܨܮଶ ሻሺܺܮሻ  ଵଶ ሺܨܮሻሺܺܮଶ ሻሺሻ



ZKHUHpp«pDUHWKHILWWLQJFRHIILFLHQWV(YLGHQWO\WRDFFRPPRGDWHDOOREVHUYDWLRQV
RQWKHUHODWLYHVLJQLILFDQFHRIIDXOWOHQJWK LF DQGFURVVLQJSRLQW XL WKHOHQJWKLVFDSWXUHG
ZLWKWHUPVXSWRWKHWKLUGSRZHUZKLOHIRUWKHFURVVLQJSRLQWWHUPVXSWRWKHVHFRQGSRZHUDUH
HPSOR\HGLQFOXGLQJDOOLQWHUDFWLRQWHUPVXSWRWKHWKLUGRUGHU7KHUHVXOWLQJFRHIILFLHQWVDUH
OLVWHGLQ7DEOHIRUWKHQRUPDOIDXOWLQ7DEOHIRUWKHUHYHUVHIDXOWDQGLQ7DEOHIRUWKH
VWULNHVOLSIDXOWW\SH,WLVQRWHGWKDW(T  LVDSSOLHGIRUHDFKUHWXUQSHULRGRI7DEOH,QGLF
DWLYHUHVXOWVRIWKHILWWHGVXUIDFHIRUQRUPDOIDXOWW\SHDQGܶ ൌ ͶͷLVVKRZQLQ)LJXUH
7KHURRWPHDQVTXDUHHUURU 506( ZKLFKLVWKHVWDQGDUGGHYLDWLRQRIWKHUHVLGXDOV SUHGLFWLRQ
HUURUV IRUHDFKILWWLQJLVOLVWHGLQ7DEOHWKURXJK7DEOHLQGLFDWLQJWKDWWKHHUURULVDWWKH
RUGHURI DIHZ FHQWLPHWHUVQDPHO\WKHGDWDLV YHU\FRQFHQWUDWHGDURXQGWKHOLQHRIEHVW ILW
)LQDOO\LWLVQRWHGWKDWWKHDGMXVWHG5VTXDUHLVDERYHIRUDOOFDVHV

)LJXUH1RUPDOIDXOWKD]DUGFXUYHV VROLGOLQHV RI/HYHO%DQGFRQVLGHUHGUHWXUQSHULRGV KRUL]RQWDOGDVKHG
OLQHV 

)LJXUH1RUPDOIDXOWVXUIDFHILWWLQJIRUIDXOWGLVSODFHPHQWYDOXHVIRUܶ ൌ Ͷͷ
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6

CONCLUSIONS

7KH HVWLPDWLRQ RI GHVLJQ IDXOW GLVSODFHPHQW IRU EXULHG SLSHOLQHV FURVVLQJ DFWLYH WHFWRQLF
IDXOWV W\SLFDOO\ UHOLHV RQ UHJUHVVLRQ HTXDWLRQV HQJLQHHULQJ DVVXPSWLRQV RU H[SHUW RSLQLRQ
3LSHOLQHVDUHVWUXFWXUHVRIYHU\KLJKLPSRUWDQFHDQGFRQVHTXHQWO\LWLVGHHPHGQHFHVVDU\WR
HPSOR\VWDWHRIWKHDUWSUREDELOLVWLFWRROVIRUWKHHVWLPDWLRQRIWKHGHVLJQIDXOWGLVSODFHPHQW
+RZHYHUSLSHOLQHVH[WHQGRYHUKXQGUHGVRUWKRXVDQGVRINLORPHWHUVFURVVLQJVHYHUDOPDMRURU
PLQRUDFWLYHRUSRWHQWLDOO\LQDFWLYHWHFWRQLFIDXOWV7KXVSHUIRUPLQJDIXOOSUREDELOLVWLFKD]DUG
DVVHVVPHQWRIHDFKIDXOWFURVVLQJPLJKWQRWEHSRVVLEOHRUHYHQGHVLUDEOH7KHUHIRUHZHSUH
VHQWHGDFRPSUHKHQVLYHILUVWDWWHPSWWRIRUPXODWHVLPSOLILHGH[SUHVVLRQVIRUWKHFDOFXODWLRQRI
WKHIDXOWGLVSODFHPHQW
7KHDSSURSULDWHPHWKRGIRUWKHVHLVPLFKD]DUGDVVHVVPHQWRIIDXOWLVWKH3UREDELOLVWLF)DXOW
'LVSODFHPHQW+D]DUG$QDO\VLV 3)'+$ WKDWKDVEHHQDGMXVWHGE\WKHDXWKRUVIRUEXULHGSLSH
OLQH±IDXOWFURVVLQJV&RQVLGHULQJDUDQJHRIUHDOLVWLFYDOXHVIRUWKHNH\LQSXWSDUDPHWHUVRI
3)'+$QDPHO\IDXOWW\SHPD[LPXPHDUWKTXDNHPDJQLWXGHIDXOWOHQJWKFURVVLQJSRLQWDQG
bYDOXHIRUHDUWKTXDNHPDJQLWXGHUHFXUUHQFHDQDO\VLVLVFDUULHGRXWIRUDOOFRPELQDWLRQVRIWKH
LQSXWSDUDPHWHUV5HVXOWVDUHWKHQVWDWLVWLFDOO\SURFHVVHGE\WDNLQJLQWRDFFRXQWUHGXFHGOHYHOV
RIGDWDNQRZOHGJHQDPHO\XQNQRZQSDUDPHWHUVWRIRUPXODWHVLPSOLILHGH[SUHVVLRQVWKDWUHODWH
IDXOWFKDUDFWHULVWLFVDQGIDXOWRIIVHWJLYHQWKHGHVLUHGUHWXUQSHULRG
7KHGHYHORSHGVLPSOLILHGH[SUHVVLRQVDUHWKHILUVWGHFLVLYHVWHSWRZDUGVIRUPXODWLQJDPHWK
RGRORJ\IRUHVWLPDWLQJWKHGHVLJQIDXOWGLVSODFHPHQWIRUSLSHOLQH±IDXOWFURVVLQJFRQVLGHULQJ
GLIIHUHQWNQRZOHGJHOHYHOVDQGZLWKUHVSHFWWRWKHUHTXLUHGUHWXUQSHULRG7KHSURSRVHGPHWK
RGRORJ\DLPVDWRYHUFRPLQJWKHW\SLFDOGUDZEDFNVRIWKHGHWHUPLQLVWLFDSSURDFK UHJUHVVLRQ
HTXDWLRQV H[SHUW RSLQLRQ HWF  ZKHUH SHUWLQHQW XQFHUWDLQWLHV DUH GLVUHJDUGHG UHVXOWLQJ LQ D
KD]DUGLQGHSHQGHQWHVWLPDWLRQZLWKDQXQNQRZQOHYHORIFRQVHUYDWLVP
7
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Abstract. The present paper deals with the design and the mechanical modeling of a seismic
bracing system with tensegrity architecture, which operates as a lightweight mechanical ampliﬁer for longitudinal displacements, efﬁciently limiting the inter-story drifts while dissipating
energy. The proposed brace is based on a D-bar tensegrity structure with rhomboidal shape
comprising Shape-Memory Alloy (SMA) tendons. The SMA tendons can develop austeniticmartensitic (solid to solid) phase transformations, which enable them to amplify the signals
into wide super elastic hysteresis, while subjected to mechanical cycles, comprising strains up
to ≈6-7%, with no residual deformations. The underlying concept of the proposed device is
the use of SMA wire sections as the dissipating component, and some preliminary results have
been presented in previous studies. Enhanced energy dissipation and re-centering capability of
the current SMA-D-bar (SMAD) braces are illustrated by the seismic analysis of a benchmark
structure. The efﬁciency of the designed bracing to minimize the seismic damage of the served
structure paves the way for the development of advanced seismic energy dissipation systems
incorporating tensegrity concepts and superelasticity.
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1

INTRODUCTION

Near ﬁeld seismic vibrations are represented by pulses of short duration with extensive time
periods with enormous peak ground speeds and accelerations [1]. Signiﬁcant work in the ﬁeld of
seismic structure response control through passive energy dissipation devices (PEDs) has been
outlined since previous two decades [2]. Which can be categorized into three different forms including semi-control, active and passive [3]. Passive control devices (passive energy dissipation
devices (PEDD)) are considered to be the best in terms of efﬁciency, inexpensive and effective
techniques to dissipate and eliminate the risk of seismic activity [4]- [6]. Permanent conﬁguration of the energy dissipation devices in structure for the sole purpose of dissipation has
been considered extremely effective which can dissipate signiﬁcant seismic energy into other
forms of energy thus reducing the risk of potential damage to the buildings [7]. Yet permanent
devices are hard to fabricate and require a lot of resources to build them. In every ﬁeld such
as electrical, mechanical and civil engineering additive manufacturing has emerged as one of
the basic and signiﬁcant contributors. Due to its low cost and easy availability, the usability of
the FDM (fused deposition modeling) has been enhanced since the last decade. Using the CAD
(Computer Added Designs) packages, it has become possible to realize any pre-customized prototype and part with zero waste production technology [8]. To date, additive manufacturing has
made a major contribution in the area of mechanical engineering. 3D printing has also shown
its wide-spread use in the civil engineering sector. But very less research has been conducted in
the ﬁeld of additively manufactured seismic isolator. For civil / structural ﬁelds, this technology
has been recognized far less. However, even after so much potential these technologies bring,
these ﬁelds don’t actually apply these technologies very often. Because most of the conﬁgurations were designed on site and in an industrial environment. But now several research works
are being carried out to explore the effectiveness and feasibility of the additive manufacturing
in civil engineering [9]- [12]. In present work an effort has been made to develop a tensegrity
architecture based seismic isolator in which SMA wires were used as restitution elements and
their response were observed in terms of ampliﬁcation. Further, The main feature includes the
use of additive manufacturing to prepare the linking components and the joints. The structure
was developed using the commercial CAD program, and tested for prescribed motions that are
expected to occur in structure during lateral force activity. Finally, the device was operated by
implementing a customized NI based virtual interface. Furthermore, the presence of friction
in joints can not be ruled out and the unaccounted dissipation of energy would also occur in
joints. Which would also act as passive dissipation of energy in 3D printed bodies. In next
sections, procedure for manufacturing such device has been discussed along with the testing
and conclusions obtained from the research work.
2

MATERIALS AND METHODS

The main focus of this study was the development of an seismic bracing system with tensegrity architecture that could be helpful in seismic analysis of a structures . As mentioned in the
previous section, the setup was intended to act as PED deviecs and SMA tendons were used as
restitution elements. The dissipation of energy in buildings can be separated into two major categories, such as elastic dissipation and inelastic dissipation [13]. In this research work a system
has been developed that relies on elastic dissipation mechanism such as PED devices. In Figure
1 various designs such as Diagonal 1(a) , Upper toggle 1(b), Chevron 1(c), Reverse toggle 1(d)
and Scissor-jack 1(e) [14] have been shown.
The present study generalizes the Scissor-jack PED device shown in in Figure 1(e) bu de-
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Figure 1: Different conﬁgurations of PED based systems [14]

signing a tensegrity structure with similar geometry, which is formed by a D-bar rhomboidal
arrangement of four bars (blue solid elements in Fig. 2) connected each other through longitudinal and a transversal string/cable elements (red this elements in Fig. 2). This SMA-D-bar
(SMAD) design allows the brace to produce stretching in the longitudinal string when it is
loaded by a longitudinal force pointing upward, and, conversely, to produce stretching in the
transverse string when it is loaded by a longitudinal force pointing upward (see also [15]).

Figure 2: SMAD braces inserted into a frame structure

3

MECHANICAL MODELING

The SMAD bracing concept illustrated in Figure 2 is mechanically studied in terms of its
displacement ampliﬁcation and energy dissipation properties which could be very useful while
assessing the seismic behavior of an earthquake-proof structure. The tensegrity-based SMAD
brace is assumed to be in zero self-stress state while the structure has been assumed to be under
zero external force P [15]. Because of the symmetry and loading condition of the SMAD brace,
it is easy to observe that all the bars of such a structure bear an equivalent axial force N, which
is assumed to be in compression. In addition, transverse SMA wires have been assumed to
be carrying horizontal tensile force while vertical tensile forces are carried by the longitudinal
SMAs. After assuming the forces in all the nodes, an equilibrium equation has been derived
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(See Equation 1).
N=

X
, P = 2Xsinθ − Y = Xtanθ − Y
cosθ

(1)

Figure 3: Displacement ampliﬁcation response

When the bars acts as rigid bodies (since they feature axial stiffness much greater than the
SMA wires), then the movement of SMAD brace can be described by Equation 2.
'

u/v =

4cos2 (θ) − β(β − 4sin(θ)) − 2cos(θ) /β

(2)

where u, v and b denote the longitudinal and the transverse displacements of the structure, and
the length of the bars respectively. In the case where β approaches to 0, which shows nearly
negligible movement of the brace from original position, Equation 2 converges to ’tan θ’, where
θ is angle of inclination. Figure 3 shows the various position of the SMAD braces at different
angle of inclinations ’θ’. It has been observed that when θ approaches 90◦ , u/v ratio tends to
achieve inﬁnite values. Similarly at θ = 80◦ ratio becomes 5.67. Even at θ = 80◦ and β = 0.01,
the u/v ratio experience a small change but with with substantially large value i.e., 5.26 (Fig. 3).
In terms of the buckling load of the SMAD brace, it is useful to compare such a key mechanical
parameter with that exhibited by a straight beam with length equal to the longitudinal size of
the SMAD brace. Let us consider a SMAD brace with mass m1 and straight beam with mass
m0 , made of the same material, which feature the same buckling load. The analysis presented
in Par. 3.3 of [16] allows us to conclude that such masses are related each other through the
following equation
1

m1 /m0 = (2 sin5 θ)− 2

(3)

which gives m1 /m0 < 1 for θ > 60.5 degrees (Fig. 3). In particular, we observe that it results
m1 /m0 ≈ 0.73 when θ = 80 degrees (Fig. 3), which proves that tapered SMAD braces exhibit
much higher buckling loads, over straight beams with equal mass. The mechanical modeling of
the superelastic response of the SMA wires under stretching is given in Sect. 2.2 of Ref. [15],
to which we refer the reader for details.
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4

ANTI-SEISMIC BEHAVIOR

We wish now to study the seismic response of the SMAD-reinforced frame structure depicted
in Fig. 2, by assuming the presence of hinged connections between the vertical columns and
the horizontal beam, and at the basis of the columns. We let F denote the horizontal force
acting on the frame, which is produced by a shaking excitation of the foundation structure, and
let uf denote the corresponding lateral displacement. As in [14], [15], the bars of the SMAD
braces consist of TS 2×2×1/4’ proﬁles, while the SMA strings are formed by strand comprising
12+6+1 SMA wires with 2mm diameter each [17]. The external frame has horizontal span of
2540 mm, and height of 1972 mm.The horizontal beam of the frame features a W8×21 proﬁle,
while the columns are made with W8×24 proﬁles [15]. Fig. 4 reports the F vs. uF curves
of frames reinforced with SMAD braces exhibiting different aspect angles ψ and θ, under of a
dynamical displacement loading at the frequency of 4 Hz with maximum lateral displacement
uF = 6 mm. The results in Fig. 4 highlight the noticeable energy dissipation properties of
the SMAD-reinforced brace, through superelastic response of the SMA strings/cables. Such a
response does not induce appreciable permanent strains in the SMA cables [?], and therefore
the SMAD-brace offers complete self-centering capabilities [18]- [19]. The additional results
presented in Ref. [?] show that the non-invasive and self-centering SMAD braces feature energy
dissipation capacity up to nearly 70% greater that that offerend by the schissor-jack device
analyzed in [14].

Figure 4: Force-displacement responses of a model frame reinforced with symmetrical SMAD braces.

5

CONCLUSIONS

The present paper has studied the seismic response of a tensegrity based bracing with superelastic tendons. This study showed that tensegrity inspires, light-weight bracings have a great
potential in structural seismic protection. It can be clearly observed that compression efﬁciency
of the proposed bracing is associated with a geometrical advantage, due to a metamaterial-type
displacement ampliﬁcation response. It has been shown that the proposed tensegrity bracing
acts as a mechanical ampliﬁer for longitudinal displacements, thus increasing the level of de-
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formations experienced by the transverse SMA tendons, and the associated, superelastic energy
dissipation. Based on the seismic vulnerability assessment it is possible to conclude that the
proposed tensegrity-based bracings may successfully mitigate the earthquake induced damage
in earthquake-proof structures, signiﬁcantly reducing the probability of collapse under strong
earthquakes [15]. Future work will include the experimental veriﬁcation of the theoretical results presented in this work, to be conducted through structural identiﬁcation procedures [20]
on additively manufactured physical models of SMAD braces.
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Abstract. The focus of this research is to evaluate and compare the mechanical behaviour of
a big ship to shore low profile container crane subjected to earthquake actions, with and
without anti-seismic device applied to it. For this purpose, a specific machine was designed
considering different load and geometrical configurations. Subsequently, the earthquake actions were studied. The different acceleration spectrums were established by Italian standards.
The anti –seismic device was chosen to limit the crane displacement to not compromise the
crane performance due, for example, to the increase of the payload swinging effect. The numerical results show that, for each load and geometrical configurations assumed, the antiseismic device has a positive effect, it reduces the maximum stress values (about 20%). The
dynamical crane behaviour is practically unchanged with the isolation device adopted, it was
observed a small reduction of the natural frequencies values and a little increase of the magnitude of the maximum displacement. These results are valid also in case of dynamic action
applied to the crane due, for example, to the trolley and payload movement.
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1

INTRODUCTION

The scope of this research it to analyze the dynamical behavior of the ship to shore low
profile container crane, which is the popular crane utilized in the port for moving containers
from the quay to the ship and vice versa. In particular, the object of this study is to analyze the
seismic effects on crane considering the introduction of the anti-seismic devices. The crane
can be subjected to many different actions: dead load and inertia actions [1,2,3,4], moving
payload and trolley [5,6], impulse loading [7], wind [8,9,10], earthquake [11,12]. The earthquake actions can be very dangerous, in fact, for example during Kobe earthquake (17/1/1995)
[13,14] different cranes collapsed causing considerable damage also on the economic point of
view. In this case, the principal failure modes for these structures are local or global buckling
phenomena.
This topic is very important, and so in [15], for example, are collected some recommendations for design these machines. Several papers report studies on this phenomenon [16] both
experimental [17] and especially on scaled model [18,19]. From these study, different solutions were proposed to avoid the damage caused by the earthquake, introducing a seismic isolation [20,21,22].
The purpose of this research is a feasibility study of the crane with and without the antiseismic devices in order to promote (if there are positive benefits) the implementation of these
components to the crane to increase the safety factor for the whole crane.
2

SHIP TO SHORE LOW PROFILE

The object of this research is a big ship to shore low profile container crane. The main
characteristics and geometrical dimensions are reported in the table 1 and in the figure 1.
Maximum payload
Lifting speed (unloaded)
Lifting speed (loaded)
Beam translation
Trolley translation
Bridge sliding

45000 kg
35 m/min
85 m/min
30 m/min
170 m/min
40 m/min

Table 1: Main crane performance.

Figure 1: Main geometrical dimensions [m] for ship to shore low profile container crane.
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2.1

Fem model

Figure 2 : Finite element crane model with the arm at sea side position and ground side position.

After preliminary analytical analyses, performed in order to design the main crane parts, a
subsequent solid model and finite element analyses were carried out with the aim to study the
crane mechanical behavior. Figure 2 shows the crane finite element model, which is composed of about 5000 quadratic beam elements and 8000 nodes.
The procedure adopted for dynamic analyses performed by finite element method technique (using Autodesk Simulation Software ®) is superposition modal method [23,24]. For
this technique, the total mass involved for analyses is very important because it is correlated
to the number of natural vibrational modes. Some standards adopt this value at least equal to
80% or more. In this research, the value adopted is equal to 90 % which corresponds about to
the first 10 natural vibration modes.
2.2

Load conditions

The crane analyzed can assume different geometrical configurations and can be subjected
to different load conditions. With the aim to analyze the machine, some of these configurations and actions were assumed as representative of the whole possibility of the working area
and loads of the machine. They are:
1) arm completely out (sea side position) and unloaded structure;
2) arm completely out, sea side payload;
3) arm completely out, ground side payload;
4) arm in resting position, unloaded structure.
For each combination, three different analyses were performed. These analyses are:
a) linear static analysis;
b) modal analysis;
c) response spectrum analysis (assuming three different peak ground accelerations).
2.3

Response spectrum

The external actions induced by the earthquake were studied basing on the Italian Technical Standards 2008 (D.M. 14 Gennaio 2008), which are replaced by NTC 2018 (D. M. 17
Gennaio 2018) [25,26,27]; the acceleration spectrum is very similar to the Eurocode 8 Standard. Figure 3 shows an example of the accelerations spectra elaborated, which is equal for the
two Italian standards adopted.
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Figure 3: Comparison between acceleration spectra from NTC 2008 with that obtained by NTC 2018.

The earthquake analyses were performed considering three different “peak ground accelerations (PGA)”, these values are PGA=0.15g, 0.2g and 0.35 g. In particular, the load spectra
assumed refers to a very high earthquake action in specific South - Italian zone considering
the structure life equal to 50 years.
.

Figure 4: Three different load spectra applied to the ship to shore crane.

2.4

Results

Figure 5: Stress and displacement in the second load condition (2,a).
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Figure 5 shows the crane displacements and the stresses distribution in the second load
condition, i.e. when the arm is positioned at sea side and the payload is applied at the end of
the arm. The material assumed for crane design is a classical structural high strength steel
(S460M or S460ML according to European standard EN 10025:2004) with the minimum
yield strength equal to 460 MPa and tensile strength variable between 520 to 670 MPa. With
this assumption, the safety factor is about 1.17, with respect to the yield strength and the ratio
between the arm length and the maximum displacement that is about 300.
Table 2 shows the results from modal analyses for the same load condition. In particular,
the table reports the first natural frequencies and the perceptual mass involved in the specific
natural mode. The structure deformations are reported in the figure 6. The natural frequencies
values are in agreement with the ones for this type of lifting machine [6,7,12].
Mode
1
2
3
4
5
6
7

Frequency
[Hz]
0.213
0.409
0.416
1.07
1.18
2.64
3.97

%Mass
X_direct.
0
0
99.29
0.33
0
0
0.01

%Mass
Y_direct.
50.51
49.05
0
0
0.03
0.01
0

%Mass
Z_direct.
0
0
0.09
33.59
0
0
48.34

Table 2: Main results from modal analyses in load condition 1,a).

a)

b)

c)

d)

Figure 6: Crane displacement in corresponding of each vibration mode. a) 0.213 Hz, b) 0.409 Hz, c) 0.416 Hz)
and d) 1.07 Hz.
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Figure 7: Crane displacements in the second load configuration assumed, subjected to PGA=0.15g and
PGA=0.25g.

The modal results for other loads conditions are comparable with the previous reported.
Figure 7 shows the displacement in the crane in the second load condition subjected to the
load spectrum with PGA=0.15g. and with PGA=0.25g. It is important to underline that the
crane trend deformation is obviously equal.
Table 3 reports the maximum displacement and the safety factor (respect to the yield
strength) for the four load / geometrical conditions subjected to the static action and different
earthquake magnitude.

PGA/Static
PGA=0.35g
PGA=0.25g
PGA=0.15g
STATIC

Load condition 1
Max disSafety
placement
factor
[mm]
902.6
0.56
528.5
0.96
449.3
1.15
125.3
1.98

Load condition 2
Max disSafety
placement
factor
[mm]
764.2
0.54
447.3
0.92
380.5
1.09
273.8
1.17

Load condition 3
Max disSafety
placement
factor
[mm]
750.7
0.54
439.9
0.91
373.9
1.08
92.8
2.31

Load condition 4
Max disSafety
placement
factor
[mm]
828.1
0.61
485.2
1.09
412.4
1.22
71.4
3.43

Table 3: Main results from static and earthquake analyses for different load conditions.

3

INTRODUCTION TO ANTI SEISMCI SYSTEM AND TECHNOLOGIES

As known, the anti-seismic system is a classical device mainly applied in the civil field;
these components must dissipate the earthquake energy. In synthesis, the seismic isolation
consists in decoupling the movement of the structure, usually only in horizontal plane, from
that of the ground. This operation can be performed by inserting at the base an extremely flexible device and / or sliding ones or even rolling ones. With these components, the structure
can move rigidly in the horizontal plane. The seismic dissipation consists in the insertion of
several dampers in specific structure’s points.
.
3.1

Choice criterion adopted

It is important to underline that the isolation device, adopted in order to reduce the stresses
state magnitude on crane induced by earthquake, must not compromise the crane performance.
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In another word, for example, it is important that the crane displacement isn’t excessive to
limit the increase of the pendulum load phenomenon, the time for load and unload the container, and so on. The finale product adopted (choose after several iterative analyses) consists
of alternate layers of rubber and vulcanized reinforcement steel plate of limited thickness
[28,29]. The commercial product reported in [30] can be applied to the cranes legs modifying
the supports. The main parameter of this isolation device adopted is the horizontal stiffness,
which is equal to 2kN/mm. This spring element was applied at the base of each crane leg.
After that the spring elements were included in the crane finite element model, the previous analyses were carried out again, in order to evaluate the seismic isolation device effects
on the crane mechanical behaviour. The main results are reported in the table 4.
Table 4 shows the same results reported in the table 3 but in this case, the analyses consider the anti-seismic impact.

PGA/Static
PGA=0.35g
PGA=0.25g
PGA=0.15g
STATIC

Load condition 1
Max disSafety
placement
factor
[mm]
915.9
0.71
536.7
1.20
456.2
1.41
125.8
1.98

Load condition 2
Max disSafety
placement
factor
[mm]
767.1
0.68
450.3
1.10
381.4
1.19
274.5
1.21

Load condition 3
Max disSafety
placement
factor
[mm]
757.6
0.67
443.9
1.14
377.3
1.34
92.8
2.31

Load condition 4
Max disSafety
placement
factor
[mm]
835.7
0.73
489.7
1.24
416.2
1.46
72.1
3.49

Table 4: Main results from static and earthquake analyses for different load conditions.

4

INERTIA ACTIONS

As reported in the previous chapters, the implementation of the anti-seismic device reduces
the maximum actions on the crane. Its effect is positive, in fact, it decreases the maximum
stress values, avoid the possibility to make plastic hinge in the specific point of structure, reduce the overturning moment that can make the crane collapse and so on.
It is important to underline that the crane is subjected to many different inertia action induce by load and trolley movement as reported in the introduction paper. The maximum displacement and the payload oscillation must be limited in order to not increase, for example,
the time for loading and unloading the container (for this specific crane). The choice of the
anti-seismic device must take into account this phenomenon and so the apparatus adopted is a
compromise between the positive effect (reduce the stress values) and the maximum crane
displacement due to the trolley and payload movements.

Figure 8: Trend of inertia action and schematic fem model.
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This chapter reports the numerical results for the crane subjected to inertial action and
compare the crane performance with and without the anti-seismic device applied to it. It is
important to underline that, for this load condition reported, the main inertia actions are in the
arm direction due to the trolley and the payload movements. For the study of this phenomenon, it was assumed that the inertia action is equal to 100000 N. This value corresponds to
acceleration payload and trolley equal to a=2m/s2. The trend of this action is reported in figure 8 and it refers to start and stop the trolley movement.
Figure 9 reports the maximum crane displacement with and without the anti-seismic device.

Figure 9: Maximum crane displacement a) without anti-seismic device and b) with it (in the static load applied).

Figure 10 shows the displacement trend in horizontal direction for crane with and without
the anti-seismic device, subjected to the external action reported in figure 6.

Figure 10: Crane displacement to the variable inertia action.

5

RESULTS

The main results of this research in order to evaluate the anti-seismic effects on the crane
studied are reported in the previous tables and graphs and can be summarized with these
points. The worst load condition is n°2 and corresponds to the arm at seaside position with
payload (and trolley) applied at the end. With the minimum earthquake action (PGA=1.4), for
all load conditions, the maximum stress value is near the material yield strength. The antiseismic device reduces the maximum stress values and increases the safety factor about 20%
especially in the case with the earthquake actions. In static load condition (for all configurations) the anti-seismic device shows a minimum and negligible effect. The variation in the
natural frequencies values in the cases with and without isolation systems is negligible. In the
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case of actions variable over time (like moving the payload), it is possible to observe an increase in the displacement value but this new trend can be easily taken into account to design
the trolley movement control.
6

CONCLUSIONS

This research reports the main numerical results for a big ship to shore low profile crane
with the seismic device applied at the crane base. The results of finite element analyses carried out show that the implementation of specific anti-seismic device caused a general lowering of the natural frequencies, that leads to maximum stress reduction and increase the
displacements. However, the movements are not so high to prejudice the crane performance
and usefulness of the isolation systems. With the specific isolation device implemented, the
maximum displacements (for different geometrical and load conditions of crane) are comparable. It is very important to highlight that the final isolation system device chosen do not significantly increases the crane translation due to the inertial actions and so the crane
performance in term of container movement per hour do not change. The different displacement trend can be easily implemented in the control system for the trolley movement in order
to unchanged the crane productivity. The results of this feasibility study with the aim of implementing the isolation device to low profile container crane are encouraging. The research
is still in progress in order to study both the crane mechanical behaviour subjected to earthquake with isolation device for different crane types, and the methodology adopted to choose
the best isolation system device.
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Abstract. The buckling restrained bracing (BRB) is widely used to improve the seismic behavior of a building. It is employed for a bridge as well, but the application is very limited.
The BRB device may also be used as a damper rather than the structural component or the
bracing, in which case the device is called a buckling restrained damper (BRD). Yet, such application has not been explored much. There are quite a few bridges designed according to
the old seismic design codes in Japan. Their seismic resistance may not be satisfactory for the
current seismic design codes. Against this background, the behavior of a steel truss bridge
under a large seismic load is investigated by nonlinear dynamic finite element analysis. Some
members are indeed found possibly damaged in the earthquake. Retrofitting is therefore
needed. To this end, the application of the BRD is tried in the present study. A parametric
study on the seismic behavior of the truss bridge with the BRD is conducted by changing the
length and the cross-sectional area of the yielding core of the BRD, to this end. The FEA
show that the BRD surely improves the seismic performance of the truss bridge and with some
BRDs, all the members could stay intact. The points to note for the application of the BRD are
also revealed.
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Figure 1: Buckling restrained damper (BRD).

1

INTRODUCTION

Many bridges were damaged by the earthquake in the past. The damage was investigated
in the aftermath, and seismic design codes were upgraded whenever found necessary [1, 2]. It
is noted that the 1995 Kobe Earthquake was the most influential in the revision of the Japanese seismic design codes.
New bridges are designed by the revised design codes. Existing bridges due to the old
seismic design codes need be investigated to see if they satisfy the requirements of the revised
seismic design codes. If the performance is not satisfactory, the bridge would be retrofitted.
There are various ways to improve seismic performance. One of the commonly employed
methods is to install dampers. A typical type is a fluid viscous damper. For the building, the
buckling restrained bracing (BRB) is getting popular [3]. It is basically a structural member, a
bracing, and it undergoes plastic deformation in large seismic loading. Buckling is prevented
by limiting the lateral displacement so that seismic energy is absorbed by the plastic deformation both in tension and compression. The application of the BRB to the bridge has been
studied [4], yet it is still very limited.
The BRB device is not necessarily used just as a bracing; It could be used as a damper,
which is then called a buckling restrained damper (BRD). In the present study, the application
of the BRD is explored for retrofitting a truss bridge that does not satisfy the requirements of
the current seismic design codes. A parametric study of the BRD is to be carried out to reveal
its effectiveness on the seismic performance of the bridge.
The BRD is illustrated in Figure 1. Only a part of the BRD undergoes plastic deformation
and absorbs seismic energy. This part is called the yielding core. The remaining part stays
elastic and its deformation is small. In this study, the latter is assumed rigid. The length and
the cross-sectional area of the yielding core are treated as parameters and several values are
given to them. For all the analyses, ABAQUS [5]is used.
2
2.1

SAFETY EVALUATION
Safety evaluation

A simply supported steel truss bridge is dealt with in the present study. Figure 2 shows the
truss with node numbers. The node numbers at the centers of the lateral members are neglected for the sake of clarity. The dimensions of the cross sections and the steel grades are given
in Table 1. The yield strengths ıy of SM490Y and SM400 are 355 N/mm2 and 235 N/mm2,
respectively. Young's modulus E of the steel is 2.0×105 N/mm2, Poison's ratio is 0.3 and the
mass density is 7.85 t/m3. Beyond the yield strength, the steel shows elastic-plastic behavior,
which is modelled as the von Mises material with the kinematic hardening rule. The tangent
stiffness beyond the yield strength in uniaxial tension is assumed E/100.
The truss bridge is supported by the hinge at Nodes 1 and 2, while Nodes 25 and 26 are
supported by the roller so that these nodes can move in the longitudinal direction. The bridge
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(a) Top view

(b) Side view

(c) Bottom view
Figure 2: Truss bridge model (mm).

has a reinforced concrete deck of 10.60 m in width and 200 mm in thickness on the upper
chords.
The damage in the concrete deck wouldn't be so serious in general and the repair wouldn't
be so difficult if any. The deck is therefore treated as an elastic body for the sake of simplicity.
Young's modulus of the concrete is 2.1×104 N/mm2, Poison's ratio is 0.2 and the mass density
is 2.35 t/m3.
Damping factors are 2% for the truss members and 3% for the concrete deck. Rayleigh
damping is employed. 3-D beam elements B33 are used for the truss members, and shell elements S4R are for the concrete deck. In total, 1180 beam elements and 168 shell elements are
employed for modelling the truss bridge.
2.2

Seismic performance

The seismic behavior of the truss bridge under seismic loading is obtained by the nonlinear
dynamic analysis. The seismic loading recorded in the 2005 Niigata-Ken Chuetsu Earthquake
(Figure 3) is applied in the longitudinal direction.
Following Specifications for Highway Steel Bridges [6], the safety is judged by the following equations:
Rt = ı/ıy
Rc = ı/ıcr

under tension
under compression

(1)
(2)

where ı is the induced axial normal stress and ıcr is the compressive strength. The violation
of the inequality (1) indicates that the member yields; the violation of the inequality (2) implies that local buckling takes place.
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Tableȱ1:ȱTrussȱmemberȱ

Webȱ
(mm)ȱ

Flangeȱ
(mm)ȱ

Steelȱ
Gradeȱ

430ȱ×ȱ9ȱ

450ȱ×ȱ10ȱ

SM400ȱ

412ȱ×ȱ22ȱ

450ȱ×ȱ19ȱ

SM490Yȱ

400ȱ×ȱ25ȱ

450ȱ×ȱ25ȱ

SM490Yȱ

518ȱ×ȱ14ȱ

450ȱ×ȱ16ȱ

SM490Yȱ

506ȱ×ȱ19ȱ

450ȱ×ȱ22ȱ

SM490Yȱ

502ȱ×ȱ21ȱ

450ȱ×ȱ24ȱ

SM490Yȱ

412ȱ×ȱ28ȱ

400ȱ×ȱ19ȱ

SM490Yȱ

418ȱ×ȱ22ȱ

400ȱ×ȱ16ȱ

SM400ȱ

430ȱ×ȱ13ȱ

400ȱ×ȱ10ȱ

SM400ȱ

430ȱ×ȱ13ȱ

400ȱ×ȱ10ȱ

SM400ȱ

422ȱ×ȱ14ȱ

350ȱ×ȱ14ȱ

SM490Yȱ

430ȱ×ȱ11ȱ

350ȱ×ȱ10ȱ

SM400ȱ

422ȱ×ȱ12ȱ

350ȱ×ȱ14ȱ

SM400ȱ

422ȱ×ȱ12ȱ

350ȱ×ȱ14ȱ

SM400ȱ

318ȱ×ȱ16ȱ

350ȱ×ȱ16ȱ

SM400ȱ

27–30,ȱ28–29,ȱetc.ȱ

138ȱ×ȱ10ȱ

350ȱ×ȱ14ȱ

SM400ȱ

1–4,ȱ2–3,ȱandȱetc.ȱ
27–28,ȱ39–30,ȱetc.ȱ
1–2,ȱ25–26ȱ
3–4,ȱ5–6,ȱetc.ȱ

180ȱ×ȱ10ȱ
1068ȱ×ȱ10ȱ
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Figure 3: 2004 Niigata-Ken Chuetsu Earthquake.

The nonlinear dynamic analysis reveals that the members highlighted in red in Figure 2
would be possibly damaged, as the violation of Eq. (1) and/or Eq. (2) are/is found. The largest
Rc is 1.21, which is observed in Members 1-3 and 2-4; the largest Rt is 1.07 which occurs also
in Members 1-3 and 2-4.
3
3.1

INSTALLATION OF BRDS
BRD model and locations

For the yielding core of the BRD, LY225 is used. LY225 is a steel grade with Young's
modulus 2.0×105 N/mm2, Poisson's ratio 0.3 and the yield strength 225 N/mm2. It exhibits the
elastic-plastic behavior of the von Mises material with the kinematic hardening rule. The tangent stiffness beyond the yield strength in uniaxial tension is 3E/100.
The BRD is made in such a way that the buckling is prevented. Therefore, the yielding
core is modeled by a single truss element T3D2.
Two BRDs are installed to the truss bridge near the lower chords possibly damaged. One
end of one of the BRDs is set at the bridge abutment close to Node 1 and the other end is connected to Node 5. The other BRD is set between the bridge abutment close to Node 2 and
Node 6.
3.2

Parametric study

To study the effective use of the BRD, a parametric study is conducted. Two parameters
are considered, the length of the yielding core Lyc and the cross-sectional area of the yielding
core Ayc. Specifically, the following values are considered herein:
Lyc = 1750, 3500, 7000, 10500 mm
Ayc = 5000, 10000, 20000, 30000 mm2
The combination of these values results in 16 different BRDs. The BRD is named using the
values of the parameters. For example, the BRD with Lyc = 1750 mm and Ayc = 5000 mm2 is
called BRD 1750-5000.
3.3

Effectiveness

The nonlinear dynamic analysis of the truss bridge with the BRD is conducted. It is found
that the BRD surely improves the seismic performance of the bridge. The improvement of Rc
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(a) Influence of Lyc

(b) Influence of Ayc
Figure 4: Effectiveness of BRD (Member 1-3).

is summarized in Figure 4. Through the parametric study, the following observations are
made:
1. BRD is more effective with a shorter Lyc;
2. BRD is more effective with a larger Ayc;
3. The reduction in Rc is more pronounced than in Rt.
Obviously both parameters have a significant influence on the seismic performance of the
truss bridge. However, the way they work is different.
Figures 5 and 6 show the time-history response with the BRDs. Figures 5 is the result with
BRD 1750-5000, and Figures 6 is with BRD 10500-30000. In the former, the BRD is effective because it is short while the latter is effective because the cross-sectional area is large. In
both figures, the stress in the truss member is the normal stress in the axial direction in the
upper flange.
BRD 1750-5000 undergoes plastic deformation and absorbs seismic energy. Large strain
occurs. The stress in Member 3-5, inside the BRD range, is reduced. The stress in Member 57, outside the BRD range, increases a little.
On the other hand, the strain in BRD 10500-30000 is small and the BRDs stay in an elastic
state. Seismic energy is not absorbed at all. Yet the stress in Member 3-5 is reduced considerably, which is attributable to the large stiffness of the BRD. The significant increase in the
stress in Member 5-7 is noted.
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(a) Strain in yielding core

(b) Stress in Member 3-5

(c) Stress in Member 5-7
Figure 5: Seismic response with BRD 1750-5000.
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(a) Strain in yielding core

(b) Stress in Member 3-5

(c) Stress in Member 5-7
Figure 6: Seismic response with BRD 10500-30000.
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Table 2: Seismic performance of truss bridge.
(a) Rc

Lyc
(mm)

1750
3500
7000
10500

5000
Intact
Intact
Damaged
Damaged

Ayc (mm2)
10000
Intact
Intact
Intact
Damaged

20000
Intact
Intact
Intact
Intact

30000
Intact
Intact
Intact
Intact

Ayc (mm2)
10000
Damaged
Damaged
Damaged
Damaged

20000
Intact
Intact
Damaged
Damaged

30000
Intact
Intact
Intact
Damaged

(b) Rt

Lyc
(mm)

1750
3500
7000
10500

5000
Damaged
Damaged
Damaged
Damaged

Summary of the seismic performance is given in Table 2. "Damaged" indicates that some
members violate Eq. (1) and/or Eq. (2). "Intact" means all the members satisfy Eqs. (1) and
(2): with some BRDs, no damage would occur in this truss bridge.
4

CONCLUDING REMARKS

The BRB device was applied to the truss bridge as a damper. The nonlinear dynamic analysis of the truss bridge has revealed that the BRD could improve the seismic performance
considerably. It was found that with the shorter length and the larger cross-sectional area, the
BRD works more effectively. With proper BRDs, the truss bridge could stay intact even under
rather large seismic loading.
Both the length and the cross-sectional area influence the seismic performance of the
bridge. A short yielding core absorbs seismic energy, but it may undergo large strain repeatedly; Low-cycle fatigue may take place. A larger cross-sectional area of the yielding core reduces the stress in the member inside the BRD range while the stress outside the BRD range
increase noticeably. Those negative aspects must be taken into account carefully in the application of the BRD.
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MONOTONIC AND CYCLIC BEHAVIOUR OF THE BEAM-TOCOLUMN JOINTS OF THE “FUTURE” MOCKUP
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Abstract. The non-linear behavior of beam-to-column joints may significantly influence the
seismic performance of steel moment resisting frames (MRFs). The current Eurocodes does
not give detailed rules for seismic-resistant joints, but the next version of EN1998 will provide
specific rules for pre-qualified joints whose background was matured within the RFCS research project “EQUALJOINTS”. Recently the research project “FUTURE” has been approved within the “H2020-INFRAIA-01-2016-2017 Research Infrastructure for Earth-quake
Hazard”. In this project shake table tests will be carried out on a two-storey one bay MRF
equipped with the beam-to-column joints prequalified according to EQUALJOINTS procedure, namely haunched joint, dog-bone and the extended stiffened joint. In this paper, the behaviour of joints under both monotonic and cyclic loads is investigated in order to verify the
effectiveness of the design procedure. Parametric analyses were also carried out to investigate the influence of the finger shims on both non-linear behaviour of the joints. The results
show that the design criteria are effective to guarantee the required performance of the joints
and, despite the cumulative plastic deformation in the dissipative elements, the introduction of
the finger shims are useful for the dismantling phase.
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1

INTRODUCTION

The seismic response of steel moment resisting frames (MRFs) is largely influenced by the
behaviour of joints. At the current stage, EN1993-1-8 [1] does not give detailed rules for
seismic-resistant joints. EN 1998-1 [2] allows using dissipative joints, provided that the design is supported by testing, which results in impractical solutions within the time and budget
constraints of real-life projects. Even though the lack of analytical models to predict the joints
behaviour to meet code requirements is more evident for dissipative beam-to-column connections, reliable design tools for non-dissipative connections are also necessary. These criticisms
have been recently overcome for a set of bolted joints that were studied within the European
research project “EQUALJOINTS” [5].
Steel MRFs are also sensitive to the combined effects of the coupling between vertical and
horizontal components of earthquake ground motions [6-9]. Indeed, differently from far-field
input, the combined components of strong earthquake motions may (i) change the axial forces
in columns, (ii) increase bending moment and shear force demands in the connections, (iii)
amplify plastic deformations, (iv) extend plastic hinge formations and (v) reduce the available
ductility of dissipative zones.
Besides the joints and the effects induced by vertical ground motions (VGMs), also the design requirements of EC8 largely influence the response and the efficiency of steel MRFs. In
particular, it is generally recognized that the drift limitations (i.e., damage limitation checks at
serviceability limit state) often impose an increase of the lateral stiffness of MRF, hence the
increase of beam and column sizes to satisfy such requirement typically results in significant
design overstrength and non-economical solutions [9]. Indeed, EC8 compliant MRFs may be
generally massive and expensive structures [10], due to the large consumption of steel. In addition, the larger are the beam-column shapes the more difficult and expensive is the manufacturing of the joints. Provided that the overall stability of the structure is guaranteed, the
possibility to increase the drift limitations (e.g. from 0.75% up to 1.5% of the inter-storey
height) can be beneficial to optimize the design and to improve the structural efficiency by
reducing the design overstrength. This can be achieved through the application of special ductile claddings that are able to accommodate large interstorey drift ratios, higher than 1.5%
[11]. The increase of lateral deformability may con-tribute to a greater sensitivity of the
frames to P-Delta effects.
However, it is well recognized that the current EC8 provisions concerning the control of PDelta effects is extremely conservative and excessively penalising for steel frames since it
does not account for the material overstrength, the design over-strength and the hardening effects associated with redundancy and plastic redistribution [10].
In the light of the considerations discussed above concerning the criticisms of EC8, the European research project FUTURE (acronym of Full-scale experimental validation of steel
moment frame with EU qualified joints and energy efficient claddings under Near fault seismic scenarios) has been recently financed. The main objectives of the project FUTURE are
the investigation of seismic response of steel MRFs accounting for different types of prequalified beam-to-column joints as well as the role of ductile claddings under NF earthquakes.
To this end, comprehensive shake table tests on specifically conceived mock-up have been
planned. The mock-up is designed to be used in several experimental tests, after the substitution of damaged dissipative parts at the end of each them.
In this paper, the preliminary simulations to study
the influence of the finger shim plates on the monotonic and cyclic response of the beamto-column joints of FUTURE mockup are presentented. This article is subdivided in three
parts, as follows: in the first part some information about the project and the design of the
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joints are reported; afterwards the modelling procedure is described. Finally, the results in
terms of moment rotation curves and equivalent plastic deformations are reported.
2

THE FUTURE MOCKUP

The experimental mock-up is shown in Figure 1. The structure consists of a two storey
steel MRF (5 m x 5 m) sub-structured from a reference archetype building. The mock-up is
designed to detach and to replace easily all components that will experience plastic deformations, namely the column ends at the base level and the end portions of the beams with corresponding end-plate connections. The schematic view of reduced beam section (RBS),
haunched (H) and extended stiffened (ES-E) are shown in Figure 2.

Figure 1: Experimental mock-up

Figure 2: Investigated joints: a) Reduced beam section (RBS), b) Hunched (H) and c) Extended stiffened equal
strength (ES-E)

3

THE INVESTIGATED BEAM-TO-COLUMN JOINTS

All investigated joints were designed according to the Equaljoints criteria [12]. In particular, the end-plate connections of haunched and RBS joints were designed as full-strength,
namely to be stronger than the connected beam segment where plastic deformations are expected. ES joints were designed with equal strength connections, namely designed to guaran-
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tee the contemporary yielding of both connection and beam. In addition, for all joint configurations the column web panel was de-signed to be stronger than the connected beam and connections in order to remain elastic during the whole experimental campaign. The capacity
design requirements to obtain the required joint behaviour can be expressed by Eq. (1):

M wp , Rd t M con , Rd t M con ,E d

M wp , Rd

D  ( M B, Rd  VB , Ed  sh )

(1)

Vwp , Rd  z

(2)

In Equation 1, Mwp,Rd is the flexural strength corresponding to the shear capacity of column
web-panel (see Eq. (2), Vwp,Rd is the column web shear resistance, z is the internal level arm,
Mcon,Rd is the flexural strength of the connection zone, Mcon,Ed is the design bending moment
at the column face, MB,Rd is the design bending strength of the beam, VB,Ed is shear force corresponding to the occurrence of the plastic hinge in the connected beam, sh is the distance between the applied shear and the column face. α depends on the design performance level and
it is given by γsh×γov for the full strength joints, while equal to 1 for equal strength joints and
to 0.8 for partial strength joints. (being γsh the hardening factor and γov the ratio between the
average and the characteristic yield stress of the steel) In the case of dissipative connections
(i.e. equal and partial strength configurations), a further hierarchy criterion [12] was adopted
in order to avoid the failure of the bolts, so that the design tensile strength of each bolt row
should be larger than the strength of the connected plate accounting for both the random variability of its yield stress and the relevant strain hardening. This requirement is expressed by
Eq. (3), being d the nominal bolt diameter, γM0 and γM2 the partial safety factors according to
Eurocode 3.
td

J f
0.42  d
 M0 ub
J ov  J sh J M2  f y

(3)

For each investigated joints two models were performed, namely one assumes the direct
contact between the end-plate and the column flange and another con-siders the presence of
finger shims that often are used for constructional reasons in the bolted beam-to-column joints
(see Figure 3a).
Finger shime used for RBS
and ES-E joint

w

Finger shime used
for H joints

e

p1

p2

hEP

d
All the finger shime
plates has a thickness
equal to 8mm

bEP

a)

b)

Figure 3: Geometric features of finger shims (a) and investigated connections (b).
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The beam (IPE240A) and the column size (HEB200) are the same for all joint assemblies.
Table 1 and Figure 3b reports the main geometrical features of all investigated joints. In addition, the rib introduced in the ES-E has a base of 135mm and a thickness of 15mm.
In the following, the results of both monotonic and cyclic analyses of each beam-tocolumn joint are reported in terms of moment rotation curves with also the distribution of the
equivalent plastic deformation (PEEQ).
Joint Typologies
Reduced Beam section (RBS)
Hunched (H)
Extended stiffened joint (ES-E)

bEP
mm
210
210
210

End plate
hEP
tEP
mm mm
450
20
450
15
450
8

d
mm
24
24
24

Bolts M16 grade 10.9
e
p1
p2
mm mm mm
50
125 100
50
125 100
50
125 100

w
mm
110
110
110

Table 1: Geometric features of the investigated joints

4

MODELLING ASSUMPTIONS

Finite element analyses (FEAs) were carried out using the finite element software
ABAQUS 6.14 [13]; all details about the modelling procedure are reported in previous study
of the Authors [14-17]. However, the main information about the modelling assumptions are
summarized hereinafter.
All joints elements were discretized by C3D8I elements and a mesh sensitivity analyses
was performed in order to choose the most appropriate mesh dimension (see Figure 4). The
beam imperfections due to the mill tolerance allowed by EN 10034 (1993) were accounted for
and applied to the model by scaling the deformed shape of associated buckling mode as
shown in Tartaglia et al [15]. All assemblies are made by the European S355 steel with the
exception of Grade 10.9 for the pre-loadable bolts. The stress-strain curves of the materials
were obtained from coupon tests performed within the EQUALJOINTs research project. In
the FE model, the Von Misses criteria and the combined (i.e. isotropic and kinematic) plastic
hardening were assumed. The behaviour of bolts was modelled by multilinear forcedisplacement curve described by D’Aniello et al. [18]. To model the shank necking and the
fracture in the threaded area the ductile damage was introduced in the model as proposed by
Pavlovic et al [19]. The material of the welds was modelled by an elastic perfectly plastic
constitutive law, with the yield stress equal to 460 MPa, which corresponds to an electrode
grade A46 (as given by EN ISO 2560, 2009).

a)

b)

c)

Figure 4: Example of the mesh on the ES-E joint Mesh (a) and mesh sensitivity analyses on the beam (b) and on
the bolts (c).
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5

RESULTS

5.1

Reduced beam section (RBS) joint

Figure 5 shows the results of both monotonic and cyclic analyses of RBS joints. The
monotonic analyses were performed up to 10% of joint rotation while the AISC341 loading
protocol was used for the cyclic simulations. Most of the plastic deformations are concentrated in the RBS section with the activation of a perfect plastic hinge leaving the connection almost elastic. However, some plastic deformation can be observed around the weld between
the beam flange and the end-plate at a high level of imposed rotation (10%). The joints show
a very ductile behaviour up to 6% of chord rotation with small decrease of resistance due to
beam geometrical imperfections.
Comparing the results in terms of backbone curve no appreciable differences can be observed between the joints with and without finger shims. These considerations are also confirmed by the PEEQ distribution on both the investigated joints.
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Figure 5: Monotonic and cyclic behaviour of RBS joints with and without finger shims.
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5.2

Haunched joint

The results in terms of moment rotation curves and distribution of PEEQ for haunched
joints with and without finger shims are summarized in Figure 6. As observed in the previous
case also in haunched joints the plastic hinge forms at the extremity of the beam, leaving the
connection and column web panel in elastic range. However, a larger reduction of resistance
due to the beam flange local instability can be observed at 3.5% of rotation. The decrease of
resistance is smaller than 20% at a 4% of rotation, hence these joints conform with both European and American requirements.
As in the previous case also for this type of connection no appreciable differences can be
observed between the joints with and without the finger shims.
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Figure 6: Monotonic and cyclic behaviour of haunched joints with and without finger shims

5.3

Extended stiffened equal strength (ES-E) Joint

Also the extended stiffened equal strength joints show a very ductile behaviour with plastic
deformation in both beam and connection (see Figure 7).
Differently from the previous cases, the presence of finger shims gives some slight difference in terms of moment-rotation response curves, but negligible differences in terms of distribution of plastic deformations. The reason of such differences is mainly due to the longer
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length of the bolt shanks in the joints with finger shims, which increases the deformability and
the gap opening of the connection in its non-linear range.
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Figure 7: Monotonic and cyclic behaviour of ES-E joints with and without finger shims

6

CONCLUSIONS
The non-linear response and influence of finger-shim plates on three different beam-tocolumn joints configurations was investigated by means of finite element simulations. On
the basis of the results, the following remarks can be pointed out:
x The bolted joint with reduced beam section ensures a very good ductile behaviour up to
rotation of 6% without showing any resistance decrease. The performance of this type of
joint is not influenced by finger shims.
x The haunched joint designed in accordance with the criteria developed within the
Equaljoints research project allow to obtain a full rigid/full strength joint. The response is
not affected by the introduction of the finger shim plates
x Differently from the previous cases, the influence of the finger shim plate can be observed for equal strength connection due to the larger deformability of the connection and
some variation of the distribution of the contact forces when the connection opens. How-
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ever, the presence of finger shims does not significantly modify the global performance
of the joint.
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Abstract. The severe social and economic impacts of recent earthquakes have inspired a
growing interest in smart structural systems that offer immediate post-disaster occupancy.
Post-tensioned rocking frames are emerging damage-avoiding seismic-resistant structures
that employ rocking joints at member connections (to avoid major damage to primary structural elements) and unbonded post-tensioned strands (to provide self-centring capability).
Nevertheless, currently available passive load-resisting systems to control the peak structural
responses in steel rocking frames rely on sacrificial yielding components that accumulate
damage during strong dynamic action. This results in a system with limited durability and a
requirement for regular maintenance throughout the building’s lifetime. By contrast, the recently proposed Buckling-Enabled Composite Bracing (BECB) elements can provide a thorough damage-avoidance solution by means of carefully controlled elastic buckling behaviour.
In these systems, compression-only elements with circular-arc-shaped cross-sections are incorporated into steel rocking frames as lattice bracing in order to improve their dynamic performance. The proposed system has been shown to perform successfully under static loading
and discrete sine-sweep ground motions for single-storey rocking frames. This further examines this innovative concept by performing numerical investigations on three-storey four-bay
post-tensioned steel rocking buildings under real earthquake ground motions. The performances of conventional moment frames (MRFs) and their rocking frame counterparts (RFs)
with and without BECB elements are compared through numerical simulations. Glass-fibre
reinforced polymer (GFRP) is selected for the BECB elements. Static Pushover, Discrete Sine-sweep and Incremental Dynamic (IDA) analyses are performed to evaluate the buildings’
performances. Damage measures investigated include maximum inter-storey drifts and floor
accelerations. It is demonstrated that BECB members enhance the dynamic response of steel
rocking frames by significantly reducing maximum storey drifts and accelerations.
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1 INTRODUCTION
In response to the severe socioeconomic impacts of earthquakes [1], rocking self-centring
frames that employ elastic gap-opening mechanisms at the column-foundation and beamcolumn interfaces, have been proposed as damage-limiting alternatives. These systems utilize
unbonded post-tensioned tendons to tie members together and re-centre the structure to its
plumb position after strong ground motion. This configuration effectively prevents yielding of
primary structural members, but can lead to large storey drifts and accelerations. Therefore,
sacrificial elements that dissipate modest amounts of energy through yielding (damage) are
typically provided to stabilize the rocking response.
Research devising methods of enhancing earthquake resilience for rocking structures has
spanned over the last decade [2, 3, 4, 5, 6, 7, 8, 9, 10, 11]. Particularly for self-centring steel
frames, the use of yielding thin steel plate infill walls [12, 13, 14], buckling-restrained braces
[15], yielding seat angles [16, 17], short axial yielding devices [18], yielding web hourglass
pins [19], or beam web/flange friction devices [20, 21, 22] have been explored. Although these technologies are very effective in reducing peak response quantities, they all comprise of
sacrificial and/or replaceable components that accumulate damage during strong dynamic action. This results in a system with limited durability, and a requirement for frequent inspections and maintenance. Furthermore, in spite the inclusion of these technologies, the
structures often experience permanent post-earthquake damage and require significant repair
or replacement.
In contrast, the recently proposed buckling-enabled composite bracing (BECB) elements
can provide a thoroughly damage-avoidance solution [23, 24]. In these systems, shell-like elements with GFRP material properties, are employed to improve the dynamic performance of
rocking steel frames through their elastic buckling properties. A curvature in the cross-section
is provided to increase the section’s buckling capacity. Single-storey post-tensioned steel
rocking frames with BECB have been shown to perform successfully under numerical testing
to static displacement cycles and discrete sine-sweep ground motions [23], demonstrating reduced peak responses, greater lateral-load resistance, and no damage accumulation compared
to systems without BECB.
This paper builds on this innovative concept by performing numerical investigations on
three-storey post-tensioned steel rocking buildings. The performances of conventional moment frames (MRFs) and their rocking frame counterparts (RFs) with and without BECB elements are compared through numerical simulations. Numerically-generated frequency
response functions (FRFs) are examined. Incremental Dynamic Analyses (IDA) are performed to evaluate the buildings’ performances [25]. Multiple damage measures are investigated, including maximum inter-storey drifts and floor accelerations. It is demonstrated that
BECB enhances the static and dynamic performance of rocking frames by significantly reducing the storey drifts and accelerations without any damage accumulation. This study forms a
strong foundation towards the provision of truly damage-avoidance solutions and supplies the
tools for further investigations into practical design methods.
2 PROPOSED STRUCTURES
The 3-storey steel moment-resisting frame (MRF) proposed by the Structural Control
Committee of the American Society of Civil Engineers [26] for the SAC Steel Project was
selected as the benchmark building herein. The structure’s geometric and member details are
presented in Figure 1. The building has a total height of 11.88 m, and width of 36.6 m. It represents a typical low-rise structure with an aspect ratio of 0.33. The beams are made of 248
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MPa steel while 345 MPa steel is employed for the columns. The seismic mass of the first and
second levels is 9.57×105 kg and the third level is 1.04×106 kg.

Figure 1: Three-storey, four-bay steel moment-resisting frame.

The rocking frame (RF) counterparts employed identical sections as the MRF with rocking
connections at both the beam-column and column-foundation interfaces. To provide support
for the BECB at ground level, a floor beam with section W33x118 was provided. A tendon
cross section of 500 mm2 was incorporated for the beams and columns. A view of the crosssection illustrating the geometric parameters of BECB member is presented in Figure 2 and
the proposed configurations for the RF systems with BECB are presented in Figure 3.
For configuration 1, two sizes of BECB (8 elements in total) were incorporated in a single
bay, including shorter members with dimensions of L (length) = 3.3 m, α (curvature) = 50◦, t
(thickness) = 16 mm, r (radius) = 100 mm and longer members with L = 6.7 m, α = 50◦, t = 25
mm, r = 180 mm. For configuration 2 (C2), BECB elements were incorporated in two bays of
the building. An isotropic elastic material with modulus ’E’ of 18 GPa and Poisson's ratio ’μ’
of 0.3 (GFRP) was used to simulate each BECB element in ABAQUS [27, 28] in order to obtain the respective buckling response.

Figure 2: BECB element cross-section with geometric parameters.
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Figure 3: Three-storey, four-bay steel self-centring rocking frames with BECB in single and two bays (C2).

3 FINITE ELEMENT MODELLING
Four planar frames (MRF, RF, RF w/ BECB, and RF w/ BECB C2) with three-degrees-offreedom per node were defined using the open source finite element framework OpenSees
[29]. Force-based non-linear beam-column elements were used for beams and columns. A
Steel01 material model was employed for the fibre sections with their respective yield
strengths. Each section was discretized into 40 fibres and 2 force-based elements with 3
Gauss-Lobatto integration points per element. Geometric non-linearities were accounted for
by means of a Corotational transformation. A constant stiffness proportional damping of 5%
was specified for all models. All degrees of freedom for every structure were constrained at
the foundation level to simulate a fixed base. Nodal masses were defined in the horizontal and
vertical degrees of freedom, and lumped at the top of each column element. Beam gravity
loads were applied as distributed loads along beam lengths.
The details of the rocking frames were simulated using the numerical modelling procedures proposed in [30]. The columns and tendons (beam and column) were modelled as continuous elements along the frame height and width. The post-tensioning tendons were
modelled using Corotational Truss Elements with an initial stress uniaxial material (Steel02
material in OpenSees [29]). Zero-length gap elements (springs) were used to simulate the
rocking surfaces. Elastic Perfectly Plastic material with no tension stiffness was defined for
the gap element. The Lobatto integration scheme introduced in [31], was used to determine
the distribution of the gap elements along member edges.
Elastic Bilinear uniaxial material was used to represent the pre to post-buckling behaviour
of BECB. The MinMax uniaxial material [29] was used to define the failure envelope of the
bracing members employing the fracture strain of GFRP [27]. Subsequently, the bracing
members were represented as truss compression-only elements in the numerical models.
Static lateral loads were applied at the nodes assuming linear first-mode distribution. A
displacement control strategy was used to perform the non-linear static analysis. Frequency
response functions (FRFs) were generated using discrete sine-sweep input ground motions as
originally proposed in [30]. MATLAB [32] was used to generate input harmonic base motions.
Subsequently, Incremental dynamic analyses (IDA) were performed to evaluate the buildings’
performances. The set of 22 far-field strong ground motion records from FEMA P695 (ATC63) were selected for the analyses [33].
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4 STATIC RESPONSE

Figure 4: Static response comparison between moment-resisting frames (MRF) and rocking frames with and
without BECB (RF w/BECB and RF w/BECB C2).

The results of the static analysis for the four buildings under consideration, are illustrated
in Figure 4. This Figure plots the base shear ’V’ against roof drift (∆). The base shear ’V’ was
normalized using the total weight of each frame ’W’. Each frame configuration was subjected
to a series of four horizontal cycles.
Figure 4 demonstrates that the bracing elements significantly increase the lateral load carrying capacity of both rocking frame configurations with BECB. The lateral resistance of the
rocking frame without BECB (RF) was 55% lower than the moment-resisting frame (MRF).
Rocking frame with BECB (RF w/BECB) exhibited a 30% increase in the lateral load resistance whereas configuration 2 showed a 63% increase compared to the RF. In comparison
with the MRF, the lateral capacity of the RF w/BECB was 20% lower, whereas the RF
w/BECB C2 was 15% higher. Additionally, Figure 4 demonstrates that all the RFs experienced zero residual drifts and damage accumulation, in contrast to the MRF.
5 FREQUENCY RESPONSE FUNCTIONS
A series of dynamic analyses were performed for low, medium, and high forcing amplitudes. The frequencies were normalized against the natural frequencies of the corresponding
finite element models. The FRFs for all buildings are presented in terms of maximum storey
accelerations in Figure 5. Moreover, the FRFs were utilized to identify the fundamental frequencies of the rocking building models using the maximum inflection points of the lowamplitude curves.
It can be observed from Figure 5 that the natural frequency of the MRF is 1 Hz, whereas
the RF is 0.7 Hz. In comparison, the fundamental frequency of the RF w/ BECB and RF w/
BECB C2 are approximately 1.5 Hz and 2 Hz, respectively. Therefore, it is apparent that both
configurations of the buckling-enabled braced frames are stiffer than their pure rocking frame
counterpart. Contrary to the rocking structures, the fundamental frequency of the MRF is constant across all forcing amplitudes until yielding. It is also apparent that the RF has greater
flexibility than its MRF counterpart, which is expected because of the increased storey displacements due to the gap-opening mechanisms and the absence of any lateral control device/mechanism.
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Moreover, it can be observed that the maximum storey accelerations for the RF for high
amplitude excitations is 55% greater than the MRF. The RF w/ BECB exhibited accelerations
that were 25% higher than the MRF whereas the accelerations of RF w/ BECB C2 were very
close (about 2-5% higher) to the MRF. Similarly, the RF w/ BECB showed a substantial reduction of upto 50% and the RF w/ BECB C2 of 35%, compared to the RF under medium to
high amplitude excitations. Likewise, the maximum inter-storey drifts for RF were 40% higher than MRF. The RF w/ BECB 15% greater and RF w/ BECB C2 were 10% lower than MRF.
From the foregoing it is evident that steel rocking frames equipped with BECB result in
significantly lower peak response quantities compared with systems without BECB and close
to those exhibited by a conventional steel moment-resisting frame. Besides, BECB was also
observed to enhance the overall stability of the rocking structure and numerical convergence
during the analyses was achieved significantly quicker.

Figure 5: Frequency Response Functions (FRFs) for MRF (Top left), RF (Top right) RF w/ BECB (Bottom left),
and RF w/BECB C2 (Bottom right).

6 INCREMENTAL DYNAMIC ANALYSIS
Previous sections have examined the static and dynamic behaviour of rocking steel frames
equipped with BECB to conventional moment-resisting steel frames by subjecting them to
idealized ground-motions. This section examines the effectiveness of the BECB by subjecting
the buildings to a set of real earthquake records. To this end, the 22 far-field earthquake suite
detailed in FEMA P695 and obtained from the Pacific Earthquake Engineering Research Center (PEER) database, were employed. The peak inter-storey drift ratio, was adopted as the
damage measure (DM), while the spectral acceleration at the fundamental period of each re-
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spective building, Sa(T1), was selected as the intensity measure (IM). The median (50th percentile) IDA curves comparing the four buildings are presented in Figure 6.
It can be observed that the IDA curves of RF w/ BECB and RF w/ BECB C2 exhibited a
higher elastic slope than the MRF, indicating a stiffer structure and hence lower relative displacements than MRF and RF. Likewise, the RF w/ BECB C2 remained in the elastic range
for drifts of upto 4% whereas the elastic-plastic transition for the MRF was at the 2% ratio,
with RF and RF w/BECB around 3%. Moreover, the MRF experienced softening after 2%
drift and global collapse at approximately 10% drift. For the RF w/ BECB C2, softening was
observed after yielding of the post-tensioning (at 4% drift) and this was followed by BECB
fracture at 5% drift. Similarly, the RF w/ BECB building experienced first brace fracture at
around 4% drift. The global collapse for RF w/ BECB C2 occurred at 7% drift. In contrast,
the global collapse for the RF w/ BECB was at 5% and RF at 3%. It can also be observed that
in the buildings with BECB, hardening occurred after BECB member buckling at 0.5% drift.
The IDA curves of some records for the rocking frames displayed successive segments of softening and hardening behaviour (weaving) before final instability. This was more prominent
for the RFs compared to other buildings.
In a practical setting, each building will be designed differently to satisfy similar demands
and identical sections were used herein to allow a direct comparison of the structural responses. Furthermore, the proposed BECB system relies on controlled elastic buckling of GFRP
members that do not accumulate plastic strains. Therefore, it is crucial that a compressiononly response is ensured. A possible connection has been proposed in [23] between the BECB
and the steel members. This was designed to allow a transfer of compressive forces during the
lateral frame movement, causing the brace to buckle, while preventing tension stresses to be
developed in the BECB. It is also important to mention that the proposed system is expected
to remain elastic for typical recurrent lateral loads such as winds. Subsequently, the BECB
members can be tuned to allow activation of the buckling response leading to a change in the
dynamic behaviour only during periods of high demand.

Figure 6 Summarized (50% fractile) IDA curves comparing the MRF, RF, RF w/BECB, and RF w/BECB C1 for
22 far-field earthquake records from FEMA P695 report.
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7 CONCLUSIONS
Currently available lateral-load resisting systems for rocking frames comprise of replaceable
yielding components that are damaged after strong motion leading to non-negligible maintenance costs and downtime. By applying the recoverable elastic buckling properties of the
newly proposed bracing elements with circular-arc shaped cross-section this paper has
demonstrated that a damage-avoidance rocking system can be achieved. The main research
findings of this study are summarized below.
• In comparison with the moment-resisting frame, the lateral capacity of the rocking frame
with BECB in two bays was 15% higher.
• Both configurations of the buckling-enabled braced frames were 1.5-2 times stiffer than
their pure rocking frame and the moment-resisting frame buildings.
• The rocking frame with BECB in two bays exhibited maximum storey accelerations that
were within 10% of the values experienced by the moment-resisting frame.
• The IDA curves of rocking frames with BECB displayed a greater elastic slope than the
moment-resisting frame and pure rocking frame, indicating stiffer structures and hence
lower relative displacements in the elastic range (for constant Sa).
• In the buildings with BECB, some hardening was observed after the initial BECB member buckling at an average of 0.5-1% drift ratios for the records considered.
• Both buildings with BECB remained elastic up to 3-4% drifts which are greater than the
moment-resisting frame at 2% drift.
• The rocking frame with BECB employed in a single-bay experienced brace failure at 4%
drift whereas the model with BECB in two bays exhibited the first brace fracture at 5%
drift ratio.
• The pure rocking frame exhibited numerical non-convergence (collapse) at a drift ratio
close to 4%. In contrast, the buildings with BECB collapsed at 5% and 7%, for each configuration respectively.
• The area between yielding and global instability was greater with the addition of BECB,
compared to the pure rocking frame.
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Abstract. The Dissipative Replaceable Link Frame (DRLF) is an innovative lateral load resisting system, recently developed, investigated, and further optimized in the European research projects FUSEIS, MATCH, INNOSEIS and DISSIPABLE. The system consists of two
strong columns, which are rigidly interconnected by several horizontal beams, forming a vertical VIERENDEEL beam. The interconnecting beams are attached by a bolted head plate connection, making them easily detachable. As they are separated from the slab, they do not take
part in the gravity load bearing function. The dissipative beam links being the only intended
spots of inelastic action and therefore energy dissipation, plus being easily exchangeable because of their bolted connection and missing participation in the gravity load bearing paths,
act as exchangeable seismic fuses during a strong earthquake. After such an event, exchanging
the beam links is foreseen to bring the structure back to its undamaged pre-earthquake stage
quickly. However, Eurocode 8 demands on damage limitation affecting non-structural components – like e.g. partition walls – might represent a tough requirement on global lateral stiffness
of the Link Frame systems. For high buildings, displacement verifications often govern the design, similar as known for conventional Moment Resisting Frames (MRF). In order to overcome
this restriction, in this paper, a solution to increase lateral stiffness of Dissipative Replaceable
Link Frames is investigated: Keeping the connections of the regular gravity frame hinged,
strong elastic steel coupling beams are introduced, connecting two adjacent Link Frames.
These coupling beams are not intended to dissipate energy, but instead should remain elastic,
in order to keep the whole building easily repairable, by restricting seismic damage to the Dissipative Replaceable Links. Moreover, such additional source of lateral stiffness is able to improve re-centering capability to diminish accumulation of residual displacements during an
earthquake and further to re-center the building when the seismic fuses are replaced. In this
paper, preliminary conclusions on the concept and performance of this innovative system under
development in the ongoing project DISSIPABLE are presented.

3127

M. Pinkawa, C. Vulcu, B. Hoffmeister, M. Feldmann

1

INTRODUCTION

The Dissipative Replaceable Link Frame (DRLF) is an innovative lateral load resisting system, which was initially developed and investigated in the European research project “FUSEIS
- dissipative devices for seismic-resistant steel frames” [1]. The objective of the FUSEIS project
was to overcome the drawback of non-repairability of traditional systems such as Moment Resisting Frames (MRF), Concentrically Braced Frames (CBF) or Eccentrically Braced Frames
(EBF). While such conventional systems perform well during strong seismic events due to dissipation of a large amount of energy, however, they are not economically repairable after the
design basis earthquake has struck the structure. Thus, usually the only available option is the
demolishing of the damaged building and replacing it by a new one. To overcome this issue,
within the FUSEIS project several innovative systems have been developed, where the dissipative elements called fuses are the only source of energy dissipation and above all are easily
replaceable after an earthquake.
One of the investigated systems was the formerly called FUSEIS-1 system (see [1], [2], [3]),
which in this paper is called Dissipative Replaceable Link Frame (DRLF). It was further developed and investigated within the MATCH [4] and INNOSEIS [5] projects, and is further enhanced within the ongoing DISSIPABLE [6] project.
The DRLF system consists of two strong columns, which are rigidly interconnected by several beams, forming a vertical VIERENDEEL beam. In order to be easily detachable, these
interconnecting beams – the Dissipative Replaceable Links (DRL) – are attached by a bolted
head plate connection. As they are not coupled with the slab, consequently, they are not a part
of the gravity load bearing frame. Optimally, inelastic action is foreseen to take place solely in
the Dissipative Replaceable Links (DRL). When achieving this, they can act as exchangeable
seismic fuses during a strong earthquake. Being the only source of energy dissipation by design,
along with the missing participation in the gravity load bearing paths and moreover their detachable connection design, exchanging the Dissipative Replaceable Links is foreseen to bring
the structure back to its undamaged pre-earthquake stage quickly, without the need of rebuilding the whole structure.
Eurocode 8 [7] demands on damage limitation affecting non-structural components – like
e.g. partition walls – represent a tough requirement on global lateral stiffness of such Dissipative Replaceable Link Frame systems. For high buildings, displacement verifications often govern the design. In this case, usually partial-strength moment connections may be introduced to
the gravity load bearing frames, in order to increase global stiffness. However, this may result
in damage of the gravity frame connections, which are usually not feasibly repairable, finally
pre-venting full exploitation of the potentially excellent energy dissipation capacity of such a
system.
In this paper, an alternative solution of increasing lateral stiffness of Dissipative Replaceable
Link Frame systems is investigated: Keeping the connections of the gravity frame hinged,
strong elastic steel coupling beams are introduced, connecting two Dissipative Replaceable
Link Frames. These coupling beams are not intended to dissipate energy, but instead should
remain elastic, in order to keep the whole building easily repairable, by restricting seismic damage to the Dissipative Replaceable Link fuses only.
In the following, after a general introduction to the innovative concept of the Coupled Dissipative Replaceable Link Frame (CDRLF) system, two case studies of an 8-storey office building are presented. The first one, acting as ‘reference system’, is the already known Dissipative
Replaceable Link Frame. Because the building is quite high, in total three bays with such frames
were required, to comply with seismic requirements on stiffness. The second system, labelled
as ‘optimized system’, introduced the concept of coupling beams. Consequently, only two bays
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of DRLFs were needed. In a first step, the performance of both systems was assessed and compared via pushover analyses. Target displacements were derived based on the N2 method. Further on, for verification of the conclusions derived by the non-linear static analyses, dynamic
time history analyses with seven recorded accelerograms have been conducted. The gain in
performance achieved by the introduction of the coupling beams is discussed in terms of pushover curves, plastic mechanisms, inter-story drifts, residual displacements and repairability. It
is demonstrated, how the optimized system is well able to comply with the foreseen performance targets.
2

DISSIPATIVE REPLACABLE LINK FRAMES

A schematic sketch of the Dissipative Replaceable Link Frame (DRLF) is shown in Figure
1, left panel. For high buildings, this type of system may have the issue of inherent flexibility,
which is also a well-known issue for classical Moment Resisting Frames (MRF). Moreover,
residual displacements may hinder the repairability performance target. In order to increase
stiffness and re-centering capability, two of such frames might be connected by Coupling
Beams, as shown in Figure 1, right panel. This combination results in the Coupled Dissipative
Replaceable Link Frame (CDRLF). The lateral strength and stiffness of such a coupled frame
is basically due to the frame action of the two single DRLFs as well as the Coupling Frame,
which consists of the coupling beams and the strong columns, where the coupling beams are
attached to. Thus, the internal strong columns contribute to both frames. The in total three frame
actions act in series resulting in the global frame behavior (see Figure 2).
Coupling Beam
Gravity column

Linked column

Gravity frame girder

Gravity frame girder

Dissipative Replaceable
Link (DRL)

Dissipative Replaceable Link Frame (DRLF)

Single DRLF

Coupled DRLF (CDRLF)
Coupling Frame (CF)

Coupled Dissipative Replaceable Link Frame (CDRLF)

Figure 1: Single Dissipative Replaceable Link Frame (DRLF) (left) and two DRLFs coupled by elastic HSS
Coupling Beams (CB) forming the Coupled Dissipative Link Frame (CDRLF) (right).

+
Figure 2: Two single Dissipative Replaceable Link Frames (DRLFs) and the Coupling Frame (CF)
acting in series as resulting total lateral load resisting system.
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The concept of coupling beams is a well-known one for linking two reinforced concrete
shear walls. However, in this context, usually it are the coupling beams, which are foreseen to
dissipate energy. See e.g. [8] for an innovative system of concrete shear walls connected via
replaceable steel coupling beams. Contrary, in the scope of the research presented herein, the
coupling beams need to remain elastic for the design basis earthquake (usually 10% in 50 years /
475 years return period). Therefore, the investigated innovative system could be best compared
to dual frame systems, e.g. a combination of an EBF with a MRF, where the MRF is deemed
to add stiffness and residual strength to the system, see e.g. [9].
Design equations for the DRLF have been developed in the FUSEIS [1] project and disseminated throughout the INNOSEIS [5] project. However, the coupling frame connecting two
DRLF is a recently developed enhancement during the ongoing DISSIPABLE [6] project.
Therefore, design equations and guidelines for the coupling frame are missing yet. For the time
being, design verification by non-linear static (pushover) and/or response history analysis
(RHA) is needed. Development of design guidelines is foreseen during the DISSIPABLE [6]
project.
The coupling beams are suspected to high seismic strength demands. Moreover, once the
beam links are plastified, the contribution of the Coupling Frame on the overall stiffness increases, further enlarging demands on coupling beams. Consequently, usually relatively high
strength steels will be needed to be applied for these elements.

=
Link frame contribution

Coupling frame contribution

Figure 3: Load transfer and resistance contribution of the single DRLF and the CF.
Coupled Link Frame
Link Frame

1

Base Shear V/Vult

Coupling Frame
0.8
0.6

0.4
0.2

SD

NC

0
0

0.2

0.4

0.6

0.8

1

Roof drift u/uult

Figure 4: General behavior of the CDRLF and contribution of its single components.
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The general design philosophy behind the CDRLF is summarized in Table 1. For frequent
earthquakes, no damage shall occur to the overall lateral load resisting system. For the design
basis earthquake, only the Dissipative Replaceable Links shall be damaged, while coupling
beams are foreseen to remain elastic. Thus, the whole building results to be repairable, preventing its demolition. Only for very rare earthquakes, also the coupling beams are allowed to suffer
damage, in order to prevent collapse of the building while sacrificing its reparability.
Possible design
scenarios

10% in 10 yrs
95 yrs

10% in 50 yrs
475 yrs

2% in 50 yrs
2475 yrs

Performance target

No damage

Reparability

No collapse

Damage to
dissipative links

No

Yes

Yes

Damage to
coupling beams

No

No

Allowed

Reparability

---

Yes

No, if coupling
beams damaged

Table 1: Design philosophy for the Coupled Dissipative Replaceable Link Frame (CDRLF).

3

CASE STUDY

To illustrate the concept of the CDRLF, in the following a typical 8-story office frame building has been designed in two different ways. In the first one, no coupling beams have been
introduced, which rendered the system to be a DRLF. In the latter approach, the coupling frame
effect was introduced, resulting in a CDRLF system.
The main dimensions of the initial situation used as starting point are shown in Figure 5.
Firstly, the two designs have been conducted to satisfy seismic design requirements according
to Eurocode 8 [7] regarding strength as well as stiffness. Table 2 shows an overview of the
loads considered in design. Furthermore, the characteristics of the considered seismic action
are summarized in Table 3.

Figure 5: General floor plan and elevation of 8-story case study.
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Design loads
Dead loads
Superimposed loads

Live loads

Description
Composite slab and steel sheeting
Services, ceiling and raised floor
- intermediate floors
- top floor
Perimeter walls
Offices (Class B)
Movable partitions

Load value
2.75 kN/m²
0.70 kN/ m²
1.00 kN/m²
4.00 kN/m²
3.00 kN/m²
0.80 kN/m²

Table 2: Loading conditions used for design.

Seismic design action
Peak ground acceleration
Importance factor (Class II)
Ground type
Type of response spectrum
Lower bound factor E
Behavior factor q

Description
DgR = 0.3g
J1 = 1.0
B (S = 1.2, TB = 0.15 s, TC = 0.5 s, TD = 2.0 s)
Type 1
0.2
2.0 for the reference structural system
2.8 for the optimized structural system

Table 3: Seismic design action according to Eurocode 8.

Finally, the designs resulted in the following case study frames shown in Figure 6:
x Reference structural system: 2D frame with three Dissipative Replaceable Link Frames
and pinned coupling beams (see Figure 6a), thus no coupling frame action;
x Optimized structural system: 2D frame with two Dissipative Replaceable Link Frames and
two bays with coupling beams, for which alternating pinned/fixed connections were used
(see Figure 6b); thus, the whole system is a Coupled Dissipative Replaceable Link Frame.
For a better understanding of the structural response, especially the influence and contribution of dissipative links and coupling beams, these two structural configurations were studied
in detail by means of pushover and response history analyses.

(a) Reference system – 3 × DRLFs
(all coupling beam ends are pinned)

(b) Optimized system – 2 × DRLFs + 2 × CFs
(coupling beam ends alternating pinned and fixed)

Figure 6: Case study frames: (a) reference system; (b) optimized system.
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The general properties for the case study frames are summarized in Table 4. The design and
analyses were performed with RSTAB 8 [10] and SAP2000 [11]. Based on the presence of the
reinforced concrete slabs, a rigid diaphragm constraint was considered for the nodes of each
floor. The masses were calculated automatically from the applied gravitational loading on the
structure. The importance of the second order effect was evaluated through the value of the
inter-story drift sensitivity coefficient θ [12]. The coefficient θ was computed for each level,
and the maximum value was found between 0.1< θ ≤ 0.2. Consequently, second order effects
were considered in an approximate way by multiplying the design values of the demands with
the following factor: α=1/(1-θ).
The cross-sections used for the lateral force resisting system of the reference and optimized
structural systems are presented in Table 5. The design of the lateral force resisting system was
governed by the deformation limitation (corresponding to the serviceability limit state – SLS,
and/or to the ultimate limit state – ULS). In case of the optimized system, the coupling beams
were modeled with alternating pinned/fixed connections with the aim to increase their flexibility and to avoid the formation of plastic hinges at serviceability limit state (SLS), ultimate limit
state (ULS) and as much as possible at near collapse (NC) seismic intensity level. Beside the
pinned/fixed connection solution, the coupling beams corresponding to floors 1÷4 were realized
with S460 steel grade (Table 5). Reduced beam sections (RBS) were considered for the dissipative links for both structural systems. The P-Delta effect of the seismic masses that was not
attributed to the frame was considered by employing a leaning column. The maximum usable
behavior factor q was 2.0 for the reference system and 2.8 for the optimized system. Larger
behavior factors were not exploitable (i.e. not needed), because stiffness requirements did not
allow for a further decrease of cross sections.
Structural system
Stories
Bays
Column base connection
Coupling beam connections

Reference
8@4m
3 @ (5.5 + 2.5 m)
pinned
pinned at both ends

Optimized
8@4m
2 @ (5.5 + 2.5 m) & 1 @ 8 m
pinned
fixed at one end, pinned at the other end

Table 4: General properties of the case studies.

Reference system (T1=2.75 sec.)
Links
Columns
Floor
(S235)
(S355)
8
HEA-200
HEB-450
7
HEA-220
HEB-450
6
HEA-220
HEB-450
5
HEA-240
HEB-450
4
HEA-240
HEB-450
3
HEA-260
HEB-450
2
HEA-260
HEB-450
1
HEA-280
HEB-450

Optimized system (T1=2.56 sec.)
Links
Coupling beams
(S235)
(S460 & S355)
HEA-200
HEB-400 (S355)
HEA-200
HEB-400 (S355)
HEA-200
HEB-400 (S355)
HEA-220
HEB-400 (S355)
HEA-240
HEB-400 (S460)
HEA-260
HEB-400 (S460)
HEA-280
HEB-400 (S460)
HEA-280
HEB-400 (S460)

Table 5: Cross-sections of elements for the reference and optimized system.
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4

SEISMIC PERFORMANCE EVALUATION

The seismic performance was evaluated through: (i) nonlinear static analyses (pushover)
using the N2 method [13]; and (ii) nonlinear dynamic analyses (time-history). Both types of
analyses were performed using SAP2000 [11] and considering the 2D structural configurations
illustrated in Figure 6. The N2 method [13] was used for determining the target displacements
and the state of the two structural systems corresponding to the three seismic intensity levels.
The response under a set of seven recorded accelerograms was evaluated through time-history
analyses.
4.1 Nonlinear static analyses
The N2 method, developed by Fajfar [13] and comprised in Annex B of EN 1998-1 [7], can
be used to verify the seismic performance of buildings designed by current methods (i.e. response spectrum analyses). The method combines the nonlinear static analysis of a multiple
degrees of freedom system (MDOF) with an analysis based on the response spectrum of a single
degree of freedom system (SDOF). The lateral story forces were assumed to be proportional to
the 1st mode of vibration. Furthermore, the structural performance was evaluated for the limit
states shown in Table 6, where “agr” is the reference peak ground acceleration of 0.3g, and “ag”
represents the peak ground acceleration for a specific earthquake level.
Limit state
Damage Limitation (DL / SLS)
Significant Damage (SD / ULS)
Near Collapse (NC)

Return period,
[years]
95
475
2475

Probability of
exceedance
10% / 10 years
10% / 50 years
2% / 50 years

ag/agr

ag/g

0.5
1.0
1.7

0.15
0.30
0.51

Table 6: Limit states and corresponding scaling factors for the seismic input.

For beams subjected to flexure, based on FEMA 356 [14] and Annex B of EN 1998-3 [15],
the following acceptance criteria were considered corresponding to the rotation at DL, SD and
NC: 1·θy, 6·θy and 8·θy, where θy is the yield rotation. The damage state conditions of the plastic
hinges associated to three limit states are similar in both codes, and it can be assumed that
Immediate Occupancy (IO) corresponds to Damage Limitation (DL), Life Safety (LS) stands
for Significant Damage (SD), and Collapse Prevention (CP) relates to Near Collapse (NC).
The plastic hinge definitions for the Dissipative Replaceable Links (see Table 7) were based
on the parameters reported in [2].
Point
A
B
C
D
E

M/Mpl,RBS
0
1
1.27
0.6
0.6

θ/θpl,,RBS
0
0
40
40
45

Acceptance criteria
Limit state (θ/θpl,RBS)
IO
15
LS
20
CP
35

Table 7: Non-linear hinge parameters considered for the Dissipative Replaceable Links.

From the nonlinear static analyses, a pushover curve (capacity curve) was obtained for each
structure. Further, using the N2 method [13], the target displacements (Dt) were obtained for
the two structural systems corresponding to each of the three seismic intensity levels (i.e. SLS,
ULS, NC). The obtained target displacement values are summarized in Table 8. As can be observed, very similar values were obtained for the two structures.
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Dt [m]

Limit state
DL / SLS
SD / ULS
NC

ag/agr
0.5
1.0
1.7

Reference structure
0.157
0.314
0.533

Optimized structure
0.157
0.315
0.535

Table 8: Target displacements of reference and optimized structures.

Base shear force [kN]

The outcomes of the nonlinear static analyses are shown in terms of: (i) capacity curve (base
shear force vs. top displacement); (ii) the state of the lateral load resisting frames corresponding
to the three seismic intensity levels (SLS, ULS, NC), i.e. at the computed target displacements.
It is to be noted that the target displacements are marked on each capacity curve. The outcomes
are presented for the following configurations: (i) Reference structure (see Figure 7); (ii) Optimized structure (see Figure 8).
Based on the state of each structural configuration (plotted for the three seismic intensity
levels – SLS, ULS and NC), the following observations can be made:
x at SLS – both structural configurations were characterized by an elastic response;
x at ULS – the reference structure was characterized by an elastic response, while plastic
hinges developed in the dissipative links at the first five stories of the optimized structure;
x at NC – both structural systems evidenced plastic hinge development in the dissipative
links, but the rotations did not reach the life safety or collapse prevention levels; in case of
the optimized structure, the coupling beams did not develop plastic hinges.
1800
1600
1400
1200
1000
800
600
400
200
0

NC

ULS

IO

SLS

LS
CP
C

Reference structure
0

0.15 0.3 0.45 0.6 0.75 0.9
Top displacement [m]

D
E

SLS

ULS

NC

Base shear force [kN]

Figure 7: Reference structure: capacity curve and the state of the frame at the three seismic intensity levels –
SLS, ULS, NC (i.e. ag/agr=0.5; 1.0; 1.7).
1800
1600
1400
1200
1000
800
600
400
200
0

NC
ULS
IO

SLS

LS
CP
C

Optimized structure
0

0.15 0.3 0.45 0.6 0.75 0.9
Top displacement [m]

D
E

SLS

ULS

NC

Figure 8: Optimized structure: capacity curve and the state of the frame at the three seismic intensity levels –
SLS, ULS, NC (i.e. ag/agr=0.5; 1.0; 1.7).

A comparison between the pushover curves of the two structural systems, i.e. reference and
optimized, is shown in Figure 9a. As can be observed, the initial stiffness and the post-yield
response of the two structural systems evidence some differences:
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1800
1600
1400
1200
1000
800
600
400
200
0

Base shear force [kN]

Base shear force [kN]

x The reference structure (for which the coupling beams were pinned at both ends) showed
a relative lower initial stiffness. In the post yield region, the pushover curve was characterized by a horizontal tendency (i.e. large deformations with little decrease of force).
x In case of the optimized structure (for which the coupling beams were modeled with alternating pinned/fixed connections), the pushover curve evidenced a linear ascending tendency in the post yield region (i.e. capacity increases with the deformation).
The improved response of the optimized structures, i.e. bilinear shape with a linear ascending
tendency in the post yield region, can be explained by examining the shape of the pushover
curves of the two subsystems (i.e. coupling beam frames, dissipative link frames). Subsequently,
the contribution of each of the two subsystems is illustrated in Figure 9b. Compared to the linkframe subsystems, the coupling beam frames are characterized by a linear-elastic response, with
a lower stiffness and capacity. The linear-elastic response of coupling beam frames is therefore
responsible for the linear ascending tendency in the post yield region of the optimized structural
system and confirms the potential for improved performance and increased re-centering capacity.

Optimized structure
Reference structure
0

0.15

0.3 0.45 0.6 0.75
Top displacement [m]

1800
1600
1400
1200
1000
800
600
400
200
0

Optimized structure
Dissipative links
Coupling beams

0

0.9

(a)

0.15

0.3 0.45 0.6 0.75
Top displacement [m]

0.9

(b)

Figure 9: (a) Comparison between the pushover curves of the reference and optimized structural systems;
(b) response/contribution of the dissipative link frames and coupling beam frames.

4.2 Nonlinear dynamic analyses
The two systems were further analyzed by means of dynamic time history analyses. A set of
seven accelerograms matching the target spectrum has been chosen from the PEER NGA online
ground motion database [16]. The scaling factors have been set such, that requirements according to the current draft of the revision of Eurocode 8 are met. These are as follows:
x Scaling factors not larger than 2.0, nor smaller than 0.5.
x The period range of interest has been set to 0.2·T1,min to 1.5·T1,max, whereby T1,min and T1,max
are the minimum and maximum fundamental periods of the considered frames.
x Within this period range, the ratio of mean to target spectrum should be within the range
of 0.75 to 1.30. Moreover, the average of this ratio over the considered period range should
be larger than 0.95. Also, for each individual spectrum the ratio should nowhere be below
0.5 within that range.
x Not more than two records of the same earthquake should be used.
The final suite of seven accelerograms is listed within Table 9. Each record can be correlated
to the PEER data base with the Record Sequence Number (RSN). Figure 10 shows the target,
mean and individual spectra along with a vertical line, indicating where the period range of
interest begins. The first mode periods T1 for the reference and optimized structure correspond
to 2.75 s and 2.56 s, respectively. The 50%, 75% and 130% scaled target spectrum used for
ground motion selection is also indicated in the figure.
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#

RSN

1
2
3
4
5
6
7

6
15
20
30
68
95
96

Scale
factor
1.11
1.95
1.32
1.65
1.70
1.38
1.85

R
[km]
6.1
38.7
26.9
9.6
22.8
3.8
4.7

M

Earthquake name

Year

Station

6.95
7.36
6.5
6.19
6.61
6.24
5.2

Imperial Valley-02
Kern County
Northern Calif-03
Parkfield
San Fernando
Managua Nicaragua-01
Managua Nicaragua-02

1940
1952
1954
1966
1971
1972
1972

El Centro Array #9
Taft Lincoln School
Ferndale City Hall
Cholame-Shandon #5
Hollywood Stor FF
Managua ESSO
Managua ESSO

Table 9: Recorded acceleration time histories used for dynamic analyses.
16

RSN 6
RSN 15
RSN 20
RSN 30
RSN 68
RSN 95
RSN 96
Target
Mean
50% Target
75% Target
130% Target

14
12

Sa [m/s²]

10
8
6
4
2
0
0

0.5

1

1.5

2

2.5

3

3.5

Period T [s]

Figure 10: Elastic response spectra of mean and individual accelerograms compared to the target spectrum.

The outcomes of the time-history analyses are presented for both reference and optimized
structural configuration in terms of: (i) comparison of the displacement at top floor; (ii) state of
frame corresponding to the maximum displacement (i.e. scaled deformed shape with marked
plastic hinges). Consecutively, the response under one of the seven accelerograms (i.e.
#5 – RSN 68) at the three intensity levels (SLS, ULS and NC) is shown in Figure 11.
As can be observed, the time-history analyses evidenced the following:
x at SLS (serviceability limit state – ag/agr=0.5): ▪ plastic hinges did not develop in any of
the two structural systems (reference or optimized); ▪ the comparison between displacements at top floor showed similar deformations – with slightly lower values corresponding
to the optimized structure;
x at ULS (ultimate limit state – ag/agr=1.0): ▪ plastic hinges developed in the dissipative links
(at seven out of eight stories) for both structural configurations; ▪ the comparison between
displacements at top floor showed some differences, i.e. lower deformations corresponding
to the optimized structure; ▪ the rotations within plastic hinges did not reach the life safety
or collapse prevention levels;
x at NC (near collapse – ag/agr=1.7): ▪ a global plastic mechanism was evidenced with plastic hinges in the dissipative links for both structural systems; ▪ the comparison between
displacements at top floor showed significant differences between the reference and optimized structure for five out of seven accelerograms which lead to residual deformations
(i.e. #1,3,5,6,7); ▪ for both structural systems, the replaceable dissipative links did not evidence rotations corresponding to life safety or collapse prevention levels; ▪ the optimized
structure evidenced plastic hinges in the coupling beams only for one out of seven accelerograms (i.e. #3 – RSN 20).
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Figure 11: Outcomes of time-history analyses: (a) comparison of the response (top displacement vs. time);
(b) & (c) state of reference and optimized structures.

The nonlinear dynamic analyses also allowed to evaluate the inter-story drifts corresponding
to each: (i) structural configuration (reference / optimized); (ii) accelerogram (#1 to #7);
(iii) seismic intensity level (SLS, ULS, NC).
Exemplarily, Figure 12 illustrates the inter-story drifts generated by one of the accelerograms
(#5 – RSN68) within the two systems. In general, largest inter-story drifts occur at the midfloors for the reference system, whereby the optimized system is characterized by larger drifts
at the bottom and small ones at the top. Besides the lower floors, inter-story drifts tend to be
less large for the optimized system compared to the reference structure.
The average of the maximum (+/-) inter-story drift values for the reference and optimized
structures, corresponding to each seismic intensity level (SLS, ULS, NC), was computed from
the outcomes of the set of seven selected accelerograms listed in Table 9. The average values
summarized in Table 10 confirm the observations mentioned above regarding the minimum
inter-story drifts also for other accelerograms. The maximum inter-story drifts occurred at
6th÷7th floor for the reference structure, respectively at 5th÷6th floor for the optimized structure.
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8
7
6
5
4
3
2
1
0

NC_RSN-68 (Max)
ULS_RSN-68 (Max)
SLS_RSN-68 (Max)
SLS_RSN-68 (Min)
ULS_RSN-68 (Min)

Storey No.

Storey No.

In Figure 13 the average inter-story drifts between reference and optimized structure can be
compared. Besides the first two floors, the optimized structure showed in general lower drifts.
Moreover, the inter-story drift profile is more uniform throughout the height.

NC_RSN-68 (Min)

8
7
6
5
4
3
2
1
0

NC_RSN-68 (Max)
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(a)
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Figure 12: Inter-story drifts generated by #5 – RSN68 within the corresponding structural systems:
(a) reference structure; (b) optimized structure.

Story

Reference structure
SLS
ULS
NC
7.4
13.9
19.6
21.0
7.7
14.5
7.5
14.1
21.5
6.9
13.4
20.5
6.5
12.9
20.3
5.8
11.5
18.6
5.2
10.1
15.9
4.1
7.6
12.3

8
7
6
5
4
3
2
1

Optimized structure
SLS
ULS
NC
5.3
9.3
12.2
6.5
11.8
15.8
18.5
7.1
13.2
6.8
12.6
18.6
6.4
11.8
17.6
5.8
10.9
17.5
5.3
10.5
17.7
5.1
10.4
18.4

Ratio optimized/reference
SLS
ULS
NC
0.72
0.67
0.62
0.84
0.81
0.75
0.95
0.94
0.86
0.99
0.94
0.91
0.98
0.91
0.87
1.00
0.95
0.94
1.02
1.04
1.11
1.24
1.37
1.50

8
7
6
5
4
3
2
1
0

NC_Av. (Max +/-)
ULS_Av. (Max +/-)
SLS_Av. (Max +/-)

0

Storey No.

Storey No.

Table 10: Average of the maximum inter-story drifts [mrad] corresponding to the three seismic intensity levels
(SLS, ULS, NC) and the two structural configurations (reference / optimized).
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30
Inter-storey drift [mrad]

8
7
6
5
4
3
2
1
0

NC_Av. (Max +/-)
ULS_Av. (Max +/-)
SLS_Av. (Max +/-)

0

(a)

10
20
30
Inter-storey drift [mrad]

(b)

Figure 13: Average of the maximum (+/-) inter-story drifts corresponding to the three seismic intensity levels
(SLS, ULS, NC) and the two structural configurations: (a) reference; (b) optimized.

The response of the two structural systems was evaluated by comparing the residual deformations. Figure 14 shows the residual deformation at the top floor corresponding to each of the
seven accelerograms at NC intensity level for both structural configurations. As can be observed,
the largest residual deformations were evidenced for #3 – RSN 20. Furthermore, for five out of
seven accelerograms (RSN 6 / 20 / 68 / 95 / 96) the residual deformations of the optimized
structure were approximately by two thirds lower compared to the reference structure.
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Residual displacements at
top floor (m)

Regarding the seismic performance and resilience of a structural system, some important
aspects are represented by: (i) the possibility of structural repair; (ii) a low amount of residual
deformations; (iii) the re-centering capability of the structure. Table 11: Reference vs. optimized structural configuration: fulfilment of resilience/seismic performance criteria shows an
overview with regard to the fulfillment of the resilience and seismic performance criteria by the
two structural systems (reference vs. optimized). Through the use of replaceable dissipative
links, potentially both structural systems have the possibility to be repaired after a seismic event.
In contrast to the reference structure (with relatively high residual deformations, and no recentering capability), the optimized structural system fulfils all three criteria:
x Structural repair – through the use of replaceable dissipative devices;
x Low residual deformations – through the use of coupling beams of high strength steel and
with alternating pinned/fixed connections (for an elastic response);
x Re-centering capability – by incorporating the two bays with coupling beams (of high
strength steel and pinned/fixed connections) characterized by an elastic response, which
will contribute to the structural re-centering during the replacement of the dissipative links.
0.5
0.4
0.3
0.2
0.1
0

Reference
Optimized

RSN_06

RSN_15

RSN_20

RSN_30

RSN_68

RSN_95

RSN_96

0.166
0.050

0.024
0.024

0.485
0.099

0.066
0.048

0.070
0.021

0.152
0.055

0.171
0.041

Figure 14: Reference vs. optimized structural system: residual displacements at the top floor corresponding to
each of the seven accelerograms (NC seismic intensity level).

Performance
criterion

Reference structure

Optimized structure

Structural
repair

Yes: both structural systems are generally reparable through the use of
Dissipative Replaceable Links (DRL)

Low residual
deformations

No: the reference
structure is characterized by relatively high
residual deformations

Yes: the optimized structural system is characterized by a significant reduction of residual
deformations, resulting from the use of the two
bays with pinned-fixed coupling beams

Re-centering
capability

No: the reference
structure does not possess any worth mentioning re-centering
capability

Yes: the optimized structure contains two bays
with pinned-fixed coupling beams that responded elastically, and therefore, would contribute to the re-centering of the structure
during the replacement of the dissipative links

Table 11: Reference vs. optimized structural configuration: fulfilment of resilience/seismic performance criteria.
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5

CONCLUSIONS

The preliminary investigations on the newly developed CDRLF system within this paper
show its general feasibility and potential of enhancing the already known DRLF system regarding stiffness increase and improved re-centering capability for mid to high rise buildings. Thus,
it renders an alternative to application of partial-strength joints to the gravity load bearing frame
of a system with DRLFs, as conventionally done for introducing additional stiffness. Main conclusions derived from the investigated case study are as follows:
x The design philosophy was shown to work effectively for the considered case study. Damage to coupling beams was not triggered up to NC and beyond, while almost all of dissipative links showed plastic response.
x The optimized system, two DRLFs with ‘one end fixed – the other end hinged’ coupling
beams, showed a significant improvement over the reference system with three DRLFs.
x The improvement consists of:
x the decrease in needed amount of DRLF bays (two compared to three),
x an improved global force displacement relationship (introduced hardening slope after
damage to dissipative links),
x lower inter-story drifts,
x noteworthy re-centering capability and, thus,
x much lower residual displacements.
x This optimization results in a system that fully complies with the envisaged performance
targets, which is repairability by restricting damage to dissipative replaceable links only,
limiting of residual displacements and providing re-centering capability by the coupling
beams.
x To achieve the performance targets – widespread damage to dissipative links before damage to coupling beams is triggered – a balanced stiffness distribution between the two
DRLFs and the coupling frames is necessary. The coupling frame needs to be stiff enough,
to increase noteworthy overall stiffness, but on the same time flexible enough, to prevent
attraction of too much force, once the DRLFs soften du to energy dissipation.
x The balance of the stiffness was achieved by introducing a hinge at one end of each coupling beam.
x Sophisticated static nonlinear (pushover) are needed to assure that the foreseen performance targets are met. Simple application of current seismic design equations for designing the CDRLF system does not necessarily guarantee a well performing structure.
Therefore, simplified design equations especially for the coupling beams are needed to
ease application of the CDRLF system in practice.
x The strength design of the coupling beams might be challenging, especially when both
coupling beam ends are designed to be fixed. Thus, often coupling beams in high strength
steel will be required, as the increase of section size would jeopardize the need of a balanced stiffness distribution between DRLFs and CFs.
Finally, it can be stated that the CDRLF system is currently under investigation within the
ongoing DISSIPABLE project. The study presented in this research shows promising results.
A testing campaign consisting of hybrid tests on a 2D frame as well as shaking table tests on a
3D structure is underway. Eventually, the project consortium will deliver design guidelines
along with a worked example.
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USE OF HIGH-STRENGTH STEEL FOR MULTI-CRITERIA
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Abstract. Among the various strategies for the seismic protection of buildings, the use of passive devices based on energy dissipation through the development of plastic deformations represents a valid, simple and economic solution. During seismic events, damage is concentrated
in correspondence of the dissipative elements which are thought to be replaced in the postseismic phase in order to fully recover the initial capacity of the device and, therefore, to restore
the original building behaviour. In this context, the adoption of steel devices has relevant impact and advantages on the overall building performance. In the present study, the implementation of a steel dissipative and replaceable device using High-Strength Steels (HSS) for the
non-dissipative components was deeply analyzed, and results are briefly presented. The improvement due to HSS adoption accounted for the direct/short-term economic aspects (i.e. cost
of the device, weight) and the indirect/long-term ones (i.e. seismic risk performance) within a
multi-criterial optimization procedure.
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1

INTRODUCTION

In the last decades, with the aim of preventing damages on structures due to seismic events,
several passive protection devices were developed exploiting different energy dissipation strategies such as friction, viscous, viscoelastic or plastic [1],[2]. Concerning dissipative plastic devices, the adoption of steel systems progressively diffused thanks to their optimal mechanical
performance, lightness, workability and application versatility. Steel components can be connected through “dry” systems to structural elements, e.g. using bolted joints, and this can provide relevant advantages in the post-seismic phase allowing the easy replacement of the
damaged components and providing the fully-recovery of the initial capacity.
In the present study, a steel Dissipative and Replaceable Device (in the following called DRD)
developed within the research project DISSIPABLE “Fully dissipative and easily reparable
device for resilient buildings with composite steel-concrete structures" funded by the Research
Fund for Coal and Steel of European Commission and actually ongoing, is presented and deeply
analysed. DRD’s conception was developed as improvement of the existing INERDTM connections, already proposed by [3]-[4]. Figure 1a shows the geometric configuration of the DRD
device. Two pairs of plates (external and internal) are connected to the steel frame and braces
within the structural configuration; the transversal pin, located between the plates, is the dissipative component devoted to absorb the relative displacements of the plates, developing plastic
deformations and then dissipating the seismic energy stored during the earthquake; as visible,
the pin is designed to be replaced after damages.
Respect to the previous configuration of the INERDTM system, additional transversal spacers
between plates were added to avoid transversal deformation, observed during cyclic experimental tests [5] (Figure 1b). Another relevant aspect concerns the accumulation of ovalization
of plates’ holes, causing pinching phenomena on the hysteretic cycle resulting in the reduction
of the dissipative capacity of the system (Figure 1c).

a)

c)

b)

Figure 1: a) Configuration of DRD device; b) lateral deformation of plates in the INERDTM system [5]; c) typical
hysteretic behaviour of the DRD device.

The present work, as suggested by the project's guidelines, deeply investigates the possible
use of high-strength steels (HSS) for the DRD realization: the impact of HSS in terms of overall
cost/benefits over the whole life-cycle of hypothetical structures equipped with DRDs, in terms
of both of direct (i.e. fabrication, installation, working) and indirect (i.e. the expected annual
losses due to the seismic risk) costs’ reduction was considered. Several different mechanical
configurations of the devices, defined by varying both material and geometry, were studied
through a parametric numerical and economic analysis. The following decision variables were
adopted to carry out a multi-criterial optimization analysis aiming to determine the optimal
design solution.
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x

Material’s cost for device fabrication.

x

Device’s weight: including diseconomies of manufacture, transport, installation and load
on the structures.

x

Dissipative capacity of the device, in terms of energy dissipation with respect to the stiffness of the device.

2

THE USE OF HIGH STRENGTH STEEL

In last decades, the use of HSS progressively increased for the manufacturing of structural
components; several countries started to elaborate and adopt standard provisions including HSS
in the structural design [6]. However, currently, the application of HSS for the seismic design
is limited by existing seismic design codes and constructional practice. Mild Steel (MS) is typically preferred since presenting a higher ductility and a higher dissipative capacity [7]. Besides,
if the use of HSS can effectively reduce elements’ sections since provided by higher strength,
deformability problems can affect steel structures, highly limiting – from a practical point of
view – the employment of those grades. If properly used, HSS can guarantee several advantages
to seismic constructions:
x Economic advantages: increasing the strength, it is possible to reduce sections and therefore the self-weight of structures as well as costs for material, transportation, fabrication,
assembling, processing and welding, overall management.
x

Structural safety: self-weight’s reduction leads to reducing the seismic mass. Therefore,
excellent toughness proprieties guarantee higher safety level.

x

Architectural advantages: the reduction of elements’ size enables special aesthetical and
elegant structural solutions.

x

Sustainability advantages: the employment of lower materials’ quantity leads to a lower
use of resources, energy consumption, to the reduction of CO2 emissions and of waste
material during the whole life of the structure.

On the other hand, the cost of HSS is usually higher than the one associated to MS grades,
increasing with the increase of the yielding strength; however, the costs’ increase is lower
respect to the increase of the strength performance [8]. This means that, for a static design,
the adoption of HSS can be preferred to MS, but, in the case of seismic design (or even in the
case of fire design [8]), due to the more brittle behavior of HSS, the lower resistance to crack
propagation [9] and the higher sensitivity towards heating induced by processing (flame cutting, welding, flame straightening, etc.), usually MS is preferred to HSS.
3

PARAMETRIC ANALYSIS

Taking into consideration the structural performance of DRD previously defined, HSS can
be used for the non-dissipative components (i.e. plates and stiffeners). Increasing the strength
capacity of the plates, it is expected to achieve lower accumulation of plastic ovalization phenomena with the following increase of the overall dissipative capacity of the device. The HSS
implementation can be assessed in parallel to the possible reduction of plates’ thickness, then
decreasing the resulting weight and costs of the system.
3.1

Definition of parametric configurations’ set

The geometrical configuration of the DRD device considered is shown in Figure 2. The pin,
with a shaped circular section, is located within the holes of the plates with a gap of 1.0 mm.
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For the pin, S235 steel grade was selected in order to provide optimal ductility performance;
for the plates, five different steel grades and three different thickness combinations were otherwise considered (respectively equal to 30/20 mm, 30/15 mm and 25/15 mm for the external/internal plates), globally resulting in 5x3=15 different possible configurations.

Figure 2: Geometrical configuration of the DRD.

Table 1 shows the five steel grades used for the plates, with indications concerning mechanical performance as suggested by EN10025-6-2004 [10] and estimated cost [€/kg], being fy and
fu respectively the yielding and ultimate tensile strength, ey and A the yielding and ultimate
deformation. For the S235 used for the pin, the following values were adopted: fy=215 MPa,
fu=360 MPa, Ag=0.40. In order to compare the results achieved by using HSS and ordinary MS,
S355 steel grade was also considered. For the materials’ cost estimation of Table 1 reference is
made to [11], presenting the trend of the material cost (normalized to the one associated to S23)
for each yielding stress of steel (Figure 3).
Steel grade
S355
S500
S620
S690
S890

fy [MPa]
355
500
620
690
890

ey [-]
0,0017
0,0024
0,0030
0,0033
0,0042

fu [MPa]
470
590
700
770
940

Ag [-]
0,30
0,17
0,15
0,14
0,11

Cost [€/kg]
1,1549
1,3434
1,4994
1,5904
1,8504

Table 1: Steel grades considered for optimization procedure.

Figure 3: Steel material price vs yielding tension [11].
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Cost vs yielding trend can be reliably approximated by equation (1), used for the evaluation
of the costs presented in Table 1:
ܥ൫݂௬ ൯ ൌ ͲǤͲͲͳ͵ ή ݂௬  Ͳǡͻ͵Ͷ

(1)

With the aim of assessing the practical application of the proposed solutions/combinations
for the structural design, it was necessary to evaluate the connector-plate coupling as a "pin"
connection, carrying out the resistance checks indicated by Eurocode 3 [12]. This highlighted
that all the above-mentioned configurations satisfy all the requirements except for the bearing
capacity of the internal plates, whose plasticization is therefore expected.
3.2

Numerical modelling of the DRD device

The numerical model of the DRD device was developed using the Finite Element (FE) software Abaqus® [13] basing on the model provided within the DISSIPABLE research project by
the Instituto Superior Técnico (IST - Portugal), made available to the involved partners (Figure
4). Materials were represented through the used of elastic-plastic with isotropic-hardening law.
A more refined mesh (cubic 4 mm sizes instead of 8 mm) was defined for the pin and the plates’
portions close to it, providing better accuracy in the stress and strain distributions’ calculation;
element type selected was C3D4R. Contact between pin and plates was modelled as tangential
“penalty” friction (with friction coefficient 0,45) and normal “hard” contact.

Figure 4: Numerical model of DRD developed with Abaqus ®.

3.3

Execution of numerical analyses and results

Each configuration was tested under cyclic loading condition using incremental imposed
displacement according to the ECCS protocol [14]; 25 cycles were performed, whose amplification trend is presented in Figure 5a. In order to make each configuration easily comparable
to the others, an equivalent yielding displacement (ey) equal to 2.5 mm was assumed. The execution of preliminary monotonic pushover analyses showed that resulting capacity curves are
not strictly affected by the variability of the steel grade adopted or by the internal plates’ thickness and, as visible from Figure 5b, resulting differences are very small. Cyclic analysis was
the performed using Abaqus/Standard.
Figure 6 shows the trend of the energy dissipated by the device for each considered configuration. Energy (ܧ ) was evaluated in correspondence of each n-th load step by means of equation (2), being ܨ and ߜ respectively the force and the displacement associated to each n-th
cycle.
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ଵ

(2)

ܧ ൌ ܧିଵ  ଶ ή ሺܨ െ ܨିଵ ሻ ή ሺߜ െ ߜିଵ ሻ

a)

b)

Energy [kNmm]

Figure 5: a) Displacement history according to ECCS protocol; b) capacity curves for configurations with S355
and different thickness configurations (similar results for other steel grades were achieved)

b)

a)
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Figure 6: Accumulated energy vs N° cycles for different thickness combinations: a) 30-20 mm; b) 30-15 mm; c)
25-15 mm; d) comparison for S355.

It can be observed how the relative trend of the different curves remains proportional to the
progress of the load cycles: higher HSS grades show better results in terms of dissipated energy
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and reduction of the pinching effect. The optimization comparison is carried out in relation to
the 12th cycle, achieved for all the configurations without numerical convergence errors.
The dissipative capacity shall be appropriately analysed in relation to the device’ stiffness,
proportional to the seismic input energy entering the structure. Analytical relationships available [3]-[15] allow to evaluate the device’s stiffness according to the characteristics of the pin
only; however, as can be observed by the numerical results, relevant differences in the stiffness
occurred varying the thickness of the plates. For this reason, the value of the total energy accumulated by devices was divided by the average value of the stiffness developed (ܭ ) by the
selected configuration, evaluated for each step according to equation (3):
 ݊ܭൌ

ሺ ݊ܨെ  ݊ܨെͳ ሻ
ሺߜ݊ െ ߜ݊ െͳ ሻ

(3)

The weight, cost (normalized according to the most expensive configuration), dissipated energy, maximum stiffness, energy/stiffness ratio for each configuration are presented in Table 2.
Configuration
S355_30/20
S500_30/20
S620_30/20
S690_30/20
S890_30/20
S355_30/15
S500_30/15
S620_30/15
S690_30/15
S890_30/15
S355_25/15
S500_25/15
S620_25/15
S690_25/15
S890_25/15

W [kg]
54,8
54,8
54,8
54,8
54,8
51,4
51,4
51,4
51,4
51,4
46,6
46,6
46,6
46,6
46,6

Cost [-] Energy [kNmm]
0,64
1335,220
0,74
1407,283
0,82
1392,881
0,87
1555,155
1,00
1533,460
0,60
1301,158
0,69
1391,148
0,77
1415,064
0,81
1492,313
0,93
1488,243
0,54
1243,519
0,62
1436,039
0,69
1441,435
0,73
1389,082
0,84
1399,892

ܭ [kNmm]
59,04
59,04
59,04
59,04
59,04
57,78
57,78
57,78
57,78
57,78
53,16
53,16
53,16
53,16
53,16

Energy / ܭ
22,62
23,84
23,59
26,34
25,97
22,52
24,08
24,49
25,83
25,76
23,39
27,01
27,12
26,13
26,33

Table 2: Summary table on the optimization aspects for each configuration.

It is possible to observe how the configurations having of 25-15 mm thickness combination,
although provided by lower dissipative capacity respect to the 30-15 mm ones (the best combination for energy optimization was S690_30/20), show the least stiffness and therefore allow
to achieve the higher Energy / ܭ ratio. S620_25/15 configuration turns out to be the best.
4

OPTIMIZATION PROCEDURE
In order to consider together the three performance aspects previously mentioned (i.e. weight-W, cost-C, energy/stiffness ratio-R) a multi-objective performance index (I) was defined as the weighted sum of the three
quantities, linearly normalized as shown in

Table 3 (0 – best, 1 – worst):
 ݅ܫൌ  ܹή ܹ݅   ܥή  ݅ܥ  ܴή ܴ݅

(4)

The weights associated to each of the three involved parameters, namely pW, pC and pR, are
related to the importance of each aspect within the decision-making process of optimization.
These weights can then vary in relation to several factors such as the typology of the structure,
its function, the events expected during its whole life cycle, etc. For simplicity, two decisional
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scenarios were considered: the first (corresponding to the index I1) where equal importance is
given to each optimization parameter (pW, pC, pR = 0.333) and the second (corresponding to the
index I2) where the weight parameter has been neglected (pW = 0.0, pC, pR = 0.5).
The normalized values for the quantities and the resulting indexes are reported in

Table 3.
Configuration
S355_30/20
S500_30/20
S620_30/20
S690_30/20
S890_30/20
S355_30/15
S500_30/15
S620_30/15
S690_30/15
S890_30/15
S355_25/15
S500_25/15
S620_25/15
S690_25/15
S890_25/15

W
1
1
1
1
1
0,59
0,59
0,59
0,59
0,59
0
0
0
0
0

C
0,22
0,43
0,61
0,72
1,00
0,13
0,33
0,50
0,59
0,85
0,00
0,17
0,33
0,41
0,65

R
0,98
0,71
0,77
0,17
0,25
1,00
0,66
0,57
0,28
0,30
0,81
0,02
0,00
0,21
0,17

I1
0,73
0,71
0,79
0,63
0,75
0,57
0,53
0,55
0,49
0,58
0,27
0,06
0,11
0,21
0,27

I2
0,60
0,57
0,69
0,44
0,63
0,57
0,49
0,54
0,43
0,57
0,41
0,10
0,16
0,31
0,41

Table 3: Results of the optimization procedure.
Both for first (I1) and second (I2) scenario, configuration S500_25/15 is able to optimize the multi-objective index, being also the lightest solution and the one characterized by the lower resulting cost; this can be then considered as the best configuration. Differently, the configuration S355_25/15 is the one able to optimize the cost
(and the weight) but showing the most disadvantageous dissipated energy/mean stiffness ratio. From

Table 3, it can also be observed the value of R, which is progressively optimized by increasing the steel grade.
5

CONCLUSIONS

In the present study, the possibility of implementing a dissipative and replaceable device
(DRD) with the use of high-strength steel (HSS) was considered using different combinations
of thickness for the plates (i.e. the non-dissipative components of the device). The economic
and performance aspects of the device, as the weight, the material’s cost and the dissipative
capacity were evaluated with the support of numerical analyses within an overall optimization
procedure. Results clearly indicate that the adoption of HSS can increase the dissipative capacity without thereby increasing, necessarily, the stiffness of the system: this is particularly advantageous in combination to small thicknesses, for which the weight and cost of the device are
then optimized.
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Abstract. The main challenges of the construction sector (at this point and in the coming decades) are: natural hazards, climate change, sustainability, competitiveness, technology takeup, in service performance, re-industrialization. Regarding natural hazards, the latest seismic
events evidenced the need for more resilient earthquake-resistant structures. Justified by expensive repairs, downtime and/or building demolition – it has become a widely held belief that
the ductility of a structure is not the final goal, and that preventing the loss of life is not sufficient
for a modern structure. Consequently, the current study was launched with the aim of providing
structural configurations and practical solutions for enhanced resilient and sustainable buildings and communities. In particular, the research aims at reducing the repair costs and downtime of a structure damaged by natural hazards (e.g. earthquakes) and, consequently, at
providing a more rational design approach, with regard to sustainability. Both replaceable
dissipative components and structural re-centering capabilities are addressed. In brief, the research activities consist in developing a set of bolted beam-to-column joints with replaceable
dissipative components and investigating the applicability potential of innovative “leaf-spring”
columns into building frames. The central idea of the current study is to combine and rigidly
connect several columns in the shape of a ”leaf-spring”, and to benefit from the mechanical
properties of such an innovative element. Primarily, the “leaf-spring” columns are aimed to
provide the structure with re-centering capability and to improve the overall structural response. The current paper presents: (i) the aim, objectives and particularities of the current
research; (ii) the outcomes of a case study (i.e. the design and seismic performance evaluation
of standard vs. innovative structural configurations); (iii) a proposed solution for beam-tocolumn joints with replaceable components and for structural re-centering; (iv) the main conclusions and future research activities.
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1

INTRODUCTION

Advanced modern technologies have significantly pushed the development of our society.
Yet, nature continues to offer proof of its unpredictable and destructive character. When subjected to natural hazards, buildings and other engineering structures should possess the ability
to provide safety and stability. However, in the light of the latest seismic events, it has become
clear that the current degree of seismic protection is unsatisfactory. This aspect was evidenced
during recent earthquakes in: Mexico (19.09.2017 - 7.1 Mw magnitude), Italy (24.08.2016 - 6.2
Mw), Nepal (25.04.2015 - 7.8 Mw), China (03.08.2014 - 6.3 Mw), Turkey (23.10.2011 - 7.2 Mw),
Japan (11.03.2011 - 9.0 Mw), New Zealand (22.02.2011 - 6.2 Mw), and Chile (27.02.2010 - 8.8
Mw). Under severe or even moderate earthquake activity, buildings have suffered extensive
damage and even total collapse.
Buildings designed according to modern seismic codes are expected to exhibit a controlled
ductile inelastic response during major earthquakes, implying extensive structural damage (see
examples in Figure 1), along with, possibly substantial residual deformations. However, the
structures might be difficult or uneconomical to repair due to the experienced damage and residual drifts and may need demolition and rebuilding.

(a)

Seismic
Performance
Level:
IO - Immediate
Occupancy;
LS - Life Safety;
CP - Collapse
Prevention;

(b)

(c)

Figure 1: Examples of expected inelastic response of structural members: (a) dual eccentrically braced frame
(D-EBF) with plastic hinges in shear links and beams; (b) moment resisting frame (MRF) with plastic hinges in
beams; (c) beam-to-column joint (before and after test) with large plastic deformations in the dissipative zone [1]

The 2011 Christchurch (New Zealand) earthquake is a recent example of the necessity of
more resilient earthquake resistant structural systems. Approximately 50% of the buildings in
the central business district were declared unusable due to significant damage or due to proximity to dangerous and unsafe buildings, and nearly 1000 buildings were demolished [2]. The
cost of rebuilding was estimated at $40 billion NZD (approx. 20% of New Zealand’s GDP),
without including the economic losses related to business downtime [2].
In order to reduce the structural damage caused by moderate to strong earthquakes, different
strategies can be employed. The most sophisticated existing solutions are base isolation and the
implementation of active and semi-active structural control [3]. Other strategies rely on supplementary damping through viscous, friction or yielding dampers. While some of these solutions
are more efficient than others at reducing structural damage, all of them have the following
disadvantages: specialized knowledge is required during design and erection; carefully carried
out maintenance is needed; the initial cost is high. Another option implies a conventional structural design with replaceable dissipative members (easy to substitute after a moderate-to-strong
earthquake), which will reduce the repair costs. An efficient system has to fulfil two requirements: (i) the inelastic deformation should occur only in removable elements; (ii) the damaged
dissipative elements must be replaceable [15].
Self-centering systems, a relatively new concept, address the drawbacks of the conventional
yielding systems, and have recently received much attention. A review is shown in [2]. Of sev-
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eral practical applications, the following few are mentioned here: self-centering moment resisting frames (SC-MRFs) based on post-tensioned beam-to-column [4] and column base [5] connections, self-centering concentrically braced frames (SC-CBFs) [6], self-centering energy
dissipative (SCED) bracing [7], steel self-centering devices (SSCDs) [8], and shape memory
alloy self-centering buckling restrained braces (SC-BRBs) [9].
For a structure to be repairable, in addition to constraining the inelastic deformations to the
removable dissipative members, any permanent (residual) drift needs to be eliminated, while
providing a re-centering capability (in contrast to self-centering). Some of the most renowned
removable dissipative component systems are: INERD connections [10], FUSEIS devices [11],
buckling restrained braces (BRB) [12], steel plate shear walls (SPSW) [13], removable links in
eccentrically braced frames (EBF) [14][15][16]. Beam-to-column joints with replaceable components were investigated as the following: (i) damage free joints with friction dampers [17];
(ii) joints with replaceable T-stub fuses [18][19] and yield-links [20][21][22][23][24][25][26].
Concepts as “re-centering capacity” and “removable dissipative element” were recently implemented in a dual structure, obtained by combining steel eccentrically braced frames (with
removable bolted links) and moment resisting frames [27]. The easily replaceable bolted links
provided the energy dissipation, while the more flexible, but still sufficiently stiff, moment
resisting frames provided the necessary re-centering capability.
2

AIM AND OBJECTIVES OF THE CURRENT RESEARCH

The current research represents an attempt to face the challenges of the construction sector,
and to respond to the vision documents from U.S. [28] and Europe [29]. Particularly, the current
research has the aim to provide structural configurations and practical solutions for enhanced
resilient and sustainable buildings and communities. The main objectives are:
x To look at the construction/deconstruction process from an open-minded perspective, and
to propose solutions that provide enhanced resilience and sustainability, and that take into
account also the concept of design for deconstruction;
x To develop a set of bolted beam-to-column joints with replaceable dissipative components;
x To investigate the applicability potential of “leaf-spring” columns in building frames;
x To investigate (experimentally and numerically) the behavior of joint assemblies with replaceable dissipative components undergoing large cyclic strains;
x To investigate the re-centering capability of frames equipped with “leaf-spring” columns;
x To provide a technical and economical comparison between a conventional, respectively
a more resilient and sustainable structural system;
x To elaborate a set of design examples and to propose structural application schemes for
the implementation of replaceable dissipative components and re-centering solutions.
3

CASE STUDY: STANDARD VS. INNOVATIVE STRUCTURAL SYSTEM

3.1 Structural configuration benchmark
For the development of a structural configuration benchmark, a representative 3D multistory building configuration was selected. The following parameters were chosen considering
as being representative for a 3D multi-story building located in a region with seismic hazard:
x Location: (a) Romania / Bucharest (Soft Soil); (b) Europe (Stiff Soil / Spectrum Type C)
x Building use: Office
x Structural type: Moment Resisting Frame (MRF)
x Number of stories: 4
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x Number of spans/bays: 3
x Story height: 3.5 m
x Span/bay length: 6.0 m
x Outline of the slab: Exceeds the perimeter composed by the outer axes with 0.5 m
The arrangement and dimensions of the structural configuration are illustrated in Figure 2.
In particular, the floor layout with columns, main beams and secondary beams are shown in
Figure 2a. Only the outer frames (illustrated in Figure 2b) act as lateral force resisting systems,
while the internal structural system transfers the gravitational loading. Regarding the perimeter
frames, only two of the three spans/bays are moment resisting. The obtained structural configuration is therefore symmetrical and has the same mechanical properties in both directions.

500

6000

6000

6000

6000

500

6000

6000

18000

19000

(a)

(b)

Figure 2: Arrangement and dimensions (mm) of the structural configuration: (a) floor layout (with columns,
main beams and secondary beams); (b) perimeter moment resisting frame

3.2 Characteristic values of actions
The permanent actions include the self-weight of the primary and supporting structure, as
well as finishing elements connected with the structure:
x Uniform load acting on the slab: 5 kN/m2
x Uniform load acting on the perimeter beams (from the glass façade): 3.5 kN/m
x The weight of beams and columns is considered automatically within the analysis software
The variable actions acting on the slab, considering that the building is used for offices
(category B), and including the equivalent load from partitioning walls, is:
x Uniform load acting on the slab at intermediate floors: 3.3 kN/m2
x Uniform load acting on the slab at the top floor: 2.5 kN/m2
The seismic action is defined for two soil conditions, and the following building data:
x Soil type (see the elastic and design spectra in Figure 3):
o Soft soil (Tc=1.6 sec.): specific soil condition in Bucharest according to P100-2013 [31]
o Stiff soil (Tc=0.6 sec.): soil type C according to EN 1998-1 [30]
x High seismic zone, considering a peak ground acceleration of: ag=0.3g
x Importance of the building: office building, γ1=1.0 (→ ag = 0.3×9.81 = 2.95 m/s2)
x Behavior factor corresponding to moment resisting frames and high ductility class: q=6.5
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Figure 3: Soft & Stiff Soil: elastic and design spectrum for the horizontal components of the seismic action

3.3 Design of the standard structural configurations (MRF)
Two standard structural configurations were designed and analyzed with SAP2000 [32], i.e.
one for soft and one for stiff soil. The structural configurations have a compact planar shape,
the lateral force resisting system is placed symmetrically, and the reinforced concrete slab has
a sufficient in plane stiffness in order to assure the diaphragm effect. The structural design was
performed on 3D models (based on the layout illustrated in Figure 2), using a modal response
spectrum analysis.
Based on the presence of the reinforced concrete slabs, a rigid diaphragm constraint was
considered for the nodes of each floor. The outer columns were fully fixed at the base, and the
connections between beam elements (fixed/pinned) were modelled according to the layout in
Figure 2. The gravitational loads were applied on slabs (permanent and variable loads), and on
the perimeter beams (permanent loads from the façade walls). The masses were calculated automatically from the applied gravitational loading on the structure. The beams were realized
from S235 steel grade and the columns from S355 grade.
The modelling of global imperfections was performed based on the provisions from Section
5.3.2 of EN 1993-1-1 [33], i.e. through a system of equivalent lateral forces for each horizontal
direction. The importance of the second order effects was evaluated through the value of the
inter-story drift sensitivity coefficient (θ), which was determined according to Section 2.10 of
[34], respectively Section 4.6.2.2(2) of P100-2013 [31]. The coefficient (θ) was computed for
each level and each direction, and the maximum value was found between 0.1< θ ≤ 0.2. Consequently, the second-order effects were considered in an approximate way by multiplying the
design values of the demands with the following factor: α=1/(1-θ).
The cross-section of elements for the lateral force resisting system of the standard designed
structures (in Soft and Stiff Soil conditions) are presented in Table 1. The design of the lateral
force resisting system was governed by the deformation limitation (corresponding to the serviceability limit state – SLS, and/or to the ultimate limit state – ULS).
Standard structure located in Stiff Soil
conditions (T1=0.977 sec.)
Floor
Beam
Column
4
IPE-500
HEB-500
3
IPE-550
HEB-500
2
IPE-550
HEB-500
1
IPE-550
HEB-500

Standard structure located in Soft Soil
conditions (T1=0.751 sec.)
Floor
Beam
Column
4
IPE-600
HEB-600
3
IPE-600
HEB-600
2
IPE-750x137 HEB-600
1
IPE-750x137 HEB-600

Table 1: Cross-section of elements for the standard lateral force resisting system – Soft & Stiff Soil conditions.
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3.4 Structural configurations with Leaf Spring Columns (LSC)
3.4.1. Description of the concept
The idea within the current research is to rigidly combine several columns in the shape of
a ”leaf-spring”, and to benefit from the mechanical properties of such an innovative element.
In contrast to a standard moment resisting frame (see Figure 4a), which does not possess any
noteworthy re-centering capability, an innovative structural system is proposed as part of the
current research (see Figure 4b). In particular, the structural configuration is composed of: (i) a
Moment Resisting Frame (MRF) that acts as a lateral load resisting system and as a seismic
energy dissipation system (through the development of plastic hinges in beams); (ii) an innovative Leaf Spring Column (LSC) that acts as a lateral load resisting element, which will suffer
only elastic deformations and will provide the re-centering capability of the structure.

(a) [MRF]

(b) [MRF+LSC]

Figure 4: Structural configuration: (a) standard moment resisting frame (MRF); (b) innovative structural system,
i.e. a moment resisting frame equipped with a “leaf-spring” column (MRF+LSC)

3.4.2. Design of the innovative structural configurations (MRF+LSC)
The “leaf-spring” column (LSC) is intended to be realized by joining and connection of
several steel profiles in a progressive manner (see Figure 4b). The individual profiles of the
LSC are to be connected in such way as to prevent the relative displacement between each other,
and to work as a unitary element. Ongoing finite element analyses are devoted to the investigation of the performance of LSC’s with bolted/welded connection between profiles.
Considering the standard moment resisting frames with 6.0 m span/bay (Figure 4a and Table
1) as a starting point (reference system), two structural configurations were developed and modelled using LSC’s and moment resisting bays (as illustrated in Figure 4b and Figure 5). An
offset of 250 mm (half of the HEB-500 column height) was defined for the beams in MRF bays
(for both standard and innovative structures). Also, the same input data was considered with
regard to the material properties, geometry, loading conditions and combinations.
Compared to the designed reference structures (with standard MRF’s), the new structural
system (see Figure 5) has been adapted regarding the following aspects:
x LSC: one “leaf-spring” column was used for each perimeter frame using HEB-500 profiles
for the structure in Soft soil, and HEB-400 profiles for the structure in Stiff soil;
x Secondary beams: the secondary beams were arranged parallel to the main beams (see the
perimeter MRF’s in Figure 5 and layout in Figure 17); this new arrangement has the aim
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to allow the replacement of the dissipative main beams (which will be positioned with a
certain gap below the slab);
x Material for LSC’s: as the “leaf-spring” columns are to remain in the elastic range, the use
of S700 high strength steel (HSS) was essential, and therefore in case of unavailable profiles of such steel grade, these would be realized from welded plates of equivalent thickness;
x Beams from MRF bays: the cross-section of the beams in the MRF bays could be decreased;
x Base connections for columns: the base connections of the MRF columns was considered
as pinned based on the observation that a fixed connection would not result in noteworthy
benefit, and that the presence of the LSC’s prevents the development of bending moment
at the other column bases;
An overview of the structural configuration is shown in Figure 5: (i) 3D view; (ii) perimeter
lateral load resisting frame [LSC+MRF]; (iii) location of the LSC’s; (iv) connections at column
bases; (v) connections for secondary beams and main beams; (vi) secondary beams oriented
parallel to the main beams (that are part of the perimeter frames).

Figure 5: Proposed innovative structural configuration [MRF+LSC]: 3D view and floor layout (with connection
characteristics for main and secondary beams)

The cross-section of elements for the lateral force resisting system of the designed innovative
structures (in soft and stiff soil conditions) are presented in Table 2. As for the reference structure, the design of the lateral force resisting system was governed by the deformation limitation
(corresponding to the serviceability limit state SLS, and/or the ultimate limit state ULS).
Innovative structure located in Soft Soil
conditions (T1=0.711 sec.)
Floor Beam
Column LSC
4
IPE-450 HEB-500 1 x (HEB-500)
3
IPE-550 HEB-500 2 x (HEB-500)
2
IPE-550 HEB-500 3 x (HEB-500)
1
IPE-550 HEB-500 4 x (HEB-500)

Innovative structure located in Stiff Soil
conditions (T1=0.966 sec.)
Floor Beam
Column LSC
4
IPE-400 HEB-400 1 x (HEB-400)
3
IPE-450 HEB-400 2 x (HEB-400)
2
IPE-450 HEB-400 3 x (HEB-400)
1
IPE-450 HEB-400 4 x (HEB-400)

Table 2: Cross-section of elements for the innovative lateral force resisting system – Soft & Stiff Soil conditions.

3.4.3. Preliminary remarks regarding the use of LSC’s
The particularities of standard moment resisting frames (i.e. design governed by deformation
limitations, formation of plastic hinges in beams and at column bases) was confirmed during
the design process of the two structural systems: standard [MRF] and innovative [MRF+LSC].
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The state of a standard designed [MRF] system after a major seismic event would be characterized by large lateral deformations and yielded structural members (dissipative zones of the
beams and the base of the columns). Such damages are usually very difficult to repair, making
the demolition of the building and replacement by a new one the only available options.
The proposed innovative structural system (see Figure 4b and Figure 5), represents an important step forward towards the aim of providing structural configurations and practical solutions for enhanced resilient and sustainable buildings. From the design of the innovative
structural system [MRF+LSC], the use of LSC’s evidenced some advantages:
x It provided a change in the load transfer mechanism, i.e. compared to a standard [MRF]
the lateral load was distributed among both LSC’s and MRF bays;
x The LSC’s acted like a “leaf-spring” – being characterized by elastic deformations (with a
tendency to recover their initial un-deformed shape), and making them good candidates for
providing structural re-centering capability;
x The use of LSC’s and the change in the load transfer mechanism allowed reducing the
cross section of beams and columns, as well as using pinned column base connections.
4

SEISMIC PERFORMANCE EVALUATION

The seismic performance was evaluated through: (i) nonlinear static analyses (pushover)
using the N2 method [35]; and (ii) nonlinear dynamic analyses (time-history). Both types of
analyses were performed using Sap2000 [31] and considering 3D structural configurations.
However, for the current study the seismic action was applied only on “x” direction, and the
deformations of the structure were blocked in “y” direction. Thus, 2D analyses were performed
on the 3D structures that include two perimeter lateral load resisting frames on each direction.
4.1 Nonlinear static analyses
The N2 method, developed by Fajfar [35] and comprised in Annex B of EN 1998-1 [30],
can be used to verify the seismic performances of buildings designed by current methods (i.e.
spectral analysis). The method combines the nonlinear static analysis of a multiple degrees of
freedom system (MDOF) with an analysis based on the response spectrum of a single degree
of freedom system (SDOF). The lateral story forces were assumed to be proportional to the 1st
mode of vibration. Furthermore, the structural performance was evaluated for the limit states
shown in Table 3, where “agr” is the reference peak ground acceleration of 0.3g, and “ag” represents the peak ground acceleration for a specific earthquake level.
Limit state
Damage Limitation (DL / SLS)
Significant Damage (SD / ULS)
Near Collapse (NC)

Return period,
[years]
95
475
2475

Probability of
exceedance
10% / 10 years
10% / 50 years
2% / 50 years

ag/agr

ag/g

0.5
1.0
1.7

0.15
0.30
0.51

Table 3: Limit states and corresponding scaling factors for the seismic input.

For beams subjected to flexure, based on FEMA 356 [36] and Annex B of EN 1998-3 [37],
the following acceptance criteria were considered corresponding to the rotation at DL, SD and
NC: 1θy, 6θy and 8θy, where θy is the yield rotation. The damage state condition of the plastic
hinges (see the results of the structural analyses performed with Sap2000 [32]) associated to
three limit states are similar in both codes, and it can be assumed that Immediate Occupancy
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(IO) corresponds to Damage Limitation (DL), Life Safety (LS) stands for Significant Damage
(SD), and Collapse Prevention (CP) relates to Near Collapse (NC).
From the nonlinear static analyses, a pushover curve (capacity curve) was obtained for each
of the four structural configurations: (i) standard [MRF] in soft soil; (ii) innovative [MRF+LSC]
in soft soil; (iii) standard [MRF] in stiff soil; and (iv) innovative [MRF+LSC] in stiff soil. Further, using the N2 method, the target displacements (Dt) were obtained for each of the four
structural systems, and corresponding to the three seismic intensity levels (i.e. SLS, ULS, NC).
Table 4 and Table 5 summarize the values of the computed target displacements corresponding
to the standard and innovative structures located in soft and stiff soil, respectively.

Dt [m]

Limit state

ag/agr

DL / SLS
SD / ULS
NC

0.5
1.0
1.7

Standard structure:
[MRF]
0.09
0.17
0.30

Innovative structure:
[MRF+LSC]
0.09
0.19
0.32

Table 4: Target displacements of standard and innovative structures located in Soft Soil conditions

Dt [m]

Limit state

ag/agr

DL / SLS
SD / ULS
NC

0.5
1.0
1.7

Standard structure:
[MRF]
0.09
0.18
0.31

Innovative structure:
[MRF+LSC]
0.10
0.20
0.34

Table 5: Target displacements of standard and innovative structures located in Stiff Soil conditions

The outcomes of the nonlinear static analyses are shown in terms of: (i) capacity curve (base
shear force vs. top displacement); (ii) the state of the perimeter lateral load resisting frame corresponding to the three seismic intensity levels – SLS, ULS, NC – i.e. at the computed target
displacements. It is to be noted that the target displacements are marked on each capacity curve.
The outcomes are presented for the following configurations:
x Figure 6 – Standard structure [MRF] located in Soft soil conditions;
x Figure 7 – Innovative structure [MRF+LSC] located in Soft soil conditions;
x Figure 8 – Standard structure [MRF] located in Stiff soil conditions;
x Figure 9 – Innovative structure [MRF+LSC] located in Stiff soil conditions.
Based on the state of each structural configuration (plotted for the three seismic intensity
levels – SLS, ULS, and NC), the following observations can be made:
x at the SLS earthquake plastic hinges were developed in beams of both structural systems
and soil conditions, but with rotations lower than the corresponding acceptance criteria;
x at ULS and NC earthquake plastic hinges developed in beams and at column bases for the
standard MRF’s (see Figure 6 and Figure 8), while for the innovative structures
[MRF+LSC] – plastic hinges developed only in beams (see Figure 7 and Figure 9) as the
column bases were pinned and only the LSC´s were considered with fixed connection; the
plastic hinges from beams and/or columns did not reach rotations corresponding to life
safety or collapse prevention criteria.
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Figure 6: Standard structure located in Soft soil conditions: capacity curve (with marked target displacements)
and the state of the perimeter lateral load resisting frame [MRF] at the three seismic intensity levels –
SLS, ULS, NC (i.e. ag/agr=0.5; 1.0; 1.7)
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0

NC
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[MRF+LSC] _ soft soil
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Top displacement [m]

Figure 7: Innovative structure located in Soft soil conditions: capacity curve (with marked target displacements)
and the state of the perimeter lateral load resisting frame [MRF+LSC] at the three seismic intensity levels –
SLS, ULS, NC (i.e. ag/agr=0.5; 1.0; 1.7)

Base shear force [kN]

8000
7000
6000
5000
4000

NC

ULS

3000

SLS

2000
1000

[MRF] _ stiff soil

0
0

0.05 0.1 0.15 0.2 0.25 0.3 0.35
Top displacement [m]

Figure 8: Standard structure located in Stiff soil conditions: capacity curve (with marked target displacements)
and the state of the perimeter lateral load resisting frame [MRF] at the three seismic intensity levels –
SLS, ULS, NC (i.e. ag/agr=0.5; 1.0; 1.7)
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Figure 9: Innovative structure located in Stiff soil conditions: capacity curve (with marked target displacements)
and the state of the perimeter lateral load resisting frame [MRF+LSC] at the three seismic intensity levels –
SLS, ULS, NC (i.e. ag/agr=0.5; 1.0; 1.7)
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A comparison between the pushover curves of the two structural systems, i.e. standard [MRF]
and innovative [MRF+LSC], designed for soft and stiff soil conditions – is shown in Figure 10.
As can be observed, the initial stiffness of the two structural systems is similar, but the postyield response is different:
x In case of the standard structure [MRF], the pushover curve is characterized by a relative
horizontal tendency (i.e. large deformations with little increase of force).
x In case of the innovative structure [MRF+LSC], the pushover curve is characterized by a
linear ascending tendency (where the capacity increases with the deformation).
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2000
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0

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Top displacement [m]

(a)

0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Top displacement [m]

(b)

Figure 10: Comparison between the pushover curves of the standard [MRF] and innovative [MRF+LSC]
structural systems located in: (a) Soft soil conditions; (b) Stiff soil conditions
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The improved response of the innovative structures, i.e. bilinear shape with a linear ascending tendency in the post yield region, can be explained by examining the shape of the pushover
curves of the two subsystems (LSC’s, MRF’s with fixed columns). Subsequently, the contribution of each of the two subsystems is illustrated in Figure 11 for both soil conditions. Compared
to the MRF subsystems, the LSC’s are characterized by a linear-elastic response, with a lower
stiffness and capacity (up to a 0.3 m top displacement). The linear-elastic response of LSC’s is
therefore responsible for the linear ascending tendency in the post yield region of the
[MRF+LSC] structural system and confirms the potential for the re-centering capacity.
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Top displacement [m]

(a)

(b)

Figure 11: Contribution of the two subsystems (MRF & LSC) corresponding to the innovative structure located
in: (a) soft soil conditions; (b) stiff soil conditions

The linear-elastic response of the LSC’s modeled using beam elements was checked also
using a more advanced finite element modeling procedure, i.e. a pushover analyses were performed on an LSC modeled with shell elements using Abaqus (v2019) platform [38]. The comparison between the capacity curves from Sap2000 [32] and Abaqus (v2019) [38] was very
close, and confirmed the modeling procedure used for the current structural configurations.
Further numerical studies will be devoted for a more detailed investigation of LSC’s.
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4.2 Nonlinear dynamic analyses
For the nonlinear dynamic analyses, two sets of seven artificial accelerograms were adopted.
The elastic response spectrum of the selected accelerograms is compared in Figure 12 with the
corresponding target spectrum (for soft and stiff soil). For soft soil conditions the first mode
period for the standard, respectively innovative structure corresponds to: T1-st=0.751 sec;
T1-inno=0.711 sec. Regarding stiff soil, the first mode period for the standard, respectively innovative structure corresponds to: T1-st=0.977 sec; T1-inno=0.966 sec.
Target Spectrum
Acc-1
Acc-2
Acc-3
Acc-4
Acc-5
Acc-6
Acc-7
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Figure 12: Elastic response spectrum of accelerograms compared to the target spectrum for Soft and Stiff Soil

The outcomes of the time-history analyses are presented for both standard and innovative
structural configuration in terms of: (i) comparison of the displacement at top floor; (ii) state of
frame corresponding to the maximum displacement (i.e. scaled deformed shape with marked
plastic hinges). Consequently, the response under one of the most severe accelerograms (i.e.
Acc-7_soft; Acc-7_stiff) at the three intensity levels - SLS (serviceability limit state - ag/agr=0.5),
ULS (ultimate limit state - ag/agr=1.0), and NC (near collapse - ag/agr=1.7) - is shown in:
x Figure 13 for standard [MRF] and innovative [MRF+LSC] structures designed for soft soil;
x Figure 14 for standard [MRF] and innovative [MRF+LSC] structures designed for stiff soil.
The time-history analyses under Soft Soil conditions (see Figure 13) evidenced the following:
x at SLS (serviceability limit state – ag/agr=0.5): ▪ plastic hinges did not develop in any of
the two structural systems (standard or innovative); ▪ the comparison between displacements at top floor showed almost identical deformations;
x at ULS (ultimate limit state – ag/agr=1.0): ▪ plastic hinges developed in beams (at three out
of four stories) for both structural configurations; ▪ plastic hinges developed at the column
bases of the standard structure corresponding to only one accelerogram (i.e. Acc-7, see
Figure 13); ▪ the comparison between displacements at top floor showed differences with
some residual deformations corresponding to the standard structure [MRF];
x at NC (near collapse – ag/agr=1.7): ▪ a global plastic mechanism was evidenced with plastic hinges in beams and at column bases for the standard [MRF], and with plastic hinges
in beams for the innovative structural system [MRF+LSC]; ▪ the comparison between displacements at top floor showed significant differences between standard and innovative
structure for five out of seven accelerograms that caused the development of plastic hinges
at column bases in the standard [MRF] and which lead to residual deformations (i.e. Acc2,3,4,5,7); ▪ only one case with residual deformations was evidenced for the innovative
structural system (i.e. Acc-6), however these were not generated by plastic hinges at column bases, but by the plastic hinges in beams (that are planned to be replaceable); ▪ for the
standard structure [MRF], the beams at the first two stories developed plastic rotations in
the range of 0.021÷0.025 rad (Acc-2; Acc-7 – see Figure 13), that exceeded the life-safety
criteria, and which was not observed for the innovative structure [MRF+LSC].
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Figure 13: Outcomes of time-history analyses for structures in Soft Soil conditions: (a) comparison of the response (top displacement vs. time); (b) & (c) state of standard [MRF] and innovative [MRF+LSC] structures

The time-history analyses under Stiff Soil conditions (see Figure 14) evidenced the following:
x at SLS (serviceability limit state – ag/agr=0.5): ▪ a minor plastic hinge developed in one
beam corresponding to the innovative structure; ▪ the comparison between displacements
at top floor showed almost identical deformations;
x at ULS (ultimate limit state – ag/agr=1.0): ▪ plastic hinges developed in beams (at three out
of four stories) for both structural configurations, but the rotations did not reach the life
safety (LS) level; ▪ no plastic hinges developed at the column bases; ▪ the comparison
between displacements at top floor showed some differences, i.e. slightly lower deformations corresponding to the innovative structure;
x at NC (near collapse – ag/agr=1.7): ▪ a global plastic mechanism was evidenced in case of
the standard structural system with plastic hinges in beams and at column bases, while in
case of the innovative structure plastic hinges developed in all beams except at first floor;
▪ the comparison between displacements at top floor showed some differences, i.e. the
innovative structure [MRF+LSC] evidenced lower deformations, but the differences were
not in the same amount as observed for the structural system located in soft soil; ▪ the
development of plastic hinges in beams and at column bases for the standard structure
[MRF], respectively in beams for the innovative structure [MRF+LSC] lead to residual
deformations, however with values lower than 5 cm; ▪ the plastic hinges did not reach
rotations corresponding to life safety in any of the two structural systems.
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Figure 14: Outcomes of time-history analyses for structures in Stiff Soil conditions: (a) comparison of the response (top displacement vs. time); (b) & (c) state of standard [MRF] and innovative [MRF+LSC] structures

The nonlinear dynamic analyses also allowed to evaluate the inter-story drifts corresponding
to each: (i) structural configuration (standard / innovative); (ii) soil condition (soft / stiff); (iii)
accelerogram (Acc-1÷Acc-7); (iv) seismic intensity level (SLS, ULS, NC). Figure 15 and Figure
16 illustrate the inter-story drifts generated by the two accelerograms (i.e. “Acc-7_Soft”, “Acc7_Stiff”) within the corresponding structural systems. The following observations can be made:
x the highest inter-story drift within the standard structure [MRF] occurred at the 2nd floor
corresponding to both soil conditions and each of the three seismic intensity levels;
x the highest inter-story drift within the innovative structure [MRF+LSC] occurred at the 4th
floor corresponding to both soil conditions and each of the three seismic intensity levels;
x the lowest inter-story drift was evidenced at the top floor for the standard structure [MRF],
and at the 1st floor for the innovative structure [MRF+LSC];
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Figure 15: Inter-story drifts generated by “Acc-7_Soft” within the corresponding structural systems:
(a) standard structure [MRF]; (b) innovative structure [MRF+LSC]
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Figure 16: Inter-story drifts generated by “Acc-7_Stiff” within the corresponding structural systems:
(a) standard structure [MRF]; (b) innovative structure [MRF+LSC]

An improved response of the innovative structures can be observed in Figure 15 and Figure
16 by comparison to the standard structures. In particular, the “soft-story” type of mechanism
does not occur for the innovative structures, as the maximum (+/-) deformations occur at the
top floor. Furthermore, the LSC’s have a stiffening effect at the lower part of the structure.
The average of the maximum (+/-) inter-story drift values for the standard and innovative
structures, corresponding to each seismic intensity level (SLS, ULS, NC), was computed from
the outcomes of the two sets of seven accelerograms. The average values summarized in Table
6 for soft soil conditions and in Table 7 for stiff soil conditions, confirm the observations mentioned above also for other accelerograms.
Story
4
3
2
1

Standard structure [MRF]
SLS
ULS
NC
3.6
6.5
13.4
4.8
9.7
19.4
5.2
10.9
22.6
3.7
7.3
18.1

Innovative structure [MRF+LSC]
SLS
ULS
NC
5.4
12.1
26.0
5.6
11.6
21.7
4.3
8.2
13.8
2.2
3.9
6.2

Table 6: Average of the maximum inter-story drifts [mrad] corresponding to the three seismic intensity levels
(SLS, ULS, NC) and the two structural configurations (standard / innovative) designed for Soft Soil conditions

Story
4
3
2
1

Standard structure [MRF]
SLS
ULS
NC
4.4
7.3
11.1
6.1
10.6
16.7
6.9
12.1
19.1
4.6
7.6
11.9

Innovative structure [MRF+LSC]
SLS
ULS
NC
7.5
14.0
24.0
7.5
13.2
19.6
5.4
9.1
12.8
2.5
4.2
5.8

Table 7: Average of the maximum inter-story drifts [mrad] corresponding to the three seismic intensity levels
(SLS, ULS, NC) and the two structural configurations (standard / innovative) designed for Stiff Soil conditions

5

SOLUTION FOR THE REPLACEABLE DISSIPATIVE COMPONENTS

An efficient system has to fulfil two requirements: (i) the inelastic deformation should take
place only in removable elements; (ii) the damaged dissipative elements must be replaceable.
For a structure to be repairable, in addition to constraining the inelastic deformations to the
removable dissipative members, any permanent (residual) drift needs to be eliminated, while
providing a re-centering capability. As a result, the current study proposes the use of “leafspring” columns in order to prevent the formation of plastic hinges at the base of the columns,
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and to provide the re-centering capability of the structure. In addition, the proposed solution for
the replaceable dissipative components is illustrated in Figure 17, and consists of:
x Division of roles between frames, i.e. gravitational load resisting structure (the internal
frames) / lateral load resisting structure (the perimeter frames);
x Rearrangement of secondary beams (see Figure 17a), i.e. with a parallel orientation to the
main beams (i.e. those which are part of the lateral load resisting frame);
x Secondary beams from the façade are aimed to support the concrete slab and the façade
elements (see Figure 17b);
x The replaceable dissipative components (i.e. the main beams) are to be decoupled from
secondary beams and the concrete slab, and realized from two parts connected at mid span
through a simple/continuous bolted connection (see Figure 17c).

(a)

(b)

(c)

Figure 17: Proposed solution for the replaceable dissipative components: (a) floor layout – with arrangement of
columns / main beams / secondary beams / steel deck for the concrete slab; (b) secondary beams from the façade;
(c) replaceable dissipative components (main beams decoupled from secondary beams and concrete slab).

The proposed solution for replaceable dissipative components has the following advantages:
x The dissipative components (i.e. the main beams) are easy to inspect and to replace as these
are manufactured from two parts that can be individually dismantled, and the weight is
reduced to half;
x Even though the replacement of the dissipative beams might take some effort, it is much
more favorable compared to demolishing the building and constructing a new one;
x The beam-to-column joints can be designed as full-strength/full-rigid joints and detailed
based on existing connection solutions in seismic regions.
6

CONCLUSIONS

The current research represents an attempt to face the challenges of the construction sector
and to respond to the two vision documents from U.S. [28] and Europe [29]. In particular, the
research aims at reducing the repair costs and downtime of a structure hit by natural hazards
(i.e. earthquakes), and consequently at a more rational design approach in the context of sustainability. Both replaceable dissipative components and structural re-centering capability are
being addressed. In brief, the research activities consist in developing a set of bolted beam-tocolumn joints with replaceable dissipative components and investigating the applicability potential of innovative “leaf-spring” columns into building frames.
A structural configuration benchmark was developed for a 3D multi-story building. In a first
stage, two standard structural configurations with perimeter moment resisting frames (MRF’s)
were designed for soft and stiff soil conditions (with a PGA of ag=0.3g). Using the standard
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structures [MRF] as reference, a set of innovative structural configurations [MRF+LSC] were
developed and designed for the same loading and soil conditions. The inelastic response of the
structures was evaluated through nonlinear static (pushover) and dynamic (time-history) analyses. A detailed description of the seismic performance was presented in Section 4.1 and 4.2.
In brief, both structural systems evidenced an appropriate seismic performance, i.e.:
x at SLS: an elastic response of the standard [MRF] and innovative [MRF+LSC] structures;
x at ULS: plastic hinges developed in beams (at three out of four stories) for both structural
configurations, but the rotations did not reach the life safety (LS) level;
x at NC: ▪ a global plastic mechanism was evidenced with plastic hinges in beams and at
column bases for the standard [MRF], respectively with plastic hinges in beams for the
innovative structural system [MRF+LSC]; ▪ for the standard structure [MRF] in soft soil
conditions, some plastic hinges in beams reached rotations corresponding to life safety.
From the design and investigation of the two structural configurations, the soft soil conditions proved to be a more severe loading case and lead to: (i) higher cross-section of members;
(ii) larger inter-story deformations and displacements at top floor; (iii) higher rotations in plastic
hinges (i.e. life safety level was reached in some plastic hinges).
From the design and analyses of the innovative structural system [MRF+LSC], the use of
LSC’s evidenced some advantages and/or improvement of the structural response:
x It provided a change in the load transfer mechanism, i.e. compared to a standard MRF, the
lateral load was distributed among both “leaf-spring” columns and MRF bays;
x The LSC’s were characterized by a linear-elastic response, with a lower stiffness and capacity (up to a 0.3 m top displacement) compared to the MRF subsystem;
x The use of LSC’s and the change in the load transfer mechanism allowed to reduce the
cross-section of beams and columns from the perimeter lateral load resisting frames, and
to use pinned connections for the base of the columns;
x An improved response of the innovative structures, i.e. capacity curve with a linear ascending tendency in the post yield region;
A solution was proposed for beam-to-column joints with replaceable dissipative components
(see Section 5), that will be further investigated along with the novel “leaf-spring” columns.
Based on the outcomes of the current study, it can be stated that, compared to the standard
structure [MRF] which does not possess any noteworthy re-centering capability, the innovative
structural system [MRF+LSC] evidenced an improved seismic performance and increased resilience. The proposed structural system [MRF+LSC] and joining solution have the following
advantages and/or improvement of the structural response:
x The [MRF] subsystem is the main lateral force resisting component (especially at the top
floors) and the main seismic energy dissipation system – see pushover curve in Figure 11;
x The [LSC] subsystem is the secondary lateral force resisting component (see Figure 11)
and provides (through its elastic response) the re-centering capability of the structure;
x The [LSC] subsystem: (i) contributes to the stiffening of the structure at the lower part; (ii)
allows to use simple connections for the other columns and to reduce the cross-sections of
beams and columns; (iii) prevents the formation of plastic hinges at column bases;
x The dissipative components (i.e. the main beams) are easy to inspect and to replace, as
these are manufactured from two parts that can be individually dismantled and the weight
is reduced to half;
x Even though the replacement of the dissipative beams might take some effort, it is much
more favorable compared to demolishing the building and constructing a new one;
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x The beam-to-column joints can be designed as full-strength/full-rigid joints, and detailed
based on existing connection solutions in seismic regions.
Within the current study, the innovative structural configurations contained one LSC for
each perimeter lateral load resisting frame. Consequently, two LSC’s acted on each of the two
main directions. This resulted in high demands and the necessity of using profiles of S700 high
strength steel (eventually profiles manufactured from welded S700 plates of equivalent thickness). In order to keep the LSC’s in the elastic range, but without using profiles of high strength
steel, another solution would be to re-design the innovative structures by considering additional
LSC’s. Thus, the demands within LSC’s and on the foundations would decrease.
The ongoing and future research activities are devoted to further investigate the proposed
solution for structural re-centering (“leaf-spring” columns – LSC’s) and replaceable dissipative
components. Advanced finite element numerical simulations and eventually experimental investigations will be carried out. Structural analyses will be performed considering natural
ground motion records, as well as building configurations with additional stories. A technical
and economical comparison between the conventional and the more resilient and sustainable
structural system (with replaceable components and re-centering capability) will be performed.
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'HPRNULWRV8QLYHUVLW\RI7KUDFH
8QLYHUVLW\&DPSXV;DQWKL.LPPHULD;DQWKL*UHHFH
YSDQRVND#FLYLOGXWKJU

.H\ZRUGV7HQVLOHVWUDLQ&UDFNLQJ6WUXFWXUDOHOHPHQWV:LGWK
$EVWUDFW The main objective of this research is to study the phenomenon of cracking in the
vertical structural elements of R/C constructions, in particular the columns and the walls, and
more particularly in the extreme regions of the walls, namely the boundary columns. Various
parameters of the phenomenon of cracking will be studied, e.g. load influence, tensile strain,
etc. It has to be noted the fact that load application is a monotonic axial tensile loading that
simulates the strain condition that takes place at the boundary edges of reinforced concrete
seismic walls. Specifically, this type of loading simulates the tensile loading that takes place
during the first semi-cycle of loading under seismic dynamic events. Experimental research
takes place by the construction and use of a group of 4 experimental specimens subjected to
different degrees of elongation. This test group examines the tensile parameter and how it affects the cracking. The test specimens in question are all reinforced with the same longitudinal reinforcement ratio (4.02%) and subjected to tensile degrees 10ă, 20ă, 30ă and 50ă.
Significant conclusions are reached on cracking, e.g. its extent, the size of the cracks, their
positions, minimum crack width, maximum crack width, average crack width, number of
cracks, etc.
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6HYHUDOLQWHUQDWLRQDOUHVHDUFKHUVKDYHH[SORUHGWKHSKHQRPHQRQRIFUDFNLQJLQUHLQIRUFHG
FRQFUHWHVWUXFWXUHV>@±>@$OWKRXJKPRVWRIWKHJLYHQVWUXFWXUHVDUHW\SLFDOO\UHLQIRUFHGLQ
WZR GLUHFWLRQV PRVW VWXGLHV FDUULHG RXW ZRUOGZLGH WR LQYHVWLJDWH WKH EHKDYLRXU RI FUDFNLQJ
KDYHLQYROYHGXQLD[LDOO\WHQVLOHGUHLQIRUFHGFRQFUHWHPHPEHUVZLWKUHLQIRUFHPHQWLQRQO\RQH
GLUHFWLRQ7RGDWHWKHUHLVQRW\HWDZLGHO\HVWDEOLVKHGDQGDFFHSWHGPHWKRGRORJ\IRUSUHGLFW
LQJ FUDFNLQJ FKDUDFWHULVWLFV HJ FUDFN ZLGWKV DQG VSDFLQJV EHWZHHQ FUDFNV >@ >@ >@
>@±>@,QDGGLWLRQPRVWRIWKHH[LVWLQJUHVHDUFKFRQGXFWHGKDVEHHQVWULFWO\OLPLWHGWRWKH
VWDWHRIWKHVWDELOL]HGFUDFNSDWWHUQRQO\ DQGGRHVQRWLQYROYHFUDFNLQJEHKDYLRXUDQGFUDFN
FKDUDFWHULVWLFVGHHSLQWKH\LHOGUHJLRQ>@>@
,Q WKH IUDPHZRUN RI WKH FXUUHQW VWXG\ DQ H[SHULPHQWDO SURJUDP KDV EHHQ FRQGXFWHG LQ
YROYLQJUHLQIRUFHGFRQFUHWHPHPEHUVGHWDLOHGLQWZRGLUHFWLRQVXVLQJORQJLWXGLQDOUHEDUVDQG
WUDQVYHUVHUHLQIRUFHPHQWLQWKHIRUPRIWLHV7KLVLVDFRPPRQFRQVWUXFWLRQSUDFWLFHXVHGLQDW
OHDVW WKH YDVW PDMRULW\ RI FRQFUHWH VWUXFWXUHV $V SHU WKH UHVXOWV RXWOLQHG ZLWKLQ WKLV ZRUN
FUDFNLQJEHKDYLRXUDQGWKHFUDFNFKDUDFWHULVWLFVDUHGLVFXVVHG8VHIXOFRQFOXVLRQVFRQFHUQLQJ
FUDFNLQJXQGHUGLIIHUHQWGHJUHHVRIHORQJDWLRQDUHGHULYHG7KHH[SHULPHQWDOSURFHGXUHRIWKH
FXUUHQW VWXG\ KDV WDNHQ SODFH LQ $ULVWRWOH 8QLYHUVLW\ RI 7KHVVDORQLNL DW WKH /DERUDWRU\ RI
6WUHQJWK RI 0DWHULDOV EXW WKH UHVXOW DQDO\VLV KDV WDNHQ SODFH LQ 'HPRFULWXV 8QLYHUVLW\ RI
7KUDFH



(;3(5,0(17$/352*5$0
'HWDLOLQJRI7HVW6SHFLPHQV

7KHFXUUHQW H[SHULPHQWDO SURJUDP FRQVLVWVRIIRXUWHVWVSHFLPHQV7KHWKLFNQHVV RIHDFK
VSHFLPHQLVFPDQGWKHOHQJWKRIWKHFURVVVHFWLRQLVFP7KHUDWLREHWZHHQWKHOHQJWK
DQG WKH WKLFNQHVV RI WKH FURVVVHFWLRQDO DUHD LV HTXDO WR  ZKLFK LV D W\SLFDO UDWLR IRU FRQ
VWUXFWLQJUHLQIRUFHGFRQFUHWHFROXPQV7KHWRWDOKHLJKWRIWKHWHVWVSHFLPHQLVHTXDOWRFP
(DFKRIWKHIRXUVSHFLPHQVLVVXEMHFWHGWRDXQLD[LDOFHQWUDOWHQVLOHORDGLQJ7KHPDLQWHVWHO
HPHQWLVEHWZHHQWKHPHWDOSODWHVDQGLWVKHLJKWLVFP )LJXUH 
7DEOHVKRZVWKHJHRPHWULFDODQGGHWDLOLQJFKDUDFWHULVWLFVRIDOOIRXUVSHFLPHQV$OOIRXU
VHJPHQWVWHVWHGKHUHKDYHEHHQZRUNHGRQLQWZRGLUHFWLRQVWKURXJKGHIRUPHGEDUVLQWHUPV
RI UHLQIRUFHPHQW 7KH UHLQIRUFHPHQW RI HDFK VSHFLPHQ VLPXODWHV D W\SLFDO UHLQIRUFHPHQW
IRXQGLQWKHUHLQIRUFHGFRQFUHWHFROXPQVRIW\SLFDOFRQVWUXFWLRQEXLOGLQJVRULQWKHFRQILQHG
ERXQGDULHVRIUHLQIRUFHGFRQFUHWHVHLVPLFZDOOV7KHFRQVWUXFWLRQVFDOHXVHGWRVLPXODWHW\SL
FDOFROXPQVRUW\SLFDOFRQILQHGERXQGDULHVZDVHTXDOWRZKLFKLVFRPPRQO\XVHGIRUUH
VHDUFKSXUSRVHVZRUOGZLGH>@>@
7KHQXPEHURIORQJLWXGLQDOEDUVLVHTXDOWRIRXU(DFKEDULVSODFHGDWHDFKFRUQHURIWKH
FROXPQVSHFLPHQDQGKDVDGLDPHWHURIPP7KHORQJLWXGLQDOUHLQIRUFHPHQWUDWLRLVHTXDO
WR7KHWUDQVYHUVHUHLQIRUFHPHQWFRQVLVWVRIWUDQVYHUVHWLHVSODFHGDORQJWKHKHLJKWRI
WKHSULVP7KHFHQWUHWRFHQWUHGLVWDQFHEHWZHHQWZRWLHVLVDERXWFPDQGWKHGLDPHWHURI
HDFKWLHLVPP7KHRQO\YDULDEOHGLIIHUHQWLDWLQJVSHFLPHQVIURPHDFKRWKHULVWKHWHQVLOH
VWUDLQ7KHQRPLQDOWHQVLOHVWUDLQWDNHVYDOXHVHTXDOWRDQG
,W LV ZHOONQRZQWKDWLQ UHDO FRQVWUXFWLRQVWHQVLOHVWUDLQV XSWR KDYHEHHQREVHUYHG
>@ >@ $OVR PRGHUQ VHLVPLF DQG FRQFUHWH FRGHV KDYH UHODWHG SURYLVLRQV DOORZLQJ ODUJH
WHQVLOHVWUDLQVIRUUHLQIRUFHPHQWEDUV>@±>@7KHVHDUHWKHUHDVRQVZK\VXFKODUJHWHQVLOH
VWUDLQVZHUHFKRVHQWREHDSSOLHGWRWKHHOHPHQWV7KHUHLVDOVRRIFRXUVHWKHUHVHDUFKLQWHU
HVWLWVHOILQH[DPLQLQJZKDWKDSSHQVWRFUDFNLQJFKDUDFWHULVWLFVVWUDLQHGWRVXFKH[WHQWVDQG
WKHLUEHKDYLRXUZKHQVXFKODUJHVWUDLQVDUHREVHUYHG
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$XQLYHUVDOWHVWLQJPDFKLQHZDVXVHGWRDSSO\WKHORDG)RUH[DPSOHIRUVSHFLPHQ&
WKHQRPLQDOGHJUHHRIHORQJDWLRQLVÅ)LJXUHGLVSOD\VWKHH[SHULPHQWDOFRQILJXUDWLRQ
IRULPSRVLQJWKHWHQVLOHORDG7KHUDWHRIORDGLQJZDVVORZRIWKHRUGHURIPPPLQVRQR
UHVXOWZDVDIIHFWHGE\WKHLQIOXHQFHRIWKHVWUDLQUDWH>@±>@

)LJXUH/RDGLQJWHVWFRQILJXUDWLRQ
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([SHULPHQWDO)LQGLQJV

)LJXUHSUHVHQWVWKHFKDQJHRIWHQVLOHVWUDLQUHODWLYHWRWKHWHQVLOHORDGLPSRVHGRQWKHWHVW
HOHPHQWV,WLVREYLRXVWKDWVSHFLPHQVZLWKDKLJKQRPLQDOGHJUHHRIHORQJDWLRQDUHVXEMHFWHG
WRKLJKWHQVLOHVWUDLQVWRRDQGYLFHYHUVD,WLVQRWHGWKDWWKHQRPLQDOGHJUHHVRIWHQVLOHVWUDLQ
Å Å Å Å  DUH VOLJKWO\ GLIIHUHQW IURP WKH UHVLGXDO DFWXDO WHQVLOH GHJUHHV EXW
WKHVHGLIIHUHQFHVDUHVPDOODQGQHJOLJLEOH
$IWHU FRQGXFWLQJ WKH H[SHULPHQWV GLIIHUHQW FUDFNLQJ IRUPDWLRQV DQG HYHQWXDOO\ FUDFNLQJ
FKDUDFWHULVWLFVZHUHQRWLFHGIRUHDFKVSHFLPHQ)LJXUHVKRZVWKHVWDWHRIHDFKVSHFLPHQDI
WHUWKHHQGRIWKHXQLD[LDOWHQVLOHWHVW&UDFNVRIVPDOOZLGWKDUHREYLRXVIRUVSHFLPHQVZLWK
ORZGHJUHHVRIWHQVLOHVWUDLQ ÅDQGÅ ZKLOHFUDFNVRIPRGHUDWHDQGODUJHZLGWKDUH
SUHVHQWIRUVSHFLPHQVVWUDLQHGXQGHUODUJHUGHJUHHVRIHORQJDWLRQ ÅDQGÅ ,WLVDS
SDUHQWWKDWWKHILQDOFUDFNLQJIRUPDWLRQGLIIHUVEHWZHHQWKHVSHFLPHQVGHSHQGLQJRQWKHWHQ
VLOHVWUDLQWKH\KDYHVXVWDLQHG
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7KHH[SHULPHQWDOILQGLQJVRIWKHWHVWHOHPHQWVZHUHWKHQDQDO\VHGDQGHYDOXDWHG
 &RPSDULQJWKHQXPEHURIFUDFNVIRUPHGZLWKWKHWHQVLOHVWUDLQDSSOLHGLWLVREYL
RXVWKDWWKHQXPEHURIFUDFNVIRUPHGLQFUHDVHVZLWKWKHLQFUHDVHRIWKHGHJUHHRI
WHQVLOH VWUDLQ DSSOLHG 7DEOH  )LJXUH   )RU D EHWWHU XQGHUVWDQGLQJ RI WKLV SKH
QRPHQRQPRUHH[SHULPHQWVFRQFHUQLQJGLIIHUHQWORQJLWXGLQDOUHLQIRUFHPHQWUDWLRV
DQGDUUDQJHPHQWVRIUHEDUVQHHGWREHSHUIRUPHG
 &RPSDULQJ WKH FUDFN ZLGWK ZLWK WKH GHJUHH RI HORQJDWLRQ DSSOLHG LW FDQ EH VHHQ
WKDWWKHZLGWKEHFRPHVODUJHUDVWKHHORQJDWLRQGHJUHHVXVWDLQHGLQFUHDVHV 7DEOH
)LJXUH ,WLVQRWHZRUWK\WKDWDOOW\SHVRIFUDFNZLGWKLQFUHDVHZLWKWKHLQFUHPHQW
RIWKHWHQVLOHGHJUHH±PHDQLQJWKHPLQLPXPPD[LPXPDQGDYHUDJHFUDFNZLGWK
 6SHFLPHQ&LVFKDUDFWHUL]HGDVWKHUHIHUHQFHVSHFLPHQ,WLVQRWLFHDEOHWKDWDOW
KRXJK WKH QRUPDOL]HG HORQJDWLRQ Å  LV WKUHH WLPHV JUHDWHU IRU VSHFLPHQ &
FRPSDUHG WR WKH HORQJDWLRQ RI WKH UHIHUHQFH VSHFLPHQ Å  WKH LQFUHDVH RI WKH
PLQLPXPFUDFNZLGWKLVWLPHVKLJKHU  ,QDOOFDVHVWKHLQFUHDVHRIWKHLU
PLQLPXP FUDFNZLGWK LV VPDOOHU WKDQWKHLQFUHDVHRIWKHFRUUHVSRQGLQJGHJUHHRI
HORQJDWLRQ
 7KHLQFUHDVHRIWKHDYHUDJHZLGWKVLVVPDOOHUWRRFRPSDUHGWRWKHLQFUHDVHRIQRU
PDOL]HGHORQJDWLRQHJVSHFLPHQ&GLVSOD\VDLQFUHDVHLQDYHUDJHFUDFN
ZLGWKIRUDHORQJDWLRQLQFUHDVHFRPSDUHGWRWKHUHIHUHQFHVSHFLPHQ
 7KHGDPDJHVWDWHRIVSHFLPHQVLQGLFDWHVWKDWFUDFNVDSSHDUDWRUQHDUWRWKHWLHSR
VLWLRQV )LJXUH 7KXVWKHSUHVHQFHRIVWHHOWLHVKHOSVDQGSURPRWHVWKHGLVRUJDQL
]DWLRQRIFRQFUHWHDURXQGWKHP


&21&/86,216

7KLV SDSHU ORRNV DW IRXU VSHFLPHQV WR LQYHVWLJDWH FUDFNLQJ IRUPDWLRQ DQG EHKDYLRXU LQ
WHUPVRIWKHQXPEHURIFUDFNVDQGWKHLUZLGWK7KHIROORZLQJFRQFOXVLRQVDUHGUDZQ
 7KHGHJUHHRIWHQVLOHGHIRUPDWLRQKROGVDVLJQLILFDQWSDUWLQWHUPVRIWKHIRUPDWLRQ
RIFUDFNVDQGWKHLUFKDUDFWHULVWLFVHJWKHQXPEHURIFUDFNVIRUPHGDQGWKHZLGWK
RIFUDFNV±ZKHWKHUFRQVLGHULQJWKHPLQLPXPPD[LPXPRUDYHUDJHYDOXH
 +LJKHUGHJUHHVRIHORQJDWLRQUHVXOWLQFUDFNVZLWKODUJHUZLGWKV7KXVWKHGHVLJQ
RIUHLQIRUFHGFRQFUHWHVWUXFWXUDOFRPSRQHQWVVKRXOGWDNHLQWRDFFRXQWWKHGHJUHHRI
HORQJDWLRQEHFDXVHDVLWLVZHOONQRZQODUJHFUDFNZLGWKVFDQOHDGWRR[LGL]DWLRQ
DQGGHWHULRUDWLRQRIUHEDUVDQGHYHQWXDOO\DIIHFWVWUXFWXUDOVDIHW\
 7KHTXHVWLRQDULVHVRIZKHWKHUWKHORQJLWXGLQDOUDWLRRUZKHWKHUWKHDUUDQJHPHQWRI
UHEDUVSOD\VDQHVVHQWLDOUROHWRR)XUWKHUUHVHDUFKLVQHHGHGRQWKHVXEMHFWXVLQJ
WHVW VSHFLPHQV ZLWK GLIIHUHQW ORQJLWXGLQDO UHLQIRUFHPHQW UDWLRV DQG DUUDQJHPHQWV
7KLVZLOOKHOSWRFKHFNWKHLPSDFWRIWKHPHFKDQLFDOIDFWRURIUHLQIRUFHPHQWUDWLR
KDV

5()(5(1&(6
>@

+7+XDQG:&6FKQREULFK³1RQOLQHDUDQDO\VLVRIFUDFNHGUHLQIRUFHGFRQFUHWH´
ACI Structural JournalYROQRSS±

>@

=6KL06X]XNLDQG01DNDQR³1XPHULFDO$QDO\VLVRI0XOWLSOH'LVFUHWH&UDFNV
LQ&RQFUHWH'DPV8VLQJ([WHQGHG)LFWLWLRXV&UDFN0RGHO´Journal of Structural
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EngineeringYROQRSS±
>@

&2X\DQJ(:ROOUDE60.XONDUQLDQG636KDK³3UHGLFWLRQRI&UDFNLQJ
5HVSRQVHRI5HLQIRUFHG&RQFUHWH7HQVLOH0HPEHUV´Journal of Structural
EngineeringYROQRSS±

>@

.$9XDQG0*6WHZDUW³3UHGLFWLQJWKH/LNHOLKRRGDQG([WHQWRI5HLQIRUFHG
&RQFUHWH&RUURVLRQ,QGXFHG&UDFNLQJ´Journal of Structural EngineeringYRO
QRSS±

>@

0/RUUDLQ20DXUHODQG06HIIR³&UDFNLQJEHKDYLRURIUHLQIRUFHGKLJKVWUHQJWK
FRQFUHWHWHQVLRQWLHV´ACI Structural JournalYROQRSS±

>@

6//HH0$0DQVXU.+7DQDQG..DVLUDMX³&UDFNLQJ%HKDYLRURI&RQFUHWH
7HQVLRQ0HPEHUV5HLQIRUFHG:LWK:HOGHG:LUH)DEULF´ACI Structural JournalYRO
QRSS±

>@

+0DU]RXN0+RVVLQDQG$+XVVHLQ³&UDFNZLGWKHVWLPDWLRQIRUFRQFUHWHSODWHV´
ACI Structural JournalYROQRSS±

>@

&+/X:/-LQDQG-+0DR³([SHULPHQWDO,QYHVWLJDWLRQRI&RUURVLRQ,QGXFHG
&RYHU&UDFNLQJLQ5HLQIRUFHG&RQFUHWH6WUXFWXUHV´Advanced Materials ResearchYRO
±QRSS±

>@

6.3DGPDUDMDLDKDQG$5DPDVZDP\³&UDFNZLGWKSUHGLFWLRQIRUKLJKVWUHQJWK
FRQFUHWHIXOO\DQGSDUWLDOO\SUHVWUHVVHGEHDPVSHFLPHQVFRQWDLQLQJVWHHOILEHUV´ACI
Structural JournalYROQRSS±

>@ 5*DHWDQRDQG5)LOLSSR³&UDFNLQJ5HVSRQVHRI5&0HPEHUV6XEMHFWHGWR8QLD[LDO
7HQVLRQ´Journal of Structural EngineeringYROQRSS±
>@ +*HVXQGDQG5-)URVK³$QRWKHUORRNDWFUDFNLQJDQGFUDFNFRQWUROLQUHLQIRUFHG
FRQFUHWH3DSHUE\5REHUW-)URVK´ACI Structural JournalYROQRS

>@ %+&&KDQ<.&KHXQJDQG<3+XDQJ³&UDFNDQDO\VLVRIUHLQIRUFHG
FRQFUHWHWHQVLRQPHPEHUV´YROSS±
>@ +0LU]DER]RUJDQG0*KDHPLDQ³1RQOLQHDUEHKDYLRURIPDVVFRQFUHWHLQWKUHH
GLPHQVLRQDOSUREOHPVXVLQJDVPHDUHGFUDFNDSSURDFK´Earthquake Engineering and
Structural DynamicsYROQRSS±
>@ 0%\ILHOG³&RQWURORIFUDFNLQJLQUHLQIRUFHGFRQFUHWH´Structural Design from First
PrinciplesQRSS±
>@ %3+XJKHVDQG&9&LIXHQWHV³&RPSDULVRQRI(DUO\$JH&UDFN:LGWK)RUPXODV
IRU5HLQIRUFHG&RQFUHWH´ACI Structural JournalYROQRSS±
>@ 6<DQJDQG-&KHQ³%RQG6OLSDQG&UDFN:LGWK&DOFXODWLRQVRI7HQVLRQ0HPEHUV´
ACI Structural JournalYROQRSS±
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FRQFUHWHVWUXFWXUHV´Computer-Aided Civil and Infrastructure EngineeringYROQR
SS±
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XQGHUVKRUWDQGORQJWHUPORDGLQJV´ACI Materials JournalYROQRSS±
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RI5&)UDPH'ULIW´Journal of Structural EngineeringYROQRSS±
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Structural EngineeringYROQRSS±
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6SDFLQJRI5HLQIRUFHG&RQFUHWH0HPEHUV´ACI Journal ProceedingsYROQR
SS±
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Journal ProceedingsYROQRSS±
>@ 55+=KX::DQLFKDNRUQ77&+VXDQG-9RJHO³&UDFNZLGWKSUHGLFWLRQ
XVLQJFRPSDWLELOLW\DLGHGVWUXWDQGWLHPRGHO´ACI Structural JournalYROQR
SS±
>@ :RRG6/:LJKW-.DQG-30RHKOH³7KH&KLOH(DUWKTXDNH2EVHUYDWLRQV
RQ(DUWKTXDNH5HVLVWDQW&RQVWUXFWLRQLQ9LxDGHO0DU´Civil Engineering StudiesYRO
6WUXFWXUDOQR)HEUXDU\SSS
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Concrete Structures and MaterialsYROQRSS±0DU
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$WKHQV*UHHFH±1RYHPEHU
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'HPRNULWRV8QLYHUVLW\RI7KUDFH
8QLYHUVLW\&DPSXV;DQWKL.LPPHULD;DQWKL*UHHFH
HPDLOWKFKU\VD#FLYLOGXWKJU


'HPRNULWRV8QLYHUVLW\RI7KUDFH
8QLYHUVLW\&DPSXV;DQWKL.LPPHULD;DQWKL*UHHFH
YSDQRVND#FLYLOGXWKJU

.H\ZRUGV/RQJLWXGLQDOUDWLR&UDFNLQJ6SDFLQJ:LGWK
$EVWUDFW Cracking phenomenon in reinforced concrete members has troubled researchers
and engineers worldwide due to the many mechanical parameters affecting this phenomenon.
One such mechanical parameter is the longitudinal reinforcement ratio used for the detailing
of vertical structural components in reinforced concrete structures. Although, the percentage
of rebar content has been studied, it is the first time that cracking behavior is studied using
varying ratios of rebars strained under a uniaxial tensile loading till a high degree of elongation found only at buildings sustained severe earthquake actions.
This research is both experimental. For the experimental part, 8 test specimens in the form of
R/C ties are used and strained using a monotonic uniaxial tensile loading simulating the tensile type of loading during the first cycle of dynamic seismic action. The first four test specimens are reinforced with longitudinal reinforcement ratio equal to 1.79% and the other four
test specimens are reinforced with longitudinal reinforcement ratio equal to 3.19%. The test
specimens are subjected to tensile degrees 10ă, 20ă, 30ă and 50ă. Significant conclusions are reached concerning cracking behavior for different longitudinal ratios, e.g. number
of cracks, crack width, crack spacing, etc.
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&UDFNLQJ SKHQRPHQRQ DQG LWV FKDUDFWHULVWLFV KDV EHHQ H[SORUHG E\ VHYHUDO UHVHDUFKHUV
ZRUOGZLGHLQ UHLQIRUFHG FRQFUHWHVWUXFWXUHV >@±>@$OWKRXJKPRVWRIWKHJLYHQVWUXFWXUHV
DUH W\SLFDOO\ UHLQIRUFHG LQ WZR GLUHFWLRQV PRVW VWXGLHV FDUULHG RXW ZRUOGZLGH WR LQYHVWLJDWH
WKHEHKDYLRXURIFUDFNLQJKDYHLQYROYHGXQLD[LDOO\WHQVLOHGUHLQIRUFHGFRQFUHWHPHPEHUVZLWK
UHLQIRUFHPHQWLQRQO\RQHGLUHFWLRQ7RGDWHWKHUHLVQRW\HWDZLGHO\HVWDEOLVKHGDQGDFFHSWHG
PHWKRGRORJ\IRUSUHGLFWLQJFUDFNLQJ FKDUDFWHULVWLFVHJFUDFNZLGWKVDQGVSDFLQJVEHWZHHQ
FUDFNV>@>@>@>@±>@,QDGGLWLRQPRVWRIWKHH[LVWLQJUHVHDUFKFRQGXFWHGKDVEHHQ
VWULFWO\OLPLWHGWRWKHVWDWHRIWKHVWDELOL]HGFUDFNSDWWHUQRQO\DQGGRHVQRWLQYROYHFUDFNLQJ
EHKDYLRXUDQGFUDFNFKDUDFWHULVWLFVGHHSLQWKH\LHOGUHJLRQ>@>@
,Q WKH IUDPHZRUN RI WKH FXUUHQW VWXG\ DQ H[SHULPHQWDO SURJUDP KDV EHHQ FRQGXFWHG LQ
YROYLQJUHLQIRUFHGFRQFUHWHPHPEHUVGHWDLOHGLQWZRGLUHFWLRQVXVLQJORQJLWXGLQDOUHEDUVDQG
WUDQVYHUVHUHLQIRUFHPHQWLQWKHIRUPRIWLHV7KHPDLQDLPRIWKHSUHVHQWVWXG\LVWRLQYHVWL
JDWHWKHLQIOXHQFHRIWKHORQJLWXGLQDOUHLQIRUFHPHQW UDWLR$VSHUWKHUHVXOWVRXWOLQHGZLWKLQ
WKLVZRUNFUDFNLQJEHKDYLRXUDQGWKHFUDFNFKDUDFWHULVWLFVDUHGLVFXVVHG8VHIXOFRQFOXVLRQV
FRQFHUQLQJFUDFNLQJXQGHUGLIIHUHQWORQJLWXGLQDOUHLQIRUFHPHQWUDWLRVDUHGHULYHG7KHH[SHU
LPHQWDOSURFHGXUHRIWKHFXUUHQWVWXG\KDVWDNHQSODFHLQ$ULVWRWOH8QLYHUVLW\RI7KHVVDORQLNL
DWWKH/DERUDWRU\RI6WUHQJWKRI0DWHULDOVDQGWKHUHVXOWDQDO\VLVKDVWDNHQSODFHLQ'HPRFUL
WXV8QLYHUVLW\RI7KUDFH



(;3(5,0(17$/352*5$0
'HWDLOLQJ RI7HVW6SHFLPHQV

7KHFXUUHQWH[SHULPHQWDOSURJUDPFRQVLVWVRIHLJKWWHVWVSHFLPHQV7KHWKLFNQHVVRIHDFK
VSHFLPHQLVFPDQGWKHOHQJWKRIWKHFURVVVHFWLRQLVFP7KHUDWLREHWZHHQWKHOHQJWK
DQG WKH WKLFNQHVV RI WKH FURVVVHFWLRQDO DUHD LV HTXDO WR  ZKLFK LV D W\SLFDO UDWLR IRU FRQ
VWUXFWLQJUHLQIRUFHGFRQFUHWHFROXPQV7KHWRWDOKHLJKWRIWKHWHVWVSHFLPHQLVHTXDOWRFP
(DFKRIWKHHLJKWVSHFLPHQVLVVXEMHFWHGWRDXQLD[LDOFHQWUDOWHQVLOHORDGLQJ7KHPDLQWHVW
HOHPHQWLVEHWZHHQWKHPHWDOSODWHVDQGLWVKHLJKWLVFP )LJXUH 
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)LJXUH9HUWLFDOUHLQIRUFHPHQWOD\RXWIRUVSHFLPHQVUHLQIRUFHGZLWKUDWLRHTXDOWR

7DEOHVKRZVWKHJHRPHWULFDO DQGGHWDLOLQJFKDUDFWHULVWLFVRIDOO HLJKWVSHFLPHQV 7KHUH
DUHWZRJURXSVRIWHVWVSHFLPHQV(DFKJURXSFRQVLVWVRIIRXUWHVWVSHFLPHQV7KHUHLQIRUFH
PHQWRIHDFKVSHFLPHQVLPXODWHVDW\SLFDOUHLQIRUFHPHQWIRXQGLQWKHUHLQIRUFHGFRQFUHWHFRO
XPQV RI W\SLFDO FRQVWUXFWLRQ EXLOGLQJV RU LQ WKH FRQILQHG ERXQGDULHV RI UHLQIRUFHG FRQFUHWH
VHLVPLFZDOOV7KHVFDOHRIFRQVWUXFWLRQXVHGWRVLPXODWHW\SLFDOFROXPQVRUW\SLFDOFRQILQHG
ERXQGDULHVZDVHTXDOWRZKLFKLVFRPPRQO\XVHGIRUUHVHDUFKSXUSRVHVZRUOGZLGH>@
>@
7KH QXPEHU RI ORQJLWXGLQDO EDUV YDULHV GHSHQGLQJ LI WKH VSHFLPHQ EHORQJV WR WKH ILUVW
JURXSRUWKHVHFRQGJURXSRIWHVWVSHFLPHQV7KHORQJLWXGLQDOUHLQIRUFHPHQWUDWLRLVHTXDOWR
IRUWKHILUVWJURXSRIVSHFLPHQVDQGHTXDOWRIRUWKHVHFRQGJURXSRIVSHFLPHQV
7KHWUDQVYHUVHUHLQIRUFHPHQWFRQVLVWVRIWUDQVYHUVHWLHVSODFHGDORQJWKHKHLJKWRIWKHSULVP
7KHD[LDOGLVWDQFHEHWZHHQWZRWLHVLVDERXWFPDQGWKHGLDPHWHURIHDFKWLHLVPP
7KHRQO\YDULDEOHGLIIHUHQWLDWLQJWKHWZRJURXSVRIVSHFLPHQVIURPHDFKRWKHULVWKHORQJLWX
GLQDOUHLQIRUFHPHQWUDWLR7KHQRPLQDO WHQVLOHVWUDLQ WDNHVYDOXHVHTXDO WR 
DQGIRUWKHIRXUVSHFLPHQVRIERWKJURXSV,WLVZHOONQRZQWKDWLQUHDOFRQ
VWUXFWLRQVWHQVLOHVWUDLQVXSWRKDYHEHHQREVHUYHG>@>@$OVRPRGHUQVHLVPLF
DQG FRQFUHWH FRGHV KDYH UHODWHG SURYLVLRQV DOORZLQJ ODUJH WHQVLOH VWUDLQV IRU UHLQIRUFHPHQW
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EDUV>@±>@7KHVHDUHWKHUHDVRQVZK\VXFKODUJHWHQVLOHVWUDLQVZHUHFKRVHQWREHDSSOLHG
WRWKHHOHPHQWV7KHUHLVDOVRRIFRXUVHWKHUHVHDUFKLQWHUHVWLWVHOILQH[DPLQLQJZKDWKDS
SHQVWRFUDFNLQJFKDUDFWHULVWLFVVWUDLQHGWRVXFKH[WHQWVDQGWKHLUEHKDYLRXUZKHQVXFKODUJH
VWUDLQVDUHREVHUYHG
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7DEOH*HRPHWULFDODQGGHWDLOHGSURSHUWLHVRISULVPVSHFLPHQV



/RDGLQJ7HVW6HWXS

$XQLYHUVDOWHVWLQJPDFKLQHZDVXVHGWRDSSO\WKHORDG)RUH[DPSOHIRUVSHFLPHQ&
WKHQRPLQDOGHJUHHRIHORQJDWLRQLVÅ)LJXUHGLVSOD\VWKHH[SHULPHQWDOFRQILJXUDWLRQ
IRULPSRVLQJWKHWHQVLOHORDG7KHUDWHRIORDGLQJZDVVORZRIWKHRUGHURIPPPLQVRQR
UHVXOWZDVDIIHFWHGE\WKHLQIOXHQFHRIWKHVWUDLQUDWH>@±>@

)LJXUH/RDGLQJWHVWFRQILJXUDWLRQ
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([SHULPHQWDO)LQGLQJV

)LJXUHSUHVHQWVWKHFKDQJHRIWHQVLOHVWUDLQUHODWLYHWRWKHWHQVLOHORDGLPSRVHGRQWKHWHVW
HOHPHQWVIRUERWKJURXSVRIWHVWVSHFLPHQV,WLVREYLRXVWKDWVSHFLPHQVZLWKDKLJKORQJLWX
GLQDO UHLQIRUFHPHQW UDWLR GHPDQG KLJKHU ORDG YDOXHV WR EH VWUDLQHG WR WKH VDPH GHJUHH RI
HORQJDWLRQFRPSDUHGWRWKHVSHFLPHQVUHLQIRUFHGZLWKORZSHUFHQWDJHVRIUHLQIRUFHPHQW
$IWHU FRQGXFWLQJ WKH H[SHULPHQWV GLIIHUHQW FUDFNLQJ IRUPDWLRQV DQG HYHQWXDOO\ FUDFNLQJ
FKDUDFWHULVWLFVZHUHQRWLFHGIRUHDFKVSHFLPHQ)LJXUHVKRZVWKHVWDWHRIHDFKVSHFLPHQDI
WHUWKHHQGRIWKHXQLD[LDOWHQVLOHWHVW&UDFNVRIVPDOOZLGWKDUHREYLRXVIRUVSHFLPHQVZLWK
ORZGHJUHHVRIWHQVLOHVWUDLQ ÅDQGÅ ZKLOHFUDFNVRIPRGHUDWHDQGODUJHZLGWKDUH
SUHVHQWIRUVSHFLPHQVVWUDLQHGXQGHUODUJHUGHJUHHVRIHORQJDWLRQ ÅDQGÅ ,WLVDS
SDUHQWWKDWWKHILQDOFUDFNLQJIRUPDWLRQGLIIHUVEHWZHHQWKHVSHFLPHQVGHSHQGLQJRQWKHWHQ
VLOHVWUDLQWKH\KDYHVXVWDLQHG
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)LJXUH'LDJUDPRIWHQVLOHORDGYHUVXVHORQJDWLRQ
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$QDO\VLVRI([SHULPHQWDO)LQGLQJV

7KHUHVXOWVRIWKHDQDO\VLVRIWKHWHVWILQGLQJVIRUDOOVHJPHQWVDUHEURXJKWWRJHWKHULQWKH
IROORZLQJWDEOHDQGGLDJUDPV7DEOHSUHVHQWVWKHZLGWKFKDUDFWHULVWLFVRIWKHFUDFNV)LJXUH
GLVSOD\VWKHYDULDWLRQRIWKHFUDFNZLGWKFKDUDFWHULVWLFVIRUORZUHLQIRUFHGVSHFLPHQVZKLOH
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)LJXUH  GLVSOD\V WKH VDPH EXW WKLV WLPH IRU KLJKUHLQIRUFHG VSHFLPHQV )LJXUH  XVHV EDU
FKDUWVWRGLVSOD\WKHQXPEHURIFUDFNVIRUPHGIRUERWKJURXSVRIWHVWVSHFLPHQVZKLOH)LJXUH
XVHVDJDLQEDUFKDUWVWR GLVSOD\WKLVWLPH WKHUHVXOWVIRUWKH DYHUDJHFUDFNZLGWKIRUORZ
DQGKLJKUHLQIRUFHPHQWVSHFLPHQV
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)LJXUH&KDQJHRIFUDFNZLGWKUHODWLYHWRWKHGHJUHHRIHORQJDWLRQ ORZUHLQIRUFHPHQWVSHFLPHQV 
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)LJXUH&KDQJHRIFUDFNZLGWKUHODWLYHWRWKHGHJUHHRIHORQJDWLRQ KLJKUHLQIRUFHPHQWVSHFLPHQV 
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)LJXUH%DUFKDUWRIQXPEHURIFUDFNVUHJDUGLQJWKHGHJUHHRIHORQJDWLRQ
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)LJXUH%DUFKDUWRIDYHUDJHFUDFNZLGWKDVDSHUFHQWDJHRIWKHDYHUDJHFUDFNZLGWKRIWKHUHIHUHQFHVSHFL
PHQ

7KHDQDO\VLVRIWKHH[SHULPHQWDOILQGLQJVRIWKHWHVWVFRQGXFWHGOHGWRWKHIROORZLQJ
 &RPSDULQJWKHQXPEHURIFUDFNVIRUPHGZLWKWKHORQJLWXGLQDOUHLQIRUFHPHQWUDWLR
XVHGLWLVREYLRXVWKDWWKHQXPEHURIFUDFNVIRUPHGLQFUHDVHVZLWKWKHLQFUHDVHRI
WKHORQJLWXGLQDOUHLQIRUFHPHQWUDWLR 7DEOH)LJXUH ,WVHHPVWKDWWKHSUHVHQFH
RI DQ LQFUHDVHG SHUFHQWDJH RI UHEDUV OHDGV FRQFUHWH WR D ODUJHU GLVDUUDQJHPHQW
ZKLFKUHVXOWVWRDQLQFUHDVHGQXPEHURIFUDFNVIRUPHGWKURXJKRXWWKHKHLJKWRIWKH
WHVWVSHFLPHQV
 &RPSDULQJWKHDYHUDJH FUDFNZLGWKZLWKWKHSHUFHQWDJHRIORQJLWXGLQDOUHLQIRUFH
PHQWXWLOL]HGLWFDQEHVHHQWKDWWKHDYHUDJHZLGWKLVODUJHUIRUDVPDOOHUUDWLRRI
ORQJLWXGLQDOUHLQIRUFHPHQW 7DEOH)LJXUH 
 6SHFLPHQ/LVFKDUDFWHUL]HGDVWKHUHIHUHQFHVSHFLPHQ,WLVQRWLFHDEOHWKDWWKH
QRUPDOL]HGHORQJDWLRQ Å LVWKUHHWLPHVJUHDWHUIRUVSHFLPHQ/FRPSDUHGWR
WKH HORQJDWLRQ RI WKH UHIHUHQFH VSHFLPHQ Å  DQG WKH LQFUHDVH RI WKH DYHUDJH
FUDFN ZLGWK LV  WLPHV KLJKHU   FRPSDUHG WR WKH DYHUDJH FUDFN ZLGWK RI
WKHUHIHUHQFHVSHFLPHQ,QDOOFDVHVWKHLQFUHDVHRIWKHLUDYHUDJHFUDFNZLGWKIRO
ORZVFORVHO\WKHLQFUHDVHRIWKHFRUUHVSRQGLQJGHJUHHRIHORQJDWLRQ
 7KLVLVQRWWUXHIRUWKHKLJKUHLQIRUFHPHQWVSHFLPHQV)RUWKHFDVHRIKLJKO\UHLQ
IRUFHGWHVWVSHFLPHQVLWLVREYLRXVWKDWDOWKRXJKWKHQRUPDOL]HGHORQJDWLRQ Å
LV WKUHHWLPHVJUHDWHU IRUVSHFLPHQ + FRPSDUHGWR WKHHORQJDWLRQ RIWKHUHIHU
HQFHVSHFLPHQ Å WKHLQFUHDVHRIWKHDYHUDJHFUDFNZLGWKLVWLPHVKLJKHU
  ,Q DOOFDVHVWKHLQFUHDVHRIWKHLU DYHUDJHFUDFNZLGWK LV VPDOOHUWKDQWKH
LQFUHDVHRIWKHFRUUHVSRQGLQJGHJUHHRIHORQJDWLRQ7KLVFDQEHH[SODLQHGVLQFHWKH
LQFUHPHQW RI WKH UHEDU FRQWHQW OHDGV WR DQ LQFUHPHQW WR WKH QXPEHU RI FUDFNV
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IRUPHG7KXVDELJJHU QXPEHURIFUDFNVIRUPHGIRUWKHVDPHWHQVLOHVWUDLQ OHDGV
XOWLPDWHO\WRVPDOOHUDYHUDJHFUDFNZLGWK
 7KHGDPDJHVWDWHRIVSHFLPHQVLQGLFDWHVWKDWFUDFNVDSSHDUDWRUQHDUWRWKHWLHSR
VLWLRQV )LJXUH 7KXVWKHSUHVHQFHRIVWHHOWLHVKHOSVDQGSURPRWHVWKHGLVRUJDQL
]DWLRQRIFRQFUHWHDURXQGWKHP


&21&/86,216

7KLV SDSHU ORRNV DW HLJKW VSHFLPHQV WR LQYHVWLJDWH FUDFNLQJ IRUPDWLRQ DQG EHKDYLRXU LQ
WHUPVRIWKHQXPEHURIFUDFNVDQGWKHLUDYHUDJHZLGWK7KHIROORZLQJFRQFOXVLRQVDUHGUDZQ
 7KHGHJUHHRIORQJLWXGLQDOUHLQIRUFHPHQWUDWLRXVHGKROGVDVLJQLILFDQWSDUWLQWHUPV
RI WKH IRUPDWLRQ RI FUDFNV DQG WKHLU FKDUDFWHULVWLFV HJ WKH QXPEHU RI FUDFNV
IRUPHGDQGWKHZLGWKRIFUDFNV
 +LJKHUSHUFHQWDJHVRIUHEDUUDWLRUHVXOWLQDKLJKHUQXPEHURIFUDFNVIRUPHG
 +LJKHUORQJLWXGLQDOUHLQIRUFHPHQWUDWLRVOHDGWRVPDOOHUDYHUDJHFUDFNZLGWKV7KLV
IDFWVKRXOGEHWDNHQLQWRDFFRXQWZKHQGHVLJQLQJUHLQIRUFHGFRQFUHWHVWUXFWXUDOHO
HPHQWVVLQFHWKHZLGWKRIFUDFNVSOD\VDFUXFLDOUROHWRWKHGXUDWLRQRIOLIHRIUHEDUV

5()(5(1&(6
>@

+7+XDQG:&6FKQREULFK³1RQOLQHDUDQDO\VLVRIFUDFNHGUHLQIRUFHGFRQFUHWH´
ACI Structural JournalYROQRSS±

>@

=6KL06X]XNLDQG01DNDQR³1XPHULFDO$QDO\VLVRI0XOWLSOH'LVFUHWH&UDFNV
LQ&RQFUHWH'DPV8VLQJ([WHQGHG)LFWLWLRXV&UDFN0RGHO´Journal of Structural
EngineeringYROQRSS±

>@

&2X\DQJ(:ROOUDE60.XONDUQLDQG636KDK³3UHGLFWLRQRI&UDFNLQJ
5HVSRQVHRI5HLQIRUFHG&RQFUHWH7HQVLOH0HPEHUV´Journal of Structural
EngineeringYROQRSS±

>@

.$9XDQG0*6WHZDUW³3UHGLFWLQJWKH/LNHOLKRRGDQG([WHQWRI5HLQIRUFHG
&RQFUHWH&RUURVLRQ,QGXFHG&UDFNLQJ´Journal of Structural EngineeringYRO
QRSS±

>@

0/RUUDLQ20DXUHODQG06HIIR³&UDFNLQJEHKDYLRURIUHLQIRUFHGKLJKVWUHQJWK
FRQFUHWHWHQVLRQWLHV´ACI Structural JournalYROQRSS±

>@

6//HH0$0DQVXU.+7DQDQG..DVLUDMX³&UDFNLQJ%HKDYLRURI&RQFUHWH
7HQVLRQ0HPEHUV5HLQIRUFHG:LWK:HOGHG:LUH)DEULF´ACI Structural JournalYRO
QRSS±

>@

+0DU]RXN0+RVVLQDQG$+XVVHLQ³&UDFNZLGWKHVWLPDWLRQIRUFRQFUHWHSODWHV´
ACI Structural JournalYROQRSS±

>@

&+/X:/-LQDQG-+0DR³([SHULPHQWDO,QYHVWLJDWLRQRI&RUURVLRQ,QGXFHG
&RYHU&UDFNLQJLQ5HLQIRUFHG&RQFUHWH6WUXFWXUHV´Advanced Materials ResearchYRO
±QRSS±

>@

6.3DGPDUDMDLDKDQG$5DPDVZDP\³&UDFNZLGWKSUHGLFWLRQIRUKLJKVWUHQJWK
FRQFUHWHIXOO\DQGSDUWLDOO\SUHVWUHVVHGEHDPVSHFLPHQVFRQWDLQLQJVWHHOILEHUV´ACI
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Structural JournalYROQRSS±
>@ 5*DHWDQRDQG5)LOLSSR³&UDFNLQJ5HVSRQVHRI5&0HPEHUV6XEMHFWHGWR8QLD[LDO
7HQVLRQ´Journal of Structural EngineeringYROQRSS±
>@ +*HVXQGDQG5-)URVK³$QRWKHUORRNDWFUDFNLQJDQGFUDFNFRQWUROLQUHLQIRUFHG
FRQFUHWH3DSHUE\5REHUW-)URVK´ACI Structural JournalYROQRS

>@ %+&&KDQ<.&KHXQJDQG<3+XDQJ³&UDFNDQDO\VLVRIUHLQIRUFHG
FRQFUHWHWHQVLRQPHPEHUV´YROSS±
>@ +0LU]DER]RUJDQG0*KDHPLDQ³1RQOLQHDUEHKDYLRURIPDVVFRQFUHWHLQWKUHH
GLPHQVLRQDOSUREOHPVXVLQJDVPHDUHGFUDFNDSSURDFK´Earthquake Engineering and
Structural DynamicsYROQRSS±
>@ 0%\ILHOG³&RQWURORIFUDFNLQJLQUHLQIRUFHGFRQFUHWH´Structural Design from First
PrinciplesQRSS±
>@ %3+XJKHVDQG&9&LIXHQWHV³&RPSDULVRQRI(DUO\$JH&UDFN:LGWK)RUPXODV
IRU5HLQIRUFHG&RQFUHWH´ACI Structural JournalYROQRSS±
>@ 6<DQJDQG-&KHQ³%RQG6OLSDQG&UDFN:LGWK&DOFXODWLRQVRI7HQVLRQ0HPEHUV´
ACI Structural JournalYROQRSS±
>@ +*6RKQ<0/LP.+<XQDQG*+.LP³0RQLWRULQJFUDFNFKDQJHVLQ
FRQFUHWHVWUXFWXUHV´Computer-Aided Civil and Infrastructure EngineeringYROQR
SS±
>@ 006PDGLDQG)26ODWH³0LFURFUDFNLQJRIKLJKDQGQRUPDOVWUHQJWKFRQFUHWHV
XQGHUVKRUWDQGORQJWHUPORDGLQJV´ACI Materials JournalYROQRSS±

>@ <+/HHDQG.:LOODP³0HFKDQLFDOSURSHUWLHVRIFRQFUHWHLQXQLD[LDO
FRPSUHVVLRQ´ACI Materials JournalYROQRSS±
>@ 0$VFKKHLPDQG-%URZQLQJ³,QIOXHQFHRI&UDFNLQJRQ(TXLYDOHQW6'2)(VWLPDWHV
RI5&)UDPH'ULIW´Journal of Structural EngineeringYROQRSS±

>@ *&KHQDQG*%DNHU³,QIOXHQFHRI%RQG6OLSRQ&UDFN6SDFLQJLQ1XPHULFDO
0RGHOLQJRI5HLQIRUFHG&RQFUHWH´Journal of Structural EngineeringYROQR
SS±
>@ 1$UL\DZDUGHQD$*KDOLDQG0(OEDGU\³([SHULPHQWDOVWXG\RQWKHUPDOFUDFNLQJ
LQUHLQIRUFHGFRQFUHWHPHPEHUV´ACI Structural JournalYROQRSS±

>@ =3%DåDQWDQG%+2K³6SDFLQJRI&UDFNVLQ5HLQIRUFHG&RQFUHWH´Journal of
Structural EngineeringYROQRSS±
>@ %%HQJWDQG//HUR\³(IIHFWVRI$UUDQJHPHQWRI5HLQIRUFHPHQWRQ&UDFN:LGWKDQG
6SDFLQJRI5HLQIRUFHG&RQFUHWH0HPEHUV´ACI Journal ProceedingsYROQR
SS±
>@ <*RWR³,QWHUQDO&UDFNV)RUPHGLQ&RQFUHWH$URXQG'HIRUPHG7HQVLRQ%DUV´ACI
Journal ProceedingsYROQRSS±
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>@ 55+=KX::DQLFKDNRUQ77&+VXDQG-9RJHO³&UDFNZLGWKSUHGLFWLRQ
XVLQJFRPSDWLELOLW\DLGHGVWUXWDQGWLHPRGHO´ACI Structural JournalYROQR
SS±
>@ :RRG6/:LJKW-.DQG-30RHKOH³7KH&KLOH(DUWKTXDNH2EVHUYDWLRQV
RQ(DUWKTXDNH5HVLVWDQW&RQVWUXFWLRQLQ9LxDGHO0DU´Civil Engineering StudiesYRO
6WUXFWXUDOQR)HEUXDU\SSS
>@ 0)LQWHO³3HUIRUPDQFHRI%XLOGLQJV:LWK6KHDU:DOOVLQ(DUWKTXDNHVRIWKH/DVW
7KLUW\<HDUV´PCI JournalYROQRSS±
>@ **3HQHOLVDQG$-.DSSRVEarthquake-resistant Concrete Structures/RQGRQ
8.( )16321 &KDSPDQ +DOO 
>@ *3HQHOLV.6W\OLDQLGLV$.DSSRVDQG&,JQDWDNLVReinforced Concrete Structures
7KHVVDORQLNL*UHHFH$87K3UHVV
>@ -::DOODFH³%HKDYLRUGHVLJQDQGPRGHOLQJRIVWUXFWXUDOZDOOVDQGFRXSOLQJEHDPV
/HVVRQVIURPUHFHQWODERUDWRU\WHVWVDQGHDUWKTXDNHV´International Journal of
Concrete Structures and MaterialsYROQRSS±0DU
>@ <+&KDLDQG6..XQQDWK³0LQLPXPWKLFNQHVVIRUGXFWLOH5&VWUXFWXUDOZDOOV´
Engineering StructuresYROQRSS±-XQ
>@ 6WDQGDUGV1HZ=HDODQG³1=6&RQFUHWHVWUXFWXUHVVWDQGDUG3DUW±7KH
GHVLJQRIFRQFUHWHVWUXFWXUHV´:HOOLQJWRQ1HZ=HDODQG
>@ &DQDGLDQ6WDQGDUGV$VVRFLDWLRQ³&$1&6$$'HVLJQRI&RQFUHWH6WUXFWXUHV
8SGDWH1R-XO\ ´0LVVLVVDXJD2QWDULR&DQDGD
>@ (XURSHDQ&RPPLWWHHIRU6WDQGDUGL]DWLRQ³(1(XURFRGH'HVLJQRI
VWUXFWXUHVIRUHDUWKTXDNHUHVLVWDQFH3DUW*HQHUDOUXOHVVHLVPLFDFWLRQVDQGUXOHVIRU
EXLOGLQJV´%UXVVHOV%HOJLXP
>@ 0LQLVWU\RI(QYLURQPHQW3ODQQLQJDQG3XEOLF:RUNV³*UHHN&RGHIRUWKH'HVLJQDQG
&RQVWUXFWLRQRI&RQFUHWH:RUNV´$WKHQV*UHHFHS ,Q*UHHN 
>@ ,QWHUQDWLRQDO&RQIHUHQFHRI%XLOGLQJ2IILFLDOV³8QLIRUP%XLOGLQJ&RGH±9ROXPH
6WUXFWXUDO(QJLQHHULQJ'HVLJQ3URYLVLRQV´:KLWWLHU&DOLIRUQLD86$
>@ 7&KU\VDQLGLV³,QIOXHQFHRIHORQJDWLRQGHJUHHRQWUDQVYHUVHEXFNOLQJRIFRQILQHG
ERXQGDU\UHJLRQVRI5&VHLVPLFZDOOV´Construction and Building MaterialsYRO
SS±-XQ
>@ 7&KU\VDQLGLVDQG,7HJRV³$[LDODQGWUDQVYHUVHVWUHQJWKHQLQJRI5&FLUFXODU
FROXPQV&RQYHQWLRQDODQGQHZW\SHRIVWHHODQGK\EULGMDFNHWVXVLQJKLJKVWUHQJWK
PRUWDU´Journal of Building EngineeringYROQR-DQXDU\S
>@ 7$&KU\VDQLGLV³(YDOXDWLRQRI2XWRI3ODQH5HVSRQVHRI5&6WUXFWXUDO:DOO
%RXQGDU\(GJHV'HWDLOHGZLWK0D[LPXP&RGH3UHVFULEHG/RQJLWXGLQDO
5HLQIRUFHPHQW5DWLR´International Journal of Concrete Structures and MaterialsYRO
QR
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;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

*5$3+(1(58%%(5/$<(5('&20326,7(6)256(,60,&
,62/$7,21
0DULD5RVDULD0DUVLFRDQG-XOLiQ0DXULFLR/RQGRxR0RQVDOYH
8QLYHUVLW\RI([HWHU
&ROOHJHRI(QJLQHHULQJ0DWKHPDWLFVDQG3K\VLFDO6FLHQFHV
1RUWK3DUN5RDG(;4)([HWHU8.
PUPDUVLFR#H[HWHUDFXN
MORQGRQRPRQVDOYH#H[HWHUDFXN

.H\ZRUGV 6HLVPLF ,VRODWLRQ *UDSKHQH 5HLQIRUFHG (ODVWRPHULF ,VRODWRUV 0RGDO $QDO\VLV
)UHTXHQF\5HVSRQVH)XQFWLRQ
$EVWUDFW In recent years, research has been conducted on the design and manufacture of
lighter and low-cost seismic isolator devices. This include studies on elastomeric isolators
made with alternative materials (e.g. glass or carbon fibre replacing steel sheets). GrapheneReinforced Elastomeric Isolator (GREI) is proposed here to overcome the heavy weight and
long manufacturing process of elastomeric isolators currently used.
This manuscript presents an experimental dynamic analysis on rubber pads reinforced with a
few layer graphene. Graphene deposition on rubber was achieved by a recently developed
isopropyl alcohol assisted direct transfer method.
The experimental setup consisted of a single-degree-of-freedom mass-spring-damper system,
with vertical load applied on tested specimens. Experimental modal analysis was performed
and the mechanical properties essential to characterise the specimens were extracted from
the measured frequency response function.
Results show that a few layer graphene transferred on a rubber pad increase vertical stiffness
and damping of the graphene-rubber layered composite; this fosters the use of natural rubber
in lieu of high damping rubber, saving the cost of reinforcing rubber with particulate fillers.
Also, experimental results show that the mechanical properties of the graphene-rubber composite alter when varying the thickness of the graphene films transferred on rubber pads,
stressing the sensitivity of the sample to the concentration of graphene.
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7KH FRQFHSW RI EDVH LVRODWLRQ FRQVLVWV RI LQWHUSRVLQJ VSHFLDO GHYLFHV VXFK DV HODVWRPHULF
LVRODWRUVEHWZHHQDVWUXFWXUHDQGLWVIRXQGDWLRQWRGHFRXSOHWKHP7KLVOD\HUJLYHVWKHVWUXF
WXUHDIXQGDPHQWDOIUHTXHQF\WKDWLVPXFKORZHUWKDQERWKLWVIL[HGEDVHIUHTXHQF\DQGWKH
SUHGRPLQDQWIUHTXHQF\RIWKHJURXQGPRWLRQ7\SLFDOHODVWRPHULFLVRODWRUVDUHPDGHRIDOWHU
QDWH OD\HUV RI VWHHO DQG UXEEHU DQG DUH XVHG PDLQO\ LQ VWUDWHJLF DQG SXEOLF EXLOGLQJV GXH WR
KLJKFRVWRIGHVLJQLQJSURGXFWLRQDQGLQVWDOODWLRQ7KH\DUHVWLIIYHUWLFDOO\\HWIOH[LEOHKRUL
]RQWDOO\DQGHQDEOHVWUXFWXUHVWRVXUYLYHSRWHQWLDOO\GHYDVWDWLQJVHLVPLFHYHQWV7KHSULPDU\
ZHLJKWLQDVWHHOUHLQIRUFHGHODVWRPHULFLVRODWRU 65(, LVGXHWRWKHUHLQIRUFLQJVWHHOVKLPV
ZKLFKDUHXVHGWRSURYLGHWKHUXEEHUVWHHOFRPSRVLWHZLWKKLJKYHUWLFDOVWLIIQHVV7KHUHLVDQ
RQJRLQJTXHVWIRUQHZPDWHULDOVIRUHODVWRPHULFLVRODWRUVZKLFKZLOOUHVXOWLQKLJKO\HIILFLHQW
XOWUDOLJKWZHLJKWDQGORZFRVWGHYLFHVWKLVZLOOH[WHQGWKHXVHRIWKLVWHFKQRORJ\WRUHVLGHQ
WLDODQGFRPPHUFLDOEXLOGLQJVRQDJOREDOVFDOH
1XPHURXVVWXGLHVKDYHEHHQFRQGXFWHGWRLQYHVWLJDWHWKHG\QDPLFEHKDYLRXURILVRODWRUV
UHLQIRUFHGZLWKILEUHVKHHWVHJJODVVRUFDUERQILEUHV )LEUH5HLQIRUFHG(ODVWRPHULF,VRODWRUV
)5(, >@+RZHYHUDVSHFWVVXFKDVWKHGHVLJQWKHDOLJQPHQWDQGEHKDYLRXURIWKHILEUHV
DQGWKHGHSHQGHQFHRI)5(,WRSUHORDGLQJKLVWRU\UHTXLUHIXUWKHULQYHVWLJDWLRQ
$QDWWUDFWLYHDOWHUQDWLYHWRXVLQJILEUHVWRUHLQIRUFHUXEEHULVJUDSKHQH*UDSKHQHDRQH
DWRPWKLFNOD\HURIFDUERQLVWKHVWURQJHVWNQRZQPDWHULDOZKLFKLVDOVRPHFKDQLFDOO\IOH[L
EOH0DQ\VWXGLHVZHUHFRQGXFWHGWRGHWHUPLQHWKHPHFKDQLFDOSURSHUWLHVHOHFWULFDOFRQGXF
WLYLW\JDVSHUPHDELOLW\DQGWKHUPDOVWDELOLW\RIWKLVPDWHULDOKRZHYHUWKHUHDUHRQO\DIHZ
ZRUNV WKDW LQFRUSRUDWH JUDSKHQH LQWR HODVWRPHUV )RU LQVWDQFH 3UXG¶+RPPH HW DO GHPRQ
VWUDWHVWKHSURPLQHQWSRWHQWLDORIJUDSKHQHLQLPSURYLQJWKHPHFKDQLFDOSURSHUWLHVRIHODVWR
PHUV:XREVHUYHGWKDWJUDSKHQHFDQEHXVHGWRWXQHWKHYXOFDQL]DWLRQNLQHWLFVRIUXEEHUV>
@
7KHLGHDEHKLQGWKLVUHVHDUFKLVWRUHLQIRUFHSXUHUXEEHUZLWKDIHZOD\HUJUDSKHQHDQGWR
FUHDWH*UDSKHQH5HLQIRUFHG(ODVWRPHULF,VRODWRU *5(, 7KLVUHVHDUFKDOVRDLPVDWH[SORLW
LQJ WKH SURSHUWLHV RI JUDSKHQH WR HQKDQFH WKH GDPSLQJ RI WKH JUDSKHQHUXEEHU FRPSRXQG
$GGLWLRQDOGDPSLQJLQWKHJUDSKHQHUXEEHUFRPSRXQGZLOORSHQWKHSRVVLELOLW\RIXVLQJSXUH
UXEEHULQOLHXRIKLJKGDPSLQJUXEEHUWKLVZLOOOHDGWRVDYHFRVWVIRUUHLQIRUFLQJUXEEHUZLWK
VSHFLDOSDUWLFOHVDQGIXUWKHUUHGXFLQJWKHFRVWRIWKHGHYLFHV7KHG\QDPLFUHVSRQVHRIVTXDUH
DQGFLUFXODUJUDSKHQHUXEEHUVSHFLPHQVZLWKDSSOLHGYHUWLFDOORDGLVLQYHVWLJDWHGDQGH[SHUL
PHQWDOUHVXOWVDUHGLVFXVVHG
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,QRUGHUWRVWXG\WKHLQIOXHQFHRIWKHILUVWVKDSHIDFWRUZKLFKLVDGLPHQVLRQOHVVPHDVXUH
RIWKHDVSHFWUDWLRRIWKHVLQJOHOD\HURIWKHHODVWRPHUZHKDYHPDQXIDFWXUHGWZRVHWVRIVDP
SOHVZLWKFLUFXODUDQGVTXDUHJHRPHWULHV
6HW  FRQVLVWV RI WKUHH VSHFLPHQV 6SHFLPHQ  LV PDGH RI D VTXDUH SXUH UXEEHU SDG 
PPVLGHDQGPPWKLFN6SHFLPHQLVPDGHRIDVTXDUHUXEEHUSDGPPVLGHDQG
PP WKLFN ZLWK D FLUFXODU WKLFN OD\HU RI JUDSKHQH RQ WKH WRS ZLWK GLDPHWHU RI  PP DQG
6SHFLPHQLVPDGHRIDVTXDUHUXEEHUSDGPPVLGHDQGPPWKLFNZLWKDFLUFXODUWKLQ
OD\HURIJUDSKHQHRQWKHWRSZLWKGLDPHWHURIPP )LJXUHD 
6HWFRQVLVWVRIWZRVSHFLPHQVPDGHZLWKQLQHFLUFXODUSDGVRIUXEEHUHDFKZLWKGLDPHWHU
PPDQGWKLFNQHVVPP6SHFLPHQLVPDGHRIQLQHSDGVRISXUHUXEEHUERQGHGWR
JHWKHUXVLQJDFROGYXOFDQL]LQJDJHQW6SHFLPHQLVPDGHRIQLQHSDGVRIUXEEHUDOWHUQDWHG
WRHLJKWFLUFXODUWKLQOD\HUVRIJUDSKHQHZLWKGLDPHWHUPP )LJXUHEF 6HWVDPSOHVDUH
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FRQILQHGWRWZR[PPVTXDUHVWHHOSODWHVPPWKLFNZKLOH6HWVDPSOHVDUHFRQILQHGWR
WZRFLUFXODUVWHHOSODWHVPPWKLFNZLWKPPGLDPHWHU
*UDSKHQHGHSRVLWLRQRQUXEEHUZDVDFKLHYHGE\DQLVRSURS\ODOFRKRODVVLVWHGGLUHFWWUDQV
IHUPHWKRG>@7RYDU\WKHWKLFNQHVVRIWKHJUDSKHQHILOPVRQUXEEHUPXOWLSOHWUDQVIHUVRI
JUDSKHQHILOPVZHUHXVHG LHWUDQVIHUVIRUWKHWKLQILOPVDQGWUDQVIHUVIRUWKHWKLFNILOPV 
7KHHODVWRPHUXVHGLQWKHVDPSOHVLVQDWXUDOUXEEHUZLWKKDUGQHVV6KRUH$'HJUHHPHDV
XUHG H[SHULPHQWDOO\ XVLQJ D 56 3UR GLJLWDO GXURPHWHU 7KH WRWDO KHLJKW RI WKH VSHFLPHQV LV
DVVXPHGHTXDOWRWKHWKLFNQHVVRIWKHUXEEHUWKDWLVPPIRU6HWDQGPPIRU6HW
VDPSOHV,QGHHGWKHWKLFNQHVVRIDIHZOD\HUJUDSKHQHWUDQVIHUUHGRQWRSRIWKHUXEEHUSDGLV
QHJOLJLEOH DWHQOD\HUJUDSKHQHILOPLVaQP 

)LJXUH D 6SHFLPHQVDQGPDGHRIDVTXDUHUXEEHUSDGPPWKLFN E &LUFXODUVDPSOHPPWKLFN
UXEEHUSDGZLWKDIHZOD\HUJUDSKHQHRQWRS F 6SHFLPHQPDGHRIQLQHFLUFXODUUXEEHUSDGVZLWKNJDS
SOLHGYHUWLFDOORDG6SHFLPHQPDGHRIQLQHFLUFXODUUXEEHUSDGV

7KHH[SHULPHQWDOVHWXSLVVKRZQLQ)LJXUHDQGFDQEHVHHQDVDVLQJOHGHJUHHRIIUHHGRP
6'2)  PDVVVSULQJGDPSHU V\VWHP $ YHUWLFDO 6LJQDO)RUFH 6KDNHU 9 DSSOLHV G\QDPLF
ORDGLQJWRWKHERWWRPRIWKHVSHFLPHQ$ORDGFHOOLVDWWDFKHGWRWKHERWWRPVWHHOSODWHRIHDFK
VSHFLPHQWRPHDVXUHWKHYHUWLFDOIRUFHVHIIHFWLYHO\WUDQVPLWWHGIURPWKHVKDNHUJUDYLW\ORDGV
DUHDSSOLHGRQWKHVSHFLPHQVLQWKHIRUPRIDVROLGVWDLQOHVVVWHHOF\OLQGHUEROWHGWRWKHXSSHU
VWHHOSODWH NJDQGNJDWDWLPH 7ZRDFFHOHURPHWHUVZHUHXVHGWRUHFRUGDFFHOHUDWLRQVDW
WKH WRS RI WKH DGGHG PDVV LH VWDLQOHVV VWHHO F\OLQGHU  DQG DW WKH ERWWRP RI WKH ORZHU VWHHO
SODWHUHVSHFWLYHO\/$%9,(:VRIWZDUHZDVXVHGWRDFTXLUHDQGSURFHVVH[SHULPHQWDOGDWD
([SHULPHQWDOPRGDODQDO\VLVZDVSHUIRUPHGDQGWKHG\QDPLFVRIWKHV\VWHPDQGWKHPH
FKDQLFDOSURSHUWLHVHVVHQWLDOWRFKDUDFWHUL]HWKHVSHFLPHQVZHUHH[WUDFWHGIURPWKHPHDVXUHG
)UHTXHQF\5HVSRQVH)XQFWLRQ )5) 
9LEUDWLRQWHVWVZHUHDOVRSHUIRUPHGRQRQHRIWKHPPVWHHOSODWHVDORQHWRGHILQHLWVQDW
XUDOIUHTXHQF\DQGXOWLPDWHO\WRDVVHVVDQ\G\QDPLFLQWHUDFWLRQZLWKWKHG\QDPLFEHKDYLRXU
RIWKHJUDSKHQHUXEEHUFRPSRXQG
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)LJXUH([SHULPHQWDOVHWXSDWWKH'\QDPLFV/DERUDWRU\RIWKH8QLYHUVLW\RI([HWHUDQGFRUUHVSRQGLQJ6'2)
PDVVVSULQJGDPSHUV\VWHP
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7KHQDWXUDOIUHTXHQF\DQGGDPSLQJRIWKHVSHFLPHQVZHUHLQLWLDOO\HVWLPDWHGIURPWKH)5)
XVLQJWKHSHDNSLFNLQJDQGKDOISRZHUEDQGZLGWKPHWKRGV7KHYHUWLFDOQDWXUDOIUHTXHQF\RI
WKHWKUHHVSHFLPHQVLVSORWWHGLQ)LJXUHDOVRVKRZLQJWKDWIRUH[FLWLQJIUHTXHQFLHVOHVVWKDQ
 +] LH D IUHTXHQF\ UDWLR OHVV WKDQ   WKH G\QDPLF UHVSRQVH RI WKH VSHFLPHQV LV GLV
WXUEHGE\WKHG\QDPLFUHVSRQVHRIWKHFRQILQLQJVWHHOSODWHV)5)VVKRZWKDWWKHYHUWLFDOQDW
XUDO IUHTXHQF\ RI WKH WZR VSHFLPHQV  DQG  PDGH RI D UXEEHU SDG DQG D IHZ OD\HU
JUDSKHQH RQ WRS HLWKHU WKLQ RU WKLFN  LV KLJKHU WKDQ WKH QDWXUDO IUHTXHQF\ RI WKH VSHFLPHQ
PDGHRISXUHUXEEHU VSHFLPHQ 7KLVUHVXOWSURYHVWKDWVSHFLPHQVDQGDUHVWLIIHU
YHUWLFDOO\WKDQVSHFLPHQDQGWKDWWKHLQFUHDVHLQYHUWLFDOVWLIIQHVVLVOLNHO\GXHWRWKHDGG
HGOD\HUVRIJUDSKHQH
7KHGDPSLQJUDWLRVRIWKHVSHFLPHQVDQGDUHKLJKHU DQGUHVSHFWLYHO\ 
WKDQWKDWRIWKHVSHFLPHQ6XFKDQLQFUHDVHLQGDPSLQJUDWLRLVEHQHILFLDOWREDVHLVRODWLRQ
V\VWHPVZKLFKW\SLFDOO\HPSOR\KLJKGDPSLQJUXEEHUHODVWRPHULFLVRODWRUV LQZKLFKUXEEHU
LV UHLQIRUFHG ZLWK SDUWLFXODWH ILOOHUV  WR SURYLGH DGGLWLRQDO GDPSLQJ ,W IROORZV WKDW DQ\ LQ
FUHDVH LQ GDPSLQJ LQ WKH JUDSKHQHUXEEHU FRPSRXQG VXFK DV LQ VSHFLPHQV  DQG  
ZRXOGHQDEOHXVLQJORZGDPSLQJQDWXUDOUXEEHUDQGVDYHWKHFRVWVDVVRFLDWHGZLWKILOOLQJUXE
EHU
7KHQDWXUDOIUHTXHQF\RIWKHVSHFLPHQPDGHRIQLQHUXEEHUSDGV VSHFLPHQ ZDVIRXQG
WR EH KLJKHU WKDQ WKH IUHTXHQF\ RI WKH VSHFLPHQ PDGH RI UXEEHU SDGV DOWHUQDWHG ZLWK HLJKW
OD\HUVRIJUDSKHQH VSHFLPHQ 9HUWLFDOQDWXUDOIUHTXHQF\RI6HWVDPSOHVZLWKYHUWLFDO
ORDGNJDUHGHSLFWHGLQ)LJXUHDOVRVKRZLQJWKHWUDQVPLVVLELOLW\$VWKHQDWXUDOIUHTXHQF\
LVORZHULQVSHFLPHQWKDQLQVSHFLPHQWKHYHUWLFDOVWLIIQHVVFDOFXODWHGH[SHULPHQWDOO\
LV DOVR ORZHU LQ WKH JUDSKHQHUHLQIRUFHG UXEEHU VSHFLPHQ FRPSDUHG WR WKDW LQ WKH VSHFLPHQ
PDGHRIUXEEHUSDGVRQO\%HVLGHVWKDWH[SHULPHQWDOUHVXOWVLQGLFDWHDORZHUGDPSLQJIDFWRU
RI WKH VSHFLPHQ UHLQIRUFHG ZLWK JUDSKHQH FRPSDUHG WR WKH GDPSLQJ IDFWRU RI WKH VSHFLPHQ
PDGHRIUXEEHUSDGVRQO\6XFKDGHFUHDVHRIYHUWLFDOIUHTXHQF\YHUWLFDOVWLIIQHVVDQGGDPS
LQJIDFWRULQWKHVSHFLPHQUHLQIRUFHGZLWKJUDSKHQHLVOLNHO\GXHWRDQH[FHVVLYHTXDQWLW\RI
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JUDSKHQHSUHVHQWLQWKHVSHFLPHQSURYRNLQJORVVRIDGKHVLRQEHWZHHQOD\HUVRIJUDSKHQH
UHLQIRUFHGUXEEHUDQGXQH[SHFWHGLQQHUEHKDYLRXUEHWZHHQWKHJUDSKHQHSDUWLFOHV

)LJXUH6HWVDPSOHVZLWKYHUWLFDOORDGNJWUDQVPLVVLELOLW\DQGFURVVRYHUIUHTXHQF\DWWUDQVPLVVLELOLW\ T 

5HVHDUFKVWXGLHVDOVRGHPRQVWUDWHGWKDWVWUHQJWKLQJUDSKHQHHODVWRPHUQDQRFRPSRVLWHLV
VHQVLWLYHWRSUHSDUDWLRQWHFKQLTXHV,WIROORZVWKDWWKHSUHSDUDWLRQRI6HWVSHFLPHQVDQGWKHLU
SHFXOLDUJHRPHWU\ DOWHUQDWHGOD\HUVRIUXEEHUDQGJUDSKHQH PD\KDYHSURGXFHGPLFURVWUXF
WXUDOFKDQJHVZHDNHQLQJWKHVSHFLPHQVDQGDIIHFWLQJWKHLUPHFKDQLFDOSURSHUWLHV

)LJXUH7UDQVPLVVLELOLW\RI6HWVDPSOHVZLWKYHUWLFDOORDGNJ
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([SHULPHQWDO UHVXOWV VKRZ WKDW E\ DGGLQJ D IHZ OD\HU JUDSKHQH WKH YHUWLFDO VWLIIQHVV DQG
GDPSLQJ RI 6HW  VDPSOHV LQFUHDVH ,Q SDUWLFXODU WKH YHUWLFDO VWLIIQHVV LQFUHDVHV E\ 
ZKHQDWKLQOD\HURIJUDSKHQHLVDGGHGRQWKHWRSRIDPPWKLFNUXEEHUSDGDQGE\
ZKHQDWKLFNOD\HURIJUDSKHQHLVDGGHG,WIROORZVWKDWDIHZOD\HUJUDSKHQHLVDYLDEOHDQG
ORZFRVW DOWHUQDWLYH WR UHLQIRUFH HODVWRPHULF LVRODWRUV DQG WRUHSODFH KHDY\ VWHHO UHLQIRUFLQJ
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VKLPV ([SHULPHQWDO UHVXOWV DOVR VKRZ WKDW D IHZ OD\HU JUDSKHQH WUDQVIHUUHG RQ WRS RI WKH
VSHFLPHQHQKDQFHWKHGDPSLQJ7KH\VKRZDQLQFUHDVHRILQWKHGDPSLQJRIWKHFRP
SRVLWHUXEEHUWKLQOD\HURIJUDSKHQHDQGRILQWKHFRPSRVLWHUXEEHUWKLFNOD\HURIJUD
SKHQH KHQFH QDWXUDO UXEEHU FDQ EH XVHG LQ OLHX RI KLJK GDPSLQJ UXEEHU VDYLQJ WKH FRVW RI
UHLQIRUFLQJUXEEHUZLWKSDUWLFXODWHILOOHUV
5HVXOWVSRLQWRXWWKDWDQH[FHVVLYHFRQFHQWUDWLRQRIJUDSKHQHLVGHWULPHQWDOWRWKHPHFKDQ
LFDO SURSHUWLHV RI WKH VDPSOHV HJ VSHFLPHQ  ZLWK D WKLFN OD\HU RI JUDSKHQH  KDV ORZHU
YHUWLFDOIUHTXHQF\DQGGDPSLQJWKDQVSHFLPHQ ZLWKDWKLQOD\HURIJUDSKHQH 
8QZDQWHG EHKDYLRXU RI WKH UXEEHU SDG GXH WR KLJK FRQFHQWUDWLRQ RI JUDSKHQH LV HYLGHQW
IURPWKHH[SHULPHQWDOUHVXOWVRQ6HWVDPSOHVWRR7KHVSHFLPHQPDGHZLWKQLQHUXEEHUSDGV
DOWHUQDWHGZLWKHLJKWOD\HUVRIJUDSKHQHH[KLELWVORZHUYHUWLFDOVWLIIQHVVDQGGDPSLQJIDFWRU
WKDQWKHVSHFLPHQPDGHRIQLQHUXEEHUSDGVRQO\(LJKWOD\HUVRIJUDSKHQHZRUVHQWKHSHU
IRUPDQFH RI WKH UXEEHU DOWKRXJK LW LV OLNHO\ WKDW OHVV OD\HUV ZRXOG HQKDQFH LWV PHFKDQLFDO
SURSHUWLHVDVLWKDVVHHQLQWKHUHVSRQVHRIVSHFLPHQZLWKDWKLQOD\HURIJUDSKHQHRQWRS
7KHVH UHVXOWV OD\ WKH IRXQGDWLRQ IRU H[SDQGLQJ WKLV UHVHDUFK LQWR VHLVPLF PHWDPDWHULDOV DQG
IRULQYHVWLJDWLQJWKHRSWLPDOTXDQWLW\RIJUDSKHQHWREHWUDQVIHUUHGKRPRJHQRXVO\RQWKHUXE
EHUSDGWKDWZRXOGHQKDQFHLWVPHFKDQLFDOSURSHUWLHV

5()(5(1&(6
>@ $ 6WUDXVV ([SHULPHQWDO LQYHVWLJDWLRQV RI ILEHU DQG VWHHO UHLQIRUFHG HODVWRPHULF EHDU
LQJV 6KHDU PRGXOXV DQG GDPSLQJ FRHIILFLHQW Engineering Structures  

>@ 302VJRRHLHWDO([SHULPHQWDODQGILQLWHHOHPHQWVWXG\RQWKHODWHUDOUHVSRQVHRI
PRGLILHG UHFWDQJXODU ILEHUUHLQIRUFHG HODVWRPHULF LVRODWRUV 05)5(,V  Engineering
Structures
>@ 050DUVLFRHWDO7HQVLRQ%XFNOLQJLQ5XEEHU%HDULQJVDIIHFWHGE\&DYLWDWLRQEngineering Structures
>@ 3 $QJHOL * 5XVVR $ 3DVFKLQL &DUERQ ILEHUUHLQIRUFHG UHFWDQJXODU LVRODWRUV ZLWK
FRPSUHVVLEOHHODVWRPHU$QDO\WLFDOVROXWLRQIRUFRPSUHVVLRQDQGEHQGLQJInternational
Journal of Solids and Structures  
>@ $(-DYLG-.HOO\-/6DFNPDQ8QLWHG6WDWHV3DWHQW86$
>@ 5 . 3UXG¶+RPPH % 2]EDV , $NVD\ 5 5HJLVWHU ' $GDPVRQ )XQFWLRQDO *UD
SKHQHUXEEHUQDQRFRPSRVLWHV8QLWHG6WDWHV3DWHQW86%
>@ -:XHWDO9XOFDQL]DWLRQNLQHWLFVRIJUDSKHQHQDWXUDOUXEEHUQDQRFRPSRVLWHVPolymerMSRO\PHU
>@ ':6KLQHWDO$1HZ)DFLOH5RXWHWR)OH[LEOHDQG6HPLϋ7UDQVSDUHQW(OHFWURGHV
%DVHGRQ:DWHU([IROLDWHG*UDSKHQHDQGWKHLU6LQJOHϋ(OHFWURGH 7ULERHOHFWULF 1DQR
JHQHUDWRUAdvanced MaterialsDGPD
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6FKRRORI&LYLO(QJLQHHULQJ&KRQJTLQJ8QLYHUVLW\&KRQJTLQJ&KLQD
HPDLOZDQJ\XKDQJ#FTXHGXFQ#TTFRPOXJXRELQJ#FTXHGXFQWMN#VLQDFRP
&RUUHVSRQGLQJDXWKRUWMN#VLQDFRP -.7$1 

.H\ZRUGV&RQFUHWHILOOHGGRXEOHVNLQVWHHOWXEHF\FOLFSHUIRUPDQFHK\VWHUHWLFEHKDYLRXU
SXUHWRUVLRQ
$EVWUDFW In order to investigate the cyclic performance of concrete-filled double skin steel
tube columns (CFDST), tests of six CFDST specimens subject to cyclic pure torsion loading
were carried out. Parameters being investigated include various section type, hollow ratios
and steel ratios. Failure mode, ductility, hysteretic behaviour, bearing capacity and energy
dissipation capacity were analysed. The experimental results show that the CFDST exhibit
good cyclic performance, torsional bearding capacity and good energy dissipation. Besides,
simplified calculation model was proposed to predict the ultimate torsion of CFDST, and
good agreement between the proposed simplified calculation model and design methods
proposed by Huang-Hong are achieved for the calculated results of the yield torsion of
specimens. A finite element analysis (FEA) model was established to investigate the
behaviour of CFDST, the results of FEA model were agreed well with test results in terms of
the torsional moment (T) versus rotation angle (ș) curves.
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:LQG HQHUJ\ LV D NLQG RI FOHDQ UHQHZDEOH HQHUJ\ ZLQG SRZHU JHQHUDWLRQ LV WKH PRVW
ZLGHO\ XVHG DQG WKH IDVWHVWJURZLQJ QHZ HQHUJ\ JHQHUDWLRQ WHFKQRORJ\ $V D PDLQ ORDG
FDUU\LQJVWUXFWXUHLQWKHZLQGWXUELQHWKHWRZHUQRWRQO\VXSSRUWVWKHZHLJKWRIQHFHOOHDQG
URWRUEXWDOVREHDUVWKHZLQGORDGDQGG\QDPLFORDG7KHUHIRUHWKHWRZHUSOD\VDQLPSRUWDQW
UROHLQWKHVWDEOHRSHUDWLRQRIWKHZKROHPDFKLQH&RQVLGHULQJWKHSULQFLSOHRIFRQFUHWHILOOHG
GRXEOH VNLQ VWHHO WXEH &)'67  D QHZ W\SH RI &)'67 FRPSRVLWH WRZHU IRU ZLQG SRZHU
WRZHUVWUXFWXUHLVSURSRVHGLQWKLVSDSHUDVVKRZQLQ)LJXUH7KHXSSHUSDUWLVDVWHHOWRZHU
DQGWKHORZHUSDUWLVWKH&)'67FRPSRVLWHWRZHUZKLFKLVFRQQHFWHGE\WKHEROWV7KHLQQHU
DQGRXWHUVWHHOSODWHVRI&)'67FRPSRVLWHWRZHUDUHFRQQHFWHGWRWKHFRQFUHWHE\WKHVWXGVWR
HQKDQFHWKHFRQQHFWLRQEHWZHHQVWHHOSODWHVDQGFRQFUHWH

)LJXUH6FKHPDWLFGLDJUDPRI&)'67FRPSRVLWHWRZHU

,Q UHFHQW \HDUV WKH RYHUDOO UHOLDELOLW\ DQDO\VLV DQG WKH D[LDO FRPSUHVVLRQ WHVW RI
FRPSRQHQWVIRUWKH&)'67FRPSRVLWHWRZHUDWWKHERWWRPKDVEHHQFDUULHGRXWLQOLWHUDWXUH
>@>@ 7KH LQIOXHQFH RI GLIIHUHQW VHFWLRQ QXPEHU DQG GLDPHWHU UDWLR RI XSSHU DQG ORZHU
VHFWLRQVRQEHDULQJFDSDFLW\ZDVREWDLQHG,WZDVSRLQWHGRXWWKDW&)'67FRPSRVLWHWRZHUDW
WKHERWWRPZDVPRUHVXLWDEOHIRUKLJKSRZHUZLQGWXUELQH+DQHWDO>@>@FDUULHGRXWD[LDO
FRPSUHVVLRQ DQG HFFHQWULF FRPSUHVVLRQ WHVWV RI &)'67 FROXPQV E\ WDNLQJ WKH UDWLR RI
GLDPHWHUWRWKLFNQHVVRIVWHHOWXEHKROORZUDWHUDWLRRIOHQJWKWRWKLFNQHVVDQGHFFHQWULFLW\DV
PDLQSDUDPHWHUVDQGSURSRVHGSUDFWLFDOFDOFXODWLRQPHWKRGVRIEHDULQJFDSDFLW\IRU&)'67
FROXPQVXQGHUD[LDOFRPSUHVVLRQDQGHFFHQWULFFRPSUHVVLRQ+XDQJHWDO>@>@FRQGXFWHG
DQ H[SHULPHQWDO VWXG\ RQ WKH PRQRWRQH WRUVLRQDO EHKDYLRXU RI IRXU &)'67 FROXPQV ZLWK
VTXDUH VHFWLRQ DQG VL[ &)'67 FROXPQV ZLWK FLUFXODU VHFWLRQ FRQVLGHULQJ WKH VWHHO FRQWHQW
DQGKROORZUDWHDVWKHPDLQSDUDPHWHUV7KHWHVWUHVXOWVVKRZHGWKDWWKH&)'67FROXPQVKDV
JRRGGXFWLOLW\DQGKLJKEHDULQJFDSDFLW\
+RZHYHU WKHUH DUH IHZ VWXGLHV RQ WKH PHFKDQLFDO SURSHUWLHV RI &)'67 FROXPQV DQG
&)'67FRPSRVLWHWRZHUXQGHUF\FOLFWRUVLRQDOORDG7KHUHIRUHWKURXJKFDUU\LQJRXWTXDVL
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VWDWLFWHVWVWKLVSDSHUVWXGLHVWKHF\FOLFSHUIRUPDQFHRI&)'67FROXPQVXQGHUWRUVLRQORDG,W
SURYLGHVUHIHUHQFHIRUWKHUHVHDUFKRQWRUVLRQDOUHVLVWDQFHDQGHQJLQHHULQJGHVLJQRI&)'67
FRPSRVLWHWRZHU
 (;3(5,0(17$/,19(67,*$7,21
 6SHFLPHQV

(QGSODWH









6L[VSHFLPHQVZHUHGHVLJQHGWRLQYHVWLJDWHWKHF\FOLFSHUIRUPDQFHRI&)'67XQGHUWRUTXH
ORDG LQFOXGLQJ WZR VTXDUH VHFWLRQ &)'67 VKRUW FROXPQV WZR &)'67 UHFWDQJXODU VHFWLRQ
VKRUWFROXPQVDQGWZRFLUFXODUVHFWLRQ&)'67VKRUWFROXPQV3DUDPHWHUVRIVSHFLPHQVZHUH
KROORZ UDWLR DQG VHFWLRQ W\SH $OO VWHHO WXEHV ZHUH VHDPOHVV VWHHO WXEHV 7KH JHRPHWULF
GLPHQVLRQVRIVSHFLPHQVDUHVKRZQLQ)LJXUH

,QQHUVWHHOWXEH













(QGSODWH



6KHDU
UHVLVWDQFH
PHPEHU







2XWVWHHOWXEH



)LJXUH*HRPHWULFGLPHQVLRQRIVSHFLPHQV
7KHVWHHOWXEHVRIVSHFLPHQVZHUHZHOGHGRQWKHHQGSODWHV,QRUGHUWRHQVXUHVDQGZLFK
FRQFUHWH EHDULQJ WRUTXH ORDG IRXU VKHDU FRPSRQHQWV ZHUH ZHOGHG RQ WKH HQG SODWHV 7KH
VDQGZLFK FRQFUHWH ZDV SRXUHG LQWR WKH VSDFH EHWZHHQ RXWHU VWHHO WXEH DQG LQQHU VWHHO WXEH
WKURXJKWKHUHVHUYHGKROHVLQWKHXSSHUHQGSODWH7KHFXELFFRQFUHWHFRPSUHVVLYHVWUHQJWKfFX
DUH VKRZQ LQ 7DEOH  0HFKDQLFDO SURSHUWLHV RI VWHHO WXEHV f\R\LHOG VWUHQJWK RI RXWHU VWHHO
WXEHfXRWHQVLOHVWUHQJWKRIRXWHUVWHHOWXEHEVR<RXQJ VPRGXOXVRIRXWHUVWHHOWXEHf\L\LHOG
VWUHQJWK RI RXWHU VWHHO WXEH fXLWHQVLOH VWUHQJWK RI RXWHU VWHHO WXEH EVL<RXQJ V PRGXOXV RI
RXWHUVWHHOWXEH DUHVKRZQLQ7DEOH
1R
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 7HVWVHWXS
$ WHVW VHWXS ZDV GHVLJQHG WR DSSO\ F\FOLF WRUTXH ORDG WR &)'67 FROXPQV $V VKRZQ LQ
)LJXUHWKHWHVWVHWXSZDVPDLQO\FRPSRVHGRIWRSJLUGHUVWHHOEDVHDFWXDWRUDQGULJLGOLQN
7KHXSSHUDQGORZHUHQGSODWHRI&)'67VSHFLPHQVZHUHUHVSHFWLYHO\FRQQHFWHGZLWKWKHWRS
JLUGHU DQG WKH VWHHO EDVH WKURXJK WKH KLJKVWUHQJWK EROWV DQGSUHWHQVLRQ ZDV DSSOLHG RQ WKH
KLJKVWUHQJWK EROWV WR HQVXUH WKDW QR UHODWLYH VOLGLQJ RFFXUUHG EHWZHHQ WKH HQG SODWHV RI
VSHFLPHQVDQGWHVWVHWXS7KHULJLGOLQNZDVXVHGWRIL[WKHWRSHQGRIVSHFLPHQV2QHHQGRI
WKHULJLGOLQNLVFRQQHFWHGZLWKWKHPLGGOHSDUWRIWKHWRSJLUGHUWKURXJKDXQLYHUVDOKLQJHDQG
WKHRWKHUHQGLVKLQJHGZLWKWKHEDVH&\FOLFWRUTXHORDGRQ&)'67VSHFLPHQVZDVDSSOLHG
WKURXJKWKHWRSJLUGHUE\DFWXDWRU

5LJLGOLQN

7RSJLUGHU

$FWXDWRU
6SHFLPHQ

6WHHOEDVH

)LJXUH7HVWVHWXS

 7HVWUHVXOWVDQGDQDO\VLV
7KH W\SLFDO IDLOXUH PRGH RI &)'67 VSHFLPHQV ZLWK WKUHH VHFWLRQ W\SHV DUH VKRZQ LQ
)LJXUH  )RU FLUFXODU VHFWLRQ &)'67 VSHFLPHQV ZKHQ WKH F\FOLF SXUH WRUVLRQDO ORDG ZDV
DSSOLHGWKHPD[LPXPFLUFXPIHUHQWLDOVKHDUVWUHVV Ĳ RIVDQGZLFKFRQFUHWHRIFLUFXODUVHFWLRQ
&)'67 VSHFLPHQV LQLWLDOO\ RFFXUUHG RQ WKH RXWHU HGJH :KHQ WKHPD[LPXP VKHDU VWUHVV RU
WKH PD[LPXP WHQVLOH VWUHVV UHDFKHG WKH FRQFUHWH WHQVLOH VWUHQJWK WKH VDQGZLFK FRQFUHWH
FUDFNHG2XWHUDQGLQQHUVWHHOWXEHRI&)'67VSHFLPHQVFDQEHUHJDUGHGDVDFLUFXODUWKLQ
ZDOOHGVWHHOWXEH8QGHUF\FOLFSXUHWRUVLRQDOORDGWKHPD[LPXPSULQFLSDOWHQVLOHVWUHVV ı 
DQGWKHPD[LPXPSULQFLSDOFRPSUHVVLYHVWUHVV ı RIKROORZWKLQZDOOHGVWHHOWXEHHOHPHQW
DORQJWKHGLUHFWLRQVRIÛDQGÛDVVKRZQLQ)LJXUH*HQHUDOO\WKHKROORZWKLQZDOOHG
VWHHOWXEHXQGHUF\FOLFSXUHWRUVLRQDOORDGZDVPRUHHDVLO\EXFNOLQJWRLQVLGHRIVHFWLRQWKDQ
EXFNOLQJ WR RXWVLGH RI VHFWLRQ %XFNOLQJ RI RXWHU VWHHO WXEH RI &)'67 VSHFLPHQV ZDV
FRQVWUDLQHG E\ VDQGZLFK FRQFUHWH DQG WKH PDWHULDO VWUHQJWK RI WKH RXWHU VWHHO WXEH FDQ EH
IXOO\ XWLOL]HG 7KH FRQVWUDLQW HIIHFW RI VDQGZLFK FRQFUHWH RQ LQQHU VWHHO WXEH ZDV ZHDNQHVV
DQG WKH LQQHU VWHHO WXEH RI &)'67 VSHFLPHQV XQGHU F\FOLF WRUTXH ORDG ZDV SURQH WR RFFXU
ORFDOEXFNOLQJ
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D &LUFXODUVHFWLRQ

E 5HFWDQJXODUVHFWLRQ

F 6TXDUHVHFWLRQ

)LJXUH/RFDOEXFNOLQJRIVSHFLPHQV

Ĳ

Ĳ ı

ı

)LJXUH6WUHVVGLDJUDPRIFLUFXODUVHFWLRQ&)'67VSHFLPHQV

)RUVTXDUHDQGUHFWDQJXODUVHFWLRQ&)'67VSHFLPHQVWKHPD[LPXPFLUFXPIHUHQWLDOVKHDU
VWUHVV Ĳ  DQG WKH PD[LPXP SULQFLSDO VWUHVV ı ı  RI WKH VTXDUH DQG UHFWDQJXODU VHFWLRQ
&)'67FROXPQVDSSHDULQLWLDOO\DWWKHPLGGOHRIORQJHGJH:KHQWKHPD[LPXPVKHDUVWUHVV
RU WKH PD[LPXP WHQVLOH VWUHVV UHDFKHV WKH WHQVLOH VWUHQJWK RI VDQGZLFK FRQFUHWH FUDFNV
DSSHDUHG RQ VDQGZLFK FRQFUHWH 8QGHU F\FOLF SXUH WRUVLRQDO ORDG WKH PD[LPXP SULQFLSDO
WHQVLOH VWUHVV ı  DQG WKH PD[LPXP SULQFLSDO FRPSUHVVLYH VWUHVV ı  RI KROORZ WKLQZDOOHG
VWHHOWXEHHOHPHQWDORQJWKHGLUHFWLRQVRIÛDQGÛDVVKRZQLQ)LJXUH*HQHUDOO\WKH
KROORZWKLQZDOOHGVWHHOWXEHZLWKVTXDUHRUUHFWDQJXODUVHFWLRQXQGHUF\FOLFSXUHWRUVLRQZDV
PRUHHDVLO\EXFNOLQJWRLQVLGHWKHVHFWLRQ%HFDXVHRIWKHVDQGZLFKFRQFUHWHFRQVWUDLQHGWKH
EXFNOLQJ GHIRUPDWLRQ RI RXWHU VWHHO WXEH RI &)'67 FROXPQV ZLWK VTXDUH RU UHFWDQJXODU
VHFWLRQWKHVWUHQJWKRIRXWHUVWHHOWXEHFDQEHIXOO\XWLOL]HG2EYLRXVO\WKHVDQGZLFKFRQFUHWH
RI&)'67FROXPQVZLWKVTXDUHRUUHFWDQJXODUVHFWLRQKDGOLPLWHGFRQVWUDLQWHIIHFWRQLQQHU
VWHHOWXEH

Ĳ

ı

ı

Ĳ

)LJXUH6WUHVVGLDJUDPRI&)'67ZLWKVTXDUHDQGUHFWDQJXODUVHFWLRQ

7KH WRUVLRQDO PRPHQW YHUVXV URWDWLRQ DQJOH K\VWHUHVLV ORRSV RI &)'67 FROXPQV ZLWK
FLUFXODUVTXDUHDQGUHFWDQJXODUVHFWLRQZHUHLQSOXPSVKDSHVDVVKRZQLQ)LJXUH,WPHDQV
WKDWWKH&)'67FROXPQVKDYHDSHUIHFWEHKDYLRUXQGHUF\FOLFSXUHWRUTXHORDG7KHUHLVQR
VLJQLILFDQW GHFOLQH LQ WKH WRUVLRQDO PRPHQW YHUVXV URWDWLRQDQJOH VNHOHWRQ FXUYHV RI FLUFXODU
VHFWLRQ&)'67FROXPQVDVVKRZQLQ)LJXUH D 7KHWRUVLRQDOPRPHQWYHUVXVURWDWLRQDQJOH
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VNHOHWRQFXUYHVRIVTXDUHDQGUHFWDQJXODUVHFWLRQ&)'67FROXPQVGHFOLQHGVLJQLILFDQWO\DIWHU
WKHSHDNWRUVLRQDOFDSDFLW\DSSHDUHGDVVKRZQLQ)LJXUHV E DQG F 7KHNH\PHFKDQLFDO
FKDUDFWHULVWLF GDWD RI WRUVLRQDO PRPHQW YHUVXV URWDWLRQ DQJOH VNHOHWRQ FXUYHV RI &)'67
FROXPQVSHFLPHQVZHUHH[WUDFWHGDVVKRZQLQ7DEOH7KH\LHOGSRLQWRIVSHFLPHQVFDQEH
GHILQHG DFFRUGLQJ WR OLWHUDWXUH >@ 7KH URWDWLRQDO GXFWLOLW\ FRHIILFLHQW ȝș LV WKH UDWLR RI WKH
XOWLPDWH WRUVLRQDO DQJOH șX WR WKH \LHOG URWDWLRQ DQJOH ș\ ZKLFK LV DQ LPSRUWDQW LQGH[ WR
PHDVXUHWKHLQHODVWLFGHIRUPDWLRQFDSDFLW\RIPHPEHUV7KHSHUIRUPDQFHRI&)'67FROXPQV
LPSURYHGZLWKWKHLQFUHDVHRIWKHYDOXHRIȝșTSLVWKHSHDNYDOXHRIWKHWRUVLRQDOPRPHQW
7KHXOWLPDWHWRUVLRQDODQJOHșXUHIHUVWRWKHPD[LPXPWRUVLRQDQJOHVXEMHFWHGWRDORDGODUJHU
WKDQ  RI WKH XOWLPDWH EHDULQJ FDSDFLW\ RU WKH WRUVLRQ DQJOH DW WKH HQG RI WKH WHVW 7KH
RYHUDOOSHUIRUPDQFHRI&)'67FROXPQVZLWKFLUFXODUVHFWLRQXQGHUF\FOLFSXUHWRUVLRQORDG
ZDVEHWWHUWKDQ&)'67FROXPQVZLWKVTXDUHDQGUHFWDQJXODUVHFWLRQ
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7DEOH&KDUDFWHULVWLFSDUDPHWHUVRIVNHOHWRQFXUYHV

 )($02'(/$1'$1$/<6,6
 )($PRGHO
$ ³VKHOOVROLG´ ILQLWH HOHPHQW DQDO\VLV )($  PRGHO ZDV HVWDEOLVKHG WR LQYHVWLJDWH WKH
EHKDYLRXU RI &)'67 FROXPQV XQGHU SXUH WRUVLRQ ,Q WKLV PRGHO ERWK WKH VWHHO WXEHV ZHUH
GLVFUHWL]HGE\QRGHWKLQVKHOOHOHPHQWVDQGVDQGZLFKHGFRQFUHWHZDVGLVFUHWL]HGE\QRGH
EULFN HOHPHQWV 7KH HOHPHQW PHVKHV IRU FLUFXODU VTXDUH UHFWDQJXODU VHFWLRQ DQG ERXQGDU\
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FRQGLWLRQVDUHVKRZQLQ)LJXUH7KHFRQWUDFWSURSHUW\EHWZHHQVWHHOWXEHVDQGVDQGZLFKHG
FRQFUHWHZDVFRQVLGHUHG ,QQRUPDO GLUHFWLRQ KDUG FRQWUDFWLVDSSOLHG DQG LQ WKH WDQJHQWLDO
GLUHFWLRQSHQDOW\IULFWLRQIRUPXODWLRQLVDGRSWHG7KHIULFWLRQFRHIILFLHQWIRUWKH)($PRGHOLV

,Q RUGHU WR VLPXODWH F\FOLF VWUHQJWKHQ EHKDYLRXU RI VWHHO WXEHV XQGHU F\FOLF WRUVLRQ WKH
5DPEHUJ2VJRRG FRQVWLWXWLYH UHODWLRQ FXUYH RI VWUXFWXUDO VWHHO 4% XQGHU F\FOLF ORDG LQ
UHIHUHQFH>@ E î0SDK n DVIROORZLQJ
x y yK

n



x İİ\

  

y ıı\



7KH VWUHVVVWUDLQ UHODWLRQ SUHVHQWHG E\ +DQ HW DO >@ ZDV XVHG WR VLPXODWH WKH SODVWLF
EHKDYLRXURIFRUHFRQFUHWHLQ&)'67XQGHUF\FOLFWRUVLRQLVVKRZQDVIROORZLQJ
y  x  x

x
 x ! 
E  x   K  x

y

:KHUH

 x d



x H  H  ˈy V  V 
V  f Fc
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&)67ZLWKFLUFXODUVHFWLRQ
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E



°  u 
°
®
°
°
¯

ª
 
¬«


[   º»

¼

f Fc

 f Fc



u  t 

&)67ZLWKFLUFXODUVHFWLRQ



&)67ZLWKVTXDUHVHFWLRQ

   [

7RUVLRQDOORDG
7RS
IUHHERXQGDU\

,QQHUWXEH

2XWHUWXEH

%RWWRP
IL[HGFRQVWUDLQWV

6DQGZLFKFRQFUHWH
D 0HVKRIFLUFXODUVHFWLRQ
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7RUVLRQDOORDG
7RS
IUHHERXQGDU\
,QQHUWXEH

2XWHUWXEH
6DQGZLFKFRQFUHWH

%RWWRP
IL[HGFRQVWUDLQWV

E 0HVKRIFLUFXODUVHFWLRQ

7RUVLRQDOORDG
,QQHUWXEH

7RS
IUHHERXQGDU\

2XWHUWXEH

%RWWRP
IL[HGFRQVWUDLQWV

6DQGZLFKFRQFUHWH

F 0HVKRIFLUFXODUVHFWLRQ
)LJXUH(OHPHQWPHVKDQGERXQGDU\FRQGLWLRQV

 $QDO\VLVDQGGLVFXVVLRQ
7KHPHDVXUHGWRUVLRQDOPRPHQW T YHUVXVURWDWLRQDQJOH ș VNHOHWRQFXUYHVDUHFRPSDUHG
ZLWKWKHUHVXOWFDOFXODWHGIURPWKH)($PRGHODVVKRZQLQ)LJXUH,WFDQEHIRXQGWKDW
WKHFDOFXODWHGUHVXOWVREWDLQHGIURP)($PRGHOZHUHLQJRRGDJUHHPHQWZLWKWHVWUHVXOWIURP
LQLWLDO ORDGLQJ WR SHDN ORDGLQJ VWDJH 7KH HODVWLF VWLIIQHVV SUHGLFWHG E\ )($ PRGHO DQG WHVW
UHVXOWVRI&)'67ZLWKUHFWDQJXODUVHFWLRQDUHLQJRRGDJUHHPHQWJHQHUDOO\'XHWRWKHVSDFH
EHWZHHQEROWDQGEROWKROHZDOODQGODUJHUWRUVLRQDOPRPHQWWKHHODVWLFVWLIIQHVVSUHGLFWHGE\
)($PRGHOZLWKFLUFXODUDQGVTXDUHVHFWLRQZHUHODUJHUWKDQWHVWUHVXOWV7KHSHDNWRUVLRQDO
PRPHQWSUHGLFWHGE\)($PRGHO TXF DUHFRPSDUHGZLWKWKHPHDVXUHGUHVXOWV TXH LQ7DEOH
 ,QWKLVSDSHURQWKHWRUVLRQDOPRPHQW T YHUVXVURWDWLRQDQJOH ș FXUYHVFDOFXODWHGE\WKH
)($ PRGHO WKH WRUVLRQDO PRPHQW FRUUHVSRQGLQJ WR WKH PHDVXUHG SHDN GLVSODFHPHQW ZDV
WDNHQDVSHDNWRUVLRQPRPHQW
 7\SLFDOIDLOXUHPRGH
)LJXUH  VKRZV WKH SUHGLFWHG W\SLFDO IDLOXUH PRGHV RI LQQHU VWHHO WXEHV RI &)'67
FROXPQV VXEMHFWHG WR SXUH WRUVLRQ ,W FDQ EH VHHQ WKDW WKH IDLOXUH PRGHV RI LQQHU VWHHO WXEH
SUHGLFWHG E\ )($ PRGHO DQG WHVW UHVXOW DUH LQ JRRG DJUHHPHQW UHVSHFWLYHO\ ,QZDUG ORFDO
EXFNOLQJ ZDV REYLRXV IRU WKH LQQHU VWHHO WXEHV RI UHFWDQJXODU DQG VTXDUH &)'67 FROXPQV
ZKLOHQRREYLRXVEXFNOLQJRFFXUUHGRQLQQHUVWHHOWXEHRIFLUFXODU&)'67FROXPQV)LJXUH
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VKRZV WKDW WKH VKHDU VWUHVV RI VDQGZLFKHG FRQFUHWH RI &)'67 FROXPQV GLVWULEXWHG
6\PPHWULFDO
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<X+DQJ:$1*6KX4L:$1**XR%LQJ/8DQG-L.H7DQ 

0HDQ
&29



7DEOH&RPSDULVRQRIWHVWUHVXOWVDQG)($UHVXOWV

D &LUFXODUVHFWLRQ

E 5HFWDQJXODUVHFWLRQ

F 6TXDUHVHFWLRQ
)LJXUH&RPSDULVRQRIGDPDJHPRGHVEHWZHHQWHVWDQG)(0UHVXOWV LQQHUWXEHVXQLWH03D 

)LJXUH'LVWULEXWLRQVRIVKHDUVWUHVVRIVDQGZLFKHGFRQFUHWH XQLWH03D 



<X+DQJ:$1*6KX4L:$1**XR%LQJ/8DQG-L.H7DQ 

 '(6,*10(7+2'
7KH WRUVLRQDO EHDULQJ FDSDFLW\ RI &)'67 FROXPQV ZHUH PDLQO\ SURYLGHG E\ VDQGZLFK
FRQFUHWH LQQHU VWHHO WXEH DQG RXWHU VWHHO WXEH >@ ,W LV DVVXPHG WKDW WKH GHVLJQ PHWKRG RI
WRUVLRQDOEHDULQJFDSDFLW\RI&)'67PHPEHUVDVIROORZLQJ
TXF TFTVRTVL





:KHUHTFTVRDQGTVLDUHWRUVLRQDOPRPHQWFDUULHGE\VDQGZLFKFRQFUHWHRXWHUVWHHOWXEHDQG
LQQHUVWHHOWXEHUHVSHFWLYHO\
7KH VDQGZLFK FRQFUHWH FDQ EH FRQVLGHUHG DV SODLQ FRQFUHWH 7KH GHVLJQ PHWKRG RI WKH
WRUVLRQDO EHDULQJ FDSDFLW\ RI VDQGZLFK FRQFUHWH FDQ EH FDOFXODWHG E\ WKH WRUVLRQDO EHDULQJ
FDSDFLW\ IRUPXOD RI SODLQ FRQFUHWH %HFDXVH RI RXWHU VWHHO WXEH DQG LQQHU VWHHO WXEH KDYH D
FRQILQHGHIIHFWRQWKHVDQGZLFKFRQFUHWHUHJDUGOHVVRIWKHUHGXFWLRQRIWKHWHQVLOHVWUHQJWKRI
WKHFRQFUHWHWKHGHVLJQPHWKRGRIWKHWRUVLRQDOEHDULQJFDSDFLW\RIVDQGZLFKFRQFUHWHLVDV
IROORZV
  

TF fWWW
)RUVTXDUHVHFWLRQ
WW bKā hKbK  bKtZ ā hZ bKtZ 



)RUFLUFXODUVHFWLRQ
WW ʌ dRdL 



'XHWRWKHFRQILQHGHIIHFWFDXVHGE\VDQGZLFKFRQFUHWHLWLVDVVXPHGWKHVWHHOWXEHVXQGHU
WRUTXHORDGFDQIXOO\GHYHORSHGSODVWLFLW\DQGWKHRXWHUVWHHOWXEHDQGWKHLQQHUVWHHOWXEHDUH
WKLQZDOOHGFORVHGVHFWLRQVWHHOWXEHV7KHGHVLJQPHWKRGRIWRUVLRQDOEHDULQJFDSDFLW\RIWKH
RXWHUVWHHOWXEHDQGWKHLQQHUVWHHOWXEHDUHDVIROORZV
TVR AtRĲR\Y



TVL AtLĲL\Y

 

:KHUH ĲR\Y fR\YDQGĲL\Y fL\YDUHVKHDUVWUHQJWKRIRXWHUVWHHOWXEHDQGLQQHUVWHHOWXEH
UHVSHFWLYHO\tRDQGtLDUHZDOOWKLFNQHVVRIRXWHUVWHHOWXEHDQGLQQHUVWHHOWXEHALVWKHDUHD
HQFORVHGE\FHQWUHOLQHRIZDOOWKLFNQHVVRIVWHHOWXEH
7KHFDOFXODWHGUHVXOWDQGWKHWHVWUHVXOWVLQOLWHUDWXUH>@DUHFRPSDUHGLQ7DEOH,WFDQ
EHIRXQGWKDWWKHFDOFXODWHGUHVXOWLVLQJRRGDJUHHPHQWZLWKWHVWUHVXOW$OVRWKHFDOFXODWHG
UHVXOWVDUHPRUHFRQVHUYDWLYHDQGVDIHW\
6HFWLRQ
W\SH

1R

&2,
&2,
&LUFXODU &2,
VHFWLRQ &2,
&2,
&2,

0HDQ
&29

TXH

TXF

N1āP 

N1āP















TXFTXH









6HFWLRQ
W\SH

1R
62,

6TXDUH 62,
VHFWLRQ 62,
62,

7DEOH7HVWUHVXOWDQGVLPSOLILHGPRGHOUHVXOW
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Steel Research  
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.H\ZRUGV6KDNLQJWDEOHWHVWVRQHZD\EHQGLQJXQUHLQIRUFHGPDVRQU\ WLPEHUIUDPHVXS
SRUWHGVWUDZEORFNZDOO
$EVWUDFW
A shaking table experiment was performed to study the influence of several building products
on the out-of-plane behavior of load-bearing walls in one-way bending. The products that were
investigated are a high-strength mortar (Remix/Strating), a mortar-less dry-stacked masonry
system (ClickBrick), a renovation anchor tie system (Fischer), and compressed straw blocks
supported by a timber frame (Straw Blocks). The results obtained for the specimen with these
products were compared to tests performed on two cavity wall specimen (R1 and R2) constructed from materials typically applied in Dutch masonry buildings. The results show that the
test specimen with the ClickBrick dry-stacked system and the specimen with the Fischer renovation anchor have a larger flexibility than specimen R1 and R2. The Remix/Strating specimen
with high-strength mortar displayed linear elastic behavior up to larger peak table accelerations than specimen R1 and R2, suggesting an improvement in the damage resistance. The
Straw Blocks specimen could not be tested up to failure due to the limitations of the table; linear
elastic behavior was observed until PTA = 1.2 g in the ground floor configuration and PTA =
0.7 g in the first floor configuration.
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 ,1752'8&7,21
*DVH[WUDFWLRQLQWKHSURYLQFHRI*URQLQJHQLQWKH1RUWKRIWKH1HWKHUODQGVKDVUHVXOWHGLQ
LQGXFHGHDUWKTXDNHVLQWKLVUHJLRQ7KHVWURQJHVWHYHQWZDVWKH+XL]LQJHHDUWKTXDNH WKRI
$XJXVW ZLWKDPDJQLWXGH0Z 7KHODUJHVW3*$OHYHOPHDVXUHGLQWKLVHYHQWZDV
DERXWJ$OWKRXJKWKHPDJQLWXGHRIWKHVHHDUWKTXDNHVLVUHODWLYHO\ORZWKHUHLVDULVNIRU
WKHEXLOGLQJVWRFN>@EHFDXVHDODUJHSRUWLRQRIWKHEXLOGLQJVLQWKLVUHJLRQFRQVLVWRIXQUHLQ
IRUFHGPDVRQU\ 850 DQGZDVQRWGHVLJQHGIRUVHLVPLFORDGV
8QWLOUHFHQWO\OLWWOHZDVNQRZQDERXWWKHVHLVPLFSHUIRUPDQFHRI'XWFK850EXLOGLQJV
$QH[WHQVLYHWHVWLQJFDPSDLJQE\(8&HQWUHDQGWKH78'HOIW>@RQVRPHW\SLFDO*URQLQJHQ
EXLOGLQJVDQGEXLOGLQJFRPSRQHQWVKDVSURYLGHGDEHWWHUXQGHUVWDQGLQJRQWKHSHUIRUPDQFHRI
WKHPRUHHDUWKTXDNHSURQHEXLOGLQJV7KLVFDPSDLJQKDVSURYLGHGDEDVLVIRUDVVHVVPHQWRIWKH
H[LVWLQJEXLOGLQJVWRFN6WLOOUHODWLYHO\OLWWOHLVNQRZQDERXWWKHVHLVPLFSHUIRUPDQFHRIRWKHU
QHZ EXLOGLQJSURGXFWVXVHGLQ'XWFKFRQVWUXFWLRQ&RPSDQLHVDFWLYHLQWKHFRQVWUXFWLRQLQ
GXVWU\ZLVKWRKDYHDEHWWHUXQGHUVWDQGLQJRIWKHSHUIRUPDQFHRIWKHLUSURGXFWVXQGHUHDUWK
TXDNHORDGLQJ
9DULRXV VWXGLHV RQ WKH HIIHFW RI HDUWKTXDNHV RQ PDVRQU\ EXLOGLQJV HJ>@ IRXQG WKDW
GDPDJHWRDQGIDLOXUHRIWKHVHEXLOGLQJVRIWHQKDVWRGRZLWKWKHRXWRISODQHEHKDYLRURIWKH
ORDGEHDULQJZDOOV'HSHQGLQJRQWKHERXQGDU\FRQGLWLRQVGLIIHUHQWIDLOXUHSDWWHUQVFDQRFFXU
)LJXUHVKRZVWZRW\SHVRIIDLOXUHSDWWHUQVWKDWDUHRIWHQREVHUYHGLQEXLOGLQJV7KHSDWWHUQLQ
)LJXUH OHIW LVNQRZQDVRQHZD\EHQGLQJIDLOXUH7KLVLVFRPPRQLQORQJZDOOVRUZDOOV
ZLWKRXWVXSSRUWRQERWKVLGHV7KHSDWWHUQLQ)LJXUH ULJKW LVWZRZD\EHQGLQJIDLOXUHZKLFK
RFFXUVLQZDOOVZKHUHDOOVLGHVDUHVXSSRUWHG
7KHRXWRISODQHEHKDYLRURIPDVRQU\ZDOOVKDVEHHQVWXGLHGTXLWHH[WHQVLYHO\'RKHUW\>@
SHUIRUPHGVKDNLQJWDEOHWHVWVRQ850ZDOOVSHFLPHQWRVWXG\WKHURFNLQJDQGFROODSVHEHKDY
LRURIDRQHZD\VSDQQLQJZDOO9DFXOLN>@VWXGLHGWKHG\QDPLFEHKDYLRURIKDOIVFDOHZDOOVLQ
WZRZD\EHQGLQJDQH[WHQVLYHVKDNLQJWDEOHWHVWSURJUDPZDVSHUIRUPHGRQVSHFLPHQLQ
ZKLFKWKHFKDQJHVLQSURSHUWLHV HIIHFWLYHVWLIIQHVVQDWXUDOIUHTXHQF\DQGGDPSLQJ ZHUHPRQ
LWRUHGLQGHWDLO$GHWDLOHGVWXG\RIWKHLQIOXHQFHRIWKHWRSDQGERWWRPERXQGDU\FRQGLWLRQZDV
PDGHE\'D]LR>@7KHUHVXOWVRIWKLVVWXG\VKRZHGWKDWEHVLGHVWKHVOHQGHUQHVVDQGRYHUEXUGHQ
ORDGWKHERXQGDU\FRQGLWLRQVSOD\DQLPSRUWDQWUROHLQWKHRXWRISODQHEHKDYLRURIPDVRQU\
ZDOOV
5HODWLYHO\IHZVWXGLHVKDYHEHHQSHUIRUPHGRQWKHRXWRISODQHEHKDYLRURIFDYLW\ZDOOV$V
SDUWRIWKHWHVWLQJFDPSDLJQE\(8&HQWUH>@*UD]LRWWLHWDO>@SHUIRUPHGVKDNLQJWDEOHWHVWV
RQWKHRQHZD\EHQGLQJEHKDYLRURIFDYLW\ZDOOV7KH\LQYHVWLJDWHGWKHLQIOXHQFHRIWKHQXPEHU
RIDQFKRUWLHVDQGPDGHDFRPSDULVRQZLWKWKHRXWRISODQHEHKDYLRUDVLQJOHOHDIZDOO7KH\
IRXQGWKDWIRUDOOFDYLW\ZDOOVWKHKRUL]RQWDOGLVSODFHPHQWVRIWKHLQQHUDQGRXWHUOHDIZHUHWKH
VDPHHYHQIRUWKHVSHFLPHQZLWKDVPDOOQXPEHURIWLHV WLHVP 
7RREWDLQDEHWWHUXQGHUVWDQGLQJRIWKHVHLVPLFSHUIRUPDQFHRIVRPHEXLOGLQJSURGXFWVDS
SOLHGLQWKH1HWKHUODQGVDQH[SHULPHQWDOVKDNLQJWDEOHWHVWFDPSDLJQZDVSHUIRUPHG7KHRQH
ZD\RXWRISODQHEHQGLQJEHKDYLRURIYDULRXVORDGEHDULQJZDOOVLQFOXGLQJWKRVHEXLOGLQJSURG
XFWVZDVLQYHVWLJDWHGZLWKDVLPLODUH[SHULPHQWVHWXSDVGHYHORSHGE\*UD]LRWWLHWDO>@



$-%URQNKRUVW

)LJXUH'DPDJHSDWWHUQVIRU OHIW RQHZD\EHQGLQJDQG ULJKW WZRZD\EHQGLQJDIWHU*UD]LRWWLHWDO>@

)LYHGLIIHUHQWFDYLW\ZDOOVSHFLPHQDQGRQHZDOOVSHFLPHQRIFRPSUHVVHGVWUDZEORFNVVXS
SRUWHGE\DWLPEHUIUDPHZHUHWHVWHG7ZRFDYLW\ZDOOVSHFLPHQ 5DQG5 ZHUHFRQVWUXFWHG
IURPPDWHULDOVW\SLFDOO\DSSOLHGLQ'XWFKPDVRQU\EXLOGLQJV7KHSURGXFWVDSSOLHGLQWKHRWKHU
VSHFLPHQDUHDKLJKVWUHQJWKPRUWDU 5HPL[6WUDWLQJ DGU\VWDFNHGPDVRQU\V\VWHP &OLFN
%ULFN DUHQRYDWLRQDQFKRUWLHV\VWHP )LVFKHU DQGFRPSUHVVHGVWUDZEORFNV\VWHPVXSSRUWHG
E\DWLPEHUIUDPH 6WUDZ%ORFNV 
&KDSWHUH[SODLQVWKHVHWXSRIWKHVKDNLQJWDEOHH[SHULPHQWDQGGHVFULEHVWKHYDULRXVWHVW
VSHFLPHQWKDWZHUHWHVWHG&KDSWHUSUHVHQWVDQGGLVFXVVHVVRPHRIWKHUHVXOWVREWDLQHGIRUWKH
YDULRXVZDOOVSHFLPHQ&KDSWHUJLYHVWKHFRQFOXVLRQVRIWKLVZRUN
 (;3(5,0(17
7KLVFKDSWHUGHVFULEHVWKHVHWXSRIWKHH[SHULPHQWWKHDSSOLHGVLJQDOVDQGWKHSURFHGXUH
0RUHGHWDLOHGLQIRUPDWLRQFDQEHIRXQGLQ>@
7HVWVHWXS
7KHWHVWVZHUHFDUULHGRXWRQDXQLD[LDOVKDNLQJWDEOHVKRZQLQ)LJXUH7KHWDEOHKDVDQ
DUHDRIP[PDQGDZHLJKWRIWRQ7KHK\GUDXOLFDFWXDWRULVFRQWUROOHGZLWKWKH0RRJ
WHVWVRIWZDUHSDFNDJH,QWHJUDWHG7HVW6XLWH
)LJXUHVKRZVWKHVHWXSRIWKHH[SHULPHQW$WULDQJXODUVXSSRUWIUDPH $ ZDVSODFHGEH
KLQGWKHWHVWVSHFLPHQWRVXSSRUWWKHWRSERXQGDU\FRQGLWLRQ7KHQDWXUDOIUHTXHQF\RIWKH
VXSSRUWIUDPHLV+]WRHQVXUHDQDFFHOHUDWLRQVLJQDODWWKHWRSRIWKHVSHFLPHQVLPLODUWR
WKHWDEOHDFFHOHUDWLRQLQWKHIUHTXHQF\UDQJHRILQWHUHVW ±+] $VWHHOEHDP % LV
SODFHGRQWRSRIWKHWHVWVSHFLPHQWKHEHDPLVFRQQHFWHGZLWKDKLQJHWRWKHVXSSRUWIUDPH
2QERWKVLGHVRIWKHWHVWVSHFLPHQDEHDP & H[WHQGVIURPWKHVXSSRUWIUDPH7KLVEHDP
FDWFKHVWKHWRSEHDP % ZKHQWKHWHVWVSHFLPHQIDLOV7KHWRSEHDP % LVSXOOHGGRZQZLWK
DSUHGHILQHGIRUFHE\PHDQVRIDVSULQJFRQVWUXFWLRQ ' RQERWKVLGHVRIWKHVSHFLPHQ7KH
IRUFHH[HUWHGE\WKHVSULQJVUHSUHVHQWVWKHEXLOGLQJPDVVRQWRSRIWKHZDOO7KHDSSOLHGIRUFH
ZDVGHSHQGHQWRQWKHWHVWFRQILJXUDWLRQDQGWKHVSHFLPHQSDUVSHFLILHVWKHDSSOLHG
IRUFHV7KHDOXPLQXPIUDPH ( LVXVHGIRUODVHUVHQVRUVWRPHDVXUHWKHGLVSODFHPHQWVRIWKH
WHVWVSHFLPHQGXULQJWKHWHVWV$VLPLODUIUDPHLVSODFHGRQWKHLQVLGHRIWKHWHVWVSHFLPHQ
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)LJXUH2YHUYLHZSKRWRRIWKHWHVWVHWXSZLWKVRPHFRPSRQHQWVKLJKOLJKWHGWKHVXSSRUWIUDPH $ WKHXSSHU
EHDP % WKHVXSSRUWVWUXFWXUHIRUWKHXSSHUEHDP & WKHSUHVWUHVVLQJVWUXFWXUH ' DQGWKHODVHUIUDPH ( 

7HVWVSHFLPHQ
$WRWDORIGLIIHUHQWZDOOVSHFLPHQZHUHWHVWHGVSHFLPHQZHUH850FDYLW\ZDOOVRQH
VSHFLPHQZDVDVWUDZEORFNZDOOVXSSRUWHGE\DWLPEHUIUDPH)LJXUHVKRZVSLFWXUHVRIRQH
RIWKHFDYLW\ZDOOVSHFLPHQDQGRIWKHVWUDZEORFNWLPEHUIUDPHVSHFLPHQ$OOWHVWVSHFLPHQ
ZHUHFRQVWUXFWHGRQDFRQFUHWHEORFN PZLGHPGHHSDQGPKLJK 7KHJOREDO
GLPHQVLRQVDQGZHLJKW H[FOXGLQJFRQFUHWHEORFN RIWKHWHVWVSHFLPHQDUHJLYHQLQ7DEOH
7KHFDYLW\EHWZHHQLQQHUDQGRXWHUOHDIZDVPPIRUDOOFDYLW\ZDOOVSHFLPHQ
7KHORDGEHDULQJLQQHUOHDIRIWKHFDYLW\ZDOOVSHFLPHQZDVEXLOWZLWKZKLWHFDOFLXPVLOL
FDWH &6 EULFNVLQVWUHWFKHUERQGDQG5HPL[6DNUHWHPRUWDU DGKHVLYHVWUHQJWK1PP 
7KHFDOFLXPVLOLFDWHVWRQHLVPPZLGHPPGHHSDQGPPKLJK$OOFDYLW\ZDOO
VSHFLPHQKDGDQLQQHUOHDIRIOD\HUVZLWKVL[DQGDKDOIVWUHWFKHUVSHUOD\HU
7ZRFDYLW\ZDOOVSHFLPHQZHUHPDGHRIPDWHULDOVW\SLFDOO\DSSOLHGLQ'XWFKPDVRQU\EXLOG
LQJVWKHVHVSHFLPHQDUHUHIHUUHGWRDV5HIHUHQFHDQG 5DQG5 6SHFLPHQ5KDGDQ
RXWHUOHDIRIVROLGFOD\EULFNV NJSHUEULFN 7KHRXWHUOHDIRIVSHFLPHQ5FRQVLVWHGRI
SHUIRUDWHGFOD\EULFNV NJSHUEULFN %RWKVROLGDQGSHUIRUDWHGEULFNDUHPPZLGH
PPGHHSDQGPPKLJK7KHRXWHUOHDYHVRIVSHFLPHQ5DQG5FRQVLVWHGRIEULFNOD\HUV
ZLWK VL[ DQG D KDOI VWUHWFKHUV SHU OD\HU 7KH 5HPL[ %0 0 PRUWDU DGKHVLYH VWUHQJWK 
1PP ZDVXVHGLQWKHRXWHUOHDYHVRIERWKVSHFLPHQ7KHLQQHUDQGRXWHUOHDIRI5DQG5
ZHUHFRQQHFWHGE\/VKDSHGDQFKRUWLHV DQFKRUVSHUP RIW\SH81,/  
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)LJXUH)URQWYLHZDQGVLGHYLHZRIRQHRIWKH850FDYLW\ZDOOVSHFLPHQ WRS DQGRIWKHVWUDZEORFNWLPEHU
IUDPHVSHFLPHQ ERWWRP 

7HVWVSHFLPHQ
'HVFULSWLRQ
5HIHUHQFH 5  850FDYLW\ZDOOVROLGEULFNRXWHUOHDI
5HIHUHQFH 5  850FDYLW\ZDOOSHUIEULFNRXWHUOHDI
)LVFKHU
850FDYLW\ZDOOUHQRYDWLRQDQFKRUWLHV
5HPL[6WUDWLQJ
850FDYLW\ZDOOKLJKVWUHQJWKPRUWDU
&OLFN%ULFN
850FDYLW\ZDOOGU\VWDFNHGPDVRQU\
6WUDZ%ORFNV
6WUDZVLQJOHZDOOWLPEHUIUDPHVXSSRUW

'LPHQVLRQV>P@
[[
[[
[[
[[
[[
[[

0DVV>NJ@







7DEOH'HVFULSWLRQGLPHQVLRQV KHLJKWZLGWKDQGWKLFNQHVV DQGPDVV H[FOXGLQJFRQFUHWHEDVH RIWKHWHVW
VSHFLPHQ
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7KH)LVFKHUWHVWVSHFLPHQZDVFRQVWUXFWHGRIWKHVDPHPDWHULDOVDVVSHFLPHQ5H[FHSWIRU
WKHDQFKRUWLHV7KHLQQHUDQGRXWHUOHDIRIWKLVVSHFLPHQZHUHFRQQHFWHGE\)LVFKHUUHQRYDWLRQ
DQFKRUVW\SH9%6[$7KHVHDQFKRUVZHUHLQVHUWHGDIWHUFRQVWUXFWLRQRIWKHFDYLW\ZDOO
ZLWKRXWWKH81,/DQFKRUWLHV
7KH5HPL[6WUDWLQJVSHFLPHQZDVDOVRFRQVWUXFWHGRIWKHVDPHPDWHULDOVDVVSHFLPHQ5
H[FHSW IRU WKH PRUWDU LQ WKH RXWHU OHDI 7KH RXWHU OHDI ZDV EXLOW ZLWK D KLJKVWUHQJWK 5H
PL[6DNUHWHPRUWDUZLWKDQDGKHVLYHVWUHQJWKRI1PP
7KH&OLFN%ULFNVSHFLPHQKDGDQRXWHUOHDIRI&OLFN%ULFNVWRQHV7KHVHSHUIRUDWHGVWRQHV
PPZLGHPPKLJKDQGPPGHHS DUHVWDFNHGGU\WKHVWRQHVDUHLQWHUFRQQHFWHG
E\PHDQVRIPHWDOFOLSV7KHWRSRIWKHOD\HUVRIVWRQHVZHUHDOVRJOXHGWRJHWKHUZLWKD
VHDODQW7KHLQQHUDQGRXWHUOHDIZHUHDOVRFRQQHFWHGZLWKWKH81,/DQFKRUWLHV
7KH6WUDZ%ORFNVVSHFLPHQFRQVLVWHGRIFRPSUHVVHGVWUDZEORFNVVXSSRUWHGE\DZRRGHQ
IUDPH7KHWHVWVSHFLPHQFRQVLVWHGRIWZRHOHPHQWVRIPHWHUZLGH7KHWZRHOHPHQWVDUH
FRQQHFWHGE\PHDQVRIURGVDFURVVWKHZLGWKRIWKHWHVWSLHFH$WWKHERWWRPRIWKHHOHPHQWWKH
ZRRGHQIUDPHLVDWWDFKHGWRWKHFRQFUHWHEORFNE\PHDQVRIIRXU0EROWV
,QVWUXPHQWDWLRQ
)LJXUHVKRZVWKHVHQVRUSRVLWLRQVRQWKHWHVWVSHFLPHQ$FFHOHUDWLRQPHDVXUHPHQWV EOXH
VTXDUHV ZHUHSHUIRUPHGRQWKHFRQFUHWHEORFN D DQGWKHWRSEHDP D $FFHOHUDWLRQV
ZHUHDOVRPHDVXUHGDWSRVLWLRQVRYHUWKHKHLJKWRQWKHLQQHU D±D DQGRXWHUOHDI D
± D RIWKHVSHFLPHQ'LVSODFHPHQWVRIWKHWHVWVSHFLPHQUHODWLYHWRWKHVKDNLQJWDEOHZHUH
PHDVXUHGZLWKODVHUVDWWKHLQGLFDWHGSRVLWLRQVG±G \HOORZUHFWDQJOHV LQ)LJXUH$OO
VHQVRUVZHUHVDPSOHGZLWKDIUHTXHQF\RI+]7KHGDWDZDVILOWHUHGZLWKDQHLJKWRUGHU
%XWWHUZRUWKILOWHUZLWKDORZSDVVIUHTXHQF\RI+]

)LJXUH6FKHPDWLFUHSUHVHQWDWLRQRIWKHIURQWVLGHDQGUHDUYLHZRIWKHWHVWVSHFLPHQZLWKODVHUV \HOORZ DQG
DFFHOHURPHWHUV EOXH RQWKHRXWHUOHDI UHG DQGWKHLQQHUOHDI ZKLWH WKHFRQFUHWHEORFNDQGWKHWRSEHDP
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6LJQDOV
)LJXUHVKRZVWKHHDUWKTXDNHVLJQDOVDSSOLHGLQWKLVH[SHULPHQW7KHVHVLJQDOVZHUHDOVR
XVHGLQVKDNLQJWDEOHWHVWVRQPDVRQU\FDYLW\ZDOOVE\*UD]LRWWLHWDO>@*UD]LRWWLHWDO>@
>@VHOHFWHGWKH*UVLJQDOEDVHGRQUHVHDUFKE\&URZOH\HWDO>@RQUHSUHVHQWDWLYHVLJQDOV
IRU*URQLQJHQHDUWKTXDNHV7KH*UVLJQDOZDVFUHDWHGE\*UD]LRWWLHWDO>@XVLQJWKHILQLWH
HOHPHQWSDFNDJH75(085,IRUDVWRUH\EXLOGLQJWKH*UVLJQDOZDVLPSRVHGDWWKHOHYHO
RIWKHIRXQGDWLRQRIWKHEXLOGLQJPRGHODQGWKH*UVLJQDOZDVUHJLVWHUHGDWWKHILUVWIORRU

)LJXUH7KHHDUWKTXDNHVLJQDOVDSSOLHGLQWKHVKDNLQJWDEOHWHVWV WRS *UDQG ERWWRP *U7KHSUHVHQWHG
VLJQDOVUHSUHVHQWWKH6) VLJQDOV

)LJXUH7KHUHVSRQVHVSHFWUD GHWHUPLQHGZLWKGDPSLQJ RIWHVWVLJQDO WRS *UDQG ERWWRP *U7KH
SUHVHQWHGVSHFWUDUHSUHVHQWWKH6) VSHFWUD
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)LJXUHVKRZVWKHGHVLUHG UHIHUHQFH DQGUHDOL]HG WDEOH UHVSRQVHVSHFWUDRIWKH*UDQG
*UVLJQDOV)RUSHULRGVEHWZHHQVDQGVWKHPD[LPXPGLIIHUHQFHEHWZHHQWKH
UHIHUHQFHDQGWKHWDEOHVSHFWUXPZDV
7HVWVHTXHQFH
7KHWHVWVRQHDFKVSHFLPHQZHUHSHUIRUPHGLQWZRSKDVHVZLWKWZRGLIIHUHQWWHVWFRQILJX
UDWLRQV
 *URXQGIORRUFRQILJXUDWLRQ
$QRYHUEXUGHQORDGZDVDSSOLHGWRWKHWRSRIWKHWHVWVSHFLPHQWKDWLVUHSUHVHQWDWLYHIRU
DZDOOHOHPHQWRQWKHJURXQGIORRURIDVWRUH\EXLOGLQJ N1IRUWKHFDYLW\ZDOO
VSHFLPHQDQGN1IRUWKH6WUDZ%ORFNVVSHFLPHQ ,QWKLVFRQILJXUDWLRQWKH*U
VLJQDOZDVVLPXODWHGRQWKHWDEOH
 )LUVWIORRUFRQILJXUDWLRQ
7KHRYHUEXUGHQORDGZDVUHGXFHGWRDUHSUHVHQWDWLYHORDGIRUDZDOOHOHPHQWRQWKHILUVW
IORRURIDVWRUH\EXLOGLQJ N1IRUWKHFDYLW\ZDOOVSHFLPHQDQGN1IRUWKH6WUDZ
%ORFNVVSHFLPHQ ,QWKLVFRQILJXUDWLRQWKH*UVLJQDOZDVVLPXODWHGRQWKHWDEOH
,QERWKFRQILJXUDWLRQVWKHSHDNWDEOHDFFHOHUDWLRQ 37$ RIWKHVLJQDOVLPXODWHGRQWKHWDEOH
ZDVJUDGXDOO\LQFUHDVHG7KHDSSOLHGLQFUHDVHLVLQGLFDWHGZLWKDVFDOLQJIDFWRU 6) ZLWK6)
FRUUHVSRQGLQJZLWKWKHVLJQDOVSUHVHQWHGLQ)LJXUH6HYHUDOWHVWVZHUHSHUIRUPHGDW
HDFKVFDOLQJIDFWRU7DEOHJLYHVWKHDYHUDJH37$RYHUDOOWHVWVSHUIRUPHGDWDFHUWDLQVFDOLQJ
EHWZHHQEUDFNHWVWKHVWDQGDUGGHYLDWLRQLVVSHFLILHG
'DPDJHLQVSHFWLRQVZHUHSHUIRUPHGDWUHJXODULQWHUYDOVWKURXJKRXWWKHWHVWSURJUDP,QHDFK
LQVSHFWLRQWKHVSHFLPHQZHUHH[DPLQHGYLVXDOO\SLFWXUHVZHUHWDNHQRIERWKVLGHVRIWKHWHVW
VSHFLPHQ
7RSUHYHQWGDPDJHWRWKHLQVWUXPHQWDWLRQWKHODVHUVDQGDFFHOHUDWLRQVHQVRUVZHUHUHPRYHG
ZKHQUHODWLYHGLVSODFHPHQWVODUJHUWKDQFPZHUHPHDVXUHG



$-%URQNKRUVW
5
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37$>J@

6WUDZ
%ORFNV 
37$>J@


 

 


 

 


 

 


 

 


 

 


 

 


 


 


 


 




 


 

 


 

 




 

 


 

 




 


 




 


 




 





)LVFKHU

5HPL[
6WUDWLQJ
37$>J@
37$>J@
37$>J@
*URXQGIORRUFRQILJXUDWLRQ
,QVSHFWLRQDQGKDPPHUWHVW
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,QVSHFWLRQ
)LUVWIORRUFRQILJXUDWLRQ
+DPPHUWHVWV
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,QVSHFWLRQDQGKDPPHUWHVWV









&OLFN%ULFN



7DEOH2YHUYLHZRIWHVWVRQWKHZDOOVSHFLPHQZLWKVLJQDO*UDQG*UDWGLIIHUHQWVFDOHV 6) 6HYHUDOWHVWV
ZHUHSHUIRUPHGDWHDFKLQWHQVLW\VFDOHWKHDYHUDJH37$DQGVWDQGDUGGHYLDWLRQ EHWZHHQEUDFNHWV DUHVSHFLILHG
$GGLWLRQDOJURXQGIORRUFRQILJXUDWLRQWHVWVZHUHSHUIRUPHGRQWKH6WUDZ%ORFNVVSHFLPHQXSWR6) 
$GGLWLRQDOLQIRUPDWLRQRQWKHWHVWSURJUDPVFDQEHIRXQGLQ>@
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 5(68/76$1'',6&866,21
7KLVFKDSWHUSUHVHQWVDQGGLVFXVVHVUHVXOWVRQWKHSHDNGLVSODFHPHQWVPHDVXUHGRQWKHLQ
QHUDQGRXWHUOHDIRIWKHVSHFLPHQDQGWKHUHJXODUGDPDJHLQVSHFWLRQVSHUIRUPHGLQEHWZHHQ
VLJQDOWHVWV2WKHUUHVXOWVREWDLQHGRQWKHFKDQJHVLQWKHHIIHFWLYHVWLIIQHVVDQGWKHQDWXUDOIUH
TXHQF\ZLWKLQFUHDVLQJVKDNLQJLQWHQVLW\FDQEHIRXQGLQ>@
*URXQGIORRUFRQILJXUDWLRQUHVXOWV
)LJXUHVKRZVWKHPHDVXUHGPD[LPXPDQGPLQLPXPGLVSODFHPHQWLQWKHPLGGOHRIWKH
LQQHUDQGRXWHUOHDIRIWKHWHVWVSHFLPHQDJDLQVWWKHSHDNWDEOHDFFHOHUDWLRQ 37$ $WUHQGOLQH
EODFNGRWWHGOLQH LVILWWHGRQWKHPHDVXUHGGDWDIRUZKLFK37$İJ7KLVWUHQGOLQHLVXVHG
WRDVVHVVDWZKLFK37$WKHSHDNGLVSODFHPHQWVLQWKHPLGGOHRIWKHVSHFLPHQH[FHHGWKLVOLQHDU
WUHQGZKLFKLVDQLQGLFDWLRQIRUFKDQJHVLQWKHSURSHUWLHVRIWKHVSHFLPHQ
)LJXUH D VKRZVWKDWIRUVSHFLPHQ5WKHSHDNGLVSODFHPHQWLVODUJHUWKDQWKLVOLQHDUWUHQG
IRU37$!J$OWKRXJKWKLVQRQOLQHDUEHKDYLRUFDQEHDQLQGLFDWLRQIRUGDPDJHDFFXPXOD
WLRQLQWKHVSHFLPHQQRGDPDJHZDVREVHUYHGLQWKHLQVSHFWLRQVXQWLOWHVW6)  37$ 
J 1RWHWKDWWKHSHDNGLVSODFHPHQWWKDWRFFXUUHGGXULQJWKHWHVWZLWK6) LVQRW
SORWWHGLQ)LJXUH D EHFDXVHLWZDVJUHDWHUWKDQWKHPHDVXUHPHQWUDQJHRIWKHODVHUV
)LJXUH E VKRZVWKHSHDNGLVSODFHPHQWVRIVSHFLPHQ5)RUSHDNWDEOHDFFHOHUDWLRQVXS
WRJWKHOLQHDUWUHQGREVHUYHGEHWZHHQSHDNGLVSODFHPHQWVDQG37$KDVWKHVDPHVORSHDV
WKDWREVHUYHGIRUVSHFLPHQ5)RU37$!JWKHSHDNGLVSODFHPHQWVREVHUYHGLQVSHFLPHQ
5UHPDLQUHODWLYHO\FORVHWRWKHOLQHDUWUHQG7KLVLQGLFDWHVVPDOOHUFKDQJHVLQWKHSURSHUWLHV
RIVSHFLPHQ5DQGVXJJHVWVOHVVGDPDJHDFFXPXODWLRQWKDQLQVSHFLPHQ51RGDPDJHZDV
REVHUYHGLQWKHJURXQGIORRUFRQILJXUDWLRQLQVSHFWLRQVSHUIRUPHGRQWKLVVSHFLPHQ
7KHSHDNGLVSODFHPHQWVRIWKH)LVFKHUVSHFLPHQVKRZQLQ)LJXUH F IROORZDOLQHDUWUHQG
XSWRD37$ J)RUDJLYHQ37$WKHPHDVXUHGSHDNGLVSODFHPHQWVDUHDERXWDIDFWRU
JUHDWHUWKDQWKRVHREVHUYHGIRUVSHFLPHQ5DQG57KLVVXJJHVWVWKHRXWRISODQHEHQGLQJ
VWLIIQHVVRIWKH)LVFKHUVSHFLPHQLVVPDOOHUWKDQWKDWRI5DQG57KLVFRXOGEHWKHUHVXOWRI
WKHPRUHIOH[LEOHFRQQHFWLRQEHWZHHQWKHLQQHUDQGRXWHUOHDIGXHWRWKHUXEEHUSOXJDSSOLHGLQ
WKHUHQRYDWLRQDQFKRU%HFDXVHRIWKHODUJHGLVSODFHPHQWVWKHJURXQGIORRUFRQILJXUDWLRQWHVWV
RQWKLVVSHFLPHQZHUHVWRSSHGDIWHUWKHWHVWVSHUIRUPHGDWD37$ J 6)  
)LJXUH G VKRZVWKHSHDNGLVSODFHPHQWVRIWKH5HPL[6WUDWLQJVSHFLPHQZLWKLQFUHDVLQJ
37$7KHPLQLPXPDQGPD[LPXPGLVSODFHPHQWIROORZDOLQHDUWUHQGXSWRD37$ J7KLV
OLQHDUWUHQGKDVWKHVDPHVORSHDVWKHWUHQGVREVHUYHGIRUWHVWVSHFLPHQ5DQG5
7KHSHDNGLVSODFHPHQWVRIWKH&OLFN%ULFNVSHFLPHQVKRZQLQ)LJXUH H IROORZDOLQHDU
WUHQGXSWRD37$ J)RU37$!JWKHSHDNGLVSODFHPHQWVRIWKHRXWHUOHDIDUHVOLJKWO\
aPP ODUJHUWKRVHRIWKHLQQHUOHDI7KLVLVSUREDEO\GXHWRWKHJUHDWHUIOH[LELOLW\RIWKH
RXWHUOHDIZKLFKPDLQO\JHWVLWVVWLIIQHVVIURPWKHFOLSHOHPHQWVEHWZHHQWKHGU\VWDFNHGVWRQHV
7KHUHVXOWVRIWKH6WUDZ%ORFNVVSHFLPHQDUHVKRZQLQ)LJXUH I %HFDXVHRIWKHOLQHDU
HODVWLFEHKDYLRURIWKHVSHFLPHQIRUWKHWHVWVXSWR6) DGGLWLRQDOWHVWVZHUHSHUIRUPHG
XSWR6)  QRWVSHFLILHGLQ7DEOHVHH>@IRUGHWDLOHGLQIRUPDWLRQ )LJXUH I VKRZV
WKHSHDNGLVSODFHPHQWVIROORZDOLQHDUWUHQGXSWR37$ J7KHVORSHRIWKLVWUHQGLVVPDOOHU
WKDQWKHVORSHVREVHUYHGIRUVSHFLPHQ5DQG5
$SDUWIURPVSHFLPHQ5QRYLVXDOGDPDJHZDVREVHUYHGLQWKHGDPDJHLQVSHFWLRQVSHU
IRUPHGLQWKHJURXQGIORRUFRQILJXUDWLRQVHWXS)LJXUHVKRZVQRGDPDJHZDVREVHUYHGRQWKH
RXWHUOHDIRIVSHFLPHQ5XSWRLQVSHFWLRQDIWHUWKHWHVWDW6) DFUDFNZDVREVHUYHG
QHDUWKHPLGGOHRIWKH5VSHFLPHQVHH)LJXUH F 
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)LJXUH3HDNGLVSODFHPHQWPLGGOHWHVWVSHFLPHQYHUVXVSHDNWDEOHDFFHOHUDWLRQ 37$ IRU*UVLJQDOV
D 5 E 5 F )LVFKHU G 5HPL[6WUDWLQJ H &OLFN%ULFNDQG I 6WUDZ%ORFNV7KHEODFNEURNHQOLQHLQGL
FDWHVWKHPHDVXUHPHQWUDQJHRIWKHODVHUVWKHEODFNGRWWHGOLQHLVDILWWHGOLQHRQWKHGDWDZLWK37$İJ
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D ,QVSHFWLRQ

E ,QVSHFWLRQ

F ,QVSHFWLRQ

)LJXUH3LFWXUHVRIWKHVSHFLILHG]RQHRQVSHFLPHQ5 EOXHIUDPH LQVXEVHTXHQWGDPDJHLQVSHFWLRQV D LQ
VSHFWLRQ E LQVSHFWLRQDQG F LQVSHFWLRQ7KHUHGDUURZLQGLFDWHVREVHUYHGGDPDJH KDLUOLQHIUDFWXUH 

)LUVWIORRUUHVXOWV
)LJXUH D VKRZVWKHPHDVXUHGPD[LPXPDQGPLQLPXPGLVSODFHPHQWLQWKHPLGGOHRIWHVW
VSHFLPHQ58SWRDSHDNWDEOHDFFHOHUDWLRQ 37$ RIJWKHSHDNGLVSODFHPHQWVRIVSHFL
PHQ5IROORZDOLQHDUWUHQGZLWK37$)RUD37$!WKHSHDNGLVSODFHPHQWVDUHODUJHU
WKDQWKLVOLQHDUWUHQG,QWKHWHVWVZLWKD37$ J 6)  DFUDFNIRUPHGLQWKHRXWHU
OHDIDWDERXWôRIWKHKHLJKWRIWKHVSHFLPHQ ]K§ )LJXUH F VKRZVDSLFWXUHRIWKH
FUDFN WRSUHGDUURZ WKDWZDVREVHUYHGLQGDPDJHLQVSHFWLRQDIWHUWKLVWHVW,QDGGLWLRQWRWKLV
QHZFUDFNWKHRULJLQDOFUDFNKDGYLVLEO\LQFUHDVHG ERWWRPUHGDUURZ DVFDQDOVREHVHHQLQ
)LJXUH F 7KHVSHFLPHQIDLOHGLQWKHWKLUGWHVWDW6) 7KHUHVXOWVRIWKHVHWHVWVDUH
QRWSUHVHQWHGLQ)LJXUH D EHFDXVHWKHSHDNGLVSODFHPHQWVH[FHHGHGWKHPHDVXUHPHQWUDQJH
RIWKHODVHUV
7KHSHDNGLVSODFHPHQWVPHDVXUHGRQVSHFLPHQ5IROORZDOLQHDUWUHQGXSWRJ)URP
D37$ JWKHSHDNGLVSODFHPHQWVEHFRPHVOLJKWO\ODUJHUWKDQWKLVWUHQGLQWKHWHVWVZLWK
D37$ JWKHSHDNGLVSODFHPHQWVLQFUHDVHVKDUSO\7KHILUVWGDPDJHZDVREVHUYHGLQWKH
LQVSHFWLRQDIWHUWKLVWHVWVHH)LJXUH H 7KHUHVXOWVRIWKHWHVWVDW6)  37$§J 
DUHQRWVKRZQEHFDXVHWKHGLVSODFHPHQWVZHUHODUJHUWKDQWKHPHDVXUHPHQWUDQJHRIWKHOD
VHUV$IWHUWZRWHVWVDWDQRWKHUGDPDJHLQVSHFWLRQZDVFDUULHGRXW,QDGGLWLRQWRDQLQ
FUHDVHLQWKHRULJLQDOFUDFNIRUPDWLRQDW]K§DQHZFUDFNZDVFUHDWHGDW]K§
7KHVSHFLPHQIDLOHGDIWHUWKHWKLUGWHVWDW
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)LJXUH3HDNGLVSODFHPHQWPLGGOHWHVWVSHFLPHQYHUVXVSHDNWDEOHDFFHOHUDWLRQ 37$ IRU*UVLJQDOV
D 5 E 5 F )LVFKHU G 5HPL[6WUDWLQJ H &OLFN%ULFNDQG I 6WUDZ%ORFNV7KHEODFNEURNHQOLQHLQGL
FDWHVWKHPHDVXUHPHQWUDQJHRIWKHODVHUVWKHEODFNGRWWHGOLQHLVDILWWHGOLQHRQWKHGDWDZLWK37$İJ
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)LJXUH3LFWXUHVWDNHQRIWKHLQGLFDWHG]RQHVLQVXEVHTXHQWLQVSHFWLRQVRQVSHFLPHQ DF 5 GI 5 JL 
)LVFKHU MO 5HPL[6WUDWLQJ PR &OLFN%ULFNDQG SU 6WUDZ%ORFNVLQWKHVSHFLILHGLQVSHFWLRQV7KHUHGDU
URZLQGLFDWHVREVHUYHGQHZGDPDJHWKHEOXHDUURZLQGLFDWHVGDPDJHDOVRREVHUYHGLQDQHDUOLHULQVSHFWLRQ



$-%URQNKRUVW

)LJXUH F VKRZVWKHSHDNGLVSODFHPHQWVRIWKH)LVFKHUVSHFLPHQZLWKLQFUHDVLQJ37$
7KHPLQLPXPDQGPD[LPXPGLVSODFHPHQWIROORZDOLQHDUWUHQGXSWRD37$ J,QWKH
WHVWVZLWK37$  6)  DFOHDULQFUHDVHLQSHDNGLVSODFHPHQWFDQEHVHHQ+RZ
HYHUQRGDPDJHZDVREVHUYHGLQLQVSHFWLRQDIWHUWKHVHWHVWV'DPDJHZDVREVHUYHGDIWHU
WKHILUVWWHVWZLWK6) GDPDJHLQVSHFWLRQZDVSHUIRUPHGLPPHGLDWHO\DIWHUWKLVWHVW
)LJXUH L VKRZVFUDFNLQJDW]K§LQGLFDWHGZLWKUHGDUURZV7KH)LVFKHUVSHFLPHQ
IDLOHGLQWKHWKLUGWHVWZLWK6) 
7KHSHDNGLVSODFHPHQWVRIWKH5HPL[6WUDWLQJVSHFLPHQDUHVKRZQLQ)LJXUH G 7KH
PLQLPXPDQGPD[LPXPGLVSODFHPHQWIROORZDOLQHDUWUHQGXSWRD37$§J7KHSHDN
GLVSODFHPHQWVGHYLDWHIURPWKHOLQHDUWUHQGIURPD37$ J9LVXDOGDPDJHZDVREVHUYHG
DIWHUWKHWKLUGWHVWDW6) )LJXUH O VKRZVFUDFNVDW]K§DQG]K§7KH
5HPL[6WUDWLQJVSHFLPHQIDLOHGLQWKHVXEVHTXHQWWHVWDW6) 7KHUHVXOWVRIWKH5H
PL[6WUDWLQJVSHFLPHQLQGLFDWHWKDWWKHDSSOLFDWLRQRIWKHKLJKVWUHQJWKPRUWDULQWKHRXWHU
OHDILQFUHDVHVWKHGDPDJHUHVLVWDQFH
)LJXUH H VKRZVWKHSHDNGLVSODFHPHQWVRIWKH&OLFN%ULFNVSHFLPHQ7KHPLQLPXPDQG
PD[LPXPGLVSODFHPHQWIROORZDOLQHDUWUHQGXSWRD37$§J)URPD37$§JD
FOHDULQFUHDVHLQSHDNGLVSODFHPHQWLVVHHQ+RZHYHUQRYLVXDOGDPDJHZDVREVHUYHGLQDQ\
RIWKHLQVSHFWLRQVRQWKH&OLFN%ULFNVSHFLPHQ7KHWHVWVSHFLPHQIDLOHGLQWKHWKLUGWHVWDW6)

)LJXUH I VKRZVWKHSHDNGLVSODFHPHQWVRIWKH6WUDZ%ORFNVVSHFLPHQZLWKLQFUHDVLQJ
37$7KHPLQLPXPDQGPD[LPXPGLVSODFHPHQWIROORZDOLQHDUWUHQGXQWLOWKHODVWWHVWDW6)
 37$ J 7KH6WUDZ%ORFNVWHVWVSHFLPHQVKRZHGQRGDPDJHDIWHUFRPSOHWLRQ
RIWKHWHVWVLQWKHILUVWIORRUFRQILJXUDWLRQ
 &21&/86,21
7KLVSDSHUSUHVHQWHGVRPHRIWKHUHVXOWVRIDQH[SHULPHQWDOVWXG\RQWKHRXWRISODQHRQH
ZD\EHQGLQJEHKDYLRURIORDGEHDULQJZDOOVZLWKYDULRXVEXLOGLQJSURGXFWV3URGXFWVWKDWZHUH
LQYHVWLJDWHG DUH D KLJKVWUHQJWK PRUWDU 5HPL[6WUDWLQJ  D PRUWDUOHVV GU\VWDFNHG PDVRQU\
V\VWHP &OLFN%ULFN DUHQRYDWLRQDQFKRUWLHV\VWHP )LVFKHU DQGDFRPSUHVVHGVWUDZEORFN
V\VWHP 6WUDZ%ORFNV 7KHUHVXOWVREWDLQHGIRUWKHVSHFLPHQZLWKWKHVHSURGXFWVZHUHFRP
SDUHGWRWHVWVSHUIRUPHGRQWZRFDYLW\ZDOOVSHFLPHQ 5DQG5 FRQVWUXFWHGIURPPDWHULDOV
W\SLFDOO\DSSOLHGLQ'XWFKPDVRQU\EXLOGLQJV
$WVKDNLQJLQWHQVLWLHVZLWK37$J JURXQGIORRUFRQILJXUDWLRQ ERWKUHIHUHQFHVSHFL
PHQ5 VROLGEULFNRXWHUOHDI DQG5 SHUIRUDWHGRXWHUOHDI KDGWKHVDPHOLQHDUHODVWLFSHDN
GLVSODFHPHQWUHVSRQVHLQWKHPLGGOHRIWKHVSHFLPHQ)RUODUJHU37$VSHFLPHQ5GLVSOD\HG
VLJQLILFDQWO\ODUJHUSHDNGLVSODFHPHQWVWKDQ57KLVLQGLFDWHVVPDOOHUFKDQJHVLQWKHSURSHUWLHV
RIVSHFLPHQ5DQGVXJJHVWVOHVVGDPDJHDFFXPXODWLRQ
7KHSHDNGLVSODFHPHQWVRIWKH)LVFKHUVSHFLPHQ UHQRYDWLRQDQFKRU ZHUHDERXWDIDFWRU
JUHDWHUWKDQWKRVHREVHUYHGIRUVSHFLPHQ5DQG57KLVLQGLFDWHVWKHRXWRISODQHEHQGLQJ
VWLIIQHVVRIWKH)LVFKHUVSHFLPHQLVVPDOOHUWKDQWKDWRI5DQG57KHUXEEHUSOXJDSSOLHGLQ
WKHUHQRYDWLRQDQFKRUPLJKWUHVXOWLQDPRUHIOH[LEOHFRQQHFWLRQEHWZHHQWKHLQQHUDQGRXWHU
OHDIUHVXOWLQJLQDORZHURXWRISODQHEHQGLQJVWLIIQHVV
7KH5HPL[6WUDWLQJVSHFLPHQGLVSOD\HGOLQHDUHODVWLFEHKDYLRUXSWRD37$§JLQWKH
ILUVWIORRUFRQILJXUDWLRQ7KLVUHVXOWLQGLFDWHVDQLPSURYHPHQWRIWKHGDPDJHUHVLVWDQFHRIWKH
FDYLW\ZDOOFRPSDUHGWRVSHFLPHQ5DQG5GXHWRWKHKLJKVWUHQJWKPRUWDUDSSOLHGLQWKH
RXWHUOHDI
7KHSHDNGLVSODFHPHQWVRIWKHRXWHUOHDIRIWKH&OLFN%ULFNVSHFLPHQZHUHVOLJKWO\ODUJHU
WKRVHRIWKHLQQHUOHDI7KLVLVSUREDEO\GXHWRWKHJUHDWHUIOH[LELOLW\RIWKHRXWHUOHDIEHFDXVH
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RIWKHIOH[LEOHFOLSHOHPHQWVEHWZHHQWKHGU\VWDFNHGVWRQHV$OWKRXJKWKHVSHFLPHQH[KLELWHG
VLJQLILFDQWQRQOLQHDUEHKDYLRUIURPD37$RIJLQWKHILUVWIORRUFRQILJXUDWLRQQRGDPDJH
ZDVREVHUYHGLQWKHGDPDJHLQVSHFWLRQVXSWRIDLOXUH
7KH6WUDZ%ORFNVVSHFLPHQFRXOGQRWEHWHVWHGXSWRIDLOXUHGXHWRWKHOLPLWDWLRQVRIWKH
WDEOHOLQHDUHODVWLFEHKDYLRUZDVREVHUYHGXQWLOD37$ JLQWKHJURXQGIORRUFRQILJXUDWLRQ
DQGD37$ JLQWKHILUVWIORRUFRQILJXUDWLRQ
)RUIXWXUHZRUNLWLVUHFRPPHQGHGWRLQYHVWLJDWHWKHLQIOXHQFHRIVSHFLPHQDQGUHFRUGWR
UHFRUGYDULDELOLW\RQWKHILQGLQJVRIWKHFXUUHQWVWXG\

$&.12:/('*(0(176
7KLVZRUNLVSDUWRIWKHUHVHDUFKSURMHFW³%HRRUGHOLQJVNDGHUYRRUKHUVWHOHQYHUVWHUNLQJELM
DDUGEHYLQJHQ´ZKLFKZDVSHUIRUPHGE\712LQFRRSHUDWLRQZLWK6WUDWLQJ5HPL['URJH0RU
WHO)H1%)LVFKHU6WUDZ%ORFNV6\VWHPV:LHQHUEHUJHU%XLOGLQ*DQG(3,.HQQLVFHQWUXP
7KHUHVHDUFKLVVXSSRUWHGE\WKH7.,'HOWDWHFKQRORJLH

5()(5(1&(6
>@ -YDQ(ON$0DU2U/*HXUWVHQ-8LOHQUHHI''RRUQKRI6HLPLFKD]DUGDQGULVN
DVVHVVPHQW*URQLQJHQ)LHOGXSGDWHIRUSURGXFWLRQSURILOH*76±UDPLQJ1$0

>@ )*UD]LRWWL$3HQQD*0DJHQHV$FRPSUHKHQVLYHLQVLWXDQGODERUDWRU\WHVWLQJSUR
JUDP VXSSRUWLQJ VHLVPLF ULVN DQDO\VLV RI 850 EXLOGLQJV VXEMHFWHG WR LQGXFHG HDUWK
TXDNHV%XOOHWLQRI(DUWKTXDNH(QJLQHHULQJ
>@ ' 'L]KXU-0 ,QJKDP/0RRQ0*ULIILWK$6FKXOW],6HQDOGL*0DJHQHV-
'LFNLH6/LVVHO-&HQWHQR&9HQWXUD-/HLWL3/RXUHQFR3HUIRUPDQFHRIPDVRQU\
EXLOGLQJVDQGFKXUFKHVLQWKH)HEUXDU\&KULVWFKXUFKHDUWKTXDNH%XOOHWLQRIWKH
1HZ=HDODQG6RFLHW\IRU(DUWKTXDNH(QJLQHHULQJ
>@ ''L]KXU-&DPSEHOO$6FKXOW]DQG-0,QJKDP2EVHUYDWLRQVIURPWKH
&DQWHUEXU\HDUWKTXDNHV DQGVXEVHTXHQWH[SHULPHQWDOSXOORXWWHVWSURJUDPRIZDOOWR
GLDSKUDJPDGKHVLYHDQFKRUFRQQHFWLRQV-RXUQDORIWKH6WUXFWXUDO(QJLQHHULQJ6RFLHW\RI
1HZ=HDODQG  $SULO
>@ 1=6((7KHVHLVPLFDVVHVVPHQWRIH[LVWLQJEXLOGLQJV±7HFKQLFDOJXLGHOLQHVIRUHQJL
QHHULQJFRQVXOWDQWV6HFWLRQ&±8QUHLQIRUFHG0DVRQU\%XLOGLQJV
>@ -0,QJKDP0&*ULIILWK7KHSHUIRUPDQFHRIXQUHLQIRUFHGPDVRQU\EXLOGLQJVLQWKH
&DQWHUEXU\HDUWKTXDNHVZDUP5HSRUWWRWKH5R\DO&RPPLVVLRQRI,QTXLU\
LQWR%XLOGLQJ)DLOXUH&DXVHGE\WKH&DQWHUEXU\(DUWKTXDNHKWWSFDQWHUEXU\UR\DOFRP
PLVVLRQJRYWQ]GRFXPHQWVE\NH\
>@ .7'RKHUW\$QLQYHVWLJDWLRQRIWKHZHDNOLQNVLQWKHVHLVPLFORDGSDWKRIXQUHLQIRUFHG
PDVRQU\EXLOGLQJV3K'WKHVLV8QLYHUVLW\RI$GHODLGH
>@ -9DFXOLN8QUHLQIRUFHGPDVRQU\ZDOOVVXEMHFWHGWRRXWRISODQHVHLVPLFDFWLRQV3K'
WKHVLV8QLYHUVLW\RI$GHODLGH
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>@ $'D]LR7KHHIIHFWRIWKHERXQGDU\FRQGLWLRQVRQWKHRXWRISODQHEHKDYLRURIXQUHLQ
IRUFHGPDVRQU\ZDOOV:&((%HLMLQJ
>@ )*UD]LRWWL87RPDVVHWWL$3HQQD*0DJHQHV2XWRISODQHVKDNLQJWDEOHWHVWVRQ
850VLQJOHOHDIDQGFDYLW\ZDOOV(QJLQHHULQJ6WUXFWXUHV
>@ $- %URQNKRUVW 6$ 9HUGHQLXV 7ULOWDIHOWHVWHQ XLWKHWYODN ZDQGHOHPHQWHQ )LVFKHU
SURHIVWXNHQ5HIHUHQWLHSURHIVWXNNHQ7125
>@ $-%URQNKRUVW6$9HUGHQLXV7ULOWDIHOWHVWHQXLWKHWYODNZDQGHOHPHQWHQ&OLFN%ULFN
SURHIVWXNHQ5HIHUHQWLHSURHIVWXNNHQ7125
>@ $- %URQNKRUVW 6$ 9HUGHQLXV 7ULOWDIHOWHVWHQ XLWKHWYODN ZDQGHOHPHQWHQ 5H
PL[6WUDWLQJSURHIVWXNHQ5HIHUHQWLHSURHIVWXNNHQ7125
>@ $- %URQNKRUVW 6$ 9HUGHQLXV 7ULOWDIHOWHVWHQ XLWKHWYODN ZDQGHOHPHQWHQ 6WUDZ
%ORFNVSURHIVWXNHQ5HIHUHQWLHSURHIVWXNNHQ7125
>@ )*UD]LRWWL87RPDVVHWWL$5RVVL6.DOOLRUDV00DQGLUROD(&HQMD$3HQQD*
0DJHQHV([SHULPHQWDOFDPSDLJQRQFDYLW\ZDOOV\VWHPVUHSUHVHQWDWLYHRIWKH*URQLQJHQ
EXLOGLQJVWRFN(8&8(8&(175(3DYLD,WDO\
>@ +&URZOH\-%RPPHU53LQKR6HOHFWLRQRIUHFRUGVIRUQRQOLQHDUG\QDPLFDQDO\VLVRI
*URQLQJHQEXLOGLQJVYHUVLRQWK0D\



(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU
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7R\RKDVKL8QLYHUVLW\RI7HFKQRORJ\
+LEDULJDRND7HPSDNXFKR7R\RKDVKL$LFKL-DSDQ
HPDLOKD\DVKL#DFHWXWDFMS


+DNXVDQ&RUSRUDWLRQ
-7RZHU)1LNNRFKR)XFKX7RN\R-DSDQ
^\DPDGDD\RVKL\XNLNRPL\D`#KDNXVDQFRMS

.H\ZRUGV(GHIHQVH+LJKVHLVPLFJUDGH3ULPDU\QDWXUDOIUHTXHQF\$PSOLWXGHGHSHQGHQW
'DPDJHHYDOXDWLRQ
$EVWUDFW The 1995 Kobe earthquake and the 2011 Tohoku megathrust earthquake caused
catastrophic consequences to a large number of wooden houses. A quick damage evaluation
of houses in a disaster-stricken area is important to avoid confusion after an earthquake. In
recent years, several methods have been examined to monitor aseismic performance of wooden houses, aiming at detecting damage by measuring changes in the dynamic characteristics
of buildings before and after an earthquake, such as natural periods.
In 2019, a shaking table test of a full-scale wooden house was conducted at E-Defense, NIED.
The test specimen was a frame-type three-story wooden house (Japanese seismic grade index:
3). In the three directional shaking table test, the main excitation consisted of six JMA Kobe
waves and four JR Takatori waves at different amplitudes. The maximum horizontal acceleration of each of the excitations ranged from 1.79 m/s2 to 14.43 m/s2. In the experiment, damage to the specimen gradually increased at each shaking. Eventually, the maximum story drift
angle of the first story reached 1/19.
The authors examined the relationship between earthquake-induced damage and the reduction of natural frequency by microtremor measurement. In the experiment, the natural frequency of the wooden houses showed an insignificant decrease within the maximum story
drift angle of 1/300 or less. A significant reduction of the primary natural frequency occurred
after the drift angle exceeded 1/50 and the house was damaged to some extent. Even in the
ultimate state where the maximum story drift angle exceeded 1/20, the primary natural frequency was 60% or larger than the original state.
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DQG WKH UHGXFWLRQ RI QDWXUDO IUHTXHQF\ E\ PLFURWUHPRU PHDVXUHPHQW EDVHG RQ WKH H[SHUL
PHQWDOUHVXOWVRIDVKDNLQJWDEOHWHVWRIDIXOOVFDOHZRRGHQKRXVH
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Abstract. Nonlinear Time History Analyses (NTHA) are generally regarded as the most accurate way of predicting the dynamic response of a structure to a given seismic ground motion.
However, these types of analyses are computationally demanding and require proper software.
The aim of this paper is to investigate the feasibility and accuracy of an Equivalent Linear analysis (ELA) where material nonlinearity is accounted for through an iterative procedure with the
use of secant stiffnesses. The method is applied to one of the pylons of a major suspension
bridge recently designed in Chile. For comparative purposes, two models are created in the
open-source framework OpenSees: 1) a full nonlinear ﬁber model where nonlinear material
behaviour is accounted for through distributed plasticity, and 2) an elastic model where the
element ﬂexural stiffnesses are updated using the ELA method. The analyses are carried out
for seven earthquake time histories. The results show that the ELA is able to reproduce the
maximum forces in the structure with a satisfactory accuracy. However, the method is not able
to capture regaining of stiffness once cracks are closed due to cyclic responses.
For further veriﬁcation, several pushover analyses are also conducted on both models with the
inertial forces extracted from the most unfavourable time-steps in the nonlinear time domain
analysis. The pushover analysis veriﬁes that the ELA method is capable of predicting the structural response up to the point of yielding of the steel reinforcement or crushing of the concrete.
Nevertheless, the method is fairly accurate in identifying possible plastic hinges, and to some
degree, assessing the ductility of the structure.
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1

INTRODUCTION

Large suspension bridges are particularly susceptible to earthquake excitation due to their
slender conﬁgurations. When built in seismic active areas, earthquake induced forces often
become the most prominent design criteria, thus accurately capturing this effect during design
calculations are of top priority. This is no exception for the Chacao Bridge, which upon completion will connect the island of Chiloé to the Chilean mainland. The suspension bridge spans
approximately 2750 meters, divided into two main spans of 1155 and 1055 meters supported
by three pylons. The Norwegian consultant company Aas-Jakobsen participated in the international design team tasked with designing the bridge. One of the ﬁrm’s task was design of the
bridge pylons. The northern and southern pylons consist of two pylon legs connected by three
girders, all of which are made from hollow Reinforced Concrete (RC) sections. With the bridge
located in one of the most seismic active regions in the world, namely the subduction zone between the Nazca Plate and the South American Plate [1, 2], a complete time history analysis
(THA) was deemed necessary to predict the structures response to a seismic event. The analysis
was carried out in RM-Bridge [3] with seven ground motion records corresponding to a seismic
event with a return period of 1030-years (Maximum Probable Earthquake) [4].
Although widely recognised as an accurate way of capturing the behaviour of structures
subjected to cyclic dynamic forces [5], running a full NTHA on large structures such as the
Chacao Bridge quickly becomes a momentous task and convergence is not guaranteed. If,
however, the sections of the structure are expected to exceed their elastic domain during an
seismic event, the forces resulting from an THA may be too conservative since the ductile
behaviour of the structure is not captured [6].
To cope with the issue of overestimating forces when designing the Chacao Bridge pylons, an
iterative procedure was proposed, hereby referred to as the ELA. First, the nonlinear momentcurvature relation was calculated for each section in the Finite Element (FE) model. Then, a
series of elastic THAs was carried out using the same ground motion record. Following each
analysis, the largest absolutes moment for each section was obtained and used together with
the appropriate moment curvature relation to determine the secant stiffness of that section. A
new elastic model with updated stiffness properties was then established. When the ﬂexural
stiffnesses of the sections converge after a number of THAs, the nonlinear material response of
the structure is considered approximately captured. The ﬁnal iteration with converged stiffness
properties will therefore in principal have the same resulting forces as those following a full
NTHA. An elastic analysis with secant stiffnesses is allowed by the AASHTO Seismic Design
Manual, as long as the distribution of forces are veriﬁed to be consistent with expected nonlinear
behaviour [7]. The use of cracked stiffness properties is also recommended by the Eurocode
8 when performing a linear elastic analyses [8]. However, it appears that little attention has
been paid to investigate the consistency between the two methods. A comparative study was
therefore conducted using the South Pylon of the Chacao Bridge. A FE model with linear elastic
elements was developed in OpenSees [9], onto which the ELA could be conducted. A second
model with nonlinear material properties was used as a baseline. Finally, multiple pushover
analyses were performed for further veriﬁcation of the methods capabilities.
2
2.1

MODEL DESCRIPTION
OpenSees Model

The FE model of the South Pylon in this study was established in the open source software
framework OpenSees [9]. The geometry and material properties of the models were based on
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the RM-Bridge model previously created by Aas-Jakobsen during the design of the Chacao
Bridge with minor modiﬁcations. The suspension cables were simpliﬁed as springs at the top
of each pylon leg. Additionally, the foundation SSI-matrices were simpliﬁed by neglecting offdiagonal terms and modelling the remaining parts as linear springs.
For the comparative purpose of this study, two models were established; a model with nonlinear material properties using the ﬁber section functionality provided in OpenSees and a linear
elastic model. The nonlinear ﬁber model utilized the built-in material models Concrete02 [10]
and Steel02 [11] for the concrete and reinforcement ﬁbers, respectively. The moment-curvature
relations used in the ELA were obtained with the same material models. The chosen material
parameters are summarized in Tables 1 and 2.
Parameter
Symbol
Expected maximum compressive strength fpc
Initial modulus of elasticity
Ecm
Strain at maximum compressive strength εc0
Ultimate compressive strength
fpcu
Ultimate compressive strain
εcu
Expected tensile strength
ft
Tensile softening stiffness
Ets
Ratio between unloading and initial slope λ

Value
58.5 MPa
32.1 GPa
3.64 
49 MPa
5
4.05 MPa
4.41 MPa
0.5

Table 1: Concrete02 material parameters.

Parameter
Expected yield strength
Young’s modulus
Yield strain
Strain hardening ratio
Isotropic hardening parameter
Isotropic hardening parameter
Isotropic hardening parameter
Isotropic hardening parameter
Asymptote parameter
Asymptote parameter
Asymptote parameter

Symbol
fy
Es
εy
b
a1
a2
a3
a4
R0
cR1
cR2

Value
470 MPa
200 GPa
2.35 
0.06
0
1
0
1
0.20
0.925
0.15

Table 2: Steel02 material parameters.

P-Δ transformation was applied in order to capture nonlinear geometry effects, with the
pylon carrying gravity loads from the bridge deck in addition to its self weight resulting in severe
compression forces. Damping was included as Rayleigh damping, with a chosen target damping
ratio of 5 % for the two fundamental modes in the longitudinal and transverse directions of the
bridge.
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2.2

Model veriﬁcation

As the discretization of the ﬁber section is important for the performance of both the full
nonlinear analysis and the ELA method, a study on discretization was conducted to decide
on the appropriate average size of the concrete ﬁbers in the pylon. The study was performed
by calculating the moment-curvature diagrams for representative sections along the pylon with
varying axial forces. The results revealed that a mesh consisting of 25 × 10 concrete ﬁbers per
side of each pylon leg element was sufﬁciently accurate without restricting the efﬁciency of the
analyses, as seen in Figure 1.
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Figure 1: Moment-curvature relations for different meshing and axial load.

The modal properties of the two models were compared to verify that their initial stiffnesses
and therefore initial dynamic properties would be similar. The mean deviation of modal periods
for the ﬁrst 20 modes is 1.26%, with a maximum deviation of 2.15% in mode number 20. This
was deemed sufﬁciently accurate to assume similar initial behaviour between the models under
both static and dynamic loading.
3
3.1

ANALYSIS PROCEDURE
Equivalent Linear Analysis

The algorithm for the ELA was developed using a combination of the THA solver in OpenSees
and MATLAB for post-processing data. The method is largely based on nonlinear momentcurvature relations for the RC sections, so these are initially computed by performing a section
response analysis for each ﬁber section in OpenSees. Since this relation depends on axial force,
seen in Figure 2a, a series of different scaling of the gravity load was applied so that each element had a number of moment-curvature diagrams associated with it. The stiffness properties
of the initial linear elastic elements were taken as the slope of the tangent at the origin for the
corresponding moment-curvature relations with unit gravity load. A full transient THA was
then conducted in OpenSees using the the linear elastic model and Newmark’s constant average
acceleration method as time-stepping scheme. The selected ground motion was applied in both
horizontal directions with a time step of 0.01 seconds. Data regarding forces, acceleration and
displacements was recorded during the analysis and upon completion written to text ﬁles. MATLAB was then invoked to post process the results. For each element, MATLAB scripts obtained
the maximum moment about both principle axes along with the corresponding axial forces. The
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updated stiffness about each axis was then obtained by ﬁnding the intersection point between
the moment and the appropriate moment-curvature relation, as shown in Figure 2b. By making
use of the relation
M
EI =
(1)
κ
where M and κ is the moment and curvature about the section axis, the secant stiffness was
taken as the slope of a line going through the origin and the intersection point. Since the axial
load changes for each iteration during the procedure, the intersection point was linearly interpolated between existing curves, enveloping moment-curvature relations so to avoid recomputing
these for each iteration.
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(a) Effect of compressive load for M-κ relation.

(b) Secant line in M-κ relation.

Figure 2: Determination of secant line using moment.

The updated stiffness for each element was taken as the mean between the newly acquired
and previous value, to ensure smoothness during the scheme. A new linear elastic model with
updated stiffness properties was then created. If the newly obtained stiffness values differed signiﬁcantly from the previous ones, another iteration was initiated using the updated model. The
iterations continue until the change in all element stiffnesses falls below a given convergence
threshold.
3.2

Pushover Analysis

The pushover analyses were conducted with inertial forces as basis for the load distribution.
For each critical element, e.g. base elements in the pylon legs or cross-beams, the total acceleration in each node was retrieved for the time-step where the maximum bending moment
appeared for that element. The different total acceleration proﬁles were then multiplied with the
mass matrix to obtain the inertial forces which were set as the load level for load factor λ = 1.
The obtained distributions were then scaled from λ = 0 until the solution failed to converge.
This procedure was conducted on both the full nonlinear model, as well as the one using the
ELA iteration scheme.
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4

ANALYSIS RESULTS

4.1

THA

The results from the time history analyses show that in general the ELA method was able
to capture maximum bending moments in critical sections of the pylon. Table 3 summarizes
the maximum forces in selected elements of the pylon, averaged over all seven ground motions
for both the initial elastic model and the reduced stiffness model obtained through ELA. The
average reduction ratios from the initial stiffness of the elements are also included in the table.
The moments are normalized by the bending moment values following the NTHA by using the
formula
M∗ =

Element Ratio
4101
0.63
4103
0.80
4106
0.99
4112
0.99
4115
0.82
4120
1.00
4501
0.31
4701
0.35

M
Mf iber

M∗y,initial
1.12
1.11
1.10
1.04
1.10
1.04
1.27
1.13

M∗y,f inal
1.06
1.03
0.96
1.21
1.11
1.03
1.03
1.01

(2)
My,f iber [MNm]
338
274
187
92
192
53
185
137

Table 3: Summary of average normalized bending moments about the bridges transverse axis.

Figure 3 and 4 plot the displacement and moment response histories of the full nonlinear
ﬁber model, the initial elastic model and the converged model using the ELA for one of the
input ground motions. The maximum bending moment response for each model is highlighted
in the plot. Figure 5 shows the maximum absolute value of the bending moments at the base of
the pylon normalized against the bending moment response of the ﬁber section model, with the
average values across all seven ground motions plotted at the bottom.
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Figure 3: Displacement response history of upper part of pylon.
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Figure 5: Moment response history of element 4101.

When studying the time histories for the various input ground motions, it is clear that in the
ELA performed well in approximating the bending moments in the pylon. From Table 3, the
largest deviation between the ﬁnal iteration of the ELA and the full nonlinear model was 21%,
which occurs in element 4112. A possible reason for the deviation in this element is the combination of low bending moment levels and large deﬂections in this particular area of the pylon.
This in turn means that the forces and therefore reduction ratios are largely governed by the
stiffness of the remaining elements of the pylon and consequentially second order geometrical
effects plays a signiﬁcant role. This effect can also be seen in the bottom part of Figure 5, where
the Mz values appear quite spurious, and are in general larger for the ﬁnal iteration of the model
based on the ELA than the model with initial stiffnesses. This is a general trend in areas with
small bending moments and can be attributed to second order geometrical effects.
For the remaining elements listed in the table, the largest deviations were in the range of
1-11%, which from an engineering point of view is acceptable for an approximate method. For
the displacement time histories, the model using the ELA was slightly shifted in its response
compared to the model with initial stiffnesses and the full nonlinear model. This is is explained
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by the fact that the stiffness of the various elements in the ELA model are based on the largest
forces throughout the response history. The ELA model also does not include closing of cracks
which in sum yields a lower stiffness and therefore larger, phase-shifted displacements.
4.2

Pushover analysis

The pushover analyses conducted in this study served as a foundation for verifying the results
from the THAs, as well as a separate examination for comparing the response of structures using
the ELA and nonlinear material models. Figure 6 plots the load-displacement pushover curve
for the analysis L1, while Figure 7 plots the moment distributions for load factor λ = 1 and
λ = 1.5 where the latter is the load factor where the model using the ELA failed to converge.
Analysis L1 corresponds to the inertial force level and distribution which yields the largest
bending moments at the base of the western pylon leg, that is, element 4101. The results for the
base and upper part of the pylon are summarized in Table 4.
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Figure 6: Force-displacement pushover curve for analysis L1.

When transient and cyclic effects are excluded, the pushover analyses shows the ELAs ability
of accurately approximating the nonlinear model during static analysis. The various pushover
analyses conducted demonstrate that the ELA performed well both up to the load level retrieved
from the THAs and beyond. For design purposes, pushover analyses performed on models with
the ELA method can be used to predict the location of possible plastic hinges. It can also be
implemented to control safety factors for given load levels from transient analyses.
Element Ratio λ = 1
4101
0.95
4201
0.95
4115
0.92
4215
0.93

M∗λ=1
0.99
1.00
1.02
1.01

Ratio λ = 1.5
0.47
0.47
0.47
0.31

M∗λ=1.5
1.03
1.04
1.05
1.04

Table 4: Summary of critical element for pushover analysis L1.
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Figure 7: Moment distribution in the pylon legs for analysis L1.

5

CONCLUSION

The goal of this study has been to assess if the the secant stiffness can provide a reasonable
approximation to the nonlinear material behavior of structures. By assessing the forces succeeding ELAs and comparing these to the forces following full NTHAs, several remarks can be
made. For the majority of elements the approximation of forces is satisfactory, especially for
those enduring large moments during the THA. There are however anomalies where the ELA
increases the gap between responses which may be rooted in the shortcomings of the method.
Unlike a full NTHA, the ELA is not able to take effects such as cyclic degradation, closing of
cracks and dissipation of energy due to cracking of the concrete into consideration. Further,
since the stiffness reduction developments occur independent of each other during each iteration, information regarding interaction between elements is lost.The consequence of this is an
overall softer structure, with certain unpredictable properties. Rather than using the stiffness
values obtained following the ELA, it is proposed to use these as guidelines for creating new
ones. By selecting stiffnesses enveloped by the initial and reduced values, more towards the
latter, overestimation of stiffness reduction is counteracted. The resulting structure will then
inherit a realistic crack distribution. The quality of the nonlinear approximation was conﬁrmed
by pushover analyses, where the ELA was capable of accurately producing similar bending
moment and deﬂection patterns as the nonlinear ﬁber model. When reaching load levels where
post-yield capacity was expected, the ELA produced bending moments with slightly higher values in the elements experiencing the largest stiffness reductions. This is due to how the ELA
obtains secant stiffnesses for moments close to the section’s ultimate capacity.
Overall, the ELA has proven to be a valid alternative to a full nonlinear analysis. The method
is also code-compliant as it satisﬁes the requirements from both Eurocode 8 and the AASHTO
Guide Speciﬁcations for LRFD Seismic Bridge Design with regards to providing results that
are consistent with expected nonlinear material behaviour.
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.H\ZRUGV5HLQIRUFHGFRQFUHWHVWUDQGVERQGVOLSIUHHOHQJWK',&
$EVWUDFW Knowledge about the plastic behaviour of steel bars in reinforced concrete (RC)
structures is important, especially for seismic design. The paper presents the results of experimental tests where the main aim was to observe the plastic deformations, interaction and
bond-slip of reinforcement bars inside concrete strands. In standard tests of reinforcement
bars the gauge length is 5d (i.e. five times the diameter of the bar). The tests on the concrete
strands revealed that a length of 5d is not representative for the actual section length of the
reinforcement bar, which develops free length inside the tested concrete strands that is longer
than 5d.
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$VERWKWKHXQLD[LDODQGODWHUDOVWUDLQZDVPHDVXUHGWKH3RLVVRQ¶VUDWLRFRXOGEHGHWHUPLQHG
7KH3RLVVRQ¶VUDWLRLQFUHDVHGUDSLGO\GXULQJWKH\LHOGLQJSKDVHWRDQGZDVFRQVWDQW
DOOWKHZD\WRUXSWXUH7KHEDUVGHYHORSHGD\LHOGLQJSODWHDXZKHUHWKH\LHOGLQJSURSDJDWHG
IURPRQHHQGRIWKHEDUWRWKHRWKHU /GHU¶VEHKDYLRXU>@ RQDSSUR[LPDWHO\GORQJVHJ
PHQWDWDWLPH
,Q )LJ  VWUDLQYVSLFWXUH FRUUHVSRQGV WR VWUDLQYVWLPH  DQG VWUHVVYVSLFWXUH FXUYHV IRU
WZHOYHPPORQJVLGHE\VLGHVHJPHQWVDUHVKRZQ1RWHWKDWWKHVWUHVVYVSLFWXUHFXUYHLV
VFDOHGGRZQE\LQRUGHUWRILWLQWRWKHJUDSK7KHRXWHUPRVWVHJPHQWV VHJPHQWDQG 
LQFOXGHGWKHZHOGLQJDWWKHWKLFNHQLQJV7KHIROORZLQJQRWHVDUHPDUNHGRQWKHJUDSKRQ
)LJ
 8SWRSLFWXUHQRWKHEDULVLQWKHHODVWLFUDQJH
 %HWZHHQSLFWXUHVQRWKHVWUHVVFXUYHKDVDEHQGLQJVKDSHWKDWEHJLQVDWDSSUR[
LPDWHO\03D7KHEHQGLQJVKDSHLVDUHVXOWRI\LHOGLQJLQVHJPHQWVDQGLQWKH
EDUDWWKHZHOGV LHWKHVWUDLQRQWKHYHUWLFDOD[LVLQFUHDVHVUDSLGO\LQVHJPHQWVDQG
 7KHKHDWIURPWKHH[HFXWLRQRIWKHZHOGVUHVXOWHGLQORZHU\LHOGVWUHVVLQWKHEDU
DWWKHZHOGVDQGLQDGLIIHUHQW\LHOGEHKDYLRXU EHQGVKDSHLQVWHDGRID\LHOGLQJSODW
HDX 
 %HWZHHQ SLFWXUHV QR  WKH VWUHVVFXUYH LV KRUL]RQWDO LH \LHOGLQJ SODWHDX 7KH
\LHOGLQJ VWUDLQ FDQ EH REVHUYHG DV YHUWLFDO MXPS LQ WKH VWUDLQ FXUYHV EHJLQQLQJ ZLWK
VHJPHQW:KHQVHJPHQWVWRSV\LHOGLQJVHJPHQWWDNHVRYHUDQGVRLQFRQWLQXHVLQ
DQXPHULFRUGHUWRWKHODVWVHJPHQW>@,HWKH\LHOGLQJIURQWSURSDJDWHVIURPRQH
HQGRIWKHEDUWRWKHRWKHUNQRZQDV/GHU¶VEHKDYLRXU>@
 %HWZHHQSLFWXUHVWKHZKROHEDUJRHVWKURXJKDVWUDLQKDUGHQLQJSURFHVV
ϱ͘ %HWZHHQSLFWXUHVQHFNLQJRFFXUVLQVHJPHQWLHWKHEDUIDLOVDWWKHZHOGLQ
VHJPHQW$OOWKHEDUVZLWKWKLFNHQLQJVIDLOHGLQWKHEDUDWWKHZHOG
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^ƚƌĂŝŶͲε

ϱϬϬDWĂ

ϰϬϬDWĂ

WŝĐƚƵƌĞŶƵŵďĞƌͬ^ĞĐŽŶĚƐ


)LJXUH7KHVWUDLQGHYHORSPHQWLQWZHOYHPPORQJVLGHE\VLGHVHJPHQWVQXPEHUHGDVDIXQFWLRQRI
WKHSLFWXUHQXPEHUIRUUHLQIRUFHPHQWEDUQRZLWKWKLFNHQLQJDWWKHHQGV7KHVHJPHQWVLQFOXGLQJDZHOGDUH
QXPEHUDQG7KHVWUHVVLQWKHEDULVDOVRVKRZQDVDIXQFWLRQRIWKHSLFWXUHQXPEHUVFDOHGGRZQE\LQ
RUGHUWRILWLQWRWKHJUDSK

&ODVVLFDOVWUHVVVWUDLQGLDJUDPVIRUHDFKVHJPHQWDUHVKRZQRQ)LJDQGDVEHIRUHVHJ
PHQWVDQGVKRZGLIIHUHQWEHKDYLRXUIURPWKHRWKHUVHJPHQWV
7KHJUDSK RQ )LJ  VKRZV D VWUHVVVWUDLQ FXUYH IRU EDU WKDWLVZLWKWKLFNHQLQJDWWKH
HQGVDQGIRUEDUWKDWLVZLWKRXWWKLFNHQLQJV%RWKFXUYHVDUHIRUJDXJHVHJPHQWVWKDWLQ
FOXGHVWKHQHFN7KHVWUHVVVWUDLQFXUYHVIRUDOOWKHRWKHUEDUVLQFOXGHGLQWKHWHVW 7DEOH DUH
LGHQWLFDO WR WKH RQHV VKRZQ RQ )LJ  7KH KHDW IURP H[HFXWLRQRI WKH ZHOG LV DIIHFWLQJ WKH
VWUHVVVWUDLQEHKDYLRXULQWKHVHJPHQWVLQFOXGLQJWKHZHOGEXWQRWWKHRWKHUVHJPHQWVDVFDQ
EHVHHQRQWKHVWUDLQFXUYHVIRUDOOWZHOYHVHJPHQWVIRUEDURQ)LJDQGRQWKHVWUHVV
VWUDLQFXUYHVRQ)LJ)LUVWO\LWDIIHFWVWKH\LHOGLQJEHKDYLRXUDVWKHFXUYHVWDUWVEHQGLQJDW
DSSUR[LPDWHO\03DLQVWHDGRIIROORZLQJDVWUDLJKWOLQHWRWKH\LHOGLQJSODWHDXOLNHVHJ
PHQWVIRUEDURQ)LJ6HFRQGO\WKHVWUHVVVWUDLQFXUYHVDUHPXFKVKRUWHUVRERWK
WKHPD[VWUHVVDQGWKHIDLOXUHRFFXUUHGPXFKHDUOLHUDWORZHUVWUDLQLQWKHVHJPHQWVLQFOXGLQJ
WKHZHOGWKDQWKHRWKHUVQRWLQFOXGLQJDZHOG$VFDQEHVHHQRQWKHJUDSKRQ)LJWKHVWUDLQ
DWPD[VWUHVVLVWKRXJKIXOILOOLQJWKHGHPDQGRIHORQJDWLRQIRUUHLQIRUFHPHQWEDULQFODVV
&>@6HJPHQWRQ)LJDQG)LJLVWKHVDPHDVWKHRQHXVHGWRSUHVHQWEDURQ)LJ
VKRZQDVEOXHFXUYHRQDOOWKHJUDSKV 7KHVWUDLQFXUYHVIRUWKHRWKHUVHJPHQWVQRWLQFOXGLQJ
DZHOG LHVHJPHQWV RQO\UHDFKHGVWUDLQZKHQVHJPHQWWKDWLQFOXGHGWKHQHFN
IDLOHG )LJDQG 
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^ƚƌĞƐƐͲσ ;DWĂͿ

^ĞŐŵĞŶƚƐŶŽƚŝŶĐůƵĚŝŶŐĂǁĞůĚĚĞǀĞůŽƉĞĚĂǇŝĞůĚŝŶŐƉůĂƚĞĂƵ͘

^ĞŐŵĞŶƚϭǁŝƚŚǁĞůĚĚĞǀĞůͲ
ŽƉĞĚƚŚĞŶĞĐŬ

zŝĞůĚŝŶŐďĞŐŝŶƐĂƚуϰϬϬDWĂŝŶ
ƐĞŐŵĞŶƚƐϭĂŶĚϭϮǁŝƚŚǁĞůĚ

^ƚƌĂŝŶͲε

)LJXUH7KHVWUHVVFXUYHDQGWKHWZHOYHVWUDLQFXUYHVLQEDURQJUDSKDUHKHUHVKRZQWRJHWKHUDVVWUHVV
VWUDLQFXUYHV7KHVHJPHQWLQFOXGLQJWKHQHFNILQLVKHGWKHVWUHVVVWUDLQGHYHORSPHQWZKLOHWKHRWKHUVHJPHQWV
VWRSSHG6HJPHQWVDQGLQFOXGLQJDZHOGVWDUWHG\LHOGLQJDWDSS03DDQGKDGDFXUYHGVKDSHDQGD
VPDOO\LHOGLQJSODWHDXZKLOHWKHRWKHUVHJPHQWVQRWLQFOXGLQJDZHOGGHYHORSHGD\LHOGLQJSODWHDX
ε сϭϯ͘ϯйĂƚŵĂǆƐƚƌĞƐƐ

^ƚƌĞƐƐͲσ ;DWĂͿ

^ĞŐŵĞŶƚǁŝƚŚŽƵƚǁĞůĚ
^ĞŐŵĞŶƚ
ǁŝƚŚǁĞůĚ

ε сϴ͘ϰйĂƚ
ŵĂǆƐƚƌĞƐƐ

^ĞŐŵĞŶƚƐǁŝƚŚǁĞůĚƌĞĂĐŚ
ŵĂǆƐƚƌĞƐƐĂŶĚĨĂŝůƐĂƚůŽǁĞƌ
ƐƚƌĂŝŶ

zŝĞůĚŝŶŐďĞŐŝŶƐĂƚуϰϬϬDWĂ
ŝŶƚŚĞƐĞŐŵĞŶƚƐǁŝƚŚǁĞůĚ

^ƚƌĂŝŶͲε

)LJXUH6WUHVVVWUDLQFXUYHVIRUEDUZLWKWKLFNHQLQJVDQGEDUZLWKRXWWKLFNHQLQJVZKHUHERWKJDXJH
VHJPHQWVLQFOXGHGWKHQHFN7KHKHDWIURPWKHH[HFXWLRQRIWKHZHOGLQJDIIHFWVWKHVWUHVVVWUDLQEHKDYLRXURIWKH
VHJPHQWLQFOXGLQJWKHZHOG
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7HVWRIFRQFUHWHVWUDQGV
7KHGHYHORSPHQWRIWKHFUDFNZLGWKVDQGWKHVWUDLQDFURVVWKHFUDFNVZDVGHWHUPLQHGRQWKH
VXUIDFHRIWKHWHVWVSHFLPHQVIDFLQJWKHFDPHUD7KHJDXJHOHQJWKZDVGHFLGHGWREHPPDV
IRUWKHUHLQIRUFHPHQWEDUVLHILYHWLPHVWKHGLDPHWHURIWKHUHLQIRUFHPHQWEDULQVLGHWKHFRQ
FUHWH$VWKH',&DQDO\VLVZDVSHUIRUPHGDIWHUWKHWHVWWKHJDXJHVHJPHQWVFRXOGEHORFDWHG
ZLWKWKHFUDFNLQWKHFHQWUH(OHYHQSRLQWVRQHDFKVLGHRIWKHFUDFNZHUHXVHGWRGHWHUPLQHDQ
DYHUDJHFUDFNZLGWKDQGDYHUDJHVWUDLQ )LJ 

)LJXUH(OHYHQSRLQWVRQHDFKVLGHRIWKHFUDFN UHGGRWV ZHUHXVHGWRGHWHUPLQHDYHUDJHYDOXHVIRUWKHFUDFN
ZLGWKDQGWKHVWUDLQDFURVVWKHFUDFN.

&RQFUHWH VWUDQG QR  ZDV WKH RQO\ VSHFLPHQ WKDW GHYHORSHG WZR FUDFNV )LJ   1R RWKHU
GDPDJH ZDV REVHUYHG LQ WKH FRQFUHWH 7KH UHLQIRUFHPHQW EDU UXSWXUHG LQVLGH WKH FRQFUHWH
VWUDQGDWWKHZHOGLQJDWWRSZKLFKZDVFRQILUPHGE\VPDVKLQJWKHFRQFUHWHZLWKDKDPPHU
DIWHUWKHWHVW7KHRXWVWDQGLQJSDUWRIWKHEDUWKLFNHQLQJPRYHGPPRXWRIWKHFRQFUHWHDW
WKHWRSEXWQRPRYHPHQWRIWKHEDUWKLFNHQLQJDWWKHERWWRPZDVREVHUYHG
&RQFUHWH VWUDQG QR  GHYHORSHG RQH FUDFN )LJ   1R RWKHU GDPDJH ZDV REVHUYHG LQ WKH
FRQFUHWH 7KH UHLQIRUFHPHQW EDU UXSWXUHG LQVLGH WKH FRQFUHWH VWUDQG DW WKH ZHOGLQJ DW WRS
ZKLFK EHFDPH REYLRXV DIWHU WKH WHVW ZKHQ WKH EDU WKDW ZDV LQVLGH WKH VPDOOHU FRQFUHWH SDUW
ZDVHDVLO\SXOOHGRXWRIWKHFRQFUHWHZLWKEDUHKDQGV )LJ 1RPRYHPHQWRIWKHRXWVWDQG
LQJSDUWRIWKHEDUVWKLFNHQLQJVZDVREVHUYHG
&RQFUHWHVWUDQGQRGHYHORSHGRQHFUDFN )LJ $VH[SHFWHGLQVWUDQGVZLWKUHLQIRUFHPHQW
ZLWKRXWWKLFNHQLQJDWWKHHQGVGDPDJHRIWKHFRQFUHWHDWWRSDQGERWWRPZDVREVHUYHG7KH
WRS RI WKH FRQFUHWH VWUDQG VSOLWWHG DQG SXQFKLQJ IDLOXUH ZDV REVHUYHG DW ERWK HQG VXUIDFHV
7KHEDUUXSWXUHGDWWKHWRSRXWVLGHWKHFRQFUHWH
&RQFUHWHVWUDQGQRGHYHORSHGRQHFUDFN )LJ $VH[SHFWHGLQVWUDQGVZLWKUHLQIRUFHPHQW
ZLWKRXW WKLFNHQLQJ DW WKH HQGV GDPDJH RI WKH FRQFUHWH DW WRS DQG ERWWRP ZDV REVHUYHG LQ
IRUPRISXQFKLQJIDLOXUHDWERWKHQGVXUIDFHV7KHEDUUXSWXUHGDWWKHWRSRXWVLGHWKHFRQFUHWH
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Ϭ͕Ϯϲŵ

Ϭ͕Ϯϳŵ
Ϭ͕ϯϰŵ

Ϭ͕ϯϯŵ

Ϭ͕ϭϴŵ

Ϭ͕ϰϳŵ
Ϭ͕ϰϬŵ

Ϭ͕ϰϭŵ

ϯ

ϰ

Ϭ͕ϯϬŵ

ϭ

Ϯ

)LJXUH6LGHYLHZRIDOOIRXUFRQFUHWHVWUDQGVDIWHUWKHWHVWIDFLQJWKHVDPHZD\DVGXULQJWKHWHVW7HVWVSHFL
PHQDQGGHYHORSHGQRIDLOXUHVDWWKHHQGVDVWKHUHLQIRUFHPHQWKDGWKLFNHQLQJVDWWKHHQGV7KHUHLQIRUFH
PHQWUXSWXUHGLQVLGHWKHFRQFUHWH7HVWVSHFLPHQDQGKDGQRWKLFNHQLQJVLQWKHUHLQIRUFHPHQWDQGWKHUHIRUH
WKH\GHYHORSHGVRPHIDLOXUHDWWKHHQGV7KHUHLQIRUFHPHQWUXSWXUHGRXWVLGHWKHFRQFUHWH

7KHGHYHORSPHQWRIWKHFUDFNZLGWK ZLQPP DQGWKHDSSOLHGD[LDOMDFNIRUFH 3LQN1 
LQWKHIRXUFRQFUHWHVWUDQGVDVDIXQFWLRQRIWKHGLVSODFHPHQWRIWKHMDFN XLQPP LVVKRZQ
LQ)LJ,QDOOFDVHVWKHFUDFNVRSHQHGVLPXOWDQHRXVO\ZLWKWKHORDGGURSLQWKHIRUFHDQGLQ
WKH FDVH RI FRQFUHWH VWUDQG  WKHUH RFFXUUHG WZR ORDG GURSV RQH IRU HDFK FUDFN $V FDQ EH
VHHQRQWKHGHYHORSPHQWRIWKHFUDFNVLQFRQFUHWHVWUDQGDQGZKHUHWKHEDUVKDYHWKLFN
HQLQJDWWKHHQGVWKHFXUYHVVKRZDYHU\VWHDG\LQFUHDVHRIWKHFUDFNZLGWKFRPSDUHGZLWK
FRQFUHWH VWUDQG  DQG  )LJ   7KH UHDVRQ LV WKDW DOO WKH \LHOGLQJ HORQJDWLRQ LQ WKH EDU LQ
VWUDQGVDQGKDSSHQVLQVLGHWKHFRQFUHWHZKLOHWKHHORQJDWLRQRIWKHEDURXWVLGHWKHFRQ
FUHWHLVQRWFRQWULEXWLQJWRWKHFUDFNZLGWKLQVWUDQGVDQG7KHFXUYHVIRUWKHFUDFNZLGWK
LQVWUDQGVDQGDUHWKHUHIRUHQRWDVVWHDG\
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ǁ;ŵŵͿΘW;ŬEͿ

ǁ;ŵŵͿΘW;ŬEͿ

ǁŵĂǆсϯϰŵŵ
&ŽƌĐĞW;ŬEͿ
ƌĂĐŬǁŝĚƚŚǁŵĂǆсϴ͘ϲΘϵ͘ϯŵŵ
Ƶ;ŵŵͿ

Ƶ;ŵŵͿ

ŽŶĐƌĞƚĞƐƚƌĂŶĚϭ

ŽŶĐƌĞƚĞƐƚƌĂŶĚϮ
ǁ;ŵŵͿΘW;ŬEͿ

ǁ;ŵŵͿΘW;ŬEͿ

ǁŵĂǆсϭϵŵŵ
ǁŵĂǆсϯϳŵŵ
Ƶ;ŵŵͿ

Ƶ;ŵŵͿ

ŽŶĐƌĞƚĞƐƚƌĂŶĚϯ

ŽŶĐƌĞƚĞƐƚƌĂŶĚϰ

)LJXUH7KHGHYHORSPHQWRIWKHFUDFNZLGWK ZLQPP LQWKHIRXUFRQFUHWHVWUDQGVDVDIXQFWLRQRIWKHGLV
SODFHPHQWRIWKHMDFN XLQPP 7KHIRUFHLQWKHMDFN 3LQN1 LVDOVRRQWKHJUDSK

,QFRQFUHWHVWUDQGWKHFUDFNZLGWKLQERWKFUDFNVVWDUWVGHVFHQGLQJDWWKHVDPHWLPHWKH
IRUFHVWDUWVGHVFHQGLQJ7KHUHDVRQLVWKDWWKHEDUUXSWXUHGLQWKHWRSZHOGDQGWKHRXWVWDQGLQJ
SDUWRIWKHEDUWKLFNHQLQJPRYHGRXWRIWKHFRQFUHWH7KDWLVQRWWKHFDVHLQFRQFUHWHVWUDQG
DVWKHFUDFNZLGWKFRQWLQXHVWRLQFUHDVHGXULQJWKHGHVFHQGLQJSDUWRIWKHIRUFH QHFNLQJLQ
WKHEDU 7KHUHDVRQLVWKDWWKHQHFNLQJRIWKHEDURFFXUUHGFRPSOHWHO\LQVLGHWKHFRQFUHWHDQG
FRQWULEXWHGWRWKHFUDFNZLGWK
$VGLVFXVVHGHDUOLHUDQRWKHUVWXG\RIWKHUHLQIRUFHPHQWEDUVUHYHDOHGDGHYHORSPHQWRID
\LHOGLQJSODWHDXZKHUHWKH\LHOGLQJSURSDJDWHGIURPRQHHQGRIWKHEDUWRWKHRWKHU7KLVZDV
WKHQIROORZHGE\DVWUDLQKDUGHQLQJRIWKHZKROHEDU,WZDVDOVRUHYHDOHGWKDWWKHVWUHVVVWUDLQ
FXUYHVIRUJDXJHOHQJWKVLQWKHUDQJHRIGWRGZHUHLGHQWLFDODOOWKHZD\WRWKHPD[VWUHVV
>@ 7KHVHILQGLQJV DUH LPSRUWDQW IRU WKH XQGHUVWDQGLQJ RIWKH EHKDYLRXU RIWKH EDUV LQVLGH
WKHFRQFUHWHWRJHWKHUZLWKWKHILQGLQJVLQWKLVWHVWWKDWJDXJHVHJPHQWVLQFOXGLQJDZHOGVKRZ
GLIIHUHQWEHKDYLRXULQWKHVWUDLQGHYHORSPHQW\LHOGVWUHVVDQGPD[VWUHVV
,QFRQFUHWHVWUDQGDQGWKHZHOGVSOD\HGDELJJHUUROHWKDQDQWLFLSDWHGLQWKHEHJLQQLQJ
7KHFUDFNVRFFXUUHGLQVRPHGLVWDQFHIURPWKHHQGRIWKHFRQFUHWHVWUDQGDVH[SHFWHGDWWKH
HQGRIWKHWUDQVIHU]RQHZKHUHWKHERQGEHWZHHQWKHFRQFUHWHDQGWKHUHLQIRUFHPHQWEDUKDYH
WUDQVIHUUHG VXIILFLHQW SDUW RI WKH WHQVLRQ IRUFH WR WKH FRQFUHWH DEOH WR RYHU ZLQ WKH WHQVLRQ
VWUHQJWKLQWKHFRQFUHWHDQGFUHDWHDFUDFN,QWKHFUDFN]RQHWKHUHLQIRUFHPHQWEDUFDUULHVWKH
ZKROHIRUFHDORQHDQGWKHUHLVWKHELJJHVWVWUHVVLQWKHEDU7KHEDUVWDUWV\LHOGLQJDQGEHFDXVH
RI WKH 3RLVVRQ¶V UDWLR ZKLFK LQFUHDVHV GXULQJ WKH \LHOGLQJ SKDVH WR D YDOXH LQ WKH UDQJH RI
WR>@WKHEDUDOVRGHYHORSVODWHUDOFRQWUDFWLRQDIIHFWLQJWKHERQGEHWZHHQWKHEDU
DQGWKHFRQFUHWH7KH\LHOGLQJRIWKHEDUSURSDJDWHGDZD\IURPWKHFUDFNLQERWKGLUHFWLRQV
DQGUHDFKHGWKHZHOGDWWRSLQFRQFUHWHVWUDQGVDQGZKLFKIDLOHG7KLVEHFDPHHYLGHQWLQ
WKHFDVHRIFRQFUHWHVWUDQGWKDWWKH\LHOGLQJLVSURSDJDWLQJDORQJWKHEDUDOOWKHZD\WRWKH
ZHOGZKLFKIDLOHGDQGWKHUHLQIRUFHPHQWEDUFRXOGDIWHUWKHWHVWHDVLO\EHSXOOHGRXWRIWKHWRS
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FRQFUHWHSDUWZLWKEDUHKDQGV )LJ 7KHERWWRPSDUWRIFRQFUHWHVWUDQGZDVFXWLQWRVHYHQ
SLHFHVZKHUHRIVL[RIWKHPZHUHPPLQOHQJWK )LJ 7KHERQGEHWZHHQWKHUHLQIRUFH
PHQW DQG WKH FRQFUHWH ZDV FKHFNHG ZLWK D KDPPHU 7KH UHLQIRUFHPHQW EDU LQVLGH WKH WZR
FRQFUHWHSLHFHVFORVHVWWRWKHFUDFNZDVYHU\ORRVHLQVLGHWKHFRQFUHWHZKLOHWKHWKLUGRQHKDG
PRUHUHVLVWDQFH7KHUHLQIRUFHPHQWEDULQVLGHWKHIRXUWKSLHFHEDUHO\PRYHGZKHQLWZDVKLW
KDUGZLWKWKHKDPPHUDQGWKHQQRWDWDOOLQFRQFUHWHSLHFHVQXPEHUILYHDQGVL[7KLVLQGL
FDWHVWKDWWKHEDUGLGQ¶W\LHOGDOOWKHZD\WRWKHHQGRIWKHERWWRPSDUWRIFRQFUHWHVWUDQG
7KHOHQJWKRIWKHUHLQIRUFHPHQWEDUEHORQJLQJWRWKHWRSSDUWRIFRQFUHWHVWUDQG ZKLFKZDV
HDVLO\SXOOHGRXWRIWKHFRQFUHWHZLWKEDUHKDQGV LVPP )LJ DQGLIDVVXPHGWKDWWKH
UHLQIRUFHPHQWZDVORRVHLQVLGHFRQFUHWHSLHFHVQRDQGRQ)LJWKHWRWDOVL]HRIWKHIUHH
OHQJWKLVPPLHG

ϲϱϰϯϮϭ
ƌĂĐŬ

ŽƚƚŽŵĞŶĚ

ZĞŝŶĨŽƌĐĞŵĞŶƚďĂƌ

dŚŝĐŬĞŶŝŶŐ

)LJXUH7KHERWWRPSDUWRIFRQFUHWHVWUDQG VHH)LJ ZDVFXWLQWRVHYHQSLHFHVIRUFRPSDULVRQRIWKHERQG
EHWZHHQWKHUHLQIRUFHPHQWDQGWKHFRQFUHWH7KHUHLQIRUFHPHQWLQWKHWZRFRQFUHWHSLHFHVFORVHVWWRFUDFNZKHUH
ORRVHLQVLGHWKHFRQFUHWHEXWWKHUHVLVWDQFHLQWKHEDULQFUHDVHGZLWKWKHGLVWDQFHDZD\IURPWKHFUDFN7KHUH
VLVWDQFHZDVFKHFNHGZLWKDKDPPHU

7KLVVLPSOHWHVWLQGLFDWHVWKDWWKHUHLQIRUFHPHQWEDUVORVHWKHERQGWRWKHFRQFUHWHZKHQWKH
ORQJLWXGLQDOVWUDLQWRJHWKHUZLWKWKHODWHUDOVWUDLQLQFUHDVHV7KLVDOVREHFRPHVHYLGHQWZKHQ
VL]HRIWKHFUDFNZLGWKVLVVWXGLHG
&RQFUHWHVWUDQGV DQG KDYH ZHOGV LQ WKH EDUV DW WKHWKLFNHQLQJV DQG WKH VWUDLQ DWPD[
VWUHVVLQWKHUHLQIRUFHPHQWEDUVLVLQWKHUDQJHRIDFFRUGLQJWRWKHJUDSKRQ)LJ
GHSHQGLQJ RQ ZKHWKHU WKH \LHOGLQJ RFFXUV LQ D VHJPHQW ZLWK RU ZLWKRXW D ZHOG :KHQ WKH
\LHOGLQJRFFXUVDORQJDORQJVHFWLRQOLNHGHVFULEHGDERYHWKHWRWDOHORQJDWLRQRIWKHEDULV
VRPHZKHUHLQWKHDERYHPHQWLRQHGUDQJHEXWLVPRVWOLNHO\FORVHUWRWKHODWWHUYDOXHEHFDXVH
WKHZHOGLVRQO\DVPDOOSDUWRIWKHWRWDOOHQJWKRIWKHEDUWKDWLV\LHOGLQJ&RQFUHWHVWUDQG
KDGDFUDFNZLGWKRIPP )LJ DQGE\XVLQJWKHPHDVXUHGIUHHOHQJWKRIPPLWUH
VXOWVLQDVWUDLQRI%\XVLQJWKDWVWUDLQYDOXHIRUFRQFUHWHVWUDQGDOVRKDYLQJUHLQ
IRUFHPHQWEDUZLWKDZHOGWKDWIDLOHGLWUHVXOWVLQDIUHHOHQJWKRIDSSGIRUERWKFUDFNV
&RQFUHWH VWUDQGV  DQG  KDG UHLQIRUFHPHQW EDU ZLWKRXW WKLFNHQLQJVZHOGV DQG WKHVWUDLQ
FDQEHDVVXPHGWREHFORVHWRWKHODWWHUVWUDLQYDOXHPHQWLRQHGDERYHLH)RUDVWDQG
DUGJDXJHOHQJWKRIG PP LWZRXOGUHVXOWLQDFUDFNZLGWKRIPP&RQFUHWHVWUDQG
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Abstract. It is well known that seismic waves are affected by the geological nature of the different layers in which they propagate close to the surface. The various structural and topographic
elements cause the incident signal to be reﬂected, refracted, or diffracted. As a result, the combination of those different waves modiﬁes the spatial, spectral, and temporal characteristics of
the waveﬁeld. These phenomena are called site effects. Especially ampliﬁcations of the ground
motion acceleration is observed, which may induce failure of the structures located on the surface, as well as slope instabilities. The spatial variability of the ground motion can be very
signiﬁcant over small distances, because of the changes in the geometry and the soil conditions.
During the last years, many research works have been conducted through numerical simulations on simpliﬁed slope geometries in order to identify the effect of geological, topographic
and input signal parameters on the ampliﬁcation of the amplitude of seismic waves. However,
the predictions resulting from the numerical simulations are often different from the ﬁeld observations. So, this paper ﬁrstly presents an in-depth literature review about available methods
to model site effects and their implications. Secondly, it also focused on results of existing
works that beneﬁt from experimental data in the analytical modeling; more especially works
considering geophysical data obtained through H/V and MASW experiments are examined.
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1

INTRODUCTION

An earthquake is known by the shaking of the Earth surface, which may cause severe structural destruction and deaths. Energy is suddenly released in the Earth’s lithosphere, creating
seismic waves, that propagate to reach the surface.
During their journey to the surface, the seismic waves face different kinds of effects, that can
modify the spatial, spectral and temporal characteristics of the signal such as its direction, amplitude, duration and frequency content . . . , and therefore affect the ground motion. Those
effects depend mainly on the complexity of the source mechanism, the path followed by the
seismic waves and site effects close to the surface.
Speaking of site effects, seismic waves are affected by the geological structure of the soil in
which they propagate. For example, when a seismic wave arrives at an alluvial basin, its propagation velocity decreases while the amplitude of its signal increases. As the geometry and
conditions of a sedimentary layer vary over short distances, it means that the seismic signal
may vary over small surfaces.
Despite all the harm and risks caused by such phenomena, it has been difﬁcult so far to study
the slope stability during dynamic events. In many research studies numerical simulations have
been performed on simpliﬁed slope geometries (2D models), to identify the effect of geological, topographic and input signal parameters, on the ampliﬁcation of the amplitude of seismic
waves [1, 2, 3, 4, 5, 6]. Few studies have used more realistic geological and geomorphological
site conditions (3D models) to compute ground motion ampliﬁcations due to surface topography [7, 8, 9].
Therefore, this paper presents an in-depth literature review about available methods to model
site effect and its implications. It also focused on results of existing works that beneﬁt from
experimental data in the analytical modeling; more especially works considering geophysical
data obtained through H/V and MASW experiments we analyzed.
2

SITE EFFECTS

During major historical earthquakes, different aspects of damages have been observed in
various locations for the same event. The waves behavior and characteristics, and therefore the
distribution of damage, were mainly controlled by the type of soil in which the seismic waves
propagate. This phenomenon is commonly called as site effects.
Seismic site effects are related to the alteration of the seismic waves when they propagate close
to the surface; seismic waves are trapped in sediment layers (softer layers), they are reﬂected
and refracted on all the borders, edges, slopes and the bottom of sedimentary basin until they
dissipate all their energy. That is why infrastructures such as buildings, bridges may be damaged
due to the important spatial variability of the ground motion over very small distances.
Many observations around the world have shown that the ampliﬁcation of a signal could reach
10 times the initial signal amplitude due to similar effects, and it mainly depends on the velocity
contrast between the layers and the geometry of the basin [10]. Reﬂections and refractions also
happen when seismic waves reach hills and mountains, which may induce failure of structures
situated on the surface or slope instabilities.
Generally, two site effects are considered: the ones due to the geological nature of the soil and
those due to the topography.
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2.1

Geological site effects

Geological site effects caught the attention of researchers [11, 12, 13, 14] since the Mexico
earthquake in 1985, when this large earthquake struck Mexico City with a moment magnitude
of 8. Even though its epicenter was located along the Paciﬁc Coast (more than 350 km far
from Mexico-City), the city suffered major damage due to the large earthquake magnitude and
its geological conditions, which consists of the ancient lake beds that Mexico City sits on. As
usually observed, the acceleration amplitude strongly decreased with the distance from the epicenter (from 150 cm/s2 recorded at a station very close to the epicenter, to 18 cm/s2 at a station
situated at 200 km from the epicenter), but locally increased a lot up to 170 cm/s2 when the
seismic waves reached the alluvial deposit on which Mexico City has been founded: seismic
waves have been trapped and they reached the resonance frequency of the site [15]. This was
the ﬁrst time where seismic site effects have been evidenced. Furthermore, a large number of
the cities hit by earthquakes were damaged according to the geological and lithological nature
of the soil, where they are constructed.
2.2

Topographical site effects

Different observations carried out in the past showed that seismic ground motion is affected
by the variation of the site’s topography. This hypothesis was presented by Levret et al. (1986)
[16] to explain the damages observed in the village of Rognes in France located on a hill, during
the Lambesc’s earthquake in 1909. Other examples also show that damages were more severe
on the crest of hills than on its bottom: San Fernando earthquake in 1971 [17], Whitter Narrow’s
earthquake (California) in 1987 [18], Chichi earthquake (Taiwan) in 1989, Northridge’s earthquake (California) in 1994 [19, 20], Salvador earthquake in 2001, Sichuan earthquake (China)
in 2008. One of the ﬁrst topographic site effects was reported by Spudich et al. (1996) [20]
who analyzed signals recorded in several seismological stations installed along Mount Tarzana
slope in Los Angeles. They noticed high ampliﬁcation of the seismic motion, caused by the
Northridge earthquake aftershocks, between the crest and the bottom of the hill. Since then,
many experimental studies [21, 22, 23, 24, 25, 26, 27, 28, 29, 20, 30, 31] were conducted to
better understand the topographic site response. 2D & 3D numerical simulations [17, 32, 33, 34]
showed a 30 to 100% increase in the ampliﬁcation of the ground motion for frequencies between
2 and 5 Hz. There are many explanations for the causes of topographic site effects, and what
may affect the wave:
• The interference between the slope of the hill and the incident angle of the wave, especially the SV waves [18, 29].
• The interference between the incident wave and the diffracted waves [29].
• The wave ray path along the topographic surface [35].
2.3

Site effects assessments

Site effects can be generally detected by the three following characteristics:
• The ampliﬁcation of the ground in the subsurface layers.
• The resonant frequency.
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• The length of the seismic ground motion.
Different approaches were developed over the years and three are frequently used to evaluate
seismic site effects:
• The Horizontal to Vertical Spectral Ratio using Microtremors recordings at a single station (ambient noise) MHVSR [36], detailed in section 3.
• The Horizontal to Vertical Spectral Ratio using Earthquake data EHVSR [37], detailed in
section 3.4.
• The Classical Spectral Ratio CSR [38], detailed in section 4.
The deﬁnition for each of the methods and their respective limitations are introduced in the
following sections.
3

THE SINGLE STATION MHVSR ANALYSIS APPROACH

Ambient noise or microtremors were ﬁrst investigated by Omori in 1908 [39] and caught
the attention of Japanese researchers, especially after 1950. Measurement of microtremors was
used to estimate geological conditions and mechanical properties of the subsurface materials.
The application of microtremors was ﬁrst proposed by Kanai & Tanaka in 1961 [40]. After that,
several research investigations were conducted to evaluate its capacity in assessing the ground
motion characteristics and the site response of sediment deposit [41, 42, 15, 43, 44].
The ambient noise is a mixture of various wave types, most of the time generated by sources
located at the surface of the Earth or at the bottom of the sea. In other words, ambient noise
is a constant vibration created by the combination of low-frequency <1Hz and 1Hz (ocean,
meteorology, wind, etc...), and high-frequency >1Hz (human activities, machinery, etc...).
3.1

Nakamura method

To better understand whether microtremors are composed of body waves or surface waves,
a series of theoretical and numerical studies were conducted by Nogoshi and Igarashi. Based
on the theoretical HVSR of Rayleigh waves founded by Suzuki in 1933 [45] and the numerical
analysis of Ohta in 1963 [46], Nogoshi and Igarashi concluded in a sequence of articles [47,
48], that a microtremor is caused by Rayleigh waves. This clariﬁes why they did not initiate
the famous Nakamura method, also known as the horizontal to the vertical spectral ratio of
microtremors MHVSR. Despite that some article are citing them as founders of the Nakamura
method [49, 50, 51, 52], they did not describe the characteristics and the basics of the MHVSR
technique. The confusion may be caused by the fact that the original papers of the japanese
researcher Nakamura were published in Japanese [53]. The MHVSR method estimates the
ampliﬁcation, and the resonant frequency of the surface layer [54, 36] as explained by the
Japanese researcher Yutaka Nakamura.
3.2

Empirical development and ampliﬁcation estimation

The Japanese researcher Y. Nakamura tried to estimate the horizontal ampliﬁcation of the
ground motion by computing the ratio between the horizontal spectra of microtremors measured
on soft soil (f) and bedrock (b) sites (base ground) Hf /Hb . Then he decided to use the vertical
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components instead of horizontal ones Vf /Vb to eliminate as much as possible the peaks caused
by Rayleigh waves, and, therefore, to point out the effect of shear waves. After this procedure,
he deﬁned the spectral amplitude ratio as the ratio between horizontal-motion spectral ratio and
vertical-motion spectral ratio, both on-site and on bedrock
Hf /Hb
Vf /Vb

(1)

Based on different observations [36, 55, 56, 57], Hb /Vb  1, this means that the Nakamura
method makes it possible to derive an estimation of the ampliﬁcation characteristics and resonant frequency by only using either earthquake motion records HVSR or microtremors HVSR
of the measurements at the ground surface [36][53].
After comparison with the results of different surveys and data, Nakamura obtained the following relationships between the averaged thickness and the averaged shear wave velocity of the
subsurface layer (Vs ) and the base ground (bedrock) (Vsb ):
Vsb
A
Vsb
h=
4AF
Vs =

(2)
(3)

with A the peak ampliﬁcation factor that occurs at or close to the resonant frequency F.
From equations 2 and 3, we obtain:
Fn = n(

Vs
)
4h

(4)

where n is an index designating the nth mode of oscillation [58]. When n=0, we obtain the
resonant frequency f0 for the fundamental mode over a 1D medium.
Based on Molnar et al. (2018) [52], the microtremor HVSR was developed for several purposes such as:
• Identifying the presence of stiff layers.
• Estimating the depth of soil thickness h through the peak amplitude when assuming the
value of Vs (equation 2) [44, 59, 60, 61].
• Identifying the lateral heterogeneities in the subsoil when the H/V curves present some
peculiar shapes [62, 63, 64, 65].
3.3

Field data Collection

The MHVSR single station methodology is considered as a non-invasive and inexpensive
easy method to apply for seismic site characterization. On the other hand, the ﬁeld data collection of ambient noise should follow some rules to get more stable MHVSR and more precise
curve peaks. Some of these rules consist of:
• Using a three-component velocimeter,
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• Leveling the velocimeter on the surface, where the conditions represent a natural, free
ﬁeld ground characteristic,
• Placing the feet of the sensor directly onto the soft soil (vegetation should be removed),
• Protecting the sensor from direct wind [66],
• Collecting data on natural ground surfaces better than on surfaces constructed by man
(pavement), which may alter the peak of the MHVSR [67] or over underground cavities
(should be avoided otherwise it is recommended to take multiple recordings at different
times),
• Conducting the recordings early in the morning, to minimize noise from human activities,
and for enough duration (the lower frequency required, the greater the recording time and
the larger time window should be) [68].
The data collected can be analyzed using the Geopsy software package (www.geopsy.org),
according to the SESAME project recommendations, that standardized the H/V method [52].
3.4

H/V using earthquake data EHVSR

During the Field observations performed by [27, 29, 69], the horizontal component of the
seismic ground motion was much more ampliﬁed than the vertical components. Sometimes,
even the polarization of the seismic ground motion could be considered. For example, during
the experimental studies on the hill in Tarzana California, the horizontal component perpendicular to the hill slope was more ampliﬁed than the parallel one [20, 70].
Thus, for this method, it is considered that only the horizontal component of the motion (SH
waves) are affected by site effects at least for low frequencies. Therefore, the vertical components are considered as the reference of the ground motion. The fact that the EHVSR method
does not require a reference station represents an advantage.
The experimental results issued by both H/V spectral ratio methods (EHVSR and MHVSR),
present good agreements [71, 72, 73].
3.5

Interpretations and limitations of H/V

The H/V method has been mostly used until now to study the effects due to sediment-ﬁlledvalleys, and rarely used in determining the topographic site effects even if it produces satisfactory results. This technique allows the determination of the fundamental resonance frequency
of the subsurface, but does not allow the determination of the level of ampliﬁcation on a large
band of frequencies.
Normally, with the absence of shear wave velocity inversions with depth, the plot of the H/V
curves presents sharp clear peaks when the structure of the subsoil is ﬂat (1D), and an amplitude
equal to or higher than 1 in the entire frequency domain except around 2f0 (presence of Rayleigh
waves). As mentioned in the previous paragraph, the sensitivity of the horizontal components
to the geological and topographical changes in the medium, is greater than for the vertical ones.
Therefore, the detachment of the horizontal and vertical components, having stratigraphic origins, is illustrated in the Fourier Spectra of the three components with an eye-shape [67] (black
arrow in ﬁgure 1).
The latter helps us understand that narrow H/V peaks are artiﬁcial and not natural, or of anthropic origins, because they are not characterized by spectral eye-shapes [61]. Acquiring the
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Figure 1: First row shows average H/V curves with the standard deviation with respect to the average. Second
row shows average spectra (Z → black, EW → gray solid line, NS → gray dotted line). Stratigraphic columns
are, for each site, from top to bottom: 1) Silt/igneous bedrock; 2) gravel/sedimentary bedrock; 3) clay/igneous
bedrock; 4) clay/igneous bedrock [67].

data is a simple task, but the interpretation of their H/V curves poses several challenges at different levels. The peculiarity in the shape of H/V curves, such as broad peaks and plateau-like
shapes and even amplitudes lower than 1, usually indicates a shear wave velocity inversion due
the presence of cavities, stiff soil layer over softer soil, artiﬁcial soil, lateral heterogeneities,
lateral sediment thickness variation (2D & 3D structures) and anthropic layers. An example is
given in ﬁgure 2, of two H/V plots representing the different behavior of the curves depending
on the site chosen to acquire the measurements.
Therefore, it is not wise to estimate a preliminary fundamental frequency just by applying
the H/V technique. The application of complementary active or passive geophysical methods
such as the multichannel analysis of surface waves (MASW), helps to avoid misinterpretations
of the soil fundamental frequency [65, 61] and better evaluate the site effects.
Here are some examples on what could affect the H/V curves:
(1) Numerical simulations of microtremors on actual sedimentary basins (e.g. Santa Clara,
Grenoble, Switzerland, Japan) were conducted, and the results showed a difference between the
H/V peak frequency in a 3D velocity structure model and the fundamental frequency in a 1D
velocity structure model. For 2D & 3D structures, the peak frequencies of the H/V curves are
± equal to 20 to 40% of the theoretical 1D resonant frequency (Equation 4) [75, 63, 64].
(2) In 2009, Castellaro and Mulgari [67] found that recording ambient vibrations with sensors
placed on a concrete layer or asphalt, affects the H/V curves and alters the amplitude. This
is in contradiction with the Site EffectS assessment using AMbient Excitations (SESAME)
European project (http://sesame-fp5.obs.ujf-grenoble.fr/index.htm) recommendations [66]. The SESAME project present guidelines and recommend procedures for
ﬁeld data acquisition (ambient noise), processing and interpretation of the results using the H/V
spectral ratio technique, and allows the measurement of ambient noise on artiﬁcial surfaces.
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Figure 2: H/V preliminary results from recordings on two particular sites of Byblos in Lebanon. Colored plots
refer to different proﬁles estimated for the different time windows, the black plot represents their average and the
dashed ones represent the standard deviation with respect to the average. The grey area represents the averaged
peak frequency and its standard deviation. (a) Ambient noise was recorded at a site laying on an anthropic layer
with a moderate inclination of the subsoil (data recorded during our experimental/geophysical ﬁeld mission in
2019). (b) Ambient noise was recorded at a site after the excavation of the anthropic layer. The Geopsy software
was used to compute the H/V and to plot the curves [74].

4

THE CLASSICAL SPECTRAL RATIO

In addition to the microtremor HVSR and earthquake HVSR methods, we can distinguish
another approach for the evaluation of site effects: The classical spectral ratio CSR [38].
This method consists in the calculation of the ratio between ground motion Fourier spectra
recorded at a given site and at reference site . A seismic recording on a site i is represented in
the frequency domain by:
Si (f ) = O(f ) ∗ Pi (f ) ∗ Hi (f ) ∗ Ii (f )

(5)

where O(f) represents the seismic source effect, Pi (f) the propagation path effects, Hi (f) the
modiﬁcation of the signal due to the characteristics of the soil on the subsurface, Ii (f) the response of the recording instruments and f is the frequency.
This equation shows all the effects that inﬂuence a seismic signal, that is why it becomes difﬁcult, to separate site effects from other effects when the signal is recorded near the source. The
spectral ratio of the different seismic signals recorded at two different sites (the study and the so
called reference sites respectively) for the same seismic event, allows eliminating the seismic
source effect, the propagation path effect and the response of the recording instruments as the
distance between the site of study and the reference site is negligible compared to the epicenter
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distance. The only remaining effect is the site effects:
Sis (f )
Hif (f )
=
Sir (f )
Hir (f )

(6)

where Si is the Fourier transform of the signal recorded on the site of study and Sr is the Fourier
transform of the signal recorded on the reference site.
This method presents some constraints:
(1) The necessity to ﬁnd a reference site that is not affected by site effects. According to ChavezGarcia et al.(1996) [37] and Lebrun et al. (1999) [71], the reference site station should be on
the same geological layer (because, in this case, the same geological nature of the soil won’t inﬂuence the ampliﬁcation), and at a minimum distance of one wavelength from the topography.
However, Sanchez-Sesma et Campillo (1991) [76] suggested choosing the reference site on the
ground base (bedrock) that does not present any variation in topography and that is situated at a
minimum distance of two times the horizontal dimension of the hill. Other studies [77, 57, 55]
recommended choosing the reference site where the HVSR is close to unity at all frequencies.
This kind of site reference could be hard to ﬁnd, so we must select the best possible reference
station [37].
(2) The source and the propagation path should be the same for the site being studied and the
reference site, which is possible when the epicenter of the event is far enough from both stations
(larger than ﬁve times the distance between the two stations).
These are the reasons why the CSR method is not very practical to perform, but it is still
used in the evaluation of topographic site effects [77, 37, 71].
5

MULTICHANNEL ANALYSIS OF SURFACE WAVES (MASW)

Since a surface wave is frequency-dependent, the Multichanel Analysis of Surface Waves
(MASW) method is based on the study of the dispersion of surface waves [78]. This technique
is widely used to construct the subsurface Vs proﬁle, obtained by inversion of surface-wave
dispersion curves [79]. Two MASW techniques are used: active and passive [80], it depends on
how the surface waves are generated. The passive MASW is based on measurements of ambient
noise, whereas the active technique is based on generating surface waves using a sledgehammer
or any other active seismic sources [81] and a linear receiver array of geophones, collecting
data in a roll-along mode. The penetration depth of surface waves is usually limited at 30 m,
because of frequency (wavelength) limitations, but this can varies with the site and type of active source used. The MASW data can be analyzed for example with the GEOPSY package
(www.geopsy.org) using built-in tools to extract the dispersion curve (DC) and invert them.
For the deeper layers of the soil, when investigating is required, the microtremor array methods (MAM) can be used to resolve phase velocities of the lower frequency band (deeper part
of the Vs proﬁle) depending on the bandwidth of sources, resonant sensor frequency and the
largest inter-station distances of the array. The successful results from (MAM) producing reliable dispersion curves have been accepted as an indirect proof for the assumption of surface
wave predominance [49].
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6

DISCUSSION AND CONCLUSIONS

This paper presents an in-depth literature review about available methods to model site effects and their implications. It presents results of existing works that beneﬁt from experimental
data in the analytical modeling and focuses on geophysical works obtained through H/V and
MASW experiments.
It was noted that, microtremor recordings are a very good, easy and inexpensive technique for
the estimation of site characteristics (resonant frequency and ampliﬁcation thickness). Different
studies showed a good agreement between numerical and experimental calculations, especially
in urban zones. Therefore, it can be used to obtain a map of the fundamental resonant frequency
of a city, in microzonation studies, especially in low seismic areas [82, 50, 83], and in the evaluation of site response. Even if the H/V method using ambient noise is considered easier, its
application for the evaluation of topographic effects is still limited. Lebrun et al. (1999) [71]
obtained consistent results with HVSR and CSR at low frequencies. Therefore, he conﬁrmed
the suggestion of Lermo et Chavez- Garcia (1993) [56] and Chavez-Garcia et al. (1996) [37],
that it is possible to evaluate topographic site effects with the HVSR technique [84, 85]. Nevertheless, in this case, more experiments and 3D numerical modeling should be conducted to
conﬁrm their conclusions.
The application of multichannel analysis of surface waves (MASW) [78] is a powerful active
source method for obtaining phase velocities for the high-frequency band. Thus, the dispersion
curves obtained are used to provide Vs proﬁles that contain information on shallow sedimentary
structures in a cost-effective and time-efﬁcient manner.
Both the multichannel and single station methods have, when used alone, more limitations in
comparison to their combined use. This is why the main goal is to combine the H/V spectral
ratio from ambient noise (HVSR method) with the MASW technique to obtain reliable shearwave velocity proﬁles of the subsurface down to bedrock. This combination allows deriving
quantitative information on S-wave velocity sections for the study site. A similar combination
of techniques is reported in the seismological literature by Scherbaum et al.(2003) [86] and Zor
et al.(2010) [87].
The understanding and the usage of these different approaches, is still very important in the
research domain to better evaluate experimentally and numerically the site effects. The implementation of these methods is in progress on the experimental site of Byblos in Lebanon. The
purpose of the ongoing research work is to perform a careful comparison between results from
numerical modeling of site effects and ﬁeld observations and recordings on this experimental
site. For this purpose, site investigations will allow acquiring the geological and seismic data
necessary for the simulations and also to perform a microzoning on the site; semi-permanent
equipment will be installed to record ground motions. The coherence of recorded signals will
be evaluated using the Multichannel Analysis of Surface Waves and H/V ratio. Then, building
a realistic model using the acquired experimental data, and a real topographic proﬁle chosen
from the Byblos region and conducting a numerical study using the Flac 2D/3D software, will
allow comparing results from the numerical simulations with instrumental data. Combining experimental and numerical data for real sites instead of using simple parameters and geometries,
makes this review and the research work in progress interesting, because the results will be
more realistic in terms of spatial distribution of the soil movement, as well as the consequences
in terms of ampliﬁcation factors, slope stability, and building vulnerability.
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$EVWUDFW. A hybrid test method that uses the nonlinear static (pushover) analysis to examine
the static force-deformation response of building structures is presented. The ultimate performance of the columns at the base of steel moment-resisting-frames (MRFs) is evaluated experimentally considering force redistribution due to the failures of panel zones and beams. The
test method combines static sub-structuring techniques and finite element analysis methods.
The behavior of the steel MRF is simulated by the finite element analysis program ABAQUS,
while the first story column is physically tested online. Three actuators are used to simulate the
physical continuity between the analytical and experimental substructures by controlling the
axial load, the drift angle, and the bending moment distribution along the column length. A
square tubular steel column was tested as a part of a five-storey five-bay steel MRF. The frame
was deformed to a roof drift equal to 12% using pushover analysis that incorporates a novel
mixed force/displacement controlling algorithm. The measured storey drift for the tested column was almost 30.0%. The test system ensured realistic loading and boundary conditions to
the column sub-structure, which was tested in full interaction with the MRFs until global frame
collapse. The frame deformed in a collapse mechanism that involved the first two storeys.
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,Q UHFHQW \HDUV VWHHO LV EHFRPLQJ DQ LQFUHDVLQJO\ SRSXODU FRQVWUXFWLRQ PDWHULDO >@ 7KH
EHQHILWVDQGUHDVRQIRUWKHLQFUHDVHLQSRSXODULW\LQFOXGHWKHVSHHGRIHUHFWLRQUHOLDELOLW\RI
FRPSRQHQWVDQGKLJKVWUHQJWKWRZHLJKWUDWLRWKXVDOORZLQJVPDOOHUIRXQGDWLRQV$VDKLJK
SHUIRUPDQFHVWUXFWXUDOW\SHVWHHOPRPHQWUHVLVWLQJIUDPHV 05)V XVXDOO\FRQVWLWXWHWKHPDLQ
HDUWKTXDNHRUZLQGUHVLVWDQWPHFKDQLVPLQPXOWLVWRUH\EXLOGLQJV>@,QVHLVPLFGHVLJQWKH
ODUJHLQKHUHQWGXFWLOLW\RIVWHHO05)VDOORZVHQJLQHHUVWRDGRSWODUJHUEHKDYLRUIDFWRUVq RU
UHGXFWLRQIDFWRUVR FRPSDUHGWRRWKHUVWUXFWXUDOW\SHVDQGSRWHQWLDOO\VWHHO05)VFDQZLWK
VWDQGPXOWLSOHGDPDJHVLQPHPEHUVDQGFRQQHFWLRQVZKHQWKH\DUHVXEMHFWHGWRLQWHQVHVLQJOH
RUPXOWLSOHKD]DUGHYHQWV1HYHUWKHOHVVWKHVXGGHQIDLOXUHRILQGLYLGXDOFRPSRQHQWVLQFUHDVHV
IRUFHGHPDQGVWRWKHDGMDFHQWHOHPHQWVDQGOHDGVWRDVLJQLILFDQWLQWHUQDOIRUFHUHGLVWULEXWLRQ
ZKLFKLVQRWLQWHQGHGLQWKHLQHODVWLFGHVLJQ
:KHQWKHFROXPQVRIWKHILUVWVWRUH\DUHGHVLJQWREHIL[HGWRWKHIRXQGDWLRQEHDPWKH\
H[KLELWPXOWLSOHIDLOXUHVVXFKDV\LHOGLQJORFDOEXFNOLQJDQGIUDFWXUH$OWKRXJKHYDOXDWLQJWKH
XOWLPDWHEHKDYLRURIFROXPQVH[SHULPHQWDOO\KDVEHHQWKHPDLQUHVHDUFKWRSLFIRUPDQ\\HDUV
LQWKHILHOG>@WKLVKDVEHHQPRVWO\GRQHE\WUHDWLQJWKHFROXPQDVDQLQGLYLGXDOPHPEHU
ZLWKDJLYHQOHQJWK+RZHYHUDVIDUDVWKHLQHODVWLFEHKDYLRURIWKHIUDPHGVWUXFWXUHLVFRQ
FHUQHG LQ WKHSUHOLPLQDU\ GHVLJQVWDJHORFDO IDLOXUHVRFFXUUHGLQ WKH FROXPQLWVHOIRULQWKH
QHLJKERULQJFRPSRQHQWVVXFKDVEHDPVSDQHO]RQHVDQGFRQQHFWLRQV>@ )LJXUHD FDQGHILQH
QHZORDGLQJERXQGDULHVWRWKHRULJLQDOWHVWHGFROXPQOHQJWK$VVKRZQLQ)LJXUHEWKHPR
PHQWDWWKHWRSRIWKHFROXPQVXEDVVHPEO\ZKLFKLVLQLWLDOO\FRQVLGHUHGWREH]HUR LQIOHFWLRQ
SRLQW LQFDQWLOHYHUFROXPQWHVWVFDQWDNHSRVLWLYHRUQHJDWLYHYDOXHVGHSHQGLQJRQWKHIDLOXUH
OHYHODQGIDLOXUHVHTXHQFHVRFFXUUHGLQWKHFROXPQDQGWKHUHPDLQLQJVWUXFWXUH
0RPHQW)RUFHV5HGLVWULEXWLRQ

6WHHO05) &ROODSVH VLPXODWLRQ

0RPHQW
VW

LQ VWRUH\

0

,QIOHFWLRQSRLQW 0 
K

K
0ĺ

%HDPWRFROXPQ
FRQQHFWLRQ IDLOXUHV

,QLWLDOPRPHQW
GLVWULEXWLRQ

&ROXPQIDLOXUH

D

/RFDOEXFNOLQJ
/
QJ
J

5HGLVWULEXWLRQRIPRPHQW
DIWHUORFDOIDLOXUHV

E

)LJXUH D &ROODSVHVLPXODWLRQRIDVWRUH\ED\VWHHOIUDPHGVWUXFWXUHORFDOEXFNOLQJIDLOXUHVLQEHDPV
DQGFROXPQV>@ E PRPHQWUHGLVWULEXWLRQLQFROXPQVDWEDVHDIWHUORFDOEXFNOLQJLQEHDPVDQGFROXPQV

7KLVSDSHUGHYHORSVDQH[SHULPHQWDOSODWIRUPIRUFRQGXFWLQJFROXPQWHVWVWUDQVIHUULQJWKH
SUDJPDWLFORDGVDQGGHIRUPDWLRQGHPDQGVWRWKHFROXPQERXQGDULHVFRQVLGHULQJWKHLQHODVWLF
EHKDYLRURIWKHZKROHIUDPHGVWUXFWXUH7RDFKLHYHWKLVVFRSHDVXEVWUXFWXUHEDVHGK\EULGWHVW
HQYLURQPHQWLVGHYHORSHGIRUVXEMHFWLQJFROXPQVSHFLPHQVWRFROODSVHE\SHUIRUPLQJLQSDUDO
OHODQDGYDQFHGLQHODVWLFVWDWLFSXVKRYHUDQDO\VLVWREXLOGLQJVWUXFWXUH7KHWHVWPHWKRGFRQVLG
HUVRQOLQHXSGDWLQJRIWKHPRGHOEDVHGRQWKHH[SHULPHQWDOLQIRUPDWLRQ7KHUHGLVWULEXWLRQRI
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IRUFHDQGGXFWLOLW\GHPDQGVLQGXFHGE\WKHIDLOXUHVRIWKHSHULSKHUDOWRWKHFROXPQEXLOGLQJ
PHPEHUVLVLPSRVHGE\LQFRUSRUDWLQJDQDSSURSULDWHQXPEHURIORDGLQJMDFNVOLQNHGRQOLQHWR
DILQLWHHOHPHQWDQDO\VLVSHUIRUPHGLQ$%$486>@
$VTXDUHWXEXODUFROXPQLVSK\VLFDOO\WHVWHGWRHYDOXDWHWKHSURSRVHGWHVWSODWIRUP7KUHH
DFWXDWRUVWKDWFRQWUROWKHD[LDOORDGWKHPRPHQWDWWKHFROXPQEDVHDQGWRSDQGWKHODWHUDO
GHIRUPDWLRQVDUHXVHGWRVLPXODWHWKHSK\VLFDOFRQWLQXLW\EHWZHHQWKHDQDO\VLVIUDPHDQGWKH
WHVW FROXPQ $ 0$7/$% >@ XVHUVXEURXWLQH LQWHUIHUHV RQ WKH PDLQ FRQWURO SURJUDP DQG
$%$486 >@ WR LPSRVH WKH WDUJHW GULIW DQJOH DQG ORDGV WR WKH FROXPQ TXDVLVWDWLFDOO\ 7KH
XOWLPDWHFDSDFLW\RIWKHFROXPQVXEVWUXFWXUHLVHYDOXDWHGXSWRDOPRVWVWRUH\GULIWZKLFK
FRUUHVSRQGVWRDURRIGULIWHTXDOWR7KHWHVWPHWKRGLVUHDVRQDEOHDQGDVPRRWKRSHUDWLRQ
LV DFKLHYHG%\XVLQJWKHSURSRVHGWHVWPHWKRGFROXPQVFDQEHWHVWHGXQGHUYDULRXVIUDPH
GHVLJQ SDUDPHWHUV DQG WKH FROODSVH EHKDYLRU RI WKH FROXPQ VXEVWUXFWXUH DQG IUDPH FDQ EH
FODULILHGZLWKUHDVRQDEOHDFFXUDF\


%8,/',1* 6758&785(

7KHVWUXFWXUHFRQVLGHUHGLQ WKLVVWXG\LV DPRPHQWUHVLVWLQJIUDPH 05) RIDSURWRW\SH
ILYHVWRUH\ILYHED\VWHHORIILFHEXLOGLQJGHVLJQHGEDVHGRQWKH-DSDQHVHVHLVPLFGHVLJQFRGH
>@,WKDVDUHFWDQJXODUIORRUSODQZLWKDVSHFWUDWLRHTXDOWR7KHORQJLWXGLQDOGLPHQ
VLRQLXKDVOHQJWKPDQGILYHED\VZKLOHWKHWUDQVYHUVHGLPHQVLRQLYKDVOHQJWKP
DQGWKUHHED\V,Q)LJXUHDWKHVWUXFWXUDOV\VWHPRIDW\SLFDOIORRUSODQLVSUHVHQWHGZKLOHLQ
)LJXUHEWKHHOHYDWLRQRIWKHEXLOGLQJLVVKRZQ7KHWRWDOEXLOGLQJ¶VKHLJKWLVP7KH
VWUXFWXUDO V\VWHP LOOXVWUDWHG LQ )LJXUH D FRQVLVWV RI WKUHH SODQDU PRPHQW UHVLVWLQJ IUDPHV
05)V DORQJWKH;D[LVDQGWZRSODQDU05)VDORQJWKH<D[LV7KHEXLOGLQJKDVVTXDUHWXEH
FROXPQVHFWLRQV ZLGWKîWKLFNQHVVîLQPP DQG+EHDPVHFWLRQV KHLJKWîZLGWKîZHE
WKLFNQHVVîIODQJHWKLFNQHVVîîîIRUWKHILUVWWKUHHVWRUH\VDQG+îîî
IRUWKHODVWWZRVWRUH\V *UDGHRIVWHHOV%&3DQG61%ZHUHDGRSWHGIRUFROXPQVDQG
EHDPVUHVSHFWLYHO\7KHXOWLPDWHVWUHQJWKGHVLJQRIWKHEXLOGLQJZDVDFKLHYHGWKURXJKDFKDU
DFWHULVWLFIDFWRUDs  LHEHKDYLRUIDFWRUq  ZKLOHWKHDOORZDEOHVWUHQJWKDQGGULIW
OLPLWDWLRQUHTXLUHPHQWRIZDVVDWLVILHGIRUDEDVHVKHDUFRHIILFLHQWC 7KHSHULRG
RIWKHEXLOGLQJLVVHFDORQJWKH;D[LVDQGVHFDORQJWKH<D[LV$IXOOGHVFULSWLRQRI
WKHEXLOGLQJFDQEHIRXQGLQ>@



D

E

)LJXUH D 3ODQYLHZRIWKHEXLOGLQJDQG E VLGHYLHZRIWKHEXLOGLQJ
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&RQFHSW

7KHFRQFHSWRIWKHWHVWPHWKRGLVLOOXVWUDWHGLQ)LJXUHDDQGE2QHSODQHVWHHO05)RIWKH
WKUHHDORQJWKH;GLUHFWLRQVKRZQLQ)LJXUHLVFRQVLGHUHG7KHVWHHO05)LVGLYLGHGLQWRWZR
SDUWV D WKHDQDO\WLFDODQG E WKHH[SHULPHQWDOVXEVWUXFWXUH7KHH[SHULPHQWDOVXEVWUXFWXUHV
DUHWKHFROXPQDWWKHEXLOGLQJEDVHZKLOHWKHUHVWVWUXFWXUHFRQVLVWVWKHDQDO\WLFDOVXEVWUXFWXUH
7KHQXPHULFDO PRGHOLV FUHDWHGZLWK WKHDLG RIWKH)($VRIWZDUH $%$486 >@ZKLFK FDQ
FDSWXUHZLWKIDLUDFFXUDF\WKHQRQOLQHDUEHKDYLRURIIUDPHFRPSRQHQWVZLWKXOWLPDWHIDLOXUH
WKDWRIORFDOEXFNOLQJ'HWDLOVRIWKH)($PRGHODUHJLYHQLQDIROORZLQJVXEVHFWLRQ7KHWHVW
RIWKHFROXPQVSHFLPHQLVWRDFTXLUHDFFXUDWHLQIRUPDWLRQDERXWWKHUHVWRULQJIRUFHVDQGFRO
XPQVWLIIQHVV7KHUHVWRULQJIRUFHVDUHDSSOLHGWRWKHQXPHULFDOVXEVWUXFWXUHWRUHSURGXFHWKH
UHVWUDLQWRIWKHILUVWVWRU\FROXPQ
,Q)LJXUHEWKHURWDWLRQDQGWKHPRPHQWDWWKHFROXPQEDVHDUHGHQRWHGE\WKHOHWWHUVși
DQGMiUHVSHFWLYHO\,QWKHSURSRVHGRQOLQHWHVWPHWKRGWKHFROXPQEDVHVDUHH[FOXGHGIURP
WKHIUDPHPRGHODQGUHSODFHE\DQRQOLQHDUURWDWLRQDOVSULQJZLWKFRQVWDQWKrot,i7KHFROXPQ
KHLJKWLVFRQVLGHUHGHTXDOWRWKHFOHDUPLGKHLJKWRIWKHILUVWVWRUH\7KHD[LDOIRUFHUHDFWLRQ
DQGWKHPRPHQWRIWKHFROXPQWRSDVREWDLQHGIURPWKH)($IRUDJLYHQșiDUHLPSRVHGWRWKH
FROXPQVXEVWUXFWXUHE\PHDQVRIWKUHHMDFNV7KHRQOLQHWHVWLVFRQGXFWHGLQPDQ\VWHSVi$W
HDFKORDGLQJVWHSWKHUHVWRULQJPRPHQWRIWKHFROXPQVXEVWUXFWXUHLVPHDVXUHGH[SHULPHQWDOO\
Mi DQGLVXVHGDORQJWKHFRUUHVSRQGLQJ șiWRSUHGLFWWKHVSULQJFRQVWDQWKrot,i+1RIWKHIROORZLQJ
VWHSi+LQWKHQXPHULFDOPRGHOWRUHSURGXFHWKHDFWXDOFROXPQUHVWUDLQW7KHQH[WDQDO\VLVVWHS
LVSHUIRUPHGZLWKWKHXSGDWHGPRGHO$WWKHi+DQDO\VLVVWHSWKHGLIIHUHQFHEHWZHHQWKHH[
SHULPHQWDODQGQXPHULFDOMiDWWKHSUHYLRXVDQDO\VLVVWHSiLVLPSRVHGDVH[WHUQDOSVHXGRPR
PHQWWRFRPSHQVDWHWKHRYHURUXQGHUHVWLPDWLRQRIWKHFROXPQUHVWUDLQW$UHVWDUWSURFHGXUH
IHDWXUHGE\WKH)($LVUHSHDWHGO\XVHGWRDFFRPPRGDWHWKHUHVWRUHGLQIRUPDWLRQRIWKHK\EULG
WHVWDWHDFKVWHSRSHUDWHGE\0$7/$%PDLQSURJUDPGHYHORSHGLQ>@
$QDO\WLFDO6XEVWUXFWXUH
5HPDLQLQJ6WHHO)UDPH

Pi, Mi și

Krot.,i
Pi
Mi

([SHULPHQWDO6XEVWUXFWXUH
&ROXPQDWWKHEDVH

D

E

)LJXUH D 6XEVWUXFWXULQJFRQFHSW E 2QOLQHXSGDWHRIFROXPQIUDPHERXQGDU\FRQGLWLRQV
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)LQLWH(OHPHQW 0RGHORIWKH$QDO\WLFDO6XEVWUXFWXUH

7KHSODQHIUDPHVKRZQLQ)LJXUHDZDVPRGHOOHGE\WKHILQLWHHOHPHQWDQDO\VLVVRIWZDUH
$%$486>@XVLQJWKHILVKERQHVXEVWUXFWXULQJWHFKQLTXH>@7KHRYHUDOOYLHZDQGPRGHO
OLQJ GHWDLOV RI WKH ILVKERQH PRGHO LV VKRZQ LQ )LJXUH  7KH PRGHO GHYHORSHG LV D PL[HG
VKHOOEHDPHOHPHQWPRGHOWKDWFRPELQHVWKHSRZHUIXOQRQOLQHDU65VKHOOHOHPHQWVZLWKEHDP
FROXPQHOHPHQWV6KHOOHOHPHQWVZHUHXVHGLQWKHFULWLFDOUHJLRQVRIWKHEXLOGLQJVXFKDVEHDP
FROXPQFRQQHFWLRQVZKHUHVWURQJJHRPHWULFDOQRQOLQHDULWLHV HJORFDOEXFNOLQJ DUHH[SHFWHG
WR WDNH SODFH %HDPFROXPQ HOHPHQWV ZHUH XVHG IRU WKH UHPDLQLQJ OHQJWK RI WKH EHDPV DQG
FROXPQVZKLFKWHQGWRUHPDLQPRVWO\HODVWLF7KHLQHODVWLFEHKDYLRURIFROXPQDWWKHEDVHLV
VLPXODWHGWKURXJKDQRQOLQHDUPRPHQWURWDWLRQVSULQJ7KHVSULQJFRQVWDQWLVFDOFXODWHGXVLQJ
WKHH[SHULPHQWDOGDWDDWHDFKUHVWDUWDQDO\VLVVWHSDVGLVFXVVHGLQWKHSUHYLRXVVHFWLRQ
)RU VXIILFLHQWO\ VPDOO VWUDLQV VWHHO LV PRGHOHG DV D OLQHDU HODVWLF LVRWURSLF PDWHULDO ZLWK
GHQVLW\ ȡ  NJP PRGXOXV RI HODVWLFLW\ (  *3D DQG 3RLVVRQ UDWLR Ȟ  )RU ODUJH
VWUDLQDQDO\VLVWKHFRQVWLWXWLYHPRGHOXVHGIRUVWHHOLQFOXGHVSUHVVXUHLQGHSHQGHQWSODVWLFLW\
ZLWKNLQHPDWLFKDUGHQLQJ$VWUDLQKDUGHQLQJHTXDOWRRIWKHPRGXOXVRIHODVWLFLW\ZDV
DVVLJQHG

]
[

)LJXUH)LVKERQHPRGHOLQ$%$486>@



$QDO\VLV

6WDWLFSXVKRYHUDQDO\VLVKDVEHHQZLGHO\XVHGLQHDUWKTXDNHHQJLQHHULQJDQGGHVLJQRIEXLOG
LQJVVXFKDVLQWKH&DSDFLW\6SHFWUXP0HWKRG &60 >@,QJHQHUDOSXVKRYHUDQDO\VLVLV
XVHGIRUVHLVPLFHYDOXDWLRQRIH[LVWLQJEXLOGLQJVDQGGHVLJQYHULILFDWLRQIRUQHZFRQVWUXFWLRQ
LQRUGHUWRLGHQWLI\GDPDJHVWDWHVDQGWKHLUFRUUHODWLRQZLWKWKHDPSOLWXGHRIWKHVHLVPLFJURXQG
PRWLRQ$PRQJWKHDGYDQWDJHVRIWKHSXVKRYHUDQDO\VLVPHWKRGDUHWKDWLWLVVLPSOHIDVWDQG
SURYLGHVDOOWKHFDSDFLW\SRLQWVRIDVWUXFWXUHXQWLOFROODSVH>@
7KHIRUFHGLVWULEXWLRQWKDWLVDSSOLHGWRWKHVWUXFWXUHLQHDFKLQFUHPHQWRIWKHVWDWLFSXVKRYHU
FROODSVHWHVWLVXSGDWHGDFFRUGLQJWRWKHILUVWHLJHQPRGHRIWKHVWUXFWXUH7KLVHLJHQPRGHLV
FDOFXODWHG ZLWK WKH XVH RI D VKLIWHG EORFN /DQF]RV DOJRULWKP VLPLODU WR WKDW GHYHORSHG DQG
GHVFULEHGLQGHWDLOLQ>@+RZHYHULWLVUHFRJQL]HGWKDWVWDWLFDQDO\VLVZLWKIRUFHFRQWURO
FDQQRWEHXVHGWRWUDFHWKHGHVFHQGLQJEUDQFKRIWKHVWUXFWXUDOUHVSRQVHDWODUJHGHIRUPDWLRQV
)RUWKHDERYHUHDVRQLQWKLVVWXG\WKHUHVWDUWDQDO\VLVLVXVHGRQO\ZLWKJHQHUDOVWDWLFDQDO\VLV
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ZLWKPL[HGIRUFHDQGGLVSODFHPHQWFRQWURO$IXOOGHVFULSWLRQRIWKHLQHODVWLFSXVKRYHUDQDO\VLV
SODWIRUPXVHGLQSUHVHQWK\EULGWHVWFDQEHIRXQGLQ>@


/RDGLQJ6\VWHPDQG7HVW6XEVWUXFWXUH

7KUHHK\GUDXOLFMDFNVHQVXUHSK\VLFDOFRQWLQXLW\EHWZHHQWKHDQDO\WLFDODQGH[SHULPHQWDO
VXEVWUXFWXUHVE\FRQWUROOLQJD[LDOORDGVPRPHQWVDQGFROXPQGULIWV7KHWHVWVHWXSLVLOOXV
WUDWHGLQ)LJXUH2QHMDFNLVSODFHGYHUWLFDOO\WRLPSRVHWKHD[LDOORDG -DFNIRUFHFRQWURO 
ZKLOHWKHRWKHUWZRDUHSODFHGKRUL]RQWDOO\WRDSSO\WKHFROXPQURWDWLRQV -DFNGLVSODFHPHQW
FRQWURO DQGPRPHQWDWWKHFROXPQWRS -DFNORDGFRQWURO 7KH/VKDSHGHOHPHQWZDVGH
VLJQHGWREHDVULJLGDVSRVVLEOH
:HVW

(DVW

/VKDSHGHOHPHQW
-DFN/RDGFRQWURO
-DFN/RDGFRQWURO

6WHHOZDOO

'7'7
'7'7

5&ZDOO

-DFN'LVSFRQWURO

'7'7

&ROXPQ6SHFLPHQ
+66[[

'7'7
'7'7

)LJXUH7HVWVHWXSIRUWKHRQOLQHK\EULGWHVW

)ORRU

)ODQJH
&RUQHU

(ODVWLF0RGXOXV <LHOG6WUHVV <6 
8OWLPDWH6WUHVV 86 >03D@
>*3D@
>03D@










6WUHVVDW86




(ORQJDWLRQ 




7DEOH3URSHUWLHVRIFROXPQEDVHGRQWKHFRXSRQWHVWUHVXOWV

/LQHDUGLVSODFHPHQWWUDGXFHUV '7WR'7 ZHUHXVHGWRPHDVXUHWKHURWDWLRQRIWKHFRO
XPQWRSDQGEDVHPHQWDVZHOODVODWHUDOVWRU\GULIWV7KHFROXPQVSHFLPHQKDGDVTXDUHKROORZ
VWUXFWXUDOVWHHO +66 VHFWLRQZLWKPPZLGWKdPPWKLFNQHVVtDQGFRUQHUFXUYDWXUHr 
t7KHFOHDUKHLJKWRIWKHFROXPQZDVHTXDOWRPPZKLOHLWVWRWDOKHLJKWPHDVXUHGIURP
WKHFROXPQERWWRPWRWKHPLGGOHSRLQWRIWKHSLQHQGRIWKHYHUWLFDOMDFNZDVHTXDOWR
PP7KHFROXPQVSHFLPHQZDVIDEULFDWHGIURPDSODWHRIFRQYHQWLRQDO-DSDQHVH61VWHHO
WRUHDOL]HHTXLYDOHQWEHKDYLRUWR%&3FROXPQLQDVPDOOVFDOH&RXSRQWHVWVZHUHSHUIRUPHG
DQGPDWHULDOSURSHUWLHVVXFKDVHODVWLFPRGXOXV\LHOGVWUHVV <6 XOWLPDWHVWUHVV 86 VWUDLQ
PHDVXUHGDW86DQGUDSWXUHHORQJDWLRQDUHVKRZQLQ7DEOH
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4.1 Overall Behavior
)LJXUHVKRZVWKHK\EULGVWDWLFSXVKRYHUFROODSVHWHVW,Q)LJXUHDWKHDQDO\WLFDOVXEVWUXF
WXUHV DUH LOOXVWUDWHG DW LWV ERWK LQLWLDO SRVLWLRQ DQG ILQDO SRVLWLRQ 7KH ILVKERQH IUDPH PRGHO
GHIRUPVLQDFROODSVHPHFKDQLVPWKDWLQYROYHVWKHILUVWWZRVWRULHV7KLVFROODSVHPHFKDQLVP
LVLGHQWLFDOZLWKWKHRQHLQWURGXFHGLQ)LJXUHDZKHUHWKHZKROHIUDPHGEXLOGLQJZDVFRQVLG
HUHG7KHEHKDYLRURIWKHFROXPQDWEDVHZDVLQYHVWLJDWHGH[SHULPHQWDOO\DQGWKHLQIRUPDWLRQ
ZDVWUDQVIHUUHGWR WKH DQDO\WLFDO VXEVWUXFWXUHWKURXJKWKHK\EULGVLPXODWLRQ ,QWKHILVKERQH
IUDPHPRGHODFWLYHSODVWLFKLQJHZHUHIRUPHGDWWKHFROXPQMXVWEHORZWKHSDQHO]RQHRIWKH
VHFRQGVWRUH\OHYHODQGDWWKHEHDPHQGVRIWKHILUVWVWRUH\)LJXUHELOOXVWUDWHVWKHRYHUDOO
YLHZRIWKHXOWLPDWHFROXPQGHIRUPDWLRQDVFRQWUROOHGE\WKHWKUHHMDFNVGXULQJWKHK\EULGWHVW
7KHSURJUHVVRIORFDOEXFNOLQJDWWKHWHVWHGFROXPQLVKLJKOLJKWHGLQ)LJXUHF

]
Krot.,1

[
Mi , Krot.,i

D 

E

F

)LJXUH D &ROODSVHVLPXODWLRQLQ$EDTXV>@ E FROXPQGHIRUPDWLRQFRQWUROOHGE\WKHK\EULGWHVWVHWXS
F SURJUHVVRIORFDOEXFNOLQJGXULQJWKHWHVW

)LJXUH D VKRZV WKH SXVKRYHU FXUYH IRU EXLOGLQJ DV REWDLQHG GXULQJ WKH K\EULG WHVW 7KH
SHULRG7RIWKHILVKERQHIUDPHPRGHOZDVVHF7KHPRGHVKDSHZDV>
@ZKLOHWKHORDGSURSRUWLRQIDFWRU /3) GXULQJWKHWHVWZDV>@
7KHFXUYHLVSUHVHQWHGLQWKHW\SLFDOIDVKLRQWRWDOODWHUDOIRUFHRQWKHEXLOGLQJ EDVHVKHDUIRUFH 
QRUPDOL]HGE\WKHZHLJKWRIWKHILVKERQHIUDPHPRGHORQWKHYHUWLFDOD[LVYHUVXVURRIGULIWRQ
WKHKRUL]RQWDOD[LV7KHZHLJKWRIWKHILVKERQHPRGHO:LVHTXDOWRWKHWRWDOEXLOGLQJ¶VZHLJKW
GLYLGHGE\WKUHH QXPEHURIWKHVHLVPLFUHVLVWDQWIUDPHV DQGWKHQGLYLGHGE\ILYHIRUGLVWULE
XWLQJHTXDOO\WKHZHLJKWWRWKHVL[FROXPQV7KHEXLOGLQJLVVHHQWRKDYHDQRYHUVWUHQJWKRI
PRUHWKDQUHODWLYHWRLWVGHVLJQEDVHVKHDURI:>@7KHSXVKRYHUFXUYHUHDFKHV:
DWDURRIGULIWRIUDGLDQVDQGWKHQGHVFHQGV7KHGHVFHQGLQJEUDQFKGURSVPRUHVWHHSO\
DIWHUUHDFKLQJDURRIGULIWRI)LJXUHEVKRZVWKHEHQGLQJPRPHQWDWWKHFROXPQEDVHMb
DJDLQVWWKHURRIGULIW7KHMbLVQRUPDOL]HGE\WKHSODVWLFPRPHQWRIWKHVTXDUHWXEXODUFROXPQ
7KHPD[LPXPMb,max ZDVIRXQGWREHN1PDWDURRIGULIWRIUDGLDQV7KHFDOFXODWHG
SODVWLFPRPHQWMpRIWKHVHFWLRQLVN1PEDVHGRQWKHIODQJH\LHOGVWUHVV 7DEOH 
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1RUPDOL]HGPRPHQW0E 0S


&ROXPQVKHDUW
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)LJXUH D 3XVKRYHUFXUYH E %HQGLQJPRPHQWDWFROXPQEDVH
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Abstract. This paper describes an experimental validation of a novel FRF-based modal testing
system designed to measure experimentally sway modes of tall timber and other building structures. The test uses a set of synchronised electrodynamic shakers and oven-controlled crystal
oscillator (OCXO) high-precision synchronised wireless accelerometers for simultaneous force
and response measurements. This modal testing system makes no use of cables or radio-waves
to connect all accelerometers simultaneously with the multi-channel data acquisition system
but provides a perfect synchronised measurement of a practically unlimited number of force
and response channels. The system will be used to to estimate experimentally sway modes of
as-built tall timber buildings. Therefore, the aim of this paper is to demonstrate the feasibility
of the OCXO-based system in high-rise building FRF measurements. Two nominally identical
FRF-based modal testing exercises were carried out on a 15-tonne laboratory-based test ﬂoor
structure supported by 4 columns in order to measure its horizontal ’swaying’ modes of vibration using: (1) a well-established and quality assured ’wired’ system based on a 20-channel
spectrum analyser, and (2) OCXO-based wireless system. It was shown that the two methodologies produce almost identical modal testing results and that the OCXO-based method is robust
and reliable for ﬁeld utilisation on high-rise buildings.
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1

INTRODUCTION

High-rise buildings dominate the skylines of many cities in the world, which have decided to
go ’up’ rather than ’out’ to cope with transportation and other challenges facing their growing
population. Vibration serviceability due to wind-induced lateral sway has become the de-facto
governing design criterion for economically designed novel high-rise buildings above 50 m,
dictating the size, shape and therefore cost of such structures. Damping ratios and natural
frequencies of key modes of vibration that can be excited by wind are key modal parameters
which are used in design to size the structure and predict wind-induced sway vibrations of tall
buildings in service.
However, recent practice shows that damping and natural frequencies of tall buildings are
also quite unreliable parameters to assume in design. Underestimation of the fundamental natural frequency of up to 50 % by the ﬁnite element model (FEM) relative to its experimental
counterpart is common. The situation with damping ratios is similar or worse due to uncertainties in the values of modal damping ratios measured in as-built buildings. Natural frequencies
and damping ratios in as-built tall building structures are essentially non-linear and amplitude
dependent. To an extent where is currently not known, therefore, the traditional output-only
ambient vibration testing (AVT) or ambient vibration survey (AVS) methods for their estimation based only on measured responses to unmeasured ambient excitation which vary with time
are naturally producing estimates of modal parameters which vary from one block of data to
another.
A standard input-output modal test (MT) or experimental modal analysis (EMA) where both
the excitation force and the corresponding dynamic response are measured with the aim of experimentally estimating a structure’s frequency response function (FRF) is a much more powerful tool to deal with structural non-linearities and uncertain modal parameters such as the natural
frequency and damping. For many decades, EMA has traditionally dominated aerospace and
automotive sectors, whereas AVT has been very much used in experimental dynamic testing
of large civil engineering structures. This despite the fact that AVT generally has in principle
inferior performance as to its quality of modal parameters relative to EMA.
The key reason for this situation are practical difﬁculties in exciting a tall building with a
measurable force, causing a measurable response without damaging the building at the point of
excitation. If this problem is overcome the next logistical complication is measuring such responses simultaneously throughout the building needed to estimate experimentally mode shapes
and complete the set of four modal properties: natural frequencies, modal damping ratios, modal
masses and mode shapes. Therefore, MT based on FRFs in tall buildings are practically nonexistent in literature.
This paper describes novel FRF-based MT of sway modes of a large 15-tonne laboratory
structure using a set of synchronised electrodynamic shakers and OCXO high-precision synchronised wireless accelerometers for simultaneous force and response measurements. This
MT system makes no use of cables or radio-waves to connect response accelerometers simultaneously with the multi-channel data acquisition system and provides perfect synchronous measurement of practically unlimited number of force and response channels. The system will be
used to estimate sway modes via FRF-based MT of as-built tall timber buildings.
This paper has ﬁve sections. After the introduction in Section 1, the test structure is described
in Section 2. Section 3 describes the novel FRF-based modal testing set-up for the horizontal
sway modes of the test structure. Section 4 then describes the results of the modal testing and
their interpretation. Finally, Section 5 provides conclusions.
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2

TEST STRUCTURE

The test structure was a reconﬁgurable ﬂoor panel weighing approximately 15 tonnes, with
approximate dimensions 7.5 m×5 m, as shown in Figure 1a. The test structure was placed
indoors in the laboratory of Vibration Engineering Section, University of Exeter, UK. This was
one of ﬁve possible conﬁgurations of the test structure which can be re-conﬁgured into two fullscale footbridges spanning 15 m and three ﬂoor panels with a surface area of around 40-50 m2
[2]. The ﬂoor plate structure made of 12 sandwich plate systems (SPS) panels was supported by
of two main girders (UB 457×191×82 mm) and two secondary beams (UB 305×165×40 mm).
M22 countersunk bolts were used to inter-connect the SPS panels with each other through steel
strips (SP02 200×2279×12 mm) running under the panels, as shown in Figure 1d, and make
them acting as a continuous plate supported by four edge beams (SB01 UC 203×203×46 mm),
as shown in Figure 1c. Figure 1b shows the support detail used to transfer the loading from the
ﬂoor panel to the column (SC01 UC 203×203×46 mm). The size and shape of this structure
made it a perfect test bed to try the new wireless FRF-based modal testing technique to measure
its sway modes of vibration.

(a) Isometric view

(b) Floor support detail



(c) Side view


(d) Underneath
view



Figure 1: Reconﬁgurable test-bed ﬂoor panel structure

3

MODAL TESTING SETUP

The main purpose of this modal testing exercise was to prove the feasibility of the novel
modal testing system which had to satisfy the following requirements:
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1. Fast in-situ setting up; this was facilitated by using wireless accelerometers;
2. Suitable for modal testing to estimate horizontal sway modes; facilitated by electrodynamic shakers able to generate a full range of measurable excitation forces in the horizontal direction with sufﬁciently low frequency content, and
3. Ability to measure as precisely as possible modal damping ratios and investigate nonlinear behaviour; this was facilitated by SIMO (single-input multi-output) FRF-measurement
and modal testing strategy.
The signiﬁcant novelty of the wireless system was that both the force and acceleration responses were recorded simultaneously using oven controlled crystal oscillator (OCXO) technology [3] for synchronisation of otherwise disconnected channels for acquiring the excitation
force (by measuring acceleration of the known shaker moving mass) and the corresponding
structural response. The use of this high-precision OCXO-synchronized data acquisition system meant that there was no need for any wired or wireless radio (GPS, Wi-Fi, UWB, GMS,
3G/4G/5G, etc.) connection while acquiring fully synchronised force and structural response
data enabling FRF estimation.
The key reason for the above requirements is that the system had to be deployable in fully
operational tall timber buildings, so as little as possible disruption and safety considerations
dictated the need for a system which is fast to set-up and does not need wires running across
ﬂoor levels which are notorious time consuming to setup and potentially unsafe due to tripping
hazard.
3.1

Test grid and setup

Figure 2 shows the test grid featuring 15 test points (TPs) used in the modal testing. At
each TP Honeywell QA750 force balanced accelerometers were placed to measure positive
acceleration in the positive x direction, as shown in Figure 2. Moreover, two APS Dynamics
Inc. shakers (Model 400) were positioned both at TP11 (denoted with two magenta triangles),
to excite the structure horizontally in the x direction at a single degree of freedom. Therefore,
for the purpose of the FRF estimation, TP11 was chosen as a reference point.
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 2: Test grid. Two horizontal shakers were positioned at TP11
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Figure 3a shows the test structure instrumented in the VES laboratory. The ﬁve yellow boxes
are the OCXO-synchronised data loggers. Up to four horizontally positioned QA750 sensors,
as shown in Figure 3b, were connected to the data logger.

E 3KRWRRIGDWDORJJHU \HOORZ
ER[ ZLWKDFFHOHUDWLRQVHQVRU

D  3KRWRRIWKHWHVWVWUXFWXUH

F 3KRWRRIWZR$36VKDNHUV

Figure 3: Photo of the test structure and equipment


Due to the limited number of the OCXO data loggers and accelerometers not all 15 test points
and two shakers were possible to instrument with accelerometers at the same time. Therefore,
the modal testing using the OCXO-based system was divided into acquiring two sets of FRFdata. The ﬁrst set covered two shakers and 12 test points (TP1-12), and the second set covered
again two shakers and the remaining three test points (TP13-15).
After ﬁnishing the OCXO-based input-output measurements, a well established and quality assured standard FRF-measurement method was used with the wired accelerometers in the
measurement chain where the data acquisition and processing were done by a 20-channel Data
Physics DP730 spectrum analyser (SA). This was done to obtain nominally identical FRF data
for validation of the FRFs measured using the OCXO data loggers. Only excitation and response measurements pertinent to the x-direction (Figure 2) were carried out.
3.2

Methodology for measuring FRF data wirelessly

Figure 4 shows the block diagram representing the methodology of the OCXO and SA systems.
To run and control the ’wireless’ FRF measurement using OCXO data loggers, a minimum
wired system featuring SA was part of the measurement chain. This was done for two reasons:
1. To make use of the SA’s ability to generate and post-process input-output data for a range
of very useful excitation forcing functions traditionally used in FRF measurements (random, chirp, stepped sine and swept since, etc.), and
2. To quality assure OCXO-based FRF measurements considering that the OCXO data are
not being monitored during the modal testing. Therefore, to check how the modal test
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Figure 4: FRF-based modal testing scheme combining the ’wireless’ OCXO-based
measurement of FRFs across the whole structure with the limited ’wired’ SA-based
point-accelerance FRF measurement
was progressing a minimum wiring was used to measure only the point-accelerance FRF
at TP11 using the SA in parallel with the OCXO system.
Such traditional SA-based FRF measurement was instantaneously available for visual inspection to determine if sufﬁcient quality FRF data was being obtained and how many averages
were used. The key underlying assumption was that the nominally identical OCXO-based FRF
data, calculated using a different set of accelerometers just for the FRF point accelerance measurement, would - after post processing - produce the same FRF data as the SA-based counterpart. A key purpose of this testing exercise was to check if such assumption was correct.
Normally, in point-accelerance FRF measurements pertinent to the building sway modes, the
excitation shaker(s) and the data acquisition centre are very close towards the top of the building
so there is no need for long wiring across several ﬂoor levels.
Therefore, at the reference test point, each of the two shakers had two sensors: one connected
to the SA (wired) and the other to the OCXO data logger (wireless) (Figure 3c). In particular,
one yellow OCXO box near TP11 and collecting the response data from that point and shakers
acted as a ’master clock’ for other OCXO boxes facilitating response measurements at other
response points. This ’master clock’ was then used synchronise other ’slave clocks’ at the other
locations. After the OCXO time synchronisation, each yellow box would have the same time
clock a negligible delay of less than one micro-second was expected and the structural inputoutput measurement could start.
3.3

Methodology for measuring FRF data using wired system

Figure 5 shows photo of wired accelerometers at all 15 TPs featuring six 4-channel extension
reels, external signal conditioners and DP730 spectrum analyser.
It can be seen that all connection cables and extension reel cables had to pass over the structure to the standard 20-channel SA-based data acquisition system. In a real building situation,
cables from extension reels would run across many ﬂoors and over many ﬂoor levels making
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(a) Photo of modal testing

(b) Photo of data acquisition system

Figure 5: Modal testing setup up using a standard ’wired’ SA-based setup
their safe installation in an operational building time consuming and overall management quite
challenging from health and safety as well as efﬁciency points of view. Figure 6 shows a standard ’wired’ FRF measurement setup.
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Figure 6: FRF-based modal testing scheme based on the standard ’wired’ setup featuring
SA-based measurement of all FRFs

4

FORCE AND ACCELERATION RESPONSE DATA PROCESSING, FRF CALCULATION AND CURVE FITTING, AND ESTIMATION OF MODAL PROPERTIES

Figure 7 shows two raw data sample histories (sample number on the horizontal axis and
voltage amplitude on the vertical axis) pertinent to the acceleration of the shaker armature.
These two sets of data were recorded using two accelerometers connected side by side to the
shaker armature (Figure 3c), so they represent nominally the same information. However, the
blue trace was acquired using the OCXO data logger, and the red trace using the SA data
acquisition. Although the two traces are nominally identical there is an unknown time shift
between them. Strictly speaking, the duration of the time shift is not needed considering that
the OCXO boxes were all synchronised. However, as the OCXO system was new there was
a need to validate it against the SA data which were treated as a ’gold’ standard. For that, at
the end of the random excitation driven by a signal from the SA, the shaker mass was moved
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manually to create a clear ’reference event’ which was then used to determine exactly the time
delay between the OXCO and SA data. This was found to be consistent across all comparable
sets of OCXO- and SA-recorded data pertinent to the point mobility measurements enhancing
conﬁdence in the OXCO-recorded data. This delay was used to shift all OXCO-recorded data
to look like the SA-recorded data to enable easier visual comparison.
5DQGRPH[FLWDWLRQ

5DQGRPH[FLWDWLRQ

0DQXDOPRYHPHQW

0DQXDOPRYHPHQW

Figure 7: Comparison of the raw OCXO- and SA-recorded data pertinent to the shaker force
measured by measuring acceleration of the known armature mass
Figure 8 provides a visual comparison of such two sets of data. It can be seen that the two
sets of data are very much identical for practical purposes which validated the OCXO-recoded
data.

(a) Voltage time history showing the
manual mass movement

(b) Voltage time history after removing the
manual movement

Figure 8: The raw OCXO- and SA-recorded voltage data pertinent to the shaker force, plotted
one above the other
The raw data was then converted into a time history and scaled. Figure 9 shows examples of
the random excitation and response, using the two data acquisition systems.

(a) Total input force

(b) Acceleration at reference point

Figure 9: Examples of total random excitation force (input) and the relevant acceleration at the
refer-ence test point TP11
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0DJQLWXGH PV 1

0DJQLWXGH PV 1

It can be seen that the two sets of overlaid time histories are very much identical with some
negligible discrepancies appearing on the acceleration response data.
The FRF was calculated between the total input force and all measured acceleration responses at 15 test points. The total input force from the two simultaneously running shakers
was obtained by simple summing of the two shaker random forces measured as each shaker
was driven by the same random force signal generated by the SA, part of single-input multipleoutput (SIMO) modal testing process. Therefore, in total, 15 FRFs were measured. In total,
4096 data blocks of 53 s duration were acquired. FRFs were estimated using 75 % overlap of
the data blocks and a total of 100 averages in conjunction with the Hanning windowing. This
yielded a frequency resolution of 0.01875 Hz.
Figure 10 shows the point-accelerance FRF measured at TP11 for the ﬁrst 12 TPs (FRF set
1) and the remaining 3 TPs (set 2).

(a) Set 1 reference FRF

(b) Set 2 reference FRF

Figure 10: Point-accelerance FRF magnitudes for FRF sets 1 and 2
Although measured at different times, assuming that the structure is linear and time-invariant
those two reference FRFs should, of course, be identical, as they clearly very nearly are.
In addition, it can also be seen in Figure 10 that the SA- and OCXO-based measurements
were consistent and for practical purposes identical. Therefore, the OCXO high-precision synchronised wireless system was proven to be of sufﬁcient quality to carry out reliable FRF measurements. Using the 15 OCXO-measured FRFs, Figure 11 shows their magnitudes and phases,
and the curve ﬁtting results for the ﬁrst three sway modes of vibration measured.

(a) FRF magnitude

(b) FRF phase

Figure 11: All measured FRF magnitudes and phases (black traces), including the curve-ﬁtting
results (red traces)
FRF and curve-ﬁtting data in Figure 11 indicates good quality of the data and ﬁtting. The
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curve-ﬁtting used that the SIMO polynomial ﬁtting ([4]). The lowest three modes identiﬁed in
Figure 11 are shown in Figure 12.
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Figure 12: First three horizontal sway modes


The ﬁrst mode at around 7.96 Hz is a clear sway in the x-direction, whereas the second mode
at around 11.78 Hz is an antisymmetric twisting of the ﬂoor plate. The third mode at around
14.23 Hz implies an in-plane motion of the middle line engaging the ’strip’ connection between
the SPS plates in the horizontal direction. All three modes are logical for this type of structure.
Table 1 summarises the modal properties of the structure using OCXO and SA systems. The
relative errors of the natural frequencies and modal damping ratios were calculated and are also
presented in Table 1.
Mode
number

1
2
3

OCXO

Spectrum analyser

Relative error

Modal
frequency
(Hz)

Modal
damping
(%)

Modal
frequency
(Hz)

Modal
damping
(%)

Frequency
(%)

Damping
(%)

7.97
11.78
14.23

0.96
1.12
0.32

7.96
11.77
14.26

0.98
1.20
0.32

0.17
0.08
0.19

2.25
6.29
2.91

MAC
value

0.994
0.976
0.957

Table 1: Comparison of OCXO and SA-based modal properties
The natural frequency error is smaller than 0.2 %, whereas the damping ratio has the maximum error of approximately 6 %. The table also gives the modal assurance criterion (MAC)
value ([5]). The MAC calculation is used to compare the level of similarity of the two sets
of mode shapes. For each pair of the SA- and OCXO-estimated mode shapes the MAC is almost 1, which means that the identiﬁed mode shapes are very similar, indeed. In conclusion, the
SA- and OCXO-based data acquisition methods produced almost identical modal testing results
validating the described OCXO-based ’wireless’ methodology for the FRF data gathering.
Finally, Figure 13 shows measured and regenerated (using modal data for the ﬁrst four estimated modes) point mobility FRFs at TP11 - for SA- and OCXO-based data acquisition systems.
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(a) SA-based

(b) OCXO-based

Figure 13: Point mobility FRFs at TP11 – Left: SA-based measured and regenerated; Right: OCXO-based measured and regenerated
It can be seen that the measured and regenerated FRFs are very close indeed, validating again
the OCXO-based approach.
5

CONCLUSIONS

This paper proposes a new methodology of using OCXO high-precision synchronised wireless accelerometers for FRF measurements. The aim was to demonstrate the feasibility of the
OCXO-based system for use in high-rise building FRF measurement. Therefore, two nominally
identical FRF-based modal tests were carried out on a 15-tonne laboratory-based test ﬂoor in
order to measure its horizontal ’swaying’ modes of vibration using:
1. A well-established and quality assured ’wired’ system based on a 20-channel spectrum
analyser, and;
2. OCXO-based wireless system.
It was shown that the two methodologies produce almost identical modal testing results and
that the OCXO-based method is efﬁcient robust and reliable for ﬁeld utilisation on high-rise
buildings.
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(PSD6ZLVV/DERUDWRULHVIRU0DWHULDOV6FLHQFHDQG7HFKQRORJ\
hEHUODQGVWUDVVH&+'EHQGRUI
^UDIDOZUREHOFKULVWLDQOHLQHQEDFK`#HPSDFK

.H\ZRUGV0RGHO9DOLGDWLRQ3K\VLFDO0RGHOOLQJ'SULQWLQJ$GGLWLYH0DQXIDFWXULQJ5H
LQIRUFHG&RQFUHWH&HQWULIXJH0RGHOOLQJ6PDOO6FDOH7HVWLQJ
$EVWUDFW This paper claims that a major source of error in Seismic Analysis of Structures is
the assumptions used to scale up from component- to system-level behavior. It also claims that
validation of numerical models should be performed statistically. As a statistical validation
requires multiple virgin specimens, the paper suggests the use of a 3D printer to construct the
reinforcement of microRC specimens (1:40) to be tested in a geotechnical centrifuge. It presents
some first tests on gypsum-based microconcrete, additively manufactured rebars with diameters as low as 0.35mm, and small scale RC beams. The properties observed seem to resemble
the ones of full scale RC components. Given the material properties, Opensees is able to accurately capture the behavior of the microbeam.
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6WUXFWXUDOPRGHOVEODWDQWO\IDLOWREOLQGO\SUHGLFWWKHUHVSRQVHRIVKDNHWDEOHWHVWV7KLVSDSHU
FODLPVWKDWWKHSUREOHPVRXUFHVIURPWKHXQFHUWDLQW\HUURULQWURGXFHGWRVFDOHXSIURPWKHFRP
SRQHQWOHYHOF\FOLFWRWKHV\VWHPOHYHOG\QDPLFEHKDYLRURIWKHSUREOHP,WDOVRFODLPVWKDW
WKHDSSURSULDWHZD\WRYDOLGDWHPRGHOVLQ(DUWKTXDNH(QJLQHHULQJLVWRSHUIRUPPXOWLSOHWHVWV
RQYLUJLQVSHFLPHQVXQGHUGLIIHUHQWJURXQGPRWLRQVDQGWRGHPDQGWKDWWKHPRGHOSUHGLFWWKH
&XPXODWLYH'LVWULEXWLRQ)XQFWLRQ &') RIWKHPD[LPDRIWKHUHVSRQVHTXDQWLW\RILQWHUHVW
7KHQPDQXIDFWXULQJWKHYLUJLQVSHFLPHQVEHFRPHVWKHFRQVWUDLQW7KHUHIRUHWKLVSDSHUVXJ
JHVWVWKDWWKHVSHFLPHQVEHFRQVWUXFWHGDWDVPDOOVFDOH  XVLQJDQDGGLWLYHPDQXIDFWXULQJ
WHFKQRORJ\WRIDEULFDWHDQGSODFHWKHUHLQIRUFHPHQW$JHRWHFKQLFDOFHQWULIXJHVKRXOGEHXVHG
WRSUHVHUYHVLPLOLWXGHRIVWUHVVHV
 67$7(0(172)7+(352%/(0
7LPHKLVWRU\DQDO\VLVLVFRQVLGHUHGDVWKHVWDWHRIWKHDUWLQPRGHOLQJRIWKHVHLVPLFUHVSRQVH
RI5&VWUXFWXUHV,WVPRVWZLGHVSUHDGYDOLGDWLRQSURFHGXUHLVWKHWHVWRISUHGLFWLQJWKHUHVSRQVH
RIDQ5&VWUXFWXUHWHVWHGRQDVKDNLQJWDEOH+RZHYHUEOLQGSUHGLFWLRQFRQWHVWVVKRZWKDWWKH
FRQWHVWDQWVIDLOLQSUHGLFWLQJWKHUHVSRQVHRIWKHWHVWHGVSHFLPHQVZLWKUHDVRQDEOHDFFXUDF\
HYHQIRUVWUXFWXUHVPXFKVLPSOHUWKDQWKHRQHVFRQVWUXFWHGLQSUDFWLFHDQGHYHQZKHQWKHVWUXF
WXUDOSURSHUWLHVDQGPHDVXUHGH[FLWDWLRQDUHJLYHQWRWKHFRQWHVWDQWV>@
)RUH[DPSOHWKHVLPSOH5&PRGHOVKRZQLQ)LJXUH OHIW ZDVWHVWHGRQWKHVKDNLQJWDEOH
RI8&6'LQXQGHUJURXQGPRWLRQV>@$WRWDORIH[SHUWWHDPV IURPSURIHV
VLRQDOSUDFWLFHDQGIURPWKHDFDGHPLD ZHUHLQYLWHGWRSUHGLFWWKHUHVSRQVH7KHPHDVXUHG
UHVSRQVHDQGWKHSUHGLFWLRQIRUWKHPD[LPXPWRSGLVSODFHPHQWDUHLQGLFDWLYHO\VKRZQLQ)LJXUH
 PLGGOH 7KHUHLVDODUJHGLVSHUVLRQRIWKHQXPHULFDOUHVXOWVDQGPDQ\SUHGLFWLRQVJURVVO\
XQGHUHVWLPDWHRURYHUHVWLPDWHGLVSODFHPHQWV,QWHUHVWLQJO\DIWHUWKHWHVWVHULHVRIWKHVL[HDUWK
TXDNHVWKHFROXPQGLGQRWDSSHDUWRKDYHIDLOHG+RZHYHURQO\RXWRIFRQWHVWDQWVSUH
GLFWHGQRQIDLOXUHZKLOHWKHUHVWSUHGLFWHGIDLOXUH:LWKLQWKHJURXSWKDWSUHGLFWHGIDLOXUHWKHUH
ZDVDODUJHGLVSHUVLRQUHODWHGWRWKHPRGHRIIDLOXUH )LJXUHULJKW 
3DQDJLRWRXHWDO>@WHVWHGDIXOOVFDOHVWRU\EXLOGLQJVOLFHZLWKDUHFWDQJXODUZDOO
)LJXUHOHIW XQGHUJURXQGPRWLRQVWHDPVZHUHLQYLWHGWRSUHGLFWWKHUHVSRQVH,QGLFD
WLYHUHVXOWVIRUWKHDEVROXWHPD[LPXPGLVSODFHPHQWIRUWKHODVWH[FLWDWLRQDUHVKRZQLQ)LJXUH
 ULJKW  3DQDJLRWRX3HUVRQDO&RPPXQLFDWLRQ $JDLQWKHUHLVDODUJHGLVSHUVLRQDPRQJWKH
FRQWHVWDQWVDQGPRVWRIWKHPIDLOWRSUHGLFWWKHUHVSRQVHZLWKDUHDVRQDEOHDFFXUDF\ ,QWKH
FRQWH[WRISRVW*DOLOHRVFLHQFHWKHDERYHLQGLFDWLYHUHVXOWVGLUHFWO\TXHVWLRQFXUUHQWDQDO\VLV
DQGGHVLJQPHWKRGV
,QRUGHUWRWUDFNWKHPDLQVRXUFHRIWKHHUURURQHFDQEUHDNGRZQWKHVRXUFHVRIHUURUDQG
XQFHUWDLQW\DWOHYHOV0DWHULDO&RPSRQHQWDQG6\VWHP/HYHO*LYHQWKHEHKDYLRUDWHDFK
OHYHOWKHHQJLQHHUPDNHVFHUWDLQ JRRGRUEDG DVVXPSWLRQVWROHYHOXS)RUH[DPSOHIRUJLYHQ
PDWHULDOSURSHUWLHVLQF\FOLFORDGLQJZHXVHWKHEHDPWKHRU\DQGDVHWRIDVVXPSWLRQVIRUWKH
LQWHUDFWLRQRIUHEDUVDQGFRQFUHWHWRUHDFKWKHFRPSRQHQWOHYHOF\FOLFEHKDYLRU
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)LJXUH/HIW%XLOGLQJVOLFHWHVWHGRQ8&6'>@5LJKW3UHGLFWLRQVRIEOLQGSUHGLFWLRQFRQWHVW FRXUWHV\RI
0DULRV3DQDJLRWRX 

)LJXUH6FKHPDWLFUHSUHVHQWDWLRQRIPDWHULDOWRFRPSRQHQWWRV\VWHPOHYHOWUDQVLWLRQ

7KHQXVLQJDQRWKHUVHW RIDVVXPSWLRQV ERXQGDU\ FRQGLWLRQVLQWHUDFWLRQRIFRPSRQHQWV
GDPSLQJ PRGHO QXPHULFDO LQWHJUDWLRQ VFKHPH  ZH UHDFK WKH V\VWHP OHYHO 0RUHRYHU RQH
VKRXOGGLVFULPLQDWHEHWZHHQTXDVLVWDWLFDQGG\QDPLFEHKDYLRU&RQWUDU\WREOLQGSUHGLFWLRQRI
V\VWHPOHYHO G\QDPLF EHKDYLRU SUHGLFWLQJ WKH FRPSRQHQWOHYHO F\FOLF EHKDYLRU KDV EHHQ
SURYHQDPRUHVXFFHVVIXOSURFHVV>@7KHUHIRUHLWLVUHDVRQDEOHWRDVVXPHWKDWWKHPDLQ
VRXUFHRIHUURULVWKHDVVXPSWLRQVWKDWHDUWKTXDNHHQJLQHHUVGRWRVFDOHXSIURPFRPSRQHQW
OHYHOF\FOLFWRV\VWHPOHYHOG\QDPLFEHKDYLRU
7KLVLVLQDFFRUGDQFHZLWK%UDGOH\  >@+HFODLPVWKDWFXUUHQWXQFHUWDLQW\SURSDJDWLRQ
PHWKRGVXVXDOO\IRFXVRQWKHILUVWWZROHYHOVRIPRGHOOLQJZKLOHLWLVRIWHQWKHWUDQVLWLRQIURP
FRPSRQHQWWRV\VWHPOHYHOWKDWLQGXFHVWKHODUJHVWHUURU )LJXUH $SDUWIURPYHU\LQVLJKWIXOO\
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LOOXVWUDWLQJWKHDERYHSUREOHPDQGLGHQWLI\LQJLWVVROXWLRQ³DVDNH\UHVHDUFKDUHDLQWKHFRPLQJ
\HDUV´%UDGOH\  >@GRHVQRWVHHPWRRIIHUDZD\RIDGGUHVVLQJLWDQGWRRXUNQRZOHGJH
VXFKDZD\KDVQRWEHHQRIIHUHGLQWKHOLWHUDWXUH
,WLVZRUWKPHQWLRQLQJWKDWWKHUHLVFXUUHQWO\QRFRQVHQVXVRQIXQGDPHQWDOLVVXHVRIVWUXF
WXUDO PRGHOOLQJ ,PSRUWDQW ILJXUHV RI (DUWKTXDNH (QJLQHHULQJ GLVDJUHH RQ FRQFHSWXDO LVVXHV
OLNHILEHUYVOXPSHGSODVWLFLW\RUKRZGDPSLQJVKRXOGEHPRGHOOHG7KLVSDSHUFODLPVWKDWWKLV
GLVDJUHHPHQWVRXUFHVIURPWKHODFNRIDODUJHGDWDEDVHRIIXOOVFDOHG\QDPLFWHVWVWRVHUYHDVD
YDOLGDWLRQEHQFKPDUN
 7+(&21&(372)67$7,67,&$/9$/,'$7,21
%DFKPDQQHWDO  >@FODLPHGWKDWWKHFRQYHQWLRQDOYDOLGDWLRQWHVWRIUHSUR
GXFLQJWKHH[SHULPHQWDOO\REWDLQHGUHVSRQVHWRDSDUWLFXODUJURXQGPRWLRQZLWKDFFHSWDEOHDF
FXUDF\LVWRRVWULFWRIDYDOLGDWLRQWHVWIRUVWUXFWXUDOPRGHOV7KH(DUWKTXDNH(QJLQHHULQJGHVLJQ
SUREOHPLQYROYHVSUHGLFWLQJWKHVWDWLVWLFVRIWKHUHVSRQVHWRDQHQVHPEOHRIJURXQGPRWLRQV
FKDUDFWHUL]LQJDJLYHQVHLVPLFKD]DUGQRWWRDVLQJOHJURXQGPRWLRQ7KLVLVDZHDNHUPRGHO
YDOLGDWLRQWHVWWKDWUHTXLUHVWKDWWKHVWUXFWXUDOPRGHORQO\EHXQELDVHGDQGLQWURGXFHOHVVXQFHU
WDLQW\WKDQWKHXQFHUWDLQW\RIWKHH[FLWDWLRQLWVHOI%DFKPDQQHWDO   >@DSSOLHG
WKLVZHDNHU EXWVXIILFLHQW YDOLGDWLRQSURFHGXUHRQWKH+RXVQHUG\QDPLFUHVSRQVHPRGHO
RIDQXSOLIWLQJVWUXFWXUH )LJXUHOHIW 7KH\SHUIRUPHGVKDNLQJWDEOHWHVWVXVLQJDZHOO
GHILQHGDQGUHSHDWDEOHXSOLIWLQJVWUXFWXUHDVZHOODVQXPHULFDOVLPXODWLRQVRIWKHVHWHVWV
DQGFRPSDUHGERWKWKHLQGLYLGXDOWHVWUHVSRQVHVDQGWKHVWDWLVWLFDODJJUHJDWHVRIWKHVHUHVSRQVHV
IRFXVHGRQSUHGLFWLQJOLPLWVWDWHVVXFKDVRYHUWXUQLQJRUPD[LPXPWLOWDQJOH )LJXUH 7KH\
VKRZHG WKDW WKH  +RXVQHU PRGHO SDVVHV WKH ZHDN YDOLGDWLRQ WHVW )LJXUH  ULJKW  HYHQ
WKRXJK LW IDLOV WKH VWURQJ YDOLGDWLRQ WHVW )LJXUH  PLGGOH  ,Q RWKHU ZRUGV LQ WKLV FDVH WKH
PRWLRQWRPRWLRQ YDULDELOLW\ LV PRUH LPSRUWDQW WKDQ WKH DFFXUDF\ RI WKH VWUXFWXUDO PRGHO
7KHUHIRUHWKHPRGHOLVJRRGHQRXJKIRUWKHVFRSHRI(DUWKTXDNH(QJLQHHULQJ
,WLVZRUWKQRWLQJWKDWWKHFRQFHSWRIFRPSDULQJVHLVPLFDQDO\VLVPHWKRGVLQWHUPVRIWKH
VWDWLVWLFVRIWKHUHVSRQVHWRVHWVRIJURXQGPRWLRQVUDWKHUWKDQLQWHUPVRILQGLYLGXDOUHVSRQVHV
LVQRWVRPHWKLQJQRYHOLQ(DUWKTXDNH(QJLQHHULQJ,WFDQEHVHHQLQ&KDSWHURIWKHWKHGLWLRQ
RI&KRSUD¶V6WUXFWXUDO'\QDPLFVWH[WERRN>@+RZHYHUXSWRQRZLWLQYROYHGFRPSDULVRQV
EHWZHHQGLIIHUHQWDQDO\VLVPHWKRGV XVXDOO\DPRUHDSSUR[LPDWHDJDLQVWDPRUHUHILQHGWDNHQ
DVEHQFKPDUN QRWEHWZHHQDQDQDO\VLVPHWKRGDQGH[SHULPHQWDOWHVWV
7KHRSWLPDOYDOLGDWLRQSURFHGXUHTXHVWLRQH[WHQGVEH\RQG(DUWKTXDNHDQG6WUXFWXUDO(QJL
QHHULQJ5R\DQG2EHUNDPSI  >@GHVFULEHDFRPSUHKHQVLYHIUDPHZRUNIRUYHULILFDWLRQ
YDOLGDWLRQ DQG XQFHUWDLQW\ TXDQWLILFDWLRQ LQ VFLHQWLILF FRPSXWLQJ WKDW UHVHPEOHV WKH PHWKRG
SURSRVHGKHUHLQ

)LJXUH/HIW8SOLIWLQJRVFLOODWRU0LGGOH&RPSDULVRQRIWKHPD[LPXPURWDWLRQREWDLQHGH[SHULPHQWDOO\DQG
QXPHULFDOO\,QGLYLGXDOPRWLRQFRPSDULVRQ5LJKW&')&RPSDULVRQ$GDSWHGIURP%DFKPDQQHWDO  
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([WHQGLQJWKLVVWDWLVWLFDOYDOLGDWLRQPHWKRGWRPRUHUHDOLVWLFVWUXFWXUHVLVQRWWULYLDO6LQFH
WHVWLQJRI5&VSHFLPHQVLQYROYHVGDPDJLQJWKHPRQHZRXOGQHHGPXOWLSOHYLUJLQVSHFLPHQV
7KLVLVFRVWDQGWLPHZLVHQRWYLDEOHLQIXOOVFDOHDQGWKLVLVWKHUHDVRQZK\UHVHDUFKHUVRQO\
SHUIRUPFRPSDULVRQVEHWZHHQLQGLYLGXDOH[FLWDWLRQV
 7(67,1*2)0,&5263(&,0(16
7RDGGUHVVWKHDERYHFRQWUDGLFWLRQZHUHVWULFWWKHSUREOHPIURPWKHVWDWLVWLFDOYDOLGDWLRQRI
WKHZKROHQXPHULFDOPRGHOOLQJSURFHGXUH ZKLFKLVLPSRVVLEOH WRWKHVWDWLVWLFDOYDOLGDWLRQRI
WKHDVVXPSWLRQVWRVFDOHXSIURPFRPSRQHQWOHYHOWRV\VWHPOHYHOG\QDPLFUHVSRQVH7KHODWWHU
FDQEHSHUIRUPHGZLWKPXOWLSOHYLUJLQVPDOOVFDOHPRGHOV VD\VFDOH LQDFHQWULIXJH7KHQ
FRQVWUXFWLQJPXOWLSOHVSHFLPHQVDWVXFKDVFDOHEHFRPHVWKHFRQVWUDLQW
$VJHRWHFKQLFDOHQJLQHHUVRIWHQQHHGWRGHVFULEH6RLO6WUXFWXUH,QWHUDFWLRQSUREOHPVWKH\
KDYHXVHGUHGXFHGVFDOHPRGHOVRISLOHVDQGZDOOVDOWKRXJKXVLQJGLIIHUHQWPDWHULDOV.QDSSHWW
HWDO  >@GHYHORSHGDPLFURFRQFUHWH FRQFUHWHZLWKVPDOOVFDOHDJJUHJDWHVDQGJ\SVXP
LQVWHDGRIFHPHQW IRUXVHLQJHRWHFKQLFDOFHQWULIXJH7KH\SUHVHQWH[SHULPHQWDOUHVXOWVRQWHVWV
RQVFDOHG5&EHDPVDQGVODEVPDGHRIPLFURFRQFUHWHDQGVWHHOZLUHVDVUHLQIRUFHPHQW
7KHPRGHVRIIDLOXUHEHWZHHQPRGHODQGSURWRW\SHVFDOHVFRLQFLGHDQGWKHTXDQWLWDWLYHFRP
SDULVRQRIVWUHQJWKDQGGXFWLOLW\LVUHODWLYHO\ JRRG HYHQLIVHHQIURPWKHSRWHQWLDOO\VWULFWHU
SRLQWRIYLHZRIDVWUXFWXUDOHQJLQHHU6WUHQJWKLVEHWWHUFDSWXUHGWKDQWKHPRPHQWFXUYDWXUH
UHODWLRQVKLSDQGVWLIIQHVVEXWZHKDYHUHDVRQVWREHOLHYHWKDWWKHDFWXDOVLWXDWLRQLVEHWWHUWKDQ
GHVFULEHGE\.QDSSHW HWDO>@7KH\ FRPSDUHGWKHH[SHULPHQWDO0țUHODWLRQVWKH\
REWDLQHG WR DQDO\WLFDO VROXWLRQV XVLQJ FUDFNHG FURVV VHFWLRQ DQDO\VLV +RZHYHU EDVHG RQ
3DQDJLRWDNRVDQG)DUGLV  >@DQG3ULHVWOH\HWDO  >@VXJJHVWLRQVVXFKDQDQDO
\VLVZRXOGEHWRRVWLII7KXVWKHDSSDUHQWH[WUDIOH[LELOLW\LVQRWDSURGXFWRIWKHVFDOHGPRGHO
EXWRIWKHHTXDWLRQVWKDW.QDSSHWHWDO>@XVHGWRSUHGLFWWKHSURWRW\SHEHKDYLRU,IRQH
XVHVWKHVWLIIQHVVHVSURYLGHGE\3ULHVWOH\HWDO  >@WKHFXUYHVPDWFKPXFKEHWWHU
7KHPLFURFRQFUHWHWKDWZDVGHYHORSHGZDVVXEVHTXHQWO\XVHGWRVWXG\DURFNLQJLVRODWHG
5&EULGJHSLHUDWDVFDOH>@+RZHYHUWKHUHZHUHWKUHHOLPLWDWLRQV D 7KHDFFXUDF\LQ
SRVLWLRQLQJRIWKHKDQGPDGHPLFURUHLQIRUFHPHQWDVZHOODVWKHGLDPHWHURIWKHVWLUUXSV WKH\
ZHUHODUJHUWKDQZKDWSURSHUVFDOLQJZRXOGVXJJHVW  E 7KHFRQVWUXFWLRQWLPH,WWRRNKRXUV
RITXDVLZDWFKPDNHU¶VZRUNDQGPDQ\IDLOHGVSHFLPHQVIRUDVLQJOHFROXPQ F ,WZDVSUDFWL
FDOO\LPSRVVLEOHWREXLOGIUDPHVDVWKHUHZHUHGLIILFXOWLHVLQSRVLWLRQLQJWKHUHEDUVLQWKHMRLQWV
DWDVFDOHE\KDQG
7KLVSDSHUVXJJHVWVWKDWWKHSUREOHPRIPDQXIDFWXULQJDQGSODFLQJWKHUHLQIRUFHPHQWFDQEH
VROYHGE\XVLQJDPHWDO'SULQWHU7KHQWKHFRQVWUXFWLRQRIPXOWLSOHVSHFLPHQVIRUDVWDWLVWLFDO
YDOLGDWLRQRIQXPHULFDOPRGHOVLVWLPHZLVHIHDVLEOH0RUHRYHUWKHPHWKRGDOORZVIRUWKHH[
SHULPHQWDOVWXG\RIDSOHWKRUDRIVWUXFWXUDOHQJLQHHULQJSUREOHPVWKDWZDVLPSRVVLEOHWLOOQRZ
QDPHO\66,SRXQGLQJEHWZHHQDGMDFHQWEXLOGLQJVRUEHWZHHQDEULGJHDQGWKHDEXWPHQW
,QRUGHUWRDYRLGVFDOHSKHQRPHQDLWLVQHFHVVDU\WRSHUIRUPWKHPDWHULDODQGFRPSRQHQW
OHYHOF\FOLFWHVWVDWWKHPRGHOVFDOHQDPHO\7KLVSDSHUSUHVHQWVVRPHILUVWH[SHULPHQWDO
UHVXOWVRIFRPSUHVVLRQDQGWHQVLRQVWUHQJWKRIPLFURFRQFUHWH'SULQWHGVWHHOUHLQIRUFHPHQW
RIPPQRPLQDOGLDPHWHU ZLWKRXWFRQVLGHULQJWKHULEV DQGSRLQWEHQGLQJWHVWVRQPL
FUR5&EHDPV
 7(67,1*2)0,&52&21&5(7(,17(16,21$1'&2035(66,21
0LFURFRQFUHWHFRPSULVHVDPL[WXUHRISODVWHUVDQGDQGZDWHU,QWKLVZRUN6DLQW*REDLQ
+DUWIRUPJ\SVXPEDVHGSODVWHUZDVXVHG3HUWKVLOLFDVDQGZLWKG PPZDVXVHGDV
DPRGHODJJUHJDWH)LJXUHFRPSDUHVDW\SLFDODJJUHJDWHVL]HGLVWULEXWLRQVFDOHGGRZQWLPHV
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WRWKHGLVWULEXWLRQRIWKHXVHGVDQG7KHUDWLRRIWKHZDWHUSODVWHUVDQGUDWLRRIWKHPL[WXUHZDV

&\OLQGULFDOVSHFLPHQVRIVL]HE\PPZHUHFRQVWUXFWHG DQGWHVWHGLQFRPSUHVVLRQ
)LJXUHOHIW DIWHUGD\V7KHGHIRUPDWLRQZDVDSSOLHGDWDUDWHRIPPPLQ7KHUHVXOWV
DUHVKRZQLQ)LJXUHULJKW,QWKHIXWXUHVPDOOHUPRGHOVDVFORVHWRZLOOEHFRQVWUXFWHG
WRVWXG\DQ\VFDOHHIIHFWDQGWRWDNHLWLQWRDFFRXQWLQWKHQXPHULFDOPRGHOYDOLGDWLRQSURFHGXUH

)LJXUH6FDOLQJRIW\SLFDODJJUHJDWHVL]H

)LJXUH/HIW&RPSUHVVLRQWHVWVHWXSE 6WUHVV6WUDLQFXUYHV

)LJXUH)RXUSRLQWEHQGLQJWHVWVHWXS

8QUHLQIRUFHG[[PPDQG[[PPVL]HUHFWDQJXODUEHDPVZHUHDOVRFRQ
VWUXFWHG DQG WHVWHG LQ  SRLQW EHQGLQJ DIWHU  GD\V )LJXUH   )LJXUH  VKRZV WKHLU IRUFH
GHIRUPDWLRQGLDJUDPDVZHOODVWKHWHQVLRQVWUHQJWKRIWKHXQUHLQIRUFHGFRQFUHWH7KHPD[LPXP
IOH[XUDOVWUHQJWKLVODUJHUIRUWKHVPDOOVSHFLPHQVWKLVLVLQDJUHHPHQWZLWKWKHZHOONQRZQVL]H
HIIHFW
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7KH'UHLQIRUFHPHQWVZHUHSURGXFHGE\/DVHUSRZGHU%HG)XVLRQ /3%) WHFKQRORJ\XV
LQJD6LVPD0\VLQWHTXLSSHGZLWKDILEHUODVHURIZDYHOHQJWKQPDQGDODVHUVSRWVL]H
ȝP7KHPDWHULDOXVHGIRUPDQXIDFWXULQJUHLQIRUFHPHQWZDV JDV DWRPL]HGOVWDLQOHVV
VWHHOSRZGHUSURYLGHGE\2HUOLNRQ0HWFR7KHWHVWHGUHLQIRUFHPHQWKDGDGLDPHWHURI
PPIRUWKHVWLUUXSVDQGPPIRUWKHUHEDUV VFDOHGPRGHOVRIĭDQGĭ 3ULQWLQJ
WKHUHEDUVLQDZD\WKDWWKHLUERQGLQJZLWKFRQFUHWHLVVLPLODUWRRQHRIWKHSURWRW\SHPRGHOVLV
QRWWULYLDODQGZLOOEHDVXEMHFWRIIXWXUHUHVHDUFK'XHWRVRPHOLPLWDWLRQVLQWKHVL]HRIWKH
ZRUNLQJFKDPEHUDQGDSSHDUDQFHRIKLJKUHVLGXDOVWUHVVGXULQJWKH/3%)SURFHVVPDQXIDFWXU
LQJWKHULEVRIWKHUHLQIRUFHPHQWLQVFDOHLVSUREOHPDWLF

>



)LJXUH0D[LPXPWHQVLRQVWUHVVLQWKHEHDP ıPD[ YVQRUPDOL]HGGHIOHFWLRQLQWKHPLGGOH įY QRUPDOL]HG
ZLWKUHVSHFWWRWKHEHDPVSDPEHWZHHQWKHVXSSRUWV / /HIW)RXUSRLQWEHQGLQJWHVWUHVXOWV[[PP
EHDP5LJKWE )RXUSRLQWEHQGLQJWHVWUHVXOWV[[PPEHDP

)LJXUH/HIW67/ILOHDQGSULQWHGUHEDU5LJKW8QLD[LDOWHQVLRQWHVWVHWXS

7KHPLQLPXPIHDWXUHVL]HRI/3%)SDUWVLVDURXQGȝP LHRIPPLQWKHSURWRW\SH
VFDOH 7KHULEVZRXOGKDYHDVL]HRQWKHRUGHURIPPLQWKHSURWRW\SHVFDOH+RZHYHUWKH
/3%)SURFHVVUHVXOWVLQDURXJKVXUIDFHDQ\ZD\VZLWK5DYDOXHVRIȝP)RUPDQ\WHFK
QLFDODSSOLFDWLRQVSRVWSURFHVVLQJVWHSVUHGXFLQJVXUIDFHURXJKQHVV HJJULQGLQJSROLVKLQJ 
DUHUHTXLUHG,QRXUFDVHZHGLGQRWDSSO\WKLVSURFHVVDVURXJKQHVVLVDWDUJHWSURSHUW\0RUH
RYHUDQDWWHPSWWRSULQWULEVZDVPDGH)LJXUHOHIWVKRZVWKH67/ILOHWKDWZDVXVHGIRU
SULQWLQJWKHSDUWVDVZHOODVDSKRWRRIWKHUHEDUVXUIDFHLQWKHDVPDQXIDFWXUHGVWDWH
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6RPH RI WKH UHEDUV ZHUH WHVWHG LQ WHQVLRQ LQ RUGHU WR DVVHVV WKH \LHOGLQJ DQG PD[LPXP
VWUHQJWKRIWKHSULQWHGUHEDUV7KHWHVWVZHUHSHUIRUPHGZLWKD=ZLFN8QLYHUVDO7HVWLQJ0D
FKLQHHTXLSSHGZLWKDN1ORDGFHOO7KHLQLWLDOJDSEHWZHHQWKHFODPSLQJMDZVZDVPP
ZKLFKLQFUHDVHGDWDUDWHRIPPPLQ
VSHFLPHQVZHUHWHVWHG)LJXUHOHIWVKRZVWKHUHVXOWVRIWKHWHQVLRQWHVWVIRUDOOWHVWHG
VSHFLPHQV7KH\LHOGVWUHQJWKRIWKHUHEDUVZDVGHILQHGLPSRVLQJDFRQYHQWLRQDORIIVHWRI
WKHLQLWLDOOLQHDUSDUWRIWKHFXUYHV7KHDYHUDJH\LHOGDQGPD[LPXPVWUHQJWKRIWKHVSHFLPHQV
ZHUHI\ 03DDQGIWPD[ 03D&DVDWLHWDO  >@RQ PPîPPî
PP VSHFLPHQVKDGVKRZQD\LHOGVWUHQJWKRIWKH'SULQWHG/VWDLQOHVVVWHHORI
03DPHDQLQJWKDWWKHPPGLDPHWHUUHEDUVZHUHZHDNHU$Q\GHIHFWVDVZHOODVWKH
VXUIDFHURXJKQHVVZLOOKDYHDPRUHSURQRXQFHGHIIHFWLQVPDOOVFDOHVSHFLPHQV+HQFHWKHUHLV
DVFDOHHIIHFWWKDWQHHGVIXUWKHULQYHVWLJDWLRQ7KH<RXQJPRGXOXVZDV*3DZKLFKLVVXE
VWDQWLDOO\ORZHUWKDQWKH*3DYDOXHUHSRUWHGE\&DVDWLHWDO  >@VKRZLQJWKDWPRUH
UHVHDUFKLVQHHGHGRQWKHILHOGWRXQGHUVWDQGZK\

)LJXUH7HQVLRQWHVWVRISULQWHGUHEDUV

 )28532,17%(1',1*7(6762)0,&525(,1)25&('&21&5(7(
%($06
7KUHHPRGHOEHDPVZHUHPDQXIDFWXUHGDQGWHVWHGWRGHWHUPLQHWKHLUEHQGLQJSURSHUWLHV7KH
EHDPVZHUHGHVLJQHGWRUHSUHVHQWDVFDOHEHDPZLWKPE\PFURVVVHFWLRQDQG
POHQJWKIHDWXULQJĭORQJLWXGLQDOUHEDUVDQGĭVKHDUUHLQIRUFHPHQWZLWKFPVSDF
LQJDOOLQWKHSURWRW\SHVFDOH7KLVWUDQVODWHGLQWKHPRGHOVFDOHLQWRPPORQJEHDPVZLWKD
FURVVVHFWLRQRIPPE\PPĭORQJLWXGLQDOUHEDUVDQGĭVWLUUXSVVSDFHGDW
PP7KHHQWLUHUHLQIRUFHPHQWFDJHLHUHEDUVDQGVWLUUXSVZDVSULQWHGZLWKWKHGHVLUHG
OD\RXW)LJXUHVKRZVWKHUHLQIRUFHPHQWFDJHGHWDLODVZHOODVWKHFURVVVHFWLRQOD\RXW

)LJXUH5HLQIRUFHPHQWGHWDLOVDQG'SULQWHGFDJH
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7KHUHLQIRUFHPHQWZDVFDUHIXOO\SODFHGLQWRWKHPROGPDNLQJVXUHWKDWWKHPPFRYHU
ZDVUHVSHFWHG6XEVHTXHQWO\WKHPLFURFRQFUHWHZDVFDVWHG7KHVSHFLPHQVZHUHOHIWIRUGD\V
LQWKHPROGVZKLFKZHUHWKHQUHPRYHG7KHXQPROGHGVSHFLPHQVFXUHGIRURWKHUGD\VIRUD
WRWDORIFXULQJGD\VEHIRUHWHVWLQJ
7KHWHVWVHWXSFRQVLVWHGRIDIRXUSRLQWEHQGLQJWHVWZLWKDVXSSRUWVSDQRIPPDQGD
ORDGLQJVSDQLHWKHVSDFLQJRIWKHORDGLQJSLQVRIPP )LJXUHD 7KHDSSOLHGORDGLQJ
UDWHZDVPPPLQWRHQVXUHVWDWLFWHVWLQJFRQGLWLRQV)LJXUH EG VKRZVWKHPRPHQW
YHUWLFDOGLVSODFHPHQWSORWDWWKHPLGGOHRIWKHEHDPV
7KHDYHUDJHPRPHQWFDSDFLW\ZDV1PP0RUHRYHUZHQRWLFHGWKDWDIWHUDILUVWTXDVL
OLQHDUEUDQFKWKHFXUYHVEHFRPHMDJJHGDWDERXW¶1PPWKLVUHJLRQFRUUHVSRQGVWRWKH
FUDFNRQVHWZLWKLQWKHORDGLQJVSDQ$YLVXDOLQVSHFWLRQGXULQJWKHWHVWVKDVLQGHHGVKRZQWKDW
WKHILUVWFUDFNVDSSHDUHGZKHQWKHILUVWSHDNRIWKHFXUYHVZHUHREVHUYHG
$YLVXDOLQVSHFWLRQRIWKHVSHFLPHQVDIWHUWKHWHVWVKDVVKRZQWKDWWKHSULQWHGUHEDUVIUDF
WXUHG+HQFHWKHERQGLQJVWUHQJWKFUHDWHGE\WKHVXUIDFHURXJKQHVVDQGWKHSULQWHGGHWDLOVZDV
HQRXJKWRSUHYHQWGHERQGLQJ

)LJXUH&RPSDULVRQEHWZHHQH[SHULPHQWDOUHVXOWVDQG2SHQ6HHVVLPXODWLRQXVLQJILEHUPRGHO

1XPHULFDOPRGHOVRIWKHIRXUSRLQWEHQGLQJWHVWZHUHGHYHORSHGLQ2SHQ6HHVDQGWKHUHVXOWV
FRPSDUHGDJDLQVWWKHH[SHULPHQWDOFXUYHV7KHEHDPZDVPRGHOOHGXVLQJDGLVSODFHPHQWEDVHG
HOHPHQWZLWKQRQOLQHDUILEHUVHFWLRQ7KHVHFWLRQZDVGLYLGHGLQWRWKUHHW\SHVRIILEHUVLH
FRQILQHGFRQFUHWH LQWKHDUHDHQFORVHGE\WKHUHEDUV XQFRQILQHGFRQFUHWH FRQFUHWHFRYHU 
DQGVWHHO ORQJLWXGLQDOUHEDUV 6WHHOZDVPRGHOOHG ZLWK6WHHOPDWHULDOZLWKI\ 03D
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(V *3DDQGKDUGHQLQJ'LIIHUHQWFRQFUHWHPRGHOOLQJRSWLRQVZHUHWULHG )LJXUH E
G &RQFUHWHKDV]HURWHQVLRQVWUHQJWKZKLOH&RQFUHWHEHKDYHVOLQHDUVRIWHQLQJEHKDYLRU
LQWHQVLRQ&RQILQHG&RQFUHWHFRPSXWHVWKHFRQILQHGFRQFUHWHSURSHUWLHVDXWRPDWLFDOO\EDVHG
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WHVWVWRFKDUDFWHULVHWKHXQFRQILQHGFRQFUHWH:KHQFRQILQHGSURSHUWLHVZHUHQHHGHGDVDQLQSXW
WKH0DQGHUHWDO  >@PRGHOZDVXVHG)LJXUH E±G VKRZVWKHFRPSDULVRQEHWZHHQ
H[SHULPHQWDO UHVXOWV DQG WKH 2SHQ6HHV DQDO\VHV 7KH QXPHULFDO UHVXOWV VHHP WR EH LQ JRRG
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IRUUHLQIRUFHGFRQFUHWHHOHPHQWVVXFKDVSHUIHFWERQGLQJEHWZHHQVWHHODQGFRQFUHWHDQGSODQH
FURVVVHFWLRQVDSSO\IRUWKHPLFURUHLQIRUFHGFRQFUHWHEHDPV
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Abstract. A new device has been developed for the direct measurement of soil strains under
earthquake loading in centrifuge testing. The main body of the device is a potentiometer used
to measure soil deformation directly. Two MEMS accelerometers are attached to either end
of the device to obtain soil deformation as a semi-direct measurement method. Two different
centrifuge models, a level sand bed and a slope, were prepared with dry sands to achieve small
and large soil deformation, respectively. A series of model earthquake motions were applied
to the centrifuge models. The strains obtained with the new devices are compared with the
indirect measurement of Piezo-electric accelerometers. It is found that this new direct method
to measure soil strain could be applicable for medium to large soil deformation, that is, in the
case of relatively strong earthquakes.
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1

INTRODUCTION

Soil deformation induced by earthquakes can cause damage to structures and even pose a
threat to human life. An important parameter in seismic analyses is soil strain. However,
obtaining accurate measurements of strain remains challenging. Currently, the most widelyused measurement methods in geotechnics can be classiﬁed into two types, sensor-based and
image-based methods.
Sensor-based methods generally involve two kinds of sensors, displacement measurement
sensors (e.g., LVDTs, LDTs, laser displacement sensors and FBG sensors) and acceleration
measurement sensors (e.g., MEMS and Piezo-electric accelerometers). However, most widely
used displacement measurement sensors, such as LVDTs, LDTs and laser displacement sensors,
are placed outside the soil mass and are used to measure the movement of the soil adjacent to
the boundary [2, 4, 6], and thus their measurements are likely to suffer from boundary effects.
To measure soil deformation within soil, FBG sensors came into use [13]. However, data processing for such sensors involves assumptions about parameters in calculation of displacements.
Furthermore, these FBG sensors are costly and too delicate to be deployed widely under strong
earthquake loading. In contrast, unlike displacement measurement sensors, acceleration measurement sensors can be placed within soil and indirectly provide displacements through double
integration for strain calculation [14]. The problem of acceleration measurement sensors is that
the numerical errors induced by integration in data processing may affect the accuracy of the
results.
Image processing techniques comprise two methods, the Computerized X-ray tomography
(CT) [10] and Particle Image Velocimetry (PIV) [11, 12]. Although the CT method can measure
internal deformation, some intrusive marking may be required, disturbing the soil models that
are being tested. In the PIV technique, soil deformations are deﬁned across transparent surfaces,
and thus the results suffer from boundary effects. Moreover, in dynamic tests costly high-speed
cameras are necessary, making this technique expensive to apply.
This paper presents a new device developed to obtain soil strain within soil directly based
on measurements of relative displacements of soil columns. The performance of this device
is evaluated in comparison with a common method using dynamic centrifuge testing which is
currently the most advanced experimental method available. The applicability of the new device
is discussed based on the results in soil deformation analyses.
2

METHODOLOGY

A new device-based method and a common method used in this research are introduced. The
detailed calculation process of soil characteristics, including shear stress, strain, shear moduli
and damping, is demonstrated. Information on model preparation, testing programs, and signal
processing is provided.
2.1

New device-based method

A new device (Figure1(a)) is used to obtain dynamic strains in this research. The device is
comprised of two kinds of instruments, a potentiometer and two MEMS accelerometers. The
potentiometer is used for direct measurement of displacements between the two aluminium
plates. The two accelerometers are used for measurement of accelerations of either plate. With
these accelerations, the displacements between the two plates can also be calculated via double
integration. In this research, the displacements are caused by the horizontal and shear deformation of the small column conﬁned by the two plates attached to the device during seismic
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loading. In Figure 1(b), a unit volume is used to explain the principle of the calculation of
strains. Since the measured or calculated relative displacements are applied to a soil column
with realistic dimensions, those displacements should be normalised by their real lengths. Such
normalised displacements also represent linear strains εxx . Thus, shear strains can be obtained
from
γ = εxx1 − εxx2

(1)

where εxx1 and εxx2 are the linear strains at the top and bottom surface of the soil block, respectively.

(a) A view of a new device.

(b) Measurement principle.

Figure 1: New device for direct strain measurement.

2.2

Absolute acceleration-based method.

Two different equations are available for estimating shear strain. The shear strain at the
mid-point between two adjacent accelerometers can be expressed as
γ=

Δu
Δz

(2)

where Δu is the difference of displacements obtained from the records of the two accelerometers, and Δz is the difference of the two depths at which the two accelerometers are placed. For
the case of a vertical array of accelerometers, Zeghal et al. [15] derived the shear strains γi at
the depth of Δzi , as
(

)

Δzi−1
1
Δzi
(ui+1 − ui )
+ (ui − ui−1 )
(i = 2, 3, 4 · · ·)
γi (zi ) =
Δzi−1 + Δzi
Δzi
Δzi−1

(3)

where the subscript i is the number of the accelerometers.
Shear stress can be calculated based on absolute accelerations. Applying the classic beam
theory, Brennan et al. [1] derived an equation to obtain the shear stress τ at the depth zi , written
as
τ (zi ) =

1 [üi zi 2 + üi zi (zi − 2z1 )]
ρ
2
(zi − z1 )

where ρ is the density of the sand.
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2.3

Mohr’s circle of strains

Mohr’s circles of strains aim to present relationship between the normal strains and half of
the shear strains of the unit volume. Two points, (εyy , γyx /2) and (εxx , −γxy /2), are needed to
plot Mohr’s circles. In this research, the normal strains perpendicular to the moving direction of
the shaft of the potentiometer are assumed to be zero (i.e., εyy = 0 under plane strain condition).
Thus, with the linear strains obtained from the new device and the shear strains obtained based
on the absolute accelerations, the Mohr’s circles of strains can be plotted.
2.4

Shear modulus and damping

Shear stress-strain loops are plotted with the calculated shear stress and strain from the absolute accelerations. The ratio of the magnitude of stress to the magnitude of strain is regarded
as the shear modulus [1]. The obtained shear moduli G are normalised by small-strain moduli Gmax which were obtained with an air hammer developed by Ghosh and Madabhushi [3],
following the expression
Gmax = ρ vs 2

(5)

where vs is the velocity of the shear wave created by the air hammer. The equivalent damping
ratios D can be obtained from these loops, following the equation
D=

W
2π We

(6)

where W is the total energy dissipation during each loop and We is the energy dissipation in the
equivalent elastic system. Speciﬁcally, W equals to area of each loop, while We equals to the
area bounded by the representative line segment in the calculation of G and the strain axis.
2.5

Model preparation and test program

The preparation of a level sand bed model and a slope model at an angle of 30◦ were conducted with an automatic sand pouring machine [7], using dry Hostun sand. The maximum and
minimum void ratios of the sand are 1.01 and 0.555 respectively, and the speciﬁc gravity of the
sand grains is 2.65 [8]. Some 1-g shanking table tests were conducted under different seismic
motions, but the new device was unable to capture the soil movement, indicating that the new
device lacks high sensitivity. For this reason, the two models were both prepared with loose
sand whose relative densities were 33% and 36% respectively. Both models were tested at 50-g
level in the Turner Beam Centrifuge at Cambridge University. The instrumental layouts of the
two models are illustrated in Figure 2. Table 1 shows the properties of the earthquakes for both
tests. This research focuses on the single sinusoidal signals with the main driving frequencies
ranging from 0.8 Hz to 1.2 Hz over 10 cycles.
2.6

Signal processing

The key to obtaining correct strain is appropriate signal ﬁltering. Under-ﬁltered signals,
especially those involving low-frequency components, result in signiﬁcant errors during integration of the accelerations. Such errors cause invalid shear stress-strain loops and as a result to
inaccuracies in the determination of shear moduli and damping ratios. On the other hand, overﬁltering, producing perfectly smooth stress-strain loops, damages part of the real signal. The
signal ﬁltering in this research is based on plots of fast Fourier transform (FFT). A band-pass
ﬁlter with a frequency range of 0.4 Hz to 5 Hz was employed for EQ4 in Test-1.
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(a)

(b)

Figure 2: Instrumental layout of: (a) level sand bed model (b) slope model.

EQ no.
EQ1
EQ2
EQ3
EQ4
EQ7

Test-1 (level sand)
Frequency (Hz) Max. acc. (g)
1
0.04
1
0.21
0.8
0.14
1.2
0.25
2.6
0.27

EQ no.
EQ1
EQ2
EQ3
EQ4
EQ5

Test-2 (slope)
Frequency (Hz) Max. acc. (g)
1
0.06
1
0.26
0.8
0.20
1.2
0.34
2.6
0.38

Table 1: Experimental programs of both tests in prototype-scale.

3
3.1

DYNAMIC STRAINS IN THE LEVEL SAND BED
Absolute acceleration based results

The ﬁve Piezo-electric accelerometers recorded the absolute accelerations at different elevations in the sand, as shown in Figure 3(a). The amplitudes of accelerations increased with
decreasing depth, i.e. ampliﬁcation, indicating smaller stiffness at smaller depths. The acceleration ampliﬁcation ratio is deﬁned as the ratio of the average peak accelerations in two horizontal
directions to the average peak acceleration of the input signal. Figure 3(c) displays the variation
of the ratios with depth for four earthquakes, suggesting that the magnitudes of the earthquakes
had marginal effect on the ampliﬁcation ratios.
The corresponding absolute displacements (Figure 3(b)) were obtained by double integration
of the absolute accelerations. Only the cyclic displacements are displayed, since Piezo-electric
accelerometers do not respond to the low-frequency components well. The displacements became larger at smaller depths, that is, the larger soil deformation occurred in the shallower
layers.
3.2

New device-based results

The accelerations measured by the MEMS accelerometers represent the movement of the
two plates of the new device. The relative accelerations, that is, the difference between the
two sets of the accelerations, are shown in Figure 4(a). Similar to the variation of the absolute
accelerations, the relative accelerations increased towards the sand surface. The comparison
between the measured and integrated relative displacements is presented in Figure 4(b). The
accelerometers captured the soil movement, while the potentiometers failed to record useful
movement, indicating that the potentiometers may lack sensitivity for small deformation measurement. Thus, the data obtained from MEMS accelerometers are focused on for the following
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(a) Absolute acceleration records.

(b) Absolute displacement records.

(c) Ampliﬁcation ratios.

Figure 3: Dynamic response of sand during EQ4 in Test-1.

analyses of Test-1.
A comparison between the absolute acceleration- and relative acceleration-based shear strains
is shown in Figure 4(c). The dynamic shear strains from the MEMS accelerometers are generally smaller than those from the Piezo-electric accelerometers. Furthermore, the difference was
larger at the larger depth (11.7 m). This is possibly because of the friction between the shaft
and the housing, preventing the plates from moving freely with the soil.
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Figure 4: Results of dynamic analysis of the level sand bed subjected to EQ4: (a)relative acceleration histories
from MEMS acceleometers (b)comparison between calculated displacements from MEMS accelerometers and
measured displacements from potentiometers (c)comparison between shear strains from MEMS accelerometers
and those from Piezo-electric accelerometers.

3.3

Shear modulus and damping

To plot normalised shear modulus degradation curve, an air hammer test at 50-g level was
conducted to obtain Gmax and the corresponding shear moduli in the test were obtained with
the accelerations measured by the Piezo-electric accelerometers. The shear modulus curves
based on two empirical equations proposed by Hardin and Drnevich [5], and Oztoprak and
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Bolton [9] are presented for comparisons with the shear moduli obtained in this test. Figure
5(a) shows the experimental results are within the boundary of the two empirical curves and are
generally closer to the curve of Oztoprak and Bolton [9]. These results seem to form a trend
line, consistent with the empirical curves. Regarding the damping ratios, Figure 5(b) shows that
the experimental results are generally above the empirical curve of Hardin and Drnevich [5],
suggesting higher level of damping in the sand.

(a) Shear modulus degradation curve.

(b) Damping curve.

Figure 5: Variation of shear modulus and damping with strain.

4

DYNAMIC STRAINS IN THE SLOPE MODEL

The dynamic response of a level soil bed subjected to the strong earthquake EQ4 has been
analysed with the data obtained in Test-1, but the response of the potentiometers indicates low
sensitivity. Therefore, a slope model, in which larger soil deformation tends to occur, was
tested, and the results are presented and discussed.
4.1

Absolute acceleration based results

Table 2 shows that the accelerations at the slope crest (see Piezo-05 and -06) were larger than
other locations around the slope. The difference between the peak +ve and –ve accelerations
decreased, indicating soil sliding along the slope. Furthermore, the difference became smaller
from the crest to the base.
Piezo no. Depth in the slope (m)
05
1
06
4
07
1
08
4
10
1

Max. acc. (g)
0.41
0.46
0.28
0.36
0.38

Min. acc. (g)
-0.58
-0.59
-0.39
-0.42
-0.41

Table 2: Absolute accelerations around the slope during EQ4 in Test-2.
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4.2

New device-based results

Following the same procedure of analyses of Test-1, the relative displacements measured by
potentiometers and those calculated from accelerations are shown in Figure 6(a). The displacements agree with each other well. However, the relative displacements from accelerations are
slightly different from those measured directly. Such a discrepancy could result from signal
ﬁltering, as the measured accelerations were ﬁltered more than the measured displacements.
Moreover, the noise may have different phases, that is, the calculated displacements can be
larger or smaller than the measured ones. In addition, the linear strains were larger at the deeper
layer than at the shallower layer of the mid-slope (Figure 6(b)). This could indicate the existence
of slip plane.
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Figure 6: Result comparisons based on the various measurement methods during EQ4 in Test-2.

The potentiometers producing satisfactory relative displacement time-histories, the corresponding cyclic shear strains are compared with those calculated based on the absolute accelerations in Figure 6(b). As expected, the shear strains from relative accelerations and relative
displacements show a good match. However, the cyclic strains based on the measurements of
the Piezo-electric accelerometers are approximately 1.5 times larger than those based on the
measurements of the new devices. The friction between the shaft and the housing of the potentiometer could be the primary reason. Additionally, the numerical errors could also cause the
discrepancy.
4.3

Mohr’s circles of strains

The maximum cyclic linear strains and maximum shear strains during the same cycle were
used for Mohr’s circles (Figure 7). Generally, the radii of circles at each location decreased with
the number of cycles, indicating increasing soil stiffness. Additionally, the largest radii were
seen at the slope crest (Figure 7(a)), while the smallest radii were observed at the mid-slope
near the surface (Figure 7(b)). This indicates that larger soil deformation occurred at the crest,
where conﬁning pressures were relatively small.
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(a)

(b)

(c)

Figure 7: Mohr’s circles of strains.

5

CONCLUSIONS

This research has developed and tested a new device to measure soil deformation and verify the applicability of the new device. Two dynamic centrifuge tests were conducted on a
level sand model and a slope model, respectively. Four new devices were used to measure soil
strains directly based on a new principle. The results obtained with this new direct measurement method were compared with those obtained with a commonly-used indirect measurement
method.
This research shows that the accelerations measured in the sand in both tests increased towards the sand surface, but the magnitudes of the earthquakes had a negligible impact on such
acceleration ampliﬁcation. This conﬁrms that soil deformation is larger where conﬁning stress
is smaller. It was also found that the shear moduli calculated in the tests are generally within the
boundary of the two empirical equations proposed by Hardin and Drnevich [5], and Oztoprak
and Bolton [9], respectively. Speciﬁcally, those shear moduli fall closer to the curve presented
by Oztoprak and Bolton [9]. For damping ratios, they fall generally above the empirical curve
presented by Hardin and Drnevich [5]. This curve may be more applicable to the strain range
from 0.15% to 1% under similar site conditions, as the experimental damping ratios are closer
to it within this range. Another major ﬁnding is observed in the results obtained in Test-2 where
the larger soil deformation was simulated, that is, the displacement records of the potentiometers show a good agreement with the calculated displacement histories based on the records of
the MEMS accelerometers. It is, therefore, concluded that the new device could be applicable
for large soil deformation.
However, it should be noted that the discrepancy between the results obtained from the new
measurement methods and those obtained from the widely-employed method proposed by Brennan et al. [1] is still clear. As indicated by the experimental results in this research, the friction
between the housing and shaft tends to affect the data signiﬁcantly. Thus, more efforts should
be made to reduce or even eliminate the friction in future research. Despite the discrepancy, this
research undoubtedly provides some valuable evidence that this new measurement device can
provide valid results with further improvement.
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.H\ZRUGV XQUHLQIRUFHG PDVRQU\ ZDOOV GLDJRQDO WHQVLRQ WHVWV FRQVWUXFWLRQ TXDOLW\ QRQ
VWUXFWXUDOFRPSRQHQWEHGMRLQWVKHDGMRLQWV
$EVWUDFW Non-structural unreinforced masonry (URM) walls are generally consisted of cement bricks and mortar used for joint material. Bricks in masonry works should be completely
glued on bed and head-joints with sufficient thickness. In typical masonry construction, variation of thickness and recess of bed and head-joints is inevitable and they are important physical parameters that can be used in determining the construction quality of masonry works.
Thus, it is necessarily required to investigate the influence of construction quality on the
structural properties of an URM wall. As preliminary investigations, this study experimentally
evaluates the effects of construction quality to the diagonal tension behavior of a masonry
unit. The effects are discussed with selected test parameters, thicknesses and recesses of joints
which can be considered to be critical quantities to erection time related to the construction
quality of the test specimens. Test results present that the failure modes of the specimens are
considerably dependent upon the construction qualities and their strength and elastic modulus increase in the specimen with better construction quality presenting the smaller recess
and the larger thickness of the bed and head-joints.
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WKUHHFRQVWUXFWLRQTXDOLWLHV³Good´³Fair´DQG³Poor´ZKLFKFDQEHFODVVLILHGE\PDVRQU\
SLOLQJWLPHFRUUHODWHGZLWKDSSDUHQWSK\VLFDOWHVWSDUDPHWHUVWKHWKLFNQHVVDQGUHFHVVRIPRU
WDUMRLQWV7KHWHVWLQJSDUDPHWHUVDUHVWDWLVWLFDOO\DQDO\]HGDFFRUGLQJWRWKHFRQVWUXFWLRQTXDOL
WLHV$OVRWHVWUHVXOWVRIWKHPDVRQU\XQLWVSHFLPHQVPDQXIDFWXUHGZLWKGLIIHUHQWFRQVWUXFWLRQ
TXDOLW\ DUH GLVFXVVHG LQ WHUPV RI WKHLU VWUHQJWK DQG HODVWLF PRGXOXV 7KLV pilot WHVW SURJUDP
LQWHQGV WR GHPRQVWUDWH WKH UHODWLRQ EHWZHHQ WKH VWUXFWXUDO SURSHUWLHV DQG WKH FRQVWUXFWLRQ
TXDOLW\ RI PDVRQU\ ZDOOV ZKLFK FDQ EHFRPH EDVLV LQIRUPDWLRQ RQ WKH VHLVPLF HYDOXDWLRQ RI
H[LVWLQJDQGQHZPDVRQU\EXLOGLQJVWUXFWXUHV
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7KHVWUXFWXUDOEHKDYLRURIDQRQVWUXFWXUDO850ZDOOPDLQO\GHSHQGVRQWKHSURSHUWLHVRI
PDVRQU\XQLWVDIIHFWHGE\WKHFRQVWUXFWLRQTXDOLW\ZKLFKLVLQIOXHQFHGE\DORWRIIDFWRUVLQ
FOXGLQJ WKH ZRUNPDQVKLS RI VNLOOHG ODERUHUV ZRUNLQJ HQYLURQPHQWV ZRUNLQJ WHPSHUDWXUHV
ZRUNLQJVSDFHHWF$OORIIDFWRUVUHODWHGWRFRQVWUXFWLRQTXDOLW\RIPDVRQU\ZRUNVDUHFORVHO\
UHSUHVHQWHGE\DPDVRQU\SLOLQJWLPH,WZDVNQRZQWKURXJKRXWLQWHUYLHZZLWKVNLOOHGODERU
HUVWKDWWKH\DUHFDSDEOHRISLOLQJRQO\DERXWEULFNVLQFDUU\LQJRXWPDVRQU\ZRUNVDF
FRUGLQJ WR YHU\ VWULFW ZRUNLQJ PDQXDO ZKLOH WKH\ FDQ SLOH PRUH WKDQ  EULFNV XQGHU WKH
DOORZDQFH RI SRRU FRQVWUXFWLRQ TXDOLW\ 7KLV VWXG\ FRQVLGHUV D PDVRQU\ SLOLQJ WLPH DV WKH
PDLQIDFWRUZKLFKFDQGHWHUPLQHWKHFRQVWUXFWLRQTXDOLWLHVRIPDVRQU\ZRUNV
)LJXUH  VKRZV WKH VKDSHV DQG GLPHQVLRQV RI VSHFLPHQV IRU GLDJRQDO WHQVLRQ WHVW VSHFL
PHQV DFFRUGLQJ WR $670 >@ 7KH PDVRQU\ XQLW VSHFLPHQV ZLWK  PP ZLGWK  PP
KHLJKWDQGPPWKLFNQHVVZHUHPDGHZLWKDWRWDOFHPHQWEULFNVZKLFKZHUHSLOHGWR
OD\HUV7KHGLPHQVLRQVRIHDFKEULFNDUHPPuPPuPP$FFRUGLQJWRJHQHUDO
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FRQVWUXFWLRQVSHFLILFDWLRQVIRUPDVRQU\ZRUNVWKHWKLFNQHVVtbjRIERWKEHGDQGKHDGMRLQWVLV
SODQQHGWREHODUJHUWKDQPPDQGVWUDLJKWKHDGMRLQWVDUHDYRLGHG1RWHWKDWGXULQJFRQ
VWUXFWLRQRIWKHVSHFLPHQVDYDOXHRItbjIRUHDFKVSHFLPHQZRXOGEHFKDQJHGDQGZRXOGDOVR
KDYHVSDWLDOYDULDWLRQZLWKLQDQLQGLYLGXDOVSHFLPHQ$WRWDORIVSHFLPHQVZDVSUHSDUHG
DQG  VSHFLPHQV ZHUH FRQVWUXFWHG ZLWK HDFK FRQVWUXFWLRQ TXDOLW\ FODVVLILHG LQWR ³Good´
³Fair´DQG³Poor´ZKLFKDUHGHSHQGHQWXSRQWKHPDVRQU\SLOLQJWLPHT7DEOHVXPPDULQJ
WKHVWDWLVWLFVRITVVKRZVWKDWPHDQYDOXHVRITVLQFUHDVHIRUWKHVSHFLPHQVZLWKEHWWHUFRQ
VWUXFWLRQTXDOLW\5HJDUGOHVVRIWKHFRQVWUXFWLRQTXDOLWLHVWKHFRHIILFLHQWVRIYDULDWLRQ&29V
DUH VLPLODU 7KLV PHDQV WKDW DOO VSHFLPHQV FDWHJRUL]HG LQWR WKH VDPH FRQVWUXFWLRQ TXDOLW\
PDLQWDLQWKHVLPLODUGHJUHHRIYDULDWLRQRIPDVRQU\SLOLQJWLPHV

)LJXUH'LPHQVLRQRIVSHFLPHQVDQGQXPHULFDOSDUDPHWHUVUHSUHVHQWLQJPDVRQU\FRQVWUXFWLRQTXDOLWLHV

*RRG




0HDQTVHF
6WDQGDUGGHYLDWLRQVHF
&RHIILFLHQWRIYDULDWLRQ&29

)DLU




3RRU




7DEOH6WDWLVWLFDOLQIRUPDWLRQIRUFRQVWUXFWLRQWLPHRIPDVRQU\XQLWVSHFLPHQV

9DOXHVRITVDUHFRQVLGHUHGDVWKHPDLQLQGH[RIFRQVWUXFWLRQTXDOLW\LQPDQXIDFWXULQJWKH
VSHFLPHQV0RUHSK\VLFDOSDUDPHWHUVDUHUHTXLUHGWRYHULI\WKHUHODWLRQEHWZHHQFRQVWUXFWLRQ
TXDOLW\ UHSUHVHQWHG E\ PDVRQU\ SLOLQJ WLPH T  DQG WKH VWUXFWXUDO SURSHUWLHV RI WKH PDVRQU\
XQLW VSHFLPHQV 7KLV VWXG\ FRQVLGHUV WKH WKLFNQHVV tbj RI ERWK EHG DQG KHDGMRLQWV DQG WKHLU
UHFHVVrbjIURPWKHEULFNVXUIDFHDVWKHDSSDUHQWWHVWLQJSDUDPHWHUVVKRZQLQ)LJXUH9DOXHV
RItbjDQGrbjRIDOOWKHVSHFLPHQZHUHH[DPLQHGDIWHUFXULQJ)RUHDFKVSHFLPHQDWRWDORI
PHDVXUHPHQWV DWKHDGMRLQWVDQGDWEHGMRLQWV ZDVPHDVXUHGXVLQJDGLJLWDO9HUQLHU
FDOLSHU
7KHGLVWULEXWLRQVRItbjDQGrbjYDOXHVPHDVXUHGDWWKHEHGDQGKHDGMRLQWVLQ WKHVSHFLPHQV
DUHIRXQGLQ)LJXUHVDQG5HJDUGOHVVRIW\SHVRIMRLQWVWKHODUJHUtbjYDOXHVDQGWKHVPDOOHU
DEVROXWHYDOXHVRIrbjDUHIRXQGHGDWWKHPDVRQU\XQLWVSHFLPHQVHUHFWHGZLWKEHWWHUFRQVWUXF
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WLRQ TXDOLW\ $ PHDQ RI tbj YDOXHV LV WKH VPDOOHVW DW WKH KHDGMRLQWV IRU WKH Poor VSHFLPHQV
ZKLOHWKHFRUUHVSRQGLQJPHDQYDOXHVIRUWKHGoodDQGFair VSHFLPHQVDUHUHODWLYHO\FORVHWR
PPZKLFKLVWKHSODQQHGMRLQWWKLFNQHVV9DOXHVRItbjODUJHUWKDQPPDUHIRXQGLQWKH
KHDGMRLQWIRUVRPHGoodVSHFLPHQV0RUWDUILOOLQJLQEHGMRLQWVLVEHWWHUWKDQLQKHDGMRLQWV
ZKLFKPDJQLILHVWKHYDULDWLRQRIrbjYDOXHVPHDVXUHGLQKHDGMRLQWV

)LJXUH'LVWULEXWLRQRIQXPHULFDOSDUDPHWHUVPHDVXUHGDWEHGMRLQWVLQVSHFLPHQV

)LJXUH'LVWULEXWLRQRIQXPHULFDOSDUDPHWHUVPHDVXUHGDWKHDGMRLQWVLQVSHFLPHQV
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6WDWLVWLFDOVSDWLDOYDULDWLRQVRItbjDQGrbjYDOXHVPHDVXUHGDWERWKRIWKHEHGDQGKHDGMRLQWV
LQWKHVSHFLPHQVZHUHLQYHVWLJDWHGDQGVXPPDUL]HGLQ)LJXUH([SHFWHGYDOXHVRIrbjPHDV
XUHGDWWKHEHGMRLQWVDUHWKHVPDOOHVWDWWKHLUFHQWHUDQGDUHLQFUHDVHGDWWKHHGJHVZKLOHWKRVH
RI tbj DUH UHODWLYHO\ FRQVWDQW DORQJ D MRLQW OLQH 8QOLNH WKH EHGMRLQWV PHDQV RI rbj YDOXHV
PHDVXUHGDWWKHKHDGMRLQWVRIWKHGoodVSHFLPHQVDUHWKHODUJHVWDWWKHLUFHQWHU)RUWKHFair
DQGPoorVSHFLPHQVPHDQVRIrbjYDOXHVDWWKHKHDGMRLQWVDUHVPDOOHUDVWKHGLVWDQFHIURPWKH
ERWWRPEHGMRLQWLVLQFUHDVHG$JDLQWKHODUJHVWVSDWLDOYDULDWLRQRIERWKtbjDQGrbjYDOXHVLV
DOVRREVHUYHGDWWKHPoorVSHFLPHQVHYHQLIWKHUHLVVWLOOVRPHGHJUHHRIVSDWLDOGLVWULEXWLRQLQ
WKHGoodVSHFLPHQV

D %HGMRLQWV

E +HDGMRLQWV
)LJXUH0HDQQXPHULFDOSDUDPHWHUVDWPHDVXUHPHQWORFDWLRQV
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'LDJRQDOWHQVLRQWHVWVZHUHFDUULHGRXWZLWKWKH8QLYHUVDO7HVWLQJ0DFKLQHZLWKN1
FDSDFLW\)LJXUHSUHVHQWVFUDFNSDWWHUQVREVHUYHGDWWKHHQGRIHDFKWHVW$OVR WKHIDLOXUH



'RQJ+\HRQ6KLQ+\XQJ-RRQ.LP

PRGHV UHOLHG RQ WKH FRQVWUXFWLRQ TXDOLW\ RI WKH VSHFLPHQV DUH VKRZQ LQ WKH ILJXUH ,Q WKH
GoodVSHFLPHQVFUDFNVSDUDOOHOWRWKHORDGLQJGLUHFWLRQGHYHORSHGDORQJEHGDQGKHDGMRLQWV
DOWHUQDWHO\$IHZFUDFNVZHUHDOVRIRXQGLQEULFNV6LPLODUFUDFNSDWWHUQZDVREVHUYHGLQWKH
FairVSHFLPHQV+RZHYHUIRUWKHPoorVSHFLPHQVPRVWRIFUDFNVZHUHGHYHORSHGDORQJRQH
RIEHGMRLQWVZKHUHLVUHODWLYHO\VKRUWRIILOOLQJPRUWDU&RPSDUHGWRWKHGoodDQGFairVSHF
LPHQVWKHWRWDOWUDYHOOLQJOHQJWKRIFUDFNVLQWKHPoorVSHFLPHQVZDVVKRUWHQHGZKLFKFDXVHV
DEULWWOHPRGH

D GoodVSHFLPHQ

E FairVSHFLPHQ

F PoorVSHFLPHQ

)LJXUH'RPLQDQWIDLOXUHPRGHVRIPDVRQU\XQLWVSHFLPHQVDFFRUGLQJWRFRQVWUXFWLRQTXDOLW\

'LDJRQDOWHQVLRQWHVWVDUHW\SLFDOO\SHUIRUPHGWRILQGRXWWKHGLUHFWVKHDUVWUHVVDQGPRGX
OXV ZKLFK DUH LPSRUWDQW VWUXFWXUDO SURSHUWLHV XVHG IRU WKH VHLVPLF HYDOXDWLRQ RI D QRQ
VWUXFWXUDO850ZDOO)LJXUHFRQWDLQVPHDVXUHGVKHDUVWUHVVHV WmDWWKHPD[LPXPDSSOLHG
ORDGVDQGVKHDUPRGXOXVGmRIWKHVSHFLPHQV,QWKLVILJXUHVROLGSDUDOOHORJUDPVUHSUHVHQW
WKHLUPHDQYDOXHVRIWKHGoodFairDQGPoorVSHFLPHQV7KHPHDQYDOXHVRIWmDUHUHVSHF
WLYHO\DQG03DIRUWKHGoodFairDQGPoorVSHFLPHQVZKLFKGHPRQVWUDWHV
WKHLUGHSHQGHQFHRQWKHFRQVWUXFWLRQTXDOLW\7KHQRUPDOL]HGPHDQVRIWmYDOXHVWRWKDWRIWKH
Good VSHFLPHQV Wm(good) DUH  DQG  IRU WKH Fair DQG Poor VSHFLPHQV UHVSHFWLYHO\
1RWHWKDWHYHQWKHPHDQRIWmPHDVXUHGDWWKHPoorVSHFLPHQVLVVWLOOODUJHUWKDQWKHFRGLILHG
VKHDUVWUHQJWKRI03D>@ZKLFKLVFORVHWRWKHVPDOOHVWVKHDUVWUHVVLQWKHPoorVSHFLPHQ
7KHFRUUHODWLRQRIVKHDUPRGXOXVZLWKFRQVWUXFWLRQTXDOLW\RIPDVRQU\XQLWDUHVLPLODUWRWKDW
RIVKHDUVWUHVV7KHQRUPDOL]HGPHDQVRIGmYDOXHVWRWKDWRIWKHGoodVSHFLPHQVGm(good) DUH
0.80DQG0.57IRUWKH)DLUDQG3RRUVSHFLPHQVUHVSHFWLYHO\

D 'LVWULEXWLRQRIVKHDUVWUHVVĲm

E 'LVWULEXWLRQRIVKHDUPRGXOXVGm

)LJXUH'LVWULEXWLRQVRIPHFKDQLFDOSURSHUWLHVRIPDVRQU\XQLWVSHFLPHQV
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7KHQRUPDOL]HGWmDQGGmYDOXHVDUHIXUWKHUDQDO\]HGWRLQYHVWLJDWHHIIHFWVRIFRPELQDWLRQ
RIWKHSDUDPHWHUVtbjDQGrbjLQGHWDLO7RGRWKLVDQRUPDOL]HGQHWPRUWDUILOOLQJDUHDIDFWRU
/GHILQHGDVDUDWLRDQHWPRUWDUILOOLQJDUHD Abjtbjurbj WRWKHWRWDOMRLQWDUHDAbjLVLQWUR
GXFHG)LJXUHVKRZVWKHUHODWLRQVEHWZHHQWKHQRUPDOL]HGWmDQGGmDQG/YDOXHVIRUHDFK
W\SHRIMRLQWVLQWKHDOOVSHFLPHQV/LQHDUFRUUHODWLRQLVFOHDUO\SUHVHQWHGLQWKHEHGMRLQWVUD
WKHUWKDQWKHKHDGMRLQWV7KLVLVGXHWRDIDFWRUWKDW/YDOXHVRIWKHKHDGMRLQWVDUHQRWFRUUH
ODWHGZLWKWKHFRQVWUXFWLRQTXDOLW\DVVKRZQLQWKHILJXUHZKHUHVRPHRIWKHPoorVSHFLPHQV
KDYHWKHKHDGMRLQWVZLWKPRUWDUILOOLQJDUHDWKDWLVODUJHUWKDQWKHFRUUHVSRQGLQJRIWKHGood
DQGFairVSHFLPHQV,QWKHEHGMRLQWV /YDOXHVLQFUHDVHIRUWKHVSHFLPHQVFRQVWUXFWHGZLWK
EHWWHUTXDOLW\0RVWRIWKHQRUPDOL]HGWmDQGGmYDOXHVFDQEHFRQVHUYDWLYHO\HVWLPDWHGXVLQJ
DOLQHDUHTXDWLRQHVWDEOLVKHGE\FRQVLGHULQJRQHVWDQGDUGGHYLDWLRQIURPDWUHQGOLQHVKRZQDV
DVROLGOLQHLQWKHILJXUH

D %HGMRLQWV

E +HDGMRLQWV
)LJXUH5HODWLRQEHWZHHQQXPHULFDOSDUDPHWHUVDQGILOOLQJRIWKHEHGDQGKHDGMRLQWVPHDVXUHGDWXQLWVSHFL
PHQ
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7KLVVWXG\LVFDUULHGRXWGLDJRQDOWHQVLRQ WHVWVRIPDVRQU\XQLWVPDQXIDFWXUHGZLWKFRQ
VWUXFWLRQTXDOLWLHVRI³Good´³Fair´ DQG³Poor´WKDWFDQEHGLIIHUHQWLDWHGE\WKHWKLFNQHVV
DQGUHFHVVRIPRUWDUMRLQWV7KHHIIHFWVRIFRQVWUXFWLRQTXDOLW\RQWKHVWUXFWXUDOSURSHUWLHVRI
WKHVSHFLPHQV DUHLQYHVWLJDWHG7KLVpilotWHVWSURJUDPLQWHQGVWRSURYLGHEDVLFLQIRUPDWLRQ
RQ WKH LQIOXHQFH RI FRQVWUXFWLRQ TXDOLWLHV RQ WKH VHLVPLF FDSDFLWLHV RI QRQVWUXFWXUDO 850
ZDOOV
$ WRWDO RI  VSHFLPHQV ZLWK  PP ZLGWK  PP KHLJKW DQG  PP WKLFNQHVV ZDV
SUHSDUHG 2I WKHP  VSHFLPHQV ZHUH FRQVWUXFWHG ZLWK HDFK FRQVWUXFWLRQ TXDOLW\ FODVVLILHG
LQWR³Good´³Fair´DQG³Poor´7KLVVWXG\FRQVLGHUVWKHWKLFNQHVVtbjDQGWKHGHSWKRIUHFHVV
rbj DV SDUDPHWHUV UHSUHVHQWLQJ FRQVWUXFWLRQ TXDOLWLHV 7KH ODUJHVW tbj YDOXHV DQG WKH VPDOOHVW
DEVROXWHYDOXHVRIrbjZHUHIRXQGHGLQWKHGoodVSHFLPHQVZKLOHDPHDQRItbjYDOXHVZDVWKH
VPDOOHVWDWWKHKHDGMRLQWVIRUWKHPoorVSHFLPHQV,QVWDWLVWLFDOVSDWLDOYDULDWLRQVRItbjDQGrbj
YDOXHV WKH ODUJHVW VSDWLDO YDULDWLRQ RI ERWK tbj DQG rbj YDOXHV ZDV DOVR REVHUYHG DW WKH Poor
VSHFLPHQV
7KH Good DQG Fair VSHFLPHQ¶V FUDFNV GHYHORSHG LQWR EHG DQG KHDGMRLQWV DOWHUQDWHO\ ,Q
WKH Poor VSHFLPHQV PRVW RI FUDFNV ZHUH GHYHORSHG DQG SURSDJDWHG RQ D VLQJOH EHGMRLQW
ZKLFKFDXVHVDEULWWOHIDLOXUHPRGH7KHPHDQVKHDUVWUHVVHVDUHUHVSHFWLYHO\DQG
03DIRUWKHGoodFairDQGPoorVSHFLPHQV6LPLODUWRWKHPHDQVKHDUVWUHVVHVWKHFRU
UHODWLRQRIVKHDUPRGXOXVZLWKFRQVWUXFWLRQTXDOLW\LVSUHVHQWHG7KHUHH[LVWVWKHOLQHDUFRUUH
ODWLRQEHWZHHQQRUPDOL]HGVKHDUVWUHVVDQGPRGXOXVDQGDQRUPDOL]HGQHWPRUWDUILOOLQJDUHD
IDFWRULQWKHEHGMRLQWV7KH QRUPDOL]HGVKHDUVWUHVVDQGPRGXOXVDUHLQFUHDVHGZLWKWKHLQ
FUHDVHLQPRUWDUILOOLQJDUHDRIWKHVSHFLPHQV

$&.12(:/('*(0(17
7KLV UHVHDUFKZDVVXSSRUWHGE\DJUDQW $8'3& IURP WKH $UFKLWHFWXUH 
8UEDQ 'HYHORSPHQW 5HVHDUFK 3URJUDP IXQGHG E\ WKH 0LQLVWU\ RI /DQG ,QIUDVWUXFWXUH DQG
7UDQVSRUWRIWKH.RUHDQ*RYHUQPHQW

5()(5(1&(6
>@ $UFKLWHFWXUDO,QVWLWXWHRI.RUHD $,. Seismic Building Design Code and Commentary
(Korean Building Code), KDS 41 17 00$UFKLWHFWXUDO,QVWLWXWHRI.RUHD6HRXO.RUHD

>@ $PHULFDQ6RFLHW\RI&LYLO(QJLQHHUV $6&( Minimum Design Loads and Associated
Criteria for Buildings and Other Structures, ASCE/SEI 7-16$PHULFDQ6RFLHW\RI&LYLO
(QJLQHHUV9LUJLQLD86$
>@ 0LQLVWU\RI/DQG,QIUDVWUXFWXUHDQG7UDQVSRUW 0/,7 Korean Construction Specification, KCS 41 34 01, Masonry Construction 0LQLVWU\ RI /DQG ,QIUDVWUXFWXUH DQG
7UDQVSRUW.RUHD&RQVWUXFWLRQ6WDQGDUG&HQWHU.RUHD
>@ $PHULFDQ 6RFLHW\ RI 7HVWLQJ DQG 0DWHULDOV Standard Test Method for Diagonal Tension (Shear) in Masonry Assemblages, ASTM E519 / E519M-15$670,QWHUQDWLRQDO
:HVW&RQVKRKRFNHQ3$86$
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>@ $PHULFDQ6RFLHW\RI&LYLO(QJLQHHUV $6&( Seismic Evaluation and Retrofit of Existing Buildings, ASCE/SEI 41-06$PHULFDQ6RFLHW\RI&LYLO(QJLQHHUV9LUJLQLD86$




(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

',5(&72%6(59$7,212)%21')$,/85(2))$7,*8(38//
2877(67:,7+/,48,':$7(5%<86,1*',&
$KPHG2NHLO.RML0DWVXPRWRDQG.RKHL1DJDL


3HQWD2FHDQ&RQVWUXFWLRQ&R/WG
7RN\R-DSDQ
(PDLO DKPHGDWLD#PDLOSHQWDRFHDQFRMS RNHLO#LLVXWRN\RDFMS


+RNNDLGR8QLYHUVLW\
6DSSRUR-DSDQ
NP#HQJKRNXGDLDFMS


,QVWLWXWHRI,QGXVWULDO6FLHQFH
7KH8QLYHUVLW\RI7RN\R
7RN\R-DSDQ
QDJDL#LLVXWRN\RDFMS

.H\ZRUGV/RFDOERQG)DWLJXH3XOORXWIDLOXUH'HIRUPHGEDU,PDJHSURFHVVLQJ
$EVWUDFW A part of reinforced concrete structures are always subjected to dynamic repeated
loading and simultaneously subjected to liquid water from an external source such as rains.
These structures, especially the old ones, have numerous surface cracks that allow water to
penetrate concrete and reach steel-concrete interface and subsequently affect the bond between concrete and steel bars. Against this issue, a fatigue pull-out test was carried out with
supplying of water to investigate experimentally the bond behavior between the concrete and
a deformed bar by using digital image correlation technique (DIC).A fatigue pull-out test was
applied to a deformed steel bar which was embedded in a concrete specimen. The specimen
had a trapezoidal “window,” which allows full continues observation and measurements of
concrete or cement paste displacements and subsequently strains by recording highresolution digital video which was later analyzed by DIC software. The experiment focuses on
the failure mechanism of the deformed bar from the concrete and the mechanism of the
sludge’s formation in the vicinity of the deformed bar. The results show that the actual deformations of concrete in case of fatigue test were captured well in both positive and negative
direction of loading by using the DIC technique and they matched the past results. Also, the
experimental results show that the pull-out failure of the deformed bar occurred due to the
failure inside the concrete, not through the interface between the concrete and the deformed
bar.
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7KHFRPELQDWLRQRIFRQFUHWHZKLFKKDVKLJKGXUDELOLW\LQFRPSUHVVLRQDQGUHLQIRUFHPHQW
WKDWLVGXFWLOHLQWHQVLRQLVXVHGLQFLYLOHQJLQHHULQJVWUXFWXUHVWRHQVXUHKLJKVWUHQJWKZLWK
VXIILFLHQWGHIRUPDWLRQVWRUHVLVWGLVDVWHU7KHORDGWUDQVIRUPIURPWKHGHFNRUVODELQWKHVX
SHUVWUXFWXUH WR WKH IRXQGDWLRQV LQ VXEVWUXFWXUH RFFXUV GXH WR WKH ERQG EHWZHHQ WKH FRQFUHWH
DQG WKH HPEHGGHG UHLQIRUFHPHQW EDUV 7KH PHFKDQLFDO EHKDYLRU EHWZHHQ WKH UHLQIRUFHPHQW
OXJVDQGWKHVXUURXQGLQJ FRQFUHWHDW WKHVWHHOFRQFUHWHLQWHUIDFH LV SULPDULO\ UHVSRQVLEOHIRU
DFTXLULQJKLJKERQG7KXVVHYHUDOW\SHVRIUHVHDUFKKDYHVWXGLHGWKHJOREDODQGORFDOERQG
EHKDYLRUEHWZHHQWKHFRQFUHWHDQGWKHUHLQIRUFHPHQWEDUVIRUWKHVWDWLFFDVHVDQGDVDUHVXOW
VHYHUDOERQGPRGHOVKDYHEHHQHVWDEOLVKHG>@$OVRORFDOFUDFNVDWWKHUHLQIRUFHPHQW
OXJVVFDOHDQGWKHLQIOXHQFHRIGHIRUPDWLRQVSDWWHUQVDURXQGWKHVWHHOFRQFUHWHLQWHUIDFHKDYH
EHHQLQYHVWLJDWHGH[SHULPHQWDOO\>@
0HDQZKLOHPRVWRIWKHFLYLOHQJLQHHULQJVWUXFWXUHVDUHVXEMHFWHGWRG\QDPLFORDGVHVSH
FLDOO\IDWLJXHORDGVUHVXOWLQJLQVHYHUHORFDOL]HGERQGGDPDJHDQGVLJQLILFDQWPRYHPHQWEH
WZHHQ WKH UHEDU DQG WKH VXUURXQGLQJ FRQFUHWH FRPSDULQJ WR VWDWLF ORDGV ([WHQVLYH VWXGLHV
KDYH EHHQ SHUIRUPHG RQ ERWK PDWHULDO DQG VWUXFWXUDO OHYHO WR XQGHUVWDQG WKH ERQG EHKDYLRU
EHWZHHQWKHFRQFUHWHDQGWKHUHEDUXQGHUIDWLJXHORDGV>@ ,WZDVUHSRUWHGWKDWID
WLJXHORDGVDOZD\VFDXVHPLFURFUDFNVWKDWDIIHFWVWUHVVGLVWULEXWLRQDURXQGWKHUHEDUIROORZHG
E\FUDFNVSURSDJDWLRQDQGILQDOO\OHDGLQJWRIUDFWXUHRIWKHUHEDU
+RZHYHU LQ UHDO VLWXDWLRQV FLYLO HQJLQHHULQJ VWUXFWXUHV DUH DOVR H[SRVHG WR OLTXLG ZDWHU
IURPDQH[WHUQDOVRXUFHVXFKDVUDLQVDQGWKDWFDVHLVFRQVLGHUHGEHLQJWKHZRUVWVFHQDULRWR
DIIHFWWKHGXUDELOLW\DQGWKXVWKHVHUYLFHDELOLW\RIWKHVWUXFWXUHV$JDLQVWWKLVLVVXHUHFHQWO\
UHVHDUFKHV KDYH EHHQ FDUULHG RXW RQ WKH IDWLJXH SURSHUWLHV RI UHLQIRUFHG FRQFUHWH HOHPHQWV
VXFKDVVODEGHFNVDQGEHDPVIRFXVLQJRQWKHHIIHFWRIH[WHUQDOOLTXLGZDWHU,WZDVUHYHDOHG
WKDWWKHIDWLJXHOLIHRI5&EHDPVLQVHDZDWHULV VLJQLILFDQWO\UHGXFHGFRPSDUHGZLWKWKDWLQ
WKHDLU>@$OVRLWZDVIRXQGWKDWWKHSXOORXWIDLOXUHRIGHIRUPHGEDUVXQDFFRPSDQLHG
E\PDFURFUDFNLQJLVSURGXFHGE\WKHFRPSOH[DFWLRQRIH[WHUQDOOLTXLGZDWHUDQGIDWLJXHE\
WKHFRQYHUVLRQRIWKHPDWUL[LQWKHYLFLQLW\RIWKHGHIRUPHGEDULQWRVOXGJH>@
5HFHQWO\VRPHQHZWHFKQLTXHVVXFKDVGLJLWDOLPDJHFRUUHODWLRQ KHUHDIWHUUHIHUUHGWR',& 
KDYHEHHQLQWURGXFHGWRLQYHVWLJDWHGHHSO\WKHPDWHULDOSURSHUWLHVDQGDQDO\]HWKHVXUIDFHGH
IRUPDWLRQV RI FRQFUHWH PDWHULDO >  @ 'LUHFW REVHUYDWLRQ DQG FOHDU PHDVXUHPHQWV RI
WKHGHIRUPDWLRQVQHDUWKHFRQFUHWHVWHHOLQWHUIDFHDWWKHORFDOOHYHOEHFDPHDYDLODEOHE\XVLQJ
WKDWWHFKQLTXH )HZVWXGLHVRQWKDWWHFKQLTXHKDYHVKRZQWKHDSSOLFDELOLW\RIXVLQJVXFKDWHFK
QLTXHLQVWDQGDUGSXOORXWWHVWVLQZKLFKRQHGHIRUPHGEDULVHPEHGGHGFHQWUDOO\LQFRQFUHWHVSHF
LPHQV>@$OVRWKH',&WHFKQLTXHZDVXVHGWRLQYHVWLJDWHWKHORFDOERQGEHKDYLRUDQGWKHORFDO
FUDFNLQJSKHQRPHQDLQFDVHRID[LDOWHQVLRQWHVWVRIUHLQIRUFHGFRQFUHWHEHDPV>@7KHUHVXOWV
VKRZHGWKHKLJKDELOLW\RIWKH',&WHFKQLTXHWRLGHQWLI\WKHVKHDUWUDQVIHU]RQHDURXQGWKHFRQ
FUHWHVWHHOLQWHUIDFHDQG FODULI\ WKH ORFDO RSHQLQJVOLGLQJ EHKDYLRU EHWZHHQ WKH FRQFUHWHDQGWKH
GHIRUPHGEDUV
$JDLQVWWKLVVXEVWDQFHWKHUHZDVDQHHGWRLPSO\RQHRIWKHPRVWDGYDQFHGPHWKRGVWRLQYHV
WLJDWHWKHERQGGHJUDGDWLRQEHKDYLRULQUHLQIRUFHGFRQFUHWHPHPEHUVZKLFKDUHVXEMHFWHGWRG\
QDPLF UHSHDWHG ORDGV ,Q WKLV VWXG\ WKH IDWLJXH SXOORXW WHVW RI D GHIRUPHG EDU IURP D PDVVLYH
FRQFUHWHVSHFLPHQZDVFDUULHGRXWZLWKWKHSUHVHQFHRIH[WHUQDOOLTXLGZDWHU)RUWKHILUVWWLPHLQ
WKHFDVHRIIDWLJXHH[SHULPHQWVDSRZHUIXOH[SHULPHQWDOSURFHGXUHIRUPRQLWRULQJDQGH[DPLQLQJ
ORFDO GHIRUPDWLRQV EHWZHHQ ULEV RI GHIRUPHG EDU DQG FRQFUHWH KDV EHHQ SURSRVHG E\ XVLQJ WKH
',&WHFKQLTXH7KLVH[SHULPHQWLPSURYHVRXUXQGHUVWDQGLQJUHJDUGLQJWKHORFDOERQGGHJUDGDWLRQ
EHKDYLRU EHWZHHQ WKH FRQFUHWH DQG WKH GHIRUPHG EDUV DQG WKH PHFKDQLVP ZKLFK JRYHUQV WKDW
EHKDYLRU
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0DWHULDO3URSHUWLHV

2UGLQDU\3RUWODQG&HPHQW 23& ZDVXVHGDVWKHPDLQELQGHUIRUFRQFUHWH7KHZDWHUWR
FHPHQWUDWLR ZF ZDVE\ZHLJKWDQGWKHPD[LPXPVL]HRIWKHFRDUVHDJJUHJDWHZDV
PP $OVR ILQH DJJUHJDWHV DQG KLJKSHUIRUPDQFH DLU HQWUDLQLQJ $(  ZDWHU UHGXFLQJ DJHQWV
ZHUH XVHG IRU WKH PL[WXUH 7KH FRQFUHWH FRPSUHVVLYH VWUHQJWK ZDV PHDVXUHG EDVHG RQ D
VWDQGDUGF\OLQGHUZLWKGLPHQVLRQVRIPP;PP'HWDLOVRIWKHFRQFUHWHPL[SURSRU
WLRQVDQGLWVVWUHQJWKDUHJLYHQLQ7DEOH
$GHIRUPHGVFUHZVKDSHGW\SHRIUHLQIRUFHPHQWUHEDUZDVXVHGIRUWKLVH[SHULPHQW7KLV
W\SHZDVXVHGEHFDXVHRIKDYLQJD IODWVXUIDFHRQLWVWZRVLGHVZKLFKLVXVHIXOIRUDWWDFKLQJ
WKHVWHHOVWUDLQJDXJHVIRUORFDOVWUDLQPHDVXUHPHQWV$OVRWKLVW\SHZDVXVHGWRDYHUWDSRV
VLEOHUHGXFWLRQLQWKHDUHDRIUHEDUDWORFDWLRQVRIVWUDLQJDXJHV7KHW\SHRIUHEDUZDV'LQ
FRPSOLDQFHZLWKWKH-,6VWDQGDUG7KHSURSHUWLHVRIWKHUHLQIRUFHPHQWDUHOLVWHGLQ7DEOH
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7DEOH 0DWHULDOSURSHUWLHVRIUHLQIRUFHPHQWEDU



6SHFLPHQ

)LJXUHVKRZVWKHVHWXSRIWKHH[SHULPHQWWKDWZDV DUUDQJHGDFFRUGLQJ WR DW\SLFDO ID
WLJXHSXOORXWWHVW7KHWHVWVSHFLPHQZDVDOPRVWD FXERLGDOFRQFUHWHZLWKGLPHQVLRQVRI
PP[PP[PP$VLQJOHVFUHZVKDSHGGHIRUPHGEDUZDVSODFHGDWWKHFHQWHURI
WKHFRQFUHWHVSHFLPHQ $VLQJOHVFUHZVKDSHGGHIRUPHGEDUZDV SODFHG DW WKHFHQWHURIWKH
FRQFUHWH VSHFLPHQ 7KH GLPHQVLRQV RI WKH VSHFLPHQ ZHUH VHOHFWHG WR EH VPDOO DV PXFK DV
SRVVLEOHVRWKDWWKHVSHFLPHQFRXOGEHHDVLO\KDQGOHGEXWDWWKHVDPHWLPHODUJHHQRXJKWR
LQFOXGHDQRSHQLQJIRUWKHGLUHFWREVHUYDWLRQSXUSRVH$VWKHSXUSRVHRIWKLVVWXG\LVWRLQYHV
WLJDWHWKHERQGEHKDYLRUEHWZHHQWKHGHIRUPHG EDUDQGWKHVXUURXQGLQJ FRQFUHWHWKHUHIRUH
GLUHFWPRQLWRULQJDQGREVHUYDWLRQRIWKHLQWHUIDFHEHWZHHQWKHGHIRUPHGEDUDQGWKHFRQFUHWH
ZHUHQHHGHG 7KXVWKHIRUPZRUNRIWKHVSHFLPHQZDVQRW ILOOHGZLWK FRQFUHWHPDWHULDOLQ
VWHDG D FXELF RSHQLQJ ZDV IRUPHG GXULQJ WKH VHWXS RI WKH IRUP E\ XVLQJ D µ3RO\XUHWKDQH
)RDP¶PDWHULDODVVKRZQLQILJXUH 7KLVµRSHQLQJ¶PD\DIIHFWWKHVWUHVVGLVWULEXWLRQDWWKH
LQWHUIDFH EHWZHHQ WKH FRQFUHWH DQG WKH UHEDU GXH WR WKH XQV\PPHWULFDO RI WKH VSHFLPHQ
0HDQZKLOH WKH RSHQLQJ DOORZV IRU FORVH DQG FRQWLQXRXV PRQLWRULQJ DQG REVHUYDWLRQ RI WKH
GHIRUPDWLRQVLQWKHFRQFUHWH,WZDVIRXQGWKDWWKHKHLJKWRIWKHµRSHQLQJ¶VKRXOGEHDURXQG
RQHILIWKRIWKHWRWDOKHLJKWRIWKHVSHFLPHQWRUHGXFHDVPXFKDVSRVVLEOHWKHVWUHVVGLVWXUE
DQFHDURXQGWKHUHEDUZKLOHDOORZLQJDSSURSULDWHOLJKWLQJDQGVXEVHTXHQWO\PRQLWRULQJRIWKH
GHVLUHGDUHDLQVLGHWKHRSHQLQJ>@$OVRWKHIRUPZRUNZDVGHVLJQHGWRLQFOXGHIRXUDOXPLQXP
WXEHVWRPDNHIRXUYRLGVLQVLGHWKHFRQFUHWHDVVKRZQLQILJXUH7KHVHYRLGVZHUHXVHGODWHUWR
IL[WKHVSHFLPHQWRWKHEDVHSODWHRIWKHPDFKLQHE\3&URGVDQGDQFKRUV7KHVHWWLQJZDVFRQVLG
HUHGDFFXUDWHO\WRDYRLGDQ\YLEUDWLRQRUGLVSODFHPHQWRIWKHVSHFLPHQZKLOHDSSO\LQJWKHIDWLJXH
ORDGWRWKHGHIRUPHGEDU
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)LJXUH7KHVHWXSRIWKHH[SHULPHQW XQLWVPP 

)LJXUH/D\RXWRIWKHWHVWVSHFLPHQ XQLWVPP 



0L[LQJFDVWLQJDQGFXULQJ

7KHUHEDUZDVSODFHGKRUL]RQWDOO\ZLWKDUUDQJLQJ LW DWWKHFHQWHURIWKHIRUPZRUNDQGLW
ZDVVHWWOHGDERYHWKHIRDPSLHFH/XEULFDWLQJRLOZDVDSSOLHGWRDOOVLGHVRIWKHIRUPZRUNIRU
HDV\VHSDUDWLRQRIWKHFRQFUHWHIURPWKHIRUPZRUN&RQFUHWHZDVSRXUHGFDUHIXOO\IURPWKH
WRSDQGVHJUHJDWLRQRIWKHFRDUVHDJJUHJDWHZDVDYRLGHG$QHHGOHYLEUDWRUZDVXVHGWRFRP
SDFW WKH FRQFUHWH GXULQJ WKH FDVWLQJ $IWHU WZHQW\IRXU KRXUV RI FDVWLQJ WKH IRUPZRUN ZDV
UHPRYHGDQGWKHVSHFLPHQZDVFXUHGE\EHLQJFRYHUHGZLWKZHWD FORWKVLQFHIRUPZRUNUH
PRYLQJXQWLOWKHGD\EHIRUHWKHWHVWWRDYRLGWKHGU\LQJVKULQNDJHFUDFNV
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7HFKQLFDOUHTXLUHPHQWV

7KHSXUSRVH RIWKLV H[SHULPHQWLV WR VWXG\WKHORFDO ERQGEHKDYLRUEHWZHHQWKHFRQFUHWH
DQGWKHUHEDULQFDVHRIDSSO\LQJIDWLJXHORDGZLWKWKHVXSSO\LQJRIOLTXLGZDWHU7KHUHIRUH
WKHUHZDVDQHHGWRYLVXDOL]HDQGPRQLWRUWKHORFDOERQGLQWHUDFWLRQ]RQHXQGHUWKHFRPELQHG
HIIHFW RI IDWLJXH ORDG DQG ZDWHU VXSSO\ LQVLGH WKH FRQFUHWH 5HJDUGLQJ WKDW SXUSRVH GLJLWDO
LPDJH FRUUHODWLRQ ',&  DQDO\VLV ZDV XVHG WR REWDLQ ORFDO GHIRUPDWLRQV VXFK DV GLVSODFH
PHQWV IURP D KLJKUHVROXWLRQ YLGHR WKDW UHFRUGHG GXULQJ WKH H[SHULPHQWV *20 &RUUHODWH
>@ %HIRUHUXQQLQJWKH',&DQDO\VLVLPDJHV KDGWR EHH[WUDFWHGIURPWKHYLGHRZLWK WKH
VDPH SDUDPHWHUV WKH VRIWZDUH ))PSHJ ZDV XVHG IRU WKDW SURFHVV >@ *20 FRUUHODWH FDQ
FOHDUO\ LGHQWLI\ DUHDV RI D PHDVXUHPHQW LPDJH ZKLFK FRQWDLQV VXIILFLHQW LPDJH LQIRUPDWLRQ
IRUDQDO\VLVDQGWKHQLGHQWLI\WKHVDPHDUHDVLQRWKHULPDJHV7KHVHDUHDVFDOOHG³VTXDUHIDF
HWV´ DQG WKH VRIWZDUH UHFRJQL]HV WKHP E\ WKHLU VWRFKDVWLF SDWWHUQ VWUXFWXUH DQG WKH IDFHWV
PXVWKDYHDXQLTXHJUD\OHYHOGLVWULEXWLRQZKLFKFDQEHFOHDUO\LGHQWLILHGE\WKHVRIWZDUH
)RUWKHFUDFNSURSDJDWLRQSXUSRVHDQGWRLQYHVWLJDWHWKHFRQWDFWVXUIDFHEHWZHHQFRQFUHWH
DQG WKH GHIRUPHG EDU WKH VXUIDFH RI WKH FRQFUHWH ZDV QRW VSUD\HG EHIRUH GRLQJ WKH WHVW
0HDQZKLOHDIWHUWKHKDUGHQLQJRIWKHFRQFUHWHWKHVPRRWKRXWHUOD\HURIWKHFRQFUHWHDURXQG
WKH GHIRUPHG EDU LQVLGH WKH RSHQLQJ ZDV UHPRYHG DQG SROLVKHG E\ XVLQJ D KDQGKHOG SRZHU
WRROFDOOHG³GLVFJULQGHU´DVVKRZQLQILJXUH7KLVVWHSKHOSVLQDFKLHYLQJWKHUHTXLUHGVXU
IDFHVWDWHVLPLODUWR',&DQDO\VLVUHTXLUHPHQWV$IWHUUHPRYLQJWKLVOD\HUDJJUHJDWHVFRXOGEH
VHHQ DQG WKLV KHOSV LQ WUDFNLQJ WKH FUDFN SURSDJDWLRQ DQG REVHUYLQJ KRZ LV WKH SURFHVV RI
FUDFNSURSDJDWLRQWKURXJKDJJUHJDWHV
$KLJKUHVROXWLRQYLGHRFDPHUD N ZDVXVHGIRUUHFRUGLQJWKHORDGLQJSURFHVVGXULQJWKH
WHVW7KHUHVROXWLRQRIWKHFDPHUD LHWKHQXPEHURISL[HOVSHUDUHDLQDQLPDJH LVSL[
HOVîSL[HOVWRFDWFKYHU\ORFDOGHIRUPDWLRQVLQVLGHWKHRSHQLQJ

)LJXUH5HPRYLQJVXUIDFHOD\HURIFRQFUHWHLQVLGHWKHZLQGRZ



7HVWSURFHGXUH

7KHWHVWLQJDSSDUDWXVIRUWKHIDWLJXHSXOORXWWHVWLVVKRZQLQILJXUH%HIRUHWHVWLQJWKH
VSHFLPHQ ZDV DUUDQJHG DW WKH WRS RI WKH VWHHO EDVH RI WKH IDWLJXH PDFKLQH 7KH EDVH RI WKH
VWHHO IUDPH ZDV VSHFLDOO\ GHVLJQHG IRU WKDW SXUSRVH DQG DFFRUGLQJ WR WKH GLPHQVLRQV RI WKH
VSHFLPHQ7KHVSHFLPHQZDVIL[HGZLWKWKHVWHHOEDVHE\XVLQJIRXUVWHHODQFKRUVDQGIRXU3&
URGVWKDWZHUHSXWLQVLGHWKHYRLGVRIWKHVSHFLPHQ7KHGHIRUPHGEDURIWKHVSHFLPHQZDV
IL[HGZLWKWKHMDFNORDGRIWKHPDFKLQHE\VWHHOQXWV7RHQVXUHWKHHFFHQWULFLW\RIWKHUHEDU
LQVLGHWKHVSHFLPHQGXULQJWKHORDGLQJWZRVWUDLQJDXJHVZHUHDWWDFKHGWRERWKVLGHVRIWKH
GHIRUPHGEDURXWVLGHWKHVSHFLPHQ$OLTXLGZDWHUSRROZDVSUHSDUHGDWWKHWRSVXUIDFHRIWKH
VSHFLPHQE\D FLUFXODUSODVWLFVKHHWWKDWZDVDWWDFKHGWRWKHVSHFLPHQDVVKRZQLQILJXUH
7KHVSHFLPHQZDVWHVWHGYHUWLFDOO\$KLJKUHVROXWLRQYLGHRFDPHUD N ZDVXVHGLQIURQWRI
WKHVSHFLPHQZLQGRZIRUUHFRUGLQJGXULQJWKHWHVW7RHOLPLQDWHLQWHUUXSWLRQVIURPVXUURXQG
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LQJOLJKWDSRZHUIXO/('OLJKWVRXUFHZDVXWLOL]HGWRLOOXPLQDWHWKHVDPSOHDQGOHWRQO\WKH
UHIOHFWHGOLJKWJRWKURXJKWKHFDPHUDOHQV7KHHORQJDWLRQDQGVOLSRIWKHGHIRUPHGEDUZHUH
REWDLQHGIURPWKHUHODWLYHGLVSODFHPHQWEHWZHHQWKHWRSVXUIDFHRIWKHVSHFLPHQDQGWKHGH
IRUPHGUHEDU)RUWKDWSXUSRVHOLQHDUYDULDEOHGLVSODFHPHQWWUDQVGXFHU /9'7 ZDVXVHGDW
WKHWRSVXUIDFHRIWKH FRQFUHWHDVVKRZQLQILJXUH
7KHG\QDPLFORDGZDVDSSOLHGDXWRPDWLFDOO\E\WKHIDWLJXHPDFKLQHDQGPRQLWRUHGIURP
ORDGFHOOUHDGLQJVZKLFKZHUHGLVSOD\HGWKURXJKWKHGDWDORJJHU7KHFDSDFLW\RIWKHIDWLJXH
PDFKLQHLVN1DQGWKHPDJQLWXGHRIWKHDSSOLHGORDGZDVDERXW N1 ZKLFKZDV
HTXLYDOHQWWRRIWKHUHEDU\LHOGSRLQWDQGORZVWUHVVUHSHDWHGUHYHUVDOORDGLQJZDVXVHG
7KHIUHTXHQF\RIWKHORDGLQJZDV+]

)LJXUH7HVWLQJDSSDUDWXVRIWKHH[SHULPHQW

)LJXUH:DWHUSRRODWWKHWRSVXUIDFHRIWKHVSHFLPHQ
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5(68/76$1'',6&866,216

)LJXUHVKRZVWKHORDGYHUVXVSXOORXW GLVSODFHPHQWUHODWLRQVKLS IRUWKH FRQFUHWHVSHFL
PHQ ZLWK D GHIRUPHG EDU 7KH ORDG ZDV LQWHUUXSWHG DW  ±  ± ±  ±  DQG
 F\FOHVGXULQJWKHORDGLQJSURFHVVWRFKHFNPDQXDOO\WKHSXOORXWEHKDYLRURIWKHGH
IRUPHGEDUDQGWRFKHFNWKHFUDFNV¶VWDWXVLQVLGHWKHZLQGRZ7KHVHFUDFNVZHUHKDUGWREH
VHHQE\QDNHGH\HV7KHSXOORXWIDLOXUHRFFXUUHGDIWHUDOPRVWF\FOHV,WZDVVHHQWKDW
DLUEXEEOHVZHUHJHQHUDWHGIURPWKHEHJLQQLQJRIWKHORDGLQJSURFHVVWKHZDWHUDWWKHWRSVXU
IDFHRIWKHVSHFLPHQEHFDPHFORXG\DQGWKHQWKHSXOORXWRIWKHGHIRUPHGEDURFFXUUHG7KH
IDLOXUHRFFXUUHGE\WKHGHIRUPHGEDUEHLQJVPRRWKO\SXOOHGRXWIURPWKHFRQFUHWHVSHFLPHQ
XQOLNHWKHIDLOXUHRIWKHVWDWLFSXOORXWWHVWLQZKLFKWKHFRQHVKDSHIDLOXUHRFFXUUHGDWWKHVXU
IDFHRIWKHFRQFUHWH

)LJXUH3XOORXWORDGSXOORXWGLVSODFHPHQWUHODWLRQVKLS



'HIRUPDWLRQVLQVLGHFRQFUHWHE\',&

,PDJH FRUUHODWLRQ VRIWZDUH *20  ZDV XVHG WR SURFHVV WKH UHFRUGHG GDWD DQG GHULYH WKH
GLVSODFHPHQWDQGVWUDLQILHOGVIURPWKHFRQVHFXWLYHSKRWRJUDSKVWKDWZHUHH[WUDFWHGIURPYLG
HRGXULQJWKHWHVW7KHORFDOGHIRUPDWLRQVREWDLQHGIURP',&DQDO\VLVZHUHEDVHGRQDQDO\
VLV RI YLGHRV DW  ±  ±  ±  ±  DQG   F\FOHV )LJXUH  VKRZV WKH
FRQWRXUVRIPDMRUSULQFLSDOVWUDLQV H DW ±±±±DQG F\FOHV
UHVSHFWLYHO\(DFKILJXUHVKRZVWZRGHIRUPDWLRQW\SHVLQSULQFLSDOGLUHFWLRQVRQHLVDW
N1DQRWKHURQHLVDWN17KHORFDOFUDFNVZKLFKZHUHSURGXFHGKDYHYHU\WLJKWZLGWKV
ZKLFKZHUHKDUGWREHVHHQE\QDNHGH\HV7KHUHIRUHFDOFXODWHGVWUDLQVLQWKHYLFLQLW\RIWKH
DOUHDG\IRUPHGFUDFNKDYHUHODWLYHO\ODUJHYDOXHV LQWKHRUGHURI EHFDXVHWKH\DUHGH
ULYHGIURPGLVSODFHPHQWVLQWKHRUGHURIWKHFUDFNZLGWK,WLVFOHDUWKDWWKHORFDOGHIRUPDWLRQV
DUHGHYHORSHGDQGLQFUHDVHJUDGXDOO\LQERWKGLUHFWLRQVDWHDFKORDGOHYHO
$V H[SODLQHG EHIRUH D WKHRUHWLFDOO\ VFKHPDWLF GLDJUDP IRU GHIRUPDWLRQV RI FRQFUHWH
DURXQGWKHUHLQIRUFLQJEDUDIWHUWKHIRUPDWLRQRILQWHUQDOFUDFNVZDVHVWDEOLVKHGE\*RWR>@
DVVKRZQLQ)LJXUH $FFRUGLQJWRKLVWKHRU\DVWKHWHQVLRQLQWKHVWHHOEDULQFUHDVHVWKH
FRQFUHWH DURXQG WKH GHIRUPHG EDU SUHVHQWV WKH DSSHDUDQFH RI D FRPE 7KLV FRPSOLFDWHG EH
KDYLRURIWKHFRQFUHWHVWHHOLQWHUIDFHZDVFDSWXUHGZHOOE\XVLQJWKH',&WHFKQLTXHLQFDVHRI
IDWLJXHWHVW LQ ERWK SRVLWLYHDQGQHJDWLYHORDGLQJGLUHFWLRQ ,QWHUQDO FUDFNVIRUP LQ FRQFUHWH
DURXQGWKHGHIRUPHGEDUDWDQJOHRIDERXW䁸 WRWKHEDUD[LV7KHDFWXDOGHIRUPDWLRQVRIFRQ
FUHWHDURXQGWKHVXUIDFHRIWKHGHIRUPHGEDUZHUHREVHUYHGDQGPHDVXUHGGXULQJWKHORDGLQJ
SURFHVVDQGWKH\ZHOOPDWFKHGWKHVFKHPDWLFGLDJUDPRI*RWR
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D 0DMRUSULQFLSDOVWUDLQHDWF\FOHV  N1

E 0DMRUSULQFLSDOVWUDLQHDWF\FOHV  N1 

F 0DMRUSULQFLSDOVWUDLQHDWF\FOHV  N1 
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G 0DMRUSULQFLSDOVWUDLQHDWF\FOHV
)LJXUH0DMRUSULQFLSDOVWUDLQHDWGLIIHUHQWORDGLQJF\FOHV

)LJXUH6FKHPDWLFGLDJUDPRIORFDOGHIRUPDWLRQLQFRQFUHWHDURXQGWKHUHEDU *RWR 



)DLOXUH0HFKDQLVPDQG6OXGJH)RUPDWLRQ

$VPHQWLRQHGDERYHWKHSXOORXWIDLOXUHRFFXUUHGDIWHUF\FOHV ,WZDVQRWLFHGWKDW
DLUEXEEOHVZHUHJHQHUDWHGIURPWKHEHJLQQLQJRIWKHORDGLQJSURFHVVWKHZDWHUDWWKHWRSVXU
IDFH RI WKH VSHFLPHQ EHFDPH FORXG\ DQG WKHQ WKH SXOORXW RI WKH GHIRUPHG EDU RFFXUUHG
7KURXJKFRQWLQXRXVYLVXDOREVHUYDWLRQIRUWKHUHFRUGHGYLGHRLWZDVIRXQGWKDWWKHSXOORXW
RIWKHUHEDURFFXUUHGEHFDXVHWKHIDLOXUHZDVGHYHORSHGLQVLGHWKHFRQFUHWHVXUIDFH UHIHUWR
)LJXUH QRWWKURXJKWKHFRQWDFWVXUIDFHEHWZHHQWKHFRQFUHWHDQGWKHGHIRUPHGEDU$OVR
E\YLVXDOREVHUYDWLRQDW WKHWRS VXUIDFHRIWKHVSHFLPHQDQGWKURXJKWKHZLQGRZLQVLGHWKH
VSHFLPHQLWZDVIRXQGWKDWWKHFRQFUHWH ZDVFRQYHUWHGWRVOXGJHDURXQGWKHULEVRIWKHGH
IRUPHGEDUDVVKRZQLQ)LJXUH $OVRWKHFRQHIDLOXUHVKDSHDVVRFLDWHGZLWKPDFUR
FUDFNVZKLFKDUHQRUPDOO\SURGXFHGLQWKHVWDWLFSXOORXWWHVWZDVQRWREVHUYHG7KHIDLOXUH
RFFXUUHGE\WKHGHIRUPHGEDUEHLQJVPRRWKO\SXOOHGRXWIURPWKHFRQFUHWHVSHFLPHQ7KHUH
IRUHLWLVWKRXJKWWKDWWKHUHLVDFRQYROXWHGLQWHUDFWLRQEHWZHHQWKHZDWHULQJUHVVDQGWKHID
WLJXHORDGWKDWSURGXFHGWKLVW\SHRIIDLOXUH
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)LJXUH)DLOXUHVXUIDFHEHWZHHQWKHFRQFUHWHDQGWKHUHEDU

)URPDERYHYLVXDOREVHUYDWLRQVLWLVFRQVLGHUHGWKDWZKHQIDWLJXHSXOORXWORDGLVDSSOLHG
ZLWKH[WHUQDOOLTXLGZDWHUVLPXOWDQHRXVO\WKHSXOORXWIDLOXUHRIWKHGHIRUPHGEDULVRFFXUUHG
EHFDXVHRIWKHFRQYHUVLRQRIWKHVXUURXQGLQJ FRQFUHWHWRVOXGJHZKLFKLVDGLIIHUHQWIDLOXUH
PHFKDQLVPIURPWKHVWDWLFWHVW)LJXUHVKRZVWKHIDLOXUHPHFKDQLVPRIWKHGHIRUPHGEDU
DVVRFLDWHG ZLWK VOXGJH IRUPDWLRQ ,W LV VKRZQ WKDW LQ WKH YLFLQLW\ RI WKH GHIRUPHG EDU WKH
EHDULQJIRUFHIURPWKHULERIWKHUHEDULVDSSOLHGLQRQHGLUHFWLRQGXULQJ D RQHVLGHGIDWLJXH
ORDGFDXVLQJKLJKVWUHVVLQWKDWGLUHFWLRQLQIURQWRIWKHULE0HDQZKLOHZLWKWKHUHSHDWHGUH
YHUVDOORDGWKHGLUHFWLRQRIWKHEHDULQJIRUFHSURGXFHGIURPWKHULEFKDQJHVWRWKHRSSRVLWH
GLUHFWLRQFDXVLQJKLJKVWUHVVLQRSSRVLWHGLUHFWLRQDWWKHVDPH]RQHZLWKLQDGLVWDQFHDOPRVW
PP 7KHUHIRUHILQHFUDFNVDUHSURGXFHGLQRSSRVLWHGLUHFWLRQVLQWKHFRQFUHWHLQIURQW
RIWKHULEV$VWKHLQJUHVV RIOLTXLGZDWHULQFUHDVHVWKHSXOORXW VWUHQJWK EHFRPHVOHVVWKDQ
WKHDSSOLHGORDGDQGWKHJUDQXODWLRQRFFXUV DURXQGWKHGHIRUPHGEDUWKHQ WKHIRUPDWLRQRI
WKH VOXGJH JUDGXDOO\ SURJUHVVHV GHHSHU $IWHU WKDW VLJQLILFDQW SXOORXW IDLOXUH RFFXUV WR WKH
GHIRUPHGEDUIURPWKHFRQFUHWH

)LJXUH6OXGJHIRUPDWLRQDWWKHWRSVXUIDFHRIWKHVSHFLPHQDIWHUGULHG

)LJXUH)DLOXUHPHFKDQLVPRIGHIRUPHGEDUZLWKDFRQYHUVLRQWRVOXGJHXQGHUSXOORXW
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7KLV SDSHU SUHVHQWV DQ H[SHULPHQWDO VWXG\ RI WKH IDWLJXH SXOORXW WHVW RI D GHIRUPHG EDU
ZKLFKZDVHPEHGGHGLQDFRQFUHWHVSHFLPHQZLWKWKHSUHVHQFHRIH[WHUQDOOLTXLGZDWHU)RU
GLUHFWPRQLWRULQJDQGREVHUYDWLRQSXUSRVHRIWKHLQWHUIDFHEHWZHHQWKHUHEDUDQGWKHFRQFUHWH
WKH VSHFLPHQ KDG DQ RSHQLQJ ZKLFK ZDV IRUPHG GXULQJ FDVWLQJ ',& DQDO\VLV ZDV XVHG WR
YLVXDOL]HORFDOGHIRUPDWLRQVDWWKHFRQFUHWHVWHHOLQWHUIDFHLQVLGHWKHZLQGRZ7KHIROORZLQJ
FRQFOXVLRQVKDYHEHHQGUDZQIURPWKLVZRUN
 7KHDFWXDOGHIRUPDWLRQVRI FRQFUHWHLQFDVHRIIDWLJXHWHVW DUHFDSWXUHG ZHOOLQ ERWK
SRVLWLYH DQG QHJDWLYH GLUHFWLRQV RI ORDGLQJ E\ XVLQJ WKH ',& WHFKQLTXH DQG WKH\
PDWFKHGWKHSDVWUHVXOWV,QWHUQDOFUDFNVIRUPLQFRQFUHWHDURXQGWKHGHIRUPHGEDUDW
DQDQJOHRIDERXW䁸 WRWKHEDUD[LV
 7KH SXOORXW RI WKH GHIRUPHG EDU RFFXUV EHFDXVH WKH IDLOXUH LV GHYHORSHG LQVLGH WKH
FRQFUHWH VXUIDFH QRW WKURXJK WKH FRQWDFW VXUIDFH EHWZHHQ WKH FRQFUHWH DQG WKH GH
IRUPHGEDU
 :KHQ IDWLJXH SXOORXW ORDG LV DSSOLHG ZLWK H[WHUQDO OLTXLG ZDWHU VLPXOWDQHRXVO\ WKH
SXOORXW IDLOXUHRIWKHGHIRUPHGEDU RFFXUVGXHWR WKHFRQYHUVLRQRIWKH VXUURXQGLQJ
FRQFUHWHWRVOXGJHZKLFKLVDGLIIHUHQWIDLOXUHPHFKDQLVPIURPWKHVWDWLFWHVW
 $VFKHPDWLFGLDJUDPKDVEHHQHVWDEOLVKHGWRH[SODLQWKHIDLOXUHPHFKDQLVPRIWKHGH
IRUPHGEDUDVVRFLDWHGZLWKVOXGJHIRUPDWLRQIURPWKHEHJLQQLQJRIWKHORDGDSSO\LQJ
XQWLOWKHIDLOXUHRIWKHGHIRUPHGEDU
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'RFWRUDOFRXUVH'HSDUWPHQWRI$UFKLWHFWXUDO(QJLQHHULQJLQWKH*UDGXDWH6FKRRO3XVDQ1DWLRQDO
8QLYHUVLW\%XVDQ5HSXEOLFRI.RUHD
HPDLOMDHKDQ#SXVDQDFNU

6HQLRU5HVHDUFKHU6HLVPLF5HVHDUFKDQG7HVW&HQWHU3XVDQ1DWLRQDO8QLYHUVLW\%XVDQ5HSXEOLF
RI.RUHD
HPDLOKDH\RQJ#SXVDQDFNU

3URIHVVRU6FKRRORI8UEDQ$UFKLWHFWXUHDQG&LYLO(QJLQHHULQJ3XVDQ1DWLRQDO8QLYHUVLW\%XVDQ
5HSXEOLFRI.RUHD
HPDLORVK#SXVDQDFNU

.H\ZRUGV&ODGGLQJ6XSSRUW(OHPHQWV6HLVPLF3HUIRUPDQFH(YDOXDWLRQ6KDNH7DEOH7HVW
,QSODQHGLVSODFHPHQW
$EVWUDFW In this study, the seismic performance evaluation is performed for the connection
method each support elements and the anchoring interval of support elements panel system
among several types of cladding system. The anchoring of the general support elements panel
system is installed at intervals of 1,000mm. In order to grasp the problem, the concrete filled
channel is installed in the test frame. It is implemented to realize the site situation. The specimens consist of 6 types according to the connection method and the anchoring method. In the
experiment, the shake table test was carried out in the in-plane direction for 6 specimens, including the construction examples using the steel frame. Because the experiment considered
in-plane direction displacement depending on the sensitivity of the cladding. After each seismic simulation test, damage is visually inspected, and used as a basis for evaluating seismic
performance. The maximum response drift angle of test frame was measured at 4% rad. The
damage type was defined by performance levels, in order to compare the observed damage by
visual inspection according to the measured response drift angle. Finally, the fragility analysis of support elements panel system was conducted based on the previous seismic performance evaluation data.
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%DFNJURXQG

,QWKHHYHQWRIDQHDUWKTXDNHQRQVWUXFWXUDOFRPSRQHQWVGLUHFWO\RULQGLUHFWO\FDXVHGDP
DJHWREXLOGLQJDQGVWUXFWXUHV7KLVLQYROYHVGDPDJHWRHTXLSPHQWDVZHOODVGDPDJHWROLIH
DQGSURSHUW\FDXVHGE\VHOIGDPDJHWKDWLVIDOOLQJRIQRQVWUXFWXUDOFRPSRQHQWV$OWKRXJKWKH
GDPDJHWRWKHVHQRQVWUXFWXUDOFRPSRQHQWVLVFRQVLGHUHGVHFRQGDU\DQGWHUWLDU\GDPDJHLWLV
OLNHO\ WR GHYHORS LQWR ODUJHVFDOH GDPDJH DQG KHQFH PXVW EH VHFXUHG DJDLQVW HDUWKTXDNHV
6RPH QRQVWUXFWXUDO FRPSRQHQWV FHLOLQJV ZDWHU WDQNV  KDYH EHHQ XVHG G\QDPLF DQDO\VLV
+RZHYHUH[WHULRUPDWHULDOVVXFKDVFXUWDLQZDOOVDQGPDVRQU\DUHGLIILFXOWWRVHFXUHE\G\
QDPLFDQDO\VLV7KHUHIRUHLQWKLVVWXG\VKDNHWDEOHWHVWDUHSHUIRUPHGLQWKHLQSODQHGLUHF
WLRQ RQ VL[ YDULDEOHV LQFOXGLQJ FRQVWUXFWLRQ FDVHV XVLQJ DWHVW IUDPH WR HYDOXDWH WKH VHLVPLF
SHUIRUPDQFHDQGIUDJLOLW\RIVXSSRUWHOHPHQWV


6FRSHDQGSXUSRVH

7RFRQGXFWWKHWHVWRQVXSSRUWHOHPHQWVWKHV\VWHPWKDWDWWDFKHVWKHH[WHUQDOILQLVKLQJPD
WHULDOVVXFKDVPHWDODQGVWRQHWRWKHVTXDUHVWHHOSLSHLVPDLQO\XVHG9HUWLFDODQGKRUL]RQWDO
PHPEHUVDUHZHOGHGWRJHWKHUXVLQJPPWKLFNVTXDUHVWHHOSLSH,QWKLVH[SHULPHQWVKDNH
WDEOHWHVWVZHUHFDUULHGRXWRQDWRWDORIVL[VSHFLPHQVXVLQJWKHVHFRQQHFWLQJPHWKRGVDVYDU
LDEOHV7KHH[SHULPHQWDLPVWRFRPSDUHWKHVHLVPLFSHUIRUPDQFHRIWKHVXSSRUWHOHPHQWVSDQ
HOV\VWHPDFFRUGLQJWRWKHH[SHULPHQWDOYDULDEOHVIRUWKHVDPHVHLVPLFZDYH7KHH[SHULPHQW
LVFDUULHGRXWE\FDOFXODWLQJWKHDFFHOHUDWLRQVSHFWUXPRIWKLVH[SHULPHQWFRQVLGHULQJWKHGR
PHVWLFVWDQGDUG.'6IRU556RI,&&(6$&ZKLFKLVDVKDNHWDEOHWHVWPHWKRG
IRUQRQVWUXFWXUDOFRPSRQHQWV7KHH[SHULPHQWLVFRQGXFWHGE\JHQHUDWLQJDQDUWLILFLDOHDUWK
TXDNHZDYHDFFRUGLQJWRWKHPHWKRGSUHVHQWHGLQ$&7KHVHLVPLFSHUIRUPDQFHFRPSDUL
VRQ EDVHG RQ WKH WHVW UHVXOWV LV HVWLPDWHG E\ FRQGXFWLQJ GDPDJH DVVHVVPHQW WKURXJK YLVXDO
LQVSHFWLRQ 3HUIRUPDQFH OHYHO DQG GDPDJH LWHPV VKRXOG EH GHILQHG IRU YLVXDO LQVSHFWLRQ ,Q
WKLV VWXG\ GDPDJHV WR WKH VXSSRUW HOHPHQWV SDQHO V\VWHP DUH GHILQHG E\ UHIHUULQJ WR WKH
WUDQVPLVVLRQLWHPVEDVHGRQWKHSHUIRUPDQFHOHYHODQGSHUIRUPDQFHWDUJHWOHYHORIWKHQRQ
VWUXFWXUDO FRPSRQHQWV LQ $6&(  DQG WKH W\SH RI HDUWKTXDNH GDPDJH SUHVHQWHG LQ
)(0$(


7HVWVSHFLPHQV

7KH PDLQ H[SHULPHQWDO YDULDEOHV LV WKH PHWKRG RI FRQQHFWLQJ WKH YHUWLFDO DQG KRUL]RQWDO
PHPEHUVRIWKHVXSSRUWHOHPHQWVDQGWKHPHWKRGRIDQFKRULQJWKHVWUXFWXUHRIWKHVXSSRUWHO
HPHQWV,QJHQHUDOWKHVXSSRUWHOHPHQWVWREHERQGHGE\VSRWZHOGLQJRUOLQHZHOGLQJLVVHW
DVWKHFRQWUROJURXSDQGWKHVXSSRUWHOHPHQWVZLWKDQRZHOGLQJFRQQHFWLRQLVVHWDVWKHH[
SHULPHQWDO JURXS (DFK FRQQHFWLQJ PHWKRG LV VKRZQ LQ )LJXUH  &KHPLFDO DQFKRUV DQG VHW
DQFKRUVDUHXVHGWRDQFKRUWKHVXSSRUWHOHPHQWVWRWKHVWUXFWXUHDQGWKHGLIIHUHQFHEHWZHHQ
WKHWZRFDQEHVHHQLQ)LJXUH7RFRPSDUHWKHEHKDYLRUFKDUDFWHULVWLFVRIHDFKH[SHULPHQWDO
YDULDEOHXQGHUWKHVDPHHDUWKTXDNHFRQGLWLRQVL[VSHFLPHQVZHUHDUUDQJHGLQWKUHHURZVXV
LQJWKHIURQWDQGUHDUHOHYDWLRQVRIWKHWHVWIUDPHDVVKRZQLQ)LJXUH,QWKLVFDVHFRQFUHWH
ILOOHGFEHDPVZHUHSUHLQVWDOOHGLQWKHWHVWIUDPHEHIRUHWKHWHVWVSHFLPHQVZHUHLQVWDOOHGWR
IDVWHQ WKH DQFKRUDJHVRIWKHVXSSRUW HOHPHQWV%DVHGRQWKH DQFKRUDJHIDVWHQLQJFRQGLWLRQV
FKHPLFDO DQFKRU FRQVWUXFWLRQ RU VHW DQFKRU FRQVWUXFWLRQ  HDFK VSHFLPHQ ZDV LQVWDOOHG DV
FORVH DV SRVVLEOH WR WKH DFWXDO FRQVWUXFWLRQ $FFRUGLQJ WR WKH LQVWDOODWLRQ FRQGLWLRQV DOO WKH
VSHFLPHQVZHUHVHWWRUHVLVWKRUL]RQWDOH[WHUQDOIRUFHLQWKHLQSODQHGLUHFWLRQ
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6SHFLPHQ
QDPH
/3&
13&
1&&
/36
636
63&

6WHHOWUXVV
0HWDOSDQHO
0HPEHU
:HOGLQJ :LGWK +HLJKW 7KLFNQHVV &RQQHFWLRQ
6HFWLRQ
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GHWDLO
PPîPPîPP 
/LQH
3LHFH
1R
3LHFH
1R
&OLS
îî
 

/LQH
3LHFH
6SRW
3LHFH
6SRW
3LHFH

7DEOH6SHFLPHQLQIRUPDWLRQ

D /LQHZHOGLQJ

E 6SRWZHOGLQJ

F 1RZHOGLQJGHWDLO

)LJXUH'HWDLOVRIVXSSRUWHOHPHQWVFRQQHFWLRQPHWKRG

D &KHPLFDODQFKRU

E 6HWDQFKRU
)LJXUH$QFKRUDJHGHWDLO



)DVWHQHU
DQFKRULQJ
PHWKRG
&KHPLFDO
&KHPLFDO
&KHPLFDO
6HW
6HW
&KHPLFDO
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D )URQW

E 5HDU
)LJXUH6SHFLPHQLQVWDOODWLRQ




(;3(5,0(17,1)250$7,21
7HVWIUDPH

7KHWHVWIUDPHLVDVLQJOHVWRU\XQLWIUDPHZLWKDORQJVSDQRIP LQWKHGLUHFWLRQRIWKH
ZHDND[LVRIWKHFROXPQ VKRUWVSDQRIP VWURQJD[LVRIWKHFROXPQ DQGDKHLJKWRIP
$FRQFUHWHVODELVLQVWDOOHGRQWKHXSSHUDQGORZHUSDUWV XSSHUPPORZHUPP ,Q
WKLVH[SHULPHQWWKHGHIRUPDWLRQFDSDFLW\DVZHOODVWKHDFFHOHUDWLRQUHVLVWDQFHFDSDELOLW\RI
WKH H[WHULRU PDWHULDO DUH H[DPLQHG 7KHUHIRUH WKH IUDPH LV ZHDNO\ SODFHG LQ WKH H[FLWDWLRQ
GLUHFWLRQVRWKDWWKHIUDPHFDQEHGHIRUPHG7KHVWDWHRIWKHWHVWIUDPHLVDVVKRZQLQ)LJXUH


D )URQWRIWHVWIUDPH

E ,QVLGHRIVSHFLPHQ

)LJXUH7KHVWDWHRIWHVWIUDPH
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7HVWPHWKRG

7KHVKDNHWDEOHWHVWXVHVDQDUWLILFLDOVHLVPLFZDYHWKDWPHHWVWKHFRQGLWLRQVRIWKH,&&(6
$&  UHVSRQVH VSHFWUXP 7KH SUHSDUHG 5HTXLUHG 5HVSRQVH 6SHFWUXP 556  LV DV
VKRZQLQ)LJXUHDQGWKHVHLVPLFSDUDPHWHUVDUHDVVKRZQLQ7DEOH7KHSUHSDUHG556LVD
UHVSRQVH VSHFWUXP IRU QRQVWUXFWXUDO FRPSRQHQWV FRUUHVSRQGLQJ WR GRPHVWLF GHVLJQ VHLVPLF
IRUFH UHFXUUHQFHSHULRGDERXW\HDUV 7KHVKDNHWDEOHWHVWZDVFDUULHGRXWE\LQFUHDV
LQJWKHDUWLILFLDOVHLVPLFZDYHE\DGMXVWLQJWKHVFDOHIDFWRUEDVHGRQWKHDFFHOHUDWLRQYDOXHRI
WKHUHVSRQVHVSHFWUXPVKRZQLQ7DEOH
+RUL]RQWDO
%XLOGLQJ&RGH

7HVW&ULWHULD

6'6 J 

]K 
$)/;+ J 

$5,*+ J 

.'6 ,&&(6$&




6'66SHFWUDOUHVSRQVHDFFHOHUDWLRQDWVKRUWSHULRG]K+HLJKWIDFWRUUDWLR
:KHQ

7DEOH3DUDPHWHUVIRUWKHUHTXLUHGUHVSRQVHVSHFWUXP

D 5HTXLUHGUHVSRQVHVSHFWUXP GDPSLQJ 

E $FFHOHUDWLRQWLPHKLVWRU\

)LJXUH,QSXWZDYHLQIRUPDWLRQ



'HILQLWLRQVRIDYDLODEOHGDPDJH

,QWKHFDVHRIWKHGRPHVWLFVWDQGDUG .'6 LWLVGLIILFXOWWRREMHFWLYHO\HYDOXDWH
DQG FRPSDUH WKH SHUIRUPDQFH RI QRQVWUXFWXUDO FRPSRQHQWV E\ WKH H[SHULPHQWDO UHVXOWV EH
FDXVH WKHUH LV QR H[DPSOH RI GDPDJH DFFRUGLQJ WR WKH SHUIRUPDQFH OHYHO RI QRQVWUXFWXUDO
FRPSRQHQWV LQFOXGLQJ WKH VXSSRUW HOHPHQWV SDQHO V\VWHP 7KHUHIRUH WKLV VWXG\ GHILQHV WKH
DFFHSWDEOH GDPDJH RI FODGGLQJ IRU HDFK SHUIRUPDQFH OHYHO E\ UHIHUULQJ WR WKH SHUIRUPDQFH
OHYHOVRIWKHQRQVWUXFWXUDOFRPSRQHQWVRIWKHFODGGLQJSUHVHQWHGLQ$6&(7RFDUU\RXW
REMHFWLYHGDPDJHDVVHVVPHQWDQGSHUIRUPDQFHFRPSDULVRQGDPDJHWRWKHHQFORVXUHV\VWHPLV
GHILQHGDVVKRZQLQ7DEOH
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$FFHSWDEOHGDPDJH
2SHUDWLRQDO
3RVLWLRQ5HWHQWLRQ
/LIH6DIHW\
 3DUWLDOEUHDNDJH
 3ODVWLFGHIRU
 -RLQWVHSDUDWLRQ 'R
 &UDFNVLQ
PDWLRQ
QRWGLVORGJH 
VHDODQW
 -RLQWSLHFHIDOOLQJ  0DMRUSODVWLFGHIRU
3DQHOV  /RRVHQLQJ
EHORZRIWKH
PDWLRQ
 6OLJKWGDPDJH
 -RLQWSLHFHIDOOLQJ
XQLW
WRMRLQWSLHFH
 7HDULQJRIMRLQW DERYHRIWKHXQLW
HGJH
6XSSRUW
HOHPHQWV
 3DUWLDOEUHDNRIDQFKRU
 :HOGLQJFUDFNRI
SDQHO
 3DUWLDOZHOGLQJEUHDN
IDVWHQHU
V\VWHP
RIIDVWHQHU
 /RRVHQLQJRIIDV
 0DMRUGHIRUPDWLRQRI
 FUHDWLRQRI
WHQHU¶VQXW
6XSSRUW
VXSSRUWHOHPHQWV
GXVW
 3ODVWLFGHIRU
HOHPHQWV
 'HIOHFWLRQRIVXSSRUW
 VOLJKWGDPDJH PDWLRQRIIDVWHQHU
HOHPHQWV
 :HOGLQJFUDFNRI
 3DUWLDOEUHDNRIVXS
VXSSRUWHOHPHQWV
SRUWHOHPHQWVFRQQHF
FRQQHFWLRQ
WLRQ
'LYLVLRQ

8QDFFHSWDEOH
GDPDJH

 )DOORXW
 'LVORGJHG

 &RPSOHWH
%UHDNDJHRI
DQFKRU
 &RPSOHWH
%UHDNDJHRI
IDVWHQHU
 )DOORXWRI
VXSSRUWHOH
PHQWV

7DEOH'HILQLWLRQRIDFFHSWDEOHGDPDJHRIFODGGLQJ



6HQVRULQVWDOODWLRQ

7RDQDO\]HWKHUHVSRQVHRIWKHVSHFLPHQDFFHOHURPHWHUDQGZLUH/9'7VZHUHLQVWDOOHGDW
WKHPDLQSRLQWVRIWKHVSHFLPHQ7KHLWHPVWRREVHUYHDUHWKHDFFHOHUDWLRQUHVSRQVHDQGVWRU\
GULIWRIWKHXSSHUDQGORZHUWHVWIUDPHV$FFRUGLQJWRWKHWHVWPHWKRGRIXQLD[LDOH[FLWDWLRQ
WKHXQLD[LDODFFHOHURPHWHUZDVDWWDFKHGWRWKHXSSHUDQGORZHUSDUWVRIWKHWHVWIUDPHDQGWKH
ZLUH /9'7V ZHUH LQVWDOOHG LQ IRXU SODFHV RI WKH XSSHU DQG ORZHU FROXPQ PHPEHUV RQ RQH
VLGHRIWKHWHVWIUDPHDVVKRZQLQ)LJXUH7KHUHODWLYHGLVSODFHPHQWRIWKHVKDNHWDEOHDQG
WKHWHVWVSHFLPHQZDVPHDVXUHGZLWKZLUH/9'7V

D )URQW

E 5LJKWVLGH
)LJXUH6HQVRULQVWDOODWLRQ
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7HVWUHVXOW

 DFFHOHUDWLRQUHVSRQVH
7KH$&XVHGDVDUHIHUHQFHIRUWKLVH[SHULPHQWUHTXLUHVWKDWWKHRXWSXWGDWDVDWLVI\WKH
IROORZLQJWZRUHTXLUHPHQWVIRUWKHLQSXWGDWDDIWHUWKHVKDNHWDEOHWHVWLVFRPSOHWHG
 7HVW5HVSRQVH6SHFWUXP 756 VKRXOGHQFORVHWKH556
 7KHSHDNLQUHVSRQVHDFFHOHUDWLRQWLPHKLVWRU\VKRXOGVDWLVI\PRUHWKDQRI=3$
=HUR3HULRG$FFHOHUDWLRQ 

)LJXUH$FFHOHUDWLRQWLPHKLVWRU\756DQG556 6WHS 

 6WRU\GULIW
7RFDOFXODWHWKHVWRU\GULIWWKHGLVSODFHPHQWRIWKHVSHFLPHQVZDVFDOFXODWHGXVLQJWKHDY
HUDJHRIWKHIURQWGLVSODFHPHQWDQGWKHUHDUGLVSODFHPHQWDQGHDFKGLVSODFHPHQWZDVFDOFX
ODWHGXVLQJWKHGLVSODFHPHQWRI WKHXSSHUSDUW RIWKH WHVWIUDPHDQGWKHGLVSODFHPHQWRIWKH
ORZHUSDUWRIWKHWHVWIUDPH7DEOHVKRZVWKHGLVSODFHPHQWRIWKHIURQWSDUWDQGWKHUHDUSDUW
7KHFDOFXODWHGPD[LPXPVWRU\GULIWDQJOHRIHDFKWHVWIUDPHZDVPRUHWKDQUDGLQVWHS
(4   DQG PRUH WKDQ UDG LQ VWHS  (4   7KLV PHDQV WKDW WKH WHVW IUDPH LQ
ZKLFKWKHWHVWVSHFLPHQVZHUHLQVWDOOHGXQGHUZHQWGHIRUPDWLRQDERYHWKHPD[LPXPDOORZD
EOHVWRU\GULIWDQJOH UDGVHLVPLFOHYHO RIWKHVWUXFWXUHVSHFLILHGLQ.'6
6WHS









3HDNUHODWLYHGLVSODFHPHQW PP 
)URQWVLGHFROXPQ
5HDUVLGHFROXPQ

















6WRU\GULIW
PP 









7DEOH'LVSODFHPHQWUHVSRQVH



6WRU\GULIWDQJOH
UDGLDQ
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9LVXDOLQVSHFWLRQ

9LVXDO LQVSHFWLRQ EHIRUH WKH H[SHULPHQW FRQILUPHG WKDW VWUXFWXUDO GDPDJH GLG QRW RFFXU
7KH PDLQ W\SHV RI GDPDJHV WKDW RFFXUUHG DIWHU HDFK WHVW DW HDFK H[FLWDWLRQ VWDJH DUH DV IRO
ORZV
 :HOGLQJFUDFNDQGSODVWLFGHIRUPDWLRQRIIDVWHQHU
 &RPSOHWHEUHDNDJHRIIDVWHQHUV
7DEOHVKRZVWKHGDPDJHWRWKHWHVWVSHFLPHQVDWHDFKVWHSDFFRUGLQJWRWKHSHUIRUPDQFH
OHYHOV GHILQHG LQ 7DEOH  ,Q DGGLWLRQ WKH V\PEROV IRU HDFK GDPDJH ORFDWLRQ DUH GHILQHG DV
VKRZQLQ)LJXUHDQGWKHORFDWLRQVRIWKHGDPDJHVOLVWHGLQ7DEOHDQG7DEOHFDQEHFRQ
ILUPHGE\UHIHUULQJWRWKHP
,Q VXPPDU\ WKH IDLOXUH PRGHV RI DOO VSHFLPHQV ZHUH GHWHUPLQHG E\ DQFKRULQJ IRUFHV DW
DQFKRUDJHDQGIDVWHQHUVQXWORRVHQLQJDQGIDVWHQHUZHOGLQJEUHDN$IWHUGDPDJHRIWKHDQ
FKRUDJHDQGWKHIDVWHQHUWKHGDPDJHRIWKHVXSSRUWHOHPHQWVDQGWKHSDQHOVZDVVOLJKWDVWKH
KRUL]RQWDO H[WHUQDO IRUFH ZDV QRW VXIILFLHQWO\ WUDQVPLWWHG WR WKH SDQHO DQG WKH VXSSRUW HOH
PHQWV+RZHYHUFRPSDUHGZLWKWKHFDVHZKHUHWKHVXSSRUWHOHPHQWVZHUHFRQQHFWHGE\VSRW
ZHOGLQJRUOLQHZHOGLQJWKHVSHFLPHQVZLWKQRZHOGLQJPHWKRGVKRZHGUHODWLYHO\OLWWOHGDP
DJHFRPSDUHGWRWKHIDVWHQHUDQGQRFRPSOHWHIDLOXUHRIWKHIDVWHQHUZDVREVHUYHGXQWLOWKH
ILQDOVWHS



)LJXUH'HILQLWLRQRIGDPDJHORFDWLRQ
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ᬈ
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:HOGLQJFUDFNRI
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ᬉ
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1RGDPDJH 

0DMRUGHIRU /RRVHQLQJ 
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3ODVWLFGHIRU
PDWLRQRI
IDVWHQHU
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1RGDPDJH 
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1RGDPDJH 

0DMRUGHIRU
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ᬇ
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ᬈ

0DMRUGHIRU
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IDVWHQHU
ᬆ
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1RGDPDJH 

7DEOH'DPDJHPHDVXUHPHQWWDEOHIRUHDFKVSHFLPHQ
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1RGDPDJH 
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:HOGLQJFUDFNRI
IDVWHQHU
ᬅ
/RRVHQLQJRIIDVWHQ /RRVHQLQJ
1RGDPDJH 
HU¶VQXW
J 
ᬇ
3DUWO\ZHOGLQJEUHDN
RIIDVWHQHU ᬊ 

3DUWO\ZHOGLQJ
:HOGLQJFUDFNRI
EUHDNRIIDVWHQ
IDVWHQHU
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:HOGLQJFUDFNRI
IDVWHQHU
ᬈ
1RGDPDJH 
&RPSOHWHEUHDNDJH
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&RPSOHWHEUHDNDJH
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&RPSOHWHEUHDNDJH
RIIDVWHQHU
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1RGDPDJH 
3DUWO\ZHOGLQJEUHDN
RIIDVWHQHU
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&RPSOHWHEUHDNDJH
RIIDVWHQHU
1RGDPDJH 
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1RGDPDJH 

1RGDPDJH 

1RGDPDJH 
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1RGDPDJH 

1RGDPDJH 

6OLJKWGDPDJHRI
IDVWHQHU
1RGDPDJH 
ᬊ

:HOGLQJFUDFNRI
IDVWHQHU
ᬅ
3DUWO\ZHOGLQJ
EUHDNRIIDVWHQHU
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1RGDPDJH  /RRVHQLQJRI
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PDWLRQRIIDVWHQ
HU
ᬈᬉᬊ 

/RRVHQLQJRI
IDVWHQHU¶VQXW
ᬆᬇ 
3DUWO\ZHOGLQJ
EUHDNRIIDVWHQ
HU
ᬈ

3DUWO\ZHOGLQJ
1RGDPDJH  EUHDNRIIDVWHQHU 1RGDPDJH 
ᬅ

3DUWO\ZHOGLQJ
EUHDNRIIDVWHQ
HU
ᬉ

1RGDPDJH 

&RPSOHWH
EUHDNDJHRI
IDVWHQHU
ᬅ

1RGDPDJH 

1RGDPDJH 

&RPSOHWH
EUHDNDJHRI
IDVWHQHU
ᬆᬊ 

/RRVHQLQJ
F 

1RGDPDJH 

&RPSOHWH
EUHDNDJHRI
IDVWHQHU
ᬅ

1RGDPDJH 

0DMRUGHIRU
PDWLRQRIIDV
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ᬉ



7DEOH'DPDJHPHDVXUHPHQWWDEOHIRUHDFKVSHFLPHQ
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)UDJLOLW\HYDOXDWLRQ

,QWKLVVWXG\WKHVXSSRUWHOHPHQWVSDQHOV\VWHPZDVDQDO\]HGIRUIUDJLOLW\E\FRQVLGHULQJ
WKHVWRU\GULIWDQJOH7KHIUDJLOLW\IXQFWLRQLVWKHSUREDELOLW\RIH[FHHGLQJWKHRFFXUUHQFHRI
GDPDJHFRUUHVSRQGLQJWRHDFKSHUIRUPDQFHOHYHOGHSHQGLQJRQWKHLQIOXHQFHIDFWRU)LJXUH
VKRZVWKHVHLVPLFIUDJLOLW\FXUYHIRUHDFKVSHFLPHQ7KLVLVWKHUHVXOWRIIUDJLOLW\FXUYHVXVLQJ
WKH PHDQ RI VWRU\ GULIW DQJOHV DQG WKH QDWXUDO ORJDULWKPLF VWDQGDUG GHYLDWLRQ 7KLV IUDJLOLW\
FXUYH LV D IXQFWLRQ RI WKH IUDJLOLW\ RI WKH VXEMHFW DQG KHQFH LI DQ\ RI WKH YDULDEOHV GR QRW
PDWFKWKHVXEMHFWDQGKHQFHLIDQ\RIWKHYDULDEOHVGRQRWPDWFKWKHVXEMHFWWKHUHLVDQXQUH
OLDEOHGLVDGYDQWDJH

D /3&

E 13&

F 1&&

G 63&

H 636

I /36
)LJXUH)UDJLOLW\FXUYH
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,Q PRVW FDVHV WKH DQFKRULQJ LQWHUYDO RI VXSSRUW HOHPHQWV LV FRQVWUXFWHG LQ XQLWV RI
PPDQGWKHDQFKRUDJHLVFRQVWUXFWHGE\FKHPLFDODQFKRURUVHWDQFKRU7RXQGHUVWDQG
WKLVSUREOHPFRQFUHWHILOOHGFEHDPVZHUHLQVWDOOHGDWLQWHUYDOVRIPPDQGWKHH[SHUL
PHQWZDVLPSOHPHQWHGWRUHDOL]HWKHVLWHVLWXDWLRQ,QDOOVL[VSHFLPHQVFODVVLILHGLQWKLVH[
SHULPHQW WKH IDLOXUH PRGH ZDV GHWHUPLQHG E\ DQFKRU IDOORXW ORRVHQLQJ RI IDVWHQHU DQG
IDVWHQHUZHOGLQJ IDLOXUH ,Q WKH FDVH RI WKH VXSSRUW HOHPHQWV XVLQJ WKH ZHOGLQJ PHWKRG WKH
VXSSRUWHOHPHQWVWKHPVHOYHVFRXOGEHGDPDJHGRZLQJWRWKHFRPSOHWHIDLOXUHRIWKHDQFKRU
DJH2QWKHFRQWUDU\LQWKHFDVHRIWKHVXSSRUWHOHPHQWVQRWXVLQJWKHZHOGLQJPHWKRGFRP
SOHWHIDLOXUHRIWKHIDVWHQHUZDVQRW REVHUYHGXQWLOWKHILQDOH[FLWDWLRQFDXVHGE\WKHSODVWLF
GHIRUPDWLRQRIWKHIDVWHQHUV7KHUHIRUHGURSSLQJWKHVXSSRUWHOHPHQWZDVIRXQGWREHDEHWWHU
PHWKRGIRUHQVXULQJVDIHW\

$&.12:/('*0(176
7KLVUHVHDUFKZDVVXSSRUWHGE\DJUDQW $8'3& IURP$UFKLWHFWXUH 8UEDQ
'HYHORSPHQW5HVHDUFK3URJUDPIXQGHGE\0LQLVWU\RI/DQG,QIUDVWUXFWXUHDQG7UDQVSRUWRI
.RUHDQJRYHUQPHQW

5()(5(1&(6
>@ $PHULFDQ 6RFLHW\ RI &LYLO (QJLQHHUV 0LQLPXP GHVLJQ ORDGV DQG DVVRFLDWHG FULWHULD
IRUEXLOGLQJVDQGRWKHUVWUXFWXUHV$PHULFDQVRFLHW\RIFLYLOHQJLQHHUV
>@ )(0$)(0$(5HGXFLQJWKHULVNVRIQRQVWUXFWXUDOHDUWKTXDNHGDPDJH²$SUDF
WLFDOJXLGH  
>@ ,&&(YDOXDWLRQ6HUYLFH$&DFFHSWDQFHFULWHULDIRUVHLVPLFFHUWLILFDWLRQE\VKDNH
WDEOHWHVWLQJRIQRQVWUXFXWUDOFRPSRQHQWVICC Evaluation Service  
>@ &KRL.\XQJ6XNHWDO$6WXG\RQ(YDOXDWLRQRI)ORRU5HVSRQVH6SHFWUXPIRU6HLV
PLF 'HVLJQ RI 1RQ6WUXFWXUDO &RPSRQHQWVJournal of the Earthquake Engineering
Society of Korea  
>@ 0RKHEEL 6DHHG HW DO ([SHULPHQWV RQ VHLVPLF EHKDYLRXU RI VWHHO VKHDWKHG FROG
IRUPHG VWHHO VKHDU ZDOOV FODGGHG E\ J\SVXP DQG ILEHU FHPHQW ERDUGVThin-Walled
Structures  
>@ 2K 6DQJ +RRQ -RQJ :RQ 3DUN DQG +DH <RQJ 3DUN 6KDNH 7DEOH 7HVW RQ 6HLVPLF
3HUIRUPDQFH(YDOXDWLRQRIWKH%ROWHG&RQQHFWLRQ7\SH3DQHOLQJ6\VWHPZLWK([WHULRU
)LQLVK0DWHULDOJournal of the Earthquake Engineering Society of Korea  

>@ +XDQJ %DRIHQJ :HQVKHQJ /X DQG .KDOLG 0 0RVDODP 6KDNLQJ WDEOH WHVWLQJ RI
JUDQLWH FODGGLQJ ZLWK XQGHUFXW EROW DQFKRUDJHEngineering Structures  
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0DVWHUFDQGLGDWH'HSDUWPHQWRI$UFKLWHFWXUDO(QJLQHHULQJLQWKH*UDGXDWH6FKRRO3XVDQ1DWLRQDO
8QLYHUVLW\
%XVDQ5HSXEOLFRI.RUHD
(PDLOMMDQJZRR#3XVDQDFNU




6HQLRU5HVHDUFKHU6HLVPLF5HVHDUFKDQG7HVW&HQWHU3XVDQ1DWLRQDO8QLYHUVLW\
%XVDQ5HSXEOLFRI.RUHD
(PDLOKDH\RQJ#SXVDQDFNU

3URIHVVRU6FKRRORI8UEDQ$UFKLWHFWXUHDQG&LYLO(QJLQHHULQJ3XVDQ1DWLRQDO8QLYHUVLW\
%XVDQ5HSXEOLFRI.RUHD
(PDLORVK#SXVDQDFNU

.H\ZRUGV6KDNLQJWDEOHWHVW(GJHFOHDUDQFH*OD]LQJFXUWDLQZDOOV\VWHP6HLVPLF
SHUIRUPDQFH'DPDJHDVVHVVPHQW
$EVWUDFWIn this paper, shaking table tests was conducted to evaluate the seismic performance
according to the edge clearance of the glazing curtain wall system. Most tests on glazing
curtain wall systems in Korea have been carried out by assessing airtightness and watertightness to determine the stability in the out-plane direction. However, in the case of an
earthquake, the stability in the in-plane direction is also important for glazing curtain wall
systems. Therefore, the in-plane seismic performance of glazing curtain wall system is
evaluated by calculating the edge clearance using the domestic seismic design standard (KDS
41 17 00:2019, 18.3.4) and applying the results as the experimental variables. The acceleration
spectrum used in the experiment was derived by considering ICC ES AC-156, the foreign
shaking table test method for non-structural elements, and KDS 41 17 00:2019. The excitation
was gradually increased by adjusting the acceleration scale of the artificial seismic waves. The
purpose of this experiment is to evaluate the seismic performance of glazing curtain wall
systems in terms of the edge clearance for the same earthquake. To evaluate the seismic
performance corresponding to the test results, a damage assessment was conducted through a
visual inspection. After the experiment, the damage limits for each performance level of the
glazing curtain wall were newly defined, and the requirements for the relative displacement of
the glazing curtain wall systems Korea were verified.
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7KH3RKDQJHDUWKTXDNHGDPDJHGWRQRQVWUXFWXUDOHOHPHQWVRIEXLOGLQJVVXFKDVH[WHULRUV
DQGJODVVZLWKWKUHHWLPHVPRUHFRVWWKDQIRUVWUXFWXUDOHOHPHQWV1RQVWUXFWXUDOHOHPHQWVDUH
FRQQHFWHGWRWKHPDLQVWUXFWXUDOPHPEHUVRIEXLOGLQJVDQGSHUIRUPVSHFLILFIXQFWLRQVZLWKLQ
WKHEXLOGLQJEXWWKH\GRQRWVXSSRUWH[WHUQDOORDGV7KLVUHVXOWVLQDORVVRIIXQFWLRQIRUWKH
EXLOGLQJDQGWKHGDPDJHRILPSRUWDQWIDFLOLWLHVDQGHTXLSPHQWLV OLQNHGWRWKHQGDQGUG
GDPDJHVVRWKHSRVVLELOLW\RIODUJHVFDOHGDPDJHLVKLJK>@$OWKRXJKJOD]LQJFXUWDLQZDOOV
DUHFRPPRQO\XVHGLQPRGHUQEXLOGLQJVVXFKDVKLJKULVHVEXLOGLQJVGXHWRWKHLUOLJKWZHLJKW
DQGEHDXW\WKHVHLVPLFGHVLJQFULWHULDLQ.RUHD .'6 GRQRWFOHDUO\GLFWDWH
VHLVPLFGHVLJQ,QDGGLWLRQWKHUHODWLYHGLVSODFHPHQWUHTXLUHPHQWVIRU³FXUWDLQZDOOV
VWRUHVDQGSDUWLWLRQZDOOJODVV´DUHEDVHGRQWKHWKRVHRI$6&(LQWKH8QLWHG6WDWHV>@
EXWWKHUHDUHQRVKDNLQJWDEOHWHVW6LQFHVWXGLHVWKDWYDOLGDWHWKHGRPHVWLFUHODWLYHGLVSODFHPHQW
FULWHULDDUHQHHGHG
7KHUHIRUHLQWKLV6WXG\EDVHGRQWKH556RI,&&(6$&DIRUHLJQVKDNLQJWDEOHWHVW
PHWKRGWKHDFFHOHUDWLRQVSHFWUXPRIWKLVH[SHULPHQWFRQVLGHULQJWKHGRPHVWLFVWDQGDUG .'6
 ZDVGHULYHGILUVWDQGDUWLILFLDOVHLVPLFZDYHVZHUHJHQHUDWHGDQGDSSOLHGWR
WKHH[SHULPHQWDFFRUGLQJWRWKHPHWKRGSURSRVHGLQ$&>@%\FRQGXFWLQJVKDNLQJWDEOH
WHVWVLQWKHLQSODQHGLUHFWLRQWKHJODVVVWDQGDUGV .'6 XVHGLQWKHFXUUHQW
GRPHVWLFFXUWDLQZDOOZHUHYHULILHGDQGWKHGDPDJHOLPLWOHYHOLVGHILQHGIRUWKHJOD]LQJFXUWDLQ
ZDOOVXLWDEOHIRUGRPHVWLFXVH
 6(,60,&'(6,*1&5,7(5,$)25*/$=,1* &857$,1:$//6<6<7(0
 7KHFXUUHQWQDWLRQDOVWDQGDUG
&XUWDLQZDOOVDUHFODVVLILHGDVQRQVWUXFWXUDOHOHPHQWVLQEXLOGLQJVWDQGDUGV .%& 
DQGWKH\DUHGHVLJQHGWRZLWKVWDQGWKHHTXLYDOHQWVWDWLFORDGVDQGUHODWLYHGLVSODFHPHQWV*ODVV
LV OLJKW LQ ZHLJKW EXW LV DOVR EULWWOH DQG LW LV FODVVLILHG DV D GLVSODFHPHQWVHQVLWLYH HOHPHQW
UDWKHU WKDQ DFFHOHUDWLRQVHQVLWLYH 'RPHVWLF UHODWLYH GLVSODFHPHQW FULWHULD IRU QRQVWUXFWXUDO
HOHPHQWV DUH EDVHG RQ WKH FRQWHQWV RI $6&(  LQ WKH 8QLWHG 6WDWHV>@ 7KH UHODWLYH
GLVSODFHPHQWGXHWRHDUWKTXDNHVZKLFKQRQVWUXFWXUDOHOHPHQWVVKRXOGDFFRPPRGDWHFDQEH
REWDLQHGDVIROORZV
ܦூ ൌ ܦ ܫா 
ܦ ൌ ߜ௫ െ ߜ௬ 
ǡ ܦ  ሺܺ െ ܻሻ



οೌಲ
ೞೣ

,QFDVHRI ܫா  LVLPSRUWDQFHIDFWRURIWKHQRQVWUXFWXUDOHOHPHQW,QWKHGRPHVWLFVWDQGDUG
WKHLPSRUWDQFHIDFWRURIDFXUWDLQZDOOLVQRWFOHDUO\GHILQHG+RZHYHULQWKH86)(0$(
FOHDUO\GHILQHV(5 HQJLQHHUHGUHTXLUHG UHTXLUHPHQWVIRUH[WHULRUZDOOFRPSRQHQWVVXFKDV
JOD]HG H[WHULRU ZDOO V\VWHPV>@ ,W PHDQV ܫா  WKDW UHTXLUHV VHLVPLF GHVLJQ LQ GRPHVWLF
VWDQGDUG,QDGGLWLRQ ݄௦௫  LVWKHKHLJKWXVHGWRGHILQHWKHDOORZDEOHVWRU\GULIW ߜ௫  DQG ߜ௬ 
DUHGLVSODFHPHQWLQ[RU\RI$SKDVHYHUWLFDOSRVLWLRQRQWKHIORRUGLVSODFHPHQWRI[VWRU\;
DQG<DUHUHVSHFWLYHO\KHLJKWIURPWKHXQGHUVLGHRIWKHVWUXFWXUHWRWKHXSSHUDWWDFKPHQWSRLQW
[DQGWKHORZHUDWWDFKPHQWSRLQW\ ȟ  UHIHUVWRWKHDOORZDEOHVWRU\GULIWRIWKHVWUXFWXUH7KH
GRPHVWLFVWDQGDUG .'6 DOVRVHWVRXWWKHUHODWLYHGLVSODFHPHQWUHTXLUHPHQWV
IRUWKHJODVVXVHGLQWKHFXUWDLQZDOODQGDOVREDVHGRQ$6&(>@
ο௨௧  ͳǤʹͷܦூ  ܱ݈݊ݕǡ ο௨௧  ͳ͵݉݉
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+HUH ȟ௨௧  UHIHUVWRWKHUHODWLYHGLVSODFHPHQWRIWKHJODVVIDOOLQJRIIWKHFXUWDLQZDOO
WKHIURQWRIWKHVWRUHWKHSDUWLWLRQZDOOWKURXJKWKHH[SHULPHQWRUDQDO\VLV+RZHYHULIWKHUH
LVVXIILFLHQWFOHDUDQFHEHWZHHQWKHJODVVDQGWKHIUDPHDQGWKHFRQWDFWEHWZHHQWKHJODVVDQG
WKHIUDPHGRHVQRWRFFXUDWWKHUHTXLUHGUHODWLYHGLVSODFHPHQWWKHIROORZLQJHTXDWLRQPD\EH
XVHG
ܦ  ͳǤʹͷܦூ 
ܦ ൌ ʹܿଵ ൬ͳ 

 మ
 భ



൰

        

,QWKLVFDVH ܦ  UHIHUVWRWKHUHODWLYHGLVSODFHPHQWRIWKHIUDPHLQZKLFKWKHFRQWDFW
EHWZHHQWKHJODVVDQGWKHIUDPHRFFXUVDQGLWLVGHILQHGIRUWKHKHLJKWRIWKHJODVV ݄ DQG
ܾ DUH WKH KHLJKW DQG WKH ZLGWK RI UHFWDQJXODU JOD]LQJ SDQHOV UHVSHFWLYHO\ DQG ܿଵ  DQG ܿଶ 
PHDQDYHUDJHFOHDUDQFHYDOXHV  EHWZHHQJODVVDQGIUDPHWKDWRIKRUL]RQWDOFOHDUDQFHRQWKH
OHIWDQGULJKWVLGHVDQGYHUWLFDOFOHDUDQFHVRQWKHXSSHUDQGORZHUVXUIDFHVUHVSHFWLYHO\
6WDJHGGDPDJHDVVHVVPHQWDFFRUGLQJWR WKHSHUIRUPDQFHOHYHO
,Q WKH FDVH RI QRQVWUXFWXUDO HOHPHQWV WKDW DUH VXEMHFW WR VHLVPLF GHVLJQ XQGHU FXUUHQW
QDWLRQDO VWDQGDUGV VWUXFWXUDO VDIHW\ DQG IXQFWLRQDOLW\ VKRXOG EH PDLQWDLQHG HYHQ DIWHU DQ
HDUWKTXDNH ,Q SDUWLFXODU JODVV LQVWDOOHG LQ FXUWDLQ ZDOOV VKRXOG EH DEOH WR VXIILFLHQWO\
DFFRPPRGDWHWKHUHODWLYHGLVSODFHPHQWWKDWRFFXUV)RUWKHHYDOXDWLRQVHOHFWULFDOHOHFWURQLF
DQGFRPPXQLFDWLRQHTXLSPHQWFDQEHHYDOXDWHGTXDQWLWDWLYHO\RUTXDOLWDWLYHO\XVLQJVWDQGDUG
PHWKRGVEXWPRVWQRQVWUXFWXUDOHOHPHQWVDUHHYDOXDWHGXVLQJTXDOLWDWLYHDVVHVVPHQWVVXFKDV
YLVXDOLQVSHFWLRQV0RUHVRWKHFULWHULDIRUGDPDJHDFFRUGLQJWRWKHSHUIRUPDQFHOHYHORIQRQ
VWUXFWXUDOHOHPHQWVDUHQRWFOHDUVRLWLVQHFHVVDU\WRFODULI\WKHFULWHULDDQGFODVVLILFDWLRQIRU
VHLVPLFSHUIRUPDQFH)RUH[DPSOHWKHLQWHUQDWLRQDOVWDQGDUG)(0$(FODVVLILHVGDPDJH
W\SHVRIQRQVWUXFWXUDOHOHPHQWVFDXVHGE\HDUWKTXDNHVLQWR)XQFWLRQDO/RVV )/ 3URSHUW\
/RVV 3/ DQG/LIH6DIHW\ /6 >@,QFDVHRI$6&(GDPDJHVRIQRQVWUXFWXUDOHOHPHQWV
DUHFODVVLILHGLQWRIRXUVWDJHV2SHUDWLRQDO 1$ 3RVLWLRQ5HWHQWLRQ 1% /LIH6DIHW\ 1& 
DQG1RW&RQVLGHUHG 1' >@³$6KDNH7DEOH7HVWIRU6HLVPLF3HUIRUPDQFH(YDOXDWLRQRI
%ROWHG -RLQW 3DQHO 6\VWHPV ZLWK ([WHUQDO )LQLVKLQJ 0DWHULDOV´ ZDV VXJJHVW GHILQLWLRQ RI
GDPDJHIRUSDQHOLQJV\VWHPDFFRUGLQJWRSHUIRUPDQFHOHYHOFRQVLGHULQJ$6&(>@
7KHSXUSRVHRIWKLVVWXG\LVQRWMXVWWRLGHQWLI\WKHW\SHRIGDPDJHRIQRQVWUXFWXUDOHOHPHQWV
EXWWRGHULYHWKHFOHDUFULWHULDIRUGDPDJHWRJOD]LQJFXUWDLQZDOOVWKDWFDQEHUHIOHFWHGLQWR
IXWXUHVHLVPLFSHUIRUPDQFHDVVHVVPHQWV7KHUHIRUHWRFOHDUO\GHILQHGDPDJHVFRQVLGHULQJWKH
SHUIRUPDQFHOHYHORIWKHJOD]LQJFXUWDLQZDOOV\VWHPWKHGHILQLWLRQRIGDPDJHRIQRQVWUXFWXUDO
HOHPHQWV LQ $6&(  DQG ³$ 6KDNH 7DEOH 7HVW IRU 6HLVPLF 3HUIRUPDQFH (YDOXDWLRQ RI
%ROWHG -RLQW3DQHO 6\VWHPV ZLWK ([WHUQDO )LQLVKLQJ 0DWHULDOV´DUH UHIHUUHG WR 'DPDJH E\
SHUIRUPDQFHOHYHORIQRQVWUXFWXUDOFRPSRQHQWVSUHVHQWHGLQ$6&(DQGSDSHULVVKRZQ
LQ7DEOHDQG7DEOH
7DEOH1RQVWUXFWXUDOSHUIRUPDQFHOHYHOVDQGLOOXVWUDWLYHGDPDJH*OD]LQJFRPSRQHQW
1RQVWUXFWXUDO3HUIRUPDQFH/HYHOV
&RPSRQHQW
*URXS

2SHUDWLRQDO 1$ 
y

*OD]LQJ

y

1RFUDFNHGRUEURNHQSDQHV

y

3RVLWLRQ5HWHQWLRQ 1% 

/LIH6DIHW\ 1& 

6RPHFUDFNHGSDQHVQRQH
EURNHQ
/LPLWHGORVVRIZHDWKHU
WLJKWQHVV

y ([WHQVLYHO\FUDFNHGJODVVZLWK
SRWHQWLDOORVVRIZHDWKHU
WLJKWQHVVDQGVHFXULW\
y 2YHUKHDGSDQHVGRQRWVKDWWHU
RIIDOO
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7DEOH'HILQLWLRQRIGDPDJHIRUSDQHOLQJV\VWHPVDFFRUGLQJWRWKHSHUIRUPDQFHOHYHO
3HUIRUPDQFHWDUJHWIRUDSDQHOLQJV\VWHP
2SHUDWLRQDO 23 

y &UDFNLQWKHVHDOLQJ
y 'DPDJHRIDMRLQWSLHFH

3RVLWLRQ5HWHQWLRQ 35 

y 3DUWLDOIUDFWXUHRIDVWRQHSDQHO
y 0LQXWHZHOGFUDFNLQWKHWUXVV
y 3ODVWLFGHIRUPDWLRQRIDPHWDOSDQHO
y 6LOLFRQHUXEEHUWHDU
y 0LQXWHGHIRUPDWLRQRIDIDVWHQHU

/LIH6DIHW\ /6 
y /DUJHGHIRUPDWLRQRIWKHWUXVV
y /DUJHFUDFNRUVHSDUDWLRQLQWKHWUXVV
FRQQHFWLRQ
y 7UXVVFRQQHFWLRQIUDFWXUH
y /DUJHGHIRUPDWLRQRUIDOORIDIDVWHQHU
y 3DQHOIDOO

 (;3(5,0(17$/'(6,*1$1'0(7+2'
([SHULPHQWDOGHVLJQ
7HVWVRIJOD]LQJFXUWDLQZDOOV\VWHPVLQ.RUHDKDYHSHUIRUPHGRQO\VWDWLFH[SHULPHQWVRQ
GLVSODFHPHQWDQGZLQGWXQQHOWHVWVLQWKHRXWSODQHGLUHFWLRQV 7KHUHIRUHVKDNLQJWDEOHWHVWV
ZHUH FRQGXFWHG WR HYDOXDWH WKH G\QDPLF VHLVPLF SHUIRUPDQFH RI D JOD]LQJ FXUWDLQ ZDOO E\
PHDVXULQJWKHHQGFOHDUDQFHDQGWRYHULI\WKHUHODWLYHGLVSODFHPHQWUHTXLUHPHQWVRIJODVVXVHG
IRUFXUWDLQZDOOLQWKHFXUUHQW QDWLRQDOVWDQGDUG,QDGGLWLRQGXHWRWKHFKDUDFWHULVWLFVRIWKH
QRQVWUXFWXUDOHOHPHQWVFDOOHGFXUWDLQZDOOVWKH\FDQQRWVWDQGRQWKHVKDNLQJWDEOH6RJOD]LQJ
FXUWDLQZDOOV\VWHPVDUHLQVWDOOHGRQWKHWHVWIUDPHDQG8QLD[LDOH[FLWDWLRQZDVSHUIRUPHGRQO\
LQLQSODQHGLUHFWLRQ
7KHWHVWIUDPHLVDRQHVWRU\XQLWIUDPHZLWKDKHLJKWRIPPORQJVSDQDQGPVKRUW
VSDQDQGDFRQFUHWHVODEZLWKDWKLFNQHVVRIPPDQGPPRQWKHXSSHUDQGORZHUSDUWV
RIWKHIUDPHUHVSHFWLYHO\LVLQVWDOOHG)ODQJHVRIJLUGHUDQGIODQJHVRIFROXPQDUHFRQVLVWRI
IXOOSHQHWUDWLRQZHOGVDQGJLUGHUZHEVDQGFROXPQIODQJHVDUHEROWHGWKURXJKVKHDUWDEV,Q
DGGLWLRQWKHZHOGDFFHVVKROHVVKDSHDWWKHHQGRIWKHEHDPZHELVPDGHXSRIDTXDUWHUFLUFOH
$FFRUGLQJWRWKHWHVWIUDPHDOOFROXPQPHPEHUVEHKDYHLQDULJLGRUZHDND[LVGHSHQGLQJRQ
WKHGLUHFWLRQRIH[FLWDWLRQ7KHUHIRUHWKHVWUXFWXUHLQWKHVHH[SHULPHQWVZDVVHWXSDZHDND[LV
WRRFFXUVXIILFLHQWGHIRUPDWLRQ,QWKHFDVHRIWKHLQVWDOODWLRQWKHMRLQLQJMLJZDVILUVWLQVWDOOHG
RQ WKH VKDNLQJ WDEOH DQG WKH WHVW IUDPH ZDV PRXQWHG RQ WKH WHVW MLJ 'HWDLOHG WHVW IUDPH
GUDZLQJVDQGZHLJKWVRIWKHWHVWIUDPHDUHVKRZQLQ7DEOHDQG)LJXUH

)LJXUH7HVWIUDPHVFKHPDWLF
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7DEOH7HVWIUDPHVSHFLILFDWLRQV
'LPHQVLRQ PP 
:LGWK

3DUWRI7HVW)UDPH

6ODE
*LUGHU

7KLFNQHVV

:HLJKW N1āI 

;GLUHFWLRQ

<GLUHFWLRQ

8SSHUSDUW









/RZHUSDUW









8SSHUSDUW

+[[[ 66 



/RZHUSDUW

+[[[ 66 



+[[[ 66 



&ROXPQ

7KHWHVWVXEMHFWVDUHJOD]LQJFXUWDLQZDOOV\VWHPWKDWFRPSRVHGRIPXOOLRQVWUDQVRPVDQG
JODVVFRPPRQO\XVHGLQ.RUHD([SHULPHQWDOYDULDEOHLVWKHHGJHFOHDUDQFH E DQGVXSSRUW
GHSWK F RIWKHJOD]LQJSDQHOVKRZQLQ)LJ&RQWUROVSHFLPHQLVVDWLVILHGUHTXLUHPHQWWKDW
VSHFLILHGLQWKH.RUHDQ$UFKLWHFWXUDO6WUXFWXUDO6WDQGDUGV .'6 6R
HGJHFOHDUDQFHZDVVHWWRPP HGJHFOHDUDQFHVXSSRUWGHSWK PP %HFDXVHFRQWDFW
EHWZHHQWKHJODVVDQGWKHIUDPHGRHVQRWRFFXUGXHWRVXIILFLHQWFOHDUDQFHEHWZHHQWKHJODVV
DQGWKHIUDPH&RPSDULVRQJURXSLVFRQVLVWHGRIPPVSHFLPHQVZLWKHGJHFOHDUDQFHWKDWGLG
QRWVDWLVI\WKLVFRQGLWLRQDQGPPDQGPPVSHFLPHQVZLWKGHHSHUHQGFOHDUDQFHWKDQWKH
FRQGLWLRQ7RWDOVXEMHFWLQFOXGHGVSHFLPHQV6SHFLILFDWLRQDQGWKHGUDZLQJVRIWKHFRQWURO
VSHFLPHQDUHVKRZQLQ7DEOHDQG)LJXUH ,QRUGHUWRFRPSDUHWKHEHKDYLRURIHDFKWHVW
YDULDEOH XQGHU WKH VDPH HDUWKTXDNH H[SHULHQFH IRXU VSHFLPHQV ZHUH DUUDQJHG LQ WZR URZV
XVLQJWKHIURQWDQGUHDURIWKHWHVWIUDPH$FFRUGLQJWRWKHLQVWDOODWLRQFRQGLWLRQVDOOVSHFLPHQV
ZHUHVHWWRUHVLVWWKHKRUL]RQWDOH[WHUQDOIRUFHLQWKHLQSODQHGLUHFWLRQ
7DEOH6SHFLPHQVSHFLILFDWLRQV
6SHFLPHQ
1DPH

&OHDUDQFH
ܦ 

'



'



'



'



'LPHQVLRQ PP 
:LGWK

+HLJKW

/RFDWLRQ
7KLFNQHVV
5HDUOHIW







5HDUULJKW
)URQWOHIW
)URQWULJKW

)LJXUH'HWDLOHGGUDZLQJRIFRQWUROVSHFLPHQ
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([SHULPHQWDOPHWKRG
7KH VHLVPLF SHUIRUPDQFH HYDOXDWLRQ RI WKH JOD]LQJ FXUWDLQ ZDOO FDQ EH FDUULHG RXW E\
FRQGXFWLQJ WKH VKDNLQJ WDEOH WHVW LQ $& DQG WKH G\QDPLF WHVW LQ $$0$ >@
7KHUHIRUHLQWKLVVWXG\WKHDFFHOHUDWLRQVSHFWUXPFRQVLGHULQJWKHQDWLRQDOVWDQGDUG .'6
 LVFRQVXOWHGIRUWKH556RI,&&(6$&DQG$UWLILFLDOVHLVPLFZDYHV
JHQHUDWHG DFFRUGLQJ WR WKH PHWKRG SURSRVHG LQ $& ZHUH XVHG LQ WKH H[SHULPHQW 7KH
H[FLWDWLRQPHWKRGZDVJUDGXDOO\LQFUHDVLQJH[FLWHGE\DGMXVWLQJWKHDFFHOHUDWLRQVFDOHRIWKH
DUWLILFLDOVHLVPLFZDYHDQGH[FLWHVRQO\LQKRUL]RQWDOGLPHQVLRQ OHIWDQGULJKWGLUHFWLRQV 7KH
UHTXLUHGUHVSRQVHVSHFWUXP 556 RIWKHVHLVPLFZDYHXVHGLQWKHVKDNLQJWDEOHWHVWLVDSSOLHG
E\DVHLVPLFSDUDPHWHUDFFRUGLQJWRWKHVHWFRQGLWLRQV (IIHFWLYHJURXQGDFFHOHUDWLRQ 6 J
*URXQG FRQGLWLRQ ܵଷ  WKDW LV DVVXPHG DFFRUGLQJ WR WKH GRPHVWLF EXLOGLQJ GHVLJQ VWDQGDUG
7KHUHIRUH WKH SUHSDUHG 556 LV WKH UHVSRQVH VSHFWUXP IRU QRQVWUXFWXUDO HOHPHQWV
FRUUHVSRQGLQJ WR WKH GHVLJQ HDUWKTXDNH IRUFH WKDW UHWXUQ SHULRG RI  \HDU LQ GRPHVWLF
VWDQGDUG7KHSUHSDUHG556LVVKRZQLQ)LJXUHDQG6HLVPLFSDUDPHWHULVVKRZQLQ7DEOH

)LJXUH,QSXWZDYHLQIRUPDWLRQ
7DEOH3DUDPHWHUVIRUWKHUHTXLUHGUHVSRQVHVSHFWUXP
%XLOGLQJ&RGH

7HVW
&ULWHULD

6 '6  J 

]K 

+RUL]RQWDO
$ )/;+ J 

,&&(6



$&
6 '6 6SHFWUDOUHVSRQVHDFFHOHUDWLRQIRUDVKRUWSHULRG]K+HLJKWIDFWRUUDWLR

.'6

௭

௭





$ 5,*+ J 


,QKHUH ܣிିு ൌ ܵௌ ቀͳ  ʹ ቁܣோூீିு ൌ ͲǤͶܵௌ ቀͳ  ʹ ቁ

([SHULPHQWDOSURFHGXUHDQGVHQVRUPHDVXUHPHQWSODQ
6KDNLQJWDEOHWHVWIROORZVWKHVHTXHQFHVKRZQLQ7DEOH3UHWHVWLQVSHFWLRQZDVSHUIRUPHG
ZLWKDYLVXDOO\LQVSHFWLRQRIWKHVWDWHRIH[WHUQDOGHIRUPDWLRQDQGGDPDJHLQVWDOODWLRQSRVLWLRQ
DQGVWDWHRIWKHDFFHOHURPHWHUDQGGLVSODFHPHQWJDXJHPHDVXULQJGHYLFHDQGHWF$IWHUWKH
SUHWHVW LQVSHFWLRQ UHVRQDQFH VHDUFK WHVW LV SHUIRUPHG WR HYDOXDWH WKH VXLWDELOLW\ RI WKH WHVW
UHVSRQVHVSHFWUXPRUWRDQDO\]HWKHWHVWIUDPHGHIRUPDWLRQ7KHPD[LPXPDPSOLWXGHRIWKH
UDQGRPZDYHIRUUHVRQDQFHGHWHFWLRQZDVJDQGWKHIUHTXHQF\UDQJHZDV+]a+]
$ VHLVPLF VLPXODWLRQ WHVW ZDV SHUIRUPHG E\ FUHDWLQJ DQ DFFHOHUDWLRQ WLPH KLVWRU\ XVLQJ WKH
GHILQHG UHVSRQVH VSHFWUXP 7KH RVFLOODWLRQ GXUDWLRQ RI WKH DFFHOHUDWLRQ WLPH KLVWRU\ LV 
VHFRQGVDQGWKHDPSOLWXGHRIWKHVHLVPLFGXUDWLRQLVVHFRQGV7KHH[SHULPHQWZDVFDUULHG
RXW LQFUHPHQWDOO\ LQ WKH OHIW DQG ULJKW ;  GLUHFWLRQV RI WKH WHVW IUDPH E\ DGMXVWLQJ WKH
DFFHOHUDWLRQVFDOHXVLQJWKHSUHSDUHGDUWLILFLDOHDUWKTXDNHZDYH$WWKLVWLPHWKHDFFHOHUDWLRQ
VFDOHZDVH[FLWHGZLWKDQGRIWKHUHIHUHQFHHDUWKTXDNHZDYH (4 DQGWKHQ



<DQJ-XQJ:RR3DUN+DH<RQJ2K6DQJ+RRQ

WKHDFFHOHUDWLRQVFDOHZDVLQFUHDVHGE\LQWHUYDOV)LQDOO\DIWHUWKHVHLVPLFSHUIRUPDQFH
WHVWDWHDFKVWDJHDVLQWKHSUHH[SHULPHQWDOWHVWWKHVWUXFWXUDOGHIRUPDWLRQDQGGDPDJHVWDWH
ZHUHYLVXDOO\LQVSHFWHGDQGUHFRUGHG7KHWHUPLQDWLRQFRQGLWLRQVDUHDVIROORZV
 :KHQWKHQH[WH[FLWDWLRQOHYHOFDQQRWEHSHUIRUPHGGXHWRHTXLSPHQWOLPLW
 +D]DUGRXV VWUXFWXUDO GDPDJH RFFXUV VXFK DV H[FHVVLYH SODVWLF GHIRUPDWLRQ RI WKH WHVW
IUDPH
 6HULRXVGDPDJHKDVRFFXUUHGLQVSHFLPHQDQGLWLVMXGJHGWKDWQH[WWHVWZRXOGQRWEH
PHDQLQJIXO
7DEOH7HVWSURFHGXUH
6WHS

7HVW1DPH
3UHWHVWLQVSHFWLRQ



6HLVPLFVLPXODWLRQWHVW
(4 

Â D[LDOWLPHKLVWRU\WHVW

Â 6 '6 J
Â =3$J







Â 5DQGRPZDYH 'LU ;

Â $PSJ
Â )UHT+]a+]

6HLVPLFVLPXODWLRQWHVW
(4 

Â D[LDOWLPHKLVWRU\WHVW

Â 6 '6 J
Â =3$J

Â 9LVXDOLQVSHFWLRQ



5HVRQDQFHVHDUFKWHVW

Â 5DQGRPZDYH 'LU ;

Â $PSJ
Â )UHT+]a+]

6HLVPLFVLPXODWLRQWHVW
(4 

Â D[LDOWLPHKLVWRU\WHVW

Â 6 '6 J
Â =3$J

Â 9LVXDOLQVSHFWLRQ



5HVRQDQFHVHDUFKWHVW

Â 5DQGRPZDYH 'LU ;

Â $PSJ
Â )UHT+]a+]

6HLVPLFVLPXODWLRQWHVW
(4 

Â D[LDOWLPHKLVWRU\WHVW

Â 6 '6 J
Â =3$J

Â 9LVXDOLQVSHFWLRQ



5HVRQDQFHVHDUFKWHVW

Â 5DQGRPZDYH 'LU ;

Â $PSJ
Â )UHT+]a+]

6HLVPLFVLPXODWLRQWHVW
(4 

Â D[LDOWLPHKLVWRU\WHVW

Â 6 '6 J
Â =3$J

3RVWLQVSHFWLRQ


Â 9LVXDOLQVSHFWLRQ

5HVRQDQFHVHDUFKWHVW

3RVWLQVSHFWLRQ




Â $PSJ
Â )UHT+]a+]

3RVWLQVSHFWLRQ



Â 9LVXDOLQVSHFWLRQ
Â 5DQGRPZDYH 'LU ;

3RVWLQVSHFWLRQ



5HPDUNV

5HVRQDQFHVHDUFKWHVW

3RVWWHVWLQVSHFWLRQ



7HVW0HWKRG

y
y
y

Â 9LVXDOLQVSHFWLRQ



y
y
y

y
y
y

5HVRQDQFHVHDUFKWHVW

Â 5DQGRPZDYH 'LU ;

Â $PSJ
Â )UHT+]a+]

6HLVPLFVLPXODWLRQWHVW
(4 

Â D[LDOWLPHKLVWRU\WHVW

Â 6 '6 J
Â =3$J

3RVWLQVSHFWLRQ

Â 9LVXDOLQVSHFWLRQ
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,QRUGHUWRDQDO\]HWKHUHVSRQVHRIWKHVSHFLPHQWKHDFFHOHURPHWHUDQGWKHGLVSODFHPHQW
JDXJH ZLUH/9'7 ZHUHLQVWDOOHGDWWKHPDLQSRLQWVRIWKHVSHFLPHQ7KHLWHPVWREHREVHUYHG
DUHWKHDFFHOHUDWLRQRIWKHWDEOHEDVHDQGWKHXSSHUDQGORZHUSDUWVRIWKHWHVWIUDPHDQGWKH
UHODWLYHGLVSODFHPHQWRIWKHWHVWIUDPH$VLQJOHD[LVDFFHOHURPHWHUZDVDWWDFKHGWRWKHWDEOH
EDVHDQGWKHXSSHUDQGORZHUSDUWVRIWKHWHVWIUDPHDFFRUGLQJWRWKHXQLD[LDOH[FLWDWLRQWHVW
PHWKRGDQGWKHZLUH/9'7ZDVLQVWDOOHGDWWKHWRSDQGWKHERWWRPRIWKHSRVWPHPEHURQRQH
VLGHRIWKHWHVWIUDPH7KHORFDWLRQDQGRULHQWDWLRQRIWKHVHQVRUVDUHVKRZQLQ7DEOHDQG
)LJXUH
7DEOH6HQVRUORFDWLRQDQGRULHQWDWLRQ
'HVFULSWLRQ

/RFDWLRQ

6HQVRU
1DPH

'LU 

$

7DEOHEDVH

DFF

$

%RWWRPRIWHVW
IUDPH

$

6HQVRU
0RGHO

6HULDO

&DOGDWH

;

$'7$





DFF

;

%*





7RSRIWHVW
IUDPH

DFF

;

%*





'

%RWWRPRI
IURQWVLGH
FROXPQ

OYGW

;

'3(

%'+



'

7RSRIIURQW
VLGHFROXPQ

OYGW

;

'3(

%'+



'

%RWWRPRIUHDU
VLGHFROXPQ

OYGW

;

'3(

%'+



'

7RSRIUHDU
VLGHFROXPQ

OYGW

;

'3(

%'+



;/RQJLWXGLQDO

)LJXUH6HQVRUORFDWLRQ

 (;3(5,0(17$/5(68/76
5HVRQDQWIUHTXHQF\
7KHUHVRQDQFHRIWKHWHVWIUDPHZDVGHWHUPLQHGE\FDOFXODWLQJWKHWUDQVIHUIXQFWLRQRIWKH
UHVSRQVH DFFHOHUDWLRQ DW WKH XSSHU DQG ORZHU SRVLWLRQV RI WKHWHVW IUDPH ZLWK UHVSHFW WR WKH
DFFHOHUDWLRQLQSXWIURPWKHWDEOHEDVH7KHWUDQVIHUIXQFWLRQ ܶ LVFDOFXODWHGE\WKHFURVV
SRZHU VSHFWUDO GHQVLW\ ܲ  RI WKH LQSXW DQG RXWSXW VLJQDOV UHODWLYH WR WKH SRZHU VSHFWUDO
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GHQVLW\ ܲ RIWKHLQSXWVLJQDO,QRUGHUWRLPSURYHWKHDFFXUDF\RIWKHUHVRQDQFHDQDO\VLV
HDFKVLJQDOKDVDSSOLHGD6\PPHWULF+DPPLQJ:LQGRZ
್ೌ ሺሻ

ܶ ሺ݂ሻ ൌ



ೌೌ ሺሻ

5HVRQDQFH WHVW UHVXOWV DUH VKRZQ LQ 7DEOH  7KH QDWXUDO IUHTXHQF\ LV H[SUHVVHG E\ WKH
WUDQVIHUIXQFWLRQRIWKHXSSHUUHVSRQVHDFFHOHUDWLRQ $$ RIWKHWHVWIUDPHIRUHDFKWDEOH
EDVHDQGWKHWUDQVIHUIXQFWLRQRIWKHXSSHUUHVSRQVHDFFHOHUDWLRQ $$ RIWKHORZHUWHVW
IUDPH7KH7DEOHVKRZVWKDWWKHUHVRQDQWIUHTXHQF\RIWHVWIUDPHGHFUHDVHGE\ZKHQ
JRLQJIURPVWHSWRVWHS
7DEOH5HVRQDQFHVHDUFKWHVWVXPPDU\
6WHS

5HVRQDQW)UHTXHQF\ $$  +] 
GI +]

5HVRQDQW)UHTXHQF\ $$  +] 
GI +]


6 '6  J 






6 '6  J 






6 '6  J 






6 '6  J 






6 '6  J 






6 '6  J 






6 '6  J 






6 '6  J 





$FFHOHUDWLRQUHVSRQVH
$&WKHUHIHUHQFHVWDQGDUGUHTXLUHVWKDWWKHRXWSXWGDWDRIWKHVHLVPLFWHVWEDVHGRQWKH
YHULILFDWLRQWHVWUHVXOWPHHWWKHIROORZLQJWZRFRQGLWLRQVIRUWKHLQSXWGDWD
 756 7HVW5HVSRQVH6SHFWUXP VKRXOGHQFORVH556 5HTXLUHG5HVSRQVH6SHFWUXP
 3HDNYDOXHLQUHVSRQVHDFFHOHUDWLRQWLPHKLVWRU\VKRXOGVDWLVI\PRUHWKDQRI=3$
7KHVHLVPLFWHVWUHVXOWVRIDOOVWDJHVSODQQHGLQWKLVH[SHULPHQWZHUHIRXQGWRVDWLVI\WKH
DERYHFRQGLWLRQV)LJXUHVDQGVKRZVWKHDFFHOHUDWLRQWLPHKLVWRU\JUDSKVRI6WHSZLWK
WKHVPDOOHVWPDJQLWXGHDQG6WHSZLWKWKHODUJHVWPDJQLWXGH
$FFWLPHKLVWRU\ ;

5HVSRQVHVSHFWUXP ;





$FF>PV

$FF>PV





@

@











556



RI556
0HDVXUHGDFF
RI$

RI556
756

5 ,*


























7LPH>V@



)UHT>+]@

)LJXUH$FFHOHUDWLRQWLPHKLVWRU\756DQG556 6WHS6'6 J 
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$FFWLPHKLVWRU\ ;

5HVSRQVHVSHFWUXP ;





@


$FF>PV

$FF>PV
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6WRU\GULIWDQJOH
7R FDOFXODWH WKH 6WRU\ GULIW DQJOH WKH PHDVXUHG IURQW GLVSODFHPHQW ߜ௧  DQG UHDU
GLVSODFHPHQW ߜ  RI WKH WHVW IUDPH DUH XVHG DV VKRZQ LQ WKH )LJXUHV  DQG  (DFK
GLVSODFHPHQWZDVFDOFXODWHGXVLQJWKHGLVSODFHPHQWGLIIHUHQFHEHWZHHQWKHXSSHUSDUWRIWKH
H[SHULPHQWDOVWUXFWXUHDQGWKHORZHUSDUWRIWKHWHVWIUDPHDFFRUGLQJWRWLPHKLVWRU\DQG7DEOH
VKRZVGLVSODFHPHQWUHVSRQVHRIWHVWIUDPH7KHPD[LPXPVWRU\GULIWDQJOHRIWKHWHVWIUDPH
ZDVUDGRUPRUHDW6WHS (4 DQGUDGRUPRUHDW6WHS (4 7KLVPHDQV
WKDWWKHWHVWIUDPHRQZKLFKWKHVSHFLPHQVZDVLQVWDOOHGKDVEHHQVXEMHFWHGWRGHIRUPDWLRQ
H[FHHGLQJVHLVPLFOHYHOVSHFLILHGLQWKH.'6

)LJXUH0HWKRGWRFDOFXODWHWKHGULIWDQJOH

)LJXUH5HODWLYHGLVSODFHPHQWV EHWZHHQ WKH XSSHUDQGORZHURIWKHWHVWIUDPHRYHUWLPHKLVWRU\ 6WHS DQG
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 'DPDJHDVVHVVPHQW RIVSHFLPHQVE\H[FLWDWLRQVWHSV
7KH GDPDJH RI WKH WHVW VSHFLPHQ DFFRUGLQJ WR WKH VWRU\ GULIW DQJOH IRU HDFK VWHS LV
VXPPDUL]HGLQWKHWDEOHDVIROORZV
7DEOH'DPDJHFRQGLWLRQDFFRUGLQJWRWKHWHVWVWHSV
6WHS

6WRU\GULIW
$QJOH
UDGLDQ 

6WHS
(4 



1RGDPDJH

6WHS
(4 



1RGDPDJH

6WHS
(4 



'

'

'

1RGDPDJH
6OLSRIWKHIDVWHQHU

6WHS
(4 

'

0LQRUFUDFNLQWKHVLOLFRQH 0LQRUFUDFNLQWKHVLOLFRQH


0LQRUFUDFNLQWKHVLOLFRQH

0LQRUFUDFNLQWKHVLOLFRQH
([SDQVLRQRIWKHVLOLFRQH
DQGPLQRUVOLSRIWKH
FUDFN
IDVWHQHU



([SDQVLRQWKHVLOLFRQH
FUDFN
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6WHS
(4 

6WHS
(4 

6WHS
(4 

6WHS
(4 


([SDQVLRQWKHVLOLFRQH
FUDFNDQGGHIRUPDWLRQRI
WKHIDVWHQHU

([SDQVLRQRIVLOLFRQH
FUDFNDQGVOLSRIWKH
IDVWHQHU

([SDQVLRQRIVLOLFRQH
([SDQVLRQRIWKHVLOLFRQH
FUDFNDQGPLQRUVOLSRIWKH
FUDFN
IDVWHQHU

([SDQVLRQRIVLOLFRQH
FUDFN

([SDQVLRQRIVLOLFRQH
FUDFN

([SDQVLRQRIVLOLFRQH
FUDFN

'HIRUPDWLRQRIWKH
IDVWHQHU

3DUWLDOFUDFNLQJRIWKH
JODVV

3DUWLDOFUDFNLQJRIWKH
JODVV

3DUWLDOFUDFNLQJRIWKH
JODVV

3DUWLDOFUDFNLQJRIWKH
JODVV

-RLQWVHSDUDWLRQRIWKH
IDVWHQHU

-RLQWVHSDUDWLRQRIWKH
IDVWHQHU






3ODVWLFGHIRUPDWLRQRIWKH 3ODVWLFGHIRUPDWLRQRIWKH
JULGHOHPHQWV
JULGHOHPHQWV

,Q FDVH RI WKH VSHFLPHQ WKDW GR QRW VDWLVI\ HGJH FOHDUDQFH UHTXLUHPHQWV RI WKH GRPHVWLF
VWDQGDUG .'6       GDPDJHV VXFK DV FUDFNV LQ WKH VHDOLQJ PDWHULDO DUH
RFFXUUHGDIWHUGHIRUPDWLRQRIWKHIDVWHQHU+RZHYHULQFDVHRIVSHFLPHQV WKDWVDWLVI\LQJRU
H[FHVVLYHO\ VDWLVI\LQJ WKH FULWHULD WKH GHIRUPDWLRQ DQG VOLS RI WKH IDVWHQHU DSSHDUHG DIWHU
FUDFNLQJDQGH[SDQVLRQRIWKHVHDOLQJPDWHULDO6WHS (4 VKRZHGSDUWLDOEUHDNDJHDW
WKHJODVVHGJHVLQDOOVSHFLPHQV,QSDUWLFXODULQWKHFDVHRI'VSHFLPHQVWKDWGRQRWVDWLVI\
WKHFULWHULDDQG'VSHFLPHQVWKDWZHUHH[FHVVLYHO\VDWLVILHGQRWLFHDEOHFUDFNVDSSHDUHGDW
WKH HGJHV RI WKH JOD]LQJ SDQHO ,Q 6WHS  (4  MRLQW IDVWHQHU VHSDUDWLRQ DQG SODVWLF
GHIRUPDWLRQ RI WKH JULG HOHPHQWV ZHUH REVHUYHG LQ DOO VSHFLPHQV EXW WKHUH ZDV QR RYHUDOO
EUHDNDJHRUGURSSLQJRIWKHJODVVLQDQ\RIWKHVSHFLPHQVGXULQJWKHH[FLWDWLRQVWHS
'HILQLWLRQRIGDPDJHOLPLWE\SHUIRUPDQFHOHYHORIJOD]LQJFXUWDLQZDOO
,QRUGHUWRFRPSDUHWKHGHJUHHRIGDPDJHLQWKHJOD]LQJFXUWDLQZDOOWKHGDPDJHOLPLWVIRU
HDFKSHUIRUPDQFHOHYHORIWKHJOD]LQJFXUWDLQZDOOZHUHGHILQHGFRQVLGHULQJ$6&(DQG
GRPHVWLFSDSHUV7KHRSHUDWLRQDOOHYHOLVWKHOHYHORIGDPDJHWKDWPDLQWDLQVWKHIXQFWLRQDOLW\
RIWKHFXUWDLQZDOOZLWKRXWUHSODFHPHQWRIWKHVXESDUWVDQGWKHGDPDJHOHYHORIWKH3RVLWLRQ
5HWHQWLRQ ZDV GHILQHG DV WKDW RI VXESDUWV QHHGLQJ UHSODFHPHQW RU UHSDLU VXFK DV PDMRU
FUDFNLQJLQWKHVLOLFRQHSDUWLDOFUDFNRIWKHJODVVRUWKHGDPDJHWKDWLVFOHDUO\LGHQWLILHGZLWK
WKHQDNHGH\H,QDGGLWLRQGDPDJHUHTXLULQJLPPHGLDWHHYDFXDWLRQRISHRSOHVXFKDVIDOOLQJ
JODVVGHEULVRYHUDOOFUDFNVLQWKHJOD]LQJSDQHOVDQGH[FHVVLYHIDLOXUHRIWKHFRYHUSLHFHVZHUH
GHILQHGDVGDPDJHVWRVDIHW\OHYHOV1RQHRIWKHWKUHHSKDVHVDOORZHGGDPDJHWKDWFRXOGFDXVH
VHULRXVKD]DUGVXFKDVIDOOLQJRIJOD]LQJSDQHOVFROODSVHRIWKHJULGHOHPHQWV
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7DEOH'HILQLWLRQRIGDPDJHJOD]LQJFXUWDLQZDOOV\VWHPE\SHUIRUPDQFHOHYHO
&ODVVLILFDWLRQ

*OD]LQJ
&XUWDLQ
:DOO
6\VWHP

$FFHSWDEOHGDPDJHVWDWHV
0LQRUIDLOXUH 

$FFHSWDEOHGDPDJHVWDWHV
0DMRU)DLOXUH 

2SHUDWLRQDO
23 

3RVLWLRQ5HWHQWLRQ
35 

/LIH6DIHW\
/6 

*OD]LQJ

 0LQRU &UDFN RI WKH
VHDOLQJPDWHULDO

 0DMRU ([SDQVLRQ RI VLOLFRQH
FUDFNV
3DUWLDOFUDFNVLQWKHJOD]LQJSDQHO

7RWDOFUDFNVLQWKHJOD]LQJSDQHO
)DOOLQJRIJODVVGHEULV

*ULG
HOHPHQW

 /RRVHQLQJ RI WKH
FRYHUSLHFHV

DIHZFRYHUSLHFHVIDLOHG
0LQRUSODVWLFGHIRUPDWLRQRIWKH
JULGHOHPHQWV
0LQRU3ODVWLFGHIRUPDWLRQRIWKH
IDVWHQHUVDQGEROWV

([FHVVLYHIDLOXUHRIWKHFRYHUSLHFH
 ([FHVVLYH SODVWLF GHIRUPDWLRQ RI
WKHJULGHOHPHQW
 ([FHVVLYH SODVWLF GHIRUPDWLRQ RI
WKHIDVWHQHUVDQGEROWV

 &21&/86,216
,QWKLVVWXG\VKDNLQJWDEOHWHVWLVFRQGXFWHGRIJOD]LQJFXUWDLQZDOOV\VWHPZLWKUHIHUHQFH
WRWKH556SUHVHQWHGE\,&&(6$&$IWHUFRQGXFWLQJWKLVH[SHULPHQWWKHGDPDJHVRI
HDFKVSHFLPHQZDVDVVHVVHGWKURXJKDYLVXDOLQVSHFWLRQIRUHDFKVWHSDQGWKHUHVXOWVDUHVKRZQ
LQWKHGDWDDERYH,QDGGLWLRQLQRUGHUWRHYDOXDWHWKHUHVXOWVRIWKLVH[SHULPHQWZHVXJJHVWHG
GDPDJHVRIWKHJOD]LQJFXUWDLQZDOOV\VWHPWKDWFRQVLGHUHGSHUIRUPDQFHOHYHOVE\UHIHUULQJ
GRPHVWLFUHVHDUFKDQGLQWHUQDWLRQDOVWDQGDUGVVXFKDV$6&(DQG$6&(7KHW\SHV
RIGDPDJHRFFXUDORQHRULQFRPELQDWLRQDQGKDYHEHHQVKRZQVHDOLQJPDWHULDOFUDFNVIDVWHQHU
DQG JULG HOHPHQW PRYHPHQW DQG JODVV EUHDNDJH )LJXUH  VKRZV WKH UHVXOWV RI WKH GDPDJH
DVVHVVPHQWRIJOD]LQJFXUWDLQZDOOV\VWHPE\SHUIRUPDQFHOHYHODQGDOVRLQGLFDWHGDFFHSWDEOH
VWRU\GULIWDQJOHRIGRPHVWLFVWHHOVWUXFWXUH7KHFRQFOXVLRQVDUHDVIROORZV

)LJXUH'DPDJHDVVHVVPHQWRIJOD]LQJFXUWDLQZDOOV\VWHPE\SHUIRUPDQFHOHYHO

 'DPDJH RFFXUUHG VLPXOWDQHRXVO\ RU LQGLYLGXDOO\ RQ JOD]LQJ DQG JULG HOHPHQWV ,Q
DGGLWLRQDVWKHHQGFOHDUDQFHZLGHQHGVLOLFRQPDWHULDOGDPDJHRFFXUUHGIURPWKHLQLWLDOVWHS
ZKHUHDVGDPDJHWRWKHJULGHOHPHQWRFFXUUHGDWDODUJHUVWRU\GULIWDQJOH
 7KHGDPDJHRFFXUUHGIRUWKHILUVWWLPHLQDOOVSHFLPHQVLQ6WHS RIVWRU\GULIW
DQJHO  H[FHSW IRU WKH ' VSHFLPHQ 6SHFLPHQ '  ZKLFK IDLOHG WR PHHW WKH GRPHVWLF
VWUXFWXUDOVWDQGDUG .'6 WKHGDPDJHSDWWHUQRI/LIH6DIHW\OHYHOVXFK
DVDVOLSRUGHIRUPDWLRQRIWKHIDVWHQHUZDVVKRZQEHIRUHGDPDJHVRI2SHUDWLRQDODQG3RVLWLRQ
5HWHQWLRQOHYHO+RZHYHULQWKHFDVHRIVSHFLPHQVVDWLVI\LQJWKHFULWHULD '' GDPDJHV
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LQFOXGLQJWKHVOLSRIWKHIDVWHQHULVRFFXUUHGDIWHUWKHVHDOLQJPDWHULDOFUDFNHG
 ,QWKHFDVHRIWKH'VSHFLPHQZLWKLQVXIILFLHQWHQGFOHDUDQFHGDPDJHWRWKHOLIHVDIHW\
OHYHORFFXUUHGEHIRUHUHDFKLQJWKHOLIHVDIHW\VWRU\GULIWDQJOHRIRIWKHVWHHOVWUXFWXUH
GHVLJQHG DV D VHLVPLF FDWHJRU\  ZDV VKRZQ ,Q DGGLWLRQ DOO RI WKH VSHFLPHQV ZKLFK KDG
VXIILFLHQWHQGFOHDUDQFHZHUHVXEMHFWWRGDPDJHWKDWVDWLVILHGWKHFULWHULD7KHUHIRUHWKHFXUUHQW
UHODWLYH GLVSODFHPHQW UHTXLUHPHQW .'6       IRU FXUWDLQ ZDOO JODVV DUH
VXLWDEOHEXWVRPHUHVHDUFKLVUHTXLUHG IRUPPZKLFKLVWKHPLQLPXPHGJHFOHDUDQFH LQ
FULWHULD
 7KH VWRU\ GULIW DQJOH DW WKH ILQDO H[FLWDWLRQ VWDJH 6WHS   ZDV DERXW  UDG DQG
XQDFFHSWDEOHGDPDJHVXFKDVDGURSRIWKHJOD]LQJSDQHODQGFROODSVHRIJULGHOHPHQWVGLGQRW
RFFXUEXWDOOVSHFLPHQVZHUHVKRZHGSDUWLDOEUHDNDJHRIWKHJOD]LQJSDQHODW6WHS (4 
,QODVW6WHS (4 H[FHVVLYHSODVWLFGHIRUPDWLRQRIWKHJULGHOHPHQWVDQGVHSDUDWLRQRI
WKHIDVWHQHUVDUHRFFXUUHG
 6LQFHDOOVSHFLPHQVKDGSDUWLDOFUDFNLQJLQJOD]LQJSDQHODWWKHHGJHVPHDVXUHVZHUH
H[SHFWHGWREHQHHGHGWRSUHYHQWWKHHGJHVIURPFROOLGLQJZLWKWKHFXUWDLQZDOOVWUXFWXUHDQG
JOD]LQJ,QDGGLWLRQLQWKHFDVHRIWKHKLGGHQEDUW\SHRIFXUWDLQZDOOIDLOXUHLQWKHVWUXFWXUDO
VHDOLQJPDWHULDOLVGLUHFWO\UHODWHGWRGURSRXWRIWKHJOD]LQJSDQHO7KHUHIRUHLWLVQHFHVVDU\WR
VWXG\WKHGDPDJHOLPLWRIKLGGHQEDUW\SHFXUWDLQZDOOWKDWFRQVLGHUHGWKHSHUIRUPDQFHOHYHO
$&.12:/('*0(176
7KLV UHVHDUFK ZDV VXSSRUWHG E\ D JUDQW $8'3&  IURP WKH $UFKLWHFWXUH 
8UEDQ 'HYHORSPHQW 5HVHDUFK 3URJUDP IXQGHG E\ 0LQLVWU\ RI /DQG ,QIUDVWUXFWXUH DQG
7UDQVSRUWRIWKH.RUHDQJRYHUQPHQW
5()(5(1&(6
>@ $6&(0LQLPXP'HVLJQORDGVIRUEXLOGLQJDQGRWKHUVWUXFWXUHV$PHULFDQ6RFLHW\RI
&LYLO(QJLQHHUV6WDQGDUGV$6&(6(,F
>@ $6&(6HLVPLF(YDOXDWLRQDQG5HWURILWRI([LVWLQJ%XLOGLQJV$PHULFDQ6RFLHW\RI
&LYLO(QJLQHHUV6WDQGDUGV$6&(6(,F
>@ )HGHUDO (PHUJHQF\ 0DQDJHPHQW $JHQF\ 5HGXFLQJ WKH ULVNV RI 1RQVWUXFWXUDO
(DUWKTXDNH'DPDJH)(0$()(0$F
>@ ,&&(6 $FFHSWDQFH &ULWHULD IRU 6HLVPLF &HUWLILFDWLRQ E\ 6KDNH WDEOH 7HVWLQJ RI
1RQVWUXFWXUDO&RPSRQHQWVF
>@ 2K6DQJ+RRQ3DUN-RQJ:RQ3DUN+DH<RQJ(DUWKTXDNH(QJLQHHULQJ6RFLHW\RI
.RUHD6KDNH7DEOH7HVWRQ6HLVPLF3HUIRUPDQFH(YDOXDWLRQRIWKH%ROWHG&RQQHFWLRQ
7\SHSDQHOLQJ6\VWHPZLWK([WHULRU)LQLVK0DWHULDOF
>@ $UFKLWHFWXUDO,QVWLWXWHRI.RUHD.RUHD%XLOGLQJ&RGHDQG&RPPHQWDU\.%&
F
>@ $PHULFDQ$UFKLWHFWXUDO0DQXIDFWXUHV$VVRFLDWLRQ $$0$ 5HFRPPHQGHG'\QDPLF
7HVW PHWKRG IRU GHWHUPLQLQJ WKH 6HLVPLF 'ULIW &DXVLQJ *ODVV )DOORXW IURP D :DOO
6\VWHPV3XEOLFDWLRQ12$$0$F
>@ %DRIHQJ+XDQJ6KLPLQJ&KHQ:HQVKHQJ/X.KDOLG00RVDODP6RLO'\QDPLFV
DQG (DUWKTXDNH (QJLQHHULQJ 6HLVPLF GHPDQG DQG H[SHULPHQWDO HYDOXDWLRQ RI WKH
QRQVWUXFWXUDOEXLOGLQJFXUWDLQZDOO$UHYLHZF
>@ &DUROLQD $LHOOR 1LFROD &DWHULQR *LXVHSSH 0DGGDORQL $QWRQLR %RQDWL $QQDOLVD
)UDQFR$QRWRQLR2FFKLX]]L&RQVWUXFWLRQDQG%XLOGLQJ0DWHULDOV([SHULPHQWDODQG
QXPHULFDO LQYHVWLJDWLRQ RI F\FOLF UHVSRQVH RI D JODVV FXUWDLQ ZDOO IRU VHLVPLF
SHUIRUPDQFHDVVHVVPHQWF



(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

(;3(5,0(17$/6(,60,&$66(660(17$1'3527(&7,212)
086(80$57()$&76
0)UDJLDGDNLV /'L6DUQR $6DHWWD0*&DVWHOODQR ,5RFFD 6'LDPDQWRSRX
ORV9&UR]HW ,3ROLWRSRXORV 7&KDXGDW69DVLF,(%DO(6P\URX,3V\FKD
ULV 7&+XWFKLQVRQ/%HUWR


6FKRRORI&LYLO(QJLQHHULQJ1DWLRQDO7HFKQLFDO8QLYHUVLW\RI$WKHQV
,URRQ3RO\WHFKQLRX$WKHQV*UHHFH
PIUDJ#PDLOQWXDJU^VGLDPDGRSLSV\FK`#FHQWUDOQWXDJU




8QLYHUVLW\RI6DQQLR%HQHYHQWR,WDO\
8QLYHUVLW\RI/LYHUSRRO8.
OGLVDUQR#XQLVDQQLRLW

'HSDUWPHQWRI$UFKLWHFWXUDO&RQVWUXFWLRQ8QLYHUVLW\,8$9
9HQLFH,WDO\
^VDHWWDOEHUWR`#LXDYLWURFFDLUHQH#OLEHURLW


5HVHDUFK 'HYHORSPHQW6XSHUYLVRU),3PHFVUO
9LD6FDSDFFKLz6HOYD]]DQR'HQWUR 3' ±,WDO\
PDULDJDEULHOODFDVWHOODQR#ILSPHFLW


'(16HUYLFHG¶pWXGHVPpFDQLTXHVHWWKHUPLTXHV 6(07 
&($8QLYHUVLWp3DULV6DFOD\)*LIVXU<YHWWH)UDQFH
^YLQFHQWFUR]HWLRDQQLVSROLWRSRXORVWKLHUU\FKDXGDWVDQGUDYDVLF`#FHDIU


'HSDUWPHQWRI6WUXFWXUDO(QJLQHHULQJ8QLYHUVLW\RI&DOLIRUQLD
6DQ'LHJR*LOPDQ'U0&/D-ROOD&$
WDKXWFKLQVRQ#XFVGHGX


5HVHDUFK&HQWUHIRU%XLOW(QYLURQPHQW1RRUGHU5XLPWH+DQ]H8QLYHUVLW\RI$SSOLHG6FLHQFHV*UR
QLQJHQ7KH1HWKHUODQGV
^LHEDOHVP\URX`#SOKDQ]HQO

.H\ZRUGV DUWHIDFWV PXVHXP VWDWXHV EXVWV URFNLQJ EDVH LVRODWLRQ VKDNLQJWDEOH VKDSH
PHPRU\DOOR\VHLVPLFORDGLQJHDUWKTXDNH
$EVWUDFW Earthquakes are a major threat to monuments and to museums and their valuable
contents worldwide. The protection of cultural heritage structures and also of museums and
their treasures against earthquakes is hence a top priority. The paper will present large scale
shaking table tests on cultural heritage assets and will emphasize on the use computing models in tandem with experimental testing. More specifically, the paper will present an extensive



0)UDJLDGDNLVHWDO

experimental campaign on the seismic response of artefacts, with emphasis on statues and
busts. The tests have been carried out in the framework of SEREME project (Seismic Resilience of Museum Contents) at the AZALEE seismic simulator of CEA in Saclay, Paris under
the auspices of the EC funded SERA project. The aim is to understand the seismic response of
statues and busts and then develop novel and cost-effective risk mitigation schemes for improving the seismic resilience of museum valuable contents. The study is focused on the investigation of the seismic response of two real-scale marble roman statues and three busts of
three roman emperors standing on pedestals of different types and size. Both non-isolated and
seismically isolated artefacts are considered, while two new and highly efficient base isolation systems, tailored to art objects, have been tested. The first isolator is a pendulum-based
system, while the second utilizes Shape Memory Alloy wires. Specifically tailored, numerical
models of varying complexity, for single and two-block rocking systems, were developed for
the needs of this study and are also assessed against the experimental results.


,1752'8&7,21

(DUWKTXDNHDFWLRQVSRVHDQLPPHQVHWKUHDWWRPXVHXPVDQGWKHLUFRQWHQWV)RUH[DPSOH
GXULQJ WKH UHFHQW HDUWKTXDNHV RQ  -XO\  DQG  0DUFK  LQ WKH LVODQG RI .RV
*UHHFH DQGLQ=DJUHE &URDWLD UHVSHFWLYHO\VHYHUHDQGZLGHVSUHDGGDPDJHZHUHUHSRUWHG
LQWKHDUFKDHRORJLFDOPXVHXPVRIWKHFLWLHV7KHHDUWKTXDNHVH[WHQVLYHO\GDPDJHGWKHVFXOS
WXUHH[KLELWLRQZKHUHPDQ\DUWHIDFWVZHUHGLVORFDWHGOHDQHGDJDLQVWWKHZDOOVRURYHUWXUQHG
,QWKHFDVHRIKHDY\DQGVOHQGHUVFXOSWXUHVWKHRYHUWXUQLQJPHFKDQLVPDSDUWIURPGDPDJLQJ
WKHVFXOSWXUHVWKHPVHOYHVSRVHVDVHULRXVWKUHDWWRRWKHUVWDQGLQJH[KLELWVLQWKHJDOOHU\DQG
WKHYLVLWRUV,WLVWKHUHIRUHRISDUDPRXQWLPSRUWDQFHWRUHO\RQPHWKRGVDQGWRROVIRUFKDUDF
WHUL]LQJWKHVHLVPLFULVN RIPXVHXPDUWHIDFWV DQGZKHUHQHFHVVDU\SURSRVLQJFRVWHIILFLHQW
SURWHFWLYHPHDVXUHV
7KHVWXG\RIWKHVHLVPLFEHKDYLRXURIPXVHXPDVVHWVDQGWKHLQYHVWLJDWLRQRIQRYHODQG
FRVWHIIHFWLYHULVNPLWLJDWLRQVFKHPHVIRULPSURYLQJWKHVHLVPLFUHVLOLHQFHRI(XURSHDQPX
VHXPVKDVUHFHLYHGOLWWOHDWWHQWLRQLQWKHSDVW7KH+6(5$SURMHFW6HLVPLF5HVLOLHQFHRI
0XVHXPFRQW(QWV 6(5(0( DLPVWRILOOWKLVJDSWKURXJKH[WHQVLYHVKDNHWDEOHWHVWVRQUHDO
VFDOH EXVWV DQG VWDWXHV 7KH DLP RI WKLV ODUJH H[SHULPHQWDO FDPSDLJQ LV WR XQGHUVWDQG WKH
VHLVPLFUHVSRQVHRIVWDWXHVDQGEXVWVDQGWKHQGHYHORSQRYHODQGFRVWHIIHFWLYHULVNPLWLJD
WLRQ VFKHPHV IRU LPSURYLQJ WKH VHLVPLF UHVLOLHQFH RI PXVHXP YDOXDEOH FRQWHQWV 7KH VWXG\
IRFXVHV RQ WKH LQYHVWLJDWLRQ RI WKH VHLVPLF UHVSRQVH RI WZR UHDOVFDOH PDUEOH URPDQ VWDWXHV
DQGWKUHHEXVWVRIURPDQHPSHURUVVWDQGLQJRQSHGHVWDOVRIGLIIHUHQWW\SHVDQGVL]H%RWKLVR
ODWHGDQGQRQLVRODWHGDUWHIDFWVDUHFRQVLGHUHGZKLOHWZRQHZDQGKLJKO\HIILFLHQWEDVHLVROD
WLRQ V\VWHPV WDLORUHG WR DUW REMHFWV DUH WHVWHG G\QDPLFDOO\ XQGHU VHLVPLF VFHQDULRV 7KH
WHVWHG LVRODWRUV LQFOXGH D SHQGXOXPEDVHG V\VWHP DQG GHYLFHV ZLWK 6KDSH 0HPRU\ $OOR\
60$ ZLUHV)XUWKHUPRUHWKHLPSRUWDQFHRIWKHKRVWLQJEXLOGLQJLVH[DPLQHG6SHFLILFDOO\
WDLORUHGQXPHULFDOPRGHOVRIYDU\LQJFRPSOH[LW\IRUVLQJOHDQGWZREORFNURFNLQJV\VWHPV
ZLOO GHYHORSHG IRU WKH QHHGV RI WKLV VWXG\ DQG ZLOO EH DVVHVVHG ZLWK WKH DLG RI WKH H[SHUL
PHQWDOUHVXOWVRIWKH6(5(0(FDPSDLJQ
7KHVWXG\RIWKHVHLVPLFYXOQHUDELOLW\RIPXVHXPDUWHIDFWVHVSHFLDOO\RIVOHQGHUKXPDQ
IRUPHGVWDWXHVLVUHODWHGWRWKHUHVHDUFKRQWKHG\QDPLFUHVSRQVHRIURFNLQJULJLGEORFNV7KH
G\QDPLFFKDUDFWHULVWLFVRIWKHKRVWLQJVWUXFWXUHVDUHDOVRLPSRUWDQW7KLVLVHYLGHQWIURPWKH
IDFWWKDWRQPDQ\RFFDVLRQVGDPDJHWRWKHVWUXFWXUHZDVUHSRUWHGOHDYLQJWKHH[KLELWVLQWDFW
DQGYLFHYHUVD$OWKRXJKWKHSUREOHPLVFRXSOHGLWFDQEHVWXGLHGORRNLQJVHSDUDWHO\DWWKH
VWUXFWXUH DQG LWV FRQWHQWV SURYLGHG WKDW WKH FRQWHQWV DUH QRW DWWDFKHG WR WKH EXLOGLQJ 7KH
VHLVPLFUHVSRQVHRIEXLOGLQJFRQWHQWVLVDWRSLFRIJURZLQJLQWHUHVWVLQFHLWLVGLUHFWO\UHODWHG
WR VHLVPLF ORVV DVVHVVPHQW DQG HDUWKTXDNH FRPPXQLW\ UHVLOLHQFH %XLOGLQJ FRQWHQWV FDQ EH
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HLWKHUDWWDFKHGWR WKHVWUXFWXUHRUPD\FRQVLVW RIREMHFWV WKDWDUHVLPSO\VWDQGLQJ0XVHXP
H[KLELWV EHORQJ JHQHUDOO\ WR WKH ODWWHU FDWHJRU\ ZKLOH IUHHVWDQGLQJ FRPSRQHQWV DUH RIWHQ
VWXGLHGDVURFNLQJREMHFWV7KHUHVSRQVHRIWKHODWWHUFRPSRQHQWVLVVHQVLWLYHWRDFFHOHUDWLRQ
DQGYHORFLW\EDVHGTXDQWLWLHVDQGDOVRWKHLUJHRPHWU\7RGD\WKHUHLVODFNRIVWDQGDUGVZKLOH
WKHH[LVWLQJDSSURDFKHVLQWKHOLWHUDWXUHDUHJHQHUDOLQFRQFHSWDQGGRQRWVXIILFLHQWO\DGGUHVV
WKHPHFKDQLVPVRIWKHYDULHW\RIURFNLQJREMHFWV7KHUHOLDELOLW\RIVXFKDQDO\WLFDODSSURDFKHV
KDVDOVREHHQVFDUFHO\YDOLGDWHGZLWKH[WHQVLYHWHVWLQJVXFKDVVKDNHH[SHULPHQWV
&RPPRQVWUXFWXUDODQDO\VLVDQGGHVLJQPHWKRGVUHTXLUHWKHDVVHVVPHQWRIVWUHVVUHVXOWDQWV
DQGGLVSODFHPHQWEDVHGTXDQWLWLHV$GGLWLRQDOO\WKHWKUHHGLPHQVLRQDOURFNLQJUHVSRQVHKDV
QRWUHFHLYHGWKHLQWHUHVWLWGHVHUYHV2QWKHRWKHUKDQGEXLOGLQJFRQWHQWVLQPRVWFDVHVFRQ
VLVWRIREMHFWVWKDWDUHIUHHVWDQGLQJ7KHUHDUHUHFHQWZRUNVLQZKLFKWKHVHLVPLFUHVSRQVHRI
IUHHVWDQGLQJFRQWHQWVLVLQYHVWLJDWHG>@0XVHXPH[KLELWVEHORQJWRWKHODWWHUFDWHJRU\
DQGWKHIUHHVWDQGLQJFRPSRQHQWVDUHRIWHQVWXGLHGDVURFNLQJREMHFWVKHQFHWKHLUUHVSRQVHLV
VHQVLWLYHWRDFFHOHUDWLRQDQGYHORFLW\EDVHGTXDQWLWLHV*HRPHWULFDOSURSHUWLHVRIWKHDUWHIDFWV
DOVR KDYH VLJQLILFDQW HIIHFWV RQ WKH G\QDPLFV DQG HDUWKTXDNH UHVSRQVH RI WKH FRPSRQHQWV
$GGLWLRQDOO\ZKHQIUHHVWDQGLQJFRPSRQHQWVDUHSODFHGRQDSHGHVWDOPDGHHLWKHUIURPPDU
EOHRUVWHHOWKHLUG\QDPLFUHVSRQVHLVPRUHGLIILFXOWWREHSUHGLFWHGZLWKVLPSOLILHGPHWKRGV
7KHVHPLQDODQDO\WLFDOZRUNFDUULHGRXWRQWKHVHLVPLFUHVSRQVHRIURFNLQJREMHFWVLQWKH
¶V>@VWLPXODWHGVHYHUDOTXDQWLWDWLYHVWXGLHVWKDWKDYHIRFXVHGSULPDULO\RQQXPHULFDOVROX
WLRQV >   @ 5HFHQWO\ KRZHYHU 3XUYDQFH HW DO >@ FDUULHG RXW H[WHQVLYH H[SHULPHQWDO
DQG QXPHULFDO VWXGLHV LQ RUGHU WR LQYHVWLJDWH WKH RYHUWXUQLQJ UHVSRQVH RI V\PPHWULF DQG
DV\PPHWULFEORFNVZLWKERWKVLPSOHDQGFRPSOH[EDVDOFRQWDFWFRQGLWLRQVDQGDOVRSURSRVHG
EORFNRYHUWXUQLQJIUDJLOLWLHV6LPLODUO\UHDG\WRXVHIUDJLOLW\FXUYHVZHUHSURSRVHG E\.RQ
VWDQWLQLGLVDQG0DNULV>@WKURXJKDFRPSUHKHQVLYHH[SHULPHQWDOSURJUDPRQIXOOVFDOHIUHH
VWDQGLQJ ODERUDWRU\ HTXLSPHQW ORFDWHG RQ VHYHUDO IORRU OHYHOV 7KH ODWWHU VWXGLHV KRZHYHU
IRFXVHG SULPDULO\ RQ WKH EHKDYLRXU RI VLQJOH EORFNV 'XDO EORFN V\VWHPV ZHUH ILUVW VWXGLHG
QXPHULFDOO\E\3V\FKDULV>@ZKLOHWKHUHFHQWH[SHULPHQWDOZRUNRI:LWWLFKDQG+XWFKLQVRQ
>@VWXGLHGDV\PPHWULFIUHHVWDQGLQJFRPSRQHQWFRQILJXUDWLRQV,WLVZRUWKQRWLQJWKDWIRU
URFNLQJULJLGREMHFWVVXFKDVDUWHIDFWVWKHUHVSRQVHDWOHDVWLQWHUPVRIRYHUWXUQLQJPRWLRQ
LVVL]HGHSHQGHQWWKXVWKHVFDOLQJRIWKHVSHFLPHQVLVQRWSRVVLEOHDQGWKHH[SHULPHQWDOWHVWV
VKRXOGEHEDVHGRQIXOOVFDOHVSHFLPHQV
1RZDGD\VFRQVLGHULQJWKHKXJHHDUWKTXDNHORVVHVUHJLVWHUHGLQWKHUHFHQWHDUWKTXDNHVHV
SHFLDOO\LQWKH0HGLWHUUDQHDQUHJLRQLWLVDOVRGHHPHGLPSHUDWLYHWRSURSRVHYLDEOHDQGFRVW
HIIHFWLYH VHLVPLF SURWHFWLRQ PHDVXUHV IRU IUHHVWDQGLQJ VWDWXHV DQG EXVWV 3RGDQ\ >@ GLV
FXVVHGDUDQJHRIUHWURILWWLQJPHDVXUHVEDVHGRQWKHEHVWSUDFWLFHIROORZHGE\WKH-3DXO*HW
W\0XVHXPLQ/RV$QJHOHVLQ&DOLIRUQLDZKHUHDQHZO\GHYHORSHGEDVHLVRODWLRQGHYLFHKDV
EHHQHPSOR\HG3DVWUHVHDUFKRQWKHVHLVPLFSURWHFWLRQRIDUWREMHFWVXVLQJLVRODWRUVLQFOXGHV
SULPDULO\VHYHUDO DQDO\WLFDOQXPHULFDO LQYHVWLJDWLRQV HJ>@ ZKLOHWR RXUNQRZOHGJH
RQO\ IHZ H[SHULPHQWDO VWXGLHV FDQ EH IRXQG LQ OLWHUDWXUH +RZHYHU WKH HIIHFWLYHQHVV RI WKH
XVHRIVHLVPLFLVRODWRUVIRUOLJKWZHLJKWFRPSRQHQWVVKRXOGEHIXUWKHULQYHVWLJDWHGWRFKDUDF
WHUL]HWKUHVKROGVIRUDFFHOHUDWLRQVDQGKRUL]RQWDOGLVSODFHPHQWVIRUDQDGHTXDWHVHLVPLFSUR
WHFWLRQRIWKHDUWHIDFWV
7KH+6(5$6(5(0(SURMHFWDLPVWRILOOWKHH[SHULPHQWDOJDSVKLJKOLJKWHGDERYH
DQGWRLQFOXGHFRPSUHKHQVLYHVKDNHWDEOHWHVWVRIVHYHUDOFRQILJXUDWLRQRIIUHHVWDQGLQJDQG
EDVHLVRODWHGVWDWXHVDQGEXVWV7KHIUHHVWDQGLQJDUWHIDFWVDUHLQVWDOOHGHLWKHUGLUHFWO\RQWKH
PDUEOHIORRURURQDSHGHVWDO7KHREMHFWLYHRIWKHFDPSDLJQZDVWRJLYHLQVLJKWRQWKHVHLV
PLF EHKDYLRXU RI VWDWXHV DQG EXVWV DV ZHOO DV WR HYDOXDWH WKH HIIHFWLYHQHVV RI WZR GLIIHUHQW
VHLVPLFULVNPLWLJDWLRQV\VWHPV$WRWDORISDLUVRIUHDOVFDOHPDUEOHDUWHIDFWVZHUHWHVWHG
EXVWVLQVWDOOHGRQPDUEOHSHGHVWDOVDQGVWDWXHV6HYHQGLIIHUHQWWHVWLQJDUUDQJHPHQWV DOVR
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WHUPHG³&RQILJXUDWLRQV´ ZHUHFRQVLGHUHGGXULQJWKLVH[SHULPHQWDOFDPSDLJQDQGPRUHWKDQ
VHLVPLFWHVWVZHUHSHUIRUPHG7ZRLQQRYDWLYHEDVHLVRODWLRQGHYLFHVZHUHXWLOL]HGDVUHW
URILWWLQJ UHPHGLHV 7KH ILUVW V\VWHP LV D FRPELQDWLRQ RI IULFWLRQ SHQGXOXP LVRODWRUV >@ D
V\VWHPGHVLJQHGIRUOLJKWFRPSRQHQWV7KHVHFRQGV\VWHPLVDQHZO\GHYHORSHGGHYLFHXWLOL]
LQJVKDSHPHPRU\DOOR\ZLUHVLQWKHKRUL]RQWDOSODQH7KHLVRODWLRQGHYLFHVWHVWHGDUHSDWHQW
HGV\VWHPVQDPHO\,62/$573(1'8/80 ,62/$5760$ZKLFKDUHPDQXIDFWXUHG
E\WKH,WDOLDQFRPSDQ\),30HFDPHPEHURIWKH8VHU7HDP,QRUGHUWRREWDLQDGLUHFWHYDO
XDWLRQRIWKHLVRODWRUHIIHFWLYHQHVVIRUHDFKWHVWFRQILJXUDWLRQSDLUVRIWZRVLPLODUDUWHIDFWV
ZHUHWHVWHGWRJHWKHULQDQLVRODWHGDQGDQRQLVRODWHGDUUDQJHPHQW7KHVKDNHWDEOHWHVWVZHUH
FDUULHGRXWFRQVLGHULQJXQLD[LDOELD[LDODQGWULD[LDOHDUWKTXDNHORDGLQJVDWLQFUHDVLQJDPSOL
WXGHV,QRUGHUWRHYDOXDWHWKHLQIOXHQFHRIWKHIUHTXHQF\FRQWHQWDQGWKHGLUHFWLRQDOLW\RIWKH
VHLVPLFH[FLWDWLRQGLIIHUHQWZDYHIRUPVZHUHDSSOLHGWRWKHVKDNHWDEOH XQLGLUHFWLRQDO
PRWLRQV ELGLUHFWLRQDOPRWLRQV DQGWULGLUHFWLRQDOPRWLRQV 5HJDUGLQJWKHLQVWUXPHQWD
WLRQWKHDUWHIDFWVPRWLRQVZHUHUHFRUGHGXVLQJDFFHOHURPHWHUVJ\URVFRSLFDQGGLVSODFHPHQW
VHQVRUV


086(80&217(1767(67('

7KH H[SHULPHQWDO FDPSDLJQ RI 6(5(0( IRFXVHG RQ WKH LQYHVWLJDWLRQ RI WKH VHLVPLF EH
KDYLRXURIUHDOVFDOHPDUEOHVWDWXHVDQG EXVWVVWDQGLQJRQSHGHVWDOV7KHFDVHVWXG\ VWDWXHV
DQGEXVWVZHUHVHOHFWHGZLWKGLIIHUHQWJHRPHWU\DQGZHLJKWVWKH\DUHUHSOLFDVRIDQFLHQWUR
PDQHPSHURUV)LYHEXVWVRIURPDQHPSHURUVZHUHXWLOL]HGWZRRIHPSHURU7UDLDQRWZRRI
$XJXVWR DQGRQHRI7LWR)XUWKHUPRUHIRXUVWDWXHVZHUH DOVR SXUFKDVHG WZRVWDQGLQJRQ D
ORZKHLJKWPDUEOHSHGHVWDO TXRWHGDV³)LJXUD)HPPLQLOH´ DQGWZRVLPSOHIHPDOHIRUPVWDW
XHV TXRWHG DV ³)DQFLXOOD´  6LQFH DOO VSHFLPHQV DUH PDGH IURP VROLG PDUEOH WKH DYHUDJH
ZHLJKWRIWKHEXVWVLVNJZKLOHWKDWRIWKHVWDWXHVZDVNJ7KHUHSOLFDVRIWKH
VDPHVWDWXHEXVWKDYHDSSUR[LPDWHO\WKHVDPHJHRPHWU\EXWWKH\DUHQRWSHUIHFWO\LGHQWLFDO
)LJXUH 7KHVHLVPLFUHVSRQVHRIDGLVSOD\FDVHZDVDOVRH[DPLQHG

;ĂͿ

;ďͿ

)LJXUH&RPSRQHQWVXVHGIRUWKHVKDNHWDEOHWHVWV D %XVWVDQGGLVSOD\FDVH E IHPDOHVWDWXHV

7KHEXVWVDUHSODFHGRQDSHGHVWDOZKLFKLVXVHGWREULQJWKHVSHFLPHQVWRWKHH\HOHYHORI
WKH YLVLWRU 7KUHH GLIIHUHQW SHGHVWDO W\SHV ZHUH LGHQWLILHG DQG WKHQ DGRSWHG IRU WKH H[SHUL
PHQWDOWHVWV L VROLGSHGHVWDOZLWKGLPHQVLRQVîîFP LL KROORZSHGHVWDOZLWKGL
PHQVLRQVîîFPDQG LLL PRGHUQW\SHPHWDOOLFSHGHVWDOVWKDWZHUHSURYLGHGE\WKH
,WDOLDQPDQXIDFWXUHU )DOODQL 7KHWUDGLWLRQDOKROORZDQGVROLGSHGHVWDOV ZHUHPDGHRIFRQ
FUHWHZKLFKKDVDVSHFLILFZHLJKWFORVHWRWKDWRIPDUEOH7RUHSURGXFHUHDOLVWLFFRQGLWLRQVIRU
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LQVLWX IULFWLRQ RQ WKH XSSHU DQG WKH ORZHU IDFH RI WKH SHGHVWDOV  FP WKLFN PDUEOH SODWHV
ZHUHLQVWDOOHG6ROLGSHGHVWDOVKDYHODUJHZHLJKWV QHDUO\NJ DQGWKH\DOVRHPSOR\ODUJH
EDVHV WKXV WKHVH SHGHVWDOV DUH QRW SURQH WR XSOLIW 2Q WKH RWKHU KDQG KROORZ SHGHVWDOV DUH
VOHQGHUZLWKZHLJKWNJDQGKDYHDEDVHZLWKVPDOOHUZLGWKHTXDOWRF)XUWKHUPRUHLWV
FHQWUHRIJUDYLW\LVPXFKKLJKHUFRPSDUHGWRWKHVROLGFDVH7KHPHWDOOLFSHGHVWDOKDVDODUJH
VTXDUHEDVHZLWKVLGHHTXDOWRFPDQGLWZHLJKVRQO\NJ
,QRUGHUWRVLPXODWHWKHIORRURIPXVHXPVZKHUHW\SLFDOO\EXVWVDQGVWDWXHVDUHKRVWHGWKH
QRQLVRODWHGVSHFLPHQVZHUHSODFHGRQDPDUEOHIORRUVXUIDFH7KHPDUEOHKDVWKLFNQHVVHTXDO
WRFPDQGLWLVSRVLWLRQHGRQVWLIIZRRGDOVRFPWKLFN%RWKPDUEOHDQGZRRGZHUHGLUHFW
O\EROWHGRQWKHVKDNHWDEOH$OOVSHFLPHQVDUHSODFHGRQWRSRIWKHPDUEOHIORRUDQGSHGHVWDO
ZLWKRXWDQ\FRQQHFWLRQPDWHULDO,QWKHFDVHRILVRODWHGVSHFLPHQVWKHLVRODWRUZDVEROWHGRQ
WKHWDEOHZLWKWKHDLGRIVSHFLILFKROGHUVWKDWDGMXVWVWKHKROHVRIWKHWDEOHWRWKHKROHVRIWKH
GHYLFH)RUWKH60$LVRODWRUVPDUEOHSODWHVZHUHJOXHGRQWKHXSSHUVXUIDFHRIWKHLVRODWRU
ZKLOHWKHVSHFLPHQVDUHVLPSO\VWDQGLQJ

)LJXUH D *HRPHWULFSURSHUWLHVRIWKH(PSHURU$XJXVWEXVW

7KH VWDWLF IULFWLRQ FRHIILFLHQW ZDV PHDVXUHG IRU WKH PDUEOHPDUEOH LQWHUIDFH ZLWK LQFOLQHG
WHVWV7KHLQFOLQHGWHVWVZHUHUHSHDWHGWLPHVLQRUGHUWRGHWHUPLQHWKHPHDQIULFWLRQDQJOH
)RUWKHSODWHSODWHPDUEOHLQWHUIDFHWKHPHDQIULFWLRQFRHIILFLHQW ȝZDVIRXQGHTXDOWR
ZKLOHIRUWKHEXVWSODWHLQWHUIDFHLWZDVIRXQGHTXDOWR7KHYDOXHVRIWKHIULFWLRQFRHIIL
FLHQWIRUSODWHSODWHLQWHUIDFHWKDWZHUHGHULYHGH[SHULPHQWDOO\FRPSO\ZLWKWKRVHSURYLGHGLQ
WKH OLWHUDWXUH &RQYHUVHO\ WKH IULFWLRQ PDUEOHSODWH LQWHUIDFH ZDV IRXQG XQH[SHFWHGO\ ORZ
+RZHYHUERWKPHDQYDOXHVZHUHDOVRYHULILHGGXULQJWKHVKDNHWDEOHWHVWVZKHUHVOLGLQJZDV
REVHUYHGDSSUR[LPDWHO\DWSHDNJURXQGDFFHOHUDWLRQ 3*$ YDOXHVFORVHWRWKHRQHVPHDVXUHG
WKHFRQGLWLRQWRKDYHIULFWLRQLV3*$!ȝJ 7RLQFUHDVHWKHIULFWLRQFRHIILFLHQWZKHUHQHFHV
VDU\DWKLQOD\HURIDUXEEHUPDWHULDOZDVJOXHGDWWKHERWWRPRIWKHEXVWV7KHIULFWLRQFRHIIL
FLHQWDWWKHLQWHUIDFHRIWKHPDUEOHIORRUDQGWKHERWWRPRIWKHVWDWXHVZDVIRXQGVXIILFLHQWO\
KLJKDQGWKXVQRPHDVXUHVZHUHUHTXLUHG
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/DVHUVFDQQLQJZDVFDUULHGRXWE\DMRLQWUHVHDUFKWHDPEHIRUHPRYLQJWKHPWKHDUWHIDFWV
IURPWKHYHQGRUWR&($'LJLWDOL]DWLRQZLWKODVHUVFDQQLQJSURYLGHVWKHJHRPHWULFDOSURSHU
WLHVRIWKHVSHFLPHQV7KHSXUSRVHRIODVHU VFDQQLQJLV WZRIROG L LWSURYLGHVDILQLWHHOH
PHQW )(  PHVK RI WKH JHRPHWU\ RI WKH DUWHIDFWV WKDW FDQ EH XVHG WR SHUIRUP QXPHULFDO
VLPXODWLRQV DQG LL  LW DOORZV WKH FDOFXODWLRQ RI IXQGDPHQWDO SURSHUWLHV RI WKH FRPSRQHQWV
VXFKDVWKHFHQWUHRIPDVV &0 WKHWRWDOPDVVWKHURWDWLRQDOPRPHQWVRILQHUWLDDQGWKHGLV
WDQFHRIWKH&0IURPWKHSLYRWSRLQWV)XUWKHUPRUHWKHODVHUVFDQQLQJYHULILHGWKDWWKHVSHF
LPHQVDUHPDGHIURPVROLGPDUEOHWKURXJKFDOFXODWLQJWKHUDWLRRIWKHVFDQQHGYROXPHRYHU
WKHPHDVXUHGZHLJKWRIHDFKVSHFLPHQ([DPSOHRIODVHUVFDQQLQJLQIRUPDWLRQREWDLQHGDUH
VKRZQLQ)LJXUHIRUWKHEXVWRI(PSHURU$XJXVW
7ZRGLIIHUHQWEDVHLVRODWRUWHFKQRORJLHVZHUHDGRSWHG )LJXUH DIULFWLRQSHQGXOXPLVR
ODWRUDQGDQLQQRYDWLYHGHYLFHZLWKVKDSHPHPRU\DOOR\ 60$ ZLUHV7KHWHVWHGVHLVPLFLVR
ODWRUV\VWHPV ZHUHPDQXIDFWXUHGE\WKH ,WDOLDQ FRPSDQ\ ),30HFVUO WKHVHOHFWHGLVRODWRUV
DUHPDUNHWHGDV,62/$5760$DQG,62/$573(1'8/80UHVSHFWLYHO\,62/$57
3(1'8/80LVVLPLODUWRFRPPRQSHQGXOXPLVRODWRUVXVHGIRUVWUXFWXUHVEXWLWFRQVLVWVRI
GLIIHUHQWPDWHULDOVDQGLWKDVEHHQGHVLJQHGVSHFLILFDOO\IRUORZPDVVVWUXFWXUHVVXFKDVRE
MHFWVRIDUW7KHPDLQGLIIHUHQFHEHWZHHQWKHWZRLVRODWLRQGHYLFHVLVWKHUDQJHRIPDVVRIWKH
REMHFWV WR VHLVPLFDOO\ LVRODWH )RU RUGLQDU\ IULFWLRQ SHQGXOXP EHDULQJV WKH IULFWLRQ FDQ EH
ODUJHEHFDXVHRIORZYHUWLFDOSUHVVXUH7RRYHUFRPHWKHSUREOHPDQLQFUHDVHRIWKHYHUWLFDO
IRUFHRUDGHFUHDVHRIWKHIULFWLRQFRHIILFLHQWLVUHTXLUHG)RUWKLVSXUSRVHWKHIULFWLRQSHQGX
OXPZDVXVHGWRLVRODWHVHYHUDODUWHIDFWVWRJHWKHUZKLFKDUHVWDQGLQJRQDKHDY\VWHHOSODWH
WKXV LQFUHDVLQJWKHYHUWLFDO IRUFH )LJXUH D 7KHUHIRUHWKUHHSHQGXOXP LVRODWRUVZHUH HP
SOR\HGWRLVRODWHDIORRURQZKLFKDJURXSRIDUWHIDFWV RUDUWHIDFWV ZDVLQVWDOOHG7KHLQ
VWDOODWLRQRIWKH,62/$573(1'8/80GHYLFHVLVVKRZQLQ)LJXUHD

;ĂͿ

;ďͿ

)LJXUH7HVWHGLVRODWLRQV\VWHPV D IULFWLRQSHQGXOXPLVRODWRU E 60$LVRODWRU
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,62/$57 60$ LH WKH 60$EDVHG LVRODWRU LV D QRYHO LVRODWRU EDVHG RQ 60$ ZLUHV
WKDWDUHHIIHFWLYHLQOLPLWLQJWKHKRUL]RQWDOGLVSODFHPHQWVRIWKHGHYLFH,62/$5760$LVD
SDWHQWHGLVRODWLRQV\VWHPZKLFKWDNHVDGYDQWDJHRIWKHVXSHUHODVWLFSURSHUWLHVRI60$ZLUHV
LH WKHLU FDSDFLW\ WR KDYH D VWUHVVLQGXFHG QRQOLQHDU EHKDYLRXU VLPLODU WR HODVWRSODVWLF EH
KDYLRXUXSWRKLJKGHIRUPDWLRQV DERXW DQGXQORDGWR]HURGLVSODFHPHQW$VVKRZQ)LJ
XUH E WKH 60$ LVRODWRU FDQ EH XVHG WR LVRODWH D VLQJOH VSHFLPHQ HDFK WLPH ZKLFK LV D
VLJQLILFDQW DGYDQWDJH $OWKRXJK DOO 60$ LVRODWRUV DGRSWHG KDYH WKH VDPH GLPHQVLRQV WKH
SURSHUWLHVRIWKH60$PD\GLIIHU7KUHHGLIIHUHQWW\SHVRI60$LVRODWRUVZHUHWHVWHG
'XHWRWKHODUJHYDULHW\RIVSHFLPHQVSHGHVWDOVDQGLVRODWRUVVHYHQGLIIHUHQW&RQILJXUD
WLRQVZHUHDQDO\VHGH[SHULPHQWDOO\XVLQJWKH'2)VVKDNHWDEOH$=$/((7KHVHYHQWHVW
LQJFRQILJXUDWLRQVZHUHGHVLJQHGWDNLQJLQWRFRQVLGHUDWLRQWKHOLPLWHGWHVWLQJWLPHDYDLODEOH
DQGDOVRWKHQHHGVRIWKHSURMHFW7KHWHVWVRIHDFKFRQILJXUDWLRQODVWHGDSSUR[LPDWHO\RU
GD\V&RQILJXUDWLRQZDVVXEGLYLGHGLQWRILYHVXEFRQILJXUDWLRQVVKRZQLQ)LJXUHXSWR
)LJXUHDQGFRQVLGHUVRQO\WKH60$LVRODWRUV7KHFDSWLRQRIHDFKILJXUHH[SODLQVWKHSURS
HUWLHVRIWKHWHVWHGFRQILJXUDWLRQ,QRUGHUREWDLQDGLUHFWFRPSDULVRQEHWZHHQWKHLVRODWHGDQG
WKH QRQLVRODWHG FDVH WKH VXEFRQILJXUDWLRQV FRPSDUH SDLUV RI WZR VLPLODU DUWHIDFWV WHVWHG
VLGHE\VLGHLQDQLVRODWHGDQGDQRQLVRODWHGDUUDQJHPHQW,QVWHDGRIWHVWLQJVLPXOWDQHRXVO\
PRUHWKDQDSDLURIVSHFLPHQVVLQJOHSDLUVZHUHFRQVLGHUHGHYHU\WLPH7KLVSUDFWLFHRIIHUHG
VSHHGGXULQJWKHWHVWVZKLOHLWDOVRDOORZHGWRIRFXVRQRQHWHVWHGSDLUHYHU\WLPH,QFRQILJX
UDWLRQV,DQG,DGLVSOD\FDVHZDVWHVWHGILUVWLVRODWHGDQGWKHQQRQLVRODWHG

)LJXUH&RQILJXUDWLRQ,7UDLDQREXVWRQVROLGSHGHVWDORQPDUEOHDQGRQ60$LVRODWRU

)LJXUH&RQILJXUDWLRQ,7UDLDQREXVWRQVWHHOPHWDOOLFSHGHVWDORQPDUEOHDQGRQ60$LVRODWRU
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)LJXUH&RQILJXUDWLRQ,$XJXVWREXVWRQKROORZSHGHVWDORQPDUEOHDQGRQ60$LVRODWRU

)LJXUH&RQILJXUDWLRQ,)HPDOHVWDWXH )LJXUDIHPPLQLOH VWDQGLQJRQWKHJURXQGSHGHVWDODQGQRQLVRODWHG
GLVSOD\FDVHDQGLVRODWHGGLVSOD\FDVH 60$LVRODWRU 

)LJXUH&RQILJXUDWLRQ,)HPDOHVWDWXH )DQFLXOOD VWDQGLQJRQWKHJURXQGSHGHVWDODQGQRQLVRODWHGGLVSOD\
FDVHDQGQRQLVRODWHGGLVSOD\FDVH
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)LJXUH&RQILJXUDWLRQ,,1RQLVRODWHGYVLVRODWHGVWDWXHV IULFWLRQSHQGXOXPV\VWHP 7KHSDLUVRIVSHFLPHQV
FRPSDUHGDUH L 7UDLDQREXVWRQVROLGSHGHVWDO LL )DQFLXOODDQG LLL )LJXUDIHPPLQLOH

)LJXUH&RQILJXUDWLRQ,,,1RQLVRODWHGYVLVRODWHGVWDWXHV IULFWLRQSHQGXOXPV\VWHP 7KHSDLUVRIVSHFLPHQV
FRPSDUHGDUH L 7LWREXVWRQPHWDOOLFSHGHVWDO LL $XJXVWREXVWRQVROLGSHGHVWDODQG LLL 7UDLDQREXVWRQ
KROORZSHGHVWDO

&RQILJXUDWLRQV ,, DQG ,,, DUH VKRZQ LQ )LJXUH  DQG )LJXUH  UHVSHFWLYHO\ 7KHVH WZR
FRQILJXUDWLRQVWHVWWKHIULFWLRQSHQGXOXPDVVHLVPLFLVRODWRU,Q)LJXUHWKHWZRIHPDOHVWDW
XHV DQG RQH EXVW ZHUH SRVLWLRQHG RQ WRS RI WKH IULFWLRQ SHQGXOXP LVRODWRUV 7KH VSHFLPHQV
ZHUHSRVLWLRQHGRQWKHVWHHO SODWHLQ ZD\WKDWWKHFHQWUHRIPDVVRIWKH VSHFLPHQVDSSUR[L
PDWHO\FRLQFLGHVZLWKWKHFHQWUHRIPDVVRIWKHSODWH&RQILJXUDWLRQ,,, )LJXUH FRPSDUHV
VLPXOWDQHRXVO\WKHWKUHHGLIIHUHQWW\SHVRISHGHVWDOV6LQFHRQO\ILYHEXVWVZHUHDYDLODEOHIRU
WKHPHWDOOLFSHGHVWDOVRQO\WKHQRQLVRODWHGFDVHZDVFRQVLGHUHG)XUWKHUPRUHWKHXSSHUIDFH
RIWKHPHWDOOLFSHGHVWDOVZDVUHLQIRUFHGZLWKDQPPWKLFNVWHHOSODWHZKLFKFRQVLGHUDEOHLP
SURYHGWKHSHUIRUPDQFHRIWKHV\VWHPFRPSDUHGWR&RQILJXUDWLRQ, )LJXUH 


180(5,&$/6,08/$7,216

'XHWRWKHFRPSOH[JHRPHWU\RIPXVHXPH[KLELWVDQGWKHXQFHUWDLQWLHVRIWKHSUREOHPWKH
QXPHULFDOVLPXODWLRQRIDUWHIDFWVDQGPXVHXPH[KLELWV\VWHPVSUHVHQWVVLJQLILFDQWGLIILFXOWLHV
&RPSOH[VLPXODWLRQVVKRXOGEHUHSHDWHGIRUHDFKH[KLELWRUIRUJURXSVRIH[KLELWVZLWKVLPL
ODUJHRPHWULFDOFKDUDFWHULVWLFV0RUHRYHUGHVSLWHWKHJUHDWYDOXHRIPXVHXPH[KLELWVLQSUDF
WLFH DOO GHFLVLRQV DERXW WKHLU VDIHW\ DUH WDNHQ E\ PXVHXP FXUDWRUV ZKR KDYH HPSLULFDO
NQRZOHGJHHJH[SHULHQFHRISDVWHDUWKTXDNHVEXWQRWHFKQLFDOEDFNJURXQGWRSHUIRUPVR
SKLVWLFDWHGFRPSXWHUVLPXODWLRQV
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^ƚĂŶĚŝŶŐĐŽŶĚŝƚŝŽŶƐ

ƵƐƚŽŶůǇ
ƵƐƚŽŶƐŽůŝĚƉĞĚĞƐƚĂů
ƵƐƚŽŶŚŽůůŽǁƉĞĚĞƐƚĂů
ƵƐƚŽŶƐƚĞĞůƉĞĚĞƐƚĂů
ƵƐƚŽŶůǇ
ƵƐƚŽŶƐŽůŝĚƉĞĚĞƐƚĂů
ƵƐƚŽŶŚŽůůŽǁƉĞĚĞƐƚĂů
ƵƐƚŽŶƐƚĞĞůƉĞĚĞƐƚĂů

ZŽĐŬŝŶŐĐĐĞůĞƌĂƚŝŽŶ;ŐͿ
ĂƌŽĐŬ͕͕ǆ
ĂƌŽĐŬ͕͕ɉ
Ϭ͘Ϯϰϰ

Ϭ͘ϮϬϳ

Ϭ͘Ϯϵϲ
Ϭ͘ϮϰϬ
Ϭ͘ϯϯϬ
Ϭ͘ϮϬϳ
Ϭ͘Ϯϵϯ
Ϭ͘Ϯϴϯ
Ϭ͘Ϯϴϯ
Ϭ͘ϮϮϬ
Ϭ͘ϯϭϴ

Ϭ͘ϮϮϲ
Ϭ͘Ϯϯϲ
Ϭ͘ϯϯϭ
Ϭ͘ϮϬϴ
Ϭ͘ϮϵϮ
Ϭ͘Ϯϱϰ
Ϭ͘Ϯϱϯ
Ϭ͘Ϯϭϲ
Ϭ͘ϯϭϬ

KǀĞƌƚƵƌŶŝŶŐ;ŵŵͬƐͿ
ǀĐƌ͕y
ǀĐƌ͕z
Ϭ͘ϰϰϲ
Ϭ͘ϯϰϰ
Ϭ͘ϯϴϮ
Ϭ͘Ϯϵϳ
Ϭ͘ϰϮϯ
Ϭ͘ϮϴϬ
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7DEOH3HDNJURXQGDFFHOHUDWLRQWKDWLQLWLDWHURFNLQJDQGRYHUWXUQLQJYHORFLW\HVWLPDWHV

7KHSRVVLEOHPHWKRGVRIDQDO\VLVDUHHLWKHUVLPSOLILHGFDOFXODWLRQVEDVHGRQILUVWSULQFLSOHV
RU DGYDQFHG PHWKRGV RI DQDO\VLV HJ DQDO\VHV XVLQJ )( PRGHOOLQJ RU WKH GLVFUHWH HOHPHQW
PHWKRG '(0 6LPSOLILFDWLRQVDUHEDVHGRQVLPSOLI\LQJWKHJHRPHWU\WRRQHRUWZRUHFWDQ
JXODU ULJLG ERGLHV 7KHVH DUH EDVLF JHRPHWULF FDOFXODWLRQV WKDW GR QRW UHTXLUH HQJLQHHULQJ
NQRZOHGJHEXWJLYHXVHIXOLQIRUPDWLRQVXFKDVWKHPD[LPXPJURXQGDFFHOHUDWLRQIRUZKLFK
WKHV\VWHPZLOOVOLGHRUZLOOHQJDJHLQWRDURFNLQJPRWLRQ:KHQODVHUVFDQQLQJLQIRUPDWLRQLV
DYDLODEOHWKHVHFDOFXODWLRQVDUHPRUHDFFXUDWHDQGGHVSLWHWKHLUVLPSOLFLW\WKH\DUHYHU\LP
SRUWDQW DQGKHOSIXO7DEOH VKRZVWKHSHDNJURXQGDFFHOHUDWLRQYDOXHVWKDWLQLWLDWHURFNLQJ
IRUHDFKRIWKHVSHFLPHQFRQVLGHUHG,QWKHFDVHRIEXVWVVWDQGLQJRQDSHGHVWDOWKHWZRERG
LHVDUHFUXGHO\DVVXPHGWREHKDYHDVDVLQJOHERG\7DEOHDOVRVKRZVWKHYHORFLW\WKDWWULJ
JHUV RYHUWXUQLQJ PRWLRQ DFFRUGLQJ WR WKH UHODWLRQVKLS SURSRVHG E\ ,VKL\DPD >@ 7KLV LV D
FRQVHUYDWLYHORZHUERXQGHVWLPDWLRQDVRSSRVHGWRWKHURFNLQJLQLWLDWLRQDFFHOHUDWLRQZKLFK
LVH[DFW
/DVHUVFDQQLQJZDVDGRSWHGIRUGHWHUPLQLQJWKHJHRPHWULFFKDUDFWHULVWLFVRIWKHEXVWVDQG
RIWKHVWDWXHVWKDWZHUHWHVWHG7KHVFDQQLQJSURYLGHV)(PRGHOVWKDWDOORZWRSHUIRUPVLPX
ODWLRQV EXW ZLWK LQFUHDVHG &38 UHTXLUHPHQWV )XUWKHUPRUH WKH DFFXUDF\ RI WKH VFDQQLQJ LV
YHU\KLJKDQGUHVXOWVWRYHU\ILQHDQGGHWDLOHGILQLWHHOHPHQWPRGHOVZKLFKGRQRWRIIHUPRUH
DFFXUDF\EXWWKH\UHTXLUHH[FHVVLYHPHPRU\DQG&38UHVRXUFHV,WLVWKHUHIRUHQHFHVVDU\WR
DOVRKDYHVLPSOHPRGHOVIRUWKHVHLVPLFUHVSRQVHSUHGLFWLRQ
7KH)(PHWKRGRIIHUVVHYHUDODGYDQWDJHVFRQFHUQLQJWKHDFFXUDF\EXWWKHUHDUHDOVRGLIIL
FXOWLHVLQ XWLOL]LQJWKHDQDO\WLFDO VLPXODWLRQ DSSURDFK7KHVXUIDFHWRVXUIDFHLQWHUDFWLRQEH
WZHHQWKHXSSHUVXUIDFHRIWKHSHGHVWDODQGWKHORZHUVXUIDFHRIWKHEXVWUHTXLUHVNQRZOHGJH
RIWKHIULFWLRQFRHIILFLHQWDQGWKHGDPSLQJUDWLRZKLOHGDPSLQJRIWKHPRWLRQGXHWRURFNLQJ
LPSDFWVFDQQRWEHLQWURGXFHGLQDVWUDLJKWIRUZDUGPDQQHU$OVRWKH)(PHWKRGLVPRUHUHDO
LVWLF LI WKH ERGLHV KDYH VRPH IOH[LELOLW\ ,QWURGXFLQJ WKH IOH[LELOLW\ DQG WKH UHDO PRGXOXV RI
HODVWLFLW\RIWKHDUWHIDFWVZLOOLQFUHDVHWKH&38WLPHWKXVPDNLQJSURKLELWLYHDODUJHQXPEHU
RIVLPXODWLRQV2QWKHRWKHUKDQGWKH'LVFUHWH(OHPHQW0HWKRG '(0 DVVXPHVWKDWWKHRE
MHFWVDUHULJLGDQGFRQVHTXHQWO\FDQEHDGRSWHGZLWKUHGXFHGFRPSXWDWLRQDOFRVWV)RUWKHLQ
WHUDFWLRQ EHWZHHQ WKH VXUIDFHV DSSURSULDWHO\ FDOLEUDWHG VSULQJV VKRXOG EH LQWURGXFHG LQ WKH
PRGHO3V\FKDULVHWDO>@KDYHGHVFULEHGWKHQXPHULFDOPRGHOIRUWKHVLPXODWLRQRIDPXOWL
GUXPDQFLHQWFROXPQZKLFKLVVXEMHFWHGWRQDWXUDOJURXQGPRWLRQUHFRUGV7KHFROXPQFRQ
VLVWV RIHLJKW ULJLG ERGLHVWKHXSSHUSODFHGRQWKHWRS RIWKHORZHU ,QWKLV ZRUNWKH'(&
VRIWZDUHKDVEHHQXVHGIRUWKHVLPXODWLRQRIDSUREOHPWKDWKDVVLPLODULWLHVWRWKHSUREOHPDW
KDQG



0)UDJLDGDNLVHWDO

;ĂͿ

;ďͿ

)LJXUH D )LQLWH(OHPHQWPRGHO SHGHVWDOEXVW  E UHVSRQVHWLPHKLVWRU\

0RGHOVWKDWFRQVLGHUHLWKHUWZREORFNDVVHPEOLHV SHGHVWDOEXVW RUIUHHVWDQGLQJV\PPHW
ULFRUDV\PPHWULFURFNLQJEORFNV DIUHHVWDQGLQJVWDWXHRUDEXVWWKDWURFNVRQDSHGHVWDOLQ
UHVW DUHDSRVVLEOHDOWHUQDWLYHWRWKHFRVWO\)(0DQG'(0VLPXODWLRQV6XFKVLPSOHPRGHOV
DUHW\SLFDOO\OLPLWHGWRRQHGLUHFWLRQVLPXODWLRQVDQGKHQFHWKHSURFHGXUHVKRXOGEHUHSHDWHG
IRUERWKWKHORQJLWXGLQDODQGWKHWUDQVYHUVHGLUHFWLRQGXHWRWKHDV\PPHWU\RIWKHVSHFLPHQV
$VLPSOLILHGDSSURDFKLVRIIHUHGE\XVLQJWKHHTXDWLRQRIPRWLRQSURSRVHGE\+RXVQHU>@$
SRVVLEOHZD\WRKDQGOHWKHHTXDWLRQVRI+RXVQHU>@KDVEHHQSURSRVHGE\'LDPDQWRSRXORV
DQG)UDJLDGDNLV>@)RUWKHWZREORFNFDVHDQGIRUVLPSOLFLW\UHDVRQVWKHZRUNRI3V\FKDULV
>@ FDQ EH DGRSWHG 9ODFKRV HW DO >@ SUHVHQWHG D ILUVW DWWHPSW WR H[WHQG WKH WZREORFN
SUREOHPLQFDVHRIDV\PPHWULFXSSHUEORFNZKHQWKHSHGHVWDOLVV\PPHWULF


7(676(783

7RHYDOXDWHWKHLQIOXHQFHRIIUHTXHQF\FRQWHQWRIWKHH[FLWDWLRQDVZHOODVWKHGLUHFWLRQDOL
W\RIWKHVHLVPLFLQSXWILYHGLIIHUHQWHDUWKTXDNHJURXQGPRWLRQVZHUHDGRSWHGLQWKLVH[SHUL
PHQWDO VWXG\ 7KH JURXQG PRWLRQ UHFRUGV DQG WKHLU SURSHUWLHV DUH VKRZQ LQ 7DEOH  7KH
UHFRUGVZHUHDSSOLHGLQGLIIHUHQWFRPELQDWLRQVHYHU\WLPHLHILUVWWKH;FRPSRQHQWZDVDS
SOLHGDORQHWKH<FRPSRQHQWDIWHUZDUGVDQGWKHQWKH;DQG<FRPSRQHQWVZHUHDSSOLHGVLP
XOWDQHRXVO\
(DUWKTXDNH

'DWH
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7DEOH*URXQGPRWLRQUHFRUGVXVHGIRUWKHWHVWLQJFDPSDLJQ

7KHUHFRUGFRPELQDWLRQVDGRSWHGDUHOLVWHGLQ 7DEOH)RUHDFKUHFRUGFRPELQDWLRQWKH
JURXQGPRWLRQDPSOLWXGHZDVJUDGXDOO\VFDOHGXS,QJHQHUDOWKHWDUJHWLQWHQVLW\OHYHOVFRQ
VLGHUHGZHUHJJJJJDQGJ)RUVLPXODWLRQVZKHUHVLPXOWDQH
RXVO\WZRRUWKUHHFRPSRQHQWVZHUHFRQVLGHUHGDXQLIRUPVFDOLQJIDFWRUZDVDGRSWHGIRUDOO
UHFRUGFRPSRQHQWVFRQVLGHUHGZKLOHWKHWDUJHWDFFHOHUDWLRQUHIHUVHLWKHUWRWKH;RUWKH<
FRPSRQHQW:KHQERWK;DQG<DUHSUHVHQWLWUHIHUVWRWKH;FRPSRQHQW)RUWKH7DNDWRUL
DQGWKH.DODPDWDUHFRUGVWKHPD[LPXPSHUPLVVLEOHVFDOLQJIDFWRULVFRQWUROOHGE\WKHPD[L
PXPDOORZDEOHGLVSODFHPHQWRIWKHVKDNHWDEOHWKDWFDQQRWH[FHHGFP$VH[SHFWHGGLIIHU
HQFHVEHWZHHQWDUJHW3*$DQGWKH3*$PHDVXUHGDVLQSXWWRWKHVKDNHWDEOHZHUHREVHUYHG
2QDYHUDJHVKDNHWDEOHUXQVZHUHSHUIRUPHGIRUHDFKRIWKHVHYHQWHVWHGFRQILJXUDWLRQV
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7DEOH5HFRUGFRPELQDWLRQV

$SDUWIURPILYHQDWXUDOO\UHFRUGHGJURXQGPRWLRQVWKHDFFHOHUDWLRQUHVSRQVHKLVWRU\RIWKH
ILUVWIORRURIWKHPXVHXPZDVFRQVLGHUHG7KHPXVHXPLVWKH$UFKDHRORJLFDOPXVHXPRI3HO
OD LQ *UHHFH 7KLV LV D QHZ UHLQIRUFHG FRQFUHWH EXLOGLQJ 7KH EXLOGLQJ ZDV PRGHOOHG ZLWK
2SHQ6HHVVRIWZDUHDQGLWZDVVXEMHFWHGWRWKHILYHJURXQGPRWLRQUHFRUGVRI7DEOH6LQFHLW
LVDWZRVWRUH\5&EXLOGLQJZLWKPDQ\VKHDUZDOOVLWLVDTXLWHVWLIIVWUXFWXUH 7[ V7\
V DQGKHQFHODUJHDPSOLILFDWLRQVZHUHREVHUYHGDWWKHVWRULHV$PRQJWKHYDULRXVIORRU
DFFHOHUDWLRQ KLVWRULHV WKH ILUVW VWRUH\ RI WKH (PLOLD  ,WDO\  UHVSRQVH DFFHOHUDWLRQ ZDV
DGRSWHGIRUWKHWHVWV


2%6(59$7,216$1'35(/,0,1$5<5(68/76

$YDVWDPRXQWRIGDWDZDVREWDLQHGGXULQJWKHH[SHULPHQWDOFDPSDLJQWKDWODVWHGDSSUR[
LPDWHO\WZRPRQWKV7KH8VHU7HDPLVFXUUHQWO\ZRUNLQJRQSRVWSURFHVVLQJWKHH[SHULPHQWDO
GDWD+RZHYHUYHU\LQWHUHVWLQJREVHUYDWLRQVZHUHPDGHGXULQJWKHFDPSDLJQ'XHWRWKHSUR
WHFWLRQPHDVXUHVQRPDMRUGDPDJHRQWKHVSHFLPHQVRFFXUUHGZKLOHWKHPRVWW\SLFDOGDPDJH
W\SHREVHUYHGLVWKHIDLOXUHDWWKHFRUQHUVRIWKHVSHFLPHQV7KLVGDPDJHLVVKRZQLQ)LJXUH
IRUERWKWKHEXVWDQGWKHVWDWXHV7KLVW\SHRIGDPDJHKDSSHQHGSUDFWLFDOO\WRDOOEXVWVRI
&RQILJXUDWLRQ,,ZKLOHWKHGDPDJHRIVWDWXHVKRZLQ)LJXUHEKDSSHQHGRQFH6LQFHD
ODUJHQXPEHURIWHVWVKDGWREHUHSHDWHGWKHPDUEOHEDVHVRIWKHEXVWVZHUHUHSODFHGZKLOH



0)UDJLDGDNLVHWDO

IRUWKHVWDWXHWKHIDLOHGZHGJHVKRZQLQ)LJXUHEZDVUHSDLUHGE\JOXLQJLWEDFNDQGUHWHVW
LQJWKHVWDWXHLVRODWHG1RGDPDJHRFFXUUHGDWWKHSHGHVWDOV7KHPHWDOOLFPRGHUQSHGHVWDOV
ZKHQWHVWHGLQ&RQILJXUDWLRQ,H[KLELWHGVRPHPLOGEHQGLQJRIWKHLUXSSHUIDFHZKHUHWKH
EXVWZDVVWDQGLQJ7KHODWHUDOEHQGLQJGXHWRWKHVHOIZHLJKWRIWKHEXVWDIIHFWHGWKHG\QDPLF
UHVSRQVH,QRUGHUWRPLWLJDWHWKLVHIIHFWLQ&RQILJXUDWLRQ,,,DQPPWKLFNSODWHZDVXVHGWR
UHLQIRUFHWKHSHGHVWDO

;ĂͿ

;ďͿ

)LJXUH7\SLFDOGDPDJHDWWKHEDVHRIWKHVSHFLPHQV D EXVW E EDVHRIWKHVWDWXH

)LJXUH5HVSRQVHRIWKHQRQLVRODWHGEXVWRI&RQILJXUDWLRQ,

)LJXUHVXPPDUL]HVWKHUHVSRQVHRIWKHQRQLVRODWHGEXVWLQ&RQILJXUDWLRQ,ZKHUHWKH
EXVWRIHPSHURU7UDLDQRZDVSRVLWLRQHGRQWRSRIWKHVROLGSHGHVWDO7KHVROLGSHGHVWDOGXHWR
LWVPDVVLYHJHRPHWU\QHYHUXSOLIWHGDQGKHQFHRQO\URFNLQJRIWKHEXVWZDVREVHUYHG$VH[
SHFWHGIURPWKH3*$YDOXHVRI7DEOHQRXSOLIWRFFXUUHGIRU3*$YDOXHVEHORZJ1RWH
WKDWWKHDFFHOHUDWLRQVRI)LJXUHDUHWKHWKHRUHWLFDOSUHGLFWLRQVWKHODWWHUGLIIHUVRPHWLPHV
FRQVLGHUDEO\IURPWKHYDOXHVUHFRUGHGRQWKHVKDNHWDEOH&RPSDULQJUHFRUGFRPELQDWLRQV
DQGWRFRPELQDWLRQVDQGLWLVHYLGHQWWKDWWKHELGLUHFWLRQDOJURXQGVKDNLQJLVPRUHVH
YHUHIRUWKHEXVWVLQFHRYHUWXUQLQJZDVREVHUYHGDWPXFKORZHUDFFHOHUDWLRQVIRUWKH(PLOLD
HDUWKTXDNH 7KLV REVHUYDWLRQ DOVR KROGV IRU WKH /¶$TXLOD UHFRUG FRPELQDWLRQV  DQG  
7KH7DNDWRULDQG.DODPDWDJURXQGPRWLRQVKDYHDORZUHFRUGHG3*$DQGKDYHDODUJHIUH
TXHQF\FRQWHQW7KHVHUHFRUGVZHUHVFDOHGEXWWKH\ZHUHQRWFULWLFDOIRUWKHEXVWVDVRSSRVHG
WRWKH6\QWDJPDJURXQGPRWLRQZKLFKZDVVHYHUH



0)UDJLDGDNLVHWDO

)LJXUH5HVSRQVHRIWKH60$LVRODWHGEXVWRI&RQILJXUDWLRQ,

'LIIHUHQWREVHUYDWLRQVKROGDOVRIRUWKH60$LVRODWHGVSHFLPHQ$VVKRZLQ)LJXUHWKH
VSHFLPHQZDVVDIHIRUPRVWJURXQGPRWLRQOHYHOVSUDFWLFDOO\IRUPRVWJURXQGPRWLRQV7KH
(PLOLD;<=JURXQGPRWLRQSURGXFHGVOLGLQJDQGURFNLQJWKDWWKUHDWHQHGWKHEXVWIRUD3*$
RIJ7KLVLVDWWULEXWHGWRWKHODUJHYHUWLFDODFFHOHUDWLRQFRPSRQHQW7KLVZDVDOVRVHHQIRU
WKHILUVWIORRUUHVSRQVHZKHQDYHUWLFDOFRPSRQHQWLVSUHVHQW,QWHUHVWLQJO\URFNLQJZDVRE
VHUYHGDOVRIRUWKH7DNDWRULDQGWKH.DODPDWDJURXQGPRWLRQV
,PSRUWDQWILQGLQJVZHUHREWDLQHGIURPWKHH[SHULPHQWDOFDPSDLJQDQGDUHEULHIO\VXPPD
UL]HGDVIROORZV
x )RUKLJKH[FLWDWLRQLQWHQVLW\WHVWVWKHQRQLVRODWHGDUWHIDFWVDUHSURQHWRVKRZDFRPSOH[
URFNLQJ DQG VOLGLQJ EHKDYLRXU 7KH LPSDFW LQGXFHG E\ WKH URFNLQJ PRWLRQ FDQ EH D
VRXUFHRIGDPDJHWRWKHEDVHRIWKHEXVWVHVSHFLDOO\DWWKHFRUQHUSRLQWVRIWKHEDVHRI
WKHEXVW
x 7KHUHVSRQVHRIWKHEXVWVRQWKHVROLGDQGWKHRQWKHKROORZSHGHVWDOLVVXEVWDQWLDOO\GLI
IHUHQW7KHXSOLIWRIWKHKROORZSHGHVWDOZDVDOZD\VVPDOODQGGLIILFXOWWRLGHQWLI\YLVXDO
O\ +RZHYHU LW LV FOHDU WKDW LW FRQVLGHUDEO\ DIIHFWHG WKH VHLVPLF UHVSRQVH :KHWKHU WKH
EXVW LV VDIHU RQ WKH VROLG RU RQ WKH KROORZ SHGHVWDO LV D WRSLF WKDW GHVHUYHV IXUWKHU UH
VHDUFKWKHWHVWVKDYHVKRZQWKDWWKHVDIHW\GHSHQGVDOVRRQWKHJURXQGPRWLRQIUHTXHQF\
FRQWHQW
x 7HVWVZKHUHWKHIULFWLRQFRHIILFLHQWEHWZHHQWKHEXVWDQGWKHSHGHVWDOZDVORZLHZKHQ
IULFWLRQFRHIILFLHQWVYDU\EHWZHHQDQGUHYHDOHGWKDWVOLGLQJLVDEHQHILFLDOUH
VSRQVHPRGHIRUWKHEXVW,IWKHVOLGLQJPRWLRQRIWKHULJLGREMHFWLVFRQWUROOHGWKHQVRPH
VOLGLQJLVGHVLUDEOH
x ,QPRVWRIWKHFDVHVWKHFRQVLGHUHGPLWLJDWLRQPHWKRGVKDYHEHHQHIIHFWLYHLQWKHSUH
YHQWLRQ RI WKH URFNLQJVOLGLQJ EHKDYLRXU RI WKH DUWHIDFWV $V D UHVXOW WKHVH PLWLJDWLRQ
PHWKRGV LPSURYHG VLJQLILFDQWO\ WKH VHLVPLF EHKDYLRXU RI WKH DUWHIDFWV (VSHFLDOO\ WKH
IULFWLRQSHQGXOXPV\VWHPZDVYHU\HIILFLHQWLQSUDFWLFDOO\DOOWHVWV6RPHDWWHQWLRQLVUH
TXLUHGLQWKHFDVHRIKLJKYHUWLFDOFRPSRQHQW$OWKRXJKWKHYHUWLFDOHDUWKTXDNHVFRQVLG
HUHGZHUHYHU\VWURQJVRPHDWWHQWLRQLVUHTXLUHGLQWKLVUHVSHFW
x 7KHPHWDOOLFSHGHVWDOVGXHWRWKHLUJHRPHWU\GLGQRWXSOLIWDQGKHQFHWKH\ZHUHHTXDOO\
HIILFLHQWDVWKHVROLGRQHVSURYLGHGWKDWWKH\FDQIXOO\VXSSRUWWKHZHLJKWRIWKHDUWZRUN



0)UDJLDGDNLVHWDO

x 7KHUHVSRQVHRIWKHVWDWXHVZDVZHOOSUHGLFWHGDQGZLWKQRVXUSULVHV:KHQWKHLQSXWDF
FHOHUDWLRQ ZDV EHORZ WKH URFNLQJ LQLWLDWLRQ WKUHVKROG WKH VWDWXHV SHUIRUPHG VRPH KLJK
IUHTXHQF\RVFLOODWLRQ
x 7KHEDVHRIVRPHRIWKHVWDWXHVZDVQRWIXOO\IODWGXHWRVWUXFWXUDOLPSHUIHFWLRQV7KLV
ODFNRISODQDULW\DIIHFWHGWKHUHVSRQVHDQGWKUHDWHQHGWKHVDIHW\RIWKHVWDWXHV7KLVLVVXH
KDVEHHQDOVRUHSRUWHGLQSUHYLRXVUHVHDUFKLQWKHOLWHUDWXUH
x 7KHVLPSOLILHGFDOFXODWLRQVVXPPDUL]HGLQ7DEOHDUHYHU\LPSRUWDQWDQGXVHIXO6XFK
LQIRUPDWLRQVKRXOGEHDOZD\VDGYLVHGZKHQWDNLQJVHLVPLFSURWHFWLRQPHDVXUHVIRUDUWH
IDFWV
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7KHSURMHFWSUHVHQWVDQH[WHQVLYHH[SHULPHQWDOFDPSDLJQRQWKHVHLVPLFUHVSRQVHRIDUWH
IDFWVZLWKHPSKDVLVRQVWDWXHVDQGEXVWV7KHWHVWVWRRNSODFHLQWKHIUDPHZRUNRI6(5(0(
SURMHFW 6HLVPLF5HVLOLHQFHRI0XVHXP&RQWHQWV DWWKH$=$/((VHLVPLFVLPXODWRURI&($
LQ6DFOD\3DULVXQGHUWKHDXVSLFHVRIWKH6(5$SURMHFW7KHFDPSDLJQDLPVWRKHOSXVXQGHU
VWDQGWKHVHLVPLFEHKDYLRXURIWKHVHOHFWHGVWDWXHVDQGEXVWVDQGWKHQWRGHYHORS QRYHO DQG
FRVWHIIHFWLYHULVNPLWLJDWLRQVFKHPHVIRULPSURYLQJWKHVHLVPLFUHVLOLHQFHRIYDOXDEOHREMHFWV
KRVWHGLQ(XURSHDQPXVHXPV7ZRUHDOVFDOHPDUEOH UHSOLFDVDUHXVXDOO\PDGHIURPJ\SVXP 
URPDQVWDWXHVDQGWKUHHEXVWVRIWKUHHURPDQHPSHURUVVWDQGLQJRQWKUHHSHGHVWDOVRIGLIIHUHQW
W\SHVDQGVL]HDUHLQYHVWLJDWHGFRQFHUQLQJWKHLUUHVSRQVHXQGHUVHLVPLFORDGLQJ7KHDUWHIDFWV
DUHFRQVLGHUHGHLWKHULVRODWHGRUQRQLVRODWHG,QWKHODWWHUFDVHWZRQHZDQGKLJKO\HIILFLHQW
EDVHLVRODWLRQV\VWHPVWDLORUHGWRDUWREMHFWVDUHWHVWHG7KHHIILFLHQF\DQGWKHHIIHFWLYHQHVV
RIWKHLVRODWRUVDUHRIWKHPDLQLQWHUHVWIRUWKHDXWKRUV7KHILUVWLVRODWRULVDSHQGXOXPEDVHG
V\VWHPZKLOHWKHVHFRQGXWLOL]HV6KDSH0HPRU\$OOR\ZLUHV'LIIHUHQWFRQILJXUDWLRQVZHUH
FRQVLGHUHGIRUH[DPLQLQJDOOFDVHV7KHLPSRUWDQFHRIWKHKRVWLQJEXLOGLQJLVDOVRH[DPLQHG
LHEXLOGLQJW\SHVWLIIQHVVDQGVWRU\WKDWKRVWVWKHDUWHIDFWV6SHFLILFDOO\WDLORUHGQXPHULFDO
PRGHOV RI YDU\LQJ FRPSOH[LW\ DQG )LQLWH (OHPHQW PRGHOV IRU VLQJOH DQG WZREORFN URFNLQJ
V\VWHPVZHUHGHYHORSHGIRUWKHQHHGVRIWKLVVWXG\DQGDUHDOVRDVVHVVHGDJDLQVWWKHH[SHUL
PHQWDOUHVXOWV
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6FKRRORI&LYLO(QJLQHHULQJ
1DWLRQDO7HFKQLFDO8QLYHUVLW\RI$WKHQV
*5=RJUDIRX&DPSXV
HPDLO SJHRUJDNLV#KRWPDLOFRP


6FKRRORI&LYLO(QJLQHHULQJ
1DWLRQDO7HFKQLFDO8QLYHUVLW\RI$WKHQV
*5=RJUDIRX&DPSXV
^JHRHP PIUDJ`#PDLOQWXDJU

.H\ZRUGV QRQOLQHDUUHVSRQVHKLVWRU\DQDO\VLV PDFKLQHOHDUQLQJ
$EVWUDFW Nonlinear response history analysis (NRHA) is the most accurate seismic performance assessment method but it can be computationally intensive when it is applied to multi
degree of freedom (DOF) structural systems. Machine learning techniques have gained increasing interest in engineering fields and can consist a powerful tool for reliable predictions
with their ability to quickly and accurately identify trends or patterns through experimental or
artificially generated data. In this study, we propose a robust machine learning pipeline to
estimate the nonlinear response analysis of multi-DOF systems in terms of their maximum displacement/ductility aiming to eliminate the computational cost of the NRHA analysis. A pulse
extraction process is used to quantify the wavelet parameters of a ground motion records which,
along with the material parameters of the structural system consist the training data set. It is
shown that adequate predictions were obtained through the validation of various benchmark
structures which can act as a reference tool for an engineer in practice.
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1RQOLQHDUUHVSRQVHKLVWRU\DQDO\VLV 15+$ LVWKHPRVWUHDOLVWLFVHLVPLFSHUIRUPDQFHDV
VHVVPHQW WRRO RI VWUXFWXUHVZKLFK UHTXLUHV WKHXVHRIUHFRUGHGDFFHOHUDWLRQWLPHKLVWRULHVDV
LQSXWLQWRQXPHULFDOVLPXODWLRQV(YLGHQWO\LWFDQEHFRPSXWDWLRQDOO\LQWHQVLYHZKHQLWLVDS
SOLHGWRPXOWLGHJUHHRIIUHHGRP '2) VWUXFWXUDOV\VWHPV SDUWLFXODUO\ ZKHQGHDOLQJZLWKSDU
DPHWULFVWXGLHVRUDQGLQFUHPHQWDOG\QDPLFDQDO\VHV 'LIIHUHQW WHFKQLTXHVKDYHEHHQSURSRVHG
LQWKH OLWHUDWXUH WR UHGXFHWKHFRPSXWDWLRQDOFRVWRIVXFK DQDO\VHV HJ UHFRUG VLPSOLILFDWLRQ
UHFRUG GRZQVDPSOLQJ PRGLILHGLQYHUVH)RXULHUWUDQVIRUP WRQDPHDIHZ
0DFKLQHOHDUQLQJ 0/ WHFKQLTXHV DUHFRQVWDQWO\JDLQLQJ LQFUHDVLQJLQWHUHVWLQHQJLQHHULQJ
ILHOGV >@ DQGFDQ FRQVLVWDSURPLVLQJ WRROIRUUHOLDEOHSUHGLFWLRQVZLWKWKHLUDELOLW\WRTXLFNO\
DQGDFFXUDWHO\LGHQWLI\WUHQGVRUSDWWHUQVWKURXJKH[SHULPHQWDO RUDUWLILFLDOO\JHQHUDWHGGDWD ,Q
WKLVVWXG\ZHSURSRVHDUREXVWPDFKLQHOHDUQLQJSLSHOLQHWRHVWLPDWHWKHQRQOLQHDUUHVSRQVH
DQDO\VLV RI PXOWL'2) V\VWHPV LQ WHUPV RI WKHLU PD[LPXP GLVSODFHPHQWGXFWLOLW\ DLPLQJ WR
HOLPLQDWHWKHFRPSXWDWLRQDOFRVWRIWKH15+$DQDO\VLV$SXOVHH[WUDFWLRQSURFHVVLVXVHG>@
WRTXDQWLI\WKHZDYHOHWSDUDPHWHUVRIDJURXQGPRWLRQUHFRUGV ZKLFKDORQJZLWKWKHPDWHULDO
SDUDPHWHUVRIWKHVWUXFWXUDOV\VWHPFRQVLVWDQDGHTXDWHWUDLQLQJGDWDVHW7KH DSSOLFDELOLW\ DQG
HIILFLHQF\ RIWKHSURSRVHGDSSURDFK LV GHPRQVWUDWHG ILUVWLQD VLQJOH'2) RVFLOODWRU WKDWLVXVHG
DVDEHQFKPDUNH[DPSOH $ FRPSDULVRQVWXG\EHWZHHQYDULRXV0/UHJUHVVLRQPRGHOVLV IRO
ORZHGE\ LQ RUGHU WRFKRRVHWKHHIILFLHQW 0/WHFKQLTXH WKDW ZLOOEHXVHGIRUWKHWUDLQLQJSURFHVV
,WLVVKRZQWKDWDGHTXDWHSUHGLFWLRQVZHUHREWDLQHGWKURXJKWKHYDOLGDWLRQRIYDULRXVVLQJOH
'2) EHQFKPDUNVWUXFWXUHVZKLFKFDQDFWDVDUHIHUHQFHWRROIRUDQHQJLQHHULQSUDFWLFH
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1HDUILHOGJURXQGPRWLRQUHFRUGVDUHFKDUDFWHUL]HGE\GRPLQDQWSXOVHVLQWKHJURXQGYHORF
LW\WLPHKLVWRULHVDVZHOODVKLJKIUHTXHQF\FRQWHQWLQDFFHOHUDWLRQWLPHKLVWRULHV HVSHFLDOO\ DW
VLWHVORFDWHGLQWKHIRUZDUGGLUHFWLRQRIWKHIDXOWUXSWXUH GLUHFWLYLW\HIIHFWV >@ 7KHLQYHVWLJD
WLRQRIWKHDELOLW\WRFRPSRVH D QHDUILHOGJURXQGPRWLRQ UHFRUG ZLWKLWVSXOVHVLPXODWLRQV >@
LV DWRSLFRIJUHDWLQWHUHVWLQWKHUHVHDUFKFRPPXQLW\ 0DQ\ UHVHDUFKHUV KDYH SURSRVHGPDWKH
PDWLFDOPRGHOVIRUWKHUHSUHVHQWDWLRQRIQHDUILHOG JURXQGPRWLRQV PDLQO\ EDVHGRQXQGHUO\LQJ
ZDYHOHWV$PRQJWKHPWKHPRGHOSURSRVHGE\0DYURHLGLVDQG3DSDJHRUJLRX 0 3 >@ LQWUR
GXFHGRQHRIWKHPRVWLPSRUWDQWSXOVH UHSUHVHQWDWLRQPHWKRGV WKDW FRQVLVWV DPDWKHPDWLFDO
UHSUHVHQWDWLRQRIJURXQGPRWLRQPRYHPHQWVUHO\LQJRQGHVLJQLQJDFRPSOH[ZDYHOHW EDVHGRQ
*DERUZDYHOHW  *DERU ZDYHOHWLVFKDUDFWHUL]HGE\IRXUSULQFLSDOSDUDPHWHUV $ISȖȞ WKH
PRVWLPSRUWDQWRIWKHP LVWKHSXOVHIUHTXHQF\ IS WKHFDOFXODWLRQRIZKLFKLV EDVHG RQ WKH FRQ
YROXWLRQVSHFWUXP 7KHDQDO\WLFDOH[SUHVVLRQRIWKH*DERUZDYHOHW LV JLYHQDVIROORZV
݂ሺݐሻ ൌ ݁ܣ


ିሺଶగ Sሻమ ௧ మ
ఊ


ሺʹߨ݂S ݐ ߥሻ

ZKHUH
$ LVWKHDPSOLWXGH
IS LVWKHSUHYDLOLQJIUHTXHQF\
ȖLVWKHRVFLOODWRU\FKDUDFWHU Ȗ ! 
ȞLV WKHSKDVHDQJOH
+RZHYHUWKLVZDYHOHW KDVDVLJQLILFDQWGLVDGYDQWDJHGXHWRWKHH[LVWHQFHRIWKHH[SRQHQWLDO
FRPSRQHQWWKDWSUHYHQWVWKHGHYHORSPHQWRIFORVHGVROXWLRQVIRUWKHUHVSRQVHRIVLQJOHVWDJH
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V\VWHPV 7RWKLVHQG 0 3 LPSURYHG WKLV PRGHO E\ DOORZLQJ WKHGHYHORSPHQWRIFORVHGVROX
WLRQVIRUHVWLPDWLQJUHVSRQVHVSHFWUDDQGGHWHUPLQLQJVSHFWUDOFKDUDFWHULVWLFVLQ)RXULHUIRUP
7KLV LPSURYHG ZDYHOHW KDV WKH VDPH SDUDPHWHUV DV WKH *DERU ZDYHOHW >@ DQG LWV DQDO\WLFDO
H[SUHVVLRQLVJLYHQDVIROORZV
݂ሺݐሻ ൌ ͲǤͷ ܣͳ   ൬ʹߨ

݂Sݐ
൰൨ ሺʹߨ݂S ݐ ߥሻ
ߛ

1DWXUDOJURXQGPRWLRQUHFRUGVPD\FRQVLVWRIPRUHWKDQ RQHGLVFUHWHSXOVHV7KHSXOVHH[
WUDFWLRQ SURFHVVDGRSWHG LQWKLVVWXG\FRPELQHVWKHXVHRIWKHZDYHOHW E\ 0 3 IRUWKHHIILFLHQW
UHSUHVHQWDWLRQRIGLUHFWLRQDOSXOVHV DORQJZLWKWKHGHWHUPLQDWLRQRIHDFKZDYHOHWSDUDPHWHUV
7KLVSURFHVVDOORZVWKHLGHQWLILFDWLRQDQG WKHRXWSXWRIDOOSXOVHVORFDWHGLQWKHUDQJHRI
PHGLXPDQGKLJKSHULRGV,IDOOH[WUDFWHGSXOVHVDUHVXSHULPSRVHGDVLPXODWLRQRIWKHHQ
WLUHJURXQGPRWLRQFDQEHSURGXFHG
)LJXUH  7KHFKDUDFWHULVWLFVRIWKHZDYHOHWV DUHGHWHUPLQHGE\WKHLURSWLPDODGMXVWPHQW PD[
LPXP FRUUHODWLRQ LQWKHYHORFLW\ UHVSRQVHVSHFWUXPRIHDFKJURXQGPRWLRQUHFRUG

)LJXUH  &XPXODWLYHYHORFLW\ SXOVHVUHSUHVHQWDWLRQ RI DJURXQGPRWLRQUHFRUG



&$6(678'<%,/,1($5 26&,//$725

7KHHIILFLHQF\RIWKHSURSRVHGDSSURDFK LV GHPRQVWUDWHG LQ D VLQJOH'2) RVFLOODWRU GHVFULEHG
E\ D K\VWHUHWLFPDWHULDOPRGHO XQLD[LDOELOLQHDUPDWHULDOZLWKNLQHPDWLFKDUGHQLQJ GHILQHG
ZLWKIRXUPDWHULDOSDUDPHWHUV IXQGDPHQWDOSHULRG 7 GDPSLQJUDWLRȗ \LHOGIRUFH)\ DQGKDUG
HQLQJ UDWLR N  $ GDWDEDVHZDVJHQHUDWHG FRQVLVWLQJ RI QHDUILHOG JURXQGPRWLRQV UHFRUGV
GLVWDQFH IURPWKHUDSWXUH   NP REWDLQHGIURPWKH1H[W*HQHUDWLRQ$WWHQXDWLRQIRU:HVW
HUQ86 1*$:HVW  3((5 >@ 7KH PDWHULDO SDUDPHWHUVRIWKHVLQJOH6'2) RVFLOODWRU
ZHUH DGRSWHG WR DUWLILFLDOO\ FUHDWH D GDWDVHW XVLQJDUDQJHRIYDOXHV DVVKRZQLQ7DEOH)RU
HDFK JURXQG PRWLRQ RI WKH GDWDEDVH D WRWDO RI  QRQOLQHDU KLVWRU\ UHVSRQVH DQDO\VLV ZHUH
FRQGXFWHG DQG WKH PD[LPXP GLVSODFHPHQW XPD[ DORQJ ZLWK PD[LPXP IRUFH )VPD[ RI WKH
6'2)RVFLOODWRUDUHREWDLQHGFUHDWLQJ WKHGDWDVHWRIRXWFRPHV
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7DEOH  /RZHUXSSHUERXQGDQGVWHSYDOXHVIRU6'2)ELOLQHDURVFLOODWRU

,Q RUGHU WR DYRLG WKH QRQOLQHDU UHVSRQVH DQDO\VLV IRU D JLYHQ JURXQG PRWLRQ UHFRUG WZR
PDFKLQHOHDUQLQJPRGHOV DUH WUDLQHG 7KH SDUDPHWHUV RI VL[SXOVHVWKDWUHSUHVHQW HDFKUHFRUG
DORQJZLWKWKHSDUDPHWHUVRIWKHELOLQHDUPDWHULDOPRGHO FRQVLVW WKHLQSXWGDWD ZKLOH XPD[ DQG
)VPD[ FRQVLVW WKH RXWSXWGDWD RIWKHWZR 0/PRGHOVUHVSHFWLYHO\(DFK 0/ PRGHO LV WUHDWHG DV
D UHJUHVVLRQSUREOHP $ ILQDO VXEVHWRI UHFRUGV IURPWKHGDWDEDVH ZLWKWKHLUFRUUHVSRQGLQJ
SXOVHH[WUDFWLRQSDUDPHWHUV ZHUH XVHG IRUWKHWUDLQLQJSURFHVV RI HDFK 0/PRGHO 7KHUHVWRI
 UHFRUGV ZHUH XVHG WRHYDOXDWHWKHSHUIRUPDQFHRIHDFK0/ PRGHO
&KRRVLQJ WKH SURSHU PDFKLQH OHDUQLQJ DOJRULWKP IRU SUHGLFWLQJ SXUSRVHV LV QRW DOZD\V D
VWUDLJKWIRUZDUG SURFHGXUH PDLQO\ GHSHQGLQJ RQ WKH LQKHUHQWFKDUDFWHULVWLFVRIWKHSUREOHP WR
VROYH 7KXV IRUHDFK0/PRGHODFRPSDULVRQVWXG\ZDVHODERUDWHGEHWZHHQ IRXU UHJUHVVLRQ
0/ DOJRULWKPV OLQHDU UHJUHVVLRQH[WUHPHJUDGLHQW ERRVWLQJUHJUHVVRU ± ;*%RRVWUDQGRPIRU
HVWUHJUHVVRUDQGEDJJLQJUHJUHVVRU  7KH URRWPHDQVTXDUHHUURU 506( LHHUURUEHWZHHQ
WKH WHVWHG uPD[  FVPD[ DQG SUHGLFWHGYDOXH ݑොPD[  ܨ VPD[  DVZHOODVWKHPHDQDEVROXWHHUURU
0$( ZDUH DGRSWHG DV PHDVXUHV RISHUIRUPDQFH RIWKHPDFKLQHOHDUQLQJDOJRULWKPV7DEOH 
VKRZVWKH506( YDOXHRIHDFKRIWKHIRXUPDFKLQHOHDUQLQJDOJRULWKPV,WLVVKRZQWKDWDOORI
WKHIRXUDOJRULWKPVH[KLELW PRUHRUOHVVWKHVDPHSHUIRUPDQFH ZLWK WKH UDQGRP IRUHVW UHJUHVVRU
WRSHUIRUPEHVWLQERWKFDVHV 7KH WHVWHG YV SUHGLFWHG YDOXHV RI HDFKPDFKLQHOHDUQLQJDOJRULWKP
DUH GHSLFWHG LQ VFDWWHUSORWVRI)LJXUH 
0RGHO
/LQHDU5HJUHVVLRQ
;*%RRVW
5DQGRP)RUHVW
%DJJLQJ

506(
XPD[
)VPD[
( (
( (
( (
( (

0$(
XPD[
(
(
(
(

)VPD[
(
(
(
(

7DEOH  506( RI WKHIRXUPDFKLQHOHDUQLQJDOJRULWKPV

7KH ;*%RRVW UHJUHVVRU ZDV VHOHFWHG DV D FRPSURPLVH EHWZHHQ WKH SHUIRUPDQFH DQG WKH
UREXVWQHVVRIWKHDOJRULWKPLQRUGHUWRIXUWKHU LQYHVWLJDWHWKHLPSRUWDQFHRIHDFKIHDWXUHRIWKH
0/PRGHOV )LJXUH  VKRZV WKHWHQ PRVW LPSRUWDQWIHDWXUHVRI WKH ;*%RRVWUHJUHVVRU ZLWKLWV
VFRUH ,WLVFOHDUO\VKRZQWKHILUVWWKUHHSXOVHV DPSOLWXGHV $$ DQG$  DVZHOODV)\ KDYH
DQLPSRUWDQW UROHLQWKHSUHGLFWLYHSHUIRUPDQFHRIERWK0/PRGHOV 7KHSHUIRUPDQFHRIHDFK
PDFKLQHOHDUQLQJDOJRULWKPE\ ILQH WXQLQJ WKHQXPEHURIWKH PRVWLPSRUWDQWIHDWXUHVLVVKRZQ
LQ )LJXUH  ,WLVVKRZQWKDW;*%RRVWRXWSHUIRUPVWKHRWKHUWKUHHDOJRULWKPV LQDOOFDVHV,Q
DGGLWLRQLWLVZRUWKQRWLFHG WKDWWKH SHUIRUPDQFHRIOLQHDUUHJUHVVLRQPRGHOUHPDLQV UHODWLYHO\
VWDEOH HYHQ WKRXJK WKHQXPEHURILPSRUWDQWIHDWXUHVDUHKLJK EHFDXVHRIWKHLQDELOLW\WRUHSUH
VHQWWKHLQKHUHQWQDWXUHRIWKHSUREOHP GXH WR LWV QRQOLQHDULW\
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D

E

)LJXUH  6FDWWHUSORWVRIYDULRXV0/DOJRULWKPV IRU D XPD[ DQG E )VPD[ PRGHO

D

E

)LJXUH  &RPSDULVRQRIWKH IHDWXUHLPSRUWDQFHIRU;*%RRVWUHJUHVVRUIRU D XPD[ DQG E )VPD[ PRGHO

D

E

)LJXUH  &RPSDULVRQRIQXPEHURIIHDWXUHVYV506(RI YDULRXV0/DOJRULWKPV
IRU D XPD[ DQG E )VPD[ PRGHO
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Abstract. The aim of this paper is to use Artiﬁcial Neural Networks (ANNs) to solve a nonlinear
inverse stochastic problem to identify a random process related to the stiffness of the vocal folds
in a voice production model. The identiﬁcation will be performed using the power spectral
density function associated with the random process, which has two control parameters. For
each pair of these parameters, realizations of the glottal signal are generated. This acoustic
pressure signal is obtained just after the air passing through the vocal folds, which is ﬁltered
and ampliﬁed by the vocal tract generating the voice. As the stiffness of the vocal folds model is
taken as a stochastic process, jitter phenomenon, characterized by the deviations of the glottal
time interval in relation to a mean value, is present in each realization of the glottal signal. For
each glottal signal obtained a set of measures can be extracted and this set is used as the input
for an ANN constructed to solve the corresponding inverse problem.
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1

INTRODUCTION

The phonatory system is one of the most important sensory structures and, therefore, it is one
of the main agents of the language. The voice has a fundamental importance in the transmission
of knowledge, feelings and emotions. Over the years, researchers have had interests in some
aspects of the human voice due to its peculiarities and actions in society
The phonation occurs when the glottis closes (adduction) and a column of air, expelled from
the lungs, forces passing through the vocal folds. Then, pulses of air are produced forming a
(quasi-)periodic acoustic pressure signal called the glottal signal, which goes into the vocal tract
(portion that goes from the glottis up to the mouth), where it is ﬁltered, ampliﬁed, and ﬁnally
radiated by the mouth generating the sound we hear.
The glottal signal is not exactly periodic due to small deviations in relation to a mean value
of the glottal time interval called jitter. This random phenomenon has practical applications as
the identiﬁcation of pathologies from the vocal folds, identiﬁcation of voice aging, voice recognition, speaker recognition and other [1, 2, 3]. There are different objective ways to measure
jitter as, for example, the absolute jitter and the local jitter. In general, values of local jitter
between 0.1% and 1.04% indicate normal voice, that is, a voice that is not symptomatic of a
pathology [4].
In this work, it is taken into account a simpliﬁed mechanical one-mass-spring-damper model
for the generation of jitter, which considers the uniﬁcation of two deterministic models named
Qureshi model [5] and Gomes Model [6], and the stiffness is modelled as a stochastic process.
Then, an artiﬁcial neural network (ANN) is trained to substitute the non-linear mapping from
voice features to some control parameters of the numerical model. Random realizations of
voice signals are obtained from the model and features are extracted from each realization. The
features are used as inputs for the ANN and the corresponding inverse stochastic process is
solved; that is, the stochastic model of the stiffness is identiﬁed using two control parameters of
its power spectral density.
2

UNIFIED STOCHASTIC MODEL

The idea is to construct a stochastic model for the vocal folds based on the source-ﬁlter theory, where the source, the glottal signal, is obtained through a mathematical/mechanical model.
However, before discussing the stochastic model, the corresponding deterministic model, also
original, is constructed based on two other models from the literature, named: the Qureshi
model [5] and the Gomes model [6]. Both models generate the glottal signal, the source, and
the ﬁnal idea is to consider the best characteristics of each model to construct the proposed
uniﬁed deterministic model.
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The sketch considered for the uniﬁed model is the one proposed by Qureshi and reproduced
in Fig. 1: The movement of each vocal fold is given by a rotary motion about its support point

Figure 1: Sketch of the Qureshi model.

P0 . A single mass-spring system with mass M , spring constant K, and damper, with damping
constant B, is attached to the glottis at its entrance. The model is assumed to be symmetric
about its central line so that the left side of the vocal fold is the same as its right one. The
glottal entry displacement is represented by x1 (t), while x2 (t) corresponds to the glottal exit
displacement. The vertical component of the fulcrum point divides the glottis in two parts that
are assumed to have the same length. The characteristic of a nonlinear damping is introduced
in the model, according to the Gomes model, and the equation of the motion for a single vocal
fold is described by
M x¨1 (t) + B(1 + η x21 (t)) ẋ1 (t) + K(t) x1 (t) = Pg (t) .

(1)

The mean glottal pressure Pg is given by
Pg (t) =

2τ Psub ẋ1 (t)
,
Kt (x0 + x1 (t))

(2)

where Psub is the subglottal pressure, τ is the glottal time delay, x0 is the mean position of
oscillation of the vocal folds in the middle of the glottis, η is the nonlinear coefﬁcient damping,
and kt is the coefﬁcient of transglottal pressure.
Considering x01 and x02 the rest position, pre-phonation, of the vocal folds in the glottal
input and output, respectively, L the width of the vocal folds, and x2 (t) = −r(x1 (t) − x0 ),
according to [7], the glottal ﬂow ug (t) is given by Eq. 3:
#
2Psub (t)
Aout (t) ,
(3)
ug (t) =
kt ρ
where ρ is the air density and Aout (t) is given by Eq. 4:
2
2L(x02 + x2 (t)) , x2 (t) > −x02
Aout (t) =
2Lx02 ,
otherwise .

(4)

After generating ug (t), the convolution with the ﬁlter (vocal tract) should be performed to
produce the sound we hear. However, this work is concentrated in the glottal signal. The
next step is the construction of the stochastic model of the vocal folds based upon the uniﬁed
deterministic model proposed here.
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The objective is to vary the frequency of the voice signal. As the mass is ﬁxed, the stiffness is
considered as a stochastic process following some ideas proposed by [8] with the corresponding
changes, because the model created here does not consider the coupling between the vocal tract
and the vocal folds.
Let E be the mathematical expectation. The stochastic process K(t), indexed by R, is constructed according to the properties deﬁned as follows.
1. For all t, 0 < k0 ≤ K(t), where k0 is a positive constant independent of t.
2. K(t) is a non-Gaussian stationary stochastic process such that E{K(t)2 } < +∞ for all t
(second-order stochastic process), for which its mean function (that is independent of t) is
written as E{K(t)} = K > k0 > 0, and which is assumed to be mean-square continuous
in order to guaranty the existence of a power spectral measure.
A representation of the stochastic process K is chosen as described by
K(t) = K0 + (K − K0 )(z̄ + Z(t))2 ,

(5)

where {Z(t), t ∈ R} is a second-order Gaussian stochastic process, centered, mean-square
continuous, stationary and ergodic, physically realizable, and z̄ is a constant such that for all real
t, E{(z̄ + Z(t))2 } = 1, E[K(t)] = K, and E{(z̄ + Z(t))4 } < +∞, because E{K 2 (t)} < +∞.
Then, Z(t) can be seen as the response of a linear ﬁlter such that Z(t) = (h ∗ N∞ )(t), where
1
N∞ is the centered Gaussian white noise with power spectral density SN∞ = 2π
and where the
frequency response function of the ﬁlter is the Fourier transform given by Eq. 6:
;
h(ω) = (F{h})(ω) = a/(iω + b) .

(6)

The stochastic process Z(t) can be obtained solving the linear Itô stochastic differential equation that is written as Eq. 7:
dY (t) = −b Y (t) dt + a dW (t) , t > 0 ,

(7)

with initial condition Y (0) = 0 and where W is the normalized Wiener stochastic process with
real value, indexed by [0, +∞]. When t0 → +∞, the stochastic process {Y (t), t > t0 } goes
asymptotically to the stationary stochastic process Z. Taking a sufﬁciently large value of t0 ,
Eq. (7) is used to generate realizations of the stochastic process Z(t). Following Eq. (1), and
considering the displacement of the vocal folds as a stochastic process, x1 (t) becomes X1 (t),
and the dynamics of the vocal folds is then given by the stochastic differential equation Eq. 8:
M Ẍ1 (t) + B (1 + η X12 (t)) Ẋ1 (t) + K(t) X1 (t) = Pg (t) .

(8)

All the other equations related to the uniﬁed deterministic model should be rewritten substituting x1 (t) and x2 (t) by X1 (t) and X2 (t), respectively. With these modiﬁcations, the voice
signals generated will indicate the presence of jitter and to quantify its level present in each
voice signal, some measures are calculated.
2.1

MEASURES

For each glottal signal, measures will be extracted. They are: four jitter measures, HNR
(harmonic richness fator), dH12 (difference between the ﬁrst and second harmonics), mean and
standard variation of the fundamental frequency, the 10 ﬁrst hamonics and two time measures
relating the opening time and the closing time of the vocal folds with the total glottal interval.
Jitter measures and frequency measures will be discriminated in the following.
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2.1.1

Jitter measures

First of all, four jitter measures are considered: absolute jitter, relative jitter, jitter rap and
jitter ppq5, deﬁned in the following.
• Absolute Jitter (Jitabs ): it is the cycle-to-cycle variation of the fundamental frequency,
i.e, the average absolute difference between consecutive periods, in seconds, given by
N −1
|Ti+1 − Ti |
Jitabs = i=1
,
(9)
N −1
in which Ti is the time interval of each complete glottal cycle and where N is the number
of intervals considered.
• Relative Jitter (Jitrel ): it is the average absolute difference between consecutive glottal
intervals, divided by the average period, and given by
Jitrel =

Jitabs

N

i=1

|Ti |

.

(10)

N

In general, relative jitter values between 0.1% and 1.04% are considered as normal voices
indicator, without pathological characteristics.
• Rap Jitter (JitRap ): is the three point period perturbation quotient jitter.It is computed as
the average absolute difference between a period and the average of it and its two closest
neighbors divided by the average period.
• PPQ5 Jitter (JitP P P Q5 ): is the ﬁve point period perturbation quotient jitter. It is computed
as the average absolute difference between a period and the average of it and its four
closest neighbors divided by the average period.
2.2

Frequency measures

First is H1 − −H2 or dH12 which is the difference of the ﬁrst and second harmonics of
the glottal frequency spectrum waveform in decibel. Another similar parameter is harmonic
richness factor (HRF), which is deﬁned as the ratio between the sums of the amplitudes of
harmonics above the fundamental frequency and the magnitude of the fundamental frequency
or the ﬁrst harmonic in decibels. It is shown by the Eq. 11:

HR
HRF =

r≥2

H1
Here HR represents the magnitude of the rth harmonic.
The third measure considered is the magnitude of the ﬁrst 10 harmonics.
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3

SIMULATIONS

In this section, simulations with the stochastic model proposed are performed. The variation
of the parameter a, from Eq. 7, is considered. All the other parameters will be ﬁxed and their
values are given in Tab. 1.
Parameters
M
B
η
Pm
Kt
τ
x0
x01
x02
ρ
L
b
k0

Values
0.476 g
100 N sm−1
5000
800 P a
1.1
0.001 s
0.01 cm
0.001 cm
0.001 cm
1.15 × 10−2 kgm−3
1.4 cm
1000000
200 N m−1

Table 1: List of parameters and their values.

For the simulations, it is important to perform a convergence analysis, mainly for the solution of the Itô stochastic differential equation used to generate realizations of K(t). Then,
asymptotically stationary and ergodic solutions have been considered and, the mean value and
the second moment of K(t) have been estimated by
,

1
K(n) =
K(i) ;
n i=0

(12)

,

1 2
K (n) =
K (i) .
n i=0

(13)

n

E{K(n)} = lim K(n)
n→+∞

n

2

2

E{K (n)} = lim K (n)
n→+∞

2

Figure 2 show three cases of glottal signals considering different levels of jitter, taking into
account different values of a, showing that it is possible to generate the phenomenon with the
model proposed.
Table 2 shows different values of jitter, and two corresponding measures, considering different values for a, in the the case of normal voices, without pathological characteristics (the ﬁrst
two values of a) and also three cases of voices with pathological characteristics (the last three
values of a).
The glottal interval, that is, the total time of a complete glottal cycle, is a random variable
and its inverse, F0 = T1 , is the random variable called the fundamental frequency.
4

INVERSE PROBLEM WITH AN ARTIFICAL NEURAL NETWORK

The methodology proposed uses Artiﬁcial Neural Networks (ANN) to map from the features
extracted of the glottal signal to the two parameters of the power spectral density.
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Figure 2: (a) Glottal signal without jitter a = 0, (b) Glottal signal with Jitloc = 0.5% and (c) Glottal signal with
Jitloc = 6.13%.

The stochastic process Ug (t), the glottal signal, is represented in this work as a non-linear
mapping of a vector [a, b] through the stochastic model presented. To invert this mapping, using
ANNs, it is required to extract a vector of features from Ug (t) for which the ANN can learn to
estimate the random vector [a, b], according to Eq. 6.
The inputs of the constructed neural network, corresponding to the features extracted from
the glottal signal, will then be: (i) the mean value of the fundamental frequency; (ii) the standard
deviation of the fundamental frequency, (iii) dH12 , HRF , the four measures of Jitter (Absolute,
Local, Rap and PPQ5), the values of the ﬁrst ten harmonics and two time coefﬁcients called
Open1 , deﬁned as the ratio between the opening time interval of the vocal folds and the total
glottal interval, and Open2 deﬁned as the ratio between the closing time interval of the vocal
folds and the total glottal interval. There are 22 parameters to be considered for the ANN.
Clearly, some of these parameters give redundant information.
The methodology applied to solve the inverse problem can be divided in two parts: the ﬁrst
part consists in producing a training set for the ANN, by solving the direct problem; i.e, given a
and b, parameters from the spectral density of the stochastic process related to the stiffness K,
it is possible to generate realizations of the glottal signal and to extract all the parameters. The
second part corresponds to the inverse problem; i.e, given the features extracted from the glottal
signal, values from a and b are obtained.
The methodology is described in the following:
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a
160
200
500
700
1000

Absolute Jitter
2.27 × 10−5
3.25 × 10−5
1.72 × 10−4
1.88 × 10−4
3.78 × 10−4

Local Jitter
0.34%
0.50%
2.70%
3.00%
6.13%

Table 2: Absolute and local jitter for voices without pathological characteristics and also with pathological characteristics.

1. A set is created containing 10000 realizations of the pair (a, b) and the
mathematical/mechanical model of the vocal folds is used to generate the glottal pulse;
that is, 10000 realizations of the glottal pulse are obtained. For each realization, the set of
features are extracted.
2. An artiﬁcial neural network is created, from the last item, in order to obtain more realizations of the glottal signal. The ANN created is a A feedforward multi-layer perceptron (MLP) network and the Levenberg-Marquardt optimization algorithm is used during
learning phase. It solves the direct problem and uses 70% of the realizations for training,
15% for testing and 15% for validation. With the ANN created 30000 realizations are
obtained and this is used for the extension of the results of the corresponding mechanical
model. The inputs a and b are normalized because the scale of these values are very different. Considering x the vector containg the values xi corresponding to the input (a or
b).
3. It is important to normalize the inputs because the scale of their values are much different.
The idea is to normalize all the values inside the interval [−1, 1]. Considering minx and
maxx the minimum and the maximum of the range of the parameter x, the values of x
normalized, denoted by xnorm is given by Eq. 14:
xnorm =

(x − minx )(2)
− 1.
maxx − minx

(14)

4. Then, an ANN is constructed for solving the corresponding inverse stochastic problema. Again, a feedforward multi-layer perceptron (MLP) network is constructed and the
Levenberg-Marquardt optimization algorithm is used during learning phase. The training
set of realizations is divided in three parts: 70% of the realizations are used for training, 15% for testing the network performance during training and 15% for the validation
check. As the scale of the input/output parameters of the ANN are very different, a normalization is performed in all the inputs so that any realization of the training set lies
between −1 and 1. The 30000 realizations of the vector of features were used as input to
obtain 30000 realizations of the output; that is, realizations of pair (a, b).
R
All the simulations were performed using the Matlab
Neural Networks Toolbox.
5

RESULTS
An example will be presented at ﬁrst.
1. The values of a and b obtained were such that the variation of a was from 50 up to 4500,
with step 10, and the variation of b was from 100000 to 1500000, with step 2000. These
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values were considered as inputs for the ANN created to solve the direct problem; that is,
after having been obtained values with the corresponding mechanical model. With this
extension, more values of the features of the glottal signal could be obtained and it is very
important to train the ANN.
2. Then, a new ANN was created to solve the corresponding inverse problema. The values
obtained from the last item were used as inputs for this new ANN.
3. A confusion matriz was constructed and shown in Fig. 3:

Figure 3: Confusion matrix.

4. Some tests were performed with speciﬁc values. The Tab. 3 shows some results:
position
200
1000
5000
20000

(a, b)desired
(50, 498000)
(50, 696000)
(120, 284000)
(330, 842000)

(a, b)obtained
(70, 498750)
(70, 699900)
(120, 277940)
(330, 841890)

Table 3: Absolute and local jitter for voices without pathological characteristics and also with pathological characteristics.

In the following, an experimental case is performed.
An audio produced by a woman, of a vowel /a/, is used. At ﬁrst, using an inverse ﬁltering
method (the so-called IAIF) the corresponding glottal signal is obtained. Then, features
of the glottal signal are obtained and submitted to the ANN created previously. And the
results obtained are in the following: a = 450 and b = 1500000.
More examples are necessary and clearly there are still some limitations because the
experimental signal can give parameters far from the ones trained by the ANN.
6

CONCLUSIONS

A stochastic model to generate voiced sounds with jitter has been proposed based on the
uniﬁcation of two deterministic models from the literature and considering one parameter as a
stochastic process, the stiffness of the vocal folds. Two control parameters have been considered for the corresponding power spectral density and they were identiﬁed through an Artiﬁcial
Neural Network created for solving the corresponding inverse stochastic problem.
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Considering simulated data, the ANN solved the problem in a very satisfactory way and the
challenge is to use this idea to experimental data. An example is presented with experimental
data showing that it is possible to do it.
It is important to note that the features extracted from the experimental data should be near
the range covered by the ANN and sometimes it can not be possible. Then, the next challenge is
to upgrade the model and the ANN, and also the algorithm, to create conditions for identifying
parameters corresponding to more general experimental data.
7
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Abstract. In the context of random environment, time-domain simulation of structural responses is often necessary when the structure is nonlinear, but not only : when the structure
is linear and the excitation modelled as a non-stationnary non-Gaussian process, Monte Carlo
approaches are necessary to identify the probabilistic distribution of the output. In this paper we
use a stochastic model developped for non-stationnary and non- Gaussian random processes. It
is based on an empirical Karhunen-Loeve expansion of the process constructed from an available data basis. We study the particular case of linear structures: the Monte Carlo becomes
particularely simple: one needs only to consider the construction of a low number of responses,
corresponding to the deterministic eigen functions of the Karhunen-Loeve expansion, hence
avoiding high number of calls to industrial codes. The KL expansion of the response is then obtained directly using these responses and the system output probabilistic characterization can
be constructed through Monte Carlo simulation of the KL output model. This approach is used
in order to quantify the effect of gusts on a future airship using a database obtained during a
winter storm from which a model of vertical gusts isconstructed. Response comparisons for
realistic and gusts and the one prescribed by national regulation requirements will be shown.
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1

INTRODUCTION

There exists today a new interest in airship exploitation as appears a need for a safe and
sustainable solution that can deliver heavy cargo or personnel to remote communities that have
no infrastructures. For instance the Flying Whales start-up has launched a 60 ton capacity
airship project which size is unusual: 150 m long, 60 m large and 40 m height.

Figure 1: Flying Whale LCA60T airship project. Source: Flying Whales

New regulations had to be speciﬁed in order to certify such modern airships and among
them was introduced one dedicated to gust. In the TAR (Transport Airship Regulation) the
gust is modeled as an harmonic excitation and the question which arises is how will the airship
response to real gusts, which exist within a turbulent wind ﬁeld, compare to the regulation
gust response. Real gusts are random phenomena which can be modeled as non-stationary
and non-Gaussian processes. Therefore one needs to characterize the output of the airship to
this random excitation. Airship is modeled as a coupled aerodynamic/structure system and due
to the very low Mach number involved in airship ﬂight the use of a linearized aerodynamic
code is entirely justiﬁed. Nevertheless the response characterization goes through a complete
Monte-Carlo approach since the input is non-stationary and non-Gaussian which can render the
methodology numerically very expensive for high dimension structural models. We show that
when the input process can be represented by its Karhunen Loeve expansion, the linearity of
the numerical code allows to construct directly the Karhunen Loeve expansion of the response
which can be used to generate samples used for constructing various estimators of the response.
An illustration will be given on a simpliﬁed airship model which will be subject to real gusts
identiﬁed in given wind measures.
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2

PROBABILISTIC MODEL CONSTRUCTION OF OBSERVED SAMPLE PATHS

Three dimensional wind data are relatively scarce and existing gust databases contain insufﬁcient samples in order to be relevant in a Monte Carlo procedure. An enrichment method will
therefore be used in order to generate supplementary synthetic samples. This method, based on
Karhunen Loeve expansion of stochastic process, is described in [10, 7]. We shall brieﬂy recall
the main ingredients.
Karhunen-Loève (KL) expansion provides a suitable framework for modeling a non-stationary
scalar random process X(t, ω):
∀t ∈ D, X(t) = lim

N →+∞

N 


λα ξα φα (t),

(1)

α=1

in which ξ1 , ξ2 , . . . , ξα , . . . are uncorrelated random variables given by
1
ξα = √
λα

D

< X(t), φα (t) > dt,

(2)

where the λα and φα (t) are the solutions of the integral equation
D

RX (t, t )φ(t )dt = λφ(t),

(3)

and where the limit in (1) is taken in the space L2 (Ω, R).
Let be given N measures {X (l) (ti ) ; i = 1, ..., N } ; l = 1, N of a random phenomenon
sample path. The ﬁrst step to the KL expansion construction is to estimate the empirical autocorrelation of the underlying process X:
N
1  (l)
R(ti , tj ) =
X (ti )X (l) (tj )
N l=1

(4)

Solving the discretized eigenvalue problem (3) yields the λα and φα (ti ), for α, i = 1, N .
(l)
The second step is to construct the samples ξα using relation (2) which gives an explicit
relation :
N
1  (l)
ξα(l) = √
X (ti )φα (ti )Δt ; l = 1, N ; α = 1, N
(5)
λα i=1
where Δt is the sampling time step.
In order to be able to use the KL expansion for simulating the random process X, the last
step is to identify the distribution of the random vector ξ = (ξ1 , ..., ξN ), which in the general
case is not Gaussian. This multivariate distribution will be approximated by a Gaussian kernel
density estimator :
fˆN ,h (x) =

N

1
(x − ξ () )T (x − ξ () )
exp
N hN (2π)N/2 =1
2h2

(6)

where ξ () ,  = 1, N are the observed samples of random variable ξ.
Details on kernel density estimators construction can be found in the following references
[3, 9, 8].
Simulation of a multivariate random variable ξ described by the kernel density (6) is straightforward:
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• generate a random integer J uniformly distributed on {1, 2, ..., N }
• generate a N -dimensional normalized Gaussian random variable G
• construct the sample ξ = ξ (J) + h × G.
In practice, the
is evaluated considering
 approximation due to truncation of
 the KL expansion
the total energy [0,T ] E(X(t)2 )dt of the process : [0,T ] RX (t, t)dt = α λα , the relative error
 being then deﬁned by:
=

NT


λα /

α=1

∞


λα =

α=1

NT


λα /

RX (t, t)dt

(7)

[0,T ]

α=1

Numerically, the total energy can be determined from the empirical autocorrelation function
of the N trajectories:
N

RX (t, t)dt =
RX (ti , ti )Δti
[0,T ]

i=1

Finally one has to characterize the response of a system to a random excitation modeled as a
KL expansion:
X(t, ω) =

M √
α=1

H

λα ξα (ω) φα (t)

Y (t, ω)

When the system is linear it is possible to use the input expression linearity to construct directly
a probabilistic model of the system output.
3

RESPONSE OF A LINEAR DYNAMICAL SYSTEM TO KL EXCITATION

There exist many real-life systems which are described using industrial linear codes: in structures, aeronautics, etc. The use of such linear approximations of real structures and systems are
still today mandatory in the conception phase or for optimization because high ﬁdelity models
are too CPU intensive. This is particularly true for probabilistic analysis based on Monte Carlo
approaches. Even in the case of linear systems, there exist no analytic methods to characterize the system output when the excitation is modeled through a non-Gaussian non-stationary
process. One has to go through numerical simulations in order to construct various statistical
estimators.
Consider a linear system described through a differential equation
Y  (t) = A(t)Y (t) + X(t) ; Y (0) = Y0 ; t ∈ [0, T ].

(8)

It is well known that its solution can be written
t

Y (t) = H(t, 0)Y0 +

H(t, s)X(s)ds

(9)

0

where H is the resolvent matrix. Function H is the impulse response function and represents
the linear system. It is generally obtained using an industrial code (Nastran, Marc, ...) and
its derivation can be computationally expensive for high dimension models such as the ones
encountered in aeronautics. When X is a general second order stochastic process deﬁned on
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a given probability space (Ω, T , P ), Monte Carlo approaches have to be used in order to construct statistical estimators of Y , and, even in a linear context, Monte Carlo based probabilistic
analysis can become non practical for some applications. When X is approximated through a
truncated KL expansion denoting mX (t) its expectation, relation (9) can be written,
t

Y (t, ω) = H(t, 0)Y0 +

H(t, s)mX (s)ds+
0
N 


t

H(t, s)φα (s)ds, ; t ∈ [0, T ] (10)

λα ξ α
0

α=1

The output characterization necessitates only N + 2 calls of the linear codes, whith N generally
less than 100 in order to construct the N deterministic response functions ψα (t) =
t
H(t, s)φα (s)ds, the initial condition and the mean excitation response. The probabilistic
0
analysis is then achieved generating random linear combinations of these N functions.
4

AIRSHIP AEROELASTIC MODEL

The illustrations given in the following involve an airship model of dimensions 150×60×44
meters and a weight of 60 tons. The cruise ﬂight altitude is 1000 meter at a speed of 100 km/h.
A crude ﬁnite element model, sufﬁciently meaningful for the aeroelastic illustration is used and
is represented on ﬁgure 2.
The coupled system airship/aerodynamic forces is modeled using the code CAPRI [4, 5]
which uses a linearized aerodynamic model based on the doublet lattice method [1]. The use of
a linearized model is totally justiﬁed for an airship due to the very low Mach number involved:
Mach 0.086. The aerodynamic force due to a gust is given in the frequency domain by the
relation:
Ŵ (M, ω)
F̂ (ω) = T (ω) ×
(11)
V
where V is the airship speed, Ŵ (M, ω) the Fourier transform of a gust and T (ω) the transfer
function calculated by the CAPRI code for a set of frequency values. Using a rational approximation of the transfer function allows to build a time domain representation of the force, solving
a differential equation [6]. What is considered for certiﬁcation is the charge factor deﬁned by:
N (t) =

F (t)
,
Mg

(12)

where M is the airship mass and g the standard gravity.
5

GUST MODELS

The transportation airship requirements imply that the airship structure integrity should not
be affected when the airship encounters an isolated gust deﬁned by the following expression
vg =

Vg
x − xg
(1 + cos(π
)) for |x − xg | ≤ Lg
2
Lg

(13)

where vg is the gust speed at the point of coordinate x, xg is the coordinate of the gust center,
Vg is the maximal gust speed located at point xg , Lg is the gust half length.
Such a gust is of course not representative of real gusts as it will be shown later on. Therefore
it is interesting to compare the real gust and the regulation gust effects on the structure. First
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Figure 2: Airship ﬁnite element model

it is necessary to deﬁne what is a gust: a gust is a short-term wind speed variation within a
turbulent wind ﬁeld. There exist several methods to detect gusts in a wind time history [2],
in this application we shall consider what is called the velocity increment method: a moving
window of length T is shifted along the wind time history W (t) and a gust of amplitude Vg is
detected when W (T ) − W (0) = Vg . There exist several public wind databases available, here

Figure 3: Velocity increment gust detection

we shall use a wind data obtained in a FINO offshore research platform 1 located in the North
sea during a winter storm. The three components of the wind have been recorded during three
days. Figure 4 shows the longitudinal and vertical component of the wind time history. This
last component will be used in order to detect gusts.
6

NUMERICAL ILLUSTRATION

The transportation airship requirements ﬁx the maximum gust speed Vg to 7.6 m/s for an
airship speed equal to 100 km/h. The gust half length Lg is chosen equal to 75 m (the airship
1

FINO: Research platforms in the North Sea and in the Baltic Sea, GL-Windenergie, Hamburg
(http://www.ﬁno-offshore.de)
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Figure 4: Horizontal and vertical wind time history

Figure 5: Two detected gusts

length being equal to 150 m). In a ﬁrst stage we shall detect gusts characterized by the above
values of Vg and Lg in the recorded vertical wind time history. Thirty nine gusts are detected
and ﬁgure 5 shows two of them. Figure 6 compares the mean real gust and the TAR prescribed
gust.
6.1

Input simulation

In a second stage the Karhunen Loeve stochastic model of the vertical gusts is constructed
using the thirty nine gusts in the database. Thirty four terms are kept in the expansion. Using
this model, 5000 gust sample paths are generated, each leading to the calculation of the corresponding charge factor. Figure 7 shows the mean charge factor as well the ±σ dispersion due
to the generated gusts compared to the charge factor due to the TAR requirement gust, ﬁgure 8
gives the mean number of crossings of the charge factor for different levels.
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Figure 6: Mean gusts

6.2

Output simulation

We construct now the image of the gust Karhunen Loeve expansion by the linear aeroelastic
operator: the input of the operator is the expansion eigen functions and the mean gust. The
initial condition in equation 8 is 0. Relation 10 yields the Karhunen Loeve expansion of the
random charge factor which can be used to generate additional responses in order to construct
various statistical estimates. Again, 5000 simulated responses of the charge factor are generated
using the KL image expansion and the same estimators as above are constructed. Figure 9
shows the mean charge factor as well the ±σ dispersion due to the simulated charge factor and,
of course, the result is the same as the one shown on ﬁgure 7. Figure 10 shows the mean number
of crossings of the charge factor for different levels calculated using the input stochastic model
or the output stochastic model: the results are identical.
7

CONCLUSION

We have shown in this paper that when a linear system is excited by a stochastic process
represented by its Karhunen Loeve expansion, one could directly construct the Karhunen Loeve
expansion of any system output, allowing its use for direct Monte Carlo characterization. An
illustration has been given related to the identiﬁcation of an airship response to wind gusts. The
gust are represented by a Karhunen Loeve expansion constructed from a database containing
turbulent wind time history measures. Results haves shown in particular the important output
(charge factor) scattering compared to the one obtained using the transport air requirements.
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Figure 7: Mean charge factor
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Figure 8: Mean number of crossings

Figure 9: Mean charge factor

3422

F. Poirion and G. Mortchelewicz

Figure 10: Mean number of crossings
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Abstract. In recent years there has been a proliferation in the availability of information
generated across a range of engineering disciplines. Artificial intelligence techniques such as
machine learning have found a wide range of applications as computationally efficient tools to
reveal underlying trends in large and complex data sets. This state-of-the-art review discusses
recent advances in the application of machine learning to geotechnical earthquake engineering
problems. Such algorithms as Gaussian process regression, support vector machines, artificial
neural networks, decision trees, random forests and their applications to this field are reviewed.
Particular attention will be paid to machine learning applications for earthquake-induced soil
liquefaction potential prediction, inelastic response spectra prediction, site-specific spectral
acceleration prediction, dynamic soil-structure interaction, slope stability evaluation, shallow
and deep foundation capacity prediction, soil and shear strength prediction. The training data
set, the machine learning model configuration, the training, and the evaluation process, as well
as the generalization capacity of each model, will be examined. The performance of different
methods will be compared, and future research challenges will be discussed.
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1

INTRODUCTION

In recent years machine learning (ML) methods as computationally efficient tools to reveal
underlying trends in complex problems have found a wide range of applications in many
engineering fields. Since the late 1980s techniques like artificial neural networks (ANN) have
been applied successfully to many civil engineering problems including geotechnical
engineering. The applications of ANNs in civil engineering between 1989 and 2000 are
discussed in Adeli’s [1] literature review paper. Pre-2001 applications of ANNs to geotechnical
engineering are reviewed in detail by Shahin et al. [2], while pre-2010 applications can be found
in the review of Shahin et al. [3].
The purpose of this paper is to discuss recent advances in the application of machine learning
techniques to geotechnical and geotechnical aspects of earthquake engineering fields. Among
the many available ML algorithms in the literature, the ANNs and the support vector machines
(SVM) were the most common in these fields. Besides these algorithms, applications of the
Gaussian process regression (GPR), decision tree, and random forest algorithms are also
included in this review. In order to facilitate the understanding of the ML applications, a brief
description of the algorithms, as well as the ML model evaluation methods are given in the next
section.
The geotechnical and geotechnical earthquake engineering problems are very complex in
their nature and many assumptions are introduced in order to model them with traditional
methods. The availability of experimental data, or even in some cases data from finite element
analysis, has made the application of ML methods more and more popular in recent years
enabling the use of these data as a tool. Many applications can be found in the literature, such
as ANN based constitutive models, foundation capacity prediction, soil liquefaction potential
prediction and applications to soil structure interaction. In this study, uniaxial compressive
strength prediction using ANNs and SVMs, pile capacity prediction models using GPR, SVM
and ANNs, shallow foundation capacity prediction using ANN and SVM, soil shear strength
prediction, earthquake-induced soil liquefaction potential using SVM, decision tree and random
forest, SVM and GPR applications for slope stability prediction, ANN and SVM applications
to dynamic soil structure interaction, and applications of ANNs to site specific seismic analysis
and inelastic response spectrum prediction are reviewed.
2

THEORETICAL BACKGROUND

Machine learning (ML) is the scientific study of algorithms and statistical models that
computer systems use to perform a specific task without using explicit instructions, relying
instead on patterns and inference. It is a subset of artificial intelligence. Machine learning
algorithms build a mathematical model based on sample data, known as “training data”, in order
to make predictions or decisions without being explicitly programmed to perform the task
[4],[5].
Machine learning algorithms are often categorized as supervised and unsupervised. In
supervised learning, each training example is a pair consisting of an input feature and a desired
output and the algorithm analyzes the training data and produces an inferred function, which
can be used for mapping new examples [6]. In unsupervised learning, the training data has only
the input values and the algorithm identifies commonalities in the data and reacts based on the
presence or absence of such commonalities in each new piece of data.
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The supervised learning method is used for classification and regression problems. In
classification problems, the outputs are restricted to a limited set of values (a category or a
group). Regression problems are named for their continuous outputs, meaning that they may
have any value within a range.
There are plenty of algorithms for either task. In this section, the artificial neural networks,
support vector machines, Gaussian process regression algorithm, decision trees and random
forests, as well as their performance evaluation are briefly discussed.
2.1

Artificial neural networks

The artificial neural network is a computing technique designed to simulate the human
brain’s method of problem solving. The similarity between the ANNs and the human brain is
that they both acquire skills in processing data and finding solutions through training [7].
Artificial neural networks consist of simple computing units “artificial neurons”, and each unit
is connected to the other units via weight connectors. These units calculate the weighted sum
of the inputs and determine the output using an activation function. A schematic representation
of an ANN with multiple inputs and a single neuron in the hidden layer (the layer between the
input and output layer) is shown in Figure 1. The illustrated ANN has n input features X1 to Xn
and their connections with the unit in the hidden layer is the feature multiplied with its weight
wi and added bias bi. The single unit in the hidden layer sums all the weighted inputs, applies
an activation function f to the sum and passes the output α to the next layer. In this case, the
next layer is the output unit Y and it provides the prediction of the ANN for the output value.

Figure 1: Artificial neural network with single neuron and multiple inputs.

The process of calibrating the values of the weights and biases of the ANN to predict the
desired output correctly is called training. In the case of supervised learning, the learning
algorithm will adapt the weights and biases depending on the error between the predicted output
and the real output. The optimal ANN for a given training set is obtained by minimizing the
loss function using an optimization algorithm.
2.2

Support vector machines

Support vector machines (SVM) are supervised learning models for classification and
regression. For the binary classification case, the basic idea of a SVM is to find the optimal
hyper-plane, i.e. decision surface, for linearly separable patterns, extend to linearly inseparable
patterns by transforming the original data to map into new space with the kernel function and
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use the SVM algorithm for pattern recognition. Support vectors are the data points that lie
closest to the decision surface, and which have direct bearing on the optimal location of the
decision surface.
Support vector machines maximize the margin around the separating hyperplane. The
decision function is fully specified by the support vectors which are usually a small subset of
the training samples. This becomes a quadratic programming problem that can be solved by
standard methods. Similar to ANNs, the inputs of an SVM are input-output training pairs and
the output is a set of weights w, one for each feature, whose linear combination predicts the
value of the output. The important difference compared to ANNs is that SVMs use the
optimization of maximizing the margin to reduce the number of weights that are non-zero to
just a few that correspond to the support vectors.
The optimal separating hyper-plane of an SVM for a binary classification problem is
illustrated in Figure 2. Anything on or above the hyper-plane w·x - b =1 is of one class with
label 1. Accordingly, anything on or above the hyper-plane w·x - b =-1 is of the other class with
label -1. The data points on these hyper-planes are the support vectors, while the geometrical
ଶ
distance between them is
. The hyper-plane w·x – b=0 is the median of them and it is the
צ௪צ

optimal separating hyper-plane. The parameter


צ௪צ

determines the offset of the hyperplane

from the origin.

Figure 2: Optimal separating hyper-plane for binary classification.

Support vector machines for regression (SVR) use the same principles as the SVM for
classification with only a few minor differences. In the case of regression, a margin of tolerance
is set in approximation to the SVM which would have already requested it from the problem.
The algorithm in this case is more complicated. However, the main idea is the same: to
minimize the error, individualizing the hyperplane which maximizes the margin, keeping in
mind that part of the error is tolerated. Details for the mathematical formulation of SVMs and
SVRs are discussed by Christianini and Shawe-Taylor [8].
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2.3

Gaussian process regression

In probability theory and statistics, a Gaussian process is a stochastic process (a collection
of random variables indexed by time or space), such that every finite collection of those random
variables has a multivariate normal distribution, i.e. every finite linear combination of them is
normally distributed. The distribution of a Gaussian process is the joint distribution of all those
random variables.
A machine learning algorithm that involves a Gaussian process uses lazy learning and a
measure of similarity between points (the kernel function) to predict the value for an unseen
point from training data. In a training set where xi are the input features and yi is the output, a
Gaussian process regression model addresses the question of predicting the value of a response
variable ynew given the new input vector xnew and the training data. The prediction is not just an
estimation for that point but also has uncertainty information. It is a one-dimensional Gaussian
distribution. The mathematical formulation of the GPR algorithm can be found in Rasmussen
and Williams [9].
2.4

Decision trees and random forest

Decision trees build classification or regression models in the form of a tree structure. It
breaks down a data set into smaller and smaller subsets while at the same time an associated
decision tree is incrementally developed. The final result is a tree with decision nodes and leaf
nodes. A decision node has two or more branches. Leaf nodes represent a classification or a
decision. The topmost decision node in a tree, which corresponds to the best predictor, is called
the root node. Decision trees can handle both categorical and numerical data.
The random forest is an algorithm consisting of many decision trees used for both
classification and regression problems. It uses bagging and feature randomness when building
each individual tree to try to create an uncorrelated forest of tree whose prediction by committee
is more accurate than of an individual tree.
2.5

Bias and variance of machine learning models

How satisfactory the performance of an ML model depends on its predictions and how well
it generalizes on an unseen data set. The bias variance trade-off is a way of analyzing the
expected generalization error of a learning algorithm, with respect to a particular problem as a
sum of three terms, the bias, the variance, and a quantity called the irreducible error, resulting
from noise in the problem itself. It can be applied to all forms of supervised learning [10].
The bias is an error from erroneous assumptions in the learning algorithm. In other words, it
is the difference between the average prediction of the model and the correct target value.
Models with high bias pay very little attention to the training data and oversimplifies the model.
It always leads to high error with training and test data. The variance is an error from sensitivity
to small fluctuations in the training set. High variance can cause an algorithm to model random
noise in the training data rather than the intended output. Models with high variance pay a lot
of attention to training data and do not generalize with unseen data. As a result, such models
perform very well on training data but have high error rates on test data.
In supervised learning underfitting happens when a model is unable to capture the underlying
pattern in the data. Such models usually have high bias and low variance. Conversely,
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overfitting happens when a model captures the noise along with the underlying pattern which
occurs when trained with a noisy data set. These models have low bias and high variance.
2.6

Evaluation of machine learning models

To obtain a model that generalizes well on unseen data, there is a need to minimize the total
error finding a good balance between bias and variance. Hence, there is a need to find a way to
accurately measure the prediction error of the model. A common approach is using the data
itself to estimate the prediction error.
The simplest technique for this approach is the holdout set method, splitting the data initially
into two groups. One group is used to train the model and the second group is used to measure
the model’s error after training. Another commonly used approach is the cross-validation
method which works by splitting the data into sets of n folds. The training and error estimation
process is repeated n times. Each time n-1 groups are combined and used to train the model.
The group that was not used in the training is used to estimate the prediction error. The final
error of the ML model is the average of the n calculated errors.
3

UNIAXIAL COMPRESSIVE STRENGTH PREDICTION

Cevik et al. [11] used the results of laboratory experiments as training data and developed
an ANN model to estimate the uniaxial compressive strength of some clay-bearing rocks
selected from Turkey, giving an emphasis on assessing the role of slake durability indices and
clay contents. They performed X-ray diffraction analyses, slake durability index tests and the
uniaxial compressive strength test on selected samples from Soma and Eskisehir regions. Then,
they developed ANN based constitutive models for clay-bearing rocks based on the
experimental data. The input features of the ANN model were the origin of the rocks, two/four
cycle slake durability indices and the clay contents, while the output was the uniaxial
compressive strength. They used 80% of the training data for training and 20% for testing. Their
study showed that the ANN method had quite satisfying accuracy compared to other models.
Ceryan et al. [12] developed an ANN model to predict the uniaxial compressive strength of
carbonate rocks. They collected 56 groups of block samples from the Tasonu Quarry in
Trabzon, Turkey and performed X-ray diffraction analyses, and test such as, specific density,
unit weight, porosity, P-wave velocity, slake durability, aggregate impact value and uniaxial
compressive strength. They used all possible regression technique in order to select the input
features for the ANN model. They used the total porosity and the P-wave velocity in the solid
part of the sample as input features for the ANN, while the output was the uniaxial compressive
strength. They used 80% of the training data for training and 20% for testing. They compared
the results of the ANN model with multiple linear regression model and they concluded that the
ANN model was capable of modeling the uniaxial compressive strength.
Tinoco et al. [13] proposed a SVM model to predict the uniaxial compressive strength of jet
grouting columns. The training data set included 472 data points collected from different
columns constructed in different places with different soil properties. The uniaxial compressive
strength of each sample was obtained from an unconfined compression test with sample strain
instrumentation. The proposed model had 9 input features, which were the relation between the
mixture porosity and the volumetric content of cement, the age of mixture, the percentage of
clay, the jet grouting method, inverse of the dry density of soil cement mixture, the void ratio,
the cement content, the water content and the water cement ratio. To assess the generalization
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capacity of their model they used 20-fold cross-validation method, which had an acceptable
final error.
4

PILE CAPACITY PREDICTION

Pal and Deswal [14] developed a GPR model to predict the load-bearing capacity of piles
and compared its results with an SVM model and empirically derived relationships. They used
a data set which was derived from actual pile-driving records in cohesion less soil to train both
models. Out of a total of 94 data points, they used 59 for training and 35 for testing. The results
of this data set indicated that the GPR algorithm had improved performance compared with
SVM and empirical relationships. Additionally, they used another data set consisting of 38
pieces of data to validate the performance of the GPR model.
Samui and Kim [15] developed a least square SVM and multivariate adaptive regression
spline (MARS) to predict the lateral load capacity of pile foundations. They use the pile
diameter, pile embedment depth, load eccentricity and undrained shear strength of the soil as
input features for their models. Their data set had 41 data points, and they used 31 of them for
training and the remaining data points for testing. They concluded that the developed models
outperform the other available methods.
Kordjazi et al. [16] developed three SVM models with different kernel functions to predict
the ultimate axial load-carrying capacity of piles based on cone penetration test (CPT) data.
They used a data set consisting of 108 data points obtained from the literature. They used the
type of static pile load test, pile material, method of installation, pile tip (closed or open),
embedded length, pile-soil contact perimeter, cross sectional area of the pile tip, average cone
tip resistance along the embedded length of the pile, average sleeve friction, and the average
cone tip resistance beneath the pile tip as input features of the SVM model. The ultimate load
bearing capacity of the pile was the single output variable. They used 83 data points for training
and 25 for testing. They concluded that the SVM model with the radial basis kernel function
and the Pearson VII kernel function had the best results. They compared the performance of the
SVM model with CPT-based methods for determining the pile capacity. The comparison
showed that the SVM models provide more accurate pile capacity prediction.
Momeni et al. [17] proposed an ANN model to estimate the axial load bearing capacity of
piles. In order to create the training data, they performed 36 pile driving analyzer tests at various
sites in Indonesia. The tested piles were reinforced and pre-stressed concrete piles with varying
lengths and diameters and most of the tests were conducted in cohesionless soils. To represent
the soil characteristics, the results of soil penetrations tests (SPT) were collected. The average
SPT values along the pile shaft and tip, the pile length, the pile area and the pile set were used
as input features. The output variables of the ANN were the shaft, tip and the ultimate bearing
capacity of the pile. Their study indicated that the ANN model results were in a close agreement
with those obtained from high strain dynamic pile testing.
Moayedi and Rezaei [18] developed an ANN model to predict the ultimate uplift capacity of
under-reamed piles embedded in dry cohesionless soil. The training data, which had 432 data
points, was obtained from small-scale laboratory work from a previous study. The input features
of the ANN model were the base diameter, the angle of the enlarged base, the shaft diameter,
and the embedment ratio, while the singe output of their model was the ultimate uplift
resistance. The results of the ANN model they proposed showed that it can be applied to
precisely predict the experimental results.
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5

SHALLOW FOUNDATION CAPACITY PREDICTION

Ziaee et al. [19] proposed an ANN model to predict the bearing capacity of shallow
foundations on rock masses using as training data a comprehensive database of rock socket,
centrifuge rock socket, plate load, and large-scaled footing load test results. The database
included the results of experiments on circular and square footings of different sizes on various
types of rock masses. They used 85% of the data set for training and 15% for testing. The input
features of the ANN model were the rock mass rating, the unconfined compressive strength of
rock, the ratio of joint spacing to foundation width, and the angle of internal friction of the rock
mass. The output was the ultimate bearing capacity of the foundation. Their study concluded
that the ANN model had notably better performance than the traditional equations.
Moayedi and Hayati [20] used various ML algorithms such as feed forward neural network,
radial basis neural network, SVM, tree regression fitting model and adaptive neuro-fuzzy
inference system to predict the ultimate bearing capacity of strip footing near a slope. The
training data were obtained from extensive finite element modeling of a shallow strip footing
located near a homogenous sandy slope. The input features of the ML models were the soil
type, the slope angle, the setback ratio and the applied load on the footing and the single output
of the models was the settlement of the footing. The comparison of the models showed that the
feed forward neural network had the most accurate results.
6

SOIL SHEAR STENGTH PREDICTION

Pham et al. [21] developed four ML methods to predict the shear strength of soft soils and
compared their results. The methods they used were ANN, particle swarm optimization –
adaptive neuro-fuzzy inference system, genetic algorithm - adaptive neuro-fuzzy inference
system, and SVR. They used case studies of 188 plastic clay soil samples collected from Nhat
Tan and Cua Dai bridge projects in Vietnam as training data. The input features of the models
were the moisture content, clay content, liquid limit, and the plastic limit and the single output
feature was the shear strength of the soil. They concluded that out of the four models the particle
swarm optimization – adaptive neuro-fuzzy inference system performed best.
7

SOIL LIQUEFACTION POTENTIAL PREDICTION

Samui et al. [22] proposed two SVM models for classification based on actual shear wave
velocity data in order to evaluate the seismic-liquefaction potential. The training data included
information of soil characteristics and earthquake parameters. Out of 186 available data points,
they used 130 for training and 56 for testing the SVM models. For the soil characteristics based
SVM model the input features where the effective vertical stress, the soil type, the shear wave
velocity, the peak horizontal acceleration, and the earthquake magnitude. For the shear wave
velocity based model the input features were the shear wave velocity, the peak horizontal
acceleration and the magnitude. For both cases the output of the models was whether
liquefaction occurs or not. Their study indicated that the shear wave velocity based SVM model
was sufficiently capable to predict the liquefaction potential.
Samui [23] developed a SVM model for classification in order to predict soil liquefaction
based on actual CPT data from the 1999 Chi-Chi, Taiwan earthquake. He used the cone
resistance, cyclic stress ratio, local friction, pore pressure, total stress, effective stress, peak
ground surface acceleration and earthquake magnitude as input features. The proposed model
had 100% prediction accuracy. Furthermore, he simplified the model using only two input
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parameters, the cone resistance and the peak ground surface acceleration. The second model
had 89% prediction accuracy. He concluded that the SVM model was a robust method for
classifying liquefaction potential.
Lee and Chern [24] developed an SVM for classification using as input features the
earthquake magnitude, total overburden pressure, effective overburden pressure, cone
resistance from CPT, and peak ground acceleration. They trained the model with a data set
which had 466 field liquefaction performance records and CPT measurement. They used the
cross-validation method to evaluate the performance of the model. They compared the SVM
with an ANN model and concluded the SVM model had more accurate results.
Ardakani and Kohestani [25] proposed a decision tree for classification based on CPT data
to predict the seismic liquefaction potential. The training data they used consisted of a total of
109 cases, 78 of them used for training and 31 for testing. The input features of the decision
tree were the cone resistance, total vertical stress, total effective stress, mean grain size,
normalized peak ground surface acceleration, cyclic stress ratio, and the earthquake magnitude.
The overall classification accuracy of the decision tree was 98%.
Kohestani et al. [26] developed two random forest models based on CPT data to evaluate the
seismic liquefaction potential of soil. The random forest models were trained and validated
using 226 field records of liquefaction performance and CPT measurements. The input features
for the first model were the normalized cone tip resistance, soil type index, vertical effective
stress, and the seismic cyclic stress ratio adjusted to an earthquake magnitude of 7.5, while for
the second model inputs were the cone tip resistance, sleeve friction ratio, effective vertical
stress, total vertical stress, maximum horizontal ground surface acceleration, and the earthquake
magnitude. The models were compared to ANN and SVM models using the same input features
found in the literature.
8

SLOPE STABILITY

Samui and Kothari [27] investigated the capability of a least square SVM (LSSVM) model
to perform slope stability analysis. They developed two LSSVM models, one regression model
to predict the factor of safety of the slope and one classification model to predict the stability
status. Their training data consisted of 46 case studies of slopes, 32 used for training and 14 for
testing. The input features of the models were the unit weight, cohesion, angle of internal
friction, slope angle, height and the pore water pressure coefficient. They concluded that the
proposed LSSVM was a robust model for slope stability analysis.
Kang et al [28] developed a probabilistic stability evaluation method for slopes based on
GPR and Latin hypercube sampling. Their analysis was composed of three parts. Firstly, they
used the Latin hypercube sampling technique to generate samples for constructing the response
surface. Then, based on those samples they used the GPR model to establish the response
surface to approximate the limit state function. Finally, they performed Monte Carlo simulation
via the GPR response surface to estimate the system failure probability of slopes. They
examined five case samples to verify the effectiveness of the methodology. The results of their
study showed that the system reliability analysis they proposed could accurately setermine the
system failure probability with a relatively small number of deterministic slope stability
analyses.
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9

SOIL STRUCTURE INTERACTION

Farfani et al. [29] proposed ANN and SVM models for dynamic analysis of soil-pilestructure (SPS) systems based on experimental data, which was produced by carrying out a
series of centrifuge tests on SPS systems. The experiments included several configurations of
SPS systems as well as a large number of real buildings with earthquake motions recorded
inside them and at their nearby free-field ground surface. ANN and SVM models were
developed to predict the maximum acceleration of the superstructure at the head of the column
(SSA) and of the pile heads using as input parameters the peak base acceleration, amplitude
factor of the earthquake record, length of column, mass on column and number of piles. The
training data had a total of 70 data points, 45 of them used for training and the rest for testing
the networks. Since the number of data points was relatively low, they created two ANN and
two SVM models each having one output parameter (SSA or PHA). They performed finite
element analysis to compare the ANN and SVM results. Furthermore, they extended their study
creating ANN and SVM models in order to estimate the period of a structure based on recorded
data taken from previous studies. The data included the soil-structure-interaction effects on 57
buildings, having various structural systems from different sites and under different
earthquakes. The input features of these models were the maximum horizontal acceleration, the
effective height of the building, embedment depth of the foundation, shear wave velocity of the
soil, hysteretic damping of the soil and the radii of an equivalent circular foundation having a
moment of inertia or a surface equal to the real foundation. The ratio of the fundamental periods
of the building for fixed base and flexible base was the output. The results of their study showed
that ML methods can be used for solving the complex problem of seismic response of structures
in much less time compared to finite element modeling with acceptable accuracy if the
necessary data is available.
10 SITE-SPECIFIC SEISMIC ANALYSIS
Kamatchi et al. [30] developed an ANN based methodology to predict site-specific
acceleration values. In order to create the data for training they generated strong ground motions
at bedrock level for a chosen site in Delhi, India due to earthquakes considered to originate
from the central seismic gap of the Himalayan belt using necessary geological and geotechnical
data and they performed one-dimensional equivalent linear site response analyses to calculate
the surface level ground motions and response spectrums. Out of 49815 data points in their data
set, 35000 data points were used for training and 14815 for testing. The input features of the
ANN model were the moment magnitude of the earthquake, the shear wave velocity model of
the soil, the depth of the soil stratum, the damping ratio and the vibration period of the SDOF
oscillator. The output of the ANN was the average spectral acceleration at the surface. The
trained ANN was validated using borehole log data of an actual soil site and two different
buildings. The comparison showed that the ANN had a tolerable error.
11 INELASTIC RESPONSE SPECTRUM PREDICTION
Bojorquez et al. [31] proposed an ANN to estimate the inelastic response spectrum for
earthquake acceleration records. Fifty earthquake ground motions taken from the NGA
database and recorded at sites with different types of soils were used to train the proposed ANN
model. They used 42 data points for training and 8 for testing the results of the trained network.
In their study, they used the moment magnitude, fault mechanism, Joyner-Boore distance, the
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shear-wave velocity above site depth of 30 m, the fundamental period of the structure, and the
system ductility as input values of the ANN. The output of the ANN was the pseudo-spectral
acceleration at first mode of acceleration. Even though they used a relatively small data set for
the training, the results of the trained network had acceptable agreement with the actual
response spectrum.
12 CONCLUSION REMARKS
In this study, the post-2010 applications of machine learning techniques to geotechnical
earthquake engineering have been reviewed. Particular attention was given to uniaxial
compressive strength prediction, pile and shallow foundation capacity prediction, soil shear
strength prediction, prediction of the earthquake-induced soil liquefaction potential, slope
stability prediction, dynamic soil structure interaction problems, site specific seismic analysis,
and inelastic response spectrum prediction. It was observed that the artificial neural networks
and support vector machines were the most commonly applied algorithms of the options
available which shows their superior performance in complex problems compared to other
algorithms. Also, the number of applications to soil constitutive models, to foundation capacity
prediction, and soil liquefaction is greater than the applications to geotechnical earthquake
engineering problems like dynamic soil structure interaction and site-specific seismic analysis.
Future studies could include more applications to this field to consider not only the complex
nature of soils, but also the complexity of earthquake characteristics.
Machine learning techniques have several advantages in simulating the complex behavior of
most geotechnical and geotechnical earthquake engineering problems compared with the
conventional methods. In most traditional mathematical models, the problem is simplified, or
several assumptions are made, and the structure of the model is assumed in advance. Whereas,
machine learning algorithms, as a data driven approach, rely on the training data to determine
the structure and the parameters of the model without simplifying the problem or incorporating
any assumptions. This requires the use of an adequate amount of data in order to develop a
machine learning model which generalizes well. In most of the reviewed studies the training
data was quite small, and the trained algorithm was able to make accurate predictions for
specific input feature ranges. Hence, the already developed machine learning models could be
updated to provide better results by adding new training examples in the data set and larger data
sets could be used in future studies.
Despite the success of machine learning techniques in modeling complex geotechnical
earthquake engineering problems, they suffer from some shortcomings, like model robustness,
transparency and knowledge extraction, and uncertainties. The epistemic and aleatory
uncertainties in machine learning models can be addressed by applying a probabilistic
approach, such as Gaussian process regression algorithm or probabilistic deep learning
methods. Furthermore, more robust models can be achieved by using larger data sets and deep
learning techniques, like deep neural networks which use numerous hidden layers, each
providing a different interpretation to the data it processes. In this way, critical features of the
input data can be identified, and hidden patterns in highly complex problems can be found,
providing better predictions. Improvements in these areas will greatly enhance the performance
of machine learning applications to geotechnical earthquake engineering and other civil
engineering problems.
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Abstract. The operational speed of the trains is intended to be signiﬁcantly increased
forthcoming; which consequently questions the safety level of the current design concepts
concerning diﬀerent performance limits. Thus, the reliability of the simply supported
single-span bridges is assessed in the current article adopting the ﬁrst-order reliability
method (FORM) approach. In this regard, the dynamic response of the aimed bridges is
investigated under the passage of a series of moving loads using available closed-form solutions in the literature. Hereof, axle load, car body/train conﬁguration, ﬂexural rigidity,
damping, mass and model uncertainties are considered as random variables; while traintrack-bridge interactions are neglected and the procedure is repeated for a wide range of
span lengths and train velocities. Then, the safety index corresponding to each case is
evaluated by considering running safety as the limit state function; where, the bridge deck
vertical acceleration is taken as the capacity of the system. The outcomes are presented
as average probability of exceeding the limit state versus train speed and categorized based
on span lengths.
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1

INTRODUCTION

Former studies have shown that ballast instability is the dominant design criteria of
high-speed railway bridges in comparison to the contact loss or excessive deﬂections. The
latter statement is particularly validated for short to medium span bridges using numerical
simulations [1, 2]. It was observed that this phenomenon may occur at high vertical
accelerations leading the interlock between grains to be lost or the lateral resistance of
sleeper to be reduced. Its possibility of occurrence signiﬁcantly increases under resonance
conditions; which may occur due to high speed and repeated action of the axle loads [3].
In this regard, Zacher and Baeßler [4] conducted a shaking table test; in which they
observed that the lateral resistance of the sleeper was signiﬁcantly reduced at vertical
accelerations about 7 m/s2 . The obtained outcomes revealed that the proposed vertical
acceleration limit in EN-1990-A2 [5], i.e. 3.5 m/s2 for ballasted tracks comply with a
safety factor of 2. Therefore, further researches particularly reliability assessments may
be conducted to evaluate the achieved safety level by following current regulations. Those
investigations may lead to more reliable design thresholds.
Generally, probability of failure/violation (pf ) of limit state (performance) function
can be estimated by calculating reliability integral as follows [6]:
pf = P [R − S ≤ 0] = P [G(X) ≤ 0] =

...
G(X)≤0

fX (x)dx

(1)

Where, G(X) is the limit state function (safety margin) representing capacity (resistance
- R) minus demand (load eﬀects - S) and fX (x) is the joint probability density function
of all random (basic) variables.
The aforesaid integration cannot be calculated in real (complicated) problems; in which
contributing random variables present an n-dimensional hyperspace. Thus, practical solutions have been developed to either numerically evaluate the integral (such as Monte
Carlo simulations) or approximate it (e.g. First Order Reliability Method - FORM). The
current article adopted FORM to evaluate the probability of ballast instability in simply
supported bridges under the passage of high-speed trains.
Within the FORM method, the safety level is expressed as a reliability index (β); which
is the shortest distance from the origin to the desired limit state function (see Figure 1).
Then, the probability of failure can be estimated as Eq. 2:
pf ≈ Φ(−β)

(2)

Where Φ is the standard Normal (Gaussian) distribution function.
Generally, FORM considers the linear approximation of the limit state function using
Taylor series expansion around the most probable point (MPP) or checking point (shown
as u∗ in Figure 1); which its surrounding area has the highest contribution on the failure
probability. Detailed information regarding FORM can be found in [6, 7]. Therefore,
its outcome would depend on the used formulation deﬁning failure surface; which is contrary to invariant problem. Thus, considered random variables and consequently, the
limit state function should be transformed to standard Normal space using Hasofer-Lind
transformation (Eq. 3).
Ui =

X i − μX i
σXi
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Where, Xi is the basic random variable with ﬁrst two moments of μXi and σXi and Ui is
the transformed random variable.
Furthermore, the obtained direction cosines (α) can be used as a sensitivity of the
transformed limit state function to the random variables. In this study, the omission
sensitivity factor (γi ) is employed in addition to the direction cosines; which presents
the relative importance of the random variable on reliability index if it was considered
as deterministic. It is deﬁned as the ratio of the reliability index when the ith random
variable is deterministic (βif ) to the reliability index when all variables are stochastic [8].
For independent random variables it would be as follows:
1
βif
γi =
='
β
1 − αi2

(4)

Figure 1: Schematic concept of the FORM [6, 7]

2

CONSIDERED ANALYTICAL SOLUTION

Detailed investigation of the dynamic behavior of railway bridges can be achieved by
modeling bridge structure, boundary conditions (soil-structure interaction - SSI), ballast,
track, rail, train and their interactions (train-track-bridge interaction - TTBI). Schematic
view of such a general model is shown in Figure 2a. In spite of providing detailed insight regarding dynamic response, the general model requires considering many random
variables; which signiﬁcantly increases computational costs of reliability evaluations. Furthermore, the probability characteristics of interaction- and boundary condition related
variables are not well exploited. Thus, a simpliﬁed model including passage of a series of
moving loads along a simply supported beam is taken into account here (see Figure 2b).
A close-form solution has been previously presented by [9, 10] to calculate beam deﬂection under such loading scenario. Therefore, the second derivative of the proposed solution
is derived here to estimate the vertical acceleration of the bridge. Those equations are
presented in Eqs. (5) to (10).
ü(t) =

∞

n=1

q̈n (t)φn (x) =

∞

n=1
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(b) Simpliﬁed adopted model
Figure 2: General modeling of railway bridge under passage of trains versus simpliﬁed adopted load model

q̈n (t) =

2pL3
[Pn (v, t) + Pn (v, t − Lf /v)]
EIπ 4

(6)

p1 = 1 − Sn 2 , p2 = 2ξn Sn , p3 = −ξn ωn
Sn (2ξn 2 + Sn 2 − 1)
(k − 1)D
'
p4 =
, tk =
v
1 − ξn 2

(7)

(

)
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1
1 
L
L
n+1
).H(t
−
t
) (8)
Pn (v, t) = 4
A(t
−
t
).H(t
−
t
)
+
(−1)
A(t
−
t
−
−
k
k
k
k
n k=1 p1 2 + p2 2
v
v

α1 = −p1 Ωn 2 , α2 = p2 Ωn 2 , α3 = p2 p3 2 + 2p3 p4 ωdn − p2 ωdn 2
α4 = p3 2 p4 − 2p2 p3 ωdn − p4 ωdn 2
(

A(t) = α1 sin Ωn t + α2 cos Ωn t + e

p3 t
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Where, ü(t) is the deck acceleration, q̈n (t) is the generalized coordinate, φn (x) is the mode
shape of the nth mode of vibration, L is the span length of the beam, p is the axle load, EI
is the ﬂexural rigidity of the beam, v is the speed of the train, Lf is the distance between
the front and rear wheelsets subsystems in each car body, Sn = nπv/ωn L is the speed
parameter corresponding to the nth mode of vibration, ξn is the damping ratio of the nth
mode of vibration, D is the distance between front to front or rear to rear wheelsets in
subsequent car bodies, N is the number of car bodies, H(t) is the Heaviside'function,
Ωn = Sn ωn is the exciting frequency implied by the moving load and ωdn = ωn 1 − ξn2 is
the damped frequency of the nth mode of vibration.
It is worthwhile noting that only the ﬁrst mode of vibration is considered here for
the sake of simpliﬁcation. Such consideration imposes some errors particularly at oﬀresonance speeds; however, it results in accurate enough predictions for resonance speeds.
Therefore, considering only one mode of vibration may not generally aﬀect the safety of
the bridge.
Additionally, it has been previously observed that spreading axle loads through the
track structure (rails, sleepers and ballast) signiﬁcantly reduces the bridge response particularly for the short span ones [11]. Therefore, a reduction coeﬃcient is multiplied by
the obtained response from the aforementioned analytical solution; which is obtained by
ﬁtting the presented relationship in Eq. 11 to the graphically proposed reduction factor
in [12].

R(λ) =

⎧
⎪
⎨

0.14
, λ ≤ 1.5
−0.00011λ4 + 0.0053λ3 − 0.083λ2 + 0.57λ − 0.54 , 1.5 < λ < 8.0
⎪
⎩
1.0
, λ ≥ 8.0

(11)

Where, λ = v/f1 is the wavelength.
2.1

Veriﬁcation of analytical solution

A previously presented example by Yang et al. [9] is taken into account to verify
the adopted analytical solution. For this objective, mid-span acceleration of a simply
supported beam with L = 20 m, I = 2.81 m4 , E = 29.43 GPa and m = 34088 kg/m
under passage of a train with N = 5, Lf = 18 m, Lr = 6 m, p = 215.6 kN and v =
122.4 km/h is calculated. The considered speed corresponds to the resonance speed of
the bridge. Additionally, two cases, i.e. without damping and ξ = 2.5% is taken into
account. The obtained analytical accelerations are compared with those resulted from
numerical evaluations in Figure 5; which, a promising agreement can be distinguished. It is
worthwhile noting that the numerical calculations are conducted using Newmark’s average
acceleration method; however, reduction factor due to load distributions is neglected for
the comparison objectives.
3

BASIC VARIABLES AND LIMIT STATE FUNCTION

As mentioned, the current article aims at evaluating the probability of ballast instability
under passage of high-speed trains. Thus, the performance function regarding this limit
state would be as follows:
G(X) = alimit − |amax (X)|(1 + χm )
X = (N, D, p, v, L, E, I, Ad , Ab , ρd , ρb , ξ, χm )
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Figure 3: Veriﬁcation of analytical solution with numerical method by comparing mid-span acceleration

Where, alimit is the vertical acceleration initiating ballast instability, E is the modulus of
elasticity of deck, I is the moment of inertia of deck, Ac is the deck area, Ab is the ballast
area, ρd is the mass density of deck, ρb is the mass density of ballast, ξ is the damping
ratio and χm is the model uncertainty. It is worthwhile noting that ballast has much
lower modulus of elasticity than the deck [1]; which led its contribution in stiﬀness to be
neglected.
As previously mentioned, only few shaking table tests have been conducted to determine the vertical acceleration leading ballast instability [4]. Thus, a triangular probability distribution is considered for alimit ; which its mode equals to experimentally captured
value, i.e. 0.7g. Furthermore, a possible variation of 0.1g is taken into account based on
authors’ judgment to deﬁne its boundaries.
Regarding the applied loads, it is hardly possible to collect information corresponding to
the variability of parameters in commercial trains. Thus, proposed load models in Annex
E of Eurocode [13] are applied here. Hence, the uncertainty on moving loads would be a
function of constant axle load (paxle ) and occupancy rate (α in %). By assuming the full
passenger capacity of each car body as 65 and average weight of each passenger as 70 kg,
the moving load can be calculated as Eq. 13; which is developed in kN units.
p = paxle + 0.225α

(13)

In order to select practically reasonable geometrical values (i.e. span length, moment
of inertia and deck/ballast area) 62 single span and single track bridges in Sweden are
surveyed. Detailed information about them can be found in [14]. The span length of the
desired bridges varies between [5-30]m. Therefore, evaluations are conducted within this
range for deterministic span lengths with a resolution of 5m.
The distribution of span length, moment of inertia, deck and ballast areas in addition
to their linear correlations are depicted in Figure 4. A strong correlation between span
length, moment of inertia and deck area is evident; while as expected, the ballast area
seems to be independent on span length. Hence, a conditional probability for the moment
of inertia and deck area is assigned (see Figures 5a and 5b); which, the parameters are
extracted by regression analysis and ﬁtting lower and upper boundaries. On the other
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hand, the shown scatter plot of the ballast area (see Figure 5c) reveals that they mostly
vary around mean value regardless of the span length. Due to extracting distributions from
a limited database, a triangular probability distribution is adopted for the all geometrical
random variables.
It is well-known that the response of the bridges is highly dependent on the damping
ratio particularly around resonant speed. Additionally, the contribution of several factors
makes damping measurement a tedious task; which may result in scattered outcomes.
Therefore, the proposed lower bound in [12] is taken here as the mean value of the damping
ratio.
Discussed simpliﬁcations and existing lack of knowledge on diﬀerent aspects of the
problem deviate the predicted responses by the adopted solution from corresponding real
values. Thus, a model uncertainty (χm ) is applied to the limit state function; which should
be obtained from comparison of the experimentally captured values with those resulted
from the numerical model. However, the lack of such information led to propose a model
based on the authors’ judgment. In this regard, a Gaussian probability density function
with zero mean and a standard deviation of 20% is taken into account.
Considering all, the assigned parameters for the variables are reported in Table 1.
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Figure 4: Correlation between span length, deck moment of inertia, deck area and ballast area

4

RESULTS AND DISCUSSION

Initially, the considered bridges are assessed following deterministic approaches. For
this objective, the speed of passing trains swept between 100 km/h up to 400 km/h; while
the average values are assigned for each variable. The analyses are repeated by changing
each variable to mean plus/minus one standard deviation; while other variables remained
constant. Hence, the train speed leading the vertical acceleration to surpass 3.5 m/s2 is
extracted (see for instance Figure 6). The obtained deterministic operating train speeds
are reported in Table 2.
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Figure 5: Distribution function for deck moment of inertia, deck cross section area and ballast area as a
function of span length

Then, the reliability of the developed limit state function is assessed using FORM.
In this regard, UQLab toolbox [16] is employed to conduct the analyses and extract the
corresponding probability of violence. For this objective, the span length of the bridge
is assumed as a deterministic parameter varying in the desired range and properties of
the other parameters are adopted as those tabulated in Table 1. Then, the reliability
of each bridge is assessed for all considered trains with diﬀerent conﬁgurations; while a
speed resolution of 2 km/h is taken into account. Since the probability of violation is
calculated at discrete points; then, the average exceeding (failure) probability (pf,ave ) can
be calculated using Eq. 14 [18].
vu

pf,ave =

vl

P (adeck (v) > alimit )fv (v)dv ≈

Where, n is the number of discrete evaluations.
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a
The mean value is obtained from 5015 fc [MPa] and considering C35 as typical concrete class in
bridges. A COV of equaling 12% is also considered. Due to controlled construction conditions of the
railway bridges, the assigned probability distribution is truncated for values deviated more than two
standard deviation from the mean value.
b
The mode is obtained from regression analysis between span length and moment of inertia in the
surveyed bridges; which equals as MI = 0.011(L1.55 ). Furthermore, the lower and upper bounds would
obtain from LBI = 0.002L2 − 0.004L + 0.06 and UBI = 0.00185L2 + 0.034L + 0.23, respectively.
c
The mode is obtained from regression analysis between span length and cross section area; which
equals as MAc = 1.6 exp(0.052L). Since cross section area is highly correlated to the moment of inertia;
therefore, boundaries are obtained from LBAc = 1.781MI + 1.4 and UBAc = 2.3MI + 2.9, respectively.
d
Reported mean and standard deviation correspond to 2500 kg/m3 and 100 kg/m3 mean and standard
deviation in physical space, respectively.
e
The mean value of the damping in normal space is obtained from 1.5 + 0.07(20 − L) [12] for bridges
with less than 20 m span length and equals to 1.5% [12] for others. It is needed to be transformed to
logarithmic space. Furthermore, the standard deviation of the lognormal distribution should be obtained
by considering aforesaid mean and standard deviation of 0.3% in physical space.
Table 1: Considered variables and their stochastic/deterministic properties

The aforesaid probabilities are required to be compared by an appropriate target reliability index. Regarding the nature of the problem, it can be inferred both as serviceability
(SLS) or ultimate (ULS) limit states. The former corresponds to the maintenance and
tamping of the ballast; however, the later can be considered as severe cases in which
ballast instability may lead to derailment. Hence, β = 3.1 (pf ≈ 10−3 ) is considered as
the target reliability [17, 18].
Then, the average probability of exceeding vertical limit acceleration versus train speed
is illustrated in Figure 7. Only outcomes corresponding to 5m and 30m span lengths are
presented here for the sake of brevity; while, the extracted operating speeds for all bridges
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Figure 6: Deterministic running safety assessment of the considered bridges

are reported in Table 2. As can be seen, the conventional deterministic approach does
not lead at a constant safety level; which may result in designs with ambiguous capacity.
Furthermore, it can be inferred from those safety indices that the conventional design
method does not satisfy the desired safety level (pf = 10−3 ). The latter statement is
particularly true for bridges with larger span lengths. Such lower safety may arise from
several factors. Most importantly, shorter span bridges have generally higher frequencies.
Thus, higher train speeds are required to observe the resonance phenomenon. In addition,
the distribution of loads on track structure signiﬁcantly reduces the response of bridges
with shorter span lengths; while its inﬂuence would be negligible for larger span lengths.
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Figure 7: Reliability-based assessment of the considered bridges

Finally, the sensitivity of the reliability evaluations to the considered random variables
is assessed using both direction cosines and omission sensitivity factor (see Figure 8). As
can be seen, the response is most sensitive to variations on car-body length, modulus
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L
(m)
5
10
15
20
25
30

vprob
(km/h)
348
230
250
170
148
216

vdet
βdet
(km/h)
322.0 3.42
315.5 1.97
284.0 2.37
215.0 2.01
186.0 2.27
231.0 2.66

Table 2: Comparison between reliability-based assessment versus deterministic evaluation

of elasticity and deck moment of inertia. It is worthwhile to note that deck/ballast
cross section area and their mass densities are also relatively important; which leads the
reliability level to be sensitive on their combination, i.e. mass of the bridge.
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Figure 8: Sensitivity of the reliability evaluations to the considered random variables

5

CONCLUSIONS
• An existing closed-form solution is adopted to evaluate the reliability of simply
supported single span high-speed railway bridges using FORM. It was noted that
the conventional deterministic dynamic assessments result in bridges which do not
satisfy desired target reliability level (β = 3.1).
• Despite applying a safety factor of 2.0 for the vertical acceleration limit, the conventional design method does not lead to a constant safety level on bridges with
diﬀerent span lengths.
• Reliability of the bridges are mostly sensitive to the car-body length, modulus of
elasticity and deck moment of inertia. Moreover, the mass of the bridge would be a
function of deck cross section area, ballast area, concrete mass density and ballast
mass density. Thus, by considering their importance the assessed reliability would
be considerably sensitive to their combination, i.e. mass of the bridge.
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RESPONSE OF ELASTIC SHOCK OSCILLATORS AND ELASTOPLASTIC OSCILLATORS, WHITELY EXCITED, FROM ENERGY
BALANCE AND STOCHASTIC ANALYSES
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Abstract. This paper deals with mechanical nonlinear oscillators, of mass-spring type, subjected to white noise excitation. First, a remarkable property is noted: the energy, per time
unit, injected into the oscillator by the external force depends only on the white PSD level (directly), and the oscillator mass (inversely). So, different oscillators, whatever their nonlinearities and dissipation mechanisms, receive, and consequently dissipate, the same energy rate
from the white noise provided they have the same mass. It is discussed how this simple energy
balance, eventually connected to additional conjectures, gives information about the dynamics of oscillators of two classes, (i) the elastic shock oscillators (ESO), and (ii) the elastoplastic oscillators (EPO), both including different subclasses (for the symmetry of stops or the
type of plasticity). But relevant theories are needed to go further. The paper focuses on two
items linked to stochastic diffusion processes. Concerning ESO with undamped stops, the theory leads, via the Fokker-Planck equation, to an analytical expression for the probability
density function (PDF) of the oscillator in the phase space. Quantities of interest (like Rice
frequency, impact frequency or distribution) may then be deduced under closed-form, even for
totally asymmetric ESO. Concerning (perfectly) EPO, a completely new approach has appeared for a decade, based on stochastic variational inequality (SVI). The infinitesimal generator proper to the diffusion is degenerated and works in the special phase space defined
from the EPO velocity and its elastic displacement. Joint PDF can be numerically determined
through heavy computations, as illustrated by an example using finite differences. Finally, the
paper comments the “white noise of engineers”, the PSD of which is realizable since truncated in frequency, which justifies some assumptions and simplifies the plastic-elastic transitions
for EPO, as well as the stop contact phases for ESO.
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1

INTRODUCTION

The starting point for apprehending mechanical vibration relies ordinarily on the single oscillator made of a lumped mass, a linear spring and a viscous dashpot. Indeed, this 1-DOF
model evidences, without too much mathematics, basic physical concepts of linear vibration
such as free or forced response, resonance, etc. Moreover, it even represents sometimes “reality” with sufficient accuracy, i.e. at the first order filter. At last, it gives birth to more advanced
concepts, such as response spectrum or transfer function, that found many linear analyses of
multi-DOF structures, in various fields: seismic, shock, random vibration, etc. Moving from
linear to nonlinear vibration is never a straight forward extrapolation, but constitutes a giant
step as the superposition principle is lost and no general theory exists. Consequently, the nonlinear vibration issues must be solved on a case-by-case basis. Nevertheless, the 1-DOF approach remains a good starting point, despite two major differences with the linear case: (i)
the multiplication of 1-DOF models according to the nonlinearity; (ii) the dramatic challenging task for the multi-DOF extensions.
This paper deals with such 1-DOF approach. For keeping a certain degree of generality, it
considers nonlinear single oscillators of two distinct classes, (i) the elastic shock oscillator
(ESO), and (ii) the elasto-plastic oscillator (EPO), both subjected to white noise excitation.
Firstly, these cases, although a priori academic, are emblematic of real situations in mechanical or civil engineering. ESO under white noise might be associated to flow induced vibration (FIV) of components excited by turbulence, and whose supports have gaps, which is
common in industrial facility to cope with thermal expansion. EPO under white noise might
be associated to structures or components seismically shaken, that experience plastic excursions, the quantification of which is needed, notably in the margin studies with beyond design
earthquakes.
Secondly, ESO and EPO present well-marked and very different nonlinearities that may be
considered as two extreme cases, without and with “memory”. But thirdly, the white noise
excitation is rather universal; it does not depend on the oscillator response as any additive external force, but injects energy into the oscillator independently of its rigidity or damping,
which is really a remarkable property.
Schematically, the paper aims at understanding and quantifying some features of the dynamics of ESO and EPO, whitely excited, by following two opposite ways. The first one, very
simple, is based on the elementary energy balance mentioned above, eventually connected to
additional conjectures. The second one, quite complicated in comparison and more mathematical, uses results produced by the theory of stochastic diffusion processes. The amount of information naturally grows with the degree of sophistication of analyses. But it is always
interesting - and it is one of the paper’s goals - to stress how very simple analyses can provide
pertinent results, especially for extracting orders in magnitude.
2

ENERGY INJECTED BY A WHITE NOISE

The energy injected, per time unit, into the oscillator by the external force f(t) - in other
words, the inserted mechanical power - may be heuristically calculated by considering an approximated or “truncated” white noise with time step 't. In this modeling, the continuous
force f(t) is a step piecewise function, build from the discretized values f(tk) of the force at
time tk=ku't, k  ' : f (t) ¦ k f (t k ) u H(t  t k )  H(t  t k 1 ) , where H is the Heaviside
function and f(tk) a randomly distributed variable with zero mean and finite variance, all values being independent one from each other. By construction, the force value f (t k ) and the
 k ) are independent variables, but f (t k ) and the oscillator velocity
oscillator velocity x(t
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 k  't) at the end of the time step are linked through the impulse generated by the force f(t)
x(t

constant during the time step 't. If this later is small enough for ensuring first order developments, we have (with m the oscillator lumped mass):
f (t k ).'t
 k  't)  x(t
 k)
'x k ( 't) x(t
(1)
m
In fact, the impulse is linear on the time interval 't: 'x k (W) f (t k ).W m , W  [0, 't) .
The mathematical expectation of the instantaneous injected power is thus:

Pf

pf (t) =

1
't

't

³ f (t k ).'x k (W).dW

=

0

't
f (t k ) 2
2.m

(2)

Let F0 the level of the power spectral density (PSD) of the mathematical white noise expressed in negative and positive pulsations Z, ranging from -f to +f and, so, leading to an
infinite variance. The “physical” white noise f(t), as build above, has a finite variance since 't
is finite: f (t) 2

f (t k )2 . Its PSD can be easily deduced from the auto-correlation function,

't
. f (t k ) 2
2S
the mathematical PSD level to the zero-pulsation value of
R ff ( W)

f (t).f (t  W) ; we have [3]: Sff (Z)
f

can get the following expression:

³ Sff (Z).dZ

2.F0 .

f

recognize the Shannon cut-off pulsation: Zc
power injected by f(t):

Pf

2S
2't

f (t) 2

f (t k ) 2 , in which we

2S / 2't . So, Eq.(2) gives for the averaged

't
f (t k )2
2.m

pf (t) =

2

§ sin(Z't / 2) ·
.¨
¸ . By assimilating
© Z't / 2 ¹
the physical PSD, Sff (0) F0 , we

S.F0
m

(3)

The energy rate injected by the white force f(t) is directly proportional to the PSD level and
inversely proportional to the oscillator mass. No other characteristic acts in Eq.(3). Therefore,
all the oscillators of the same mass, subjected to white noises of the same intensity, receive
the same amount of energy, whatever their stiffnesses, dissipation mechanisms, and/or nonlinearities of all kind (with or without a memory effect). Consequently, on the only condition
that (at least) one dissipation mechanism exists, and works without any saturation, all the oscillators will dissipate the same energy rate and exhibit stationary responses (removing the
initial transient part if the oscillator is at rest when the white noise applies).
3

DAMPED ELASTIC OSCILLATOR

Let us first consider a simple elastic oscillator made of the mass m, the elastic spring k 0,
the viscous dashpot c0 (always positive), submitted to a centered white noise force of intensity
F0 (PSD level). Thus, the mass motion satisfies the following time-history dynamic equation:
  c0 .x(t)
  k 0 .x(t) f (t) . The differential energy dissipated by the dashpot at time t is:
m.x(t)

 2 .dt ; hence the instantaneous dissipated power: p d (t)
dE d (t) c0 .x(t).dx
c0 .x(t)
therefore, in average:

Pd

pd (t)

 2
c0 . x(t)
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Moreover, the injected power (precisely, its mathematical expectation) is strictly equal to
the dissipated power (idem) for stationary processes since the vibratory energy (kinetic + potential elastic) is time independent:

E v (t)

 2 / 2  k 0 .x(t) 2 / 2
m.x(t)

ct. Equalizing

Eq.(4) to Eq.(3) produces the well-known formula for the velocity variance:
S.F0
m.c0

V2x

Conjecturing the Rice pulsation, defined as: ZRi
eigen-pulsation, Z0

(5)
V x / V x , is here equal to the oscillator

k 0 / m , we deduce from Eq.(5):

V2x

S.F0
2
m.c0 .ZRi

S.F0
k 0 .c0

(6)

which is effectively the right expression for the displacement variance of an elastic oscillator
whitely excited. In addition, it is recalled that the oscillator response is Gaussian.
4

ELASTIC SHOCK OSCILLATOR (ESO)

ESO model is presented Figure 1-a. ESO are “without memory” in the sense that the current state of the oscillator in the phase space (displacement-velocity) is sufficient to determine
the internal force that applies on the mass. A typical behavior law in terms of forcedisplacement relationship is shown Figure 1-b. We consider as ESO sub-classes:
- the elastic symmetric shock oscillator (ESSO), with two symmetrical stops in compression, and consequently an odd behavior law for positive and negative displacements of the
mass;
- the elastic asymmetric shock oscillator (EASO), e.g. with one stop on only one side, the
behavior remaining linear in the opposite direction.

(a) ESO Model

4.1

(b) Load-Displacement Law
Figure 1: Elastic Shock Oscillator (ESO)

ESO Response from Energy Balance

First, we consider ESSO, taking j1=j2 for the gap size, k1=k2>>k0 for the stop stiffness, and
c1=c2=0 for undamped stops (see Fig.1-a). So, the only dissipative component remains the
viscous dashpot c0 that is permanently acting; therefore, Eq.(5) still holds, which permits to
get the accurate velocity variance that is independent of the stop characteristics (gap, rigidity).
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The gap system is intuitively “bordered” by two extreme cases concerning the gap size: infinite (open gaps) or zero (closed gaps), that both produce a linear behavior. So, it can be conjectured that the actual Rice pulsation lies in the range: Z0 d ZRi d Z1  k1 / m .
Let Vx0 the standard deviation in displacement obtained from Eq.(6), and attached to the
associated linear oscillator (ALO) that corresponds to ESO with open gaps. The reduced gap,
j*=j1/Vx0, informs, at least qualitatively, about the occurrence of impacts knowing the ALO
response is Gaussian. So, for “high” values of the reduced gap (j*t3), the impact frequency
almost coincides with the ALO crossing rate [1-4]; for the right stop (idem for the left one):
f j  f 0 .exp( j 2 / 2) ; moreover, the Rice frequency is (quasi) the ALO one: fRi # f0 = Z0/2S.
But of course, the ALO predictions are no longer quantitative for lower reduced gaps.
Nevertheless, it appears that the impact peak values may be correctly estimated. The ESO
joint PDF in the phase space is unknown (see § 4.2). But, we may conjecture: (i) the stationary PDF can be splitted according to the uncorrelated variables that are the displacement and
 p x (x).p x (x)
 ; (ii) the velocity part p x (x)
 , whose standard deviation is
velocity: p(x, x)
known via Eq.(5), is Gaussian. Common developments, e.g. [3,4], then permit to establish
that the positive crossing velocity ( x a ) of any threshold (a) follows a Rayleigh distribution:

p c (x a )

x a

2
° x a °½
;

.exp
®
2¾
V2x
¯° 2.V x ¿°

x a

S
.V x ;
2

x a 2

2.V2x

(7)

On the other hand, we can assume that, during each phase of stop contact, the impact peak
value Fmax, developed in the stop, depends at the 1 st order on the impact velocity (velocity just
at the contact start). This is equivalent to “forget” the white noise and dashpot, anticipating a
2
quasi-zero mean effect. Hence the energy balance: Fmax
/ 2.k1  k 0 .j1.(x max  j1 ) m.x j12 / 2 ,
with Fmax k1.(x max  j1 ) . From Eq.(7), V x0

we obtain the following approximation:
Fmax

k 0 .V x0

2
Z0 .V x0 , Fmax
 2.k 0 .j1.Fmax | (Fmax  k 0 .j1 ) 2 ,

S
. Dj
2

with D

k1
k0

(8)

which will be proven to be excellent (see § 4.2).
4.2

ESO Response from Stochastic Diffusion Process

The ESO response to a white excitation constitutes a stochastic diffusion process (a class
of Markov process) when described in the phase space displacement-velocity. Thus, the joint
 given the initial conditions (e.g. ESO at rest when sudPDF, that is time dependent p t (x, x)
denly excited), satisfies a partial derivatives equation (PDE), the Fokker-Planck equation (also
named forward Kolmogorov eq.), that is hereafter derived for ESO with undamped stops, k(x)
being the nonlinear rigidity (see [1-5]):


wp t (x, x)
wt



 t (x, x)]

 1 ).p t (x, x)]


w[x.p
w[(k(x).m1  c0 .x.m
w 2p t (x, x)

 SF0 .m2 .
(9)
2
wx
wx
wx

The left term wp/wt vanishes in stationary regime. Then, Eq.(9) has a “simple” analytical
solution under the form, p=C.exp(-J.Ev), where Ev is the ESO vibratory energy (elastic potential U(x) + kinetics m.x 2 / 2 ), and C and J two constants [5]:
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p(x, x)

°
1
1 2.U(x)
x 2 ½°

.exp ®
.
¾
2
2S.V x0 .Vx0
k0
2.V2x0
 .A
°
 ¿
¯° 2.V x0

(10)

In Eq.(10), V x0 and V x0
 represent the ALO standard deviations, respectively in displacement and velocity (see Eq.(6) & (5)). First, we note that the PDF properties, conjectured in the
previous section, are verified. The constant A (or C 1/ 2S.V x0 .V x0
 .A ) is for the PDF normalization:

f f



³f ³f p(x, x).dx.dx

1 , and is given in Appendix A for ESSO and EASO. Triv-

ial calculations using the above PDF give birth to closed-form formula for certain quantities
of interest [5-6]. Let us quote:
f

Crossing Rate. By applying the well-known Rice formula, Q a

³0


  , we obtain:
x.p(a,
x).dx

°
1 2.U(a) ½°

Q0 .exp ®
.
¾ with Q0
2
°¯ 2.V x0 k 0 °¿

f0
A

(11)

Q a

Impact Frequency. Using Eq.(11), and distinguishing the left stop (subscript 1) and the
right one (subscript 2), we have:

Q j1

Q 0 .exp(  j1 2 / 2) ; Q j2

Q0 .exp( j22 / 2)

(12)

Rice Frequency. For ESSO (see Appendix A for the G value and EASO).
f Ri

1 V2x
.
2S V2x

f0 .

A
G

(13)

The reduced frequencies ( Q 0 / f0 ) & ( f Ri / f 0 ) are shown Figure 2-a for ESSO having different ratios of rigidity D=k1/k0.
Peak penetration PDF. Under a “narrow band assumption”: one single peak of x(t) per
stop contact, of amplitude (a), we get the conditional PDF: p(a | a t j2 )  (wQ a wa) / Q j2 .
Noting, ] 2

(a  j2 ) j2 , the reduced penetration of the right stop, we then deduce the PDF:

p(] 2 )

° j 2
j22 ] 2 .(1  D 2 )  1 .exp ® 2 ] 22 .(1  D 2 )  2.] 2
°¯ 2

½°
¾
°¿

(14)

This simplified expression agrees with more rigorous ones derived from filtered white
noise, [5], see section 6. It stands also for the left stop with ]1 ( a  j1 ) j1 .
Impact Mean Force. This quantity may be derived from previous Eq.(14). We get for the
right stop (similar formula for the left stop):
Fmax,2
k 0 .V x0

§
·
§
·
j22
j2
S D2
.
.exp ¨
¸
¸¸ . erfc ¨¨
¨
¸
2 1  D2
© 2.(1  D 2 ) ¹
© 2.(1  D 2 ) ¹

(15)

Eq.(8), “made by hand”, appears to be a first order development of Eq.(15) in j*. So, at the
zero order, the (reduced) mean impact force does not depend on the gap size, but only on the
stop rigidity (via D), and it slightly decreases by opening the gaps, as illustrated Figure 2-b.
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(a) Zero Crossing Rate & Rice Frequency
(b) Mean Impact Force
Figure 2: Results for Elastic Shock Oscillator (ESO)

5

ELASTO-PLASTIC OSCILLATOR (EPO)

EPO model is schematized Figure 3-a where the dotted arrow stands for the elasto-plastic
restoring force. EPO totally differ from ESO through the softening rigidity (ESO has hardening one) and the memory effect embedded in the plastic drift that may be viewed as a hidden
internal variable. Indeed, at time t, the EPO displacement, x(t)=xp(t)+z(t), comprises a plastic
part xp(t), and an elastic one, here named z(t), to avoid confusion with the elastic limit x e present in the force-displacement relationship. Thus, the current displacement x(t) is not sufficient to determine the internal force that applies on the mass (the oscillator past response, via
xp, is required). The type of plasticity, encapsulated in the behavior law, pilots different subclasses (see Fig.3); we consider here:
- the elastic-perfectly-plastic oscillator (EPPO), with a zero plastic slope and a symmetrical
plasticity in tension and compression (Fig. 3-b);
- the elastic-unilaterally-plastic oscillator (EUPO), with a plasticity only in tension (and a
zero-plastic slope; Fig. 3-c);
- the elastic-kinematically-plastic oscillator (EKPO), with a non-zero plastic slope and a
kinematic plasticity, i.e. the elastic range stays constant and equal to the initial one, whatever
the plastic drift (Fig. 3-d).

(a) EPO Model

5.1

(b) EPPO Law
(c) EUPO Law
Figure 3: Elasto-Plastic Oscillator (EPO)

(d) EKPO Law

EPO Response from Energy Balance

The elastic part of the EPO displacement is bounded, by construction, to the elastic limit(s).
Consequently, it is often adequate to reduce the EPO dynamics to the quantification of the
plastic drift which dramatically depends on the plasticity model that is operated.
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EUPO. Considering, first, an EUPO with plasticity only in tension, zero plastic slope
(Fig.3-c), and no viscous damping. The only dissipative mechanism in this system is the work
made by the plastic force, f e k e .x e , during the plastic drift, x p (t) , that is always growing in
the positive direction. We get from the energy balance:

S.F0
m

fe . x p

(16)

where we recognize, in the last right term, the plastic growing average rate, including both the
plastic phases, z(t)=xe, and the elastic ones, z(t)<xe, dxp(t)/dt=0.
Let the EUPO at rest and virgin at time 0, z(0)=0, xp(0)=0, when suddenly excited. The
plastic growing rate, extracted from Eq.(16), gives a solid information about the oscillator
displacement at time t: x(t)  x p (t)  x p .t , provided the time t is large enough to count a
lot of plastic events while erasing the initial elastic phase (before the 1st plasticity). Note that
the plastic excursions are unavoidable, whatever the plastic force level (f e), the detail of which
(parameters xe , ke) doesn’t matter. Now, if the EUPO is viscously damped, Eq.(16) is changed
into (the decomposition of the plastic rate is explained hereafter):

S.F0
m

c0 . x 2  fe . x p

c0 . x 2  f e .Q p . Gp

(17)

with two dissipation mechanisms in competition according to the reduced elastic limit,
xe*=xe/Vx0 , Vx0 being the standard deviation of the ALO that is equivalent to EPO with infinite elastic limit. Just like ESO, for “high” values, xe*t3, the plasticity frequency almost coincides with the ALO crossing rate of the elastic limit: Q p  f0 .exp( x e2 / 2) ; moreover, the
oscillator velocity, at the entry in plasticity, follows the Rayleigh distribution of Eq.(7), which
permits to estimate the mean plastic drift through a crude energy balance:

x e 2


2.V 2x0
  k e .x e . G p 

V 2
1
m. x e 2  Gp  2x0
2
Z0 .x e

Vx0
xe

(18)

For lower values, xe*<3, more advanced analyses are necessary. Nevertheless, rough orders
of magnitude might be conjectured from the oscillator conditions at each plasticity exit (at
 Wn ) 0 . So,
time Wn): z(W n ) x e , x(

x 2

x 2p  z 2  (Z0 .x e ) 2 / 2

(19)

to be inserted in Eq.(17). EUPO is a special case where the knowledge of the global plastic
rate, through the energy balance, gives directly a pertinent information about the plastic drift
which is constantly growing. This is no longer the case for EPPO and EKPO.
EPPO. In the elastic-perfectly-plastic oscillator (Fig.3-b), the plasticity occurs in tension
or compression in a symmetrical way, with identical plastic parameters, except for the signs;
for example, undamped EPPO leads to an energy balance similar to Eq.(16):

S.F0
m
with x p

f e . x p  f e . x p

Q p . G p ; x p

2.f e . x p

Q p . Gp ; Q p
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Consequently, the mathematical expectation of the plastic drift, viewed as a stochastic process, is always zero, whatever the time t. This is a correct, but poor information for people
generally interested in the maximum displacement reached during the period of observation
(0,T), or, in other words, in the demanded ductility: P T max 0d t dT x(t) x e . In fact, the plastic drift is similar to a Brownian motion: its average is zero, but its variance linearly grows
with the time. This has been demonstrated for damped EPPO, first heuristically (e.g. see [9]),
then mathematically [13]. The knowledge of this growing rate permits, using the central limit
theorem, to determine the demanded ductility in a probabilistic way [9]. Unfortunately, this
requires additional ingredients out of the scope of the only Eq.(20), that can nevertheless be
used as discussed in section 5.2.
EKPO. The introduction of a non-zero plastic slope kp (Fig.3-d), even very weak, dramatically changes the plastic drift with respect to EPPO. Let the EKPO initially at rest (and virgin);
the kinematic plasticity (with a constant elastic range) makes the oscillator to continuously
experience plastic excursions, but the plastic drift will have a zero mean, and a finite variance,
time invariant once the stationary regime reached (e.g. see [11]). Determining this variance,
and more generally the EKPO dynamics, requires additional ingredients that only detailed
analyses can provide. But analyses, “at the zero order” or “by hand”, are always interesting
for the understanding. Such a primitive analysis could be reduced to:

S.F0
| f e . x p ;
m

x p

Q p . G p ; Gp2  2. G p

2

; x 2p (t)  Gp2

2.A

(21)

The 1st relation is the energy balance for an undamped EKPO with a moderate plastic slope,
in such a way fe is taken constant. The 2nd one is the decomposition of the average (absolute)
plastic rate into the plastic frequency and the mean absolute plastic jump. The 3 rd one supposes an exponential law for the plastic jumps, which is roughly verified in most cases, the velocity being Rayleigh distributed at the entry in plasticity [11]. The 4 th one is specific to EKPO.
Omitting the subscript p, we can write the nth plastic jump: x n 1 x n  G n . By taking the
mathematical expectation of this relation, squared, we obtain for the stationary regime,

G2n  2 x n .Gn

0 , where the 2nd term must be negative. At the 1st order, given the EKPO

plastic law, and reinforced by time-history simulations, we have, in mean, Gn A.x n , with
A constant, which explains the 4th relation. Shortly, Eq.(21) says that the knowledge of Qp and
A suffices to get, in order of magnitude, the plastic variance from the energy balance, and
consequently the demanded ductility, the plastic drift being Gaussian. How these two parameters, Qp and A, could be conjectured cannot be detailed here.
5.2

EPPO Response from Stochastic Diffusion Process

Following the seminal paper [7] by Karnopp & Sharton, a lot of works (e.g. see [8-12]) has
been made using the conditional probability devoted to the ALO, and exposed in Appendix B.
Such use is clear: first, the EPPO behaves linearly and elastically between two plastic excursions, and, secondly, the initial conditions of each elastic phase are driven by the plasticity
 , whose

exit and are known: z(0) r x e ; z(0)
0 (with a time reset). The joint PDF p t (z, z)
expression is analytical, permits to obtain relevant statistics at the first ALO crossing of the
elastic barriers rxe, i.e. when the EPPO enters again in plasticity.
Among these statistics, a key factor is the probability P1 that the next plasticity occurs immediately, on the opposite elastic barrier, after a half-cycle corresponding roughly to the ALO
semi-period (T0/2). Indeed, plasticity occurs by “clumps” in EPPO, made of a succession of
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elementary plastic events, of alternate sign, spaced in time by about T0/2. The probability P1
directly pilots the clump size <N>, i.e. the average number of successive cascaded plastic excursions; it also takes place in the net plastic increment finally obtained at the end of the
clump, after an algebraic summation of successive plastic shifts [9] (see after for D & E):
f

N

¦ N.p(N)
1

1
;
1  P1

Gcp

§
·
P
P
2. ¨ D 2  1 2 E2  1 DE ¸
¨
¸
1  P1
1  P1
©
¹

(Gcp ) 2

0;

(22)

 , show that the velociTime-history simulations, as well as the use of the joint PDF p t (z, z)
ty distribution, at the entry in plasticity, follows rather well a Rayleigh distribution like Eq.(7)
(but with unknown V x ). Consequently, from a crude energy balance (where the average effect
of white noise and viscous damping would be zero), each elementary plastic jump follows an
exponential law, the parameters of which are D for the first jump in the clump, and E for all
the others in the clump; hence Eq.(22-right) that represents the variance of an idealized plastic
jump modeling the “clump”. Moreover, by construction, the plastic clump frequency is:
Q cp

2.Q p
N

2.Q p .(1  P1 )

(23)

By assuming the independency of two successive clumps, the growing rate of the “Brownian” plastic variance is Qpc . (Gpc )2 . Therefore, invoking the central limit theorem, the plastic
displacement, at time t, of an EPPO initially virgin is normally distributed with zero mean and
variance: V2xp (t) Q cp .t. (Gcp ) 2 . On the other hand, the EPPO is said “collapsed” if the demanded ductility, PT, exceeds the allowable one, P, during the period (0,T). A simple development, based on the reflexion principle proper to the (true) Brownian motion, leads to
estimate the EPPO collapse probability PC as (see [9]):
f

2

PC (P, T) 1  1  P(P, T) with P(P, T)

2.

³

P.x e

1
.exp  x 2p 2.V2xp (T) .dx p (24)
2S .V xp (T)

This “Brownian” approach, that requires the determination of four parameters: P 1, D, E,
Qp , may be simplified, using Eq.(20) and supposing D | E | G p :
c

Q cp .

(Gcp ) 2

4. x p .E
1  P1

(25)

This formula shows how the global plastic rate extracted from the energy balance must be
married with the plastic parameters P1 and E related to plasticity in the clump; (see also [17]).
5.3

EPPO from Stochastic Variational Inequality (SVI)

This section summarizes, without any mathematical rigor, the new ideas emerging for a
decade to characterize the EPPO dynamics. Readers are invited to consult the references [1315], for more details, especially for the mathematical foundations. For clarification, the previous notations are completed as follows: y(t) is the oscillator velocity, Z the elastic limit (Z{xe),
w(t) a Wiener process, the time derivative of which produces the forcing white noise; in addition, all the force terms are referred to a unit mass (m=1).
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SVI. EPPO satisfies the following usual equations in the time domain:
elastic phase: 
z  c0 .z  k 0 .z


w(t)
; plastic phase: y  c0 .y r k 0 .Z

x(t)  x p (t) ; y(t) x(t)

with : z(t)


w(t)

(26)

In fact, the whole may be encapsulated into the stochastic variational inequality (SVI):

t,  M d Z, dy(t)

 c0 .y(t)  k 0 .z(t) .dt  dw(t) ;

dz(t)  y(t).dt . M  z(t) t 0 (27)

in which x(t) no longer appears explicitly. This formulation permits, in a mathematically wellfounded and rigorous way, to derive a PDE involving the couple (z(t),y(t)) with the nonstandard boundary conditions attached to the plastic saturation: z(t)=rZ. Particularly, the infinitesimal generator, proper to the diffusion process, can be determined using Ito's lemma.
This generator is given in Appendix C, while the concept, and its current use, are briefly reported hereafter.
Diffusion Generator. The pair made of the elastic displacement, z(t){zt, and the oscillator
velocity, y(t){yt, constitutes a Markov process of diffusion in R2. This process may be described thanks a set (:) of continuous functions, I(z,y): R2oR, of sufficient regularity. The
operator, 7 t (I) : : o : , is thus defined as follows: 7 t I(z s , ys ) I(z t s , y t s ) | (zs , ys ) ; in
words, for each location z(s),y(s) in the phase space at time s, it gives the mathematical expectation of the function I at time t+s, i.e. after a delay of t. This operator forms a semi-group;
noting z for z0, y for y0: 7 t s I(z, y) 7 t (7s I(z, y)) (7 t D Ts )I(z, y) ; 70 I(z, y) I(z, y) ,
from which the infinitesimal generator L is defined: LI(z, y) lim t o0 (7t I(z, y)  I(z, y)) t .
This concept is classic for Markov process, but the generator has here an unusual form (see
App. C), and, moreover, it will be operated in an original way.
Generator Use. The derivation, w (7 t I) wt 7 t LI L7 t I , can be easily proved, at least
heuristically. Noting for clarity, 7 t I(z, y) vI (t, z, y) , so: wvI (t, z, y) / wt  LvI (t, z, y) 0 .
The Laplace transform of vI is: u O,I (z, y)
using the previous relation, wv I / wt

f Ot

³0

e

.v I (t,z, y).dt . Integrating by parts and
f

Lv I , we get: O.u O,I (z, y) I(z, y)  ³ e Ot .Lv I (t,z, y).dt ,
0

that finally gives, as the generator L is time independent (in invariant model):
O.u O,I (z, y)  Lu O ,I (z, y)

I(z, y)

(28)

The final value theorem for the Laplace transform F(O) of the function f(t) specifies that:
f Ot
e .w t f (t).dt
0

³

O.F(O )  f (0  )  lim Oo0 O.F(O ) f (f) . Applying here this theorem:

lim O.u O,I (z, y)

Oo0

lim vI (t, z, y)

t of

lim I z(t), y(t)

t of

³ m(z, y).I(z, y).dz.dy

(29)

in which m(z,y) stands for the stationary probability density function (PDF) of the pair (z,y).
It is worth noting that the initial conditions (z, y, at time 0) are “dissolved” in this formulation
since: (z, y), lim O.u O ,I (z, y) ³ m(z, y).I(z, y).dz.dy constant .
Oo0

PDF computation. For the computation, the PDF m(z,y) is approximated by a decomposition on a set of given basis functions, g i (z,y) : m(z, y)  ¦ i m i .g i (z, y) , where mi are the unknown scalars to be determined. The computation process is thus clear:
(a) Choice of a “sufficient small” O.
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(b) For each i, resolution in u i,O of Eq.(28): Ou i,O (z, y)  Lu i,O (z, y) gi (z, y) , which provides according to Eq.(29): O.u i,O  ³ ¦ j m j .g j (z, y).gi (z, y).dz, dy  ¦ j m j.G ij .

^ `

(c) Inversion of the system: ª¬G ij º¼ m j ^O.u i,O ` , where G ij ³ gi (z, y).g j (z, y).dz.dy .
Finite Difference. The previous step (b) is solved by a finite difference method on a limited grid, from -Z to +Z for the elastic displacement z (which is self-obvious), from -Y to +Y
for the oscillator velocity y (see Fig.4-a). Y is large enough to ensure a Neuman condition on
the border wu/wy=0. The L operator (App. C) is discretized in a symmetrical, but very common way. For example, noting i and j the subscripts respectively attached to z and y, we have
for the terms involving derivatives with respect to y:

(L y u)i, j 
with bi, j

u i, j1  u i, j
u i, j  u i, j1
a 22 u i, j1  2u i, j  u i, j1
max(0,
b
)
min(0,
b
)


i,
j
i,
j
2
'y
'y
'y 2

(30)

(c0 y j  k 0 z i ) ; see [16] for details. Figure 4-b shows an example of PDF, m(z,y),

obtained with the grid of Fig.4-a ([0=4%, xe*=1). We particularly notice the PDF profile on
the elastic barriers: z=+xe, yt0 ; z=-xe, yd0 . This PDF is coherent with Monte-Carlo results,
but the precision and convergence rate cannot be discussed here.

(a) Finite Difference Grid
(b) Stationary PDF m(z,y)
Figure 4: Example of PDF Computation for EPO, from SVI theory

6

“WHITE NOISE OF ENGINEER”

White noise is nowadays defined as the time derivative (in the sense of distribution) of
Wiener process, which permits mathematically-well-founded developments. But degenerating
the mathematical white noise F0, the variance of which is infinite, into a physically-realizable
process Sff(Z) remains a necessity for engineers which face the real world. This transformation is generally without great consequence provided the cut-off frequency (a1/2.'t) is
large enough compared to the oscillator characteristic frequencies. Furthermore, engineers
are most of the time interested in quantities at macro-or-meso-scale, by nature filtered or averaged. Nevertheless, we should be aware about the specificity of white noise, as well as the
eventual impact of the cut-off frequency. Indeed, the convergence of certain quantities, as the
time step 't decreases, can be affected or “polluted” by micro-peaks-or-oscillations taking
place in the oscillator trajectory. The purpose of this section is just to illustrate such phenomena.
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Concerning ESO, Figure 5-a presents an example of peak penetration PDF obtained from
Eq.(14), under “a narrow band assumption” (NBA). Analytical PDF got from filtered white
noise (FWN) are also indicated, following [5] with a first order filter of eigen-pulsation,
:=:*uZj0 (Zj0 being the ESO pulsation with closed gaps). We see on Fig. 5-a how the PDF
slightly differ as :* increases, while producing very close mean values. The NBA assumption,
“one single peak per stop contact”, is so justified, as the more as it produces simple expressions such as Eq.(14) & (15).
Concerning EPO, Figure 5-b presents the crossing frequency Qe(t) of the elastic limit xe for
an EUPO coming out of plasticity (x=xe) at t=0. It has been obtained from the Rice formula:

Q e (t)

f

³0

 t (x e , x).dx
  , applied to the conditional probability reported in Appendix B. By
x.p

definition, Q e (t).dt is the probability of crossing during the differential time interval [t,t+dt).
For short durations, this probability may be integrated [17]. We see on Fig. 5-b two contributions. The “bump”, on the right part of the dotted blue line, corresponds to the crossing probability, roughly a period later (T0=0.1 s). But we see also, on the left part, the asymptotic
increase of the PDF towards t=0. Physically, it corresponds to a return in plasticity, just after
the exit, due to a noise impulse, all the more possible as the elastic restoring force is weak and
the noise intensity strong. The integral of this PDF portion tends to 1 (probability almost surely) for “true” white noise, for which the border between plasticity and elasticity becomes
fuzzy in time. The plastic-elastic border is more and more net as the white noise is truncated
in frequency. But this illustrates how simulations, especially in the time domain, may be delicate when involving white noises, and the necessity of “adequate” quantities to make comparisons or convergence tests.

(a) Peak Penetration PDF for ESSO
(b) Elastic Crossing Frequency for EUPO
Figure 5: Two Illustrations for the “White Noise of Engineer” (Band-Limited)

7

CONCLUSION

This paper treated of the response of nonlinear single oscillators submitted to white noise
excitations. The oscillators were, on the one hand, the elastic shock oscillators (ESO), with
symmetrical or asymmetrical stops (resp. ESSO & EASO), and, on the other hand, the elastoplastic oscillators (EPO), with different types of plasticity: perfect, unidirectional or kinematic
(resp. EPPO, EUPO & EKPO). The subject is very broad, and the purpose of the paper was
just to illustrate the following points:
x A white external force injects the same energy rate into all the oscillators having the
same mass, whatever their non-linearities and dissipation mechanisms. Thus, a simple energy
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balance provides a first level of information about the oscillators’ dynamics, that can even be
very quantitative in some cases (EUPO, ESO) with the help of additional conjectures.
x The next step is to build and feed the dynamics on nonlinear oscillators from the ones of
the associated linear oscillators (ALO), the theory of which is well mastered. This “old” and
common way is always source of improvements (e.g. [17] for EPO).
x The “ultimate” step is evidently to use relevant theories concerning the stochastic diffusion processes, such as Fokker-Planck equation (used here for ESO), or stochastic variational
inequality (SVI, used here for EPPO). In most cases, these theories result in numerical computations (e.g. [6] for ESO with damped stops) that can serve of references, just like MonteCarlo simulations. But special care must be done to the white noise specificity.
x Finally, analytical results devoted to nonlinear single oscillators, whitely excited, could
appear of only academic interest, while Monte-Carlo simulations can now be easily operated.
But the authors' opinion is that 1-DOF results, especially with closed-forms, exceed the academic sphere by providing tendencies that could be useful for engineers. Figure 2-b is such an
example: it was not a priori evident that opening the gaps in ESO let quasi-unchanged the
mean impact force. The change of plastic behavior, from “Brownian” for EPPO, to stationary
for EKPO, is another example.
An engineer must have clear ideas. And this is the set of analyses, from the simplest (e.g.
1-DOF with energy balance) to the most complex (e.g. based on sophisticated finite-element
models), that should forge his mind in the clarification and hierarchization of the involved
physical phenomena he has to cope with.
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APPENDIX A: RESULTS FOR ELASTIC SHOCK OSCILLATOR (ESO)
ESSO: elastic symmetric shock oscillator. EASO: elastic asymmetric shock oscillator.
Subscripts 1, 2 are respectively for the left and right stop (Fig.1-a); j is the gap size (jt0);
j* the reduced gap size, e.g. j1 j1 / V x0 ( V x0 is the ALO standard deviation); D the ratio of
the stop stiffness over the permanent one, e.g. D1 k1 / k 0 . The subscripts are omitted for
ESSO : j j1 j2 , D D1 D 2 , except for the stop rigidity noted k1 .
A1  A 2
for EASO, with (idem for A 2 ):
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A
APPENDIX B: CONDITIONAL PROBABILITY FOR A LINEAR OSCILLATOR [7,9]
x 0 , x 0 : initial conditions at time t=0. F0: white noise intensity (PSD for -f<Z<+f).
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APPENDIX C: INFINITESIMAL GENERATOR FOR EPPO
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Abstract. The Multiple Timescale Spectral Analysis is a framework relying on the existence of
well-separated timescales in the dynamic response of structures to generalize for higher-order
statistics the famous background/resonant decomposition, widely applied by the wind engineering community to compute the variance of the response of SDOF structures or of each modal
response of MDOF structures. This fast spectral analysis method mainly concerns the statistics
of the response of onshore structures subjected to a buffeting wind loading whose characteristic
frequency is typically lower than the natural frequencies of the structures concerned. By contrast, when dealing with wave-loaded ﬂoating offshore structures, the roles of the slow and fast
timescales are likely to be interchanged and the method is extended further in this paper to compute rapidly the variances and the skewnesses of modal responses of such structures responding
in the inertial regime as well, since these statistics are necessary to consider the inﬂuence of the
non-Gaussianity of the loading.
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1

INTRODUCTION

The stochastic surge response of a ﬂoating structure is governed by a nonlinear differential
equation. The nature of this equation is such that the basic input of the problem, the water
particle velocity which is commonly assumed to be a Gaussian random process, results in a
non Gaussian surge response [10]. As a consequence, the extreme value response might substantially differ from the results predicted with a Gaussian model, which would be based on
the variance of the response only [11, 8]. A typical model developed in marine engineering is
based on the cubic translation and the evaluation of higher statistical moments [16]. There are
two approaches to the solution of this type of problem.
The ﬁrst approach relies on the generation of samples of the problem input (the wave velocity) and the numerical solution of the problem based on appropriate time marching algorithms. In order to reduce the inﬂuence of the sampling and because of the coexistence of
several timescales in the problem, namely the slow dynamics of the oscillator and the fast
inertial wave loading, it is necessary to model very long signals with very short time steps.
This makes this ﬁrst method computationally intense although straightforward as to its practical implementation.[1],[7],[9]
The second approach consists in a spectral analysis and its higher order extensions [17, 10].
Although the strict equivalence between time and frequency domains vanishes as soon as the
problem at hand features some nonlinearities, it is still possible to ﬁnd relatively accurate estimates of the solution of the problem when the nonlinearities are limited [12]. The use of
Volterra and Wiener series is one such approach [15, 13]. In a spectral approach, the variance
of the response is obtained as a result of the integral of the power spectral density, while the
third (and higher) moments are obtained by integration of the bispectrum (and higher spectra,
respectively). Because of the existence of the several timescales in the response, the numerical integration of these spectra might be intense too. However, it is possible to take advantage
of the speciﬁc form of the spectra and proceed to their Multiple Timescale Spectral Analysis
[5]. This method consists in taking advantage of the known local shape of either factor of the
spectra (either related to the load, either to the structural ﬁlter) and provide approximations of
the integral. This method is known to be approximately two orders of magnitude (100 times)
faster than a standard numerical integration. It founds its roots in the small correlation expansion [14] and has been being applied in wind engineering since the introduction of the famous
background/resonant decomposition [2]. The Multiple Timescale Spectral Analysis generalizes
several other similar approximations which provide a simple and rapid evaluation of the statistics of the structural response (covariance [3], third moment [4]) in linear or slightly nonlinear
systems [6].
In this paper, the Multiple Timescale Spectral Analysis is specialized to the case of a singledegree-of-freedom system subject to a stochastic loading distributed over its resonant and inertial regimes, i.e. with a main loading frequency band above the natural frequency of the
structure. This conﬁguration is typical of the surge response of ﬂoating structures and would
be typically tackled by means of a numerical integration of the spectra. Instead, we suggest to
decompose the response, at second and third orders, as a sum of a resonant and an inertial components. Numerical validations demonstrate the accuracy of the proposed approximate, while
being signiﬁcantly faster.
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2
2.1

FORMULATION OF THE PROBLEM
Governing equations

The force exerted by random waves on an oscillating point-like structure, which is undoubtedly small compared to the wavelength of waves, can be expressed according to the Morison
equation by the sum of an inertial loading component
fm (t) = km u̇(t)

(1)

resulting from a linear transformation, as the overhead dot denotes partial differentiation in time
t, of u(t), the ﬂuctuations of the water velocity around the constant current speed uc , and a drag,
or viscous, loading component
fd (t) = kd |uc + u(t)| (uc + u(t))

(2)

depending on a nonlinear function of the water velocity, i.e. the sum of the current and the
waves speeds. For the sake of simplicity in this short paper, the inﬂuence of the movement of
the structure itself on the loading is considered as negligible. The coefﬁcients km and kd are
related to geometric and hydrodynamic properties through:
km = cm ρw vw

and

kd = cd ρw aw/2

(3)

where ρw is the water density, cm is the inertia coefﬁcient, cd is the drag coefﬁcient and aw is
the cross-sectional area of vw , the volume of the submerged part of the structure.
The surge response of a single degree-of-freedom structure subjected to such a one-dimensional
Morison-type force is therefore governed by the nonlinear second order differential equation
mẍ(t) + cẋ(t) + kx(t) = fm (t) + fd (t)

(4)

where x(t) is the displacement, k is the stiffness, c is the viscosity and m is the effective mass
of the structure, i.e. the mass of the structure plus the added mass of ﬂuid accelerating with the
structure, as represented in Figure 1. Because of the memoryless nonlinearity included in the
drag loading component, the response of the structure is expected to be non-Gaussian, even if
the only input of the dynamical system, the random process u(t), is supposed to be zero-mean,
Gaussian, stationary and thus fully deﬁned by its power spectral density Su (ω).
The developments presented next are valid no matter the analytical or experimental deﬁnition
selected for this power spectral density (PSD) but, in order to illustrate the results in a simple
manner, the structure is assumed to be located at the still-water level in deep water. In this
speciﬁc case, the application of the Linear Airy Wave Theory gives
Su (ω) = ω 2 Sh (ω)

Figure 1: Typical single degree-of-freedom system
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and it has been decided then to model the power spectral density Sh (ω) of the wave elevation
process h(t) by the two-sided Pierson-Moskovitz spectrum
Sh (ω) =

5 ωh4 2 − 54 ( ωωh )4
he
32 |ω|5 s

(6)

with two parameters, hs and ωh , known as the signiﬁcant wave height and the circular frequency
corresponding to the peak of the spectrum of the wave elevation process. By cancelling the
derivative of the PSD of the water velocity ﬂuctuations, its own peak circular frequency, ωu , is
found to be equal to
$
4 5
ωu =
(7)
ωh
3
The power spectral densities employed in this paper are two-sided and their integration over
the circular frequencies ω, from −∞ to ∞, provides the variance of the associated process.
Consequently, the variance of the water elevation process and the variance of the water velocity
process are respectively given by
$
2
h
3π 2 2
s
σh2 =
ω σ
and σu2 =
(8)
4
4 u h
2.2

Dimensionless formulation

A dimensionless formulation of this problem can be written by introducing a characteristic
time tr , a characteristic response xr and a characteristic wave particle
% & velocity
 % &ur . Deﬁning
the dimensionless time t̃ = t/tr%, &the dimensionless
displacement
x̃
t̃
=
x
t t̃ /xr and the
 % &
dimensionless water velocity ũ t̃ = u t t̃ /ur , Equation (4) becomes
"
"
m 
c 
km ur  kd u2c ""
ur
ur ""
x̃ +
x̃ + x̃ =
ũ +
(9)
1 + ũ" 1 + ũ
"
2
ktr
ktr
kxr tr
kxr
uc
uc
after a divison by kxr . The coefﬁcient in front of the dimensionless drag loading component
is set to unity by equalizing the characteristic elastic force kxr to the force 
of the current kd u2c .
It is also chosen to deﬁne the reference time tr as the inverse of ω0 =
k/m, the natural
frequency of the system, in order to obtain a unitary coefﬁcient in front of the highest order
derivative. Lastly, the reference speed ur is chosen as σu , the standard deviation of the water
velocity process u (t), and the presence of the turbulence intensity of waves, λu = σu /uc , is
hence revealed in the dimensionless formulation of the equation of motion
x̃ + 2ξs x̃ + x̃ = κu λu ũ + |1 + λu ũ| (1 + λu ũ)

(10)

where the symbol  denotes differentiation with respect to the new independent coordinate t̃.
Besides,
ξs =

c
2mω0

and κu =

km ω0
kd uc

(11)

are respectively the structural damping ratio and the loading ratio. Similarly, Equation (5) is
rewritten dimensionlessly as
$
3 ε2u − 34 ( εω̃u )4
Sũ (ω̃) =
e
(12)
π |ω̃|3
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where ω̃ = ωtr is the nondimensional circular frequency and εu = ωu /ω0 is the frequency ratio.
The integration property of power spectral densities holds true for the nondimensional processes
and can be applied to the rescaled water velocity process, ũ(t̃), to demonstrate that this input
is now characterized by a unit variance, σũ2 = 1, regardless the value of the frequency ratio εu .
Interestingly enough, Equation (11) can be rearranged to introduce κc , the Keulegan-Carpenter
number, that theoretically describes the relative importance of the drag loading component over
the inertial loading component. It effectively plays this role in the equation of motion as it
appears in the denominator of the loading ratio
κu =

εu
κc

(13)

According to the Vashy-Buckingham theorem, the problem described in Equation (10) and
Equation (12) is actually ruled by a set of four dimensionless numbers, {ξs , λu , εu , κu }. In wind
engineering applications, where a very similar equation is encountered, these four parameters
are typically all small and this property allows to simplify the governing equation. The inertial
loading component is directly discarded and the absolute value is not needed anymore in the
drag loading component since its argument is always positive. The expansion of the governing
equation consequently yields
x̃ + 2ξs x̃ + x̃ = 1 + 2λu ũ + λ2u ũ2

(14)

in which the third term is at least one order of magnitude below the second because of the smallness of the turbulence intensity of wind, as detailed in [6]. In marine engineering applications,
the structural damping ratio is usually still a small number, ranging between 10−3 and 10−1 , but
the turbulence intensity of waves can reach values up to 2 or more. In addition, the loading ratio
and the frequency ratio may take values above one, in the range [100 ; 103 ], when wave-loaded
structures are compliant in surge, as ﬂoating offshore wind turbines or ﬂoating bridges.
3

MULTIPLE TIMESCALE SPECTRAL ANALYSIS

Since the homogenous part of the dynamic system at hand (10) is linear, it is fully characterized by its frequency response function
H (ω̃) =

1−

1
+ 2iξ ω̃

(15)

ω̃ 2

The PSD of the response thus takes the canonical form
Sx̃ (ω̃) = Sf˜ (ω̃) Ks (ω̃)

(16)

where the kernel function is, at second order,
Ks (ω̃) ≡ |H (ω̃)|2 =

1
(1 − ω̃ 2 )2 + 4ξ 2 ω̃ 2

.

(17)

and, similarly, the bispectrum of the response is given by
Bx̃ (ω̃1 , ω̃2 ) = Bf˜ (ω̃1 , ω̃2 ) Kb (ω̃1 , ω̃2 )

(18)

where Bf˜ (ω̃1 , ω̃2 ) represents the bispectrum of the loading. At third order, the kernel reads [4]
Kb (ω̃1 , ω̃2 ) ≡ H (ω̃1 ) H (ω̃2 ) H (−ω̃1 − ω̃2 )
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Figure 2: Typical shape of the PSD of the response (symmetrical, represented for ω̃ ≥ 0) Numerical values:
κu = 10 ; λu = 1 ; εu = 5 and ξ = 10−1 .

In a spectral approach, the statistical moments of the response are obtained by the (heavy)
integration of the corresponding spectra, in particular
ˆ
¨
m2,x̃ = Sx̃ (ω̃) dω̃
and
m3,x̃ =
Bx̃ (ω̃1 , ω̃2 ) dω̃1 dω̃2
(20)
R

R2

for the second and third moments. The Multiple Timescale Spectral Analysis aims at approximating these integrals with just a few operations [5], while providing at the same time a clear
understanding of the different sources of contribution to the integral. Once statistical moments
are determined, the skewness coefﬁcient
γx̃ =

m3,x̃
3/2

m2,x̃

(21)

can be computed and used together with the peak factor model.
3.1

Second central moment of the response

As shown in Figure 2, when the frequency ratio εu is greater than one, the PSD of the
response basically features:
- two resonant peaks having a width of ord (ξ) and being centered in ω̃ = ±1;
- two inertial peaks reaching their maximum value when |ω̃| = ord (εu ) and spreading over the
frequencies whose absolute value is above a given fraction ζ of the frequency ratio, |ω̃| > ζεu ;
- a ﬂat background region in the vicinity of the origin.
As a ﬁrst step, the introduction of the strained coordinates ω̃ = ξ η̃ ± 1, with η̃ = ord (1) at
most, into Equation (16) allows to focus on the resonant peaks of the PSD of the response and
the Taylor series expansion of the kernel function for small damping ratios yields
Ks (ξ η̃ ± 1) 

1
4ξ 2

% &
1
(η̃ 2 + 2)
ξ η̃ + ord ξ 2
∓
2
2
(η̃ + 1) (η̃ 2 + 1)
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Likewise, the PSD of the loading is also expanded in Taylor series and reads
% &
(1)
Sf˜ (ξ η̃ ± 1)  Sf˜ (±1) + Sf˜ (±1) ξ η̃ + ord ξ 2

(23)

where the superscript (i) indicates the i-th derivative with respect to the dimensionless circular
frequency ω̃. While it seems reasonable to truncate Equation (22) at leading order on account
that ξ
1, it is necessary to check that the PSD of the loading is almost constant on the interval
of interest, or more formally that
%
&
(1)
Sf˜ (±1) ≤ ord Sf˜ (±1)
(24)
to be allowed to neglect higher order terms in Equation (23). If this condition is fulﬁlled, the
PSD of the response is approximately equal to


Sf˜ (1)
ξ2
ξ2
%
&+%
&
(25)
Sr̃ (ω̃) =
4ξ 2
(ω̃ + 1)2 + ξ 2
(ω̃ − 1)2 + ξ 2
in the regions spanned by the strained coordinates ω̃ = ξ η̃ ± 1, since the PSD of the loading is
symmetric. This local approximation is represented by the yellow dashed line in Figure 2. The
resonant component of the variance is eventually given by
ˆ
π
m2,r̃ =
Sr̃ (ω̃) dω̃ = Sf˜ (1) .
(26)
2ξ
R

Applying the procedure recommended in [5], the subtraction of Sr̃ (ω̃) from the PSD of the
response Sx̃ (ω̃) provides a ﬁrst residual with only two inertial peaks
Rr̃ (ω̃) = Sx̃ (ω̃) − Sr̃ (ω̃) = Sf˜ (ω̃) Ks (ω̃)

(27)

in which
Ks (ω̃) = |H (ω̃)|2 −

Sr̃ (ω̃)
Sf˜ (ω̃)

(28)

is the residual kernel function. A new coordinate stretching, ω̃ = (ζ η̃ ± 1) /u with u = 1/εu
1 and η̃ = ord (1) at most again, is then injected into Equation (27) to zoom on the inertial peaks.
The Taylor series expansion of the residual kernel function for small values of u yields
Ks ((ζ η̃ ± 1) /u ) 

Sf˜ (1)
4u
2u
−
(1 ± ζ η̃)4 Sf˜ ((ζ η̃ ± 1) /u ) (1 ± ζ η̃)2

(29)

at leading order and the second term, coming from the approximations of the resonant peaks,
can be discarded if
% &
Sf˜ (1)
≤ ord 3u
Sf˜ ((ζ η̃ ± 1) /u )

(30)

in the interval of interest. However, even though the residual is correctly ﬁtted by
Sι̃ (ω̃) =
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in the regions spanned by the stretched coordinates ω̃ = ξ η̃ ± 1, this is not an appropriate local
approximation, in the sense of the Multiple Timescale Spectral Analysis, because it is not always integrable near ω̃ = 0, regardless of the deﬁnition of the PSD of the loading. Considering,
instead, the (0, 4) Padé approximant
P (0, 4) [Ks (ω̃)] =

1
1/Ks (0) + ω̃ 4

(32)

for the residual kernel, the local approximation
Sf˜ (ω̃)
1/Ks (0) + ω̃ 4

Sι̃ (ω̃) =

(33)

of the residual is now integrable near ω̃ = 0 and matches the residual in the background region
as well. The integrand is ultimately made totally independent from structural characteristics,
such as the natural frequency of the system, by observing that Sp̃ (1)  Sp̃ (0), since εu  1,
and is represented by an orange dashed line in Figure 2. At the end, the mainly inertial, partly
background, component of the variance of the response is given by
ˆ
Sf˜ (ω̃)
m2,ι̃ =
dω̃.
(34)
2 + ω̃ 4
R

and the variance of the response is approximated by the sum of the resonant and inertial contributions as
ˆ
Sf˜ (ω̃)
π
m2,mtsa =
Sf˜ (1) +
dω̃.
(35)
2ξ
2 + ω̃ 4
R

This approximation seems less advantageous, at ﬁrst glance, than its equivalent background/resonant
decomposition, since the inertial component is still expressed by means of an integral. Nevertheless, it is noticed that this integral only involves the loading and can be established, even
maybe in closed-form, a priori, for a given PSD of loading.
3.2

Third central moment of the response

As shown in Figure 3, when the frequency ratio is greater than one, the bispectrum of the
response exhibits essentially:
- six background bi-resonant peaks on an area of ord (ξ 2 ), centered in (±1, 0), (±1, 0) and
± (1, −1);
- six bi-resonant inertial peaks on an area of ord (ξ 2 ), centered in ± (1, −2), ± (2, −1) and
± (1, 1);
- six bi-background inertial triangular basins located between the background bi-resonant peaks
and the bi-resonant inertial peaks;
- six resonant bi-inertial pairs of peaks, centered in ± (εu , 0), ± (0, εu ) and ± (εu , −εu ).
Focusing ﬁrst on the region where ω̃1 and ω̃2 are both of ord (1), it appears quite clearly that
the bispectrum of the response behaves locally as


Br̃ (ω̃1 , ω̃2 ) =  Bf˜ (0, 0) Kb (ω̃1 , ω̃2 )
(36)
because the bispectrum of the loading is almost constant in this zone and its imaginary part is
equal to zero. In addition, the third order kernel decreases fast enough along ω̃1 and ω̃2 for the
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Figure 3: Typical shape of the bispectrum of the response Bx̃ (ω̃1 , ω̃2 ). Numerical values: κu = 10 ; λu =
1 ; εu = 5 and ξ = 10−1 .
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approximation presented in Equation (36) to be local and integrable, as required by the multiple
timescale spectral analysis. Its double integration gives a simple and rapid estimation of the
component of the third central moment of the response in the vicinity of the origin
m3,õ =



8π 2

B
(0,
0)
˜
f
3 (1 + 8ξ 2 )

(37)

which corresponds to the area under the six background bi-resonant peaks, the six bi-resonant
inertial peaks and the six bi-background inertial triangular basins.
Then, the subtraction of Br̃ (ω̃1 , ω̃2 ) from the bispectrum of the response provides a ﬁrst
residual

where

Rr̃ (ω̃1 , ω̃2 ) = Bf˜ (ω̃1 , ω̃2 ) Kb (ω̃1 , ω̃2 )

(38)



Bf˜ (ω̃1 , ω̃2 ) = Bf˜ (ω̃1 , ω̃2 ) −  Bf˜ (0, 0)

(39)

and a new coordinate stretching, ω̃1 = η̃1 /u and ω̃2 = η̃2 with η̃1 and η̃2 of ord (1), is injected
into Equation (38) in order to zoom on one of the resonant bi-inertial pair of peaks. The leading order term of the Taylor series expansion of the third order kernel for small values of u
corresponds to
Kb (ω̃1 , ω̃2 )  Ks (ω̃1 )  [H (ω̃2 )]

(40)

where we recover the second order kernel and the real part of the frequency response function.
Interestingly enough, each of those two distinguished functions depends on only one coordinate
in the intervals of interest. In order to ensure the integrability of the local approximation near
ω̃1 = 0 and ω̃2 = ±1, respectively, the second order kernel is approximated by a (0, 4) Padé
approximant, similarly to what was done before with the inertial component of the PSD of the
response,
P (0, 4) [Ks (ω̃1 )] =

1
1 + ω˜1 4

(41)

and the real part of the frequency response function, on the contrary, cannot be simpliﬁed on
account that the damping ratio is a small number. In addition, the variations of the bispectrum
of the loading along ω̃1 and along ω̃2 have both to be taken into account. The ﬁrst ones are
indeed required to get a local approximation that resembles the residual while the second ones
are needed to obtain a non-zero result for the resonant bi-inertial component of the third central
moment of the response, since
ˆ
 [H (ω̃2 )] dω̃2 = 0
(42)
R

However, the number of points where the bispectrum has to be evaluated is drastically reduced
by using a (0, 2) Padé approximant to ﬁt correctly the integral of the residual along ω̃1 when ω̃2
is of ord (1). It reads
⎡
⎤
ˆ
Bf˜ (ω̃1 , ω̃2 )
1
⎦ =
P (0, 2) ⎣
(43)
4 dω̃1
p0 + p2 ω̃22
1 + ω˜1
R
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in which
ˆ
p0 =

Bf˜ (ω̃1 , 0)
1 + ω˜1 4

R

dω̃1

and

p2 =

ˆ B (0,2) (ω̃ , 0)
1
f˜
R

1 + ω˜1 4

dω̃1

(44)

where the superscript (i, j) indicates the (i, j)-th derivative with respect to ω̃1 and ω̃2 . It is worth
to note that the Padé approximant is entirely independant from the structural characteristics
again. The resonant bi-inertial component of the third central moment of the response is ﬁnally
given by
ˆ
 [H (ω̃2 )]
m3,ι̃ =
dω̃2
p0 + p2 ω̃22
R

and the third moment of the response approximately corresponds to
m3,mtsa = m3,õ + m3,ι̃
3.3

(45)

Numerical validation

The mathematical developments presented in Sections 3.1 and 3.2 are now validated by comparing the results obtained with the multiple timescale spectral analysis to the results coming
from Monte Carlo simulations.
First, the PSD of the dimensionless water velocity ﬂuctuations, Sũ (ω̃), is computed according to Equation% (12)
& for a given set of dimensionless numbers. A time-history of wave velocity
ﬂuctuations, ũ t̃ , is then generated by computing the inverse Fourier transform of
U (ω̃i ) =


Sũ (ω̃i ) N ω̃s ej θi

(46)

where N = 108 is the number of elements, ω̃s = 20 εu is the sampling circular frequency and
θi is a phase angle randomly drawn from a uniform distribution in the interval [0, 2π[. At this
point, it is already possible to check that the frequency content of the wave velocity signal is
correctly represented by superimposing its PSD on the theoretical one. Figure 4 shows the very
good agreement between them. Then, a loading sample is obtained by calculating
f˜ = κu λu ũ + |1 + λu ũ| (1 + λu ũ) .

(47)

It is used differently in the time domain analysis and in the Multiple Timescale Spectral Analysis.
In time domain, the loading sample enters into the equation of motion which is%hence
solved
&
numerically to obtain the evolution of the displacement of the structure in time, x̃ t̃ . To do so,
the ﬁnite difference method with an explicit scheme has been chosen here but any other time
marching algorithm would obviously provide almost exactly the same results. At the end, the
second and third central moments of the response are respectively given by
*% % &
 % &&2 ,
m2,x̃ = E x̃ t̃ − E x̃ t̃
(48)
*% % &
,
 % &&3
m3,x̃ = E x̃ t̃ − E x̃ t̃
(49)
where the operator E [.] stands for the mathematical expectation, computed over the samples.
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Figure 4: Typical shape of the power spectral density of the water velocity ﬂuctuations.

In the spectral approach, we start by determining the power spectral density and the bispectrum associated to the loading sample. From there on, we just follow the steps detailed in
Sections 3.1 and 3.2 to obtain the resonant and the inertial components of the second and third
central moments of the response. Since we have kept the same set of dimensionless numbers
throughout the whole paper, the local approximations and the ﬁrst residual of the power spectral
density and of the bispectrum of the response are respectively shown in Figure 2 and Figure 3.
The numerical results are summarized in Table 1 together with the computational time required in both cases. The second and third central moments of the response are computed much
more rapidly with the Multiple Timescale Spectral Analysis and are very close to the references
obtained with Monte Carlo simulations.
Sf˜ (1)
0.05
Bf˜ (0, 0)
8 · 10−3

m2,x̃
3.58
m3,x̃
0.93

m2,r̃
0.76
m3,õ
0.20

m2,ι̃ m2,mtsa
2.60 3.36
m3,ι̃ m3,mtsa
0.68 0.88

ttime
5s
γx̃
0.137

tmtsa
0.1 s
γmtsa
0.143

Table 1: Numerical values: κu = 10 ; λu = 1 ; εu = 5 and ξ = 10−1

4

CONCLUSIONS

The background/resonant decomposition (which is widely applied in wind engineering) is a
particular application of the Multiple Timescale Spectral Analysis where the natural frequency
of the oscillator is larger than the frequency content of the loading. In this paper, we have specialized the concept to the companion problem, where the natural frequency of the oscillator
is smaller than the characteristic frequency of the loading, as is typical in ﬂoating structures
considered in marine engineering. Instead of the heavy numerical integration of the power
spectral density and bispectrum of the structural response, the proposed methodology is able
to determine the statistical moments of the response as a sum of two components. These two
components correspond to a resonant contribution and an inertial contribution. The same decomposition is used for both the second and third orders. The resonant contribution takes a very
similar shape as the well known existing approximations. Conversely to the companion problem though, the inertial contribution requires the evaluation of an integral, which is however
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less cumbersome than in the formal numerical integration of the spectra since it involves the
loading only.
The proposed methodology has been benchmarked against Monte Carlo simulations. It
shows a signiﬁcant CPU saving while offering a very competitive accuracy. It will certainly
serve as a major cornerstone of a multi degree-of-freedom model, where the response of a
structure in its modal basis will be computed as a linear combination of modal (single degreeof-freedom) responses.
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Abstract. For structures with large extensions in the horizontal plane (such as bridges with
ultra-long spans), it is very likely that the characteristics of the environmental processes
(such as wind, waves and earthquakes pressure) will exhibit inhomogeneous features across
the structure. It is accordingly important to know how these features will affect the extreme
dynamic response level of such bridges. In particular, the question arises whether application
of simplified homogeneous load models will imply an under-prediction or an over-prediction
of the extreme dynamic response. It will be also be of significant interest to identify the most
“dangerous” load pattern for the case of inhomogeneous models and to compute the associated relative probability that this particular pattern may occur.
These effects are investigated first by analysis of a simplified and “generic” case study of
an extended line structure subjected to dynamic wave loading of the homogeneous versus the
inhomogeneous type. A “forward calculation” is applied in order to study the extreme response level corresponding to these two load categories. It is next demonstrated how an inverse algorithm is able to identify the most critical inhomogeneous load pattern and the
associated probability that this will occur (for given statistical models of the load parameters).
A numerical study of the hydroelastic response of a 4.6 km long fjord crossing floating
bridge subjected to inhomogenous versus homogeneous stochastic wave loads is subsequently
carried out. The bridge has a straight-line shape and is supported by 35 pontoons along its
full length. To restrain the transverse motion in the horizontal plane, four clusters of deep water mooring lines are applied in order to strengthen the transverse stiffness of the bridge.
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1 INTRODUCTION
The question arises whether inhomogeneous loading can lead to higher dynamic response
levels than homogenous loading. Furthermore, there might be particular inhomogeneous load
patterns that could possibly create significant amplification effects due to “modal resonance”
phenomena. These features are presently illustrated in relation to a simplistic structural model
and an “inverse” algorithm is applied in order to identify critical load patterns.
The effects of inhomogeneous wave loading are subsequently illustrated in connection
with dynamic response of a floating bridge with an ultra-long span. Such and similar bridge
concepts are presently being considered for crossing of extremely wide fjords along the West
Coast of Norway, see e.g. [1, 2, 3, 4, 5, 6].
2 INHOMOGENEOUS LOADING: A GENERIC CASE STUDY
A simplified and “generic” case study of an extended line structure subjected to a deterministic dynamic wave loading of the homogeneous versus the inhomogeneous type is first
considered. A “forward calculation” is applied in order to study the extreme response level
corresponding to these two load categories. It is next demonstrated how an inverse algorithm
is able to identify the most critical inhomogeneous load pattern and the associated probability
that this will occur (for given statistical models of the load parameters). The findings from
this simplified example are then summarized, and consequences for analysis and design of
extended structures with more complex dynamic behaviour are discussed.
2.1

Forward modeling

A straight bridge structure of length L which is subjected to long-crested regular waves propagating at an angle θ is first analysed. Initially, the load pattern is uniformly distributed in
space (with magnitudes q), see Figure 1 for an illustration. The line structure is taken to be
simply supported at both ends, and the main bridge girder is supported by three pontoons at
the three interior quarter points (i.e. at x = -L/4, 0 and +L/4). The bending stiffness of the
bridge girder is EI, the cross-section area is A, the mass per unit length is m and the structural
damping per unit length is c. The three pontoons all have the same mass (Mi = M for i = 1,2,3,
which also includes hydrodynamic added mass in the direction transverse to the bridge axis),
and with the same hydrodynamic damping (Ci = C for i = 1,2,3 also in the transverse direction)

Figure 1. Line structure subjected to uniform load patterns with harmonic time variation.
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The lateral dynamic response (strong-axis bending moment) of the line structure for the
present loading is computed by application of the mechanical transfer functions for the relevant natural modes. Here, it is assumed that the first three horizontal modes are the relevant
ones. These correspond respectively one, two and three sinusoidal half-waves. The lateral displacement is then expressed as follows:

v( x, T , Z , t )

ª 3
º
« ¦ ¬ªQ j  cos T ¼º  H j (Z )  M j x »
¬j 1
¼

(1)

where φj(x) = sin (jπx/L+jπ/2) is mode-shape number j (for j=1,2 and 3), |Hj(ω) | is the modulus of the frequency transfer function for mode number j. The modal load which corresponds
to the distributed load q is expressed as:
3

q ¦ cos Zt  k  sin T k  xl  M j xl for j=1,2,3; and l =1,2,3

Qj

(2)

l 1

where the three x-coordinates of the pontoons are given as x1 = -L/4, x2 = 0 and x3 = +L/4; k =
2π/λ is the wave number corresponding to the frequency ω, as given by the wave length λ,
which is obtained from the dispersion relationship for deep water (i.e. λ = ω2/g). The wave
period is here taken as T = 10 seconds, implying a frequency of 2π/T=2π/10.
The model mass, damping and stiffness properties of the line structure are expressed in
terms of integrals involving the square of the mode shape functions and the corresponding
curvatures:
L
3
3
mL
§ jS  xl · mL
 M P (Z )  ¦ sin 2 ¨
 2  M P (Z )
M j M ³ m  M 2j x dx  ¦ M P (Z )  M 2j xl
¸
2
© L ¹ 2
l 1
l 1
0
L

Cj

C

l 1

0

§ d 2M j x
EI

³0 ¨¨ dx2
©
L

Kj

3
cL
§ jS  xl ·
 CP (Z )  ¦ sin 2 ¨
¸
2
© L ¹
l 1

3

2
2
³ c  M x dx  ¦ CP (Z )  M j xl
2

·
¸¸ dx
¹

EI  L § jS ·
¨
¸
2 © L ¹

4

cL
 2  CP (Z )
2

4

jS EI
2 L3
(3)

where Mp(ω) is the pontoon mass (including hydrodynamic added mass) and CP(ω) is the corresponding hydrodynamic damping in the lateral direction of the bridge.
Based on the model mass and stiffness, the corresponding natural frequencies for the three
modes are obtained as:

Zj

Kj
Mj

2

EI
§ jS ·
¨
¸ 
4  M P (Z )
© L ¹
m
L

(4)

Furthermore, based on the modal properties, the modulus and phase angle for each of the
three modes are then given as:
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H j (Z )

ª 2O j E j º
»
2
«¬ 1  E j »¼

1
K j ª« 1  E
¬

2 2
j

 2O j E j º»
¼
2

H j (Z ) Arctan «

1
2

(5)

where the frequency ratio for each mode is expressed as βj = ω/ωj and the damping ratio is
λj = Cj/2Mjωj
The load frequency is next specialized to be ω = 0.9·ω1 , and the three different load frequency ratios then become :

ª 0.9Z1 º
«
»
«¬ Z j »¼

Ej

ª 0.9 º
« j2 »
¬ ¼

(6)

The damping ratios the three different modes are equal to λ1 = 1%, λ2 = 1.5% and λ3 = 5%.
The resulting simplified expression for the lateral displacement is then obtained as:

v( x,T , Z , t )

3

¦ ª¬Q
j 1

j

 cos T º¼  H j (Z )  M j x  cos Zt  H j

(7)

The ratios between the values of the three mechanical transfer functions are approximately
the following: H3(ω)/H1(ω) = 19 and H2(ω)/H1(ω) = 500. This implies that if the modal loads
Qj were identical, mode 2 would have a much higher influence on the displacement response
than the other two mode shapes (and in particular mode 1).
The strong axis bending moment of the line structure is obtained from the curvature along
the bridge accordingly and becomes:

M ( x, T , Z , t )

2

§ jS ·
EI  ¦ ª¬Q j  cos T º¼  H j (Z )  ¨
¸  M j x  cos Zt  H j
© L ¹
j 1
3

(8)

where EI is the corresponding bending stiffness of the bridge girder (for strong axis bending),
The corresponding bending stresses are then obtained by dividing with the bending resistance
of the girder.
Clearly, an important issue is at which cross-section along the line structure that the maximum bending moment will occur. This location will change for different combinations of the
two direction parameters. However, the location can in all cases be seen to occur within the
interval -L/3 to 0. Here, the quarter point (i.e. at x = –L/4) is selected for the purpose of illustration. The bending moment as a function of time and the direction angle of the incoming
load is shown in Figure 2. It is seen that there are two positive maxima (both with magnitudes
around 6.7) at times t slightly above t = 0 and slightly above t =10 sec. The corresponding
value of the wave direction angle is around 0.7 radians in both cases. There is a single negative maximum (with the same magnitude as the positive maxima) at time t = 5 sec, which also
occurs for a wave direction angle of around 0.7 radians.
The probability that the dynamic bending moment exceeds a given value (at a given crosssection, which preferably is the one with the highest bending moment along the line structure)
can now be obtained by introducing a joint probability density function for the two basic variables t and θ. Denoting this density function by ft,θ(t,θ), the probability of exceeding a given
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value of the bending moment can then be evaluated by integrating across the area in the (t,θ)plane for which the given value of the bending moment is exceeded.

Figure 2. Normalized bending moment diagram of line structure for cross-section at x=-L/4, homogeneous loading. Normalization factor is EI/qL3.

The subdomain which gives the maximum contribution to this integral will depend on the
shape of the probability density function. For illustration purposes, we first apply a uniform
joint density function with constant value in the rectangle bounded by the lines t=0., t=10 sec
and θ = -π/2, θ = +π/2. The maximum contribution to the integral is then due to the regions
close to the boundaries at t=0 and t=10 sec. In general, the probability of exceeding the specified bending moment value can then be evaluated by means of Monte Carlo simulation or
FORM/SORM techniques, [7, 8]. The latter also provides direct information about the critical
combination of time and wave direction. However, since time is strictly not a random variable
as it runs sequentially through all the values from 0 to 10 seconds (and of course through subsequent load periods if such are given), calculation of this probability boils down to a onedimensional formulation at the “critical” time, for which the load direction becomes the only
remaining basic variable. This implies that the probability of being in the “exceedance region”
can be calculated by application of the cumulative distribution function of the direction variable. For a uniform probability distribution in the range from –π/2 to +π/2, the cumulative distribution function for a given angle is just the cumulative angle divided by the length of the
total interval (i.e. π).
The following probabilities are obtained for a selection of four different bending moment
magnitudes: (i) a normalized bending moment value of 4 gives a probability of 0.35 (corresponding to the direction interval from around 0. rad to 1.1 rad) (ii) a normalized bending
moment value of 5 gives a probability of 0.24 (corresponding to the direction interval from
around 0.25 rad to 1.0 rad) (iii) a normalized bending moment value of 6 gives a probability
of 0.17 (corresponding to the direction interval from around 0.4 rad to 0.9 rad) (iv) a normalized bending moment value of 6.7 gives a probability of 0.0068 (corresponding to the direction interval from around 0.64 rad to 0.67 rad). If the load direction is e.g. is instead
parabolically distributed (i.e. fθ = 1.9·(0.5-θ/π)*(0.5+θ/π) = 1.9·(0.25-(θ/π)2), the probabilities
for the four cases instead become somewhat higher: (i)0.44 (ii)0.30 (iii)0.20 and (iv)0.012.
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Subsequently, the case of inhomogeneous loading is addressed. A linear variation from
zero to a maximum load intensity value is introduced for the load pattern. By requiring that
the mean load intensity is the same as the constant value for the homogeneous case, the maximum intensity of the load components will be 2*q. This case is illustrated in Figure 3.

Figure 3. Line structure subjected to a non-homogeneous load pattern (linear variation) with harmonic time variation.

The modal loads for this case are obtained by introducing corresponding load factors, f(xl) at
each pontoon:
3

Qj

q ¦ cos Zt  k  sin T k  xl  H j  f xl  M j xl

for j=1,2,3; and l =1,2,3

(9)

l 1

where f(x1) = 0.25, f(x2) = 0.5 and f(x3) = 0.75. For the present load pattern, the normalized
bending moment for the cross-section at x = -L/4 is shown in Figure 4. It is seen that there is
now a maximum negative peak at t = 0 and a maximum positive peak with a magnitude of 17
at around t=7.5 seconds.

Figure 4. Normalized bending moment diagram of line structure for cross-section at x=-L/4, non-homogeneous
loading. Normalization factor is EI/qL3.
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For the present case, five different magnitudes of the bending moment are considered and
the corresponding direction intervals with associated probabilities are determined. These are
as follows: (i) a normalized bending moment value of 12 gives a probability of
0.51(corresponding to the direction interval from around -0.8 rad to +0.8 rad) (ii) a normalized bending moment value of 14 gives a probability of 0.45 (corresponding to the direction
interval from around -0.7 rad to 0.7 rad) (iii) a normalized bending moment value of 6 gives a
probability of 0.32 (corresponding to the direction interval from around -0.5 rad to 0.5 rad) (iv)
a normalized bending moment value of 16 gives a probability of 0.13 (corresponding to the
direction interval from around -0.2 rad to 0.2 rad) (v) a value of 17 gives a probability of
0.0063 (corresponding to the direction interval from around -0.01 rad to 0.01 rad). If the load
direction is e.g. parabolically distributed (i.e. fθ = 1.9·(θ/π-0.5)*(θ/π+0.5) = 1.9·(θ/π)2-0.25),
the probabilities for the five cases instead become: (i)0.70 (ii)0.62 (iii)0.46 (iv)0.19 and (v)
0.0096, i.e. somewhat higher than for the uniformly distributed case.
More complex load patterns (and also with different frequencies for different directions)
could easily be constructed in order to represent various types of environmental loading.
However, the main point to be made here is that non-homogenous loading may lead to amplification for some of the modal loads and accordingly give rise to higher dynamic response
levels. Furthermore, for unidirectional loading the critical angle may change for different load
patterns.
2.2 Inverse analysis
The question is next whether it is possible to find the most critical combination of the load
parameters for a given cross-section along the line structure by a more efficient procedure
without having to calculate the response for all combinations of time and direction values (or
even more complex combinations for cases where more than two parameters are involved).
Here, it is considered whether this can be achieved by means of FORM/SORM techniques
by application of uniform joint probability density function of the two parameters as input to
the analysis. These techniques are usually based on the so-called Rosenblatt transformation
which converts the uniformly distributed basic variables into normalized Gaussian variables
(with zero mean values and unit variance). Subsequently, a search is performed in the normalized plane to identify the “critical” point on the failure surface (i.e. the surface for which the
mechanical limit state function is zero, i.e. implying that the response bending moment is
equal to the specified value of the bending moment). This is referred to as the “design point”,
see e.g. [7,8] for a more detailed description of the procedure.
This approach is here illustrated for both the homogenous and non-homogeneous load cases.
For the former, the design point in the normalized Gaussian plane has the following coordinates for the four different cases: (i) (1.1,0.35) (ii) (1.25,0.41) (iii) (1.46,0.55) and (iv)
(1.9,0.56). By transforming back to the physical parameter space, these point corresponds to
the following time-direction angle combinations: (i) (8.6sec, 0.43rad) (ii) (8.9sec, 0.5rad) (iii)
(9.3sec, 0.66rad) and (iv) (9.7sec, 0.67rad).
The main purpose of this analysis is to identify the most likely “parameter combination
point”, which here corresponds to a specific combination of time and direction. However, as a
side product the probability of failure of the line structure (i.e. the probability that the bending
moment will exceed the specified value) for the case of uniformly distributed load parameters
can also be found based on the design point coordinates in the normalized plane. This is
based on the relationship Φ(-β) = pf, where β = u2, with u2 denoting the design point coordinate for the normalized direction variable and with pf denoting the probability of failure (i.e.
the probability of exceeding the specified value of the bending moment).
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By including only the load direction as a random variable, the design point for the corresponding “normalized variable” will change slightly. Essentially, it will be the point on the
failure surface which is closest to the origin purely along the u2 coordinate axis. Hence, the
second point of the relevant direction interval is generally not identified. Accordingly, the estimated failure probabilities will be too high as compared to those obtained from the forward
analysis. The following probabilities are now obtained for the four different cases: (i) pf=0.36
(ii) pf=0.34 (iii) pf=0.29 (iv) pf =0.28. It is seen that these probabilities are on the high side as
compared to those obtained from the forward modeling, especially for the lowest probabilities.
More correct probability values could be obtained as part of the inverse analysis by application of more refined methods such as Monte Carlo simulation techniques. For high dimensions, this would require that sufficiently accurate but numerically efficient response analysis
methods are applied e.g. by application of surrogate models (response surface techniques).
For the non-homogenous load case, transformation of the design points in the normalized
Gaussian line to the “physical load direction line” give the following coordinates for the five
different cases: (i) (θ=-/+0.8) (ii) (θ=-/+0.7) (iii) (θ=-/+0.5) (iv) (θ=-/+0.2) and (v) (θ=-/+0.01).
Here, the -/+ sign indicates that one of these points will be identified depending on whether
the search algorithm starts at a positive or negative value. Again, it is seen that this is just one
of the points that were identified based on the forward analysis. However, for this case the
relevant points are symmetric around the origin. Applying only one of these points will imply
an overestimation of the failure probabilities. The following values are obtained for the five
different cases: (i) pf=0.75 (ii) pf=0.72 (iii) pf=0.66 (iv) pf =0.56 and (v) pf =0.50. It is seen
that these are on the high side compared to those from the forward analysis, especially for the
smallest probabilities. If both of the “design points” are identified from the analysis, the correct values for the failure probabilities will be obtained.
Based on more exact information about the joint probability density function (pdf) of the
load direction parameter, this will generally result in much more peaked shape than the uniform model. Accordingly, the most likely load parameter combination to result in failure of
the structure will also change (relative to the case with uniformly distributed variables). This
was also demonstrated in connection with the forward modelling by application of a parabolic
density function for the load direction angle.
Furthermore, inclusion of additional random variables which represent physical properties
of the structure and the environment are generally required in order to provide a more realistic
description. By repeating the analysis for these cases, the coordinates of the most critical load
combination point and the failure probability will change once more.
3 DYNAMIC RESPONSE TO INHOMOGENOUS WAVE LOAD FOR AN ULTRALONG FLOATING BRIDGE
In order to illustrate the effects of inhomogeneous loading on the dynamic response of a structure with an ultra-long span, the floating bridge shown in Figures 5 (graphical illustration) and
Figure 6 (system layout) is considered. Such bridges are relevant e.g. for very wide lake or
fjord crossings. The present structure is quite similar to a concept which is proposed for crossing of the Bjørnafjord at the west coast of Norway [3].
The hydroelastic responses of the 4.6 km long straight, side-anchored floating pontoon
bridge subjected to wave loads is investigated. The vertical stiffness of the bridge is provided
by 35 evenly spaced pontoons along the bridge girder. The transverse motion of the bridge is
restrained by clusters of mooring lines tethered at four pontoons. Owing to the very large span
and hydrological topology across the Bjørnafjord, inhomogeneity in the wave field exists.
Various effects of inhomogeneous wave conditions on the hydroelastic responses of the float-
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ing bridge are also examined. These include the inhomogeneity in wave direction, significant
wave height, peak period as well as the coherence and correlation of waves at different locations along the entire length of the floating bridge. For the purpose of comparison, the bridge
responses under homogeneous wave load cases are also studied. In addition, the effects of
wave load components and short-crestedness are presented and discussed.

Figure 5. Graphical display of straight floating bridge design concept, [2]

(a)

(b)
Figure 6. Straight floating bridge: (a) design concept and (b) idealised model, [3, 4, 6].
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3.1

Structural model

The bridge structure is represented by beam elements with discrete pontoons, and the wave
loading is of a stochastic nature such that spectral densities are applied in order to characterize
the frequency distribution of the wave energy. Furthermore, directional spreading functions
provide information about the directional distribution of the wave energy. For inhomogeneous
loading, these quantities will generally vary as functions of the coordinates in the horizontal
plane.
In order to focus on the wave load effect on the floating bridge section, this study employs
an idealised, generic floating bridge model based on the low part of the design concept. As
illustrated in Fig. 1(b), the simplified floating bridge, 4.6 km long and 18 m elevated above
the water surface, is resting on 35 evenly spaced pontoons (which are referred to by their location as A1 to A35) and held in position by four mooring clusters. The water depth is set to 300
m and assumed to be constant across the entire bridge length. In view of the overall dimensions of the bridge, the girders and columns are reasonably modelled as Euler-Bernoulli
beams and the mooring lines are represented by using bar elements submerged beneath the
water surface. The pontoons are regarded as rigid bodies interacting with water. The connection between mooring lines and the pontoons in the conceptual design is provided on the side
wall of the moored pontoon. The mooring line is terminated just above the chain stopper. The
boundary conditions of the bridge model are given in Table 1.
Boundary
South end
North end

x
fixed
free

Translation
y
fixed
fixed

z
fixed
fixed

Rx
fixed
fixed

Rotation
Ry
fixed
fixed

Rz
fixed
free

Table 4. Boundary conditions

Note that the translational degree of freedom of the bridge girder along the x-axis at the
North end is released to allow for axial deformation due to thermal effects. All the applied
parameters are based on the independent feasibility studies of the straight floating bridge concept by Multiconsult and DNV GL [2, 3].
3.2

Load representation and load cases

A full stochastic wave load model is applied for the present dynamic response analysis.
Accordingly, the basis for computation of random wave loads and associated dynamic response is provided by the wave spectral densities at the locations at the different pontoons.
These spectral densities are generally parameterized by the significant wave height and the
peak period. Phase information about wave elevation at the different pontoons is provided by
the cross-spectral densities.
Table 2 lists the design wave load cases specified in the design basis [1] with a principal
wave direction in the sector of 225°-315°. Note that a common practice in an engineering design is to apply the worst wave condition to the entire bridge structure. In view of this, inhomogeneous wave load cases may be reasonably established by scaling up the significant wave
heights Hs and peak periods Tp measured at the three DWRs such that the highest inhomogeneous Hs and Tp are equal to the homogeneous wave characteristics listed in Table 2. Due to
the lack of further information, the wave inhomogeneity between the DWRs is assumed to
vary in a linear manner.
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Return period
1-year
100-year

Wind waves
Hs
Tp
1.30 m
4.6 s
2.40 m
5.9 s

θp
225°-315°
225°-315°

Swell
Hs
0.26 m
0.40 m

Tp
20 s
20 s

θp
300°
300°

Table 2. Design homogeneous wave conditions [1]

Three inhomogeneous wave conditions are also considered, see [1]. The first two are the 1year and 100-year inhomogeneous wave conditions established based on field measurement
data. Due to availability of data, only wind waves are represented for these conditions. The
waves corresponding to these two conditions exhibit a relatively large spatial variation in θp
with a minor inhomogeneity in Hs and a constant Tp. Examining these two wave conditions is
expected to reveal the effect of inhomogeneity in relation to wave direction on the bridge responses. The third condition describes a different pattern of 100-year inhomogeneous waves
established based on wave conditions at another measurement site. A compared with the first
two conditions, θp remains unchanged in condition 3. A much larger inhomogeneity in Hs and
Tp is present and its effect may be revealed by comparing with the corresponding homogeneous conditions. Furthermore, inhomogeneous swell with a longer Tp that may give excitation
to the lower order vibration modes of the floating bridge is also accounted for in condition 3.
Number

LC1.1a
LC1.1b
LC1.2
LC1.3
LC1.4
LC2.1a
LC2.1b
LC2.2
LC2.3
LC2.4
LC3.1a
LC3.1b
LC3.2
LC3.3
LC3.4

Description
Return Wind sea condition
period
Hs = 1.3 m, Tp = 4.6 s, θp
= 288°
Hs = 1.23 m, Tp = 4.6 s, θp
= 288°
1-year
Hs = 1.3 m, Tp = 4.6 s, θp
= 288°
condition 1
condition 1
Hs = 2.4 m, Tp = 5.9 s, θp
= 288°
Hs = 2.27 m, Tp = 5.9 s, θp
= 288°
100Hs = 2.4 m, Tp = 5.9 s, θp
year
= 288°
condition 2
condition 2
Hs = 2.4 m, Tp = 5.9 s, θp
= 288°
Hs = 2.27 m, Tp = 5.9 s, θp
= 288°
100Hs = 2.4 m, Tp = 5.9 s, θp
year
= 288°
condition 3
condition 3

Swell condition

Wave correlation

-

Fully correlated

-

Fully correlated

-

Uncorrelated

-

Fully correlated
Uncorrelated
Fully correlated

-

Fully correlated

-

Uncorrelated

Hs = 0.4 m, Tp = 20
s, θp = 300°
Hs = 0.24 m, Tp = 20
s, θp = 300°
Hs = 0.4 m, Tp = 20
s, θp = 300°
condition 3
condition 3

Fully correlated
Uncorrelated
Fully correlated

*Load cases with grey shadow correspond to homogeneous wave conditions
Table 3. Load cases and descriptions
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Table 3 summarises the wave load cases to be examined in this study. There are three main
load cases (LCs), namely LC1, LC2 and LC3 that correspond to the wave conditions listed in
Table 2. Each LC is comprised of three inhomogeneous wave load cases and one homogeneous wave load case that serves as a basis for comparison with the inhomogeneous wave load
cases. The homogeneous wave load cases (LC1.1, LC2.1 and LC3.1) are further categorised
into sub-cases a and b. Case a is defined by using the parameters listed in the design basis [1]
and Table 5, whereas the Hs in case b is scaled down to match the average Hs in an inhomogeneous wave condition. The latter describes a sea state with the same wave energy as in the
inhomogeneous wave load case provided that Tp remains unchanged.
Time domain sample functions of the sea elevation are generated by summation of the various harmonic components and Monte Carlo simulation of the relevant random phase angles.
If the unidirectional wave spectrum, directional distribution and random phase angles of the
wave components are identical at all pontoons, the described wave conditions along the full
length of the floating bridge are homogeneous. Otherwise, the wave conditions are inhomogeneous. Furthermore, if the phase angle in an inhomogeneous wave field for arbitrary pontoon numbers i and j are taken to be same, the wave conditions along the entire length of the
bridge are fully coherent and correlated. On the other hand, if the phase angles are completely
random at various pontoon locations, the corresponding wave conditions are incoherent as
well as uncorrelated, i.e. they are statistically independent (in the case of Gaussian processes).
In all case studies, five independent wave realisations of each load case are used to reduce
the variations in the stochastic results. In addition to the wave inhomogeneities described in
Table 3, this study also investigates the effect of short-crestedness of wind waves.
3.3

Dynamic response to inhomogeneous versus homogeneous loading

LC1: Load case with 1-year return period
To reveal the effect of wave short-crestedness on the bridge responses, Figure 7 plots the
standard deviation of the weak axis bending moment My due to unidirectional long-crested
waves for comparison with short-crested waves. As it can be seen, short-crested waves result
in a much larger My along the full length of the bridge for both homogeneous and inhomogeneous wave load cases. The differences are up to 176% for homogeneous waves and 129% for
inhomogeneous waves. This implies that oblique wave components in short-crested waves
significantly augment the weak axis bending moment of the girder when compared with longcrested waves in a near beam sea condition.

(a)
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(b)
Figure 7. Effect of wave short-crestedness and wave inhomogeneity on standard deviation of weak axis bending
moment under 1-year wave load cases (LC1): (a) homogeneous waves and (b) inhomogeneous waves.

LC2 and LC3: Load cases with 100-year return period
Figure 8 compares the standard deviation of My for LC2 and LC3. The comparison of
homogeneous wave load cases shows that the results for LC2.1a and LC3.1a are very close to
each other. This reveals that the inclusion of swell has a negligible effect on My. The comparison with inhomogeneous wave load cases (see Fig. 8(b)) shows that near the south end, more
higher order vibration modes are excited by wind waves in LC3 than LC2 and the excitation
level is lower. Moving from A10 to A27, the increase in Tp results in a change from higher
order modes to lower order modes being excited by the wind waves. In addition, an increase
in the extent of excitation of modes by wind waves is also observed, due to the combined effect of increasing Tp and Hs. The swell also excited My responses near the period of 20 s.
However, no resonance is expected and thus swell has a limited effect on the dynamic My responses.

(a)
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(b)
Figure 8. Standard deviation of weak axis bending moment under 100-year wave load cases (LC2 and LC3): (a)
homogeneous waves and (b) inhomogeneous waves.

3.4

Extreme bridge response and accumulated fatigue damage

The extreme values of the bridge responses for a given (stationary) sea state are basically
expressed as a product of the standard deviation and an amplification factor. The value of the
amplification factor depends on the statistical nature of the response processes (i.e. Gaussian
or non-Gaussian) and the length of the time period being considered. Accordingly, the ratios
between the extreme values of the bending moments for the different load cases are also
mainly the same as for the standard deviations. For fatigue damage accumulation, the effects
are even stronger since the “standard deviation effect” is exponentiated to a power higher than
one (and since the mean value essentially does not enter the picture). The effects of inhomogeneous versus homogeneous load representations in relation to design of the bridge structure
are clearly of high importance.
4

CONCLUSIONS

The present paper has addressed the question of whether inhomogeneous load patterns can
give rise to higher dynamic response levels than homogenous loading. This is shown to be the
case, both for a simplistic model of a straight-line bridge, and subsequently for a more comprehensive and realistic model of a floating bridge with an ultra-long span. An important task
will then clearly be to identify possible critical inhomogeneous load patterns and the corresponding probability associated with the event that this pattern will occur. This has been illustrated for the simplistic structural model. An ultra-long-span floating bridge structure is also
analysed with to compare homogeneous and inhomogeneous load cases of different kinds.
As a general observation, it is found that the challenge associated with inhomogeneous
load patterns is that they can easily can give rise to “modal resonance” phenomena, which occurs when the spatial load pattern more or less coincides with the mode shape. An inverse
scheme for identification of such critical load patterns was outlined. The probability that such
patterns may create critical extreme response levels is also quantified as part of the algorithm.
As part of future developments, application of the outlined inverse scheme to large and complex bridge structural models is aimed at. It is anticipated that this may require utilization of
reduced order models and surrogate models (also referred to as digital twins) in order to develop numerically efficient schemes.
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Abstract. Environmental vibration tests are useful tools for the evaluation of real structures,
since they can be carried out during the structure operating conditions. As drawback, the low
intensity level of the vibrations makes it difficult to identify precisely the modal parameters of
the structure. The objective of the work is to study the uncertainty related to the identification
of modal parameters of masonry structures subjected to environmental vibrations. The work
deals with experimental records derived from a masonry barrel vault that is conceived as a
sequence of arches according to its cross sectional behavior. Two different structural configurations are considered: the vault in its original configuration and the vault in its retrofitted
configuration according to current design concepts. Two symmetric arches for each vault
configuration are analyzed and the relevant dynamic response monitored. The modal parameters (frequencies, mode shapes and damping ratios) are estimated using operational modal
analysis techniques. Four different records, for each structural configurations, are processed
to investigate the stationary of the estimates. The results indicate that even though the modal
parameters are quite different between the two configurations the related uncertainty are similar in contrast to the common assumptions that the retrofitted configuration should be less
dispersive than the original one. As concerns the individual modal parameters it is confirmed
that the frequencies present the lower uncertainties whereas the damping ratios are endowed
with the higher uncertainties. In any case the uncertainty level does not hide the general pattern of the damping ratios. The imprecision in the mode shapes identification, measured
through the MAC index, shows unexpectedly stable and accurate estimates.
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1

INTRODUCTION

In the last decades the need for an effective seismic protection and vulnerability reduction
of the cultural heritage determined a growing interest in structural monitoring as a knowledgebased assessment tool to quantify the uncertainties in the structural performances [1]. One of
the main purposes of structural monitoring is to observe the structural response to loads and
environmental influences over a period of time in order to reduce the uncertainties in the assessment of the actual structural conditions [2]. Different are the fields where uncertainty
plays an important role and towards researchers turned their attention: variability of external
actions, data dispersion due to measurement inaccuracies, modeling errors related to numerical approximations, changes in material properties [3, 4].
In this paper, the uncertainty related to the structural dynamic response in terms of modal
parameters is analyzed. Environmental vibration tests were performed on purpose and Operational Modal Analysis (OMA) was used to identify frequencies, damping, and mode shapes
[5]. OMA is a very powerful tool to estimate the modal parameters of a structure when subjected to environmental loads, that is when no measurement of the input is available [6, 7]; of
course the quality of the estimates depends also on the choice of the parameters of the particular identification process adopted [8]. One disadvantage of OMA, is its inability in providing
the modal masses. Therefore, in the estimation of modal parameters, the mode shapes cannot
be mass normalized. Methods for the estimation of the mode shapes scaling factors were proposed and suggestions provided to overcome this limitation [9,10].
Environmental vibration tests are often resorted to in those cases in which the structure under investigation should remain in its full operational conditions. In this instance, because of
the small amplitude of the vibrations, it is conceivable that the uncertainties in the modal parameters estimates could affect the stationary of the results. The paper aims at providing a
contribution to this problem through the investigation of the peculiar case study of masonry
arches. The entity by which uncertainty affects the results is assessed under different circumstances that involve the comparisons among different arches, different structural schemes and
different field records.
2

THE ANALYZED STRUCTURE AND THE MONITORING SYSTEM

The analyzed structure is the barrel vault depicted in Figure 1. The vault is about 11.0 m
long and 4.3 m large with an approximate circular shape of radius 2.5 m [11]. The vault cross
section develops uniformly along the longitudinal axis and the two terminal gables are detached from the vault so that they do not affect significantly the vault behavior at the boundaries. The vault rests on squat thick walls that turn out to be very rigid as compared to the vault.
The filling material is quite loose and act essentially as an added mass without providing further stiffness. This vault was damaged in occasion of the l’Aquila earthquake in 2009 and the
described configuration pertains to this damaged vault in its original (O) state. In 2018 the
same vault was subjected to important retrofitting works aimed at moving the fundamental
frequencies towards less sensitive ranges to the seismic action. This was obtained by using a
lighter filling material cemented with mortar; inserting fiberglass strips glued at the vault extrados; adding transversal masonry stiffeners and perimetral steel curbs. This vault configuration pertains to the vault in its retrofitted (R) state.
As concern the monitoring system, a large testing campaign was carried out. The paper reports only the part of the overall campaign functional to the present investigation.
Since the main vault deformation takes place in the transversal direction and in consideration of the uniform longitudinally behavior, it was decided to monitor the vault as it was con-
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stituted by a sequence of arches. Two different arches were monitored and analyzed. For
comparison purposes these arch sections were taken symmetrically placed with respect to the
vault centerline and labelled arch l (left) and arch r (right), Figure 1.

Figure 1. Plan view of the vault: centreline in red; arch l and arch r in blue.

Piezoelectric single axis accelerometers were employed (PCB 393A03 by Piezotronics)
which are voltage mode output sensors characterized by a 1000 mV/g sensitivity, a ±5g fullscale and a frequency range from 0.5 to 2000Hz with a 5% error. Each accelerometer was
connected, by means of shielded cables, to a 24-channels data logger (LMS-SCADAS) mobile hardware with a 24-bit A/D board for a dynamic range of 150 dB. The accelerometers
were magnetically fixed to proper metal plates bolted at the intrados of the vault. All the
measurement chain was managed by a notebook, Figure 2.
Five measurement points per arch were considered: one at key, two at the arches base and
two at the kidneys. Each measurement point comprised a couple of sensors oriented in such a
way to record tangential and radial accelerations, as shown in Figure 2, for a total of 10 accelerometers per arch.

Figure 2. Typical biaxial accelerometer and system management equipment.
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3

MODAL PARAMETER IDENTIFICATION

In the ambient vibration tests, it is unfeasible to measure the ambient excitation so that the
output response of the structure is the only information available to be processed for identification purposes. This circumstance is referred to as Operational Modal Analysis (OMA). A
variety of commercial system identification packages exists. In the present case, the LMS
TestLab software by Siemens was used since it is licensed together with the monitoring system adopted. TestLab embodies the PolyMAX algorithm [12] to estimate the modal parameters according to a frequency domain processing of the recorder signals.
In the case of OMA, the input spectra are replaced by the assumption that the input is a
white noise, i.e. it has a constant power spectrum, independent on frequency. Under this hypothesis output spectra can be modelled with the same expression of the Frequency Response
Functions (FRF). The theoretical formulation of the algorithm can be found in [12]. Hereafter,
a brief description of the method, functional to the subject of the paper, is given. “PolyMAX”,
is a polyreference version of the least-squares complex frequency-domain (LSCF) method and
makes use of the so-called right matrix-fraction model. One main benefit of the polyreference
method is that very closely spaced poles can be effectively separated.
The PolyMAX method is based on two main steps each of which makes use of a least
squares solution. In the first step, a stabilisation diagram is constructed via frequency response functions; in this step, frequency and damping ratios are estimated. In the second step,
the mode shapes are found, starting from the user selection of the stable poles in the stabilization diagram. The stabilization diagram allows to distinguish the real structural modes from
the numerical ones; a mode is defined “stable” if its frequency and damping do not vary as the
model order increases.
Frequencies, damping ratios and modal shapes, identified with the above procedure, are
used to discuss the uncertainty related to the modal properties of the masonry vault.
4

RESULTS

All the identification process was repeated twice according to the two different O and R
structural configurations. In both cases, the data collected in a basic time window of 3600s
were processed and modal parameters identified (frequencies, damping ratios and mode
shapes).
In order to evaluate the stationarity of the results, 3 further time windows were processed.
These time windows were obtained by segmentation of the basic one as reported in Table 1:
Time window label
T - Total duration
I - Initial segment
C - Central segment
F - Final segment

Time window duration (s)
3600
1800
1800
1800

Time segment (s)
0 – 3600
0 – 1800
900 – 2700
1800 – 3600

Table 1: Basic signal segmentation

In line with the concepts of interval arithmetic, numbers are expressed as intervals bounded
by the minimum and maximum I = [min, max] values attained by the set of the identified ordinary crisp quantities [14].
For the present purposes, an alternative more expressive representation is given by the use
of the central value or midpoint C and of the radius ǻ of the interval:
I = [C ± ǻ]

where: C = (max + min)/2; ǻ = (max – min)/2
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In equation (1) C can be intended as the “mean” value and ǻ as the entity of “imprecision
or uncertainty” of the estimates. As compared to ǻ, that provides an absolute value, the relative uncertainty U can be evaluated by the ratio: U = ǻ / C.
In Figure 3 and 4 the identified frequencies are reported respectively for the O and the R
configuration separately for the arch l, Figures 3a and 4a, and the arch r, Figures 3b and 4b.
Each figure shows the identified frequencies subdivided per mode and per time window.
The inspection of the figures allows to state that the identified frequencies are highly stable
regardless the time window or the mode considered. This feature is shared also by both configurations O or R and the relevant arches l or r. This result confirms that any arch of the vault
can be used equivalently for monitoring purposes.
The above applies with the exception of mode 3 configuration O, arch l, time segments I
and C. In this case it was not possible to identify any valid frequency. This aspect is nonetheless to be considered positive; in fact, or the frequencies are accurately identified or they are
not at all. A further positive aspect is that this defect does not influence the remaining identification with special regard to the adjacent time segments.

Figure 3a. Frequencies (Hz): config O, arch l

Figure 3b. Frequencies (Hz): config O, arch r

Figure 4a. Frequencies (Hz): config R, arch l

Figure 4b. Frequencies (Hz): config R, arch r

Figure 5. Frequency uncertainty: config O

Figure 6. Frequency uncertainty: config R
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The uncertainty level ǻ against the central value C of the estimated frequencies is shown in
Figures 5 and 6 where it is possible to appreciate the strong stationarity of the estimates.
As a conclusion, it is possible to substantiates the common assumption that frequencies can
be identified with high accuracy and negligible uncertainties at least in the field of civil structures where the interested frequencies are usually the lower ones.

Figure 7a damping (%), config O, arch l

Figure 7b damping (%), config O, arch r

Figure 8a damping (%), config R, arch l

Figure 8b damping (%), config R, arch r

In general terms it can be stated that the fundamental damping model, i.e. the way in which
the damping smears over the modes, is similar for the two arches, l and r, of the same O or R
configuration with only small uncertainty. This similarity makes it possible to choose any
arch as an equivalent candidate for monitoring.
It is observed a systematic prevalence of the damping values of mode 1 compared to the
other modes for both configurations. This aspect is markedly evident for the R configuration.
In addition to the above, it is also observed that the damping (energy dissipation) is distributed over all the modes for the O configuration, whereas it is concentrated in the first and third
modes for the R configuration. As if it were all the modes of configuration O contribute on an
equal level in energy dissipation; whereas for the configuration R as if it were modes 2 and 4
relate to a rigid body motion that does not produce (hysteretic) damping. This result is coherent with the hypothesis that the modes 2 and 4 would displace rigidly as a consequence of the
deformation of the support walls of the vault.
The absolute value of the damping, referred to the first and third mode of both R and O
configurations, happens to be greater for R than for O. This result is unexpected if one consider the common reasonable assumption that energy dissipation should be higher for “loose”
structures (O) than for “tied” ones (R).
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The Figures 9 and 10 refer to the configuration O and configuration R respectively. Each
figure reports the central values C and the uncertainties Δ evaluated for arch l and arch r in
correspondence with the four identified vibration modes. It is observed a good agreement between the trend of the C values in the two cases of arch l and arch r.
Both configurations O and R show negligible uncertainty with respect to the first fundamental mode shape. In the other cases, the uncertainty on damping does not show a defined
trend. The uncertainties Δ remain always a relatively small fraction of C. In a couple of cases
involving arch r of both configurations Δ attains values close to C displaying large dispersion
of the identified values.

Figure 9 Damping uncertainty: config O

Figure 10 Damping uncertainty: config R

In order to get a homogeneous presentation of the results, the comparison among the mode
shapes was carried out by means of the Modal Assurance Criterion (MAC) [14,15].
Presently, the advantage related to the use of the MAC index is that it allows to express the
level of correlation between two mode shapes by just one number. In this way, it is possible to
apply the equation (1) to quantify the uncertainty Δ also in the case of the mode shapes. The
MAC is defined as (being ()T the transpose operator):

(2)
and takes values in the range [0, 1] where 0 means no consistency and 1 means perfect
matching. In equation (2) φSn is the mode shape of order S identified using the time segment n
and φSm is the mode shape of the same order S but identified using the time segment m. So, for
example, φ2C is the mode shape S = 2 relative to the time segment n = C.
In the present case, the Modal Phase Collinearity (MPC) was used to quantify the degree of
complexity of the identified mode shapes. It was found that in all examined cases MPC takes
on values close to 100% that demonstrate perfect collinearity or monophase behavior. Consistently real evaluated mode shapes were used in the computations.
Ultimately, for each mode shape, the MAC indices were computed for the cases I, C and F
against the common reference T as shown in Table 2.
T against all time segments

T-I

T-C

Table2: Couples of time segments for MAC computation.
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Figure 11a. MAC (%): Config O, Arch l.

Figure 11b. MAC (%:) Config. O, Arch r.

Figure 12a. MAC (%): Config. R; Arch l.

Figure 12b. MAC (%): Config. R; Arch r.

The results are illustrated in Figures 11 to 14 that are organized in the same format used to
discuss the uncertainty relevant to frequencies and damping ratios. The histograms show the
MAC values for the various combinations of the time segments, Table 2. The higher the MAC
values are the lower the spread of the identified values is. That can be rephrased as: the more
the similitude among the mode shapes is the lower the uncertainty is.
By the inspection of Figures 11 to 12 the following general comments can be dawn. The
histograms are relatively similar; this statement applies whatever the structural configuration
(O or R) and the measurement arch (l or r) are. The dispersion of the MAC values does not
increase significantly as the mode shape order increases, except for the configuration R arch r.
This was somewhat surprising considering that the R configuration should have a more regular behavior.
A more detailed inspection of the figures shows that the mode shape 3 is the hardest to be
precisely identified. This happens especially in correspondence of the time segment F as
clearly evidenced in Figure 12a; apart configuration O, arch l, time segments I and C where it
is not detected at all (see also Figures 3a and 7a).
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Figure 13. MAC uncertainty: Config O

Figure 14. MAC uncertainty: Config R

The Figures 13 and 14 refer to the configuration O and configuration R respectively. Each
figure reports the central values C and the uncertainties Δ evaluated for arch l and arch r in
correspondence with the four identified vibration modes.
From the figures it is observed a C value greater than 90% for all the considered cases except for mode 3 where C is slightly below 80%. In any case a negligible uncertainty Δ lower
than 10% with the only exception of mode shape 3 where Δ is of the order of 20%.
However, it is confirmed that any of the two arches l or r can be equivalently adopted for
monitoring purposes even if with there exist some scatter of the results yet within acceptable
uncertainty margins.
A summary of the relative uncertainty is given in Table 3 where the U values are listed,
mode by mode, for frequencies, damping ratios and mode shapes.
Config
/mode
1
2
3
4

Ufreq
Ol
0
1
1

Or
1
3
0
1

Rl
1
0
1
0

Rr
3
0
5
0

Ol
7
45
27

Udamp
Or
Rl
27
29
76
46
38
32
25
97

Rr
15
29
72
54

Ol
0
2
1

UMAC
Or
Rl
0
1
4
0
7
28
0
0

Rr
9
0
15
8

Table 3: Relative uncertainty U (%) of the modal parameters: Config O, R, arches l, r.

In the inspection of the table it should be remembered that mode 3 was the hardest to identify as highlighted by the absence of any valid frequency in the Ol configuration and by the
large scatter in the UMAC case. Apart this aspect, the listed values show very low and negligible uncertainty in the Ufreq case; the same can be said for the UMAC case where the uncertainty
is generally small, but not always entirely insignificant. The Udamp in turn is affected by high
and dispersed uncertainty.
Whichever be the case, the dispersion of the U values does not show well defined trend
and can be considered randomly distributed for all the modal parameters. This occurs for both
configurations O and R and the arch l or r considered. The uncertainty level is roughly the
same for the two configurations. This last finding contrasts the common assumption that a retrofitted “tied” structure should be less dispersive than the original “loose” one.
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6 CONCLUSIONS
The work is devoted to the study of the uncertainty in the identification of the modal parameters of vaulted masonry structures. Only the transversal behavior of the vault was considered so that the dynamic response was monitored according to two arches symmetrically
placed with respect to the central line of the vault.
Environmental tests were performed and the recorded signals processed to identify frequencies, damping ratios and mode shapes. To this end, the entire recorded signals was partitioned in sub time segments to control the stationarity of the identified quantities among the
different time segments. The uncertainty was quantified in line with the concept of interval
numbers characterized by the central value and the radius (uncertainty) of the interested range
of values. The mode shapes needed to be processed to be represented by scalar quantities. To
this end the MAC index of each mode shape obtained from the single sub time segment respect to the mode shape of the entire recorded signal was used. The measurements campaign
and the identification process were repeated twice for two different vault configurations: the
vault as it was in its original state and after retrofit interventions.
The results indicate that the uncertainty relevant to the two configurations is similar in contrast to the conventional assumption that the retrofitted “tied” configuration should be less
dispersive than the original “loose” one. The results indicate also that the two arches, according to which the vault was monitored, showed very similar behavior so that any arch of the
vault can be equivalently adopted for monitoring purposes within acceptable uncertainty margins. As concerns the individual modal parameters it is confirmed that the frequencies present
negligible uncertainties whereas the damping ratios are endowed with the higher uncertainties.
As a final result it can be said that the dispersion of the estimates of the modal parameters do
not increase significantly as the mode order increases.
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Abstract. The paper deals with the steady-state stationary response of single-degree-of-freedom
nonlinear secondary oscillators in stochastically driven linear primary structures. Equations
governing the primary-secondary dynamic interaction are presented, followed by a concise exposition of a two-degree-of-freedom system assembly with dimensionless coefﬁcients. Stochastic forcing is successively modelled as monochromatic, white noise, and ﬁltered white noise
process, representing extreme forms of narrow-band and wide-band excitations, as well as an
intermediate case, characterised by the Clough-Penzien stationary power spectrum, commonly
adopted in earthquake engineering applications. A decomposition-synthesis approach is presented in order to analytically approximate the response of the secondary system in cascade,
by quantifying the statistics to individual forcing components, and synthesising the results to
obtain the response of an equivalent linear secondary system. Demonstrated to the case of a
Dufﬁng secondary oscillator, and compared with pertinent Monte-Carlo simulations, the derived formulas permit accurate and efﬁcient quantiﬁcation of the secondary system’s response
as a function of the design input parameters of the system assembly and the excitation.
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1

INTRODUCTION

For a plethora of structural systems encountered in engineering it is essential to specify their
reliability under environmental loading conditions. Examples include missile and aircraft vibration due to atmospheric turbulence, the vibration of buildings and bridges due to earthquakes
and wind, vehicle vibration due to ground and track surface irregularities, and the motion of
ships and offshore structures due to wave excitation. Environmental loads are random by nature
and comprise the dominant source of uncertainty for such systems. For this reason, numerous
efforts have been devoted to the development of methods for the response quantiﬁcation and
analysis of dynamical systems subjected to random excitations.
Previous research endeavours mostly deal with primary systems, that is, load-bearing structures, modelled either as linear or weakly nonlinear, and driven by an excitation of idealised
form, including broadband white noise and ﬁltered white noise, characterised by various spectral shapes [1]. However, much research effort is still needed to provide efﬁcient and accurate
tools for estimating the response of nonlinear secondary systems subjected to random loads.
Secondary structures, also referred to as subsystems, are deﬁned as the auxiliary mechanical,
electrical and electronic components and contents that are not part of the primary load-bearing
structure, arising in modern engineering applications [2]. It is now well established that their
reliability in the face of an extreme environmental event is essential as their damage can inﬂuence the operational continuity of the primary structure, leading to loss of life, injury, direct and
indirect economic loss.
In this paper, the stochastic response of nonlinear single-degree-of-freedom secondary oscillators, in randomly excited linear primary building structures, is investigated. The full primarysecondary dynamic interaction is considered ﬁrst and simpliﬁed equations are derived for a
reduced two-degree-of-freedom system assembly with dimensionless coefﬁcients. Stochastic
forcing is then successively modelled as monochromatic, white noise and ﬁltered white noise
process. The ﬁrst two, characterised by diametrically opposed spectral properties, represent
extreme scenarios of a narrow-band and wide-band excitation, while the latter represents the
intermediate case of the Clough-Penzien [3] stationary power spectrum, commonly adopted in
earthquake engineering applications. A decomposition-synthesis approach is then presented in
order to analytically approximate the stochastic response of the secondary system, with an application to a secondary Dufﬁng oscillator. Based on the premise that the secondary structure
is driven in a one-way interaction, the idea is to decouple the subsystems under the cascade
analysis approximation [4], decompose the driving acceleration at the oscillator’s position of
attachment to individual components, separately quantify the response statistics, and synthesise
the results to obtain the response of an equivalent linear secondary system. The resulting analytical approximation formulas fully characterise the response probability density functions under
the excitation types considered, permit accurate and efﬁcient quantiﬁcation, and directly relate the statistical response parameters to the design input parameters of the primary-secondary
system assembly and the excitation.
2

PRIMARY-SECONDARY SYSTEM VIBRATION

Consider the case of a dynamical system consisting of a single-degree-of-freedom (SDoF) secondary (S) oscillator attached to a multi-degree-of-freedom (MDoF) primary (P) structure. The
P system represents herein a multi-storey building, while the S oscillator describes an attachment, whose performance is potentially critical to the overall resilience.
The differential equation governing the response of the combined system when subjected to
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seismic excitation, assumed at rest for t ≤ 0, reads:
M · ü(t) + C · u̇(t) + Fr (u(t)) = −M · τ üg (t) ,

(1)

>
=
satisfying the initial conditions u(0) = 0n+1 and u̇(0) = 0n+1 , where u (t) = up (t) us (t)
is the partitioned array collecting the n + 1 DoFs relative to the ground, in which up (t) =
{up1 (t) , . . . , upn (t)} is the vector listing the n dynamically signiﬁcant DoFs of the P structure, the superscripted  being the transpose operator; us (t) is the translational DoF of the
=
>
S oscillator; τ = τ pg 1
is a partitioned array where τ pg is the (n × 1) vector of seismic
incidence; üg (t) is the unidirectional horizontal component of the ground acceleration, the overdot denoting differentiation with respect to the time t. Furthermore, M and C are the mass and
damping matrices, partitioned as:
(
)
(
)
Mp 0 n
Cp + cs τ psτ ps −cs τ ps
M=
; C=
,
(2)
0n ms
−cs τ ps
cs
where Mp and Cp are the mass and damping matrices of P, while ms and cs the associated
coefﬁcients for S; 0n being a zero vector of dimensions (n × 1); τ ps is the (n × 1) incidence
vector of the feedback action of S on P; and Fr (u) is a nonlinear restoring force that depends
on the state of the system.
It has long been recognised that conventional methods can be cumbersome for the analysis
of combined systems, owing to each subsystem’s characteristics and dissimilarities between
them, as well as impractical for design purposes, since, the P structure needs to be reanalysed
for every change introduced on S. Even, if the combined system is linear,
(
) (
)
up (t)
Kp + ks τ psτ ps −ks τ ps
Fr (u(t)) = Fr,lin (u(t)) =
·
,
(3)
−ks τ ps
ks
us (t)
Kp and ks being the stiffness matrix and stiffness coefﬁcient for P and S, the necessary and
sufﬁcient Caughey-O’Kelly condition K · M−1 · C = C · M−1 · K [5] will, in general, not be
satisﬁed and therefore classical modal analysis is inadmissible. However, recent advances on
the decoupling of linear systems permit decoupling of Eq. (1) by the method of phase synchronisation through solution of the quadratic eigenvalue problem (M·λ2 +C·λ+K)·v = 0 [6–8].
2.1

Reduced primary-secondary system assembly

Let us now consider the case of a nonlinear S oscillator attached to a P system, as depicted in
Figure 1, the latter assumed to be linear and classically damped. This assumption is not unduly
restrictive, as critical infrastructure are often designed to respond within their linear-elastic
regime and the survivability of internal equipment is in question. Furthermore, we separately
consider P and therefore uniformly distributed energy dissipation is routinely assumed. The
objective here is to formulate the system of differential equations in a simpliﬁed form, and pave
the way for quantifying the S system’s response under stochastic excitation in the next section.
Denoting ups (t) as the translational DoF of the S oscillator relative to the motion of the
P structure, the equation of motion of P, can be conveniently expressed as:
%
&
Mp · üp (t)+Cp · u̇p (t)+Kp ·up (t) = −Mp ·ττ pg üg (t)−ττ ps ms üps (t) + τ ps üp (t) + üg (t) . (4)
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(a)
Furthermore, we denote üp (t) = üp (t) + τ pg · üg (t) as the vector listing the absolute
(a)
(a)
accelerations of the P DoFs; üps (t) = τ ps · üp (t) as the absolute acceleration of the P structure
(a)
(a)
at the location of the S oscillator; and üs (t) = üps (t) + üps (t) as the absolute acceleration of
the S mass.

Figure 1: Combined linear P nonlinear S system.

2.1.1

Modal transformation

Aiming at reducing the dimensions of the P-S combined dynamic system, the equations of motion of the P structure are projected onto the reduced modal subspace. Accordingly,
 a solution
2
to the real-valued eigenproblem Mp · Φ p · Ω p = Kp · Φ p is sought, where Φ p = φ p1 , . . . φ pn
is the (n × n) modal matrix, whose columns are the n modal shapes of the P structure, and
Ω p = diag {ωp1 , . . . , ωpn } is the diagonal spectral matrix listing the associated modal circular
frequencies in ascending order. If the P-S dynamic interaction has its largest effects on the ith
mode of vibration of the P structure, the following transformation can be adopted:
up (t) ≈ φ pi qpi (t) ,

(5)

where qpi (t) is the ith modal coordinate of the P structure corresponding to the largest modal
participation factor. Without loss of generality, the modal shape φ pi can be normalised such that
the largest horizontal displacement is set equal to 1.
Upon substitution of Eq. (5) in Eq. (4), pre-multiplication of the result by φ pi and further
manipulations, one obtains:
!
(a)
2
üpsi (t) + 2 ζpi ωpi u̇psi (t) + ωpi
upsi (t) = −φpsi βi üg (t) + γi üsi (t) ,
(6)
where upsi (0) = 0 and u̇psi (0) = 0, and where upsi (t) = φpsi qpi (t) denotes the contribution
of the ith mode of vibration to the seismic response of the P structure at the position of the
(a)
S oscillator, φpsi = τ ps · φ pi being the corresponding modal displacement; üsi (t) = üps (t) +
üpsi (t) + üg (t) is the absolute acceleration of the S mass, considering for the P structure only
the contribution of the ith mode of vibration; ζpi and ωpi are the ith modal values of equivalent
viscous damping ratio and circular frequency of the P modal oscillator, respectively; βi =
m−1
pi φ pi · Mp · τ pg is the ith dimensionless modal factor for the seismic input, with mpi =
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φ pi · Mp · φ pi being the ith modal mass for the P structure; similarly, γi = m−1
pi φpsi ms is the ith
dimensionless modal factor for the S feedback on the P structure.
In what follows, for the sake of simplifying the notation, the generalised P coordinate upsi (t)
is replaced with up (t), and the modal index i is dropped in all the other quantities in Eq. (6)
resulting to:
üp (t) + 2 ζp ωp u̇p (t) + ωp2 up (t) = −φps (β üg (t) + γ (üg (t) + üp (t) + üps (t))) .

(7)

It is clear that the contribution of higher modes can be included in the procedure, if needed.
Notably, setting γ = 0 decouples Eq. (7) from the equation governing the seismic response of
the S oscillator, leading to the so-called ‘cascade approximation’, where the P-S dynamic interaction is neglected. It is worth noting here that the condition γ = 0 does not imply a massless
S system, but merely the fact that the feedback action of S on P is negligible. Furthermore, in
the special case where P is a SDoF oscillator, i.e. n = 1, then, φps = β = 1 and γ = ms /mp .
2.1.2

Dufﬁng secondary oscillator

Without loss of generality, the simplest case of a SDoF S Dufﬁng oscillator, extensively studied
in the literature, is considered next. Dynamic equilibrium of the mass ms in the horizontal
direction gives:
%
&
üps (t) + 2 ζs ωs u̇ps (t) + ωs2 ups (t) + λ (ups (t))3 = −ü(a)
(8)
p (t) ,
where ups (0) = 0 and u̇ps (0) = 0, ups (t) being the displacement
of the S oscillator relative to the

P structure at its point of attachment; ζs and ωs = ks /ms are the viscous damping ratio and
natural circular frequency of S in its elastic range, ks being its elastic stiffness; λ is a constant,
for λ = 0 the restoring force reduces to the linear one, while λ < 0 and λ > 0 represent
(a)
softening and hardening phases, respectively; üp (t) = üp (t) + üg (t) is the absolute horizontal
acceleration of P at the position of S, in which üp (t) satisﬁes Eq. (7).
3

STOCHASTIC FORCING MODEL

Consider a ground acceleration üg (t), successively modelled as monochromatic, white noise,
and ﬁltered white noise stationary Gaussian process. The monochromatic and white noise excitations, characterised by diametrically opposed properties, represent herein the extreme forms
of narrow-band and wide-band processes, respectively, while the coloured noise represents an
intermediate case, characterised by a modiﬁed Kanai-Tajimi (KT) power spectrum (Kanai [9];
Tajimi [10]) suggested by Clough and Penzien (CP) [3], commonly used in earthquake engineering applications. Their power spectral density (PSD) functions are, respectively, given by:
Süg (ω) = α δ (|ω| − ω0 ) ;

Süg (ω) = S0 ;

Süg (ω) = S0 · Hk (ω) · Hc (ω) ,

(9)

for −∞ < ω < ∞, where α is the strength of the unit impulse δ(·) and ω0 is the arrival frequency; S0 represents a constant PSD level due to white noise; and Hk (ω) and Hc (ω) represent
the KT and CP ﬁlters, respectively, given by:
1 + 4 ζg2 (ω/ωg )2
;
Hk (ω) = %
&2
1 − (ω/ωg )2 + 4 ζg2 (ω/ωg )2

(ω/ωf )4
Hc (ω) = %
,
&2
1 − (ω/ωf )2 + 4 ζf2 (ω/ωf )2
(10)
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where ωg and ζg are the frequency and damping ratio of the soil layer, respectively, and the
parameters ωf and ζf control the CP ﬁlter’s characteristics.
In the CP model, Hk (ω) attenuates the frequency content for ω > ωg as ω → ∞, and
ampliﬁes the frequencies in the vicinity of ω = ωg . Hc (ω) is then introduced to eliminate the
low-frequency content, thus assuring ﬁnite power for the ground displacement.
4

RESPONSE QUANTIFICATION OF NONLINEAR SECONDARY OSCILLATOR

In §2 simpliﬁed equations were presented for the dynamic interaction of the P-S system. In
this section a decomposition-synthesis (DS) approach is presented for the analysis of linear and
equivalent linear S systems. The purpose is the quantiﬁcation, through analytical approximations, of the response of the nonlinear S to stochastic excitation, with indicative application to
an S Dufﬁng oscillator subjected to the excitation considered in §3. The basic idea is to decouple P and S, separately quantify the response statistics to individual forcing components, and
synthesise the results to obtain the response of an equivalent linear S oscillator.
4.1

Primary structure

To apply the DS method, we ﬁrst assume that the S oscillator is essentially driven in a one-way
interaction. On setting γ = 0, Eq. (7) and (8) decouple and can sequentially be considered. We
emphasise that this is desirable as different S can be considered for the same P conﬁguration.
(a)
Next, we proceed with quantiﬁcation of the probabilistic structure of üp , which constitutes
the driving acceleration of the S oscillator. We decompose this in two terms:
ü(a)
p (t) = üp (t) + üg (t) ,

(11)
(a)

and since both üp (t) and üg (t) are stationary and Gaussian distributed, üp (t) will also be so.
(a)
The autocorrelation function of the process üp (t) may be expressed in terms of the autocorelation and cross-correlation functions of üp (t) and üg (t), and therefore one can obtain the PSD
(a)
of üp (t) as:
Sü(a)
(ω) = Süp (ω) + Süg (ω) + 2 Re{Süp üg (ω)} ,
(12)
p
where Süp (ω), the response PSD of üp (t), is related to the excitation through,
Süp (ω) = ω 4 Sup (ω) ;

Sup (ω) = |Hp (ω)|2 Süg (ω) ,

(13)

in which Hp (ω) is the frequency response function (FRF), given by:
Hp (ω) =

ω2

φps β
.
− 2 i ζp ωp ω − ωp2

(14)

Furthermore, the last term in Eq. (12) can be interpreted as the sum of the cross-spectral
density functions Süp üg (ω) and Süg üp (ω), where Süp üg (ω) = Sü∗g üp (ω), in which ∗ denotes
conjugation, and:
Süp üg (ω) = −ω 2 Sup üg (ω) ;

Sup üg (ω) = Hp (ω)Süg (ω) .

(15)

Notably, Eq. (12) expresses the PSD of the driving acceleration for S to individual components, simplifying manipulation. Furthermore, it permits the direct generation of ﬂoor acceleration time series ensembles corresponding to speciﬁed ground excitation spectral shapes,

3512

S. Kasinos, E. Chatzi and C. Málaga-Chuquitaype

through standard stochastic forcing simulation methods [11], for the numerical analysis of the
nonlinear S.
(a)
The process variance of üp (t), fully characterising the zero mean (μü(a)
= μüp + μüg = 0)
p
Gaussian (absolute acceleration) response of P, can thus be readily obtained as:
σü2(a) =
p

∞
−∞

Sü(a)
(ω) dω = σü2p + σü2g + 2 σüp üg ,
p

(16)

where σü2p , σü2g and σüp üg are the variances and covariance of the underlying processes, respectively, given by:
σü2p =
4.2

∞
−∞

Süp (ω) dω ;

σü2g =

∞
−∞

∞

Süg (ω) dω ;

σüp üg =

−∞

Re{Süp üg (ω)} dω .

(17)

Secondary oscillator

To estimate the response of the S oscillator, system nonlinearities can be important and to
this end an appropriate quantiﬁcation scheme needs to be employed. Herein the statistical
linearisation approach [1] is adopted.
Accordingly, the nonlinear Dufﬁng oscillator’s Eq. (8) is replaced with a linear one:
2 p
üps (t) + 2 ζs ωs u̇ps (t) + ωeq
us (t) = −ü(a)
p (t) ,

(18)

where ωeq represents the natural frequency of the equivalent
linear system.
% p
& 2 p
2
Minimising the mean square of the error ε = ωs us (t) + λ (ups (t))3 −ωeq
us (t) with respect
2
to ωeq , one obtains:
%
&
2
ωeq
(19)
= ωs2 1 + 3 λ σu2ps .
The response statistics can then be obtained through the following spectral relationships:
σu2ps

∞

=

S (ω) dω ;
−∞

up
s

σu̇2ps

∞

=

S (ω) dω ;
−∞

u̇p
s

σü2ps

∞

=

Süps (ω) dω ,

(20)

Süps (ω) = ω 4 Sups (ω) ,

(21)

−∞

where the PSD functions Sups (ω), Su̇ps (ω) and Süps (ω) take the form:
(ω) ;
Sups (ω) = |Hs (ω)|2 Sü(a)
p

Su̇ps (ω) = ω 2 Sups (ω) ;

in which Hs (ω) is the FRF of the equivalent linear system in Eq. (18), given by:
Hs (ω) =

ω2

1
.
2
− 2 i ζs ωs ω − ωeq

(22)

We note that we deliberately avoid the matrix notation in the previous, emphasising the asynchronous response evaluation of the two subsystems, and enabling the adoption of alternative
linearisation techniques for the S system such as, for instance, a higher order linearisation [12].
4.2.1

Monochromatic excitation

We next proceed with the evaluation of the random vibration integrals in Eq. (20). To this end
the decomposed form of individual components, simpliﬁes manipulation of the integrals which
are conveniently computed analytically by utilising the general formula in [13], for the three
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types of excitation considered. We note that solution of the integrals corresponding to the P
structure’s response falls beyond the scope of this work.
The monochromatic excitation is ﬁrst considered. In this case, the response PSD retains
similar form to the PSD of the excitation in Eq. (9), that is, an impulse whose strength depends
on the parameters of the P-S system assembly. The displacement and velocity response variance
then reads:
2 α 2 α β ω02 φps C2m
σu2ps = m +
; σu̇2ps = ω02 σu2ps ,
(23)
C1
C1m C3m
where C1m - C3m are a set of coefﬁcients provided in Appendix A.
Notably, the same approach can be used for the acceleration response of the S oscillator
although the analytical formulas will not be provided herein.
4.2.2

White noise excitation

For the white noise excitation, the response is given by:
σu2ps =

πS0
πS0 β φps C1w
+
;
2 ω
2 ζs ωeq
2 ζp ζs ωs C2w
s

σu̇2ps =

πS0
πS0 β φps (C3w + C4w )
+
,
2 ζs ωs
2 ζp ζs ωs C2w

(24)

where the associated coefﬁcients C1w - C4w are likewise reported in Appendix A.
Evidently, the ﬁrst term in Eq. (23) and (24) solely depends on the ground excitation while
the second term also depends on the P system’s parameters. On setting φps = 0, the latter
vanishes corresponding to an S oscillator mounted at ground level.
4.2.3

Filtered white noise excitation

The details of the analysis for the ﬁltered white noise excitation characterised by the CloughPenzien spectrum are lengthy, and therefore only the case where φps = 0 will be provided
herein. In this case the variance of the response reads:
σu2ps

=

πS0 ωg2 (C1f + C2f + C3f + C4f )
C5f

;

σu̇2ps

=

πS0 ωg2 (C6f + C7f + C8f + C9f )
C5f

,

(25)

where the coefﬁcients C1f - C9f are given in Appendix A.
On combining Eq. (19) with Eq. (23), (24) and (25), the resulting algebraic equations can be
solved numerically for ωeq and therefore σu2ps and σu̇2ps can be evaluated from the above expressions.
4.3

Numerical investigations

Figure 2 presents spectra of the response variance of the Dufﬁng S oscillator, for the three
excitation types considered, as a function of the parameter λ > 0, and for φps = {0, 0.5, 1},
the latter representing an oscillator mounted at ground level, at an intermediate height, and
at roof level, respectively. The analytical derived expressions for the statistical linearisation
procedure have been used for this purpose, and are compared with the stationary response value
of the nonlinear system in Eq. (8), numerically computed via pertinent Monte Carlo simulations.
The analysis has been carried out using the following reference values: α = 0.3 and ω0 =
10 rad/s (monochromatic excitation); S0 = 0.003 m2 /s3 (white noise); S0 = 0.003 m2 /s3 ,
ωg = 10 rad/s, ζg = 0.4, ωf = 1 rad/s and ζf = 0.6 (ﬁltered white noise [11]); and β = 1.3,
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ωp = 14.76, ωs = 1.4 ωp , ζp = 0.05 and ζs = 0.02 (for the P-S system assembly [4]). In this
plot, σu2∗ps and σu̇2∗ps denote the displacement and velocity response variances, normalised by the
associated peak variances in the linear case, at roof level (i.e. λ = 0 and φps = 1).
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Figure 2: Variation of the secondary Dufﬁng oscillator’s mean square displacement (top) and velocity (bottom)
response with λ and φps . Comparison of statistical linearisation (dashed lines) and Monte Carlo simulation (solid
lines) for: (a, d) monochromatic (α = 0.3, ω0 = 10 rad/s); (b, e) white noise (S0 = 0.003 m2 /s3 ); and (c, f)
ﬁltered white noise (S0 = 0.003 m2 /s3 , ωg = 10 rad/s, ζg = 0.4, ωf = 1 rad/s, ζf = 0.6) excitation. Reference
parameters: β = 1.3, ωp = 14.76, ωs = 1.4 ωp , ζp = 0.05, ζs = 0.02.

Overall, the response variances (i.e. the areas under the associated PSD curves), are ﬁnite,
and are smooth functions of the parameter λ. The statistical linearisation provides a good approximation of the nonlinear response for the cases considered. As expected, the effectiveness
of the approximation deteriorates with λ, that is, at higher nonlinearity levels. We note that the
validity of the derived expressions has been further conﬁrmed through Monte Carlo simulations
carried out directly on the equivalent linear system.
An interesting observation is that the response variance does not always increase with φps
(i.e. lower spectral ordinates are shown in Figures 2(b) and 2(e) for φps = 0.5 when compared
to φps = 0). This is an important consequence of Eq. (16), which implies that even though σü2p
will always increase with φps (due to the ampliﬁed motions on the P structure), σ 2(a) may or may
üp
not, as it also depends on the covariance of processes üp and üg . Consequently, the response
variance of S may or may not increase with φps .
Finally, even though the application of the statistical linearisation procedure is straightforward, it cannot account for the existence of higher harmonics, such as the case of white noise
and ﬁltered white noise excitation, and therefore alternative quantiﬁcation schemes need to be
sought to achieve further improvements in accuracy.
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5

CONCLUSIONS

The steady-state stationary response quantiﬁcation and analysis of nonlinear secondary oscillators in randomly driven linear primary building structures, has been addressed. By utilising
a modal coordinate transformation, simpliﬁed equations posed as a reduced two-degree-offreedom system with dimensionless coefﬁcients, have been derived for the primary-secondary
system assembly.
Three different types of stochastic excitation spectra have been considered: monochromatic
excitation, representative of the extreme scenario of a narrow-band process; white noise excitation, the extreme form of a wide-band process; and the intermediate case of ﬁltered white noise
characterised by the Clough-Penzien power spectrum, commonly used in earthquake engineering applications. A decomposition-synthesis approach has been presented for the analysis of
linear and equivalent linear secondary systems, whereby the stochastic response of the nonlinear secondary system is analytically approximated, with an application to a secondary Dufﬁng
oscillator. In this approach, the secondary system is ﬁrst decoupled from the primary structure
under the cascade analysis approximation. The stochastic forcing delivered to the secondary
system is decomposed as the sum of individual forcing components, the response statistics are
separately quantiﬁed using spectral relationships, and are pieced-together to construct the overall response of an equivalent linear secondary system.
Decomposition of the power spectral density of the driving acceleration at the oscillator’s
position, simpliﬁes the manipulation of the random vibration integrals and enhances the understanding on the physical meaning of the response. It further facilitates the direct generation
of ﬂoor acceleration time series ensembles for the numerical analysis of nonlinear secondary
systems. The resulting analytical expressions, derived herein for the secondary Dufﬁng oscillator under the three types of excitation considered, approximate the response probability density
functions and permit the accurate and efﬁcient quantiﬁcation, expressing the statistical parameters of the response as a function of the corresponding design input parameters of the system
assembly and the excitation. Future work will involve the inclusion of the contribution of higher
modes, and extensions to other types of nonlinear oscillators and multi-degree-of-freedom secondary systems using alternative statistical quantiﬁcation schemes.
APPENDIX A. COEFFICIENTS
The coefﬁcients C1m - C3m for the monochromatic excitation (§ 4.2.1) are:
%
&
2 2
;
C1m = 4 ζs2 ω02 ωs2 + ω02 − ωeq
C2m
C3m

=
=

(β φps − 2) + 2 ωp2 ;
% 2
&
4 ζp − 2 ω02 ωp2 + ω04 +
ω02

(26a)
(26b)

ωp4

.

(26c)

The coefﬁcients C1w - C4w for the white noise excitation (§ 4.2.2) are:
2
(β φps − 2) + β ζs ωp ωs φps + 2 ζp ωp2 ;
C1w = ζp ωeq
%%
&
%
&
&
2
4
ωp 2 ζp2 − 1 ωp + 2 ζp ζs ωs + ωp2 4 ζp ζs ωp ωs + 4 ζs2 ωs2 + ωp2 + ωeq
;
C2w = 2 ωeq
%
&
2
C3w = ζs ωp ωs 4 ζp2 ωeq
(β φps − 2) + β ωp2 φps ;
%
&
4
2 2
(β φps − 2) + 2 ωeq
ωp .
C4w = ζp 4 ζs2 ωp2 ωs2 (β φps − 2) + ωeq

The coefﬁcients C1f - C9f for the ﬁltered white noise excitation (§ 4.2.3) are:
%
&
2
2
C1f = 4 ζf3 ωeq
ωf2 ωg2 4 ζg3 ωeq
+ 4 ζg2 ζs ωg ωs + ζg ωg2 + ζs ωg ωs ;
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(27a)
(27b)
(27c)
(27d)

(28a)
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%
&
% 2
&
2
2
ωf + ωg2
C2f = 4 ζf2 ωf ωg 4 ζg3 ωeq
+ 4 ζg2 ζs ωg ωs + ζg ωg2 + ζs ωg ωs (ζg ωeq
% 2
&
+ ζs ωg ωs ωeq
+ ωf2 ) ;

(28b)

4
2
2
ωf2 ωg2 + 16 ζg4 ζs ωeq
ωf2 ωg (ωeq
+ ωf2 + 2 ωg2 )ωs
C3f = ζf (16 ζg5 ωeq
2
2
4
+ ζs ωg3 ωs (( ωeq
− ωf2 )2 + 4 ζs2 ωf2 ωs2 ) + 4 ζg3 (ωeq
ωf2 ωg4 + ωeq
(ωf2 − ωg2 )2
2
2
+ 4 ζs2 ωf2 ωg2 (2 ωeq
+ ωf2 + ωg2 )ωs2 ) + ζg ωg2 ( ωeq
(ωf2 − ωg2 )2 +

(28c)

2
4
2
4 ζs2 (2 ωf2 ωg2 + ωeq
(ωf2 + ωg2 ))ωs2 ) + 4 ζg2 ζs ωg3 ωs (ωeq
+ ωeq
ωg2

+ ωf2 (ωf2 + ωg2 + 4 ζs2 ωs2 ))) ;
4
2
C4f = ζg ζs ωf (4 ζg2 ωf2 + ωg2 ) ωs (ωeq
+ 2 ωeq
ωg ((−1 + 2 ζg2 )ωg + 2 ζg ζs ωs )

+ ωg2 (ωg2 + 4 ζg ζs ωg ωs + 4 ζs2 ωs2 )) ;

(28d)

C5f = 2 ζf ζg ζs (ωf4 + 4 ζf ζg ωf3 ωg + 2(−1 + 2 ζf2 + 2 ζg2 )ωf2 ωg2
4
2
+ 4 ζf ζg ωf ωg3 + ωg4 )ωs (ωeq
+ 2 ωeq
ωf ((−1 + 2 ζf2 )ωf + 2 ζf ζs ωs )
4
2
+ ωf2 (ωf2 + 4 ζf ζs ωf ωs + 4 ζs2 ωs2 ))(ωeq
+ 2 ωeq
ωg ((−1 + 2 ζg2 )ωg + 2 ζg ζs ωs )

(28e)

+ ωg2 (ωg2 + 4 ζg ζs ωg ωs + 4 ζs2 ωs2 )) ;
2
2
2
C6f = 4 ζf2 ωf ωg (ζg ωeq
+ ζs ωg ωs )(ζg ωeq
ωg2 (ωf2 + ωg2 ) + 16 ζg4 ζs ωeq
ωf2 ωg ωs
2
2
+ ζs (ωeq
+ ωf2 )ωg3 ωs + 4 ζg2 ζs (ωeq
+ ωf2 )ωg3 ωs

C7f

C8f
C9f

4
(ωf2 + ωg2 ) + 4 ζs2 ωf2 ωg2 ωs2 )) ;
+ 4 ζg3 (ωeq
4
2
4
= ζf (ζg ωeq
(4 ζg2 ωeq
+ ωg2 )(ωf4 + 2(−1 + 2 ζg2 )ωf2 ωg2 + ωg4 ) + ζs ωg (32 ζg4 ωeq
ωf4
2
2
4
2
+ 4 ζg2 (1 + 4ζg2 )ωeq
ωf2 (ωeq
+ ωf2 )ωg2 + ((1 + 4 ζg2 )ωeq
− 2 ωeq
ωf2
2
2
+ (1 + 4 ζg2 )ωf4 )ωg4 )ωs + 4 ζg ζs2 ωf2 ωg2 (4 ζg2 (1 + 4 ζg2 )ωeq
ωf2 + ((2 + 4 ζg2 )ωeq
+ (1 + 8 ζg2 )ωf2 )ωg2 + ωg4 ) ωs2 + 4 ζs3 ωf2 ωg3 (16 ζg4 ωf2 + ωg2 + 4 ζg2 ωg2 )ωs3 ) ;
4
2
= ζg ζs ωf3 (4 ζg2 ωf2 + ωg2 )ωs (ωeq
+ 2 ωeq
ωg (−ωg + 2 ζg2 ωg + 2 ζg ζs ωs )
+ ωg2 (ωg2 + 4 ζg ζs ωg ωs + 4 ζs2 ωs2 )) ;
2
2
2
= 4 ζf3 ωeq
ωf2 ωg2 (ζg ωeq
ωg2 + 16 ζg4 ζs ωeq
ωg ωs + ζs ωg3 ωs + 4 ζg2 ζs ωg3 ωs
4
+ 4 ζg3 (ωeq
+ 4 ζs2 ωg2 ωs2 )) .

(28f)

(28g)

(28h)
(28i)
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Abstract. This paper investigates the effects of material properties (mass density, elastic and
shear moduli) on dynamic properties of simply-supported CLT floors (natural frequencies,
mode shapes and modal mass). Uncertainty quantification analysis has been carried out based
on Monte Carlo simulations by varying material properties. Numerical modelling and analysis
of the investigated CLT floors has been performed using finite element models in Abaqus CAE.
The results show that uncertain mechanical parameters having significant influence on the dynamic properties are mass density, elastic modulus EL, and shear moduli GLT and GRT, where
L, T and R denote longitudinal, tangential and radial direction, respectively.
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1

INTRODUCTION

Recent technological advances and new construction techniques have led to the development
of a natural composite material called cross-laminated timber (CLT). CLT is a multilayer composite, composed of several thin wooden layers bonded together in a crosswise manner. It has
outstanding structural strength, stiffness and aesthetic properties, a high level of prefabrication,
fire resistance and fast construction speed. Therefore, CLT is not only environmentally highly
sustainable but also cost- and performance-competitive in comparison with the conventional
mineral-based building materials (concrete and masonry) providing low carbon footprint and
comfortable living conditions. This has been validated on many large-span residential, public
and commercial floors in multistorey buildings in Europe and North America in the past decade
[1-2]. An important aspect when designing CLT floors is the comfort criteria for vibrations.
Due to low floor mass and high stiffness-to-weight ratio, human activities may cause vibration
serviceability issues, such as annoyance to human occupants in buildings and malfunction of
vibration sensitive equipment. Consequently, accurate and reliable prediction of dynamic properties of CLT floors is of great importance. However, there exists a limited research regarding
vibration performance of CLT floors [3-6].
Main sources of uncertainties in timber floors related to their vibration performance are: (i)
variability of mechanical properties of the wood as orthotropic material, (ii) pedestrian dynamic
load and, (iii) boundary conditions. Item (i) is associated with a great variety of wood species
used as a base material in civil engineering, leading to the variety of bulk material properties of
wood [7]. In addition, the used material species may differ layer-wise, increasing the uncertainty related to the vibration performance of composite floor structure.
Effect of the variability of material properties on the modal and vibroacoustic properties of
a conventional wooden floor have been studied by Persson et al. [8] and Persson & Floden [9].
They employed probabilistic analysis based on Monte Carlo (MC) simulations. Qian et al. [10]
developed a stochastic finite element prediction tool to quantify the variability of mechanical
properties of a CLT floor slab. The results of the performed studies indicate that the variability
of mechanical properties of wood material can have a large impact on the natural frequencies
and acoustic performance of the investigated wooden floors.
Mechanical material properties of CLT are differently regulated in technical approvals [11,
12], which might lead to significant differences between the actual mechanical properties and
those defined in the design guidelines and recommendations. Material properties depend on the
strength class of CLT as well as the strength class of the base material. For example, the values
of shear moduli (GLT and GLR, see Fig. 1b) range from 600-690 N/mm2, while the characteristic
rolling shear modulus GRT ranges from 50 to 60 N/mm2, [11]. Poisson’s ratios depend on the
moisture level and they are usually adopted on the basis of experimental measurements for
hardwoods and softwoods. Consequently, this can lead to inaccurate and unreliable prediction
of the dynamic properties of CLT floors.
This paper aims to investigate the effects of the variability of material properties in terms of
mass density, elastic/shear moduli and Poisson’s ratios on dynamic properties of CLT floors
(natural frequencies, mode shapes and modal mass). Uncertainty quantification analysis has
been carried out using Monte Carlo simulations, by sampling selected material properties of
CLT after the preliminary sensitivity analysis. Numerical modelling and analysis of the investigated CLT floors have been performed using finite element (FE) models in Abaqus CAE [12]
and automated by making use of Python scripting. After this introductory section, Section 2
elaborates the computation of dynamic properties of selected CLT panel. In Section 3, preliminary sensitivity analysis, along with the uncertainty quantification analysis, has been carried
out. Based on the performed analyses, conclusions have been derived in Section 4.
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2

DYNAMIC PROPERTIES OF CLT FLOOR

2.1 Numerical model
Layout and dimensions of an analyzed 5-layer CLT floor panel are presented in Fig. 1a. FEbased numerical model of the CLT floor has been created by using Abaqus CAE software package [13]. The finite element mesh consists of 625 S4R shell elements (quadrilateral 4-node shell
element with reduced integration and assigned composite section). Each layer (k) of CLT panel
exhibits elastic orthotropic material behavior defined as:
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In Eq. (1), EL, ET and ER are elastic moduli in longitudinal (L), transverse (T) and radial direction (R), respectively, Qij are the Poisson’s ratios, and Gij are the shear moduli of the orthotropic
material (Fig. 1b). The above are the 9 independent material coefficients for an orthotropic
material. Assuming the same material behavior in the R and T direction, i.e. ER =ET, GLR = GLT,
resulted in the total number of 7 elastic constants of a single layer of CLT panel. Material properties of the CLT layers for C24 timber class used as the initial (mean) values in the analysis
are given in Table 1.

U

(kg/m3)
450

EL
(MPa)
11000

ER = ET
(MPa)
370

GLR = GLT
(MPa)
690

GRT
(MPa)
69

QLT

QLR

QRT

0.49

0.39

0.64

Table 1. Material properties for C24 timber class of CLT panels

Since the CLT panel is made of several orthotropic layers, which material axes are oriented
by angles 0o and 90o with respect to the global (laminate) coordinates, the constitutive relations
(1) must be transformed from the local (material) coordinate system to the global coordinate
system using the well-known transformation matrix.

Figure 1. Layout of a 5-layer CLT floor

Simply supported boundary conditions have been assigned to the floor edges by constraining
the displacements in X and Z direction (for the edges parallel to x-axis), and displacements in
Y and Z direction (for the edges parallel to y-axis).
2.2 FE modal analysis
Dynamic properties of the first five bending and the first shear vibration modes have been
calculated based on the material properties data given in Table 1. Natural frequencies and modal
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masses that correspond to unity scaled mode shapes are presented in Table 2. The six vibration
modes are shown in Fig. 2.
Mode No.
1
2
3
4
5
12

Mode type
1st bending
2nd bending
3rd bending
4th bending
5th bending
1st shear

Natural frequency f (Hz)
14.78
30.01
45.47
54.66
56.87
123.99

Modal mass m (kg)
426.17
423.85
425.25
419.62
420.69
844.46

Table 2. Dynamic properties of the CLT floor

Figure 2. Mode shapes of the CLT floor

3

INFLUENCE OF MECHANICAL PROPERTIES

3.1 Preliminary sensitivity analysis
A preliminary sensitivity analysis has been carried out to ascertain the influence of the material parameters on the dynamic properties of CLT floor. For this purpose, elastic and shear
moduli and mass density of the CLT panel have been increased and decreased by 20%, in comparison to the mean values given in Table 1. The results are presented in Figs. 3-6 in terms of
relative change ' with respect to the reference (mean) values. Natural frequencies and modal
masses for all modes are found to be equally affected by the variability of the mass density U.
Natural frequencies are most affected by the change of the longitudinal elastic modulus EL,
while the effect of elastic moduli ER and ET is found to be negligible. Shear modulus GLT has
the strongest impact on the dynamic properties of the first shear mode shape, while the first five
bending modes are found to be less affected. Influence of the shear modulus GLR and Poisson’s
ratios is negligible. Elastic and shear moduli, as well as the Poisson’s ratios have insignificant
influence on the modal masses of the first five bending modes. However, decrease of the shear
modulus GLT resulted in the change of the first shear mode shape and consequently the change
of the corresponding modal mass for 75%, Fig. 7.
As a result of the sensitivity analysis, only four material parameters: mass density, elastic
modulus EL, and shear moduli GLT and GRT have been selected as uncertain parameters for further uncertainty quantification analysis.
As expected, 20% increase in CLT mass density resulted in the 20% increase in modal mass
and around 9% decrease in frequency. The analogous trend was detected when mass density
was reduced by 20% (see Fig. 3 for details).
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Figure 3. Influence of mass density on natural frequencies (left) and modal masses (right)

Figure 4. Influence of elastic moduli on natural frequencies (left) and modal masses (right)

Figure 5. Influence of shear moduli on natural frequencies (left) and modal masses (right)

Figure 6. Influence of Poisson’s ratios on natural frequencies (left) and modal masses (right)

3523

Marija Milojević, Marija Nefovska-Danilović, Stana Živanović, Miroslav Marjanović

3.2 Uncertainty quantification analysis
Properties of the four uncertain mechanical parameters of the CLT floor are given in Table
3. Mean values are those used in the initial FE analysis (Table 1). It is assumed that the parameters follow normal distribution, while the coefficient of variation (COV) is assumed to be 10%,
based on the recommendations given in [9]. Latin hypercube sampling technique (ref?) has been
applied first to generate samples for the four uncertain parameters used to perform 10,000 MC
simulations.
Mechanical parameter
Elastic modulus EL
Shear modulus GLT
Shear modulus GRT
Mass density U

Distribution
Normal
Normal
Normal
Normal

Mean value
11000
690
69
450

COV (%)
10
10
10
10

Table 3. Statistical properties of the four uncertain mechanical parameters

Generation of Abaqus input files with different set of mechanical parameters has been carried out using Python scripting. After completing modal analysis in the FE model, the natural
frequencies, modal masses and unity scaled mode shapes have been automatically read from
the output files created by Abaqus and statistically analyzed.
Frequency - Mean [Hz]

150
120
90
60
30
0

1

2

3
4
5
Mode number

Frequency - COV [%]

7
6
5
4
3
2
1
0

12

1

2

3
4
5
Mode number

12

Figure 7. Statistical properties of natural frequencies
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Figure 8. Statistical properties of modal masses

The results presented in Figs. 7-8 show that COV of 10% for the four input mechanical
parameters resulted in the COVs of 6.31%, 6.10%, 6.34%, 6.06% and 6.02% for the natural
frequencies of the first five bending modes, respectively, and 6.81% for the first shear mode.
The results for natural frequencies follow lognormal distribution. Variations of input parameters resulted in the COV of 10% for modal masses of the first five bending modes, following
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the normal distribution and maintaining the nature of the mode shapes. However, variation of
input parameters qualitatively changed the first shear mode shape. Consequently, variation of
the corresponding modal mass cannot be described either by normal or lognormal distribution,
as shown in Fig. 9b.

Figure 9. (a) First shear mode shape obtained when GLT modulus is decreased by 20%; (b) variation of the modal
mass of the first shear mode

4

CONCLUSIONS

MC-based uncertainty quantification analysis of simply supported CLT floor has been performed in the paper to ascertain the influence of mechanical properties on the dynamic properties (natural frequencies, modal masses and mode shapes) of CLT floor. The following
conclusions have been derived:
x

The preliminary sensitivity analysis demonstrated that uncertain mechanical parameters
having significant influence on the dynamic properties are mass density, elastic modulus
EL, and shear moduli GLT and GRT. In addition, 20% decrease of shear modulus GLT resulted in the decrease of natural frequency of the first shear mode by 10.56% and increase
of the modal mass by 75.80% due to the change of corresponding mode shape.

x

Uncertainty of mechanical parameters of CLT floor has a significant influence on the
natural frequencies. COV of 10% resulted in the COVs of approximately 6% for the natural frequencies of the first five bending modes, and 10% for the corresponding modal
masses. The results for natural frequencies follow lognormal distribution, while modal
masses for the first five bending modes follow the normal distribution.

x

COV of 10% in the input mechanical parameters resulted in the COV of 6.81% for the
natural frequency of the first shear mode and the qualitative change of the shear mode
shape. Consequently, corresponding modal mass could not be described by either Normal
or lognormal distribution.
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MODEL UNCERTAINTIES IN NLFEAS OF RC SYSTEMS UNDER
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Keywords:1/)($VPRGHOXQFHUWDLQWLHVUHLQIRUFHGFRQFUHWHVWUXFWXUHVF\FOLFORDGV
Abstract. This work is focused on the resistance model uncertainties in non-linear finite element analyses (NLFEAs) for reinforced concrete structures under cyclic loading conditions.
In detail, different walls experimentally tested are numerically reproduced by means of appropriate plane stress finite elements (FE) structural models within different assumptions and
numerical codes. After that, the values of the global resistances computed through numerical
simulations are compared to the experimental outcomes to evaluate the influence of the different assumptions on the mechanical behaviour of reinforced concrete members subjected to
cyclic loads.
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1

INTRODUCTION

7KHDGRSWLRQRIQRQOLQHDUILQLWHHOHPHQWDQDO\VHV 1/)($V IRUVWUXFWXUDOGHVLJQDQGDV
VHVVPHQWRIVWUXFWXUHVDQGLQIUDVWUXFWXUHVLVRQHRIWKHPDLQLQQRYDWLRQLQFLYLOHQJLQHHULQJLQ
WKHODVWGHFDGHV6XFKNLQGRILQVWUXPHQWVDUHDEOHWRUHSURGXFHZLWKDFFXUDF\WKHPHFKDQLFDO
EHKDYLRXURIUHLQIRUFHGFRQFUHWH 5& VWUXFWXUHV,QRUGHUWRDOORZWKHFRUUHFWXVHRI1/)($V
IURPGHVLJQHUVDQGDQDO\VWVVHYHUDOJXLGHOLQHVDQGUHFRPPHQGDWLRQVIRU1/)($VKDYHEHHQ
GHYHORSHG>@>@WRDVVHVVWKHVDIHW\DQGUHVLOLHQFHRILQIUDVWUXFWXUHV\VWHPV>@>@0RUHR
YHUVHYHUDODSSOLFDWLRQVDUHUHSRUWHGLQWKHOLWHUDWXUHZLWKH[DPSOHVRIDSSURSULDWHSURFHGXUHV
GHYRWHG WR FDOLEUDWH DQG LQWHUSUHW WKH RXWFRPHV IURP 1/)( PRGHOV >@>@ 2YHU WKH \HDUV
GLIIHUHQWPHWKRGRORJLHVGHQRWHGDV³VDIHW\IRUPDWV´IRU1/)($VKDYHEHHQSURSRVHGE\VHY
HUDOUHVHDUFKHUV>@>@DQGLQWHUQDWLRQDOFRGHV>@>@DVZHOODVWKHLUDSSOLFDWLRQVKDYHEHHQ
GLVFXVVHGE\>@>@,QWKHPHQWLRQHGDERYHPHWKRGVWKHDOHDWRU\XQFHUWDLQWLHVDVVRFLDWHG
WRPDWHULDOSURSHUWLHVDQGWKHHSLVWHPLFXQFHUWDLQWLHVUHODWHGWRWKHQXPHULFDOGHILQLWLRQRIWKH
VWUXFWXUDOPRGHOQHHGWREHSURSHUO\WUHDWHGLQRUGHUWRGHULYHUHOLDELOLW\EDVHGYDOXHVRIWKH
JOREDOVWUXFWXUDOUHVSRQVHV>@>@&RQFHUQLQJWKHPDWHULDOVXQFHUWDLQW\WKHFRUUHVSRQGLQJ
YDULDELOLW\LVZHOONQRZQDQGUHSRUWHGLQWKHVFLHQWLILFOLWHUDWXUHZKHUHDVWKHUHVLVWDQFHPRGHO
XQFHUWDLQW\ DVVRFLDWHG ZLWK 1/)($V QHHGV WR EH LQYHVWLJDWHG GXH WR WKH SRVVLEOH GLIIHUHQW
PRGHOOLQJK\SRWKHVHVWKDWFDQEHDVVXPHGE\HQJLQHHUVDQGDQDO\VWVWRPRGHOVRPHSK\VLFDO
SKHQRPHQDZLWKRXWDSHUIHFWNQRZOHGJH)RUWKLVUHDVRQDQGHVSHFLDOO\ZLWKLQVHLVPLFILHOG
DQDSSURSULDWHHYDOXDWLRQRIWKHUHVLVWDQFHPRGHOXQFHUWDLQWLHVIRU1/)($VRI5&VWUXFWXUHV
LVVWLOOQHFHVVDU\ZLWKWKHDLPWRDFFRXQWIRUWKHLULQIOXHQFHLQSUHVHQFHRIF\FOLFORDGV,QGH
WDLOGLIIHUHQWDVVXPSWLRQVFDQEHSHUIRUPHGUHJDUGLQJWKHSDUDPHWHUVWKDWJRYHUQWKHHTXLOLE
ULXP NLQHPDWLF FRPSDWLELOLW\ DQG FRQVWLWXWLYH HTXDWLRQV LQ F\FOLF ORDGLQJ FRQILJXUDWLRQV
DFFRUGLQJWRVFLHQWLILFOLWHUDWXUHDQGQXPHULFDOFRGHV,QWKHSUHVHQWVWXG\WKHF\FOLFUHVSRQV
HVRIWHQH[SHULPHQWDOWHVWVRQVKHDUZDOOVNQRZQIURPWKHOLWHUDWXUH>@>@DUHFRPSDUHG
WRWKHUHODWHGQXPHULFDORXWFRPHVGHULYHGIURP DSSURSULDWH' 1/)($V ,QGHWDLODPXOWL
WXGHRI1/)($VDUHGHYHORSHGIRUHDFKH[SHULPHQWDOWHVWLQRUGHUWRLQYHVWLJDWHWKHHIIHFWRI
HDFKDVVXPSWLRQRQWKHJOREDOUHVLVWDQFHRIHDFKVWUXFWXUDOHOHPHQW7KLVFRPSDULVRQLVKHUHLQ
EDVHG RQ WKH GHILQLWLRQ RI GLIIHUHQW HLJKWHHQ SODXVLEOH VWUXFWXUDO PRGHOV FRPELQJ GLIIHUHQW
W\SHV RI QXPHULFDO FRGH ZLWK GLIIHUHQW PHFKDQLFDO FRQVWLWXWLYH ODZV IRU WKH UHLQIRUFHG FRQ
FUHWHHOHPHQWVLQF\FOLFORDGLQJFRQILJXUDWLRQV
2

UNCERTAINTIES WITHIN SAFETY FORMATS FOR NLFEAS

&RPPRQO\ ERWK HSLVWHPLF DQG DOHDWRU\ XQFHUWDLQWLHV LQIOXHQFH VWUXFWXUDO HQJLQHHULQJ
SUREOHPV>@)RFXVLQJRQWKHHSLVWHPLFXQFHUWDLQWLHVDOOWKHFKRLFHVSHUIRUPHGWRGHILQHD
VSHFLILFQXPHULFDOPRGHO LHPRGHOOLQJK\SRWKHVHV DVZHOODVDOOWKHDVVXPSWLRQVFRQFHUQ
LQJDX[LOLDU\QRQSK\VLFDOSDUDPHWHUV>@EHORQJWRWKLVJURXSRIXQFHUWDLQWLHV
7KHJOREDOVDIHW\IRUPDWVIRU1/)($VSURSRVHGE\FRGHV>@>@DQG>@>@DOORZWR
HYDOXDWHWKHGHVLJQVWUXFWXUDOUHVLVWDQFHRd DVIROORZV

Rd

Rrep

J RJ Rd



ZKHUH
 Rrep UHSUHVHQWDWLYHYDOXHRIWKHJOREDOVWUXFWXUDOUHVLVWDQFH LHWKHSHDNUHVLVWDQFH
YDOXHZLWKUHIHUHQFHWRF\FOLFDQDO\VHV HVWLPDWHGXVLQJ1/)($V
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γR JOREDOUHVLVWDQFHSDUWLDOVDIHW\IDFWRUZKLFKFRYHUVWKHLQKHUHQWUDQGRPQHVVRIWKH
PDWHULDOSURSHUWLHV
γRd  UHVLVWDQFH PRGHO XQFHUWDLQW\ SDUWLDO VDIHW\ IDFWRU WKDW FRYHUV DOO WKH HSLVWHPLF
XQFHUWDLQWLHVUHODWHGWRWKHGLIIHUHQWDVVXPSWLRQVZLWKLQWKHPRGHOGHILQLWLRQ

:LWKVSHFLILFUHIHUHQFHWR1/)($VRQ5&VWUXFWXUDOV\VWHPVXQGHUF\FOLFORDGV HJWKH
FDVH RI HDUWKTXDNH HQJLQHHULQJ  WKH\ PD\ SUHVHQW VLJQLILFDQWO\ KLJKHU OHYHOV RI PRGHOOLQJ
XQFHUWDLQWLHV LI FRPSDUHG WR WKH VWDWLF ORDGLQJ FRQILJXUDWLRQV ,Q FRPSOLDQFH ZLWK >@>@
WKHUHVLVWDQFHPRGHOXQFHUWDLQW\UDQGRPYDULDEOHϑFDQEHH[SUHVVHGDV

-

RExp
RNLFEA



ZKHUH
 RExp JOREDOVWUXFWXUDOUHVLVWDQFHIURPH[SHULPHQWDOLQYHVWLJDWLRQ
 RNLFEA JOREDOVWUXFWXUDOUHVLVWDQFHIURP1/)($V
3
3.1

NLFE MODELLING ASSUMPTIONS AND OUTCOMES FROM NUMERICAL
SIMULATIONS
Characterization and differentiation of the numerical models

$VGLVFXVVHGLQWKHSUHYLRXVVHFWLRQVVHYHUDOPRGHOOLQJK\SRWKHVHVPD\EHDGRSWHGZKHQ
SODQH VWUHVV 1/)($V DUH FDUULHG RXW WR DQDO\VH WKH VHLVPLF UHVSRQVH RI UHLQIRUFHG FRQFUHWH
VWUXFWXUDOV\VWHPVXQGHUF\FOLFORDGLQJ7ZRQXPHULFDOFRGHV>@>@GHQRWHGDVQXPHULFDO
FRGH $ DQG % DQRQ\PRXVO\ DUH HPSOR\HG WR PRGHO QXPHULFDOO\ WKH H[SHULPHQWDO WHVWV RI
>@>@XVLQJIRXUQRGHVLVRSDUDPHWULFTXDGULODWHUDOSODQHVWUHVVILQLWHHOHPHQWVKDYLQJOLQ
HDULQWHUSRODQWVKDSHIXQFWLRQVDQG[*DXVVLQWHJUDWLRQSRLQWV$FDOLEUDWLRQSURFHVVRIWKH
PHVKVL]HKDVEHHQGHYHORSHGIRUHDFKH[SHULPHQWDOWHVWDQGQXPHULFDO7KHQRQOLQHDUV\V
WHP RI HTXDWLRQ LV VROYHG E\ PHDQV RI WKH VWDQGDUG 1HZWRQ5DSKVRQ PHWKRG >@ )RU HDFK
ORDGVWHSWKHPD[LPXPQXPEHURILWHUDWLRQVKDVEHHQVHWHTXDOWRDGRSWLQJWKHGLVSODFH
PHQWQRUPFRQYHUJHQFHFULWHULDZLWKDWROHUDQFHVHWHTXDOWR
$QRQOLQHDUFXUYHZLWKFRPSUHVVLRQVRIWHQLQJDQGUHGXFWLRQRIWKHFRPSUHVVLYHVWUHQJWK
GXHWRWUDQVYHUVDOFUDFNLQJKDVEHHQXVHGIRUWKHFRQFUHWHEHKDYLRXULQFRPSUHVVLRQ,QGHWDLO
WKHODZRI>@LVDGRSWHGLQRUGHUWRPRGHOWKHPRQRD[LDOFRQFUHWHFRPSUHVVLYHEHKDYLRXU
ERWKLQFRQILQHGDQGXQFRQILQHG]RQHV
7KH VKHDU EHKDYLRXU RI FRQFUHWH KDV EHHQ UHSURGXFHG DVVRFLDWLQJ D FRQVWDQW YDOXH WR WKH
VKHDUUHWHQWLRQIDFWRUZLWKWKHSXUSRVHWRPRGHOWKHPHFKDQLVPRIDJJUHJDWHLQWHUORFNLQF\
FOLFUHVSRQVHRIWKHVKHDUZDOOV>@7KHXQORDGLQJUHORDGLQJSURFHVVLVFKDUDFWHUL]HGE\D
OLQHDUUHODWLRQVHFDQWWRWKHRULJLQZLWKUHIHUHQFHWRERWKFRPSUHVVLYHDQGWHQVLOHFRQFUHWHUH
VSRQVH>@>@7KHXQLD[LDOPRGHOIRUFRQFUHWHEHKDYLRXULVH[WHQGHGWRSODQHVWUHVVFRQ
ILJXUDWLRQLQOLQHZLWK>@ 7KHVPHDUHGFUDFNLQJZLWKIL[HGFUDFNGLUHFWLRQPRGHOKDVEHHQ
DGRSWHGLQRUGHUUHSURGXFHFUDFNHGVWDWHFRQFUHWH>@7KHUHLQIRUFHPHQWKDVEHHQPRGHOOHG
E\ PHDQV RI D WULOLQHDU FRQVWLWXWLYH ODZ ZLWK F\FOLF GDPDJLQJ SURFHVV PRGHOOHG LQ FRPSOL
DQFHWRWKHVXJJHVWLRQRI>@7KHUHLQIRUFHPHQWVKDYHEHHQPRGHOOHGE\PHDQVRIGLVFUHWH
UHLQIRUFHPHQWZLWKWKHDVVXPSWLRQRISHUIHFWERQG
7KHWHQVLOHFRQFUHWHVWUHQJWKDVZHOODVWKH<RXQJ¶VPRGXOXVDUHGHULYHGIURPWKHH[SHUL
PHQWDOFRPSUHVVLYHVWUHQJWKLQFRPSOLDQFHZLWK>@
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$Q DGGLWLRQDO GLVFULPLQDWLRQ EHWZHHQ WKH PRGHOOLQJ K\SRWKHVHV KDV EHHQ VSHFLILHG ZLWK
UHIHUHQFHWRERWKWKHFRQFUHWHWHQVLOHUHVSRQVHDQGWKHVKHDUVWLIIQHVVRIFRQFUHWHLQFUDFNHG
FRQILJXUDWLRQ$VUHJDUGVWKHFRQFUHWHWHQVLOHUHVSRQVHWKH³WHQVLRQVWLIIHQLQJHIIHFW´FDQQRW
EHQHJOHFWHG,QWKLVZD\LQDGGLWLRQWRWKH HODVWLFEULWWOHDQGWRWKHHODVWLFSODVWLFPRGHOD
WKLUGODZ³/76 LHOLQHDUWHQVLRQVRIWHQLQJ ´LVKHUHLQDVVXPHG>@7KHILUVWWZRK\SRWKH
VHVDUHFRQFHLYHGDVORZHUDQGXSSHUERXQGVIRUWHQVLOHUHVSRQVHRIFRQFUHWH7KH/76ODZ
KDVEHHQFDOLEUDWHGWKURXJKDQLWHUDWLYHSURFHGXUHZLWKWKHDLPWREHVWILWHDFKH[SHULPHQWDO
WHVWZLWKWKHXVHRIDVSHFLILFQXPHULFDOFRGH


VWUXFWXUDO
PHPEHUV

Concrete
tensile
behavior
Brittle
LTS
Plastic

0.1
0RGHOM1
0RGHOM2
0RGHOM3

Numerical code A
Shear retention factor ȕ
variable: 0.1-0.3
0.3
0RGHOM4
0RGHOM4
0RGHOM5
0RGHOM8
0RGHOM6
0RGHOM9

0.1
0RGHOM10
0RGHOM11
0RGHOM12

Numerical code B
Shear retention factor ȕ
variable: 0.1-0.3
0.3
0RGHOM13
0RGHOM16
0RGHOM14
0RGHOM17
0RGHOM15
0RGHOM18


1/)(
VLPXODWLRQV

)LJXUH6XPPDU\RIWKHPRGHOOLQJK\SRWKHVHV

:LWK UHIHUHQFH WR WKH VKHDU VWLIIQHVV WKH VKHDU UHWHQWLRQ IDFWRU ȕ WKDW UHODWHV WKH VKHDU
VWLIIQHVVRIFRQFUHWHDIWHUDQGEHIRUHFUDFNLQJLVDVVXPHGHTXDOWRRUWR>@>@RU
SURSHUO\ FDOLEUDWHG IRU HDFK QXPHULFDO FRGH DQG WHQVLOH EHKDYLRXU DQG H[SHULPHQWDO WHVW ,Q
IDFW LQ WKHWKLUGFDVH DQLWHUDWLYHSURFHVV LV XVHGWR GHILQHWKHPRVWDSSURSULDWHYDOXHRI ȕ
ZLWKLQ WKH LQWHUYDO  >@>@ $OWRJHWKHU FRPELQLQJ WKH WKH WKUHH GLIIHUHQW FRQFUHWH
WHQVLOHEHKDYLRXUVZLWKWKHWKUHHGLIIHUHQWYDOXHVRIVKHDUUHWHQWLRQIDFWRUDQGWKHWZRQXPHUL
FDOFRGHVGLIIHUHQWPRGHOOLQJK\SRWKHVHV LHVWUXFWXUDOPRGHOVMjZLWKj=1,…,18 UHSUH
VHQWDWLYHRIWKHHSLVWHPLFXQFHUWDLQWLHV GHULYHDVUHSRUWHGLQ)LJXUH
3.2

Experimental tests and numerical outcomes

7KHQXPHULFDODQGH[SHULPHQWDOUHVXOWVRI>@>@H[SUHVVHGLQWHUPVRIODWHUDOORDGYV
GLVSODFHPHQWGLDJUDPVDUHKHUHLQFRPSDUHG
7KHH[SHULPHQWDOLQYHVWLJDWLRQRI>@IRFXVRQVL[UHLQIRUFHGFRQFUHWHZDOOVGHVLJQHGLQ
SDLUVLQRUGHUWRKDYHHTXDOSHUFHQWDJHRIEHQGLQJUHLQIRUFHPHQWEXWGLIIHUHQWSHUFHQWDJHRI
VKHDUUHLQIRUFHPHQW,QWKLVVWXG\RQO\ZDOOVDUHWDNHQLQWRFRQVLGHUDWLRQGHQRWHGUHVSHF
WLYHO\DV6:6:6:,QGHWDLOWKH\KDYHWKHIROORZLQJJHRPHWULFDOFKDUDFWHULVWLFV
PKLJKPZLGHPWKLFNDQGVWLIIHQHGE\DP[PLQIHULRUEHDPDQGE\D
P[PVXSHULRUEHDPXVHIXOWRVSUHDGWKHDSSOLHGKRUL]RQWDOORDG$OOWKHZDOOVDUH
VXEMHFWHGWRWKHVDPHORDGKLVWRU\DVVKRZHGLQ)LJXUHV7KHWHVWVKDYHEHHQSHUIRUPHGLQ
GLVSODFHPHQWFRQWUROIURPPPXSWRIDLOXUHSHUIRUPLQJWZRFRPSOHWHF\FOHVZLWKDPP
LQFUHPHQW HDFK WLPH 7KH FRPSUHVVLYH VWUHQJWK RI FRQFUHWH LV ZLWKLQ WKH UDQJH  WR 
03DLQWKHGLIIHUHQWWHVWVZKHUHDVWKHIOH[XUDOUHLQIRUFHPHQWUHPDLQVFRQVWDQWLQWKHZHEGLI
IHUHQWO\ WR WKH VKHDU UHLQIRUFHPHQW DQG WKH YHUWLFDO UHLQIRUFHPHQW WKDW YDU\ LQ WKH ERXQGDU\
HOHPHQWV 7KH QXPHULFDO RXWFRPHV IURP WKH VLPXODWLRQV H[SUHVVHG LQ WHUPV RI SHDN JOREDO
VWUXFWXUDO UHVLVWDQFH DUH SUHVHQWHG LQ 7DEOH  7KH RXWFRPHV IURP 1/)($V DUH UHSRUWHG LQ
)LJXUHV D  I ZLWKUHIHUHQFHWRWKHVHYHUDOPRGHOLQJK\SRWKHVHV
,QJHQHUDOWKHPLQLPXPYDOXHVRIWKHSHDNODWHUDOORDGVDUHREWDLQHGDGRSWLQJWKHHODVWLF
EULWWOHFRQVWLWXWLYHODZIRUFRQFUHWHWHQVLOHEHKDYLRUZKLOHWKHQXPHULFDOPRGHOVZLWKSODVWLF
FRQVWLWXWLYHODZDOZD\VRYHUHVWLPDWHERWKWKHSHDNORDGDQGVWLIIQHVV,WFDQDOVREHREVHUYHG
WKDWWKHEHVWUHVXOWVDUHDFKLHYHGZLWKDVKHDUUHWHQWLRQIDFWRUHTXDORUFORVHWRIRUWKHWHVWV
6: DQG 6: 7KH VLPXODWLRQV JHQHUDOO\ RYHUHVWLPDWH WKH JOREDO VWUXFWXUDO UHVLVWDQFH EXW
XQGHUHVWLPDWH WKH GXFWLOLW\ EHFDXVH PDQ\ VLPXODWLRQV IDLO EHIRUH LI FRPSDUHG WR WKH H[SHUL
PHQWDOUHVXOWV
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)LJXUH&RPSDULVRQEHWZHHQ1/)($VDQGH[SHULPHQWDOWHVWVH[SUHVVHGDVORDGYVGLVSODFHPHQWFXUYHV6:
RI>@ DF 1XPHULFDOFRGH$ GI 1XPHULFDOFRGH%

)LJXUH DF DQG GI VKRZKRZWKHGHSHQGHQFHRIWKHUHVXOWVRQWKHQXPHULFDOFRGH
FKRLFH QXPHULFDOFRGH$DQG%UHVSHFWLYHO\ LQ)LJXUH DF WKHQXPHULFDOPRGHOVIDLO
EHIRUHWKHHQGRIWKHH[SHULPHQWDOORDGKLVWRU\ZKLOHLQ)LJXUH GI WKHVLPXODWLRQVUHDFK
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WKHHQGRIWKHDQDO\VLVEXWRYHUHVWLPDWHWKHUHVLVWDQFHHVSHFLDOO\IRUWKH0RGHOVDQG
 7KHIDLOXUHPRGHFRQVLVWVRIWKH\LHOGLQJRIWKHPDLQUHLQIRUFHPHQWVDQGRIWKHFUXVKLQJ
RIFRQFUHWHLQWKHERXQGDU\FRPSUHVVHGHOHPHQWRQWKHRSSRVLWHVLGH
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)LJXUH&RPSDULVRQEHWZHHQ1/)($VDQGH[SHULPHQWDOWHVWVH[SUHVVHGDVORDGYVGLVSODFHPHQWFXUYHV±6:
RI>@ DF 1XPHULFDOFRGH$ GI 1XPHULFDOFRGH%
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)LJXUH&RPSDULVRQEHWZHHQ1/)($VDQGH[SHULPHQWDOWHVWVH[SUHVVHGDVORDGYVGLVSODFHPHQWFXUYHV±6:
RI>@ DF 1XPHULFDOFRGH$ GI 1XPHULFDOFRGH%

3533

3DROR&DVWDOGR'LHJR*LQR*XJOLHOPR$PHQGRODDQG(OHQD0LFHOL
([S
7HVW
6:
6:
6:
([S
7HVW
6:
6:
6:

5([S
N1



5([S
N1




50
N1



50
N1




50
N1



50
N1




50
N1



50
N1




50
N1



50
N1




50
N1



50
N1




50
N1



50
N1




50
N1



50
N1




50
N1



50
N1




50
N1



50
N1




7DEOH3HDNUHVLVWDQFHVIURPERWKWKHH[SHULPHQWDOWHVWVREXP>@DQG1/)($VRNLFEA IRUWKHGLIIHUHQWPRGHO
OLQJK\SRWKHVHV

7KH H[SHULPHQWDO WHVWV RI >@ FRQFHUQ IRXU LGHQWLFDO ZDOOV RI GLPHQVLRQV
[[PP WKDW DUH FRQVWUDLQHG LQIHULRUO\ E\ D EHDP RI VHFWLRQ [PP ZKLFK
VLPXODWHVDVWLIIIRXQGDWLRQ$WWKHWRSWKHUHLVDVWLIIEHDPWRXQLIRUPO\WUDQVPLWWKHLPSRVHG
GLVSODFHPHQWRQWKHWRSRIWKHZDOO7KHIOH[XUDOUHLQIRUFHPHQWLVUHSUHVHQWHGE\IPP
LQWKHZHEZKLOHWKHGLVWDQFHLVUHGXFHGWRPPLQWKHERXQGDU\HOHPHQWV7KHVKHDUUHLQ
IRUFHPHQW LV FRPSRVHGRI IPP RYHU WKH HQWLUH ZLGWK RI WKH ZDOO DQG RI DGGLWLRQDO
VWLUUXSVRIIPPLQWKHERXQGDU\HOHPHQWV7KHVKHDUZDOOVGHQRWHGDV6:6:DQG
6: DUH KHUHLQ FRQVLGHUHG IRU WKH PRGHOOLQJ XQFHUWDLQW\ LQYHVWLJDWLRQ 7KH H[SHULPHQWDO
WHVWVSUHVHQWDORDGKLVWRU\FRPSRVHGRIIRXURUILYHF\FOHVZLWKGLVSODFHPHQWVRIDIHZPLO
OLPHWHUV DQG WKHQ RI D PRQRWRQLF GLVSODFHPHQW LQFUHDVH XS WR IDLOXUH 7KH FRPSUHVVLYH
VWUHQJWK RI FRQFUHWH YDULHV LQ WKH UDQJH  03D LQ WKH GLIIHUHQW WHVWV 7KH QXPHULFDOO\
FRPSXWHGSHDNJOREDOVWUXFWXUDOUHVLVWDQFHVDUHOLVWHGLQ7DEOH)LJXUHV D  I VKRZWKDW
WKHPRGHOVUHODWHGWRHODVWLFSODVWLFPRGHOIRUWKHWHQVLOHUHVSRQVHRIFRQFUHWH LH0RGHOV
 RYHUHVWLPDWHERWKWKHUHVLVWDQFHDQGVWLIIQHVVZKLOHPRGHOVKDYLQJWKHDV
VXPSWLRQ RI HODVWLFEULWWOH RU OLQHDU WHQVLRQ VRIWHQLQJ LQ WHQVLRQ KDYH PRUH RU OHVV WKH VDPH
EHKDYLRUZLWKDVWLIIQHVVVLPLODUWRWKHDFWXDORQHLQWKHF\FOLFSKDVH,QJHQHUDODQXQGHUHV
WLPDWLRQRIWKHUHVLVWDQFHLVUHFRJQL]HG,WFDQEHDOVRQRWHGWKDWWKHPRUHWKHVKHDUUHWHQWLRQ
IDFWRULQFUHDVHV XSWRWKHYDOXH WKHPRUHWKHGLVVLSDWHGHQHUJ\LQFUHDVHVWRR
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7DEOH3HDNUHVLVWDQFHVIURPERWKWKHH[SHULPHQWDOWHVWVREXP>@DQG1/)($VRNLFEA IRUWKHGLIIHUHQWPRGHO
OLQJK\SRWKHVHV
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)LJXUH&RPSDULVRQEHWZHHQ1/)($VDQGH[SHULPHQWDOWHVWVH[SUHVVHGDVORDGYVGLVSODFHPHQWFXUYHV±
6:RI>@ DF 1XPHULFDOFRGH$ GI 1XPHULFDOFRGH%

7KHIDLOXUHPRGHLVUHDFKHGWKURXJKWKH\LHOGLQJRIWKHWHQVLOHUHLQIRUFHPHQWVDQGFUXVKLQJ
RIFRQFUHWHORFDWHGDW WKHERWWRP RIWKHERXQGDU\HOHPHQWV 6RPHVLPXODWLRQV GRQRW UHDFK
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WKH XOWLPDWH H[SHULPHQWDO GLVSODFHPHQW EXW IDLO XSRQ UHDFKLQJ WKH PD[LPXP ORDG RU IRU D
VOLJKWO\JUHDWHUGLVSODFHPHQWWKDQWKHRQHDFKLHYHGLQWKHF\FOLFSKDVH
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)LJXUH&RPSDULVRQEHWZHHQ1/)($VDQGH[SHULPHQWDOWHVWVH[SUHVVHGDVORDGYVGLVSODFHPHQWFXUYHV±
6:RI>@ DF 1XPHULFDOFRGH$ GI 1XPHULFDOFRGH%
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)LJXUH&RPSDULVRQEHWZHHQ1/)($VDQGH[SHULPHQWDOWHVWVH[SUHVVHGDVORDGYVGLVSODFHPHQWFXUYHV±
6:RI>@ DF 1XPHULFDOFRGH$ GI 1XPHULFDOFRGH%


7KHODERUDWRU\WHVWVRI>@LQYHVWLJDWH5&ZDOOVVXEMHFWHGWRDLQSODQHTXDVLVWDWLFF\FOLF
ORDGLQJ,QGHWDLOIRXUVSHFLPHQV :6+:6+:+6:6+ DUHFRQVLGHUHGDQGUHSUR
GXFHGE\PHDQVRIQXPHULFDOVLPXODWLRQV7KHZDOOVKDYHVDPHJHRPHWU\ LHPKLJK
PZLGHDQGPWKLFN DQGDUHIL[HGDWWKHEDVHWKURXJKDEHDPLQWHJUDOZLWKWKHVXSSRUW
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LQJVXUIDFHRIVHFWLRQPKLJKDQGZLGHDQGSURWUXGLQJPIURPWKHWZRVLGHVRIWKH
ZDOOZKLOHDWWKHWRSWKHUHLVDPWKLFNDQGPKLJKEHDPZLWKDWDSHUWRIDYRXULWHWKH
FRQQHFWLRQZLWKWKHZDOO2QWKLVEHDPWKHD[LDOORDGLVSURYLGHGDQGWKHF\FOLFORDGLQJKLVWR
U\LVDSSOLHGE\PHDQVRIDFWXDWRUVORFDWHGDWDGLVWDQFHRIPIURPWKHXSSHUHGJH7KH
ZDOOV DUH DOO UHLQIRUFHG ZLWK ݊ PP ORFDWHG KRUL]RQWDOO\ DORQJ WKH HQWLUH ZLGWK RI WKH
ZDOO7KH\GLIIHUVLQWKHSHUFHQWDJHRIIOH[XUDOUHLQIRUFHPHQWDQGLQWKHSHUFHQWDJHRIVKHDU
UHLQIRUFHPHQWLQWKHERXQGDU\HOHPHQWDVZHOODVIRUWKHYDOXHRIWKHDSSOLHGD[LDOORDG7KH
:6+ZDOOKDVIOH[XUDOUHLQIRUFHPHQWVRI݊VSDFHGDWPPLQWKHERXQGDU\HOHPHQWV
DQGRI݊LQWKHZHEVSDFHGDWPP V\PPHWULFDOO\VWDUWLQJIURPWKHRXWVLGHWRWKHFHQ
WHU  7KH VKHDU UHLQIRUFHPHQW FRQVLVWV RI ݊ PP DFURVV WKH HQWLUH ZLGWK DV PHQWLRQHG
DERYHDQGRIVWLUUXSV݊PPWKDWHQFORVHWKH݊VDQGRID݊KRRSWKDWELQGVWKHWZR
FHQWUDO݊V7KHVSHFLPHQ:6+LVUHLQIRUFHGZLWK݊RQWKHERXQGDU\HOHPHQWVVSDFHG
DWPPDQGZLWK݊LQWKHZHEVSDFHGDWPPDQGKDVDVKHDUUHLQIRUFHPHQWLGHQ
WLFDO WR WKH:6+7KH ZDOO:6+GLIIHUV IURPWKH:6+FRQFHUQLQJWKHVKHDU UHLQIRUFH
PHQW FRPSRVHG RI ݊ PP DFURVV WKH HQWLUH ZLGWK DQG RI ݊ PP LQ WKH ERXQGDU\
HOHPHQW7KHVSHFLPHQ:6+KDVWKHVDPHEHQGLQJUHLQIRUFHPHQWRIWKHSUHYLRXVRQHZLWKD
KLJKHUUHLQIRUFHPHQWSHUFHQWDJHLQWKHERXQGDU\HOHPHQW7KHUHDUH݊PPFORVHGVWLUUXSV
DURXQGWKHIRXUODWHUDOIOH[XUDOEDUVDQGDQRWKHUFORVHGVWLUUXSRIPPZKLFKHQFORVHV
WKH IRXU LQQHUV ݊  7KH FRPSUHVVLYH VWUHQJWK RI FRQFUHWH DQG D[LDO ORDG DUH VLPLODU IRU
:6+:6+DQG:6+ZLWKYDOXHVRIDQG03DDQGDQGN1
UHVSHFWLYHO\:KLOH:6+KDVDKLJKHUFRPSUHVVLYHVWUHQJWKHTXDOWR03DDQGDQD[LDO
ORDGRIN17KHORDGLQJKLVWRU\LVLQOLQHZLWKWKHVWDQGDUGSURWRFROE\>@
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OLQJK\SRWKHVHV

$WHDFKGLVSODFHPHQWOHYHO WKHZDOOKDV EHHQVXEMHFWHGWR WZRIXOO F\FOHV 7KHUHVXOWVRI
QXPHULFDOVLPXODWLRQVH[SUHVVHGDVSHDNJOREDOVWUXFWXUDOUHVLVWDQFHDUHSUHVHQWHGLQ7DEOH
)LJXUHV  D  I VKRZWKDWDVVXPLQJ WKHWHQVLOHEHKDYLRXURIWKHFRQFUHWHEULWWOHRU/76
UHSURGXFHVHIILFLHQWO\WKHDFWXDOEHKDYLRXUZKLOHWKHPRGHOVZLWKFRQFUHWHWHQVLOHEHKDYLRXU
SHUIHFWO\SODVWLFRYHUHVWLPDWHERWKWKHUHVLVWDQFHDQGVWLIIQHVV
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4

DISCUSSION

7KHUHVXOWVGHULYLQJIURPWKHDERYHPHQWLRQHGQRQOLQHDU)(VLPXODWLRQVFDQEHXVHG
LQRUGHUWRTXDQWLI\WKHUHVLVWDQFHPRGHOXQFHUWDLQWLHVLQSODQHVWUHVV1/)($VRI5&VWUXF
WXUHVXQGHUF\FOLFORDGV7KHVHUHVXOWVVKRZWKHVHYHUDOGLIILFXOWLHVLQUHSURGXFLQJWKHDFWXDO
IDLOXUH EHKDYLRXU RI VWUXFWXUDO PHPEHUV 7KH RXWFRPHV LQ WHUPV RI UDWLR ϑ= RExp/RNLFEA UH
SRUWHGLQ7DEOHGHPRQVWUDWHWKDWWKHWZRH[WUHPHK\SRWKHVHVUHJDUGLQJFRQFUHWHWHQVLOHEH
KDYLRXU LH HODVWLFEULWWOH DQG HODVWLFSODVWLF  GR QRW UHSUHVHQW LQ DOO WKH FDVHV WKH ERXQG
OLPLWVFRQFHUQLQJWKHH[SHULPHQWDOSHDNRIUHVLVWDQFH
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7DEOHϑ= RExp/RNLFEAIRUDOOWKHPRGHOOLQJK\SRWKHVHVDQGUHODWHGPHDQYDOXHVDQGFRHIILFLHQWRIYDULDWLRQV
&R9 

7KHVHUHVXOWVKLJKOLJKWWKHHIIHFWLYHQHVVRIWKHGLIIHUHQWDVVXPSWLRQVWRUHSURGXFHWKHF\
FOLFUHVSRQVHRIWKHVWUXFWXUDOPHPEHUV,QIDFWWKHGLIIHUHQFHVEHWZHHQWKHH[SHULPHQWDODQG
WKHQXPHULFDOO\SUHGLFWHGUHVLVWDQFHVPD\EHVLJQLILFDQWO\KLJKXQVDIHYDOXHVXSWRDUH
REWDLQHGIRUWKHVKHDUZDOOV6:DQG:6+,WPHDQVWKDWWKHILQLWHHOHPHQWPRGHOVDUHQRW
DOZD\VDEOHWRUHSURGXFHWKHH[SHULPHQWDOEHKDYLRXUDFFXUDWHO\EXWVRPHWLPHVRYHUHVWLPDWH
WKHSHDNUHVLVWDQFHVRIWKHZDOOVXQGHUVSHFLILFK\SRWKHVHVOHDGLQJWRXQVDIHHVWLPDWLRQV7KLV
LVVXHLVDFUXFLDODVSHFWLQUHODWLRQWRVDIHW\YHULILFDWLRQVIRUVHLVPLFDQDO\VHV:LWKUHIHUHQFH

3543

3DROR&DVWDOGR'LHJR*LQR*XJOLHOPR$PHQGRODDQG(OHQD0LFHOL

WRHDFKQXPHULFDOPRGHOMj7DEOHDOVRUHSRUWVWKHPHDQYDOXHDQGFRHIILFLHQWRIYDULDWLRQ
&R9 7KHORZHVWXQVDIHELDVLVDFKLHYHGIRUPRGHOM6 DQGM9 DVZHOODVFRQFHUQLQJPRGHOV
M10 WRM18 WKHKLJKHVWGLVSHUVLRQDUHUHFRJQLVHG,QSDUWLFXODUDVXEVWDQWLDOGLIIHUHQFHFDQEH
QRWHG EHWZHHQ 1XPHULFDO FRGH $ DQG % ,Q IDFW WKH QXPHULFDO FRGH $ VHHPV WR SURYLGH
VOLJKWO\XQVDIHELDVIDFWRUVZLWKUHVSHFWWRWKHQXPHULFDOFRGH% LQDYHUDJHDJDLQVW
UHVSHFWLYHO\ &RQFHUQLQJWKHFRHIILFLHQWRIYDULDWLRQWKHQXPHULFDOFRGH$SUHVHQWVDORZHU
OHYHORIGLVSHUVLRQRIWKHGDWDZLWKUHVSHFWWR WKHQXPHULFDOFRGH% LQDYHUDJHDJDLQVW
 UHVSHFWLYHO\  7KHVH UHVXOWV FDQ EH XVHIXO WR GHYHORS VWDWLVWLFDO DQG SUREDELOLVWLF DQDO
\VHV >@>@ WR LQWHUSUHW DQG WUHDW WKH PRGHO XQFHUWDLQW\ YDULDEOH T 0RUHRYHU LW LV DOVR
KLJKOLJKWHGWKDWWKHFKRLFHRIWKHW\SHRIVRIWZDUHWRVROYHDVSHFLILFVWUXFWXUDOSUREOHPLVUHO
HYDQW0RUHGHWDLOVPD\EHIRXQGLQ>@
5

CONCLUSIONS

7KH SUHVHQW LQYHVWLJDWLRQ LV GHYRWHG WR TXDQWLI\ WKH UHVLVWDQFH PRGHO XQFHUWDLQWLHV ZKHQ
WKH JOREDO VWUXFWXUDO UHVLVWDQFH RI 5& VWUXFWXUDO V\VWHPV XQGHU F\FOLF ORDGV LV HVWLPDWHG
WKURXJKSODQHQRQOLQHDUILQLWHHOHPHQWPHWKRGDQDO\VHV$VHWRIH[SHULPHQWDOWHVWVFRQFHUQ
LQJGLIIHUHQWZDOOVVXEMHFWRIF\FOLFVKHDUDFWLRQVKDYHEHHQQXPHULFDOO\VLPXODWHGE\PHDQV
RI1/)($VFRPELQLQJWZRGLIIHUHQWQXPHULFDOFRGHVWKUHHGLIIHUHQWFRQVWLWXWLYHODZVIRU
WKH WHQVLRQ EHKDYLRXU RI FRQFUHWH DQG WKUHH GLIIHUHQW VKHDU UHWHQWLRQ IDFWRUV ,W FDQ EH RE
VHUYHG WKDW ZKHQ WKH WHQVLOH EHKDYLRXU IRU FRQFUHWH LV DVVXPHG SHUIHFWO\ SODVWLF D JUHDWHU
RYHUHVWLPDWLRQRIWKHVWUXFWXUDOUHVLVWDQFHDOZD\VGHULYHVDVZHOODVWKHVKHDUUHWHQWLRQIDFWRU
YDULHVWKHDPSOLWXGHRIWKHF\FOHDQGWKHUHIRUHLQIOXHQFHVWKHGLVVLSDWHGHQHUJ\+RZHYHULQ
WHUPVRIUHVLVWDQFHDVKHDUUHWHQWLRQIDFWRUDVVXPHGFORVHWRLVWKHRQHWKDWDOORZVWRRE
WDLQ WKH EHVW UHVXOWV ZLWK UHVSHFW WR WKH H[SHULPHQWDO RXWFRPHV 7KH DYHUDJH ELDV IDFWRU EH
WZHHQWKHGLIIHUHQWPRGHOOLQJK\SRWKHVHVLVTXDQWLILHGDVZLWKDQDYHUDJHFRHIILFLHQWRI
YDULDWLRQRI
ACKNOWLEDGEMENTS
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UNCERTAINTIES IN WIND-INDUCED LOADS
ON HYPERBOLIC PARABOLOID ROOFS:
WIND-TUNNEL TESTS AND ANALYTICAL MODELS
Fabio Rizzo and Vincenzo Sepe
'HSDUWPHQWRI(QJLQHHULQJDQG*HRORJ\8QLYHUVLW\³*'¶$QQXQ]LR´
9LDOH3LQGDUR3HVFDUD,WDO\
^IDELRUL]]RYLQFHQ]RVHSH`#XQLFKLW

Keywords: ZLQGWXQQHOWHVWVK\SHUEROLFSDUDERORLGURRIZLQGORDGVSUHVVXUHFRHIILFLHQWV
H[SHULPHQWDOXQFHUWDLQWLHV
Abstract. The design coefficients provided by a wind-tunnel campaign on in-scale models,
e.g. the pressure coefficients discussed in this paper, are always affected by physiological and
unavoidable uncertainties. On the other hand, wind-induced loads at the real scale (e.g. peak
pressure coefficients) may be provided, with a prescribed confidence level, by analytical
models that include stochastic characteristics of the wind field (mean values, standard deviation, skewness, kurtosis) obtained by wind-tunnel tests. Based on aerodynamic tests on hyperbolic paraboloid models in the boundary layer wind-tunnel of the CRIACIV (Italy), this paper
discusses a typical example of experimental uncertainties, i.e. the asymmetries measured for
geometries and wind directions nominally symmetric, and investigates their effects on peak
pressure coefficients provided by analytical models. To this aim, experimental peak pressure
coefficients and their analytical prediction are compared for symmetrical geometries under
wind flow direction parallel to the symmetry axis, and it is noted that asymmetries shown by
experimental tests may be reduced by appropriate analytical models, that can therefore contribute to filter out the effects of experimental uncertainties for design purposes.
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1

INTRODUCTION

$OWKRXJK FRPSXWDWLRQDO IOXLG G\QDPLFV &)'  KDV EHFRPH PRUH DQGPRUHDFFXUDWHDQG
UHOLDEOH LQ WKH ODVW \HDUV DQG FDQ WKHUHIRUH EH DQ LQYDOXDEOH WRRO LQ WKH SUHOLPLQDU\ GHVLJQ
VWDJH ZLQG WXQQHO WHVWV RQ LQVFDOH PRGHOV DUH VWLOO WKH PRUH UHOLDEOH ZD\ WR JHW WKH ZLQG
LQGXFHGORDGVIRUVWUXFWXUHVZLWKDFRPSOH[VKDSH
:LQGWXQQHOWHVWVKRZHYHUDUHDOZD\VDIIHFWHGE\VHYHUDOXQFHUWDLQWLHVGXHWRWKHPHDV
XUHPHQWVFKDLQWRWKHVFDOLQJRIWKHUHDOEXLOGLQJDWWKHPRGHOVL]HWRWKHJHRPHWULFDOGHWDLOV
RI WKH PRGHO DQG WR LWV PHFKDQLFDO FKDUDFWHULVWLFV 7KH GHVLJQ FRHIILFLHQWV SURYLGHG E\ D
ZLQGWXQQHOFDPSDLJQHJWKHSUHVVXUHFRHIILFLHQWVGLVFXVVHGLQWKLVSDSHUDUHWKHUHIRUHDOVR
DIIHFWHGE\SK\VLRORJLFDODQGXQDYRLGDEOHXQFHUWDLQWLHVWKLVLVWKHFDVHIRUH[DPSOHRIQRP
LQDOO\ V\PPHWULF DQG V\PPHWULFDOO\ ORDGHG PRGHOV IRU ZKLFK ZLQGWXQQHO WHVWV WXUQ RXW LQ
VWHDGDV\PPHWULFSUHVVXUHILHOGV
$V VKRZQ E\ WKH VFLHQWLILF OLWHUDWXUH RQ WKH RWKHU KDQG D VRXQG SUHGLFWLRQ RI ZLQG
LQGXFHGORDGVDWWKHUHDOVFDOHPD\EHQHILWRIDQDO\WLFDOPRGHOV HJ>@>@>@ DEOHWRSURYLGH
IRUH[DPSOHDYHUDJHRUSHDNSUHVVXUHFRHIILFLHQWVZLWKDSUHVFULEHGFRQILGHQFHOHYHO7RWKLV
DLPDQDO\WLFDOPRGHOVPD\XVHWKHVWRFKDVWLFFKDUDFWHULVWLFVRIWKHZLQGILHOG PHDQYDOXHV
VWDQGDUGGHYLDWLRQVNHZQHVVNXUWRVLV REWDLQHGE\ZLQGWXQQHOWHVWV7KLVSRLQWKDVEHHQDG
GUHVVHGLQDUHFHQWSDSHURIWKHZULWHUV>@
7KLVSDSHULVEDVHGRQH[SHULPHQWDOUHVXOWVRQK\SHUEROLFSDUDERORLGPRGHOVWHVWHGLQWKH
ERXQGDU\OD\HUZLQGWXQQHORIWKH&5,$&,9 ,WDO\ >@DQGLVSDUWRIDZLGHUUHVHDUFKWKDW
DOVRGHDOVZLWKQRQVWUXFWXUDODVSHFWVRIWKHGHVLJQ>@7KHSDSHUGLVFXVVHVDW\SLFDOH[
DPSOHRIH[SHULPHQWDOXQFHUWDLQWLHVLHWKHDV\PPHWULHVPHDVXUHGIRUJHRPHWULHVDQGZLQG
GLUHFWLRQV QRPLQDOO\ V\PPHWULF DQG LQYHVWLJDWHV WKHLU HIIHFWV RQ SHDN SUHVVXUH FRHIILFLHQWV
SURYLGHGE\WZRRIWKHDQDO\WLFDOPRGHOVGLVFXVVHGLQ>@LHWKH FODVVLFDO'DYHQSRUWPRGHO
DQGWKHPRGLILHG+HUPLWHPRGHOGLVFXVVHGLQ>@
2

WIND-TUNNEL TESTS

$HURG\QDPLFWHVWVRQDODUJHVHWRIK\SHUEROLFSDUDERORLGURRIVZHUHGHVFULEHGLQSUHYLRXV
SDSHUVRIWKHZULWHUV>@:RRGHQLQVFDOHPRGHOVZLWKGLIIHUHQWJHRPHWULHVDQGGLI
IHUHQWZLQGDQJOHVZHUHWHVWHGLQWKHERXQGDU\OD\HUZLQGWXQQHORI&5,$&,9 ,QWHUXQLYHUVL
W\5HVHDUFK&HQWHURQ%XLOGLQJ$HURG\QDPLFVDQG:LQG(QJLQHHULQJ LQ,WDO\
,Q SDUWLFXODUWKLV SDSHU LV IRFXVHG RQ UHVXOWV REWDLQHG E\ ZLQG WXQQHO WHVW RQ URRIV ZLWK
VTXDUHDQGUHFWDQJXODUSODQDQGHLJKWGLIIHUHQWJHRPHWULHVDUHGLVFXVVHGKHUH
7KHPRGHOVUHSUHVHQWFORVHGEXLOGLQJVHJDVWKRVHRIVSRUWVKDOOVDQGWKLVSDSHUGLVFXVV
HV WKH DHURG\QDPLF SUHVVXUH ILHOG UHFRUGHG RQ WKH URRI VXUIDFHV 'XH WRWKH VWLIIQHVV RI WKH
PRGHOVWKDWFDQEHFRQVLGHUHGDVULJLG URRIGLVSODFHPHQWVDQGWKHUHIRUHDHURHODVWLFHIIHFWV
DUHQRWFRQVLGHUHGWKLVLVDQXVXDOVWHSLQWKHSUHOLPLQDU\GHVLJQRIWKLVNLQGRIVWUXFWXUHV
2.1

The sample square and rectangular models

)LJXUHGHVFULEHVWKHJHRPHWULHVGLVFXVVHGLQ6HFWDQG6HFW
7KHHLJKWJHRPHWULHV FRQVLGHUHGKHUHDUHGHQRWHGE\WKUHHOHWWHUVWKDWUHIHUWRWKH PRGHO
SODQVKDSH VTXDUH6RUUHFWDQJXODU5 WRWKHPRGHOKHLJKW KLJKHU+RUORZHU/ DQGWR
WKHURRIFXUYDWXUH ZLWKVPDOOHUFXUYDWXUHRUIODWWHU)RUKLJKHUFXUYDWXUH& UHVSHFWLYHO\
$V UHSRUWHG LQ ILJ  WKH URRI VXUIDFH FRQVLVWV RI  DQG  HOHPHQWDU\ UHJLRQV IRU WKH
VTXDUHDQGUHFWDQJXODUSODQUHVSHFWLYHO\3UHVVXUHWLPHKLVWRULHVZHUHUHFRUGHG GHWDLOVLQ>@ 
IRUDERXWVHFRQGVZLWKDQDFTXLVLWLRQIUHTXHQF\RIDERXW+]IRUVHYHUDODQJOHVRILQFL
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GHQFHRI ZLQG7RH[SORUHVLWXDWLRQVQRPLQDOO\V\PPHWULF RQO\WKHZLQGGLUHFWLRQV DQG
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Pressure coefficients

)RU WKH SUHVVXUH WDS RI HDFK HOHPHQWDU\ UHJLRQ RI WKH URRI WKH PHDVXUHG SUHVVXUH WLPH
GHILQHGDV
KLVWRU\p(t)LVGHVFULEHGE\QRQGLPHQVLRQDOSUHVVXUHFRHIILFLHQWV







ZKHUH GHQRWHVWKHDLUGHQVLW\DQG DQG WKHPHDQVSHHGDWWKHURRIOHYHODQGWKHVWDWLF
SUHVVXUHRIXQGLVWXUEHGIORZUHVSHFWLYHO\3RVLWLYHDQGQHJDWLYHYDOXHVRIFSUHSUHVHQWSUHV
VXUHODUJHUWKDQ DQGVXFWLRQUHVSHFWLYHO\
























)LJXUH0DSRIWKHSUHVVXUHWDSVIRUVTXDUHDQGUHFWDQJXODUSODQV7KHWZRDOLJQPHQWVRISUHVVXUHWDSVRQWKH
OHIWDQGULJKWHGJHVRIWKHURRIZLWKUHVSHFWWRWKHPHDQZLQGVSHHGDUHKLJKOLJKWHGLQ\HOORZ
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)RUHDFKZLQGGLUHFWLRQDORQJDV\PPHWU\D[LV DQJOHDQG )LJXUHUHSRUWVWKHWZR
DOLJQPHQWVRISUHVVXUHWDSV KLJKOLJKWHGLQ\HOORZ RQWKHOHIWDQGULJKWHGJHVRIWKHURRIZLWK
UHVSHFW WR ZLQG GLUHFWLRQ ZKRVH PHDVXUHG SUHVVXUH FRHIILFLHQWV ZLOO EH FRPSDUHG WR HDFK
RWKHUWRGLVFXVVDV\PPHWULHVVKRZQE\H[SHULPHQWDOWHVWV

6/)

6+)

6/&

6+&

5/)

5+)

5/&

5+&

)LJXUHPHDQYDOXHFSPHDQRIWKHH[SHULPHQWDOFSIRUWKHHLJKWPRGHOVLQILJDQGT PHDVXUHGE\WKH
SUHVVXUHWDSVDORQJWKHURRIVLGHVRQWKHOHIW EODFNFXUYH DQGRQWKHULJKW UHGFXUYH RIWKHZLQGGLUHFWLRQ
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6/)

6+)

6/&

6+&

5/)

5+)

5/&

5+&

)LJXUHVWDQGDUGGHYLDWLRQVFSRIWKHH[SHULPHQWDOFSIRUWKHHLJKWPRGHOVLQILJDQGT PHDVXUHGE\WKH
SUHVVXUHWDSVDORQJWKHURRIVLGHVRQWKHOHIW EODFNFXUYH DQGRQWKHULJKW UHGFXUYH RIWKHZLQGGLUHFWLRQ

3

EXPERIMENTAL AND ANALYTICAL PEAK PRESSURE COEFFICIENTS

)LJDQGUHSRUWWKHPHDQFSPHDQDQGWKHVWDQGDUGGHYLDWLRQVFSUHVSHFWLYHO\RIWKHH[
SHULPHQWDOFSIRUWKHHLJKWPRGHOVLQILJDQG T PHDVXUHGE\WKHSUHVVXUHWDSVDORQJ
WKHURRIVLGHVRQWKHOHIWDQGRQWKHULJKWRIWKHZLQGGLUHFWLRQ

3552

)DELR5L]]RDQG9LQFHQ]R6HSH

,WFDQEHREVHUYHGWKDWIRU T WKHGLIIHUHQFHVEHWZHHQWKHPHDQF SPHDQ RIWKHH[SHUL
PHQWDOSUHVVXUHFRHIILFLHQWV ILJ PHDVXUHGE\WKHSUHVVXUHWDSVDORQJWKHWZRVLGHVRIWKH
URRIDUHDOPRVWQHJOLJLEOHIRUORZFXUYDWXUHURRIV 6/)6+)5/)5+) 7KLVFDQHDVLO\EH
H[SODLQHGRQFHFRQVLGHUHGWKDWIRUT WKHZLQGIORZLPSDFWVRQWKHKRJJLQJFXUYDWXUHRI
WKHPRGHODQGLWLVFRQILQHGE\WKHDFURVVZLQGVDJJLQJFXUYDWXUHDQGWKLVLPSOLHVVPDOOGH
WDFKPHQWUHJLRQV$VDOVRH[SHFWHGRQWKHRWKHUKDQGIRUPRUHFXUYHGPRGHOV 6/&6+&
5/&5+& WKHGLIIHUHQFHVEHFRPHPRUHUHOHYDQWEHFDXVHRIPRUHSURQRXQFHGGHWDFKPHQW
UHJLRQVRIWKHIORZGXHWRWKHODUJHUFXUYDWXUH
$VLPLODUWUHQGKDVEHHQREVHUYHGIRUWKHVWDQGDUGGHYLDWLRQVVFSRIWKHH[SHULPHQWDOSUHV
VXUHFRHIILFLHQWV ILJ 
7KHEHKDYLRUEHFRPHVTXLWHGLIIHUHQWIRUZLQGDQJOH T ZKHQWKHIORZLPSDFWVWKH
PRGHOVRQWKHLUKLJKHVWZDOOZLWKDFRQVHTXHQWGHWDFKPHQWRIWKHIORZIRUDODUJHSDUWRIWKH
URRI,QWKLVFDVHDVVKRZQE\UHVXOWVIRUVTXDUHPRGHOVUHSRUWHGLQILJDQG FSPHDQDQG
VFSUHVSHFWLYHO\ WKHGLIIHUHQFHVEHWZHHQWKHWZRDOLJQPHQWVRISUHVVXUHWDSVDUHVWLOOQHJOL
JLEOHIRUWKHORZHUPRGHOZLWKVPDOOHUFXUYDWXUH 6/) 7KH\DUHLQVWHDGVLJQLILFDQWO\ODUJHU
IRUPRUHFXUYHGRQHVDV VKRZQE\ ERWK FSPHDQDQG VFS IRU6/&DQG6+&DQGDOVRIRU WKH
KLJKHVWPRGHOZLWKVPDOOHUFXUYDWXUH 6+) ZKHUHVLJQLILFDQWGLIIHUHQFHVRI VFS KDYHEHHQ
IRXQG

6/)

6+)

6/&

6+&

)LJXUHPHDQYDOXHFSPHDQRIWKHH[SHULPHQWDOFSIRUWKHIRXUVTXDUHPRGHOVLQILJDQGT PHDVXUHGE\
WKHSUHVVXUHWDSVDORQJWKHURRIVLGHVRQWKHOHIW EODFNFXUYH DQGRQWKHULJKW UHGFXUYH RIWKHZLQGGLUHFWLRQ

'XHWRWKHH[SHULPHQWDOO\REVHUYHGQRQV\PPHWULFEHKDYLRUDOUHDG\GLVFXVVHGZLWKUHIHU
HQFHWRFSPHDQDQGVFSWKHGLIIHUHQFHVEHWZHHQPLQLPXP VXFWLRQ YDOXHVRIF SDORQJWKHWZR
DOLJQPHQWVRISUHVVXUHWDSVIROORZDVLPLODUWUHQGRUWKH\DUHHYHQPRUHODUJHDVVKRZQIRU
H[DPSOHE\WKHH[WUHPHYDOXHVLQILJIRUVTXDUHPRGHOVDQGT 
7KHGLIIHUHQFHLVHYHQPRUHHYLGHQWIRUWKHH[SHULPHQWDOYDOXHVRIWKHSHDNIDFWRUJFRUUH
VSRQGLQJWRWKHPLQLPXPYDOXHVRIFS LHVXFWLRQ UHSRUWHGLQILJ
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3HDNIDFWRUJLVGHILQHGDV




í݃ߪ 



ZKHUHIRUHDFKSUHVVXUHWDS  ߪDQG DUHWKHPHDQWKHVWDQGDUGGHYLDWLRQDQGWKH
PLQLPXPYDOXHRIWKHFSWLPHKLVWRU\UHFRUGHGLQZLQGWXQQHOWHVWVUHVSHFWLYHO\
2QWKHRWKHUKDQGIRUWKHVDPSOHFDVHVGLVFXVVHGKHUHDOVRPD[LPXPYDOXHVRIFSDUHDO
PRVWDOZD\VQHJDWLYH VXFWLRQ DQGVPDOOHULQDEVROXWHYDOXHWKDQPLQLPDDQGWKHUHIRUHWKH\
KDYHQRSUDFWLFDOUHOHYDQFHWRGHVLJQSXUSRVHDQGDUHQRIXUWKHUGLVFXVVHGEHORZ

6+)

6/)

6+&
6/&
)LJXUHVWDQGDUGGHYLDWLRQVFSRIWKHH[SHULPHQWDOFSIRUWKHIRXUVTXDUHPRGHOVLQILJDQGT PHDV
XUHGE\WKHSUHVVXUHWDSVDORQJWKHURRIVLGHVRQWKHOHIW EODFNFXUYH DQGRQWKHULJKW UHGFXUYH RIWKHZLQG
GLUHFWLRQ

)LJXUHVDOVRVKRZIRUVTXDUHPRGHOVDQGT WKHPLQLPXPYDOXHVRIFSHYDOXDWHGDF
FRUGLQJWRWKHFODVVLFDO'DYHQSRUWPRGHODQGWRWKH DQDO\WLFDOPRGLILHG +HUPLWHPRGHO >@
6LPLODUO\ILJDOVRVKRZIRUVTXDUHPRGHOVDQGT WKHSHDNIDFWRUJHYDOXDWHGDFFRUGLQJ
WR WKH FODVVLFDO 'DYHQSRUW PRGHO DQG WR WKH PRGLILHG +HUPLWH PRGHO >@ $V H[SHFWHG WKH
'DYHQSRUWSHDNIDFWRUDVVXPHDOPRVWFRQVWDQWYDOXHVDURXQG
,WFDQEHREVHUYHGWKDWZKHQFRPSDUHGWRH[SHULPHQWDOUHVXOWVWKHDQDO\WLFDOPRGHOVJHQ
HUDOO\UHGXFHWKHGLIIHUHQFHVEHWZHHQWKHH[WUHPHYDOXHV RIWKHWZRDOLJQPHQWVRISUHV
VXUHWDSV7KLVLVQRWWUXHIRUWKHSHDNIDFWRUJHYDOXDWHGDFFRUGLQJWRWKHDQDO\WLFDOPRGLILHG
+HUPLWHPRGHO>@ZKLFKNHHSVPDLQWDLQLQJVLJQLILFDQWGLIIHUHQFHVEHWZHHQWDSVH[SHFWHGWR
KDYH D V\PPHWULF EHKDYLRU ,Q WKH DXWKRUV¶ RSLQLRQ KRZHYHU WKLV GLIIHUHQFH VKRXOG EH UH
GXFHGE\HYDOXDWLQJJIURPWKHPLQLPXPH[SHFWHGYDOXHVRIF SDFFRUGLQJWRDVRXQGO\EDVHG
VWDWLVWLFDOSURFHGXUH HJ&RRNDQG0D\QH>@ LQVWHDGRIDVVXPLQJWKHPLQLPXPUHFRUGHG
YDOXHV DVGRQHKHUHDQGWKLVZLOOEHLQYHVWLJDWHGLQIXWXUHUHVHDUFK
$OWKRXJKGLIIHUHQFHVEHWZHHQWKHWZRDOLJQPHQWVDUHQRWQHJOLJLEOHKRZHYHUWKHDYHUDJH
YDOXHRI SURYLGHGE\WKHPRGLILHG+HUPLWHPRGHO>@IRUSUHVVXUHWDSVQRPLQDOO\V\P
PHWULFLVFORVHUZLWKUHVSHFWWRWKHHVWLPDWLRQSURYLGHGE\WKH'DYHQSRUWPRGHOWRWKHDYHU
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DJHRIWKHLUUHFRUGHGH[WUHPHVXFWLRQYDOXHV7KLVFDQEHH[SODLQHGE\FRQVLGHULQJWKDWLQWKH
'DYHQSRUWPRGHOJWXUQVRXWWREHDOPRVWFRQVWDQWZKLOHDUHFHQWUHVHDUFK>@VKRZVWKDWIRU
WKLVNLQGRIJHRPHWULHVJPD\KDYHTXLWHODUJHYDULDWLRQV
$OOLQDOOWKHUHIRUHDQGDFFRUGLQJWRWKHVHUHVXOWVIRUV\PPHWULFDOJHRPHWULHVXQGHUZLQG
IORZGLUHFWLRQSDUDOOHOWRWKHV\PPHWU\D[LVDV\PPHWULHVVKRZQE\H[SHULPHQWDOWHVWVPD\
EHUHGXFHGE\DSSURSULDWHDQDO\WLFDOPRGHOVWKDWFDQWKHUHIRUHFRQWULEXWHWRILOWHURXWWKHHI
IHFWVRIWKHVHDQGRWKHUVH[SHULPHQWDOXQFHUWDLQWLHVIRUGHVLJQSXUSRVHV

6/)



6+)



6/&
6+&
)LJXUHPLQLPXPYDOXHcpPLQRIWKHH[SHULPHQWDOFSIRUWKHIRXUVTXDUHPRGHOVLQILJDQGT PHDV
XUHGE\WKHSUHVVXUHWDSVRQWKHOHIW EURNHQEODFNFXUYH DQGRQWKHULJKW EURNHQUHGFXUYH RIWKHZLQGGLUHF
WLRQ SHDN YDOXHV RI FS REWDLQHG ZLWK DQDO\WLFDO PRGHOV 'DYHQSRUW DQG PRGLILHG +HUPLWH >@  DUH DOVR VKRZQ
GRWWHGDQGFRQWLQXRXVOLQHVUHVSHFWLYHO\ 

4

CONCLUSIONS
x %DVHG RQ H[SHULPHQWDO UHVXOWV RQ K\SHUEROLF SDUDERORLG PRGHOV WHVWHG LQWKH ERXQGDU\
OD\HUZLQGWXQQHORIWKH&5,$&,9 ,WDO\ >@WKLVSDSHUVKRZVWKDWH[SHULPHQWDOYDO
XHVRISUHVVXUHFRHIILFLHQWVDUHDIIHFWHGE\SK\VLRORJLFDOXQFHUWDLQWLHVDVWKHDV\PPH
WULHVPHDVXUHGIRUJHRPHWULHVDQGZLQGGLUHFWLRQVQRPLQDOO\V\PPHWULF
x $OWKRXJK WKH UHVXOWV UHSRUWHG UHTXLUH IXUWKHU LQYHVWLJDWLRQ WKH\ VXJJHVW WKDW WHFKQLFDO
FRGHVVKRXOGLQFOXGHDV\PPHWULFDOORDGFRQGLWLRQVDOVRLQFDVHRIQRPLQDOO\V\PPHWULF
JHRPHWULHVDQGZLQGGLUHFWLRQV
x ([SHULPHQWDO SHDN SUHVVXUH FRHIILFLHQWV DQG WKHLU SUHGLFWLRQ JLYHQ E\ WZR DQDO\WLFDO
PRGHOVDUHFRPSDUHGIRUV\PPHWULFDOJHRPHWULHVXQGHUZLQGIORZGLUHFWLRQSDUDOOHOWR
WKHV\PPHWU\D[LVDQGLWLVQRWHGWKDWDV\PPHWULHVVKRZQE\H[SHULPHQWDOWHVWVPD\EH
UHGXFHGE\DSSURSULDWHDQDO\WLFDOPRGHOVWKDWFDQWKHUHIRUHFRQWULEXWHWRILOWHURXWWKHHI
IHFWVRIH[SHULPHQWDOXQFHUWDLQWLHVIRUGHVLJQSXUSRVHV
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6/)

6+)

6+&
6/&
)LJXUHSHDNIDFWRUJIRUWKHPLQLPXPYDOXHV VXFWLRQ RIWKHH[SHULPHQWDOFSIRUWKHIRXUVTXDUHPRGHOVLQ
ILJDQGT PHDVXUHGE\WKHSUHVVXUHWDSVDORQJWKHURRIVLGHVRQWKHOHIW EURNHQEODFNFXUYH DQGRQWKH
ULJKW EURNHQ UHG FXUYH  RI WKH ZLQG GLUHFWLRQ SHDN IDFWRU J REWDLQHG ZLWK DQDO\WLFDO PRGHOV 'DYHQSRUW DQG
PRGLILHG+HUPLWH>@ DUHDOVRVKRZQ GRWWHGDQGFRQWLQXRXVOLQHVUHVSHFWLYHO\ 
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BAYESIAN MODEL UPDATING FOR EXISTING SEISMI-ISOLATED
BRIDGES USING OBSERVED ACCELERATION RESPONSE DATA
Masaru Kitahara, Matteo Broggi, and Michael Beer


,QVWLWXWHIRU5LVNDQG5HOLDELOLW\/HLEQL]8QLYHUVLWlW+DQQRYHU
&DOOLQVWU+DQQRYHU*HUPDQ\
HPDLO^PDVDUXNLWDKDUDEURJJLEHHU`#LU]XQLKDQQRYHUGH

Keywords:%D\HVLDQPRGHOXSGDWLQJ%KDWWDFKDU\\DGLVWDQFHXQFHUWDLQW\TXDQWLILFDWLRQDJH
LQJH[LVWLQJEULGJHWLPHVHULHVGDWD
Abstract. In ageing existing bridges, the deterioration of the members cannot be ignored and
the model parameters should be carefully estimated in time through observation data from the
structures. On seismic-isolated bridges, the post-yield stiffness of rubber bearings is a particularly critical parameter, since it affects the structural behavior against huge earthquakes. Additionally, its characteristic can be captured using available seismic response data. In this study,
a seismic-isolated bridge pier is modelled as a two degree of freedom lumped mass system and
its uncertain model parameters are estimated based on time-histories of the acceleration response through Bayesian model updating. The Bhattacharyya distance is used as a comprehensive uncertainty quantification (UQ) metric to capture multiple uncertainty sources from both
model predictions and observation data. A sequential procedure is proposed to prevent the socalled “dimensional curse” due to very high dimensional time-series data in model updating.
In this procedure, the Bhattacharyya distance is calculated for each predefined time segment
and their root mean square is adopted as the UQ metric. The results demonstrate that the proposed framework can successfully update model parameters including the post-yield stiffness
of the rubber bearing through seismic response data. Furthermore, the calibrated model can
represent wholly the probability distribution of the target time-series observation.
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1

INTRODUCTION

2YHUWKHSDVWGHFDGHVVHLVPLFLVRODWLRQKDVEHHQFRQVLGHUHGDVDQDWWUDFWLYHWHFKQRORJ\WR
PLWLJDWHWKHULVNRIVHLVPLFGDPDJHVRQKLJKZD\EULGJHV>@6HLVPLFLVRODWLRQDLPVWRVKLIW
WKHQDWXUDOIUHTXHQF\RIDVWUXFWXUHDZD\IURPWKHGRPLQDQWIUHTXHQF\RIHDUWKTXDNHVDQGWR
SURYLGH DGGLWLRQDO GDPSLQJ FDSDFLW\ LQ RUGHU WR UHGXFH VHLVPLF ORDGLQJV RQ WKH VWUXFWXUH
$PRQJYDULRXVW\SHVRILVRODWLRQV\VWHPVUXEEHUEHDULQJVKDYHEHHQZLGHO\XVHG>@
2QWKHRWKHUKDQGLWLVZHOONQRZQWKDWWKHVWUXFWXUDOSURSHUW\RIUXEEHUEHDULQJVLVYDULHG
GXHWRDJLQJGHWHULRUDWLRQ/RQJWHUPGHWHULRUDWLRQFKDUDFWHULVWLFVRIQDWXUDOUXEEHUEHDULQJV
ZHUHVWXGLHGEDVHGRQDFFHOHUDWHGWKHUPDOR[LGDWLRQWHVWV>@DQGGHFUHDVHLQWKHUXSWXUHVWUDLQ
DQGLQFUHDVHLQWKHVWLIIQHVVRIEHDULQJVZHUHDOVRUHSRUWHG>@0RUHRYHU2QRGHUDHWDO>@
VKRZHGWKDWGHWHULRUDWHGEHDULQJVLQFUHDVHWKHUHVSRQVHRIUHLQIRUFHGFRQFUHWH 5& SLHUVDW
ORZHUVHLVPLFLQWHQVLW\FRPSDUHGWREHDULQJVZLWKRXWGHWHULRUDWLRQEDVHGRQLQFUHPHQWDOG\
QDPLFDQDO\VLV+HQFHFXUUHQWPRGHOSDUDPHWHUVRIGHWHULRUDWHGEHDULQJVQHHGWREHFDUHIXOO\
HVWLPDWHGWKURXJKDYDLODEOHVHLVPLFUHVSRQVHGDWDWRFRPSXWHVHLVPLFUHOLDELOLW\RIWKHEULGJHV
ZLWKGHWHULRUDWHGEHDULQJVLQRUGHUWRSUHYHQWWKHLUIDLOXUHLQIXWXUHHDUWKTXDNHV
%D\HVLDQPRGHOXSGDWLQJ>@LVDSRZHUIXOWRROVXFFHVVIXOO\HPSOR\HGWRHVWLPDWHPRGHO
SDUDPHWHUVWKURXJKREVHUYDWLRQGDWD,WKDVEHHQZLGHO\DFFHSWHGWKDWXQFHUWDLQWLHVVKRXOGEH
DSSURSULDWHO\FRQVLGHUHGLQPRGHOXSGDWLQJWKXVXQFHUWDLQW\TXDQWLILFDWLRQ 84 PHWULFVDUH
VLJQLILFDQWWRFRPSUHKHQVLYHO\DQGTXDQWLWDWLYHO\PHDVXUHWKHGLIIHUHQFHEHWZHHQPRGHOSUH
GLFWLRQV DQG REVHUYDWLRQ GDWD $V DQ DOWHUQDWLYH WR WKH FODVVLFDO (XFOLGLDQ GLVWDQFH WKH
%KDWWDFKDU\\DGLVWDQFHZDVSURSRVHGDVDSRWHQWLDO84PHWULFFDSDEOHRIFDSWXULQJDKLJKHU
OHYHORIVWDWLVWLFDOLQIRUPDWLRQ>@%LHWDO>@GHYHORSHGDQDSSUR[LPDWH%D\HVLDQFRPSX
WDWLRQPRGHOXSGDWLQJIUDPHZRUNZKHUHWKH%KDWWDFKDU\\DGLVWDQFHZDVIXOO\HPEHGGHG7KH
DFFXUDF\DQGHIILFLHQF\RIWKHIUDPHZRUNZHUHGHPRQVWUDWHGWKURXJKDWKUHHGHJUHHRIIUHHGRP
'2) VSULQJPDVVV\VWHPH[DPSOHDQGDPRGDODQDO\VLVRIDQDLUIUDPHVWUXFWXUH1HYHUWKHOHVV
PRGDOUHVSRQVHVZHUHXVHGDVWKHWDUJHWRXWSXWIHDWXUHVLQWKHVHH[DPSOHVDQGDSSOLFDELOLW\IRU
WLPHVHULHVUHVSRQVHVVXFKDVVHLVPLFUHVSRQVHVVWLOOQHHGVWREHLQYHVWLJDWHG
,QWKLVVWXG\DVHTXHQWLDOSURFHGXUHLVSURSRVHGWRSUHYHQWWKHVRFDOOHGGLPHQVLRQDOFXUVH
GXHWRYHU\KLJKGLPHQVLRQDOWLPHVHULHVGDWDLQPRGHOXSGDWLQJ,QWKLVVHTXHQWLDOSURFHGXUH
WKH%KDWWDFKDU\\DGLVWDQFHLVFDOFXODWHGIRUHDFKSUHGHILQHGWLPHVHJPHQWDQGWKHLUURRWPHDQ
VTXDUH 506 LVDGRSWHGDVWKH84PHWULF,QWKLVFRQWH[WWKHDSSOLFDELOLW\DQGXVHIXOQHVVRI
WKH SURSRVHG PHWKRG LV H[DPLQHG XSGDWLQJ PRGHO SDUDPHWHUV RI H[LVWLQJ VHLVPLFLVRODWHG
EULGJHVLQFOXGLQJWKHSRVW\LHOGVWLIIQHVVRIUXEEHUEHDULQJVWKURXJKVHLVPLFUHVSRQVHGDWD
2

MODEL DESCRIPTIONS

7KHWDUJHWEULGJHXVHGLQWKLVVWXG\LVDVHLVPLFLVRODWHGEULGJHGHVLJQHGEDVHGRQWKHGH
VLJQVSHFLILFDWLRQVRIKLJKZD\EULGJHVDQGPDQXDORQEHDULQJVIRUKLJKZD\EULGJHVE\-DSDQ
5RDG$VVRFLDWLRQ>@7KHVHLVPLFLVRODWHGEULGJHSLHULVPRGHOOHGDVD'2)OXPSHG
PDVVV\VWHPDVVKRZQLQ)LJXUH D DQGGHVFULSWLRQVRIWKHEULGJHDUHDOVRGHWDLOHGLQ7DEOH
 )RUFHGLVSODFHPHQWUHODWLRQVKLSVRIWKHUXEEHUEHDULQJDQG5&SLHUDUHGHVFULEHGE\K\VWH
UHVLVORRSVXVLQJELOLQHDUPRGHODQGVWLIIQHVVGHJUDGDWLRQELOLQHDUPRGHO VRFDOOHG7DNHGD
PRGHO  >@ UHVSHFWLYHO\ 7KH XOWLPDWH VWUHQJWK RI WKH SLHU LV LGHDOL]HG DV VDPH DV LWV \LHOG
VWUHQJWKWKXVWKHSLHUKDVQRSRVW\LHOGVWLIIQHVV,QDGGLWLRQ5D\OHLJKGDPSLQJLVDVVXPHGLQ
ZKLFKGDPSLQJUDWLRVRIWKHEHDULQJVDQGSLHUDUHJLYHQDVDQGUHVSHFWLYHO\
'\QDPLFUHVSRQVHDQDO\VLVRIWKH'2)V\VWHPLVFRQGXFWHGE\1HZPDUNߚPHWKRG ߛ ൌ
ͳΤʹDQGߚ ൌ ͳΤͶ  ZLWK WKH WLPH VWHSο ݐൌ ͲǤͲͲͳVHF 16 FRPSRQHQW RI -5 7DNDWRUL UHFRUG
GXULQJWKH.REHHDUWKTXDNHLVVHOHFWHGDVWKHLQSXWJURXQGPRWLRQDQGWLPHKLVWRULHVRI
WKHDFFHOHUDWLRQUHVSRQVHDWWKHVXSHUVWUXFWXUHLVVKRZQLQ)LJXUH E 
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 D '2)OXPSHGPDVVV\VWHP

 E 7LPHKLVWRULHVRIWKHDFFHOHUDWLRQUHVSRQVHDWWKHVXSHUVWUXFWXUH

)LJXUH'2)OXPSHGPDVVV\VWHPDQGLWVWLPHKLVWRULHVRIWKHDFFHOHUDWLRQUHVSRQVH

0RGHOSDUDPHWHU
6XSHUVWUXFWXUH
0DVVܯௌ  WRQ 
5XEEHUEHDULQJ <LHOGVWUHQJWK N1 
<LHOGVWLIIQHVVܭଵ  N1P 
3RVW\LHOGVWLIIQHVVܭଶ  N1P 
5&SLHU
0DVVܯ  WRQ 
<LHOGVWUHQJWK N1 
<LHOGGLVSODFHPHQW P 
8OWLPDWHGLVSODFHPHQW P 
<LHOGVWLIIQHVVܭ  N1P 

&KDUDFWHULVWLFYDOXH










7DEOH'HVFULSWLRQVRIWKHWDUJHWEULGJH

3

THEORIES AND METHODS

3.1 Bhattacharyya distance-based UQ metric
7KHQXPHULFDOPRGHOZLWK݊LQSXWSDUDPHWHUVDQG݉RXWSXWIHDWXUHVFDQEHH[SUHVVHGDV


 ܡൌ ݂ሺܠሻ

ZKHUH ܠൌ ሾݔଵ ǡ ݔଶ ǡ  ڮǡ ݔ ሿࢀ DQG  ܡൌ ሾݕଵ ǡ ݕଶ ǡ  ڮǡ ݕ ሿࢀ DUHWKHLQSXWDQGRXWSXWYHFWRUVUHVSHF
WLYHO\7KHIXQFWLRQFDQEHHLWKHUDVWUXFWXUDODQDO\VLV HJG\QDPLFUHVSRQVHDQDO\VLVRIWKH
WDUJHWEULGJHLQZKLFKPRGHOSDUDPHWHUVOLVWHGLQ7DEOHDUHWKHLQSXWSDUDPHWHUVDQGWLPH
KLVWRULHVRIWKHDFFHOHUDWLRQUHVSRQVHDUHWKHRXWSXWIHDWXUHV RUDPHWDPRGHO
,Q%D\HVLDQPRGHOXSGDWLQJVRPHRIWKHLQSXWSDUDPHWHUVDUHFRQVLGHUHGDVXQFHUWDLQSD
UDPHWHUV ZKLOH WKH UHPDLQLQJ SDUDPHWHUV DUH WUHDWHG DV GHWHUPLQLVWLF SDUDPHWHUV 7KHQ UDQ
GRPO\VDPSOHGYDOXHVRIWKHSDUDPHWHUVDUHXVHGWRFDOFXODWHWKHFRUUHVSRQGLQJRXWSXWIHDWXUHV
6XSSRVHWKHVDPSOHVL]HLVܰ௦ PRGHOSUHGLFWLRQV܇௦  אԹேೞൈ DUHREWDLQHGDV
ࢀ

܇௦ ൌ ሾܡଵ ǡ ܡଶ ǡ  ڮǡ ܡ ሿǡܡ ൌ ൣݕଵ ǡ ݕଶ ǡ  ڮǡ ݕேೞ ൧ ǡ  ݅ൌ ͳǡ  ڮǡ ݉



,QDGGLWLRQWRPRGHOSUHGLFWLRQVREVHUYHGIHDWXUHVDUHUHTXLUHGDVWKHWDUJHWRIPRGHOXS
GDWLQJ6XSSRVHWKHQXPEHURIREVHUYDWLRQVLVܰ௦ REVHUYDWLRQGDWD܇௦  אԹே್ೞ ൈ KDYHD
VLPLODUVWUXFWXUHDV(TXDWLRQ  ZKHUHRQO\WKHQXPEHURIURZVLVFKDQJHG
$IWHUJHWWLQJPRGHOSUHGLFWLRQVDQGREVHUYDWLRQGDWDWKH84PHWULFFDQEHGHILQHGWRFDS
WXUHWKHGLVFUHSDQF\EHWZHHQWKHP7KHFODVVLFDO(XFOLGLDQGLVWDQFHPHWULFLVH[SUHVVHGDV
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ഥ௦ െ ܇
ഥ௦ െ ܇
ഥ௦ ሻሺ܇
ഥ௦ ሻ்
݀ா ሺ܇௦ ǡ ܇௦ ሻ ൌ ඥሺ܇



ഥ זLVWKHURZYHFWRURIPHDQVRIWKHIHDWXUHV7KH(XFOLGLDQGLVWDQFHRQO\FRQVLGHUVWKH
ZKHUH܇
HIIHFWRIWKHPHDQWKXVDPRUHFRPSUHKHQVLYHGLVWDQFHDFFRXQWLQJIRUDKLJKHUOHYHORIVWDWLV
WLFDOLQIRUPDWLRQLVUHTXLUHG7KH0DKDODQRELVGLVWDQFHFDQFRQVLGHUWKHHIIHFWRIWKHYDULDQFH
DQGFRYDULDQFHZKLOHLWFDQQRWWDNHLQWRDFFRXQWWKHGLIIHUHQFHLQWKHGLVWULEXWLRQVKDSHV
7KH%KDWWDFKDU\\DGLVWDQFHLVKHQFHSURSRVHGKHUHLQWRPHDVXUHWKHGHJUHHRIRYHUODSEH
WZHHQGLVWULEXWLRQVRIWZRUDQGRPYDULDEOHVDQGLVH[SUHVVHGDV
݀ ሺ܇௦ ǡ ܇௦ ሻ ൌ െ  ቂ ॿඥ௦ ሺݕሻ௦ ሺݕሻ݀ݕቃ



ZKHUH זሺݔሻLVWKHSUREDELOLW\GHQVLW\IXQFWLRQ 3') RIWKHVDPSOHॿLVWKH݉GLPHQVLRQDO
VSDFHLPSO\LQJݔ݀ז ॿLVWKHLQWHJUDWLRQSHUIRUPHGRYHUWKHZKROHRXWSXWVSDFH'HVSLWHWKH
DGYDQWDJHRQXQFHUWDLQW\FKDUDFWHUL]DWLRQWKHGLUHFWFDOFXODWLRQRI(TXDWLRQ  LVLPSUDFWLFDO
EHFDXVHSUHFLVHHVWLPDWLRQRIWKH3')LVJHQHUDOO\XQDYDLODEOHHVSHFLDOO\ZKHQWKHDPRXQWRI
REVHUYDWLRQGDWDLVOLPLWHG+HQFHDQDSSUR[LPDWH%KDWWDFKDU\\DGLVWDQFHEDVHGRQSUREDELOLW\
PDVVIXQFWLRQV 30)V RIGLVFUHWHGLVWULEXWLRQVLVLQWURGXFHGDV
್

್

݀ ሺ܇௦ ǡ ܇௦ ሻ ൌ െ  ቐ   ڮ ට௦ ൫ܾభ ǡమǡڮǡ ൯௦ ൫ܾభ ǡమ ǡڮǡ ൯ቑ
 ୀଵ



భ ୀଵ

ZKHUH ז൫ܾభ ǡమ ǡڮǡ ൯LVWKH30)YDOXHRIWKHELQܾభ ǡమ ǡڮǡ %LQVDUHJHQHUDWHGDVDJULGZLWKLQ
WKHORZHUDQGXSSHUERXQGVRIDOOYDOXHVRIPRGHOSUHGLFWLRQVDQGREVHUYDWLRQGDWD0RUHGH
WDLOHGLQIRUPDWLRQRIWKHELQQLQJDOJRULWKPFDQEHUHIHUUHGWR5HI>@
0RUHDWWHQWLRQLVSDLGWKDWWKHJULGLVFUHDWHGLQD݉GLPHQVLRQDOVSDFHWKXVLWLVGLIILFXOW
WRGLUHFWO\HPSOR\WKH%KDWWDFKDU\\DGLVWDQFHXVLQJYHU\KLJKGLPHQVLRQDOWLPHVHULHVGDWDDV
WKHRXWSXWIHDWXUHV GXHWRVRFDOOHG³FXUVHRIGLPHQVLRQDOLW\´ 7RRYHUFRPHWKLVLVVXHDVH
TXHQWLDOSURFHGXUHLVSURSRVHGDVIROORZLQJ
 'HILQH WKH FRPPRQ VKRUW WLPH VHJPHQWοݐ RI ERWK܇௦ DQG܇௦  DQG WDNH 506 RI
WKHPIRUHDFKWLPHVHJPHQW
 8VH WKH 506 RI HDFK WLPH VHJPHQW ܇್ೞ  DQG ܇ೞ   ݅ൌ ͳǡ  ڮǡ ݇ሺൌ
݉ ή οݐΤοݐ ሻLQGHSHQGHQWO\WRFDOFXODWHWKH%KDWWDFKDU\\DGLVWDQFH
 $JDLQWDNH506RIWKHVHWRIWKH%KDWWDFKDU\\DGLVWDQFH܌ ൌ ሾ݀ଵ ǡ ݀ଶ ǡ  ڮǡ ݀ ሿDQG
HPSOR\LWDVDQDOWHUQDWLYH84PHWULF
7KHSULQFLSOHRIWKHWLPHVHJPHQWοݐ LQVWHS LVWKDWDVPDOOHUοݐ OHDGVWRHPSOR\LQJPRUH
GHWDLOLQIRUPDWLRQIURPWKHWLPHVHULHVGDWDZKLOHLWOHDGVWRODUJHUFRPSXWDWLRQDOEXUGHQIRU
WKHFDOFXODWLRQRIWKH84PHWULF1RWHWKDWDQDGYDQWDJHWRWDNH560RI܇௦ DQG܇௦ LQVWHS
 LVVLPSOLFLW\WRDGGUHVVWKHGLIIHUHQWWLPHUHVROXWLRQVLQPRGHOSUHGLFWLRQVDQGREVHUYDWLRQ
GDWD
3.2 Bayesian model updating
7KH%D\HVLDQPRGHOXSGDWLQJIUDPHZRUNLVEDVHGRQWKH%D\HV¶WKHRUHP>@
ܲሺ܆ȁ܇௦ ሻ ൌ

ܲ ሺ܇௦ ȁ܆ሻܲሺ܆ሻ
ܲሺ܇௦ ሻ
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ZKHUHܲሺ܆ሻLVWKHSULRUGLVWULEXWLRQUHSUHVHQWLQJWKHLQLWLDONQRZOHGJHDERXWWKHLQSXWSDUDPH
WHUVܲሺ܆ȁ܇௦ ሻLVWKHSRVWHULRUGLVWULEXWLRQUHSUHVHQWLQJWKHXSGDWHGNQRZOHGJHEDVHGRQRE
VHUYDWLRQGDWDܲሺ܇௦ ሻLVWKHQRUPDOL]HGIDFWRUHQVXULQJWKHSRVWHULRUGLVWULEXWLRQLQWHJUDWHVWR
RQHDQGܲ ሺ܇௦ ȁ܆ሻLVWKHOLNHOLKRRGIXQFWLRQWKHRUHWLFDOO\GHILQHGDVWKHSUREDELOLW\RIRE
VHUYDWLRQGDWDFRQGLWLRQDOWRHDFKLQVWDQFHRIWKHLQSXWV
7KHOLNHOLKRRGIXQFWLRQLVWKHRUHWLFDOO\H[SUHVVHGDV
ே್ೞ

ܲ ሺ܇௦ ȁ܆ሻ ൌ ෑ ܲሺ࢟ ȁ܆ሻ



ୀଵ

ZKHUHܲሺ࢟ ȁ܆ሻLVWKHSUREDELOLW\GLVWULEXWLRQRI݅WKREVHUYDWLRQGDWDFRQGLWLRQDOWRWKHFRUUH
VSRQGLQJLQVWDQFHRIWKHLQSXWV+RZHYHUWKHGLUHFWFDOFXODWLRQRI(TXDWLRQ  LVJHQHUDOO\
XQUHDOLVWLFIRUSUDFWLFDODSSOLFDWLRQVEHFDXVHSUHFLVHHVWLPDWLRQRIܲሺ࢟ ȁ܆ሻUHTXLUHVODUJHQXP
EHU RI VLPXODWHG IHDWXUHV +HQFH DQ DSSUR[LPDWH OLNHOLKRRG IXQFWLRQ EDVHG RQ WKH
%KDWWDFKDU\\DGLVWDQFHLVGHILQHGDV
݀ ሺ܇௦ ǡ ܇௦ ሻଶ
ܲ ሺ܇௦ ȁ܆ሻ  ݔ݁ ןቊെ
ቋ
ߝଶ



ZKHUHߝLVWKHVRFDOOHGZLGWKIDFWRUFRQWUROOLQJWKHFHQWUDOL]DWLRQRIWKHSRVWHULRUGLVWULEXWLRQ
7KLVOLNHOLKRRGIXQFWLRQLVEDVHGRQWKHDSSUR[LPDWH%D\HVLDQFRPSXWDWLRQ>@LQZKLFKDQ\
W\SHVRIVWDWLVWLFVFDQEHXVHGWRPHDVXUHWKHGLIIHUHQFHEHWZHHQPRGHOSUHGLFWLRQVDQGREVHU
YDWLRQGDWDLQWKHNHUQHODQGWKH*DXVVLDQNHUQHOLVDGRSWHGLQWKLVVWXG\&RPELQLQJZLWKWKH
%KDWWDFKDU\\DGLVWDQFHWKHQHZOLNHOLKRRGIXQFWLRQLVFDSDEOHRIFDSWXULQJFRPSUHKHQVLYHXQ
FHUWDLQW\LQIRUPDWLRQIURPERWKPRGHOSUHGLFWLRQVDQGREVHUYDWLRQGDWD
,Q DGGLWLRQ WKH QRUPDOL]HG IDFWRUܲሺ܇௦ ሻ DOVR NQRZQ DV HYLGHQFH LV DOVR D QRQWULYLDO
FRPSRQHQW DV WKH GLUHFW LQWHJUDWLRQ RIܲሺ܆ȁ܇௦ ሻRYHU WKH ZKROH VDPSOH VSDFH 7KXV WKH
70&0&DOJRULWKP>@LVSURSRVHGLQWKLVVWXG\E\LQWURGXFLQJDVHULHVRILQWHUPHGLDWH3')V
RIWKHLQSXWVZKLFKJUDGXDOO\FRQYHUJHWRWKHSRVWHULRUGLVWULEXWLRQDQGWKXVDYRLGLQJWKHGL
UHFWFDOFXODWLRQRIWKHLQWHJUDO
4

CASE STUDY ON THE SEISMIC-ISOLATED BRIDGE PIER MODEL

4.1 Problem descriptions
7KH FDVH VWXG\ LV SHUIRUPHG RQ WKH '2) V\VWHP VKRZQ LQ )LJXUH  D  7KH SRVW\LHOG
VWLIIQHVVRIWKHEHDULQJܭଶ DVZHOODVWKHLQLWLDOVWLIIQHVVRIWKHEHDULQJDQGSLHUܭଵ ܭோ DUH
DVVLJQHGDVXQFHUWDLQSDUDPHWHUVZKLOHWKHUHPDLQLQJSDUDPHWHUVDUHIL[HGFRQVWDQWVZLWKFKDU
DFWHULVWLFYDOXHVOLVWHGLQ7DEOH7LPHKLVWRULHVRIWKHDFFHOHUDWLRQUHVSRQVHDWWKHVXSHUVWUXF
WXUHDJDLQVW-57DNDWRULUHFRUGDUHWDNHQDVWKHRXWSXWIHDWXUHVZKRVHXQFHUWDLQW\DUHGULYHQE\
WKHXQFHUWDLQSDUDPHWHUV%RWKDOHDWRU\DQGHSLVWHPLFXQFHUWDLQWLHVDUHLQFOXGHGE\PRGHOLQJ
WKHXQFHUWDLQSDUDPHWHUVDVLQGHSHQGHQW*DXVVLDQUDQGRPYDULDEOHVZKHUHGLVWULEXWLRQFRHIIL
FLHQWV ZKLFK DUH PXOWLSOLHG E\ WKH FKDUDFWHULVWLF YDOXHV DUH QRW IL[HG EXW XQNQRZQV O\LQJ
ZLWKLQ JLYHQ LQWHUYDOV 7KH LQWHUYDOV RI PHDQVߤDQG VWDQGDUG GHYLDWLRQVߪDVVRFLDWHG WR WKH
XQFHUWDLQSDUDPHWHUVDUHGHWDLOHGLQ7DEOH
2EVHUYDWLRQ GDWD܇௦ DUH VLPXODWHG E\ DVVLJQLQJ WDUJHW YDOXHV RI WKH GLVWULEXWLRQ FRHIIL
FLHQWVZKLFKDUHGHILQHGEDVHGRQ$GDFKL>@VKRZQLQWKHODVWFROXPQRI7DEOH%DVHGRQ
WKHVHWDUJHWYDOXHVUDQGRPVDPSOHVRIWKHLQSXWSDUDPHWHUVDUHJHQHUDWHGDQGVXEVHTXHQWO\
REVHUYDWLRQVDPSOHVDUHREWDLQHGE\HYDOXDWLQJWKHPRGHO7KHGXUDWLRQWLPHRI-57DNDWRUL
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UHFRUGLVVHFDQGFRQVHTXHQWO\WKHRXWSXWIHDWXUHVKDYHGLPHQVLRQVWKXVWKHGLUHFW
FDOFXODWLRQRIWKH%KDWWDFKDU\\DGLVWDQFHLVDSSDUHQWO\LPSRVVLEOHDQGWKHSURSRVHGVHTXHQWLDO
SURFHGXUHLVUHTXLUHG,QWKLVVWXG\WKHVKRUWWLPHVHJPHQWLVVHWDVοݐ ൌ ͳVHF
7KHSXUSRVHRIWKHFDVHVWXG\LVWRGHPRQVWUDWHWKH%KDWWDFKDU\\DGLVWDQFHDVDXQLYHUVDO
84PHWULFLQ%D\HVLDQPRGHOXSGDWLQJEDVHGRQWLPHVHULHVGDWDWRFDOLEUDWHWKHXQFHUWDLQW\
GLVWULEXWLRQFKDUDFWHULVWLFVRIWKHLQSXWSDUDPHWHUV,QSDUWLFXODUWKHFDVHVWXG\IRFXVHVRQXS
GDWLQJWKHSRVW\LHOGVWLIIQHVVRIWKHEHDULQJZKLFKFDQQRWEHFDSWXUHGE\PRGDOUHVSRQVHV
XVLQJVHLVPLFUHVSRQVHGDWD
3DUDPHWHU
ܭ 
ܭଵ 
ܭଶ

8QFHUWDLQW\FKDUDFWHULVWLF
*DXVVLDQ
ߤଵ  אሾͲǤͷǡ ͳǤͷሿߪଵ  אሾͲǤͲǡ ͲǤͳͷሿ
*DXVVLDQ
ߤଶ  אሾͲǤͷǡ ͳǤͷሿߪଶ  אሾͲǤͲǡ ͲǤͳͷሿ
*DXVVLDQ
ߤଷ  אሾͲǤͷǡ ͳǤͷሿߪଷ  אሾͲǤͲǡ ͲǤͳͷሿ

7DUJHWYDOXHRIHSLVWHPLFLQSXW
ߤଵ ൌ ͳǤͲߪଵ ൌ ͲǤͲ
ߤଶ ൌ ͳǤͲߪଶ ൌ ͲǤͲ
ߤଷ ൌ ͳǤͲߪଷ ൌ ͲǤͲ

7DEOH8QFHUWDLQW\SURSHUWLHVRIWKHLQSXWSDUDPHWHUV

4.2 Updating results
7KH%D\HVLDQPRGHOXSGDWLQJLVSHUIRUPHGXVLQJWKH70&0&DOJRULWKP>@3ULRUGLVWUL
EXWLRQV RI DOO XQFHUWDLQ SDUDPHWHUV DUH VHW WR EH XQLIRUP GLVWULEXWLRQ ZLWKLQ WKH SUHGHILQHG
LQWHUYDOVOLVWHGLQ7DEOH
7KHSRVWHULRUGLVWULEXWLRQVRIWKHSDUDPHWHUVFDOLEUDWHGE\WKH%KDWWDFKDU\\DGLVWDQFHPHWULF
DUH REWDLQHG DV VKRZQ LQ )LJXUH  7KH GLDJRQDO VXEILJXUHV LOOXVWUDWH WKH KLVWRJUDPV RI WKH
SRVWHULRUGLVWULEXWLRQVDQGWKHRWKHUVXEILJXUHVVKRZWKHVFDWWHUVRIWKHSRVWHULRUVDPSOHV,WFDQ
EHVHHQWKDWDOORIWKHXQFHUWDLQGLVWULEXWLRQSDUDPHWHUVDUHVLJQLILFDQWO\XSGDWHGFRPSDUHGZLWK
WKHLUSULRUXQLIRUPGLVWULEXWLRQVDQGDFFXUDWHO\FRQYHUJHWRWKHLUWDUJHWYDOXHV

)LJXUH3RVWHULRUGLVWULEXWLRQVRIWKHXQFHUWDLQW\GLVWULEXWLRQFKDUDFWHULVWLFV
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)LJXUHLOOXVWUDWHVWKHFRPSDULVRQEHWZHHQWKHWDUJHWDQGXSGDWHGVFDWWHUVDQGKLVWRJUDPV
RI WKH DUELWUDU\ VHOHFWHG 560 RI WKH WLPHKLVWRULHV +HUHୖୗ୧ GHQRWHV WKH 560 RI WKH
WLPHKLVWRULHVRIWKHDFFHOHUDWLRQUHVSRQVHFRUUHVSRQGLQJWRWKH݅WKWLPHVHJPHQW'LVWULEXWLRQ
SURSHUWLHVRIDOO560VRIWKHWLPHKLVWRULHVDUHSUHFLVHO\XSGDWHGWREHLGHQWLFDOZLWKWKHWDUJHW
GLVWULEXWLRQVLPSO\LQJWKHSURSRVHG84PHWULFDVWKH560RIWKHVHWRIWKH%KDWWDFKDU\\D
GLVWDQFHKDVWKHFDSDELOLW\WRUHFUHDWHZKROO\WKHGLVWULEXWLRQRIWKHWDUJHWWLPHKLVWRULHV

)LJXUH7KHWDUJHWVFDWWHUV LQRUDQJH DQGXSGDWHGRXWSXWVFDWWHUV LQEOXH 

)LQDOO\XSGDWHGYDOXHVRIWKHXQFHUWDLQSDUDPHWHUVDUHREWDLQHGE\HYDOXDWLQJPHDQVRIWKH
SRVWHULRUGLVWULEXWLRQVDVGHWDLOHGLQ7DEOH3HUFHQWDJHHUURUVFRPSDUHGZLWKWKHWDUJHWYDOXHV
DUHDOVRJLYHQLQSDUHQWKHVHV7KHPHDQVKDYHTXLWHKLJKXSGDWLQJSUHFLVLRQVZLWKHUURUVOHVV
WKDQZKLOHWKHVWDQGDUGGHYLDWLRQVKDVUHODWLYHO\ODUJHHUURUVPRUHWKDQ1HYHUWKHOHVV
WKH ILQDO XSGDWHG GLVWULEXWLRQV RI WKH RXWSXWV FRLQFLGH ZHOO ZLWK WKH WDUJHW GLVWULEXWLRQV DV
VKRZQLQ )LJXUH GHPRQVWUDWLQJWKDW WKH %KDWWDFKDU\\DGLVWDQFHKDV VXFFHVVIXOO\ FDSWXUHG
FRPSUHKHQVLYHXQFHUWDLQW\LQIRUPDWLRQIURPERWKPRGHOSUHGLFWLRQVDQGREVHUYDWLRQGDWD
,QSXW
ߤଵ 
ߤଶ 
ߤଷ
ߪଵ 
ߪଶ 
ߪଷ 

7DUJHWYDOXH
ͳǤͲ
ͳǤͲ
ͳǤͲ
ͲǤͲ
ͲǤͲ
ͲǤͲ

8SGDWHGYDOXH
ͳǤͲͲͻሺͲǤΨሻ
ͳǤͲͲͺͳሺͲǤͺΨሻ
ͲǤͻͻʹሺെͲǤ͵Ψሻ
ͲǤͲͷͶሺെǤΨሻ
ͲǤͲͷͶሺǤΨሻ
ͲǤͲͷͶሺെǤΨሻ

7DEOH8SGDWHGUHVXOWVRIWKHXQFHUWDLQSDUDPHWHUV
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5

CONCLUSIONS

7KH%KDWWDFKDU\\DGLVWDQFHLVSURSRVHGDVDFRPSUHKHQVLYHXQFHUWDLQW\TXDQWLILFDWLRQPHW
ULFDQGDVHTXHQWLDOSURFHGXUHLVLQWURGXFHGIRULWVDSSOLFDWLRQIRUKLJKGLPHQVLRQDOWLPHVHULHV
GDWD7KHSURSRVHGPHWULFLVXWLOL]HGLQ%D\HVLDQPRGHOXSGDWLQJDQGGHPRQVWUDWHGWKURXJK
VHLVPLFLVRODWHGEULGJHSLHUPRGHOH[DPSOH0RGHOSDUDPHWHUVLQFOXGLQJWKHSRVW\LHOGVWLII
QHVVRIWKHUXEEHUEHDULQJZKLFKFDQQRWEHFDSWXUHGE\PRGDOUHVSRQVHVDUHVXFFHVVIXOO\XS
GDWHGXVLQJVHLVPLFUHVSRQVHGDWD0RUHRYHUWKHSURSRVHGXQFHUWDLQW\TXDQWLILFDWLRQPHWULF
FDQKDQGOHUDWKHUWKDQLQSXWSDUDPHWHUVEXWWKHLUXQFHUWDLQW\GLVWULEXWLRQFKDUDFWHULVWLFVVXFK
DVWKHFDOLEUDWHGPRGHOFDQUHSUHVHQWWKHSUREDELOLW\GLVWULEXWLRQRIWKHWLPHVHULHVRXWSXWVDV
VDPHDVWKHPXOWLSOHREVHUYDWLRQV$VPHQWLRQHGLQ6HFWLRQWKHVHOHFWLRQRIWKHSUHGHILQHG
WLPHVHJPHQWοݐ ZLOODIIHFWWKHXSGDWLQJUHVXOWVDQGLWVFRPSXWDWLRQDOEXUGHQWKXVWKHLQYHVWL
JDWLRQRIWKHVXLWDEOHYDOXHIRUWKHWLPHVHJPHQWVKRXOGEHDGGUHVVHGLQWKHIXWXUHZRUN
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NONLINEAR SYSTEM IDENTIFICATION OF CORRODED
REINFORCED CONCRETE STRUCTURES BASED ON SEISMIC
RESPONSE DATA
Shaghayegh Abtahi, Zhenning Liu, and Yong Li


8QLYHUVLW\RI$OEHUWD'HSDUWPHQWRI&LYLODQG(QYLURQPHQWDO(QJLQHHULQJ'RQDGHR,QQRYDWLRQ
&HQWUHIRU(QJLQHHULQJ6W(GPRQWRQ&DQDGDDEWDKL#XDOEHUWDFD



8QLYHUVLW\RI$OEHUWD'HSDUWPHQWRI&LYLODQG(QYLURQPHQWDO(QJLQHHULQJ'RQDGHR,QQRYDWLRQ
&HQWUHIRU(QJLQHHULQJ6W(GPRQWRQ&DQDGD]OLX#XDOEHUWDFD



8QLYHUVLW\RI$OEHUWD'HSDUWPHQWRI&LYLODQG(QYLURQPHQWDO(QJLQHHULQJ'RQDGHR,QQRYDWLRQ
&HQWUHIRU(QJLQHHULQJ6W(GPRQWRQ&DQDGD\RQJ#XDOEHUWDFD

Keywords: )LEHU %HDP&ROXPQ (OHPHQW ZLWK %RQG6OLS 6WHHO FRUURVLRQ 8QVFHQWHG .DO
PDQ)LOWHU0RGHO8SGDWLQJ
Abstract. This paper proposes an innovative methodology to estimate the mechanical properties of corroded reinforced concrete (RC) structures based on recorded seismic response data.
The essential idea of this approach is to combine the recursive Bayesian inference method
with advanced finite element (FE) modeling strategies to estimate the corrosion-affected
model parameters. Specifically, in the advanced FE model for corroded RC structures, the
effect of corrosion in steel reinforcements (e.g., deteriorated bond-slip) are taken into account.
The corrosion-affected model parameters are estimated by minimizing the model-predicted
response and the measured response for an instrumented structure during an earthquake
through recursive Bayesian inference (i.e., unscented Kalman filter). In this study, simulated
seismic response data with additive noise is used for two application examples to demonstrate
the proposed methodology with a focus on the deteriorated bond-slip only. The first application example considered consists of a statically tested column with real corrosion. An FE
model is developed for this column with validation based on the static test and used to simulate seismic response data for demonstration purposes. The second application example considers an uncorroded bridge column which was tested on a shake-table. The FE model
developed for this column is validated based on the shake-table test data and used to simulate
the seismic response data for a corroded column where artificial corrosion is assumed. The
successful estimation of the model parameters for corroded columns shows that the proposed
methodology can potentially be used to identify the unknown mechanical properties of realworld corroded RC structures using recorded seismic response data.
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1

INTRODUCTION

$JLQJ UHLQIRUFHG FRQFUHWH 5&  VWUXFWXUHV DUH XQGHU KLJK ULVN RI GHWHULRUDWLRQV VXFK DV
FRUURVLRQ LQ DJJUHVVLYH HQYLURQPHQWV 8QGHUVWDQGLQJ WKH VHLVPLF SHUIRUPDQFH RI WKHVH FRU
URGHG 5& VWUXFWXUHV LV RQH RI WKH PDMRU UHTXLUHPHQWV LQ WKH ILHOG RI VWUXFWXUDO HQJLQHHULQJ
ZKLFKDVVLVWVWKHGHFLVLRQPDNLQJIRUDJHG5&VWUXFWXUHV7RWKLVHQGDWZRIROGVWXG\LVUH
TXLUHGILUVWDFRPSXWDWLRQDOO\HIILFLHQWILQLWHHOHPHQW )( PRGHOLQJDSSURDFKZKLFKLVDEOH
WR FDSWXUH DOO WKH DVSHFWV RI FRUURVLRQLQGXFHG VWUXFWXUDO SURSHUWLHV VHFRQG D QRQOLQHDU )(
PRGHOXSGDWLQJ )(08 PHWKRGRORJ\ZKLFKFDQDXWRPDWLFDOO\DGMXVWWKHQRQOLQHDUEHKDYLRU
RIWKHVWUXFWXUHEDVHGRQWKHPHDVXUHGUHVSRQVH
7RTXDQWLI\WKHHIIHFWRIFRUURVLRQRQWKHVWUXFWXUDOSHUIRUPDQFHVHYHUDOVWXGLHVKDYHIR
FXVHGRQWKHFRUURVLRQDIIHFWHGEHKDYLRURI5&VWUXFWXUHVFRQVLGHULQJWKHVWHHOPDVVORVVUDWLR
DV D PHDVXUH RI FRUURVLRQ OHYHO >@ +RZHYHU WKH FRPPRQ DVVXPSWLRQ LQ WKHVH VWXGLHV LV
SHUIHFW ERQGLQJ EHWZHHQ UHLQIRUFLQJ VWHHO DQG WKH VXUURXQGLQJ FRQFUHWH LH LGHQWLFDO D[LDO
VWUDLQ IRU UHEDUV DQG FRQFUHWH  ,Q RUGHU WR LQYHVWLJDWH WKH WUXH SHUIRUPDQFH RI FRUURGHG 5&
VWUXFWXUHV WKH FRUURGHG ERQGVOLS EHKDYLRU LV UHTXLUHG WR EH LQFRUSRUDWHG LQ QRQOLQHDU )(
PRGHOLQJVXFKDVLPSOLHGLQ>±@,QWKLVVWXG\WKHLQQRYDWLYHILEHUEHDPFROXPQHOHPHQW
ZLWKERQGVOLSWKDWLVGHYHORSHGE\>@HQKDQFHGDQGLPSOHPHQWHGUHFHQWO\LQOpenSees>@
E\ WKH DXWKRUV >@ LV HPSOR\HG 7KLV HOHPHQW LQWURGXFHV DGGLWLRQDO GHJUHHV RI IUHHGRP IRU
VWHHOPRYHPHQWWRDFFRXQWIRUWKHUHODWLYHVOLSEHWZHHQVWHHOUHEDUVDQGWKHVXUURXQGLQJFRQ
FUHWHLQZKLFKDQH[SOLFLWERQGVOLSUHODWLRQVKLSLVFRQVLGHUHG+HQFHWKHHIIHFWRIFRUURVLRQ
RQ ERQGLQJ SURSHUWLHV FDQ EH LQWHJUDWHG LQWR WKH ERQGVOLS PRGHO XVHG LQ WKH )( PRGHO IRU
FRUURGHGVWUXFWXUHV,QWKLVVWXG\WKHFRUURGHGERQGVOLSEHKDYLRULVLPSOHPHQWHGE\FRPELQ
LQJWKHFRPPRQO\XVHGERQGVOLSPRGHOIRUXQFRUURGHGVWUXFWXUHVSURSRVHGE\(OLJHKDXVHQHW
DO>@ZLWKWKHFRUURVLRQPRGHOIRUERQGLQJSURSHUWLHVSHU>@
,QRUGHUWRGHYHORSDQRQOLQHDU)(PRGHOZKLFKLVDEOHWRSUHGLFWDFFXUDWHO\WKHPHDVXUHG
VWUXFWXUDO UHVSRQVH D QRQOLQHDU )(08 DSSURDFK LV UHTXLUHG 6HYHUDO VWXGLHV KDYH SURSRVHG
GLIIHUHQWWHFKQLTXHVIRUQRQOLQHDU)(08LQFOXGLQJ%D\HVLDQLQIHUHQFHRUVWRFKDVWLFILOWHULQJ
PHWKRGV VXFK DV H[WHQGHG .DOPDQ ILOWHU (.)  DQG XQVFHQWHG .DOPDQ ILOWHU 8.)  6RPH
UHFHQW VWXGLHV KDYH DSSOLHG (.) WR QRQOLQHDU )(08 SUREOHPV XVLQJ VLPXODWHG VHLVPLF UH
VSRQVHGDWD HJ>@ KRZHYHUWKLVDSSURDFKKDVOLPLWHGFDSDELOLW\ZKHQDSSOLHGWRKLJKO\
QRQOLQHDU SUREOHPV EHFDXVH LW LV EDVHG RQ 7D\ORU VHULHV H[SDQVLRQ IRU OLQHDUL]DWLRQ LQ ILUVW
RUGHU DSSUR[LPDWLRQ RI VWDWLVWLFV %\ FRQWUDVW WKH 8.) DQRWKHU VWRFKDVWLF ILOWHULQJ PHWKRG
EDVHGRQWKH.DOPDQILOWHUXVHVWKHXQVFHQWHGWUDQVIRUPIRUPRUHDFFXUDWHHVWLPDWLRQRIWKH
ILUVWRUGHU DQG VHFRQGRUGHU VWDWLVWLFV LH PHDQ FRYDULDQFH  >@ 7KH EURDG XVH RI WKLV
PHWKRGLQWKHOLWHUDWXUH HJ>±@ LQGLFDWHVLWVUREXVWQHVVWRVROYHQRQOLQHDU)(08SURE
OHPV+RZHYHUWRWKHEHVWNQRZOHGJHRIWKHDXWKRUVWKHDIRUHPHQWLRQHGVWRFKDVWLFILOWHULQJ
PHWKRGV KDYH QRW EHHQ XWLOL]HG IRU V\VWHP LGHQWLILFDWLRQ RI FRUURGHG VWUXFWXUHV HJ KHDOWK
FRQGLWLRQ DVVHVVPHQW RI DJHG VWUXFWXUHV  7KH UHVHDUFK ZRUN SUHVHQWHG KHUH FRQVLVWV RI WKH
ILUVWRILWVNLQGLQWKHOLWHUDWXUH
7KLVVWXG\IRFXVHVRQWKHLGHQWLILFDWLRQRIFRUURGHGERQGLQJSURSHUWLHVLQ5&FROXPQVXV
LQJVLPXODWHGVHLVPLFGDWDZLWKYDULRXVQRLVHOHYHOV)RUWKLVSXUSRVHWZRH[SHULPHQWDO5&
FROXPQVDUHFRQVLGHUHGDVWDWLFDOO\WHVWHG5&FROXPQZLWKUHDOFRUURVLRQ>@DQGDVKDNH
WDEOHWHVWHG5&EULGJHSLHUFROXPQZLWKQRFRUURVLRQ>@7KHQRQOLQHDU)(PRGHOIRUWKHVH
WZRFROXPQVDUHERWKYDOLGDWHGDQGXVHGWRVLPXODWHVHLVPLFUHVSRQVHGDWDEDVHGRQWZRFRO
XPQVZLWKDUWLILFLDOFRUURVLRQIRUQRQOLQHDU)(087KHVHWZRDSSOLFDWLRQH[DPSOHVGHPRQ
VWUDWH WKH FDSDELOLW\ RI %D\HVLDQ LQIHUHQFH WR HVWLPDWH WKH FRUURGHG ERQGVOLS SURSHUWLHV LQ
DJHG5&VWUXFWXUHVDIWHUDEULHIGHVFULSWLRQRIVWRFKDVWLFLQIHUHQFHPHWKRG LH8.) XVHGLQ
WKLVVWXG\
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CORROSION MODEL FOR BOND-SLIP

7KH UHEDU FRUURVLRQ LQ DJHG 5& VWUXFWXUHV LQIOXHQFHV WKH ERQGVOLS EHKDYLRU DQG UHGXFHV
WKHFRQWULEXWLRQRIVWHHOUHEDUVGXHWRGLPLQLVKHGFRPSRVLWHDFWLRQEHWZHHQVWHHODQGFRQFUHWH
7RDFFRXQWIRUVXFKHIIHFWWKLVVWXG\ SURSRVHV DFRUURGHGERQGVOLSPRGHO ZKLFKHPSOR\V
WKHERQGVOLSEHKDYLRUIRUXQFRUURGHG5&VWUXFWXUHVGHYHORSHGE\(OLJHKDXVHQHWDO>@DQG
WKHFRUURVLRQLQGXFHGPRGLILFDWLRQIDFWRUVIRUERQGLQJSURSHUWLHV>@GHQRWHGDV.LYHOOPRG
HO,QWKLVPRGHOWKHPD[LPXPERQGLQJVWUHVVtFDQGWKHUHVLGXDOERQGLQJtFDUHERWKUH
ODWHGWRWKHFRUURVLRQOHYHOKZKLFKLVGHILQHGDVWKHSHUFHQWDJHRIUHLQIRUFHPHQWPDVVORVV
UDWLR7KHFRUURGHGSURSHUWLHVtFDQGtFDUHGHILQHGDFFRUGLQJWR(T  DQG(T  UHVSHF
WLYHO\
tc e  K d  K ! 
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 d K  
 d K  
 d K  
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,Q DGGLWLRQ WR WKH FRUURVLRQLQGXFHG UHGXFWLRQ LQ WKH DERYH SURSHUWLHV IRU WKH ERQGVOLS
PRGHOWKHFXPXODWLYH GDPDJH IDFWRUV DUH XVHGLQF\FOLF EHKDYLRUWR FKDUDFWHUL]H WKHFRUUR
VLRQDIIHFWHGGHJUDGDWLRQLQWKHK\VWHULFDOEHKDYLRU5HDGHUVRILQWHUHVWDUHUHIHUUHGWR>@IRU
GHWDLOV6XFKDFRUURGHGERQGVOLSPRGHOLVLPSOHPHQWHGLQOpenSeesE\WKHDXWKRUV>@
3

FE MODEL VALIDATION OF RC COLUMNS

7KHWZR5&FROXPQVFRQVLGHUHGLQWKLVVWXG\DUHERWKPRGHOHGWKURXJKDQHZO\GHYHORSHG
ILEHUEHDPFROXPQHOHPHQWZLWKERQGVOLSLQOpenSeesE\WKHDXWKRUV>@DQGYDOLGDWHGEDVHG
RQWKHH[SHULPHQWDOGDWD%RWKYDOLGDWHGQRQOLQHDU)(PRGHOVZLOOEHXVHGODWHULQWKLVVWXG\
WRVLPXODWHVHLVPLFUHVSRQVHGDWDDIWHULQWURGXFLQJDUWLILFLDOFRUURVLRQWRWKHERQGLQJ
3.1

Corroded RC column

7KH ILUVW 5& FROXPQ FRQVLGHUHG LQ WKLV VWXG\ LV D FRUURGHG 5& FROXPQ WHVWHG XQGHU WKH
VWDWLFF\FOLFORDGLQJGHQRWHGDV0HGDFROXPQ>@ZKLFKLVFRUURGHGVRWKDWWKHPDVVORVV
UDWLRRIWKHORQJLWXGLQDOUHLQIRUFHPHQW LHFRUURVLRQOHYHO LVHTXDOWR)LJXUH D UHS
UHVHQWV WKH JHRPHWU\ DQG VHFWLRQ GHWDLOV IRU WKLV FROXPQ 7KH FROXPQ LV PRGHOHG ZLWK WKH
QHZO\ GHYHORSHG ILEHU EHDPFROXPQ HOHPHQW ZLWK ERQGVOLS LQ OpenSees DQG WKH FRUURGHG
ERQGVOLSPRGHOPHQWLRQHGHDUOLHULVXVHGWRFRQVLGHUWKHGHJUDGHGERQGVOLSSURSHUWLHV$G
GLWLRQDOO\IRUWKHSXUSRVHRIPRGHOYDOLGDWLRQWKHRWKHUFRUURVLRQHIIHFWVIRUWKHWHVWHGFRO
XPQDUHDOVRWDNHQLQWRDFFRXQWLQFOXGLQJWKHFRUUHVSRQGLQJFRQFUHWHFRYHUVSDOOLQJGXHWR
YROXPHWULFH[SDQVLRQRIVWHHOEHFDXVHRIFRUURVLRQSURGXFWVWKHUHGXFHGVWUHQJWKRIFRQFUHWH
DFFRUGLQJWR>@UHEDUFURVVVHFWLRQDUHDUHGXFWLRQDVZHOODVWKHVWHHOVWUHQJWKUHGXFWLRQ
FDXVHG E\ SLWWLQJ FRUURVLRQ >@ 7KH VDPH ORDGLQJ SURWRFRO DV WKH H[SHULPHQW LV XVHG WR
VLPXODWHWKHF\FOLFORDGGHIOHFWLRQFXUYHRIWKHFRUURGHGFROXPQLQWKHH[SHULPHQWDOWHVW7R
HPSKDVL]HWKHLPSRUWDQFHRIFRUURGHGERQGVOLSWKHFDVHZLWKSHUIHFWERQGLQJEXWDOORWKHU
FRUURVLRQ HIIHFWV LV DOVR FRQVLGHUHG KHUH IRU FRPSDULVRQ )LJXUH  E  VKRZV WKH UHVXOWDQW
IRUFHGULIWUDWLRK\VWHUHVLVIRUWKHSHUIHFWERQGLQJFDVHE\WKHJUD\VROLGFXUYHWKHFRUURGHG
ERQGLQJ FDVH E\ WKH EODFN VROLG FXUYH DQG H[SHULPHQWDO UHVXOWV E\ WKH GDVKHG EODFN FXUYH
7KH )( PRGHO SUHGLFWLRQV ZLWK FRUURGHG ERQGLQJ DUH LQ JRRG DJUHHPHQW ZLWK WKH H[SHUL
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PHQWDOUHVXOWVXQWLOUHDFKLQJWKHGHIRUPDWLRQOHYHORIDERXWGULIWUDWLR,WLVZRUWKPHQ
WLRQLQJWKDWWKHSLQFKLQJEHKDYLRU RUOHVVHQHUJ\GLVVLSDWLRQ LVFDSWXUHGZHOOFRPSDULQJWR
WKHSHUIHFWERQGLQJFDVHVLQFHWKLVHIIHFWLVGRPLQDWHGE\ERQGVOLS+RZHYHUWKHVWUHQJWK
GHJUDGDWLRQDWODUJHGHIRUPDWLRQOHYHOVLVQRWFDSWXUHGGXHWREXFNOLQJRIWKHUHLQIRUFHPHQW
>@ZKLOHWKHHIIHFWRIEXFNOLQJDUHEH\RQGWKHVFRSHRIWKLVVWXG\
]

([SHULPHQW

3HUIHFWERQGLQJ

&RUURGHGERQGLQJ

PP
PP

N1

\

ĭ#PP

PP
PP

ĭ

PP

PP

PP

PP

V

\

PP

D

E

)LJXUH0HGDFROXPQ D JHRPHWU\DQGVHFWLRQGHWDLOVDQG E IRUFHGULIWUDWLRK\VWHUHVLVFRPSDULVRQEHWZHHQ
)(DQGH[SHULPHQWDOSUHGLFWLRQ

3.2

Uncorroded RC column

7KHXQFRUURGHG5&FROXPQFRQVLGHUHGKHUHLVD5&EULGJHFROXPQWHVWHGXQGHUHDUWKTXDNH
ORDGLQJ RQ WKH VKDNH WDEOH DW WKH 8QLYHUVLW\ RI &DOLIRUQLD 6DQ 'LHJR LQ  GHQRWHG DV
8&6'FROXPQ>@)LJXUH D GHVFULEHVWKHJHRPHWU\DQGVHFWLRQGHWDLOV7KLVFROXPQLV
VXEMHFWHG WR D VHTXHQFH RI  HDUWKTXDNH JURXQG PRWLRQV DQG WKH ILUVW RQH /RPD 3ULHWD
JURXQGPRWLRQUHFRUGHGDW$JQHZ6WDWH+RVSLWDOZLWKDPRPHQWPDJQLWXGHRILVFRQVLG
HUHG 6LPLODU WR WKH SUHYLRXV FROXPQ LW LV PRGHOHG E\ WKH QHZO\ GHYHORSHG ILEHU EHDP
FROXPQHOHPHQWZLWKERQGVOLSLQOpenSees7KHWLPHKLVWRU\RIWKHWRSGULIWUDWLRLVSORWWHG
LQ)LJXUH E IRUWKH5&FROXPQZLWKSHUIHFWERQGLQJLQFRPSDULVRQZLWKWKHH[SHULPHQWDO
UHVXOWV$GGLWLRQDOO\)LJXUH F GHVFULEHVWKHWRSGULIWUDWLRWLPHKLVWRU\IRUWKH5&FROXPQ
ZLWK LPSHUIHFW ERQGLQJ LHXQFRUURGHG QRUPDO ERQGLQJ FRPSDUHGWRWKH H[SHULPHQWDOUH
VXOWV$VLQGLFDWHGWKHUHVSRQVHRIWKHPRGHOZLWKLPSHUIHFWERQGLQJLVLQDSURSHUFRUUHOD
WLRQ ZLWK WKH H[SHULPHQW FRPSDUHG WR WKH PRGHO ZLWK SHUIHFW ERQGLQJ ZKLFK LPSOLHV WKH
LPSRUWDQFHRIERQGVOLSLQWKHSUHGLFWLRQDFFXUDF\RIQRQOLQHDU)(PRGHOVIRU5&FROXPQV
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]

N1

ĭ
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PP
PP

PP

'RXEOHĭ#
PP

PP

PP

E

D

F
PP

)LJXUH8&6'FROXPQ D JHRPHWU\DQGVHFWLRQGHWDLOV E WRSGULIWUDWLRWLPHKLVWRU\FRPSDULVRQEHWZHHQ
)(SUHGLFWLRQZLWKSHUIHFWERQGLQJDQGH[SHULPHQWDQG F WRSGULIWUDWLRWLPHKLVWRU\FRPSDULVRQEHWZHHQ)(
SUHGLFWLRQZLWKLPSHUIHFWERQGLQJDQGH[SHULPHQW

4

STOCHASTIC INFERENCE FOR PARAMETER ESTIMATION

'LUHFWPHDVXUHPHQWVRIWKHFRUURGHGERQGLQJSURSHUWLHVDUHFKDOOHQJLQJDQGWKXVWKHDFFX
UDWHPRGHOLQJSDUDPHWHUVDUHQRWUHDGLO\DYDLODEOH6XFKXQFHUWDLQWLHVLQWKH)(PRGHOLQJDV
SHFWV FDQ FRPSURPLVH WKH SUHGLFWDELOLW\ RI WKH PRGHO DQG LQ WXUQ ELDV WKH UHVLGXDO
SHUIRUPDQFHHYDOXDWLRQRIDJHG5&VWUXFWXUHVZLWKFRUURVLRQ$VVXFKUHOLDEOHHVWLPDWLRQRI
WKHSDUDPHWHUVLVQHHGHGIRUEHWWHUVLPXODWLRQDQGIRUGDPDJHFRQGLWLRQDVVHVVPHQW1RQOLQH
DUSDUDPHWHUHVWLPDWLRQXVLQJVWRFKDVWLFLQIHUHQFHVXFKDV8.)>@FDQEHLQWHJUDWHGZLWK
QRQOLQHDU)(PRGHOLQJWRLGHQWLI\VXFKXQFHUWDLQPRGHOLQJDVSHFWVE\SHUIRUPLQJQRQOLQHDU
)(08LIRWKHUPHDVXUHPHQWVDUHDYDLODEOH6XFKDVWUDWHJ\LVEULHIO\VXPPDUL]HGDVIROORZV
7KHXQREVHUYDEOHWLPHLQYDULDQWYHFWRUxFRQWDLQLQJXQNQRZQXQFHUWDLQ)(PRGHOSDUDP
HWHUVLVUHSUHVHQWHGDVDUDQGRPZDONSURFHVVLQ8.) LHDOLQHDUVWDWHWUDQVLWLRQHTXDWLRQ 
VHH(T  

xk

xk   wk 



ZKHUHWKHVXEVFULSWkDQGkíGHQRWHWKHFXUUHQWDQGSUHYLRXVDQDO\VLVVWHSVUHVSHFWLYHO\w
LV DGGLWLYH ]HURPHDQ ZKLWH *DXVVLDQ QRLVH $:*1  ZLWK D GLDJRQDO FRYDULDQFH PDWUL[ Q
7KHPHDVXUHPHQW REVHUYDWLRQ YHFWRURIWKHV\VWHPUHVSRQVHyLVUHODWHGWRWKHXQREVHUYD
EOHYHFWRUxWKURXJKWKHQRQOLQHDU)(PRGHOSUHGLFWLRQWKURXJKWKHPHDVXUHPHQWHTXDWLRQ
DVVKRZQLQ(T  ,QWKLVHTXDWLRQDSUHGLFWLRQHUURUYHFWRUvZKLFKLVD]HURPHDQZKLWH
*DXVVLDQQRLVHYHFWRUZLWKDNQRZQFRYDULDQFHPDWUL[RLVXVHGWRPRGHOWKHLQKHUHQWPRGHO
XQFHUWDLQW\DQGWKHPHDVXUHPHQWQRLVHLQ y

yk

hk xk  ugk  vk



+HUHhk xk, üg:k UHSUHVHQWVWKHVLPXODWHGVWUXFWXUHUHVSRQVHDWDQDO\VLVVWHSk,WLVHYDOXDWHG
E\DQDO\]LQJWKHQRQOLQHDU)(PRGHOZLWKWKHFXUUHQWPRGHOSDUDPHWHUYHFWRUxkVXEMHFWHGWR
WKHHDUWKTXDNHJURXQGPRWLRQDFFHOHUDWLRQVHULHVXQWLOWKHFXUUHQWWLPHVWHS
%\ GHILQLQJ WKH VWDWHWUDQVLWLRQ DQG PHDVXUHPHQW HTXDWLRQV VWRFKDVWLF LQIHUHQFH HJ
8.) FDQEHXWLOL]HGWRHVWLPDWHWKHSRVWHULRUPHDQYHFWRUμkxxDQGWKHFRUUHVSRQGLQJFRYDUL
DQFHPDWUL[PkxxRIxk UHFXUVLYHO\ZKHQPRUHREVHUYDWLRQVDUHDYDLODEOHDVWLPHHYROYHV7KLV
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LV WR LQFRUSRUDWH WKH LQIRUPDWLRQ REWDLQHG IURP H[SHULPHQWDO REVHUYDWLRQV LQ D %D\HVLDQ
IUDPHZRUNDWWLPHVWHSk&RPSDUHGZLWKRWKHU%D\HVLDQPHWKRGRORJLHV.DOPDQILOWHUEDVHG
DSSURDFKDOORZVHIILFLHQWXSGDWLQJWKURXJKWKH.DOPDQJDLQPDWUL[ZKLFKLVLQWURGXFHGDVD
ZHLJKWPHDVXUHEDVHGRQWKHGLIIHUHQFHEHWZHHQWKHSUHGLFWLRQ hk xk, üg:k DQGREVHUYDWLRQ
PHDVXUHPHQW yk7KH.DOPDQJDLQLVFDOFXODWHGE\WKHFURVVFRYDULDQFHPDWUL[EHWZHHQxk
DQGykPkxyDQGWKHFRYDULDQFHPDWUL[RI ykPkyy%\DSSO\LQJ8.)WKHYDOXHVRI PkxyDQG
PkyyDUHHVWLPDWHGE\XQVFHQWHGWUDQVIRUPLQZKLFKDVHULHVRIVLJPDSRLQWV 63V DUHGHWHU
PLQLVWLFDOO\ GHILQHG E\ Pkxx DQG μkxx DQG WKH QRQOLQHDU )(PRGHO LV HYDOXDWHG DV WKHVH 63V
5HDGHUVRILQWHUHVWDUHUHIHUUHGWR>@IRUGHWDLOV
5

NONLINEAR FINITE ELEMENT MODEL UPDATING

7KHYDOLGDWHG)(PRGHOVIRUWKHWZR5&FROXPQV LH0HGDFROXPQDQG8&6'FROXPQ DUH
XVHGKHUHWRGHPRQVWUDWHWKHSRWHQWLDOLQHVWLPDWLQJFRUURVLRQDIIHFWHGSDUDPHWHUVE\DQRQ
OLQHDU)(08VWUDWHJ\LQWHJUDWLQJVWRFKDVWLFILOWHULQJDQGHIILFLHQW)(PRGHOLQJIRUFRUURGHG
5& VWUXFWXUHV )RU WKLV SXUSRVH WKH ERQGLQJ SURSHUWLHV RI WKHVH WZR FROXPQV t DQG t DUH
DVVXPHG WR EH GHJUDGHG GXH WR DUWLILFLDO FRUURVLRQ %RWK RI WKHVH FROXPQV DUH VXEMHFWHG WR
HDUWKTXDNHH[FLWDWLRQVZKLFKDUHFKRVHQSXUSRVHO\WRKDYHDVKRUWGXUDWLRQLQRUGHUWRVDYH
FRPSXWDWLRQDO FRVW EXW ZLWKRXW ORVV RI JHQHUDOLW\ )RU WKH 0HGD FROXPQ WKH /RPD 3ULHWD
HDUWKTXDNH UHFRUGHG DW $JQHZ 6WDWH +RVSLWDO VWDWLRQ LV VHOHFWHG IURP WKH 1H[W*HQHUDWLRQ
$WWHQXDWLRQJURXQGPRWLRQGDWDEDVH>@7KLVJURXQGPRWLRQLVVRVFDOHGWRUHDFKWKHGXF
WLOLW\GHPDQG LHGHIRUPDWLRQGHPDQGZLWKUHVSHFWWRWKH\LHOGGHIRUPDWLRQ RIIRUWKH
0HGD FROXPQ 7KH JURXQG PRWLRQ VHOHFWHG IRU WKH 8&6' FROXPQ LV WKH .REH HDUWKTXDNH
 UHFRUGHGDWWKH7DNDWRULVWDWLRQ>@7KLVJURXQGPRWLRQLVVFDOHGVRWKDWWKHGXFWLOLW\
GHPDQGRILVUHDFKHGIRUWKH8&6'FROXPQZKHUHVLJQLILFDQWQRQOLQHDULW\LVLQYROYHGLQ
WKLVFROXPQ7KHQRQOLQHDU)(08VWUDWHJ\LVHPSOR\HGWRLGHQWLI\FRUURGHGtDQGtIRUWKHVH
FROXPQVZLWKGLIIHUHQWFRUURVLRQOHYHOVLQWKHFROXPQDQGGLIIHUHQWQRLVHOHYHOVLQWKHPHDV
XUHPHQWV HJWKHGLVSODFHPHQWDWWKHWRSRIWKHFROXPQXVHGLQWKLVVWXG\ 
5.1

FEMU of Meda column with different corrosion levels

7R LQYHVWLJDWH WKH FDSDELOLW\ RI WKH SURSRVHG PHWKRGRORJ\ IRU LGHQWLI\LQJ WKH FRUURVLRQ
DIIHFWHGERQGLQJSURSHUWLHVWKLVVWXG\FRQVLGHUVWZROHYHOVRIFRUURVLRQIRUWKH0HGDFROXPQ
PDVVORVVUDWLRDVDPHGLXPOHYHODQGPDVVORVVUDWLRDVDKLJKOHYHO7KHFRUURVLRQ
OHYHOFRUUHVSRQGVWRWKHDJHRIWKHFROXPQDQGLVGHSHQGHQWRQWKHFRYHUFRQFUHWHHQYLURQ
PHQWDOFRQGLWLRQVHWF>@)RUWKH0HGDFROXPQZLWKDUHODWLYHO\VPDOOWKLFNQHVVLQFRQ
FUHWHFRYHUDQGFRUURVLRQOHYHOVUHSUHVHQWWKHDJHRIWKHFROXPQWREHDERXWDQG
\HDUVLQPHGLXPFRUURVLRQLQWHQVLW\VLWXDWLRQUHVSHFWLYHO\7KHHIIHFWRIFRUURVLRQRQWKH
ERQGLQJSURSHUWLHV LHtDQGt LVIRFXVHGLQWKLVVWXG\)RUFRUURVLRQOHYHOWKHUDWLRV
RIWKHFRUURGHGWRXQFRUURGHGYDOXHVIRUtDQGtDUHHTXDOWRDQGUHVSHFWLYHO\SHU
WKH .LYHOOPRGHO >@6LPLODUO\WKH FRUURGHGWRXQFRUURGHGUDWLRV IRU t DQG tDUHDQG
IRUWKH0HGDFROXPQZLWKFRUURVLRQOHYHO
6LQFHQRH[SHULPHQWDOREVHUYDWLRQVDUHDYDLODEOHVHLVPLFVLPXODWLRQGDWDZKLFKDUHJHQ
HUDWHGWKURXJKWKHQRQOLQHDU)(PRGHOIRUWKH0HGDFROXPQZLWKFRUURGHGERQGVOLSLHGH
JUDGHGtDQGt GHQRWHGDVWKHWUXHSDUDPHWHUV DUHXVHG1RWHWKDWLQWKLVVHFWLRQDFFXUDWH
PHDVXUHPHQWIURPKLJKSUHFLVLRQVHQVRUVLVDVVXPHGDQGWKXVQRQRLVHLVFRQVLGHUHG,QWKLV
VWXG\RQO\RQHREVHUYDWLRQLVXVHGLHWKHWLPHKLVWRU\RIWKHWRSGULIWUDWLRRIWKHFROXPQ
VXEMHFWHGWRWKHHDUWKTXDNHJURXQGPRWLRQ8VLQJWKHREVHUYDWLRQVWKHFRUURGHGERQGLQJSD
UDPHWHUVFRQVLGHUHGKHUHZLOOEHHVWLPDWHGWKURXJK8.)
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,Q8.)WKHLQLWLDOJXHVVIRUWKHERQGLQJSURSHUWLHVDUHDVVXPHGWREHWKRVHIRUWKHXQFRU
URGHGFDVH)LJXUH D VKRZVWKHWLPHKLVWRU\RIWKHGULIWUDWLRRIWKH0HGDFROXPQZLWK
FRUURVLRQOHYHOEDVHGRQWKHLQLWLDOVHWRISDUDPHWHUV LHEHIRUHXSGDWLQJ ZLWKFRPSDULVRQWR
WKH REVHUYDWLRQ 7KH REVHUYDWLRQ LV SUHVHQWHG DV WUXH ILQLWH HOHPHQW DQDO\VLV )($  DQG WKH
LQLWLDO UHVSRQVH LV GHQRWHG DV LQLWLDO )($ %\ XVLQJ WKH DIRUHPHQWLRQHG 8.) WKH FRUURGHG
ERQGLQJSURSHUWLHV tDQGt DUHXSGDWHG)LJXUH E GHPRQVWUDWHVWKH)(SUHGLFWLRQRIWKH
VDPHFROXPQDIWHUXSGDWLQJZLWKFRPSDULVRQWRWKHREVHUYDWLRQ&RPSDULQJ)LJXUH D DQG
E  LQGLFDWHV WKH )( SUHGLFWLRQ LV LPSURYHG VLJQLILFDQWO\ DQG D QHDUSHUIHFW FRUUHODWLRQ LV
DFKLHYHGXVLQJWKHXSGDWHGPRGHOSDUDPHWHUV)RUPRUHGHWDLOVWKHXSGDWLQJKLVWRULHVIRU t
DQGtDUHSUHVHQWHGLQ)LJXUH D DQG E UHVSHFWLYHO\LQDGGLWLRQWRWKHLUFRQILGHQFH
LQWHUYDOV &, 7KHILUVWSDUDPHWHU t LVFRQYHUJHGWRWKHWUXHYDOXHLQWKHYHU\EHJLQQLQJDQG
WKHXQFHUWDLQW\LQWKLVSDUDPHWHUHVWLPDWLRQGHFUHDVHVVLJQLILFDQWO\VLQFHLWLVFRUUHVSRQGLQJWR
WKHVWLIIQHVVDQG\LHOGVWUHVVRIWKHERQGLQJEHKDYLRU2QWKHRWKHUKDQGWKHVHFRQGSDUDPHWHU
LHt LVFRQYHUJHGODWHUDVH[SHFWHGEXWZLWKRQO\DVOLJKWUHGXFWLRQLQWKHXQFHUWDLQW\7KH
UHDVRQ OLHV LQ WKH IDFW WKDW WKLV SDUDPHWHU LV WR EH LQIOXHQWLDO DIWHU WKH ERQG \LHOG
LQJ

D

E

)LJXUH7LPHKLVWRU\RIGULIWUDWLRIRU0HGDFROXPQZLWKFRUURVLRQOHYHODQG]HURQRLVHLQWKHREVHUYDWLRQ
D EHIRUHDQG E DIWHUXSGDWLQJ
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D

E

)LJXUH8SGDWLQJKLVWRU\IRU D tDQG E tIRU0HGDFROXPQZLWKFRUURVLRQOHYHODQG]HURQRLVHLQWKH
REVHUYDWLRQ

6LPLODUO\ WKH 0HGD FROXPQ ZLWK D KLJKOHYHO FRUURVLRQ LV VWXGLHG )LJXUH  D  DQG E 
VKRZWKHWLPHKLVWRULHVRIWKHWRSGULIWUDWLRSUHGLFWHGIURPWKH)(PRGHOEDVHGRQWKHERQG
LQJ SURSHUWLHV EHIRUH DQG DIWHU XSGDWLQJ LQ FRPSDULVRQ ZLWK WKH REVHUYDWLRQ LH WUXH )($
UHVXOWV 7KHFRPSDULVRQVKRZVWKDWQRQOLQHDU)(08KDVOHGWRDQRWDEOHLPSURYHPHQWLQWKH
)(SUHGLFWLRQIRUWKLVFROXPQZLWK DKLJK FRUURVLRQ OHYHO DVZHOO 7KHUHIRUH LWFDQEH FRQ
FOXGHGWKDWWKHSURSRVHG)(08DSSURDFKLVDOVRDEOHWRFDSWXUHWKHHIIHFWRIFRUURVLRQRQWKH
ERQGLQJSURSHUWLHVLQGLIIHUHQWOHYHOV6LPLODUWRWKHSUHYLRXVFDVHWKHXSGDWLQJKLVWRULHVRIt
DQGtDUHSUHVHQWHGLQ)LJXUH D DQG E UHVSHFWLYHO\1RWHWKDWLQWKLVFDVHGXHWRWKHKLJK
OHYHORIFRUURVLRQWKHERQG\LHOGLQJRFFXUVDWWKHHDUOLHUWLPHVWHSWKDQWKHSUHYLRXVFDVHDQG
KHQFHtZRXOGEHXSGDWHGHDUOLHUDVZHOODQGWKHDVVRFLDWHGXQFHUWDLQW\LVUHGXFHGPRUH

D

E

)LJXUH7LPHKLVWRU\RIGULIWUDWLRIRU0HGDFROXPQZLWKFRUURVLRQOHYHODQG]HURQRLVHLQWKHREVHUYDWLRQ
D EHIRUHDQG E DIWHUXSGDWLQJ
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D

E

)LJXUH8SGDWLQJKLVWRU\IRU D tDQG E tIRU0HGDFROXPQZLWKFRUURVLRQOHYHODQG]HURQRLVHLQWKH
REVHUYDWLRQ

5.2

FEMU of Meda column with different noise levels

,QWKHSUHYLRXVVHFWLRQWKHREVHUYDWLRQVDUHDVVXPHGWREHQRLVHIUHH+RZHYHULQUHDOLW\
WKH REVHUYDWLRQV DUH W\SLFDOO\ LQYROYHG ZLWK YDULRXV OHYHOV RI QRLVH ZKLFK PD\ SROOXWH WKH
PHDVXUHPHQWVDQGWKXVDIIHFWWKHXSGDWLQJSURFHVV7RVKRZWKHUREXVWQHVVRIWKHSURSRVHG
PHWKRGRORJ\ IRU FRUURVLRQDIIHFWHG SDUDPHWHUHVWLPDWLRQ LQ 5& VWUXFWXUHV WKLV VHFWLRQ FRQ
VLGHUVWKHSROOXWHGREVHUYDWLRQZLWKGLIIHUHQWOHYHOVRIQRLVH$VVXFKDPHGLXPDQGDKLJK
OHYHO RI $:*1 ZLWK D VWDQGDUG GHYLDWLRQ RI  DQG  RI WKH PD[LPXP UHVSRQVH LH
PD[LPXPGLVSODFHPHQW UHVSHFWLYHO\DUHFRQVLGHUHGKHUHWRFRQWDPLQDWHWKHSUHGLFWLRQIURP
WKHWUXH)(PRGHOGHILQHGHDUOLHUIRUWKH0HGDFROXPQZLWKFRUURVLRQOHYHO)LJXUH D 
DQG E VKRZWKHFRPSDULVRQEHWZHHQWKHWLPHKLVWRULHVRIWRSGULIWUDWLREHIRUHDQGDIWHUXS
GDWLQJEDVHGRQWKHREVHUYDWLRQZLWKQRLVHIRUWKH0HGDFROXPQXQGHUWKHHIIHFWRI
FRUURVLRQOHYHO,QDGGLWLRQ)LJXUH D DQG E SUHVHQWWKHXSGDWLQJKLVWRULHVRItDQGtFRU
UHVSRQGLQJWRWKLVFDVH7KHFRPSDULVRQUHYHDOVWKHHPSOR\HGPHWKRGRORJ\LVDEOHWRXSGDWH
WKH SDUDPHWHUV VR WKDW WKH )( SUHGLFWLRQ LV LQ D JRRG DJUHHPHQW ZLWK WKH REVHUYDWLRQ HYHQ
WKRXJK D ORZOHYHO PHDVXUHPHQW QRLVH   H[LVWV +RZHYHU WKH HVWLPDWLRQ IRU t LV PRUH
FKDOOHQJLQJZKHQQRLVHFRPHVLQWRSOD\

3575

6KDJKD\HJK$EWDKL=KHQQLQJ/LXDQG<RQJ/L

D

E

)LJXUH7LPHKLVWRU\RIGULIWUDWLRIRU0HGDFROXPQZLWKFRUURVLRQOHYHODQGQRLVHLQWKHREVHUYDWLRQ
D EHIRUHDQG E DIWHUXSGDWLQJ

D

E

)LJXUH8SGDWLQJKLVWRU\IRU D tDQG E tIRU0HGDFROXPQZLWKFRUURVLRQOHYHODQGQRLVHLQWKH
REVHUYDWLRQ

7KHKLJKHUOHYHORIQRLVH LH$:*1 LVFRQVLGHUHGKHUH7KHQRQOLQHDU)(PRGHOLV
XSGDWHGWKURXJK8.)DQGWKHSUHGLFWHGUHVSRQVHVEHIRUHDQGDIWHUXSGDWLQJDUHLOOXVWUDWHGLQ
)LJXUH D DQG E UHVSHFWLYHO\6LPLODUWRWKHSUHYLRXVFDVHVWKHXSGDWLQJKLVWRULHVRItDQG
tDUHGLVSOD\HGLQ)LJXUH D DQG E 7KHGHPRQVWUDWHGUHVXOWVRIWKLVFDVHUHDIILUP8.)LV
DEOHWRXSGDWHWKHFRUURGHGERQGLQJSURSHUWLHVSURSHUO\HYHQZKHQDUHODWLYHO\KLJKOHYHORI
QRLVH  H[LVWV1RWHWKDWDFFRUGLQJWR)LJXUH E VLPLODU WR)LJXUH E WKHILQDOYDOXHV
RItDUHGLIIHUHQWIURPWKHWUXHYDOXH7KLVGLIIHUHQFHPDLQO\VWHPVIURPWKHDGGLWLYHQRLVH
FRQVLGHUHGIRUWKHVHWZRFDVHVZKLFKDIIHFWVWKHDFFXUDF\RIWKHXSGDWLQJUHVXOWV+RZHYHU
WKHJOREDOEHKDYLRURIWKHFROXPQLVQRWVLJQLILFDQWO\VHQVLWLYHWRWKLVSDUDPHWHU LHt DQG
KHQFHWKHGULIWUDWLRWLPHKLVWRU\LVVWLOOLQDJRRGDJUHHPHQWZLWKWKHWUXH)(UHVXOWV
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D

E

)LJXUH7LPHKLVWRU\RIGULIWUDWLRIRU0HGDFROXPQZLWKFRUURVLRQOHYHODQGQRLVHLQWKHREVHUYDWLRQ
D EHIRUHDQG E DIWHUXSGDWLQJ

D

E

)LJXUH8SGDWLQJKLVWRU\IRU D tDQG E tIRU0HGDFROXPQZLWKFRUURVLRQOHYHODQGQRLVHLQWKH
REVHUYDWLRQ

5.3

FEMU of UCSD column under high-intensity excitation

,Q DGGLWLRQ WR WKH 0HGD FROXPQ 8&6' FROXPQ ZLWK DUWLILFLDO FRUURVLRQ  FRUURVLRQ
OHYHO LVDOVRFRQVLGHUHG7KHUDWLRRIFRUURGHGWRXQFRUURGHGtHTXDOVWRDQGWKHUDWLRRI
FRUURGHGWRXQFRUURGHGtHTXDOVWRSHU>@7KLVGHYHORSHG5&FROXPQZLWKWKHVHSD
UDPHWHUYDOXHVLVDVVXPHGWREHWUXH)(DQGXVHGWRJHQHUDWHREVHUYDWLRQVGXULQJWKHVHOHFWHG
HDUWKTXDNH ZLWK D KLJK VHLVPLF GXFWLOLW\ GHPDQG )LJXUH  D  DQG E  GLVSOD\ WKH WLPH
KLVWRULHVRIWKHWRSGULIWUDWLREHIRUHDQGDIWHUXSGDWLQJZLWKFRPSDULVRQWRWKHREVHUYDWLRQ
UHVSHFWLYHO\,QDGGLWLRQWKHXSGDWLQJKLVWRULHVIRUtDQGtDUHVKRZQLQ)LJXUH D DQG E 
$FFRUGLQJWR )LJXUH WKH XSGDWHGUHVSRQVHLVLQ D EHWWHUFRUUHODWLRQZLWK WKH REVHUYDWLRQ
WKDQWKHLQLWLDO)($UHVSRQVHV1RWHIRUWKH8&6'FROXPQZLWKRIFRUURVLRQWKHERQG
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VOLSEHKDYLRUVWD\VLQDUDQJHWKDWWKHUHVLGXDOVWUHVV LHt GRHVQRWSOD\DVLJQLILFDQWUROH
DQGWKHQWKHSDUDPHWHULVQRWDOWHUHGLQWKHXSGDWLQJSURFHVVEXWWKHXQFHUWDLQW\LVUHGXFHG
GXHWRWKHUHODWLYHVWURQJH[FLWDWLRQ

D

E

)LJXUH7LPHKLVWRU\RIGULIWUDWLRIRU8&6'FROXPQZLWKFRUURVLRQOHYHODQG]HURQRLVHLQWKHREVHUYD
WLRQ D EHIRUHDQG E DIWHUXSGDWLQJ

D

E

)LJXUH8SGDWLQJKLVWRU\IRU D tDQG E tIRU8&6'FROXPQZLWKFRUURVLRQOHYHODQG]HURQRLVHLQWKH
REVHUYDWLRQ

6

CONCLUSIONS

7KLVVWXG\SURSRVHVLQWHJUDWLQJVWRFKDVWLFILOWHULQJVXFKDVWKHXQVFHQWHG.DOPDQILOWHULQJ
8.) VWUDWHJ\ZLWKQRQOLQHDU)(PRGHOIRUFRUURGHGFRQFUHWHVWUXFWXUHVWRHVWLPDWHWKHFRU
URGHGERQGVOLSSURSHUWLHVEDVHGRQJOREDOUHVSRQVHREVHUYDWLRQV LHGLVSODFHPHQWKLVWRU\ 
7RWKLVHQGDQHZO\GHYHORSHGILEHUEHDPFROXPQHOHPHQWZLWKERQGVOLSLVXVHGWRPRGHO
WZR5&FROXPQV7KH)(PRGHOVRIWKHWZRFRQVLGHUHG5&FROXPQVDUHYDOLGDWHGEDVHGRQ
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WKHDYDLODEOHH[SHULPHQWDOGDWD+RZHYHUWKHPHDVXUHGUHVSRQVHVXWLOL]HGIRUSDUDPHWHUHV
WLPDWLRQLQWKLVVWXG\DUHVLPXODWHGGDWDIURPWKHQRQOLQHDU)(PRGHORIWKH5&FROXPQVZLWK
DUWLILFLDO FRUURVLRQ 'LIIHUHQW OHYHOV RI FRUURVLRQ DQG QRLVH DUH FRQVLGHUHG 7KH SUHVHQWHG
VWXG\VKRZVWKDWWKHSURSRVHGPHWKRGRORJ\FDQVXFFHVVIXOO\HVWLPDWHWKHFRUURGHGERQGVOLS
SURSHUWLHVDQGVLJQLILFDQWO\LPSURYHWKHPRGHOSUHGLFWLRQDFFXUDF\,WLQGLFDWHVWKDWWKHPHWK
RGRORJ\DGRSWHG LQWKLVVWXG\LV SURPLVLQJ WR EH XVHG IRUFRQGLWLRQDVVHVVPHQW RIDJHG 5&
VWUXFWXUHVEDVHGRQUHFRUGHGVHLVPLFUHVSRQVHGDWD
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Abstract. The reliable design of power electronics for automobiles is one of the major challenges in the advancing electriﬁcation of the powertrain. The printed controller boards (PCB)
in particular are affected by the demanding operating conditions. The objective of this ongoing
investigation is to analyze the effect of different joining technologies between the PCB and the
casing on the reliability. Therefore, a structural health monitoring (SHM) concept is presented
based on a Bayesian model updating framework that monitors changes in the stiffness of the
joint connection. To cope with the computational challenges associated with the approach,
parametric model order reduction is applied. The concept is validated by a generic use case
where one of the joints has a sudden loss of stiffness.
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1

INTRODUCTION

The advancing electriﬁcation of the powertrain in automobiles introduces new components
and hence new challenges for a reliable design. One of those components is the Power Electronical Unit (PEU) that transforms the direct current (DC) from the battery to an alternating current
(AC) for the electric motor. The power electronic operates in demanding environments resulting in a challenging task for a reliable design. Depending on the component, different stressors
come into play - e.g. high temperatures, temperature cycling, humidity, dust or vibration can
endanger safe operation [1]. Due to their complex design and uneven mass distribution, vibrations are the main stressors for printed circuit boards (PCBs) [2]. The present work illustrates
the current state of an ongoing investigation analyzing the effect on the reliability of different
joining technologies connecting the PCB to the casing. The goal of the investigation is to replicate stresses on the PCB in an automobile on a test rig and analyze the effect of different joining
technologies on the vibration behavior and derive the change in reliability from it. The power
electronics and especially the PCB are crucial components where failure can lead to serve accidents. Therefore, a structural health monitoring (SHM) strategy for the experiment as well as
later applications in the automobile is presented that monitors changes in the vibration behavior
due to loosening of bolt connections between the PCB and the casing. SHM strategies have been
used for a long time for monitoring structures like bridges [3, 4] or skyscrapers [5]. Due to the
advancements in sensor technology and signal processing in recent years, those strategies are
applied to other engineering structures like milling machines [6] and composite structures [7].
SHM methods can be divided into two groups: model based and feature based methodes [8].
Model-based methods correlate the observational signatures of abnormal structures with analytical or quantitative models to detect the damage parameters [8]. Common methods are
autoregressive and moving average (ARMA) model [9], hidden Markov model (HMM) [10] or
artiﬁcal neural network (ANN). In contrast to that, Feature-based methods are based on a two
step process. The ﬁrst step is the extraction of features (e.g. eigenfrequencies, mode shape,
damping rations) and the second one is the interpretation of these features. The interpretation
is usually performed by classical model updating algorithms [11–13]. Structural model updating methods are essentially a process of adjusting uncertain parameters of a ﬁnite element
model by comparing it to measurement data. For the application of SHM classical deterministic
gradient-based model updating methods have a disadvantage to probabilistic methods because
of their tendency to converge into local minima. Probabilistic methods are based on stochastic simulation algorithms such as Markov Chain Monte Carlo (MCMC) [14] and Transitional
MCMC [15, 16]. Model updating algorithms involve a moderate to very large number of FE reanalyses. For complex systems that easily involve hundreds of thousands of degree-of-freedom
(DOF), the computational effort is too high for time-critical operations. Therefore, different
approaches are used to reduce the analysis time ranging from the use of model order reduction
techniques [17], surrogate models [18], and code parallelization [19,20]. Most often component
mode synthesis (CMS) techniques [17], e.g. Craig-Bampton, are applied to carry out system
analysis in a reduced space and to decrease the computational effort that arises from the variation of uncertain parameters [21, 22]. In the usual workﬂow, the structures under consideration
are separated into substructures [3] and reassembled allowing the alteration linearly depended
system parameters like stiffness, density or thickness of shell elements. To decrease the computational effort the reassembled system matrix can be further reduced [3, 23], avoiding the
re-assembly of the reduced system matrices from the original matrices. This leads to solving
the eigenproblem of the reduced-order model being the only time consuming analysis step.
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Within this work, the development of the real-time capable parametric model of the test
rig and a generic use case are presented. The use case includes the data acquisition from a
time-domain simulation model, signal processing, modal parameter extraction by an operational
modal analysis, data clustering and mode matching by a k-Means algorithm as well as the
implementation of Bayesian SHM approach to monitor changes in the stiffness of the joint
parameter.
2

STRUCTURAL HEALTH MONITORING USING MODAL CHARACTERISTICS

This paper presents details of the application of a Bayesian probabilistic framework that allows online SHM to monitor stiffness changes in the mounting of a PCB in an automobile by
analyzing modal data (eigenfrequencies and modeshapes) from ambient vibration. The identiﬁed modal parameters are clustered by a k-Means algorithm [24] to enable a classiﬁcation based
on multiple previous measurements, therefore taking uncertainties into account and allowing a
framework of inference in the presence of incomplete data [25]. The evaluation of the Bayesian
framework is carried out by the so-called Transitional Markov Chain Monte Carlo (TMCMC)
algorithm [15].
2.1

Bayesian formulation

The Bayesian model updating framework is based on the Bayes’ Theorem, which is formulated in [26]. Adjusted to structural model updating, the Bayes’ Theorem [12, 27] is described
by
P (θ|D, M ) =

P (D|θ, M )P (θ|M )
,
p(D|M )

(1)

where M denotes the model class, D denotes the experimental data, which consists of the
measured modal properties of the structure under consideration, and θ describes the parameter
vector of the unknown, adjustable model parameters. The posterior distribution P (θ|D, M )
expresses the conditional probability of θ on the prior probability P (θ|M ) and the experimental
data. The likelihood function P (D|θ, M ) is a measure of agreement between the measured data
D and the model out for a given data set θ.
The formulation of the likelihood function using modal data is derived in [25]. The experimental data obtain by an operational modal analyses algorithm is assumed to consist of Ns sets,
s
D = [ω1,j ...ωNm ,j , Φ1,j ... Φ1,Nm ]N
j=1 composed of Nm modal frequencies ωr and Nm incomN
plete mode shape vectors Φr ∈ 0 , where N0 is the number of measured DOFs. The likelihood
function can be written as




Nm
1
P (D|θ, M ) = c exp −
Jr (θ) ,
2 r=1

(2)

where Jr (θ) is given by
⎡

2
1 − ωr,j
/ω̂r2
⎣
Jr (θ) =

j=1
Ns


2

|Φ̂T Φr,j |2
+ (1 − r
)
(Φ̂Tr Φ̂r )2

?

⎤

δr2 ⎦ .

(3)

Here, ω̂r and Φ̂r denote the model eigenfrequenies and mode shapes respectively, while r and
δr denote the variance of the prediction error of the r-th eigenfrequency and mode shape.
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2.2

Parametric model order reduction

One of the major drawbacks of the Bayesian model updating is the need for many iterations
of solving the eigenvalue problem. For large FE-models, the computational effort might become infeasible. Therefore, a parametric model order reduction is performed. The mass and
stiffness matrices of the substructures are exported individually and reassembled afterwards.
The assembled system matrices here denoted as Ma and Ka can be represented by
Ma =
Ka =

N

i=1
N


MSi

(4)

KSi .

(5)

i=1

Calculating the transformation matrix (e.g. by modal model order reduction or Craig-Bampton
reduction) of the assembled matrices the system can be reduced by

T

Ma,r = T MT = T



T

N


T

i=1
N


T

Ka,r = T KT = T

MSi

T

(6)



KSi

T

i=1

while maintaining the possibility of changing linearly dependent parameters of all subsystems.
The parameterized system matrices can be describe as
Ma,r (θ) =

M0a,r

+

Ka,r (θ) = K0a,r +

Nθ

i=1
Nθ


MSi,r θi

(7)

KSi,r θi .

i=1

where M0a,r , K0a,r , MSi,r , KSi,r are constant matrices independent of θi .
3

VIRTUAL PCB TEST RIG

The purpose of the virtual PCB test rig is to demonstrate the interaction between the different
parts of the SHM concept and show the capabilities of the presented parametric model order
reduction technique.
The FE simulation tool is used for developing the FE-model of the PCB. The model is constructed based on the design of the PCB that later will be used on the real test rig. For the PCB
FR-4 material properties [28] are assumed. The capacitors are modeled as rigid mass points
that are attached to the PCB by solder. The joint between the PCB and the casing is modeled by
a spring element assuming the stiffness of a screw joint. For the simulation, three nodes are selected as sensors, highlighted in Fig. 1 by the red circles. The sensors are used for determining
the modal parameters by an output only modal analyses algorithm.
The model is exported to the commercial numerical computing environment by an interface
application. To test the capabilities of the presented model order reduction technique, the ﬁrst
15 eigenfrequencies of the full and reduced model are compared for changing stiffness of one
of the spring elements. The number of retained modes are 50, 70, 150, and 200 modes. Fig. 2
shows the fractional error for the ﬁrst 15 eigenfrequencies for the case that the stiffness of one
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Figure 1: ANSYS model of the PCB with ﬁve capacitors. The joint to the casing is modeled by four spring
elements. The sensor positions are highlighted by red circles.

spring element is multiplied by θ = 0.01, hence showcasing a server change in stiffness of one
of the screw joints. Even for a relatively small amount of retained modes the reduction shows
only small errors. For the further analyses, 70 modes are used.
3

10-3
50 Modes
70 Modes
150 Modes
200 Modes

Fractional Error
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Mode
Figure 2: Fractional Error of the ﬁrst 15 modes with different amount of retained modes for the model reduction.

The measurement data for the model updating and monitoring of the system is obtained by
a Simulink model of the PCB that is excited by band limited white noise. The time signal of
the three sensors is ﬁltered by a 6th order Bessel ﬁlter with a cut-off frequency at 3 kHz to
model the behavior of an analog acceleration sensor. The data acquisition is completed by rate
transition block modeling the A/D converter. After each simulation (simulation time 50s), the
digitized time data is analyzed by an automated operational modal analysis algorithm using kMeans clustering [24]. With the assumed sensor positioning the algorithm is able to consistently
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identify 13 eigenfrequencies in the range from 20 Hz to 3 kHz. After each simulation, the new
set of modal parameters is added to the data set used for model updating. To minimize the
effect of uncertainties in the identiﬁcation, the last 100 identiﬁed modal parameters are stored
in the data set for model updating. A sudden loss of stiffness in one of the screws after ﬁve
simulation steps is used to showcase the capabilities of the utilized Bayesian model updating
framework. The starting values for the prior distribution are assumed to be normal distributed
with μ(θ) = 1 and σ(θ) = 0.2. The results in Fig. 3 show that the algorithm is capable of
correctly identifying the damaged screw from the change in the vibration behavior. Due to of
the data from previous measurements in the data set, a time delay in the identiﬁcation is visible.
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Figure 3: Test case to validate the used Bayesian model updating framework interacting with the SHM concept,
showcasing a sudden stiffness loss in one of the screw joints after ﬁve time steps

Furthermore, the results show that the algorithm is only able to converge for the changed
stiffness. This can be explained by the small sensitivity of the modal parameters due to the high
stiffness of the joint connection.
4

Conclusion

In this paper, a SHM concept for a PCB test rig is presented and validated for a generic test
case. The SHM is built around a Bayesian model updating framework that uses a parametric
model order reduced model of the PCB test rig. The model reduction approach allows alteration
of linear dependent parameters with high accuracy even for a small number of retained modes.
The simulated test case shows that changes in stiffness of screw joints between the PCB and
the casing can be correctly identiﬁed if the changes are big enough. The presented concept
allows the efﬁcient simulation of complex mechanical system and monitor changes in the model
parameters. Further investigation have to be done towards the uncertainty in the measurement
data and the model.
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Abstract. This paper presents a new sequential Bayesian method for the real-time estimation of state, input, parameters, and noise characteristics in dynamical systems using outputonly measurements. It is an extension of the method developed by the authors for the joint input-state estimation in linear time-invariant systems [1], [2]. This method is built upon the
Taylor series expansion of the state-space model and conjugate prior distributions, where the
noise characteristics are described using Gaussian distributions and their covariance matrices are assumed to follow inverse Wishart distributions. When the Bayes rule is applied, explicit formulations for the posterior distributions are obtained, which allows efficient and
real-time computations. The application of this method to a simple numerical example is
demonstrated, which confirms its efficacy in handling this coupled estimation problem. It is
observed that this method delivers accurate estimations for the state, input, model parameters,
and noise covariance matrices when the results are compared with the actual values. Moreover, the proposed method has the potential to mitigate the low-frequency errors commonly
produced in estimations of input forces and displacement responses when only acceleration
responses are measured.
1

INTRODUCTION

Kalman Filter (KF) is a well-established tool in the context of real-time estimation, which
provides an efficient estimation of the dynamic response for linear time-invariant (LTI) systems. However, the performance of KF can be deteriorated in the absence of knowledge about
the external input forces and system properties. Moreover, the KF is inapplicable when the
system has nonlinearity in terms of material properties and geometric changes. This has motivated investigators to develop methods to estimate the system state, input forces, and dynamical parameters in real-time and simultaneously. However, the nonlinear nature of the joint
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parameter-state estimation problems requires approximating the state-space formulations.
Thus, Extended Kalman Filter (EKF) and Unscented Kalman Filter (UKF) have been developed to cope with this difficulty [3], [4]. While the EKF simplifies the formulation through
the first-order Tylor series expansion, the UKF treats the nonlinearity in parameters through a
numerical method offering exact solutions up to third order. However, this superior accuracy
comes at the expense of additional computational cost. Furthermore, when the noise characteristics are non-Gaussian, these methods often appear to be inadequate, which has brought
about the development of particle filters [5], [6]. However, using these filters is not desirable
in practice mainly due to the high computational cost associated with the sampling over the
parameters space.
The joint input-state estimation in LTI systems is another type of real-time estimation
problem first addressed in [7]. Later, Hsieh [8] proposed the so-called two-stage recursive
method, and Gillijns & De Moor [9] proved the optimality of this filter in the unbiased minimum variance (UMV) sense. Lourens et al. [10] implemented this filter for modally-reduced
dynamical models, enhancing its computational efficiency. Another approach is Augmented
Kalman Filter (AKF) introduced in [11], which applies the original KF to estimate an augmented vector of state and input. However, the displacement responses and input forces obtained using these filters are often observed to be contaminated with spurious low-frequency
drift components arisen from the double integration over noisy acceleration response measurements. Eftekhar Azam et al. [12] developed Dual Kalman Filter (DKF) for the simultaneous estimation of state and input in LTI systems and have demonstrated the important role of
the input covariance matrix in mitigating the drifts. Moreover, Naets et al. [13] prescribed using dummy displacement/strain measurements to reduce these drift in estimations. Nevertheless, these methods require the selection of regularization parameters, which is not always a
trivial task. In the published literature, L-curve methods have been suggested for fine-tuning
of the input and noise covariance matrices [12]. However, these methods hinder the capability
of these methods to offer real-time and automated estimation, as they often require user interference and offline calibration.
In general, the performance of Kalman-type filters is reliant on the initial values of the parameters, and inappropriate choices of the noise covariance matrices can deteriorate the accuracy up to a great extent. Thus, several adaptive methods have been suggested for updating
the process and measurement noise in real-time. These methods can be categorized into four
groups, namely Bayesian, maximum likelihood, correlation, and covariance-matching methods [14], [15]. Recently, a sequential Bayesian method is developed for the real-time estimation of input, state, and noise covariance matrices [1], [2]. It is observed that this method can
considerably mitigate the low-frequency drifts from the estimations of input and displacement
responses [1], [2].
The simultaneous estimation of state, input, and parameters has led to an emerging type of
real-time methods. Naets et al. [16] have developed a method for the coupled estimation of
state, input, and parameters using a model reduction technique paired with the EKF. The UKF
has been applied to this coupled estimation problem in Lei et al. [17]. The combination of
UKF and DKF has appeared in Dertimanis et al. [18] as an efficient method to treat this joint
estimation problem.
This paper aims to address the coupled estimation of the state, input, system parameters, as
well as noise parameters using sparse output-only measurements. It follows the same line as
the sequential Bayesian method presented in [1], [2] developing a new framework for the
coupled estimation problems. It uses the first-order Taylor series expansion to simplify the
formulations and proposes a new efficient algorithm. Details of this method will appear in the
future, and in this paper, the proposed method is examined using a linear single-degree-of-
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freedom (SDOF) system. The paper will continue with Section 2, briefly introducing the
method. In Section 3, a numerical example is employed to test and verify the method, and in
the end, conclusions are drawn.
2

PROBLEM STATEMENT

A state-space stochastic representation of dynamical systems can be obtained in discretetime based on the second law of motion and the zero-order hold assumption for the input,
which yield [1]:
A(θk 1 )z k 1  B(θk 1 )p k 1  v kz

zk

, v kz

N (0, Q kz )

(1)

where z k  2 N DDOF is the state vector at discrete time tk k 't, k {0,1,2,..., n} , containing
displacement and velocity responses at N DOF degrees-of-freedom (DOF) sampled at 't ;
p k  N I is a vector consisting of N I unknown external forces; v kz  2 N DDOF is the process
noise

considered

to

be

white

and

Gaussian;

A(θ k 1 ) e Ac (θk 1 ) 't

and

1

B(θk 1 ) A(θk 1 )  I Ac (θk 1 ) Bc (θk 1 ) are the system and input-to-state matrices for the
discrete-time formulation and explained in terms of their continuous-time counterparts given
as
Ac (θk 1 )
where M 

N DOF u N D
DOF

0
I
ª
º
«M 1K (θ ) M 1C(θ ) » , Bc (θk 1 )
k 1
k 1 ¼
¬

, C(θk 1 ) 

N DOF u N D
DOF

, and K (θ k 1 ) 

and stiffness matrices, respectively; θ k 

NT

N DOF u N D
DOF

ª 0 º
«M 1S »
p¼
¬

(2)

are the mass, damping,

is a vector of unknown parameters;

NDOF u N I

is a matrix specifying the spatial distribution of external forces acting on the
Sp 
system of interest. This state-space representation is nonlinear-in-parameters even if the stiffness and damping matrices are explained as a linear of function of the unknown parameters
θ k . Moreover, the parameters are regarded as time-variant whose variation between consecutive time instances can be described using the so-called random walk model:
θk θk 1  vTk , vTk N 0, QTk
(3)
where vTk 

NT

characterizes the variation over each interval considered to be white, zero-

mean, and Gaussian having the covariance matrix QTk 

NT u NT

.

be a vector of response quantities of interest observed at the discrete time tk .
Let d k 
It can be proved that this dynamical response can be written in terms of the system state, input,
parameters, as well as the measurement noise leading to the following observation model [1]:
N0

dk
where G (θ k ) 

N0 u N s

G(θk )z k  J(θk )pk  w k

and J (θ k ) 

N0 u N I

,

wk

N (0, R k )

(4)

are the output influence and the direct transmission

matrices, respectively, which can be found in [1]; w k  No is the measurement noise vector
modeled as Gaussian white processes with zero-mean and unknown covariance matrix
R k  N0 u N0 , respectively.
We state that the problem lies in the real-time estimation of the state, input, parameters, as
well as the noise characteristics based on sparse output-only measurements. We address this
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problem using the foregoing state-space representation and through a novel sequential Bayesian approach. The presented approach is an extension of the method developed recently by the
authors, particularly for the joint estimation of input and state in LTI systems [1], [2]. Of
course, the mathematical formulation of this method is skipped in view of this paper’s length.
However, the method used here consists of five major steps, namely constructing prior distributions, jointly estimating parameters-input-state, estimating cross-covariance matrices, identifying noise characteristics, and making predictions for the next time step. In the derivation
of this method, linear Taylor series expansions are employed to simplify both the observation
and process models. Moreover, this method benefits from conjugate prior distributions, which
allows producing closed-form expressions for the posterior distributions, which reduces the
computational burden as well. This implementation includes using Gaussian distribution for
the additive noise components as stated earlier, as well as adopting Inverse Wishart distributions for the noise covariance matrices. Further details about this method to be disclosed in
the future, and in the remainder, we demonstrate this method by using a simple numerical example.
3

ILLUSTRATIVE EXAMPLE

Figure 1 shows a single degree-of-freedom (SDOF) spring-mass-damper system selected to
demonstrate the proposed method. For ease of comparison, the system properties are set to be
the same as the example presented in [18], wherein M 30kg , C 700N.s/m and
K 40MN/m . The modal frequency and modal damping ratio for the SDOF system with the
above-mentioned properties are 184 Hz and 0.01, respectively. The discrete-time acceleration
response of this system is sampled at 't 0.001s and considered as the measured quantity.
This artificial response is generated when the system is subjected to zero-mean Gaussian
white input process having 200N standard deviation. The measurement noise is modeled by a
zero-mean Gaussian process with the standard deviation of 1% root-mean-square of the noisefree response and added on top of the acceleration response. Note that the zero-order hold assumption is employed when the discrete-time response is created.
The stiffness of the spring K { T and the applied force are considered to be unknown. The
problem is to estimate and update the input, state, stiffness, and noise parameters in real-time
using acceleration-only measurements.
x(t)
K = 40MN/m

M = 30kg

f(t)

C = 700N.s/m

Figure 1: SDOF spring-mass-damper system considered for testing the method

The initial value for the parameters is selected to be θ0|0=0.8K=32MN/m. The input and parameter variances are both set to 100. The initial covariance matrix of the state is considered
to be diagonal having elements of order 103. The estimation period is considered 200s, aiming
to ensure the stability and accuracy of the method.
Figure 2 presents the estimation of stiffness. It is observed that within the first 10s, the estimation reaches to a satisfactory threshold varying around the actual value. The variation of
the stiffness identified decreases as the time goes by, which is attributed to the convergence of
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the noise covariance matrices. Moreover, the estimation of the applied force is displayed in
Figure 3. For comparison, two windows each 1s long are enlarged, indicating the accuracy of
the method in estimating the input. To shed light on the misfit between the actual and estimated input, the errors are plotted in Figure 4 in both time and frequency domains. In Figure 4(a),
it is evident that the large errors appearing in the beginning swiftly decrease and reach to a
stationary process with much smaller amplitude. This error process is transformed to the frequency-domain in Figure 4(b), showing that relatively large errors around the system’s natural
frequency. We believe this issue is attributed to the variation of identified stiffness. Another
notable observation is the mitigation of low-frequency drifts up to a great extent.

Figure 2: Identification of the stiffness using the proposed method

Figure 3: Estimation of input force over different intervals
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Figure 4: Input estimation errors presented in time and frequency domains

Figure 5 shows the time-history displacement response estimated using the proposed
method. When these estimations are compared with the actual values, it is observed that the
proposed method delivers accurate estimations and particularly free of significant lowfrequency errors. This conclusion is reinforced when we zoom into different segments of the
response, e.g. intervals [10-11s] and [190-191s]. It is to be noted that similar observations are
made for the velocity and acceleration responses, which confirms the validity of the method.
However, they are not presented here for brevity.
Figure 6 indicates the real-time estimation of the process noise covariance matrix and the
stiffness variance. As shown, these variances converge and reach to stationary settings as time
passes, putting emphasis on the stability of the estimators.

Figure 5: Estimation of the displacement response using the proposed method
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Figure 6: Real-time estimation of noise covariance matrices (a) process noise covariance matrix (b) variance
of the stiffness

4

CONCLUSIONS

A new sequential Bayesian method is introduced for the coupled estimation of state, input,
parameters, as well as noise covariance matrices using response-only measurements. This
method is examined and tested using a simple numerical example. The convergence of the
estimations to the actual values is demonstrated, and the stability of the estimations is verified
using a basic numerical example. It is also observed that the proposed filter is capable of mitigating the adverse effect of using noisy acceleration responses, and corrects inappropriate
choice of noise covariance made at the beginning, delivering highly accurate estimations.
More examples to appear in the future aiming to lend further validity and verification to the
method presented herein.
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Abstract. Updating dynamical models based on experimental modal information has become
an important topic in structural health monitoring. This paper revisits this significant problem and develops a new two-stage hierarchical Bayesian framework, aiming to improve the
quantification of uncertainty. This framework employs the Bayesian FFT approach to identify
the modal parameters along with their identification uncertainty, and then, it utilizes this
modal information to update the stiffness matrix. It can quantify the variability of both modal
and structural parameters over multiple data sets while characterizing their identification uncertainty as well. This framework also proposes a new basis to assign optimal and appropriate weights for modal features. It weights different modal parameters based on the sum of
identification uncertainty and the ensemble variability such that more uncertain parameters
will be assigned smaller weights. As a result, a coherent quantification of uncertainty is attained by following Bayesian probability logic. Ultimately, experimental data from a shear
building structure is used for demonstrating the proposed framework.
1

INTRODUCTION

Bayesian statistical framework [1] has become central in structural health monitoring
(SHM) since it provides a rigorous mathematical tool to quantify uncertainties. This framework has been developed further to tackle various problems visited in SHM, including the
methods seasoned for updating dynamical models based on experimental modal information.
Two decades ago, Vanik et al. [2] have first developed a Bayesian framework for updating
stiffness parameters by comparing and matching experimental and analytical modal properties.
Beck et al. [3] have used this framework to address damage detection in a probabilistic fashion. However, the original formulations [2] require matching the analytical and experimental
dynamical modes. Yuen et al. [4] have introduced an efficient Bayesian formulation to handle
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this problem without imposing any mode matching concept. This study establishes a Gaussian
distribution to provide an explicit relationship between the structural and modal parameters
and to avoid solving the eigenvalue problems. Christodoulou and Papadimitriou [5] have
demonstrated that the weighting of modal features plays a crucial role in obtaining the most
probable values of structural parameters accurately. They have also proposed a Bayesian
method to calibrate the weights. Goller et al. [6] have introduced an evidence-based approach
for the calibration of the weights. Au and Zhang [7] have developed a two-stage approach,
which first identifies the modal parameters and their uncertainties using the Bayesian FFT approach [8], [9] and then updates the structural parameters accordingly. Behmanesh et al. [10]
have proposed a hierarchical Bayesian method to account for the variability of structural parameters. The computing technique used in [10] is a Gibbs sampling method associated with
the Metropolis-Hasting algorithm. However, this computational method appears to be inefficient as the number of parameters grows. For globally identifiable problems, an asymptotic
approximation of the likelihood function can drastically reduce the computational cost and
provides theoretical insights as to the separation of identification uncertainty and variability
[11]. In the original framework, the data sets correspond to statistically independent experiments. However, this assumption can be relaxed by breaking a long time-history data set into
multiple segments and capturing the variability through the same approach [12]. An extension
of this framework to Bayesian operational modal analysis has recently appeared in [13].
These studies show that the hierarchical Bayesian framework provides robust uncertainties.
In this study, we develop a two-stage hierarchical Bayesian framework for model inference
problems. In the first stage, the modal information is obtained from the Bayesian FFT method
[8], [9], and in the second stage, this information is employed to update the stiffness parameters using a method similar to [4]. This development benefits from the hierarchical Bayesian
framework presented in [11], [13].
2
2.1

HIERARCHICAL BAYESIAN FRAMEWORK
Problem statement

Let M (θ)  M be a linear dynamical model, selected from a class of models M and described mathematically as a function of free parameters θ  NT . These parameters are assumed herein to characterize the uncertainty associated with the stiffness matrix. The socalled substructure approach is convenient to express the stiffness and mass matrices in terms
of the substructures’ stiffness/mass matrices giving:

K (θ)

NT

¦T p K p ; M
p 1

NT

¦M

p

(1)

p 1

where K (θ) and M  NDOF uNDDOF are the global stiffness and mass matrices, respectively;
K p and M p  NDOF uNDDOF are the stiffness and mass matrices of the pth substructure. Note that
the structural model is assumed to have NDOF degrees-of-freedom (DOFs). This parameterization is advantageous since it provides a linear relationship between the global stiffness matrix
and the unknown parameters. In this study, the mass matrix is considered to be known and
computed from architectural and structural drawings. On the contrary, the parameters of the
stiffness matrix should be updated based on the vibration measurements.
The primary goal is to calibrate the stiffness parameters and their uncertainty using
N D time-history data sets collected in the full data set D {Ds , s 1,2,..., ND} while

Ds

{y j ,s

y s ( j't ) 

No

,j

0,1, 2
2,..., N  1} is a particular sequence of response-only
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measurement obtained at N o DOFs and 't intervals. Updating the model directly based on
vibration responses, as proposed in [11], is non-trivial and difficult, mainly due to the fact that
the input loading is not known. Consequently, it is preferred to identify the modal features
first and then use them for inferring the stiffness parameters. This paper follows a similar approach by establishing a two-stage hierarchical Bayesian framework. In the first stage, the
modal frequencies and mode shapes are inferred using the Bayesian FFT approach. In the
second stage, the stiffness parameters are updated by comparing the identified and analytical
modal parameters.
2.2

Hierarchical prior distribution
Let ω2 [Z12 ... ZN2 m ]T and Φ [I1T ... ITNm ]T be the experimental modal frequencies and

mode shape vectors, respectively, where each pair {Zi2  1, Ii  0 } corresponds to the ith
dynamical mode when Nm modes are observed. Likewise, the modal parameters of the structural model M (θ)  M can be expressed as Y 2=[Y12 ... Y N2 m ]T and Ψ [ψ1T ... ψTNm ]T , where
N

\i  NDOF } is modal frequency and mode shape vector of the ith
similarly the pair {Y i2  1,,\
dynamic mode. Of course, the analytical modal parameters vary with stiffness parameters.
The statistical relationship between the analytical modal parameters and the stiffness parameters is described as [4]:
p(Y 2s , Ψ s | θs ,V H2 )

Nm

N

i 1

K (θs )\i ,s | Y i2,s M\i ,s ,V H2I NDOF

(2)

where V H2 is the prediction error variance reflecting how accurate the Eigen equation is satisfied. Note that the subscript s represents that one parameter correspond to the data set Ds .
Thus, the stiffness parameters are variable over different data sets. This variability is considered using a hyper Gaussian distribution imposed over the stiffness parameters giving:
p(θs | μθ , Σθθ ) N (θs | μθ , Σθ )
(3)
where μθ 

NT

NT u NT

and Σθ 

are the hyper mean vector and covariance matrix, respec-

tively. Likewise, the modal features {ω2 , Φ, Y 2 , Ψ} are specific to each experiment (data set)
and modeled as statistically independent. The discrepancy between the experimental and analytical modal parameters describing each experiment can be written as
ªω2s º ª Y 2s º ªεωs º
(4)
»
« » «
»«
¬«Φ s ¼» ¬« Γ s Ψ s ¼» «¬εΦs »¼
where Γs 

N m No u N m N D
DOF

is a known selection matrix, which specifies the observed DOFs, and
[ε
ε ] is the prediction error vector described through a class of maximum-entropy probability distribution given as
εω ~ N 0, Σω
; εΦs ~ N 0, ΣΦ
(5)
T
ωs

T T
Φs

2
s

Nm u Nm

i.i.d .

2

i.i.d .

No Nm u No Nm

and ΣΦ 
are the covariance matrices of the modal frequenwhere Σω2 
cies and mode shape vectors, respectively. These parameters are to be inferred from the data
as well. Having considered this statistical model, the probability distribution of the experimental modal parameters conditional on the analytical ones can be written as
p(ω2s , Φs | Y s , Ψs , Σω2 , ΣΦ ) N ω2s | Y 2s , Σω2 N Φs | Γs Ψ s , ΣΦ
(6)
Figure 1 shows the hierarchical structure of the proposed probabilistic model. The conditional dependence of parameters is shown by the arrows, and the unknown parameters are
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shown using the white circles. Each time-history data is shown by a gray circle. For brevity,
the parameters having common realizations over data sets are collected into a hyperparameters set M {μθ , Σθ , Σω2 , ΣΦ , V H2 } , and the data-set-specific parameters are collected
into G {ω2s , Φs , Y 2s , Ψs , θs }sN 1 . Therefore, the joint prior distribution of all parameters can be
written as
D

p(G ,M )

ND

p(M ) p(ω2s , Φs | Y 2s , Ψ s , Σω , ΣΦ ) p(Y s , Ψ s | θs ,V H2 ) p(θs | μθ , Σθ )
2

(7)

s 1

where p(G ,M ) is the joint prior distribution and p(M ) is the prior distribution of the hyperparameters considered to uniform. It is notable that only the experimental modal parameters
have a direct relationship with the measured responses. This relationship is described by the
likelihood function, which will be discussed in the next section.
μ θ , Σθ

θs

V H2

Y i2,s , ψ i , s

Σω2

Zi2,s , Ii , s

Ds
Nm

ΣΦ

ND

Figure 1: An overview of the hierarchical probabilistic model used for two-stage Bayesian model inference

2.3

Bayesian formulation

Given that the vibration responses are statistically independent, the Bayes’ rule gives the
joint posterior distribution of all parameters as
ND

p(G ,M | D) v  p( Ds | ω2s , Φs ) p(ω2s , Φs | Y 2s , Ψ s , Σω , ΣΦ ) p(Y s , Ψ s | θs ,V H2 ) p(θs | μθ , Σθ )
2

(8)

s 1

where p(G ,M | D) is the joint posterior distribution of all parameters, p( Ds | ω2s , Φs ) is the
likelihood function of the data set Ds . It worth noting that, in derivation of this equation, the
prior joint distribution is replaced from Eq. (7). The likelihood function connects the experimental modal parameters to the vibration responses. The Bayesian FFT approach [8], [9] provides a rigorous method to simplify the likelihood function by the following Gaussian
distribution [13]:
ˆ 2 N Φs Φ
ˆ s,Σ
ˆ
ˆ 2s , Σ
p( Ds | ω2s , Φs ) v N ω2s ω
(9)
ωs

Φs

ˆ are the covariance matrices showing how confident we are in the identiˆ and Σ
where Σ
Φ
ω
2
s

s

fied modal frequency and mode shapes, respectively. We refer to this data-driven uncertainty
ˆ are the most probable values (MPVs)
as identification uncertainty. The parameters ωˆ 2s and Φ
s
of the modal parameters. The reader can refer to [13] for a detailed derivation of this approximate likelihood function. When this simplification is introduced into Eq. (8), it is possible to
marginalize the experimental modal features explicitly. After simplification, we will arrive at
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ND

ˆ 2 N ΓΨ Φ
ˆ ,Σ  Σ
ˆ
p({Y 2s , Ψ s ,θ s }sN D1 , M | D) v  N Y 2s Y 2s , Σω2  Σ
Φ
Φs
s
s
s
ω
s

s 1

(10)
Nm
ª
º
2
2
u  « N θ s | μθ , Σθ  N K (θ s ) \i ,s | Y i ,s M\i ,s , V H I N DOF »
s 1 ¬
i 1
¼
ND
2
where p({Y s , Ψs ,θs }s 1 ,M | D) is the joint distribution of remaining parameters. Note that the
procedure followed here for the marginalization is similar to the approach presented in [14].
This joint distribution can be used directly to compute the MPVs. Since the stiffness parameters are globally identifiable, it is however desirable to approximate the expressions relying on
the stiffness parameters and the analytical modal features using another Laplace approximation. This set of parameters is essentially K {{Y 2s , Ψs ,θs }sND1 , Σω2 , ΣΦ ,V H2} . For this purpose,
we first explain that Eq. (10) can be rewritten as
ND

ND

p({Y 2s , Ψ s ,θs }sN D1 , M | D) v  ª¬ N θs | μθ , Σθ exp  J (K ) º¼

(11)

s 1

where J (K ) is the negative logarithm of the expressions summarized from the LHS of Eq.
(10) given as
1
1 ND ª
2 T
ˆ
ˆ  Y2  Z
ˆ 2
ˆ
ˆ 2s º

J (K )
Σ
Σ
Σ
Y 2s  Z
ln
2  Σ 2  ln Σ Φ  Σ Φ
2
¦
s
s
ω
ωs
ω
ωs
s
«
»¼
2 s 1¬
(12)
Nm
T
1
2
º
1 ND ª
2 T
2
ˆ
ˆ
ˆ
ΣΦ  ΣΦs
Γ s Ψ s  J i.sΦ s  ¦ V H \i , s K (θ s )  Y i , s M \i , s »
 ¦ « Γ s Ψ s  J i.s Φ s
2 s 1¬
i 1
¼
where |.| denotes the matrix determinant. This particular treatment of parameters allows separating the identification of K and {μθ , Σθ } . Later, it will be shown that this strategy is beneficial for separating different type of uncertainties.
It is worth to highlight that, when calculating the MPV, the mode shape vectors should be
optimized subjected to the unit-norm constrain. This can be accomplished through the Lagrange multiplier approach using a method like [15]. Imposing this constraint requires the
minimization of the following objective function:
1 N D Nm
(13)
J (K{Fi ,s , Oi ,s }iNm1 sND1 ) J (K )  ¦¦ ª¬ Fi ,s 1  ψTi ,s ψi ,s  Oi ,s ψTi ,s TiT,s Ti ,s ψi ,s  J i2,s º¼
2s1i1
where F i , s and Oi , s are the Lagrange multipliers should be identified as well. The minimization of this function yields the MPVs. Moreover, the exponential function in the RHS of Eq.
(11) can be approximated by a Gaussian distribution centered at the MPVs. The covariance
matrix of this distribution is equal to the inverse of the Hessian matrix of J (K ) evaluated at
the MPVs. This approximation simplifies Eq. (11) into
ND

ˆ
p({θs }sND1 , μθ , Σθ | D) v  N θs μθ , Σθ N θ s θˆ s , Σ
θs

(14)

s 1

ˆ are the MPV and identification uncertainty of the stiffness parameters obwhere θˆ s and Σ
θs
tained from data set Ds , respectively. In [11], it is proved that marginalization of θ s ’s provides:
ND

ˆ
p(μθ , Σθ | D) v  N μθ θˆ s , Σθ  Σ
θs
s 1
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where p(μθ , Σθ | D) is the marginal posterior distribution of the hyper-parameters characterizˆ ’s are fairly constant, the MPVs of the
ing the stiffness parameters. In a special case when Σ
θs

hyper-parameters are obtained [12]:

μˆ θ
ˆ
Σ
θ

1
ND

1
ND

ND

¦ θˆ

(16)

s

s 1

1
(θˆ s  μˆ θ )(θˆ s  μˆ θ )T 
¦
ND
s 1
ND

ND

¦ Σˆ
s 1

(17)

θs

where μˆ θ and Σˆ θ are the MPVs. These equations also reveal that the MPV of the hyper mean
vector is the average of realizations obtained from different data sets. Moreover, the MPV of
the hyper covariance matrix is determined as the difference of the ensemble covariance matrix
computed from different realizations and the mean of identification uncertainties.
3

EXPERIMENTAL EXAMPLE

A three-story shear building small-scale structure is used for verifying the proposed
framework shown in Figure 2(a). The acceleration time-history responses of the three floors
were measured when subjected to ND = 40 independent white Gaussian base excitations. The
averaged singular value spectrum is plotted in Figure 2(b). Based on this figure, three resonant bands can be selected as [3.2–5.2 Hz], [12.0–14.0 Hz], and [17.5–19.5 Hz] for applying
the Bayesian FFT approach. For each data set, the modal frequencies and mode shape vectors
are thus obtained along with their identification uncertainty.
Figure 2(c) shows the dynamical model considered to describe the structure. It is a simple
shear frame whose columns have unknown stiffness. The mass matrix is considered to be
known and concentrated on each floor. Thus, there exist three unknown stiffness parameters
to be identified from each data set, and their hyper-parameters should be inferred from multiple data sets. The modal statistical information obtained is then used for updating the modal
and stiffness parameters. Table 1 presents the MPVs and the total uncertainty comprising both
identification uncertainty and the variability. Table 2 presents both the identification uncertainty and the ensemble variability. These results demonstrate the proposed hierarchical
framework in terms of the separation of the different sources of uncertainty and providing uncertainties robust to the variability induced by the modeling errors.
a)

b)

u3(t)

m3

c)
c3

k3
u2(t)

m2

2

1

3
c2

k2
u1(t)

m1
c1
k1

Figure 2: Small-scale structure tested on a shaking table b) Averaged singular value spectrum obtained from the
three measured acceleration responses

3604

Omid Sedehi, Costas Papadimitriou and Lambros S. Katafygiotis

Table 1: MPV and uncertainties computed for the
modal frequencies and mode shape components
Analytical
Averaged
Total uncerparameters
MPVs
tainty (S.D.)
ϖ1 (rad/s)
27.43
0.0435
ψ11
0.395
0.0010
ψ21
0.602
0.0015
ψ31
0.694
0.0017
ϖ2 (rad/s)
81.96
0.0374
ψ12
0.7499
0.0055
ψ22
0.12612
0.0010
ψ32
-0.6494
0.0047
ϖ3 (rad/s)
118.28
0.0469
ψ13
-0.481
3.2e-05
ψ23
0.727
4.9e-05
ψ33
-0.489
3.3e-05

Table 2: Quantification of the uncertainty using the sampling and
asymptotic approximation approaches
Standard deviation (KN/m)
Stiffness
Hyper mean
Identification Ensemble variaparameters MPV (KN/m)
uncertainty*
bility**
K1
17.827
2.14e-06
0.454
K2
24.368
1.19e-05
0.134
K3
26.287
6.68e-06
0.132
*
Averaged over realizations obtained from each data set
**
Computed based on the MPV of the hyper covariance matrices

4

CONCLUSIONS

A hierarchical Bayesian modeling framework was developed to update dynamical models
based on modal statistical information. This framework is coherent and consistent in terms of
using Bayesian probability logic. It employs the Bayesian FFT approach for modal inference
and updates the stiffness parameters based on the modal statistical information. This framework weights modal features based on their total uncertainty composed of the identification
uncertainty and their variability across different data sets. It delivers the promise to quantify
the variability induced due to modeling errors through efficient asymptotic approximations.
This achievement is important since the variability often predominantly exceeds the identification uncertainty obtained using a Bayesian non-hierarchical probabilistic framework.
5
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Keywords:VHLVPLFKD]DUGHDUWKTXDNHHQJLQHHULQJFROODSVHSUREDELOLW\ULVNWDUJHWLQJ$OL
FDQWH
Abstract. The areas with higher seismic risks in Spain are located in the South and South-East
of Spain. For instance, the recent seismic hazard analysis performed in the Alicante and Elche
have obtained a PGA of 200 cm/sec2 approximately in the region and indicated that the highest
contribution to the seismic hazard comes from the seismicity due to the Crevillente and the Bajo
Segura faults. Many studies have demonstrated that the design of structures in the region
through the use of “uniform hazard” principle, does not guarantee that the collapse risk in the
region is uniform as well, i.e., even in those regions with similar PGAs corresponding to the
same mean return period, the seismic risk in terms of failure probability will be significantly
different. A new approach called “risk targeting” has already been adopted by new generations
of seismic codes and associated research, where the parameters are specified to ensure a tool
for the design of buildings with a probability of collapse alike or at least harmonized throughout
the area concerned. Consequently, in this study, we will focus on the evaluation of the collapse
probability of the buildings and then developing the risk-targeted maps of the Alicante. Finally,
the preliminary obtained results will be discussed.
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1

INTRODUCTION

6HLVPLF DVVHVVPHQW DQG VWUXFWXUDO GHVLJQV DUH FRQWLQXDOO\ HYROYLQJ DV HYLGHQFHG E\ WKH
UDSLG GHYHORSPHQWRIQHZSURFHGXUHV LOOXVWUDWHG E\ WKH 3DFLILF(DUWKTXDNH (QJLQHHULQJ 5H
VHDUFK&HQWHU 3((5 SHUIRUPDQFHEDVHGHDUWKTXDNHHQJLQHHULQJIUDPHZRUN>@1XPHURXV
VWXGLHVDLPHGWRLQWHJUDWHWKHSULQFLSOHRISUREDELOLW\LQWRVHLVPLFSHUIRUPDQFHHYDOXDWLRQWDN
LQJLQWRDFFRXQWWKHXQFHUWDLQWLHVUHODWHGQRWRQO\WRVHLVPLFLQSXWEXWDOVRWRVWUXFWXUDOSURSHU
WLHVFDSDFLW\DQGPRGHO>DQG@,QRUGHUWRHVWLPDWHWKHVHLVPLFGHPDQGDWDVSHFLILF
ORFDWLRQWKHYDVWPDMRULW\RIWKH(DUWKTXDNH'HVLJQ&RGHVUHO\RQDVHLVPLFDOO\GHILQHGUHWXUQ
SHULRG IRUH[DPSOHLQ\HDUV RILQWHQVLW\PHDVXUHV7KHGHFLVLRQWRGHVLJQWKHVWUXF
WXUHLQDFFRUGDQFHZLWKD³XQLIRUPKD]DUG´OHYHOLVEDVHGRQWKHLGHDWKDWDSURFHVVOLNHWKLV
OHDGVWRWKHVDPHDQQXDOSUREDELOLW\RIFROODSVHDVDQ\ZKHUHLQWKHEXLOGLQJV1HYHUWKHOHVV
WKLVIDFWKDSSHQVRQO\LIWKHFROODSVHSUREDELOLW\RIWKHVWUXFWXUHZLOOEHDFHUWDLQYDOXHWKDWLV
LQIHDVLEOHLQUHDOFDVHV5HFHQWO\PXOWLSOHVWXGLHVKDYHGHPRQVWUDWHGWKDWDGHVLJQEDVHGHDUWK
TXDNHGHWHUPLQHGRQDXQLIRUPKD]DUGWKHRU\GRHVQRWQHFHVVDULO\OHDGWRWKHGHVLJQRIVWUXF
WXUHVZLWKDFRQVLVWHQWULVNRIFROODSVHLQGLIIHUHQWDUHDV7KHVHLQFRQVLVWHQFLHVDUHGXHWRWKH
GLIIHUHQWVKDSHRIWKHKD]DUGFXUYHIRUGLIIHUHQWUHJLRQVDQGXQFHUWDLQWLHVLQIDLOXUHFDSDFLW\RI
VWUXFWXUHV>@DULVLQJIURPDVHWRIIDFWRUVVXFKDVGLIIHUHQWPDWHULDOSURSHUWLHVGLIIHUHQFHVLQ
GHVLJQDQGDPRQJRWKHUV+HQFHDVWUXFWXUHFDQFROODSVHIRUDGLIIHUHQWJURXQGPRWLRQZLWK
ZKDWLWZDVGHVLJQHGIRU0RUHRYHUDVWKHVKDSHRIWKHKD]DUGFXUYHGHSHQGVRQWKHVLWHORFD
WLRQHYHQWKHEXLOGLQJVGHVLJQHGIRUWKHVDPHJURXQGPRWLRQZLOOKDYHGLIIHUHQWYDOXHVRIFRO
ODSVHSUREDELOLW\
%DVHGRQWKHZRUNE\>@LWZRXOGEHPRUHFRQVLVWHQWWRXVH³XQLIRUPULVN´DVVXPSWLRQLQ
ZKLFKWKHGHVLJQJURXQGPRWLRQLVHVWLPDWHGWRSURYLGHDFRQVWDQWOHYHORIULVN7KLVDOJRULWKP
ZDVXVHGWRSUHVHQWWKHULVNWDUJHWHGPD[LPXPFRQVLGHUHGHDUWKTXDNH 0&(5 JURXQGPRWLRQ
$6&( >@$FFRUGLQJO\XVLQJWKHSURSRVHGPHWKRG'RXJODVHWDO>@SUHVHQWHGDULVN
WDUJHWHG VHLVPLFGHVLJQPDSIRU)UDQFH ,Q WKH VWXG\ E\ >@ YDULRXV SDUDPHWHUV LQYROYHGLQ
GHYHORSLQJ ULVNWDUJHWHG GHVLJQ PDSV DUH DQDO\]HG DQG PDSV IRU (XURSH GHYHORSHG XVLQJ
6+$5( VHLVPLF KD]DUG UHVXOWV ZZZVKDUHHXRUJ  7KH ULVNWDUJHWHG PDS RI 5RPDQLD ZDV
GHYHORSHGE\>@XVLQJWKHKD]DUGPRGHORI6+$5(>@DSSOLHGVLWHDQGVWUXFWXUHVSHFLILF
IUDJLOLW\ FXUYHVWRHVWLPDWHWKHULVNWDUJHWHG GHVLJQ JURXQG PRWLRQ >@DGGUHVVHGVRPH UH
VHDUFKUHVXOWVUHODWLQJWRWKHULVNRIIDLOXUHLQUHVLGHQWLDODQGLQGXVWULDOFRQVWUXFWLRQLQFRPSOL
DQFHZLWKWKH,WDOLDQFRGH7KH\VKRZHGWKDWVHLVPLFVWUXFWXUDOUHOLDELOLW\WHQGVWRGHFUHDVHZLWK
LQFUHDVLQJVHLVPLFKD]DUGWRWKHEXLOGLQJVLWHGHVSLWHWKHKRPRJHQHRXVUHWXUQSHULRGRIH[FHVV
RIVHLVPLFGHVLJQJURXQGPRWLRQ>@SUHVHQWHGDUHYLHZRIWKHVWDWHRIWKHDUWRIWKLVWHFKQLTXH
KLJKOLJKWLQJHIIRUWVWRFRQVWUDLQEHWWHUVRPHRIWKHLQSXWSDUDPHWHUV,QDGGLWLRQWKH\GLVFXVVHG
WKHSUREOHPVLQWKHSUDFWLFDOLPSOHPHQWDWLRQRIWKLVDSSURDFKDQGWKHDOWHUQDWLYHIRUZDUGSDWKV
>@KDYHSHUIRUPHGWKHSUREDELOLVWLFVHLVPLFKD]DUGDQDO\VLVDQGDULVNWDUJHWHGPDSIRU7HK
UDQSURYLGHGEDVHGRQWKHKD]DUGFXUYHVDFKLHYHG>@SUHVHQWHGDULVNWDUJHWHGVHLVPLFGHVLJQ
PDSIRU,UDQFRQVLGHULQJWKHVHLVPLFKD]DUGPRGHOVIURPWKH(00(SURMHFW>@DQG67'
>@5HFHQWO\>@SHUIRUPHGDUHYLHZDQGFRPSDULVRQDPRQJWKHH[LVWLQJDSSURDFKHV
ZLWKUHJDUGWRWKHLPSOHPHQWDWLRQRIXQLIRUPULVNFRQFHSWVLQWKHSHUIRUPDQFHEDVHGGHVLJQRI
VWUXFWXUHV$PRQJWKHVHRQHEDVHGRQWKHXVHRIULVNWDUJHWHGEHKDYLRUIDFWRUV 57%)V KDV
EHHQ UHFHQWO\ FRQVLGHUHG IRU WKH GHYHORSPHQW RI IXWXUH YHUVLRQV RI (XURFRGH  >@ >@
GHPRQVWUDWHGWKHHIIHFWVRIWKH57%)DSSURDFKEHLQJDSSOLHGWRWKHFRQFHSWRIULVNWDUJHWHG
PDSVIRU,WDO\
,QWKLVVWXG\XVLQJWKHXSGDWHGVHLVPLFKD]DUGLQWKHUHJLRQVRI$OLFDQWHDQG(OFKH>@DQG
HPSOR\PHQWRIJHQHULFIUDJLOLW\FXUYHVWKHGLVWULEXWLRQRIWKHULVNWDUJHWHGJURXQGPRWLRQKDV
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EHHQHVWLPDWHGIRUWKHVHDUHDV7KLVVWXG\DLPVDWHYDOXDWLQJWKHUHOHYDQWSHDNJURXQGDFFHOHU
DWLRQV IRU D JLYHQ WDUJHW DQQXDO FROODSVH SUREDELOLW\ DQG GLIIHUHQW FROODSVH SUREDELOLW\ IRU D
JLYHQSHDNJURXQGDFFHOHUDWLRQZKLFKFRUUHVSRQGVWRDVSHFLILFPHDQUHWXUQSHULRGRIVHLVPLF
DFWLRQ
2

SEISMIC HAZARD MODEL

7KHVHLVPLFKD]DUGPDSRI6SDLQZDVUHFHQWO\XSGDWHGDIWHUWKHHYHQWVRFFXUUHGLQWKH0XU
FLDUHJLRQVXFKDVWKHHDUWKTXDNHLQ0XOD 0Z  LQ%XOODV 0Z  LQ
/D3DFD 0Z  RUWKHGHVWUXFWLYH/RUFDHDUWKTXDNHRFFXUUHGLQ 0Z  ZLWKFDWD
VWURSKLF FRQVHTXHQFHV LQ /RUFD WRZQ GHVSLWH EHLQJ D UHODWLYHO\ VPDOO HYHQW 1RQH RI WKRVH
HYHQWVZHUHLQFOXGHGLQWKHVHLVPLFKD]DUGPDSSXEOLVKHGXQGHUWKHIUDPHZRUNRIWKHFXUUHQW
6SDQLVKVHLVPLFFRGH1&6()RUH[DPSOHWKH3*$DWURFNIRUDSUREDELOLW\RIH[FHHG
DQFHLQ\HDUVZDVJDQGJIRU$OLFDQWHDQG(OFKHUHVSHFWLYHO\ DFFRUGLQJWR1&6(
 DQGLWKDVEHHQLQFUHDVHGWRJDQGJZLWKWKHXSGDWHGRIWKHVHLVPLFKD]DUGPDS
>@
,QWKLVZRUNZHKDYHFDUULHGRXWDVSHFLILFDQDO\VLVRIWKHVHLVPLFKD]DUGPDSLQERWKPX
QLFLSDOLWLHVXVLQJWKH6SDQLVKVHLVPLFFDWDORJXSGDWHGXQWLO7KHFRPSXWDWLRQZDVGRQH
XVLQJWKHVHLVPLF]RQHVSURSRVHGE\,*1830:RUNLQJ*URXSDQGXSGDWLQJWKHDFWLYLW\UDWH
DQGEHWDYDOXHVRIWKH]RQHZLWKLQWKHLQIOXHQFHDUHDRIERWKFLWLHV NP 7KHVRIWZDUH5
&5,6,6>@ZDVXVHGWRFRPSXWHWKHVHLVPLFKD]DUGPDSLQWHUPVRI3*$IRUDSUREDELOLW\
RIH[FHHGDQFHLQ\HDUV )LJXUH 
$VZHFDQVHHWKHVHLVPLFKD]DUGUHVXOWVKDYHVOLJKWO\LQFUHDVHGUHJDUGLQJSUHYLRXVVWXGLHV

)LJXUH6HLVPLFKD]DUGPDS 3*$DWURFN IRUWKHPXQLFLSDOLWLHVRI(OFKHDQG$OLFDQWHIRUH[FHHG
DQFHSUREDELOLW\LQ\HDUV
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7KHUHIRUH ZH KDYH FKRVHQ WZR VLWHV RQH LQ HDFK PXQLFLSDOLW\  DV UHSUHVHQWDWLYHV RI WKH
36+$YDOXHVLQWKHXUEDQDUHDV)LJXUHUHSUHVHQWVWKHVHLVPLFKD]DUGFXUYHVRI3*$LQWHUPV
RIDQQXDOSUREDELOLW\RIH[FHHGDQFHDQGSUREDELOLW\RIH[FHHGDQFHLQ\HDUVZKLFKZLOOEH
XVHGIRUWKHFDOFXODWLRQRIWKHULVNWDUJHWHGKD]DUG

)LJXUH6HLVPLFKD]DUGFXUYHVIRU$OLFDQWHDQG(OFKH

3

CALCULATION OF RISK-TARGETED MAP

,Q RUGHU WR SHUIRUP D ULVNWDUJHWHG DQDO\VLV LW LV QHFHVVDU\ WR GHYHORS WKH IUDJLOLW\ FXUYH
FRUUHVSRQGVWRWKHVWUXFWXUHVXQGHUVWXG\&RQVLGHULQJWKDWLQWKLVDSSURDFKWKHIUDJLOLW\FXUYHV
VKRXOGFRYHUWKHYXOQHUDELOLW\RIDODUJHUDQJHRIGLIIHUHQWEXLOGLQJW\SRORJLHVDQGRQWKHRWKHU
KDQGGHYHORSLQJWKHVHFXUYHVDUHWRRH[SHQVLYHIRUDVSHFLILFEXLOGLQJFODVVDQGORFDWLRQWKH
JHQHULFFROODSVHIUDJLOLW\FXUYHVZLOOEHXVHGIRUDOOEXLOGLQJFODVVHVLQWKHGHVLUHGDUHD,WVKRXOG
EHQRWHGWKDWWKHSURYLGHGFXUYHPXVWEHVXIILFLHQWO\JHQHULFWRFDSWXUHDOOSRVVLEOHYXOQHUDELO
LWLHV >@ 7KH IUDJLOLW\ IXQFWLRQ LV FRQGLWLRQDO XSRQ WKH YDOXHV RI JURXQG PRWLRQ GHVLJQ DQG
RXWOLQHVWKHFRQGLWLRQDOSUREDELOLW\RIH[FHHGLQJDOLPLWVWDWHZKLFKKHUHLQDIWHULVWKHFROODSVH
RIDVWUXFWXUHIRUDJLYHQGHVLJQJURXQGPRWLRQZLWKDVSHFLILFPHDQUHWXUQSHULRG 53 ,QWKLV
VWXG\WKH\HDUPHDQUHWXUQSHULRGZDVLPSOHPHQWHG LHSUREDELOLW\RIH[FHHGDQFH
LQ\HDUV VLQFHLWLVWKHPRVWZLGHO\DFFHSWHGYDOXHLQ(XURSH7KHIUDJLOLW\IXQFWLRQVDUH
SUHVHQWHGDVORJQRUPDOGLVWULEXWLRQVZLWKWZRSDUDPHWHUVWKHPHGLDQYDOXHRI3*$DQGWKH
ORJDULWKPLFVWDQGDUGGHYLDWLRQRI3*$ ȕ +HQFHRQHFDQVD\LQRUGHUWRGHYHORSDJHQHULF
IUDJLOLW\FXUYHIRUULVNWDUJHWHGDQDO\VLVLWLVQHFHVVDU\WRGHILQHWKHSDUDPHWHUVRI3F_JPDQG
ȕ7KHODWWHU 3F_JP LVWKHFRQGLWLRQDOSUREDELOLW\RIFROODSVHXQGHUWKHGHVLJQJURXQGPRWLRQ
ZLWK\HDUUHWXUQSHULRGDQGWKHIRUPHU ȕ LVWDNLQJLQWRFRQVLGHUDWLRQVHYHUDOVRXUFHVRI
XQFHUWDLQW\LQWKHFROODSVHFDSDFLW\VXFKDVWKHUHFRUGWRUHFRUGYDULDELOLW\WKHXQFHUWDLQW\LQ
WKHFROODSVHGHILQLWLRQDQGLGHDOO\RWKHUVRXUFHVVXFKDVKXPDQHUURUWKDWHYHQWKHPRVWDG
YDQFHGQXPHULFDOPRGHOVFDQQRWDFFRPPRGDWH>@
5HJDUGLQJZLWKORJDULWKPLFVWDQGDUGGHYLDWLRQRIWKHIUDJLOLW\IXQFWLRQVWKHUHDUHVLJQLILFDQW
GLIIHUHQWYDOXHVSURSRVHGE\RWKHUUHVHDUFKHV$VDQH[DPSOH/XFRHWDO>@XVHGDȕYDOXHRI
ZKLOH'RXJODVHWDO>@VXJJHVWHGYDOXHRIWKHȕYDOXHRIZDVFRQVLGHUHGLQWKH
VWXG\E\>@ZKLOH9DQ]LHWDO>@XVHGDYDOXHRI,WLVLPSRUWDQWWRQRWHWKDWXVLQJWKH
KLJKHUYDOXHVRIȕPRUHWKDQSURYLGHVDORZSUREDELOLW\RIFROODSVHHYHQLQKLJKO\VHLVPLF
UHJLRQVZKLFKVHHPVDQXQUHDOLVWLFVFHQDULR2QWKHRWKHUKDQGDVVXPLQJORZYDOXHVRIȕ HJ
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OHVVWKDQ OHDGVWRPRUHVWHHSFROODSVHIUDJLOLW\FXUYHVWKDWFRXOGSURYLGHSUREDELOLW\
RIFROODSVHHYHQDWORZJURXQGPRWLRQOHYHOV7KHHVWLPDWLRQRI3F_JPQHHGVWKHGHVLJQDQG
HYDOXDWLRQRIDODUJHQXPEHURIVWUXFWXUHVDQGDZLGHUDQJHRIKD]DUGOHYHOV$VVWDWHGHDUOLHU
LQ WKLV VWXG\ WKH SUREDELOLW\ RI FROODSVH FRUUHVSRQGV WR WKH SHDN JURXQG DFFHOHUDWLRQ RI WKH
KD]DUGFXUYHZLWKDPHDQUHWXUQSHULRGRI\HDUV6HYHUDOVWXGLHVVXJJHVWGLIIHUHQWYDOXHV
RI3F_JP)RULQVWDQFH'RXJODVHWDO>@VXJJHVWHGD3F_JPYDOXHRIZKLOH6LOYDHWDO>@
XVHGDYDOXHRI8OULFKHWDO>@SURSRVHGDYDOXHRIIRUORZIUHTXHQWGHVLJQJURXQG
PRWLRQOHYHOVDQGIRUKLJKHUDQGUDUHUGHVLJQJURXQGPRWLRQLQWKHLUVWXG\+RZHYHU6LOYD
HWDO>@EHOLHYHWKLVUDQJHRISUREDELOLW\RIFROODSVH LHWR LVWRRH[WUHPHO\ORZIRU
RUGLQDU\ VWUXFWXUHV /XFR HW DO >@ KDYH VHOHFWHG  SUREDELOLW\ RI FROODSVH XQGHU 0&(
ZKLFKFRUUHVSRQGVWRWKHSUREDELOLW\RIFROODSVHDW\HDUJURXQGPRWLRQUDQJLQJIURP
WR>@)DMIDUDQG'ROãHN>@KDYHFRPSXWHGWKHYDOXHRI3F_JPLQWKHUDQJHRIWR

DQG9DQ]LHWDO>@XVHGWKHYDOXHRIîIRUWKHSUREDELOLW\RIFROODSVHXQGHUJUDYLW\
ORDGV
$FFRUGLQJWRWKH3%((PHWKRGDQGXVLQJWKHVHLVPLFKD]DUGFXUYHDQGFROODSVHIUDJLOLW\
IXQFWLRQWKHDQQXDOFROODSVH UDWHRI D VWUXFWXUHȜF LV GHWHUPLQHG XVLQJ WKH IROORZLQJ FODVVLF
FRQYROXWLRQSURGXFWVJLYHQE\>@
ାஶ

ߣ = െ න )ݏ(ܨ.


݀)ݏ(ܩ
݀ݏ
݀ݏ



:KHUHF V LVWKHIUDJLOLW\IXQFWLRQ FRQGLWLRQDOSUREDELOLW\RIFROODSVHIRUDJLYHQJURXQG
PRWLRQ DQGG V LVWKHKD]DUGFXUYH7KHLQWHJUDWLRQLQHTXDWLRQ  GRHVQRWKDYHDFORVHG
IRUPVROXWLRQ>@WKHUHIRUHDQLWHUDWLYHSURFHVVLVUHTXLUHGIRUFDOFXODWLRQRIDQQXDOFROODSVH
UDWH$VVXJJHVWHGE\>@WKHDQQXDOIDLOXUHSUREDELOLW\ZLOOEHFRPSXWHGE\GLYLGLQJERWK
WKHIUDJLOLW\FXUYHDQGWKHVHLVPLFKD]DUGFXUYHLQWRDODUJHQXPEHURIVHJPHQWVDQGWKHQQX
PHULFDOO\LQWHJUDWLRQWKHGLVWULEXWLRQ %DVHG RQ WKH 3RLVVRQ DVVXPSWLRQWKH DQQXDO FROODSVH
UDWHLVFRQYHUWHGLQWRWKHDQQXDOSUREDELOLW\RIFROODSVH,WVKRXOGEHQRWHGWKDWVLQFHZHDUH
WDUJHWLQJWKHYHU\ORZYDOXHVWKHUHLVDQHJOLJLEOHGLIIHUHQFHEHWZHHQWKHYDOXHVRIWKHDQQXDO
SUREDELOLW\RIFROODSVHPFDQGWKHDQQXDOFROODSVHUDWH LHPHDQDQQXDOIUHTXHQF\RIFROODSVH
0$) 6LQFHWKHPDLQREMHFWLYHRIWKHULVNWDUJHWHGDQDO\VLVLVWKHHVWLPDWLRQRIJURXQGPRWLRQ
FRQVLVWHQWZLWKWKHWDUJHWULVN LHDFFHSWHGDQQXDOPF LWLVQHFHVVDU\WRGHILQHDQDFFHSWDEOH
OHYHORIVHLVPLFULVNZKLFKFDQEHH[SUHVVHGDVDQQXDOFROODSVHSUREDELOLW\+HQFHLQWKHLWHU
DWLYHSURFHVVWKHYDOXHRIGHVLJQJURXQGPRWLRQFKDQJHVLQHDFKVWHSXQWLOUHDFKLQJWKHGHVLUHG
YDOXHRIDQQXDOFROODSVHSUREDELOLW\7KHREWDLQHGGHVLJQJURXQGPRWLRQDWWKHILQDOVWHSZLOO
EHWKHULVNWDUJHWHGJURXQGPRWLRQ%DVHGRQWKHVWXG\E\>@IRUHDFKVHLVPLFVLWHWKHULVN
FRHIILFLHQWLVFDOFXODWHGE\GLYLGLQJWKHREWDLQHGIRUPHUYDOXHDQGWKHXQLIRUPKD]DUGJURXQG
PRWLRQ)LQDOO\WKHYDOXHVRIULVNWDUJHWHGGHVLJQJURXQGPRWLRQDUHFUHDWHGE\PXOWLSO\LQJ
WKLVFRHIILFLHQWWRWKHFXUUHQWVHLVPLFGHVLJQJURXQGPRWLRQPDSV5HJDUGLQJZLWKDFFHSWDEOH
DQQXDOSUREDELOLW\RIFROODSVHWKHUHDUHGLIIHUHQWVXJJHVWLRQVIURPRWKHUUHVHDUFKHVDQGVHLVPLF
FRGHV)RUH[DPSOH$6&(>@SURSRVHGYDOXHRIîIRUWKH8QLWHG6WDWHV'RXJODV
HWDO>@VXJJHVWHGXVLQJWKHYDOXHRIîDVDUHDVRQDEOHYDOXH,QWKHZRUNE\6LOYDHW
DO>@WKHYDOXHRIîHVWDEOLVKHGDVDQDFFHSWDEOHDQQXDOSUREDELOLW\RIFROODSVH
,QRUGHUWRLQYHVWLJDWHWKHHIIHFWRIWKHVHSDUDPHWHUVRQWKHDQQXDOSUREDELOLW\RIFROODSVHD
VLPSOHVHQVLWLYLW\DQDO\VLVKDVEHHQSHUIRUPHG,QWKLVDQDO\VLVGLIIHUHQWFRPELQDWLRQVRIYDO
XHVIRUȕDQG3F_JPDUHFRQVLGHUHG LHȕ DQGDQG3F_JP « 
7KHQYDOXHVRIPF DQQXDOSUREDELOLW\RIFROODSVH ZLOOEHFDOFXODWHGE\GHYHORSLQJWKHJHQHULF
IUDJLOLW\FXUYHVDQGWKHFRPSXWDWLRQDODSSURDFKGHVFULEHGDERYH)LJXUHDDQGEVKRZWKH
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UHODWLRQRIWKHDQQXDOSUREDELOLW\RIFROODSVHZLWKWKHSDUDPHWHUVRI3F_JPDQGȕIRU$OLFDQWH
DQG(OFKHUHVSHFWLYHO\

D $OLFDQWH

E (OFKH

)LJXUH5HODWLRQRIDQQXDOSUREDELOLW\RIFROODSVHZLWK3F_JPDQGȕ

$VVKRZQLQ)LJXUHIRUERWKVLWHVWKHDQQXDOSUREDELOLW\RIFROODSVHFRQYHUJHVWRDFHUWDLQ
YDOXHZKHQWKHFRQGLWLRQDOSUREDELOLW\RIFROODSVHIRUDJLYHQGHVLJQJURXQGPRWLRQZLWKD
\HDUUHWXUQSHULRGULVHVXSWR$FFRUGLQJWRWKHDQDO\VLVLQWKLVVWXG\ZHFRQVLGHUHGWKH
YDOXHVRIDQGIRUȕ3F_JPDQGPFUHVSHFWLYHO\0RUHRYHULQWKHIROORZLQJVHF
WLRQVIRUULVNWDUJHWLQJDQDO\VLVWKHYDOXHVSURSRVHGE\RWKHUUHVHDUFKHVVXFKDV>@ZLOOEH
FRQVLGHUHGIRUDEHWWHUFRPSDULVRQRIWKHREWDLQHGUHVXOWV
4

RESULTS FOR ALICANTE AND ELCHE

,QWKLVVHFWLRQWKHULVNWDUJHWHGPDSVIRU$OLFDQWHDQG(OFKHDUHEXLOWZLWKWKHFRPELQDWLRQ
RIWDUJHWDQQXDOFROODSVHSUREDELOLWLHVDQGVWDQGDUGGHYLDWLRQVVXJJHVWHGE\>@DVZHOODVWKH
RQHVDVVXPHGLQWKLVVWXG\,QRUGHUWRHYDOXDWHWKHHIIHFWRIWZRPDLQLQSXWSDUDPHWHUVQDPHO\
WKHVWDQGDUGGHYLDWLRQȕDQGWKHSUREDELOLW\RIFROODSVHIRUDJLYHQGHVLJQJURXQGPRWLRQZLWK
D\HDUPHDQUHWXUQSHULRG GHILQLQJWKHIUDJLOLW\IXQFWLRQ DVHULHVRIPDSVZHUHJHQHUDWHG
7KHILUVWWZRWDEOHV LH7DEOHDQG7DEOH VKRZWKHDQQXDOSUREDELOLW\RIFROODSVHIRU
$OLFDQWH DQG (OFKH 5HVSHFWLYHO\ 7KHVH YDOXHV DUH FRUUHVSRQGLQJ WR WKH 3*$ ZLWK D PHDQ
UHWXUQSHULRGRI\HDUV7KHVWDQGDUGGHYLDWLRQLVFRQVLGHUHGDVDQGZKLOHWKH
3F_JPZDVWDNHQDVDQG
Pc|gm = 0.1
Pc|gm = 0.001

ȕ 
î
î

ȕ 
î
î

ȕ 
î
î

7DEOH$QQXDOSUREDELOLW\RIFROODSVHIRUWKH3*$FRUUHVSRQGLQJWRDPHDQUHWXUQSHULRGRI\HDUVLQ
$OLFDQWH

Pc|gm = 0.1
Pc|gm = 0.001

ȕ 
î
î

ȕ 
î
î

ȕ 
î
î

7DEOH$QQXDOSUREDELOLW\RIFROODSVHIRUWKH3*$FRUUHVSRQGLQJWRDPHDQUHWXUQSHULRGRI\HDUVLQ
(OFKH
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7DEOHDQG7DEOHVKRZWKHGLVWLQFWLYHYDOXHVRIWKHDQQXDOSUREDELOLW\RIFROODSVH,QWKH
FDVHRIWKH3F_JP $OLFDQWHKDVWKHKLJKHVWSUREDELOLW\RIFROODSVHZKHUHDVLQWKHFDVH
RI3F_JP WKHODUJHVWFROODSVHSUREDELOLW\LVREVHUYHGLQ(OFKH%DVHGRQWKHVHLVPLFKD]
DUGPDSRIWKH$OLFDQWHDQG(OFKH )LJXUH LWVKRXOGEHFRQFOXGHGWKDW(OFKHKDVWKHKLJKHVW
FROODSVHSUREDELOLW\EXWDVLWZDVREVHUYHGDERYHXVLQJGLIIHUHQWYDOXHVRI3F_JPLQWKLVDS
SURDFKPD\OHDGWRRSSRVLWHUHVXOWV$VLPLODUREVHUYDWLRQKDVEHHQUHSRUWHGLQWKHZRUNVE\
>@LQZKLFKUHYHDOVVRPHTXHVWLRQVDERXWWKLVDSSURDFK
7KHIRXUPDSVVKRZQLQ)LJXUHUHSUHVHQWWKHULVNWDUJHWHGJURXQGPRWLRQVIRUWKHPXQLF
LSDOLW\RI(OFKHFRUUHVSRQGLQJWRWKHDQQXDO FROODSVH SUREDELOLW\ RI î 7KH 3*$V ZHUH
FDOFXODWHGIRUȕ DQGDQGXVLQJ3F_JP DQG


D 8QLIRUPULVNWDUJHWHGPDSIRUWDUJHWFROODSVH
SUREDELOLW\îȕ DQG3F_JP 

F 8QLIRUPULVNWDUJHWHGPDSIRUWDUJHWFROODSVH
SUREDELOLW\îȕ DQG3F_JP 





E 8QLIRUPULVNWDUJHWHGPDSIRUWDUJHWFROODSVH
SUREDELOLW\îȕ DQG3F_JP 





G 8QLIRUPULVNWDUJHWHGPDSIRUWDUJHWFROODSVH
SUREDELOLW\îȕ DQG3F_JP  (OFKH 

)LJXUH5LVNWDUJHWHGJURXQGPRWLRQPDSVIRU(OFKH

$FRPSDULVRQEHWZHHQ)LJXUHDDQG)LJXUHELQGLFDWHVWKHODUJHUYDOXHVRIȕUHVXOWVLQ
WKHORZHUULVNWDUJHWHGJURXQGPRWLRQ DOPRVWUHGXFWLRQ 2QWKHFRQWUDU\)LJXUHFDQG
)LJXUHGVKRZDQLQFUHDVHRIE\LQFUHDVLQJWKHYDOXHRIȕ7KHULVNWDUJHWHGJURXQGPR
WLRQVLQWKH)LJXUHDDQG)LJXUHFVKRZWKDWIRUDJLYHQYDOXHRIDFFHSWDEOHFROODSVHSURED
ELOLW\DQGVWDQGDUGGHYLDWLRQWKHJURXQGPRWLRQOHYHOOHDGVWRODUJHUYDOXHVE\LQFUHDVLQJWKH
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YDOXHRI3F_JP$FRPSDULVRQEHWZHHQ )LJXUH E DQG )LJXUH G GLVSOD\V WKH VDPH WUHQGDV
PHQWLRQHGEHIRUH
)LQDOO\DVVXPLQJȕ DQG3F_JP DQGWDUJHWDQQXDOFROODSVHSUREDELOLW\RI
WKHULVNWDUJHWHGJURXQGPRWLRQPDSVIRUPXQLFLSDOLWLHVRI$OLFDQWHDQG(OFKHDUHVKRZQLQ
)LJXUH

D 8QLIRUPKD]DUGPDSIRU$OLFDQWHFRUUHVSRQGLQJ
WR3UREDELOLW\RIH[FHHGDQFHLQ\HDUV

E 8QLIRUPULVNWDUJHWHGPDSIRUWDUJHWFROODSVH
SUREDELOLW\ȕ DQG3F_JP  $OLFDQWH 

F 8QLIRUPKD]DUGPDSIRU(OFKHFRUUHVSRQGLQJWR
3UREDELOLW\RIH[FHHGDQFHLQ\HDUV

G 8QLIRUPULVNWDUJHWHGPDSIRUWDUJHWFROODSVH
SUREDELOLW\ȕ DQG3F_JP  (OFKH 

)LJXUH8QLIRUPJURXQGPRWLRQPDSVIRU$OLFDQWH DDQGE DQG(OFKH FDQGG 

$FFRUGLQJWR)LJXUH DDQG)LJXUHEWKHULVNWDUJHWHGJURXQGPRWLRQLQWKHPXQLFLSDOLW\
RI$OLFDQWHYDULHVEHWZHHQJ DQGJ ZLWK DQ DYHUDJH YDOXH RI J LQGLFDWLQJDQ
DOPRVWLQFUHDVHLQWKHJURXQGPRWLRQOHYHO)LJXUHFDQG)LJXUHGVKRZWKDWWKHULVN
WDUJHWHGDFFHOHUDWLRQLQWKHPXQLFLSDOLW\RI(OFKHFKDQJHVIURPJWRJZLWKWKHDY
HUDJHYDOXHRIJUHSUHVHQWLQJLQFUHDVHDSSUR[LPDWHO\&OHDUO\WKHUHVXOWVRIULVN
WDUJHWHGPDSVZRXOGEHFRQVLGHUDEO\ GLIIHUHQWE\YDULDWLRQRI3F_JPWKUHVKROGLQZKLFKFRQ
VLGHUHGLQWKLVVWXG\
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5

CONCLUSIONS

,Q WKLV VWXG\ ULVNWDUJHWHG PDSV DUH GHYHORSHG IRU PXQLFLSDOLWLHV RI $OLFDQWH DQG (OFKH
EDVHGRQWKHXSGDWHGVHLVPLFKD]DUGPDSRI6SDLQ>@7KHDQQXDOSUREDELOLW\RIFROODSVHZDV
FDOFXODWHGE\XVLQJWKHFRQYROXWLRQSURGXFWEHWZHHQVHLVPLFKD]DUGDQGIUDJLOLW\IXQFWLRQ7KH
UHOHYDQWSDUDPHWHUVVXJJHVWHGE\>@DQGWKHUHVXOWVRIWKHVHQVLWLYLW\DQDO\VLVZHUHDOVRXVHG
WR HVWDEOLVK WKH JHQHULF IUDJLOLW\ FXUYHV )XUWKHUPRUH E\ FRQVLGHULQJ DQ DFFHSWDEOH FROODSVH
SUREDELOLW\ DQGWKHDSSURDFKH[SODLQHG HDUOLHU LQ SUHYLRXV VHFWLRQV WKH ULVNWDUJHWHG JURXQG
PRWLRQPDSVUHYHDOHG7KHUHVXOWVKLJKOLJKWWKHSUHOLPLQDU\FRQFOXVLRQVDVIROORZ
 7KHLQIOXHQFHRIVWDQGDUGGHYLDWLRQRQWKHDQQXDOSUREDELOLW\RIFROODSVHLVUHOHYDQW
EXWQRFOHDUWUHQGVDUHREVHUYHG
 7KHLQIOXHQFHRI3F_JPRQDQQXDOFROODSVHSUREDELOLW\LVVLJQLILFDQW
 *LYHQWKDWWKHVHSDUDPHWHUV LHDFFHSWDEOHFROODSVHSUREDELOLW\VWDQGDUGGHYLDWLRQ
DQGGLVWULEXWLRQRIFROODSVH FDQDOORFDWHGLIIHUHQWYDOXHVSURSRVHGLQWKHSDVWZRUNV
GLIIHUHQWULVNWDUJHWHGPDSVZLOOEHREWDLQHGIRUWKHFRQVLGHUHGUHJLRQVLQWKLVVWXG\
 %DVHGRQWKHDVVXPHGSDUDPHWHUVDQGREWDLQHGUHVXOWVLWFDQEHVKRZQZLWKVRPH
PLQRUFKDQJHVWRWKHXQLIRUPKD]DUGPDSV XSWR WKHXQLIRUPULVNRIFROODSVH
ZLOOEHDFKLHYHGLQWKHPXQLFLSDOLWLHVRI$OLFDQWHDQG(OFKH
%DVHGRQWKHREWDLQHGUHVXOWVLWLVFOHDUWKDWULVNWDUJHWHGVHLVPLFPDSVQHHGWREHFUHDWHG
IRUWKHRWKHUPXQLFLSDOLWLHVDQGLQWKHPRUHH[WHQGHGZRUNIRU6SDLQ
6

ACKNOWLEDGMENTS

7KHVWXG\KDVUHFHLYHGIXQGLQJIURPWKH(XURSHDQ8QLRQ¶V+RUL]RQUHVHDUFKDQGLQ
QRYDWLRQSURJUDPXQGHUJUDQWDJUHHPHQW1RWKH0LQLVWHULRGH(FRQRPtD,QGXVWULD\
&RPSHWLWLYLGDG WKURXJK UHVHDUFK SURMHFW &*/5 WKH *HQHUDOLWDW 9DOHQFLDQD
WKURXJKWKHUHVHDUFKSURMHFW$,&2ZLWKWKHFROODERUDWLRQDQGIXQGLQJSURYLGHGE\
(OFKHDQG$OLFDQWHPXQLFLSDOLWLHV

REFERENCES
>@ 3RUWHU.$  $QRYHUYLHZ RI 3((5¶V SHUIRUPDQFHEDVHG HDUWKTXDNH HQJLQHHULQJ
PHWKRGRORJ\,Q3URFHHGLQJVRIQLQWKLQWHUQDWLRQDOFRQIHUHQFHRQDSSOLFDWLRQVRIVWDWLV
WLFVDQGSUREDELOLW\LQFLYLOHQJLQHHULQJ
>@ 'ROãHN0  ,QFUHPHQWDOG\QDPLFDQDO\VLVZLWKFRQVLGHUDWLRQRIPRGHOLQJXQFHU
WDLQWLHV(DUWKT(QJ6WUXFW'\Q  ±
>@ /LHO$%+DVHOWRQ&%'HLHUOHLQ**%DNHU-:  ,QFRUSRUDWLQJPRGHOLQJXQFHU
WDLQWLHVLQWKHDVVHVVPHQWRIVHLVPLFFROODSVHULVNRIEXLOGLQJV6WUXFW6DI  ±
KWWSVGRLRUJMVWUXVDIH
>@ 7XEDOGL(%DUEDWR0'DOO¶$VWD$  ,QIOXHQFHRIPRGHOSDUDPHWHUXQFHUWDLQW\RQ
VHLVPLFWUDQVYHUVHUHVSRQVHDQGYXOQHUDELOLW\RIVWHHO±FRQFUHWHFRPSRVLWHEULGJHVZLWK
GXDOORDGSDWK-6WUXFW(QJ  ±
>@ )LE  3UREDELOLVWLFSHUIRUPDQFHEDVHGVHLVPLFGHVLJQEXOOHWLQ,QWHUQDWLRQDOIHG
HUDWLRQRIVWUXFWXUDOFRQFUHWH/DXVDQQH&+

3615

$.KDUD]LDQ60ROLQD-*DOLDQD0HULQRDQG1$JHD0HGLQD
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EFFECT OF MODELLING ASSUMPTIONS ON THE SEISMIC
PERFORMANCE ASSESSMENT OF THIN REINFORCED CONCRETE
WALL BUILDINGS
Orlando D. Arroyo, Dirsa M. Feliciano, Julián Carrillo, and José I. Colombo




'HSDUWPHQWRI,QIUDVWUXFWXUHDQG6XVWDLQDELOLW\8QLYHUVLGDGGH/D6DEDQD&DPSXV8QLYHUVLWDULR
3XHQWHGHO&RP~Q&KLD&RORPELDHPDLO^RUODQGRDUUR\RGLUVDIHDJ`#XQLVDEDQDHGXFR

'HSDUWPHQWRI&LYLO(QJLQHHULQJ8QLYHUVLGDG0LOLWDU1XHYD*UDQDGD&RORPELD&DUUHUD1
%RJRWi&RORPELDHPDLOZLOPHUFDUULOOR#XPQJHGXFR



'HSDUWPHQWRI&LYLO(QJLQHHULQJ8QLYHUVLGDG'LHJR3RUWDOHV9HUJDUD6DQWLDJR&KLOHHPDLO
MRVHFRORPER#XGSFO

Abstract.The increasing demand for housing in emerging countries has driven the construction of a significant number of buildings using thin reinforced concrete (RC) walls with a single
layer of reinforcement. Studies in Latin America have found buildings using walls as thin as 80
mm and as height as 7 stories. The advantage of this structural system relies on its economy
and its construction speed; however, different concerns emerge about the seismic performance
of buildings using this system. These relate to the possible lack of ductility, the scarcity of information about their behavior during earthquakes, and the absence of design guidelines supported by experimental research. Contributing to these needs, researchers have conducted
several studies, most of them focused on experimental campaigns to assess the seismic behavior
of thin RC walls. Despite these efforts, there is still need of more information about buildings
constructed with this structural system, particularly about their analytical modelling. This research investigated the effect that different modelling assumptions have on the seismic performance assessment of buildings with thin RC walls. A six-story building constructed in Bogotá,
Colombia using 100 mm walls reinforced with welded-wire mesh (WWM), was modelled in
OpenSees using the shear flexure interaction multiple line vertical element model, with different
assumptions for damping and steel behavior. In terms of damping, two Rayleigh damping
schemes were used, one considering the initial stiffness and other with the current stiffness. For
steel modeling, the material properties obtained from experimental testing were used for two
approaches, one that considered buckling and other where it was ignored. For further comparison, models with deformed bars instead of WWM were created. The seismic performance of
the different models was evaluated through incremental dynamic analyses, using the FEMA P695 ground motion suite. From these analyses, the interstory drift ratios, steel and concrete
strains were recorded, which served as input for the development of seismic fragility functions.
The results show that modelling parameters exert and influence at the different seismic performance levels, particularly on the collapse fragility of the WWM building. At the MCE level, the
collapse probability observed for the WWM model with bar buckling was 14.8% higher than
the model without buckling. This percentage was 7.4% for the model with damping proportional
to the current stiffness compared to the model that used the initial stiffness. All things considered, the findings suggest that the modelling parameters have an influence on the analytical
response of thin RC wall buildings.
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1

INTRODUCTION

,QUHFHQW\HDUVKRXVLQJGHPDQGLQ/DWLQ$PHULFDKDVLQFUHDVHGFRQVLGHUDEO\7RVXSSO\WKLV
GHPDQGDQLPSRUWDQWQXPEHURIORZDQGPLGKHLJKWEXLOGLQJVZLWKWKLQUHLQIRUFHGFRQFUHWH
5& ZDOOVKDYHEHHQFRQVWUXFWHGLQVHLVPLFSURQHFRXQWULHVOLNH9HQH]XHOD0H[LFR&KLOH
3HUXDQG&RORPELD>±@7KHDGYDQWDJHRIWKLVVWUXFWXUDOV\VWHPUHOLHVRQLWVVSHHGRIFRQ
VWUXFWLRQDQGLWVHFRQRP\,Q&RORPELD5&ZDOOVDVWKLQDVPPKDYHEHHQXVHG>@XVLQJ
RQHOD\HURIZHEUHLQIRUFHPHQWZLWKZHOGHGZLUHPHVK ::0 UHLQIRUFHPHQWRUGHIRUPHG
EDUV '% 7KHODWWHUW\SHRIUHLQIRUFHPHQWKDVKLJKHUDGRSWLRQEHFDXVHLWDOORZVDKLJKHUFRQ
VWUXFWLRQ VSHHG DQG ::0 ZLWK OLPLWHG GXFWLOLW\ FDSDFLW\ >@ DUH FXUUHQWO\ EHLQJ XVLQJ IRU
SURMHFWVLQPDMRUFLWLHVOLNH0HGHOOtQDQG%RJRWi
6HYHUDORIWKHGHVFULEHGEXLOGLQJVGRQRWIXOILOOVHLVPLFUHTXLUHPHQWVRIPDMRUGHVLJQFRGHV
OLNHWKH$&,>@WKHUHIRUHORFDOFRGHVLQVRPHFRXQWULHVKDYHLQFOXGHGVSHFLDOSURYLVLRQV
IRUEXLOGLQJVZLWKWKLQ5&ZDOOVWRUHIOHFWRQWKHDZDUHQHVVRIKRXVLQJGHPDQGV)RULQVWDQFH
WKH0H[LFDQ0HWURSROLWDQ&RGH>@DOORZVEXLOGLQJVRIXSWRWZRVWRULHVZLWKVWUXFWXUDOZDOOV
RIPPWKLFNQHVV6LPLODUO\WKH&KLOHDQFRGH>@DOORZVWKHXVHRIRUGLQDU\5&ZDOOVIRU
VWUXFWXUHVXSWRILYHVWRULHVLIWKH\DUHGHVLJQHGZLWKDVWUHQJWKUHGXFWLRQIDFWRUHTXLYDOHQWWR
WKDWRIPDVRQU\VWUXFWXUHV)RUVXFKZDOOVDVLQJOHRUGRXEOHOD\HURIZHEUHLQIRUFHPHQWPD\
EHXVHGDQGWKHPLQLPXPZDOOWKLFNQHVVLVPP,QRWKHUFRXQWULHVOLNH&RORPELDZKRVH
ORFDOFRGHVKDUHVPDQ\VLPLODULWLHVZLWKWKH$&,>@LWGRHVQRWLQFOXGHVSHFLILFFODXVHV
IRUWKHVHW\SHRIEXLOGLQJVDQGGHVLJQHUVDUHIROORZLQJWKH5&ZDOOEXLOGLQJSURYLVLRQV
'LIIHUHQWFRQFHUQVHPHUJHDERXWWKHVHLVPLFSHUIRUPDQFHRIEXLOGLQJVZLWKWKLQ5&ZDOOV
HVSHFLDOO\IRUWKRVHUHLQIRUFHGZLWK::07KHVHUHODWHWRWKHDEVHQFHRIGHVLJQJXLGHOLQHV
VXSSRUWHG E\ H[SHULPHQWDO UHVHDUFK WKH VFDUFLW\ RI LQIRUPDWLRQ DERXW WKHLU EHKDYLRU GXULQJ
HDUWKTXDNHVDQGWKHSRVVLEOHODFNRIGXFWLOLW\:LWKWKHVHQHHGVLQPLQGUHVHDUFKHUVKDYHLQ
YHVWLJDWHGWKHEHKDYLRURIWKLQ5&ZDOOVE\ERWKDQDO\WLFDODQGH[SHULPHQWDOPHDQV
6RPHH[SHULPHQWDOFDPSDLJQVKDYHEHHQFDUULHGWRDVVHVVWKHVHLVPLFEHKDYLRURIWKLQ5&
ZDOOVZLWKGLIIHUHQWFRQILJXUDWLRQVVXFKDVZDOOVZLWKGLIIHUHQWWKLFNQHVVDQGODSVSOLFLQJ>@
ZDOOVFRQVWUXFWHGZLWKOLJKWZHLJKWDQGORZVWUHQJWKFRQFUHWH>@DQGZDOOVUHLQIRUFHGZLWK
ZHOGHGZLUHPHVK>@2WKHUWHVWVKDYHEHHQFRQGXFWHGWRFRPSDUHWKHG\QDPLFDQGTXDVL
VWDWLFEHKDYLRURIWKLQ5&ZDOOV>@WRSURSRVHVKHDUVWUHQJWKDQGK\VWHUHWLFUHVSRQVHUXOHV
>@DQGWRHYDOXDWHWKHLURXWRISODQHEHKDYLRU>@0RUHRYHUHTXDWLRQVKDYHEHHQSURSRVHG
WRHVWLPDWHWKHLUVKHDUVWUHQJWK>@DQGQXPHULFDOPRGHOVKDYHEHHQSURSRVHGWRVLPXODWHWKHLU
VHLVPLFEHKDYLRU>@$OVRQRQOLQHDUWKUHHGLPHQVLRQDODQDO\VLVRIW\SLFDO3HUXYLDQ5&
WKLQZDOOEXLOGLQJVKDYHEHHQFRQGXFWHG>@DQGIUDJLOLW\IXQFWLRQKDYHEHHQFDOFXODWHGIRU
RQHVWRU\KRXVHVUHLQIRUFHGZLWK::0LQ3HU~>@DQGIRUW\SLFDO&KLOHDQWZRVWRU\KRXVHV
>@
5HJDUGOHVVRIWKHGHVFULEHGHIIRUWVWKHUHLVVWLOOQHHGRIPRUHDQDO\WLFDOLQIRUPDWLRQDERXW
WKHVHLVPLFEHKDYLRURIWKLQ5&ZDOOVWKDWFDQSURYLGHJXLGDQFHDERXWWKHEHVWSUDFWLFHVIRU
WKHLUXVDJHDVDVWUXFWXUDOV\VWHP,QSDUWLFXODUWKHUHLVQHHG WRXQGHUVWDQGWKHHIIHFWZKLFK
GLIIHUHQWPRGHOOLQJDVVXPSWLRQVKDYHRQWKHDVVHVVPHQWRIWKHLUVHLVPLFSHUIRUPDQFH
&RQWULEXWLQJWRWKHVHQHHGVWKLVUHVHDUFKLQYHVWLJDWHVWKHVHLVPLFSHUIRUPDQFHRIDVL[VWRU\
WKLQ5&ZDOOEXLOGLQJORFDWHGLQ%RJRWi&RORPELD7KLVEXLOGLQJZDVGHVLJQHGSHUWKH&RORP
ELDQ165>@)LUVWWKLVDUWLFOHGHVFULEHVWKHEXLOGLQJVWUXFWXUDOFRQILJXUDWLRQDQGWKHQD
VHFWLRQRIWKHEXLOGLQJLVVHOHFWHGIRUGHYHORSLQJQRQOLQHDUPRGHOLQ2SHQ6HHV>@XVLQJWKH
VKHDUIOH[XUHLQWHUDFWLRQPXOWLSOHOLQHYHUWLFDOHOHPHQW 6),09/(0 >@PRGHOIRUWKHWKLQ
5&ZDOOV7KHEDVHPRGHOFRQVLGHUV5D\OHLJKGDPSLQJSURSRUWLRQDOWRWKHEXLOGLQJLQLWLDOVWLII
QHVVDQGGRHVQRWLQFOXGHEDUEXFNOLQJ$VHFRQGPRGHOZDVFUHDWHGWKDWFRQVLGHUVEDUEXFNOLQJ
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$WKLUGPRGHOFRQVLGHUV5D\OHLJKGDPSLQJSURSRUWLRQDOWRWKHFXUUHQWVWLIIQHVV7KHVHPRGHOV
DUHVXEMHFWHGWRLQFUHPHQWDOG\QDPLFDQDO\VHV ,'$ >@XVLQJWKHIDUILHOGVXLWHRIWKH)(0$
3>@ZKLFKVHUYHGDVLQSXWLQIRUPDWLRQIRUWKHGHYHORSPHQWRIVHLVPLFIUDJLOLW\IXQFWLRQV
2

DESCRIPTION OF THE CASE STUDY BUILDING

$VL[VWRU\EXLOGLQJFRQVWUXFWHGLQ%RJRWiWKHFDSLWDOFLW\RI&RORPELDLVWDNHQDVFDVHVWXG\
7KLVEXLOGLQJZDVSDUWRIDVXUYH\FRQGXFWHGE\WKH&RORPELDQ(DUWKTXDNH(QJLQHHULQJ5H
VHDUFKQHWZRUN &((5 LQIRXUPDMRUFLWLHVLQ&RORPELD

)LJXUH3ODQFRQILJXUDWLRQRIDVL[VWRU\EXLOGLQJORFDWHGLQ%RJRWi&RORPELD'LPHQVLRQVDUHLQP

7KHEXLOGLQJKDVLGHQWLFDOVWRULHVZKLFKKDYHDSODQGLVWULEXWLRQ )LJXUH ZLWKDDVSHFW
UDWLRDQGDIUHHLQWHUVWRU\KHLJKWRIP7KHEXLOGLQJZDVGHVLJQHGDFFRUGLQJWRWKH&RORP
ELDQGHVLJQFRGH 165 IRUDGHVLJQDFFHOHUDWLRQ6D JZLWKDVWUXFWXUDOV\VWHPWKDW
XVHVPPZDOOVUHLQIRUFHGZLWKDVLQJOHVWHHOPHVKLQWKHFHQWHURIWKHZDOO7KHVHZDOOVDUH
DOVRXVHGWRVHSDUDWHKDELWDWLRQDOVSDFHV$VVWDWHGE\WKHVWUXFWXUDOGUDZLQJVWKHPHVKXVHG
IRUZDOOUHLQIRUFHPHQWKDVPPGLDPHWHUEDUVZLWKDVHSDUDWLRQRIPPLQERWKGLUHFWLRQV
ZKLFKDUHWKHHTXLYDOHQWRIDYHUWLFDO UHLQIRUFHPHQW UDWLRߩ ൌ ͲǤͲͲʹ͵DQGDKRUL]RQWDOUHLQ
IRUFHPHQWUDWLRߩ ൌ ͲǤͲͲʹ͵$FFRUGLQJWRWKH(7$%6PRGHOREWDLQHGE\&((5WKHIXQGD
PHQWDO SHULRG RI WKH EXLOGLQJ LV V D YDOXH ZLWKLQ WKH OLPLWV REVHUYHG IRU WKLV W\SH RI
EXLOGLQJV7KLVHODVWLFPRGHOZDVXVHGWRFDOFXODWHWKHD[LDOORDGVRIHDFKRQHRIWKHEXLOGLQJ
ZDOOV
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DESCRIPTION OF THE NONLINEAR MODELS

7KHVHLVPLFSHUIRUPDQFHHYDOXDWLRQRIWKLVEXLOGLQJLVFRQGXFWHGFRQVLGHULQJDVHFWLRQLQWKH
;GLUHFWLRQ )LJXUH RIWKHEXLOGLQJZKLFKLVFRPSULVHGRIIRXUZDOOV7KLVGLUHFWLRQZDV
VHOHFWHGEHFDXVHLWUHSUHVHQWVWKHZHDNHVWEXLOGLQJGLUHFWLRQDVWKHODUJHUQXPEHURIZDOOVKDYH
WKHLUPDLQRULHQWDWLRQLQWKH<GLUHFWLRQ7KHIRXUVHOHFWHGZDOOVDUHDPDMRUSDUWRIWKHEXLOGLQJ
ODWHUDOIRUFHUHVLVWLQJV\VWHPLQWKH;GLUHFWLRQXVHGIRUWKLVVWXG\

)LJXUH%XLOGLQJVHFWLRQXVHGIRUQRQOLQHDUDQDO\VHV

7KHQRQOLQHDUUHVSRQVHRIWKLVVHFWLRQLVDVVHVVHGXVLQJDQ2SHQ6HHVPRGHO7KHVKHDUIOH[
XUHLQWHUDFWLRQPXOWLSOHYHUWLFDOOLQHHOHPHQW 6),09/(0 >@LVXVHGWRPRGHOWKHEHKDYLRU
RIWKHZDOOVXVLQJVL[SDQHOVIRUWKHLQQHUZDOOVDQGHLJKWSDQHOVIRUWKHRXWHUZDOOV$VWKH
ZDOOVDUHUHLQIRUFHGZLWKDVLQJOHOD\HURIUHLQIRUFHPHQWZLWKRXWFRQILQHPHQWWKHFRQFUHWHLV
PRGHOHGDVXQFRQILQHGXVLQJWKH&RQFUHWH&0PDWHULDOZLWKᇱ ൌʹͳDQGDVWUDLQDWSHDN
FRQFUHWHVWUHQJWK݁ ൌ ͲǤͲͲʹ)RUWKHPRGHOZLWKZHOGHGZLUHPHVKWKHVWHHOSURSHUWLHVDUH
REWDLQHGIURPWKHWHVWVE\&DUULOORHWDO>@ZKLFKUHSRUWDQHODVWLFPRGXOXV ܧൌ ʹͳͲܽܲܩD
\LHOGLQJ VWUHVV݂௬ ൌ ʹͳ ܽܲܯDQ XOWLPDWH VWUHVV݂௨ ൌ ͺܽܲܯDQG DQ XOWLPDWH VWUDLQ݁௨ ൌ
ͲǤͲͳͷͷ7KLVODVWSURSHUW\LVWKHFDXVHRIPDMRUFRQFHUQVDERXWWKHSRWHQWLDOODFNRIGXFWLOLW\
RIWKHVHZDOOVDVZHOODVWKHLUVHLVPLFSHUIRUPDQFH >@ )RUWKHPRGHO ZLWK GHIRUPHGEDUV
PDWHULDOSURSHUWLHVܧ௦ ൌ ʹͳͲ݂ܽܲܩ௬ ൌ ͶʹͲ݂ܽܲܯ௨ ൌ ͵ͲܽܲܯDQGDQXOWLPDWHVWUDLQ݁௨ ൌ
ͲǤͳͷ%RWKVWHHOW\SHVDUHPRGHOOHGXVLQJWKH+\VWHUHWLFPDWHULDOLQ2SHQ6HHVLQFRPELQDWLRQ
ZLWKWKH0LQ0D[PDWHULDOWRDFFRXQWIRUWKHIUDFWXUHDIWHUH[FHHGLQJWKHXOWLPDWHVWUDLQ)RU
ERWK PRGHOV WKH IRXQGDWLRQ LV PRGHOHG DV ULJLG DQG WKH JUDYLW\ ORDGV IRU WKH PRGHO DUH
FDOFXODWHGEDVHGRQWKHH[SHFWHGORDGVDQGXVLQJWKHFRPELQDWLRQ'/5D\OHLJK
GDPSLQJ ZDV DSSOLHG WR WKH PRGHO ZLWK  GDPSLQJ WR WKH ILUVW DQG WKLUG PRGH RI WKH
VWUXFWXUH
$EDVHPRGHOFRQVLGHUVGDPSLQJSURSRUWLRQDOWRWKHEXLOGLQJLQLWLDOVWLIIQHVVDQGGRHVQRW
LQFOXGHEDUEXFNOLQJ$VHFRQGPRGHOZDVFUHDWHGWKDWFRQVLGHUVEDUEXFNOLQJDQGDWKLUGPRGHO
FRQVLGHUV5D\OHLJKGDPSLQJSURSRUWLRQDOWRWKHFXUUHQWVWLIIQHVV+HUHLQDIWHUWKHVHPRGHOVZLOO
EHUHIHUUHGDVWKH'DPSLQJ%XFNOLQJDQG'DPSLQJ&PRGHOV

3621

2UODQGR'$UUR\R'LUVD0)HOLFLDQR-XOLiQ&DUULOORDQG-RVp,&RORPER

7KHVHPRGHOVZHUHVXEMHFWHGWRLQFUHPHQWDOG\QDPLFDQDO\VLVXVLQJWKHJURXQGPRWLRQV
RIWKH)(0$3VXLWH>@)RUWKHPRGHOVZLWK::0WKHJURXQGPRWLRQVZHUHVFDOHGWR
DQGWLPHVWKHGHVLJQDFFHOHUDWLRQRIWKHEXLOGLQJ)RUWKHPRGHOZLWK'%
WZRDGGLWLRQDOIDFWRUVRIDQGZHUHLQFOXGHG7KHFRQFUHWHVWUHVVLQWHUVWRU\GULIWVURRI
GULIWVDQGVWHHOVWUDLQZHUHUHFRUGHGGXULQJWKHG\QDPLFDQDO\VHV6HYHUDOIDLOXUHPRGHVZHUH
FRQVLGHUHGEDVHGRQWKHVHUHVXOWV&UXVKLQJRIWKHXQFRQILQHGFRQFUHWHZDVDVVXPHGWRRFFXU
DWDQH VWUDLQ6WHHOIDLOXUHZDV FRQVLGHUHGGXHWRIUDFWXUHZKHQWKHUHFRUGHGVWUDLQ
H[FHHGHGWKHXOWLPDWHVWUDLQ
)RXUGDPDJHOHYHOVZHUHGHILQHGIRUWKH'%DQG::0EDVHGRQWKHLQWHUVWRU\GULIWV7KH
OLPLWVIRUWKHVOLJKWPRGHUDWHDQGH[WHQVLYHGDPDJHZHUHVHWEDVHGRQWKHUHFRPPHQGDWLRQV
E\&DUULOORDQG$OFRFHU>@)RUWKHFROODSVHOLPLWLWZDVGHILQHGDWEDVHGRQWKHILQGLQJV
UHSRUWHGE\WKHVDPHDXWKRUV7KLVOLPLWZDVVHWWRIRUWKHPRGHOZLWK'% 7DEOH 
'DPDJH
OHYHO
6OLJKW
0RGHUDWH
([WHQVLYH
&ROODSVH

'HIRUPHG
EDUV





:HOGHG
ZLUHPHVK





7DEOH/LPLWVIRUWKHGULIWVLQWKH'%DQG::0PRGHOV

4

SEISMIC PERFORMANCE RESULTS

7KHUHVXOWVRIWKHLQFUHPHQWDOG\QDPLFDQDO\VHVZHUHXVHGWRFDOFXODWHWKHIUDJLOLW\IXQFWLRQV
DWWKHIRXUGDPDJHOHYHOVGHVFULEHGLQWDEOH)RUHDFKGDPDJHOHYHOWKHSUREDELOLW\RIH[FHHG
LQJ DJLYHQGDPDJHOHYHO ZDVFRPSXWHGDV WKHQXPEHURIWLPHVWKDWWKHREVHUYHGGULIW ZDV
KLJKHUWKDQWKHOLPLWGLYLGHGE\WKHQXPEHURIJURXQGPRWLRQV  7KHUHVXOWVZHUHILWWHGWR
DORJQRUPDOGLVWULEXWLRQ7KHGLVWULEXWLRQSDUDPHWHUVIRUWKH::0DQG'%PRGHOVDUHUH
SRUWHGLQ7DEOHVDQGDQGWKHFRUUHVSRQGLQJIXQFWLRQVIRUWKHEXLOGLQJVDUHVKRZQLQ)LJXUHV
DQG
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F
)LJXUH)UDJLOLW\IXQFWLRQVIRUWKHEXLOGLQJZLWKZHOGHGZLUHPHVKFRQVLGHULQJWKH D 'DPSLQJ E %XFNOLQJ
DQG F 'DPSLQJ&PRGHOV
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7DEOH)LWWHGORJQRUPDOSDUDPHWHUVIRUWKHEXLOGLQJVZLWK::0

7KH UHVXOWV IURP )LJXUH  VKRZ WKDW WKH PRGHOOLQJ DVVXPSWLRQV H[HUW DQ LQIOXHQFH RQ WKH
REVHUYHGVHLVPLFUHVSRQVHGXULQJWKHDQDO\VHVRIWKHEXLOGLQJV$WWKHPD[LPXPFUHGLEOHHDUWK
TXDNH 6D J OHYHOWKHFROODSVHSUREDELOLW\REVHUYHGIRUWKH'DPSLQJ%XFNOLQJDQG
'DPSLQJ&PRGHOVZHUHDQGUHVSHFWLYHO\&RPSDUHGWRWKH'DPSLQJ
PRGHOWKH%XFNOLQJDQG'DPSLQJ&PRGHOVDUHDQGKLJKHUKRZHYHUWKHWKUHH
YDOXHVDUHVLJQLILFDQWO\KLJKHUWKDQWKHOLPLWWKDWLVH[SHFWHGIRUEXLOGLQJVGHVLJQHGDF
FRUGLQJWRPRGHUQGHVLJQFRGHV6WHHOIUDFWXUHZDVWKHGRPLQDQWIDLOXUHPRGHREVHUYHGIRUWKH
WKUHHPRGHOVGHPRQVWUDWLQJWKDWGHVSLWHWKHPRGHOOLQJVFKHPHXVHGIRUGDPSLQJDQGVWHHOWKH
XVHRI::0IRUWKLQ5&UHVXOWVLQEXLOGLQJVZLWKVHLVPLFSHUIRUPDQFHWKDWIDOOVEHORZZKDW
LVH[SHFWHGIRUFRGHFRPSOLDQWEXLOGLQJV
7DEOHDOORZVVHYHUDOREVHUYDWLRQV7KHFRPSDULVRQEHWZHHQWKH'DPSLQJDQG%XFNOLQJ
PRGHOVKRZVWKDWERWKPRGHOOLQJK\SRWKHVLVOHDGWRVLPLODUPHGLDQYDOXHVIRUWKHPRGHUDWH
H[WHQVLYHDQGFROODSVHOHYHOV,QFRQWUDVWWKHPHGLDQIRUWKHVOLJKWOHYHOLVKLJKHUIRUWKH
%XFNOLQJPRGHOVXJJHVWLQJWKDWLQFOXGLQJEXFNOLQJH[HUWVDQLQIOXHQFHDWORZHUSHUIRUPDQFH
VWDWHV7KHFRPSDULVRQRIȕYDOXHVVKRZVWKDWWKHVHDUHODUJHUIRUWKH%XFNOLQJPRGHODWWKH
VOLJKWDQGPRGHUDWHOHYHOVDQGVLPLODUIRUWKHH[WHQVLYHDQGFROODSVHOHYHOV$SRVVLEOHH[SOD
QDWLRQIRUWKLVEHKDYLRULVWKDWWKHGULIWOLPLWVIRUWKHH[WHQVLYHDQGFROODSVHOHYHOVDUHVLPLODU
IRUWKHEXLOGLQJVZLWK::0DQGLQWKHFDVHRIFROODSVHWKHIUDFWXUHDQGQRWWKHEXFNOLQJRI
VWHHOFRQWUROWKLVOLPLW
7KHUHVXOWVRIIRUWKH'DPSLQJ&PRGHOVKRZWKDWWKLVPRGHOOLQJDVVXPSWLRQOHDGVWROHVV
YDULDELOLW\LQWKHVHLVPLFUHVSRQVHDVHYLGHQFHGE\WKHȕYDOXHVZKLFKDUHVPDOOHUIRUDWWKH
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PRGHUDWHH[WHQVLYHDQGFROODSVHOHYHOV,QFRQWUDVWWKHڧYDOXHVDUHKLJKHUZKHQWKLVVFKHPH
LVXVHGWRVLPXODWHWKHVHLVPLFUHVSRQVH)LJXUHVKRZVWKHILWWHGIUDJLOLW\IXQFWLRQVIRUWKH
WKUHH PRGHOOLQJ DVVXPSWLRQV DW WKH FROODSVH OHYHO VKRZLQJ WKDW WKH 'DPSLQJ& PRGHO KDV
VPDOOHUSUREDELOLWLHVWKDQWKH'DPSLQJDQG%XFNOLQJPRGHOVIRUVPDOOHULQWHQVLW\HDUWKTXDNHV
2Q WKH RWKHU KDQG IRU HDUWKTXDNHV ZLWK ODUJHU LQWHQVLWLHV WKLV PRGHO KDV KLJKHU FROODSVH
SUREDELOLWLHV$OWKRXJKWKHUHPD\EHVHYHUDOUHDVRQVWKDWFRQWULEXWHLWLVOLNHO\WKDWDWWKHVH
HDUWKTXDNHV WKH VWLIIQHVV PDWUL[ PD\ KDYH UHGXFHG VLJQLILFDQWO\ FDXVLQJ D UHGXFWLRQ LQ WKH
RYHUDOO GDPSLQJ 7KLV FRQVHTXHQFH RI XVLQJ WKH GDPSLQJ SURSRUWLRQDO WR WKH FXUUHQW PDWUL[
VWLIIQHVVKDVEHHQGLVFXVVHGEHIRUHE\&KDUQH\>@

)LJXUH&ROODSVHIUDJLOLW\RIWKH::0EXLOGLQJVIRUWKHWKUHHPRGHOOLQJDVVXPSWLRQV

D

E
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F
)LJXUH)UDJLOLW\IXQFWLRQVIRUWKHEXLOGLQJZLWKGHIRUPHGEDUVFRQVLGHULQJWKH D 'DPSLQJ E %XFNOLQJDQG
F 'DPSLQJ&PRGHOV
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7DEOH)LWWHGORJQRUPDOSDUDPHWHUVIRUWKHEXLOGLQJVZLWK'%

7KHUHVXOWVIRUWKHPRGHOVZLWKGHIRUPHGEDUVVKRZWKDWWKHPRGHOOLQJDVVXPSWLRQDOVRH[HUW
DQLQIOXHQFHIRUWKLVW\SHRIEXLOGLQJSDUWLFXODUO\LQWKHYDULDELOLW\SDUDPHWHUV$WWKHVOLJKW
GDPDJHOHYHOWKHڧSDUDPHWHUYDULHVIURPJIRUWKH%XFNOLQJPRGHOWRJIRUWKH'DPS
LQJ&PRGHODGLIIHUHQFH+RZHYHUWKHFRHIILFLHQWVRIYDULDWLRQVDWWKLVOHYHODUH
DQGIRUWKH'DPSLQJ%XFNOLQJDQG'DPSLQJ&PRGHOV7KLVVPDOOHUYDULDWLRQRI
WKH'DPSLQJ&PRGHOLVHYLGHQFHGE\WKHVWHHSIXQFWLRQLQ)LJXUHF
$W WKH PRGHUDWH DQG H[WHQVLYH GDPDJH OHYHOV WKH 'DPSLQJ DQG 'DPSLQJ& PRGHOV KDG
VLPLODUڧSDUDPHWHUVDOWKRXJKWKH'DPSLQJ&PRGHOKDGOHVVHUYDULDELOLW\LQWKHUHVSRQVHDV
HYLGHQFHE\WKHVPDOOHUYDOXHIRUȕ 7DEOH $WWKHVHSHUIRUPDQFHOHYHOVWKH%XFNOLQJPRGHO
KDGVLJQLILFDQWO\KLJKHUYDULDELOLW\WKDQWKH'DPSLQJDQG'DPSLQJ&PRGHOZLWK ȕYDOXHV
WKDWDUHXSWRDQGIRUWKHPRGHUDWHDQGH[WHQVLYHOHYHOV
7KHFRPSDULVRQRIWKHWKUHHPRGHOOLQJDVVXPSWLRQVDWWKHFROODSVHOHYHO )LJXUH VKRZV
WKDWWKH'DPSLQJ&PRGHOH[KLELWVDVLPLODUWUHQGWRWKHRQHREVHUYHGIRUWKHEXLOGLQJVZLWK
::0 &RPSDUHG WR WKH 'DPSLQJ DQG %XFNOLQJ PRGHOV WKLV PRGHOOLQJ VFKHPH SURGXFHV
VPDOOHUSUREDELOLWLHVDWORZHUDFFHOHUDWLRQOHYHOVDQGELJJHUSUREDELOLWLHVIRUKLJKHUDFFHOHUD
WLRQYDOXHV,QFRQWUDVWZLWKWKHPRGHOVZLWK::0ZKHUHWKH'DPSLQJDQG%XFNOLQJPRGHOV
VKRZHGLGHQWLFDOSHUIRUPDQFH)LJXUHDOVRVKRZVWKDWWKHLQFOXVLRQRIEDUEXFNOLQJZLWKGH
IRUPHGEDUVKDVDQLPSDFWRQWKHFROODSVH RIWKHEXLOGLQJ7KLVPRGHOVKRZHGWKHRSSRVLWH
EHKDYLRURIWKH'DPSLQJ&PRGHOZLWKKLJKHUSUREDELOLWLHVIRUORZHUDFFHOHUDWLRQVDQGVPDOOHU
RQHVIRUKLJKHUDFFHOHUDWLRQV
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$WWKHPD[LPXPFUHGLEOHHDUWKTXDNHWKHPRGHOVZLWK'DPSLQJDQG%XFNOLQJVKRZHGD
SUREDELOLW\RIFROODSVHDQGWKH'DPSLQJ&PRGHODQSUREDELOLW\ZKLFKGRXEOH
WKHWDUJHWYDOXHRIPRGHUQGHVLJQFRGHV$OWKRXJKXQDFFHSWDEOHWKHVHSUREDELOLWLHVDUH
VLJQLILFDQWO\VPDOOHUWKDQWKRVHREVHUYHGIRUWKHEXLOGLQJVZLWK::0IXUWKHUVXSSRUWLQJWKH
IDFWWKDWWKHODFNRIGXFWLOLW\RIWKH::0VHYHUHO\KLQGHUVWKHVHLVPLFSHUIRUPDQFHDQGWKDW
WKLVW\SHRIVWUXFWXUDOV\VWHPVKRXOGEHOLPLWHGLQVHLVPLFSURQHUHJLRQV

)LJXUH&ROODSVHIUDJLOLW\RIWKH'%EXLOGLQJVIRUWKHWKUHHPRGHOOLQJDVVXPSWLRQV

6

Conclusions

7KLVSDSHULQYHVWLJDWHGWKHHIIHFWWKDWGLIIHUHQWPRGHOOLQJDVVXPSWLRQVKDYHRQWKHVHLVPLF
DVVHVVPHQWRIWKLQ5&ZDOOEXLOGLQJVUHLQIRUFHGZLWKDVLQJOHOD\HURIUHLQIRUFHPHQW)RUWKLV
SXUSRVHDVL[VWRU\EXLOGLQJFRQVWUXFWHGXVLQJWKLVV\VWHPZDVPRGHOOHGLQ2SHQ6HHVFRQVLG
HULQJWZR5D\OHLJKGDPSLQJVFKHPHVRQHSURSRUWLRQDOWRWKHLQLWLDOVWLIIQHVVPDWUL[DQGRWKHU
SURSRUWLRQDOWRWKHFXUUHQWVWLIIQHVVPDWUL[7ZRDSSURDFKHVZHUHXVHGWRPRGHOWKHEHKDYLRU
RIWKHUHLQIRUFLQJVWHHORQHWKDWLJQRUHVWKHEDUEXFNOLQJDQGRWKHUWKDWLQFOXGHVLW$OWKRXJK
WKLVEXLOGLQJZDVFRQVWUXFWHGXVLQJZHOGHGZLUHPHVK ::0 DVUHLQIRUFHPHQWDPRGHOZLWK
GHIRUPHG EDUV '%  ZDV DOVR FUHDWHG IRU WKH VDNH RI IXUWKHU FRPSDULVRQV $OO PRGHOV ZHUH
VXEMHFWHGWRLQFUHPHQWDOG\QDPLFDQDO\VHVDQGWKHUHVXOWVZHUHXVHGWRFDOFXODWHWKHVHLVPLF
IUDJLOLW\IXQFWLRQVDWIRXUGLIIHUHQWGDPDJHOHYHOV7KHILQGLQJVRIWKLVSDSHUVXSSRUWVHYHUDO
FRQFOXVLRQV
7KHXVHRIWKHFXUUHQWVWLIIQHVVPDWUL[IRUWKHGDPSLQJSURGXFHVVHLVPLFIUDJLOLW\IXQFWLRQV
ZLWKWKHVPDOOHVWOHYHORIYDULDWLRQ$WWKHFROODSVHOHYHOZKHQFRPSDUHGWRWKHPRGHOVZLWK
GDPSLQJSURSRUWLRQDOWRWKHLQLWLDOVWLIIQHVVDQGEDUEXFNOLQJWKLVPRGHOOLQJVFKHPHSURGXFHG
VPDOOHUSUREDELOLWLHVIRUORZHUDFFHOHUDWLRQOHYHOVDQGELJJHUSUREDELOLWLHVIRUKLJKHUDFFHOHUD
WLRQV7KLVEHKDYLRURFFXUUHGIRUERWKW\SHRIVWHHOUHLQIRUFHPHQW ::0DQG'% DQGLWZDV
UHVXOWRIWKHUHGXFWLRQLQGDPSLQJIRUODUJHUDFFHOHUDWLRQVZKHUHWKHEXLOGLQJGDPDJHUHGXFHV
WKHVWLIIQHVVFRPSRQHQWRIWKHGDPSLQJ
)RUWKHEXLOGLQJVZLWK::0WKHPRGHOVZLWKVWLIIQHVVSURSRUWLRQDOWRLQLWLDOVWLIIQHVVDQG
ZLWKEDUEXFNOLQJVKRZHGVLPLODUUHVXOWVDWWKHVOLJKWDQGPRGHUDWHGDPDJHOHYHOVDQGLGHQWLFDO
EHKDYLRUDWWKHH[WHQVLYHDQGFROODSVHSHUIRUPDQFHOHYHOV7KLVVXJJHVWVWKDWWKHLQFOXVLRQRI
EDUEXFNOLQJDIIHFWVWKHEHKDYLRUIRUVPDOOWRPHGLXPDFFHOHUDWLRQVEXWIRUODUJHURQHV WKH
ODFNRIGXFWLOLW\RIWKH::0EHFRPHVDJRYHUQLQJIDFWRUDQGWKHVHSHUIRUPDQFHOLPLWVDUH

3626

2UODQGR'$UUR\R'LUVD0)HOLFLDQR-XOLiQ&DUULOORDQG-RVp,&RORPER

FRQWUROOHGE\WKHVWHHOIUDFWXUHDQGQRWLWVEXFNOLQJ,QFRQWUDVWIRUWKHEXLOGLQJVZLWK'%WKH
DGGLWLRQDOGXFWLOLW\RIWKHVWHHO DOORZVEDUEXFNOLQJWRH[HUWDQLQIOXHQFHDQGWKLVPRGHOOLQJ
VFKHPHSURGXFHVVPDOOHUSUREDELOLWLHVIRUODUJHUDFFHOHUDWLRQV
,Q WHUPV RI VHLVPLF SHUIRUPDQFH DW WKH PD[LPXP FUHGLEOH HDUWKTXDNH WKH EXLOGLQJ ZLWK
::0KDGFROODSVHSUREDELOLWLHVRIDQGIRUWKHPRGHOVZLWKLQLWLDOGDPS
LQJ EDUEXFNOLQJDQGFXUUHQW GDPSLQJ)RUWKHEXLOGLQJ ZLWK '% WKHFRUUHVSRQGLQJYDOXHV
ZHUHDQG)RUERWKW\SHVRIUHLQIRUFHPHQWWKHVHSUREDELOLWLHVDUHKLJKHU
WKDQWKHOLPLWWKDWLVH[SHFWHGIRUEXLOGLQJVGHVLJQHGDFFRUGLQJWRPRGHUQGHVLJQFRGHV
SDUWLFXODUO\WKRVHRIWKH::0EXLOGLQJV7KHVHILQGLQJVVXSSRUWWKHLGHDWKDWWKHXVHRI5&
WKLQZDOOVIRUPLGULVHEXLOGLQJVVKRXOGEHOLPLWHGIRUVHLVPLFSURQHDUHDVUHJDUGOHVVRIWKH
W\SHRIUHLQIRUFHPHQWXVHG
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INFLUENCE OF COLUMN-BASE HYSTERETIC BEHAVIOR
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Keywords: Steel Moment Frame, Probability of Collapse, Base Connections, Gravity Framing
Abstract. Special Steel Moment Frames (SMFs) are one of the most common lateral-load resisting systems. Hysteretic energy in these systems is dissipated by the development of plastic
hinges at the end of the beams. In order to guarantee the desired collapse mechanism, columns, beam-column, and column base connections are sized employing the capacity designcriteria. Recent research on column base plates indicates that these connections pose high deformation capacity and may be used as part of the dissipative energy system. These findings
have motivated studies to evaluate a possible strong-column weak-base connection criterion,
implying a reduction on the base demands and, consequently, a nonlinear incursion of these
connections. The implication is a potential reduction of connection costs at similar building
performance. However, these studies have neglected the influence of the gravity system on the
seismic performance of the SMFs analyzed. Consequently, a study that includes the profound
influence of gravity system while investigates the consequences of seismic demands reduction
of base plates has not been conducted. Against this backdrop, this research presents a parametric study conducted on an 8-story SMF, which evaluates the probability of collapse considering three different levels of base connection strength while including the gravity system.
Results indicate that gravity systems tend to enforce the building to deform on the first mode
of shape even at large floor displacements while base rotations are increased significantly.
The design implication is that base-connections should be kept designed to carry the plastic
capacity of the column.
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1

INTRODUCTION

Steel Moment Frames (SMFs) are one of the preferred lateral-load resisting systems by the
construction industry due to their high deformation capacity as well as architectural versatility.
Because of this, these systems have been extensively studied over the last decades. Early studies
on the topic started to understand their modes of response under gravity loads. Formal requirements for lateral forces started officially after the 1906 San Francisco earthquake, although
seismic provisions were not mandated until 1948. Before the 1994 Northridge earthquake, it
was assumed that SMFs are ductile without special detailing. However, this assumption was
challenged by the way how the buildings performed during this earthquake. In a post-earthquake evaluation, brittle failure was observed in the connections. Extensively experimental programs were conducted after that aimed to develop ductile behavior in the connections. These
investigations ended up in notably design guidelines for new and existing SMFs (e.g., FEMA
355 [1]).
Typically, the SMFs consist of an assembly of beams and column elements rigidly connected
between them. Because of this, the main components are beams, columns, beam-column connections, and column base connections. As mentioned before, special attention has been given
to beam-column connections. Although, in a less degree compared to beam-column connections,
column base connections have been studied during the last years through experimental and numerical investigations. Two types of base connections have been used in the context of US
construction practice: i) for low-to-midrise buildings exposed base plates are preferred. These
connections consist of a steel column welded to a base plate, which is anchor to the foundation;
ii) on the other hand, for high-rise buildings, embedded base connections are the norm. This
detail consists of a steel column embedded in a concrete foundation.
Recent experimental studies conducted on column base connections (i.e., exposed and embedded type) indicate that these connections have high deformation capacity with desirable
hysteretic properties [2–5]. Furthermore, other experimental programs conducted on columns
[6,7] suggest that these members, especially when subjected to axial load, may have limited
ductility due to local phenomena such as local and lateral-torsional buckling. This background
suggests that the current design criteria for column base connections (i.e., design them to remain
elastic) may be unjustified, considering that this approach is protecting the more ductile component (i.e., base connection over column member). This criterion of strong base connection –
weak column may be attributed to the sparse information about the dissipative properties of
column base connections, and to the intuitive idea that connections are less ductile than component members. Besides, the construction of strong base connections implies a significant extra cost. For instance, when an exposed base plate is specified, thicker base plates and a large
number of anchor bolts are required to satisfy the demands (based on capacity design principles).
If an embedded base connection is detailed (e.g., in the case of mid-rise or tall buildings), the
embedded depth may be significant.
Falborski et al., 2020 [8] conducted a parametric study to investigate the effect of base connection strength, flexibility, and deformation capacity on the probability of collapse of four
SMFs (i.e., 4-story, 8-story, 12-story, and 20-story). Four levels of column base connection
strength were considered in this study. The first level (the lowest one in terms of strength)
corresponds to a base connection designed for reduced seismic loads (i.e., R=8). Two intermediate levels of strength include designing the base connection for R=3 and Ωo=3. Finally, the
strong base criteria, which implies designing the connection for the fully plastified and strained
hardened attached column. Each of these strength levels is associated with a rotational stiffness
calculated by methods developed by Kanvinde et al., 2012 [9] for the exposed base plates and
Torres-Rodas et al., 2017 [10] for the embedded details. The hysteretic characteristics of the
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connections were considered based on the recommendations of Torres-Rodas et al., 2016 [11]
(for exposed base plates), and Torres-Rodas et al., 2018 [12] (for embedded base connections).
The main finding of this investigation was that similar performance (i.e., acceptable probability
of collapse) for all the SMFs might be obtained by designing the base connections for the
strength level corresponding to demands computed with over-strength seismic loads (i.e., Ωo
=3) rather than for 1.1RyMp of the attached column. The key design implication was that the
base connections must be detailed to accommodate rotations of 0.05 rad in order to use overstrength seismic load combinations. However, it is important to mention that this study did not
include the effect of the gravity framing system on the response of the SMFs which were analyzed.
The influence of gravity framing system on the seismic performance of SMFs have been
reported in the past. Gupta and Krawinkler [13] addressed the response of SMFs at different
seismic hazard levels using four models. Two of them included the gravity system. The results
of this study indicate that significant improvement in the response of the SMFs may be achieved
at large inter-story drifts when the gravity system is included. These authors defined gravity
connections with a simple rotational spring in which the peak strength was reached at 0.02 rad
and 0.01 rad for the positive and the negative moments, respectively. Other studies [14] predicted the influence of gravity system on the seismic performance of SMFs through the definition of a confidence factor, which indicates whether the structure satisfies the collapse
prevention criteria at the Maximum Considered Earthquake (MCE). Flores et al. 2014 [15] investigated the effect of the gravity framing system on the probability of collapse of SMFs with
the use of FEMAp695 methodology. These authors analyzed three SMFs (2-story, 4-story, and
8-story) in their study. The influence of two main parameters was investigated, i.e., the stiffness
of the gravity columns and the strength of gravity-beam connections. Results indicate that gravity framing system deeply influences the seismic performance by reducing the probability of
collapse. The reviewed studies consider idealized boundary conditions, i.e., either pinned or
fixed-bases in their analyses.
In summary, studies conducted on SMFs to examine the influence of gravity framing systems typically have been carried out considering idealized boundary conditions (i.e., fixed or
pinned bases), neglecting the potential benefit of base-connections as energy dissipative mechanisms. On the other hand, studies (e.g. [8,16]) carried out on the topic to assess the influence
hysteretic behavior of column base connections on the seismic response of SMFs neglected the
beneficial effect of the gravity system. This backdrop motives the present investigation to examine the interrelation between the column base connection strength, stiffness, and deformation
capacity with the seismic performance of SMFs (by using FEMAp695 methodology) incorporating the beneficial effect of gravity columns and gravity beam-column connections, seeking
to explore the consequences of using a strong-column weak-base connection criterion that leverages the hysteretic properties of these connections.
This paper starts by describing in this introductory section the studies conducted on the topic
in the past. Subsequently, the methodology employed in the current investigation is described,
detailing the 8-story SMF model used herein. Sophisticated nonlinear time history analysis was
conducted on the 8-story SMF model to investigate the effect of column base connection
strength, flexibility and deformation capacity accompanied by gravity framing system on its
seismic performance expressed in terms of its probability of collapse at MCE level. Results
from the simulations are discussed, and potential implications for design are presented.
2

METHODOLOGY OF ANALYSIS

The scientific basis of this research consists of a series of Nonlinear Time History (NTH)
analysis conducted on an 8-story archetype frame complemented by Nonlinear Static Pushover

3631

Pablo Torres-Rodas, Francisco X. Flores, Bryam X. Astudillo and Sebastián Pozo

(NSP) analysis. The 8-story SMF analyzed herein belongs to the NEHRP project [17] and was
designed assuming a Response Coefficient Factor R=Cd=8 and site class “D” conditions under
the seismic design category Dmax. Fig. 1 illustrates its characteristics (plan view, elevation, and
member size). The height of the frame is 31.8m and consists of three-bay frames located at the
perimeter of the building plan. The bay width is 6.00m. The height of the first story is 4.50m,
while the height of the rest of the stories is 3.90m. A dead load of 4.78 kN/m2 was applied on
all the floors, while an unreduced live load of 2.38 kN/m2 was applied on all floors except on
the roof, where a live load of 0.95 kN /m2 was applied. A perimeter load of 1.20 kN/m2 was
assigned to simulated cladding. Beam-column connections were detailed as Reduced Beam
Section (RBS) connections based on AISC 341 [18] recommendations.

Figure 1: 8-story SMF. a) Plan view. b) Elevation view axis 1. c) Elevation view axis 3.

The beams and columns are modeled as linear-elastic elements with the plasticity concentrated at their ends. For beam elements, nonlinear rotational springs are placed at the RBS locations, while in the columns, rotational springs are located at their ends. These nonlinear
rotational springs are aimed to capture the hysteretic response of the connections. The hysteretic
model employed is the well-known Ibarra-Medina-Krawinkler (IMK) model, which consists of
a tri-linear backbone curve with kinematic strain hardening and monotonic deterioration, supplemented with rules to capture cyclic strength and stiffness deterioration [19]. This model inherits an important limitation from uniaxial plasticity formulations, i.e., it cannot capture
moment-axial load interaction. Because of it, this phenomenon is represented in an approximate
manner. First, the gravity load is considered as an average value of the axial load to be presented
in the NTH analysis [20,21]. Next, a reduced bending strength may be calculated with the interaction equations from AISC [22]. This reduced strength is used in the rotational springs at
the end of the columns. Panel zone is modeled as a hinged parallelogram assembly by rigid
elements with a nonlinear spring at one of the corners to represent shear distortions in the panel
zone. The properties of these springs (i.e., for beam-column connections and panel zone) are
computed based on the recommendations [13,21].
The column base connection for this SMF was detailed as an embedded base connection. Its
hysteretic response was capture by the model proposed by [12] for embedded base connections.
This model has a trilinear backbone curve similar to the IMK models, supplemented by rules
aimed to capture the hysteretic response as well as modes of deterioration found in column base
connections. The backbone curve of the models is defined by the following parameters: the
moment at first yield, initial rotational stiffness, maximum moment (i.e., peak strength), and
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rotation of the connection associated with its peak strength. These parameters were estimated
from analytical models available in the literature. For instance, the maximum connection
strength (i.e., Mpeak) was calculated by Grilli and Kanvinde 2016 [23]. Besides, these authors
showed that the moment at first yield might be considered as 70% of Mpeak, which is the criteria
considered herein. The rotational stiffness of these connections was calculated by the method
proposed by Torres-Rodas et al. (2017) [10], which consists of calculating the flexibility of the
connection by aggregating the deformations within the components (Fig. 2a).

Figure 2: Hysteretic models for a) Base base connection. b) PR gravity connection.

As per Falborski et al., 2020 [8], three different levels of column base connection strength
are considered in this paper (for the parametric analysis) which consist of a connection design
to resist: i) 1.1RyMp of the attached column which corresponds to the capacity design criteria;
ii) Over-strength seismic loads, i.e., Ωo =3; and iii) Reduced seismic loads, i.e., R=8. It is anticipated based on previous work ([24,25]) that the first level of strength (i.e., capacity design
criteria) will not allow the development of inelastic rotations while the last one will imply large
inelastic rotations for which the connections must be properly detailed. The flexural capacity
of each base connection strength level is provided in Table 1.
Strength
Level
R 8
: 3
1.1R y M p

Fixed-Base

Moment Strength
Int
Ext
(kN.m)
(kN.m)
309.04
292.35
1167.36
2309.99
2612.09
3276.38
-

Table 1: Base Connection Strength Levels
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The gravity framing system is included as part of the lateral-load resisting system in the
simulations, as shown in Fig. 1c. Gravity beam and column sizes were obtained through a typical design based on ASCE 7 [26] and AISC 360 [22]. The gravity connections are considered
as partially restrained (PR) connections [15,27]. The main characteristic of these connections
is that their capacity is lower than the plastic capacity (i.e., Mp) of the beam, which ranges from
15-35% of Mp [28]. The model developed by Elkady and Lignos 2015 [27] is used to capture
the influence of PR connections in the seismic performance of SMFs. The effects of column
base hysteretic behavior and the gravity framing system on the seismic performance of SMFs
are considered parametrically, while four cases are presented for all the archetype frames. The
first case corresponds to the models without any gravity framing. The second case consists of
analyzing only the influence of gravity columns, neglecting the effect of gravity connections.
This is performed by an approach proposed by Flores et a., 2015 [15] by concentrating all the
gravity columns in a lumped elastic column pinned at the base and attached to the SMFs, as
illustrated in Fig. 1. The last two cases include the effect of gravity system beams using a rotational spring aimed to capture the hysteretic response of PR connections. Two main parameters
defined this spring, i.e., the strength and initial stiffness (Fig. 2b). In this paper, two values of
PR strength are considered. The first value represents 15% of the beam Mp, while the second
one a 35% of Mp of the beam. Table 2 summarizes the details and define an appropriate notation
for all models analyzed herein.

Notation

Column Base Strength Level

R 8
: 3

R 8
: 3
1.1R y M p

Mp
Fix

Fixed-Base

Notation

Gravity System Strength Level

Non
00%

No gravity system
Only gravity columns (or partial
connections 00%)
15%Mp
30%Mp

15%
35%

Table 2: Models Analyzed in this study

Two types of analyses are carried out in this paper. These analyses are 1) Nonlinear Time
History (NTH) analysis, and 2) Nonlinear Static Pushover (NSP) analysis. The NTH analysis
is conducted on the archetype frame to parametrically investigate the effects of column base
strength, rotational stiffness, and ductility accompanied by the beneficial influence of gravity
columns, and PR connections strength on 1) the probability of collapse of SMFs at MCE level,
and 2) the seismic performance (i.e., inter-story drift ratios) at the Maximum Considered Earthquake (i.e., 2 % probability of exceedance in 50 years). The SMF analyzed herein is first simulated with idealized boundary conditions (i.e., fixed base) without considering the influence
of the gravity framing following current design practice. Next, it is analyzed considering three
different levels of base connection strength (i.e., R=8, Ωo=3, and 1.1RyMp), and three different
values of PR connection strength (i.e., 0%, 15%, and 30% of Mp) in the presence of gravity
columns.
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The software OpenSees is used for all the simulations since it has been extensively verified
for NTH simulations [29]. A collapse assessment relative to each of the models simulated was
conducted following the FEMAp695 methodology. Sideways collapse is defined by FEMAp695 (2010) when the IDA curves become flat (or typically with a slope less than 20%), or
when the inter-story drift ratios reach a value of 10% from which the structure is extremely
unlikely (if not impossible) to recover [30,31]. In this manner, the median collapse capacity of
each of the simulations may be obtained once 22 out of 44 ground motions produce sideways
collapse. This median collapse capacity is compared with the site-hazard (i.e., probability of
exceedance of 2% in 50 years) to compute the collapse margin ratio (CMR). This CMR is adjusted with the spectral shape factor (which considers the spectral shape of rare earthquakes in
California) to obtain the adjusted collapse margin ratio (ACMR). Finally, the probability of
collapse can be computed with the ACMR. This metric of performance is used to evaluate the
safety of the archetype frame and to understand their sensitivity to variations in column base
connection strength with the inclusion of the gravity framing system (varying PR connections
strength).
In addition to IDA simulations, this study presents the results of the NTH analysis conducted
on the archetype frame to assess the effect of column base strength, and stiffness accompanied
by gravity framing in the inter-story drift ratios at MCE level of shaking (i.e., probability of
exceedance of 2% in 50 years). For this purpose, the suite of ground motions from FEMAp695
methodology is considered too severe [32]. A suite of 40 ground motions selected by Medina
and Krawinkler [33] is scaled up to MCE-level of shaking, assuming soil type D, which is
representative of the Los Angeles basin.
Apart from the NTH analysis, a Nonlinear Static Pushover (NSP) analysis is conducted on
the models to supplement the information obtained from the NTH analysis. The NSP analysis
generates “pushover curves,” which provides general insights on frame response (e.g., collapse
mechanism) and structural properties. Two structural properties may be obtained from NSP
analysis; 1) system overstrength, 2) period-based ductility. The next section discusses the results of the NTH and NSP analysis on the models conducted in this investigation and possible
implications in design.
3

DISCUSSION OF RESULTS

This section summarizes the results obtained from the NTH and NSP analysis described in
the previous section conducted on the 8-story SMF with possible implications in design. Fig. 3
summarizes the results from NSP analysis. Fig. 3a illustrates the effect of base connection
strength and gravity framing on the pushover curve. Each color of Fig. 3a represents the results
of a model analyzed for different connection strength levels while each inset contains different
curves that highlight the influence of PR gravity beam-column connections for a specific base
connection strength. Fig. 3a indicates that an increase in base connection strength entails an
increase in the system overstrength as well as in the period-base ductility. The same trend is
observed when the strength of PR beam-column gravity connections is increased. In general,
the overall frame behavior is improved with the inclusion of gravity framing while increasing
base connection strength.
Fig. 3b illustrates the building deformed shape under different base connections and PR
beam-column connections strength. Similar to Fig. 3a each color represents a different base
connection strength level. As a general trend, a decrease in base connection strength tends to
concentrate deformations on the first floor. The more impacting case is the one corresponding
to R=8, where a soft story is formed when gravity framing is not included. Even though base
flexibility tends to concentrate deformations at first-floor gravity framing counteracts this effect
by linearizing the inter-story drift ratios along with the height of the frame.
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The yielding mechanisms are presented for two cases of analysis: 1) R=8–Non and 2) R=8–
35% and shown in Fig. 3c. In the first case, the point P1 represent the RBS connection yielding
on the second floor. Then the point P2 represents the yielding on the base connection. P3 shows
that RBS connections reach the deterioration on a drift of 0.75%, and P4 represents the top
column yielding of the second floor, causing the highest deterioration on the structure’s capacity. The addition of the gravity system keeps constant the P1 and P2 yielding events but increases the ductility of the system. The deterioration on RBS connection is reached on point P3’
on a drift of 1.45%, which duplicates the drift reached without the gravity system. The next
yielding point P4’ occurs when the partial connection of the gravity system reaches the threshold of 0.8Vmax. Moreover, this model, which includes gravity framing, does not present the
weak-story mechanism that led the R=8–Non model to the fragile behavior.

Figure 3: Results from static analysis. a) Pushover: R=8, Ωo=3, 1.1RyMp, and Fixed-Base. b) Inter-story drift
profile: R=8, Ωo=3, 1.1RyMp, and Fixed-Base. c) Yielding Mechanism for two models: R=8-Non, and R=8-35%.

Fig. 4 summarizes the NTH results conducted on the 8-story SMF. Fig. 4a presents the Collapse Margin Ratio (CMR) for each connection strength level while in each inner inset, the
influence of PR connections is illustrated. In other words, each color set corresponds to a
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connection strength level (i.e., R=8, Ωo=3, 1.1RyMp, Fixed-Base.) while each tone color represents a PR connection strength. As per Fig. 4a and 4b, there are no significant differences between the collapse probability or the CMR value between the models Ωo=3, 1.1RyMp, and
Fixed-base. However, the case R=8 presents an unacceptable performance in terms of collapse
probability when the gravity system is not included. As a general trend, a decrease in base
connection strength entails an increase of probability of collapse while the inclusion of the
gravity system always improves the system behavior even if only the gravity columns continuum stiffness (i.e., Col.) is included. The former may be attributed to the fact that a decrease of
base connection strength entails an increase of base flexibility, which drops the inflection point
of first story columns moment diagrams. This results in an increment of stresses at the top of
the fist story columns, which may give rise to a soft story.

Figure 4: Collapse analysis. a) Collapse margin ratio: R=8, Ωo=3, Mp, and Fixed-Base. b) Probability of collapse:
R=8, Ωo=3, 1.1RyMp, and Fixed-Base. c) Median base rotation: R=8, Ωo=3, and 1.1RyMp.
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Fig.4c presents the median of the base connection rotations obtained from NTH analysis on
the verge of structural collapse for each column base connection strength varying PR beamcolumn connection strength. As expected, when the connection is designed for carrying a moment corresponding to 1.1RyMp, rotations are less than 1% implying elastic behavior. In general,
rotations are increased when base connection strength is reduced. A closer inspection of Fig. 4c
reveals interesting results. The addition of the gravity system presents a singular effect in the
base connection rotations, which are significantly increased. This may be explained due to the
fact that the gravity system tends to enforce the building to deform in the first shape mode.
Consequently, this phenomenon avoids the formation of soft-story mechanisms decreasing the
system probability of collapse while implying a significant increment in base rotation demands.
These results imply that although the gravity system counteracts the detrimental effect of base
flexibility (in the probability of collapse of the 8-story SMF), it would require connections detailed to hold rotations in the order of 10%.
At first glance, results from IDA (Fig. 4b) indicate that base connection strength could be
reduced (even for the case R=8), and similar performance can be achieved compared with the
strong base criteria when the gravity system is included. However, an inspection of base rotations indicates that this conclusion cannot be stated unless base connections are properly detailed to hold rotations in the order of 10%.

Figure 5: NTH analysis at MCE level of shaking. a) Inter-story drift ratios: R=8, Ωo=3, 1.1RyMp, and FixedBase. b) Median column base rotations: R=8, Ωo=3, and 1.1RyMp. c) The number of Sidesway Collapses in the
SMF: R=8, Ωo=3, 1.1RyMp, and Fixed-Base.
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The seismic performance of the SMF at MCE level of shaking was conducted in order to
explore the effect of base connection behavior in the presence of gravity framing on the interstory drift ratios. As per Fig. 5a, the cases Ωo=3, 1.1RyMp, and Fixed-Base leads to similar
results even for different values of PR connection strength except for the case R=8 that presents
the highest drifts. Specifically, the simulations conducted on the case R=8 presents drifts superior to 10% when gravity framing was neglected and when only the stiffness of gravity columns
was included. On the other hand, considering the hysteresis of PR gravity connections entails a
significant reduction of drifts, which highlights the effect of these gravity-connections in the
overall system behavior. Fig. 5b shows the median base rotations for each simulation. Base
rotations ranging from 1% for the strongest base to 10% for the weakest one are reported. In
contrast to collapse assessment, at the MCE level of shaking, the gravity framing tends to reduce
these rotations. This is explained because the effect of gravity framing is maximum at large
deformations (at the verge of collapse), while its influence is minor at smaller deformations.
Finally, Fig. 5c presents the number of sidesway collapses in the analyzed frame versus the
number of connection failures. It is defined that a connection will fail beyond a 5% base rotation
threshold [2-5]. As expected, the inclusion of the gravity system reduces the number of building
collapses significantly. However, it is important to indicate that for all the cases corresponding
to R=8, although the gravity system reduces the number of collapses, the number of base connection failures (i.e., rotations exceeding 5%) is high. From a design point of view, this will
imply detailing column base connections for significant rotation capacity. On the other hand,
base connections designed for Ωo=3 and 1.1RyMp show a similar number of sidesway collapses
even though the gravity system is excluded from the analysis. However, a closer inspection of
the cases corresponding to Ωo=3 strength level reveals a high number of connection failures
(i.e., rotations beyond 5%), implying that connections need to be detailed to hold these significant levels of base rotations.
4

CONCLUSIONS

This paper investigates parametrically the effect of base connection strength, rotational stiffness, and deformation capacity incorporating the effect of gravity framing system on the seismic performance of an 8-story SMF. The scientific basis of this research consists of a series of
NTH simulations conducted on the frame. Three levels of base connection strength are considered in this study (i.e., R=8, Ωo=3, and 1.1RyMp), while the influence of gravity framing and
PR gravity connections strength is included in each case analyzed giving a total of 16 mathematical models. In all models, sophisticated NTH analysis is conducted, which is supplemented
by NSP. The NTH analysis is aimed to investigate the influence of base connection behavior
accompanied by gravity framing on 1) probability of collapse of the SMF following the methodology described at FEMAp695; 2) inter-story drift ratios at MCE level.
Results from NTH analysis indicate that a reduction of base connection strength is accompanied by an increment on base-connection flexibility. This phenomenon tends to drop the inflection point of the moment diagram from the first story columns leading to a soft story
mechanism. Specifically, when the gravity system is neglected, the model corresponding to
base strength level R=8 presents unacceptable performance (i.e., probability of collapse in the
order of 80%) while stronger base connections are on the verge of the 10% threshold. Inclusion
of gravity framing in general decreases the probability of collapse to values less than 5%. Even
the cases analyzed for the weak base connection criteria (i.e., R=8) present acceptable performance when the effect of the gravity system is considered. This may be attributed to the fact
that gravity columns tend to enforce the SMF to deform on the first mode of shape, reducing
stress concentrations on the first story.
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Interestingly, when the gravity system is included, the median rotations at the base increase
significantly except for the case where base connections are detailed by the capacity designed
criterion. For this latter case, base rotations are less than 1% implying purely linear elastic behavior. On the other hand, a reduction in base connection strength entails a significant increase
in base rotations. The implications might be important. If base connection strength is reduced,
it must be detailed to hold rotations close to 10%. Up to this point, there are no guidelines to
achieve this ductile behavior. Therefore, from the author’s analysis base connections must be
kept design based on capacity design principles or another collapse criteria should be proposed
to consider a base connection failure limite state (i.e., base connection rotation < 5.0%).
This study is subjected to several limitations. First, only one archetype frame is analyzed. It
is recommended to investigate further the effect of base connection behavior accompanied by
gravity framing with different frames varying in height and plan view. Other limitations from
this study that might be described are the bias due to ground motion effects, including the effects
of vertical acceleration components, and assumptions related to the models such as concentrated
plasticity models vs. distributed plasticity models. However, the results of this study must be
understood as the first parametric investigation aimed to evaluate the impact of base connection
behavior in the presence of the gravity framing system on the seismic performance of SMFs.
REFERENCES
[1]
[2]

FEMA 355, State of the Art Report on Connection Performance, 2000.
J. Tryon, Simple Models for Estimating the Rotational Stiffness of Steel Column-toFooting Connections, (2016). https://www.semanticscholar.org/paper/Simple-Modelsfor-Estimating-the-Rotational-ofTryon/6ed12ed24b5c84c28cb7b21c52c863ee8aa2855c.
[3] N. Barnwell, Experimental Testing of Shallow embedded Connections Between Steel
Columns and Concrete Footings, (2015). https://scholarsarchive.byu.edu/etd/4428/.
[4] I. Gomez, G. Deierlein, A. Kanvinde, Exposed Column Base Connections Subjected to
Axial Compression and Flexure, 2010. https://datacenterhub.org/resources/1239.
[5] C.A. Trautner, T. Hutchinson, P.R. Grosser, J.F. Silva, Investigation of Steel Column–
Baseplate Connection Details Incorporating Ductile Anchors, Journal of Structural Engineering.
143
(2017)
04017074.
https://doi.org/10.1061/(ASCE)ST.1943541X.0001759.
[6] J. Newell, C.-M. Uang, Cyclic Behavior of Steel Columns with Combined Axial Load
and Drift Demands, Department of Structural Engineering, University of California, San
Diego, La Jolla, California, 2006.
[7] A. Elkady, D.G. Lignos, Full-Scale Testing of Deep Wide-Flange Steel Columns under
Multiaxis Cyclic Loading: Loading Sequence, Boundary Effects, and Lateral Stability
Bracing Force Demands, Journal of Structural Engineering. 144 (2018) 04017189.
https://doi.org/10.1061/(ASCE)ST.1943-541X.0001937.
[8] T. Falborski, P. Torres-Rodas, F. Zareian, A. Kanvinde, Effect of base-connection
strength and ductility on the seismic performance of steel moment frames, (2020).
[9] A.M. Kanvinde, D.A. Grilli, F. Zareian, Rotational Stiffness of Exposed Column Base
Connections: Experiments and Analytical Models, Journal of Structural Engineering.
138 (2012) 549–560. https://doi.org/10.1061/(ASCE)ST.1943-541X.0000495.
[10] P.T. Rodas, F. Zareian, A. Kanvinde, Rotational Stiffness of Deeply Embedded Column–
Base Connections, Journal of Structural Engineering. 143 (2017) 04017064.
https://doi.org/10.1061/(ASCE)ST.1943-541X.0001789.

3640

Pablo Torres-Rodas, Francisco X. Flores, Bryam X. Astudillo and Sebastián Pozo

[11] P.T. Rodas, F. Zareian, A. Kanvinde, Hysteretic Model for Exposed Column–Base Connections, Journal of Structural Engineering. 142 (2016) 04016137.
https://doi.org/10.1061/(ASCE)ST.1943-541X.0001602.
[12] P. Torres-Rodas, F. Zareian, A. Kanvinde, A hysteretic model for the rotational response
of embedded column base connections, Soil Dynamics and Earthquake Engineering. 115
(2018) 55–65. https://doi.org/10.1016/j.soildyn.2018.08.015.
[13] A. Gupta, H. Krawinkler, Prediction of seismic demands for SMRFs with ductile connections and elements, SAC Steel Project, 1999.
[14] K. Lee, D.A. Foutch, Performance Evaluation of Damaged Steel Frame Buildings Subjected to Seismic Loads, Journal of Structural Engineering. 130 (2004) 588–599.
https://doi.org/10.1061/(ASCE)0733-9445(2004)130:4(588).
[15] F.X. Flores, F.A. Charney, D. Lopez-Garcia, Influence of the gravity framing system on
the collapse performance of special steel moment frames, Journal of Constructional Steel
Research. 101 (2014) 351–362. https://doi.org/10.1016/j.jcsr.2014.05.020.
[16] Y. Cui, F. Wang, S. Yamada, Effect of Column Base Behavior on Seismic Performance
of Multi-Story Steel Moment Resisting Frames, International Journal of Structural Stability and Dynamics. 19 (2019) 1940007. https://doi.org/10.1142/S0219455419400078.
[17] NIST, Evaluation of the FEMA P-695 Methodology for Quantification of Building Seismic Performance Factors, National Institute of Standards and Technology, Gaithersburg,
MD, 2010.
[18] AISC, Prequalified Connections for Special and Intermediate Steel Moment Frames for
Seismic Applications, (2010).
[19] D. Lignos, Sidesway Collapse of Deteriorating Structural Systems Under Seismic Excitations, (2008).
[20] A. Hartloper, D. Lignos, Updates to the ASCE-41-13 provisions for the nonlinear modeling of steel wide-flange columns for performance-based earthquake engineering,
Ce/Papers. 1 (2017) 3072–3081. https://doi.org/10.1002/cepa.359.
[21] NIST, Guidelines for nonlinear structural analysis and design of buildings. part IIa - steel
moment frames, National Institute of Standards and Technology, Gaithersburg, MD,
2017. https://doi.org/10.6028/NIST.GCR.17-917-46v2.
[22] AISC, Specification for Structural Steel Buildings, (2016).
[23] D. Grilli, A. Kanvinde, TENSILE STRENGTH OF EMBEDDED ANCHOR GROUPS:
TESTS AND STRENGTH MODELS, Charles Pankow Foundation, 2015.
[24] P. Torres-Rodas, F. Zareian, A. Kanvinde, Seismic Demands in Column Base Connections of Steel Moment Frames, Earthquake Spectra. 34 (2018) 1383–1403.
https://doi.org/10.1193/062317EQS127M.
[25] P. Torres-Rodas, J. Fayaz, F. Zareian, Strength resistance factors for seismic design of
exposed based plate connections in special steel moment resisting frames, Earthquake
Spectra. 36 (2020) 537–553. https://doi.org/10.1177/8755293019891714.
[26] ASCE 7, ed., Minimum design loads and associated criteria for buildings and other structures, American Society of Civil Engineers, Reston, Virginia, 2017.
[27] A. Elkady, D.G. Lignos, Effect of gravity framing on the overstrength and collapse capacity of steel frame buildings with perimeter special moment frames: EFFECT OF
GRAVITY FRAMING ON STEEL BUILDINGS WITH PERIMETER SMF, Earthquake Engineering & Structural Dynamics. 44 (2015) 1289–1307.
https://doi.org/10.1002/eqe.2519.
[28] J. Liu, A. Astaneh-Asl, Moment–Rotation Parameters for Composite Shear Tab Connections,
Journal
of
Structural
Engineering.
130
(2004)
1371–1380.
https://doi.org/10.1061/(ASCE)0733-9445(2004)130:9(1371).

3641

Pablo Torres-Rodas, Francisco X. Flores, Bryam X. Astudillo and Sebastián Pozo

[29] S. Mazzoni, F. McKenna, M.H. Scott, G.L. Fenves, OpenSees Command Language
Manual, (2006).
[30] A. Kanvinde, Micromechanical Simulation of Earthquake Induced Fractures in Steel
Structures, Blume Earhquake Engineering Center, Stanford, California, 2004.
[31] D. Vamvatsikos, C.A. Cornell, Applied incremental dynamic analysis, Earthquake Spectra. 20 (2004) 523–553. https://doi.org/10.1193/1.1737737.
[32] F. Zareian, A. Kanvinde, Effect of Column-Base Flexibility on the Seismic Response
and Safety of Steel Moment-Resisting Frames, Earthquake Spectra. 29 (2013) 1537–
1559. https://doi.org/10.1193/030512EQS062M.
[33] R. Medina, H. Krawinkler, Seismic Demands for Nondeteriorating Frame Structures and
their Dependence on Ground Motions, The John A. Blume Earthquake Engineering
Center, Stanford, California, 2003.

3642

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

     
     
        
  
$ &!/!0'(




'HSDUWPHQWRI8UEDQ0DQDJHPHQW.\RWR8QLYHUVLW\
1LVKLN\RNX.\RWR-$3$1
KH[LQKDRX#VWN\RWRXDFMS

'LVDVWHU3UHYHQWLRQ5HVHDUFK,QVWLWXWH.\RWR8QLYHUVLW\
*RNDVKR8MLVKL.\RWR-$3$1
LJDUDVKLDNLUDP#N\RWRXDFMS

$53,/#0 6OLGHEULGJHEHDULQJV0XOWLREMHFWLYHRSWLPL]DWLRQ6HLVPLFH[FLWDWLRQV6WRFKDV
WLFGHWHUPLQLVWLFDSSURDFK6HLVPLFSHUIRUPDQFHDVVHVVPHQW
Abstract. $*&(%))%))#&(%(#$))$%()-*)"($)
*(.)*$*($)*(%)*-$#$#0*%$%($)&"#$*$**%*&(
()&%$)$)"*$($&(#*()%()*(%$(*'+!,$*)%-,(+"*/$
*(#$$*%&*#"&(#*()%*($)**)*)/**-%% *,)())$
%$ +$*%$-*%$)("%#&+**%$"()%+(('+(#$*%($%$"$(*#)*%(/
$"/))$%((*%$*)%"+*%$)%*#+"*% *,%&*#0*%$&(%"#**(+
*%#&+**%$"%)*&(%+(**+*"0)*)*%)*)*(+*+("()&%$)%'+,"$*
"$()/)*#))&(%&%)%%*$*&(%(#$$)))#"%)#%")
)**%$(/ ($%# &(%)) -%) (*()*) ( *(#$ %( * )*$( )$
(%+$#%*%$))&/*&$))$%$*$%$"$(,%(%*)"
($))#%")'+,"$*"$("#$*)+)$*)*%)*"$(0*%$*$'+
)*()+"*)*%%&*#"&(#*($*))%*$)*(*%(%$*)%"+*%$)$
*#+"*% *,+$*%$)& )*$.*)*&*)(%*%&*#"&(#*())
%$+*/&(%(#$$%$"$(*#)*%(/$"/))%$"/%(*(*%(%$*)%"+*%$&
(#*( )*) *% ), * %#&+**%$" ('+(#$* )  $+#(" .#&" * &(%&%)
#*%)&&"*%()-**-%*/&)%)"($)*+&"*$)"$)%
%$))*$%#+"*&")"$)+()$+$*%$""/)(*($) $-(
*%$($)$")*%#(($))*$&("""(%#$*)#%$)*(****
))#&(%(#$%*(%(*)%*)$&(#*()%*$/*&(%
&%)&(%+()"#%)*'+,"$**%*%$-**%&*#"&(#*()%+$/*%$
,$*%$".+)*,)(&&(%

3643

;+H$,JDUDVKL

  
7KHEULGJHEHDULQJZLWKVHLVPLFIXQFWLRQDOLW\LVUHFRJQL]HGDVDNH\FRPSRQHQWWRIDFLOLWDWH
WKHUHTXLUHGVHLVPLFSHUIRUPDQFH:LWKWKHXVHRIWKHVHGHYLFHVHORQJDWLRQRIWKHQDWXUDOSH
ULRGDQGSURYLGLQJVXSSOHPHQWDU\HQHUJ\GLVVLSDWLRQFDSDELOLW\DUHDFKLHYHGVRWKDWERWKWKH
EHDULQJDQGSLHUUHVSRQVHVDUHPLQLPL]HGXQGHUVWURQJHDUWKTXDNHV,QDGGLWLRQDEHWWHUVHU
YLFHDELOLW\WKDWLQFOXGHVWKHFRQWURORIDPELHQWYLEUDWLRQDQGWKHWKHUPDOHORQJDWLRQSUREOHPRI
WKHJLUGHUVFDQEHDFKLHYHGLQUHJXODUPDLQWHQDQFHDQGPDQDJHPHQW
5HFHQWO\VRPHXQFRQYHQWLRQDOEULGJHEHDULQJVKDYHEHHQSURSRVHGWRSURYLGHPRUHIOH[LEOH
DQGIHDVLEOHRSWLRQVIRUVHLVPLFSHUIRUPDQFHHQKDQFHPHQWRIEULGJHV7KHXSOLIWLQJVOLGHVKRH
8366 EHDULQJ>@LVDQHZW\SHRIEHDULQJFRQVLVWLQJRIPXOWLSOHVOLGLQJVXUIDFHVDVVKRZQ
LQ)LJ D 7KHPHFKDQLVPRI8366LVFKDUDFWHUL]HGE\VOLGLQJDFWLRQVRQGLIIHUHQWVOLGLQJ
VXUIDFHV7KHKRUL]RQWDOVOLGLQJVXUIDFHRI8366LVWRDFFRPPRGDWHWKHWKHUPDOHIIHFWVDQG
VPDOOYLEUDWLRQRIFRQWLQXRXVJLUGHUVZKLOHWKHLQFOLQHGVOLGLQJVXUIDFHLVWRSURYLGHH[WUDUH
VWRULQJIRUFHWRHIIHFWLYHO\PLWLJDWHWKHH[FHVVLYHKRUL]RQWDOGLVSODFHPHQWUHVSRQVHRIWKHJLUG
HUVXQGHUVWURQJHDUWKTXDNHHYHQWV7KHIXQFWLRQDOO\GLVFUHWHEHDULQJ )'% V\VWHP>@LVD
FRPELQDWLRQRIHODVWRPHULFEHDULQJVDQGVOLGLQJEHDULQJVWRVHSDUDWHO\SURYLGHUHVWRULQJIRUFH
DQGHQHUJ\GLVVLSDWLRQDELOLW\DVVKRZQLQ)LJ E 8QOLNHWKHFRQYHQWLRQDOUXEEHUEHDULQJV
WKLVV\VWHPDOORZVUHTXLUHGSHULRGHORQJDWLRQRIWKHVWUXFWXUDOV\VWHPVDQGWKHHQHUJ\GLVVLSD
WLRQSHUIRUPDQFH

D 8366

E )'%

)LJXUH6FKHPDWLFVRI8366DQG)'%

,QWKHSURFHVVRIWKHVHLVPLFSHUIRUPDQFHEDVHGGHVLJQRIEULGJHVZLWKHLWKHURIWKHVHW\SHV
RIEHDULQJVWKHUHH[LVWLQWULQVLFWUDGHRIIVEHWZHHQPLQLPL]DWLRQRIEHDULQJGLVSODFHPHQWDQG
WKDWRISLHUUHVSRQVHLQVHOHFWLQJEHDULQJSDUDPHWHUVIRUVWURQJHDUWKTXDNHHYHQWV+RZHYHU
GLIILFXOW\LQGHWHUPLQLQJWKHRSWLPDOSDUDPHWHUVRIWKHVHGHYLFHVDULVHV&RQYHQWLRQDOH[KDXV
WLYHVHDUFKPHWKRGUHTXLUHVQXPHURXVFRPSXWDWLRQDOUHVRXUFHVWRSHUIRUPWKHQRQOLQHDUWLPH
KLVWRU\DQDO\VLVIRUPDQ\FDVHVRIWKHVOLGHEHDULQJSDUDPHWHUVWRGHWHUPLQHWKHFRUUHVSRQGLQJ
RSWLPDOGHVLJQVLQFHDOORIWKHSRVVLEOHSDUDPHWHUFRPELQDWLRQVDUHRIDODUJHQXPEHUZKHUHDV
RQO\DVPDOOQXPEHURIWKHSDUDPHWHUFRPELQDWLRQVVDWLVI\WKHRSWLPDOGHVLJQFULWHULD2QWKH
RWKHUKDQGWKHREMHFWLYHIXQFWLRQRIWKHRSWLPL]DWLRQSUREOHPLVXVXDOO\XQNQRZQGXHWRWKH
FRPSOH[LW\RIQRQOLQHDUWLPHKLVWRU\DQDO\VLV7KHUHIRUHDIDVWVHDUFKDOJRULWKPWRGHWHUPLQH
WKHRSWLPDOSDUDPHWHUVHOHFWLRQLVUHTXLUHG
7KHRSWLPDOGHVLJQRIVWUXFWXUHVFDQEHDFKLHYHGE\GLIIHUHQWDSSURDFKHVDFFRUGLQJWRSUH
YLRXVVWXGLHV)HQJHWDO>@GHULYHGWKHRSWLPDOSDUDPHWHUVIRUWKHWDOOEXLOGLQJZLWKPHJD
VXEVWUXFWXUHFRQILJXUDWLRQXQGHUZKLWHQRLVHH[FLWDWLRQVE\PLQLPL]LQJWKHPHDQVTXDUHRIWKH
UHVSRQVHVRILQWHUHVW$VHULHVVROXWLRQRIWKH+Z RSWLPL]DWLRQSUREOHPDQGDFORVHGIRUPDO
JHEUDLFVROXWLRQRIWKH+X RSWLPL]DWLRQSUREOHPIRUWKHG\QDPLFYLEUDWLRQDEVRUEHUDWWDFKHGWR
OLQHDUV\VWHPVZHUHJLYHQE\$VDPLHWDO>@7KHRSWLPDOGHVLJQRIWKHXQFRQYHQWLRQDOWXQHG
PDVVGDPSHUWRLQGLYLGXDOO\PLQLPL]HWKHUHVSRQVHTXDQWLW\RILQWHUHVWZDVLQYHVWLJDWHGLQ5HIV
>@6SHFLILFDOO\+RDQJDQG)XMLQR>@LQYHVWLJDWHGWKHRSWLPDOSDUDPHWHUGHVLJQRIUXEEHU
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EHDULQJVIRUVHLVPLFUHVSRQVHPLWLJDWLRQRIDORQJVSDQWUXVVEULGJHLQ-DSDQ8QGHUWKHFRQ
VLGHUDWLRQRIQRQOLQHDUVWUXFWXUDOHOHPHQWVRSWLPDOSDUDPHWHUGHVLJQRIQRQOLQHDUEDVHLVRODWLRQ
V\VWHPV ZDV LQYHVWLJDWHG E\ 5HJJLR >@ DQG 'H 'RPHQLFR >@ EDVHG RQ VWRFKDVWLF G\QDPLF
DQDO\VLV,QDGGLWLRQDSHUIRUPDQFHEDVHGRSWLPL]DWLRQSURFHGXUHIRUQRQOLQHDUVWUXFWXUHVVXE
MHFWHGWRUDQGRPVHLVPLFH[FLWDWLRQLVSURSRVHGE\;XDQG6SHQFHU>@WRGHDOZLWKRSWLPDO
SDUDPHWHUGHVLJQIRUFRPSHWLQJSHUIRUPDQFHREMHFWLYHV
,QWKLVVWXG\DGHWHUPLQLVWLFVWRFKDVWLFDSSURDFKLVSURSRVHGWRDFKLHYHWKHPXOWLREMHFWLYH
GHVLJQRIVOLGHEHDULQJVXQGHUVHLVPLFH[FLWDWLRQ7RREWDLQWKHSHUIRUPDQFHLQGLFHVVHLVPLF
ORDGLVPRGHOHGDVDVWDWLRQDU\UDQGRPSURFHVVDQGWKHQRQOLQHDUEHKDYLRURIWKHVOLGHEHDULQJV
LVPRGHOHGDVHTXLYDOHQWOLQHDUHOHPHQWVXVLQJWKHVWRFKDVWLFOLQHDUL]DWLRQWHFKQLTXH$VWKH
UHVXOW D VHW RI RSWLPDO SDUDPHWHU FDQGLGDWHV LV REWDLQHG DV WKH 3DUHWRIURQW VROXWLRQV LQ WKH
PXOWLREMHFWLYHIXQFWLRQVSDFH$VWKHQH[WVWHSWKHVHDUFKRIWKHRSWLPDOSDUDPHWHUVLVFRQ
GXFWHGE\SHUIRUPLQJQRQOLQHDUWLPHKLVWRU\DQDO\VLVRQO\IRUWKHVHWRIWKH3DUHWRIURQWVROX
WLRQ SDUDPHWHU VHWV WR VDYH WKH FRPSXWDWLRQDO UHTXLUHPHQW $V D QXPHULFDO H[DPSOH WKH
SURSRVHGPHWKRGLVDSSOLHGWRRSWLPDOSDUDPHWHUVHOHFWLRQRI8366DQG)'%LQDJLUGHUEULGJH
,WLVGHPRQVWUDWHGWKDWWKHVHLVPLFSHUIRUPDQFHRIWKHEULGJHIRUWKHFDVHRIWKHGHVLJQSDUDP
HWHUVREWDLQHGE\WKHSURSRVHGSURFHGXUHLVDOPRVWHTXLYDOHQWWRWKHRQHZLWKWKHRSWLPDOSD
UDPHWHUVIRXQGE\WKHFRQYHQWLRQDOH[KDXVWLYHVHDUFKDSSURDFK
 
$EULGJHZLWKDVWUDLJKWJLUGHUVXSSRUWHGE\VLQJOHFROXPQVZLWK8366RU)'%LVVWXGLHG
7KHG\QDPLFEHKDYLRURIWKHEULGJHLQWKHORQJLWXGLQDOGLUHFWLRQLVVLPSOLILHGDVDOXPSHGPDVV
PRGHOZLWKWZRKRUL]RQWDOGHJUHHVRIIUHHGRP '2) DVVKRZQLQ)LJ

)LJXUH%ULGJHPRGHOZLWKDSSOLFDWLRQRI8366RU)'%

 .2!1(,+,%*,1(,+
7KHJRYHUQLQJHTXDWLRQRIWKHV\VWHPLVJLYHQDV
MO n NO O  q oS; b 



ZKHUHM q  7W  7X 7W DQG7X DUHWKHPDVVHVRIWKHSLHUDQGJLUGHUUHVSHFWLYHO\O q
;W ;X ] LV WKH YHFWRU RI WKH QRGDO GLVSODFHPHQWV DQGO q ; W ; X ] LV WKH YHFWRU RI WKH
QRGDOYHORFLWLHVNO O LVWKHUHDFWLRQIRUFHYHFWRUZKLFKFDQEHOLQHDURUQRQOLQHDU; b LVWKH
JURXQGDFFHOHUDWLRQS q  ] LVWKHH[FLWDWLRQYHFWRUWRFRXSOHWKHLQSXWDQGWKHVWUXFWXUDO
'2)V
7KHPHFKDQLFDOEHKDYLRURI8366DQGWKHVXSHUVWUXFWXUHFDQEHVLPSOLILHGDVDSRLQWPDVV
VOLGLQJRQWKUHHVOLGLQJVXUIDFHVDVVKRZQLQ)LJ%DVHGRQWKHG\QDPLFHTXLOLEULXPFRQGL
WLRQWKHUHVWRULQJIRUFHRI8366LVH[SUHVVHGDV
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ZKHUH0 q 7X 5   @LVWKHUHVLVWDQWIRUFHRIWKHLQFOLQHGVOLGLQJVXUIDFHDQG5LVWKHJUDYLWD
WLRQDODFFHOHUDWLRQALVWKHIULFWLRQFRHIILFLHQWRIVOLGLQJLQWHUIDFH@LVWKHLQFOLQHGDQJOHRI
WKH LQFOLQHG VOLGLQJ VXUIDFHV IURP WKH KRUL]RQWDO GLUHFWLRQ.LV WKH GLVWDQFH RI WKH FOHDUDQFH
OHQJWKIURPWKHQHXWUDOSRVLWLRQRIWKHKRUL]RQWDOVOLGLQJVXUIDFHWRWKHEHJLQQLQJRIWKHLQFOLQHG
VOLGLQJVXUIDFH;_ LVWKHUHODWLYHGLVSODFHPHQWRIWKHEHDULQJZLWKUHVSHFWWRWKHSLHUDQG  
LVWKHVLJQXPIXQFWLRQ

)LJXUH0HFKDQLVPRI8366

6LQFH)'%LVDFRPELQDWLRQRIUXEEHUEHDULQJVDQGVOLGHEHDULQJVWKHPHFKDQLFDOEHKDYLRU
RI)'%LVH[SUHVVHGDVWKHVXPRIWKDWRIWKHWZRW\SHVRIEHDULQJVDVVKRZQLQ)LJ7KH
VOLGLQJEHDULQJLVUHSUHVHQWHGE\WKH&RXORPEIULFWLRQPRGHODQGWKHUXEEHUEHDULQJLVUHSUH
VHQWHGE\DQHODVWLFOLQHDUVSULQJ7KHUHVWRULQJIRUFHRI)'%LVH[SUHVVHGDV
4_ q 6_ ;_ n A7X 5 ; _ 



ZKHUH6_ q 7X C2_ X LVWKHVWLIIQHVVRIWKHUXEEHUEHDULQJDQG2_ LVWKHVSHFLILHGQDWXUDO
SHULRGZKHQWKHVXSHUVWUXFWXUHLVLQWKHIL[HGEHDULQJFRQGLWLRQ

)LJXUH0HFKDQLVPRI)'%

7KHEHKDYLRURIWKH5&SLHUVXSSRUWLQJWKHEULGJHEHDULQJLVUHSUHVHQWHGE\WKH&ORXJK¶V
GHJUDGLQJVWLIIQHVVPRGHOLQWKHQRQOLQHDUWLPHKLVWRU\DQDO\VLV7KHLQLWLDOVWLIIQHVVRIWKH5&
SLHULVVSHFLILHGVRWKDWWKHHODVWLFSHULRGIRUWKHIL[HGEHDULQJFRQGLWLRQLVVHFDQGWKH
\LHOGLQJVWUHQJWKLVJODWHUDOIRUFH
 1,"'!01("/$-/$0$+1!1(,+,%0$(0*("$4"(1!1(,+0
7KHJURXQGPRWLRQLVDVVXPHGWREHUHSUHVHQWHGE\WKHPRGLILHG.DQDL7DMLPLPRGHO>
@,QWKHWLPHGRPDLQWKLVPRGHOFDQEHH[SUHVVHGLQDVWDWHVSDFHIRUPDV(T  
P a q Ga Pa n Ha <:
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LQZKLFK<:LVWKHEHGURFN*DXVVLDQZKLWHQRLVHSURFHVVEb DQG?b DUHWKHIXQGDPHQWDOFLU
FXODUIUHTXHQF\DQGGDPSLQJUDWLRUHVSHFWLYHO\RIWKHVXUIDFHVRLOOD\HULQWKH.DQDL7DMLPL
PRGHOEa DQG?a DUHWKHSDUDPHWHUVRIWKHVHFRQGILOWHUVXJJHVWHGE\&ORXJKDQG3HQ]LHQ
7KHSHDNJURXQGDFFHOHUDWLRQ 3*$ LVUHODWHGWRWKHVSHFWUDOLQWHQVLW\RIWKHZKLWHQRLVH>@
DV(T  
1k q

X
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7KHSDUDPHWHUVRIWKHPRGLILHG.7PRGHODUHGHWHUPLQHGE\WKH36'RIWKHVWDQGDUGGHVLJQ
JURXQGPRWLRQVLQWKH-DSDQHVHGHVLJQFRGHWKURXJKWKHOHDVWVTXDUHPHWKRG
 1,"'!01("/$0-,+0$,%01/2"12/$0
7KH DERYH HTXDWLRQ RI PRWLRQ FDQ EH VXEVWLWXWHG LQWR DQ HTXLYDOHQW OLQHDUL]HG IRUP LI
NO O VDWLVILHVVRPHVPRRWKQHVVUHTXLUHPHQWDQGWKHLQSXWLVD]HURPHDQVWDWLRQDU\*DXVV
LDQSURFHVVVRDVWRPLQLPL]HWKHPHDQVTXDUHHUURUEHWZHHQWKHOLQHDUL]HGFRXQWHUSDUWDQGWKH
RULJLQDOQRQOLQHDUV\VWHP>@DVVKRZQLQ(T  
MO n {I n I`g |O n {L n L`g |O q oS; b 



ZKHUHIDQGLDUHWKHGDPSLQJPDWUL[DQGVWLIIQHVVPDWUL[IRUOLQHDUHOHPHQWVUHVSHFWLYHO\
I`g DQGL`g DUHWKHHTXLYDOHQWOLQHDUL]HGGDPSLQJDQGVWLIIQHVVPDWULFHVIRUQRQOLQHDUHOH
PHQWVUHVSHFWLYHO\
7KHQWKHJRYHUQLQJHTXDWLRQFDQEHUHZULWWHQLQWRDVWDWHVSDFHIRUPDV
P i q Gi Pi n Hi <:
Qi q Ii Pi n Ji <:



O ] ] LVWKHVWDWHYHFWRUQi LVWKHUHVSRQVHYHFWRUDQG
K\p\
U\p\
U
Gi q
y

Hi q v \pW
YW
YW
oM {L n L`g | oM {I n I`g |
MYW S

ZKHUHPi q O]

WKHPDWULFHVIi DQGJi DUHWKHUHVSRQVHPDWULFHVZKLFKDUHGHWHUPLQHGE\WKHVSHFLILHGRXW
SXWV
&RPELQHGZLWKWKHJURXQGPRWLRQPRGHOWKHVWDWHRIWKHFRPELQHGV\VWHPFDQEHH[SUHVVHG
DV(T  
P ^ q G^ P^ n H^ <:
Qi q I^ P^ 
]



ZKHUHP^ q uP]i Pa] x LVWKHDXJPHQWHGVWDWHVSDFHYHFWRUFROOHFWLQJGLVSODFHPHQWDQGYHORF
LWLHVRIERWKWKHV\VWHPDQGWKHILOWHUYDULDEOHVDQG
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Gi
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H^ q v X\pW
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I ^ q u Ii

Ji Ia x

LQZKLFK9 q LVWKHVL]HRIWKHILOWHUHTXDWLRQGHVFULELQJWKHPRGLILHG.7PRGHO
7KHVHFRQGRUGHUPRPHQWRIWKHVWRFKDVWLFVWUXFWXUDOUHVSRQVHLVFRQVLGHUHGDVWKHSHUIRU
PDQFH REMHFWLYH ZKLFK LV GHILQHG DVTPl q * P^ o R^ P^ o R^ ]   ZKHUHR^ LV WKH H[
SHFWHG YDOXH YHFWRU DQG *   GHQRWHV WKH H[SHFWDWLRQ RSHUDWRU ,Q VWDWLRQDU\ FDVHV WKH
FRYDULDQFHPDWUL[LVDFRQVWDQWPDWUL[:LWKWKHDVVXPSWLRQRID]HURPHDQ*DXVVLDQSURFHVV
DV LQSXW DQG ]HURPHDQ LQLWLDO FRQGLWLRQV WKH FRYDULDQFH RI WKH VWUXFWXUDO UHVSRQVHTPl q
* P^ P]^ LVJRYHUQHGE\WKHIROORZLQJ/\DSXQRYHTXDWLRQG^ TPl n TPl G]^ n CH^ 1k H]^ q 
1RWHWKDWWKHVROXWLRQRIWKHDERYHHTXDWLRQLVLPSOLFLWVLQFHWKHGHWHUPLQDWLRQRIOLQHDUL]HG
FRHIILFLHQWVLVGHSHQGHQWRQWKHFRUUHVSRQGLQJVHFRQGRUGHUPRPHQWUHVSRQVHVZKLFKDUHXQ
NQRZQ+HQFHDQLWHUDWLYHSURFHGXUHVKRXOGEHSHUIRUPHGXQWLOWKHFRQYHUJHQFHLVUHDFKHGE\
LQLWLDOL]LQJWKHSURFHGXUHZLWKDOLQHDUV\VWHP
 1,"'!01(")(+$!/(6!1(,+
,I WKH VWUXFWXUDO UHVSRQVHV DUH DVVXPHGWR EH VWDWLRQDU\ UDQGRP SURFHVVHV WKH HTXLYDOHQW
OLQHDUL]HGGDPSLQJDQGVWLIIQHVVFDQEHGHWHUPLQHGWKURXJKWKHVWRFKDVWLFOLQHDUL]DWLRQWHFK
QLTXH>@DV(T  
cd

-`g

q*
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F;d
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6LQFHWKHLQFOLQHGVXUIDFHVRI8366DUHUHVSRQVLEOHIRUFRQWUROOLQJWKHH[FHVVLYHKRUL]RQWDO
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WREHRQHRIWKHRSWLPL]DWLRQREMHFWLYHVWKHVWLIIQHVVDQGGDPSLQJSURSHUWLHVRIWKHEULGJHSLHU
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ZKHUHWKHSHUIRUPDQFHREMHFWLYHV,[ DQG,[[ DUHWKHVHFRQGRUGHUPRPHQWRIWKHGLVSODFHPHQW
UHVSRQVHRIWKHEULGJHSLHUDQGWKDWRIWKHEHDULQJUHVSHFWLYHO\>f LVWKHFRQVWUDLQWFRQGLWLRQ
LQ WHUPV RI WKH EHDULQJ UHVSRQVHPe_ DQGPj_ DUH WKH ORZHU DQG XSSHU ERXQGV RI WKH GHVLJQ
YDULDEOHYHFWRUDVVKRZQLQ7DEOH,
 /,"$#2/$%,/,-1(*!)-!/!*$1$/0$)$"1(,+
7KHSURFHGXUHWRGHWHUPLQHWKHRSWLPDOGHVLJQLVJLYHQDVIROORZVDQGDV)LJ
, 'HWHUPLQHWKHSDUDPHWHUVRIWKHPRGLILHG.7PRGHOIRUDJLYHQVWDQGDUGJURXQGPRWLRQ
DFFHOHURJUDP RI WKH GHVLJQ FRGH 7KH 36' FRUUHVSRQGLQJ WR WKH JURXQG PRWLRQ
DFFHOHURJUDPLVILUVWO\GHWHUPLQHGE\WKH:HOFK¶VPHWKRGDQGWKHQWKHSDUDPWHUVRIWKH
PRGLILHG.7PRGHODUHGHWHUPLQHGE\WKHOHDVWVTXDUHPHWKRG
,, &RPSXWHWKHVHFRQGRUGHUPRPHQWRIWKHVWUXFWXUDOUHVSRQVHVIRUDOOSRVVLEOHSDUDPHWHU
FRPELQDWLRQVWKURXJKWKHVWRFKDVWLFG\QDPLFDQDO\VLV
,,, 6HOHFWDVHWRIRSWLPDOSDUDPHWHUFDQGLGDWHVWKURXJKWKH3DUHWRVROXWLRQVRIWKHDOOVWRFKDVWLF
UHVSRQVHV7KHFRQVWUDLQWFRQGLWLRQ >f RIWKH3DUHWRIURQWLVUDQJLQJIURPWKHPLQLPXP
EHDULQJGLVSODFHPHQWWRWKHPD[LPXPEHDULQJGLVSODFPHQWUHVSRQVHV Djm 
,9 6HDUFK WKH RSWLPDO GHVLJQ IRU WKH JLYHQ EHDULQJ GLVSODFHPHQW GHPDQG E\ SHUIRUPLQJ
QRQOLQHDU WLPHKLVWRU\ DQDO\VLV RQO\ XVLQJ WKH VHW RI WKH RSWLPDO SDUDPHWHU FDQGLGDWHV
REWDLQHGLQWKHSUHYLRXVVWHS
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6LQFH WKH VHOHFWHG RSWLPDO SDUDPHWHU FDQGLGDWHV DUH D VXEVHW RI DOO SRVVLEOH SDUDPHWHU
FRPELQDWLRQV WKH FRPSXWDWLRQDO UHVRXUFHV DUH FRQVLGHUDEO\ UHGXFHG LQ FRPSDULVRQ ZLWK WKH
FRQYHQWLRQDOH[KDXVWLYHVHDUFKDSSURDFK

)LJXUH)ORZFKDUWRIWKHSURSRVHGSURFHGXUH

 2*$/("!)$4!*-)$
$QH[DPSOHRIGHWHUPLQDWLRQRIWKHRSWLPDOSDUDPHWHUVIRU8366DQG)'%LVSUHVHQWHG7KH
FRUUHVSRQGLQJVWUXFWXUDOSDUDPHWHUVDUHJLYHQLQVHFWLRQ
7KHVWDQGDUGJURXQGPRWLRQ,,,SURYLGHGLQWKH-DSDQHVH+LJKZD\%ULGJHV'HVLJQ6SHF
LILFDWLRQ>@LVXVHGLQWKLVH[DPSOH7KHFRUUHVSRQGLQJDFFHOHURJUDPDQG36'RIWKHVWDQGDUG
JURXQGPRWLRQDUHVKRZQLQ)LJ$VLQGLFDWHGE\WKLVILJXUH36'RIWKHPRGLILHG.7PRGHO
GHWHUPLQHGE\WKHOHDVWVTXDUHPHWKRGVKRZVDJRRGDJUHHPHQWZLWKWKDWRIWKHVWDQGDUGJURXQG
PRWLRQ
7KHQWKHRSWLPDOSDUDPHWHUFDQGLGDWHVRIWKHEHDULQJVDUHGHWHUPLQHGEDVHGRQWKH3DUHWR
VROXWLRQVRIWKHVWRFKDVWLFG\QDPLFUHVSRQVHRIDOOSRVVLEOHSDUDPHWHUFRPELQDWLRQVDVVKRZQ
LQ)LJ
)LQDOO\ WKH RSWLPDO GHVLJQ LV VHDUFKHG E\ SHUIRUPLQJ WKH QRQOLQHDU WLPHKLVWRU\ DQDO\VLV
XVLQJWKHOLPLWHGVHWRIWKH3DUHWRVROXWLRQSDUDPHWHUV RSWLPDOSDUDPHWHUFDQGLGDWHV )RUDOO
SRVVLEOHEHDULQJGLVSODFHPHQWGHPDQGVWKHPD[LPXPSLHUUHVSRQVHGXFWLOLW\IDFWRUVREWDLQHG
E\WKHSURSRVHGSURFHGXUHDUHSORWWHGLQWKH)LJZLWKUHGGRWV$VLQGLFDWHGE\WKLVILJXUH
WKHVHLVPLFSHUIRUPDQFHRIWKHEULGJHIRUWKHFDVHRIWKHRSWLPDOGHVLJQVKRZQE\UHGGRWVDUH
FORVHWRWKDWREWDLQHGE\WKHFRQYHQWLRQDOH[KDXVWLYHVHDUFKDSSURDFKLQGLFDWHGE\EODFNGRWV
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D &DVHVRI8366
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D &DVHVRI8366

E &DVHVRI)'%

)LJXUH&RPSDULVRQZLWKFRQYHQWLRQDOH[KDXVWLYHVHDUFK

0RUHVSHFLILFDOO\IRUDJLYHQEHDULQJGLVSODFHPHQWGHPDQG PP WKHRSWLPDOGHVLJQ
IRU8366LVGHWHUPLQHGDVA q @ q !DQGWKDWIRU)'%LVA q 2_ q VHF7KH
FRUUHVSRQGLQJVHLVPLFUHVSRQVHVRIWKHEULGJHDUHVKRZQLQ)LJ

D %HDULQJUHVSRQVH8366

E %HDULQJUHVSRQVH)'%
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F 5&SLHUUHVSRQVH8366

G 5&SLHUUHVSRQVH)'%

)LJXUH%ULGJHUHVSRQVHIRUWKHRSWLPDOSDUDPHWHUV

  
7R YDOLGDWH WKH HIIHFWLYHQHVV RI WKH SURSRVHG SURFHGXUH FRPSDUHG ZLWK WKH FRQYHQWLRQDO
H[KDXVWLYHVHDUFKDSSURDFKWKHGHILQLWLRQRIDVVHVVPHQWHUURULVILUVWO\JLYHQ,QWKHLGHDOVLWX
DWLRQWKHDVVXPHG3DUHWRVROXWLRQVSHUIHFWO\PDWFKZLWKWKHH[DFW3DUHWRVROXWLRQVREWDLQHGE\
WKHFRQYHQWLRQDOH[KDXVWLYHVHDUFK+RZHYHUHUURUVDSSHDULIWKHPLQLPXPSLHUUHVSRQVHRE
WDLQHGIURPWKHSURSRVHGSURFHGXUHLVKLJKHUWKDQWKHPLQLPXPYDOXHREWDLQHGE\WKHFRQYHQ
WLRQDOH[KDXVWLYHVHDUFKIRUDJLYHQEHDULQJGLVSODFHPHQWGHPDQGDVVKRZQLQ)LJ7KXV
WKHDPRXQWRIDVVHVVPHQWHUURULVGHILQHGDV
3
 
p 
)
ZKHUH3LV WKH GLIIHUHQFHEHWZHHQ WKH WZR PLQLPXP SLHU UHVSRQVHV REWDLQHG IURPWKH WZR
DSSURDFKHVDQG)GHQRWHVWKHGLIIHUHQFHEHWZHHQWKHPD[LPXPDQGPLQLPXPSLHUUHVSRQVHV
REWDLQHGE\WKHFRQYHQWLRQDOH[KDXVWLYHVHDUFKIRUWKHJLYHQEHDULQJGLVSODFHPHQWGHPDQG
7KHUHVXOWVIRU8366DQG)'%XQGHUVWDQGDUGJURXQGPRWLRQVFRYHULQJWKUHHGLIIHUHQW
VRLOFRQGLWLRQVDQGWZRHDUWKTXDNHVRXUFHW\SHVDUHVKRZQLQ)LJZKHUHWKHKRUL]RQWDOD[LV
LVQRUPDOL]HGE\WKHPD[LPXPDQGPLQLPXPEHDULQJGLVSODFHPHQWVRIHDFKFDVH$VLQGLFDWHG
E\WKLVILJXUHHUURURIHDFKJURXQGPRWLRQFDVHVKRZVGLIIHUHQWSUHFLVLRQGHSHQGLQJRQWKH
FKDUDFWHULVWLFVRIWKHJURXQGPRWLRQ7KHPHDQHUURURYHUPRVWRIWKHEHDULQJGLVSODFHPHQW
UDQJHLVORZHUWKDQIRU8366DQGLVDSSUR[LPDWHO\IRU)'%ZKLOHWKHPHDQHUURU
WHQGVWRULVHZKHQWKHEHDULQJGLVSODFHPHQWGHPDQGLVLQORZHUOHYHO
  q

)LJXUH,OOXVWUDWLRQRIDVVHVVPHQWHUURU
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E &DVHVRI8366

)LJXUH$VVHVVPHQWHUURURIWKHSURSRVHGPHWKRG VWDQGDUGJURXQGPRWLRQVLQ-DSDQHVHGHVLJQFRGH 



 

)RUWKHVHLVPLFGHVLJQRIEULGJHVZLWKXQFRQYHQWLRQDOVOLGHEULGJHEHDULQJVDVWRFKDVWLF
GHWHUPLQLVWLFDSSURDFKWRGHWHUPLQHEHDULQJSDUDPHWHUVLVSURSRVHGWRDFKLHYHWKHPXOWLREMHF
WLYHRSWLPDOGHVLJQWKDWPLQLPL]HVWKHEHDULQJGLVSODFHPHQWDVZHOODVWKHSLHUUHVSRQVHWRVDYH
WKHFRPSXWDWLRQDOUHTXLUHPHQW$QXPHULFDOH[DPSOHLVJLYHQIRUWKHRSWLPDOGHVLJQRIVOLGH
EHDULQJVRIWZRW\SHVQDPHO\8366DQG)'%XQGHUVWURQJJURXQGPRWLRQV,WLVGHPRQVWUDWHG
WKDWWKHVHLVPLFSHUIRUPDQFHRIWKHEULGJHIRUWKHFDVHRIWKHGHVLJQSDUDPHWHUVREWDLQHGE\WKH
SURSRVHGSURFHGXUHLVDOPRVWHTXLYDOHQWWRWKHRQHZLWKWKHRSWLPDOSDUDPHWHUVIRXQGE\WKH
FRQYHQWLRQDOH[KDXVWLYHVHDUFKDSSURDFK
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Abstract. Performance-based seismic engineering has been gaining acceptance in the last
decade. This philosophy seeks to ensure that a structure satisfies specific behavioral requirements for a given event. There are different guides and methodologies to evaluate structural
performance, but conceptually they do not keep much difference. In order to perform an evaluation a mathematical model is required; however. However, the idealizations to represent
the behavior of structural elements can vary significantly, giving rise to models with different
degrees of complexity in their implementation or computational costs. Furthermore, the wide
range of approaches, such as lumped or distributed plasticity and their calibration, can generate different results. To this, it must be added that not always a robust model is the best option for a performance analysis since it would not be practical to implement.
This paper compares the pertinence of different modeling approaches to conduct a performance analysis on an 8-story building with Steel Special Moment Frames under different
seismic intensity levels. Moreover, this article establishes the influence of various parameters
(i.e., hysteretic detailing, Rayleigh damping, axial-moment interaction) within mathematical
models on the overall response of the structure. For the purpose, FEMA P-695 methodology,
as well as the ASCE 7-16 maximum-drifts requirements were used to run a sensitivity analysis
between models aiming to warn of inappropriate practices.
Within the findings, it can be emphasized that the secondary stiffness (in-cycle deterioration)
of the element is the parameters that influence the most in the collapse response as opposed to
cyclic degradation. Also, it must be noted that adding a smother yielding transition causes a
higher seismic performance, which could be unconservative within an evaluation. Furthermore, the analyses illustrate how misusing an initial-stiffness proportional Rayleigh damping
produces unrealistic performance values. Additional comments are made on the methodologies used to account for axial-moment interaction in lumped-plasticity models.
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1

INTRODUCTION

Performance-based seismic engineering has been gaining acceptance in the last decade.
This philosophy seeks to ensure that a structure can satisfy certain behavioral requirements
established for a given event. In the case of the design basis earthquake intensity (DBE) and
maximum considered earthquake (MCE), the event corresponds to an earthquake with 10%
and 2% probability of exceedance in 50 years, respectively. There are different guides and
methodologies to evaluate the performance of the structure, but conceptually they do differ
from each other.
FEMA P695 [1] allows calculating the probability of collapse depending on the intensity
of the earthquake, but this implies carrying out more complex analyses and assuming that the
modeling of the elements is appropriate up to collapse levels. The FEMA P695 methodology
is consistent with the objectives of collapse prevention by establishing a probability of collapse less than 10% for an earthquake with a return period of 2475 years (i.e. MCE). On the
other hand, there are simpler procedures that establish the performance acceptance criteria for
an assigned earthquake intensity. For example, ASCE7-16 [2] establishes that, at the global
level, the average inter-story drift should not exceed 2% for DBE and 4% for MCE intensity.
Also, ASCE7-16 states that for MCE there should not be more than one unacceptable result
(e.g. collapse) in a set of 11 earthquakes.
For the evaluation of the structure’s performance, it is needed a mathematical model that
can simulate its behavior. However, the idealizations to represent the behavior of structural
elements can vary significantly giving rise to models with different degrees of complexity in
their implementation or computational costs and even generate diverse results. The NIST
modeling guides [3] differentiate three main modeling approaches: 1) concentrated plasticity,
2) distributed plasticity and 3) continuous models with finite elements. Similarly, there are
different damping idealizations with variations in their implementation (e.g. Rayleigh damping). It is also important to consider that not always a robust model is the best option for a
performance analysis since its use would not be practical for complex methodologies. Thus,
selecting the appropriate mathematical model becomes relevant, as well as knowing the sensitivity of the performance response to the selection of a certain modeling approach and the calibration of its parameters.
Some investigations compare the effect of different modeling approaches at the element
level [4] but not the structure’s performance at a global level. The purpose of this research is
to compare the relevance of different models to accomplish performance analysis of an 8story building with Steel Special Moment Frames (SSMF) as the lateral system. In addition,
this article establishes the influence of various parameters within mathematical models on the
overall response of the structure. This research analyzes three main modeling parameters. The
first one is related to the constitutive law used on concentrated and distributed plasticity models. The second is related to the damping assignation on distributed plasticity models. And
finally, the coupled axial-flexural moment modeling is assessed for concentrated plasticity
models.
1.1

Background

The concentrated plasticity technique is currently the most used approach for modeling
SSMF. This approach calibrates the element’s behavior with phenomenological criteria.
Therefore, based on experimental results [5,6] the response of a structural element (e.g. beams
and columns) subjected to static or dynamic loads can be simulated. One of the first approaches to perform nonlinear analysis was introduced decades ago assuming an elastic perfectly plastic hysteretic behavior for beams and columns [7,8]. With the advances in
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computational resources, further studies had implemented more features such as hardening,
deterioration, and cyclic degradation. A more detailed review of articles is presented in appendix A of FEMA P-440A [9]. It should be noted that models with abrupt transitions are oriented to mark each stage of the behavior of the element (cracking, yielding, etc.) and it can be
more practical. However, there are models with a smooth transition of stiffness which is
meant to 1) to represent the progressive yielding of the element and 2) to alleviate the numerical procedures near the yielding points. Previous research has shown that for floor accelerations, these models with smoother transitions of stiffness shown slightly lower acceleration
demands than models with abrupt transitions [10]. The Ibarra-Medina-Krawinkler model
(IMK) [11] and their later modifications (ModIMK) [5,12] are the reference hysteretic model
that includes strength and stiffness deterioration properties to simulate the response of SSMF.
The limitation of the lumped plasticity approach is that very specific zones are assigned for
the element's yielding. Furthermore, given its formulation, it does not allow to consider the
interaction of the axial-moment (P-M) load and, therefore the calibration is performed for a
given axial force. To take into consideration the effect of the axial load on the capacity of the
section, the flexural capacity has to be reduced based on an imposed axial load before the dynamic analyses are executed. The moment capacity under an axial load follows the interaction
equations presented in AISC 360 [13]; however, there are different strategies to calculate the
axial load to be considered in the equations.
On the other hand, the distributed-plasticity approach requires to define the behavior of the
section at each integration point. This is achieved by 1) explicit modeling the section using
fibers that have been assigned a stress-strain relationship (material constitutive) or 2) with the
calibration of the moment-curvature response of a predetermined section. The advantage of
fiber modeling is that it does not require an extensive process of calibration based on experimentation because the response is integrated throughout the section itself. This approach also
allows capturing the axial-moment interaction automatically during the analysis. In general,
the main problem of the distributed plasticity approach are the concentration of deformations,
the loss of objectivity and the difficulty to represent material softening. To deal with this
problem, solutions have been proposed from several authors, ranging from modifying the behavior at the section level, applying the material-regularization technique [14,15] up to variations of the formulations [16–18].
There are two main formulations for distributed plasticity, 1) force-based and 2) displacement-based. The main difference is that the first one determines the forces of the sections performing static equilibrium. This results in a constant axial force and a linear distribution of
moments in the absence of distributed forces [19]. The second approach interpolates the deformations of the sections, resulting in constant axial-deformation and the linear distribution
of the curvature along with the element [20]. The last requires a greater discretization of the
element than the force-based formulation to obtain the same level of accuracy [21]. The forcecontrolled formulation using fibers will be used in this study to simulate distributed-plasticity.
In addition to the simulation of elements’ behavior, damping can also influence a seismic
response of a building. Rayleigh damping is the most common technique to simulate damping.
It is a type of equivalent viscous damping that facilitates the resolution of the differential
equation of motion in the linear range by making the damping matrix classic or diagonalizable
as well as the mass and rigidity matrix. Some complications come once the structure has entered the non-linear range [22]. This happens because the proportionality coefficients become
time-variant as well as the stiffness matrix. In the case of concentrated plasticity models, Rayleigh damping is considered with a time-invariant stiffness matrix by excluding damping in
the rotational springs that contained the nonlinear properties [23]. This solution prevents the
generation of unreal damping forces that cause underestimation of displacements, overestima-
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tion of efforts and underestimation of the collapse potential of the building. However, in distributed plasticity models, damping assignment considering a stiffness matrix proportional
only to the elastic elements is not possible because all elements are able to capture inelastic
behavior to their constitutive law.
2

METHODOLOGY

The building to be analyzed was taken from the ATC 76-1 project [24] within the 2RSA
group. This 8-story and 3-bay building was designed for a D max category (maximum spectral
acceleration of 1.0, and a one-second acceleration of 0.6) [1]. The height of the first floor is
15ft and 13ft for the rest of the floors, and the length of each span is 20ft. The lateral system
consists of steel special moment frames (SSMF). The beams have RBS pre-qualified connections type defined by parameters a, b and c (0.625bf, 0.750db and 0.25bf respectively). The
element sections are shown in Table 1.
Story
1
2
3
4
5
6
7
8

Elevation
Beam
Exterior Col. Interior Col.
[in.]
166.55 W30X108 W24X131
W24X162
322.55 W30X116 W24X131
W24X162
478.55 W30X116 W24X131
W24X162
634.55
W27X94
W24X131
W24X162
790.55
W27X94
W24X131
W24X131
946.55
W24X84
W24X131
W24X131
1102.55 W24X84
W24X94
W24X94
1258.55 W21X68
W24X94
W24X94

Doubler Plate Size [in]
Exterior Col. Interior Col.
1/16
9/16
1/16
3/8
1/16
11/16
0
3/8
0
9/16
0
7/16
0
9/16
0
5/16

Table 1: Sections and geometry

Initially, FEMA P-695 methodology was used for the performance evaluation of the structure using different modeling approaches. It is a tool to determine the performance factors of
earthquake-resistant systems. However, this methodology specifies that it can also be used to
demonstrate the correct performance to the collapse of structures designed under the requirements of ASCE 7. For these analyses, it was considered that the structure collapsed once it
reached an inter-story drift of 10%. At this drift deformation, it is assumed that the elements
are no longer able to resist gravity loads due to P-Δ effects and the results of modeling are no
longer reliable.
The nonlinear models were developed with the specifications provided in the next section.
Their behavior was validated through a series of checks [25]. Among them, the verification of
the hysteretic behavior, modal analysis, yielding sequence, ductility and over-resistance,
damping assignment.
The earthquakes selected for the evaluation have been obtained from the Far-Field set corresponding to the methodology and scaled to the period CuTa according to the design spectrum. Finally, a dynamic incremental analysis (IDA) was performed for each model until a
50% of collapses is obtained in order to calculate the Collapse Margin Ratio (CMR). This
CMR value is adjusted by a spectral shape factor (SSF) that is a function of the period ductility and design category, resulting in the Adjusted Collapse Margin Ratio (ACMR). This SSF
modification takes into account the effect of the frequency content of the series of earthquakes.
To obtain the probability of collapse at other intensity levels, a logarithmic adjustment was
made according to the methodology. The uncertainty parameter (βTOT) that represents the ad-
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justment deviation is defined in terms of four sources of uncertainty due to 1) the variability
between records (βRTR) as a function of ductility, 2) design requirements (βDR), 3) experimental data (βTD) and 4) model quality (βMDL). βDR and βTD are not dependent on the model,
while βMDL is subjective to the qualitative criterion proposed by the designer. Once the adjustment is made, the probability of collapse of the structure for the MCE is calculated, contrasting with the design objective (probability of collapse less than 10% under this intensity).
On the other hand, a comparison was made with simpler analyses to perform the evaluation,
which do not imply subjecting the models to intensities of collapse. This evaluated the global
performance of the structure under DBE and MCE with maximum inter-story drifts of 2% and
4% respectively as the limit criteria as described in ASCE 7-16. It should be emphasized that
under MCE intensity, according to this criterion, it is not allowed more than one collapse for a
set of 11 earthquakes.
3

MATHEMATICAL MODELS

The two-dimension models were developed in OpenSees [26]. To include the effects of
geometric nonlinearity, all the gravity system loads were concentrated in a leaning column
that does not add rigidity to the structure. Masses and loads are shown in Table 2. The splices
of the columns were not modeled and the contribution of slab and gravity columns were neglected. The behavior of the beam-column connection was simulated using the theory developed by Krawinkler [27] which consists of simulating the shear through a rotational spring
with trilinear behavior. In effect, the panel-zone is modeled by eight rigid elements connected
in three corners by pinned joints and with the rotational spring calibrated to represent the
shear at the fourth corner. Hysteretic material within OpenSees was used for this spring.
Story
1
2-7
8

Mass
2.16779
2.15148
1.90950

Load over the tributary area [ksi]
250.8
248.1
216.1

Load over leaning column [ksi]
586.5
582.8
521.4

Table 2: Masses and loads

The behavior of beams and columns was represented trough the concentrated and distributed plasticity approaches with different modeling assumptions. To evaluate the importance of
detailing the hysteretic behavior, a concentrated-plasticity model was chosen and it was subjected to changes in the uniaxial material of the plastic hinges. The evaluated behaviors are 1)
elastoplastic behavior with hardening (PM-BM) using uniaxial material Steel01, 2) hardening
with a smooth transition (PM-SBM) using Steel02, 3) hardening, deterioration and cyclic degradation of stiffness (PM-DM) and 4) hardening and deterioration post hardening, but without
cyclic degradation (PM-HM) using uniaxial material Bilin. The calibration of the springs used
in the concentrated plasticity models was based on the experimentation and regressions proposed in [5,12]. Likewise, Steel01 and Steel 02 were used in the steel constitutive curve (Steel
ASTM A992) for the fibers of the distributed plasticity models with the force-controlled formulation giving raise to the models described later. In the case of fibers, calibration was done
at the material level (not the element).
Additionally, Rayleigh damping was used. It was proportional to the mass and proportional
to the stiffness (initial or tangential, depending on the model) with a target damping of 2.5%
and constant coefficients based on the fundamental period of the structure (T1), and 0.2T1.
The influence of damping was analyzed in the distributed plasticity models (as nonlinear ele-
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ments can not be excluded). The models that were used presented 1) elastoplastic behavior
with hardening and damping proportional to the initial stiffness (FM-BM-I), 2) hardening
with smoothed transition and damping proportional to the initial stiffness (FM-SBM-I) and
variations of damping proportional to the tangential stiffness giving 3) FM-BM-T and 4) FMSBM-T.
The models used to compare the moment-axial force interactions are one model with distributed plasticity in the columns (PM-FM), which implicitly accounts for P-M interaction,
and two models of concentrated plasticity, which do not include the interaction. Thus, for the
concentrated-plasticity models, each uses a different technique to reduce the moment capacity
to deal with this disadvantage. In the evaluation guide of the FEMA P695 [24], they suggest
that the axial load for each element is calculated considering the gravity loads plus half the
maximum load due to lateral forces. More recent studies show that the constant gravity load
has a greater influence than the transitory loads resulting from the dynamic effects [28]; therefore, the behavior of the element can be predicted by the relationship between the gravity load
and the effective yield stress Pg/Pye only [3,6]. These two techniques give rise to models PMBM-F and PM-BM respectively.
In addition to the already mentioned models, a simpler model was developed that includes
nonlinearities at the beams and the base of the columns only. In summary, for the parametric
study, 11 models were developed as shown in Table 3.
Plasticity

Concentrated

Distributed
Mixed

Model
PM-BM-F
PM-DM
PM-HM
PM-BM
PM-SBM
SM
FM-BM-I
FM-SBM-I
FM-BM-T
FM-SBM-T

Hyst. Behavior
Steel01
Bilin
Bilin w/o degrad.
Steel01
Steel02
Steel01
Steel01
Steel02
Steel01
Steel02

PM-FM

Steel01

Damping
Only elastic elements
(rotational springs
were excluded)

P-M interaction
FEMA
NIST

β proportional to Kini
Implicit
β proportional to Ktg
β proportional to Ktg
excluding springs.

Implicit

Table 3: Model summary

4

RESULTS AND DISCUSSIONS

First, the influence of the hysteretic behavior, damping and forces interaction is compared
in nonlinear static and dynamic analysis to point out certain characteristics. In the case of dynamic analysis, the 1st story drift is shown because it presented the greatest differences. Similarly, the models are compared in the calculation of the CMR, which allows quantifying the
collapse performance of the structure. Then, models are evaluated using the FEMA P-695 adjusted fragility curves and collapse probability. Finally, the global performance-based on inter-story drifts is compared with the intensities of DBE and MCE among all models.
It should be noted that all models have similar initial stiffness as expected, giving fundamental periods close to the reference value of 2.29 seconds.
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4.1

Influence of hysteretic behavior

In Figure 1 the behavior of a beam hinge under the compared assumptions is shown. In
terms of energy, it could be inferred that the PM-DM model will limit the dissipation by hysteresis of the structural element more than the other models, which would cause a more premature collapse in the structure. Likewise, among the models that only show hardening, the
model with smoothed transition would also cause a lower dissipation capacity compared to
the model with abrupt transitions, however, the responses show that this softened transition
model makes the structure to have a better performance.

Figure 1 Hysteretic behavior of a beam under the compared assumptions

It is observed in Figure 2 that the smoothed transition has no major influence on the static
analysis, however, the inclusion deterioration does cause a decrease in the ductility of the
structure due to the drop in stiffness. In this figure, it can also be noticed the influence of the
P-Delta effect, since, without it, the model with hardening would never have shown a decrease of the basal shear as seen after the roof drift is approximately 2%. The degradation
characteristics are not observable in the analysis performed since a monotonic load analysis
was carried out.

Figure 2 Non-linear static analysis for models with different hysteretic behavior

On the other hand, in the dynamic analysis (Figure 3a) the smoothing effect causes smaller
residual drifts than the PM-BM model due to the Bauschinger effect on the reload-rigidity.
Also, it is observed that the parameter that has the greatest effect is deterioration causing the
structure to have the maximum drifts. Regarding the inclusion of the cyclic degradation of the
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element, it increases, even more, the drifts that the structure reaches. However, this last parameter has less impact than deterioration.
The CMR values (Figure 3b) are congruent with the analysis of the dynamic response presented above. With these values, it can be established that the use of a smoother hysteretic
curve improves the seismic performance which could be non-conservative from the design
point of view. Similarly, the inclusion of cyclic degradation does not have a great effect on
the building performance because CMRs among the models that include the backbone curve
is very close. Again, it can be observed that the parameter that significantly decreases the performance of the structure is the in-cycle deterioration of the elements.

a)

b)

Figure 3 a) Non-linear dynamic analysis and b) CMR for models with different hysteretic behavior

4.2

Influence of material constitutive and damping in distributed-plasticity models

Figure 4a shows the material constitutive law assigned to each fiber of the distributedplasticity elements. This represents the steel properties, with the difference in the stress-strain
yielding transition.

a)

b)

Figure 4 a) Stress-Strain relationship of steel and b) Non-linear static analysis in distributed models

As in the models of concentrated plasticity, the effect of the stiffness transition (transition
of the stress-strain curve in this case) does not influence the response of the building in the
nonlinear static analysis presented in Figure 4b.
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In the nonlinear dynamic analysis presented in Figure 5a, it is observed that models with
softened transition produce lower drifts, just as in the concentrated-plasticity case. Now for
the same hysteretic behavior, comparing the damping assignment, it is observed that the
damping proportional to the initial stiffness causes smaller drifts. This is because the structures is over-damped because the stiffness of the structure decreases when yielding occurs.
From this analysis, it can be said that the least conservative approach of the cases presented is
to use a model with hardening and smoothed transition and apply Rayleigh damping proportional to the initial rigidity. It should also be pointed out that applying Rayleigh damping proportional to tangential stiffness causes the analyses to have greater convergence problems. At
this point, for more complex prototypes, the implementation of this feature in the model
should be evaluated whether it is worth or not to increase the computational cost of the analysis depending on the errors this will cause.

a)

b)

Figure 5 a) Non-linear dynamic analysis and b) CMR for models with different damping assumptions

The collapse analysis presented in Figure 5b confirms that the most conservative case (out
of the four cases) is the FM-BM-T model, however, the CMR value is still far from the reference value (PM-DM). This higher CMR value is interpreted as a better performance of the
building, however, this is because none of these models of distributed plasticity considers the
deterioration of the elements due to the incompatibility in their force-based formulation using
fibers as covered in [29].
4.3

Influence of P-M interaction

For this comparison, all models were chosen to have an elastoplastic hysteretic behavior
with hardening as shown in Figure 6. In this figure, it is also shown the reductions that have
been made to one of the columns.
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Figure 6 Hysteretic behavior of a base column under different P-M interaction considerations

The methodologies adopted for concentrated plasticity do not consider the asymmetric behavior of the element (i.e. compression or tension) neither the variation of axial forces along
the time. It is also observed that PM-FM response shows a lower flexural capacity when the
column is under compression loads.
For the non-linear static analysis (Figure 7), it is observed that the FEMA-type reduction
method (based on gravity and lateral loads) underestimates the structure's ductility due to its
more conservative reductions. In contrast, the NIST-type reduction (based only on gravity
loads) slightly overestimates the over-strength and ductility to the model that does consider
the interaction automatically.

Figure 7 Non-linear static analysis under different P-M interaction considerations

This same trend can be observed in the dynamic analysis presented in Figure 8a where the
FEMA type reduction causes greater drifts than the mixed plasticity model while the NIST
type reduction can give non-conservative values. The CMR values are presented in Figure 8b,
where it is seen that the response of the structure, even at collapse intensities, falls between
the two methodologies when the axial-moment interaction is included by the fiber model.
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a)

b)

Figure 8 a) Non-linear dynamic analysis and b) CMR values under different P-M interaction considerations

4.4

Collapse performance evaluation according to FEMA P-695

Results of the fundamental period and ductility of each model are presented in Table 4. It
can be seen that the periods are similar to the value of the reference model (2.29sec). Concerning to ductility, the model with deterioration is the one that represents lower ductility and
agrees with the original reference model. Also, the corresponding SSF and β TOT values according to FEMA methodology P695 are shown. Uncertainty, βTOT, remains similar for all
models due to their high ductility.
Model
PM-BM-F
PM-DM
PM-HM
PM-BM
PM-SBM
SM
FM-BM-I
FM-SBM-I
FM-BM-T
FM-SBM-T
PM-FM-B

Period
2.284
2.283
2.283
2.283
2.280
2.281
2. 282
2. 282
2. 282
2.282
2.284

Ductility
3.74
2.99
2.99
5.30
5.29
4.39
4.39
4.39
4.39
4.75

SSF
1.38
1.32
1.32
1.47
1.47
1.61
1.42
1.42
1.42
1.42
1.44

βTOT
0.5
0.4992
0.4992
0.5
0.5
0.5
0.5
0.5
0.5
0.5
0.5

Table 4: Fundamental period, ductility, SSF, and βTOT summary

One of the differences in performing the analysis of collapses following the FEMA P695
methodology is the use of the SSF factor. This factor modifies the CMR leading to a better
performance of the structure. In Figure 9a the fragility curve for the most complex model
(PM-DM) and the effect of the SSF is observed. The solid line represents the fragility curve
considering the modification of the CMR while the dashed line represents the adjustment with
the original CMR.
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a)

b)

Figure 9 a) Fragility curve for PM-DM and b) Summary of collapse probabilities for all models

It is observed that when displacing the acceleration necessary to produce 50% of collapses,
the probability of collapse for the acceleration corresponding to the MCE decreases. The
black line represents the reference curve with the values presented in FEMA P695 for collapse evaluation; in other words, for an uncertainty value of 0.5, the fragility curve that generates a probability of collapse of 10% at the MCE. Given this reference, it is observed that the
adjustment parameter of the CMR can cause a model to go from not fulfilling the collapse objective to satisfactorily fulfill. For example, the PM-DM goes from a probability of collapse
of 20.12% to 8.15%.
Figure 9b shows a summary of the collapse probabilities obtained for each model. It is observed that models with high values of probability of collapse are those that consider the incycle deterioration (backbone curve) of the elements (i.e. PM-DM and PM-HM). Also, it is
seen that for this structure, excluding the strength and stiffness cyclic degradation will cause
an error of less than 5% to evaluate the probability of collapse. Additionally, comparing the
models with different stiffness transition, it is seen that the smooth transition cause to reduce
the probability of collapse around 20%, for concentrated plasticity as for distributed plasticity
approaches.
Analyzing damping assignation in the models with distributed plasticity, it is seen that using the initial stiffness may cause a reduction of up to 50% in the collapse probability in comparison with tangent stiffness. Thus, more caution should be taken to the assumptions
regarding damping.
About the techniques to account for P-M interaction in lumped plasticity models, by using
the momentum capacity reduction in columns based on gravity loads, the model overestimates
the building performance in relation to the mixed plasticity model. In contrast, it can be seen
that reducing the capacity in accordance with axial forces including gravity and lateral forces,
almost duplicates the probability of collapse, which could be very conservative. Congruently,
the probability of collapse of the distributed plasticity model, FM-BM-T, relies on between
the lumped plasticity models that had the same assumptions.
Also, the probability of collapse was calculated for the simplified model. It produced negligible values of collapse probability, so its use in this methodology is not recommended in
contrast to what research has shown in the evaluation of floor acceleration [10].
4.5

Performance evaluation according to ASCE 7-16.

In ASCE 7-16, the SSF factor is not considered which causes more conservative results.
This is consistent with the lower complexity of the process. For MCE-level analyses, the ref-
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erence inter-story drift may not exceed 4% drifts. Additionally, no more than one out of 11
earthquakes might give an unacceptable result (i.e. collapse). For the prototype used, all the
models generate at least one collapse to the MCE, so 1.2 times the median drift was used as a
reference value for the evaluation.
It can be observed in Figure 10a that, for the MCE intensity, the median values of the maximum inter-story drifts are similar between the models; however, they present a different distribution of drifts in the upper quartiles. For example, concentrated plasticity models with
deterioration and distributed plasticity models with tangential damping do not satisfy the maximum number collapses that are allowed despite satisfying the limiting condition of interstory drifts of 4%. This shows that conducting performance analysis without including these
modeling characteristics can lead to erroneous decisions, overestimating the performance of
the structure. In the case of the model with FEMA reduction, it also exceeds the maximum
limit of allowed collapses, however, this is only due to the excessive reduction of the moment-capacity of the columns. Regarding the simplified model, this has a decent prediction of
the median drift, which could serve as a rapid approach for the iterative design of the building
to meet performance limits.
Similarly, Figure 10b shows the distribution of the maximum inter-story drifts under the
DBE level. In this case, the models, besides having similar medians, inter-story drifts present
a similar distribution. The analyzed parameters do not present major influence to this intensity,
even the simplest model can simulate the behavior as the other models do. One of the characteristics that should be noted in the models is that they all show a collapse, except for those
that use softened hysteretic behavior with damping proportional to the initial stiffness. Furthermore, all models agree that the building does not meet the performance objectives at the
design level by exceeding the 2% target-drift in more than half of the analyses.

a)

b)

Figure 10 Maximum inter-story drifts distribution under a) MCE level and b) DBE
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5

CONCLUSIONS
x In the models with concentrated and distributed plasticity, it was observed that using
non-smoothed curves for the collapse analysis can be reflected in a lower seismic performance of the structure, which would be conservative.
x The inclusion of the cyclic degradation of the structural elements does not cause greater
variations in the performance of the structure, so not considering them in the analyzes
would avoid the complexity of the calibration without losing greater objectivity in the
study. In fact, the main characteristic of the hysteretic curves for collapse prediction is
the inclusion of in-cycle deterioration. Not including this behavior could overestimate the
performance of the structure, which would not be a good practice.
x Assigning proportional damping to the initial stiffness generates a false better performance of the structure under collapse; however, this is due to the overdamping that is
generated when the structure enters the non-linear range. Therefore, caution should be
used in the assignation of damping, especially in distributed plasticity where nonlinear
elements can not be excluded.
x The probability of collapse in lumped-plasticity models showed to be sensitive to the
method used to reduce the flexural capacity. Reduction based on gravity loads underestimates the collapse probability in comparison with models that accounted for the P-M
interaction. In contrast, the reduction based on gravity and lateral loads overestimate the
collapse probability. Thus, future research should be made to recommend using a
weighted average between the two techniques or some other method to include the axialmoment interaction in the concentrated plasticity models to evaluate the performance of
the structure.
x The spectral form factor has a great influence on the probability of a structure collapse.
Using this value to adjust the CMR can cause a model to go from not meeting performance objectives to fully satisfying them.
x For the performance evaluation under MCE, it is recommended to use the models that include deterioration, since, although models without this characteristic can give similar results in terms of the median drift, the number of collapses produced can be
underestimated.
x Despite the influences of the parameters in the CMR values, it must be pointed out that,
to evaluate the behavior of the structure under design performance levels, these have no
greater impact. For design intensities, even a simplified model can approximate the performance evaluation response at maximum inter-story drifts. It should also be evaluated
in terms of residual drifts.
x The results and conclusions correspond specifically to the presented 8-story building;
however, it is necessary to carry out the same study on more prototypes to generalize the
influence of modeling in the performance evaluation of structures.
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Keywords:UHVLOLHQFHDVVHVVPHQWURDGLQIUDVWUXFWXUHVHLVPLFULVNDVVHVVPHQWEULGJHV
Abstract. The seismic risk is assessed for two twin bridges, one per direction, forming the G7
branch of the Egnatia Odos highway in Greece. These are structurally independent horizontally-curved cantilevered-deck three-span reinforced concrete structures with a monolithic
pier-to-deck connection that have been designed circa 2004 according to Greek and European standards. The aim is to develop a tool for pre-event risk assessment and rapid post-event
inspection of critical road infrastructure by combining hazard, vulnerability and sensor information (where available) to predict the resulting consequences. To enhance the assessment
resolution, a component-based approach is followed, allowing us to evaluate damage scenarios for individual critical components (i.e., piers and bearings) and propagate them to the
system-level performance. Consequences are quantified in terms of repair losses, downtime,
and traffic capacity losses, the latter identified as the number of closed lanes and the allowable speed limit for the open ones. This allows tracing back the consequences after an event to
individual bridge components to help road operators establish bridge inspection prioritization protocols and manage associated incidents, facilitating the rapid assessment of the state
of the bridge and optimal recovery to full functionality.
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1

INTRODUCTION

5RDGRSHUDWRUVQRZDGD\VIDFHWKHFKDOOHQJHRIHIILFLHQWPDLQWHQDQFHDQGRSHUDWLRQRIURDG
LQIUDVWUXFWXUHQHWZRUNVDVZHOODVWKHUDSLGLQVSHFWLRQLQFDVHRIQDWXUDOKD]DUGHYHQWV7RWKLV
HIIHFWVLJQLILFDQWHIIRUWKDVEHHQLQYHVWHGLQTXDQWLI\LQJULVNDQGUHVLOLHQFHIRULQWHUGHSHQGHQW
URDGQHWZRUNV5LVNDVVHVVPHQWIRFXVHVRQHVWLPDWLQJWKHSUREDELOLW\RIXQGHVLUDEOHH[WUHPH
HYHQWRFFXUUHQFHDQGRQWKHTXDQWLILFDWLRQRIWKHDVVRFLDWHGFRQVHTXHQFHVVXFKDVPRQHWDU\
ORVVGRZQWLPHHWF HJ.DSSRVHWDO>@ 5HVLOLHQFHJRHVDVWHSIXUWKHUWRDVVHVVWKHIRO
ORZXSWRDIDLOXUHDWWHPSWLQJWRTXDQWLI\WKHV\VWHP¶VDELOLW\WRUHFRYHUDIWHUDFDWDVWURSKLF
HYHQW7KXVUHVLOLHQFHLQFRUSRUDWHVWKHGLPHQVLRQRIWLPHWRPHDVXUHWKHDELOLW\RIWKHHQWLUH
V\VWHPWRUHWDLQDQGUHFRYHUIXQFWLRQDOLW\DIWHUDSRWHQWLDOHYHQWFRQVLGHULQJHLWKHUDVLQJOHRU
PXOWLSOH KD]DUGV )RU H[DPSOH FRQFHSWXDO YLHZV RI LQIUDVWUXFWXUH UHVLOLHQFH KDYH EHHQ GLV
FXVVHGE\&LPHOODURHWDO>@$UJ\URXGLVDWDO>@DQG2X\DQJHWDO>@ZKLOH.LODQLWLVDQG
6H[WRV>@DQG&RVWD>@KDYHRIIHUHGIRFXVRQURDGQHWZRUNVXQGHUVHLVPLFKD]DUG6WLOOWKH
GHILQLWLRQDQGDSSOLFDWLRQRIDSUDFWLFDOPXOWLKD]DUGDSSURDFKRQDQ\UHDOLVWLFLQIUDVWUXFWXUH
V\VWHPUHPDLQVDFKDOOHQJH
,QUHVSRQVHWKH3$1237,6SURMHFWLQWHJUDWHVPXOWLKD]DUGUHVLOLHQFHDVVHVVPHQWRIKLJK
ZD\QHWZRUNVZLWKUHDOWLPHVHQVRULQIRUPDWLRQWRRIIHUDKROLVWLFWRROIRUSUHHYHQWDVVHVV
PHQWDQGUDSLGSRVWHYHQWLQVSHFWLRQRIFULWLFDOURDGLQIUDVWUXFWXUHXQGHUPXOWLSOHKD]DUGV,W
LVDGHFLVLRQVXSSRUWWRROWKDWKHOSVURDGRSHUDWRUVHIILFLHQWO\LQVSHFWPDLQWDLQDQGVDIHO\RS
HUDWHH[LVWLQJURDGQHWZRUNVDQGPLWLJDWHWKHULVNV ,Q3$1237,6WZRW\SHVRIVHQVRUVDUH
HPSOR\HGQDPHO\ L VHQVRUVSURYLGLQJLQIRUPDWLRQRQWKHKD]DUGVXFKDVVHLVPRJUDSKVDQG
LL  VHQVRUV SURYLGLQJ LQIRUPDWLRQ RQ WKH UHVSRQVH RI WKH VWUXFWXUH VXFK DV DFFHOHURPHWHUV
7KHQHDUUHDOWLPHVHQVRULQWHJUDWLRQKDVIRUPHGWKHEDVLVRIRXUDSSURDFKQHFHVVLWDWLQJIR
FXVLQJRQPXOWLSOHKD]DUGDQGGDPDJHORVVVFHQDULRVWRDFFRPPRGDWHUDSLGGDPDJHDQGFRQ
VHTXHQFH LGHQWLILFDWLRQ 7R WKLV H[WHQW DQ HQKDQFHG UHVROXWLRQ LV DGRSWHG IRU WKH KLJKZD\
DVVHWVDOORZLQJWUDFLQJEDFNSRWHQWLDOFRQVHTXHQFHVWRLQGLYLGXDOFRPSRQHQWVZLWKPRUHHDVH
IDFLOLWDWLQJWKHUDSLGLQVSHFWLRQDIWHUDSRWHQWLDOO\GDPDJLQJQDWXUDOKD]DUGHYHQW7KLVSDSHU
SUHVHQWV WKH IUDPHZRUN IRU UHVLOLHQFH DVVHVVPHQW RI KLJKZD\ DVVHWV ZLWKLQ WKH 3$1237,6
SURMHFWXVLQJWKH*EULGJHRI(JQDWLD2GRVLQ*UHHFHDVWKHFDVHVWXG\WKDWLVVXEMHFWHGWR
WKHVHLVPLFKD]DUG
2

RISK AND RESILIENCE ASSESSMENT FRAMEWORK FOR THE HIGHWAY
BRIDGE

6HLVPLF ULVN DVVHVVPHQW DFFRUGLQJ WR WKH 3%(( IUDPHZRUN >@ UHTXLUHV FRQYROYLQJ WKH
VHLVPLFKD]DUGZLWKWKHYXOQHUDELOLW\WRTXDQWLI\ULVN9XOQHUDELOLW\IXQFWLRQVDUHSUREDELOLVWLF
GLVWULEXWLRQVRIORVVHVJLYHQWKH,QWHQVLW\0HDVXUH ,0 RILQWHUHVW7KH\WUDQVODWHWKHSK\VLFDO
GDPDJHLQWRPRQHWDU\ORVVUHSDLUWLPHGRZQWLPHWUDIILFFDSDFLW\UHGXFWLRQHWF9XOQHUDELO
LW\IXQFWLRQVFDQHLWKHUEHGHULYHGHPSLULFDOO\EDVHGRQGDWDIURPSDVWFDWDVWURSKLFHYHQWVRU
WKH\ FDQ EH DQDO\WLFDOO\ FRPSXWHG E\ FRPELQLQJ IUDJLOLW\ ZLWK WKH DVVRFLDWHG FRQVHTXHQFH
IXQFWLRQV7KHFRQVHTXHQFHIXQFWLRQVDUHSUREDELOLVWLFGLVWULEXWLRQVRIORVVHVJLYHQDOHYHORI
GDPDJHWKDWDUHXVXDOO\GHULYHGHPSLULFDOO\,Q3$1237,6WZRDSSURDFKHVFDQEHIROORZHG
IRU YXOQHUDELOLW\ DVVHVVPHQW WHUPHG V\VWHPRQO\ DQG FRPSRQHQWEDVHG 6\VWHPRQO\ DS
SURDFKHV DUHWKHQRUPDQGHPSOR\ FODVVLFV\VWHPOHYHO IUDJLOLW\ FXUYHV VXFKDV WKHRQHV RI
+$=860+>@ZKLFKDUHFRPELQHGZLWKWKHFRUUHVSRQGLQJFXPXODWLYHFRQVHTXHQFHVWRWKH
DVVHWIRUWKHJLYHQGDPDJHVWDWH2QWKHFRQWUDU\WKHFRPSRQHQWEDVHGDSSURDFKRI)(0$3
>@LQYROYHVHPSOR\LQJFRPSRQHQWEDVHGIUDJLOLW\FXUYHVWKDWSURYLGHWKHSUREDELOLW\RID
FRPSRQHQWYLRODWLQJ WKHOLPLWVWDWHVRILQWHUHVW JLYHQWKHFRPSRQHQW¶V (QJLQHHULQJ'HPDQG
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3DUDPHWHU V  ('3 V  7KHVH DUH FRQYROYHG ZLWK WKH ORVVHVFRQVHTXHQFHV LPSOLHG E\ HDFK
FRPSRQHQW WR JHQHUDWH KLJKUHVROXWLRQ YXOQHUDELOLW\ IXQFWLRQV +HUHLQ WKH FRPSRQHQWEDVHG
DSSURDFK LV IROORZHG DV LW DOORZV LGHQWLI\LQJ SRWHQWLDO FRQVHTXHQFHV RI LQGLYLGXDO EULGJH
FRPSRQHQWVZLWKPRUHHDVHVLQFHDJHQHUDOUDWLQJRI³PRGHUDWHGDPDJH´RQWKHEULGJHZRXOG
EHTXLWHYDJXHLQFRQWUDVWWR³PRGHUDWHGDPDJHVWDWHRQWKHEHDULQJV´ZKLFKZRXOGPRUHHI
ILFLHQWO\KHOSURDGRSHUDWRUVWRHVWDEOLVKSULRULWL]DWLRQSURWRFROVDQGIDFLOLWDWHUDSLGLQVSHFWLRQ
5HVLOLHQFH DVVHVVPHQW UHTXLUHV DOVR WKH GHILQLWLRQ RI WKH V\VWHP¶V UHFRYHU\ IXQFWLRQ )RU
LQVWDQFH&LPHOODURHWDO>@SURSRVHGDGRSWLQJDOLQHDUWULJRQRPHWULFRUH[SRQHQWLDOUHFRY
HU\ IXQFWLRQ GHSHQGLQJ RQ WKH UHVSRQVH RI WKH V\VWHP DQG WKH VWDNHKROGHURZQHURSHUDWRU
(YHQ PRUH FRPSOLFDWHG VKDSHV KDYH EHHQ SURSRVHG VXFK DV E\ 0LOHV DQG &KDQJ >@ RU
=KDQJHWDO>@,QRXUFDVHIXQFWLRQDOLW\LVTXDQWLILHGLQWHUPVRIWKHWUDIILFFDSDFLW\RIWKH
V\VWHP6WDUWLQJ DW FDSDFLW\WKHHYHQW FDXVHV DGURSWR DORZHU FDSDFLW\OHYHO IHZHU
FDUVDOORZHGWKURXJK GXHWRUHGXFWLRQLQWKHDOORZDEOHVSHHGOLPLWDQGRUSRWHQWLDOODQHFOR
VXUHWKDWLVUHTXLUHGIRULQVSHFWLRQDQGGDPDJHIL[LQJ$OOVXFKUHVWULFWLRQVDUHOLIWHGDQGWKH
IXOOWUDIILFFDSDFLW\RIWKHEULGJHLVDVVXPHGWREHUHVWRUHGRQO\ZKHQDOOGDPDJHVDUHIL[HG
WKXVKH³EDWKWXE´UHFRYHU\IXQFWLRQRI)LJXUHLVDGRSWHG

)LJXUH³%DWKWXE´UHFRYHU\IXQFWLRQVKRZLQJWKDWWKHWUDIILFFDSDFLW\LVUHGXFHGLQDFDWDVWURSKLFHYHQWDQGLV
UHVWRUHGWRZKHQWKHUHSDLUDFWLRQVDUHFRPSOHWHG

3

CASE-STUDY BRIDGE

7KH * EULGJH LV ORFDWHG DW WKH 0HWVRYR3DQDJLD VHFWLRQ RI (JQDWLD 2GRV LQ *UHHFH
)LJXUHDDQGE ,WFRQVLVWVRIWZRVWUXFWXUDOO\LQGHSHQGHQWWZLQEULGJHVHDFKRIWKHPFDU
U\LQJRQHWUDIILFGLUHFWLRQRIWZRODQHVUHVXOWLQJLQIRXUODQHVIRUERWKGLUHFWLRQV7KHEULGJH
ZDV GHVLJQHG FLUFD  DQG EXLOW LQ  IROORZLQJ WKH FDQWLOHYHU PHWKRG RI FRQVWUXFWLRQ
ZLWKLQVLWXFRQFUHWLQJ(DFKRIWKHWZLQEULGJHVKDVWKUHHVSDQVRIPUHVXOWLQJLQ
PWRWDOOHQJWK7KHORQJLWXGLQDOD[LVRIWKHEULGJHVLVFXUYHGLQERWKKRUL]RQWDODQGYHUWL
FDOSODQH7KHGHFNLVDSUHVWUHVVHGVLQJOHFHOOFRQFUHWHER[JLUGHUZLWKLWVGHSWKYDU\LQJIURP
PFORVHWRWKHDEXWPHQWVWRPDWWKHSLHUVWKDWLVPRQROLWKLFDOO\FRQQHFWHGWRWKHWZR
SLHUV 0DQG0 RIPDQGKHLJKWUHVSHFWLYHO\7KHFURVVVHFWLRQRIERWKSLHUV
LVKROORZUHFWDQJXODURILQVLWXFDVWFRQFUHWHZLWK[PH[WHUQDOGLPHQVLRQVDQGP
ZLGWK7KHSLHUVDUHDSSURSULDWHO\RULHQWHGVRWKDWGHIRUPDWLRQLQWKHWUDQVYHUVHEULGJHGLUHF
WLRQ OHDGV WR EHQGLQJ DURXQG WKHLU VWURQJD[LV ZKLOH GHIRUPDWLRQ LQ WKH ORQJLWXGLQDO EULGJH
GLUHFWLRQOHDGVWRZHDND[LVEHQGLQJIRUWKHSLHUV7KH\DUHIRXQGHGZLWKLQWKHURFNYLDFRQ
FUHWHVKDIWVRIPGLDPHWHUDQGPKHLJKW7KHGHFNLVVXSSRUWHGYLDWZRSRWEHDULQJVDW
HDFKDEXWPHQWWKDWDOORZWKHKRUL]RQWDOGHFNPRYHPHQWVLQERWKORQJLWXGLQDODQGWUDQVYHUVH
EULGJHGLUHFWLRQVZKLOHDWKLUGEHDULQJLVDGGHGLQWKHPLGGOHKDYLQJDWUDQVYHUVHVKHDUNH\WR
HYHQWXDOO\UHVWULFWWUDQVYHUVHEULGJHGLVSODFHPHQW
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D ORFDWLRQRIWKH*EULGJH

E *EULGJHRIWKH(JQDWLD2GRVKLJKZD\

)LJXUH*EULGJHRIWKH(JQDWLD2GRVKLJKZD\LQ*UHHFH

4

UNDERSTANDING THE BRIDGE BEHAVIOR

7KHEULGJHPD\GLVSODFHORQJLWXGLQDOO\WUDQVYHUVDOO\RUHYHQYHUWLFDOO\'XHWRWKHPRQR
OLWKLF GHFNWRSLHU FRQQHFWLRQV VXFK GLVSODFHPHQWV EHFRPH RI LPSRUWDQFH DW WKH DEXWPHQWV
ZKHUHWKHGHFNUHVWVRQEHDULQJV
4.1

Bridge behavior in the longitudinal direction

,QWKHORQJLWXGLQDOEULGJHGLUHFWLRQWKHH[SDQVLRQMRLQWVKRZQE\JUHHQFRORULQ)LJXUH
SUHYHQWVWKHGHFNIURPKLWWLQJWKHDEXWPHQW3RWHQWLDOGHFNPRYHPHQWGXULQJQRUPDOEULGJH
RSHUDWLRQFDQEHDWWULEXWHGWRH[SDQVLRQFRQWUDFWLRQFDXVHGE\WHPSHUDWXUHFKDQJHVFRQFUHWH
FUHHS RU DV D UHVXOW RI EUDNLQJ HVSHFLDOO\ RI KHDY\ YHKLFOHV VXFK DV WUXFNV 'XULQJ HDUWK
TXDNHVWKHH[SDQVLRQMRLQWLVH[SHFWHGWRSUHYHQWWKHGHFNKLWWLQJWKHEDOODVWZDOO,WVRSHQLQJ
LVPDQGLVFRPSRVHGRIVWHHOEHDPV,IEULGJHWRGHFNGHIRUPDWLRQH[FHHGVWKHYDOXHRI
DSSUR[LPDWHO\ ÂP WKH VWHHO ORQJLWXGLQDO ³EHDPV´ WKDW IRUP WKH VWUXFWXUH RI WKH MRLQW
DUH H[SHFWHG WR VXVWDLQ FRQVLGHUDEOH GDPDJH WKXV UHTXLULQJ UHSDLU RU HYHQ UHSODFHPHQW )RU
KLJKHUUHODWLYHGHIRUPDWLRQVH[FHHGLQJWKHJDSRIPWKHGHFNLVH[SHFWHGWRKLWWKHXSSHU
SDUWRIWKHEDOODVWZDOO LQGLFDWHGE\PXVWDUGFRORULQ)LJXUH WKXVFDXVLQJVLJQLILFDQWGDP
DJH,WVKRXOGEHQRWHGWKDWWKHFRQWLQXLW\RIWKHEDFNZDOOLVLQWHUUXSWHGDWWKHVDFULILFLDOMRLQW
VKRZQE\F\DQFRORULQ)LJXUH WKXVLQWKLVFDVHSRWHQWLDOGDPDJHVDUHOLPLWHGWRWKHXSSHU
SDUWRIWKHEDOODVWZDOODQGWRWKHDSSURDFKVODE DOVRVKRZQLQPXVWDUGFRORU WKDWLVPRQR
OLWKLFDOO\FRQQHFWHGWRLW,QWKLVFDVHVWHHOSODWHVDUHW\SLFDOO\SODFHGDVDWHPSRUDU\PHDVXUH
WREULGJHWKHGDPDJHGSDUWVXQWLOWKH\DUHUHSDLUHG,QFDVHRIH[WHQVLYHGHFNWRDEXWPHQWGH
IRUPDWLRQZKLFKLVQRWH[SHFWHGWRRFFXUIRUWKHGHVLJQOHYHOHDUWKTXDNHWKHGHFNFDQIXUWKHU
PRYHXSWRDOLPLWRIDSSUR[LPDWHO\rPZKHQLWPLJKWHLWKHUKLWWKHEDOODVWZDOO VHHWKH
GLVWDQFHLQGLFDWHGLQUHGLQ)LJXUH RUIDOOIURPWKHSHGHVWDOZKLFKUHVXOWVLQGHFNXQVHDWLQJ
VHHGLVWDQFHLQGLFDWHGLQPDJHQWDFRORULQ)LJXUH 2IFRXUVHLQWKLVFDVHWKHEHDULQJVZLOO
DOVREHGDPDJHGGXHWRH[WHQVLYHGHIRUPDWLRQVEH\RQGWKHLUFDSDFLW\,WVKRXOGEHQRWHGWKDW
HYHQLIGHFNXQVHDWLQJKDSSHQVWKLVZRXOGQRWUHVXOWLQFROODSVHVLQFHWKHGHFNLVPRQROLWKL
FDOO\ FRQQHFWHG WR WKH SLHUV 6WLOO LW LV DQ XQOLNHO\ VLWXDWLRQ WKDW ZRXOG UHTXLUH FRQVLGHUDEOH
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UHSDLUDFWLRQV7KHDEXWPHQWVDUHIRXQGHGRQVROLGURFNWKXVWKH\DUHQRWDVVXPHGWREHYXO
QHUDEOHWRWKHVHLVPLFDFWLRQ

)LJXUH6XSSRUWFRQGLWLRQVRIWKHGHFNLQWKHORQJLWXGLQDOEULGJHGLUHFWLRQVKRZLQJWKHH[SDQVLRQMRLQWLQ
JUHHQWKHVDFULILFLDOMRLQWLQF\DQWKHXSSHUSDUWRIWKHEDOODVWZDOOWKHSHGHVWDOLQPDJHQWDDQGWKHDSSURDFK
SODWHLQPXVWDUGFRORUDQGWKHGHFNWRDEXWPHQWGLVSODFHPHQWWKUHVKROGVWKDWLQGLFDWHGHFNKLWWLQJWKHEDOODVW
ZDOOLQUHGRUGHFNXQVHDWLQJLQPDJHQWD

4.2

Bridge behavior in the transverse direction

7KHVWUXFWXUDOV\VWHPRIWKHEULGJHLVGHVLJQHGDQGFRQVWUXFWHGVRWKDWWKHEULGJHPDLQO\
GHIRUPV LQ WKH ORQJLWXGLQDO GLUHFWLRQ GXULQJ HDUWKTXDNHV +RZHYHU LW LV DOVR LPSRUWDQW WR
LGHQWLI\SRWHQWLDOGDPDJHVFDXVHGE\WUDQVYHUVHGHFNWRDEXWPHQWGHIRUPDWLRQV$VSUHVHQWHG
LQ)LJXUHWKHVKHDUNH\RIWKHPLGGOHEHDULQJ LQGLFDWHGLQUHGFRORU UHVWULFWVWKHWUDQVYHUVH
GHFNGLVSODFHPHQWXSWRWKHORDGRIWQ,IWKLVORDGLVH[FHHGHGWKHVKHDUNH\LVH[SHFWHG
WREUHDNWKXVOHWWLQJWKHGHFNWRPRYHIUHHO\VLQFHSRWEHDULQJV VKRZQLQEOXH HQDEOHVXFK
PRYHPHQWV,IWKHGHFNWRDEXWPHQWGHIRUPDWLRQH[FHHGVrPWKHGHFNLVH[SHFWHGWRKLW
WKHHODVWRPHULFEHDULQJVSODFHGDWWKHVDIHW\ZDOOV VKRZQLQJUHHQFRORULQ)LJXUH ZKLFK
UHVWULFWIXUWKHUPRYHPHQWVDQGSDUWLDOO\DOOHYLDWHLPSDFW7KHVDIHW\ZDOOVRIWKH*FDVHDFW
DV WUDQVYHUVH VWRSSHUV KHQFH WKH\ KDYH DQ LQFUHDVHG ZLGWK RI P 2YHUDOO WKH EULGJH LV
GHVLJQHG VR WKDW LQ WKH GHVLJQ HDUWKTXDNH WKH VKHDU NH\ GRHV QRW EUHDN ZKLOH LQ VWURQJHU
HDUWKTXDNHVLW FDQEUHDN WKXV LQ WKLVFDVH VDIHW\ ZDOOV UHVWUDLQ IXUWKHUPRYHPHQWXQWLO WKHLU
HYHQWXDOVKHDUIDLOXUH

)LJXUH6XSSRUWFRQGLWLRQVRIWKHGHFNLQWUDQVYHUVHEULGJHGLUHFWLRQVKRZLQJWKHHODVWRPHULFEHDULQJ (%
JUHHQFRORU SRWEHDULQJV 3%EOXHFRORU DQG WKHEHDULQJZLWKWKHVKHDUNH\DFWLQJLQWUDQVYHUVHEULGJHGLUHF
WLRQ 6.UHGFRORU  DGDSWHGIURP>@ 
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4.3

Vertical bride displacements

2YHUDOOWKHGHFNLVGHVLJQHGQRWWRXSOLIWGXULQJWKHGHVLJQHDUWKTXDNHKRZHYHUKLJKHULQ
WHQVLW\HYHQWVFDQYHU\ZHOOFDXVHXSOLIWLPPHGLDWHO\UHVXOWLQJWRGDPDJHLQWKHEHDULQJV
5

DEFINITION OF CRITICAL BRIDGE COMPONENTS

$IWHU KDYLQJ HODERUDWHG RQ WKH EULGJH EHKDYLRU LQ SRWHQWLDO ORQJLWXGLQDO WUDQVYHUVH DQG
YHUWLFDO GLVSODFHPHQWV WKH FULWLFDO EULGJH FRPSRQHQWV WKDW PLJKW VXVWDLQ GDPDJH GXULQJ
HDUWKTXDNHV FDQ EH LGHQWLILHG DORQJ ZLWK WKH DVVRFLDWHG OLPLW VWDWHV DQG FRQVHTXHQFHV 7KH
FULWLFDO FRPSRQHQWV FRQVLGHUHG IRU WKH * EULGJH RI (JQDWLD 2GRV DUH WKH SLHUV EHDULQJV
DEXWPHQWVEDOODVWZDOOVVDIHW\ZDOOVSHGHVWDOVWKHGHFNDQGWKHH[SDQVLRQMRLQWV5HJDUGLQJ
WKH SLHUV WKH\ DUH FULWLFDO FRPSRQHQWV WKDW PD\ H[SHULHQFH GDPDJH GXH WR ORQJLWXGLQDO RU
WUDQVYHUVH EULGJH GLVSODFHPHQWV 7KH UHVSRQVH RI WKH SLHUV LV GLVFUHWL]HG LQ WKH IRXU OLPLW
VWDWHV RI 6WHIDQLGRX >@ WKXV DVVRFLDWHG WKUHVKROGV DUH FDOFXODWHG EDVHG RQ WKH SURSRVHG
FORVHGIRUP HTXDWLRQV )RU WKH RWKHU FRPSRQHQWV RI WKH EULGJH WKH OLPLW VWDWHV DUH GHULYHG
EDVHGRQWKHPDQXIDFWXUHU¶VGDWDDVZHOODVGLVFXVVLRQVZLWKSURIHVVLRQDOEULGJHHQJLQHHUV
7KHFRQVHTXHQFHVDVVRFLDWHGWRHDFKGDPDJHVWDWHDUHTXDQWLILHGEDVHGRQH[SHUWRSLQLRQ
LQWHUPVRIUHSDLUFRVWUHSDLUWLPHDQGWKHVWDQGDUGSURFHGXUHVWKHURDGRSHUDWRUVIROORZXQWLO
GDPDJHV DUH UHSDLUHG 7KHVH UHODWH WR WKH QXPEHU RI ODQHV WKDW VKRXOG EH FORVHG DQGRU WKH
PD[LPXPDOORZDEOHVSHHGRIWKHYHKLFOHVLQUHPDLQLQJRSHQRQHV
6
6.1

RISK AND RESILIENCE ASSESSMENT
Non-linear modeling

$WKUHHGLPHQVLRQDO ' UHGXFHGRUGHUPRGHORIWKHEULGJHZDVGHYHORSHGE\>@RQWKH
2SHQ6HHVSODWIRUP>@DVVKRZQLQ)LJXUH'XHWRLWVFRPSXWDWLRQDOHIILFLHQF\LWLVDOVR
HPSOR\HG IRU RXU SXUSRVHV 7KH GHFN LV DVVXPHG WR UHPDLQ HODVWLF WKXV LW LV PRGHOHG XVLQJ
OLQHDUHODVWLFEHDPFROXPQHOHPHQWVIROORZLQJWKHFHQWUDOD[LVRIWKHGHFN5LJLGHOHPHQWVDUH
DGGHG RQ ERWK VLGHV WR FDUHIXOO\ FDSWXUH WKH GRXEOH FXUYDWXUH RI WKH EULGJH )RUFHEDVHG
EHDPFROXPQ HOHPHQWV GLVFUHWL]HG LQWR ORQJLWXGLQDO VWHHO DQG FRQFUHWH ILEHUV DUH XVHG IRU
PRGHOLQJWKHSLHUVZLWKDSSURSULDWHVWUHVVVWUDLQODZVWRUHSUHVHQWWKHFRQILQHGFRUHFRQFUHWH
WKHXQFRQILQHGFRQFUHWHRIWKHFRYHUDQGWKHVWHHOUHEDUV7KHHIIHFWRIFRQILQHPHQWLVFDOFX
ODWHGRQWKHEDVLVRIWKH0DQGHUHWDOPRGHO>@5LJLGHOHPHQWVRI]HURPDVVDUHXVHGIRU
FRQQHFWLQJWKHGHFNZLWKWKHEHDULQJVWKHODWWHUEHLQJPRGHOHGYLDDVHWRIRQHGLPHQVLRQDO
VSULQJVWRPRGHOWKHUHVWUDLQWVLPSRVHGXSRQWKHGHFNHQGVE\WKHEHDULQJVWKHEDFNZDOOVDQG
WKH VLGHZDOOV 7KH\ DOORZ D ORQJLWXGLQDO GHFNDEXWPHQW JDSRSHQLQJ GLVSODFHPHQW RI XS WR
PXQWLOXQVHDWLQJRFFXUVZKLOHWKH\DOVRVLPXODWHWKHVHTXHQWLDOIDLOXUHRIWKHGHFNDQG
EDFNZDOOWRSDQGHYHQWXDOFRQWDFWRIGHFNDQGEDFNZDOODIWHUDJDSFORVLQJGLVSODFHPHQWRI
P7KHVKHDUNH\RIWKHPLGGOHEHDULQJVLVLQWURGXFHGYLDDK\VWHUHWLFVSULQJIUDFWXULQJDW
WKHORDGRIWQDOVRDFFRXQWLQJIRUFRQWDFWZLWKWKHVLGHZDOOVRIWKHDEXWPHQWLIWKHVKHDU
NH\FROODSVHV7KHEULGJHLVIRXQGHGRQWKHEHGURFNYLDGHHS IRXQGDWLRQVWKXVWKHSLHUVDUH
DVVXPHGWREHIL[HG7KHIXQGDPHQWDOSHULRGRIWKHEULGJHYLEUDWHVDWT VHFDQGLVWKH
ORQJLWXGLQDOGLUHFWLRQGRPLQDQW RQH ZKLOH WKH VHFRQG HLJHQSHULRG LV WKH WUDQVYHUVH
GLUHFWLRQGRPLQDQWRQHZLWKT VHF
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)LJXUH'UHGXFHGRUGHUPRGHORIWKH*EULGJH>@

6.2

Site-specific seismic hazard assessment

7KH*EULGJHLVORFDWHGLQDQ HDUWKTXDNHSURQHDUHDWKXV LWLVLPSRUWDQWWRFRQVLGHUWKH
VLWHVSHFLILFVHLVPLFKD]DUGGXULQJWKHDQDO\VLV7KHVWDWHRIWKHDUWDYHUDJHVSHFWUDODFFHOHUD
WLRQAvgSa >@>@ LVDGRSWHGDVWKH,0
 n

AvgSa TRi

§ n
·
¨  Sa TRi ¸
©i
¹



,WLVWKHJHRPHWULFPHDQRInVSHFWUDODFFHOHUDWLRQRUGLQDWHVSaDWSHULRGVTRi(DFKSaRUGL
QDWHLV WKHJHRPHWULFPHDQRIWKHGDPSHGVSHFWUDO DFFHOHUDWLRQIURP WKHWZRKRUL]RQWDO
FRPSRQHQWVRIHDFKJURXQGPRWLRQ7KHSHULRGVTRiDUHHTXDOO\VSDFHGLQ>VV@ZLWK
DQLQFUHPHQWRIV7KHVHLVPLFKD]DUGLVDVVHVVHGRQWKHEDVLVRISUREDELOLVWLFVHLVPLFKD]
DUGDQDO\VLV 36+$ XVLQJWKH2SHQ4XDNHVRIWZDUH>@E\HPSOR\LQJWKHDUHDVRXUFHPRG
HORIWKH6+$5(SURMHFW>@DQGWKHJURXQGPRWLRQSUHGLFWLRQHTXDWLRQSURSRVHGE\%RRUH
DQG$WNLQVRQ>@7KHUHVXOWLQJVHLVPLFKD]DUGFXUYHLVSUHVHQWHGLQ )LJXUHELQWHUPVRI
WKHAvgSaDQGWKHPHDQDQQXDOIUHTXHQF\MAFRIH[FHHGLQJLW7KHAvgSaZLWK
DQGSUREDELOLWLHVH[FHHGDQFHLQ\HDUVDUHDOVRVKRZQLQWKHVDPH)LJXUH

D

E

)LJXUH6LWHVSHFLILFVHLVPLFKD]DUGDVVHVVPHQWXVLQJWKHDUHDVRXUFHPRGHORIWKH6+$5(SURMHFWWKDWLVSUH
VHQWHGLQ D 7KHUHVXOWLQJVHLVPLFKD]DUGFXUYHLVVKRZQLQ E 
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)RUHDFKKD]DUGOHYHODVHWRIJURXQGPRWLRQUHFRUGVLVVHOHFWHGWKDWLVFRPSDWLEOHWR
WKHVLWHVSHFLILFVHLVPLFKD]DUGEDVHGRQWKH&RQGLWLRQDO6SHFWUXP >@>@ 7KLVEULGJHLV
QRWH[SHFWHGWRVXVWDLQFRQVLGHUDEOHGDPDJHXQGHUWKHGHVLJQOHYHOHDUWKTXDNHWKXVWKUHHDG
GLWLRQDOVHWRIUHFRUGVDUHVHOHFWHGIRUAvgSaHTXDOWRDQGJ
6.3

Non-linear dynamic analyses

7KHQRQOLQHDUPRGHORIWKHEULGJHLVVXEMHFWHGWRQRQOLQHDUG\QDPLFDQDO\VHVXVLQJWKH
VHWV RI &6FRPSDWLEOH JURXQG PRWLRQ UHFRUGV %RWK KRUL]RQWDO FRPSRQHQWV RI HDFK JURXQG
PRWLRQDUHDSSOLHGRQWKH'PRGHORIWKHEULGJHDIWHUEHLQJDSSURSULDWHO\VFDOHGWRPDWFK
WKH OHYHO RI AvgSa IRU WKH JLYHQ VHW 7KHUHIRUH WKH DQDO\VLV UHVXOWV DUH JURXSHG LQ WKH VL[
VWULSHVRI)LJXUH PXOWLVWULSHDQDO\VLV06$ ZKHUHHDFKSRLQWUHSUHVHQWVDQ$YJ6D('3
SDLUWKHODWWHUEHLQJWKHUHVSRQVHSDUDPHWHURILQWHUHVW7KH('3VDUHDSSURSULDWHO\VHOHFWHG
WR DGHTXDWHO\ FKDUDFWHUL]H WKH UHVSRQVH RI WKH FULWLFDO EULGJH FRPSRQHQWV WKDW PD\ VXVWDLQ
GDPDJHDQGZKRVHSHUIRUPDQFHGHILQHVGDPDJHVWDWHV)RULQVWDQFHLQ)LJXUHDWKHPD[L
PXPGULIWUDWLRRIWKH0SLHULVSUHVHQWHGWKDWLVWKHVTXDUHURRWRIVXPRIVTXDUHV VUVV RI
SLHUGULIWVLQWKHORQJLWXGLQDODQGWUDQVYHUVHGLUHFWLRQVZKLOHLQ)LJXUHEWKHPD[LPXPJDS
FORVXUHRIWKHOHIWDEXWPHQWLVVKRZQ

F AvgSaYHUVXVPD[LPXPVUVVGULIWUDWLRIRUWKH
0SLHU

G AvgSaYHUVXVPD[LPXPJDSFORVXUHIRUWKHOHIW
DEXWPHQW

)LJXUH0XOWLVWULSHDQDO\VLVUHVXOWV)RUHDFKRIWKHVL[VWULSHVWKHEULGJHLVVXEMHFWHGWRDVHWRIKD]DUG
FRQVLVWHQW&6FRPSDWLEOHJURXQGPRWLRQUHFRUGV

6.4

RESILIENCE ASSESSMENT OUTPUTS

)RU HDFKOHYHORIWKH ,0PXOWLSOHGDPDJH DQG DVVRFLDWHGFRQVHTXHQFHVFHQDULRVDUHGH
ILQHG E\ UDQGRPO\ VDPSOLQJ WKH FRUUHVSRQGLQJ GLVWULEXWLRQV LQ WKH SUHHYHQW SKDVH RI
3$1237,6EDVHGRQWKH06$UHVXOWV,QHDFKFDVHWKHWLPHWRUHFRYHULVFRPSXWHGE\DGG
LQJ WKH WLPH QHHGHG IRU UHSDLULQJ WKH GDPDJHV DVVRFLDWHG ZLWK HDFK LQGLYLGXDO FRPSRQHQW
DVVXPLQJWKDWWKH\DUHWDFNOHGLQVHULHV)RUVLPSOLILFDWLRQSXUSRVHVZHDVVXPHSHUIHFWFRUUH
ODWLRQLQWKHGHPDQGDQGWKHFDSDFLWLHVRIWKHWZRWZLQEULGJHV7KLVPHDQVWKDWERWKRIWKHP
DUH H[SHFWHG WR VXVWDLQ WKH H[DFW VDPH GDPDJH OHYHO WKXV IRU H[DPSOH LQ ERWK EULGJHV ZH
PLJKWFORVHRQHRXWRIWKHWZRODQHVLIQHHGHG2IFRXUVHWKLVVLPSOLILFDWLRQLVQRWH[DFWO\WKH
FDVHDQGDQRQSHUIHFWFRUUHODWLRQLQWKHVHLVPLFFDSDFLWLHVVKRXOGEHWDNHQLQWRDFFRXQW
2XUPDLQPHWULFRIIXQFWLRQDOLW\LVWKHWKHRUHWLFDOWUDIILFFDSDFLW\ZLWKRXWUHJDUGWRWKHDF
WXDOWUDIILFORDGV7KLVLVDGHPDQGDJQRVWLFYLHZRIWKHV\VWHPIXQFWLRQDOLW\DVREYLRXVO\WKH
IXOOFDSDFLW\RIWKHURDGLVQRWQHFHVVDULO\XVHGDWDOOWLPHVRIWKHGD\RUDOOGD\VRID\HDU
6WLOOLWUHPDLQVDXVHIXOPHWULFWKDWGRHVQRWUHTXLUHWUDIILFORDGHVWLPDWHVIRUFXUUHQWDQGIX
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WXUHXVHDOORZLQJXVWRRIIHUDQREMHFWLYH³WLPHOHVV´FRPSDULVRQRIWKHGDPDJHGDQGXQGDP
DJHGVWDWHVRIWKHEULGJH6SHFLILFDOO\WKHWUDIILFFDSDFLW\RIDQ\EULGJHVWDWHLVHVWLPDWHGDV
TC MaxSpeedÂNOL LH DV WKH SURGXFW RI WKH VSHHG OLPLW MaxSpeed PXOWLSOLHG E\ WKH
QXPEHURIRSHQODQHVNOL&RQVHTXHQWO\WKHWUDIILFFDSDFLW\UHGXFWLRQRFDQEHTXDQWLILHG
DV
R

TC pre  TC post  TC pre



ZKHUHTCpreDQGTCpostDUHWKHSUHDQGSRVWHYHQFDSDFLWLHVUHVSHFWLYHO\)RUWKHIRUPHUWKH
XQGDPDJHGVWDWHRIWKHEULGJHVWLSXODWHVDNPKVSHHGOLPLWZLWKODQHVRIWUDIILFIRUHDFK
WZLQEULGJH7KHPHDQDQQXDOIUHTXHQF\RIH[FHHGLQJHDFKYDOXHRIRLVSUHVHQWHGLQ )LJXUH
D ZKLOHWKHDQGTXDQWLOHVJLYHQWKHLQWHQVLW\LQWHUPVRIDUHSUHVHQWHGLQ )LJXUH
E  (YLGHQWO\ QR ORVV RI IXQFWLRQDOLW\ LV REVHUYHG IRU LQWHQVLWLHV ORZHU WKDQ J RU PHDQ
DQQXDOIUHTXHQFLHVKLJKHUWKDQÂ,QRWKHUZRUGVORVVRIHYHQWKHORZHVWSRVVLEOHYDOXH
RI IXQFWLRQDOLW\ KDSSHQ ZLWK D UHWXUQ SHULRG ODUJHU WKDQ  Â   \UV 2Q WKH RWKHU
KDQGZKHQVXFKDQHYHQWRFFXUVWKHFDSDFLW\ORVVLVVWHHSZLWKIXQFWLRQDOLW\ORVVHVRIXSWR
RFFXUULQJZLWKRQO\VOLJKWO\KLJKHUUHWXUQSHULRGVW\SLFDOO\RZLQJWREHDULQJDQGRUH[
SDQVLRQMRLQWGDPDJHV

D

E

)LJXUH D 0HDQDQQXDOIUHTXHQF\RIH[FHHGLQJWUDIILFFDSDFLW\UHGXFWLRQYDOXHVDQG E DQGTXDQ
WLOHVRIWKHWUDIILFFDSDFLW\UHGXFWLRQJLYHQWKHAvgSa

7

CONCLUSIONS

$PHWKRGRORJ\LVSUHVHQWHGIRUPRGHOLQJWKHVWUXFWXUHDQGGDWDGHSHQGHQFLHVIRUWKHUHVLO
LHQFH DVVHVVPHQWRIDKLJKZD\EULGJH ZLWKLQWKH3$1237,6SURMHFW7KLV DSSURDFK FDQEH
DSSOLHGIRUHDFKLQGLYLGXDOKLJKZD\URDGLQIUDVWUXFWXUHDVVHWDQGWKHFRPELQHGUHVXOWVFDQEH
XVHG IRUWKHUHVLOLHQFHDVVHVVPHQWRIWKHHQWLUH LQWHUFRQQHFWHGV\VWHP7KHSURSRVHGIUDPH
ZRUNLV TXLWHVWUDLJKWIRUZDUG VWLOO WKHWRXJKHVW SDUWLV WKHGHILQLWLRQ RIWKHOLPLW VWDWHV RQ D
FRPSRQHQWEDVLVDQGWKHTXDQWLILFDWLRQRIWKHDVVRFLDWHGFRQVHTXHQFHVLQDFRQVLVWHQWZD\IRU
DOOFRPSRQHQWV7KLVFKDOOHQJHUHTXLUHVWKHDVVLVWDQFHRIHQJLQHHUVVSHFLDOL]HGLQWKHGHVLJQ
DQGFRQVWUXFWLRQRIVLPLODUVWUXFWXUHVDVZHOODVRIURDGRSHUDWRUVH[SHULHQFHGLQURDGPDLQWH
QDQFHUHSDLUDQGUHKDELOLWDWLRQDIWHUSRWHQWLDOGDPDJLQJHYHQWV2QFHWKHUHTXLUHGOLPLWVWDWHV
DQGFRQVHTXHQFHVDUHGHILQHGWKHSURSRVHGPHWKRGRORJ\FDQEHLPSOHPHQWHGIRUWKHUHVLOL
HQFHDVVHVVPHQWRIDJLYHQKLJKZD\DVVHW
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LIMITATIONS OF EUROCODE 8 DUAL DUCTILITY CLASS
APPROACH IN SEISMIC DESIGN OF RC HIGH-RISE BUILDINGS
Jelena R. Pejovic, Nina N. Serdar, and Radenko R. Pejovic


8QLYHUVLW\RI0RQWHQHJUR
)DFXOW\RI&LYLO(QJLQHHULQJ
0RQWHQHJUR
HPDLOMHOHQDSHM#XFJDFPH


8QLYHUVLW\RI0RQWHQHJUR
)DFXOW\RI&LYLO(QJLQHHULQJ
0RQWHQHJUR
QLQDV#XFJDFPHUDGHQNR#XFJDFPH

Keywords:(XURFRGHGXFWLOLW\FODVVKLJKULVHEXLOGLQJVVKHDUIRUFH
Abstract. The paper contains a discussion of limitations of dual ductility class approach in
seismic design of reinforced concrete (RC) high-rise buildings designed according to Eurocode 8. An extensive study is performed in order to examine the applicability of Eurocode 8
provisions related to ductility classes for seismic design of RC walls in high-rise buildings. As
representative buildings, 20-storey, 30-storey and 40-storey RC high-rise buildings with core
wall structural system are selected. For the purposes of the conducted study, nonlinear timehistory analyses are performed for 60 ground motion records with a wide range of magnitudes, distances to source and various soil types. Design seismic shear forces obtained by Eurocode 8 for medium and high ductility classes are analyzed and compared with the real
shear forces obtained by nonlinear time-history analyses. The current Eurocode 8 provisions
for calculating seismic design shear forces in RC walls yields significantly incorrect results
when it is applied to RC walls of high-rise buildings. The results derived in this study indicate
that RC high-rise buildings should be designed according Eurocode 8 provisions specified for
medium ductility class, taking into consideration the weakness of the existing procedure for
calculating design shear force. The need of introducing a single ductility class for RC highrise
buildings
is
pointed
out.
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1

INTRODUCTION

2YHU WKH SDVW GHFDGHV WKH FRQVWUXFWLRQ RI KLJKULVH EXLOGLQJV LQ VHLVPLFDOO\ DFWLYH DUHDV
KDV EHFRPH DQ HYHU\GD\ GHVLJQ WUHQG ZKLFK LV PDLQO\ GXH WR JURZLQJ XUEDQLVDWLRQ UDSLG
JURZWKRIFLWLHVDQGFRQFHQWUDWLRQRIPDWHULDOUHVRXUFHVLQXUEDQHQYLURQPHQWV7KLVLVZK\
FRPSUHKHQVLYH VHLVPLF VWXGLHV RI 5& KLJKULVH EXLOGLQJV KDYH WR EH FRQGXFWHG IRU HDUWK
TXDNHSURQH DUHDV  *LYHQ WKH VHQVLWLYLW\ RI KLJKULVH EXLOGLQJV WR KRUL]RQWDO ORDGV HDUWK
TXDNH DQG ZLQG ORDGV  VSHFLDO DWWHQWLRQ VKRXOG EH SDLG WR VHLVPLF DQDO\VLV RI 5& KLJKULVH
EXLOGLQJV (YHQ LQ FRQGLWLRQV ZKHUH WKH KRUL]RQWDO ZLQG ORDG LV UHOHYDQW IRU GHVLJQ ZKLFK
W\SLFDOO\RFFXUVIRUKLJKHU5&EXLOGLQJVDSSUR[LPDWHO\PLQKHLJKWLWLVQRWHQWLUHO\DG
HTXDWHWRQHJOHFWVHLVPLFDQDO\VLV>@+LJKULVHEXLOGLQJVKDYHIUHTXHQF\UHVSRQVHUDQJHWKDW
LVPXFKZLGHUWKDQLQWKHFDVHRIORZHUEXLOGLQJV7KHZLGHIUHTXHQF\UDQJHRIDFWXDOHDUWK
TXDNHUHFRUGVFDQLQGXFHYHU\FRPSOH[VHLVPLFUHVSRQVHVRIKLJKULVH5&EXLOGLQJV>@'XH
WR WKH VSHFLILF EHKDYLRU RI KLJKULVH EXLOGLQJV H[SRVHG WR VHLVPLF HIIHFWV WKH SURYLVLRQV RI
H[LVWLQJVHLVPLFGHVLJQFRGHV VXFKDV(XURFRGH(1>@ DUHXVXDOO\QRWVXIILFLHQWWR
GHVLJQVHLVPLFDOO\UHVLVWDQW5&KLJKULVHEXLOGLQJV(1>@GRHVQRWGHILQHUHVWULFWLRQV
LQWHUPVRIQXPEHURIVWRUH\VEXWLWLVWKHIDFWWKDWQXPEHURIVWRUH\VKDVWKHLQIOXHQFHRQ
VHLVPLFEHKDYLRUDQGVRPRVWFRPPRQO\H[LVWLQJSURYLVLRQVRI(1>@DUHLQDGHTXDWH
DQGQHHGWREHUHYLVHGIRU5&KLJKULVHEXLOGLQJV7KHPRVWUHFHQWVWXGLHVKDYHVKRZQWKDW
PRGLILFDWLRQV DQG LPSURYHPHQWV WR (XURFRGH  SURFHGXUHV DUH UHTXLUHG >@±>@ 5XWHQEHUJ
DQG1VLHUL>@KDVVKRZQWKDWWKH(XURFRGHSURFHGXUHIRUFDOFXODWLQJGHVLJQVKHDUIRUFHLV
FRQVHUYDWLYHIRU'&+ZDOOVDQGJLYHVORZHUYDOXHRIPDJQLILFDWLRQIDFWRU IRU'&0ZDOOV
.DSSRV DQG $QWRQLDGLV >@ SURSRVHG PRGLILHG VKHDU IRUFH GHVLJQ (XURFRGH  HQYHORSH IRU
GXDOV\VWHPRIZDOOV$QWRQLRXHWDO>@LQWKHLUUHVHDUFKFRQFOXGHGWKDW(XURFRGHRYHUHV
WLPDWHVWKHSRVWHODVWLFDPSOLILFDWLRQRIVKHDUZDOOV$QWRQLRXHWDO>@KDYHVKRZQWKDWDFWX
DO PRPHQWV H[FHHG WKH OLQHDU GHVLJQ (XURFRGH  HQYHORSH RYHU PRVW RI WKH ZDOO KHLJKW IRU
PLGULVHZDOOIUDPHVWUXFWXUHV
,Q WKH OLWHUDWXUH WKHUH LV D ODFN RI UHVHDUFK RQ WKLV WRSLF ZLWK UHJDUG WR WKH 5& KLJKULVH
EXLOGLQJV ,Q WKLV VWXG\ 5& KLJKULVH EXLOGLQJV ZLWK FRUH ZDOO VWUXFWXUDO V\VWHP DQG WKUHH
FKDUDFWHULVWLFKHLJKWVVWRUH\VWRUH\DQGVWRUH\DUHDQDO\VHGLQRUGHUWRH[DPLQHWKH
OLPLWDWLRQVRI(1>@GXDOGXFWLOLW\FODVVDSSURDFKLQVHLVPLFGHVLJQRI5&KLJKULVH
EXLOGLQJV
2

DESCRIPTION OF SELECTED REPRESENTATIVE RC HIGH-RISE
BUILDINGS

$WKUHHUHSUHVHQWDWLYH5&KLJKULVHEXLOGLQJVZLWKFRUHZDOOVWUXFWXUDOV\VWHPVWRUH\
VWRUH\DQGVWRUH\KLJKGHVLJQHGDFFRUGLQJWR(XURFRGHSURYLVLRQVIRUWZRGLIIHUHQW
GXFWLOLW\FODVV KLJKDQGPHGLXP DUHH[DPLQHG7KHFRQVLGHUHGVWUXFWXUHVDUH[PLQVL]H
DW WKH EDVH ZLWK VSDQV LQ WKH ; GLUHFWLRQ RI [[[P DQG VSDQV LQ WKH < GLUHFWLRQ RI
[[[P )LJXUH 5&FRUHLV[PLQVL]HDWWKHEDVHDQGLVORFDWHGLQWKHFHQWUDO
SDUWRIWKHEXLOGLQJV,WFRQVLVWVRIWKUHHFKDUDFWHULVWLFFRPSOH[FURVVVHFWLRQZDOOV 8DQG,
FURVVVHFWLRQDO VKDSHV  FRQQHFWHG LQ WKH ; GLUHFWLRQ RI VWUXFWXUH E\ FRXSOLQJ EHDPV ,Q WKH
DUHDEHWZHHQWKHFHQWUDO5&FRUHDQGWKHSHULPHWHURIWKHVWUXFWXUHWKHUHLVQRVWUXFWXUDOHOH
PHQWV5&IUDPHVZHUHIRUPHGLQWKHFLUFXPIHUHQWLDOSODQHV9HUWLFDOVWUXFWXUDOPHPEHUVDUH
FRQQHFWHG ZLWK D IORRU IODW VODE 7KH GLPHQVLRQV RI WKH LQGLYLGXDO VWUXFWXUDO HOHPHQWV GLIIHU
IRUGLIIHUHQWVWRUH\QXPEHUVDQGWKH\DUHGHWHUPLQHGLQDFFRUGDQFHZLWKWKHUHTXLUHPHQWVGH
ILQHGLQ(XURFRGH(1>@DQG(1>@7KHPDLQFKDUDFWHULVWLFRIWKHFRQ
VLGHUHG5&KLJKULVHVWUXFWXUHVDUHVKRZQLQWKH7DEOH
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)LJXUH%DVHSODQYLHZRIWKHUHSUHVHQWDWLYHEXLOGLQJV
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7DEOH7KHPDLQFKDUDFWHULVWLFRIWKHFRQVLGHUHG5&KLJKULVHVWUXFWXUHV

3

SEISMIC DESIGN OF REPRESENTATIVE BUILDINGS ACCORDING TO
EN1998-1

6HLVPLFGHVLJQRIWKHUHSUHVHQWDWLYH5&KLJKULVHEXLOGLQJVLVGRQHDFFRUGLQJWR(XURFRGH
(1>@DQG(XURFRGH(1>@7KHFRQVLGHUHGEXLOGLQJVDUHGHVLJQHGIRU
WZRGXFWLOLW\FODVVHVGHILQHGLQ(1KLJKGXFWLOLW\FODVV '&+ DQGPHGLXPGXFWLOLW\
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FODVV '&0 )RUGHILQLQJVHLVPLFORDGWKHGHVLJQUHVSRQVHVSHFWUXPW\SH PDJQLWXGHRI
VXUIDFHZDYH06! ZLWKDGRSWHGYDOXHRIGHVLJQSHDNKRUL]RQWDODFFHOHUDWLRQJLVXVHG
7KHVWUXFWXUDOV\VWHPRIWKHFRQVLGHUHGEXLOGLQJVLVDGXFWLOHZDOOV\VWHPLQERWKKRUL]RQWDO
GLUHFWLRQVDFFRUGLQJWRWKHFODVVLILFDWLRQLQ(1>@&RQVLGHULQJWKHVWUXFWXUDOV\VWHP
DQGWKHUHJXODULW\DFKLHYHGWKHDGRSWHGYDOXHVRIWKHEHKDYLRUIDFWRUVIRUWKH'&0GXFWLOLW\
FODVVLVDQGIRUWKH'&+FODVVLV
7KH(7$%6>@ZDVXVHGIRUOLQHDUVHLVPLFDQDO\VLVRIFRQVLGHUHGEXLOGLQJV'OLQH
DUPRGHOVDUHFRQVWUXFWHGLQ(7$%6>@RIWKHXQFUDFNHGIOH[XUDODQGVKHDUVWLII
QHVVLVFRQVLGHUHGLQOLQHDUDQDO\VLVDFFRUGLQJWR(1>@7KHVWRUH\VODEVDUHPRGHOHG
DV ULJLG GLDSKUDJPV LQ WKH KRUL]RQWDO SODQH 7KH YHUWLFDO VWUXFWXUDO V\VWHP LV PRGHOHG ZLWK
DEVROXWHVXSSRUWVDWWKHIRXQGDWLRQOHYHO7KHVWUXFWXUHVRIWKHVHOHFWHGEXLOGLQJVDUHUHJXODU
LQ EDVH DQG RYHU WKH KHLJKW ,Q DGGLWLRQWRODWHUDOVWDELOLW\DQGULJLGLW\WKHVWUXFWXUHVRIWKH
EXLOGLQJVXQGHUFRQVLGHUDWLRQDOVRKDYHDGHTXDWHWRUVLRQDOUHVLVWDQFHDQGULJLGLW\2QWKHHDFK
VWRUH\DQGLQWKHERWKFRQVLGHUHG;DQG<GLUHFWLRQVWKHVWUXFWXUDOHFFHQWULFLW\eoDQGWKHWRU
VLRQDOUDGLXVrVDWLVI\WKHFRQGLWLRQVGHILQHGLQ(1>@
7KH WRWDO VHLVPLF IRUFHV IRU WKH WZR KRUL]RQWDO RUWKRJRQDO GLUHFWLRQV ZHUH FDOFXODWHG E\
PXOWLPRGDO UHVSRQVH VSHFWUXP DQDO\VLV ZKLFK LV TXLWH DSSURSULDWH JLYHQ WKH LQIOXHQFH RI
KLJKHUPRGHVRQ5&KLJKULVHEXLOGLQJV7KHUHVXOWVIURPOLQHDUPXOWLPRGDOUHVSRQVHVSHF
WUXPDQDO\VLVDUHVKRZQLQ7DEOH
1XPEHURIVWRUH\V
7RWDOEDVHVKHDUIRUFHIRULQ<GLUHFWLRQIRU'&0 N1 
7RWDOEDVHVKHDUIRUFHIRULQ;GLUHFWLRQIRU'&0 N1 
7RWDOEDVHVKHDUIRUFHIRULQ<GLUHFWLRQIRU'&+ N1 
7RWDOEDVHVKHDUIRUFHIRULQ;GLUHFWLRQIRU'&+ N1 


3HULRGVLQ<GLUHFWLRQ VHF 
0RGH



3HULRGVLQ;GLUHFWLRQ VHF 
0RGH


0DVVSDUWLFLSDWLRQIDFWRUVLQ<GLUHFWLRQ
0RGH

 

6XPRIPDVVSDUWIDFWRUVLQ<GLUHFWLRQ  

0DVVSDUWLFLSDWLRQIDFWRUVLQ;GLUHFWLRQ
0RGH



6XPRIPDVVSDUWIDFWRUVLQ;GLUHFWLRQ  





























































7DEOH7KHOLQHDUPXOWLPRGDOUHVSRQVHVSHFWUXPDQDO\VLVUHVXOWV

7KH DQDO\VLV RI WKH FDOFXODWHG VHLVPLF DQG JUDYLWDWLRQDO HIIHFWV REWDLQHG LQ WKH VWUXFWXUDO
HOHPHQWVUHYHDOHGWKDWWKHWRWDOVHLVPLFIRUFHLVGRPLQDQWO\DFFHSWHGE\5&ZDOOVRIWKHFRUH
)RUWKLVUHDVRQ5&FRUHZDVVXEMHFWHGWRIXUWKHUGHWDLOHGFDOFXODWLRQVDQGGHVLJQLQJDFFRUG
LQJWRWKHUHOHYDQW(1>@SURYLVLRQVDQGVXEVHTXHQWO\5&FRUHZDOOVZHUHDOVRDQD
O\VHG XVLQJ QRQOLQHDU WLPHKLVWRU\ DQDO\VHV 7KH VHUYLFHDELOLW\ OLPLW VWDWH DFFRUGLQJ WR
(1>@KDVEHHQFKHFNHGDQGLWZDVIRXQGWKDWLWSURYLVLRQVDUHVDWLVILHG$OOWKHSURYL
VLRQVRIWKH(1>@UHJXODWLRQVUHJDUGLQJWKHGLPHQVLRQLQJDQGUHLQIRUFHPHQWGHWDLOLQJ
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RIGXFWLOHZDOOVRIWKHGXFWLOLW\FODVVHV'&0DQG'&+ZHUHDSSOLHG&HUWDLQZDOOVRI5&FRUH
VLQFHWKH\UHSUHVHQWFRPSOH[VHFWLRQVRIZDOOVFRPSRVHGRIFRQQHFWHGUHFWDQJXODUVHJPHQWV
ZHUHWUHDWHGDVLQWHJUDOSDUWVFRQVLVWLQJRIZHEVLQWKHGLUHFWLRQLQZKLFKWKHVHLVPLFVKHDU
IRUFHDFWVZLWKIODQJHVQRUPDOWRWKHP7KLVLVDOVRLQDFFRUGDQFHZLWKWKHUXOHVGHILQHGLQ
(1>@7KHFRQVLGHUHGSRVLWLRQVRILQWHJUDOVKHDUZDOOV FRPSOH[FURVVVHFWLRQVRI8
DQG,6:DQG6: DUHVKRZQLQ)LJXUH
7KH GHVLJQ YDOXHV RI WKH ZDOOV EHQGLQJ PRPHQWV ZHUH REWDLQHG IURP WKH (1 >@
EHQGLQJ PRPHQWV HQYHORSH IRU D VHLVPLF GHVLJQ VLWXDWLRQ 7KH GHVLJQ VKHDU IRUFH DORQJ WKH
KHLJKWRIWKHZDOOVZHUHGHWHUPLQHGXVLQJWKHFRUUHVSRQGLQJYDOXHVRIWKHVKHDUIRUFHPDJQL
ILFDWLRQIDFWRU IRUWKHLQGLYLGXDOGXFWLOLW\FODVVHV$OOUHTXLUHPHQWVUHODWHGWRGLPHQVLRQDF
TXLVLWLRQ KHLJKWRIFULWLFDO]RQHPLQLPXPZDOOWKLFNQHVVWKLFNQHVVDQGOHQJWKRIERXQGDU\
HOHPHQWV  DQG UHLQIRUFHPHQW GHWDLOLQJ IRU YHUWLFDO DQG KRUL]RQWDO UHLQIRUFHPHQW VWLUUXSV  RI
WKH ERXQGDU\ HOHPHQWV LQ FULWLFDO ]RQHV DQG DUHDV RXWVLGH FULWLFDO ]RQHV DV ZHOO DV UHTXLUH
PHQWVUHODWHGWRYHUWLFDODQGKRUL]RQWDOZHEUHLQIRUFHPHQWDUHIXOILOOHG
4

NONLINEAR TIME-HISTORY ANALYSIS

7KHQRQOLQHDUVSDWLDOPRGHORIWKH5&FRUHZDOOVZDVPDGH7KH3(5)250'VRIWZDUH
>@ZDVXVHGIRUWKHQRQOLQHDUWLPHKLVWRU\DQDO\VLV7KHFRUHZDOOVDUHPRGHOHGXVLQJQRQ
OLQHDUYHUWLFDOILEHUHOHPHQWVUHSUHVHQWLQJWKHH[SHFWHGEHKDYLRURIWKHFRQFUHWHDQGUHLQIRUF
LQJ VWHHO >@  7KH DUHD DQG ORFDWLRQ RI UHLQIRUFHPHQW ZLWKLQ WKH FURVVVHFWLRQ DV ZHOO DV
FRQFUHWHSURSHUWLHVZHUHGHILQHGXVLQJLQGLYLGXDOILEHUVIRUPLQJWKHFURVVVHFWLRQRIWKHZDOO
7KH VKHDU EHKDYLRU LV PRGHOHG DV HODVWLF 6WUHVVVWUDLQ UHODWLRQVKLS IRU XQFRQILQHG FRQFUHWH
FRQILQHGFRQFUHWHDQGUHLQIRUFHPHQWFRPSOLDQWZLWKUHFRPPHQGDWLRQVJLYHQLQ(XURFRGH
>@ZHUHDGRSWHG7KHGDWDRIWKH(XURSHDQVWURQJPRWLRQGDWDEDVH>@ZHUHXVHGDVGDWD
EDVH RI JURXQG PRWLRQV 6L[W\ VHLVPLF UHFRUGV ZHUH VHOHFWHG 2XW RI WKHVH UHFRUGV  ZHUH
UHFRUGHGLQURFNZKLFKFRUUHVSRQGVWRWKHW\SH$VRLODFFRUGLQJWR(1>@7KHUH
PDLQLQJWKLUW\ILYHUHFRUGVZHUHUHFRUGHGRQVWLIIVRLOZKLFKFRUUHVSRQGVWRWKHW\SH%VRLO
DFFRUGLQJWR(1>@0DJQLWXGHYDOXHVIRUVHOHFWHGUHFRUGVUDQJHEHWZHHQDQG
ZKLOHGLVWDQFHVWRVRXUFHYDU\IURPWRNP7KHEDVLFFULWHULRQXVHGLQWKLVSDSHUIRUWKH
VHOHFWLRQ RI JURXQG PRWLRQV LV WKDW WKH PHDQ YDOXH RI WKHLU UHVSRQVH VSHFWUD EH FRPSDWLEOH
ZLWK WKH FRUUHVSRQGLQJ WDUJHW VSHFWUXP LQ D ZLGHU UDQJH RI SHULRGV  7KH HODVWLF VSHFWUXP
IURP (1 >@ ZDV VHOHFWHG DV WKH WDUJHW VSHFWUXP IRU WKH UHWXUQ SHULRG RI  \HDUV
ZLWK WKH GHVLJQ JURXQG DFFHOHUDWLRQ DPRXQWLQJ WR J 7KH PHDQ VTXDUHG HUURU PHWKRG
06( LVVHOHFWHGIRUJURXQGPRWLRQVVFDOLQJ>@)LJXUHVDQGVKRZUHVSRQVHVSHFWUDRI
VHOHFWHGJURXQGPRWLRQVVFDOHGE\06(PHWKRGIRUWKHLQWHQVLW\OHYHORIWKHPHDQ
VSHFWUXP DQG UHOHYDQW WDUJHW VSHFWUD (XURFRGHV  HODVWLF VSHFWUD  IRU WKH LQWHQVLW\ OHYHO RI
DQGWKHPHDQVSHFWUXPIRUWKHLQWHQVLW\OHYHORIIRUFHUWDLQVRLOW\SHV
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)LJXUH&KDUDFWHULVWLFUHVSRQVHVSHFWUDRIWKHVHOHFWHGJURXQGPRWLRQVIRUVRLOW\SH$

)LJXUH&KDUDFWHULVWLFUHVSRQVHVSHFWUDRIWKHVHOHFWHGJURXQGPRWLRQVIRUVRLOW\SH%

5

ANALYSIS RESULTS

7KHFRQVLGHUHGEXLOGLQJVDUHGHVLJQHGIRUWZRGXFWLOLW\FODVVHVGHILQHGLQ(1KLJK
GXFWLOLW\FODVV '&+ DQGPHGLXPGXFWLOLW\FODVV '&0 'XULQJWKHGHVLJQRIUHSUHVHQWDWLYH
5&KLJKULVHEXLOGLQJVIRUVSHFLILFGXFWLOLW\FODVVHVLQDFFRUGDQFHZLWK(1>@FHUWDLQ
VSHFLILFLWLHVZHUHREVHUYHG)LUVWO\LWKDVEHHQREVHUYHGWKDWIRU5&KLJKULVHEXLOGLQJVFKDU
DFWHUL]HGE\KLJKHUYDOXHVRIWKHIXQGDPHQWDOSHULRGVWKHYDOXHVRIGHVLJQVSHFWUXPIRUIXQ
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GDPHQWDO PRGH Sd(T1) DUH YHU\ ORZ OHVV WKHQ WKH ORZHU ERXQGDU\ RI WKH KRUL]RQWDO SURMHFW
VSHFWUXP GHILQHGLQ(1>@ )RUWKLVUHDVRQWKHWRWDOVHLVPLFIRUFHVLQOLQHDUDQDO\
VLVIRU'&+DQG'&0EXLOGLQJVGRQRWGLIIHUPXFK VHH7DEOH ,WLVLQWHUHVWLQJWRQRWLFH
WKDWIRUODWHUDOIRUFHPHWKRGRIDQDO\VLVZKLFKLVQRWDGYLVDEOHIRU5&KLJKULVHEXLOGLQJVGXH
WRWKHLQIOXHQFHRIKLJKHUPRGHVWKHYDOXHVRIWKHWRWDOVHLVPLFIRUFHVIRUWKHLQGLYLGXDOGXF
WLOLW\FODVVHVZRXOGEHLGHQWLFDO
)XUWKHUGXHWRWKHKLJKYDOXHVRIWKHGHVLJQVKHDUIRUFHVLQ'&+ZDOOVREWDLQHGE\H[LVW
LQJ(1>@SURFHGXUHLWLVSUDFWLFDOO\LPSRVVLEOHWRVDWLVI\GHPDQGUHJDUGLQJGLDJRQDO
FRPSUHVVLRQIDLOXUHRIWKHZHEGXHWRVKHDULQWKHZHEVRd,max >@7KHGHVLJQVKHDUIRUFHVEd
DFFRUGLQJWRUXOHVIURP(1>@PXVWEHOHVVWKDQVKHDUUHVLVWDQFHFRQWUROOHGE\GLDJR
QDOFRPSUHVVLRQLQWKHZHEVRd,max>@2XWVLGHWKHFULWLFDOUHJLRQWKLVVKHDUUHVLVWDQFHLVFDO
FXODWHGDVLQ(1>@IRUPRQRWRQHORDGVZKLOHLQWKHFULWLFDOUHJLRQRIWKHYDOXH
RXWVLGH RI FULWLFDO UHJLRQLV SURSRVHG E\(1>@7KLV(1>@UXOHLVEDVHGRQ
H[SHULPHQWDOUHVHDUFKGRQHE\%LVNLQLVHWDO>@%LVNLQLVHWDO>@KDVVKRZQWKDWWKHF\
FOLFORDGVLJQLILFDQWO\UHGXFHVWKLVUHVLVWDQFHDQGWKDWWKHVKHDUUHVLVWDQFHVRd,maxLVDYHUDJHV
RIWKHYDOXHGHILQHGLQ(1>@7KHVHGLIIHUHQFHVDUHYHU\ODUJHDQGIRUWKLVUHD
VRQVWDWHGUHGXFWLRQRIVRd,maxLVLQFOXGHGLQ(1RQO\IRU'&+ZDOOVLQWKHFULWLFDO
DUHD 7KLV ODUJH UHGXFWLRQ RI WKH GHVLJQ VKHDU UHVLVWDQFH VRd,max DSSOLHG WRJHWKHU ZLWK WKH
VKHDUPDJQLILFDWLRQPLJKWEHSURKLELWLYHIRUWKHXVDJHRI'&+5&GXFWLOHZDOOV)XOILOOPHQW
RIVKHDUFRQWUROZRXOGRQO\EHSRVVLEOHZLWKXQUHDOLVWLFDOO\ODUJHZDOOWKLFNQHVVHV 7KLVOLPL
WDWLRQ LV QRWHG E\ SUHYLRXV VWXGLHV HYHQ IRU ORZHU EXLOGLQJV DQG IRU WKLV UHDVRQ WKH '&0
ZDOOVDUHQRWLQFOXGHGLQ(1>@E\WKLVSURYLVLRQZKLOHWKHDERYHPHQWLRQHGH[SHUL
PHQWDOILQGLQJVDUHQRWFRQILUPHGZLWKWKHPRUHH[SHULPHQWDOWHVWV>@'XHWRWKHLQDELOLW\
WR WKH IXOILOPHQW RI WKLV (1 >@ SURYLVLRQ IRU '&+ 5& ZDOOV ZLWK WKH UHDOLVWLF ZDOO
WKLFNQHVV WKH FRQVLGHUHG UHSUHVHQWDWLYH 5& KLJKULVH EXLOGLQJV DUH GHVLJQHG WR IXOILO DOO WKH
(1>@SURYLVLRQVH[FHSWGHPDQGUHJDUGLQJGLDJRQDOFRPSUHVVLRQIDLOXUH
,Q )LJXUH  FKDUDFWHULVWLF VHLVPLF VKHDU IRUFH GLDJUDPV LQ ZDOO 6:  LQ < GLUHFWLRQ IRU
WKUHHUHSUHVHQWDWLYHEXLOGLQJVDUHVKRZQV'Ed±VHLVPLFVKHDUIRUFHVREWDLQHGE\PXOWLPRGDO
UHVSRQVHVSHFWUXPDQDO\VLVDFFRUGLQJWR(1>@VEd ±GHVLJQVHLVPLFVKHDUIRUFHVRE
WDLQHGE\(1>@DQGVRd,maxWKHVKHDUUHVLVWDQFHFRQWUROOHGE\GLDJRQDOFRPSUHVVLRQ
LQWKHZHE,WLVHDV\WRQRWLFHWKDWLQFULWLFDOUHJLRQVRIWKHZDOOIRUWKH'&+GXFWLOLW\FODVV
WKHVKHDUUHVLVWDQFHVRd, maxLVVLJQLILFDQWO\OHVVWKDQWKHGHVLJQVKHDUIRUFHVEdZKLOHIRUWKH
GXFWLOLW\FODVV'&0WKHGHVLJQVKHDUIRUFHVVDWLVI\WKHFRQGLWLRQWKDWWKH\DUHOHVVWKDQVKHDU
UHVLVWDQFH
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)LJXUH7KHFKDUDFWHULVWLFVHLVPLFVKHDUIRUFHGLDJUDPVLQZDOO6:

)LJXUHDOVRVKRZVWKDWWKHVKHDUIRUFHVDORQJWKHZDOOKHLJKWREWDLQHGE\OLQHDUDQDO\VLV
V'EdGRQRWGLIIHUPXFKIRUWKHGXFWLOLW\FODVVHV'&0DQG'&+7KHVHWZRIDFWVLHVLPLODU
YDOXHVRIVKHDUIRUFHVIURPOLQHDUDQDO\VLVIRULQGLYLGXDOGXFWLOLW\FODVVHVDQGLQDELOLW\WRPHHW
VKHDUFRQWUROLQWKHFDVHRI'&+FODVVFOHDUO\LQGLFDWHWKDW5&KLJKULVHEXLOGLQJVVKRXOGEH
GHVLJQHGIRU'&0GXFWLOLW\FODVVIRUWKHFXUUHQWVWDWHRI(1>@
)XUWKHUPRUH)LJXUHVKRZVWKHFKDUDFWHULVWLFYDOXHVRIWKHEDVHVKHDUIRUFHVRIZDOO6:
IRUWKH<GLUHFWLRQIRU'&0DQG'&+EXLOGLQJV,QDGGLWLRQWRWKHVKHDUIRUFHVV’EdVEd L
VRd,max DW WKH EDVH RI WKH ZDOO WKH YDOXHV RI WKH VKHDU IRUFHV REWDLQHG IURP QRQOLQHDU WLPH
KLVWRUH\DQDO\VLVVnaDUHVKRZQVnaLVWKHPHDQYDOXHRIVHLVPLFVKHDUIRUFHVREWDLQHGE\XV
LQJWKHVHOHFWHGJURXQGPRWLRQV
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)LJXUH7KHFKDUDFWHULVWLFEDVHVHLVPLFVKHDUIRUFHVLQZDOO6:

)URPWKH)LJXUHLWFDQEHVHHQWKDWIRUWKH'&0GXFWLOLW\FODVVWKHVKHDUIRUFHVREWDLQHG
IURPWKHQRQOLQHDUWLPHKLVWRU\DQDO\VLVVna DUHKLJKHUWKDQWKHGHVLJQHGRQHVLQGLFDWLQJWKDW
LW LV QRW DSSURSULDWH WR XVH DFRQVWDQW YDOXH RI WKH PDJQLILFDWLRQ IDFWRU RI  IRU WKH '&0
GXFWLOLW\FODVV7KLVLPSRVHVWKHQHHGWRFDOFXODWHWKHLQFUHDVHIDFWRUİLQWKHVDPHZD\DVLQ
WKHFDVHRIWKH'&+GXFWLOLW\FODVV2QWKHRWKHUKDQGIRUWKH'&+GXFWLOLW\FODVVWKHVKHDU
IRUFHYDOXHVVnaGLIIHUVLJQLILFDQWO\IURPWKHGHVLJQYDOXHVZKLFKXQOLNH'&0VKHDUIRUFHV
DUH RYHUHVWLPDWHG RU PXFK ODUJHU WKDQ WKH DFWXDO IRUFHV WKDW RFFXU LQ WKH ZDOOV GXULQJ DQ
HDUWKTXDNH,WFDQEHFRQFOXGHGWKDWWKHFRUUHFWLRQRIVHLVPLFGHVLJQIRUFHVFDOFXODWLRQIRU5&
KLJKULVHEXLOGLQJVLQ(1>@LVUHTXLUHG
$OVRWKHKLJKOHYHORIQRUPDOFRPSUHVVLYHIRUFHLQWKHZDOOVRIKLJKULVH5&EXLOGLQJVFDQ
EHDOLPLWLQJIDFWRUZKHQGHVLJQLQJKLJKGXFWLOLW\FODVV)RUWKLVUHDVRQDQDQDO\VLVRIWKHIHD
VLELOLW\ RI DFKLHYLQJ WKH UHTXLUHG GLVSODFHPHQW GXFWLOLW\ ZDV SHUIRUPHG IRU WKH WKUHH UHSUH
VHQWDWLYHEXLOGLQJVGHVLJQHGIRUWKH'&0DQG'&+GXFWLOLW\FODVVHV*LYHQWKDWIRUKLJKULVH
5&EXLOGLQJVFKDUDFWHUL]HGE\YDOXHVRIIXQGDPHQWDOYLEUDWLRQSHULRGVJUHDWHUWKDQVWKH
SULQFLSOHRIHTXDOGLVSODFHPHQWVDSSOLHVWKHEHKDYLRUIDFWRULVHTXDOWRGLVSODFHPHQWGXFWLOLW\
IDFWRU >@ 7KH UHVXOWV RI QRQOLQHDU WLPHKLVWRU\ DQDO\]HV LQ EXLOGLQJV ZLWK D IXQGDPHQWDO
SHULRGJUHDWHUWKDQDERXWVVKRZHGWKDWWKHPD[LPXPGLVSODFHPHQWVLQWKHHODVWRSODVWLF
V\VWHPDUHDSSUR[LPDWHO\HTXDOWRWKRVHLQDQHODVWLFV\VWHPWKDWKDVWKHVDPHLQLWLDOVWLIIQHVV
EXWKDVQROLPLWHGEHDULQJFDSDFLW\>@)RUWKHSXUSRVHVRIWKLVDQDO\VLVWKHFDOFXODWLRQRI
GLVSODFHPHQWGXFWLOLW\IDFWRUVZDVGRQHXVLQJWKHUHFRPPHQGDWLRQVJLYHQE\>@3DXOD\DQG
3ULHVWOH\>@GHULYHGGLVSODFHPHQWGXFWLOLW\IDFWRUVIRU5&YHUWLFDOFDQWLOHYHUHOHPHQWV7KH
GLVSODFHPHQW GXFWLOLW\ IDFWRU GHSHQGLQJ RQ WKH FXUYDWXUH GXFWLOLW\ IDFWRU LV FDOFXODWHG XVLQJ
WKHHTXDWLRQ

:KHUH LVFXUYDWXUHGXFWLOLW\IDFWRU/SSODVWLFKLQJHOHQJWK/ZDOOKHLJKW7KHWKHRUHW
LFDOEDFNJURXQGIRUGHULYDWLRQRIWKHH[SUHVVLRQIRUWKHGLVSODFHPHQWGXFWLOLW\IDFWRUKDVEHHQ
GLVFXVVHGLQWKHOLWHUDWXUH>@7KHOHQJWKRIWKHSODVWLFKLQJHLVDOVRGHWHUPLQHGE\>@DV
IROORZV HTXDWLRQ 

:KHUHDwZDOOFURVVVHFWLRQWKLFNQHVVDQGheHIIHFWLYHZDOOKHLJKWHTXDOWRWKHKHLJKWRI
WKHFDQWLOHYHUZDOOZLWKWKHKRUL]RQWDOIRUFHDWWKHWRSRIWKHZDOODQGWKHVDPHYDOXHRIPR
PHQWDQGVKHDUIRUFHDWWKHIL[HGHQGDVLQWKHFDVHRIWKHDFWXDOZDOO
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)RU WKH WKUHH FRQVLGHUHG UHSUHVHQWDWLYH 5& KLJKULVH EXLOGLQJV XVLQJ WKH ;75$&7 >@
VRIWZDUH FURVVVHFWLRQV RI WKH ZDOOV DW WKH ORFDWLRQ RI WKH SODVWLF KLQJH ZHUH DQDO\]HG DQG
PRPHQWFXUYDWXUH GHSHQGHQFLHV IRU WKH SODVWLF KLQJH ZHUH GHULYHG 7KH FXUYDWXUH GXFWLOLW\
IDFWRUVZHUHGHWHUPLQHGXVLQJWKHGHULYHGGHSHQGHQFLHV%DVHGRQGHULYHGFXUYDWXUHGXFWLOLW\
IDFWRUVIRULQGLYLGXDOUHSUHVHQWDWLYH5&KLJKULVHEXLOGLQJVGHVLJQHGIRUERWKGXFWLOLW\FODVVHV
GLVSODFHPHQWGXFWLOLW\IDFWRUVZHUHFDOFXODWHGZKLFKDWWKHVDPHWLPHUHSUHVHQWEHKDYLRUIDF
WRUVT)LJXUHVKRZVWKHGHULYHGEHKDYLRUIDFWRUVIRULQGLYLGXDOUHSUHVHQWDWLYH5&KLJKULVH
EXLOGLQJV

)LJXUH7KHGHULYHGEHKDYLRUIDFWRUV

)URPWKH)LJXUHWKHOLPLWDWLRQVLQWHUPVRIWKHEHKDYLRUIDFWRUVYDOXHVIRU5&KLJKULVH
EXLOGLQJV FDQ EH QRWLFHG 7KH KLJKHVW EHKDYLRU IDFWRU LV REWDLQHG IRU WKH FDVH RI D VWRU\
UHSUHVHQWDWLYHEXLOGLQJGXHWRWKHOHDVWQRUPDOFRPSUHVVLRQIRUFHLQWKHZDOODQGWKHUHIRUH
WKHKLJKHVWFXUYDWXUHGXFWLOLW\LQSODVWLFKLQJHFURVVVHFWLRQDQGWKHFRUUHVSRQGLQJGLVSODFH
PHQW GXFWLOLW\ )RU UHDVRQV RI PD[LPXP YDOXHV RI QRUPDO FRPSUHVVLRQ IRUFH LQ ZDOO RI 
VWRUH\EXLOGLQJWKHVPDOOHVWEHKDYLRUIDFWRULVREWDLQHG)RUDOOWKUHHEXLOGLQJVGHVLJQHGIRU
WKH '&+ GXFWLOLW\ FODVV VPDOOHU EHKDYLRU IDFWRUV WKDQ WKH YDOXH GHILQHG E\ (1 >@
ZHUHGHULYHG%XLOGLQJVGHVLJQHGIRU'&0KDYHVDWLVIDFWRU\YDOXHVRIGHULYHGEHKDYLRUIDF
WRUVWKDWLVJUHDWHURUDSSUR[LPDWHO\WKHVDPHYDOXHDVWKRVHIRUWKH'&0FODVVDFFRUGLQJWR
(1>@([FHSWLRQLVDVWRU\EXLOGLQJWKDWKDVDVOLJKWO\ORZHUYDOXH7KHVHUHVXOWV
DOVRLQGLFDWHWKHOLPLWDWLRQRIWKHDSSOLFDWLRQRIWKH'&+GXFWLOLW\FODVVWRWKHGHVLJQRI5&
KLJKULVH EXLOGLQJV LQ DFFRUGDQFH ZLWK (1 >@ 7KH SUHVHQFH RI KLJKHU QRUPDO FRP
SUHVVLRQIRUFHVLQWKH5&ZDOOVRIKLJKULVHEXLOGLQJVLVDOLPLWLQJIDFWRUZKHQFRQVLGHULQJWKH
'&+GXFWLOLW\FODVVHV:LWKWKHLQFUHDVHLQQXPEHURIVWRUH\VWKHSRVVLELOLW\RIDFKLHYLQJDQ
DSSURSULDWH YDOXH RI GLVSODFHPHQW GXFWLOLW\ FKDUDFWHULVWLF IRU WKH '&+ GXFWLOLW\ FODVV GH
FUHDVHV 7KHUHIRUH 5& KLJKULVH EXLOGLQJV VKRXOG EH GHVLJQHG ZLWK '&0 GXFWLOLW\ FODVV
ZKHUHLQWKHUHDUHZLGHUSRVVLELOLWLHVIRUGHILQLQJWKHEHKDYLRUIDFWRUTIRUWKH'&0GXFWLOLW\
FODVV7KLVUDQJHFDQEHGHILQHGGHSHQGLQJRQGLIIHUHQWSDUDPHWHUV IRUH[DPSOHQXPEHURI
VWRUH\VVWUXFWXUDOV\VWHPHWF 
6

CONCLUSIONS
,Q DQDO\VLV RI VHLVPLF GHVLJQ RI UHSUHVHQWDWLYH KLJKULVH EXLOGLQJV IRU '&0 DQG '&+
GXFWLOLW\FODVVHVLQDFFRUGDQFHZLWK(XURFRGHWKHIROORZLQJFRQFOXVLRQVZHUHSRLQWHG
RXW
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7KH FRQGXFWHG DQDO\VLV KDV VKRZQ WKDW WRWDO VHLVPLF EDVH VKHDU IRUFHV IRU FRQVLGHUHG
GXFWLOLW\FODVVHV '&0DQG'&+ GLIIHUVRQO\7KLVRFFXUVEHFDXVHWKHYDOXHVRI
GHVLJQ VSHFWUXP IRU IXQGDPHQWDO PRGH Sd(T1) RI KLJKULVH EXLOGLQJV DUH YHU\ ORZ OHVV
WKDQYDOXHVUHODWHGWRORZHUERXQGIDFWRUIRUWKHKRUL]RQWDOGHVLJQVSHFWUXP GHILQHGLQ
(XURFRGH 7KHUHIRUHWKHLQIOXHQFHRIEHKDYLRXUIDFWRUTRQGHVLJQVSHFWUXPIRUIXQ
GDPHQWDO PRGH LV QHJOLJLEOH 7KHVHLVPLFEDVHVKHDUIRUFHVRIWKHILUVWPRGHIRU'&0
DQG'&+GXFWLOLW\FODVVKDYHWKHVDPHYDOXHZKLOHVKHDUIRUFHVIRUKLJKHUPRGHVGLIIHU
VOLJKWO\7KHUHLVDQHHGWRLQWURGXFHDXQLTXHGXFWLOLW\FODVVIRU5&KLJKULVHEXLOGLQJV
'XHWRWKHKLJKGHVLJQVKHDUIRUFHVLQ'&+ZDOOVLWLVSUDFWLFDOO\LPSRVVLEOHWRVDWLVI\
GHPDQGUHJDUGLQJGLDJRQDOFRPSUHVVLRQIDLOXUHRIWKHZHEGXHWRVKHDULQWKHZHE/DUJH
UHGXFWLRQ RI WKH VKHDU UHVLVWDQFH RI '&+ ZDOO FRQWUROOHG E\ GLDJRQDO FRPSUHVVLRQ DS
SOLHGWRJHWKHUZLWKPDJQLILFDWLRQRIVKHDUIRUFHVZLWKFXUUHQW(XURFRGHSURFHGXUHOLP
LWVWKHGHVLJQRI'&+GXFWLOHZDOOV)XOILOOPHQWRIVKHDUFRQWUROZRXOGRQO\EHSRVVLEOH
ZLWKXQUHDOLVWLFDOO\ODUJHZDOOWKLFNQHVVHV
)URPWKHDQDO\VLVRIWKHSRVVLELOLW\RIDFKLHYLQJWKHUHTXLUHGGLVSODFHPHQWGXFWLOLW\IRU
WKH'&+FODVVLWLVFRQFOXGHGWKDWWKHSUHVHQFHRIKLJKHUQRUPDOFRPSUHVVLRQIRUFHVLVD
OLPLWLQJIDFWRUZKHQDSSO\LQJWKH'&+GXFWLOLW\FODVV:LWKLQFUHDVLQJQXPEHURIVWRULHV
WKH DELOLW\ WR DFKLHYH WKH DSSURSULDWH YDOXH RI GLVSODFHPHQW GXFWLOLW\ FKDUDFWHULVWLF IRU
WKH'&+GXFWLOLW\FODVVGHFUHDVHV6XFKUHVXOWVLQGLFDWHWKHOLPLWDWLRQRIWKHDSSOLFDWLRQ
RIWKH'&+GXFWLOLW\FODVVWRWKHGHVLJQRI5&KLJKULVHEXLOGLQJVLQDFFRUGDQFHZLWK(X
URFRGH
$OOWKHVHIDFWVFOHDUO\LQGLFDWHWKDW5&KLJKULVHEXLOGLQJVVKRXOGEHGHVLJQHGDFFRUGLQJ
(XURFRGHSURYLVLRQVVSHFLILHGIRUPHGLXPGXFWLOLW\FODVVWDNLQJLQWRFRQVLGHUDWLRQWKH
ZHDNQHVVRIWKHH[LVWLQJSURFHGXUHIRUFDOFXODWLQJGHVLJQVKHDUIRUFH7KHQHHGRILQWUR
GXFLQJDVLQJOHPHGLXPGXFWLOLW\FODVVIRU5&KLJKULVHEXLOGLQJVLVSRLQWHGRXW
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SEISMIC PERFORMANCE AND RESILIENCE QUANTIFICATION OF
A ROCKING BRIDGE FRAME
∗
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Hung Hom, Hong Kong
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Abstract. Conventionally designed bridges, i.e. when the column is monolithically connected with the ground (ﬁxed-base), sustain considerable damage at the column ends after
severe earthquakes. Seismic damage often determines whether or not the bridge remains functional after an earthquake event. Rocking isolation, on the other hand, allows structural components to uplift and pivot; thus, in principle, it relieves the structure from excessive deformations
and damage. However, rocking isolation is still rarely applied in engineering practice, mainly
due to the lack of thorough understanding of its dynamic (seismic) performance and its postearthquake ﬁnancial beneﬁts. This paper redirects our attention to the main beneﬁts of rocking
design, and conducts a thorough seismic loss assessment adopting two different rocking bridge
conﬁgurations in terms of their post-earthquake economic losses and resilience. In particular,
this work extends the well-established performance-based earthquake engineering framework
to evaluate the seismic losses of the examined rocking structures accumulated following severe
seismic events and quantify their post-earthquake resilience. The analysis reveals the considerably mitigated seismic losses and the remarkable post-earthquake resilience that a rocking
bridge offers when carefully designed. In particular, even a slight modiﬁcation of the slenderness of the structure leads to a substantial enhancement of its seismic performance; reinforcing
its potential as an alternative seismic design paradigm for bridges. The above ﬁndings illustrate the considerable ﬁnancial beneﬁts of such innovative seismic-resistant structural systems,
which can serve as an efﬁcient seismic design paradigm for future bridge engineering applications.
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1

INTRODUCTION

Conventional bridge seismic design provides the necessary strength and ductility to the structure to withstand seismic forces and avoid collapse. Such a design concept, though, accepts the
“prize” of sustainable seismic damage after severe earthquakes. Seismic damage is an important measure that often determines whether or not a bridge remains operational following a
seismic event. Rocking design, on the other hand, relieves the structure from seismic damage
by allowing structural components to uplift and pivot during an earthquake. After the Chilean
earthquake in 1960, the seminal work of Housner [1] revealed the beneﬁts of rocking design and
triggered a thorough investigation on the seismic performance [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]
of various rocking structural systems [13, 14, 15, 16, 17, 18].
The mechanical conﬁguration of the single-column frame of Fig. 1, where the column is
monolithically connected with the footing (or base) while the column-base system can detach
from the ground when subjected to a ground motion, is particularly attractive for bridge design.
Various studies have experimentally and/or numerically investigated its seismic performance
highlighting: (i) the mitigated seismic forces that are transmitted to the column of the structure; and (ii) the negligible seismic damage and small residual displacements that the rocking
structure sustains [19, 20, 21, 22, 23, 24]. On the other hand, the analytical studies that focus on the potential post-earthquake ﬁnancial beneﬁts of rocking structures still remain scarce.
Modelling the structural system of Fig. 1 as a two degree-of-freedom oscillator, Giouvanidis
and Dong [25] compared the seismic performance of a (single-column) rocking versus a conventionally designed (ﬁxed-base) bridge. That study revealed the remarkable post-earthquake
ﬁnancial beneﬁts that a rocking bridge offers when carefully designed.
This research is motivated by the lack of analytical studies that thoroughly quantify the postearthquake ﬁnancial beneﬁts of a rocking bridge. In particular, it extends the well-established
performance-based earthquake engineering framework to investigate the seismic performance
of two rocking bridge conﬁgurations and to unveil the inﬂuence of design parameters (i.e. slenderness) on their functionality and resilience in the aftermath of severe seismic hazard scenarios.
In this context, this research study: (i) redirects our attention to the main beneﬁts of rocking design (e.g. seismic loss, post-earthquake resilience); and (ii) paves the way for a more holistic
seismic assessment framework of single-column rocking bridges.
2

ANALYTICAL MODELLING OF A ROCKING BRIDGE FRAME

Fig. 1 illustrates the examined single-column rocking bridge frame. Assuming rigid ground
conditions and no sliding at the rocking interface allow the structure to uplift and pivot during an
earthquake exhibiting planar rocking motion. When the rocking structure of Fig. 1 remains in
full contact with the ground, it behaves as a single degree-of-freedom system. Thus, its motion
is captured by the deformation of the column u. After rocking commences, the motion of the
rocking structure is captured by both the deformation of the column u and the rocking rotation
φ of the base [26, 27].
Consider the rocking oscillator of Fig. 1 with a concentrated mass m at height h. The
column has a total mass of mc and elastic stiffness of EI uniformly distributed along its
length. The rigid base has mass mb and width 2b. For simplicity, assume the lumped mass
m creates no moment of inertia, while the rigid base creates moment of inertia with respect to
its center of mass equal to Imb = (1/3) mb b2 . The equations of motion of the rocking oscillator

3710

Anastasios I. Giouvanidis and You Dong

u
11

m

URFNLQJ h
LQWHUIDFH

Rm Į

mc

mb

כ

ʇ

2b
Figure 1: Typical single-column rocking bridge frame (left) modelled as a two degree-of-freedom oscillator (right)

can be derived using the general form of the Lagrange’s equation:
d
dt





d
dt

∂L
∂L
= Q,
−
∂ u̇
∂u





∂L
∂L
=0
−
∂φ
∂ φ̇

(1)

where L = T − V , with T the kinetic energy, V the potential energy and Q the generalized
force, whose mathematical derivations are for brevity omitted herein (see [25] for more details).
While the oscillator of Fig. 1 exhibits planar rocking, the equations that describe its motion
become [25]:
!

!

33
m + 140
mc ü + m + 11
m hφ̈ =
40 c!
*
! ,
3EI
33
−C u̇ − h3 u + m + 140 mc u − sgn (φ) m + 38 mc b φ̇2
!
!
−üg m + 38 mc cos φ + g m + 38 mc sin φ

m+

11
m
40 c

!

(

hü +

(Imb + mb b2 ) +!m (h2 + b2 ) + mu2 − sgn (φ) 2mbu
33
+mc 13 h2 + b2 + 140
mc u2 − sgn (φ) 34 mc bu
!

(2)
)

φ̈ =

!

− 2m + 33
m uu̇φ̇ + sgn (φ) 2m + 34 mc bu̇φ̇
70 c
(
)
−sgn (φ) (m!+ mb + mc ) b sin φ !
+ üg
− m + 12 mc h cos φ + m + 38 mc u sin φ
(
)
−sgn (φ) (m!+ mb + mc ) b cos φ !
+g
+ m + 12 mc h sin φ + m + 38 mc u cos φ

(3)

whereas when it remains in full contact with the ground, the pertinent equation of motion becomes:
33
3EI
3
mc ü = −C u̇ − 3 u − üg m + mc
m+
(4)
140
h
8
where C is the damping coefﬁcient responsible for the energy loss while the structure vibrates,
sgn (φ) is the signum function of the rocking rotation φ and üg (t), g denote the ground and
the gravitational acceleration, respectively.
Rocking initiates when the overturning moment due to the external forces exceeds the restoring moment of the structural system. Hence, uplift occurs when [25]:
m + 11
m
40 c
±h
33
m + 140 mc

(

C u̇ + 3EI
u
h3
!
+üg m + 38 mc

)

∓ üg

1
m + mc h − g
2

371

(

(m + mb + m!c ) b
∓ m + 38 mc u

)

> 0 (5)
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where the upper sign denotes clockwise rotations and the lower sign counter-clockwise rotations.
During rocking, the smooth motion of the structure is interrupted by nonsmooth events (i.e.
impacts) when φ = 0 and kinetic energy is lost. Following [28, 29], this study assumes totally
inelastic impacts, where the rocking oscillator remains in full contact with the ground after
each impact and uplifts when the condition of Eq. (5) is met. Under these assumptions, the sole
post-impact unknown is the ﬂexural velocity u̇+ . Conservation of angular momentum gives
[25]:
u̇+ = u̇− +

Imb − mb b2 + mc −b2 + 13 h2 +
m+

33 2
u
140

11
m
40 c

!

!

+ m (−b2 + h2 + u2 )

h

φ̇−

(6)

where u̇− and φ̇− denote the pre-impact ﬂexural and angular velocity, respectively.
3

RESILIENCE-BASED EARTHQUAKE ENGINEERING ASSESSMENT OF THE
EXAMINED ROCKING BRIDGE FRAMES

To evaluate the seismic performance of a structural system, the Paciﬁc Earthquake Engineering Research (PEER) Center proposed the performance-based earthquake engineering (PBEE)
framework [30, 31]. The PBEE analysis allows for a quantitative assessement of the seismic
performance of a structural system in terms of engineering parameters, such as the expected
seismic loss accumulated in the aftermath of an earthquake. The PBEE framework encompasses four steps: hazard analysis, structural analysis, damage analysis and loss analysis. The

Figure 2: Resilience-based earthquake engineering framework
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Figure 3: Hazard curve (in logarithmic scale) for the area of focus after conducting the probabilistic seismic hazard
analysis

PBEE framework, though, does not incorporate the post-earthquake functionality and resilience
of the structure, which are also important indicators of its seismic performance. On the other
hand, the resilience-based earthquake engineering (RBEE) framework of Fig. 2 focuses on mitigating the earthquake-induced risks to enable rapid recovery of the structure in the aftermath
of severe earthquakes [32]. Therefore, the RBEE appears to be a more holistic approach and it
is considered as an extension of the PBEE in the design process (Fig. 2).
3.1

Hazard Analysis

To perform the probabilistic seismic hazard analysis (PSHA), this section assumes that the
examined rocking bridge frames are located in California laying on a strike-slip fault. The
minimum and maximum moment magnitudes Mw are taken as 5.5 and 8, respectively, while
the shear wave velocity is Vs,30 = 480 m/s. The Joyner-Boore distance is RJB = 5 km. The
intensity measure (IM) considered herein is the peak ground velocity (P GV ) as it was shown
to be the most critical for overturning various rocking conﬁgurations [33, 34]. To connect the
earthquake events that are likely to appear in the examined area (i.e. California) with their
annual frequency of exceedance, the Gutenberg-Richter recurrence law is adopted [35, 36]:
log10 λM = 3.94 − 0.89 · M

(7)

where λM is the frequency of the earthquakes with magnitudes greater than M . Fig. 3 plots
the hazard curve (in logarithmic scale) that provides the mean annual frequency of exceedance
λM of every earthquake that is likely to occur in the area of focus.
3.2

Structural Analysis

This section investigates the seismic response of two single-column rocking bridge frames
(Fig. 1). Each frame is part of a two-span (box-girder) bridge of total length L = 60 m and
width W = 10 m. Assume the lumped mass m is located at height h = 8 m, while the total
mass of the column and of the base is mc = 0.25m and mb = 0.15m, respectively. The two
rocking bridge frames have different slenderness α and subsequently different base-width 2b,
while they have the same height h. Consider one rocking frame with base-width 2b = 3 m and
slenderness α = 0.18 rad = π/17 (i.e. α < π/15 [37]), and another with base-width 2b =
4.6 m and slenderness α = 0.28 rad = π/11 (i.e. π/15 < α < π/10 [37]). Both structural
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Figure 4: Seismic response analysis of a rocking bridge frame with slenderness (a) α = 0.18 rad and (b) α = 0.28
rad (Fig. 1)
'

conﬁgurations have identical natural frequency ωn = 8p, where p = g/Rm  1.1 rad/sec
is the frequency parameter of both rocking oscillators, and Rm is the diagonal distance of
the lumped mass from the pivot points (Fig. 1). In addition, the analysis assumes a constant
damping ratio ζ = 5% when the examined rocking bridge frames exhibit rocking motion and
a reduced damping ratio when they remain in full contact with the ground (see e.g. [27] for
further details).
To perform the structural analysis, appropriate engineering demand parameters (EDPs) which
describe the motion of the two examined structural systems need ﬁrst to be deﬁned. This work
adopts as EDPs: (i) the absolute maximum ﬂexural deformation |umax | normalized with respect to the height h; and (ii) the absolute peak rocking rotation |φmax | normalized with respect
to the slenderness α (Fig. 1).
EDP1 =

|umax |
,
h

EDP2 =

|φmax |
α

(8)

For consistency, each rocking bridge frame is subjected to a series of strong ground motions
adopted from the Paciﬁc Earthquake Engineering Research (PEER) Center [38]. The adopted
ground motions consist of two horizontal components and one vertical. Both horizontal components are used separately, while the vertical component is ignored. To induce higher levels
of demand, a scale factor of 1, 1.25 and 1.5 is, respectively, assigned to the accelerograms of
the adopted database. Therefore, 960 response-history analyses are conducted for each of the
examined structural systems.
Fig. 4 illustrates the structural response of both rocking bridge frames with respect to the
adopted IM. Fig. 4 reveals that increasing the slenderness of the structure considerably mitigates
the rocking response |φmax | /α. However, note that, increase of the slenderness leads also to
an increase of the structural deformation |umax | /h and, subsequently, potentially higher levels
of damage. In addition, Fig. 4 shows that when the rotation |φmax | /α exceeds 1.5 times the
critical rotation φcr /α [27], the structure becomes dynamically unstable and overturns.
3.3

Damage Analysis

The seismic response of the rocking bridge frame of Fig. 1 is related to the damage occurred at the structure through appropriate damage measures. This work assumes that damage
is occurred only at the column of the structure due to seismic forces [39]; all other kinds of
damage are ignored. When excessive damage occurs, the structure collapses and subsequently
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Damage
limit
state
LS1

Capacity limit
|umax |
h

=

LS2

|φmax |
α

= 0.35

LS3

|φmax |
α

= 1.5

ucr
h

Response
mode

Damage description

Rocking initiation

Slight concrete cracking and spalling at the
column. Onset of yielding of the reinforcing
bars. Column in operational condition (damage requires no more than cosmetic repair)
Moderate concrete cracking and spalling at
the column. Damage to the exposed reinforcing bars. Minimal residual displacements.
Column is still operational. Damage at the
pivot points and the abutments due to rocking
motion (column is structurally sound, damage is repairable)
Moderate concrete cracking and spalling at
the column. Damage to the exposed reinforcing bars. Minimal residual displacements.
Column is still operational. Damage at the
pivot points and the abutments due to rocking
motion (column is structurally sound, damage is repairable, the column-base system can
be reused after the applied repair methods,
the whole bridge needs to be reconstructed)

Safe rocking

φcr
α

!

Rocking
overturning

Table 1: Damage limit states of the rocking bridge frame of Fig. 1 [25].

the bridge needs to be reconstructed. In addition, when excessive rocking rotation occurs, the
rocking bridge might overturn, thus, reconstruction of the the bridge is again required. To
deﬁne the levels of the expected damage accumulated at the examined rocking bridge frames,
this work adopts the pertinent damage limits states proposed in Giouvanidis and Dong [25].
Table 1 illustrates the adopted damage limit states, where ucr /h is the critical deformation of
the column when rocking initiates (i.e. when the condition of Eq. (5) is met).
This section employs the fragility function ﬁtting method [40] to calculate the probability of
the examined structures to exceed the certain limit values that correspond to each damage limit
state. The ﬁtting methodology to calculate the probability of exceedance can be estimated following the maximum likelihood estimation (MLE) approach [40]. In general, the MLE method
calculates the fragility function parameters for which the assumed lognormal distribution attains
the highest likelihood of producing the observed data. Fig. 5 plots the fragility curves for both
rocking bridge frames (i.e. with slenderness α = 0.18 rad and α = 0.28 rad respectively).
Note from Fig. 5 that, indeed, increase of the slenderness of the structure considerably decreases
its probability of exceeding the certain damage limit states of Table 1.
3.4

Loss Analysis

The structural damage of the rocking bridge frames accumulated in the aftermath of a seismic
event, investigated in Section 3.3, is related to the seismic loss through decision variables, e.g.
the seismic (repair) loss. The seismic loss is deﬁned as the sum of the seismic consequences
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Figure 5: Fragility curves of a rocking bridge frame with slenderness (a) α = 0.18 rad, (b) α = 0.28 rad (Fig. 1)
with respect to the adopted intensity measure

(e.g. damage and subsequently repair cost) weighted with their probability of occurrence. The
expected seismic loss under the given IM can be expressed as [41]:
E (l) =

n


Ci · PLSi|IM

(9)

i=1

where Ci represents the seismic consequences, e.g. the repair costs associated with the given
damage limit state i, and PLSi|IM is the conditional probability of the structure to be at the
given damage limit state. The consequences of a seismic event Ci are quantiﬁed in monetary
values and expressed as the summation of the direct and indirect costs accumulated after an
earthquake event. This work considers only the direct costs, which are associated with the
reconstruction expenses and are directly related to the level of structural damage. Therefore, the
seismic consequence Ci associated with a given damage limit state is assumed proportional to
the reconstruction cost of the rocking bridge [42, 43, 41]:
Ci = RCRi · crec · W · L

(10)

where W and L are the bridge width and length respectively. crec is the reconstruction
cost (per square meter), which is translated into 2,306 $/m2 in present monetary values [44].
RCRi is the repair cost ratio that corresponds to each damage limit state. The repair cost ratios
are expressed as a percentage of the reconstruction cost of the bridge, and they differ from
damage limit state to damage limit state; the more severe the damage, the larger the repair cost
ratio. Table 2 presents the pertinent repair cost ratio values for each damage limit state of the
rocking bridge frame of Fig. 1 [45, 25].
To assess the expected seismic losses of the examined rocking structures, this study considers
nine different seismic hazard scenarios. These scenarios correspond to seismic events with
TR = 40, 72, 125, 225, 475, 975, 1,485, 2,475 and 4,975-year return period, which translate
into a probability of 71%, 50%, 33%, 20%, 10%, 5%, 3%, 2% and 1%, respectively, that at
least one such event will occur in the next 50 years in the area of focus. The hazard curve of
Fig. 3 provides the intensities in terms of P GV values that correspond to the adopted seismic
hazard scenarios, i.e. 0.37, 0.51, 0.65, 0.83, 1.08, 1.36, 1.53, 1.76 and 2.11 m/s, respectively.
Fig. 6 presents a comparison of the two rocking bridge structures in terms of the expected
seismic loss accumulated after the considered seismic hazard scenarios normalized with respect
to their construction cost. Note that, even though the two rocking structures have slightly different geometry (i.e. due to the different base-width 2b), for simplicity, this work assumes that
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Downtime (days)
[45, 46]
Mean Standard
deviation
0.6
Repair slight concrete cracking/spalling at the 0.6
column (epoxy injection, patch with concrete,
etc.)
2.7
Repair moderate concrete cracking/spalling at 2.5
the column, repair damaged reiforcing bars
(patch with concrete, reinforce and recast,
etc.). Repair damage at the pivot points and
the abutments
22
Repair moderate concrete cracking/spalling at 46
the column, repair damaged reiforcing bars
(patch with concrete, reinforce and recast,
etc.). Repair damage at the pivot points and
the abutments. Reuse the column-base system
after the applied repair methods. Reconstruction of the whole bridge

Damage
Repair cost
limit
Repair methods description
ratio [45]
state
LS1

0.03

LS2

0.08

LS3

1

Table 2: Repair cost ratio and downtime values for each damage limit state of the rocking bridge frame of Fig. 1
[25].

they have the same construction cost (i.e. 2,306 $/m2 [44]). Fig. 6 unveils that even a slight
modiﬁcation of the slenderness of the rocking frame can lead to a drastic decrease of the seismic losses. Note that, even under a severe seismic event (i.e. with TR = 4,975-year return
period and 1% probability of occurrence in the next 50 years), the rocking bridge with larger
slenderness yields seismic losses equivalent to 50% of the construction cost of the bridge; a
considerable post-earthquake ﬁnancial beneﬁt. For all the remaining seismic hazard scenarios
examined herein, the pertinent seismic losses are less than 25% of the construction cost of the
bridge. A further decrease on the expected seismic losses can be achieved by enhancing further its seismic performance, thus, decreasing its seismic fragility (Fig. 5), via the use of e.g.
additional re-centering and/or energy dissipation capacity; increasing in that way, though, its
construction cost. However, such an analysis is beyond the scope of the present study.
3.5

Resilience quantiﬁcation

Resilience, as a performance indicator, quantiﬁes the recovery (or restoration) functions of
a structural system following a seismic event. In general, after an earthquake, repair methods are applied to the damaged structure and its functionality starts enhancing. The expected
(dimensionless) time-variant functionality Q (t) can be expressed as [47]:
Q (t) =

n


F Ri (t) · PLSi|IM

(11)

i=1

where PLSi|IM is the conditional probability of the structure to be at the given damage limit
state, and F Ri (t) denotes the functionality restoration process of the structure for each damage
limit state. This study models the functionality restoration process of the examined rocking
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=0.18 rad
=0.28 rad

Figure 6: Expected seismic loss normalized with respect to the construction cost of the examined rocking bridges
in the aftermath of various seismic hazard scenarios

structures as a normal cumulative distribution function corresponding to each damage limit
state i [48, 45]:
(

)
t − μdi
1
F Ri (t) =
1 + erf √
(12)
2
2σdi
where μdi and σdi represent the mean and standard deviation, respectively, of the time during
which the bridge is under restoration (i.e. downtime). HAZUS [45] proposed appropriate mean
and standard deviation values of downtime (in days) for conventionally designed (ﬁxed-base)
bridges. To estimate the downtime values for rocking bridges, Mantawy et al. [46] experimentally compared the seismic performance of a rocking versus a conventionally designed
(ﬁxed-base) bridge. That study showed that the construction time of the rocking bridge is (on
average) 5 times lower than the construction time of the ﬁxed-base bridge. In other words,
the downtime of the rocking structure is considered as 1/5 of the downtime of the ﬁxed-base
structure. Following [46], Table 2 presents the pertinent mean and standard deviation values of
downtime for the rocking structures of Fig. 1 [25]. The resilience of the rocking structure of
Fig. 1 under the investigated time-interval (i.e. Δt = 365 days) can be expressed as [49]:
1
R=
Δt

t0 +Δt

Q (t) dt

(13)

t0

where t0 indicates the time-instant the seismic event occurs.
=0.18 rad
=0.28 rad

Figure 7: Resilience of the examined rocking bridges when subjected to different seismic hazard scenarios under
the investigated time-interval of Δt = 365 days
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Fig. 7 quantiﬁes the resilience of the examined rocking bridge structures; the closer to unity
the more resilient the structure. Speciﬁcally, Fig. 7 illustrates that both rocking bridges show
remarkable resilience in the aftermath of severe earthquake events under the investigated timeinterval Δt. However, the rocking bridge with larger slenderness exhibits (slightly) enhanced
resilience after all the examined seismic hazard scenarios. Note that, its resilience starts deteriorating only when a maximum considered earthquake occurs (i.e. with TR = 2,475-year
return period and 2% probability of occurrence in the next 50 years). In sum, Figs 6, 7 reveal
the remarkable post-earthquake ﬁnancial beneﬁts (i.e. decreased seismic losses and increased
resilience) that a rocking bridge offers when carefully designed.
4

CONCLUSIONS

This work investigates the seismic performance of two rocking bridge frames, which are particularly attractive for bridge design. For the purposes of the present analysis, this work extends
the well-established performance-based earthquake engineering (PBEE) framework to compare
the two rocking structures in terms of their seismic fragility and the accumulated seismic losses
in the aftermath of extreme hazard scenarios. In addition, it extends the PBEE approach to
quantify their post-earthquake resilience adopting a more holistic resilience-based earthquake
engineering framework.
The analysis reveals the considerably mitigated seismic losses that a rocking bridge offers
when carefully designed. In particular, this study shows that a slight modiﬁcation of the slenderness of the structure can lead to a drastic decrease of its post-earthquake ﬁnancial losses.
Further, results show that even under an extreme seismic hazard event, i.e. with 1% probability of occurrence in the next 50 years and TR = 4,975-year return period, the rocking bridge
frame with larger slenderness yields ﬁnancial losses equivalent to 50% of the construction cost
of the bridge; a considerable post-earthquake ﬁnancial beneﬁt. Importantly, this paper also
unveils the remarkable post-earthquake resilience of the examined rocking bridge structures.
Speciﬁcally, modifying the slenderness of a rocking bridge enhances its resilience against various seismic hazard scenarios. Importantly, when a rocking bridge is carefully designed, it
sustains its resilience at the highest level till a maximum considered earthquake occurs (i.e.
with TR = 2,475-year return period and 2% probability of occurrence in the next 50 years).
The above ﬁndings redirect our attention to the considerable post-earthquake ﬁnancial beneﬁts
of rocking isolation, which can serve as an efﬁcient seismic isolation technique for future bridge
engineering applications.
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Abstract. Seismic performance of structural systems is assessed by performing fragility analysis. Generally, downstream of this analysis, fragility curves are estimated in order to obtain
the structural system performance. Seismic fragilities are the probability that the structural
response of a system overcomes speciﬁed limit states for given seismic intensity measure. The
most widespread procedure to estimate seismic fragility curves is based on scaling seismic
accelerograms by a reference intensity measure (e.g. single/multiple ordinates of the pseudoacceleration response spectrum or peak ground acceleration). Recently, it was shown that this
methodology gives limited if any information on the structural seismic performance when the
dependence between the intensity measure and the system demand parameter of interest (e.g.
max inter-story displacement) is weak. This paper presents a general algorithm to improve
the accuracy in fragilities estimation when the dependence between the intensity measure and
the demand parameter is weak and the widely used method in Performance-Based Earthquake
Engineering does not give accurate results. The proposed algorithm is based on a linear transformation of samples of a given intensity measure, which improves the correlation with a set
of demand parameters. Fragility curves are obtained using the transformed intensity measure
samples and compared with those estimated with the standard approach. The effectiveness of
the proposed algorithm is demonstrated for an actual multi-degree of freedom structural system.
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1

INTRODUCTION

Seismic fragilities are the probability that the structural response of a system overcomes
speciﬁed limit states for given seismic intensity measure (IM s). Performance-Based Earthquake Engineering (PBEE) ambition is to evaluate structural efﬁciency by fragility analysis.
The Federal Emergency Management Agency (FEMA) recommends to estimate the seismic
fragility curve by an approach based on scaling the seismic accelerograms with a reference intensity measure IM [1]. This method is widely applied because it is simple and, together with
Monte Carlo simulation, it overcomes the problem of the limited number of natural recorded
ground motions available for fragility analysis.
Two groups of IM s are usually used to deﬁne the seismic fragilities: (i) functional of samples of seismic ground acceleration process A(t), such as peak ground acceleration (PGA);
(ii) functional of ﬁltered version of samples of A(t), e.g. single/multiple ordinates of pseudoacceleration response spectrum Sa (T ) for different structural system periods T [2, 3, 4]. In
particular, the IM s in the second group, that are widely used to deﬁne the fragilities, depend
on the system demand parameter D (e.g. max inter-story displacement) on which the analysis
is based [5, 6, 7, 8].
The usefulness of this procedures [1] based on scaled seismic ground motion acceleration
is indisputable, but it was shown that this methodology gives limited if any information on
the structural seismic performance when the dependence between the IM and D is weak [9].
Moreover, the dependence between these two variables (i.e. IM and D) depends on the seismic
direction, the intensity measure and the demand parameter considered [10, 11]. In particular,
assumed an IM , the dependence can vary signiﬁcantly with different seismic directions. For
example, the fragilities deﬁned as function of Sa (T ) for nonlinear single degree of freedom
(SDOF) system to a seismic acceleration process A(t) have large uncertainties when D and
Sa (T ) are weakly correlated. Furthermore, the fragilities deﬁned as function of multiple ordinates of Sa (T ) experience poor improvements if compared to the case of single ordinate of
Sa (T ). It was demonstrated that the dependence between IM s and various system demand
parameters, D, is weak for nonlinear system and also for complex multi-degree of freedom
(MDOF) linear structures [9, 10, 11]. This issue can be avoided by deﬁning the fragilities as
functions of parameters of the law of A(t). This approach was ﬁrst introduced in [12] and used
in [13, 14, 15] to estimate fragility surfaces. However, this approach requires a high computational cost.
This paper presents a general approach to improve the accuracy in fragilities estimation when
the dependence between the intensity measure IM and the demand parameter D is weak and the
widely used method in Performance-Based Earthquake Engineering [1] does not give accurate
results. This general method is based on a modiﬁed version of the current intensity measure
approach. In particular, once an IM is chosen it is mapped in a suitable space where D and the
IM are correlated. The proposed algorithm is based on a linear transformation of samples of
a given IM , which improves the correlation with a set of demand parameters. Fragility curves
are obtained using the transformed IM samples and compared with those estimated with the
standard approach. An actual multi-degree of freedom structural system, a school building in
Norcia, Italy, is considered as case study.
Finally, the effectiveness of the proposed approach is demonstrated by comparing the fragility
estimates obtained with a chosen seismic intensity measure and the its modiﬁed version.
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2

BACKGROUND

Let I be the set of demand parameters which yield a structural failure. The fragility can be
deﬁned as
Pf (ξ) = P (D ∈ I ⊂ R|IM = ξ)
= E[1(D ∈ I|IM = ξ)] =

fD|IM (x|ξ) dx

(1)

I

i.e. the probability that a structural system enters a damage state given a ground motion with
scalar/vector intensity measure IM = ξ, where 1(·) and fD|IM (·|ξ) are the indicator function
and probability density function (PDF) of the conditional variable D|(IM = ξ), respectively.
The fragility in (1) is usually estimated from the structural response to scaled seismic time
histories, a(t) of the stochastic process A(t) [16], and its accuracy depends on the scaling
procedure, the sample size and the IM s properties.
When D and IM are strongly dependent, the random variable D|IM has small variance, i.e.
fD|IM (·|ξ) is concentrated about its mean value. On the contrary, when D and IM are weakly
dependent the random variable D|IM has large variance. In the limit, fD|IM (·|ξ) becomes a
δ-function or D and D|IM have the same PDF when D and D|IM are perfectly correlated
or independent, respectively [9]. In the latter case, the fragility in (1) does not depend on ξ.
Within this context, especially if (1) is estimated by the commonly used method [1], it is crucial
to quantify the dependence between the demand parameter D and various IM deﬁnitions to
implicitly determine whether or not fragilities, deﬁned as function of the commonly used IM s,
can provide useful information for PBEE of actual complex multi-degree of freedom (MDOF)
linear and nonlinear structural systems. If the dependence between D and IM is strong, the
fragility Pf (ξ) gives accurate information [10, 11]. The opposite holds when the dependence
between D and IM is weak. Several statistical tools can be used to investigate the dependence
between the random variables D and IM , which includes correlation coefﬁcients, copula models and multivariate extreme value theory [9]. In this work the correlation coefﬁcient is used to
quantify the dependence between D and IM .
The IM s used in PBEE to scale seismic acceleration ground motion are divided into three
broad categories: (i) non-structures-speciﬁc scalar IM s; (ii) structures-speciﬁc scalar IM s;
(iii) vector-valued IM s. A complete classiﬁcation of the most known IM s in literature is
reported in [6]. In this work, two version of IM s are considered to estimate the fragilities
IM1 = P GA

(2)

IM2 = Sa (T1 , ζ1 )

(3)

where T1 is the ﬁrst period of the MDOF structural system with associated damping ratios ζ1 . It
is worth noting that the two IM s in Equations (2) and (3) are the most widely used in literature
[6].
3

THE MODIFIED INTENSITY MEASURE (IM ∗ )

Let X(t) be the response vector-valued process of an arbitrary MDOF structural system to
the ground acceleration A(t). The demand parameter is deﬁned as
D(j) = max |h(X(t))| ,
0≤t≤τ
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M. Ciano, M. Gioffrè, K. Thiele and M. Grigoriu

where τ is the time length of A(t), while h(·) is a function mapping the response X(t) into the
j-th system demand parameter (e.g. maximum displacement/acceleration) and m is the number
of demand parameters of interest. The dependence between the random variables D(j) , j =
1, . . . , m, and IM is a measure to quantify the accuracy in the estimation of Pf (ξ) [11]. When
this dependence is weak the widely used method in PBEE [1] does not give accurate results.
To overcome this issue it is proposed to replace samples of a chosen standard intensity measure
IM with a suitable linear transformation that modiﬁes the dependence with the selected demand
parameters samples. In particular, for each ns samples, ai (t), i = 1, . . . , ns , of the random
(j)
process A(t) the corrisponding IM and D(j) are evaluated, i.e. imi and di , i = 1, . . . , ns .
(j)
For each of these samples, the z-scores z(di ) and z(imi ), i = 1, . . . , ns , of the standardized
random variables
D(j) − E[D(j) ]
z(D(j) ) =
, j = 1, . . . , m
(5)
σ(D(j) )
z(IM ) =

IM − E[IM ]
σ(IM )

(6)

are computed, respectively. It is worth noting that if the random variables deﬁned in Equations
(5) and (6) are linearly dependent, the correlation coefﬁcient is equal to one and the scatter plots
(j)
of pairs of samples z(di ) and z(imi ) describe straight line. Given the demand parameter D(j) ,
(j)
for each pair of samples z(di ) and z(imi ) it is possible to evaluate the distance from perfect
correlation
(j)
(j)
ei = |z(di ) − z(imi )| , i = 1, . . . , ns , j = 1, . . . , m
(7)
and estimate the average distance of the j demand parameters
1  (j)
e ,
ēi =
m j=1 i
m

i = 1, . . . , ns .

(8)

The samples obtained with Equation (8) can be considered as realizations of a random variable
Ē. The linear transformation
im∗i = [z(imi ) + ēi ]σ(IM ) + E[IM ] ,

i = 1, . . . , ns

(9)

gives samples that can be considered the realizations of a new intensity measure IM ∗ .
The procedure reported above describes a general algorithm that can be used to transform
any intensity measure IM (e.g. Eqs (2) and (3)) into samples of its modiﬁed version, IM ∗ . It is
worth noting that for m = 1 (i.e. one demand parameter), the correlation estimated from the ns
samples of D and IM ∗ is exactly one. When m > 1 it is not possible to have perfect correlation,
but the correlation between D(j) and IM ∗ is signiﬁcantly higher than the one estimated from
samples of D(j) and IM .
It follows that the IM ∗ samples obtained with Equation (9) can be used to scale the ground
acceleration records to build fragility curves that give more accurate information on the structural system performance when compared with the standard intensity measures.
4

CASE STUDY

The procedure described in the previous Section is used to build fragility curves of a structural system of a school in Norcia (Italy) that was affected by the 2016 earthquake sequence.
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Figure 1: Seismic directions used in the analyses and reference node locations.

The structural system consists of a reinforced concrete frame (RCF) on four ﬂoors with a dissipative bracing system, made of Buckling-Restrained Axial Dampers (BRAD), and inverse
beams foundation. The RCF and foundation are modeled with classical beam elements, while
the BRAD elements are modeled with the constitutive law described in [17]. The obtained numerical model details on the school building and the model modal parameters are reported in
[10].
Linear analyses are performed to evaluate the structural response. In this work the maximum
absolute inter-story displacement in the y-direction Ddy (Fig. 1) is considered as demand parameter in the fragility analysis. It is well known that the maximum inter-story drift is correlated
with different damage states [18] and, in general, it gives information for the porformance-based
seismic assessment.
The strong event recorded in Norcia on October 30th, 2016 is used to calibrate the stochastic
non-stationary process A(t). Structural analyses are developed for each samples of the process
A(t) = {Ax (t); Ay (t)}, i.e. A(t) is a two-varied stochastic process, that acts in x and y globaldirections of the ﬁnite element numerical model (FEM) (Figure 1). The non-stationary model
described in [19, 20] is used to generate samples ax (t) and ay (t) of Ax (t) and Ay (t), respectively. The probabilistic model used for A(t) is calibrated with actual time histories recorded at
the school base during the October 30th, 2016 earthquake.
The demand parameter Ddy is obtained by a three-step Monte Carlo algorithm: (i) ns ground
motion acceleration time series an (t) of the process An (t), n = x, y, are generated using the
method proposed in [19]; (ii) linear time domain numerical dynamic structural analyses are
used to obtain response samples x(t) of X(t) assuming proportional damping ratio ζ = 5%; (iii)
(1)
(2)
(m)
ns samples of the random vector Ddy = {Dy , Dy , . . . , Dy } are computed using Equation
(4). In this case study the interstorey drifts in y-direction at the m = 12 node positions shown
in Figure 1 are selected as demand parameters.
4.1

Improving dependence between D and IM
(j)

In this section, ﬁrst scatter plots and the correlation between the random variables Dy and
the two IM s in Equations (2) and (3) are investigated. Second the dependence is improved
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Figure 2: Scatter plots of ns = 500 samples of (P GAy , Ddy ) and (Say (T1 ), Ddy ) at node #12.
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Figure 3: Scatter plots of ns = 500 samples at node #12: (z(P GAy ), z(Ddy )) red dots, (z(P GAy )+ Ēy , z(Ddy ))
green crosses (left panel); (P GAy , Ddy ) red dots, (P GAy ∗ , Ddy ) green crosses (right panel).
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Figure 4: Scatter plots of ns = 500 samples at node #12: (z(Sa y (T1 )), z(Dd y )) blue dots, (z(Sa y (T1 )) + Ēy ,
z(Ddy )) magenta crosses (left panel); (Say (T1 ), Ddy ) blue dots, (Say ∗ (T1 ), Ddy ) magenta crosses (right panel).
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with the procedure described in Section 3.
Figure 2 shows scatter plots of ns = 500 samples of the seismic drift in y-direction Ddy =
j = 12, (Fig. 1), against the two intensity measures IM ly , l = 1, 2 (Eq. (2)-((3))
estimated from samples of Ay (t) from left to right, respectively, together with the estimated
correlation coefﬁcient ρ. Damping ratio ζ1 = 5% is assumed for IM2y . The results presented
in the left panel of Figure 2 demonstrate that the peak ground acceleration in the y-direction,
P GAy = IM 1y , represents an unsatisfactory intensity measure given the low value of the
correlation coefﬁcient, ρ = 0.31, between Ddy and IM 1y . The fragility estimated using this
IM would provide poor information on the seismic structural performance. In the present case,
the same holds for IM 2y = Say (T1 ) since the conditional random variable Ddy |IM 2y has large
variance (i.e. Ddy and IM 2y are low correlated). In general, when using the intensity measure
in Equation (3), it was demonstrated that IM 2n , n = x, y, can be both strongly and weakly
correlated with the demand parameter depending on the selected structural response of interest
and the earthquake direction [11].
The initial correlation between the chosen m demand parameters and the IM s described
above can be improved using the procedure presented in Section 3. Samples of the demand parameters and the two intensity measures in Figure 2 are ﬁrst transformed into their standardized
versions using Equations (5) and (6) and the distance from perfect correlation is evaluated by
Equation (7) for each of the m demand parameters. Then, the ns average distances are evaluated using Equation (8) and collected in the vector Ēy that is used to correct the samples of
z(IM ly ), l = 1, 2. The last step is to evaluate samples of the modiﬁed intensity measure IM ∗
using Equation (9).
Figures 3 and 4 show the obtained results for the intensity measures IM 1y = P GAy and
IM 2 y = Sa y (T1 ), respectively. In particular the left panels report the scatter plots and the
correlation coefﬁcients before and after the correction in the standardized space, i.e. (z(IM ly ),
z(Ddy )), and (z(IM ly ) + Ēy , z(Ddy )), l = 1, 2, respectively. The right panels report the scatter
plots of the same samples (before and after the correction) linearly transformed back into their
original space by Equation (9), i.e. (IM ly , Ddy ), and (IM ly ∗ , Ddy ), l = 1, 2, respectively. In
these ﬁgures the scatter plots with IM 1y = P GAy are red dots and green crosses, before and
after the correction, respectively, while those with IM 2y = Say (T1 ) are blue dots (before) and
magenta crosses (after).
The two ﬁgures demonstrate the ability of the proposed algorithm to improve the correlation between the selected demand parameters and intensity measures. This will result into an
improved accuracy in the fragility curves.
Is interesting to note that the linear transformation of the intensity measure samples obtained
in this case study does not signiﬁcantly change the intensity measures ﬁrst four statistical moments. Figures 5-6 show the probability density functions (PDFs) and the ﬁrst four statistical
moments estimated from samples of the original intensity measures IM ly , l = 1, 2 (left panels)
and their modiﬁed versions IM ly ∗ (right panels). In particular, Figure 5 shows the results for
IM 1y = P GAy , while Figure 6 refers to IM 2y = Say (T1 ).
(j)
Dy ,

4.2

Estimation of fragility curves

The seismic fragility analysis, as also recommended by FEMA, is commonly based on a foursteps algorithm consisting of scaling seismic accelerograms by a reference IM . In particular,
in this paper the following steps are considered
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Figure 6: Estimated PDF for ns = 500 samples of Say (T1 ) (left panel) and Say ∗ (T1 ) (right panel).

1. selection of a ﬁnite set of intensity measures {ξk }, k = 1, . . . , N ;
2. generation of ns = 500 independent samples an,i (t), i = 1, . . . , ns of An (t), n = x, y
using the method reported in [19];
3. for each of the values {ξk } scale the ns acceleration records, an,i (t), in order to have the
intensity level IM l y = ξk , ξk > 0, l = 1, 2;
4. for each of the values {ξk } estimate fragility as
P̂f (ξk ) =

ns


1(dk,i ∈ I)/ns

(10)

i=1

where 1(·) is the indicator function and dk,i , i = 1, . . . , ns , are samples of the demand parameters computed for each intensity level ξk by linear dynamic analysis. The previous four-steps
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Figure 7: Fragilities against intensity level ξ for different deﬁnitions of IM s and its modiﬁed version IM s∗ at
node #12, seismic drifts Ddy for limit state D̄dy = 2cm.

algorithm is used to estimate fragility curves using both samples of the original and the transformed intensity measures.
Figure 7 reports the obtained fragility curves of the inter-storey drift at node #12 for limit
state D̄dy = 2cm. It is worth noting that the fragility curves obtained with the modiﬁed intensity
measures (dash-dotted green and dotted magenta lines) are steeper than those estimated using
the original intensity measures (continuous red and dashed blue lines). This is consistent with
the lower variability (i.e. lower variance) of the conditional random variable D|IM ∗ .
5

CONCLUSION

In Performance-Based Earthquake Engineering the seismic fragilities are commonly estimated by the classical approach based on scaling the seismic accelerograms with a reference
intensity measure (IM ). For this method, a strong dependence is required between the demand
parameter D of the structural system, on which the fragility analysis is based, and the IM used
for scaling, in order to have accurate fragility curves. The approach provides limited if any
information on the seismic performance of the structural system for weak dependence between
D and IM .
The work presented in this paper proposed a general approach to improve the accuracy in
fragilities estimation when the dependence between the intensity measure IM and the demand
parameter D is weak and the widely used method in Performance-Based Earthquake Engineering does not give accurate results. In particular, samples of any chosen intensity measure IM
are linearly transformed in order to improve the correlation with a set of selected demand parameters. The new samples can be considered as realizations of a modiﬁed intensity measure
IM ∗ and used to scale the ground acceleration records to build fragility curves that give more
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accurate information on the structural system performance when compared with the standard
intensity measures.
The effectiveness of the proposed method in improving the fragility curves accuracy was
demonstrated on an actual multi-degree of freedom structural system of a school building in
Norcia (central Italy). The results demonstrate the effectiveness of the modiﬁed seismic intensity measure in fragility analysis. Work is in progress to investigate the accuracy of fragilities
based on modiﬁed intensity measures in nonlinear structural systems.
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Abstract.Structural pounding is prevalent in general during earthquake shaking for adjacent
structures in earthquake prone cities. In this study, the prevention of pounding effect is targeted by the optimal placement of viscous damping elements within the adjacent buildings.
One of the important reasons of the pounding phenomenon is the out of phase vibrations of
adjacent structures. A couple of adjacent structures which have different heights are modeled
as shear buildings to set the proposed method. The relative displacement, defined as the extraction of horizontal displacements of adjacent structures at the top level of the shorter
building, are chosen as the objective function to be minimized. In addition, reduction of relative displacement of the buildings and the effects of various vibration characteristics of each
building is investigated based on transfer functions. Equations of motion of a structure, which
are uncoupled when each structure is considered alone, become coupled when damping elements are placed in between the adjacent structures. The first mode response of the structures
is considered while the transfer function response is derived. Optimal designs are determined
for different total damping levels and different vibration characteristics of adjacent structures.
The results of numerical analyses reveal that optimal designs effectively decrease the relative
displacements between adjacent structures. Optimal designs are compared with the uniform
design and without damper cases. The numerical analyses show that the proposed optimal
damper design method in this study is vigorously effective for the prevention of pounding of
adjacent buildings.
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1

INTRODUCTION


,QWKLVVWXG\WKHSUHYHQWLRQRISRXQGLQJHIIHFWLVWDUJHWHGE\WKHRSWLPDOSODFHPHQWRIYLV
FRXVGDPSLQJHOHPHQWVZLWKLQWKHDGMDFHQWEXLOGLQJV,IWKHYLVFRXVGDPSHU¶V 9'V SKDVHRI
UHODWLYH DFFHOHUDWLRQ LV WKH VDPH ZLWK WKH SKDVH RI WKH PDLQ VWUXFWXUH¶V YHORFLW\ PD[LPXP
HQHUJ\GLVVLSDWLRQLVH[HFXWHGE\GDPSLQJIRUFHV7KHUHIRUH9'VPDQXIDFWXUHGDPSLQJIRUF
HVSURSRUWLRQDOWRGDPSLQJFRHIILFLHQWDQGUHODWLYHYHORFLW\EHWZHHQQHLJKERULQJVWRULHVDWWKH
VDPHHOHYDWLRQOHYHO>@$QDO\WLFDOPRGHOVRIGLIIHUHQWLPSDFWVKDYHEHHQGHYHORSHGWRGH
ILQHWKHVWUXFWXUDOUHVSRQVHRIDGMDFHQWVWUXFWXUHVGXULQJDQHDUWKTXDNH>@6WDYURXODNLVDQG
$EGDOOD >@ GHULYHG RSWLPDOLW\ FRQGLWLRQV E\ PLQLPL]LQJ SRWHQWLDO HQHUJ\ RI DGMDFHQW VWUXF
WXUHV-HQJHWDO>@SURSRVHGDPHWKRGFDOOHG6SHFWUDO'LIIHUHQFH0HWKRGDQG'RXEOH'LI
IHUHQFH &RPELQDWLRQ UXOH EDVHG RQ UDQGRP YLEUDWLRQ WKHRU\ ,Q RUGHU WR SUHYHQW SRXQGLQJ
/LQ>@GHYHORSHGDVWDWLVWLFDOPHWKRGRIWKHPHDQDQGVWDQGDUGGHYLDWLRQRIWKHVHSDUDWLRQ
GLVWDQFHRIDGMDFHQWEXLOGLQJVEDVHGRQWKHUDQGRPYLEUDWLRQWKHRU\9DOOHVDQG5HLQKRUQ>@
VWXGLHGSRXQGLQJSUREOHPEDVHGRQWKHUDGLXVRISVHXGRHQHUJ\=KDQJDQG;X>@FDOFXODW
HG RSWLPDO YDOXHV RI YLVFRHODVWLF GDPSHUV WR UHGXFH WKH PD[LPXP VHLVPLF UHVSRQVH XQGHU
UDQGRPVHLVPLFUHVSRQVH=KXDQG;X>@DQG=KXHWDO>@GHULYHGDQDO\WLFDOIRUPXODVWR
ILQGRSWLPDOSDUDPHWHUVRI0D[ZHOOPRGHOGHILQHG IRUIOXLGGDPSHUVXVHGWROLQNWZRDGMD
FHQW VWUXFWXUHV $OGHPLU DQG $\GLQ >@ SURSRVHG DQ DFWLYH FRQWURO DOJRULWKP IRU DGMDFHQW
VWUXFWXUHV.DVDLHWDO>@SURSRVHGDPHWKRGFDOOHGWKH³VSHFWUDOGLIIHUHQFH 63' PHWKRG´
EDVHGRQVSHFWUDODSSURDFK3UHYLRXVVWXGLHVKDYHVKRZQWKDW9'VSODFHGEHWZHHQDGMDFHQW
EXLOGLQJVDUHYHU\HIIHFWLYHLQUHGXFWLRQRISRXQGLQJFDVHV


7KHPRVWLPSRUWDQWUHDVRQIRUSRXQGLQJRIDGMDFHQWEXLOGLQJVLVWKHLUPRWLRQVDWGLIIHUHQW
SKDVHV,QWKLVVWXG\WRFRXQWHUZRUNWKHSRXQGLQJRIWZRDGMDFHQWEXLOGLQJVWKHDOORFDWLRQRI
9'VZKLFKDUHRSWLPDOO\SODFHGEHWZHHQWKHPLVVXJJHVWHG,QWKLVRSWLPDOGHVLJQRQHRIWKH
JUDGLDQEDVHGRSWLPL]DWLRQDOJRULWKPVZKLFKLV FDOOHG6WHHSHVW'LUHFWLRQ6HDUFK $OJRULWKP
6'6$  >@ LV DSSOLHG FRQVLGHULQJ WKH RSWLPDO FRQGLWLRQ WR ILQG RSWLPXP YLVFRXV GDPSHU
TXDQWLWLHVDQGWKHLUVHWWOHPHQWWRDGMRLQLQJVKHDUEXLOGLQJV7KHUHODWLYHGLVSODFHPHQWRIWRS
IORRURIWKHVKRUWHUEXLOGLQJDQGPLGGOHIORRURIWKHWDOOHUEXLOGLQJLVFRQVLGHUHGDVDQREMHF
WLYHIXQFWLRQWREHPLQLPL]HGLQIUHTXHQF\GRPDLQ7KHEHKDYLRUVRIWZRDGMDFHQWEXLOGLQJV
KDYLQJ GLIIHUHQW KHLJKWV DUHHYDOXDWHGZLWK DQG ZLWKRXWYLVFRXVGDPSHUV7KHUHIRUHWKHUH
GXFWLRQRIUHODWLYHWUDQVIHUIXQFWLRQGLVSODFHPHQW 85 EHWZHHQWKHWRSIORRURIVKRUWHUEXLOG
LQJ DQG PLGGOH IORRU RI WDOOHU EXLOGLQJ LV PRQLWRUHG WR GHWHFW WKH HIIHFWLYHQHVV RI RSWLPDOO\
GHVLJQHG9'VIRUSUHYHQWLRQDQGUHGXFWLRQRISRXQGLQJRIDGMDFHQWVKHDUEXLOGLQJV7KLVSUR
SRVHGGHVLJQPHWKRGLVWHVWHGXQGHU(O&HQWUR 16 JURXQGPRWLRQUHFRUGDVZHOO

2

FORMULATION OF THE PROBLEM

$VVKRZQLQ)LJXUHsQXPEHURIVWRULHVIRUVKRUWHUVKHDUEXLOGLQJ$RQWKHOHIWVLGHDQG
nQXPEHURIVWRULHVIRUWDOOHUVKHDUEXLOGLQJ%RQWKHULJKWVLGHDUHFRQVLGHUHG,Q)LJXUHkAs
DQGkBnDUHVWLIIQHVVHVRIWKHithIORRURIWKHEXLOGLQJV$DQG%,QWKHVDPHZD\mAsDQGmBn
DUHWKHIORRUPDVVHVUHVSHFWLYHO\7KHcAsDQGFBnZKLFKDUHDWWKHithIORRUIRUWKHEXLOGLQJV

$DQG%UHSUHVHQWWKHVWUXFWXUDOGDPSLQJFRHIILFLHQWVSURSRUWLRQDOWRIORRUPDVVHV7KHܿௗ௦


DQGܿௗ GHQRWHWKHDGGHGYLVFRXVGDPSHUVIRUSUHYHQWLRQRISRXQGLQJEHWZHHQWKHDGMDFHQW
EXLOGLQJV$DQG%
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B - Building
mBn
cBn

kBn
mB(n-1)

A - Building
mAs
kAs

cAs

kA2

kA1

cad(s-1)

cA(s-1)

kBs
mB(s-1)

cB(s-1)

mA3
kA3

mBs
cBs

mA(s-1)
kA(s-1)

kB(n-1)

cB(n-1)
cads

cad3

cA3

kB(s-1)
mB3

cB3
mA2

cad2

mA1

cad1

cA2

kB3
mB2

cB2

cB1

cA1

kB2
mB1
kB1



)LJXUH$GMDFHQWEXLOGLQJV$DQG%ZLWKDGGHGYLVFRXVGDPSHUV

7KHHTXDWLRQRIPRWLRQRIWKHVKHDUEXLOGLQJV$DQG%FDQEHVHSDUDWHO\H[SUHVVHGDVIRO
ORZV



  
ࡹ ࢟ሷ  ሺݐሻ   ࢟ሶ  ሺݐሻ  ࡷ ࢟ ሺݐሻ ൌ ࡹ ࢘ ݕሷ ሺݐሻ

ࡹ ࢟ሷ  ሺݐሻ   ࢟ሶ  ሺݐሻ  ࡷ ࢛ ሺݐሻ ൌ ࡹ ࢘ ݕሷ ሺݐሻ 

  

,QWKHVHHTXDWLRQVࡹ ࡹ   ࡷ ࡷ UHSUHVHQWPDVVVWUXFWXUDOGDPSLQJDQGVWLIIQHVV
FRHIILFLHQWPDWULFHVRIWKHEXLOGLQJV$DQG%UHVSHFWLYHO\࢟ ሺݐሻDQG࢟ ሺݐሻGHQRWHGLVSODFH
PHQWYHFWRUVRIWKHEXLOGLQJV$DQG%DQGRYHUGRWVVKRZWKHGHULYDWLYHVDFFRUGLQJWRWLPH
ݕሷ ሺݐሻLVWKHKRUL]RQWDOJURXQGDFFHOHUDWLRQ࢘ DQG࢘ DUHLQIOXHQFHYHFWRUVZKLFKFRQVLVWRI
RQHVDQG]HURVIRUWKHEXLOGLQJV$DQG%7KHDGMDFHQWVKHDUEXLOGLQJV$DQG%DUHPRGHOHG
ZLWKDGGHGYLVFRXVGDPSHUVZKLFKDUHORFDWHGEHWZHHQWKHP7KHHTXDWLRQRIPRWLRQRIWKH
FRPELQHGV\VWHPFDQEHZULWWHQDVIROORZV




  
ࡹ࢟ሷ ሺݐሻ  ࢟ሶ ሺݐሻ  ࡷ࢟ሺݐሻ ൌ ࡹ࢘ݕሷ ሺݐሻ

ࡹ ࡷ LQGLFDWH PDVV GDPSLQJ DQG VWLIIQHVV PDWULFHV RI WKH V\VWHP FRPSRVHG RI DGMDFHQW
EXLOGLQJV$DQG% ࢟ሺݐሻLVWKHV\VWHPGLVSODFHPHQWYHFWRU7KHV\VWHPLQIOXHQFHYHFWRUFDQ
EHGHILQHGDV࢘ ^`ࡹ ࡷ FDQEHGHWDLOHGIXUWKHUDVIROORZV

ࡹ

൨




  
ࡹൌ 
 ࡹ


ࡷ
൨




  
ࡷൌ 
 ࡷ
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ൌ





൨  ௗ 








  


LQZKLFKLVWKHQXOOYHFWRUDQGWKHDGGHGPDWUL[ௗ SODFHGEHWZHHQDGMDFHQWEXLOGLQJV$
DQG%FDQEHGHILQHGDVIROORZV

  ௗ
ௗ ൌ ቈ ௗ



  
  
ௗ ௗ

ൌ െௗ 
ZKHUHௗ

7KH)RXULHUWUDQVIRUPRIV\VWHPHTXDWLRQIRUWKHDGMDFHQWEXLOGLQJVFDQEHH[SUHVVHGDVIRO
ORZV


  
ሺࡷ  ݅߱ െ ߱ଶ ࡹሻࢅሺ߱ሻ ൌ െࡹܻ࢘ሷ ሺ߱ሻ 

,QWKLVHTXDWLRQࢅሺ߱ሻLV WKH)RXULHUWUDQVIRUP RIGLVSODFHPHQW YHFWRUሺ࢚ሻ DQGܻሷ ሺ߱ሻLV WKH
)RXULHU WUDQVIRUP RI KRUL]RQWDO JURXQG DFFHOHUDWLRQݕሷ ሺ ݅ ݐൌ  ξെͳGHQRWHV WKH LPDJLQDU\
XQLW

7KHIORRUGLVSODFHPHQWWUDQVIHUIXQFWLRQࢁ ሺ߱ሻRIWKHDGMDFHQWEXLOGLQJVFDQEHH[SUHVVHGDV
IROORZV

ࢁ ሺ߱ሻ ൌ െሺࡷ  ݅߱ െ ߱ଶ ࡹሻିଵ ࡹ࢘


  

3

DEFINITION OF THE OPTIMIZATION PROBLEM


7KHkthYDOXHRIUHODWLYHGLVSODFHPHQWWUDQVIHUIXQFWLRQRIWKHsthIORRU OHYHOZKLFKLVDOVRWKH
REMHFWLYHIXQFWLRQWREHPLQLPL]HGFDQEHGHILQHGDV


  
ܷோ ሺ߱ሻ ൌ ȁܷ௦ ሺ߱ሻȁ െ ȁܷ ሺ߱ሻȁ 

7KHREMHFWLYHIXQFWLRQRIWKHSUREOHPFDQEHPLQLPL]HGXVLQJWKH6'6$PHWKRG>@FRQVLG
HULQJRSWLPDOFRQGLWLRQV,WJLYHVWKHRSWLPXPGDPSLQJGLVWULEXWLRQDQGWKHWUDQVIHUIXQFWLRQ
JLYHVWKHYDOXHRIWKHSHDNGLVSODFHPHQW7KHUHDUHDQDFWLYHWRWDORIGDPSHUVDQGRQHSDVVLYH
FRQVWUDLQWDVPDQ\DVWKHQXPEHURIGHVLJQYDULDEOHVLQHDFKGDPSHU$FWLYHDQGSDVVLYHUH
VWULFWLRQVRQWKHWRWDORIWKHGDPSHUVDGGHGFDQEHZULWWHQDVIROORZV


σୀଵ ܿҧௗ ൌ ܹ





 

Ͳ ൏ ܿௗ ൏  ܿҧௗ  i=1,…,n  


 

ܹǡ ܿҧௗ DUHDQXSSHUOLPLWYDOXHJLYHQIRUWKHVXPRIWKHGDPSLQJFRHIILFLHQWVRIWKHGDPSHUV
DQGWKHJLYHQXSSHUOLPLWYDOXHIRUWKHGDPSLQJFRHIILFLHQWRIHDFKGDPSHUUHVSHFWLYHO\/D
JUDQJLDQ L IXQFWLRQDOXQGHUWKHVHOHFWHGREMHFWLYHIXQFWLRQDQGFRQVWUDLQWVLVJLYHQDV
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ܮሺܿҧௗ ǡ ߣǡ ߤǡ ߥሻ ൌ ܷோ ሺ߱ሻ  ߣሺσ ܿҧௗ െ ܹሻ  σୀଵ ߤ ሺͲ െ
ܿௗ ሻ  σୀଵ ߥ ሺܿௗ െ ܿҧௗ ሻ







 


,QWKLVHTXDWLRQQLVWKHQXPEHURIGHVLJQYDULDEOHVDQGߤ ൌ ߤ DQGߥ ൌ ߥ DUHWKH/DJUDQJH
PXOWLSOLHUV

7DNLQJLQWRFRQVLGHUDWLRQWKHRSWLPXPGDPSLQJFULWHULDIRUUHODWLYHGLVSODFHPHQWDWWKHWRSRI
WKHVWUXFWXUHVWKHGDPSLQJFRHIILFLHQWVRI/DJUDQJLDQIXQFWLRQDOL (P = 0, Q = 0)DUHWDNHQ
DFFRUGLQJWRܿௗ  L Q DQGOZLWKRXWWKHXSSHUDQGORZHUFRQVWUDLQWVLQRUGHUWRPLQL
PL]HWKHREMHFWLYHIXQFWLRQRIWKHSUREOHP


 
ܷோǡ  ߣ ൌ Ͳሺ݆ ൌ ͳǡ ǥ ǡ ݊ሻͲ ൏ ܿௗ ൏  ܿҧௗ 

+HUHWKHH[SUHVVLRQሺǤ ሻǡ VKRZVWKHSDUWLDOGHULYDWLYHVZLWKUHVSHFWWRܿௗ ,WVKRXOGEHFRQ
VLGHUHG WKDW WKH GDPSLQJ FRHIILFLHQWV FDQQRW EH QHJDWLYH LQ WKH GDPSHUV DGGHG 7KHUH LV QR
SK\VLFDOVLJQLILFDQFHRIWKHGDPSLQJFRHIILFLHQWVWREH]HUR,IWKHXSSHUDQGORZHUFRQVWUDLQWV
RIWKHGDPSLQJFRHIILFLHQWVDUHDFWLYHWKHHTXDWLRQDERYHVKRXOGEHFRUUHFWHGDVIROORZV

ܿௗ ൌ Ͳ



 
ܷோǡ  ߣ  Ͳ 

ܷோǡ  ߣ  Ͳ

ܿௗ ൌ  ܿҧௗ 







 


4

NUMERICAL EXAMPLE


,QRUGHUWRXQGHUVWDQGWKHHIILFLHQF\RIWKHSURSRVHGPHWKRGIRXUVWRU\DQGHLJKWVWRU\DG
MDFHQWEXLOGLQJVV\VWHPZLWKDQGZLWKRXW9'VZKLFKLVVKRZQLQ)LJXUHLVFRQVLGHUHGDV
DQH[DPSOH7KHIORRUPDVVHVDQGVWLIIQHVVIRUEXLOGLQJ$DUH݉௦ ൌ ͵ǤʹͳͲସ DQG݇௦ ൌ
ͳͳͲ IRUs «7KHIORRUPDVVHVDQGVWLIIQHVVIRUEXLOGLQJ%DUH݉ ൌ ͵ǤʹͳͲସ 
DQG݇ ൌ ͳͲͳͲ IRUn «7KHQDWXUDOGDPSLQJUDWLRVRIWKHILUVWPRGHVRIVKHDU
EXLOGLQJV$DQG%DUHɌଵ ൌɌଵ 7KHQDWXUDOIUHTXHQFLHVIRUWKHILUVWPRGHVRIEXLOG
LQJV$DQG%DUHɘଵ ൌ ǤͳUDGVDQGɘଵ ൌUDGVUHVSHFWLYHO\)LJXUHGHSLFWVYDULD
WLRQ RI WKH WK IORRU DEVROXWH GLVSODFHPHQW WUDQVIHU IXQFWLRQȁܷସ ȁZLWK UHVSHFW WR H[FLWDWLRQ
IUHTXHQF\IRUWKHEXLOGLQJV$DQG%LQWKHFDVHRIZLWKRXWFRQWURO7KHVWUXFWXUDOGDPSLQJLV
WDNHQDVSURSRUWLRQDOWRPDVVPDWUL[7KHUDWLRRISHULRGVRIEXLOGLQJV$DQG%IRUWKHILUVW

PRGHV LV ಲభ ൌ ͳǤͺ 7RWDO TXDQWLW\ RI WKH 9'V LQVHUWHG WR DGMDFHQW EXLOGLQJV LVതௗ ൌ
ಳభ

ʹͲͲͳݔସ Ȁ
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mB8

yB8

kB8
c8

mB7

yB7

kB7
c B7

m B6

yB6

kB6
c B6
m A4

kB5

yA4

cB5 m B4

c ad4

kA4
c A4

m B5

yB5

yB4

kB4
mA3

yA3

c ad3

c B4

kA3
c A3 m A2

yB3

kB3
yA2

c B3

c ad2

kA2
c A2 m A1

mB3
mB2

yB2

kB2
yA1

c B2 m B1

c ad1

kA1

yB1

kB1
cA1

cB1


)LJXUH)RXUVWRU\DQGHLJKWVWRU\DGMDFHQWEXLOGLQJVZLWKYLVFRXVGDPSHUV



)LJXUH9DULDWLRQRIWKHWKIORRUDEVROXWHGLVSODFHPHQWWUDQVIHUIXQFWLRQȁܷସ ȁZLWKUHVSHFW
WRH[FLWDWLRQIUHTXHQF\IRUWKHEXLOGLQJV$DQG%LQWKHFDVHRIZLWKRXWFRQWURO

7KHRSWLPXPGLVWULEXWLRQRIGDPSLQJLVFDOFXODWHGLQVWHSVE\XVLQJWKH6WHHSHVW'L
UHFWLRQ6HDUFK$OJRULWKP 6'6$ ZLWKUHVSHFWWRWKHWKIORRUUHODWLYHGLVSODFHPHQWWUDQVIHU
IXQFWLRQܷோସ ሺ߱ሻ )LJXUH  VKRZV WKH GLVWULEXWLRQ RI 9' EHWZHHQ DGMDFHQW EXLOGLQJV $V
VKRZQLQ)LJXUH9'LVWRWDOO\IRFXVHGRQWKHWRSIORRURIWKHIRXUVWRU\EXLOGLQJ$LQWKH
DGMDFHQW EXLOGLQJ V\VWHP )LJXUH  GHPRQVWUDWHV WKH UHGXFWLRQ RI WKH REMHFWLYH IXQFWLRQ
ܷோସ ሺ߱ሻDFFRUGLQJWRUHGHVLJQVWHSQXPEHU$IWHUH[HFXWLRQRIRSWLPXP9'GLVWULEXWLRQWKH
YDULDWLRQRIWKHREMHFWLYHIXQFWLRQܷோସ ሺ߱ሻFRQVLGHULQJWKHH[FLWDWLRQIUHTXHQF\DQGWLPHKLV
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WRU\RIWKHWKIORRUUHODWLYHGLVSODFHPHQW 5' EHWZHHQWKHDGMDFHQWEXLOGLQJVDUHVKRZQLQ
)LJXUHVDQGUHVSHFWLYHO\,WFDQEHREVHUYHGWKDWWKHSURSRVHGPHWKRGLVYHU\HIIHFWLYHLQ
GHVFHQGLQJWKHUHODWLYHUHVSRQVHEHWZHHQDGMDFHQWEXLOGLQJV$DQG%




)LJXUH2SWLPDOGLVWULEXWLRQRIWKH9'ZLWKUHVSHFWWRUHODWLYHGLVSODFHPHQWEHWZHHQWKH
DGMDFHQWEXLOGLQJV



)LJXUH5HGXFWLRQRIWKHREMHFWLYHIXQFWLRQܷோସ ሺ߱ሻDFFRUGLQJWRUHGHVLJQVWHSQXPEHU


)LJXUH7KHYDULDWLRQRIREMHFWLYHIXQFWLRQܷோସ ሺ߱ሻFRQVLGHULQJWKHH[FLWDWLRQIUHTXHQF\
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)LJXUH7LPHKLVWRU\RIWKHWKIORRUUHODWLYHGLVSODFHPHQW 5' EHWZHHQWKHDGMDFHQWEXLOG
LQJV

5

CONCLUSION
,QWKLVVWXG\WKHIROORZLQJFRQFOXVLRQVFDQEHREWDLQHG


 ,QRUGHUWRRYHUFRPHSRXQGLQJEHWZHHQWKHDGMDFHQWEXLOGLQJVWKHRSWLPDOGLVWULEXWLRQRI
9'VKDVEHHQVWXGLHGXVLQJWKH6'6$2SWLPL]DWLRQUHVXOWVKDYHVKRZQWKDWWKHPRVWVXLWD
EOH9'ORFDWLRQLQEHWZHHQWKHDGMDFHQWEXLOGLQJV$DQG%LVDWWKHWRSIORRURIEXLOGLQJ$

 &RPSDULVRQRIWKHVWUXFWXUDOEHKDYLRURIDGMDFHQWEXLOGLQJVZLWKDQGZLWKRXW9'VLVSUR
YLGHG,WLVVKRZQWKDWHQKDQFLQJWKH9'FDSDFLW\LVYHU\HIIHFWLYHLQGHFUHDVLQJWKHDPSOL
WXGH RI UHODWLYH GLVSODFHPHQW RI WKH DGMDFHQW EXLOGLQJV DQG GLVVLSDWLQJ WKH HQHUJ\ RI WKH
V\VWHPDVZHOO,QWKLVVWXG\9'ORFDWLRQIRFXVHGRQWKHWRSIORRURIVKRUWHUEXLOGLQJ$

 &RQVLGHULQJWKHGHFUHDVHLQ SRXQGLQJ RI WKH DGMDFHQWEXLOGLQJV WKHSURSRVHGPHWKRGLV
TXLWH HIIHFWLYH 7KH REMHFWLYH IXQFWLRQࢁࡾ ሺ࣓ሻ ZKLFK UHOLHV RQ WKH H[FLWDWLRQ IUHTXHQF\ LV
UHGXFHG ,W LV DOVR HIIHFWLYH LQ WKH PLWLJDWLRQ RI UHODWLYH GLVSODFHPHQW EHWZHHQ WKH DGMDFHQW
EXLOGLQJVZKLFKFDQEHREVHUYHGLQWLPHKLVWRU\DQDO\VLV
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SEISMIC RELIABILITY-BASED DESIGN OF STRUCTURES
EQUIPPED WITH DFPS
P. Castaldo and G. Alfano
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Keywords:VHLVPLFLVRODWLRQGRXEOHIULFWLRQSHQGXOXPEHDULQJVHLVPLFUHOLDELOLW\EDVHGGH
VLJQGXFWLOLW\GHPDQGEHKDYLRXUIDFWRUSRVW\LHOGKDUGHQLQJVRIWHQLQJVWLIIQHVV
Abstract. This work deals with seismic reliability-based design (SRBD) for softening and
hardening structures equipped with double friction pendulum system (DFPS) isolators. The
isolated system is represented by means of an equivalent 3dof model having a softening/hardening post-yield slope for the superstructure and velocity-dependent rules for the two
surfaces of the DFP devices. The yielding characteristics of the superstructures are defined in
compliance with the seismic hazard of L’Aquila site (Italy) and with NTC18 assuming ordinary characteristics. Considering several natural seismic records and the relevant random
variables, incremental dynamic analyses are carried out for assessing the seismic fragility
and the seismic reliability of these systems. Finally, seismic reliability-based design (SRBD)
curves for these systems are proposed.
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1

INTRODUCTION

6OLGLQJSHQGXOXPEHDULQJVDUHPRUHDQGPRUHXVHGWRLVRODWHEXLOGLQJVDQGLQIUDVWUXFWXUHV
LQVHLVPLF]RQH>@>@DQGKDYHEHHQVWXGLHGE\PDQ\UHVHDUFKHUV HJ>@>@ LQRUGHUWR
HQVXUHDSSURSULDWHVDIHW\DQGUHVLOLHQFHOHYHOVWRLQIUDVWUXFWXUHV\VWHPV >@>@3UREDELOLVWLF
DQDO\VHVWRJHWKHUZLWKUHOLDELOLW\EDVHGLQYHVWLJDWLRQVKDYHDOVREHHQGHYHORSHGE\>@>@DV
ZHOODV UHOLDELOLW\ DQGUHOLDELOLW\EDVHGRSWLPL]DWLRQ DQDO\VHV IRU EDVHLVRODWHGV\VWHPV KDYH
EHHQ GLVFXVVHG LQ >@>@ $GRSWLQJ WKH IULFWLRQ FRHIILFLHQW LQ DGGLWLRQ WR WKH HDUWKTXDNH
FKDUDFWHULVWLFVDVWKHPDLQDOHDWRU\XQFHUWDLQWLHVVHLVPLFUHOLDELOLW\DQGOLIHF\FOHFRVWDQDO
\VHV RI'EDVHLVRODWHG UHLQIRUFHGFRQFUHWH 5&  VWUXFWXUHV KDYHEHHQ FRPPHQWHGLQ >@
>@ 5HIHUULQJ WR HODVWLF V\VWHPV LVRODWHG WKURXJK VLQJOH )36 WKH VHLVPLF UHOLDELOLW\EDVHG
GHVLJQ 65%' DSSURDFKLQJHQHUDOWHUPVKDVEHHQSUHVHQWHGLQ>@,QWKHOLWHUDWXUHDUWLFOHV
>@DQG>@WZRGLIIHUHQWRSWLPL]DWLRQDSSURDFKHVDUHSURSRVHGIRUV\VWHPVHTXLSSHGZLWK
)36LQ>@ZLWKWKHSXUSRVHWRPLQLPL]HWKHVXSHUVWUXFWXUHGLVSODFHPHQWGHPDQGWKHLQIOX
HQFHRIWKHV\VWHPSURSHUWLHVDQGRIWKHVRLOFRQGLWLRQVRQWKHRSWLPDOIULFWLRQFRHIILFLHQWVLV
H[DPLQHGLQ>@WKHUDWLRSHDNJURXQGDFFHOHUDWLRQYHORFLW\LVDVVXPHGDVWKHUHOHYDQWSD
UDPHWHUWRGHWHUPLQHWKHRSWLPDOIULFWLRQFRHIILFLHQWV7KHVWXGLHV>@>@LQYHVWLJDWHGWKH
VHLVPLF SHUIRUPDQFH RI EULGJHV RU VWUXFWXUHV HTXLSSHG ZLWK ')36 GRXEOH)36  RU )36
SURYLGLQJ >@ XVHIXO UHODWLRQVKLSV WR DVVHVV WKH VHLVPLF UHVSRQVH RI VWUXFWXUHV LVRODWHG E\
IULFWLRQDOLVRODWRUVDQGKLJKOLJKWLQJWKDWWKHSULQFLSDOEHQHILWRIWKH')36EHDULQJLQFRPSDUL
VRQWRWKHVLQJOH)3LVWKHFDSDFLW\WRDFFRPPRGDWHODUJHUGLVSODFHPHQWV
:LWK UHJDUG WR WKH GHVLJQ RI EDVHLVRODWHG V\VWHPV ZKHQ WKH\ UHVSRQG LQHODVWLFDOO\ VHLVPLF
FRGHSURYLVLRQV >@>@ SUHVFULEHORZYDOXHV IRU WKHVWUHQJWK UHGXFWLRQIDFWRU >@>@RU
EHKDYLRUIDFWRU>@>@WRDYRLGQRQOLQHDUG\QDPLFDPSOLILFDWLRQSKHQRPHQD HJSDUWLDO
UHVRQDQFH >@,QGHWDLO17&>@WKH-DSDQHVHEXLOGLQJFRGH>@DQG(XURFRGH>@
VWDWHDVPD[LPXPYDOXHZLWKRXWVSHFLI\LQJDGLVWLQFWLRQEHWZHHQWKHGXFWLOLW\DQGRYHU
VWUHQJWKIDFWRUWHUP$EHKDYLRUIDFWRUHTXDOWRWLPHVWKHYDOXHIRUFRUUHVSRQGLQJIL[HG
EDVHVWUXFWXUHVDQGQRODUJHUWKDQLVSUHVFULEHGLQ$6&(>@
7KLVVWXG\GHVFULEHVWKHVHLVPLFUHOLDELOLW\EDVHGGHVLJQ 65%' IRUVRIWHQLQJDQGKDUGHQLQJ
VWUXFWXUDOV\VWHPVHTXLSSHGZLWK')36GHYLFHVDQGORFDWHGLQ/¶$TXLOD ,WDO\ 7KHLVRODWHG
V\VWHPLVUHSUHVHQWHGE\PHDQVRIDQHTXLYDOHQWGHJUHHRIIUHHGRP GRI PRGHOKDYLQJD
VRIWHQLQJKDUGHQLQJ SRVW\LHOG VORSH IRU WKH VXSHUVWUXFWXUH DQG YHORFLW\GHSHQGHQW UXOHV IRU
WKHWZRVXUIDFHVRIWKH')3GHYLFHV>@,QWKLVZD\DZLGHSDUDPHWULFDQDO\VLVLVGHYHORSHG
LQYHVWLJDWLQJWKHLQIOXHQFHRIGLIIHUHQWHODVWLFDQGLQHODVWLFVWUXFWXUDOV\VWHPSURSHUWLHVRIWKH
VXSHUVWUXFWXUHDQGRIWKH')36IRULQFUHDVLQJEHKDYLRUIDFWRUV>@>@,QDGGLWLRQWKHLQ
YHVWLJDWLRQ LV FDUULHG RXW DVVXPLQJ WKH ERWK IULFWLRQ FRHIILFLHQWV RI WKH WZR VXUIDFHV RI WKH
')36DQGWKHFKDUDFWHULVWLFVRIWKHJURXQGPRWLRQVDVWKHPDLQDOHDWRU\XQFHUWDLQWLHV,QGH
WDLOWKHERWKIULFWLRQFRHIILFLHQWVDUHPRGHOOHGE\PHDQVRIDSSURSULDWH*DXVVLDQSUREDELOLW\
GHQVLW\IXQFWLRQV 3')V DQGWKH/DWLQ+\SHUFXEH6DPSOLQJ /+6 PHWKRG>@>@LVHP
SOR\HGWRJHQHUDWHWKHLQSXWGDWD$IWHUWKDWVHYHUDOLQFUHPHQWDOG\QDPLFDQDO\VHV ,'$V DUH
GHYHORSHGIRULQFUHDVLQJVHLVPLFLQWHQVLW\OHYHOVLQFRPSOLDQFHZLWKWKHVLWHVHLVPLFKD]DUGWR
DVVHVV WKH VHLVPLF IUDJLOLW\ FXUYHV DQG VXFFHVVLYHO\ WKH VHLVPLF UHOLDELOLW\ FXUYHV )LQDOO\
65%'FXUYHVIRUWKHWZRVXUIDFHVRIWKH')36GHYLFHVDUHSURYLGHGDVGHVLJQUHODWLRQVKLSV
7KHUHVXOWVKHUHLQSUHVHQWHGDOORZDFRPSDULVRQZLWKWKHRXWFRPHVZKHQVLQJOH)36DUHHP
SOR\HG>@>@LQRUGHUWRKLJKOLJKWWKHSRWHQWLDODGYDQWDJHVRIWKH')36DQGUHFRPPHQG
UHOLDEOHYDOXHVRIWKHGLVSODFHPHQWGHPDQGVWRWKH')36EHDULQJV
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2

EQUATIONS OF MOTION FOR NON-LINEAR STRCTURAL SYSTEMS WITH
DFPS

7KHHTXLYDOHQWV\VWHPGHSLFWHGLQ)LJXUHLVDGRIV\VWHPSUHVHQWVDGRIIRUWKHVXSHU
VWUXFWXUH EHKDYLRXU DQG WZR GRIV IRU WKH UHVSRQVHV RI WKH WZR VXUIDFHV RI WKH ')36 7KLV
HTXLYDOHQWV\VWHPKDVEHHQDGRSWHGWRPRGHOWKHPHFKDQLFDOQRQOLQHDULWLHVRIWKHVXSHUVWUXF
WXUHDQGRIWKH')36>@


6XSHUVWUXFWXUHPDVV

us
ms

ks
%DVHPDVV

Superstructure

ks

')36LVRODWRU

ub2

ub1

mb

Hardening
fs
ky
fy

Softening 
fs
ky
fy
ks
uy u0 us

ks
uy u0 us

DFPS bearings
fb1
W1/R1
W1P1
ub1
fb2
W2P2

W2/R2
ub2


)LJXUHGRIPRGHOZLWKWKHFRQVWLWXWLYHODZV

5HJDUGLQJWKHIUHHERG\GLDJUDPRIWKH')36WKHEHDULQJUHVWRULQJIRUFHVRIWKH')36DSSO\



fb 



fb 

ZKHUH W

W

W
ub  Pd W VJQ ub 
R
W
ub  Pd W VJQ ub 
R

D 
E 

mb  ms g GHQRWHV WKH ZHLJKW RQ WKH XSSHU VXUIDFH VXUIDFH   RI WKH LVRODWRU

mb  ms  md g LVWKHZHLJKWRQWKHORZHUVXUIDFH VXUIDFH RIWKHLVRODWRU g LVWKH

JUDYLW\ FRQVWDQW R DQG R DUH WKH FXUYDWXUH UDGLL RI WKH WZR VXUIDFHV RI WKH LVRODWRU ub  
UHSUHVHQWV WKH GLVSODFHPHQW RI WKH VXUIDFH  ZLWK UHVSHFW WR WKH VOLGHU ub  LV WKH VOLGHU GLV
SODFHPHQWZLWKUHVSHFWWRWKHJURXQG Pd  DQG Pd  GHQRWHWKHVOLGLQJIULFWLRQFRHIILFLHQWVRI
WKHWZRVXUIDFHVDQG VJQ LVWKHVLJQXPIXQFWLRQRIWKHVOLGLQJYHORFLW\IRUHDFKVXUIDFH,Q
WKLVZRUNWKHVXUIDFHSUHVHQWVKLJKHUYDOXHVRIERWKWKHIULFWLRQFRHIILFLHQWDQGWKHUDGLXVRI
FXUYDWXUH3UHFLVHO\ Pd  LVFKRVHQDV  P d  DQGR1=2R2>@


$ORQJHDFKVXUIDFHWKHIULFWLRQFRHIILFLHQWDSSOLHV>@>@


P d i

f PD[L  f PD[L  f PLQL H[S D ub i

IRU i = 1,2 



ZKHUH f PD[L DQG f PLQL DUHUHVSHFWLYHO\WKHIULFWLRQFRHIILFLHQWVDWKLJKDQGYHU\ORZVOLGLQJ
YHORFLWLHV RI WKH LWK VXUIDFH 7KH YDOXHV RI  DQG  DUH DVVXPHG UHVSHFWLYHO\ IRU D DQG
f PD[L  f PLQL IRUHDFKVOLGLQJVXUIDFH>@>@
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7KHKDUGHQLQJRUVRIWHQLQJEHKDYLRXURIWKHVXSHUVWUXFWXUHLVPRGHOOHGKHUHLQWKURXJKDELOLQ
HDUFRQVWLWXWLYHODZ,QWKLVZD\WKHUHVSRQVHLVHODVWLFLI(TQ  LVYHULILHGDQGWKHUHVWRULQJ
IRUFH f s i LVH[SUHVVHGDFFRUGLQJWR(TQ  
us i  ui   y us i






ks us i  ui  

f s i u s i




ZKHUH f s i GHQRWHVWKHUHVWRULQJIRUFHDWWLPHLQVWDQW i  u s i UHSUHVHQWVWKHVXSHUVWUXFWXUHGH
IRUPDWLRQDWWKHVDPHLQVWDQW ui  LVWKHPD[LPXPLQHODVWLFUHVSRQVHDWWLPHLQVWDQW i   
DQG k s LVWKHVXSHUVWUXFWXUHHODVWLFVWLIIQHVV7KHWHUP y u s i LVWKH\LHOGLQJIXQFWLRQGHSHQG
LQJRQWKHGLVSODFHPHQW DVH[SODLQHGLQ >@ 'HILQLQJ u y DV WKH \LHOG GLVSODFHPHQWZKRVH
\LHOG IRUFHLV f y HRUS GHQRWHVWKHUDWLRRIWKHKDUGHQLQJRUVRIWHQLQJSRVW\LHOGVWLIIQHVV
RYHUWKHHODVWLFVWLIIQHVV>@>@HYDOXDWHGDV
  H

S

ky
ks

  

7KH VXSHUVWUXFWXUH UHVSRQVH LV LQ SODVWLF SKDVH LI (TQ   LV YHULILHG DQG WKH UHVWRULQJ IRUFH
FDQEHFDOFXODWHGWKURXJK(TQ  
us i  ui  t y us i




f s i u s



ks us i  y us i VJQ us i  ui 

 




7KHUHIRUHWKHHTXDWLRQVRIPRWLRQ WKDWJRYHUQWKHLQHODVWLFUHVSRQVHRI WKHHTXLYDOHQW GRI
V\VWHP WR WKH VHLVPLF LQSXW u g t  ZLWKRXW DQ\ YLVFRXV GLVVLSDWLYH FDSDFLWLHV IRU WKH ')36
DUH
ms us  ms  mb ub   ms  mb  md ub  

W
ub   W P VJQ ub 
R

ms us  ms  mb ub   ms  mb ub   ms  mb
ms us  ms ub   ms ub   cs us  f s i us

 ms  mb  md u g

g
ub   ms  mb g P VJQ ub 
R

ms u g

 ms  mb u g


DEF 



ZKHUH ms  mb DQG md UHSUHVHQWUHVSHFWLYHO\WKHPDVVRIWKHVXSHUVWUXFWXUHRIWKHLVRODWLRQ

OHYHODQGRIWKHVOLGHU cs LVWKHVXSHUVWUXFWXUHYLVFRXVGDPSLQJIDFWRU'LYLGLQJ(TQ D E\
ms  mb  md DVZHOODV(TQ E E\ mb  m s DQG(TQ F E\ ms GHILQLQJWKHPDVVUDWLRVDV
J s ms ms  mb  md  J b mb ms  mb  md DQG J d md ms  mb  md >@ WKH LVRODWLRQ
Z b i

[s

g Ri DQG VWUXFWXUDO Z s

k s ms FLUFXODU IUHTXHQF\ WKH VWUXFWXUDO GDPSLQJ UDWLR

cs msZ s WKHQRQGLPHQVLRQDOHTXDWLRQVEHFRPHDVIROORZV
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J s us  J s  J b ubb  ub   Zbub  g P VJQ ub

u g

J s us  J s  J b ub   J s  J b ub   J s  J b Zbub   J s  J b g P VJQ ub 
us  ub   ub   Zs[ s us  as us

u g

 J s  J b ug

DEF 

f s us  ms GHQRWHV WKH GLPHQVLRQOHVV VXSHUVWUXFWXUH IRUFH SURSRUWLRQDO WR WKH

HODVWLFVWLIIQHVV k s LIWKHUHVSRQVHLVHODVWLFRUGHSHQGVRQWKH\LHOGLQJFRQGLWLRQLIWKHV\VWHP
UHVSRQGVLQHODVWLFDOO\1RWHWKDWWKHHODVWLFYLEUDWLRQSHULRGRIWKHLVRODWLRQV\VWHPSURYLGHG
E\WKH')36GHYLFHV GHSHQGVRQZKLFKVXUIDFHVDUHPRYLQJ GXULQJWKH HDUWKTXDNH >@ ,Q
GHWDLOLIRQO\RQHVXUIDFHVOLGHVWKHLVRODWLRQSHULRGGHSHQGVRQO\RQWKHUDGLXVRIFXUYDWXUH
RIWKDWVXUIDFHRi DQGWKHEHDULQJEHKDYHVOLNHDVLPSOH)36>@ZKHUHDVZKHQWKHERWKVXU
IDFHVVOLGHWKHLVRODWLRQHIIHFWLYHSHULRGDSSOLHV>@
ZKHUH as us



Tb

R  R

g


S

 

,W IROORZV WKDW WKH VHLVPLF LVRODWLRQ GHJUHH >@ H[SUHVVHG DV WKH YDULDEOH LVRODWLRQ SHULRG
RYHUWKHVWUXFWXUDOSHULRGRIYLEUDWLRQLVQRWDFRQVWDQWGXULQJDQHDUWKTXDNHHYHQW0RUHRYHU
ZKHQWKHERWKVXUIDFHVVOLGHVLPXOWDQHRXVO\WKHUHVWRULQJIRUFHRIWKH')36 LVRODWRUFDQEH
HYDOXDWHG DV PeW QHJOHFWLQJ WKH PDVV RI WKH VOLGHU >@ ZKHUH P e LV WKH HIIHFWLYH VOLGLQJ

FRHIILFLHQWJLYHQE\



Pd R  Pd  R

Pe

R  R



 

5HJDUGVWKHLQHODVWLFEHKDYLRURIWKHVXSHUVWUXFWXUH>@>@(TQV    GHILQHUHVSHF
WLYHO\ WKH LQHODVWLF FDSDFLWLHV LQ WHUPV RI EHKDYLRU IDFWRU q DQG GLVSODFHPHQW GXFWLOLW\ P 
GHILQHGUHVSHFWLYHO\DV

q


P


f s el

us el

fy

uy



 

uVPD[
uy



 

ZKHUH f s el DQG us el UHSUHVHQWWKHSHDNUHVSRQVHYDOXHVUHVSHFWLYHO\LQWHUPVRIVWUHQJWKDQG
GLVSODFHPHQW ZKHQ WKH VXSHUVWUXFWXUH UHVSRQGV HODVWLFDOO\ GXULQJ D JURXQG PRWLRQ ZKHUHDV
uVPD[ us t PD[ GHQRWHV WKH SHDN LQHODVWLF UHVSRQVH LQ WHUPV RI GLVSODFHPHQW 7KH WHUPV u y 
DQG f y DUHUHVSHFWLYHO\WKH\LHOGLQJGLVSODFHPHQWDQGVWUHQJWK0RUHGHWDLOVPD\EHIRXQG

LQ>@
3

INCREMENTAL DYNAMIC ANALYSES

7KLVVHFWLRQGHVFULEHVWKHUHVXOWVDFKLHYHGIURPWKHLQFUHPHQWDOG\QDPLFDQDO\VHV ,'$V 
RIWKHV\VWHPLQ)LJXUHZLWKLQDZLGHSDUDPHWULFDQDO\VLVFRQVLGHULQJVHYHUDOVWUXFWXUDOSD
UDPHWHUV DQGDV ,WDOLDQVLWH /¶$TXLOD ¶¶¶1DQG¶¶¶( DQGD VRLOFODVV %  ,Q
GHWDLOWKHUHVSRQVHVRIWKHVXSHUVWUXFWXUHRIWKH')36DUHLQYHVWLJDWHGIRULQFUHDVLQJLQWHQVL
W\PHDVXUH IM OHYHOVDQGVKRZQLQWKHIROORZLQJILJXUHVDGRSWLQJUHDOJURXQGPRWLRQV
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ZKLFKKDYHDOVR EHHQXVHGLQ SUHYLRXVVWXGLHV E\ WKHDXWKRUV >@>@>@WR GHVFULEHWKH
DOHDWRU\ XQFHUWDLQW\ RQ WKH VHLVPLF LQSXW GHQRWHG DV UHFRUGWRUHFRUG YDULDELOLW\ 7KH IM LV
KHUHLQFKRVHQDVWKHVSHFWUDOGLVSODFHPHQWDWWKHHIIHFWLYHLVRODWHGSHULRGSD(Tb).

Elastic and inelastic properties of the isolated superstructure
:LWKLQWKHSDUDPHWULFDQDO\VLVWKHIROORZLQJGHWHUPLQLVWLFSDUDPHWHUVDUHWDNHQLQWRDFFRXQW
WKHLVRODWLRQGHJUHH I d ZLWKUHVSHFWWRWKHHTXLYDOHQWHIIHFWLYHLVRODWHGSHULRGRI(T   

DQGWKHHTXLYDOHQWHIIHFWLYHLVRODWLRQSHULRG Tb RI(T   VVVDQGVWKHPDVV
UDWLRV J s   DQG  J d   DQG VR J b   DQG  WKH EHKDYLRXU IDFWRU q  
DQGDFFRUGLQJWR>@>@DQGWKHSRVW\LHOGVRIWHQ
LQJ RU KDUGHQLQJ VWLIIQHVV UDWLR S RU H   >@>@ &RPELQJ DOO WKHVH SURSHUWLHV 
HTXLYDOHQWLQHODVWLFGRIV\VWHPVGHULYH7KHLVRODWLRQGDPSLQJUDWLR [ b LVDVVXPHGHTXDOWR
ZKHUHDVVXSHUVWUXFWXUHGDPSLQJUDWLR [ s HTXDOWR
1HJOHFWHGWKHLQHODVWLFSURSHUWLHVDQGFRQVLGHULQJRQO\WKHHODVWLFRQHVGLIIHUHQWGRIV\V
WHPV GHULYH ZLWK WKH GLIIHUHQW YDOXHV RI I d  RI Tb DQG RI WKH PDVV UDWLRV  $VVXPLQJ Pd  
DQG Pd  HTXDOWRDQGUHVSHFWLYHO\DQGDUDWLRHTXDOWREHWZHHQR1DQGR2 >@IRU
HODVWLFGRIHODVWLFV\VWHPVLWKDVEHHQSRVVLEOHWRHYDOXDWHWKHDYHUDJHHODVWLFUHVSRQVHV
LQ0DWODE6LPXOLQN>@WRWKHUHFRUGVVFDOHGWRWKHIMYDOXHRIWKHOLIHVDIHW\OLPLWVWDWH
IRU/¶$TXLODWKHIM= S D Tb DSSOLHVPIRU Tb VDQGPIRU Tb V>@,Q
WKLVZD\WKH\LHOGLQJFKDUDFWHULVWLFVRIWKHLQHODVWLFGRIV\VWHPVKDYHEHHQFRPSXWHGLQ
WHUPV RI WKH DYHUDJH YDOXHV RI ERWK \LHOG VWUHQJWK DQG \LHOG GLVSODFHPHQW LH f y DYHUDJH DQG
u y DYHUDJH GLYLGHGE\WKHLQFUHDVLQJYDOXHVRIqDVH[SUHVVHGE\(TQ  



u y average

f y average

f s el average

us el average

ks

ks q

q



 


Incremental dynamic analysis (IDA) curves
7KLVVXEVHFWLRQGHDOVZLWKWKHUHVSRQVHVRIWKHHTXLYDOHQWGRIKDUGHQLQJDQGVRIWHQLQJ
V\VWHPVFRQVLGHULQJWKHDOHDWRU\XQFHUWDLQWLHVRIWKHVOLGLQJIULFWLRQFRHIILFLHQWVWKURXJK
VDPSOHGFRXSOHVWRWKHVHLVPLFLQSXWVVFDOHGWRWKHLQFUHDVLQJIM= S D Tb YDU\LQJLQWKH
UDQJH IURP  P WR  P 6SHFLILFDOO\ IRU HDFK IM OHYHO DQG SDUDPHWHU FRPELQDWLRQ 
QXPHULFDO QRQOLQHDU DQDO\VHV KDYH EHHQ GHYHORSHG 7KH LVRODWHG QRQOLQHDU KDUGHQLQJ DQG
VRIWHQLQJ V\VWHPV DUH PRGHOOHG LQ 0DWODE6LPXOLQN >@ E\ HPSOR\LQJ WKH 5XQJH.XWWD
)HKOEHUJLQWHJUDWLRQDOJRULWKPWRVROYH(TQ  DQGGHWHUPLQHWKHUHVSRQVHVRIWKHVXSHUVWUXF
WXUHDQGRIWKH')36EHDULQJV
)RU HDFK VRIWHQLQJ VWUXFWXUDO V\VWHP WKH FROODSVH FRQGLWLRQ DVVXPHG ZLWKLQ WKH QXPHULFDO
DQDO\VHVLVUHDFKHGZKHQWKHUHVSRQVHRIWKHVXSHUVWUXFWXUHLVHTXDOWR]HUR)RUWKHRWKHUV\V
WHPVDVZHOODVIRUWKHLVRODWLRQGHYLFHVDQ\OLPLWDWLRQLVQRWFRQVLGHUHG
)RUPWKHUHVXOWVRIWKHQRQOLQHDULQFUHPHQWDOG\QDPLFDQDO\VHVLWKDVEHHQSRVVLEOHWRHVWL
PDWH WKH FROODSVHG V\VWHP FDVHV WRJHWKHU ZLWK WKH GLVSODFHPHQW GXFWLOLW\ GHPDQG P IRU WKH
VXSHUVWUXFWXUHDQGWKHGLVSODFHPHQWVIRUWKH')36 LHSHDNYDOXHIRUHDFKRQHRIWKHWZR
VXUIDFHV³ub,1 DQGub,2´DQGSHDNYDOXHRIWKHLUVXPFRPSXWHGDWHDFKWLPHLQVWDQW³ub´ 7KHVH
UHVSRQVHSDUDPHWHUVDUHGHQRWHGDVWKHHQJLQHHULQJGHPDQGSDUDPHWHUV ('3V DQGWKHLUSHDN
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YDOXHVKDYHEHHQILWWHG E\PHDQVRIORJQRUPDO GLVWULEXWLRQV >@>@>@>@>@ DW HDFK
IMOHYHO,QGHWDLOIRUHDFKORJQRUPDOGLVWULEXWLRQWKURXJKWKHPD[LPXPOLNHOLKRRGHVWLPD
WLRQ 0/( WHFKQLTXH>@>@WKHPHDQ POQ EDP DQGWKHVWDQGDUGGHYLDWLRQ V OQ EDP 
KDYHEHHQFRPSXWHGDVZHOODVWKHWKWKDQGWKSHUFHQWLOH
,WLVDOVRLPSRUWDQWWRVSHFLI\WKDWQHLWKHURWKHUDOHDWRU\XQFHUWDLQWLHVQRWHSLVWHPLFXQFHUWDLQ
WLHVKDYHEHHQKHUHLQFRQVLGHUHG>@>@
)LJXUHVGHSLFWWKH,'$FXUYHVIRUKDUGHQLQJVWUXFWXUHV7KHUHVXOWVUHODWHGWR I d DQG
VDQGVDQG J s HTXDOWRDUHKHUHLQLOOXVWUDWHG
)LJGHSLFWVWKH,'$FXUYHVRIWKHLVRODWLRQOHYHO('3 u b PD[ ZKLFKLVWKHSHDNYDOXHRIWKH
Tb

VXPRIub,1DQGub,2LQHDFKWLPHLQVWDQW7KHORJQRUPDOPHDQRI u b PD[ LVKLJKHUE\LQFUHDVLQJ
Tb DQG I d  0RUHRYHU WKH LQFUHDVH RI q FDXVHV D VOLJKW GHFUHDVH RI u b PD[  HVSHFLDOO\ IRU

KLJKHUYDOXHVRI I d 7KHUHVXOWVDUH FRQVLVWHQWZLWK WKHRQHV DFKLHYHGLQ>@FRQVLGHULQJD
VLQJOHFRQFDYHVOLGLQJGHYLFH


ub,max [m]

F

E

84th
50th
16th

ub,max [m]

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2





84th
50th
16th

ub,max [m]

ub,max [m]

D

SD(Tb) [m]





G

84th
50th
16th

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

SD(Tb) [m]









84th
50th
16th

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

SD(Tb) [m]

)LJXUH,'$FXUYHVRIWKHLVRODWLRQOHYHOZLWK J s IRU,d Tb sH  D ,d Tb VH  E 

,d Tb VH  F ,d Tb VH  G Ǥ


)LJ  GHSLFWV WKH ,'$ UHVXOWV IRU WKH ('3 P  7KH FRUUHVSRQGLQJ VWDWLVWLFDO SDUDPHWHUV DUH
VWURQJO\LQIOXHQFHGE\WKHYDULDWLRQRIq,QIDFWDQLWVLQFUHDVHOHDGVWRDYHU\KLJKGLVSODFH
PHQWGXFWLOLW\GHPDQG P ,QDGGLWLRQ P OQ P KLJKO\GHFUHDVHVE\GHFUHDVLQJ Tb EXWLVKLJKHU
IRUORZHUYDOXHVRI I d HVSHFLDOO\IRUKLJKYDOXHVRI Tb 
7KH,'$UHVXOWVRIWKHLVRODWLRQOHYHODQGRIWKHVXSHUVWUXFWXUHIRUWKHVRIWHQLQJEHKDYLRUDUH
QRWUHSRUWHGEHFDXVHWKHLQIOXHQFHRIWKHGDWDUHODWHGWRWKHG\QDPLFFROODSVHVKDVEHHQWDNHQ
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LQWRDFFRXQWZLWKLQ WKH DVVHVVPHQWRI WKHVHLVPLFIUDJLOLW\DV GLVFXVVHG LQ WKHQH[W VHFWLRQ
WRJHWKHUZLWKWKHGHVFULSWLRQRIWKHLQIOXHQFHRIWKHRWKHUVWUXFWXUDOSURSHUWLHV LH JsqDQGS 
RQERWKWKH')36DQGWKHVRIWHQLQJVXSHUVWUXFWXUHV

E

84th
50th
16th

SD(Tb) [m]

84th
50th
16th

84th
50th
16th



G

SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2









84th
50th
16th

μ [-]

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2



μ [-]

F

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

μ [-]

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

μ [-]

D

SD(Tb) [m]





SD(Tb) [m]

)LJXUH,'$FXUYHVRIWKHVXSHUVWUXFWXUHZLWK J s IRU,d Tb sH  D ,d Tb VH  E 

,d Tb VH  F ,d Tb VH  G Ǥ


4

SEISMIC FRAGILITY CURVES

7KHGHILQLWLRQRIWKHOLPLWVWDWHVZLWKUHVSHFWWRWKH('3LVQHFHVVDU\WRUHDFKWKHIUDJLOLW\
DVVHVVPHQW,QGHWDLOGLIIHUHQWWKUHVKROGVUHVSHFWLYHO\LQWHUPVRIWKHUDGLXVLQSODQIRUHDFK
VXUIDFHRIWKH')36LVRODWRU r >m@DQG r >m@ DQGRIWKHGLVSODFHPHQWGXFWLOLW\IRUWKHVXSHU
VWUXFWXUH P [-] KDYH EHHQ VHOHFWHG ,Q WKLV ZD\ WKH SUREDELOLWLHV Pf H[FHHGLQJ WKH GLIIHUHQW
OLPLWVWDWHVDWHDFKIMOHYHO, KDYHEHHQQXPHULFDOO\FRPSXWHG.7DEOHVUHSRUWUHVSHFWLYHO\
WKHIDLOXUHSUREDELOLWLHVLQ\HDUV>@DQGWKHFRUUHVSRQGLQJWKUHVKROGVUHODWHGWRWKHLSV
SURYLGHGE\WKHFRGHV>@>@WKHIDLOXUHSUREDELOLW\LQ\HDUV>@>@DVVRFLDWHGWRWKH
FROODSVH OLPLW VWDWH>@IRUWKH')36 ZKHUHDV WKHIDLOXUHSUREDELOLW\LQ \HDUV >@>@
DVVRFLDWHGWRWKHOLIHVDIHW\LS>@IRUWKHVXSHUVWUXFWXUHLQFRPSOLDQFHZLWKWKHGHVLJQ
)RUHDFKVWUXFWXUDOV\VWHPRIWKHHTXLYDOHQWGRIV\VWHPVWKHSUREDELOLWLHV Pf H[FHHGLQJ
WKHGLIIHUHQW OLPLW VWDWHV DW HDFK IM OHYHO DUH QXPHULFDOO\ FRPSXWHGDQG VXFFHVVLYHO\ ILWWHG
WKURXJKORJQRUPDOGLVWULEXWLRQV>@ZLWKD5VTXDUHYDOXHKLJKHUWKDQ)RUWKHVRIWHQLQJ
V\VWHPV WKH QXPEHU RI ERWK WKH FROODSVH FDVHV KDV EHHQ FRQVLGHUHG WR HVWLPDWH WKH VHLVPLF
IUDJLOLW\WKURXJKWKHWRWDOSUREDELOLW\WKHRUHP>@>@DVIROORZV
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 PSL IM

im

  FEDP_IM

im

LS EDP 

N not collapse
N

§ N not collapse ·
¸¸ 
   ¨¨ 
N
©
¹

 

ZKHUHNLVWKHRYHUDOOQXPEHURIDQDO\VHVDWHDFKIMOHYHODQG N not  collapse LVWKHQXPEHURI
QXPHULFDOVLPXODWLRQVZLWKRXWDQ\FROODSVH
)LJXUHVGHSLFWWKHIUDJLOLW\FXUYHVIRULQFUHDVLQJIMUHJDUGLQJERWKVRIWHQLQJDQGKDUGHQ
LQJ VWUXFWXUHV 3UHFLVHO\ WKH FXUYHV UHODWHG WR WKH GLIIHUHQW VWUXFWXUDO SURSHUWLHV DQG RQO\ WR
VRPHOLPLWVWDWHWKUHVKROGV LSr,4 DQG LSμ,3 DQGWR I d DQG Tb VDUHLOOXVWUDWHG
*HQHUDOO\WKHVHLVPLFIUDJLOLW\LVORZHUIRULQFUHDVLQJWKHFRUUHVSRQGLQJOLPLWVWDWHWKUHVKROG
DQGLVWKHKLJKHVWIRUWKHSRVW\LHOGVRIWHQLQJEHKDYLRU
)LJXUH  LOOXVWUDWHV WKH IUDJLOLW\ FXUYHV UHJDUGLQJ WKH RYHUDOO UHVSRQVH RI LVRODWLRQ OHYHO IRU
KDUGHQLQJPRGHOV
)LJXUHVGHSLFWWKHIUDJLOLW\FXUYHVRIWKHWZRVXUIDFHVRI')36IRUWKHVRIWHQLQJV\VWHPV
)RUWKHDOOOLPLWVWDWHV Pf GHFUHDVHVVOLJKWO\IRULQFUHDVLQJ J s 7KHQHVSHFLDOO\IRUKLJKOLPLW

VWDWHWKUHVKROGVWKH IUDJLOLW\ LQFUHDVHV E\ LQFUHDVLQJ Tb  I d DQG GHFUHDVLQJq1RWHWKDWWKH
SUREDELOLW\H[FHHGLQJDOLPLWVWDWHLVTXLWHORZIRUWKHVLQJOHVXUIDFHZLWKDORZHUSUREDELOLW\
IRUWKHVXUIDFHFKDUDFWHUL]HGE\DORZHUIULFWLRQFRHIILFLHQWZLWKDORZHUUDGLXVRIFXUYDWXUH
LQFRPSOLDQFHZLWKWKH,'$UHVXOWV2EYLRXVO\KLJKHUYDOXHVDUHDFKLHYHGIRUWKHVRIWHQLQJ
EHKDYLRXU
7KHIUDJLOLW\FXUYHVIRUWKHQRQOLQHDUVXSHUVWUXFWXUHVDUHVKRZQLQ)LJXUHV KDUGHQLQJ DQG
 VRIWHQLQJ  7KH H[FHHGLQJ SUREDELOLWLHV DUH VOLJKWO\ ORZHU DV J s GHFUHDVHV EXW KLJKO\ LQ
FUHDVHIRULQFUHDVLQJYDOXHVRIq&RQYHUVHO\ORZHUYDOXHVRITbIRUIL[HG I d OHDGWRDQLQ
FUHDVH RI WKH VHLVPLF IUDJLOLW\ EHFDXVH D GHFUHDVH RI WKH SHULRG Ts PHDQV D GHFUHDVH RI WKH
FRUUHODWHG\LHOGLQJGLVSODFHPHQWDVZHOODVORZHUYDOXHVRITbIRUIL[HG I d OHDGWRKLJKHUYDO
XHV RI WKH VHLVPLF IUDJLOLW\  ,Q IDFW WKH FRXSOLQJ EHWZHHQ I d DQG Tb LQIOXHQFHV Ts DQG WKH
DVVRFLDWHG\LHOGLQJGLVSODFHPHQWDQGVRDVDOVRGLVFXVVHGLQ>@>@ZLWKUHIHUHQFHWRV\V
WHPVZLWKORZTsWKHHQVXLQJG\QDPLFDPSOLILFDWLRQFDQQHJDWLYHO\DIIHFWWKHVXSHUVWUXFWXUH
UHVSRQVHVLQFUHDVLQJWKHVHLVPLFIUDJLOLW\


LSr,1 LSr,2 LSr,3 LSr,4 LSr,5 LSr,6 LSr,7 LSr,8 LSr,9 LSr,10
ri [m] for i =1,2

 

 

 

 

 

pf āLQ\HDUV
7DEOH/LPLWVWDWHWKUHVKROGVIRUWKHWZRVXUIDFHVRIWKH')36ZLWKWKHDVVRFLDWHGH[FHHGLQJSUREDELOLW\



μ [-]

LSμ,1


LSμ,2 LSμ,3 LSμ,4 LSμ,5 LSμ,6 LSμ,7 LSμ,8 LSμ,9 LSμ,10










pf āLQ\HDUV
7DEOH/LPLWVWDWHWKUHVKROGVLQWHUPVRI PZLWKWKHDVVRFLDWHGH[FHHGLQJSUREDELOLW\
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E

γs=0.6
γs=0.8



SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2



γs=0.6
γs=0.8

γs=0.6
γs=0.8




G

SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

















γs=0.6
γs=0.8

Pf [-]

Pf [-]

F

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

D



SD(Tb) [m]







SD(Tb) [m]

)LJXUH6HLVPLFIUDJLOLW\RIWKHLVRODWLRQOHYHOFRUUHVSRQGLQJWRLSr,4 PIRU,d Tb VH  D ,d 
DQGTb VH  E ,d DQGTb VH  F ,d DQGTb VH  G 
E

γs=0.6
γs=0.8



SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2



γs=0.6
γs=0.8

γs=0.6
γs=0.8




G

SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

γs=0.6
γs=0.8

Pf [-]

Pf [-]

F

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

D

SD(Tb) [m]









SD(Tb) [m]

)LJXUH6HLVPLFIUDJLOLW\RIWKHVXSHUVWUXFWXUHFRUUHVSRQGLQJWRLSμ,3=3IRU,d Tb VH  D ,d DQG
Tb VH  E ,d DQGTb VH  F ,d DQGTb VH  G 
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q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

E

γs=0.6
γs=0.8



SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2



γs=0.6
γs=0.8

γs=0.6
γs=0.8





G

SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2













γs=0.6
γs=0.8

Pf [-]

Pf [-]

F

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

Pf [-]

D



SD(Tb) [m]







SD(Tb) [m]

)LJXUH6HLVPLFIUDJLOLW\RIWKHVOLGLQJVXUIDFHFRUUHVSRQGLQJWRLSr,4 PIRU,d Tb VS  D 
,d DQGTb VS  E ,d DQGTb VS  F ,d DQGTb VS  G 
E

γs=0.6
γs=0.8



SD(Tb) [m]

γs=0.6
γs=0.8

γs=0.6
γs=0.8





G

SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

γs=0.6
γs=0.8

Pf [-]

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2



Pf [-]

F

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

D



SD(Tb) [m]







SD(Tb) [m]





)LJXUH6HLVPLFIUDJLOLW\RIWKHVOLGLQJVXUIDFHFRUUHVSRQGLQJWRLSr,4 PIRU,d Tb VS  D 
,d DQGTb VS  E ,d DQGTb VS  F ,d DQGTb VS  G 
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E

γs=0.6
γs=0.8



SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2



γs=0.6
γs=0.8

γs=0.6
γs=0.8





G

SD(Tb) [m]
q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2









γs=0.6
γs=0.8

Pf [-]

Pf [-]

F

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

q=1.1
q=1.3
q=1.5
q=1.6
q=1.8
q=2

Pf [-]

D

SD(Tb) [m]







SD(Tb) [m]



)LJXUH6HLVPLFIUDJLOLW\RIWKHVXSHUVWUXFWXUHFRUUHVSRQGLQJWRLSμ,3=3IRU,d Tb VS  D ,d DQG
Tb VS  E ,d DQGTb VS  F ,d DQGTb VS  G 

5

SEISMIC RELIABILITY-BASED DESIGN CURVES FOR DFPS

7KLVVHFWLRQLOOXVWUDWHVWKHUHVXOWVRIWKHVHLVPLFUHOLDELOLW\DVVHVVPHQWIRUDOOWKHHTXLYD
OHQWVRIWHQLQJRUKDUGHQLQJVWUXFWXUHVLVRODWHGE\')36ZLWKLQWKHLUOLIHWLPHRI\HDUV7KLV
DVVHVVPHQWLVFRPSRVHGRIWKHIROORZLQJWZRVWHSV L FRPSXWDWLRQRIWKHFRQYROXWLRQLQWH
JUDOEHWZHHQWKHVHLVPLFIUDJLOLW\FXUYHVDQGWKHVHLVPLFKD]DUGFXUYHVH[SUHVVHGLQWHUPVRI
WKHVDPHIM SD(Tb)>@>@WRDVVHVVWKHPHDQDQQXDOUDWHVH[FHHGLQJWKHOLPLWVWDWHV LL 
DVVHVVPHQWRIWKHSUREDELOLWLHVH[FHHGLQJWKHOLPLWVWDWHVLQ\HDUVWKURXJKWKHKRPRJHQRXV
3RLVVRQPRGHO
$VUHJDUGVWKH')36LVRODWRUVWKHVHLVPLFUHOLDELOLW\FXUYHVFDQEHVHHQDVWKH65%'FXUYHV
WRGHVLJQWKHGLPHQVLRQVLQSODQRIHDFKVXUIDFHDQGWKHRYHUDOOGLPHQVLRQ RIWKHVHGHYLFHV
GHSHQGLQJ RQ WKH H[SHFWHG UHOLDELOLW\ WDUJHW DQG RI WKH VWUXFWXUDO SURSHUWLHV )LJXUHV 
VKRZUHVSHFWLYHO\WKHOLQHDUUHJUHVVLRQVUHSUHVHQWDWLYHRIWKHVHLVPLFUHOLDELOLW\RIWKHRYHU
DOOGLPHQVLRQRIWKHLVRODWLRQOHYHOLQWKHVHPLORJDULWKPLFVSDFHIRUKDUGHQLQJDQGVRIWHQLQJ
VWUXFWXUHV 7KH 5VTXDUH YDOXH LV KLJKHU WKDQ  7KH ILJXUHV GHPRQVWUDWH WKDW WKH VHLVPLF
UHOLDELOLW\ RI WKH LVRODWLRQ OHYHO GHFUHDVHV IRU WKH VRIWHQLQJ EHKDYLRU LQ FRPSDULVRQ WR WKH
KDUGHQLQJFDVH7KHLQFUHDVLQJGLUHFWLRQRIWKHVWUXFWXUDOSDUDPHWHUqLVGHQRWHGE\PHDQVRI
WKHDUURZLQWKHILJXUHV$VIRUKDUGHQLQJPRGHOVWKHVHFXUYHVGHPRQVWUDWHWKDWDQH[FHHGLQJ
SUREDELOLW\RIPf ā FRUUHVSRQGLQJWRWKHFROODSVHOLPLWVWDWHLQ\HDUV >@>@UH
TXLUHVDJOREDOGLPHQVLRQUDQJLQJIURPDERXWPWRDERXWPGHSHQGLQJRQWKHVWUXFWXUDO
FKDUDFWHULVWLFV,QVWHDGIRUVRIWHQLQJVXSHUVWUXFWXUHVKLJKHUYDOXHVDUHUHTXLUHG
)LJXUHVVKRZWKHVHLVPLFUHOLDELOLW\FXUYHVIRUWKHKDUGHQLQJDQGVRIWHQLQJVXSHUVWUXF
WXUHVKLJKOLJKWLQJWKHJUHDWLQIOXHQFHRIWKHEHKDYLRUIDFWRUDVZHOODVWKHJUHDWFRQWULEXWLRQRI
WKHKDUGHQLQJSURSHUWLHVLQFRPSDULVRQWRWKHVRIWHQLQJRQHV
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E

D
γs=0.6
γs=0.8

q
Pf [-] (50 years)

Pf [-] (50 years)

q



ub,max [m]
F



ub,max [m]
G

γs=0.6
γs=0.8

γs=0.6
γs=0.8

q

q
Pf [-] (50 years)

Pf [-] (50 years)

γs=0.6
γs=0.8



ub,max [m]



ub,max [m]

)LJXUH6HLVPLFUHOLDELOLW\RIWKHLVRODWLRQOHYHOUHODWHGWR,d Tb VH  D ,d DQGTb VH 
E ,d DQGTb VH  F ,d DQGTb VH  G 
E

D

γs=0.6
γs=0.8

q

Pf [-] (50 years)

 

q

q

γs=0.6
γs=0.8

γs=0.6
γs=0.8

ub,max [m]

 

ub,max [m]

G

Pf [-] (50 years)

ub,max [m]

F

Pf [-] (50 years)

γs=0.6
γs=0.8

Pf [-] (50 years)

q

 

ub,max [m]

 

)LJXUH6HLVPLFUHOLDELOLW\RIWKHLVRODWLRQOHYHOUHODWHGWR,d Tb VS  D ,d DQGTb VS 
E ,d DQGTb VS  F ,d DQGTb VS  G 
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E

D

Pf [-] (50 years)



μ [-]

q

q

γs=0.6
γs=0.8

γs=0.6
γs=0.8



μ [-]



μ [-]



μ [-]

G

Pf [-] (50 years)

F

Pf [-] (50 years)

q

Pf [-] (50 years)

q

γs=0.6
γs=0.8

γs=0.6
γs=0.8

)LJXUH6HLVPLFUHOLDELOLW\RIWKHVXSHUVWUXFWXUHFRUUHVSRQGLQJWR ,d Tb VH  D ,d DQGTb V
H  E ,d DQGTb VH  F ,d DQGTb VH  G 
D

E
γs=0.6
γs=0.8

 

q

q

γs=0.6
γs=0.8

γs=0.6
γs=0.8

μ [-]

 

μ [-]

G

Pf [-] (50 years)

μ [-]

F

Pf [-] (50 years)

q

Pf [-] (50 years)

Pf [-] (50 years)

q

γs=0.6
γs=0.8

 

μ [-]

 

)LJXUH6HLVPLFUHOLDELOLW\RIWKHVXSHUVWUXFWXUHFRUUHVSRQGLQJWR,d Tb VS  D ,d DQGTb V
S  E ,d DQGTb VS  F ,d DQGTb VS  G 
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6

CONCLUSIONS

7KLV VWXG\ IRFXVHV RQ WKH VHLVPLF UHOLDELOLW\EDVHG UHVSRQVH RI KDUGHQLQJ DQG VRIWHQLQJ
VWUXFWXUHV LVRODWHG ZLWK GRXEOH FRQFDYH VOLGLQJ LVRODWRUV $ ZLGH LQYHVWLJDWLRQ LV SUHVHQWHG
FRQVLGHULQJGLIIHUHQWHODVWLFDQGLQHODVWLFPHFKDQLFDOSURSHUWLHVDQGDVVXPLQJWKHIULFWLRQFR
HIILFLHQWVWRJHWKHUZLWKWKHFKDUDFWHULVWLFVRIWKHVHLVPLFJURXQGPRWLRQVDVUDQGRPYDULDEOHV
$GRSWLQJDQHTXLYDOHQWGRIV\VWHPZLWKQRQOLQHDUYHORFLW\GHSHQGHQWUXOHVIRUWKHWZRVXU
IDFHVRIWKH')36LQFUHPHQWDOG\QDPLFDQDO\VHVDUHFDUULHGRXW IRUVHYHUDOQDWXUDOVHLVPLF
UHFRUGV GLIIHUHQW EHKDYLRU IDFWRUV DQG SRVW\LHOG VWLIIQHVV UDWLRV 7KHQ WKH VHLVPLF IUDJLOLW\
FXUYHVDUHGHULYHGIRUHDFKHQJLQHHULQJGHPDQGSDUDPHWHUVRILQWHUHVWIRUWKHVHV\VWHPVSHDN
YDOXHVRIWKHUHVSRQVHRIWKHVXSHUVWUXFWXUHRIWKHXSSHUVXUIDFHDQGRIWKHORZHUVXUIDFHRI
WKH')366XFFHVVLYHO\DVVXPLQJDOLIHWLPHRI\HDUVDQGWKHVHLVPLFKD]DUGRI/¶$TXLOD
,WDOLDQ VLWH  VHLVPLF UHOLDELOLW\EDVHG GHVLJQ FXUYHV DUH GHULYHG IRU WKH ')36 7KH UHVXOWV
KDYHKLJKOLJKWHGWKHJUHDWLQIOXHQFHRIWKHEHKDYLRUIDFWRUDVZHOODVWKH QHJDWLYHHIIHFWVRI
WKHSRVW\LHOGVWLIIQHVVDOVRUHJDUGLQJWKHVHLVPLFUHOLDELOLW\RIWKHVXSHUVWUXFWXUH
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VLV1HZ0HWURSROLWDQ3HUVSHFWLYHV,QWHUQDWLRQDO6\PSRVLXP±WKHGLWLRQ0D\
SS
%0$\\XE5+0F&XHQ3UREDELOLW\VWDWLVWLFVDQGUHOLDELOLW\IRUHQJLQHHUVQGHG
1<&5&3UHVV

>@

>@
>@

<. /LQ *4 &DL 3UREDELOLVWLF VWUXFWXUDO G\QDPLFV將DGYDQFHG WKHRU\ DQG DSSOLFD
WLRQV1<0F*UDZ+LOO

>@ -&KHQ:/LX<3HQJ-/L6WRFKDVWLFVHLVPLFUHVSRQVHDQGUHOLDELOLW\DQDO\VLVRI
EDVHLVRODWHGVWUXFWXUHVJ Earthquake Eng将
>@ 6. 0LVKUD %. 5R\ 6 &KDNUDERUW\ 5HOLDELOLW\EDVHGGHVLJQRSWLPL]DWLRQ RI EDVH
LVRODWHGEXLOGLQJVFRQVLGHULQJVWRFKDVWLFV\VWHPSDUDPHWHUVVXEMHFWHGWRUDQGRPHDUWK
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TXDNHVInt J Mech Sci将
>@ 3 &DVWDOGR % 3DOD]]R 3 'HOOD 9HFFKLD  6HLVPLF UHOLDELOLW\ DQDO\VLV RI EDVH
LVRODWHGVWUXFWXUHVZLWKIULFWLRQSHQGXOXPV\VWHP((606,(((:RUNVKRS
RQ (QYLURQPHQWDO (QHUJ\ DQG 6WUXFWXUDO 0RQLWRULQJ 6\VWHPV 3URFHHGLQJV 

>@ 3&DVWDOGR%3DOD]]R3'HOOD9HFFKLD/LIHF\FOHFRVWDQGVHLVPLFUHOLDELOLW\DQDO\
VLVRI'V\VWHPVHTXLSSHGZLWK)36IRUGLIIHUHQWLVRODWLRQGHJUHHVEngineering Structures±KWWSG[GRLRUJMHQJVWUXFW
>@ 3&DVWDOGR*$PHQGROD%3DOD]]R6HLVPLFIUDJLOLW\DQGUHOLDELOLW\RIVWUXFWXUHVLVR
ODWHG E\ IULFWLRQ SHQGXOXP GHYLFHV 6HLVPLF UHOLDELOLW\EDVHG GHVLJQ 65%'  Earthquake Engineering and Structural Dynamics     ± '2,
HTH
>@ 3&DVWDOGR05LSDQL2SWLPDOGHVLJQRIIULFWLRQSHQGXOXPV\VWHPSURSHUWLHVIRULVR
ODWHG VWUXFWXUHV FRQVLGHULQJ GLIIHUHQW VRLO FRQGLWLRQV Soil Dynamics and Earthquake
Engineering±'2,MVRLOG\Q
>@ 3&DVWDOGR(7XEDOGL,QIOXHQFHRIJURXQGPRWLRQFKDUDFWHULVWLFVRQWKHRSWLPDOVLQ
JOH FRQFDYH VOLGLQJ EHDULQJ SURSHUWLHV IRU EDVHLVRODWHG VWUXFWXUHV Soil Dynamics and
Earthquake Engineering±
>@ <6 .LP &% <XQ 6HLVPLF UHVSRQVH FKDUDFWHULVWLFV RI EULGJHV XVLQJ GRXEOH FRQFDYH
IULFWLRQSHQGXOXPEHDULQJVZLWKWULOLQHDUEHKDYLRUEngin. Struct
>@ 3&DVWDOGR05LSDQL5/R3LRUH,QIOXHQFHRIVRLOFRQGLWLRQVRQWKHRSWLPDOVOLGLQJ
IULFWLRQ FRHIILFLHQW IRU LVRODWHG EULGJHV Soil Dynamics and Earthquake Engineering
±KWWSVGRLRUJMVRLOG\Q
>@ &67VDL7&&KLDQJ%-&KHQ([SHULPHQWDOHYDOXDWLRQRISLHFHZLVHH[DFWVROXWLRQ
IRUSUHGLFWLQJVHLVPLFUHVSRQVHVRIVSKHULFDOVOLGLQJW\SHLVRODWHGVWUXFWXUHVEarthquake
Engineeering and Structural Dynamics'2,HTX
>@ 6WUXFWXUDO (QJLQHHULQJ ,QVWLWXWH 0LQLPXP GHVLJQ ORDGV IRU EXLOGLQJV DQG RWKHU VWUXF
WXUHV$PHU6RFLHW\RI&LYLO(QJLQHHUV
>@ (XURSHDQ &RPPLWWHH IRU 6WDQGDUGL]DWLRQ (XURFRGH 'HVLJQ RI 6WUXFWXUHV IRU (DUWK
TXDNH 5HVLVWDQFH 3DUW  *HQHUDO 5XOHV 6HLVPLF $FWLRQV DQG 5XOHV IRU %XLOGLQJV
%UXVVHOV
>@ 17& 1RUPH WHFQLFKH SHU OH FRVWUX]LRQL *D]]HWWD 8IILFLDOH GHO  '0
0LQLVWHURGHOOH,QIUDVWUXWWXUH
>@ -DSDQHVH 0LQLVWU\ RI /DQG ,QIUDVWUXFWXUH DQG 7UDQVSRUW 1RWLILFDWLRQ 1R ±
7HFK6WDQGDUGIRU6WUXFWXUDO6SHFLIVDQG&DOFXODWLRQRI6HLVPLFDOO\,VRODWHG%XLOGLQJV

>@ 4XDQWLILFDWLRQRI%XLOGLQJ6HLVPLF3HUIRUPDQFH)DFWRUV)(0$3-XQH
>@ $ 2FFKLX]]L ' 9HQH]LDQR DQG - 9DQ '\FN 6HLVPLF GHVLJQ RI EDVH LVRODWHG VWUXF
WXUHV6DYLGLV (G %DONHPD5RWWHUGDP1/
>@ 0'0FNH\:-&RQRYHU5-%HFNPDQ$FRPSDULVRQRIWKUHHPHWKRGVIRUVHOHFWLQJ
YDOXHV RI LQSXW YDULDEOHV LQ WKH DQDO\VLV IURP D FRPSXWHU FRGH 7HFKQRPHWULFV
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>@ ' &HODUHF 0 'ROãHN 7KH LPSDFW RI PRGHOOLQJ XQFHUWDLQWLHV RQ WKH VHLVPLF SHUIRU
PDQFH DVVHVVPHQW RI UHLQIRUFHG FRQFUHWH IUDPH EXLOGLQJV. Engineering Structures
将
>@ 3 &DVWDOGR % 3DOD]]R 7 )HUUHQWLQR 7 6HLVPLF UHOLDELOLW\EDVHG GXFWLOLW\ GHPDQG
HYDOXDWLRQIRULQHODVWLFEDVHLVRODWHGVWUXFWXUHV ZLWKIULFWLRQSHQGXOXPGHYLFHV Earthquake Engineering and Structural Dynamics      '2,
HTH
>@ 3 &DVWDOGR % 3DOD]]R * $OIDQR 0) 3DOXPER 6HLVPLF UHOLDELOLW\EDVHG GXFWLOLW\
GHPDQGIRUKDUGHQLQJDQGVRIWHQLQJVWUXFWXUHVLVRODWHGE\IULFWLRQSHQGXOXPEHDULQJV

Structural
Control
and
Health
Monitoring
H
KWWSVGRLRUJVWF
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>@ %3DOD]]R6HLVPLF%HKDYLRURIEDVHLVRODWHG%XLOGLQJV3URF,QWHUQDWLRQDO0HHWLQJRQ
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Engineering9DQFRXYHU%&&DQDGD3DSHU1R
>@ *' +DW]LJHRUJLRX 'XFWLOLW\ GHPDQG VSHFWUD IRU PXOWLSOH QHDU DQG IDUIDXOW HDUWK
TXDNHVSoil Dynamics and Earthquake Engineering 
>@ &$GDP/),EDUUD+.UDZLQNOHU(YDOXDWLRQRI3'HOWDHIIHFWVLQQRQGHWHULRUDWLQJ
0'2)VWUXFWXUHVIURPHTXLYDOHQW6'2)V\VWHPV13th Word Conference on Earthquake
Engineering9DQFRXYHU%&&DQDGD3DSHU1R
>@ 0DWK :RUNV ,QF 0$7/$%+LJK 3HUIRUPDQFH 1XPHULF &RPSXWDWLRQ DQG 9LVXDOL]D
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FRQFUHWH VWUXFWXUHV GLVFXVVLRQ FRPSDULVRQ DQG SURSRVDOV Engineering Structures

>@ 5'%HUWHUR99%HUWHUR3HUIRUPDQFHEDVHGVHLVPLFHQJLQHHULQJWKHQHHGIRUDUHOLD
EOH FRQFHSWXDO FRPSUHKHQVLYH DSSURDFK Earthquake Engineering and Structural Dynamics,± '2,HTH 
>@ 3 %D]]XUUR&$&RUQHOO16KRPH -( &DUEDOOR 7KUHHSURSRVDOVIRU FKDUDFWHUL]LQJ
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GLOBAL AND LOCAL PERFORMANCE LEVELS ON THE
PROBABILISTIC EVALUATION OF THE STRUCTURAL POUNDING
EFFECT BETWEEN ADJACENT RC STRUCTURES
Maria G. Flegga, Maria J. Favvata


8QLYHUVLW\RI3DWUDV&LYLO(QJLQHHULQJ'HSDUWPHQW
5LR3DWUDV*UHHFH
PDULDIOHJJD#XSQHWJU



8QLYHUVLW\RI3DWUDV&LYLO(QJLQHHULQJ'HSDUWPHQW
5LR3DWUDV*UHHFH
PIDYYDWD#XSDWUDVJU

Keywords:UHLQIRUFHGFRQFUHWHIUDPHSRXQGLQJHIIHFWIUDJLOLW\FXUYHVORFDOHQJLQHHULQJ
GHPDQGVSHUIRUPDQFHOHYHOV(XURFRGHQRQOLQHDUG\QDPLFDQDO\VHV
Abstract. In this study the seismic performance of a real multistory RC frame structure
against pounding with an adjacent shorter and stiffer structure is evaluated based on
probabilistic assessment methods. The examined pounding case is between an 8-story RC frame
and a 3-story rigid barrier (very stiff structure) with equal story heights (floor-to-floor
interaction). Three different initial gap distances (dg) between the adjacent structures are
considered. The seismic performance of the 8-story structure without the pounding effect is also
included for comparison reasons. The probabilistic evaluation of the pounding effect is
performed through fragility curves in terms of global and local engineering demand parameters
(EDPs) as a function of the intensity measure (IM). For this purpose, linear and bilinear
regression models in log-log space have been considered to define the relationship between the
examined EDPs and IMs. The commonly used intensity measures (IMs) of peak ground
acceleration, PGA and that of spectral acceleration corresponding to the fundamental period
of the examined structure, Sa(T1,8-story) are adopted. Displacement and rotation EDPs that could
control the global state of the structure are examined at different performance levels. However,
the most critical issue in earthquake-induced interaction between adjacent structures is the
local responses of the columns at the pounding side. Thus, three local performance levels in
terms of ductility capacity of the external columns at each story level of the 8-story frame have
also been incorporated in the probabilistic assessment of the pounding problem. The results of
this study indicate that the probability of pounding between the examined structures is
increased as the separation gap distance dg decreases. The fragility curves of the 8-story frame
are significantly influenced due to the structural pounding effect. The probability of damage at
columns seems to be an important parameter that has to be further investigated. Different types
of global and local performance levels altered the intensity values for the seismic hazard of the
structural pounding.
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1

INTRODUCTION

)LHOGREVHUYDWLRQVDIWHUQXPHURXVGHVWUXFWLYHHDUWKTXDNHVDOORYHUWKHZRUOGLQGLFDWHWKDW
SRXQGLQJ LV IUHTXHQWO\ REVHUYHG ZKHQ VWURQJ HDUWKTXDNHV VWULNH ELJ FLWLHV DQG GHQVHO\
SRSXODWHGXUEDQDUHDV,QWKHVHHYHQWVLWKDVEHHQSURYHGWKDWWKHLQWHUDFWLRQEHWZHHQDGMDFHQW
EXLOGLQJVUHVXOWVLQORFDOGDPDJHVDWWKHSRXQGLQJDUHDRIWKHVWUXFWXUHVZKLOHWKHUHDUHFDVHV
ZKHUHWKHVHLVPLFSRXQGLQJKDVEHHQLGHQWLILHGDVDSULPDU\FDXVHIRUWKHLQLWLDWLRQRIFROODSVHV
,Q WKLV YLHZ WKH SUREOHP RI HDUWKTXDNH LQGXFHG SRXQGLQJ EHWZHHQ DGMDFHQW EXLOGLQJV KDV
UHFHLYHGVXEVWDQWLDODWWHQWLRQRYHUWKHODVWWZRWRWKUHHGHFDGHV>HJ@,QWKHEHJLQQLQJ
WKHVHVWXGLHVZHUHEDVHGRQWKHUHVSRQVHRISDLUVRUVHWVRIFROOLGLQJVLQJOHGHJUHHRIIUHHGRP
V\VWHPV LQ HDUWKTXDNHH[FLWDWLRQV>@ +RZHYHUUHVXOWV DERXWWKHLQIOXHQFHRIWKHVWUXFWXUDO
SRXQGLQJ RQWKHVHLVPLFUHVSRQVHRI UHDO PXOWLVWRU\UHLQIRUFHGFRQFUHWH VWUXFWXUHV EDVHGRQ
LQHODVWLFWLPHKLVWRU\DQDO\VHVKDYHDOVREHHQUHSRUWHG HJ>@>@>@>@>@>@ ,WLV
QRWHGKHUHWKDW.DUD\DQQLVDQG )DYYDWD>@IRUWKHILUVWWLPHH[DPLQHGWKHLQIOXHQFHRIWKH
VWUXFWXUDOSRXQGLQJSUREOHPRQWKHGXFWLOLW\UHTXLUHPHQWVDQGWKHRYHUDOOVHLVPLFUHVSRQVHRI
UHLQIRUFHGFRQFUHWHVWUXFWXUHVZLWKXQHTXDOKHLJKWVGHVLJQHGDFFRUGLQJWRWKH(XURFRGHVDQG
6LQFHWKHQDQH[WHQVLYHZRUNLQWKLVILHOGUHYHDOHGWKDWWKHORFDOGXFWLOLW\GHPDQGVRIWKH
FROXPQVLQWKHSRXQGLQJDUHDRIWKHWDOOVWUXFWXUHDUHFULWLFDOO\LQFUHDVHGGXHWRWKHLQWHUDFWLRQ
ZLWKDQDGMDFHQWVKRUWHUDQGVWLIIHUVWUXFWXUHDWWKHIORRUVDERYHWKHKLJKHVWFRQWDFWVWRU\OHYHO
)XUWKHUPRUHUHVXOWVKDYHFOHDUO\VKRZQWKDWLQVLWXDWLRQVRISRWHQWLDOSRXQGLQJQHJOHFWLQJLWV
SRVVLEOHORFDOHIIHFWVOHDGVWRQRQFRQVHUYDWLYHEXLOGLQJGHVLJQRUDVVHVVPHQWWKDWPD\EHFRPH
FULWLFDOLQVRPHFDVHV>@
2QWKHRWKHUKDQGWKHW\SLFDOPHDVXUHWKDWPRGHUQFRGHVVSHFLI\DJDLQVWVWUXFWXUDOSRXQGLQJ
LVWKHSURYLVLRQIRUVXIILFLHQWVHSDUDWLRQEHWZHHQWKHDGMDFHQWEXLOGLQJV>@+RZHYHUWKH
HVWLPDWLRQRIWKHVHSDUDWLRQJDSGLVWDQFHVEHWZHHQWKHVWUXFWXUHVLVQRWGLUHFWO\LQFRUSRUDWHG
ZLWKWKHVHLVPLFKD]DUGOHYHODQGWKHORFDOFDSDFLWLHVRIWKHVWUXFWXUDOPHPEHUVWKDWPD\VXIIHU
WKHSRXQGLQJHIIHFW$VSURSHUO\SRLQWHGRXWE\%DUEDWRDQG7XEDOGL>@WKHPLQLPXPJDS
GLVWDQFHSUHVFULEHGE\WKHFXUUHQWVHLVPLFGHVLJQFRGHVLVEDVHGRQDXQLIRUPKD]DUGUHVSRQVH
VSHFWUXPWKDWFRUUHVSRQGVWRDQXOWLPDWHGHVLJQOLPLWVWDWH,QWKLVZD\WKHVWUXFWXUDOSRXQGLQJ
LV UHODWHG RQO\ ZLWK WKH XOWLPDWH GHVLJQ VHLVPLF SHUIRUPDQFH RI WKH EXLOGLQJ DQG WKXV WKH
HYDOXDWHGJDSVHSDUDWLRQLVQRWDSSURSULDWHO\FRUUHODWHGZLWKRWKHUOHYHOVRIVHLVPLFGHPDQG
$EGHO5DKHHP>@VWXGLHGWKHSRXQGLQJHIIHFWRQWKHJOREDOUHVSRQVHRIVWUXFWXUHVDWGLIIHUHQW
OHYHOVRIVHLVPLFKD]DUGLQRUGHUWRHVWDEOLVKPLWLJDWLRQVROXWLRQXVLQJUXEEHUVKRFNDEVRUEHU
GHYLFHV ,Q WKLV VWXG\ >@ WKH GHVLJQ FRGHV OLPLWDWLRQV IRU WKH HYDOXDWLRQ RI WKH JDS VL]H
EHWZHHQ DGMDFHQW VWUXFWXUHV DUH SUHVHQWHG DQG WKH QHHG IRU DGHTXDWH FKDUDFWHUL]DWLRQ RI WKH
FRUUHODWLRQEHWZHHQGLVSODFHPHQWUHVSRQVHVRIQRQOLQHDUV\VWHPVLVVWUHVVHG,QWKLVUHVHDUFK
GLUHFWLRQ D GHWHUPLQLVWLF VHLVPLF DVVHVVPHQW RI WKH LQWHUVWRU\ SRXQGLQJ HIIHFW DW GLIIHUHQW
OHYHOVRIVHLVPLFGHPDQGLVSUHVHQWHGE\)DYYDWD>@)RUWKHH[DPLQHGLQWHUDFWLRQFDVHVWKH
PLQLPXPUHTXLUHGJDSGLVWDQFHVEHWZHHQDGMDFHQW5&VWUXFWXUHVKDYHEHHQHYDOXDWHGWDNLQJ
DOVRLQWRDFFRXQWWKHORFDOFDSDFLWLHVRIWKHFROXPQVWKDWVXIIHUWKHLQWHUVWRU\SRXQGLQJHIIHFW
1HYHUWKHOHVVWKLVVWXG\LVIRFXVHGRQWKHSUREDELOLVWLFVHLVPLFDVVHVVPHQWSURFHGXUHVWKDW
KDYHEHHQXVHGVRIDUIRUWKHHYDOXDWLRQRIWKHSRXQGLQJULVNEHWZHHQDGMDFHQWVWUXFWXUHV>
@3HQ]LHQ>@SUHVHQWHGDQDQDO\WLFDOSURFHGXUHWRHYDOXDWHWKHVHSDUDWLRQGLVWDQFHWKDWLV
UHTXLUHG EHWZHHQ WZR EXLOGLQJV WR DYRLG VHLVPLF SRXQGLQJ 7KH SURFHGXUH LV EDVHG RQ
HTXLYDOHQWOLQHDUL]DWLRQRIQRQOLQHDUK\VWHUHWLFEHKDYLRU%DVHGRQWKHUHOLDELOLW\PHWKRGVDQG
UDQGRP YLEUDWLRQ WKHRU\ +RQJ HW DO >@ SUHVHQWHG D SURFHGXUH WR HYDOXDWH WKH UHTXLUHG
VHSDUDWLRQ GLVWDQFH ZLWK RU ZLWKRXW FRQVLGHULQJ SRVVLEOH XQFHUWDLQW\ LQ VWUXFWXUDO SURSHUWLHV
$QRWKHU QXPHULFDO VLPXODWLRQ DSSURDFK WR HVWLPDWH WKH VHLVPLF SRXQGLQJ ULVN RI DGMDFHQW
EXLOGLQJVVHSDUDWHGE\DPLQLPXPFRGHVSHFLILHGVHSDUDWLRQGLVWDQFHGXULQJDFHUWDLQSHULRG

3763

0DULD*)OHJJDDQG0DULD-)DYYDWD

KDV EHHQ SUHVHQWHG E\ /LQ DQG :HQJ >@ 7KH RYHUDOO SRXQGLQJ SUREDELOLW\ RI DGMDFHQW
EXLOGLQJV ZDV HYDOXDWHG E\ FRPELQLQJ WKH UHVXOWV RI WKH VHLVPLF KD]DUG DQDO\VHV DQG WKH
UHODWLRQVRISHDNJURXQGDFFHOHUDWLRQDQGWKHFRQGLWLRQDOSRXQGLQJSUREDELOLW\/RSH]*DUFLD
DQG6RRQJ>@H[DPLQHGWKHDFFXUDF\RIWKH'RXEOH'LIIHUHQFH&RPELQDWLRQ ''& UXOHLQ
SUHGLFWLQJ WKH VHSDUDWLRQ QHFHVVDU\ WR SUHYHQW VHLVPLF SRXQGLQJ EHWZHHQ OLQHDU VWUXFWXUDO
V\VWHPV)XUWKHUPRUHLQWKHVDPHDXWKRUV>@HYDOXDWHGWKHDFFXUDF\RIIRXUGLIIHUHQW
FULWHULD WR FDOFXODWH WKH QHFHVVDU\ VHSDUDWLRQ DJDLQVW VHLVPLF SRXQGLQJ EHWZHHQ QRQOLQHDU
K\VWHUHWLFVWUXFWXUDOV\VWHPV7XEDOGLDQG%DUEDWR>@SURSRVHGDUHOLDELOLW\EDVHGSURFHGXUH
WRHYDOXDWHWKHOHYHORIVDIHW\FRUUHVSRQGLQJWRDJLYHQYDOXHRIWKHVHSDUDWLRQGLVWDQFHEHWZHHQ
DGMDFHQWEXLOGLQJV7KHSURSRVHGSURFHGXUHLVXVHGWRHVWLPDWHD WKHSUREDELOLW\RISRXQGLQJ
EHWZHHQ OLQHDU VLQJOHGHJUHHRIIUHHGRP V\VWHPV DQG E  WKH UHOLDELOLW\ RI WKH GHVLJQ FRGH V
IRUPXODWRGHILQHEXLOGLQJVHSDUDWLRQGLVWDQFHV
,Q7XEDOGLHW DO >@SUHVHQWHG DSUREDELOLVWLFVHLVPLFGHPDQGPRGHO 36'0 IRU
SRXQGLQJ ULVN DVVHVVPHQW VXLWDEOH IRU XVH ZLWKLQ PRGHUQ SHUIRUPDQFHEDVHG GHVLJQ
IUDPHZRUNV )RU WKH SXUSRVHV RI WKHLU VWXG\WKH FDVH RI WZR DGMDFHQW EXLOGLQJV PRGHOHG DV
VLQJOHGHJUHHRIIUHHGRPV\VWHPVZLWKOLQHDUDQGQRQOLQHDUK\VWHUHWLFEHKDYLRUZDVFRQVLGHUHG
DQGSDUDPHWULFDOO\HYDOXDWHG$QLQQRYDWLYHUHOLDELOLW\EDVHGPHWKRGRORJ\IRUWKHGHVLJQRIWKH
VHSDUDWLRQ GLVWDQFH EHWZHHQ DGMDFHQW EXLOGLQJV LV SURSRVHG E\ %DUEDWR DQG 7XEDOGL >@
6HYHUDO GLIIHUHQW EXLOGLQJV PRGHOHG DV OLQHDU HODVWLF VLQJOHGHJUHHRIIUHHGRP 6'2)  DQG
PXOWLGHJUHHRIIUHHGRPV\VWHPVDVZHOODV6'2)QRQOLQHDUK\VWHUHWLFV\VWHPVDUHH[DPLQHG
7KHSURSRVHGPHWKRGRORJ\SURYLGHVFRQVLVWHQWVDIHW\OHYHOVIRUGLIIHUHQWEXLOGLQJSURSHUWLHV
DQGGLIIHUHQWVHLVPLFKD]DUGFRQGLWLRQV
$QRWKHUSUREDELOLVWLFLQYHVWLJDWLRQRIWKHVWUXFWXUDOSRXQGLQJXVLQJDVLPSOLILHGWZRGHJUHH
RIIUHHGRPVWUXFWXUDOPRGHOZDVUHFHQWO\SUHVHQWHGE\&KDVHHWDO>@,QWKLVVWXG\DQDWWHPSW
WRLQFOXGHWKHFROXPQ¶VQRQOLQHDUEHKDYLRUZDVSUHVHQWHG,Q7XEDOGLHWDO>@OLQHDUDQG
ELOLQHDUSUREDELOLVWLFVHLVPLFGHPDQGPRGHOV36'0VDUHSURSRVHGIRUWKHDVVHVVPHQWRIWKH
SRXQGLQJULVN3DUDPHWHUVVXFKDVWKHVHLVPLFLQWHQVLW\PHDVXUH,0DQGWKHPRGHOGHVFULELQJ
WKH('3VWDWLVWLFVJLYHQWKH,0DUHGLVFXVVHGDQGHYDOXDWHG/LQHDUVLQJOHGHJUHHRIIUHHGRP
6'2)  V\VWHPV DQG QRQOLQHDU K\VWHUHWLF PXOWLGHJUHHRIIUHHGRP 0'2)  V\VWHPV DUH
FRQVLGHUHG )LQDOO\ 1DHHM HW DO >@ SUHVHQWHG D SUREDELOLVWLF HYDOXDWLRQ RI WKH VHSDUDWLRQ
GLVWDQFHEHWZHHQDGMDFHQWVWUXFWXUHVZLWKHTXDOKHLJKWVE\XVLQJELOLQHDUHODVWRSODVWLF6'2)
V\VWHPV )RU WKLV SXUSRVH QXPHULFDO PRGHOV ZLWK YDU\LQJ VWUXFWXUDO PRGHOV KDYH EHHQ
JHQHUDWHGXVLQJDUREXVW0RQWH&DUORVLPXODWLRQ
7KHDERYHUHYLHZRIWKHOLWHUDWXUHLQGLFDWHVWKDWWKHSUREDELOLVWLFHYDOXDWLRQRIWKHSRXQGLQJ
SUREOHPLVVWLOOLQDQHDUO\VWDWHRINQRZOHGJH/DFNRIUHODWLRQDWWHPSWVEHWZHHQWKHVHLVPLF
SHUIRUPDQFHVRIDUHDOVWUXFWXUHZLWKWKHSUREDELOLVWLFDVVHVVPHQWRIWKHSRXQGLQJHIIHFWVWLOO
H[LVWVDQGPRUHOLPLWDWLRQVDUHLGHQWLILHG6RIDU6'2)DQGRU0'2)OLQHDUHODVWLFV\VWHPV
DV ZHOO 6'2) QRQOLQHDU V\VWHPV KDYH EHHQ XVHG ,Q PRVW RI WKH FDVHV WKH SHDN UHODWLYH
GLVSODFHPHQW EHWZHHQ WKH DGMDFHQW VWUXFWXUHV KDV EHHQ H[DPLQHG DV NH\ SDUDPHWHU RI WKH
SRXQGLQJULVNZKLOHWKHFDVHRIIORRUWRIORRUSRXQGLQJW\SHKDVEHHQFRQVLGHUHG
%DVHG RQ WKH DERYH GLVFXVVLRQ LQ WKLV VWXG\ D SUREDELOLVWLF DVVHVVPHQW RI WKH VHLVPLF
SRXQGLQJ EHWZHHQ DGMDFHQW VWUXFWXUHV DW GLIIHUHQW JOREDO DQG ORFDO SHUIRUPDQFH OHYHOV LV
DWWHPSWHG7KH,'$PHWKRG>@KDVEHHQHPSOR\HGWRHVWLPDWHWKHVHLVPLFJOREDODQGORFDO
GHPDQGSDUDPHWHUV RIDPXOWLVWRU\5&IUDPHVWUXFWXUHGXHWRWKHSRXQGLQJHIIHFW7KHFRPSXWHU
SURJUDP'UDLQG[DQGWKH0DWODESURJUDPPLQJWRRODUHXVHGIRUWKHQHHGVRIWKLVVWXG\
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2

EXAMINED POUNDING CASE

,QWKLVVWXG\WKHVHLVPLFSHUIRUPDQFHRIDUHDO5&IUDPHVWUXFWXUHDJDLQVWSRXQGLQJZLWKDQ
DGMDFHQWVKRUWHUDQGVWLIIVWUXFWXUHLVHYDOXDWHGEDVHGRQSUREDELOLVWLFDVVHVVPHQWPHWKRGV7KH
H[DPLQHGSRXQGLQJFDVHLVDQLQWHUDFWLRQFDVHEHWZHHQDQVWRU\5&IUDPHDQGDVWRU\ULJLG
EDUULHU YHU\VWLIIVWUXFWXUH 7KHVWRU\OHYHOVRIWKHWZRDGMDFHQWVWUXFWXUHVKDYHWKHVDPHKHLJKW
VRWKDWFROOLVLRQVPD\RFFXUEHWZHHQWKHVWRU\GLDSKUDJPVDQGFRQVHTXHQWO\EHWZHHQWKHVWRU\
PDVVHV IORRUWRIORRU SRXQGLQJ W\SH  7KH WRS OHYHO RI WKH SRWHQWLDO FRQWDFW SRLQW RI WKH
DGMDFHQWVWUXFWXUHVLVORFDWHGDWWKHWKIORRUOHYHORIWKHVWRU\IUDPH7KHDVVXPSWLRQRIXVLQJ
DULJLGVWRU\VWUXFWXUHKDVEHHQDGRSWHGLQRUGHUWKHRYHUDOODVVHVVPHQWRIWKHSRXQGLQJHIIHFW
WREHHQJDJHGRQO\RQWKHJOREDODQGORFDOUHVSRQVHVRIWKHVWRU\IUDPH,QDIXWXUHVWXG\WKH
FKDUDFWHULVWLFVRIERWKDGMDFHQWVWUXFWXUHVFRXOGEHWKHPDLQWRSLFXQGHUFRQFHUQ,Q(XURFRGH
WKHPLQLPXPJDSGLVWDQFHVHSDUDWLRQLVGHILQHGDWWKHWRSOHYHORIWKHSRWHQWLDOFRQWDFWSRLQW
RIWKHDGMDFHQWVWUXFWXUHVEDVHGRQHLWKHUWKHPD[LPXPUHODWLYHGLVSODFHPHQWRIERWKVWUXFWXUHV
XVLQJWKH6TXDUH5RRWRI6XPRI6TXDUHV±6566UXOH RUWKHPD[LPXPSODVWLFGLVSODFHPHQW
RIWKHRQHEXLOGLQJ)RUWKHH[DPLQHGLQWHUDFWLRQFDVHDFFRUGLQJWRWKH(XURFRGHDPLQLPXP
JDS GLVWDQFH RI  FP EHWZHHQ WKH VWRU\ IUDPH VWUXFWXUH DQG WKH VWRU\ ULJLG EDUULHU LV
UHTXLUHG LQ RUGHU WR SUHYHQW WKH SRXQGLQJ DW WKH WK IORRU OHYHO ,Q RUGHU WR LQFRUSRUDWH WKH
VHSDUDWLRQ JDS GLVWDQFH EHWZHHQ WKH WZR VWUXFWXUHV DV D NH\ SDUDPHWHU RI WKLV VWXG\ WKUHH
GLIIHUHQWLQLWLDOJDSGLVWDQFHV GJ DUHFRQVLGHUHGQDPHO\GJ FP VWUXFWXUHVLQFRQWDFWIURP
WKHEHJLQQLQJ GJ FPDQGGJ FP (XURFRGH¶VUHTXLUHPHQW 7KHVHLVPLFSHUIRUPDQFH
RIWKHVWRU\VWUXFWXUHZLWKRXWWKHSRXQGLQJHIIHFWLVDOVRLQFOXGHGIRUFRPSDULVRQUHDVRQV
3

DESIGN OF 8-STORY RC FRAME STRUCTURE

7KH VWRU\ IUDPH VWUXFWXUH ZDV GHVLJQHG DFFRUGLQJ WR (XURFRGHV  DQG  PHHWLQJ WKH
'XFWLOLW\&DSDFLW\0HGLXP '&0 FULWHULDRIWKHFRGHV7KHVHLVPLFEHKDYLRUIDFWRUIRUWKH
IUDPHZDVT 7KHPDVVZDVWDNHQHTXDOWR0 *4 J ZKHUH*JUDYLW\ORDGVDQG4
OLYH ORDGV  DQG WKH GHVLJQ EDVH VKHDU IRUFH ZDV HTXDO WR 9 JT 0 5HGXFHG YDOXHV RI
PHPEHUPRPHQWVRILQHUWLD ,HI ZHUHFRQVLGHUHGLQWKHGHVLJQWRDFFRXQWIRUWKHFUDFNLQJIRU
EHDPV ,HI ,J ZKHUH ,J WKH PRPHQW RI LQHUWLD RI WKH JURVV VHFWLRQ  DQG IRU WKH FROXPQV
,HI ,J&ULWLFDO IRUWKHGLPHQVLRQLQJ RIWKHFROXPQV SURYHGWR EHLQPRVWFDVHV WKHFRGH
SURYLVLRQUHJDUGLQJWKHD[LDOORDGUDWLROLPLWDWLRQYGDQGLQDIHZFDVHV FROXPQVRIWKH
XSSHU VWRULHV  WKH FRGH PLQLPXP GLPHQVLRQV UHTXLUHPHQWV 6WUXFWXUH JHRPHWU\ DQG
UHLQIRUFHPHQWRIWKHFROXPQVRIWKHVWRU\5&IUDPHVWUXFWXUHDUHVKRZQLQ)LJXUH
4

STRUCTURAL MODELLING

,QWKLVZRUNWKHFRPSXWHUSURJUDPSDFNDJH'UDLQG[LVXVHG7KHILQLWHHOHPHQWPHVKIRU
WKHVWRU\5&IUDPHVWUXFWXUHXWLOL]HVDQRQHGLPHQVLRQDOHOHPHQWIRUHDFKVWUXFWXUDOPHPEHU
ZKLOHWZRW\SHVRIRQHGLPHQVLRQDOEHDPFROXPQHOHPHQWVZHUHXVHG)RUWKHVLPXODWLRQRI
WKHEHDPVWKHFRPPRQOXPSHGSODVWLFLW\PRGHOKDVEHHQHPSOR\HG7KLVHOHPHQWFRQVLGHUVWKH
LQHODVWLFEHKDYLRUFRQFHQWUDWHGLQ]HUROHQJWKSODVWLFKLQJHVDWWKHHOHPHQW¶VHQGV)RUWKH
FROXPQVRIWKHVWUXFWXUHDVSHFLDOSXUSRVHHOHPHQWRIGLVWULEXWHGSODVWLFLW\W\SHDFFRXQWLQJ
IRUWKHVSUHDGRILQHODVWLFEHKDYLRUERWKRYHUWKHFURVVVHFWLRQVDQGDORQJWKHGHIRUPDEOHUHJLRQ
RI WKH PHPEHU OHQJWK LV DGRSWHG 0RUH GHWDLOV FDQ EH IRXQG LQ )DYYDWD >@ &ROOLVLRQV DUH
VLPXODWHGXVLQJFRQWDFWHOHPHQWVWKDWEHFRPHDFWLYHZKHQWKHFRUUHVSRQGLQJQRGHVFRPHLQWR
FRQWDFW7KHUHVSRQVHRIWKHFRQWDFWHOHPHQWLVGHVFULEHGE\D WKHQHJDWLYHGLUHFWLRQRIWKH;
D[LVWKDWUHSUHVHQWVWKHFRQGLWLRQWKDWWKHEXLOGLQJVPRYHDZD\IURPHDFKRWKHUDQGE WKHSRV
LWLYHGLUHFWLRQRIWKH;D[LVWKDWVLPXODWHVWKHDFWXDOEHKDYLRURIWKHVWUXFWXUHVLQFDVHWKHUHLV
DVPDOOJDSGLVWDQFH GJ EHWZHHQWKHP,WLVSRVVLEOHWKDWWKHVWUXFWXUHVPRYHRQHWRZDUGVWKH
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RWKHU EXW WKH GLVSODFHPHQWV DUH VPDOO DQG WKH H[LVWLQJ JDS LV QRW FRYHUHG ,Q WKLV FDVH WKH
FRQWDFWHOHPHQWUHPDLQVQRQDFWLYHDQGWKHEXLOGLQJVFRQWLQXHWRYLEUDWHLQGHSHQGHQWO\,QWKH
FDVHWKDWWKHVWUXFWXUHVPRYHRQHWRZDUGVWKHRWKHUDQGWKHGLVSODFHPHQWVEULGJHWKHH[LVWLQJ
JDSRUWKHVWUXFWXUHVDUHLQFRQWDFWIURPWKHEHJLQQLQJWKHQWKHFRQWDFWHOHPHQWUHVSRQGVDVD
VSULQJZLWKDOPRVWLQILQLWHVWLIIQHVV>@
m8 = 74.98 tn
φ8 = 1.00
m7 = 98.31 tn
φ7 = 0.93
m6 = 98.31 tn
φ6 = 0.80
m5 = 98.31 tn
φ5 = 0.66
m4 = 98.31 tn
φ4 = 0.49

m3 = 98.31 tn
φ3 = 0.36
m2 = 98.31 tn
φ2 = 0.22
m1 = 98.31 tn
φ1 = 0.09
Τ1=1.132sec
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)LJXUH([DPLQHGVWRU\5&IUDPHVWUXFWXUH

5

KEY ASSUMPTIONS FOR THE PROBABILISTIC ASSESMENT OF THE
POUNDING EFFECT

5.1 Probabilistic seismic demand model
$ SUREDELOLVWLF VHLVPLF GHPDQG PRGHO LV D PDWKHPDWLFDO UHODWLRQ EHWZHHQ WKH VWUXFWXUDO
UHVSRQVHDQGWKHHDUWKTXDNHLQWHQVLW\PHDVXUH ,0 >@7KHVWUXFWXUDOUHVSRQVHLVGHVFULEHG
WKURXJKHQJLQHHUGHPDQGSDUDPHWHUV ('3V UHSUHVHQWLQJWKHJOREDORUWKHORFDOUHVSRQVHVRI
DVWUXFWXUDOV\VWHPVXFKDVPD[LPXPLQWHUVWRU\GULIWPRPHQWVFXUYDWXUHHWF2QWKHRWKHU
KDQGWKHLQWHQVLW\PHDVXUHV ,0V UHIHUWRJURXQGPRWLRQFKDUDFWHULVWLFVWKDWPD\EHVWUXFWXUDO
LQGHSHQGHG 3*$3*9HWF RUVWUXFWXUDOGHSHQGHG 6D 7 6Y 7 HWF ,QRUGHUWRGHYHORS
WKHSUREDELOLVWLFVHLVPLFGHPDQGPRGHO 36'0 ('3_,0SDLUVVKRXOGEHJHQHUDWHGWKURXJK
QRQOLQHDUG\QDPLFDQDO\VLV6WDWLVWLFDO SURFHVV RI('3_,0 SDLUVV\QWKHVL]HV WKH36'0 7KH
 DQG WKH ,0 FDQ EH
PDWKHPDWLFDO UHSUHVHQWDWLRQ RI PHGLDQ VWUXFWXUDO GHPDQG UHVSRQVH
DSSUR[LPDWHGE\DWZRSDUDPHWHUVSRZHUODZPRGHO>@
 ȁ߇ߊ ൌ ܽܯܫ 

ܲܦܧ
7KHFRHIILFLHQWVĮDQGEDUHFDOFXODWHGWKURXJKOLQHDUUHJUHVVLRQDQDO\VLVRIORJDULWKPRI,0
DQG('3VRWKHHTXDWLRQ  LVWUDQVIRUPHGWRWKHIROORZLQJH[SUHVVLRQ
 ȁ߇ߊ ൌ ܾ ݈݊  ܯܫ ݈݊ ܽ  ߝȁ߇ߊ
݈݊ ܲܦܧ
ZKHUHİ_ǿȂLVWKHUDQGRPHUURUZLWKPHDQ]HURDQGYDULDQFHı

3766



0DULD*)OHJJDDQG0DULD-)DYYDWD

7KH VWUXFWXUDO UHVSRQVH GHPDQG LV DVVXPHG WR IROORZ ORJQRUPDO GLVWULEXWLRQ >@ ZLWK
ORJDULWKPVWDQGDUGGHYLDWLRQȕ('3_,0 ZKLFKLVFDOFXODWHGE\WKHIROORZLQJHTXDWLRQ
ߚாȁூெ

 ȁ߇ߊ൯
σୀଵ൫݈݊ ܲܦܧ ȁ߇ߊ െ ݈݊ ܲܦܧ
ඨ
ൌ
݊െʹ

ଶ



7KHPDWKHPDWLFDOUHSUHVHQWDWLRQRIWKH36'0OHDGVWRDFORVHGIRUPVROXWLRQWKDWSHUPLWV
WKHGHILQLWLRQRIWKHIUDJLOLW\FXUYHV>@ (DFKIUDJLOLW\FXUYHGHVFULEHVWKHSUREDELOLW\D('3
WRH[FHHGWKHFDSDFLW\IRUDJLYHQ,0DQGFDQEHFDOFXODWHGDV
 ȁ߇ߊ െ ݈݊ ܥ

݈݊ ܲܦܧ
ܲܦܧܩȁ ܯܫሺܥȁܯܫሻ ൌ ܲሾܲܦܧȁ߇ߊ  ȁܯܫሿ ൌ ߔ ൭
൱
ߚܲܦܧȁܯܫ



ĭ  GHQRWHVWKHVWDQGDUGQRUPDOFXPXODWLYHIXQFWLRQWKHPHGLDQYDOXHRIWKHFDSDFLW\DQG
ȕ('3_,0WKHORJDULWKPVWDQGDUGGHYLDWLRQ HT 
1HYHUWKHOHVV LW KDV DOVR EHHQ VKRZQ WKDW OLQHDU UHSUHVHQWDWLRQ RI 36'0 LV QRW DOZD\V
DFFXUDWH WR GHVFULEH WKH VWUXFWXUDO UHVSRQVH IRU HQWLUH UDQJH RI ,0 >@ 7KHUHIRUH WKH
DGRSWLRQRIDELOLQHDUUHJUHVVLRQPRGHOHVSHFLDOO\IRUORFDO('3VVHHPVWREHPRUH YDOLGWR
FDSWXUHWKHQRQOLQHDUEHKDYLRXURIWKHVWUXFWXUDOPHPEHUV7KHELOLQHDUUHJUHVVLRQPRGHOFDQ
EHGHVFULEHGE\WKHIROORZLQJH[SUHVVLRQ
 ȁ ܯܫൌ ሺܽଵ  ܾଵ ݈ ܯܫሻሺͳ െ ܪଵ ሻ  ሾ݈݊ ܲܦܧȁ כܯܫ ܾଶ ሺ݈݊  ܯܫെ ݈݊  כܯܫሻሿܪଵ  ߝȁ߇ߊ
݈݊ ܲܦܧ



7KHFRHIILFLHQWVĮEDQGEDUHGHILQHGWKURXJKOLQHDUUHJUHVVLRQDQDO\VLVDQGGHWHUPLQH
WKH VORSH RI WKH WZR OLQHDU EUDQFKHV + LV D GXPP\ YDULDEOH ZKLFK LV HTXDO WR +   IRU
ǿȂ,0 DQG+ IRU ǿȂ!,0 )LQDOO\WKHSDUDPHWHU,0 LVWKHLQWHUVHFWLRQRIWZROLQHDU
EUDQFKHVZKLOH݈݊ ܲܦܧȁ כܯܫLVWKHYDOXHRIWKHDWWKHLQWHUVHFWLRQSRLQW
5.2 Examined EDPs and IMs
7KHLQFUHPHQWDOG\QDPLFDQDO\VLV ,'$ PHWKRG>@KDVEHHQXVHGWRGHILQHWKHVHLVPLF
GHPDQGVRIWKHVWRU\VWUXFWXUHGXHWRWKHSRXQGLQJHIIHFW,QWKLVZD\WKHQHFHVVDU\('3V
VDPSOHDUHDFFRPSOLVKHGDVDIXQFWLRQRIWKHLQWHQVLW\PHDVXUH ,0 WKDWKDVEHHQVHOHFWHGIRU
WKHDVVHVVPHQW)RUWKLVSXUSRVHIRXUGLIIHUHQW('3VDUHHYDOXDWHGD PD[LPXPLQWHUVWRU\GULIW
,'5PD[ E PD[LPXPWRSGULIW 7'5PD[ F URWDWLRQDOGHPDQGVșRIWKHFROXPQVRIWKHVWRU\
IUDPH DQG G  PD[LPXP FXUYDWXUH GXFWLOLW\ GHPDQGV ȝĳPD[ RI WKH H[WHUQDO FROXPQV DW WKH
SRXQGLQJVLGHRIWKHIUDPH
7KHFRPPRQO\XVHGLQWHQVLW\PHDVXUHV ,0V RISHDNJURXQGDFFHOHUDWLRQ 3*$ DQGWKDW
RIVSHFWUDODFFHOHUDWLRQFRUUHVSRQGLQJWRWKHIXQGDPHQWDOSHULRGRIWKHVWRU\IUDPH6D 7
VWRU\ DUHFRQVLGHUHGLQWKLVVWXG\%RWKFRPSRQHQWVRIVHYHQGLIIHUHQWVHLVPLFH[FLWDWLRQV WRWDOO\
UHFRUGV H[WUDFWHGIURPWKH3((5¶VGDWDEDVH>@DUHXVHGZLWKHDFK,0WREHVFDOHGLQWKH
UDQJHRIJWRJ7KXVDWRWDOQXPEHURILQHODVWLFG\QDPLFDQDO\VHVKDYHEHHQ
SHUIRUPHG7KHFKDUDFWHULVWLFVRIWKHVHLVPLFH[FLWDWLRQVDUHSUHVHQWHGLQ7DEOH
,QWKLVVWXG\WKHJOREDO('3VRI,'5PD[DQG7'5PD[VHHPWRFRQIRUPEHWWHUZLWKWKHOLQHDU
UHJUHVVLRQPRGHO)LJXUHVKRZVWKHPHGLDQVWUXFWXUDOUHVSRQVHRIWKH5&IUDPHLQWHUPVRI
,'5PD[DQG7'5PD[IRUOLQHDU36'0DQGIRUWKHH[DPLQHGFDVHVRIZLWKRXWSRXQGLQJHIIHFW
DQGGJ FP2QWKHRWKHUKDQGWKHORFDOGHPDQGRIPD[LPXPFXUYDWXUHGXFWLOLW\ȝĳPD[
VHHPVWREHH[SUHVVHGPRUHDFFXUDWHWKURXJKDELOLQHDUPRGHO,Q)LJXUHWKH36'0VRIWKH
H[WHUQDOFROXPQ&DVDIXQFWLRQRIWKHWZR,0VE\XVLQJOLQHDUDQGELOLQHDUUHJUHVVLRQPRGHO
DUHSUHVHQWHGIRUDOOWKHH[DPLQHGSRXQGLQJFDVHV$VEUHDNSRLQWRIWKHELOLQHDUGHPDQGPRGHOV
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LVFRQVLGHUHGWKHȝĳPD[ WKDWUHSUHVHQWVWKHWUDQVLWLRQIURPOLQHDU ȝĳ WRQRQOLQHDU
EHKDYLRXU ȝĳ! 




6HLVPLF
H[FLWDWLRQV

Italy
Arienzo,
1980

Italy
Auletta,
1980

Chi-Chi
Taiwan06,
1999

DenaliAlaska,
2002

Loma
Prieta,
1989

Chi-Chi
Taiwan04
1999
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Fernando,
1971
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Spectral Acceleration, Sa (g)



E LQLWLDOJDSGLVWDQFHGJ FP
)LJXUH/LQHDU36'0VLQORJORJVSDFHIRUWKHJOREDO('3VRIPD[LPXPLQWHUVWRU\GULIW,'5PD[DQG
PD[LPXPWRSGULIW7'5PD[DVDIXQFWLRQRI6D



)XUWKHUPRUHLQWKHSUREDELOLVWLFPHWKRGVWKHVHOHFWLRQRIWKH,0VKRXOGYHULI\WKHFULWHULD
RIHIILFLHQF\DQGVXIILFLHQF\>@$QHIILFLHQFW,0UHGXFHVWKHYDULDWLRQLQHVWLPDWLRQRIWKH
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VWUXFWXUDO GHPDQG IRU D JLYH ,0 7KH HIILFLHQF\ FDQ EH TXDQWLILHG E\ XVLQJ WKH ORJDULWKP
VWDQGDUG GHYLDWLRQ ȕ('3_,0 $ VXIILFLHQW ,0 LQGLFDWHV WKDW LW LV FRQGLWLRQDOO\ LQGHSHQGHG RI
JURXQGPRWLRQFKDUDFWHULVWLFVXFKDV0DJQLWXGH 0Z DQGVRXUFHWRVRXUFHGLVWDQFH 5 >@
>@$GRSWLQJDVXIILFLHQW,0DYRLGVSRWHQWLDOO\ELDVHGLQWKHFDOFXODWLRQRIWKHIUDJLOLW\FXUYHV
7KHVXIILFLHQWRIDQ,0LVTXDQWLILHGWKURXJKOLQHDUUHJUHVVLRQDQDO\VLVRIWKHUHVLGXDOV İ_ǿȂ

IURP36'0DQG0ZRU5WKURXJKFRUUHVSRQGLQJSYDOXH$VPDOOSYDOXH OHVVWKDQDFXWRII
YDOXHRI LQGLFDWHVWKDWUHJUHVVLRQLVVWDWLVWLFDOO\VLJQLILFDQWDQGWKH,0LVLQVXIILFLHQW7KH
,0VRIWKLVVWXG\KDYHDOVREHHQHYDOXDWHGLQWHUPVRIVXIILFLHQF\DQGHIILFLHQF\DQGLQGLFDWLYH
UHVXOWVDUHSUHVHQWHGLQ7DEOHIRUJOREDO('3V)RUDOOWKHH[DPLQHGFDVHVRIWKLVVWXG\LWKDV
EHHQREVHUYHGWKDWWKHGLVSHUVLRQRIWKHUHJUHVVLRQPRGHOVLVORZHULQWKHFDVHRI6DWKDQLQWKH
FDVHRIWKH3*$)LJXUHGLVSOD\VWKHYDULDWLRQRIGLVSHUVLRQRIWKHH[DPLQHG,0VIRUOLQHDU
36'0 /36'0  DQG ELOLQHDU UHJUHVVLRQ 36'0 %36'0  IRU WKH ORFDO ('3 RI ȝĳPD[ RI
FROXPQ&,WLVREVHUYHGWKDWWKHGLVSHUVLRQLQWKHHODVWLFUDQJHLVVLJQLILFDQWORZHUWKDQWKH
LQHODVWLF RQH %RWK ,0V H[KLELWH ORZHU GLVSHUVLRQ DW WKH ILUVW EUDQFK RI %36'0 ZKLOH WKH
QRQOLQHDUEHKDYLRXURIWKHVWUXFWXUDOPHPEHUWHQGVWRUHGXFHWKHHIILFLHQF\RIWKHPRGHO
2Q WKH RWKHU KDQG )LJXUH  VKRZV SYDOXHV RI ELOLQHDU 36'0V RI 3*$ DQG 6D IRU WKH
H[DPLQHGSRXQGLQJFDVHV7KHUHVXOWVVKRZWKDWWKHQXOOK\SRWKHVLVIRUWKHVLJQLILFDQFHRIWKH
UHJUHVVLRQFDQQRWEHUHMHFWHGLQWKHFDVHRI6D7KHSYDOXHVFRUUHVSRQGLQJWR3*$DUHORZHU
WKDQ WKH FXWRII YDOXH RI  LQGLFDWLQJ WKDW LV VWDWLVWLFDOO\ GHSHQGHG RI JURXQG PRULRQ
FKDUDFWHULVWLFV
5.3 Examined performance levels - PLs
7KHSUREDELOLVWLFHYDOXDWLRQRIWKHSRXQGLQJHIIHFWLVSHUIRUPHGWKURXJKIUDJLOLW\FXUYHVLQ
WHUPV RI ('3_,0 (DFK IUDJLOLW\ FXUYH UHSUHVHQWV WKH SUREDELOLW\ RI H[FHHGLQJ D SDUWLFXODU
SHUIRUPDQFHOHYHO 3/ WKDWFRUUHVSRQGVWRDVSHFLILFYDOXHRI('3DVDIXQFWLRQRIWKH,0
7KXVWKHIUDJLOLW\FXUYHVRIWKLVVWXG\DUHGHYHORSHGEDVHGRQGLIIHUHQWVWUXFWXUDOJOREDODQG
ORFDOSHUIRUPDQFHOHYHOV,QWKLVGLUHFWLRQWKHQH[WIRXUJOREDOSHUIRUPDQFHOHYHOVDUHFKRVHQ
WREHH[DPLQHGIRUWKH,'5PD[DQG7'5PD[GHPDQGSDUDPHWHUV>@
L  WKHOHYHO RILPPHGLDWHRFFXSDQF\ ,2 WKDW FRUUHVSRQGV WRDPD[LPXPLQWHUVWRU\GULIW
HTXDOWRRIWKHVWRU\KHLJKW KVW  $7&,2OHYHOGULIW 
LL  WKHOHYHORIOLIHVDIHW\ /6 WKDWFRUUHVSRQGVWRDPD[LPXPLQWHUVWRU\GULIWHTXDOWR
RIWKHVWRU\KHLJKW KVW  $7&/6OHYHOGULIW 
LLL  WKHOHYHORIFROODSVHSUHYHQWLRQ &3 WKDWFRUUHVSRQGVWRDPD[LPXPLQWHUVWRU\GULIWHTXDO
WRRIWKHVWRU\KHLJKW KVW  $7&&3OHYHOGULIW DQG
LY  WRSGULIWHTXDOWRRIWKHWRWDOKHLJKWRIWKHVWUXFWXUH +WRW 

$VVXPLQJWKDWWKHPRVWFULWLFDOFROXPQFRQWUROVWKHJOREDOVWDWHRIWKHVWUXFWXUHWZR
PRUH VWUXFWXUDO SHUIRUPDQFH OHYHOV LQ WHUPV RI URWDWLRQDO FULWHULD DUH DOVR H[DPLQHG D 
6LJQLILFDQW'DPDJH 6' OHYHOZKHQWKHURWDWLRQDWDQ\FROXPQH[FHHGVWKHRIWKHXOWLPDWH
URWDWLRQșXDQG E 1HDU&ROODSVH 1& OHYHO ZKHQWKHURWDWLRQDW DQ\FROXPQH[FHHGV WKH
XOWLPDWHURWDWLRQșX7KHXOWLPDWHURWDWLRQ șX RIWKHFULWLFDOHDFKWLPHFROXPQRIWKHVWUXFWXUH
LVHYDOXDWHGEDVHGRQWKHUHFRPPHQGDWLRQVRI(XURFRGHSDUW>@
)LQDOO\WKHORFDOFXUYDWXUHGXFWLOLW\FDSDFLWLHV ȝĳ3/ RIWKHH[WHUQDOFROXPQVRIWKHVWRU\
5&IUDPHKDYHEHHQHVWLPDWHGIRUWKUHHGLIIHUHQW SHUIRUPDQFHOHYHOV 3/ RI QHDU FROODSVH
1& VLJQLILFDQWGDPDJH 6' DQGGDPDJHOLPLWDWLRQ '/  (XURFRGHSDUW>@ 
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&XUYDWXUHGXFWLOLW\ ZLWKRXWSRXQGLQJ

&XUYDWXUHGXFWLOLW\ ZLWKRXWSRXQGLQJ



< ;

< ; +  ; +


μφ,max - C20

μφ,max - C20

< ;

< ; +  ; +





,'$



,'$





/LQHDUUHJUHVVLRQ

/LQHDUUHJUHVVLRQ
%LOLQHDUUHJUHVVLRQ















Peak Ground Acceleration, PGA (g)



&XUYDWXUHGXFWLOLW\ GJ FP

&XUYDWXUHGXFWLOLW\ GJ FP
< ;

< ; +  ; +

< ; +  ; +


μφ,max - C20



μφ,max - C20




< ;



,'$





,'$



/LQHDUUHJUHVVLRQ

/LQHDUUHJUHVVLRQ
%LOLQHDUUHJUHVVLRQ















Peak Ground Acceleration, PGA (g)

%LOLQHDUUHJUHVVLRQ








Spectral Acceleration, Sa (g)



E 



E 

&XUYDWXUHGXFWLOLW\ GJ FP

&XUYDWXUHGXFWLOLW\ GJ FP




< ;

< ;

< ; +  ; +

< ; +  ; +



μφ,max - C20



μφ,max - C20



D 





,'$





,'$



/LQHDUUHJUHVVLRQ



/LQHDUUHJUHVVLRQ

%LOLQHDUUHJUHVVLRQ











Peak Ground Acceleration, PGA (g)

%LOLQHDUUHJUHVVLRQ








Spectral Acceleration, Sa (g)



F 



F 

&XUYDWXUHGXFWLOLW\ GJ FP

&XUYDWXUHGXFWLOLW\ GJ FP



< ;

< ;

< ; +  ; +

< ; +  ; +


μφ,max - C20



μφ,max - C20



Spectral Acceleration, Sa (g)



D 

%LOLQHDUUHJUHVVLRQ




,'$





,'$



/LQHDUUHJUHVVLRQ



/LQHDUUHJUHVVLRQ

%LOLQHDUUHJUHVVLRQ







Peak Ground Acceleration, PGA (g)

G 








%LOLQHDUUHJUHVVLRQ





Spectral Acceleration, Sa (g)

G 







)LJXUH&RPSDULVRQRIOLQHDUDQGELOLQHDU36'0VLQORJORJVSDFHIRUWKHORFDO('3RIWKHPD[LPXP
FXUYDWXUHGXFWLOLW\ȝĳPD[RIWKHFROXPQ&RIWKH5&IUDPH5HVXOWVDUHWDNHQIRUERWK,0V 3*$DQG6D DQG
IRUDOOWKHH[DPLQHGSRXQGLQJFDVHV D ZLWKRXWSRXQGLQJHIIHFW E LQLWLDOJDSGLVWDQFHGJ FP F LQLWLDO
JDSGLVWDQFHGJ FP G LQLWLDOJDSGLVWDQFHGJ FP
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EDPs
IMs

IDR max
3*$

6D

(IILFLHQF\
ȕ('3_,0
 

3*$

6D

6XIILFLHQF\
0Z
SYDOXH

TDRMAX
3*$

6D

3*$

6XIILFLHQF\5
SYDOXH

6D

(IILFLHQF\
ȕ('3_,0
 

3*$

6D

6XIILFLHQF\
0Z
SYDOXH

3*$

6D

6XIILFLHQF\5
SYDOXH

without
pounding











 











dg=0.0cm











 











dg=4.5cm











 











dg=9.0cm











 











7DEOH(IILFLHQF\DQGVXIILFLHQF\RIWKHH[DPLQHG,0V


β μφ,max|IM



3*$/360
3*$%360EUDQFK



3*$%360EUDQFK



6D/360

6D%36'0EUDQFK



6D%36'0EUDQFK
















R - p-value

Mw - p-value

)LJXUH'LVSHUVLRQRIOLQHDUDQGELOLQHDUUHJUHVVLRQPRGHOIRUWKHORFDO('3ȝĳPD[RIWKHFROXPQ&DVD
IXQFWLRQRI3*$DQG6D

3*$
6D












3*$
6D





)LJXUH(YDOXDWLRQRISYDOXHIRUWKHELOLQHDUUHJUHVVLRQPRGHORIWKHORFDO('3ȝĳPD[RIWKHFROXPQ&


6

RESULTS

,Q)LJXUHWKHSUREDELOLW\RIH[FHHGLQJDSUHGHILQHGGLVSODFHPHQWWKHIORRUOHYHORIWKH
VWRU\EXLOGLQJWKDWOD\HVDWWKHWRSOHYHORIWKHFRQWDFWSRLQWZLWKWKHVWRU\ULJLGVWUXFWXUHLV
HYDOXDWHG$VSUHGHILQHGGLVSODFHPHQWOLPLWLVFRQVLGHUHGWKHLQLWLDOJDSGLVWDQFHGJEHWZHHQ
WKHDGMDFHQWVWUXFWXUHV7KHH[DPLQHGLQWHUDFWLRQFDVHVDUHGJ FPGJ FPGJ FP
DQGGJ FP ZLWKRXWSRXQGLQJ ,WFDQEHREVHUYHGWKDWWKHVWRU\IUDPHLVPRUHYXOQHUDEOH
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WRSRXQGLQJZLWKWKHDGMDFHQWVKRUWHUDQGVWLIIHUVWUXFWXUHDVVPDOOHUWKHLQLWLDOVHSDUDWLRQJDS
GLVWDQFHEHWZHHQWKHPLV7KXVFRQVLGHULQJDSUREDELOLW\RISRXQGLQJEHWZHHQWKHH[DPLQHG
VWUXFWXUHVHTXDOWRDQHDUWKTXDNHLQWHQVLW\RIJLVFULWLFDOZKHQGJ FPZKLOHLQ
FDVHRIGJ FPWKHFULWLFDO,0YDOXHLVJ
$GLIIHUHQWDSSURDFKSURYLGHVWKDWIRUDQHDUWKTXDNHLQWHQVLW\RI6D JWKHSUREDELOLW\RI
SRXQGLQJ EHWZHHQ WKH H[DPLQHG VWUXFWXUHV LV DERXW  IRU GJ   FP ZKLOH LQ FDVH RI
GJ FPWKLVSUREDELOLW\LVOHVVWKDQ
,Q)LJXUHWKHIUDJLOLW\FXUYHVRIWKHVWRU\IUDPHLQWHUPVRIPD[LPXPLQWHUVWRU\GULIW
,'5PD[ DUHSUHVHQWHGIRUDOOWKHH[DPLQHGLQWHUDFWLRQFDVHV D ZLWKRXWSRXQGLQJHIIHFW E 
LQLWLDO JDS GLVWDQFH GJ   FP F  LQLWLDO JDS GLVWDQFH GJ   FP G  LQLWLDO JDS GLVWDQFH
GJ FP(DFKIUDJLOLW\FXUYHUHSUHVHQWVWKHSUREDELOLW\WKDWDSDUWLFXODUSHUIRUPDQFHOHYHO
3/ RI,'5PD[LVH[FHHGHGDVDIXQFWLRQRIWKH,0 3*$RU6D ,QWKLVVWXG\WKUHHJOREDO
SHUIRUPDQFH OHYHOV KDYH EHHQ FKRVHQ WR EH H[DPLQHG IRU WKH ,'5PD[ GHPDQG SDUDPHWHU
VHFWLRQ ,WFDQEHREVHUYHGWKDWWKHPRUHH[LJHQWWKHSHUIRUPDQFHOHYHO 3/ LVWKHIUDJLOLW\
FXUYHVPRYHWRZDUGVJUHDWHUYDOXHVRI,00RUHRYHULQDOOWKHH[DPLQHGFDVHVWKHGLVSHUVLRQ
RIWKH,'5PD[_,0YDOXHVLVUHGXFHGZKHQWKHLQWHQVLW\PHDVXUH6DLVXVHGLQVWHDGRIWKH3*$
6LPLODUREVHUYDWLRQVDOVRKROGZKHQWKHSUREDELOLW\RIH[FHHGLQJDSDUWLFXODUSHUIRUPDQFHOHYHO
3/  RI WKH PD[LPXP WRS GULIW 7'5PD[  LQ WKH VWRU\ IUDPH DV D IXQFWLRQ RI WKH ,0 LV
HVWLPDWHG 7KXV LQ )LJXUHV  DQG  WKH HIIHFW RI WKH SRXQGLQJ RQ WKH IUDJLOLW\ FXUYHV RI
,'5PD[_6DDQG7'5PD[_6DDUHSUHVHQWHGDQGGLVFXVVHG
)LJXUH  VKRZV WKDW LQ WKH FDVH RI HDUWKTXDNHLQGXFHG SRXQGLQJ WKH VWRU\ IUDPH KDV
H[KLELWHG WKH VDPH SUREDELOLW\ RI H[FHHGLQJ D SDUWLFXODU SHUIRUPDQFH OHYHO  3/  RI WKH
PD[LPXP LQWHUVWRU\ GULIW ,'5PD[  KVW  DW D ORZHU YDOXH RI 6D LQ FRPSDULVRQ WR WKH FDVH
ZLWKRXWWKHSRXQGLQJHIIHFW7KHSUREDELOLW\IRUWKHVWRU\IUDPHWRH[FHHGDVSHFLILF3/RI
,'5PD[DWWKHVDPH6DYDOXHLVLQFUHDVHGGXHWRWKHSRXQGLQJHIIHFWDVWKHLQLWLDOJDSGLVWDQFH
EHWZHHQWKHDGMDFHQWVWUXFWXUHLVGHFUHDVHG,QGLFDWLYHUHVXOWVIRU6D JDQG6D JDUH
SRLQWHG LQ )LJXUH G  0RUHRYHU WKH UHVXOWV RI WKLV VWXG\ VKRZ WKDW HYHQ LQ ORZ YDOXHV RI
HDUWKTXDNH LQWHQVLW\ PHDVXUHV HJ 6D  J  WKH HIIHFW RI WKH SRXQGLQJ EHWZHHQ WKH WZR
DGMDFHQWVWUXFWXUHVLVGHSLFWHGRQWKHIUDJLOLW\FXUYHVRIWKHVWRU\IUDPHLQWHUPVRI,'5PD[_,0
2QWKHRWKHUKDQGWKHSRXQGLQJHIIHFWLVGHSLFWHGRQWKHIUDJLOLW\FXUYHVRIWKHVWRU\IUDPH
LQWHUPVRI7'5PD[_,0ZKHQWKHYDOXHRIWKH,0LVJUHDWHUWKDQJ VHH)LJ 

Probability of pounding ( δ > dg )




ZLWKRXWSRXQGLQJ



GJ FP
GJ FP3*$



GJ FP3*$
GJ FP6D



GJ FP6D














Intensity measure, IM (g)







)LJXUH3UREDELOLW\RISRXQGLQJWKHVWRU\IUDPHZLWKWKHVWRU\ULJLGEDUULHUVWUXFWXUHIRULQLWLDOJDS
GLVWDQFH GJ HTXDOWRGJ FPGJ FPGJ FPDQGGJ FP ZLWKRXWSRXQGLQJ 
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GJ FP

:LWKRXWSRXQGLQJ


P (IDRmax > IDRmax-PL)

P (IDRmax > IDRmax-PL)




,23*$
/63*$
&33*$
,26D
/66D
&36D




















,23*$
/63*$
&33*$
,26D
/66D
&36D








Intensity measure, IM (g)













E
GJ FP

GJ FP


P (IDRmax > IDRmax-PL)



P (IDRmax > IDRmax-PL)



Intensity measure, IM (g)



D






,23*$
/63*$
&33*$
,26D
/66D
&36D





















,23*$
/63*$
&33*$
,26D
/66D
&36D









Intensity measure, IM (g)


F
Performance level of IO corresponds to IDRmax = 1.0 %
Performance level of LS corresponds to IDRmax = 1.5 %
Performance level of CP corresponds to IDRmax = 2.5 %











Intensity measure, IM (g)

G







)LJXUH3UREDELOLW\RIH[FHHGLQJDSDUWLFXODUSHUIRUPDQFHOHYHO 3/ RIWKHPD[LPXPLQWHUVWRU\GULIW
,'5PD[KVW WKHVWRU\IUDPHDVDIXQFWLRQRIWKH,0,QIOXHQFHRIWKH3/5HVXOWVDUHWDNHQIRULQWHQVLW\
PHDVXUH3*$DQG6D)UDJLOLW\FXUYHV D ZLWKRXWSRXQGLQJHIIHFW E LQLWLDOJDSGLVWDQFHGJ FP F LQLWLDO
JDSGLVWDQFHGJ FP G LQLWLDOJDSGLVWDQFHGJ FP

%HQHILFLDOVHHPVWREHWKHLQIOXHQFHRIWKHSRXQGLQJEHWZHHQWKHDGMDFHQWVWUXFWXUHVRQWKH
IUDJLOLW\ FXUYHV RI WKH VWRU\ IUDPH LQ WHUPV RI 7'5PD[_6D ZKHQ WKH WZR VWUXFWXUHV DUH LQ
FRQWDFWIURPWKHEHJLQQLQJGJ FPDQG6D!J$VLWFDQEHREVHUYHGLQ)LJXUHWKH
VWRU\IUDPHKDVH[KLELWHGWKHVDPHSUREDELOLW\RIH[FHHGLQJWKHRI7'5PD[DWDJUHDWHU
YDOXHRI6DGXHWRWKHSRXQGLQJHIIHFW GJ FP 
7KH IUDJLOLW\ FXUYHV RI WKH VWRU\ IUDPH WKDW GHVFULEH WKH SUREDELOLW\ RI H[FHHGLQJ WZR
GLIIHUHQWSHUIRUPDQFHOHYHOVLQWHUPVRIURWDWLRQDWDQ\FROXPQRIWKHVWUXFWXUHDVDIXQFWLRQRI
3*$DQG6DDUHSUHVHQWHGLQ)LJXUH7KHH[DPLQHGSHUIRUPDQFHOHYHOVDUH D 6LJQLILFDQW
'DPDJH 6' ZKHQWKHURWDWLRQșDWDQ\FROXPQH[FHHGVWKHRIWKHXOWLPDWHURWDWLRQșX
DQG E 1HDU&ROODSVH 1& ZKHQWKHURWDWLRQDWDQ\FROXPQH[FHHGVWKHXOWLPDWHURWDWLRQș X
7KHXOWLPDWHURWDWLRQ șX RIWKHFULWLFDOHDFKWLPHFROXPQRIWKHVWUXFWXUHLVHYDOXDWHGEDVHGRQ
WKHUHFRPPHQGDWLRQVRI(XURFRGHSDUW,WFDQEHREVHUYHGWKDWWKHIUDJLOLW\FXUYHVRIWKH
VWRU\IUDPHLQWHUPVRIș_,0PRYHWRZDUGVDORZHUYDOXHRI,0GXHWRWKHLQWHUDFWLRQZLWKWKH
DGMDFHQWVKRUWHUDQGVWLIIHUVWUXFWXUHZKHQFRPSDUHGZLWKWKHIUDJLOLW\FXUYHVZLWKRXWSRXQGLQJ
HIIHFW )XUWKHUPRUH WKH UHVXOWV LQ )LJXUH  VKRZ WKDW LQ WKH FDVH RI FRQVLGHULQJ WKH WZR
DGMDFHQWVWUXFWXUHVLQFRQWDFWIURPWKHEHJLQQLQJ GJ FP WKHSUREDELOLW\RIH[FHHGLQJWKH
URWDWLRQ OLPLW WKDW FRUUHVSRQGV WR D SDUWLFXODU 3/ DQ\ FROXPQ RI WKH IUDPH LV VLJQLILFDQWO\

3773

0DULD*)OHJJDDQG0DULD-)DYYDWD

LQFUHDVHGGXHWRWKHSRXQGLQJXQGHUWKHVDPHYDOXHRI,0LQFRPSDULVRQWRWKHFDVHRIIUHH
YLEUDWLRQ


3HUIRUPDQFHOHYHORI,2 ,'5PD[ 

3HUIRUPDQFHOHYHORI/6 ,'5PD[ 


P (IDRmax > IDRmax-LS)

P (IDRmax > IDRmax-IO)






ZLWKRXWSRXQGLQJ
GJ FP



GJ FP





GJ FP


GJ FP















ZLWKRXWSRXQGLQJ
GJ FP

GJ FP













Spectral Acceleration, Sa (g)

D













E




3HUIRUPDQFHOHYHORI&3 ,'5PD[ 


P (IDRmax > IDRmax-CP)



Spectral Acceleration, Sa (g)

P(IDRmax > IDRmax-PL)



6D





J

ZLWKRXWSRXQGLQJ
GJ FP



J

3/

:LWKRXW
SRXQGLQJ

GJ 
>FP@

GJ 
>FP@

GJ 
>FP@

,2
/6
&3
&3























GJ FP
GJ FP
















G







Spectral Acceleration, Sa (g)

F



)LJXUH,QIOXHQFHRIWKHSRXQGLQJHIIHFWRQWKHSUREDELOLW\RIWKHVWRU\IUDPHWRH[FHHGDSDUWLFXODU
SHUIRUPDQFHOHYHOV 3/ LQWHUPVRIPD[LPXPLQWHUVWRU\GULIW ,'5PD[KVW DVDIXQFWLRQRIWKH6D)UDJLOLW\
FXUYHV L ZLWKRXWSRXQGLQJHIIHFW LL GJ FP LLL GJ FP LY GJ FP

P (TDRmax > TDRmax-1% Htot)







ZLWKRXWSRXQGLQJ

GJ FP



GJ FP
GJ FP














Spectral Acceleration, Sa (g)







)LJXUH,QIOXHQFHRIWKHSRXQGLQJHIIHFWRQWKHSUREDELOLW\RIH[FHHGLQJWKHSHUIRUPDQFHOHYHO 3/ RI
PD[LPXPWRSGULIW 7'5PD[+WRW WKHVWRU\IUDPHDVDIXQFWLRQRIWKH6D)UDJLOLW\FXUYHV L ZLWKRXW
SRXQGLQJHIIHFW LL GJ FP LLL GJ FP LY GJ FP
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5RWDWLRQDO&ULWHULD (&






P (θmax > 0.75 θu)

P (θmax > 0.75 θu)

5RWDWLRQDO&ULWHULD (&






ZLWKRXWSRXQGLQJ
GJ FP



GJ FP
GJ FP





















ZLWKRXWSRXQGLQJ

GJ FP


GJ FP
GJ FP










Peak Ground Acceleration, PGA (g)















Spectral Acceleration, Sa (g)

D 3HUIRUPDQFHOHYHORI6LJQLILFDQW'DPDJH 6' 

5RWDWLRQDO&ULWHULD (&









P (θmax > θu)

P (θmax > θu)

5RWDWLRQDO&ULWHULD (&


ZLWKRXWSRXQGLQJ



GJ FP


GJ FP













Peak Ground Acceleration, PGA (g)





ZLWKRXWSRXQGLQJ
GJ FP



GJ FP





GJ FP
GJ FP


















Spectral Acceleration, Sa (g)

E 3HUIRUPDQFHOHYHORI1HDU&ROODSVH 1& 







)LJXUH,QIOXHQFHRIWKHSRXQGLQJHIIHFWRQWKHIUDJLOLW\FXUYHVRIWKHVWRU\IUDPHDWWZRGLIIHUHQW
SHUIRUPDQFHOHYHOV 3/ LQWHUPVRIURWDWLRQșUHTXLUHPHQWVDWDQ\FROXPQȠIWKHIUDPHDVDIXQFWLRQRIWKH3*$
DQG6D)UDJLOLW\FXUYHV L ZLWKRXWSRXQGLQJHIIHFW LL GJ FP LLL GJ FP LY GJ FP

)RU H[DPSOH LQ )LJXUH E IRU 6D  J WKH FRUUHVSRQGLQJ IUDJLOLW\ FXUYH LQGLFDWHV D
SUREDELOLW\YDOXHRIWRH[FHHGWKHURWDWLRQOLPLW VWDWHRI1&DQ\FROXPQRIWKHVWRU\
IUDPH VWUXFWXUH ZKHQ GJ   FP ZKLOH LQ WKH FDVH ZLWKRXW WKH SRXQGLQJ HIIHFW WKH
FRUUHVSRQGLQJSUREDELOLW\LV OHVVWKDQ $OVRWKHUHVXOWVLQ)LJXUHVKRZWKDWIRU,0
YDOXHVJUHDWHUWKDQJWKHYXOQHUDELOLW\RIWKHIUDPHLVFULWLFDOLQWHUPVRIURWDWLRQDOGHPDQGV
RIFROXPQVVLQFHWKHH[DPLQHGSHUIRUPDQFHOHYHOVKDYHEHHQH[FHHGHGZKLOHWKHVWXG\RIWKH
SRXQGLQJ HIIHFW VHHPVPHDQLQJOHVV1HYHUWKHOHVV WKHUHVXOWV LQ )LJXUH LQGLFDWHWKDWWKLV
REVHUYDWLRQPD\OHDGWRFRQVHUYDWLYHVROXWLRQVDVLWLVGLVFXVVHGEHORZ
,QWKLVVWXG\WKHORFDOGXFWLOLW\UHTXLUHPHQWVRIWKHFROXPQVRIWKHVWRU\VWUXFWXUHKDYH
DOVREHHQLQFRUSRUDWHGLQWKHSUREDELOLVWLFDVVHVVPHQWRIWKHSRXQGLQJHIIHFW)RUWKLVSXUSRVH
IUDJLOLW\FXUYHVDWHDFKIORRUOHYHORIWKHVWRU\IUDPHLQWHUPVRIPD[LPXPFXUYDWXUHGXFWLOLW\
ȝĳPD[RIWKHH[WHUQDOFROXPQVDWWKHSRXQGLQJVLGHKDYHEHHQGHYHORSHGDVDIXQFWLRQRI3*$
DQG6D)RUHDFKFROXPQWKHSUREDELOLW\RIH[FHHGLQJWKHOLPLWVWDWHVRI1HDU&ROODSVH 1& 
6LJQLILFDQW 'DPDJH 6'  DQG 'DPDJH /LPLWDWLRQ '/  (XURFRGH   SDUW  LV HYDOXDWHG
7KHUHIRUH LQ )LJXUH  LQGLFDWLYH UHVXOWV DERXW WKH LQIOXHQFH RI WKH SRXQGLQJ HIIHFW RQ WKH
IUDJLOLW\FXUYHVLQWHUPVRIȝĳPD[_6DDUHSUHVHQWHG%DVHGRQWKHVHUHVXOWVLWFDQEHREVHUYHG
WKDWIRUWKHH[DPLQHGVWRU\5&IUDPHVWUXFWXUHZLWKDQGZLWKRXWSRXQGLQJSUREOHPVFULWLFDO
LVWKHORFDOUHVSRQVHRIWKHFROXPQVDWWKHWRSIORRUOHYHOV &DQG& 7KHIUDJLOLW\FXUYHV
RIWKHVHFROXPQV &DQG& VKLIWWRZDUGVORZHUYDOXHVRI,0GXHWRWKHSRXQGLQJHIIHFW
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9LWDOVHHPVWREHWKHHIIHFWRIWKHSRXQGLQJRQWKHORFDOUHVSRQVHVRIWKHFROXPQVRIWKHWK
DQGWKIORRUOHYHO &DQG& DVLWLVGHPRQVWUDWHGLQ)LJXUHD7KHVHFROXPQVDUHMXVW
DERYHWKHWRSOHYHORIWKHFRQWDFWSRLQWRIWKHDGMDFHQWVWUXFWXUHV7KHHIIHFWRIWKHSRXQGLQJRQ
WKHIUDJLOLW\FXUYHVȝĳPD[_6DRIWKHVHFROXPQVDWWKHSHUIRUPDQFHOHYHORI'/FDQEHHYDOXDWHG
ZLWKLQ DQ HDUWKTXDNH LQWHQVLW\ UDQJH RI J WR J 6LPLODUO\ LQ WKH FDVHV RI 6' DQG 1&
SHUIRUPDQFH OHYHOV WKH FRUUHVSRQGLQJ FULWLFDO UDQJH LV J WR J 0RUHRYHU ZKHQ WKH
VHSDUDWLRQJDSGLVWDQFHEHWZHHQWKHVWUXFWXUHVLVGHFUHDVHGWKHIUDJLOLW\FXUYHVVKLIWWRZDUGVWR
DORZHUYDOXHRI,07KHVHREVHUYDWLRQVFRQWUDVWZLWKWKHFRPPHQWVWKDWKDYHEHHQGHGXFHG
EDVHGRQWKHUHVXOWVRI)LJXUH)LJXUHLOOXVWUDWHVWKDWWKHSRXQGLQJHIIHFWFDQEHHYDOXDWHG
IRULQWHQVLW\YDOXHVJUHDWHUWKDQWKHJZKHQWKHORFDOGXFWLOLW\GHPDQGVRIWKHFROXPQVDUH
FRQVLGHUHG

3HUIRUPDQFHOHYHORI6' &XUYDWXUHGXFWLOLW\
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F

)LJXUH,QIOXHQFHRIWKHSRXQGLQJHIIHFWRQWKHSUREDELOLW\WRH[FHHGDSDUWLFXODUSHUIRUPDQFHOHYHO 3/ 
LQWHUPVRIPD[LPXPFXUYDWXUHGXFWLOLW\ȝĳPD[WKHH[WHUQDOFROXPQVRIWKHVWRU\IUDPHDWWKHSRXQGLQJVLGHDV
DIXQFWLRQRIWKH6D)UDJLOLW\FXUYHV L ZLWKRXWSRXQGLQJHIIHFW LL GJ FP LLL GJ FP LY GJ FP

)XUWKHUPRUHLWFDQEHREVHUYHGWKDWIRUDQHDUWKTXDNHLQWHQVLW\HTXDOWRJWKHSUREDELOLW\
RIWKHH[WHUQDOFROXPQ&WRH[FHHGWKHFXUYDWXUHFDSDFLW\DWWKHSHUIRUPDQFHOHYHORI'/LV
ZKHQGJ FP7KLVSUREDELOLW\LVLQFUHDVHGWRIRULQLWLDOJDSGLVWDQFHEHWZHHQ
WKHDGMDFHQWVWUXFWXUHVHTXDOWRFPDQGWRIRUGJ FP6LPLODUO\IRU6D JWKH
SUREDELOLWLHVRIH[FHHGLQJWKHURWDWLRQFDSDFLW\DWWKHOHYHORI6'WKHFROXPQ&LV
DQGIRUGJ FPGJ FPDQGGJ FPUHVSHFWLYHO\,QWKHFDVHRI1&WKHVH
SUREDELOLWLHVDUHGHFUHDVHGWRWKHYDOXHVRIIRUGJ FPGJ FPDQG
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GJ FPUHVSHFWLYHO\,QDOOWKHH[DPLQHGFDVHVRIZLWKRXWSRXQGLQJHIIHFWWKHFROXPQ¶V
UHVSRQVHLVHODVWLFRQH SUREDELOLW\HTXDOWR]HUR IRU6D J

7

CONCLUSIONS
%DVHGRQWKHUHVXOWVRIWKLVVWXG\WKHIROORZLQJFRQFOXGLQJUHPDUNVDUHQRWHG
x 7KHVWRU\IUDPHLVPRUHYXOQHUDEOHWRSRXQGLQJZLWKWKHDGMDFHQWVWRU\ULJLGVWUXFWXUH
DVVPDOOHUWKHLQLWLDOVHSDUDWLRQGLVWDQFH GJ EHWZHHQWKHPLV
x 7KHSUREDELOLW\IRUWKHVWRU\IUDPHWRH[FHHGDVSHFLILFJOREDORUORFDOSHUIRUPDQFHOHYHO
DWWKHVDPHYDOXHRILQWHQVLW\PHDVXUH ,0 LVLQFUHDVHGGXHWRWKHSRXQGLQJHIIHFW
x 7KHPRUHH[LJHQWWKHSHUIRUPDQFHOHYHOLVWKHIUDJLOLW\FXUYHVPRYHWRZDUGVJUHDWHUYDOXHV
RILQWHQVLW\PHDVXUH ,0 
x )RUWKHVWRU\IUDPHWKHSUREDELOLW\RIGDPDJHGXHWRWKHSRXQGLQJHIIHFWFDQEHJDXJHG
WKURXJKWKHIUDJLOLW\FXUYHVDWGLIIHUHQWJOREDOSHUIRUPDQFHOHYHOVRI,'5PD[HYHQIRUYDO
XHVRIHDUWKTXDNHLQWHQVLW\OHVVWKDQJ
x )RUWKHH[DPLQHGJOREDOSHUIRUPDQFHOHYHORI7'5PD[WKHSUREDELOLW\RIGDPDJHGXHWRWKH
SRXQGLQJHIIHFWFDQEHHYDOXDWHGRQO\IRUYDOXHVRIHDUWKTXDNHLQWHQVLW\JUHDWHUWKDQJ
DQGRQO\IRUGJ FP
x 7KHSUREDELOLW\RIGDPDJHGXHWRWKHSRXQGLQJHIIHFWIRUWKHJOREDOSHUIRUPDQFHOHYHOVLQ
WHUPVRIWKHORFDO('3URWDWLRQșFDQDOVREHDVVHVVHGHYHQIRUYDOXHVRIHDUWKTXDNHLQWHQ
VLW\OHVVWKDQJ1HYHUWKHOHVVLQWKLVVWXG\IRU,0YDOXHVJUHDWHUWKDQJWKHYXOQHUD
ELOLW\RIWKHIUDPHLVFULWLFDOGXHWRWKHLQFUHDVHGURWDWLRQDOGHPDQGVRIFROXPQV
x )LQDOO\ LQ FDVHRILQFRUSRUDWLQJ WKHORFDO SHUIRUPDQFHOHYHOVRIFXUYDWXUHGXFWLOLW\ WKH
SUREDELOLW\RIGDPDJHGXHWRWKHSRXQGLQJHIIHFWLVGHSLFWHGLQDZLGHUDQJHRIHDUWKTXDNH
LQWHQVLW\YDOXHVDQGIRUDOOWKHH[DPLQHGGJ
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FRAGILITY CURVES FOR RC FRAMED BUILDINGS SUBJECTED
TO EARTHQUAKE-INDUCED LANDSLIDE: COMPARISON
BETWEEN 2D AND 3D STRUCTURAL MODELS
Giacomo Miluccio, Fulvio Parisi, and Edoardo Cosenza
'HSDUWPHQWRI6WUXFWXUHVIRU(QJLQHHULQJDQG$UFKLWHFWXUH8QLYHUVLW\RI1DSOHV)HGHULFR,,
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HPDLO^JLDFRPRPLOXFFLRIXOYLRSDULVLFRVHQ]D`#XQLQDLW

Keywords: (DUWKTXDNHLQGXFHG ODQGVOLGHV 5& IUDPHG EXLOGLQJV &XPXODWLYH GDPDJH )UD
JLOLW\DQDO\VLV
Abstract. Earthquake-induced landslides are strongly dangerous secondary events of earthquakes, which every year cause huge losses around the world. In this paper, the structures at
the toe of slopes subjected to the impact of landslides were considered. A probabilistic procedure developed in another paper is applied to two-story reinforced concrete building without
infill walls. A method to evaluate cumulative damage to structures due to earthquake shaking
and landslide impact was implemented through MATLAB. The variability in landslide-related
loading, in terms of extension in plan and impact angle, was considered. A 2D frame was taken out from a 3D model and sequential response analysis was carried out on both models
through OpenSees. Uncertainties were modelled through probability distributions of primary
variables that mostly influence structural response, allowing the derivation of fragility curves
via simulation. The probability of collapse was investigated under varying peak ground acceleration and impact velocity, which were considered as intensity measures for earthquake
shaking and landslide impact, respectively.
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1

INTRODUCTION

(DUWKTXDNHVKDNLQJFDQSURGXFHDQXPEHURIVHFRQGDU\HYHQWVVXFKDVWVXQDPLVILUHVH[
SORVLRQVDQGODQGVOLGHV7KHODWWHUHYHQWVDUHFKDUDFWHUL]HGE\KLJKGHVWUXFWLYHSRWHQWLDODQG
FDQEHGLVWLQJXLVKHGLQWZRFDWHJRULHVDFFRUGLQJWRWKHLUYHORFLW\VORZPRYLQJODQGVOLGHVDQG
IORZW\SH ODQGVOLGHV 7KH IRUPHU PRVWO\ DIIHFW EXLOGLQJV ORFDWHG XSVWUHDP RI WKH VORSHV DV
WKHLU VWUXFWXUDO UHVSRQVH LV LQIOXHQFHG E\ GLIIHUHQWLDO VHWWOHPHQWV LQGXFHG DW WKH EDVH RI WKH
VWUXFWXUH>@±>@%\FRQWUDVWIORZW\SHODQGVOLGHVDUHFKDUDFWHUL]HGE\YHU\KLJKYHORFLWLHV
DQGWKHGDPDJHVWRWKHVWUXFWXUHVDUHFDXVHGE\WKHLULPSDFWRQEXLOGLQJIDoDGHV7KHUHIRUH
PRVWRIGDPDJHDIIHFWVEXLOGLQJVORFDWHGGRZQVWUHDPRIWKHVORSHV5HFHQWVWXGLHVLQYHVWLJDW
HG WKH IUDJLOLW\ RI ' VWUXFWXUHV LPSDFWHG E\ IORZW\SH ODQGVOLGHV >@ DVVRFLDWLQJVWUXFWXUDO
GDPDJHZLWKWKHYHORFLW\RIWKHIORZ v WKDWZDVDVVXPHGDVLQWHQVLW\PHDVXUH ,0 >@
,Q WKLV SDSHU WKH IUDJLOLW\ RI D UHLQIRUFHG FRQFUHWH 5&  IUDPHG EXLOGLQJ ORFDWHG GRZQ
VWUHDP RI WKH VORSH DQG VXEMHFWHG WR HDUWKTXDNHLQGXFHG ODQGVOLGH LV GLVFXVVHG &XPXODWLYH
GDPDJH GXH WR WKH VHLVPLF DFWLRQ DQG ODQGVOLGH LPSDFW ZDV DVVHVVHG WKURXJK WKH SURSRVHG
PHWKRGRORJ\)XUWKHUPRUHD'IUDPHWDNHQRXWIURPD'PRGHOZDVWDNHQLQWRDFFRXQWLQ
RUGHUWRFRPSDUHLWVIUDJLOLW\FXUYHVWRWKRVHREWDLQHGIRUWKHHQWLUH'PRGHO
2

MODELING ASSUMPTIONS

7KHFDVHVWXG\FRQVLGHUHGKHUHLQFRQFHUQVDVWUXFWXUHGHVLJQHGIRUJUDYLW\ORDGVRQO\DF
FRUGLQJWRGHVLJQFULWHULDLQIRUFHLQ,WDO\EHIRUH>@7KHVWUXFWXUDOPRGHODGRSWHGFRQ
VLVWVRIWZRVSDQVRIHTXDOOHQJWKDQGWZRVWRUH\VZLWKVDPHKHLJKW$ULJLGGLDSKUDJPZDV
DVVXPHGDWHDFKIORRUOHYHOZKHUHDVWKHVWUXFWXUHZDVFRQVLGHUHGIL[HGDWWKHEDVH$OOFRO
XPQVKDYHDVTXDUHVHFWLRQZKHUHDVWKHEHDPVDUHFKDUDFWHUL]HGE\DUHFWDQJXODUFURVVVHF
WLRQ,QILOOZDOOVZHUHQRWFRQVLGHUHGLQWKHFDSDFLW\PRGHOVRWKHVWUXFWXUHLVWRWDOO\EDUHDV
VKRZQLQ)LJXUHDQG7KH'IUDPHLVORFDWHGRQWKHSHULPHWHURIWKHEXLOGLQJDVKLJK
OLJKWHGE\WKHUHGER[LQ)LJXUH


)LJXUH%XLOGLQJSODQ GLPHQVLRQVLQPHWHUV 
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)LJXUH%XLOGLQJHOHYDWLRQ GLPHQVLRQVLQPHWHUV 

0RGHOOLQJFULWHULDIRUVHLVPLFDFWLRQVODQGVOLGHORDGDQGVWUXFWXUDOV\VWHPDVZHOODVWKH
PHWKRGRORJ\DGRSWHGDUHGHVFULEHGLQGHWDLOLQWKHSDSHUVE\0LOXFFLRHWDO>@DQG3DULVLHW
DO>@)LJXUHVKRZVWKHODQGVOLGHORDGVDVVXPHGZKHUHDV)LJXUHUHSUHVHQWVWKHVHTXHQ
WLDODQDO\VLVDGRSWHGWRDFFRXQWIRUFXPXODWLYHGDPDJHGXHWRHDUWKTXDNHVKDNLQJDQGODQG
VOLGHLPSDFW$OODQDO\VHVZHUHFDUULHGRXWWKURXJK2SHQ6HHVVRIWZDUH>@
7KH LQWHQVLW\ RI VHLVPLF VKDNLQJ ZDV PHDVXUHG WKURXJK WKH SHDN JURXQG PRWLRQ 3*$ 
ZKLFKLVDQ,0ZHOOFRUUHODWHGZLWKERWKGDPDJHWRORZSHULRGVWUXFWXUHVDQGRFFXUUHQFHRI
HDUWKTXDNHLQGXFHGODQGVOLGHV VHHHJ>@>@ 
,WZDVDVVXPHGWKDWWKHODQGVOLGHYHORFLW\KDVDFRQVWDQWPD[LPXPYDOXHRYHUDWLPHVSDQ
VXIILFLHQWO\ORQJ WR FDXVH WKH RXWRISODQH FROODSVH RI LQILOO ZDOOV DQG VXEVHTXHQWLPSDFW RQ
FROXPQVDORQJERWK;DQG=JOREDOD[HV


)LJXUH*HQHUDOVFKHPHIRUGLDJRQDOODQGVOLGHLPSDFW
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)LJXUH6HTXHQWLDOQRQOLQHDUPRGHOOLQJDQGDQDO\VLV D HDUWKTXDNHJURXQGVKDNLQJ E ODQGVOLGHLPSDFW

3

SENSITIVITY ANALYSIS

6HQVLWLYLW\DQDO\VLVZDVFDUULHGRXWLQRUGHUWRHYDOXDWHWKHLQIOXHQFHRIWKHHDUWKTXDNHSD
UDPHWHUV 3*$DQG ׇDQGODQGVOLGHSDUDPHWHUV LfDQGį RQWKHVWUXFWXUDOUHVSRQVH$3*$
HTXDOWRggDQGgZLWKDQDQJOHׇHTXDOWRDQGZDVDVVXPHGIRUWKH'
PRGHOZKHUHDVLQRUGHUWRGHILQHODQGVOLGHWKUHHYDOXHVRIH[WHQVLRQRQSODQ/IDQGDQJOHį
ZHUHDVVXPHG7KH/IZDVGHILQHGHTXDOWRdb L DQGHcolZKHUHDVWKHDQJOHįLVHTXDOWR
DQG:KHUH+colLVWKHVHFWLRQZLGWKRIFROXPQVLVWDQGVIRUWKHRQFHQWUHGLV
WDQFH EHWZHHQ FRQVHFXWLYH FROXPQV DORQJ HLWKHU WKH ;D[LV RU =D[LV RI WKH EXLOGLQJ SODQ 
DQGdbLVWKHGLDJRQDORIEXLOGLQJSODQ$VUHJDUGVWKH'IUDPHDYDOXHRIׇHTXDOWRDQGį
HTXDOWRZDVDVVXPHGFRQVLGHULQJGLIIHUHQWYDOXHGRI3*$DQGLfLQRUGHUWRGHILQHWKH
OHYHORIGDPDJHOLQNHGWRWKHVHLVPLFVKDNLQJDQGWKHGLIIHUHQWVWUXFWXUDOUHVSRQVHOLQNHGWR
WKH LQYROYHPHQW RI D YDULDEOH QXPEHU RI FROXPQV LPSDFWHG E\ WKH ODQGVOLGH 7KHUHIRUH 
ORDGLQJ VFHQDULRV ZHUH REWDLQHG IRU WKH ' PRGHO DQG  VFHQDULRV IRU WKH WZRGLPHQVLRQDO
PRGHO
PGA ggg
 ׇ

Lf >P@
į


H


col

 H col



 H col
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db


db


db
7DEOH/RDGLQJVFHQDULRVIRUVHQVLWLYLW\DQDO\VLV
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'XHWRWKHODUJHDPRXQWRIUHVXOWVWKHVFHQDULRWKDWXQGHUOLQHVWKHGLIIHUHQFHLQVWUXFWXUDO
UHVSRQVHLQWKHFDVHRI'RU'PRGHOOLQJZDVFKRVHQ
)LJXUHVKRZVWKHGHIRUPHGVKDSHRIVWUXFWXUHLQWKHFROODSVHFRQGLWLRQDQGLVFKDUDFWHU
L]HGE\D3*$HTXDOWRg,QERWKPRGHOVWKHSODVWLFURWDWLRQGHPDQGLQWKHSODVWLFKLQJHV
LVDERXWRIWRWDOFDSDFLW\$VRIWVWRUH\PHFKDQLVPZDVGHYHORSHGDQGOLJKWUHGFRORXULQ
)LJXUHDUHSUHVHQWVWKHGDPDJHLQWKHSODVWLFKLQJHVDWWKHKHDGDQGWRHRIWKHFROXPQVRQ
WKHILUVWOHYHO7KDWGDPDJHLVW\SLFDORIEXLOGLQJVGHVLJQHGIRUJUDYLW\ORDGVRQO\VXEMHFWHGWR
VHLVPLFVKDNLQJ)ROORZLQJWKHVHLVPLFDFWLRQWKHUHVSRQVHRIWKHVWUXFWXUHLPSDFWHGE\WKH
ODQGVOLGH ZDV DVVHVVHG FRQVLGHULQJ WKH FXPXODWHG GDPDJH $Q H[WHQVLRQ RI WKH ODQGVOLGH
HTXDOWRdbZDVGHILQHGGHWHUPLQLQJLQWKH'PRGHODQLPSDFWRIWKHODQGVOLGHRQWKHDOO
FROXPQVRIWKHILUVWOHYHO,QWKH'PRGHOWKHHOHPHQWVWKDWGRHVQRWLPSDFWHGE\WKHODQG
VOLGH KHOS WKH HQWLUH VWUXFWXUH WR XQGHUJR PXFK VPDOOHU GLVSODFHPHQWV ZKHQ ORDG LQFUHDVHV
7KDWDVSHFWLVXQGHUOLQHGLQ)LJXUHVDDQGEE\WKHGLIIHUHQFHEHWZHHQWKHGHIRUPDWLRQRI
WKHVWUXFWXUHGXHWRWKHVHLVPLFVKDNLQJ EODFNGDVKHGOLQH DQGODQGVOLGHLPSDFW EOXHVROLG
OLQH  ,Q WKH ' PRGHO WKH GLVSODFHPHQWV LQGXFHG E\ ODQGVOLGH DUH YHU\ VPDOO ZLWK D VKHDU
FROODSVH RI WKH HOHPHQWV LQYROYHG LQWR ODQGVOLGH LPSDFW ZKHUHDV WKH ' VWUXFWXUH H[KLELWV
PXFKODUJHUGLVSODFHPHQWVOHDGLQJWKHHOHPHQWVWRH[SUHVVDIOH[XUDOW\SHEHKDYLRXUZLWKD
FROODSVHRIWKHSODVWLFKLQJHVDQGUHDFKLQJWKHLUXOWLPDWHURWDWLRQ
D
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Yelding Rotation





Peak Rotation
Ultimate Rotation
Shear failure
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)LJXUH1HDUFROODSVHGHIRUPHGVKDSHVDORQJ;D[LVFRQVLGHULQJFXPXODWLYHGDPDJHXQGHU3*$ J ׇ
į DQGLf db D '0RGHO E '0RGHO

4

FRAGILITY ANALYSIS

7KH0RQWH&DUORSURFHGXUHZDVLPSOHPHQWHGLQWKH0$7/$%VRIWZDUH>@LQRUGHUWR
FDUU\ RXW WKH IUDJLOLW\ DQDO\VLV $ QXPEHU RI  PRGHOV ZDV GHILQHGDVVXPLQJ DSSURSULDWH
SUREDELOLW\ GLVWULEXWLRQV UHJDUGLQJ ORDGV JHRPHWULHV DQG PDWHULDOV >@ )RU HDFK UHDOL]DWLRQ
WKHSURFHGXUHGHVFULEHGLQ>@ZDVDGRSWHGIRUERWK'DQG'PRGHOV
7KH,0VGHILQHG3*$DQGvZHUHDVVXPHGWRUDQJHIURPWRgZLWKDVWHSRIg
DQGWRPVZLWKVWHSRIPVUHVSHFWLYHO\7KHSUREDELOLW\RIFROODSVH3IZDVGHILQHGDV
WKHSUREDELOLW\RIUHDFKLQJWKHXOWLPDWHURWDWLRQLQWKHILUVWSODVWLFKLQJHRIWKHFROXPQVDWWKH
ILUVWOHYHOJLYHQDIL[HGYDOXHRI3*$DQGv3IZDVDVVHVVHGDVWKHUDWLREHWZHHQWKHQXPEHU
RIFDVHVWKDWFROODSVHWRWKHQXPEHURIWRWDOFDVHV Nsim  )LQDOO\WKHSUREDELOLW\SRLQWV
REWDLQHGZHUHILWWHGE\DORJQRUPDOGLVWULEXWLRQ>@
7KHUHVXOWVREWDLQHGIRUWKHWZRPRGHOV 'DQG' ZHUHVKRZHGLQ)LJXUHDQGLQWDEOH
ZKHUHWKHPHGLDQYDOXHVRIWKH3*$ ȝ WKHORJDULWKPLFVWDQGDUGGHYLDWLRQ ȕ DQGWKHGLV
WULEXWLRQ FRHIILFLHQW R2  DUH LQGLFDWHG 7KH IUDJLOLW\ FXUYHV ZHUH H[WUDSRODWHG IURP WKH WZR
VHWV RI FXUYHV GHVFULEHG DERYH ,W FDQ EH QRWHG WKDW IRU ORZ VSHHGV WKH IUDJLOLW\ RI WKH '
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PRGHO LV VOLJKWO\ OHVV WKDQ IUDJLOLW\ RI ' PRGHO $V WKH VSHHG LQFUHDVHV LH WKH GDPDJH
OLQNHGWRWKHODQGVOLGHLPSDFWLQFUHDVHVWKH'VWUXFWXUHKDVDPXFKKLJKHUIUDJLOLW\WKDQWKH
WKUHHGLPHQVLRQDOPRGHO,QWKDWFDVH LHPHGLXPKLJKYDOXHRIv 3*$PHGLDQYDOXHVRI
'DQG'PRGHODUHDERXWgDQGgUHVSHFWLYHO\IRUv PVZKHUHDVZKHQvLV
HTXDOWRPVWKHPHGLDQYDOXHRI3*$IRU'PRGHOLVWLPHVVPDOOHUWKDQ'PRGHO
)RUv PVWKHUHLVDQLQWHUVHFWLRQEHWZHHQWKHFXUYHVRI'DQG'PRGHOV:KHQ3*$
KDV ORZHU YDOXHV WKH GDPDJHV OLQNHG WR WKH ODQGVOLGH LPSDFW DUH KLJKHU DQG WKH WZR
GLPHQVLRQDOPRGHOKDVDELJJHUIUDJLOLW\WKDQWKH'RQHZKHUHDVZLWKLQFUHDVLQJ3*$WKH
'PRGHOKDVDKLJKHUFXUYHWKDQWKHWZRGLPHQVLRQDOPRGHOSUHVHQWLQJDJUHDWHUIUDJLOLW\
WRZDUGVWKHVHLVPLFVKDNLQJ
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5

CONCLUSIONS

7KHPDLQJRDORIWKLVVWXG\ZDVWKHIUDJLOLW\DVVHVVPHQWRI5&IUDPHGEXLOGLQJVVXEMHFWHG
WR VHLVPLFDOO\LQGXFHG ODQGVOLGHV FRPSDULQJ WKH UHVSRQVH RI D ' PRGHO ZLWK UHVSHFW WR D
WZRGLPHQVLRQDORQH$VHTXHQWLDOQRQOLQHDUDQDO\VLVZDVLPSOHPHQWHGLQRUGHUWRFRQVLGHU
WKH FXPXODWHG GDPDJH LQGXFHG E\ VHLVPLF VKDNLQJ DQG VXEVHTXHQWO\ E\ WKH LPSDFW RI WKH
ODQGVOLGH7KHURWDWLRQRIWKHSODVWLFKLQJHVZDVFRQVLGHUHGDVDQHQJLQHHULQJGHPDQGSDUDP
HWHU
7KHVHQVLWLYLW\DQDO\VLVVKRZHGDWRWDOO\GLIIHUHQWEHKDYLRXUZLWKUHJDUGVWRWKHWZRGLIIHU
HQWPRGHOV%\DGRSWLQJD'PRGHORIWKHVWUXFWXUHWKHIDLOXUHRIFROXPQVZDVUHODWHGZLWK
WKHLUVKHDUFROODSVHDQGDSSHDUVWREHFRQFHQWUDWHGLQWKHHOHPHQWVLPSDFWHGE\WKHODQGVOLGH

3785

*0LOXFFLR)3DULVL(&RVHQ]D


,QWKHFDVHRID'PRGHOWKHIOH[XUDOFROODSVHRIWKHHOHPHQWVZDVUHDFKHGZLWKDPRUH
GLVWULEXWHGGDPDJHDQGWKHWULJJHULQJRIDVRIWVWRUH\PHFKDQLVPIRUWKHJOREDOVWUXFWXUH
7KHIUDJLOLW\DQDO\VLVVKRZHGDVLJQLILFDQWLQFUHDVLQJLQWKHYXOQHUDELOLW\IRUWKH'VWUXF
WXUHLQWKHFDVHRIPHGLXPKLJKYHORFLWLHVZKHUHDVIRUORZHUYHORFLWLHVZKHUHWKHGDPDJH
E\HDUWKTXDNHVKDNLQJLVSUHGRPLQDQWWKH'VWUXFWXUHKDVDJUHDWHUYXOQHUDELOLW\
7KHVWXG\ZKHWKHUWKHVWUXFWXUHLVWDNHQWKURXJKDWKUHHGLPHQVLRQDOPRGHORUWKURXJKD
VLPSOLILHG'PRGHOVKRZVDVLJQLILFDQWLQFUHDVHLQWKHIUDJLOLW\FRQVLGHULQJWKHFXPXODWLYH
GDPDJHZKHQODQGVOLGHZLWKPHGLXPKLJKYHORFLWLHVRFFXUV
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$WKHQV*UHHFH±1RYHPEHU

IMPACT OF CUMULATIVE DAMAGE ON FRAGILITY OF RC
FRAMED BUILDINGS SUBJECTED TO EARTHQUAKE-INDUCED
LANDSLIDES
Giacomo Miluccio, Fulvio Parisi, and Edoardo Cosenza
'HSDUWPHQWRI6WUXFWXUHVIRU(QJLQHHULQJDQG$UFKLWHFWXUH8QLYHUVLW\RI1DSOHV)HGHULFR,,
9LD&ODXGLR1DSOHV,WDO\
HPDLO^JLDFRPRPLOXFFLRIXOYLRSDULVLFRVHQ]D`#XQLQDLW

Keywords: (DUWKTXDNHLQGXFHG ODQGVOLGHV 5& IUDPHG EXLOGLQJV &XPXODWLYH GDPDJH )UD
JLOLW\DQDO\VLV
Abstract. Numerical studies and field missions have shown that seismically-induced slides
and rock falls are secondary events of earthquakes with very high destructive potential. In
many cases, the loss induced by the landslide phenomenon has significantly exceeded the impact of earthquake shaking. Recent studies proposed fragility models for 2D reinforced concrete (RC) framed buildings on the crest of the slope subjected to slow-moving landslide. In
this paper, a new fragility model is proposed for RC framed buildings located downstream of
the slope, and hence subjected to landslide impact loading. A two-storey structure, which was
designed only to gravity loads, was selected as case study. According to Monte Carlo simulation method, one thousand realizations of the structure were randomly generated by considering uncertainties on both landslide parameters and structural properties. The peak ground
acceleration was chosen as intensity measure (IM) for earthquake ground shaking, whereas
the landslide impact velocity was selected as landslide IM. The novelty of this paper includes
the consideration of (i) the uncertainty on landslide width and impact angle, and (ii) damage
accumulation due to earthquake shaking and landslide impact. Both the generation of random
load-capacity models and post-processing of analysis results were performed in Matlab,
whereas sequential structural analyses were carried out with OpenSees. The inter-storey drift
ratio was assumed as engineering demand parameter and two limit states were assumed, producing as many fragility curves of the structure.
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1

INTRODUCTION

0DQ\VHFRQGDU\HYHQWVDUHLQGXFHGE\JURXQGVKDNLQJILUHVH[SORVLRQWVXQDPLDQGODQG
VOLGHV,QWKHOLWHUDWXUHVWXGLHVDERXWGDPDJHVGXHWRHDUWKTXDNHLQGXFHGHYHQWVZHUHVWXGLHG
:DQJHWDO>@RXWOLQHGKXJHGDPDJHVWRVWUXFWXUDOV\VWHPVGXHWRODQGVOLGHVSURGXFHGE\WKH
 :HQFKXDQ HDUWKTXDNH LQ &KLQD 0DQ\ VWXGLHV ZHUH FDUULHG RXW WR GHYHORS IUDJLOLW\
PRGHOVIRU'UHLQIRUFHGFRQFUHWH 5& IUDPHGEXLOGLQJVRQWKHFUHVWRIWKHVORSH HJ>@±
>@>@ 'DPDJHVZHUHUHODWHGWRYHUWLFDODQGKRUL]RQWDOGLIIHUHQWLDOGLVSODFHPHQWVRIIRXQGD
WLRQ VRLO ,Q WKH FDVH RI VORZPRYLQJ HDUWKTXDNHLQGXFHG ODQGVOLGHV WKH SHDN JURXQG GLV
SODFHPHQW FDQ EH FRQVLGHUHG DV LQWHQVLW\ PHDVXUH ,0  ZKLFK FDQ EH FRUUHODWHG ZLWK SHDN
JURXQGDFFHOHUDWLRQ 3*$ >@$FWXDOO\ODQGVOLGHUHODWHGVHWWOHPHQWVDWEDVHRIWKHVWUXFWXUH
DUHWKHPDLQFDXVHRIEXLOGLQJFROODSVH0RUHUHFHQWVWXGLHVLQYHVWLJDWHGWKHIUDJLOLW\RI'
VWUXFWXUDOPRGHOVORFDWHGGRZQVWUHDPRIWKHVORSH>@LQRUGHUWRHYDOXDWHWKHEHKDYLRXURI
WKH VWUXFWXUH LPSDFWHG E\ ODQGVOLGH ,Q WKDW FDVH IORZW\SH ODQGVOLGHV ZHUH FRQVLGHUHG VR
VWUXFWXUDOGDPDJHZDVDVVRFLDWHGZLWKLPSDFWYHORFLW\RIWKHGHEULVIORZZKLFKZDVWKHQDV
VXPHGDV,0RIIUDJLOLW\PRGHOV
,QWKLVVWXG\D'VWUXFWXUDOPRGHODWWKHEDVHRIWKHVORSHZDVFRQVLGHUHGLQRUGHUWRGH
ILQH WKH IUDJLOLW\ RI 5& IUDPHG EXLOGLQJVWRIDVWPRYLQJHDUWKTXDNHLQGXFHGODQGVOLGHV$F
FRUGLQJO\JURXQGVKDNLQJLQWHQVLW\ZDVPHDVXUHGWKURXJK3*$ZKHUHDVWKHLPSDFWYHORFLW\
ZDV FKRVHQ DV ,0 IRU WKH ODQGVOLGH &XPXODWLYH GDPDJH GXH WR WKH VHTXHQFH RI HDUWKTXDNH
VKDNLQJDQGODQGVOLGHLPSDFWLVVLPXODWHGFRQVLGHULQJWKHYDULDELOLW\RIERWKZLGWKDQGGLUHF
WLRQRIWKHODQGVOLGHLQWKHEXLOGLQJSODQ
2
2.1

MODELLING OF LOADS AND STRUCTURE
Assumptions

7KHFDVHVWXG\EXLOGLQJZDVDVVXPHGWREHGHVLJQHGIRUJUDYLW\ORDGVRQO\DFFRUGLQJWR
SDVW,WDOLDQFRGHVLQIRUFHEHIRUH>@>@7KHVWUXFWXUDOV\VWHPLVFRPSRVHGRIWZRVWR
UH\VDQGWZRED\VSHUVWRUH\ZLWKWKHVDPHKHLJKWDQGVSDQUHVSHFWLYHO\(DFKIORRUV\VWHP
ZDVPRGHOOHGDVDULJLGGLDSKUDJP&ROXPQVDQGEHDPVZHUHPRGHOOHGZLWKVTXDUHGDQGUHF
WDQJXODU FURVV VHFWLRQV $ ULJLG EDVHPHQW ZDV FRQVLGHUHG DW WKH EDVH RI EXLOGLQJV DQG VRLO
VWUXFWXUHLQWHUDFWLRQZDVQRWWDNHQLQWRDFFRXQW,QILOOZDOOVZHUHQRWFRQVLGHUHGLQWKHFDSDFL
W\PRGHORIWKHVWUXFWXUHUHVXOWLQJLQDEDUHIUDPHGV\VWHPDVVKRZQLQ)LJXUHVDQG
7KHLQHODVWLFEHKDYLRXURIIUDPHHOHPHQWVZDVPRGHOOHGLQDFFRUGDQFHWRWKHOXPSHGSODV
WLFLW\DSSURDFK)OH[XUDOVKHDULQWHUDFWLRQDQGD[LDOORDGELD[LDOEHQGLQJPRPHQWLQWHUDFWLRQ
ZHUHGHILQHGLQOLQHZLWK(XURFRGH (& ±3DUW>@DQGPRGHOVDYDLODEOHLQWKHOLWHUD
WXUH>@±>@,QDGGLWLRQWRSODVWLFKLQJHVDWHOHPHQWHQGVDWKLUGSODVWLFKLQJHZDVDVVLJQHG
WRPLGFURVVVHFWLRQVRIILUVWVWRUH\FROXPQVKHQFHDFFRXQWLQJIRUSRWHQWLDOGDPDJHLQGXFHG
E\WKHODQGVOLGHLPSDFW
*UDYLW\ORDGVZHUHXQLIRUPO\GLVWULEXWHGRYHUEHDPVDFFRUGLQJWRWKHLUWULEXWDU\IORRUDUH
DV3*$ZDVFKRVHQDV,0IRUJURXQGVKDNLQJDOVREHFDXVHRILWVSRWHQWLDOXVHLQPRGHOOLQJ
WKHODQGVOLGHRFFXUUHQFHFRQGLWLRQHGXSRQHDUWKTXDNHLQWHQVLW\ HJ>@DQG>@>@ 6HLV
PLFSHUIRUPDQFHDVVHVVPHQWZDVFDUULHGRXWLQWHUPVRIGLVSODFHPHQWVDFFRUGLQJWR(&>@
7KHGLVSODFHPHQWFDSDFLW\ZDVGHULYHGWKURXJKDQRQOLQHDUVWDWLF SXVKRYHU DQDO\VLVRIWKH
VWUXFWXUHXQGHUYDU\LQJLQFLGHQFHDQJOH  ׇRIVHLVPLFDFWLRQVZLWKUHVSHFWWRWKHJOREDO;
D[LVRIEXLOGLQJSODQ
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)LJXUH %XLOGLQJSODQ GLPHQVLRQVLQPHWHUV 


)LJXUH%XLOGLQJHOHYDWLRQ GLPHQVLRQVLQPHWHUV 

7KH LPSDFW YHORFLW\ RI VRLO PDVV ZDVFKRVHQDV,0IRUWKHODQGVOLGHDFFRUGLQJWRPDQ\
VWXGLHVLQWKHOLWHUDWXUHWKDWGHILQHDUHODWLRQVKLSEHWZHHQVWUXFWXUDOGDPDJHVDQGLQWHQVLW\RI
UDSLGODQGVOLGHV>@,PSDFWORDGLQJZDVVLPXODWHGWKURXJKODWHUDOSUHVVXUHVGHILQHGDVVXP
RI K\GURVWDWLF SUHVVXUHV DQG NLQHWLF SUHVVXUHV ZKLFK DUH OLQHDUO\ DQG XQLIRUPO\ GLVWULEXWHG
RYHUWKHKHLJKWRIFROXPQVUHVSHFWLYHO\7KHHDUWKIORZKHLJKWZDVDVVXPHGEHWZHHQDQG
WLPHVWKHLQWHUVWRU\HLJKW7KHUHIRUHWKHFRPSRQHQWVRISUHVVXUHDORQJWKHD[LVRIEXLOG
LQJSODQZHUHGHILQHGDVIROORZV

pdx zs

g D zs

v  FRV  





ZKHUHg DFFHOHUDWLRQRIJUDYLW\D IORZGHSWKȡ IORZGHQVLW\zs KHLJKWRIJHQHULFVRLO
OD\HUIURPWKHVOLGLQJVXUIDFHRIWKHIORZv LPSDFWIORZYHORFLW\į DQJOHEHWZHHQIORZ
GLUHFWLRQDQGSHUSHQGLFXODUD[LVRILPSDFWHGEXLOGLQJIDoDGH į LQFDVHRISHUSHQGLFXODU
LPSDFW $YDULDEOHVL]HRIWKHODQGVOLGHLQSODQZDVFRQVLGHUHG$FFRUGLQJWR3DULVLHWDO>@
DXQLIRUPSUHVVXUHGLVWULEXWLRQSHUXQLWOHQJWK peq ZDVGHILQHGWREHDSSOLHGRQFROXPQV
pdz zs

g D zs
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qx

peq bc FRV







ZKHUHbcDQGhcLQGLFDWHWKHGLPHQVLRQVRIFROXPQFURVVVHFWLRQDORQJWKH;DQG=D[LVRI
WKHEXLOGLQJSODQ7KXVODQGVOLGHUHODWHGORDGLQJZDVPRGHOOHGDVXQLIRUPO\GLVWULEXWHGSUHV
VXUHVERWKLQSODQDQGRYHUWKHKHLJKWRIFROXPQV )LJ 

qz

peq bc VLQ


)LJXUH*HQHUDOVFKHPHIRUGLDJRQDOODQGVOLGHLPSDFW

2.2

Procedure

$QHLJHQYDOXHDQDO\VLVZDVFDUULHGRXWZLWK2SHQ6HHV>@WRHYDOXDWHPRGDOVKDSHVDQG
YLEUDWLRQSHULRGVRIWKHHODVWLFVWUXFWXUH7KHEXLOGLQJV\PPHWU\SURGXFHVWKHVDPHILUVWWZR
PRGDOVKDSHVDQGSHULRGVDORQJJOREDOD[HV$QLQHODVWLFPRGHOZDVGHYHORSHGLQ2SHQ6HHV
>@ DFFRUGLQJ WR WKH OXPSHG SODVWLFLW\ DSSURDFK DQG SXVKRYHU DQDO\VLV ZLWK GLVSODFHPHQW
FRQWURO ZDV FDUULHG RXW WR DVVHVV WKH HIIHFWV RI HDUWKTXDNH JURXQG VKDNLQJ RQ WKH EXLOGLQJ
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VWUXFWXUH7KH1PHWKRGZDVXVHGWRHYDOXDWHVHLVPLFGLVSODFHPHQWGHPDQGFRQVLGHULQJWKH
ZRUVW ODWHUDO IRUFH SURILOH DPRQJ WKRVH SURYLGHG E\ (&  3DUW  >@>@ $FFRUGLQJO\ WKH
LQHODVWLFFDSDFLW\RIEXLOGLQJZDVGHILQHGLQWHUPVRIGLVSODFHPHQWVDVVXPLQJVWUXFWXUDOFRO
ODSVHWREHDVVRFLDWHGZLWKWKHILUVWRFFXUUHQFHRIPD[LPXPFKRUGURWDWLRQLQDSODVWLFKLQJH
,QFDVHGLVSODFHPHQWGHPDQGGLGQRWUHDFKFDSDFLW\DGHJUDGHGFDSDFLW\PRGHOZDVGHILQHG
WRFRQVLGHUFXPXODWLYHGDPDJHGXHWRVXEVHTXHQWODQGVOLGHLPSDFW7KLVZDVFRQVLVWHQWZLWK
WKH DVVXPSWLRQ WKDW ODQGVOLGH LPSDFW IROORZV VHLVPLF VKDNLQJ KHQFH DOORZLQJ D VHTXHQWLDO
DQDO\VLV 7R WKDW DLP D QRQGHJUDGLQJ VWLIIQHVV PRGHO ZDV DGRSWHG WR GHILQH WKH XQORDGLQJ
EUDQFKRIPRPHQWURWDWLRQGLDJUDPVRISODVWLFKLQJHV$QRQOLQHDUVWDWLFDQDO\VLVZLWKIRUFH
FRQWUROZDVWKHQFDUULHGRXWWRVLPXODWHODQGVOLGHLPSDFWRQWKHEXLOGLQJIDoDGH)LJXUHVD
DQGEVKRZWKHVHTXHQFHRIVWUXFWXUDODQDO\VHVSHUIRUPHGIRUHDUWKTXDNHVKDNLQJDQGODQG
VOLGHLPSDFW
GG

)

GG



TF[

)

<

<



;

;









)LJXUH6HTXHQWLDOQRQOLQHDUPRGHOOLQJDQGDQDO\VLV D HDUWKTXDNHJURXQGVKDNLQJ E ODQGVOLGHLPSDFW


3
3.1

SENSITIVITY ANALYSIS
Methodology

7KHFDVHVWXG\EXLOGLQJZDVSDUDPHWULFDOO\DQDO\VHGWRLQYHVWLJDWHWKHLQIOXHQFHRIHDUWK
TXDNHDQGODQGVOLGHSDUDPHWHUVRQVWUXFWXUDOUHVSRQVH3*$ZDVVHWWRggDQGg
ZKHUHDVWKHLQFLGHQFHDQJOHRIVHLVPLFDFWLRQ ࢡ ZDVDVVXPHGWREHDQG,QWHUPV
RIODQGVOLGHSDUDPHWHUVWKUHHYDOXHVRIODQGVOLGHZLGWK Lf DQGWKUHHYDOXHVRIODQGVOLGHLP
SDFWDQJOH ZHUHFRQVLGHUHGLfZDVVHWWR  H col  L DQGdbZKHUHHcol LVWKHVHFWLRQ
DOZLGWKRIFROXPQVLVWDQGVIRUWKHRQFHQWUHGLVWDQFHEHWZHHQFRQVHFXWLYHFROXPQV DORQJ
HLWKHUWKH;D[LVRU=D[LVRIWKHEXLOGLQJSODQ DQGdb LVWKHGLDJRQDORIEXLOGLQJSODQ ZDV
DVVXPHGWREHDQG%\FRQWUDVWWKHKHLJKWRIODQGVOLGHPDVVZDVVHWFRQVWDQWDQG
HTXDOWRPLHWKHLQWHUVWRUH\KHLJKWRIWKHVWUXFWXUH&RQVLGHULQJWKHYDULDELOLW\RISDUDP
HWHUVLQGLFDWHDERYHVFHQDULRVZHUHGHILQHGDVVKRZQLQ7DEOH
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7DEOH'HILQLWLRQRIORDGLQJVFHQDULRVIRUVHQVLWLYLW\DQDO\VLV

)RUHDFKVFHQDULRWKHSURFHGXUHGHVFULEHGLQ6HFWLRQZDVDGRSWHG$QDO\VLVUHVXOWVLQ
WHUPVRIGHPDQGFDSDFLW\UDWLR '&5 FROODSVHYHORFLW\ LHWKHODQGVOLGHYHORFLW\WKDWOHDGV
WKH VWUXFWXUH WR FROODSVH  DQG QHDUFROODSVH GHIRUPHG VKDSH RI WKH VWUXFWXUH DUH GLVFXVVHG
EHORZ
3.2

Discussion of results

7KHILUVWVHWRIVHQVLWLYLW\DQDO\VHVZHUHFDUULHGRXWWRHYDOXDWHWKHYDULDELOLW\RIFROODSVH
YHORFLW\ vc  'XH WR WKH KXJH QXPEHU RI VFHQDULRV DQG DQDO\VLV UHVXOWV RQO\ WKH RXWSXW IRU
VFHQDULRVZLWK ׇDUHGHVFULEHGODWHURQ
$VWKHFDVHVWXG\EXLOGLQJZDVGHVLJQHGRQO\WRJUDYLW\ORDGVLWVFROODSVHPHFKDQLVPFDQ
EHJRYHUQHGE\EULWWOHVKHDUIDLOXUHRIFROXPQVXQGHUODWHUDOORDGLQJ7KHUHIRUHWKHLQIOXHQFH
RIVKHDUIDLOXUHZDVLQYHVWLJDWHGE\DVVXPLQJWZRGLIIHUHQWFDSDFLW\PRGHOV L PRGHOZLWK
FRQVLGHUDWLRQRIVKHDUIDLOXUHLQFROXPQVRISUHGDPDJHGVWUXFWXUHQDPHO\WKHVWUXFWXUHSUH
YLRXVO\GDPDJHGXQGHUVHLVPLFJURXQGPRWLRQ LL PRGHOZLWKRXWFRQVLGHUDWLRQRIVKHDUIDLO
XUH,QPRGHO LL WKHHOHPHQWVFDQVXIIHURQO\DIOH[XUDOIDLOXUHZKLFKZDVDVVXPHGWRRFFXU
ZKHQFKRUGURWDWLRQGHPDQGUHDFKHGWKHPD[LPXPURWDWLRQFDSDFLW\RISODVWLFKLQJHV
)LJXUHVDDQGEVKRZWKHFROODSVHYHORFLW\YHUVXVWKHODQGVOLGHZLGWKXQGHUYDU\LQJVFH
QDULRLQWHUPVRIODQGVOLGHDQJOHDQG3*$IRUPRGHOV L DQG LL UHVSHFWLYHO\,Q)LJXUHD
WKHFROODSVHYHORFLW\UDQJHVEHWZHHQDQGPVVKRZLQJDPLQRULQIOXHQFHRIGDPDJHGXH
WRHDUWKTXDNHVKDNLQJ7KHJURXQGPRWLRQLQWHQVLW\FDXVLQJVWUXFWXUDOFROODSVHZDV3*$F 
gDVRXWOLQHGE\DKRUL]RQWDOOLQHZLWKvc PV7KHFROODSVHYHORFLW\GURSVZKHQWKH
ODQGVOLGHZLGWKLVHTXDOWRWKHGLDJRQDOVL]HRIEXLOGLQJSODQEHFDXVHPRUHHOHPHQWVDUHLQ
YROYHGLQWKHFROODSVHPHFKDQLVP0RUHRYHUWKHVFHQDULRZLWKIURQWDOODQGVOLGHLPSDFW LHį
 LVFKDUDFWHUL]HGE\WKHORZHVWYDOXHVRIFROODSVHYHORFLW\
)RFXVLQJ RQ )LJXUH E WKH PD[LPXP YHORFLW\ WKDW WKH VWUXFWXUH ZDV DEOH WR ZLWKVWDQG
ZLWKWKHVPDOOHVWODQGVOLGHZLGWK LVDSSUR[LPDWHO\HTXDOWRPV,QWKDWFDVHLIVKHDUIDLO
XUHLVQRWFRQVLGHUHGLQWKHFDSDFLW\PRGHORIWKHVWUXFWXUHFROXPQVGHYHORSVDIOH[XUDOEH
KDYLRXUXSWRWKHPD[LPXPFKRUGURWDWLRQFDSDFLW\ PD[ 
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)LJXUH,QIOXHQFHRIODQGVOLGHZLGWKDQGLPSDFWDQJOHRQFROODSVHYHORFLW\ D PRGHOZLWKFRQVLGHUDWLRQRI
VKHDUIDLOXUH E PRGHOZLWKRXWFRQVLGHUDWLRQRIVKHDUIDLOXUH

0RUHRYHUWKHLQIOXHQFHRIGDPDJHGXHWRHDUWKTXDNHVKDNLQJLVPRUHVLJQLILFDQWWKDQWKDW
REVHUYHGLQ)LJXUHD,IVKHDUIDLOXUHRIFROXPQVLVFRQVLGHUHGDOLPLWHGQXPEHURIFROXPQV
DUH LQYROYHG LQ WKH FROODSVH PHFKDQLVP VKRZLQJ YHU\ ORZ YDOXHV RI FKRUG URWDWLRQ &RQ
YHUVHO\LIFROXPQVDUHDVVXPHGWRGHYHORSWKHLUIXOOIOH[XUDOFDSDFLW\DQGKHQFHODUJHUFKRUG
URWDWLRQV )LJE WKHLQIOXHQFHRIVKDNLQJUHODWHGGDPDJHLQFUHDVHV
)LJXUHVDIVKRZ'&5VLQILUVWIORRUFROXPQVXQGHUYDU\LQJ3*$DQG)ׇLJXUHVDF
DQGHDUHUHODWHGWR3*$ gZKHUHDVWKHRWKHUVWR3*$ g7KLVPRWLYDWHV'&5V
DSSUR[LPDWHO\HTXDOWRLQFDVHRI3*$ gZKLFKDUHYHU\KLJKHUWKDQWKRVHSUHGLFW
HGXQGHUWKHORZHVW3*$OHYHO6FHQDULRVZLWK3*$ gSURGXFHGYHU\KLJKOHYHOVRISODV
WLF URWDWLRQ GHPDQG LQ FROXPQV UHVXOWLQJ LQ HYHQO\ GLVWULEXWHG GDPDJH WKURXJKRXW WKH
VWUXFWXUH7KLVSOD\HGDNH\UROHLQQRQOLQHDUUHVSRQVHRISUHGDPDJHGVWUXFWXUHWRVXEVHTXHQW
ODQGVOLGHLPSDFWRQSHULPHWHUFROXPQV
6WUXFWXUDOUHVSRQVHWRHDUWKTXDNHVKDNLQJLVJUDSKLFDOO\UHSUHVHQWHGE\QHDUFROODSVHGH
IRUPHG VKDSHV LQ )LJXUHV DI 5HGWDJJHG SODVWLF KLQJHV RXWOLQH WKH DWWDLQPHQW RI XOWLPDWH
FKRUGURWDWLRQDQGKHQFHHOHPHQWIDLOXUH7KHGLUHFWLRQRIVHLVPLFVKDNLQJKDVPDMRULQIOX
HQFH DV HYLGHQFHG E\ FRPSDULVRQ EHWZHHQ )LJXUHV DE FG DQG HI ZKLFK DUH UHVSHF
WLYHO\UHODWHGWR ׇ ׇDQG) ׇLJXUHVEGDQGIVKRZWKDW'&5VLQFUHDVH
E\ZKHQWKHHDUWKTXDNHVKDNLQJDQJOHLQFUHDVHVIURPWRDQG,QDOOFDVHVWKH
VWUXFWXUHVXIIHUHGDVRIWVWRU\PHFKDQLVPDVW\SLFDOFROODSVHPHFKDQLVPRIVWUXFWXUHGHVLJQHG
IRUJUDYLW\ORDGVRQO\ZLWKRXWVHLVPLFGHWDLOLQJ
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)LJXUH'&5IRUILUVWIORRUFROXPQVXQGHUYDU\LQJ3*$DQG ׇD 3*$ g±  ׇE 3*$ g± ׇ
 F 3*$ g±  ׇG 3*$ g±  ׇH 3*$ g±  ׇI 3*$ g± ׇ

,WLVQRWHGWKDWODWHUDOGLVSODFHPHQWVZHUHDPSOLILHGWREHWWHUVKRZFROODSVHPHFKDQLVPV
$FFRUGLQJ WR WKH SURFHGXUH GHVFULEHG LQ 6HFWLRQ  D QRQOLQHDU VWDWLF DQDO\VLV ZLWK IRUFH
FRQWURO ZDV UXQ WR VLPXODWH ODQGVOLGH LPSDFW RQ EXLOGLQJ IDoDGH FRQVLGHULQJ VKDNLQJ SUH
GDPDJHSUHGLFWHGWKURXJKVHLVPLFSXVKRYHUDQDO\VLV'&5VDUHGHSLFWHGLQ)LJXUHVDDQGE
IRU FDSDFLW\ PRGHOV QHJOHFWLQJ DQG FRQVLGHULQJ VKHDU FROXPQ IDLOXUH UHVSHFWLYHO\ )RU WKH
VDNHRIEUHYLW\DQDO\VLVUHVXOWVVKRZQLQWKRVHILJXUHVDUHUHODWHGWRDVHOHFWHGVFHQDULRLH
WKHORDGLQJFDVHGHILQHGE\ ׇį DQGLf db
,I)LJXUHDLVFRQVLGHUHGWKHKXJHYDOXHRIODQGVOLGHZLGWK LfHTXDOWRWKHGLDJRQDORIWKH
EXLOGLQJSODQ DQGWKHDQJOHRIODQGVOLGHIORZSURGXFHGDFROODSVHPHFKDQLVPLQYROYLQJDOO
FROXPQVORFDWHGDWWKHILUVWIORRUOHYHO7KXVSODVWLFKLQJHVUHDFKHGWKHPD[LPXPFKRUGURWD
WLRQFDSDFLW\DQGDVRIWVWRUH\PHFKDQLVPGHYHORSHG%\FRQWUDVWWKHLQFOXVLRQRIVKHDUFRO
XPQ IDLOXUH LQ WKH FDSDFLW\ PRGHO LQGXFHG D VWURQJO\ GLIIHUHQW FROODSVH PHFKDQLVP ZKLFK
PRVWO\LQYROYHGRQO\WKHSHULPHWHUFROXPQVLPSDFWHGE\WKHODQGVOLGH,QWKDWFDVHVWUXFWXUDO
FROODSVH ZDV UHDFKHG XQGHU ORZ OHYHOV RI SODVWLF URWDWLRQ GHPDQG DV D FRQVHTXHQFH RI KLJK
VKHDUIRUFHOHYHOV0RUHRYHUZKHQ3*$ gGDPDJHGXHWRHDUWKTXDNHVKDNLQJZDVYHU\
VOLJKWZLWKQRLQIOXHQFHRQVWUXFWXUDOEHKDYLRXU
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)LJXUH1HDUFROODSVHGHIRUPHGVKDSHVDORQJ=DQG;D[LVGXHWRHDUWKTXDNHVKDNLQJXQGHU3*$ gDQG
GLIIHUHQWׇYDOXHV D =D[LV±  ׇE ;D[LV±  ׇF =D[LV±  ׇG ;D[LV±  ׇH =D[LV±
  ׇI ;D[LV± ׇ

7KH'&5GLVWULEXWLRQLQ)LJXUHELVGHVFULEHGE\QHDUFROODSVHGHIRUPHGVKDSHVLQ)LJXUH
DGZKLFKVFKHPDWLFDOO\UHSUHVHQWQHDUFROODSVHGHIRUPHGVKDSHVGXHWRFXPXODWLYHGDP
DJHDIWHUVHLVPLFVKDNLQJDQGODQGVOLGHLPSDFWXQGHU3*$UDQJLQJIURPgWRg'DVKHG
EODFN OLQHV LQGLFDWH GLVSODFHPHQWV GXH WR HDUWKTXDNH VKDNLQJ RQO\ ZKHUHDV VROLG EOXH OLQHV
UHSUHVHQWILQDOGLVSODFHPHQWVDIWHUODQGVOLGHLPSDFW7KHODWWHUSURGXFHGWKHDFKLHYHPHQWRI
VKHDUIDLOXUHLQFROXPQVUHVXOWLQJLQDVRIWVWRUH\PHFKDQLVP
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)LJXUH&XPXODWLYH'&5IRUILUVWIORRUFROXPQVXQGHU3*$ g ׇį DQGLf dbPRGHOZLWK
RXWFRQVLGHUDWLRQRIVKHDUFROXPQIDLOXUH E PRGHOZLWKFRQVLGHUDWLRQRIVKHDUFROXPQIDLOXUH

D

E

F

G


)LJXUH1HDUFROODSVHGHIRUPHGVKDSHVDORQJ=DQG;D[LVFRQVLGHULQJVKHDUFROXPQIDLOXUHDQGFXPXODWLYH
GDPDJHXQGHU ׇį Lf db DE 3*$ g FG 3*$ g GDVKHGEODFNOLQHVLQGLFDWHGLV
SODFHPHQWVGXHWRHDUWKTXDNHVKDNLQJVROLGEOXHOLQHVLQGLFDWHWRWDOGLVSODFHPHQWVDIWHUODQGVOLGHLPSDFW 


4
4.1

FRAGILITY ANALYSIS
Methodology

7KH IUDJLOLW\ DQDO\VLV RI WKH FDVHVWXG\ EXLOGLQJ ZDV FDUULHG RXW IROORZLQJ WKH SURFHGXUH
VXPPDULVHG LQ )LJXUH  8QFHUWDLQWLHV LQ PDWHULDOV JHRPHWU\ ORDGV DQG FDSDFLW\ PRGHO
ZHUHGHILQHGWKURXJKUDQGRPYDULDEOHVZLWKFRQWLQXRXVSUREDELOLW\GLVWULEXWLRQVXVHGLQDSUH
YLRXVVWXG\>@
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)LJXUH )ORZFKDUWRIHDUWKTXDNHLQGXFHGODQGVOLGHIUDJLOLW\DQDO\VLV

2SHQ6HHV>@DQG0$7/$%>@VRIWZDUHSDFNDJHVZHUHXVHGWRDXWRPDWLFDOO\SHUIRUP
UDQGRPJHQHUDWLRQVRIORDGFDSDFLW\PRGHOVDQGQRQOLQHDUVHTXHQWLDODQDO\VHV7KHIUD
JLOLW\ SURFHGXUH ZDV LPSOHPHQWHG WKURXJK WKH 0RQWH &DUOR VLPXODWLRQ PHWKRG FRQVLGHULQJ
WKH XQFHUWDLQW\ PRGHOOLQJ GLVFXVVHG DERYH )RU HDFK UHDOL]DWLRQ WKH VHTXHQWLDO QRQOLQHDU
DQDO\VLVGHVFULEHGLQ6HFWLRQZDVDSSOLHGDVVXPLQJ3*$UDQJLQJIURPgWRgZLWK
VWHSHTXDOWRg
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7KHLPSDFWYHORFLW\vRIODQGVOLGHZDVDVVXPHGWRUDQJHIURPWRPVZLWKVWHSHTXDO
WR  PV 'DPDJH DVVRFLDWHG RQO\ ZLWK HDUWKTXDNH VKDNLQJ LV UHODWHG WR WKH FDVH RI v  
ZKHUHDVODQGVOLGHLPSDFWZLWKWKHPD[LPXPVHOHFWHGYHORFLW\DOZD\VFDXVHGFROODSVHRIFRO
XPQV
$ELD[LDOLQWHUDFWLRQPRGHO>@>@ZDVXVHGFRQVLGHULQJDGHJUDGHGEHKDYLRXURISODVWLF
KLQJHVLQHDFKGLUHFWLRQWRDFFRXQWIRUSUHGDPDJHGXHWRHDUWKTXDNHVKDNLQJ$FRUQHUFRO
XPQZDVFRQVLGHUHGDVWKHHOHPHQWLQWKHZRUVWFRQGLWLRQRIORDGLQJ LPSDFWLQDOOFDVHV DQG
FDSDFLW\ ORZHVWD[LDOORDG 
7KHFROODSVHIUDJLOLW\Pf LHWKHFRQGLWLRQDOSUREDELOLW\RIH[FHHGLQJWKHXOWLPDWHURWDWLRQ
LQDSODVWLFKLQJHRIDILUVWIORRUFROXPQJLYHQ3*$DQGv ZDVHYDOXDWHGDVWKHUDWLREHWZHHQ
WKHQXPEHURIFROODSVHFDVHVDQGWKHWRWDOQXPEHURIVLPXODWLRQV Nsim  $ORJQRUPDO
GLVWULEXWLRQIXQFWLRQZDVILWWHGWRIUDJLOLW\SRLQWVLQRUGHUWRGHULYHIUDJLOLW\FXUYHVIRUHDFK
YHORFLW\DQG3*$OHYHO>@
,Q OLQH ZLWK SUHYLRXV VHQVLWLYLW\ DQDO\VLV IUDJLOLW\ FXUYHV ZHUH GHULYHG IRU ERWK FDSDFLW\
PRGHOVFRQVLGHUHGLQWKLVVWXG\KLJKOLJKWLQJWKHUROHRIVKHDUFROXPQIDLOXUHRQWKHYXOQHUD
ELOLW\RIWKHFDVHVWXG\EXLOGLQJVWUXFWXUH
4.2

Discussion of results

7KHWZRVHWVRIIUDJLOLW\FXUYHVDUHVKRZQLQ)LJXUHVDDQGEFRQVLGHULQJRUQRWWKH
VKHDU IDLOXUH RI FROXPQV UHVSHFWLYHO\ 7DEOH  RXWOLQHV WKH PHGLDQ 3*$ ȝ  ORJDULWKPLF
VWDQGDUGGHYLDWLRQ ȕ DQGFRHIILFLHQWRIGHWHUPLQDWLRQ R RIIUDJLOLW\FXUYHV2YHUDOOFDVHV
RUHDFKHGYHU\KLJKYDOXHVUDQJLQJEHWZHHQDQG
,IVKHDUIDLOXUHRIFROXPQVLVFRQVLGHUHG )LJD IUDJLOLW\FXUYHVFDQEHJURXSHGDFFRUG
LQJWRWKUHHUDQJHVRILPSDFWYHORFLW\
L  v PVZKLFKDUHORZYHORFLW\OHYHOVZKHUHVWUXFWXUDOYXOQHUDELOLW\LVPRVWO\DVVR
FLDWHGZLWKHDUWKTXDNHVKDNLQJLQWKDWFDVHWKHPHGLDQ3*$FDXVLQJFROODSVHLVDSSUR[
LPDWHO\g
LL  v PVZKLFKDUHPHGLXPYHORFLW\OHYHOVZKHUHVWUXFWXUDOYXOQHUDELOLW\GHSHQGVRQ
ERWKHDUWKTXDNHVKDNLQJDQGODQGVOLGHLPSDFWUHGXFLQJWKHPHGLDQFROODSVH3*$WRDS
SUR[LPDWHO\g
LLL v PVZKLFKDUHKLJKYHORFLW\OHYHOVZKHUHVWUXFWXUDOYXOQHUDELOLW\LVPRVWO\DV
VRFLDWHG ZLWK ODQGVOLGH LPSDFW RQ EXLOGLQJ IDoDGH UHVXOWLQJ LQ D PHGLDQ 3*$ HTXDO WR
DERXWg
'HDOLQJZLWKWKHVHFRQGVHWRIIUDJLOLW\FXUYHVUHODWHGWRFDSDFLW\PRGHOVQHJOHFWLQJVKHDU
FROXPQIDLOXUH )LJE WKHYXOQHUDELOLW\GHSHQGVRQWZRUDQJHVRILPSDFWYHORFLW\DVIRO
ORZV
L  v   PV ZKLFK DUH ORZPHGLXP YHORFLW\ OHYHOV ZKHUH VWUXFWXUDO YXOQHUDELOLW\ LV
PRVWO\ DVVRFLDWHG ZLWK HDUWKTXDNH VKDNLQJ KLJKOLJKWLQJ D PHGLDQ 3*$ DSSUR[LPDWHO\
HTXDOWRg
LL  v   PV ZKLFK DUH KLJK YHORFLW\ OHYHOV ZKHUH VWUXFWXUDO YXOQHUDELOLW\ GHSHQGV RQ
ERWKHDUWKTXDNHVKDNLQJDQGODQGVOLGHLPSDFWUHVXOWLQJLQDPHGLDQ3*$HTXDOWRg
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CONCLUSIONS

7KHSULPDU\JRDORIWKLVVWXG\ZDVWKHIUDJLOLW\DVVHVVPHQWRI5&IUDPHGEXLOGLQJVVXE
MHFWHG WR HDUWKTXDNHLQGXFHG ODQGVOLGH KD]DUG 7R DVVHVV WKH HIIHFWV RI JURXQG VKDNLQJ DQG
VXEVHTXHQWODQGVOLGHLPSDFWDFRPSXWDWLRQDOVWUDWHJ\EDVHGRQVHTXHQWLDOQRQOLQHDUDQDO\VLV
RIVWUXFWXUDOUHVSRQVHZDVVHWXSDQGLPSOHPHQWHG7KHFKRUGURWDWLRQRISODVWLFKLQJHVZDV
DVVXPHG DV HQJLQHHULQJ GHPDQG SDUDPHWHU PHDVXULQJ WKH VWUXFWXUDO UHVSRQVH WR VHTXHQWLDO
ORDGLQJ7KLVDOORZHGWKHHYDOXDWLRQRIFXPXODWLYHGDPDJHGXHWRHDUWKTXDNHDFWLRQVDQGODW
HUDO SUHVVXUHV DFWLQJ DW WKH JURXQG IORRU RI WKH EXLOGLQJ 8QFHUWDLQWLHV ZHUH PRGHOOHG DQG
SURSDJDWHGDFFRUGLQJWRVWDQGDUG0RQWH&DUORVLPXODWLRQDFFRXQWLQJIRUGLDJRQDOLPSDFWDQG
YDULDEOHVL]HRIWKHODQGVOLGHLQSODQ
6HQVLWLYLW\DQDO\VLVUHVXOWVXQGHUOLQHWKHLQIOXHQFHRIZLGWKDQGLPSDFWDQJOHRIWKHODQG
VOLGH RQ VWUXFWXUDO UHVSRQVH XQGHU YDU\LQJ JURXQG VKDNLQJ LQWHQVLW\ $V ODQGVOLGH ZLGWK LQ
FUHDVHVDJURZLQJQXPEHURIFROXPQVDUHLQYROYHGLQWKHFROODSVHPHFKDQLVPRIWKHVWUXFWXUH
)RU WKH FDVHVWXG\ EXLOGLQJ VHQVLWLYLW\ DQDO\VLV HYLGHQFHG XSSHU ERXQG FDSDFLW\ OHYHOV IRU
JURXQGVKDNLQJDQGODQGVOLGHLPSDFWZKLFKZHUHUHVSHFWLYHO\DVVRFLDWHGZLWK3*$PD[ g
DQGvmax PV7KRVHOLPLWYDOXHVZHUHWKHQFRQVLGHUHGODWHULQIUDJLOLW\DQDO\VLV6HQVLWLY
LW\ DQDO\VLV KLJKOLJKWHG D WRWDOO\ GLIIHUHQW EHKDYLRXU PRGHV RI WKH VWUXFWXUH GHSHQGLQJ RQ
ZKHWKHUVKHDUIDLOXUHRIFROXPQVLVFRQVLGHUHGRUQRW,QWKHIRUPHUFDVHWKHVWUXFWXUHH[SHUL
HQFHGORFDOFROODSVHRIFROXPQVZKHUHDVLQWKHRWKHUDVRIWVWRU\PHFKDQLVPZDVREVHUYHG
$VIDUDVFROODSVHYHORFLW\LVFRQFHUQHGWKHFDSDFLW\PRGHOLQFOXGLQJVKHDUIDLOXUHUHDFKHG
FROODSVHDWvc ±PVZKHUHDVFROODSVHYHORFLWLHVvc!PVZHUHIRXQGZKHQVKHDUIDLO
XUHZDVQRWWDNHQLQGXHFRQVLGHUDWLRQ
)UDJLOLW\ DQDO\VLV KLJKOLJKWHG D VLJQLILFDQW YXOQHUDELOLW\ LQFUHDVH ZKHQ ODQGVOLGH LPSDFW
ZLWK PHGLXPKLJK YHORFLW\ LV H[SHFWHG 7KHUHIRUH WKH VHLVPLF ULVN RI VWUXFWXUHV ORFDWHG LQ
ODQGVOLGHSURQHDUHDVVKRXOGEHDVVHVVHGZLWKDPXOWLKD]DUGDSSURDFKWRDFFRXQWIRUFXPXOD
WLYHGDPDJHGXHWRHDUWKTXDNHVKDNLQJDQGVXEVHTXHQWODQGVOLGHPRYHPHQWV
)XWXUHGHYHORSPHQWVRIWKLVVWXG\ZLOOLQFOXGHWKHDQDO\VLVRI'VWUXFWXUDOPRGHOVZLWK
PDVRQU\LQILOOZDOOVFRQVLGHULQJSRWHQWLDOEHQHILWVIURPVHLVPLFGHVLJQUXOHVDQGGHWDLOLQJ
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S_J1h1_ ALo1ahA:hAPL P6 _1Gs1. lL*1_hAL SPq1_
aS1*h_ 6P_ ahP*>ahA* .uLJA* auah1Ja
J`+Q "2?`2M/i1,2 - J`Bmb "BiiM2`1 - GBK *QK2`7Q`/2 - Jii2Q "`Q;;B1 M/ JB+?2H
"22`1,2,3
1 AMbiBimi2

7Q` _BbF M/ _2HB#BHBiv- G2B#MBx lMBp2`bBiv >MMQp2`- :2`KMv
2@KBH, &#2?`2M/i- #BiiM2`- #`Q;;B- #22`'!B`xXmMB@?MMQp2`X/2

2 AMbiBimi2

7Q` _BbF M/ lM+2`iBMiv- lMBp2`bBiv Q7 GBp2`TQQH- lMBi2/ EBM;/QK
2@KBH, HX+QK2`7Q`/!HBp2`TQQHX+XmF

3 .2T`iK2Mi

Q7 ai`m+im`H 1M;BM22`BM;- hQM;DB lMBp2`bBiv- a?M;?B- SX_X *?BM

E2vrQ`/b, SQr2` aT2+i`H .2MbBiv- aiQ+?biB+ .vMKB+b- aiQ+?biB+ S`Q+2bb- aT2+i`H
_2T`2b2MiiBQM- lM+2`iBMiv ZmMiB}+iBQMX
#bi`+iX AM bi`m+im`H /vMKB+b i?2 +QMbB/2`iBQMb Q7 biiBbiB+H mM+2`iBMiB2b `2 BK@
T2`iBp2 iQ 2Mbm`2  `2HBbiB+ KQ/2HHBM; Q7 HQ/BM; M/ Ki2`BH T`K2i2` b2imTX Ai Bb
r2HH FMQrM i?i Mv /2i2`KBMBbiB+ MHvbBb QMHv +QMbiBimi2b  M``Qr `2bmHi 7Q` i?2 ;Bp2M
BMTmi T`K2i2`bX "2+mb2 Q7 H2iQ`B+ Q` 2TBbi2KB+ mM+2`iBMiB2b- KMv 7+iQ`b Kmbi #2
+QMbB/2`2/ 2Bi?2` BM +2`iBM BMi2`pH K`;BMb Q` rBi? bm#D2+iBp2 T`Q##BHBiB2bX 1bT2+BHHv
BM i?2 +b2 Q7 b2BbKB+ ;`QmM/ KQiBQM- /m2 iQ bB;MB}+Mi mM+2`iBMiB2b-  `2HB#H2 T`2/B+iBQM
Q7 7mim`2 2p2Mi +?`+i2`BbiB+b Bb BKTQ`iMi BM /2bB;MBM; b72 bi`m+im`2bX
h?Bb rQ`F ii2M/b iQ i?2 r2HH FMQrM biiBbiB+H T`Q+2/m`2 Q7 bBKmHiBM; iBK2 ?BbiQ`B2b Q7
 K2+?MB+H KQ/2H mM/2` M `iB}+BHHv ;2M2`i2/ 2`i?[mF2 HQ/BM;- r?B+? Bb KQ/2HH2/
#v  biQ+?biB+ T`Q+2bbX h?2 biQ+?biB+ T`Q+2bb2b BM i?Bb rQ`F `2 i?`Qm;?Qmi bvMi?2bBx2/
mbBM; i?2 aT2+i`H _2T`2b2MiiBQM J2i?Q/ Ua_JVX  F2v bT2+i Q7 i?Bb T`Q+2/m`2 Bb
i?2 2biBKiBQM Q7 i?2 SQr2` aT2+i`mK .2MbBiv USa.VX h?2 Sa. /2i2`KBM2b /QKBMMi
7`2[m2M+B2b M/ i?2B` K;MBim/2 Q7 BM~m2M+2 QM i?2 biQ+?biB+ T`Q+2bb M/ BM Mim`2 QM
i?2 2`i?[mF2 bB;MHbX h?2`2 `2 MmK2`Qmb K2i?Q/b iQ 2biBKi2 i?2 Sa. 7`QK bQm`+2
/i- ?Qr2p2`- i?2 KQmMi Q7 /i pBH#H2 Bb b2H/QK 2MQm;? iQ /Q i?Bb ++m`i2Hv M/
`2HB#HvX hQ //`2bb i?Bb Bbbm2- i?2 mi?Q`b bm;;2bi i?i i?2 Sa. KQ/2H Bib2H7 +QmH/ #2
/2}M2/ b  `M/QK p2+iQ` BM i?2 7`2[m2M+v /QKBM- i?2`2#v 2M+QKTbbBM;  `M;2 Q7
TQbbB#H2 pHB/ Sa. KQ/2Hb 7Q`  ;Bp2M /i b2iX 6Q`  biiBQM`v T`Q+2bb- i?2 `M/QK
/BK2MbBQM Q7 bB/ KQ/2H rQmH/ #2 /2T2M/2Mi mTQM Bib 7`2[m2M+v /Bb+`2iBbiBQMX
PM  bBKTH2 K2+?MB+H bvbi2K- `iB}+BHHv ;2M2`i2/ biQ+?biB+ T`Q+2bb2b rBi? i?2
MQp2H /2b+`B#2/ mM/2`HvBM; TQr2` bT2+i` `2 MHvb2/ miBHBxBM;  JQMi2 *`HQ bBKmHiBQMX
 `2HB#BHBiv bii2K2Mi Q7 i?2 K2+?MB+H bvbi2K BM i?2 7Q`K Q7  }`bi@Tbb;2 T`Q#H2K Bb
/2}M2/ iQ +[mB`2  T`Q##BHBiv Q7 7BHm`2 r?B+? Bb mb2/ HQM;bB/2 }`bi@ M/ b2+QM/@Q`/2`
KQK2Mib Q7 i?2 bvbi2KǶb QmiTmi b `2bQM#H2 #2M+?K`F pHm2bX
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JMv T`Q#H2Kb BM 2M;BM22`BM; b+B2M+2b `2 bm#D2+i iQ `M/QK pB#`iBQMb M/ i?mb H2/
iQ biQ+?biB+ /vMKB+ T`Q#H2Kb- 7Q` 2tKTH2- r?2`2 2MpB`QMK2MiH T`Q+2bb2b ?p2 M BM@
~m2M+2X h?2b2 2tKTH2b +QmH/ #2 ?B;?@`Bb2 #mBH/BM;b- #`B/;2b Q` +`BiB+H BM7`bi`m+im`2
bm#D2+i2/ iQ 2`i?[mF2- rBM/ HQ/b- Q` Qzb?Q`2 THi7Q`Kb 2t+Bi2/ #v rp2bX "2+mb2
Q7 i?2 bi`m+im`H +QKTH2tBiv- BM+QKTH2i2 BM7Q`KiBQM Q7 i?2 bvbi2K b r2HH b ?`/Hv T`2@
/B+i#H2 Mim`H T`Q+2bb2b- H2iQ`v M/ 2TBbi2KB+ mM+2`iBMiB2b 2tBbiX h?2`27Q`2- 7Q` i?2b2
7Q`2K2MiBQM2/ 7+BHBiB2b Q7i2M  /B`2+i TTHB+iBQM Q7 b72iv +Q/2b Q7 +BpBH 2M;BM22`BM; T`+@
iB+2 Bb MQi TQbbB#H2- r?B+? /2KM/b /2iBH2/ iBK2 MHvb2b M/ bBKmHiBQMb iQ 2Mbm`2 
`Q#mbi /2bB;M (R)X hQ /2i2`KBM2 i?2 BM~m2M+2 Q7 2MpB`QMK2MiH T`Q+2bb2b QM bi`m+im`2b #v
`mMMBM; bBKmHiBQMb- Bi Bb M2+2bb`v iQ `2+Q`/ i?2b2 BM~m2M+2b M/ TTHv i?2K iQ  KQ/2H
rBi?  bvbi2K 2t+BiiBQMf`2bTQMb2 T`Q+2bb (k)X 6Q` i?Bb Tm`TQb2- 2X;X /Bz2`2Mi 2`i?[mF2
;`QmM/ KQiBQMb `2 `2+Q`/2/ M/ miBHBb2/ 7Q` bvbi2K MHvbBbX >Qr2p2`- i?2b2 `2H /i
`2+Q`/b `2 Q7i2M H`2/v bm#D2+i2/ iQ mM+2`iBMiB2bX h?2b2 mM+2`iBMiB2b +M `Bb2 /m2
iQ p`BQmb `2bQMb- bm+? b  HBKBi2/ KQmMi Q7 bKTH2b- /K;2/ b2MbQ`b- /2pB+2 7BHm`2T2`?Tb /m2 iQ i?2 2MpB`QMK2MiH T`Q+2bb Bib2H7- b2MbQ` i?`2b?QH/ HBKBiiBQMb M/ K2@
bm`2K2Mi 2``Q`bX //BiBQMHHv- i?2 b2MbQ` +QmH/ +Tim`2 i?2 /i BM+Q``2+iHv- 2X;X 2ti`2K2
72im`2b Q` Qi?2` +mb2b bm+? b b2MbQ` KBMi2MM+2- #M/rB/i? HBKBiiBQM Q` /i +@
[mBbBiBQM `2bi`B+iBQMb +QmH/ H2/ iQ TQQ` [mHBiv Q7 i?2 /i `2+Q`/bX 6Q` i?Bb `2bQM- i?2
`2H /i `2+Q`/b Kmbi #2 `2T`2b2Mi2/ BM M TT`QT`Bi2 KMM2` M/ i?2 mM+2`iBMiB2b
KBiB;i2/ b Km+? b TQbbB#H2 (j)X
aBM+2 biQ+?biB+ /vMKB+b ?p2 #22M bim/B2/ p2`v 2{+B2MiHv BM `2+2Mi /2+/2b- /Bz2`2Mi
KQ/2Hb ?p2 #22M /2p2HQT2/ iQ /2b+`B#2 b2BbKB+ ;`QmM/ KQiBQMX PM2 Q7 i?2b2 iQQHb iQ
+Tim`2 BM7Q`KiBQM Q7 T?2MQK2M BMpQHpBM; `M/QK ~m+imiBQMb BM iBK2 M/ bT+2 Bb
i?2 SQr2` aT2+i`H .2MbBiv USa.V- r?B+? Bb rB/2Hv mb2/ BM i?2 KQ/2HHBM; Q7 biQ+?biB+
T`Q+2bb2b- 2bT2+BHHv BM TTHB+iBQMb bm+? b 2`i?[mF2- rBM/ M/ Q+2M 2M;BM22`BM; (9- 8e)X AM 2`i?[mF2 2M;BM22`BM;- 7Q` 2tKTH2- i?2 mb2 Q7 i?2 Sa. /i2b #+F iQ >QmbM2` (d)
Q` EMB (3)X i H2bi BM i?2 HBM2` +b2 +QMbB/2`2/ BM i?Bb rQ`F-  `2HiBQMb?BT #2ir22M i?2
bvbi2K `2bTQMb2 +M #2 /2`Bp2/ rBi? M 2H2;Mi `2HiBQMb?BT #2ir22M i?2 TQr2` bT2+i` Q7
i?2 BMTmi /i M/ i?i Q7 i?2 QmiTmi /i (N)X LQM2i?2H2bb- i?2 pBH#H2 BM7Q`KiBQM Q7
i?2 T`Q##BHBbiB+ KQ/2Hb 7Q` i?2 BMTmi Bb Q7i2M MQi 2MQm;? iQ /B`2+iHv bb2bb i?2 `2bmHiBM;
`M/QKM2bb Q7  bi`m+im`H `2bTQMb2X 6Q` b2BbKB+ ;`QmM/ KQiBQMb rBi? +`BiB+H T2Fb- i?2
bi`m+im`H `2bTQMb2 Bb ;2M2`HHv MQM@HBM2` M/  /B`2+i `2HiBQM Q7 i?2 T`Q##BHBbiB+ BMTmi
KQ/2Hb iQ i?2 T`Q##BHBbiB+ QmiTmi Bb MQi pBH#H2X 6Q` i?Bb Tm`TQb2 i?2 JQMi2 *`HQ
bBKmHiBQM UJ*V rBHH #2 TTHB2/X Ai ?b #22M b?QrM i?i 7Q` +QKTH2t MQM@HBM2` `2HiBQMb
J* +M +QKTmi2 T`Q##BHBbiB+ +?`+i2`BbiB+b Q7 i?2 `2bTQMb2X (Ry)
6Q` i?2 /2p2HQTK2Mi Q7  HQ/ KQ/2H i?i mb2b bm+?  `M/QK 2t+BiiBQM T`Q+2bb- i?2
7QHHQrBM; TTHB2b, h?2 KQ`2 `2H /i b2ib `2 pBH#H2- i?2 #2ii2`- bBM+2 i?2 MmK2`B+H
`2bmHib `2 biiBbiB+HHv KQ`2 ++m`i2 7Q`  H`;2 KQmMi Q7 /iX AM //BiBQM- Bi Bb mb27mH B7
i?2 mM/2`HvBM; T?vbB+b Bb mM/2`biQQ/ r2HH BM Q`/2` iQ KF2 7m`i?2` bbmKTiBQMbX "2+mb2
#Qi? +b2b `2 Q7i2M MQi biBb}2/- Qi?2` TT`Q+?2b Kmbi #2 7QmM/ iQ /2p2HQT  HQ/ KQ/2H
i?i `2T`2b2Mib i?2 /i BM i?2 #2bi TQbbB#H2 rv (j)X AM i?2 +QMi2ti Q7  6B`bi@Sbb;2
`2HB#BHBiv bii2K2Mi i?i `2[mB`2b 7Q` bb2bbK2Mi i?2 +imH 2t+BiiBQM Q7  K2+?MB+H
KQ/2H- i?2 KBM 7Q+mb Q7 i?2 K2i?Q/ iQ KBKB+ i?2 b2BbKB+ ;`QmM/ KQiBQM Bb iQ ++m`i2Hv
`2T`2b2Mi i?2 mM/2`HvBM; biQ+?biB+ BM7Q`KiBQM Q7 i?2 T`Q+2bbX 6Q` i?2 Tm`TQb2 Q7 i?Bb
rQ`F- i?2 aT2+i`H _2T`2b2MiiBQM J2i?Q/ Ua_JV b22Kb iQ #2 i?2 KQbi bmBi2/X AM i?Bb
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T`Q+2/m`2- /Bz2`2Mi T`Q+2bb2b rBi?  bT2+B}2/ Sa. `2 ;2M2`i2/X 6Q` biM/`/ +b2b i?Bb
K2i?Q/ ;2M2`i2b  biiBQM`v ?QKQ;2M2Qmb T`Q+2bb- b22 2X;X (RR- Rk)X
q?2M 2biBKiBM; i?2 Sa. 7`QK KmHiBTH2 `2H /i `2+Q`/b #v p2`;BM; i?2B` T2`B@
Q/Q;`Kb- Bi Bb bbmK2/ i?i i?2 T`Q+2bb /2}M2/ #v i?2 `2+Q`/b Kv #2 `2T`2b2Mi2/ #v 
bBM;H2 Sa.X q?2M /2HBM; rBi? `2H /i- i?2 mM+2`iBMiv BMi`Q/m+2/ #v i?Bb bbmKTiBQM
+QmH/ #2 bB;MB}+Mi M/ i i?2 p2`v H2bi- M ii2KTi b?QmH/ #2 K/2 iQ [mMiB7v BiX AM
i?Bb rQ`F- M TT`Q+? Bb Tm`bm2/ r?2`2 i?2 bBM;H2 /Bb+`2i2 7`2[m2M+B2b `2 i`2i2/ b
T`Q##BHBiv /2MbBiv 7mM+iBQMb- r?B+? H2/b iQ  bm#D2+iBp2 T`Q##BHBbiB+ KQ/2HX h?2`27Q`2
K2MBM;7mH biiBbiB+H p`B#H2b Q7 i?2 2Mb2K#H2 `2 2ti`+i2/X "b2/ QM i?2b2 p`B#H2b 
T`Q##BHBiv /2MbBiv 7mM+iBQM 7Q` 2+? bBM;H2 7`2[m2M+v Bb +H+mHi2/X
h?Bb rQ`F Bb Q`;MBb2/ b 7QHHQrb, M 2tTHMiBQM BM r?B+? 7Q`K i?2 2MpB`QMK2MiH
T`Q+2bb2b `2 pBH#H2 M/ ?Qr  TQr2` bT2+i`mK /2MbBiv Bb 2biBKi2/ 7`QK  biQ+?biB+
T`Q+2bb Bb T`2b2Mi2/ BM b2+iBQM kX a2+iBQM j /2b+`B#2b ?Qr i?2 MQp2H `2Ht2/ TQr2` bT2+i`H
/2MbBiv Bb /2p2HQT2/ mbBM; bm#D2+iBp2 T`Q##BHBiB2bX AM b2+iBQM 9 i?2 6B`bi@Sbb;2 `2HB#BH@
Biv K2bm`2 Bb BMi`Q/m+2/X hQ pHB/i2 i?2 KQ/2H  MmK2`B+H 2tKTH2 M/  +QKT`BbQM
Q7 /Bz2`2Mi TT`Q+?2b Bb ;Bp2M BM 8X h?2 }MH +QM+HmbBQM Bb ;Bp2M BM b2+iBQM eX
k

ahP*>ahA* S_P*1aa1a _1S_1a1LhhAPL L. SPq1_ aS1*h_lJ 1a@
hAJhAPL

:Bp2M  `2H@pHm2/ biiBQM`v T`Q+2bb X(t)X 6Q` 2+? Q7 i?2b2 T`Q+2bb2b 2tBbi  +Q``2@
bTQM/BM; Q`i?Q;QMH T`Q+2bb Z(ω)X h?mb- X(t) +M i?M #2 r`Bii2M BM i?2 7Q`K
∞

eiωt dZ(ω),

X(t) =

URV

0

r?2`2 Z(ω) ?b i?2 7QHHQrBM; T`QT2`iB2b,
"
"
E("dZ 2 (ω)") = 4SX (ω)dω
E(dZ(ω)) = 0.

UkV

AM 1[X k- SX (ω) /2b+`B#2b i?2 irQ@bB/2/ TQr2` bT2+i`mK Q7 i?2 biiBQM`v T`Q+2bb X(t)b22 (Rj)X hQ ;2M2`i2  biiBQM`v biQ+?biB+ T`Q+2bb- i?2 7QHHQrBM; KQ/2H- }`bi 7Q`KmHi2/
#v a?BMQxmF- Bb +QMbB/2`2/ BM i?Bb rQ`F (Rk),
X(t) =

N
−1




4SX (ωn )Δω cos(ωn t + ϕn (θ)),

UjV

n=0

r?2`2

ωn = nΔω, n = 0, 1, 2, . . . , N − 1
U9V
ωu
Δω =
N
rBi? N → ∞ M/ ϕn (θ) b nϕ = N mMB7Q`K /Bbi`B#mi2/ T?b2 M;H2b BM i?2 `M;2 [0, 2π]X
h?Bb K2i?Q/ Bb +QKKQMHv `272``2/ iQ b i?2 aT2+i`H _2T`2b2MiiBQM J2i?Q/ Ua_JVX 6Q`
i?2 TQr2` bT2+i`mK /2MbBiv SX (ω) i?2 }Hi2`2/ MQBb2 TQr2` bT2+i`mK
SX (ω) =

1 + aω 2
(ωp2 − ω 2 )2 + (2ζωωp )2
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Bb mb2/ rBi? a = 5 M/ ζ = 0.25 b b?T2 T`K2i2`b M/ ωp = 10 `/fb b T2F 7`2[m2M+v
(R9)X h?2 TQr2` bT2+i`mK SX rBi? i?2 ;Bp2M T`K2i2`b Bb /2TB+i2/ BM 6B;X RX
hQ i`Mb7Q`K  biQ+?biB+ T`Q+2bb 7`QK iBK2 /QKBM iQ 7`2[m2M+v /QKBM- i?2 /Bb+`2i2
6Qm`B2` i`Mb7Q`K Bb TTHB2/X  7`2[m2MiHv mb2/ 2biBKiQ` Q7 i?2 TQr2` bT2+i`mK Bb i?2
T2`BQ/Q;`K (R8) r?B+? +M #2 mM/2`biQQ/ b i?2 b[m`2/ #bQHmi2 pHm2 Q7 i?2 /Bb+`2i2
6Qm`B2` i`Mb7Q`K Q7 i?2 iBK2 bB;MH x(t),
"2
"
"
"
T −1
"
2ΔT ""
−2πikt/T "
ŜX (ωk ) = lim
xt e
"
"
T →∞ T
"
" t=0

UeV

Power Spectrum

0.25
0.2
0.15
0.1
0.05
0

Generated Stochastic Process

5

Acceleration (m/s2 )

Power Spectral Density (m2 /s3 )

AM i?Bb 2[miBQM- T Bb i?2 MmK#2` Q7 /i TQBMib- t /2b+`B#2b i?2 /i TQBMi BM/2t BM i?2
`2+Q`/- k Bb i?2 BMi2;2` 7`2[m2M+v 7Q` ωk = 2πk
M/ T0 Bb i?2 iQiH H2M;i? Q7 i?2 `2+Q`/X AM
T0
6B;X R- i?2 TQr2` bT2+i`mK Bb ;Bp2M M/ i?2 +Q``2bTQM/BM; ;2M2`i2/ biQ+?biB+ T`Q+2bb
Bb /2TB+i2/X

0

-5
0

5

10

15

20

25

0

Frequency (rad/s)
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Time (s)

6B;m`2 R, 1tKTH2 7Q` i?2 }Hi2`2/ MQBb2 TQr2` bT2+i`mK UH27iV M/  ;2M2`i2/ biQ+?biB+ T`Q+2bb U`B;?iV

j

_1Gs1. SPq1_ aS1*h_lJ

lM+2`iBMiB2b Q++m` BM i?2 /i `2+Q`/b M/ BM i?2 2biBKiBQM T`Q+2bbX hQ ++QmMi
7Q` i?2b2 mM+2`iBMiB2b-  `2Ht2/ KQ/2H Q7  TQr2` bT2+i`mK Bb /2p2HQT2/X h?2 i2`K
Ǵ`2Ht2/Ǵ K2Mb- i?i BMbi2/ Q7  bBM;H2 TQr2` bT2+i`mK M 2Mb2K#H2 Q7 TQr2` bT2+i`
Bb miBHBb2/ iQ /2i2`KBM2  T`Q##BHBiv /2MbBiv 7mM+iBQM 7Q` 2+? 7`2[m2M+vX Hi?Qm;? i?2
BM/BpB/mH TQr2` bT2+i` BM i?2 2Mb2K#H2 b?Qr i?2 bK2 +?`+i2`BbiB+b M/ b?T2- i?2`2
Bb biBHH p`BM+2 KQM; i?2K- b22 6B;X kX AM Q`/2` iQ /2i2`KBM2  `2T`2b2MiiBp2 TQr2`
bT2+i`mK 7Q` i?2 2Mb2K#H2-  `2Ht2/ bT2+i`mK `2T`2b2Mi2/ #v  mMB7Q`K /Bbi`B#miBQM Q`
i`mM+i2/ MQ`KH /Bbi`B#miBQM +M #2 miBHBb2/X
6Q` #Qi? TT`Q+?2b- }`bi i?2 2Mb2K#H2 Q7 TQr2` bT2+i` ?b iQ #2 2biBKi2/ 7`QK
M 2Mb2K#H2 Q7 bBKmHi2/ biQ+?biB+ T`Q+2bb2b Q` `2H /i `2+Q`/b 7`QK b2BbKB+ ;`QmM/
KQiBQMbX h?2`27Q`2- i?2 T2`BQ/Q;`K U1[X eV Bb miBHBb2/X h?2 2Mb2K#H2 +M #2 b22M b 
b2i Q7 /Bz2`2Mi TQr2` bT2+i` rBi? +`/BMHBiv R- BX2X 2Mb2K#H2 = {ŜXi }, i = 1, 2, ..., RX
>2`2- R Bb /2i2`KBM2/ #v i?2 MmK#2` Q7 pBH#H2 TQr2` bT2+i` 2biBKi2/ 2Bi?2` 7`QK
`2H b2BbKB+ ;`QmM/ KQiBQMb Q` 7`QK `iB}+BHHv +`2i2/ biQ+?biB+ T`Q+2bb2bX 1+? Sa.
BM i?2 b2i +M #2 2pHmi2/ M/ vB2H/  pHm2 si,ωn = ŜXi (ωn )X
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Ensemble of Power Spectra

0.25

estimated PSDs
mean

0.2
0.15
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0.05
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0
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10
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25

Frequency (rad/s)
6B;m`2 k, 1Mb2K#H2 Q7 TQr2` bT2+i`

jXR

_2Ht2/ TQr2` bT2+i`mK miBHBbBM;  mMB7Q`K /Bbi`B#miBQM

6Q` i?2 /2p2HQTK2Mi Q7 i?2 `2Ht2/ TQr2` bT2+i`mK rBi?  mMB7Q`K /Bbi`B#miBQM- i?2
KtBKmK M/ KBMBKmK 7Q` i?2 TQr2` bT2+i`H /2MbBiv si,ωn 7Q` 2+? 7`2[m2M+v ωn Q7 i?2
2Mb2K#H2 Bb /2i2`KBM2/X h?2b2 pHm2b `2 i?2M mb2/ b i?2 mTT2` M/ HQr2` #QmM/ 7Q` i?2
mMB7Q`K /Bbi`B#miBQMX
⎧
1
⎨ b −a
for aωn ≤ s ≤ bωn ,
ωn
ωn
fU,ωn (s; aωn , bωn ) =
UdV
⎩0
for s ∈
/ [aωn ; bωn ]
r?2`2 aωn M/ bωn /2b+`B#2 i?2 KBMBKmK M/ KtBKmK pHm2 Q7 i?2 TQr2` bT2+i`H
/2MbBiv 7Q` 2+? 7`2[m2M+v,
aωn = min[sωn ],

U3V

bωn = max[sωn ]

6Q` BMbiM+2- i?2 `2bmHiBM; `2Ht2/ TQr2` bT2+i`mK Bb /2TB+i2/ BM 6B;X j UH27iVX
jXk

_2Ht2/ TQr2` bT2+i`mK miBHBbBM;  i`mM+i2/ MQ`KH /Bbi`B#miBQM

"b2/ QM i?2 2Mb2K#H2 Q7 TQr2` bT2+i`- ;Bp2M BM i?2 T`2+2/BM; b2+iBQM- K2M U1[X NV
M/ biM/`/ /2pBiBQM U1[X RyV `2 +H+mHi2/ 7Q` 2+? 7`2[m2M+vX
1
=
si,ωn
R i=1
R

μωn

σω n

UNV

8
9
R
91 
%
&2
:
si,ωn − μωn
=
R i=1

URyV

rBi? ωn = nΔω, n = 0, 1, 2, . . . , N − 1 M/ R i?2 2Mb2K#H2Ƕb +`/BMHBivX "v 2ti`+iBM;
i?2b2 biiBbiB+H BM7Q`KiBQM 7`QK i?2 2Mb2K#H2-  i`mM+i2/ MQ`KH /Bbi`B#miBQM U1[X RRV
Bb mb2/ iQ +H+mHi2 i?2 `2Ht2/ TQr2` bT2+i`mKX h?2 T`Q##BHBiv /2MbBiv 7mM+iBQM Bb ;Bp2M
#v
ωn
φ( s−μ
)
1
σω n
fT N,ωn (s; μωn , σωn , a = 0, b = ∞) =
,
URRV
ωn
ωn
σωn Φ( b−μ
) − Φ( a−μ
)
σ
σ
ωn
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%
&
r?2`2 a = 0 M/ b = ∞ /2}M2b i?2 BMi2`pH- φ(ξ) = √12π exp − 12 ξ 2 Bb i?2 biM/`/ MQ`KH
√ !
/Bbi`B#miBQM M/ Φ(s) = 12 1 + erf(s/ 2) Bb i?2 +Q``2bTQM/BM; +mKmHiBp2 /Bbi`B#miBQM
7mM+iBQMX b M2;iBp2 pHm2b `2 MQi TQbbB#H2 BM i2`Kb Q7 TQr2` bT2+i`- i?2 BMi2`pH [0; ∞]
Bb /2}M2/ #27Q`2?M/X
h?2 `2bmHiBM; `2Ht2/ TQr2` bT2+i`mK 7Q` i?2 2Mb2K#H2 mbBM;  i`mM+i2/ MQ`KH /Bb@
i`B#miBQM Bb /2TB+i2/ BM 6B;X j U`B;?iVX

6B;m`2 j, _2Ht2/ TQr2` bT2+i`mK rBi? T`Q##BHBiv /2MbBiv 7mM+iBQMb 7Q` 2+? 7`2[m2M+v /2`Bp2/ 7`QK i?2
2Mb2K#H2 ;Bp2M BM 6B;X kc lMB7Q`K /Bbi`B#miBQM UH27iVc h`mM+i2/ MQ`KH /Bbi`B#miBQM U`B;?iV

jXj

_2Ht2/ aT2+i`H _2T`2b2MiiBQM J2i?Q/

qBi? i?2 T`2pBQmb /2}MBiBQMb BM 1[X d M/ 1[X RR  M2r 7Q`KmHiBQM 7Q` i?2 a_J BM
1[X j +M #2 ;Bp2MX h?Bb b?HH #2 +HH2/ i?2 _2Ht2/ aT2+i`H _2T`2b2MiiBQM J2i?Q/
U_a_JV,
N
−1 '

X(t, θ) =
4SX,ωn (θ)Δω cos(ωn t + ϕn (θ)),
URkV
n=0

r?2`2 SX,ωn (θ) /2MQi2b i?i +Q``2bTQM/BM; iQ 2+? ωn  /Bbi`B#miBQM 7mM+iBQM ++Q`/BM;
iQ 2Bi?2` 1[X d Q` 1[X RR Bb /2}M2/- r?B+? mbBM;  bKTH2 i2+?MB[m2- bm+? b BMp2`b2
bKTHBM;- vB2H/b i?2 Sa. pHm2X h?Bb H2/b HBF2rBb2 b 7Q` ϕn (θ), nϕ iQ  MmK#2` Q7 nS M2r
`M/QK /Bbi`B#miBQMb- r?B+? `2 MQr /BbiBM+iBp2Hv 7Q` 2+? ωn /2}M2/- BX2X SX,ωn (θ), nS X
h?2 2ti2MbBQM Bb MQi B/2H /m2 iQ i?2 H`;2 MmK#2` Q7 `M/QK p`B#H2bX >Qr2p2`- 7Q`
 }`bi ++m`i2 TT`QtBKiBQM i?Bb TT`Q+? rb +?Qb2MX 6Q` BMbiM+2- i?2 T`Q##BHBiv
/2MbBiv 7mM+iBQMb 7Q` i?2 7`2[m2M+B2b 8 `/fb- Ry `/fb M/ R8 `/fb 7Q` #Qi?- mMB7Q`K M/
i`mM+i2/ MQ`KH /Bbi`B#mi2/ `2Ht2/ TQr2` bT2+i`mK- `2 /2TB+i2/ BM 6B;X 9X
9

6A_ah@Saa:1 _1GA"AGAhu S_P"G1J

AM i?2 BMi`Q/m+iBQM-  `272``H iQ i?2 b72iv Q7 +`BiB+H BM7`bi`m+im`2 M/ ?B;?@`Bb2
#mBH/BM;b mM/2` i?2 BM~m2M+2 Q7 2MpB`QMK2MiH T`Q+2bb2b bm+? b 2`i?[mF2b ?b #22M
;Bp2MX AM T`+iB+2- i?Bb b72iv Q7 bi`m+im`2b Bb TT`Q+?2/ #v /2}MBM; i?2 bi`m+im`2Ƕb
`2HB#BHBivX M TTHB+iBQM@bT2+B}+ T`Q#H2K `2Hi2/ iQ b2BbKB+ `2HB#BHBiv +QmH/ #2, ǴlM/2`
 T`iB+mH` 2`i?[mF2 HQ/BM;- /Q2b i?2 bi`m+im`2 2t+22/  +2`iBM +`BiB+H /BbTH+2K2Mi\Ǵ
hQ i+FH2 i?Bb T`Q#H2K  r2HH /2}M2/ K2+?MB+H KQ/2H Bb T`QTQb2/ rBi? r?B+? bBKmHiBQMb
`2 +``B2/ QmiX h?2 bBKmHiBQM QmiTmib `2 MHvb2/ iQ B/2MiB7v i?2 }`bi 2t+22/M+2b
Q7  T`2@/2}M2/ +`BiB+H /BbTH+2K2MiX h?2b2 }`bi iBK2 2t+22/M+2b +M #2 +QmMi2/ b
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Probability Density Functions for Selected Frequencies

Probability Density

250

= 5 rad/s (uniform)
= 10 rad/s (uniform)
= 15 rad/s (uniform)
= 5 rad/s (tr. normal)
= 10 rad/s (tr. normal)
= 15 rad/s (tr. normal)
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0.25

3

Power Spectral Density (m /s )
6B;m`2 9, S`Q##BHBiv /2MbBiv 7mM+iBQMb 7Q` b2H2+i2/ 7`2[m2M+B2b

7BHm`2 2p2MibX am+? M TT`Q+? Bb +QKKQM 7Q` ?vbi2`2iB+ bi`m+im`2b bm#D2+i2/ iQ b2BbKB+
2t+BiiBQM r?2`2  7BHm`2 +M Q++m` /m2 iQ 2X;X +mKmHiBp2 THbiB+ /27Q`KiBQMbX HH
i?2b2 bbmKTiBQMb `2;`/BM; i?2 Q++m``2M+2 Q7  7BHm`2 +M #2 ;i?2`2/ mM/2` i?2 i2`K
6B`bi@Sbb;2 _2HB#BHBiv S`Q#H2K (Re)X LQi2 i?i i?2 2t+i iBK2 Q7 2t+22/M+2 Bb MQi Q7
BMi2`2bi BM i?2 MHvbBb Q7 i?Bb rQ`FX
aBM+2 b2BbKB+ 2t+BiiBQM Bb  Mim`H T?2MQK2MQM i?i BM?B#Bib  biQ+?biB+ Mim`2- MQ
2t+i bii2K2Mi #Qmi i?2 Q++m``2M+2 Q7 i?2b2 7BHm`2b +M #2 ;Bp2MX hQ 2biBKi2 i?2
T`Q##BHBiv Q7 M 2t+22/M+2  JQMi2 *`HQ bBKmHiBQM +M #2 TTHB2/X h?2 2biBKi2/
T`Q##BHBiv Q7 2t+22/M+2 Bb i?2M +HH2/ i?2 T`Q##BHBiv Q7 7BHm`2 M/ /2MQi2/ #v pf X
9XR

S`Q##BHBiv Q7 7BHm`2

6B`bi  `2HiBQM #2ir22M  +`BiB+H pHm2 M/ i?2 bvbi2Kb `2bTQMb2 Bb /2}M2/X G2i
g(θ) = Ccrit − D(θ)

URjV

#2 i?2 T2`7Q`KM+2 7mM+iBQM- bQK2iBK2b HbQ `272``2/ iQ b HBKBi bii2 7mM+iBQM- r?2`2 Ccrit
Bb  T`2@/2}M2/ +T+Biv pHm2 i?i Kv Q` Kv MQi #2 2t+22/2/ #v  bvbi2Kb /2KM/
D(θ)X h?2 p2+iQ` θ = (θ1 , θ2 , ..., θnθ ) Bb +QKTQb2/ Q7 HH `M/QK T`K2i2`b z2+iBM; i?2
bvbi2KX h?Bb Kv BM+Hm/2 T?vbB+H T`QT2`iB2b b r2HH b `M/QK KQ/2HHBM; T`K2i2`b
mb2/ iQ bBKmHi2 2X;X  7Q`+2/ 2t+BiiBQMX HH T`Q##BHBiv /2MbBiv 7mM+iBQMb US.6bV BM θ
`2 FMQrM M/ i?2 `M/QK /BK2MbBQM Bb nθ UBX2X i?2 iQiH MmK#2` Q7 _M/QK o`B#H2bVX
qBi? i?Bb Ki?2KiB+H i?`2b?QH/ /2b+`BTiBQM Q7  7BHm`2 i?2 T2`7Q`KM+2 7mM+iBQM 1[X Rj
+M #2 mb2/ iQ /2b+`B#2  +Q``2bTQM/BM; 7BHm`2 `2;BQM F #v  `2HiBQMH /2b+`BTiBQM 7Q`
i?2 pHm2 Q7 g(θ),
g(θ) ≤ 0 → θ ∈ F
UR9V
g(θ) > 0 → θ ∈
/ F.
h?2 T`Q##BHBiv Q7 7BHm`2 7Q` Mv `#Bi``v KmHiBp`Bi2 T`Q##BHBiv /Bbi`B#miBQM 7mM+iBQM
fΘ (θ) Bb i?2M +H+mHi2/ #v 7QHHQrBM; BMi2;`H Qp2` i?2 r?QH2 7BHm`2 /QKBM F
pf =

fΘ (θ)dθ,
F
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bBM+2 i?2 2t+i 7BHm`2 /QKBM Bb mbmHHv mMFMQrM- #v mbBM; i?2 BM/B+iQ` 7mM+iBQM I(θ)
rBi? I(θ) = 1 B7 θ ∈ F M/ 0 Qi?2`rBb2- i?2 #Qp2 BMi2;`H +M #2 2tTM/2/ QM i?2 r?QH2
/QKBM M/ `2r`Bii2M iQ
+∞

pf =
9Xk

−∞

I(θ)fΘ (θ)dθ = E[I(θ)].

UReV

JQMi2 *`HQ bBKmHiBQM

h?2 2tT`2bbBQM BM 1[X Re HHQrb i?2 JQMi2 *`HQ UJ*V 2biBKiBQM Q7 pf iQ #2
p̂f =

1

N
MC


NM C

i=1

I(θi,nθ )

URdV

r?2`2 NM C BM/B+i2b i?2 MmK#2` Q7 JQMi2 *`HQ bKTH2b mb2/X 6Q` 2+? θi  /2i2`KBM@
BbiB+ MHvbBb rBi? nθ `M/QK BMTmib Bb +``B2/ QmiX h?Bb 2biBKiQ`b p`BM+2 M/ i?2
+Q``2bTQM/BM; +Q2{+B2Mi Q7 p`BiBQM `2

Var[pˆf ]
pˆf − pˆf 2
Var[pˆf ] =
, ν pf =
.
UR3V
NM C
pˆf
HH /2`BpiBQMb BM i?Bb b2+iBQM- rBi?  7Q+mb QM  ?B;? /BK2MbBQMH `M/QK bT+2- +M #2
`2pBbBi2/ BM (Rd)X
8

LlJ1_A*G 1sJSG1

qBi? i?2 irQ MQp2H /2b+`BTiBQMb Q7 i?2 mM/2`HvBM; Sa.b- b2p2`H JQMi2 *`HQ bBK@
mHiBQMb UJ*aV `2 +``B2/ Qmi iQ BMp2biB;i2 i?2 2z2+i Q7 i?2 MQr /Bz2`2Mi biQ+?biB+
T`Q+2bb2b M/ i?2B` BM~m2M+2 QM  bT2+B}+ 2t2KTH`v `2HB#BHBiv T`Q#H2K #v +QKT`BM; i?2
J*a 2biBKi2/ T`Q##BHBiv Q7 7BHm`2X o`BM+2 M/ +Q2{+B2Mi Q7 p`BiBQM `2 i`+F2/ 7Q`
/Bz2`2Mi MmK#2`b Q7 J* bKTH2bX
8XR

JQ/2H

 bBKTH2 aBM;H2 .2;`22@Q7@6`22/QK Ua.P6V HBM2` Qb+BHHiQ` BM i?2 7Q`K
mẍ(t) + cẋ(t) + kx(t) = F (θ, t),

URNV

rBi? Kbb m = 50 F;- bT`BM; +QMbiMi k = 1922 LfK M/ /KTBM; +Q2{+B2Mi c = 37.2
F;fb Bb BMi`Q/m+2/X x, ẋ, ẍ `2 /BbTH+2K2Mib- p2HQ+BiB2b M/ ++2H2`iBQMb Q7 i?2 bvbi2KX
h?2 7Q`+BM; i2`K QM i?2 `B;?i ?M/ bB/2 F (θ, t) Bb KQ/2HH2/ #v i?2 biQ+?biB+ T`Q+2bb b
BMi`Q/m+2/ BM b2+iBQM k miBHBxBM; i?2 MQp2H `M/QK `2Ht2/ bT2+i` b ;Bp2M BM b2+iBQM jX
#Qp2 2[miBQM Bb bQHp2/ mbBM; M 2tTHB+Bi _mM;2@Emii b+?2K2 ++Q`/BM; iQ (R3)X h?2
+T+Biv rBi?BM i?2 T2`7Q`KM+2 7mM+iBQM Ccrit Bb +?Qb2M iQ #2 0.0055 KX h?2 /2KM/ D
Bb i?2 KtBKmK #bQHmi2 /BbTH+2K2Mi Q7 i?2 bvbi2K i?`Qm;? i?2 r?QH2 iBK2 /QKBM M/
;Bp2M b


g(θ) = 0.0055 − max |x(θ, t)| .
UkyV
t∈[0,TE ]

LQi2 i?i bBM+2 i?2 `B;?i ?M/ bB/2 Q7 1[X RN +QMiBMb  `M/QK BMTmi- i?2 bvbi2Kb QmiTmi
x(θ) #2+QK2b `M/QK b r2HHX h?2 2t+i iBK2 t Q7 M 2t+22/M+2 Bb MQi Q7 BMi2`2bi ?2`2
#mi M 2t+22/M+2 Bb QMHv +QmMi2/ QM+2 BM  +2`iBM iBK2 BMi2`pH [0, TE ]X HH pHm2b M/
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T`K2i2`b r2`2 +?Qb2M BM Q`/2` iQ ;2M2`i2  `2HiBp2Hv bKHH T`Q##BHBiv Q7 7BHm`2 r?B+?
Bb pf < 0.01X
h?2 `M/QK /BK2MbBQM nθ T`2b2Mi BM i?2 KQ/2H U1[X RNV ?B;?Hv z2+ib i?2 J*a 27@
}+B2M+v M/ i?2`27Q`2 M22/b  +`27mH +QMbB/2`iBQMX AM 1[X j `M/QK T?b2 M;H2b `2
BMi`Q/m+2/ iQ +`2i2 b?B7i2/ ?`KQMB+bX AM Q`/2` iQ T`2p2Mi `2T2iBM; #2?pBQm` Q7 i?2
biQ+?biB+ T`Q+2bb /m2 iQ i?2 `2bi`B+i2/ MmK#2` Q7 ?`KQMB+ i2`Kb N  bm{+B2MiHv H`;2
MmK#2` nϕ Q7 bmKKM/b- +QMiBMBM; `M/QK T?b2 M;H2b- +Q``2bTQM/BM; iQ i?2 bBKmH@
iBQM iBK2 M22/ iQ #2 +?Qb2MX h?Bb `2HiBQMb?BT rb +?Qb2M iQ #2
nϕ ≥ 

TE ωu

2π

UkRV

r?2`2 ωu = 25 `/fb Bb i?2 bQ +HH2/ +mi@Qz 7`2[m2M+v BM 1[X 9 M/ TE Bb i?2 iQiH
bBKmHiBQM iBK2 ;Bp2M iQ #2 49 bX h?Bb `2bmHib BM nϕ = 195 mMB7Q`K /Bbi`B#mi2/ T?b2
M;H2bX
8Xk

_M/QK /Bbi`B#miBQMb M/ `M/QK /BK2MbBQM

"2+mb2 Q7 i?2 bmKKiBQM Q7 i?2 a_J M/ _a_J BM 2X;X 1[X Rk 7Q` 2+? `M/QK T?b2
M;H2  `M/QK Sa. pHm2 ++Q`/BM; iQ SX,ωn (θ) Bb bKTH2/X h?Bb `2bmHib BM nϕ = nS M/
nθ = nϕ + nS = 390 `M/QK /Bbi`B#miBQMbX 6Q` i?2 7m`i?2` MHvbBb i?`22 /Bz2`2Mi +b2b
rBHH #2 2tTHQ`2/X
Ç *b2 R, a_J rBi? ϕ1,2,...,nϕ ∼ U ([0, 2π])
Ç *b2 k, _a_J@l rBi? ϕ1,2,...,nϕ ∼ U ([0, 2π]) M/ SX,ω1,2,...,nS ∼ fU (s, aωn , bωn )
Ç *b2 j, _a_J@hL rBi? ϕ1,2,...,nϕ ∼ U ([0, 2π]) M/ SX,ω1,2,...,nS ∼ fT N,ωn (s; μωn , σωn , a =
0, b = ∞)
LQi2 i?i 7Q` HH i?`22 +b2b i?2 bK2 b2i {ϕn (θ)} Q7 `M/QK T?b2 M;H2b ?b #22M mb2/X
h?2 BM+`2b2 Q7 i?2 iQiH `M/QK /BK2MbBQM nθ Bb MQi i?2 mHiBKi2 ;QH Q7 i?Bb rQ`F- QM
i?2 +QMi``v rBi? 7m`i?2` 2tT2`BK2Mib i?2 iQiH MmK#2` Q7 mb2/ `M/QK /Bbi`B#miBQMb BM
i?Bb KQ/2H b?HH #2 `2/m+2/X "mi b 7Q` MQr iQ KBKB+ i?2 ;Bp2M +`BbT Sa. 7mM+iBQM i?Bb
TT`Q+? ?b #22M mb2/X
1t2KTH`v `2bmHib 7Q` i?2 biQ+?biB+ T`Q+2bb Q7 1[X Rk M/ i?2 mM/2`HvBM; Sa.- SX,ωn (θ)
BM *b2 k M/ *b2 j +M #2 b22M BM 6B;X 8X aBM+2 i?2 #QmM/b `2 +?Qb2M `2bQM#Hv bKHHQMHv  5 b biQ+?biB+ T`Q+2bb Bb b?QrM iQ KF2 /Bz2`2M+2b pBbB#H2X
8Xj

_2bmHib  /Bb+mbbBQM

6Q` HH +b2b /Bz2`2Mi MmK#2` Q7 J* bKTH2b NM C `2 bKTH2/ iQ 2biBKi2 pf X 6Q`
BMbiM+2- i?2 `2bmHib Q7 QM2 J* bBKmHiBQM bQHpBM; 1[X RN BM 2+? +b2 `2 b?QrM BM 6B;X eX
6Q` i?2 7mHH@iBK2 ?BbiQ`v Q7 i?2 bvbi2KǶb `2bTQMb2- i?2 /Bz2`2M+2 #2ir22M i?2 i?`22 +b2b
Bb MQi /B`2+iHv pBbB#H2X Ai Bb Q#pBQmb i?i MQ 7Q`+BM; bB;MH F (θ, t) 7Q` i?Bb bBKmHiBQM Bb
#H2 iQ /2~2+i i?2 bvbi2K BMiQ `2+?BM; i?2 +T+Biv Ccrit X 6m`i?2` MHvb2b rBi? H`;2
MmK#2`b Q7 J* bKTH2b ?p2 #22M +``B2/ Qmi M/ pf rb 2biBKi2/X h?2b2 `2bmHib `2
;i?2`2/ BM h#X R M/ +H+mHi2/ ++Q`/BM; iQ 1[X R3X *b2 R Bb i?2 +HbbB+ a_J @ aT2+i`H
_2T`2b2MiiBQM J2i?Q/- *b2 k i?2 _a_J@l- _2Ht2/ aT2+i`H _2T`2b2MiiBQM J2i?Q/
mbBM; mMB7Q`K /Bbi`B#miBQMb 7Q` i?2 Sa. M/ *b2 j _a_J@hL mbBM; i?2 i`mM+i2/ MQ`KH
/Bbi`B#miBQMbX 6`QK i?2b2 `2bmHib BM h#X R i?2 bbmKTiBQM +QmH/ #2 K/2 i?i pf M/
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Time (s)

6B;m`2 8, 1tKTH2 7Q` irQ ;2M2`i2/ TQr2` bT2+i`H /2MbBiB2b UH27iV M/ i?2 +Q``2bTQM/BM; biQ+?biB+
T`Q+2bb2b BM  iBK2 rBM/Qr Q7 5 b U`B;?iV

νpf `2 BM/2T2M/2Mi 7`QK i?2 +b2 M/ i?2`27Q`2 Q7 i?2 mM/2`HvBM; T`2b2Mi2/ `M/QK Sa.
7mM+iBQMX 1pB/2M+2 +QmH/ #2 i?i i?2 /Bz2`2M+2b #2ir22M HH `2bmHib ?p2  K;MBim/2
bKHH2` i?M 10−3 X h?Qm;?- r?2M  /2iBH2/ `2HiBQM Bb b?QrM b BM 6B;X d /Bz2`2M+2b
2bT2+BHHv BM i?2 KTHBim/2 +M #2 bTQii2/X h?2 `2bmHib ;Bp2M BM h#X R M/ 6B;X e `2 iQ
#2 2tTHBM2/ /m2 iQ  +QMbB/2`i2 /2}MBiBQM Q7 i?2 `M/QK Sa. pHm2bX "QmM/`B2b M/
KQ/2H T`K2i2`b r2`2 +`27mHHv +?Qb2MX
AM h#X R Bi +M #2 b22M i?i i?2 pf /Q2b MQi +?M;2 bB;MB}+MiHv r?2M mbBM; i?2
_a_J BMbi2/ Q7 a_JX h?2 ;QH Q7 i?Bb TT2` rb iQ 2bi#HBb?  `M/QK /2}MBiBQM Q7 i?2
biQ+?biB+ T`Q+2bb2b mM/2`HvBM; Sa. 7mM+iBQMX h?2 `2HB#BHBiv K2bm`2 b r2HH b }`bi@ M/
b2+QM/@Q`/2` KQK2Mib r2`2 +?Qb2M iQ #2 K2bm`2/ BM Q`/2` iQ T`Qp2 i?i MQ bB;MB}+Mi
KQ/2H +?M;2b r2`2 BKTQb2/ 7`QK i?2 _a_J iQr`/b i?2 KQ/2H p2`bmb i?2 a_J BM~m2M+2
QM i?2 KQ/2HX h?Bb rQmH/ K2M i?i i?2 BM/m+2/ H2iQ`B+ mM+2`iBMiv #v //BM; M2r
`M/QK /Bbi`B#miBQMb iQ /2b+`B#2 i?2 Sa. Bb MQi mMM2+2bb`BHv BM+`2b2/X >Qr2p2`- B7 
72r KQ/2H T`K2i2`b `2 +?M;2/- 2X;X i?2 bBKmHiBQM iBK2 TE Q` i?2 `M/QK /BK2MbBQMb
h#H2 R, aBKmHiBQM `2bmHib 7Q` i?2 T`2b2Mi2/ +b2b rBi?  /Bz2`2Mi MmK#2` Q7 J* bKTH2b NM C X

J2i?Q/

*b2 R
a_J
*b2 k
_a_J@l

*b2 j
_a_J@hL


Var[x] UKV

E[x] UKV

max[|x|] UKV

ν pf

pf

2.5 · 105
5.0 · 105
7.5 · 105
1.0 · 106

1.9 · 10−7
1.9 · 10−7
1.9 · 10−7
1.9 · 10−7

−7.9 · 10−9
3.0 · 10−9
5.9 · 10−9
2.2 · 10−10

0.0074
0.0072
0.0074
0.0075

0.0204
0.0145
0.0120
0.0102

0.0095
0.0095
0.0092
0.0095

2.5 · 105
5.0 · 105
7.5 · 105
1.0 · 106

1.9 · 10−7
1.9 · 10−7
1.9 · 10−7
1.9 · 10−7

−8.0 · 10−9
2.9 · 10−9
5.9 · 10−9
1.7 · 10−10

0.0074
0.0072
0.0074
0.0075

0.0204
0.0145
0.0119
0.0103

0.0095
0.0094
0.0093
0.0094

2.5 · 105
5.0 · 105
7.5 · 105
1.0 · 106

1.9 · 10−7
1.9 · 10−7
1.9 · 10−7
1.9 · 10−7

−7.9 · 10−9
2.9 · 10−9
6.0 · 10−9
1.6 · 10−10

0.0074
0.0072
0.0074
0.0075

0.0204
0.0146
0.0119
0.0102

0.0095
0.0093
0.0093
0.0095

NM C
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Displacement (m)

6

Case 1
Case 2
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C crit
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6B;m`2 e, PM2 J* 7mHH bvbi2K `2bTQMb2 7Q` HH +b2bX

Displacement (m)

-7

10 -4

-8
-9
Case 1
Case 2
Case 3

-10
-11
42.6

42.65

42.7

42.75

42.8

42.85

42.9

42.95

43

Time (s)

6B;m`2 d, avbi2K `2bTQMb2 7Q` HH +b2b BM t ∈ [42.6s, 43.0s]

nϕ , nS i?i z2+i i?2 MmK#2` Q7 bmKKM/b- b BM 1[X kR Q` 1[X Rk  ?m;2 p`BiBQM BM
`2bmHib +M #2 Q#b2`p2/X h?Bb H2p2b i?2 ibF QT2M iQ /BKBMBb? i?2 2TBbi2KB+ mM+2`iBMiv
Q7 i?2 _a_J BM +QK#BMiBQM rBi?  K2+?MB+H bvbi2KX
6Q` HH J* bBKmHiBQMb i?2 +H+mHiBQM iBK2 rb KQMBiQ`2/X b K2bm`2/  `2bT2+iBp2
MmK#2` tsim = NbBKh
- r?2`2 bBKh Bb i?2 K+?BM2Ƕb M22/2/ +H+mHiBQM iBK2- Q7 ?Qr HQM;
MC
i?2 +H+mHiBQM iQQF T2` bBM;H2 bKTH2 rb +H+mHi2/X b p2`;2 Qp2` HH /Bz2`2Mi J*
bBKmHiBQMb i?Bb /2HBp2`2/ 7QHHQrBM; `2bmHib, a_J= 3.896 KbfbKTH2- _a_J@l= 4.172
KbfbKTH2- _a_J@hL= 4.119 KbfbKTH2X aBM+2 7`QK i?2 7Q`KmHiBQM Q7 i?2 a_J 
bmKKiBQM M22/b iQ #2 +``B2/ Qmi- r?B+? Bb `2HBb2/ BM  7Q` HQQT M //BiBQMH bKTHBM;
7Q` 2+? bmKKM/ /Q2b MQi bB;MB}+Mi BM+`2b2 i?2 +H+mHiBQM iBK2X
e

*PL*GlaAPL

AM i?Bb rQ`F-  MQp2H `2T`2b2MiiBQM Q7 i?2 TQr2` bT2+i`H /2MbBiv 7mM+iBQM rb T`2@
b2Mi2/X AMbi2/ Q7 mbBM; /Bb+`2i2 pHm2b 7Q` i?2 TQr2` bT2+i`H /2MbBiv 7Q` 2+? 7`2[m2M+vbiiBbiB+H BM7Q`KiBQM 7`QK M 2Mb2K#H2 Q7 TQr2` bT2+i` +M #2 2ti`+i2/ M/  +Q`@
`2bTQM/BM; T`Q##BHBiv /Bbi`B#miBQM 7mM+iBQM +M #2 +H+mHi2/X AM i?Bb rv- i?2 TQr2`
bT2+i`H /2MbBiv Bb Ǵ`2Ht2/Ǵ b i?2 T`2pBQmb /Bb+`2i2 pHm2b `2 MQr i`2i2/ b T`Q##BHBiv
7mM+iBQMbX h?2`27Q`2- MQi QMHv QM2 pHm2 7Q`  bT2+B}+ 7`2[m2M+v Bb TQbbB#H2- #mi  `M;2 Q7
pHm2b rBi? /Bz2`2Mi T`Q##BHBiB2bX Ai ?b #22M b?QrM- i?i i?2 /2p2HQT2/ `2Ht2/ TQr2`
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bT2+i` `2 mb#H2 7Q` T`Q/m+BM; MQM@2`;Q/B+ T`Q+2bb `2HBbiBQMb BKK2/Bi2Hv TTHB+#H2
7Q` JQMi2 *`HQ bBKmHiBQM MHvb2bX
h?2 `2Ht2/ TQr2` bT2+i`mK Qz2`b b2p2`H /pMi;2b +QKT`2/ iQ i?2 i`/BiBQMH
TQr2` bT2+i`H /2MbBivX .m2 iQ i?2 b2MbQ` HBKBiiBQMb K2MiBQM2/ BM b2+iBQM R M/ i?2
2biBKiBQM Q7 TQr2` bT2+i`- i?2 2t+BiiBQM M/ `2bTQMb2 Q7 bBKmHiBQMb `2 bm#D2+i iQ
mM+2`iBMiB2bX h?2`27Q`2-  bBM;H2 /Bb+`2i2 pHm2 b bQHmiBQM Bb mMHBF2Hv iQ #2 i`m2 M/
`2HB#H2X h?2 `2Ht2/ bT2+i`mK Bb KQ`2 `Q#mbi b Bi Bb #H2 iQ +Tim`2 i?2b2 mM+2`iBMiB2bX
 `M;2 Q7 TQbbB#H2 2t+BiiBQMb rBi? /Bz2`2Mi T`Q##BHBiB2b `2 i?2M FMQrM- vB2H/BM; p`BQmb
THmbB#H2 bQHmiBQMbX 1bT2+BHHv BM i?2 +b2 i?i  ?B;? KQmMi Q7 `2H /i `2+Q`/b `2
pBH#H2- M TT`Q+? rBi? bm#D2+iBp2 T`Q##BHBiB2b Bb mb27mH iQ +H+mHi2  `2Ht2/ TQr2`
bT2+i`mK- bBM+2 Bi Bb TQbbB#H2 iQ Q#iBM `2HB#H2 biiBbiB+H BM7Q`KiBQMb Q7 i?2 2Mb2K#H2X
h?2 bK2 ?QH/b 7Q` `iB}+BHHv ;2M2`i2/ biQ+?biB+ T`Q+2bb2b b M mMHBKBi2/ MmK#2` +M
#2 ;2M2`i2/X
6Q` i?2 /2p2HQTK2Mi Q7 i?2 T`QTQb2/ `2Ht2/ TQr2` bT2+i`mK  +`m+BH TQBMi Bb i?2
+?QB+2 Q7 i?2 miBHBb2/ T`Q##BHBiv /2MbBiv 7mM+iBQMX >2`2-  mMB7Q`K /Bbi`B#miBQM M/ 
i`mM+i2/ MQ`KH /Bbi`B#miBQM `2 mb2/- 7Q` +QKT`BbQM Tm`TQb2bX Ai ?b #22M b?QrMi?i i?2 b2H2+iBQM Q7 i?2 S.6 ?b MQi  #B; BM~m2M+2 iQ i?2 bBKmHi2/ /BbTH+2K2Mi Q7 
bBM;H2 .2;`22@Q7@6`22/QK KQ/2H rBi?  6B`bi@Sbb;2 T`Q#H2KX h?2 irQ KQ/2Hb b?Qr p2`v
bBKBH` `2bmHib- HbQ BM +QKT`BbQM rBi? i?2 i`/BiBQMH bT2+i`H `2T`2b2MiiBQM K2i?Q/X Ai
+M #2 /2/m+2/ i?i i?2 `2HtiBQM Q7 i?2 KQ/2Hb Bb  pHB/ K2i?Q/ iQ iF2 mM+2`iBMiB2b
BMiQ ++QmMiX AM Q`/2` iQ +QM}`K i?2b2 `2bmHib Qi?2` BMp2biB;iBQMb rBi? KQ`2 +QKTH2t
bi`m+im`2b- 2X;X MQM@HBM2` }MBi2 2H2K2Mi bBKmHiBQMb- Kmbi #2 +``B2/ QmiX
6m`i?2`KQ`2- i?2`2 Bb HbQ  M22/ iQ mM/2`biM/ i?2 BM~m2M+2 Q7 i?2 KQ/2H T`K2i2`b
M/ ?Qr i?2v z2+i i?2 mM/2`HvBM; bvbi2KX aBM+2 Bi rb Q#b2`p2/ i?i 2p2M bKHH +?M;2b
BM i?2b2 T`K2i2`b +mb2/  H`;2 p`BiBQM BM i?2 `2bmHib- i?Bb Kmbi #2 BMp2biB;i2/
BM Q`/2` iQ KF2 i?2 `2Ht2/ KQ/2Hb TTHB+#H2 iQ Mv bi`m+im`2 rBi?  /Bz2`2Mi b2i Q7
T`K2i2`bX
6BMHHv i?2 mHiBKi2 ;QH Bb iQ `2/m+2 i?2 iQiH MmK#2` Q7 mb2/ `M/QK /Bbi`B#miBQMbX
AM i?Bb rQ`F M TT`Q+? ?b #22M +?Qb2M iQ bBKmHi2 biQ+?biB+ T`Q+2bb2b b +HQb2 iQ 
i`;2i T`2+Bb2 Sa. b TQbbB#H2X h?Bb iQQF  +`27mH T`K2i2` b2iiBM;X AM 7mim`2 rQ`F i?2
TQbbB#BHBiB2b Q7 /2+`2bBM; i?2 `M/QK /BK2MbBQM rBHH #2 i`;2i2/X //BiBQMHHv- bvM2`;B2b
rBi? i?2 aiQ+?biB+ >`KQMB+ 6mM+iBQM `2T`2b2MiiBQM rBHH #2 2tTHQ`2/X
d

*ELPqG1.:1J1Lh

S`i Q7 i?Bb rQ`F rb 7mM/2/ #v i?2 :2`KM _2b2`+? 6QmM/iBQM U:`Mib "1 k8dyf9@
R M/ *P R39NfR@RV b T`i Q7 i?2 T`QD2+i ǶlM+2`iBMiv KQ/2HHBM; BM TQr2` bT2+i`mK
2biBKiBQM Q7 2MpB`QMK2MiH T`Q+2bb2b rBi? TTHB+iBQMb BM ?B;?@`Bb2 #mBH/BM; T2`7Q`KM+2
2pHmiBQMǶX
_161_1L*1a
(R) :X AX a+?mďHH2`X PM i?2 i`2iK2Mi Q7 mM+2`iBMiB2b BM bi`m+im`H K2+?MB+b M/ MH@
vbBbX *QKTmi2`b  ai`m+im`2b- 38,kj8Ĝk9j- yj kyydX
(k) GX *QK2`7Q`/- AX X EQm;BQmKixQ;HQm- M/ JX "22`X M `iB}+BH M2m`H M2irQ`F
TT`Q+? 7Q` biQ+?biB+ T`Q+2bb TQr2` bT2+i`mK 2biBKiBQM bm#D2+i iQ KBbbBM; /iX
ai`m+im`H a72iv- 8k,R8yĜRey- kyR8X

3814

J`+Q "2?`2M/i- J`Bmb "BiiM2`- GBK *QK2`7Q`/- Jii2Q "`Q;;B- JB+?2H "22`

(j) GX *QK2`7Q`/- >X X C2Mb2M- 6X JvQ`;- JX "22`- M/ AX X EQm;BQmKixQ;HQmX
*QKT`2bbBp2 b2MbBM; rBi? M /TiBp2 rp2H2i #bBb 7Q` bi`m+im`H bvbi2K `2bTQMb2
M/ `2HB#BHBiv MHvbBb mM/2` KBbbBM; /iX *QKTmi2`b  ai`m+im`2b- R3k,keĜ9ykyRdX
(9) X SQr2HH M/ aX >X *`M/HHX _M/QK oB#`iBQMX h?2 h2+?MQHQ;v S`2bb Q7 i?2
Jbb+?mb2iib AMbiBimi2 Q7 h2+?MQHQ;v- *K#`B/;2- RN83X
(8) uX@EX GBM M/ :X@ZX *BX S`Q##BHBbiB+ bi`m+im`H /vMKB+b, /pM+2/ i?2Q`v M/
TTHB+iBQMbX J+:`r@>BHH L2r uQ`F- RNN8X
(e) CX GB M/ CX *?2MX aiQ+?biB+ /vMKB+b Q7 bi`m+im`2bX CQ?M qBH2v  aQMb- kyyNX
(d) :X qX >QmbM2`X *?`+i2`BbiB+b Q7 bi`QM;@KQiBQM 2`i?[mF2bX "mHH2iBM Q7 i?2 a2Bb@
KQHQ;B+H aQ+B2iv Q7 K2`B+- jdURV,RNĜjR- RN9dX
(3) EX EMBX a2KB@2KTB`B+H 7Q`KmH 7Q` i?2 b2BbKB+ +?`+i2`BbiB+b Q7 i?2 ;`QmM/X "mH@
H2iBM Q7 i?2 2`i?[mF2 `2b2`+? BMbiBimi2- j8,jyNĜjk8- RN8dX
(N) CX *?2M- qX amM- CX GB- M/ CX smX aiQ+?biB+ ?`KQMB+ 7mM+iBQM `2T`2b2MiiBQM Q7
biQ+?biB+ T`Q+2bb2bX CQm`MH Q7 TTHB2/ J2+?MB+b- 3yURV,yRRyyR- kyRjX
(Ry) :X AX a+?mďHH2`X 1{+B2Mi KQMi2 +`HQ bBKmHiBQM T`Q+2/m`2b BM bi`m+im`H mM+2`iBMiv
M/ `2HB#BHBiv MHvbBb @ `2+2Mi /pM+2bX ai`m+im`H 1M;BM22`BM; M/ J2+?MB+bjkURV,RĜky- kyyNX
(RR) JX a?BMQxmF M/ *X@JX CMX .B;BiH bBKmHiBQM Q7 `M/QK T`Q+2bb2b M/ Bib TTHB@
+iBQMbX CQm`MH Q7 aQmM/ M/ oB#`iBQM- k8URV,RRR Ĝ Rk3- RNdkX
(Rk) JX a?BMQxmF M/ :X .2Q/iBbX aBKmHiBQM Q7 biQ+?biB+ T`Q+2bb2b #v bT2+i`H `2T@
`2b2MiiBQMX TTHB2/ J2+?MB+b _2pB2rb- 99U9V,RNRĜky9- RNNRX
(Rj) GX *QK2`7Q`/- AX X EQm;BQmKixQ;HQm- M/ JX "22`X *QKT`2bbBp2 b2MbBM; #b2/
biQ+?biB+ T`Q+2bb TQr2` bT2+i`mK 2biBKiBQM bm#D2+i iQ KBbbBM; /iX S`Q##BHBbiB+
1M;BM22`BM; J2+?MB+b- 99,eeĜde- kyReX
(R9) JX "22` M/ SX .X aTMQbX  M2m`H M2irQ`F TT`Q+? 7Q` bBKmHiBM; biiBQM`v
biQ+?biB+ T`Q+2bb2bX ai`m+im`H 1M;BM22`BM; M/ J2+?MB+b- jkURV,dRĜN9- kyyNX
(R8) .X 1X L2rHM/X M BMi`Q/m+iBQM iQ `M/QK pB#`iBQMb- bT2+i`H  rp2H2i MHvbBbX
*Qm`B2` *Q`TQ`iBQM- kyRkX
(Re) >X CX S`/Hr`i2` M/ :X AX a+?m2HH2`X 1t+22/M+2 S`Q##BHBiB2b Q7 J.P6@avbi2Kb
lM/2` aiQ+?biB+ 1t+BiiBQMX TTHB2/ J2+?MB+b _2pB2rb- 8yURRaV,aRe3ĜaRdj- RR
RNNdX
(Rd) SX aX EQmibQm`2HFBb- >X CX S`/Hr`i2`- M/ :X AX a+?mďHH2`X _2HB#BHBiv Q7 bi`m+im`2b
BM ?B;? /BK2MbBQMb- T`i B, H;Q`Bi?Kb M/ TTHB+iBQMbX S`Q##BHBbiB+ 1M;BM22`BM;
J2+?MB+b- RNU9V,9yN Ĝ 9Rd- kyy9X
(R3) GX 6X a?KTBM2 M/ JX qX _2B+?2HiX h?2 KiH# Q/2 bmBi2X aAJ CQm`MH QM
a+B2MiB}+ *QKTmiBM;- R3URV,RĜkk- RNNdX
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Abstract. In the current work, the use of generative adversarial networks (GANs) in a simulated
structural health monitoring (SHM) application is studied. A speciﬁc type of GAN is considered,
aiming at a disentangled representation of underlying features and clusters of data through
some latent variables. This idea could prove useful in SHM, since explanation of how damage
mechanisms or environmental conditions affect a structure may be exploited in order to monitor
structures more effectively. In a simulated mass-spring example, different damage cases are
introduced by reducing the stiffness of speciﬁc springs and different damage levels by applying
different extents of stiffness reduction. The GAN implementation proves able to capture different
damage cases through its categorical latent variables, as well as the damage extent within
its continuous latent variables. The results demonstrate that the latent variables are indeed
capturing the effect of damage in the structure and can be exploited for the purpose of condition
assessment.
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1

Introduction

Modern societies extensively rely on structural elements. Everyday activities depend on structures
like bridges, engines, power generators etc. Malfunction or damage of these critical systems
may lead to delays in transportation, power shutdowns or even injury or death of individuals.
Avoiding such failures and guaranteeing safe operation and efﬁcient performance is therefore
a matter of critical importance. Structural Health Monitoring (SHM) offers a tool to this end.
SHM is employed to ensure operability and safety of structures and to avoid consequences of
failure. Many different approaches have been proposed in the context of SHM, but all of them
can be categorised according to the hierarchical structure proposed by Rytter [1] and extended in
[2]:
1. Is there damage (existence)?
2. Where is the damage in the system (location)?
3. What kind of damage is present (type/classiﬁcation)?
4. How severe is the damage (extent/severity)?
5. How much useful (safe) life remains (prognosis)?
Ascending in Rytter’s hierarchy makes the task at hand more difﬁcult than the one in the previous
step. Detecting if damage exists requires deﬁnition of the normal condition of a structure and
divergence from that is an indication of damage and has to be examined. The second step
of localising damage, requires further knowledge about the behaviour of a structure and how
damage in various areas may affect the structural response. Moreover, deﬁning the type of
damage is a task that requires further understanding of the structural behaviour and of the manner
in which different types of damage affect observed features of the structure. Finally, the two
last steps in the hierarchy, demand understanding of the damage mechanism in order to deﬁne
its severity and to further predict the useful life of the structure under the speciﬁc damage case.
Although some data driven methods would promise to do this without really understanding the
mechanism as long as sufﬁcient instances of failure are recorded.
It is straightforward that dealing with these tasks involves acquiring and processing data in order
to infer results about the condition of a structure. Taking into account the progress made in the
disciplines of data analysis and machine learning (ML), diverse methods from these ﬁelds have
been exploited for the purposes of SHM [2]. Regarding the ﬁrst step in the aforementioned
hierarchy, ML has been used to perform outlier detection using autoencoders to explain data
corresponding to the normal condition of a structure [3]. Autoencoders were chosen because
they are able to explain data belonging to an arbitrary manifold. For damage classiﬁcation
or localisation, ML classiﬁers have been used [4], yielding quite good accuracy. The main
drawback of these methods is that data from damage states is required to perform their tasks.
Oftentimes however, data from damaged states are absent, or only limited samples are available.
Furthermore, to perform tasks further up in Rytter’s hierarchy, understanding of the underlying
physics of structures and damage mechanisms is needed.
Trying to understand the underlying physics within such a context, one may attempt to study a
black box model that is performing well on a task related to the underlying mechanism of the
problem. A representative example of such a case is a model trained on patient data [5] that
was able to predict schizophrenia with adequate precision. It is clear then that it may be worth
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spending some time studying the model in an attempt to understand better how schizophrenia
works and which symptoms indicate its existence. The same scheme may be applied on structures
with models trained on identifying damage location/type. A black-box model like a neural
network [6] may be exploited to understand the way some type of damage affects a structure.
A speciﬁc type of black-box model that is targeted to capturing the physics of a speciﬁc problem,
is the generative model. More speciﬁcally, Generative Adversarial Networks (GANs) [7] and
Variational Autoencoders (VAEs) [8] are neural networks that learn how to generate data that
look like reality. It is believed that, by studying these types of neural networks and the way they
produce data, further understanding of the underlying problems may be achieved. In the current
work, a speciﬁc type of GAN is used, the infoGAN [9]. This speciﬁc type of network achieves
a disentanglement in the latent feature space of the data which may have great beneﬁts in an
SHM application. The use of such networks is considered in the task of classifying data from
structures and also in deﬁning latent variables that explain the extent of damage in the data or the
variation of a parameter affecting the behaviour of the structure.
2
2.1

Generative Adversarial Networks (GANs)
Vanilla GANs

The traditional scheme followed in ML is the training of a model to perform classiﬁcation [6]
or regression [10]. To extend this to images, convolutional neural networks were developed
[11] yielding superior performance in the two mentioned tasks. Recently, a new type of neural
network has emerged, the Generative Adversarial Network [7]. The goal of this new scheme is
to generate images that resemble reality, which is achieved via use of two neural networks. The
ﬁrst one is termed the generator and produces “fake” images given a latent vector. The second
network is the discriminator, which tries to identify whether an image is fake (generated by the
generator) or real (coming from the available dataset). Through training both of these networks,
improve in reaching their objective and ﬁnally, the generator, provided with some latent vector,
can generate images that appear to be real. More intuitively, this means that the generator maps a
latent vector distribution into a distribution or a manifold of the real data. The layout of the basic
(vanilla) GAN can be seen in Figure 1.
The generator is a multi-layer perceptron (MLP) that takes as input a latent noise vector z
coming from a probability distribution pz (z) and maps it into a vector (or an image) G(z) of
dimension equal to the dimension of the training samples. The discriminator is another MLP
that takes as inputs, vectors (or images) x, and outputs the probability of the sample being real,
P (x = real) = D(x). The training of D is carried out by maximising the probability that it
assigns the correct label (“real” or “fake”) to the samples. At the same time, the training of
the generator, G, is accomplished by trying to minimise the probability that the discriminator
classiﬁes the generated samples as fake, i.e. minimisation of log(1 − D(G(z))). Following from
[7], the objective function can be interpreted as a two player minmax game given by,

min max V (D, G) = Ex∼pdata (x) [log D(x)] + Ez∼pz (z) [log 1 − D(G(z)))]
G

D

(1)

Training of such a network is performed in two steps per epoch. During the ﬁrst step, random
samples are created by the generator and they are concatenated with a batch of real samples
from the dataset. The resulting training batch is used to train the discriminator for one epoch by
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back-propagating the error of the output. The target label for the real samples is 1 and for the
generated ones is 0. The right-hand side of equation (1) is set in this step as the objective function
and its maximisation is attempted. Consequently, the two networks are clipped together, as in
Fig 1, and random samples of the latent vector are generated in order to create random generated
samples. These samples are fed into the whole GAN and the target outputs are labels of 1.
The weights of the discriminator’s connections are considered as constants during the second
training phase and the error is back-propagated in order to train the generator. This latter time,
the objective function is comprised exclusively from the second term of the right-hand side of
equation (1) and its minimisation is sought. Following this training scheme, during the ﬁrst step
the discriminator learns to distinguish between real and generated images and the generator to
generate images that the discriminator classiﬁes as real.
Generated
samples G(z)
Noise, z

Generator

Discriminator

Probability D(G(z))

Real
samples x

Figure 1: Vanilla GAN layout.
The most straightforward application of GANs is to generate artiﬁcial data to augment a dataset.
Training neural networks is highly dependent on the size of the available dataset. The rule-ofthumb for training neural networks that generalise well [12], speciﬁes that for each trainable
weight of the neural network, 10 training samples are needed. Acquiring data is difﬁcult and
some times even expensive. Labelled images are hard to be obtained and their manual labeling
costs. In cases of image datasets, augmentation can also be achieved by rotation of the pictures or
colour change etc. In SHM though, the securing of data from structures in different damage cases
or under different environmental conditions is expensive or even impossible; the samples are
usually limited and augmentation is not that easy. For this purpose, GANs can be used to increase
the size of a dataset and may even serve as interpolators. Especially for deep networks and even
more for deep convolutional neural networks, where the number of trainable parameters is huge,
augmentation of available dataset size could yield an efﬁcient way to increase the generalisation
performance of models [13].
Another use of GANs is found in ﬁlling gaps in pictures [14, 15]. In this case, GANs trained
on a dataset are able to use pictures with missing pixels and generate a complete picture by
replacing missing pixels with something that ﬁts well in the gap. This is a great example of how
this type of model may assist in repairing corrupted datasets. At the same time, these results are
encouraging the perspective that GANs achieve a better linkage of data to the driving physics (or
semantics) than traditional neural networks, since they are able repair corrupted data that they
have never seen before.
Furthermore, GANs are applied in image processing [16, 17, 18]. This application is also an
impressive usage of GANs, since they are able to capture through their latent variables, speciﬁc
features of the data. Afterwards, the users are able to manipulate the latent vectors and use the
generator to produce images, whose characteristics ﬁt custom needs. A similar approach in the
current work is followed and an attempt is performed to capture in the latent code the extent
and type of damage in a structure. The ability to describe such features through a latent vector
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and generate data corresponding to speciﬁc damage cases or to the extent of damage would be
beneﬁcial for the purposes of SHM, since further progress related to the fourth and ﬁfth steps in
Rytter’s hierarchy could be achieved.
2.2

Information Maximising Generative Adversarial Nets

According to the classic formulation of GANs described, the latent variables used as inputs in the
generator do not encapsulate any speciﬁc features from the data. This is because no restriction
is imposed during training that every variable would describe a speciﬁc feature, resulting in
latent noise variables that correspond to entangled features or combinations of features. In
order to improve performance regarding the representation of disentangled features by the
latent variables, a slightly different architecture and training scheme is followed in [9], called
Information Maximising Generative Adversarial Nets (InfoGAN).
The procedure followed to enforce this disentanglement will be described below. At ﬁrst, the
latent vector is divided into two parts, the latent noise z and the latent code c. The noise part z is
used to model noise that may be present in the data, while the latent code c is used to represent
interpretable features of the data. Following [9], the output of the generator becomes G(z, c). In
order for the latent code c to have a meaning, there should be high mutual information between
the code c and the generator distribution G(z, c), i.e. I(c; G(z, c)). The term I(c; G(z, c))
represents the amount of information learnt from knowledge of G(z, c) about c and can be
calculated using two entropy terms from,

I(c; G(z, c)) = H(c) − H(c|G(z, c)) = H(G(z, c)) − H(G(z, c)|c)

(2)

where H(x) and H(x|y) are the entropy of the random variable x and the conditional entropy of
x given y, respectively.
Trying to get further insight into equation (2), one realizes the reduction of uncertainty about c
when G(z, c) is observed. If the two variables are completely independent, then the term is equal
to zero. So for the maximisation of (2), given x ∼ PG (x), PG (c|x) should have small entropy.
Trying to maximise this term, enforces a deterministic relationship between the two variables.
To include this quantity in the optimisation process, the following modiﬁcation is made in the
cost functions from equation (1),

min max V1 (D, G) = min max V (D, G) − λI(c; G(z, c))
G

D

G

D

(3)

In practice though, maximisation of I(c; G(z, c)) is non-trivial, as one has no access to the
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posterior PG (c|x). To avoid maximising it directly, an auxiliary distribution Q(c|x) is deﬁned,

I(c; G(z, c)) = H(c) − H(c|G(z, c)) =
Ex∼G(z,c) [Ec∼P (c|x) [log P (c|x)]] + H(c) =
P (c|x)
Ex∼G(z,c) [Ec∼P (c|x) [log
Q(c|x))]] + H(c) =
Q(c|x)
P (c|x)
] − Ec∼P (c|x) [log Q(c|x))]]
Ex∼G(z,c) [Ec∼P (c|x) [log
Q(c|x)
+ H(c) =
Ex∼G(z,c) [DKL (P (·|x)||Q(·|c)) −Ec∼P (c|x) [log Q(c|x))]]
4
56
7

(4)

≥0

+ H(c)
≥ Ex∼G(z,c) [Ec∼P (c|x) [log Q(c|x)]] + H(c)
The technique of maximising the lower bound of the mutual information is called Variational
Information Maximisation [19]. In equation (4) the quantity to be maximised is the ﬁrst term of
the ﬁnal formula, since H(c) is a constant and has an analytical form and a common distribution
is chosen for c. To avoid sampling from the posterior in the inner expectation of the expression
in equation (4), the Lemma 5.1 of [9] is used; according to which, for random variables X, Y
and functions f (x, y) under suitable regularity conditions it applies that: Ex∼X,y∼Y |x[f (x,y)] =
Ex∼X,y∼Y |x,x∼X|y[f (x,y)] . Following this result a variational lower bound, L1 (G, Q), of the mutual
information I(c; G(z, c)) is deﬁned,

L1 (G, Q) = Ex∼G(z,c) [Ec∼P (c|x) [log Q(c|x)]] =
Ec∼P (c),x∼G(z,c) [log Q(c|x)] + H(c) ≤ I(c; G(z, c))

(5)

In equation (5), the quantity to be maximised is the log-probability of the auxiliary distribution
Q. In practice Q is modeled using a neural network. The newly-deﬁned neural network is part of
the discriminator network of the vanilla GAN. By deﬁning the neural network Q, maximisation
of the quantity in equation (5) is performed by back-propagating its error.
In the categorical case, in order to maximise log Q(c|x) by training Q, the output is given by a
softmax function and the categorical-crossentropy loss function gives the desired results. In the
case of a continuous code c, a maximum likelihood estimation (MLE) scheme has to be followed.
The outputs of the neural network are two for each continuous code ci ; one for the mean value of
the code and one for the variance. Afterwards, the loss function to be maximised is the mean
log probability of all the outputs corresponding to the continuous code inputs. Assuming that c
comes from a Gaussian distribution and that the variables ci are independent, the loss function is
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given by,

log[Q(c|x)] = log[
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In equation (6), ci corresponds to the input value in the neural network and μi , σi are the mean
and variance of each distribution of the code ci . An overview of the network architecture of the
infoGAN is shown in Fig 2. It becomes clear that the logic behind this architecture is that a
sample is generated by the generator; it should look real, so that the discriminator classiﬁes it as
real and the parameters of the code c that were used to generate it should be as distinguishable as
possible by the auxiliary neural network Q. Following this scheme, the infoGAN is expected to
generate samples belonging to different classes (or manifolds) using different categorical codes
ccat and to explain the variability of features within the classes, using the continuous code ccont .
Also, some random noise is added via z because as usual, noise in the data exists and should be
modelled.
Generated
samples G(z)

Noise, z
Generator
Code, c

Discriminator

Probability D(G(z))

Real
samples x
Q network

Estimation of c

Figure 2: InfoGAN layout.

3
3.1

Application on simulated data
Simulation description

For the application of GANs to structural data, a simple simulated linear six-degree-of-freedom
lumped mass system is examined. The masses of the system were all equal to one, the stifness of
the undamaged states of the springs equal to 104 and a diagonal damping matrix was assumed
with its elements equal to 25. The system was simulated using a fourth-order Runge-Kutta
integration scheme. The excitation was a white noise signal applied on the ﬁrst mass. In order to
introduce different levels of damage in the structure, stiffness reductions were applied on springs
1-2, 2-3, 3-4 and 4-5. The reducted stifnesses came from normal distributions with mean values
of 80% of the initial values of the system and variance equal to 4.5% of the initial stiffness of
each spring.
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In each simulation the transmissibilities between masses 1-2, 2-3, 3-4 and 4-5 were calculated,
concatenated and considered as the samples representing each simulation. The normal condition
concatenated transmissibilities are shown in Figure 4. Transmissibilities are a useful tool in
monitoring real structures, where one has no knowledge about the input excitation to a dynamical
system, in order to calculate the frequency response function (FRF). The sampling frequency of
the simulation was 200Hz; each transmissibility consists of 512 spectral lines and noise with
variance equal to 5% of the transmissibility’s variance was added to each one of them. In order
to visualise the data, a principal component analysis (PCA) [20] was performed on the data and
the ﬁrst three principal components were plotted. In Figure 5 each batch/manifold of points
corresponds to a different damage case. Moreover, through the gradual colour transition, the
different damage levels are shown. A yellow colour represents points with low damage level
(5-7.5% stiffness reduction) and dark red points correspond to higher damage levels (32-35%).
F
k2

k1
m1

k3
m2

k4
m3

k5
m4

k6
m5

m6

Figure 3: Mass-spring system.

Figure 4: Normal condition concatenated transmissibilities.
Each damage case affects the transmissibilities in a different way. To be able to judge the results
of the GANs to be trained consequently, an illustration of inﬂuence of that stiffness reduction on
the transmissibilities is offered in Figure 6. Each different colour line corresponds to different
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Figure 5: First three principal components of simulated transmissibilities. Gradual colour change
from yellow to dark red represents lower to higher damage levels respectively.
damage level and the “movement” of the diagram as the damage extent increases is depicted.
Damage induced in different springs causes similar effects to the one shown in Figure 6, but in
different areas of the diagram.
3.2

InfoGAN training

The infoGAN was trained on the ﬁve ﬁrst principal components of the data (explaining 99%
of the variance) in order to reduce both training time and trainable parameters of the networks.
Since the PCA transformation is linear, the infoGAN training is not considered to be assisted by
it in any way other than the dimensionality reduction. In the input layer of the generator, two
latent variables zi sampled from a Gaussian distribution z ∼ N (0, 1) were used because noise is
present in the data. Four categorical variables ci,cat sampled with equal probability were also
used, since there are four different damage cases and one continuous ccont , sampled also from
a Gaussian distribution similar to the previous one. The expected result is that the generator
should be able to generate samples corresponding to the different damage cases by altering the
categorical variables and also corresponding to the damage extent by varying the continuous
latent variable.
The discriminator was chosen to be a neural network with two hidden layers comprising 60 and
30 nodes and an output layer. The generator was also deﬁned as a neural network with two
hidden layers of 100 and 15 nodes and an output layer with ﬁve nodes. The ideal size of the
networks is not considered to be the object of the current work, therefore, choosing the best
architecture is not examined and was simply performed by trying different architectures manually
and selecting the ones that had satisfying results in terms of the value of the loss function. The
networks were initialised several times and the one with the lowest value for the loss function
was kept. In contrast to vanilla GANs, where the value of the objective function oscillates during
training, the value of the regularisation term in the loss function of infoGANs (4) gets lower by
training and selection of the network with the lowest value of the cost function is a legitimate
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Figure 6: First damage case samples, focused on the ﬁrst transmissibility, which is affected by
the damage. Different colours reﬂect gradually increasing damage level, from cyan (no damage)
to blue (highest damage level).
strategy.
Having trained the generator, random samples are generated and studied. For each categorical
variable, 1000 samples were generated varying the continuous ccont in the interval [−2.0, 2.0] and
generating random values for the latent noise vector z. In Figure 7. It is clear that the generated
points are quite close to the areas of the original points. It is also clear that each categorical
variable forces the generated points to belong to different clusters of the data, as long as the
manifolds of these clusters are not connected.
3.3

Classiﬁcation and regression using GANs

In order to exploit the results of training a GAN, apart from generating artiﬁcial data, two
more use cases are examined. The ﬁrst one is classiﬁcation of the data and the second one is
a regression scheme; both in an unsupervised manner. The algorithm so far required minimal
supervision for the results above. The only supervised part of the algorithm was the deﬁnition of
the number of noise, categorical and continuous variables in the latent space.
For the classiﬁcation process, random samples are generated in the principal component space
for each categorical variable separately. Subsequently, for each sample in the original dataset
the closest generated point is sought in terms of the Euclidean distance between the points. The
class assigned to the sample from the dataset is the class of the categorical variable that was
used to generate the closest point to the sample. Following this procedure for every point in
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(a) First categorical variable.

(b) Second categorical variable.

(c) Third categorical variable.

(d) Fourth categorical variable.

Figure 7: Generated points (red) and original points (blue) using different categorical variables.
the dataset, the result of the classiﬁcation is shown in Figure 8a. Each colour corresponds to a
different cluster assigned by the algorithm. The classiﬁcation is perfect, as each point is classiﬁed
correctly. In order to contrast performance against a more trivial unsupervised classiﬁcation
algorithm, a K-means clustering algorithm [21] is also applied on the same dataset and the results
are shown in Figure 8b. It is clear that there are some misclassiﬁed points using the K-means
algorithm.
Regarding the regression scheme, the captured variance from the continuous variable is examined.
In order to illustrate what the continuous variable has captured, more samples were generated
this time with the noise latent variables z considered constant and equal to zero. Again for each
categorical variable, several samples were generated by using different values for the continuous
variable in the interval [−3.0, 3.0]. The results are shown in Figure 10. The variable has captured
some of the physics, explaining how the extent of damage affects the transmissibilities but the ﬁt
is not perfect. By generating samples in the principal component space and transforming them
back to the original space, the effect of varying the continuous and the categorical code can be
illustrated. In Figure 9 the transmissibilities generated the way mentioned above are shown for
the categorical variable that corresponds to the ﬁrst damage case. It is clear that the continuous
variable has the same effect on the diagram as the same “movement” occurs as in the one with
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(a)

(b)

Figure 8: Results of the classiﬁcation procedure using the GAN generator (left) and a K-means
algorithm (right).
different damage extents in Figure 6. Similar behaviour is observed with the rest of the damage
cases.
4

Conclusions

Summarising, this work demonstrates that there exist certain beneﬁts in using GANs, and more
speciﬁcally infoGANs, in SHM. Using simulated data, it was illustrated that an infoGAN with
only prior knowledge of the number of different states of the structure is able to ﬁt latent variables
in the distribution of the real data. Being trained on the data, the algorithm could be used to
classify the samples according to the categorical variables deﬁned and at the same time to produce
artiﬁcial samples in a desired class. Furthermore, the continuous variable was able to capture an
underlying varying feature of the data, that of the extent of damage. As before, samples could be
generated by altering the continuous variable, while keeping the categorical variable constant.
This way, the effect of the level of damage was observed on the generated transmissibilities. It
could be stated that the infoGAN is imitating the damage mechanism through the continuous
code variables and such a scheme could be followed with a view to understanding how damage
mechanisms affect speciﬁc structures.
Since the GAN is an artiﬁcial intelligence algorithm, the results it yields should be evaluated in
this context. In artiﬁcial intelligence, the goal is for algorithms to perform as good as human
intelligence would and if possible, outperform it. In the case of classifying points in a feature
space, human-like behaviour is quite similar to the way infoGANs cluster data. A human
examining this data, in order for two batches of points to belong in different clusters, their
manifolds should be disjoint. The infoGAN exhibits a similar behaviour, as for it to generate
points using different categorical variables, the real points should belong in two unconnected
manifolds. Under this assumption, the algorithm’s performance is quite good, since it classiﬁes
points the same way a human would and can moreover perform it in multidimensional spaces,
which humans usually are not able to perceive and process.
Focusing on SHM and damage detection, if damage occurs gradually, the points representing
the status of the structure smoothly moves in space as a function of the damage extent. In this
case the infoGAN algorithm should be able to capture this change through a continuous latent
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Figure 9: Generated samples, using a single categorical variable, corresponding to the ﬁrst
damage case and varying the continuous variable, focused on the ﬁrst transmissibility, which is
affected by the damage. Different colours reﬂect gradually increasing damage level, from cyan
(lower damage level) to blue (higher damage level).
variable. If damage occurs suddenly, the infoGAN might be able to capture it as a different cluster
through its categorical variables. At the same time, generation of artiﬁcial data for different
clusters or values of underlying variables as damage extent is possible. In cases of continuous
monitoring of structures, some varying environmental conditions in the acquired data may be
captured. In this case, the infoGAN should also be able to capture the variation of the parameters
in its continuous variables. This observation points out a potential use of infoGANs in large
databases in order to deﬁne trends and different clusters of data caused either by damage or
benign changing environmental conditions.
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(a) First categorical variable.

(b) Second categorical variable.

(c) Third categorical variable.

(d) Fourth categorical variable.

Figure 10: Generated points (red) and original points (blue) using different categorical variables,
constant noise variable equal to zero and varying the continuous code variable in the interval
[−3.0, 3.0].
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Abstract. In the current paper, an application of the neuroevolution of augmenting topologies
(NEAT) algorithm is considered in a structural health monitoring (SHM) application. The algorithm is a variation of genetic algorithms, applied in neural networks, and has the goal of
optimising both the topology and the weights and biases of a neural network model. The algorithm is applied here to an SHM problem instead of using feedforward neural networks. The
algorithm is called to search for the best-ﬁtting topology in the task, which would otherwise
be sought through experimenting with the size and number of the layers of the neural network.
Having used the algorithm, the accuracy is found to be close to the one achieved using classically trained neural networks. Another aspect of the application is that subnetworks were
deﬁned for every damage case of the problem, whose topologies are much simpler than a fullyconnected feedforward neural network. These subnetworks deﬁne classiﬁcation submodels that
may be used in different combinations, building models for a subset of damage cases and input
features.
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1

Introduction

Structures are essential elements of human everyday life. From living in houses to moving
from one place to another, structures play a key role in activities that are vital for everyone and
monitoring them is required in order to make sure that they operate in the way in which they
were designed. A malfunctioning structure could cause various problems. A building that has
been damaged endangers the lives of those that live within it. Malfunctioning wind turbines
may produce reduced electrical energy or even collapse, having as a result huge economic costs.
A damaged bridge that requires stopping trafﬁc on it, results in huge delays and even bigger
ﬁnancial damage to people who need to cross the bridge as part of their business. Taking into
account the potential consequences of failure of structures, the need to monitor them emerges.
The discipline of acquiring data from structures through sensors, processing them and inferring
results about the health state of the structure is called structural health monitoring (SHM).
There are several approaches to monitoring structures but the most dominant use data-driven or
machine learning (ML) methods [1], in order to infer results about the data. The models created
are, in general, black-box models that rely on existing data acquired from a structure. There are
several tasks that such a model may be called on to perform; a hierarchical way of classifying
these tasks is given by Rytter in [2]:
1. Is there damage (existence)?
2. Where is the damage in the system (location)?
3. What kind of damage is present (type/classiﬁcation)?
4. How severe is the damage (extent/severity)?
5. How much useful (safe) life remains (prognosis)?
The ﬁrst two tasks are the most simple ones and in the context of machine learning, they have
been dealt with using quite simple approaches. In [3], Mahalanobis distances were calculated
between the baseline condition of a structure and the condition that is tested for the existence of
damage. More complicated and more robust approaches for detecting the existence of damage
are given in [4]. Another novelty measure that indicates existence of damage is given in [5]; it is
deﬁned using autoencoders in order to describe the manifold to which the data of the normal
condition of the structure belong. If some testing data belong to the same manifold, the samples
are considered as healthy; otherwise, it is considered that damage exists in the structure and it
should be examined. Regarding the second level of Rytter’s hierarchy; in [6], neural networks
have been used to localise damage in an aircraft wing. The neural network was trained to
classify damage into nine location different classes, according to features that were extracted
from sensors placed on the wing.
Neural networks are machine learning algorithms that can approximate any arbitrary function [7],
that explains the relationship between some input and some output values. For this reason, they
have been widely used in the context of SHM and in many other disciplines including natural
language processing, computer vision, etc. A major drawback of neural networks is that they
require large training datasets in order to generalise well on unseen data. Moreover, selecting
their architecture involves hyperparameters that have to be tuned by the user with a view to
creating a model that ﬁts the training data and generalises well on testing data.
In the current work, an approach to avoid selecting the exact architecture of a neural network for
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an SHM problem is studied. This approach is called neuroevolution of augmenting topologies
(NEAT) [8]. According to this approach, a genetic algorithm scheme is followed to train the
neural network weights and at the same time create its topology from scratch [9]. The mainstream
approach of training a feed-forward neural network requires trying different numbers and sizes
for the hidden layers. In the end, the neural network that performs best on the task that they
were trained for is used. This may be considered a brute force search for the best architecture
and sometimes may take a lot of time. In addition, the architectures that are tested through this
approach follow a speciﬁc pattern and more complicated approaches are not considered. The
algorithm is tested here on experimental data with the task of localising/classifying damage on a
structure.
2
2.1

Training neural networks using genetic algorithms
Genetic algorithms

Genetic algorithms are widely used in many scientiﬁc disciplines; they are a means of optimisation of given objective functions, as explained in [10]. In engineering, such algorithms have
been used in order to optimise the design of whole structures [11], according to a quantity of
interest, or even to select the model that best describes some acquired data [12].
Genetic algorithms draw inspiration from the natural selection scheme that exists in nature;
individuals - structures, models or whichever entity is set to be optimised - are initially born with
random characteristics. Afterwards, their strength is calculated through a ﬁtness function that
reﬂects the quantity whose optimisation is sought. In every generation, individuals that do better
according to the ﬁtness function, survive, while the rest die. One of the most important aspects of
a genetic algorithm is the creation of offspring. Couples of individuals that have survived, create
offspring that inherit characteristics from both their parents and have a probability of a mutation
in their characteristics. Following this framework, the population moves towards the areas in the
parameter space that generate more appropriate values regarding the ﬁtness function and through
creation of offspring through mutation, the space is further explored. The individuals may be
points in an n-dimensional space representing parameters of a model, or even whole structures.
There are many variations on the described genetic algorithm but they all, more or less, follow
this scheme.
One of the main reasons that genetic algorithms are chosen as an optimisation tool is that the
quantities that are being optimised or minimised may be a function without a speciﬁc formula.
A quite common way of optimising function parameter values is using gradient descent [13], a
requirement of which is having a formula that needs to be minimised or maximised and also, the
formula should be differentiable. Quite often, the quantity that needs to be optimised may be a
discrete one, such as the accuracy of a model in terms of number of correct decisions.
Another aspect that makes genetic algorithms powerful, is that they are thought to be exploring
the parameter space to a greater extent than other methods, including gradient descent. An ideal
solution to the problem of ﬁnding the optimal value for some quantities of interest, would be
an exhaustive search in the whole parameter space. Through this kind of search, ﬁnding the
optimal solution/global minimum or maximum is ensured, but in most cases it is computationally
intractable. In contrast, a gradient-descent search, will follow a single path in the parameter
space that depends on the initial value of the parameters and on the gradient of the objective
function on each point during search and may hit a local minimum. Using a genetic algorithm,
discrete points in the parameter space are chosen and the ones that do better in optimising the
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objective function survive. The population slowly moves towards the areas in space that optimise
the objective function, but at the same time explores a bigger part of the space than the gradient
descent, since mutations create many different points in space rather than following a single
path. This property is also the reason that a genetic algorithm is less likely to get stuck in local
minima/maxima.
In the context of neural networks, where gradient descent through backpropagation is the most
common way of training, tuning the trainable parameters may be alternatively performed using
a genetic algorithm [14]. Using this approach, local minima may be avoided and also the loss
function does not need to be differentiable. According to this framework of training, the neural
network still has a ﬁxed architecture. This idea may not allow ﬁnding the optimal solution, since
the optimal network architectures vary according to the task for which they are used. Since
the topology/architecture of the network also affects its functionality, exploring the space of
topologies along with the space of parameters would be convenient and so a different scheme is
proposed in [8] -the neuroevolution of augmenting topologies.
2.2

Neuroevolution of augmenting topologies (NEAT)

Following the aforementioned approach, the architecture of the network is not predeﬁned. To
avoid a predeﬁned topology and force the algorithm to search for the one that performs best in
some task, an augmenting topology scheme is followed. Again, the general genetic algorithm
is used, as random individual neural networks are generated. The initial state of networks is
considered to be a totally unconnected network with some input and output nodes. The ﬁrst
population is formed by creating random connections between these nodes. A ﬁtness function is
deﬁned and performance of each network is evaluated in every generation. Consequently, the
procedures of genetic encoding, mutation and crossover between networks have to be deﬁned.
2.2.1

Genetic encoding

In order to perform the operations needed for the evolution of the population, an encoding of each
individual neural network is needed. This encoding is referred to as the genome or genotype, and
the network it corresponds to is the phenotype, in parallel with human DNA being an encoding
and the phenotype being the way this encoding is translated into human characteristics. For the
purposes of the algorithm, the genome will be a list with the connections, called genes, that
have been deﬁned in the network with a chronological order. The list will increase in length as
generations pass, since new connections will be deﬁned due to mutations or crossover.
By deﬁning a chronological order or historical marking as mentioned in [8], a global naming
for every mutation that has happened is achieved. Since mutations will be happening at random
within the population, it is plausible that the same mutation may occur more than once. In such a
case, the genes that correspond to the same connection in the networks, should be identiﬁed as
so. During crossover, if a historical marking exists in both parents, it should be inherited to the
offspring. An example of a genome and its phenotype is shown in Figure 1, where the encoding
of a network is shown. Using the historical markings, encoding of the same connection in many
different genes, is avoided.
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In: 1
Out: 5
Weight: 0.7
Bias: 0.3
Enabled
Hist. marking: 1

In: 2
Out: 5
Weight: -0.5
Bias: 0.12
Enabled
Hist. marking: 3

In: 3
Out: 4
Weight: -0.17
Bias: 0.92
Enabled
Hist. marking: 5

In: 5
Out: 4
Weight: 1.22
Bias: 0.83
Enabled
Hist. marking: 6

4

5

1

2

3

Figure 1: Example of a genome and the corresponding phenotype [8].
2.2.2

Mutation

One of the basic operations of a genetic algorithm is the mutation of individuals; this allows
further exploration of the parameter space. In the case of NEAT, mutations should be able to
explore both the network topology space and the parameter space of the networks. In order to
explore the parameter space of the networks, mutations are allowed in the weights and biases of
the connections and the activation and aggregative functions of nodes.
Mutations of the weights and biases are quite trivial. At the end of every generation, offspring
have a probability of mutating a weight or a bias term from their connections. The mutations
are simply changes in the values of the variables. The most common way of deﬁning the new
value is through sampling from a normal distribution with mean value μ equal to the current
value of the parameter and a variance σ 2 that is deﬁned by the user. This scheme introduces
four hyper-parameters in the algorithm that the user has to deﬁne; the probabilities of a weight
(pw ) or a bias mutation (pb ) and the power of the mutations or the variances (σw2 and σb2 ) of the
distributions used to deﬁne the mutated value. Small values assigned to these hyper-parameters
will result in a more thorough search in the parameter space, but also probably in a slower
convergence of the algorithm.
The ﬁrst mutation that applies to the topology of the networks is the add connection mutation; a
connection is added between two nodes that so far have not been connected. Nodes and their
IDs are shared amongst every individual in the population. Every network though has different
connections deﬁned in between the nodes and through this mutation type, new connections are
deﬁned within the mutated individual. The weight of the new connection is sampled from a
random distribution and a historical marking is assigned to it. The opposite mutation should
also be considered, the disable connection. This type of mutation, straightforwardly disables an
existing connection in an individual. An example of how an add connection mutation is encoded
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Figure 2: Example of an add connection mutation and the corresponding genome change [8].
is shown in Figure 2, where also a disabled connection is shown.
The second mutation regarding the topology is the add node, where a new node that did not exist
so far is introduced. The way that such a node is added is by splitting an existing connection into
two and placing a node between the two new ones. The old connection is disabled and the two
new ones are added to the genome of the individual. The connection leading to the new node has
a weight of 1 and the second one has weight equal to the weight of the old connection. The new
node has a new ID and it is available in every individual to be connected through add connection
mutations with other nodes. An example of the add node mutation is shown in Figure 3.
2.2.3

Crossover

Finally, the crossover operation is needed to completely deﬁne the genetic algorithm procedure.
The crossover is performed using the genetic encoding of the networks. The genomes of the
parents are placed in parallel according to the historical marking of each gene in the genomes.
If a gene with a speciﬁc historical marking exists only within the genome of one parent, it is
directly inherited to the offspring. If a gene with the same historical marking exists in both
parents, it is inherited to the child by the most ﬁt parent. An example is shown in Figure 4.
3
3.1

Application on experimental data
Experiment description

In order to test the algorithm, an experimental setup is considered [6]. The experiment is that of
simulating damage on an aircraft wing. The wing was set in the laboratory and was excited with
white noise using a shaker attached to its bottom surface. Sensors were placed on it as shown
in Figure 5. The experiments were performed using the wing in both damaged and undamaged
states. The damaged states were simulated by removal of one out of nine different wing panels.
The panels that correspond to a different damage case are each shown in Figure 6.
The quantities that were recorded during the experiments with the damaged wing, were the
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Figure 4: Crossover process given two parents and their genomes [8].
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Figure 5: Conﬁguration of sensors placed on the GNAT wing [6].
transmissibilities between two sensors. Transmissibilities are a quite useful feature, since
knowledge about the excitation force is not required, in contrast to the case of a frequency
response function (FRF). The transmissibilities were recorded between sensors AR and A1, A2
and A3 and similarly between the rest of the sets shown in Figure 5. This procedure resulted in
nine different transmissibilities that were available for both the undamaged and the damaged
states. Subsequently, intervals within the transmissibilities that were more sensitive to damage
were identiﬁed “by eye”; this resulted in 72 different intervals and for each one of them, novelty
indices were calculated between the normal condition transmissibilities and the testing cases.
The novelty indices were calculated using the Mahalanobis distance,

Dζ2 = (xı − x)T S −1 (xı − x)

(1)

where xı is the sample whose Mahalanobis distance is calculated, x is the mean vector of the
observations and S −1 is the covariance matrix of the observations.
The type of model that was selected to classify the data was a neural network taking as inputs
the values of the novelty indices and as output one out of nine classes of damage. In order
to further reduce the feature space, a genetic algorithm was used to select the best subset of
features out of the 72 novelty indices [15]; this resulted in nine novelty indices. The neural
network was selected to be a feedforward neural network with one input layer, a hidden layer
and a decision/output layer. The best size for the hidden layer was selected according to the
performance of the networks in the validation set after having tried different sizes. The optimal
network had nine nodes in the hidden layer and the its accuracy is shown in the confusion matrix
in Table 1. The total accuracy was 98.14% on the testing set.
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Figure 6: Schematic drawing of wing panels removed to simulate the nine damage cases [6].

Predicted panel
Missing panel 1
Missing panel 2
Missing panel 3
Missing panel 4
Missing panel 5
Missing panel 6
Missing panel 7
Missing panel 8
Missing panel 9

1
65
0
1
0
0
0
0
1
0

2
0
65
0
0
0
3
0
0
0

3
0
0
62
0
0
0
0
0
0

4
0
1
0
66
0
0
0
0
0

5
0
0
0
0
66
0
0
0
0

6
0
0
1
0
0
62
0
0
0

7
0
0
0
0
0
0
66
0
0

8
0
0
1
0
0
1
0
65
0

9
1
0
1
0
0
0
0
0
66

Table 1: Confusion Matrix of neural network classiﬁer, test set, total accuracy: 98.14% [15].
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Predicted panel
Missing panel 1
Missing panel 2
Missing panel 3
Missing panel 4
Missing panel 5
Missing panel 6
Missing panel 7
Missing panel 8
Missing panel 9

1
63
0
0
1
0
1
0
1
1

2
1
62
1
0
0
1
0
0
0

3
0
0
61
0
0
1
0
0
0

4
0
1
2
65
0
0
0
0
0

5
0
0
0
0
66
1
0
0
0

6
0
0
0
0
0
61
2
0
2

7
0
0
0
0
0
0
63
0
0

8
0
0
0
0
0
0
0
65
0

9
2
3
2
0
0
1
1
0
63

Table 2: Confusion Matrix of ﬁttest NEAT individual, test set, total accuracy: 95.79%.
3.2

NEAT training

Taking into account the time needed to select the optimal size for the hidden layer, as well as the
fact that the neural network selected had a restricted architecture since it was a feedforward one,
application of NEAT was attempted on the same problem. By applying NEAT in this problem, a
different topology for the network is expected and maybe a more interpretable model. The exact
datasets were used in order to facilitate comparison between the two algorithms.
The population for NEAT was chosen to be a 500-neural network population with a rectiﬁer or
relu activation function on their nodes. The probabilities of mutating a weight or a bias term
were both 0.7 and the mutate power was 0.1 in both cases. Moreover, the probabilities of adding
a new connection or a new node were both 0.5 and the probability of deleting a connection was
0.05. The ﬁtness function was set to be the accuracy of predictions given by a softmax function
σ,

exp(xi )
σ(x)i = 
j exp(xj )

(2)

applied on the values of the output nodes of each network, using this function on the output of
the networks, the algorithm allows their interpretation as probabilities.
3.3

Results and splitting into subnetworks

Having trained the population, after 3216 generations and about a day of training, the ﬁtness
of the “strongest” individual had been stable for many generations and so it was considered to
have converged. The confusion matrix for the ﬁttest individual on the testing set is shown in
Table 2. The accuracy is slightly lower than the accuracy of the original work where feedforward
networks were used.
It is worth isolating the sub-networks that describe how each output node is activated. This is
done by looking for paths from every input node to each output node separately. Doing so, the
subnetworks that are found for every damage class are shown in Figure 7. Connections with
green colour represent positive weights while the ones in red correspond to negative weights. It
is particularly interesting that subnetworks whose structure is quite simple have been created.
For example the subnetwork corresponding to panel 9, is affected only by input features 3, 7 and
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Predicted panel
Missing panel 1
Missing panel 2

1
64
0

2
2
66

Table 3: Confusion Matrix regarding classifying cases of missing panels 1 and 2 using the
respective subnetworks, accuracy = 98.48%.
8. This separation could result in further insight into the physics of the problem, as it is more
interpretable than a fully connected neural network.
Another aspect of this approach is that these subnetworks could be combined and used as a
modular classiﬁcation model for a subset of damage cases. For example, one may be interested
in creating a classiﬁer that would be able to distinguish between the classes of missing panel
1 or missing panel 2. The procedure to be followed is to use the subnetworks of the two cases
and assign a label to the sample according to which subnetwork generated a greater value on its
output node. By applying this algorithm for the case of damage cases 1 and 2, the confusion
matrix for the testing data is shown in Table 3. It is also worth noting that using this approach,
the values of the input features that are needed are those of features 1, 2, 3, 4, 5, 6, 8, since they
are the subset of input features that are used by the two subnetworks.
4

Conclusions

An alternative approach to training neural networks for SHM was presented, that of augmenting
topologies. The algorithm used does not have a speciﬁc topology for the neural network that is
going to be trained, but is searching for an optimal one using a genetic algorithm. Following
this approach, the size and architecture of the network to be used does not have to be predeﬁned.
Even though selection of a topology is avoided, new training hyperparameters have to be deﬁned,
for example the probabilities of the creation of a new node or a new connection in the population
of neural networks.
The results of the classiﬁcation task in the SHM example described, reveal that the accuracy of
the ﬁttest individual was close to the accuracy of a feedforward neural network trained using
backpropagation. The training time, taking into account recent advances in hardware used in
applying backpropagation in neural networks, is much larger for the NEAT algorithm. The
training time for NEAT could be lower if a parallelisation scheme was followed, which was not
used in the current work.
Although there are some disadvantages in applying such an algorithm, some advantages emerged;
the ﬁrst is that the ﬁtness function may be a discrete quantity that could not be used as a cost
function in a feedforward neural network. Furthermore, the isolation of subnetworks presented,
generated quite simple sub-models for each damage case, whose extraction is not applicable
in a feedforward neural network. The use of such subnetworks for classiﬁcation of a subset of
damage cases was also shown to be possible. These modular models used a subset of features
which may prove useful in cases that some features may not available. In such cases, inference
may still be made for subsets of damage cases.
Finally, more simple or more complex architectures that are not achievable by using a mainstream
feedforward network are considered. The approach of augmenting topologies allows a greater
variety of networks to be tested for the task at hand. In many problems, this may result in models
that achieve greater accuracy compared to other neural networks. The algorithm has also the
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potential of allowing recurrent connections that may also ﬁt the underlying physics of a problem
and approximate better the real relationship between inputs and outputs.
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Abstract. Computer models are inevitable in the present world, and the past few years have
witnessed signiﬁcant improvements in modelling capabilities. Most of the critical engineering
structures in the real world exhibit complex behaviour and are often made up of constitutive
subsystems or components. In most of the cases, performance or test data at system level might
not be adequately available to perform a full-scale validation and hence the predictions from
such a model cannot be relied upon in taking crucial decisions. A straightforward approach is to
validate the individual subsystems or components and establish conﬁdence in those respective
models. Although various components can be modelled reasonably accurately, the prediction of
the overall response of a structure also depends on the interaction between various components;
developing and validating such a full-scale model is not an easy job. In this regard, it could be
narrated that the connections or joints between the components are equally important as the
components themselves and need to be modelled as accurately as needed, and the respective
models validated. This paper discusses an approach to deal with system-level responses, where
the components, as well as the joints between them are treated as separate subsystems. An isolated model has been employed to validate the model for the joint separately and a probabilistic
approach is adopted to propagate various parameters and associated uncertainties through the
respective models to predict the overall response. This approach is demonstrated through a
generic problem, where two different subsystems are connected together to form a full system.
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1

INTRODUCTION

The process of developing any computational model starts with a concept. The concept
depends on the understanding of the underlying physics of the process, which paves the way
to ﬁt a mathematical model to the concept. This mathematical model deﬁnes how different
parameters affect the process. In order to solve this mathematical model, a numerical strategy
is adopted (e.g. a computer code) and it is this computer code that usually predicts the required
response. It is an important step to make sure that the model is good enough for purpose, and
that is where veriﬁcation, calibration and validation come into the picture. Figure 1 shows
various stages in the development of a numerical model and where veriﬁcation, calibration and
validation come in.
It is through veriﬁcation that one conﬁrms the ability of the numerical strategy to accurately
represent the underlying mathematical equation. There are different methods of veriﬁcation that
exist depending on the type of the code, and this is still an active topic of research [1, 2, 3]. Even
when the code is veriﬁed and is proven to give accurate results based on the mathematical model,
the parameters of the mathematical model might require calibration or ﬁne tuning. It is through
calibration that one can update the parameters so that the mathematical model predicts the
responses with accuracy. This process involves comparing the output from the model with real
or experimental data to conﬁrm that the parameters are tuned well [4, 5]. Calibration updates the
mathematical model based on the experimental results, but the ability of the model to perform
well in different settings can be realised only if the concept in the beginning was right; this is
established through validation. Model validation refers to the process of determining the degree
to which a model (and its associated data) is an accurate representation of the real world from
the perspective of the intended use of the model [3].

Figure 1: Stages in development of a numerical model.

Both validation and calibration require performance or test data. In practice, many engineering structures are impractical to test to obtain these data and in such situations, it may not be
possible to calibrate or validate a model. This paper discusses such situations were a structure
cannot be tested, but the substructures or components can be tested. In such cases where the
component or subsystem-level models can be calibrated and validated, these can be used to have
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better predictions at the system level. This situation also depends on the interaction between the
components and in the physical sense, these interactions are determined by the joints. This fact
makes it important to know more about joints, and the way joints inﬂuence structural responses.
The initial part of the paper reviews methods to apply calibration of parameters through
subsystem-level models before focusing on joints. The primary aim is to present an approach to
deal with connected systems and on how to address the joints in such systems. The interaction
of a joint, and ways of addressing the joints in a system are also discussed. The paper adheres
to a probabilistic framework, and hence applications of Bayesian statistics can be found linked
to some key concepts. An example problem on a simple connected setup is employed to discus
the key concepts and methodologies presented.
2
2.1

SUBSYSTEM-LEVEL MODELS
Concept

Due to the practical difﬁculties in testing entire structures, calibration and validation data
cannot always be obtained for models (system-level models) representing many engineering
structures. Nevertheless, simpler parts of the same structure (subsystems) or individual components may be tested independently and the data thus obtained can be used to calibrate and
validate the respective subsystem-level or component-level models. A component-level model
is a subsystem-level model where the subsystem is reduced to just one component. This process
of validating the subsystem-level models does not directly validate the system-level models,
but the inferences from the validation exercises at such lower levels, can be used to improve
the system-level model and thus to obtain better predictions of the behaviour of the overall
structure through these improved system-level models. One way to improve the system-level
model is through updating the parameters in the system-level models through observations of
the subsystem-level models which employ the same parameters. Integrating the calibration and
validation process in the subsystem-level models facilitates the use of better-calibrated parameters in the system-level models, which results in better predictions [6].
This process of obtaining better-calibrated parameters is realised through a probabilistic approach where updated parameters from individual subsystem-level models are further updated
according to the respective validation results. This process improves the results and is particularly applicable in situations where there are multiple subsystem-level models to calibrate for
the same parameter. To better understand the process, let a system-level model, H, be assumed
for a system S such that the model predicts a response YS , from an input XS . It can be expressed
as
YS = H(XS , θS )
(1)
where θS represents the parameters that deﬁne the model. Furthermore, assume that this system is formed of two subsystems. Let G1 and G2 be subsystem-level models that represent
subsystems S1 and S2 of the structure being represented by H,
YS1 = G1 (XS1 , θ1 , θ2 )

(2)

YS2 = G2 (XS2 , θ2 )

(3)

Here, θ1 and θ2 are subsets of θS and θS may have other parameters which are not addressed by
either of the subsystems,
θS = {θ1 , θ2 , θ3 , ....θn }
(4)
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This vector may be represented as,
θS = {θ1 , θ2 , θextra }

(5)

where the additional parameters are represented as θextra = {θ3 , . . . θn }.
If data for calibration (D1c and D2c ) and validation (D1v and D2v ) are available at the subsystem
levels S1 and S2 respectively, models G1 and G2 can be calibrated for the parameters and validated. Once the calibrated distributions of the parameters, θ1 and θ2 , are obtained from both the
models, the result of validation can be applied to and propagated through the system-level model
H to obtain a better prediction Ys . This process is explained below and a graphical representation of the problem is illustrated in Figure 2. A probabilistic graphical modelling framework
[7, 8] enables better control over the process and the changes in response predictions can be
updated in real time through additional calibration and validation data. In this paper, graphical
models are not employed, but graphical representations are illustrated for better understanding
of the model interactions.

Figure 2: Graphical representation of the system and subsystem-level model interaction.

2.2

Calibration

Let p(θ1 ) and p(θ2 ) be the prior distributions of the parameters θ1 and θ2 respectively. D1c
and D2c refer to the calibration data for the models G1 and G2 respectively. From the calibration
data, posterior distributions of θ1 and θ2 , p(θ1 |D1c ), p(θ2 |D1c ) and p(θ2 |D2c ) can be obtained
through a Bayesian approach [4]. The posterior of a parameter θ of a model G with calibration
data Dc and a prior p(θ) can be obtained using the following relation,
P (Dc |θ, G)p(θ)
P (Dc |θ, G)p(θ)dθ
P (Dc |θ, G) is the likelihood function of θ and can be expressed as,
p(θ|Dc , G) = 

P (Dc |θ, G) ∝

n
<

(Yi −G(Xi ,θi )2 )
1
2σ 2
√ e−
i=1 σ 2π
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where σ is the standard deviation of the observation errors. Here, θ1 can be calibrated through
G1 and θ2 through either G1 or G2 or through both G1 and G2 together at once. In situations
where both the subsystem-level models G1 and G2 are considered together, the likelihood function P (D1c , D2c |θ2 , G1 , G2 ) is given by (assuming independence between the models),
P (D1c , D2c |θ2 , G1 , G2 )
2.3

n
<

n
(Y −G2 (Xj ,θj )2 )
<
(Y −G1 (Xi ,θi )2 )
1
1
− i
− j
2
2σ
2σ 2
√ e
√ e
∝(
)(
)
σ
2π
σ
2π
i=1
j=1

(8)

Validation

Once the process of calibration is completed, the individual subsystem-level models can be
validated from the available validation data D1v and D2v corresponding to G1 and G2 respectively
[9, 10, 11]. An integral aspect of any validation process lies in having a validation metric.
Different validation metrics are discussed in various parts of literature [2, 12]. The use of a
Bayes factor B [11] as a validation metric ﬁnds application in such problems. The Bayes factor
represents the likelihood ratio, and in cases where there is only a single model G(θ), it can
be used to represent the ratio of likelihood of observing the data with null (G) and alternate

hypotheses (G ),
P (Dv |G)
=
B=
P (Dv |G )

P (G|D v p(D v )
P (G)


P (G |D v p(D v )
P (G )



P (G|Dv )P (P (G )
=
P (G |Dv )P (G)

(9)

The Bayes factor gives a measure on the probability of a model to be validated. The probability of a model G being valid based on available validation data Dv , represented as P (G|Dv )
can be obtained from the equation,
B
(10)
B+1
It is obvious from the equation that a Bayes factor equal to one (B = 1) corresponds to equal
probabilities for the model to be valid and not to be valid. In a generic approach, the model
which corresponds to the highest Bayes factor might be more probable and be selected, but
[6] proposes a method where all models are selected based on their respective probabilities of
being valid, to update the already calibrated parameters. Once the probabilities of subsystemlevel models G1 and G2 being valid (P (G|D1v ) and P (G|D2v )) are determined as above, the


probabilities corresponding to the respective models not being valid (P (G |D1v ) and P (G |D2v ))

can also be obtained. Assuming independence between the models, P (G |D1v ) = 1 − P (G|D1v )

and P (G |D2v ) = 1 − P (G|D2v ).
This approach can also be used to ﬁnd the probabilities that both the models are valid, only
one of the models is valid or both the models are not valid [6]. The literature [6] also proposes
to include the prior distribution weighted accordingly with the probability of both the models
being invalid. This strategy makes complete sense, as no posteriors can be relied on in cases
where the models are invalid. For example, here, θ1 exists only in the subsystem-level model

G1 and hence the only applicable factors would be P (G1 |D1v ) and its compliment P (G1 |D1v );

the prior p(θ1 ) shall be weighted according to P (G1 |D1v ).
P (G|Dv ) =

2.4

Isolated models

In the current discussion, the number of subsystem-level models is limited to two in which
one can obtain calibration and validation data. Through these models, G1 and G2 , and the
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associated test data, one could propagate updated and probabilistically-weighted parameters
through the model H to facilitate better predictions. But still, the model H, involves other
parameters that were not addressed with the subsystem-level models. These situations also arise
in real life situations where all the subsystems or components of a structure cannot be tested
thus compromising the reliability of the predictions. It is in this context that the importance
of isolated models shall be discussed. In order to calibrate a parameter associated to a system
or subsystem-level model, an isolated model, speciﬁcally designed to address the case can be
used. These isolated models shall represent structures which are feasible for testing, and more
importantly shall involve the parameters which need to be updated. In this case, one can employ
an isolated model G3 representing a simple structure which can be tested. Let the model be
mathematically represented as,
Y3 = G3 (X3 , θ3 )
(11)
where X3 and Y3 refer to input and output respectively. This model and the associated calibration and validation data D3c and D3v can be used to obtain a reliable distribution for θ3 ,
represented as p(θ3 |D3c , D3v ) using the methods described before.
While the approach discussed above remains a good way of propagating parameters through
the system-level models, the validation at the system level still remains a problem. This approach considers the system-level model as an independent model from the subsystem-level
models and the focus lies on calibrating the parameters that deﬁne the model through subsystemlevel models or isolated models. The advantage of such isolated models is that the models and
associated structures need not be a part of the structure under consideration. While considering
the subsystem-level models as representing real parts of the structure is advisable, isolated models can be used to ﬁll the gap in missing parameters through subsystem-models. A proper metric
[2, 12] to evaluate the degree of validation that can be achieved through validating subsystemlevel models of different degrees of similarity and assessing the similarity in the role of the
subsystems in the full system itself remains a hurdle at present, which demands expert knowledge and critical engineering judgements in proceeding with such assumptions.
2.5

Interaction function

It is important to approach the problem in a way that directs one towards a validated model
at the system level. Apart from calibration and validation of the subsystem-level models as a
means of obtaining calibrated parameters, it has to be such that these models directly form a
part of the overall system or the system-level model and interact within the model towards obtaining target quantities. This interaction between different subsystem-level models in a structural engineering scenario is not easy to generalise and can be speciﬁc to a particular problem.
These interactions can be deﬁned using an interaction function which governs how the different
subsystem-level models compile to a system-level model.
Looking back at the previously-deﬁned system S represented by system-level model H,
formed of two subsystems S1 and S2 represented by subsystem-level models G1 and G2 , the
interaction function fH shall determine the interaction between models G1 and G2 ,
H = fH (G1 (θ1 , θ2 ), G2 (θ2 ), θextra )

(12)

Here, once G1 and G2 are validated, they contribute towards more reliable predictions with
the model H. The extra parameters may not be calibrated and the part of the system-level
model H which is not validated is limited to the interaction function. Calibration of some or
all of the additional parameters θextra may be performed through isolated models (such as G3 )
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as described above, and propagated through this system-level model. There could be situations
where the subsystems are represented by more than one model; in such a case, multiple models
can be used for updating the same parameters, but the most valid model representing the subsystem’s role in the model shall be the one selected. A Bayesian hypothesis selection approach
[11] can be adopted to select the best model in these situations. Again, a Bayes factor can be
used to select between models. To select between two models G3 and G4 , with respective validation data D3v and D4v , the Bayes factor between G3 and G4 can be obtained as in equation
(13). A Bayes factor greater than one favours the model G3 , and less than one favours the model
G4 , where,
P (D3v |G3 )
B=
=
P (D4v |G4 )
3

P (G3 |D3v p(D3v )
P (G3 )
P (G4 |D4v p(D4v )
P (G4 )

=

P (G3 |D3v )P (P (G4 )
P (G4 |D4v )P (G3 )

(13)

JOINTS

Any structure (system level) could be divided into subsystem-level components and an approach to predict system-level responses through subsystem-level inferences is described above.
However, real structures are more complex. Although the components form the structure, the
interaction between the components is as important as the components. These interactions between the connected components within a structure are governed by the joints. In a system-level
model representing a full structure, it is an obvious need to ﬁnd parameters that deﬁne any joints
involved; however, these joint speciﬁc parameters may not be existent in the subsystem-level
models that could be validated. Moreover, any possibility to validate the modelling concepts
related to the joints are also lost. It is in this context that it becomes a necessity to calibrate for
the joint-speciﬁc parameters and to validate the joint-speciﬁc models through an appropriate
method. An effective approach to deal with the above aspects of joints is through treating joints
as a separate subsystem. The role of this subsystem in a full system is to connect components or
other subsystems together in the required conﬁguration, and a model representing this subsystem - the joint model - shall be good enough to address this role. Thus, the system-level model
will be a combination of the subsystem-level models and the joint models that determines how
the subsystems shall interact within the full structure.

Figure 3: Interaction of a joint with components.

In many cases, as it might not be practical enough to test the components in connection, joint
models will often be isolated models of simpler test structures (connected structures) with the
same type of joint, which could be tested. It is also an obvious fact that a joint does not exist on
its own, but only co-exists with the components it connects together. Therefore, in any exercise
to calibrate or validate a joint model in a structure through isolated structures, care must be
taken to select or design the test-joint, so that it should effectively address major parameters
that deﬁne the joint and in a way that it closely matches the purpose of the joint in the full
structure.
A joint, apart from having its own general properties (such as the Young’s modulus and
Poisson’s ratio of weld material in case of the welded joint), might also possess properties that
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are dependent on the components it connects, and even properties speciﬁc for the particular
combination of the components being connected (such as thickness of a component). With an
isolated model as described above, most of the physics, which are general for a particular type
of a joint, can be characterised and the associated parameters updated and propagated through
any system level models as in the previous sections. While the calibration and validation of
isolated models enhances the results, the system-level model shall also be capable of including
the uncertainties arising from any properties which were not validated through the joint model
or either of the subsystem models. These parameters come into the system-level model as new
elements - additional parameters θextra as explained in the previous sections.
A well-selected isolated model for the joint which can closely represent the functioning of
the joint in the structure, can be integrated into the system-level model through the interaction
function. The joint model has a signiﬁcant role in determining the interaction between the
components and it is very important to include such validated models of joints in the interaction
function. The primary function of any joint model is to address how the joint inﬂuences various
degrees of freedom between the components and the effect of various physical and geometrical
parameters on this inﬂuence. An isolated joint model which can address this effects on a similar,
simpler structure can be projected on to a different scenario of connecting different structures
(the actual components or subsystems) thorough a proper interaction function and with help of
any extra parameters that might be necessary to deﬁne the speciﬁc interaction. Suppose the
joint model is represented by J,
YJ = J(XJ , θJ )

(14)

where YJ is the response to an input XJ and θJ represent the parameters that deﬁne the joint
model. If this joint model can be calibrated for the parameters θJ and also validated, it could
then be used to in the interaction function together with the other subsystem-level models to
obtain the system-level model H,
H = fH (G1 (θ1 , θ2 ), G2 (θ2 ), J(θJ ), θextra )

(15)

Here, θextra includes additional parameters required to deﬁne the joint in the full-structure,
as well as any other parameters that may be required to deﬁne the full-structure through the
system-level model. If all subsystems and joints in a full structure are considered such that there
are no additional parameters involved in deﬁning a system-level model, the system responses
and uncertainties can be quantiﬁed with better accuracy; however, in a real structure where tests
are not possible in the connected conﬁguration, such scenarios of not requiring any additional
parameters are unlikely.
4
4.1

EXAMPLE CONNECTED SYSTEM
Problem description

In order to demonstrate the approach to deal with a connected system, an example problem
is introduced. In this setting, the full structure is a 3-DOF spring-mass-damper system ﬁxed
onto a beam. The beam is hinged at one end and supported at the other end through a spring as
shown in Figure 4a. The 3-DOF spring-mass-damper system is shown in Figure 4b.
The target quantity here is the acceleration of the top mass of the 3-DOF system, in the
connected conﬁguration when the beam is subjected to a random vibration at point A (midpoint
of the beam) as shown in Figure 4a. It has to be assumed here that one cannot test the full
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Figure 4: Subsystems to be connected.

structure and hence no calibration or validation data are available at the system level. The 3DOF spring-mass-damper system shown in Figure 4b forms one of the subsystems, S1 and the
Beam with spring in Figure 4a forms the second subsystem S2 .This example problem has been
inspired by a similar model and validation exercise presented in [13]. Test data are assumed
to be available at the subsystems levels, which make it possible to carry out the calibration
and validation operations at the subsystem levels for individual subsystem-level models. These
exercises can be carried out using the methods described before using a Bayesian approach
[4, 11, 6]. In order to predict reliably the response quantity of interest - the acceleration at the
top mass - one has to use the validation and calibration results from the subsystem level. As
described in the previous section, this also involves having a reliable joint model, so that the
interaction between the two subsystems can be realised. The following sections explain how
this could be realised in the context of this example.A similar problem is discussed in
Tables 1 and 2 show various parameter values considered in this example. The parameters
related to the beam were assumed deterministic to reduce the computational costs associated,
while the parameters associated with the 3-DOF system are assumed random. The role of these
parameters will be more evident in the following sections.
Parameter
E - Modulus of Elasticity
ν - Poissons ratio
ρ - Density
L - Length
b - cross sectional breadth
h - cross sectional height
kbeam - stiffness of spring

Value
210 Gpa
0.3
2700 kg/m3
0.5 m
0.01 m
0.01 m
105 N/m

Table 1: Parameters governing the beam in Figure 4.

4.2

Joint as a subsystem

Here, apart from considering the 3-DOF system and the beam-with-spring as subsystems,
one needs to address the joint as a separate subsystem. In this particular example, it is assumed
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Parameter

Mean

k 1 = k2
c1 = c2
kj - prior
cj
α
ks
kp

10000 N/m
0.3 Ns/m
8000 N/m
0.3 Ns/m
350 mm
106 N/m
3000 N/m

Standard deviation
200 N/m
0.03 Ns/m
800 N/m
0.03 Ns/m
4 mm
104 N/m
150 N/m

Table 2: Parameters governing 3-DOF system and joint.

that the 3-DOF system is being connected to the beam, but to simplify the problem the connection is being represented with a spring and a damper. This might be a debatable and simplest
representation of a connection by itself, but as the focus is not on modelling, this simplicity
helps a lot in highlighting the speciﬁc approach that is being demonstrated. Even in this simplest representation, one needs an isolated system to calibrate for the parameters of the joint; as
mentioned earlier, the joint cannot exists on its own. Therefore, any tests can only be performed
on a connected system and by reducing the complexity of this isolated connected system, the
joint-model can be validated more reliably. This test can be achieved through isolated connected systems where the connected components have well-validated models by themselves
and the calibration and validation operations limit speciﬁcally to the introduced joint. Here in
this example, an isolated model with the same joint as used in the full structure (represented by
a spring and damper) connecting two sample masses - which are perfectly calibrated - is used.
The parameters of the joint (kj and cj ) can be calibrated and also this model, which predicts the
dynamic behaviour of systems connected by the particular joint can also be validated. Figure
5 illustrates the isolated connected system used for calibration and validation (of the isolated
model) of the joint model.

Figure 5: Isolated setup for validating joint model.

Since calibration and validation operations are possible on the subsystem models S1 and S2 ,
three different validated and calibrated models will be available in this case. The calibration and
validation of these models is not exercised here, as the paper focuses on a different aspect. However, interested readers are referred to [4, 11, 6, 9] to strengthen their knowledge in Bayesian
calibration and validation procedures. Here, it is assumed that perfectly-validated models exist for both S1 and S2 and all the associated parameters in those subsystem-level models are
calibrated. Furthermore, the isolated model for the joint is also calibrated for the respective
parameters kj and cj , and this model is validated.
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4.3

Subsystem-level models

Adhering to the convention adopted in the earlier sections, let the subsystem level models
be G1 and G2 respectively for the subsystems S1 and S2 . The model representing the isolated
joint model is denoted J. The model G1 predicts the acceleration of the mass m3 when a force
F1 excites the mass m1 ; is represented mathematically using the dynamic equation (16). [m],
[c], [k], and [F ] in the following equations represents the mass, damping, stiffness and force
matrices respectively,
[m]S1 [Ẍ] + [c]S1 [Ẋ] + [k]S1 [X] = [F ]S1

(16)

The force F1 being a time series, the acceleration, velocity and displacement of all the masses
at any point in time can be calculated from the above model described in (16) through a valid
time integration scheme [14, 15]. Similarly regarding the model for the beam with spring, S2 ,
it is a ﬁnite element model with beam elements and does not consider any out of the plane
degrees of freedom. This model is also realised using the dynamic equation, where the mass
and stiffness matrix of the beam are developed [16] with a damping of 2% assumed. This
subsystem model G2 , predicts the responses (acceleration, velocity and displacement) at every
node in the ﬁnite element model on application of a force, which here is random,
[m]S2 [Ẍ] + [c]S2 [Ẋ] + [k]S2 [X] = [F ]S2

(17)

The isolated joint model, which is also calibrated and validated, connects two masses and is
capable of representing the interaction between them in a dynamic context. The joint itself is
composed of the spring and damper, but it determines how the masses interact with each other.
Further-more, in the system-level model, the same joint determines how S1 (3-DOF system)
and S2 (beam with spring) interact,
[m]J [Ẍ] + [c]J [Ẋ] + [k]J [X] = [F ]J
4.4

(18)

Integrating subsystem-level models

Having validated models of the two subsystems, and also a validated model representing a
similar joint, it is required to predict the response at the system level through the system-level
model. As explained in the previous sections, the system level model H can be realised through
an interaction function as described before,
H = fH (G1 (θS1 ), G2 (θS2 ), J(θJ ), θextra )

(19)

This interaction function here is a code or scheme that decides how the 3-DOF system S1 ,
is joined to the Beam S2 , through the joint J. It is easy to imagine in this simpler example,
on what the interaction function is intended to do. There exists a validated joint model which
can represent the interaction between two connected components. In the isolated condition,
the components it connects are purposefully limited to a simpler entity (two calibrated masses
here) to make the calibration and validation process feasible. However, it is the same joint that
exists in the full structure, connecting more complex subsystems (S1 and S2 in this example).
When the same isolated joint model is modiﬁed by replacing one of the sample masses with S1
and the other with S2 , the full structure shall be deﬁned. The interaction function is intended
to do exactly the same task of integrating these models together in the required conﬁguration
demanded by the speciﬁc problem.

3856

A. Muraleedharan, R.J. Barthorpe, K. Worden

While the above described process seems trivial, it must be noted that the model-integration
process may not be completed without extra parameters that deﬁne many speciﬁc criteria and
properties of the joint. Although the isolated joint model represented the interaction between
the two sample masses perfectly, when joining S1 and S2 , it needs additional parameters that
deﬁne further speciﬁcations of the joint. This is often the case in real engineering where a
particular joint may not be fully replicated using simpler connected systems. Although a good
part of the joint can be represented through the simpler isolated connections, there exist certain
aspects which are to be addressed in the real connection which were not present in such isolated
models.
In this isolated joint model, it represents the connecting of two nodal masses, and it does not
have any parameters that deﬁne any point of connection, simply because it was not needed. But
when the same joint connects the beam and the 3-DOF systems together, there exists a need to
deﬁne where and how they are connected together, which mass is being connected together with
the beam and at what point in the beam is it going to be connected. Therefore, the interaction
function shall address these qualities of the joint and this demands more parameters that can
deﬁne such qualities.
In this particular example, a new parameter α, which deﬁnes the distance from the hinged
end of the beam to where the 3-DOF system (S1 ) is connected is introduced as an additional
parameter. Another parameter β which can take values 1, 2 or 3 deﬁnes the index of mass to
be connected. Furthermore, an effect on stiffness and damping values is also considered. This
latter takes into account the effect of the substructures on the joint. In the real world, the connection is inﬂuenced also by the components being connected and as the components change,
the effect will be witnessed in the interaction due to their inﬂuence on joint characteristics.
The additional stiffness and damping parameters are represented as kp and ks . Figure 6 gives
a pictorial representation of how the subsystem-level models get integrated with the isolated
joint model through extra parameters. Note that additional parameters, which were absent in
the isolated model are required to deﬁne the connection.
The interaction function fH , generates the system-level model from the subsystem-level
models, in this case by generating new mass, stiffness and damping matrices. The parameters of the joint, the parameter α which deﬁne the location of the joint in the beam, β which
deﬁnes the location of joint in the 3-DOF system, the additional stiffness parameters kp and ks ,
all inﬂuence the formation of the new matrices. Here, β is a constant, assuming the mass being
connected is always the bottom mass m1 , but the other parameters are expected to be uncertain
and a Gaussian distribution is assumed. The interaction function determines the indices of various elements in the matrices in the system-level model, according to the parameters. Equation
(20) represents the stiffness matrix in the system level model, by concatenating the stiffness
matrix of the 3-DOF system to the stiffness matrix of the beam through the joint in generic
form,
[m]S [Ẍ] + [c]S [Ẋ] + [k]S [X] = [F ]S

(20)

In a system-level model thus obtained, a good part of it is validated as all the subsystemlevel models are validated. A model for the same joint is also validated fully in an isolated
connection set-up. Employing the same validated models in the system-level models improves
the reliability of the predicted responses and the part of the system not validated is limited
to the function which deﬁnes how the different models interact. Although this aspect of the
system relies on expert knowledge, the possibility to validate the constituent subsystem-level
models is a decent achievement in most engineering problems. It is also very important to make
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Figure 6: Interaction between subsystem level models.

sure that the additional parameters are addressed properly and the uncertainties related to these
parameters are considered while predicting the target quantities.
4.5

System-level model

Figure 7 shows the graphical representation of the current problem. As one can clearly
interpret, the system-level model share most of the parameters from the subsystem-level models
G1 and G2 , and the isolated joint model J. Furthermore, the system-level model H itself was
developed through integrating the subsystem-level models G1 , G2 and J with the additional
parameters. The models G1 , G2 and J have associated calibration data through which the
parameters can be updated, and also these subsystem-level models can be validated.
The validation results from the subsystem-level model, apart from inﬂuencing the updating
of parameters, will also play a major role in improving the reliability of predictions at the system
level. A good part of the interaction is deﬁned through the isolated joint model, which when
validated, improves the conﬁdence further. As discussed before in the paper, if there are more
subsystem-level models, which might not be used in the formation of the system level model,
but help in calibrating the parameters, they can be included in the graph network so that the
parameters can be better calibrated.
4.6

Calibration of the joint model

Once again stressing that the point of this paper is not intended to demonstrate the calibration
and validation exercises, but to propose an approach to deal with the joints, the subsystem
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Figure 7: Graphical representation of the problem.

models, as well as the isolated joint models are assumed to be validated. Furthermore, all
the parameters deﬁning both subsystems are assumed calibrated. However, to demonstrate the
purpose of considering the joint as a separate subsystem, the stiffness at the joint kJ is assumed
not to be calibrated. This parameter needs to be calibrated through the isolated joint model.
The prior value of kJ is given in Table 2. In a scheme where the joints are not considered,
it will be this prior value that would be propagated through the system-level model. Since the
joint is being treated as a separate subsystem, the model for the joint can be calibrated (and
validated - for this problem it is assumed that the model is validated). Here, the model J is
calibrated for kJ from the calibration data Djc which in this case is the natural frequency of the
the isolated connected system.
The posterior of the joint parameter p(kj |Djc , J) is given by,
p(kj |Djc , J) = 

p(Djc |kj , J)p(kj )
p(Djc |kj , J)p(kj )dkj

(21)

and as in equation (7), the likelihood function can be expressed as,
p(Djc |kj , J) ∝

n
<

i

i 2)

(ω −J(m,k )
j
1
2σ 2
√ e−
i=1 σ 2π

(22)

The posterior of kj was obtained through a Metropolis-Hastings MCMC algorithm and the
updated kJ values are shown in Figure 8. The red dashed line corresponds to the prior and the
blue one corresponds to the posterior distribution of kJ .
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Figure 8: Joint parameter kj before and after calibration (by considering an isolated joint model).

4.7

System-level responses: some numerical results

In this particular example, three different cases of the system-level models are considered to
demonstrate the approach of considering joints as separate sub-systems and in considering extra
parameters that might be needed to deﬁne a connected system. In the ﬁrst case, it is assumed
that no extra parameters are required to deﬁne the connected system, or all the parameters
were identiﬁed and calibrated through the isolated joint model. The case is realised through
system-level model H1 . In the second case, it is assumed that the extra parameters kp and ks
are considered, while α is assumed to be constant. Model H2 represents the second case. In
the third case, all the three extra parameters and associated uncertainties are considered and the
model H represents this case. The models H1 and H2 in terms of the interaction function is
represented below.
H1 = fH1 (G1 (θS1 ), G2 (θS2 ), J(θJ ))

(23)

H2 = fH2 (G1 (θS1 ), G2 (θS2 ), J(θJ ), kp , ks )

(24)

The results (the maximum acceleration at the third mass) shown in Figure 9 are obtained by
considering the system level model H1 corresponding to Case 1. The black line corresponds
to the value of acceleration considering the posterior distribution of kj , p(kj |Djc , J) and the red
dotted line corresponds to the same acceleration when kj is not calibrated through an isolated
model. Figure 10 compares the results when the joint parameter kj is calibrated through an
isolated model and when it is not, in case of considering all the additional parameters and the
associated uncertainties, i.e. through the model H. Both these ﬁgures show the importance
of calibrating the joint parameters. In the absence of an isolated model to calibrate for the
parameter kj , one could only go with the prior assumptions and hence affect the predictions.
It also needs to be noted that the system-level models might require additional parameters to
deﬁne the connection properly, represented in this example through kp , ks and α. Here kp and
ks are the additional stiffness parameters representing the complexity at the connection, and α
is assumed so as to account for the uncertainty in the location of the connection. Although these
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Figure 9: Acceleration of 3rd mass before and after calibration of joint parameter kj (Additional joint parameters
kp , ks and α not considered : System-level model H1 ).

Figure 10: Acceleration of 3rd mass before and after calibration of joint parameter kj (Additional joint parameters
kp , ks and α considered) : System-level model H).

parameters were not able to be calibrated through any subsystem-level models, they need to be
considered with due importance; any models should have provisions to take this into account.
Figure 11 illustrates the comparison between responses (maximum acceleration at the third
mass) under various considerations, 1) Through model H1 , when no additional parameters are
considered, 2) through model H2 , when no the extra parameters kp and ks are considered while
α is assumed to be constant and 3) through model H where kp and ks are considered as well as
the uncertainty in exact location is considered through α.
The red dotted line corresponds to the case when no additional parameters are considered
while the blue dashed line represents the response when kp and ks are considered. The black line
corresponds to the system-level model H where all extra parameters and uncertainties assumed
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Figure 11: Acceleration of 3rd mass : sensitivity to additional parameters kp , ks and α.

in this example are considered. The effect of additional parameters can be evidently noticed
from these. In a real engineering problem, the magnitudes of different additional parameters
might be different but might play very important roles in determining the total responses and
should be considered with due importance.
5

SUMMARY

As this approach to deal with connected systems focuses on uncertainties related to the underlying mathematical model, the process of veriﬁcation at full system level is not discussed. It
has to be speciﬁcally noted that any numerical code shall be subjected to a suitable veriﬁcation
methodology that aligns well with the particular problem. To summarise the overall approach,
the steps involved in predicting the response of a full structure can be listed as follows; this
assumes that the full structure cannot be tested or performance data cannot be collected, while
the constituent subsystems can be tested.
1. Identify and select the relevant subsystem-level models. More than one model can be
selected if they increase reliability in calibrated results at a later stage.
2. Obtain calibration and validation data for all the considered subsystem-level models.
3. Identify the types of joints that connect various subsystems in the full structure.
4. Select isolated connected specimens with the same type of joints, which can be tested.
5. Develop suitable joint models to represent the joint interaction in the isolated set-ups.
6. Obtain calibration and validation data for the joint models.
7. Perform calibration exercises on all available models.
8. Validate the subsystem and joint models.
9. Update the calibrated parameters in each model with the result of validation.
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10. Select the most valid subsystem-level models (in case of multiple models) for use in the
system-level model.
11. Select the most valid joint models to be used in the system-level model.
12. Formulate the interaction function that can integrate the subsystem-level models to form
the system-level model. (Expert knowledge and engineering judgments are demanded at
this stage.)
13. Identify the additional parameters required to deﬁne the system-level model. (Those parameters that were not addressed at subsystem level.)
14. Use expert knowledge to address the uncertainties in these parameters.
15. Propagate all the parameters through the developed system-level model to predict the
results.
6

CONCLUSION

A general approach to deal with predicting responses of connected structures, more reliably
through inferences from testing their parts or components, was discussed in this paper. This
approach helps in calibrating the parameters through subsystem-level models and validating the
subsystem-level models including the joints. Considering the joints in a system as a separate
subsystem enables one to calibrate and validate the joints through isolated models; this was
found to be promising in situations where system-level data are not available for calibration and
validation. The interactions of the validated subsystem-level models are deﬁned through interaction functions to obtain the system-level model. This approach ensures that the constituent
models and their interactions (deﬁned by joints) are validated. The fact that an isolated model
may not be able to address all the parameters that deﬁne a particular connection between particular components and the necessity to include these additional parameters in the system-level
model was also dealt with in the paper. Such an approach enables better prediction and better
quantiﬁcation of uncertainties in the predicted responses.
In future, the authors are aligned to work on these approach in real structural engineering
problems and to quantify the improvements in reliability of results with respect to other existing
methods. The future works are expected to develop and demonstrate more clearly, various
strategies regarding validation of joint models.
7
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Abstract. In many areas of engineering, nonlinear numerical analysis is playing an increasingly important role in supporting the design and monitoring of structures. Whilst increasing computer resources have made such formerly prohibitive analyses possible, certain use
cases such as uncertainty quantiﬁcation and real time high-precision simulation remain computationally challenging. This motivates the development of reduced order modelling methods,
which can reduce the computational toll of simulations relying on mechanistic principles. The
majority of existing reduced order modelling techniques involve projection onto linear bases.
Such methods are well established for linear systems but when considering nonlinear systems
their application becomes more difﬁcult. Targeted schemes for nonlinear systems are available, which involve the use of multiple linear reduction bases or the enrichment of traditional
bases. These methods are however generally limited to weakly nonlinear systems. In this work,
nonlinear normal modes (NNMs) are demonstrated as a possible invertible reduction basis for
nonlinear systems. The extraction of NNMs from output only data using machine learning methods is demonstrated and a novel NNM-based reduced order modelling scheme introduced. The
method is demonstrated on a simulated example of a nonlinear 20 degree-of-freedom (DOF)
system.
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1

INTRODUCTION

The utilisation of nonlinear ﬁnite element simulations for dynamic problems has become
more common in recent years as a result of increasing computational power rendering possible
analyses that were previously prohibitively expensive. However, increasing interest in uncertainty quantiﬁcation and digital twins once again raises the issue of computational resources.
As such, the development of efﬁcient metamodelling schemes for nonlinear dynamical systems
is necessary. Meta-models are models which approximate a full-order or high-resolution model
to some degree of accuracy, whilst greatly decreasing the cost of evaluation.
Reduction of FE models was initially considered with regards to the reduction of linear
elastic models in the 1960s and techniques such as the Craig-Bampton and MacNeal-Rubin
methods [1][2], are well developed and widely used for the reduction of linear FE models. These
methods largely make use of linear normal modes as a reduced basis on which the systems’
equations of motion are projected. Normal modes form a very efﬁcient reduction basis for linear
systems due to their orthogonality and the ability to target certain frequency regions of interest.
When considering nonlinear systems however, these linear methods are not appropriate, as the
concept of linear normal modes no longer holds. The most common method for the reduction
of weakly nonlinear FE models adopts Proper Orthogonal Decomposition (POD), wherein a
dynamic simulation of the system is carried out with “snapshots” of the response ﬁeld extracted
at various time intervals. These snapshots are used to construct an optimal linear reduction
basis using singular value decomposition [3]. Related recent work explores the extension of the
traditional reduction approach by inclusion of higher order enrichments, such as mode shape
derivatives [4].
An alternative to this reduction approach is offered by a theory which extends the concept
of normal modes to nonlinear systems, the so-called nonlinear normal modes (NNMs). Several
different formulations of NNMs exist with the Shaw-Pierre modes being considered in this
work, which build on the fundamental work of Rosenberg [5]. As a result of their ability
to form a nonlinear manifold, these NNMs can provide a very efﬁcient reduction basis for
nonlinear systems [6]. Furthermore, they should be generally valid over the whole phase space
of a system and not require multiple, energy dependent reduction bases as in the case of linear
methods. In the following work, NNMs are used as basis to construct a reduced order model of
a nonlinear system. Autoencoder neural networks are used to extract these NNMs, a recurrent
neural network (RNN) is then used to create a regression approximating the overall system,
making use of the extracted NNMs as a basis.
The layout of this paper is as follows. Section 2 introduces the theoretical background of
nonlinear normal modes along with the process of their extraction. Section 3 describes autoencoder neural networks, their architecture and common usage. Section 4 then discusses the
conceptual framework of the reduced order modelling procedure used herein. Section 5 discusses the regression problem in the reduced order model and brieﬂy introduces the long short
term memory (LSTM) neural network used. Section 6 gives a demonstration of the reduced
order modelling method in practice, the nonlinear MDOF system approximated is described
along with greater details on the implementation of the ROM on this system. Finally section 7
contains the conclusions and further work considerations.
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2
2.1

Nonlinear Normal Modes
Shaw-Pierre Manifolds

Shaw and Pierre ﬁrst proposed their theory of non-linear normal modes in 1993. They deﬁned a NNM as being a ”a motion which takes place on a two dimensional invariant manifold
in phase space”. More simply put, this means that in a Shaw-Pierre NNM the motion of each
point in the system could be given as a function of the displacement and velocity of a single
point in the system. This function if plotted in phase space, would form a surface which is the
manifold they refer to. In the case of the linear system, the manifold would be a ﬂat plane. Nonlinearities in a system cause curvature of this manifold. This curvature results in the amplitude
dependence of mode shapes observed in nonlinear systems [7].
The calculation of these NNMs however is rather challenging, the assumption of the normal
mode forming an invariant manifold is represented in equation 1. In this equation xi and ẋi are
the displacement and velocity of the ith coordinate in the response whilst ui and vi represent
the displacement and velocity of the ith transformed coordinate in the NNM. It can be seen
that velocity and displacement of each of the coordinates in the NNM’s can be described as a
function of a displacement velocity pair of a single coordinate. These are linked by the functions
fi and gi . This relationship is then substituted into the equation of motion which results in a
new formulation of the equations of motion, which are unfortunately at least as difﬁcult to solve
as the original case. The solution here is to assume a power series solution for the functions
f1 · · · fn and g1 · · · gn . This then allows for analytical solution for some cases and numerical
solutions for the general case.
⎤
⎡ ⎤ ⎡ ⎤ ⎡
x1
u1
u1
⎥
⎢ ẋ1 ⎥ ⎢ v1 ⎥ ⎢
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2.2

Output Only Extraction

Some previous work examined the use of machine learning methods to extract NNMs from
output only data of nonlinear systems in a manner similar to how singular value decomposition
can be used for principal orthogonal decomposition. The work of Worden and Green [8] made
use of the representation of NNMs as truncated polynomial series as deﬁned in the Shaw-Pierre
paper. Having assumed the form of these polynomials, the coefﬁcients were inferred through an
optimisation procedure wherein statistical independence up to a given order of correlation was
also maximised. In addition, in the work of Dervilis et al, [9], various machine learning methods
drawn from the ﬁeld of manifold learning were demonstrated for the extraction of NNMs. Both
these methods were illustrated on systems of few degrees of freedom for both simulated datasets
and an experimental 4 DOF nonlinear dataset from Los Alamos national laboratory [10].
3

Autoencoder Neural Networks

Autoencoder neural networks are a specialised type of neural network often used for dimensionality reduction or de-noising problems [11]. They are constructed, as illustrated in Figure 1,
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as a deep neural network architecture with a so-called ”bottleneck” layer in which the number of
nodes is reduced; in the case of this example to one. The key concept of their operation involves
setting the cost function of the network such that the output attempts to re-create the inputs as
closely as possible. By the inclusion of the bottleneck layer which forces the data through a
lower dimensional feature space, a near optimal reduction of the data onto the feature space
dimension can be achieved. The hidden layers in the network allow for a nonlinear transform of
the input coordinates before the bottleneck layer. The nature of an autoencoder is such that it simultaneously learns both the encoding operation to transform from the physical to latent space,
and the decoding operation whereby the latent variables are returned to the physical space.

Figure 1: Architecture of an AANN with input/output dimension of 3 and a bottleneck dimension of 2.
Autoencoders have previously been used in similar applications in which it is desired that a
model for a system be constructed on a lower dimensional ”manifold”, whereby it is believed
that high dimensional data can be well described as existing on a lower dimensional space
[12]. In the case of nonlinear structural dynamics it is thought that the NNMs could correspond
to this lower dimensional manifold on which the majority of the high dimensional data can
be represented. The same way that a high dimensional linear ﬁnite element model can often
be represented on a far lower number of mode shapes. The encoding of an autoencoder is
the function through which the high dimensional input data can be transformed to the lower
dimensional manifold or NNM space, whilst the decoder can provide the inverse operation.
4

Model Order Reduction with Autoencoders

The ﬁrst step of the model order reduction method used herein involves generating training
data from the system of interest. This pertains to creating simulation time histories for the model
of both the forcing and response of the system at all DOFs. Having generated time histories, the
autoencoder can be used to compress the dimensionality down to a reduced number of latent
variables or NNMs. These are extracted from the displacement time histories of the data with a
number of NNMs retained, which balances reduction in the dimensionality of the system with
accuracy of reconstruction of the full ﬁeld response, as shown in Figure 2. In this process the
cost function used is described by Equation 2, which can be seen as the mean squared error of

3868

Thomas E. Simpson, Nikolaos Dervilis and Eleni Chatzi

reconstruction between the original time series and those after compression.
N
1 
(x̂) =
(xi − x̂i )2
N i=1

(2)

Figure 2: 1st step of ROM; a reduced number of NNMs are extracted from output only dataset
As opposed to projection based reduction methods, whereby the original equations of motion
can be projected on to the reduced coordinate set and solved through conventional means, the
method developed herein uses a statistical regression to allow for future simulations of the
system. The regression model is trained which predicts the response of the system within the
NNMs based on a given forcing time history, as illustrated in Figure 3. The regression model
is trained based on the forcing time histories used for the simulation, F , and the corresponding
NNMs are extracted by the encoder, Y .

Figure 3: 2nd step of the ROM; a regression model is trained which predicts response in the
retained NNMs based on forcing histories.
The ﬁnal step in the metamodelling process is to predict the system response to a new forcing
time history. As illustrated in Figure 4, the trained regression model is used to predict the
response of the system within the NNMs, having predicted this response, Ypred , the full ﬁeld
response, Xpred , can be recovered by using the decoding portion of the autoencoder.
5

LSTM Neural Networks

In constructing the meta-model, a statistical regression model must be used which can predict
new time histories of the latent variables based on forcing time histories. The time series nature
of the data would encourage the use of a method including an auto-regressive element. The
nonlinear nature of the system would further require a nonlinear regression method to accurately
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Figure 4: 3rd step of the ROM; the response in the NNMs is predicted for new forcing histories
and the full response is reconstructed through the decoder
represent the nonlinear dynamics. In this case it was decided to use a neural network regression
architecture, the advantages of neural networks being the scalability and ability to perform
MIMO regression.
Recurrent neural networks (RNNs) are a class of networks developed speciﬁcally for dealing
with sequence data such as time series [13]. The core of an RNN is not dissimilar from that of
an ARX model. A basic RNN consists of a unit which receives as input exogenous variables
along with a hidden state value which is propagated from the previous time step. Based on these
inputs a new value of the hidden state is calculated using a conventional neural network layer,
i.e. through multiplication with a weight matrix and then application of an activation function.
The output at each time step can then be calculated through an additional layer or layers which
act upon the hidden state of the RNN. The hidden state of the RNN can preserve some context
information about the previous states and inputs. In contrast to an ARX method however, it
is not necessary to state apriori, how many previous values of input and outputs should be
considered. This means that theoretically, RNNs can be very powerful at learning relationships
between time series with long term dependencies, however, in practice it was found that when
training an RNN using back propagation through time, the process suffered from vanishing
gradients. As a result of this, a conventional RNN struggles to propagate errors back through
many time steps and hence fails to learn long term dependencies [14]. This motivated the
development of more advanced RNN cells, such as the long short term (LSTM) cell [15].
Much of the signiﬁcant work with RNNs has been achieved making use of LSTM cells.
These have found very wide use in the ﬁeld of natural language processing (NLP) [16] as well
as time series forecasting [17]. In the area of mechanical systems however, the use of LSTM
networks is less prevalent with a limited amount of work applying them to traditional system
identiﬁcation problems [18]. They have proven themselves however, to be capable of learning
long term nonlinear relationships in NLP tasks and hence have signiﬁcant potential as a useful
regression framework for nonlinear time series.
6

Case Study

We verify applicability of the proposed method on a 20 degree-of-freedom mass, spring,
damping system. The system was considered to be comprised of 20 masses in a chain, with linear spring, linear damping and nonlinear spring elements between each mass, as demonstrated
in Figure 5. The nonlinearity of the non-linear spring elements is of the cubic type. Forcing
was applied to this system in two locations, at the ﬁrst and ﬁnal masses in the chain. All the
parameters are assumed uniform across all degrees of freedom and the underlying linear system
is proportionally damped; the parameters are deﬁned as follows: Mi = 0.1 kg, Kl = 100 N/m,
Cl = 0.1 kg/s, Knl = 2500 N/m3 .
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Figure 5: The simulated 20 DOF system including cubic nonlinear spring elements between
each mass.
Time series simulations of this system were carried out using a 4th order Runge-Kutta ﬁxed
step integration scheme. A sampling frequency of 100 Hz was used for the simulation with a
total time series length of 1000s. The forcing applied at masses 1 and 20 comprises realisations
of a constant amplitude Gaussian white noise input, which had been low pass ﬁltered with a cutoff frequency of 8 Hz. Figure 6 shows the multicoherence between the input forcing and the
outputs of the system both for the underlying linear system and the nonlinear system tested. The
nonlinear system shows considerably more incoherence with the input than the linear system,
this demonstrates the considerable nonlinearity of the response. For both systems the region of
interest is principally at frequencies below 8 Hz. In both cases the response begins to become
completely incoherent at higher frequencies it is thought that this is largely an artifact of the
processing, since the forcing contains very little energy at higher frequencies both the input and
output in this region is very small making the coherence value very sensitive to numerical and
processing errors.

Figure 6: Multicoherence of the signal
Figure 7 demonstrates the comparative magnitude of the restoring force in the linear and
nonlinear spring elements of the system a the 10th DOF. The magnitude of the nonlinear restoring force can be seen to be considerable regularly exceeding that of the linear elements. As such
it can be considered that the system considered differs signiﬁcantly from the underlying linear
system. The remaining DOFs also demonstrated similar behaviour.
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Figure 7: Restoring Force time History of the Linear and Nonlinear Spring Elements at the 10th
DOF
6.1

NNM Extraction

A 5 layer autoencoder is used for the extraction of NNMs from the output data. The encoder
receives as input the 20 dimensional data corresponding to the displacement time histories at
each of the 20 masses. The encoder portion consists of a hidden layer containing 20 nodes
with a linear activation function, followed by a second 20-node layer with a hyperbolic tangent
activation function. These layers were followed by the bottleneck layer consisting of 10 nodes.
The decoder portion of the autoencoder mirrors the encoder in reverse, passing through a 20
node hidden layer with a hyperbolic tangent activation to a 20 node layer with a linear activation
to the 20 dimensional output layer.
For the training of the autoencoder, a training dataset consisting of the ﬁrst 50 % of the time
histories was used corresponding to the ﬁrst 500 s. The second 50 % of the time histories were
used as a testing dataset. It is noteworthy that the resulting training and testing loss values were
similar, indicating that the NNMs captured were generalisable over the whole dataset. Figure 8
shows the full order response along with the response reconstructed with 10 retained NNMs for
the 1st DOF in the model.
It is worth noting, that in previous studies involving output only extraction of NNMs using
machine learning, that a key justiﬁcation in referring to the extracted components as NNMs, is
that the components be statistically independent. This statistical independence is considered to
be analogous to the modal invariance property of theoretical NNMs [8][7] and the orthogonality
property of linear modes. Figure 9 presents the correlation matrix of the NNMs extracted by the
autoencoder used herein. The non-zero off diagonal elements of this matrix imply signiﬁcant
correlation between the extracted components which implies that these are rather NNM-like
quantities and do not comply with the strict deﬁnition of NNMs.
6.2

Response Prediction in the Latent Space

The response prediction in the NNMs involves a non-linear multivariate time series forecasting problem. This problem proved to be the most challenging aspect of the ROM process.
Various regression architectures were attempted including polynomial NARX, Gaussian pro-
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Figure 8: Reconstruction of the response at the 1st DOF with 10 retained NNMs

Figure 9: Correlation between the 10 extracted NNMs
cess NARX and recurrent neural net-works (RNN). Finally, a long short term (LSTM) neural
network [15], a type of RNN with improved long term memory characteristics, was used for
this process. The regression was setup as an autoregressive process. This implies that the input
for the prediction model at each time step includes not only the current and previous values
of the forcing, but also previous values of the output. In training a prediction error was used,
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meaning that for each time step the ground truth values of the previous system outputs were
given. During the testing stage however, a simulation error was used, meaning that the outputs
predicted by the model at previous steps were subsequently fed to the model as inputs at a next
time instant. The LSTM network used 64 hidden cells with 100 previous input and output values also fed as inputs to the network. The training data was assumed as the ﬁrst 60% of the time
histories with predictions made on the next 1000 points corresponding to 10s, the exogenous
inputs for this prediction were taken as the next 1000 points of forcing time history, which were
not used in the training process. Initial states used for the ﬁrst model prediction, were taken
from the ﬁnal “true” values in the training dataset.

Figure 10: The respone prediction in the latent space for the 1st NNM
Figure 10 compares the prediction of the response in one of the NNMs using the LSTM
regression to the “true value”. The latter is the value obtained when the physical coordinate
time series is passed through the encoder section of the autoencoder. The prediction performs
well initially but diverges somewhat over time, it is noteworthy however that the prediction does
not become unstable. Similar performance was obtained for all of the 10 NNMs predicted.
6.3

Response Prediction in the Physical Space

Upon availability of the response predictions of the system in the NNM variables, the full
response prediction can be determined by simply passing the predicted NNM time histories
through the decoder portion of the autoencoder. The decoder combines the NNMs so as to recreate the response in the physical space and is hence analogous to the nonlinear super-position
discussed by Shaw and Pierre.
Figure 7 compares the true and predicted values of the response simulated for 1000 timesteps
between the ground truth and the model predicted values. For these predictions, the testing
dataset lies outside of the training dataset both in the case of the autoencoder training and the regression model training. The predictions shown include both the 1st and 10th DOF predictions,
in both cases, the prediction performance is initially quite good with performance decreasing
with in-creasing simulation time. Whilst the performance does degrade over time, the predictions still remain stable and of a similar magnitude and frequency as the true values. The mean
squared error values for each of the predictions shown below were 0.025 and 0.048 respectively.
These two examples are indicative of the performance of the method across all 20 degrees of
freedom of the system.
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(a)

(b)

Figure 11: The ﬁnal response prediction for both the 1st (a) and 10th (b) DOF for a new force
history input
7

Conclusions

A novel reduced order modelling method was demonstrated, which relies exclusively on input and output data from nonlinear structural systems to allow for time series predictions under
arbitrary dynamic forcing. The method makes use of nonlinear normal modes as an efﬁcient
reduction basis for nonlinear dynamical systems. It was discussed how these NNMs can be
extracted using machine learning methods in an invertible manner and a predictive model was
created using an LSTM neural network. The modelling procedure was demonstrated on a 20
DOF nonlinear system featuring cubic nonlinearities. Despite shortcomings in the reconstruction accuracy, which is understandable for this high order of nonlinearity, the proposed method
shows considerable promise.
The demonstrated method does offer numerous advantages. It does not assume any a priori
form of the nonlinearity considered and hence may be generally applicable to multiple systems.
Secondly, due to the nonlinear nature of the NNMs, they should, if sufﬁcient training data is
used, be generally valid over the whole state trajectory of a system, as opposed to previous
methods based on linear projections.
Future development will concentrate on improving the performance of the regression problem in order to increase the accuracy of the model predictions. In addition, it will be investigated how the amplitude range of the forcing affects the modelling technique and to whether
the model can generalise well to broad ranges of input amplitude. Further to this, the method
will be tested on larger scale problems, such as ﬁnite element simulations of nonlinear elements
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or jointed systems. It is also thought that the method may demonstrate greater advantages when
applied to larger models, due to a greater number of redundant degrees of freedom. Finally,
it is worth noting that variational autoencoders [19] can be considered to enforce statistical
independence of the extracted components, hence improving predictive capability.
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Abstract. Environmental tests are conventional procedures conducted to verify whether a
spacecraft and all its components can stand the random excitations to which they are subjected
throughout their operational life. In this framework, the Boundary Condition Challenge (BCC)
aims at the establishment of new testing practices that allow to improve the poor operational
environment representation currently achieved during environmental tests. The challenge focuses on the Box Assembly with Removable Component (BARC), a mock-up which is currently
studied by several research institutes. The BARC has been subject to a measurement campaign
carried-out at Siemens Industry Software, during which it has been placed on a modal shaker of
comparable size and excited along its vertical axis. In order to improve service response replication during these tests, Virtual Sensing (VS) techniques, such as Kalman-type ﬁlters, can be
used for estimating the complete response ﬁeld from a limited number of measured responses.
Moreover, by jointly estimating states and inputs, the unmeasured loads applied to the system
can also be inferred. This work proposes the use of a combination of strain and acceleration
observations to enhance the estimation of the mentioned unmeasured inputs.
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1

INTRODUCTION

Environmental testing is a standard procedure in spacecraft engineering used for verifying
the resistance of the system and all its components to the random excitations to which they
are subjected throughout their operational life. During these tests, the spacecraft is mounted
on a shaker testing facility of comparable size and excited with the purpose of replicating its
in-service structural response. Limitations in the adopted vibration control strategies and difﬁculties in reproducing realistic boundary conditions, can give rise to a poor operational environment representation, leading to undesired issues, e.g. over- or under testing, errors in failure
modes and time to failure estimation or even damage.
In this framework, a collaboration between Kansas City National Security Campus (managed by Honeywell Federal Manufacturing & Tecnology) and Sandia National Laboratories
introduced the Boundary Condition Challenge (BCC) [1], [2] [3]. The goal of the BCC is
to improve the in-service environment replication at a component level during environmental
tests. The challenge makes use of a simple demonstrator known as the ”Box Assembly with
Removable Component” (BARC).
Virtual Sensing (VS) techniques such as Kalman-type ﬁlters [4], can be used for environmental testing applications to combine information from simulated models and test data with
the purpose of estimating the quantities of interest, e.g. the complete strain ﬁeld on the tested
component or/and the inputs provided to the structure by the shaker [5] [6]. In this view, the
Augmented Kalman Filter (AKF) [7] has been employed in [8], on strain data acquired during
a measurement campaign performed by exciting the BARC via a monoaxial electrodynamic
shaker. The mentioned work shows that a good response reconstruction can be achieved. At the
same time, the absence of acceleration data among the observations used in the AKF [9] [10]
and the test boundary conditions uncertainties, strongly affect the input estimation results.
This work proposes the use of a combined set of strain and acceleration observations to be
employed in the AKF. A comparison with results obtained by using strain observations only
is hereby provided. It is shown how the addition of acceleration measurements contributes to
enhance the input estimation results. Boundary conditions uncertainties, which still inﬂuence
the estimation outcome, will be object of future investigations.
2

VIRTUAL SENSING FOR ENVIRONMENTAL TESTS ON THE BARC

In order to improve the currently adopted environmental testing procedures, a full comparison between operational and test component responses, both when the sole component or the
entire assembly are tested, must be available. In this sense, VS techniques can be used to expand
the information pertaining to the system’s response, i.e., to infer response at locations that are
hard to instrument or even to yield the full ﬁeld response of the tested structure. Additionally,
joint input-state estimation techniques can be used for estimating inputs applied to the system,
given that they are not usually measured during environmental tests.
2.1

Test campaign

Virtual Sensing techniques have been employed on data acquired during the test campaign
described in detail in [8]. The BARC, object of the mentioned tests and shown in Figure 1, is
made up of two units: the upper one plays the role of the component under test, while the lower
one, addressed as ”subassembly”, represents a general ﬁxture used to attach the component on
the shaker during tests.
Figure 2a shows the complete setup adopted during the mentioned test campaign, while
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Figure 1: The Box Assembly with Removable Component

detailed focus on the sensors and BARC’s connection to the shaker is provided in Figure 2b.
Several excitation signals with different amplitude levels have been used during tests, such as
single sines, sine sweeps and random signals.

(a) BARC mounted on a
monoaxial electrodynamic
shaker

(b) Detailed view of sensors and BARC’s attachment
on the shaker

Figure 2: Test setup

2.2

Virtual Sensing: objectives and adopted procedures

Kalman-based strategies are well known tools for input-state-response estimation and can be
therefore adopted for environmental testing applications, such as the BARC case study. Their
working principle consists in combining a discrete-time state space representation of the system
with observations measured at a limited number of locations on the structure with the purpose
of inferring the states of the system at each time step, as well as the unknown input. From the
estimated states, the responses at unmeasured locations can be derived.
In [8], the estimation of the quantities of interest via the AKF during a test run performed
using a pseudo random signal (0.3 V RMS level) was proposed. Indeed, random signals repre-
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sent the type of excitation adopted during environmental tests.
The state-space matrices of the system are usually retrieved by making use of a validated simulation model which can well represent the physical system and the boundary conditions to
which it is subjected during tests. A Reduced Order Model (ROM) is usually built in order to
reduce the computational effort derived by models large dimensions. For the hereby described
application, a Model Order Reduction (MOR) technique, as described in [11], has been applied.
According to this method, the dynamic behavior of the BARC can be formulated as a superposition of modal contributions and the adopted reduction basis includes the normal modes of
the system in the frequency range of interests and a set of Residual Inertia-Relief Attachment
(RIRA) modes, one for each unknown input to be estimated. More details about how this procedure has been implemented for the BARC case can be found in [8].

Figure 3: Sensors map: accelerometers (red), measured (yellow) and unmeasured (magenta)
strain sensors locations

Figure 3 shows the test sensors (sixteen monoaxial strain gages and four triaxial accelerometers) locations and directions obtained by applying an existing Optimal Sensor Placement (OSP)
strategy [12] [13]. Moreover, the four inputs to be estimated are reported. Figure 2b shows that
a monoaxial force cell has been placed between the BARC and the shaker at each bolted connection, i.e., at each input location, in order to measure the applied forces in Z direction. These
quantities were indeed used as references for the estimation.
Only a reduced subset of nine strains has been included in the set of observations used in the
AKF, the remaining ones have been used as reference quantities to check the validity of the
response estimation. The measured locations have been chosen in order to focus on response
estimation at the component level and to guarantee that measurements collocated with the applied forces could be included. Indeed, collocated measurements allow for a more accurate
reconstruction of the inputs [14].
The observability requirements for the reduced sensor set have been checked by ensuring that
the condition number of the observability matrix [8] for the reduced set is of the same order of
magnitude as the one obtained in the full sensor set, which is guaranteed by the OSP adopted
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stategy.
3

INPUT-STATE-RESPONSE ESTIMATION USING THE AKF

3.1

Strain-based Virtual Sensing for environmental testing: results and limitations

As pointed out in [8], the AKF provides a good response estimation, except for the poor
reconstruction of high frequency components magnitude on the sensor measuring in y direction. This model gap is well compensated for measured signals in x direction, such as sensor
10, because higher measured response levels were detected for all the sensors measuring in x
direction with respect to the ones measuring in y direction.
On the contrary, as shown in Figure 5, input estimation fails to provide good results. The imprecise estimation of the four vertical forces can be explained by the presence of strong boundary
conditions uncertainties. As reported in Figure 5 (right), the measured forces are not characterized by ﬂat PSDs. The BARC was indeed exhibiting modal deformations at its several natural
frequencies during tests, thus affecting the quantities measured by the force cells. Moreover,
according to the natural frequency and the corresponding mode shape, the four force cells were
differently inﬂuenced, thus resulting in four different PSD shapes. Additionally, the boundary
conditions used in the model introduce a strong approximation of the test conﬁguration. In
this respect, including the shaker in the model and modeling its interaction with the BARC
represents another additional development.
3.2

Virtual Sensing using a fusion of strain and acceleration sensors

This Section reports on the results obtained by applying the AKF for jointly estimating inputs and responses using an observations set that contains both strain and acceleration measurements. Figure 4 illustrates the response estimation of strain sensors 10 and 11 when acceleration sensors A17, A18, A19, A20 shown in Figure 3 are included in the measured quantities.
A comparison with the results obtained in the case of strains-only observations is also offered.
Moreover, Table 1 reports the RMSE values of the estimated responses with respect to their
measured time histories. It is possible to conclude that a good agreement is obtained between
the two resulting estimated quantities for both sensors 10 and 11.
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Figure 4: Time history (left), detailed time history (middle) and PSD (right) of strain responses
of sensors 10 and 11.
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Strains only
Strains and accelerations

Sensor 10 - x
3.98×10−6
4.11×10−6

Sensor 11 - y
2.83×10−6
2.81×10−6

Table 1: RMSE values of the estimated responses of sensors 10 and 11 with respect to their
measured time histories.
Figure 5 proposes a comparison between the input estimation results obtained in the strainsonly case and the ones achieved in case the combined set of strains and accelerations is used.
This plot indicates that the introduction of a direct feedthrough, i.e., a non-zero output-input
matrix in the observation equation of the state-space model, allows for an overall better force
estimation. In particular, Figure 5 (right) shows that including accelerations allows to detect
PSDs peaks, e.g. at around 250, 550 and 760 Hz, that are not identiﬁed when using only strains.
Moreover, from Figure 5 (left) it is possible to notice that the force amplitude better matches
the actually measured one, with the exception of input 1, which is overestimated.
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Figure 5: Time history (left), detailed time history (middle) and PSD (right) of input 1, input 2,
input 3 and input 4.
Table 2 shows the RMSE values of the four estimated inputs with respect to their measured time histories. The RMSEs comparison for inputs 2 and 3 demonstrates the enhancement
achieved by introducing acceleration observations. On the contrary, the RMSE values associated with inputs 1 and 4 show an increase with respect to the values obtained in the strains-only
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case. The RMSE related to input 1 is indeed effect of the previously mentioned overestimation,
which can be explained by the poor reproduction of the test boundary conditions in the model.
Indeed, this issue can negatively inﬂuence the terms relating input 1 and the acceleration observations in the output-input matrix of the system’s state-space model. Likewise, also the RMSE
increase for input 4, visible in some overestimated peaks in Figure 5 (input 4, center), can be
attributed to the boundary conditions uncertainties.
Strains only
Strains and accelerations

Input 1
8.1
17.7

Input 2
7.1
6.9

Input 3
8.7
8.2

Input 4
4.8
8.9

Table 2: RMSE values of the estimated inputs with respect to their measured time histories.

4

CONCLUSIONS

An enhancement of the AKF application to environmental tests on the BARC has been proposed in this paper. A previously presented work [8] already discussed the potential of the
AKF for both input and state estimation on this simple hardware demonstrator. Limitations of
the application of the algorithm to strains-only data have been pointed out. The present work
has reported the results obtained by employing the AKF on an observations set including strain
and acceleration measurements. It is shown that the introduction of accelerations, even if noncollocated with the unknown inputs, improves the global result in terms of input estimation. On
the contrary, no differences are detected in terms of component response estimation. However,
uncertainties affecting the test boundary conditions and their approximated representation in
the simulation model still inﬂuence the estimation results. In this sense, a further improvement
could consist in including the shaker in the simulation model in order to take into account its
interaction with the BARC.
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Abstract. A hierarchical Bayesian modeling (HBM) framework has recently been developed
for estimating the uncertainties in the parameters of physics-based models of systems, as well
as propagating these uncertainties to estimate the uncertainty in output quantities of interest.
According to the framework, uncertainties due to model error are embedded into the model
parameters by assigning a parameterized probability distribution and inferring the hyperparameters of this distribution using multiple sets of experimental data. Herein the framework
is extended to properly account for the uncertainty in the prediction error model. The error
term is modeled by a Normal distribution with hyper parameters to be estimated by the multiple sets of data. This generalization allow making consistent uncertainty propagation for response quantities of interest. New asymptotic approximations for estimating the uncertainties
in the hyper-parameters, as well as propagating these uncertainties to model parameters and
observed and unobserved output quantities of interest are developed. The proposed framework provide realistic account of model uncertainties that are insensitive to large number of
data sets, avoiding severe underestimation of uncertainty arising from conventional Bayesian
learning techniques. Problems drawn from structural dynamics applications are used to
demonstrate the effectiveness of the proposed framework.

3886

Xinyu Jia, Omid Sedehi, Costas Papadimitriou, Lambros S. Katafygiotis

1

INTRODUCTION

Bayesian tools can rationally integrate data and physics-based models in order to select the
most appropriate models among alternative competing ones, estimate the parameters of these
models and their uncertainties, as well as propagating uncertainties to predict important quantities of interest in operation and safety of structural systems [1]. Despite significant advances
in the development of Bayesian inference tools for uncertainty quantification and propagation
(UQP) in structural dynamics, some challenges still exist and need to be resolved. For example, due to the redundant information carried in the data, the classical Bayesian framework
often underestimates the uncertainty, resulting in an inherent reduction of the parameter uncertainty as the number of data increases. More importantly, standard Bayesian procedures do
not properly take into account the uncertainty in the parameters due to variability in experimental data, environmental conditions, material properties, manufacturing process, assembling process, and nonlinear mechanisms activated under different loading conditions.
Therefore, a better account of the uncertainty is to embed uncertainties within the model by
introducing a hierarchy in the model parameters [2].
In this work, a computational efficient HBM framework [3, 4] is further developed and applied to model updating, uncertainty calibration and propagation for linear structural dynamics models using multiple modal data sets. Novel computing tools, based on asymptotic
approximations [5] and sampling algorithms [6], are incorporated for parameter inference and
uncertainty propagation within the HBM framework. A remarkable feature of this framework
lies in the capability to account for identification precision, prediction error, as well as model
error, environmental and operational variabilities, offering realistic uncertainties as evidenced
in the application. A spring-mass chain model with simulated, noise contaminated, multiple
measured modal data sets is used to demonstrate the effectiveness of the proposed approach.
The presentation in this paper is organized as follows. In Section 2, the comprehensive
HBM framework based on modal data is proposed. The effectiveness of the proposed method
is demonstrated using a 10 degrees of freedom (DoF) spring-mass chain system in Section 3.
Section 4 reports the conclusions of this study.
2

PROPOSED COMPUTATIONAL EFFICIENT HBM FRAMEWORK
Let D

^Di ,

i 1, 2,

, N D ` be the measured full data sets from the structure comprising

^

N D independent experiments. Each data set Di = Oˆr ,i , Ir ,i  R N0 , r 1, 2,

`

, m denotes the

i -th experiment and consists of the square of modal frequencies Oˆr ,i and mode shapes Ir ,i at

N 0 measured degrees of freedoms (DOFs), where m is the number of the observed modes
[7]. For each experiment, the modal properties have been obtained by modal estimation techniques using available input-output or output-only vibration measurements. Consider a parameterized class of structural models M that is used to predict the squares of the modal
frequencies Or θ and mode shapes Ir θ , where θ is the model parameter set. Herein, uncertainties are embedded into the model parameters by assigning the Gaussian prior probability density function (PDF)
p θ

N θ|Pθ , 6θθ

(1)

for θ with hyper mean Pθ and hyper covariance matrix 6θθ to be estimated using the multiple datasets..
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The discrepancy between the i-th predicted modal properties and the i-th measured data set
is quantified based on the prediction error equations, given as follows:

Oˆr ,i

Or ,i (θi )  Oˆr ,i er ,

Iˆr ,i

E r ,i (θi )Ir ,i (θi )  Iˆr ,i H r ,

(2)

IˆrT,iIr ,i (θi )
E r ,i (θi )
IrT,i (θi )Ir ,i (θi )
where er and H r are respectively the prediction errors for the modal frequency and the mode
shape components of the r-th mode. The prediction errors are then modeled by zero-mean
Gaussian variables er N(
N (er | 0, V 2 ) and H r N (H r | 0, 6) , with covariance matrix 6 V 2 I .
The standard deviation V is the hyperparameter to be estimated using the multiple datasets.
According to Bayes rules, the joint posterior distribution of all parameters is built as follows [3]:

p(^θi `i D1 , 6, μθ , Σθθ | D) v p(μθ , Σθθ )
N

ND

 > p(D

i

| θi , 6) N(θi | μθ , Σθθ ) @

(3)

i 1

where the individual likelihood function p(Di | θi , Σi ) can be derived based on Eq. 2 as:
p ( Di |θi , Σ) v

1

V

N 0 +1 m

ª 1
º
exp «  2 J1 (θi )+J 2 (θi ) »
¬ 2V
¼

(4)

where
m

J1 (θi )= ¦

2

Oˆr ,i  Or ,i θi
Oˆr ,i

r 1

2

m

Iˆr ,i  E r ,i (θi )Ir ,i (θi )

r 1

Iˆr ,i

J 2 (θi )= ¦

By using the Taylor expansion for L θi , V 2

2

(5)

2

 ln p(Di | θi , 6) , it can be shown that the like-

lihood function can be approximated by a normal distribution (valid for large number of data)
as:

§
2Vˆ 4
p(Di | θi , 6) f N ¨¨ V 2 | Vˆ 2 ,
m N0  1
©

-1
· §
·
2
¸¸ N ¨ θi | θˆ i , 2Vˆ ª¬ H θˆ i º¼ ¸
¹
¹ ©

(6)

w 2 J1 (θi )+J 2 (θi )
where θˆ i and Vˆ 2 are computed by minimizing L θi , V 2 , and H θˆ i =
is
wθi wθTi
the hessian matrix evaluated at θˆ . By solving the marginalization integrals over the model
i

parameters, one can derive the marginal distribution of the hyper-parameters θi as:
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p(6, μθ , Σθθ | D) v p(μθ , Σθθ ) p 6
ND


i 1

ª § 2 2
2Vˆ 4
« N ¨¨ V | Vˆ ,
m N0  1
¬« ©

-1 º
·
2
¸¸ N (μθ | θˆ i , Σθθ  2Vˆ * ª¬ H θˆ i º¼ ) »
»¼
¹

(7)

Then the posterior PDF of model parameters can be computed as:

p(θ | D) =

³ ³ ³ p(θ | 6, μ , Σ
θ

θθ

) p(6, μθ , Σθθ | D) dμθ dΣθθ d 6

μθ Σθθ 6

1
|
Ns

(8)

Ns

¦ N (θ | μ

i
θ

i

, Σθθ )

i 1

where N s is the number of the samples. The TMCMC algorithm [8] is used in this work to
generate samples from the PDF in Eq. 7 . Samples of the modal parameters are generated
from Eq. 8 by noting that the PDF is a mixture of normal distributions. It should be noted
that the sampling approaches no longer involve model runs. The model parameter uncertainty
can be propagated for predicting the quantity of interest (QoI) W (modal properties, displacements, acceleration, etc) as:

p W |D |
3

1
Ns

Ns

¦ p W |θ

m

,6 m

(9)

m 1

APPLICATION

A 10-DoF spring-mass chain system fixed at one end (base) and free at the other end. The
system can be used to simulate the response of a 10-story shear building. The system is excited at the base. The nominal spring stiffness and mass values for each link are 1.8kN/m and
1kg, respectively. The damping ratio for each mode is assumed to be 0.02. Three (3) model
parameters are introduced for the stiffness. The first parameter multiplies the nominal stiffness values of the stories 1-3, the second parameters multiplies the stiffness values of stories
4-6, and the third parameter multiplies the stiffness values of the stories 7-10. 40 data sets
based on modal data (modal frequencies and modal shapes) are simulated, which represent the
measured data. Simulated datasets for the modal properties are generated by from the prior
model for the model parameters using as mean the nominal values of the model parameters
and as covariance matrix a diagonal one with standard deviation equal to 2% of the mean. A
2% modeling error is also added to the simulated square root of the modal frequencies and the
modeshapes to account for measurement noise.
The proposed HBM is then applied for parameter estimations and model predictions.
BASIS [9] is used to draw the posterior distribution of the parameters. Only the first five
modes are identified, and 5 sensors located in the stories 1, 3, 5, 7, 9 are considered. The posterior distribution of hyper parameters is shown in Fig. 1. It can be seen that a non-zero peak
value is obtained of the hyper variance, this is due to the existence of the variability over the
multiple data sets. The PDF of the prediction error calculated based on Eq. 7 is shown in
Fig. 2, which is essential for further predicting output QoI. Fig. 3 shows the uncertainty
bounds of the model parameters along with the error bars obtained from individual data set. It
is noted that the uncertainty bounds decrease as the number of data sets increases. However, it
will tend to a non-zero value which represents the variability of the data sets. Therefore, the
HBM framework can consider the variability of the multiple data sets, and also give a reason-
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able uncertainty bounds unlike the classical Bayesian approach.

Fig. 1 Posterior distribution of hyper parameters

Fig. 2 PDF of prediction error

The uncertainty estimated for the model parameters is then propagated for predicting the
uncertainty in the acceleration. Two cases are considered. In the first one the prediction error
in the modal properties is not taken into account and the uncertainty is due to the structural
model parameter uncertainty. In the second case, the prediction error uncertainty in the modal
properties is also considered. As shown in Fig. 4(a), the uncertainty bound of the acceleration
is non-zero when the prediction error is not included in the uncertainty propagation. Due to a
larger variability over the data sets, one can get a larger uncertainty bound of the estimated
model parameters such that a realistic uncertainty bound of the acceleration is obtained even
if the prediction error is not considered. Fig. 4(b) shows the propagated acceleration by considering the prediction error. It can be observed that a much larger uncertainty is obtained
compared to the case for which the prediction error is not considered.

3890

Xinyu Jia, Omid Sedehi, Costas Papadimitriou, Lambros S. Katafygiotis

Fig. 3 Posterior PDF of

T

’s in comparison with the realizations of individual data sets shown by error bars

(a)

(b)

Fig. 4 Predicted accelerations (a) without prediction error and (b) with prediction error
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4

CONCLUSIONS

A computational efficient HBM based on multiple modal data sets is proposed in this paper
to estimate the structural model parameters and the prediction error parameters. Uncertainties
are embedded into the model parameters and also the prediction errors by assigning normal
distributions to these parameters and model errors with hyper parameters, the mean and covariance matrices of the normal distributions. Asymptotic approximations are used to estimate
the hyper parameters and propagate uncertainty in output QoI. The effectiveness of the proposed formulation has been demonstrated by a spring-mass chain model. The proposed HBM
framework properly accounts for the uncertainty due to variability in experimental data, environmental conditions, modeling assumptions and nonlinear mechanisms activated under different loading conditions. The HBM framework can predict the output QoI with reasonable
accuracy, producing reliable uncertainty bounds.
The framework can be integrated with sampling methods for computing system reliability
using the identified model uncertainties. For complex large-scale models, the excessive computational cost involved in the framework can be substantially alleviated using model reduction or surrogate techniques[10]. The proposed HBM framework applied herein to linear
structural systems and multiple sets of modal properties measurements can also be extended
to non-linear structural systems given multiple sets of response time histories measurements.
Acknowledgment: This project has received funding from the European Union’s Horizon
2020 research and innovation programme under the Marie Skłodowska-Curie grant agreement
No 764547.
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Abstract. The potential of real-time hybrid simulation (RTHS) has been increasingly explored
over the last twenty years, bringing numerous methods into focus, both from a scientiﬁc and
a technological perspective. In contrast to other forms of hybrid simulation, such as pseudodynamic substructuring, RTHS poses signiﬁcant challenges in both its numerical and experimental counterparts, mainly due to the hard real-time constraints that must be met during each
execution of the associated control loop.
As far as the numerical substructure is concerned, the time step of the numerical integration
scheme should conform to the step of the real time control loop. This is quite demanding for
substructures of increasing complexity and usually necessitates the introduction of a reduced
order model [1]. The numerical substructure is linked to the physical one through a transfer
system, which brings additional complexity into the loop, as it is characterized by its own dynamics. Here, issues involving the accurate reproduction of the control signal, the elimination
of the inherited time delay, the control-structure interaction and the rejection of all disturbance
sources, are still subject to intensive research.
Among other considerations, the application of adaptive inverse control (AIC) methods [2]
has shown quite good performance in terms of accurate time-series reproduction. In this study,
we explore further the effectiveness of AIC via its implementation to a recently published virtual RTHS benchmark problem [3]. In speciﬁc, we adopt a ﬁltered-X AIC framework and we
report on its effectiveness in modelling the control plant (e.g. transfer system and physical
substructure) under representative input signals, partitioning schemes and parametric uncertainties. Our assessment shows a high degree of efﬁcacy and robustness for the proposed AIC
architecture and suggests further investigation, mainly in actual RTHS tests.
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1

INTRODUCTION

The Digital Twin is a concept of considerable interest in a multitude of industries currently.
The essence of the concept is the assimilation of models with data to create an overall system
model. This model should, within an operational range of interest, be able to predict system
behaviour sufﬁciently accurately to inform key decisions in both design, operation and maintenance [4]. Digital Twins have arisen as more and more engineering components are designed
and monitored through computational models. However, several instances still exist whereby
numerical models are insufﬁcient; notably in highly nonlinear regions such as joints between
components [5]. Hence the need for the incorporation of physical models in the Digital Twin
framework. Hybrid simulation provides a method through which physical models can be dynamically coupled with numerical models and can hence be seen as an important addition to
achieve the required ﬁdelity of a Digital Twin.
Hybrid simulation involves the creation of coupled dynamic tests in which a computer is
coupled to a physical component in a dynamic testing rig. The system is then solved as a whole
by intergrating the numerical system, calculating predicted forces at the interface between the
structures and applying this to the physical system. The response of the physical system is then
measured and fed back into the equations in the numerical system [6]. The “gold standard” of
hybrid simulation is real time hybrid simulation (RTHS) wherein real time implies that the time
scales of the numerical and physical system are the same; this allows for tests which incorporate
rate dependent nonlinearities in the physical component and are hence more representative of
the true system.
When considering the real time aspect, the issue of actuator control becomes very important
in hybrid simulation. The dynamics of the actuation system can have very signiﬁcant effects
on the reproduction of the reference signal from the equations of motion, and that which is
actually applied by the actuator. This results in two key control issues when implementing
a RTHS scheme, namely, (i) the accurate reproduction (through the transfer system) of the
reference signal that corresponds to the common boundaries between the experimental and the
numerical substructure; and (ii) the suppression of the time delay, which is inevitably introduced
by the transfer system (actuators, A/D-D/A converters, etc.). The ﬁrst issue is a typical control
problem, while the second is a problem of prediction.
In this work, a benchmark virtual RTHS is considered, as developed by Silva et al. [3] for
the purpose of comparing various control schemes, this benchmark system virtually models
both the numerical and physical substructures along with the dynamics of the actuation system.
The problem of then developing a controller for the reduction of actuator delay and error can
then be considered in isolation. This study discusses such a control strategy and introduces
an alternative framework for the effective reproduction of reference signals, which is based
exclusively on adaptive signal processing and requires no prior knowledge about the dynamics
of the transfer system, the specimen and their interaction. The controller used is based on the
ﬁltered-X algorithm [7] for adaptive tracking control which has been widely used in signal
processing [8] and previously applied to the problem of control in hybrid simulation [2].
2

THE vRTHS BENCHMARK PROBLEM

The RTHS case study considered herein pertains to the recently published virtual benchmark
problem of Silva et. al [3]. In speciﬁc, we focus on the control plant part of the vRTHS
paradigm, a layout of which is displayed in Fig. 1. Table 2 shows the numerical values of the
parameters, some of which are considered as uncertain that follow the Gaussian distribution
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xR (t) +

α 1 β0
s2 +β1 s+β2
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α2 s

Figure 1: Layout of the control plant (transfer system plus experimental substructure). From left to right, the transfer functions on the upper correspond to the valve, actuator and experimental substructure dynamics, respectively,
while the transfer function on the inner feedback loop corresponds to the control-structure interaction dynamics.
The signals xR (t) and xA (t) refer to the reference and the achieved response of the experimental substructure,
respectively. Adapted from [3].

with the indicated mean and standard deviation.
Parameter
α1 β0
α2
α3
β1
β2
me
ce
ke

Component
Servo-valve
Actuator
Actuator
Servo-valve
Servo-valve
Exp. sub.
Exp. sub.
Exp. sub.

Nominal value
2.13 × 1013
4.23 × 106
3.3
425
10 × 104
29.1
114.6
1.19 × 106

St. dev.
1.3
3.3
3.31 × 103
5 × 104

Units
m Pa/s
m Pa
1/s
1/s
kg
kg/s
N/m

Table 1: Parameter values for the control plant of Fig. 1. From [3].

By applying block diagram algebra on the closed loops of Fig. 1, the transfer function between the reference and the achieved signals, xR (t) and xA (t), respectively, is given by [3]
G(s) =

A5

s5

+ A4

s4

B0
+ A3 s3 + A2 s2 + A1 s + A0

(1)

for
B0
A1
A2
A3
A4
A5

= α1 β0 A0 = ke α3 β2 + α1 β0
= ke α3 β1 + (ke + c3 α3 + α2 )β2
= ke α3 + (ke + c3 α3 + α2 )β1 + (ce + me α3 )β2
= (ke + c3 α3 + α2 ) + (ce + me α3 )β1 + me β2
= ce + me α3 + me β1
= me

(2)

In discretizing Eq. 1 the zero-order hold scheme is applied for Ts = 1 ms, leading to a nominal
digital transfer function of the form
G(z) =

C1 z −1 + C2 z −2 + C3 z −3 + C4 z −4 + C5 z −5
1 + D1 z −1 + D2 z −2 + D3 z −3 + D4 z −4 + D5 z −5
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Figure 2: Frequency response of the analog (G(s)) and digital (G(z)) nominal transfer functions.

with parameters shown in Tab. 2. Notice that G(z) is characterized by unit delay: this is attributed to the fact that the transfer function of the experimental substructure (see Fig. 1) has
displacement as output. In the case of velocity, or acceleration control, this transfer function has
to be modiﬁed accordingly, leading to corresponding zero-delay digital equivalents. In the case
of the displacement, the close resemblance between G(s) and G(z) is conﬁrmed in Figure 2,
where the frequency response of both transfer functions is plotted.
Numerator
Coefﬁcients
Roots
−6
C1 = 5.637 × 10
−21.347
−4
C2 = 1.349 × 10
−2.149
C3 = 3.174 × 10−4 −0.403
C4 = 1.169 × 10−4 −0.041
C5 = 4.226 × 10−6
0

Denominator
Coefﬁcients
Roots
D1 = −4.383
0.953
D2 = 7.878
0.905 ± 0.406j
D3 = −7.239
0.810 ± 0.190j
D4 = 3.394
D5 = −0.649

Table 2: Numerator and denominator coefﬁcients for the nominal digital control plant.

Table 2 shows further the roots of the numerator and denominator polynomials, from where it
is deduced that the control plant is of nonminimum phase. By applying the theory of two-sided
Z-transform, G−1 (z) can be expanded to either a causal, but unstable series, or to a noncausual,
but stable one. The former expansion is obviously unacceptable, as it would lead to control
plant instability. The latter is acceptable, yet this would mean that the inverse controller would
be a predictor. This behaviour is typical for plants having nonminimum phase features [7]. In
such cases, the best practice is to attempt adapting the controller (see next section) to delayed
responses of the control plant. To demonstrate how this is accomplished, assume that G−1 (z)
can be expanded to a convergent (i.e., stable) series as
G−1 (z) = · · · + g2 z −2 + g1 z −1 + g0 + g−1 z 1 + g−2 z 2 + g−3 z 3 + . . .

(4)

If the g−i terms are negligible, then one can discard the noncasual part of the expansion and
obtain a casual, stable inverse transfer function. Since, however, this is usually not the case, a
delay term is added to the signal path, and an inverse ﬁlter of the form
%
&
z −Δ G−1 (z) = z −Δ · · · + g2 z −2 + g1 z −1 + g0 + g−1 z 1 + g−2 z 2 + g−3 z 3 + . . .
(5)
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Figure 3: Graphical representation of the adaptive inverse control process. The hat symbol denotes estimate and
the shadowed boxes indicate copies of the respective forward/inverse adaptive ﬁlters. d[k] is the dither signal.

is estimated online, allowing for more terms of the expansion to be included, using the adaptive
scheme that is outlined next.
3

ADAPTIVE INVERSE CONTROL

Our strategy for adapting an inverse controller to the control plant of Fig. 1 is based on the
work of Dertimanis et. al [2] and it is sketched in Fig. 3. It consists of two successive stages
that are implemented in real-time:
- The forward adaptation stage, where a ﬁnite impulse response (FIR) estimate of the G(z),
Ĝ(z), is estimated.
- The inverse adaptation stage, where a FIR estimate of G−1 (z), Ĝ−1 (z), is made.
When both stages have been successfully executed and convergence has been achieved, the
controller can immediately accept any reference signal for reproduction through the transfer
system.
3.1

Forward adaptation

In view of Fig. 3, the adaptive identiﬁcation of the control plant is achieved though the use
of a “dither” signal, d[k]. Notice that in this stage the weights of the FIR ﬁlter that pertain to
the inverse controller are zero, thus, the reference signal xR [k] does not reach the control plant.
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If simultaneous estimation of forward and inverse ﬁlters is selected, then, as Fig. 3 illustrates,
the plant is excited by both the reference and the dither signals, while forward adaptation is
performed using only the dither one. In any case, the dither signal is usually a realization of a
zero-mean Gaussian white noise process (see the discussion on the effects of training signals in
Dertimanis et. al [9], in order to excite all modes of the control plant up to the Nyquist rate.
The adaptation is carried out using the decorrelated LMS method [10], which combines
improved convergence properties and low computational complexity. At each step, the adaptive
ﬁlter’s output is calculated as
x̂A [k] = gT [k]d[k]
(6)


T
T
gT [k] = g[k, 0] c[k, 1] . . . c[k, ng ] , x[k] =
where g [k] are the ﬁlter coefﬁcients,

d[k] d[k − 1] . . . d[k − ng ] and ng is the order of the ﬁlter. The coefﬁcients are updated by
g[k + 1] = g[k] + μ[k]g[k]

(7)

for a step size μ[k]
μ[k] =

ρe[k]
dT [k]s[k]

(8)

In Eq. 8, ρ is a trimming factor, e[k] = xA [k] − x̂A [k] is the error between the measured and the
predicted signal and s[k] is the ﬁlter gradient, updated by
s[k] = d[k] − α[k]d[k − 1]

(9)

with a[k] denoting the decorrelation coefﬁcient
a[k] =
3.2

dT [k]d[k − 1]
dT [k − 1]d[k − 1]

(10)

Inverse adaptation

The inverse adaptation process, which can be initiated before full convergence of the forward
adaptation has been achieved, is shown at the lower part of Fig. 3. It utilizes a copy of Ĝ(z)
just before the inverse adaption process and attempts to minimize the overall system error,
e.g. the difference between a delayed version of the reference signal and the response of the
control plant. Adaptation is succeeded using the discrete cosine transform-least mean square
(DCT-LMS) ﬁlter [11], which consists of the orthogonalization, the power normalization and
the ﬁltering steps. In the former, the input vector is transformed by the DCT as
ng −1

w[k, i] =

I


QngI (k, )u[k − ], i = 0, 1, . . . , ngI − 1

(11)

=0

with ngI being the order of the inverse ﬁlter and QngI (k, ) the DCT coefﬁcients, which can be
calculated a priori ofﬂine from


#
2
k( + 1/2)π
QngI (k, ) =
, k,  = 0, 1, . . . , ngI − 1
Kk cos
(12)
n gI
n gI
+

for
Kk =

√1 ,
2

k=0

1,

k=0
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The transformed values are accordingly normalized by the square root of their power via
v[k, i] = 

w[k, i]
P [k, i] + 

, i = 0, 1, . . . , ngI

(14)

where  is a small constant and
P [k, i] = P [k − 1, i] + (1 − γ)w2 [k, i], i = 0, 1, . . . , ngI

(15)

and the power update factor γ ∈ (0, 1]. The inverse ﬁlter weights are updated according to
gI [k + 1, i] = gI [k, i] + μe[k]v[k, i], i = 0, 1, . . . , ngI

(16)

where e[k] is the overall system error.
4

IMPLEMENTATION

To validate and assess our control framework, we adopt a realization of the vRTHS problem
that pertains to the ﬁrst partitioning case explained in Silva et. al [3, Tab. 01]. To reduce
high demands on the discretization process and the associated sampling rates, our simulations
are performed at a sampling period Ts = 1 ms, and thus Eq. 1 is sampled at this rate. The
reference signal corresponds to the displacement at the boundary between the numerical and the
“experimental” substructure. During the training phase, it is selected as a zero-mean Gaussian
white noise of variance 10−7 , modulated through a low-pass ﬁlter with a cut–of frequency at
250 Hz, while the dither signal is also zero-mean Gaussian white noise of the same variance.
Our implementation proceeds via the following steps:
- Assign values for the standard parameters and obtain realizations of the uncertain ones [3,
Tab. 02].
- Perform forward adaptation for extracting a FIR estimate of the control plant.
- Upon successful convergence of the forward adaptation path, we lock the weights and we
switch to the inverse adaptation path.
- Finally, when the inverse adaptation path has converged to a FIR estimate of the control
plant’s inverse, we again lock the weights of the inverse and we switch the reference
signal to the one intended for RTHS. The time-series of this signal are obtained from
conducting simulations via the original distributed software code of Silva et. al [3]
It is further mentioned that, after initial investigations, the orders for the forward and inverse
FIR models are kept constant and equal to ng = 300 and ngI = 200, respectively, while the
reference signal’s delay is set to Δ = 100.
Indicative results for one occurrence of the aforementioned steps are expanded over Figs 4–7.
Focusing on the top plot of the ﬁrst, one can clearly observe the underlying adaptation procedure. The adaptive modeling step of the control plant evolves over the ﬁrst 15–20 s (although
convergence has been achieved already from the ﬁrst 1-3 s), in which the reference signal (in
black) is signiﬁcantly larger than the achieved one (in red): this is due to the fact that herein
only the dither signal is involved to the adaptation process. Accordingly, the inverse adaptation
does not show any chattering and/or instabilities, while again convergence is achieved relatively

3900

Thomas Simpson, Vasilis K. Dertimanis, and Eleni N. Chatzi









































Figure 4: Top: evolution of the adaptive inverse control process for a single realization of the uncertain parameters.
Bottom: overall adaptation error.





































Figure 5: Left: zoom of Fig. 4 at the part of the simulation where the RTHS displacement is applied. Right:
Synchonization plot between the reference and the achieved signals.

early (around 50 s the overall error does not essentially reduce anymore. Perhaps a proper adjustment of the DCT-LMS parameters can speed up convergence). When the adaptive inverse
controller is properly adapted to the control plant, the execution of the desired reference signal
follows after a short pause. The quality in the reproduction of the desired displacement is depicted in Fig. 5, from where an excellent synchronization plot between the (delayed) reference
and achieved signals can be observed.
In terms of FIR models, Fig. 6 displays the resulted forward and inverse ﬁlters. The former
succeeds in accurately reproducing the digital impulse response of the control plant (e.g. the
inverse Z-transform of Eq. 3) at the selected order, rendering the adopted deconvolution algorithm quite successful. Regarding the resulted shape of the inverse ﬁlter, with low-valued leading weights, signiﬁcant ones at the middle and negligible trailing values, essentially explains
the effects of Eq. 5 to the process. The convolution of the two resembles a digital impulse, as illustrated in Fig. 7, where the impulse response of the cascaded forward and inverse FIR models
is plotted. Notice that, while the digital impulse does not reach unity, the reproduction of the
reference signal is almost perfect. This is merely due to the ﬂat amplitude of the corresponding
frequency response function at 0 db, over a wide frequency range that reaches up to 100 Hz (the
effective band of most hydraulic actuators used in structural testing).
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Figure 6: Top: true digital impulse response (continuous black curve) of the control plant and adapted FIR model
(red dotted curve). Bottom: adapted FIR model for the inverse of the control plant.
























 



 

Figure 7: Left: Impulse response of the cascaded forward and inverse FIR models. Right: amplitude of the
associated frequency response function.

5

CONCLUSIONS

Adaptive inverse control offers many advantages, compared to conventional control methodologies. Among others, it requires no prior model for the control plant, it is exclusively based on
digital signal processing (thus it is fast), while it retains certain stability and robustness features,
due to the FIR ﬁlters involved. This comes at the cost of somehow increased model orders, the
computational cost of which is, nevertheless very small (in the orders of μs in processors with
typical speciﬁcations). In this respect, our methodology showed quite satisfactory results and
we aim at further investigating its capabilities, by testing its efﬁcacy within the RTHS loop.
6
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Abstract. Optimal sensor placement (OSP) in complex systems implies a configuration that
maximizes the information gain by the sensors. This configuration is identified by maximizing,
with respect to the location of the sensors, an expected utility function on information-based
measures. The resulting multi-dimensional integrals are estimated using asymptotic approximations and sampling techniques. Herein we extend such formulations to be robust to uncertainties in nuisance parameters associated with system and prediction error model conditions,
and environmental variabilities. The nuisance parameters are not inferred from the collected
data but they affect the learning or prediction processes. Robust designs are achieved by maximizing the expected amount of information in the data and minimizing its fluctuation due to
uncertainties in the nuisance parameters. We demonstrate, through a number of examples in
structural dynamics, the capabilities of the proposed OSP framework for model parameter estimation and model response predictions.
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1

INTRODUCTION

Optimal sensor placement (OSP) is an important component for numerous structural engineering applications. OSP aims to maximize the quality of the experimental or observational
data in order to improve models and narrow the uncertainties in their parameters and their predictions for quantities of interest (QoI). Eventually such improved models are used to update
the state of the structure, trace structural deterioration, update structural reliability and safety,
prognose the remaining lifetime of structural components (e.g. fatigue lifetime) and design costeffective maintenance actions. Bayesian OSP framework enables to select the design variables
(type, number and location of sensors) to obtain most informative data to update posterior probability density function (PDFs) of model parameters for the purposes of parameter estimation,
model selection and response prediction.
In this study, we outline a robust Bayesian OSP framework, based on information theory for
parameter estimation and response reconstruction of linear systems. The information gain is
quantified using the Kullback-Leibler divergence (KL-div) between the posterior and prior distribution of the model parameters or the response QoI. The Optimal Experimental Design (OED)
framework is expanded to consider the uncertainties in the nuisance parameters arising from
the variability in structural model parameters, environmental loads or prediction error model
parameters. The nuisance parameters are not included in the parameters inferred by the Bayesian methodology. The utility function, chosen as the expected KL-div over all possible data,
becomes a function of the design variables and the uncertain nuisance parameters. Thus robust
design optimization techniques can be applied to find optimal sensor configurations that maximize the expected information gain and minimize the variability of the information gain over
all possible values of the nuisance parameters. To demonstrate the efficiency of the proposed
method, a simple spring mass chain system is selected.
2

BAYESIAN OPTIMAL EXPERIMENTAL DESIGN

2.1 Bayesian Parameter Estimation and Prediction of Output QoI
We consider a model of a structural system subjected to external loads. We define as
the model parameters that will be estimated using a set of measured data y

RN

y ( ) R N of

output quantities that depend on experimental design variables . The design variables are
related to the sensor configuration (number, type and location of sensors).We define as a set
of nuisance parameters of the system model and/or the external loads that affect the output
quantities of interest but they are not inferred from the available data. These parameters are
related to factors that may be uncertain during the operation of the structure including environmental conditions and modeling assumptions. The values of the output QoI ( g ( ; , ) R N )
are predicted by the structural model at the measured locations, for specific values of the parameter set . These predictions depend on the model structure and the excitations, the sensor
configuration and the nuisance parameters .
The discrepancy between the measurements and the model predictions is expressed as:

y

g( ; , ) e

(1)

where e is due to the model and measurement error. The error e is modeled as a zero-mean
Gaussian vector with covariance

e

( ) RN

N

, where
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the correlation structure of
rameter set

e

( ) . Herein the parameter set

is included in the nuisance pa-

. The Bayesian theorem is applied to estimate the posterior PDF p ( | y, , ) of

nuisance parameters

( ) , given the measured data y and the values of the

, with a prior

the model parameters
.

We introduce an output vector QoI z given by

Ȍ 

z

(2)

where ( , ) R n N has a known structure that depends on and , and is the modeling
error. Herein, for simplicity, a linear relation between the response QoI and the model parameters is assumed. Also, the error is taken to be zero-mean Gaussian distribution with covariance matrix

( s ) R n n . Using the posterior distribution of the model parameters, one can

readily obtain the posterior distribution of the output QoI z as a function of

( , ) and

(s) .
2.2 Bayesian OSP for Parameter Estimation
One of the objectives of an experiment is to maximize the information contained in the data
in order to estimate reliably the parameters of the model or for reliably predicting an output
QoI. The information content of the data is quantified through the utility function chosen as the
information gained by the experiment. The utility function is related to the relative entropy or
the KL-divergence [1] between the prior and posterior PDF of the model parameters or the
output QoI given an outcome y obtained from an experimental design . In the experimental
design phase the data are not available and the expected utility function over all possible outcomes of the experimental data y , is introduced to reflect the usefulness of the experiment in
estimating the model parameters [1] or estimating an output QoI.
Using an asymptotic approximation for large numbers of data and assuming small prediction
error, the expected utility function for model parameter estimation takes the form [2]:
U

,

H

; ,

d

1
ln det Q
2

; ,

(3)

c1

where c1 is constant,
; ,

H

1
N ln 2
2

1

(4)

is the posterior information entropy,
Q

; ,

g

; ,

T

1
e

; ,

g

(5)

; ,

is the posterior covariance matrix approximated by the Fisher information matrix, and
is the covariance of the prior PDF of the model parameters

, with

/

1

,..., /

( )
N

.

The prior PDF provides the necessary information to optimize the sensor configuration in the
case where the Fisher information matrix is ill-conditioned due to insufficient information contained in the data.
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2.3 Bayesian OSP for Response Prediction
The sensor configuration can be optimally designed to provide the highest information gain
for predicting a set of output QoI. Using asymptotic approximation, assuming large number of
data and small prediction error, the expected utility function for predicting output QoI is given
of the posterior uncertainty in the output QoI, in
in terms of the covariance matrix P z ,
the form [3]:

U

1
ln det P z
2

,

, ,

d

(6)

c2

where c2 is constant, P z ( , , ) depends on the sensor location

, the model parameters

be inferred from the data, and the values of the nuisance parameters
uncertain parameter space associated with the model parameters

to

. The integral is over the
. Using (2), the covariance

matrix P ( , , ) of the posterior PDF is expressed as
z

, ,

Pz

where Ȍ 

Ȍ



Q

 

1

1

ȌT

(7)



relate to the sensitivity of the output QoI with respect to the model parameters

.
3

ROBUST OPTIMAL SENSOR PLACEMENT (ROSP)

The OSP should be designed to be robust to uncertainties arising from manufacturing variability, structural conditions not accounted into the modelling, environmental variabilities and
modelling errors. To account for the uncertainties in the nuisance parameters, a robust design
optimization technique is used to find the optimal values of the design variables. This optimal
design is selected to maximize the expected amount of information in the data over all possible
values of the nuisance parameters and also minimize the variability in this information due to
the uncertainty in the values of the nuisance parameters.
The expected utility function U ( , ) depends on the uncertain nuisance parameters .
The respective minimization problem is expressed as

opt

where

arg min J ( )

( )

( )]

(8)

( ) is the expected utility

( )
and

arg min[

E [U ( , )]

U( , )

(9)

( )d

( ) is the standard deviation of the utility
2

( ) E[(U ( , )

( )) 2 ]

[U ( , )

( )]2

( )d

(10)

In this study the value of
in Equation (8) is equal to 1. Equation (8) is equivalent to minimizing the expected information entropy and its variability over all possible values considered
for the nuisance parameters.
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The multi-dimensional integrals in Equations (3) and (6) over the parameter space
and
in Equations (9) and (10) over the uncertain parameter space
can be estimated using Monte
Carlo or Sparse Grid [4] techniques. The optimization of (8) is performed using heuristic sequential sensor placement algorithms to overcome the large computational expense without
sacrificing accuracy [5].
4

NUMERICAL EXAMPLES

We first demonstrate the effectiveness of the proposed ROSP methodology, on a 20 DOFs
spring-mass chain system. The nominal mass and stiffness of each link in the chain are identical
with m 0.085 and k 600 respectively. ROSP results are compared with the deterministic
case.
In the first example, ROSP is performed to estimate the first three stiffness parameters of the
system. Uniform prior PDF for the three stiffness parameters is assumed with lower and upper
bounds taken to be 0.8 and 1.2 times the nominal stiffness values. The analysis is performed
considering the uncertainty in the mass of the system. An uncertain nuisance parameter is assumed for the first mass of the system. The nuisance parameter follows a Gaussian distribution
with mean equal the nominal mass value and standard deviation equal to 10% of the nominal
mass value. Rayleigh damping is assumed with the mass and stiffness coefficients selected so
that they correspond to 2% damping ratio for the first and the fifth mode of the system. The
equations of motion are solved using the state space method for the system subjected to white
noise input at the 20th DOF with 0.05 sec time step. It is assumed that the sensors measure
acceleration time histories.
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Figure 1: Comparison between the robust and deterministic OSP results (left) and the best and worst expected
information entropy values (right) for parameter estimation.

In Figure 1, the optimal sensor locations and the corresponding best and worst (minimum
and maximum) expected information entropy values for the robust and the deterministic cases
are compared. Results are given as a function of the number of sensors. It can be seen that the
expected utilities decrease as the number of sensors increases. The distance between maximum
and minimum expected utility values quantify the information gain that can be achieved using
the ROSP methodology. According to the comparison of deterministic and robust cases, the
optimal sensor configurations and utility values are affected significantly when considering the
uncertainty in the nuisance parameters. The difference in the optimal sensor configuration appears for configurations involving more than two sensors.
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In the second example, OSP is performed for response prediction using a modal expansion
technique [5]. Acceleration sensors at optimal locations are used to reconstruct the acceleration
responses at all DOF of the system. Modal damping is used assuming that only four modes are
contributing to the system dynamic. Robust analysis takes into consideration uncertain boundary conditions. Specifically, the fixity condition of the first link in the chain is assumed to be
uncertain. The degree of fixity is simulated by replacing the base support by a spring. The stiffk , where represents the uncertainty nuisance paness of the added spring is assumed k0
rameter taken as uniform distribution with lower bound 1 (simulating a flexible support) and
upper bound 10 (simulating a fixed support).
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Figure 2: Comparison of the deterministic and robust OSP results throughout the best sensor locations (left) and
the –utility values (right) for response prediction.

Figure 2 compares the deterministic and ROSP results for response prediction. Similar to the
previous example, the information gain is a decreasing function of the number of sensors placed
at their optimal position. The information gain for up to four sensors is significant for both
deterministic and robust cases as the problem is ill-conditioned for less than four sensors. As
observed by the small reduction in the information entropy values as a function of the number
of sensors for more than four sensors, there is no significant information gained for accurate
response prediction purposes from these additional sensors. This result holds for both robust
and deterministic cases. It is also clear from the optimal sensor placement results that the optimal sensor configurations are affected significantly as a result of the uncertainty in the boundary
condition.
5

CONCLUSIONS

We present a novel formulation for robust optimal sensor placement (ROSP) in structural
dynamics by combining utility theory and information-based measures. The optimal sensor
configuration maximizes the expected information gain computed by the KL divergence between prior and posterior distribution of the model parameters or the model predictions of an
output QoI. Robust optimal configuration designs are proposed that take into account uncertainties in nuisance parameters that are not inferred from the data. Such parameters are associated with uncertain model conditions (e.g. boundary conditions), environmental variabilities,
manufacturing variabilities as well as parameters of the prediction error models. The framework
employs asymptotic approximations to simplify the computation of the integrals involved in
the utility function. However, it is readily applicable to estimates of the expected utility functions that are based on full sampling techniques [7-9]. The multi-dimensional integrals involved
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in the robust design optimization technique were estimated using Monte Carlo or sparse grid
methods. The optimization is performed using heuristic sequential sensor placement algorithms
to provide computationally efficient solutions. The effectiveness of the method was demonstrated for a multi-DOF linear spring-mass chain system. The proposed ROSP framework is
general and can be extended to handle nonlinear structural dynamics models. It is also applicable to optimize the experimental design for a wide variety of systems encountered in engineering and applied sciences.
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Abstract. Wind energy is in the forefront of the renewable energy sources and it is expected to
show continuous expansion demanding more efﬁcient design, simulation and production procedures. Nevertheless, with the rise of power ratings and the steep increase in size of the
blades, there is a considerable need for the development of more reliable simulation predictions
with quantiﬁed uncertainties and deeper understanding of the randomness that affects the system. The effect of structural uncertainties and imperfections on the properties of the composite
material used for blades has long been conﬁrmed. Many uncertainties in a wind turbine blade
design relate directly to the uncertainties of material properties. Wind turbine blade models can
rely on tens of thousands of parameters, including geometric, material and layup information.
Some of these parameters can show diverse stochastic behaviours, which may impact prediction capacity, but are not easily included in an uncertainty study. Requirements for simulation
accuracy and precision continue to intensify, together with the performance requirements. Uncertainty quantiﬁcation is an important step towards an optimised structural design, i.e. it is
important to analyse both data and model results to understand limitations of current modelling
and data variability making informed decisions. This article shows the application of a nonintrusive uncertainty quantiﬁcation framework to the structural model of a wind turbine blade,
considering the main material property parameters as randomly-distributed inputs. The effects
of these uncertainties and sensitivities of these parameters are investigated for stiffness distribution, mass and center of gravity (CG) of the blade and for their effect on the static deﬂection
test. The numerical results are compared with experimental test data for validation.
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1

INTRODUCTION

The blades of a wind turbine are constructed by combining different composite materials including glass and carbon ﬁbre reinforced polymers with different ﬁbre orientation - and a core
material (typically wood or foam). The blades are required to withstand a diverse range of loads,
while maintaining their aerodynamic proﬁle and have a useful life of 20 years or more. These
requirements mean that every aspect of their design, installation, operation and maintenance
must be optimised.
Structural performance can be directly affected by uncertainties associated with models,
making it harder to specify resistance and loadings. The conventional design approach has
been to adopt characteristic values and safety factors to compensate for structural variations
resulting from the production process. However, probabilistic analysis permits a more rigorous quantiﬁcation of the various uncertainties, and ultimately will facilitate a more efﬁcient
design. Quantifying the conﬁdence and predictive accuracy of model calculations is a necessary step toward model veriﬁcation and validation (V&V); this is an enabling methodology for
the development of computational models that can be used to make predictions with quantiﬁed
conﬁdence [1].
Uncertainty quantiﬁcation (UQ) in wind applications (turbine models, wind forecasting, energy production) is still a young research theme, but the presence of uncertainties in wind turbine outputs, lifetimes, and failure probabilities leads to a conservative philosophy with high
safety factors. Blades can be improved by using a probabilistic approach to design in which the
effects of uncertainties are understood and quantiﬁed [2].
This paper describes the application of a UQ framework based on Monte Carlo simulation
of a structural model of a wind turbine blade. The quantities of interest are the blade stiffness
distribution, mass and centre of gravity (CG) location and static deﬂection under a speciﬁc
loading. The material properties of the three main types of laminates used in the blade have
been characterised as random inputs whose uncertainties are propagated to the QoIs (quantity of
interest). A Gaussian process emulator is used to conduct sensitivity analysis on the parameters.
Monte Carlo simulation with Latin Hypercube (MC-LHS) sampling is used for UQ. Results are
validated against experimental data.
2
2.1

MODEL
Blade structural model

The cross-sectional model used in this study is based on the formulations of Krenk and
Jeppesen [3]; utilising a line mesh in the calculation of the structural features, the torsion and
shear properties of the cross-sections are formulated within a ﬁnite element method (FEM)
with the warping function as unknown. The cross section is divided into straight elements with
uniform trapezoidal thickness. Every component is simpliﬁed and lumped into a thin-walled
shell structure with the help of so-called superelements. The Crs (cross-sectional) model also
calculates the sectional mass by summing the contribution of each layer of the laminate. The
calculation is repeated for each cross section throughout the blade (Fig.1) along the blade span.
The blade’s stiffness can be seen in Fig.2, normalised by the maximum value.
The QoIs for this study are the distributions of stiffness in ﬂapwise (EIY ), edgewise (EIX )
and torsional (GIZ ) directions, based on the blade reference frame shown in Fig. 1A. The
model combines information from geometry, ply deﬁnition, layup and materials properties to
calculate geometric and structural properties, mass and stiffness distributions. Elastic moduli
are termed in accordance with a material coordinate system seen in Fig. 1B, where the 1-
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direction corresponds to the 0◦ ﬁbre direction.

Figure 1: Reference system for wind turbine blade and material properties.

Figure 2: Wind Turbine Blade stiffness distribution - Deterministic results.

The blade layup is important information because, as can be seen in Fig.3 where it is plotted
for normalised blade length X [%], there are substantial differences of composition along the
blade. The blade studied in this paper has two main laminate types:
• UD: Unidirectional laminate
• BIAX: Bi-directional laminate
Results will show that the type and quantity of laminate used for speciﬁc regions of the blade
have different impacts on the responses, meaning also that a few material properties have a
much bigger inﬂuence in some model outputs than others.
2.2

Blade static deﬂection test

The blades are often considered the most critical structural component of the turbine. Therefore, safety standards require full-scale testing for every prototype and after major design
changes. Overall, full-scale tests are seen as a ﬁnal design veriﬁcation with the following objectives:
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Figure 3: Wind turbine blade layup.

• validate assumptions;
• identify relevant failure modes;
• identify manufacturing details prone to damage initiation.
Requirements for blade testing are part of international standards (e.g. IEC-61400-23 and DNV
GL-ST-0376) which manufacturers are required to comply with. The scope for certiﬁcation
static bending test (section 4.9 on [4]) involves (but is not limited to) testing in:
• positive ﬂapwise direction (from pressure side to suction side);
• negative ﬂapwise direction (from suction side to pressure side);
• positive edgewise direction (from trailing edge to leading edge);
• negative edgewise direction (from leading edge to trailing edge).
The blade static deﬂection test described in this section is not part of a certiﬁcation campaign;
it is a quality control test whose goal is to check whether the blade can withstand extreme load
cases and gives evidence that the blade is neither too stiff nor too ﬂexible. It is a way to evaluate
blades per tolerance thresholds. The test setup consists of the blade supported at the root section
and at midspan subjected to a negative ﬂapwise load close to the tip. The blade is essentially
kept in rigid-body statics due to its own weight pushing it on the supports.
The setup is illustrated by a 3D model in Fig. 4 together with the ﬁnite element model used
to simulate the test. This model is based on the lengthwise stiffness distribution of the blade
(which is characterised by the Crs model). Data from static deﬂection tests of 34 blades of the
same type subjected to the same load will be compared in the UQ results.
3

RANDOM INPUT CHARACTERISATION

The characterisation of the uncertain inputs of an UQ problem is of utmost importance because poor input models will have a large effect on the interpretation of the uncertainty behaviour of the system. Bigoni [5] deﬁnes three main approaches to the probability distribution
estimation of inputs:
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Figure 4: Wind Turbine Blade static test: Setup and ﬁnite element model.

• Assumption: probability distributions for the parameters are deﬁned relying on experience and wisdom.
• Inference: the probability distributions are reconstructed using measurements of the quantity of interest.
• Measurement: measurements of the parameters are carried out, and probability distributions are ﬁtted to these experiments.
The last approach is always preferred, but it is seldom available. The costs, effort and time
necessary to characterise random parameters by experiments (that have to be repeated, generating enough samples to have a good ﬁt) are usually too high.
The access to Siemens Gamesa Renewable Energy’s material test database allowed this study
to be conducted with experimental data for the estimation of material property probability distributions.
In this study the random variables are the material properties (Table 1) of the two main types
of glass-ﬁbre reinforcements (BIAX and UD) used in the blades. Fig. 3 shows the evolution of
composition of the blade along its length.
Property
E11
E22
E33
G12
G13
G23
ρ
t

Description
Modulus of elasticity in direction 1 [Pa]
Modulus of elasticity in direction 2 [Pa]
Modulus of elasticity in direction 3 [Pa]
In-plane shear modulus of elasticity [Pa]
Out-of-plane shear modulus of elasticity [Pa]
Out-of-plane shear modulus of elasticity [Pa]
Laminate density [Kg m3 ]
Laminate thickness [m]
Table 1: Laminate main material properties.

The material stiffness and strength for the glass-ﬁbre laminates are determined from material testing of actual ﬁbre-resin and core materials that are representative of the production
blade laminates and sandwich conﬁgurations. Testing for each material property is carried out
according to the relevant standard [6]. For each type of laminate, the main material properties
were considered as random input parameters (Table 1). The nominal values and coefﬁcient of
variation were used to ﬁt pdf to these inputs. The number of samples and coefﬁcient of variation
for each property, are presented at Table 2. The Gaussian distribution was used for all variables
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so that the differential entropy is maximized for a given variance [7], which means this is the
distribution with least assumptions and can be ﬁtted only with information of variance and mean
values.
Property
E11
E22
E33
ρ

CoV %
4
4
4
0.6

Property
E11
E22
E33
ρ

CoV %
3
5
5
0.6

BIAX
# test Property
15
G12
15
G13
15
G23
27
t
UD
# test Property
15
G12
15
G13
15
G23
9
t

CoV %
3
3
3
2

# test
30
5
5
27

CoV %
3
3
3
3

# test
15
15
15
9

Table 2: Materials properties experimental CoV.

Latin Hypercube Sampling (LHS) is widely used in Monte Carlo simulations as a way to
improve accuracy and computational cost. LHS is a method to generate controlled random
samples, the idea is to take the sampling point distribution close to the probability density
function (pdf). It involves dividing the cumulative density function (cdf) into n equal partitions
and then sampling a speciﬁed number of random data points in each partition. A MC-LHS
(Monte Carlo with Latin Hypercube Sampling) was implemented for the materials properties
previously deﬁned by ﬁtting pdfs to the coupon testing data and LHS from these pdfs. The ﬁtted
pdfs and the histogram of the LHS UD properties realisations can be seen in Fig. 5.

Figure 5: pdfs and histogram of UD random properties realisations from MC-LHS.

4

SENSITIVITY ANALYSIS

The software GEM-SA (Gaussian Emulator Machine - Sensitivity Analysis [8]), was used
to calculate the main effects and total effects for each parameter. The emulator can be seen as
a model of the model. The physics based model is treated as an unknown function, with the
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possible ranges of the input parameters speciﬁed by probability distributions. Assuming this
model is a smooth function of its inputs, then a response surface can be ﬁtted to the training
data using a least squares regression and the output can be estimated for any set of inputs, faster
than using the physics based simulation. Details for this procedure are found in [9].
The emulator was trained using an LHS with 100 realisations of the deterministic code. This
study relies on the following assumptions:
• No correlation between random variables (i.e. all properties were considered to be independent).
• No uncertainties in the geometry of the blade were considered.
• The CG and mass were assumed to be dependent exclusively on the density and thickness
of the laminate.
• The static deﬂection was assumed to be dependent exclusively on the laminate’s moduli.
Figs.6A and B show the contribution of the input parameters on the blade mass and CoG,
respectively. As shown, the thickness of the UD is the most inﬂuential parameter both in the
blade mass and in the blade CG.

Figure 6: Blade mass, CG and static deﬂection sensitivity analysis - main effect.

Fig.6C shows the contribution of the material stiffness in the blade static deﬂection. The
E11 of the UD dominates the variance of the static deﬂection test. This is coherent since the
UD is the major laminate type in the spar cap, which is the substructure responsible for the
ﬂapwise blade stiffness. It is worth highlighting that the variation of the input parameters is
limited (around 3 to 5%, shown in Table 2). In Table 3, the contributions can be seen for the
main properties in each case: CG, mass and static deﬂection. The other parameters would need
bigger variations to have a signiﬁcant effect in the blade deﬂection.
5

UNCERTAINTY QUANTIFICATION

Monte Carlo (MC) simulation is the most applied methodology for uncertainty propagation,
due to its straight forward implementation and non-intrusiveness to the deterministic model. It
can be summarised in three steps:
1. construct probability density function (pdfs) for all random inputs independently
2. randomly sample from all the pdfs
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Property
ρ UD
ρ BIAX
t UD
t BIAX

Variance contribution (%)
CG Mass Property
5.04 8.93
E11 UD
0.3 0.8
E11 BIAX
92.6 88.3
E22 UD
2.1 2.0
E22 BIAX

Static Def
98.8
1.2
0.0
0.0

Table 3: Variance contribution - Sensitivity analysis.

3. evaluate the deterministic model
4. use the collection of realisations to compute relevant statistics of the quantity of interest
Even though the sensitivity analysis was dominated by few parameters, the MC simulation for
CG, mass and static deﬂection were performed with the whole set of material properties of the
laminates. The reason is because there could be cross-over effects between different parameters
that could bring them to more relevance that might not be captured by the emulator.
MC results and ﬁtted pdfs for experimental data can be seen in Figs. 7A, 7B and 8 for mass,
CG, stiffness distribution and static deﬂection, respectively.
A total of 3000 realisations of the deterministic model were used on the MC simulation. The
results are normalised by the experimental mean value. Table 4 shows the statistical moments
for MC and experimental data.

Figure 7: Blade mass and CG: Experimental and MC-LHS.

Deﬂec.
Mass
CG

Experimental
μ (%) σ (%)
100.0 2.2
100.0 0.9
100.0 0.5

MC-LHS
μ (%) σ (%)
99.9
3.0
101.7 0.9
100.3 0.5

Table 4: Results summary: Mean values and standard deviation for experimental data and MC-LHS.
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Figure 8: Blade stiffness distribution C.I. for normalised blade length and static deﬂection pdf .

6

DISCUSSION

The results for the UQ in the static deﬂection test can be given a high conﬁdence as the
deterministic model is accurate and the pdfs for both UQ and experimental data are in good
agreement. Probabilistic simulations are heavily reliant of random input characterisation. Even
though material properties are not highly uncertain (CoV of 3 - 5%) there is still a considerable
effect on the blade, which can be mostly seen in the ﬂapwise stiffness (whilst the torsional
stiffness is the least affected).
Comparison of the UQ results with experimental data test, showed the resulting variation
of mass, CG location and static deﬂection can be reasonably explained by the uncertainties
in the material properties of the 2 most used laminate types in the blade. The same order of
variation is seen both in simulation and test data. The fact that the uncertainty in the E11 of the
UD laminate (CoV 3 %) is of the same order of the CoV in the static deﬂection test supports
the Gaussian process sensitivity analysis results that it dominates the uncertainty (98.8% of
variance contribution) and that the static deﬂection test can be accurately simulated by a beam
model based on the blade stiffness distribution.
Mass and CG location present the same CoV for test data and MC simulations, although
there is a small bias on the mean values. Under the current assumptions (section 4), this is a
strong evidence that the uncertainty characterisation of the inputs (section 3) is representative
of the blade production. Furthermore, this information is useful to update the model and have
an even better numerical representation of the structure.
7

CONCLUSIONS

The present paper has investigated the effect of material properties uncertainties on the stiffness, mass and CG location as well as on static deﬂection of a wind turbine blade. The material
properties were characterised by coupon testing statistical data. It is assumed that the uncertainty of these parameters can be modelled with a ﬁtted normal distribution. In order to investigate combined effects on the stiffness and mass distribution, the parameters are simultaneously
varied by means of LHS and the sensitivity described by means of a Gaussian emulator.
The material properties are not the only source of uncertainty in the characterisation of a
wind turbine blade model. Still, the present study of propagating uncertainties in the materials
properties of the blade is important because it shows that small uncertainties in these parameters
have actually measurable effect on the characteristics of the blade.
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It is also important to extend the uncertainties sources considered because blade stiffness,
mass and CG can directly inﬂuence turbine loads and operation. Therefore, it is a natural step
to extend the UQ framework to the turbine simulation, in order to have a best estimate of the
impact uncertainties can have in the turbine in addition to other types of uncertainties (e.g.
uncertainty in environmental parameters).
8
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Abstract. In order to analyze the influence of surface soil loading on the safety performance
of buried pipelines, based on the non-linear contact model, the pipe-soil interaction model
under the action of surface soil loading is established by using the finite element software
ANSYS. Then, based on the PDS module of ANSYS probability design, the sensitivity values of
the four parameters of surcharge height H, soil density ρ, elastic modulus E and Poisson's
ratio μ to the maximum Von Mises stress σmax and horizontal maximum displacement xmax of
the pipeline are analyzed. The results show that for σmax, with the increase of ρ, σmax increases
significantly; with the increase of H, σmax increases; with the increase of μ and E, σmax decreases. For xmax, increasing ρ, xmax decreases significantly; increasing μ, xmax increases; increasing E and H, xmax decreases. It shows that the soil density has a great influence on the
stress and displacement of the buried pipeline. The research results have certain engineering
significance for the safety protection during the construction of buried pipelines.
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1

INTRODUCTION

Pipeline transportation is a safe and convenient way to transport resources. After the pipeline has been completed and put into operation, due to the influence of natural and human factors in the pipeline area, the external conditions will inevitably change, such as the surcharge
phenomenon near the pipeline is very common. Surface surcharge causes pipeline deformation and stress change. When the stress and deformation exceed the pipeline's bearing
range, the pipeline will fail and cause disastrous damage and accidents. Therefore, the study
of the effect of surcharge on buried pipelines has an important guiding role and engineering
value for ensuring the safe operation of pipeline engineering.
Because the model test is limited by the field conditions, more and more experts and scholars around the world use analytical method and finite element method to study the influence
of surface surcharge on the mechanical properties of buried pipelines. Trichey [1] used finite
element method to study the dynamic response of buried pipelines under the circular uniform
load. Han et al [2] studied the effect of surface load on the mechanical properties of buried
pipelines in hard rock area by establishing a three-dimensional numerical model of pipe-soil
coupling. Li and Ding [3] established the calculation theory of pipe shear, bending moment
and deformation, and obtained the quantitative evaluation method for the influence degree of
the adjacent building load on underground pipelines. Li et al [4] established a threedimensional pipe-soil interaction model to study the influence of the location and size of surface surcharge on the displacement, stress and ellipticity of pipelines. Shuai et al [5] analyzed
the effect of loads on stress and strain of buried pipelines by establishing three-dimensional
finite element model. Wang et al [6] comprehensively analyzed the mechanical parameters of
buried pipelines through theoretical calculation and test, and studied the safety performance of
buried natural gas pipelines under the heavy vehicle load.
For the analysis of the safety performance of buried pipelines under surcharge loading,
previous studies have adopted deterministic analysis method, and a large number of trial calculations have been carried out to analyze the variation of displacement and stress of buried
pipelines by changing the influencing factors several times. It is difficult for this method to
consider the influence degree on the pipeline safety performance when a factor changes continuously, and when the influence factors increase, it cannot distinguish the contribution of
each factor to the influence degree on the pipeline safety performance, so there is blindness in
the analysis. In view of this, this paper chooses the surcharge height and characteristics (including the soil density, elasticity modulus and Poisson's ratio) as random variables, calculates the sensitivity of random parameters to pipeline safety performance by using ANSYSPDS random analysis module, and obtains the correlation between parameters and the pipeline safety performance.
2

MECHANICAL MODEL AND CALCULATION PARAMETERS

The normal buried depth of the raw water steel pipe is about 2 meters, and the surface slag
heaped load is about 2 meters high. The pipe is covered along the axis of the pipe, and its
transverse width is about 12 meters, which is symmetrical to the center of the pipe. Steel tube
diameter D=2.4m, wall thickness d=18mm, material elastic modulus E=2.1×1011Pa, Poisson's
ratio u=0.3, mass density ρ=7800kg/m3.
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3
3.1

FAILURE CRITERION OF BURIED PIPELINE
Strength checking standard

Because of the complex stress state of pipelines, Von Mises yield condition is often used to
check the strength of pipelines. That is, when the maximum deformation ratio of pipelines
reaches a certain value, the yield occurs [7]. The expression is as follows:
V VonMises

1ª
V1  V 2
2¬

2

 V2 V3

2

2
 V 3  V 1 º  MV s
¼

(1)

where σ1, σ2, σ3 are the first, second and third principal stresses, M is the design factor and σs
is the yield stress of the pipe.
3.2

Stability check standard

The ratio of the maximum horizontal deformation 'x to the diameter D of the pipeline is
defined as ellipticity 'T . When the 'T is greater than 3%, the section of the pipeline will lose
stability [8].
'x
'T
(2)
D
In this paper, the maximum Von Mises stress and horizontal maximum displacement of the
pipeline are taken as the output variables to measure the safety performance of the buried
pipeline.
4
4.1

ESTABLISHMENT AND SOLUTION OF FINITE ELEMENT MODEL
Constitutive model

The material nonlinearity should be considered in the analysis of the pipeline limit state. In
this paper, the stress-strain relationship curve of three-fold line is chosen as the constitutive
model of the pipeline. For soil constitutive model, Drucker-Prager material is used to simulate
soil medium in ANSYS geotechnical finite element analysis.
4.2

Pipe-soil interaction model

In the modeling process of pipe, the commonly used models of pipe-soil interaction are
elastic foundation beam model, soil spring model and non-linear contact model [9]. Compared
with the non-linear contact model, the elastic foundation beam model and the soil spring
model are simpler in calculation, but there are a lot of simplifications, which cannot better
simulate the contact non-linear and non-linear friction between pipe and soil. Therefore, based
on the non-linear contact model and the finite element software ANSYS, the pipe is regarded
as a rigid body and the soil is regarded as a flexible body. A two-dimensional rigid-flexible
surface contact is established to simulate the interaction between pipe and soil. The finite element model is shown in Figure 1.

3923

Zhiqiang Wang and Zhenyu Lei

Figure 1: Schematic diagram of the finite element model.

4.3

Solution of finite element model

The displacement nephograms and equivalent stress nephograms of soil and pipeline can
be obtained by solving the above finite element model, as shown in Figure 2.

(a) X direction displacement of soil

(b) Y direction displacement of soil

(c) X direction displacement of pipe

(d) Y direction displacement of pipe
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(e) Equivalent stress of soil

(f) Equivalent stress of pipe

Figure 2: Displacement and stress nephograms of soil and pipeline.

Based on the finite element model of pipe-soil interaction, the sensitivity analysis of the
pipeline safety performance is carried out below.
5

SENSITIVITY ANALYSIS OF SAFETY PERFORMANCE

ANSYS PDS module [10] is designed based on the probability of finite element method,
which can be used to study the influence of uncertain factors on the pipeline safety performance. In this module, Monte-Carlo method is used to simulate random parameters [11]. In
the analysis, the random variables are parameterized, so that the random parameters can be
randomly selected according to their probability distribution in a limited range. Finally, the
response values of stress and displacement of pipelines can be obtained by calculation.
In this paper, four parameters of surcharge height H and characteristics of surcharge soil
(including soil density ρ, elastic modulus E and Poisson's ratio μ) are taken as random input
variables, without considering the correlation among variables, and all variables obey truncated normal distribution. The random distribution and eigenvalues are shown in Table 1.
Variable
H/m
ρ/103 kg/m3
E/ MPa
μ

Mean
2
1.80
12.24
0.3

Standard deviation
0.01
0.09
0.612
0.015

Minimum limit
1.97
1.53
10.404
0.255

Maximum limit
2.03
2.07
14.076
0.345

Table 1: Statistical characteristics of random input variables.

5.1

Sensitivity analysis based on Spearman rank correlation coefficient

Sensitivity analysis is a method to evaluate the variation rate of structural response characteristics due to random parameter changing. It can be used to analyse the influence degree of
random factors on structural response values [12-15]. Refer to literatures [16-18] for more
cases related to this method.
The Spearman rank correlation coefficient is an important method for studying the correlation between test variables in nonparametric statistics and its sensitivity is expressed by the
rank correlation coefficient. If the coefficient is close to -1 or 1, the input variable is considered to have a large influence on the output variable. If the calculated coefficient approaches 0,
the effect is considered to be small. At the same time, if the coefficient is positive, it means
that the output variable value increases with the increase of the input variable value; if the coefficient is negative, it means that the output variable value decreases with the increase of the
input variable value.
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5.2

Sensitivity calculation results

ANSYS-PDS module is used for sensitivity analysis. Monte-Carlo method and Latin hypercube method are adopted as probability analysis methods. The number n of cycles is set as
800, and the mean trend charts of σmax and xmax are obtained as shown in Figure 3. With the
increase of sampling times, the width of the confidence interval decreases, and the sampling
mean approaches to the level, which indicate that 800 sampling times are enough.

(a) The maximum Von Mises stress σmax

(b) The horizontal maximum displacement xmax

Figure 3: Average trend charts of σmax and xmax.

The sensitivity values of σmax and xmax to each random variable are shown in Table 2. According to the analysis data, the most significant influence on the maximum Von Mises stress
σmax of the pipeline is the density ρ of surcharge soil, which is 0.993, followed by the height H
of surcharge soil, Poisson's ratio μ, and elastic modulus E of soil, which are 0.063, -0.021 and
-0.017. The most significant influence on the maximum horizontal displacement xmax of the
pipeline is the soil density ρ as well, which is -0.976, followed by elastic modulus E, height H
and Poisson's ratio μ, which are -0.140, -0.073 and 0.025. Further analysis of the scatter plots
shown in Figures 4 and 5 shows that with the increase of ρ, σmax increases significantly; with
the increase of H, σmax increases; with the increase of μ and E, σmax decreases; for the maximum horizontal displacement xmax of the pipeline, with the increase of ρ, xmax decreases significantly, with the increase of μ , xmax increases, with the increase of E and H, xmax decreases.
It shows that the soil density has a great influence on the stress and displacement of the buried
pipeline.

σmax
xmax

H
0.063
-0.073

ρ
0.993
-0.976

E
-0.017
-0.140

Table 2: Sensitivity values of σmax and xmax.
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(a) Soil density ρ

(b) Surcharge height H

(c) Poisson's ratio μ

(d) Elastic modulus E

Figure 4: Scatter diagrams of input variables and σmax.

(a) Soil density ρ

(b) Elastic modulus E
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(c) Surcharge height H

(d) Poisson's ratio μ

Figure 5: Scatter diagrams of input variables and xmax.

6

CONCLUSIONS

Based on the non-linear contact model, the pipe-soil interaction model of the buried pipeline under soil surcharge is established by using the finite element software ANSYS. Then,
based on the ANSYS PDS module, the sensitivity values of the four parameters of surcharge
height H and the characteristics of surcharge soil (including soil density ρ, elastic modulus E
and Poisson's ratio μ) to the maximum Von Mises stress σmax and the maximum horizontal
displacement xmax of the pipeline are analyzed. The results show that the effect of soil surcharge on buried pipelines cannot be ignored.
(1) According to the sensitivity calculation results, for the maximum Von Mises stress σmax
of the pipeline, with the increase of ρ, σmax increases significantly; with the increase of H, σmax
increases; with the increase of E and μ, σmax decreases. The results show that the density of
surcharge soil has the greatest influence on the stress of pipelines, while the elastic modulus
of soil has the least influence on that.
(2) For the maximum horizontal displacement xmax of the pipeline, with the increase of ρ,
xmax decreases significantly, with the increase of μ, xmax increases, with the increase of E and
H, xmax decreases. It shows that the density of soil has the greatest influence on the horizontal
displacement of the pipeline, while the Poisson's ratio of soil has less influence than other parameters.
(3) By the stochastic finite element analysis of the corresponding parameters of surcharge
soil, it is easy to know which parameters are most sensitive to the pipeline stress and displacement, so that these parameters can be applied or prevented purposefully in engineering
practice. The research results can provide some references for the construction and safety protection of buried pipelines.
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Abstract. A clear definition of increments and differentials in the case of fractional differential equations enforced by white noise processes is of fundamental importance for the probabilistic characterization of the response process. In this paper it is shown that the increments
for equations of the kind ( Dα X ) (t ) = W (t ) where α is the order of fractional derivative and
W (t ) is a white noise process, strictly depend on the order of the fractional derivative at

hand. It is shown that increments may be of order dt (
as α = 2 and so on.

α −1 2 )
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1

INTRODUCTION

In the stochastic dynamics of classical nonlinear systems, the Ito calculus is usually adopted [1-6]. In particular, dealing with the differential equation of systems enforced by normal
white noise processes, the differential of the response in Ito form is
dX (t ) = f ( X , t )dt + dB( t ) , where B (t ) is the Brownian motion process whose formal derivative is the white noise. The r.h.s. of the previous equation is composed by two terms: the first
one ( f ( X , t )dt ) is an infinitesimal of order dt , while the second ( dB (t ) ) is an infinitesimal
of order dt1 2 [7-16]. This vision opens the way to the Ito calculus and gives a whole scenario
for the complete characterization of the response process X ( t ) in probabilistic setting. Such a
clear vision disappears for nonlinear fractional differential equations of the kind
( Dα X ) (t ) = f ( X , t ) + W (t ) , where the symbol ( Dα X ) (t ) is the fractional derivative of order

α of the response process X (t ) and W (t ) is the white noise. For such an equation, the pre-

sent state in the generic time t depends on the entire past history and thus the Ito form of the
latter equation has not been defined in the past. This paper aims to give an insight on this fundamental matter. The question will be posed by making a distinction between increments and
differentials in evaluating the response in presence of very irregular processes like white noise
or, equivalently, Brownian motion processes.

2

PRELIMINARIES

In this section some concepts of Itô stochastic differential calculus [17] and of fractional
differential equations [18] are reported for clarity’s sake as well as for introducing the fundamental concepts to explain the difficulty involved in extending Itô calculus for fractional differential equations.

2.1

Itô calculus

Let the differential equation of a nonlinear system under normal white noise W ( t ) be given
as:

X (t ) + f ( X , t ) = W (t )

(1)

where X (t ) is the response process and f ( X , t ) is a nonlinear function of X (t ) . As W (t ) is
a normal white noise, eq.(1) may be rewritten in Itô form as follows:
dX (t ) + f ( X , t ) = dB (t )

(2)

where B (t ) is the so called Brownian motion process having independent increments and
characterized in probabilistic settings by:
E [dB (t )] = 0;
E [dB (t1 )dB (t2 )] = 0; ∀t1 ≠ t2
E [dB (t ) ] = qdt
k

k
2

(3)

(4)

E [dB (t ) 2 ] = qdt

where E[<] means ensemble average.
The process B ( t ) is nowhere differentiable, q is the strength of the white noise process. From
eq. (4) it may be stated that dB (t ) is an infinitesimal of order dt1/2. This produces in the clas-
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sical rule of differentiation of a composite function Ψ ( X , t ) twice differentiable on X and
continuously differentiable on t , the following rule
d Ψ( X , t ) =

∂Ψ ( X , t )
∂Ψ ( X , t )
1 ∂ 2 Ψ( X , t )
2
dt +
dX +
( dX )
2
2
∂t
∂x
∂x

(5)

where the extra term involving the second order derivative of Ψ ( X , t ) is present since ( dX )

2

is of order dt and thus it may be not neglected. Eq. (5) is known as the Itô differential rule,
and by properly selecting the trial function Ψ ( X , t ) the various equations ruling the evolution
of X (t ) in probabilistic setting may be readily found. An example of this is given by selecting
that Ψ( X , t ) = X k , the equations in terms of statistical moments can be obtained; by selecting

that Ψ( X , t ) = exp ( iθ X ) where θ is a real parameter, the equation of the characteristic func-

tion is readily found, the inverse Fourier transform of this equation returns the renowned Fokker-Plank (FPK) equation. Now the question is; if in eq. (1) the first order derivative is
substituted by a fractional derivative of order α ∈ \ + how can the stochastic analysis be performed? In the authors’ opinion the main key to correctly answering this question is found by
coming back to eq. (1), and by considering the various sample functions of W ( t ) as an approximation by subdividing the time axis into small intervals of equal length Δt as shown in
fig. (1a). The sample functions of W ( t ) are considered as a step wise function, and in the k-th
interval the amplitude is N k q Δt where N k is a normal random variable with zero mean
and unitary variance. The random variables N k are independent of each another and thus

E[ N r N s ] = δ rs q Δt where δ rs is the Kronecker delta. In fig. (1.a) the j-th sample function is
labeled as W ( j ) (t ) .

Figure 1 : j-th sample function of white noise (Fig.1a) and the correspondent Brownian motion (Fig.1b)

The correspondent sample function of the Brownian motion labeled as B ( j ) (t ) , is depicted in
fig. (1b). As tk − tk −1 = Δt → 0 the approximations of W ( j ) (t ) and B ( j ) (t ) revert to the true jth sample function of the white noise process and the correspondent j-th sample function of
the Brownian motion process respectively.

3

FRACTIONAL DIFFERENTIAL EQUATION

Let us now suppose that the first order derivative is substituted by ( Dα X ) (t ) , that is:

( D X ) ( t ) = − f ( X , t ) + W (t )
α
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where the symbol ( Dα X ) (t ) stands for Riemann-Liouville fractional derivative defined as:

( Dα X ) ( t ) =

1
§d·
¨ ¸
Γ(n − α ) © dt ¹

n t

³ (t − τ )

n −α −1

X (τ )dτ

(7)

0

where n − 1 is the integer part of α . The inverse operator of the fractional derivative is the so
called Riemann-Liouville fractional integral defined as:
t

( I X ) (t ) = Γ(1α ) ³ (t − τ )α −1 X (τ )dτ ; α ∈ \ +
0
α

(8)

∞

where Γ(<) is the Euler Gamma function ( Γ(α ) = ³ e − t t α −1dt ) that is the interpolating of the
0

factorial.
In order to understand the problem at hand, namely, finding the characterization of X (t ) in a
probabilistic setting we suppose that f ( X , t ) = 0 .
Eq. (6) is rewritten as:

°( Dα X ) (t ) = W (t )
®
X (0) = 0
°̄

(9)

In particular, the above equation for 0 ≤ α ≤ 1 rules the evolution of a quiescent viscoelastic
bar under a white noise process. We start by assuming that the sample functions of W ( t ) are
approximated as in fig. (1a). In this figure an approximation of the white noise is depicted.
The j-th sample function is represented as a stepwise function. As aforementioned, the amplitude of each step is N k( j ) q Δt where N k( j ) is the j-th realization of a normal standard variable (zero mean and unit variance). As Δt → 0 the band limited white noise reverts into a true
white noise. Then by assuming that the system is quiescent at t = 0 , the j-th sample function
of X (t ) labelled as X ( j ) (t ) , correspondent to the j-th sample function of W ( j ) (t ) , is the Riemann-Liouville integral of the white noise is given as [19]

X

( j)
m

Δt α
=
Vm (α )Wm( j ) ; α ∈ \ +
Γ(1 + α )

(10)

where X m( j ) is the vector collecting X ( j ) (tk ) = X k( j ) ; k = 1, 2,..., m

X m( j )T = [ X 1( j )

X 2( j ) ! X m( j ) ].

(11)

Wm( j ) is the m - vector of the amplitudes of the white noise represented in fig. (1a), namely:
1

( j )T
m

W

§ q ·2
= ¨ ¸ ª¬ N1( j )
© Δt ¹

N 2( j ) ! N m( j ) º¼

and Vm (α ) is a lower band triangular strip matrix defined [19]
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0 º
"
ª ω1 (α ) 0
« ω (α ) %
%
# »
2
«
»
Vm (α ) =
%
%
0 »
« #
«
»
¬ωm (α ) " ω2 (α ) ω1 (α ) ¼

(13)

α

where ωk (α ) = k α − ( k − 1) . Eq. (10) gives the exact solution for the step wise representation
of the white noise process.
It is worth noting at this point that a very similar representation of the Riemann-Liouville
fractional integral is proposed by Grünwald-Letnikov [18], this representation implicitly assumes that the function at hand is continuous and differentiable up to the order ( n − 1) . Since
this condition for W ( t ) is violated owing to it’s totally discontinuous the use of eq. (10) with
Vm (α ) defined in eq. (13) and of W (t ) depicted in fig. (1a) is mandatory. Eq. (10) remains
valid for α ∈ \ + , however the response X k( j ) to the step wise representation of the white
noise depends upon the order of the fractional derivative. In fig. (2) a representative number
of instants of the trajectories of the j-th sample function of W (t ) are plotted for different values of α .

Figure 2: Few time instants of the response X(j)(t) for different values of Į

As shown in fig.(2) we have very different scenarios for different values of α . In particular
for α = 0.5 we have a continuous function with a vertical slope at the time tk+ (the apex +
means immediately after tk ), and this behaviour does not change for 0 < α < 1 ; for α = 1
(Brownian motion) the response is a piece-wise function; for α = 1.5 , X ( j ) (t ) remains continuous with a discontinuity of first kind in tk and this situation does not change for 1 < α < 2 .
For α > 2 the response is continuous with all the derivatives up to the integer part of α .
On the basis of these results we observe that an increment of X ( j ) (t ) in passing from

X ( j ) (tk −1 ) in X ( j ) (tk ) , according to eq.(10) is given as:

3935

M. Di Paola, A. Pirrotta

α−

1

q Δt 2 ( j )
X ( j ) (tk ) − X ( j ) (tk −1 ) = ΔX ( j ) (tk ) =
Pk (α )
Γ(1 + α )

(14)

where Pk( j ) (α ) is the j-th realization of a normal random variable (RV) Pk (α ) defined as:

Pk( j ) (α ) = (ωk (α ) − ωk −1 (α ) ) N1( j ) + (ωk −1 (α ) − ωk −2 (α ) ) N 2( j ) + ! + ω1 N k

(15)

and since it is a linear combination of independent normal random variables, the variance of
Pk (α ) is

k

¦ (ω (α ) − ω
s

s =1

(α ) ) = σ P2k , and thus the variance is a finite quantity and the order
2

s −1

of variance of ΔX (tk ) depends upon the order Δt α −1 2 .
Now we turn out interest to the order of magnitude of the increments of the RV ΔX ( tk ) . As
we have seen, the sample functions of X ( j ) (t ) drastically depend upon the value of ΔX ( j ) (tk )
therefore, we will consider the following different situations:
• 0 < α < 1 2 . In this case ΔX ( j ) (tk ) experiences a jump whose order of magnitude is

1 Δt1 2−α and thus as Δt → 0 the RV ΔX (tk ) experiences an ∞ jump (like an instantaneous
instability).
• α = 1 2 . In this case the RV experiences a jump of a finite quantity q Γ(1 + α ) Pk( j ) (α )

(

)

that is independent on the Δt selected.
• 1 2 < α < 1 . In this case the RV ΔX (tk ) experiences an infinitesimal increment

(

)

q Γ(1 + α ) Δt α −1 2 Pk( j ) (α ) and thus the order of the RV is Δt α −1 2 > Δt ; to give an example,

q Δt 0.1 ( j )
Pk (α ) .
0.894
12
12
• α = 1 . In this case ΔX (tk ) = B(tk ) − B(tk −1 ) = ( qΔt ) Pk (1) = ( qΔt ) N k and thus the increfor α = 0.6 the increment of ΔX (tk ) is

ment is of order Δt1 2 > Δt and ΔX (tk ) 2 is of order Δt (increment of Brownian motion). It
should be remarked that the increment only depends on the random variable N k and not on
the past history (the order of Markovianity is zero).
•1 < α < 1.5 . In this case the increment is

(

)

q Γ(1 + α ) Δt α −1 2 Pk( j ) (α ) with 0.5 < α − 1 / 2 < 1

and thus ΔX (tk ) is an infinitesimal quantity of order Δt α −1 2 > Δt .
• α = 1.5 . In this case the increment coalesces with the differential order Δt and thus as
Δt → 0 the increment ΔX ( j ) (tk ) is of order dt, and thus the increment and the differentials
coalesce with each another.
•1.5 < α < 2 . In this case the increment is of order 1 < α − 0.5 < 1.5 and thus is a higher order
infinitesimal than dt.
• α = 2 . This is a case of particular interest since ωk (2) − ωk −1 (2) = 2 ∀k ≠ 1 and

ω1 (2) − ω0 (2) = 1 and the increment of RV X (tk ) according to eq. (14) is given as:
ΔX (tk ) =

q Δt 1.5 § k −1
·
2¦ N s + N k ¸
¨
2 © s =1
¹
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§ k −1
·
and then ¨ 2¦ N s + N k ¸ is a normal zero mean RV, having variance 4 ( k − 1) + 1 and thus
© s =1
¹
ΔX (tk ) is a normal zero mean RV having a variance:

σ Δ2X (tk ) =

qΔt 3
( 4k + 3)
4

(17)

From all of these observations, it is clear that in any case the order of the increments strictly
depend on the value of α .
It must be stressed that the classical Brownian motion ( α = 1 in eq.9) is self-similar [20] that
is the finite dimensional distribution for a > 0 { X ( at ) ; t ∈ T } = {a H X ( t ) ; t ∈ T } , where H is
the Hurst exponent. For B ( t ) the Hurst exponent is 1/2, for the Lévy process, where the derivative is the stable white noise the Hurst exponent is the inverse of the instability index.
These processes are called "fractional" but in the authors’ opinion this is a misnomer introduced by Mandelbrot [21] but it may create confusion since one imagines that some fractional
operator will appear, but this is not the case. In any case the fractional integral of the white
noise is not in general self similar and hence, a deeper insight on this matter is necessary.

4

CONCLUSIONS

The extension of Itô calculus to the case in which some fractional operators appear is not currently available. In the authors opinion this is mainly due to the fact that the order of magnitude of the increments of the response process has to be defined in a correct way.
In this paper it is shown that for fractional differential equations of the kind ( Dα X ) (t ) = W (t )
the order of increments are Δt α −1 2 and thus, depending on the value of α it may experience
jumps of order ∞ up to order dt ∞ for α = ∞ . This explains the difficulty for the extension of
Itô calculus to fractional differential equations.
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Abstract. Multi-layer elastomeric bearings (EB) are used in civil engineering in many applications such as vibration control and base isolation in bridges and infrastructures. During
strong seismic actions, EB can be subjected to both axial and shear loads. The recent theoretical model [1] considers the effects of both loads to study large deformation stability of EB.
The present paper investigates the accuracy of this theory by comparing the proposed results
with numerical findings, aiming to extend the current linear elastic model with a more accurate non-linear advanced formulation that can consider the behaviour of elastomeric bearings captured by numerical findings. In particular, such improvement is necessary in
designing strategic structures, such as bridges or nuclear power plants. The developed model
may be implemented in existing Finite Element Model (FEM) platforms and be widely used by
the practitioners.
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1

INTRODUCTION

Base isolation and vibration control systems are the most common applications of EB towards the protection of structures and infrastructure assets from the effects of dynamic loads,
such as earthquakes and vibrations. Isolation allows the decoupling of the structure from the
ground by intentionally concentrating dynamic/seismic energy dissipation in a unique element
with low horizontal stiffness between the substructure and the superstructure. In the past 20
years, extensive contributions developed models that can consider the complex mechanism of
such systems. In particular, experimental tests that have been conducted [2-13] showed how
the vertical and horizontal stiffness are related with the increase of the lateral displacement.
Furthermore, numerical simulations were performed during the last decades [14-18], in order
to model the non-linearity of EB and to predict the critical and post-critical mechanisms.
More recently, Kumar et al. [19] investigated the effect of lateral displacement on vertical
stiffness and the critical buckling load capacity of EB. In this background, Forcellini [20],
Kalfas et al. [21-23], Kalfas and Mitoulis [24], and Rahnavard and Thomas [25] conducted
numerical studies on EB with several platforms, such as Abaqus/ CAE and Opensees. In particular, Forcellini et al. [26] compared the numerical findings with the theoretical ones [1]. In
this regard, numerical simulations apply isolators as finite elements inside structural models.
Other researchers studied simplified models that describe the behaviour of EB with the aim
to be directly implemented in structural models. In particular, Forcellini and Kelly [1] described the stability of EB extending the original two-spring model of the bearing, developed
by Kelly [27] and Kelly and Takhirov [28] to large deformations. The model is used to illustrate the inÀuence of large deformations on the interaction between horizontal and vertical
loads and assessing the post-buckling behaviour of EB.
The present paper investigates the accuracy of the theoretical model, particularly regarding
the non-linear modelling of shear force – shear deflection and study its effects shown both by
laboratory tests [29] and numerical studies [21-24]. The paper aims to extend the current linear elastic model with a more accurate non-linear advanced formulation. In this regard, the developed relationship can be implemented inside a finite element that reproduces the combined
axial-shear behaviour. As shown by Forcellini et al. [26], Forcellini[30,31], and Canini and
Forcellini [32,33] the role of non-linearity is fundamental in order to understand the cases
where potentially EB becomes crucial for important structures such as bridges and nuclear
power plants. In this regard, the paper first compares the numerical findings with the linear
elastic theory. Subsequently, the procedure that was carried out in order to calibrate the most
significant parameters is presented.
2

NUMERICAL SIMULATIONS IN SUPPORT OF THE ANALYTICAL MODEL

Abaqus/ CAE and Straus7 have been used here to perform numerical simulations (Fig. 1).
The finite element (FE) models have been reproduced with layered systems that represent the
alternating steel and rubber layers and the bolted connections. In particular, the models were
performed in order to reproduce the experimental results by Ohsaki et al. [29].
The numerical models consist of two anchor plates at the upper and lower levels of the
model (diameter: 1000 mm and thickness: 28 mm) and 30 rubber layers and 29 steel plates
alternating each other. Each rubber layer had a thickness of 4 mm and the individual steel
plate thickness was 3.1 mm, with a total thickness of 2x28 mm+30x4 mm+29x3.1 mm= 265.9
mm. The diameter of the intermediate layers was 700 mm and there was a hollow core, which
run along the whole thickness of the bearing (internal diameter: 15 mm). The mesh consisted
of 62,672 3D solid elements: 1,008 for each rubber layer and steel plate and 1,600 elements
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for the anchor plates. Full integration elements were chosen in order to obtain more accurate
results, especially in correspondence with the hourglass effect [34]. Boundary conditions are
depicted in Fig. 1b (where X-, Y- and Z-axes can be seen). The bottom anchor plate was fixed
(i.e. UX=UY=UZ=URX=URY=URZ=0). The axial load (along the Z-axis) and the horizontal
displacement (along the Y-axis) were applied at the top anchor plate (where UZĮ0 and UYĮ
0). The remaining boundary conditions at the top anchor plate were: UX=URY=URZ=0, with
URXĮ0. The elastic properties of the rubber layer and steel plates are shown in Table 1.
Two platforms were used to perform non-linear analyses with hyperelastic behaviour for
the rubber layers. In Abaqus/ CAE, the Ogden material was used [35] and the hyperelastic
properties were: ȝ1= 0.41 MPa, Į1= 1.6, ȝ2= 0.0012 MPa and Į2= 6.2 (as in [21]). These parameters led to a shear modulus of G= 0.66344 MPa and a Poisson’s Ratio of Ȟ= 0.49989.
Other parameters were: the stress scaling factor SSF= 1.6, the creep parameter A= 0.56, the
effective stress exponent m= 4 and the creep strain exponent C= -1. In Straus7, the rubber material was modelled with the Mooney and Rivlin model [36, 37] and the main parameters C1
and C2 (both equal to 0.16586 MPa) were calibrated with a parametric study. The compressibility modulus was set equal to 2,000 MPa.
Rubber
Steel

E [MPa]
1.99017
205,000

Ȟ
0.49989
0.3

Table 1: Elastic properties of the numerical models of rubber layers and steel plates.

Figure 1. 3D numerical models: (a) Struss7, (b) Abaqus/ CAE

3

ANALYTICAL, LINEAR ELASTIC MODEL

The theory of stability of EB was firstly developed by Haringx [38] and later applied by
Gent [39] that can be considered the basis for the theory of stability. In particular, EBs can be
susceptible to a type of instability similar to that of an ordinary column but dominated by the
low shear stiffness of a bearing, as described by the simpli¿ed two-spring linear elastic model
that can be seen in Fig. 2 [27] and the developed theory [1].
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Figure 2. Linear elastic model

The formulation of the original model of the EB is based on three kinematic variables: the
rotation ș, the vertical displacement įv and the horizontal displacement v. The equations can
be condensed in the following:
[ p cos

] p sin

f cos

(1)

where
p

f

2

2

PE
PS

P
PE PS

(2)

F
PE PS

(3)

PS
PE

(4)

E IS
h2

(5)

G As

(6)

EIs is the bending stiffness, GAs is the effective shear stiffness and Ȝ is the ratio between
the Euler load (PE) and the shear load (PS), which generally tends to be a very small constant,
usually of the order of 0.001 – 0.05 [1]. Since this model applies a linear isotropic material,
the value of Ȝ2 does not depend on the shear modulus (G) and can be calculated as (by considering the Poisson’s coefficient almost 0.5, for the rubber):
2

2

PS
PE

G AS
2
E IS
h2

2

G AS
2G (1 ) I S
h2
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The above mathematical model is here compared with the results obtained from the numerical simulations where materials are set as linear elastic. Figure 3 compares the results for increasing vertical pressure p (i.e. 2 MPa, 5 MPa, 10 MPa and 14 MPa). It is possible to see that
the linear elastic theoretical model is in close proximity to the results from the numerical simulations performed in Abaqus/ CAE and Straus7.

Figure 3. Comparison between linear assumptions (Abaqus/ CAE, Straus7 and Theory)

4

DEVELOPMENT OF THE NON-LINEAR ELASTOMERIC BEARING MODEL

In this section, the assumptions of the linear elastic material are neglected. Therefore, it is
not possible to assume a linear relationship between G and E, as in Equation (7). In particular,
Ȝ2 depends on the ratio between G and E and the assumption that it remains constant during
the deformation needs to be removed. There are studies that describe the source of nonlinearities of EB, such as the Mullin’s effect [40, 41], which causes the reduction of the bulk
modulus (volumetric elasticity). This paper aims to extend the linear theory by concentrating
all the sources of non-linearity inside Ȝ2 and a new formulation of such parameter is proposed
here. The formulation describes the behaviour of the EB by taking the horizontal displacement as the main kinematic variable. A non-linear relationship between such variable and Ȝ2
was built up with this form:
2

2

v

v

(8)

The power relationship was shown to be the best correlation between v and Ȝ2 and it was
obtained adopting the least square regression technique. The correlation parameters Į and ȕ
were calibrated considering R2 value to be the measure of the correlation. Table 2 shows the
parameters for the considered loading conditions.
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2 MPa
5 MPa
10 MPa
14 MPa

Į
0.0014278
0.00142
0.0106
0.0233

ȕ
-0.0001
-0.026
-0.395
-0.576

R2
0.9991
0.9987
0.9976
0.9856

Table 2: Correlation parameters.

In order to implement formula (8) inside (1), an incremental solution was needed due to
non-linearity. The Newton-Rapson algorithm was chosen as one of the most credited methods
for solving non-linear problems. The new formulation was finally solved for the increasing
vertical pressure p (2 MPa, 5 MPa, 10 MPa and 14 MPa) and compared with numerical simulations performed by Abaqus/ CAE and Strauss 7 (Fig. 4). It is worth noticing that for 2 MPa
and 5 MPa the proposed formulation leads to a fairly linear relationship between the horizontal displacement and the horizontal force (Ȝ2 is fairly constant). For bigger values of p (10
MPa and 14 MPa), non-linearity behaviour becomes significant.
Figure 5 shows the proposed formulation (8) for the considered EB and it is possible to assess the relationship of Ȝ2 and the displacement. It is worth noticing that the variation is more
significant for bigger values of vertical loads (10 MPa and 14 MPa), where non-linear behaviour needs to be considered.

Figure 4. Comparison between non-linear results (Abaqus/ CAE, Straus 7 and the modified NL model)
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Figure 5. The proposed formulation (8)

5

CONCLUSIONS

The study conducted in this paper may be viewed as an original contribution to study the
modelling of stability of EB with analytical models. In particular, the paper shows the credibility of the two-spring model by Forcellini and Kelly [1] in representing the linear behaviour
of EB. The comparison between the theory and the numerical simulations performed with
Abaqus/CAE and Straus7 showed good agreement under linear assumptions. The paper proposes the development of the original two-spring model by introducing a non-linear relationship between the Ȝ2 and the horizontal displacement. The proposed formulation can consider a
more realistic non-linear behaviour of the EB and can be implemented in numerical codes.
Overall, this study can be considered as a first step towards proposing a new easy-to-use approach that will assess the non-linear response of EB.
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Abstract. Elastomeric bearings may be applied as passive energy devices for seismic protection of structures and vibration control of systems and machinery. Their main loading state is
compression combined with horizontal displacements and thus compressive behavior requires
particular attention. In this study, three approaches (theoretical, experimental and numerical)
are taken into account to study several scaled bearings with relative low shape factors. Compressive tests to scaled elastomeric bearings were performed and used to validate the largedisplacement theory proposed by Forcellini and Kelly (2012). Relative large values of material variations, geometrical dimensions, and fabrication imperfections were taken into account in the validation of the theoretical model. Finite element modeling was performed using
OpenSees, which is able to reproduce alternating rubber and steel layers subjected to vertical
load conditions.
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1

INTRODUCTION

Elastomeric bearings have being used in applications such as bridges, buildings, and power
generation plants due to their damping capacity, long life span, moderate cost since the 70s
[1]. In addition, elastomeric bearings have been applied to control deformations in bridges and
buildings due to vehicular traffic, wind, seismic activity, and thermal expansion, which generate cyclic loads in compression, shear, and torsion. Besides fulfilling the role of connectors
between structural parts, they support relative large static loads in compression due to the
weight of the structure [2, 3].
Bearings vertical behavior has been studied by experimental tests [4–8] using the results
for design purposes. In [5], the authors studied the behavior of bearings used as seismic isolation systems under compression. Mechanical properties such as stiffness and damping ratio
under axial loading were investigated [9–11]. Different rubber compounds were experimentally studied by [12] that evaluated physical and mechanical properties. Uniaxial compressive
tests were performed by [13] on anisotropic laminated rubber bearings using v-shaped steel
reinforcement shims with a predefined angle during the manufacturing process. Other authors
[14] developed a failure model for rubber used in bearings by measuring local strains at failure using an image analysis approach. Recent studies [15, 16] obtained experimental results
on high-damping rubber to validate constitutive models of elastomeric bearings.
Theoretical models have been proposed to consider the stability of bearings, which is controlled by the reduction of shear stiffness due to increasing axial load or increasing lateral displacements [8, 17–22]. There are contributions that propose mechanical models such as
[23, 24]. Recently, [25] studied the stability of bearings subjected to large deformations, [26]
presented a nonlinear analytical model based on [24] and capable of predicting the dynamic
behavior at all displacement ranges. In addition, [27] developed an analytical model for the
coupled horizontal-vertical behavior of bearings subjected to dynamic loads. Other theoretical
models include [28–32].
Several finite element models (FEM) where proposed [33-37] and studies to predict critical
loads, vertical and horizontal stiffness have been carried out [21, 38–40]. Recently, [41] studied and proposed several models by applying OpenSees, while [42] performed numerical simulations in LS-DYNA. Recently, [43] compared the large deformation response theory
proposed in [25] with test results of [24] performing FEM using OpenSees. Other researchers
[44] used different axial displacements to study the stress distribution within the rubber and
steel reinforcing shims using ABAQUS, that was applied also by [45] that compared the three
models proposed by [24, 28, 29]. Other studies focused on modeling civil structures to assess
their dynamic response in order to design effective isolation systems [46–54].
Therefore, this paper aims at applying the experimental, theoretical, and FEM approaches
to assess the behavior of elastomeric bearings under compressive loading states.
2

EXPERIMENTAL

Scaled bearings were manufactured using two natural rubber-based compounds typically
used in elastomeric bearings with 15 and 45 phr (parts per hundred of rubber by mass) of carbon black as reinforcing filler, and nominal Shore A hardness of 55 and 70, respectively.
Rubber compounds evaluated in this study have been analyzed previously in [55]. Shear
properties of both rubber compounds we characterized for the FEM analysis using pure shear
specimens following the recommendations of [56]. A displacement-controlled method was
used at a deformation rate of 12 mm/min to approximately 40 % of shear strain. Three loading
cycles were recorded, and from the stress-strain curves, shear modules were calculated from
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the third loading cycle as the initial slope of the curves. Mean values of the shear modules of
the 55 and 70 Shore A hardness compounds were 0.63 MPa and 1.13 MPa, respectively.
For the scaled bearings, different individual rubber thickness were chosen as shown in Table 1. The study analyzed two different shape factors, the geometrical parameter that characterizes a single rubber layer and defined as the ratio of the load area to the bulge area [57]
(calculated using equation 1). Plan dimensions of all scaled bearings were fixed to
140x140 mm with a 5 mm edge cover, and 1 mm-thick steel reinforcement shims. Compression tests were performed using a SHIMADZU unidirectional testing machine with a load cell
of 300 kN and a deformation rate of 5 mm/min.

S

(length )(width )
2t (length  width )

Name

Number of
rubber layers
(n)

B55-4
B55-6
B70-4
B70-6

3
3
3
3

(1)

Thickness of individual rubber
layer
(t, mm)
4
6
4
6

Shape
factor
(S)
8.75
5.83
8.75
5.83

Table 1: Characteristics of the bearings.

3

THEORETICAL MODEL

The large-displacement theory proposed by [25] uses the mechanical model shown in Figure 1 to assess the stability of elastomeric bearings due to vertical and horizontal loads (P and
FH respectively).
v

P
FH

δν
1/2K1

Hinge
θ

h

1/2K1

s

Hinge

Figure 1: Two-spring model used by Forcellini and Kelly [25].

Where h is the total height of the bearing, δv and v the vertical and horizontal displacements respectively, s the shear displacement, and θ the relative rotation.
For compressive loads, FH = 0 and P can be calculated as:

P

PS
PS2
P P (T  T 0 )


 E S
2
2 cos T
sin T cos T
4 cos T
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Material variations, geometric, and fabrication imperfections are considered into the θ0 angle expressed in radians [25]. PE is the Euler load for a standard column defined as

PE

S 2 EI S
h2

(3)

where EIS the bending stiffness of the square section of the bearing calculated as

§1 ·
Ec ¨ l 4 ¸
© 12 ¹

EI S

(4)

where l is the length of a square section, and Ec the compressive modulus was calculated
according to equation 5 taking into account the compression spring rate [56] and calculated as
a function of the compressive force and compressive displacement from the forcedisplacement curve of the compressive test.

Fc tn
Ad c

Ec

(5)

The compressive force Fc is obtained from the experimental test, A the loading area of the
bearing, dc the experimental vertical displacement, and h the total height of the bearing including steel shims. PS from equation 2 is the shear stiffness of a unit element defined as

PS

GAS

GA

h
tr

(6)

where A is the plan area, and tr the total rubber thickness. Finally, the vertical displacement
δv can be calculated as

Gv
4

P
h sin 2 T  (1  cos T )h
PS

(7)

NUMERICAL SIMULATIONS

Opensees (Open System for Earthquake Engineering Simulations), developed by the Pacific Earthquake Engineering Center (PEER), was applied to perform 3D FEM [58]. OpenSeesPL interface originally designed for soil analyzes was here applied by selecting shearbeam boundary conditions with side boundary nodes fixed vertically at gravity runs [59]. Figure 2 shows the mesh used for the 3D models, which contains 22464 elements and 24769
nodes. Furthermore, 10 mm-thick top and bottom steel plates are considered rigid ensuring
that deformation concentrates only within the elastomer layers. Furthermore, a linear behavior
in shear of the rubber compounds was assumed (shear modules of 0.63 MPa and 1.13 MPa for
the 55 and 70 Shore A hardness compounds respectively). For the steel reinforcing shims, and
both top and bottom steel plates, a shear modulus of 74.93 MPa and a density of 7850 kg/m3
were considered.
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Isometric view

Top view

Front view

Figure 2: 3D model for the scaled elastomeric bearings.

A monotonic pushover analysis was carried out using the displacement-based method to
simulate the conditions of a compressive load. Using this method, numerous displacements
were applied to the 3D models with a total number of 10 steps. Several numerical simulations
were performed for each bearing with increasing the vertical displacement. For each numerical simulation, the compressive force values were calculated from the maximum normal stress
as the mean stress value at the center of each model.
5

DISCUSSION

Figure 3 shows the comparison of the experimental, theoretical, and numerical simulation
approaches results for the different bearings. Regarding the comparison between the experimental and theoretical approaches, the large-displacement theory accounts for typical bearings
with shape factors between 10 and 30 [25]. Since the shape factors considered in this study
are smaller than those applied in the theory, relative large values of θ0 (material variations and
fabrication imperfections) were used, which are larger than those obtained in [25]. Among the
bearings tested, higher values of θ0 are observed for bearings with the lower shape factor, that
is, bearings with 6 mm-thick individual rubber layers indicating that the number of rubber
layers plays an important role besides the shape factor.
It is observed that the results of the numerical simulations showed an increased forcedisplacement response (Figure 3) because the model assumes an ideal bonding between rubber layers and steel reinforcing shims. In addition, the shape factor S seems not to affect significantly the comparison between the different approaches. And since the compressive
stiffness of a rubber layer depends on the steel-rubber bond, a perfectly bonded surface yields
in additional stiffness due to the kinematic constraint [60]. Furthermore, the numerical simulations assumed perfect bonding between the top and bottom outer rubber layers with the steel
plates, while in the experimental tests surfaces in contact rely only on the friction between
rubber and steel.
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Figure 3: (a) B55-4, (b) B55-6, (c) B70-4, and (d) B70-6.

6

CONCLUSIONS

This study considered experimental, theoretical and numerical simulation approaches to
assess the uniaxial compressive behavior of elastomeric bearings. The theoretical approach
proposed by [25] was compared with experimental tests and numerical simulations using
OpenSeesPL. Scaled bearings tested in this study had shape factors of 5.83 and 8.75, which
are typical shape factors applied for viaducts but that are lower than the typical values used in
the large-displacement theory. Calibration of θ0 values was used to set the agreement between
theoretical and experimental results. Although relative large values of θ0 were taken into account due to material variations and manufacture imperfections, a good agreement between
theoretical and experimental approaches was found for all the specimens. Relative errors (less
than 6 %) were observed between experimental and theoretical results except for the bearings
with the least total height (i.e., bearings with t = 4 mm).Validation of the model using experimental data obtained in this study is considered of great importance and the model can be
used in the design process of laminated elastomeric bearings. Linear properties of the materials were assumed for the numerical simulations in accordance with the characteristic shear
curves of both compounds. Discrepancies can be addressed to linear assumptions and ideal
bonding between internal steel shims and rubber layers and between the outer top and bottom
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rubber covers and steel plates. Future studies will consider bearings with lower shape factors
and an increased number of rubber layers.
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Abstract. Advanced 3D numerical simulations of a soil-structure systems aim to assess nonlinear behaviors of soil and structure and ultimately to describe realistic scenarios. The paper purpose is to simulate the effects of Soil Structure Interaction (SSI) on an ordinary baseisolated shear type building (BI), driving the assessment of the isolators by evaluating both
their linear and non-linear behaviour. Non-linearity is also considered in the description of
the soil which is modelled with hysteretic materials and advanced plasticity models that enable to reproduce soil hysteretic elasto-plastic shear response (including permanent deformations) and damping foundation impedances. Credited non-linear theories are applied in
order to take into account appropriate flow rules as to reproduce the observed strong dilation
tendency and resulting increase in cyclic shear stiffness and strength. The paper applies the
open-source computational interface OpenSeesPL, implemented within the FE code OpenSees.
The interface performs the 3D spatial soil domain, boundary conditions and input seismic excitation definition with convenient post-processing and graphical visualization of analysis
results including deformed ground response time histories. Reproduce wave propagation
adopting realistic boundaries is of crucial importance and significance in order to realistically reproduce SSI effects. The ultimate goal of the paper is the assessment of cases where BI
becomes detrimental with particular attention to the structural performance by considering
accelerations and displacements at various heights.
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1

INTRODUCTION

Base isolation (BI) is one of the most convincing solutions in order to protect structures
from the destroying effects of earthquakes. This technique allows to decouple the structure
from the ground by intentionally concentrating seismic energy dissipation in a unique element
with low horizontal stiffness placed between the foundation and the structure. Many researchers have been carried on this issue, but few contributions have been focused on the effects of
the soil structure interaction (SSI) on isolated buildings. Thanks to its benefits, BI has been
spread all over the world in the last decades. For example, [1] showed that in Japan after the
1995 Kobe earthquake, the number of base-isolated buildings significantly increased from ten
buildings to more than 150 buildings. In particular, [2] remarked that there was a significant
increase in the application of base isolation to residential buildings after 1995. In Italy, the
number of isolated buildings increased after L’Aquila earthquake to more than 400 [3], with
many applications to residential buildings.
Extensive research has been conducted in the past 30 years regarding the effects of soil–
structure interaction (SSI) on the seismic response of civil engineering structures. Even if
many codes suggest to neglect SSI [4], [5], there are some researches where SSI is shown to
be non-conservative for safety and cost reduction. In such cases, it is fundamental to take into
account SSI in design procedures in order to predict its effects as detailed as possible [6], and
[7].
The majority of publications study SSI simply by introducing springs, dashpots and artificial masses in the interface between the structure and the soil. This approach is generally accepted since modelling SSI is a challenging problem for numerical simulations. However, it
could be insufficiently detailed in order to model the complexity of the problem. In particular,
system response is directly connected with the mutual dynamic characteristics (natural frequencies) and thus with structural mass and stiffness, soil shear velocity and layer depth [8].
For this reason, the beneficial effects of BI can be strongly modified by soil deformability and
energy dissipation in the ground [9], [10], [11] and [12].
This study aims at overcoming all previous simplifications considering a 3D numerical
simulation of a soil-structure system applied to a shear type building isolated at the base. In
particular, the soil has been performed with nonlinear hysteretic materials and advanced plasticity models. The proposed approach enables to drive the assessment of BI technique with
evaluation of soil non-linear response into a unique twist. In this regard, the paper aims at assessing the cases where BI becomes detrimental. In particular, the study shows how considering the structure fixed at the base is non conservative and underestimates dynamic effects.
The study aims at considering the effects of SSI on a residential building, by taking into
account the previous contributions such as [13], [14] and [15]. In particular, numerical simulations have been widely performed ([6],[16], [17], [18], [19], [20], [21], [22], [23], [24], [25],
[26]), in order to study the dynamic interaction of a structure placed on a deformable soil.
Taking into account these relevant contributions, the present study wants to consider a 3D
soil-structure system that applies nonlinear hysteretic materials with plasticity models for the
soil and a detail description of the structural system (building and foundation). The proposed
model is able to reproduce soil hysteretic elasto-plastic shear response (including permanent
deformations), damping foundation impedances and realistic boundary conditions at the base
of soils and in correspondence with the interface between the soil and the structure.
The study allows to perform the behavior of a realistic base isolated building consisting of
four stories shear type concrete structure. Its response at the base of the structure (foundation
level) and along its height has been assessed. In this regard, with the development of the performance-based earthquake engineering methodology ([26], [27], [29] and [30]), there has
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been an increasing attention to the floor acceleration, as one of the most useful engineering
demand parameters to assess structural performance of buildings. In particular, many codes
([31] and [32]) are implementing new provisions based on floor performance [33]. In this regard, the paper aims to move in the direction of this new approach by calculating top floor
accelerations and displacements and not just the peak values of such engineering demand parameters (EDP). The final goal is to provide valuable element-specific seismic assessment or
design evaluations with a particular focus on the cases where BI technique can become detrimental due to SSI effects.
2

CASE STUDY

The paper must be written in English within a printing box of 16 cm x 24 cm, centered in
the page. The paper goal is to perform a case study of a benchmark concrete structure (Figure
1) on different deformable soil conditions and adopting two typologies of isolators at the base.
The soil has been performed with nonlinear hysteretic materials and advanced plasticity
models. This approach enables to assess SSI effects by reproducing soil hysteretic elastoplastic shear response (including permanent deformations) and damping foundation impedances by applying the open-source computational interface OpenSeesPL [34] implemented
within the FE code OpenSees [35].
It consists of a framework for saturated soil response as a two-phase material following the
u-p (where u is displacement of the soil skeleton and p is pore pressure) formulation. This interface, implemented within the FE code OpenSees [35], has been originally calibrated for
pile analysis. Here it has been modified in order to consider the presence of the system structure – foundation.
The study has been divided into several steps. The first step aims at calibrating the mesh
and consist of eigenvalue analysis. In particular, the effects of the soil have been neglected by
considering a hard soil (named soil A and with shear wave velocity equal to 1000 m/s) which
reproduce rigid base conditions (see section 4.a). In the second step, soil is applied and the
dynamic characteristics (in terms of natural periods) of the system (soil and structure) have
been calculated. The third step consists of performing dynamic analysis.
Seven input motions (shown in Figure 3 and Table 1) were applied along the longitudinal
direction (x-axis). These records were selected by following EC8 provisions [32], at section
4.3.3.4.3, Part 1 that allows to consider at least seven nonlinear time-history analyses, in accordance with 3.2.3.1, as described in [36]. Figure 3 shows the comparison between the mean
response spectra of the selected ground motions (named MEAN in the figure) and the design
spectra. They were chosen in order to significantly affect the dynamic behaviour of the structures in a wide range of periods: 0 - 2.5 s. The system performance has been assessed by considering accelerations and displacements as the main parameters. For all analysis, the
1HZPDUNWUDQVLHQWLQWHJUDWRULVXVHGZLWKȖ DQGȕ=0.3.
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Figure 1: 3D Soil-structure OpenSees PL model [34].

Figure 2: OpenSees PL [34] 3D system mesh – Vertical view.
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Figure 3: Input motions (response spectra).
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Input motions

Station

n.1 Landers (1992)
n.2 Northridge (1994)
n.3 Northridge (1994)
n.4 Northridge (1994)
n.5 Hyogo-Ken (1995)
n.6 Erzincan (1992)
n.7 El Centro (1940)

Lucerne Valley
Rinaldi Receiving
Sylmar Converter
Sylmar Hospital
Takatori
Erzincan

PGA
[g]
0.72
0.89
0.70
0.87
0.47
0.44
0.35

PGV
PGD Duration
[cm/s]
[cm]
[s]
147.45 265.14
25.00
185.08 60.07
12.50
135.82 58.20
17.50
139.54 50.37
15.00
155.44 44.95
20.00
125.80 53.30
12.50
38.47 82.44
17.50

Table 1 – Input motions (characteristics)

3

COMPUTATIONAL MODEL

The finite element model (FEM) has been built with OpenSees [35] that allows high level
of advanced capabilities for modelling and analyzing non-linear responses of systems using a
wide range of material models, elements and solution algorithms. In particular, numerical
simulations follow the previous contributions [9], [14], [15], [16], [17], [37], [38], [39] [40],
[41] and applies OpenSees PL [34] which consists of a framework for saturated soil response
as a two-phase material following the u-p (where u is displacement of the soil skeleton and p
is pore pressure) formulation and has been here modified in order to consider the presence of
the system structure – foundation. Due to the high-level of non-linearity, some assumptions
were important, for example, numerical damping was introduced in order to avoid the generation of high frequency noises that can cause instability of the computation process. Rayleigh
numerical damping has been applied and equal to 2% and proportional to stiffness and mass
(at 1 and 6 Hz) and it corresponds to mass-proportional and stiffness proportional coefficients
respectively equal to 0.12542 and 0.00090946, as described in [39] and [40]. In additions, dynamic analyses were divided into four subsequent sub-steps in order to separate the various
sources of numerical instabilities. In steps 1 and 2, linear properties (weight, Shear and Bulk
modulus) were considered for the soil (without the structure) in order to reach the convergence. In step 3 the structure was added and all the properties have been changes from elastic
to plastic by applying 25 load steps to reach convergence, then dynamic analysis were carried
out in step 4 (for more details, see [39] and [40]. NewtonLineSearch algorithm [35] was used
to speed of the solution.
The structure has been modelled with an equivalent 4-story concrete building (Figure 1 and
Figure 2) and some approximations were assumed as a compromise between representativeness and computational time. A shear type behavior was considered for the building and a
schematic geometry, based on 2 columns (15 m spaced) in the longitudinal direction and 4 in
the transversal direction (10 m spaced), has been chosen as to maintain a plan and vertical
regularity. The structure is assumed to be capacity designed and the presence of the isolation
allows to remain in the elastic range and thus to model the columns with sixteen elasticBeamColumn elements, with a total height of 13.6 m (3.4 m for each floor). Seismic masses
were assigned to each floor by calculating the structural self-weights of various elements
(beams, columns, slabs, balconies, stairs). A rigid foundation has been assumed and modelled
with a 28.4 m x 34.4 m 0.5-m thick concrete slab designed to maintain the stresses (induced
by the seismic and vertical loads) inside the foundations in a range of acceptable values. In
this regard, the foundation has been verified by calculating the eccentricity (the ratio between
the overturning bending moment at the foundation level and the vertical forces) in the more
detrimental condition of minimum vertical loads (gravity and seismic loads) and maximum
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bending moments. For the fixed cases, the columns have been embedded inside the foundation material for 0.50 m, corresponding to the foundation thickness. The nodes at the base of
the columns were linked together with equalDOF [35] in order to model rigid foundations.
The interface between the columns and the foundations has been modelled with rigid beamcolumn links normal to the column longitudinal axis, as shown in [9], [13], [14], [15], [16],
[17], [37], [38], [39], [40] and [41]. In particular, the elements of the foundation and the column elements are linked by connecting the outer nodes of these rigid links using the equalDOF (constraint in OpenSees for translations only) that connects two separate points (one
belonging to the structure and the second to the soil) and imposes the displacements to be the
same between the structure and the soil nodes [34] and [35]. Therefore, the system is able to
capture the interaction between the columns and the foundation, including the potential settlement into the surrounding soil. Isolation devices at the base of the building have been modelled by applying the so called elastomericBearing element, [35] in order to overcome the
previous publications where the structure was modelled with a single degree of freedom [14],
[42] and [43]. (see Section 5). The slab is surrounded by a weak soil (named in the following
with soil W), representing the infill layer of soil surrounding the foundation. Both the foundation and W soil have been modelled with the implemented material named Pressure Independent Multiyield [35].
Table 2 shows the values used for these two materials. The soil has been modelled with a
68.4m x 74.4m x 20.5m 3D mesh (Figure 1 and Figure 2), composed of 8228 brickUP linear
isoparametric 8-nodes elements with 9660 nodes, [44] and with one-layer homogenous cohesive material (see also [14] and [45]) that was discretized in ten layers (0.5 m thickness for the
first and 20 m for the others). Mesh dimensions have been determined following the suggestions indicated in [46] and [47] already applied in [9],[14], [15], [16], [17], [37], [38], [39],
[40] and [41]. Discretization is built up with relatively small elements around the structure
and gradually larger toward the outer mesh boundaries. The model applies hysteretic elastoplastic materials in order to take into account realistic behavior of the soil, modified by the
degradation of soil stiffness and energy dissipation [43]. Soil damping is directly computed by
the implemented materials ([48] and [49]) that enable to consider many non-linear dynamic
effects, such as permanent deformations, damping foundation impedances, hysteretic response
and radiation damping). In particular, a Von Mises multi-surface ([44], [50]) kinematic plasticity model has been applied within the framework of multi-yield-surface plasticity [51] with
an appropriate non-associative flow rule [52], [53], [54] and [55] that allows to control the
magnitude of cycle-by-cycle permanent shear strain accumulation [48] and [56], with an associative flow rule deviatoric component, while non-associativity is restricted to the volumetric
component. The adopted non-linear shear stress strain back-bone curves, represented by hyperbolic relation [57] and defined by two material constants (low-strain shear modulus and
ultimate shear strength) are shown in Fig. 4 in correspondence with the considered soils
(named Soil A, Soil B, Soil C and Soil D) which were modelled with four clay materials
called Pressure Independent Multiyield [44], as shown in Table 3. Characteristic site periods
have been calculated by assuming a uniform and damped soil and the linear formulation: T =
4 H / Vs, by [8]. H is the height of the soil layer and Vs the shear wave velocity of each layer.
Base and lateral boundaries have been modelled to represent a small section of a presumably
infinite (or at least very large) soil domain and allowing the seismic energy to be removed
from the site itself ([9], [13], [14], [15], [16], [17], [37], [38], [39], [40] and [41]) and by
modelling the real wave propagation with realistic boundaries at the base (at 20.5 m depth)
and laterally located as far as possible from the structure as to decrease their effects on the
response. In order to verify that they worked correctly, the response near the boundary where
compared with the one resulted for free field conditions. In particular, at any special location,
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symmetry conditions can be adopted and periodic boundaries [58] have been considered together with the penalty method to tie together the degrees of freedom of the left and right
boundary nodes both longitudinally and vertically.
Paraments
Mass density (kN/ m3)
Reference Shear modul (kPa)
Reference Bulk modul (kPa)

Concrete
24
Â7
Â7

Soil W
17
Â4
Â5

Table 2 – Concrete and soil W parameters

1100
1000

Shear Stress (kPa)

900

SOIL A
SOIL B
SOIL C
SOIL D

800
700
600
500
400
300
200
100
0
0

0.5

1

1.5

2

2.5

3

3.5

Shear Strain(%)

Figure 4 – Backbone curves

Parameters
Mass density (kN/m3)
Reference Shear modul (kPa)
Reference Bulk modul (kPa)
Poisson Coefficient
Cohesion (kPa)
Shear wave velocity (m/s)
Characteristic site period (s)

Soil A
22.0
Â7
Â7
0.20
10000
1600
0.05

Soil B
21.0
Â6
Â6
0.30
500
540
0.148

Soil C
20.5
Â5
Â5
0.35
160
290
0.276

Soil D
18.0
Â4
Â5
0.40
10000
1600
0.533

Table 3 – Soil parameters

4

CALIBRATION

Calibration is the preliminary step in order to test OpenSees [35] potentialities in reproducing the non-linear problem. The soil non-linearity is tested, by considering the original configuration (without isolation) in two steps. The first step aims at assessing periods of the
structure and a hard soil (shear velocity equal to 1600 m/s) has been calibrated in order to be
stiffer than the structure to neglect SSI effects (simulating fixed based conditions), Figure 5,
in the following named as FIX. In order to verify the consistency of the model accelerations
time histories at the base of the mesh (the input motion) and at the top of the layer (and prop-
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agating to the foundation) were considered were compared and found to be identical. Then the
first four shape modes were compared with those obtained by SAP2000 [59] 3D numerical
simulation and a simplified 1D scheme (Table 4).
The second step aims to consider the soil deformability, by calculating the period elongation of the soil-structure system due to the presence of the soil (Table 5) and it is worth to see
that for example, the fundamental period of the structure (0.67 s) and the first period of the
system increases with soil deformability (the ratio varies from 3.20% for soil B, to 7.08% for
soil C and 19.7% for soil D). Then, transfer functions have been calculated as the ratio between the time histories of longitudinal accelerations at the base of the mesh (denoted as I in
the figure) and the ones at the top of the soil layer (denoted as O) for the most severe input
motion (input n. 2) in correspondence with the considered soils. Then, the characteristic soil
periods of the layer have been calculated by assuming a linear layer of soil and following the
linear formulation T = 4 H / Vs [8], where H is the height of the soil layer (20 m) and Vs the
shear wave velocity of each layer. The transfer function peak values are shown to be close to
the characteristic site periods (named with “linear” and represented with vertical lines in the
figure).

Figure 5 – Shape modes (Modes 1-4, Hard soil)

MODEL
3D (SAP 2000)
1D (Theory)
OpenSees

T1 [s]
0.679
0.660
0.672

T2[s]
0.201
0.213
0.229

T3 [s]
0.103
0.133
0.148

T4[s]
0.065
0.106
0.121

Table 4 –Natural Periods (longitudinal direction)

Soil Type
Soil A
Soil B
Soil C
Soil D

T1 [s]
0.678
0.700
0.726
0.812

T2[s]
0.236
0.240
0.282
0.508
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T3 [s]
0.150
0.153
0.238
0.360

T4[s]
0.121
0.121
0.151
0.248

A. Canini
Table 5 – Period elongation due to soil deformability

Figure 6 – Local effects assessment – transfer functions: comparison between the performed soils with the
characteristic site periods [8]

5

BASE ISOLATION IMPLEMENTATION

The study performs the behavior of base isolation technique and it considers the effect of
non-linearity by comparing two typologies of isolator models: a linear base isolation (BI-L)
and a bilinear isolation (BI-NL), Figure 7. Isolators are consider in the longitudinal direction,
by modelling significant high stiffness in the other directions (vertical and transversal) and
applying the elastomericBearing element, (as shown in [9], [14], [15], [16], [17], [37], [38],
[39], [40], [41] and [45]) which needs the calibration of 3 parameters: the initial elastic stiffness (named K), the yield strength (named Fy) and the post-yield stiffness ratio (alpha). Eigenvalue analysis were carried out in order to assess the effect of soil deformability and it was
shown that the fundamental period increases for all the soil conditions to 3.35 s (Table 6),
demonstrating that isolators perform their function to decouple the soil and the structure. It is
worth to notice that comparing with the non-isolated cases (Table 5), the increases are more
significant for soil A than in case of soil D, confirming that the efficiency of base isolation
technique increases with rigid soils, as shown in [9].

Figure 7 – Bi-linear model
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Figure 8 – Shape modes (BI model, Hard soil)

MODEL
Soil A
Soil B
Soil C
Soil D

T1(iso) [s]
3.349
3.352
3.356
3.370

T2(iso)[s]
0.297
0.297
0.297
0.297

T3(iso) [s]
0.158
0.158
0.158
0.167

T4(iso)[s]
0.122
0.122
0.122
0.158

Table 6 –Natural Periods of BI model in different soil conditions

6

DYNAMIC ANALYSES

This paragraph discusses the results of dynamic analyses, by considering the parameters
that represent the performance of structures, following the new provisions included in many
codes ([31] and [32]), as indicated [33] for multi freedom structures. The floor accelerations
and displacements at each floor were chosen as engineering demand parameters (EDP), since
in order to provide valuable element-specific seismic assessment or design evaluations. In
particular, Figure 9 and Figure 10 show a comparison between time histories obtained with
FIX and BI models, in terms of accelerations and displacements on top of the structure (z =
13.6 m) for input motion 2 (chosen because the most severe). In particular, the benefit of nonlinear isolator is shown to significantly reduce the displacements after the first peak (at around
2.7 s) in correspondence with every considered soil. It is worth to notice that the largest displacements occur in correspondence of soil C, where the site fundamental period is relatively
close to the second structural period (T2) both in FIX and BI configurations. In particular, for
the FIX structure, T2 plays a significant role (modal participations mass ratio around 10%).
When the isolation system is implemented (BI), T2 does not contribute to the seismic response of the structure (modal participations mass ratio almost 0%), since the mass of the
structure is completely activated by T1 that has been shifted away from the period affected by
the majority of ground motions.
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Figure 11 shows that the most significant improvement of applying non-linear devices can
be seen in by comparing the base shear time histories at the base of structure (z = 0.00 m) for
the FIX case and at the top of the isolator for BI models. It is possible to assess how the isolation system performs its function by decoupling the structure from the soil. In addition, the
results show also that in correspondence with soil D, the shear forces are bigger for the BI
configurations that those calculated by the FIX case, demonstrating that high soil deformability can induce great damping in the system that reduces the forces more than what base isolation is able to do. This behaviour (already described by [9]) depends on the dissipation of
seismic energy in the soil, that is shown to act as a natural base isolation.
As stated in [60] and [61], the first period of the isolated model become that of the isolation system and the second that of the structure. Table 7 shows the best reductions of the accelerations at the top of the structure occur with BI-L system. The average reductions are
about 80%, 76% and 63% respectively for soil A, B and C. In correspondence of soil D have
been observed reductions of about 53%, 15% and 60% for input n.2, n.4 and n.7, respectively.
For input n.1, n.5 and n.6 small increments (of about 4%, 9% and 26%, respectively) and a
significant increment for input n.3 (86%). For BI-NL case accelerations reductions are around
79%, 71% and 61% for soil A, B and C, while for soil D have been observed increments with
all ground motions except for input n.1 and n.2 (where reductions are about 22% and 34%).
The highest increment has been observed for BI-NL with input n.3 (107%).
Figure 9 shows the time histories of base shear forces in correspondence with input 3 that
is shown to be the most severe. It is worth to see that soil deformability reduces base shear
only for the case of FIX configurations. For BI models, it is confirmed that the response does
not depend on soil deformability, since isolators decouple the structure from the soil. Nonlinear models are shown to be more efficient than BI-L in reducing the peak values and in
some cases modelling the isolator with linear assumptions can become more conservative and
not realistic of the real behaviour of the structure. Table 9 shows the ratio between the results
obtained in correspondence with BI-L and BI-NL respect the case of FIX configuration, respectively in column 4 and 5. The reduction operated between the BI-L and the FIX configuration is significantly high for soil A (between 60.4% and 87.3%), but when high soil
deformability is considered (soil D), the linear bearings are not working properly and an increment of 151.1% occurs in correspondence with input 3. Similar trend can be seen for BINL cases and the reduction in correspondence with soil A are bigger that those resulted for
BI-L (maximum: 91.1%). Their behaviour is shown to be more efficient even when soil deformability is applied and they perform properly in correspondence with soil D for all the input motions except for input 3, where there is an increment of 23.7% respect the FIX case.
Last column of the table shows the ratio between BI-NL and BI-L results in terms of shear
forces and it allows to assess the general benefit of NL over L models in correspondence with
every soil condition. There is an exception for input motion, where linear isolations seem to
perform better that what non-linear isolation does.
Overall, the results show that considering both soil and isolation non-linearity is significantly challenging because many parameters play important role and the assessment of the
effects of non-linearity over linearity need to be related to the particular input motion considered.
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Figure 9 – Comparison accelerations Input-2 of FIX, BI-L and BI-NL (soil A, B, C and D)

3970

A. Canini

Figure 10 – Comparison displacements Input-2 of FIX, BI-L and BI-NL (soil A, B, C and D)
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SOIL A
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL B
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL C
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL D
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

Top Acceleration [g]
FIX-A
1.15
1.70
1.99
1.52
1.09
1.09
0.93

BI-L-A
0.31
0.24
0.46
0.27
0.27
0.27
0.09

BI-NL-A
0.24
0.30
0.26
0.31
0.29
0.29
0.24

Top Acceleration [g]
FIX-B
0.90
1.62
1.12
1.13
1.50
1.01
0.66

BI-L-B
0.32
0.24
0.44
0.28
0.32
0.27
0.10

BI-NL-B
0.29
0.31
0.27
0.37
0.49
0.29
0.24

Top Acceleration [g]
FIX-C
0.59
1.05
0.94
0.81
1.06
0.90
0.53

BI-L-C
0.33
0.24
0.40
0.27
0.29
0.28
0.29

BI-NL-C
0.26
0.33
0.31
0.29
0.49
0.27
0.29

Top Acceleration [g]
FIX-D
0.27
0.28
0.22
0.34
0.31
0.28
0.27

BI-L-D
0.29
0.11
0.51
0.29
0.34
0.35
0.11

BI-NL-D
0.21
0.20
0.46
0.52
0.46
0.35
0.42

BI-L-A

BI-NL-A

BI-NL-A

FIX-A
-73.0%
-86.1%
-77.1%
-82.3%
-75.6%
-75.6%
-90.0%

FIX-A
-79.1%
-82.6%
-86.7%
-79.7%
-73.7%
-73.7%
-74.7%

BI-L-A
-22.4%
24.8%
-42.1%
14.9%
7.8%
7.8%
153.9%

BI-L-B

BI-NL-B

BI-NL-B

FIX-B
-63.9%
-84.8%
-60.5%
-75.3%
-78.9%
-73.6%
-85.1%

FIX-B
-67.8%
-80.9%
-76.2%
-67.6%
-67.6%
-71.8%
-63.2%

BI-L-B
-10.7%
25.9%
-39.8%
31.0%
53.9%
6.9%
147.0%

BI-L-C

BI-NL-C

BI-NL-C

FIX-C
-44.5%
-76.8%
-56.9%
-67.1%
-72.8%
-68.9%
-44.6%

FIX-C
-55.5%
-68.7%
-66.7%
-64.8%
-53.5%
-70.4%
-44.6%

BI-L-C
-19.9%
34.8%
-22.8%
7.0%
71.3%
-4.8%
0.0%

BI-L-D

BI-NL-D

BI-NL-D

FIX-D
4.4%
-59.8%
135.5%
-15.2%
8.7%
25.7%
-60.2%

FIX-D
-22.4%
-27.5%
113.6%
51.2%
49.2%
25.7%
56.5%

BI-L-D
-25.7%
80.5%
-9.3%
78.2%
37.3%
0.0%
293.3%

Table 7 – Top accelerations for FIX, BI-L and BI-NL for all input motions (soil A, B, C and D)
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SOIL A
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL B
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL C
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL D
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

Top Displacements [mm]
FIX-A
130
357
289
191
274
163
103

BI-L-A
839
421
1014
698
866
737
237

BI-NL-A
594
236
425
484
615
531
125

Top Displacements [mm]
FIX-B
137
463
365
229
373
248
82

BI-L-B
853
425
955
676
865
731
234

BI-NL-B
610
235
426
479
617
538
121

Top Displacements [mm]
FIX-C
210
712
415
393
782
398
100

BI-L-C
895
844
949
781
737
804
140

BI-NL-C
663
563
517
548
761
627
140

Top Displacements [mm]
FIX-D
602
245
602
468
830
457
131

BI-L-D
1336
506
964
690
899
748
230

BI-NL-D
1074
246
551
477
529
573
160

BI-L-A

BI-NL-A

BI-NL-A

FIX-A
547.4%
17.7%
250.9%
265.1%
216.1%
352.2%
130.8%

FIX-A
358.5%
-33.8%
46.9%
153.1%
124.6%
225.4%
21.4%

BI-L-A
-29.2%
-43.8%
-58.1%
-30.7%
-28.9%
-28.0%
-47.4%

BI-L-B

BI-NL-B

BI-NL-B

FIX-B
520.2%
-8.2%
162.0%
195.8%
131.7%
195.1%
184.7%

FIX-B
343.4%
-49.2%
16.7%
109.6%
65.2%
117.4%
47.1%

BI-L-B
-28.5%
-44.7%
-55.4%
-29.2%
-28.7%
-26.3%
-48.3%

BI-L-C

BI-NL-C

BI-NL-C

FIX-C
326.6%
18.6%
128.3%
99.0%
-5.8%
101.8%
39.8%

FIX-C
216.0%
-20.9%
24.5%
39.6%
-2.8%
57.4%
39.8%

BI-L-C
-25.9%
-33.3%
-45.5%
-29.8%
3.2%
-22.0%
0.0%

BI-L-D

BI-NL-D

BI-NL-D

FIX-D
121.8%
106.0%
60.0%
47.4%
8.3%
63.6%
75.7%

FIX-D
78.2%
0.4%
-8.5%
1.9%
-36.3%
25.4%
22.0%

BI-L-D
-19.7%
-51.3%
-42.8%
-30.9%
-41.2%
-23.4%
-30.6%

Table 8 – Top displacements for FIX, BI-L and BI-NL for all input motions (soil A, B, C and D)
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Figure 11 – Comparison base shear Input-3 of FIX, BI-L and BI-NL (soil A, B, C and D)
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SOIL A
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL B
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL C
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

SOIL D
Input n.1
Input n.2
Input n.3
Input n.4
Input n.5
Input n.6
Input n.7

Base Shear [kN]
FIX-A
14848
31660
34370
19241
28457
18453
11788

BI-L-A
5886
4029
8639
4895
6069
5165
1662

BI-NL-A
3752
2808
3720
3267
3797
3466
1718

Base Shear [kN]
FIX-B
10268
24820
19583
13035
22529
16243
6504

BI-L-B
5798
4044
8241
4657
5900
4976
1616

BI-NL-B
3762
3276
3701
3167
3753
3438
1691

Base Shear [kN]
FIX-C
10134
15997
16560
12448
17201
15597
6581

BI-L-C
5798
4539
8009
4725
5371
5151
1755

BI-NL-C
3870
3491
3916
3199
3786
3655
1755

Base Shear [kN]
FIX-D
3813
4291
3433
4527
4833
4270
3935

BI-L-D
5383
2535
8620
5000
6156
5086
1753

BI-NL-D
3568
2094
4247
3667
3730
3752
2140

BI-L-A

BI-NL-A

BI-NL-A

FIX-A
-60.4%
-87.3%
-74.9%
-74.6%
-78.7%
-72.0%
-85.9%

FIX-A
-74.7%
-91.1%
-89.2%
-83.0%
-86.7%
-81.2%
-85.4%

BI-L-A
-36.3%
-30.3%
-56.9%
-33.3%
-37.4%
-32.9%
3.4%

BI-L-B

BI-NL-B

BI-NL-B

FIX-B
-43.5%
-83.7%
-57.9%
-64.3%
-73.8%
-69.4%
-75.2%

FIX-B
-63.4%
-86.8%
-81.1%
-75.7%
-83.3%
-78.8%
-74.0%

BI-L-B
-35.1%
-19.0%
-55.1%
-32.0%
-36.4%
-30.9%
4.7%

BI-L-C

BI-NL-C

BI-NL-C

FIX-C
-42.8%
-71.6%
-51.6%
-62.0%
-68.8%
-67.0%
-73.3%

FIX-C
-61.8%
-78.2%
-76.4%
-74.3%
-78.0%
-76.6%
-73.3%

BI-L-C
-33.3%
-23.1%
-51.1%
-32.3%
-29.5%
-29.0%
0.0%

BI-L-D

BI-NL-D

BI-NL-D

FIX-D
41.2%
-40.9%
151.1%
10.5%
27.4%
19.1%
-55.5%

FIX-D
-6.4%
-51.2%
23.7%
-19.0%
-22.8%
-12.1%
-45.6%

BI-L-D
-33.7%
-17.4%
-50.7%
-26.7%
-39.4%
-26.2%
22.1%

Table 9 – Base shear for FIX, BI-L and BI-NL for all input motions (soil A, B, C and D)
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7

CONCLUSION

The study conducted in this paper may be viewed as an original contribution to seismic assessment of a residential benchmark BI building with SSI effects that considers the mutual
effects of non-linearity both in the soil and in isolators. The FE computational model of the
soil is based on an advanced constitutive formulation that enables to drive the assessment of
structural behavior with the evaluation of soil non-linear response, by capturing the effects of
accumulation of deformation in the ground. At the same time, the model of the structure allows to assess the structural performance by considering accelerations and displacements at
various floors. Thanks to these potentialities, it was possible to demonstrate that isolation systems perform their functions consisting in decoupling the structure and the soil, by concentrating the deformations at the base of the buildings and by reducing the damage to the structure
and thus to its contents. In particular, the paper shows that the effects of non-linear isolation
are fundamental to be considered as well as soil deformability that can significantly modify
the efficiency of base isolation technique. In this regard, the paper can be seen as a first attempt to propose new design considerations for engineers and consultants. Further analyses
will be performed in order to consider advanced models of isolators and to extend the presented results.
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Abstract.
Performance-based design principles rely heavily on the estimation of engineering demand
parameters through nonlinear static or dynamic analysis. The increased focus on nonlinear
analysis in recent and upcoming building codes calls for a detailed investigation into the limitations of these procedures. This is especially true for nonlinear dynamic analysis, which is
often referred to as “exact” or “benchmark” solution. This article examines the sensitivity of
nonlinear analysis results to the assumptions made in the modeling of nonlinear element behavior. To this end, a four-story reinforced concrete building designed according to the recent
European standards is modeled in OpenSEES computational environment. Nonlinear element
behavior is modeled using several approaches from lumped plasticity models to force-based
and displacement-based elements with ﬁber sections using complex stress-strain curves. The
results of nonlinear static and dynamic analysis reveal that the modeling assumptions have a
signiﬁcant effect on both displacement demands at the story and global level. More speciﬁcally,
the curvature demands at the bottom of the ground story columns are very signiﬁcantly affected
by the modeling assumptions, particularly for diplacement- and force-based elements.
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1

INTRODUCTION

Current seismic design procedures rely on elastic analysis where earthquake ground motions
are simulated using equivalent lateral forces. On the other hand, ordinary structures that are
designed using elastic analysis procedures are expected to be forced well beyond their elastic
limit. The safety of these structures is ensured by prescriptive measures without actually evaluating their real performance. Performance based design procedures aim to provide a more
transparent approach by evaluating the performance of the structure under different hazard levels. These methods rely heavily on estimation of engineering demand parameters such as total
or plastic deformations through nonlinear static and dynamic analysis. As performance based
design procedures are used more and more in seismic design, the numerical models become
more complex. The assumptions used in the numerical modeling phase such as inelastic material behaviour, cyclic degradation and geometric nonlineareties can have severe implications
for the results of an analysis [1–4]. For example, plastic rotations and curvatures of structural
elements such as columns and beams are widely used for the assessment of the structural state in
seismic design [2] and have been shown to be sensitive to the numerical parameters used in the
analysis [5]. Although some studies [3, 5] have commented on the sensitivity of the engineering demand parameters to the numerical modeling assumptions, a quantitative documentation
of this sensitivity is vital as the performance based design methods begin to ﬁnd their way into
seismic design codes.
The objective of this study is to investigate the effects of numerical modeling assumptions
on the engineering demand parameters (EDPs) obtained from nonlinear static and dynamic
analyses. Section curvatures, roof drifts and interstory drift ratios are chosen as the EDPs as
these parameters have been documented to be well-correlated with structural damage. This will
be done by conducting nonlinear static analyses (SPO) and nonlinear response history analyses
(NRHA) on a reinforced concrete moment resisting frame (MRF) designed according to EN1998-1 [6]. The analyses are performed using the open system for earthquake engineering
simulation (OpenSees), which is an advanced computational tool frequently used in research.
2

THE ANALYZED STRUCTURE AND NUMERICAL MODELS

The analyzed structure is a four-story reinforced-concrete frame. It is symmetric about both
horizontal axes with ﬁve bays in both directions. Due to the regularity of the building in plan,
only one of the inner frames was modeled and used in the analysis. Figure 1 shows the elevation
view of the of this frame. The structure was designed according to EN-1998:2004 [6] assuming
moderate ductility level (DCM). All structural elements were designed for exposure class XC3,
M60. The concrete quality was chosen as C30/37 and the thickness of cover concrete is 35mm
for all elements. The reinforcement is of quality B500C with a modulus of elasticity of 200
GPa. The cross sections of the structural elements are summarized in Table 1.
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Figure 1: Elevation view of the analyzed frame (all measurements in mm)

Name
Column 1
Column 2
Beam 1
Beam 2

B [mm]
450
500
300
250

H [mm]

Color in Elevation View

450 Pink
500 Blue
500 Green
450 Yellow

Table 1: Cross sections of the structural elements of the frame shown in Figure 1.
The mass of the entire structure is 2 024 tons. The masses are lumped in their respective
vertical level in nodes along axis 3. The natural periods for the ﬁrst three modes were found
to be 0.53, 0.17, and 0.10 seconds, respectively. Details of the structure can be found in [7].
For nonlinear response history analysis, damping of the system is modeled using 5% Rayleigh
damping anchored at the ωi = 0.707ω1 (ω1 : the vibration frequency of the ﬁrst mode) and
ωj = 31.4 rad/s [8].
2.1
2.1.1

Structural Models
Element Models

All nonlinear analysis were carried out in the OpenSEES computational environment. Three
types of structural element models were used in the analyses. The ﬁrst element is a force-based
beam-column element (FBE) that is based on the ﬂexibility formulation and uses force interpolation functions for the variation of internal forces over the element length which represent
the exact solution to the governing equations [9, 10]. The force-based approach relies on the
equilibrium solution and, as such, even for nonlinear material response, FBE always satisﬁes
the equilibrium conditions [11]. The inelastic properties are deﬁned at integration points (IP)
along the element, each contributing to the global inelasticity of the element [5]. The crosssections of the elements have been modeled using ﬁber sections. Figure 2 illustrates a sample
element with ﬁve integration points together with a sample ﬁber section where reinforcement,
unconﬁned concrete and conﬁned concrete ﬁbers are depicted.
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Figure 2: Illustration of the distributed plasticity model. One FE with ﬁve integration sections.
With regards to modeling softening behaviour, the stresses tend to localize in the most
strained integration point (IP) of the most strained element [5]. As the number of integrations points are increased and the length of integration reduces, larger and larger rotations are
required in the most strained IP for an element to produce same values of displacement, making the response nonobjective. Four to six IPs are necessary to accurately represent nonlinear
material response and obtain an objective response [9].
The second element that was used in the analysis is the displacement-based beam-column
element (DBE). This model is very similar to its force-based counterpart but uses the displacement formulation instead of the ﬂexibility formulation. Despite their similarities, FBE and DBE
cannot be modeled following the same approach. Most signiﬁcantly, while the accuracy of the
FBE can be improved by increasing either the number of integration points or the number of
elements, the accuracy of the DBE can only be improved by increasing the number of elements.
The ﬁnal element used in the present study is the beam with hinges element (BwH) which is
also based on the ﬂexibility formulation but the location and the weight of the integration points
are predeﬁned and based on the plastic-hinge formulation. This allows the users to specify
plastic hinge lengths at the element ends. Two-point Gauss integration is used on the element
interior while two-point Gauss-Radau integration is applied over lengths of 4LpI and 4LpJ at
the element ends [2, 12]. Figure 3 shows the underlying principles of the element together with
the location of the integration points. The behaviour of the interior section can be modeled as
linear elastic or inelastic; e.g. by using the ﬁber section shown in Figure 2. One of the most
important parameters of BwH element is the plastic hinge length, lp , which designates the part
of the element where the nonlinear behavior is expected to occur, as the nonlinear behavior
of the element depends, to a greater extent, to this parameter, especially if the interior of the
element is modeled as linear elastic. There are different approaches to determine lp , one of
which is using empirical equations. One example can be found where Paulay and Priestly [13]
provide an empirical formulation, and suggest that, for frame elements with normal proportions,
this equation will lead to an approximate plastic hinge length of lp = 0.5 h, where h is the depth
of the cross section.
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Figure 3: Beam with hinges element using the modiﬁed Gauss-Radeu integration rule.
2.1.2

Section and Material Models

All the cross-sections in the analysis were modeled using a ﬁber section as depicted in Figure 2. The material behavior at each ﬁber of the section is deﬁned using a uniaxial stress-strain
relationship. In order for a reliable nonlinear analysis, the concrete material model should be
able to describe all material behaviours expected to occur before collapse during static and dynamic analyses. This includes, among other phenomena, strain softening and hardening, the
effects of strain rates and conﬁnement. To achieve this, the stress-straing model by Mander,
Priestley and Park [14], which was based on Popovics model [15] and used extensively in literature (e.g. [2, 5, 16]), was used.
Two sets of parameters that were used for unconﬁned and conﬁned concrete are presented in
Table 2. The strain rate used in the calculations was 0.013 s−1 . The parameters shown in Table
2 were used as the input parameters for the CONCRETE 04 material model in OpenSees. The
reinforcement steel was modeled using the simplest model provided in OpenSees for steel, i.e
STEEL 01. The input parameters for this model were fyk = 500 MPa, Es = 200 GPa with a strain
hardening ratio of b = 0.005.
Name

fc

Unconﬁned concrete
-38.6
Conﬁned concrete nr.1 -47.9

c

cu

Ec

ct

t

-0.00199 -0.0060 33.916 2.9 0.0855
-0.00420 -0.0142
-

Table 2: Concrete material parameters.
3
3.1

NUMERICAL ANALYSES
General

Nonlinear static analyses (NSA) and response history analyses (NRHA) were conducted
using the elements described previously with different conﬁgurations. For the models using
the DBE, each structural element was modeled using a different number of ﬁnite elements with
two integration points. For the model using FBE such reﬁnement is not necessary; instead the
number of IPs per element has an effect and was thus varied. Similarly, only one ﬁnite element
was used per structural element for the BwH elements. For the BwH element, the hinge length
varied as well as the behavior of the interior section (elastic or inelastic). The different model
conﬁgurations used in the analyses are summarized in Table 3. No NRHAs were performed
using the DBE due to extremely long computational time and convergence issues.
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Model Conﬁgurations

Analyses

DBE
FBE
BwH
BwH

NSA
NSA and NRHA
NSA and NRHA
NSA and NRHA

4, 8, 18 or 24 ﬁnite elements each using 2 IPs
One ﬁnite element using 2, 3, 4, 5, 6, 7 or 8 IPs
lp = {1.0h , 1.5h , 2.0h} with elastic interior
lp = {1.0h , 1.5h , 2.0h} with inelastic interior
Table 3: Different model conﬁgurations

3.2

Nonlinear Static Analysis

NSA were performed to assess the behaviour of the structure and the different element formulations. The static pushover loads were applied at the nodes along axis 3 in a vertical pattern
based on the eigenvectors of the ﬁrst mode, making this a ﬁrst-mode pushover analysis. P-δ
effects were included in all analyses.
3.3

Nonlinear Response History Analysis

Nonlinear response history analyses were performed for a set of seven ground motion records
for the different numerical models; in total 84 NRHAs. The ground motions records were
selected for ground type C in EN 1998-1:2004 [6]. The ground motion records are listed in
Table 4 with the corresponding parameters.
RSN Name
282
720
1003
1110
4889
5832
6923

Year

Mw

Rrap (km)

Vs30 (m/sec)

PGA

SF

Trinidad
1980
Superstition Hills-02 1987
Northridge-01
1994
Kobe Japan
1995
Chuetsu-Oki Japan
2007
Iwate Japan
2010
Darﬁeld New Zealand 2010

7.2
6.5
6.7
6.9
6.8
6.9
7

76
27
27
25
33
31
31

312
206
309
256
315
248
255

0.22
0.33
0.64
0.25
0.37
0.40
0.47

2.32
1.88
0.76
1.67
1.29
1,121
0.99

Table 4: Ground motion records used for the analyses with the corresponding scale factors (SF).
The ground motions were scaled so that the spectral acceleration at the ﬁrst natural period of
the structure matches the elastic response spectrum deﬁned in EN 1998 [6]. The scale factors
used are also shown in Table 4. The scaled response spectra are plotted in Figure 4. The
response of the structure is dominated by the ﬁrst natural mode, hence scaling in this way is
justiﬁed.
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Figure 4: Response spectra scaled to match the elastic spectrum in EN-1998:2004 [6] at T1 .
4

RESULTS

4.1

Nonlinear Static Analysis

The capacity curves resulting from NSA for the different DBE models are shown in Figure 5.
The results appear to converge to a stable solution as the number of FEs per member increases.
As expected from the coarsely meshed models using DB elements, the base shear capacity of
the structure is overestimated signiﬁcantly for four- and eight-element models.

Figure 5: Base shear plotted against roof drift for different conﬁgurations of the DB model.
The response of the FBE model is nonobjective, i.e. as the number of IPs increases, the
different curves do not converge towards a stable solution. Figure 6 presents capacity curves
obtained from NSA using FBE. Figure 6 shows that increasing the number of IPs does not necessarily lead to a unique solution. Although the estimated maximum base shear load converges
with increasing IP, the overall response, particularly, the immediate post-peak response shows
discrepancies as the number of IPs increases. This can be attributed to the spread of nonlinearity
over a larger part of the element as the number of integration points increases.
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Comparing the computation time of NSA using DBE and FBE shows one of the signiﬁcant
disadvantages of DBE compared to the other elements, namely its poor efﬁciency. NSA using
DBE with 18 FEs for each member provides a capacity curve quite similar to the one using
FBE with 5 IPs per member. However, the computational time of the analysis with DBE is
approximately ﬁve times that of the analysis with FBE.

Figure 6: Base shear plotted against roof drift for different conﬁgurations of the FB model.
Using the BwH model, the models show similar responses for different plastic hinge lengths;
see Figure 7. The stiffness of the structure immediately between ﬁrst yielding (i.e. base shear
around 500 kN) and the overall yielding is affected by the plastic hinge length if the element
interior is modeled as elastic. When the element interior is inelastic, the capacity curves become
virtually identical for different plastic hinge lengths. For the models where elements were
deﬁned with the inelastic ﬁber section in the interior, the response is generally softer. Note also
that the model that used a hinge length of lp = 2.0 h with an inelastic interior failed to converge
at around 50 mm roof drift.

Figure 7: Base shear plotted against roof drift for different conﬁgurations of the BwH model.
One of the demand parameters that is strongly correlated with structural damage is the interstory drift ratio (IDR). Therefore, the effect of modeling assumptions on the IDR estimates
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from NSA has been investigated. Figure 8 shows the IDRs for three different models at various
roof drifts. From the IDR proﬁles at 2 and 4% roof drift, it can be seen that the three different
models lead to very similar IDR estimates. As the roof drift increases, the DBE model starts
displaying higher IDRs at the lower stories while the BwH leads to a higher estimate at the
upper stories; Figure 8 (c).

(c) 10% roof drift
(a) 2% roof drift

(b) 4% roof drift

Figure 8: IDRs for different element conﬁgurations at various roof drifts.
Curvature and curvature ductility at the element ends are often used as an indicator of damage
at the element level. As such, variation of curvature estimates for different models can lead to a
variation in the damage estimates. The curvature estimates at the bottom section of the ground
story column in axis 3 from NSA is plotted against the roof drift in Figure 9. This plot illustrates
how some of the model conﬁgurations give signiﬁcantly different curvature estimates for a
given roof drift even if the global demand estimates such as capacity curves and IDR estimates
are rather similar. The most drastic variation is observed for FBE and DBE elements when
the distance between the two integration points become rather short, either through increased
number of IPs for FBE or through ﬁner mesh for DBE.
Evaluating Figures 5 and 9 together presents a potential dilemma for use of displacementbased elements for nonlinear static analysis. More speciﬁcally, Figure 5 shows that in order
to achieve a satisfactory capacity curve using DBEs, a ﬁne mesh of 18 to 24 elements per
member is necessary. However, using such a ﬁne mesh leads to a potential problem that can
have signiﬁcant consequences as far as local behavior and damage estimates is concerned. As
illustrated in Figure 9, using a very ﬁne mesh, which is necessary to capture the global behavior
satisfactorily, can lead to very high ductility demands for a given roof drift ratio compared to
other models. These results are consistent with those found by Calabrese et al. [5] and others
[17]; for softening behaviour, increasing the number of DB elements leads to nonobjective
curvatures. The same issue can also be encountered for force-based elements when a high
number of integration points is used as shown in Figure 9 and also reported by Calabrese et al.
[5]. However, in case of FBE, the issue can be resolved by using less IPs, e.g. four or ﬁve, as
these models produce very similar capacity curves compared to the model with 8 IPs.
With regards to the BwH model, Figure 9 shows results consistent with expectations. Since
the characteristic length of the plastic hinge gets shorter, it must give higher values of curvature to produce the same displacements. As a result, the differences between the BwH model
conﬁgurations are signiﬁcant, although not as dramatic as FBE and DBEs with ﬁne mesh.
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The differences seen in curvature responses of these models can have direct implications for
the estimated damage in the structural elements. It shows that when using a shorter hinge length
or a ﬁner mesh than the “correct” value, the level of damage may be greatly overestimated. Also,
if a larger hinge length or a coarser mesh is used, the assessment may be unconservative.

Figure 9: Roof drift plotted against the curvature in the monitored section.
4.2

Nonlinear Response History Analysis

The maximum interstory drift ratios obtained through NRHA for FBE, using different element conﬁgurations, are summarized in Figure 10. Here, it is seen that increasing the number of
IPs beyond ﬁve appears to have little effect on the maximum IDR demands. Figures 11 and 12
shows the maximum IDRs for the BwH model, using elastic and inelastic interior, respectively.
Both ﬁgures show that increasing the plastic hinge length for BwH elements lead to an increase
in the maximum IDR demands for all ground motions.

Figure 10: Maximum IDRs for the FB model.
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Figure 11: Maximum IDR for the BwH model using elastic interior.

Figure 12: Maximum IDR for the BwH model using inelastic interior.
Figure 13 shows an overview of the mean value of the maximum roof drift ratios (RDR)
and IDRs for the different model conﬁgurations. Across the various conﬁgurations, the trends
shown for the RDRs and IDRs are very similar. For both parameters, it is evident that the peak
responses decrease as the number of IPs increases for the FB model. For the BwH element,
longer hinge lengths leads to larger peak values for both RDRs and IDRs. For elastic interiors, the peaks are somewhat larger when compared to the results from models using inelastic
interiors.
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Figure 13: Mean values of RDRs and IDRs for the different numerical models. Blue bars
represent RDRs while the values of the IDRs are represented by blue plus orange bars.
5

CONCLUSIONS

The objective of this study was to investigate the effect of modeling assumptions on deformation demand estimates of nonlinear static and dynamic analysis. This has been achieved
through nonlinear static and dynamic analyses of a four-story reinforced concrete moment resisting frame using different model conﬁgurations. As a result of the analyses conducted, the
following conclusions can be drawn:
• Use of displacement-based elements in nonlinear static analysis requires a ﬁne mesh for
a reliable capacity curve. Speciﬁcally, the base shear capacity of the structure can be
signiﬁcantly overestimated if less than 18 elements per member is used.
• Due to this requirement for a ﬁner mesh, models created using displacement-based are
computationally much more expensive compared to the models that use force-based elements.
• The modeling assumptions such as the number of integration points for forced-based
element and the plastic hinge length for beam-with-hinges elements can have a signiﬁcant
effect on displacement demands such as interstory and roof drift ratios.
• The most signiﬁcant impact of modeling assumptions have been observed for ductility
estimates. For a given roof drift ratio, the ductility estimates can vary signiﬁcantly from
one model to another.
• The curvature estimates at the bottom of the ground story column from a displacementbased model with 24 elements per member are much higher compared to the other models.
This is because, as the distance between the two element get smaller with ﬁner mesh, very
high curvatures at the exterior section can be required to achive the same roof displacement compared to other models with coarser mesh.
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• Considering that a ﬁne mesh is required in order to achieve a reliable capacity curve using
displacement-based elements and the high curvature estimates for the same ﬁne mesh,
caution should be exercised when using this type of elements for nonlinear analysis.
• Force-based elements can also be susceptible to very high curvature estimates when a high
number of integration points is chosen. To avoid this, the number of integration points
has to be chosen carefully. The recommendation of using four to six IPs by Neuenhofer
and Filippou [9] seems to provide satisfactory results at both global and local levels.
• The different types of elements available to an analyst, be it displacement-based, forcebased or beam-with-hinges elements, have each their beneﬁts as well as limitations and
potential pitfalls. The different results show that an analyst must be able to assess what
kind of phenomena are occurring in the numerical model in order to assess the objectivity
of the results.
• More research that include a variety of structures and evaluate the sensitivity of more
engineering demand parameters such as plastic rotations and hysteretic energy demands
is necessary to enable the practitioners and researchers make informed decisions while
developing nonlinear models.
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Abstract. In standard design procedures of steel structures, buildings are usually designed
for gravity and seismic load rather than a progressive collapse situation. When a structure is
located in a low seismic zone, the codes have dictated fewer requirements regarding the beamto-column strength ratio and the panelzone strength. In this study, a frame subassembly from
an 8-story ordinary steel moment-resisting structure with different strength of exterior joints
was investigated by numerical models under a column removal situation. The results revealed
that although the beam-to-column strength ratio and the panelzone strength are generally less
critical parameters in the seismic design of ordinary moment-resisting frames, they can have a
notable effect on the fracture pattern and the capacity of the structure under a progressive
collapse. Hence a special consideration about the joints strength is needed when a structure is
aimed to be designed for a progressive collapse situation.
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1

INTRODUCTION

Progressive collapse is known as a rapid dynamic process that usually initiates from a local
failure and propagates element-by-element to a global or partial collapse of the structure [1-4].
When a column is removed within a story of a steel structure, several sequential mechanisms
act against the unbalanced vertical load. At very early stages, the beams and connections are
under shear actions. In a subsequent stage as vertical displacement increases, the flexural moment at the beams becomes the dominant resisting mechanism in the frame. Finally, if the connections are ductile enough to undergo large deformations and adapt to a new configuration,
the catenary action will be activated as the last resisting mechanism [1-3]. Since catenary action
plays the main role in the frame resistance in progressive collapse, enough ductility of steel
joints is required to develop catenary forces in the beams; otherwise, the premature global collapse of a multi-story steel structure might occur.
On the other hand, the standard design procedures of steel structures have been developed
mostly for other dynamic loads like seismic load rather than a progressive collapse situation.
Although the design methodology for seismic load and the progressive collapse is different, the
seismic details in the steel structures would influence the performance of the connections and
structures under a progressive collapse situation.
Two critical parameters of the seismic design of moment-resisting frames are the beam-tocolumn strength ratio and the panelzone strength. The codes [5, 6] have determined a maximum
level of beam-to-column strength ratio to prevent plastic hinge formation in the columns and
reduce the potential of the column-sway collapse. This limit is not obligatory for low-dissipative structures (ordinary moment frames) that are usually designed in a low-seismic zone [5, 6].
So far, the progressive collapse of steel structures has been investigated in many experimental and numerical studies [3, 7-16]; however, there are a few research studies to focus on
the effect of the beam-to-column strength ratio and the panelzone strength, especially in ordinary moment frames that the strong-column-weak-beam criterion is usually neglected.
Kim and Kim [17] studied moment-resisting structures with both weak and strong panelzones by using macro-scale numerical models. The results of the nonlinear dynamic analyses
showed that the influence of panelzone is dependent on the location of the removed column.
The panelzone deformation could be notable if an exterior joint is engaged in the progressive
collapse mechanism, while when all joints are interior, the effect of the panelzone deformation
on the performance of the frame is not significant. For structures designed for high seismic load,
it was also indicated that the panelzone consideration had little effect on the overall performance
of the structure. In contrast, the performance of low-rise structures designed only for gravity
loads could significantly be affected by the deformation of the panelzones, especially at the
exterior bays. It was also reported that excessive panelzone distortion decreased the ductility
demand of the beams in some cases.
In a similar study, Kordbagh and Mohammadi [18] investigated special moment-resisting
frames under corner and middle column removal scenarios. The results revealed that considering panelzone in the structure with I-section columns notably increased the maximum and permanent vertical displacement of the frame, especially when the removed column was an exterior
one. As a general conclusion, the panelzone effect must be considered for progressive collapse
evaluation of moment-resisting structures if the panelzones were designed only for minimum
requirements recommended by building codes.
Most of the previous studies used macro-level models to evaluate the effect of the beam-tocolumn strength ratio and the panelzone strength. Such models are not able to provide details
about other level phenomena like the joints fracture mode and local plastic deformations.
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2

OBJECTIVE AND SCOPE

In this paper, a frame subassembly from an exterior bay of an 8-story moment-resisting
structure located in a low-seismic zone was studied under a column removal situation. In such
structures, the beam-to-column strength ratio limit is usually ignored due to low seismic hazard.
Therefore, two configurations of the selected subassembly with different beam-to-column
strength ratios (and different panelzone strength) were investigated by nonlinear finite element
simulations. A calibrated plasticity model in conjunction with a ductile damage initiation criterion was used to predict the performance of the subassemblies. These two subassemblies were
compared in terms of the capacity and the pattern of ductile fracture.
3

DESCRIPTION OF THE FRAME SUBASSEMBLIES

An 8-story building with a steel moment-resisting system designed for a low-seismic area
(e.g., Norway) with 0.1g design ground acceleration was selected as a case study. In terms of
geometry, the structure was considered with four equal bays of 5 m (see Fig. 1(a)). Also, each
story was assumed to be 3m in height. Besides seismic loads, the structure was designed for 30
kN/m and 12 kN/m uniformly distributed dead and live loads, respectively. The frame was
designed according to EC8 [6] for a low ductility class with a behavior factor (q) equal to 2. In
this ductility class controlling the strong-column-weak-beam criterion is not obligatory. It is
worth mentioning that in the design process of this frame, strength criteria were dominant in
the design of the sections, and the size of the beams was constant over the height of the building.
All elements were selected from S355J2 structural steel with 355 MPa nominal yield strength.
Welded Unreinforced Flange-Welded web (WUF-W) connections described in Fig. 1(c) were
employed as the moment-resisting connections to resist lateral seismic loads. The weld access
holes with the geometry adapted from AWS D1.8, 2016 [19] was implemented in the web of
the beams to provide enough space for the flange Complete Joint Penetration welds (CJPs).

Figure 1: Configuration of a) the studied 8-story moment-resisting frame b) the subassembly c) Welded Unreinforced Flange-Welded web (WUF-W) connections.
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Since analyzing the whole of the structure at the micro-level is challenging in terms of computational time and effort, a subassembly of the frame located at the first story as shown in
Fig.1(b) was chosen for the finite element analyses. As it is apparent in this figure, this subassembly included three joints (J1, J2, and J3) connected by beams and columns with boundary
conditions applied at the interface points between the subassembly and the rest of the frame.
This subassembly was selected because the asymmetric strength of the joint J1 and J3 can also
provide more detailed information regarding the effects of the beam-to-column joint strength.
The previous studies also indicated that in this scenario, the panelzones have the most influence
[17].
All design sections were the same in two subassemblies except the left column cross section
that varies between HE180B and HE240B to study the effect of the beam-to-column strength
ratio and the panelzone strength of the exterior joint. It should be noted that Subassembly-1 is
from the original design of the frame that HE180B section was adequate as the left column for
applied loads. On the other hand, in Subassembly-2, HE240B as the left column is a conservative design compared to the original frame.
4

NUMERICAL MODELS

4.1 Material model
Ductile fracture is known as a continuous process in which nucleation, growth, and coalescence of microvoids in ductile metals lead to form a new free surface in the material. Based on
the prior studies [20-24], ductile fracture initiation is a function of equivalent plastic strain,
stress triaxiality, strain rate, and Lode angle; however, the later one is less important when the
structure is under tension load (positive triaxiality) [24, 25]. So far, several fracture models
have been developed and utilized for predicting and evaluating the ductile fracture in steel
structures. Some of these models are more complicated to be implemented (e.g., the GursonTvergaard-Needleman model has over ten parameters for a single material [26]). Some other
models (e.g., Johnson-Cook [20] and Bai-Wierzbicki [25] ) are more appropriate for engineering applications where the uniaxial test is a standard test.
In this study, a phenomenological ductile damage model for predicting the onset of ductile
fracture [27, 28] was used to investigate the fracture pattern of the studied subassemblies. In

this model, it is assumed that the equivalent plastic strain at the onset of damage (ߝ ), is a
function of stress triaxiality and strain rate [27]:


ߝ ሺߟǡ ߝሶ  ሻ

(1)

ߪ
ൗߪ is the stress triaxiality, ߪ is hydrostatic pressure and ߪ is Mises
equivalent stress. ߝሶ also denotes the strain rate. Based on this definition, the damage variable
can be defined as follows [7]:
Where ߟ ൌ

ܦൌන

݀ߝ 


ߝ ሺߟǡ ߝሶ  ሻ

(2)

This damage variable is an incremental state variable that increases monotonically with plastic deformations (ߝ  ) to reach D=1 which indicates the fracture initiation. To use this model, a
fracture strain curve in the space of ߝ  -η is needed. This curve was obtained by performing
uniaxial tests under different triaxiality states for steel grade S355J2, as shown in Fig. 2. The
described ductile fracture criterion was used in conjunction with the Mises plasticity and a linear isotropic hardening rule as the material model. To calibrate the stress-strain behavior of the
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S355J2 material, five round smooth samples were tested under the uniaxial tensile test. Fig.3
shows the geometry of the samples.

Figure 2: Fracture strain curve for S355J2 at different triaxiality.The curve adapted from [29].

Figure 3: The geometry of round smooth tensile specimens.

All specimens were taken from a flat plate with 25mm thickness in the rolling direction. It
should be noted that the effect of the strain rate was outside of the scope so that all tests were
conducted at a strain rate of 0.002 mm/mm/s.
A 50mm axial extensometer and a digital image correlation system (DIC) were used to measure the elongation of the gage length. Using DIC can provide the fracture strain of each sample
precisely. For example, as shown in Fig. 4, the fracture strain was 1.047 and 1.075 in sample
MU1 and MU4, respectively. The engineering stress-strain curves for all tested samples are
illustrated in Fig. 5.
To calibrate the ductile damage model an average fracture strain of all five samples (ߝҧ ൌ
ͳǤͲͶ) was used. The point corresponding to the average fracture strain and triaxiality of the
samples is plotted in Fig. 2 to validate the curve at least at one point. Since the stress triaxiality
is varying after the necking of the samples, an average value was obtained (ߟҧ ൌ ͲǤͶͻ) from the
numerical simulation. Fig. 2 indicates a good agreement between the curve and experimental
results for round smooth bar samples (plotted by a red circle).
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MU1

MU4
Figure 4: Fracture strain of samples MU1 and MU4 extracted from DIC.

Figure 5: Engineering stress-strain curves for tested round smooth bar samples.

To use the test data in the material plasticity model, true stress-strain curves are required.
Before the necking that the uniaxial state is governed, the true strain and stress can be obtained
as follows:
ߝ௧ ൌ ሺߝ  ͳሻ

(3)

ߪ௧ ൌ ሺͳ  ߝ ሻߪ
Where ߝ௧ and ߪ௧ are true strain and stress respectively, while ߝ and ߪ denote engineering
values.
After necking, these relations are invalid due to stress triaxiality and strain localization.
Therefore, a linear transition was assumed between the ultimate and the fracture point. The
fracture strain could be obtained by DIC; however, the equivalent true fracture stress also
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should be calculated to consider the triaxial stress state. Bridgman proposed an approximate
conversion from a triaxial stress state into an equivalent stress σeff by using the geometry of the
samples as follows [30]:
ߪ ൌ

ߪ௧
Ͷܴ
ܦ
ሺͳ   ܦሻ ൈ ݈݊ሺͳ  Ͷܴ ሻ

(4)

Where D is the diameter of the sample, and R is the radius of curvature at the fracture point.
These two parameters can be measured at the fracture point by image processing (e.g., See Fig.
6 for sample MU1).

Figure 6: The diameter of the sample and the radius of curvature at the fracture point for sample MU1.

The calibrated material plasticity and damage model verified by numerical models. For instance, Fig. 7 compares the experimental and numerical force-displacement curves for the MU1
specimen. As this figure shows, there is a good agreement between numerical and experimental
curves.

Figure 7: Ductile damage model verification for sample MU1.

4.2 Finite element models of the subassemblies
To predict the ductile fracture of two pre-described subassemblies, nonlinear finite element
models were created in Abaqus/CAE. The explicit solver was employed due to its efficiency in
conducting and converging extreme nonlinear behavior, particularly when a fracture and material separation are simulated. The simulations were implemented as a quasi-static to find the
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capacity of the subassemblies and track the fracture behavior of the components under incremental displacement imposed at the point of the removed column.
For all nonlinear parts around the beam-to-column joints, the eight-node solid brick elements
with reduced integration points (C3D8R) with a fine mesh were applied for the discretization
of the models (see Fig. 8). These fine-meshed domains were assumed to have a length at least
equal to the depth of beam or column that is known as the most probable place for plastic hinges
formation. In these areas, the thickness of beams flanges and webs divided into at least four
layers of element.
On the other hand, the middle parts of the beams and columns were modeled by a coarse
mesh to reduce the time of analyses. To make an appropriate transition between the fine-meshed
and the coarse-meshed areas a combination of C3D8R and six-node wedge element (C3D6)
was used as shown in Fig. 8. It is worth mentioning that in numerical models, the properties of
the welds were ignored.
An incremental displacement was applied to the removed column at joint J2, and the boundary conditions were defined as shown in Fig. 1(b). Also, it was supposed that beams flanges
and columns at the joint level are laterally braced due to the slab system and secondary beams.

J2

J1

J3

Figure 8: Finite element discretization of subassemblies with a fine mesh around the joints.

5

RESULTS

Fig. 9 compares the force-vertical displacement of two described subassemblies. Comparing
of the subassemblies can be done in different aspects and parameters. In terms of yielding
strength, both subassemblies provided approximately similar global yielding strength; however,
due to the panelzone distortion in the Subassembly-1 with HE180B column, the panelzone in
J1 was the first component that experienced plastic deformations, while the beam in this joint
had a limited plastic strain even at the last step of the analysis. Moreover, this panelzone distortion imposed the maximum equivalent plastic strain (PEEQ) in the upper column of the joint
J1. Forming plastic hinge and excessive lateral deformation of the column can increase the
potential of post-yield buckling of the column under axial loads. In contrast, in the other subassembly (with HE240B column) the panelzone yielded after some plastification in the beam
so that in the last step of the analysis, the maximum PEEQ occurred in the beam area while the
upper column exhibited a low amount of plastic deformations.
Before any fracture initiation in the subassemblies, the Subassembly-2 with stronger joint J1
provided significantly more vertical strength. For example, in the vertical displacement of
877mm that is corresponding to the onset of fracture in the bottom flange of the joint J2 in the
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Subassembly-2, the vertical strength of this subassembly was about 44% more than Subassembly-1.

Figure 9: Vertical force-displacement curves for two studied frame subassemblies.

J1

J2

J3

Figure 10: Distribution of ductile damage variable (D) at different joints in Subassembly-1 (ductile fracture
initiated and developed firstly in J3)

In terms of ductile fracture initiation pattern, as shown in Fig.10 for the Subassembly-1, due
to unbalanced stiffness and catenary action in the two sides beams, the fracture firstly initiated
at the top flange of the beam in J3 joint and then developed to the web of the beam. When the
right beam lost some amount of its stiffness, the fracture also initiated at the bottom flange in
the other side beam in the joint J2.
On the other hand, the Subassembly-2 exhibited a vice-versa fracture initiation pattern. In
other words, due to the stronger J1 joint, the stiffness and catenary action is more balanced than
the Subassembly-1. As Fig.11 indicates the fracture initiated at the left beam of the joint J2. By
developing the crack in the beam web and decreasing the beam stiffness, the J3 joint finally
experienced the fracture at the top flange of the beam.
An interesting trend can be drawn from Fig.9 although the complete fracture of beams for
both subassemblies happened in joint J3 and the cap vertical forces of both subassemblies are
approximately similar, the Subassembly-1 exhibited larger vertical displacement than the Subassembly-2. This extra displacement caused by the excessive distortion of joint J1 (less stiffness)
that delayed the activation of the catenary action in the beams. As a result, a weak panelzone
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can significantly increase the vertical displacement demand of the frames and have to be considered in the frame analysis.
In addition, if the maximum vertical displacement demand obtained from the nonlinear dynamic analysis of the frame under similar column removal scenario was less than vertical displacement corresponding to ductile fracture initiation of subassemblies (in the capacity curves),
using a simplified material model like a bilinear model can provide valid results in nonlinear
dynamic analysis of the frame.
All these conclusions were made based on the assumption that welds material possesses
higher toughness than base metal and the welds are without defects and significant stress and
strain concentration.

J1

J2

J3

Figure 11: Distribution of ductile damage variable (D) at different joints in Subassembly-2 (ductile fracture
initiated and developed firstly in J2)

6

CONCLUSIONS

A frame subassembly from an 8-story ordinary steel moment-resisting structure was studied
for a column removal situation. The capacity and the fracture pattern of the subassembly obtained for different exterior joint strength. Based on the results from numerical models, the
following conclusions can be drawn:
x The strength of the exterior joints in outer bays of such structures can significantly affect
the fracture pattern and the capacity of the frame under a column removal situation.
x When an exterior weak joint was used, excessive plastic deformation of the panelzone led
to an unbalanced state in catenary action so that the asymmetric force induced the fracture
at the end of the right beam near to the interior joint. In contrast, when a stronger exterior
joint was used, the rigidity of the panelzone led to make a balanced state in catenary action
so that the fracture occurred at the left beam near to the middle joint that the column was
removed.
x Before any fracture initiation, the vertical strength of the specimen with a stronger exterior
joint showed about 44% more strength than the model with a weaker exterior joint; however, the maximum resisted vertical force for both models was approximately similar.
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x In general, although the beam-to-column strength ratio and the panelzone strength usually
are less critical in the standard procedure of design of moment-resisting structures in a low
seismic zone, special consideration is needed when such structures are also designed for a
progressive collapse situation.
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Abstract. Vulnerability of subsea high pressure/high temperature (HP/HT) pipelines to seismic
actions is studied numerically. This study focuses on the response of an unburied pipeline, laid
on the seabed and resting on a sleeper. Two different scenarios are considered: (1) earthquake
imposed on a laterally buckled pipeline and (2) earthquake imposed at temperatures lower than
the lateral buckling temperature. The onset of yield and development of compressive local wrinkles in the wall thickness are calculated as the failure modes.
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1

INTRODUCTION

Resilience of pipelines during catastrophic events is a strategic issue that has a great impact
on both society and the environment [1], being particularly vulnerable to high-intensity earthquakes as demonstrated during the 1989 Loma Prieta earthquake [2], the 1995 Kobe earthquake
[3], and the Chi-Chi earthquake in 1999 [4]. Consequences of seismic events can potentially
worsen in hazardous areas subjected to other risks, such as slope instability, landslide, soil liquefaction and fault movements [5]. International codes such as ALA [6] provide specifications
for the seismic design of buried pipelines.
Previous studies investigated the seismic behaviour of offshore pipelines [7-9]. However, to
the knowledge of the authors, the seismic studies of high pressure/high temperature (HP/HT)
pipelines so far has been limited to buried and trenched pipelines [10]. A subsea HT/HP pipeline
can undergo large bending stresses and strains due to lateral/upheaval buckling or free-spanning
[11-14]. If the compressive strain in the pipe wall exceeds a certain limit, structural instability,
in the form of local buckling/wrinkling may occur [15]. Periodic loading, such as flow-induced
vibrations and earthquakes may cause fatigue cracks in this affected region [16]. In the current
paper the seismic and thermal buckling responses of an unburied HP/HT subsea pipeline laid
on an uneven seabed is investigated numerically. Structural responses of the pipeline under 17
recorded ground motions are considered in two scenarios:
(1) Scenario 1, where a controlled lateral buckle of the HP/HT pipeline is followed by the
earthquake (EQ) input;
(2) Scenario 2, where the imposed EQ triggers the lateral buckle.
2

FINITE ELEMENT MODEL

Due to the lack of seafloor earthquake recordings, in the present study onshore ground motions are considered by neglecting the effects of the surrounding seawater layer on the pipeline
response. Previous studies [17, 18] showed that the interaction between S-waves and P-waves,
especially at resonant frequencies of propagating waves in the water, can mainly affect the vertical seafloor motion. Another contribution [19] considered a steel pipeline with outside diameter of OD = 350 mm, single span length of 16 meters and mechanical parameters (Table 1).
By applying the commercial finite element analysis (FEA) package ABAQUS [20], in this section the same single span pipe (Figure 1) is considered and is placed on a soil domain characterized by two layers. The properties of the soil layers are shown in Table 2. The pipeline is
modelled in ABAQUS using 2-node linear beam elements named PIPE31 [20]. The 16 m single
span pipe is divided into 40 elements along its circumference and 100 elements in the longitudinal direction. The soil domain has surface dimensions of 48×48 m and a total depth of 40
meters. The adjacent spans are incorporated by simulating the boundary conditions with rotational springs (stiffness: 1.465×105 Nm/rad) and translational springs (stiffness: 1.1644×106
N/m) on either ends of the pipeline. The model presented in this paper was previously developed by [21] with the aim to apply a probability-based approach.
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Figure 1: The FEA model, showing the pipeline and the soil and the numerical mesh used to validate the seismic
analysis in comparison with the previous work [19].

Length, L (m)

16

Outer diameter, OD (mm)

350

Wall thickness, t (mm)

3

Mass density, ȡ (kg/m3)

7800

Young’s modulus, E (MPa)

210000

Poisson’s ratio, Ȟ

0.3

Damping ratio, ȟ (%)

1.2

Table 1: Single span steel pipeline properties used in the seismic validation model.
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Parameter
Layer thickness, h (m)
Mass density, ȡ (kg/m3)
Shear modulus, G
(MPa)
Poisson’s ratio, Ȟ
Damping ratio, ȟ (%)

Soil
layer
30

Base
rock
10

2000

3000

200

1800

0.4

0.33

5

5

Table 2: Soil domain properties used in the seismic validation model.

Both the soil layer and the bedrock are discretised using three-dimensional C3D8R 8-node
solid elements that allowed to model realistic seismic wave propagation at a depth far enough
from the pipeline, so that the scaling effects can be neglected [22, 23]. Soil mesh size are chosen
based on the Rayleigh wavelength parameters [24-27]. A variable mesh dimension is chosen,
with soil elements becoming denser towards the centre and the surface of the soil domain (elements side length: 4 m on the lateral borders and 1 m at the centre of the model). The base
boundary are constrained in order to simulate bedrock conditions (at 40 m depth from ground
surface). CIN3D8 elements (Figure 1) constrain each node on one side of the lateral boundary
of the soil domain in order to move the same as the analogous node on the opposite side (in
both horizontal and vertical directions). Such conditions are used to simulate real wave propagation in a presumably infinite (or at least very large) soil domain, avoiding wave reflection
disturbance and allowing the seismic energy to be removed from the site itself [28-32]. The
damping ratios (Table 1 and Table 2) are added to the materials properties in the form of Rayleigh damping coefficients [33, 34]:
C

d

M

d

(1)

K

where [C] is the damping matrix, [M] is the mass matrix and [K] is the stiffness matrix, Įd
and ȕd are the mass-proportional and stiffness-proportional damping coefficients, respectively
(Table 3).
Material
Steel (pipeline)

ȟ (%)

Įd

ȕd

1.2

0.14053 0.001018

Soil layer

5

0.58555 0.004240

Base rock

5

0.58555 0.004240

Table 3: Rayleigh damping parameters.

Based on an eigenvalue analysis, the pipe fundamental vibration frequency is found to be in the
transverse direction and equal to 3.8992 Hz, which is close to the vibration frequency of 3.8556
Hz obtained by Bi and Hao [19]. The pipe-soil system frequencies, Ȧ1 and Ȧ3 are found to be
equal to 1.7213 Hz and 2.0322 Hz, respectively. The mass-proportional and stiffness-proportional damping coefficients are calculated and represented in Table 3.
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A seismic input motion, San Fernando earthquake with a PGA of 0.026g, is selected from the
Pacific Earthquake Engineering Research Centre (PEER) [34] database and applied at the base
of the bedrock along the transverse direction (y-direction shown in Figure 1). Time histories of
maximum displacements obtained from the current and from Bi and Hao [19] models are shown
in Figure 2. It should be noted that in Bi and Hao’s work [19] the pipeline is modelled with 3D
20-node solid elements, whereas in the current work 2-node beam elements are used. Therefore,
the negligible discrepancies in the amplitude observed between the two time histories in Figure
2 may be related to the different pipe element types. The results are in good agreement and
show that the adopted beam model can predict the seismic wave propagation properly.

Figure 2: Seismic response of the pipeline in Figure 1, comparison between current results and Bi and Hao [19].

To study the interaction between thermal buckling and seismic disturbance, X65 steel pipeline with parameters represented in Table 4 is selected. The same pipeline is used in a thermal
buckling study conducted by [36].
Length, L (m)

2000

Outer diameter, OD (mm)

254

Wall thickness, t (mm)

12.7

Thermal expansion coefficient, Į (°C-1)
Young’s modulus, E (MPa)

1.01 ή 10-5
206000

Poisson’s ratio, Ȟ

0.3

Lateral imperfection ratio, h0/l0

0.012

Submerged weight, q (N/m)

1500

Seabed friction coefficient, μ1

0.5

Sleeper friction coefficient, μ2

0.3

Sleeper height, h (m)

0.5

Table 4: Pipeline and seabed properties.
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3

RESULTS

3.1 Thermal buckling
The pipeline with length of 2000 meters is laid on a rigid seabed (Figure 3 and Table 4), by
using PIPE31 beam elements. A sleeper with height h = 500 mm (h/OD = 1.97), laid under the
pipeline at its mid-length is used in order to control the lateral buckling [35] and is modelled
with R3D4 shell elements (semicircular cross section). The seabed was meshed using R3D4
rigid shell elements [20]. Pipe element size is gradually decreased towards the midpoint area,
where the length is set as half the diameter [15]. Both ends of the pipeline are pin-connected to
the seabed using multiple point constraint (MPC) elements. The ends are far enough from the
sleeper, to allow sufficient feed-in length into the buckle region. The sleeper is fixed to the
seabed with a tie constraint. Mohr-Coulomb constitutive contact behaviour is used to model the
interaction between the pipeline and the seabed and between the pipeline and the sleeper, with
friction coefficients of ȝ1 and ȝ2, respectively (see Table 4). A large penalty stiffness coefficient
is used to simulate hard contact definition between the pipeline and sleeper and soil [11]. To
control the lateral buckling response, a sinusoidal initial imperfection was imposed on the pipeline at the point of contact with the sleeper with an amplitude to half wave-length ratio, h0/l0 =
0.012 and a schematic shape (Figure 3).

Figure 3: The pipeline and sleeper model used in the thermal buckling and seismic/thermal interaction models.

In order to obtain the thermal buckling response of the pipeline, the following load steps, in
the mentioned sequence, are imposed to the pipeline, using a quasi-static dynamic analysis with
geometric nonlinearity. (1) The self-weight is applied to the pipeline assuming a total buoyant
weight of m = 153 kg/m (m included the submerged weight of the pipeline and its concrete
coating). At the end of this load step, the pipeline deforms on the sleeper, with free-spans on
either side of the sleeper and corresponding touchdown points [11, 36]. (2) An internal pressure
of Pint = 12 MPa is applied to the pipeline, and (3) an increasing temperature change of ǻT is
uniformly applied to the wall thickness. Due to the actions of the internal pressure and thermal
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loading, the pipeline tends to expand. However, this expansion is balanced by the reaction of
the soil, inducing axial forces in the wall thickness and causing a global lateral buckling in the
pipeline [11, 15]. The maximum lateral buckle amplitude in the pipeline occurs at the contact
point with the sleeper (Figure 4a). The temperature increased up to a critical value, after which
the buckle amplitude monotonically upsurges with the corresponding increase in the temperature. The lateral buckle profiles at different temperatures are plotted in Figure 4b. The lateral
buckle mode is shown to be similar to Hobb’s mode 3 [37], as expected [11, 36]. In correspondence with the calculated (Figure 4a and 4b) critical temperature of the pipeline (Tcr = 26-30 °C),
two scenarios are studied: scenario 1, post-buckle seismic input, and scenario 2 pre-buckle seismic input, by applying a total of 17 earthquake input motions from PEER database [35]. Input
spectra of the selected 17 input motions are shown in Figures 5 and the characteristics of each
input motion is outlined in Table 5.

(a)

(b)
Figure 4: Lateral buckling response of the pipeline in Figure 3 with parameters in Table 4, showing, (a) temperature vs. the maximum buckle amplitude, (b) lateral buckle profile at different service temperatures.
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Figure 5: Seismic input spectra for the 17 EQ motions.

Site Code

PGA
(m/s2)

Duration
(s)

A-ELC

1.24

40.0

2

A2E

1.66

40.0

3

CAP

5.01

40.0

4

CNP

3.53

25.0

5

H-PVB

3.68

40.0

6

SCS

6.00

40.0

7

B-ELC

0.66

40.0

8

H-C05

1.44

40.0

9

H-CAL

1.26

40.0

10

A-KOD

1.51

21.0

11

Northridge

8.57

15.0

12

Takatori

7.20

40.0

13

Llolleo

3.54

116.5

14

Erzincan

4.33

18.0

15

Lucerne Valley

7.12

48.2

16

Imperial Valley

3.09

22.0

17

Trinidad

2.28

21.4

Site number - input motion
(n.)
1

Table 5: Characteristics of the selected seismic input motions.
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3.2 Scenario 1: post-buckle seismic input
In addition to the self-weight (m = 153 kg/m) and internal pressure Pint = 12 MPa, the temperature in the pipeline is increased up to 31 °C (higher than the critical temperature). At this
temperature, the pipeline has already buckled (see Figure 4b). Then, the seismic inputs are applied to the soil at a depth of 5 m below the seabed and in the y-direction (see Figure 3). The
time histories of the lateral buckle amplitude at various stages of the loading are displayed in
Figure 6. The lateral buckle profile and the crown stress distribution before and slightly after
the application of the seismic input n.11 (Northridge) are shown in Figures 6b and 6c, respectively. It is worth noticing that the introduction of the seismic load significantly increases the
buckle amplitude, and consequently the maximum stress at the crown of the buckled pipeline
upsurges to a level slightly above the yield stress (448 MPa). The interaction buckle mode (solid
line in Figure 6b) is similar to the thermal buckle mode (dashed line in Figure 6b).

(a)

(b)
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(c)
Figure 6: Scenario 1, (a) displacement time history, (b) the buckle profile, and (c) the von Mises stress time history in the buckle crown.

3.3 Scenario 2: pre-buckle seismic input
Following the application of the self-weight and the internal pressure, the temperature variation is kept at ǻT = 25 °C (slightly below the critical temperature), and then the seismic input
is applied. Results for the seismic input n.11 are shown in Figure 7, where t = 0 s corresponds
to the onset of application of the seismic load. Due to the seismic action, the pipeline buckles
with a maximum crown displacement of 3 m (Figure 7b). Several findings are considered. (1)
Maximum displacement value is smaller than that calculated in scenario 1 (Figure 6b); (2) the
buckle shape is symmetric and similar to the buckle shape under thermal loading only; (3) the
maximum stress in the crown increased from 380 MPa to almost 440 MPa (Figure 7c), due to
the combination of thermal and seismic actions. However, the maximum stress is still lower
than the assumed yield stress (448 MPa).

(a)
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(b)

(c)
Figure 7: Scenario 2, (a) displacement time history, (b) the buckle profile, and (c) the von Mises stress time history in the buckle crown.

3.4 Bending response of the pipeline
It is worth noticing that even if the lateral buckling is not a failure mode by itself, yielding
or rupture in the pipeline may occur when the bending stresses and local compressive strains
exceed the ultimate values. In this regard, the bending response of the pipeline is assessed by
modelling 1.27 m (5D) pipeline with 8-node linear brick elements (C3D8R) and by adopting
isotropic bilinear material properties with yield stress of ıy = 448 MPa and tangent modulus of
Et = 0.01E (Table 4). Under symmetrical assumptions, half length of the pipe is modelled and
a bending moment is applied at one end of the tube by applying a master/slave arrangement and
by using MPC rigid elements (to restrain the ovalisation). The normalised moment-curvature
response is shown in Figure 8, where moment is normalised to the plastic moment MP, and
curvature is normalised by the critical curvature kc:

MP

y

( D t )2 t

,
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At normalised moments M/MP > 0.9, nonlinear material behaviour is observed, and is followed by a substantial increase in the curvature. The ultimate moment is reached at 1.08MP
(Figure 8a). Deformation and von Mises stress contours at selected stages of the curvature (IIV) marked on the moment-curvature curve, are plotted in Figure 8b. At stage I, the von Mises
stress in the pipe wall thickness reaches the yield stress. However, wrinkles in the compressive
face (local buckle) start to appear at stage II. In stages III and IV, the compressive wrinkle
progress substantially, and the cross section is significantly ovalised. The calculated critical
strain in the pipe wall (İcr) at stage II (shown in Figure 8a) is İcr = 1.576 ×10-2 mm/mm, and it
ଶ௧
is about 1/4th of the well-known theoretical expression ߝ = 0.6 as suggested in the previous

experimental contribution [38] and recommendations of DNV [39].

I
İ = 2.156 × 10-3
II
İ = 1.576 × 10-2
III İ = 7.160 × 10-2
IV İ = 10.400 × 10-2

(a)
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I

II

III

IV
(b)
Figure 8: FEA pure bending response of the pipeline in Table 4, showing (a) the moment-curvature relationship
and compressive strains, and (b) deformed shape and von Mises stress contours at selected stages of curvature.
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4

CONCLUSIONS

A numerical model was proposed in order to study the interaction between earthquake and
thermal buckling in a subsea pipeline. The thermal buckling response of the pipeline under
action of buoyant self-weight, internal pressure and temperature variation from the inner fluid
was analyzed. The interaction between seismic load and service loads (pressure and temperature)
was studied using 17 earthquake inputs. The interaction study was conducted with two different
scenarios: (1) the seismic input was imposed at a temperature of 31 °C (buckled pipeline) and
(2) where the temperature was kept at 25 °C (unbuckled pipeline). Maximum stresses and compressive strains were compared. Future study will be conducted in order to assess analytical
fragility curves.
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Abstract.
The effect of the gravity framing system on the seismic performance of steel frame buildings is
an essential, but currently challenging, aspect of predicting building performance and evaluating community resilience in earthquakes. Analytical studies and field observations have indicated that the gravity framing system, can have a profound effect on the lateral behavior of
steel-framed buildings. The main factors that affect the influence of the gravity framing are the
gravity columns and the beam-column connections. The gravity columns improve the performances of steel structures providing what is known as continuous stiffness. On the other hand,
gravity connections provide strength and another source of energy dissipation. Even though
different studies have concluded that the gravity system improves considerably the collapse
performance of special steel frame structures, it is still neglected at the design and analysis
stage. One of the main reasons why the gravity system is not considered is the difficulty of
modeling the beam-column connections. The cyclic hysteretic behavior of commonly used gravity connections presents strength degradation and pinching behavior.
Previous investigations have shown the importance of modeling accurately the cyclic behavior
of the lateral resisting system, especially to capture dynamic instability. However, there are no
studies regarding the effects of accuracy when modeling gravity connections. This paper investigates the effects of modeling the gravity connections on the seismic performance of special
steel structures different approaches that vary in difficulty. The effectiveness of the approaches
is illustrated through the analysis of an 8-Story building. Nonlinear dynamic response history
analyses are conducted and the effect of the approaches used is evaluated in terms of deformations, energy dissipation and the collapse performance. The results obtained in this investigation show that modeling in detail the gravity connectionϣs hysteretic behavior is not relevant
when the dissipation of energy is compared to the main lateral resisting system.
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1

INTRODUCTION

Nonlinear performance assessment of structures is becoming in the present a common procedure to analyze and design structures under seismic loads. According to the current code
(ASCE7-16), if the nonlinear analysis is required, it is necessary to establish the probability of
collapse at a seismic hazard with a 2% probability of exceedance in 50 years. This kind of
analysis require a detailed mathematical model that represent all the main sources of energy
dissipation within the structure. The dissipation of energy, when a structure is subjected to
earthquake loads, is expected to occur only at the lateral resisting system. In the case of Special
Steel Moment Frames (SMFs), the dissipation of energy is expected to undergo at the ends of
beams and at the base of the columns of the lateral resistant system. As a result, it is common
practice to neglect the gravity system strength and energy dissipation contribution.
It has been proven through experience in real events and numerical investigations that the
gravity system contribution could be important when SMFs are subjected to seismic loads. During the Northridge earthquake in 1994, multiple beam-to-column connections in SMFs presented brittle failures and did not dissipate energy as expected. However, structures did not
collapse and the most likely reason behind this, is because the gravity system helped to resist
the seismic loads [1]. As a consequence of this event, different numerical and laboratory test
investigations were developed in order to evaluate the real capacity of gravity connections and
their influence on the seismic performance of SMFs.
Liu and Astaneh [2] performed cyclic tests to different commonly used gravity system connections. It was found that shear tab connections moment capacity was approximately 20% the
beam plastic moment strength (Mp) if the slab contribution was neglected and 35% Mp if not.
Moreover, it was found that shear tab connections have a large inelastic rotation capacity.
Gupta and Krawinkler [3] addressed the seismic performance of SMFs at various hazard levels
including the gravity system. The gravity connections were modeled using a bilinear moment
rotation constitutive law with a strength capacity of 40%Mp for positive bending and 20%Mp
for negative bending. One of the main conclusions from this investigation was that the gravity
system improves the seismic response of the structure when it is subjected to large drifts. However, it is stated by the authors that the contribution of the gravity column continuity appeared
to be the most important having the gravity connections a much less important role. Flores et
al. (2014) [4] studied the effect of the gravity system on the collapse performance of SMFs.
The study focused on the influence of the gravity columns and the strength of the gravity connections. In the investigation, a simple hysteretic behavior with a backbone curve that presented
strength degradation was used to represent the gravity connections behavior. The conclusions
were that gravity connections had more influence in low rise buildings but the continuity of
gravity columns is what improves the most the performance, especially in high rise buildings.
Another investigation was performed by Elkady and Lignos 2014 [5] were the influence of the
gravity system on the collapse performance of SMFs was also computed. In this investigation,
a very detailed hysteretic behavior was used to model the gravity connections. The main conclusion from this paper regarding the influence of the gravity connections was that they improve
the collapse performance of SMFs.
Despite the fact to be known that the gravity system improves the seismic performance of
SMFs when subjected to large deformations, its contribution is still neglected in analysis and
design. One of the main reasons why the gravity system is not incorporated is the complex
hysteretic behavior that gravity connections have when subjected to cyclic loads. It has been
established by studies like the one presented by Ibarra and Krawinkler [6], that certain hysteretic
behavior characteristics are fundamental to capture the structural dynamic instability. For instance, in order to evaluate the collapse performance of SMFs it is necessary to incorporate
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cyclic and strength degradation into the hysteretic behavior of beams and columns. These modelling recommendations apply to the main lateral resisting system and it has been assumed that
they have the same effect on the gravity system. However, there is no investigation, to the
author’s knowledge, where the main lateral resisting system fulfills all the modelling requirements to perform complex analyses and the hysteretic behavior of the gravity connections is
studied to evaluate their effectiveness.
In this investigation, an 8-Story Special Steel Moment Frame is analyzed including the gravity system. The structure is analyzed under different hazard levels using Far Field ground motions from the FEMA P-695 methodology [7]. The lateral resisting system of the structure
incorporates detailed hysteretic models making it able to capture dynamic stability. On the other
hand, the gravity system is included to evaluate the effect that gravity connection’s hysteretic
behavior has on the performance. Three different hysteretic behaviors are considered: a simple
bilinear model, a hysteretic model that follows a backbone curve with strength degradation but
with an arbitrary cyclic behavior and a more realistic complex model. The effects of the gravity
connection’s hysteretic behavior are evaluated by comparing nonlinear static capacity curves
(pushover curves), first floor interstory drifts and maximum drifts along the building height.
Additionally, the energy dissipated by the gravity system is compared among the models.
2

BUILDING OVERVIEW

The structure to be analyzed in this investigation is one of the buildings that have been extensively investigated since they formed part of the ATC 76-1 project [8]. In the former study,
multiple Special Steel Moment Frames (SMFs) were analyzed using the FEMA P-695 to evaluate their collapse performance. The purpose of the project was to establish if the seismic performance factors provided by current codes are adequate. As mandated by the FEMA P-695
methodology the gravity system was not considered as part of the lateral resisting system.
The analyzed system is an 8-Story SMF designed using Response Spectrum Analysis (RSA)
following the requirements given in AISC 341-05 [6] and ASCE/SEI 7-05 [9] with the exception that the deflection amplifier Cd was taken equal to the response modification factor, R, as
specified in FEMA P-695. The seismic design category used for the design was Dmax as defined by the FEMA P695 (Site Class D, Ss=1.5g, S1=0.6g). The SMF was designed considering
fixed at the base of the columns and using Reduced Beam Sections (RBS) connections.
Figure 1 displays the plan view of the structure. The building has been designed using two
lateral resisting systems in each direction. The figure also shows the gravity system in half the
structure that is going to be evaluated. The gravity connections are considered to have flexural
strength when the beam frames into the column´s strong axis. The height of the first story is
15ft and the rest is 13ft. The design loads are 90 psf as dead load (D) and as live load (L) 50 psf
on all floors, except on the roof were 20 psf was used. The load combination considered to
perform nonlinear static and dynamic analysis is 1.0 D + 0.25L.
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Figure 1 Plan View

The columns and beams of the gravity system were designed for the aforementioned loads
using an A992 steel. The sections of the gravity system were designed following common practice, which is considering the gravity connections to have zero strength capacity. The column
sections were considered the same along the height (W14x90), and the same beam sections
were used on every floor (W24x55). It is important to point out that the gravity columns are
considered continuous along their height in order to provide the benefits of continuous stiffness
to the system Flores et al. [10]. This assumption implies that splices along the column’s height
provide full capacity.
3

SPECIAL STEEL MOMENT FRAME NONLINEAR MODEL

The purpose of this investigation is to evaluate the effect of modelling the gravity connections has on the performance of SMFs. However, the nonlinear mathematical model of the SMF,
created in OpenSees [11], has to fulfill the minimum requirements to perform complex analyses
such as evaluating the collapse performance. The material nonlinearities assumed in the 8-Story
structure were represented using concentrated plasticity models at the panel zones and near the
end of beams and columns. On the other hand, the geometric nonlinearities were incorporated
using a leaning column when the gravity system was not explicitly modeled. The destabilizing
load applied to this element corresponds to half of the building’s gravity load minus the tributary load is taken by the SMF. Figure 2 displays a representation of the nonlinear mathematical
model.
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Figure 2 SMF Nonlinear Model

The hysteretic behavior assigned to beams and columns was proposed by Ibarra, Medina,
and Krawinkler [12]. The backbone curve, as shown in Figure 3a, captures strength degradation.
However, the cyclic behavior also incorporates strength and stiffness deterioration. All of these
parameters are very important to capture residual deformations and dynamic instability [6]. The
hysteretic behavior of beams and columns was calibrated using what is proposed by Lignos and
Krawinkler [13]. One of the setbacks that column’s hysteretic behavior currently have is that
there is no phenomenological mathematical model that captures the Axial-Moment interaction.
In order to overcome this, the flexural capacity of the column is reduced using a representative
axial load which was taken equal to the gravity loads as proposed by Hartloper et al. [14].
Figure 3b and Figure 3c illustrates the hysteretic of one of the columns and one of the RBS
connection respectively.

Figure 3 Beams and Columns Hysteretic Behavior a) Backbone curve b) Column c) RBS connection

The shear distortions that occur in the panel zone were modeled using a rectangular region
composed of eight very stiff elastic beam-column elements and one nonlinear rotational spring
(Figure 4a) proposed by Krawinkler [15]. The hysteretic backbone curve behavior is trilinear
(Figure 4b) and represents shear yielding and column flange flexure yielding. The hysteretic
behavior of these components is shown in Figure 4c.
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Figure 4 Panel Zone Model a) Geometry b) Backbone Curve c) Hysteretic behavior

4

GRAVITY SYSTEM NONLINEAR MODEL

In the case of the gravity system, columns, beams, and connections were explicitly modeled.
The gravity columns were assumed to be continuous and pinned at the base in order to incorporate the continuous stiffness effect [10]. The gravity connections are the main point to be
investigated in this study. The number of connections is generally much larger than the lateral
resisting system connections, so the general trend is to assume that the influence is important.
However, no investigation evaluates the importance of the detail required to model the gravity
connections. Thus, in this investigation, three different hysteretic models are assigned to the
connections, and the influence of the connection’s flexural strength capacity is also evaluated.
The flexural strength assigned to the connections was 0%, 15% and 35% the plastic capacity of
the beams.
The importance of the gravity connection’s hysteretic behavior is evaluated employing nonlinear static and dynamic analyses. In the first case, the back-bone curve will influence the
structural force deformation response (pushover curve). In the second case, the gravity connection’s cyclic behavior is going to influence the dynamic response. Each of the cyclic behavior
assigned to the gravity connections is described in the following subsections.
4.1

Bilinear Model

This is the simplest of the nonlinear behaviors assigned to the gravity connections. In this
case, an elastoplastic constitutive law is considered. The yielding rotation is equal to θy=0.008
and the maximum flexural capacity is a parameter to be investigated. Figure 5 illustrates the
cyclic connection behavior.

Figure 5 Gravity Connection Bilinear Hysteretic Behavior

4.2

ASCE41 Model

The hysteretic behavior assigned to the gravity connections in this model was based on what
is recommended by ASCE41-17 [16] for Partially Restrained (PR) connections. Even though
the former standard proposes the PR connections backbone curve model to be used in nonlinear
static analyses, a cyclic behavior with pinching is considered in order to perform nonlinear
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dynamic analysis. This model has strength degradation, but it does not include cyclic or stiffness deterioration. The yielding, and strength loss rotations are equal to θy=0.008 and θdrop=0.08,
respectively, as shown in Figure 6.

Figure 6 Gravity Connection Hysteretic Behavior

4.3

Deterioration Model

The final most detailed model has the purpose to investigate the importance of modeling
accurately the gravity connections in the structural response. The cyclic behavior is based on
real tests, and the mathematical model includes strength degradation, cyclic deterioration of
strength and stiffness [5]. Unlike the two previously described cyclic simulations, this model
presents a variation in stiffness, no reserved strength, and a more realistic pinching behavior.
The backbone curve has a yielding (θy), maximum (θmax) and dropping rotation (θdrop) equal to
0.004, 0.03 and 0.08, respectively. Even though this model presents a maximum rotation different from the other two models, the initial stiffness is the same.

Figure 7 Gravity Connection Deterioration Hysteretic Behavior

5

NONLINEAR STATIC PUSHOVER CURVES

Static nonlinear pushover analyses are performed in order to evaluate the influence of the
backbone curve on the capacity (overstrength) and the structure’s ductility. The overstrength is
the ratio between the maximum capacity and the design base shear. On the other hand, the
ductility is computed following what is established by the FEMA P-695 methodology, the ratio
between the displacement at which strength decreases 80% the maximum and the effective
yielding displacement.
The models to be evaluated are the Special Steel Moment Frame (SMF) by itself, from now
on called lateral system (LS), the SMF including the gravity columns (GC) and the three models
incorporating the gravity connections (Bilinear, ASCE, and Deterioration). The flexural
strength assigned to the gravity connections was 15% and 35% the beam plastic moment capacity.
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Figure 8 Pushover curves: a) Partial connections 15%Mp, b) Partial connections 35%Mp

Figure 8 a) and b) illustrate the force-roof drift capacity curves for the cases where the gravity connections have 15% and 35% flexural strength. Both figures include the capacity curve
when the effect of the gravity column is considered, but the gravity connection’s flexural
strength is neglected (GC). The computed overstrength with the three different connection
models are virtually the same with the exception of the Deterioration model that is around 4%
smaller. These values are very similar, but the Deterioration model as expected, is more conservative. On the other hand, the ductility increases when compared to the LS model but among
the models with different gravity connections, the ductility is very close. The difference between the bilinear and the other two models is seen on the post-yield stiffness where there is no
strength loss. It has to be pointed out the maximum benefit from the gravity system on the postyield stiffness is provided by the gravity columns. Therefore, in the static analysis the influence
of the gravity system can be explained with an improvement of the overstrength due to partial
connection capacity, and an improvement of the ductility and post-yield stiffness due to the
gravity columns.
6

NONLINEAR DYNAMIC ANALYSES

Once the influence of the backbone curves was evaluated through nonlinear static analyses,
nonlinear dynamic analyses are performed to measure the effects of the gravity connection’s
cyclic behavior. In this section, mathematical models are subjected to 44 ground Far-Field
ground motions scaled to different intensity levels that represent different probability of recurrence. The seismic performance among all the models is compared using service, design, and
maximum considered level earthquakes. In addition, the dissipated energy of the SMF and the
gravity system is evaluated for all the mathematical models. Because the results obtained for
the gravity connections with strength equal to 15% the beam plastic moment capacity were very
similar to the 35%, only the latter are shown herein.
6.1

Service Level

The first comparison of the influence of the gravity connections is performed using the 44
Far Field ground motions scaled to represent a recurrence of 50% exceedance probability in 30
years (return period of 43 years). The comparison is done between the structure by itself (LS),
the structure with gravity columns (GC) and the structure with the gravity system modeled with
three different gravity connections. Figure 9 a) shows the first-floor inter-story drift for one of
the ground motions that had somehow different results. Figure 9 b), on the other hand, displays
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the maximum inter-story drift along the building’s height. At this level of intensity, the difference in the results when different mathematical models on the gravity connections are used is
negligible. As expected for small displacements, the gravity columns do not influence the structure’s response.

Figure 9 a) First Floor Inter-story Drift, b) Inter-story Drift Profile

Even though inter-story drift responses are widely used to evaluate structural seismic performance, energy balance is an alternative taken in this investigation in order to quantify the
gravity system contribution. To the best of the author’s knowledge, there are no investigations
that evaluate the influence of the gravity connection’s mathematical models by means of the
dissipation of energy. Figure 10 a) displays the energy balance for all the models normalized
by the input energy. The normalization is necessary in order to have comparable results because
the input energy is larger for the structures that include the gravity system (stiffer). However,
the purpose of this investigation is to quantify the amount of energy that the gravity system
dissipates relatively to the main lateral resisting system.
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Figure 10 a) Normalized Input Energy b) Normalized Inherent Damping Energy c) Normalized Hysteretic Energy d) Energy Dissipation within the Structure

Figure 10 b) and c) illustrate the energy dissipated by the inherent and hysteretic damping
for all models, respectively. It can be seen that, as expected at lower intensity levels, the inherent damping energy dissipation is larger than hysteretic energy because there is almost no damage. The ASCE and bilinear models give exactly the same results because these connections
did not yield, while the deterioration model, for this specific earthquake, dissipated some energy.
Figure 10 e) presents a bar graph with the percentages of the dissipated energy for each model.
It can be seen that inherent damping energy is the one that dissipates the most for all models
(around 75%). The Deterioration gravity connection model is the only one that presented energy
dissipation within the gravity system. However, energy dissipated by the gravity system in
comparison to the total energy (lateral plus inherent damping) is not considerable (around 10%).
6.2

Design Level

The second evaluation is performed using Design Level intensity earthquakes (return period
of 475 years). At this intensity, it is expected that gravity and lateral system present damage.
Thus, the mathematical models used to capture nonlinear behavior in the gravity connections
could have an influence on the performance. Figure 11 displays results for one of the 44 analyzed ground motions. It is clear from Figure 11 a) and b), where the first-floor inter-story drift
and maximum inter-story drift along the building are shown respectively, that the structure
without the gravity system (LS) is subjected to very large displacements. As stated by different
investigations [3, 4, 10], the gravity columns (GC) model improves the performance when
SMFs are subjected to large deformations, and this is seen again in Figure 11. ASCE, Bilinear,
and Deterioration models show slightly different results in terms of inter-story drifts and maximum drifts along the building’s height. However, it is important to evaluate the importance of
each mathematical model used for the gravity connections from an energy dissipation perspective.
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Figure 11 a) First Floor Interstory Drift b) Interstory Drift Profile

Figure 12 a) b) and c) display the normalized energy balance, the dissipated inherent damping energy, and the hysteretic damping energy, respectively. It can be seen from Figure 11b)
and c) that the hysteretic energy is larger than inherent damping energy ,meaning that damage
within the structures could be significant. The bar graph in Figure 12 d) illustrates the percentages of inherent damping, hysteretic lateral system, and hysteretic gravity system dissipated
energy. At this level of intensity, it is clear that the lateral resisting system is the one that dissipates the vast majority of energy (around 70%). On the other hand, it is interesting to note that
regardless of the mathematical model used for the gravity connections, the energy dissipated
by the gravity system when compared to the main lateral resisting system is only a very small
percentage. Even though the number of gravity connections is double the number of connections in the lateral resisting system, the amount of energy dissipated represents only 7% of the
total dissipated energy. Therefore, modeling gravity connections in detail might not represent
an important factor to consider when the seismic performance of SMFs is required.
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Figure 12 a) Normalized Input Energy b) Normalized Inherent Damping Energy c) Normalized Hysteretic Energy d) Energy Dissipation within the Structure

6.3

MCE Level

Analyses performed using ground motions scaled to the Maximum Considered Earthquake
(MCE), which represent a 2% probability of exceedance in 50 years (return period of 2476
years) are in the present required in certain cases by codes like the ASCE7-16 [17]. In this
section of the investigation, the influence of modeling the gravity connections is quantified
performing nonlinear time history analyses using the 44 Far Field ground motions taken from
the FEMA P-695 procedure. Figure 13 a) and b) illustrates the first inter-story drift and the
maximum drift profile of one of the ground motions that caused large deformations within the
structures. Figure 13 a) shows how the GC model improves drastically the performance of the
LS model. On the other hand, the Bilinear ASCE and Deterioration models yielded similar
results, but the bilinear model presented slightly larger deformations. Even though the results
vary, the overall structural performance is quantified well by any of the mathematical models
used to represent the gravity connections.
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Figure 13 a) First Floor Interstory Drift b) Interstory Drift Profile

Figure 14 shows once again the influence of the gravity connections from a perspective of
the dissipation of energy. Figure 14 a) b) and c) display the normalized energy balance, the
dissipated inherent damping energy, and the hysteretic damping energy respectively. From Figure 14 b) it can be seen that the role of the inherent damping energy dissipation is almost negligible when compared to the hysteretic energy dissipated by the lateral and gravity system
(Figure 14 c)). The bar graph in Figure 14 d) displays the amount of energy dissipated by inherent and hysteretic damping divided into the lateral and gravity system. Even though it is
known that the gravity system has a positive effect on the performance of SMFs, it is interesting
to see how much the influence is from an energy standpoint. According to Figure 14 d), the
gravity system dissipates around 8% of the total energy regardless of the mathematical model
used. The energy dissipated by the gravity system is even lower than dissipated energy by inherent damping. This is an important finding that could allow in the future and, with more
research, incorporate the gravity connection´s nonlinear behavior in the analysis in a simple
manner.
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Figure 14 a) Normalized Input Energy b) Normalized Inherent Damping Energy c) Normalized Hysteretic Energy d) Energy Dissipation within the Structure

7

CONCLUSIONS

This investigation focused on the influence of modeling gravity connections on the performance of Special Steel Moment Frames (SMFs). An 8-Story SMF from the ATC76-1 investigation was taken as the structure to be evaluated under different conditions. Five different
models were created within OpenSees in order to perform nonlinear static and dynamic analyses.
The first model was the SMF by itself (LS), the second model includes the gravity columns
only (GC), and the last three models include the whole gravity system modeling the gravity
connections using different approaches. The gravity connections were modeled using a detailed
approach (Deterioration model), an approach that includes strength degradation taken from the
ASCE41-16 code (ASCE model) and a simple bilinear approach (Bilinear). Moreover, two
gravity connection´s strengths were considered, 15% and 35% the plastic moment of the beams.
After performing all the nonlinear static and dynamic analyses, the following conclusions were
found:
x Gravity connection’s strength improves the building overstrength regardless of the
approach used for the mathematical model. However, the results in terms of energy
dissipation the gravity system dissipated around 8% regardless of the mathematical
model or connection strength.
x The difference between the Bilinear and the other two approaches that incorporate
strength degradation is clearly seen in the pushover curve, where there is no sudden
strength lost.
x At service level, the gravity connections have more influence than higher-level intensities. The Detailed mathematical model of the gravity connections was the only
one that yielded and dissipated energy under service level ground motions.
x Even though the Deterioration model dissipated energy under different ground motions scaled at the service level, the amount was no considerable in comparison to
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the energy dissipated by inherent damping and laterals system hysteretic energy together.
The gravity columns did not have any influence at the service level.
At the design level, the gravity system improves the building’s seismic performance,
especially the gravity columns. The time history responses have a slight variation
depending on the approach used to model the gravity connections. However, the difference is not significant.
The gravity connections dissipation of energy is virtually the same regardless of the
approach used for the mathematical models. Moreover, the gravity system dissipation of energy is only 8% for the deterioration model and around 4% for the ASCE
and Bilinear Model.
At the MCE level, the gravity columns have a significant influence on the performance. The gravity connections did not influence the behavior drastically, and the
energy dissipated was around 8 % for all models.
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SIMULATING THE CYCLIC BEHAVIOUR OF A SINGLE-BAY WIDEFLANGED STEEL BRACED FRAME
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Abstract. Large size wide-flanged (WF) steel members are being used increasingly in steel
braced frames to resist lateral cyclic actions. A finite element model is presented to simulate
the cyclic behaviour of a large size WF bracing member in a single-bay diagonally braced
frame. Shell elements are used to represent the components of the WF frame (beam columns,
shear tabs, stiffener plates) and the brace components (WF specimen, gusset, net-section reinforcing and web plates). Multi-point constraints are used to connect the components. The effect
of frame action on the hysteresis behaviour is investigated. Results indicate that the columns
have a significant effect on the cyclic lateral hysteresis behaviour of WF braced frames. Recommendations for future cyclic WF simulations are presented.
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1

INTRODUCTION

Understanding the behaviour of concentrically braced frames (CBFs) subjected to cyclic lateral movements is necessary for the design of skeletal structures. In CBFs, the braces are expected to absorb the seismic energy through cyclic yielding and buckling, while the framing
elements (beams and columns) remain elastic. Wide flange (WF) sections are being used as
bracing members in building structures located in moderate and high seismic areas. WF members have the advantages of greater tensile resistance and longer fracture life when compared
to tubular section braces (Popov and Black [1], Gugerli and Goel [2], Fell et al. [3], Tremblay
et al. [4], Richard [5], Powell [6], Clark [7], Hsiao [8], Lai [9]).
Finite element models (FEMs) of braced frames need more attention than just modelling
individual braces (Haddad et al. [10-18], Uriz et al. [19,20], Fell et al. [21], Myers et al. [22],
Huang and Mahin [23,24], Lai [9]). FE modelling represents a complementary technique to
develop understanding of the behaviour of braced frames under cyclic lateral movements in
addition to experimental testing The FEMs presented in the current study were validated with
the results of Haddad [16]. It is therefore reasonable to use these FEMs to simulate the response
in CBFs. The shear tab-plate connection is adopted here as this connection detail is believed to
be ductile and suitable for connecting the WF beams to the WF columns.
The objective of the current study is to build FEMs to capture the hysteresis response and
assess the performance of single diagonal CBFs. The models are used to investigate the effects
of brace inclination and frame action on the performance of the WF braced frames. The effect
of restraining the vertical displacement of the centreline of the upper-flange of the beam on the
hysteresis behaviour was investigated. The brace is connected to the frame, while the tab-plates
are connected to the web of the beam by means of multi-point constraints (MPCs) representing
the bolts for the latter.
2

BRACED FRAME AND DISPLACEMENT HISTORY

Brace W6 (10 × 77) of the tests reported by Tremblay et al. [4] was designed by the first
author of the current study according to the AISC-05b [25] and AISC-05 (seismic) [26] provisions. This large-size WF-section brace and the framing elements (beam and columns) were
manufactured from ASTM A992, Grade 50 steel [27] while the gusset, connection, doubler,
and stiffener plates were made of ASTM A572 Grade 50 steel [28]. The end connections of the
specimen represented the connections of a brace inside a frame in practice, with the minimum
possible thickness for the gusset plates. The work-point was located at the intersection of the
bottom-flange of the beam and the inner flange of the adjacent column to minimize the gusset
plate dimensions (Sabelli [29]). The gusset was welded to the beam and column and detailed to
accommodate inelastic rotation associated with out-of-plane buckling of the brace. Following
the suggestion of Astaneh-Asl et al. [30], the free length of each gusset plate was thus defined
to be twice the plate thickness. The free length of the gusset plates allows plastic hinges to
develop in the end gussets which in turn reduces the demand on the mid-span plastic hinge. At
connections, the net-sections were reinforced with cover plates, while the gusset plate and web
were connected through a doubler plate. The design approach was weak-brace strong-gusset
with all possible failure modes being considered. The effective length factor was taken as 0.9,
as this accounts reasonably for the small capacity of the gusset plates to rotate out-of-plane
compared to the WF member and is typically recommended for pin-pin compressive members.
Brace W6 met the stringent AISC-05 [26], AISC-10 [31], and the AISC-16 [32] seismic
code limits with an effective slenderness ratio of 60 and a width-to-thickness ratio of 5.86. W6
was tested inside a 12 MN capacity frame in both compression and tension with 1.5 MN.m

4040

Madhar A. Haddad and Nigel G. Shrive

capacity in bending. In practice, large-size section braces, similar to W6, are frequently selected
and used in braced steel frame structures in locations of high seismic activity.
The lateral frame cyclic displacements in moderate and high seismic regions are implemented in the quasi-static cycles of the FEMs through the far-field symmetrical loading protocols of Izvernari et al. [33] and Fell et al. [3], respectively with an additional two cycles of a
smaller amplitude between the previous loading protocols. These lateral frame cyclic displacements were developed in terms of frame drift ratio ('/hs). The lateral frame displacement (')
is equal to the corresponding frame drift ratio multiplied by the frame height (hs) as shown in
Figure 1(a). For the individual brace models, these lateral frame cyclic displacements are transformed into axial brace cyclic displacements (G) through the equation of Tremblay et al. [4].
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where T is the angle of inclination of the brace with respect to the horizontal axis of the
frame as shown in Figure 1(a). The 1.3 is the ratio of the length (LH) between the far end hinges
of the brace and the length (Lcc) between corresponding work-points along the axis of the brace
that is typically used in the design of frames.
The cyclic axial displacements applied to the brace are divided by the distance between the
plastic hinges at the ends of the brace to produce the normalized axial deformation shown in
Figure 1(b). The angle of inclination of the brace with respect to the horizontal axis of the frame
was 35 degrees.
a)

b)

Figure 1(a): Concentrically braced frame and (b) Loading protocol.

3

DESCRIPTION OF THE FE MODEL

The nonlinear FE analyses were solved using Abaqus [34]. Four-node quadrilateral shell
elements with nine integration points through the thickness of each element were used in meshing all components of the braced frames. Simpson’s integration rule was used. The lateral cyclic
displacements were applied at the centreline of the upper-flange of the beam. At this location,
the out-of-plane translational degrees of freedom were restrained. In practice, this represents
the connection of the centreline of the upper-flange of the beam to a concrete slab by means of
double headed studs. The web of the beam at the beam mid-span was restrained against out-ofplane displacement to represent the presence or action of sub-beams. The columns were also
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restrained against out-of-plane movement at the level of the upper-flange of the beam, simulating the presence of a concrete slab there. In addition, the vertical centreline of the web of the
column is restrained against out-of-plane translation for a length equal to (d - 2k). This represents the presence of the beam intersecting the column in the out-of-plane direction of the frame.
d is the depth of the intersecting beam and k is the k-distance as described in the WF steel
sections of the AISC manual.
Stiffener plates are added to both sides of the beam in the vertical direction perpendicular to
its web at the inner connection of the brace upper gusset plate to the beam bottom-flange. In
the FE analysis, these beam stiffeners were perfectly connected to both the flanges and web of
the beam. This in turn will guarantee that the axial cyclic force of the brace is transmitted to
both flanges of the beam to prevent the possibility of the out-of-plane deformation of the web,
especially when the braced frame is subjected to high lateral drift. In braced frames, stiffener
plates are needed at these locations in practice for stability purposes that may result from the
three-dimensional effect of the frames.
Fixed boundary conditions were applied at the base of each column and at the base of
the left gusset of the brace. This represents the bottom braced frame connection to the base
plates by means of welds. The far ends of the brace were connected to the frame by means of
MPCs. Similarly, the doubler and connection plates were connected to the web and flanges of
the WF specimen, respectively by means of MPCs. A tab-plate was used to connect the web of
the beam at its far ends to the adjacent flange of each column by means of MPCs representing
the bolts for the former (web of beam) and the weld for the latter (flange of column). Two types
of MPC were used: the beam type for all except the MPC connecting the tab-plates to the web
of the beam where the rotation about the Z-axis (axis of the bolts) is released.
In the FEM, the centrelines of the beam and column must align. Therefore, the shear tabplates were offset a distance of one-half of the beam web thickness on one side or the other of
the centreline of the column in the out-of-plane direction of the frame. The positive Z-direction
was selected in the FEMs in the present modelling. In practice, the tab-plates are welded to the
inner flanges of the columns with fillet welds on each side of the tab-plates. The weld was not
modelled here: a beam type MPC was used instead to connect the tab-plates to the adjacent
flanges of the columns. In addition, the beam has a 12.5 mm (½ in.) setback, or clearance,
between the end of the beam and the face of the adjacent flange of the column in the plane of
the frame in the current FEMs. Given the modelling approach adopted, residual stresses from
welding were not included in the analyses.
The material in all elements was specified with the same initial Elastic modulus of 200 GPa
and Poisson’s ratio of 0.3, and a combined isotropic-kinematic hardening material model. This
hardening model simulates the expansion, contraction and shift of the yield surface in stress
space during compression-tension cyclic loading of the material.
The FE analyses of the WF braced frames were performed in two stages. First, the first modal
shape of buckling was obtained from static linear analysis through the perturbation technique
with ramp amplitude while multiplying the mid-span out-of-plane deformation of the brace by
the geometric initial imperfection value of 0.2% of the total length of the brace according to
Zeiman [35]. Second, the analysis of the WF braced frame model with the cyclic steps of applied lateral displacements was accomplished. Throughout the analysis, 1000 increments were
used in each step with the full Newton-Raphson method being used to satisfy equilibrium at
each increment.
The analytical average true stress-strain curve suggested by Haddad ad Shrive [36] was used
here for the various components (brace, beam, and columns) of the WF braced frames. This
analytical average true stress-strain curve was developed through trial and error utilizing a sim-
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ple power-hardening law to obtain a hysteresis response that is a reasonable match to the experimental response for a single diagonal WF brace made from ASTM A992 grade 50 steel
[27]. The yield surface is defined by:
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In this equation, ߪ is the stress tensor, ߙ
is the deviatoric component of the backstress
tensor ܵ , ߪത௬ is a stress quantity related to the size of the yield surface and k is a hardening
parameter that defines the size of the yield surface. With an initial yield stress of ߪ௬ , ߪത௬ is
defined as
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is subtracted from the corFurther, in Equation (2), the translation of the yield surface ߙ
responding stresses ܵ . The increment of the deviatoric part of the backstress tensor is defined
according to Ziegler's [37] kinematic hardening rule as:
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SINGLE INCLINED BRACE

The axial displacement history (δ) is applied to the W6 brace producing a normalized axial
hysteresis response that matches the hysteresis response of the experiment as shown in Figures
2(a) and (b), respectively. Further, the lateral displacements (∆) are applied to the same W6
brace when inclined at 35 degrees to the horizontal axis. The normalized axial hysteresis loops
for both the axial and inclined single brace W6 are shown in Figure 2(a). ߜȀܮு is the normalized
axial displacement and ܲ Ȁܣ ܨ௬ is the normalized axial response force. ߜ is the applied axial
displacement; ܮு is the distance between the plastic hinges at the ends of the brace and; ܲ , ܣ ,
and ܨ௬ are the load resistance, cross-sectional area, and yield strength of the WF brace member,
respectively. The behaviour of the axial and inclined braces is identical. The normalized axial
and lateral hysteresis responses of the inclined brace are shown in Figure 3.
Brace W6 first buckled in the compressive section of the ninth compressive-tensile loading
cycle, both experimentally and in the FE analysis. Plastic hinges formed in the free lengths of
the gusset plates at each end of the brace. In the tension portion of that cycle, the brace straightened and yielded. In the following cycles, the compressive capacity of the brace decreased
markedly both experimentally and in the analysis as a result of the residual elongation. The bow
shape of the buckled brace was enlarged in cycle ten, with the gusset plastic hinges becoming
complete over the free-length cross-section. In the FEM, complete section plasticity was seen
to occur in all subsequent cycles. The brace strength and stiffness reduced noticeably during
the two smaller amplitude cycles of the loading sequence (cycles 21 and 22), followed by local
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buckling during the compressive portion of cycle twenty-five. Fracture occurred during the tensile portion of cycle thirty-one.
a)

b)

Figure 2: Normalized axial hysteresis response (a) Numerical and (b) Experimental.

Figure 3: Normalized hysteresis response of the inclined brace.

5

FRAME ACTION

The W6 brace was modelled as a diagonal member inside a single frame with W10 × 77 or
W14 × 370 columns and a W27 × 235 beam. The dimensions of the frame are height (hs) =
3.46 m (11.35 ft), width = 4.88 m (16.01 ft) centre-to-centre. All the sections selected met the
stringent limits of compactness for seismic design according to the AISC 341-10 [29]. For the
W10 × 77 columns and the W27 × 235 beam, local buckling occurred in the flange and web of
the braced column, whereas the unbraced column has substantially less local buckling. The
desired behaviour of the braced frame is seen when selecting a W27 × 235 beam with W14 ×
370 columns: for instance, the local buckling failure mode did not occur in the columns. Active
yielding at the base of the columns and at the tab-plates connection area in addition to the expected plastic hinges at the mid-span of the brace and the gussets are all shown in Figure 4.
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a)

b)

Figure 4: Active yield of the braced frame with the W27 × 235 beam and the W14 × 370 columns under lateral
(a) compression and (b) tension deformation.

The applied lateral displacement of the frame (') is transformed back to the axial displacements (G) of the brace according to Equation (1) and normalized with respect the distance between the two end hinges of the brace (LH). Having the same axial displacement for both the
single brace and the braced frame facilitates comparison of the response. The lateral resistance
(response) force (Pl) of the braced frame is normalized with respect to the axial yield force of
the brace (Py = Ag Fy). As such, the normalized lateral hysteresis behaviour of the braced frames
with the W10 × 77 and W14 × 370 column sizes are shown in Figures 5(a) and (b), respectively.
a)

b)

Figure 5: Normalized lateral hysteresis response of the (a) braced frame with the W10 columns and (b) braced
frame with the W14 columns.

The maximum tensile and compressive normalized lateral response forces of the braced
frame with the W10 × 77 columns are similar to those of the single inclined brace as seen in
Figure 5(a), suggesting that the response of the braced frame is governed by the brace. On the
other hand, the normalized lateral response forces of the braced frame with the W14 × 370
columns are greater than those for the single inclined brace as shown in Figure 5(b). Therefore,
the columns contribute significantly to the seismic response of the concentrically braced frame.
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Light roofs (metal decking with insulation or a sandwich panel) or heavy floors (composite
metal decking or cast-in-place or precast concrete) are possible roof/floor system scenarios that
can be used in residential or office buildings. The effect of releasing or restraining the vertical
movement at the centreline of the upper flange of the beam simulates these scenarios, respectively. However, the deflection of the W27 × 235 beam was negligible for these scenarios, so
the effect of restraining the vertical movement of the beam did not affect the hysteresis response
of the braced frame.
6

CONCLUSIONS AND RECOMMENDATIONS
x The response of the individual brace and the same brace contained in a frame is different
under the same loading protocol. This is mainly attributed to frame action.
x The columns contribute significantly to the seismic response of the concentrically braced
frames.
x Yielding occurred in the columns regardless of the sizes examined here. Local buckling
failure modes occurred in the W10 × 77 column when the frame was subjected to the high
seismic load loading protocol. However, those modes did not occur when column size was
increased to W14 × 370 or in the W27 × 235 beam.
x It is recommended to consider modelling the base plates with the anchorage rods. In addition, it recommended to model the bolts with holes and to consider the contact in between.
It is also recommended to model the welds.
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Abstract. One of the most important methods to improve the seismic performance of structures is the using of multi-layer elastomeric bearings (EB). The main purpose of applying this
elastomeric device in the base level of structures is Separating of ground vibrations from
body of structures. Recent researches have indicated although EB is capable to decrease
damages of buildings, especially in irregular buildings despite of torsion cause of increasing
roof displacement total collapse of buildings is likely so multi-layer elastomeric bearings
braced with steel cable (EBBSC)to control displacement has been introduced. In this study,
three different models of EBs have been studied. The first model is Simple multi-layer elastomeric bearings (SEB), the second model is multi-layer elastomeric bearing with vertical steel
cable (EBBVSC), and the third model is multi-layer elastomeric bearing with diagonal steel
cable (EBBDSC). By applying the cyclic lateral displacement to top level of specimens, their
hysteresis load- displacement behavior was achieved under finite element analysis. The results have indicated increasing strength and stiffness for multi-layer elastomeric bearing
braced with steel cable. In other hand, the strength and stiffness value in the EBDSC model in
compare with the EBVSC model has been increased 28% and 32%, respectively.
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1. INTRODUCTION:
Reinforced elastomeric bearings have been used in the United States in non-seismic
applications, such as bridge bearings and anti-vibration mounts, for over 30 years [Long, 1974;
Stanton and Roeder, 1982]. The materials and fabrication techniques used in manufacturing
seismic and non-seismic bearings are essentially the same. Seismic bearings decouple the motion of a structure from the motion of its foundation, increasing the fundamental period of the
structure to a value beyond the range containing the principal earthquake energies. This can
reduce the magnitude of the earthquake-induced forces by as much as a factor of 5 to 10
[Mayes, et al. 1988, Kelly, et al. 1989] and consequently reduce damage to the structure and
its contents, and reduce danger to its occupants. [1], [2]. To decouple ground vibration from
main body of structures, many devices such as types of dissipating steel fuses in buildings
with rocking motion or the different models of Elastomeric Bearings have been suggested. [3],
[4], [5]. In recent years many different approaches about EB have been performed. By J. S.
Hwang et al. an analytical model for high damping elastomeric isolation bearings is presented.
Both material tests and shaking table tests were performed to validate the proposed model,
then Ten parameters have been identified from cyclic loading tests are included in the model.
[6] To investigate the tension bulking behavior in multilayer elastomeric bearings it was presented the buckling solution to an ideal double-symmetric prismatic column clamped at both
ends and free to sway and subjected to vertical loads at the ends only by James M. Kelly. [7],
[8]. Furthermore, by G. P. Warn and et al. an experimental study to investigate the inﬂuence
of lateral displacement on the vertical stiffness of elastomeric and lead–rubber seismic isolation bearings has been summarized. Two identically constructed low-damping rubber and
lead–rubber seismic isolation bearings were subjected to a series of tests with varying levels
of combined lateral displacement and axial compressive loading to study this relationship.
The results of these tests showed the vertical stiffness decreases with increasing lateral displacement for each bearing tested. [9], [10], [11]. multilayer elastomeric isolator has enough
stiffness to carry vertical load but it is soft in horizontal direction. It has been described the
horizontal behavior of EB in spite of buckling in vertical load in large deformation by Forcellini, et al. with driving a simple two-spring model. [12], [13], [14]. In other case a series of
experiments were conducted at University at Buffalo to characterize the behavior of elastomeric bearings in tension by Manish Kumar et al. Sixteen low damping rubber bearings from
two manufacturers, with similar geometric properties but different shear moduli, were tested
under various loading conditions to determine factors that affect cavitation in an elastomeric
bearing. The effect of cavitation on the shear and axial properties of elastomeric bearings was
investigated by performing post-cavitation tests. The test data were used to validate a phenomenological model of an elastomeric bearing in tension, which is implemented in OpenSees, ABAQUS and LS-DYNA. [15]. the other researches has performed analytical study to
evaluated EB under axial and lateral loadings such as Vladimirs Gonca et al. [16] In 2017, by
Forcellini et al. the response of the elastomeric bearings with 3D numerical simulation has
been verified to experimental results. This paper aims to identify the accuracy of this theory
using experimental results and de-tailed numerical simulations carried out on ABAQUS. The
finite element (FE) model has been reproduced with a layered system able to represent the
alternating steel and rubber layers and the bolted connections. The presented FE model can be
used as a powerful tool for predicting the non-linear behaviors registered during the lab tests
[17], [18], [19], [20]. Furthermore, in 2017, by Konstantinos N. Kalfas, a numerical study on
the response of steel-laminated elastomeric bearings under cyclic shear and variable axial
loads has been conducted to understand their behavior with emphasis placed on the tensile
stresses within the elastomer, their stiffness and dissipation capacity. Extensive numerical re-

4050

Hossain Talebi, Mohammad Reza Adibramezani, Nooshin Ghorbani Amirabad

search was con-ducted with ABAQUS and the Ogden hyperplastic model was used for modelling the elastomeric material. The analyses showed that steel-laminated elastomeric bearings
exhibit local tensile stresses, which alter signiﬁcantly their stiffness and damping ratio. Most
importantly, signiﬁcant tensile stresses within the elastomer were observed locally, even when
the bearings were subjected to a combination of shearing and compression. [21], [22], [23].
The cyclic loading experimental tests are an important part in the process of completing the
design of the isolators, yet they are very expensive and time consuming. Using the accurate
analytical modeling of hysteresis tests and knowing the limitations and the amount of error of
the finite elements model and its effect on designing the isolated structure make it possible to
reduce the financial and time expenses involved in designing seismic isolators along with experimental tests.[24] By Saedniya and et al., the cyclic loading of two different isolating systems, namely, the high damping rubber bearing (HDRB) and lead rubber bearing (LRB) have
been modeled and analyzed in ABAQUS and the outcomes were compared with the experimental results attained by other researchers. After comparing the effective stiffness of the experimental sample with the analytical model of HDRB, the results have been shown that Yeoh
function had the best performance in determining the effective stiffness of the isolating system with an error of less than 7%. [25]. Finally, in 2016, by Saman Rastgoo Moghadam, Dimitrios Konstantinidis, the eﬀect of rotation on the horizontal behavior of elastomeric
bearings using 3D Finite Element Analysis (FEA) has been investigated. It was observed that
constitutive modeling assumptions can have a notable inﬂuence on the results, especially at
low vertical pressure where the critical shear strain is large. Support rotation did not aﬀect the
critical displacement appreciably, but it signiﬁcantly aﬀects the critical shear force. It is observed that support rotation becomes important for bearings with low second shape factor,
even if their ﬁrst shape factor is large. [26]. In this study, three different models of multilayer
elastomeric bearings have been evaluated by using of finite element analysis under cyclic lateral load and torsional displacement. To verify the results, as the first step, the laminated base
isolation introduced by Rastgoo and et al. was analyzed in ABAQUS software. The results of
this verification indicated appropriate coincidence for relative displacement- average stress
curve in this study with results of Rastgoo and et al. research.

2. MODELING OF SPECIMENS:
Previous researches indicated although EBs can be prevented damaging of structural members cause of separating ground vibration from main body of structures during the earthquake,
applying them in base level of structures have many significant points. One of the most important problem in this challenge is that using elastomeric layer as soft material can be caused
buckling of EB under vertical load and it can be effected on stability of the EB in seismic
loading. The second is that in the buildings equipped with EB cause of increasing period and
roof displacement, in the strong ground motion, collapse prevention requirements seriously
must be satisfied. Finally, in the irregular buildings in spite of torsion, initial torsion can be
influenced on the behavior of EB under lateral load. so it seen that designing EBs with considering elements which they can be effective in stability would be useful. For this purpose, in
this study, as it is shown in Fig. 1., three different models of EBs by performing finite element
analysis in ABAQUS software by regarding two steps of loading have been evaluated.
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b

Figure 1. The different specimens of EBs: a. SEB, b. EBVSC, c. EBDSC

The main parts of these base isolation are including of anchor plate in top and bottom, rubber layers, and steel sheets. The geometrical dimensions for all of these parts have been gathered in Table 1. All of the interactions was considered as Tie. Furthermore, the mesh size for
all of the parts was equal to 15mm. For the two specimens, EBVSC and EBDSC, the diameter
of steel cable was regarded equal to 5mm. the material properties for steel in Table 2. and for
rubber in Table 3. have been presented.
Table 1. Geometrical dimensions of studied EBs
Parts
Anchor Plate
Rubber Layer
Steel Sheet

Diameter(mm)
250
140
140

Thickness(mm)
21
10
2

Table 2. Material of properties for steel
Parts
Steel
Shims

Poisson
Ratio
0.3

Ultimate
Stress
(N/mm2)

Ultimate
Strain

370

0.15

Yielding

Elasticity

Stress

Modulus

(N/mm2)

(N/mm2)

280

205000

Table 3. Hyperplastic properties of rubber
C10
0.18
0.13
0.09
0.07
0.06
0.054
0.048
0.046
0.045
0.044

C01
0.253
0.165
0.125
0.105
0.095
0.085
0.085
0.083
0.08
0.079
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Gravity
(Kg/mm3)
7.85E-6
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Two loading steps were introduced. in the first step a torsional displacement equal to 0.02
Rad as static/general, and in second step, a lateral cyclic displacement as static/general have
been applied. The bottom anchor plate was fixed in through of the analysis. The specified
boundary condition for specimens, and the cyclic displacement protocol has been shown in
Fig. 2 and Fig. 3. respectively. To gain the results, it was made two set including of nodes in
bottom anchor plate and nodes of top anchor plate as named “reaction force” and “displacement”. For reaction force set, RF1 and for displacement set, U1 as the history output was requested.

Figure 2. The boundary conditions and loadings in the specimens

Figure 3. The cyclic displacement protocol

3. RESULTS OF FINITE ELEMENT ANALYSIS:
After analyzing all of the models, with getting summation of RF1 for all nodes belong to
“reaction force” set and average of U1 for all nodes belong to “displacement” set, the hysteresis curve by combining U1 and RF1 have been plotted. As it has been shown in Fig. 4. Using
of diagonal steel cable can be caused of increasing strength and stiffness in EB. Furthermore,
increasing dissipation energy to this model comparing with EBVSC is visible.
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Figure 4. The cyclic displacement protocol

4. VERIFICATION:
In this study three different models of EB under finite element analysis by ABAQUS
software was evaluated to verify the results due to finite element analysis, at first a kind of
elastomeric bearing that has been studied by Saman Rastgoo Moghadam, and Dimitrios Konstantinidis, to investigate the effect of support rotation on the horizontal behavior of elastomeric bearings have been analyzed. For this purpose, according to Fig. 6. A multilayer
elastomeric bearing with 20 rubber layers and 19 steel sheets between two anchor plates was
investigated. The diameter of anchor plate which is located on upper and lower level, and its
thickness were 320mm, and 21mm. Furthermore, the diameter of intermediate layered body,
the thickness of steel sheets, and rubber layer were considered 280mm, 2mm, and 10mm, respectively. For whole models in this study all of the parts were considered as 3D, deformable,
solid with 8-node elements.
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a

b

Figure5. a. the view of studied EB by Saman Rastgoo Moghadam and et al. b. EB Model in ABAQUS

in this study, the studied base isolation by Saman Rastgoo Moghadam and et al. other time
analyzed to verify the future results. To make this model all of the geometrical dimensions
and mechanical properties of material is completely similar to reference. For introducing of
rubber’s material properties has been used from Neo-Hookean model as it is presented to Table.4. All of the interactions to model this base isolation as surface to surface have been tied.
Table4. Neo-Hookean Model properties for the Rubber
Material Model

C10 (MPa)

D10 (MPa-1)

Neo-Hookean

0.45

0.001

Boundary conditions and loading for this model are illustrated in Fig. 7. Two loading steps
were considered to apply load. In first step, a vertical load equal to 200KN (CFY=200E3 N),
and a rotational displacement equal to 0.02Rad (UR3=0.02 Rad), and in the second step, a lateral load equal to 5 KN (CFX=5000 N), and propagating vertical load from previous step,
have been introduced. The bottom anchor plate was fixes in all of during analysis.
(UX=UY=UZ=URX=URY=URZ=0)

Figure6. Boundary Conditions and Loading.
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After analyzing the history outputs including of reaction forces (RFX, RFY) for the bottom anchor
plate, and displacements (U1, U2) for the top anchor plate were achieved. Furthermore, by introducing
a set from all elements of the middle section of EB, average stress (P0) was reported, and then the
relative displacement- stress behavior curve has been plotted. In this presented curve shown in Fig. 8.,
Uh, and Ur are lateral displacement, and the thickness of rubber, respectively.

ABAQUS
Reference Paper

Figure 7. relative displacement-stress curve for studied EB by Saman Rastgoo Moghadam and et al.

5. CONCLUSIONS:
In this study, to control displacements in EBs, elastomeric bearings braced with steel cable
has been investigated. By performing a finite element analysis for three different models of
EBs under torsional displacement and cyclic lateral displacement, load-displacement hysteresis curves for all of them were achieved. Comparing the hysteresis behavior of specimens,
increasing in strength and stiffness for the EBDSC was indicated. the strength and stiffness
value in the EBDSC model in compare with the EBVSC model has been increased 28% and
32%, respectively.
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Abstract. Concentrically braced frames (CBFs) are increasingly used in the construction of
steel buildings located in moderate and high seismic regions. Wide flange (WF) sections represent a possible alternative to hollow structural steel sections as bracing members. The effects
of plate thickness (tab or stiffener or gusset) and the number of bolts on the hysteresis response
and fracture a single-bay WF steel braced frame subjected to reverse axial displacements has
been assessed through a parametric study using finite element modelling. It is found that reducing the number of bolts while increasing their diameter and the thickness of tab-plates to
satisfy the AISC standards for tab-plate connection design had negligible effect on the hysteresis response of the single-bay braced frame.
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1

INTRODUCTION

Optimizing the hysteresis response of CBFs is needed to increase their capacity in resisting
lateral loads that result from ground motions. Under these motions, braces are expected to yield
in tension and buckle in compression, reducing the impact of ground motions, and thereby preventing the catastrophic failure of buildings that could lead to human and economic losses.
These braces are connected to the framing elements (beams and columns) by gusset plates.
Beams are typically connected to columns by tab-plates. Vertical stiffener plates may also be
needed in beams. The effects of these frame components on the hysteresis response of braced
frames need to be analyzed and understood.
The finite element model (FEM) presented by Haddad and Shrive [1] was developed by
extending previous models (Haddad et al. [2-7], Uriz et al. [8,9], Fell et al. [10], Myers et al.
[11], Huang and Mahin [12,13], Lai [14]) and was used here to study the effects of various
components of a single-bay frame on the hysteresis response and fracture life of the brace.
The longer fracture life of WF braces compared to hollow structural steel (HSS) section
braces is advantageous (Popov and Black [15], Gugerli and Goel [16], Fell et al. [17], Tremblay
et al. [18], Richard [19], Powell [20], Clark [21], Hsiao [22], Lai [14]). As there are a limited
number of cyclic test data for individual WF braces, the possibility of presenting a reliable WF
brace empirical fracture model based on the accumulated deformation, equivalent total ductility
or tension-ductility is not feasible in the near future. Thus, both the significant cumulative plastic strain which is believed to be a reasonable damage index and a refined fracture model are
used to assess the performance and predict the fracture life of the large-size WF braced frames
simulated here. The FEMs presented here were validated by the results of Haddad [23]. It is
therefore reasonable to use these FEMs to simulate the response and predict fracture in multistorey braced frames and possibly even the whole structure.
Thus, the objective of the current study was to use the previously validated FE and fracture
models to capture the hysteresis response and assess the behaviour of single-bay CBFs. The
models were used to investigate the effects of the thickness of the tab-plates in relation to the
number of bolts used to connect the tab-plates to the web of the beam on the behaviour and
fracture of the WF braced frames. In addition, the effects of increasing thickness of gusset and
stiffener plate were investigated.
2

FE AND FRACTURE MODELLING

Brace W6 (10 × 77) of the tests reported by Tremblay et al. [18] was modelled inside the
single-bay braced frame of W14 × 370 columns and W27 × 235 beam sizes by Haddad and
Shrive [1] using the FE analysis software (Abaqus [24]) as shown in Figure 1(a). Multi-point
constraints (MPCs) were used to connect the frame components at corresponding nodes. The
dimensions of the frame are height = 3.46 m (11.35 ft), width = 4.88 m (16.01 ft) centre-tocentre. The upper nodes at centreline of the beam upper flange were subjected to the loading
protocol described in [1]. Lateral behaviour and out-of-plane deformation of the single-bay
braced frame are shown in Figures 1(b) and (c), respectively with the corresponding von Mises
stress distribution. The FE model was shown to be valid given the results. In addition to modelling of the braced frame presented in [1], the frame was modeled without the brace and beamto-column connection with and without the brace in the current study.
The difference in response between the braced beam-column and the braced frame shown in
Figure 2 basically results from the column and is not from the shear-tab beam-to-column connection or the beam. Therefore, the columns contribute significantly to the seismic response of
the CBF. ߜȀܮு is the normalized axial displacement and ܲ Ȁܣ ܨ௬ is the normalized axial response force. ߜ is the applied axial displacement; ܮு is the distance between the plastic hinges
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at the ends of the brace and; ܲ , ܣ , and ܨ௬ are the load resistance, cross-sectional area, and
yield strength of the WF brace member, respectively.
a)

b)

c)

Figure 1(a): Single-bay concentrically braced frame, (b) lateral behaviour, and (c) out-of-plane deformation.

Figure 2: Normalized lateral hysteresis response of the braced frame with the W14 columns and the brace with
the beam-to-column connection.
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The effect of modelling the frame without the brace and the beam-column without the brace
on the hysteresis behaviour is shown in Figure 3. The columns significantly affect the hysteresis
response.

Figure 3: Normalized lateral hysteresis response of the unbraced frame and the unbraced beam-column.

A refined fracture model was implemented here to predict the fracture life of the brace. A
strain-based approach to fracture prediction was defined, based on the accumulation of plastic
strain. The increment in significant plastic strain in each portion of each cycle was summed as:
ఢ

ఢ

భ

భ

ߝ௦௧ ൌ  σ௧௦ ఌ మ ݁ݔȁଵǤହ்ȁ ݀ߝ௧ െ  σ௦௦௩ ఌ మ ݁ݔȁଵǤହ்ȁ ݀ߝ

(1)

In Equation (1), T is the triaxiality ratio (defined as the mean stress divided by the effective
or von Mises stress) and the compressive strain is deducted from the tensile strain in each cycle.
That is, the significant plastic strain is the sum of the magnitudes of the tensile and compressive
strains (compressive strain being negative). When triaxiality is negative, strains are taken as
compressive. In the fracture model, the monotonic tensile capacity is degraded during cyclic
loading by the coefficient λCVGM. This coefficient is obtained from Equation 2:
ఌ

ߟ௬ ൌ ݁ݔሺఒೇಸಾ ఌሻ ሺ  ݁ݔଵǤହ் ݀ߝ ሻ௧

(2)

where εp is the accumulated plastic strain and the values of the monotonic capacity (and thus
λCVGM) were calibrated from the experimental results presented by Kanvinde and Deierlein [25]
on monotonic and cyclic tests on notched bars manufactured from several types of steel.
3

THICKNESS OF PLATES (TAB OR STIFFENER OR GUSSET) AND NUMBER
OF BOLTS

Shear tab-plate connections are economical to fabricate and simple to erect. This popular
type of connection is the quickest connection to erect. It consists of a length of plate welded in
the workshop to the column flange, onto which the supported beam web is bolted on site. The
tab-plate welds are typically sized to the full length. These tab-plates are welded to the column
flange at an offset distance of ½ the beam web thickness. A small clearance equal to 12.5 mm
(½ in) the column width is typically left between the end of the supported beam and the supporting column flange. In the FE analysis, increasing the thickness of shear-tab plate connection
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from 12.5 to 25 mm (½ to 1 in) has negligible effect on the hysteresis response of both the
braced frame and braced beam-to-column connection as shown in Figures 4(a) and (b) for the
braced frame and the braced beam-to-column connection, respectively. The effect of increasing
the thickness of the tab-plates on the hysteresis response of the frame without the brace and the
beam-to-column without the brace is minor as shown in Figures 5(a) and (b), respectively.
a)
b)

Figure 4: Effect of thickness of tab-plate on the lateral hysteresis response of the (a) braced frame and (b) braced
beam-to-column connection.

a)

b)

Figure 5: Effect of thickness of tab-plate on the cyclic hysteresis response of the (a) unbraced frame and (b) unbraced beam-to-column connection.

In the FEM, beam type MPCs were used to connect the tab-plate to the column flange at the
same location used in practice. The rotation about the axis of the bolts was released in the MPCs
connecting the tab-plate to the web of the beam. In addition, seven, five or three MPCs were
used to represent the bolts connecting the tab-plates to the web of the WF beam. Reducing the
number of the pin type MPCs representing the bolts results in a reduction of the yield demand
on the shear-tab plate connection as shown in Figure 6(a) when the thickness of the tab-plate is
12.5 mm (½ in).
In practice, the holes through the plate are horizontal short-slotted rather than round holes.
When calling for this type of connections, designers and fabricators commonly use horizontal
slotted holes through either the beam or the tab-plate to give the field erection crews more
leeway in making the connection on site. To study this effect a simple or pinned type MPC was
used to connect the tab-plates to the far ends of the beam. The response is shown in Figure 6(b)
when the thickness of tab-plates was 12.5 mm (½ in). Increasing the thickness of tab-plates to
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25.4 mm (1 in) when using 3-bolts to comply with the increase in bolt diameter according to
the AISC code results in an acceptable hysteresis response as shown in Figure 6(c).
a)

b)

c)

Figure 6: Effect of number of bolts and thickness of tab-plate on the cyclic hysteresis response for (a) beam type
MPC with tab-plate thickness of 12.7 mm, (b) pin type MPC with tab-plate thickness of 12.7 mm, and (c) pin
type MPC with tab-plate thickness of 25.4 mm. 1-7 means 7 MPCs, 3-5 means 3 MPCs.
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The in-plane rotational capacity of the tab-plate connections comes from the distortion of
the bolt holes in bearing, from the bolt deformation in shear and from the out-of-plane bending
of the tab-plate. Tab-plates with long projections have the tendency of lateral torsional buckling
(W27 compared to W18 or W21, for instance). For beams over 610 mm (24 in) nominal depth,
the span to depth ratio of the beam should not exceed 20 and the vertical distance between
extreme bolts should not exceed 530.86 mm (20.9 in) according to the standard fin-plates connection details of the British standards. The current W27 × 235 beam complies with the British
standards. However, the effect of restraining the end beam away from the gusset connection on
the hysteresis response is negligible. Therefore, increasing the thickness of tab-plates and reducing the number of bolts while increasing their sizes will reduce the possibility of lateral
torsional buckling of the tab-plates.
The effect of increasing the thickness of the stiffener plates on the hysteresis response is
negligible for the braced frame modelled in the current study.
Gusset plates must resist the full tensile and compressive capacities of the WF brace during
significant cyclic loading [26-29] and permit large inelastic out-of-plane deformation when the
brace buckles [30]. Increasing the thickness of gusset plates from 34.925 mm (1 3/8 in.) to
47.625 mm (1 7/8 in.) has a negligible effect on the hysteresis response as shown in Figure 7.

Figure 7: Effect of gusset thickness on the cyclic hysteresis response.

4

FRACTURE LIFE OF BRACE AND PERFORMANCE OF THE FRAME

The fracture life of the brace was not affected by the presence of the frame when using the
calibrated cyclic void growth model (CVGM) for ultra-low cycle fatigue based on the significant cumulative plastic strains. A typical fracture life for the horizontal brace is shown in Figure
8. An average value of 2.90 was determined for the monotonic tensile capacity, which is similar
to the value obtained by Kanvinde and Deierlein [25] for AW50 (ASTM A572 Grade 50) steel
[31]. To predict the initiation of fracture of the WF brace the capacity was decreased with a
degradation coefficient of 0.11, obtained by trial and error. The effect of reducing the number
of bolts did not affect the fracture life of the brace.
The significant cumulative plastic strains were greater at both the corners of the gusset plate
and at the tab-plates especially at the upper and lower locations of the MPCs connecting the
tab-plates to the web of the beam compared to those at the mid-span plastic hinge of the WF
brace member. This suggests that weld fracture may occur at these locations before the initiation
of brace fracture at the mid-span plastic hinge.
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Figure 8: Fracture life of W6 brace.

5

CONCLUSIONS
x Increasing the thickness of the tab-plate will reduce the possibility of fracture of the weld
connecting the tab-plate to the flange of the column. In addition, increasing the thickness
of the tab-plate will force yielding in the web of the beam and prevent fracture of the tabplates.
x Reducing the number of bolts while increasing both their diameter and the thickness of
tab-plates to satisfy the AISC standards for tab-plate connection design had negligible effect on the hysteresis response of braced frames. Companies are producing bolts with larger
diameters than what is available in the AISC tables.
x Reducing the number of bolts reduces the yielding demand on the connection and increases
the rotational flexibility of the connection.
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Abstract. This paper deals with the effectiveness of various conﬁgurations of a geofoam-ﬁlled
barrier including single, double and triangle wall trenches in isolating the ground vibrations
induced by a harmonic load. A 3D ﬁnite element program (Plaxis) is used and the model is
veriﬁed by the result of the analytical solution for the active scheme. Furthermore, a comprehensive parametric study is performed to evaluate the effect of geometrical factors including the
depth, width and the length for all systems. The main assumption during the parametric study is
treating each parameter as an independent variable and keeping other parameters constant. A
genetic algorithm is a proper tool for optimizing all key parameters that can have mutual effects
on the vibration attenuation since the vibration isolation is a non-linear problem. A genetic algorithm code is implemented with the help of Python Software and Finite Element Program
(Plaxis) for all three systems and the optimized parameters for reaching 75% efﬁciency of the
barrier are calculated. The result of the parametric study showed that the single wall system
needs the lowest value of normalized depth for reaching the highest value of the efﬁciency. Also,
the mutual study of all parameters proved that the results are very different from a single parametric study. The comparison of all systems demonstrated that a double wall barrier is the best
system for different frequencies.

4069

Mehran Naghizadehrokni, Martin Ziegler

1

INTRODUCTION

The number of people who are interested in living in the big towns are increasing. This
growth in population results in constructing more buildings and transport networks in and
around the city [1]. Therefore, residence will have more vibration problems from the vibration
sources like the passing train, machine foundation, trafﬁc and other constructional activities.
The body and Rayleigh waves produced from these sources results in ground-born vibration.
The vibration is transmitted through the ground surface to the foundation of the building and
create distress to the buildings and their inhabitants [2]. Mitigation measures are used to solve
this problem, which include control of the vibration at the source, along the propagation path
and at the place of immission. This paper deals with mitigation measure in the transmission
path through installing a geofoam-ﬁlled barrier for attenuating the incoming waves.
Different approaches including experimental and numerical methods have been carried out to
solve the problem of vibration isolation by trench. Since the experimental test is too expensive
and the parameters to be assessed are ﬁxed, a numerical model is an effective alternative method
for assessing governing parameters in vibration isolation.
Woods conducted a series of ﬁeld tests for evaluating the efﬁciency of the open trench and
suggested that 75% reduction in incoming waves is enough to have a successful system [3].
Multiple rows of geofoam-ﬁlled trenches were applied for screening train-induced ground vibration and the results showed that increasing the depth of the barrier up to 1λr is enough to
reach the highest value of efﬁciency and further increase in depth does not have an effect on
isolation capability [4]. A full experimental study was investigated to assess the efﬁciency of
open and geofoam-ﬁlled barrier and the normalized depth of 0.6 was selected as an optimum
depth for both open and geofoam-ﬁlled trench [5]. Mahdavisefat et al. [6] performed a fullscale ﬁeld experiment to study the effect of open and sand-rubber mixture-ﬁlled trench and the
normalized depth of 1.5 is recommended by the authors for reaching 60 − 70% of attenuation
of the incoming waves.
Tulika et al. investigated the efﬁciency of open and in-ﬁlled barrier by developing a numerical model and concluded that low-density material performs better than high-density [7].
Beskos et al. developed a BEM to study the efﬁciency of open and concrete ﬁlled in homogeneous and layered soils [8]. A FEM was used to evaluate the governing parameters of water and
geofoam-ﬁlled barrier by [9] and they concluded that depth of the trench is a key parameter for
assessing the efﬁciency of the trench. Ahmad and Al-hussain compared the screening efﬁciency
of the stiff and soft trenches and developed a simple model for predicting the efﬁciency of the
trench in the active and passive schemes [10]. Naghizadehrokni et al. [11] did a full experimental and parametric study and they suggested that the depth and width of approximately 1λr
and 0.2λr , respectively are enough to reach the acceptable amount of efﬁciency for the active
isolation.
Most studies have mainly focused on one system like rectangular single wall and few researchers compared the efﬁciency of different conﬁgurations of the trench and only a few parametric studies investigated the optimization of different parameters together. Therefore, a full
parametric study for assessing the effect of various conﬁgurations of geofoam-ﬁlled trench is
missing. For this purpose, three different systems including the single, double and triangle wall
systems are analysed and the efﬁciency of the systems are compared. There is also a need for
mutual optimization of governing factors in evaluating of trench efﬁciency. It is not possible to
treat each parameter as an independent variable in vibration isolation problem.

4070

Mehran Naghizadehrokni, Martin Ziegler

2

NUMERICAL MODEL

A wave barrier creates a ﬁnite material discontinuity for the incoming waves by intercepting,
scattering, diffraction and refraction of wave propagation in soil, which can decrease the vibration amplitude beyond the obstacle. A time domain numerical model using the ﬁnite element
package, Plaxis (2019) is developed to assess the effectiveness of different isolation systems as
the wave barriers for the active isolation due to harmonic load in vertical direction. A 3D view
of the vibration isolation problem and the soil and geofoam properties are illustrated in Fig. 1.
Here, the depth D, width W and the length L of the trench are dimensionless values, which are
in relation to the Rayleigh wavelength. The geofoam-ﬁlled trench is installed at the normalized
distance of 1.25 for all three systems. A normalized distance of 7 beyond the trench is selected
for calculating the average amplitude reduction ratio.

Figure 1: 3D model ﬁr ﬁnite element analysis

3

ANALYTICAL VALIDATION OF FINITE ELEMENT METHOD

The developed model in Plaxis is veriﬁed by comparing the result of wave theory in terms of
time of arriving to a speciﬁc point. There are two types of elastic waves in the elastic half-space
theory including body and surface waves. Body waves are measured through equations 1 and 2.



Vp = 

E(1 − ν)
ρ(1 + ν)(1 − 2ν)
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E
(2)
2ρ(1 + ν)
The Rayleigh wave propagates along the surface of the half-space with a phase velocity, V r,
which is related to the shear wave velocity V s and the poison’s ratio. The Rayleigh wave
velocity is calculated by:
Vs =

K 6 − 8K 4 + (24 − 16α2 )K 2 + 16(α2 − 1) = 1

(3)

Where K = V r/V s and α = V s/V p.
Those equation are used just in an isotropic, homogeneous and elastic medium. For verifying
the developed model for an open trench, a point at the location of 24 m from the vibration source
on the ground surface has been selected. The trench is located at the distance of 12 m from the
vibration source with the depth, width of and the length of 3, 0.25 and 10 m, respectively. Based
on the equations of 1-3 the wave velocities are calculated as:
V p = 406.6, V s = 217.2, V r = 200
Hence, the ﬁrst time of arriving the waves to the selected point are measured as:
Tp = (24/406.3) = 0.059sec, Ts = (24/217.2) = 0.11sec, Tr = (24/200) = 0.12sec

Figure 2: The motion of the selected point in homogeneous, isotropic and elastic soil media without damping

As it can be seen from Fig. 2 that the time of arriving of the body waves (P and S) to the
selected point completely matches the analytical solution. The most important vibration will
occur after arriving of the Rayleigh wave; that is 0.12 s and it is indicated as the third vertical
dashed line. This conﬁrms that the Rayleigh wave is the most important wave that should be
considered in vibration isolation problem. Comparing the result of the developed numerical
model and the analytical solution of the wave theory conﬁrm the accuracy of Plaxis model.
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4

SINGLE WALL SYSTEM

Fig. 3 shows the efﬁciency of an EPS Geofoam-ﬁlled obstacle as a function of normalized length. The average amplitude reduction ratio decreases dramatically with increasing the
normalized length from 0.625 to approximately 2.5. It is apparent from the ﬁgure that the
normalized length beyond around 2.5 does not create any further changes and Ar may be conservatively assumed to remind unchanged thereafter. Therefore, the normalized length of 2.5 is
selected for the rest of the parametric study.

Figure 3: Inﬂuence of normalized length of the trench (normalized distance 1.25 from the vibration source,
normalized depth of 1.25)

Fig. 4 illustrates the variation of Ar along the surface of soil domain for different trench
depths. The effect of normalized trench depth is affected in a complex pattern with the effect of
normalized trench widths. The efﬁciency of the trench reaches it’s maximum value at D value
around 1.25 for almost all widths. The optimum D has a close relationship with the width of the
barrier and the efﬁciency of the trench increases gradually with increasing the normalized width
for the same depth (optimum depth). Another important point in this ﬁgure is unexpected peaks
and valleys in Ar value for various widths, which is caused by constructive and destructive
interference of the barrier.
The importance of the normalized width on Ar is presented in Fig. 5. The width appears to
play a signiﬁcant role in screening efﬁciency of the trench. A reduction of approximately 50% is
visible by increasing W from 0.0625 to 0.25 for almost all trench depths and it seems that W =
0.25 is an optimum width for achieving a reasonable amount of wave scattering. Increasing
the normalized width means increasing the distance between two corners. The barrier bottom
corners act as an additional geometric discontinuity and this issue results in mode conversation
of incoming waves for converting part of the R-waves energy into the body waves
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Figure 4: Inﬂuence of normalized depth of the trench

Figure 5: Inﬂuence of normalized width of the trench

5

DOUBLE WALL SYSTEM

The efﬁciency of the double wall system is compared with the single wall system with a
thickness of 2W , having the same width, depth and the length like the single wall obstacle.
Hence, for this system the width of both barriers is considered as one width, which is W . This
normalized width is the width for both trenches.
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At the ﬁrst step, a parametric study should be done for ﬁnding the optimum spacing between
the barriers to achieve the best wave attenuation. The inﬂuence of spacing between trench walls
is plotted in Fig. 6 with the constant normalized depth, width and length of 1, 0.25 and 2.5,
respectively.

Figure 6: Inﬂuence of normalized space between the trenches

The normalized spacing (S) between the walls appears to govern the screening effectiveness
of the trench. The efﬁciency of the double wall system is maximized at S value around 0.5.
Therefore, the normalized optimum spacing between the wave barriers is considered as 0.5,
which is compatible with the result of [5] for optimum spacing between trenches, for further
parametric studies.
An investigation is done for ﬁnding the inﬂuence of the normalized length on wave attenuation like single wall system. The result of the parametric study doesn’t show any speciﬁc
change in comparison with the result of the single wall study. Therefore, to avoid the presentation of unchanged results, the normalized length of 2.5 is selected as the optimum length for
this system.
Based on the information of Fig. 7, which is the calculated value of Ar as a function of the
normalized depth, D for narrow trench (W = 0.0625) seems to govern the wave attenuation
for the normalized depth between 0.5 and 1.5. For wider trenches, increasing the normalized
depth of the barrier leads to blocking of more incident propagated waves until around D = 1.25,
which is selected for the optimum depth of the trench for achieving approximately 80% of the
barrier’s efﬁciency for the wider trenches.
The effect of the width on Ar for an EPS Geofoam-ﬁlled barrier is presented in Fig. 8.
It is obvious from the results that the value of average amplitude reduction ratio decreases
dramatically with increasing the normalized width of the trench from 0.0625 to around 0.2 and
thereafter, it remains at the constant value with increasing W to 0.375. An optimum width of
almost 0.2 is enough for achieving the highest value of screening performance.
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Figure 7: Inﬂuence of normalized depth of the trench

Figure 8: Inﬂuence of normalized width of the trench

6

TRIANGLE WALL SYSTEM AS WAVE BARRIER

For making a proper comparison with the single and double wall systems, triangle wall
is considered with the same depth and the same area like single and double wall. However
the width of the trench is different from those systems. Since increasing the width and the
depth of the triangle trench leads to changing in the slope side wall of the trench, inclination
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angle is proposed as an alternative parameter for measuring the efﬁciency of the barrier. As a
consequence, the value of inclination angle is calculated with keeping the width of the trench at
ground surface constant and calculating the inclination angle through increasing the depth.
A parametric study is done for ﬁnding the effect of the length on the efﬁciency of the trench
and to see how far the results match with the results of the single and double wall systems.
The results show that an optimum length of 2.5 is enough for the triangle wall system like for
previous systems.
The effect of the normalized depth on the wave attenuation performance is presented in
Fig. 9. The results reﬂect that in general a normalized depth of almost 1.5 appears to be the
maximum depth for achieving at least 70% of system’s effectiveness except for the narrow
trench (W = 0.125). An approximately 50% reduction for almost all barrier with different
normalized widths is seen by increasing D from 0.5 to 1.5

Figure 9: Inﬂuence of normalized barrier depth

The effect of varying the normalized width is studied by varying W from 0.125 to 0.75 which
is the normalized width of the triangle wall system at the ground surface, while the normalized
depth of the trench is varied from 0.5 to 4.
According to Fig. 10, vibration screening performance reaches the highest value when the
normalized trench width is approximately 0.4 for shallow trenches (D = 0.5 to 1), which is
considered as optimum W for shallow barriers. However, increasing the normalized depth
(D > 1) leads to the highest value of wave attenuation when W is around 0.3. Therefore, a
wider trench is needed (for D < 1) for reaching the highest value of screening performance,
while by increasing the normalized depth of the trench (D > 1), a slender barrier is sufﬁcient
for reaching highest value of vibration isolation.
The performance of the trench inclination angle is investigated for W = 0.125 and three
different normalized locations including 0.5, 1.25 and 2, respectively. Fig. 11 represent the
effect of inclination on different situations.
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Figure 10: Inﬂuence of normalized width on the trench

It is observed that the average amplitude reduction ratio decreases dramatically with increasing the inclination angle from 35 to 60 degree. This angle is considered as the optimum angle
for all locations.

Figure 11: Inﬂuence of inclination angle of the trench with ground surface (normalized width 0.125)
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7

COMPARISON OF DIFFERENT SYSTEMS

A comparison is performed between all proposed systems through calculating the screening
performance as a function of D. The results are depicted in Fig. 12. The results show that
the efﬁciency of the trench increases by increasing D for both widths (W = 0.0625 and 1).
There is a considerable gap between the value of Ar for narrow and wide trenches that shows
the signiﬁcance of W .

Figure 12: Comparison between different systems (normalized distance 2 from the vibration source)

Regarding the narrow trench, double wall systems has the highest value of screening efﬁciency for the normalized depth until 1. After this depth, double and triangle wall barriers have
almost the same efﬁciency for all depths. However, the single wall system has the lowest value
of efﬁciency in comparison with other systems.
As the width of the systems increases, the efﬁciency of all systems increases, too. However,
the double wall system still performs better than the other systems in attenuating the incoming
waves. There is a remarkable decrease in the amount of Ar for the single wall barrier which is
the result of increasing the depth from 1 to 1.25. For making a comparison for the single and
triangle wall system, it is divided into two different categories for shallower trenches (D < 1),
in which triangle wall has better efﬁciency and deeper trenches (D > 1), in which single wall
has more capability in blocking the incoming waves.
8

OPTIMIZATION PROCESS WITH GENETIC ALGORITHM

Until now, the problem of the vibration isolation has been solved for a speciﬁc parameter like
depth, width, length or locations and keeping other factors constant. However, it is not reasonable to compute the wave barrier performance by allowing just one parameter to change since
the parametric study proved that the dimensional and geometrical factors of a barrier are not
independent and sometimes they may have an effect on each other. Therefore, it is imperative
to study the mutual effect of all parameters including the dimensional and geometrical factors to

4079

Mehran Naghizadehrokni, Martin Ziegler

implement a successful wave barrier through optimal combination of parameters. This aim has
been achieved through a genetic algorithm optimization technique for three different conﬁgurations of obstacles including the single, double and the triangle wall systems, respectively. It was
tried to adjust the parameters to reach the same value of cross-sectional area for each system.
The ﬁrst step in the implementation of a genetic algorithm is to randomly create an initial population. Through reviewing empirical studies carried out and doing some trial and error for the
initial population, population size equal 30 is found to be optimal for the problems in vibration
isolation. Since the vibration isolation problem is an inherent complex and non-linear problem,
the ﬁnite element program (Plaxis) and Python programming language are utilized as a ﬁtness
function to calculate the quality of a chromosome as a solution. A remote scripting interface
is an option for building a model automatically in Plaxis and this ability creates a possibility
to use Plaxis as a ﬁtness function in genetic algorithm. The code is developed for vibration
isolation study and all analyses steps are automatized. Another important feature of this code
is the changeability of the soil and geofoam material, the geometrical dimensions and the shape
of the barrier.
Woods suggested that a successful wave barrier should reach at least 75% mitigation in
scattering of incoming waves. On the other hand, reaching to a deep trench like 5 or 6 m
is relatively tough and sometimes impossible in reality. All of these issues lead to create a
restriction amount for Ar which is 0.75. In addition, we know that depth of the trench is one
of the most important factors in achieving an acceptable efﬁciency for the wave mitigation.
Therefore, deﬁning a cost function for optimizing Ar value and simultaneously considering the
depth of the barrier is a proper solution for increasing the importance of D in the optimization
process. This is done by assigning two different constant coefﬁcients including Alpha and Beta
for Ar and the depth in a cost function, which are 0.995 and 0.005, respectively.
The next step is applying crossover, which is the genetic operator and uses to combine two
chromosomes, or parents, to generate a crossover child for the next generation. Crossover
is applied to the random selected parents with a crossover probability Pc of equal 0.8. The
mutation operator is applied with a mutation probability Pm equal to 0.2. After completing
the process of selection, recombination and mutation, the next population can be generated.
This process of evaluation, selection, recombination and mutation is repeated until ﬁnishing the
iteration number. A summary of implementation of the genetic algorithm for vibration isolation
problem is presented in Fig. 13.
9

OPTIMIZATION OF DIFFERENT SYSTEMS

A genetic algorithm code with the above-mentioned properties is implemented in Python
through writing a script for optimizing various parameters of the trench. It is mandatory to write
a script that is readable by Plaxis for creating the model automatically including soil contour,
borehole, soil model, structure, mesh, calculation phases, and calculating the efﬁciency of the
trench.
A quantitative range for different parameters is deﬁned for ﬁnding the optimal solutions of
the problem. In order to make a proper comparison for all three conﬁgurations, the same depth
and cross-sectional area is assumed for all three systems. For each system, different boundaries
are deﬁned as the maximum and minimum value for various variables, which are presented in
Table 1.
A genetic algorithm is used for optimizing the important parameters of the barrier for the
vibration isolation problem for reaching the efﬁciency of almost 75%. The variation of the
parameters is assumed as the same value for having the equal cross-sectional area, while one of
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Initial population

Calling the files;
Points and Velocity
ܣ
for calculating തതത

Defining the Max
and Min value of the
parameters

Starting new project
Defining the material
and soil stratigraphy

Defining phases
Activating trench and
dynamic load

Generating mesh
Assigning coarseness
factor to the sections

Defining plate
Installing trench
Creating surface load

Performing
calculation and
viewing the results

Collecting results
Calculating തതത
ܣ by the
designed function

Evaluating the
selected parameters
by cost function

Python Script

Main loop of the
genetic algorithm
for 50 iterations

Applying crossover
(Arithmetic Method)

Selecting parent for applying
crossover (Tournament)

Applying Mutation
(Gaussian Method)

Selecting the best member for
the next population (Elitism)

Terminate and show the best
parameter of the trench

Figure 13: Implementation of the genetic algorithm for the vibration isolation problem

Type of system
Single
Double
Triangle

Location (m)
2-20
2-20
2-20

Depth (m)
2-6
2-6
2-6

Width (m)
0.25-1
0.25-1
0.5-2

Length (m)
5-15
5-15
5-15

Distance (m)
2-4
-

Table 1: Deﬁned boundaries for different parameters in the genetic algorithm

the purposes of this study is evaluating the effect of the shape of the trench on mitigating of the
incoming waves. The optimal parameters of geofoam-ﬁlled barrier for different systems in the
case of active isolation and for the frequency of 50 Hz is presented in Table 2.
The trench length for the single wall system is calculated with the same value of parametric
study, so it is concluded that the length of 10 m for the single wall system is suitable for reaching
the desired efﬁciency. In addition, the space between the barriers for double wall system is in a
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System

Location (m)

Depth
(m)

Width
(m)

Length
(m)

Single Wall
Double Wall
Triangle Wall

5.38
4.06
2.18

2.96
2.6
2.98

0.95
1.2
1.92

10
6.05
8.15

Distance
between
trenches (m)
2
-

Efﬁciency
(%)
78
78
74

Table 2: Optimized dimensions of the trench for different systems (50Hz)

good agreement with the result of parametric study.
An initial observation of the optimized parameters shows that the triangle wall system should
be installed more near to the vibration source in comparison with other systems. In addition,
the results show that the depth of the barrier is almost independent on the shape of the trench
for the single and triangle wall systems, since the depth of the trench reminds almost has the
same value for these systems. A pair of double wall barriers needs more width and lower
depth in comparison with other conﬁgurations. Moreover, the length of the trench decreases in
comparison with the other systems. Generally speaking, if reaching a depth of around 3m is
difﬁcult for a trench, double wall system is a good solution by having lower depth.
10

COMPARISON BETWEEN DIFFERENT SYSTEMS

Since the frequency of the applied load plays an important role in vibration isolation, a
comparison has been done for different conﬁgurations with optimized parameters. By changing
the frequency of the applied load, the average amplitude reduction ratio is calculated for the
vertical response for the area beyond the trench and the results are illustrated in Fig. 14.

Figure 14: Inﬂuence of frequency of the applied load (Optimized parameters for all systems)

The results state that frequency of applied load plays a signiﬁcant role in attenuating of
incoming waves for various systems including the triangle, double and the single wall in orders.
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Increasing the frequency of the load leads to a dramatic decrease in Ar value. For instance,
increasing the frequency of the applied load from 20 to 70HZ results in reducing the average
amplitude reduction ratios, which are approximately 85% for almost all systems.
11

Conclusion

The developed numerical model is veriﬁed by an analytical method. Then, a full parametric
study is done for evaluating the effect of the governing factors including the depth, width and
the length of the barrier in the active isolation and the results are compared. Three different
systems including the single, double and the triangle wall are selected for assessing the effect of
the shape of the trench on vibration isolation. Based on the results of parametric investigations:
• The normalized length of 2.5 is recommended for all three systems for having the highest
amount of efﬁciency.
• The single wall system needs the lowest value of normalized depth for attenuating the
incoming waves at an optimum depth, which is equal to 1.25. However, the optimum
depth for double and triangle wall system is calculated to 1.5.
• The double wall system needs an optimum width of 0.2, which is the lowest width in
comparison with other systems, whereas the optimum width of single wall system is
calculated to 0.25. For triangle wall system, shallow trenches need more width (W = 0.4)
to reach the highest value of efﬁciency in comparison with a deep trench, which is 0.3.
• The double wall is the best system for attenuating the highest amount of incoming waves
in comparison with other systems.
Finally, the most signiﬁcant ﬁnding of the research is the developed genetic algorithm code that
can be used as a reference for geotechnical engineers for designing the barrier for achieving at
least 75% mitigation in vibration amplitudes. In addition, the mutual study of all parameters
demonstrated that the results are different to those of a single parametric study. The result of the
comparison of all systems in the frequency domain revealed that the single and the double wall
barriers are the best systems for the frequency in the range of 20 − 40 Hz for the active isolation
and the triangle wall system is highly recommended for the frequency of 10 Hz. However,
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.H\ZRUGV'SKRQRQLFFU\VWDO6WRSEDQGV5DLQERZ([SHULPHQWDO$GGLWLYHPDQXIDFWXULQJ
$EVWUDFW Phononic crystals (PnCs) and metamaterials are nowadays widely investigated for
vibration suppression owing to their stopbands that prohibit wave propagation. The application of PnCs and metamaterials is however limited by their narrow bandgaps especially for
low frequencies. The recently introduced rainbow metamaterials composed of spatially varied
oscillating unit cells are found to generate broader bandgaps than the periodic structures. 2D
rainbow PnCs consisting of cubic blocks with internal voids connected by curved beam are
proposed in the present paper. Masses of the cubic blocks differ due to different dimensions of
internal voids. To prove the effects of rainbow design, two 2D block-beam lattice structures,
with periodic and nonperiodic units respectively, were manufactured by additive manufacturing method. Frequency response functions of the manufactured PnCs were measured with a
testing system containing a mechanical shaker, an impedance head and a laser Doppler vibrometer. Receptance functions of the PnCs in two directions were measured separately. The
obtained experimental results show that the PnC with rainbow mass has extended bandgaps
compared with the periodic one.
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DFKLHYH%UDJJVFDWWHULQJEDQGJDSVLQWKHORZIUHTXHQF\UDQJHVGXHWRWKHOLPLWDWLRQRIODWWLFH
FRQVWDQWLQDSSOLFDWLRQ,QFRQWUDVWORFDOO\UHVRQDQWEDQGJDSVUHO\RQWKHUHVRQDQFHRIVFDWWHU
LQJXQLWV7KHIUHTXHQF\RIORFDOO\UHVRQDQWEDQGJDSVLVPXFKORZHUWKDQWKDWRI%UDJJVFDW
WHULQJEDQGJDSV>@
(YHQWKRXJKORFDOO\UHVRQDQW3Q&VFDQDWWHQXDWLRQYLEUDWLRQJUHDWO\LQWKHEDQGJDSVDWORZ
IUHTXHQFLHV WKH EDQGZLGWK LV VWLOO QDUURZ IRU UHDOZRUOG DSSOLFDWLRQV %URDGHQLQJ ORZ IUH
TXHQF\ EDQGJDSV UHPDLQV D FKDOOHQJH IRU WKH GHVLJQ RI 3Q&V 7KLV FRQVLGHUDWLRQ OHG WR WKH
GHVLJQRIQRQSHULRGLFVWUXFWXUHV=KXet al>@SURSRVHGUDLQERZZDYHWUDSSLQJFRPSRVHG
RI JURRYHV RI GLIIHUHQW GHSWK 0HQJ et al >@ UHFHQWO\ GHYHORSHG DQG PDQXIDFWXUHG
EHDPVZLWKVSDWLDOO\YDU\LQJUHVRQDWRUV7KHVHVWUXFWXUHVZLWKUDLQERZSURILOHVZHUHIRXQGWR
SRVVHVVHQODUJHGORFDOO\UHVRQDQWEDQGJDSVFRPSDUHGZLWKSHULRGLFVWUXFWXUHV7KHFRQFHSWRI
QRQSHULRGLFLW\RSHQLQJQHZDQGLQQRYDWLYHSRVVLELOLWLHVIRUGHVLJQRI3Q&VDQGPHWDPDWHULDOV
,QVSLUHGE\WKHVHUHVXOWVZHSURSRVHGD'UDLQERZ3Q&VFRQVLVWLQJRIVSDWLDOO\GLVWULEXW
HG FXELF EORFNV FRQQHFWHG E\ FXUYHGEHDPV7KHPDVVHVRIEORFNVDUHDGMXVWHGE\RSHQLQJ
GLIIHUHQWLQWHUQDOYRLGV7ZRUDLQERZDQGSHULRGLF3Q&VDUHPDQXIDFWXUHGZLWKWKHHPSOR\
PHQW RI WKH DGGLWLYH PDQXIDFWXULQJ $0  PHWKRG DQG WHVWHG ZLWK WKH IUHTXHQF\ UHVSRQVH
IXQFWLRQV )5)V  PHDVXUHPHQW V\VWHP ,W LV VKRZQ E\ WKH H[SHULPHQWDO UHVXOWV EURDGEDQG
VWRSEDQGVFDQEHDFKLHYHGLQ[DQG\GLUHFWLRQVDVDUHVXOWRIWKHUDLQERZEDVHG3Q&GHVLJQ
 '(6,*12)'5$,1%2:3+2121,&&5<67$/6
:LWKWKHSXUSRVHRIGHOLYHULQJWKHUDLQERZ'3Q&VVWUXFWXUHVFRQVLVWLQJRIVSDWLDOO\GLV
WULEXWHG EORFNV FRQQHFWHG E\ WZR FXUYHG VWUXWV DUH FUHDWHG DV VKRZQ LQ )LJ  (DFK EORFN
FRQWDLQVDSHUIRUDWHGKROHLQWKHPLGGOH0DVVHVRIEORFNVGLIIHUGXHWRWKHGLIIHUHQWGLDPHWHUV
RILQWHUQDOYRLGV7KLVPD[LPXPPDVVUHGXFWLRQLVVHWDVLQRUGHUWRSUHVHUYHWKHVWUXF
WXUDO LQWHJULW\ RI WKH EORFNV DQG WR PDLQWDLQ WKH DVVXPSWLRQ WKDW EORFNV DFW DV ULJLG ERGLHV
7KH PDVVHV RI EORFNV DUH VHW DV VLQXVRLGDOO\ YDULHG RYHU WKH WZR GLUHFWLRQV RI WKH UDLQERZ
VWUXFWXUHZLWKWKHDLPRILQGXFLQJDVPRRWKQHDUSHULRGLFLW\DQGH[FOXGLQJUDSLGFKDQJHVIRU
FRQVHFXWLYHPDVVHV7KHWZRFXUYHGEHDPVEHWZHHQEORFNVDUHLQYHUWHGZKLFKFDQERWKHQ
KDQFHVWDELOLW\DQGUHGXFHWUDQVPLVVLRQULJLGLW\FRPSDUHGWRVWUDLJKWRQHV7KHFURVVVHFWLRQ
DQGFXUYDWXUHRIFRQQHFWLRQEHDPVDQGFRQVHTXHQWO\VWLIIQHVVLVIL[HG7KHHTXLYDOHQWSHULRG
LFVWUXFWXUHLVGHULYHGE\VHWWLQJWKHGLDPHWHURILQWHUQDOKROHVHTXDOWRWKHDYHUDJHKROHGLDP
HWHURIWKHUDLQERZ3Q&V
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D

E
)LJXUH6FKHPDRIWKH'UDLQERZ3Q& D WRSYLHZ E JOREDOYLHZWKHODEHOVVKRZWKHJHRPHWULFSDUDPH
WHUVEORFNVLGHOHQJWK Q EORFNVGLVWDQFH S FXUYDWXUHUDGLXVRIWKHFXUYHGEHDP R FURVVVHFWLRQGLPHQ
VLRQVRIWKHFXUYHGEHDPV Ca  Cb 

 (;3(5,0(17$/0($685(0(172)7+()5)62)'3+2121,&
&5<67$/6


0DQXIDFWXULQJRIWKH3Q&V

,QIOXHQFHV RI QRQSHULRGLFLW\ RQ WKH )5)V RI WKH VWUXFWXUH ZHUH H[SORUHG H[SHULPHQWDOO\
ZLWK WZR UDLQERZ DQG SHULRGLF 3Q&V7KHWZR VDPSOHVZHUHPDQXIDFWXUHGE\$0 PHWKRG
$0KDVEHFRPHWKHPRVWSRSXODUPDQXIDFWXULQJPHWKRGIRU3Q&VDQGPHWDPDWHULDOVRZLQJ
WRLWVGLVWLQFWDGYDQWDJHVRYHUWUDGLWLRQDOVXEWUDFWLYHPDQXIDFWXULQJSURFHVVHV$0WHFKQROR
JLHVFUHDWHVWUXFWXUHVE\GHSRVLQJPDWHULDOVOD\HUE\OD\HU$JUHDWQXPEHURI$0WHFKQROR
JLHVKDYHHPHUJHGLQFOXGLQJODVHUVLQWHULQJELQGHUMHWWLQJDQGVWHUHROLWKRJUDSK\HWF>@
*LYHQ WKH JHRPHWULFDO GLPHQVLRQ DQG VWUXFWXUDO SK\VLFDO SDUDPHWHU UHTXLUHPHQWV DV ZHOO DV
SULFHIDFWRUVD6HOHFWLYH/DVHU6LQWHUHG 6/6 ZDVVHOHFWHGIRUWKHIDEULFDWLRQRIWKH'3Q&V
$VFKHPDWLFLOOXVWUDWLRQRIWKH6/6SURFHVVFDQEHVHHQLQ)LJ
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)LJXUH6FKHPDWLFLOOXVWUDWLRQRIWKH6/6SURFHVV>@

7KHVWUXFWXUDOVDPSOHVZHUHIDEULFDWHGXVLQJ3$PDWHULDO7KHSULQWHUHPSOR\HGD&2
ODVHUKDYLQJDVFDQVSHHGDQGKDWFKVSDFLQJRIPVDQGPPUHVSHFWLYHO\:HQRWHWKH
QRPLQDOVSRWVL]HRIWKHODVHUZDVPPDQGWKHOD\HUWKLFNQHVVPP3$SRZGHU
ZDVXVHGWRILOOWKHSRZGHUEHGKDYLQJGLPHQVLRQVPPîPPîPPDWDWHPSHUD
WXUH RI  D &  7KH WKHRUHWLFDO VL]H WKUHVKROGEHORZZKLFKWKHPHWDPDWHULDOPDQXIDFWXULQJ
ZRXOGSUHVHQWGHYLDWLRQVIURPWKHGHVLJQHG&$'JHRPHWU\ZDVGHWHUPLQHGE\WKHDFFXUDF\
RIWKHSULQWHU7KHSULQWHUSURSHUWLHVWKDWDIIHFWPDQXIDFWXULQJSUHFLVLRQLQFOXGHWKHODVHUVSRW
VL]HWKHOD\HU WKLFNQHVV WKHVL]H RIWKHSRZGHUDQGWKHODVHUVFDQQLQJVWUDWHJ\)HDWXUHVRI
VL]HV EHORZ  PP DUH H[SHFWHG WR EH IDEULFDWHG ZLWK FRQVLGHUDEOH PHFKDQLFDO SURSHUWLHV
>@

D

E

)LJXUH3KRWRJUDSKVRIWKHPDQXIDFWXUHG D SHULRGLF3Q&DQG E UDLQERZ3Q&E\ODVHUVLQWHULQJ

3KRWRJUDSKVRIWKHSULQWHGUDLQERZDQGSHULRGLF3Q&VDUHVKRZQLQ)LJV D DQG E 7KH
<RXQJ¶VPRGXOXVDQGPDWHULDOGHQVLW\RIWKHSULQWHGVWUXFWXUHVZHUHPHDVXUHGRQVPDOOIDEUL
FDWHGVDPSOHVEDVHGRQWKH$670VWDQGDUGDQGIRXQGWREH*3DDQGNJPUHVSHF
WLYHO\ 7KH SULQWHG VWUXFWXUHV DUH FRPSRVHG RI  q  FXELF EORFNV 7KH VLGH OHQJWK RI FXELF
EORFNVLV Q  PP WKHGLVWDQFHEHWZHHQEORFNVLV S  PP WKHFXUYDWXUHUDGLXVRIWKH
FRQQHFWLRQ EHDP LV R  PP  FURVV VHFWLRQ GLPHQVLRQV RI WKH FXUYHG EHDPV DUH
Ca  Cb  PP WKHPDVVRIWKHEORFNVDUHVLQXVRLGDOO\GLVWULEXWHGLQGLUHFWLRQVDV
mij  

VLQ i  S 
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ZKHUH M LVWKHPDVVRIRULJLQDOQRQRSHQLQJEORFNVDQG i j     UHSUHVHQWWKHQXP
EHURIEORFNVLQ[DQG\GLUHFWLRQV7KHEORFNPDVVRIFRUUHVSRQGLQJSHULRGLF3Q&LVHTXDOWR
WKHDYHUDJHEORFNPDVVRIWKHUDLQERZ3Q&HJ mij   M 


([SHULPHQWDOV\VWHP

7KHVDPSOHVZHUHWHVWHGZLWKWKHH[SHULPHQWDOVHWXSSUHVHQWHGLQ)LJ'XHWRWKHODUJH
GLPHQVLRQVDQGPDVVHVRIWKHVWUXFWXUHVWKH3Q&VZHUHVXVSHQGHGRQDPHWDOOLFWUXVVXVLQJ
UXEEHU EDQGV DQG SODVWLF KRRNV WR VLPXODWH IUHH ERXQGDU\ FRQGLWLRQV DV VKRZQ LQ )LJ  D 
7KHDSSURDFKRIVXVSHQGLQJWKHWHVWHGVWUXFWXUHVKDVEHHQSURYHGHIIHFWLYHE\(OPDGLKet al
>@$PHFKDQLFDOVKDNHU 0RGDO6KRS( ZDVHPSOR\HGWRH[FLWHWKH3Q&VZLWKDFKLUS
ZDYHRYHUWKHIUHTXHQF\UDQJHRIa+]7KHH[FLWDWLRQVLJQDOZDVILUVWJHQHUDWHGE\
WKHFRPSXWHUDQGWKHQVHQWWRDMXQFWLRQER[ 3RO\WHF9,%( DIWHUZDUGVLWZDVDPSOL
ILHGE\WKHDPSOLILHU 0RGDO6KRS(DPSOLILHU DQGVHQWWRWKHVKDNHU7KHH[FLWDWLRQ
IRUFHVRQWKH3Q&VZHUHWHVWHGE\DQLPSHGDQFHKHDG 3&%' ZKLFKZDVEROWHGWRWKH
PHFKDQLFDOVKDNHURQWKHRSSRVLWHHQG'LVSODFHPHQWVLQWZRGLUHFWLRQVDWWKHGLDJRQDOFRUQHU
RIWKHH[FLWDWLRQSRLQWZHUHPHDVXUHGZLWKWKHODVHU'RSSOHUYLEURPHWHU 3RO\WHF369 
7KHFROOHFWHGGLVSODFHPHQWVDQGIRUFHVZHUHVHQWEDFNWRWKHMXQFWLRQER[DQGFDOFXODWHGE\
WKHVRIWZDUHWRVROYHRXWWKH)5)V$OOPHDVXUHPHQWVZHUHWDNHQZLWKDIUHTXHQF\UHVROXWLRQ
RI  +] DQG DUH FRPSOH[O\ DYHUDJHG RYHU  VSHFWUDO VZHHSV 6FKHPD RI WKH FRPSOHWH
H[SHULPHQWDOVHWXSV\VWHPFDQEHVHHQLQ)LJ

)LJXUH3KRWRJUDSKRIH[SHULPHQWDOVHWXSIRU)5)VWHVWRI'3Q&

)LJXUH6FKHPDRIWKHH[SHULPHQWDOVHWXS

4089

+DQ0HQJ'LPLWULRV&KURQRSRXORV1LFN%DLOH\=KXDQJ'RQJDQG-LDQ<DQJ



([SHULPHQWDOUHVXOWV

7KHPHDVXUHGUHFHSWDQFHYDOXHVRIWKHWZR3Q&VDUHVKRZQLQ)LJV D  I ,WFDQEHVHHQ
WKDW WKH UDLQERZ 3Q& KDV EURDGHU EDQGJDSV WKDQ WKDW RI WKH SHULRGLF VWUXFWXUH RI WKH VDPH
PDVVLQ[DQG\GLUHFWLRQV7KHEDQGJDSVRIWKHUDLQERZ3Q&RFFXUDWWKHIUHTXHQF\UDQJH
a+]LQWZRGLUHFWLRQVZLWKLQZKLFKWKHUHFHSWDQFHYDOXHVDUHVLJQLILFDQWO\UHGXFHG
E\  G% %\ FRQWUDVW WKH SHULRGLF 3Q& KDV EDQGJDSV ZLWKLQ WKH IUHTXHQFLHV a +]
:DYHOHQJWKV DW EDQGJDSV DUH PXFK ODUJHU WKDQ WKH ODWWLFH GLPHQVLRQV IRU ERWK 3Q&V 7KH
UDLQERZ3Q&KDVHQKDQFHGEDQGJDSVE\WKDQWKHSHULRGLFRQH0HDQZKLOHLWDOVRFDQEH
VHHQWKDWWKHUHGXFWLRQRIUHFHSWDQFHYDOXHVZLWKLQWKHEDQGJDSVRIWKHUDLQERZ3Q&LVVPDOO
HU WKDQ WKDWRI WKH SHULRGLF 3Q& $V GLVFXVVHG E\ 0HQJet al >@ WKHHQODUJHG EDQGZLGWK
FRXOGFDXVHVPDOOHUDWWHQXDWLRQDPSOLWXGHDQGWKXVVPDOOHUUHGXFWLRQRIUHFHSWDQFHYDOXHV

D

E

F

G

)LJXUH([SHULPHQWDOGLVSODFHPHQW)5)VRIWKHUDLQERZ3Q&LQ[ D DQG\ F GLUHFWLRQVDQGWKHSHULRGLF3Q&
LQ[ E DQG\ G GLUHFWLRQV

 &21&/86,216

,Q WKLV SDSHU WKH DWWHQXDWLRQ SHUIRUPDQFH RI ' UDLQERZ 3Q&V ZHUH LQYHVWLJDWHG 7ZR
3Q&VZLWKUDLQERZDQGSHULRGLFXQLWFHOOVZHUHPDQXIDFWXUHGE\$0PHWKRG7KH3Q&VZHUH
FRPSRVHGRIVSDWLDOO\GLVWULEXWHGEORFNVFRQQHFWHGE\FXUYHGEHDP,QWHUQDOYRLGVZHUHLP
SOHPHQWHGWRWKHEORFNVWRDGMXVWWKHORFDOPDVVHVDQGJHQHUDWHQRQSHULRGLFLW\7KHUDLQERZ
3Q&FRQWDLQHGEORFNVZLWKPDVVHVVLQXVRLGDOO\YDU\LQJLQWZRGLUHFWLRQV)5)VRIWKH3Q&V
ZHUHPHDVXUHGH[SHULPHQWDOO\5HVXOWVVKRZHGWKDWWKHLQWURGXFHGUDLQERZ3Q&FDQKDYHORZ
IUHTXHQF\EDQGJDSVPXFKEURDGHUWKDQSHULRGLF3Q&VRIHTXDOPDVV7KHPHWKRGRILQWURGXF
LQJQRQSHULRGLFLW\GLVSOD\VDJUHDWSRWHQWLDOIRUWKHGHVLJQLQJRI3Q&VZLWKHQKDQFHGDWWHQXD
WLRQSHUIRUPDQFH

5()(5(1&(6

>@ -<DQJ<;LRQJDQG-;LQJ9LEUDWLRQSRZHUIORZDQGIRUFHWUDQVPLVVLRQEHKDYLRXU
RIDQRQOLQHDULVRODWRUPRXQWHGRQDQRQOLQHDUEDVHInternational Journal of Mechanical Sciences
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ACOUSTIC PERFORMANCE EVALUATION OF A PANEL
UTILIZING NEGATIVE STIFFNESS MOUNTING FOR LOW
FREQUENCY NOISE CONTROL
Paradeisiotis Andreas1 , Kalderon Moris 1 , Antoniadis Ioannis1 and Fouriki Lina1
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Mechanical Engineering,
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Keywords: noise control, acoustic panel, sound transmission loss, KDamper
Abstract. In order to encounter the challenges of low frequency noise absorption below
100 Hz, primarily emitted from the engines in air and ground vehicles, a method of
acoustic panel mounting is proposed based on the KDamper concept which utilizes
the negative stiffness damping effect. The practical constraints in such applications
relating to the thickness of the panel for adequate noise absorption, are compensated
through the unique damping properties of the KDamper and the ability to attenuate low
frequency excitation in a considerable range. Therefore, a preliminary implementation
of an acoustic panel with appropriately designed elastic mounts incorporating negative
stiffness elements, is evaluated in terms of acoustic performance. During the design
stage of the mounting, the problem is approached as in the case of classic vibration
isolation of a rigid mass, due to the nature of the low frequency excitation. However,
the elasticity of the deformable thin plate is taken into account by modeling its dynamic
behavior using generalized modal values. The investigation consists in establishing the
theoretical framework of the problem for the examination of metrics such as the sound
transmission loss (STL) and the optimization of the mounting in order to maximize the
STL performance, accompanied by FEM simulations. Additionally, comparisons with
conventionally mounted panels is provided for reference and to highlight the advantages
of the proposed solution. Early results regarding the noise control capabilities of such
a panel conﬁguration, indicate the potential of this proposition in speciﬁc applications.
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1

INTRODUCTION

Researchers have reported several hazardous impacts of low-frequency noise on human health such as annoyance, headache, city-fatigue [5], etc. To attenuate low frequency sound, passive solutions such as foam layers, sound diffusing panels and blocks,
sandwich panels and many others [14], constitute the most widespread means for acoustic treatment in a vast range of applications from room acoustics, to loudspeaker enclosures etc.. However, these means present certain limitations in the low frequency range,
namely below 500 Hz approximately, which is very important regarding noise control in
transportation media and inside buildings, among other applications. Traditional materials follow the mass density law for sound shielding. According to the mass-density law,
1
sound transmission through a substance [19] is given by T = ρtf
, where ρ is density, t
is thickness of the medium, and f is the sound wave frequency. Thus, for a particular
frequency, doubling the thickness of the sound insulator would result in an increment
of only 6 dB STL. Therefore, a thicker porous material is required for shielding of low
frequency noise [11], but even a thick concrete wall fails to attenuate low levels of low
frequency noise. To encounter these issues, other types of solutions have been proposed
in the form of local dampers [13], perforated plates [4], meta- surfaces or meta-diffusers
[8] and acoustic/elastic meta-materials [3] among others.
Lightweight single or double walls are very common solutions for partitioning in
dwellings. They are typically composed of two leaves mounted on a wood or steel
frame. The cavity between these leaves is ﬁlled by absorbing material to improve the
acoustic performance in mid-to-high frequencies. The limited capability of the aforementioned conventional passive means at low frequencies, introduces a dilemma, provided that improvement of their performance is generally associated with an increase in
weight and volume. Additionally, other solutions such as conventional passive vibration
dampers have the ability to absorb at very speciﬁc frequencies, and they can also be very
heavy.
Owing to the need of low frequency sound absorption, it is desired to develop a new
generation of partitions capable of attenuating noise in low-to-high frequency range.
To contribute to the solution the paper considers the application of the KDamping concept towards the design of highly dissipative low-frequency mounts. The KDamper is a
novel passive vibration isolation and damping concept, based essentially on the optimal
combination of appropriate stiffness elements, which include a negative stiffness element [1, 2]. In order to propose a solution to this problem, the STL of panels is initially
examined, considering the sound propagation through a single, ﬁnite, rectangular thin
plate. The acoustic behavior of a simply supported plate in this low frequency range,
may be treated as a case of classic vibration control. The mounting of this plate is investigated and the way it participates in its STL performance. An equivalent analytical
framework is presented describing the behaviour of a conventional panel supported by
KDamper mounts incorporating the effect of the panel ﬂexural stiffness. it is worth
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Figure 1: Typical STL proﬁle of a panel.
noting that, the previous approaches considered the problem as in the case of classical
vibration of a rigid mass ignoring any contribution of the plate’s modes [17].
2

SOUND TRANSMISSION LOSS OF PANEL

In this section the theory of Sound Transmission Loss (STL) through a single panel
is brieﬂy presented. Various ways have been proposed regarding the modeling and
simulation of the sound propagation through obstacles and the resulting STL [20, 15, 9].
In this work, the fundamental physics of the problem are investigated via an impedance
based approach. According to this approach Transmission loss of sound occurs when
there is an impedance mismatch between the propagation media of the traveling sound
waves, thus sound is reﬂected and/or absorbed [9]. Direct sound transmission through
thin panels depends on the mass, stiffness and damping of the system plate-support.
Figure 1 shows a typical form of the STL curve for sound propagation through a thin
plate [7]. This curve presents ﬁve distinct regions in corresponding frequency ranges,
depending on the properties of the system.
In a general case as in Fig. 2a, the STL is investigated via the assumption of a propagating plane wave between two different media. The impedance mismatch comes from
the difference of impedance that the propagation medium of the incident waves Z0 , has
from the propagation medium of the transmitted waves Z1 . In order to quantify the
consequences of this mismatch, the transmission coefﬁcient τ is introduced, deﬁned as
the ratio of the complex amplitude of the transmitted sound pressure to the complex
amplitude of the incident sound pressure:
p̃t
Z̃1
=τ =2
(1)
p̃i
Z̃1 + Z̃0
Figure 2 illustrates a wall, a rigid ﬂat surface that consists only on mass, oscillating in
an inﬁnite rigid bafﬂe with air on both sides, subjected to normal incident plane waves
pi = p̃ej(ωt−κ0 z) . This particular case is refereed to as the ”limp wall” assumption and
the resulting frequency response of the STL is known as the ”mass law”.
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Figure 2: (a) Wave propagation in the presence of impedance mismatch (b) Limp wall
assumption.
For frequencies higher than the natural frequency f0 , the STL is controlled by the
mass per unit area of the panel. This corresponds to a 6 dB per octave increase of STL,
while doubling the mass per unit area leads to a 6 dB per octave increase. Speciﬁcally,
for a thin panel, neglecting stiffness and damping (limp wall):
*
ST L = 10log

,
ω 2 m2
4(ρ0 c0 )2 /cos2 θ

(2)

where θ is the angle of incidence of the propagated sound waves, c0 is the speed of
sound in air, ρ0 the air density and m [kg/m2 ] is the mass per unit area of the panel. In
the case of normal incident waves, θ = 0.
Now, assuming that the same laws apply in case of a partition as illustrated in Fig. 3,
by applying pressure and velocity continuity conditions at the interface of air and plate,
the transmission coefﬁcient comes as
τ=

2Z̃0
−j(ωm − k/ω) + (2Z̃0 + c)

(3)

The imaginary part in the denominator of Eq. (3), indicates that the mass contribution
ωm and the spring contribution −k/ω have a phase difference of 180◦ while the term
2Z̃0 indicates the radiation at both sides of the wall. The transmission coefﬁcient can
also be written as
τ=

Z̃f
Z̃p + Z̃f

(4)

where Z̃p = −j(ωm + jc − k/ω) is the partition (mechanical) impedance and Z̃f =
2Z̃0 is the ﬂuid loading impedance in both directions [9]. The
For the calculation of the Sound Transmission Loss (STL) in the case of a thin plate
using the single DOF model as in Fig. 3, the expression of the mechanical impedance
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Figure 3: Wave propagation at a partition.
Z̃p can be rearranged to include the transfer function of the displacement as to the excitation, namely
1 |T̃XF |−1
Z̃p = −
(5)
jω
A
where A is the surface of the plate subjected to the excitation. Therefore, the ST L is
calculated as
1
(6)
ST L = 10 log10 2 [dB]
|τ |
3

THE KDAMPER CONCEPT

The KDamper, which can be considered as an extension of the traditional Tuned
Mass Damper (TMD), is a novel passive vibration isolation and damping concept, based
essentially on the optimal combination of appropriate stiffness elements, including a
negative stiffness element [1]. The KDamper supplements the inertial forces of the
added TMD mass with the stiffness force of the negative stiffness element. This negative stiffness element can be realized by a number of ways such as pre-stressed disc
(Belleville) springs, arranged in appropriate geometrical conﬁgurations [3]. Among
others, this can provide signiﬁcant comparative advantages, especially in the very low
frequency range, such as better damping characteristics without the need of heavy additional masses.
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f (t)

x(t)
m
cD

kP

y(t)
kS
2

mD

kS
2

kN

Figure 4: Schematic diagram of the KDamper oscillator.
The KDamper elements are calculated for a speciﬁc mass around a desired frequency
f0 or ω0 = 2πf0 and the overall static stiffness comes as k0 = mω02 , which also equals
to
k P kN
k0 =
+ kS
(7)
k P + kN
The overall static stiffness k0 of the system is maintained.
Next, the basic parameters of the KDamper concept μ,κ and ρ, are deﬁned as
μ = mD /m
ρ = ωD /ω0
κ = −kN /(kP + kN )

(8)
(9)
(10)

Finally, the non-dimensional parameters of the stiffness elements of the KDamper
are deﬁned as
kS
= 1 + κ(1 + κ)μρ2
k0
kP
κP =
= (1 + κ)μρ2
k0
kN
κN =
= −κμρ2
k0
κS =

(11)
(12)
(13)

leading to the calculation of the stiffness elements (kS , kP , kN ) of the oscillator. Furthermore kD is deﬁned as kD = kP + kN , thus, for a speciﬁc damping ratio ζD , the
damping constant is calculated as:

cD = 2ζD kD mD
(14)
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(a) Frequency response of |T̃XK |.

(b) Frequency response of |T̃Y K |.

Figure 5: Frequency response of of the transfer functions of the KDamper.
Figures 5a and 5b, present the frequency response of the transfer functions of the dynamic magniﬁcation factor for both degrees of freedom (DOFs) x and y of the KDamper
respectively, for an indicative set of parameters μ, κ and ρ. More information regarding
the design of the KDamper can be found in [16].
4

SOUND TRANSMISSION LOSS OF DEFORMABLE THIN PLATE

The investigation in this paper is an extension of previous work [17, 16]. However,
a slightly different approach is taken here, where the thin plate is now considered as
elastic/deformable instead of rigid as before. The goal is to examine how this property
of the plate, participates in the dynamics of the system and consequently, the acoustic
performance.
In order to do that, the assumption that the bending stiffness of the deformable plate
is in a way in series with the stiffness of the mounting, is formulated. This assumption
is also investigated through modal analysis and frequency response with FEM. This is
achieved by utilizing the generalized values of the structure, namely generalized mass
and the corresponding generalized stiffness for the appropriate modes, calculated from
modal analysis and FEM simulations, in order to construct a corresponding single degree of freedom (SDOF) model representing the dynamic behavior of the deformable
thin plate.
4.1

THEORETICAL FORMULATION

In this section the KDamper theoretical framework is extended to include the case
where the rigid mass is replaced by a deformable plate. Figure 6a, shows the equivalent
dynamic SDOF model of a deformable plate and the approximate modiﬁcation when
the plate is mounted on elastic mounts.
Figure 6b, shows the equivalent model when the simple elastic mount is replaced
with an elastic mount based on the design of the KDamper.
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(a) Deformable plate on elastic mounts with stiffness
kS .

(b) Implementation of the mounting
based on the KDamper.

Figure 6: Modelling of a mounted deformable plate.
The equation of motion of the equivalent SDOF model is
m∗i ü + c∗i u̇ + ki∗ u = f (t)

(15)

while in the case of the simple elastic mount becomes
m∗i,new ü1 + ki∗ (u1 − u2 ) = f (t)
mj ü2 + cS u̇2 + kS u2 +

ki∗ (u2

− u1 ) = 0

(16)
(17)

where mj is the connecting mass which is assumed as neglible in order to act just as a
connector, namely an additional DOF and kS is the stiffness of the elastic mount which
needs to be calculated.
In the case of the KDamper elastic mount, the equation of motion in matrix formulation comes as
M ü(t) + C u̇(t) + K u(t) = F f (t)
(18)
where the mass (M), damping (C) and stiffness (K) matrices, come as
⎡ ∗
⎤
⎡
⎤
mi 0
0
0
0
0
M = ⎣ 0 mj 0 ⎦ , C = ⎣0 cS + cD −cD ⎦
0
0 mD
0
−cD
cD
⎤
⎡ ⎤
ki∗
1
−ki∗
0
∗
∗



⎣
⎦
⎣
−kP
K = −ki ki + kP + kS
, F = 0⎦


0
0
−kP
k P + kN
⎡

(19)

At this point, it should be highlighted that the Dashpots (cs ,cD ) shown in Figure 6a
denote schematically the systems’ hysteretic damping and they should not be confused
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with the parallel dashpots that are usually employed when viscosity is considered. The
loss factor η, can represent more accurately the dynamic response of nonlinear systems
compared with the damping ratio which is deﬁned on the grounds of the linear single
degree of freedom (SDOF) viscous model [10, 6]. 
Therefore, the damping matrix is empty C = 0 (cs = cD = 0) and the hysteretic
damping is introduced indirectly in the stiffness matrix K = ,
where
kS = kS (1 + jn)
kP = kP (1 + jn)

(20)
(21)

The transfer matrix relative to the excitation, for each frequency ω, is calculated from
the following expression:
TRF = (−ω 2 M + K)−1 F

(22)

where
TRF =

- ũ1
F̃

ũ2
F̃

ũ3
F̃

.T

(23)

Finally, the transfer function of the deformable plate mounted on KDamper mounts,
is taken as TXFKD = ũF̃1 .
4.2

OPTIMIZATION OF THE KDAMPER PARAMETERS

The aim is the selection of the optimal values for the KDamper elements, in order to
obtain the maximum possible STL performance, especially in the resonance region of
the system in comparison to the initial case where the plate is simply supported on its
edges.
4.2.1 OPTIMIZATION ALGORITHM
For the optimization, the ”f mincon” function of the MATLAB software for local
minimization of non-linear functions and constraints, is utilized. The optimization algorithm is formulated as follows:
⎧
@
@
c(x)
≤
0
⎪
⎪
@
⎪
⎪
⎨ ceq (x) = 0 @
@
Ax≤b @
min f (x) s.t.
(24)
@
x
⎪
⎪
@
Aeq x = beq @
⎪
⎪
⎩
lb ≤ x ≤ ub@
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where x is the vector containing the optimization variables and f (x) is the objective
function to be minimized. In this case the vector x is
.T
x = kN kP kS

(25)

Regarding the objective function, the algorithm maximizes the minimum value of the
STL of the model in Fig. 6b, namely
f (x) = − min(ST LKD )

(26)

Initially, the only constraint to which the optimization is subjected has to do with the
static stability margin of the KDamper, which is deﬁned as
=

kNlim − kN
kN

(27)

where
k P kS
k P + kS
and is set to have a minimum value of 10%.
Therefore, the optimization problem becomes
@
2
0.1 −  ≤ 0 @
@
min f (x) s.t.
lb ≤ x ≤ ub@
x
kNlim =

(28)

(29)

with the optimization variables between the lower bounds
.T
lb = −1 × 106 0 0

(30)

.T
ub = 0 15 × 105 1 × 107

(31)

and the upper bounds

The starting point x0 of the algorithm, is selected such that the stiffness element kS
is of the same order of magnitude as the stiffness element ki∗ of the deformable plate
model.
4.2.2 CASE EXAMINATION: RECTANGULAR DRYWALL
A 0.625 × 1.6 m rectangular drywall is considered, according to real-life masonry
applications. The width corresponds to the horizontal distance between the upright
supporting beams providing the stable frame of the drywall. Typically, the height of
such a drywall is around 3.2 m, meaning that it can be covered by two pieces with the
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Table 1: Drywall properties.
m [kg/m2 ]
8.35

W [m]
0.625

H [m]
1.6

t [m]
12.5 × 10−3

m [kg]
8.35

E [M P a]
2900

ν
0.31

dimensions consider here. The selected dimensions correspond also to a frontal surface
of 1 m2 . The relevant properties of the drywall are summarized in Table 1.
Modal analysis via the ﬁnite element method (FEM), assuming simply supported
boundary conditions as in Fig. 7a, gives the following generalized values for the fundamental mode of the plate, shown in Fig. 7b:
f1∗ = 31.39 [Hz] m∗1 = 2.82 [kg]

(32)

In case of a simply supported rectangular thin plate this frequency may also be estimated accurately by the theoretical expression
#
nπ !2 ,
D * mπ !2
ωmn =
+
(33)
ρt
lx
ly
for m = n = 1 which corresponds to the 1st mode and
D=

Et3
12(1 − ν 2 )

(34)

where D is the plate ﬂexural rigidity, t is the plate thickness, E the Young’s modulus
and ν is Poisson’s ratio. The corresponding generalized mass and stiffness [18] are
deﬁned as
m∗11 = m/4
1
1
1 !2
∗
= lx ly Dπ 4 2 + 2
k11
4
lx ly

(35)
(36)

Based on these values an equivalent generalized stiffness is calculated for the formulation of the corresponding SDOF model. Based on expression (36), it can be easily
shown that the generalized stiffness is minimized when lx = ly , i.e for a square plate.
However, as it will be shown hereinafter, acoustic performance is optimized when stiffness is maximized; in that terms the square plate constitutes the less attractive conﬁguration .
Next, it is assumed that the plate will be supported on ﬁfteen (15) elastic mounts
in a conﬁguration that essentially divides the plate into two equal parts of 0.3125 m ×
1.6 m, as presented in Fig. 8a. Initially, this conﬁguration as a simply supported plate
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(b) Mode under consideration.

(a) Initial boundary conditions.

Figure 7: Simply supported drywall 0.625 × 1.6 m, A = 1 m2 .
is considered, in order to obtain a more indicative set of generalized values for the
following case of the mounted plate, which come as:
f1∗ = 196.92 [Hz] m∗1 = 1.91 [kg]

(37)

Using the objective function of Eq. (26), the algorithm searches for a solution in the
frequency range fe = 1 : 1000 Hz. After the optimal set of parameters is calculated, the
resulting stiffness kS is divided into 15 springs and the FEM simulation is repeated in
order to calculate the new generalized mass m∗i,new . This procedure repeats a few times
until there is a convergence of this value within a margin of error where any deviations
become insigniﬁcant to the ﬁnal results.
Then, for the generalized mass m∗1,new of the mounted plate, the corresponding element values of the KDamper come as in Table 2. The effect of the hysteretic behavior
of KDamper is investigated parametrically for four (4) different loss factor η values and
the results are illustrated in Fig. 9. The total loss factor η of a structure is the ratio of
lost to reversible mechanical energy per radian cycle in a dynamic system. Nowadays,
someone can easily ﬁnd industrially produced rubber materials with speciﬁed loss factor
values higher than η = 0.4 [12].
Figure 10, essentially compares the STL performance of the panel when utilizing
elastic mounts - red-dashed line for simple elastic mounts and blue line for the optimized
KDamper mounts - with the initial case as in Fig. 7, which is represented by the green
line. Additionally, the mass law curve is represented for reference with the black-dashed
line. When using elastic mounts the new generalized mass of the corresponding mode
is higher, namely m∗new = 4.156 kg compared to the initial m∗ = 2.819 kg. The same
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(b) Mode under consideration.

(a) Mounting points for the elastic mounts.

Figure 8: Drywall supported by 15 mounts.
η
0.05
0.1
0.2
0.4

μ
0.01
0.01
0.01
0.01

fi∗ [Hz]
42.73
43.72
26.76
20.10

m∗i,new [kg]
4.159
4.159
4.154
4.156

κ
5.247
5.526
1.478
0.376

kS [N/m]
5.280 × 105
5.291 × 105
5.225 × 105
5.301 × 105

kP [N/m]
4.348 × 104
3.894 × 104
2.739 × 105
1.234 × 106

kN [N/m]
−3.652 × 104
−3.297 × 104
−1.634 × 105
−3.371 × 105

Table 2: Values of KDamper parameters for assuming loss factor values η = 0.05 : 0.4.
mass m∗new is also used for the mass law. Therefore, this fact alone is expected and it
shows to improve the STL performance of the initial panel.
5

DISCUSSION

An increase in the loss factor, improves the acoustic performance of the panel at the
design frequency and the uniformity of STL at the resonance frequency range. However, the design frequency shifts to lower values and at the same time, higher damping
also translates to smaller oscillation amplitude for the added mass. Of course, arrangements with extraordinary high loss factors are not easily realized practically and that is
something that has to be considered. For example, in this contribution the loss factor is
selected η=0.2.
The resulting STL curves for the four cases are compared in Fig. 10. The STL curve
of the ”mass law” (limp wall approximation) is presented as a reference for the performance in these cases. The obvious advantage of the proposed KDamper conﬁguration is
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Figure 9: Resulting ST L curves comparison with optimized KDamper mount for different Loss factor η values.

the higher level of STL in the resonance region and the coincidence with the ”mass law”
curve for higher frequencies. On the other hand, the simple elastic mount conﬁguration
revealed little or no improvement in low frequencies compared with the simply supported panel, especially in the case of low damping but exhibited a similar behavior
with the KDamper mounted panel for higher frequencies.
This impedance based approach for the calculation of the STL performance of a
panel, demonstrates the viability and advantages of a KDamper based, mounted plate
over conventional mounting mechanisms. The addition of the elastic mounts on a deformable plate, increases the generalized mass, therefore improves its acoustic performance. Compared to the simple elastic mounts, the KDamper provides an additional
improvement in the resonance region. The main observation as shown in Fig. 6, is that
the equivalent dynamic stiffness of the deformable plate and the stiffness of the mounting, operate approximately in series. Consequently, as it comes from the expression

ktot =

ki∗ kS
ki∗ + kS

(38)

the total stiffness of the model is restricted by the initial equivalent dynamic stiffness
of the plate. An indicative graphical representation of Eq. (38), is shown in Fig. 11.
This implies that in order to utilize stiffer mounting -therefore increasing the eigenfrequency of the model where the total STL level is higher and the effect of the KDamper
is more prevalent- requires a stiffer plate. To achieve that, either the mounting has to
be more dense, namely dividing the plate into smaller ”pieces” or the material of the
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Figure 10: Comparison of the resulting STL curves with the optimized KDamper mount.

plate itself has to have higher Young’s Modulus, thus higher bending stiffness D, or/and
higher mass per unit surface.
6

CONCLUSIONS

A novel mount for acoustic panels was presented based on the KDamper concept,
incorporating a negative stiffness element. The application of the mount in ﬂexible panels was investigated based on analytical formulas and an equivalent ”KDamper-Flexible
panel model” was developed, to approximate more accurately the acoustic performance
of the conﬁguration compared to the ”rigid mass” approach. The optimization algorithm of the system’s parameters was described and an iterative procedure was followed
to deﬁne the optimized set of parameters aiming to maximize the ST L.
Then, a real-case scenario of a 0.625 × 1.6 m rectangular drywall was studied, comprising the reference arrangement for all the subsequent comparisons. The hysteretic
behavior of the mount was examined for a range of loss factor (η) values, which control the design frequency, revealing the importance of a suitable rubber material to the
system’s performance. Finally, the superiority of the KDamper mounts was shown by
comparison with the Simply-Supported panel and the simple elastic mounts. In case
of the elastic supports an increase was observed at oscillating panel effective mass, resulting to an improved sound attenuation. The KDamper mounts proved advantageous
compared with the simple elastic mounts improving at least four (4)dB the STL curve in
the low frequency region. To the authors knowledge this improvement has not been observed in any other product being available on the market. Additionally, it was observed
that the equivalent dynamic stiffness of the panel and the stiffness of the mounting, operate approximately in series. Hence, the total stiffness of the model is bounded by the
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Figure 11: Springs in series conﬁguration.
initial equivalent dynamic stiffness of the panel.
It should be noted that the approach followed in this paper, considers an equivalent
mount-ﬂexible panel model where the total system stiffness is calculated by applying
a heuristic approach. Therefore, a topic for future work, is the calculation of the STL
via a full numerical coupled structural-acoustic FE model and validate the performance
experimentally.
7
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[8] Jiménez, N., Cox, T.J., Romero-Garcı́a, V., Groby, J.P.: Metadiffusers: Deepsubwavelength sound diffusers. Scientiﬁc reports 7(1), 5389 (2017)
[9] Kim, Y.H.: Sound propagation: an impedance based approach. John Wiley & Sons
(2010)
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Abstract. The advantages of the negative stiffness damping effect for vibration absorption in very low frequencies (below 10 Hz) are utilized in this implementation in the
form of a mounting mechanism based on the KDamper concept. Speciﬁcally, the mount
is designed for the absorption of vertical vibrations for machines with mass in the order
of 100 kg and rotational speeds in the area of 500 RPM. The design consists in the selection of the appropriate stiffness elements according to the KDamper concept, optimized
for minimizing the displacement amplitude of the seismic mass. The included negative
stiffness element is realized via a simple conﬁguration of pre-stressed disc (Belleville)
springs. Initial experimental measurements of an early prototype are used for comparison with the theoretical investigation and evaluation of the absorption capacity of the
mounting mechanism. The results are compared with the predictions of the corresponding models. At the same time, the effects of the non-linear nature of the negative stiffness
element are documented, among certain constraints and conditions required for the optimal operation of the system. This examination is demonstrated through the frequency
response of the non-linear system using the theoretical models and experimental setup,
its potential advantages compared to conventional elastic mounts.
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1

INTRODUCTION

Regarding vibration isolation with conventional elastic mounting, generally in the
case of systems subjected to periodic excitation the resonant frequency has to be lowered
by adjusting the stiffness of the mounting. Consequently, the frequency of the excitation
falls in the isolation range. However, especially in cases where the excitation frequency
is already very low, this could mean that the stiffness has to be decreased so much
that it compromises the structural integrity of the system. Very low stiffness could also
translate to prohibitive amplitude values of the response, especially since high damping
ratios are not always easily achievable in a lot of cases.
For this reason, several different concepts have been proposed and implemented over
the years, encountering the difﬁculties in low frequency vibration isolation. Some examples are the general concept of the Tuned Mass Damper (TMD), quasi-zero stiffness
oscillators, the inerter and other concepts and variations of the aforementioned.
The design of a mounting mechanism for the absorption of vertical vibrations of
rotating machines and all kinds of critical conﬁgurations, is examined in this paper. The
seismic mass is considered to be 100 kg and the rotational speed around 500 RPM.
This mount is based on the KDamper concept [1, 2], the schematic diagram of which is
presented in Fig. 1.a.
The KDamper, which can be considered as an extension of the traditional Tuned
Mass Damper (TMD), is a novel passive vibration isolation and damping concept, based
essentially on the optimal combination of appropriate stiffness elements, including a
negative stiffness element [1]. The KDamper supplements the inertial forces of the
added TMD mass with the stiffness force of the negative stiffness element. This negative stiffness element can be realized by a number of ways such as pre-stressed disc
(Belleville) springs, arranged in appropriate geometrical conﬁgurations [3]. Among
others, this can provide signiﬁcant comparative advantages, especially in the very low
frequency range, such as better damping characteristics without the need of heavy additional masses and without sacriﬁcing the static loading capacity of the structure by
using very soft elastic mounting.
The KDamper elements are calculated for a speciﬁc mass around a desired frequency
f0 or ω0 = 2πf0 and the overall static stiffness comes as k0 = mω02 , which also equals
to

k0 =

k P kN
+ kS
k P + kN

The overall static stiffness k0 of the system is maintained.
Next, the basic parameters of the KDamper concept μ,κ and ρ, are deﬁned as
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μ = mD /m
ρ = ωD /ω0
κ = −kN /(kP + kN )

(2)

Finally, the non-dimensional parameters of the stiffness elements of the KDamper
are deﬁned as
kS
= 1 + κ(1 + κ)μρ2
k0
kP
κP =
= (1 + κ)μρ2
k0
kN
κN =
= −κμρ2
k0

κS =

(3)

leading to the calculation of the stiffness elements (kS , kP , kN ) of the oscillator. Furthermore kD is deﬁned as kD = kP + kN , thus, for a speciﬁc damping ratio ζD , the
damping constant is calculated as:
cD = 2ζD


kD m D

(4)

Figure 1 presents the schematic diagrams of the classic "m-c-k" and "TMD" oscillators along with the KDamper. For a direct comparison between the three concepts, it
is appropriate to consider the same static stiffness k0 for all. However for the TMD is
taken that fD,T M D = f0,mck = f0,KD . This modiﬁcation makes the static stiffness of
the TMD slightly higher and the reason for this is to exploit the anti-resonance nature of
the oscillator. As for the stiffness elements, it is considered that kS,T M D = ω02 mD and
2
kP,T M D = ωD
mD .
The frequency response of the transfer functions for the three oscillators are compared in Fig.2. For a harmonic excitation, the KDamper minimizes the amplitude of the
response x(t) in a frequency band deﬁned by the selection of its individual parameters,
much more effectively than the TMD for a broader range of frequencies while utilizing
much lighter added mass. The depth of the narrow band where the transfer functions
of the TMD drop, is proportionate to its added mass and inversely proportionate to the
damping element cD , but of course cD cannot be too low due to practical amplitude
constraints of the internal mass.
2

EXPERIMENTAL IMPLEMENTATION OF KDAMPER

For this particular implementation, a conservative approach is taken, meaning that
parameter κ is taken as just 45% of κmax in order to ensure a static stability margin 
above 10%.
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Figure 1: Schematic presentation of vibration isolation concepts.
μ
0.03
k0 [N/m]
2.74 × 105

ζS
0.15
kS [N/m]
3.79 × 105

ζD
0.2
kP [N/m]
3.59 × 104

f0 [Hz]
8.33
kN [N/m]
−2.68 × 104

m [kg]
100
cS [N s/m]
1.57 × 103

κ [%κmax ]
45
cD [N s/m]
66.36

Table 1: Values of KDamper parameters for 100 kg seismic mass.
Figure 3, presents the frequency response of the transfer functions of the dynamic
magniﬁcation factor for both degrees of freedom (DOFs) x and y of the KDamper respectively, for an indicative set of parameters μ, κ and ρ. More information regarding
the design of the KDamper can be found in [6].
2.1

NEGATIVE STIFFNESS ELEMENT REALIZATION

There are various structural conﬁgurations by which negative stiffness can be achieved,
using either post-buckled beams or shells, pre-stressed spring conﬁgurations and many
others [5]. In this implementation, the negative stiffness element of the oscillator is realized utilizing disc (Belleville) springs. The exerted force and the equivalent stiffness
of this type of springs, are non-linear functions of the vertical displacement s of the
inner diameter Di . The height of the spring is denoted by l0 , De is the external diameter
and h0 ≈ l0 − t, where t is the thickness. The relevant notation is demonstrated in
Fig. 4. More speciﬁc information about disc springs are provided by manufacturers [4].
Speciﬁcally, for the calculation of the exerted force of an individual spring as function
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Figure 2: Magniﬁcation factor comparison of the three oscillators.
of the deformation s holds:
*

F (s) =

Fc K42

,
s!
h 0 s ! h0
−
−
+1 s
t
t
t
2t

(5)

where Fc = F (s = h0 ) is the exerted force when the disc is at its ﬂattened position and
is estimated as
4E t3 h0 2
Fc =
K
(6)
1 − ν 2 K1 De2 4
By setting δ = De /Di as the ratio of outer to inner diameter of the disc, parameters K1
is deﬁned as
!
K1 =

1
π

δ−1
δ

δ+1
δ−1

−

2

2
ln(δ)

(7)

while parameter K4 depends on the type of the contact surfaces of the disc spring. In
this particular case where t < 1.25 mm, no contact surfaces (rounded edges) or reduced
thickness are taken into account which corresponds to K4 = 1.
Standard disc springs dimensioned in accordance with DIN 2093, have ratios of h0 /t
up to 1.3. However, in order for√such a disc to demonstrate negative stiffness behaviour,
this ratio needs to be h0 /t > 2. Disc springs with √
a ratio above this value are categorized as non-standard. Furthermore, for h0 /t > 8 the disc becomes a bistable
element, meaning that in a certain range of deformation s (snap-through region), the
exerted force becomes negative, thus these type of discs may act as switch elements.
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(a) Frequency response of |T̃XK |.

(b) Frequency response of |T̃Y K |.

Figure 3: Frequency response of the KDamper transfer functions.
On the other hand it has to be taken into account that as this ratio increases, considering
all other parameters constant, the force Fc increases too and the developing stresses are
getting higher. This fact would be problematic, especially for cyclic operation as in this
case, due to low fatigue strength.
The range of the vertical displacement s where the disc exhibits the desired negative
stiffness characteristics, is centred around the ﬂat position of the disc where the exerted
force is Fc and the negative stiffness value is at its maximum. This of course, translates
to the application of a certain pre-stress condition on the spring, so that its stiffness falls
in the negative stiffness region, at the equilibrium state of the oscillator.
  

 











Figure 4: Notation and dimensions of disc springs.

δ
2.5

De /t
40

h0 /t
1.6

Fc [N ]
1.2 × 103

kN,max [N/m]
−1.319 × 104

Table 2: Parameters of the disc spring.
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ρ [kg/m3 ]
1060

σyield [M P a]
44

E [M P a]
2206

ν
0.3

Table 3: Material properties of the disc spring.
Figure 5.a shows the resulting Force - Displacement curve for the selected disc
spring, while Fig. 5.b demonstrates the equivalent stiffness of the spring as a function of the vertical displacement s. The dotted black line, indicates the zero value of
kN namely the threshold of negative stiffness. In order to achieve the required negative
stiffness value, a total number of two such disc springs have to be conﬁgured in parallel.
The resultingstiffness in this case is demonstrated in Fig. 5.b in comparison with the
single spring curve.

(a) Force-deformation curve of disc spring. (b) Equivalent stiffness of the disc spring and of
Comparison with FEM simulation.
the parallel conﬁguration.

Figure 5: Force-Displacement curves of "Belleville" disc springs.
Another aspect to be considered, concerns the generated stresses of the disc spring.
Figure 6.a, shows the stresses as function of deformation s, at the ﬁve characteristic
points of the spring. According to manufacturers, depending on the application, the
value of the resulting stress σOM must be between certain limits to ensure smooth, as
intended operation. Especially in dynamic applications this stress deﬁnes a nominal
number of cycles of operation for the disc spring provided via endurance and fatigue
strength diagrams.
Furthermore, due to the unstable nature of negative stiffness, once the pre-stressed
ﬂattened disc are attached inside the rest of the conﬁguration, the exerted forces will
produce deformation of the kP stiffness element and consequently the kS element leading to displacement of the internal and seismic mass up to a static equilibrium position.
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(b) Disc springs in parallel conﬁguration.

(a) Stresses during deformation of the disc
spring.

Figure 6: Stress development of the disc springs, and the conﬁguration for the NSE.
2.2

ANALYTIC INVESTIGATION

In order to perform an initial evaluation of the performance of the system, two analytical models were formulated. The ﬁrst, linear model, considers the value of the NSE kN
to be constant, as calculated by the initial dimensioning from the KDamper design. Utilizing this model, the transfer functions of the oscillator may be calculated along with
indicative time response of the x and y DOFs and other important variables. This is
important in order to have a frame of reference by which the non-linear response of the
second model is evaluated and to calculate the expected order of magnitude of displacement, especially regarding the internal mass. The aforementioned second non-linear
model considers the time-varying nature of the NSE, by incorporating the corresponding equations of the disc springs.
Considering a harmonic excitation of the form
F (t) = F̃ ejΩt = F̂ ejΩt

(8)

where the amplitude of the force is taken as
F̂ = k0 XST

(9)

which for XST = 0.1 mm results to F̂ = 27.4 N .
As observed in Fig. 8.a, the response x of the initial mass and y of the internal mass
of the non-linear model to a harmonic excitation of frequency Ω = ω0 , show negligible
deviations from the linear response, both in phase and amplitude.
Figure 9.a shows the velocity response of both degrees of freedom x and y of the
non-linear model, while Fig. 9.b shows the corresponding accelerations.
This velocity response can be used for direct comparison with the experimental measurements.
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Figure 7: Design of the practical implementation of the mount. Cross section of front
view.

3

EXPERIMENTAL TEST

A ﬁrst prototype of the design presented thus far was structured and a preliminary
run of experimental tests was performed in order to validate the analytical results and
calculations. It should be noted that at that preliminary stage, no damping elements
were added to the conﬁguration, therefore the only dissipative mechanisms during these
ﬁrst tests were the structural damping of the various elements along with any frictional
effects.
Figure 10.a presents the shape of the base acting as the ground where the disc springs
of the NSE are positioned. This picture also shows the lower half of the NSE, namely the
lower disc spring with its corresponding conical force-applying element and the screw
via which the equivalent top part is later tied together. The surrounding helical springs
implementing the kS stiffness element of the KDamper can also be seen, positioned in
the four corners around appropriate guides for the oscillating seismic mass in order to
ensure proper vertical oscillation and avoid any slipping.
Figure 10.b shows the completed setup with the seismic mass on top, the NSE in
its appropriate pre-stressed state where the disc springs are ﬂat and the helical spring
representing the kP stiffness element of the KDamper, in between. The guide shown on
the side, connects the exciter with the seismic mass in order to provide the necessary
excitation for the tests.
Initially, the system is subjected to an impulse excitation, in an attempt to evaluate
the eigenfrequency of the system along with its damping capacity. The measurements
were undertaken by using appropriately positioned laser velocimeters. The response of
the seismic mass, representing the x DOF of the KDamper, is presented in Fig. 11 along
with the corresponding double-sided frequency spectrum P2 (f ).
The response of the internal mass, representing the y DOF of the KDamper, is pre-
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(a) Response of x and y to harmonic excitation (b) Corresponding stiffness value response of
with Ω = ω0 .
the NSE.

Figure 8: Linear and non-linear models time response comparison to harmonic excitation.
sented in Fig. 12 along with the corresponding double-sided frequency spectrum P2 (f ).
The spectra of these measurements show clearly a peak very close to the theoretical
design frequency of 500RP M ≈ 8.33 [Hz]. Speciﬁcally the response of the seismic
mass shows the eigenfrequency of the system at f = 8.582 [Hz], while the response of
the internal mass positions the eigenfrequency f = 8.772 [Hz], variations well within
the margin of error.
Next, a frequency sweep was gradually applied, namely a harmonic excitation with
varying frequency up to 50 [Hz], in order to acquire a frequency response of the two
DOFs for comparison with the theoretically estimated transfer functions.
The shape of the two spectra present some resemblance to the expected behavior,
compared to Figs. 3.a and 3.b. The analytical model provides the two eigenfrequencies
of the KDamper as f1 = 6.08 [Hz] and f2 = 12.07 [Hz] which appear to be comparable to the corresponding peaks of the measurements. Furthermore, the expected dip in
amplitude is observable between these two frequencies. However, without exact knowledge of the excitation amplitude at each frequency, it is not possible to evaluate with any
degree of certainty the level of isolation achieved by the system. For the same reason,
it is difﬁcult to extract deﬁnitive conclusions for the amplitude of the velocity response
by comparing them to the theoretically calculated ones.
4

CONCLUSIONS

A machine mounting mechanism was designed based on the concept of the KDamper,
for vertical vibration absorption of a 100 kg seismic mass at a frequency of interest approximately 8.33 [Hz]. Appropriate analytical models were formulated, simulating the
expected performance of the mount and to be used for comparison with future experimental measurements. A ﬁrst experimental setup has been constructed based on the
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(a) Velocity response of non-linear model to har- (b) Acceleration response of non-linear model
monic excitation with Ω = ω0 .
to harmonic excitation with Ω = ω0 .

Figure 9: Non-linear model time response comparison.

Figure 10: Experimental implementation of the KDamper design for 100 kg seismic
mass.
above design and a preliminary set of measurements was undertaken in order to validate the projections of the theoretical analysis. However, various technical difﬁculties
and the limited number of tests performed at this initial stage, cannot provide deﬁnitive conclusions as to the performance of the setup, although some values were veriﬁed,
including some basic frequencies of the system.
The experimental setup is currently being updated and further tests will be performed
in the near future to provide a clearer picture. Necessary future steps include the addition
of either viscous or elastomeric damping elements in the appropriate positions of the
system, along with more precise and targeted measurements.
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X: 8.582
Y: 2.504

Figure 11: Velocity response of x DOF to impulse excitation along with the corresponding spectra.

X: 8.772
Y: 2.965

Figure 12: Velocity response of y DOF to impulse excitation along with the corresponding spectra.
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Figure 13: Velocity response of x DOF to frequency sweep along with the corresponding spectra.

X: 8.7
Y: 0.07853

Figure 14: Velocity response of y DOF to frequency sweep along with the corresponding
spectra.
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Abstract. Elastic metamaterials enable to generate phononic band gaps below the Bragg limit.
Most metamaterials in the literature are based on vibration absorption (local resonance) principle. In this study, a two dimensional elastic metamaterial is designed, which utilizes inertial
ampliﬁcation principle. This principle allows generating wide band gaps at low frequencies.
Firstly, the theory of phononic gaps induced by inertial ampliﬁcation in ﬁnite structures is
discussed brieﬂy utilizing a lumped parameter model. Afterwards, a compliant inertial ampliﬁcation mechanism is introduced, which is the building block of the metamaterial designed in
this paper. Topology optimization is performed on this mechanism to obtain a wide vibration
stop band for a given mass constraint. Then, vibration transmissibilities of one dimensional
ﬁnite periodic structures with various number of unit cells are presented. Subsequently, a two
dimensional metamaterial is constructed by incorporating the topologically optimized compliant inertial ampliﬁcation mechanisms. Finally, in-plane vibration isolation performance of this
two dimensional system is demonstrated via vibration transmissibility plots.
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1

INTRODUCTION

Periodic structures are extensively studied for almost three decades since they can mitigate
vibration transmission and can act as passive vibration isolation systems. Periodic structures
which can inhibit wave propagation by generating phononic band gaps are generally known as
phononic crystals. If band gaps can be generated below the Bragg limit then these structures are
called elastic metamaterials. In the literature, there exist three methods to create band gaps (stop
bands): Bragg scattering [1, 2], resonance scattering (local resonances) [3, 4], inertial ampliﬁcation [5–7]. In Bragg scattering, stop band is created via employment of periodically varying
mass and stiffness elements in the structure. However, in order to obtain band gaps at low
frequency region, low stiffness and large mass elements are required. In resonance scattering
(local resonances), periodic local resonators are added to the structure. Nevertheless, to have
band gaps at low frequencies, one has to utilize large local resonators. In inertial ampliﬁcation,
displacement ampliﬁcation mechanisms are employed to create inertial coupling induced vibration stop bands. In this method, effective dynamic inertia of the system is increased, thus low
frequency band gaps can be attained without decreasing stiffness or increasing total mass of the
structure.
Elastic metamaterials are formed by periodic inclusion of the smallest repeating constructive
elements called unit cells. Unit cell design is quite important, since it determines the vibration stop band limits, i.e., vibration isolation frequency range. Hence, in order to obtain the
widest possible stop band, structural optimization should be considered when designing a unit
cell. To that end, topology optimization will be a proper choice since it determines optimum
topology, shape and size of a structure simultaneously. On the other hand, vibration isolation
level achieved with an elastic metamaterial depends on the number of unit cells used in the periodic structure. As the number of unit cells employed increases, vibration transmission through
metamaterial decreases, hence vibration isolation performance increases.
In this paper, a two dimensional broadband elastic metamaterial is proposed to inhibit inplane low frequency vibration transmission for a wide frequency range. The elastic metamaterial is constructed via incorporating topologically optimized compliant inertial ampliﬁcation
mechanisms (unit cell) in hexagonal form. Vibration transmissibility plots for several periodic
designs are calculated and satisfactory levels of vibration isolation performances are demonstrated.
2
2.1

THEORY
Inertial Ampliﬁcation

Inertial ampliﬁcation [5, 6] is a phononic band gap generation method, in which broadband
phononic band gaps can be attained at low frequency regions without decreasing stiffness or
increasing mass of the structure. In order to show the effectiveness of the method, a lumped
parameter inertial ampliﬁcation mechanism model is provided in Fig. 1. In this model, the two
masses denoted as m are connected with each other with an elastic spring which has stiffness
k. On the other hand, the masses m and the mass ma are connected with massless rigid rods.
The mechanism has an isosceles triangle conﬁguration, i.e., the angle between the rigid rods
and the spring is θ. For this lumped parameter model, the input displacement is provided from
the left side as y and the output is taken from the right side as x. Besides, the horizontal and the
vertical displacements of the mass ma are provided in terms of the input (y) and the output (x)
displacements as (x + y)/2 and (y − x) cot(θ)/2, respectively.
The equation of motion of the lumped parameter inertial ampliﬁcation mechanism shown in
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(y − x) cot(θ)/2
(x + y)/2
ma
x

y
k

θ

m

θ

m

Figure 1: Lumped parameter inertial ampliﬁcation mechanism.

Fig. 1 can be obtained by employing the Lagrange method as [8, 9]:





ma (cot2 θ + 1)/4 + m ẍ + kx = ma (cot2 θ − 1)/4 ÿ + ky

(1)

Equating the right hand side of Eq. 1 to zero and solving the resulting ordinary differential
equation for the output x, one can ﬁnd the resonance frequency as:
#
k
ωp =
(2)
2
ma (cot θ + 1)/4 + m
Similarly, when one equates the left hand side of Eq. 1 to zero and solves for the input y, the
antiresonace frequency can be found as:
#
k
ωz =
(3)
2
ma (cot θ − 1)/4
As can be seen from Fig. 1, the total mass of the structure (static mass) is:
ms = 2m + ma

(4)

On the other hand, Eq. 2 can be rewritten as:
$

k
(5)
md
Therefore, one can calculate the effective dynamic mass of the structure from Eq. 2 and Eq.
5 as:
ωp =

4m + ma (cot θ2 + 1)
4
Similarly, antiresonance frequency can be redeﬁned in terms of k, ms and md as:
#
k
ωz =
md − ms /2
md =
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The lumped parameter inertial ampliﬁcation mechanism presented in Fig. 1 is a single degree
of freedom low pass ﬁlter type vibration isolator. Hence, its displacement transmissibility for a
given excitation frequency ω can be calculated as [8, 9]:
T R(ω) =

|x(ω)|
|1 − (ω/ωz )2 |
=
|y(ω)|
|1 − (ω/ωp )2 |

(8)

Vibration stop band is deﬁned for the frequencies where transmissibility value obtained in
Eq. 8 is less than 1 [8, 10]. Consequently, stop band starting frequency (ωs ) can be found by
solving the expression below:
T R(ωs ) =

|x(ωs )|
|1 − (ωs /ωz )2 |
=
=1
|y(ωs )|
|1 − (ωs /ωp )2 |

Solving Eq. 9 for ωs , one can ﬁnd the stop band starting frequency as:
#
2ωp2 ωz2
ωs =
(ωp2 + ωz2 )

(9)

(10)

Now, consider a situation in which angle θ is small. For small θ values, cot θ2 term in the
denominator of Eq. 6 becomes quite large. As a result, the effective dynamic mass of the
lumped parameter inertial ampliﬁcation mechanism becomes quite large. As the dynamic mass
of the structure increases, the resonance and the antiresonance frequencies decrease to lower
frequency region. Finally, following Eq. 10, the stop band starting frequency decrease, as well.
In order to give a clear view on the inertial ampliﬁcation concept, a simple numerical example
can be considered. Suppose that all masses are 1 kg, spring stiffness value is 1 N/m and consider
a small θ value of 10◦ (π/18 rad). Then, static mass (ms ) of the model becomes 3 kg and
effective dynamic mass (md ) of the structure becomes 9.29 kg. Hence, the effective inertia
of the system increases more than 3 fold. If the whole 3 kg mass was on the right side of
the spring and there wasn’t any ampliﬁcation
√ mechanism, the resonance frequency would be
0.577 rad/s and stop band would start at 2 × 0.577 = 0.816 rad/s. For the system with
inertial ampliﬁcation mechanism, the resonance and antiresonance frequencies are calculated
as 0.328 rad/s and 0.358 rad/s, respectively. Hence, the stop band starts at 0.342 rad/s, which
is less than half of 0.816 rad/s. As this simple example demonstrates, by employing inertial
ampliﬁcation method, one can obtain a vibration stop band at low frequency regions without
sacriﬁcing stiffness or increasing total mass of the structure.
2.2

Topology Optimization

Topology optimization [11] is a structural optimization method, in which optimum material
layout is sought to obtain a structure that satisﬁes a certain mechanical performance in a given
ﬁnite element design space. In the literature, there exist several topology optimization methods
[12]. However, in this study, widely utilized modiﬁed solid isotropic material with penalization
(modiﬁed-SIMP) [13] is employed. In this method, an individual ﬁnite element’s stiffness value
is deﬁned as:
Ee (xe ) = Emin + xpe (E0 − Emin )

xe ∈ [0, 1]

(11)

where xe denotes the element’s density which can take any value between 0 and 1, Ee denotes
element’s elastic modulus, Emin denotes a small elastic modulus value to prevent stiffness ma-
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trix singularity, E0 denotes the elastic modulus of the material, p denotes the penalization factor
for stiffness.
Similarly, an individual element’s physical density value can also be deﬁned as [14]:
+
ρmin + xe (ρ0 − ρmin ) if xe > 0.1
ρe (xe ) =
(12)
ρmin + xde (ρ0 − ρmin ) if xe ≤ 0.1
where xe is the density of element e, ρe is the physical density of element e, ρmin is a small
density value to prevent mass matrix singularity, ρ0 is the physical density of the material, d is
the penalization factor for mass.
Using Eq. 11, global stiffness matrix K is deﬁned as:
K=

N


Ee (xe )K0

(13)

e=1

where K0 is the stiffness matrix of an element that has unit elastic modulus and N is the total
number of ﬁnite elements in the design domain. Here, the summation notation indicates the
usual ﬁnite element notation to form global matrices from local matrices.
Similarly, using Eq. 12, global mass matrix M is deﬁned as:
M=

N


ρe (xe )M0

(14)

e=1

where M0 is the mass matrix of an element that has unit density.
Moreover, the material volume is deﬁned as:
V (x) =

N


xe

(15)

e=1

In this study, the objective of the topology optimization problem is maximization of the band
gap width for a given mass constraint. For that purpose, −ω2 /ω1 ratio is minimized, where ω1
and ω2 are the ﬁrst two natural frequencies of the unit cell mechanism and the band gap resides
between these frequencies. Hence, the topology optimization problem is given as [15]:

min.
s.t.

x

ω2 (x)
ω1 (x)
2
Ku1 = ω1 M u1
Ku2 = ω22 M u2
V (x) = aV0
0 ≤ xe ≤ 1
for e = 1, 2, ....., N
f (x) = −

(16)

where V0 denotes the total design space area, a denotes the volume fraction deﬁned as the ratio
of solid area over total area, u1 and u2 are the eigenvectors for the 1st and the 2nd modes,
respectively.
The topology optimization problem presented in Eq. 16 can be solved via optimality criteria
(OC) [15, 16] method.
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In a topology optimization problem, if an individual element’s density value (i.e., xe ) is 0,
then no material exists in that element. On the contrary, if an element’s density value is 1, then
it means that element is solid. At the end of the optimization process, the aim is to obtain a
solid-void (1-0) type of design, which can be achieved via employing a sensitivity [17] and a
post processing ﬁlter [18].
3

RESULTS

Topology optimization is conducted on the compliant inertial ampliﬁcation mechanism shown
in Fig. 2. The horizontal length of the mechanism is 120 mm, whereas the vertical length is 60
mm. The small square blocks that are found at the rightmost and leftmost ends have 4 mm by
4 mm dimensions. Four small ﬂexure hinges that connect small square blocks and large triangular ampliﬁer blocks have 4 mm horizontal and 1 mm vertical dimensions. Two long ﬂexure
hinges that reside at the center of the mechanism and connect large triangular ampliﬁer blocks
to each other have 8 mm horizontal and 1 mm vertical dimensions. Each of the large triangular
ampliﬁer blocks have 48 mm horizontal length and 29 mm vertical length. Two long ﬂexure
hinges at the center of the mechanism are connected at the middle to the large triangular blocks.
Moreover, the slope of the hypotenuse of the triangular blocks is determined as 28◦ (0.489 rad),
a value that prevents contact when a two dimensional periodic structure is constructed in hexagonal incorporation of compliant mechanisms with 60◦ (π/3 rad) angles. Finally, the isotropic
material of construction is steel with elastic modulus E0 = 210 GPa, density ρ = 7800 kg/m3
and Poisson’s ratio ν = 0.3.
Topology optimization is performed on the compliant inertial ampliﬁcation mechanism to
obtain wide vibration stop bands for a given mass constraint. To that end, the topology optimization problem given in Eq. 16 is solved in the design space provided in Fig. 3 for roller-roller
boundary conditions. Topology optimization is performed on the grey parts of the mechanism.
Whereas, black solid parts of the mechanism are exempted of the optimization process, i.e.,
for the black solid parts element density value is ﬁxed to 1 and can not be altered. In order to
maintain the structural integrity [15] during the optimization process, a diagonal stair type solid
framework, which is also exempted of the optimization routine, is utilized. According to the
numerical studies performed, a volume fraction value of a = 0.35 is selected, since it is the
optimum volume fraction value that provides the widest possible stop band. For the topology
optimization ﬁnite element model, four node, quadrilateral, square, plane stress ﬁnite elements
are employed. Finite element model discretization is 120 elements in horizontal by 60 elements
in vertical, i.e., 7200 elements in total.
At the start of the optimization (i.e., for the mechanism in Fig. 3), ﬁrst (non rigid mode)
resonance frequency f1 is found as 215.4 Hz, second (non rigid mode) resonance frequency
is found as 1392 Hz, and f2 /f1 ratio (an indicator of stop band width) is calculated as 6.46.
As a result of topology optimization process, the design demonstrated in Fig. 4 is obtained.
The topologically optimized design has its ﬁrst resonance frequency f1 at 200.2 Hz, second
resonance frequency f2 at 1594 Hz, thus, f2 /f1 ratio is calculated as 7.96. As a result of
topology optimization, f2 /f1 ratio is increased by 23.2 %.
3.1

Unit Cell Mechanism

The unit cell mechanism of the two dimensional elastic metamaterial is obtained from the
design provided in Fig. 4 by smoothing the sharp edges. To that end, the unit cell mechanism
shown in Fig. 5 is obtained. For a ﬁne mesh with 14050 four node, quadrilateral, plane stress
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Figure 2: The compliant inertial ampliﬁcation mechanism that is going to be topology optimized. (a) The whole
mechanism, (b) the quarter mechanism showing the dimensions in mm.

ﬁnite elements, the ﬁrst resonance frequency is observed at f1 = 172 Hz and the second resonance frequency is observed at f2 = 1409 Hz, whereas f2 /f1 ratio is calculated as 8.19. Shift
in resonance frequencies is an expected result, since the preliminary design in Fig. 4 has coarse
mesh. However, the difference in f2 /f1 ratios for both designs given in Fig. 4 and Fig. 5 is
insigniﬁcant.
In order to see the vibration isolation performance of the compliant inertial ampliﬁcation unit
cell mechanism provided in Fig. 5, one has to perform frequency response function analysis.
Consequently, vibration transmissibility of the unit cell structure given in Fig. 5 is calculated
for roller-roller boundary conditions. In transmissibility analysis, a horizontal displacement
input is provided from the left end of the structure, whereas horizontal output is taken from the
right end. The vibration transmissibility plot for axial input and axial output case is shown in
Fig. 6. As can be seen, between 171-1432 Hz, transmissibility value is below 1, hence this
is the vibration isolation frequency range. The minimum vibration isolation amount achieved
via one mechanism is calculated as 18 % within this frequency range (maximum vibration
transmissibility of 82 %).
As the periodicity of the elastic metamaterial increases, vibration isolation level increases,
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Figure 3: Topology optimization design space of the compliant inertial ampliﬁcation mechanism. (f1 = 215.4 Hz,
f2 = 1392 Hz, f2 /f1 = 6.46).

as well [8, 10, 19, 20]. To that end, in order to observe how vibration isolation performance
changes with the number of unit cell mechanisms employed in the elastic metamaterial, one
dimensional periodic structures are formed utilizing various number of unit cell mechanisms.
A one dimensional periodic structure constructed with four unit cells is given in Fig. 7 as an
example. As in the case of the unit cell mechanism, for all of the one dimensional periodic
structures, input displacement is provided from left end and output displacement is taken form
right end. In Fig. 8, vibration transmissibility plots for one dimensional periodic structures
that have 2, 4 and 6 unit cells are shown. As observed, vibration stop band occurs for the
same frequency range (between 172-1418 Hz) for all of the periodic structures, a result which
is encountered in the literature [8, 10, 19], as well. On the other hand, as the number of unit
cells used in the periodic structure increases, vibration isolation level increases, as well. For the
one dimensional periodic structure with two unit cell mechanisms utilized, minimum vibration
isolation level achieved is calculated as 47 %. Vibration isolation level for the periodic structure
with four unit cells is calculated as 84 %. Finally, vibration isolation level for the periodic
structure with six unit cells is found as 96 %. In other words, for the periodic structure with six
unit cells only 4 % of input vibration can reach to the output end.
3.2

Two Dimensional Broadband Elastic Metamaterial

A two dimensional elastic metamaterial can be constructed by incorporating the unit cell
mechanisms in hexagonal formation as shown in Fig. 9. This two dimensional periodic structure
has 483 mm horizontal length and 268 mm vertical length, and it is used to isolate in-plane
excitations for a broad frequency range.
Vibration transmissibility plots for the two dimensional elastic metamaterial in Fig. 9 are
provided in Figs. 10 and 11 for free boundary conditions. In Fig. 10, displacement transmissibility performance of the two dimensional periodic structure is demonstrated for an input
provided from the left end and output displacement is taken from the right end (axial input vs
axial output case). As can be seen, for a broad frequency range between 173-1420 Hz, less
than 0.7 % of input vibration can reach to the output end. That is to say, by using the elastic
metamaterial presented in Fig. 9 more than 99.3 % vibration isolation can be achieved between

4132

Osman Yuksel and Cetin Yilmaz

Figure 4: Topologically optimized compliant inertial ampliﬁcation mechanism. (f1 = 200.2 Hz, f2 = 1594 Hz,
f2 /f1 = 7.96).

173-1420 Hz for axial excitations. This result is also valid for transverse excitations, as well,
considering the transmissibility data provided in Fig. 11. For the case shown in Fig. 11, an
oblique in-plane displacement input that has both axial and transverse components is supplied
to the two dimensional periodic structure from the left end whereas the axial and transverse
output displacements are taken separately from the right end of the elastic metamaterial. As can
be seen from Fig. 11, axial and transverse transmissibility plots show similar behavior with the
axial input vs axial output case discussed in Fig. 10. As observed from Fig. 11, both of the
axial and transverse excitations are mitigated more than 99 % within 173-1420 Hz frequency
range. The transmissibility plots demonstrate that the two dimensional elastic metamaterial
proposed in Fig. 9 is able to inhibit in-plane excitations for a broadband frequency region, and
consequently can be used as a high performance passive vibration isolator.
4

CONCLUSIONS

In this study, a two dimensional elastic metamaterial which inhibits in-plane vibrations for
a broad frequency range is proposed. The suggested two dimensional periodic structure is
formed by incorporating topologically optimized compliant inertial ampliﬁcation mechanisms
in hexagonal formation. Vibration transmissibility plots indicate that, the proposed metamaterial can mitigate in-plane excitations for a broad frequency range that resides in the low frequency region. Vibration isolation levels achieved are quite satisfactory, hence, the suggested
design can be utilized as a two dimensional passive vibration isolator for the speciﬁed broad
frequency band.
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Figure 5: Topologically optimized unit cell mechanism of the periodic structure. (f1 = 172 Hz, f2 = 1409 Hz,
f2 /f1 = 8.19).
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Figure 9: The two dimensional broadband elastic metamaterial.
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Figure 10: Axial displacement transmissibility plot of the broadband elastic metamaterial given in Fig. 9 for axial
input.
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Figure 11: Axial (blue solid line) and transverse (red dashed line) displacement transmissibility plots of the broadband elastic metamaterial given in Fig. 9 for a 45 degree in-plane input.
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Keywords:0HWDPDWHULDOV,PSDFWGDPSHUV1RQOLQHDUG\QDPLFV
Abstract. In recent years, metamaterials are increasingly used in the field of vibration mitigation due to the unique potential these offer. Periodic placement of appropriately designed
resonators, the so-called unit cells, has been shown to arrest the propagation of vibration
within a specific frequency range, thus resulting in formation of a bandgap. In rendering
metastructures efficient, the breadth of the bandgap should be maximized, while for application in structures, it is also necessary to shift the lower limit of the gap to lower frequencies.
One potential solution to this direction is the use of nonlinearity at the unit cell scale. In this
direction, the current study investigates finite lattice configurations, which consist of impact
damper unit cells. The effectiveness of impact dampers in vibration attenuation has been successfully illustrated in limited degree of freedom systems, and is here extended for use in the
metastructure sense, i.e., for multiple degree of freedom systems. For this purpose, a one dimensional lattice of a finite number of unit cells is considered. In order to study and better
asses the behaviour of the configuration, variable parameters are taken into account, including the number of unit cells, stiffness and mass ratio, while a comparison to a conventional
linear oscillator is further offered. For the evaluation of the system performance, several criteria are utilized, including the oscillation amplitude as well as the energy absorption from
the primary system as a result of the individual impacts. The obtained results clearly indicate
the ability of impact-based meta-structures to successfully contribute to vibration mitigation
under appropriate design.
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1

INTRODUCTION

,QUHFHQW\HDUVDWWHQWLRQKDVWXUQHGWRUHVLOLHQFHRIODUJHVFDOH FLYLO VWUXFWXUHV XQGHU G\
QDPLF ORDGLQJ DQG LQ SDUWLFXODU XQGHU VHLVPLF H[FLWDWLRQ ,Q DGGUHVVLQJ WKLV FKDOOHQJH WKH
UHVHDUFKFRPPXQLW\KDVIRFXVHGRQWKHGHYHORSPHQWRIYLEUDWLRQPLWLJDWLRQV\VWHPVZKLFK
DUHDEOHWRHQVXUHVWUXFWXUDOVDIHW\E\PLQLPL]LQJWKHHIIHFWVRIWKHH[FLWDWLRQRQWRWKHVWUXF
WXUH
0LWLJDWLRQ RI HQJLQHHULQJ YLEUDWLRQ KDV EHHQ ZLGHO\ GHDOW XVLQJ OLQHDU SDVVLYH RU DFWLYH
PHWKRGV$VIRUWKHILUVWVHYHUDOFRQFHSWVKDYHEHHQGHYHORSHGDPRQJZKLFKVRPHWDNHDG
YDQWDJHRIWKHIDYRUDEOHHIIHFWVWKDWLQFUHDVHGGDPSLQJFDQRIIHU>@ZKLOHRWKHUVLQIOX
HQFH WKH QDWXUH RI WKH V\VWHP¶V G\QDPLF UHVSRQVH E\ LQWURGXFLQJ VHFRQGDU\ GHYLFHV ZKLFK
DUHDWWDFKHGWRWKHPDLQV\VWHP6RPHRIWKHFRPPRQSUDFWLFHVRIVXFKPHWKRGVLQFOXGHRLO
GDPSHUV >@ IULFWLRQ GLVVLSDWHUV >@ WXQHG PDVV GDPSHUV >@>@ DV ZHOO DV WXQHG OLTXLG
GDPSHUV >@ $ PDMRU GLVDGYDQWDJH RI VXFK GHYLFHV KRZHYHU OLHV LQ WKH QDUURZ UDQJH RI
IUHTXHQFLHVZLWKLQZKLFKWKHLUFRQWULEXWLRQLVEHQHILFLDO,QGHHGWKHUHH[LVWIUHTXHQF\UHJLRQV
ZKHUH WKH H[LVWHQFH RI SDVVLYH GHYLFHV FDQ HYHQ DIIHFW WKH G\QDPLF UHVSRQVH LQ D QHJDWLYH
ZD\DVIRUH[DPSOHLQWKHFDVHRIWXQHGPDVVGDPSHUV2QWKHRWKHUKDQGWKHDFWLYHFRQWURO
VFKHPHVRYHUFRPHWKH IRUPHU GLIILFXOWLHVE\RIIHULQJ WKHDELOLW\WRDGDSWWRGLYHUVHORDGLQJ
VLWXDWLRQV>@1RQHWKHOHVVFRQVLGHUDEOHGLVDGYDQWDJHVWRVXFKDQDFWLYHDSSURDFK
SHUWDLQWRWKHVLJQLILFDQWO\KLJKHUFRVWVDQGWKHFRQWLQXRXVQHHGIRUPDLQWHQDQFH
$QRYHOLGHDZKLFKKDVUHFHQWO\EHHQH[SORLWHGIRUFLYLOHQJLQHHULQJDSSOLFDWLRQVLVEDVHG
RQWKHFRQFHSWRIPHWDPDWHULDOV>@>@7KHVHDUHFRQILJXUDWLRQVFKDUDFWHUL]HGE\H[WUDRU
GLQDU\ILOWHULQJSURSHUWLHVDWWDLQHGDVDUHVXOWRIGLYHUVLILHGPHFKDQLVPVVXFKDVWKHLUPLFUR
VFRSLF JHRPHWU\ SHULRGLF DUUDQJHPHQW HWF >@ $SSURSULDWHO\ GHVLJQHG UHVRQDWRUV WKH VR
FDOOHGXQLWFHOOVKDYHEHHQVKRZQWRDUUHVWWKHSURSDJDWLRQRIYLEUDWLRQZLWKLQDVSHFLILFIUH
TXHQF\ UDQJH >@>@ WKLV UHVXOWLQJ LQ IRUPDWLRQ RID ³EDQGJDS´ ,Q UHQGHULQJ PHWDVWUXF
WXUHV HIILFLHQW WKH EUHDGWK RI WKH EDQGJDS VKRXOG EH PD[LPL]HG ZKLOH IRU DSSOLFDWLRQ LQ
VWUXFWXUHVLWLVDOVRQHFHVVDU\WRVKLIWWKHORZHUOLPLWRIWKHJDSWRORZHUIUHTXHQFLHV2QHSR
WHQWLDOVROXWLRQWRWKLVGLUHFWLRQLVWKHXVHRIQRQOLQHDULW\DWWKHXQLWFHOOVFDOH,QWKLVGLUHFWLRQ
IROORZLQJWKHZRUNRI'HUWLPDQLVHWDO>@WKHFXUUHQWVWXG\LQYHVWLJDWHVILQLWHODWWLFHFRQ
ILJXUDWLRQVZKLFKFRQVLVWRILPSDFWGDPSHUXQLWFHOOV7KHHIIHFWLYHQHVVRILPSDFWGDPSHUVLQ
YLEUDWLRQ DWWHQXDWLRQ KDV EHHQ VXFFHVVIXOO\ LOOXVWUDWHGLQ OLPLWHG GHJUHH RI IUHHGRP V\VWHPV
>@DQGLVKHUHH[WHQGHGIRUXVHLQWKHPHWDVWUXFWXUHVHQVHLHIRUPXOWLSOHGHJUHHRIIUHH
GRPV\VWHPV7KHJHQHUDOWHUPXVHGIRUQRQOLQHDUDWWDFKPHQWVWRWKHSULPDU\V\VWHPLVQRQ
OLQHDUHQHUJ\VLQNV 1(6 ([WHQGHGUHVHDUFKKDVEHHQFDUULHGRXWUHJDUGLQJVHYHUDOW\SHVRI
1(6LQFOXGLQJLPSDFWGDPSHUV>@7KHG\QDPLFVRILPSDFWSKHQRPHQDKDVEHHQ
LQYHVWLJDWHG LQ PXOWLSOH VWXGLHV >@>@ 6LJQLILFDQW FRQWULEXWLRQ LQ WKH VXEMHFW RI LPSDFW
GDPSHUVKDVEHHQPDGHLQWKHZRUNRI 0DVULDQGFROOHDJXHVRQLPSDFW GDPSHUV UHJDUGLQJ
WKHLU JHQHUDOPRWLRQ >@WKHLU VWDELOLW\ DQDO\VLV >@ DV ZHOO DV WKHLU G\QDPLF UHVSRQVH WR
UDQGRP H[FLWDWLRQ >@ 7KHUH LV DOVR KLJK UHOHYDQFH EHWZHHQ LPSDFW GDPSHUV DQG SDUWLFOH
GDPSHUVWKHODWWHUEHLQJLQYHVWLJDWHGLQWKHZRUNRI/XHWDO>@
2
2.1

META-DAMPER
Unit cell

7KH LGHD RI WKH PHWDLPSDFWRU LV LQVSLUHG E\ WKH EHQHILFLDO HIIHFW WKDW D VLQJOH LPSDFW
GDPSHUFDQKDYHRQDVWUXFWXUHXQGHUG\QDPLFORDGLQJ>@7KHXQLWFHOOFRQVLVWVRIDULJLG
FRQWDLQHURIPDVVmFRQWDLQLQJDODWHUDOO\XQFRQVWUDLQHGPDVVȝIUHHWRLPSDFWRQWKHUHVSHF
WLYHERXQGV )LJXUH 

4140

.\ULDNRV$OH[DQGURV,&KRQGURJLDQQLV9DVLOLV.'HUWLPDQLV6DPL)0DVULDQG(OHQL1&KDW]L

7KHQRQOLQHDULW\LQWKHUHVSRQVHUHVXOWVIURPWKHFRQWDFWEHWZHHQWKHFRQWDLQHUDQGWKHLQ
QHUPDVVDWWKHWLPHLQVWDQFHVZKHUHWKHUHODWLYHGLVSODFHPHQWRIWKHWZRHTXDOVWRWKHIUHH
FOHDUDQFHD/7KLVOHDGVWRWKHRXWFRPHRILPSDFWUHDOL]DWLRQVZKLFKLQWURGXFHDKLJKO\QRQ
OLQHDUEHKDYLRXU)XUWKHUPRUHVLQFHWKHLQWHUDFWLRQEHWZHHQWKHWZRPDVVHVUHVXOWVLQVXGGHQ
FKDQJHVLQWKHLUYHORFLW\WKHSKHQRPHQRQRILPSDFWFDQEHFODVVLILHGDVQRQVPRRWK

)LJXUH,PSDFWGDPSHUXQLWFHOO

2.2

Nonlinear lattice

7KHJRDOVOLHVLQVKLHOGLQJDWDUJHWVWUXFWXUHYLDFRXSOLQJZLWKWKHPHWDPDWHULDOFRQILJXUD
WLRQ7KHLQLWLDORVFLOODWRUZDVDVLQJOHGHJUHHRIIUHHGRPV\VWHPRIPDVVMVWLIIQHVVKDQG
GDPSLQJC7KHFRQFHSWRIWKHFXUUHQWZRUNLVEDVHGRQWKHFRQVHFXWLYHDUUDQJHPHQWRILP
SDFWGDPSHUXQLWFHOOV7KHUHVRQDWRUVDUHFRQQHFWHGHODVWLFDOO\WRHDFKRWKHUZLWKVWLIIQHVVk
DVZHOODVWRWKHSURWHFWHGPDVVRQRQHHQGDQGWRDIL[HGVXSSRUWRQWKHRWKHUZKLOHGDPS
LQJcLVDOVRDSSOLHG )LJXUH ,QRUGHUWREHWWHUDVVHVVWKHUHVSRQVHRIWKHV\VWHPH[FOXGLQJ
PLVOHDGLQJ HIIHFWV IURP FRPSOLFDWHG LQSXW WLPH KLVWRULHV D KDUPRQLF H[FLWDWLRQ IRUFH
F t =AVLQ ʌft ZDVVHOHFWHG

)LJXUH1RQOLQHDUODWWLFH

2.3

Governing equations

7KHV\VWHPLVFRQVLGHUHGWRFRPSULVHDOLQHDUEHKDYLRURXWVLGHWKHLPSDFWHYHQWVVRLWFDQ
EH GHVFULEHG DV D FRQYHQWLRQDO OLQHDU PXOWLSOH GHJUHH RI IUHHGRP V\VWHP GXULQJ WKRVH LQ
VWDQFHV,WVKRXOGEHPHQWLRQHGWKDWWKHUHLVQRDVVXPSWLRQUHJDUGLQJWKHQXPEHURILPSDFWV
SHUF\FOHDWWKHVWHDG\VWDWH
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7KHHTXDWLRQVRIPRWLRQIRUWKHILUVWXQLWFHOOFDQEHIRUPXODWHGDV
mx t  cx t  kx t  c> x t  x t @  k> x t  x t @ 

P y t

 x t  y t  D  

,QWKHVDPHSDWWHUQWKHHTXDWLRQVRIPRWLRQIRUWKHiWKXQLWFHOO i

 N   DUH

mxi t  c> xi t  xi  t @  k> xi t  xi  t @  c> xi t  xi  t @  k> xi t  xi  t @ 

P yi t



 xi t  yi t  D  



)RUWKHODVW NWK XQLWFHOOWKHHTXDWLRQVRIPRWLRQDUH
mxN t  c> x N t  x N  t @  k> xN t  xN  t @  C> x N t  X t @  K > xN t  X t @ 

P yN t

 xN t  yN t  D  



ZKHUHDVIRUWKHSULPDU\VWUXFWXUHWKH\DUHIRUPHGDV
MX t  C> X t  x N t @  K > X t  xN t @ F t 



8QGHUWKHDVVXPSWLRQRIDVXIILFLHQWO\VPDOOGXUDWLRQRILPSDFWLWLVIXUWKHUUHDVRQDEOHWR
FRQVLGHU WKDW WKH SRVWLPSDFW GLVSODFHPHQW UHPDLQV XQDIIHFWHG RSSRVLWH WR WKH SRVW LPSDFW
YHORFLWLHVZKLFKDUHDOWHUHGGLVFRQWLQXRXVO\,QRUGHUWRGHWHUPLQHWKHODWWHUWKHFRHIILFLHQW
RIUHVWLWXWLRQrUHODWHGWRWKHHQHUJ\ORVVDWHYHU\LPSDFWLVLQWURGXFHG>@7KHUHIRUHWKH
DGGLWLRQDOHTXDWLRQVGHVFULELQJWKHLQGLYLGXDOLPSDFWVFDQEHGHILQHGDV

r

xi

xi

yi

yi



xi  yi
xi  yi




ZKHUHWKHFRHIILFLHQWRIUHVWLWXWLRQUDQJHVEHWZHHQ   r   ]HURUHSUHVHQWLQJSXUHO\SODV
WLFDQGXQLW\SHUIHFWO\HODVWLFLPSDFWV>@0RUHRYHUWKHFRQVHUYDWLRQRIPRPHQWXPDSSOLHV
ZKLFKLQGLFDWHV
mxi  P yi

mxi  P yi 



8VHRI(TVUHVXOWVLQWKHFDOFXODWLRQRISRVWLPSDFWYHORFLWLHVIRUWKHiWKXQLWFHOO
ª m P º ª xi º
«  » «   »
¬
¼ ¬ yi ¼
2.4

ª mxi  P yi º
«

»
¬ rxi  ryi ¼



Simulation

,QRUGHUWRVROYHWKHV\VWHPRIGLIIHUHQWLDOHTXDWLRQVWKHV\VWHPLVEURXJKWLQWRDQRQOLQHDU
VWDWHVSDFHIRUPDV
z t
z

g z t  F t ZKHUH
T
ª¬ x  x  y  y _ ! _ xN  x N  yN  y N _ X  X º¼

6XEVHTXHQWO\WKHGHULYDWLYHVRIzIRUWKHILUVWXQLWFHOODUHFDOFXODWHGDV
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DQGIRUWKHODVW NWK XQLWFHOOWKHVHDUHUHVSHFWLYHO\REWDLQHGDV
z N  t

z N   t

z N   t

k
c
> z N  t  z N   t @  > z N   t  z N   t @
m
m
K
C
 > z N  t  z N  t @  > z N   t  z N   t @ 
m
m
z N t

z N  t
z N t



 

 z N   z N   D  

ZKLOHIRUWKHOLQHDURVFLOODWRUDUH
z N  t

z N   t

z N   t

K
C

> z N  t  z N  t @  > z N   t  z N   t @ 
F t
M
M
M

 

7KHSRVWLPSDFWYHORFLWLHVDUHFRPSXWHGDV

ª m P º ª z i   º
»
«  » « z 
¬
¼ ¬«  i    ¼»

3

ª mz i    P z i    º
«
»


¬«  rz i    rz i    ¼»

 

ANALYSIS

7KHEHKDYLRXURIWKHV\VWHPZDVVWXGLHGSDUDPHWULFDOO\FDOFXODWLQJLWVUHVSRQVHIRUHDFK
VHWRISDUDPHWHUV7KHDQDO\VLVZDVSHUIRUPHGXVLQJD0$7/$%HQYLURQPHQWZLWKLQWHJUD
WLRQFDUULHGRXWE\PHDQVRIWKHode45IXQFWLRQ $EV7RO HSV5H7RO HSV   5HILQH  DQG
0D[6WHS VTUW .0  HSV FRUUHVSRQGLQJ WR WKH PDFKLQH SUHFLVLRQ HSVLORQ  0RUHRYHU
DQHYHQWIXQFWLRQLVXVHGFKHFNLQJWKHFRQGLWLRQ_xi t ± yi t _= D/IRUDOOXQLWFHOOV,IDWOHDVW
RQH LPSDFW LV GHWHFWHG (TQV  DUH GHSOR\HG IRU WKH FDOFXODWLRQ RI SRVW LPSDFW GLVSODFH
PHQWVDQGYHORFLWLHV
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7KHSURSHUWLHVRIWKHOLQHDURVFLOODWRUZHUHFKRVHQDVM=NJ fn=+]DQG ȗn=ZKLOH
WKHKDUPRQLFH[FLWDWLRQZDVFKRVHQDV F t =VLQ ʌt ZLWKDXQLWDPSOLWXGHDQGDQH[FLWDWLRQ
IUHTXHQF\PDWFKLQJWKHQDWXUDOIUHTXHQF\RIWKHOLQHDURVFLOODWRU)XUWKHUPRUHWKHFRHIILFLHQW
RIUHVWLWXWLRQLVVHWFRQVWDQWDW r=WKHFOHDUDQFHLVVHWDWD=PDQGWKHGDPSLQJEHWZHHQ
XQLWFHOOVLVVHWDWc=WKURXJKRXWDOOSDUDPHWULFVWXGLHV
,QRUGHUWREHWWHUDVVHVWKHHIIHFWRIHDFKSDUDPHWHUJLYHQWRWKHV\VWHPSDUDPHWULFDQDO
\VHVZHUHSHUIRUPHG9DU\LQJPDVV mMȝm DQGVWLIIQHVV K/k UDWLRVZHUHWDNHQLQWRFRQ
VLGHUDWLRQLQWKHUDQJHRImM  ȝm DQG Kk UHVSHFWLYHO\
7KHUHVSRQVHRIHDFKV\VWHPLVFDOFXODWHGIRUWKHILUVWVHFRQGV)RUWKHHYDOXDWLRQRIWKH
V\VWHP¶VSHUIRUPDQFHVHYHUDOFULWHULDDUHXWLOL]HGLQFOXGLQJWKHRVFLOODWLRQDPSOLWXGHPD[L
PXPDEVROXWHDFFHOHUDWLRQDVZHOODVWKHHQHUJ\DEVRUSWLRQIURPWKHSULPDU\V\VWHPDVDUH
VXOW RI WKH LQGLYLGXDO LPSDFWV 7KH ODWWHU LV FDOFXODWHG DV WKH UDWLR EHWZHHQ WKH WRWDO HQHUJ\
GLVVLSDWLRQUHVXOWLQJIURPDOOLQGLYLGXDOLPSDFWVDQGWKHWRWDOHQHUJ\LQVHUWHGWRWKHV\VWHP
E\WKHH[WHUQDOH[FLWDWLRQ>@
N  t

Pt

¦ ³ c> xi W xi W @ dW  ¦ 'p
Edis t

i  

p 

t

³F W

 

 W dt
&



ZKHUHǻpLVWKHDPRXQWRIHQHUJ\GLVVLSDWLRQDWWKHpWKLPSDFWp=« PtDQGPtLVWKH
QXPEHURILPSDFWVDWDQ\XQLWFHOOXSWRWLPHt6LQFHLQWKHFXUUHQWLQYHVWLJDWLRQc=WKHILUVW
SDUWRIWKHQXPHUDWRULVH[FOXGHG

)LJXUH(QHUJ\DEVRUSWLRQDW+]IRUN IRUYDU\LQJPDVVDQGVWLIIQHVV

)LJXUH(QHUJ\DEVRUSWLRQDW+]IRUN IRUYDU\LQJPDVVDQGVWLIIQHVV

4144

.\ULDNRV$OH[DQGURV,&KRQGURJLDQQLV9DVLOLV.'HUWLPDQLV6DPL)0DVULDQG(OHQL1&KDW]L

)LJXUH(QHUJ\DEVRUSWLRQDW+]IRUN IRUYDU\LQJPDVVDQGVWLIIQHVV

)LJXUH(QHUJ\DEVRUSWLRQDW+]IRUN IRUYDU\LQJPDVVDQGVWLIIQHVV

,Q)LJVWKHUHVXOWVRIHQHUJ\DEVRUSWLRQDUHSUHVHQWHG,WLVHYLGHQWWKDWIRUORZHUYDO
XHVRIH[WHUQDOPDVVUDWLRmMWKHEHKDYLRURIWKHV\VWHPLVGRPLQDWHGE\WKHVWLIIQHVVUDWLR
,QWKRVHFDVHVWKHYDULDWLRQRIWKHLQWHUQDOPDVVUDWLRȝmGRHVQRWVLJQLILFDQWO\DIIHFWWKHHQ
HUJ\ DEVRUSWLRQ $V WKH H[WHUQDOPDVV UDWLR LQFUHDVHV WKHLPSRUWDQFH LV VKLIWHG WRZDUGV WKH
LQWHUQDOPDVVUDWLRDVZHOOZKLOHIRUmM=WKHLQWHUQDOPDVVUDWLRKDVWKHSULQFLSDOLQIOX
HQFH$VWKHQXPEHURIXQLWFHOOVLQFUHDVHVLQFRPELQDWLRQZLWKKLJKYDOXHVRIH[WHUQDOPDVV
UDWLRWKHDPRXQWRIGLVVLSDWHGHQHUJ\WHQGVWREHFRPHXQLIRUPDQGXQDIIHFWHGIURPWKHYDULD
WLRQRIWKHQXPEHURIXQLWFHOOVDVLWFDQEHLQIHUUHGIURP)LJVIRUmM=
$GGLWLRQDOSDUDPHWULFDQDO\VHVZHUHFDUULHGRXWLQYHVWLJDWLQJWKHLQIOXHQFHRIWKHYDULDWLRQ
LQ WKH H[FLWDWLRQ IUHTXHQF\ )RU WKLV SXUSRVH WKH V\VWHP¶V SDUDPHWHUV ZHUH VHW WR mM=
ȝm=DQGKk=7KHVLPXODWLRQWLPHLVLQFUHDVHGWRsDQGWKHPD[LPXPDEVROXWHGLV
SODFHPHQWDQGDFFHOHUDWLRQRIWKHODVWsZHUHUHFRUGHGIRUWKHSULPDU\VWUXFWXUH7KURXJK
RXWWKHVHDQDO\VHVWKHH[FLWDWLRQIUHTXHQF\YDULHVEHWZHHQf fn

)LJXUH0D[LPXPDEVROXWHGLVSODFHPHQWRIWKHSULPDU\VWUXFWXUHDVDIXQFWLRQRIWKHDSSOLHGIUHTXHQF\UDWLR
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)LJXUH0D[LPXPDEVROXWHDFFHOHUDWLRQRIWKHSULPDU\VWUXFWXUHDVDIXQFWLRQRIWKHDSSOLHGIUHTXHQF\UDWLR

$VLQIHUUHGIURP)LJVDVXEVWDQWLDOPLWLJDWLRQRIWKHG\QDPLFORDGHIIHFWRQWKHVWUXF
WXUHLVREVHUYHGIRUIUHTXHQF\UDWLRVEHWZHHQDQG&RQVLGHULQJWKDWWKHGDPSLQJEH
WZHHQ XQLW FHOOVLV VHWWR ]HUR WKHUH LV DQ DPSOLILFDWLRQ RI WKH V\VWHP¶V UHVSRQVH LQ UHJLRQV
DZD\IURPWKHUHVRQDQFHIUHTXHQF\0RUHRYHULWLVREVHUYHGWKDWDQLQFUHDVHLQWKHQXPEHU
RIXQLWFHOOVGRHVQRWKDYHDQRWDEOHHIIHFWRQWKHDWWHQXDWLRQSURSHUWLHVRIWKHFRQILJXUDWLRQ
HVSHFLDOO\LQKLJKHUH[FLWDWLRQIUHTXHQFLHV+RZHYHUDGLVWLQFWLYHSHDNDWf fn=LVLQGLFDW
HGIRUN=ZKLFKLVQRWWUDQVIHUUHGWRODWWLFHVZLWKKLJKHUXQLWFHOOQXPEHU
4

CONCLUSIONS

7KHFXUUHQWVWXG\LQYHVWLJDWHVWKHEHKDYLRURIDKLJKO\QRQOLQHDUVROXWLRQIRUDWWHQXDWLRQRI
PHFKDQLFDOYLEUDWLRQV7KHLQIOXHQFHRIFULWLFDOSDUDPHWHUVRIWKHV\VWHPZDVLQVSHFWHGLQ
FOXGLQJPDVVDQGVWLIIQHVVQXPEHURIXQLWFHOOVDVZHOODVH[FLWDWLRQIUHTXHQF\,WLVREVHUYHG
WKDWKLJKYDOXHVRIWKHH[WHUQDOPDVVUDWLRmMDVZHOODVRIWKHLQWHUQDOPDVVUDWLRȝm,DI
IHFWSRVLWLYHO\WKHV\VWHP¶VYLEUDWLRQPLWLJDWLRQFDSDELOLWLHV5HJDUGLQJWKHVWLIIQHVVUDWLRLWV
LQIOXHQFHLVVLJQLILFDQWIRUORZHUYDOXHVRIWKHH[WHUQDOPDVVUDWLRZKLOHIRUKLJKHUYDOXHVRI
WKH ODWWHU WKH DPRXQW RI HQHUJ\ DEVRUSWLRQ LV OHVV DIIHFWHG E\ VWLIIQHVV 7KH QXPEHU RI XQLW
FHOOVFRQVLVWLQJWKHODWWLFHGRHVQRWVHHPWRDIIHFWWKHEHKDYLRXURIWKHV\VWHPIRUKLJKH[FLWD
WLRQ IUHTXHQFLHV ZKLOH IRU IUHTXHQF\ UDWLR EHORZ XQLW\ WKHUH DUH VRPH GLVFUHSDQFLHV LQ WKH
EHKDYLRXURIWKHV\VWHPWKHPRVWQRWDEOHEHLQJWKDWRIWKHVLQJOHXQLWFHOODWWDFKPHQW)XUWKHU
LQYHVWLJDWLRQLVEHLQJSHUIRUPHGE\WKHDXWKRUVLQH[SORULQJWKLVREVHUYDWLRQZKLFKDGGLWLRQ
DOO\ UHTXLUHV FRQVLGHUDWLRQ RI WKH IUHH FOHDUDQFH GLPHQVLRQ 0RUHRYHU WKH FRQILJXUDWLRQ LV
DEOH WR UHGXFH WKH G\QDPLF ORDG HIIHFW ZLWKLQ D IUHTXHQF\ UDQJH FHQWHUHG DURXQG WKH UHVR
QDQFHRIWKHSULPDU\V\VWHPZKLOHVRPHXQIDYRXUDEOHHIIHFWVZHUHREVHUYHGDWDGMDFHQWIUH
TXHQFLHV7KHUHVXOWVFOHDUO\LQGLFDWHWKHHIIHFWLYHQHVVRIWKHV\VWHPXQGHUVSHFLILFFRQGLWLRQV
ZKLOHLWLVDOVRLPSOLHGWKDWSURSHUDGMXVWPHQWRIWKHPHWDPDWHULDOWRVSHFLILFVWUXFWXUHVFDQEH
FKDOOHQJLQJ
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Abstract. The aim of this research is to evaluate the effectiveness of a seismic retrofit technique that involves the introduction of energy dissipation devices properly connected to an
existing structure through a system of cables and leverisms, which are employed to amplify
total or inter-story drift at device end. One of the main topics related to the introduction of
energy dissipation devices, lies in the choice of their optimal setting within the structure to
maximize the effectiveness without producing functionality limitations. The achievement of
these objectives is therefore linked, regardless of the type adopted, to the amount of energy
dissipated in each cycle, directly proportional to the displacements magnitude to which the
device is subject. Many configurations proposed in the literature and currently adopted in
professional practice provide additional dissipation systems variously connected to braces
installed inside the structural frame and therefore able to exploit the inter-story drift produced by seismic input. The proposed system exploits top displacements of the structure with
respect to the foundation level, transferred to the device through a system of cables properly
configured and amplified with leverage. This paper represents the first step of the research, in
which after a brief description of equation of motion for a simple SDOF system, it is take into
account a existing RC school building in Italy to assess performances of the retrofitted structure equipped with the proposed system.
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1

INTRODUCTION

The introduction of seismic energy dissipation devices within existing structures represents an
important seismic protection system widely adopted for framed structures. The deformability
of these structures generally allows, in fact, to exploit inter-story drifts to activate the devices
and achieve consistent levels of dissipation of input energy. Many configurations and
geometrical arrangements [1,2] have been proposed in order to optimize the devices location,
generally applied in series to a bracing placed inside the frame mesh and able to transfer to the
device a fraction of the inter-story drift, depending on their geometric configuration. It is
therefore clear that the deformability of the structure is an essential requirement for the
effectiveness of dissipation systems. For situations where structures are not sufficiently
flexible, interesting solutions have been developed by several authors, including a cable
system solution (Damped cable system, DCS), initially proposed by the research team of the
University of Buffalo [3,4], and further developed [5,6,7,8] also as part of a research project
funded by the European Commission, named SPIDER (strand prestressing for internal
damping of earthquake response). Likewise, dissipation systems designed to increase
displacements at the dissipation system end have been proposed by various authors [9,10,11]
and generally consist of levers or pulley systems able to amplify inter-story displacement. The
system proposed in this paper, uses a system of steel cables capable to transmit a portion of
the total roof displacement of the building to the foundation where, by means of a system of
displacements amplification, transfer to the damper a resulting amplified displacement.
Considering a simple shear frame, the proposed system is configured according to the
following scheme in Figure 1: The cable used (6) is fixed with clamps (7) at the upper ends of
the floor; the cable, therefore, is arranged in an X configuration along the diagonals of the
frame and diverted at the base of the columns by pulleys (4). The cable then runs horizontally
along the base of the frame; in this area it is connected to the end of a lever arm (1), to the
opposite end of which the dissipation device is connected (2). The particular configuration of
the cable, which runs along both diagonals of the building's elevation, continuing without
interruption at foundation level, also allows the same to be always active in both directions of
seismic loads. The portion of the cable placed on the diagonal in tension (blue wire), in fact,
exerts a recall action on the cable portion placed along the compressed diagonal (red wire),
not allowing deflection.

a)

b)

Figure 1 a) Conceptual model of simple 1-floor frame structure equipped with proposed system: 1 lever arm; 2
viscous damper (VD); 3 contrast; 4 pulleys; 5 pin; 6 wire; 7 clamp; 8 foundation; b) Mechanical model of a 2DOF structure equipped with the proposed system.
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The mechanical model of the SDOF system, equipped with the proposed system and reported
in Figure 1, has been described in a previous paper by the authors [12], to which we refer you
for details.
The model equipped with an additional damping system, with a linear viscous dissipation
device, is described by the following general equation:
 ݀ܨൌ ܿͳ ݀ݑሶ ൌ ߙ݀ ݀ݑ ڄ ʹܿ ڄሶ
(1)
with velocity at the device end and
device damping force.
The damping coefficient is then expressed as a function of the internal damping of the
structure through the parameter . With reference to the stiffness characteristics of the
system, the structure stiffness k2 and the stiffness of the elements constituting the additional
dissipation system, i.e. the cable and the leverages, k1, are defined; actually, as showed in the
follow, the main stiffness component is represented by the cable extensional stiffness. As
said, from the examination of the Figure 1 results that, in both directions of displacement, the
part of the cable connecting the clamp placed in the direction of displacement with the lever
arm is in tension (blue wire), while the remaining ones is not stressed (red wire) if friction in
pulleys is neglected. In the evaluation of the extensional stiffness, therefore, it is necessary to
refer to a length of the cable equal to half of the whole length. At this research stage the
component related to the real viscous device elastic stiffness has been neglected, considering
it rigid and neglecting friction in pulleys, pin etc... Added stiffness k1 has been, then,
expressed as a function of the stiffness of the bare structure through the coefficient :
 ݀ܨൌ ܿͳ ݀ݑሶ ൌ ߙ݀ ݀ݑ ڄ ʹܿ ڄሶ
(2)
Finally, the amplification ratio produced by the leverage is defined through:
݈ͳ
ߙ ܯൌ
݈ʹ
(2a)
Description of the equations of the motion for a SDOF system are reported below:
݉ݑሷ ሺݐሻ  ݇ʹ  ʹݑሺݐሻ  ܿ ʹ݇ ݇ߙ ߠ ݏ൫ ʹݑሺݐሻ ܿ ߠ ݏെ  ͳݑሺݐሻ൯  ܿʹ ݑሶ ʹ ሺݐሻ ൌ െ݉ݔሷ݃ ሺݐሻ
ቊ ʹ
ߙݑ ڄ ʹܿ ݀ߙ ܯሶ ͳ ሺݐሻ െ ߙ݇ ݇ʹ ሺ ʹݑሺݐሻ  ߠ ݏܿ ڄെ  ͳݑሺݐሻሻ ൌ Ͳ

(3)

with symbols meaning reported in previous Figure 1.
The use of a displacement amplification system like that described, therefore, allows to
overcome the usual limitations in the use of additional dissipation systems usually inserted
inside the structural frames, as it is effective even for limited displacements, thanks to the
introduction of leverage, displacements are transmitted amplified to the device, increasing the
amount of dissipated energy. Another main objective in the development of the described
system is to be able to carry out a seismic retrofit of a building, implementing interventions
exclusively from the outside, without proceeding to demolition of non-structural elements,
finishes and systems. The system of cables, in fact, will be applied primarily on all the
building prospects, anchored through clamps to the external nodes of the roof or, if necessary,
to intermediate stories. In this way, the clamps reaction is divided between the horizontal
(beams) and vertical elements (columns) concurring into the node, stressing them with axial
forces. The presence of rigid slabs in the structure also favors transferring seismic action to
the frames equipped with the described system. Conversely, there is the possibility of
interference between the path of the cables and architectural and functional projections
present on the building prospect (balconies, etc. ...). Although variations to the cable path are
possible, it is certainly easier to apply it on structures generally without such protrusions, but
only windowed walls, such as schools or industrial buildings. In view of the importance that
seismic vulnerability of existing school buildings assumes in many areas of the world and in
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particular in Italy, where most of the existing school heritage is characterized by seismic
performance below the standards required by current regulations, we proceed in the following
to the evaluation of the specific characteristics of some of the most common structural types
in the school heritage in order to assess in advance and in simplified form the applicability
and effectiveness of the proposed system.
2

CASE STUDY BUILDING

The case study is related to the elementary school "Collina Castello" of Bisignano (Italy),
built in 1983. The building has three floors plus a pitched roof and is characterized by a
rectangular plan with dimensions of about 21.4 m × 15 m. The interstory heights range from
about 3.2m to about 3.4m, for a total height of about 9.9m at the roof level. The rooftop has a
maximum height of + 11.97 m. The reinforced concrete structure is characterized by a fairly
regular frames, consisting of 4 main frames with 5 columns each arranged along the
longitudinal direction, along transversal direction longitudinal frames are tied only by slabs
and perimetral beams. The columns have dimensions of 50 cm × 40 cm and the longitudinal
beams, at all levels, have section 40 cm × 60 cm. The main frames are connected by border
beams with dimensions 50 cm × 40 cm arranged in transverse direction. The building was
assumed as a benchmark structure for a Research Project financed by the Italian Department
of Civil Protection and the authors of present paper take informations about geometrical and
structural configuration from study belonging to it [13].

Figure 2 General views of the benchmark building

The modal analysis carried out by finite element model of the structure, generated by
SAP2000 software [14] showed that the first vibration mode (0.79 s) is purely traslational
along transversal direction, which is weakest direction because absence of beams. The second
vibration mode is rotational with a period of 0.55 s and third vibration mode is purely translational along stiffer direction with a period of 0.51 s. Because of structural symmetry, the first
three vibration modes excite about 85% of the mass in both the directions. The building presents windowed walls regularly arranged along the main facades and no prominent elements
like balconies, bow-windows etc…
3

DESCRIPTION OF RETROFIT TECHNIQUE

The objective of the system is to carry out a seismic retrofit mainly intervening from outside, without the need of non-structural elements demolition or interruption to or limitation of
the building’s activity. Figure 3 shows a possible configuration of the cable system on the
benchmark building main prospect. Each cable is connected to a different structure floor and

4153

Antonio Sabino, Antonio Mannella

transfers the displacement of each floor to the lever (pinned at the foundation beam), to which
the viscous damper is connected. To do so, may be required a foundation enlargement also
with micropiles in order to absorb the forces related to the diversion of the cable, when it does
not occur at a foundation beam-column joint, and to do not increase shear forces in the foundation beam. As can be seen, despite the non-uniform spans of the frame beams, the system
configuration can be effectively adapted without restricting accessibility in the building. The
passage of cables at the windowed walls, although they produce a visual obstacle, does not
reduce the functionality of the windows (opening from the inside) nor the light entry in the
building. Other building prospects and, if needed, internal frames, will be equipped with similar cables layout.

a)

b)
Figure 3 (a) System layout on the main RC frame of the benchmark building: in green, red and cyan are represented, respectively, steel cables linking the 3th, 2th, and 1th floor to the foundation of the building; (b) Cable
system layout depicted on the building prospect: steel cables (red lines), RC frame (dashed green lines);

In the present example only external façade frames are equipped with the system. Each cable
is set at
is linked by means of a lever to the viscous damper device. Amplification factor
10 for all leverism devices. Characteristics of Linear viscous devices have been chosen so as
to find equivalent commercial products; in particular damping coefficient is set at c = 160
kNsec/m and limit force FL of 20 kN. The value choosen for limit force is related to the maximum cable tension compatible with the strenght of the beam-column joint where cable is
clamped.
The leverage, in fact, also produces the amplification of the force generated by the damping
device, inside the cable and at the cable clamped end, reaction are so limited to 200 kN
( ·FL). Higher limit force would require heavy beam-column joint reinforcement.
Each cable consist of a pair of Ø32 steel rods, connected at the deflection point, by a less stiff
steel rope. Diversion point are arranged in corrispondence of beam-column joint to limit effects of reaction force on the existing frame elements and made to allow cable/rope sliding. In
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the FEM model cable deflection was neglected. As a result of the insertion of the cable and
device system, the dynamic properties of the structure undergo a modest variation, less than
2%, with a slight increase in the fundamental first vibration period (0.80 s). Higher modes are
even less affected.
4

PERFORMANCE EVALUATION IN ORIGINAL AND RETROFITTED
CONDITIONS

The seismic analyses were carried out with a non-linear dynamic approach using the finite
element models of the building structure (Figure 4). As way of example of the results obtained, the responses computed before and after retrofit in terms of maximum interstory drift
profiles and story displacements, for the main building in its principal direction x and y are
compared in Figures 5. Seismic input used consist of a series of natural NTC spectumcompatible unscaled accelerograms [15], taken from a set of accelerograms extracted from the
European Strong Motion Database (ESM), [16] through the REXEL software [17] for the
Bisignano site, adopting a type B soil category, in the range of periods between 0.15 - 2 s.

Figure 4 Equivalent SAP 2000 model view of the building longitudinal (X-dir) and trasversal (Y-dir) frames
equipped with the damping system.
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In the model used, for the sake of simplicity, the X-shaped cable is not modelled with real pattern on the building façade. Alternatively, only a angled strut with equivalent section and
lenght of the cable and active in tension and compression was used, which links each edge
floor beam-column joint with a leverism through proper node restrains/constrains.
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Figure 5 Top displacement and inter-story drift respectively for bare structure (BS – orange lines) and structure
equipped with dissipative system (DS – blue lines) for Montenegro and Ano Liosia earthquakes.

Examination of the results shows a significant reduction in the displacements of the structure
and story drifts. In particular, introduction of the damping system produces inter story drift
reduction between 56% and 102%. It is clearly visible from results that efficiency of the system is higher in the weaker direction of the structure (Y-dir) than in the stiffer one, because
cables with the same axial stiffness were used in both directions and therefore a different αk
ratio characterize two structure directions. This, as demonstrated in [12], is a very important
feature in defining the response and efficiency of the damped system. Similar results are obtained for base shear as shown in the following Figure 6 for Montenegro earthquake.
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Figure 6 Base Shear respectively for bare structure (BS – orange lines) and structure equipped with
dissipative system (DS – blue lines) for Montenegro earthquakes in X and Y direction.

In Figure 7 are presented Base Shear/ roof displacements and Viscous damping force/ device displacements histories. From the examination of the figure results a considerable
amount of energy dissipated as result of the displacements amplification produced by the leverage, despite the low values of the force in the dissipation device, whose values it is convenient to keep low to avoid important interventions to strengthen the beam-column joints where
cable are connected to the structure and relevant dimensions of the components of the described retrofit system.
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Figure 7 Base Shear/ roof displacements (black line) and Viscou damping (VD) force/ device displacements
(red line) for Montenegro earthquake.
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5

CONCLUSIONS

Present paper illustrates a seismic retrofit system for existing reinforced concrete structures
by using additional viscous dampers connected to the structure by means of a system of cables and lever able to transmit the roof displacements to the base, where displacement amplification is carried out through a lever system and then transmitted to the dissipation device.
The paper firstly provides motion equation system for a SDOF system and then describe results of application of the retrofit technique on a RC existing school building. Results show a
high efficiency of the system in interstory drift and shear base reduction. The need for little or
no demolition of non-structural elements and infills allows the structure to remain functional
even during the execution of interventions and limit costs.
It is the aims of the authors to continue the research in order to investigate the effects on
the system performances of the use of different dissipative devices (non-linear viscous and
friction dampers, etc.) and application to more complex structures.
6
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Abstract. Throughout the past decades, seismic isolation of structures has been studied rigorously as an approach to reduce seismic demand and mitigate structural damage. Research in
this field has progressed significantly, starting from the use of simple elastomeric bearings for
the decoupling of the superstructure from the base, to more complex devices that incorporate
the use of an additional oscillating mass and negative stiffness elements. Characteristic examples of these devices are the Tuned Mass Damper (TMD) and the Quasi-Zero oscillators
(QZSs). The KDamper is a novel passive vibration absorption concept, based essentially on the
optimal combination of appropriate stiffness and mass elements, which include a negative stiffness element. The concept can be implemented using a system of prestressed elements in order
to obtain the negative stiffness effects and might prove to achieve a significant advantage for
seismic retrofitting.
In this paper, the extended KDamper system is placed at the ground level and the soilstructure interaction (SSI) between the building foundations and superstructure is utilized as a
means to effectively transfer the dynamic forces of the KDamper to the building and to distribute the required displacements between the structural elements and foundation, thus leading to
absorption of the vibration energy. The configuration of the KDamper properties and tuning of
its stiffness elements are studied herein. The effectiveness of the KDamper is subsequently investigated in view of the performance of a 4-storey building. A series of artificial accelerograms
and real earthquake time histories are used as excitation. Results indicate the beneficial role
of SSI on the reduction of the spectral acceleration and displacements, hence placing the concept as a compelling alternative to existing seismic protection technologies.
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1

INTRODUCTION

During the latest years, seismic codes have significantly been altered with the intention to
lead to resilient structures that perform better under seismic loads. To this end, seismic isolation
has been one of the main approaches aiming to reduce structural seismic accelerations and, in
this way, lead to earthquake-resistant design [1-6]. Therefore, a number of isolation devices
from simple elastomeric bearings to more sophisticated roller bearings have been developed
and advanced within the years. However, in order to isolate the building from its base, large
displacements are required that are not always acceptable, hence rendering this system inadequate for retrofitting.
Seismic protection research focuses lately on devices which include: (a) negative stiffness
elements (Negative Stiffness (NS) Devices and “Quazi-Zero Stiffness” (QZS) oscillators) and
(b) Tuned Mass Dampers (TMDs). The concept of introducing additional oscillating masses
(TMDs) has been employed in a variety of systems including skyscrapers and structure bases
aiming to protect the structure from the dynamic effects of environmental loads (e.g. wind,
wave and seismic) [7-11]. The main drawback of this method is the need of large additional
masses, compared to the mass of the structure itself, as well as the detuning of the TMD parameters that affects the performance of the structure within the years.
A promising class of absorbers is based on increasing the damping by the appropriate introduction of negative stiffness elements. Proposed by Antoniadis et al. [12], the KDamper is a
novel passive vibration absorption concept, based essentially on the optimal combination of
appropriate stiffness and mass elements, which include a negative stiffness element. This vibration control system has been examined for the protection of bridges [13-17] wind turbines
[18, 19] and structural systems [20,21]. In addition, the KDamper is implemented as an Absorption Base (KDAB) in the bases of structures [22-28]. In the recent work of Kapasakalis et
al. [28], the KDAB is proven to be a possible supplement to BI, or can be alternatively implemented as a “stiff absorption base”.
In this study, the EKD is implemented as a seismic protection measure within the base of a
typical residential structure. The effects of the Soil-Structure interaction coupled with the
KDamper damping properties are investigated and results indicate the significant benefits of
the methodology at the seismic response of the structure.
2

OVERVIEW OF THE VIBRATION ABSORPTION METHODOLOGY

In this section, the extended KDamper concept (EKD) is presented and the fundamental
principles of its function are provided in detail. A single degree of freedom (SDoF) oscillator
is considered in which the KDamper is implemented between its rigid base and the oscillating
mass. Throughout the paper, linear dynamic systems are considered to represent the stiffness
elements of the KDamper while the effect of soil-structure interaction (SSI) is represented using
non-linear springs.
2.1 The KDamper Vibration Absorber
Figure 1, illustrates the fundamental layout of various vibration isolation and damping concepts described in the literature and presented herein to facilitate the understanding of the
KDamper concept. All strategies aim to minimize the response x(t) of a low-damped (or undamped) SDoF comprising a mass m and static stiffness k due to the resulting motion of a base
excitation xG(t). The Negative Stiffness Isolator (Fig. 1A) incorporates a negative stiffness element configured in parallel with the stiffness elements k of the system. To this end, the overall
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stiffness of the configuration is reduced to kQZS = k + kN ≤ k, hence leading to potential significant decrease of the overall static stiffness and consequently, instability of the system.

(A)

(B)

(C)

(D)

Figure 1. Schematic representation of the vibration absorption concepts considered: (A) Negative Stiffness
(NS) isolator (or QZS), (B) Tuned Mass Damper (TMD), (C) KDamper concept and (D) Extended KDamper
(EKD).

In a similar way to the Tuned Mass Damper (TMD, Fig. 1B), the KDamper (Fig. 1C) consists
of an additional oscillating mass element (mD) and two positive and negative stiffness elements
kP and kN respectively. The negative stiffness element (kN) serves as an indirect approach to
increase the inertia of the oscillating mass (mD) and consequently, increase the damping of the
system. In addition, on the contrary to the NS isolator, the basic requirement of the KDamper
is that the overall static stiffness of the system is maintained positive and, in this way, the risk
of potential instability is eliminated. The total stiffness of the system with the KDamper can be
expressed using the following formula:
݇ோ 

݇ ݇ே
ൌ ݇ ൌ ሺʹߨ݂ ሻଶ ݉௧௧
݇  ݇ே

(1)

Compared to the TMD, the KDamper uses an additional negative stiffness element kN, which
connects the additional mass to the base. Thus, the equation of motion of the KDamper becomes:
݉ݑሷ ୱ   ୖ ୗ  ୈ ሷ ୈ ݇ ݑ ൌ െሺ݉  ݉ ሻܽீ
݉ ݑሷ  െ ܥ ሺݑሷ ௌ െ ݑሷ  ሻ െ ݇ ሺݑௌ െ ݑ ሻ  ݇ே ݑ ൌ െ݉ ܽீ

(2.a)
(2.b)

A closer examination at the equations above indicates that the additional negative stiffness
element is an indirect way to increase the inertia of the KDamper mass mD and to this end,
increase the efficiency of the vibration absorption system without the need to incorporate large
masses, contrary to the case of a conventional TMD.
2.2 Extended KDamper Concept (EKD)
The proposed vibration absorption concept is an extension of the KDamper referred to herein
as the EKD system and is illustrated in Figure 1D. In a similar way to the KDamper, the EKD
incorporates a system of masses, negative stiffness and positive stiffness elements as well as
artificial dampers. The main variation would be the change of the system configuration where
the positive stiffness spring (kP) connects the damper mass (mD) to the base of the system while
the negative stiffness element (kN), is attached between the damper mass (mD) and the mass of
the oscillator (m). Also, an additional artificial damper is adopted and placed in parallel with
the negative stiffness element so that we end up having two dampers, namely CUP and CDOWN
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Based on the original formulation of the KDamper expressions 2.a and 2.b, the following equations of motion for the EKD are derived:

muS  kR uS  mDuD  k PuD (m  mD )aG
mDuD  cUP (uS  uD )  kN (u S uD )  cDOWN uD  kPuD mD a G

(3.a)
(3.b)

As mentioned in the previous section, the stiffness parameters of the KDamper, and EKD
respectively, are selected according to equation (1) in order to maintain the total stiffness of the
system. However, an increase of the absolute value of kN, or reduction of the absolute values of
kP or kR, may endanger the static stability of the structure. In order to ensure that potential loss
of the static stability is prevented, the possible variations of kN, kP and kR should be taken into
consideration in the design and optimization of the EKD parameters. The stiffness parameters
of the system may present significant fluctuations due to numerous reasons, such as temperature
variations, manufacturing tolerances, or non-linear behaviour of structural elements and the
unpredictable behaviour of the foundation system (SSI). Consequently, an increase of the absolute value of kN and/or a decrease of the values of kP and kR by a factor εN, εP and εR, respectively, may result in the system being unstable. This situation may happen in the following case:
(1  H R ) k R 

(1  H P ) k P (1  H N ) k N
(1  H P ) k P  (1  H N ) k N

0

(4)

Contrary to the KDamper concept, which foresees variation only in the negative stiffness
element kN, in the proposed extension of the KDamper concept (EKD), a variation in all stiffness elements is taken into consideration. Assuming either the negative stiffness ratio kn=kN/k0
or the absolute value of the negative stiffness element (kN) is known, using the equations (1)
and (4), the rest of the stiffness elements result as presented below:
kr

b  b 2  4* a * c
 KR
2a

kp

(5.a)

kr * k0

kn  kr * kn
 KP kp * k0
kr  kn  1

(5.b)

Where parameters a, b and c are defined as:

(1  H R ) R ; (1  H N ) N ; (1  H P ) P
a R( P  N ) ; b kn * N ( P  R)  R( N  P) ; c  P * N * kn

(6.a, b, c)
(6.d, e, f)

Finally, assuming that the following parameters are known:
1) the additional mass, mD, and
2) the variations εN, εP and εR of the stiffness elements
The unknown parameters of the system are:
1) the nominal KDamper frequency f0 (Eq. (1));
2) the negative stiffness ratio kn or the value of the negative stiffness element kN and
3) the damping coefficients cDOWN and cUP.
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3

EXTENSION OF THE EKD TO MULTI-STOREY STRUCTURES INCLUDING
SOIL STRUCTURE INTERACTION (SSI) EFFECTS

In this section, the concept of the EKD is extended to multi-degree of freedom systems
(MDoF) and applied to multi-storey buildings with aim to control their response to seismic
excitations. For this purpose, an extension of the vibration control strategy from a simplified
SDoF system (Fig. 1D) to MDoF systems is presented. In addition, Soil-Structure Interaction
effects are considered in the analysis of the structural system using non-linear springs derived
from numerical analysis of shallow foundation systems.
Based on the methodology presented herein, a numerical application is performed on a 4storey typical concrete structure in order to assess its behaviour under seismic loading and
demonstrate the beneficial role of SSI along with the application of EKD as a vibration absorption method.
3.1 The EKD as a Seismic Base Absorber
uSrn

m Sn

uSn
Cn

Kn
uSr3

m S3
uS3
C2
K2
uSr2
uS2

m S2
C1

K1
m S1

KR,i

Kcol,i
KSSI,i

KN

KP

Kcol,i+1

mD
Cdown

KSSI,i+1

Cup

Bi

uS1
KR,i+1

Bi
G(γ), ν, Su

(A)

(B)

Figure 2. (A) Implementation of the EKD as a seismic base absorber, (B) Multi-storey building with the proposed seismic vibration absorber system, EKD (sketch of the model) together with SSI effects.

The possible implementations of the KDamper and specifically of the Extended KDamper
(EKD) might be numerous. In this study, the potential application of the EKD for seismic protection of structures is assessed and the EKD is implemented as a vibration base absorber. To
this end, the EKD system is located between the base of the building and the superstructure.
The corresponding configuration is illustrated in Fig. 2A and the equations of motion are derived as follows:
mS (uS  uB )  cS u S  k S uS

 mS aG

mBuB  mS (uS  uB )  cUP (uB  uD )  kN (uB  uD )  kRuB (mS  mB )aG
mDuD  cUP (uB  uD )  kN (uB  uD )  kPuD  cDOWN uD mD aG
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where uS = xS - xB, uB = xB - xG, uD = xD – xG. The natural frequencies of the subsystems and
the rest of the parameters are defined as:

Z0

2S f 0
k0

k0 / (mS  mB  mD ) ; ZD
( kP  k N ) / m D
k k
k R  P N ; mD PD (mS  mB )
kP  k N

(8.a, b)
(8.c, d)

where ω0 and ωD refer to the natural frequencies of the total system and the EKD respectively,
k0 is the equivalent static stiffness of the EKD, mB is the mass of the base, mS the mass of the
superstructure, mD the mass of the EKD and μD the damper’s mass ratio. In this study, the EKD
parameters are selected according to Section 3.2 and Section 5 and refer to a typical 4-storey
structure with total mass of 320 tn. More details of the case study are presented in the following
sections.
3.2 Extension of the EKD to Multi-Storey Structures
A planar n-storey building is considered and presented in the sketch of Fig. 2B, in which the
proposed base absorber system, EKD is implemented for seismic protection between the base
and the first floor of the structure. The following assumptions are made for the modelling of
this system:
1. the total structure mass is concentrated at floor levels;
2. the slabs and girders on the floors are rigid when compared to the columns;
3. the columns are considered inextensible and weightless, providing the lateral stiffness
of the structure;
4. the effect of soil-structure-interaction (SSI) is taken into consideration with the use of
non-linear elastic springs coupled in series with the column stiffnesses of the first floor;
5. the superstructure is considered to remain within the elastic limit during the analysis.
As a result, the superstructure has n dynamic DoFs, represented by the relative to the ground
displacements of the n-story masses mSj (j=1,…, n), as presented in Fig. 2B, which are collected
in the array [uSr](t)=[uSr1(t), uSr2(t), …, uSrn(t)]T.
The parameter kR refers to the coupling of the stiffness of the columns (kcol) connecting the
foundation of the structure with the first floor together with the stiffness of the foundation system (kSSI) that is derived due to the SSI effects. As a result, the total stiffness of the columnsfoundations system is calculated as the kR of the structure (Eq. 9). More details on the derivation
of the kR and incorporation of the SSI effects are provided in section 3.3 of this paper.
݇ோ ൌ 

݇ௌௌூ ݇
݇ௌௌூ  ݇

(9)

The equations of motion Eq. (7) still apply, but now expressed in a matrix form, involving
matrices with dimensions r×r with r=n+1:
ሾܯሿሾݑሷ ሺݐሻሿ  ሾܥሿሾݑሶ ሺݐሻሿ  ሾܭሿሾݑሺݐሻሿ ൌ െሾ߬ሿܽீ ሺݐሻ

where the matrices and vectors entering Eq. (10) are defined as:
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[ K ]( n1)u( n1)

[C ] ( n 1)u( n 1)

ª[0]( n 1)u( n 1)
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¬
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¼
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i

i 1

where [MS], [CS] and [KS] are the n-dimensional matrices of mass, damping and stiffness of the
original n-story building and [τS] is the n×1 influence vector of the superstructure associated
with the ground motion xG(t). The parameter mS now refers to the total multi-story structure
mass and is mS,tot (Eq. (11)). This procedure can also be used in the case the n-story structure is
mounted on a conventional or highly damped isolation base by appropriate modification of the
matrices in Eq. (10).
3.3 Introduction of Soil-Structure Interaction (SSI) Effects
For the purposes of this study, the EKD is implemented as a vibration absorption technology
positioned between the foundations and the first floor of the structure (Ground / ‘Pilotis’ level).
As a consequence, the stiffness kR (Fig. 2) is the resultant stiffness of both the columns and
foundation system and can be expressed as in Eq. (9). The beneficial effect of the Soil-Structure
Interaction (SSI) is taken into consideration with the use of non-linear spring stiffnesses (kSSI)
coupled in series with the stiffness of the ground floor columns (kcol). As a result, the benefits
of a softer foundation response can be compared with the conventional approach of a fully fixed
model.
The problem is analysed by employing the FE code ABAQUS and a typical foundation and
column are modelled in 3D as depicted in Fig. 3A. The soil stratum is considered to be isotropic/homogeneous and modelled using non-linear 8-noded hexahedral continuum elements.
The same is applied for the footing which is, however, considered to be elastic (Reinforced
Concrete). The column is modelled using linear beam elements and is considered to be fixed
on the top of the foundation. The interface between the foundation and the soil is considered to
be ‘fully bonded’ with the foundation elements considered attached to the ground. The boundaries of the model have been strategically selected sufficiently far to avoid spurious boundaryeffects on the system response. Static pushover analyses are subsequently undertaken in order
to derive the non-linear soil-foundation stiffness relationships (kSSI).
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Figure 3. (A) A view of the ABAQUS 3D FE model for a rigid footing with B=1.5m, (B) A simplified approach to account for the SSI effects (horizontal and rotational stiffness of the soil) for horizontal displacement at the top of each column.

Non-linear soil behaviour and stress-strain relationship is described by a simplified kinematic hardening model that follows a Von Mises failure criterion with associated flow rule. The
formulation of this modified Von Mises model is adopted as a subroutine in ABAQUS code
and has been parametrised by Gerolymos and Gazetas [29] and Anastasopoulos et al. [30] in
order to appropriately simulate the response of clayey materials. Despite its simplicity, this
constitutive model has been validated against physical model testing hence ensuring its ability
to capture realistically the foundation behaviour and the non-linearity of the soil stiffness.
The foundation system is designed based on the properties and approximate loading of a
typical residential 4-storey building as described in Chapter 5 of this paper. To this end, a series
of parametric analyses have been conducted by adopting different foundation widths (B) and
various material properties (Su=70, 200 and 300 kPa) resulting in different FoS (Factor of
Safety) against vertical loading. On the basis of empirical correlations, the initial, small strain,
elastic modulus (E0) of the soil was considered equal to 1800Su and its non-linear behaviour is
simulated realistically by the constitutive relations of the model.
As indicated in Fig. 3B, the equivalent soil-foundation stiffness (kSSI) is calculated assuming a rigid column subjected to horizontal displacement at the top. The height of the column is
equal to 3.5m, aligned with the height of the column considered in our case study (Section 5).
As a consequence, the calculated stiffness (kSSI), is a result of both the rotational and horizontal
displacement of the soil footing and is expressed at the top of the rigid column.
The total stiffness (kR) of the system can be then calculated as the resultant of the structural
column stiffness (kcol) and the equivalent stiffness at the top of the beam due to the rotational
and horizontal displacement of the footing (kSSI). Results for a few foundation widths (B) and
soil profiles that have been considered relevant for the study are presented in Fig. 4 below. The
horizontal displacement at the top of the column is plotted against the reaction force (RF) and
soil-foundation stiffness (kSSI) respectively. All foundations considered below have a total FoS
against vertical loading between 3.5 and 4 thus ensuring the stability of the structure under static
loading. For the purposes of the study, the footing geometry selected represents a relatively soft
foundation that allows deformation of the soil-foundation system during earthquake excitation
as a means to reduce the forces transmitted to the structural members. This design is based on
the idea of “rocking” foundations which has been investigated using numerical and physical
models by several researchers [31-34].
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Figure 4. (A) Reaction force (F) versus horizontal displacement at the top of the rigid column, (B) Soil-Foundation Stiffness (kSSI) horizontal displacement at the top of the rigid column.

4

OPTIMIZATION OF THE EKD PARAMETERS

After the equations of motion of the EKD and structural system are derived, the aim is to
determine efficient parameters for the proposed configuration in order to achieve an optimized
vibration control strategy. As stated in the previous sections, the parameters f0, kN, cDOWN and
cUP are the free design variables taken into consideration in the optimization problem, while
parameters such as the additional damper mass mD and the stability factors εN, εP, and εR are
considered known. For the optimization process, a novel metaheuristic algorithm, harmony
search algorithm (HS), is adopted. In this study, the optimization problem is formed according
to the seismic design codes. The constraints and objective function are selected from the timedomain responses. The optimisation procedure is described in greater detail in the following
sections.
4.1 Selection of Seismic Excitations Compatible to the Seismic Design Codes for the Analysis and Optimization of the EKD
The calculation of structural displacements, velocity and acceleration due to seismic excitation is usually undertaken according to seismic design codes (e.g. EC8) and the design response
spectrum. As a consequence, the seismic intensity measures are within specified limits for a
system with given properties (fundamental structural period and damping ratio). The parameters that mainly control these limits are the ground conditions, the expected seismic intensity,
the damping ratio of the system as well as the fundamental period of the structure.
However, the application of such approach and the use of the code’s Design Response Spectra for the selection of the extended KDamper parameters, is not considered adequate, since the
application of the KDamper leads to MDoF systems with multiple eigenfrequencies. Therefore,
analysis in the time-domain is required for the optimal design of the proposed base absorber.
Strong earthquake records can be generated from various types of accelerograms such as synthetic records obtained from seismological models, real earthquake excitations and artificial
accelerograms, compatible with a specific design response spectrum.
4.2 Generation of Artificial Accelerograms
In this section, a presentation of the details of the generation of artificial accelerograms based
on the design response spectra is undertaken. This is a task that has been widely studied by
researchers, overviews of which can be found among others in Giaralis and Spanos [35] and
Cacciola and D’Amico [36]. For the purposes of this study, the approach followed is based on
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generating a sample of artificial accelerograms with acceleration response spectra in accordance
with the EC8 design response spectra. Artificial, spectrum-compatible accelerograms are generated using the SeismoArtif Software [37]. In this paper, the Artificial Accelerograms are designed to match the EC8 response spectra incorporating the following seismic properties:
ground type C, spectral acceleration 0.36 g, spectrum type I and importance class II.
An artificial accelerogram is illustrated in Fig. 5A, along with its acceleration response spectrum (Sa) (Fig. 4B). A sample of 15 artificial accelerograms is generated and plotted in Fig. 5C
along with the EC8 response spectrum for comparison with the design guidelines. An accurate
match is observed with the EC8 acceleration response spectrum with characteristics: spectral
acceleration 0.36 g, ground type C, spectrum type I and importance class II. More specifically,
the percentage deviation is below 10% in the range of periods from 0.2 to 2 sec, which are
considered relevant for the structural performance.

(A)

(B)

(C)

Figure 5. (A) Artificial Accelerogram, (B) Acceleration response spectrum of Artificial Accelerogram and (C)
Mean Artificial acceleration response spectrum of the 15 generated Artificial Accelerograms compared to the
EC8 acceleration response spectrum.

4.3 Evaluation of Optimization Constraints and Limitations
The design of the proposed control strategy must be efficient and realistic at the same time.
For this reason, proper constraints that refer to the structural dynamic responses and therefore
the EKD components must be applied. The structure’s first floor drift is set as the objective
function (mean of 15 maximum responses). The system is subjected to 15 Artificial Accelerograms generated according to section 4.1, with a mean PGA of 0.519g.
Furthermore, the given parameters of the system with the EKD, i.e. the additional mass mD
and the stability factors ε N, εP, and εR, as well as the limits of the free design variables sought in
the optimization problem, f0, kN, cDOWN and cUP, must be within reasonable technological capabilities in order for design to be realistic. In particular:
i.

In the previous work of KDamper, the stability factor εN that relates to the variation of
the negative stiffness element kN, is taken as 5%. In this study, a variation in all stiffness
elements is considered, making the design of the proposed vibration absorption concept
rather conservative. The stability factors εP and εN are selected equal to 10%, and the
stability factor that relates to the stiffness element kR is selected equal to 25%. The potential 25% stiffness reduction was selected based on an initial linear analysis with the
EKD implemented in the structure assuming rigid footing. In this way, the anticipated
displacement of the column top was calculated and the expected reduction of the kSSI
stiffness due to this deformation was estimated (approximately 25%, refer to Fig. 4B).
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ii.

iii.

iv.
v.

The purpose of this design is to implement the proposed control strategy for seismic
protection of building structures. Since KDamper can be implemented between the
floors of structures, there are no strict limitations regarding the additional mass. According to the previous work of KDamper implemented as an Absorption Base (KDAB) of
multi-story building structures with the same characteristics, [28], a 5% additional mass
is efficient and realistic.
The negative stiffness element kN, in the proposed configuration of EKD, is realized
with pre-compressed springs. Based on previous indicative designs of KDamper with
pre-compressed springs by Antoniadis et al. [12] and Kapasakalis et al. [27], for a total
superstructure mass of 300 tn, a realistic value of kN is -34171 kN/m. In this work, the
negative stiffness element absolute upper value is |30000| kN/m.
The damping coefficients maximum value is set equal to 600 kNs/m for the whole configuration (multiple KDamper devices can be implemented), therefore, common linear
damping devices can be used.
The negative stiffness element stroke (XS-D) is set as a constraint, with an upper limit
value of 15 cm which, based on previous work of Kapasakalis et al. [25], proves to be a
realistic value for the design of the negative stiffness element with pre-compressed
springs.

Finally, the limits of the free design variables are: 1) the nominal KDamper frequency f0
(Hz) [0.15 1.5], 2) the negative stiffness element kN (kN/m) [-30000 -1] and 3, 4) the damping
coefficients cDOWN and cUP (kNs/m) [1 600].
5

NUMERICAL CASE STUDY ON A TYPICAL 4-STOREY STRUCTURE

A numerical case study has been conducted considering a 4-storey typical residential building. The structural system has 4 dynamic DoFs represented by the relative displacements of the
4 storeys with respect to the ground. The elastic modulus of reinforced concrete (assuming
long-term cracked conditions) is equal to E=26 GPa. The mass of the building is considered to
be concentrated at the floor levels, with mi=80000 kg denoting the mass of the 4 storeys
(i=1,…,4), while the columns are assumed to be weightless.
The superstructure’s damping coefficients are mass and stiffness proportional (Rayleigh damping), with ζSi=0.02 (i=1,…,4).
The geometry of the model is presented in Fig. 6 below. A 15x15m floor in plan-view has
been considered with 0.3x0.3m square columns. Analysis for different foundation widths (B)
and soil material properties has been undertaken and results for a single case are presented
herein. Therefore, the material under investigation has an undrained shear strength equal to
Su=70 kPa and a G0=53 MPa. The footing width (B) is considered as 1.50m and a total FoS
against vertical loading equal to 3.8 is calculated, hence ensuring the static stability of the system. For more details regarding the selection of the material properties refer to Section 3.3.
The soil-structure interaction is regarded in the excitation analysis as explicitly detailed in
section 3 of this paper and the parameters of the EKD are optimized based on the methodology
described in section 4. A Matlab-based code is incorporated to model the structure and extended
KDamper system as a series of masses and springs; linear and non-linear representing the structural elements and soil-foundations respectively. A number of artificial and real seismic excitations are subsequently applied and the response of the structure is investigated. Results of the
analysis are presented in Fig. 6 and Table 1 below.
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(A)

(B)

Figure 6 (A) Typical 4-storey residential building investigated as a case study, (B) Plan view of a typical
floor of the building considered in this case study.

Structural
System
Building with
fixed footings
Building with
SSI footings
Building with
KDamper &
fixed footings
Building with
KDamper &
SSI footings

Ensemble of 15 artificial
accelerograms, PGA = 0.24 g

L'Aquila (2009), PGA = 0.40 g

as,4
(g)

us,1
(cm)

ucol,1
(cm)

uSSI,1
(cm)

Vb
(kN)

as,4
(g)

us,1
(cm)

ucol,1
(cm)

uSSI,1
(cm)

Vb
(kN)

1.18

3.91

3.91

-

2,540

1.13

2.35

2.35

-

1,527

1.08

6.67

2.02

4.65

1,310

0.89

5.72

1.85

3.88

1,204

0.35

3.32

3.32

-

640

0.29

3.60

3.60

-

745

0.29

3.29

1.36

1.93

518

0.29

4.50

1.61

2.90

400

Table 1: Dynamic response of the four examined residential building systems (with fixed footings, with SSI
footings, with KDamper and fixed footings, with KDamper and SSI footings) for an ensemble of 15 artificial
accelerograms (mean of 15 max values), and a real near fault earthquake record (L’Aquila, 2009, Mw = 6.3).
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Artificial Excitation, PGA = 0.24 g

L’Aquila, PGA = 0.40 g
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Figure 6. Comparative results in terms of (A) Absolute acceleration of the top storey of the structure (B) Horizontal displacement (drift) of the 1st floor and (C) Base shear-force of the structure for one artificial accelerogram (A1, B1, C1) and the L’Aquila earthquake record (A2, B2, C2) respectively.

A comparison between the response of the structural model considering a) fixed foundations, b) SSI effects by incorporating the non-linear stiffness of the soil and c) the extended
KDamper coupled with SSI effects is undertaken for one of the artificial accelerograms (matching the EC8 design spectrum) and a real earthquake excitation. It can be observed that, the
application of the extended KDamper along with the SSI effects lead to the main following
results:
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1. The EKD together with the SSI effects appear to improve the structural response under
a dynamic seismic excitation, indicating that the non-linearity of the overall system
stiffness parameters does not lead to detuning of the damper;
2. A 40-70% reduction of the absolute acceleration values of the building storeys is
achieved, hence remaining within the structural limits;
3. The base shear values appear to be significantly reduced in accordance with the absolute
acceleration values;
4. The total horizontal displacement of the first floor is slightly reduced compared to the
fixed footings. However, as indicated in Fig. 7 below, due to the rotational and horizontal movement of the foundation the total displacement is distributed between the column
and the footing (SSI) and consequently structural flexural displacements are reduced
and remain within an acceptable region.
L’Aquila, PGA = 0.40 g
Horizontal displacement of 1st storey,
u1 (cm)

Horizontal displacement of 1st storey,
u1 (cm)

Artificial Excitation, PGA = 0.24 g
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Figure 7. Distribution of the first storey total horizontal displacement due to the flexural deformation of the column (drift) and deformation due to SSI effects (horizontal and rotational movement of the footing), for the case
of an artificial accelerogram (A), and the L’Aquila record (B)

As it can be observed in Fig. 7, although the displacement of the first storey for the case of
an artificial accelerogram (utot) reached 3.36 cm, it was distributed both in the column, in the
form of flexural deformation (ucol), and in the footing, in the form of predominantly rotational,
and also translational displacement, due to the SSI effects (uSSI). The maximum flexural deformation was a mere 1.37 cm, which is almost three times lower than the flexural deformation
that was demanded in the case of the building with no seismic protection. The 1st-storey displacement is primarily undertaken by the SSI mechanism, meaning that during the shaking, the
equivalent soil-foundation stiffness of a single footing 1.50 m x 1.50 m has dropped below the
structural column stiffness of a single column, equal to 4,000 kN/m. In general, the distribution
of the stiffness in the column-footing-soil system governs the distribution of the deformation in
these components. It should be highlighted that for the case of either wider surface footings, or
for footings whose rotational and horizontal displacement have been kinematically constrained,
as in the case of footings connected with strap beams, the equivalent soil-foundation stiffness
of the system increases dramatically, and hence the displacement is not distributed among the
column and the foundation. Thus, the total displacement is undertaken by the columns leading
to additional loading of the structural elements.
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6

CONCLUSIONS

In this paper, the extended KDamper (EKD) is implemented as a seismic protection vibration
control system located at the base of a typical building structure. The beneficial effects of soilstructure interaction (SSI) of a relatively soft foundation system along with the EKD as excitation absorber are investigated. An analytical approach for the selection of the EKD parameters
aiming to optimize acceleration response, under base excitation, is considered and the initial
structural system is introduced along with the vibration absorber concepts. A sample of Artificial Accelerograms with acceleration response spectra compatible to EC8 is generated, and a
few real earthquake shaking records are considered. The concept is applied between the foundation system and the first floor of a 4-storey building that is examined as a case study herein.
Results show significant reduction of the structural accelerations, drifts and base shear forces,
hence placing the concept of a coupled EKD-SSI system as a compelling methodology for seismic protection of structures.
7

ACKNOWLEDGMENTS

This research has been financed by the European Union's Horizon 2020 research and innovation programme under the Marie Sklodowska-Curie grant (grant agreement No INSPIRE813424, "INSPIRE - Innovative Ground Interface Concepts for Structure Protection").
8

REFERENCES
1.
2.

3.
4.

5.
6.
7.
8.
9.

Warn GP, Ryan KL. A Review of Seismic Isolation for Buildings: Historical
Development and Research Needs. Buildings 2012; 2(3): 300–325. DOI:
10.3390/buildings2030300.
Reggio A, Angelis M De. Optimal energy-based seismic design of non-conventional
Tuned Mass Damper (TMD) implemented via inter-story isolation. Earthquake
Engineering & Structural Dynamics 2015; 44(10): 1623–1642. DOI:
10.1002/eqe.2548.
Kunde MC, Jangid RS. Seismic behavior of isolated bridges: A-state-of-the-art
review. vol. 3. 2003.
De Angelis M, Giannini R, Paolacci F. Experimental investigation on the seismic
response of a steel liquid storage tank equipped with floating roof by shaking table
tests. Earthquake Engineering & Structural Dynamics 2009: n/a-n/a. DOI:
10.1002/eqe.945.
Paolacci F, Giannini R, De Angelis M. Seismic response mitigation of chemical plant
components by passive control techniques. Journal of Loss Prevention in the Process
Industries 2013; 26(5): 924–935. DOI: 10.1016/j.jlp.2013.03.003.
Whittaker AS, Kumar M, Kumar M. Seismic isolation of nuclear power plants.
Nuclear Engineering and Technology 2014; 46(5): 569–580. DOI:
10.5516/NET.09.2014.715.
Taniguchi T, Der Kiureghian A, Melkumyan M. Effect of tuned mass damper on
displacement demand of base-isolated structures. Engineering Structures 2008;
30(12): 3478–3488. DOI: 10.1016/j.engstruct.2008.05.027.
Tsai HC. The effect of tuned-mass dampers on the seismic response of base-isolated
structures. International Journal of Solids and Structures 1995; 32(8–9): 1195–1210.
DOI: 10.1016/0020-7683(94)00150-U.
Palazzo B, Petti L, de Ligio M. Response of base isolated systems equipped with
tuned mass dampers to random excitations. Journal of Structural Control 1997; 4(1):

4174

Konstantinos A. Kapasakalis, Antonios E. Alvertos, Antonios G. Mantakas, Ioannis A. Antoniadis, Evangelos J.
Sapountzakis

10.
11.
12.
13.
14.
15.
16.

17.
18.

19.
20.
21.

22.

23.

9–22. DOI: 10.1002/stc.4300040105.
Xiang P, Nishitani A. Optimum design for more effective tuned mass damper system
and its application to base-isolated buildings. Structural Control and Health
Monitoring 2014; 21(1): 98–114. DOI: 10.1002/stc.1556.
Hashimoto T, Fujita K, Tsuji M, Takewaki I. Innovative base-isolated building with
large mass-ratio TMD at basement for greater earthquake resilience. Future Cities
and Environment 2015. DOI: 10.1186/s40984-015-0007-6.
Antoniadis I, Chronopoulos D, Spitas V, Koulocheris D. Hyper-damping properties
of a stiff and stable linear oscillator with a negative stiffness element. Journal of
Sound and Vibration 2015. DOI: 10.1016/j.jsv.2015.02.028.
Antoniadis I.A., Kapasakalis, K.A., Sapountzakis EJ. Isolation or Damping? A Soildependent approach based on the KDamper concept. Proceedings of the 2nd
International Conference on Natural Hazards & Infrastructure (ICONHIC 2019)
Sapountzakis, E.J., Kapasakalis, K.A. AIA. Negative Stiffness Elements in Seismic
Isolation of Bridges. Proceedings of the 2nd International Conference on Natural
Hazards & Infrastructure (ICONHIC 2019), 2019.
Kapasakalis KA, Alamir CHT, Antoniadis IA, Sapountzakis EJ. Frequency Base
Design of the KDamper Concept for Seismic Isolation of Bridges. Proceedings of
the 14th International Conference on Vibration Problems (ICOVP 2019), 2019.
Bollano, P-O.N., Kapasakalis, K.A., Sapountzakis, E.J. AIA. Design and
Optimization of the KDamper Concept for Seismic Protection of Bridges.
Proceedings of the 14th International Conference on Vibration Problems (ICOVP
2019), 2019.
Kapasakalis, K.A., Antoniadis I.A. SAE. Implementation of the KDamper Concept
for Seismic Protection of Bridges. Proceedings of the 14th International Conference
on Vibration Problems (ICOVP 2019), 2019.
Kapasakalis, K.A., Sapountzakis, E.J., Antoniadis IA. Implementation of the
KDamper Concept to Wind Turbine Towers. Proceedings of the 6th International
Conference on Computational Methods in Structural Dynamics and Earthquake
Engineering (COMPDYN 2017), 2017.
Kapasakalis, K.A., Sapountzakis, E.J., Antoniadis IA. Optimal Design of the
KDamper Concept for Structures on Compliant Supports. Proceedings of the 16th
European Conference on Earthquake Engineering (16ECEE 2018), 2018.
Kapasakalis, K.A., Sapountzakis, E.J., Antoniadis IA. KDamper Concept in Seismic
Isolation of Multi Storey Building Structures. Proceedings of the 9th GRACM
International Congress on Computational Mechanics (9GRACM 2018), 2018.
Kapasakalis, K.A., Sapountzakis, E.J., Antoniadis IA. Kdamper concept in seismic
isolation of building structures with soil structure interaction. Proceedings of the 13th
International Conference on Computational Structures Technology (CST2018),
2018.
Kapasakalis, K.A., Antoniadis, I.A., Sapountzakis EJ. Control of Multi Storey
Building Structures with a New Passive Vibration Control System Com-bining Base
Isolation with KDamper. Proceedings of the 7th International Conference on
Computational Methods in Structural Dynamics and Earthquake Engineering
(COMPDYN 2019), 2019.
Kapasakalis, K.A., Antoniadis, I.A., Sapountzakis EJ. Implementation of the
KDamper Concept for Base Isolation to a Typical Concrete Building Structure.
Proceedings of the 12th International Congress on Mechanics (12HSTAM2019).

4175

Konstantinos A. Kapasakalis, Antonios E. Alvertos, Antonios G. Mantakas, Ioannis A. Antoniadis, Evangelos J.
Sapountzakis

24.
25.
26.

27.

28.
29.
30.

31.
32.
33.
34.
35.
36.
37.

Kapasakalis, K.A., Antoniadis, I.A. SEJ. KDamper Concept for Base Isolation and
Damping of High-Rise Building Structures. Proceedings of the 14th International
Conference on Vibration Problems (ICOVP 2019), 2019.
Kapasakalis, K.A., Antoniadis, I.A. and Sapountzakis, E.J., “Implementation of the
KDamper as a Stiff Seismic Absorption Base: A Preliminary Assessment”, Vibration
and Acoustics Research Journal, Vol. 1, No. 1, pp. 1-26, 2019.
Antoniadis, I.A., Kapasakalis, K.A., Sapountzakis EJ. Advanced Negative Stiffness
Absorbers for the Seismic Protection of Structures. Proceedings of the International
Conference on Key Enabling Technologies 2019 (KEYTECH2019), 2019. DOI:
https://doi.org/10.1063/1.5123704.
Kapasakalis, K.A., Antoniadis, I.A, Sapountzakis EJ. Novel Vibration Absorption
Systems with Negative Stiffness Elements for the Seismic Protection of Structures.
4th National Conference on Earthquake Engineering and Engineering Seismology
(Hellenic Association for Earthquake Engineering - HAEE / ETAM), 2019.
Kapasakalis, K.A., Antoniadis, I.A., Sapountzakis EJ. Performance Assessment of
the KDamper as a Seismic Absorption Base. Structural Control and Health
Monitoring 2019. DOI: 10.1002/stc.2482.
Gerolymos N., Gazetas G., 2005. Nonlinear Lateral Response of Caisson
Foundations. Proceedings of the 1st Greece-Japan Workshop on Seismic Design,
Observation, Retrofit of Foundations, Athens, Greece, pp. 125.
Anastasopoulos I., Gelagoti F., Kourkoulis R., Gazetas G., 2011. Simplified
Constitutive Model for Simulation of Cyclic Response of Shallow Foundations:
Validation against Laboratory Tests. Journal of Geotechnical & Geoenvironmental
Engineering (ASCE),591 137(12).
Anastasopoulos I., Gazetas G., Loli M., Apostolou M., Gerolymos N. (2010) “Soil
failure can be used for seismic protection of structures,” Bulletin of Earthquake
Engineering, 8(2), pp. 309-326.
Gajan S., Kutter B., Phalen J., Hutchinson T., Martin G. (2005) “Centrifuge modeling
of load-deformation behavior of rocking shallow foundations,” Soil Dynamics and
Earthquake Engineering, 25, pp. 773 - 783.
Paolucci R., Shirato M., and Yilmaz M.T. (2008), “Seismic behaviour of shallow
foundations: Shaking table experiments vs numerical modeling”, Earthquake Engineering and Structural Dynamics, Vol. 37, pp. 577–595.
Loli M., Knappett J.A., Brown M.J., Anastasopoulos I., and Gazetas G. (2014),
“Centrifuge Modeling of Rocking–isolated Inelastic RC Bridge Piers”, Earthquake
Engineering and Structural Dynamics, 43, 15, pp. 2341-2359.
Giaralis, A., and P. D. Spanos. "Wavelet-based response spectrum compatible synthesis of accelerograms—Eurocode application (EC8)." Soil Dynamics and Earthquake Engineering 29, no. 1 (2009): 219-235.
Cacciola P, D’Amico L. Response-Spectrum-Compatible Ground Motion Processes.
Encycl. Earthq. Eng., 2015, p. 1–27. doi:10.1007/978-3-642-36197-5_325-1.
Seismosoft [2018]. SeismoArtif - A computer program for generating artificial earthquake accelerograms matched to a specific target response spectrum 2018.
http://www.seismosoft.com.

4176

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

OPTIMAL DESIGN OF ADVANCED NEGATIVE STIFFNESS
ABSORBERS
Konstantinos A. Kapasakalis , Ioannis A. Antoniadis, and Evangelos J. Sapountzakis


,QVWLWXWHRI6WUXFWXUDO$QDO\VLVDQG$QWLVHLVPLF5HVHDUFK
6FKRRORI&LYLO(QJLQHHULQJ1DWLRQDO7HFKQLFDO8QLYHUVLW\RI$WKHQV
=RJUDIRX&DPSXV*5$WKHQV*UHHFH
HPDLONRVWLVNDSDVDNDOLV#KRWPDLOFRPFYVDSRXQ#FHQWUDOQWXDJU


'\QDPLFVDQG6WUXFWXUHV/DERUDWRU\
6FKRRORI0HFKDQLFDO(QJLQHHULQJ1DWLRQDO7HFKQLFDO8QLYHUVLW\RI$WKHQV
=RJUDIRX&DPSXV*5$WKHQV*UHHFH
HPDLODQWRJLDQ#FHQWUDOQWXDJU

Keywords:1HJDWLYH6WLIIQHVV6HLVPLF3URWHFWLRQ9LEUDWLRQ$EVRUSWLRQ.'DPSHU
Abstract. Throughout the last decades, seismic isolation of structures has attracted the attention of civil engineers and scientists. Research around this field has progressed tremendously,
starting from the use of simple elastomeric bearings for the decoupling of the superstructure
from the foundation and moving towards the invention of more complex devices (characteristic examples being the Tuned Mass Dampers – TMDs or the Quasi-Zero Stiffness oscillators –
QZSs) aiming to enhance structural dynamic behavior.
In this paper, an extension of the KDamper (EKD) concept is proposed, for implementation as
a seismic base absorber. The complexity of the EKD renders the conventional minmax (H∞)
approach ineffective. For this reason, a constrained optimization problem is proposed for the
selection of the optimal system parameters. The EKD is designed according to seismic design
codes and the constraints and limitations of the EKD components are evaluated based on engineering criteria. A database of artificial accelerograms, compatible with the EC8 response
spectra is generated. Sensitivity analysis is performed, and the effect of detuning is observed.
Based on a comparison with a conventional base isolated system, the EKD manages to retain
the structure absolute acceleration at acceptable levels, while the structure relative displacement is drastically reduced, in the order of a few centimeters, rendering the implementation of
the extended KDamper feasible using conventional structural elements, without the need for
special types of bearing. Thus, EKD can be considered a possible retrofitting option for seismic protection.
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1

INTRODUCTION

6HLVPLFGHVLJQFRGHVIRUEXLOGLQJVWUXFWXUHVEULGJHVDQGLQGXVWULDOIDFLOLWLHVKDYHFKDQJHG
ZLWKWKHLQWHQWLRQRIOHDGLQJWRZDUGVEHWWHUVHLVPLFSHUIRUPDQFH6HLVPLFLVRODWLRQLVSHUKDSV
WKH PRVW SRSXODU DSSURDFK WR HDUWKTXDNHUHVLVWDQW GHVLJQ &RQWHPSRUDU\ VHLVPLF LVRODWLRQ
V\VWHPVSURYLGHKRUL]RQWDOLVRODWLRQIURPWKHHIIHFWVRIHDUWKTXDNHVKDNLQJDQGDQHQHUJ\GLV
VLSDWLRQPHFKDQLVPWRUHGXFHWKHODUJHUHTXLUHGEDVHGLVSODFHPHQWVZLWKWKHODWWHUEHLQJWKH
PRVWLPSRUWDQWGUDZEDFNRIEDVHLVRODWLRQDVLWSURKLELWVUHWURILWWLQJ,QFUHDVLQJWKHGDPSLQJ
RI WKH EDVH LVRODWLRQ V\VWHP WR UHGXFH WKH ODUJH GLVSODFHPHQWV FDQQRW EH FRQVLGHUHG DV D
PDLQVWUHDP DOWHUQDWLYH GXH WR WKH WHFKQRORJLFDO UHTXLUHPHQWV DQG WKH LQFUHDVH RI WKH LQWHU
VWRU\GULIWVDQGIORRUDFFHOHUDWLRQV1XPHURXVLVRODWLRQGHYLFHVKDYHEHHQGHYHORSHGLQFOXG
LQJHODVWRPHULFIULFWLRQDOVOLGLQJDQGUROOHUEHDULQJVDVZHOODVIOXLGYLVFRXVDQGYLVFRHODVWLF
GDPSHUV,QWKHSDVWIHZ\HDUVKRZHYHUUHVHDUFKIRFXVHVRQWKHQH[WJHQHUDWLRQRIVHLVPLF
SURWHFWLRQGHYLFHVWKDWLQFOXGH D WKHLQWURGXFWLRQRIQHJDWLYHVWLIIQHVV HOHPHQWV 1HJDWLYH
6WLIIQHVV'HYLFHVDQG³4XD]L=HUR6WLIIQHVV´RVFLOODWRUV DQG E WKHLPSOHPHQWDWLRQRIDGGL
WLRQDOPDVVHV 7XQHG0DVV'DPSHUV 
7KHFHQWUDOFRQFHSWRIQHJDWLYHVWLIIQHVVLVRODWRUVLVWRVLJQLILFDQWO\UHGXFHWKHQDWXUDOIUH
TXHQF\ RI WKH V\VWHP ORZHU WKDQ WKH SUHGRPLQDQW HQHUJ\FRQWDLQLQJ IUHTXHQFLHV RI HDUWK
TXDNHJURXQGPRWLRQV4XD]L=HUR6WLIIQHVV 4=6 RVFLOODWRUVILQGQXPHURXVDSSOLFDWLRQVLQ
VHLVPLFLVRODWLRQ>±@7KHXVHRIDGGLWLRQDOPDVVHVDVDSDVVLYHFRQWUROVWUDWHJ\ 70'V 
KDVEHHQHPSOR\HGLQDYDULHW\RIV\VWHPVZLWKVN\VFUDSHUV>±@DQGLPSOHPHQWDWLRQVLQ
WKHEDVHVRIVWUXFWXUHV>±@EHLQJWKHPRVWLQWHUHVWLQJRQHV70'VDUHHIIHFWLYHDQGUHOLD
EOHEXWWKHLUXVDJHSUHVHQWVVLJQLILFDQWGUDZEDFNVVXFKDV D GHWXQLQJZKLFKGHWHULRUDWHVWKH
V\VWHPSHUIRUPDQFHDQG E WKHQHHGIRUODUJHDGGLWLRQDOPDVVHVWKDWUHQGHUWKHFRQVWUXFWLRQ
DQGSODFHPHQWRIVXFKFRQILJXUDWLRQVGLIILFXOW
,QRUGHUWR FRPELQHWKHDGYDQWDJHV PHQWLRQHGSUHYLRXVO\ ZLWKRXWWKHLUUHVSHFWLYHGUDZ
EDFNVDVWLIIDQGVWDEOHOLQHDURVFLOODWRUWKDWLQFRUSRUDWHVDQHJDWLYHVWLIIQHVV 16 HOHPHQW
KDVEHHQSURSRVHGLQ$QWRQLDGLVHWDO>@7KH.'DPSHUILUVWLQWURGXFHGLQ$QWRQLDGLVDWDO
>@LVHVVHQWLDOO\DQH[WHQVLRQRIWKHFRQYHQWLRQDO70'FRQFHSWE\WKHLQWURGXFWLRQRIDQ
DSSURSULDWH16HOHPHQWWRWKHDGGLWLRQDOPDVVRIWKH70'7KH.'DPSHULVH[DPLQHGIRUWKH
SURWHFWLRQRIEULGJHVWUXFWXUH>±@:LQG7XUELQHV>@DQGVWUXFWXUDOV\VWHPV>@
,Q DGGLWLRQ WKH .'DPSHU LV LPSOHPHQWHG DV DQ $EVRUSWLRQ %DVH .'$%  LQ WKH EDVHV RI
VWUXFWXUHV>±@,QWKHUHFHQWZRUNRI.DSDVDNDOLVHWDO>@WKH.'$%LVSURYHQWREHD
SRVVLEOHVXSSOHPHQWWR%,RUFDQEHDOWHUQDWLYHO\LPSOHPHQWHGDVD³VWLIIDEVRUSWLRQEDVH´
7KLVSDSHUSURSRVHVDQH[WHQVLRQRIWKH.'DPSHUFRQFHSW (.' 7KHRSWLPL]DWLRQSURE
OHP LV IRUPHG IURP ZKLFK WKH RSWLPDO V\VWHP SDUDPHWHUV DUH VHOHFWHG 7KH FRQVWUDLQWV WKDW
UHIHUWRWKHG\QDPLFUHVSRQVHVDQGWKHOLPLWVRIWKHIUHHGHVLJQYDULDEOHVLHWKH(.'FRP
SRQHQWVDUHHYDOXDWHGEDVHRQHQJLQHHULQJFULWHULD)RUWKHRSWLPL]DWLRQSURFHVVWKHKDUPRQ\
VHDUFKDOJRULWKP +6 >@DQRYHOPHWDKHXULVWLFDOJRULWKPLVDGRSWHG7KH(.'LVGHVLJQHG
DFFRUGLQJWRVHLVPLFGHVLJQFRGHV)RUWKLVUHDVRQDUWLILFLDOVHLVPLFH[FLWDWLRQVDUHJHQHUDWHG
ZLWKFRPSDWLEOHDFFHOHUDWLRQUHVSRQVHVSHFWUDWR(&XVLQJ6HLVPR$UWLI>@VRIWZDUH)LQDO
O\WKHV\VWHPLVFRPSDUHGWRDFRQYHQWLRQDOEDVHLVRODWHGV\VWHPGHVLJQHGWRKDYHDQDWXUDO
IUHTXHQF\RI0.4 HzLQRUGHUWRSURYHWKHHIILFLHQF\RIWKH(.'7KHQRYHODVSHFWVRIWKHLQ
QRYDWLYHSDVVLYHYLEUDWLRQFRQWUROVWUDWHJ\GHYHORSHGKHUHDUHVXPPDUL]HGDVIROORZV
L ([WHQGHG.'DPSHU (.' SUHVHQWVVLPLODUPDUJLQDOO\VXSHULRUUHVXOWVDVFRPSDUHGWR
WKH SUHYLRXVO\ RSWLPDO .'DPSHU FRQFHSW >@ +RZHYHU WKH SURSRVHG (.' IRUHVHHV
YDULDWLRQLQDOOVWLIIQHVVHOHPHQWVZKLOHLQWKH.'DPSHUFRQFHSWRQO\WKHQHJDWLYHVWLII
QHVVHOHPHQWLVH[DPLQHG)XUWKHUPRUHWKHQHJDWLYHVWLIIQHVVHOHPHQWVWURNHZKLFKLV
FULWLFDOIRUWKHZKROHFRQILJXUDWLRQGHVLJQLVGUDPDWLFDOO\UHGXFHG
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LL 7KHHYDOXDWLRQRIWKHRSWLPL]DWLRQFRQVWUDLQWVLVEDVHGRQHQJLQHHULQJFULWHULD7KHUHDO
L]DWLRQ RI WKH DGGLWLRQDO PDVV WKH GDPSLQJ FRHIILFLHQWV DQG WKH VWLIIQHVV HOHPHQWV DUH
ZLWKLQUHDVRQDEOHWHFKQRORJLFDOFDSDELOLWLHVDQGUHQGHUWKHLPSOHPHQWDWLRQRIWKH(.'
IHDVLEOH
LLL 7KH(.'LVGHVLJQHGDFFRUGLQJWRVHLVPLFGHVLJQFRGHV)RUWKLVUHDVRQWKHDFFHOHUD
WLRQILOWHUXVHGLQWKHRSWLPL]DWLRQSURFHGXUHLVGHILQHGE\DGDWDEDVHRI$UWLILFLDO
$FFHOHURJUDPVGHVLJQWRPDWFKWKH(&DFFHOHUDWLRQUHVSRQVHVSHFWUD
LY 7KHHIIHFWVRIGHWXQLQJDUHREVHUYHGYLDVHQVLWLYLW\DQDO\VLV
,QFRQFOXVLRQWKHHVVHQWLDOIHDWXUHVRIWKH(.'GHVLJQLPSOHPHQWHGLQD6'R)V\VWHPDV
FRPSDUHGWRDFRQYHQWLRQDOEDVHLVRODWHGV\VWHPDUHVXPPDUL]HGDVIROORZV
L 7KH(.'LPSOHPHQWHGLQD6'R)V\VWHPPDQDJHVWRUHWDLQWKHVWUXFWXUHDEVROXWHDFFHO
HUDWLRQLQDFFHSWDEOHOHYHOV EDVHRQWKHVHOHFWHGGHVLJQ$FFHOHUDWLRQ)LOWHU ZKLOHDWWKH
VDPHWLPHWKHVWUXFWXUHUHODWLYHGLVSODFHPHQWLVVLJQLILFDQWO\ORZDVFRPSDUHGWRFRQ
YHQWLRQDODQGKLJKO\GDPSHGEDVHLVRODWLRQV\VWHPV
LL 7KHVPDOOEDVHGLVSODFHPHQWRIWKH(.'ZLWKKLJK$FFHOHUDWLRQ)LOWHUVUHQGHULWVLP
SOHPHQWDWLRQIHDVLEOHXVLQJFRQYHQWLRQDOVWUXFWXUDOHOHPHQWVZLWKRXWWKHQHHGRIVSHFLDO
W\SHRIEHDULQJV$VDFRQVHTXHQFHUHWURILWWLQJLVSRVVLEOH
2

PROPOSED NEGATIVE STIFFNESS ABSORBER

$

%

&

)LJXUH6FKHPDWLFUHSUHVHQWDWLRQRIWKHYLEUDWLRQDEVRUSWLRQFRQFHSWVFRQVLGHUHG $ 1HJDWLYH6WLIIQHVV 16 
LVRODWRU % 7XQHG0DVV'DPSHU 70' DQG & 3URSRVHG1HJDWLYH6WLIIQHVV$EVRUEHU ([WHQGHG.'DPSHU 

7KHIXQGDPHQWDOFRQFHSWRIWKHYLEUDWLRQFRQWUROVWUDWHJLHVSUHVHQWHGLQ)LJXUHLVWRLP
SURYHWKHG\QDPLFEHKDYLRURIDQXQGDPSHG RUORZGDPSHG 6'R)V\VWHPRIPDVVmDQG
VWDWLFVWLIIQHVVkWRDEDVHH[FLWDWLRQRIxG(t)7KHFRQFHSWRIWKH16LVRODWRULVWRDGGDQHJD
WLYHVWLIIQHVVHOHPHQWkNLQSDUDOOHOWRWKHRULJLQDOVWLIIQHVVkRIWKHV\VWHPVRWKDWWKHRYHUDOO
VWLIIQHVVRIWKHV\VWHPEHFRPHVkQZS = k + kN ≤ k+RZHYHUWKLVOLPLWVWKHVWDWLFORDGLQJFD
SDFLW\RIWKHVWUXFWXUH7KHSURSRVHGSDVVLYHYLEUDWLRQDEVRUSWLRQFRQFHSWSUHVHQWHGLQ)LJ
XUH & LV DQ H[WHQVLRQ RI WKH .'DPSHU (.'  FRQFHSW 6LPLODUO\ WR WKH .'DPSHU LW
LQFRUSRUDWHVDQHJDWLYHVWLIIQHVVHOHPHQW&RQWUDU\WRWKH16LVRODWRUWKHILUVWEDVLFUHTXLUH
PHQWRIWKH(.'LVWKDWWKHRYHUDOOVWDWLFVWLIIQHVVRIWKHV\VWHPLVPDLQWDLQHG
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kP k N
kP  k N

k

S f  mtotal



7KLVZD\WKH(.'RYHUFRPHVWKHIXQGDPHQWDOGLVDGYDQWDJHRIWKH16LVRODWRU&RPSDUHG
WR WKH 70' )LJXUH %  WKH (.' XVHV DQ DGGLWLRQDO QHJDWLYH VWLIIQHVV HOHPHQW kN ZKLFK
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FRQQHFWVWKHDGGLWLRQDOPDVVWRWKHVWUXFWXUHDQGDSRVLWLYHVWLIIQHVVHOHPHQWZKLFKFRQQHFW
WKHDGGLWLRQDOPDVVWRWKHEDVH7KXVWKHHTXDWLRQRIPRWLRQRIWKH(.'EHFRPHV
mu
uS  k RuS  mD uD  k Pu D

 m  mD aG

mD uD  cUP uS  uD  k N u S uD  cDOWN u D  k Pu D



mD a G

+RZHYHULQFUHDVLQJWKHDEVROXWHYDOXHRIkNRUGHFUHDVLQJWKHDEVROXWHYDOXHVRIkPRUkR
PD\HQGDQJHUWKHVWDWLFVWDELOLW\RIWKHVWUXFWXUH$OWKRXJKWKHRUHWLFDOO\WKHYDOXHVRIkNkP,
DQGkRDUHVHOHFWHGDFFRUGLQJWR(TXDWLRQ  WRHQVXUHWKHVWDWLFVWDELOLW\GXHWRYDULRXVUHD
VRQVVXFKDVWHPSHUDWXUHYDULDWLRQVPDQXIDFWXULQJWROHUDQFHVRUQRQOLQHDUEHKDYLRUkNkP
DQG kR PD\ SUHVHQW VLJQLILFDQW YDULDWLRQV LQ SUDFWLFH VLQFH DOPRVW DOO QHJDWLYH VWLIIQHVV GH
VLJQVUHVXOWIURPXQVWDEOHQRQOLQHDUV\VWHPV&RQVHTXHQWO\DQLQFUHDVHRIWKHDEVROXWHYDOXH
RIkNDQGRUDGHFUHDVHRIWKHYDOXHVRI kP and kRE\DIDFWRUεNεPDQGεRUHVSHFWLYHO\PD\
UHVXOWLQWKHV\VWHPEHLQJXQVWDEOH
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&RQWUDU\WRWKH.'DPSHUFRQFHSWZKLFKIRUHVHHVYDULDWLRQRQO\LQWKHQHJDWLYHVWLIIQHVV
HOHPHQWkNLQWKHSURSRVHGH[WHQVLRQRIWKH.'DPSHUFRQFHSWDYDULDWLRQLQDOOVWLIIQHVVHO
HPHQWVDUHWDNHQLQWRDFFRXQW$VVXPLQJWKHQHJDWLYHVWLIIQHVVUDWLRkn=kN/k0RUWKHDEVROXWH
YDOXHRIWKHQHJDWLYHVWLIIQHVVHOHPHQWkNLVNQRZQXVLQJ(TXDWLRQV DQG WKHUHVWRIWKH
VWLIIQHVVHOHPHQWVUHVXOW
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)LQDOO\ DVVXPLQJ WKDW WKH IROORZLQJ SDUDPHWHUV DUH NQRZQ $  WKH DGGLWLRQDO PDVV mD
DQG% WKHYDULDWLRQVεNεPDQGεRRIWKHVWLIIQHVVHOHPHQWVWKHXQNQRZQSDUDPHWHUVRIWKH
V\VWHPDUHL WKHQRPLQDO(.'IUHTXHQF\f0 (TXDWLRQ  LL WKHQHJDWLYHVWLIIQHVVUDWLRkn
RUWKHYDOXHRIWKHQHJDWLYHVWLIIQHVV HOHPHQW kN DQG LLL LY WKHGDPSLQJ FRHIILFLHQWV cDOWN
DQGcUP
3

STATEMENT OF THE OPTIMIZATION PROBLEM

2QFHWKHHTXDWLRQVRIPRWLRQRIWKHFRQWUROOHGV\VWHPZLWKWKHSURSRVHGFRQILJXUDWLRQDUH
VWDWHGWKHJRDOQRZLVWRGHWHUPLQHWKH³RSWLPDO´SDUDPHWHUVVXFKWKDWWKHDWWDLQHGYLEUDWLRQ
FRQWUROVWUDWHJ\WXUQVRXWWREHWKHEHVWSRVVLEOH$VPHQWLRQHGSUHYLRXVO\WKHSDUDPHWHUVf0
kNcDOWNDQGcUPDUHWKHIUHHGHVLJQYDULDEOHVVRXJKWLQWKHRSWLPL]DWLRQSUREOHPZKLOHRWK
HUSDUDPHWHUVVXFKDVWKHDGGLWLRQDOPDVVmDDQGWKHVWDELOLW\IDFWRUVεNεP,DQGεRDUHVXS
SRVHG NQRZQ )RU WKH RSWLPL]DWLRQ SURFHVV WKH KDUPRQ\ VHDUFK DOJRULWKP +6  D QRYHO
PHWDKHXULVWLFDOJRULWKPLVDGRSWHG,QWKLVSDSHUWKHRSWLPL]DWLRQSUREOHPLVIRUPHGDFFRUG
LQJWRWKHVHLVPLFGHVLJQFRGHV7KHFRQVWUDLQWVDQGREMHFWLYHIXQFWLRQDUHVHOHFWHGIURPWKH
WLPHGRPDLQUHVSRQVHV7KHSURFHGXUHIURPZKLFKWKHHDUWKTXDNHJURXQGPRWLRQVDUHVHOHFW
HGIRUWKHRSWLPL]DWLRQSUREOHPLVGHVFULEHGLQVHFWLRQ
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3.1

Selection of earthquake ground motion according to seismic design codes

6HLVPLFGHVLJQFRGHVLQGLFDWHWKDWWKHVWUXFWXUH¶VUHODWLYHGLVSODFHPHQWDQGDEVROXWHDFFHO
HUDWLRQDUHZLWKLQVSHFLILHGOLPLWVIRUDV\VWHPZLWKJLYHQFKDUDFWHULVWLFV IXQGDPHQWDOVWUXF
WXUHSHULRGDQGGDPSLQJUDWLR 7KHSDUDPHWHUVWKDWPDLQO\FRQWUROWKHVHOLPLWVDUHWKHJURXQG
FRQGLWLRQVWKHH[SHFWHGVHLVPLFLQWHQVLW\WKHGDPSLQJUDWLRRIWKHV\VWHPDVZHOODVWKHIXQ
GDPHQWDOSHULRGRIWKHVWUXFWXUH$W\SLFDOIRUPRIWKHVRFDOOHG³'HVLJQ5HVSRQVH6SHFWUD´LV
GHSLFWHGLQ)LJXUH

$

%

)LJXUH(&'HVLJQUHVSRQVHVSHFWUD $ 6SHFWUDODFFHOHUDWLRQDQG % 6SHFWUDOGLVSODFHPHQW

+RZHYHUWKHDSSOLFDWLRQRIVXFKDSSURDFKHVIRUWKHVHOHFWLRQRIWKH(.'SDUDPHWHUVLVQ¶W
SRVVLEOHVLQFHWKHDSSOLFDWLRQRIWKH(.'OHDGVWR0'R)V\VWHPVZLWKPXOWLSOHIUHTXHQFLHV
7KHUHIRUHDQDO\VLVLQWKHWLPHGRPDLQLVUHTXLUHGIRUWKHRSWLPDOGHVLJQRIWKHSURSRVHGEDVH
DEVRUEHU 6WURQJ HDUWKTXDNH UHFRUGV FDQ EH JHQHUDWHG IURP YDULRXV W\SHV RI DFFHOHURJUDPV
WKHIXQGDPHQWDORIZKLFKEHLQJV\QWKHWLFUHFRUGVUHDOHDUWKTXDNHVH[FLWDWLRQVDQGDUWLILFLDO
DFFHOHURJUDPVFRPSDWLEOHZLWKDVSHFLILFGHVLJQUHVSRQVHVSHFWUXPZLWKWKHODWWHUEHLQJWKH
PRVWVXLWDEOH)RUWKLVUHDVRQWKHDSSURDFK IROORZHGLQ WKLV SDSHULVEDVHGRQJHQHUDWLQJD
GDWDEDVH RI DUWLILFLDO DFFHOHURJUDPV ZLWK UHVSRQVH VSHFWUD FORVHO\ FRPSDWLEOH ZLWK WKH (&
GHVLJQUHVSRQVHVSHFWUDXVLQJ6HLVPR$UWLI6RIWZDUH>@,QWKLVSDSHUWKH$UWLILFLDO$FFHOHU
RJUDPVDUHGHVLJQHGWRPDWFKWKH(&UHVSRQVHVSHFWUDZLWKFKDUDFWHULVWLFVJURXQGW\SH&
VSHFWUDODFFHOHUDWLRQJDQGVSHFWUXPW\SH,
,Q)LJXUH$%DQ$UWLILFLDO$FFHOHURJUDPLVSUHVHQWHGXVLQJWKHFDOFXODWLRQPHWKRG$U
WLILFLDO$FFHOHURJUDP*HQHUDWLRQDQG$GMXVWPHQWDORQJZLWKLWVDFFHOHUDWLRQUHVSRQVHVSHF
WUXP,Q)LJXUH&DFRPSDULVRQRIWKHPHDQDFFHOHUDWLRQUHVSRQVHVSHFWUXPRI$UWLILFLDO
$FFHOHURJUDPVZLWKWKH(&GHVLJQUHVSRQVHVSHFWUXPLVSUHVHQWHG$QDFFXUDWHPDWFKLVRE
VHUYHG0RUHVSHFLILFDOO\WKHSHUFHQWDJHGHYLDWLRQLVXQGHU10%LQWKHUDQJHRISHULRGVIURP
0.2WR2VHFZKLFKLVRIDFWXDOFRQFHUQ

$

%

&

)LJXUH $ $UWLILFLDO$FFHOHURJUDP % UHVSRQVHVSHFWUXPRI$UWLILFLDO$FFHOHURJUDPDQG & PHDQ$UWLILFLDO
DFFHOHUDWLRQUHVSRQVHVSHFWUXPRI$UWLILFLDO$FFHOHURJUDPVFRPSDUHGWRWKH(&UHVSRQVHVSHFWUXP
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3.2

Evaluation of optimization constraints and limitations

7KHGHVLJQRIWKHSURSRVHGFRQWUROVWUDWHJ\PXVWEHHIILFLHQWDQGUHDOLVWLFDWWKHVDPHWLPH
)RUWKLVUHDVRQSURSHUFRQVWUDLQWVWKDWUHIHUWRWKHVWUXFWXUDOG\QDPLFUHVSRQVHVPXVWEHDS
SOLHG0RUHVSHFLILFDOO\WKHV\VWHPLVVXEMHFWHGWR$UWLILFLDO$FFHOHURJUDPVJHQHUDWHGDF
FRUGLQJ WR VHFWLRQ  7KH UHODWLYH VWUXFWXUH GLVSODFHPHQW LV VHW DV WKH REMHFWLYH IXQFWLRQ
PHDQRIPD[LPXPUHVSRQVHV  ,QRUGHUWR EHWWHUREVHUYHWKHHIILFLHQF\RIWKHSURSRVHG
FRQILJXUDWLRQDQDFFHOHUDWLRQILOWHULVSODFHG7KHUHIRUHHDFKVHWRIRSWLPL]HGSDUDPHWHUVRI
WKHH[WHQGHG.'DPSHUUHIHUVWRWKHPD[LPXPVWUXFWXUHDFFHOHUDWLRQH[SUHVVHGDVDSHUFHQW
DJH RI PHDQ 3*$ 7KH PHDQ 3*$ RI WKH  $UWLILFLDO $FFHOHURJUDPV RI WKH GDWDEDVH LV
0.519g )XUWKHUPRUH WKH JLYHQ SDUDPHWHUV RI WKH V\VWHP ZLWK WKH (.' LH WKH DGGLWLRQDO
PDVVmDDQGWKHVWDELOLW\IDFWRUVεNεP,DQGεRDVZHOODVWKHOLPLWVRIWKHIUHHGHVLJQYDULD
EOHV VRXJKW LQ WKH RSWLPL]DWLRQ SUREOHP f0 kN cDOWN DQG cUP PXVW EH ZLWKLQ UHDVRQDEOH
WHFKQRORJLFDOFDSDELOLWLHVLQRUGHUIRUGHVLJQWREHUHDOLVWLF,QSDUWLFXODU
L ,Q WKH SUHYLRXV ZRUN RI .'DPSHU >±@ WKH VWDELOLW\ IDFWRU εN WKDW UHODWHV WR WKH
YDULDWLRQRIWKHQHJDWLYHVWLIIQHVVHOHPHQWkNLVWDNHQDV5%,QWKLVSDSHUDYDULDWLRQ
LQDOOVWLIIQHVVHOHPHQWVLVWDNHQLQWRDFFRXQW PDNLQJWKHGHVLJQRIWKHSURSRVHGYL
EUDWLRQDEVRUSWLRQFRQFHSWSUHWW\FRQVHUYDWLYHVLQFHDOOWKHVWDELOLW\IDFWRUVεNεPDQG
εRDUHVHOHFWHGDV10%
LL 7KHSXUSRVHRIWKLVGHVLJQLVWRLPSOHPHQWWKHSURSRVHGFRQWUROVWUDWHJ\IRUVHLVPLF
SURWHFWLRQRIVWUXFWXUHV6LQFH.'DPSHUFDQEHLPSOHPHQWHGLQWKHEDVHVRIVWUXFWXUHV
WKHUHDUHQRVWULFWOLPLWDWLRQVUHJDUGLQJWKHDGGLWLRQDOPDVV$FFRUGLQJWRWKHSUHYLRXV
ZRUNRI.'DPSHULPSOHPHQWHGDVDQ$EVRUSWLRQ%DVH .'$% LQ>±@D5%
DGGLWLRQDOPDVVLVHIILFLHQWDQGUHDOLVWLF
LLL 7KHVWLIIQHVVHOHPHQWVPXVWEHZLWKLQUHDVRQDEOHWHFKQRORJLFDOFDSDELOLWLHV7KHQHJD
WLYHVWLIIQHVVHOHPHQWkNLQWKHSURSRVHGFRQILJXUDWLRQRI(.'LVUHDOL]HGZLWKSUH
FRPSUHVVHG VSULQJV %DVHG RQ SUHYLRXV LQGLFDWLYH GHVLJQV RI .'DPSHU ZLWK SUH
FRPSUHVVHGVSULQJVE\$QWRQLDGLVHWDO>@DQG.DSDVDNDOLVHWDO>@ LQ*UHHN IRU
DWRWDOVXSHUVWUXFWXUHPDVVRI300 tnDUHDOLVWLFYDOXHRIkNLV-34171 kN/m,QWKLVSD
SHUWKHQHJDWLYHVWLIIQHVVHOHPHQWLVVHWDWOHDVW 50%ORZHU7KHVDPH UHGXFWLRQDS
SOLHVWRWKHUHVWRIWKHVWLIIQHVVHOHPHQWVkR,DQGkP
LY
7KHGDPSLQJFRHIILFLHQWVPD[LPXPYDOXHLVVHW600 kNs/mIRUWKHZKROHFRQILJXUD
WLRQWKHUHIRUHFRPPRQOLQHDUGDPSLQJGHYLFHVFDQEHXVHG
Y 7KHQHJDWLYHVWLIIQHVVHOHPHQWVWURNH XS-D LVVHWDVDFRQVWUDLQWZLWKDQXSSHUOLPLW
WKDWRI12 cmZKLFKEDVHGRQSUHYLRXVZRUNRI.DSDVDNDOLVHWDO>@SURYHVWREHD
UHDOLVWLF YDOXH IRU WKH GHVLJQ RI WKH QHJDWLYH VWLIIQHVV HOHPHQW ZLWK SUHFRPSUHVVHG
VSULQJV
)LQDOO\WKHOLPLWVRIWKHIUHHGHVLJQYDULDEOHVDUH WKHQRPLQDO.'DPSHUIUHTXHQF\f0
Hz >0.15 1.5@ WKHQHJDWLYHVWLIIQHVVHOHPHQWkN kN/m >15000 0@DQG WKHGDPSLQJ
FRHIILFLHQWVcDOWNDQGcUP kNs/m >1 600@
4
4.1

DYNAMIC PERFORMANCE
Optimization curves

%DVHGRQWKHSUHYLRXVWKHVHWRIRSWLPL]HGSDUDPHWHUVIRUDUHIHUHQFHVWUXFWXUHPDVVRI
300 tnLVSUHVHQWHGLQ7DEOH(DFKVHWRIRSWLPL]HGSDUDPHWHUVUHIHUVWRWKHPD[LPXPVWUXF
WXUHDFFHOHUDWLRQ7KHH[WHQGHG.'DPSHU (.' ZLWK$FFHOHUDWLRQ)LOWHUDVDSHUFHQWDJHRI
3*$ZLOOEHUHIHUUHGKHUHDIWHUDV(.'AF (%)7KHV\VWHPG\QDPLFUHVSRQVHV PHDQRI
PD[YDOXHV RIWKHSURSRVHGYLEUDWLRQDEVRUSWLRQV\VWHP (.' DUHSUHVHQWHGLQ)LJXUH
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7DEOH6HWRIRSWLPL]HGSDUDPHWHUVIROORZLQJWKHSURFHGXUHGHVFULEHGLQVHFWLRQ

$

%

)LJXUH $ 6WUXFWXUHUHODWLYHGLVSODFHPHQWDQG % QHJDWLYHVWLIIQHVVHOHPHQWVWURNHGLVSODFHPHQWPD[LPXP
YDOXHVRYHUWKHVWUXFWXUHDEVROXWHDFFHOHUDWLRQH[SUHVVHGDVDSHUFHQWDJHRIWKHPHDQ3*$ $FFHOHUDWLRQ)LOWHU 

)XUWKHUPRUHWKH(.'LVFRPSDUHGZLWKWKHSUHYLRXVRSWLPDOGHVLJQRI.'DPSHUDVSUH
VHQWHGLQ.DSDVDNDOLVHWDO>@)RUWKLVUHDVRQWZRVHWVRISDUDPHWHUVRIHDFKFRQFHSWWKDW
SUHVHQW VLPLODU UHVXOWV LQ WHUPV RI WKH VWUXFWXUH V PDLQ G\QDPLF UHVSRQVHV DUH VHOHFWHG DQG
FRPSDUHGLQ7DEOH
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7DEOH&RPSDULVRQRIWKH6'2)V\VWHPLPSOHPHQWHGZLWK.'DPSHUGHVLJQHGLQ.DSDVDNDOLVHWDO>@DQG
(.'SURSRVHGLQWKLVSDSHU

4.2

Time histories

,QRUGHUWRREVHUYHWKHHIILFLHQF\RIWKH(.'LWLVFRPSDUHGZLWKDFRQYHQWLRQDOEDVHLVR
ODWHG %, V\VWHP ZLWK D GDPSLQJUDWLR RI5% 7KH%,V\VWHPLV GHVLJQHGWR KDYH D QDWXUDO
IUHTXHQF\RI0.4 Hz&RPSDUDWLYHUHVXOWVEHWZHHQWKHFRQYHQWLRQDOEDVHLVRODWHGV\VWHP %, 
DQGWKH(.'30DQG(.'70DUHSUHVHQWHGLQ)LJXUH7KHSUHVHQWHGWLPHKLVWRULHVUHODWHWR
DQ$UWLILFLDOVHLVPLFH[FLWDWLRQ
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$

%
)LJXUH&RPSDUDWLYHUHVXOWVLQWHUPVRI $ VWUXFWXUH¶VDEVROXWHDFFHOHUDWLRQ PVHF DQG % VWUXFWXUHUHOD
WLYHGLVSODFHPHQWEHWZHHQWKH%,(.'DQG(.'V\VWHPVIRUDQ$UWLILFLDO$FFHOHURJUDP

5

EFFECT OF DETUNING

,WLVLPSRUWDQWWRDQDO\]HKRZWKHPDLQV\VWHPUHVSRQVHVYDU\E\VKLIWLQJWKHRSWLPDO(.'
SDUDPHWHUVIURPWKHLUUHVSHFWLYHYDOXHV HIIHFWRIGHWXQLQJ :HH[SHFWWKDWDVWKHV\VWHPSD
UDPHWHUVGHSDUWIURPWKHLURSWLPDOYDOXHV 7DEOH WKHHIIHFWLYHQHVVRIWKHSURSRVHGSDVVLYH
YLEUDWLRQ FRQWURO VWUDWHJ\ GHFUHDVHV ,Q )LJXUH  ZH REVHUYH WKH HIIHFW RI GHWXQLQJ RI WKH
(.'50VHWRIRSWLPL]HGSDUDPHWHUV7KHVWLIIQHVVHOHPHQWVRIWKH(.'DUHGHVLJQHGWRKDYH
D10%YDULDWLRQDVGHVFULEHGLQVHFWLRQRIWKHSDSHU,Q)LJXUHV$&WKHV\VWHPPDLQUH
VSRQVHVDUHGHSLFWHGLQDUDQJHRI20%YDULDWLRQRIWKHRSWLPDOVWLIIQHVVHOHPHQWV6HQVLWLYLW\
DQDO\VLVUHYHDOVWKDWWKHYDULDWLRQRIWKHVWLIIQHVVHOHPHQWVkNDQGkRKDYHDJUHDWHULQIOXHQFH
RQWKHV\VWHPUHVSRQVHVXSWR30%FRPSDUHGWRkD XSWR10% ,Q)LJXUHV'(ZHRE
VHUYHWKDWWKHYDULDWLRQRIWKHGDPSLQJFRHIILFLHQWWKDWLVSDUDOOHOWRWKHQHJDWLYHVWLIIQHVVHOH
PHQWkNSUHVHQWV DQLQFUHDVHGLQIOXHQFH DV FRPSDUHGZLWK WKHFDPSLQJFRHIILFLHQWSDUDOOHO
ZLWKkD)LQDOO\WKHHIIHFWRIWKHYDULDWLRQRIWKHDGGLWLRQDOPDVVKDVQRVLJQLILFDQWLQIOXHQFH
RQWKHV\VWHPUHVSRQVHV

$

%

4184

&

.RQVWDQWLQRV$.DSDVDNDOLV,RDQQLV$$QWRQLDGLVDQG(YDQJHORV-6DSRXQW]DNLV

'

(

)
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WHUV $& YDULDWLRQRIWKHVWLIIQHVVHOHPHQWVDQG ') YDULDWLRQRIWKHGDPSLQJFRHIILFLHQWVDQGDG
GLWLRQDOPDVV
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CONCLUSIONS

,QWKLVSDSHUDQH[WHQVLRQRIWKH.'DPSHU (.' FRQFHSWLVSURSRVHGIRULPSOHPHQWDWLRQ
DVDVHLVPLFEDVHDEVRUEHU7KHRSWLPL]DWLRQSUREOHPLVVWDWHGIURPZKLFKWKHRSWLPDOV\V
WHPSDUDPHWHUVDUHVHOHFWHG7KHHYDOXDWLRQRIWKHRSWLPL]DWLRQFRQVWUDLQWVLVEDVHGRQHQJL
QHHULQJ FULWHULD IURP SUHYLRXV LQGLFDWLYH GHVLJQV RI WKH .'DPSHU LPSOHPHQWHG DV DQ
DEVRUSWLRQ EDVH ,Q RUGHU WR EHWWHU REVHUYH WKH HIILFLHQF\ RI WKH SURSRVHG FRQILJXUDWLRQ DQ
DFFHOHUDWLRQILOWHULVSODFHGDVDFRQVWUDLQW7KHUHIRUHHDFKVHWRIRSWLPL]HGSDUDPHWHUVRIWKH
(.' UHIHUV WR WKH PD[LPXP VWUXFWXUH DFFHOHUDWLRQ H[SUHVVHV DV D SHUFHQWDJH RI 3*$ 7KH
(.'LVGHVLJQHGDFFRUGLQJWRVHLVPLFGHVLJQFRGHVWKHUHIRUHDGDWDEDVHRIDUWLILFLDODFFHOHU
RJUDPVFRPSDWLEOHZLWKWKH(&UHVSRQVHVSHFWUDLVJHQHUDWHGWRGHILQHWKHDFFHOHUDWLRQILO
WHU $) 6HQVLWLYLW\DQDO\VLVLVSHUIRUPHGDQGWKHHIIHFWRIGHWXQLQJLVGLVFXVVHGDFFRUGLQJO\
$FRPSDULVRQZLWKDFRQYHQWLRQDOEDVHLVRODWHGV\VWHPLVWKHQPDGHLQRUGHUWRSURYHWKHHI
ILFLHQF\ RI WKH SURSRVHG VHLVPLF EDVH DEVRUEHU (.'  )LQDOO\ WKH IROORZLQJ FRQFOXVLYH
FRPPHQWVFDQEHPDGH
x (.'SUHVHQWVVLPLODUPDUJLQDOO\VXSHULRUUHVXOWVDVFRPSDUHGWRWKHSUHYLRXVO\RSWLPDO
.'DPSHU FRQFHSW >@ ZKLOH LW IRUHVHHV YDULDWLRQ LQ DOO VWLIIQHVV HOHPHQWV εN εP
εR 10% ZKLOHLQWKH.'DPSHUFRQFHSWRQO\WKHQHJDWLYHVWLIIQHVVHOHPHQW εN=5% LV
H[DPLQHG )XUWKHUPRUH WKH QHJDWLYH VWLIIQHVV HOHPHQW VWURNH LV UHGXFHG E\ 50-67%
ZKLFKLVFULWLFDOIRUWKHZKROHFRQILJXUDWLRQGHVLJQ
x 7KHHYDOXDWLRQRIWKHRSWLPL]DWLRQFRQVWUDLQWVLVEDVHGRQHQJLQHHULQJFULWHULDDQGUHQGHU
WKHLPSOHPHQWDWLRQRIWKH(.'IHDVLEOH$VFRPSDUHGZLWKSUHYLRXVLQGLFDWLYHGHVLJQV
RI.'DPSHUDOOWKHVWLIIQHVVHOHPHQWVDUHDWOHDVW50%ORZHU7KXVWKHUHDOL]DWLRQRIWKH
DGGLWLRQDOPDVVWKHGDPSLQJFRHIILFLHQWVDQGWKHVWLIIQHVVHOHPHQWVDUHZLWKLQUHDVRQD
EOHWHFKQRORJLFDOFDSDELOLWLHV
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x %DVHGRQWKHSHUIRUPHGVHQVLWLYLW\DQDO\VLVWKH(.'LVQRWYXOQHUDEOHWRGHWXQLQJ
x 7KH(.'LPSOHPHQWHGLQD6'R)V\VWHPPDQDJHVWRUHWDLQWKHVWUXFWXUHDEVROXWHDFFHO
HUDWLRQDWDFFHSWDEOHOHYHOV EDVHRQWKHVHOHFWHGGHVLJQ$FFHOHUDWLRQ)LOWHU ZKLOHDWWKH
VDPH WLPH WKH VWUXFWXUH UHODWLYH GLVSODFHPHQW LV VLJQLILFDQWO\ORZ DV FRPSDUHG WR FRQ
YHQWLRQDODQGKLJKO\GDPSHGEDVHLVRODWLRQV\VWHPV 50%-80%ORZHU 
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DYNAMIC ANALYSIS OF AN ACTIVE ISOLATION MOUNT USING
FEEDFORWARD AND FEEDBACK CONTROL SCHEMES
Grigorios M. Chatziathanasiou, Nikolaos A. Chrysochoidis, and Dimitris A.Saravanos


'HSDUWPHQWRI0HFKDQLFDO(QJLQHHULQJDQG$HURQDXWLFV8QLYHUVLW\RI3DWUDV5LRQ3DWUDV*UHHFH
HPDLOJULJRULVFKDW]LDWKDQDVLRX#JPDLOFRPQFKU#PHFKXSDWUDVJUVDUDYDQRV#PHFKXSDWUDVJU

Keywords:3LH]RHOHFWULF$FWLYHPRXQW,VRODWLRQ6\VWHP7UDQVPLVVLELOLW\
Abstract. This paper presents the simulation of dynamic analysis and performance of a 2Degree-of-Freedom active vibration isolation system. Vibration isolation is studied on both
feedforward and feedback schemes, exploiting their transmissibility reduction capabilities
and different effects to the system dynamics. The 2-DoF system is mounted on the isolated
structure of interest, while the disturbance is induced through the secondary structure. The
two structures are connected with an active mount, where a passive spring-damper element
and a piezoelectric actuator are parallelly placed. In feedforward approach, the optimal controller input is calculated a-priori and offline, while in the feedback scheme, LQR and Proportional-Derivative control algorithms are tested and compared. The results demonstrate
great vibration suppression capabilities to the structure of interest, as both force transmissibility and displacement are considerably degraded.
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1

INTRODUCTION

(QJLQH LQGXFHG YLEUDWLRQ LQ PHDQV RI WUDQVSRUWDWLRQ LQIOXHQFHV QRW RQO\ WKH OLIHWLPH DQG
UHOLDELOLW\RIWKHVWUXFWXUHEXWDOVRWKHXVHUFRPIRUWDQGVDWLVIDFWLRQ,QRUGHUWRVXSSUHVVWKH
XQZDQWHGYLEUDWLRQVWUDQVPLWWHGIURPWKHHQJLQHWRWKHFDELQVWUXFWXUHWKURXJKWKHFRQQHFWLQJ
PRXQWVYDULRXVPHWKRGVKDYHEHHQGHYHORSHGZKLFKLQFUHDVHWKHPRXQWLVRODWLQJFDSDELOL
WLHV&RQYHQWLRQDOSDVVLYHPRXQWVKDYHEHHQZLGHO\XVHGLQWKHSDVWKRZHYHUWKHLUIUHTXHQF\
FRPSHQVDWLRQOLPLWDWLRQVDQGFRQVLGHUDEOHDGGLWLRQRIPDVV>@KDVOHGWRWKHGHYHORSPHQWRI
DFWLYH PRXQWV $FWLYH PRXQWV LQWURGXFH QHZ UHTXLUHPHQWV WR WKH H[LVWLQJ LVRODWLRQ V\VWHP
VXFKDVVHQVRUVDQGH[WHUQDOHQHUJ\LQRUGHUWRLQGXFHWKHDSSURSULDWHDFWXDWLQJLQSXWKRZHY
HUWKHLUDELOLW\WRVXSSUHVVYLEUDWLRQWUDQVPLVVLRQVDWDOOIUHTXHQFLHVKDYHPDGHWKHPYHU\DS
SHDOLQJ $PRQJ WKH YDULRXV W\SHV RI DFWXDWRUV XVHG LQ DQWLYLEUDWLRQ PRXQWV VXFK DV
HOHFWURPDJQHWLF>@DQGK\GUDXOLFDFWXDWRUV>@SLH]RHOHFWULFDFWXDWRUVKDYHJDWKHUHGPRVWRI
WKHVFLHQWLILFLQWHUHVWGXHWRWKHLUKLJKIRUFHJHQHUDWLRQUHOLDELOLW\TXLFNUHVSRQVHDQGPLQL
PXPHQHUJ\FRQVXPSWLRQ>@
)RU WKH DFWLYH YLEUDWLRQ LVRODWLRQ WR EH HIILFLHQW WKH YLEUDWLRQ FRQWURO UHVHDUFKHU PXVW
FKRRVH EHWZHHQ YDULRXV FRQWURO WHFKQLTXHV LQFOXGLQJ DGDSWLYH IHHGIRUZDUG FRQWURO>@ VXFK
DV/065/6DQG)[/06>@IHHGEDFNFRQWUROVXFKDVWKH'HOD\HG5HVRQDWRU>@3,'FRQ
WURO>@>@DQG/45>@DQGWKHLUFRPELQDWLRQV>@$OWKRXJKERWKIHHGIRUZDUGDQGIHHG
EDFN FRQWURO VFKHPHV KDYH EHHQ ZLGHO\ LQYHVWLJDWHG DQG WHVWHG OLWWOH OLWHUDWXUH KDV EHHQ
GHGLFDWHGWRH[SORLWLQJWKHLUGLIIHUHQWLQWHUIHUHQFHZLWKWKHV\VWHPVG\QDPLFV0RUHRYHUWKH
WKHRUHWLFDO DSSURDFK RI YLEUDWLRQ WUDQVPLVVLELOLW\ RI 'R) YLEUDWLQJ V\VWHPV KDV EHHQ FRY
HUHGE\ >@KRZHYHUQRFRQWUROVFKHPH ZDV WDNHQXQGHU FRQVLGHUDWLRQ)RUWKHVHUHDVRQV
WKLVSDSHUGHDOVZLWKWKHVLPSOH'R)LVRODWLRQV\VWHPDQGH[SORUHVKRZWKHGLIIHUHQWFRQWURO
DSSURDFKHVDIIHFWWKHV\VWHPG\QDPLFVDQGWUDQVPLVVLELOLW\)RUWKHIHHGIRUZDUGVFKHPHWKH
RSWLPDOFRQWUROOHULQSXWLVFDOFXODWHGDSULRULDQGRIIOLQHZKLOHIRUWKHGHPRQVWUDWLRQRIIHHG
EDFNFRQWURO/45DQG3URSRUWLRQDO'HULYDWLYHFRQWURODOJRULWKPVDUHWDNHQXQGHUFRQVLGHUD
WLRQ 7KH 'R) PRGHO LV SUHVHQWHG LQ 6HFWLRQ  ZKLOH LQ 6HFWLRQ  WKH IHHGIRUZDUG DQG
IHHGEDFNFRQWUROGHVLJQVDUHSUHVHQWHG7KHGLIIHUHQWHIIHFWVRIWKHFRQWURODOJRULWKPVWR WKH
V\VWHPG\QDPLFVDQGGLVWXUEDQFHUHMHFWLRQFDSDELOLWLHVDUHLOOXVWUDWHGDQGGLVFXVVHGLQ6HFWLRQ
 6HFWLRQVXPPDUL]HVWKHPDLQFRQFOXGLQJUHPDUNVRIWKLVZRUN
2

DYNAMIC 2-DOF MODEL

7KH 'R) PRGHO LV LOOXVWUDWHG LQ )LJXUH D DQG LV VLPXODWLQJ D IXVHODJHHQJLQH V\VWHP
ZKHUHWKHLVRODWLRQV\VWHPLVPRXQWHGEHWZHHQWKHPDLQPDVVP IXVHODJHVWUXFWXUHRILQWHU
HVW DQGWKHVHFRQGDU\PDVVP HQJLQH ZKLOHWKHGLVWXUEDQFHLVLQGXFHGWKURXJKWKHVHFRQG
DU\PDVVP HQJLQH 7KHDFWLYHPRXQWFRQQHFWLQJWKHWZRPDVVHVLVDV\VWHPWKDWFRQVLVWV
RIDSDVVLYHFRPSRQHQWRIDVSULQJGDPSHUFDSDEOHWRRSHUDWHVROHO\DQGWKHDFWLYHSDUWXVLQJ
D OLQHDU SLH]RHOHFWULF DFWXDWRU 7KH DFWLYH SDUW RSHUDWHV V\QHUJLVWLFDOO\ ZLWK WKH SDVVLYH RQH
DQG LV LQVWDOOHG SDUDOOHO WR WKH SDVVLYH FRPSRQHQWV 7KH DFWXDWRU LV DVVXPHG WR KDYH ]HUR
GDPSLQJDQGFRQWULEXWHVRQO\WRWKHVWLIIQHVVRIWKHPRXQWLQWURGXFLQJDQDFWXDWLQJIRUFHWR
ZKHUH LVWKHSLH]RHOHFWULF
WKHV\VWHPWKURXJKWKHFRQYHUVHSLH]RHOHFWULFHIIHFW
VWUHVVFRHIILFLHQWRIWKHDFWXDWRUDQGΔφWKHHOHFWULFSRWHQWLDODSSOLHGWRWKHDFWXDWRU>@DV
VKRZQLQ)LJXUHE
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D

E
)LJXUH'R)LVRODWLRQPRGHO

$SSO\LQJ HTXDWLRQV RI PRWLRQ WR HDFK GHJUHH RI IUHHGRP WKH G\QDPLF HTXDWLRQ WKDW GH
VFULEHVWKH'R)V\VWHPLVSUHVHQWHGDVIROORZV
ª m1
«0
¬

0 º  u1 ½ ª c1  cm
® ¾
m2 ¼» ¯ u2 ¿ ¬«  cm

 cm º  u1 ½ ª k1  km
® ¾
cm »¼ ¯ u2 ¿ «¬  km

 km º  u1 ½
® ¾
km »¼ ¯ u2 ¿

 e 'M ½
®
¾
¯ Fd  e 'M ¿

(1)

ZKHUH
DUH WKH PDLQ DQG VHFRQGDU\ PDVV UHVSHFWLYHO\
DUH WKH GLV
SODFHPHQWV YHORFLWLHV DQG DFFHOHUDWLRQV RI
UHVSHFWLYHO\
DUH WKH VWLIIQHVV DQG
LVWKHHTXLYDOHQWPRXQWVWLIIQHVVZLWK UHSUHVHQWLQJ
YLVFRXVGDPSLQJRI 
WKHVWLIIQHVVRIWKHSDVVLYHPRXQWDQG WKHVWLIIQHVVRIWKHDFWXDWRU LVWKHSDVVLYHPRXQW
YLVFRXV GDPSLQJ DQG LV WKH GLVWXUEDQFH IRUFH ,Q RXU FDVH WKH GLVWXUEDQFH LV LQWURGXFHG
IURPWKHHQJLQHRSHUDWLRQ
7UDQVIRUPLQJ(1 WRWKHIUHTXHQF\GRPDLQZHGHULYH

ª k1  km  (c1  cm ) jZ  m1Z 2
«
 km  cm jZ
¬

 km  cm jZ º U1 ½
»® ¾
km  cm jZ  m2Z 2 ¼ ¯U 2 ¿

 e 'M ½
®
¾
¯ Fd  e 'M ¿

ZKHUH LV WKH DQJXODU IUHTXHQF\
T
\
DUH WKH DPSOLWXGHV RI WKH
LVWKHLPDJLQDU\QXPEHU
WKHFRUUHVSRQGLQJȦDQG
7KHIRUFHWUDQVPLVVLELOLW\LVGHILQHGDV

TF (Z )

(2)

GLVSODFHPHQWV DW

F1 (Z )
Fd (Z )

(3)

ZKHUH Ȧ LVWKHWUDQVPLWWHGIRUFHWRWKHLVRODWHGPDVVRILQWHUHVWIRUWKHIUHTXHQF\ȦDQGLV
HTXDOWR

F1 (Z )

km [u2 (Z )  u1 (Z )]  cm [u2 (Z )  u1 (Z )]  k1u1 (Z )  c1u1 (Z )

ZKHQQRFRQWUROLVDSSOLHGDQG
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(4)
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F1 (Z )

km [u2,contr (Z )  u1,contr (Z )]  cm [u2,contr (Z )  u1,contr (Z )] 
(5)

 k1u1,contr (Z )  c1u1,contr (Z )  Fact (Z ) 

ZKHQFRQWUROLVDSSOLHG$OOWKH
WHUPVUHIHUWRWKHFRQWUROOHGYDOXHVZKLFKGLIIHUIURP

WKHEDVHOLQHUHVXOWVIRUHDFKDQJXODUIUHTXHQF\GXHWRWKHH[LVWHQFHRI
7KHPRGHOSDUDPHWHUVXVHGDUHSUHVHQWHGLQ7DEOH
Parameter

Term Value
P

0DVV>NJ@
P

F

'DPSLQJ
>1 VP@
F

N  
6WLIIQHVV>QP@
N  
ND  
'LVWXUEDQFH>1@ )G

3LH]RHOHFWULF

6WUHVV&RHIILFLHQW Ɲ
>19@
7DEOH6\VWHP3DUDPHWHUV

3

DESIGN OF CONTROLLER

7KHFRQWUROLVLPSOHPHQWHGLQ6WDWH6SDFH7KH6WDWH6SDFHUHSUHVHQWDWLRQRIWKHLVRODWLQJ
V\VWHP 3ODQW LV

ZKHUH
WLPHGHULYDWLYHRI 
V\VWHPLQSXW

yV\VWHPRXWSXW

0
ª
«
0
«
« k1  km
«
m1
«
« km
«
¬ m2

A

1

0
km
m1

0
c c
 1 m
m1

km
m2

Ax  Bu

y

Cx



WKHVWDWHYHFWRU

0



x

cm
m2

0 º
1 »»
cm »
»
m1 » : the state matrix,
c »
 m»
m2 ¼

B

ª 0 º
« 0 »
«
»
« 1 »
«
» : the input matrix
« m1 »
« 1 »
«
»
¬ m2 ¼

WKHRXWSXWPDWUL[WKDWGHSHQGVRQWKHFRQWUROVFKHPH
3.1

Feedforward Control

7KH)HHGIRUZDUG&RQWUROVFKHPHLVSUHVHQWHGLQ)LJXUHZKHUH
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)LJXUH)HHGIRUZDUG&RQWURO

,Q FDVH RI D NQRZQ GLVWXUEDQFH DQG FRQVLGHULQJ WKDW WKH FRQWURO V\VWHP RSHUDWHV LQ
VWHDG\VWDWHFRQGLWLRQV LHDQDLUFUDIWRU\DFKWWUDYHOLQJZLWKFUXLVHVSHHG LWLVUHDVRQDEOHWR
FRPSXWHRIIOLQHDIHHGIRUZDUGLVRODWLQJVLJQDOLQDGYDQFHDQGDSSO\LWDWDQDSSURSULDWHWLPH
>@$VVXPLQJWKDWGXHWRWKHRSHUDWLRQRIWKHDFWLYHIRUFHWKHUHPDLQLQJGLVWXUEDQFHRQWKH
 WKH RSWLPDO
S
DQG FRUUHVSRQGLQJ FDQ EH
PDLQ PDVV LV QHJOLJLEOH
IRXQGIRUHDFKJLYHQFRPELQDWLRQRIωDQG E\(7)
km  cm jZ
1º  U 2 ½
ª
¾
« k  c jZ  m Z 2 1» ®
m
2
¬ m
¼ ¯ e 'M ¿

0½
® ¾
¯ Fd ¿

(7)

:HDUHSHUIRUPLQJDIRUFHGUHVSRQVHRIWKHV\VWHP )LJXUH VROYLQJWKHV\VWHPRI(TXD
WLRQ(7)IRUHDFKIUHTXHQF\VWHSLQWKHUDQJHRI+]IRUDSHULRGLFGLVWXUEDQFHFd = 5sinωt
,WFDQEHHDVLO\XQGHUVWRRGWKDWWKHWHUPVRIPDVVVWLIIQHVVDQGYLVFRXVGDPSLQJFRUUHVSRQG
LQJWRWKHPDLQVWUXFWXUHGRQRWDIIHFWWKHFRQWUROOHULQSXW9DULDWLRQRIWKHUHTXLUHGDFWXDWLRQ
DV D IXQFWLRQ RI GLVWXUEDQFH IUHTXHQF\ LV SUHVHQWHG LQ )LJXUH  ZKHUH
)RUFH
DQG
DUHWKH'R)V\VWHPHLJHQIUHTXHQFLHV7KHPDLQREVHUYD
WLRQLVWKDWWKHUHTXLUHGDFWXDWLRQIRUFHLVQRWUHODWHGWRWKHV\VWHPPRGDOFKDUDFWHULVWLFV

)LJXUH2SWLPDOIHHGIRUZDUGLQSXW

3.2

Feedback Control

3.2.1 LQR Controller
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7KH/LQHDU4XDGUDWLF5HJXODWRU&RQWUROVFKHPHLVSUHVHQWHGLQ)LJXUH

)LJXUH/45&RQWURO

7KH SUHVHQWHG LVRODWLRQ V\VWHP LV FRQWUROODEOH rank(Ć)=4
( )
ZKHUH Ć LV WKH FRQWUROODELOLW\
DQRSWLPDOFRQWUROOHU
PDWUL[VRLIDOO6WDWH6SDFHYDULDEOHVDUHPHDVXUHG
FDQEHIRXQGXWLOL]LQJWKH/45WKHRU\7KHWHUP³RSWLPDO´KHUHUHIHUVWRWKHPLQLPL]DWLRQRI
WKHFRVWIXQFWLRQ

J

³

t1

t0

( xT Qx  uT Ru)dt

(8)

ZKHUHQDQGRDUHSRVLWLYHGHILQLWHPDWULFHVZKLFKUHSUHVHQWWKHZHLJKWWKDWSHQDOL]HVWKH
VWDWHYHFWRUxDQGWKHHQHUJ\FRVWIRULQSXWu,UHVSHFWLYHO\7KHRSWLPDOFRQWUROOHU
LVJLY
HQE\
K LQR

R 1 B T P

(9)

ZKHUHWKHPDWUL[3LVIRXQGE\VROYLQJ5LFFDWL¶VHTXDWLRQ

AT P  PA  PBR1 BT P  Q

7KHFRQWUROODZWKDWPLQLPL]HVWKHFRVWIXQFWLRQJLV
SUHVVLRQRIWKHV\VWHPZLWKWKHH[WHUQDOGLVWXUEDQFHZLOOEH
x

Ax  Bu  Gd d

(10)

0

VRWKH6WDWH6SDFHH[

A( x  BK LQR ) x  Gd d

(11)

0RUHRYHULWLV DVVXPHGWKDWWKHHQHUJ\FRVW RI WKH HOHFWULFSRWHQWLDO LV VXERUGLQDWHVR
&DVHVZLWK VPDOO ZHLJKWVZHUHWDNHQXQGHUFRQVLGHUDWLRQ Case 1: R = 0.001, Case 2: R =
0.0001
7KHYLEUDWLRQUHGXFWLRQRIWKHPDLQPDVVLVPRUHLPSRUWDQWIURPWKHRQHRIWKHVHFRQGDU\
PDVVVRWKHVWDWHYDULDEOHZHLJKWVIRUCases 1 and 2DUHFKRVHQDV

Q

ª10 0 0 0 º
« 0 10 0 0 »
«
»
« 0 0 1 0»
«
»
¬ 0 0 0 1¼

3.2.2 PD Controller
3URSRUWLRQDO'HULYDWLYHFRQWUROLVLPSOHPHQWHGDVVKRZQLQ)LJXUH
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)LJXUH3'&RQWUROOHU

7KH PHDVXUHG YDULDEOH KHUH LV WKH GLVSODFHPHQW RI P
 [ VR WKH RXWSXW PDWUL[ LV
7KH,QWHJUDOWHUPIURPWKH3URSRUWLRQDO,QWHJUDO'HULYDWLYH3,'VFKHPHLVQH
JOHFWHGEHFDXVHWKLVWHUPZRXOGDIIHFWWKHLQWHJUDORI ZKLFKLVDSDUDPHWHUZLWKQRSK\VL
FDOPHDQLQJ
DQGWKHHUURUe LV
7KHPHDVXUHGRXWSXWLVFRPSDUHGWRWKHUHIHUHQFHYDOXH r KHUH
FDOFXODWHGDQGXVHG DVLQSXWWR WKH3' FRQWUROOHU7KH RXWSXW RIWKH FRQWUROOHUVHUYHV DV WKH
LVRODWLQJLQSXWIRUFHDQGLVGHILQHGDV

u

K pe  K d

d (e )
dt

 K p y  Kd

K p (r  y )  K d

d ( y)
dt

d (r  y)
dt
(12)

 K pCx  K d Cx

ZKHUH DQG GHQRWHWKHSURSRUWLRQDODQGGHULYDWLYHJDLQUHVSHFWLYHO\VRWKH6WDWH6SDFH
H[SUHVVLRQRIWKHV\VWHPZLWKWKHH[WHUQDOGLVWXUEDQFHZLOOEHFRPH

Ax  Bu  Gd d

x
x

Ax  BK pCx  BK d x  Gd d

(13)

x( I  BK d C ) ( A  BK pC ) x  Gd d

x

A' x  B ' d

ZKHUH
A ' ( I  BK d C )1 ( A  BK pC )

  

B ' ( I  BK d C )1 Gd

DUH WKH QHZ VWDWH DQG LQSXW PDWULFHV UHVSHFWLYHO\ 7KH VHOHFWHG JDLQV DUH
DQG
G

4

ACTIVE ISOLATION SIMULATION AND RESULTS

7KHVLPXODWLRQ ZDVFDUULHGRXW LQ WKHIUHTXHQF\ GRPDLQ7KHUHVXOWV UHYHDO WKHYLEUDWLRQ
UHGXFWLRQFDSDELOLWLHVLIWKHDSSOLHGGLVWXUEDQFHLVDKDUPRQLFH[FLWDWLRQDWDVSHFLILFIUHTXHQ
F\,QRUGHUWRFRPSDUHWKHFKDQJHLQWKHV\VWHPG\QDPLFVDQGYLEUDWLRQUHGXFWLRQFDSDELOL
WLHVRIHDFKFRQWUROPHFKDQLVPWKHGLVSODFHPHQWVRIWKHWZRPDVVHVDQGWKHWUDQVPLVVLELOLW\
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WRWKHPDLQPDVVDUHSUHVHQWHGZLWKDQGZLWKRXWFRQWURO EDVHOLQH 0RUHRYHULQRUGHUWRH[
WUDFW PHDQLQJIXO GHGXFWLRQV ERWK QHDU DQG DZD\ IURP UHVRQDQFH WKH DQDO\VLV IRFXVHG RQ 
IUHTXHQFLHV  QHDUUHVRQDQFH
DQG  DZD\IURPUHVRQDQFH
4.1

Feedforward Results

7KHYLEUDWLRQLVRODWLRQLVHYLGHQWIRUERWKWDUJHWHGIUHTXHQFLHVDVVKRZQLQ)LJXUH'UDV
WLFUHGXFWLRQVDUHFDOFXODWHGORFDOO\DWWKHIUHTXHQFLHVRILQWHUHVW1HDUUHVRQDQFH Figure 6D 
ERWKPDLQDQGVHFRQGDU\PDVVGLVSODFHPHQWVDUHKHDYLO\UHGXFHGUHVXOWLQJWRH[WUHPHUHGXF
WLRQRIWUDQVPLVVLELOLW\DVZHOO7KHWDUJHWHGIUHTXHQF\DZD\IURPUHVRQDQFH Figure 6E DOVR
GHPRQVWUDWHV JUHDW YLEUDWLRQ LVRODWLRQ FDSDELOLWLHV DV ERWK PDLQ PDVV GLVSODFHPHQW DQG
WUDQVPLVVLELOLW\VKRZJUHDWUHGXFWLRQV0RUHRYHUWKHGLVSODFHPHQWRIWKHVHFRQGDU\PDVVLQ
GXFLQJWKHYLEUDWLRQLVDOVRGHJUDGHG$QRWKHULPSRUWDQWUHPDUNLVWKHIDFWWKDWHDFKFDOFX
ODWHG DFWXDWLRQ IRUFH UHGXFHV WKH WUDQVPLWWHG YLEUDWLRQ QRW RQO\ H[DFWO\ RQ WKH WDUJHWHG
IUHTXHQF\EXW LQ DEDQGZLGWK RI DWOHDVW +]7KLV LV DXVHIXOUHVXOWLQ FDVHRIPXOWL'R)
SUREOHPV ZKHUH WKH V\VWHP XQFHUWDLQW\ LV KLJKHU DQG WKH V\VWHP SDUDPHWHUV DUH QRW IXOO\
NQRZQ,WLVHDVLO\XQGHUVWRRGWKDWWKHIHHGIRUZDUGFRQWURODVGLVFXVVHGLQ6HFWLRQKHDYL
O\ LQWHUIHUHV ZLWK H[LVWLQJ V\VWHP G\QDPLFV GUDPDWLFDOO\ FKDQJLQJ WKH GLVSODFHPHQW DPSOL
WXGH DV ZHOO DV WKH IRUFH WUDQVPLVVLELOLW\ 7KH G% UHGXFWLRQV RI WUDQVPLVVLELOLW\ IRU HDFK
WDUJHWHGIUHTXHQF\DUHVKRZQLQWDEOH7DEOH

a. Focus on 21Hz

b. Focus on 30Hz
Figure 6: Feedforward Control Results
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4.2

Feedback Results

7KH VHOHFWHG SDUDPHWHUV RI /45 DQG 3' FRQWURO LQIOXHQFH WKH H[LVWLQJ LVRODWLRQ V\VWHP
G\QDPLFVLQWKHZD\WKDWLVLOOXVWUDWHGLQ)LJXUH$VVKRZQLQ)LJXUHERWK/45&DVHVGR
QRWVHHPWRVDWLVIDFWRU\LVRODWHWKHVWUXFWXUHRILQWHUHVWLQWKHZKROHIUHTXHQF\EDQGZLGWKH[
FHSWIRUWKHUHVRQDQFH7KLVLPSOLHVWKDW/45FRQWUROVOLJKWO\FKDQJHVWKHV\VWHPG\QDPLFV
PDLQO\DGGLQJGDPSLQJWRWKHUHVRQDQFHVRLWPD\QRWEHDSSURSULDWHIRUG\QDPLFLVRODWLRQ
DSSOLFDWLRQV )XUWKHUPRUH WR LPSOHPHQW /45 FRQWURO DOO VWDWH YDULDEOHV PXVW EH PHDVXUHG
ZKLFKLVQRWUHDOLVWLFDQGPLJKWEHDQLPSRVVLEOHWDVNIRUPXOWL'2)V\VWHPV
)URP WKH UHVXOWV RI )LJXUH  LW FDQ DOVR EH VHHQ WKDW E\ FKRRVLQJ DSSURSULDWH FRQWUROOHU
JDLQV DQG WKHLVRODWLRQFDSDELOLWLHVRI3' FRQWURO FDQEHVDWLVIDFWRU\HVSHFLDOO\ QHDU
UHVRQDQFH DQG WHUPVFKDQJHWKHVWLIIQHVVDQGGDPSLQJV\VWHPPDWULFHVUHVSHFWLYHO\
VKLIWLQJWKHUHVRQDQFHDZD\IURP LWVEDVHOLQHYDOXHV$VDUHVXOWWKHGLVSODFHPHQWV RIERWK
WDUJHWHGIUHTXHQFLHVDUHUHGXFHGLQERWKPDVVHVXVLQJWKHVDPHJDLQV7KHWUDQVPLVVLELOLW\LV
DIIHFWHGDQDORJRXVO\PHDQLQJWKDWLWDSSHDUVGHFUHDVHGFRPSDUHGWRWKHEDVHOLQH+RZHYHU
UHGXFHGSHUIRUPDQFHLV UHFRUGHGFRPSDUHGWR WKHIHHGIRUZDUG FRQWURO $FKLHYHG UHGXFWLRQV
DUHVXPPDUL]HGLQ7DEOH7KHEDQGZLGWKRIWKHYLEUDWLRQUHGXFWLRQXVLQJWKHH[LVWLQJYDOXHV
RI DQG LVRYHU+]

)LJXUH)HHGEDFN&RQWURO5HVXOWV
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&RQWUROVFKHPH
)HHGIRUZDUG
)UHTXHQF\>+]@
G%5HGXFWLRQ


45

3')HHGEDFN

47


28


7

7DEOH7UDQVPLVVLELOLW\G%5HGXFWLRQ

5

CONCLUDING REMARKS

&XUUHQWSDSHULQYHVWLJDWHVZLWKDVLPSOHSDUDGLJPRID'R)V\VWHPWKHFRQFHSWRIHOLPL
QDWLQJWKHIRUFHWUDQVPLWWHGIURPDQRSHUDWLQJHQJLQHWRWKHIXVHODJH7KHSURSRVHGDQWLYLEUD
WLRQV\VWHPLVEDVHGRQWKHGHYHORSPHQWRIDQDFWLYHHQJLQHPRXQWXVLQJSLH]RHOHFWULFGHYLFH
WRUHGXFHHOLPLQDWHWKHWUDQVPLWWHGIRUFHIURPWKHHQJLQHWRWKHIXVHODJH7KLVVLPSOHV\VWHP
ZDVVHOHFWHGLQRUGHUWRLQYHVWLJDWHWKHG\QDPLFLQWHUIHUHQFHDQGLVRODWLQJFDSDELOLWLHVRIWZR
GLIIHUHQWFRQWURODOJRULWKPVWKHIHHGIRUZDUGDQGIHHGEDFNFRQWURO7KHPDLQFRQWULEXWLRQRI
WKLVSDSHULVWKHGHPRQVWUDWLRQWKDWWKHSURSRVHGIHHGIRUZDUGFRQWURODFKLHYHVVLJQLILFDQWUH
GXFWLRQWRWKHWUDQVPLWWHGIRUFHVDWVSHFLILFIUHTXHQFLHVRILQWHUHVWKDYLQJPLQLPXPLQWHUIHU
HQFH WR WKH VWXGLHG V\VWHP PRGDO FKDUDFWHULVWLFV 2Q WKH RWKHU KDQG WKH IHHGEDFN FRQWURO
LQWHUIHUHVZLWK WKHG\QDPLFFKDUDFWHULVWLFV RIWKHV\VWHP VXFKDVWKHVWLIIQHVV DQGGDPSLQJ
PDWULFHVE\VKLIWLQJRUGDPSLQJWKHH[LVWLQJUHVRQDQFH7KHUHVXOWVRIGLVSODFHPHQWDQGIRUFH
WUDQVPLVVLELOLW\ UHGXFWLRQ GHPRQVWUDWHG EHWWHU UHVXOWV IRU WKH SURSRVHG IHHGIRUZDUG FRQWURO
+RZHYHUWKLVLV DSSOLFDEOHRQO\ LQ WKH FDVHWKDW WKHH[DFW FKDUDFWHULVWLFV RIWKHGLVWXUEDQFH
DUHDSULRULNQRZQ*RLQJDVWHSIRUZDUGFRPELQLQJWKHWZRPHWKRGRORJLHVVRWKDWIHHGIRU
ZDUGFRQWUROVLPXOWDQHRXVZLWKIHHGEDFNLQSXWRQOLQHFDOFXODWHVWKHSRWHQWLDOFKDQJHLQIUH
TXHQF\ RU DPSOLWXGH RI WKH GLVWXUEDQFH FRXOG OHDG WR D PRUH UREXVW FRQFHSW RI HQJLQH
YLEUDWLRQLVRODWLRQ
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AN INNOVATIVE VOXEL-BASED APPROACH FOR THE OUT-OFPLANE HOMOGENIZED LIMIT ANALYSIS OF NON-PERIODIC
MULTI-LEAF MASONRY WALLS
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Keywords: masonry multi-leaf walls, voxel based mesh, limit analysis, homogenization
Abstract. A recurring construction technique in many European countries (Italy included) is
based on the erection of multi-leaf walls. Their seismic vulnerability is usually high, due to the
fact that the wythes are poorly or by no means connected one each other. Hence, masonry
buildings with multi-leaf walls regularly display an insufficient strength against out-of-plane
actions (such as those caused by earthquakes and those causing the highest vulnerability),
which leads to partial or total collapse. This paper proposes a novel approach devoted to the
out-of-plane analysis of masonry multi-leaf walls at collapse, with special attention given to
the case of non-periodic masonry – in which the units display different geometries and are
randomly arranged in the walls. This approach is based on the so-called “voxel strategy”, in
which the 3D finite element mesh of a multi-leaf wall is created directly from the rasterized
images of its external wythes. Every pixel of the rasterized images is transformed into its 3D
counterpart (the “voxel”, indeed), which is then converted into a solid finite element. The
“voxel strategy” for generating the finite element mesh is translated into a MATLAB function,
which is itself part of a broader limit analysis approach based on the upper bound theorem,
that aims at deriving homogenized out-of-plane failure surfaces. These represent macroscopic
out-of-plane strength criteria for the selected non-periodic multi-leaf masonry walls; they are
expressed in terms of flexural and torsional moments around the horizontal and vertical axes
of the considered wall. The approach also enables the extraction of the deformed shapes at
collapse for single out-of-plane load conditions. The homogenized out-of-plane failure surfaces
are the results of an upper bound limit analysis problem coupled with homogenization, aptly
formulated as a standard-form linear programming problem. The solid finite elements of the
created mesh are rigid, and the velocity jumps at the interfaces between adjacent finite elements
obey a Mohr-Coulomb failure criterion with separate tension and compression cut-offs and
associated flow rule. A case study is investigated to benchmark the procedure, namely a rubble
masonry three-leaf wall with absente interconnection between leaves.
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1

INTRODUCTION

Multi-leaf walls are quite common in the architectural heritage of several European countries.
They are usually structured as follows: two external wythes (called also layers) of masonry are
erected, leaving a thinner in-between void that is later filled with loose material (e.g. stone chips)
or low-quality mortar. Multi-leaf walls are often characterized by a rate of transversal interconnection among the wythes that is either very poor or wholly absent most of the times. This
entails an insufficient resistance against out-of-plane actions: the outer wythe is often ejected,
weakening the construction up to the point where its partial or even total collapse is a very
likely occurrence. Unfortunately, in historical masonry buildings the presence of multi-leaf
walls is only revealed after the local or global failure of the structure. On the left, it is possible
to observe the ejection of the external wythe caused by the seismic action, although in this case
the building is still standing. On the right, it is possible to observe that the inner wythe of the
multi-leaf wall is basically absent, suggesting a total lack of transversal interconnection between the outer wythes. At present, very few papers are available with the study of multi-leaf
masonry walls (they are equally subdivided between experimental [1]-[4] and numerical approaches [5]-[8]), due to the complexity that is typical of this kind of walls, therefore it is very
difficult to employ micro- or macro-modelling approaches. In general, these walls are characterized by peculiar geometries and units’ arrangements that make each of them a unique instance; an extremely refined analytical model at the microscale is then required, which would
make any numerical analysis very cumbersome and computationally unfeasible. On the other
hand, it is also very difficult to properly investigate the mechanical properties of the masonry
constituents in these walls, not to mention the impossibility to run extensive and effective experimental tests, thus ruling out any possibility of defining a reliable macroscale model for such
kind of masonry. Eventually, assessing the actual rate of transversal interconnection between
adjacent layers represents another delicate issue to be addressed for these walls.
The pairing of homogenization and limit analysis seems to offer once more an acceptable
solution to all the aforementioned issues; this is especially true when considering the fact that
in many cases it is paramount to only assess the out-of-plane behavior at collapse of these walls
in a swift and straightforward way, and limit analysis with a homogenized approach is potentially a very powerful tool in this sense.
Therefore, this paper presents a homogenized limit analysis model aiming at investigating
the out-of-plane collapse behavior of non-periodic multi-leaf masonry walls, which is a novelty
due to the substantial lack of dedicated models in this regard. Specifically, the out-of-plane
collapse behavior is addressed by extracting out-of-plane homogenized failure surfaces for the
multi-leaf walls, which actually represent out-of-plane macroscopic strength criteria for the
considered wall. The out-of-plane kinematics of the multi-leaf wall is governed by a KirchhoffLove plate model; each wythe of the wall is provided with its own average strain rate tensor
components, whereas a single average curvature rate tensor is introduced for the wall. The outof-plane homogenized failure surfaces are derived from the solution of a mixed limit analysishomogenization problem, written into a MATLAB script as a standard-form linear programming problem; a custom-built post-processing phase enables also the extraction of the deformed
configurations at collapse (“failure modes”) for the considered multi-leaf wall.
The representative element of volume, irregular both in plane and along the thickness, is
meshed by means of a very refined voxel-based discretization where dissipation is allowed at
the interfaces between voxels. Interfaces, where all plastic dissipations occur, behave following
a cohesive-frictional failure criterion with limited tensile strength and cap in compression. Such
homogenization approach has been first applied to random one-leaf masonry in [9][10] with a
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2D pixel discretization, then extended with simple on-thickness integration to multi-leaf masonries in [11]-[12], finally changed in a more complex voxel procedure applied first to periodic
masonry in- and out-of-plane loaded in [13] and to rubble masonry in [14]-[17]. In these last
attempts, it is stressed how the representative element of volume was discretized by means of
voxels. Conversely, here it is worth mentioning that the novelty of the numerical procedure
here discussed stands in the generalization of the voxel approach to three-leaf masonry with
external leafs constituted by the irregular assemblage of stones/blocks. The possibility of a partial interlocking among leafs is in principle accounted for and any configuration of the blocks
both externally and along the thickness can be easily taken into account by means of the discretization into small voxels.
This paper is structured as follows: Section 2 offers a short presentation of the upper bound
limit analysis problem with homogenization as formulated for the present application, including
a short overview of the kinematic model here used as well as the several constraints required in
the linear programming problem. Section 3 presents a preliminary numerical application of this
model, consisting of a three-leaf rubble masonry wall. The effects on the out-of-plane collapse
behavior coming from the possible presence of separate but similar masonry bonds in the outer
wythes is finally investigated.
2

HOMOGENIZATION PROBLEM FORMULATION IN CASE OF MULTI-LEAF
WALLS

This section presents very concisely the bases of the mathematical formulation of the homogenized limit analysis problem, used to derive out-of-plane homogenized failure surfaces
for multi-leaf masonry walls Such formulation requires the definition of a kinematic model that
accounts for the presence of different layers.
Analogous to the single leaf-case [10][13][14], a representative element of volume REV
large enough to account for the irregular disposition of the stones in the leaf is a-priori selected,
in the same way done for irregular textures made by only one leaf. Then, each leaf is meshed
into rigid-infinitely resistant voxel finite elements with dissipation at the interfaces between
contiguous voxels, behaving as Mohr-Coulomb interfaces. One of the main advantages is to
deal exclusively with interfaces parallel to the material axes frame of reference. A standard
linear programming problem is then written and solved to estimate homogenized failure surfaces. Full details of the numerical implementation for single leaf irregular textures –not reported here for the sake of conciseness- can be found in [10][13][14], where the reader is
referred for further details.
The main difference with respect to the single-leaf formulation lies in the definition of separate average strain rate tensors for each wythe; conversely, the average curvature rate tensor
is still unique for all the wythes. This modification is enforced to reproduce separate in-plane
behaviors for each wythe, as is usually the case in multi-leaf walls where the wythes are not so
well connected; the use of a single average curvature rate tensor for all the wythes instead represents a simplification of the out-of-plane behavior, for which the multiple wythes cannot bend
differently with respect to each other, therefore removing the possibility of disconnection between the wythes along the out-of-plane direction (in this case, axis Z). Even though multi-leaf
walls in general do not behave as sandwich structures, it is also well known that their inner core
usually consists of either loose materials such as stone chips or materials that display poor mechanical properties. Therefore, it is totally reasonable to suppose that there is no actual contact
between the outer wythes and the inner core, which justifies the simplifications adopted in the
present formulation.
The difference between the single- and multi-leaf formulation is displayed in Figure 1, where
the macroscopic quantities involved in each case are highlighted.
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Figure 1: Difference in terms of macroscopic quantities between the single-leaf (left) and multi-leaf case
(right).

Since each voxel of the multi-leaf wall is rigid and bereft of rotation rate, its kinematics is
fully determined by the displacement rate field of its centroid ൛ݑሶ ௫ ǡ ݑሶ ௬ ǡ ݑሶ ௭ ൟ, where axis Z represents the transversal direction. The use of a Kirchhoff-Love plate model leads to the following
expressions for the three components of the displacement rate field, written for each wythe in
the general case of a three-leaf masonry wall:
ଵ
ଵ
ݑሶ ௫ ൌ ݑሶ ௫ǡ  ܧሶ௫௫
 ீݔ ܧሶ௫௬
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Where (1)-(3) refers to wythe 1, (4)-(6) to wythe 2, (7)-(9) to wythe 3, ൛ݑሶ ௫ǡ ǡ ݑሶ ௬ǡ ǡ ݑሶ ௭ǡ ൟ
௧
௧
௧
ǡ ܧሶ௫௬
ǡ ܧሶ௬௬
ൟ are the components of the average inis the periodic velocities of the element, ൛ܧሶ௫௫
plane strain rate tensor of each ݐ-th wythe of the multi-leaf wall and ൛߯ሶ ௫௫ ǡ ߯ሶ ௫௬ ǡ ߯ሶ ௬௬ ൟ are the
components of the average curvature rate tensor (with ߯ሶ ௬௫ equal to ߯ሶ ௫௬ for symmetry). In com-
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pliance with the hypothesis of a Kirchhoff-Love plate model, such kinematics satisfies the requirements of ߯ሶ ௫௫ ൌ െ

డమ ௨ሶ 
డ௫ మ

, ߯ሶ ௬௬ ൌ െ

డమ ௨ሶ 
డ௬ మ

డమ ௨ሶ

, and ߯ሶ ௫௬ ൌ െʹ డ௫డ௬ .. When compared with a classic

homogenization problem, the novelty is that a different in-plane average strain rate tensor is
enforced in the different leaves (3 in this case), so the total number of macroscopic unknowns
is
here
equal
to
12,
namely
9
in-plane
macroscopic
strain
rates
ଵ
ଵ
ଵ
ଶ
ଶ
ଶ
ଷ
ଷ
ଷ
ሶ
ሶ
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ሶ
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ሶ
ሶ
ሶ
൛ܧ௫௫ ǡ ܧ௫௬ ǡ ܧ௬௬ ǡ ܧ௫௫ ǡ ܧ௫௬ ǡ ܧ௬௬ ǡ ܧ௫௫ ǡ ܧ௫௬ ǡ ܧ௬௬ ൟ and 3 curvature rates ൛߯ሶ ௫௫ ǡ ߯ሶ ௫௬ ǡ ߯ሶ ௬௬ ൟ, instead of the
classic 6 components originally included in the single-leaf formulation.
A master-slave formulation is also adopted to reduce the computational effort, which consists in considering the stones/blocks infinitely resistant, i.e. assuming only 6 kinematic unknowns for all the voxels belonging to the same stone. The relations that link the kinematic
field of a single finite element and that of the masonry unit to which it belongs, are the following:
(10)
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(12)

Where ݑሶ ௫ெ , ݑሶ ௬ெ , and ݑሶ ௭ெ are the components of the displacement rate field of a generic masonry unit (the “master element”, superscript M) expressed according to Eqs. (1)-(9), ீݔெ , ீݕெ ,
and ீݖெ are the coordinates of the centroid of the stone/block, ݑሶ ௫ௌ , ݑሶ ௬ௌ , and ݑሶ ௭ௌ are the components of the displacement rate field of a generic finite element belonging to the considered
masonry unit (the “slave element”, superscript S), expressed according to Eqs. (1)-(9) as well.
ሶ ெ are the rotations of the master element about the X and Y axes, respectively; in
ሶ ெ and ߠ௬௬
ߠ௫௫
fact, the kinematics of any master element is here enriched to enable the occurrence of macroscopic rotations, which are displayed in the deformed shape of the multi-leaf wall associated to
an out-of-plane load condition.
No modifications with respect to the single leaf case are needed by the constraints related to
the periodicity of the velocity field at the boundaries. Conversely, the equation that expresses
the normalization of the dissipated external power - needs to be modified as follows:
ଵ
ଵ
ଵ
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ܯ௫௫ ߯ሶ ௫௫  ܯ௬௬ ߯ሶ ௬௬  ܯ௫௬ ߯ሶ ௫௬ ൌ ͳ
Eventually, the homogenized limit analysis problem is once more formulated as a linear
programming problem. The objective function that ought to be minimized is still the dissipated
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internal power, and the equality constraints are still given by periodicity conditions and constraints for plastic flow in continuum, provided that they include the modifications introduced
in the previous equations. In the usual standard form, the components of the average strain
tensors are split with a decomposition assuring that optimization variables are all non-negative:
ܧሶ௧ ൌ ܧሶ௧ǡା െ ܧሶ௧ǡି

(14)

݅ǡ ݆ ൌ ݔǡ ݕ

The standard form for this linear programming problem can therefore be written as follows:
Minimize ࢀ ࢄ

(15)

Subject to ࢄ ൌ 

(16)
(17)

ࢄ

Where CTX is the dissipated internal power, X collects all non-negative optimization variables, according to Eq. (14), which include macroscopic strain and curvature rates, master elements velocities, periodic velocities and plastic multipliers and AX=B collects all the equality
constraints, which include among the others Eqs. (10)-(13).
An efficient linear programming solver as CPLEX is utilized to deal with several variables
and the need to recursively solve Eqs. (15)-(17) to find an approximation of the homogenized
strength domain, also changing the REV considered (an operation needed when the external
leaves are constituted by irregular stones disposed randomly and the identification of a suitable
test window is required [10]).
3

CASE STUDY

A multi-leaf case study is investigated in terms of out-of-plane homogenized failure surfaces.
The case study deals with a three-leaf wall whose outer wythes consist of rubble masonry. Two
separate sets of mechanical parameters (cohesion, friction angle, tensile strength, and compressive strength) are employed: one set is dedicated to simulate the properties of the outer wythes,
the other set is dedicated to simulate the properties of the inner wythe, which is supposed to
consist of low quality mortar. Both sets are listed in Table 1.

Type of interface
Outer
wythes
Mortar inner
wythe

Cohesion
[MPa]

Friction angle [°]

Tensile
strength
[MPa]

Compressive
strength
[MPa]

0.15

30

0.1

1.5

0.05

35

0.02

0.5

Table 1: Mechanical properties for the material employed.
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(a)

(c)

(b)

(d)

Figure 2: (a) Test-window C of case study 1; (b) test-window B of case study 1; (c)
in-plane configuration of both the outer wythes for Instance 1, and of one wythe of
Instance 2; (d) in-plane configuration of the other outer wythe of Instance 2.

3.1 Three-Leaf Rubble Masonry Wall
The case study under consideration consists of a three-leaf wall whose outer wythes are rubble masonry walls. Two instances of such wall are created aiming at investigating how the
possible presence of different rubble masonry bonds influences the out-of-plane response of a
three-leaf wall: specifically, one is named “Instance 1” and considers test-window C of case
study 1 illustrated in [10][18], as the masonry bond for both outer wythes (Figure 2a), whereas
the other is named “Instance 2” and employs the previous masonry bond for a single wythe,
considering instead test-window B of the same case study as the masonry bond for the opposite
wythe (Figure 2b). In both instances, a 5×5 coarsing strategy is employed to reduce the number
of finite elements in the analytical models (Figure 2c and Figure 2d), see also [10][18] for a
better insight into the coarsing strategy adopted to speed up computations; the outer wythes are
supposed to be 40 cm thick and the mortar inner one 15 cm thick. The 3D finite element meshes
of the two instances are shown in Figure 3 along with their exploded view: the outer wythes
employ 16 finite elements over the thickness, while the mortar inner one employs 6 finite elements over the thickness.
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(a)

(b)

(c)

(d)

Figure 3: Case study considered to benchmark the procedure: (a) 3D finite element mesh for Instance 1; (b)
exploded view of the 3D finite element mesh for Instance 1; (c) 3D finite element mesh for Instance 2; (d) exploded view of the 3D finite element mesh for Instance 2.

Figure 4 shows the comparison between the two instances in terms of flexural and torsional
out-of-plane homogenized failure surfaces. It is possible to observe that Instance 2 (the one
with different rubble masonry bonds in the outer wythes) displays larger failure surfaces in both
the flexural and torsional cases: this means that, when it comes to rubble masonry three-leaf
walls, the presence of different bonds in the outer wythes somehow increases the out-of-plane
resistance of the wall, probably due to the combined effect of the two different types of irregularity at the extremities.
The deformed shapes at collapse (“failure modes”) of the two instances of this case study
are shown in Figure 5, which come from the single application of ܯ௫௫ , ܯ௬௬ , and ܯ௫௬ . The
outcomes of both the out-of-plane homogenized failure surfaces are corroborated: in fact, it is
possible to observe how Instance 2 shows less widespread crack patterns for all the applied
moments, suggesting a more compact (and, in the end, stiffer) out-of-plane response with respect to Instance 1.
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Figure 4: Flexural and torsional out-of-plane homogenized failure surfaces for the two instances of the first
case study.
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Instance 1

Instance 2

ࡹ࢞࢞

ࡹ࢟࢟

ࡹ࢞࢟

Figure 5: Failure modes under ܯ௫௫ , ܯ௬௬ , and ܯ௫௬ for the two instances of the first case study.

4

CONCLUSIONS

The paper presented the first results obtained with a simple homogenized limit analysis
model able to predict the ultimate out-of-plane behavior of non-periodic multi-leaf walls. The
approach proposed enabled the derivation of out-of-plane homogenized failure surfaces for the
multi-leaf wall, which can be useful for a quick assessment of the out-of-plane ultimate behavior of entire façades. The out-of-plane homogenized failure surfaces were obtained from the
iterated solution of a standard linear programming problem with coupled kinematic limit analysis and homogenization hypotheses. The multi-leaf wall was discretized into infinitely resistant small voxels and the homogenization problem was solved in the rigid-plastic case
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following a Kirchhoff-Love plate formulation. A preliminary numerical application was discussed, relying into a three-leaf non-periodic masonry wall, where external leaves consisted of
rubble masonry. The effect due to the possible presence of separate but similar masonry bonds
in the outer wythes were also investigated, showing that the presence of two different wythes
increases the out-of-plane response of the wall both under flexural and torsional actions. The
effects induced by (i) the presence of quasi periodic masonry for the external leaves and (ii) a
good transversal interconnection between the outer wythes are two future issues to be investigated. A final implementation of the homogenization procedure at a structural level for the
determination of the seismic vulnerability of entire multi-leaf masonry façades will be the last
step of the research.
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Abstract. Induced seismicity due to gas extraction in the province of Groningen in the Netherlands has a noticeable impact on building structures. Historic masonry structures in the area,
which are non-engineered and lacking empirical design features often present in traditionally
seismic regions, are especially vulnerable to dynamic loading. Compounding the problem, gas
extraction additionally generates soil settlement, which can induce damage to masonry buildings and thus reduce their capacity to bear seismic loads.
The objective of this paper is the evaluation of the performance of a widely used structural
intervention method applied in masonry structures in the Groningen region of the Netherlands.
This method, initially developed against soil subsidence damage, consists in the embedment of
stainless steel helical bars in repointed bed joints. Additionally, diagonal anchors are placed
in drilled holes across existing cracks in the masonry. The increase in induced seismicity in
Groningen raises the question whether this intervention technique can additionally enhance the
behaviour of masonry structures during seismic loading.
A masonry wall was experimentally tested in two conﬁgurations: a) a pre-damaged state,
with simulated damage typical of imposed soil settlement, and b) a post-damaged and postintervention state, this being the wall from the previous conﬁguration after being tested to its
maximum base shear and subsequently strengthened. Differences between the two conﬁgurations in terms of stiffness, peak force and prevalent damage patterns are discussed.
Accompanying the experimental campaign, results of ﬁnite element simulations of the strengthened wall are presented. The strengthened wall is simulated using non-linear macro-modelling
techniques. The model accounts for the experimentally simulated damage as well as for the
damage arising after the testing in the ﬁrst conﬁguration. The analysis results clarify and
quantify the experimental observations on the strengthened wall, particularly as regards stress
development and bond-slip in the reinforcement bars.
Based on the experimental and numerical results, the effectiveness of the intervention in
restoring the strength of the wall and in preventing the re-emergence of major diagonal cracking
is conﬁrmed.
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1
1.1

INTRODUCTION
State of the art and motivation

Induced seismicity is the term used for describing low-magnitude ground shaking caused by
human activity. It is characterised by high frequency of incidence, potentially exceeding hundreds of events every year in a single location. Among the main human activities linked to the
generation of induced seismicity events is gas extraction [1]. While these low-magnitude earthquakes typically do not pose a threat to the structural safety of buildings and infrastructure, they
can gradually reduce the durability and aesthetic integrity of structures through the formation
and accumulation of light damage.
Soil-subsidence and uplift are responsible for the formation of damage in structures. The
difference in stiffness between the superstructure/foundation and the soil causes the induction
of bending and shear strain in buildings, an effect known as soil-structure interaction [2]. Gas
extraction, in addition to inducing seismicity, leads to soil subsidence over wide geographic
areas. Masonry structures are particularly vulnerable to soil-structure interaction effects due to
their high stiffness and low tensile strength.
Due to the presence of soft clay, sand and peat top-soils, the Dutch region of Groningen
has continuously experienced soil subsidence. Over the preceding decades, repair measures
have been employed against the effects of soil movement in historic and traditional masonry
buildings. One such widely employed measure consists in the placement of stainless steel
helical bars in bed joints repointed using a high strength mortar. Additional bars are placed
across cracks formed in masonry through drilled pilot holes. In more recent times, gas extraction
operations in the region have not only exacerbated soil subsidence, but have been the cause of
induced seismicity. This combined action poses substantial risk to the durability of the masonry
building stock in the region, including both vernacular and monumental structures [3]. The role
of the embedded reinforcement bars in enhancing the seismic capacity of masonry buildings, a
role for which it was not originally intended, has not been sufﬁciently studied.
The role of embedded steel or CFRP reinforcement in masonry has received some attention
in the literature, in both experimental and numerical studies [4, 5, 6]. However, the role of
bed joint reinforced repointing as the main means of strengthening has not been sufﬁciently
investigated, particularly in full-scale structures.
1.2

Objectives

The main objective of the paper is the evaluation of the overall role of bed joint reinforced
repointing for masonry walls on structural behaviour under in-plane earthquake loading. The
conditions in Groningen require that the walls be tested in a combination of subsidence- and
earthquake-induced loads. Further, the nature of induced seismicity requires that structural
behaviour be evaluated for both low- and high-magnitude loading.
The strengthening technique is evaluated in terms of contribution to capacity and ductility.
Additionally, the shift in failure mode during low- and high-magnitude loading is an important
parameter to consider.
1.3

Methodology

The effectiveness of the strengthening was evaluated through preliminary experimental testing of masonry walls with dimensions and layout commonly encountered in Groningen. Two
walls with a window opening and simulated damage were tested up to light damage. Subse-
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quently, one of the walls was strengthened and re-subjected to the light damage loading protocol. Finally, both the unstrengthened and strengthened walls were tested up to failure.
Following the experimental testing, a numerical campaign was executed. The primary objective of the campaign was the simulation of the strengthened wall test. Different modelling
techniques were employed in order to establish the inﬂuence of the modelling approach on the
results.
This paper focuses on the numerical simulation of the in-plane testing of the strengthened
wall. The experimental results of both the unstrengthened and strengthened walls are detailed
in a separate work [7]
2
2.1

EXPERIMENTAL CAMPAIGN
Testing of constituent materials

The units were solid clay bricks measuring 210 × 50 × 100 mm3 in length × height × width.
The width of the walls is equal to the width of the units. These units are very typical in traditional clay-brick masonry construction in the Netherlands, including in Groningen, and feature
a high compressive strength [8].
The construction mortar was an O-type lime cement mortar, with an expected compressive
strength of 2.4 N/mm2 at 28 days. While this mortar type is not typically recommended for
load-bearing members in new construction, it offers a reasonable approximation of traditional
mortars while simultaneously not requiring excessive curing time before developing a compressive strength sufﬁcient for low-rise construction. The thickness of all mortar joints was 10 mm.
The properties of the units and mortar as determined experimentally are shown in Table 1.
Parameter Symbol
Unit compressive strength
fc,u
Mortar compressive strength
fc,m

Units
N/mm2
N/mm2

Average
28.31
3.59

Coefﬁcient of variation
0.10
0.09

Table 1: Results of masonry constituent material tests.

2.2

Testing of masonry composite

Masonry wallets were subjected to different mechanical tests for the determination of the
properties of the masonry composite. Further, the mechanical properties of the unit-mortar
interface were determined experimentally.
Compressive tests on the masonry composite were executed according to EN 1052-1 [9],
both normal and perpendicular to the bed joints (vertical and horizontal directions).
The shear strength of the unit-mortar interface was characterised through triplet testing according to EN 1052-3 [10]. The tensile strength of the interface was determined through
manually-operated bond-wrench testing according to EN 1052-5 [11].
The results of the masonry composite tests are summarised in Table 2.
2.3

Layout of masonry walls

The masonry wall samples measured 3070 × 2690 × 100 mm3 in length × height × width,
with an eccentric window opening measuring 780 × 1510 mm2 in length × height. The masonry
was constructed in single-wythe running bond, with a concrete lintel constructed over the open-
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Parameter
Horizontal compressive strength
Vertical compressive strength
Horizontal compressive fracture energy
Vertical compressive fracture energy
Horizontal Young’s modulus
Vertical Young’s modulus
Initial shear strength
Friction coefﬁcient
Shear fracture energy
Flexural bond strength
Flexural bond fracture energy
Density

Symbol
fc,x
fc,y
Gc,x
Gc,y
Ex
Ey
fv0
μ
Gv
fw
Gw
ρ

Units
N/mm2
N/mm2
N/mm
N/mm
N/mm2
N/mm2
N/mm2
N/mm
N/mm2
N/mm
kg/m3

Average
13.11
12.93
35.06
28.63
3207
3190
0.13
0.82
0.30
0.08
0.0069
1708

Coeff. of variation
0.18
0.07
0.19
0.11
0.18
0.24
0.32
0.07

Table 2: Material properties of masonry composite.

ing. The walls were constructed in a single day by an experienced mason. The samples were
were constructed directly atop a steel HEB 300 beam and capped with a HEB 600 beam.
For the simulation of damage caused by soil settlement, thin plastic sheets were introduced
at targeted locations between the units and the mortar, thus preventing the formation of the
unit-mortar interface bond, but allowing the mortar to develop its compressive strength. This
damage is designated as ‘pre-damage’ in this paper. It consists in diagonal cracks near the edges
of the window, as would be formed from a sagging deformation towards the right of the wall.
The layout of the walls, along with the disposition of the pre- and post-damage, can be seen
in Figure 1a.
2.4

Strengthening method and intervention materials

The strengthening method consists in two interventions: a) the embedment of horizontal
helical bars in repointed bed joints and b) the insertion of diagonal helical bars in pilot holes
across formed cracks, without grout or other anchoring measures.
The repair mortar used in this application is a strong cementitious intervention material that
can be injected in mortar joints. Its expected compressive strength at 28 days is 45 N/mm2 . For
the repointing of the bed joints, a 40 mm portion of the joint was removed from one face of the
wall. Subsequently, helical bars were placed in the groove singly or in pairs and the groove was
completely ﬁlled with the repair mortar. This intervention method introduces some eccentricity
to the wall, since the bars are not placed centrally along the thickness of the wall and since the
repair mortar, applied on a single face, is much stiffer than the construction mortar.
The helical bars are stainless steel grade ASTM 304, with a diameter of 6 mm. The steel has
a yield strength of 215 N/mm2 and a tensile strength of 505 N/mm2 . The bond-slip behaviour
of the bars was investigated in two setups: a) in bars embedded in repair mortar for testing the
behaviour of the bed joint reinforcement and b) in bars inserted vertically in masonry prisms
for testing the behaviour of the diagonal reinforcement [12]. The test results were ﬁtted to the
piecewise Model Code 2010 bond-slip model [13]:
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Figure 1: a) Layout of strengthened masonry wall. Pre-damage in orange, post-damage in red. Single bed joint
bars in purple, double bed joint bars in green, diagonal anchors in blue. b) Cross-section of repointed joint. All
dimensions in mm.
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where a is a numerical parameter controlling the shape of the initial branch, τmax is the peak
bond stress, τ f is the residual bond stress and s1 , s2 and s3 are slip values determining the
inﬂection points of the bond-slip curve. The value of s1 is here considered as the elastic limit
for the bond-slip. The experimentally determined bond-slip properties according to Eq. 1 are
summarised in Table 3.
s1
s2
s3
mm
mm
mm
Bed joint 5.0 110.0 120.0
Diagonal 20.0 45.0 50.0

τmax
N/mm2
2.0
1.3

τf
N/mm2
0.05
0.05

a
0.7
0.7

Table 3: Numerical parameters for Model Code 2010 bond-slip model.

The properties of the repair materials are summarised in Table 4. The repair mortar was
tested at 28 days and the properties of the bars are determined according to the properties of
ASTM 304 stainless steel.
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Material
Repair mortar
Helical bar

Parameter
Symbol
Compressive strength
fc,M
Flexural strength
fb,M
Young’s modulus
Es
Yield strength
fy,s
Tensile strength
ft,s

Units
N/mm2
N/mm2
N/mm2
N/mm2
N/mm2

Average
46.42
7.68
193000
215
505

Coeff. of variation
0.09
0.24
-

Table 4: Mechanical properties of repair materials.

2.5

Testing procedure for masonry walls

A vertical compressive load of 0.12 N/mm2 was applied on the top beam. The testing setup
allowed rotation of the top (cantilever conﬁguration). The horizontal in-plane load was applied
in displacement control through a horizontal actuator to the top steel beam. Digital image
correlation and an arrangement of sensors were employed for monitoring the deformation and
crack pattern of the walls.
Both walls were initially tested in their un-strengthened, pre-damaged state up to light damage. The damage due to this test, similar in pattern for both walls, was documented and designated as ‘post-damage’ and was concentrated at the mortar joints. These cracks propagate
from the corners of the window, both as extensions of the pre-damage and in new locations, and
propagated primarily in a diagonal direction. One wall was subsequently strengthened using the
repair mortar and helical bars and diagonal ties. Finally, both walls were tested up to failure.
The geometric layout of the bars is illustrated in Figure 1a, while a cross-section of a repointed
bed joint can be seen in Figure 1b.
The loading protocol for in-plane shear-compression was designed in order to simulate the
loading that may arise in regions were both soil settlement and induced seismicity are encountered [7]. Thus, the loading protocol for both tests was composed of three phases. In phase 1,
low-magnitude repeated in-plane displacement was applied. In phase 2, low magnitude cyclic
loading was applied. In phase 3 the target displacement per cycle was increased in magnitude
up to failure of the wall. The loading protocol is detailed in Table 5. The net displacement refers
to the displacement of the top beam with respect to an external reference point, excluding rotations of the setup and horizontal displacement of the bottom beam with respect to the external
reference.
2.6

Experimental results

The results of the in-plane tests are illustrated in terms of force displacement graphs obtained
in phase 3 in Figure 2. The eccentric placement of the window results in noticeable difference
in the capacity and stiffness of the unstrengthened wall in the negative and positive direction.
The unstrengthened wall presents substantial residual drift accumulation for negative displacement, whereas the residual drift is reduced in magnitude and oscillates according to the loading
direction in the strengthened case.
Despite the wall having sustained substantial damage in the initial test, the strengthening
technique not only restores the strength and stiffness of the wall, but modestly enhances these
parameters. Similarly enhanced is the ductility of the wall, with limited reduction in the shear
force after attaining its peak value. Further, the strengthening reduces the difference between
the response in the negative and positive directions.
The crack patterns registered through digital image correlation for both the unstrengthened
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Phase

1

2

3

Cycle

Runs

C1
C2
C3
C4
C5
C6
C7
C8
C9
C10
C11
C12
C13
C14
C15
C16
C17
C18
C19
C20

30
30
30
30
30
30
30
30
30
30
30
30
4
4
2
2
2
2
2
2

Net horizontal displacement
mm
0.73
0.92
1.09
1.28
1.50
0.73
-0.75
0.92
-0.96
1.13
-1.15
1.33
-1.37
1.53
-1.58
1.72
-1.77
1.93
-1.98
2.48
-2.52
7.87
-7.91
13.28
-13.29
26.76
-26.79
40.25
-40.30
53.77
-53.80
67.26
-67.28
80.76
-63.31

Table 5: Loading protocol for the in-plane shear-compression test.

and strengthened walls are illustrated in Figure 2. In the unstrengthened wall the diagonal
cracking around the window is prevalent. The presence of the bars in the strengthened wall
produces a shift in the arrangement of the crack pattern. The bed joint reinforcement prevents
for the most part the diagonal cracks from propagating, resulting in the formation of more
pronounced horizontal cracks. These cracks are well-deﬁned at the top of the two piers, but
are more distributed at the base of the piers. Damage in the spandrel is signiﬁcantly limited
compared to the unstrengthened case. Both piers in both tests are generally undamaged due to
the predominance of rocking in their response. Toe crushing was not extensive due to the low
vertical load.
3
3.1

NUMERICAL SIMULATION OF STRENGTHENED WALL
Modelling approach

The modelling campaign presented here focuses on the strengthened wall. Analyses of the
unstrengthened wall, with the absence of pre-damage, have been presented in a previous work
[14].
For the simulation of the in-plane experiment, a ﬁnite element macro-modelling approach is
adopted in this paper. In this approach, the masonry composite is modelled as a plane stress
orthotropic continuum, with no distinction between units and mortar in the analysis domain.
The mean edge length of the ﬁnite element mesh was 30 mm. Each cycle of the loading protocol
was executed once. A regular Newton-Raphson scheme was employed for the iterations and an
energy norm of 0.1% was used as a convergence criterion at each load step.
The ﬁnite element model was constructed and analysed using the DIANA ﬁnite element
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Figure 2: Force-displacement graphs for phase 3: a) unstrengthened wall and b) strengthened wall. Experimentally obtained damage patterns for: c) unstrengthened wall and d) strengthened wall. Damage arising in phase 1
(orange), in phase 2 (red) and in phase 3 (blue).

program. Material non-linearity was modelled using the Engineering Masonry Model, jointly
developed by TU Delft and DIANA FEA [15]. Within an anisotropic total strain context, the
model accounts for the compressive, shear and tensile failure of the masonry composite.
The tensile strength of the masonry composite in two orthogonal in-plane directions is calculated as a function of the masonry bond, unit-mortar bond strength, friction angle and shear
strength.
In the direction normal to the continuous bed joints (vertical), the tensile strength of masonry
is determined at the load of ﬁrst cracking during the bond strength test, empirically equal to:

ft,y =

2
fw
3

(2)

In the direction parallel to the bed joints (horizontal), the tensile strength of masonry is equal
to:
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ft,x = τmax / tan(α)

(3)

where α is the angle between the staircase crack and the bed joint (here equal to 0.50 rad) and
τmax is equal to:
τmax = max [0, fv0 − σy μ]

(4)

where σy is the vertical stress, compression being negative. Diagonal staircase cracking, deﬁned
as the opening of a crack at an angle of α from the horizontal, is evaluated against the diagonal
tensile strength, calculated as:

ft,a =

%

2 sin2 π
ft,x
2

ft,x ft,y
&
&
%
2 cos2 π − α
− α + ft,y
2

(5)

The reinforcement bars were modelled as truss elements embedded in the plane stress elements. Their bond-slip behaviour is modelled by considering a uniaxial constitutive relation
between slip and bond stress according to Eq. 1. Yielding of the bars is also considered with
a uniaxial constitutive relation between axial strain and stress according to the properties of
ASTM 304 stainless steel. The material properties as summarised in Table 2 and Table 3 were
used as input for the model without further calibration.
To model the pre- and post-damage, reduced strength and stiffness were assigned to the
damaged areas of the masonry. The compressive strength was left unchanged due to the damage
having been caused by opening of the unit-mortar interface. The tensile and shear strength, as
well as the tensile and shear fracture energy, were reduced to zero in order to account for the
artiﬁcial absence of bond in the pre-damage and the loss of interface cohesion in the postdamage due to crack opening. The Young’s modulus was reduced by 50% in all damaged
locations.
The top steel beam was modelled as an elastic beam element in perfect bond with the masonry wall. The model was clamped at the base and unrestrained at the top. Out-of-plane effects
that may arise due to the eccentricity of the reinforcement were not considered in the model.
4

NUMERICAL ANALYSIS RESULTS

The numerical force-displacement curve for phases 1 and 2, in comparison with the experimentally derived curve, is presented in Figure 3. The stiffness of the structure is approximated
well. The peak force is overestimated by 20% in the positive direction, but predicted with good
accuracy in the negative direction. The hysteresis loops are also better approximated in the
negative direction.
The numerically obtained crack patterns are shown in Figure 4 at the instances of peak negative and positive applied displacement. The cracking pattern matches the experimentally obtained damage to a signiﬁcant extent, with the exception of the re-opening of the diagonal crack
at the upper left corner of the window for positive displacement instead of the formation of a new
horizontal crack propagating towards the edge of the wall. The difference in the crack pattern
for positive displacement is possibly linked to the overestimation of the peak force in that loading direction. It is interesting to note that this horizontal crack was formed in the unstrengthened
wall during phase 1 but was not formed in the wall that was eventually strengthened.
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Figure 3: Comparison of experimental with numerically-derived force-displacement curve for phase 2.

(a)

(b)

Figure 4: Numerically obtained crack patterns, as crack strain vectors parallel to the crack in red, for phase 2 at: a)
peak negative displacement (−1.98 mm) and b) peak positive displacement (1.93 mm).

The bed joint reinforcement, being oriented in parallel with the main direction of cracking,
did not register any substantial slipping. The maximum axial stress borne by the bed joint bars
was 53.2 N/mm2 well below the yield strength (215 N/mm2 ). The maximum slip of the diagonal anchors was roughly 0.26 mm, while the maximum axial stress was limited to 1.5 N/mm2 .
The numerical force-displacement curve for phase 3, in comparison with the experimentally
derived curve, is presented in Figure 5. The stiffness of the structure is well approximated,
as is the capacity in the negative direction. As in the simulation of the previous phase, an
overestimation of the capacity in the positive direction was obtained, but this overestimation is
much reduced in this phase. The hysteresis cycles are well approximated up to a displacement
of 20 mm and 40 mm in the positive and negative directions respectively. The residual resistance
of the wall in the positive direction is very well approximated and is slightly overestimated in
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the negative direction.
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Figure 5: Comparison of experimental with numerically-derived force-displacement curves for phase 3.

The cracking pattern obtained numerically for phase 3 is shown in Figure 6. In the negative
loading direction the network of mostly horizontal cracks formed at the lower right portion of
the base of the wall is reproduced numerically. The cracks at the lower left of the window are
partially reproduced, while the horizontal crack starting at the upper right edge of the window is
partially reproduced in the simulation. For applied positive displacement, the horizontal crack
at the upper left edge of the window propagates to a greater degree and is in better agreement
with the experimental results. The length of the crushed toe is negligible due to the low ratio of
applied vertical stress over the compressive strength.

(a)

(b)

Figure 6: Numerically obtained crack patterns, as crack strain vectors parallel to the crack in red, for phase 3 at: a)
peak negative displacement and b) peak positive displacement.

Similarly to the results obtained in phase 1 and 2, slipping in the horizontal bars is negligible.
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However, the peak axial stress registered at the lower right of the opening for maximum applied
horizontal displacement was 239.1 N/mm2 , which is slightly higher than the yield strength. The
maximum slip of the diagonal anchors was 8.2 mm and the maximum axial stress 21.9 N/mm2 .
The behaviour of the reinforcement at key locations on the structure is detailed in Figure 7.
The axial stress of the bed joint reinforcement follows a generally linear correlation with the
applied net displacement, up to an applied displacement of 40 mm. For higher applied displacement the peak axial stress hovers at a plateau of roughly 230 N/mm2 , which is higher than
the yield stress of 215 N/mm2 . The bond-slip at the diagonal bars above the window opening
remain below than 1 mm for an applied displacement lower than 7.91 mm. For higher levels
of applied displacement, the bond-slip obtained at the peak of the load cycle increases linearly
with the net horizontal displacement.
a)

b)
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Figure 7: Numerically calculated behaviour of reinforcement during phase 3: a) axial stresses at bed joint reinforcement bars below the window opening and b) bond-slip of diagonal anchors above window opening. Locations
of measurement indicated in colour-coded wall drawing insets.

It is generally concluded that the diagonal anchors, due to the low stiffness of their bond with
the masonry, develop very low axial stresses and exhibit substantial bond-slip. Increasing the
bond with the masonry through an enhancement of the mechanical anchoring of these bars could
potentially increase their contribution to the behaviour of the strengthened wall. Conversely, the
bed joint bars, which feature a stronger bond with the repair mortar, contribute more substantially to the response of the wall through the restraint of diagonal crack propagation. Bond-slip
is negligible but yielding occurs below the window opening for high applied net displacement.
Due to their orientation, these bars do not contribute to the rocking mode capacity of the piers,
but are nevertheless effective in reducing crack propagation, particularly in the spandrel.
Overall, without resorting to any undue calibration of material parameters, the numerical effort is able to reproduce the main characteristics of the response registered in the experiments.
This renders the numerical results a valuable tool in the assessment of the performance of the
reinforcement, direct measurements of which were not possible to be acquired during the experiments. Finally, the capture of the main characteristics of the response through the model
paves the way for application in larger and more complex cases.
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5

CONCLUSIONS

The performance of bed joint reinforced repointing as employed for masonry structures in
the Groningen region of the Netherlands was investigated. A masonry structure subjected to
settlement-induced damage, followed by in-plane seismic loading was experimentally tested.
The structure was strengthened using a technique widely employed in practice but lacking in
rigorous experimental validation.
The reinforcement was experimentally shown to provide a modest increase to the in-plane
stiffness and force capacity of masonry walls, in addition to a substantial increase in displacement capacity. This is accomplished despite the presence of damage induced by settlement and
prior seismic loading. The strengthening is shown to prevent new diagonal cracks from forming
in the spandrels, reduces the obtained crack width and reduces the crack propagation length.
The experimental tests were simulated numerically for assisting in the interpretation of the
experimental results and for the investigation of the performance of the bed joint reinforcement
and anchors. The numerical reproduction of the tests highlights crucial aspects in the performance of the reinforcement. Minimal bond-slip occurs and high axial stresses are developed in
the bed joint bars. Conversely, the diagonal anchors exhibit substantial slipping and low axial
stresses. It is therefore concluded that the contribution of the bed joint reinforcement is more
substantial than that of the anchors.
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3HL[XDQ :DQJ -DFRSR 6FDFFR *DEULHOH 0LODQL DQG 6KHQJFDL /L


3ROLWHFQLFR GL 0LODQR 'HSDUWPHQW RI $UFKLWHFWXUH %XLOW (QYLURQPHQW DQG &RQVWUXFWLRQ (QJLQHHULQJ
3LD]]D /HRQDUGR GD 9LQFL   0LODQ ,WDO\
SHL[XDQZDQJ#SROLPLLW MDFRSRVFDFFR#SROLPLLW JDEULHOHPLODQL#SROLPLLW


<DQJ]KRX 8QLYHUVLW\ &ROOHJH RI &LYLO 6FLHQFH DQG (QJLQHHULQJ
+XD\DQJ $YHQXH 1R  <DQJ]KRX -LDQJVX &KLQD
OLVF#\]XHGXFQ

.H\ZRUGV 0DVRQU\ SDJRGD )( VLPXODWLRQ 'DPDJH FKDUDFWHULVWLFV '\QDPLF DQDO\VLV
(DUWKTXDNH
$EVWUDFW $V DQ LPSRUWDQW KLVWRULFDO UHOLF RI KXPDQ EHLQJ PDVRQU\ SDJRGD LV WKH JUHDW
VLJQLILFDQFH LQ WKH HDVWHUQ DQG ZHVWHUQ DUFKLWHFWXUDO FXOWXUHV 7KHVH SDJRGDV XVXDOO\ KDYH
ODUJH VHOIZHLJKW ORZ PDWHULDO VWUHQJWK FRPSOH[ VWUXFWXUH ZKLFK KDYH EHHQ VHULRXVO\
DIIHFWHG E\ QDWXUH DQG PDQ PDGH EHFDXVH RI WKHLU DJHV 0RVW RI WKH H[LVWLQJ PDVRQU\ SDJRGDV
LQ &KLQD ZKLFK KDYH EHHQ VHULRXVO\ GDPDJHG XUJHQWO\ QHHG GHWDLOHG VWUXFWXUDO VDIHW\
DVVHVVPHQW UHSDLU DQG UHLQIRUFHPHQW ,Q WKLV SDSHU D VLPSOLILHG ' PRGHO ZDV XVHG WR
HYDOXDWH WKH VHLVPLF YXOQHUDELOLW\ RI PDVRQU\ SDJRGDV UHOLDEO\ $FFRUGLQJ WR WKH SUHYLRXV
QXPHULFDO UHVHDUFK LQ WKH ILHOG DQG SRVWHDUWKTXDNH VXUYH\V H[SHULHQFH DVVXPH IRU PDVRQU\
D &RQFUHWH 'DPDJH 3ODVWLFLW\ &'3 PDWHULDO PRGHO SXVKRYHU DQDO\VHV DQG QRQOLQHDU
G\QDPLF DQDO\VHV DUH FDUULHG RXW E\ $EDTXV VRIWZDUH 7KH DLP LV WR SUHGLFW WKH VWDWH
FKDUDFWHULVWLFV DQG GLVWULEXWLRQ RI GDPDJH RI WKH VWUXFWXUH LQ DQ DFFXUDWH ZD\ 7KH DSSURDFK
LV DSSOLHG WR /RQJKX SDJRGD EXLOW LQ  $' ZKLFK LV WKH RQO\ \XDQ G\QDVW\ PDVRQU\
SDJRGD LQ 6LFKXDQ SURYLQFH RI &KLQD /RQJKX SDJRGD LV D EULFN SDJRGD ZLWK GHQVH HDYHV
ZLWK D VTXDUH SODQH DQG D KHLJKW RI DERXW  PHWHUV $IIHFWHG E\ WKH :HQFKXDQ HDUWKTXDNH LQ
 D QRUWKVRXWK FUDFN DSSHDUHG IURP WKH ERWWRP WR WKH WRS RI WKH SDJRGD¶V ERG\ 'HVSLWH
WKH DUWLILFLDO UHSDLU RI WKH FUDFNV WKH SDJRGD VWLOO IDFHV WKH ULVN RI VWUXFWXUDO GDPDJH
7KURXJK QXPHULFDO VLPXODWLRQ WKH VHLVPLF SHUIRUPDQFH RI WKH SDJRGD FDQ EH HYDOXDWHG
ZKLFK FDQ QRW RQO\ SUHGLFW WKH KLGGHQ GDQJHU DQG ZHDN OLQN LQ LWV VWUXFWXUH EXW DOVR SURYLGH
XVHIXO UHIHUHQFH IRU WKH UHLQIRUFHPHQW DQG UHSDLU RI WKH SDJRGD
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&KLQD LV DQ DQFLHQW FRXQWU\ ZLWK D KLVWRU\ RI  \HDUV DQG KDV FRXQWOHVV DUFKLWHFWXUDO
ZRQGHUV ZLWK H[TXLVLWH VWUXFWXUHV DQG EHDXWLIXO VKDSHV >@ 7KH DQFLHQW PDVRQU\ SDJRGD
ZKLFK LV RQH RI &KLQHVH VLJQLILFDQW DUW WUHDVXUHV GUDZV RQ WKH EDVLF PHFKDQLFDO SULQFLSOHV RI
WKH EDUUHO VWUXFWXUH DQG LQWHJUDWHV LQWR WKH KLVWRU\ DQG FXOWXUH RI WKH &KLQD ,W LV D UHIOHFWLRQ RI
WKH VNLOOV RI KLJKULVH EXLOGLQJV LQ DQFLHQW LV DQ LPSRUWDQW PLOHVWRQH LQ WKH GHYHORSPHQW RI
%XGGKLVP DQG LV DOVR D GLVWLQFWLYH VLJQ RQ KXPDQ PDVRQU\ DUFKLWHFWXUHV >@
7KH DQFLHQW &KLQHVH SDJRGD ZDV LQWURGXFHG
ZLWK %XGGKLVP DQG ILUVW DSSHDUHG LQ +DQ '\QDVW\
7KH\ ZHUH ODUJHVFDOH FRQVWUXFWHG LQ 6XL '\QDVW\
DQG UHDFKHG LWV SHDN LQ 7DQJ DQG 6RQJ '\QDVWLHV
7KH HDUO\ SODQH RI SDJRGD ZDV VTXDUH HYROYHG
LQWR RFWDJRQ ZLWK WLPH DQG WKH KHLJKW RI SDJRGD
EHFDPH KLJKHU DQG KLJKHU 7KH FRQVWUXFWLRQ
PHWKRG RI WKHP LV XVLQJ VWDFNHG EULFNV LQ
WUDGLWLRQDO &KLQHVH WHFKQLTXHV ZKLFK LV VLPLODU WR
RWKHU PDVRQU\ EXLOGLQJV $OWKRXJK WKHLU VKDSH LV
HYHUFKDQJLQJ DQG WKH XVH DQG IXQFWLRQV DUH DOVR
GLIIHUHQW DOPRVW DOO SDJRGDV FRQWDLQ WKUHH SDUWV
)LJXUH   SDJRGD SHGHVWDO SDJRGD ERG\ SDJRGD
)LJXUH  6FKHPDWLF GLDJUDP RI DQFLHQW
VSLUH DQG VRPH RI WKHP EXLOW XQGHUJURXQG
SDJRGD VWUXFWXUH
SDODFHV ZLWK VFULSWXUHV UHVHUYHG LQ LW >@
$V IDU DV SDJRGDV¶ VWUXFWXUHV DQG PDWHULDO SURSHUWLHV DUH FRQFHUQHG WKH\ KDYH WKH
DGYDQWDJHV RI KLJK FRPSUHVVLYH VWUHQJWK ZHDWKHU UHVLVWDQFH ILUH UHVLVWDQFH FRUURVLRQ
UHVLVWDQFH ORZ FRVW DQG VR RQ +RZHYHU EHFDXVH &KLQHVH PDVRQU\ PDWHULDOV DUH PRVWO\ D
PL[WXUH RI JOXWLQRXV ULFH MXLFH OLPH DQG VDQG WKH SDJRGDV¶ DELOLW\ WR UHVLVW WHQVLOH VKHDU DQG
EHQGLQJ LV SRRU $IWHU KXQGUHGV RI \HDUV LQIOXHQFH IURP ZHDWKHU ZDU DQG RWKHU DUWLILFLDO
GHVWUXFWLRQ WKHVH &KLQHVH SDJRGDV KDYH VXIIHUHG VRUWV RI GDPDJHV 0HDQZKLOH UHOHYDQW
UHVHDUFK GHSLFWV WKDW PRVW VWUXFWXUDO GDPDJH DQG FROODSVH RI SDJRGDV ZHUH FDXVHG E\
HDUWKTXDNHV >@ &KLQD LV ORFDWHG LQ WKH LQWHUVHFWLRQ RI WKH 3DFLILF 5LP HDUWKTXDNH EHOW DQG
WKH (XUDVLDQ HDUWKTXDNH EHOW $FFRUGLQJ WR WKH FROOHFWLRQ RI VWDWLVWLFV WKHUH ZHUH WKUHH PDMRU
HDUWKTXDNHV ZLWK VHLVPLF ZDYH PDJQLWXGHV JUHDWHU WKDQ RU HTXDO WR  LQ WKH WK FHQWXU\
DQG WZR RI WKHP RFFXUUHG LQ &KLQD 7KHUHIRUH ,W LV RQH RI WKH FRXQWULHV PRVW VHYHUHO\
DIIHFWHG E\ HDUWKTXDNH GLVDVWHUV LQ WKH ZRUOG 7KH VHLVPLF DFWLYLW\ LQ WKLV DUHD KDV
FKDUDFWHULVWLFV RI ZLGH GLVWULEXWLRQ KLJK LQWHQVLW\ KLJK IUHTXHQF\ >@

D 'DPDJH FKDUDFWHULVWLFV 

E 'DPDJH FKDUDFWHULVWLFV 
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G 'DPDJH FKDUDFWHULVWLFV 
H 'DPDJH FKDUDFWHULVWLFV 
)LJXUH  'DPDJH FKDUDFWHULVWLFV RI SDJRGDV >@

$IWHU VXEMHFWHG WR HDUWKTXDNHV WKH DFFXPXODWLRQ RI GDPDJH ZLOO OHDG WR FROODSVH RI SDJRGD
WKDW LV PDMRU WKUHDW RI VWUXFWXUDO VDIHW\ 7KH PDLQ GDPDJH FKDUDFWHULVWLFV RI SDJRGDV ZKLFK
ZHUH PDGH E\ HDUWKTXDNH DUH IROORZLQJ )LJXUH    WKH WLOW DQG FROODSVH RI SDJRGD VSLUH 
WKH WLOW DQG EHQG RI SDJRGD ERG\  WKH EUHDN LQ WKH PLGGOH SDUW RI WKH SDJRGD  WKH VSOLW RI
SDJRGD ERG\ DORQJ WKH FHQWUDO D[LV  RYHUDOO FROODSVH >@
,Q UHFHQW \HDUV VFKRODUV KDYH PDGH RXWVWDQGLQJ FRQWULEXWLRQV WR WKH UHVHDUFK RQ WKH
G\QDPLF SHUIRUPDQFH VHLVPLF UHVLVWDQFH DQG VWUXFWXUDO GDPDJH RI PDVRQU\ SDJRGD VWUXFWXUH
<* 6KHQ HW DO GLVFXVVHG WKH VHLVPLF PHFKDQLVP DQG G\QDPLF SHUIRUPDQFH RI DQFLHQW
PDVRQU\ SDJRGDV LQ &KLQD EDVHG RQ VLWH VXUYH\V VXEVHTXHQW UHLQIRUFHPHQW GDWD DQG WKH
VWUXFWXUDO FKDUDFWHULVWLFV RI ;L DQ ;LDR\DQ SDJRGDV >@ -/ <XDQ HW DO XVHG D FODVVLFDO
WKHRUHWLFDO PHWKRG WR FDOFXODWH WKH PRGHO FRPELQHG ZLWK WKH DFWXDO SXOVDWLRQ PHWKRG WHVW
UHVXOWV HVWDEOLVKHG D PRUH DFFXUDWH QXPHULFDO DQDO\VLV PRGHO RI :HQIHQJ 3DJRGD ZKLFK LV
ORFDWHG LQ <DQJ]KRX DQG JXLGH WKH VHLVPLF LGHQWLILFDWLRQ DQG UHLQIRUFHPHQW >@ -/ /X
) =KX HW DO DOVR FDUULHG RXW G\QDPLF FKDUDFWHULVWLF WHVWV DQG QXPHULFDO FDOFXODWLRQV RQ
YDULRXV &KLQHVH DQFLHQW SDJRGDV 7KH ZHDN OLQNV DQG GDPDJH PHFKDQLVPV RI WKH PRGHO
VWUXFWXUH XQGHU WKH DFWLRQ RI HDUWKTXDNHV ZHUH DOVR EH REVHUYHG ZKLFK FDQ SURYLGH D UHIHUHQFH
EDVLV IRU IXUWKHU SDJRGDV¶ GDPDJH LGHQWLILFDWLRQ VHLVPLF UHVSRQVH PDLQWHQDQFH DQG UHSDLU
>@ 6XEVHTXHQWO\ PRUH DQG PRUH VFKRODUV EHJDQ WR XVH )( VRIWZDUH WR EXLOG ' PRGHOV
RI SDJRGDV WR DQDO\VH WKH HODVWLF DQG SODVWLF SURSHUWLHV RI VWUXFWXUHV DQG PDWHULDOV WKHQ
REWDLQHG WKHLU VHLVPLF SHUIRUPDQFH >@
2Q WKH RWKHU KDQG ZHVWHUQ VFKRODUV KDYH DOVR VWXGLHG WKH VHLVPLF SHUIRUPDQFH RI SDJRGD
VWUXFWXUHV VXFK DV FKXUFKHV EHOO WRZHUV FDVWOHV DQG WREDFFR FRXQWULHV $Q]DQL HW DO WRRN WKH
,WDOLDQ &LYLF 7RZHU DQG WKH 1RWR &KXUFK DV UHVHDUFK REMHFWV DQG DQDO\VHG WKH HIIHFWV RI
YHUWLFDO FUDFNV RQ PDVRQU\ EXLOGLQJV 7KH\ FRQFOXGHG WKDW WKHVH FUDFNV ZHUH WKH PDLQ FDXVH
RI WKH FROODSVH RI WKH WRZHU >@ * 0LODQL HW DO DOVR DSSOLHG QRQOLQHDU VWDWLF DQG G\QDPLF
DQDO\VLV PHWKRGV WR DVVHVV WKH VHLVPLF SHUIRUPDQFH RI EHOO WRZHUV FKXUFKHV SDJRGD DQG
SURPRWHG WKH DGYDQFHPHQW RI QXPHULFDO VLPXODWLRQ WHFKQRORJ\ IRU PDVRQU\ EXLOGLQJV >@
0DUFR 9DOHQWH HW DO UHVHDUFKHG HLJKW PDVRQU\ WRZHUV LQ QRUWKHDVWHUQ ,WDO\ DQG FRQGXFWHG
QRQOLQHDU VWDWLF DQG G\QDPLF DQDO\VLV 7KH FRQFOXVLRQ LV GUDZQ WKDW WKH UHVXOWV REWDLQHG E\
WKH QRQOLQHDU VWDWLF DQDO\VLV PHWKRG DUH VOLJKWO\ FRQVHUYDWLYH >@
,Q JHQHUDO WKH FXUUHQW )( VLPXODWLRQ WHFKQRORJ\ KDV EHHQ ZLGHO\ XVHG LQ WKH UHVHDUFK RI
VHLVPLF YXOQHUDELOLW\ RI DQFLHQW SDJRGDV DQG PRVW RI WKHP KDV IRFXVHG RQ WKH G\QDPLF
FKDUDFWHULVWLFV WHVWLQJ VHLVPLF UHVSRQVH DQDO\VLV VHLVPLF SHUIRUPDQFH UHLQIRUFHPHQW DQG
VWUXFWXUDO GDPDJH +RZHYHU EHFDXVH RI WKH FRPSOH[ DQG GLYHUV GHVWUXFWLRQ IDFWRUV LW LV HDV\
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WR ILQG WKDW WKH FXUUHQW UHVHDUFK VHOHFWLRQ RI SDJRGDV¶ VWUXFWXUH IHDWXUHV DUH QRW GLYHUVLILHG DQG
W\SLFDO WKH UHVXOWV ZKLFK KDYH EHHQ FRQFOXGHG LV VWLOO OLPLWHG
7KHUHIRUH WKH WKHRU\ DQG WHFKQRORJ\ RI WKH YXOQHUDELOLW\ DQDO\VLV RI PDVRQU\ VWUXFWXUHV RI
SDJRGDV LQ &KLQD VWLOO QHHG WR EH LPSURYHG :LWK WKH KHOS RI )( VLPXODWLRQ DQDO\VLQJ WKH
UHVSRQVH RI W\SLFDO SDJRGDV LQIOXHQFHG E\ HDUWKTXDNHV GHGXFLQJ WKH SRVVLEOH GDPDJH SDWWHUQV
HVSHFLDOO\ DIWHU WKH HDUWKTXDNH ILQGLQJ WKH GDPDJH SDUWV LQ WLPH SUHGLFWLQJ WKH GHYHORSPHQW
RI GDPDJH HYDOXDWLQJ WKH H[WHQW RI GDPDJH HIIHFWLYHO\ DQG SURSRVLQJ UHDVRQDEOH SURWHFWLRQ
DQG UHLQIRUFHPHQW PHDVXUHV DUH VWLOO WRSLFV ZKLFK DUH ZRUWK\ WR EH IRFXV RQ DQG QHHG PRUH LQ
GHSWK UHVHDUFK
7KLV SDSHU VHOHFWV /RQJKX SDJRGD ZKLFK LV D W\SLFDO PDVRQU\ SDJRGD DV D FDVH VWXG\ 7KH
SDJRGD KDV EHHQ GDPDJHG QRZ SDUWLDOO\ UHSDLUHG E\ :HQFKXDQ HDUWKTXDNH ZKLFK ZDV WKH
ODUJHVW HDUWKTXDNH VLQFH WKH IRXQGLQJ RI &KLQD DQG LWV PDLQ GDPDJH LV FUDFNV 7KURXJK
$EDTXV VLPXODWLRQ WKLV UHVHDUFK VWXGLHG WKH VHLVPLF UHDFWLRQ DQG GDPDJH FKDUDFWHULVWLFV RI
/RQJKX SDJRGD GXULQJ WKH :HQFKXDQ HDUWKTXDNH DQG SURYLGHG WKH YXOQHUDELOLW\ DQDO\VLV DQG
VHLVPLF UHLQIRUFHPHQW UHSDLU RI PDVRQU\ SDJRGD DQG DOO RI WKH UHVHDUFK UHVXOWV KDYH
LPSRUWDQW SUDFWLFDO VLJQLILFDQFH
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/RQJKX SDJRGD )LJXUH  ZKLFK ZDV EXLOW LQ  $' LV ORFDWHG LQ ;LDRTXDQ 'H\DQJ
6LFKXDQ SURYLQFH (DVW ORQJLWXGH  1RUWK ODWLWXGH  DQG LV WKH RQO\ SUHVHUYHG
PDVRQU\ SDJRGD PDGH LQ <XDQ G\QDVW\ )LJXUH   %HFDXVH RI LWV WDOO DQG VWUDLJKW DSSHDUDQFH
DURXQG  P  LW LV WKH FRPPDQGLQJ SRLQW DQG YLVXDO FHQWHU RI ;LDRTXDQ WRZQ 7KH HDUO\
DUFKLWHFWXUDO IHDWXUHV RI /RQJKX SDJRGD DUH REYLRXV ZKLFK LV DQ VLJQLILFDQW HYROXWLRQ
LOOXVWUDWLRQ RI &KLQHVH PDVRQU\ SDJRGD 0HDQZKLOH LW RFFXSLHV DQ VSHFLDO SRVLWLRQ LQ WKH
XUEDQ VSDFH ZLWK DQ LPSRUWDQW KLVWRULFDO YDOXH > @

)LJXUH  /RQJKX SDJRGD

)LJXUH  /RFDWLRQ RI /RQJKX SDJRGD

/RQJKX SDJRGD KDV D VTXDUH SODQ ZLWK  OD\HUV RI HDYHV RXWVLGH LW DQG LV URXJKO\ 
PHWHUV WDOO ZKLFK FRQWDLQV  PHWHUV RI VW\OREDWH DQG  PHWHUV RI ERG\ 7KH PDLQ HQWUDQFH RI
WKH SDJRGD LV LQ WKH VRXWK DQG WKH VL]H RI LWV HDYHV VKULQN IURP ERWWRP WR WRS HVSHFLDOO\ DERYH
WK OD\HU GHSLFWLQJ D SDUDEROLF VKDSH IDFDGH 7KH SDJRGD¶V ERG\ KDV ZLQGRZV RQ IRXU VLGHV
VRPH RI WKHP DUH UHDO ZKLOH RWKHUV DUH GHFRUDWLRQ )LJXUH   )URP VHFRQG WR QLQWK OD\HU
WKHUH DUH WKUHH ZLQGRZV RQ HDFK VLGH EXW WKH QXPEHU GHFUHDVHG WR RQH RQ WKH XSSHU OD\HUV >@
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D (DVW IDFDGH

E 6RXWK IDFDGH
F :HVW IDFDGH
)LJXUH  5HDO ZLQGRZV RI /RQJKX SDJRGD

G 1RUWK IDFDGH

$FWXDOO\ WKHUH DUH RQO\ ILYH UHDO IORRUV %XGGKDV FDQ EH IRXQG LQ HDFK RI WKHP DQG D
KHDYHQO\ SDODFH D GRPH WKDW SHQHWUDWHV WKH HOHYHQWK WR WKLUWHHQWK HDYHV LQVLGH WKH SDJRGD
)LJXUH   ,Q HDFK IORRU WKHUH LV D FHQWUDO URRP ZLWK FDLVVRQV DQG 'RXJRQJV RQ WKH URRIV RI
WKH ILUVW WR IRXUWK IORRUV ZKLOH WKH FDLVVRQ RI WKH ILIWK IORRU LV HPSW\ WKDW WKURXJK WR KHDYHQO\
SDODFH %HWZHHQ WKH H[WHULRU DQG WKH FHQWUDO URRP VWDLUV VSLUDO XS FORFNZLVH FRQQHFWLQJ HDFK
FHQWHU URRP )LJXUH  

E 6HFRQG IORRU

F 7KLUG IORRU

D )LUVW IORRU
G )RXUWK IORRU
H )LIWK IORRU
)LJXUH  3ODQV RI HDFK IORRU LQ /RQJKX SDJRGD 6RXUFH $GDSWHG IURP GRFXPHQW DYDLODEOH LQ >@
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E 6HFWLRQ
F &HQWUDO URRP RI HDFK IORRU
G 6WDLUV
)LJXUH  ,QWHUQDO VWUXFWXUH RI /RQJKX SDJRGD 6RXUFH $GDSWHG IURP GRFXPHQW DYDLODEOH LQ >@
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6LFKXDQ SURYLQFH ZKLFK LV NQRZQ DV &KLQHVH HDUWKTXDNHSURQH DUHD VLWV LQ WKH KLQWHUODQG
RI VRXWKZHVW &KLQD EHWZHHQ HDVW ORQJLWXGH  DQG QRUWK ODWLWXGH  
7KH SURYLQFH ZKLFK VKRZV YDULRXV JHRPRUSKRORJ\ IURP HDVW DUHD WR ZHVW DUHD LV FRPSRVHG RI
PRXQWDLQV KLOOV SODLQ EDVLQV DQG SODWHDXV ,WV WHUUDLQ LV FRPSOH[ DQG GLYHUVH DQG KDV D ODUJH
KHLJKW GLIIHUHQFH )LJXUH  
2Q 0D\   D  PDJQLWXGH 5LFKWHU HDUWKTXDNH RFFXUUHG LQ :HQFKXDQ 6LFKXDQ
SURYLQFH &KLQD DQG WKH HSLFHQWHU ZDV LQ D VPDOO WRZQ ZKRVH QDPH LV <LQJ[LX ,W ZDV FDXVHG
E\ WKH VXGGHQ UHOHDVH RI ORQJWHUP DFFXPXODWHG WHFWRQLF VWUHVV HQHUJ\ LQ WKH /RQJPHQ
0RXQWDLQ IDXOW ]RQH EHWZHHQ WKH 4LQJKDL7LEHW 3ODWHDX DQG WKH 6LFKXDQ %DVLQ 7KH
K\SRFHQWHU GHSWK WKDW FORVH WR WKH VXUIDFH LV  NP WR  NP DQG ZKROH HDUWKTXDNH ODVWHG D
ORQJ WLPH  V   V  :HQFKXDQ HDUWKTXDNH LV GHVWUXFWLYH DQG KDV D VWURQJ LPSDFW LWV
PD[LPXP DFFHOHUDWLRQ SHDN YDOXH ZKLFK DSSHDUHG DIWHU WKH VWDUW RI WKH FUXVWDO PRYHPHQW 
V   V LV QHDUO\  FPV $FFRUGLQJ WR LQFRPSOHWH VWDWLVWLFV WKH HDUWKTXDNH NLOOHG DURXQG
 SHRSOH LQMXUHG  SHRSOH DQG  SHRSOH ZHUH PLVVLQJ /DUJH QXPEHUV RI
DUFKLWHFWXUHV ZHUH FROODSVHG DQG FXOWXUDO UHOLFV ZHUH VHYHUHO\ GDPDJHG ZKLFK UHVXOWHG
LPPHDVXUDEOH ORVVHV >@
7KH SRVLWLRQ RI /RQJKX SDJRGD LV QRW YHU\ IDU DZD\ IURP WKH HSLFHQWHU DERXW  NP 
DQG LW ZDV LQIOXHQFHG E\ WKH HDVWZHVW VHLVPLF ZDYH %HFDXVH RI WKH VHLVPLF LQWHQVLW\
GLVWULEXWLRQ PDS RI :HQFKXDQ HDUWKTXDNH LVVXHG E\ WKH &KLQD 6HLVPRORJLFDO %XUHDX )LJXUH
  WKH HDUWKTXDNH GDPDJHV WR /RQJKX SDJRGD¶V VWUXFWXUH VKRXOG EH DQDO\VHG DFFRUGLQJ WR 
GHJUHHV
$IWHU :HQFKXDQ HDUWKTXDNH WKH DIWHUVKRFNV ZKLFK FRQWLQXHG LQ 'H\DQJ DUHD DOVR FDXVHG
IXUWKHU GDPDJHV RI WKH SDJRGD 2Q -XO\ DQG $XJXVW LQ  /RQJKX SDJRGD VXIIHUHG E\
PDQ\ DIWHUVKRFNV ZKLFK EURXJKW D ORQJWHUP VZLQJ DQG IXUWKHU LQFUHDVHG WKH ZLGWK GHSWK
DQG OHQJWK RI WKH SDJRGD¶V FUDFNV )RUWXQDWHO\ ZLWK WKH HDUWKTXDNH UHVFXH SURMHFW WKH SDJRGD
UHFHLYHG WLPHO\ DQG HIIHFWLYH SURWHFWLRQ WKDW KHOS LW WR GHIHQG DJDLQVW ULVNV PDGH E\
DIWHUVKRFNV
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)LJXUH  &KLQHVH (DUWKTXDNH %HOW



)LJXUH  (DUWKTXDNH LQWHQVLW\ GLVWULEXWLRQ RI :HQFKXDQ
HDUWKTXDNH  6RXUFH $GDSWHG IURP GRFXPHQW DYDLODEOH
LQ >@

*(20(75,&$/ $1' '$0$*( 6859(<

7KH /RQJKX SDJRGD ZKLFK KDV EHHQ VXEMHFWHG WR D KXJH HDUWKTXDNH ORDG VXIIHUHG JUHDW
GDPDJH GXULQJ WKH :HQFKXDQ HDUWKTXDNH EXW LW GLG QRW FROODSVH $OO RI WKH GDPDJH FDQ EH
FRQFOXGHG LQ WKH IROORZLQJ >@
 7KURXJK RQVLWH REVHUYDWLRQ QR VLJQLILFDQW WLOW RI WKH SDJRGD ERG\ ZDV IRXQG WKH VWDWXV
RI LWV IRXQGDWLRQ ZDV JRRG DQG RQO\ WKH ORZHU SDUW FROODSVHG
 )URP WKH ERWWRP WR WKH WRS RI WKH SDJRGD D QRUWKVRXWK FUDFN DSSHDUHG 7KH FUDFN
GHYHORSHG DORQJ WKH KHLJKW DQG WKH KLJKHU WKH SRVLWLRQ WKH ZLGHU WKH FUDFN ZLGWK )LJXUH  

D 1RUWK IDFDGH
E 6RXWK IDFDGH
F :HVW IDFDGH
G (DVW IDFDGH
)LJXUH  &UDFNV RQ WKH /RQJKX SDJRGD 6RXUFH $GDSWHG IURP GRFXPHQW DYDLODEOH LQ >@

 7KH GDPDJH RI /RQJKX SDJRGD IURP WKH RXWHU  OD\HUV WKH LQQHU  IORRUV WR WKH WRS ZDV
VHYHUH 7KH GLDJRQDO FUDFNV DW WKH IRXU FRUQHUV ZHUH ZLGH DQG WKH PD[LPXP FUDFN ZLGWK ZDV
FP ZKLFK FDXVHG WKH SDJRGD LQVWDELOLW\
 &RUUHVSRQGLQJ WR WKH PHQWLRQHG FUDFNV VRPH FUDFNV FRXOG DOVR EHHQ IRXQG RQ WKH URRIV
RU WKH ZDOOV DURXQG WKH GRRUV ZKLFK FRQQHFW LW FHQWUDO URRPV DQG VWDLUV
 7KHUH DUH GHQVH DQG VHYHUH REOLTXH FUDFNV DURXQG WKH ZDOOV RI WKH FHQWUDO URRPV WKHVH
ZDOOV DUH IDFLQJ FROODSVH DQG WKH VXUURXQGLQJ HDYHV IURP RXWHU  WR  IORRU DOUHDG\
FROODSVHG LQ PDQ\ SODFHV
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 &UDFNV DOVR DSSHDUHG LQ WKH FHQWUDO URRPV RI HDFK IORRU 7KHLU ZLGWK LQFUHDVHG DORQJ WKH
KHLJKW DQG WKH WRSV RI WKH ILYH IORRU SDUWLDOO\ FROODSVHG
 7KH ZLQGRZV RQ ERWK WKH VRXWK DQG QRUWK VLGHV RI HDFK IORRU ZHUH VHYHUHO\ GDPDJHG
DQG VRPH RI WKHP ZKLFK ORFDWHG DERYH RXWHU  IORRUV LQQHU  IORRUV ZHUH VHYHUHO\ FROODSVHG
 7KH SDJRGD VSLUH LV EDVLFDOO\ LQWDFW DQG RQO\ D IHZ FUDFNV FDQ EH IRXQG


180(5,&$/ 6,08/$7,216

:LWK WKH DLP WR DQDO\VH WKH VHLVPLF YXOQHUDELOLW\ RI WKH SDJRGD DQG WR VWXG\ KRZ WKH
GDPDJH VSUHDG ZLWKLQ WKH VWUXFWXUH VHYHUDO QRQOLQHDU QXPHULFDO VLPXODWLRQV DUH SHUIRUPHG
E\ PHDQV RI )(EDVHG VRIWZDUH $EDTXV
$ QXPHULFDO PRGHO EDVHG RQ D PDFURPRGHOLQJ DSSURDFK LV KHUH SURSRVHG 7KH
GLVFUHWL]DWLRQ RI WKH SDJRGD LV PDGH E\ PHDQV RI DURXQG  VROLG OLQHDU HOHPHQWV )LJXUH
 D  6XFK DQ DPRXQW LV D UHDVRQDEOH FRPSURPLVH EHWZHHQ UHOLDELOLW\ DQG FRPSXWDWLRQDO
VSHHG\ &RQFHUQLQJ WKH ERXQGDU\ FRQGLWLRQV IRU WKH SXUSRVH RI WKH VWXG\ DV WKH FRQGLWLRQ RI
IRXQGDWLRQV UHVXOWV WR EH LQ JRRG FRQGLWLRQ IL[HG VXSSRUWV DUH FRQVLGHUHG DW WKH EDVH RI WKH
SDJRGD 7KH QRQOLQHDULWLHV RI WKH PDWHULDO DUH LQWURGXFHG WDNLQJ DGYDQWDJH RI WKH DOUHDG\
LPSOHPHQWHG FRQVWLWXWLYH PRGHO &RQFUHWH 'DPDJH 3ODVWLFLW\ &'3 LV D LVRWURSLF SODVWLF
GDPDJH EDVHG PRGHO ZKLFK DOORZV D GLIIHUHQWLDO EHKDYLRU XQGHU FRPSUHVVLRQ DQG WHQVLRQ ,WV
\LHOG VXUIDFH IROORZV WKH 'UXFNHU3UDJHU IXQFWLRQ ZKLFK VKDSH LV RSSRUWXQHO\ PRGLILHG LQ
RUGHU WR DSSUR[LPDWH D 0RKU&RXORPE VXUIDFH 2WKHU SDUDPHWHUV DUH LQSXW ZLWK WKH VFRSH WR
VPRRWK WKH \LHOG VXUIDFH DQG WDFNOH FRPSXWDWLRQDO LVVXHV +RZHYHU D ORZHU YDOXH RI WKH
YLVFRVLW\ SDUDPHWHU LV DOZD\V SUHIHUDEOH LQ
RUGHU WR QRW OHDG WR DQ RYHUHVWLPDWLRQ RI WKH
FDSDFLW\ RI WKH VWUXFWXUH 7KH EHKDYLRU XQGHU
FRPSUHVVLRQ LV GHVFULEHG E\ D SDUDEROLF
VRIWHQLQJ )LJXUH   ZKHUHDV WKH WHQVLOH
EHKDYLRU IROORZV D OLQHDU RU H[SRQHQWLDO
VRIWHQLQJ ,Q WKLV ZRUN DV WKH WHQVLOH QRQ
OLQHDU SURSHUWLHV DUH LQSXW WKURXJK D IUDFWXUH
HQHUJ\ DSSURDFK 7DEOH  D OLQHDU VRIWHQLQJ
LV DFFRXQWHG 7KH GHJUDGDWLRQ RI WKH HODVWLF
)LJXUH  6WUHVVVWUDLQ FXUYH IRU WKH PDVRQU\
VWLIIQHVV LV GHWHUPLQHG E\ WZR YDULDEOHV RI
PDWHULDO
GDPDJH GW DQG GF IXQFWLRQV RI WKH SODVWLF
VWUDLQV 6XFK YDULDEOHV YDU\ EHWZHHQ D YDOXH
<RXQJ¶V 0RGXOXV
 03D
6SHFLILF :HLJKW
 N1P
RI  IRU WKH XQGDPDJHG PDWHULDO DQG  IRU WKH
&RPSUHVVLRQ 6WUHQJWK
 03D
PDWHULDO WKDW KDV FRPSOHWHO\ ORVW DQ\ VWLIIQHVV
7HQVLOH
6WUHQJWK

03D
,Q WKH IROORZLQJ WDEOHV D OLVW RI PDWHULDO
7HQVLOH )UDFWXUH (QHUJ\
 1PP
SURSHUWLHV LV SURYLGHG DORQJ ZLWK WKH
7DEOH  0HFKDQLFDO SURSHUWLHV
SDUDPHWHUV UHODWHG WR WKH GHILQLWLRQ RI \LHOG
VXUIDFH RI &'3 7DEOH  
'LODWDQF\ $QJOH


(FFHQWULFLW\


IEIF


9LVFRVLW\ 3DUDPHWHU


7DEOH  ,QSXW SDUDPHWHUV LQ WKH &'3

)LUVWO\ DQ HLJHQYDOXHV DQDO\VLV LV FDUULHG RXW ZLWK WKH VFRSH WR YDOLGDWH WKH HIILFDF\ RI WKH
PRGHO DQG WR REWDLQ WKH GLIIHUHQW YLEUDWLRQ PRGHV )LJXUH   $V H[SHFWHG IURP D VWUXFWXUH
OLNHWRZHU WKH ILUVW WZR YLEUDWLRQ PRGHV DUH WUDQVODWLRQDO PRGHV UHVSHFWLYHO\ DORQJ WKH =
GLUHFWLRQ DQG ; GLUHFWLRQ 7KH IUHTXHQFLHV UHODWHG WR WKH ILUVW DQG VHFRQG PRGH DUH YHU\ FORVH
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 +] DQG  +] JLYLQJ D FOHDU LQGLFDWLRQ RI DQ DOPRVW HTXDO VWLIIQHVV RI WKH VWUXFWXUH LQ
WKH WZR GLUHFWLRQV 7KH WKLUG PRGH LV WKH URWDWLRQDO RQH FRUUHVSRQGLQJ WR D IUHTXHQF\ RI
DURXQG  +]

D *HRPHWULF FRQILJXUDWLRQ DQG
GLVFUHWL]DWLRQ RI WKH SDJRGD LQ
$EDTXV

E VW PRGH  +]

F QG

PRGH  +]

G UG PRGH  +]
H WK PRGH  +]
I WK PRGH  +]
)LJXUH  'LIIHUHQW YLEUDWLRQ PRGHV LQ QXPHULFDO VLPXODWLRQV



386+29(5 $1$/<6,6

)RXU GLIIHUHQW SXVKRYHU DQDO\VHV DUH SHUIRUPHG RQH IRU HDFK GLUHFWLRQ E\ DSSO\LQJ D
XQLIRUP GLVWULEXWLRQ DORQJ WKH KHLJKW 'HVSLWH RI WKH V\PPHWU\ RI WKH VWUXFWXUH VRPH
GLIIHUHQFHV LQ WKH GDPDJH DPRQJ WKH IRXU DQDO\VHV GHVHUYH WR EH GHHSO\ GLVFXVVHG )RU HDFK
DQDO\VLV LW LV SURYLGHG WKH SURJUHVVLYH FUDFN FRQILJXUDWLRQ DORQJ ZLWK WKH FDSDFLW\ FXUYH /RDG
)DFWRU'LVSODFHPHQW


3XVKRYHU ; GLUHFWLRQ

7KH ILUVW DQDO\VLV LV FDUULHG RXW E\ ³SXVKLQJ´ WKH VWUXFWXUH DORQJ WKH GLUHFWLRQ (: 7KH
GDPDJH VWDUWV WR VSUHDG DW WKH ERWWRP RI WKH VWUXFWXUH DQG MXVW DERYH WKH PDLQ HQWUDQFH 7KLV
ODWWHU WKHQ GHYHORSV LQ D YHUWLFDO FUDFN ZKLFK LQYROYHV DOPRVW  RI WKH WRWDO KHLJKW RQ WKH
VRXWK IDFDGH 2Q WKH QRUWK IDFDGH LW LV SURYLGHG WKH GDPDJH FRQILJXUDWLRQ DW WKH ODVW VWHS
ZKHUH D GLDJRQDO FUDFN RFFXUV 7KH JOREDO EHKDYLRU RI WKH VWUXFWXUH LV GHVFULEHG E\ WKH
FDSDFLW\ FXUYH )URP WKLV ODWWHU LW LV SRVVLEOH WR LGHQWLI\ WKDW DURXQG D ORDG IDFWRU RI  J WKH
SDJRGD VWRSSHG ZRUNLQJ XQGHU HODVWLF UHJLPH LQ FRUUHVSRQGHQFH RI DOPRVW  P 
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$IWHUZDUGV WKH QRQOLQHDU UHVSRQVH LV GHVFULEHG E\ D SODWHDX LQ FRUUHVSRQGHQFH RI D ORDG
IDFWRU QHDUE\  J DQG D ILQDO GLVSODFHPHQW RI DERXW  P )LJXUH  

D 'DPDJH RQ WKH HDVW IDFDGH DQG VRXWK IDFDGH

E /RDG IDFWRUGLVSODFHPHQW FXUYHV

F 'DPDJH RQ WKH ZHVW IDFDGH DQG QRUWK
IDFDGH
)LJXUH  5HVXOWV RI SXVKRYHU DQDO\VLV LQ ; GLUHFWLRQ



3XVKRYHU ; GLUHFWLRQ

D 'DPDJH RQ WKH HDVW IDFDGH DQG QRUWK IDFDGH
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E /RDG IDFWRUGLVSODFHPHQW FXUYHV

F 'DPDJH RQ WKH HDVW IDFDGH DQG VRXWK
IDFDGH
)LJXUH  5HVXOWV RI SXVKRYHU DQDO\VLV LQ ; GLUHFWLRQ

)URP WKH SXVKRYHU DORQJ WKH :( GLUHFWLRQ D VLPLODU FDSDFLW\ FXUYH LV REWDLQHG +RZHYHU
D GLIIHUHQW VSUHDG RI WKH GDPDJH FDQ EH QRWLFHG ,QGHHG WKH ILUVW FUDFN RFFXUV RQ WKH (DVW
IDFDGH ZKHUH WKH SUHVHQFH RI WKH VWDLUV UHSUHVHQW D ZHDNQHVV RI WKH VWUXFWXUH )LJXUH   2Q
WKH 1RUWK IDFDGH WKH FUDFN LV SUHWW\ VLPLODU ZLWK WKH RQH REWDLQHG LQ WKH SUHYLRXV DQDO\VLV EXW
LQYROYLQJ PRUH WKH XSSHU SDUW RI WKH VWUXFWXUH (YHQ RQ WKH 6RXWK IDFDGH LW LV QRWLFHDEOH D
GLIIHUHQFH ,Q SODFH RI D YHUWLFDO FUDFN D PRUH GLIIXVHG GDPDJH FKDUDFWHUL]HV WKH FHQWHU RI WKH
VWUXFWXUH


3XVKRYHU = GLUHFWLRQ

7KH SXVKRYHU DQDO\VLV DORQJ 61 GLUHFWLRQ LV FKDUDFWHUL]HG E\ WKH ORZHVW YDOXH RI ORDG
IDFWRU  J DQG GLVSODFHPHQW  P  $JDLQ WKH SUHVHQFH RI WKH VWDLUV SUREDEO\ LQGXFHV
RQ WKH (DVW IDFDGH D FRQFHQWUDWLRQ RI GDPDJH OHDGLQJ WR D RYHUWXUQLQJ PHFKDQLVP MXVW DERYH
WKH ILUVW IORRU )LJXUH  

D 'DPDJH RQ WKH HDVW IDFDGH DQG QRUWK IDFDGH

4236

3HL[XDQ :DQJ -DFRSR 6FDFFR *DEULHOH 0LODQL DQG 6KHQJFDL /L

E /RDG IDFWRUGLVSODFHPHQW FXUYHV

F 'DPDJH RQ WKH ZHVW IDFDGH DQG QRUWK
IDFDGH
)LJXUH  5HVXOWV RI SXVKRYHU DQDO\VLV LQ = GLUHFWLRQ



3XVKRYHU = GLUHFWLRQ

7KH DQDO\VLV DORQJ WKH 16 GLUHFWLRQ OHDGV WR D GDPDJH FRQILJXUDWLRQ DOPRVW SXUHO\
YHUWLFDO RQ ERWK IDFDGHV 7KH FDSDFLW\ ORDG IDFWRU UHVXOWV FORVH WR  J ZLWK D ILQDO
GLVSODFHPHQW VOLJKWO\ DERYH WKH SUHYLRXV DQDO\VHV  P )LJXUH  

D 'DPDJH RQ WKH HDVW IDFDGH DQG VRXWK IDFDGH

E /RDG IDFWRUGLVSODFHPHQW FXUYHV

F 'DPDJH RQ WKH VRXWK IDFDGH DQG ZHVW
IDFDGH
)LJXUH  5HVXOWV RI SXVKRYHU DQDO\VLV LQ = GLUHFWLRQ
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'\QDPLF $QDO\VLV

$ORQJ ZLWK WKH DERYH GLVFXVVHG QRQOLQHDU VWDWLF DQDO\VHV D G\QDPLF QRQOLQHDU DQDO\VLV LV
SUHVHQWHG LQ WKLV VHFWLRQ $ UHDO DFFHOHURJUDP UHFRUGHG RQ  0D\  KDV EHHQ ILOWHUHG
DQG FRUUHFWHG DQG DSSOLHG WR WKH SDJRGD DORQJ WKH (: GLUHFWLRQ LQ RUGHU WR SURYLGH D
QXPHULFDO FRPSDULVRQ ZLWK SXVKRYHU DQDO\VHV DQG HYHQ ZLWK WKH UHDO GDPDJH FRQILJXUDWLRQ
REVHUYHG DIWHU WKH :HQFKXDQ HDUWKTXDNH 7KH 3*$ LV DOPRVW HTXDO WR  J LQ FRUUHVSRQGHQFH
RI  VHF $V LW LV QRWLFHDEOH IURP WKH FUDFN HYROXWLRQ E\ PHDQV RI G\QDPLF DQDO\VLV LW LV
SRVVLEOH WR WUDFN WKH GDPDJH RI WKH SLQQDFOH LPSRVVLEOH WR REWDLQ ZLWK SXVKRYHU DQDO\VLV 7KH
UHVW RI WKH GDPDJH LV SUHWW\ VLPLODU ZLWK WKH RQH UHVXOWLQJ IURP WKH 3XVKRYHU ; )LJXUH   $
YHUWLFDO FUDFN RFFXUUHG RQ WKH 1RUWK IDFDGH DORQJ ZLWK D GLDJRQDO FUDFN RQ WKH (DVW IDFDGH
LQYROYLQJ HYHQ WKH XSSHU SDUW RI WKH VWUXFWXUH LQ FRUUHVSRQGHQFH RI WKH RSHQLQJV

D $FFHOHURJUDP RI :HQFKXDQ HDUWKTXDNH ZKLFK KDV EHHQ ILOWHUHG DQG FRUUHFWHG

)LJXUH  5HVXOWV RI G\QDPLF DQDO\VLV



&21&/86,216

,Q WKLV SDSHU WKH /RQJKX SDJRGD ZKLFK LV ORFDWHG LQ WKH KLJKLQWHQVLW\ DUHD RI WKH
:HQFKXDQ HDUWKTXDNH ZDV WDNHQ DV WKH FDVH VWXG\&RPELQHG ZLWK UHOHYDQW VXUYH\ GDWD D
VROLG PRGHO ZDV FUHDWHG E\ &$' DQG $EDTXV ZDV XVHG IRU VHLVPLF G\QDPLF UHVSRQVH
DQDO\VLV ,Q WKH QXPHULFDO VLPXODWLRQ WKH ORDG IDFWRUV DQG GLVSODFHPHQW ZHUH XVHG DV WKH
DQDO\VLV REMHFWV 7KH GDPDJH SURFHVV RI WKH SDJRGD ZDV HYROYHG DQG LWV ZHDN SDUWV ZHUH
IRXQG RXW %\ FRPSDULQJ ZLWK WKH UHOHYDQW GDWD WKH GDPDJH FKDUDFWHULVWLFV RI WKH /RQJKX

4238

3HL[XDQ :DQJ -DFRSR 6FDFFR *DEULHOH 0LODQL DQG 6KHQJFDL /L

SDJRGD LQ WKH HDUWKTXDNH ZHUH DWWHPSWHG WR EH VXPPDUL]HG 7KH PDLQ FRQFOXVLRQV DUH DV
IROORZV
 7KH $EDTXV VRIWZDUH LV XVHG IRU PRGH DQDO\VLV DQG G\QDPLF DQDO\VLV 7KH PRGH
DQDO\VLV FDQ UHIOHFW WKH G\QDPLF FKDUDFWHULVWLFV RI WKH VWUXFWXUDO PRGHO DQG LOOXVWUDWHV WKH
UHOLDELOLW\ RI WKH )( VLPXODWLRQ ,Q WKH QXPHULFDO VLPXODWLRQ WKH VWUHVV FRQFHQWUDWLRQ LQ WKH
ZLQGRZV LV PRUH REYLRXV DQG WKH FUDFNV VKRZ ; VKDSH DORQJ WKHP $W WKH VDPH WLPH WKH
ORFDWLRQ RI WKH LQWHUQDO VWDLUFDVH LV DOVR WKH PDLQ ZHDN OLQN RI WKH VWUXFWXUH DQG WKH FUDFNV
GHYHORS GLDJRQDOO\ RQ WKH EXLOGLQJ VXUIDFH DORQJ WKH GLUHFWLRQ RI WKH VWDLU FRQVWUXFWLRQ
 :LWKRXW FRQVLGHULQJ WKH G\QDPLF LQWHUDFWLRQ EHWZHHQ VRLO DQG VWUXFWXUH WKH FUDFNV RI
/RQJKX SDJRGD ILUVW DSSHDUHG DW WKH GRRU DQG ZLQGRZ RSHQLQJV RI WKH ILUVW IORRU DQG
JUDGXDOO\ GHYHORSHG DORQJ WKH ZHDN OLQNV RI HDFK IORRU 7KH ILQDO VLPXODWLRQ UHVXOWV LQGLFDWH
WKDW WKH VWUXFWXUH RI ILUVW IORRU LV LQ DQ HODVWLF VWDWH DQG WKH VWUXFWXUHV RI VHFRQG WKLUG DQG
IRXUWK IORRUV DUH LQ D VWDWH RI VOLJKW GDPDJH 0RUH WKDQ ILYH IORRUV LWV VWUXFWXUH PD\ UHDFK D
VHULRXV GDPDJH VWDWH ZKLFK LV FORVH WR WKH XOWLPDWH GDPDJH
 6HYHUDO QRQOLQHDU VWDWLF DQG G\QDPLF DQDO\VHV KDYH EHHQ SUHVHQWHG RQ WKH SDUWLFXODU
FDVH RI WKH /RQJKX SDJRGD VHYHUHO\ DIIHFWHG E\ :HQFKXDQ HDUWKTXDNH 7KH PRVW UHPDUNDEOH
RXWFRPH WR KLJKOLJKW LV WKH JUHDW HIILFDF\ RI SXVKRYHU DQDO\VHV LQ UHSURGXFLQJ WKH GDPDJH
REVHUYHG DIWHU WKH HDUWKTXDNH VSHFLILFDOO\ WKH YHUWLFDO FUDFN RQ WKH 6RXWK DQG 1RUWK IDFDGHV
2Q WKH RQH KDQG WKH QRQOLQHDU G\QDPLF DQDO\VLV DOORZV WR SXW LQ HYLGHQFH WKH DFFXUDF\
SURYLGHG E\ WKH SXVKRYHU DQDO\VHV EXW PRUHRYHU JDYH XVHIXO LQIRUPDWLRQ DERXW WKH FUDFN
SURSDJDWLRQ RI WKH XSSHU SDUW DQG QHDUE\ WKH SLQQDFOH 2Q WKH RWKHU KDQG SXVKRYHU DQDO\VLV
VHHP WR XQGHUHVWLPDWH WKH FDSDFLW\ ORDG WKDW LQ DYHUDJH VHWWOHV GRZQ DURXQG  J
$&.12:/('*(0(176
0UV 3HL[XDQ :DQJ ZRXOG OLNH WR DFNQRZOHGJH WKH ILQDQFLDO VXSSRUW UHFHLYHG E\ &KLQHVH
6FKRODUVKLS &RXQFLO 3RSXODU 5HSXEOLF RI &KLQD 35& &6& 6FKRODUVKLS IRU SHUIRUPLQJ KHU
3K' SURJUDP DW WKH 7HFKQLFDO 8QLYHUVLW\ RI 0LODQ ,WDO\
7KH DQDO\VHV ZHUH SDUWLDOO\ GHYHORSHG ZLWKLQ WKH DFWLYLWLHV RI 5H/8,6 5HWH GHL /DERUDWRUL
8QLYHUVLWDUL GL ,QJHJQHULD 6LVPLFD ± 1HWZRUN RI WKH ,WDOLDQ 8QLYHUVLW\ /DERUDWRULHV RI
6HLVPLF (QJLQHHULQJ  IRU WKH UHVHDUFK SURJUDP IXQGHG E\ WKH 'HSDUWPHQW RI &LYLO 3URWHFWLRQ
([HFXWLYH 3URMHFW  JUDWHIXOO\ DFNQRZOHGJHG E\ WKH DXWKRUV
5()(5(1&(6
>@ +/ ;X &KLQHVH $QFLHQW 3DJRGD 6KDSH &KLQD )RUHVWU\ 3XEOLVKLQJ 
>@ -+ 6L . /L -/ /X HW DO 1XPHULFDO $QDO\VLV RI 6HLVPLF 'DPDJH RI 0DVRQU\
3DJRGD VWUXFWXUH LQ &KRQJVKRX 7HPSOH -RXUQDO RI ;L DQ 8QLYHUVLW\ RI 7HFKQRORJ\
    
>@ & *H 0= 7LDQ 5HVHDUFK RQ WKH 6DIHW\ (YDOXDWLRQ RI $QFLHQW 6WRQH 3DJRGDV LQ WKH
(DUWKTXDNH D &DVH 6WXG\ RI 4LQJMLQJ 3DJRGD &KLQHVH &XOWXUDO 5HOLFV 5HVHDUFK
  
>@ / <DR 5HVHDUFK DQG $SSOLFDWLRQ RI '\QDPLF &KDUDFWHULVWLFV 0RGHOLQJ 7HFKQRORJ\ RI
$QFLHQW 0DVRQU\ 3DJRGD <DQJ]KRX 8QLYHUVLW\ 
>@ 04 =KDQJ $UFKLWHFWXUDO )HDWXUHV RI $QFLHQW 3DJRGD LQ 6LFKXDQ 3URYLQFH &KRQJTLQJ
8QLYHUVLW\ 
>@ +' /L
& *H .LOOLQJ ZLWK .LQGQHVV ˖ 6HLVPLF :LVGRP RI $QFLHQW &KLQHVH
%XLOGLQJV 1DWLRQDO *HRJUDSKLF    
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>@ =: /XR &KLQHVH $QFLHQW 3DJRGD %HLMLQJ &KLQD <RXWK 3XEOLVKLQJ +RXVH 
>@ < /LX 6WXG\ RQ WKH 'DPDJH &KDUDFWHULVWLFV RI WKH /RQJKX 3DJRGD LQ WKH :HQFKXDQ
(DUWKTXDNH <DQJ]KRX 8QLYHUVLW\ 
>@ '< 5HQ ([SHULPHQWDO 6WXG\ RQ WKH ,PSDFW RI (DUWKTXDNH 'DPDJH RQ WKH '\QDPLF
&KDUDFWHULVWLFV RI 0DVRQU\ 3DJRGD <DQJ]KRX 8QLYHUVLW\ 
>@ =; =KRX -6 0D + = 1RQOLQHDU )( $QDO\VLV RI 6HLVPLF 3HUIRUPDQFH RI %ROLQ
3DJRGD ,QGXVWULDO $UFKLWHFWXUH     
>@ '+ /L / :HL +LVWRULFDO 'DPDJH DQG 6HLVPLF 0HFKDQLVP RI $QFLHQW 0DVRQU\
3DJRGDV $UFKLWHFWXUH 6FLHQFH     
>@ <= 7DR 5HLQIRUFHPHQW RI &KLQHVH /HDQLQJ 3DJRGD +XTLX 3DJRGD LQ 6X]KRX
3URYLQFH -RXUQDO RI $UFKLWHFWXUDO 6WUXFWXUHV     
>@ -/ :DQJ $QDO\VLV RI WKH 5HVHDUFK 6WDWXV RI $QFLHQW 0DVRQU\ 6WUXFWXUHV (DUWKTXDNH
UHVLVWDQFH DQG 5HLQIRUFHPHQW RI (QJLQHHULQJ     
>@ =/ =KDQ $QFLHQW 3DJRGD 7LOWLQJ DQG 6WUHQJWKHQLQJ 7HFKQRORJ\ &KLQD 5DLOZD\ 3UHVV

>@ 4) <DR -/ /X < =KDQJ 'LVFXVVLRQ RQ $QWLVHLVPLF 5HLQIRUFHPHQW 0HDVXUHV RI
0DVRQU\ $QFLHQW 3DJRGD ,QGXVWULDO $UFKLWHFWXUH      
>@ < 3DQ & :DQJ &/ -L HW DO ,QYHVWLJDWLRQ DQG $QDO\VLV RI (DUWKTXDNH 'DPDJH WR
$QFLHQW 0DVRQU\ 3DJRGDV GXULQJ WKH :HQFKXDQ (DUWKTXDNH 6LFKXDQ %XLOGLQJ 6FLHQFH
5HVHDUFK     
>@ 4 =KRX :0 <DQ ;6 <DQJ HW DO 'DPDJH WR $QFLHQW %XLOGLQJV &DXVHG E\ WKH
:HQFKXDQ (DUWKTXDNH +HULWDJH DQG $UFKHRORJ\     
>@ < =KHQJ <7 =KDQJ ,QYHVWLJDWLRQ DQG 5HIOHFWLRQ RQ WKH 'DPDJH RI WKH 0DLQ
%XLOGLQJV LQ WKH :HQFKXDQ (DUWKTXDNH -RXUQDO RI +XD]KRQJ 8QLYHUVLW\ RI 6FLHQFH DQG
7HFKQRORJ\ 8UEDQ 6FLHQFH (GLWLRQ      
>@ 4) ;LH -< ;XH +7 =KDR ,QYHVWLJDWLRQ DQG (QOLJKWHQPHQW RI $QFLHQW %XLOGLQJV LQ
:HQFKXDQ (DUWKTXDNH -RXUQDO RI $UFKLWHFWXUDO 6WUXFWXUHV  6  
>@ <* 6KHQ $QDO\VLV RI 6HLVPLF 3HUIRUPDQFH DQG )RXQGDWLRQ 6WUXFWXUH RI ;LDR\DQ
3DJRGD ;L DQ 8QLYHUVLW\ RI $UFKLWHFWXUH DQG 7HFKQRORJ\ 
>@ 3 &KHQ ' =KDR 4) <DR 'LVFXVVLRQ RQ 6HLVPLF &DSDFLW\ RI ;L DQ ;LDR\DQ 3DJRGD
-RXUQDO RI ;L DQ 8QLYHUVLW\ RI $UFKLWHFWXUH DQG 7HFKQRORJ\     
>@ -/ <XDQ 6& /L 4< /X HW DO 5HVHDUFK RQ 0RGHOLQJ 0HWKRG RI '\QDPLF
&KDUDFWHULVWLFV RI
$QFLHQW 0DVRQU\ 3DJRGD (QJLQHHULQJ (DUWKTXDNH 5HVLVWDQFH
    
>@ -/ <XDQ 6& /L '4 /LX HW DO 5HVHDUFK DQG $SSOLFDWLRQ RI 6HLVPLF ,GHQWLILFDWLRQ
0HWKRG IRU $QFLHQW 0DVRQU\ 3DJRGD -RXUQDO RI <DQJ]KRX 8QLYHUVLW\ 1DWXUDO 6FLHQFH
(GLWLRQ     
>@ -/ <XDQ 6LPSOLILHG &DOFXODWLRQ 0HWKRG RI %DVLF 3HULRG RI $QFLHQW 0DVRQU\ 3DJRGD
(DUWKTXDNH (QJLQHHULQJ DQG (QJLQHHULQJ 9LEUDWLRQ     
>@ -/ <XDQ + )DQ +% &KHQ HW DO ([SHULPHQWDO 6WXG\ RQ '\QDPLF &KDUDFWHULVWLFV RI
+XTLX 3DJRGD (QJLQHHULQJ 0HFKDQLFV     
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>@ -/ /X -= /L . /L 7HVW DQG $QDO\VLV RI '\QDPLF &KDUDFWHULVWLFV RI 3DJRGD LQ
&LGHQJ 7HPSOH -RXUQDO RI ;L DQ 8QLYHUVLW\ RI 7HFKQRORJ\     
>@ -/ /X '\QDPLF &KDUDFWHULVWLFV DQG 6WUXFWXUDO 'DPDJH $QDO\VLV RI 0DVRQU\ 3DJRGD
0HFKDQLFV DQG 3UDFWLFH    
>@ -/ /X -+ 6L 3* 7LDQ 7HVW DQG $QDO\VLV RI WKH '\QDPLF &KDUDFWHULVWLFV RI WKH
3DJRGD RI ;LQJMLDR 7HPSOH $UFKLWHFWXUH 6WUXFWXUH     
>@ 7& &KHQ + 'HQJ ;+ /XR 6WXG\ RQ '\QDPLF 7HVW DQG &KDUDFWHULVWLFV RI
-LQELH]KRX 3DJRGD 9LEUDWLRQ DQG 6KRFN     
>@ ) =KX ([SHULPHQWDO 6WXG\ RQ 6HLVPLF 3HUIRUPDQFH RI &KLQHVH 'LQRVDXU 3DJRGD
+DUELQ ,QVWLWXWH RI 7HFKQRORJ\ 
>@ <; +X 5HVHDUFK RQ 0RGDO 3DUDPHWHU ,GHQWLILFDWLRQ RI $QFLHQW 0DVRQU\ 3DJRGD
%DVHG RQ (QYLURQPHQWDO '\QDPLF 7HVW <DQJ]KRX 8QLYHUVLW\ 
>@ -< :HL 6WXG\ RQ 6HLVPLF 3URWHFWLRQ RI $QFLHQW 3DJRGDV $QDO\VLV RI /LQHDU (ODVWLF
6HLVPLF 5HVSRQVH RI $QFLHQW 3DJRGDV ;L DQ 8QLYHUVLW\ 
>@ -< <XH <7 :DQJ 5HVHDUFK RQ WKH '\QDPLF &KDUDFWHULVWLFV RI .DLIHQJ 3DJRGD
$UFKLWHFWXUH VFLHQFH     
>@ -< <XH <: 3HQJ 6WXG\ RQ '\QDPLF &KDUDFWHULVWLFV RI +XLPLQJ 3DJRGD LQ 7DQJ
'\QDVW\ -RXUQDO RI +XD]KRQJ 8QLYHUVLW\ RI 6FLHQFH DQG 7HFKQRORJ\ 8UEDQ 6FLHQFH
(GLWLRQ      
>@ - *DR ') 6X 6WUXFWXUDO &KDUDFWHULVWLFV DQG 6HLVPLF 3HUIRUPDQFH RI )DZDQJ 3DJRGD
LQ ;LDQ\RX 7HPSOH (DUWKTXDNH 5HVLVWDQFH DQG 5HLQIRUFHPHQW RI (QJLQHHULQJ   
 
>@ 77 =KHQJ $QDO\VLV RI 6HLVPLF 3HUIRUPDQFH RI $QFLHQW 0DVRQU\ 3DJRGDV DQG
'LVFXVVLRQ RI 5HLQIRUFHPHQW 6FKHPHV ;L DQ 8QLYHUVLW\ RI $UFKLWHFWXUH DQG 7HFKQRORJ\

>@ -) +RX 6- 6X 6/ :DQJ 7HVW DQG 5HVHDUFK RQ WKH '\QDPLF &KDUDFWHULVWLFV RI D
0DVRQU\ 3DJRGD 6LFKXDQ %XLOGLQJ 6FLHQFH 5HVHDUFK     
>@ -< :HL '3 =KDQJ 6WXG\ RQ '\QDPLF &KDUDFWHULVWLFV RI $QFLHQW 0DVRQU\ 3DJRGD
(DUWKTXDNH 5HVLVWDQFH DQG 5HLQIRUFHPHQW RI (QJLQHHULQJ     
>@ ;/ /L -/ /X $QDO\VLV RI ;XDQ]DQJ 3DJRGD LQ ;XDQMLDR 7HPSOH )UHTXHQF\ 'RPDLQ
6HLVPLF 5HVSRQVH -RXUQDO RI ;L DQ 8QLYHUVLW\ RI 7HFKQRORJ\     
>@ < 3DQ =& :DQJ ) 6KDQJ HW DO 6WXG\ RQ WKH ,VRODWLRQ DQG 5HLQIRUFHPHQW 6FKHPH
RI DQ $QFLHQW 0DVRQU\ 3DJRGD LQ 6LFKXDQ 3URYLQFH -RXUQDO RI 6RXWKZHVW -LDRWRQJ
8QLYHUVLW\     
>@ $Q]DQL / %LQGD * 0LUDEHOOD 5REHUWL 7KH (IIHFW RI +HDY\ 3HUVLVWHQW $FWLRQV LQWR WKH
%HKDYLRU RI $QFLHQW 0DVRQU\ 0DWHULDO DQG 6WUXFWXUHV     
>@ * 0LODQL 0 6LPRQL $ 7UDOOL $GYDQFHG 1XPHULFDO 0RGHOV IRU WKH $QDO\VLV RI
0DVRQU\ &URVV 9DXOWV $ &DVH 6WXG\ LQ ,WDO\ (QJLQHHULQJ 6WUXFWXUHV   ̢ 
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>@ 0 9DOHQWH * 0LODQL $GYDQFHG 1XPHULFDO ,QVLJKWV LQWR )DLOXUH $QDO\VLV DQG
6WUHQJWKHQLQJ RI 0RQXPHQWDO 0DVRQU\ &KXUFKHV XQGHU 6HLVPLF $FWLRQV (QJLQHHULQJ
)DLOXUH $QDO\VLV   
>@ 0 9DOHQWH * 0LODQL 1RQOLQHDU '\QDPLF DQG 6WDWLF $QDO\VHV RQ (LJKW +LVWRULFDO
0DVRQU\ 7RZHUV LQ WKH 1RUWK(DVW RI ,WDO\ (QJLQHHULQJ 6WUXFWXUHV    

>@ ,QYHVWLJDWLRQ 5HSRUW RQ WKH 6WDWXV /RQJKX 3DJRGD LQ 'H\DQJ 6LFKXDQ 3URYLQFH &KLQD
&KLQHVH &XOWXUDO +HULWDJH 5HVHDUFK ,QVWLWXWH 
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$WKHQV*UHHFH±1RYHPEHU

ADAPTIVE LIMIT ANALYSIS OF HISTORICAL MASONRY
STRUCTURES MODELED AS NURBS SOLIDS
Nicola Grillanda, Andrea Chiozzi, Gabriele Milani and Antonio Tralli


'HSDUWPHQWRI$UFKLWHFWXUH%XLOW(QYLURQPHQWDQG&RQVWUXFWLRQ(QJLQHHULQJ $%& 3ROLWHFQLFRGL
0LODQR3LD]]D/HRQDUGRGD9LQFL0LODQ,WDO\QLFRODJULOODQGD#SROLPLLWJDEULH
OHPLODQL#SROLPLLW


'HSDUWPHQWRI(QJLQHHULQJ8QLYHUVLW\RI)HUUDUD9LD6DUDJDW)HUUDUD,WDO\DQ
GUHDFKLR]]L#XQLIHLWWUD#XQLIHLW

Keywords: +LVWRULFDOPDVRQU\VWUXFWXUHV185%6DGDSWLYHOLPLWDQDO\VLVJHQHWLFDOJRULWKP
Abstract. In this work, we propose an adaptive upper bound limit analysis based on the representation of geometry through NURBS-solids. A NURBS-solid is a closed volume identified
by boundary NURBS surfaces (Non-Uniform Rational Bezier Spline). Differently from using
NURBS surfaces representing masonry shell-elements, NURBS-solids allow an accurate representation of masonry three-dimensional macro-blocks, such as vaults or walls with variable
thickness. The initial model is subdivided into very few macro-elements, each one is still a
NURBS solid and is considered as a rigid block. Since dissipation occurs only along interfaces, NURBS boundary surfaces represent possible fracture zones. An upper bound limit analysis is applied. The minimum kinematic multiplier is found by modifying the initial subdivision
of solids until the real collapse mechanism is reproduced. This automatic research is performed through a Genetic Algorithm. A simple numerical example is finally reported.
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1

INTRODUCTION

7KH ILHOG RI KLVWRULFDO PDVRQU\ VWUXFWXUHV LQFOXGHV D ZLGH UDQJH RI GLIIHUHQW PDVRQU\ FRQ
VWUXFWLRQW\SRORJLHVVXFKDVYDXOWHGVWUXFWXUHVFKXUFKHVWRZHUVFDVWOHVPRQXPHQWDOEXLOG
LQJVDQGDJJUHJDWHV
7KH LQWHUHVW LQ WKH VWXG\ RI WKHVH VWUXFWXUHV WKURXJK QHZ DGYDQFHG FRPSXWDWLRQDO VWUDWHJLHV
EHFDPHKLJKHUDIWHUUHFHQWVHLVPLFHYHQWVZKLFKXQGHUOLQHGWKHVWURQJYXOQHUDELOLWLHVRIKLV
WRULFDOPDVRQU\FRQVWUXFWLRQVWRKRUL]RQWDOORDGV>±@,QWKHDQDO\VLVRIPDVRQU\VWUXFWXUHV
WKHSHFXOLDUFKDUDFWHULVWLFVRIKLVWRULFDOPDVRQU\VWUXFWXUHVKDYHWREHWDNHQLQWRDFFRXQWWKH
QRQOLQHDULWLHVRIPDVRQU\PDWHULDO LHQHJOLJLEOHWHQVLOHVWUHVVFRPSDUHGZLWKJRRGFRPSUHV
VLYHEHKDYLRU W\SLFDOSUHVHQFHRIFXUYHGJHRPHWULHVXQFHUWDLQWLHVRQLQWHUORFNLQJVFRH[LVW
HQFHRIGLIIHUHQWDQGLUUHJXODUPDVRQU\WH[WXUHVDQGSUHVHQFHRIGDPDJH$ERYHDOOPHWKRGV
DGRSWHG>@RQHRIWKHPRVWVXLWHGQXPHULFDOWRROVLVOLPLWDQDO\VLV7KHOLPLWDQDO\VLVRIPD
VRQU\VWUXFWXUHVKDVEHHQLQWURGXFHGIRUWKHILUVWWLPHE\+H\PDQ>@ZKRVXJJHVWHGWRWUHDW
PDVRQU\DVDQRWHQVLRQPDWHULDO,QWKLVWKHRU\WKHVWUXFWXUHLVVLPSOLILHGDVDQDVVHPEO\RI
ULJLGERGLHVZLWKQXOOWHQVLOHUHVLVWDQFHDQGERWKFUXVKLQJDQGVOLGLQJIDLOXUHVDYRLGHG7KLV
DOORZHG WR DQDO\]H RI WKH VWDWLFV RI FXUYHG PDVRQU\ VWUXFWXUHV WKURXJK VLPSOH SURFHGXUHV
EDVHGRQWKHVWDWLFWKHRUHPRIOLPLWDQDO\VLV>@VXFKDVWKHFRQVWUXFWLRQRIWKHWKUXVWVXU
IDFHIRUWKHDQDO\VLVRIPDVRQU\DUFKHV$PRQJWKHPHWKRGVSURSRVHGLQODVW\HDUVLWLVZRUWK
PHQWLRQLQJWKHVRFDOOHG7KUXVW1HWZRUN0HWKRG>@ZKLFKFRQVLVWVRIDORZHUERXQGOLPLW
DQDO\VLVRIPDVRQU\YDXOWVWKURXJKWKHFRQVWUXFWLRQRIWKHWKUXVWVXUIDFHZKLFKLVWKHWKUHH
GLPHQVLRQDOH[WHQVLRQRIWKHWKUXVWOLQH
$VUHJDUGVPHWKRGVEDVHGRQWKHNLQHPDWLFWKHRUHPRIOLPLWDQDO\VLVSURFHGXUHVEDVHGRQWKH
ILQLWHHOHPHQWPHWKRGKDYHEHHQSURSRVHG>@+HUHULJLGHOHPHQWVZLWKQRQOLQHDULQWHUIDFHV
DUHRIWHQDGRSWHG1RQOLQHDULWLHVDUHUHSUHVHQWHGE\DVVLJQLQJDWKUHHGLPHQVLRQDOIDLOXUHGR
PDLQZKLFKDOORZVDUHILQHGUHSUHVHQWDWLRQRIPHFKDQLFDOSDUDPHWHUVRIPDVRQU\0RUHRYHU
UHFHQWO\VRPHKRPRJHQL]DWLRQSURFHGXUHVKDYHEHHQSUHVHQWHGIRUDUHOLDEOHGHWHUPLQDWLRQRI
WKHWKUHHGLPHQVLRQDOIDLOXUHVXUIDFHRSHQLQJWKHDFFHVVWRDZLGHILHOGRIDSSOLFDWLRQV>±
@
+RZHYHU DQDO\VHV EDVHG RQ WKH NLQHPDWLF WKHRUHP RI OLPLW DQDO\VLV FDQ OHDG WR LQDFFXUDWH
UHVXOWVLIWKHJHRPHWULFDOUHSUHVHQWDWLRQDQGWKHPHFKDQLFDOPRGHOVDUHQRWDEOHWRUHSURGXFH
WKH UHDO FROODSVH PHFKDQLVP ,Q RUGHU WR RYHUFRPH VXFK OLPLWDWLRQV D QHZ DGDSWLYH XSSHU
ERXQGOLPLWDQDO\VLVKDVEHHQSURSRVHGE\WKHDXWKRUV>@,QWKLVPHWKRGWKHJHRPHWU\RID
PDVRQU\ YDXOW LV PRGHOHG WKURXJK 185%6 VXUIDFHV 1RQ8QLIRUP 5DWLRQDO %H]LHU 6SOLQH
>@ 7KHXVHRI185%6LVSDUWLFXODUO\VXLWHGIRUFXUYHGPDVRQU\VWUXFWXUHVEHFDXVHLWDO
ORZVDQDFFXUDWHUHSUHVHQWDWLRQRIFRPSOH[JHRPHWULHV>@7KHPDVRQU\YDXOWLVGLVFUHWL]HG
WKURXJK YHU\ IHZ VKHOO HOHPHQWV HDFK RQH LV VWLOO D 185%6 VXUIDFH $Q XSSHU ERXQG OLPLW
DQDO\VLVLVDSSOLHG(OHPHQWVDUHLGHDOL]HGDVFXUYHGULJLGEORFNVDQGMXPSRIYHORFLWLHVDUH
DOORZHG RQO\ DORQJ LQWHUIDFHV DFFRUGLQJ WR DQ DVVRFLDWHG IORZ UXOH $ SURSHUO\ GHILQHG KR
PRJHQL]HGIDLOXUHGRPDLQLVUHTXLUHG7KHUHIRUHLQWHUIDFHVDVVXPHWKHPHDQLQJRISRVVLEOH
IUDFWXUHOLQHV ,QRUGHUWR ILQGWKH UHDO FROODSVH PHFKDQLVPLHWKHUHDO SRVLWLRQRIIUDFWXUH
OLQHVDPHVKDGDSWDWLRQSURFHGXUHLVDSSOLHG%\PDLQWDLQLQJDORZWRWDOQXPEHURIHOHPHQWV
WKHPHVKLVDGDSWLYHO\PRGLILHGXQWLOWKHPLQLPXPNLQHPDWLFPXOWLSOLHULVUHDFKHG7KLVRS
WLPL]DWLRQSURFHGXUHLVFRQGXFWHGWKURXJKD*HQHWLF$OJRULWKP *$ >@HYHQLIRWKHUPHWD
KHXULVWLF DSSURDFKHV FDQ EH IROORZHG >@ 'LIIHUHQW W\SRORJLHV RI PDVRQU\ VWUXFWXUHV KDYH
EHHQVWXGLHGWKURXJKWKLV*$185%6OLPLWDQDO\VLV>±@
'HVSLWHWKHJUHDWYHUVDWLOLW\RIWKHPHWKRGLWLVVWLOOOLPLWHGWRFRQVWUXFWLRQVZKLFKFDQEHGH
VFULEHGWKURXJKSODWHRU VKHOOHOHPHQWV +RZHYHUWKHUHDUHPDQ\PDVRQU\VWUXFWXUHV ZKLFK
GR QRW EHKDYH DV DVVHPEOLHV RI VXUIDFHV VXFK DV DUFKHV DQG YDXOWV ZLWK YDULDEOH WKLFNQHVV
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PRQXPHQWDOWULXPSKDODUFKHVDQGFRPSOH[EXLOGLQJV7KHUHIRUHDQHZDGDSWLYHXSSHUERXQG
OLPLWDQDO\VLVEDVHGRQWKHXVHRI185%6VROLGVLVSUHVHQWHG$185%6VROLGLVDFORVHGUH
JLRQRIVSDFHGHOLPLWHGE\185%6ERXQGDU\VXUIDFHV
7KHXVHRIVROLGVZKLFKFDQEHFKDUDFWHUL]HGE\FXUYHGERXQGDULHVDOORZVWKHUHSUHVHQWDWLRQ
RIFXUYHGREMHFWVZLWKRXWJHRPHWULFDOOLPLWDWLRQV,QWKLVQHZPHWKRGDPDVRQU\VWUXFWXUHLV
PRGHOHGLQ5KLQRFHURVE\XVLQJ185%6VROLGHQWLWLHVDQGWKHQLPSRUWHGLQWR0$7/$%LQ
ZKLFKDQDGDSWLYHXSSHUERXQGOLPLWDQDO\VLVLVDSSOLHG$VLPSOHH[DPSOHRQDPDVRQU\DUFK
ZLWKYDULDEOHWKLFNQHVVLVSUHVHQWHGWRSURYHWKHHIIHFWLYHQHVVRIWKHPHWKRG
2

NURBS SOLIDS: GEOMETRIC DESCRIPTION

,QWKHJHRPHWULFDOGHVFULSWLRQRIWKUHHGLPHQVLRQDOREMHFWV185%6IXQFWLRQV 1RQ8QLIRUP
5DWLRQDO%H]LHU6SOLQH>@ DUHFRPPRQO\DGRSWHGLQWKHPRGHUQPRGHOLQJVRIWZDUHVXFK
DV5KLQRFHURVRU6ROLG:RUNV185%6EDVLVIXQFWLRQVDUHEXLOWRQ%VSOLQHVEDVLVIXQFWLRQV
ZKLFK DUH SLHFHZLVH SRO\QRPLDO IXQFWLRQV GHILQHG E\ D QRQXQLIRUP NQRWV YHFWRU LH QRQ
HTXLGLVWDQWSRLQWVLQDSDUDPHWULFGRPDLQ  ; [  [ [n p  ZKHUHpDQGnGHQRWHUHVSHF

^

`

WLYHO\WKHSRO\QRPLDORUGHUDQGWKHWRWDOQXPEHURIEDVLVIXQFWLRQV*LYHQDVHWRIZHLJKWV wi
DQGWKHiWK%VSOLQHEDVLVIXQFWLRQ N i  p WKHQWKH185%6EDVLVIXQFWLRQ Ri  p FDQEHZULWWHQ
DVIROORZV
Ri  p [

¦

Ni  p [

n
j 



N j p [ Z j

6WDUWLQJ E\ 185%6 EDVLV IXQFWLRQ D 185%6 VXUIDFH S u  v RI GHJUHH p LQ WKH uGLUHFWLRQ
DQGqLQWKH GLUHFWLRQLVDSDUDPHWULFVXUIDFHLQWKHWKUHHGLPHQVLRQDO(XFOLGHDQVSDFHGH
ILQHGDVIROORZV
n

S u v

m

¦¦ R

i M

u  v Bi  j



i  j 

ZKHUH B i  j DUHWKHFRQWUROSRLQWV
&RQVLGHUQRZDOLPLWHGUHJLRQRIVSDFH D   ZKRVHIURQWLHU wD LVDSLHFHZLVHUHJXODUDQG
RULHQWHG VXUIDFH $ 185%6 VROLG LV GHILQHG DV D FORVHG UHJLRQ RI VSDFH D LQ ZKLFK WKH
ERXQGDU\ wD LV DQ DVVHPEO\ RI 185%6 VXUIDFHV DQG QR LQIRUPDWLRQ LV SURYLGHG IRU WKH
VSDFHLQWHUQDOWRWKHERXQGDU\,QRWKHUZRUGVD185%6VROLGLVH[KDXVWLYHO\GHVFULEHGE\
LWVIURQWLHU wD DVIROORZV
M
D wD

k  S k u v
ZKHUH M LV WKH WRWDO QXPEHU RI ERXQGDU\ 185%6 VXUIDFHV DQG HDFK ERXQGDU\ VXUIDFH LV
LGHQWLILHGE\WKHFODVVLFDO185%6GHVFULSWLRQ VHH(TXDWLRQ 
*HRPHWULFDOPRGHOVFRPSRVHGRI185%6VXUIDFHVFDQEHHDVLO\LPSRUWHGLQ0$7/$%IURP
5KLQRFHURVWKURXJKWKH,*(6VWDQGDUGILOH>@DQGWKHDYDLODEOHIXQFWLRQVZLWKLQWKH,*(6
WRROER[>@+RZHYHUWKLVLVQRWWKHFDVHRI185%6VROLGVZKLFKDUHQRWVXSSRUWHGE\WKH
,*(6 VWDQGDUG ILOH 7KHUHIRUH D QHZ ,*(6 IRUPDW FDOOHG ³,*(6VROLG´ DQG D QHZ IXQFWLRQ
³LJHVPDWODE´ >@ KDV EHHQ ZULWWHQ VSHFLILFDOO\ WR LPSRUW VROLGV LQ WKH 0$7/$% HQYLURQ
PHQW$QH[DPSOHRI185%6VROLGLQ5KLQRFHURVDQGLQ0$7/$%UHSUHVHQWLQJDSRUWLRQRI
DPDVRQU\DUFKZLWKYDULDEOHWKLFNQHVVLVUHSRUWHGLQ)LJXUH

4245

1*ULOODQGD$&KLR]]L*0LODQLDQG$7UDOOL

D

E

)LJXUH185%6VROLGLQ D 5KLQRFHURVDQG E 0$7/$%.

$ 185%6 VROLG FDQ EH VXEGLYLGHG LQWR RQH RU PRUH VROLGV GLUHFWO\ ZLWKLQ 0$7/$% 7KH
VXEGLYLVLRQ RI VROLGV LV D IXQGDPHQWDO VWHS IRU WKH DGDSWLYH OLPLW DQDO\VLV SURFHGXUH ZKLFK
ZLOO EH GHVFULEHG LQ WKH QH[W 6HFWLRQ 7KLV RSHUDWLRQ LV FRQGXFWHG WKURXJK D QHZ DOJRULWKP
ZULWWHQE\WKHDXWKRUVVSHFLILFDOO\IRUWKHVXEGLYLVLRQRIVROLGVLQ0$7/$%:LWKRXWJRLQJ
LQGHWDLODERXWWKLVDOJRULWKPWKHVXEGLYLVLRQLVSHUIRUPHGE\GHILQLQJDQDGGLWLRQDO185%6
VXUIDFHZKLFKUHSUHVHQWVWKH³VSOLWWLQJREMHFW´)RUHDFKERXQGDU\VXUIDFHDVXUIDFHVXUIDFH
LQWHUVHFWLRQSUREOHP 66, LVVROYHG2QFHWKHFRPPRQFXUYHEHWZHHQWKHERXQGDU\VXUIDFH
DQGWKHVSOLWWLQJVXUIDFHLVGHWHUPLQHGWKHERXQGDU\FRPHVVSOLWLQWRWZR RUPRUH ERXQGD
ULHV LQ ZKLFK HDFK RQH LV D SDUWLWLRQ RI WKH RULJLQDO ERXQGDU\ $IWHU D SURFHGXUH RI UH
DVVHPEOLQJRIWKHQHZVXEERXQGDULHVWZRQHZ185%6VROLGVDUHREWDLQHG VHH)LJXUH 
7KHUHIRUHWKHFRUHRIWKLVVXEGLYLVLRQSURFHGXUHLVWKH66,DOJRULWKP7KH66,SUREOHPKDV
EHHQZLGHO\LQYHVWLJDWHGLQWKHVFLHQWLILFOLWHUDWXUH>@WKHSURFHGXUHKHUHLPSOHPHQWHGKDV
EHHQGHYHORSHGE\LPSURYLQJWKHIRUPXODWLRQSUHVHQWHGLQ>@

)LJXUH185%6VROLGVXEGLYLGHGWKURXJKDSODQDU185%6VXUIDFH

2QFHWKHVXEGLYLVLRQRI VROLGVLV FRPSOHWHGWKHYROXPH V DQG WKHFHQWURLG G RIHDFK VROLG
FDQEHHYDOXDWHG$VLWLVZHOONQRZQWKHVHSURSHUWLHVDUHGHWHUPLQHGDVIROORZV
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V

³ ³ ³ dxdydz
³ ³ ³   F x y  z



D

dxdydz


xi  yj  zk
, such that   F x y z
V
7KHVH YROXPH LQWHJUDOV FDQ EH HDVLO\ FRQYHUWHG LQ VXUIDFH LQWHJUDOV E\ DSSO\LQJ WKH GLYHU
JHQFHWKHRUHP DOVRNQRZQDVWKH*DXVV¶VWKHRUHP IRUZKLFK

³ ³ ³   F x y z dxdydz ³ ³ F x y z  ne dS
G

D

wD

D

ZKHUH n e LV WKH QRUPDO H[WHUQDO XQLW YHFWRU IRU wD  )RU 185%6 VXUIDFHV WKH QRUPDO XQLW
YHFWRULVVRGHILQHG
Su u v u S v u v
ne

Su u v u S v u v
ZKHUH Su u v DQG S v u  v GHQRWH UHVSHFWLYHO\ WKH WZR SDUWLDO GHULYDWLYH YHFWRUV 3URYLGHG
WKDW LQ D 185%6 VROLG WKH IURQWLHU wD LV D FRPSRVLWLRQ RI 185%6 VXUIDFHV (TXDWLRQ  
(TXDWLRQFDQEHUHZULWWHQDVIROORZV
M
³ ³ ³   F x y z dxdydz ¦ k  ³ ³ F x u v  y u v  z u v  Sk u u v u Sk v u v dudv  
D

Qk

LQZKLFK 4 k LVWKHVWDQGDUGSDUDPHWULFGRPDLQDVVRFLDWHGWRWKHkWKVXUIDFH7KLVLQWHJUDOFDQ
EHVROYHGLQ0$7/$%WKURXJKWKH*DXVVLQWHJUDWLRQ(TXDWLRQLVDSSOLHGWRVROYHDOOYRO
XPH LQWHJUDOV RQ 185%6 VROLGV 7KHUHIRUH LW LV DGRSWHG LQ WKH HYDOXDWLRQ RI YROXPHV
ZHLJKWVFHQWURLGVDQGLQWKHDSSOLFDWLRQRIYROXPHIRUFHV
3

ADAPTIVE KINEMATIC LIMIT ANALYSIS

$ PDVRQU\ VWUXFWXUH LV KHUH UHSUHVHQWHG DV DQ DVVHPEO\ RI IHZ ULJLG EORFNV LQ ZKLFK HDFK
EORFNLVD185%6VROLG$SURFHGXUHRINLQHPDWLFOLPLWDQDO\VLVLVGHILQHG7KHNLQHPDWLFRI
HDFK EORFN LV GHILQHG WKURXJK WKH VL[ GHJUHHV RI IUHHGRP uxi  uiy  uzi  )ix  )iy  )iz RI LWV FHQ

^

`

WURLG LQ WKH WKUHHGLPHQVLRQDO VSDFH Oxyz  ,QWHUIDFHV EHWZHHQ HOHPHQWV ZKLFK DUH WKH
185%6VXUIDFHVRIWKHFRPPRQERXQGDULHVDUHWKHRQO\]RQHVZKHUHMXPSVRIYHORFLWLHVDUH
VXSSRVHG WR RFFXU 7KHUHIRUH GLVVLSDWLRQ LV DOORZHG RQO\ DW LQWHUIDFH DFFRUGLQJ WR D ULJLG
SODVWLFEHKDYLRU$WKUHHGLPHQVLRQDOIDLOXUHVXUIDFHZKLFKFRQVLVWVRID0RKU&RXORPEIDLO
XUHVXUIDFHZLWKWHQVLRQFXWRIIDQGOLQHDUFDSLQFRPSUHVVLRQ>@LVDVVLJQHGWRWKHPDVRQU\
PDWHULDO,QWKLVZD\FUXVKLQJDQGVOLGLQJIDLOXUHVDUHDXWRPDWLFDOO\LQFOXGHGLQWKHFRPSXWD
WLRQ,WLVFOHDUWKDWE\XVLQJKLJKYDOXHVRIXOWLPDWHFRPSUHVVLRQVWUHQJWKDQGIULFWLRQDQJOH
WKH W\SLFDO +H\PDQ FRQGLWLRQ >@ FDQ EH UHSURGXFHG 7KH LQWHUQDO SODVWLF GLVVLSDWLRQ DW WKH
JHQHULFLQWHUIDFHLVHYDOXDWHGDFFRUGLQJWRWKHDVVRFLDWHGIORZUXOH

wf ·
§ wf

'u ¨ λ T
¸
© wσ ¹
ZKHUH 'u
u LVWKHMXPSRIYHORFLW\LQWKHORFDOUHIHUHQFHV\VWHP λ LVWKHYHFWRUFRQWDLQLQJWKH
QRQQHJDWLYHSODVWLFPXOWLSOLHU f LV WKHWKUHHGLPHQVLRQDO IDLOXUHGRPDLQDQG σ LV WKHVWUHVV
YHFWRU7KHDVVRFLDWHGIORZUXOHLVDSSOLHGE\GLVFUHWL]LQJWKHLQWHUIDFHLQWRDVHULHVRISRLQWV
6LQFHWKHXVHRI185%6DOORZVWKHSUHVHQFHRIFXUYHG LQWHUIDFHVWKHGLVFUHWL]DWLRQLVFRQ
GXFWHGE\GHILQLQJDWULDQJXODUL]DWLRQRIWKH185%6VXUIDFH WKHSURFHGXUHGHVFULEHGLQ>@
LVXVHG ,Q)LJXUH D DQGH[DPSOHRIGLVFUHWL]DWLRQZLWKORFDOUHIHUHQFHV\VWHPVLVVKRZHG
ZKHUHDV )LJXUH E UHSURGXFHVDOLQHDUL]DWLRQRIWKHDGRSWHG WKUHHGLPHQVLRQDO IDLOXUHVXU
IDFH
T
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D

E

)LJXUH D 'LVFUHWL]DWLRQRIWKHFXUYHGLQWHUIDFHLQWRSRLQWVDQGORFDOUHIHUHQFHV\VWHPV E OLQHDUL]HGWKUHH
GLPHQVLRQDOIDLOXUHVXUIDFH

7KHWRWDOLQWHUQDOGLVVLSDWLRQLVWKXVGHWHUPLQHGDVIROORZV
T

§ wwff ·
 
PLQW ¦ i ³ σ  'u dS ¦ i ³ λ  ¨ σT
¸ dS
Si
Si
© wσ ¹
$FRQILJXUDWLRQRIORDGVGLVWLQJXLVKHGLQGHDGORDGV SHUPDQHQW  F DQGOLYHORDGV GHSHQG
LQJ RQ D PXOWLSOLHU O  O  Γ   LV GHILQHG ,I WKH YHFWRU RI YHORFLWLHV LV LQGLFDWHG DV U  WKH
SRZHUGLVVLSDWHGE\WKHH[WHUQDOORDGVLVGHILQHGDV
T
Pext F  O  Γ U
 
7KHVROXWLRQRIWKHNLQHPDWLFSUREOHPLVREWDLQHGE\DSSO\LQJWKH3ULQFLSOHRI9LUWXDO3RZHUV
%\QRUPDOL]LQJWKHSRZHUGLVVLSDWHGE\OLYHORDGVLH
Γ T U 
 
WKHSUREOHPFDQEHZULWWHQZLWKWKHIROORZLQJOLQHDUSURJUDPPLQJIRUPXODWLRQ
 Ax = b
PLQ O PLQW  FT U such that ®
 
¯ λt
T

^

`

ª¬ U, λ º¼ LV WKH YHFWRU RI XQNQRZQV A DQG b DUH UHVSHFWLYHO\ WKH RYHUDOO HTXDOLW\
FRQVWUDLQWVPDWUL[ ZKLFKLQFOXGHJHRPHWULFFRQVWUDLQWVFRPSDWLELOLW\FRQVWUDLQWVDQGQRUPDO
LW\FRQGLWLRQ DQGWKHFRUUHVSRQGLQJULJKWKDQGVLGHYHFWRU
7KHSUHVHQWHGXSSHUERXQGIRUPXODWLRQSURYLGHVWKHFRQILJXUDWLRQRIYHORFLWLHVRIHDFKEORFN
DW IDLOXUH LH D NLQHPDWLF PHFKDQLVP DQG DQ DVVRFLDWHG ORDGPXOWLSOLHU ZKLFK LV DQ XSSHU
ERXQGRIWKHFROODSVHPXOWLSOLHU,QRUGHUWR RSWLPL]HWKHNLQHPDWLFPXOWLSOLHUWKHUHDO FRO
ODSVHPHFKDQLVPKDVWREHIRXQG
7KH PHFKDQLVP GHSHQGV RQ KRZ VROLGV KDYH EHHQ LQLWLDOO\ VXEGLYLGHG 7KHUHIRUH FKDQJLQJ
WKH SRVLWLRQ DQGRU WKH VKDSH RI WKH 185%6 VXUIDFHV DGRSWHG DV VSOLWWLQJ REMHFWV GLIIHUHQW
PHFKDQLVPVFDQEHIRXQG$JHQHWLFDOJRULWKP *$ >@LVDSSOLHGWRPRYHWKHVH185%6
VXUIDFHVDQGILQGWKHVXEGLYLVLRQDVVRFLDWHGWRWKHPLQLPXPNLQHPDWLFPXOWLSOLHU*LYHQWKH
ORZHUQXPEHURISDUDPHWHUVLQYROYHGLQWKHPHWDKHXULVWLFRSWLPL]DWLRQWKHRSWLPL]HGPHFK
DQLVPLVXVXDOO\IRXQGDIWHUYHU\IHZLWHUDWLRQV
ZKHUH x
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4

NUMERICAL EXAMPLE

7KHILUVWUHVXOWREWDLQHGWKURXJKWKHQRYHO185%6VROLGVEDVHGIRUPXODWLRQLVKHUHSUHVHQWHG
$PDVRQU\DUFKFKDUDFWHUL]HGE\YDULDEOHWKLFNQHVVLVKHUHDQDO\]HGXQGHUDVLPSOHSRLQWHG
ORDG *HRPHWU\ DQG ORDG FRQGLWLRQ DUH GHSLFWHG LQ )LJXUH  D  7KLV W\SH RI DUFK KDV EHHQ
RULJLQDOO\ SUHVHQWHG E\ /DPp DQG &ODSH\URQ >@ DQG VXFFHVVLYHO\ VWXGLHG LQ >@ 7KHVH
DUFKHVDUHFRQVWUXFWHGZLWKDOD\HURIUDGLDOYRXVVRLUVGLVSRVHGDWWKHLQWUDGRVDQGDGGLWLRQDO
KRUL]RQWDOOD\HUVRIPDVRQU\DERYH7KHUHIRUHWKHVKDSHRIWKHDUFKLVGLIIHUHQWEHWZHHQLQ
WUDGRVDQGH[WUDGRVUHVXOWLQJLQDYDULDEOHWKLFNQHVV,QSUHVHQFHRIVLPSOHYHUWLFDOORDG/D
PpDQG&ODSH\URQREVHUYHGWKDWWKLVNLQGRIDUFKHVIDLOVE\GHYHORSLQJIUDFWXUHOLQHVWKDWVWDUW
UDGLDOO\DWWKHLQWUDGRV LHIROORZLQJWKHUDGLDOMRLQWVJLYHQE\YRXVVRLUV DQGWKHQSURSDJDWH
XSZDUGEHFRPLQJDOPRVWYHUWLFDO$UHSUHVHQWDWLYHVFKHPHRIWKLVFUDFNSDWWHUQLVVKRZQLQ
)LJXUH E 7KLVREVHUYDWLRQKDVEHHQFRQILUPHGLQ>@
ȜāN1

D

E

)LJXUH$UFKZLWKUDGLDOYRXVVRLUVDWWKHLQWUDGRVDQGDKRUL]RQWDOOD\HURIPDVRQU\DERYH D JHRPHWU\DQG
ORDGFRQGLWLRQDQDO\]HGDQG E W\SLFDOFUDFNSDWWHUQXQGHUYHUWLFDOORDGV>@

$VDSUHOLPLQDU\HYDOXDWLRQWKHPDVRQU\DUFKKDVEHHQDQDO\]HGDV'SUREOHP ZLGWKKDV
EHHQDVVXPHGXQLWDU\ WKURXJKDKHWHURJHQHRXVNLQHPDWLFOLPLWDQDO\VLV7ZRGLIIHUHQWVXE
GLYLVLRQVLQWRULJLGEORFNVKDYHEHHQDGRSWHG,QWKHILUVWRQHWKHDUFKLVVXEGLYLGHGWKURXJK
UDGLDOMRLQWVVWDUWLQJIURPWKHLQWUDGRVZKHUHDVKRUL]RQWDOMRLQWVKDYHEHHQDGRSWHGIRUSLHUV
VHH)LJXUH D ,QWKHVHFRQGRQHWZRGLIIHUHQWPHVKKDYHEHHQDGRSWHGIRUWKHLQWUDGRVDQG
WKHH[WUDGRVLQRUGHUWREHWWHUWDNHLQWRDFFRXQWWKHWZRGLIIHUHQWOD\HUVRIYRXVVRLUV:KHUHDV
UDGLDOMRLQWVKDYHEHHQPDLQWDLQHGDWWKHLQWUDGRVWULDQJXODUEORFNVKDYHEHHQDVVLJQHGWRWKH
PDVRQU\ PDWHULDO ORFDWHG DERYH WKH UDGLDO YRXVVRLUV VHH )LJXUH  E  $ YDOXH RI  N1P
KDVEHHQDGRSWHGDVVSHFLILFZHLJKW$QXOOWHQVLOHVWUHQJWKKDVEHHQDVVLJQHGFRKHVLRQDQG
IULFWLRQ DQJOH DUH UHVSHFWLYHO\ HTXDO WR  03D DQG  DQG ILQDOO\ WKH FRPSUHVVLRQ
VWUHQJWKKDVEHHQDVVXPHGHTXDOWR03D5HVXOWVREWDLQHGIRUERWKWKHPHVKDUHVKRZQLQ
)LJXUH FG ,WFDQEHQRWHGWKDWDORZHUORDGPXOWLSOLHUKDVEHHQIRXQGIRUWKHVHFRQGPHVK
LQZKLFKWKHFUDFNSDWWHUQREVHUYHGLQ>@FDQEHEHWWHUUHSURGXFHG
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D

E

F

G

)LJXUH/LPLWDQDO\VLVRIWKHPDVRQU\DUFKZLWKKHWHURJHQHRXVDSSURDFK DE WZRGLIIHUHQWLQLWLDOPHVKDQG
FG FRUUHVSRQGLQJFROODSVHPHFKDQLVPDQGORDGPXOWLSOLHU

7KHVWXG\WKURXJKDGDSWLYHOLPLWDQDO\VLVWKURXJK185%6VROLGVLVQRZSUHVHQWHG$UHSUH
VHQWDWLRQ WKURXJK WZR 185%6 VROLGV LV UHSRUWHG LQ )LJXUH  D  $ ZLGWK HTXDO WR  P KDV
EHHQDVVLJQHG,QRUGHUWRFRUUHFWO\FRPSDUHWKLVH[DPSOHWRWKHSUHYLRXVRQHVWKHOLYHORDG
FRQGLWLRQKHUHXVHGFRQVLVWVRIDOLQHDUORDGHTXDOVWRN1PGLVWULEXWHGDORQJWKHH[WUDGRV
OLQHEHORQJLQJWRWKHV\PPHWU\SODQHRIWKHDUFK$FFRUGLQJWRWKHV\PPHWU\RIWKHSUREOHP
WKH VXEGLYLVLRQ RI WKH PDVRQU\ DUFK LV JRYHUQHG E\ WZR SODQDU 185%6 VXUIDFHV WKDW PRYH
V\PPHWULFDOO\7KHVKDSHRIWKHVHVXUIDFHVLVJRYHUQHGE\WKUHHSDUDPHWHUVVXPPDUL]HGE\
WKH YHFWRU a DQG GHSLFWHG LQ )LJXUH  E  ,W FDQ EH REVHUYHG WKDW LI WKH VHFRQG RU WKH WKLUG
SDUDPHWHUDUHQRWQXOOWKHVXUIDFHLVQRWPRUHSODQDUDQGWKHUHVXOWLQJIUDFWXUHVXUIDFHRQWKH
VROLGLVFXUYHG7KHVDPHPDWHULDOSDUDPHWHUVKDYHEHHQDGRSWHGIRUWKLVPRGHO

4250

1*ULOODQGD$&KLR]]L*0LODQLDQG$7UDOOL

D

E

)LJXUH D 185%6PRGHORIWKHDUFKDQG E 185%6VXUIDFHVDGRSWHGIRUWKHVXEGLYLVLRQ

5HVXOWVDUHVKRZQLQ)LJXUH)LJXUH DE GHSLFWVWKHFROODSVHPHFKDQLVPIRXQGDQGWKH
FRUUHVSRQGLQJOLYHORDGPXOWLSOLHUZKHUHDVLQ)LJXUH F WKHFRQYHUJHQFHGLDJUDPGHULYLQJ
IURPWKHDSSOLFDWLRQRIWKH*$LVUHSRUWHG$VLWZDVH[SHFWHGWKHDUFKFROODSVHVIRUWKHIRU
PDWLRQRIFXUYHGFUDFNVWKDWDUHDOPRVWYHUWLFDOQHDUWKHH[WUDGRV7KHORDGPXOWLSOLHUUHVXOWHG
ORZHUWKDQYDOXHVREWDLQHGWKURXJKWKHKHWHURJHQHRXVDSSURDFKHV FRPSDUHGZLWK
DQG   GHQRWLQJ D KLJKHU SUHFLVLRQ LQ WKH GHILQLWLRQ RI WKH FROODSVH PHFKDQLVP IRU WKH
DGDSWLYHDSSURDFK
7KLVPHWKRGLVFRPSXWDWLRQDOO\FKHDSEHFDXVHLWDOORZVWRVWXG\FRPSOH[JHRPHWULHVE\XV
LQJDYHU\UHGXFHGQXPEHURIHOHPHQWVVWLOOPDLQWDLQLQJWKHH[DFWJHRPHWU\RIWKHFDVHVWXG\

E

D
F
)LJXUH5HVXOWVREWDLQHGWKURXJKDGDSWLYHOLPLWDQDO\VLVORDGPXOWLSOLHUDQGFROODSVHPHFKDQLVPLQ D D[R
QRPHWULFDQG E IURQWDOYLHZDQG F FRQYHUJHQFHGLDJUDP
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5

CONCLUSIONS

$QHZDGDSWLYHXSSHUERXQGOLPLWDQDO\VLVEDVHGRQWKHXVHRI185%6VROLGVKDVEHHQSUH
VHQWHG$JLYHQPDVRQU\VWUXFWXUHLVPRGHOHGWKURXJK185%6VROLGVDQGWKHQLPSRUWHGLQWR
0$7/$%7KHPRGHOLVWKHQVXEGLYLGHGWKURXJK185%6VXUIDFHDQGDQDO\]HGWKURXJKDQ
DGDSWLYHXSSHUERXQGOLPLWDQDO\VLVLVDSSOLHG%\XVLQJD*HQHWLF$OJRULWKPWKHLQLWLDOVXE
GLYLVLRQLVWKHQPRGLILHGWRUHSURGXFHWKHUHDOFROODSVHPHFKDQLVPDQGLGHQWLI\WKHFROODSVH
PXOWLSOLHU
7KHSUHVHQWHGPHWKRGKDVEHHQDSSOLHGRQDPDVRQU\DUFKZLWKYDULDEOHWKLFNQHVVDQGUHVXOWV
KDYH EHHQ FRPSDUHG ZLWK FODVVLFDO KHWHURJHQHRXV OLPLW DQDO\VLV SURFHGXUHV $ JRRG DJUHH
PHQWKDVEHHQREVHUYHGEHWZHHQUHVXOWVREWDLQHG7KHXVHRI185%6VROLGVDOORZHGWKHH[
DFWUHSUHVHQWDWLRQRIFXUYHGJHRPHWULHVRIVWUXFWXUHVWKDWFDQQRWEHUHSUHVHQWHGZLWKVWDQGDUG
VKHOOHOHPHQWV7KHFROODSVHPHFKDQLVPLVLGHQWLILHGZLWKJRRGSUHFLVLRQWKDQNVWRWKHDXWR
PDWLFPHVKDGDSWDWLRQ0RUHRYHUWKHVXEGLYLVLRQRIVROLGVWKURXJK185%6VXUIDFHVDOORZV
WKHLGHQWLILFDWLRQRIFXUYHGIUDFWXUH]RQHVZLWKLQWKHPDFUREORFNVLQHDV\ZD\
)XWXUHUHVHDUFKZLOOEHIRFXVHGRQWKHXVHRIWKHSUHVHQWHGPHWKRGIRUWKHDQDO\VLVRIPRQX
PHQWDOPDVRQU\FRQVWUXFWLRQVVXEMHFWHGWRKRUL]RQWDODFWLRQV
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Abstract. A fast and innovative discrete model approach coupled with homogenization procedure is here presented. The method is able to comply with the main features required for an
accurate simulation of masonry curved elements, such as the orthotropy and the typical inand-out-of-plane coupled behavior exhibited by masonry vaults. Furthermore, homogenization techniques directly implemented in the method allows reducing consistently the number
of variables, leading to a fair combination of accuracy and reasonable computational time.
The discrete model is an assembly of elastic units joint by non-linear interfaces. These latter
are modeled with 3D linear brick elements and Concrete Damage Plasticity (CDP) is used for
modeling the non-linear mechanical properties coming from the homogenization step. In order to overcome potential difficulties during the preparation of the model, the discretized
mesh is obtained automatically by means of an ad-hoc script implemented by the Authors. The
proposed approach is validated taking advantage of numerical data already available on a
cloister vault. The numerical comparison shows the reliability of the method and its efficacy
in the simulation of both global behavior and crack pattern, requiring a low computational
effort.
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1

INTRODUCTION

The vulnerability of historical masonry structures when subjected to seismic loads is well
known and preservation is a fundamental task in order to preserve the structures that assumed
the role of a cultural landmark. In such historical buildings, the most fascinating and peculiar
elements are represented by arches, vaults and domes. However, at the same time, these elements represent often the most vulnerable part of the whole structure. The methodologies according to which curved masonry elements were designed in the past result highly effective
for static loads [1]. On the other hand, strong knowledge about the behavior of such elements
when subjected to dynamic loads is still missing. From the numerical point of view, the issues
are related to the difficulty of balancing reliable results with a reasonable computing time.
Several approaches have been developed in literature ranging from methodologies enable to
effectively combine ancient and current methods as kinematic limit analyses [2] to approaches
that allow a full non-linear analysis. This latter can be faced with both macro-modeling [3]
and micro-modeling [4]. The first case leads to an easy numerical implementation simulating
the material as a continuum, but the choice of a suitable constitutive model may result cumbersome. On the contrary, a micro-modeling procedure can allow a distinction of all the different constituents but my lead to a huge number of variables and to not practical computing
time. These numerical issues can be overtaken by applying homogenization procedures, that
ensure a detailed evaluation of the non-linear behavior of masonry at meso-scale [5,6] Such
information is then transferred at the structural level in a second step.
In this paper, an innovative and automatic procedure for the non-linear analysis of curved
masonry structures is presented.
At the macro-scale level, the structure is described as a repetition of elastic cells joint by
interfaces. Such a discrete approach allows reproducing properly the orthotropic behavior of
masonry. The non-linear properties coming from homogenization are lumped exclusively at
the interfaces, that are modeled as flat brick elements along with a Concrete Damage Plasticity model already available in Abaqus. The main advantage of the method is the direct implementation of the homogenized parameter at the structural level, where even the mesh of the
discrete model is created automatically employing a MATLAB script.
The efficacy of the method has been already described for the case of brick walls loaded
out-of-plane, in the unreinforced and TRM-reinforced configuration in [7]. The extension of
the method even to curved structures is suitable as the modeling of interfaces with flat 3D elements leads to a full coupling of in-and-out-of-plane actions. In such a way the influence of
the normal stress related to the gravity loads on the non-linear behavior in flexion is automatically taken into account. The number of variables involved in the numerical simulations is
very low when compared to micro approaches, opening the way to further application of the
method on reinforced structures.
With the aim to validate the proposed approach, some non-linear simulations have been
carried out on a cloister vault, of which experimental and numerical data are available in the
literature [8].
2

METHODOLOGY

In this section, a general overview of the method is provided. The validation and its implementation are deeply discussed in [7] and the interested readers are directed to this research for a point of reference.
The first main step is the implementation of a discrete mesh of the curved structure. In the
case of the wall, such a step resulted straightforward and without complexity due to the simplicity of the geometrical model. On the contrary, the realization of a discrete mesh for vaults
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and domes may lead to a tedious procedure. In fact, the flat 8-noded brick elements employed
as interfaces have a thickness that, even though negligible, implies the presence of gaps in the
intersections. In order to overcome such limitations, a MATLAB script was implemented by
the Authors, enable to provide an automatic discretized mesh. Moreover, the non-linear homogenized properties are assigned automatically to the interfaces according to their orientation. The non-linearity is introduced by taking advantage of the constitutive model Concrete
Damage Plasticity (CDP), already available in Abaqus. Its applicability for modeling masonry
structures has been widely proved in [9,10] where several non-linear analyses were performed. With such a model, a differential behavior in tension and compression is introduced,
following a softening exponential law in the first case and a parabolic softening law in the second one.
Even if CDP is a continuum isotropic constitutive model, its use in a discrete approach allows preserving the orthotropy peculiar to masonry, opening the way to the implementation
even in FEM-based software that does not provide an orthotropic constitutive model.
In this paper, a cloister vault, already numerically reproduced in literature, is selected in
order to show the capability of the model. The automatic mesh procedure starts with the definition of a rough but structured mesh of the inner surface of the curved structure.
Each 4-noded shell element of the coarse mesh generates correspondent elastic units of the
final discrete mesh. In order to create the space for interfaces, each element is scaled by acting
on the 3D coordinates of four vertices. Then, the elements are automatically joined with the
surrounding ones, generating additional 4-noded narrow elements. These latter will be converted to the non-linear 3D interfaces in the final model. After this stage, each 4-noded element is partitioned, creating a new mesh for the subsequent discrete model.

Figure 1: Steps for the automatic implementation of the discrete mesh.
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The final model is then obtained by extrusion of the discrete shell mesh. A different quantity can be applied to each node, making possible the modeling of vaults with variable thickness.
In this work, the cloister vault has been modeled with 160 elastic units having a rough
mesh of 4 elements on the plane r-s.

s
r
t
Figure 2: Mesh configuration in detail of the homogenized cloister vault.

According to the experience of the Authors, for reproducing properly the flexural behavior of
curved masonry structures, 4 elements along the depth of the dome is a sufficient number.
The possibility to assign automatically the homogenized mechanical properties according
to the orientation of the interfaces is a promising starting point for the upcoming research by
the Authors. Indeed, semy-analytical approaches [6] might be directly implemented inside the
script, leading to a full comprehensive homogenization procedure for curved structures.
Numerical analyses on the cloister vault are available in [8,12]. For the sake of consistency, the same homogenized mechanical properties defined in [8] for both directions, are input
in the Concrete Damage Plasticity.

Figure 3: Detail of non-linear interfaces

3

RESULTS

The cloister vault, with a square base of 2.2 m*2.2 m, used for the validation of the method
was tested by Foraboschi in 2006 and described in [11]. The test consisted in inducing the
collapse of the vault by the application of a concentrated force applied at the top. Several nonlinear FE simulations are already available by means of heterogeneous and macroscopic ap-
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proaches. From these latter, a comparison in terms of load-displacement curves is here provided with the proposed method.

Figure 4: Comparison in terms of load-displacement curves of the proposed method with previous numerical analyses
(Left); Collapse mechanism obtained by means of QP non-linear analysis by Milani, 2011 (Right).

Figure 5: Evolution of crack pattern at the intrados (Top), at the extrados (Bottom).

The global behavior described by DIANA analyses and by other numerical approaches implemented in [8,12] presents a final displacement around 2.7 mm and a peak load within the
range of 25-28 kN. The discrete homogenized approach provides a global behavior that fits
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satisfactorily the numerical references, with a maximum load nearby 25 kN and maximum
capacity in displacement around 2.5 mm. The slight difference in the first branch may be attributed to the discrete nature of the method, which does not allow the non-elastic behavior in
all the structures but only at the interfaces.
The crack pattern is provided in terms of plastic strains (PE in Abaqus). The cracks start to
spread symmetrically along the diagonal at the intrados. Afterward, a circular flexural hinge is
determined by the openings at the extrados of the parallels at approximately 2/3 of the height,
causing the impossibility to carry further loads.
4

CONCLUSIONS

In the present work, a validation of an innovative discrete homogenized method applied on
a masonry cloister vault has been provided. First of all, a short overview of already existing
methods is discussed to highlight the required features for a new approach and the necessity
of implementing it. A discrete method, when complemented with previous homogenization
procedures, is presented as the right approach for meeting the following requirements: nonlinear simulation, low-number of variables involved, preservation of orthotropy of material
like-masonry, necessity of keeping coupled the in-out-of-plane effects.
The method, already validated on UR and RE out-of-plane-loaded walls, is extended to the
case of a cloister vault, experimentally tested in 2006 and numerically simulated several times
by different approaches.
The numerical model of the vault is conceived as a repetition of elastic units jointed by
non-linear interfaces. These latter are input as flat 8-noded bricks and the non-linearities are
introduced by means of the constitutive model Concrete Damage Plasticity, available in the
Abaqus library. The discretized mesh is obtained automatically through a MATLAB script
implemented by the Authors and the homogenized mechanical properties are, as well, assigned by an automatic procedure to each interface according to their orientation, preserving
the orthotropic behavior.
Finally, the homogenized outcome, in terms of load-displacement curves, revealed an excellent capacity to reproduce numerical results coming from more advanced and consuming
approaches. Even the evolution of the crack pattern is fully consistent with the information
available in the literature.
Moreover, given the low computational burden, it is the opinion of the Authors that interesting extension to reinforced curved elements may be proposed in future works, by applying
in a second moment the reinforcement.
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Abstract. In the present paper has been reported the Non-Smooth Contact Dynamics method
(NSCD) used for the damage evaluation of the multiple leaf masonry walls of the medieval
fortress of Arquata del Tronto, strongly affected by the last Centre Italy earthquakes of August and October 2016. Pursuing this approach, a system of rigid blocks has been used for
the assembly of the masonry structure. By means of contacts between blocks, which are governed by the Signorini's impenetrability condition and by dry-friction Coulomb's law, the
building exhibits discontinuous dynamics. Finally, the NSCD method has proved to be an effective instrument for investigating the dynamical behaviour of the masonry structures under
the ground seismic accelerations. Indeed, several possible failure mechanisms have been confirmed through the numerical results, which have given a deep insight into the seismic vulnerability of this damaged medieval fortress.
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1

INTRODUCTION

,QWKHVWUXFWXUDOPHFKDQLFVEHFDPHUHOHYDQWWKHDWWHQWLRQIRUWKHGDPDJHDVVHVVPHQWRIKLV
WRULFDO PDVRQU\EXLOGLQJV ZKLFKDUH FRPPRQO\ FRPSOH[ZLWK LUUHJXODU JHRPHWULHV KHWHUR
JHQHLW\ DQG DEVHQFH RI D ER[ EHKDYLRXU GXH WR GHIHFWLYH FRQQHFWLRQV EHWZHHQ GLIIHUHQW
VWUXFWXUDO SDUWV LQ SDUWLFXODU ZDOOV DQG IORRUV WKDW RIWHQ SOD\ D IXQGDPHQWDO UROH +RZHYHU
WKH NQRZOHGJH RI WKH G\QDPLFDO EHKDYLRXU LV FUXFLDO IRU D UHOLDEOH VHLVPLF YXOQHUDELOLW\ DV
VHVVPHQWZKLFKEHFDPHPRUHDQGPRUHLPSRUWDQWGXHWRUHFHQWFDWDVWURSKLFHDUWKTXDNHVWKDW
VWURNHG ,WDO\ LQ WKH ODVW IHZ GHFDGHV 8PEULD0DUFKH ± $EUX]]R  (PLOLD
5RPDJQD0DUFKH/D]LR8PEULD$EUX]]R >@±>@
,Q 2FWREHU  WZR PDMRU HDUWKTXDNHV RFFXUUHG LQ WKH 0DUFKH UHJLRQ LQ WKH &HQWUH RI
,WDO\FDXVLQJZLGHVSUHDGGDPDJHHVSHFLDOO\RQWKHKLVWRULFDOVWUXFWXUHV7KHHSLFHQWUHRIWKH
VHFRQGRQHVWURNHG1RUFLD9LVVR$UTXDWDGHO7URQWR$FFXPROLDQG$PDWULFHDQGDORWRI
GDPDJHVWRFXOWXUDOKHULWDJHZHUHDOVRGRQHLQWKHFLWLHVRI7ROHQWLQR6DQ6HYHULQR&DPHUL
QRDQG0DWHOLFD
7RLQYHVWLJDWHWKHPHFKDQLFDOEHKDYLRXURIPDVRQU\VWUXFWXUHVFRPPRQO\)LQLWH(OHPHQW
0HWKRGVLV XWLOL]HGRIWHQLQFOXGLQJ YHU\VRSKLVWLFDWHG FRQVWLWXWLYHODZV WDNLQJ LQWRDFFRXQW
SRVWHODVWLFEHKDYLRXUVDQGGDPDJH>@±>@7KLVPHWKRGZKLOHEHLQJYHU\DSSHDOLQJGRQRW
IRFXV RQ WKH SRVVLEOH QRQVPRRWK QDWXUH RI WKH G\QDPLF UHVSRQVH ZKLFK FDQ FRPH VOLGLQJ
DQGLPSDFWLQJEHWZHHQGLIIHUHQWEORFNVDQGVLWXDWLRQWKDWLVFRPPRQMXVWEHIRUHDQGGXULQJ
WKHFROODSVH>@±>@
0RUHRYHU WKH DQFLHQW PDVRQU\ VWUXFWXUHV FDQ EH FRQVLGHUHG DV GLVFRQWLQXRXV VWUXFWXUDO
V\VWHPVZKLFKLVFRPSRVHGRIXQLWV HJEULFNVVWRQHVEORFNVHWF ERQGHGWRJHWKHUZLWKRU
ZLWKRXWPRUWDU7KXVGHILQLQJWKHFRQVWLWXWLYHPRGHODQGWKHPDWHULDOSURSHUWLHVIRUDQXPHU
LFDOPRGHOLVPHDQLQJIXOWRDGHTXDWHO\UHSUHVHQWWKHG\QDPLFDOEHKDYLRXURIDUHDOVWUXFWXUH
WRWDNHLQWRDFFRXQWWKHYDULDWLRQRIPDVRQU\SURSHUWLHVDQGWKHUDQJHRIVWUHVVVWDWHW\SHVWKDW
H[LVWLQPDVRQU\VWUXFWXUHV>@±>@
+HQFH WKHSURJUHVVLYHGDPDJHRIWKH$UTXDWDGHO 7URQWR PHGLHYDO IRUWUHVV LQ WKHSURY
LQFHRI$VFROL3LFHQR $3 LVH[DPLQHGWKURXJKRXWWKHSDSHUDQGLWLVEDVHGRQDQDGYDQFHG
QXPHULFDOSRLQWRIYLHZ7KHPHDVXUHGGDPDJHHYDOXDWLRQLVUHODWLYHWRWKHORQJVHTXHQFHRI
VWURQJHDUWKTXDNHVWKDWVWUXFN&HQWUDO,WDO\LQSOXQJLQJWKHDUHDLQWRFKDRVIRUVHYHUDO
PRQWKV VHH)LJXUH >@

)LJXUH0DFURVHLVPLFLQWHQVLW\PDSRIWKH&HQWUDO,WDO\DUHD KWWSVHPLGLXVPLLQJYLW DQGORFDOL]DWLRQRIWKH
$UTXDWDGHO7URQWR $3 PHGLHYDOIRUWUHVV
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$QDGYDQFHGQXPHULFDOPRGHOLVKHUHXWLOL]HGWRKDYHDQLQVLJKWLQWRWKHPRGDOLWLHVRISUR
JUHVVLYH GDPDJH DQG WKH EHKDYLRXU RI WKH VWUXFWXUH XQGHU VWURQJ QRQOLQHDU G\QDPLF H[FLWD
WLRQVQDPHO\D1RQ6PRRWK &RQWDFW '\QDPLF PHWKRG 16&' DGRSWLQJDIXOO 'GHWDLOHG
GLVFUHWL]DWLRQ>@>@
,QDFFRUGDQFHZLWKWKH16&'PHWKRGWKHIRUWUHVVLVVWUXFWXUHGDVDV\VWHPRIULJLGERGLHV
DVVXPLQJIULFWLRQDOVOLGLQJDQGSHUIHFWSODVWLFLPSDFWVEHWZHHQWKHEORFNV7KHVWUXFWXUHH[
KLELWHGDFRPSOH[G\QDPLFEHKDYLRXUEHFDXVH RIWKHJHRPHWULFDO QRQOLQHDULW\ DQGWKHQRQ
VPRRWKQDWXUHRIWKHFRQWDFWODZV>@>@ZLWKDIRFXVRQWKHSRVVLEOHQRQVPRRWKQDWXUH
RIWKHG\QDPLFUHVSRQVHZKLFKFDQFRPHFRPPRQO\MXVWEHIRUHDQGGXULQJWKHFROODSVH
7KHPDLQDLPRIWKHVXUYH\LVWRFRQILUPWKHZHDNQHVV]RQHVWKHHIILFDF\RISDVWLQWHUYHQ
WLRQVDQGWRHYDOXDWHWKHDFFHOHUDWLRQRIWKHDFWLYDWLRQRIGLIIHUHQWPHFKDQLVPVE\PHDQVRI
WKH GLVFRQWLQXRXV DSSURDFKHV WR DGGUHVV FRPSDULVRQ EHWZHHQ WKH QXPHULFDO DQG WKH UHDO
GDPDJHVDQGDWWKHVDPHWLPHWRFRQILUPWKHSRZHUIXORIWKHPRGHO

)LJXUH*HRPHWULFFRQILJXUDWLRQRIWKH$UTXDWDGHO7URQWR $3 PHGLHYDOIRUWUHVV

2

HISTORICAL DEVELOPMENTS OF THE MEDIEVAL FORTRESS
7KHIRUWUHVVRI$UTXDWDGHO7URQWRLQ)LJXUHDQG)LJXUHZKLFKLVDW\SLFDOH[DPSOHRI
8PEULD0DUFKH$SHQQLQHVIRUWLILHGDUFKLWHFWXUHRIWKH;,,,FHQWXU\LVPDLQO\PDGHE\FDO
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FDUHRXVVWRQHPDVRQU\ZDOOVPDGHRIPXOWLSOHOHDIZKLFKFDQEHSURQHWRGLVLQWHJUDWLRQXQ
GHUVWURQJG\QDPLFDFWLRQV7KHIRUWUHVVLVLQDVWUDWHJLFDOSRVLWLRQORFDWHGRQWKHERUGHUEH
WZHHQ WKH $VFROL DQG 1RUFLD V DGPLQLVWUDWLRQV DQG ZDV GDPDJHG EXW OHIW VWDQGLQJ E\ WKH
PDJQLWXGHHDUWKTXDNHHYHQWRFFXUUHGLQ$XJXVWWKDWIODWWHQHGWKHWRZQFHQWUH7KH
PHGLHYDO IRUWUHVV ORVWchemin de ronde DQGZDV RQHRIWKHIHZEXLOGLQJV LQ WKHWRZQWR UH
PDLQVWLOOVWDQGLQJDIWHUWKHPDLQVKRFN,WZDVWKHQVHYHUHO\GDPDJHGE\IXUWKHUTXDNHVWKDW
UDWWOHGWKHUHJLRQLQ2FWREHUGHPRQVWUDWLQJDQRWSURSHUWUDQVYHUVHERQGIRUPRVWRIWKH
PDVRQU\ZDOOV
0RUHRYHUWKHILUVWEXLOWHOHPHQWRIWKHIRUWUHVVLVWKHWRZHUZLWKWKHKH[DJRQDOSODQWDQG
KHLJKWRIPORFDWHGLQWKH6RXWK(DVWHGJHZKLFKHQFORVHVDQLUUHJXODUSHQWDJRQDOHQYL
URQPHQW$WWKHEDVHLWLVYLVLEOHWKHJDWHRIWKHDQFLHQWZDOOHGQRZHVFDSHWXQQHOV%HWZHHQ
WKH;,9DQG;9FHQWXULHVZDVEXLOWWKH1RUWKWRZHUZLWKDVTXDUHEDVHDQGKHLJKWRIP
ZKLFK ZDV GHVWLQHG VLJKWLQJ DQG H[WUHPH GHIHQFH 2Q LWV WRS WKHUH LV D TXDGUDQJXODU URRP
WKDWZDVEXLOWLQWKHHDUO\\HDUVRIWKH;;FHQWXU\7KHODVWEXLOWSDUWLVDFLUFXODUWRZHUZLWKD
GLDPHWHURIPDQGDKHLJKWRIPORFDWHGDWWKH6RXWK:HVWFRUQHU
)ROORZLQJHDUWKTXDNHVRFFXUUHGLQWKHIRUWUHVVRI$UTXDWDGHO7URQWRVXIIHUHGVHUL
RXV GDPDJHV 7KHUHIRUH YDULRXV UHWURILWWLQJ LQWHUYHQWLRQV ZHUH FDUULHG RXW LQ VXEVHTXHQW
\HDUV7KHODVWUHVWRUDWLRQ ZRUNEHIRUHWKHVHLVPLFVHTXHQFHRI ZDV PDGHLQ WKHODVW
GHFDGHRI;;FHQWXU\

)LJXUH*HRPHWULFFRQILJXUDWLRQRIWKH$UTXDWDGHO7URQWR $3 PHGLHYDOIRUWUHVV
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2.1

Damage of the Arquata del Tronto fortress after the Central Italy earthquakes of
2016

*OREDOO\WKH$UTXDWDGHO7URQWRPHGLHYDOIRUWUHVVKDVVXIIHUHGH[WHQGHGGDPDJHVDIWHUWKH
VKRFNVRIWKH&HQWUDO,WDO\VHLVPLFVHTXHQFHRI
7KH PDMRU FUDFNV DSSHDUHG RQ WKH XSSHU SDUW RI WKH PDVRQU\ WRZHUV ZLWK WKH FRPSOHWH
RYHUWXUQLQJ RI WKH PHUORQV DQG WKH FROODSVH RI WKH SURWUXGLQJ WXUUHW YLVLEOH LQ )LJXUH DE
0RUHRYHU WKHUH DUH ZLGHVSUHDG FUXPEOLQJ RI WKH PXOWLSOH OHDI PDVRQU\ ZDOOV SDUWLDOO\
VKRZHGLQ)LJXUHF

)LJXUH9LHZVRIWKHJOREDO DE DQGRIWKHPXOWLSOHOHDIPDVRQU\ZDOOV F GDPDJHVRIWKH$UTXDWDGHO7URQWR
$3 PHGLHYDOIRUWUHVVDIWHUWKHVHLVPLFVHTXHQFHRI

3

THE NON-SMOOTH CONTACT DYNAMICS METHOD

7KH 16&' PHWKRG EHORQJV WR WKH IDPLO\ RI 'LVFUHWH (OHPHQW PHWKRGV GLVWLQJXLVKLQJ
IURP WKH FODVVLFDO 'LVWLQFW (OHPHQW PHWKRG IRU WKUHH GLIIHUHQFHV L  LW LQWHJUDWHV WKH QRQ
VPRRWKFRQWDFWODZVGLUHFWO\ LL LWXVHVDQLPSOLFLWLQWHJUDWLRQVFKHPHDQG LLL LWGRHVQRW
DFFRXQWIRUDQ\VWUXFWXUDOGDPSLQJ,WLVLPSRUWDQWWRVWUHVVWKHIDFWWKDWWKH16&'PHWKRGLV
EDVHGRQVRPHPRGHOOLQJVLPSOLILFDWLRQV7KHPDLQDVVXPSWLRQLVWKDWERGLHVDUHULJLG DQG
WKHLUG\QDPLFVLVJRYHUQHGE\WKHHTXDWLRQRIPRWLRQDQGE\WKHIULFWLRQDOFRQWDFWFRQGLWLRQV
7RGHVFULEHWKHIULFWLRQDOFRQWDFWODZVZHPXVWLQWURGXFHVRPHEDVLFGHILQLWLRQV,QWKHIRO
ORZLQJ WKH QRWDWLRQ DGRSWHG LQ >@ LV XVHG VFDODUV YHFWRUV DQG WHQVRUV DUH H[SOLFLWO\ GH
FODUHGDQGLWDOLFOHWWHUVDUHXVHGIRUDOORIWKHP *LYHQWZRDUELWUDU\ERGLHVBLDQGBMOHWPL
S
DQGPM )LJXUHD EHWKHSRLQWVRISRVVLEOHFRQWDFWRQWKHERXQGDULHVRIBLDQGBMUHVSHFWLYH
O\DQGOHWnEHWKHRXWHUXQLWYHFWRURUWKRJRQDOWRWKHERXQGDU\RIBLLQPL:HGHILQH   PM
WKHQRUPDODQGWDQ
PL āQWKHJDSEHWZHHQ PLDQGPM DGRWPHDQVVFDODUSURGXFW 
JHQWLDOYHORFLWLHVRIPMZLWKUHVSHFWWRPLDQG rQrW WKHQRUPDODQGWDQJHQWLDOUHDFWLYHIRUFHV
RIBLRQBM
7KHFRQWDFWFRQGLWLRQVDUH
 7KH6LJQRULQL¶VODZRILPSHQHWUDELOLW\ )LJXUHE
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ZKLFKLQ WKHFDVHRIFRQWDFW
>@

LV HTXLYDOHQW WR WKHIROORZLQJ .XKQ±7XFNHUFRQGLWLRQV








ZULWWHQLQWHUPRIUHODWLYHQRUPDOYHORFLW\
 7KHGU\IULFWLRQ&RXORPE¶VODZ )LJXUHF WKDWJRYHUQVWKHEHKDYLRXULQWKHWDQJHQ
WLDOGLUHFWLRQ






ZLWKWKHIULFWLRQFRHIILFLHQWDQGȜDQDUELWUDU\SRVLWLYHUHDOQXPEHU
,IqLVWKHYHFWRURIWKHV\VWHPFRQILJXUDWLRQSDUDPHWHUV XQNQRZQWUDQVODWLRQVDQGURWD
WLRQVRIHDFKERG\ DQGpLVWKHJOREDOYHFWRURIUHDFWLRQIRUFHVWKHHTXDWLRQRIPRWLRQFDQ
EHZULWWHQDVIROORZV




ZKHUHMLVWKHPDVVPDWUL[DQGfLVWKHYHFWRURIH[WHUQDOIRUFHV
DQG rQrW FKDUDFWHULVWLFRIHDFKFRQWDFWDUHUHODWHGWRWKHJOREDO
7KHORFDOSDLUV
YHFWRUV DQGpUHVSHFWLYHO\WKURXJKOLQHDUPDSVZKLFKGHSHQGRQq6LQFHWKHFRQWDFWODZV
     DUH QRQVPRRWK YHORFLWLHV DQG UHDFWLRQV p DUH GLVFRQWLQXRXV IXQFWLRQV RI WLPH
7KH\EHORQJWRWKHVHWRIERXQGHGYDULDWLRQIXQFWLRQVLHIXQFWLRQVZKLFKDWHDFKWLPHKDYH
ILQLWHOHIWDQGULJKWOLPLWV6LQFHWKHDFFHOHUDWLRQVDUHQRWGHILQHGZKHQWKHYHORFLWLHVDUHGLV
FRQWLQXRXV(T  LVUHIRUPXODWHGLQWKHLQWHJUDOIRUP>@>@DQGLWLVVROYHGQXPHULFDOO\
XVLQJ D WLPHVWHSSLQJ DSSURDFK ZKHUH W WLPH LV GLVFUHWL]HG LQWR WLPH LQWHUYDOV DQG ZLWKLQ
HDFKWLPHLQWHUYDO>tLtL@WKHHTXDWLRQRIPRWLRQLVLQWHJUDWHGDVIROORZV



D 
 E 

LV WKH LPSXOVH LQ
 7KH SULPDU\ YDULDEOHV RI WKH SUREOHP DUH WKH YH
:KHUH
DQG WKH LPSXOVH YHFWRU
DW WKH LQVWDQW
 ,Q WKH 16&' PHWKRG WKH
ORFLW\ YHFWRU
LQWHJUDOVLQ DE DUHHYDOXDWHGE\PHDQVRIDQLPSOLFLWWLPHLQWHJUDWRU7KHRYHUDOOVHWRI
JOREDO(T DE DQGORFDOFRQWDFWUHODWLRQV  DQG  ZKHUHWKHUHDFWLRQVDUHDSSUR[LPDW
HGE\WKHDYHUDJHLPSXOVHVLQ
LVFRQGHQVHGDWWKHFRQWDFWORFDOOHYHODQGWKHQWKH\
DUHVROYHGE\PHDQVRIDQRQOLQHDU*DXVV±6HLGHOE\EORFNPHWKRG

D

E

)LJXUH7KHLQWHUDFWLRQEHWZHHQWZRERGLHV D 6LJQRULQL¶VODZ E &RXORPE¶VODZ F 
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7KHUHODWLRQV  LPSO\DSHUIHFWO\SODVWLFLPSDFWLHWKH1HZWRQODZZLWKUHVWLWXWLRQFR
HIILFLHQW HTXDO WR ]HUR $SHUIHFW SODVWLFLPSDFW ODZPDNHV LPSRVVLEOHWR GHVFULEHERXQFLQJ
SKHQRPHQDDQGIXUWKHUPRUHRYHUHVWLPDWHVWKHHQHUJ\GLVVLSDWHGGXULQJLPSDFWV+RZHYHU
LQFDVHRIV\VWHPVRIEULFNVRUVWRQHVWKHUHVWLWXWLRQFRHIILFLHQWKDVORZYDOXHVDQGERXQFLQJ
SKHQRPHQDFDQEHQHJOHFWHG6LQFHZHDUHLQWHUHVWHGLQWKHG\QDPLFDOLQWHUDFWLRQVEHWZHHQ
GLIIHUHQWSDUWVRIWKHIRUWUHVVZHQHJOHFWEORFNV GHIRUPDELOLW\ ,WIROORZVWKDWWKHQXPHULFDO
UHVXOWV REWDLQHG GHSLFW DQ RYHUDOO SLFWXUH RI WKH IRUWUHVV G\QDPLFV DQG GHVFULEH WKH IDLOXUH
PHFKDQLVPV RI WKH ZKROH VWUXFWXUH GXH WR EORFNV URFNLQJ DQG VOLGLQJ EXW WKH\ GR QRW GH
VFULEHWKHVWUHVVHVDQGVWUDLQGLVWULEXWLRQVZLWKLQHDFKEORFN
7KHYDOXHVRIIULFWLRQFRHIILFLHQWUDQJHIURPWRDFFRUGLQJWRGLIIHUHQWFRPELQD
WLRQVRIXQLWVDQGPRUWDUV>@$VDILUVWDWWHPSWZHDVVXPHWKHYDOXH IRUWKHLQWHU
IDFH EORFNEORFN RI WKH H[WHUQDO DQG LQWHUQDO OHDI    IRU WKH LQILOO DQG WKH LQWHUIDFH
EHWZHHQLWDQGWKHOHDIDQG IRUWKHLQWHUIDFHEORFNIRXQGDWLRQWRREVHUYHPDLQO\WKH
G\QDPLFV RI WKH IRUWUHVV ZLWKRXW WKH VWUXFWXUHIRXQGDWLRQ LQWHUDFWLRQ )LQDOO\ ZH QRWH WKDW
GDPSLQJLVQRWFRQVLGHUHGKHUHDQGRQO\IULFWLRQDQGSHUIHFWSODVWLFLPSDFWVGLVVLSDWHHQHUJ\
7KH/0*&FRGHLVXVHGGXHWRLWVDELOLW\WRFRPSXWHWKHLQWHUDFWLRQRIDODUJHQXPEHU
RIERGLHVEDVHGRQWKH16&'PHWKRGDOVRDVVHVVLQJWKHVHLVPLFYXOQHUDELOLW\RIWKHVWUXF
WXUHV>@$VYLVLEOHLQ)LJXUHYHU\GHWDLOHGPRGHOVKDYHEHHQFUHDWHGWRXQGHUVWDQGEHWWHU
WKH LQIOXHQFH RI ORFDO DQG JOREDO PHFKDQLVPV ZLWKLQ WKH DQDO\VHG PHGLHYDO IRUWUHVV DQG
ZKHUHSRVVLEOHWKHSUHVHQFHRIVRPHSDVWUHWURILWWLQJLQWHUYHQWLRQVLVDOVRFRQVLGHUHG

)LJXUH'GLVFUHWHHOHPHQWPRGHORIWKH$UTXDWDGHO7URQWR $3 PHGLHYDOIRUWUHVV

4

NUMERICAL RESULTS

7KHPDLQUHVXOWVRIWKHQRQOLQHDUG\QDPLFDQDO\VHVDUHUHSRUWHGLQ)LJXUH)RUWKLVSXU
SRVHLWKDVEHHQDSSOLHGWRWKHPDLQVKRFNRIWKHVHLVPLFVHTXHQFHRILQWKH&HQWUHRI
,WDO\7KHG\QDPLFDFWLRQXVHGLQWKHQRQOLQHDUDQDO\VHVLVUHFRUGHGQHDU$UTXDWDGHO7URQWR
$3 LQWK$XJXVW$PDWULFH $07VWDWLRQLQ,WDOLDQ$FFHOHURPHWULF$UFKLYH ,7$&$ 
ZLWK0Z 
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)LJXUH)DLOXUHPHFKDQLVPRIWKH$UTXDWDGHO7URQWR $3 PHGLHYDOIRUWUHVV

7KXVIURPWKHQXPHULFDOUHVXOWVERWKWKHUROHSOD\HGE\WKHDFWXDOJHRPHWU\DQGWKHLQ
VXIILFLHQW UHVLVWDQFH RI WKH FRQVWLWXHQW PDWHULDOV DUH HQYLVDJHG VKRZLQJ D JRRG PDWFK ZLWK
DFWXDOFUDFNSDWWHUQVDQGFROODSVHVREVHUYHGDIWHUWKHVHLVPLFVHTXHQFH)LQDOO\WKHQXPHULFDO
DQDO\VHVSURYLGHDYDOXDEOHSLFWXUHRIWKHDFWXDOEHKDYLRXURIWKHIRUWUHVVWKXVJLYLQJXVHIXO
KLQWVIRUWKHUHFRQVWUXFWLRQDQGIXWXUHHIIHFWLYHVWUHQJWKHQLQJLQWHUYHQWLRQV
5

CONCLUSIONS

7KHUHVXOWVREWDLQHGIRUWKH$UTXDWDGHO7URQWRPHGLHYDOIRUWUHVVVWURNHGE\WKH&HQWUDO,W
DO\VHLVPLFVHTXHQFHDUHKHUHEULHIO\UHSRUWHGDQGVXPPDUL]HGXQGHUOLQHWKHKLJKYXOQHUDELO
LW\RIWKLVW\SHRIPXOWLSOHOHDIPDVRQU\ZDOOVDQGHVSHFLDOO\RIWKHXSSHUZKHUHPHUORQVDUH
SODFHG
$GLVFRQWLQXRXVDSSURDFKDQGWKH16&'PHWKRGLPSOHPHQWHGLQWKH/0*&LVXVHG
LQRUGHUWRDVVHVVQXPHULFDOO\WKHUHDOGDPDJH7KH16&'PHWKRGFRPELQHVPRGHOOLQJVLP
SOLFLW\DQGJUHDWSUHGLFWLYHFDSDELOLWLHV
,WVVLPSOLFLW\FRPHVIURPWKHIROORZLQJIXQGDPHQWDOVLPSOLI\LQJDVVXPSWLRQV L EORFNUL
JLGLW\ LL VLPSOHFRQWDFWODZVEHWZHHQEORFNV LLL DEVHQFHRIDQ\GDPSLQJ$VDUHVXOWWKH
PHFKDQLFDOEHKDYLRXURIWKHPDVRQU\VWUXFWXUHVLVLQIOXHQFHGE\RQO\WKHIULFWLRQFRHIILFLHQW
7KLVLVDVLJQLILFDQWFRQVHTXHQFHIRUPRGHOOLQJDQFLHQWEXLOGLQJVVLQFHWKHGHWHUPLQDWLRQRI
WKH PHFKDQLFDO SURSHUWLHV RI WKHVH PDVRQULHV LV DOZD\V XQFHUWDLQ DQG YDULDEOH 'HVSLWH LWV
VLPSOLFLW\ WKH PRGHO FDQ SUHGLFW D ODUJH YDULHW\ RI G\QDPLFDO EHKDYLRXUV RI WKH KLVWRULFDO
VWUXFWXUHVDQGWKHLUVHLVPLFYXOQHUDELOLW\
7KH QXPHULFDO LQYHVWLJDWLRQ SRLQWHG RXW WKDW QR FROODSVH PHFKDQLVP SDVVHV WKH VDIHW\
FKHFN7KLVRXWFRPHVXJJHVWVWKDWWKHUHFRQVWUXFWLRQRIWKHFROODSVHGSDUWVRQWKHWRSRIWKH
WRZHUVLISXUVXHGVKRXOGEHFRPSOHPHQWHGE\VSHFLILFVWUHQJWKHQLQJGHYLFHV
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(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

DAMAGE ASSESSMENT OF CHURCHES IN THE CITY OF
CAMERINO AFTER THE 2016 CENTRAL ITALY SEISMIC
SEQUENCE
E. Giordano, A. Ferrante, F. Clementiand S. Lenci1


'HSWRI&LYLODQG%XLOGLQJ(QJLQHHULQJDQG$UFKLWHFWXUH3RO\WHFKQLF8QLYHUVLW\RI0DUFKH$QFR
QD,WDO\
HPDLO^HJLRUGDQRDIHUUDQWH`#SPXQLYSPLW^IUDQFHVFRFOHPHQWLOHQFL`#XQLYSPLW

Keywords:&HQWUDO,WDO\(DUWKTXDNHV0DVRQU\FKXUFKHV)LQLWH(OHPHQW0RGHO/LQHDU'\
QDPLF$QDO\VLV7RWDO6WUDLQ&UDFN0RGHO1RQ/LQHDU6WDWLF$QDO\VLV
Abstract.In the present work, the importance of considering the exact nonlinear and threedimensional behavior of masonry structures is shown, in order to highlight all the structural
deficiencies of different churches damaged by the last Centre Italy earthquake in the city of
Camerino. For this purpose, the exact geometries of the structures are reconstructed, while
information regarding the mechanical properties of masonry material are derived from previous investigations and literature references. Based on this information, different numerical
models are used to reconstruct the damages.
Different three-dimensional FE models, endowed with an elastic plastic (softening) damage
constitutive law, are adopted to determine the seismic vulnerability of the building by means
of nonlinear static analyses using the smeared fracture energy approach. With this method it
is possible to establish, with a right degree of approximation, the areas where the most important cracks are expected and, in general, the location of the potential damage caused by
horizontal forces.
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1

INTRODUCTION

,WDO\LQ WKHODVW\HDUV ZDVKLWE\VHYHUDO HDUWKTXDNHV WKHODVW RQHZDV WKDWRI
&HQWUDO,WDO\FKDUDFWHUL]HGE\IRXUSULQFLSDOVKRRNVWK$XJXVW0Z WK2FWREHU
0Z WK2FWREHU0Z DQGWK-DQXDU\0Z 7KLVVZDUPLQWHU
HVWHGDODUJHDUHDEHWZHHQ0DUFKH$EUX]]R/D]LRDQG8PEULDUHJLRQV7KHVHDUHDVDUHFKDU
DFWHUL]HG E\ VSUHDG OLWWOH YLOODJHV ZLWK PDQ\ UHOLJLRXV EXLOGLQJV KDYLQJ EHHQ WHUULWRULHV
EHORQJLQJWR3DSDO6WDWHXSWR7KHFKXUFKHVVKRZHGDJDLQWKHLUKLJKYXOQHUDELOLW\WR
WKHKRUL]RQWDOIRUFHV>±@GXHWRWKHLUFRPSOH[JHRPHWU\DQGVWDWHRIFRQVHUYDWLRQ :KLW
WKHDLPWRILQGDQDSSURSULDWHPHWKRGWR HYDOXDWHWKHDFWXDOYXOQHUDELOLW\DQGWRSUHGLFWWKH
SRVVLEOH VHLVPLF GDPDJHV RI WKHVH VWUXFWXUHV WKUHH GLIIHUHQW FKXUFKHV ZHUH DQDO\]HG 7KH
FDVHVWXGLHVDUHLQ&DPHULQRDYLOODJHLQ0DUFKH5HJLRQKLQWHUODQG&DPHULQRKDVEHHQRIWHQ
KLWE\VWURQJTXDNHV )LJXUH QRWHZRUWK\LVWKHVZDUPZLWKDPD[LPXPLQWHQVLW\RI
WKDWSURYRNHGGHDGLQWKHYLOODJHDQGKHDY\GDPDJHVDWWKHVWUXFWXUHV

)LJXUH(DUWKTXDNHVIHOWLQ&DPHULQRGXULQJWKH\HDUVIURPWR
(https://emidius.mi.ingv.it/ >@)

7KHDQDO\]HGFKXUFKHVDUHVKRZQLQ)LJXUHWKH\DUH
x
x
x

6DQWD0DULDLQ9LD&KXUFK
6DQ9HQDQ]LR&KXUFK
6DQWD0DULD$QQXQ]LDWD&KXUFK

7ZRRIWKHPDUHLQWKHUHG]RQH6DQWD0DULDLQ9LDDQG6DQWD0DULD$QQXQ]LDWDZKHUHDV
6DQ9HQDQ]LRLVLQ1RUG(VWQHLJKERUKRRG7KHFKXUFKHVZHUHVWXGLHGXVLQJ')LQLWH(OH
PHQW0RGHOVRQZLWKZKRPOLQHDUDQGQRQOLQHDUDQDO\VHVZHUHFDUULHGRXWLQRUGHUWRVWUHVV
RQFHDJDLQWKHFDSDFLW\RIWKLVPRGHOLQJW\SHWRSUHGLFWWKHVHLVPLFYXOQHUDELOLW\VLQFHLW
ZRXOGEHDXVHIXOUHVRXUFHWRGHVLJQLQWHUYHQWLRQVWRSUHYHQWFUDFNVDQGIDLOXUHVRFFXUUHQFH
>@
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)LJXUH*HRJUDSKLFDOORFDOL]DWLRQRIWKHFKXUFKHVDQDO\]HG

2
2.1

CASE STUDIES
Historical development

Santa Maria in Via Church (S_M_V)
7KHILUVWVSURRIVRIDFKXUFKSUHVHQFHGDWHEDFNWRLWZDVSUREDEO\DOLWWOHFKXUFKWKDW
ZDVFRQYHUWHGODWHUWRJXDUGWKH0DGRQQDHQWKURQHGZLWKWKHFKLOGSDLQWLQJEURXJKWE\&UX
VDGHUV IURP 6PLUQH 7KH FKXUFK UHIRUPDWLRQ VWDUWHG LQ  E\ WKH $QJHOR *LRUL &DUGLQDO
ZLOODQGHQGHGLQ7KHFKXUFKZDVKLWE\GLIIHUHQWHDUWKTXDNHVGXULQJWKHFHQWXULHVWKH
VWURQJTXDNHFDXVHGWKHFROODSVHRIWKHPDVRQU\YDXOWWKDWFRYHUHGWKHSULQFLSDOURRP
WKDWZDVUHSODFHGE\DFDPRUFDQQDYDXOW OLJKWYDXOW 'XULQJWKH(DUWKTXDNHWKHUHZHUH
VWDWLFGDPDJHVDQGLQWKHFRQQHFWLRQVRIWKHOLJKWYDXOWZLWKWKHWUXVVHVRGURRI7KHZRUNRI
UHVWRUDWLRQZDVFRPSOHWHGRQO\LQ
San Venanzio Church (S_V)
6DQ9HQDQ]LR&KXUFKGDWHVEDFNWRWKH;,,FHQWXU\LWZDVEXLOWRQWKHUXLQVRIDOLWWOHFKXUFK
HUHFWHGRQWKHSODFHRI6DLQW VPDUW\ULXP,QWKH;,,,FHQWXU\WKHFKXUFKDFTXLUHGLPSRUWDQFH
DQG EHFDPH &ROOHJLDWD 7KH FKXUFK ZDV VXEMHFW WR GLIIHUHQW ZRUNV GXULQJ WKH \HDUV VXEVH
TXHQWO\WKHHDUWKTXDNHZDVQHFHVVDU\DUDGLFDOUHFRQVWUXFWLRQIRUWKHKHDY\GDPDJHVXI
IHUHG  7KH ZRUNV ZHUH FDUULHG RXW E\ WKH DUFKLWHFW /XLJL 3ROHWWL WKH\ VWDUWHG LQ  DQG
HQGHGLQRQWKHRI0D\,QWKHWUDQVHSWIRXQGDWLRQVZHUHFRQVROLGDWHGZLWKPL
FURSLOHVDQGWKHSULQFLSDOZDOOVZHUHUHLQIRUFHGE\FRQFUHWHLQMHFWLRQV,QWKH³VDOVRWKH
FU\SWFROXPQV IRXQGDWLRQVZHUHFRQVROLGDWHG 'XULQJWKH³HDUWKTXDNHVWKH IDLOXUHRI VDF
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ULVW\ DQGDSVHIRXQGDWLRQVRFFXUUHG$IWHUWKLV HYHQW DOVR WKHVHIRXQGDWLRQV ZHUHUHLQIRUFHG
ZLWK5&SLOHVDQGWKHURRIVDQGPDVRQU\ZDOOVZHUHUHSDLUHG
Santa Maria Annunziata Church (S_M_A)
7KHILUVWWKHVWUXFWXUHHGLILFDWLRQVHHPVWRGDWHEDFNWRWKH9FHQWXU\ZKLOHWKHILUVWSURRIRI
D 5RPDQHVTXH FKXUFK FRQVHFUDWHG WR 6DQ *LXVHSSH GDWH WR WKH ;,,, FHQWXU\ 7KH ILUVW LP
SRUWDQWLQWHUYHQWLRQVJREDFNWRZKHQWKH6YHYL¶VGHYDVWDWLRQDQGWKHSRSXODWLRQLQFUH
PHQWSXVKHGRQDFRPSOHWHUHQRYDWLRQ,QWKHFKXUFKZDVKLWE\DVWURQJHDUWKTXDNHLW
SURYRNHG WKH EHOOWRZHU FROODSVH WKDW ZDV UHEXLOW VXEVHTXHQWO\ ,Q  WKH IDoDGH ZDV
WUDQVIRUPHGE\DWZRKXQGUHGVW\OHDW%DURFFRVW\OH7KHWK-XQHRIDQHZHDUWKTXDNH
KLWWKHFKXUFKIROORZHGE\DKHDY\PDNHRYHUFDUULHGRXWE\$QGUHD9LQFLDUFKLWHFWD9DQL
WHOOL¶VVWXGHQW7KHQHZFKXUFKKDGDSRUWLFRLQIURQWDVDQH[WHQVLRQRIWKH3DOD]]R9HVFRYLOH
7KHZRUNVHQGHGWKHWKRI6HSWHPEHURIZKHQWKHFKXUFKZDVGHYRWHGWR6DQWLVVLPD
0DULD$QQXQ]LDWD$IWHUWKH³HDUWKTXDNHWKHFKXUFK ZDV UHLQIRUFHGE\VWHHOFRQQHFWLRQV
RQWKHURRIEDVHWRSURYLGHWKHER[EHKDYLRU
2.2

Geometric survey

SantaMaria in Via Church (S_M_V)
7KHQDYHRIWKHFKXUFKKDVDQHOOLSWLFVKDSHZLWKDODUJHUGLDPHWHURIDERXWPDQGVPDOOHU
RIPRQERWKVLGHVWKHUHDUHIRXUFKDSHOV )LJXUHD 2QWKHWZRVLGHVRIWKHHQWU\WKHUH
DUHWZRV\PPHWULFURRPVWKDWDUHDEDSWL]HUDQGDFKDSHO7KHVDFULVW\DQGWKHRUDWRU\DUHRQ
WKHVLGHVRIWKHSUHVE\WHU\2QWKHVRXWKVLGHWKHUHLVWKHEHOOWRZHUKLJKP7KHEHDULQJ
VWUXFWXUHLVPDGHRIVROLGEULFNVZLWKDQLQQHUFRUHRISRRUPDWHULDOV7KHKDOOLVFRYHUHGE\D
FDPRUFDQQDYDXOWDQGWKHURRILVPDGHE\ZRRGWUXVVHV
San Venanzio
7KHEDVLOLFDKDVD/DWLQFURVV P[P OD\RXWZLWKWKHSULQFLSDOQDYHRIGRXEOHOHQJWKUH
VSHFWWKHODWHUDORQHV)LJXUHE7KHSULQFLSDOQDYHLVGLYLGHGE\WKHRWKHUVZKLWIRXUWHHQ&R
ULQWKLDQFROXPQVEXLOWZLWKEORFNVVWRQHDQGVROLGEULFNV8QGHUWKHSUHVE\WHU\WKHUHLVWKH
FU\SW FRYHUHG E\ FURVV YDXOWV VXSSRUWHG E\ 3RUILGR FROXPQV 7KH FU\SW LV DFFHVVHG WKURXJK
WZRV\PPHWULFDOVWDLUVLQWKHWUDQVHSW7KHEHOOWRZHULVRQWKHQRUWKZHVWVLGHZLWKDKHLJKW
RIPWKUHHGLIIHUHQW RUGHUVDUHYLVLEOHRQLW2Q WKHSULQFLSOHQDYHWKHUHLVDOLJKWEDUUHO
YDXOWFRYHUHGE\DZRRGURRI7KHEHDULQJVWUXFWXUHLVPDGHRIVROLGEULFNV
Santa Maria Annunziata Church (S_M_A)
7KHFKXUFKKDVD/DWLQFURVVOD\RXW P[P WKHQDYHVDUHGLYLGHGE\FROXPQVDQGSLOODUV
RQZKLFKUHVWURXQGDUFKHV)LJXUHF8QGHUWKHFKXUFKWKHUHLVDODUJHFU\SWFRYHUE\FURVV
DQGEDUUHOYDXOWV2QWKHWZRVLGHVRIWKHIDFDGHDUUHDUVRIVL[PHWHUVWKHUHDUHWZRLGHQWLFDO
EHOOWRZHUVRIPKLJKFRYHUHGE\GRPHV7KHQDYHVDUHFRYHUHGE\FDPRUFDQQDYDXOWVDQG
WKHURRILVPDGHRIZRRGWUXVVHV7KHEHDULQJVWUXFWXUHLVPDGHRIVROLGEULFNVDQGVWRQH
EORFNV
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Figure 3*HRPHWULFFRQILJXUDWLRQD 6DQWD0DULDLQ9LDE 6DQ9HQDQ]LRF 6DQWD0DULD$QQXQ]LDWD

2.3

Damage suffered during the Central Italy Earthquake

7KHHDUWKTXDNHVFDXVHGGDPDJHVWRDOOWKHVHFKXUFKHV,QGHHGFRPSDULQJWKHDFFHOHUD
WLRQVUHFRUGHGWR&DPHULQRGXULQJWKHWK2FWREHUTXDNHZLWKWKHPD[LPXPDFFHOHUDWLRQH[
SHFWHGWRSUHVHUYHWKHKXPDQOLIHDFFRUGLQJWRWKH,WDOLDQFRGH>@WKH\KDYHEHHQLQ1RUWK
GLUHFWLRQWZLFHUHVSHFWWRH[SHFWHGYDOXHV)LJXUH

)LJXUH&RPSDULVRQEHWZHHQWKHPD[LPXPDFFHOHUDWLRQH[SHFWHGIRUWKH6/9DQGDFFHOHUDWLRQVUHFRUGHG

7KHPRVWGDPDJHFKXUFKLV6DQWD0DULDLQ9LD$IWHUWKHWK2FWREHUHDUWKTXDNHWKHEHOO
WRZHUFROODSVHGDQGDORWRIVSUHDGFUDFNVDSSHDUHGGXULQJWKHWK2FWREHUTXDNHWKHFUDFNV
PDGHZRUVWDQGSDUWLDOFROODSVHVRFFXUUHGRQWKHWZRVLGHVRIWKHIDoDGH)LJXUHD7KHURRI
FROODSVH KDSSHQHG DIWHU WKH WK -DQXDU\  HDUWKTXDNH SURYRNLQJ WKH WDPERXU DQG OLJKW
YDXOWIDLOXUH
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7KHVHFRQGPRUHGDPDJHGFKXUFKLV6DQWD0DULD$QQXQ]LDWD)LJXUHFLWVKRZHGVLJQLILFD
WLYHFUDFNVLQERWKWKHEHOOWRZHUVLQFRUUHVSRQGHQFHRIWKHVSLUDOVWDLUVDQGQHDUWKHIDoDGH
FRQQHFWLRQV7KHQDUWKH[KDGFUDFNVRQWKHFRQQHFWLRQWRWKHIDoDGHSUREDEO\SURYRNHE\D
KDPPHULQJPHFKDQLVP2QWKHRSSRVLWHVLGHVRIWKHSUHVE\WHU\WZRV\PPHWULFFUDFNVVKRZ
WKH DFWLYDWLRQ RI LWV RXWRISODQH PHFKDQLVP 7KH FKXUFK LQWHUQDOO\ KDG VKHDU FUDFNV RQ WKH
SLOODUVDQGEHWZHHQWKHFKDQJHRIPDWHULDOV
6DQ9HQDQ]LRLQVWHDGKDGGHHSFUDFNVRQWKHOLJKWYDXOWVRQWKHDUFKHVDQGZDOOV)LJXUHE
$OO RI WKHP ZHUH GHFODUHG XQVDIH DIWHU WKH HDUWKTXDNHV WRGD\ WKH RQO\ UHRSHQHG LV WKH OHVV
GDPDJHRUUDWKHU6DQ9HQDQ]LR

)LJXUH6RPHFUDFNVDIWHUWKH&HQWUDO,WDO\(DUWKTXDNHD 3DUWLDOFROODSVHRIRQHIDoDGHVLGHRI6DQWD0DULDLQ
9LDE &UDFNVVSUHDGRQWKHZDOOVDQGWKHYDXOWRI6DQ9HQDQD]LRF &UDFNLQFRUUHVSRQGHQFHRIWKH&ORFNRI
RQH6DQWLVVLPD$QQXQ]LDWDEHOOWRZHU

3

NUMERICAL MODEL

7KH FKXUFKHV ZHUH VWXGLHG XVLQJ )LQLWH (OHPHQW 0RGHOV )(0V  E\ PHDQV RI
0LGDV)($ VRIWZDUH >@ DV LW LV LPSRVVLEOH WR VLPSOLI\ WKLV W\SH RI EXLOGLQJV ZLWK WKH
FRPPRQ VRIWZDUHV 7KH PDVRQU\ ZDV FRQVLGHUHG DV KRPRJHQHRXV DQG LVRWURSLF PDWHULDO
ZKRVHSRVWHODVWLFEHKDYLRUZDVFRQVLGHUHGXVLQJWKH7RWDO6WUDLQ&UDFN0RGHODVVLJQDSDU
DEROLFODZLQFRPSUHVVLRQD+RUGMLNODZLQWHQVLRQDQGDOLQHDUODZIRUWKHVKHDU>±@
7KHJHRPHWULHVZHUHUHSURGXFHGFDUHIXOO\DQGVXEVHTXHQWO\GLVFUHWL]HGZLWKQRGHVWHW
UDKHGUDOEULFNHOHPHQWV)LJXUH,QWKH7DEOHDUHUHSRUWHGWKHQXPEHURIHOHPHQWVQRGHV
DQGGHJUHHRIIUHHGRPXVHGIRUHDFKFDVHVWXG\
&KXUFK
6B0B9
6B9
6B0B$

(OHPHQW




1RGHV
GRI
 
 
 

7DEOH)LQLWH(OHPHQW0RGHOVFKDUDFWHULVWLFV
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)LJXUH1XPHULFDO0RGHOVRID 6DQWD0DULDLQ9LDE 6DQ9HQDQ]LRE 6DQWD0DULD$QQXQ]LDWD

3.1

Dynamic analysis

)LUVWO\ WKH QXPHULFDO PRGHOV ZHUH VXEPLWWHG WR G\QDPLF OLQHDU DQDO\VHV XVLQJ /DQFR]
PHWKRG$ORWRIPRGDOVKDSHVZHUHQHFHVVDU\WRPRYHWKHRIWKHWRWDOPDVVLQERWKWKH
GLUHFWLRQWKHQXPEHURIPRGHVDUHUHVSHFWLYHO\IRU6DQWD0DULDLQYLDIRUWKH6DQ
9HQDQ]LRDQGIRUWKH6DQWD0DULD$QQXQ]LDWD
7KH SULQFLSDO PRGDO VKDSHV SHULRGV IRU HDFK FKXUFK DUH FRPSDUHG ZLWK WKH VSHFWUXPV
UHFRUGHGGXULQJWKHVWURQJHVWTXDNHRIWKHVHLVPLFVZDUPWKH)LJXUHVKRZVWKDWWKHLU
SHULRGVDUHQHDUWKHPD[LPXPDFFHOHUDWLRQVUHFRUGHGSHULRGV
,QDOOWKHPRGHOVWKHEHOOWRZHUVDUHPRYHGIURPRQHRIWKHSULQFLSDOPRGHVLQGHHGLQDOO
WKH FDVHV WKH\ VKRZHG FUDFNV DIWHU WKH HDUWKTXDNHV 7KH WZR ORQJ FKXUFKHV 6DQ 9HQDQ]LR
DQG6DQWD0DULD$QQX]LDWDKDYHDVRWKHUYXOQHUDEOHHOHPHQWVWKHORQJLWXGLQDOZDOOVLQVWHDG
WKHIDoDGHLVDYXOQHUDEOHHOHPHQWIRUWKH6DQWD0DULDLQYLDFKXUFKLQHIIHFWLWKDVWZRORQJ
FUDFNVRQERWKVLGHV

)LJXUH 'LVWULEXWLRQRISULQFLSDOPRGDOVKDSHVLQWKH1RUWKDQG(DVWGLUHFWLRQVDQGFRPSDULVRQZLWKWKHSVHX
GRDFFHOHUDWLRQUHVSRQVHVSHFWUDRIWKHPDLQVKRFNRI&HQWUDO,WDO\VHLVPLFVHTXHQFH
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3.2

Nonlinear static analysis

6XEVHTXHQWO\WKHPRGHOVZHUHXVHGWRFDUU\RXWWKHQRQOLQHDUVWDWLFDQDO\VHVIROORZLQJ
WKHJXLGHOLQHVRIWKH,WDOLDQ&RGH>@WZRGLIIHUHQWIRUFHGLVWULEXWLRQVZHUHXVHGRQHSUR
SRUWLRQDOWRWKHPRGDOVKDSHV 3XVK0RGH DQGWKHRWKHUPDVVHVSURSRUWLRQDO 3XVK0DVV 
7RSHUIRUPWKH3XVK0RGHWKHPRGHOVZHUHVXEMHFWHGWRUHVSRQVHVSHFWUXPDQDO\VLVXVLQJ
DVLQSXWWKH/LPLW6WDWHRI6LJQLILFDQW'DPDJH 6/6'RU6/9LQ,WDOLDQ VSHFWUXPVFRQVLGHU
LQJ ³&ODVV ,,´ DQG RUGLQDU\ VWUXFWXUHV 7KH QRGDO IRUFHV ZHUH REWDLQHG FRPELQLQJ ZLWK WKH
&4&DOJRULWKPWKHUHVSRQVHVLQHDFKGLUHFWLRQFRQVLGHULQJWKHQXPEHURIPRGHVQHFHVVDU\WR
PRYHWKHRIWKHWRWDOPDVV
7KHDQDO\VHVZHUHSHUIRUPHGXVLQJWKHDUFKOHQJWKLWHUDWLRQXVLQJDVLQLWLDOORDG
DVPD[LPXPQXPEHURILWHUDWLRQDQGDDVFRQYHUJHQFHOLPLW
)URPWKHVHDQDO\VHVWKHFDSDFLW\FXUYHVRIHDFKFKXUFKZHUHREWDLQHGIRUGLIIHUHQWFRQ
WUROQRGHV7KHFXUYHVVKRZGLIIHUHQWEHKDYLRUVDQGUHVLVWDQFHVIRUERWKLQWKHGLUHFWLRQVDQG
FRQWUROQRGHVFKRVHQGXHWRWKHJHRPHWU\FRPSOH[LW\,Q)LJXUHDUHUHSRUWHGWKHFDSDFLW\
FXUYHVRIRQHFRQWUROQRGHIRUHDFKFKXUFKREWDLQE\3XVK0DVVDQDO\VLVLQ;'LUHFWLRQDQG
<'LUHFWLRQ

)LJXUH([DPSOHVRI3XVK0DVVFXUYHVLQ;'LUHFWLRQDQG<'LUHFWLRQRIDFRQWUROQRGHIRUHDFKFKXUFK

&RPSDULQJWKHQXPHULFDOFUDFNVZLWKWKHUHDOGDPDJHVLWLVSRVVLEOHWRFRQILUPWKHUHDGD
ELOLW\RIWKHQXPHULFDOPRGHOVFigure 9

)LJXUH&RUUHVSRQGHQFHEHWZHHQQXPHULFDODQGUHDOFUDFNVIRUD 6DQWD0DULDLQ9LDE 6DQWD0DULD$QQXQ
]LDWD
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4

CONCLUSIONS

7KHSDSHUSUHVHQWVDQDFFXUDWHVWXG\RIWKUHHFKXUFKHV6DQWD0DULDLQ9LD6DQ9HQDQ]LRDQG
6DQWLVVLPD$QQXQ]LDWDORFDWHGLQWKHFUDWHUDUHDRI&HQWUDO,WDO\(DUWKTXDNHSUHFLVHO\
LQ&DPHULQRDYLOODJHLQWKHKLQWHUODQGRI0DUFKH5HJLRQ7KHFKXUFKHVVHULRXVO\GDPDJHG
ZHUH VWXGLHG ZLWK )(0 XVLQJ OLQHDU DQG QRQOLQHDU DQDO\VLV 7KH QRQOLQHDU VWDWLF DQDO\VHV
VKRZDVWKLVW\SHRIDQDO\VLVLVDEOHZLWKDJRRGDSSUR[LPDWLRQWRUHSURGXFHWKHUHDOFUDFNV
RFFXUUHGHYHQLILWRYHUHVWLPDWHVWKHVHLVPLFFDSDFLW\VLQFHLWGRHVQ¶WLQFOXGHWKHFKDQJHRI
IUHTXHQFLHVSURGXFHGE\WKHGDPDJHHYROXWLRQ
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AUTOMATIC ASSESSMENT OF PARTIAL FAILURE MECHANISMS
IN RETROFITTED HISTORICAL MASONRY AGGREGATES
THROUGH ADAPTIVE NURBS LIMIT ANALYSIS
Nicola Grillanda, Marco Valente and Gabriele Milani


'HSDUWPHQWRI$UFKLWHFWXUH%XLOW(QYLURQPHQWDQG&RQVWUXFWLRQ(QJLQHHULQJ $%& 3ROLWHFQLFRGL
0LODQR3LD]]D/HRQDUGRGD9LQFL0LODQ,WDO\QLFRODJULOODQGD#SROLPLLW
PDUFRYDOHQWH#SROLPLLWJDEULHOHPLODQL#SROLPLLW

Keywords: +LVWRULFDOPDVRQU\DJJUHJDWHVORFDOPHFKDQLVPV185%6DGDSWLYHOLPLWDQDO\
VLV
Abstract. The aim of this work is to propose a new automatic procedure for the seismic assessment of partial failure mechanisms in historical masonry aggregates. Starting from the
geometrical survey, a three-dimensional model of the whole aggregate is derived. The model
is discretized through few NURBS surfaces (Non-Uniform Rational Bezier Spline) and imported into the MATLAB environment. A procedure of kinematic limit analysis is applied to a
pre-selected part of the construction. The walls selected are subdivided into few elements,
each one is a portion of the initial NURBS surface and is assumed as a rigid body. Rigidplastic interfaces are defined on the boundary of each element. As a result, the kinematic limit
analysis provides a local mechanism involving the selected walls and an associated kinematic
multiplier. An optimization procedure, here conducted by using a Genetic Algorithm, is applied with the aim of finding the collapse multiplier. The procedure can take into account the
most spread reinforcement techniques adopted in historical constructions, such as tie-rods
and FRP strips, which maintain a local response to horizontal loads. An application to a historical masonry aggregate, located in the center of Arsita (Teramo, Italy), is finally presented.
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1

INTRODUCTION

+LVWRULFDOFHQWHUVDUHRIWHQWKHILQDOUHVXOWRIDKLJKQXPEHURIPDVRQU\FRQVWUXFWLRQEXLOWDG
MDFHQWWRHDFKRWKHU7KHVHLVPLFUHVSRQVHRIPDVRQU\FRQVWUXFWLRQVDJJUHJDWHVLVDIIHFWHGE\
VHYHUDOIDFWRUVVXFKDVJHRPHWULFDOLUUHJXODULWLHVXQFHUWDLQWLHVRQFRQQHFWLRQVEHWZHHQZDOOV
GLIILFXOWLHVRQWKHLGHQWLILFDWLRQRIPDVRQU\PHFKDQLFDOSDUDPHWHUVODFNRIGHVLJQGHWDLOVDQG
SUHH[LVWHQW GDPDJH UHVXOWLQJ TXLWH GLIILFXOW WR SUHGLFW 6HLVPLF HYHQWV RFFXUUHG GXULQJ ODVW
\HDUV /¶$TXLOD(PLOLD5RPDJQD&HQWUDO ,WDO\  GDPDJHGVHYHUHO\ DKXJH
QXPEHURIPDVRQU\KLVWRULFDO FRQVWUXFWLRQV>±@ LQFOXGLQJ UHVLGHQWLDO EXLOGLQJ DJJUHJDWHV
7KHUHIRUHWKHLPSOHPHQWDWLRQRIDQHIILFLHQWQXPHULFDOPHWKRGIRUWKHFRUUHFWSUHGLFWLRQRI
WKHVHLVPLFUHVSRQVHRIKLVWRULFDOPDVRQU\DJJUHJDWHVEHIRUHDQGDIWHUWKHDSSOLFDWLRQRIWKH
PRVWW\SLFDOUHWURILWWLQJLQWHUYHQWLRQVLVDYHU\DFWXDOSUREOHP
6HYHUDOQXPHULFDOPHWKRGVDUHDYDLODEOH)RFXVLQJWKHDWWHQWLRQRQPDVRQU\EXLOGLQJDJJUH
JDWHV WKH W\SLFDO DSSURDFKHV LQFOXGH LQGH[EDVHG PHWKRGV >@ ORFDO IDLOXUHV DQDO\VHV
WKURXJKOLPLWDQDO\VLVWHFKQLTXHV>@(TXLYDOHQW)UDPHEDVHGPHWKRGV>±@DQG)LQLWH(O
HPHQWEDVHGVWDWLFDQGG\QDPLFQRQOLQHDUDQDO\VHV>±@+RZHYHUFRQVLGHULQJWKHW\SLFDO
ODFNRIJOREDOEHKDYLRURIWKLVVWUXFWXUDOW\SRORJ\ VHHDOVRWKHKXJHQXPEHURIORFDOFROODSVHV
REVHUYHGGXULQJWKHODVWHDUWKTXDNHV>@ ORFDODQDO\VHVFDQQRWEHQHJOHFWHGLQWKHHYDOXD
WLRQRIWKHVHLVPLFYXOQHUDELOLW\>±@0RUHRYHUWKHDSSOLFDWLRQRIDWKRURXJKQXPEHURI
ORFDODQDO\VHVLVDOVRUHFRPPHQGHGE\WKH,WDOLDQFRGH>@IRUPDVRQU\EXLOGLQJVLQJHQHUDO
7KH W\SLFDO UHWURILWWLQJ VWUDWHJLHV RQ PDVRQU\ DJJUHJDWHV DUH DLPHG DW DFKLHYLQJ WKH JOREDO
UHVSRQVHRIWKHVWUXFWXUHXQGHUKRUL]RQWDOORDGV +RZHYHULWKDVWR EHSRLQWHGRXW WKDWWKLV
UHVXOWXVXDOO\UHTXLUHVWRRLQYDVLYHLQWHUYHQWLRQVWKDWDUHQRWDOORZHGIRUKLVWRULFDOFRQVWUXF
WLRQVIRUZKLFKWKHRULJLQDOFRQVWUXFWLRQFDQQRWEHVXEMHFWHGWRVWURQJPRGLILFDWLRQVIRUUHD
VRQVRIFXOWXUDOKHULWDJHSUHVHUYDWLRQ$VUHJDUGVKLVWRULFDOFRQVWUXFWLRQVORFDOLQWHUYHQWLRQV
DUHXVXDOO\SUHIHUUHGVXFKDVWKHDSSOLFDWLRQRIVWHHORUWLPEHUWLHV>@)53VWULSV750
RU )5&0 >@ 7KHVH LQWHUYHQWLRQV DUH DLPHG DW DYRLGLQJ WKH PRVW FULWLFDO RXWRISODQH
PHFKDQLVPV $V D UHVXOW WKH VWUXFWXUDO UHVSRQVH LV VWLOO ORFDO EXW WKH FROODSVH WDNHV SODFH
WKURXJKDGLIIHUHQWORFDOPHFKDQLVPWRZKLFKDKLJKHUKRUL]RQWDOORDGPXOWLSOLHULVDVVRFLDWHG
7KHUHIRUHWKHVHLVPLFYXOQHUDELOLW\HYDOXDWLRQ VWLOO UHTXLUHVORFDO DQDO\VHV DOORZLQJVWXGLHV
WKURXJKOLPLWDQDO\VLVWHFKQLTXHV
7KHWKHRU\RIOLPLWDQDO\VLVIRUKLVWRULFDOPDVRQU\FRQVWUXFWLRQVZDVRULJLQDOO\GHYHORSHGE\
+H\PDQ>@ZKRSURSRVHGWRWUHDWPDVRQU\DVDQRWHQVLRQPDWHULDO+RZHYHUPRUHDFFX
UDWH PRGHOOLQJ VWUDWHJLHV FDQ EH IROORZHG WR WDNH LQWR DFFRXQW FUXVKLQJ DQG VKHDU IDLOXUHV
6RPHUHFHQWKRPRJHQL]HGOLPLWDQDO\VLVWHFKQLTXHVKDYHEHHQSUHVHQWHG>±@,QRUGHUWR
GHFUHDVHWKHUHTXLUHGFRPSXWDWLRQDOHIIRUWGHULYLQJIURPWKHUHSURGXFWLRQRIWKHFRUUHFWFRO
ODSVHPHFKDQLVPVE\XVLQJUHILQHGPHVKDQRYHOOLPLWDQDO\VLVDSSURDFKKDVEHHQSUHVHQWHG
E\VRPHRIWKH$XWKRUV>@,QWKLVSURFHGXUHDQXSSHUERXQGIRUPXODWLRQLVDSSOLHGRQD
PDVRQU\VWUXFWXUHGLVFUHWL]HGWKURXJKDUHGXFHGQXPEHURI185%6VXUIDFHV 1RQ8QLIRUP
5DWLRQDO%6SOLQH>@ 185%6REMHFWVDUHSDUDPHWULFIXQFWLRQVFRPPRQO\DGRSWHGLQWKH
&$'PRGHOOLQJWKDWDOORZUHSUHVHQWLQJFXUYHGJHRPHWULHVZLWKIHZVXUIDFHV185%6VXUIDF
HVDUHDGRSWHGWRUHSUHVHQWZDOOVDQGYDXOWVDQGDUHLGHDOL]HGDVULJLGHOHPHQWVZLWKLQWHUQDO
GLVVLSDWLRQDOORZHGRQO\DORQJHGJHV6LQFHWKHPHWKRGLVEDVHGRQDUHGXFHGQXPEHURIULJLG
HOHPHQWV D PHVK DGDSWDWLRQ SURFHGXUH LV DSSOLHG WR PLQLPL]H WKH NLQHPDWLF ORDG PXOWLSOLHU
DQGGHWHUPLQHWKHUHDOFROODSVHPHFKDQLVP$*HQHWLF$OJRULWKP *$ >@LVXVXDOO\DSSOLHG
HYHQLIGLIIHUHQWPHWDKHXULVWLFDOJRULWKPVFDQEHDGRSWHG>@7KHPHWKRGKDVEHHQDGRSWHG
WR VWXG\ VHYHUDO W\SRORJLHV RI KLVWRULFDO PDVRQU\ VWUXFWXUHV >±@ VRPHWLPHV FRQVLGHULQJ
WKH SUHVHQFH RI UHLQIRUFHPHQW >±@ ,Q WKLV ZRUN WKH DGDSWLYH 185%6 OLPLW DQDO\VLV LV
DGRSWHGWRVWXG\DFRPSOH[FDVHRIKLVWRULFDOPDVRQU\DJJUHJDWHORFDWHGLQWKHFHQWHURI$UVL
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WD $EUX]]RUHJLRQ >@$GLVSRVLWLRQRIWLHURGVKDVEHHQK\SRWKHVL]HGRQWKHFRQVWUXF
WLRQVDQGWKHORFDOPHFKDQLVPVDUHFRPSDUHGZLWKWKRVHIRXQGLQWKHXQUHLQIRUFHGFDVH
2

ADAPTIVE NURBS-BASED LIMIT ANALYSIS

7KLVQRYHOOLPLWDQDO\VLVDSSURDFKIRUKLVWRULFDOPDVRQU\DJJUHJDWHVLVEDVHGRQDGLVFUHWL]D
WLRQ RI WKH ZKROH FRQVWUXFWLRQ WKURXJK 185%6 1RQ8QLIRUP 5DWLRQDO %6SOLQH >@  VXU
IDFHV 7KH JHRPHWULFDO UHSUHVHQWDWLRQ YLD 185%6 DOORZV UHSUHVHQWLQJ HDFK ZDOO E\ XVLQJ D
VLQJOHVXUIDFH HYHQLQSUHVHQFHRIRSHQLQJV UHVXOWLQJLQDYHU\UHGXFHGQXPEHURIRYHUDOO
HOHPHQWV0RUHRYHUFXUYHGVWUXFWXUDOHOHPHQWVVXFKDVDUFKHVDQGYDXOWVFDQEHUHSURGXFHG
WKURXJKYHU\IHZVXUIDFHV)RUVDNHRIVLPSOLFLW\ZHUHIHUWR>@IRUDFRPSOHWHWKHRUHWLFDO
GLVVHUWDWLRQRQWKH185%6JHRPHWULFDOHQWLWLHVDQGWKHPDLQDOJRULWKPVLQYROYHG
7KH185%6PRGHOLVLPSRUWHGLQWRWKH0$7/$%HQYLURQPHQWZKHUHHDFKVXUIDFHLVFRQ
YHUWHGLQWRD'PDFURHOHPHQWRQFHWKLFNQHVVDQGRIIVHWSURSHUWLHVDUHDVVLJQHG(DFKVXU
IDFH FDQEHVXEGLYLGHGLQWRIHZHOHPHQWV HDFK RQHGHULYLQJ E\DWULPPHG185%6VXUIDFH
ZKLFKLVDSDUWLWLRQRIWKHLQLWLDORQH
7KHDVVXPSWLRQRILQILQLWHO\ULJLGHOHPHQWVLVKHUHIROORZHG1RQOLQHDULWLHVDUHLQFOXGHGLQ
WKHFRPSXWDWLRQE\GHILQLQJULJLGSODVWLFLQWHUIDFHVDWWKHFRQWDFWVEHWZHHQULJLGHOHPHQWV$
VLPSOHNLQHPDWLFOLPLWDQDO\VLVFDQEHGHILQHGLQWKLVPRGHO7KHNLQHPDWLFRIHDFKULJLGHOH
PHQWLV GHILQHGWKURXJK WKHVL[ GHJUHHV RIIUHHGRP RILWV JUDYLW\ FHQWHU5HODWLYHYHORFLWLHV
FDQ RFFXU DW LQWHUIDFHV RQO\ ,Q RUGHU WR SURSHUO\ HYDOXDWH WKH DPRXQW RI SODVWLF GLVVLSDWLRQ
UHODWHGWRYHORFLW\MXPSVDWLQWHUIDFHVHDFKRQHLVGLVFUHWL]HGWKURXJKSRLQWVLQZKLFKDORFDO
UHIHUHQFH V\VWHP     )LJXUH  D  LV GHILQHG DQG D WKUHHGLPHQVLRQDO IDLOXUH VXUIDFHV
W\SLFDOO\D0RKU&RXORPEGRPDLQZLWKWHQVLRQFXWRIIDQGOLQHDUFDSLQFRPSUHVVLRQ)LJXUH
 E LVDVVLJQHG$FODVVLFDVVRFLDWLYHSODVWLFIORZUXOHLVDGRSWHG

D

E

)LJXUH D 'LVFUHWL]DWLRQRILQWHUIDFHVDQGORFDOUHIHUHQFHV\VWHP E WKUHHGLPHQVLRQDOIDLOXUHVXUIDFH

7KHUHIRUHLQWHUIDFHVDVVXPHWKHPHDQLQJRISRVVLEOHIUDFWXUHOLQHV$FRQILJXUDWLRQRIGHDG
DQGOLYHORDG UHVSHFWLYHO\ F DQG Γ  LV GHILQHG7KHOLYHORDGPXOWLSOLHU * LV IRXQGE\DS
SO\LQJWKH3ULQFLSOHRI9LUWXDO3RZHUV7KHSURFHGXUHFDQEHVXPPDUL]HGLQIRUPRIVWDQGDUG
OLQHDUSURJUDPPLQJSUREOHP
 A x b eq

½
PLQ ®* ¦ PLQWi  PF0 ¾ VXFKWKDW ® eqq

i
¯
¿
¯ λt
ZKHUH
¦ PLQWi LVWKHWRWDODPRXQWRILQWHUQDOGLVVLSDWHGSRZHU
i

PF  PΓ LVWKHSRZHUGLVVLSDWHGE\WKHH[WHUQDOORDGV
LFKLQFOXGH
xLVWKHYHFWRURIXQNQRZQVZKLFKLQFOXGHWKHYHORFLW\FRPSRQHQWVRIHDFKHOHPHQWDQGWKH
QRQQHJDWLYHSODVWLFPXOWLSOLHUV λ 
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A eq  b eq DUH UHVSHFWLYHO\ WKH RYHUDOO HTXDOLW\ FRQVWUDLQWV PDWUL[ FRQWDLQLQJ JHRPHWULF FRQ

VWUDLQWVSODVWLFFRPSDWLELOLW\DQGQRUPDOL]DWLRQFRQGLWLRQRIOLYHORDGVSRZHU DQGWKHFRUUH
VSRQGLQJULJKWKDQGVLGHYHFWRU
7KHVROXWLRQRIWKHSUHVHQWHGOLQHDUSURJUDPPLQJSUREOHPDOORZVGHILQLQJDKRUL]RQWDOORDG
PXOWLSOLHUĮDQGDPHFKDQLVP7KHPHFKDQLVPZLOOGHSHQGRQWKHDVVXPHGSRVLWLRQRIIUDF
WXUHOLQHVDQGLQDJUHHPHQWZLWKWKHNLQHPDWLFWKHRUHPRIOLPLWDQDO\VLVWKHDVVRFLDWHGKRUL
]RQWDOORDGPXOWLSOLHUZLOOEHDQXSSHUERXQGRIWKHFROODSVHPXOWLSOLHU7KHUHIRUHWKHLQLWLDO
PHVKPXVWEHDGMXVWHGWRILQGWKHUHDOSRVLWLRQRIIUDFWXUHOLQHV$*HQHWLF$OJRULWKP *$ LV
KHUHDSSOLHGIRUWKHPHVKDGDSWDWLRQSURFHGXUH>@,QWKLVZD\DJRRGHVWLPDWLRQRIWKHKRU
L]RQWDOORDGPXOWLSOLHUDQGWKHFRUUHFWFROODSVHPHFKDQLVPLVDXWRPDWLFDOO\SURYLGHG
3

APPLICATION TO HISTORICAL MASONRY AGGREGATES

:KHQORFDOPHFKDQLVPVLQKLVWRULFDOPDVRQU\DJJUHJDWHVDUHLQYHVWLJDWHGGHDGORDGVUHSUH
VHQWVHOIZHLJKWVDQGPDVVHVDSSOLHGRQHDFKZDOOZKHUHDVOLYHORDGVDUHFRQVWLWXWHGE\DGLV
WULEXWLRQRIKRUL]RQWDOORDGVSURSRUWLRQDOWRPDVVHV DVUHFRPPHQGHGE\WKH,WDOLDQFRGH>@ 
,QRWKHUZRUGVWKHYHFWRURIWKHSRZHUGLVVLSDWHGE\WKHGHDGORDGVFDQEHZULWWHQDVIROORZV
NE

PF

¦ W u
i

i
z

 Fi P  u zP

FT  x



i 

ZKHUH
N E LVWKHQXPEHURIHOHPHQWVDGRSWHG
Wi LVWKHZHLJKWLIWKHLWKHOHPHQW

Fi P LVWKHYHUWLFDOORDGJLYHQE\WKHQRQVWUXFWXUDOPDVVDSSOLHGWRWKHSRLQW3
u zi  u zP DUH WKH YHUWLFDO FRPSRQHQWV RI WKH YHORFLW\ YHFWRUV UHVSHFWLYHO\ RI WKH JUDYLW\ FHQWHU
DQGWKHSRLQW3
7KHSRZHUGLVVLSDWHGE\OLYHORDGVFDQEHGHULYHGGLUHFWO\IURP PF 
NE

P*

¦

*Wi  uhi  *Fi P  uhP

ΓT  x



i 

ZKHUH
u hi  u hP DUHWKHKRUL]RQWDOFRPSRQHQWVRIWKHYHORFLW\YHFWRUV
* LVWKHKRUL]RQWDOORDGPXOWLSOLHU ZKLFKLVQDPHGĮLQWKH,WDOLDQFRGH>@ 
7KLV SURFHGXUH FDQ EH DSSOLHG WR HYDOXDWH WKH KRUL]RQWDO ORDG PXOWLSOLHU RI FRPSOH[ ORFDO
PHFKDQLVPV LQ KLVWRULFDO PDVRQU\ DJJUHJDWHV ,W KDV WR EH SRLQWHG RXW WKDW PDVRQU\ DJJUH
JDWHVFDQSUHVHQWYHU\FRPSOH[VWUXFWXUHVZLWKFRH[LVWHQFHRIGLIIHUHQWOHYHOVRILQWHUORFNLQJV
WKDWPDNHWKHLUVWUXFWXUDOUHVSRQVHTXLWHGLIILFXOWWRSUHGLFW7KHUHIRUHWKHSURSRVHGFRGHDO
ORZV SHUIRUPLQJ ORFDO DQDO\VHV RQ D SUHVHOHFWHG QXPEHU RI ZDOOV EHORQJLQJ WR WKH VDPH
VWUXFWXUDOXQLW7KHSUHVHOHFWHGZDOOVDUHWKRVHVXSSRVHGWREHLQYROYHGLQWKHORFDOIDLOXUH
'LIIHUHQW OHYHOV RI LQWHUORFNLQJV FDQ EH WDNHQ LQWR DFFRXQW E\ DVVLJQLQJ GLIIHUHQW YDOXHV RI
UHVLVWDQFHSDUDPHWHUVWRLQWHUIDFHVORFDWHGDWWKHFRUQHUV,QDGGLWLRQWRWKLVWKHSURFHGXUHFDQ
WDNHLQWRDFFRXQWWKHPRVWVSUHDGUHWURILWWLQJLQWHUYHQWLRQVIRUWKHVHFRQVWUXFWLRQV,WLVZRUWK
QRWLQJ WKDW WKH FRPPRQ XVH RI )53 VWULSV RU WLHURGV PDLQWDLQV VWLOO ORFDO WKH VWUXFWXUDO UH
VSRQVHXQGHUKRUL]RQWDOORDGVLQFHWKHDLPRIWKHVHLQWHUYHQWLRQVLVPDLQO\WRDYRLGWKHPRVW
FULWLFDOORFDOPHFKDQLVPV7KLVDOORZVWRHDVLO\WDNHLQWRDFFRXQWWKHFRQWULEXWLRQRIWKHVHUHW
URILWWLQJWHFKQLTXHVE\XVLQJORFDODQDO\VHV,QWKHDGDSWLYH185%6OLPLWDQDO\VLVWKHSUHV
HQFHRIWLHURGV FDQEHLQFOXGHGE\XVLQJVLPSOHNLQHPDWLF FRQGLWLRQV &RQVLGHULQJWKHLWK
WLHURGVDSSOLHGEHWZHHQWKHSRLQWV3DQG4 ORFDWHGRQGLIIHUHQWZDOOV DQDGGLWLRQDOHTXD
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WLRQLVDVVLJQHGDVDJHRPHWULFDOFRQVWUDLQW7KHFRQVWUDLQWJLYHQE\WKHSUHVHQFHRIWLHURGVLV
GHVFULEHGDVIROORZV
ukP  ukQ 

ZKHUH
k LVWKHGLUHFWLRQGHILQHGE\WKHWLHURG
u kP  u kQ DUHWKHYHORFLWLHVDORQJWKHGLUHFWLRQNUHVSHFWLYHO\RIWKHSRLQWV3DQG4
4

CASE STUDY

$PDVRQU\DJJUHJDWHORFDWHGLQWKHKLVWRULFDOFHQWHURI$UVLWDKDVEHHQDGRSWHGIRUWKHDQDO
\VHV$UVLWDLVDVPDOOYLOODJHLQWKHFHQWHURI,WDO\WKDWZDVKLWE\WKHHDUWKTXDNH$VD
FRQVHTXHQFHRIWKLVHYHQWPDVRQU\DJJUHJDWHVKDYHEHHQLQVSHFWHGE\DVFLHQWLILFWHDPVHW
XSE\ (1($ ,WDOLDQ1DWLRQDO $JHQF\IRU1HZ 7HFKQRORJLHV (QHUJ\DQG6XVWDLQDEOH(FR
QRPLF'HYHORSPHQW UHVXOWLQJLQWKHSXEOLFDWLRQRIWKH3RVW(DUWKTXDNH5HFRQVWUXFWLRQ3ODQ
IRU WKH $UVLWD 0XQLFLSDOLW\ >@ 7KH PDVRQU\ DJJUHJDWH KHUH SUHVHQWHG LV WKH ILUVW RQH
DPRQJWKRVHVWXGLHGE\(1($ VHH)LJXUH 7KLVFRQVWUXFWLRQLVFRPSRVHGRIWKUHHVWUXF
WXUDOXQLWVKHUHQDPHG$%DQG&$DQG%DUHUHVLGHQWLDOEXLOGLQJVZKHUHDV&FRQVWLWXWHV
WKH&KXUFKRI6DQWD9LWWRULD7KHZKROHFRQVWUXFWLRQLVDSSUR[LPDWHO\PORQJDQGP
ZLGH7KHPD[LPXPKHLJKWLVDERXWPLQFRUUHVSRQGHQFHWRWKHEHOOWRZHU7KHFRQVWUXF
WLRQLVFKDUDFWHUL]HGE\WKLFNZDOOV$QDYHUDJHYDOXHRIFPKDVEHHQREVHUYHGLQXQLWV$
DQG % 7KH FKXUFK LV FKDUDFWHUL]HG E\ WKLFNHU ZDOOV ZLWK DQ DYHUDJH YDOXH RI  FP DQG D
PD[LPXP RI  FP LQ WKH IDoDGH 6HYHUDO YDXOWHG HOHPHQWV PDLQO\ VHPLFLUFXODU EDUUHO
YDXOWV FDQEHIRXQGZLWKLQWKHFHQWUDOQDYHRIWKHFKXUFKDQGRQWKHILUVWIORRURIXQLW%$F
FRUGLQJWR>@WKHPDVRQU\LVFRPSRVHGRILUUHJXODUVWRQHVDQGEDGTXDOLW\PRUWDU

D

E

F

G

H

I

)LJXUH$JJUHJDWH³,O&RUVR´ D VRPHSKRWRVRIWKHDJJUHJDWH SLFWXUHVWDNHQIURP>@  E SODQYLHZ F 
VHFWLRQDORQJWKHORQJLWXGLQDOGLUHFWLRQ G LGHQWLILFDWLRQRIWKHVWUXFWXUDOXQLWV H K\SRWKHVL]HGSRVLWLRQRIWLH
URGVDQG I '185%6PRGHO

6LQFHWKLVPDVRQU\DJJUHJDWHGRHVQRW KDYHWLHURGV RUFRQFUHWHHGJLQJVWKHILUVW VWXG\KDV
EHHQ SHUIRUPHG RQ WKH XQUHLQIRUFHG FDVH >@ $IWHU WKDW D GLVSRVLWLRQ RI WLHURGV KDV EHHQ
K\SRWKHVL]HGWRLQFUHDVHWKHKRUL]RQWDOORDGPXOWLSOLHUDVVRFLDWHGZLWKWKHREWDLQHGFROODSVH
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PHFKDQLVPV7KHGLVSRVLWLRQRIWKHWLHURGVKHUHDVVXPHGLV UHSRUWHGLQ )LJXUH H 7KHUH
IRUHWKHDGDSWLYH185%6EDVHGOLPLWDQDO\VLVKDVEHHQUHDSSOLHGWRWKLVFDVHVWXG\WRVKRZ
KRZORFDOIDLOXUHVDUHDIIHFWHGE\WKHDSSOLFDWLRQRIVXFKUHWURILWWLQJLQWHUYHQWLRQV$VLQWKH
XQUHLQIRUFHGFDVH>@JRRGLQWHUORFNLQJKDVEHHQDVVXPHGEHWZHHQZDOOVEHORQJLQJWRWKH
VDPHVWUXFWXUDOXQLWZKHUHDVWKHGLIIHUHQWVWUXFWXUDOXQLWVKDYHEHHQK\SRWKHVL]HGDVGLVFRQ
QHFWHGIURPHDFKRWKHU&RQVLGHULQJWKHSUHVHQFHRIQRWUHJXODUPDVRQU\WH[WXUHDQLVRWURSLF
0RKU&RXORPEEHKDYLRUKDVEHHQDVVLJQHG>@7KHWHQVLOHVWUHVVLVDVVXPHGHTXDOWR
03DIRUZDOOVDQG03DIRUYDXOWHGHOHPHQWV$VVKRZQLQ>@DQRWQXOOWHQVLOHVWUHVVLV
XVXDOO\QHHGHGIRUVOHQGHUEDUUHOYDXOWVLQFKXUFKHVVLQFHWKHVHHOHPHQWVDUHRIWHQWRRVOHQGHU
WR VXVWDLQ WKHLU VHOIZHLJKW LQ FRPSDULVRQ ZLWK ZKDW LV UHFRPPHQGHG LQ WKH FODVVLFDO +H\
PDQ¶V WKHRU\ >@ 7KH XOWLPDWH FRPSUHVVLRQ VWUHQJWK KDV EHHQ DVVXPHG HTXDO WR  03D
ZKHUHDVFRKHVLRQDQGIULFWLRQDQJOHDUHVXSSRVHG03DDQGUHVSHFWLYHO\
7KHQHZUHVXOWVLQWHUPVRIORFDOIDLOXUHVKRUL]RQWDOORDGPXOWLSOLHUVDQGVSHFWUDODFFHOHUD
WLRQV D  DUH GHSLFWHG LQ )LJXUH  WRJHWKHU ZLWK IDLOXUH PHFKDQLVPV RI WKH XQUHLQIRUFHG
FDVH,QJHQHUDOWKHSUHVHQFHRIWLHURGVDOORZVDQRWDEOHLQFUHDVHLQWKHYDOXHVRIKRUL]RQWDO
ORDGPXOWLSOLHUV9DOXHVKLJKHUWKDQDUHPDLQO\UHODWHGWRWKHSUHVHQFHRIWKLFNZDOOV,QWZR
FDVHVWKHLQLWLDORYHUWXUQLQJPHFKDQLVPVFRQYHUWLQWRYHUWLFDOIOH[XUHPHFKDQLVPVZLWKSDU
WLFLSDWLRQRIWKHWUDQVYHUVDOZDOOV VHH)LJXUH E DQG)LJXUH I 7KHQWKHRWKHUZDOOVEH
ORQJLQJWR VWUXFWXUDO XQLW% )LJXUH F FROODSVHWKURXJK WKHSDUWLDO RYHUWXUQLQJ RIWKHWRS
SDUWLQWKHUHLQIRUFHGFDVH )LJXUH G )LQDOO\WKHKRUL]RQWDOUHVSRQVHRIWKHYDXOWVZLWKLQ
WKHFHQWUDOQDYHLVVWLOOWKHPRVWFULWLFDOIDLOXUHPHFKDQLVPHYHQLILWVKRUL]RQWDOORDGPXOWL
SOLHULQFUHDVHVIURPWR7KLVLVPDLQO\GXHWRWKHKLJKVOHQGHUQHVVRIWKHEDUUHO
YDXOWVZKLFKFDQQRWFRXQWHUDFWWKHURWDWLRQRIWKHVXSSRUWLQJZDOOV$VLWFDQEHREVHUYHGLQ
)LJXUH JK WKHFROODSVHRFFXUVLQLWLDOO\WKURXJKWKHRYHUWXUQLQJRIZDOOVWKDWVXSSRUWVWKH
YDXOWVZKHUHDVDSDUWLDORYHUWXUQLQJWDNHVSODFHRQFHWLHURGVKDYHEHHQDSSOLHGDWWKHTXRWH
RIWKHEDUUHOYDXOWVILUVWURZ,WLVFOHDUWKDWKLJKHUYDOXHVRIKRUL]RQWDOORDGPXOWLSOLHUFRXOG
EHIRXQGE\DSSO\LQJVRPHWLHURGVDWGLIIHUHQWTXRWHVLQRUGHUWRDYRLGWKHSDUWLDORYHUWXUQ
LQJIDLOXUHVRIWKHZDOOVORFDWHGZLWKLQWKHFHQWUDOQDYH
,WLVZRUWKQRWLQJWKDWWKHXVHRI185%6KDVEHHQSDUWLFXODUO\XVHIXOLQWKHVWXG\RIWKLVFRQ
VWUXFWLRQZKHUHWKHUHLVDKLJKQXPEHURIFXUYHGVWUXFWXUDOHOHPHQWVWKDWDIIHFWLWVKRUL]RQWDO
VWUXFWXUDO FDSDFLW\ )LQDOO\ WKLV FRGH DOORZV WR UHSURGXFH VHYHUDO VWUXFWXUDO FRQGLWLRQV LQ
WHUPVRIORDGVDSSOLHGDQGUHSUHVHQWDWLRQRILQWHUORFNLQJFRQGLWLRQV+RZHYHULWLVFOHDUWKDW
DWKRURXJKNQRZOHGJHRIWKHUHDOVWUXFWXUDOGHWDLOVLVQHHGHGLQRUGHUWRFRUUHFWO\HVWLPDWHWKH
VWUXFWXUDOEHKDYLRUXQGHUKRUL]RQWDOORDGV
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CONCLUSIONS

$QRYHOFRPSXWDWLRQDOSURFHGXUHIRUWKHDVVHVVPHQWRISDUWLDOIDLOXUHPHFKDQLVPVLQKLVWRUL
FDO PDVRQU\ DJJUHJDWHV KDV EHHQ SUHVHQWHG 7KH SURFHGXUH XVHV D 185%6 GLVFUHWL]DWLRQ RI
WKHJHRPHWU\RIWKHZKROHVWUXFWXUHDOORZLQJWRHDVLO\UHSUHVHQWFXUYHGHOHPHQWVDQGPRUH
LQJHQHUDOWKHFRPSOH[JHRPHWULHVW\SLFDORIKLVWRULFDOFRQVWUXFWLRQV$NLQHPDWLFOLPLWDQDO
\VLVZLWKPHVKDGDSWDWLRQJRYHUQHGE\*HQHWLF$OJRULWKPLVDSSOLHG,QWKLVZD\ERWKVWDQG
DUG DQG QRQVWDQGDUG ORFDO PHFKDQLVPV LQ PDVRQU\ DJJUHJDWHV LH GHULYLQJ IURP WKH
LQWHUDFWLRQEHWZHHQGLIIHUHQWVWUXFWXUDOHOHPHQWVFDQEHSUHGLFWHGZLWKJRRGSUHFLVLRQDQGWKH
DVVRFLDWHGKRUL]RQWDOORDGPXOWLSOLHULVFRUUHFWO\HVWLPDWHG7KHSURFHGXUHDOORZHGWRWDNHLQ
WRDFFRXQWLQDQHDV\ZD\WKHHIIHFWVRIWKHPRVWFRPPRQUHWURILWWLQJVWUDWHJLHVVXFKDVWKH
DSSOLFDWLRQRIWLHURGVZKLFKPDLQWDLQVDORFDOVWUXFWXUDOUHVSRQVHEXWDIIHFWVWKHVKDSHRIWKH
ORFDOPHFKDQLVPVDYRLGLQJWKHRFFXUUHQFHRIWKHPRVWFULWLFDORQHV)LQDOO\WKHXVHRIIHZ
185%6 ULJLG HOHPHQWV PDLQWDLQV D ORZ FRPSXWDWLRQDO HIIRUW 7KH UHOLDELOLW\ RI WKLV PHWKRG
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Abstract. Failure mechanisms in masonry walls are commonly due to the low tensile strength of
masonry that could cause overturning or pounding due to the interaction with transverse walls.
In this paper, the inﬂuence of dissipative devices easing the dynamic stability of rocking blocks
is studied considering the main parameters affecting the response. Normalized rotation timehistories are obtained for six geometrical conﬁgurations under several acceleration records
in order to analyse possible resonant effects and beneﬁcial reductions due to the presence of
a damper, accounted for in the equation of motion of the one-sided restrained rocking block.
Rocking response spectra obtained for undamped systems show that possible beat phenomena
may arise for certain geometrical conﬁgurations and restraint stiffness values. A design equation for the damping coefﬁcient is proposed for the anti-seismic device and its inﬂuence on
restrained façade walls under real strong motions is analysed.
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1

INTRODUCTION

Recent seismic events demonstrated that out-of-plane mechanisms are commonly developed
in historical constructions causing relevant cracks and sometimes leading to catastrophic collapses. This can be due to not proper wall-to-diaphragm connections [1] or to slender walls as
those of church façades [2, 3, 4, 5]. Portions of the building can tilt as rigid blocks around plastic hinges developed during earthquakes, even of low entity, involving complex phenomena of
friction, impact, sliding and possible overturning [6, 7]. The most signiﬁcant way to treat these
problems, due to the many uncertainties that affect them, is a probabilistic approach considering
univariate and bivariate fragility curves [8].
Kinematic approach is considered one of the most valid tools for the assessment of local
modes, based on the assumption of the “most probable” mechanisms that can be developed
during a seismic event. This method is widely used worldwide and the Italian national code
[9] suggests this approach as a valid preliminary veriﬁcation for successive global assessment.
Besides more complex models can account for horizontal restraints or frictions, the method is
based on the pseudo-static application of virtual work principle and collapse mechanisms have
to be assumed, thus setting the limit of the approach.
Recent developments were done on rocking analysis, capable of assessing the dynamic stability of rigid restrained blocks and suitable to understand the behavior of tilting objects during
seismic motion [2, 10, 11]. Newly published national Italian standards [9, 12] allows the assessment of local mechanisms through the use of nonlinear dynamic analysis of rigid bodies.
During the oscillation of rocking structures, the seismic energy is dissipated through the impacts
and this can be accounted for in the equation of motion through a cofﬁcient of restitution, whose
experimental estimation is of crucial relevance [13]. The rocking block can be free-standing,
namely without restraints [14] or with vertical [15] or horizontal [16] elastic restraints. If a
further source of energy dissipation is desired, to control the stability of the rocking wall, the
restraint could be characterized by a viscous damper.
In this contribution, a damper device is intended to be designed in order to control possible damages occurring on out-of-plane masonry walls. This paper aims at understanding the
inﬂuence of damping and stiffness of anti-seismic devices through rocking analysis.
2

EQUATION OF MOTION AND RESONANCE CONDITION

The full equation of motion of a damped restrained rocking block in one-sided vibrations
under seismic force reads:
I0 θ̈ + sign(θ)mgR sin Aθ + TK + TK  + TD = müg R cos Aθ ,

(1)

where I0 is the polar moment of inertia of the block with mass m oscillating about the pivot
points O and O of an angle θ (Figure 1), R is the semi diagonal of the block and Aθ = α −
sign(θ)θ, in which α is the angle between the direction of R and the vertical, being also the
inverse of the slenderness of the block (α = tan−1 (s/h)  s/h = 1/λ). The term TK relates
to the contribution of a horizontal spring, referring to the elastic stiffness of the damper or to
separate restraints (steel ties). For the scope of this work the pre-tensioning and yielding are not
considered, being the spring indeﬁnitely linear elastic characterized by particular axial stiffness,
K, whose term reads
TK = sign(θ)KRt2 cos(At )(sinαr − sinAt ),

(2)

where At = αt − sign(θ)θ and geometrical parameters, Rt and αt deﬁne the position of the
spring. TK  is the term given by horizontal bed springs, simulating eventual lateral transversal

4293

Fabio Solarino, Linda Giresini and Daniel V. Oliveira

V

V

FY
ș!

.
5W 5G

.
P

KW KG

P

K
5

K

:

ĮW ĮG

2

2

K

Į

2

2

Figure 1: Rocking block model restrained by damper in one-sided motion: geometry and deﬁnition of positive
rotation.

walls of stiffness (per unit length), K  . Assuming,
A = sign(θ)s2 sinθ cosθ(1 − cosθ)
B = sin2 θ cosθ − cos3 θ + cos2 θ
C = sign(θ) sinθ cos2 θ

(3)
(4)
(5)

the spring bed term can be deﬁned as follows:


TK  = sign(θ)K  h

Bh Ch2
+
A+
2
3



(6)

where, h is the effective height of the spring bed (Figure 1). The term Td depends upon the
damping, c, and the relative velocity between the damper ends, u̇d , function of θ̇, in this speciﬁc
case, and reads
Td = cRd2 cos2 Ad θ̇,

(7)

where Ad = αd − sign(θ)θ and, at the same way of horizontal spring term, Rd and αd deﬁne
the position of the damper (Figure 1). For the speciﬁc case of damper and elastic spring at the
same position, αd = αt , and Rd = Rt . It can be noted that the sign of damping term is directly
given by the sign of rotational velocity, θ̇, thus no sign function is necessary in this case.
Previous studies demonstrated that ampliﬁed response can be achieved in certain circumstances associated with resonance conditions [16]. Depending on the direction of motion, two
rocking systems can be deﬁned, one referring to clockwise rotation (single spring in tension) and
the other '
to anticlockwise direction (spring bed in compression). Thus, calling the frequency
ratio p = mgR/I0 , resonance frequencies can be computed for both systems,
ωr+

=

8
9
9 KRt2
p:

mgR

429



−1

(8)

Fabio Solarino, Linda Giresini and Daniel V. Oliveira

and
ωr−

8

9
9 8K  R2
:
−1
=p

(9)

3mg

Even if circular frequency of the rocking system varies during the oscillation, it was seen
that the horizontal elastic restraint behaves like a “ﬁlter” for the output signal. This aspect is
conﬁrmed in Figure 2 showing the comparison between the fast fourier transform (FFT) of the
displacement response in restrained and in free-standing conﬁguration, under free vibration.
The restrained conﬁguration is deﬁned, here, by the presence of a bidirectional indeﬁnitely
linear elastic tie with stiffness equal to K = 1.0e6 N/m. The restrained rocking block response

(a)

(b)

Figure 2: Fast fourier transform of horizontal displacement read at the level of restraint; (a) free-standing block;
(b) restrained block.

is characterized by a reduced frequency content if compared to the free-standing conﬁguration.
Ideally, if such a restrained system is forced by excitations with similar frequencies, dangerous
ampliﬁed responses may arise and should be controlled. Artiﬁcial inputs with similar frequency
content have been adopted in recent studies in order to cause resonant response [17]. In this
paper, possible resonance circumstances are investigated under real ground motion, which are
characterized by a complex frequency content but representative of realistic situations.
3

GEOMETRIES AND HYPOTHESIS

Geometries of unit length were selected in order to study two different slenderness ratios
(λ = 10, 13) and three different wall thickness values (s = 0.3; 0.6 and 0.9 m), resulting in a
total of six geometrical layouts representative of common masonry wall façades. The masonry
weight density was assumed equal to 21 kN/m3 for all blocks. The analysis of damped restrained
rocking blocks requires the deﬁnition of horizontal restraint elastic stiffness, representing a
possible steel tie rod placed at a certain height of the wall. Moreover, for the deﬁnition of the
elastic impact with transverse walls, a value of stiffness (per unit length) needs to be set. A
realistic value of K  can be based on transversal walls thickness, t, and effective with, Lef f ,
with equivalent lateral elastic modulus, Ex ,
K  = Ex t/Lef f .
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label
block1
block2
block3
block4
block5
block6

λ [-]
10
10
10
13
13
13

s [m] h [m] m [kg]
0.3
3.0
1926
0.6
6.0
7706
0.9
9.0
17339
0.3
3.9
2505
0.6
7.8
10018
0.9
11.7 22541

R [m] I0 [kg m2 ]
1.51
5837
3.01
93401
4.52
472847
1.96
12773
3.91
204374
5.87
1034645

Table 1: Geometrical parameters of selected blocks.

However, if the system global stiffness in the positive direction equates the one in negative
direction [16], the spring bed stiffness becomes a function of horizontal restraint stiffness:

Ksys = Ksys
→ K = K

3 Rt2
.
8 R3 cosα

(11)

A reference value of tie stiffness, Kd , can be calculated starting from a design value of steel
tie rod diameter, φd , based on simple equilibrium criterium (Equation 12) assuming the seismic
action as a horizontal equivalent static force acting at the center of gravity of the block. The
length of the tie rod is assumed 10 m.
Td ht + W s/2 = μW h/2,

(12)

πφ2

where Td = σd 4 d is the force given by the tie, applied at height ht , computed considering a
0.7f
S275 steel, a design stress value, σd = 1.05u,k . W is the self weight of the block and μ = 0.2 is
the collapse multiplier.
Even if it is hard to deﬁne a critical damping for rocking blocks (appropriate for singledegree-of-freedom oscillators), mainly because of the non-constant value of eigenfrequency
[18], a reference value of damping can be deﬁned starting from the capacity curve of the freestanding block. The damping becomes function of the solely geometry of the block and a
characteristic event time, δt [17],
cd =

μW
F0
=
= 2mgδt /h
v
δu /δt

(13)

The viscous-elastic damper, which is ruled by a stiffness, K and a coefﬁcient of damping c, is
located at the top of the wall. Furthermore, dampers are ideally bilinear.
It is worth noting that the yielding of the steel tie rod was not considered, as outer the scope
of the study.
4

ANALYSIS AND RESULTS

The inﬂuence of the wall geometries and of the viscous-elastic damper on the dynamic stability of the rocking walls are studied under free and forced vibration in one-sided motion. For
the latter analyses, a selection of several (> 40) real accelerograms was done in order to consider a wide range of frequency content and intensity levels. Strong motion accelerations are
selected among recent seismic events that stroke Central Italy during 2016-2017 and past events
characterized by high level of magnitude (i.e. Mw > 5.0) (Table 2). Two limit states are deﬁned for the scope of these analyses as reference values of moderate (θ/α = 0.4) and limited
(θ/α = 0.1) rocking.
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Event name

Event date-(UTC)time
Municipality
[yyyy/mm/dd-hh:mm]
Central Italy
2017/01/18-13:33
Cagnano Amiterno
Central Italy
2017/01/18-10:25
Montereale
Central Italy
2017/01/18-10:14
Capitignano
Central Italy
2016/10/30-06:40
Norcia
Central Italy
2016/10/26-19:18
Ussita
Central Italy
2016/10/26-17:10
Castelsantangelo sul Nera
Central Italy
2016/08/24-02:33
Norcia
Central Italy
2016/08/24-01:36
Accumoli
Emilia 2nd shock
2012/05/29-07:00
Medolla
st
Emilia 1 shock
2012/05/20-02:03
Finale Emilia
L’Aquila
2009/04/06-01:32
L’Aquila
Bam
2003/12/26-01:56
Bam
Bingöl
2003/05/01-00:27
Turkey
Duzce
1999/11/12-16:57
Pınarlar Köyü
Umbria-Marche 2nd shock
1997/09/26-09:40
Foligno
Turkey
1995/10/01-15:57
Dinar
Greece
1995/06/15-00:15
Fokida
Western Iran
1990/06/20-21:00
Rudbar-Tarom
Irpinia
1980/11/23-18:34
Laviano
Northwestern Uzbekistan
1976/05/17-02:58
Gazli, Bukhara

Mw
5.0
5.4
5.5
6.5
5.9
5.4
5.3
6.0
6.0
5.8
6.1
6.6
6.3
7.3
6.0
6.2
6.5
7.4
6.9
6.7

Table 2: List of selected seismic events.

4.1

Undamped rocking response spectra

The construction of design response spectra is common in civil engineering with the aim of
deﬁning the seismic input of a given structure [14]. This method is valid for structures that may
be related to classical single degree of freedom systems for which an equivalent period can be
deﬁned. Commonly 5% of damping ratio is considered to take into account the capability of the
building on dissipating energy.
Even if rocking systems are characterized by an amplitude-dependent eigenfrequency, a
rocking spectrum can be deﬁned for a given geometry evaluating the maximum response in
terms of normalized rotations under a certain seismic event, for different values of horizontal
restraint stiffness. Figures 3 and 4 show the rocking spectra obtained for the undamped restrained rocking block2 in one-sided motion (K  and K calculated according to Equation 11
and 12, respectively, Section 3) under 1995/10/01 - 6.2 Mw and 2016/10/30 - 6.5 Mw - Norcia
earthquakes (Table 2). 50 values of K were chosen within the range 0 ≤ K ≤ Kd . A limit
state of moderate rocking was considered corresponding to θ/α = 0.4 [3]. Ampliﬁcations
are clearly visible for different values of K where beats and resonant effects develop (Figure
3). This not monotonic trend observed when the stiffness monotonically increases or decreases
suggests near-resonant conditions. Response time-histories are shown upon the corresponding spectrum peaks (Figure 5). Although values of K different from zero should correspond
to a more stable response (since the block is ideally “more stable”), the peaks on the rocking
spectrum demonstrate the opposite. Indeed, as shown in Figure 5(a), even low values of stiffness result in an ampliﬁcation response up to three times. For the spectrum built for Norcia
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Figure 3: Rocking spectrum obtained for restrained block2 in one-sided motion under 1995/10/01 - 6.2 Mw - Dinar
(Turkey) earthquake; resonant-like responses shown for K/Kd = 0.10, 0.22 and 0.33.
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Figure 4: Rocking spectrum obtained for restrained block2 in one-sided motion under 2016/10/30 - 6.5 Mw Norcia earthquake; resonant-like responses shown for K/Kd = 0.24 and 0.49 .

earthquake (Figure 4), maximum rotations are beyond the moderate limit state only for stiffness
values ranging between 0.02 < K/Kd < 0.3, while ampliﬁed responses, sometimes overcoming the free-standing peak, are obtained elsewhere (e.g. K = 0.49 Kd , Figure 5(b) ).
Among all selected geometries, block2 and block5 (s = 0.6 m, see Table 1) are more sensitive to resonant-like effect under strong-motions, while other geometries respond in a stabler
manner. Given a certain slenderness, the moment of inertia plays a crucial role in the frequency
content of the block (blocks with thickness s = 0.3 and 0.9 m show a reduced ampliﬁcation
response).
4.2

Damped free vibration

To better study the inﬂuence of damping in the rocking stability of rigid blocks, preliminary
analyses are performed on block1 under free vibrations. For this purpose, an initial normalized rotation, (θ/α)0 is set equal to 0.9, corresponding to the 90% of the ultimate kinematic
displacement capacity (uG = s/2), read at the center of gravity. Moreover, in order to isolate

4298

Fabio Solarino, Linda Giresini and Daniel V. Oliveira

0.8
K = 0.08 Kd
K=0

1

0.4

0.5

0.2

0

0

-0.5

-0.2

-1

-0.4

-1.5

-0.6

-2

0

20

40

K = 0.49 Kd
K=0

0.6

/

/

1.5

60

-0.8

80

0

10

20

30

time (s)

time (s)

(a)

(b)

40

50

Figure 5: Comparison between free and restrained rocking block responses; (a) block2 - 1995/10/01 - 6.2 Mw Dinar earthquake; (b) block2 - 2016/10/30 - 6.5 Mw - Norcia earthquake.

the inﬂuence of viscous damping, a unit value of restitution coefﬁcient is set (e = 1.0), corresponding to perfectly elastic impacts. Firstly, responses under two-sided motion are computed.
Secondly a realistic value of K  is set in order to simulate the presence of transversal walls
under both free and restrained conﬁguration (K = 0.0, and K = Kd , respectively) [16].
Assuming the clockwise direction as the positive rotation (Figure 1), the damping contribution takes the sign of rotational velocity, θ̇, coherent with the self weight term, among the
others. The validation of sign and shape of Td term is shown in Figure 6 for free vibration of
block1 in two-sided motion for the particular case of c = 0.1% cd .
response
impacts

0.5
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Figure 6: Validation of damping term sign for a simple free vibration time-history analysis of free-standing block1
in two-sided motion (K = K  = 0.0); from top to bottom: (i) normalized rotation; (ii) self weight term; (iii)
normalized rotational velocity.
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Figures 7 shows the inﬂuence of four different values of damping (c = 0.0; 0.1; 1.0; and
5.0% cd ) on the damped free-standing block1 under two- and one-sided motion (i.e. without and
with the presence of transversal walls with equivalent spring bed stiffness K  = 4.5e8 N/m/m,
[16]). The beneﬁcial effect of increased damping coefﬁcient is clearly visible from the Figures.
The damping device decreases the successive peaks and delays the ﬁrst impact time, as evidently
demonstrated passing from c = 1.0% to c = 5% cd .
1
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Figure 7: Inﬂuence of damping on free-standing rocking block1 under free vibrations; (a) two-sided motion; (b)
one-sided motion.

The effect of dampers is also studied for the restrained conﬁguration (that is with K different
from zero) in one-sided motion, setting K = Kd as deﬁned in Section 3. The ﬁrst impact
time is strongly reduced by the presence of the tie re-centering the block in its “zero” position
(Figure 8). It is visible an increased rotational frequency due to the restrained condition. This
aspect could be problematic in terms of repeated cyclic stresses on the transverse walls, where
masonry could crush for the attainment of compressive strength. It is interesting to note that, for
the same value of damping coefﬁcient, despite the more “regular” response if compared to the
free-standing conﬁguration, higher normalized rotations are obtained for the restrained block.
Indeed, as conﬁrmed in Figure 9, setting c = 1.0% cd , the peak reduction is gradual for the
restrained block, only corresponding to 27% reduction after the ﬁrst impact, while a reduction
of 82% of normalized rotation is obtained for the free-standing block.
4.3

Damped forced vibration

Nonlinear analyses of the restrained (K = Kd ) blocks with the same geometries are performed under real inputs in order to study the inﬂuence of dampers on façade-like walls. The
lateral stiffness per unit length is computed according to Equation 11. For the purpose of this
work, a value of Ex = 1.5e9 N/m/m can be used according to [12]. Moreover, 30 cm thickness and 1.0 m length can be assumed. The analytical value of the coefﬁcient of restitution,
eH = 1 − 32 sin2 α, based on [18] is set.
The beneﬁcial effect of damping is clear in Figure 10 where a signiﬁcant reduction of maximum normalized rotation is obtained for higher values of damping. Ampliﬁed response is
obtained for the undamped cases characterized by high and longer oscillations probably caused
by the bouncing and near resonant effects given by the tie. For higher values of damping, the
rotation time-histories shape is similar during the ﬁrst impacts only, as successive frequency
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Figure 8: Inﬂuence of damping on restrained rocking block1 under free vibration in one-sided motion.
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Figure 9: Comparison between free and restrained conﬁguration under free damped vibration in one-sided motion;
block1, c = 1.0% cd .

and peaks values are affected by damping force. Besides the response is strongly dependent on
the geometry of the block and the type of input, damping values of c > 10.0% cd should fulﬁl
the limited rocking limit state.
5

CONCLUSIONS

This paper analysed the dynamic response of out-of-plane rocking walls with a viscouselastic damper at the top under recorded acceleration time histories. Six different geometries
were tested to investigate the role of size and slenderness of the rigid block in the dynamic response. From the non-linear analyses outcomes, a not monotonic trend in rocking spectra was
observed when the stiffness was monotonically increased or decreased. The rocking spectra
are therefore recommended in the design of whatsoever horizontal restraint for rocking walls to
avoid such undesired ampliﬁcations due to near-resonance conditions. Moreover, the inﬂuence
of damping was investigated in free and forced vibrations. As for the response in free vibrations,
the beneﬁcial effect of a greater damping coefﬁcient was clearly visible, since it caused a reduction of consecutive peaks and delayed the ﬁrst impact time. The effect of dampers was also

4301

Fabio Solarino, Linda Giresini and Daniel V. Oliveira

0.35

0.6
c = 0.0 % c d

0.5

0.25

c = 10.0 % c d

0.3

Limited Rocking

0.2

/

/

0.4

c = 5.0 % c d

0.2

c = 1.0 % c d
c = 5.0 % c d
c = 10.0 % c d
Limited Rocking

0.15
0.1

0.1

0.05

0
-0.1

c = 0.0 % c d

0.3

c = 1.0 % c d

0
0

5

10

-0.05

15

0

2

4

6

time (s)

time (s)

(a)

(b)

8

10

12

Figure 10: Inﬂuence of damping on restrained block1 under real seismic input; (a) 2016/10/26 - 5.4 Mw Castelsantangelo sul Nera earthquake; (b) 2016/08/24 - 6.0 Mw Accumoli earthquake.

studied for the restrained conﬁguration in one-sided motion. The ﬁrst impact time was strongly
reduced by the presence of the tie that re-centered the block in its “zero” position. Moreover, the
resulting increased rotational frequency due to the restrained condition could be problematic in
terms of repeated cyclic stresses on the transverse walls, where masonry could crush for the attainment of compressive strength. Forced vibrations responses also results in advantageous use
of damper devices for the control of rocking motion of walls, considered in a realistic one-sided
conﬁguration sensitive to possible resonant behaviors. Not only maximum normalized rotations
are strongly reduced by higher values of damping, but responses time-histories present relevant
changes in terms of frequency and shape after the ﬁrst impacts. A value of c > 10% cd can
be evaluated as the corresponding design value for the limited rocking limit state, but further
analyses are necessary and intended in order to account for pretensioning and plasticity of the
steel and for the possible development of multi-degree-of-freedom mechanisms.
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rocking masonry façades using non-linear kinematics with frictional resistances: a case
study,” International Journal of Architectural Heritage, 2019.
[11] L. Giresini, F. Solarino, O. Paganelli, D. V. Oliveira, and M. Froli, “One-sided rocking
analysis of corner mechanisms in masonry structures: inﬂuence of geometry, energy dissipation, boundary conditions,” Soil Dynamics and Earthquake Engineering, vol. 123,
pp. 357–370, 2019.
[12] C.S.LL.PP. Ministero delle infrastrutture e dei trasporti, “Circolare applicativa 21 gennaio
2019, n. 7 (in italian),” 2019.
[13] L. Giresini, M. Sassu, and L. Sorrentino, “In situ free-vibration tests on unrestrained
and restrained rocking masonry walls,” Earthquake Engineering & Structural Dynamics,
vol. 47, no. 15, pp. 3006–3025, 2018.
[14] N. Makris and D. Konstantinidis, “The rocking spectrum and the limitations of practical
design methodologies,” Earthquake Engineering and Structural Dynamics, vol. 32, no. 2,
pp. 265–289, 2003.
[15] N. Makris and M. F. Vassiliou, “Dynamics of the Rocking Frame with Vertical Restrainers,” Journal of Structural Engineering, vol. 141, no. 10, 2015.
[16] L. Giresini, “Design strategy for the rocking stability of horizontally restrained masonry
walls,” in COMPDYN 2017 6th ECCOMAS Thematic Conference on Computational Methods in Structural Dynamics and Earthquake Engineering (M. F. M. Papadrakakis, ed.),
(Rhodes Island), 2017.
[17] L. Giresini, F. Solarino, F. Taddei, and G. Mueller, “Near resonance conditions and effects
of damping in rocking restrained masonry walls,” submitted in Earthquake Eng. Struct.
Dyn., 2020.
[18] G. Housner, “The behavior of inverted pendulum structures during earthquakes,” Bulletin
of the Seismological Society of America, vol. 53, no. 2, pp. 403–417, 1963.

4303

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU
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DFFHOHUDWLRQPXOWLFRQWUROSRLQWV
Abstract. This paper concerns the seismic vulnerability assessment of a historic masonry
building by means of the spectral acceleration values detected with several approaches. This
comparison is related to the particular geometrical-configuration of the case study, which
makes the structure particularly prone to collapse mechanisms. These accelerations are evaluated in the static and dynamic nonlinear framework through the most common Finite Element Method (FEM) strategies employed by the scientific community. In particular, the
nonlinear static analysis is performed by using a multi-control point pushover methodology
allowing the detection of the most damaged areas in the building in which the nodes are located. The nonlinear dynamic analysis is performed by using an artificial accelerogram, and
the damage cracks patterns are compared with the ones provided by the static approach. Afterward, a comparison between the spectral accelerations obtained with the FEM approaches
and the limit analysis, according to the kinematic theorem, is proposed. This simplified analysis is used to investigate two of the most relevant out-of-plane failure mechanisms, previously
highlighted by the global nonlinear investigations. The results show interesting aspects of the
seismic resilience of the building, the San Fili Castle of Stignano, in the province of Reggio
Calabria (southern Italy), which is strongly influenced by the absence of the box-like behavior.
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1

INTRODUCTION

7KHPLWLJDWLRQRIVHLVPLFYXOQHUDELOLW\LV DQH[FHOOHQW LQWHUHVW WDVNIRU UHVHDUFKHUVHVSH
FLDOO\LQVHLVPLFSURQHDUHDVVXFKDVVRXWKHUQ,WDO\>@6WUXFWXUHVWKDWFKDUDFWHUL]HROGFLW
LHVKDYHVHYHUDOXQFHUWDLQWLHVDIIHFWLQJWKHJHRPHWULFDODQGPHFKDQLFDOIHDWXUHV7KH\DUHWKH
UHVXOWRIPDQ\PRGLILFDWLRQVWKDWKDSSHQHGWKURXJKRXWWKHFHQWXULHV,QRUGHUWRWDNHLQWRDF
FRXQWWKHVHFRPSOH[LWLHVGLIIHUHQWGHYLFHVDQGQXPHULFDOPHWKRGRORJLHVKDYHEHHQVXFFHVV
IXOO\XWLOL]HGDVDVXSSRUWIRUWKHVHLVPLFLQYHVWLJDWLRQ)RUWKHVHUHDVRQVWKLVVWXG\FRQFHUQV
WKHVHLVPLFDVVHVVPHQWRIDKLVWRULFPDVRQU\EXLOGLQJE\XVLQJERWKQRQOLQHDUVWDWLFDQGG\
QDPLFDQDO\VHV
7KHFDVHVWXG\LVWKH6DQ)LOL&DVWOHRI6WLJQDQR SURYLQFHRI5HJJLR&DODEULDVRXWKRI,W
DO\)LJXUH DIRUWLILHGUHVLGHQWLDOEXLOGLQJEXLOWLQWKH;9,,,FHQWXU\DOOLQUXEEOHPDVRQU\
>@7KLVDUWLIDFWZDVWDNLQJLQWRDFFRXQWRZLQJWRLWVSDUWLFXODUJHRPHWULFDOFRQILJXUDWLRQ$
)LQLWH(OHPHQW )( PRGHOZDVGHYHORSHGZLWK$%$486VRIWZDUHE\PHVKLQJWKH'JHR
PHWULFPRGHOSURYLGHGE\WKH'LJLWDO3KRWRJUDPPHWU\>@0RUHRYHUWKH&RQFUHWH'DPDJH
3ODVWLFLW\ &'3 PRGHODYDLODEOHLQWKHFRPSXWHUSURJUDPZDVDGRSWHGWRGHVFULEHWKHQRQ
OLQHDUEHKDYLRURIPDVRQU\>@3UHOLPLQDU\VHQVLWLYLW\DQDO\VHVZHUHFDUULHGRXWWRFDOLEUDWH
WKHGLPHQVLRQVRIWKHPHVKDQGWHVWWKHHIIHFWRIVRPHVLPSOLILFDWLRQVRQWKHJHRPHWU\>
@
7KHVSHFWUDO DFFHOHUDWLRQYDOXHVREWDLQHGZLWK )(0HWKRG )(0  DSSURDFKHV ZHUHFRP
SDUHGZLWKWKHRQHVSURYLGHGE\WKHOLPLWDQDO\VLVDFFRUGLQJWRWKHNLQHPDWLFPHWKRG,QSDU
WLFXODUWKLVVLPSOLILHGDQDO\VLVZDVXVHGWRLQYHVWLJDWHWZRRIWKHPRVWUHOHYDQWRXWRISODQH
IDLOXUHPHFKDQLVPVKLJKOLJKWHGE\WKHJOREDOQRQOLQHDUDQDO\VHV7KHUHVXOWVRIWKHQRQOLQHDU
VWDWLFDQDO\VLVZHUHSUHVHQWHGLQWHUPVRISXVKRYHUFXUYHVUHODWHGWRGLIIHUHQWFRQWUROSRLQWVDW
WKHWRSOHYHODVWKHFHQWHURIPDVVRIWKLVOHYHODQGWKUHHYHUWH[HVRIWKHSULVPDWLFYROXPHRI
WKH EXLOGLQJ ZKLFK KDV D WULDQJXODU SODQ )RU WKHVH SRLQWV GLVSODFHPHQW WLPHKLVWRULHV GH
ULYHGIURPWKHG\QDPLFDQDO\VLVZHUHDOVRSUHVHQWHGWRJHWKHUZLWKWKHWLPHKLVWRU\RIWKHEDVH
VKHDULQRUGHUWRFRPSDUHWKHVHUHVXOWVZLWKWKRVHSURYLGHGE\WKHSXVKRYHUDQDO\VLV

Stignano (RC)

D

E

)LJXUH D /RFDOL]DWLRQRIWKHWRZQRI6WLJQDQR E 6DQ)LOL&DVWOH

2

NON-LINEAR STATIC AND DYNAMIC ANALYSES

7KH ILUVW VWHS IRU WKH VHLVPLF DVVHVVPHQW LV REWDLQLQJ D SURSHU PRGHO RI WKH LQYHVWLJDWHG
VWUXFWXUH+RZHYHUWKHVHEXLOGLQJVDUHFRPSOH[JHRPHWU\ZKLFKUHTXLUHVVLPSOLILFDWLRQVLQ
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RUGHUWRREWDLQ)(PRGHODEOHWRUHSURGXFHWKHVWUXFWXUDOEHKDYLRUUHDOLVWLFDOO\DVLWLVVWXGLHG
LQWKHSDSHUVE\7LEHUWLet al.>@,QRUGHUWRUHGXFHWKHFRPSXWDWLRQDOEXUGHQDQGREWDLQD
FRQYHUJHQWEHKDYLRURIWKHVROXWLRQLQDOO$%$486VLPXODWLRQVDVHQVLWLYLW\DQDO\VLVWRVHW
WKHFRUUHFWPHVKVHHGLVDOVRSHUIRUPHG,QWKHODWWHUWKHPHVKVL]HLVUHODWHGWRWKHQDWXUDO
IUHTXHQFLHVDQGWKHSDUWLFLSDWLQJPDVVIRUWKHWKUHHPDLQPRGHV
0RYLQJRQWKHQRQOLQHDU3XVKRYHU$QDO\VLV 3$ DFFRUGLQJWRWKH1PHWKRGDGRSWHGE\
6WUXFWXUDO &RGHV > @ LV FDUULHG RXW 7KURXJK WKLV PHWKRG WKH VHLVPLF YXOQHUDELOLW\ LV
HYDOXDWHGE\WKHFRQYHUVLRQRIWKHPXOWLGHJUHHRIIUHHGRPV\VWHP 0'2) LQWRWKHHTXLYD
OHQWV\VWHPZLWKDVLQJOHGHJUHHRIIUHHGRP 6'2) E\XVLQJWKHPRGDOSDUWLFLSDWLRQIDFWRU
7KH3$FRQVLVWVLQDSSO\LQJWKHYHUWLFDODFWLRQLQFOXGLQJJUDYLW\ORDGVDQGWKHQLQFRQVLGHULQJ
WKHVHLVPLFIRUFHVDFWLQJVHSDUDWHO\DORQJWKHSRVLWLYHDQGQHJDWLYHJHRPHWULFGLUHFWLRQV ;
DQG< RIWKHDQDO\]HGVWUXFWXUH>@
,QWKHVLPXODWLRQVDPDVVSURSRUWLRQDOIRUFHGLVWULEXWLRQSDWWHUQLVDVVXPHGFRUUHVSRQG
LQJWRDXQLIRUPKRUL]RQWDODFFHOHUDWLRQSDWWHUQ$VDPDWWHURIIDFWWKHWULDQJXODUVKDSHRIWKH
EXLOGLQJVXJJHVWVWRFRQVLGHUHUWKUHH%RXQGDU\&RQWURO3RLQWV %&3V >@RQWRWKHWKUHHYHU
WH[HV7KHLUVHOHFWLRQSOD\VDYHU\LPSRUWDQWUROHLQWKHHYDOXDWLRQRIWKHVHLVPLFYXOQHUDELOLW\
EHFDXVHWKHWKUHHQRGHVQDPHO\&&DQG&VKRZGLIIHUHQWGLVSODFHPHQWYDOXHV DW WKH
FROODSVHWLPH,Q)LJXUHWKHUHVXOWVRI<3$DUHUHSRUWHG



D

E

)LJXUH D /RFDOL]DWLRQRIWKHWKUHH%&3VRQWRWKH6DQ)LOL&DVWOH E 5HVXOWVRI3$IRU<GLUHFWLRQ

,Q7DEOHWKHUHVXOWVRI3$VDUHUHSRUWHGLQWHUPVRI
x VDIHW\IDFWRUVFSZKLFKLVWKHUDWLREHWZHHQGLVSODFHPHQWFDSDFLW\d*CDQGVHLVPLF
GHPDQGd*DRIWKH6'2)V\VWHP
x EHKDYLRUIDFWRUq*ZKLFKLVWKHUDWLREHWZHHQWKHHODVWLFIRUFHVDQGWKH\LHOGRQHV
RIWKH6'2)V\VWHPZKLFKUHSUHVHQWVWKHGXFWLOLW\RIWKHVWUXFWXUH
x DQGVSHFWUDODFFHOHUDWLRQZKLFKLVWKHUDWLREHWZHHQVKHDUIRUFHF*DQGSDUWLFLSDW
LQJPDVVm*
IRUWKHWKUHH%&3V
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6XEVHTXHQWO\WKHYDOLGDWLRQRI3$UHVXOWVKDVEHHQSHUIRUPHGE\XVLQJWKH5HVSRQVH+LV
WRU\$QDO\VLV 5+$ EDVHGRQWKHDSSOLFDWLRQRIDQDUWLILFLDODFFHOHURJUDPDORQJWKH;RU<
GLUHFWLRQV >@,QWKHVHDQDO\VHVWKHVDPH PRGHOXVHGLQ 3$VLV QRZVXEMHFW WR JUDYLW\
ORDGVLQWKHILUVWSKDVHDQGLQWKHVHFRQGSKDVHWRDQDFFHOHURJUDPDSSOLHGWRWKHEDVHVHSD
UDWHO\IRUHDFKGLUHFWLRQ:LWKWKHDLGRI5+$VWKHWLPHKLVWRULHVRIEDVHVKHDUGDPDJHYDUL
DEOHV DQG GLVSODFHPHQWV RI WKH FRQWURO SRLQWV PLJKW EH DVVHVVHG >@ )LJXUH  VKRZV WKH
UHVXOWVRI5+$LQ<GLUHFWLRQ
/RDGGLUHFWLRQ %&3 FS=d*C/d*D
&

;
&

&

&

;
&

&

&

<
&

&

&

<
&

&


q* a*=F*/m*

























7DEOH6XPPDU\UHVXOWVRI3$VLQWHUPVRIVDIHW\DQGEHKDYLRUIDFWRUV

)LJXUH5HVXOWVRI5+$IRU<GLUHFWLRQLQWHUPVRIWRSGLVSODFHPHQWVRI%&3V

3

LIMIT ANALYSIS WITH KINEMATIC APPROACH

7KH SUHYLRXV VHLVPLF DQDO\VHV KLJKOLJKWHG WKH RQVHW RI RXWRISODQH PHFKDQLVPV ZKLFK
RFFXURQWKHSHULPHWHUZDOOVGHQRWLQJWKHODFNRIER[OLNHEHKDYLRU,QRUGHUWRFRPSDUHWKH
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VSHFWUDODFFHOHUDWLRQSURYLGHGE\WKHGLIIHUHQWDSSURDFKHV 3$V5+$VDQG.$V WZRRXWRI
SODQHPHFKDQLVPVZHUHDQDO\]HG6LPSOH2YHUWXUQLQJ 62 DQG9HUWLFDO2YHUWXUQLQJZLWK
VLGHZLQJV 92  )LJXUH 7KHVHPHFKDQLVPVUHIHUWRWKHURFNLQJZHVW WRZHURIWKHQRUWK
IURQW ZKLFK FROODSVHV ILUVWO\ LQ WKH < 3$ DQG UHDFKHV KLJKHU GLVSODFHPHQWV WKDQ DOO RWKHU
VLPXODWLRQV7KH%&3&LVSODFHGDERYHWKLVVWUXFWXUDOHOHPHQWDQGWKHGHWULPHQWDOHIIHFWRI
WKH VWDWLF WKUXVW RI D PDVRQU\ YDXOW ZDV FRQVLGHUHG $W WKH ILUVW VWDJH WZR OLQHDU NLQHPDWLF
DQDO\VHVZHUHFDUULHGRXWLQRUGHUWRHYDOXDWHWKHFRUUHVSRQGLQJPXOWLSOLHUDWFROODSVH α0E\
XVLQJWKH9LUWXDO:RUN7KHRUHP 9:7 >@,QWKHFDOFXODWLRQPDVRQU\ZDOOVDUHFRQVLG
HUHGDVDQDVVHPEODJHRIPDFURHOHPHQWVPDGHRIDQRWHQVLRQPDWHULDOZLWKDQLQILQLWHFRP
SUHVVLYHVWUHQJWK,QWKHQH[WVWDJHDFFRUGLQJWR17&WKHQRQOLQHDUNLQHPDWLFDQDO\VLV
ZDVXVHGLQRUGHUWRFDOFXODWHWKHVSHFWUDODFFHOHUDWLRQYDOXHVa*RIWKH6'2)V\VWHP

)LJXUH.$VFDOFXODWLRQVFKHPH

4

COMPARISON OF SPECTRAL ACCELERATION VALUES

:LWKUHJDUGWR WKHVSHFWUDO DFFHOHUDWLRQDFRPSDULVRQDPRQJDOOW\SHVRIDQDO\VHVLV UH
SRUWHG LQ 7DEOH  ,Q QXPHULFDO DQDO\VHV WKH YDOXHV FRQFHUQLQJ QRGH & DUH WDNHQ LQWR DF
FRXQWDORQJWKH<ORDGGLUHFWLRQLQ3$VDVZHOODVWKH<GLUHFWLRQLQ5+$V,QWKHFDVHRI
.$VWKHVSHFWUDO DFFHOHUDWLRQVDUHFDOFXODWHGRQWKHXOWLPDWHGLVSODFHPHQW FRQILJXUDWLRQRI
WKH6'2)HTXLYDOHQWV\VWHP$VHYLGHQFHGE\WKHUHSRUWHGUHVXOWVWKHVHLVPLFUHVSRQVHRE
WDLQHGWKURXJKWKHGLIIHUHQW QXPHULFDO DSSURDFKHV LV FRPSDUDEOH7KH5+$SURYLGHV KLJKHU
VSHFWUDODFFHOHUDWLRQVWKDQWKH3$EXWWKHYDOXHVDUHTXLWHFRPSDUDEOHLQWHUPVRIPDJQLWXGH
7KLVFRQILUPVWKHGLIILFXOW\LQWKHQXPHULFDOPRGHOLQJRIYHU\FRPSOH[VWUXFWXUHVHVSHFLDOO\
LQWKHFDVHRIQRQOLQHDUG\QDPLFDQDO\VLVZKLFKUHSUHVHQWWKHEHVWLQYHVWLJDWLRQWRRO5HJDUG
LQJ WKH DQDO\WLFDO DSSURDFK WKHUH LV D GLVFUHSDQF\ ZLWK WKH UHVXOWV RI WKH QXPHULFDO LQVLJKW
7KHORZHVWYDOXHVREWDLQHGIRUWKH.$DUHPDLQO\GXHWRWKHQRQUHILQHPHQWRIWKHVLPSOLILHG
PHWKRGZKLFKLVPRUHFRQVHUYDWLYHVLQFHWKHDFFHOHUDWLRQVREWDLQHGDUHFDOFXODWHGRQDVLQJOH
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IDLOXUH PHFKDQLVP 2Q WKH FRQWUDU\ WKH QXPHULFDO FDOFXODWLRQ LQYROYLQJ WKH HQWLUH VWUXFWXUH
DQGD YDOXHVDUHDVVHVVHGDVWKHUDWLRRI%DVHVKHDUWRSDUWLFLSDWLQJPDVV+RZHYHU.$LVD
TXLFNWRROIRUWKHVHLVPLFDQDO\VLVRIPDVRQU\ZDOOV(YHQWRGD\WKHGHVLJQRIORFDOL]HGLQ
WHUYHQWLRQVVXFKDVWKHLQVHUWLRQRIWLHURGVIRUDFKLHYHPHQWRIWKHER[OLNHEHKDYLRUWDNHV
SODFHWKURXJKVLPSOLILHGDSSURDFKHV>@
3XVKRYHU$QDO\VLV+Y
aPA*>PV@

5HVSRQVH+LVWRU\$QDO\VLVY
aRHA*>PV@

%&3&


3RVLWLYHYDOXHV 1HJDWLYHYDOXHV



.LQHPDWLF$QDO\VLV
aKA* >PV@
62


92


7DEOH6SHFWUDODFFHOHUDWLRQYDOXHVREWDLQHGZLWKWKHGLIIHUHQWDSSURDFKHV

5

CONCLUSIONS

7KH QRQOLQHDU VWDWLF DQDO\VLV LV SHUIRUPHG ZLWK WKH SXUSRVH RI KLJKOLJKWLQJ WKH VHLVPLF
YXOQHUDELOLW\RIWKHFDVHVWXG\2ZLQJWRWKHWULDQJXODUSODQRIWKHEXLOGLQJDPXOWLFRQWURO
SRLQWDSSURDFKLVXVHG7KHG\QDPLFVLPXODWLRQVDOORZHGWKHVHLVPLFFDSDFLW\RIWKH6DQ)LOL
&DVWOHWR EHGUDZQFOHDUO\7KHUHVXOWV LQ WHUPV RIERWK GDPDJHDQGVHLVPLFUHVLOLHQFHDUH
TXLWHLQDJUHHPHQWZLWKWKRVHSURYLGHGE\SXVKRYHUDQDO\VLV$OVRLWLVQRWHZRUWK\WKDWWKH
NLQHPDWLF DSSURDFKHV OHDG WR ORZHU VSHFWUDO DFFHOHUDWLRQ YDOXHV +RZHYHU WKHVH VLPSOLILHG
LQYHVWLJDWLRQVPLJKWEHXVHIXOWRLPSURYHWKHFRQQHFWLRQFRQGLWLRQVEHWZHHQPDFURHOHPHQWV
E\XVLQJWUDGLWLRQDOWHFKQLTXHVVXFKDVVWHHOWLHURDGV,QDGGLWLRQWKLVILUVWVWXG\RIWKHSURE
OHPLQTXHVWLRQFRXOGEHDSSOLHGWRWKHLPSOHPHQWDWLRQRIWKH,QWHUQHWRI7KLQJVSDUDGLJPWR
D VWUXFWXUDO KHDOWK PRQLWRULQJ V\VWHP RI WKH EXLOGLQJ LQ RUGHU WR FRQGXFW UHDOWLPH DQDO\VHV
ZLWKGDWDDFTXLUHGXVLQJDFFHOHURPHWHUV>@
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^ULFFDUGODPERUJKLQLPDUFRULJROLQ`#VWXGHQWXQLIHLW

.H\ZRUGV)UDJLOLW\IXQFWLRQV0DVRQU\/RFDOIDLOXUHPHFKDQLVPV6HLVPLFYXOQHUDELOLW\
$EVWUDFW 'DPDJH REVHUYDWLRQV IURP VWURQJ HDUWKTXDNHV VKRZ WKDW XQUHLQIRUFHG PDVRQU\
EXLOGLQJV KDYH H[KLELWHG UHFXUUHQW ORFDO IDLOXUH PHFKDQLVPV DQG FRQVWLWXWH D VHULRXV OLIH
VDIHW\KD]DUG7KLVFRQWULEXWLRQLVDLPHGDWHYDOXDWLQJWKHIUDJLOLW\IXQFWLRQVIRUXQUHLQIRUFHG
PDVRQU\ZDOOVLQWKHSUHVHQFHRIORFDOIDLOXUHPHFKDQLVPVLQGXFHGE\RXWRISODQHORDGLQJ
7KHRXWRISODQHUHVSRQVHFRQVLVWVRIWKHRYHUWXUQLQJRIWKHHQWLUHRUDSDUWRIWKHZDOOLQVXI
ILFLHQWO\FRQQHFWHGWRWKHUHVWRIWKHVWUXFWXUH7KHZDOOFDQEHLGHDOL]HGDVDQXPEHURIULJLG
ERGLHVXQGHUJRLQJURFNLQJPRWLRQ7KH\DUHDVVXPHGWRXQGHUJRRQHVLGHGURFNLQJRUYHUWL
FDOVSDQQLQJVWULSZDOOGLVSODFLQJDVDQDVVHPEO\RIDFRXSOHGULJLGERG\,QWKLVVWXG\ZH
XVH D VHW RI  JURXQG PRWLRQV IURP HDUWKTXDNH HYHQWV WKDW RFFXUUHG LQ ,WDO\ IURP  WR
)RUDQ\JLYHQZDOOXQGHUJRLQJDVSHFLILF FROODSVHPHFKDQLVPWKHSUREDELOLW\RIFRO
ODSVHLVHYDOXDWHGWKURXJKD0XOWLSOH6WULSH$QDO\VLV 06$ 7KHQDIUDJLOLW\FXUYHLVILWWHG
WRWKH06$GDWDSRLQWV7KHSURFHGXUHRXWOLQHGPD\EHH[WHQGHGWRREWDLQW\SRORJLFDOIUDJLOL
W\IXQFWLRQVDVDFRPELQDWLRQRIWKHIUDJLOLW\FXUYHVFRUUHVSRQGLQJWRWKHYDULRXVPHFKDQLVPV
DQDO\]HG$SUHOLPLQDU\DSSOLFDWLRQRIWKHSURFHGXUHWRWKHKLVWRULFDOFHQWUHRI)HUUDUD,WDO\
LVGHVFULEHG
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 ,1752'8&7,21
7KH RXWRISODQH EHKDYLRU RI 8Q5HLQIRUFHG 0DVRQU\ LQ WKH IROORZLQJ 850  VWUXFWXUHV
VXEMHFWHG WR JURXQG PRWLRQ H[FLWDWLRQV KDVEHHQ ZLGHO\ LQYHVWLJDWHG 5HFHQW VHLVPLF HYHQWV
KDYHVKRZQWKDWRYHUWXUQLQJRIHQWLUHRUSDUWVRIZDOOVUHSUHVHQWVRQHRIWKHPRVWVHULRXVOLIH
KD]DUGV>@$QFLHQWEXLOGLQJVQRWFRQFHLYHGZLWKVSHFLILFGHVLJQFULWHULDDJDLQVWHDUWKTXDNH
DFWLRQVDUHJHQHUDOO\PRUHYXOQHUDEOHWKDQQHZEXLOGLQJVEHFDXVHRIWKHLQDGHTXDF\RIFRQ
QHFWLRQVRIZDOOVWRWUDQVYHUVHVWDELOL]LQJZDOOVDQGIORRUVWUXFWXUHV
,Q ,WDO\ WKH VHLVPLF DQDO\VLV RI PDVRQU\ VWUXFWXUHV EDVHG RQ WKH VWXG\ RI ORFDO FROODSVH
PHFKDQLVPVVWDUWVZLWK*LXIIUq>@DQGDGHVLJQPHWKRGEDVHGRQNLQHPDWLFDQDO\VLVLVFXU
UHQWO\UHSRUWHGE\WKH,WDOLDQEXLOGLQJFRGH>@$QRWKHUDSSURDFKRIWHQPRUHDFFXUDWHPDNHV
XVHRIWKHPRWLRQHTXDWLRQVRIURFNLQJULJLGEORFNVVXEMHFWHGWRDJLYHQDFFHOHUDWLRQWLPHKLV
WRU\,QWKLVFRQWH[WWKHVWXG\RIURFNLQJRVFLOODWRUVVWDUWVZLWKWKHVHPLQDOSDSHUE\+RXVQHU
>@ZKLFKGHULYHVWKHRXWRISODQHUHVSRQVHRIDSDUDSHWZDOOFRQVLGHUHGDVDVLQJOHGHJUHHRI
IUHHGRP 6'2) V\VWHP)ROORZLQJ+RXVQHUWKHUHVHDUFKIRFXVHVRQWKHG\QDPLFUHVSRQVH
RIULJLGEORFNVVXEMHFWHGWRSXOVHRUHDUWKTXDNHVH[FLWDWLRQV>@,QSDUWLFXODULWLVVKRZQWKDW
WKLVUHVSRQVHLVFKDUDFWHUL]HGE\VWURQJQRQOLQHDULW\DQGG\QDPLFLQVWDELOLW\
/DWHURWKHUPRGHOVDUHGHYHORSHGWRDSSUR[LPDWHWKHURFNLQJUHVSRQVHRIFRPSOH[PXOWL
EORFNV\VWHPVZLWKDQHTXLYDOHQW6'2)V\VWHP>@,QSDUWLFXODUDXVHIXO6'2)LGHDOL]DWLRQ
IRUWKHGLVSODFHPHQWEDVHGDQDO\VLVRIWKHRXWRISODQHEHQGLQJRI850ZDOOVLVSURSRVHGLQ
>@
7KHLQFUHDVLQJLQWHUHVWLQDSUREDELOLVWLFDSSURDFKWKDWDOORZVWDNLQJDFFRXQWRIXQFHUWDLQ
WLHVYXOQHUDELOLWLHVDQGULVNLQHDUWKTXDNHHQJLQHHULQJSURYLGHVDGHVFULSWLRQRIWKHVWUXFWXUDO
UHVSRQVH E\ PHDQV RI G\QDPLF DQDO\VHV ,Q 3((53%(( IUDPHZRUN >@ WKH IUDJLOLW\ FXUYH
UHSUHVHQWV RQH RI WKH PDLQ NH\ WRROV 6HYHUDO VWXGLHV SURYLGH IUDJLOLW\ FXUYHV IRU URFNLQJ
EORFNVDVDIXQFWLRQRIYDULRXVLQWHQVLW\PHDVXUHV>@
7KHDLPRIWKHSUHVHQWVWXG\LVWRSURSRVHDG\QDPLFDSSURDFKXVLQJULJLGEORFNPRGHOLQJ
WRGHULYHIUDJLOLW\FXUYHVIRUWZRW\SHVRIYHU\IUHTXHQWORFDOIDLOXUHPHFKDQLVPV,QSDUWLFXODU
ZHDQDO\]HRQHVLGHGURFNLQJDQGRQHZD\YHUWLFDOVSDQQLQJVWULSZDOOV 966: GLVSODFLQJ
DVDQDVVHPEO\RIWZRULJLGERGLHV6HFWLRQUHYLHZVWKHPHFKDQLFDOPRGHOVXVHGWRUHSUR
GXFH WKH RXWRISODQHEHKDYLRU 6HFWLRQ SUHVHQWV WKHSURFHGXUH IRU HYDOXDWLQJ WKH IUDJLOLW\
FXUYHV DQG UHSRUWV VRPH UHVXOWV $V D FDVH VWXG\ D SUHOLPLQDU\ DSSOLFDWLRQ WR WKH KLVWRULFDO
FHQWUHRI)HUUDUD )LJXUH ,WDO\LVSUHVHQWHG

E
D
)LJXUH7\SLFDO850EXLOGLQJVLQWKHKLVWRULFDOFHQWUHRI)HUUDUD
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 0(&+$1,&$/02'(/65(9,(:6
7KLV VHFWLRQ SUHVHQWV WKH HTXDWLRQV RI PRWLRQ IRU WKH RQHVLGHG URFNLQJ DQG WZREORFN
URFNLQJ PHFKDQLVPV 7KH G\QDPLF UHVSRQVH RI WKH ULJLG EORFNV WR SUHVFULEHG DFFHOHUDWLRQ
WLPH KLVWRULHV LV REWDLQHG IURP D VSHFLILFDOO\ VXLWHG 0$7/$% FRGH WKDW QXPHULFDOO\ VROYHV
WKHQRQOLQHDUHTXDWLRQVZLWKDWKWKRUGHU5XQJH.XWWDLQWHJUDWLRQWHFKQLTXH


2QHVLGHGURFNLQJ

$ UHFWDQJXODU EORFN UHVWLQJ RQ D KRUL]RQWDO SODQH DQG SUHVHQWLQJ D YHUWLFDO RQHVLGHG UH
VWUDLQWLVFRQVLGHUHG )LJXUH 7KHIULFWLRQFRHIILFLHQWLVDVVXPHGODUJHHQRXJKWRDYRLGVOLG
LQJEHWZHHQWKHEORFNDQGWKHSODQH

)LJXUH2QHVLGHGURFNLQJXQGHUJURXQGPRWLRQ

7KHHTXDWLRQRIPRWLRQWKDWJRYHUQVWKHRQHVLGHGURFNLQJUHVSRQVHFDQEHZULWWHQDVIRO
ORZV

, T  J0 E 5 VLQ D  T

 0 E 5XJ FRV D  T



ZLWK5EHLQJWKHGLVWDQFHEHWZHHQEORFNFHQWURLGDQGURWDWLRQFHQWUH2TWKHDQJXODUURWDWLRQ
,WKHSRODUVHFRQGPRPHQWRIDUHDĮWKHDQJOHEHWZHHQ5DQGWKHYHUWLFDOHGJHRIWKHEORFN
0EWKHEORFNPDVVRIWKHEORFNDQGJWKHJUDYLW\7KHSUHVHQFHRIDYHUWLFDOUHVWUDLQWPDNHV
URWDWLRQTUHPDLQSRVLWLYH
,QWKLVSDSHUDFRHIILFLHQWRIUHVWLWXWLRQLVDFFRXQWHGIRUWRHVWLPDWHWKHHQHUJ\GLVVLSDWLRQ
7KLVFRHIILFLHQWGHILQHGDVWKHUDWLREHWZHHQDQJXODUYHORFLWLHVDIWHU T  DQGEHIRUH T  WKH
JHQHULFLPSDFWWDNHVWKHIROORZLQJIRUP>@

KV
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¹
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¹



7ZREORFNPHFKDQLVP

$ZDOOZLWKDGHIRUPHGVKDSHFRUUHVSRQGLQJWRWKHIRUPDWLRQRISLYRWLQWHUIDFHVDWWKHWRS
WKH ERWWRP DQG DQ LQWHUPHGLDWH KHLJKW LV QRZ FRQVLGHUHG )LJXUH   7KH PDLQ SDUDPHWHUV
WKDWGHVFULEHWKHPHFKDQLVPDUHDQJOHVĮDQGĮGHILQLQJWKHVOHQGHUQHVVRIWKHWZREORFNV
0EDQG0EUHSUHVHQWWKHPDVVHVRIWKHEORFNVDQG,DQG,WKHLUSRODUVHFRQGPRPHQWVRI
DUHD
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)LJXUHWZREORFNPHFKDQLVPXQGHUJURXQGPRWLRQ

7KHHTXDWLRQRIPRWLRQFDQQRZEHZULWWHQLQWKHIROORZLQJIRUP WKHLQWHUHVWHGUHDGHULV
UHIHUUHGWR>@IRUPRUHGHWDLOV 
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7KLV FRHIILFLHQW GHFUHDVHV ZLWK ZDOO VOHQGHUQHVV DQG HOHYDWLRQ RI WKH LQWHUPHGLDWH KLQJH
7KHH[SHULPHQWDOHYLGHQFHVKRZVWKDWWKHFRHIILFLHQWRIUHVWLWXWLRQUDQJHVEHWZHHQDQG
RIWKHSUHGLFWHGYDOXH>@
 )5$*,/,7<$1$/<6,6
7KHIUDJLOLW\FXUYHLVGHILQHGDVDFRQGLWLRQDOSUREDELOLW\RIIDLOXUH
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ZKHUH[LVWKHPHGLDQYDOXHRIWKHVHOHFWHG(QJLQHHULQJ'HPDQG3DUDPHWHU ('3 ZKLOHșLV
WKHFDSDFLW\UHODWHGZLWKWKHFROODSVHGDPDJHVWDWH&RHIILFLHQWȕLVWKHORJDULWKPLFVWDQGDUG
GHYLDWLRQRIWKHGHPDQGFRQGLWLRQHGRQWKH,QWHQVLW\0HDVXUH ,0 )UDJLOLW\SDUDPHWHUVPD\
EH HVWLPDWHG IURP DQ ,QFUHPHQWDO '\QDPLF $QDO\VLV ,'$  RU D 0XOWLSOH 6WULSH $QDO\VLV
06$ ,QWKLVFRQWULEXWLRQWKHVHFRQGDSSURDFKLVFKRVHQ
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*URXQGPRWLRQVHOHFWLRQ

$VHWRIQDWXUDOJURXQGPRWLRQVIURPWKH,7$&$>@LVXVHG7KHJURXQGPRWLRQVHW
FROOHFWVWKHKRUL]RQWDO FRPSRQHQWVRIDFFHOHUDWLRQWLPHKLVWRULHVUHFRUGHGLQ,WDO\GXULQJ
HDUWKTXDNHHYHQWVRFFXUUHGIURPWR7KHJURXQGPRWLRQVDUHVHOHFWHGZLWKDODUJH
UDQJH RI SHDN JURXQG DFFHOHUDWLRQ 3*$  DQG SHDN JURXQG YHORFLW\ 3*9  7KH LQWHQVLW\
PHDVXUHXVHGIRUWKHIUDJLOLW\FXUYHVLVWKH3*$ZKLFKLVWKHNH\VWURQJPRWLRQSDUDPHWHUIRU
VHLVPLFGHVLJQLQ,WDO\>@


(QJLQHHULQJ'HPDQG3DUDPHWHU

$QDSSURSULDWHFKRLFHRIWKH('3VLVQHFHVVDU\IRUWKHIUDJLOLW\DQDO\VLV7KH('3IRUDQ
RYHUWXUQLQJEORFNPD\EHFKRVHQDVWKHUDWLREHWZHHQEORFNURWDWLRQ TDQGVOHQGHUQHVVDQJOH
Į VHH)LJXUH 
('3 TĮ



9DOXHVRIWKH('3ODUJHUWKDQ]HURLPSO\WKDWWKHVWUXFWXUHVWDUWVWRURFN:KHQWKH('3
H[FHHGVWKHRYHUWXUQLQJRFFXUV7KLVGHILQLWLRQRIWKHRYHUWXUQLQJFRQGLWLRQLVDVLPSOLILFD
WLRQRQWKHVDIHVLGH,QIDFWDURFNLQJEORFNPLJKWH[KLELWDKLJKHU('3ZLWKRXWRYHUWXUQLQJ
>@


0XOWLSOH6WULSH$QDO\VLV 06$ 

7KLVW\SHRIDQDO\VLVFRQVLVWVRIDVHULHVRIWLPHKLVWRU\DQDO\VHVIRUDVSHFLILHGVHWRI,0
OHYHOV >@ &RPSDUHG ZLWK WKH ,'$ WKH 06$ RIIHUV WKH DGYDQWDJH RI D UHGXFHG FRPSXWD
WLRQDO HIIRUW 7KH PD[LPXP OLNHOLKRRG FULWHULRQ LV WKHQ XVHG WR ILW WKH FRPSXWHG IUDJLOLWLHV
ZLWKVXLWDEOHDQDO\WLFDOIXQFWLRQV )LJXUH 
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E
D
)LJXUHD H[DPSOHRI06$UHVXOWVE FROODSVHSUREDELOLW\DVDIXQFWLRQRI,0DQGHVWLPDWHGIUDJLOLW\FXUYH



)UDJLOLW\FXUYHV

$VXUYH\RIDQDJJUHJDWHRIEXLOGLQJVLQWKHKLVWRULFFHQWUHRI)HUUDUD,WDO\KDVEHHQSUH
OLPLQDU\FDUULHGRXWWRIRUPD³SRSXODWLRQ´RIPDVRQU\ZDOOV7KHSUREDELOLW\RIRFFXUUHQFH
RIWKHRQHVLGHGURFNLQJDQGWZREORFNPHFKDQLVPLVHVWLPDWHGEDVHGRQSHFXOLDUFKDUDFWHULV
WLFVRIWKHWKHVXUYH\HGEXLOGLQJV7KHFRUUHVSRQGLQJIUDJLOLW\FXUYHVDUHHYDOXDWHG )LJXUH 
7KHVHFXUYHVGHVFULEHWKHYXOQHUDELOLW\RIWKHDJJUHJDWHDFFRUGLQJZLWKWKHDQDO\]HGPHFKD
QLVPV,WLVZRUWKQRWLQJWKDWWKHURFNLQJPHFKDQLVPLVPRUHYXOQHUDEOHWKDQWKHWZREORFN
PHFKDQLVP7KLVJUHDWHUYXOQHUDELOLW\UHOLHVXSRQWKHQDWXUHRIWKHURFNLQJPHFKDQLVPZKLFK
KDVDWULJJHUDFFHOHUDWLRQORZHUWKDQWKDWRIWKHWZREORFNVPHFKDQLVP
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D
E
)LJXUHD RQHVLGHGURFNLQJIUDJLOLW\FXUYHVE WZREORFNPHFKDQLVPIUDJLOLW\FXUYHV WKHUHGOLQHUHSUHVHQWV
WKHDYHUDJHFXUYH 

 &21&/86,216
7KHSDSHUSUHVHQWVDSURFHGXUHIRUHYDOXDWLQJWKHDQDO\WLFDOIUDJLOLW\FXUYHVRIRXWRISODQH
ORDGHG850ZDOOVZLWKDQRQOLQHDUG\QDPLFDSSURDFK
,QDIXWXUHUHVHDUFKDVXLWDEOHFRPELQDWLRQRIWKHREWDLQHGIUDJLOLW\FXUYHVWDNLQJDFFRXQW
RIWKHSUREDELOLW\RIRFFXUUHQFHRIWKHYDULRXVFROODSVHPHFKDQLVPVFRXOGDOORZWRGHILQHW\
SRORJLFDOIUDJLOLW\FXUYHVIRUFODVVHVRI850EXLOGLQJV
 $&.12:/('*(0(176
7KHSUHVHQW UHVHDUFK ZDV FDUULHG RXW ZLWKLQ WKH DFWLYLWLHV RI WKH ,WDOLDQ  8QLYHUVLW\1HW
ZRUN RI 6HLVPLF (QJLQHHULQJ /DERUDWRULHV±5H/8,6 LQ WKH UHVHDUFK SURJUDP IXQGHG E\ WKH
,WDOLDQ 1DWLRQDO&LYLO3URWHFWLRQ±3URJHWWR(VHFXWLYR±:3

5()(5(1&(6
>@ /6RUUHQWLQR6&DWWDUL)GD3RUWR*0DJHQHVDQG$3HQQD³6HLVPLFEHKDYLRXURI
RUGLQDU\ PDVRQU\ EXLOGLQJV GXULQJ WKH  FHQWUDO ,WDO\ HDUWKTXDNHV´ %XOO (DUWKT
(QJYROQRSS±2FW
>@ $ *LXIIUp ³$ 0HFKDQLFDO 0RGHO IRU 6WDWLFV DQG '\QDPLFV RI +LVWRULFDO 0DVRQU\
%XLOGLQJV´ LQ 3URWHFWLRQ RI WKH $UFKLWHFWXUDO +HULWDJH $JDLQVW (DUWKTXDNHV 9LHQQD
6SULQJHU9LHQQDSS±
>@ 0LQLVWHUR GHOOH ,QIUDVWUXWWXUH H GHL 7UDVSRUWL ³'0  $JJLRUQDPHQWR GHOOH
µ1RUPH 7HFQLFKH SHU OH FRVWUX]LRQL¶´ 0LQLVWHUR GHOOH ,QIUDVWUXWWXUH H GHL 7UDVSRUWL
,WDO\
>@ * : +RXVQHU ³7KH EHKDYLRU RI LQYHUWHG SHQGXOXP VWUXFWXUHV GXULQJ HDUWKTXDNHV´
%XOO6HLVPRO6RF$PYROQRSS±
>@ &6 <LP $ . &KRSUD DQG - 3HQ]LHQ ³5RFNLQJ UHVSRQVH RI ULJLG EORFNV WR
HDUWKTXDNHV´(DUWKT(QJ6WUXFW'\QYROQRSS±
>@ 0-'H-RQJDQG(*'LPLWUDNRSRXORV³'\QDPLFDOO\HTXLYDOHQWURFNLQJVWUXFWXUHV´
(DUWKT(QJ6WUXFW'\QYROQRSS±$XJ
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>@ . 'RKHUW\ 0 & *ULIILWK 1 /DP DQG - :LOVRQ ³'LVSODFHPHQWEDVHG VHLVPLF
DQDO\VLVIRURXWRISODQHEHQGLQJRIXQUHLQIRUFHGPDVRQU\ZDOOV´(DUWKT(QJ6WUXFW
'\Q
>@ * * 'HLHUOHLQ + .UDZLQNOHU DQG & $ &RUQHOO ³$ IUDPHZRUN IRU SHUIRUPDQFH
EDVHGHDUWKTXDNHHQJLQHHULQJ´3DFLILF&RQI(DUWKT(QJ
>@ (*'LPLWUDNRSRXORVDQG763DUDVNHYD³'LPHQVLRQOHVVIUDJLOLW\FXUYHVIRUURFNLQJ
UHVSRQVHWRQHDUIDXOWH[FLWDWLRQV´(DUWKT(QJ6WUXFW'\QYROQRSS±

>@ $&KLR]]L01DOHDQG$7UDOOL³)UDJLOLW\DVVHVVPHQWRIQRQVWUXFWXUDOFRPSRQHQWV
XQGHUJRLQJ HDUWKTXDNH LQGXFHG URFNLQJ PRWLRQ´ LQ ;9,, &RQYHJQR $1,',6
/¶LQJHJQHULD6LVPLFDLQ,WDOLDSS±
>@ /6RUUHQWLQR2$O6KDZDDQG/''HFDQLQL³7KHUHOHYDQFHRI HQHUJ\GDPSLQJLQ
XQUHLQIRUFHGPDVRQU\URFNLQJPHFKDQLVPV([SHULPHQWDODQGDQDO\WLFLQYHVWLJDWLRQV´
%XOO(DUWKT(QJYROQRSS±2FW
>@ / 6RUUHQWLQR 5 0DVLDQL DQG 0 & *ULIILWK ³7KH YHUWLFDO VSDQQLQJ VWULS ZDOO DV D
FRXSOHGURFNLQJULJLGERG\DVVHPEO\´6WUXFW(QJ0HFKYROQRSS±
-XO
>@ ) *UD]LRWWL 8 7RPDVVHWWL $ 3HQQD DQG * 0DJHQHV ³2XWRISODQH VKDNLQJ WDEOH
WHVWV RQ 850 VLQJOH OHDI DQG FDYLW\ ZDOOV´ (QJ 6WUXFW YRO  SS ± 2FW

>@ ) 3DFRU HW DO ³2YHUYLHZ RI WKH ,WDOLDQ VWURQJ PRWLRQ GDWDEDVH ,7$&$ ´ %XOO
(DUWKT(QJYROQRSS±'HF
>@ ( * 'LPLWUDNRSRXORV DQG 0 - 'H-RQJ ³2YHUWXUQLQJ RI 5HWURILWWHG 5RFNLQJ
6WUXFWXUHVXQGHU3XOVH7\SH([FLWDWLRQV´-(QJ0HFKYROQRSS±

>@ -:%DNHU³(IILFLHQW$QDO\WLFDO)UDJLOLW\)XQFWLRQ)LWWLQJ8VLQJ'\QDPLF6WUXFWXUDO
$QDO\VLV´(DUWKT6SHFWUDYROQRSS±)HE
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Abstract. In this paper, seismic vulnerability and risk assessment of two churches samples,
located in Teramo and Ischia island in the Naples gulf, both affected by the most recent
earthquakes occurred in Italy, are presented. An overview of some simplified methods particularly suitable for seismic evaluations at a territorial scale of ancient churches is presented.
In particular, the damage index provided by the post-earthquake usability form adopted by
the Italian Civil Protection Department, the vulnerability and risk analysis method implemented in a recent work and defined LV0, and the LV1 method contemplated in the Italian
Guidelines for Cultural Heritage have been calculated for the examined samples of churches.
These methods have an increasing precision level and they may be applied as well in sequence at a different scale for screening and identifying the present priorities and, consequently, for designing the required interventions. The obtained results have been compared to
each other in order to evaluate, starting from the most precise Italian Guidelines method, if
the other simplified analysis techniques are more or less effective in predicting the large scale
seismic behaviour of churches. Finally, the comparison among the achieved indexes allows
for the evaluation of the health state of inspected churches, so to both plan additional indepth evaluations and program a priority scale in performing future retrofitting interventions.
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1

INTRODUCTION

Seismic vulnerability represents the building attitude to suffer damages related to an assigned earthquake. In order to assess vulnerability of buildings, it is sufficient to detect the
damages caused from seismic events, associating them with the shock intensity. A building
can show structural damages to load-bearing elements and/or non-structural ones. Damage
typologies depend on structure geometry, age, materials, construction site, proximity to other
buildings and placement of non-structural elements, as well as on the earthquake duration and
intensity. In order to reduce structural damages and the loss of life, buildings need to be secured. Current Italian standards and guidelines [1-3] require that structures should have certain seismic criteria in order to exhibit a ductile response during a seismic event.
Seismic vulnerability assessment of historic buildings represents an enormous applicative relevance problem and constitutes an important preliminary step in masonry heritage safeguarding. A common monumental building typology exposed at seismic risk is represented by
masonry churches. In fact, in many cases churches, due to their singular geometry, have
shown a vulnerability greater than that of other historical masonry building types. In particular, the presence of large halls without intermediate walls, usual poor masonry mechanical
properties, large walls having high slenderness, pushing roof elements, colonnades, decorative
elements not effectively constrained to the walls and lack of intermediate floors give an extremely variable seismic response of churches [4-9].
The systematic observation of the typical damage scenarios reported by churches following
earthquakes has also highlighted how the seismic response is attributable to local collapse
mechanisms connected to the loss of balance and the consequent transformation into a kinematic motion of one or more portions of the construction, which detach from it due to crack
occurrence [10-19]. These observations led to the classification of 28 collapse mechanisms
developed by the Italian Department of Civil Protection [8, 20]. The possible kinematic
mechanisms assessment is not an easy solution problem: detailed structural analyses carried
out using software or finite element methods [21-24], have high computational costs, so to
make very difficult their application for a territorial scale analysis, and, therefore, simplified
methodologies can be preferred [25-31].
For this reason, in this paper three simplified methodologies are investigated in order to assess
seismic vulnerability of churches placed in two zones affected by last Italian earthquakes. In
particular, the damage indexes detected after seismic events have been evaluated and compared to those deriving from application of both Italian Guidelines on Cultural Heritage and a
method developed by a research group of the University of Basilicata (UniBas) defined as
LV0, with the final goal to evaluate the more or less reliability of these latter two methodologies to predict the large scale seismic behaviour of examined churches.
2
2.1

LARGE SCALE ASSESSMENT METHODOLOGIES
The church form (A-DC model – Italian Civil Protection Department)

The proposed methodology, developed by the Italian Civil Protection Department [20], is
based on the evaluation of a damage index (id) calculated through the observation of 28 potential local collapse mechanisms that could be activated during a seismic event.
Local mechanisms are (Figure 1):
1. Façade overturning
2. Top overturning
3. In-plane damages
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4. Narthex
5. Transverse response of the hall
6. Shear mechanism into lateral walls
7. Longitudinal response of the colonnade
8. Hall or central aisle vaults
9. Lateral aisles vaults
10. Transept wall overturning
11. Shear mechanism into transept walls
12. Transept vault
13. Triumphal arches
14. Dome
15. Lantern
16. Apse overturning
17. Apse shear mechanism
18. Presbytery or apse vaults
19. Roof elements: hall
20. Roof elements: transept
21. Roof elements: apse
22. Chapel overturning
23. Shear mechanism into chapel walls
24. Chapel vaults
25. Interaction due to irregularities
26. Projections
27. Bell tower
28. Belfry
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Figure 1: Local mechanisms of churches

For each possible mechanism, a damage value dk between 0 (no damage) and 5 (collapse) may
been assigned, and the resulting global damage index id is calculated as the ratio of the sum of
the detected damage values dk to the potential mechanisms number n (<=28) multiplied by 5
according to the following relationship:
id= Σdk/5n

(1)

The application of the above formula provides damage index values id ranging from 0 (no
damage) to 1 (total collapse of the church examined).
2.2 Vulnerability and risk analysis method (UniBas)
In this methodology, developed by a research group of University of Basilicata (UniBas),
the resulting seismic risk of churches at a territorial scale is based on the evaluation of the following three tools, which an independent score is assigned to [25, 30, 32]:
- Tool 1: attention priority on actions related to the buildings according to their exposure value (E);
- Tool 2: description, classification and mapping of seismic hazard (H);
- Tool 3: evaluation and quantification of the seismic vulnerability level (V).
The seismic risk score is assessed through a correlation among exposure (E), threats (H) and
seismic vulnerability (V) according to the following relationship [33, 34]:
R=E×H×V

(2)

In particular, Tool 1 considers socio-cultural values, i.e. antiquity, historical, symbolic and
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aesthetic factors, and economic values, i.e. use, financial and scientific factors.
Tool 2 provides the H score through the analysis of threats, which are classified into sporadic
events and continuous processes (depending on their occurrence probability), as shown in Table 1. Every threats have a score according to the damage severity, namely absent, medium
and catastrophic. The seismic hazard index (H) is obtained by summing these scores and assumes values between 0 and 2,15.

Damage gravity

Continuous
Events

Sporadic
Events

Parameters

Absence

Average

Catastrophic

earthquake and tsunami threat

0

0,20

0,40

landslides

0

0,15

0,25

volcanic threat

0

0,20

0,40

hydro-methodological threat

0

0,15

0,25

chemical-technological threat

0

0,15

0,25

forest fires

0

0,15

0,25

erosion threat

0

0,05

0,10

physical stress of threat

0

0,05

0,10

air pollution

0

0,01

0,05

socio-organizational threat

0

0,01

0,05

demographic decline

0

0,01

0,05

Table 1: Scenarios description and classification of threats according to the damage severity.

Finally, the Tool 3 provides the V score, that is the seismic vulnerability. This tool is based on
the assessment of 13 parameters (see Table 2), of which 10 are derived from the Italian 2nd
level GNDT vulnerability datasheet [35]. Each parameter is characterised by 4 classes having
an assigned score and the vulnerability index is defined through the following relation:
IV=ni=1 vi·pi

(2)

where:
vi is the parameter class score, depending from building properties;
pi is weight correlated to the parameter importance.
Depending on the vulnerability index obtained, it is possible to define three different vulnerability levels as follows:
- low: 0 < IV  10.81;
-

medium: 10.81 < IV  55.52;

-

high: 55.52 < IV  100.

Total seismic risk (R) is obtained by applying the following relation [32]:
R=IV×(H+1)
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Classes

Parameters

Weight

A

B

C

D

1

Position of the building and foundations

0

1,35

6,73

12,12

0,75

2

In-plane configuration

0

1,35

6,73

12,12

0,50

3

In-elevation configuration

0

1,35

6,73

12,12

1,00

4

Distance among walls

0

1,35

6,73

12,12

0,25

5

Non-structural elements

0

0

6,73

12,12

0,25

6

Resistant system type and organization

0

1,35

6,73

12,12

1,50

7

Resistant system quality

0

1,35

6,73

12,12

0,25

8

Floors

0

1,35

6,73

12,12

1,00

9

Roofs

0

1,35

6,73

12,12

1,00

10

Conservation state

0

1,35

6,73

12,12

1,00

11

Environmental alterations

0

1,35

6,73

12,12

0,25

12

Construction system negative alterations

0

1,35

6,73

12,12

0,25

13

Fire vulnerability

0

1,35

6,73

12,12

0,25

Table 2: The UniBas form for seismic vulnerability evaluation of churches.

2.3 The LV1 Method (Italian Guidelines on Cultural Heritage)
The Italian LV1 method provides a statistical-based method to assess the vulnerability of
masonry churches [8]. This methodology is based on 28 mechanisms defined in Section 2.1
and the vulnerability index iv, framed in the range [0÷1], is assessed through vulnerability indicators and seismic upgrading devices according to the following formula:
28

1
iv = k =1
6

ρ k ( vki − vkp )
28

ρ

+

1
2

(4)

k

k =1

where:
iv
is the vulnerability index;
k
represents the 28 collapse mechanisms potentially activated;
is the mechanism weight;
ȡk
vki
is the vulnerability score related to the k-th mechanism;
is the score connected to the upgrading device related to the k-th mechanism.
vkp
The inactive collapse mechanisms have ȡk=0; instead the activated mechanisms n. 4 and 15
have ȡk = 0.5, those with numbers 10, 11, 12, 18, 20, 22, 23, 24, 25 and 26 have a value between 0.5 and 1 in relation to their importance and the remaining activated ones have ȡk=1.
For each mechanism, the possible seismic protection devices and vulnerability indicators are
suggested in [8] and a score depending from effectiveness or severity degree variable between
1 and 3 must be defined. Table 3 shows the vulnerability issues and seismic upgrading devices for the most commonly detected local collapse mechanism, namely the façade overturning.
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Through Table 4 it is possible to calculate the indicators vki and vkp related to vulnerability parameters and anti-seismic devices, respectively.
01 – Façade overturning
Possibility of activation of collapse mechanism: YES [ ] NO[ ]
YES NO Seismic protection devices
[]
[ ] Presence of metal tie road
[]
[ ] Presence of constraining elements
[]
[ ] Connection systems at angles of walls
YES NO Vulnerability issues
[]
[ ] Presence of pushing elements (arches, vaults, beams)
[]
[ ] Presence of big windows

Importance
[] [] []
[] [] []
[] [] []
Importance
[] [] []
[] [] []

Table 3: Seismic protection devices and vulnerability issues suggested in [8] for façade overturning
mechanism.
Number of vulnerability parameters or seisImportance
mic protection devices

Score (vk)

at least 1

3

at least 2

2

1

2

at least 2

1

1

1

1

None

0

0

3
2

Table 4: vk scores assigned to vulnerability factors and seismic protection devices.

Starting from vulnerability index iv (eq. 4), it is possible to define an ultimate limit state (ULS)
seismic acceleration:
a*g ( SLU ) = 0.025 ⋅1.85.1−3.44⋅iv
(5)
For safety check, it is required to evaluate the return period corresponding to the ULS as follows:
(6)
where TR1 and TR2 are the return periods of the seismic hazard and represent the limits of the
interval where TULS is located, a1S1 and a2S2 are the corresponding peak acceleration values
on rigid ground taking into account the topographical conditions and FC is the confidence factor.
The safety index referred to the ULS is the ratio between the capacity return period at the ultimate limit state TULS and the corresponding reference (demand) return period TR,ULS:
IS,ULS= TULS/TR,ULS

(7)

IS,ULS value greater than or equal to one means that the building is in safe conditions, while
values lower than the unit show that the building needs seismic upgrading interventions.
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3
3.1

THE CASE STUDIES
Teramo’s churches

Teramo is the provincial capital of the homonymous province, located in the Italian Abruzzo region. The 12 investigated churches in the current study, depicted in Figure 2 [22], are:
1. Saint John church. Hall: 16.50x14.30m, average height 10.00m. There are no apse and
bell tower.
2. Saint Anastasio church. Hall: 14.70x7.20m, average height 6.70m. Apse: 7.50x3.50m,
average height 7.15m. There is a bell tower.
3. Holy Mary of Carmine church. Hall: 11.30x6.20m, average height 7.20m. Apse:
6.45x5.00m, average height 7.00m. There is a bell tower.
4. Saint Nicola church. Hall: 11.00x4,60m, average height 3.50m. There are no apse and
bell tower.
5. Saint Catherine of Alexandria church. Hall: 13.40x6.50m, average height 7.50m.
There are no apse and bell tower.
6. Saint Luca church. Hall: 8.00x4.00m, average height 6.00m. There are no apse and
bell tower.
7. Saint Mary de Praediis church. Hall: 14.50x9.00m, average height 5.00m. Apse:
3.00x1.50m, average height 5.00m. There is not a bell tower.
8. Saint Michael Archangel church. Hall: 16.50x14.30m, average height 10.00m. There
are no apse and bell tower.
9. Saint Francis of Assisi church. Hall: 11.40x7.00m, average height 7.80m. Apse:
5.85x5.80m, average height 6.00m. There is a bell tower.
10. Saint John in Pergulis church. Hall: 14.90x9.30m, average height 8.00m. There are no
apse and bell tower.
11. Holy Salvatore church. Hall: 10.70x7.20m, average height 8.00m. There are no apse
and bell tower.
12. Saint Stephen church. Hall: 14.40x5.25m, average height 5.85m. Apse: 5.25x3.40m,
average height 3.50m. There is a bell tower.

Figure 2: Location of the 12 churches investigated in the city of Teramo.
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3.2

Ischia’s churches

Ischia is an Italian island belonging to the Phlegrean islands archipelago located in the
northern area of the Gulf of Naples. The 10 investigated churches showed in Figure 3 [22] are:
1. Saint Francis of Paola church. Hall: 19.50x3.30m, average height 7.00m. Apse:
3.40x3.30m, average height 8.50m. There is a bell tower.
2. Saint Vito church. Hall: 22.00x4.80m, average height 7.10m. Apse: 4.80x2.80m, average height 10.00m. There is a bell tower.
3. Most Holy Annunciation church. Hall: 6.50x3.90m, average height 6.55m. Apse:
4.80x4.00m, average height 6.55m. There is not a bell tower.
4. Saint Sebastiano church. Hall: 17.30x6.30m, average height 12.30m. Apse:
6.30x4.60m, average height 8.00m. There is a bell tower.
5. Saint Michael Archangel church. Hall: 8.60x5.20m, average height 8.00m. Apse:
5.20x4.70m, average height 8.00m. There is not a bell tower.
6. Saint Mary of Loreto church. Hall: 30.00x5.80m, average height 11.00m. Apse:
8.15x5.80m, average height 10.00m. There is a bell tower.
7. Saint Francis of Assisi church. Hall: 21.00x8.40m, average height 10.00m. Apse:
9.00x6.80m, average height 12.00m. There is not a bell tower.
8. Most Holy Annunciation coven. Hall: 11.00x5.60m, average height 7.00m. Apse:
6.00x5.50m, average height 7.40m. There is a bell tower.
9. Saint Mary of Soccorso church. Hall: 14.80x6.80m, average height 7.50m. Apse:
4.60x4.10m, average height 8.50m. There is a bell tower.
10. Saint Gaetano church. Hall: 17.00x5.80m, average height 13.70m. Apse:
4.70x1.70m, average height 7.15m. There is not a bell tower.

Figure 3: Location of the 10 churches investigated in the Ischia island

4
4.1

APPLICATION OF THE METHODOLOGIES
Teramo’s churches

Collapse mechanisms and damage indices of churches calculated according to the form
delivered by the Italian Civil Protection Department are reported in the Tables from 5 to 16.
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For each mechanism, a different colour for each damage value between 0 (no damage) and 5
(collapse) is assigned, as shown in Figure 4.

Figure 4: Colours assigned to damage scores

Activated mechanisms

Seismic
Damage

Activated mechanisms

Facade overturning

Facade overturning

In-plane damages
Transverse response of the hall

Top overturning

Seismic
Damage

In-plane damages
Transverse response of the hall

Shear mechanism into lateral walls
Longitudinal response of the colonnade

Shear mechanism into lateral walls

Hall or central aisle vaults
Lateral aisles vaults

Hall or central aisle vaults
Triumphal arches

Roof elements: hall

Apse overturning
Apse shear mechanism
Presbytery or apse vaults
Roof elements: hall
Roof elements: apse
Interaction due to irregularities
Bell tower
Belfry
Table 6: St. Anastasio Church’s activated
mechanisms.

Table 5: St. John Church’s activated mechanisms.

Activated mechanisms

Seismic
Damage

Activated mechanisms

Facade overturning

Facade overturning

Top overturning

Top overturning

In-plane damages
Transverse response of the hall

In-plane damages
Transverse response of the hall

Shear mechanism into lateral walls
Hall or central aisle vaults
Triumphal arches

Shear mechanisms into lateral walls
Roof elements: hall
Projections (sailing, spiers, pinnacles, statues)

Apse overturning
Apse shear mechanism
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Presbytery or apse vaults
Roof elements: hall
Roof elements: apse
Interaction due to irregularities
Bell tower
Belfry
Table 7: Most Holy Annunciation Church’s activated mechanisms.

Table 8: St. Nicola Church’s activated mechanisms.

Seismic
Damage

Activated mechanisms

Activated mechanisms

In-plane damages

Facade overturning

Shear mechanisms into lateral walls

Top overturning

Roof elements: hall

In-plane damages
Transverse response of the hall

Projections (sailing, spiers, pinnacles, statues)

Table 9: St. Catherine of Alessandria Church’s activated
mechanisms.
Activated mechanisms

Seismic
Damage

Seismic
Damage

Roof elements: hall
Interaction due to irregularities
Projections (sailing, spiers, pinnacles, statues)
Table 10: St. Luca Church’s activated mechanisms.

Activated mechanisms

Facade overturning

Facade overturning

Top overturning

Top overturning

In-plane damages
Transverse response of the hall

In-plane damages
Transverse response of the hall

Shear mechanism into lateral walls
Longitudinal response of the colonnade

Shear mechanism into lateral walls
Roof elements: hall

Apse overturning

Projections (sailing, spiers, pinnacles, statues)

Seismic
Damage

Apse shear mechanism
Presbytery or apse vaults
Roof elements: hall
Roof elements: apse
Projections (sailing, spiers, pinnacles,
statues)
Table 11: St. Mary de Praediis Church’s activated
mechanisms.
Activated mechanisms

Table 12: St. Michael Archangel Church’s activated
mechanisms.

Seismic
Damage

Activated mechanisms

Facade overturning

Facade overturning

Top overturning

Top overturning

In-plane damages
Transverse response of the hall

In-plane damages
Transverse response of the hall
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Shear mechanism into lateral walls

Roof elements: hall

Triumphal arches
Apse overturning

Roof elements: apse
Projections (sailing, spiers, pinnacles, statues)

Apse shear mechanism
Presbytery or apse vaults
Roof elements: hall
Roof elements: apse
Projections (sailing, spiers, pinnacles,
statues)
Bell tower
Belfry
Table 13: St. Francis of Assisi Church’s activated
mechanisms.
Activated mechanisms

Table 14: St. John in Pergulis Church’s activated
mechanisms.

Seismic
Damage

Activated mechanisms

Facade overturning

Facade overturning

In-plane damages
Transverse response of the hall

Top overturning

Shear mechanism into lateral walls

In-plane damages
Transverse response of the hall

Hall or central aisle vaults
Transept wall overturning

Shear mechanism into lateral walls
Hall or central aisle vaults

Transept shear mechanisms

Roof elements: hall

Transept vaults

Roof elements: transept

Roof elements: hall

Bell tower

Roof elements: transept

Belfry

Seismic
Damage

Interaction due to irregularities
Bell tower
Belfry
Table 15: Most Holy Salvatore Church’s activated mechanisms.

Table 16: St. Stephan Church’s activated mechanisms.

The filling of the previous forms for all of the investigated churches has lead towards the
evaluation of the following damage index id:
- St. John Church (Table 5): id =(1/40)= 0,02
- St. Anastasio Church (Table 6): id = (19/75) = 0.25
- Most Holy Annunciation Church (Table 7): id = (11/75)= 0,15
- Saint Nicola Church (Table 8): id= (3/35)= 0,08.
- Saint Catherine of Alessandria Church (Table 9): id= (5/20)= 0,25
- Saint Luca Church (Table 10): id= (10/35)= 0,29
- Saint Mary de Praediis Church (Table 11): id= (16/60)= 0,27
- Saint Michael Archangel Church (Table 12): id= (8/35)= 0,23
- Saint Francis of Assisi Church (Table 13): id= (4/70) = 0,06
- Saint John in Pergulis Church (Table 14): id= (4/35)= 0,11
- Most Holy Salvatore Church (Table 15): id= (5/65)= 0,08
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-

Saint Stephan Church (Table 16): id= (13/50)= 0,26

The results obtained from applying the LV0 method to the churches inspected in Teramo are
shown in Table 17.
Vulnerability
Index

Churches
St. John

21,22

St. Anastasio

51,52

Holy Mary of Carmine

31,32

St. Nicola

53,18

St. Catherine of Alexandria

66,32

St. Luca

22,23

St. Mary de Praediis

39,06

St. Michael Archangel

37,37

St. Francis of Assisi

22,23

St. John in Pergulis

28,96

Most Holy Salvatore

45,44

St. Stephen

30,64

Table 17: Vulnerability indexes of Teramo’s churches using vulnerabily method implemented by the
University of Basilicata (UniBas).

Table 18 shows vulnerability indexes and results of the ULS safety checks achieved from the
LV1 method developed in the Italian Guidelines for Cultural Heritage described in Section
2.3.
Vulnerability
Index

Safety
Index

St. John

0,23

1,41

St. Anastasio

0,39

0,57

Holy Mary of Carmine

0,32

0,81

St. Nicola

0,31

0,85

St. Catherine of Alexandria

0,32

0,66

St. Luca

0,43

0,44

St. Mary de Praediis

0,57

0,57

St. Michael Archangel

0,41

0,49

St. Francis of Assisi

0,24

1,29

St. John in Pergulis

0,31

0,88

Most Holy Salvatore

0,25

1,21

St. Stephen

0,38

0,57

Churches

Table 18: Vulnerability indexes and ULS safety checks for Teramo’s churches using LV1 method.
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4.2

Ischia’s churches

The damage indexes of Ischia’s churches deriving from the “A-DC model” form developed by
the Italian Civil Protection Department have been evaluated started from filling Tables from
19 to 28.
Activated mechanisms

Seismic
Damage

Activated mechanisms

Facade overturning

Facade overturning

Top overturning

Top overturning

In-plane damages

In-plane damages

Transverse response of the hall

Transverse response of the hall

Shear mechanism into lateral walls
Longitudinal response of the colonnade

Shear mechanism into lateral walls
Longitudinal response of the colonnade

Hall or central aisle vaults
Lateral aisles vaults
Triumphal arches

Hall or central aisle vaults
Lateral aisles vaults
Triumphal arches

Dome

Dome

Apse overturning

Apse overturning

Apse shear mechanism

Apse shear mechanism

Roof elements: hall

Roof elements: hall

Roof elements: apse

Roof elements: apse

Bell tower

Bell tower

Belfry
Table 19: St. Francis of Paola Church’s activated
mechanisms.

Activated mechanisms

Seismic
Damage

Belfry
Table 20: St. Vito Church’s activated mechanisms.

Seismic
Damage

Activated mechanisms

Facade overturning

Facade overturning

Top overturning

Top overturning

In-plane damages

In-plane damages

Transverse response of the hall

Shear mechanism into lateral walls

Shear mechanism into lateral walls

Lateral aisles vaults

Transept wall overturning
Shear mechanism into transept walls
Transept vaults
Triumphal arches

Dome
Apse overturning
Apse shear mechanism
Presbytery or apse vaults

Apse overturning

Roof elements: hall

Apse shear mechanism

Roof elements: apse

Presbytery or apse vaults

Chapel overturning

Roof elements: transept

Shear mechanism into chapel walls

Roof elements: apse

Chapel vaults
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Projections (sailing, spiers, pinnacles, statues)

Interaction due to irregularities

Facade overturning

Bell tower

Table 21: Most Holy Annunciation Church’s activated
mechanisms.

Belfry
Table 22: St. Sebastiano Church’s activated mechanisms.

Seismic
Damage

Activated mechanisms

Activated mechanisms

Facade overturning

Facade overturning

In-plane damages

Top overturning

Transverse response of the hall

In-plane damages

Shear mechanism into lateral walls

Transverse response of the hall

Hall or central aisle vaults

Shear mechanism into lateral walls

Dome
Apse overturning
Apse shear mechanism
Roof elements: hall

Longitudinal response of the colonnade
Lateral aisles vaults
Triumphal arches
Dome

Roof elements: apse

Apse overturning

Chapel overturning

Apse shear mechanism

Shear mechanism into chapel walls

Presbytery or apse vaults

Chapel vaults

Roof elements: hall

Projections (sailing, spiers, pinnacles, statues)

Roof elements: apse

Seismic
Damage

Interaction due to irregularities
Bell tower
Belfry
Table 24: St. Mary of Loreto Church’s activated
mechanisms.

Table 23: St. Michael Archangel Church’s activated
mechanisms.
Activated mechanisms

Seismic
Damage

Activated mechanisms

Facade overturning

Facade overturning

In-plane damages

In-plane damages

Transverse response of the hall

Transverse response of the hall

Shear mechanism into lateral walls

Shear mechanism into lateral walls

Hall or central aisle vaults
Lateral aisles vaults

Hall or central aisle vaults
Apse overturning

Triumphal arches
Apse overturning
Apse shear mechanism

Apse shear mechanism
Presbytery or apse vaults
Roof elements: hall

Presbytery or apse vaults

Roof elements: apse

Roof elements: hall

Interaction due to irregularities

Roof elements: apse

Projections (sailing, spiers, pinnacles, statues)

Shear mechanism into chapel walls

Bell tower
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Belfry

Chapel vaults
Interaction due to irregularities
Table 25: St. Francis of Assisi Church’s activated
mechanisms.

Activated mechanisms

Table 26: Most Holy Annunciation Coven’s activated
mechanisms.

Seismic
Damage

Activated mechanisms

Facade overturning

Facade overturning

Top overturning

In-plane damages

In-plane damages

Shear mechanism into lateral walls

Transverse response of the hall

Hall or central aisle vaults

Shear mechanism into lateral walls
Hall or central aisle vaults
Lateral aisles vaults
Triumphal arches

Triumphal arches
Dome
Apse overturning
Apse shear mechanism

Dome

Presbytery or apse vaults

Apse overturning

Roof elements: hall

Apse shear mechanism

Roof elements: apse

Roof elements: hall

Chapel overturning

Roof elements: apse

Shear mechanism into chapel walls

Chapel overturning

Chapel overturning

Shear mechanism into chapel walls

Shear mechanism into chapel walls

Chapel vaults

Chapel vaults
Projections (sailing, spiers, pinnacles, statues)

Projections (sailing, spiers, pinnacles, statues)

Seismic
Damage

Bell tower
Belfry
Table 27: St. Mary of Soccorso Church’s activated mechanisms.

Table 28: St. Gaetano Church’s activated mechanisms.

The damage indexes of the inspected churches have been calculated on the basis of the previous tables, leading to the following results:
- St. Francis of Paola church (Table 19): id =(7/80)= 0,09
- Saint Vito church (Table 20): id= (6/80)= 0,08
- Most Holy Annunciation church (Table 21): id= (12/65)= 0,16
- Saint Sebastiano church (Table 22): id= (17/80)= 0,19
- Saint Michael Archangel church (Table 23): id= (23/70)= 0,33
- Saint Mary of Loreto church (Table 24): id= (16/85)= 0,18
- Saint Francis of Assisi church (Table 25): id= (8/80)= 0,10
- Most Holy Annunciation Coven church (Table 26): id= (4/70)= 0,06
- Saint Mary of Soccorso church (Table 27): id= (8/80)= 0,10
- Saint Gaetano church (Table 28): id= (4/75)= 0,05
The application of the LV0 method (developed by a reserach group pf the University of Basilicata) has led to the results depicted in Table 29. Finally, Table 30 shows vulnerability index
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values and ULS safety checks obtained through LV1 method developed by the Italian Guidelines for Cultural Heritage as described in Section2.3.
Vulnerability
Index

Churches
St. Francis of Paola

25,93

St. Vito

25,93

Most Holy Annunciation

38,64

St. Sebastiano

34,33

St. Michael Archangel

46,46

St. Mary of Loreto

32,66

St. Francis of Assisi

24,25

Most Holy Annunciation coven

21,56

St. Mary of Soccorso

23,24

St. Gaetano

32,33

Table 29: Vulnerability indexes of Ischia’s churches using the LV0 method.

Vulnerability
Index

Safety
Index

St. Francis of Paola

0,36

1,16

St. Vito

0,36

1,18

Churches

Most Holy Annunciation

0,42

0,85

St. Sebastiano

0,43

0,78

St. Michael Archangel

0,48

0,66

St. Mary of Loreto

0,43

0,78

St. Francis of Assisi

0,40

0,93

Most Holy Annunciation coven

0,40

0,93

St. Mary of Soccorso

0,34

1,30

St. Gaetano

0,36

1,21

Table 30: Vulnerability indexes and ULS safety checks for Ischia’s churches using LV1 method.

4.3

Comparison of results

All results from examined methodologies are grouped in Tables 31 and 32, respectively,
for Teramo’s churches and Ischia’s ones. In the first column of Tables 31 and 32 the ranking
is reported in descending order (from the worst church to the best one) in terms of vulnerability indexes (Iv) defined according to the LV1 method developed in the Italian Guidelines for
Cultural Heritage. In the subsequent columns of the above mentioned tables, the safety indexes (Is) of the LV1 method, the vulnerability indexes calculated on the basis of the LV0 method,
indicating the method proposed by a UniBas research group and expressed in percentage
terms and the damage indexes id resulting from filling the “A-DC model” form, developed by
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the Italian Civil Protection Department, after the post-earthquake emergency phase have been
reported too.
Iv
(LV1 method)
0,435

Is
(LV1 method)
0,44

Iv
(LV0 method)
0,22

(A-DC form)
0,30

St. Michael Archangel

0,414

0,495

0,37

0,27

St. Mary of Praediis

0,388

0,57

0,39

0,27

St. Anastasio

0,388

0,57

0,52

0,25

St. Stephan

0,38

0,573

0,31

0,26

St. Catherine of Alessandria

0,322

0,664

0,66

0,20

St. Mary of Carmine

0,322

0,813

0,32

0,15

St. Nicola

0,315

0,848

0,53

0,08

St. John in Pergulis

0,309

0,88

0,29

0,11

St. Salvatore

0,255

1,21

0,45

0,08

St. Francis of Assisi

0,244

1,29

0,22

0,05

St. John

0,229

1,41

0,21

0,02

Church
St. Luca

id

Table 31: Comparison between al examined methodologies for Teramo’s churches
iv
(LV1 method)

Is
(LV1 method)

Iv
(LV0 method)

id
(A-DC form)

St. Michael Archangel

0,48

0,659

0,46

0,33

St. Sebastiano

0,43

0,779

0,34

0,19

St. Mary of Loreto

0,43

0,782

0,33

0,18

Most Holy Annunciation

0,42

0,85

0,24

0,10

St. Francis of Assisi

0,40

0,93

0,39

0,16

Most holy Annunciation
Coven

0,36

1,05

0,26

0,08

St. Francis of Paola

0,36

1,165

0,26

0,09

St. Vito

0,36

1,18

0,22

0,06

St. Gaetano

0,36

1,21

0,32

0,05

St. Mary of Soccorso

0,34

1,3

0,23

0,07

Church

Table 32: Comparison between al examined methodologies for Ischia’s churches

For comparison purpose, it is believed that damage indexes provided by the Italian Civil
Protection Department form represent the reference values, since they have been proposed
starting from damages occurred after last Italian earthquakes. From comparison in term of
vulnerability index, it has been detected that the LV0 method provides very frequently lower
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values (82% of the cases examined). In particular, this always occurs for the Ischia’s churches,
while for the Teramo’s ones the LV0 indexes are greater than damage indexes only in four
cases. These results allow to say that the LV0 method, even if it provides a ranking similar to
that of the A-DC form, is not on the safe side in predicting the vulnerability of examined
churches. On the other hand, it seems that the LV1 method is good in predicting the vulnerability ranking and indexes of churches under investigation.
Finally, from A-DC form values, it has been revealed that churches usable only after prompt
interventions are those characterised by indexes in the range between 0,2 and 0,3, while the
worst conditions that carry out the church unusable are obtained for a damage index higher
than 0,3. This limit value could be reached for vulnerability indexes greater than 0,32 and
0,40, respectively, in the areas of Teramo and Ischia. This is due to the fact that Teramo belongs to a territory with seismicity greater than that of Ischia.
5

CONCLUSIONS

In the context of the cultural heritage conservation and protection it is essential to have an
adequate knowledge of the existing constructions, which allows to well identify the structural
element for a reliable seismic safety assessment and the choice of the intervention strategies
for improving their structural performance. To this purpose, it is preferable to perform analyses with sophisticated finite element programs. However, the use of such programs for vulnerability assessment at a territorial scale is not suitable, since it would take too long time. For
these reasons expeditious methodologies are preferred. In this paper three different quick vulnerability analysis methods, namely the LV1 Italian Guidelines method, the “Church form –ADC model” developed by the Italian Civil Protection and the LV0 methodology developed by
a research group of the University of Basilicata, have been proposed and applied to two samples of churches located in Teramo and in the Ischia island, both affected by the last Italian
earthquakes. The churches of these two areas have in common many features, but there are
also some structural differences which have modified the values of their vulnerability index.
A comparative seismic risk and vulnerability analysis considering the above three methods
has been conducted at a territorial level for both areas considered.
From the analyses carried out, it can be revealed that the damage indexes provided by the Italian Civil Protection Department A-DC form represent the reference values, since they have
been calculated on the basis of the damages really occurred after last earthquakes. In particular, churches usable only after prompt interventions are those characterised by indexes in the
range between 0,2 and 0,3, while unusable church have damage index higher than 0,3. This
limit value could be reached for vulnerability indexes greater than 0,32 and 0,40, respectively,
in the areas of Teramo and Ischia. This occurred since Teramo belongs to a territory with
seismicity greater than that of Ischia. Starting from this evidence, it has been detected that the
LV1 method provides, in the cases analysed, more conservative results with respect to LV0
method, even if providing, similarly to the A-DC form, a macro-element approach is followed
in evaluating the vulnerability index.
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Abstract. The knowledge path applied to the conservation of archaeological sites represents
a crucial phase with the aim of qualifying materials and structural features, as well as identifying vulnerabilities for the selection of possible interventions. The use of non-destructive
testing (NDT) techniques can significantly contribute to understand the overall structural behavior and correctly simulate the response through suitably calibrated numerical models. Archeological ruins often show several vulnerabilities due to the presence of incomplete
structures, discontinuities, deterioration, and cumulated damages. In this framework, the paper describes a multidisciplinary approach for the structural assessment and conservation of
some incomplete structures in the archeological site of Hierapolis of Phrygia (TR). The region is still nowadays characterized by high seismicity. This study is part of a bigger project
consisting of the development of an archaeo-seismic park in Hierapolis. On this site, preserved and visible seismic effects on structures and soils making an educational function for
valorization, prevention, and conservation purposes. The applied methodology consists of the
execution of structural and geophysical inspections on selected structures (e.g,. Roman Bath
complex, Nymphaeum) to experimentally define their dynamic response and characterize soil
properties for an accurate simulation of the seismic behavior. Dynamic identification test on
structures (with the support of other NDTs), ground penetrating radar (GPR), electrical resistivity tomography (ERT) and seismic prospection methods on soils were applied. The outcomes are used to calibrate and validate numerical models, mainly based on the discrete
element method (DEM), able to simulate the dynamic behavior of structures composed by
large stone blocks with thin mortar layers or massive multi-leaves freestanding walls, which
represent the main structural types in Hierapolis. The study has been used to define an appropriate methodology to choose practical and reliable solutions for inspections and the correct selection of numerical tools for structural analyses and simulations.
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1

INTRODUCTION

Archaeological sites reveal important signs of our culture and history. Nowadays, the
structure of ancient buildings appears often incomplete, e.g., lacking of bearing walls and
piers, of horizontal components (floor and roofs, vaults and domes), and of mutual connections. Moreover, some monuments with peculiar functions in the past (e.g., amphitheater,
nymphaea, temples) were built as relevant massive constructions, whose stability is also jeopardized by local failures, despite their thick sections. All those structures require particular
care for their conservation in the current environmental conditions, and present high vulnerability to dynamic actions [1].
In such a context, the archaeological site of Hierapolis of Phrygia (Turkey) is paradigmatic,
because: a) it includes a large variability of remains belonging to constructions that had various functions from its foundation as Greco-Roman city (around 3rd century B.C.) up to its
abandonment (about the 14th century); b) it extends on a wide area (over 40 hectares) having
high seismicity (expected peak ground acceleration PGA=0.4g) [2]. The site has been studied
for over seven decades from the Italian Archaeological Mission in Hierapolis (MAIER) [3],
that contributed to the excavations and restoration works for its valorization and use. The final
aim is to complete the recovering of the whole site to make an archaeo-seismic park, i.e., a
site where visitors can appreciate the ruins also in terms of their important seismic history.
In this paper, the results of an integrated multi-disciplinary approach aimed at analyzing
the current structural conditions of typical remains in the area are discussed. The research involved the geophysical investigation of soil to identify the current seismic parameters, which
integrated a series of structural investigations. They were based on dynamic tests used for the
calibration of numerical models able to evaluate the seismic vulnerability and simulate the
mechanical behavior under the expected earthquake.
Two categories of constructions were analyzed: (i) massive large travertine block remains
(as for the Roman Baths and Latrines); (ii) multi-layer thick masonry structures (as for the
Nymphaeum of Apollo and the Martyrion of St. Philip) [4][5][5].

Figure 1: Archaeological chart of Hierapolis (after [7]) with location of two investigated monuments.
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2

MATERIALS AND METHODS

Two extensive on-site investigation campaigns were performed by the authors in 2015 and
2018. Structural inspections and geophysical prospections were combined and integrated to
assess the quality of building materials and their conservation condition, and to characterize
the soil properties of some emblematic monuments in the archaeological site. Onsite testing
on structures included visual inspections, critical and structural surveys, dynamic identification tests, sonic pulse velocity test, ground penetrating radar (GPR) applications, and videoendoscopy. Prospections on ground were performed through MASW (multichannel analysis
of surface waves) and HVSR (horizontal to vertical spectral ratio) methods, to characterize
the seismic properties of soils and identify the possible local amplification of the response
during earthquakes. ERT (electrical resistivity tomography) measurements were also performed to support the seismic characterization of soil in its laterally and in-depth variation.
2.1

Geophysical prospections

The use of geophysical measurements in the characterization of soils and in the structure
analysis supports since decades geological and engineering studies [8][9][10][11]. In the
framework of this multidisciplinary project controlled source seismic refraction, surface wave,
passive seismic measurements, as well as ERT and GPR data were collected across the Roman Bath and the Nymphaeum area in front of the Apollo temple, to characterize the shallow
soil system. Seismic acquisitions were performed using vertical geophones (4.5 Hz natural
frequency) and a Geode system digital seismograph, covering a maximum total array length
of 94 m. Table 1 shows the acquisition parameters for the seismic controlled source measurements.
Controlled source seismic prospection
Instrument
N. 2 Geode digital seismographs
Source
5 kg Sledgehammer on steel plate
Trigger system
Electric circuit
Receivers
24-48 vertical geophones
Receiver spacing
1-2m
Survey length
47 - 94 m
Record length
2s
Sampling
0.25 ms
Electrical resistivity tomography (ERT)
Instrument
Iris Syscal Pro 72
Power source
External battery
Electrodes
48
Electrode spacing
1-2m
Survey lenght
47 - 94 m
Stacks
3-6
Time
250 ms
Ground penetrating radar (GPR)
Instrument
PulseEkko Pro (500 MHz antenna)
IDS Ris Hi-Mod Dual frequency (200-600
MHz)
Table 1: Details of controlled-source seismic measurements at Hierapolis.
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2.2

Structural investigations

The combination of modal analysis using ambient vibrations on the upper structures and
seismometers on the ground demonstrated to be very useful to define the fundamental frequencies and assess possible resonance, local amplification phenomena and soil-structure interactions.
The outcomes of onsite inspections were used to create and calibrate engineering models,
i.e. numerical (Finite Element, FE [12][13]) and Discrete Element, DE [14][15]) methods and
kinematic limit analyses [16][17], able to assess the global and local seismic vulnerability of
the structures.
Ambient vibrations tests (AVT) and output-only identification techniques were performed
to identify modal parameters (natural frequencies, damping ratios and mode shapes) of Roman Bath and Apollo’s Nymphaeum monuments. A network of accelerometers connected to
an acquisition unit was installed in specific points of the two buildings. A preliminary FE
model was constructed to analyze mode shapes and select the optimum sensor locations. Tests
consisted in acquiring data implementing several setups, over a predetermined period, at a
specific sampling rate. Time series acquired at a sampling frequency of 100 Hz were composed by 131’072 points with an overall signal recording duration of 21’51’’.
3

RESULTS

The results of geophysical prospections were combined and integrated with ones of the
structural investigations. Moreover, the outcomes of inspections on structures were used to
calibrate and validate analytical and numerical models, able to simulate the dynamic response
and assess the seismic vulnerability of the site monuments. A selection of the analysis carried
out for the archaeological remains of Hierapolis are reported hereinafter.
3.1

Soil characterization

Controlled-source seismic surveys were used for both refraction seismic method [18] and
surface wave method. The refraction method was used to estimate the 2D structure of the subsoil beneath the monuments and evaluate the velocity of compressional seismic velocities
(Vp). The surface method was indeed used to estimate the shear velocities (Vs) characteristic
of the first subsoil and the Vs30 seismic soil classification for a seismic design (according to
Eurocode 8 [19]). The shear seismic wave velocity (Vs) is the most critical parameter for the
seismic response analysis [20][19] and it was estimated onsite by the MASW technique [21].
2D seismic surveys enhanced the lateral variation complexity of the studied subsoil, while Vs
surveys showed a progressive improvement of mechanical behaviour of the subsoil in deep,
thus highlighting the presence of a shallow thin layer of loose sediment overlying a deep fractured rock. In term of seismic soil characterization, being Vs30 = 760 m/s, the site is classifiable as soil B, according to (‘Deposits of very dense sand, gravel or very stiff clay, at least
several tens of m in thickness, characterized by a gradual increase of mechanical properties
with depth’) [19]. The passive seismic method allowed evaluating the possible soil resonance
frequency behaviour: the results of HVSR [22] analysis were consistent with the previous
surveys, indicating a resonance frequency peak of 16 Hz, to be related to a main seismic impedance contrast at 6 m depth. Moreover, the combination of ERT and seismic methods outside the eastern part of the Roman Bath with the GPR measurements provided new
information about the fractured system of the soil.
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All geophysical methods confirmed the presence of multistep normal faults in the shallow
layers around the Roman Bath and the Nymphaeum of Apollo. These information supported
the structural analysis with seismic soil classification and geometrical description of the faults
system, which is responsible for the structural damage of the buildings still standing in the site.
3.2

Dynamic and structural characterization

Ambient vibration data collected through dynamic identification tests were pre-processed
applying a high-pass filter with cut-off frequency of 1 Hz and a decimation of 2 (Nyquist frequency of 25 Hz), with segment length of 1024 points and 66.67% window overlap. System
identification was performed using a modal analysis software, implementing a non-parametric
frequency domain techniques, i.e., Enhanced Frequency Domain Decomposition (EFDD) [23].
Peaks in the frequency domain related to structural frequencies were selected and the corresponding mode shapes and damping ratios identified.
In the case of the Roman Bath complex, it was rather difficult to excite the structure
through ambient vibrations; therefore, an additional external input was necessary. Modal
analysis results demonstrated that the structure, despite the high level of damage, is able to
show a unitary dynamic response with clear mode shapes (Figure 2). On the contrary, in the
case of Apollo’s Nymphaeum, it was very difficult to identify a global dynamic response, due
to the stiff and rigid walls that composed the building. In this case, the predominant effect of
out-of-plane failure of blocks was detected.
All the performed inspections (both visual and instrumental) were used to construct and
validate structural models, later used for the seismic assessment.

a)

b)

Figure 2: Characterization of dynamic response through modal analysis (a) and creation of FEM model (b) of
Roman Bath complex.

3.3

Structural and seismic assessment

The structural and seismic assessment of the investigated structures was performed through
a combination of local and global analyses, able to simulate their seismic response. Outcomes
of in-situ surveys were implemented to validate the adopted behavioral models.
The assessment procedure was performed according to the Italian [24] and European [19]
codes. Target spectrum was calculated according to FEMA-368 guidelines, with PGA of
0.33g, average return period Tr=475 years, damping 5%, magnitude Mmin=6.0 and
Mmax=7.0, and minimum and maximum distance from the epicenter of 0 and 25 km respectively.
DEM has proven to be an effective tool to simulate the response of structures composed by
large blocks of stone connected through thin mortar layers. Blocks can be considered rigid
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and displacements lumped at joint interfaces, while seismic behavior is ruled by rocking phenomena rather than structural resistance. The Nymphaeum of Apollo is an extraordinary example of this type of archaeologic remain, made of huge travertine blocks and average 4 m
thick wings. Structural survey was limited to external accessible leaves, but allowed to validate previous data and detect some thickness values of top travertine blocks. On this basis, a
statistical analysis on unit dimensions was performed [25].
The DE model was generated in 3DEC environment [26] (Figure 3.a). The structure was
discretized by means of rigid block through the automatic generation of joints tool, on the basis of the statistical distribution, assuming that inner infill has a composition similar to external leaves. Linear and nonlinear properties were lumped at the interfaces, characterized
according to [27], on the basis of calibration results of a preliminary FE model [28].
Nonlinear dynamic time-histories analyses were performed. Artificial time-histories of 25 s
length were generated from the elastic spectrum, according to [19], and final deformed configurations were observed at progressive levels of PGA. Results showed that up to about 0.5g
no significant damage occur (Figure 3.b). At about 0.75g, some blocks shift from the original
positions, leaving small gaps in the interfaces (Figure 3.c); this is best observable in the intersection of North and East walls. The simulation at extremely high PGA levels (e.g., from 1g
to 1.25g) show the partial collapse of the outward portion of North wing and of the end of
West one (Figure 3.d, e). This provided a qualitative approximation of possible failure modes.
Major response is due to out-of-plane mechanism, as detected by experimental mode shapes.

a)

c)

b)

e)

d)

Figure 3: DE model of Nymphaeum of Apollo (a) and final configuration of time-histories analyses for increasing PGAs: 0.50g (b), 0.75g (c), 1.00g (d), 1.25g (e).
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4

CONCLUSIONS

The paper presented an integrated methodology for the assessment of archaeological structures in Hierapolis of Phrygia (Tukey). Structural inspections and geophysical prospections on
selected structures were used to experimentally define the dynamic response and characterize
the soil properties for a reliable simulation of their seismic behavior. On one hand, dynamic
tests were able to identify modal parameters and assess the response (thus determining whether or not the buildings show a unitary behavior, despite the high level of damage). On the other hand, indirect information on soil properties and foundations supported the structural
analysis with seismic soil classification and geometrical description of the shallow faults system.
Test results were implemented to calibrate and validate numerical models, i.e., a combined
modeling approach involving FE and DE methods. DEM was particularly suitable to perform
dynamic simulations, as the typical monumental structures in the site are made of large stone
blocks with thin mortar layers or massive multi-leaves freestanding walls.
This study could represent a basis to define appropriate procedures to choose practical and
reliable solutions for inspections and the correct selection of numerical tools for structural
analyses and simulations of incomplete structures in archaeological sites.
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Abstract. The dynamic response to time varying loads, e.g. wind loads or earthquakes, is in
many cases decisive when designing a tall timber building. The structural parameters governing the dynamic behaviour are the mass, the damping and the stiffness. The last two parameters are not well-known at serviceability levels for timber structures in general and for
timber connections speciﬁcally. Results from forced vibration tests on single components and
on a full-scale truss for an eight-storey residential building have been analyzed. In parallel,
a detailed Finite Element (FE) model of a large Glulam truss with slotted-in steel plates and
dowels connections has been developed and simulations have been made. The damping caused
by the structural components, the embedment of fasteners and friction of mating surfaces of
components in the selected connection types is quantiﬁed experimentally. The materials’ stiffness values in the model were evaluated. The results from this study bring knowledge on the
structural dynamic properties of large timber structures with mechanical connections and will
facilitate the performance prediction of new tall timber buildings for better comfort at higher
levels in environmentally friendly expansions of our cities.
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1

INTRODUCTION

Tall timber buildings are becoming more common due to their environmental beneﬁts and
low weights. Large engineered wood products such as Glulam members or Cross-LaminatedTimber plates are often used. For instance, the largest column of the 18-storey Mjøstårnet in
Norway, is made of glued spruce lumbers and has a cross sectional area equal to 625 x 1485
mm2 . To assemble the structural elements, slotted-in steel plates and dowels are used [1].
This connection technique has traditionally been used in long-span bridges and roof structures.
Moreover, the density and the modulus of elasticity of the wood material are well known; they
are lower than the corresponding values for steel and concrete. When the height of timber
buildings rises in cities around the world, new types of challenges appear for structural designers. One of them is wind-induced vibrations which appears to be annoying for the occupants
at lower heights for buildings made of timber than for traditional high-rise buildings [2]. Mass,
stiffness and damping matrices (denoted M, K and C) need to be fairly well known to accurately
predict responses of structures subjected to time varying excitations. For tall timber buildings,
it is relevant to analyze the accuracy of the mass and stiffness matrices used by structural designers in FE-analysis for serviceability load levels. Unfortunately, some dynamical properties
of large timber structures are not well known [2]. The damping is the least known dynamical
property and recently started research projects aim to close the knowledge gap through ambient
vibration tests [3, 4, 5] and forced vibration tests of tall timber buildings [6].
The load distribution in timber structures depends on the stiffness of the structural elements
and the stiffness of the connections. Glulam structures are usually modeled as beam elements
with well-known stiffness but the load distribution in connections with multiple fasteners is uncertain. The joints are often modelled either with constrains in displacement and rotation, i.e.
clamped, or only with constrains in displacement, i.e. pinned [1]. Most connections in Glulam
structures consist of many steel dowels and several slotted-in steel plates in parallel. However,
most of the experimental and numerical studies have been performed on single dowel connections. Building design codes for timber structures propose simple parameters to evaluate the
slip of single connections, e.g. [7] and [8] but better slip models for connections with multiple
fasteners and several shear planes are needed [9]. Wood is a complex material to model: high
orthotropy, inhomogeneities at different scales and large variability, and this must be considered when predicting the embedment between timber and steel [10]. Phenomenological models
for embedment have recently been developed based on the beam on foundation approach [11],
with elastic and plastic foundation modulus [12]. Such material models are suitable for beam
element models to predict deformations and load capacity. Constitutive models with non-linear
material stiffness and embedment stiffness with criteria for yielding and softening [13, 14, 15]
have also been developed recently and they are applicable to solid FE-models mainly to predict
load capacity but not focusing on the deformations at serviceability levels.
Damping in timber structures has mainly been studied experimentally through cyclic tests,
representing seismic load histories, on single components or large structures [16], but not much
through vibrational tests to assess the damping at serviceability levels [17]. Standard values of
the critical viscous damping ratio are set to 1 % and 1.5 % for timber bridges without respectively with mechanical connections when designed for pedestrian induced vibrations [18].
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2
2.1

FORCED VIBRATION TESTS ON A LARGE TIMBER TRUSS
The Glulam truss

A truss made of Glulam members assembled with slotted-in steel plates and dowels connections has been vibrational tested in the factory where it was manufactured, in Töreboda, Sweden.
It has 14 Glulam members of quality GL30c according to [19], an overall height of 18.5 m and a
width of 4.3 m. It is now part of the lateral stabilizing timber structure of a six-storey residential
building and it stands up on a concrete foundation to prevent the building from collapse in case
of strong winds. The short elements, diagonals and beams have a rectangular cross-section of
215 x 360 mm. The ﬁrst column has a rectangular cross-section of 215 x 540 mm. The second
column is composed of a similar cross-section glued with 90 x 215 members on each side to
form a T-shaped cross-section. Holes, cutting and details for the Glulam members were made
with a CNC-machine. The steel plates and the dowels are made of S355JO steel quality. The
plates are 8 mm thick and weight between 8 and 37 kg. The dowels are 12 mm in diameter and
have a length of 210 mm. Each connection has two steel plates and 8 to 45 dowels hammered
in each timber member. In total there are 650 dowels and 28 steel plates in the truss. Heavy
steel feet with welded 8 mm plates, weighting 88 and 106 kg, are mounted with dowels at the
end of both columns. The overall weight of the Glulam truss including the steel elements is
4280 kg and the densities of the timber members have been measured and the mean density was
evaluated to 426.8 kg/m3 .
2.2

The vibration test

When the truss was assembled, forced vibrations tests (FVT) were made at the factory. With
overhead cranes, the truss was lifted from the ground with lift straps placed close to the center
of gravity of the truss, see ﬁgure 1. Excitations were made in different directions on and close to
the steel foot of the lower column (bottom end) with a short-sledge impulse hammer. During the
tests, fourteen tri-axial piezo electrical accelerometers at the center of each truss connection and
twelve single axial accelerometers on the middle of the short Glulam elements were used. The
accelerometers, with a sensitivity of 100 mV/g (± 10 %), were glued on one side of the Glulam
members. The data were recorded with an LMS data acquisition system with 56 input channels
that measured 50 accelerations in the X- Y- or Z-directions, see ﬁgure 1, and the excitation force
from the impulse hammer.
Further information on the Glulam truss properties and details of the vibration test performed
are available in paper [20].
3
3.1

A NUMERICAL MODEL OF THE LARGE TIMBER TRUSS
The 3D FE-model with solid elements

The Glulam truss has been modeled, as an FE-model, to numerically evaluate the structural
dynamic properties and compare them with the experimental results. The model was developed using the pre- and post-processor MSC Simxpert and analyzed with the FE-solver MSC
Nastran. The model consists of 1 726 778 eight-noded solid elements (CHEXA) and 523 961
six-noded solid elements (CPENTA) with a total of 2 715 641 nodes. Different element sizes
have been used with densiﬁed meshes around details such as the holes for the dowels in the timber members and the steel parts and coarser meshes in areas without complexity, see ﬁgure 2. To
ensure continuity between solid elements from the same part but with non-congruent meshes,
contact constraints paired and permanently glued slaves contact bodies to masters contact bod-
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Figure 1: The Glulam truss during a forced vibration test.

Modulus of elasticity parallel to
the ﬁber direction
E0 ∈ [10.5, 11.8]
in GPa
acc. to [20]

Modulus of elasticity perpendicular to the ﬁber
E90 = 300 MPa

Shear modulus
in the 0,90-plane
G0,90 = 650 MPa

Shear
modulus
in
the
90,90-plane
G90,90 = 65 MPa

acc. to [19]

acc. to [19]

acc. to [19]

Poisson’s
ratios
ν0,90 = 0.5
ν90,90 = 0.2
acc. to [21]

Table 1: The material properties used in the FE-models of the Glulam members.

ies with non-congruent meshes. Permanent glue contacts constrained parts of different material
together, i.e. timber member to dowel and dowel to steel plates. The MSC Nastran node-tosegment contact method has been used and it created multi-point constraint equations among
the nodes from a slave body which met the surface of a master body. Then, the augmented
Lagrange multiplier method was used to embed constraints into the modal analysis.
Steel parts were modeled using an isotropic material model with a Young’s modulus of 210
GPa, a Poisson’s ratio of 0.3 and a density of 7850 kg/m3 . The Glulam members were modeled
using an orthotropic material model with the six stiffness parameters presented in Table 1.
Two spring elements representing the hoisting loops were attached to the ground and to
several points of the upper timber column with an interpolation constraint element (RBE3).
The RBE3 elements deﬁned the motion at a reference grid point as the weighted average of the
motions at a set of other grid points. The axial stiffness of the springs was calibrated to match
the natural frequency of the global bouncing mode in the Y-direction from the experimental
results.
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Figure 2: a) the FE-model representing the truss and b) the meshing details of the top-middle connection.

3.2

The numerical analysis

In a structural dynamic system without damping, the vectors of displacement, u, and acceleration, ü, are related to the mass matrix [M], the stiffness matrix [K] and the excitation force
vector, p, according to the equation of motion:
[M ]ü + [K]u = p

(1)

The eigenfrequencies and eigenmode shapes of the model were extracted using the normal
mode analysis in MSC Nastran implementing the block shifted Lanczos eigenvalue extraction
method. The numerical mode shapes with very low displacement out of the plane of the truss,
which is the structurally operational plane, and with eigenfrequencies between 5 and 130 Hz
were investigated.
4

COMPARISON AND DISCUSSION

During the FVT, ﬁve eigenmodes corresponding to motion in the plane of the truss and
with eigenfrequencies between 5 Hz and 100 Hz were identiﬁed and their corresponding mode
shapes and damping values were extracted. From the numerical analysis, 23 in-plane eigenmodes were calculated. Modal Assurance Criterion (MAC) values comparing the experimental
A
modes shapes ΦX
r , stemming from modal testing, to the analytical mode shapes Φs , stemming
from the FE-analysis, are calculated according to equation 2 and are presented in the matrix in
ﬁgure 3.
T

M ACr,s

A 2
(ΦX
r Φs )
=
T X AT A
ΦX
r Φr Φs Φs
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Figure 3: A representation of the MAC matrix comparing experimental mode shapes to numerical mode shapes.

According to the MAC values, ﬁve numerical modes (mode 1, 2, 3, 6 and 16) have high
consistency with the ﬁve experimental modes ; their MAC values are between 0.88 and 0.99.
Table 2 presents graphical representations of the mode shapes, the eigenfrequencies, the experimental damping and the MAC values of the paired eigenmodes. The numerical eigenmode 2
corresponds to a local motion of the end of the pillar and matches in both eigenfrequency and
shape the paired experimental eigenmode 2. The numerical eigenmodes 3, 6 and 16 are stiffer
and have eigenfrequencies 10 % higher than their experimental counterparts. These modes are
global bending vibration modes and are of interest when investigating structural timber trusses
aimed for stabilization against lateral forces e.g. wind loads. The total mass of the glulam and
the stiffness of the single elements are correct at a global scale. At a smaller scale, slightly
lower than the diameter of the dowels, timber presents large variability in the density and in
the orthotropic stiffnesses [22]. At this lower scale, the embedment stiffness between timber
and dowels is sensitive to the local variations of the modulus of elasticity and the shear modulus. Higher frequencies in the numerical models can signify that this embedment stiffness in
the FE-model is overestimated. Linear material model for timber with standard elastic modulus stemming from clear wood testing might not be suitable. Bi-linear material models with a
yield criterion for timber friction and gaps between timber and dowels should be considered in
FE-models made of solid element to predict the dynamic properties of timber structures. The
damping ratios (relative to the critical viscous damping) from the test data of the experimental
modes 2, 3, 4 and 5 vary between 0.6 % and 1.0 %. They are lower than the damping ratios of
timber ﬂoors tested in lab [17] and the standard values for timber bridges [18].
Experimental results

Numerical results

Exp. 1: 8.97 Hz and ζ 1 = 1.7 %

Num. 1: 8.97 Hz (0%) and MAC1,1 = 0.99

Exp. 2: 25.25 Hz and ζ 2 = 0.9 %

Num. 2: 26.9 Hz (+6%) and MAC2,2 = 0.99
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Exp. 3: 42.65 Hz and ζ 3 = 1.0 %

Num. 3: 47.5 Hz (+11%) and MAC3,3 = 0.97

Exp. 4: 61.57 Hz and ζ 4 = 0.6 %

Num. 6: 67.7 Hz (+10%) and MAC4,6 = 0.88

Exp. 5: 92.78 Hz and ζ 5 = 0.7 %

Num. 16: 103 Hz (+11%) and MAC5,16 = 0.9

Table 2: Experimental and numerical eigenmodes and their MAC values.

5

CONCLUSIONS

There is still limited knowledge on the stiffness and damping of real timber connections for
dynamic loads. This study, comparing modal data measured on a real large structure and modal
data from a detailed 3D FE-model, shows the suitability of modal analysis methods. Non-linear
embedment stiffness between timber and the dowels is likely to be important and further studies
on damping properties in timber structures must be performed to better evaluate the dissipation
of energy. The FE-model presented in this article will be further developed and reduced in
coming investigations.
6
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Abstract. The use of new composite materials for reinforcement of heritage masonry structures, especially in seismic prone areas, is of interest structural engineers and conservators.
However, the need to increase the structural performance of masonry structures is often in
contrast with the principles of conservation in terms of reversibility, limited visual impact,
compatibility of new materials with masonry. With the aim at striking a balance between
structural safety and heritage protection, this paper investigates strengthening stone and
brickwork masonry walls using glass-fiber reinforced polymer (GFRP) meshes embedded into
a coating of lime or cement mortar. An experimental research program was undertaken in the
laboratory on large-scale wall panels. Both clay brick and stone work specimens were tested,
with and without strengthening. Single-sided and double-sided strengthenings were considered, as it is often not practicable to apply the reinforcement to both sides of a wall. Static
tests were carried out on twelve masonry panels, under in-plane diagonal shear loading. The
mechanisms by which load was carried were observed, varying from the initial, uncracked
state, to the final, fully cracked state. The results demonstrate that a significant increase of
the in-plane shear capacity of masonry can be achieved by using the proposed retrofitting
technique. The experimental data were used to assess the effectiveness of the strengthening,
and a finite element (FE) numerical model is discussed and calibrated against experimental
results. The FE model was used to investigate further aspects of the reinforced masonry under
shear-loading.
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1

INTRODUCTION

The performance of historic and heritage masonry buildings during previous earthquakes
in Italy and other parts of Europe has demonstrated that many structural failures could be attributed to inadequate shear capacity of their wall panels [1, 2, 3]. This was particularly serious not only for very old ashlar stone masonry buildings, but also for those buildings, often
more recently built, made of brickwork masonry [4]. The use of very weak lime mortar in
construction and inadequate construction methods, not fulfilling the so-called “rules of the
art” as defined in historic manuals and recent studies constitute the primary reasons for poor
performance.
While it is not socially and economically acceptable to demolish these unsafe buildings, it
is possible to retrofit them. A large portion of its programmed economic stimulus in Italy is
associated with upgrading the building stock through, for instance schemes for improvement
of structural safety of old masonry buildings against the seismic loading (Fig. 1). The anticipated cost benefit of lightweight composite reinforcements that can be easily transported and
applied without interfering with the use of the buildings, against the conventional
steel/concrete, are presented in Table 1. This table also reports the grade of reversibility and
compatibility for different traditional and innovative retrofitting methods for shear walls [5,
6].
Reinforcement
method
Lime grout
injections
Deep repointing of
mortar joints with lime
new mortar
Epoxy-bonded FRP
jacketing
Reinforced Concrete
Jacketing
FRCM
Jacketing

Grade of Reversibility
Compatibility
structural of intervenwith masonry
efficiency tion

Brickwork
masonry

Stone work
masonry

Unsuitable

Suitable/
High
Unsuitable*

Low

Good

Suitable/
Unsuitable*

Suitable/
Low to
Unsuitable* Medium

High

Very Good

Suitable

Suitable

Low

Very Low

Suitable

Suitable

Low

Very Low

Suitable

Suitable

High

Good

High
Very
High
Medium
to High

* highly depends on the masonry type, dimensions the mortar joints, if there are internal voids in the shear walls
Table 1: Reinforcement of shear walls: commercially available methods.

During the past two decades applications of Fiber Reinforced Polymer (FRP) products
have increased significantly, most notably for seismic retrofitting. Among many beneficial
characteristics of FRP materials are light weight, ease of installation, high tensile strength,
and immunity to corrosion [7, 8, 9].
With regard to shear walls, it is well known that FRP jackets can provide additional shear
capacity, confinement and clamping force within wall leaves, enhancing wall performance
especially when stressed by the action of an earthquake. However, serious limitations remain
for the use of epoxy adhesives. These resins are typically employed to fix the composite reinforcements to masonry. Their long term behavior, as well their “compatibility” with masonry
materials and the limited “reversibility” of these interventions are object of debate in the scientific community [10]. Conservation bodies often do not authorize the use of epoxy-bonded
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FRPs on listed masonry buildings and different retrofitting solutions have been recently proposed.

a.

b.

c.

Figure 1: Examples of different methods to retrofit shear walls: a. Epoxy-bonded Carbon FRP, b. Steel mesh
reinforced concrete jacketing, c. Grout Injection in the internal core of multi-leaf stone walls.

The most important Italian Conservation Body (Soprintendenza Archeologia, Belle Arti e
Paesaggio) supervises around 9.66 M heritage items (archeological sites, heritage buildings
and museum assets) with a density of about 33.3 items/100 km2. In Italy, the density of this
enormous quantity of assets is much higher in seismic prone areas (Tuscany, Campania,
Marche and Umbria have a density of 40, 41, 49 and 53 items/100 km2, respectively). In this
situation, to overcome the limitations of the use of epoxy-bonded reinforcement, the use of
inorganic, i.e. lime or cement based, coatings reinforced with composites meshes has been
proposed. The final result is a Fiber Reinforced Cementitious Mortar (FRCM) [11, 12, 13]:
this can be easily used to create a jacket, to apply to one or both surfaces of the shear walls.
Low fire resistance of FRPs is an issue that can be resolved by using FRCMs: composite materials are embedded in the mortar jacketing and this can also protect the reinforcement.
To verify the effectiveness of FRCM reinforcement with respect to real-scale laterally
loaded wall panels, to study the structural behaviour of FRCM reinforced members and to investigate some specific aspects of the modelling of shear walls, shear tests on large-scale panels reinforced with FRCM have been performed. The variables considered in this test program
included masonry type, single-side and double-side reinforcement, and method of application
of the reinforcement (preventive method, i.e. reinforcement applied to un-cracked walls, or
repair method, i.e. reinforcement used to repair damaged or cracked shear walls). Combined
experimental and analytical research is underway at the Structures Laboratory of the University of Perugia to investigate the effectiveness of FRCM jackets on the seismic performance of
shear walls. Some preliminary results on shear walls tested under simulated seismic loading
are presented in the paper. Analytical research, leading to a seismic design approach is also
presented. Design performance levels are compared with experimentally obtained drift capacities, verifying the applicability of the design procedure.
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2

EXPERIMENTAL VALIDATION

2.1

Wall geometry and test method

The specimens in this study are twelve full-scale shear walls, made of solid bricks or ashlar
stone blocks. The walls are 1200 x 1200 mm. The nominal thickness of the brick and stone
walls was 240 mm. Thus, all the test specimens had been constructed at once by an expert
mason at the Structures Laboratory (Lastru) of the University of Perugia, located in Terni, Italy.

a.

b.

Figure 2:Realization of full-scale shear walls: a. Solid bricks test specimens, b. shear test setup.

Figure 2 shows the test setup: the shear wall panel is subjected to a diagonal, compressive,
in-plane loading and fails by a diagonal shear crack, typically originating from the panel’s
centroid where the stresses are maximum. A highly strained region is assumed to form in the
panel’s centre at the crack location.
Hence for a linear elastic membrane under in-plane loading, the plane-stress components
Vxx, Vxy and Vyy at the panel’s centroid are given by:
V 

V 

ͲǤͷ

V 

V 

ͳǤͲͷ





where F is the diagonal force and An is the wall horizontal cross section.
The principal stresses VI and VII are:
V
V

ͲǤͷͲ



ͳǤʹ

(2)



According to the interpretation provided by the RILEM guidelines (Fig. 3), at failure
(F=Fmax), VI is equal to the masonry tensile strength ft:
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ͲǤͷͲ 

V

(3)



The masonry shear strength, W0, at failure, is then given by:
WͲ


ͳǤͷ

(4)

The two sides of each wall panel have been labelled with letters A and B. Contact instrumentation (LVDT: Linear Variable Differential Transformers) was used to measure the deformation of the panels along the unloaded (in tension) and loaded (in compression) wall’s
diagonals. The change in length of the wall’s diagonal in compression ('lCSA and 'lCSB for
side A and B of the wall panel, respectively) and in tension ('lTSA and 'lTSB), are giving the
compressive and tension strains as:
H
H

'

H


'

H



'



(5)

'



where lCSA and lCSB are the gage lengths of the LVDTs applied along the compressed diagonals on side A and B, respectively. Similarly, lTSA and lTSB are the gage lengths for the
stretched wall diagonals. Hence, the compressive and tensile axial strains, Hc and Ht, and the
shear strain, J, are given by
H  H

H

ʹ

(6)

H  H

H

ʹ

J

H  H

a.

(7)

b.

Figure 3: : a. Components of plane stress at panel centroid,
b. Graphical interpretation: Mohr’s circle (tangential stress (τ), normal stress (V)) (units in MPa).

A value of the shear stiffness modulus (G), representative of the cracked condition of the masonry, was calculated starting from the tangential stress (τ) versus angular strain (γ) curve.
This was obtained by taking into account the envelope curve of the loading and unloading cycles and by constructing a bilinear curve, with a subtended equivalent-area to the tangential
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stress (τ) versus angular strain (γ) curve. The equivalent bilinear curve is made of a horizontal
and an inclined lines. The bilinear was calculated using the following procedure:
- The horizontal line of the bilinear was determined starting from the ultimate tension (τu) of
the load test and ends at the ultimate angular strain (γu)
- By imposing energy equality, i.e. the equality between the area (A) underlying the diagram of the envelope curve and that of the bilinear equivalent, the value of the average angular deformation of the panel at the end of the inclined section of the bilinear (γy)
§
·
J  ʹ¨ J  ¸
(8)
¨
W ¸¹
©
- The slope of the inclined line was thus obtained represents the value of the modulus of shear
stiffness G (Fig. 4)

Bilinear

Figure 4: Determination of the shear modulus (G).

Type of
Masonry
MAT-01-U
MAT-02-D
MAT-03-S
MAT-04-D
MAT-05-S
MAT-06-S
MAT-07-S
PIE-01-U
PIE-02-D
PIE-03-S
PIE-04-D
PIE-05-S

Brickwork
Masonry

Stone
Masonry

Single- or
Double side
Reinforcement
Double
Single
Double
Single
Single
Single
Double
Single
Double
Single

Mesh
Type

Coating Material

1
1
2
2
1
2
1
1
2
2

Basic M15
Basic M15
Basic M15
Basic M15
Betonfix RCA
Betonfix RCA
Basic M15
Basic M15
Basic M15
Basic M15

Table 2: Reinforcement of shear walls: test matrix.
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Table 2 shows the test matrix: it can be noted that a total of twelve full-scale wall panels
were tested: seven walls were made of solid bricks (MAT-series), while the remaining five
(PIE-series) was constituted by ashlar (rubble) calcareous stones. The letter designations U, D
and S were used to identify unreinforced, double-sided and single-sided strengthenings, respectively.
2.2

Materials and retrofitting method

A composite grid, made of fiberglass (GFRP), was applied, using an inorganic mortar, to
the prepared surface of the wall panels. To connect the two coatings on the wall surfaces,
composite connectors were also inserted into holes cut horizontally and transversally into the
walls. The composite grids were fully embedded in the mortar coating and were secured in
place by fixing them to the composite connectors. The same structural mortar used in the grid
application was also employed to fill the holes.
Reinforcement application is not difficult and it can be carried on both uncracked and
damaged shear walls. Furthermore, it is worth noting that the proposed retrofitting method
can be used as a rapidly deployable emergency repair technique or a long-term and permanent
strengthening procedure suitable for seismic protection of heritage buildings. Different methods of applying FRCM composite strengthening systems to the walls were investigated.
Mesh

Single Cord

Material
Weight density (dry fiber) (g/m2)
Weight density (pre-preg) (g/m2)
Mesh size (mm)
Mesh unit uensile strength (kN/m)
Young’s modulus (GPa)
Elongation at Failure (%)
Tensile strength (MPa)

Type 1
Fiberglass, AR
235
335
50 x 50
63
72
3.5
1200

Type 2
Fiberglass, AR
465
581
35 x 30
110
72
1.5
1200

AR = Alkali Resistant
Table 3: Two types of fiberglass mesh used for reinforcement: physical and mechanical properties.

Two types of composite grids have been used for shear reinforcement. The main mechanical properties of the GFRP meshes are listed in Table 3. These values are given in the produced data sheet (Kimia ltd., Perugia, Italy). The superficial weight density, and mesh size of
Type 1 are 335 g/m2 (for impregnated, pre-preg, fibres) and 50 x 50 mm, respectively, while
higher values characterized the Type 2. A detail of the GFRP meshes are shown in Figures 5
and 6.
Two types of mortars (Basic M15 and Betonfix RCA) were used for the coating (Tab. 2):
Both are ready-to-use mortars, having a special fibre-reinforced composition. Basic M15 is a
lime (hydraulic) mortar and the producer (Kimia ltd.) reports in the data sheet a compressive
strength > 15 MPa. On opposite Betonfix RCA is a cement mortar with a compressive strength
> 25 MPa.
Figure 7 and Table 4 show the masonry units (brick and typical stone) and the main mechanical properties.
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30 mm

50 mm

a.

b.

50 mm

35 mm

Figure 5: The two types of fiberglass mesh used for reinforcement: a. Type 1, b. Type 2

a.

b.

Figure 6: Reinforcement materials and application: a. Fiberglass L-shaped connectors, b. Detail of the mesh reinforcement before the application of the second layer of mortar coating.

a.

b.

c.

Figure 7: a. Used materials for wall construction: Solid bricks (240 x 120 x 55 mm); b. Bonding pattern,
Ashlar calcareous stone.

Brick

Dimensions (mm)
Compressive strength (MPa)
Bending strength (MPa)
Bedding mortar Compressive strength (MPa)
Bending strength (MPa)
Table 4: Bricks and mortar properties.
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240 x 120 x 55
39.00
3.61
2.69
0.76
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2.3

Test results and analysis

Table 5 shows the results in terms of the maximum load Fmax, masonry tensile strength ft
and shear modulus. A multi-letter designation MAT has been used for brickwork panels,
while this was PIE for stone work specimens. A further letter (U = unreinforced, S = singlesided reinforcement, D = double-sided reinforcement) has been adopted to specify the type of
reinforcement. All GFRP-reinforcements have been applied to undamaged, sound, wall panels. Ten wall panels were reinforced (6 single-sided reinforcements, and 4 double-sided) with
the GFRP grid, applied using a low-cement mortar. Panel 1 in both brickwork (MAT) and
stone (PIE) series was the control panel and unreinforced.
Wall
Thickness
(mm)
MAT-01-U
MAT-02-D
MAT-03-S
MAT-04-D
MAT-05-S
MAT-06-S
MAT-07-S
PIE-01-U
PIE-02-D
PIE-03-S
PIE-04-D
PIE-05-S

240
291
260
297
270
267
265
245
303
285
307
293

Single- or
Double-side
Reinforcement
Double
Single
Double
Single
Single
Single
Double
Single
Double
Single

Fmax
(kN)

ft
(MPa)

G
(MPa)

67.03
205.0
100.3
199.8
113.4
120.9
120.9
73.80
182.3
136.1
209.6
138.2

0.077
0.236
0.117
0.233
0.133
0.141
0.138
0.084
0.206
0.155
0.242
0.160

1080
1490
1052
2512
2703
1624
1834
2092
2034
954
876
1902

Table 5: Results of shear tests.

For the brickwork panels, the test results show that the increase in the shear load capacity
(Fmax) is nearly three times, for double-sided reinforcement, that of the load capacity without
the GFRP composite. However, for single-sided reinforcement, this increment reduced to
about 70%, ranging from 49.5 % (MAT-02-D) to 80.5 % (MAT-06-S). The brickwork specimens showed the largest increase in shear capacity. The shear modulus variations were smaller in percentage and more scattered: for single-sided reinforcement, the stiffness of the wall
panels increased in a range between -3.6 % and 150%.
Results from the shear tests on stone work panels are also shown in Table 5; they indicate
that the average shear capacity of both single- and double-sided reinforced panels was 84 %
and 164% stronger than the unreinforced wall panel.
For both brickwork and stone unreinforced panels, the shear load – angular strain curves
show a quasi-elastic behaviour with a weak yield plateau: this was mainly caused by the development of a diagonal cracks along the compressed diagonal. The two unreinforced panels
(denoted MAT-01-U and PIE-01-U) presented a brittle, zig-zag shaped failure along the compressed diagonal. Cracking appeared suddenly in the mortar joints and, more rarely, in the
bricks, producing the instant failure of the masonry walls.
For the reinforced wall panels, shear load – angular strain curves underline two stages of
the global behaviour: a first elastic and a second plastic (Figs. 8 and 9). The elastic phase of
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the curves of the reinforced panels are characterized by the steeper slope as those of the unreinforced, regardless to the type of the composite reinforcement (Type 1 or Type 2). The load
corresponding to the elastic limit and the ultimate load are much higher than that of unreinforced control panels. The gain in strength is quite significant. Thus, a first consequence of
the reinforcement is the increase of the shear capacity of the walls. Moreover, it can be also
noted an important increase of the post-elastic deformation capability of the reinforced walls,
emphasized by the presence of a relevant post-elastic plateau. Because tests were conducted
in load stroke-control (and not displacement-control) this is a pseudo-ductility and reader
should be alerted about the limitations of the post-peak test data. Figure 10 shows the typical
failure modes on both unreinforced and reinforced wall panels.

Angular Strain

Figure 8: Envelope of the shear stress (τ) versus angular strain (γ) curves for the brickwork panels.

Angular Strain

Figure 9: Envelope of the shear stress (τ) versus angular strain (γ) curves for the stone panels.
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Figure 12: FE model with mesh discretization: a. Reinforced model; b. Mortar coating; c. GFRP mesh.

As for reinforcement, a shared node approach was instead used for simulating the GFRP
meshes embedded into the mortar coating. Accordingly, the connection between the mortar
matrix and the reinforcement was achieved treating the glass meshes (modelled by means of
2-noded uniaxial tension-compression Link 180 elements) as a slave material, which is
merged to the surrounding master material.
This allows to capture the more critical details avoiding distorted meshes as well as shear
lock effects. Figure 12 shows the full FE model, which is characterized by 85,642 elements
and 90,356 nodes, with 271,068 DOF.

a.

b.
Figure 13. Experimental vs FE model crack pattern: a. Unreinforced face; b. Reinforced face.

4369

G. Castori, E. Speranzini, M. Corradi, S. Agnetti and G. Bisciotti

To model the behavior of brickwork masonry, a 3d nonlinear analysis was implemented
through the use of a damage mechanic approach. Based on this, a tensile cut-off failure criterion was adopted for each masonry component (brick units, bead and head joints). The aforementioned elastic-plastic model, generally used for brittle materials such as concrete, can account for either crushing or cracking failure modes using a smeared model. More specifically,
the cracking pattern observed during the damaging process of both bricks and mortar joints
was simulated by means of only 2 material parameters (assigned according to the material
properties obtained through the experimental tests): compressive (fc) and tensile (ft) strength.
Moreover, to increase the reliability of the proposed analysis, the simulation of the contacts
between the panel and loading plates was performed using unilateral contact interfaces. Accordingly, surface-to-surface contact elements were adopted, determining the contacting
properties for the tangent and normal behavior through the use of a trial-and-error procedure.
In detail, a Coulomb friction law was used assuming that at each interface sliding may (or
may not) occur by introducing a coefficient of friction (μ = 0.3).
3.2

FEA results

According to the aim of simulating the in-plane response of the specimens and therefore
providing an interpretation of the detected damage pattern, FE analyses were developed, in
which each model was firstly subjected to self-weight, followed by a ramped 9000 N shear
load. Figure 13 reports the cracking pattern observed during the FE analysis on the panels. In
agreement with the damage observed at the end of the experimental tests, cracking is not present on the whole panel, but mainly on its bed and head joints. More specifically, following
predominant horizontal cracking initiated at the specimen mid-height, when the interface
bond strength was attained, stepped diagonal cracks spread (through horizontal and vertical
joints) along the compressed diagonal.
As shown in Table 6, in order to evaluate the efficiency and accuracy of the proposed
FEM, the estimates of the ultimate shear capacity were then compared with laboratory
outcomes. Even in this case, it can be emphasized how FE models satisfactorily reproduce the
observed ultimate capacities, since in all cases the maximum deviations between predicted
and measured response (i.e., error of the model) were found to be no more than 14%.

MAT-01-U
MAT-02-D
MAT-03-S
MAT-04-D
MAT-05-S
MAT-06-S
MAT-07-S

Predicted in-plane
capacity
(kN)
67.5
176.25
112.5
172.5
112.5
135
135

Experimental
in-plane capacity
(kN)
67.03
205.0
100.3
199.8
113.4
120.9
120.9

Table 6. Experimental vs predicted shear load capacities.
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Error
of the model
(-)
1.01
0.86
1.12
0.86
0.99
1.12
1.12
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4

CONCLUSIONS

This research has investigated the shear behavior of stone and brickwork masonry walls,
strengthened using GFRP meshes embedded into a mortar coating. Full-scale shear tests and
numerical simulations were performed to determine the strength capacity of wall panels
reinforced with the proposed retrofitting method.
The following conclusions can be drawn:
- brickwork panels, test results show that the increase in the shear load capacity, for
double-sided reinforcement, is nearly three times higher than the shear capacity of
unreinforced wall panels. For single-sided reinforcement, this increment reduced to about 70
%, ranging from 49.5 % to 80.5 %. The brickwork specimens showed the largest increase in
shear capacity. The shear modulus variations were smaller in percentage and more scattered:
for single-sided reinforcement, the stiffness of the wall panels increased in a range between 3.6 % and 150 %.
- Stone work panels, they indicate that the average shear capacity of both single- and
double-sided reinforced panels was 84 % and 164 % stronger than the unreinforced wall
panel.
- For both brickwork and stone unreinforced panels, the shear load – angular strain curves
showed a quasi-elastic behaviour with a weak yield plateau: this was mainly caused by the
development of a diagonal shear crack along the compressed diagonal. For the reinforced
panels, shear load – angular strain curves underline two stages of the global behaviour: a first
elastic and a second plastic.
- Although the number of tested panels was limited and not exhaustive, we can remark that
the reinforcement caused a significant increase of the ultimate strength of the panels; the
typical failure mode was due to masonry crushing.
- Furthermore, this initial attempt to model the GFRP-reinforced wall panels, while not
complete, demonstrates that structural modeling is possible given accurate information on
material property evolution and structural response of both unreinforced and reinforced
panels. In addition, we require a better understanding of boundary conditions at interface
coating-to-masonry. As we continue this part of the program we wish to develop further
examples and isolate those details that are critical to making accurate predictions. The
experimental data were implemented numerically using a non-linear constitutive law and
adopting a 3D finite element model. The results of the numerical analysis are in agreement
with the observations of the experimental tests: unit (stone or bricks) cracking was not noted,
but failure mainly occurred at the bed and head joints. Moreover, the numerical ultimate shear
capacity was then compared with laboratory results in order to evaluate the efficiency and
accuracy of the proposed FEM. Considering that the maximum error of the numerical
simulation was 14 %, it can be highlighted that FE model satisfactorily reproduced the
observed experimental ultimate capacities.
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Abstract. Recent studies [1-9] highlighted aspects of the seismic motion and the structural
response which are usually ignored or not properly considered: the chaotic and spatial nature of the seismic motion, the importance of the vertical seismic component and its effect on
the vulnerability of the structures. Considering seismic acceleration as a vector in space, the
path outlined by the vector at each instant is the 3D representation of the accelerograms. The
study of spatial accelerograms reveals interesting new aspects related to the variation of acceleration and the impulsive nature of the seismic motion. The seismic jerk (first derivative of
acceleration and third derivative of displacement) is the fundamental component of the impulsive actions associated to high frequency content of the seismic motion. During the seismic
event, the continuous variation of acceleration, in terms of modulus and direction, causes impulses (hammering, shaking, disconnection, etc.). In masonry structures they lead to local
failures of the connections, disaggregation and damage accumulation with loss of ductility.
Monitoring the seismic jerk in three directions may provide more significant information on
the damage rather than monitoring the interstory drift. A design process is finally outlined:
the study of the seismic motion impulsive content leads to solutions for structural retrofit
aimed at strengthening masonry elements and improvement of connections.
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1

SEISMIC MOTION: ACCELERATION

The classic representation of a seismic event is a set of acceleration time series (also
known as accelerograms) where ground acceleration is sampled in three mutually orthogonal
directions.
By combining the three components of ground acceleration, one may plot a 3D path where
each point is defined by the three components of the acceleration vector applied in the origin
of the system. In this chart acceleration is not plotted against time but time is involved in indirect manner since each point corresponds to a different instant.

a)

b)

c)

d)

Figure 1. Traditional representation of accelerogram as time series: each component of ground acceleration is
plotted against time. (a) EW component; (b) NS component; (c) Vertical component and (d) the three components overlaid in the same chart.
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The 3D chart represents the seismic ground motion in a unified way: it highlights the simultaneity of the three components of ground acceleration and allows for direct comparison between them.
The graphic elaboration was carried out by means of the original software Seismic3D [10]
specially developed for the purpose. Starting from the seismic event records, the software performs several elaborations aimed at studying the seismic ground motion.

a)

b)
Figure 2. (a) Evolution of the accelerogram from time series to 3D path (from plane to space)
(b) Acceleration path outlined at any time by the acceleration vector

The 3D curve has the shape of a tangle: the more similar are the three components of acceleration the more compact and spherical is the tangle. In the following, the term “tangle”
refers to the acceleration path when 2 or 3 components are considered.
Figures 1-2 show the evolution of the accelerogram from three separated time series in the
plane (t, ag) to one 3D path in the space (agEW, agNS, agVert). The elaboration is based on
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ground acceleration records at station CLO (Castelluccio di Norcia) from 30 October 2016
Norcia earthquake in Central Italy (mainshock).
The accelerograms in Figure 1 represent acceleration in a bracket duration: time span between the first and last peak exceeding 0.010 g.
At each instant, the acceleration vector is characterized by magnitude and direction. Magnitude (or modulus) is given by the square root of the sum of the squares of the three components. By ignoring one of the components, the 3D path is reduced to its projection on the
plane of the other two components. For instance, by ignoring the vertical component we get a
2D path in the horizontal plane (agEW, agNS). Comparison between the 3D path and its projection on the horizontal plane highlights the contribution of the vertical component to total
ground acceleration (Figure 3).

a)

b)
Figure 3. Acceleration paths (or tangles).
(a) 3D path considering the three components; (b) 2D path ignoring vertical component
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Figure 4 shows the projection of the 3D acceleration path (tangle) on the horizontal plane
(agEW, agNS) and on the vertical planes (agEW, agVert) and (agNS, agVert). By comparing the
2D tangles one may observe that in this particular record the maximum values of the three
acceleration components are very similar to each other.
The charts show the chaotic nature of the acceleration paths and the sharp variation in
magnitude and direction of the acceleration vector. The plane accelerogram as time series
shows the variation of one acceleration component at a time. Even when the time series of the
three components are overlaid in the same chart, they cannot explicitly represent the real nature of the seismic motion. The ground acceleration records conceal a more complex reality
which is finally revealed by their combination into the plot of the acceleration paths.

a)

b)

c)

Figure 4. Projections of the acceleration path on:
(a) horizontal plane (agEW,agNS); (b) vertical plane (agEW, agVert); (c) vertical plane (agNS, agVert)
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Figure 5. 3D Accelerogram: freezing motion of acceleration vector with color scale based on its magnitude

An interesting re-elaboration of the 3D chart can be obtained by “freezing” the motion of
the acceleration vector at given time intervals, visualized with a color scale based on its magnitude (Figure 5).
As can be seen in Figure 5, the highest accelerations correspond to the “borders” of the
path (characterized by dark red vectors) but the central core associated to lower accelerations
(yellow or orange vectors) appears very dense showing countless variations in magnitude and
directions which characterize a significant part of the seismic event.
To better understand the level of complexity one could zoom in the central core. Figure 6
shows the core in different levels of magnification. In order to reach this level of details, the
acceleration record has been considered in a wide bracket duration, the time span between the
first and last peak exceeding 0.005 g (15.385 s - 57.360 s, duration 41.985 s). In Figure 7 the
same sequence is presented in the vertical plane (agNS, agVert).
These figures recall the fractals: whatever the scale, the curve always presents the same
characteristics.
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a) full box

b) limit box: 0.500 g

c) limit box: 0.250 g

d) limit box: 0.100 g

e) limit box: 0.050 g

f) limit box: 0.025 g

g) limit box: 0.010 g

h) limit box: 0.005 g

Figure 6. Different levels of magnification of the acceleration path: 3D view
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a) full box

b) limit box: 0.500 g

c) limit box: 0.250 g

d) limit box: 0.100 g

e) limit box: 0.050 g

f) limit box: 0.025 g

g) limit box: 0.010 g

h) limit box: 0.005 g

Figure 7. Different levels of magnification of the acceleration path: projection on vertical plane NS-Vert
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The charts show what happened in Castelluccio di Norcia on 30 October 2016 in about 40
seconds. Considering the bracket time span between the first and last acceleration peak exceeding 0.250 g, we obtain the chart shown in Figure 8 for a time span of 6.48 s (17.435 s to
23.915 s). The red labels in the chart point out the acceleration reached at each second. In this
way “time” re-appears in the chart highlighting the progression of the path.
In 6 seconds, the ground motion was characterized by violent accelerations especially in
the vertical direction. The ground accelerations generated inertial and impulsive forces which
caused collapses and severe damages to the buildings. A destruction happened in a very short
time interval caused by a chaotic event, extremely different in its nature from the static actions that stress the buildings under operating conditions.
The 3D accelerograms, that are the paths outlined by the acceleration vector, indicate a
new perspective: studying the shape of the curves and their evolution throughout the duration
of the seismic event. The continuous changes of the acceleration vector in terms of magnitude
and direction suggest to further investigate on the variation of acceleration. In fact, the safety
verification applied in terms of resistance and deformation under inertial forces, may not be
enough to fully describe the structural response. Assessment of the structural capacity cannot
ignore verifications on the impulsive effects, that are the forces related to the short time intervals in which accelerations change, increase, decrease or change sign.

Figure 8. 3D Accelerogram at station CLO during 2016 Norcia mainshock:
about 6 seconds while acceleration is above 0.25 g

2

JERK: FIRST DERIVATIVE OF ACCELERATION

The time derivative of acceleration (TDoA), that is the velocity of acceleration or the third
derivative of displacement, is referred to as jerk and associated to the symbol j:
݀ࢇ
ሺͳሻ
ൌ
݀ݐ
Since force acting on a body is equal to mass times acceleration, the jerk is related to the
variation of the force acting on the body:
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݀ࡲ
ቁ
ሺʹሻ
ࡲ ൌ ݉ࢇ ֜  ൌ ݀ݐ
݉
In absence of jerk, a mass in constant acceleration is subject to static loading (constant
force) and in this condition vibrations cannot occur. Therefore, when a body in motion undergoes vibration, jerk is always there.
Tong et al. (2005) [11] investigated on seismic jerk stating from the need of obtaining
quantitative understanding about its amplitude, duration and frequency content. The study is
based on records from the 1999 Chi-Chi Earthquake in Taiwan (MW 7.6, 17:47, 20 September
1999) and one of its aftershocks (MW 6.2, 00:14, 22 September 1999). At that time, jerk sensors were not widely available; therefore, jerk time series were obtained from ground acceleration records via numerical methods. This methodology, which can be applied to other
seismic events where jerk records are not available, was implemented in the software Seismic
3D [10]
Seismic acceleration is a discrete signal, therefore seismic jerk can be calculated by the following mi-point differentiation formula:
ቀ

݆ሺݐ ሻ ൌ

ܽሺݐାଵ ሻ െ ܽሺݐିଵ ሻ
ሺ݅ ൌ ʹǡ ǥ ǡ ܰ െ ͳሻ
ʹ߂ݐ

ሺ͵ሻ

where: ܽሺݐ ሻ is the acceleration at instant ti, N is the number of samples, ߂ ݐis the sampling
period.
The formula is applied separately for each of the three components of the jerk vector j.
The accuracy of the jerk elaboration relies on the accuracy of the acceleration records and
the sampling rate. Ground acceleration records of the main seismic events on the Italian territory are provided by ITACA [12] with a sampling period of 5 ms (200 Hz). The records are
also corrected to reduce errors in high and low frequency; therefore, quality of the records is
excellent for the purposes of this work.
At this point it comes naturally to represent the variation of jerk both as time series of its
three components and as 3D path outlined by the jerk vector in space. In this way one can get
graphs like the ones seen for acceleration.
In the 3D graph of the acceleration path it is worth noticing that the j vector is tangent to
the path at each point.
Figure 9 shows the time series of the three jerk components at station CLO (Castelluccio di
Norcia) from the 30 October 2016 Norcia earthquake. Table 1 summarize the maximum amplitude of acceleration (PGA) and jerk (PGJ) for each of the three components, and the instant
in the record when they occur.
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a)

b)

c)

d)

Figure 9. Jerk time series: each component of ground jerk plotted against time. (a) EW component; (b) NS component; (c) Vertical component and (d) the three components overlaid in the same chart.

EW

t (s)

NS

t (s)

Vert.

t (s)

PGA (g)

0.427

20.775

0.583

19.445

0.797

19.560

PGJ (g/s)

14.36

18.335

12.50

18.995

40.70

19.540

Table 1. Station CLO (Castelluccio di Norcia), 30 October 2016 Norcia earthquake. Maximum acceleration
(PGA) and maximum jerk (PGJ) for each of the three components and corresponding time instant

The maximum values of jerk (PGJ) occur at different instants of time than the ones of acceleration (PGA). They occur in a time interval between 18 s and 21 s and there is not a clear
relationship with the occurrence of PGA values in the three directions.
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In this event both vertical acceleration and jerk are rather strong with respect to the horizontal component. Vertical acceleration almost reached 0.8 g (Figure 1) and the vertical PGJ
of about 40 g/s (Figure 9) is almost double than the horizontal ones.
In order to understand the relationship between acceleration and jerk, let us consider the
time series of their vertical component focusing on a small time interval between 19.3 s and
19.8 s (0.5 s) in which both PGA and PGJ occur.

Figure 10. Comparison between acceleration and jerk time series. The detail on the right shows how the points
where jerk is zero correspond to local maximum or minimum of acceleration.

Since jerk is the first derivative of acceleration it is equal to zero when acceleration shows
a local maximum or minimum.
The detail in Figure 10 highlights (a) the absolute maximum of jerk (PGJ); (b) the absolute
maximum of acceleration correspondent (like other local maximum) to zero in jerk; (c) the
sector between two consecutive zeros of jerk correspondent to local minimum and maximum
of acceleration.
Figure 11 shows the time series of acceleration and jerk for the three components in the
time span between 18.0 s and 21.0 s. Jerk time series feature a higher number of fluctuations
between positive and negative values: this is even more evident from the detail in Figure 12.
Throughout the seismic event, the secondary fluctuation of acceleration corresponds to significant jerk peaks of alternate sign. The operation of derivation generates a “jerky” function
characterized by denser peaks, that is in strict terms, by higher frequencies.
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Figure 11. Acceleration and jerk time series for the three components (EW, NS, Vert)

Figure 12. Secondary fluctuation of acceleration correspondent to jerk peaks
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The graphs of jerk variation in space as the 3D path outlined by the j vector are similar to
the ones already seen for acceleration. Comparison between acceleration and jerk paths is
given in Figure 13 (3D view), Figure 14 (EW-NS plane), Figure 15 (EW-Vert plane) and Figure 16 (NS-Vert plane).

a)

b)

Figure 13. Comparison between (a) acceleration and (b) jerk paths: 3D view

a)

b)

Figure 14. Comparison between (a) acceleration and (b) jerk paths: projection on horizontal plane EW-NS
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a)

b)

Figure 15. Comparison between (a) acceleration and (b) jerk paths: projection on vertical plane EW-Vert

a)

b)

Figure 16. Comparison between (a) acceleration and (b) jerk paths: projection on vertical plane NS-Vert

All the views highlight that the jerk tangle is denser than the acceleration one: this is in
agreement with what previously noted in the comparison between acceleration and jerk time
series. The projection of the jerk tangle on the vertical planes appears stretched in the vertical
direction and this points out the importance of the vertical seismic component.
It is worth noticing that even the jerk paths feature a fractal type shape. Figure 17 shows
different levels of magnification of the jerk path, from the box which envelopes the curve to
the 0.5 g/s box.
This proves the chaotic nature of the represented phenomenon: the zoom in the core of the
paths clearly highlights that, although the amplitude is lower, the number of fluctuations is
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very high: this leads to the hypothesis that the phenomenon may disrupt the intimate constitutive bonds of the materials.
Since jerk is the first derivative of acceleration, a good way to understand its evolution is
to represent the j vector on the acceleration path. Applying differential geometry of curves in
Թଷ , it can be proved that at the i-th instant ݐ the vector ሺݐ ሻ is tangent to the curve in the
point ࢇሺݐ ሻ. The modulus of vector j is given by the square root of the sum of the squares of
its three components, each one being the time derivative of the correspondent acceleration
component evaluated at instant ݐ :
ଶ ሺ ݐሻ
ଶ
ଶ
ȁሺݐ ሻȁ ൌ ݆ଷ ሺݐ ሻ ൌ  ට݆ாௐ
  ݆ேௌ ሺݐ ሻ  ݆௧ ሺݐ ሻሺ݅ ൌ ʹǡ ǥ ǡ ܰ െ ͳሻ

ሺͶሻ

݁ݎ݄݁ݓǣ

݀ܽாௐ ሺݐሻ
݀ܽேௌ ሺݐሻ
݀ܽ௧ ሺݐሻ
݆ாௐ ሺݐ ሻ ൌ 
ቤ
ǡ݆ேௌ ሺݐ ሻ ൌ 
ቤ
ǡ݆௧ ሺݐ ሻ ൌ 
ቤ
݀ݐ
݀ݐ
݀ݐ
௧ୀ௧
௧ୀ௧
௧ୀ௧






Jerk  is the rate of change of acceleration, that is, velocity of acceleration: there is complete analogy with velocity ࢜ as rate of change of displacement. Figure 18 shows the jerk vector on the 3D accelerogram (acceleration path). The bracket duration is defined as the time
span between the first and last acceleration peak exceeding 0.250 g (17.435 – 23.915 s). The j
vector is represented at instant t = 19.375 s by a red arrow, which of course is tangent to the
curve from any point of view.
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a) full box

b) limit box: 10 g/s

c) limit box: 5 g/s

d) limit box: 2.5 g/s

e) limit box: 1 g/s

f) limit box: 0.5 g/s

Figure 17. Different levels of magnification of the 3D jerk path
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Figure 18. The jerk vector on the 3D accelerogram (acceleration path) from different points of view

Considering acceleration and jerk as vectors in space, PGA and PGJ may not only be expressed for the three separated components but also with respect to the magnitude (modulus)
of the vectors. Therefore, Table 2 updates Table 1 with the inclusion of global PGA and PGJ
and the instant when they occurred.
EW

t (s)

NS

t (s)

Vert.

t (s)

3D

t (s)

PGA (g)

0.427

20.775

0.583

19.445

0.797

19.560

0.829

19.410

PGJ (g/s)

14.36

18.335

12.50

18.995

40.70

19.540

41.69

19.540

Table 2. Station CLO, 30 October 2016 Norcia mainshock. Peak ground acceleration (PGA) and peak ground
jerk (PGJ). Three separated components and magnitude of the 3D vectors
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Peaks of vectors magnitude are of course higher than the peaks of the singular components
and they generally occur at different time instants. The maximum effects of seismic ground
motion, both in terms of acceleration and jerk, did not occur along one of the three axes of the
reference system (X,Y, Z) but along a random direction in space.
Figure 19 shows the time series of acceleration and jerk magnitude (3D) for two different
bracket duration. The maximum values of these time series are given in Table 2 as 3D values.

a)

b)

c)

d)

Figure 19. Station CLO, 2016 Norcia mainshock: acceleration and jerk 3D magnitude time series.
(a, b) acceleration time series; (c, d) jerk time series;
(a, c) time series cut-of at the acceleration threshold of 0.010 g (16.330 - 55.715 s);
(b, d) time series cut-of at the acceleration threshold of 0.025 g (17.435 - 23.915 s).
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3

IMPULSIVE FORCES DUE TO JERK

During a seismic event, ground acceleration varies quickly, and the correspondent inertial
forces also fluctuate in short time intervals of the order of few milliseconds. This sharp variation causes “jolts”, that is, impulsive forces that act very briefly. Therefore, jerk could become
a useful parameter for structural analysis and design if it is considered with the corresponding
impulsive forces. A new approach is introduced below.
The study is based on ground acceleration records at station CLO (Castelluccio di Norcia)
from 30 October 2016 Norcia mainshock: the same records considered in previous paragraphs.
Impulsive forces due to seismic jerk are distinct from inertial forces due to acceleration.
The former are generated by the variation of acceleration and may be much higher than the
latter. Their influence on a structure depends on the frequency content of the jerk and the dynamic properties of the structure itself.
The integral of jerk is, by its own definition, an acceleration. Since acceleration, according
to Newton’s Second Law, is force per unit mass, the definite integral of jerk in the interval
between two consecutive zeros may be referred to as “impulsive force per unit mass”
(ܨ Ȁ݉ሻ. Two consecutive zeros of jerk correspond to a maximum and a minimum of acceleration, or vice-versa. The signed area bounded by the jerk function in that interval corresponds to the impulse of acceleration or deceleration. Therefore, considering the interval
between instants ݐଵ and ݐଶ , the impulsive force per unit mass is given by:
௧మ
ܨ
ൌ  න ݆ሺݐሻ݀ݐ
݉
௧భ

ሺͷሻ

This expression can be applied to any of the three jerk components, each one characterized
by its own sequence of zeros.
Figure 20 illustrates the definition of impulsive force per unit mass as the area bounded by
the jerk function ݆ሺݐሻ between two consecutive zeros. Yellow color indicates the positive impulsive force corresponding to an interval where acceleration increases: ܽሺݐሻ goes from a
minimum to a maximum. Instead, green color indicates the previous negative impulsive force
corresponding to the interval where acceleration decreases going from a maximum to a minimum.
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Figure 20. Impulsive force per unit mass, defined as the integral of jerk between two consecutive zeros

Figure 20 refers to the vertical component of the ground motion recorded at station CLO
(Castelluccio di Norcia) from 30 October 2016 Norcia mainshock in the time interval (19.000
– 20.000 s).
It is worth noticing the very short duration of the impulsive forces. The considered jerk zeros correspond to the following instants in the record: ݐ = 19.200 s, ݐଵ = 19.245 s, ݐଶ =
19.320 s. The negative impulsive force corresponding to decreasing acceleration lasts 45 ms
while the following positive impulsive force lasts 75 ms.
Thus, impulsive force may be calculated throughout the record for each time interval between two consecutive jerk zeros. The result is a step function that represents the time series
of impulsive force per unit mass.
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a)

b)

c)

d)

Figure 21. Jerk and impulsive forces per unit mass for the vertical seismic component.
CLO - 30 October 2016 Norcia mainshock

Figure 21 shows jerk time series and step function of impulsive forces per unit mass
(dashed line) for the vertical component of the reference seismic motion. The graphs on the
right (b, d) also display the correspondent acceleration time series. The graphs at the top (a, b)
refer to the time span between first and last acceleration peak exceeding 0.250 g, while the
graphs at the bottom (c, d) refer to a shorter time interval (19.000 – 20.000 s).
The detail shown in Figure 22 highlights an important aspect: the value of the impulsive
force cannot be directly correlated to the jerk level because it depends also on the time interval between two zeros. Therefore, lower jerk peaks with longer duration may yield higher impulsive forces than higher jerk peaks with shorter duration (cfr. Impulsive forces A and B in
Figure 22).
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Figure 22. Peaks of jerk and correspondent impulsive forces

This behavior has general validity, it applies to all the components of seismic motion and
different seismic events: the maximum values of jerk and impulsive force do not occur at the
same time. The same happens between peaks of acceleration and peaks of jerk. Therefore, we
get to the following property: PGA, PGJ and ܨǡ௫ are not simultaneous and there is not a
direct relationship between them. This applies for any seismic event, any station, any of the
three components of seismic motion.
Figures 23-25 show, for the reference seismic motion, the time series of impulsive force
for each of the three components cut-off at the acceleration threshold of 0.250 g. The graphs
on the left also include overlaid jerk time series (scale is uniform among the graphs on the left
and among the graphs on the right).
Figure 26 shows the time series of the three components of impulsive forces overlaid in the
same graph.
Thus, the dynamic nature of the seismic action is expressed, through jerk, by a series of
consecutive impulses which determine vibrations; these are concept well known in Mechani-
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cal Engineering, where forces induced by jerk are kept under control e.g. in order to optimize
production processes [13].
Table 3 extends the information given in Table 2 with the maximum impulsive forces so to
compare them with PGA and PGJ. Given their instantaneous nature and the independence between the three components, the impulsive forces are not combined in a unified 3D value.
However, given the chaotic nature of the seismic motion, high values of impulsive force may
occur simultaneously in different directions.

Figure 23. Jerk and impulsive force per unit mass: EW component

Figure 24. Jerk and impulsive force per unit mass: NS component
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Figure 25. Jerk and impulsive force per unit mass: vertical component

Figure 26. Time series of impulsive force per unit mass. All three components overlaid

Table 3 made clear how high the values of impulsive forces may be: for the reference
seismic event (CLO, 30 October 2016 Norcia mainshock) the vertical impulsive force per unit
mass exceeds gravity and reaches 1.159 g.
This means that during the seismic event there was a short time interval (55 ms, 19.505 s –
19.560 s) where the vertical “jolt” induced a force which exceeded weight (force of gravity)
by more than 15%. Structures were subject to very demanding dynamic stress causing damages and collapses which cannot be fully understood if the analysis considers only the inertial
forces due to ground acceleration.
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Jerk thresholds significant for building damages need to be identified. Tong et Al. (2005)
[11] highlighted that jerk larger than 2 g/s causes discomfort in people inside buildings. It is a
threshold much higher (about 10 times higher) than criteria used by the transportation industry to ensure passenger comfort (about 0.2 g/s). The threshold of 10 g/s is the one within
which structural damages may become severe.
Furthermore, the effects of jerk must be related to its frequency content: these aspects may
be addressed through Fourier analysis.
EW

t (s)

NS

t (s)

Vert.

t (s)

3D

t (s)

PGA (g)

0.427

20.775

0.583

19.445

0.797

19.560

0.829

19.410

PGJ (g/s)

14.36

18.335

12.50

18.995

40.70

19.540

41.69

19.540

0.537

20.685
20.775
(90 ms)

0.984

19.265
19.445
(180 ms)

1.159

19.505
19.560
(55 ms)

ிǡೌೣ


(g)

Table 3. Peaks of acceleration, jerk and impulsive force per unit mass. Station CLO, 2016 Norcia mainshock

4

FREQUENCY ANALYSIS

The frequency content of a time series is expressed by the Fourier amplitude spectrum.
Identification of the dominant frequency of the seismic motion is crucial for the comparison
with the fundamental frequency of the structures.
Tong et al. (2005) [11], in their study on the 1999 Chi-Chi earthquake in Taiwan, provided
Fourier amplitude spectra both for acceleration and jerk. The dominant frequency contents of
the acceleration and jerk time series are between 1 and 10 Hz; however, jerk distributes in a
much wider frequency band and its higher frequency contents are prominent.
This characteristic, observed for the first time in this seismic event in Taiwan, is confirmed
for all seismic events in the Italian territory elaborated in this work. The jerk Fourier spectrum
features a window of dominant frequency wider than the acceleration one. The jerk higher
frequency content appears more important.
A parameter that characterized the frequency content is the mean period ܶ , defined as the
average of periods in the Fourier spectrum, each weighted by the square of its Fourier amplitude (Rathje et al. [14])
While the mean period of acceleration is generally quite large with values even higher than
1 s, the mean period of jerk is much lower with values comparable to typical fundamental periods of buildings.
Fourier analysis has been performed on the seismic records from station CLO (Castelluccio
di Norcia) for 30 October 2016 Norcia earthquake. Figures 27-29 show the Fourier amplitude
spectra of acceleration and jerk with the indication of the mean period for the three components of the seismic motion (EW, NS, Vert.).
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Figure 27. CLO, 2016 Norcia earthquake:
acceleration and jerk Fourier amplitude spectra for EW component

Figure 28. CLO, 2016 Norcia earthquake:
acceleration and jerk Fourier amplitude spectra for NS component

Figure 29. CLO, 2016 Norcia earthquake:
acceleration and jerk Fourier amplitude spectra for vertical component

ܶ (s)

EW

NS

Vert.

Acceleration

0.657

0.540

0.319

Jerk

0.107

0.137

0.073

Table 4. Mean period of acceleration and jerk. CLO, 2016 Norcia earthquake
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Table 4 highlights an important aspect: the main frequencies of the vertical component are
significantly higher than the horizontal ones. This is also evident by the overlaid threecomponents Fourier spectra shown in Figures 30-31 for acceleration and jerk respectively.
The jerk mean periods appear very close to fundamental periods of rigid structures like masonry buildings. This points out the prospect of critical issues caused by impulsive action on
structural elements.
Records from CLO station for 30 October 2016 Norcia earthquake have been taken as reference for the elaborations presented so far, but the highlighted observation can be generalized and deepened through the analysis of a larger number of records.

Figure 30. CLO, 2016 Norcia earthquake:
overlaid Fourier spectra for the three components of acceleration

Figure 31. CLO, 2016 Norcia earthquake:
overlaid Fourier spectra for the three components of jerk
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Figure 32. CLO, 2016 Norcia earthquake:
overlaid Fourier spectra for the three components of jerk
(logarithmic scale for frequency, natural scale for amplitude)

5

SEISMIC EVENTS ON ITALIAN TERRITORY: ELABORATIONS AND
ANALYSES

The following study is based on ground motion records provided by ITACA project [12]
for 8 reference seismic events: 30 October 2016 Norcia; 24 August 2016 Accumuli; 29 May
2012 Emilia; 6 April 2009 L’Aquila; 26 September 1997 Umbria-Marche; 23 November 1980
Irpinia; 19 September 1979 Valnerina; 6 May 1976 Friuli.
ITACA database provides records of these events taken from numerous stations. The signals are already corrected, thus, can be directly elaborated for the purposes of this work.
The performed elaborations highlighted some common aspects:
x the farer is the station from the epicenter, the shorter is jerk duration and the lower is
its peak value.
x the farer is the epicenter the lower are the impulsive forces per unit mass; however,
they remain higher than peak ground acceleration.
x the mean period of the vertical jerk component is always significantly lower than the
horizontal components. Jerk represents the impulsive content of the seismic motion
which is enhanced in the vertical component.
x stations farer form epicenter show attenuation of impulsive content through jerk drop.
Vertical jerk component attenuates with respect to other horizontal components.
As an example, Table 5 reports the results for three stations recording 30 October 2016
Norcia mainshock.
Through statistical elaboration of the records, trend lines correlating PGA, PGJ and Impulsive Forces may be outlined.
This constitutes the first step for considering impulsive forces in structural design. If ground
jerk and correspondent impulsive forces are not known, an estimation is required in order to
evaluate their effects on structures.
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30 October 2016
Norcia earthquake.
Station and epicentral
Î
distance

1_1 - CLO
Castelluccio di
Norcia, 7.8 km

1_2 - ACC
Accumuli
18.6 km

1_3 - FBR
Fabriano
59.1 km

Acceleration, Jerk and Impulsive Force per unit mass
Δt(jg ≥ 2.0 g/s)

EW:

PGA
PGJ
Fimp max

NS:

PGA
PGJ
Fimp max

Vert.: PGA
PGJ
Fimp max

31.440
(16.410 - 47.850)

13.750
(7.395 - 21.145)

7.905
(17.465 - 25.370)

0.427
14.36
0.537
0.583
12.50
0.984
0.797
40.70
1.159

0.434
18.25
0.744
0.392
12.15
0.660
0.558
35.88
0.887

0.079
5.39
0.155
0.066
3.46
0.121
0.049
2.21
0.095

Mean period from Fourier amplitude spectra (T m)
EW: Acc.
0.657
0.397
Jerk
0.107
0.081
NS:

Acc.
Jerk

0.540
0.137
0.319
0.073

0.456
0.083
0.179
0.044

0.234
0.054
0.247
0.060
0.232
0.060

Vert.: Acc.
Jerk
Seismic parameters and unit of measure:
Δt(jg ≥ 2.0
(s) Time span between first and last jerk peak exceeding 2.0
g/s)
g/s
PGA
(g) Peak ground acceleration
PGJ
(g/s) Peak ground jerk
Fimp max
(g) Maximum impulsive force per unit mass (based on jerk)
Tm
(s) Mean period from Fourier amplitude spectra
Table 5. Acceleration and jerk and impulsive forces for 30 October 2016 Norcia earthquake

Among all the ground station records available for the 8 events considered, the ones taken
into account in the statistical analysis were those with bracket duration of ground acceleration
record longer than 100 ms when the threshold of 0.005 g is applied. In total 447 station records were considered. For each of them and for each of the three components (EW, NS, Vert.)
the following parameters were elaborated by means of the software Seismic 3D:
1. peak ground acceleration (PGA)
2. peak ground jerk (PGJ)
3. maximum value of impulsive force per unit mass (Fimp)
4. mean period (Tm) of acceleration and jerk from Fourier spectra
The statistical elaboration was performed separately for horizontal and vertical components.
In the pursuit of useful correlation between the considered parameters, distinction between the
two horizontal components (coming from different stations) appears inappropriate.
The correlations obtained between PGA, PGJ and Fimp are illustrated in Figures 33, 34, 35.
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Figure 33. Correlation PGA-PGJ for horizontal and vertical components
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Figure 34. Correlation PGJ-Fimp determined through (5), for horizontal and vertical components

4404

Massimo Mariani and Francesco Pugi

Figure 35. Correlation PGA-Fimp for horizontal and vertical components

The PGA-Fimp graphs show an excellent correlation: the relationship between peak ground
acceleration and peak impulsive force is well described by the trend line.
Acceleration, jerk and impulsive force are generated by a chaotic phenomenon: the analytical operations carried out for determining jerk (through derivation of acceleration) or for calculating the impulsive forces are processes which do not correspond to a predefined analytical
function.
The correlation between PGA and impulsive forces, obtained through elaboration of the main
seismic events in Italy, is an intrinsic property of the events themselves. The fact that the cor-
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relation has a coefficient of determination very close to 1 represents an excellent support for
estimating the impulsive actions based on ground acceleration data.
The correlation obtained through statistical analysis between PGA (s) and PGJ (g/s) and
between PGA (g) and maximum impulsive force per unit mass (g) are summed up in the following expressions (H stand for horizontal component, V stands for vertical component):
ܲܬܩு ൌ ͶͶǤͲͷܲܣܩு െ ͲǤʹʹͳ
ܲܬܩ ൌ Ǥͷʹܲܣܩ െ ͲǤͻͷ

ሺሻ
ሺሻ

ܨǡ௫ǡு ൌ ͳǤͳܲܣܩு
ܨǡ௫ǡ ൌ ͳǤͷͶͷܲܣܩ

ሺͺሻ
ሺͻሻ

In order to validate the relationships determined through statistical analysis on Italian
seismic events, we operate a comparison between the jerk values elaborated by Tong et al. [11]
for the 1999 Chi-Chi earthquake in Taiwan and those calculated from PGA with expressions
(6-7).
Station

CHY028

TCU095

Component

PGA (g)

PGJ (g/s)
(Tong et Al.)

PGJ (g/s)
(Mariani, Pugi)

PGJ delta vs
Tong et Al.

Fimp (g)

EW

0.630

21.50

27.94

30%

1.018

NS

0.764

26.30

33.93

29%

1.235

VERT

0.342

23.20

25.72

11%

0.529

EW

0.378

13.80

16.68

21%

0.611

NS

0.712

31.80

31.61

-1%

1.150

VERT

0.255

19.80

18.97

-4%

0.394

Table 6. Comparison between the elaborations of Tong et Al. (2005) [11] and Mariani and Pugi (2020)

CHY028 station yields a difference of about 30% for the horizontal component. The difference is rather high, but it drops to 11% for the vertical component. Given the fact that the
seismic event in Taiwan has no relation whatsoever with the Italian events and that the analytical procedure for calculating jerk (based on numerical differentiation) has been carried out
independently, the result is satisfactory. Considering that the impulsive phenomenon is particularly associated to the vertical component, the value of 25.72 g/s estimated through (7) is
in good agreement with the 23.20 g/s in Tong et Al. Moreover, these jerk values are rather
high, definitely higher than the 10 g/s threshold considered the cause of important damages on
buildings: the values of 25.72 and 23.20 g/s would result in similar effects induced on the
structures.
A surprisingly high agreement is obtained for TCU095 station where the peak ground jerk
for the NS component is practically coincident with the value calculated through (7): 31.61 vs.
31.80 (g/s). Also, the vertical jerk component is very close: 18.97 vs 19.80 g/s.
The statistical investigation carried out on jerk should be completed with the analysis of
the frequency content. In fact, the effects of seismic motion depend on the way they are filtered by the structures: a reliable model for the evaluation of jerk impulsive action effects on
structures requires a frequency analysis which could be carried out through the study of the
mean period from Fourier amplitude spectra.
The definition of a statistical value of the mean period ܶ would provide a realistic estimation of the main frequencies of acceleration and jerk.
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The mean period ܶ calculated from Fourier spectra has no relations with peak ground acceleration, peak ground jerk or maximum impulsive forces. Therefore, the investigation on the
mean periods is carried out comparing directly the ܶ values of the 447 station records considered. Some stations yielded ܶ values significantly far from average due to local site effects. Since the scope of the analysis is the pursuit of a ܶ value which could be
representative of acceleration and jerk for generic events, it is preferable to associate it to the
median value rather than the mean. The median value is less influenced by extremely large or
small values and gives a better idea of which is the “typical” value.
Figures 36-41 report for the three components of acceleration and jerk the following information:
x the mean period ܶ for each station considered. The graphs also show the mean value
(black line) and the median value (red line) which in all the cases is lower than the mean.
x the frequency distribution with discretization of the periods in intervals of 0.1 s for acceleration and 0.025 s for jerk

Figure 36. Statistical elaboration on the mean period ܶ of acceleration EW component
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Figure 37. Statistical elaboration on the mean period ܶ of acceleration NS component

Figure 38. Statistical elaboration on the mean period ܶ of acceleration vertical component
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Figure 39. Statistical elaboration on the mean period ܶ of jerk EW component

Figure 40. Statistical elaboration on the mean period ܶ of jerk NS component
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Figure 41. Statistical elaboration on the mean period ܶ of jerk vertical component

Table 7 sums up the representative values of the mean periods and the main contribution to
the distribution.

Component
EW

ܶ (s) and main contribution to the distribution
Acceleration
Jerk
0.508 (19% for 0.500)
0.102 (23% for 0.100)

NS

0.509 (19% for 0.500)

0.101 (22% for 0.100)

Vert.

0.506 (15% for 0.300)

0.078 (28% for 0.075)

Table 7. Representative ܶ for acceleration and jerk

From the analysis of the Fourier spectra it is evident that the main jerk frequencies are
much higher than the acceleration ones. This aspect was already clear by the comparison of
the Fourier spectra elaborated for Castelluccio di Norcia records of 2016 Norcia earthquake
(Figures 27-29). This highlights the very nature of jerk which can be associated to the impulsive content of acceleration.
Moreover, while for acceleration there are not significant differences among the horizontal
and vertical components, all characterized by ܶ ؆ 0.500 s, for jerk the difference is substantial (ܶ ؆ 0.100 s for horizontal components and ܶ ؆ 0.075 s for the vertical).
Therefore, jerk consists of higher frequency than acceleration and the vertical component
accentuate this characteristic with respect to the horizontal components.
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Jerk vertical component is particularly important since it represents the most impulsive
content of seismic motion.
The conception that buildings, being designed to resist vertical loading, can undergo impulsive seismic action without damages while they suffer only the horizontal seismic action
effects, is definitely overcome.
Moreover, in lights of the study on jerk, the negative effects of the vertical seismic component involve failures triggered by the rapid alternation of compression and decompression induced by vertical vibrations.
The seismic motion is a dynamic phenomenon; thus, the structural response is totally different from that under static loading.
Where the main frequencies of the seismic motion are close to the fundamental frequencies
of buildings, seismic effects undergo maximum amplification and structural elements are subject to the most demanding actions.
Studying the different building typologies one can identify the cases where jerk effects
may be critical and potentially cause damages: e.g., the fact that jerk mean periods are close to
fundamental periods of masonry buildings suggests to investigate the link between impulsive
forces and local damages such as masonry disaggregation and connection failures.
6

EFFECTS OF IMPULSIVE ACTIONS ON BUILDINGS

During this research, the few available studies on the variation of seismic acceleration were
collected. Based on the various considerations of the authors and the results of this work, the
following 7 aspects may be highlighted:
1) Inertial force induced by acceleration and impulsive action due to variation of acceleration are two complementary aspects: both should be considered when assessing the structural behavior (Tong et Al. [11]);
2) During 1999 Chi-Chi earthquake acceleration records obtained from sensor placed at different levels of seven-story RC building showed that jerk amplification is substantially
similar to that of acceleration (Tong et Al. [11]);
3) The attenuation of the Jerk design response spectrum with respect to the elastic spectrum
is lower than what occur for acceleration. For low periods (rigid structures) the impact
reduction factor RJ is practically equal to 1, so the jerk design response spectrum is almost coincident with the elastic one (Haoxiang He et Al. [15]).
4) In general, improving ductility jerk effect will reduce, that is, the impact reduction factor
RJ increases, in a manner similar to the behavior factor q for acceleration spectra
(Haoxiang He et Al. [15]). For the horizontal components of the seismic motion, useful
information for design purposes are given by the jerk response spectra illustrated in Figures 42-43 (Haoxiang He et Al. [15]).
5) The propagation of jerk vibrational waves is directly related to stress concentration and
local damages, which in homogeneous material are initiated by molecular bond separation (Y. Xueshan et Al. [16]). In the case of masonry, it comes naturally to extend this
concept to the macroscopic level of stones separation for mortar disaggregation.
6) In existing masonry buildings, strengthening interventions aimed at confining the structural elements prevent local concentration of stresses and improve the response with respect to jerk (Sofronie [17-18]). Considering the short duration of the impulsive action
and the rigid-brittle behavior of masonry, such interventions may be verified in terms of
resistance. In general, in existing masonry buildings, it is crucial to ensure resistance with
respect to local damages such as masonry disaggregation and failure of connections between different structural elements.
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7) The effects of jerk are particularly important in vertical direction. In fact, the vertical
components are more impulsive than the horizontal ones, as described by the lower mean
period in Fourier spectra (Table 7).

Figure 42. Acceleration and jerk inelastic response spectra for site A.
Statistical elaboration by Haoxiang He et Al. [15]

Figure 43. Acceleration and jerk inelastic response spectra for site C.
Statistical elaboration by Haoxiang He et Al. [15]

In light of the correlation between seismic jerk and physical damage of materials and structural elements during a seismic event, some considerations on seismic monitoring activity
should be made.
At the moment, drift ratio, that is the relative displacement between two floors divided by
the vertical distance between them, is the main parametric indicator of damage condition in a
monitored building [19].
This parameter is monitored through software processing real-time measurements of displacements acquired through double integration of accelerometer time-series data. Other mon-
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itored parameter are the periods of vibration, the peak ground acceleration (PGA) and peak
structure acceleration (PSA), but only in the two horizontal direction X and Y.
Drift ratio is truly representative of damage condition in framed steel or RC structures; but
in masonry structures, very rigid and strongly characterized by brittle types of failures, this
parameter appears less consistent with respect to jerk monitoring.
The difference between the two parameters is also the possibility to represent through jerk
the spatial effects of seismic motion, including the vertical component: drift ratio completely
disregards this aspect.
Furthermore, jerk monitoring may provide important information on the assessment of local failures in other structural typologies: e.g. joint failures in steel frames [20, 21].
Given the relation between high values of impulsive forces and damage in areas with high
stress concentration, the maximum values of jerk (PGJ and PSJ) play a significant role in the
assessment of the negative effects induced by the seismic motion.
Placement of triaxial jerk sensor, available for some years now [16], or the real-time analytical calculation of jerk time series, may further enhance the quality of the monitored information with clear benefits on the quick definition of the damage scenarios, one of the main
objectives of seismic monitoring.
The negative effects of the vertical jerk component are highlighted by the impulsive nature
of the phenomenon and the high vertical stiffness of the structure. Therefore, amplification
effects due to high similarity between fundamental period of the structures and jerk mean period should be investigated.
Jerk is characterized by high frequencies. The statistical analysis on the main recent seismic events in Italy found that the representative mean period of the vertical jerk component is
about 0.075 s, which is very close to the fundamental period of vertical vibration of many rigid structures, such as masonry buildings.
To be more specific about the amplification of the structural response in terms of displacements and internal actions, considering that seismic input is a combination of many harmonic excitations, we can refer to the theory of driven harmonic oscillators with viscous
damping.
Study of the simple oscillator leads to an amplification factor ܥ given in expression
(10):
ͳ

ܥ ൌ 
ඨ൬ͳ െ

ଶ
ܶଵଶ
ଶ  ܶଵ
൰

Ͷߦ

ܶଶ
ܶଶ

ሺͳͲሻ

where: ܶଵ is the fundamental period of the structure; ܶ is the period of the applied force (in
this case coincident with the mean period of vertical jerk component); ߦ is the equivalent
viscous damping coefficient.
By applying (10) we get that with a period of the applied force T = 0.075 s, the vertical
impulsive effect is amplified for fundamental periods ܶଵ in the range [0 - 0.105 s] with maximum amplifications for ܶଵ in the range [0.050 s – 0.090 s].
With T = 0.050 s, the amplification is obtained for ܶଵ in the range [0 - 0.070 s] with maximum amplifications for ܶଵ in the range [0.040 s – 0.060 s].
With T = 0.050 s, the amplification is obtained for ܶଵ in the range [0 - 0.140 s] with maximum amplifications for ܶଵ in the range [0.075 s – 0.120 s].
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In all the examined cases, amplification occurs for ranges of vertical fundamental periods
ܶଵ which include those of a wide class of masonry buildings. This aspect is crucial for determining the vertical impulsive actions along the building elevation and their effects on the
structural elements.
Moreover, the structural effects of the impulsive actions are also affected by jerk variation,
that is, the time derivative of jerk referred to as snap [21-22]. We can imagine that the variation of acceleration generates a “jolt” which in turn contains a series of smaller “jolts” related
to higher-order derivatives. Snap can be represented in space as a vector with one component
tangent to the acceleration path (thus parallel to jerk) and one orthogonal component associated to the change of direction. When the changes of direction are particularly important,
strengthening elements able to resist “jolts” along different and suddenly variable directions
should be designed. Therefore, the strengthening intervention should provide resistance distributed as much as possible.

7

CONSTRUCTION DETAILS FOR MASONRY ELEMENTS STRENGTHENING

In light of the findings of this research about the effects of impulsive actions on existing
masonry buildings, two construction details of particular strengthening interventions are presented.
The interventions aim at enhancing the resistance of structural discontinuity regions, load
application points, stress concentration areas, joints, etc., in agreement with current Technical
Standards (Italian guidelines: CNR DT 214/2018 - Istruzioni per la valutazione della robustezza delle costruzioni, §6.1.1).
This work highlighted the importance of masonry confinement and improvement of connections between distinct structural elements, both in vertical and horizontal planes. The interventions aim at enhancing structure robustness through three-dimensional ties.

Figure 44. Vertical connection between reinforced mortar and internal masonry pier in correspondence of a steel
slab (original drawings by Massimo Mariani)
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Figure 45. Horizontal connection between orthogonal masonry piers in presence of reinforced mortar on both
faces and internal wrapping with steel plates connected to masonry through the “Dispositivo Massimo Mariani”,
a device allowing to manually prestress the connection jacks in order to enhance the collaboration between steel
plate and masonry structure. Prestress is exerted through torque wrench; ties and steel plate are fully covered by
the mortar (original drawings by Massimo Mariani)

8

CONCLUSIONS

This work outlined that the variation of acceleration covers an important role in the design
of strengthening interventions on existing structures, in particular for masonry buildings.
The variation of acceleration is responsible of local failures such as masonry disaggregation
and loss of connection between structural elements.
In this context, particularly important is the vertical component of the seismic motion. In
that direction the structures feature a non-dissipative behavior and the seismic input may undergo amplification related to resonance phenomena.
As indicated by current technical standards, the seismic evaluation of a structure cannot
prescind form an accurate assessment of the local capacities. The latter should always precede
analyses that count on the structural dignity of the elements and assess the behavior of the
structure as a whole.
This research will be continued by the Authors with the objective of dimensioning the
strengthening elements applied in the proposed construction details and providing design solution and analysis methods that take into account the effects of the three-dimensional impulsive actions.
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Abstract. Nuclear power plants are considered vital structures for generating electricity
worldwide. In general, a nuclear power plant structure includes two containments, external
and internal ones. The internal containment surrounds the main reactor as a primary shield.
The external containment is considered as a final shield between the internal of the reactor
and the environment. This paper studies the integrity of external containment after being hit
by different aeroplanes. Analytical model is constructed using ANSYS® software in order to
simulate the RC containment including the circular shell and dome subjected to impact of
different aeroplanes. An existing design of the typical external containment is used in
modeling. According to ASCE 58, the circular wall and the dome are considered lined with
inner steel liner plates in order to reduce the radiation emission to the environment in case of
accidents. The studied external RC containment is subjected to the impact of different
aeroplanes, Boeing 747-200c and Boeing 707-320. Riera Method is used to simulate the
impact load with respect to time at the outer surface of the external shell, at a vertical level of
30m above the upper foundation level. The impact load is concentrated at 16 nodes at the
outer surface of containment. Heavy weight concrete is used for the RC containment with a
compressive strength of 60MPa. The analysis of RC containment after the impact of the
different aeroplanes showed the displacement, velocity, acceleration and the shape of the
cracks. It was found that the containment is stable after the impact of an aeroplane, but clear
damage affected the elements within the impact region. From the impact of different
aeroplanes on RC containment, Boeing 747-220c is the most damaging according to results
concerning the displacement, velocity and acceleration on the RC containment.
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1

INTRODUCTION

Nuclear Power Plants include several structures such as the internal, external containment
structures and others. The external RC containment structure is the physical building that
separates the reactor from the outer atmosphere, and houses the internal containment structure
that surrounds the nuclear reactors and the associated chain reactions [1]. Most typical current
external containment structures ranges from 150 to 200 feet tall with a diameter of
approximately 150 feet. The RC containment structure should be airtight to prevent the
release of radioactive particles into the atmosphere. The secondary containment is necessary
when radiation levels at the site boundary exceed the allowable limits [1], [2].
Concrete containments for Boiling Water Reactor Mark II and parts of Mark III are mainly
reinforced deformed bar concrete, whereas for the Pressurized Water Reactors both deformed
bar and pre-stressed concrete containments are common. The design loads consist mainly of
internal pressure, temperature, tornado, and earthquake, all of which result in different states
of stresses in the concrete elements such as tension, compression, radial and tangential shears.
These loads are categorized as axisymmetric loads, such as the internal pressure and
temperature, and non-axisymmetric loads, such as tornadoes and earthquakes [1]. In addition,
most current external containment structures have been designed as RC structures. Concrete
containment structures lined with steel are even more economical than steel containment
structures for dry containment design [1]. This is attributed to the fact that a steel containment
structure would require a concrete shield structure, thus concrete is required in either case,
and the more economical choice is typically used.
The response of the containment structure due to impact of an aeroplane can be determined
by equating the work done by the impact load to the strain energy produced in the structure
through applying the three basic principles of mechanics: conservation of energy,
conservation of linear momentum, and virtual work principle. In addition, in the evaluation of
the aeroplane crash on the outer containment structure, the following steps are considered [3]:
• Global structural response including excessive structural deformations or
displacements.
• Localized structural damage due to the effects of missile impact, including penetration,
perforation, scabbing, that may lead to the failure of structural elements as a result of the
effects of an aeroplane impact.
In the carried out analysis, the normal impact was chosen, according to Riera formulation,
since it corresponds to the worst condition for the containment structure accident scenario. It
was also assumed that the concrete may undergo gradual failure modes representing the
progressive cracking and crushing of concrete itself caused by the abrupt stiffness changes [3].
Moreover in the impact analysis, the damping effect was considered to be negligible as it does
not affect the maximum response to impulse loading. Moreover, concrete as a construction
material is commonly used for biological shielding in nuclear power plants and atomic
research and testing facilities [4].
1.1

Problem Definition

The damage caused by missile impact might lead to the leakage of nuclear radiation.
Earlier research showed that RC containments with thicknesses greater than 1.4 m, permanent
damage is negligible, whereas for thicknesses lower than 1.0 m considerable plastic strains
occurred on opposite surfaces of the containment shell [5]. This is the case where the impact
load of an aeroplane on the outer RC containment results from the effects of a finite amount
of kinetic energy that depends upon the inertial and stiffness properties of the missile and
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target structure [3]. This paper studies and evaluates the effects of impact caused by impact of
an aeroplane Boeing 747-200c upon typical external RC containment of the nuclear power
plants. Nonlinear response of such impact is studied then analyzed to identify the propagating
damage in the containment structure. Two different aeroplanes were hitting the external RC
containment, were made as parametric study to show the most damage aeroplane on the RC
containment and its effect on displacement, velocity and acceleration of the RC containment.
1.2 Case Study
The studied RC outer containment consists of 3 major components, the cylindrical wall,
the hemispherical dome, and the cylindrical base mat foundation as shown in Figure(1) at
which the external RC containment wall is fixed to the foundation. In addition, based on an
existing design, the cylindrical wall is assumed to be 1.2m thickness whereas the thickness of
the RC hemispherical dome is assumed to be 1.05m [1]. The effective concrete cover is
150mm at both faces till the reinforcement. The height of the cylindrical wall from the top of
foundation till the spring line is 36.45 m. The total height of containment from the top of
foundation till the apex of the dome is 60m. The cylindrical wall and dome of the RC
containment is axisymmetric, inner diameter of the containment is 45 m as shown in Figure
(1).

Figure 1: Section elevation of the RC containment wall and dome

The massive concrete containment structure was described as follows as per [2]. The RC
dome is typically three and a half feet thick with two layers of reinforcement for the typical
containment structure; #18 bars at 12 inches [6]. The cylindrical walls are even larger in order
to carry the entire dead load including the shell to the base slab. The walls are at least four
feet thick with #18 vertical bars at 12 inches for each face and #18 horizontal bars on both
sides of the vertical reinforcing as shown in Figure (2).
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Moreover, since the containment structure must be airtight to prevent any fission emissions
from bypassing, and knowing that concrete as a material is porous, then the studied
containment is assumed to have a steel liner on the entire internal surface. This lining thus
acts as a part of the system for the concrete wall. Based on [2], [1] the required minimum
thickness for the steel liner plates is a quarter of an inch; however, the studied existing design
considered the steel liner plate of thickness three-eighths of an inch as shown in Figure (2).

Figure 2: Cross section elevation details of shell wall reinforcement

2. MODELING
In the finite element model applied in ANSYS® software, the connection between the
foundation and the cylindrical wall is assumed to be fixed. In addition, the local details in the
RC containment structure, including penetrations, temporary openings, and embedded parts,
were not considered in modeling. The meshing of the containment volume is as shown in
Figure (3).

Figure 3: Meshing of the external RC containment building

2.1. Jet Impact Modeling on RC Containment
Impact loads due to the effects of a finite amount of kinetic energy that depends on the
inertial and stiffness properties of missile and target structure, differs from the “impulse” load
that is generally a force independent of the inertial and stiffness properties of missile and
target. As a result of a jet impact, kinetic energy is transferred from the aeroplane to the
building walls and thereby absorbed by the building components in the form of strain energy.
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From literature review, it was observed that the Riera method is an efficient in evaluating
damage of RC structures from severe impact loads. The riera method is an approximate
method for constructing a force-time history for an aeroplane striking a rigid wall based on a
known distribution of mass and crushing characteristics of the aeroplane along the length [7],
[8]. This is the case where the riera approach assumes that the aeroplane can be represented
like a soft missile. Moreover, it is assumed that as the aeroplane strikes the target, a part of it
close to the target gets crushed and the remaining portion of projectile undergoes elastic
deformation.
The basic assumptions of the Riera method [7] can be summarized in:
x The target is rigid
x The aeroplane axis is perpendicular to the target; angle of incidence is 90 degree.
x The aeroplane is separated into two parts, one being uncrushed and moving with
velocity (v) and the other crushed with zero velocity.
x All crushing takes place within a local region adjacent to the rigid target.
x The crushing or material behavior of the missile is rigid-perfectly plastic.
x The crushed mass of the aeroplane moves with the target structure.
Consequently, some parameters clearly affect the impact scenario. Such parameters include
the velocity and impact angles of the aeroplane, the mass and stiffness of the aeroplane as a
function of the aeroplane length as shown in Table (1) [3].
Air plane type
Boeing 747-200c
Boeing 707-320
Mass at take-off (Kg)
350000
150000
Engine mass (Kg)
4 x 21300
4 x8100
Impact speed (m/s)
269
272
Table 1: Parameters of different aeroplanes

Furthermore, it is assumed that the load versus time curve affect a constant equivalent area
to the average of total cross-sectional area of fuselage and wings. Thus, the impact contact
area of the Boeing 747-200c in the analysis model is assumed to be 37 m2 [3]. Moreover, in
this analysis, the load is assumed to act on 16 nodes as concentrated point loads on the outer
external RC wall of the containment. Figure (4) shows a schematic of the distribution of the
loads on the loaded nodes.

Figure 4: Impact load distribution on nodes in the impact region

The impact force, F(t), acting on the rigid fixed containment is calculated with the riera
method as shown in Figure (5) [3].

4422

Mohamed I Elmasry, Nabil H ElAshkar and Mostafa Mohamed Hassan

(a)- Boeing 747-200c

(b)-Boeing 707-320

Figure 5: Load-time history curve of different aeroplanes

The key formula in the computation of the force applied to the rigid target, F(t), or the
impact force time history is given by equation (1) [8].
(1)
F(t)=Pc(x)+μ(x)(dx/dt)2
where x (t) is the crushed length of the missile, the distance from the nose of the missile
when uncrushed to the point at which crushing has progressed at time t, Pc(x) is the static
force required to axially crush a cross-section of the missile at location x, and μ(x) is the mass
per unit length at location x.
2.2. Containment Materials Modelling
2.2.1. Concrete modelling
The concrete material is assumed to be homogenous and isotropic. The compressive multilinear stress-strain relationship for concrete [9], as defined by ANSYS®, is shown in Figure
(6), and calculated by the following equations:
fc= Ec Ɛ
fc=fc´

for 0< Ɛ< Ɛ1

(2)

for Ɛo< Ɛ< Ɛcu
2

fc= Ec Ɛ / (1+ (Ɛ/Ɛo) )

(3)
for Ɛ1< Ɛ< Ɛo

(4)

Ɛ1= (0.3×fc)/ Ec

(5)

Ɛo = (2fc)/ Ec

(6)

Where Ɛ1 is the strain corresponding to 0.3 fc, Ɛo is the strain at peak point, and Ɛcu is the
ultimate compressive strain [9].
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Figure 6: Uniaxial compressive stress-strain curve for concrete

Furthermore, the Poisson ratio for concrete is taken 0.2, and the modulus of elasticity, Ec,
is calculated from Equation (7), whereas the modulus of rupture for concrete, fr, is calculated
from Equation (8) according to [10] specifications [9].
Ec=4700

(7)

fr=0.62

(8)

In the analysis, the uniaxial compressive strength of concrete is assumed to be 60 MPa,
whereas the uniaxial rupture stress fr is assumed to be 4.8 MPa. Moreover, the shear transfer
coefficients ranges from 0.0 to 1.0, with 0.0 representing a smooth crack (complete loss of
shear transfer) and 1.0 representing a rough crack (no loss of shear transfer). This
specification may be made for both the closed and open crack as shown in Table (2) [11],
[12].
Input strength parameter

Values

Open shear transfer coefficient

0.3

Closed shear transfer coefficient

0.9
36406.043

E (Modulus of Elasticity of
concrete)(MPA)

Table 2: Concrete strength input data

2.2.2. Reinforcing Rebar Modeling
The reinforcement rebar used in the containment structure is according to ASTM A-615
Grade 60 steel [13]. The stress-strain curve of the reinforcing bar is assumed to be elastic
perfectly plastic as shown in Figure (7). Figure (7) also shows the bilinear material model
defining the linear isotropic hardening of the reinforcement in which the yield stress is
assumed to be 400 MPA, the elastic modulus, Es is assumed 2×105 N/mm2, and the Poisson
ratio assumed 0.3 [13].
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In addition, within ANSYS® software, rebar reinforcement is treated as an equivalent
uniaxial material, the reinforcement layers were thus defined using the smeared reinforcement
option of the SOLID65 element. The reinforcement is assumed to be uniformly spread
throughout the defined layer and has uniaxial stiffness only in each direction. The amount of
reinforcement was defined by material number and the orientation angles of the reinforcing
bars. The shell wall reinforcements for horizontal and vertical are modeled as continuous
layers inside the wall section, and the same applies for the dome reinforcements. The
thicknesses of the reinforcement layers were calculated from Equation (9) [12].
(9)

h=A/s

Where h is the equivalent reinforcement layer in each direction, A is the cross section area
of the reinforcement rebar, and S is the spacing between the reinforcement rebar in each
direction.
2.2.3. Steel Liner Modeling
The (0.9375 cm) thick steel liner plate has a bilinear isotropic hardening plasticity model in
which its yield stress is 165 Mpa as shown in Figure (8), and the elastic modulus, ES, and the
Poisson’s ratio are assumed to be 2×105 N/mm2 and 0.3 respectively [13].

Figure 7: Stress strain curve for steel reinforcing rebar Figure 8: Stress strain curve for the inner steel liner
plate

2.3. Used Model Elements from ANSYS® Library
2.3.1SOLID65 element
The SOLID65 element is used for the 3D modelling of the RC wall and dome. The solid
element is capable of cracking in tension and crushing in compression. The element is defined
by eight nodes having three degrees of freedom at each node: translations in the nodal X, Y,
and Z directions and the isotropic material properties. The element has one solid material and
up to three rebar materials. The orientation of any rebar layer is defined by two angles in
degrees from the element coordinate system [12]. The assumptions for the SOLID65 element
include that the concrete material is homogenous and isotropic where cracking is permitted in
three orthogonal directions at each integration point.
2.3.2. SOLID45 element
The SOLID45 element is used for the 3D modeling for the inner steel liner plate. The
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element is defined by eight nodes having three degrees of freedom at each node: translations
in the nodal x, y, and z directions [12].
2.4. Failure criteria of concrete
The concrete material model predicts the failure of brittle materials. Both cracking and
crushing failure modes are accounted for. The criterion for failure of concrete due to a multi
axial stress state can be expressed in the form [14], [12]:
(10)
Where:
F = a function of the principal stress state (σxp, σyp, σzp).
S = failure surface expressed in terms of principal stresses and five input parameters ft, fc, fcb, f1
and f2 .
fc = uniaxial crushing strength .
σxp, σyp, σzp = principal stresses in principal directions.
If Equation (10) is satisfied, the material will crack or crush.
However, the failure surface can be specified with a minimum of two constants, ft and fc.
The other three constants default to [14]:
fcb =1.2 fc

(11)

f1=1.45 fc

(12)

f2=1.725 fc

(13)

These default values are valid only for stress states where the condition is satisfied.
fc

(14)
Մ h=hydrostatic stress state = (Մ xp + Մ yp+ Մ zp)
(15)

Both the function F and the failure surface S are expressed in terms of principal stresses
denoted as σ1, σ2, and σ3 where:
σ1 =max (σxp, σyp, σzp)
σ3 =min (σxp, σyp, σzp)
and σ1 σ2 σ3. The failure of concrete is categorized into four domains:
σ1 σ2 σ3 (compression - compression - compression)
1. 0
(tensile - compression - compression)
2. σ1 0 σ2 σ3
(tensile - tensile - compression)
3. σ1 σ2 0 σ3
(tensile - tensile - tensile)
4. σ1 σ2 σ3 0
3. ANALYSIS OF RESULTS
A full transient dynamic analysis was applied with considering a small displacement
transient response. The impact analysis is considered seven load steps in impact load-time
curve as shown in Figure (5-a). The transient dynamic analysis requires two sets of initial
conditions since the dynamic equations are of second order. The initial displacement, uo, and
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initial velocity (ůo) are assumed to be zero. In addition, the initial accelerations (üo) are also
assumed to be zero [5]. Furthermore, Damping was also included in the analysis through
identifying the mass damping and stiffness damping. Thus, Rayleigh damping with
coefficient ߚ=0 was applied to the model. The coefficient ߙ was reflected with a magnitude of
3.0 for the RC and 0.1 for the structural steel such that the damping matrix, C, was identified
from equation (16) [5].
C=αm+βK

(16)

The outer RC containment response under the impact load of an aeroplane Boeing 747200c was studied at different time instances. Figure (9) shows the deformation shape of the
impact region at time 0.2sec. It was observed that the elements within the impact region
deformed in the direction of loading, which generated significant large tensile stresses at the
inner surface of steel liner plates, and compressive stresses at the outer surface of concrete.
The maximum displacement was found to be 46.658mm in the region of impact at time 0.2
sec. Meanwhile, other regions near the impact showed maximum displacements of 1.958 mm
outside the containment as shown in Figure (10).

Figure 9: Deformation shape of the containment at time 0.2 sec

Figure 10: Displacement distribution of the containment at time 0.2 sec
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The impact effect on the displacement of the RC containment
The maximum displacement of the RC containment is at the impact region which reached a
value of 46.658 mm. The displacement vanished at a distance of 16 m from the impact region
along the circumference direction from right and left hand sides as shown in Figure (11).

Figure 11: Containment displacement with respect to distance from the impact region at time 0.2 second

The impact effect on the velocity of the RC containment
The velocity of the RC containment reached a value of 2.145 m/sec at the impact region.
The velocity vanished at a distance of 16m from the impact region along the circumference
direction from left and right hand sides as shown in Figure (12).

(a)- Velocity of the RC containment along the circumference (b) - Velocity distribution of the RC containment
Figure 12: Velocity of the RC containment due to impact of an aeroplane Boeing 747-200c at time 0.2 second

The impact effect on the acceleration of the RC containment
The acceleration of the RC containment reached a value of 147.151 m/sec2 at the impact
region in direction of loading. The acceleration vanished at a distance of 18m from the impact
region along the circumference direction as shown in Figure (13).
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(a)- Acceleration of the RC containment along the circumference (b)- Acceleration distribution of the RC
containment
Figure 13: Acceleration of containment with respect to distance away from impact region at time 0.2 second

The impact effect on the cracks of the RC containment
From the previous mentioned results, thus, the elements within the impact region were
clearly crushed. In addition some tension cracks (flexure cracks) appeared at the bottom of the
fixation of containment. In addition, shear cracks appeared far from the impact region as
shown in Figure (14). The failure criterion for the concrete built in Ansys12 due to a multiaxial stress state was used to identify cracks. This is the case where in a concrete element,
cracking occurs when the principal tensile stress in any direction lies outside the failure
surface. After cracking, the elastic modulus of the concrete element is set to zero in the
direction parallel to the principal tensile stress direction. In addition, crushing would occur
when all principal stresses are compressive and lies outside the failure surface. Consequently,
the elastic modulus is set to zero in all directions, and the element effectively disappears [15],
[12]. It was observed that the RC containment remained fully intact after the impact of an
aeroplane, and the damage region extended 34m from the impact region of aeroplane at both
sides of the impact. The severe damage was clear in the impact region of the studied
aeroplane.

Figure 14: Crack propagation within the RC containment

The effect of different aeroplanes impact on RC containment
The parameter used in this model is modeling the studied RC containment to be hit with
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different aeroplanes such as Boeing (747-200c) at speed of 269 m/sec, Boeing (707-320) at
speed 103 m/sec. This is in order to see the effects on the displacement of RC containment as
shown in Figure (15 (a),(b),(c),(d)). The two aeroplanes impact varies according to velocity,
mass and the size of the effective impact area. This effective impact area is calculated as the
area of a circular with a diameter equal to the maximum fuselage diameter (maximum body
diameter) of each aeroplane.
The maximum displacement of RC containment reached a maximum value of 46.658mm
on being hit with Boeing 747-200c in contrast to Boeing 707-320 where the displacement
reached 38.299 mm as shown in Figure (15). It was observed that the displacement of the RC
containment due to the impact of Boeing 747-200c was greater than the impact of Boeing
707-320 by 17.91%.

(a) Impact of Boeing 747-200c

(b) Impact of Boeing 707-320

(c) Impact of Boeing 747-200c

(d) Impact of Boeing 707-320

Figure 15: Displacement of RC containment due to impact of different aeroplanes at time of 0.2 second
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The velocity of the RC containment reached a value of 2.145 m/sec due to impact of
Boeing 747-200c at 0.2 second as shown in Figure (16 (a)). The velocity of the RC
containment reached a value of 1.049 m/sec due to impact of Boeing 707-320 at 0.2 second as
shown in Figure (16 (b)). It was observed that the velocity of the RC containment due to the
impact of Boeing 747-200c was greater than the impact of Boeing 707-320 by 51.095%.

(a) Impact of Boeing 747-200c

(b) Impact of Boeing 707-320

(c) Impact of Boeing 747-200c

(d) Impact of Boeing 707-320

Figure 16: Velocity of RC containment due to impact of different aeroplanes at time of 0.2 second

Furthermore, the acceleration of the RC containment reached a value of 147.151 m/s 2 due
to the impact of Boeing 747-200c at 0.2 second as shown in Figure (17 (a)). In contrast, the
acceleration of the RC containment reached a value of 32.471 m/s2 due to impact of Boeing
707-320 at 0.2 second as shown in Figure (17 (b)). It was observed that the acceleration of the
RC containment due to the impact of Boeing 747-200c was greater than the impact of Boeing
707-320 by 77.93%.

4431

Mohamed I Elmasry, Nabil H ElAshkar and Mostafa Mohamed Hassan

(a) Impact of Boeing 747-200c

(b) Impact of Boeing 707-320

(c) Impact of Boeing 747-200c

(d) Impact of Boeing 707-320

Figure 17: Acceleration of RC containment due to impact of different aeroplanes at time of 0.2 second

4. CONCLUSIONS AND RECOMMENDATIONS
The external RC containment is used as the case study designed according to ASCE 58.
The external RC containment structure is subjected to normal impact load of a Boeing 747200c aeroplane using the Riera method load time curve in order to see the response of the
containment and to analyze the resulting deformations, displacements and shapes of cracks
that would occur due to the impact of an aeroplane. The elements within the impact region
showed locally damage indicated from displacement, velocity and acceleration. The
maximum displacement, velocity and acceleration in direction of loading were 46.658 mm,
2.145 m/sec and147.151 m/sec2 respectively reached a maximum value within impact region
due to the impact load of an aeroplane Boeing 747-200c. From all the above results it was
observed that locally damage has been occurred to the elements within the impact region only
due to impact of an aeroplane Boeing 747-200C. It was observed that the displacement,
velocity and acceleration of the RC containment due to the impact of Boeing 747-200c were
greater than the impact of Boeing 707-320 by 17.91%, 51.095%, and 77.93% respectively. It
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was observed that Boeing 747-200c aeroplane is more damaging than Boeing 707-320
aeroplane.
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Abstract. Increasing demands for high performance of vibration control drives the development of nonlinear vibration control devices to overcome the limitations of traditional linear
vibration control methods. A novel and compact X-structured mount (X-mount) with an
oblique spring is designed and investigated in this paper which demonstrates beneficial nonlinear stiffness and damping, tunable payload and resonant frequency property, and a special
enlarged quasi-zero-stiffness region, which thus lead to excellent vibration isolation performance without instability or other strong nonlinear response such as jump phenomenon. The
X-mount is designed, based on a bio-inspired X-shaped structure, and a special oblique
spring is introduced which can effectively widen the working quasi-zero-stiffness range by
employing negative stiffness due to a special contact stiffness. The oblique spring can also
help to reduce the dynamic stiffness achieving an ultra-low natural frequency and broadband
effective vibration isolation range. The mathematical modeling, theoretical analysis and experiment results show the high performance of this X-mount, potentially providing a promising solution for vibration control in many engineering practices.
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INTRODUCTION
Vibration generated by machines or other environmental sources are often troublesome
and unavoidable. However, their influences on dynamical systems or structures can be suppressed through properly designed vibration isolators. To achieve an effective vibration suppression effect, the natural frequency of an isolation platform must be smaller compared with
the excitation frequency. For the low-frequency vibration environment, this requirement can
be achieved by using a soft spring/stiffness component, but this might sacrifice the static loading capacity of the isolation platform. To conquer this intractable problem, some quasi-zerostiffness (QZS) vibration isolators are developed to achieve a low dynamic frequency and
maintain the static loading capacity simultaneously [1-11]. A traditional QZS isolator consists
of three springs, where the negative stiffness provided by the horizontal springs is designed to
offset the positive stiffness from the vertical spring, thus quasi-zero-stiffness is achieved.
While, QZS isolators could lead to unstable problems, e.g., jump phenomenon, multi-stable [8,
11, 12]. Moreover, QZS isolators are limited in large vibration motion and very sensitive to
the loading. Therefore, proper nonlinearity should be considered to avoid the strong nonlinear
problems and the disadvantages mentioned above. For instance, the benefits of the applications of the geometric nonlinearity was summarized in Gatti et al [13] which may provide solutions for the problems above. The applications of the QZS in shock isolation can be found
in [9, 14, 15]. The methods of realizing negative stiffness and QZS inlcude horizontal spring
[7, 10, 11, 16], buckled beams [14] or magnetic components [1, 17] and structures [2]. Another important component for an isolation system is its damping. The limitation of the linear
damping is that increasing the linear damping can suppress the resonant peak but will deteriorate the performance in higher frequencies. Therefore, nonlinear damping attracts attentions
recently for the advantages. Among the nonlinear damping, the displacement-dependent
damping shows advantages in both of the resonance and the high frequencies [18, 19].
Recently, a bio-inspired structure called X-shaped or limb-like structure (LLS) attracted
many attentions due to the beneficially nonlinear stiffness and damping properties, and could
be conveniently designed for many engineering applications [6, 12, 20-26], which presents an
alternative and totally new approach for creating QZS or negative stiffness with only simple
bio-inspired structure design. Based on this X-shaped structure, an innovative X-mount is thus
proposed in this paper. This X-mount is optimally designed with a special oblique spring
which can reduce the equivalent stiffness before contact and achieve a wider QZS range when
the contact happens. This contact stiffness can contribute to remove/offset the negative stiffness after the zero-stiffness point, and the combination effect enhances the system isolation
performance with an obviously enlarged QZS range. In addition, the obliqueness of this
spring can be used for reducing the system stiffness further to achieve an ultra-low natural
frequency and broadband effective isolation range. Experimental validation is conducted, together with theoretical analysis to verify the effectiveness of the proposed method.
1

MATHEMATICAL MODELLING

1.1 Static force
The X-mount is presented in Fig. 1 with specification of the structural parameters. The
structural parameters are defined as: L is the length of the rod, is the initial assembly angle,
n is the number of the layer, M is the isolated mass and K is the stiffness of the spring. z-axis
is the vertical direction and x-axis is the horizontal direction, is the rotational angle of the
rod,
is the relative displacement in the horizontal direction, is the total relative displacement in vertical direction. By changing , the initial angle between the oblique spring
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and the horizontal plane can be adjusted correspondingly. Introducing to describe the
oblique level of the spring. is the original length of the spring and is the tension length of
is the deformation length.
the spring.

Figure 1: X-mount with an oblique spring

The variable ,

and

can be obtained as
(1)
(2)

(3)
And other parameters are defined as
(4)
(5)
As shown in Fig. 2(a), the static force before the contact can be obtained as
(6)

Figure 2: The loading process

And the parameters after contact are defined as follows:
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(7)

(8)
Where the relative spring forces and geometric angles are defined as
(9)

,

,

(10)

,
The static force after the contact can be obtained as

(11)
The whole loading process can be combined and written as a piecewise function:
(12)

1.2 Dynamic model
By utilizing the Lagrange equation, the dimensionless dynamic equation of the X-mount
can be written as follows
(13)
Where in the nonlinear damping ratio which can be found in [20] and the piecewise
stiffness can be written as
(14)
And the stiffness before contact and after contact can be obtained as
(15)
,
2

ANALYSIS RESULTS

2.1 Optimal working position

(a)

(b)

(c)

Figure 4: Optimal working position analysis: (a) static force curve with horizontal spring, (b) static force
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curve with oblique spring and the contact stiffness, (c) the relative isolation performance

In Fig 4, the parameters are set as K=10000, M=10, A=0.005, L=0.1,
, n=2,
,
,
. Fig. 4(a) shows the static force of the X-mount with a horizontal
spring which has a very limited QZS zone. While, with the oblique spring and the contact
stiffness in Fig. 4(b), the negative stiffness can be offset effectively by the vertical positive
stiffness due to the contact, and the X-mount can maintain the QZS in a considerable wide
range. In the Fig. 4(c), the displacement transmissibility curves are obtained with three working positions: A, B and C. The result shows the X-mount in the optimal working position C
(working angle is 0.314) has the best vibration isolation performance: wider isolation frequency range and smaller transmissibility value in the resonance. Both are desirable properties for vibration isolation.
2.1 Comparison with benchmark QZS isolator

Figure 5: Comparison result of the X-mount, linear isolator and benchmark QZS isolator

The comparison results are shown in Fig. 5. Three models are evaluated and compared:
the linear isolator with the linear stiffness and damping, the benchmark QZS isolator and the
X-mount. The advantages of the X-shaped systems are obvious. Firstly, compared with the
linear isolator and the QZS, the X-mount shows great suppression effect on the resonant peak
and the widest isolation frequency range. The QZS isolator can only be effective when the
excitation frequency is larger than unstable frequencies. Most importantly, the X-mount has
superior stability compared with the QZS isolator. In the ultra-low frequencies, the QZS isolator appears the multi-steady states and the jump phenomenon which are very dangerous for
the application. This unstable state demonstrates the QZS has strong nonlinear property which
is sensitive to the initial conditions and the perturbation and leads to the system unsafe in
these jump frequency range. While, the X-mount shows a very week nonlinear property which
is more stable.
3. EXPERIMENTAL VALIDATION
y
The experimental setup is shown in Fig. 6(a), the whole X-mount has two layers
(n=2)
is inwith rod length L=0.075m. An oblique spring with stiffness coefficient K=2300 N
stalled in the bottom of the X-mount.
In Fig. 6(b), position A is the initial working angle, position B is the situation when the
loading increased to 3N, position C (without contact) is the optimal working position with
loading of 5.5N. When the loading continues increasing to 5.6 N, the system reaches to position D (with contact) which is also in the QZS range. In Fig. 7(c), it is clear the resonant frequency shifts to the lower frequency range as the working position is tuned from the initial
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position A to the optimal positions (C and D). With the working position C and D, the Xmount has an ultra-low resonant frequency around 1Hz and the transmissibility peak decreases as well. In both positions C and D, the X-mount has ultra-low resonant frequencies and excellent isolation transmissibility performances which effectively confirmed the effectiveness
of the enlarged QZS range. Without the special designed oblique spring and the contact stiffness, the QZS range is very narrow and position D will not exist.

c

b

a
Figure 6. Working position influence: (a)experimental setup, (b) static force curves, (c) transmissibility.

4. CONCLUSIONS
A novel and compact X-mount are designed and investigated in this paper. This X-mount
demonstrates beneficial nonlinearities (stiffness and damping), tunable payload and resonant
frequency property, and excellent isolation performance with enhanced QZS effect. More
specially, the QZS range of this X-mount can be effectively enlarged with a special designed
oblique spring via the combination effect of the negative stiffness and the contact stiffness.
The X-mount has desirably weak nonlinearities which can achieve superior isolation performance (lower resonant amplitude and wider isolation frequency range) and maintain the stability without the dangerous nonlinear problems, e.g., instability, bifurcation, jump
phenomenon and chaos. Therefore, this novel X-mount provides a promising solution for the
vibration control and could be conveniently applied in a wide range of engineering practice.
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Abstract. The ship hull vibration has a great impact on the performance, safety of the devices,
structures and the sailor's comfort when working on the ship. With increases in ship sizes and
speeds, shipboard vibration becomes a significant concern in the design and construction of
ships. Therefore, designing a ship without any excessive vibration is an important issue and
should be studied through analysis right in the design phase. To ensure minimum vibration in
a proposed new design; avoid damage to structures, machinery or equipment (mechanically
suitable); meeting the requirements of the crew's living environment and working conditions.
The ship's natural and forced vibrations are determined to right from the design stage, which
will help ship designers and structures avoid dangerous resonance areas. In the study, a finite
element model representing the entire ship hull, including the deckhouse and machinery propulsion system, has been developed using commercial software for vibration analyses of the
container ships. The basic elements of a hull vibration system include basic mass, elastic
properties as well as damping and exciting forces. In order to control or limit the vibration
response, it is necessary to modify the mass and/or elastic properties; by increasing damping;
reducing excitation forces or changing the excitation frequency. Increasing damping may be
useful in solutions to local structural vibration problems and in some machine and equipment
problems but not as a practical solution to reduce hull vibration. The influence of different
modeling methods on the obtained calculation results was investigated. The impact of various
operating parameters on the vibration level was also analyzed. In particular, the impact of
modelling methods, added water mass, loading conditions and sources of excitations, was
taken into account. The results are compared with some empirical formulas. As a result, the
calculation confidence level was estimated. The calculation results have been verified by
comparison with measurement tests carried out on the real ship.
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1

INTRODUCTION

Seagoing ships, particularly those equipped with slow-speed diesel engines, are exposed to
excessive vibration of the ship’s superstructure and hull [1, 2]. Ship’s hull vibrations have a
major impact on navigation safety. They have an impact on the marine structures and equipment reliability and on the comfort of maritime crews, which is also connected with navigation safety. In most cases, two main systems of the ship are distinguished: the ship’s hull
(with superstructure and main engine body) and the power transmission system (crankshaft,
main engine shafting, propeller), as shown in figure 1. The ship’s adverse dynamic characteristics are very difficult to change once it is built. Therefore, it is very important to correctly
determine the expected vibration levels when designing units. All global classification societies require reliable computational analyses (often verified by measurement tests) of dynamic
characteristics of the ship’s propulsion system and of the propulsion system influence on the
seagoing ship’s hull and superstructure vibration levels.

Figure 1: Interactions between the ship's hull and propulsion system through boundary conditions.

Mainly, the power transmission system [3, 4, 5] induces the forces that excite significant
vibrations. Environmental impact functions are less important because they do not generate
continuous vibration. The purpose of the presented analyses is to identify the main forces,
which excite the ship’s superstructure and hull vibrations, to test their effects on vibration levels, and to verify the assumptions of the computational methodology. The numerical calculations results have been verified by comparison with the measurement tests.
2

BASIC ASSUMPTIONS

As already mentioned, only propeller excitations and engine excitations will be considered.
The rotating propeller is generating six variable components, generalized hydrodynamic forces and a variable field of pressures induced over the propeller on the ship’s deck transom. The
variable total pressure head causes uncoupled longitudinal vibrations of the power transmission system (main engine shafting + crankshaft), which generate dynamic reactions of the
thrust bearing. Transverse hydrodynamic forces generate flexural vibrations of the main en-
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gine shafting that result in variable reactions of the radial bearings: the stern bearing and the
intermediate bearings. On the other hand, the main engine, and in particular the variable, radial mass and gas forces (from piston-crank system), are the source of unbalanced forces and
moments of the main engine. In general, these are also six components: three forces and three
force moments. Forces and moments are partially compensated by the correct ignition order
choice in the engine cylinders. However, usually not all of them: for selected harmonic components, generalized forcing forces may be non-zero. On the other hand, variable forces cause
torsional vibration of the power transmission system. Torsional vibration causes deformation
of the crankshaft inside crank, which leads to coupled longitudinal vibrations. Such vibrations
are another source of variable thrust bearing reactions.
A list of basic forces exciting vibrations of the hull and superstructure [4, 6, 7] of a ship
equipped with a low-speed engine directly driving the propeller is given in figure 2. Drive dynamics analysis is necessary to determine hull vibration correctly; nevertheless, the power
transmission system vibration analysis requires knowledge of the boundary conditions, i.e. the
hull’s stiffness dynamic characteristics. The couplings between the hull and the drive shall be
taken into account in any detailed analysis of ship’s vibrations.

Figure 2: Forces exciting the ship’s hull and superstructure vibration.

The dynamic forces indicated schematically in figure 4.25 have the following meanings:
1. pressure pulses induced on the ship’s deck transom by the propeller;
2. longitudinal hydrodynamic forces exciting uncoupled longitudinal vibrations of the
power transmission system and, consequently, variable reactions of the thrust bearing;
3. transversal hydrodynamic forces and moments causing flexural vibrations of the main
engine shafting and, consequently, variable reactions of the transversal radial bearings
(stern bearings and intermediate bearings);
4. dynamic reactions of the thrust bearing from coupled longitudinal vibrations of the power transmission system;
5. unbalanced moments (and, possibly, forces) of the main engine coming from the radial
gas and mass forces of the piston-crank system.
In the present paper, only the steady-state vibrations, i.e. the ship’s vibrations, will be analysed; when all machinery and equipment are operating under the steady operating conditions
(constant power and rotational speed). It is assumed that any operation disturbance is small
compared to the fixed size. In this case, the mathematical model can be brought into a series
of linear differential equations with fixed parameters. The constant and set parameters are
both mass and mass moment of inertia, as well as rotational speed, power (moment), forcing
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frequency, etc. In addition, in typical marine structures, the vibration damping has a negligible
effect on the natural vibrations frequency. In such a case, the finite element method (FEM)
that the author uses, applies relatively simple methods of solutions. Therefore, the number of
elements (of differential equations) can be very large; the analysed models can be detailed.
The container ship were analysed in the work: a medium-sized, with a capacity of approximately 2700 TEU (standard containers). The ship's length is equal to 207 m, main engine
(MAN B&W 8S70MC-C) power: about 25 thousand kW, nominal rotational speed: 91 rpm,
and the five-blades propeller. The FEM model for the ship are shown in figure 3.

Figure 3: FEM model of a 2700 TEU container ship.

3

NATURAL VIBRATIONS

Free vibrations allow a qualitative assessment of the ship’s excessive vibration risk [8]. For
example, the position of the ship’s hull beam vibration nodes (relative to the position of the
main engine) makes it possible to decide on the purchase of the main engine balancing devices (stern and/or bow balancer). The comparison of the forcing frequency with the free vibration frequency of the ship’s superstructure allows, yet at the stage of the initial design, to
make major structural changes in order to avoid excessive vibrations. For example, lowfrequency vibrations of the main engine body may prove its foundation poor or the double
bottom too susceptible in the engine room area. When analysing the ship’s natural vibration,
we can distinguish:
x global vibrations (vertical, horizontal, torsional) of the hull beam,
x main engine body vibrations,
x ship’s superstructure vibrations,
x local vibration of decks and other structural elements of the hull.
All of the above types of vibration can be coupled. Figure 4 shows examples of global hull
beam vibrations. These are vertical and torsional vibration forms with frequencies from 1.6 to
4.6 Hz. Most often, the “beam-type” forms of the ship’s hull free vibrations are benign due to
their very low frequencies. They are usually outside the range of the forcing frequency generated by the drive. At a rated speed of 91 rpm, the basic forcing frequency of the 8-cylinder
engine is of 12.1 Hz and the basic excitations frequency of 5-blade propeller is of 7.6 Hz. The
ship’s hull is an example of typical superresonant vibrations with a big offset. Of course, the
forcing frequency may be similar to the higher forms of the ship’s hull beam free vibrations.
For this reason, at least the first dozen free vibration forms should be taken into account when
analysing global vibration of ships.
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Figure 4: Global natural vibrations of 2700 TEU container ship.

Ship’s superstructure vibrations are the most important. They are often coupled with the
vibrations of the ship’s hull and main engine. Figure 5a shows the forms of the discussed
ships’ superstructure free vibrations. The main engine body vibrations are also important for
two reasons. When excessive, they can be dangerous to the engine reliability, but they can
also be a source of forcing other marine structures and equipment. Figure 5b shows the transversal form of the 2700 TEU container ship main engine body natural vibrations.

Figure 5: Superstructure and main engine body vibrations of the container ship.

Good consistency between vibration measurements and calculation results is particularly
difficult to obtain in marine conditions [4, 9]. Many important design decisions depend on the
results of the computational analyses. The reliability and the distribution of the vibration calculation results are a fundamental question in numerical analyses of complex structures. Free
vibrations depend only on the stiffness and mass distribution (the damping effect is negligible). Therefore, the confidence level of the free vibration calculation is relatively high. However, the actual level of the forced amplitude may significantly differ from that resulting from
the computational analyses. This is due, among others, to poor knowledge of the size of the
structural damping in marine conditions. There are no good methods for calculating the damping.
The mass matrix is affected by the ship’s performance characteristics. The effect of the
ship’s loading state on its frequencies and the free vibration forms was examined. The importance of taking into account the masses of associated water that accompanies the hull vibrations was also assessed. If the associated water phenomenon is taken into account, the free
vibration frequencies are reduced. The natural vibration frequency decreases by approximately 25%, when the hull wetness is taken into account. This applies mainly to vertical forms
with a small number of vibration nodes. The more vibration nodes, the less impact of the associated water. For example, the frequency drop for the 6-node vibration form is of 16%. The
hull wetting effect on horizontal vibration is also slightly less, not more than 20%. The addition of the associated water mass also changes the order of the free vibration form occurrence.
The effect of the added water on the vibrations of the superstructure and main engine is much
lower, it does not exceed 6%. This is because neither the superstructure nor the engine body is
directly wetted. This impact is so small that it is acceptable not to include the associated water
in analyses focused on these ship’s elements.
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The effects of cargo condition changes on the free vibration frequencies of both ships are
also analysed. As we would expect, the ship’s cargo (ballast state -> design cargo state) reduces the hull free vibration frequency. The measured vibration amplitude levels, which are
normally checked once a ship is built, during marine tests (ballast condition), may significantly differ from the operational ones (cargo condition). It may be possible to eliminate the excessive vibrations in the superstructure by adding a large effective mass, e.g. by filling a space
located high up in the superstructure with sand.
Before calculating forced vibrations, it is necessary to decide on the calculation method.
There are two main methods: direct integration and modal superposition. The most common
method is the modal superposition of free vibration. In this method, the free vibration forms
are added together in an appropriate manner. In this case, we should verify the assumption of
the number of free vibration forms included in the summation to forced vibrations. The impact of the quantities of free vibration forms taken into account was verified by analysing the
results of the 2700 TEU container ship analyses. Given the nominal speed of the power transfer system (91 rpm) and the fact that the fifth and the eighth harmonic components are the
basic forcing force components (number of propeller blades and number of engine cylinders),
a maximum frequency of the main forcing forces can be determined at 8 and 12 Hz. The focus
was on propeller excitations. For this reason, the key range of excitations is from 0 to 7.6 Hz.
A number of variants of forced vibration calculations were carried out, taking into account the
different number of free vibration forms. Calculation variants with the following number of
free vibration forms included were adopted, from 10 modes (up to 7 Hz - all basic forms of
hull and superstructure free vibration forms) to 150 modes (up to 20 Hz - forms with frequencies up to 2.5 times the frequency of the propeller excitations). Figure 6 shows the longitudinal amplitudes of the vibration velocity of the main engine body (MEF—heads on the bow
side), the hull in the deck transom area (DTR), and the top of the superstructure (STL—bridge
wing), depending on the number of free vibration forms taken into account.

Figure 6: Amplitude of the longitudinal forced vibration velocity depending on the number of natural vibration
modes considered.

We should note that if there are not enough free vibration forms to be taken into account,
even forced vibration forms might be wrong. For example, the amplitude of the main engine
heads longitudinal vibrations, which are more than twice the amplitude of the deck transom. If
the free vibration frequency range is from 0 to 9 Hz (20 forms), the calculation results indicate
that the heads vibration amplitude is four times less (!) than the deck transom amplitude. Also,
the shape of the resonance curves can be changed at an insufficient number of free vibration
forms considered. When using the modal superposition method, the band of the free vibration
frequencies to be determined should be at least twice as wide as the forcing frequency band so
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that the results of the vibration amplitude (velocity) calculations are correct. Forced vibration
phases are less sensitive to the number of determined forms of natural vibration. In specific
cases, for drives with high-frequency excitations (medium-velocity engines), it is admissible
to extend the frequency range of forced vibrations 1.5 times when determining the essential of
free vibration forms. In the considered case, taking into account the first 70 free vibration
forms (up to 16 Hz) is sufficient.
4

FORCED VIBRATIONS

When calculating the analysed model forced vibrations, the damping matrix must be specified. Damping depends on a large number of factors. The damping is greatly affected by the
structure wetting with seawater. It is very difficult to precisely define the damping; practically,
it is possible only using experiments. Its values can be found in numerous publications [3, 9].
For steel welded structures, the author believes that vibration increase factor of 20–25 is a
good approximation. However, it is very important to verify the calculation analyses using
correctly performed measurement tests.
When analysing the hull and superstructure dynamics, two main sources of forcing are to
be taken into account: from the propeller and from the main engine [3, 5]. The vibration amplitudes (forcing forces) summation must take into account the time history phase angles between propeller' blades and engine's cranks. In the case of excitations induced by the propeller,
the dominant force is the harmonic component associated with the number of propeller blades
(for the concerned ship, the 5th component). Engine excitations are represented by a whole
spectrum of harmonic components, the most dangerous of which is related to the number of
engine cylinders. Power systems with the same number of propeller blades and engine cylinders should not be used in shipbuilding because of the high risk of excessive vibration due to
the summation of identical harmonic components. However, even for different numbers of
cylinders and propeller blades, harmonic components summation may be unfavourable, as
marine low-velocity engines have high collateral harmonic components. For the analysed 8cylinder engine, the 5th harmonic component is significant. As it has already been stressed,
the vibration phases caused by the propeller depend on its blades position, while the vibration
phases caused by the main engine depend on the crankshaft crank position. For these reasons,
the angular mutual alignment of the propeller and crankshaft may significantly affect the superstructure vibrations level [5].
When minimising vibrations, the selected point vibration amplitude and phase must be determined first, for both sources of excitations. For the main engine excitations, the vibrations
caused by the coupled longitudinal vibrations and the vibrations caused by the main engine
unbalanced moments are to be added together. Propeller excitations consist of water pressure
pulses on the deck transom and of forces induced by drive uncoupled longitudinal vibrations
and of the main engine shafting flexural vibrations. Only the 5th harmonic component will be
considered in this analysis, as the principal propeller excitations are of the fifth order, and only the same order vibrations can be vectorially added. Figure 7 summarise the longitudinal
vibrations levels of the superstructure bridge wing, produced by the propeller and main engine.
Summary results by excitations type are presented.
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Figure 7: Vibration velocity amplitudes for the container ship in the longitudinal direction on the bridge wing,
excited by the propeller and main engine.

Since the total vibrations from the propeller and main engine have similar amplitude levels,
it is possible to minimise the vibration by changing the propeller and crankshaft crank angular
position. Each vibration direction and each drive rotational speed can be minimised. The admitted optimum angle (the propeller blade optimal translation angle in relation to the first
crankshaft crank) is D=-20.3q, it gives a minimum level of superstructure longitudinal vibrations at the nominal engine rotational speed. In reality, the propeller and the crankshaft relative angular position are very often random. Therefore, the distribution of calculation results
compared to the measurement tests can be significant. Figure 8 shows the size of distribution,
i.e. errors which may result from the accidental propeller and crankshaft phasing for the 5 th
harmonic component. The reference level is the average of the expected vibration amplitudes.

Figure 8: Expected vibration amplitude result distribution of the 5th harmonic component, for the 2700 TEU
container ship's variable propeller and engine phasing.

During measurements, total vibrations from all harmonic components are measured and
standardised. At rated rotations, the expected 5th harmonic component results distribution is
about r60%. However, the total vibration amplitudes distribution will be smaller. The difference in the 5th harmonic results is to be multiplied by its percentage in the total vibration. It
was assumed that the propeller has one dominant harmonic component, i.e. the first blade (5th
harmonic).
The measurement tests of the 2700 TEU container has been performed. A comparison of
the results of calculations with the results of measuring tests is shown in figure 9. As the
measurements results normally give the values of vibration velocity effective amplitude, the
calculation analyses results have been recalculated accordingly. The comparison was presented for the most important hull reference points: the superstructure bridge wing.
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Figure 9: Measurement and calculation verification of the superstructure bridge wing vibrations,
for the 2700 TEU container ship, in ballast condition

The presented measurement and calculation verification fully confirmed the validity of the
assumptions made and of the used calculation methods. The consistency between the measurement tests and the numerical calculations is highly satisfactory, in the light of the analyses
carried out for the expected dispersions and errors in the numerical modelling of a physical
object, the hull.
5

CONCLUSIONS

The main engine meaning (in comparison to propeller) varies with its rotational speed,
with ship cargo state and the direction of the vibrations to be considered. Therefore, it is impossible to eliminate ships vibrations to levels not noticeable by the crew and passengers. Due
to the complexity of the ship structures vibration phenomenon, it is also difficult to reduce
them effectively, especially after the ship has been built. For this reason, in-depth calculation
analyses of the ship dynamics are extremely important at the design stage. However, it is important to be aware of the inevitable calculation results dispersion (and of measurement tests,
also).
Based on the performed analyses, it can be concluded that resonant frequencies should be
provided for in calculations with good accuracy. However, even correctly performed calculations of vibration amplitudes may significantly differ from the amplitudes obtained by measurement tests. It should be stressed that measurements, especially those carried out in marine
conditions, are also subject to a number of significant errors and dispersions.
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EVALUATION OF A PUSHOVER PROCEDURE FOR ASYMMETRIC
R/C BUILDINGS WITH VARIOUS TORSIONAL PROPERTIES
Grigorios E. Manoukas, and Asimina M. Athanatopoulou


'HSDUWPHQWRI&LYLO(QJLQHHULQJ$ULVWRWOH8QLYHUVLW\
8QLYHUVLW\&DPSXV7KHVVDORQLNL*UHHFH
HPDLO^JUPDQPLQDN`#FLYLODXWKJU

Keywords:3XVKRYHUDQDO\VLVDV\PPHWULFEXLOGLQJVWRUVLRQDOO\VWLIIIOH[LEOHEXLOGLQJVELD[
LDOVHLVPLFH[FLWDWLRQQRQOLQHDUG\QDPLFDQDO\VLVVHLVPLFUHVSRQVH
Abstract. In the present paper a recently developed multimode pushover procedure is evaluated for asymmetric systems with various torsional properties. The procedure is applicable to
asymmetric in plan buildings under concurrent action of two horizontal seismic components
and its main advantage is that it does not require independent analysis in two orthogonal directions. Thus, the use of simplified directional combination formulae, which is not valid in
the nonlinear range, is avoided. The preliminary evaluation of the proposed methodology led
to quite satisfactory results. However, the studies conducted up to date are limited to ‘torsionally stiff’ buildings. Hence, in the present study the procedure is applied to ‘torsionally
similarly stiff’ and ‘torsionally flexible’ systems too. In particular, a set of nine reinforced
concrete buildings are analyzed for 20 earthquake excitations. The values of selected response quantities are compared to those resulting from a conventional pushover analysis variant as well as from nonlinear dynamic analysis. The whole evaluation study leads to the
derivation of useful conclusions.
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1

INTRODUCTION

7KHYDVWPDMRULW\RIEXLOGLQJVEHORQJWRWKHFDWHJRU\RIDV\PPHWULFLQSODQVWUXFWXUHVLH
WKH\GRQRWSRVVHVVDQ\D[LVRIV\PPHWU\7KHHDUWKTXDNHDQDO\VLVDQGGHVLJQRIVXFKEXLOG
LQJV VKRXOG EH EDVHG RQ VSDWLDO PRGHOV DQG VKRXOG WDNH LQWR DFFRXQW WKH VRFDOOHG PXOWL
GLUHFWLRQDOVHLVPLFHIIHFWVQDPHO\WKHFRQFXUUHQWDFWLRQRIDWOHDVWWKHWZRKRUL]RQWDOVHLVPLF
FRPSRQHQWV:KHQOLQHDURUQRQOLQHDUWLPHKLVWRU\DQDO\VLVLVDSSOLHGWKHVHHIIHFWVDUHWDNHQ
LQWRDFFRXQWGLUHFWO\E\FRQFXUUHQWDSSOLFDWLRQRIDFFHOHURJUDPVDORQJWZRRUWKRJRQDOGLUHF
WLRQV 2Q WKHRWKHU KDQG ZKHQ PRGDO UHVSRQVH VSHFWUXP RU OLQHDU VWDWLF PHWKRGRI DQDO\VLV
DUHDSSOLHGDIXQGDPHQWDODVVXPSWLRQLVDGRSWHG,QSDUWLFXODULWLVFRQVLGHUHGWKDWWKHVDPH
GHVLJQVSHFWUXPUHSUHVHQWVERWKKRUL]RQWDOVHLVPLFFRPSRQHQWVDQGWKHDQDO\VLVLVFDUULHGRXW
LQGHSHQGHQWO\IRUHDFKGLUHFWLRQ7KHQWKHGLUHFWLRQDOFRPELQDWLRQLVFRQGXFWHGXVLQJ6566
6TXDUH5RRWRIWKH6XPRIWKH6TXDUHV IRUPXODRUWKHSHUFHQWDJHFRPELQDWLRQUXOH7KHODW
WHU DSSURDFK LV DGRSWHG E\ VHLVPLF FRGHV HJ >@ >@ >@  HYHQ IRU WKH LPSOHPHQWDWLRQ RI
QRQOLQHDUVWDWLFPHWKRG
,QUHFHQW\HDUVPDQ\UHVHDUFKHUVLQYHVWLJDWHGWKHLVVXHRIDSSOLFDWLRQRISXVKRYHUDQDO\VLV
WRDV\PPHWULFEXLOGLQJVXQGHUELD[LDOVHLVPLFH[FLWDWLRQDQGSUHVHQWHGVHYHUDOUHOHYDQWPHWK
RGRORJLHV7KHPDMRULW\RIWKHPLVEDVHGDOVRRQVLPSOLILHGGLUHFWLRQDOFRPELQDWLRQIRUPXODH
)RUH[DPSOH5H\HVDQG&KRSUD>@>@H[WHQGHGWKHZHOONQRZQ0RGDO3XVKRYHU$QDO\VLV
>@LQRUGHUWRLQFOXGHDV\PPHWULFEXLOGLQJVXQGHUELD[LDOVHLVPLFH[FLWDWLRQ7KH\SURSRVHG
LQGHSHQGHQWLPSOHPHQWDWLRQRIWKHSURFHGXUHDORQJWZRRUWKRJRQDOGLUHFWLRQVDQGGLUHFWLRQDO
FRPELQDWLRQ RI WKH UHVXOWV XVLQJ 6566 IRUPXOD 7KH VDPH DSSURDFK LV DOVR DGRSWHG IRU WKH
H[WHQVLRQ RI 1 PHWKRG IRU DV\PPHWULF LQ SODQ EXLOGLQJV >@ >@ IRU WKH ,PSURYHG 0RGDO
3XVKRYHU$QDO\VLV>@IRUWKH,PSURYHG&RQVHFXWLYH0RGDO3XVKRYHU$QDO\VLV>@DQGIRU
WKHSXVKRYHUSURFHGXUHSURSRVHGE\6KDNHULDQG*KRUEDQL>@
+RZHYHUWKHVLPSOLILHGGLUHFWLRQDOFRPELQDWLRQUXOHVDUHEDVHGRQWKHVXSHUSRVLWLRQSULQ
FLSOHZKLFK LVQRWYDOLG LQWKHQRQOLQHDUUDQJHRIEHKDYLRXU7KXVWKHXVHRIVXFKUXOHV LVD
PDMRU VKRUWFRPLQJ RI WKH DIRUHPHQWLRQHG PHWKRGRORJLHV IRXQG LQ OLWHUDWXUH DV ZHOO DV RI
WKRVH SUHVFULEHG E\ VHLVPLF FRGHV ,Q RUGHU WR RYHUFRPH WKLV VKRUWFRPLQJ 0DQRXNDV HW DO
>@>@>@GHYHORSHGDPXOWLPRGHSXVKRYHUSURFHGXUHIRUDV\PPHWULFLQSODQEXLOGLQJV
ZKLFKGRHVQRWUHTXLUHLQGHSHQGHQWDQDO\VLVIRUHDFKGLUHFWLRQKHQFHGLUHFWLRQDOFRPELQDWLRQ
LVDYRLGHG7KHPDLQLGHDRIWKHSURFHGXUHLVWKDWWKHVHLVPLFUHVSRQVHRIDPXOWLGHJUHHRI
IUHHGRP 0'2) V\VWHPXQGHUELD[LDOVHLVPLFH[FLWDWLRQFDQ EHH[SUHVVHGDV VXSHUSRVLWLRQ
RIWKHUHVSRQVHVRIDVHULHVRIHTXLYDOHQWVLQJOHGHJUHHRIIUHHGRP (6'2) V\VWHPVXQGHU
XQLD[LDO H[FLWDWLRQ 7KH SURSHUWLHV RI WKH(6'2) V\VWHPV PDVV VWLIIQHVV GDPSLQJ IDFWRU 
DUHFDOFXODWHGXVLQJSURSHUIRUPXODHZKLFKDUHGHULYHGIURPWKHHTXDWLRQVRIPRWLRQDQGWDNH
GLUHFWO\LQWRDFFRXQWWKHFRQFXUUHQWDFWLRQRIWKHWZRKRUL]RQWDOVHLVPLFFRPSRQHQWV
7KHHYDOXDWLRQVWXGLHVSXEOLVKHGLQWKHSDVW>@>@>@GHPRQVWUDWHGWKDWWKHSURSRVHG
SURFHGXUH SURYLGHV TXLWH VDWLVIDFWRU\ UHVXOWV +RZHYHU WKH VWXGLHV FRQGXFWHG XSWR GDWH DUH
OLPLWHG WRWKH VR FDOOHG µWRUVLRQDOO\ VWLII¶ EXLOGLQJV +HQFHWKH VFRSHRIWKH FXUUHQW VWXG\ LV
WKHYDOLGDWLRQRIWKHSURFHGXUHIRUDV\PPHWULFLQSODQV\VWHPVLQFOXGLQJµWRUVLRQDOO\VLPLODUO\
VWLII¶DQGµWRUVLRQDOO\ IOH[LEOH¶EXLOGLQJV>@$IWHUDEULHIRXWOLQHRIWKHSURFHGXUHDVHULHV
RI DSSOLFDWLRQV WRUHLQIRUFHG FRQFUHWH EXLOGLQJV LV SUHVHQWHG ,Q SDUWLFXODU QLQH PXOWLVWRUH\
EXLOGLQJV DUH DQDO\]HG IRU  ELD[LDO VHLVPLF H[FLWDWLRQV 7KH YDOXHV RI VHOHFWHG UHVSRQVH
TXDQWLWLHV DUH FRPSDUHG WRWKRVH UHVXOWLQJ IURP D FRQYHQWLRQDO SXVKRYHU DQDO\VLV YDULDQW DV
ZHOO DV IURP QRQOLQHDU G\QDPLF DQDO\VLV 7KH ZKROH VWXG\ OHDGV WR WKH GHULYDWLRQ RI XVHIXO
FRQFOXVLRQV
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2

SUMMARY OF THE PROCEDURE

7KHWKHRUHWLFDOEDFNJURXQGRIWKHSURSRVHGSURFHGXUHKDVDOUHDG\EHHQSUHVHQWHGE\0DQ
RXNDV HW DO LQ SUHYLRXV SDSHUV >@ >@ >@ +HQFH LQ WKH SUHVHQW VWXG\ RQO\ VRPH NH\
SRLQWV DUH EULHIO\ RXWOLQHG $SDUW IURP WKH ZHOONQRZQ DVVXPSWLRQV RQ ZKLFK DOO SXVKRYHU
YDULDQWVDUHEDVHGDQDGGLWLRQDORQHLVLQWURGXFHG,QSDUWLFXODULWLVFRQVLGHUHGWKDWWKHWZR
KRUL]RQWDOVHLVPLFFRPSRQHQWVüg(t)XDQGüg(t)YDUHSURSRUWLRQDOWRHDFKRWKHULH
üg(t)Y = κüg(t)X = κüg(t)   
ZKHUHκLVDFRQVWDQWIDFWRU$OWKRXJKWKLVLVQRWWKHFDVHIRUHDUWKTXDNHH[FLWDWLRQVWKLVDV
VXPSWLRQVKRXOGEHFRQVLGHUHGDVUHDVRQDEOHVLQFHLWLVLQIDFWHTXLYDOHQWWRWKHFRPPRQDV
VXPSWLRQ RI VHLVPLF FRGHV ZKLFK VSHFLI\ WKDW WKH VDPH GHVLJQ VSHFWUXP UHSUHVHQWV ERWK
KRUL]RQWDO VHLVPLF FRPSRQHQWV DQG WKH GLUHFWLRQDO FRPELQDWLRQ FDQ EH FRQGXFWHG XVLQJ WKH
SHUFHQWDJHFRPELQDWLRQUXOHZKHUHDIDFWRUHTXDOWR VLPLODUWRκ LVDSSOLHG
7KDQNVWRWKHDIRUHPHQWLRQHGDVVXPSWLRQV LWKDVEHHQGHPRQVWUDWHG>@>@>@WKDW
WKH PRWLRQRIDQ1'2)V\VWHP VXEMHFWHGWRWKHVHLVPLFH[FLWDWLRQJLYHQ LQ(T  LVJRY
HUQHGE\1XQFRXSOHGHTXDWLRQVHDFKRQHFRUUHVSRQGLQJWRDµPRGDO¶(6'2)V\VWHP

&&i +2 M *XYi ωiζi D& i +VΧΥi = - M *XYi üg  
 M *XYi D
&&i DUH WKH GLVSODFHPHQW YHORFLW\ DQG DFFHOHUDWLRQ RI WKH LWK L 
ZKHUH Di = qi / νΧΥi D& i  D
«1  (6'2) V\VWHP ωi ζi DQG qi DUH WKH QDWXUDO IUHTXHQF\ WKH GDPSLQJ UDWLR DQG WKH
µPRGDO¶FRRUGLQDWHRIWKHHODVWLFYLEUDWLRQPRGHLDQG
VΧΥi = VΧi + κVΥi
*
*
2
*
M XYi = M Xi + κ(νΧi LΥi+νΥi LΧi) + κ M Yi




LΧi=δ,ΧΤΜφi



LΥi=δ,ΥΤΜφi



νΧΥi = νΧi + κνΥi



ZKHUHΜLVWKH1[1PDVVPDWUL[φiLVWKHµPRGDO¶YHFWRURIPRGHLVΧiVΥiDUHWKHµPRGDO¶
EDVHVKHDUVSDUDOOHOWR;DQG<D[HVUHVSHFWLYHO\ M *Xi  M *Yi DQGνΧiνΥiDUHWKHHIIHFWLYHPRG
DO PDVVHV DQG WKH PRGDO SDUWLFLSDWLRQ IDFWRUVRI PRGH L GXH WR LQGHSHQGHQW XQLD[LDO H[FLWD
WLRQVZKLOHδ,Χδ,ΥDUHWKHLQIOXHQFHYHFWRUVIRULQGHSHQGHQWXQLD[LDOH[FLWDWLRQV
(T   GHPRQVWUDWHV WKDWWKH QRQOLQHDU UHVSRQVH RI DQ 1GHJUHH RI IUHHGRP V\VWHP VXE
MHFWHGWRWKHVHLVPLFH[FLWDWLRQJLYHQLQ(T  FDQEHH[SUHVVHGDVWKHVXPRIWKHUHVSRQVHV
RI16'2)V\VWHPVXQGHUXQLD[LDOH[FLWDWLRQHDFKRQHFRUUHVSRQGLQJWRDYLEUDWLRQµPRGH¶
DQGKDYLQJWKHSURSHUWLHVJLYHQLQ(TV  WR  DQGLQ7DEOH7KHSURSHUWLHVWKDWHDFK(
6'2)ZRXOGKDYHLQFDVHRIXQLD[LDOH[FLWDWLRQ SDUDOOHOWR;D[LV DUHDOVRWDEXODWHGLQWKH
VHFRQGFROXPQRI7DEOH1RWLFHWKDWWKHGLVSODFHPHQWVRI(6'2)V\VWHPVLVFRUUHODWHGWR
WKHURRIGLVSODFHPHQWuNi
7KH LPSOHPHQWDWLRQ RI WKH SURSRVHG PHWKRGRORJ\ VKRXOG EH FRQGXFWHG IRUWKH IROORZLQJ
SRVVLEOHFRPELQDWLRQVRIWKHKRUL]RQWDOVHLVPLFFRPSRQHQWV
JȋțJȊ  
Jȋ±țJȊ  
JȊțJȋ  
JȊ±țJȋ  
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7KHSURSHUWLHVRIWKH(6'2)V\VWHPVVKRXOGEHPRGLILHGSURSHUO\IRUHDFKFRPELQDWLRQ
&RQVLGHUDWLRQRIWKHIRXUFRPELQDWLRQVZLWKRSSRVLWHVLJQ HJ–ügΧ – κügΥLQVWHDGRIügΧ +
κügΥ LVQRWQHFHVVDU\EHFDXVHLWOHDGVWRLGHQWLFDOSURSHUWLHVIRUWKH(6'2)V\VWHPVDQGDVD
FRQVHTXHQFHWRLGHQWLFDOUHVXOWV
7KH VHTXHQFH RI VWHSV QHHGHG IRU WKH LPSOHPHQWDWLRQ RI WKH SURSRVHG PHWKRGRORJ\ DUH
VKRZQLQWKHIORZFKDUWRI)LJ

)LJXUH)ORZFKDUWRIWKHSURSRVHGPHWKRGRORJ\
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3URSHUW\
0DVV
5HVLVWLQJIRUFH

8QLD[LDOH[FLWDWLRQ ügΧ

%LD[LDOH[FLWDWLRQügΧ + κügΥ
*
*
*
2
M XYi = M Xi +κ(νΧi LΥi+νΥi LΧi)+κ M Yi
VΧΥi = VΧi + κVΥi 
Di = uNi / νΧΥi φNi = uNi / (νΧi + κνΥi) φNi
URRIGLVSODFHPHQWuNi 
2 M *XYi ωiζi

*
Xi

M
VΧi
Di = uNi / νΧi φNi
'LVSODFHPHQW
URRIGLVSODFHPHQWuNi
'DPSLQJIDFWRU 2 M *Xi ωiζi

7DEOH3URSHUWLHVRIWKHith(6'2)V\VWHP

3
3.1

EVALUATION STUDY
Structural modeling and design

,WKDVEHHQGHPRQVWUDWHGLQSUHYLRXVVWXGLHV>@>@>@WKDWWKHSURSRVHGPHWKRGROR
J\SURGXFHVTXLWHVDWLVIDFWRU\UHVXOWVIRUEXLOGLQJVFKDUDFWHUL]HGDVµWRUVLRQDOO\VWLII¶DFFRUG
LQJWRWKHGHILQLWLRQJLYHQE\&KRSUDDQG*RHO>@DQGRWKHUUHVHDUFKHUV,QWKHIUDPHZRUN
RI WKH FXUUHQW SDSHUWKH SURFHGXUH LV DSSOLHG WRµWRUVLRQDOO\ VLPLODUO\ VWLII¶ DQG µWRUVLRQDOO\
IOH[LEOH¶DV\PPHWULFLQSODQEXLOGLQJVWRR
,Q SDUWLFXODU QLQH PXOWLVWRUH\ DV\PPHWULF LQ SODQ EXW UHJXODU LQ HOHYDWLRQ  UHLQIRUFHG
FRQFUHWH EXLOGLQJV ZLWK YDULRXV WRUVLRQDO SURSHUWLHV DUH DQDO\]HG IRU  VHLVPLF H[FLWDWLRQV
7KHEXLOGLQJVDUHFKDUDFWHUL]HGE\DVWULQJV\PEROFRPSULVLQJRUOHWWHUVDQGDQXPEHULQ
GLFDWLQJWKHQXPEHURIVWRUH\V RU 7KHPHDQLQJRIWKHOHWWHUVLVDVIROORZV
 µWV¶ µWRUVLRQDOO\ VWLII¶  $V\PPHWULF EXLOGLQJV ZLWK SODQ JLYHQ LQ )LJ  µWV¶ PRGHOV
DUHFKDUDFWHUL]HGDVµWRUVLRQDOO\VWLII¶>@JLYHQWKDWLQWKHILUVWWZRYLEUDWLRQPRGHVWKHPR
WLRQLVGRPLQDWHGE\ODWHUDOGLVSODFHPHQWV

µWVV¶ µWRUVLRQDOO\VLPLODUO\ VWLII¶  $V\PPHWULF EXLOGLQJV LGHQWLFDOWRµWV¶ PRGHOVH[
FHSWWKDWWKH PDVV PRPHQWRI LQHUWLD RI HDFK GLDSKUDJP LV PXOWLSOLHG E\  µWVV¶ PRGHOV DUH
FKDUDFWHUL]HG DV µWRUVLRQDOO\ VLPLODUO\ VWLII¶ >@JLYHQ WKDW LQ WKH ILUVWWZR YLEUDWLRQ PRGHV
ODWHUDODQGWRUVLRQDOPRWLRQVDUHVWURQJO\FRXSOHG
 µWI¶ µWRUVLRQDOO\ IOH[LEOH¶  %XLOGLQJV LGHQWLFDO WR µWV¶ PRGHOV H[FHSW WKDW WKH PDVV
PRPHQWRILQHUWLDRIHDFKGLDSKUDJPLVPXOWLSOLHGE\µWI¶PRGHOVDUHFKDUDFWHUL]HGDVµWRU
VLRQDOO\IOH[LEOH¶>@JLYHQWKDWLQWKHILUVWPRGHWKHPRWLRQLVGRPLQDWHGE\WRUVLRQ
)RUH[DPSOHWKHV\PEROWIFRUUHVSRQGVWRDµWRUVLRQDOO\IOH[LEOH¶EXLOGLQJZLWKVWRUH\V

)LJXUH)ORRUSODQVRIWKHDQDO\]HGEXLOGLQJV
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$OOEXLOGLQJVDUHGHVLJQHGXVLQJWKHPRGDOUHVSRQVHVSHFWUXPPHWKRGRIDQDO\VLV>@>@
IRU3HDN*URXQG$FFHOHUDWLRQ 3*$ HTXDOWRJ7KHGHVLJQLVFRQGXFWHGZLWKWKHDLGRI
WKHVRIWZDUHSDFNDJH1(;7YZKLFKLVGHYHORSHGE\µ&RPSXWHF6RIWZDUH¶DQGZLGHO\
XVHG E\ HQJLQHHULQJ SURIHVVLRQDOV LQ *UHHFH  7KH PDVV DQG WKH PDVV PRPHQW RI LQHUWLD RI
HDFKVWRUH\ 7DEOH DUHFRQFHQWUDWHGWRWKHPDVVFHQWHURIWKHGLDSKUDJPV7KHILUVWVL[QDW
XUDO SHULRGVRI WKH H[DPLQHG PRGHOV DUHWDEXODWHG LQ 7DEOH  ZKLOH WKH PRGDO SDUWLFLSDWLQJ
PDVVUDWLRVDUHVKRZQLQ7DEOH
7KHLQHODVWLFDQDO\VHVRIWKHEXLOGLQJVDUHFRQGXFWHGXVLQJWKHSURJUDP6$37KHLQ
HODVWLFEHKDYLRULVUHSUHVHQWHGWKURXJKSODVWLFKLQJHVSRVVHVVLQJHODVWLFSHUIHFWO\SODVWLFPR
PHQWVURWDWLRQVUHODWLRQV
%XLOGLQJV
WV
WV
WV
WVV
WVV
WVV
WI
WI
WI

0DVV W 










0DVVPRPHQWRILQHUWLD WP 










7DEOH6WRUH\PDVVHVDQGPDVVPRPHQWVRILQHUWLD
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7DEOH1DWXUDOSHULRGVTi  VHF 
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7DEOH0RGDOSDUWLFLSDWLQJPDVVUDWLRVmix*, miy*  
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3.2

Ground motions

7KH EXLOGLQJV DUH DQDO\]HG IRU  DFFHOHURJUDPV REWDLQHG IURP WKH 3((5 GDWDEDVH >@
DQGWDEXODWHGLQWDEOH&RI)(0$>@7KHDFFHOHURJUDPVDUHVFDOHGWR3*$HTXDOWR
JLQRUGHUWRHQVXUHWKDWWKHDQDO\]HGEXLOGLQJVXQGHUJRH[WHQVLYHQRQOLQHDUGHIRUPDWLRQ
7KH VFDOHG DFFHOHUDWLRQ UHVSRQVH VSHFWUD RI WKH  VHLVPLF H[FLWDWLRQV DORQJ ZLWK WKH PHDQ
UHVSRQVH VSHFWUXP DUH VKRZQ LQ )LJ  (DFK DFFHOHURJUDP LV DSSOLHG VLPXOWDQHRXVO\ DORQJ
WZRRUWKRJRQDOGLUHFWLRQVZLWKWKHVDPHLQWHQVLW\

)LJXUH$FFHOHUDWLRQUHVSRQVHVSHFWUDRIWKHVHLVPLFH[FLWDWLRQV

3.3

Analysis process

7ZRDOWHUQDWLYHSXVKRYHUSURFHGXUHVDUHLPSOHPHQWHG
 7KH SURSRVHG PHWKRGRORJ\ 30  'XHWRWKH VLPXOWDQHRXV DFWLRQ RI WKH VDPH HDUWK
TXDNHH[FLWDWLRQDORQJWZRKRUL]RQWDOD[HVWKHIDFWRUκ (T  LVHTXDOWR7KXVWKHFRP
ELQDWLRQVRIWKHVHLVPLFFRPSRQHQWV (TV  WR  DUHOLPLWHGWRWZRügΧ + ügΥ 30 DQG
ügΧ – ügΥ 30 
 $FRQYHQWLRQDOSURFHGXUH &3 ZKLFKGLIIHUVIURP30LQWKHIROORZLQJWKUHHSRLQWVL
&3 LV DSSOLHG IRU LQGHSHQGHQW XQLD[LDO H[FLWDWLRQV DORQJ ; DQG < D[HV DQG WKH SHUFHQWDJH
FRPELQDWLRQUXOHLVXVHGIRUWKHFDOFXODWLRQRIWKHH[WUHPHYDOXHVRIWKHUHVSRQVHSDUDPHWHUV
VWHS  LQ )LJ   LL  LQ VWHSV  WR  νΧi M *Xi  VΧi RU νYi M *Yi  VΥi DUH XVHG LQVWHDG RI νΧΥi
*
M XYi VΧΥiDQGLLL VWHSLVRPLWWHG
)RU ERWK SURFHGXUHVWKH ILUVW VL[ YLEUDWLRQ PRGHV DUHWDNHQ LQWR DFFRXQW ZKLOH WKH &RP
SOHWH 4XDGUDWLF &RPELQDWLRQ &4&  UXOH LV XVHG IRU WKH µPRGDO¶ VXSHUSRVLWLRQ 7KH WDUJHW
URRI GLVSODFHPHQW IRU HDFK PRGH LV HVWLPDWHG PXOWLSO\LQJ E\ WKH TXDQWLW\ νXYiφNi 30  DQG
νXiφNi RU νYiφNi &3  WKH UHVSRQVH RI WKH FRUUHVSRQGLQJ (6'2) V\VWHP 7KH ODWWHU LV GHWHU
PLQHGZLWKWKHDLGRIQRQOLQHDUG\QDPLFDQDO\VLV)RUHDFKEXLOGLQJWKHIORRUGLVSODFHPHQWV
DQGWKHVWRUH\GULIWVDWWKHFHQWHURIPDVV &0 DWWKHIOH[LEOHVLGH & DQGDWWKHVWLIIVLGH
& RIWKHSODQDUHFDOFXODWHG
7KH YDOXHV RI WKH UHVSRQVH TXDQWLWLHV UHVXOWLQJ IURP WKH WZR DOWHUQDWLYH SXVKRYHU SURFH
GXUHVDUHFRPSDUHGWRWKRVHREWDLQHGE\1RQOLQHDU'\QDPLF$QDO\VLV 1'$ ZKLFKLVFRQ
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VLGHUHGDVµH[DFW¶VROXWLRQ)RUHDFKUHVSRQVHSDUDPHWHURj,s FDOFXODWHGE\PHDQVRISXVKRYHU
DQDO\VLVIRUDQH[FLWDWLRQMWKHHUURUZLWKUHJDUGWRWKH1'$EjLVGHWHUPLQHGDVIROORZV
Ej   100

R j,s  R j,d

  

R j,d

ZKHUHRj,dLVWKHYDOXHRIWKHUHOHYDQWSDUDPHWHUUHVXOWLQJIURP1'$)XUWKHUPRUHWKHPHDQ
HUURUMEIRUWKHH[FLWDWLRQVLVGHWHUPLQHGXVLQJ(T  
ME 

3.4
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Results

,Q)LJVWRWKHPHDQHUURUVRIWKHFDOFXODWHGUHVSRQVHSDUDPHWHUVDUHVKRZQ7KHWZR
FRPELQDWLRQV RI 30 30 DQG 30  SURYLGH DQ XSSHU ERXQG DQG D ORZHU ERXQG YDOXH IRU
HDFKUHVSRQVHSDUDPHWHU7KHµH[DFW¶YDOXH 1'$ IRURIGLVSODFHPHQWVDQGIRU
RIGULIWV OLHV LQWKLVUDQJH)RUWKH YDVW PDMRULW\RIUHVSRQVHTXDQWLWLHV RIGLV
SODFHPHQWVDQGRIGULIWV 30LVFRQVHUYDWLYH7KLVPHDQVWKDWWKHQXPEHURIPRGHV
WDNHQLQWRDFFRXQWLVDGHTXDWH1RQFRQVHUYDWLYHYDOXHVDUHREVHUYHGPDLQO\IRUWKHVWLIIVLGH
RIµWRUVLRQDOO\VLPLODUO\VWLII´EXLOGLQJV7KHMERIWKHPRUHFRQVHUYDWLYHFRPELQDWLRQ 30
RU30 IRUGLVSODFHPHQWVUDQJHEHWZHHQDQGZKLOHIRUGULIWVEHWZHHQDQG
,QFRPSDULVRQZLWK&3WKHDEVROXWHYDOXHVRIMEUHVXOWLQJ IURP30DUHVPDOOHU IRU
 RI  GLVSODFHPHQWV DQG IRU  RI  GULIWV 7KHME RI &3 UDQJH EHWZHHQ  DQG
IRUGLVSODFHPHQWVDQGEHWZHHQDQGIRUGULIWV&RQFHUQLQJWKHLQIOXHQFHRIWKH
WRUVLRQDO SURSHUWLHV RI WKH EXLOGLQJV QR UHPDUNDEOH GLIIHUHQFHV LQ WKH DFFXUDF\ RI UHVSRQVH
TXDQWLWLHVRIWKHFHQWHURIPDVVLVLGHQWLILHG+RZHYHUWKHSURSRVHGSURFHGXUHWHQGVWRKLJKO\
RYHUHVWLPDWHERWKGLVSODFHPHQWVDQGGULIWVRIWKHIOH[LEOHVLGHRIµWRUVLRQDOO\VLPLODUO\VWLII´
EXLOGLQJV 2Q WKHRWKHU KDQG WKH PHDQ HUURUVRI WKH UHVSRQVH TXDQWLWLHV RIWKH VWLII VLGH DUH
JHQHUDOO\ VPDOOHU LQ FRPSDULVRQ ZLWK µWRUVLRQDOO\ VWLII¶ DQG µWRUVLRQDOO\ IOH[LEOH¶ EXLOGLQJV
2EYLRXVO\WKLVSKHQRPHQRQPD\EHDWWULEXWHGWRWKHDFWLRQRIWRUVLRQ)LQDOO\LWLVZRUWKQR
WLFLQJ WKDW QR FRUUHODWLRQ EHWZHHQ WKH GXFWLOLW\ UHTXLUHG IRU HDFK H[FLWDWLRQ DQG WKH FRUUH
VSRQGLQJHUURUKDVEHHQREVHUYHG
4

CONCLUSIONS

,QWKHSUHVHQWSDSHUDUHFHQWO\GHYHORSHG PXOWLPRGHSXVKRYHUSURFHGXUHLVHYDOXDWHGIRU
DV\PPHWULF V\VWHPV ZLWK YDULRXV WRUVLRQDO SURSHUWLHV 7KH SURFHGXUH LV DSSOLFDEOH WR DV\P
PHWULFLQSODQEXLOGLQJVXQGHUFRQFXUUHQWDFWLRQRIWZRKRUL]RQWDOVHLVPLFFRPSRQHQWVDQGLWV
PDLQDGYDQWDJH LVWKDWLWGRHVQRWUHTXLUH LQGHSHQGHQWDQDO\VLV LQWZRRUWKRJRQDOGLUHFWLRQV
7KXVWKHXVHRIVLPSOLILHGGLUHFWLRQDOFRPELQDWLRQIRUPXODHZKLFKLVQRWYDOLGLQWKHQRQOLQ
HDUUDQJHLVDYRLGHG7KHHYDOXDWLRQVWXG\FRQGXFWHGLQWKHSUHVHQWSDSHUOHDGVWRWKHYHULIL
FDWLRQRIVRPHDOUHDG\GHULYHGFRQFOXVLRQV>@>@>@
 7KHSURSRVHGPHWKRGRORJ\SURYLGHVIRUHDFKUHVSRQVHSDUDPHWHUDQXSSHUOLPLWDQGD
ORZHUOLPLWZKLFKLQWKHPDMRULW\RIFDVHVHQYHORSHWKHµH[DFW¶YDOXH
 ,Q JHQHUDO WKH PHDQ HUURUV ZLWK UHJDUGWRWKH QRQOLQHDU G\QDPLF DQDO\VLV UHVXOWV DUH
VPDOOHU WKDQ WKRVH UHVXOWLQJ IURP D FRQYHQWLRQDO SURFHGXUH EDVHG RQ VLPSOLILHG GLUHFWLRQDO
VXSHUSRVLWLRQUXOHV
)XUWKHUPRUHLWVHHPVWKDWWKHSURSRVHGPHWKRGRORJ\SURYLGHVPRUHUHDVRQDEOHHVWLPDWLRQ
RIWKHVHLVPLFUHVSRQVHRIµWRUVLRQDOO\VWLII¶DQGµWRUVLRQDOO\IOH[LEOH¶LQFRPSDULVRQZLWKµWRU
VLRQDOO\VLPLODUO\VWLII¶EXLOGLQJV
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Abstract. This paper presents structural analyses and optimization of a student’s CubeSat
project to be launched in a lower thermosphere orbit. The static and dynamic responses of the
primary and secondary structures are simulated, using ANSYS Finite Element Software, being
subjected to the mechanical environments of two candidate launchers. The mass of the primary
structure is optimized subject to quasi-static loading, during launching phase, given certain
constraints on the strength and stiffness imposed by the P-POD provider and the candidate
launchers. In addition, random base excitation response, and hence fatigue life estimation,
are performed in order to ensure that the primary and secondary structures will safely survive
the launching phase. Finally, the structural response of some selected subsystems, modeled
in detail and simulated individually, are compared with their lumped mass approximations,
which are simulated as part of the whole CubeSat, in order to investigate the outcome of such
approximations.
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1

INTRODUCTION

The CubeSat is a modular pico-class-satellites which are early-developed by the Space Systems Design Laboratory at Stanford University. The simplest standardized solution is the 1-Unit
CubeSat, a cube-shaped satellite with 100x100x100 mm dimensions and a weight of up to 1,33
kg. This category of satellites, though encapsulated in an Orbital Deployer (P-POD), developed by California Polytechnic State University, is launched as a secondary payload. CubeSat
missions are among the most enticing and advanced categories in the space industry, because a
cluster of such pico-satellites may easily replace a large cluster. When testing new components
and applications, CubeSat missions have proved useful for space-qualiﬁed use in future. In
addition, these uniform pico-satellites made the university’s space technology readily available
as a subject in undergraduate and postgraduate programs, where they were originally started.
Ampatzoglou et al. [1] designed and tested a 2U nanosatellite, to be launched and working
in the lower thermosphere. They developed a hybrid subsystem based on both aluminum and
composite materials, fulﬁlling all design and test requirements and successfully launched into
orbit, proving the feasibility of the new design. Barsoum et al. [2] presented hands on experience of the conﬁguration process and strength analyses of a student’s CubeSat project. They
preformed static and random vibration analysis, and fatigue life analysis in order to the primary
structure will safely mechanical environment design will survive the mechanical environments
launched safely. Eiswy et al. [3] presented the overall design process of the structure subsystem
of 1-U CubeSat mission. they implemented the static and modal analysis using ﬁnite element
method. Raviprasad et al. [4] they provided the modal, harmonic and random vibration analysis of the nano-satellite mission and ﬁndings were compared with the standard mechanical
speciﬁcations of the CubeSat and launch vehicle providers. Oh et al. [5] introduced a CubeSat
mission structure concept, based on the 1U Model, developed by the Chosun University Space
Technology Synthesis Laboratory. Furthermore, the validity of their proposed design was investigated through quasi-static and modal analysis. Swartwout [6] Submitted a comprehensive
review of the ﬁrst one hundred CubeSat missions, together with an on-orbit performance assessment while classifying missions by size, origin and mission life. It was found that many design
and deployment defects, while correctable, still haunt the CubeSat missions at the university.
Furthermore, for this type of missions the P-POD launch container, not the CubeSat model, has
proven to be the true supporting technology. Alminde et al. [7] Addressed the educational value
of the CubeSat university projects by explaining the overall architecture of the AAU-CubeSat
university project launched in space on 30 June 2003. Results from the operation phase were
presented, suggesting further work on pico-satellite designs. Noca et al. [8] presented the
project organization, mission and satellite description of their ﬁrst pico-satellite project, SwissCube, developed at the Federal Institute of Technology Space Center in Lausanne. Technical
and programmatic lessons were discussed, since the main objective of this project was to provide practical experience of the entire cycle of satellite production. Cote et al. [9] outlined
the power, propulsion, and structure subsystems of Worcester Polytechnic Institute’s initial endeavor to experiment a CubeSat. Each of the three subsystems teams managed to design and
specify a baseline set of components for their subsystem and to perform rudimentary testing.
Castello [10] built a MATLAB toolbox to help CubeSat developers understand the limitations
of CubeSat, automate their systems, and decrease design development time while meeting initial requirements. Cghan [11] the design analysis of the structure and mechanisms subsystem of
their second CubeSat project at the Technical University of Istanbul. Two separate designs were
proposed, and the ﬁnal selection was based on certain target performance parameters. Bürger
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et al. [12] Presented static and modal analysis of the structure subsystem of a CubeSat project
developed at the Brazilian Aeronautics Technology Institute. Arroyave et al. [13] proposed
a design protocol that would help in meeting the unique structural speciﬁcations of CubeSat
missions. In addition, they evaluated the static and dynamic behaviour of some case studies
by performing static, modal, harmonic, and random vibration analyses, subject to special mechanical load conditions. The current work presents structural analyses and optimization of a
student’s CubeSat project to be launched in a lower thermosphere orbit. The static and dynamic
responses of the primary and secondary structures are simulated, using ANSYS Finite Element
Software, being subjected to the mechanical environments of two candidate launchers. The
mass of the primary structure is optimized subject to static and natural frequency constraints,In
addition, random base vibration response, and hence fatigue life are performed in order to ensure that the primary and secondary structures will safely survive the launching phase. Finally,
the structural response of some selected subsystems, modeled in detail and simulated individually, and compared with their lumped mass approximations, which are simulated as part of the
whole CubeSat, in order to investigate the outcome of such approximations.
2

MODEL OVERVIEW

The current pico-satellite project is a 1-U CubeSat, made for earth observation purposes and
is based on commercial of the shelf (COTS) components[18][19]. The primary structure is
assembled by four corner rails connected, by stainless steel screws, to four side panels made
of Aluminum 6061-T6. Inside the enclosure, four spacer rods, made of brass, where installed
to support the Printed Circuit Boards (PCBs) of the different satellite subsystems. Inside the
structure, the following components are placed from top to bottom. An optical earth observation
camera is installed at the top with its lens penetrating from the top cover. A Communication
(COMM) system board responsible for the communication between the CubeSat and the ground
station. An On-Board Computer (OBC) board that controls the CubSat based on the commands
incoming from the ground station. An Attitude and Directional Control (ADC) unit responsible
for the positioning and orientation of the Cubesat. Lastly, an Electrical Power Supply (EPS)
unit that powers the CubeSat circuitry. The initial proposed mass budget of the CubeSat, before
the optimization, is 1.076 Kg namely: the structure mass 360 g, camera mass 210 g, COMM
mass 75 g, OBC mass 75 g, ADC mass 156 g and EPS including its batteries 200 g. Two
CubeSat models were investigated throughout the current work; the ﬁrst one is based on a
detailed conﬁguration of the interior and the second one is based on lumped mass representation
of the PCBs. Figure 1 shows the proposed detailed layout of the CubeSat with and without the
side panels.
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Figure 1: Layout of the proposed primary structure with(left) and without(right) side panels
3
3.1

RESULT AND DISCUSSION
Static analysis of the Assembly

All the analyses presented, hereinafter, are intended to check the static and dynamic behaviour, of the current proposed CubeSat primary structure and its PCBS, in response to the
mechanical environment of Soyuz and Dnepr as two candidate launchers. The static response
of the satellite structures is simulated while being exposed to a quasi-static acceleration of 13g
in the X, Y and Z directions simultaneously. The primary structure is assumed to be clamped
through the whole length of the rails [1]. Figures 2 and 3 show the distributions of the equivalent stress and total deformations, respectively, of the lumped mass model. It is shown that
the structure experiences maximum stress of 18.786 MPa which is fairly safe in terms of yield
stress when compared to the 276 MPa which is the yield stress of the aluminum 6061-T6 and it
is seen in Figure 3 that the structure responds with a maximum value of total deﬂection equals
0.1501 mm which is found very acceptable in terms of the static deﬂection interference of the
different components of the satellite as per the interior static envelop of the proposed conﬁguration. However, for the detailed model shown Figure 4, the equivalent stress increased to 43.127
MPa and the total deformation 0.021066 mm as shown in Figure 5. Taking a closer look at the
detailed model, the maximum stress value appeared to be at the pins of the COMM board where
these pins are absent in the lumped mass model.
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Figure 2: Equivalent Von-Mises stress lumped mass model

Figure 3: Total Deformation in lumped mass model

Figure 4: Equivalent Von-Mises stress in fully detailed model
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Figure 5. Total Deformation in fully detailed model
3.2

Modal Analysis

Modal analysis was conducted on both, lumped mass and detailed models, for the ﬁrst six
mode shapes as shown in Table 1. It is shown in the results that the ﬁrst natural frequency of
the lumped mass model is 199.81 Hz while in the detailed model the value jumped high to be
562.52 Hz which can be attributed to the more even distribution of the masses on each printed
circuit board compared to the lumped mass modeling. The fundamental frequency of both
models were found above the lower threshold value of 100 Hz speciﬁed by launcher providers.
Mode Natural Frequencies [Hz]
Detailed Lumped mass
1
562.52
199.81
2
609.68
292.36
3
702.01
304.37
4
785.64
537.79
5
843.19
683.27
6
859.68
686.14
Table 1: Natural frequencies for detailed and lumped mass models
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3.3

Static Structural and Modal analyses of PCBs

This section presents the quasi-static response and natural frequencies of each subsystem
PCB analyzed separately. There are four commonly used in most CubeSat missions namely:
COMM, OBC, ADC and EPS. All of the PCBs are simulated assuming that they are supported
from their corner holes. Table 2 shows the static analysis on the COMM board yielding the
highest stress value when compared to other PCBs with a value of 50.5 MPa, which is almost
similar to the maximum of 43.127 MPa displayed in the analysis of the detailed model and a
total deformation of 0.02 mm. Figure 6 shows the maximum stress at the pins of the COMM
board same as at the detailed model. In addition, the ﬁrst mode shape in the detailed model
appeared at the COMM board at 562.52 Hz which is approximately the same as the ﬁrst mode
shape of the COMM board which was analyzed separately.

Figure 6: Quasi-static response of COMM PCB: Stress and deformation
Analysis
Von-Mises Stress
Total Deformation
Safety Factor

Value
50.506 [MPa]
0.021361 [mm]
5.5

Table 2: Quasi-static response of COMM PCB
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3.4

Optimization

The Objective of the optimization was to minimize the mass of the CubeSat, while keeping it
safe under launch loads by limiting the factor of safety of the structure to 2 or more. The mass of
the initial proposed design of the CubeSat was 1.076 Kg and the mass of primary structure itself
is 0.36012 Kg. After conducting the optimization process, Using surface response optimization
method, the CubeSat total mass is dropped to 0.899 Kg which is 16% less than the initial total
mass of the CubeSat. To ensure the safety of the structure, static analysis is implemented on the
optimized model with the same loading conditions and it yielded nearly same results compared
to those prior to the optimization as shown in Figure 7 and 8.

Figure 7: Equivalent Von-Mises for the detailed optimized model

Figure 8: Total Deformation for the detailed optimized model
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3.5

Fatigue analysis

This section presents the fatigue analysis of the optimized Cubesat primary structure subjected to random vibration induced by two candidate launchers, namely: Soyuz and Dnepr. The
main purpose of preforming this analysis is to identify the stress peak of each launching phase,
corresponding to the resonance frequencies of the primary structure to be used later in assessing
the effect of cumulative fatigue. Tables 3 and 4 show the PSD (Power Spectral Density) random
vibration loading of Soyuz and Dnepr respectively, specifying the expected duration of each
launching stage[16][17].

Table 3: The limit ﬂight levels of random vibrations of Soyuz launcher [16]

Table 4: The limit ﬂight levels of random vibrations of Dnepr launcher [17]

Figure 9: Random vibration response of Soyuz 1st Stage in X, Y and Z (Hz – MPa2 )
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Figure 10: Random vibration response of Dnepr Lift Off, LV Flight in X, Y and Z (Hz – MPa2 )
PSD stress calculated on 24 different points namely, 4 points at the connections between
the 4 PCBs and the spacer rods, 4 points at the center of the side panels and 4 points at the
middle nodes of the PCBs. From the results of Dnepr simulations, it was found that the liftoff
stage yielded the highest stress level, as shown in Figure 10 , which occurred at the point of
connection between the spacer rod and the COMM board. It is seen in the Figure 9 that x
direction the peak value was 1.02 MPa2 /Hz, y direction was 2.09 MPa2 /Hz and z direction
was 1.83E-02 MPa2 /Hz at 557.84 Hz, as in Figure 10 it is seen that x direction the peak value
was 1.65 MPa2 /Hz, y direction was 3.39E MPa2 /Hz and z direction was 2.96E-02 MPa2 /Hz at
557.93Hz. As mentioned before the number of stress cycles ni, at one frequency found to be
most inﬂuential, will be calculated while assuming that this frequency will happen to last for
the total duration of the given launching stage. Therefore, the frequency peak was found to
have the highest (ni/Ni) value, for the given launching stage, will be considered in calculating
the total cumulative effect of all stages.
Referring to the S-N curve of the selected aluminum alloy, it was found that all of the stress
levels reported in the previous section fall in the category of high cycle fatigue. Therefore, it
would be conservative to use 1E+8 as the number of cycles to fail for all the simulated values
of the stress. Miner’s law for cumulative fatigue has been implemented for both launcher cases.
as shown in table 5 and table 6 number of cycles (ni) at stress peak and number of cycles to fail
(Ni) at each loading phase and then sum the all values to get total cumulative effect of all stages
as shown. The total cumulative in launcher Soyuz value is 0.02845 while in launcher Dnepr
value is 0.0157.
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Table 5: Cumulative fatigue damage analysis subject to Soyuz random load

Table 6: Cumulative fatigue damage analysis subject to Dnepr random load
The Modiﬁed Goodman-line method was implemented to determine the fatigue factor of safety
based on highest stressed location, out of those previously checked using Miner’s cumulative
fatigue life assessment. The number of stress cycles, of the aforementioned stress location,
was calculated using the fundamental frequency and the whole time duration of all launching
stages which represent quite conservative assumption. Table (7) shows the stress results of the
highest stressed location, which happened to be the maximum out all launching stages, of the
two candidate launchers. The fatigue limit of Aluminum 6061-T6 was assumed to be 96.5 MPa
as per Yahr [20] for a full reversed cycle, while the maximum stress amplitude was assumed to
be 4.5 times the root mean square value (RMS), by converting the random vibration response
of the critical launching stage from frequency domain to time domain [21]. It was found that
both candidate launchers are fatigue safe with a minimum factor of safety of 2.46, depicted
by Dnepr, despite the very conservative assumptions implemented while applying Goodman
method compared to those previously used in Miner’s cumulative fatigue assessment which
proved over safe as well.
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Table 7 Fatigue life Assessment using Modiﬁed Goodman-line factor of safety
4

CONCLUSIONS

This work presented structural analyses and optimization of a student’s CubeSat project subject to the mechanical environments of two candidate launchers. The structural response of
some selected subsystems, modeled in detail and simulated individually and as part of the whole
CubeSat, are simulated and compared with their lumped mass approximations. In terms of the
quasi static response due to launcher g-loads, it was found the primary structures of the detailed
and lumped mass models displayed similar stress values, in magnitudes and locations. while
the some ﬁne details of the subsystems PCBs, which were absent in the lumped mass model,
showed stress levels more than two time those of the lumped mass one. Modal analysis results
of both models showed that the fundamental frequency of the detailed model higher than the
lumped mass one by 281.5% which can be attributed to the much even distribution of component masses of the detailed PCBs model. Therefore, such signiﬁcant difference in the simulated
frequencies could affect the accuracy of the modal assurance coefﬁcient provided to launcher
providers. Furthermore, optimization of the primary structure has implemented and the results
showed a mass reduction of 16%, which made it 0.899 Kg instead of an initial value of 1.076
Kg.Finally, fatigue life assessments were implemented to the CubeSat primary structure and its
PCBs, using Miner’s law and Goodman – line method, subject to random vibrations induced
by both candidate launders. It was found that both candidate launchers are fatigue safe with a
minimum factor of safety of 2.46, depicted by Dnepr, despite the very conservative assumptions
implemented while applying Goodman method compared to those previously used in Miner’s
cumulative fatigue assessment which proved over safe as well.
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WIND EFFECTS ON LOW-RISE BUILDINGS WITH NEIGHBOURING
STRUCTURE AS OBSTACLES
Rodríguez-Alcántara, J. U., Pozos-Estrada, A.and Gómez-Martínez, R.


3K'6WXGHQWLQ,QVWLWXWHRI(QJLQHHULQJRI1DWLRQDO$XWRQRPRXV8QLYHUVLW\RI0H[LFR0H[LFR&LW\
-5RGULJXH]$#LLQJHQXQDPP[



5HVHDUFKHULQ,QVWLWXWHRI(QJLQHHULQJRI1DWLRQDO$XWRQRPRXV8QLYHUVLW\RI0H[LFR0H[LFR&LW\
^$3R]RV(5*RPH]0`#LLQJHQXQDPP[

Keywords:/RZ5LVH%XLOGLQJV3UHVVXUH&RHIILFLHQW:LQG7XQQHO1HLJKERULQJVWUXFWXUH

Abstract. Experimental studies of the wind effects on a low-rise building considering two different turbulent wind speeds and one type of terrain category were carried out at the boundary layer Wind Tunnel operated by the Institute of Engineering of UNAM (IIUNAM). The
model considered was a cube made of acrylic, instrumented with 125 taps. Two experimental
setups were considered, the first one considered the evaluation of the wind effects on the isolated model (with no obstacles surrounding it), while the second one evaluated the effects of
placing a body of identical shape next to the studied model. The second setup considered six
different separations between the models. For both experimental setups, wind direction was
varied from 0 ° to 180 ° with increments of 10 °, and including the angles of 45 ° and 135 °.
Mean, maximum and minimum pressure coefficients were obtained for each arrangement in
order to make a comparison between the values obtained in each tap. The results show that
the consideration of a neighboring structure has an important impact on the pressure coefficients due mainly to Venturi effects and vortex shedding. It was also observed that the separation between the instrumented model and the obstacle serves as an important parameter to
evaluate the increase or decrease of the wind pressures with respect to the isolated model.
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1

INTRODUCTION

,QUHFHQW\HDUVUHVHDUFKRQFRQVWUXFWLRQDQGWKHHQYLURQPHQWKDVWDNHQDGLIIHUHQWGLUHF
WLRQWKDQWKHWUDGLWLRQDO RQHWU\LQJWRPLQLPL]H WKHLPSDFWRQWKHHQYLURQPHQW DQGSURYLGH
EHWWHUFRPIRUWIRUWKHLQKDELWDQWV7KHSUHVHQFHRIWDOOEXLOGLQJVRQDUHDVZLWKDKLJKGHQVLW\
RIORZULVHEXLOGLQJVUHVXOWVLQWKHSUHVHQFHRIWXUEXOHQWZLQGIORZVWKDWGLVWXUESHRSOH VDF
WLYLWLHV1DUURZFRUULGRUVZLWKLQDQLQGXVWULDO RUUHVLGHQWLDODUHDDFFHOHUDWHIORZV JLYLQJWKH
SHUFHSWLRQRIDJUHDWHULPSDFWRIWKHZLQGHIIHFWDIIHFWLQJWKHDFWLYLWLHVLQWKHVHDUHDV
,QVRPHFRXQWULHVWKHHIIHFWVRIZLQGDUHVWXGLHGLQVXEXUEDQDQGXUEDQDUHDVZLWKGLIIHU
HQWEXLOGLQJFRQILJXUDWLRQVDQGWKHLULPSDFWRQWKHFRPIRUWRISHRSOHRUDFWLYLWLHVDUHFDUULHG
RXWLQSUHGHILQHGVSDFHV>@7KHVHVWXGLHVDUHRIWHQGHYHORSHGZLWK&RPSXWDWLRQDO)OXLG
'\QDPLFV &)' DQG ODWHUYDOLGDWHGZLWK DIHZZLQGWXQQHOWHVWV7KHVHVWXGLHV DUHFDUULHG
RXW WR FRQILUP WKDW WKHVSHHGVZLWKLQVSDFHV FRQILQHGE\ QHLJKERULQJ EXLOGLQJV GRQRW H[
FHHGWKHUHFRPPHQGHGYDOXHVIRUWKHSOHDVDQWVWD\RIWKHLQKDELWDQWV,QWKHHYHQWRIILQGLQJ
VSHHGV JUHDWHUWKDQSHUPLVVLEOHLWLVSURSRVHGWR EXLOGEDUULHUV WKDWUHGXFHWKH ZLQG LPSDFW
DQGJHQHUDWHJUHDWHUFRPIRUWDUHDV
,Q0H[LFRWKHXVHRIDQ\FRPIRUWFULWHULDLVDQXQXVXDOSUDFWLFHGXULQJWKHVWUXFWXUDOGH
VLJQVWDJHZKLFKPD\OHDGWRVHULRXVSUREOHPVGXULQJXQIDYRUDEOHHQYLURQPHQWDOFRQGLWLRQV
,QWKLVZRUNH[SHULPHQWDOVWXGLHVRIWKHZLQGHIIHFWVRQDORZULVHEXLOGLQJE\FRQVLGHULQJ
WZRGLIIHUHQWWXUEXOHQWZLQGVSHHGVDQGRQHW\SHRIWHUUDLQ FDWHJRU\ZHUHFDUULHGRXWDWWKH
ERXQGDU\OD\HU:LQG7XQQHORSHUDWHGE\WKH,QVWLWXWHRI(QJLQHHULQJRI81$0 ,,81$0 
7KHPRGHOFRQVLGHUHGZDVDFXEHPDGHRIDFU\OLFLQVWUXPHQWHGZLWKWDSV7ZRH[SHUL
PHQWDOVHWXSVZHUHFRQVLGHUHGWKHILUVWRQHFRQVLGHUHGWKHHYDOXDWLRQRIWKHZLQGHIIHFWVRQ
WKHLVRODWHGPRGHO ZLWKQRREVWDFOHVVXUURXQGLQJLW ZKLOHWKHVHFRQGRQHHYDOXDWHGWKHHI
IHFWVRISODFLQJDERG\RILGHQWLFDOVKDSHQH[WWRWKHVWXGLHGPRGHO7KHVHFRQGVHWXSFRQVLG
HUHG VL[ GLIIHUHQW VHSDUDWLRQV EHWZHHQ WKH PRGHOV )RU ERWK H[SHULPHQWDO VHWXSV ZLQG
GLUHFWLRQZDVYDULHGIURPWRZLWKLQFUHPHQWVRILQFOXGLQJWKHDQJOHVRI
DQG7KHUHVXOWVVKRZWKDWWKHFRQVLGHUDWLRQRIQHLJKERULQJVWUXFWXUHVKDVDQLPSRUWDQW
LPSDFWRQWKHSUHVVXUHFRHIILFLHQWVGXHPDLQO\WR9HQWXULHIIHFWVDQGYRUWH[VKHGGLQJ
2

BACKGROUND

7KHILUVWZLQGWXQQHORI81$0ZDVLQDXJXUDWHGLQLQZKLFKLPSRUWDQWSURMHFWVVXFK
DVWKHZLQGORDGDQDO\VLVRIWKH3DODFHRI6SRUWVZDVVWXGLHGKRZHYHUGXHWRLWVGLPHQVLRQV
WKLV WRRO LV FRQVLGHUHG WR KDYH VLJQLILFDQW OLPLWDWLRQV ZKHQ DGGUHVVLQJ FXUUHQW SUREOHPV RI
PRGHUQZLQGHQJLQHHULQJ>@7KHUHIRUHLQUHVHDUFKHUVIURPWKH,QVWLWXWHRI(QJLQHHU
LQJ ,,81$0 MRLQHGHIIRUWVWRGHYHORSDGHVLJQIRUDQHZZLQGWXQQHOWKDWZDVUHYLVHGDQG
PRGLILHGE\$,2/267KHQHZIDFLOLW\ZDVEXLOWE\D0H[LFDQFRPSDQ\DQGZDVILQDOO\LQ
DXJXUDWHGLQ7KHERXQGDU\OD\HU:LQG7XQQHORSHUDWHGE\,,81$0LVDWRROIRUH[
SHULPHQWDOVWXG\RIWKHHIIHFWVRIZLQGRQFLYLOVWUXFWXUHVWKURXJKGLPHQVLRQDODQGVLPLODULW\
DQDO\VLVLQDORQJOHQJWKWHVWVHFWLRQ )LJXUH 2QHRIWKHPDLQ GLPHQVLRQDOSDUDPHWHUVLV
WKHJHRPHWULFVFDOHZKLFKLQYROYHVQRWRQO\WKHVFDOLQJRIWKHPRGHOEXWDOVRWKHWHUUDLQDQG
FRQVHTXHQWO\WKHVFDOLQJRIDWPRVSKHULFFRQGLWLRQV
)RUSUDFWLFDOSXUSRVHVLQFLYLOHQJLQHHULQJZLWKLQWKHWURSRVSKHUHWKHUHDUHWKUHHPDLQVXE
OD\HUV WKH 3ODQHWDU\ %RXQGDU\ /D\HU 3%/  ZKRVH KHLJKW LV DVVRFLDWHG ZLWK D JHRVWURSKLF
KHLJKWWKH$WPRVSKHULF%RXQGDU\/D\HU $%/ ZKRVHWKLFNQHVVLVDVVRFLDWHGZLWKDJUDGLHQW
KHLJKWDQGWKH$WPRVSKHULF6XUIDFH/D\HU $6/ ZKLFKLVWKHFORVHVWOD\HUWRWKHJURXQGDQG
XVXDOO\UHSUHVHQWVWKHERWWRPRIWKH3%/ XVXDOO\P LWVKHLJKWLVPDLQO\GHILQHGE\
YHJHWDWLRQ>@,QWKHODERUDWRU\$%/LVRIWHQFRQVLGHUHGDQG$6/LVLPSOLFLWO\UHSUHVHQWHG
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7KH FRUUHFW VLPXODWLRQ RI RQH RU WKH RWKHU PXVW DGHTXDWHO\ UHSOLFDWH WKH PHDQ YHORFLW\ DQG
WXUEXOHQFHLQWHQVLW\SURILOHVDVVRFLDWHGZLWKFHUWDLQFDWHJRU\RIWHUUDLQEDVHGRQWKHORJDULWK
PLFODZRUWKHSRZHUODZ,QRUGHUWRDFKLHYHSURSHUUHSUHVHQWDWLRQLQDQDUWLILFLDOZD\WKHUH
DUHVHYHUDOPHWKRGVWKHPRVWFRPPRQO\XVHGLVWKH&RXQLKDQPHWKRG>@ZKLFKXVHVDEDU
ULHUDQHOOLSWLFDOQHHGOHVHWDQGDVHULHVRIURXJKQHVVHOHPHQWVGLVWULEXWHGWKURXJKRXWWKHWHVW
VHFWLRQZKLFKUHSUHVHQWWKHLGHDOL]HGWRSRJUDSK\RIVRPHWHUUDLQ:KHQGHILQLQJWKHWHUUDLQ
DQGPRGHOVLPXODWLRQVFDOHDQLWHUDWLYH³WHVWDQGHUURU´SURFHVVLVUHTXLUHG%DVHGRQZRUNV
E\%DOHQGUD>@DQG(QGR>@LQWKLVVWXG\WKH$6/RIDQXUEDQWHUUDLQZDVDGHTXDWHO\UHSUH
VHQWHG 7KH PHDQ ZLQG YHORFLW\ DQG WXUEXOHQFH LQWHQVLW\ SURILOHV PHDVXUHG ZHUH DVVRFLDWHG
ZLWKDQRSHQFRXQWU\WHUUDLQIRUUHDOYHORFLW\YDOXHVRIPVDQGPV7KHJHRPHW
ULFVFDOHXVHGZDVZKLOHWKHFDOFXODWHGVSHHGVFDOHZDV
7KH6LOVRH&XEHLVRQHRIWKHPRGHOVWKDWKDVEHHQWHVWHGE\YDULRXVUHVHDUFKHUVERWKRQ
UHDODQGUHGXFHGODERUDWRU\VFDOHV7KLVPRGHOKDVEHHQXVHGIRUFDOLEUDWLRQRIULJLGPRGHOV
DQGWHVWVRIORZULVHEXLOGLQJV>@,WLVLPSRUWDQWWRQRWHWKDWWKLVPRGHOLVXVXDOO\XVHGIRU
WHUUDLQFDWHJRU\ RSHQFRXQWU\WHUUDLQ %DVHGRQWKHJHRPHWULFVFDOHPHQWLRQHGDERYHWKH
6LOVRH&XEHZDVVFDOHGSURGXFLQJDPFXELFPRGHOZKLFKZDVFRQVWUXFWHGZLWK[P
WKLFNQHVVDFU\OLFSODWHVWRHQVXUHPRGHOULJLGLW\:KHQWKHPRGHOLVRULHQWHGWRRQWKH
WXUQWDEOHDQGZKHQWKHSURMHFWHGOHQJWKLVJUHDWHUWKDQPWKHHIIHFWLYHEORFNDGHLVOHVV
WKDQ  RI WKH FURVVVHFWLRQDO DUHD RI WKH WXQQHO WHVW VHFWLRQ  )LJXUH   (DFK IDFH RI WKH
PRGHO ZDV LQVWUXPHQWHG ZLWK  VHQVRUV WDSV  SURYLGLQJ D WRWDO QXPEHU RI  )LJXUH  
7KHUHFRUGLQJRISUHVVXUHIOXFWXDWLRQVDQGVHQVRUGLVWULEXWLRQZDVSURSRVHGEDVHGRQGLVWULEX
WLRQVVXJJHVWHGLQWKHOLWHUDWXUHDVZHOODVRQWKHGLVWULEXWLRQRISUHVVXUHVREWDLQHGE\&)'
VLPXODWLRQV>@7KHVDPSOLQJUDWHIRUWKHSUHVVXUHUHFRUGVZDV+]DQGWKHVDPSOLQJ
WLPHZDVVHFRQGV UHDOVFDOHREVHUYDWLRQWLPHLVPLQ REWDLQLQJDWRWDORIVDP
SOHVIRUHDFKZLQGGLUHFWLRQ

)LJXUH'LDJUDPRIWKH81$0ERXQGDU\OD\HUZLQGWXQQHO>@

3

WIND TUNNEL TESTS

7ZRVFDOHG ZLQGVSHHGVZHUHFRQVLGHUHGLQ WKH WHVWV WKHILUVWRQHZDV PV DQG WKH
VHFRQGRQH ZDVPV7KHSUHYLRXVYHORFLWLHV FRUUHVSRQG WRPHDQZLQGVSHHGV DW P
KHLJKWRIPVDQGPVLQUHDOVFDOHUHVSHFWLYHO\2QHRIWKHWHVWVFRQVLVWHGLQWKH
HYDOXDWLRQRIWKHSUHVVXUHGLVWULEXWLRQRYHUWKHLVRODWHGDFU\OLFFXEHWKLVWHVWZDVFDOOHG$U
UDQJHPHQW )LJXUHD 7KLVSUHVVXUHGLVWULEXWLRQZDVXVHGDVUHIHUHQFHWRHYDOXDWHWKHLP
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SDFWRIKDYLQJDVWUXFWXUHZLWKWKHVDPHJHRPHWU\DVWKHFXEHQH[WWRWKHUHIHUHQFHVWUXFWXUH
7KHSURSRVHGDUUDQJHPHQWVIRUWKHUHIHUHQFHVWUXFWXUHZLWKRQHLGHQWLFDOQH[WWRLWZHUHFKR
VHQEDVHGRQWZRUHOHYDQWFULWHULD)LUVWO\WRJHWWKHPRVWFRPPRQDUUDQJHPHQWLQWKHFRQ
VWUXFWLRQRILQGXVWULDODQGKRXVLQJFRPSOH[HVE\XVLQJVDWHOOLWHLPDJHV)LJXUHVKRZVWZR
RIWKHVHDUUDQJHPHQWV7KHVLGHDQGDVSHFWUDWLRV GEDQG+E RIWKHVWUXFWXUHVDUHYHU\VLPL
ODU ZKHUH G E DQG + UHSUHVHQW WKH OHQJWK ZLGWK DQG KHLJKW RI WKH VWUXFWXUH UHVSHFWLYHO\
)LJXUHDVKRZVDPLQLPXPVHSDUDWLRQGLVWDQFHEHWZHHQWKHPZKHUHDV)LJXUHEVKRZVWKDW
WKHVHSDUDWLRQGLVWDQFHVDUHLQFUHDVHG,WLVQRWHGWKDWYDULDWLRQVLQWKHKHLJKWRIEOXIIERGLHV
LQWKHSUR[LPLW\RIWKHVWXGLHGPRGHODUHRXWRIWKHVFRSHRIWKHSUHVHQWVWXG\7KLVDVSHFWRI
YDULDWLRQVLQKHLJKWUHTXLUHVIXUWKHULQYHVWLJDWLRQ
D

E

)LJXUH $ ,QGXVWULDOEXLOGLQJVFRQILQHGZLWKOHVVVHSDUDWLRQEHWZHHQWKHP E 7ZRLGHQWLFDOEXLOGLQJVLQDQ
RSHQWHUUDLQZLWKQDUURZFRUULGRUVEHWZHHQ

6HFRQGO\WKUHHRIWKHPRVWLPSRUWDQWSKHQRPHQDWKDWFDQEHLGHQWLI\GXHWRWKHLQWHUIHU
HQFHRIDQREMHFWLQWKHIORZRIWKHZLQGDUH
 9HQWXULHIIHFW1HLJKERULQJEXLOGLQJVGXHWRWKHLUGLPHQVLRQVVKDSHDQGRULHQWDWLRQ
FDQFDXVHDERWWOHQHFNHIIHFWDFFHOHUDWLQJDLUIORZDQGFRQVHTXHQWO\SUHVVXUHDOWHUDWLRQV
 :LQGGHYLDWLRQLQYHUWLFDOGLUHFWLRQ:KHQWKHUHLVDKLJKHUERG\LQWKHOHHZDUG]RQH
WKH ZLQG IORZ WKDW DIIHFWV LWV ZLQGZDUG IDFH LV GLYHUWHG GRZQZDUG LQFUHDVLQJ WKH YHORFLWLHV
DQGSUHVVXUHVLQDUHDVFORVHWRWKLVIDFH%XLOGLQJVXQGHUWKLVIDFHPD\KDYHKLJKHUSUHVVXUH
FRHIILFLHQWV
 (IIHFWVRIYRUWH[VKHGGLQJ2QHEXLOGLQJORFDWHGDWWKHOHHZDUGRIDQRWKHUFDQEHVLJ
QLILFDQWO\DIIHFWHGE\WKHWXUEXOHQFHZDNHFDXVHGE\WKHEORFNDJHRIWKHZLQGIORZLQZLQG
ZDUGZKLFKFDQFDXVHFRQVLGHUDEOHG\QDPLFHIIHFWVDQGFKDQJHVLQSUHVVXUHV
)LJXUH E VKRZV $UUDQJHPHQW  WKDW FRQVLVWHG LQ WKH LQVWUXPHQWHG DFU\OLF PRGHO 6LOVRH
&XEH>@ DQGQH[WWRLWDZRRGREVWDFOHSODFHGDWDJDSWKDWZDVYDULHGIURP+WR
+ZLWK +LQFUHPHQWV ZKHUH +LV WKHWRWDO KHLJKWRIWKHFXEH + P 7KLV DU
UDQJHPHQWZDVORFDWHGRQWXUQWDEOH )LJXUH ZKLFKDOORZVWKHPRGHOWREHURWDWHGWRVLP
XODWHGLIIHUHQWZLQGGLUHFWLRQV θ 7KHZLQGGLUHFWLRQVFRQVLGHUHGZHUH
DQGDQJOHVDWZKLFKLWLVH[SHFWHGWRREWDLQWKHPRVWFULWLFDOH[WHUQDO
SUHVVXUHVVXFWLRQVRQWKHUHIHUHQFHPRGHO$VPHQWLRQHGSUHYLRXVO\WZRVFDOHGZLQGVSHHGV
ZHUH FRQVLGHUHG 7KH ZLQG WXQQHO WHVWV FDUULHG RXW ZLWK WKHVH YHORFLWLHV ZHUH HPSOR\HG WR
HYDOXDWHLIWKHZLQGVSHHGDIIHFWHGWKHYDOXHVRIWKH([WHUQDO3UHVVXUH&RHIILFLHQWV EPC RU
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LI WKH\ FRXOG EH FRQVLGHUHG LQGHSHQGHQW RI WKH ZLQG VSHHG ZKHQ WKHUH ZHUH REVWDFOHV ZLWK
HGJHV EOXIIERGLHV LQWKHSUR[LPLW\RIWKHVWXGLHGPRGHO

7XUQWDEOH

$FU\OLF&XEH0RGHO

3LWRW7XEH

7DS5HIHUHQFH

)LJXUHD$UUDQJHPHQW,VRODWHGPRGHO

:RRG2EVWDFOH

$FU\OLF&XEH0RGHO

*DS

7XUQWDEOH

)LJXUHE$UUDQJHPHQW0RGHOZLWKREVWDFOHQH[WWRLW

4

COMPARISON AND VALIDATION OF RESULTS

2QFH WKH SUHVVXUH UHFRUGV RQ WKH GLIIHUHQW IDFHV RI WKH UHIHUHQFH PRGHO ZHUH DFTXLUHG
EPC ZHUH REWDLQHG IRU HDFK WDS WKLV FRHIILFLHQW LV GHILQHG DV WKH UHODWLRQVKLS EHWZHHQ WKH
SUHVVXUHGLIIHUHQFH ΔP RQDJLYHQVXUIDFHDQGWKHG\QDPLFSUHVVXUHRIWKHXQGLVWXUEHGIORZ
Pq VHHHF  

'P
Pq



'P

P  ps



Pq

PT  ps



EPC
ZKHUH
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PLVWKHSUHVVXUHPHDVXUHGRQWKHWDSV
ps LVWKHVWDWLFSUHVVXUHRIWKHXQGLVWXUEHGZLQGIORZPHDVXUHGZLWKD3LWRW7XEHLQ
WKHFHQWHURIWKHWXUQWDEOHSULRUWRWKHWHVWVRIWKHDUUDQJHPHQWV
PTLVWKHWRWDOSUHVVXUHRIWKHXQGLVWXUEHGZLQGIORZPHDVXUHGZLWKD3LWRWWXEHLQWKH
FHQWHURIWKHWXUQWDEOHSULRUWRWKHWHVWVRIWKHDUUDQJHPHQWV
7DEOHVKRZVWKHDYHUDJHEPCYDOXHVIRUHDFKIDFHRIWKHFXEHDQGHDFKRIWKHDUUDQJH
PHQWVVWXGLHGIRUDJDS* +7DEOHVKRZVWKDW(3&YDOXHVLQFUHDVHRUGHFUHDVHRQWKH
GLIIHUHQWVXUIDFHVRIWKHPRGHOIRUHDFKRIWKHDUUDQJHPHQWVZLWKUHVSHFWWRWKHLVRODWHGPRG
HO
Wind Incident angle (θ)

Face
Isolate Cube
Left side wall
Windward
Right side wall
Leeward
Roof

0°

30 °

45 °

60°

90°

120°

135°

150°

180°

-0.5984
-0.4824
-0.6608
-0.2923
-0.5944

-0.5636
0.4223
0.0332
-0.3626
-0.6685

-0.5250
0.2030
0.3305
-0.4126
-0.6633

-0.4178
-0.0985
0.4887
-0.4637
-0.6526

-0.3175
-0.6995
0.5285
-0.6539
-0.6156

-0.3620
-0.5503
0.3250
-0.2202
-0.6664

-0.3755
-0.4483
0.2432
0.4274
-0.6296

-0.4472
-0.3310
-0.0576
0.5851
-0.6091

-0.6608
-0.2922
-0.5984
0.4824
-0.5944

-0.9815
-0.8789
-0.2922
0.2944
-1.3709

-1.1485
-0.6477
-1.1799
0.3368
-1.3000

-0.7230
-0.8359
-0.0280
0.1380
-1.0034

-0.8929
-0.5106
-0.8156
0.2786
-0.9964

Arrangement 1 (Model with obstacle next to it, V =3.53 m/s, G = 2.0H)
Left side wall
Windward
Right side wall
Leeward
Roof

-0.7414
-0.3836
-0.6094
-0.3802
-0.6635

Left side wall
Windward
Right side wall
Leeward
Roof

-0.7041
-0.3103
-0.8139
-0.3567
-0.6045

-1.0122
0.0773
-0.0940
-0.7341
-1.1006

-1.0318
-0.2035
0.0952
-0.7935
-1.1772

-0.7998
-0.5191
0.1861
-0.7925
-1.1194

-0.8596
-1.5691
0.1946
-1.4219
-1.4339

-0.7650
-0.9588
0.2097
-0.2726
-1.1682

-0.9124
-1.1092
0.0499
0.1288
-1.2474

Arrangement 1 (Model with obstacle next to it, V = 5.72 m/s, G = 2.0H)
-0.8453
0.1077
-0.3086
-0.5401
-0.8740

-0.8269
-0.0203
0.0730
-0.6177
-0.9671

-0.8029
-0.2187
0.1170
-0.6576
-1.0110

-0.6270
-0.9296
0.1924
-1.0084
-1.1307

-0.6368
-0.9299
0.2040
-0.5915
-1.0721

-0.6302
-0.9459
0.1223
0.0118
-1.0291

7DEOH0HDQ(3&YDOXHV

7KHUDWLRRIWKH(3&RIHDFKDUUDQJHPHQWDQGWKHLVRODWHGPRGHOLVNQRZQDVWKH,QWHUIHUHQFH
)DFWRU ), ZKLFKUHSUHVHQWVWKHUHGXFWLRQRULQFUHDVHLQSUHVVXUHVDQGVXFWLRQVWKDWDUHDFWLQJ
RQWKHIDFHVRIWKHUHIHUHQFHPRGHODVDUHVXOWRIWKHREVWDFOH7KLVLV
EPC AO
FI

EPCI
ZKHUH

EPC AO ([WHUQDOSUHVVXUHFRHIILFLHQWLQLVRODWHGPRGHOZLWKREVWDFOH
EPCI  ([WHUQDOSUHVVXUHFRHIILFLHQWLQPRGHO
(F  ZDVXVHGWRGHWHUPLQH),YDOXHVIRUHDFKRIWKHDUUD\V7DEOHVKRZVWKHUHVXOWVRE
WDLQHG
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Wind Incident angle (θ)

Face

150°

180°

Left side wall
Windward
Right side wall
Leeward
Roof

0°
30 °
45 °
60°
90°
120°
135°
Arrangement 1a (Model with obstacle next to it, V =3.53 m/s, G = 2.0H)
1.2389
1.7959
1.9654 1.9144 2.7074
2.1133
2.4298
0.7952
0.1831 -1.0026 3.2392 2.2432
1.7423
2.4743
0.9221
-2.8313 0.2879 0.3808 0.3683
0.6452
0.2050
1.3006
2.0245
1.9233 1.7091 2.1745
1.2380
0.3014
1.1162
1.6464
1.7748 1.7153 2.3293
1.7531
1.9813

2.1948
2.6553
0.5073
0.5032
2.2507

1.7380
2.2165
1.9717
0.6981
2.1871

Left side wall
Windward
Right side wall
Leeward
Roof

Arrangement 1b (Model with obstacle next to it, V = 5.72 m/s, G = 2.0H)
1.1767
1.4999
1.5751 1.9218 1.9749
1.7590
1.6782
0.6433
0.2551 -0.9992 2.2208 1.3290
1.6898
2.1100
1.2317
-2.4356 0.2209 0.2393 0.3641
0.6277
0.5031
1.2203
1.4896
1.4970 1.4182 1.5421
2.6863
0.2752
1.0170
1.3075
1.4581 1.5492 1.8367
1.6088
1.6345

1.6167
2.5254
0.4855
0.2359
1.6474

1.3512
1.7475
1.3629
0.5775
1.6762

7DEOH,QWHUIHUHQFH)DFWRU

)LJXUHDQGVKRZWKH),YDOXHVIRUDUUDQJHPHQW1ZLWKDJDSRI2.0HEHWZHHQWKHDFU\OLF
PRGHODQGWKHZRRGHQREVWDFOH

)LJXUH9DULDWLRQRI),ZLWKZLQGGLUHFWLRQIRUGLIIHUHQWIDFHVRIWKHUHIHUHQFHPRGHO
$UUDQJHPHQW9 PVDQG* +
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)LJXUH9DULDWLRQRI),ZLWKZLQGGLUHFWLRQRQGLIIHUHQWIDFHVRIWKHUHIHUHQFHPRGHO
$UUDQJHPHQW9 PVDQG* +

,WFDQEHREVHUYHGIURP)LJXUHVDQGWKDWFIYDULHVDERXW,IWKHFIYDOXHLVDERYH
WKHSUHVVXUHVRUVXFWLRQVREVHUYHGLQWKHLVRODWHGPRGHODUHLQFUHDVHGLQVRPHFDVHVE\PRUH
WKDQLQWKHSUHVHQFHRIWKHREVWDFOHVRIHDFKDUUDQJHPHQW2QWKHRWKHUKDQGLIWKHFI
YDOXH LV EHORZ  WKH SUHVVXUHV RQ WKH UHIHUHQFH PRGHO KDYH FKDQJHG VLJQ DQG EHFDPH VXF
WLRQVRUYLFHYHUVD
)RU),YDOXHVEHWZHHQWKHUDQJHRI DQG WKH SUHVVXUHV RUVXFWLRQV GHFUHDVHVLQFHWKH
]RQHVDUHSURWHFWHGE\WKHSUHVHQFHRIWKHREVWDFOHWKLVLVNQRZQDVWKH³6KLHOGLQJ(IIHFW´
)LJXUHVWRSUHVHQWWKHYDULDWLRQRIFI IRURWKHUYDOXHVRIZLQGVSHHGDQGVHSDUDWLRQ

)LJXUH9DULDWLRQRI),ZLWKZLQGGLUHFWLRQRQGLIIHUHQWIDFHVRIWKHUHIHUHQFHPRGHO
$UUDQJHPHQW9 PVDQG* +

4488

5RGUtJXH]$OFiQWDUD-83R]RV(VWUDGD$DQG*yPH]0DUWtQH]5

)LJXUH9DULDWLRQRI),ZLWKZLQGGLUHFWLRQRQGLIIHUHQWIDFHVRIWKHUHIHUHQFHPRGHO
$UUDQJHPHQW9 PVDQG* +

)LJXUH9DULDWLRQRI),ZLWKZLQGGLUHFWLRQRQGLIIHUHQWIDFHVRIWKHUHIHUHQFHPRGHO
$UUDQJHPHQW9 PVDQG* +

,QDOOFDVHVWKH/HIWZDOODQG5RRIIDFHVKRZHG),YDOXHVIURPWR7KHVDPHDSSOLHVWR
WKHOHHZDUGIDFHEHWZHHQWKHDQJOHVRIWRWKHQWKHUHLVDWUDQVLWLRQDWEHFDXVHDW
WKLVDQJOHWKLVIDFHLVWKHRQHWKDWUHFHLYHVWKHIORZRIWKHZLQGLQDGLUHFWZD\:KHQ9 
PVWKH),DWWKLVDQJOHGHFUHDVHDQGWKHQLVHTXDODOPRVWWR]HURZKLOHDWWKHVSHHGRI9
PVWKHUHLVDQLQFUHDVHRI),WRRQDYHUDJHDQGWKHQGHVFHQGWRYDOXHVDOPRVWWR
]HUR
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)LJXUH9DULDWLRQRI),ZLWKZLQGGLUHFWLRQRQGLIIHUHQWIDFHVRIWKHUHIHUHQFHPRGHO
$UUDQJHPHQW9 PVDQG* +

,QWKHFDVHRIZLQGZDUGQRJUHDWYDULDWLRQEHWZHHQWKHYDOXHVRI$UUDQJHPHQWIRUVHSD
UDWLRQVRI+DQG+DUHREVHUYHG )LJXUHVDQG EXWE\GHFUHDVLQJWKHJDSWR+
WKHUHLVDGRXEOH),LQFUHDVHIRUWKHZLQGGLUHFWLRQRI )LJXUH 7KLVLVSUREDEO\FDXVH
E\WKHFRPELQDWLRQRI9HQWXULHIIHFWDQGYRUWH[VKHGGLQJGXHWRWKHQHDUHGJHRIWKHREVWDFOH
)LQDOO\IRUWKHULJKWZDOOWKHUHLVDFRQVLGHUDEOHLQFUHDVHLQWKHQHJDWLYHYDOXHVRI),DWWKH
ZLQG LQFLGHQFH RI  IRU VHSDUDWLRQV RI + DQG + )LJXUHV  DQG   IRU ZLQG VSHHG
HTXDOWRPVZKLOHIRUDZLQGVSHHGRIPVWKH),YDOXHVDUHDOPRVWLGHQWLFDOWRWKH
RWKHUDUUDQJHPHQWV)XUWKHUIRUORZVSHHGVWKH),YDOXHLVLQFUHDVHGDWZLQGLQFLGHQFH
)LJXUHVDQG 
7KHVKLHOGLQJHIIHFWFDQEHREVHUYHGRQWKHULJKWZDOOIURPWRDQGLQWKHOHHZDUG
ZDOODERXWWR7KLVLVGXHWRWKHGHYLDWLRQRIWKHZLQGIORZRQWKHOHHZDUGIDFHDQG
WKHULJKWZDOOIDFHUHGXFLQJWKHHIIHFWVRIZLQGSUHVVXUHV
5

CONCLUSIONS
x 7KHSUHVHQFHRIREVWDFOHVQH[WWRVWXGLHGVWUXFWXUHLVDQLPSRUWDQWFRQVLGHUDWLRQIRUZLQG
GHVLJQ
x 7KHH[SHULPHQWDOUHVXOWVVKRZWKDWWKHZLQGHIIHFWVFDXVHGE\REVWDFOHVRQWKHQHLJKERU
KRRGPRGLI\WKHEPC
x 7KHPDLQPHFKDQLVPVWKDWFDXVHWKLVYDULDWLRQDUHWKHYRUWH[VKHGGLQJWKHUHGXFWLRQRI
WKHZLQGIORZDUHD 9HQWXULHIIHFW DQGWKHYHUWLFDOIORZFDXVHGE\REVWDFOHVORFDWHGLQ
WKHOHHZDUGDUHD
x 7KHYDULDWLRQRIWKHZLQGVSHHGDIIHFWVWKHLQWHUIHUHQFHIDFWRUV
x 7KHJDSEHWZHHQWKHUHIHUHQFHPRGHODQGWKHDGMDFHQWREVWDFOHLVDQLPSRUWDQWSDUDPHWHU
IRU JHQHUDWLQJ WKH SKHQRPHQD GHVFULEHG LQ WKLV ZRUN YDULDWLRQ RI WKLV PHDVXUH ZLOO EH
FRQVLGHUHGIRUIXWXUHWHVWLQJ
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FLEXURAL PERFORMANCE OF DOUBLE HOOKED END STEEL
FIBRE REINFORCED CONCRETE BEAMS UNDER CYCLIC
LOADING
Demewoz W. Menna, Aikaterini S. Genikomsou, and Mark F. Green


'HSDUWPHQWRI&LYLO(QJLQHHULQJ4XHHQ¶V8QLYHUVLW\
8QLYHUVLW\$YHQXH.LQJVWRQ2QWDULR./1&$1$'$
HPDLOGZP#TXHHQVXFDDLNDWHULQLJHQLNRPVRX#TXHHQVXFDJUHHQP#TXHHQVXFD

Keywords:6WHHO)LEUH5HLQIRUFHG&RQFUHWH&\FOLFORDGLQJ(QHUJ\GLVVLSDWLRQ
Abstract. Steel fibre reinforced concrete (SFRC) is examined experimentally under cyclic
loading. The effect of volumetric ratio and type of fibres on the mechanical properties and
flexural strength of the SFRC beams are accessed. Multiple prismatic concrete specimens
with two different types of steel fibres are fabricated and tested, under four-point bending according to ASTM C1609. Compressive and tensile strength characteristics using cylindrical
specimens are determined. The two fibres have similar length to diameter ratio but different
size. Two volumetric ratios (0.5% and 1%) are analyzed for each type of fibre. By increasing
the volumetric ratio of the fibres, significantly are increased both the tensile and the compressive strengths. Higher post crack peak load and greater cumulative energy dissipation under
cyclic loading are attained by increasing the steel fibre content. By adding 1% the volume of
concrete, up to 93% the ultimate flexural strength under cyclic loading is enhanced. Although
the two fibres have similar aspect ratios, steel fibre type B (larger size) shows higher flexural
strength and energy dissipation than steel fibre type A (smaller size).
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1

INTRODUCTION

,WLVGHVLUDEOHWKDWDOOH[LVWLQJDQGQHZUHLQIRUFHGFRQFUHWHFRQVWUXFWLRQVUHPDLQVDIHDQGLQ
VHUYLFHRUEHHDVLO\UHWXUQHGWRVHUYLFHDIWHUDFDWDVWURSKLFHYHQWVRDVWRPLQLPL]HWKHVRFLR
HFRQRPLF LPSDFW RQ VRFLHW\ 7R PLQLPL]H DQGRU DYRLG VWUXFWXUDO IDLOXUHV D SURPLVLQJ DS
SURDFK LV WR XVH FRQFUHWH ZLWK EHWWHU PHFKDQLFDO SURSHUWLHV $PRQJ WKH YDULRXV PHFKDQLFDO
SHUIRUPDQFHLPSURYHPHQWWHFKQLTXHVIRUFRQFUHWHWKHVWHHOILEUHUHLQIRUFHGFRQFUHWHGHYHO
RSHGLQWKHODVW\HDUVGLVWLQJXLVKHGE\LWVH[FOXVLYHPHFKDQLFDOSURSHUWLHVDQGGXUDELOLW\
SHUIRUPDQFH 6WHHO ILEUHV LPSURYH WKH WHQVLOH VWUHQJWK HQHUJ\ DEVRUSWLRQ FDSDFLW\ IOH[XUDO
VWUHQJWKGXFWLOLW\DQGIOH[XUDOWRXJKQHVVRIFRQFUHWH>@7KHILEUHVHLWKHUUHVLVWWKHLQWHUQDO
VWUHVV RU WUDQVIHU WR D VWDEOH PDWUL[ LQ FRQFUHWH DQG OLPLW JURZWK DQG SURSDJDWLRQ RI FUDFNV
7KHPHFKDQLFDOSURSHUWLHVRIVWHHOILEUHUHLQIRUFHGFRQFUHWH 6)5& DUHDIIHFWHGE\ILEUHYRO
XPHIUDFWLRQJHRPHWU\GLVWULEXWLRQDQGWKHERQGVWUHQJWKEHWZHHQILEUHDQGPDWUL[>@
7KHYROXPHWULFUDWLRRIVWHHOILEUHVLVDNH\SDUDPHWHUWKDWDIIHFWVWKHSRVWFUDFNIOH[XUDO
SHUIRUPDQFHRI6)5&3UHYLRXVUHVHDUFK>@LQYHVWLJDWHGWKHHIIHFWRIVLQJOHKRRNHGHQGVWHHO
ILEUHV FRQWHQW DQG VWUDLQ UDWH LQ ERWK UHJXODU DQG KLJK VWUHQJWK FRQFUHWHV 7KH UHVHDUFK RXW
FRPHVLQGLFDWHGWKDWIRUERWKUHJXODUDQGKLJKVWUHQJWKFRQFUHWHWKHIOH[XUDOVWUHQJWKDQGFRU
UHVSRQGLQJGHIOHFWLRQLQFUHDVHGZLWK WKHYROXPHIUDFWLRQRIILEUHV 9I 6WHHO ILEUHV ZLWK 9I
HTXDOWRDQGLQUHJXODUFRQFUHWHLQFUHDVHGWKHXOWLPDWHIOH[XUDOUHVLVWDQFHE\
DQGUHVSHFWLYHO\/LNHZLVHWKHGHIOHFWLRQDWWKHXOWLPDWHIOH[XUDOORDGVLJQLILFDQWO\LP
SURYHGE\WKHLQFUHDVHLQWKHYROXPHRIILEUHVOHDGLQJWRPRUHGXFWLOHIDLOXUH+RZHYHUWKH
WKGD\FRPSUHVVLYHVWUHQJWKDQGPRGXOXVRIHODVWLFLW\RIUHJXODUFRQFUHWHDUHVOLJKWO\DIIHFW
HGE\WKHDGGLWLRQRIILEUHV7KHDYHUDJHLQFUHDVHLQFRPSUHVVLYHVWUHQJWKGXHWRWKHDGGLWLRQ
RIILEUHVXSWRE\YROXPHWULFUDWLRLVIRXQGWREHOHVVWKDQ>@. 
3UHYLRXVVWXGLHV KDYH SURYHGWKDWWKH DVSHFW UDWLR OHQJWK WR GLDPHWHUUDWLR OG  RIILEUHV
KDVDVLJQLILFDQWLPSDFWRQWKHPHFKDQLFDOSURSHUWLHVRI6)5&7KHFRPPRQDVSHFWUDWLRVRI
VWHHOILEUHVYDU\EHWZHHQWR>@7KHIOH[XUDODQGVSOLWWHQVLOHVWUHQJWKVRIVWHHOILEUH
UHLQIRUFHG FRQFUHWH LQFUHDVH ZLWK DQ LQFUHDVH LQ DVSHFW UDWLR 7KLV LQFUHDVH LQ PHFKDQLFDO
SURSHUWLHVDWWULEXWHVWRWKHLPSURYHPHQWRIKHWHURJHQHRXVGLVWULEXWLRQDQGIORFFXODWLRQRIIL
EUHVZLWKWKHLQFUHDVHLQDVSHFWUDWLR>@+RZHYHUILEUHVFRXOGKDYHVLPLODUDVSHFWUDWLRZLWK
GLIIHUHQWOHQJWKDQGGLDPHWHU7KHHIIHFWRIYDULDWLRQLQOHQJWKDQGGLDPHWHUZLWKRXWFKDQJLQJ
WKHDVSHFWUDWLRRIWKHILEUHVRQWKHSURSHUW\RI6)5&QHHGVIXUWKHULQYHVWLJDWLRQ
7KHLQWHUIDFLDOERQGEHWZHHQILEUHDQGPDWUL[SOD\VDVLJQLILFDQWUROHLQWKHFDSDFLW\RIIL
EUHVWRWUDQVIHUDSSOLHGVWUHVVHVLQFUDFNHGFRQFUHWH0HFKDQLFDODQFKRUDJHLVRQHRIWKHPDLQ
PHWKRGVXVHGWRLPSURYHWKHERQGEHWZHHQPDWUL[DQGVWHHOILEUHV$PRQJWKHGLIIHUHQWW\SHV
RI VWHHO ILEUHV HQG KRRN ILEUHV DUH FRPPRQO\ XVHG GXH WR WKHLU DGYDQWDJH WR JUDGXDOO\
VWUDLJKWHQSULRUWR VLJQLILFDQW VOLSSDJH>@ $EGDOODKDQG)DQ>@ VWXGLHG WKHDQFKRUDJHPH
FKDQLFV RI VLQJOH DQG GRXEOH HQG KRRNHG ILEUHV E\ FRQGXFWLQJ SXOORXW WHVWV 7KH GRXEOH
KRRNHGHQGILEUHVVKRZHGDQGKLJKHUPD[LPXPSXOORXWORDGDQGWRWDOSXOORXWZRUN
UHVSHFWLYHO\FRPSDUHGWRWKHFRUUHVSRQGLQJVLQJOHKRRNHGHQGILEUHVZLWKLQQRUPDOVWUHQJWK
FRQFUHWH $V D UHVXOW WKHVH UHFHQWO\ GHYHORSHG HQG KRRNHG ILEUHV DUH UHFRPPHQGHG IRU LP
SURYHGPHFKDQLFDOSURSHUWLHVIRUUHJXODUDQGKLJKVWUHQJWKFRQFUHWH
$OWKRXJKWKHIOH[XUDOSHUIRUPDQFHRI6)5&XQGHUPRQRWRQLFORDGLQJKDVEHHQVWXGLHGE\
YDULRXVUHVHDUFKHUVYHU\OLPLWHGGDWDDUHIRXQGXQGHUF\FOLFORDGLQJ5HFHQWGHYHORSPHQWVRQ
KLJKSHUIRUPDQFH VWHHO ILEUHV DOVR UHTXLUH WKH HYDOXDWLRQ RI IOH[XUDO VWUHQJWK XQGHU F\FOLF
ORDGLQJ 7KLV SDSHU SUHVHQWV H[SHULPHQWDO UHVXOWV RQ WKH IOH[XUDO EHKDYLRXU RI GRXEOH HQG
KRRNHGVWHHOILEUHUHLQIRUFHGFRQFUHWHXQGHUF\FOLFORDGLQJ7KHHIIHFWVRIYROXPHWULFUDWLRRI
WZRGRXEOHKRRNHGHQGILEUHVZLWKVLPLODUDVSHFWUDWLRVRQWKHFRPSUHVVLYHVWUHQJWKWHQVLOH
VWUHQJWK DQGF\FOLFIOH[XUDO UHVLVWDQFHDUHLQYHVWLJDWHG7KHILQGLQJV RIWKLV VWXG\SURYLGH D
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EHWWHU XQGHUVWDQGLQJ RI WKH HQHUJ\ GLVVLSDWLRQ FKDUDFWHULVWLFV XQGHU UHSHDWHG ORDGLQJ DQG D
ZLGHUDSSOLFDWLRQRIWKHGRXEOHHQGKRRNHGILEUHVZKLFKKDYHEHHQUHFHQWO\SURYLGHGWRWKH
PDUNHW
2

EXPERMENTAL PROGRAM

)LYHGLIIHUHQWFRQFUHWHEDWFKHVDUHSUHSDUHGRQHFRQWUROPL[ZLWKRXWVWHHOILEUHVDQGIRXU
6)5&ZLWK GLIIHUHQW ILEUHW\SH DQGYROXPHWULFUDWLR 7KH FRQFUHWHPL[GHVLJQ ZDV SUHSDUHG
EDVHGRQ.RVPDWNDHWDO>@DQGWKHPL[WXUHFRPSRVLWLRQLVSUHVHQWHGLQ7DEOH*HQHUDOXVH
3RUWODQG/LPHVWRQH *8/  W\SH FHPHQW WKDW PHHWV WKH VWDQGDUGV RI WKH &DQDGLDQ 6WDQGDUGV
$VVRFLDWLRQ &6$ $DQG$670&DQGZDWHUWRFHPHQWUDWLRHTXDOWRZHUHXVHG
1DWXUDO FRDUVH DJJUHJDWHV ZLWK D PD[LPXP VL]H RI  PP DQG QDWXUDO VDQG ILQH DJJUHJDWH
ZHUHXVHG
0L[WXUH
&6
)5&$
)5&$
)5&%
)5&%

6WHHOILEUH
7\SH 9I  


$

$

%

%
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7DEOH&RQFUHWHPL[WXUHSURSRUWLRQDQGVOXPSWHVWUHVXOWV

)LJXUHSUHVHQWVWKHW\SHDQGGLPHQVLRQVRIWKHVWHHOILEUHV7ZRW\SHVRIGRXEOHKRRNHG
HQG VWHHO ILEUHV ZLWK OHQJWKV RI  PP W\SH $  DQG  PP W\SH %  ZHUH XVHG 7HQVLOH
VWUHQJWKVRI03DDQG03DZHUHUHSRUWHGE\WKHPDQXIDFWXULQJFRPSDQ\IRUILEUH
W\SH$DQGW\SH%UHVSHFWLYHO\%RWKW\SHVRIILEUHVKDYHVLPLODUDVSHFWUDWLRHTXDOWR)L
EHUYROXPHIUDFWLRQV 9I RI FRQWUROVSHFLPHQ DQGE\YROXPHRIFRQFUHWH
ZHUHLQYHVWLJDWHG7KHHTXLYDOHQWDPRXQWRIILEUHZHUHDQGNJPRIFRQFUHWH
UHVSHFWLYHO\ 6XSHU SODVWLFL]HU 63  ZDV DGGHG WR LPSURYH WKH ZRUNDELOLW\ RI WKH ILEUH UHLQ
IRUFHGFRQFUHWH

7\SH$

7\SH%
)LJXUH7\SHVRI6WHHOILEUHV W\SH$DQGW\SH% 

7KUHHSULVPVZLWKGLPHQVLRQVRI[[PPIRUWKHIOH[XUDOWHVWDQGQLQHPP[
PPF\OLQGULFDOVSHFLPHQVIRUERWKWHQVLOHDQGFRPSUHVVLYHVWUHQJWKWHVWVZHUHFDVWHGIRU
HDFKPL[WXUHJURXS7KXVLQWRWDOSULVPVZHUHWHVWHGLQIOH[XUHF\OLQGHUVZHUHWHVWHG
LQFRPSUHVVLRQ GD\V F\OLQGHUVZHUHWHVWHGLQFRPSUHVVLRQ GD\V DQGF\OLQGHUV
ZHUHWHVWHGLQWHQVLRQ GD\V 7KHSULVPVZHUHWHVWHGDWWKHDJHRIGD\V
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2.1

Cyclic flexural test setup

7KH6)5&SULVPVZHUHWHVWHGXQGHUIRXUSRLQWEHQGLQJDFFRUGLQJWR$670&>@DQG
WKHWHVWVHWXSLVVKRZQLQ)LJXUH D $N1WHVWLQJIUDPH ,167521 ZDVXVHGIRU
WKH IOH[XUDO WHVWV 'LVSODFHPHQW FRQWUROOHG ORDGLQJ ZLWK D FRQVWDQW UDWH RI  PPPLQ IRU
ERWK ORDGLQJ DQG XQORDGLQJ ZDV XVHG 7KH ORDGLQJ SURWRFRO FRQWDLQV QLQH F\FOHV VWDUWLQJ DW
PPZLWKDQLQFUHPHQWDOLQFUHDVHRIPPLQHDFKF\FOHXSWRPPDVVKRZQLQ
)LJXUH E $IWHUFRPSOHWLQJDOOF\FOHVWKHORDGLQJFRQWLQXHGXQWLOWKHQHWGHIOHFWLRQKLWV
PPWRGHWHUPLQHWKHUHVLGXDOVWUHQJWK7KHSULVPVZHUHVXSSRUWHGE\WZRUROOHUEHDULQJVRQH
IUHHWRPRYHDQGWKHRWKHUSLQQHG$Q DOXPLQXPIUDPHFRQQHFWHGWRWKH SULVPZDVXVHGWR
VXSSRUWWKHEDUKROGLQJWKHOLQHDUSRWHQWLRPHWHU /3 DQGWKHQHWGHIOHFWLRQRIWKHSULVPVZDV
PHDVXUHGUHODWLYHWRWKHPLGVSDQRIWKHVSHFLPHQ
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3.1

RESULTS AND DISSCUSSION
Compressive and tensile strengths of SFRC

7DEOHVXPPDUL]HVWKHFRPSUHVVLYHDQGWHQVLOHVWUHQJWKUHVXOWV PHDQYDOXHV ZKHUH6'
UHSUHVHQWV WKH VWDQGDUG GHYLDWLRQ RI WKH VWUHQJWKV EHWZHHQ WKH VSHFLPHQV RI VLPLODU PL[WXUH
FRPSRVLWLRQ 'XH WR WKH DGGLWLRQ RI VXSHUSODVWLFL]HU 63  WKH 6)5& VSHFLPHQV JDLQHG
VWUHQJWKVORZHUWKDQWKHFRUUHVSRQGLQJFRQWUROVSHFLPHQVZLWKRXW636XSHUSODVWLFL]HUVZLOO
UHWDUGWKHK\GUDWLRQSURFHVVZKHQWKHDGVRUSWLRQRIWKHVXSHUSODVWLFL]HULVJUHDWHUWKDQK\GUDW
HGFHPHQW>@&HPHQWSDVWHVFRQWDLQLQJVXSHUSODVWLFL]HUVDUHUHSRUWHGWRKDYHDVORZHUUDWH
LQGHFUHDVLQJSRURVLW\RYHUWLPHGXHWRORZHUK\GUDWLRQUDWH>@$VDUHVXOWDWWKHWKGD\
DJHPRVWRIWKHILEUHUHLQIRUFHGFRQFUHWH F\OLQGHUVKDGVOLJKWO\ORZHU FRPSUHVVLYH VWUHQJWK
FRPSDUHG WR WKH FRUUHVSRQGLQJ FRQWURO VSHFLPHQV ZLWKRXW ILEUHV  7KHVH UHVXOWV FRLQFLGH
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ZLWKWKHH[SHULPHQWDOILQGLQJV>@+RZHYHUDWWKHWKGD\DJHWKH6)5&KDGXSWR
KLJKHUFRPSUHVVLYHVWUHQJWKWKDQWKHFRQWUROVSHFLPHQ7KLVLQFUHDVHLQFRPSUHVVLYHVWUHQJWK
DWWULEXWHV WR WKH LPSURYHPHQW RI DQFKRUDJH EHWZHHQ WKH PDWUL[ DQG ILEUH DV WKH PDWUL[
VWUHQJWKLQFUHDVHVZLWKWKHK\GUDWLRQSURFHVV
WKGD\FRPSUHVVLRQ
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7DEOH&RPSUHVVLYHDQGWHQVLOHVWUHQJWKWHVWUHVXOWV

)LJXUHSUHVHQWVW\SLFDOFRPSUHVVLYHVWUHVVVWUDLQSORWV7KHVWHHOILEUHVLQFUHDVHWKHVWUDLQ
FRUUHVSRQGLQJWRWKHSHDNFRPSUHVVLYHVWUHVVDQGWKLVVWUDLQLQFUHDVHGZLWKWKHSHUFHQWDJHUD
WLR RI VWHHO ILEUH VLPLODU WUHQGV KDYH EHHQ UHSRUWHG E\ RWKHU UHVHDUFKHUV > @ $IWHU WKH
SHDN VWUHVV WKH 6)5& XQGHUZHQW D PRUH GXFWLOH IDLOXUH ZLWK H[WHQGHG VRIWHQLQJ EHKDYLRXU
7KHGXFWLOLW\ZDVGLUHFWO\SURSRUWLRQDOWRWKHILEUHFRQWHQW5HJDUGLQJWKHIDLOXUHPRGHPXO
WLSOHFUDFNVZHUHREVHUYHGRQWKHF\OLQGHUVZLWKDKLJKHUYROXPHRIILEUHV7KLVZDVPDLQO\
GXHWRWKHFRQWULEXWLRQRIILEUHVWRSURGXFHPRUHGXFWLOHIDLOXUHE\EULGJLQJFUDFNV7KHWHQ
VLOHVWUHQJWKRIWKH6)5&LQFUHDVHGDVWKHILEUHFRQWHQWLQFUHDVHG$VSUHVHQWHGLQ7DEOHE\
LQFUHDVLQJ WKHILEUHFRQWHQW IURP WR  E\YROXPHRIFRQFUHWH UHVXOWHGLQ WR
LQFUHDVHLQWHQVLOHVWUHQJWKIRUVWHHOILEUHW\SH$DQGWRIRUVWHHOILEUHW\SH
%7KHKLJKHVWWHQVLOHVWUHQJWKLVUHFRUGHGIRU6)5&ZLWKILEUHW\SH% )5&% ZLWKD
YDOXHHTXDOWR03D
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3.2

Flexural response under cyclic loading

7\SLFDOK\VWHUHVLVUHVSRQVHRIWKHWHVWHGVSHFLPHQVXQGHUF\FOLFORDGLQJLVVKRZQLQ)LJ
XUH7KHILEUHVEHFDPHHIIHFWLYHIROORZLQJWKHFUDFNIRUPDWLRQDQGHQDEOHGWKH6)5&WREH
GXFWLOH )LJXUH  D  DQG )LJXUH  E  ZKLOH WKH SODLQ FRQWURO VSHFLPHQ VXGGHQO\ IDLOHG DW D
YHU\VPDOOGHIOHFWLRQ PP  )LJXUH F $WWKHLQLWLDOF\FOHVWKH6)5&SULVPVZHUHLQ
WKHHODVWLFUDQJHDQGWKHDUHDXQGHUWKHK\VWHUHVLVZDVVPDOOHU'XULQJWKHVXEVHTXHQWF\FOHV
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WKHVSHFLPHQVHQWHUHGWRDQHODVWLFSODVWLFUHJLRQDQGWKHDUHDXQGHUWKHK\VWHUHVLVLQFUHDVHG
ZLWKWKHIRUPDWLRQRIPXOWLSOHFUDFNV7KHQWKHPDWHULDOGDPDJHVWDUWHGWREHSURJUHVVHGDQG
WKHUHVLGXDOGHIRUPDWLRQGXULQJWKHXQORDGLQJDSSHDUHG7KHVORSHRIORDGLQJDQGXQORDGLQJ
SDWK GHFUHDVHGZLWK WKHLQFUHDVHGQXPEHURIF\FOHV GXH WRWKHVWLIIQHVVGHJUDGDWLRQ FDXVHG
IURPWKHPDWHULDOGDPDJH>@7KHXOWLPDWHIOH[XUDOVWUHQJWK f u 03D FDQEHGHWHUPLQHG
XVLQJHTXDWLRQ,QHTXDWLRQ Pu GHQRWHVWKHSHDNORDG LQ1 DQG L b DQG d GHQRWHFOHDU
VSDQZLGWKDQGGHSWKRIWKHSULVPLQPP

fu

Pu L
bd 



)RUERWKW\SH$DQGW\SH%ILEUHVWKHXOWLPDWHIOH[XUDOVWUHQJWKRI6)5&LQFUHDVHGZLWKWKH
LQFUHDVHLQILEUHYROXPHWULFUDWLR7KHDYHUDJHXOWLPDWHIOH[XUDOVWUHQJWKYHUVXVILEUHSHUFHQW
DJHLVVKRZQLQ)LJXUH G )RUWKHILEUHYROXPHWULFUDWLRE\YROXPHRIFRQFUHWHWKH
WZRGLIIHUHQWILEUHVVKRZVLPLODUUHVSRQVHWKHXOWLPDWHIOH[XUDOVWUHQJWKLVDURXQGKLJKHU
WKDQWKHFRQWUROVSHFLPHQ SODLQFRQFUHWH $OWKRXJKWKHWZRILEUHVKDYHVLPLODUDVSHFWUDWLR
DWWKHILEUHSHUFHQWDJHWKHVWHHOILEUHW\SH% ORQJHUDQGWKLFNHUILEUH VKRZHGVXSHULRU
XOWLPDWHIOH[XUDOVWUHQJWKWKDQWKHVWHHOILEUHW\SH$ VKRUWHUDQGWKLQQHUILEUH 7KHUHFRUGHG
XOWLPDWHIOH[XUDOVWUHQJWKDWILEUHYROXPHWULFUDWLRIRUILEUHW\SH$DQGW\SH%DUH
DQGKLJKHUWKDQWKHFRQWUROVSHFLPHQUHVSHFWLYHO\
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)LJXUH&\FOLFIOH[XUDOWHVWUHVXOWV DEF VWUHQJWKYHUVXVGHIOHFWLRQFXUYHV G XOWLPDWHIOH[XUDOVWUHQJWKYHU
VXVILEUHYROXPHIUDFWLRQ
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3.2.1 Energy dissipation

Cumulative energy (kN.mm)

7KHDUHDXQGHUWKHK\VWHUHVLVRIWKHORDGGHIOHFWLRQFXUYHUHSUHVHQWVWKHHQHUJ\GLVVLSDWHG
GXULQJWKHORDGLQJDQGXQORDGLQJF\FOH>@(QHUJ\GLVVLSDWLRQFDSDFLW\LVHVVHQWLDOIRUVWUXF
WXUDO SHUIRUPDQFH XQGHU F\FOLF ORDGLQJ HJ GXULQJ HDUWKTXDNHV  6WUXFWXUHV FDQ VXUYLYH
VHLVPLFORDGVRQO\LIWKH\FDQGLVVLSDWHWKHHQHUJ\H[HUWHGE\WKHHDUWKTXDNH>@7KHFXPX
ODWLYH HQHUJ\ GLVVLSDWLRQ YHUVXV GLVSODFHPHQW LV SORWWHG LQ )LJXUH  7KH FXPXODWLYH HQHUJ\
GLVVLSDWHGE\WKHVSHFLPHQVLV FDOFXODWHGE\VXPPLQJ XSWKHDUHDXQGHU WKHORDGGHIOHFWLRQ
FXUYH EHIRUH UHDFKLQJ WKH VSHFLILHG GLVSODFHPHQW )RU ERWK VWHHO ILEUH W\SHV WKH FXPXODWLYH
GLVVLSDWHGHQHUJ\FRQVLGHUDEO\LQFUHDVHGZLWKWKHLQFUHDVHLQILEUHFRQWHQW7KHWRWDOHQHUJ\
GLVVLSDWLRQDWPPLVN1PPDQGN1PPIRU)5&$DQG)5&$UHVSHFWLYH
O\)LEUHW\SH%VKRZHGVLJQLILFDQWO\KLJKHUHQHUJ\GLVVLSDWLRQFKDUDFWHULVWLFVWKDQILEUHW\SH
$ 7KH HQHUJ\ GLVVLSDWLRQ DW  VWHHO ILEUH W\SH % )5&%  DW  PP GLVSODFHPHQW LV 
KLJKHUWKDQWKHILEUHW\SH$ )5&$ 7KLV KLJKHUHQHUJ\GLVVLSDWLRQ FKDUDFWHULVWLFRIILEUH
W\SH%PLJKWEHGXHWRLWVEHWWHUGLVWULEXWLRQDQGKLJKHUPHFKDQLFDODQFKRUDJHIURPLWVORQJHU
HQGKRRN
60
50
40
30

FRCA0.5
FRCA1
FRCB0.5
FRCB1

20
10
0
0.0

0.5

1.0

1.5 2.0 2.5 3.0
Displacement (mm)

3.5

4.0

4.5

)LJXUH&XPXODWLYHHQHUJ\GLVVLSDWLRQRIVSHFLPHQV

4

CONCLUSIONS

7KHIOH[XUDOSHUIRUPDQFHRIGRXEOHKRRNHGHQGVWHHOILEUHUHLQIRUFHGFRQFUHWHSULVPVWHVWHG
XQGHUF\FOLFORDGLQJZDVH[SHULPHQWDOO\VWXGLHG7KHIROORZLQJFRQFOXVLRQVFDQEHPDGH
x 7KHVWHHOILEUHUHLQIRUFHGFRQFUHWH 6)5& VSHFLPHQVVKRZHGLQFUHDVHGWHQVLOHVWUHQJWK
GXFWLOLW\DQGFRPSUHVVLYHVWUHQJWKDWWKHWKGD\DJHZKLOHVOLJKWO\UHGXFHGFRPSUHVVLYH
VWUHQJWKDWWKHWKGD\ZKHQFRPSDUHGWRWKHSODLQFRQFUHWHVSHFLPHQV
x 7KHGRXEOHKRRNHGHQGVWHHOILEUHVHQKDQFHGWKHGXFWLOLW\DQGXOWLPDWHIOH[XUDOVWUHQJWK
RIWKHVSHFLPHQV7KHLPSURYHPHQWLQWKHIOH[XUDOVWUHQJWKLQFUHDVHGZLWKWKHLQFUHDVHLQ
WKHYROXPHIUDFWLRQRIVWHHOILEUHV7KHXOWLPDWHIOH[XUDOVWUHQJWKVRI)5&$DQG)5&%
DUHDQGKLJKHUWKDQWKHFRQWUROSODLQFRQFUHWHVSHFLPHQV
x 7KHFXPXODWLYHHQHUJ\GLVVLSDWLRQXQGHUF\FOLFORDGLQJVLJQLILFDQWO\LQFUHDVHGZLWKWKH
LQFUHDVHLQILEUHFRQWHQWIRUERWKVWHHOW\SHV
x $OWKRXJKWKHWZRILEUHVKDGVLPLODUDVSHFWUDWLRVWRHDFKRWKHUVWHHOILEUHW\SH% ORQJHU
DQGWKLFNHU VKRZHGVXSHULRUIOH[XUDOVWUHQJWKDQGHQHUJ\GLVVLSDWLRQFKDUDFWHULVWLFVWKDQ
VWHHOILEUHW\SH$ VKRUWHUDQGWKLQQHU VKRZHG
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Abstract. Column capacity design rule is of crucial importance in modern seismic resistant
design of moment-frame structures. However, the implementation of this rule in modern codes
is still based on an empirical method of design, which lacks the capacity to account for the
actual dynamic response of the structure. The lack of column capacity design to completely
protect the columns from yielding has been discussed many times in the literature since
the ’70s. The current study examines the seismic behavior of a large number of momentframes, using the non-linear dynamic analyses. In total, 20 basic R/C frame configurations
(moment frames with 2, 4, 6 and 8 stories, consisting of columns with various strength) are
investigated, along with four different masonry infill setups, each one with 12 different infill
types (in total 980 different models), against 60 recorded ground motions, scaled to 10 different seismic intensity levels. The results revealed that 2, 4 and 6 story frames designed according to EC-8 failed regularly to fulfill the objectives of the column capacity design. The
deformation demand on the columns was found to be systematically higher for frames with
fewer stories, and in some cases, even columns overdesigned by a factor of 2 exhibited a deformation demand beyond the yielding point. Subsequently, statistical analysis was used to
identify causal relationships between various structural and dynamic properties of the frames
and the magnitude of the ductility demand on the columns. Many of these relationships were
quantified, and the relevant investigation allowed deriving semi-empirical formulae, that can
effectively predict the ductility demand on the columns according to specific characteristics of
the structure. On the basis of these findings a brief discussion on the shortcomings of the current method for column capacity design is made, as well as general suggestions for the improovment of its efficiency and effectiveness.
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1

INTRODUCTION

In earthquake resistant design of Reinforced Concret (RC) moment frames capacity design
of columns is applied to transfer the demand for inelastic deformation to the beams and to
mitigate the risk of story mechanisms. Simple provisions for the so-called “strong column weak beam” design rule were already incorporated in ACI 318-71 [1]. However, these provisions did not account for the uncertainties involved in the beam and column response, and no
overstrength factor was used. Park and Paulay [2] were the first to introduce a rigorous procedure for the column capacity design. They investigated comprehensively the “column sidesway” and “beam sidesway” mechanisms and demonstrated the need for the introduction of a
column overstrength factor as high as 2.0 in order to completely protect the columns from
yielding. Subsequent work of Paulay (eg. [3,4,5]) laid the basis for the column capacity design rule which, despite the several alternative proposals made by other researchers in the ensuing decades, still remains in use in the modern seismic design codes (e.g. [6,7,8]) with only
minor modifications.
Paulay [4] used the non-liner dynamic analysis on 6, 12 and 18-storey frames to evaluate
the proposed capacity design method, and found that they exhibited a quite satisfactory seismic performance. Nonetheless, he noticed that the six-story frame suffered greater damage
and some column yielding, and ascribed this to the lower overall overstrength factor (ω·Φ0)
and the lower fundamental period of the six-story frame. Other researchers, however, also
found that the capacity design of the columns does not prevent completely the formation of
plastic hinges at the columns. For instance, A. Kappos [9] performed a large number of parametric, non-linear dynamic analyses on 10-storey RC frames, in an attempt to evaluate the
many already existing criteria for the capacity design of the columns, as well as to verify the
efficiency of a new design method, based on non-linear methods of analysis. He found that in
order to completely preclude the yielding of columns at the upper storeys an overstrength factor greater than 2 was required, while values greater than 1,5 were required to preclude the
formation of column sidesway mechanisms. In another study, Panagiotakos and Fardis [10]
used non-linear dynamic analysis to assess the effect of the EC-8 [6] capacity design rules on
the seismic performance of 12 RC frame structures of 3, 4 and 12 storeys. The authors found
that capacity design does not preclude the yielding of the columns. More interestingly however, the analysis results demonstrate that the average damage of columns increases for the
frames with fewer storeys.
In the present study, investigation on the results from a large number of Non-Linear (N/L)
dynamic analyses demonstrated clearly that the demand for inelastic deformation on the columns gets grater for frames with fewer storeys. More specifically, 20 basic R/C frame configurations (moment frames of 2, 4, 6 and 8 storeys) were studied, both bare and infilled with 12
different types of UnReinforce Masonry (URM) infills, against 60 recorded ground motions,
scaled to 10 different seismic intensity levels. Many of the examined frame types, including
the frames designed according to EC-8, exhibited a deformation demand on the columns of
the upper stories beyond the yielding point. Statistical analysis on the results allowed the connection between the demand for inelastic response of the columns and certain characteristics
of the frames. As a result, semi-empirical formulae were derived, which predict the demand
for inelastic deformation on the basis of particular structural characteristics and the intensity
of the seismic action.
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2

PROBLEM STATEMENT

The basic idea behind the column capacity design rule is most commonly described on the
basis of an idealized model of the beam-column joint, which illustrates the desired overstrength of the columns though the moment equilibrium of the joint (Fig. 1a). In this model, it
is implied that both columns can contribute with their full bending capacity in order to overcome the sum of the yielding moments of the beams. However, this model is incomplete, as it
does not account for the equilibrium of the forces acting on the joint. After taking into account
these forces (Fig. 1b), it becomes apparent that it is impossible for the two columns to provide
simultaneously their full moment capacity. This problem was already known to Park and
Paulay [2], and the “dynamic amplification factor” (ω) was introduced in the New Zealand
code (e.g. NZS-3101 - Appendix D [8]) as a remedy to it. Many modern codes overlook the
exact nature of the capacity design of the columns, however, it is thought (e.g. [9]) that an accurate description of the problem is the basis for identifying the numerous sources of uncertainties associated with the capacity design of columns.
In principle, the equilibrium of the beam-column node is completely described by the differential equation of dynamics, however, the non-linear nature of the problem does not allow
for an analytical solution. Hence, all the methods currently proposed, involve either the use of
an amplification factor (such as the aforementioned dynamic amplification factor), whose
value is determined empirically or the use of non-linear methods of analysis for the design of
the structures. Nevertheless, the ductility demand on the columns, despite being not predictable analytically, is still determined by the underlying laws of dynamics. So, if a large data set
of suitable non-linear dynamic analyses were available, distinctive response patterns should
emerge, unveiling the deterministic nature of the problem. The present study exploits this idea,
and uses statistical analysis on such a data set, in order to establish a quantitative relationship
between the ductility demand on the columns and certain dynamic properties of the structure.
Such properties are the equivalent seismic forces of each storey and the corresponding base
shear, the capacity of each story to withstand lateral loads, and the “Sway-Potential Index”
(SPI) initially introduced by Priestley and Calvi [11].

a.

b.

Figure 1: Simplistic (a) and complete (b) model with regard to the column capacity design.
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INVESTIGATED R/C FRAMES AND N/L ANALYSIS MODELING PARAMETERS

Four groups of frames with a height of two, four, six and eight storeys are investigated.
Each group consists of five moment frames with columns of different section size, as follows:
frame type 1: Moment frames designed for a low seismic load, according to the old Greek
seismic code.
frame type 2: Moment frames designed according to EC-8[6], without the capacity design of
the columns.
frame type 3: Moment frames fully complying with EC-8, with the smallest possible column
sections.
frame type 4: Moment frames with overdesigned columns, fully complying with EC-8. The
columns in this category have a section depth 50% larger than that of the corresponding columns in category 3.
frame type 5: Moment frames with overdesigned columns, fully complying with EC-8. The
column sections in this category have double the depth of the corresponding
column sections in category 3.
The seismic load used for designing the frames complies with EC-8[6] and has been calculated in accordance with the greek annex, for soil type “C” and seismic zone II. In all cases,
the reinforcing details -and therefore the hysteretic behavior of beams and columns- fulfill the
requirements of EC2[12] and EC8. Furthermore, special care was taken not to overdesign the
frames of each of the five categories. The design procedure for the frames was based on the
linear method of analysis (modal analysis), which was carried out using SAP2000 v19 [13]
software. Following the standard practice for tall buildings, the column section size is reduced
on the upper floors. However, in these cases, additional models with columns of a constant
section across all stories were also investigated, in order to capture the potential effect of the
varying column sections to the global response of the structure.

a: Bare frame

b: uniform infill

c: partial infill

d: partial infill

e: soft ground storey

Figure 2. Different types of infill arrangement under investigation (eg. four-story frames).

(a)

(b)

Figure 3. Idelized masonry backbone curve (a) and loading/unloading curves for material “pinching4” (b)
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To simulate the seismic response of both the bare and the infilled frames, non-linear dynamic analysis is employed using Opensees [14]. For each frame, four cases of different infill
arrangements are considered, ranging from the uniform infill distribution to the fully open
ground story, as depicted in Fig. 2. For each type of infill arrangement, four different levels of
masonry panel strength and three levels of infill ductility were considered (Table 1) in order
to cover the most common types of URM infills, including infill walls with openings. The
mechanical characteristics of the infill panels are specified in terms of interstorey drift and
masonry shear force, and they take the predetermined values of Table 1 for all the frame types,
regardless of the frame layout. Additionally, the frame members were carefully modeled in
order to preclude secondary characteristics -not included in the investigation- from influencing the analysis results.
Infill Strength
Type category
1
2
3
4
5
6
7
8
9
10
11
12

1
1
1
2
2
2
3
3
3
4
4
4

Plasticity
category
1
2
3
1
2
3
1
2
3
1
2
3

Characteristic values for the infill panel
Vu
δ0
δu
V0
(kN)
(kN)
(‰)
(‰)
33.3
0
4.0
12
33.3
0
6.0
27
33.3
0
8.0
48
84.8
0
4.0
12
84.8
0
6.0
27
84.8
0
8.0
48
147
0
4.0
12
147
0
6.0
27
147
0
8.0
48
216
0
4.0
12
216
0
6.0
27
216
0
8.0
48

Table 1: Overview of the characteristics of the 12 infill types.

The frames are modeled using nonlinear force-based beam-column elements with distributed plasticity [15] and fiber sections, to accurately simulate the post-elastic behavior of the
structural elements, as well as the interaction between axial force and bending behaviour. In
modeling the floor diaphragmatic action special care was taken to not affect the behavior of
the beams by constraining their axial deformation (because of the axial-moment interaction).
Uniaxial materials “comcrete01” and “steel4” were adopted for modeling the hysteretic behavior of concrete and reinforcing steel respectively. The infill walls were modeled using the
equivalent strut method. Each infill panel was modeled as a pair of diagonal compressiononly struts, the mechanical characteristics of which are listed in table 1. The “pinching4” hysteretic law (Fig. 3) was used to define the nonlinear behavior of the struts, as it has been
shown to be the most accurate model available in Opensees for implementing the equivalent
strut method [16].
The non-linear dynamic analyses were performed using a sample of 60 normalized ground
motion records obtained from the PEER strong motion database. The records have been appropriately selected to conform to the elastic spectrum for soil type C according to EC8 (so as
to correspond to the design spectrum used in frame design, figure 4). To this end, the geometric mean square error (MSE) between the spectral acceleration of each record and the target
spectrum in the range 0.15sec ~ 5.0sec was used as the main selection criterion, while various
seismic parameters were utilized to additionally confine the selected set. More specifically the
following limiting values were adopted: magnitude Μ5.5 ~ Μ8.5, epicentric distance Rjb = 10
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km ~ 50 km, mean shear wave velocity at the upper 30 m Vs,30 = 240 m/sec ~ 400 m/sec and
significant duration d5-95 = 10 sec ~ 30 sec. The values above were chosen to exclude unlikely events, and also as a means for better matching to the target spectrum. The record suite
comprises of both far-fault and near-fault events and covers uniformly a rather wide range of
earthquake characteristics with regard to the frequency content and to the most common seismic intensity measures. The scaling of the records was based on the minimization of MSE[17].
Finally, each bare or infilled frame was analyzed for ten different earthquake intensity levels
covering a range of 5% to 225% of the intensity corresponding to the seismic design load of
the frames. These 10 records comprise a coarse Incremental Dynamic Analysis (IDA) [18],
which is used for assessing the change in the seismic response of the frames as the seismic
intensity increases.

(a)

(b)

Figure 4. a: Response spectra (5%) of the un-scalled earthquake records. EC-8 elastic spectrum is superimposed
as a white line. b: 16, 50 and 84 percentile spectra of the scaled records.

4

ASSESSMENT OF THE DUCTILITY DEMAND ON THE COLUMNS

The ductility demand on the columns is assessed at the story level, as the average normalized curvature at the top (Φav.t) and the bottom (Φav.b) of the storey columns, as follows:

Φav.b

Σ

4
ι 1

§ Φi,b
¨
¨ Φi,y
©

·
¸
¸
¹

Φav.t

,

Σ

4
ι 1

§ Φi,t
¨
¨ Φi,y
©

·
¸
¸
¹

(1, 2)

Φi,t and Φi,b are the median curvature demand for the 60 time-histories on the top and the
bottom section of column i, and Φi,y is the yield curvature of the column. The total ductility
demand (Φav) at the story level is subsequently calculated as the average of Φav.t and Φav.b. Φi
values less than 1 indicate that the bending demand at the respective column section did not
surpass the yielding moment of this section in the respective time-history. Accordingly, Φav.t
and Φav.b values less than 1 indicate that on average the maximum bending demand was lower
than the bending capacity of the columns’ sections (top and bottom section, respectively).
Φav.t and Φav.b are not necessarily concurrent, however statistical analysis on the results of the
present study revealed that almost always a story mechanism occurs when both Φav.t and Φav.b
take values larger than 1. Since Φav.t is usually lower than Φav.b, Φav values slightly larger than
1 do not necessarily imply that both Φav.t and Φav.b values are larger than 1. However, the difference between Φav.t and Φav.b is small and of no particular importance, with the only exception of the ground-storey columns.
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5
5.1

RESULTS AND DISCUSSION
Bare frames

A large number of structural and dynamic characteristics of the frames were considered as
possible factors that determine the ductility demand on the columns. These include the bending capacity of the structural members, the total number of storeys in the frame, the natural
period, the seismic intensity etc. In order to estimate the relationship between the ductility
demand and these parameters, linear regression analysis was initially employed, without,
however, any success. Regression analysis is a powerful statistical method for examining the
possible relationship between a set of independent variables and a dependent one, however, it
requires to be able to formulate the problem in hand in a polynomial form, and this was found
to be impossible in the case of the seismic demand on the columns. Subsequently, an exhaustive examination of the covariance between each independent variable and the ductility demand was performed, and the combination of the most significant of them into formulae that
correlate with the response measures was accomplished via trial and error. The following expression is an example of such a formula (Φav.i is the Φav value at storey i, “ v ” is the proportionality symbol):
Φav ,i

v

V0
6M c1

§
Fi
 ¨¨
© 1.5  6M ci

·
¸¸
¹

2/3



6M bi
6M ci  6M ci 1

(3)

The first term (V0/ΣΜc1) in this expression is a measure of the seismic intensity to the
base-shear capacity of the structure ratio. V0 is the design base shear force calculated as:

V0

Sa(T 1)  m

(4)

where Sa(T1) is the spectral acceleration according to the design spectrum at T1, and m is
the total mass of all the storeys (T1 is the fundamental period from the modal analysis). ΣΜc,1
is the sum of the design moment resistance of the ground storey columns, and it is a measure
of the actual capacity of the structure to withstand lateral loads. The physical meaning of the
first term is that the ductility demand on the columns is proportional to Sa(T1) and inversely
proportional to the capacity of the structure to withstand lateral loads.
The second term is a measure of the ratio of the inertial forces acting on storey i (the story
for which the ductility demand is calculated) to the capacity of this very storey to withstand
lateral loads. Fi (the inertial force) is calculated assuming a triangular distribution of the
equivalent lateral load, as follows:

Fi

2i
 V0
N  ( N  1)

(5)

where N is the total number of storeys in the frame, i the particular storey counting from
the ground, and V0 the base shear. ΣΜc,i is the sum of the design moment resistance of the
columns of storey i. So, the second term of Equation 3 is a measure of the inertial forces to the
lateral force capacity ratio at storey i. Factor 1.5 stands for the shear span of the columns,
which is approximately half the height of the storey. The use of the accurate shear span value
(according to the modal analysis) was found to result in slightly more reliable results. However, the difference is insignificant, and the approximate value used herein has the advantage of
being readily available without the need of any structural analysis of the frame. The physical
meaning of the second term is that higher story-level inertial forces -and consequently higher
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ductility demand- appears on structures with fewer storeys, as well as on the upper storeys of
each structure. This relation however, is not linear, as the exponent ⅔ suggests. Extensive investigation via trial and error lead to the conclusion that the lack of linearity is not a consequence of an incorrect estimation of the distribution of the inertial forces.
The third term is the SPI, initially introduced by Priestley and Calvi [11]. It is the ratio between the sum of the bending resistance of the beams to the sum of the bending resistance of
the columns on the respective storey and the storey above it, and serves as a measure of the
structure’s ability to redistribute the demand for inelastic deformation across multiple stories.
SPI, however, was found to be irrelevant to the ductility demand on the columns of the
ground story, and so for the ground storey SPI is disregarded.
Equation 3 contains the minimum number of parameters that are absolutely necessary for
establishing proportionality to Φav.i. However, in order to produce a formula that actually fits
the data generated by the time-history analyses, a proportionality factor and a constant factor
have to be introduced. These factors were defined using regression analysis, resulting in the
following equation that best fits the data of the present study:
Φav ,i
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Finally, this equation can be expanded in order to predict the ductility demand for seismic
intensity levels other than the seismic intensity of the design earthquake, by multiplying with
the ratio of the ground acceleration of the supposed seismic action to the design ground acceleration (αg/αgd), with an exponent of 1.5:
Φav ,i
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(7)

Equation 7 fits the data with a considerably high coefficient of determination (R²). In Fig.
5a the results for seismic intensity level 5 are ploted, while Fig. 5b displays aggregated results
for seismic intensity levels 4~7 (75% ~ 150% of the design earthquake). It should be noted
that Φav.t also correlates well with Equation 7 (R²=0.907 for seismic intensity level 5), while
Φav.b correlates more loosely (R²=0.780 for seismic intensity level 5). In all three cases, however, the coefficient of determination can get significantly higher if outliers are omitted (for
example, frame types 1 and 5). The reliability of Equation 7 can also be improved by using
more accurate data (for example T1 and column shear span). However, the purpose of Equation 7 is not to serve as an accurate predictor of the ductility demand of the columns, but rather to demonstrate that the ductility demand is unambiguously determined by certain
properties of the structure. Equation 7 may not fit well other data sets (for example results
from frames with a different aspect ratio or mass distribution), while Equation 3 -which is not
quantified- underlines a potentially more universal principle about the proportionality of the
ductility demand to specific characteristics of the structure. Obviously, however, more research is needed in order to confirm that Equation 3 is indeed generally valid.
The unexpected discovery during the above investigation was that the ductility demand on
the columns depends on the number of storeys of the frame, as well as on the actual storey
under examination, as indicated by the term Fi/(1.5·ΣMci). This means that low-rise structures
are more vulnerable to the formation of a storey mechanism, regardless of the regulatory
framework they comply with. Besides, higher storeys in bare frames are also more vulnerable
(though in the common practice the presence of infill walls may eliminate the additional risk).
Another issue being highlighted by Equation 3 is that a small increase in the column strength

4507

Alexios Papasotiriou and Asimina Athanatopoulou

can have a significant effect on the protection against the formation of a story mechanism,
since the bending resistance of the columns contributes to the denominator of all the three
terms of Equation 3. However, this also implies that the resistance of modern buildings to the
formation of story mechanism may arise from other factors leading to over-strengthened columns (for example the minimum reinforcement requirement), which also affect the first two
terms of Equation 3, and not necessarily from the column capacity design (which in principle
affects only the 3rd term).

(a)

(b)

Figure 5: Prediction of the ductility demand on the columns on the basis of Equation 7. a: for seismic intensity
level 5 (the numbers indicate the storey number). b: for seismic intensity levels 4~7 (the numbers indicate the
frame type and the intensity level).

5.2

Infilled frames

Adding strong infill walls to the frames leads in concentration of the demand for inelastic
deformation to fewer storeys, which effectively protects the rest storeys from large postelastic deformation. The change in the distribution of the ductility demand along the height of
the frames (from that of the bare frame to the one of the frames with strong infill walls) happens progressively as the infill strength increases, in a complicated, difficult to quantify manner. Nevertheless, as the infill strength increases, the maximum ductility demand on the
columns tends to appear on the storey sustaining the maximum damage (usually one of the
lower storeys), while the columns of the other storeys remain near -or within- the elastic response domain. As a result of this behavour, the term (Fi/1.5·Mci)⅔ which describes the distribution of the ductility demand along the frames’ height in the case of the bare frames, does
not apply to the infilled frames.
The behavior of the infilled frames is further complicated because the infill walls dissipate
seismic energy and provide resistance to lateral loads, an effect that has a different impact on
frames with a different number of storeys and different layout. So, Equation 3 is completely
inadequate for describing the ductility demand on the columns of the infilled frames. Moreover, due to the many more parameters simultaneously affecting the seismic response of the
infilled frames, it proved impossible to derive a universal formula for predicting the ductility
demand. Nevertheless, the influence of each parameter on the seismic response is still recognizable, and some of them can be still jointed in formulae that partially describe the seismic
response of the structure.
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As an example, Equation 8 utilizes the strength of the structural elements and the infill
walls of the first and the second storey, to predict Φav.t at the ground storey:
Φav ,t

6Mbi
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¨
¸
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©
¹

(8)

The first term [(1600-ΣVinf1)/80] is a general factor for the detrimental infill effect (gets
higher as the infill strength increases). ΣVinf2 is the sum of the shear strength of the infill walls
on the second storey.
The second term accounts for the contribution of the infill in withstanding seismic loads
and dissipating seismic energy. This contribution was found to depend on the stiffness of the
frame, which is roughly represented by the depth (d) of the column sections. ΣVinf1 is the sum
of the shear strength of the infill walls on the ground storey. V0 is the design base shear force
calculated on the basis of the design spectrum, as already described.
The third term is a version of the SPI, modified due to the presence of infill walls. Finally,
the fourth factor accounts for the irregularities induced by the infill. This factor reflects the
unfavorable effect of even the uniformly distributed infill, due to the damage concentration.

(a)

(b)

Figure 6: Prediction of the ductility demand on the columns on the basis of Equation 8, for seismic intensity level 5 (the numbers indicate the frame type). a: for the bare frames. b: for all the infilled frames (48 different infill
types of uniform and non-uniform arraignment).

The many empirical constant factors utilized in equation 8 were defined either by trial and
error or by partial regression analyses, in order to best fit the empirical data. Figure 6 depicts
the relation between the values predicted by Equation 8 and the actual Φav.t values for seismic
intensity level 5 (the design earthquake). As already mentioned, it has been impossible so far
to derive a formula accounting for all the parameters that affect the ductility demand on the
columns of the infilled frames. Moreover, partial formulae like the one in Equation 8 are purely empirical and, due to the large number of the arbitrary factors involved, they lack the robustness of Equation 3. Moreover, Equation 8 has a lower correlation with the actual
empirical data than Equation 3. Nevertheless, Equation 8 still provides an insight into the
mechanisms being activated by the addition of infill walls, and this insight is particularly useful in the context of the capacity design of the columns. Further research may allow drawing
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more reliable and definitive conclusions about the infill effect on the ductility demand on the
columns.
6

CONCLUSIONS

Historically, the view that the column capacity design is not necessary to completely preclude yielding of the columns has prevailed in the relevant research. However, to this day different seismic design codes call for different protection levels against the formation of story
mechanisms, by utilizing different column overstrength factors. Moreover, the predominant
method for the column capacity design is still based on the simplistic model of Fig. 1a. and
utilizes a single general overstrength factor. While this method has been in use for decades
now successfully, the present study demonstrates that it cannot ensure a uniform level of protection against the formation of a story mechanism for all the different structures or even for
all the columns within the same structure. Based on the current results, the following conclusions may be drawn:
x Most seismic design codes formulate the column capacity design methodology on the
base of the simplified beam-column joint model. However, this model is fundamentally
incomplete. It misleads the designer about the nature of the column capacity design and
has been many times criticized in the literature. The adoption of an accurate model, fully
accounting for the equilibrium of the lateral forces acting on the beam-column joint, is of
paramount importance for implementing an effective and efficient method for the column
capacity design.
x In order to provide a uniform level of protection for all the columns within the structure,
as well as for every different structure, the column capacity design should account for the
number of stories of the building, the specific story being checked, and the presence of
infill walls. More specifically, the results of the present study demonstrated that low- to
mid-rise buildings are more vulnerable to the column sidesway mechanism. Higher storeys of bare frames were also found to be more vulnerable; however, the presence of infill was found to effectively mitigate the additional risk at the upper storeys of the
investigated frames.
x Since infill walls are not considered load resisting members in R/C structures, the introduction of an additional general level of protection accounting for a minimum nominal
level of adverse infill effect seems to be a reasonable choice.
x A more effective and efficient method for column capacity design can be established on
the basis of formulae like Equation 3 or even Equation 8. Such a method could ensure a
uniform level of protection both for all the columns in a structure, and all the different
structures. A method like this can still be based on a general criterion, which however,
will have the form of an ultimate acceptable ductility demand, rather than that of an arbitrary overstrength factor.
7
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ELASTIC AXIS OF BUILDINGS UNDER EARTHQUAKE
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Abstract. The elastic axis of multistory buildings is defined as the intersection of two vertical
principal bending planes which are perpendicular. The elastic axis intersects each story at a
point which has the property of the rigidity center. Single-story and special classes of multistory buildings, such as isotropic ones possess an elastic axis. Taking into account the dynamic
nature of earthquake excitation the following question arises: under the action of a torsional
earthquake component, is it possible to locate a stable vertical axis around which the structural
system will be rotated under any torsional ground motion? For this purpose, monosymmetric
single-story and isotropic monosymmetric multi-story buildings are studied analytically. The
equation of motion is expressed in the time domain and transferred by Fast Fourier Transform
in the frequency domain. Mathematical expressions of the coordinates of the torsional axis at
each story level are produced, taking into account that each floor behaves as a rigid in-plane
diaphragm. The derived equations indicate that the dynamic torsional axis depends not only on
the geometrical and mechanical characteristics of the system but also on mass, damping and
excitation frequency. Numerical examples are included for enhancing the comprehension of the
derived equations. The divergence of the coordinates of the static and dynamic definition of
elastic axis is discussed.

Keywords: HODVWLF D[LV HDUWKTXDNH WRUVLRQDO HIIHFWV LVRWURSLF EXLOGLQJV PRQRV\PPHWULF
EXLOGLQJV
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1

INTRODUCTION

7KHGDPDJHVWDWHRIWKHVWUXFWXUDOIDFLOLWLHVIROORZLQJDQHDUWKTXDNHH[FLWDWLRQXVXDOO\GLV
FORVHV L WKHWRUVLRQDOQDWXUHRIEXLOGLQJVEHKDYLRUDQG LL WKHVLJQLILFDQFHRIWRUVLRQDOJURXQG
PRWLRQ>@7KHPDLQFDXVHVRIWRUVLRQDUHWKHIROORZLQJ L VWLIIQHVVHFFHQWULFLW\ZKLFKLV
DWWULEXWHG WR WKH DV\PPHWULF GLVWULEXWLRQ RI ORDG EHDULQJ HOHPHQWV LL  LQHUWLDO HFFHQWULFLW\
ZKLFKLVDWWULEXWHGWRWKHDV\PPHWULFGLVWULEXWLRQRIPDVVHVDQGOLYHORDGV>@ LLL WRUVLRQDO
HDUWKTXDNHFRPSRQHQWZKLFKLVDWWULEXWHGWRWKHZDYHSDVVDJHHIIHFW>@RUWKHLQFRKHUHQF\
RIJURXQGPRWLRQ>@YDULRXVSDUDPHWHUVWKDWDUHQRWFRQVLGHUHGLQWKHGHVLJQSKDVHVXFKDV
QRQVWUXFWXUDOHOHPHQWV\LHOGVWUHQJWKRIEHDULQJHOHPHQWVGLIIHUHQFHVEHWZHHQDFWXDOYDOXHV
RIPHFKDQLFDOSDUDPHWHUVDQGFRPSXWHGRQHV7KXVPXOWLVWRU\EXLOGLQJVSUHVHQWLQJDV\PPH
WULHVLQSODQDUHVXEPLWWHGLQDFRXSOHGODWHUDOWRUVLRQDOPRWLRQGXULQJHDUWKTXDNHH[FLWDWLRQ
7KHPRVWYXOQHUDEOHLQWHUPVRIULVNRIFROODSVHHOHPHQWVDUHWKRVHWKDWDUHORFDWHGLQWKHSH
ULPHWHURIDVWUXFWXUHGXHWRVLJQLILFDQWVZD\LQJFDXVHGE\WZLVWLQJ>@
$FFRUGLQJWRWKHDIRUHPHQWLRQHGWKHQHFHVVLW\WRWDNHLQWRDFFRXQWWRUVLRQDOHIIHFWVGXULQJ
WKHGHVLJQSKDVHDULVHV7KHUHIRUHWKHQRWLRQRIHFFHQWULFLW\LVLQWURGXFHGE\YDULRXVFRGHV>@
DQGWZRW\SHV RILW DUHGHILQHG L  VWUXFWXUDO HFFHQWULFLW\ZKLFKLVWKHGLVWDQFHEHWZHHQWKH
FHQWHURIPDVV &0 DQGWKHFHQWHURIULJLGLW\ &5 LVDWWULEXWHGWRWKHODFNRIV\PPHWU\LQ
SODQDQGLVUHVSRQVLEOHIRUWKHQDWXUDORULQKHUHQWWRUVLRQDOPRPHQW LL DFFLGHQWDOHFFHQWULFLW\
ZKLFKLVDWWULEXWHGWRXQFHUWDLQW\LQGHWHUPLQDWLRQRIFHQWHURIPDVVXQFHUWDLQW\LQORFDWLRQRI
FHQWHURIULJLGLW\DQGWKHSRVVLEOHLQIOXHQFHRIWRUVLRQDOJURXQGPRWLRQLQSXW,WLVH[SUHVVHG
ZLWKWKHDLGRIWKHVWUXFWXUH¶VGLPHQVLRQVLQSODQ>@
7KHFHQWHURIULJLGLW\ &5 FDQEHHDVLO\GHWHUPLQHGLQVLQJOHVWRU\EXLOGLQJV>@LVXVXDOO\
GHQRWHGDV&5FDOOHGHODVWLFFHQWHUDQGLVDFFRPSDQLHGE\WZRD[HVGHQRWHG,,,FDOOHGSULQ
FLSDOGLUHFWLRQV>@7KHSURSHUWLHVRIWKHHODVWLFFHQWHU &5,,, DUHWKHIROORZLQJ L WKH
VWDWLFUHVSRQVHRIDVLQJOHVWRU\EXLOGLQJFDQEHGHILQHGE\WZRSXUHEHQGLQJVWDWHVDORQJ,,,
D[HVDQGRQHSXUHWRUVLRQDOVWDWHDERXW &5 LL 2QO\WUDQVODWLRQDOPRWLRQLVSURGXFHGZKHQ
DUELWUDU\KRUL]RQWDOIRUFHVDUHDSSOLHGDORQJSULQFLSDOGLUHFWLRQV,QWKLVFDVH&5FRUUHVSRQGV
WRWKHEHQGLQJFHQWHU %& DQGD[HV,,,FRUUHVSRQGWRWKHWUDQVODWLRQDOSODQHV LLL 2QO\URWD
WLRQLVSURGXFHGZKHQDUELWUDU\WRUVLRQDOPRPHQWLVDSSOLHGDWWKHVWRU\OHYHO,QWKLVFDVH&5
FRUUHVSRQGVWRWKHFHQWHURIWZLVWRUWRUVLRQ 7&  LY ,IDUELWUDU\KRUL]RQWDOIRUFHLVDSSOLHGDW
WKHVWRU\OHYHOWKHUHVXOWDQWRILQWHUQDOVKHDUIRUFHVSDVVHVWKURXJK&5RQO\XQGHUWKHFRQGLWLRQ
WKDWWKHURWDWLRQRIWKHVWRU\LVUHVWUDLQHG,QWKLVFDVH&5FRUUHVSRQGVWRWKHVKHDUFHQWHU 6& 
7KHDIRUHPHQWLRQHGSURSHUWLHVDUHLQGHSHQGHQWRIWKHDSSOLHGORDGVDQGGHSHQGRQO\RQWKH
VWUXFWXUDOJHRPHWU\DQGPHFKDQLFDOFKDUDFWHULVWLFV>@
7KHGHILQLWLRQDQGH[LVWHQFHRIWKHHODVWLFD[LVLQPXOWLVWRU\EXLOGLQJVSUHVHQWVVRPHGLIIL
FXOWLHV>@DQGKDVEHHQLQYHVWLJDWHGE\YDULRXVUHVHDUFKHUV>@+RZHYHUWKHUHLVDFHU
WDLQPXOWLVWRU\EXLOGLQJVFDWHJRU\WKDWWKHHODVWLFD[LVDQGWKHSULQFLSDOEHQGLQJSODQHVFDQEH
GHILQHG,QWKLVFDVHWKHHODVWLFD[LVLVDXQLTXHYHUWLFDOD[LVWKDWWKHULJLGLW\FHQWHURIHDFK
VWRU\EHORQJVDQGLVLQGHSHQGHQWRIWKHORDGGLVWULEXWLRQDORQJWKHYHUWLFDOGLUHFWLRQDVZHOO
>@7KHDIRUHPHQWLRQHGFDWHJRU\FRUUHVSRQGVWREXLOGLQJVWKDWFRQVLVWRIKRPRWURSLFYHUWLFDO
HOHPHQWV>@+RPRWURSLFLW\LVH[SUHVVHGE\WKHVDPHHODVWLFGHIRUPDWLRQODZIRUDOOYHUWLFDO
HOHPHQWVXQGHUKRUL]RQWDOORDGLQJDQGWKHUHIRUHWKHKRUL]RQWDOVWLIIQHVVPDWULFHVRIWKHDIRUH
PHQWLRQHGHOHPHQWVDUHSURSRUWLRQDO>@+RPRWURSLFEXLOGLQJVFDQEHGLYLGHGLQWKHIRO
ORZLQJ FDWHJRULHV L  LVRWURSLF DOO HOHPHQWV IROORZ WKH VDPH KRPRWURSLFLW\ UXOH DQG WKHLU
KRUL]RQWDOVWLIIQHVVPDWULFHVUHFHLYHWKHIROORZLQJIRUP۹ ୬ ൌ ୬ ή ۹ ୭ ZKHUH୬ LVWKHSURSRU
WLRQDOLW\FRQVWDQWDQG۹ ୭ LVWKHFKDUDFWHULVWLFVWLIIQHVVPDWUL[ LL RUWKRWURSLFHOHPHQWVDORQJ
;DQG<GLUHFWLRQVIROORZGLIIHUHQWKRPRWURSLFLW\UXOHVDQGWKHLUKRUL]RQWDOVWLIIQHVVPDWULFHV
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UHFHLYHWKHIROORZLQJIRUPV۹ ୶୬ ൌ ୶୬ ή ۹ ܠܗ,۹ ୷୬ ൌ ୷୬ ή ۹ ܡܗZKHUH୶୬ ǡ ୷୬ DUHWKHSURSRU
WLRQDOLW\ FRQVWDQWV DQG۹  ܠܗ۹  ܡܗDUH WKH FKDUDFWHULVWLF VWLIIQHVV PDWULFHV LLL  FRPSOH[ LVR
WURSLFFRD[LDOWKHYHUWLFDOHOHPHQWVFDQEHGLYLGHGLQWRWZRRUPRUHVXEV\VWHPVWKDWEHORQJWR
W\SH L RU LL >@
$OOWKHDIRUHPHQWLRQHGVWXGLHVUHIHUWRWKHGHILQLWLRQRIHODVWLFD[LVXQGHUWKHDSSOLFDWLRQRI
VWDWLFKRUL]RQWDOIRUFHVRUPRPHQWV6LQFHWKHWRUVLRQDOHIIHFWVDUHDWWULEXWHGWRDSXUHO\G\
QDPLFSKHQRPHQRQWKHWZRIROGTXHVWLRQWKDWDULVHVLVWKHIROORZLQJ L ,VLWSRVVLEOHWRGHILQH
DG\QDPLFHODVWLFD[LVXQGHUWKHDSSOLFDWLRQRIWUDQVLHQWKRUL]RQWDOIRUFHVRUPRPHQWV" LL :LOO
WKLVD[LVEHGLIIHUHQWWKDQWKHHODVWLFD[LVGHILQHGE\WKHVWDWLFORDGLQJ"7KHSUHVHQWSDSHUXWL
OL]HVWKHQRWLRQRIWZLVWFHQWHUZKLFKFRLQFLGHVZLWKWKHFHQWHURIULJLGLW\LQRUGHUWRGHILQHWKH
G\QDPLFHODVWLFD[LV,QSDUWLFXODUPRQRV\PPHWULFVLQJOHVWRU\DQGPRQRV\PPHWULFLVRWURSLF
PXOWLVWRU\EXLOGLQJVDUHH[FLWHGE\DWRUVLRQDOJURXQGPRWLRQDQGWKHFHQWHURIWZLVWRIHDFK
VWRU\LVGHWHUPLQHG2QFHWKHFHQWHUVRIWZLVWOLQHXSLQDYHUWLFDOD[LVWKHG\QDPLFHODVWLFD[LV
LVSRVVLEOHWREHGHILQHG7KHSRVLWLRQRIWKHG\QDPLFD[LVLVFRPSDUHGZLWKWKHSRVLWLRQRIWKH
NQRZQHODVWLFD[LV
2

MATHEMATICAL FORMULATION
7KHHTXDWLRQRIPRWLRQRIDQ\VWUXFWXUDOV\VWHPLVWKHIROORZLQJ
ࡹ ή ࢁሷሺݐሻ   ή ࢁሶሺݐሻ  ࡷ ή ࢁሺݐሻ ൌ ࡲሺݐሻ



ZKHUHǡ ǡ DUHWKHPDVVGDPSLQJDQGVWLIIQHVVPDWULFHV UHVSHFWLYHO\ሺሻDQG ሺሻDUH
WKHGLVSODFHPHQWDQGIRUFHYHFWRUVUHVSHFWLYHO\7KHGDPSLQJPDWUL[LVUHSUHVHQWHGE\5D\
OHLQJGDPSLQJE\WKHIROORZLQJH[SUHVVLRQ>@
 ൌ ܽ ή ࡹ  ܾ ή ࡷ



ZKHUHWKHFRQVWDQWVܽǡ ܾDUHUHODWHGWRWKHPRGDOGDPSLQJUDWLRߞE\WKHIROORZLQJH[SUHV
VLRQV
ܽൌ

ʹ ή ߞ ή ߱ ή ߱
߱  ߱

ܾൌ

ʹήߞ
߱  ߱



ZKHUH߱ ǡ ߱ DUHWKHHLJHQIUHTXHQFLHVRIWKHLWKDQGMWKHLJHQPRGHUHVSHFWLYHO\
7KHHTXDWLRQRIPRWLRQ  LQWKHWLPHGRPDLQLVFRXSOHGGXHWRWKHSDUWLFLSDWLRQRIDFFHO
HUDWLRQVܷሷሺݐሻYHORFLWLHVܷሶሺݐሻDQGGLVSODFHPHQWVܷሺݐሻ7KHUHIRUHWKH)DVW)RXULHU7UDQVIRUPLVDS
SOLHGWRERWKSDUWVRIHTXDWLRQ  
ሺࡷ െ ߗଶ ή ࢬ  ݅ ή ߗ ή ሻ ή ࢁሺߗሻ ൌ ܶܨܨሺࡲሺݐሻሻ



,WLVDVVXPHGWKDWHDFKVWRU\SODWHEHKDYHVDVDQLQSODQHULJLGGLDSKUDJP7KHUHIRUHHDFK
VWRU\KDVWKUHHGHJUHHVRIIUHHGRP L WUDQVODWLRQDW;D[LVݑ௫  LL WUDQVODWLRQDW<D[LVݑ௬ 
LLL  URWDWLRQ DURXQG = D[LVߠ௭  7KH FRQVWUDLQW HTXDWLRQV EHWZHHQ WZR SRLQWV ݅ ሺݔ ǡ ݕ ሻ DQG
݆൫ݔ ǡ ݕ ൯WKDWEHORQJWRWKHGLDSKUDJPDUHWKHIROORZLQJ>@
ݑ௫ ൌ ݑ௫ െ ߂ݕ ή ߠ௭ , ߂ݕ ൌ ݕ െ ݕ



ݑ௬ ൌ ݑ௬  ߂ݔ ή ߠ௭ , ߂ݔ ൌ ݔ െ ݔ

)XUWKHUPRUHLWLVDVVXPHGWKDWWKHPDVVHVRIWKHLQGLYLGXDOYHUWLFDOUHVLVWLQJHOHPHQWVDUH
QHJOLJLEOHDQGWKHPDVVGLVWULEXWLRQLVXQLIRUPDWWKHIORRUOHYHOV7KHUHIRUHWKHFHQWHURIPDVV
&0FRLQFLGHVZLWKWKHJHRPHWULFFHQWHURIWKHGLDSKUDJP7KHFHQWHURIPDVVRIDV\VWHPLV
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WKHSRLQWRQWKHGLDSKUDJPWKURXJKZKLFKWKHUHVXOWDQWRIWKHLQHUWLDOIRUFHVRIWKHGLDSKUDJP
LVSDVVLQJWKURXJK
2.1 Single-story symmetric buildings
$VLQJOHVWRU\EXLOGLQJZKLFKLVV\PPHWULFDWWKH;D[LVLVGHSLFWHGLQ)LJ7KHVWUXFWXUH
KDVWKUHHGHJUHHVRIIUHHGRP L WUDQVODWLRQDW;D[LVݑ௫  LL WUDQVODWLRQDW<D[LVݑ௬  LLL
URWDWLRQDURXQG=D[LVߠ௭ )XUWKHUPRUHWKHLQHUWLDOFKDUDFWHULVWLFVRIWKHVLQJOHVWRU\DUHWKH
WUDQVODWLRQDOPDVV݉DQGWKHPDVVPRPHQWRILQHUWLDܬ 

Y
II
I

uy

θz

CM

CR (K)

ux

X

eox

)LJXUH6LQJOHVWRU\EXLOGLQJV\PPHWULFDW;D[LV

7KHPDVVVWLIIQHVVDQGGDPSLQJPDWULFHVRIWKHV\VWHPXQGHUVWXG\DUHUHSUHVHQWHGE\WKH
IROORZLQJHTXDWLRQV
݉
ࡹ ൌ Ͳ
Ͳ
݇௫௫
ࡷൌ Ͳ
Ͳ

Ͳ
݇௬௬
݇௬௭

Ͳ
݉
Ͳ

Ͳ
Ͳ ൩
ܬ
ܿ௫௫
ൌ Ͳ
Ͳ

Ͳ
݇௬௭ 
݇௭௭

Ͳ
ܿ௬௬
ܿ௬௭

Ͳ
ܿ௬௭ 
ܿ௭௭



7KHGLVSODFHPHQWDQGIRUFHYHFWRUDUHH[SUHVVHGE\WKHIROORZLQJUHODWLRQVKLSVLQWLPHGR
PDLQ
ࢁሺݐሻ் ൌ ሾݑ௫ ሺݐሻ

ݑ௬ ሺݐሻ

ࡲሺݐሻ் ൌ ൣͲ Ͳ െܬ ή ߠሷ ሺݐሻ൧

ߠ௭ ሺݐሻሿ



ZKHUHߠሷ ሺݐሻLVWKHURWDWLRQDOEDVHH[FLWDWLRQ7KHDIRUHPHQWLRQHGYHFWRUVUHFHLYHWKHIROORZLQJ
H[SUHVVLRQVLQWKHIUHTXHQF\GRPDLQ
ࢁሺߗሻ் ൌ ሾݑ௫ ሺߗሻ

ݑ௬ ሺߗሻ

ࡲሺߗሻ் ൌ ሾͲ Ͳ

ߠ௭ ሺߗሻሿ

ܼܨܨሿ



ZKHUHܼܨܨLVWKH)DVW)RXULHU7UDQVIRUPRIWKHURWDWLRQDOPRPHQWെܬ ή ߠሷ ሺݐሻ
)LQDOO\WKHHTXDWLRQRIPRWLRQIRUWKHVLQJOHVWRU\EXLOGLQJZKLFKLVV\PPHWULFZLWKUHVSHFW
WR;D[LVLVH[SUHVVHGDVIROORZV
݇௫௫ െ ߗ ଶ ή ݉  ݅ ή ߗ ή ܿ௫௫
Ͳ

Ͳ

Ͳ
݇௬௬ െ ߗ ଶ ή ݉  ݅ ή ߗ ή ܿ௬௬
݇௬௭  ݅ ή ߗ ή ܿ௬௭

Ͳ
ݑ௫ ሺߗሻ
Ͳ
݇௬௭  ݅ ή ߗ ή ܿ௬௭
 ή ݑ௬ ሺߗሻ ൌ  Ͳ ൩
ܼܨܨ
ߠ௭ ሺߗሻ
݇௭௭ െ ߗ ଶ ή ܬ  ݅ ή ߗ ή ܿ௭௭



7KHG\QDPLFHODVWLFFHQWHUFDQEHGHILQHGDVWKHSRLQWZKLFKEHORQJVWRWKHGLDSKUDJPDQG
WKDWXQGHUDURWDWLRQDOEDVHH[FLWDWLRQLVRQO\URWDWHGZLWKRXWEHLQJWUDQVODWHGDWDOO7KHUHIRUH
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XVLQJWKHGLDSKUDJP¶VFRQVWUDLQWHTXDWLRQV  WKHFRRUGLQDWHVRIWKHG\QDPLFHODVWLFFHQWHU
FDQEHGHILQHGDVIROORZV
ݔ ൌ െ

ݑ௬ ሺߗሻ
ߠ௭ ሺߗሻ

ݕ ൌ

ݑ௫ ሺߗሻ
ߠ௭ ሺߗሻ

 

%\VROYLQJHTXDWLRQ  DQGUHSODFLQJWKHH[SUHVVLRQVRIWKHGLVSODFHPHQWVDW&0LQHTXD
WLRQ  WKHFRRUGLQDWHVRIWKHG\QDPLFHODVWLFFHQWHUUHFHLYHWKHIROORZLQJIRUP
ݔ ൌ

݇௬௬

݇௬௭  ݅ ή ߗ ή ܿ௬௭
െ ߗଶ ή ݉  ݅ ή ߗ ή ܿ௬௬

ݕ ൌ Ͳ

 

)URP(TXDWLRQWKHIROORZLQJREVHUYDWLRQVFDQEHPDGH
x 7KHFRRUGLQDWHVGHSHQGRQ L VWLIIQHVVWHUPV ݇௬௬ ǡ ݇௬௭ UHODWHGWRWKHWUDQVODWLRQDOGH
JUHHRIIUHHGRPܻZKLFKLVSHUSHQGLFXODUWRWKHD[LVRIV\PPHWU\ܺ LL WUDQVODWLRQDO
PDVV݉ LLL GDPSLQJWHUPV ܿ௬௬ ǡ ܿ௬௭  DQG LY IUHTXHQF\RIH[FLWDWLRQߗ
x 7KHFRRUGLQDWHVGRQRWGHSHQGRQWKHURWDWLRQDOHDUWKTXDNHFRPSRQHQW ߠሷ ሺݐሻ 
x 7KHFRRUGLQDWHVGRQRWGHSHQGRQWKHPDVVPRPHQWRILQHUWLDܬ 
x 7KH FRRUGLQDWHV DV H[SUHVVHG LQ WKH IUHTXHQF\ GRPDLQDUH FRPSOH[ QXPEHUV 7KHLU
LPDJLQDU\SDUWLVDWWULEXWHGWRWKHGDPSLQJWHUPVH[FOXVLYHO\
x ,QFDVHWKDWWKHG\QDPLFWHUPVVXFKDVPDVVDQGGDPSLQJDUHLJQRUHGRUWKHH[FLWDWLRQ
IUHTXHQF\LVYHU\VPDOO ߗ ൎ Ͳ WKHFRRUGLQDWHVRIWKHG\QDPLFHODVWLFFHQWHUFRLQFLGH
ZLWKWKHFRRUGLQDWHVRIWKHHODVWLFFHQWHUDVGHILQHGE\WKHDSSOLFDWLRQRIDVWDWLFPRPHQW
x

ݔ ൌ ݇௬௭ Τ݇௬௬



7KHGHYLDWLRQRIWKHVWDWLFYDOXHVRIWKHFRRUGLQDWHVLVH[SHFWHGDWWKHKLJKIUHTXHQF\
UDQJH7KLVLVLPSRUWDQWWDNLQJLQWRDFFRXQWWKDWWKHURWDWLRQDOHDUWKTXDNHDFFHOHUDWLRQV
DUHGRPLQDWHGE\IUHTXHQFLHVKLJKHUWKDQWKHFRUUHVSRQGLQJWUDQVODWLRQDODFFHOHUDWLRQV
>@

2.2 Two-story isotropic monosymmetric buildings
)LJGHSLFWVWKHSODQYLHZRIDQLVRWURSLFPRQRV\PPHWULFEXLOGLQJ7KHPDLQDVVXPSWLRQ
UHJDUGLQJWKHLQHUWLDOFKDUDFWHULVWLFVLVWKDWWKH\UHPDLQWKHVDPHDWHDFK VWRU\OHYHO)XUWKHU
PRUHWKHFHQWHUVRIPDVVRIDOOVWRULHVEHORQJRQWKHVDPHYHUWLFDOD[LV(DFKVWRU\OHYHOKDVD
WUDQVODWLRQDOPDVV݉DQGDPDVVPRPHQWRILQHUWLDܬ 7KHYHFWRURIGLVSODFHPHQWVIRUDOOVL[
GHJUHHVRIIUHHGRPDQGWKHPDVVPDWUL[RIWKHWZRVWRU\LVRWURSLFEXLOGLQJDUHJLYHQE\IRO
ORZLQJ(TXDWLRQ
ݑ௫ଵ
ݑۍ௫ଶ ې
ۑ ݑێ
௬ଵ
࢛ ൌ  ۑ ݑێǡ
 ێ௬ଶ ۑ
ߠ ێଵ ۑ
ߠ ۏଶ ے

݉
Ͳۍ
ێ
Ͳ
ࡹൌێ
Ͳێ
Ͳێ
Ͳۏ

Ͳ
݉
Ͳ
Ͳ
Ͳ
Ͳ

Ͳ
Ͳ
݉
Ͳ
Ͳ
Ͳ
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Ͳ
Ͳ
Ͳ
݉
Ͳ
Ͳ

Ͳ
Ͳ
Ͳ
Ͳ
ܬ
Ͳ

Ͳ
Ͳې
ۑ
Ͳۑ
Ͳۑ
Ͳۑ
ܬ ے

 

Y
θz
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uy
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I

X

CR (K)

eox

)LJXUH3ODQYLHZRILVRWURSLFEXLOGLQJ

)XUWKHUPRUHWKHPDLQFKDUDFWHULVWLFRIWKHLVRWURSLFEXLOGLQJVEHKDYLRULVWKDWDOOWKHSODQDU
IUDPHVSDUWLFLSDWLQJLQWKHVWUXFWXUDOV\VWHPKDYHSURSRUWLRQDOVWLIIQHVVPDWULFHV7KHIUDPHV
PD\FRQVLVWRIPL[HGW\SHUHVLVWLQJHOHPHQWVVXFKDVIRUH[DPSOHPRPHQWIUDPHVFRXSOHGZLWK
VKHDUZDOOV7KHUHIRUHWKHIROORZLQJHTXDWLRQLVYDOLG>@
ࡷ ൌ ݇ ή ࡷ 

 

ZKHUHࡷ LVWKHVWLIIQHVVPDWUL[RIHDFKIUDPHSDUWLFLSDWLQJLQWKHVWUXFWXUDOV\VWHPܭ LV
WKHFKDUDFWHULVWLFVWLIIQHVVPDWUL[DQG݇ LVWKHSURSRUWLRQDOLW\FRQVWDQW7KHVWLIIQHVVPDWUL[RI
WKHWZRVWRU\VWUXFWXUHLVH[SUHVVHGE\WKHIROORZLQJUHODWLRQVKLSV>@
݇௫௫ ή ࡷ
ࡷൌ Ͳ
Ͳ

Ͳ
݇௬௬ ή ࡷ
݇௬௭ ή ࡷ

Ͳ
݇௬௭ ή ࡷ 
݇௭௭ ή ࡷ

ࡷ ൌ 

ܭଵ
ܭଶ

ܭଶ
൨
ܭଷ

 

7KHGDPSLQJPDWUL[LVH[SUHVVHGE\5D\OHLJKGDPSLQJDQGLWLVJLYHQE\HTXDWLRQ  
7KHGLVSODFHPHQWDQGIRUFHYHFWRUDUHJLYHQE\WKHIROORZLQJUHODWLRQVKLSVH[SUHVVHGLQWKH
IUHTXHQF\GRPDLQ
ࢁሺߗሻ் ൌ ሾݑ௫ଵ ሺߗሻ

ݑ௫ଶ ሺߗሻ

ܶܨܨሺࡲሺݐሻሻ் ൌ ሾͲ

ݑ௬ଵ ሺߗሻ

ݑ௬ଶ ሺߗሻ

ߠ௭ଵ ሺߗሻ

Ͳ Ͳ

Ͳ ܼܨܨଵ

ܼܨܨଶ ሿ

ߠ௭ଶ ሺߗሻሿ

()

ZKHUHWKHLQGLFHVGHQRWHWKHILUVWDQGVHFRQGIORRUUHVSHFWLYHO\DQGܼܨܨLVWKH)DVW)RX
ULHU7UDQVIRUPRIWKHPRPHQWെܬ ή ߠሷ ሺݐሻ
ǹIWHUSHUIRUPLQJVRPHPDWKHPDWLFDOFDOFXODWLRQV VHH$SSHQGL[ WKHFRPSOH[PDWUL[ZKLFK
LVPXOWLSOLHGE\WKHGLVSODFHPHQWYHFWRUUHFHLYHVWKHIROORZLQJIRUP
݇௫௫ ή ࡷ࢞

Ͳ
݇௬௬ ή ࡷ࢟

ࡷࢉ ൌ 
݉݉ݕݏǤ

Ͳ
݇ ݖݕή ࡷǡࢇࢍ 

 

݇௭௭ ή ࡷࢠ

ZKHUHWKH[VXEPDWULFHVUHFHLYHWKHIROORZLQJH[SUHVVLRQV VHH$$$ 
ሺ ܭെ ߗଶ ή ݉ Τ݇௫௫  ݅ ή ߗ ή ߙ ή ܭଵ  ݅ ή ߗ ή ܾ ή ݉Τ݇௫௫ ሻ
ܭଶ ή ሺͳ  ݅ ή ߗ ή ܽሻ
൨
ࡷ࢞ ൌ  ଵ
ሺܭଷ െ ߗଶ ή ݉ Τ݇௫௫  ݅ ή ߗ ή ߙ ή ܭଷ  ݅ ή ߗ ή ܾ ή ݉Τ݇௫௫ ሻ
ܭଶ ή ሺͳ  ݅ ή ߗ ή ܽሻ
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ࡷ࢟ ൌ ቈ

ܭଶ ή ሺͳ  ݅ ή ߗ ή ܽሻ
൫ܭଵ െ ߗଶ ή ݉ ൗ݇௬௬  ݅ ή ߗ ή ߙ ή ܭଵ  ݅ ή ߗ ή ܾ ή ݉Τ݇௬௬ ൯

ܭଶ ή ሺͳ  ݅ ή ߗ ή ܽሻ
൫ܭଷ െ ߗଶ ή ݉ൗ݇௬௬  ݅ ή ߗ ή ߙ ή ܭଷ  ݅ ή ߗ ή ܾ ή ݉Τ݇௬௬ ൯

ሺ ܭെ ߗଶ ή ܬ Τ݇௭௭  ݅ ή ߗ ή ߙ ή ܭଵ  ݅ ή ߗ ή ܾ ή ܬ Τ݇௭௭ ሻ
ܭଶ ή ሺͳ  ݅ ή ߗ ή ܽሻ
൨
ࡷࢠ ൌ  ଵ
ሺܭଷ െ ߗଶ ή ܬΤ݇௭௭  ݅ ή ߗ ή ߙ ή ܭଷ  ݅ ή ߗ ή ܾ ή ܬ Τ݇௭௭ ሻ
ܭଶ ή ሺͳ  ݅ ή ߗ ή ܽሻ
ࡷǡࢇࢍ ൌ ሺͳ  ݅ ή ߗ ή ܽሻ ή ࡷ

)LQDOO\WKHHTXDWLRQRIPRWLRQRIWKHWZRVWRU\LVRWURSLFEXLOGLQJFDQEHZULWWHQDVIROORZV
࢛࢞ ሺߗሻ

ࡷࢉ ή ࢛࢟ ሺߗሻ ൌ   ൩
ࡲࡲࢆሺߗሻ
ࣂࢠ ሺߗሻ

 

ZKHUH ࢛࢞ ሺߗ ሻǡ ࢛࢟ ሺߗ ሻǡ ࣂࢠ ሺߗ ሻ DUH GLPHQVLRQDO YHFWRUV RI WUDQVODWLRQV
ݑ௫ଵ ሺߗ ሻǡ ݑ௫ଶ ሺߗ ሻǡ ݑ௬ଵ ሺߗ ሻǡ ݑ௬ଶ ሺߗሻDQGURWDWLRQVߠ௭ଵ ሺߗ ሻǡ ߠ௭ଶ ሺߗሻDWHDFKVWRU\OHYHOLVDGL
PHQVLRQDO]HURIRUFHYHFWRUDQGࡲࡲࢆሺߗ ሻLVDGLPHQVLRQDOPRPHQWYHFWRURIܼܨܨଵ ǡ ܼܨܨଶ
7KHFRRUGLQDWHVRIWKHG\QDPLFHODVWLFD[LVDUHGHWHUPLQHGXVLQJHTXDWLRQV  DQGUHFHLYH
WKHIROORZLQJIRUPV
ࢄࡷ ൌ ൫ࡷ࢟ ή ݇௬௬ ൯

ିଵ

ή ൫ࡷǡࢇࢍ ή ݇௬௭ ൯

 

ࢅࡷ ൌ 

ZKHUHࢄ ǡ ࢅ DUHVTXDUHPDWULFHV,QWKLVSDUWLFXODUFDVHRIV\PPHWU\WKHPDWUL[ࢅ FRQ
WDLQV]HURWHUPV7KHUHIRUHWKHHODVWLFD[LVLVORFDWHGRQ;D[LVWKHD[LVRIV\PPHWU\ 7KH
GLDJRQDOWHUPVRIPDWUL[ࢄ GHQRWHWKHFRRUGLQDWHVRIWKHHODVWLFFHQWHUDWHDFK VWRU\OHYHO
7KHRIIGLDJRQDOWHUPVPXVWEH]HUR,QFDVHWKDWWKHRIIGLDJRQDOWHUPVDUHQRW]HURWKHQWKH
HODVWLFD[LVGRHVQRWH[LVW
2.3 n-story monosymmetric isotropic buildings
$W\SLFDOSODQYLHZRI1VWRU\LVRWURSLFEXLOGLQJZKLFKLVV\PPHWULFZLWKUHVSHFWWR;D[LV
LVGHSLFWHGLQ)LJ7KHSODWHRIHDFKVWRU\EHKDYHVDVDULJLGLQSODQHGLDSKUDJP7KHUHIRUH
HDFK VWRU\KDVWKUHHGHJUHHVRIIUHHGRPWZRWUDQVODWLRQVDWWKH;<D[HVDQGRQHURWDWLRQ
DURXQG=D[LV
7KHGLVSODFHPHQWDQGIRUFHYHFWRUDUHJLYHQE\WKHIROORZLQJUHODWLRQVKLSVH[SUHVVHGLQWKH
IUHTXHQF\GRPDLQ
ࢁሺߗሻ் ൌ ሾݑ௫ଵ ሺߗሻ

ݑ௫ଶ ሺߗሻ

ܶܨܨሺࡲሺݐሻሻ் ൌ ሾͲ

ǥ ݑ௬ଵ ሺߗሻ
Ͳ ǥ Ͳ

ݑ௬ଶ ሺߗሻ
Ͳ ǥ

ǥ ߠ௭ሺିଵሻ ሺߗሻ

ܼܨܨሺିଵሻ

ߠ௭ ሺߗሻሿ

 

ܼܨܨ ሿ

ZKHUHWKHLQGLFHV«QGHQRWHWKHILUVWVHFRQGDQGQWKIORRUUHVSHFWLYHO\DQGܼܨܨLVWKH
)DVW)RXULHU7UDQVIRUPRIWKHPRPHQWെܬ ή ߠሷ ሺݐሻ
7KHLQHUWLDOFKDUDFWHULVWLFVDUHWKHVDPHIRUHDFKVWRU\,QSDUWLFXODUHDFKVWRU\KDVDWUDQV
ODWLRQDOPDVV݉DQGDPDVVPRPHQWRILQHUWLDܬ 7KHUHIRUHWKHPDVVPDWUL[RIWKHQVWRU\
LVRWURSLFEXLOGLQJLVDQGLPHQVLRQDOPDWUL[DQGLWFDQEHZULWWHQDVIROORZV
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7DNLQJLQWRDFFRXQWWKHSURSRUWLRQDOLW\RIWKHVWLIIQHVVPDWULFHVRIWKHSODQDUIUDPHVDQGWKH
V\PPHWU\ZLWKUHVSHFWWR;D[LVWKHVWLIIQHVVPDWUL[ࡷRIWKHQVWRU\EXLOGLQJLVDQGLPHQ
VLRQDOPDWUL[DQGFDQEHH[SUHVVHGE\HTXDWLRQ  +RZHYHUWKHFKDUDFWHULVWLFVWLIIQHVVPD
WUL[ࡷ LVDQQGLPHQVLRQDOPDWUL[DQGUHFHLYHVWKHIROORZLQJIRUP
ۍ
ێ
ێ
ێ
ࡷ ൌ ێ
ێ
ێ
ێ
ێ
ۏ

ܭଵଵ

ܭଵଶ
ܭଶଶ

ܭଵଷ
ܭଶଷ
ܭଷଷ

݉݉ݕݏǤ

ܭଵସ
ܭଶସ
ܭଷସ
ܭସସ

ǥ
ǥ
ǥ
ǥ
ڰ

ǥ
ǥ
ǥ
ǥ
ǥ
ڰ

ܭଵሺିଵሻ
ܭଶሺିଵሻ
ܭଷሺିଵሻ
ܭସሺିଵሻ

ڭ
ڭ
ܭሺିଵሻሺିଵሻ

ܭଵ
ܭଶ
ܭଷ
ܭସ

ې
ۑ
ۑ
ۑ
ۑ
ۑ
ڭ
ۑ
ڭ
ۑ
ܭሺିଵሻ ۑ
ܭ ے

 

7KHGDPSLQJPDWUL[LVH[SUHVVHGE\5D\OHLJKGDPSLQJLWLVH[SUHVVHGE\HTXDWLRQ  
)ROORZLQJWKHVDPHQRWLRQDVLQWKHFDVHRIWKHWZRVWRU\EXLOGLQJWKHFRPSOH[PDWUL[ZKLFK
LVPXOWLSOLHGE\WKHGLVSODFHPHQWYHFWRUFDQEHH[SUHVVHGE\HTXDWLRQ  +RZHYHUWKHGLDJ
RQDOWHUPVRIHDFKVXEPDWUL[ࡷ࢞ ǡ ࡷ࢟ ǡ ࡷࢠ UHFHLYHWKHIROORZLQJIRUPV
ࡷ࢞ሺሻ ൌ ܭ െ ߗଶ ή ݉Τ݇௫௫  ݅ ή ߗ ή ߙ ή ܭ  ݅ ή ߗ ή ܾ ή ݉Τ݇௫௫
ࡷ࢟ሺሻ ൌ ܭ െ ߗଶ ή ݉ൗ݇௬௬  ݅ ή ߗ ή ߙ ή ܭ  ݅ ή ߗ ή ܾ ή ݉Τ݇௬௬

 

ࡷࢠሺሻ ൌ ܭ െ ߗଶ ή ܬ Τ݇௭௭  ݅ ή ߗ ή ߙ ή ܭ  ݅ ή ߗ ή ܾ ή ܬ Τ݇௭
ZKHUH݅ ൌ ݆ ൌ ͳǣ ͳǣ ݊

7KHRIIGLDJRQDOWHUPVRIHDFKVXEPDWUL[ࡷ࢞ ǡ ࡷ࢟ ǡ ࡷࢠ DUHWKHVDPHDQG UHFHLYHWKHIROORZ
LQJIRUPV
ࡷሺሻ ൌ ܭ ή ሺͳ  ݅ ή ߗ ή ܽሻ

 

ZKHUH݅ ് ݆
7KHLPDJLQDU\PDWUL[ࡷǡࢇࢍLVUHSUHVHQWHGE\HTXDWLRQ  
7KHHTXDWLRQRIPRWLRQLQWKHIUHTXHQF\GRPDLQLVUHSUHVHQWHGE\HTXDWLRQ  +RZHYHU
࢛࢞ ሺߗ ሻǡ ࢛࢟ ሺߗ ሻǡ ࣂࢠ ሺߗ ሻDUHQGLPHQVLRQDOYHFWRUVRIWUDQVODWLRQVURWDWLRQVDWHDFKVWRU\OHYHO
LVDQGLPHQVLRQDO]HURIRUFHYHFWRUDQGࡲࡲࢆሺߗ ሻLVDQGLPHQVLRQDOPRPHQWYHFWRURIܼܨܨ Ǥ
)LQDOO\WKHFRRUGLQDWHVRIWKHG\QDPLFHODVWLFD[LVFDQEHFDOFXODWHGE\HTXDWLRQV  ZKHUH
ࢄࡷ ǡ ࢅࡷ DUHQGLPHQVLRQDOPDWULFHV7KHGLDJRQDOWHUPVRIHDFKPDWUL[GHQRWHWKHFRRUGLQDWHV
RIWKHHODVWLFFHQWHUDWHDFKVWRU\OHYHO7KHRIIGLDJRQDOWHUPVPXVWEH]HUR,QFDVHWKDWWKH
RIIGLDJRQDOWHUPVDUHQRW]HURWKHQWKHHODVWLFD[LVGRHVQRWH[LVW
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3

NUMERICAL APPLICATIONS

,QWKHSUHVHQWVHFWLRQDFKDUDFWHULVWLFQXPHULFDOH[DPSOHIRUHDFKVWUXFWXUDOIRUPXODWLRQLV
SUHVHQWHG$0$7/$%FRGHKDVEHHQZULWWHQLQRUGHUWRDSSO\WKHILQDOHTXDWLRQVIRUWKHHVWL
PDWLRQRIWKHFRRUGLQDWHVRIWKHHODVWLFFHQWHURUD[LV>@7KHFRGHDOVRSHUIRUPVDPRGDO
DQDO\VLVLQRUGHUWRHVWLPDWHWKHHLJHQIUHTXHQFLHVDQGFDOFXODWHIXUWKHUWKH5D\OHLJKGDPSLQJ
FRPSRQHQWVܽǡ ܾ7KH5D\OHLJKGDPSLQJPDWUL[WDNHVLQWRDFFRXQWDOOWKHHLJHQIUHTXHQFLHVLQ
WKHFDVHRIVLQJOHVWRU\EXLOGLQJV,QWKHFDVHRIPXOWLVWRU\EXLOGLQJWKH0$7/$%FRGHKDV
WKHFDSDELOLW\WRWDNHLQWR DFFRXQWPRUHWKDQWKUHHHLJHQIUHTXHQFLHV7KHVWLIIQHVVPDWUL[LV
FDOFXODWHGE\WKHDSSOLFDWLRQRIWKH)LQLWH(OHPHQW0HWKRGZKLOHWKHPDVVPDWUL[LVFDOFXODWHG
DFFRUGLQJWRWKHLQHUWLDOGDWD
3.1 Single-story symmetric building
)LJGHSLFWVDVLQJOHVWRU\EXLOGLQJZKLFKLVV\PPHWULFZLWKUHJDUGWR;D[LV
30/30

D
1.60

1.60

E

Y

II

1.80

I

X

CR (K)

CM

5.00

eox

1.60

7.00

)LJXUH6LQJOHVWRU\V\PPHWULFEXLOGLQJ D SODQYLHZE ILQLWHHOHPHQWPRGHO

7KHYHUWLFDOVXSSRUWLQJHOHPHQWVFRQVLVWRIIRXUFROXPQV  DQGD&VKDSHGVKHDUZDOO
7KHKRUL]RQWDOVXSSRUWLQJHOHPHQWVFRQVLVWRIDUHFWDQJXODUSODWHZKLFKEHKDYHVDVD ULJLGLQ
SODQHGLDSKUDJPDQGILYHEHDPV  ZKLFKDUHORFDWHGDWWKHSHULPHWHURIWKHSODWH7KH
KHLJKWRIWKHEXLOGLQJHTXDOVP7KHPDWHULDOFKDUDFWHULVWLFVDUH( HN1P Y 7KH
XQLIRUPYHUWLFDOORDGRIWKHSODWHHTXDOVWRN1P DQGWKHPRGDOGDPSLQJUDWLRHTXDOV
)LJDOVRGHSLFWVWKHVWUXFWXUH¶VILQLWHHOHPHQWPRGHO7KHVLPXODWLRQRIWKH&VKDSHGVKHDU
ZDOOIROORZVWKHQRWLRQRIWKHHTXLYDOHQWIUDPHPRGHO
7DNLQJLQWRDFFRXQWWKHJHRPHWU\RIWKHSODWHDQGWKHYHUWLFDOXQLIRUPORDGWKHPDVVPDWUL[
FDQEHFDOFXODWHGXQGHUWKHDVVXPSWLRQRIGLDSKUDJPDWLFIXQFWLRQ,QWKHIROORZLQJHTXDWLRQV
WKHVWLIIQHVVPDWUL[PDVVDQGGDPSLQJFKDUDFWHULVWLFVDUHJLYHQ
ܭൌ

ʹ͵ͺʹͲǤͶͷͺ
Ͳ
Ͳ

Ͳ
ʹͳͶͲͶͳǤͲͻ
െͲͷͶǤͻͶͷ

Ͳ
݉ ൌ ͶʹǤͺͳ͵WQ
െͲͷͶǤͻͶͷ൩
ܬ ൌ ʹͶǤͲͳWQP
͵͵ʹͻͷʹͺǤͳͷͺ

ܽ ൌ ʹǤͲͺͻͶ
ܾ ൌ ǤͶͶʹ ή ͳͲିସ

)LJGHSLFWVWKHUHDODQGLPDJLQDU\SDUWVRIWKHFRRUGLQDWHVRIWKHHODVWLFFHQWHUZKLFKDUH
FDOFXODWHGDFFRUGLQJWRHTXDWLRQ  7KHIROORZLQJWZRFDVHVDUHVWXGLHG L ߞ ൌ ͷΨ LL ߞ ൌ
ͲΨ7KHUHDOSDUWVRIWKHFRRUGLQDWHVFRLQFLGHZLWKWKHVWDWLFYDOXHVሺݔ ൌ െ͵Ǥ݉ǡ ݕ ൌ Ͳሻ
ZKLOHWKHLPDJLQDU\SDUWVDUH]HURH[FHSWIRUYHU\VPDOOYDOXHVRISHULRGVRUIRUYHU\ODUJH
YDOXHVRIIUHTXHQFLHV
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)LJXUH&RRUGLQDWHVRIHODVWLFFHQWHUIRUDVLQJOHVWRU\EXLOGLQJV\PPHWULFZLWKUHJDUGWR;D[LV

3.2 Two-story isotropic symmetric building
)LJGHSLFWVDWZRVWRU\LVRWURSLFEXLOGLQJ7KHYHUWLFDOVXSSRUWLQJHOHPHQWVDUHWKUHHZDOOV
RIGLPHQVLRQVDQGWZRZDOOVRIGLPHQVLRQV7KHKRUL]RQWDOVXSSRUWLQJHOHPHQW
LVDSODWHRIP[PZKLFKEHKDYHVDVDULJLGLQSODQHGLDSKUDJP7KHKHLJKWRIHDFKVWRU\
HTXDOVP7KHPDWHULDOFKDUDFWHULVWLFVDUH( HN1P Y 7KHLQHUWLDOFKDUDFWHULVWLFV
DWHDFKVWRU\DUHWUDQVODWLRQDOPDVVHTXDOWRWQDQGSRODUPRPHQWRILQHUWLDHTXDOWRWQP 
7KHPRGDOGDPSLQJUDWLRHTXDOV)LJDOVRGHSLFWVWKHVWUXFWXUH¶VILQLWHHOHPHQWPRGHO
E

D

200/25
200/25

3.00

II
I

CR(K)

Y
160/25
X
CM

160/25

eox

200/25
6.00




)LJXUH7ZRVWRU\LVRWURSLFEXLOGLQJ D SODQYLHZE ILQLWHHOHPHQWPRGHO
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7KH WHUPV SDUWLFLSDWLQJ LQ WKH VWLIIQHVV PDWULFHV DFFRUGLQJ WR HTXDWLRQV    DQG WKH
FRHIILFLHQWVRI5D\OHLJKGDPSLQJPDWUL[WDNLQJLQWRDFFRXQWWKHILUVWWKUHHHLJHQIUHTXHQFLHVDUH
JLYHQLQWKHIROORZLQJ
݇௫௫ ൌ ͵ͳͻͻ͵Ǥͳͳ , ݇௬௬ ൌ Ͷͷͳͷ͵ǤͶͳ͵

ͺ
ࡷ ൌ ቂ
െʹǤͷ

݇௬௭ ൌ െ͵͵ͳͷͻǤͺͻ, ݇௭௭ ൌ ͵ͷʹͻʹͶǤͻ

െʹǤͷ
ቃ
ͳ

ܽ ൌ ͵ǤͻͶ
ܾ ൌ ͷǤͻͶͶ ή ͳͲିସ

8VLQJZHOONQRZQHTXDWLRQVWKHFRRUGLQDWHVRIWKHVWDWLFHODVWLFD[LVDUHGHWHUPLQHG>@
ܺܺ௦௧௧ ൌ െͲǤʹʹPܻܻ௦௧௧ ൌ ͲP)LJGHSLFWVWKHYDOXHVRIWKHPDWUL[RIWKHG\QDPLF
HODVWLFD[LV7KHFRRUGLQDWHYDOXHVLQ;D[LVGHYLDWHIURPWKHVWDEOHYDOXHVIRUWKHFDVHRI]HUR
GDPSLQJZKLFKLVXQUHDOLVWLFDQGLQWKHVPDOOSHULRGRUKLJKIUHTXHQF\UDQJH7KLVLVDWWULEXWHG
VROHO\WRWKHSUHVHQFHRILQHUWLDDFFRUGLQJWRHTXDWLRQ  7KHRIIGLDJRQDOWHUPVUHFHLYH]HUR
YDOXHVIRUWKHFDVHWKDWWKHGDPSLQJUDWLRRIWKHVWUXFWXUHHTXDOV)XUWKHUPRUHWKHFRRUGL
QDWHYDOXHVLQ<D[LVUHFHLYH]HURYDOXHV7KHUHIRUHWKHUHDOG\QDPLFHODVWLFD[LVH[LVWVDQG
FRLQFLGHVZLWKWKHVWDWLFHODVWLFD[LV
D

E

)LJXUH&RRUGLQDWHVRIHODVWLFD[LVIRUDWZRVWRU\LVRWURSLFEXLOGLQJD ߞ ൌE ߞ ൌ

3.3 Five-story isotropic building
)LJGHSLFWVWKHSODQYLHZRIDILYHVWRU\LVRWURSLFEXLOGLQJZKLFKLVV\PPHWULFZLWKUHVSHFW
WR;D[LV
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D

E
1.00

40/40

25/60

200/25

1.50
1.50
II
Y

10.00

2.00

X

CM

I
CR (K)

eox
1.50
1.50
1.00
1.00

1.50

1.50

2.00

1.50

1.50

1.00

3.00

13.00

)LJXUH)LYHVWRU\LVRWURSLFEXLOGLQJ D SODQYLHZE ILQLWHHOHPHQWPRGHO

7KHYHUWLFDOVXSSRUWLQJHOHPHQWVFRQVLVWRIFROXPQV  DQGILYHZDOOV  7KH
KRUL]RQWDOVXSSRUWLQJHOHPHQWVFRQVLVWRIDVTXDUHSODWH P[P ZKLFKEHKDYHVDVDULJLG
GLDSKUDJPDQGWZHQW\EHDPV  7KHKHLJKWRIHDFKVWRU\HTXDOVWRP7KHPDWHULDO
FKDUDFWHULVWLFVDUH( HN1PY 7KHLQHUWLDOFKDUDFWHULVWLFVRIHDFKVWRU\DUHWUDQV
ODWLRQDOPDVV HTXDO WR WQ DQG PDVV PRPHQW RI LQHUWLDHTXDO WR WQP7KH PRGDO
GDPSLQJUDWLRHTXDOV)LJDOVRGHSLFWVWKHVWUXFWXUH¶VILQLWHHOHPHQWPRGHO
7KHWHUPVSDUWLFLSDWLQJLQWKHVWLIIQHVVPDWULFHVDFFRUGLQJWRHTXDWLRQ  DUH
݇௫௫ ൌ ʹǡ ݇௬௬ ൌ ͵
݇௬௭ ൌ ͵Ǥͷǡ
݇௭௭ ൌ ͳͶǤͷ

ͳ͵ͷǤͺ
ۍ
ێ
ࡷ ൌ ێ
ێ
ۏ

െǤ͵ͻ
ͳͳͺǤͻͺʹ
݉݉ݕݏǤ

ͳǤͻ͵
െͶǤͻ͵Ͳ
ͳͳͺǤ

െͳǤͶͷ
ͳǤͶ
െ͵Ǥͻͷͷ
ͳͲǤͺͻͷ

ͲǤͳͳʹ
െͳǤʹͷ͵ ې
ۑ
ͳͶǤͲͺ  ۑή ͳ݁Ͷ
െͶͻǤ͵ͷͻۑ
͵ͷǤͻͲ͵ ے

7KH FRHIILFLHQWV RI 5D\OHLJK GDPSLQJ PDWUL[ WDNLQJ LQWR DFFRXQW WKH ILUVW WKUHH
HLJHQIUHTXHQFLHV GDPSLQJFDVH    DQGWKH ILUVW VL[ HLJHQIUHTXHQFLHV GDPSLQJ FDVH   DUH
JLYHQLQWKHIROORZLQJ
ܽଷ ൌ ͲǤͻͳͷ͵

ܽ ൌ ͳǤʹͳͲͶ

ܾଷ ൌ ͲǤͲͲʹͷ

ܾ ൌ ͲǤͲͲͳ

)LJD DQGF GHSLFWVWKHGLDJRQDOWHUPVIRUWKHWZRGDPSLQJFDVHV$GHYLDWLRQIURPWKH
VWDWLFYDOXHVRIWKHHODVWLFD[LVLVREVHUYHGDWVKRUWSHULRGUDQJH+RZHYHUWKHGHYLDWLRQUHIHUV
WRWKHWKLUGGHFLPDOSODFHDQGWKHUHIRUHLWFDQEHLJQRUHG7KHLQFUHDVHRIWKHQXPEHURIHLJHQ
IUHTXHQFLHVWKDWSDUWLFLSDWHLQWKH5D\OHLJKGDPSLQJPDWUL[UHGXFHVWKHDIRUHPHQWLRQHGGHYL
DWLRQEXWLQVPDOOSHUFHQWDJH)LJE DQGG GHSLFWVWKHRIIGLDJRQDOWHUPVIRUWKHWZRGDPSLQJ
FDVHVDVZHOO7KHYDOXHVRIWKHWHUPVDUHFRQVLGHUHGWREHQHJOLJLEOHDQGHTXDOWR]HUR7KHUH
IRUHWKHG\QDPLFHODVWLFD[LVDVGHILQHGE\WKHURWDWLRQDOH[FLWDWLRQRIWKHVWUXFWXUHFRLQFLGHV
ZLWKWKHVWDWLFHODVWLFD[LV

4523

D

E

F

G

)LJXUH&RRUGLQDWHVRIHODVWLFD[LVIRUDILYHVWRU\LVRWURSLFEXLOGLQJD GLDJRQDOWHUPVGDPSLQJFDVHE RII
GLDJRQDOWHUPVGDPSLQJFDVHF GLDJRQDOWHUPVGDPSLQJFDVHG RIIGLDJRQDOWHUPVGDPSLQJFDVH

4

CONCLUSIONS

7KHLQYHVWLJDWLRQRIWKHH[LVWHQFHRIDWRUVLRQD[LVXQGHUWKHDFWLRQRIWRUVLRQDOVHLVPLFORDG
KDVOHGWRWKHGHYHORSPHQWRIDQDO\WLFDOIRUPXODHIRUWKHGHWHUPLQDWLRQRIWKHWRUVLRQDOD[LV
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XQGHUWRUVLRQDOH[FLWDWLRQLQVLQJOHVWRU\PRQRV\PPHWULFDQGLQPXOWLVWRU\LVRWURSLFPRQRV\P
PHWULFEXLOGLQJV7KHGHWHUPLQDWLRQRIWKHWRUVLRQDOD[LVKDVOHGWRWKHIROORZLQJFRQFOXVLRQV
x $WRUVLRQDOD[LVFDQEHGHILQHGXQGHUG\QDPLFH[FLWDWLRQLQVLQJOHVWRU\PRQRV\PPHWULF
DQGLVRWURSLFPRQRV\PPHWULFEXLOGLQJV
x 7KHORFDWLRQRIWKHWRUVLRQDOD[LVXQGHUG\QDPLFORDGLQJGHSHQGVQRWRQO\RQWKHJHRPHW
ULFDODQGPHFKDQLFDOFKDUDFWHULVWLFVRIWKHVWUXFWXUDOV\VWHPVDVWKHVWDWLFHODVWLFD[LVEXW
DOVRRQWKHWUDQVODWLRQDOPDVVDQGGDPSLQJFKDUDFWHULVWLFV
x 7KHORFDWLRQRIWKHG\QDPLFWRUVLRQDOD[LVLVLQGHSHQGHQWRIWKHWRUVLRQDOHDUWKTXDNHFRP
SRQHQWDQGWKHPDVVPRPHQWRILQHUWLDRIHDFKVWRU\OHYHO
x 7KHGHYLDWLRQRIWKHFRRUGLQDWHVEHWZHHQWKHVWDWLFDQGWKHG\QDPLFGHILQLWLRQRIWKHHODVWLF
D[LVLVREVHUYHGLQWKHKLJKIUHTXHQF\UDQJH
x &KDUDFWHULVWLFQXPHULFDOH[DPSOHVDUHSUHVHQWHGIRUHDFKFDVHXQGHUVWXG\(VSHFLDOO\IRU
WKHFDVHRIPXOWLVWRU\LVRWURSLFEXLOGLQJVWKHGHYLDWLRQRIWKHHODVWLFD[LVFRRUGLQDWHVIURP
WKHVWDWLFYDOXHVLVUHGXFHGLIPRUHHLJHQIUHTXHQFLHVDUHWDNHQLQWRDFFRXQWGXULQJWKHFDO
FXODWLRQRIGDPSLQJPDWUL[
7KHLQYHVWLJDWLRQLVFRQWLQXHGLQRWKHUW\SHVRIEXLOGLQJVDV\PPHWULF LVRWURSLFEXLOGLQJV
DQGPL[HGW\SH5&EXLOGLQJV
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APPENDIX
Two-story isotropic symmetric building
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03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

EVALUATION OF VIBRATION CHARACTERISTICS OF RC AND PPC
BEAM MEMBERS UNDER CYCLIC TRAIN LOADING
M. TOKUNAGA


5DLOZD\7HFKQLFDO5HVHDUFK,QVWLWXWH
+LNDULFKR.RNXEXQMLVKL7RN\R-DSDQ
HPDLOWRNXQDJDPXQHPDVD#UWULRUMS

Keywords:5DLOZD\YLDGXFWUHVRQDQFHIDWLJXHWHVW5&PHPEHU33&PHPEHU
Abstract. Resonance phenomenon during train passing has been observed because of the increased in train operation speed in high-speed railway, the spread of low stiffness girder such
as PPC and SRC girder, and the advances in measurement technology. An example has been
reported in which significant resonance is generated, which is caused by a decrease in stiffness
due to the progress of cracks in concrete members. The stiffness of members must be evaluated
in consideration of the action hysteresis during the design life time, i.e. the magnitude and the
cyclic number of the load. The aim of this paper is to evaluate the vibration characteristics of
RC and PPC beam members in operating condition and the variation of stiffness and damping
of the beam after repeated loads of about 2 million times was evaluated based on fatigue tests
of 4 specimens. Static loading tests made it clear that the effective stiffness of RC members
decreases with respect to increasing load magnitude and it is consistent with the previous evaluation formula. On the other hand, the effective stiffness of the PPC member is overestimated
in the case of the previous evaluation formula, and is consistent with Branson's cubic law.
From the fatigue tests, the effective stiffness decreases by about 6 to 16% for RC members and
10 to 33% for PPC members after 2 million cyclic loading. The equivalent damping is from 4.0%
for RC members, according to the load magnitude and decreases to about 0.5%, and 1.5% to
0.5% for PPC members after 2 million cyclic loading. This means that the repeated loading
accompanying the train pass contributes to increasing the dynamic response, especially with a
large degree of influence on the PPC members. Finally, dynamic analyses implementing the
experimental results implied that excessive response can occur after millions of train passage,
especially in the case of PPC members, even if it were not observed in the initial stage of operations.
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INTRODUCTION

7KHSKHQRPHQRQRIYLEUDWLRQDOUHVRQDQFHGXULQJWUDLQSDVVLQJKDVEHHQFRQILUPHGIROORZ
LQJWKHHQKDQFHGRSHUDWLRQDOVSHHGVRIKLJKVSHHGUDLOZD\VWKHVSUHDGRIORZVWLIIQHVVJLUGHU
VXFKDVWKH33&DQG65&JLUGHUVDQGWKHDGYDQFHVLQPHDVXUHPHQWWHFKQRORJ\>@)RUH[DP
SOHWKHUHZDVDVWXG\UHSRUWLQJWKDWVLJQLILFDQWUHVRQDQFHZDVJHQHUDWHGIURPDGHFUHDVHLQ
VWLIIQHVVRIFRQFUHWHPHPEHUVRZLQJWRFUDFNSURJUHVVLRQ$VVXFKIXUWKHUUHILQHPHQWRIWKH
LPSDFW FRHIILFLHQW LV UHTXLUHG LQ WKH G\QDPLF UHVSRQVH HYDOXDWLRQ RI VXFK PHPEHUV ODUJHO\
GHSHQGLQJRQWKHLUQDWXUDOIUHTXHQFLHVRUWKHLUULJLGLWLHV >@,QYLHZRIWKLVWKHVWLIIQHVVRI
FRQFUHWH PHPEHUV PXVW EH HYDOXDWHG LQ FRQVLGHUDWLRQ RI WKHLU H[SHULHQFH GXULQJ WKH GHVLJQ
OLIHWLPHLHWKHPDJQLWXGHDQGF\FOLFQXPEHURIWKHUHSHDWHGORDGV7KXVWKHVWLIIQHVVRI5&
PHPEHUVZDVHYDOXDWHGKHUHLQXQGHUWKHDVVXPSWLRQRIDQRSHUDWLRQDOFRQGLWLRQ>@0RUHRYHU
WKHK\VWHUHVLVFKDUDFWHULVWLFVRI33&PHPEHUVZHUHHYDOXDWHGXQGHUWKHVDPHXVHFRQGLWLRQ
ZKHUHDVLQWKHSDVWVXFKFKDUDFWHULVWLFVZHUHSDUWLDOO\VWXGLHGLQWKHDUFKLWHFWXUDOILHOGXQGHU
WKHRFFXUUHQFHRIHDUWKTXDNHV>@
7KLVSDSHUDLPVWRHYDOXDWHWKHYLEUDWLRQFKDUDFWHULVWLFVRI5&DQG33&EHDPPHPEHUVXQ
GHUDVSHFLILFRSHUDWLRQDOFRQGLWLRQLQEHDPVWLIIQHVVDQGGDPSLQJYDULDWLRQVDIWHUDIDWLJXHWHVW
RIDSSUR[LPDWHO\WZRPLOOLRQWLPHVRIUHSHDWHGORDGLQJ
2

EXPERIMENT

2.1 Specimen
)LJXUHVKRZVWKHGHVLJQGHWDLOV RIWKHVSHFLPHQV ZKLFKFRQVLVWVRIERWK 5&DQG 33&
PHPEHUVRIZKLFKWKHODWWHUKDVEHFRPHZLGHO\SRSXODULQUDLOZD\VWUXFWXUHVLQUHFHQW\HDUV
+HUHLQ WKHUDWLRRIWHQVLOHUHEDUVDQGWKHDPRXQWRILQWURGXFHGSUHVWUHVVZHUH DVVXPHGE\
UHIHUHQFHWRVSHFLILFDWLRQVRIJHQHUDOUDLOZD\EULGJHV7KHWHQVLOHUHLQIRUFHPHQWUDWLRRI5&
DQG33&PHPEHUDUHDQGUHVSHFWLYHO\7KHSUHVWUHVVLQJFRHIILFLHQWRI33&PHPEHU
λLV


P

'


E 5& VHFWLRQ

  

  





D 6LGHYLHZ

' 
'
'

 

P

'
3&VWHHO EDU
%W\SH
1Rĳ
'

F 35&VHFWLRQ

)LJXUH'HVLJQGHWDLOVRIVSHFLPHQV

2.2 Loading pattern
)LJXUHLOOXVWUDWHVWKHVWDWLFF\FOLFORDGLQJWHVWIRUHYDOXDWLQJWKHEDVLFK\VWHUHVLVFKDUDFWHU
LVWLFVRIWKHPHPEHUVZLWKLQFUHPHQWVRIN1LQWKHORDGFRQWUROWKURXJKWKHWHQVLOHUHEDU¶V
\LHOGSRLQWDQGPPDVGLVSODFHPHQWFRQWURODIWHU\LHOG$WHDFKLQFUHDVLQJORDGOHYHOWKH
QXPEHURIUHSHWLWLRQVZDVWKUHHWLPHV0RUHRYHUDN1ORDGZDVPDLQWDLQHGGXULQJXQORDGLQJ
,QWKHG\QDPLFORDGLQJWHVWWKHXSSHUOLPLWORDGZDVLQFUHDVHGWRDQGN1ZLWK
DVVXPHGN1UHLQIRUFHPHQWVWUHVV RIDSSUR[LPDWHO\03D RIGHDGORDGEDVHGRQD+]
H[FLWDWLRQIUHTXHQF\,QWKLVWHVWWKHQXPEHURIUHSHWLWLRQVDWHDFKORDGOHYHOZDVWZRPLOOLRQ
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/RDGLQJ VWHS
D 6WDWLF F\FOLF ORDGLQJ

N1

N1

N1

N1
WLPHV
/RDGLQJ VWHS
E '\QDPLF F\FOLF ORDGLQJ

)LJXUH/RDGLQJSDWWHUQ

2.3 Static load-displacement relationship

)LJXUH  VKRZV WKH ORDG±GLVSODFHPHQW UHODWLRQVKLS REWDLQHG IURP WKH VWDWLF DQG G\QDPLF
ORDGLQJWHVW$SSDUHQWO\WKHVWLIIQHVV HIIHFWLYHVWLIIQHVVKeq DWXQORDGLQJDQGUHORDGLQJGH
FUHDVHGLQWKHUHJLRQZKHUHFUDFNVRFFXUUHGZKHUHDVLWGHFUHDVHGRQWKHVNHOHWRQFXUYH DIWHU
ߜ LQWKHILJXUH 0RUHRYHUWKHUHVLGXDOGLVSODFHPHQWDWXQORDGLQJLQWKH5&PHPEHUVLQFUHDVHG
ZLWKUHVSHFWWRLQFUHDVLQJORDGDVFRPSDUHGWRWKH33&PHPEHUV7KHK\VWHUHVLVFKDUDFWHULVWLFV
RI33&PHPEHUVH[KLELWHGDVWURQJHUWHQGHQF\WRSRLQWWRZDUGVWKHRULJLQGXULQJXQORDGLQJ
ZKHQFRPSDUHGZLWK WKRVHRIWKH5&PHPEHUV DV WKHUHVLGXDO GLVSODFHPHQWGHFUHDVHGWKH
HIIHFWLYHVWLIIQHVVVKRZHGGHFUHDVLQJWHQGHQF\7KDWLVWKHSUHVWUHVVLQWURGXFHGIRUWKHSXUSRVH
RIUHGXFLQJWKHFUDFNZLGWKZDVIRXQGWRLQIOXHQFHUHGXFWLRQLQWKHVWLIIQHVVRIWKHHQWLUHEHDP
V\VWHP


<LHOG RIWHQVLOHVWHHOEDU
6WDWLF WHVW
)LEHU$QDO\VLV



/RDGP N1

/RDGP N1

&UDFN RIFRQFUHWH




ߜ













'LVSODFHPHQW δ PP
D 5& PHPEHU



ߜ






&UDFN RIFRQFUHWH







<LHOG RI3& EDU
<LHOG RIWHQVLOHVWHHOEDU










'LVSODFHPHQW δ PP
E 35& PHPEHU



)LJXUH/RDGGLVSODFHPHQWUHODWLRQVKLSREWDLQHGIURPVWDWLFDQGG\QDPLFORDGLQJV

2.4 Dynamic characteristics variation due to cyclic loading
)LJXUHVVKRZVWKHHIIHFWLYHVWLIIQHVV DQGHTXLYDOHQW GDPSLQJRI5&PHPEHUVREWDLQHG
IURPWKHVWDWLFDQGG\QDPLFORDGLQJWHVWV'LVSODFHPHQWRIWKHKRUL]RQWDOD[LVZDVWKHPD[L
PXPGLVSODFHPHQWH[SHULHQFHGLQWKHSDVWDWHDFKORDGLQJVWHS2QRQHKDQGHIIHFWLYHVWLIIQHVV
ZDVWKHDFWLYHVWLIIQHVVFRQQHFWLQJWKHPD[LPXPDQGPLQLPXPORDGSRLQWVRIWKHORRSRQWKH
ORDG±GLVSODFHPHQWUHODWLRQVKLSXQGHUF\FOLFORDGLQJ2QWKHRWKHUKDQGHTXLYDOHQWGDPSLQJ
UDWLRZDVWKHHTXLYDOHQWYLVFRXVGDPSLQJRIWKHK\VWHUHVLVGDPSLQJFDOFXODWHGIURPWKHDUHDRI
WKHVDPHORRS

4531

(IIHFWLYH VWLIIQHVVKeq N1PP

(IIHFWLYHVWLIIQHVVKeq
N1PP



K



(TXDWLRQ 



6WDWLFORDGLQJ
UHVXOWV





ܯ




(TXDWLRQ 


ܯ




N1
N1
N1



Keq
ξ eq






















0D[LPXP ORDGP N1
D 6WDWLFF\FOLFORDGLQJ

(IIHFWLYH GDPSLQJUDWLR ξ eq

07RNXQDJD



    
&\FOLF ORDGLQJQXPEHU



E '\QDPLF F\FOLF ORDGLQJ

)LJXUH(IIHFWLYHVWLIIQHVVDQGHTXLYDOHQWGDPSLQJRI5&PHPEHUV

7KH$&,>@WHFKQLTXHLVEDVHGRQWKHPHWKRGSURSRVHGE\%UDQVRQ>@ZKLFK
XVHVWKHHIIHFWLYHVWLIIQHVVܭ 
ܯ ଷ
ܯ ଷ
൰ ܭ  ቊͳ െ ൬
൰ ቋ ܭ 
ܭ ൌ ൬
ܯ௫
ܯ௫



ZKHUHܭ LVWKHJURVVVHFWLRQDOVWLIIQHVV XQFUDFNHGFRQFUHWHVHFWLRQ ܭ WKHVHFWLRQDOVWLII
QHVVRIWKHIXOO\FUDFNHGVHFWLRQܯ௫ WKHDSSOLHGPD[LPXPEHQGLQJPRPHQWܯ WKHFUDFN
LQJ PRPHQW ,Q SUDFWLFDO GHVLJQV WKH VHFDQW VWLIIQHVV LV FDOFXODWHG E\ (T   5DLOZD\
7HFKQLFDO5HVHDUFK,QVWLWXWH 
:DNXLHWDO  SURSRVHGDPHWKRGWRSUHGLFWWKHIOH[XUDOVWLIIQHVVDWUHORDGLQJE\XVLQJ
WKHIROORZLQJHTXDWLRQ
ܭ௦ǡோ

ܯ ଵǤ
ܯ ଵǤ
൰ ܭ  ቊͳ െ ൬
൰ ቋ ܭ 
ൌ൬
ܯ௫
ܯ௫



+HUHDIWHUWHVWUHVXOWVDUHFRPSDUHGZLWKDERYHWZRHTXDWLRQVIRUWKHVDNHRIFRQIRUPLQJWKH
DSSOLFDELOLW\HVSHFLDOO\IRU33&PHPEHUVXQGHUF\FOLFORDGLQJFRQGLWLRQ
)RUWKH5&PHPEHUWKHVWDWLFORDGLQJWHVWUHVXOWVFRQILUPHGWKDWWKHHIIHFWLYHVWLIIQHVVGH
FUHDVHVZLWKDQLQFUHDVHRIORDGLQJDPSOLWXGHDIWHUߜ 7KHREWDLQHGHIIHFWLYHVWLIIQHVVܭ RI
WKH5&PHPEHUZDVFRQVLVWHQWZLWKVWLIIQHVVܭ௦ǡோ GXULQJUHORDGLQJE\WKHVWDWLFF\FOLFORDGLQJ
WHVW
5HVXOWVRIWKHIDWLJXHWHVWE\G\QDPLFORDGLQJLQGLFDWHGWKDWWKH5&PHPEHUVDFKLHYHGܭ
RIDSSUR[LPDWHO\N1PPWRDERXWDW±N1DQGDSSUR[LPDWHO\N1PPWRQHDUO\
 DW N1 LQ ±N1 $W N1 ORDGܭ GHFUHDVHG IURP N1PP WR DSSUR[L
PDWHO\0RUHRYHUߦ VKRZHGWKHWHQGHQF\WRLQFUHDVHZLWKLQFUHDVLQJORDGDQGWRGH
FUHDVHZLWKLQFUHDVLQJQXPEHURIUHSHDWHGORDGV6SHFLILFDOO\LWGHFUHDVHGIURPWR
DW±N1DQGIURPN1PPWRZLWKLQ±DW±N17KHFKDQJHZDVVPDOODW
QHDUO\DWN1ܭ H[KLELWHGDVKDUSGHFOLQHRIURXJKO\ZKLOHߦ LQFUHDVHG
UDSLGO\IURP DSSUR[LPDWHO\WR DW UHSHWLWLRQV RIDOPRVWWRWLPHVDW ±
N1&UDFNZLGWKDQGUHVLGXDOGLVSODFHPHQWLQWKLVUHJLRQLQFUHDVHGVLPXOWDQHRXVO\LQGL
FDWLQJWKDWWKHUHLVDSRVVLELOLW\RIGHWHULRUDWLRQRIDJJUHJDWHPHVKLQWKHFRQFUHWHDWWKHFUDFNHG
DUHD1RQHWKHOHVVWKHPHVKZDVLPSURYHGE\UHSHDWHGORDGLQJWKHUHDIWHUZKHUHܭ ߦ PXVW
KDYHVHWWOHGWRWKHYDOXHSULRUWRWLPHVRIUHSHDWHGORDGLQJV
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(IIHFWLYH GDPSLQJUDWLR ξ eq

)RU WKH 33& PHPEHU WKH HIIHFWLYH VWLIIQHVV GHFUHDVHV ZLWK UHVSHFW WR LQFUHDVLQJ ORDGLQJ
DPSOLWXGHDIWHUߜ 7KHVHUHVXOWVZHUHFRQVLVWHQWZLWKWKHVWLIIQHVVܭ REWDLQHGE\XVLQJ%UDQ
VRQ VODZZLWKRYHUHVWLPDWHGܭ௦ǡோ 
)LJXUHVVKRZVWKHHIIHFWLYHVWLIIQHVVDQGHTXLYDOHQWGDPSLQJRI33&PHPEHUVREWDLQHG
IURPWKHVWDWLFDQGG\QDPLFORDGLQJWHVWV)RUWKH33&PHPEHUVUHVXOWVIRUWKHG\QDPLFORDGLQJ
WHVW LQGLFDWHG WKDWܭ GHFUHDVHG DOPRVW  IURP WKH LQLWLDO VWLIIQHVV N1PP ZKHQ WKH
F\FOLFORDGLQJDPSOLWXGHLVN1ORDGLQJ,WGHFUHDVHGDOPRVWIURPN1PPZKHQ
WKHORDGLQJDPSOLWXGHLVN1DQGDOPRVWIURPN1PPZKHQWKHORDGLQJDPSOL
WXGHLVN17KHVHUHVXOWVVKRZWKHVWLIIQHVVRI33&PHPEHUVLJQLILFDQWO\GHFUHDVHVZKHQ
FRPSDUHGWR5&PHPEHUVGXHWRF\FOLFORDGLQJߦ H[KLELWHGDWHQGHQF\WRLQFUHDVHZLWKUH
VSHFWWRLQFUHDVLQJORDGLQJDPSOLWXGHDQGWRGHFUHDVHZLWKLQFUHDVLQJIUHTXHQF\RIUHSHDWHG
ORDGV3DUWLFXODUO\LWUDQJHGZLWKLQDQGZKHQWKHF\FOLFORDGLQJDPSOLWXGHLV
N1,WGHFUHDVHGIURPWRZKHQWKHDPSOLWXGHLVEHWZHHQDQGN1DQGIURP
 WR  ZKHQ WKH DPSOLWXGH LV EHWZHHQ  DQG N1 %RWK 5& DQG 33& PHPEHUV
VKRZHGDWHQGHQF\RIVWLIIQHVVUHGXFWLRQDQGGDPSLQJUHGXFWLRQE\WKHUHSHDWHGORDGLQJWR
ZDUGVDJUHDWHURUDOHVVHUH[WHQW(VSHFLDOO\IRU33&PHPEHUVWKHG\QDPLFUHVSRQVHLVH[
SHFWHG WR VKLIW WR WKH GLUHFWLRQ RI LQFUHDVH GXH WR UHSHDWHG ORDGLQJ DFFRPSDQ\LQJ WKH WUDLQ
SDVVLQJ



E '\QDPLF F\FOLF ORDGLQJ

)LJXUH(IIHFWLYHVWLIIQHVVDQGHTXLYDOHQWGDPSLQJRI33&PHPEHUV

3

ANALYSIS

3UHYLRXVO\PHQWLRQHGH[SHULPHQWDOUHVXOWVZHUHLPSOHPHQWHGLQWRG\QDPLFDQDO\VLVH[SHFW
LQJDQXPEHURIWUDLQSDVVDJH
,QWKHDQDO\VHVJLUGHUVZHUHPRGHOHGE\HODVWLFEHDPHOHPHQWVRIZKLFKLQLWLDOQDWXUDOIUH
TXHQF\ZDVVHWWREH݂ ൌ ͷͲ̱ͺͲିܮǤ଼
 $VVKRZQLQILJXUHWKHFRHIILFLHQWLPSOLHVWKDWWKH
JLUGHUIUHTXHQF\LVDSSUR[LPDWHO\PLQLPXPVWLIIQHVVGHILQHGLQ(XURFRGH7KHLQLWLDOGDPSLQJ
UDWLRߦZDVVHWWREH$VVKRZQLQILJXUHWKHVWLIIQHVVDQGPRGDOGDPSLQJUDWLRGHFUHDVH
ZLWKWKHQXPEHURIWKHUHSHDWHGORDGLQJF\FOH&RQVLGHULQJWKHWHVWUHVXOWVWKHVWLIIQHVVZDV
VXSSRVHGWR GHFUHDVHV  IRU 5&PHPEHUV DQG IRU33&PHPEHUV DW PLOOLRQ WLPHV
F\FOLFORDGLQJ7KHGDPSLQJUDWLRGHFUHDVHVIURPWRDWPLOOLRQWLPHVF\FOLFORDGLQJ
IRUERWKPHPEHUV7KHXQLWZHLJKWSHUOHQJWKZDVVHWWREHN1P7UDLQORDGZDVPRGHOHG
E\PRYLQJFRQFHQWUDWHGORDGZKLFKVXSSRVHFDUVDQGSSKRIUXQQLQJVSHHGDQGN1
RID[LDOORDGV
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 PLOOLRQ

Log N

5& 33&
 PLOOLRQ

Log N 

)LJXUH'\QDPLFFKDUDFWHULVWLFVGHWHULRUDWLRQ

)LJXUHVKRZVWKHGLVSODFHPHQWLQFUHDVHREWDLQHGE\G\QDPLFDQDO\VHV,QWKHFDVHRI5&
JLUGHURIZKLFKVSDQLVPWKHGLVSODFHPHQWUHVSRQVHJURZVZLWKWKHF\FOLFQXPEHUDQGH[
FHHGV WKH VHUYLFHDELOLW\ OLPLW DIWHU  PLOOLRQ F\FOLF ORDGLQJV RQO\ ZKHQ LQLWLDO IUHTXHQF\ LV
ିܮǤ଼
 ,QWKHFDVHRI5&JLUGHURIZKLFKVSDQLVPLWGRHVQ¶WH[FHHGWKHVHUYLFHDELOLW\OLPLW
HYHQDIWHUPLOOLRQF\FOLFORDGLQJV,QWKHFDVHRI33&JLUGHUVWKHGLVSODFHPHQWLQFUHDVHVPRUH
LQWKHFDVHRI5&JLUGHUVDQGLWWHQGVWRH[FHHGWKHVHUYLFHDELOLW\OLPLWDIWHUPLOOLRQF\FOLF
ିǤ଼
ORDGLQJVZKHQLQLWLDOIUHTXHQF\LVିܮǤ଼
 DQGܮ 7KHVHUHVXOWVLPSO\WKDWH[FHVVLYHUH
VSRQVHFDQRFFXUDIWHUPLOOLRQVRIF\FOLFORDGLQJHVSHFLDOO\LQWKHFDVHRI33&PHPEHUVHYHQ
LILWZHUHQRWREVHUYHGLQWKHLQLWLDOVWDJHRIRSHUDWLRQV
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&\FOLF1XP1
G Lb P33&

)LJXUH'LVSODFHPHQWLQFUHDVHREWDLQHGE\G\QDPLFDQDO\VHV

 &21&/86,216
7KLVVWXG\KDVHYDOXDWHGWKHYLEUDWLRQFKDUDFWHULVWLFVRI5&DQG33&EHDPPHPEHUVXQ
GHURSHUDWLRQDOFRQGLWLRQEDVHGRQIDWLJXHWHVWV)URPWKHVHUHVXOWVWKHIROORZLQJFRQFOX
VLRQVPD\EHGUDZQ
x )URPVWDWLFORDGLQJWHVWVLWLVIRXQGWKDWWKHHIIHFWLYHVWLIIQHVVRI5&PHPEHUVGHFUHDVHV
ZLWKUHVSHFWWRLQFUHDVLQJORDGZKLFKLVFRQVLVWHQWZLWKDSUHYLRXVHYDOXDWLRQIRUPXOD
1HYHUWKHOHVVWKHHIIHFWLYHVWLIIQHVVRIWKH33&PHPEHUVLVRYHUHVWLPDWHGUHODWLYHWRWKH
VDPHSUHYLRXVHYDOXDWLRQIRUPXODZKLFKLVFRQVLVWHQWZLWK%UDQVRQ VFXELFODZ
x $V D UHVXOW RI UHSHDWHG G\QDPLF ORDGLQJ WKH HIIHFWLYH VWLIIQHVV GHFUHDVHV E\ DSSUR[L
PDWHO\WRIRUWKH5&PHPEHUVDQGWRIRUWKH33&PHPEHUV(TXLYD
OHQWGDPSLQJIRUWKH5&PHPEHUVLVIURP UHODWLYHWRORDGVL]H DQGGHFUHDVHVWR
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DURXQGZKHUHDVIRUWKH33&PHPEHUVLWGHFUHDVHVIURPWR7KLVPHDQV
WKDWUHSHDWHGORDGLQJDFFRPSDQ\LQJWKHWUDLQSDVVLQJFRQWULEXWHVWRWKHVKLIWWRZDUGVLQ
FUHDVLQJ G\QDPLFUHVSRQVHHVSHFLDOO\ GLUHFWLQJDODUJHGHJUHHRILQIOXHQFHRQWKH 33&
PHPEHUV
x '\QDPLFDQDO\VHVLPSOHPHQWLQJWKHH[SHULPHQWDOUHVXOWVLPSOLHGWKDWH[FHVVLYHUHVSRQVH
FDQRFFXUDIWHUPLOOLRQVRIWUDLQSDVVDJHHVSHFLDOO\LQWKHFDVHRI33&PHPEHUVHYHQLILW
ZHUHQRWREVHUYHGLQWKHLQLWLDOVWDJHRIRSHUDWLRQV
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EXPERIMENTAL STUDY ON THE FRACTURE BEHAVIOR OF AN
RC PILE GROUP FOUNDATION USING A CENTRIFUGE MODEL
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1

Department of Arch. and Civil Eng., Toyohashi University of Technology
1-1 Hibarigaoka, Tempaku-cho, Toyohashi, Aichi, Japan
e-mail: y173540@edu.tut.ac.jp, hayashi@ace.tut.ac.jp, s183515@edu.tut.ac.jp, tsaito@ace.tut.ac.jp

Keywords: Centrifuge experiment, Dynamic response, Dry Sand, Bending fracture, Maximum inertial force
Abstract. It is reported the pile foundations of many buildings were damaged by the 2016 Kumamoto Earthquake. The main shock of the massive earthquake measured magnitude 7.3. The
city hall, built using an RC pile foundation was damaged, and inclined. Little is known about
the fracture behavior of the soil-pile-superstructure interaction under a strong earthquake. This
study investigated the fracture mode of RC pile foundations and the relationship between the
pile fracture and the dynamic response of a superstructure and attempted to evaluate the ultimate lateral strength of a RC pile foundation.
A shaking table test under a 50G centrifuge field was conducted to investigate the bending
fracture behavior of RC pile members. A miniature RC pile model was proposed for the centrifuge experiment. The diameter of the pile model was 25 mm (prototype scale: 1.25 m) and
consisted of mortar (17.1 MPa in compressive strength), 4 main reinforcements (1.2 mm in
diameter), and a spiral hoop reinforcement (0.8 mm in diameter at intervals of 5 mm). The pile
model demonstrated elasto-plastic behavior according to the element test without surrounding
soil. It showed sufficient bending deformation capacity and the maximum strength exceeded the
full plastic moment.The specimen for the centrifuge experiment was composed of dry soil, RC
pile models, footing, and a superstructure. The footing was supported by four vertical pile models. The relative density of the dry soil (Toyoura dry sand) was 60%. The mass of the superstructure was 7.45kg (931ton in prototype scale), and the mass of the footing was 1.77kg
(221ton in prototype scale). The natural period of the superstructure was 0.63 sec. This value
corresponds to a 10-floor RC building. During the shaking table test, a total of 11 Rinkai waves,
with different amplitudes, were input. A Rinkai wave is an artificial wave expected to form off
the coast of Japan. The maximum acceleration of each shaking ranged between 0.41 m/s2 to
7.06 m/s2.
In the test result, bending fracture occurred at the pile head when the maximum input acceleration was 2.97 m/s2. When the input acceleration was further increased, the inertial force
acting on the superstructure also increased and exceeded the evaluated strength. Finally, at
maximum inertial force of superstructure, the displacement of the footing further increased.
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1

INTRODUCTION

In the 2016 Kumamoto Earthquake (the main shock of the earthquake was measured at magnitude 7.3), it was reported that several pile foundations of buildings were damaged [1]. Mashiki
city hall, which had an RC pile foundation structure was damaged and inclined after the earthquake. Through damage investigation after the earthquake, it was found that some piles were
severe damaged, and the city hall had to be rebuilt. The relationship between damage to the
piles and the dynamic response of a superstructure under dry soil-RC pile-superstructure interaction is, the most part, unclear.
Few studies have investigated the facture behavior of RC pile foundations under soil-RC
pile-superstructure interaction. Previous studies were conducted using a large shaking table test
[2, 3], and a centrifuge model [4, 5]. Tamura et al., conducted shaking table tests using a large
scale laminar shear box [2]. They revealed the dynamic behavior and failure mechanisms of
small diameter RC pile models (diameter: 150mm) during soil liquefaction. Shibata et al., conducted a shaking table test of small diameter RC pile using E-Defense, which is largest shaking
table in the world. The diameter of the RC pile model was 150mm, which was 1/10 of the full
scale RC pile. It investigated the bending-induced damage mechanism and revealed the influence of axial load variation on the pile damage [3]. Even with the shaking table test under 1G
field it is hard to reproduce the ultimate behavior of a large diameter RC pile. On the other hand,
the centrifuge model test is available to reproduce the ultimate behavior of a large diameter RC
pile. Kimura et al., conducted pushover loading and cyclic loading tests using small diameter
RC pile models on dry sand under a centrifuge field [4]. According to the test result of the loaddeformation relationship and observation of test specimen, the bending fractures had occurred
at the RC pile models. Nevertheless, an evaluation method for ultimate strength hasn’t been
discussed. Higuchi et al., examined soil-large diameter RC pile interaction behavior until the
main bar of the pile models yielded, using a dynamic centrifuge test [5]. However, there has
not been any research on the strongly nonlinear behavior of soil-large diameter RC pile-superstructure interaction. Further, an evaluation of the ultimate lateral strength of RC pile foundation has not been undertake.
This study investigated the fracture mode of RC pile foundations and the relationship between the pile fracture and the dynamic response of a superstructure and attempted to evaluate
the ultimate lateral strength of a RC pile foundation.
2

PILE MODEL FOR CENTRIFUGE TEST

2.1 RC pile model
The experiment was conducted under a 50G field using the centrifuge test system of the
Disaster Prevention Research Institute at Kyoto University. An RC pile model (hereinafter
called ‘the pile model’) that could reproduce elasto-plastic behavior was used to conduct the
experiment. Figure 1 shows the details of the pile model. The pile model was designed to
reproduce the elasto-plastic behaviour of concrete piles. It consisted of mortar, 4-main
reinforcement bars (diameter: 1.2mm, yield strength: 374N/mm2), and a spiral hoop
reinforcement bar at intervals of 5mm (diameter: 0.8mm, yield strength: 432N/mm2). The
diameter of the pile model was 25mm (full scale: 1.25m). Table 1 shows a comparison of pile
cross sections: the main reinforcement ratio and the hoop reinforcement ratio of the pile model
almost correspond to the example cross section suggested by examples from foundation
structures in Japan [6]

4537

Y. Miyachi, K. Hayashi, S. Takahashi and T. Saito
Table 1: Comparison of pile cross section
@5

D=25

2.5 20 2.5

Main bar
I 1.2

Spiral hoop reinforcement barI 0.8

Diameter

Pile Model
(Model scale)
25mm

Example cross-section
(Real scale)
1800mm

4-I1.2
0.92%
I0.8@5
0.27%

45-D29
1.13%
D13@150
0.26%

Main
Rebar
reinforcement bar Ratio
Hoop
Rebar
reinforcement bar Ratio

Figure. 1: Cross section of RC pile model (mm)

2.2

Static loading test

The static loading test was conducted to evaluate the performance of the pile model. Figure
2 shows the loading system of the test. The bottom of the pile model was rigidly jointed to a
reaction force jig, and the top connected to a horizontal loading device by a pin jig and a vertical
roller jig. The horizontal deformation was measured by a laser displacement transducer. The
horizontal cyclic loading was input to 37.5mm (shear span ratio=1.5D, full scale: 1.875m)
above the critical section, and the loading device was controlled according to rotation angles of
0.005, 0.01, 0.02, 0.04, 0.06, 0.08, 0.1, and 0.15 rad. The rotation angle of the pile model was
calculated using the distance between the laser displacement transducer and the critical section
(37.5mm). The compressive strength of the mortar of the pile model was 17.1 Mpa. The axial
force for the pile model was 1,126N (full scale: 2.8MN). It was same value as the axial force
for each pile model of the shaking table test, which is described later. The ultimate strength
(loading capacity) of the pile model in this test is calculated as equation (1)
Qu =

Mu
L

(1)

where Mu is the full plastic moment of the pile model, and L is the shear span (37.5mm).
Figure 3 shows the relationship between load and rotation angle in full scale. The red line
indicates the calculated ultimate strength (loading capacity, full scale: Qu= 1.56MN). The RC
pile model used in this study performed degradation behavior after reached ultimate strength.
This behavior reproduced to a real RC member.
Load (MN) 䢴䢰䢲
䢳䢰䢷

32.5

Loading
position

Laser disp.
transducer

Vertical
roller

䢳䢰䢲

37.5

Load cell

70

䢲䢰䢷

Pin jig

䢯䢲䢰䢴

䢯䢲䢰䢳

䢯䢲䢰䢷
䢯䢳䢰䢲

Critical section

䢯䢳䢰䢷

RC pile model
Fixed

䢯䢴䢰䢲

Figure 2: System of the test (mm)

Figure 3: Test result
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3
3.1

DYNAMIC CENTRIFUGAL MODEL TEST
Specimen

The shaking table test was conducted under a 50G field, the same as the static loading test
in the previous section, using a centrifugal loading device at the Disaster Prevention Research
Institute, Kyoto University. Figure 4 shows the specimen of the test and Table 2 shows its
properties. The specimen was composed of dry soil, RC pile models, footing, and superstructure.
The footing was supported by four 200 mm long piles with rigid connections at the pile head
and bottom. The distance of the pile models was 150mm (full scale: 6D, 7.5m) in X direction,
and 62.5mm (full scale: 2.5D, 3.13m) in Y direction. The mass of the footing was 1.77 kg while
the mass of the superstructure was 7.42 kg. Therefore, the total mass was 4,503N (full scale:
11.3MN) and the axial force for each pile model was 1,126N (full scale: 2.8MN). This was
roughly equivalent to the static loading test in the previous section. The primary natural period
of the superstructure was 0.013 seconds (0.63 seconds in full scale). The primary natural period
of the superstructure and the acting axial force of the pile were equivalent to a 10 story RC
building (roughly a 35 m high building, with 5 to 6 m column spans). The soil consisted of
Toyoura dry sand with a relative density of 60%

Footing

43.45 62.5 43.45

Horizontal acc.

Laser Displacement
Transducer
30

Superstructure

Dry sand

260

L=200

Plastic Strain
Gauges@20

30

Y
Z

X

150

150

150

X
Figure 4 : Specimen of the shaking table test
Table 2: Properties of the spacimen

Piles

Footing
Superstructure
Soil

Length
Diameter

Scaling
Law
1/λ
1/λ

moment of inertia of area
Yield stress of mortar
Diameter
Main bar
Yield stress
Shear
Diameter
Pitch
reinforcement
Yield stress
bar
Mass

m
mm

Full
Scale
10
1250

1/λ4

cm4

1.29㽢107

Model
Scale
0.2
25
2.08

1

N/mm2
mm

17.1

17.1

60
374
40
250
432
221250
927500
60

1.2
374
0.8
5
432
1.77
7.42
60

1/λ
1
1/λ
1/λ
1
1/λ3

Mass
Density

1/λ3
1
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3.2

Shaking and measurement plan

The shaking was programmed to impose gradually progressive damage to the pile model
using gradually increasing amplitudes of horizontal unidirectional input waves. A total of 11
Rinkai waves (JBDPA 1992) of different amplitudes were input. A Rinkai wave is an artificial
wave expected to form off the coast of Japan. The maximum acceleration of each shaking
ranged between 0.41 m/s2 to 7.06 m/s2 (from shaking 1 to 11). As showed in Figure 4, the
accelerometers to measure the horizontal acceleration of the superstructure, footing, ground
surface and bottom of the soil tank (input) were installed. Also, the horizontal displacement of
the footing section was measured by laser displacement transducers. Plastic strain gauges were
attached to the surface of the pile models to measure axial strain.
3.3

Test result

Figure 5-7 shows the main time history (0 to 50s) of the horizontal acceleration of the superstructure, footing, ground surface and input (bottom of the soil tank), vertical displacement
and inclination angle of the superstructure, and horizontal displacement of the footing for shaking 2(elastic state), 4(plastic hinge occurred) and 11(final shaking) respectively. They are
shown at full scale below. Figure 8 shows the damage to the pile model after the test.
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Figure 5: The main time history of shaking 2
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Figure 6: The main time history of shaking 4
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Figure 7: The main time history of shaking 11

(c)Middle portion
Figure 8: The damage of the pile model

In the test results, bending fracture occurred at the pile head. During shaking 2, the maximum
response acceleration of the superstructure was 2.08 times larger than the input, and the maximum response acceleration of the footing was 1.62 times larger than the input. In contrast,
during shaking 4, the maximum response acceleration of the superstructure was 1.50 times
larger than the input, and the maximum response acceleration of the footing was 1.31 times
larger than the input. This reduction of the response acceleration indicates that the bending
fracture occurred at the pile head and formed a plastic hinge. During the final shaking (shaking
11), the damage of the pile model further progressed and the inclined angle of the superstructure
also increased.
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3.4

Relationship between relative displacement of the footing and inertial force

Figure 9 shows the relationship between the relative displacement of the footing to the bottom of the soil tank and the inertial force of superstructure and footing during shaking 2, 4, and
11. During shaking 2, the pile model kept a still elastic state according to the strain gauges. The
blue dotted line indicates the initial stiffness based on the behavior during shaking 2. However,
during shaking 4, the pile model performed elasto-plastic behavior because the plastic hinge
occurred at the pile head and reached plastic state according. During shaking 11, maximum
inertial force was 9.41MN. The relationship showed obvious nonlinear behavior. It indicates
the pile model had reached ultimate condition.
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Figure 9: Relationship between the relative displacement of the footing and inertial force
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4

ULTIMATE LATERAL STRENGTH OF AN RC PILE FOUNDATION IN THE
CASE OF BENDING FRACTURE MODE

4.1

Evaluation method of an RC pile foundation

Broms proposed an equation to evaluate the ultimate lateral strength of a single pile [7]. The
equation assumes that lateral reactions of soil are distributed in a triangle shape. The evaluation
value of ultimate lateral strength Q is calculated as equation (2)
ଶ

ܯ௨ ଷ
ܳ ൌ ʹǤ͵ͺ ቆ
ቇ ܭ ߛܤଷ
ܭ ߛܤସ

(2)

where Mu is the full plastic moment of the pile, Kp is the coefficient of passive earth pressure, γ
is the unit weight of soil, and B is the diameter of the pile.
4.2

Pile group effect

It is known that the strength of piles at the rear of a building is smaller than piles at the front
if the pile foundation is affected by the pile group effect.In case of dry soil ground, the horizontal plastic ground reaction coefficient (pile group effect) Nis defined as less than 3. For a
single pile, Nis determined asPile group effect Nis determined from equation (3) [8]

 §R
½
·
®a ¨  1.0 ¸  0.4¾  ͵
¹
¯ ©B
¿

N

a

(3)

0.55  0.007I

where R is the distance between front and rear piles.
Internal friction angle I is calculated by equation (4) [9]
I

32.5  20.6

Dr  40
100

(4)

where Dr is the relative density of the soil.
4.3 Comparison between the test result and evaluation value
In figure 9, the red line indicates the evaluated ultimate lateral strength. The strength of the
front pile was calculated by equation (2). The strength of back side pile was determined by
equation (2) and multiplied by pile group effect NThe strength of the back pile was calculated
by equation (5).The evaluated value was 6.85MN and maximum inertial force in the test result
was 9.41MN. Therefore, the value was 72.8% of the test result. The value was estimated on the
safe side.
ଶ

ܳ

ߢ
ܯ௨ ଷ
ൌ ʹǤ͵ͺ ቆ
ቇ ܭ ߛܤଷ ൈ
ܭ ߛܤସ
͵
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5

CONCLUSIONS

This paper conducted a dynamic centrifuge model test of the dry soil-RC pile-superstructure
interaction. In addition, the author tried to evaluate the ultimate lateral strength of an RC pile
foundation with surrounding ground. The following results were obtained.
1) An RC pile model was proposed for this study. According to the result of the static loading
test, the pile model strength reached full plastic moment and then performed degradation
behavior. This behavior reproduced to a real RC pile member.
2) A dynamic centrifuge model test of dry soil- RC pile-superstructure interaction was conducted. Bending failure (plastic hinge) occurred at the head of the pile models. This plastic
hinge caused the reduction of response acceleration.
3) The ultimate lateral strength of an RC pile foundation was evaluated. The estimated value
was smaller than the test result, and evaluated on the safe side.
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SSI EFFECTS ON R/C ONE-STOREY BUILDINGS
UNDER SEISMIC LOADINGS
Paraskevi K. Askouni , Dimitris L. Karabalis and Dimitri E. Beskos 
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'HSDUWPHQWRI'LVDVWHU0LWLJDWLRQIRU6WUXFWXUHV&ROOHJHRI&LYLO(QJLQHHULQJ7RQJML8QLYHUVLW\
6KDQJKDL&KLQD
GHEHVNRV#XSDWUDVJU

Keywords:6HLVPLFDQDO\VLV5HLQIRUFHG&RQFUHWHVWUXFWXUHV$V\PPHWULFDOVWUXFWXUHV6RLO
6WUXFWXUH,QWHUDFWLRQ'DPDJHLQGH[(ODVWRSODVWLFDQDO\VLV
Abstract. In this work, a series of seismic analyses of one-storey, one-span reinforced concrete
(R/C) asymmetrical building frames under 2-D and 3-D conditions is performed and the effect
of deformable soil on the seismic response of the structure is determined and discussed. A
comparison is performed between the elastic behavior of R/C sections according to the building
codes’ provisions to possible inelastic behavior resulting in the analyses. The time history
analyses aim at clarifying the role of SSI in the seismic behavior of simple R/C structures while
investigating the possible elastic or elastoplastic behavior of critical sections with the aid of a
realistic damage index. The conclusions drawn from these linear and nonlinear time history
analyses provide helpful guidelines for the safer seismic design of structures.
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1

INTRODUCTION

$FFRUGLQJWRFXUUHQWGHVLJQFRGHV>@FRQVLGHUDWLRQRIG\QDPLF6RLO6WUXFWXUH,QWHUDFWLRQ
66, LVXVXDOO\UHTXLUHGRQO\IRUWKHGHVLJQRIVSHFLDOVWUXFWXUHVVWUXFWXUHVVXSSRUWHGRQYHU\
VRIW VRLOV DQG VWUXFWXUHV RQ VSHFLDO IRXQGDWLRQV  6HLVPLF FRGHV XVXDOO\ QHJOHFW 66, IRU WKH
GHVLJQRIFRPPRQEXLOGLQJVWUXFWXUHVVLQFHLWLVDVVXPHGWKDW66,UHVXOWVLQGHFUHDVHGLQWHUQDO
IRUFHVRIWKHVWUXFWXUDOHOHPHQWV+RZHYHUUHFHQWUHVHDUFKKDVVKRZQWKDWWKHGHIRUPDELOLW\
RIWKHVXSSRUWLQJVRLOPD\KDYHDVWURQJLPSDFWRQWKHVHLVPLFUHVSRQVHRIFRPPRQORZULVH
UHLQIRUFHGFRQFUHWH 5& EXLOGLQJV>@DVZHOODVRIVSHFLDOVWUXFWXUHV>@7KHSUHVHQWSDSHU
DLPVDW SUHVHQWLQJSUHOLPLQDU\UHVXOWV RI DQRQJRLQJ LQYHVWLJDWLRQRQ WKHUROHRI66,RQWKH
VHLVPLF UHVSRQVH RI RUGLQDU\ ORZULVH V\PPHWULF DQG DV\PPHWULF RQHVWRUH\ 5& EXLOGLQJ
IUDPHV%RWKWZRGLPHQVLRQDO ' DQGWKUHHGLPHQVLRQDO ' EXLOGLQJVDUHFRQVLGHUHG
2

DESCRIPTION OF CASE STUDIES AND ANALYSIS

,Q WKLV ZRUN VLPSOH ' DQG ' RQHVSDQ DQG RQHVWRUH\ 5& EXLOGLQJ IUDPHV DUH
H[DPLQHGDVVKRZQLQ )LJ 7KH ' 5&RQHVWRUH\ IUDPHVKDYHRQHVSDQRIP DQG
KHLJKWPFRQVLVWLQJRIWZRYHUWLFDOHOHPHQWVFRQQHFWHGZLWKDKRUL]RQWDOEHDP )LJD 
7KHFURVVVHFWLRQRIRQHFROXPQLVFRQVWDQWDW PZKLOHWKHFURVVVHFWLRQRIWKHRWKHU
FROXPQ LQFUHDVHV LQ VXFFHVVLYH VWHSV IURP [P WR [P ZKHUH WKH JUHDWHU
GLPHQVLRQRIWKHODWHUOLHVLQWKHSODQHRIWKHIUDPHDQGLVUHIHUUHGKHUHLQDV³ZDOO´,QWKLV
ZD\DVLPSOHJHRPHWULFDODV\PPHWU\RIWKHIUDPHLVLQWURGXFHG7KHKRUL]RQWDO5&EHDPKDV
DFRQVWDQWFURVVVHFWLRQRI[P
6LPLODUO\ WKH ' RQHVWRUH\ 5& EXLOGLQJ IUDPHV FRQVLVW RI RQH VODE P [ P
VXSSRUWHGE\SHULPHWULFEHDPVDQGFROXPQVDWWKHFRUQHUV )LJE 7KHKHLJKWRIWKHIUDPH
LVP7KHFURVVVHFWLRQRIWKHWKUHHFROXPQVLH&&DQG& )LJE UHPDLQVFRQVWDQW
DW[PZKLOHWKHFURVVVHFWLRQRIRQHFROXPQLH&LQFUHDVHVLQVXFFHVVLYHVWHSV
IURP [P WR [P DQG LV UHIHUUHG KHUHLQ DV ZDOO  7KH FURVVVHFWLRQ RI WKH
KRUL]RQWDOEHDPVUHPDLQVFRQVWDQWDW[P7KHVODELVPWKLFNDQGFRQVLGHUHGWR
DFWDVDULJLGGLDSKUDJP
D

P
P

P

E
P

P

P

P

P

)LJXUH'DQG'V\PPHWULFDODQGDV\PPHWULFDOIUDPHVXQGHUVWXG\
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,QDOO'DQG'IUDPHVWKHPDWHULDOLVFRQFUHWH&ZLWKVWHHOUHLQIRUFHPHQW%F
2QWKH'EXLOGLQJIUDPHVDXQLIRUPO\GLVWULEXWHGORDGRIN1PLVDSSOLHGRQWKHKRUL]RQWDO
EHDP DSSUR[LPDWHO\ LQFRUSRUDWLQJ WKH HQWLUH GHDG DQG OLYH ORDG IRU W\SLFDO VWUXFWXUHV ZLWK
GRPHVWLFUHVLGHQWLDODQGRIILFHXVH>@)RUWKH'EXLOGLQJIUDPHVDGHDGORDGRIN1P
DFWVGLUHFWO\RQWKHEHDPVVLPXODWLQJWKHZHLJKWRIDSHULPHWHUZDOOZKLOHWKHORDGRQWKHIORRU
FRQVLVWVRIN1PGHDGORDGDQGN1POLYHORDG>@
7KH'DQG'EXLOGLQJIUDPHVDUHGLPHQVLRQHGDFFRUGLQJWRWKHFXUUHQWFRGHV>@IRU
PHGLXPGXFWLOLW\FODVVXVLQJWKHW\SLFDOIL[HGEDVHDVVXPSWLRQ )LJDF 7KHGLPHQVLRQLQJ
DVVXPSWLRQVDUH]RQHJURXQGDFFHOHUDWLRQDg gVSHFWUXPW\SH,LPSRUWDQFHIDFWRUȖǿ 
YLVFRXVGDPSLQJUDWLRȟ DQGVRLOW\SH&>@)RUDOO'IUDPHVWKHEHKDYLRUIDFWRULV
FRQVLGHUHGDVT ZKLOHIRUWKH'IUDPHVWKHEHKDYLRUIDFWRULVFRQVLGHUHGDFFRUGLQJWR
WKHFXUUHQWFRGHV>@&DSDFLW\GHVLJQRI5&'DQG'IUDPHVLVSHUIRUPHG
7KHIRXQGDWLRQRIWKH'DQG'IUDPHVFRQVLVWVRIIRRWLQJVFRQQHFWHGWRHDFKRWKHUZLWK
5&EHDPV )LJDG DOOGLPHQVLRQHGDFFRUGLQJWRWKHFXUUHQWFRGHV>@,QDGGLWLRQWR
WKH DERYH IRU WKH ' IUDPHV RQO\ D PDW IRXQGDWLRQ LV FRQVLGHUHG )LJ H  GLPHQVLRQHG
DFFRUGLQJWRWKHFXUUHQWFRGHV>@
7KHHIIHFWRI66,LVFRQVLGHUHGWKURXJKGLVFUHWHHOHPHQWVRIDVLPSOHVSULQJGDVKSRWPDVV
V\VWHPDVVKRZQLQ)LJEG7KHYDOXHVRIWKHSDUDPHWHUVRIWKHVSULQJGDVKSRWPDVVV\VWHP
DUHFDOFXODWHGDFFRUGLQJWR*D]HWDV>@)RUWKHSXUSRVHVRIWKLVVWXG\WKHVRLOSURSHUWLHVDUH
3RLVVRQUDWLRȞV VRLOGHQVLW\ȡV NJUPPRGXOXVRIHODVWLFLW\(V 03DDQGVKHDU
YHORFLW\9V PVHFFRUUHVSRQGLQJWRDPHGLXPFOD\
D

E

F

G

ǽ


Ȋ

H
ȋ

)LJXUH' DE DQG' FGH IUDPHVRQULJLGVRLO DF DQGGHIRUPDEOHVRLO EGH 
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7KH ' EXLOGLQJ IUDPHV DUH DQDO\]HG E\ WKH (7$%6 VRIWZDUH >@ XVLQJ DQ DUWLILFLDO
DFFHOHURJUDPFRPSDWLEOHWRWKHGHVLJQVSHFWUXPRI(XURFRGH>@EDVHGRQWKHHDUWKTXDNHRI
$UJRVWROL .HIDORQLD*UHHFH RI>@DQGFRQVWUXFWHGE\(7$%6>@$VWLIIQHVVUHGXFWLRQ
RI5&HOHPHQWVLVSHUIRUPHGDFFRUGLQJWRWKHFXUUHQWFRGHV>@ZKLOHWKH\DUHFRQVLGHUHGWR
PDLQWDLQHODVWLFEHKDYLRU(ODVWRSODVWLFDQDO\VHVDUHSHUIRUPHGLQWKHWLPHGRPDLQXVLQJWKH
ILEHUPRGHORI6IDNLDQDNLVDQG)DUGLV>@DQG6IDNLDQDNLV>@$FFRUGLQJWRWKLVHODVWRSODVWLF
PRGHORI5&VHFWLRQVSRLQWKLQJHVDWERWKHQGVRIDOO5&HOHPHQWVDUHDSSOLHGLQFOXGLQJDOO
PDWHULDO DQG VHFWLRQ SURSHUWLHV RI LQWHUHVW LH GLPHQVLRQV UHLQIRUFHPHQW UHGXFHG VWLIIQHVV
HODVWRSODVWLFPHFKDQLFDOSURSHUWLHVGHIRUPDWLRQFXUYDWXUHOLPLWVHWF3RVVLEOHVKHDUIDLOXUH
RI5&HOHPHQWVLVFKHFNHGDFFRUGLQJWRWKH*UHHN,QWHUYHQWLRQV5HJXODWLRQ³.$1(3(´>@
7KHHODVWLFDQGHODVWRSODVWLFWLPHKLVWRU\DQDO\VHVDUHSHUIRUPHGE\(7$%6>@ILUVWDVVXPLQJ
DULJLGEDVHDQGWKHQ66,
6LPLODUO\WKH'EXLOGLQJIUDPHVDUHVWXGLHGXVLQJHODVWLFDQGHODVWRSODVWLFDQDO\VHVDQG
WKHHDUWKTXDNHRI9DVLOLNL /HINDGD*UHHFH RI>@7KHQXPHULFDOLQYHVWLJDWLRQRIWKH
VWUXFWXUDOUHVSRQVHLVDIIHFWHGE\WKHLQFLGHQFHDQJOHRIWKHKRUL]RQWDOVHLVPLFLQSXW>@7KH
HIIHFWRIWKHLQFLGHQFHDQJOHRIWKHVHLVPLFPRWLRQLVLQYHVWLJDWHGKHUHE\DQDO\]LQJWKH'
EXLOGLQJVIRULQFLGHQFHDQJOHVĳ DQGĳ ZKLFKDUHDORQJWKHWZRSULPDU\JHRPHWULFDO
D[HVDQGĳ ZKLFKLVFORVHWRWKHGLUHFWLRQRIWKHGLDJRQDOD[LV
)RUWKHHODVWRSODVWLFEHKDYLRURI5&HOHPHQWVWKHIROORZLQJUHVSRQVHSDUDPHWHUVSURFHGXUHV
DUHXVHG
 7KHPD[LPXPLQWHUVWRUH\GULIWUDWLR ,'5 LVFDOFXODWHGIRUHDFKG\QDPLFDQDO\VLVDQG
FRPSDUHGZLWKWKHOLPLWVRIWKHSHUIRUPDQFHOHYHOVIRU5&IUDPHGVWUXFWXUHVDFFRUGLQJWR
)(0$>@$WWKHSHUIRUPDQFHOHYHO,2,PPHGLDWH2FFXSDQF\FRUUHVSRQGLQJWRWKH
SHUIRUPDQFH OHYHO '/  'DPDJH /LPLWDWLRQ RI (& >@ WKH OLPLW RI ,'5 LV   $W WKH
SHUIRUPDQFHOHYHO/6/LIH6DIHW\ FRUUHVSRQGLQJWRWKHSHUIRUPDQFHOHYHO6'±6HYHUH
'DPDJH>@WKHOLPLWRI,'5LV$WWKHSHUIRUPDQFHOHYHO&3&ROODSVH3UHYHQWLRQ
FRUUHVSRQGLQJWRWKHSHUIRUPDQFHOHYHO1&1HDU&ROODSVH>@WKHOLPLWRI,'5LV
 $ VLPSOH GDPDJH LQGH[ LV HPSOR\HG WR HYDOXDWH WKH HODVWRSODVWLF EHKDYLRU RI 5&
HOHPHQWVDQGIUDPHV)RUHDFKHODVWRSODVWLFDQDO\VLVWKHILQDOGHIRUPDWLRQVFXUYDWXUHVDQG
WKHPD[LPXPLQWHUQDOIRUFHVPRPHQWVRIHDFKSRLQWKLQJHDUHFKHFNHGDQGHDFKYHUWLFDO
PHPEHU LV FODVVLILHG DFFRUGLQJ WR WKH OLPLWV RI SHUIRUPDQFH OHYHOV >@  ,Q WKH *UHHN
,QWHUYHQWLRQV 5HJXODWLRQ ³.$1(3(´ >@ YDOXHV RI GDPDJH LQGLFHV U5 IRU GDPDJHG 5&
HOHPHQWVZLWKRXWUHSDLURUUHWURILWDUHSURYLGHG$FRUUHVSRQGHQFHEHWZHHQWKHSHUIRUPDQFH
OHYHOVRI>@DQGU5RI>@LVQRWLFHGDVVKRZQLQ7DEOH7KHYDOXHVRIWKHLQGH[U5YDU\
LQ WKH UDQJH RI a ZKHUH  LQGLFDWHV FROODSVH DQG  UHIHUV WR HODVWLF EHKDYLRU >@  ,I
GLIIHUHQWVWDWHVRISHUIRUPDQFHOHYHOVDUHLQGLFDWHGDWWKHHQGVRIDQ5&HOHPHQWWKHHOHPHQW
LVUDQNHGXVLQJWKHORZHURIWKHWZRLQGLFHV
3HUIRUPDQFH
OHYHO>@
$'/
$'/
'/6'
6'1&
!1&

'HVFULSWLRQRI3HUIRUPDQFH/HYHO

'DPDJHLQGH[
U5>@
(ODVWLFEHKDYLRU±2SHUDWLRQDO

'DPDJH/LPLWDWLRQOLJKWGDPDJHV

6HYHUH'DPDJHVLJQLILFDQWVWUXFWXUDOGDPDJHV

UHWDLQLQJIXOOYHUWLFDOORDGEHDULQJFDSDFLW\
1HDU&ROODSVH±KHDY\GDPDJHVDWWKHYHUJHRI

FROODSVH
&ROODSVHWRWDOHOHPHQWORVV


7DEOH&RUUHODWLRQRI'DPDJH,QGH[>@DQG3HUIRUPDQFH/HYHOV>@
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7KHGDPDJHLQGH[HVWLPDWLRQLVH[WHQGHGIRUWKHZKROHRQHVWRUH\IUDPHDVTXDQWLILHGE\
WKHRYHUDOOVWUXFWXUDOGDPDJHLQGH[UJ H[SUHVVHGDV>@


ݎ ൌ

σ
సభ൫ೃǡǡ ήೃǡ ൯



σ
సభ ೃǡǡ



  

ZKHUHQLVWKHQXPEHURIYHUWLFDOVWUXFWXUDOHOHPHQWVU5LVWKHHOHPHQWGDPDJHLQGH[ 7DEOH 
DQG95GFLVWKHGHVLJQVKHDUUHVLVWDQFHRIWKH5&PHPEHUZLWKRXWVKHDUUHLQIRUFHPHQW>@
7KHHVWLPDWLRQRIWKHORDGLQJFDSDFLW\RIWKHIUDPHFRQVLGHULQJVWUXFWXUDODV\PPHWU\FDQ
EHH[SUHVVHGE\WKHJHQHUDOPRGLILHGGDPDJHLQGH[ݎ DV>@


ݎ ൌ 


 ήೃ
ఊ೮

  

ZKHUHȀ5LVDIDFWRUH[SUHVVLQJWKHJHRPHWULFV\PPHWU\QRUPDOLW\RIWKHVWUXFWXUHZLWKYDOXHV
UDQJLQJ IURP  IRU QRUPDOV\PPHWULF VWUXFWXUHV WR  IRU DV\PPHWULF RQHV DQG Ȗǿ LV WKH
LPSRUWDQFHIDFWRU>@7KHUDQJHRIYDOXHVRIUILVaZKHUHLQGLFDWHV³FROODSVH´DQG
HODVWLF EHKDYLRU  7KLV GDPDJH LQGH[ SURFHGXUH SUHVHQWV WKH DGYDQWDJHV RI VLPSOLFLW\
FDOFXODWLRQVSHHGDQGWKHDELOLW\WRURXJKO\FKDUDFWHUL]HDZKROH5&IUDPH

3 RESULTS OF SEISMIC RESPONSE
3.1. 2-D building frames


,QWKLVVHFWLRQWKHQXPHULFDOUHVXOWVRIWKH'IUDPHDQDO\VHVDUHVKRZQDQGGLVFXVVHG7KH
IROORZLQJSDUDPHWHUVDUHH[DPLQHGDQGSUHVHQWHGLQWKHSORWV
x Ι(wall)/I(col)LVWKHUDWLRRIWKHPRPHQWRILQHUWLDRIWKHZDOOWRWKHFROXPQ7KHUDWLR
A(wall)/A(col),ZKLFKLQYROYHVWKHFURVVVHFWLRQVLVGHILQHGVLPLODUO\
x M(s)/MLVWKHUDWLRRIWKHPD[LPXPDEVROXWHYDOXHRIWKHLQWHUQDOEHQGLQJPRPHQWRID
YHUWLFDO HOHPHQW ZKHQ 66, LV FRQVLGHUHG WR WKH FRUUHVSRQGLQJ YDOXH DW WKH VDPH
ORFDWLRQFRQVLGHULQJULJLGVRLO7KLVUDWLRLVFRQVLGHUHGDWWKHORZHUHQG ³ERW´ DQGWKH
XSSHUHQG ³XS´ RIWKHYHUWLFDOHOHPHQW7KHUDWLRRIWKHLQWHUQDOVKHDUIRUFHVV(s)/V LV
GHILQHGVLPLODUO\ 
x ,QWHUVWRUH\ GULIW UDWLR ,'5  ZLWK WKH QRWDWLRQ ³UV´ IRU ULJLG VRLO RU ³VVL´ IRU 66,
FRQVLGHUDWLRQ
x rR LVWKHGDPDJHLQGH[RIHDFKYHUWLFDOHOHPHQWDQGUILVWKHIUDPHGDPDJHLQGH[
7KH LQWHUQDO D[LDO IRUFHV RI 5& HOHPHQWV DUH QRW H[DPLQHG KHUH EHFDXVH RI WKHLU KLJK
FRPSUHVVLYH VWUHQJWK  7KH LQWHUQDO IRUFH GLDJUDPV UHIHU RQO\ WR LQWHUQDO IRUFHV RI YHUWLFDO
HOHPHQWVZKLFKDUHFRQVLGHUHGDVWKHPDLQVWUXFWXUDOHOHPHQWVXQGHUWDNLQJWKHVHLVPLFDFWLRQ
$VVKRZQLQ)LJVWKHHODVWLF0 V 0DWWKHWRSDQGEDVHVHFWLRQRI&DVZHOODVWKH
HODVWLF9 V 9RI&LQFUHDVHVDORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQ7KHHODVWLF0 V 0
DWWKHWRSDQGEDVHDQGWKHHODVWLF9 V 9RIWKHZDOO&GHFUHDVHDORQJZLWKWKHLQFUHDVHRI
LWVFURVVVHFWLRQ )LJV 7KHFROXPQLVEXUGHQHGGXHWR66,ZKLOHWKHZDOOEHQHILWVIURP
66,
$V VKRZQ LQ )LJ  WKH HODVWRSODVWLF 0 V 0 RI & LQFUHDVHV DW LWV EDVH XS WR  IRU
, ZDOO , FRO  DQG GHFUHDVHV IRU JUHDWHU ZDOO VHFWLRQV WR  ZKLOH DW LWV WRS VHFWLRQ
LQFUHDVHVXSWRIRU, ZDOO , FRO §DQGGHFUHDVHVIRUJUHDWHUZDOOVHFWLRQVWR7KH
HODVWRSODVWLF0 V 0RIWKHZDOOEDVHLQFUHDVHVXSWRIRU, ZDOO , FRO DQGGHFUHDVHV
DOPRVWOLQHDUO\WRIRU, ZDOO , FRO  )LJ 7KHHODVWRSODVWLF0 V 0RIWKHZDOO
WRSVHFWLRQLQFUHDVHVUDSLGO\XSWRIRU, ZDOO , FRO DQGIRUJUHDWHUZDOOVHFWLRQV
GHFUHDVHVWRIRU, ZDOO , FRO  )LJ 
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$V VKRZQ LQ )LJ  WKH HODVWRSODVWLF 9 V 9 RI & LQFUHDVHV XS WR  IRU
$ ZDOO $ FRO DQGGHFUHDVHVWRIRU$ ZDOO $ FRO 7KHHODVWRSODVWLF9 V 9
RI&LVDOPRVWVWDEOHDURXQGWKHYDOXHaIRU$ ZDOO $ FRO DQGGHFUHDVHVIRU
ODUJHUZDOOVHFWLRQVWRIRU$ ZDOO $ FRO  )LJ 










9 V 9

0 V 0




ǿ ZDOO , FRO
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)LJXUH(ODVWLF0 V 0YHUVXV, ZDOO , FRO 
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)LJXUH(ODVWLF9 V 9YHUVXV$ ZDOO $ FRO 






9 V 9

0 V 0













 





$ ZDOO $ FRO





ǿ ZDOO , FRO




&ERW
&ERW

&XS
&XS



&

&

)LJXUH(ODVWRSODVWLF0 V 0YHUVXV, ZDOO , FRO )LJXUH(ODVWRSODVWLF9 V 9YHUVXV$ ZDOO $ FRO 

$V VKRZQ LQ )LJ  WKHHODVWLF ,'5 IRU ERWK ULJLG VRLO DQG66, GHFUHDVHV DORQJ ZLWK WKH
LQFUHDVHRIWKHZDOOVHFWLRQ%RWKUHPDLQEHORZWKHOLPLWRI>@ZKLOHWKHHODVWLF,'5ZLWK
66,LVJUHDWHUWKDQWKHUHVSHFWLYHIRUULJLGVRLO$VVKRZQLQ)LJWKHHODVWRSODVWLF,'5IRU
66,LVJUHDWHUWKDQWKH,'5IRUULJLGVRLOIRUDOPRVWDOOZDOOVHFWLRQV7KHHODVWRSODVWLF,'5IRU
ULJLGVRLOUHPDLQVZLWKLQWKHOLPLWRI>@ )LJ 7KHHODVWRSODVWLF,'5IRU66,UHPDLQV
DOPRVW EHORZ WKH OLPLW RI  >@ IRU DOO VHFWLRQV H[FHSW IRU $ ZDOO $ FRO  ZKHUH LW
H[FHHGVVOLJKWO\ZKLOHVWD\LQJFRQVWDQWO\ZLWKLQ>@ )LJ 
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$VVKRZQLQ)LJWKHU5RI&DQG&IOXFWXDWHVIRU66,DQGIRUULJLGVRLOLQWKHUDQJHRI
RYHUODSSLQJYDOXHVaIRUERWKERXQGDU\FRQGLWLRQV$VVKRZQLQ)LJWKHIUDPHGDPDJH
LQGH[KDV VPDOOHUYDOXHVIRU66,WKDQIRUULJLG VRLOIRU$ ZDOO $ FRO aLQGLFDWLQJ
PRUHGDPDJHLVH[SHFWHGIRU66,DWWKLVUDQJHRIZDOOVHFWLRQV
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3.2. 3-D building frames – numerical results and discussion
6LPLODUO\WRWKHDQDO\VLVRISODQHIUDPHVWKHIROORZLQJSDUDPHWHUVDUHH[DPLQHGDQG
SUHVHQWHGLQWKHSORWVUHJDUGLQJ'VWRUH\5&EXLOGLQJIUDPHV
x M(s)/MLVWKHUDWLRRIWKHPD[LPXPDEVROXWHYDOXHRIWKHLQWHUQDOEHQGLQJPRPHQWRI
ZKHQ66,YLDIRRWLQJVZLWKFRQQHFWLQJEHDPVLVFRQVLGHUHGDWWKHORZHUHQG ³ERW´
DQGWKHXSSHUHQG ³XS´ RIWKHYHUWLFDOHOHPHQWM(m)/MLVDVLPLODUUDWLRZKHQ66,
YLDIRXQGDWLRQPDWLVFRQVLGHUHG7KHVHUDWLRVDUHH[DPLQHGDWERWKLQWHUQDOWUDQVYHUVH
D[HVRI5&YHUWLFDOHOHPHQWV+HUHGXHWRODFNRIVSDFHRQO\WKHSORWVUHJDUGLQJWKH
PDMRU LQWHUQDO PRPHQW UDWLR M3  GHILQHG IRU WKH WUDQVYHUVH D[LV RI 5& YHUWLFDO
HOHPHQWVFRLQFLGLQJKHUHWRWKH<D[LVDUHVKRZQ
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x

V(s)/V LV WKH UDWLR RI WKH VKHDU IRUFHV GHILQHG VLPLODUO\ ZKHQ 66, YLD IRRWLQJV ZLWK
FRQQHFWLQJEHDPVLVFRQVLGHUHGV(m)/VLVWKHUHVSHFWLYHUDWLRZKHQ66,YLDIRXQGDWLRQ
PDWLVFRQVLGHUHG7KHUHDUHSUHVHQWHGKHUHRQO\WKHSORWVRIPDMRUVKHDUIRUFHUDWLR
V2 GHILQHGIRUWKHWUDQVYHUVHD[LVRI5&YHUWLFDOHOHPHQWVFRLQFLGLQJKHUHWRWKH;
D[LV
x IDRZLWKWKHQRWDWLRQV³UV´IRUULJLGVRLORU³V´IRU66,YLDIRRWLQJVZLWKEHDPVRU
³P´IRU66,YLDIRXQGDWLRQPDWRQERWKKRUL]RQWDOJOREDOD[HV;DQG<
x rR LVWKHGDPDJHLQGH[RIHDFKYHUWLFDO5&HOHPHQWDQGrf LVWKHIUDPHVWRUH\GDPDJH
LQGH[
$V VKRZQ LQ )LJ  FRQVLGHULQJ IRRWLQJV IRU WKH LQFLGHQFH DQJOH ĳ  WKH HODVWLF
0 V 0RIWKHWRSDQGEDVHVHFWLRQRI&LQFUHDVHVDORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQ
XSWRaIRU, ZDOO , FRO ZKLOHUHPDLQVFORVHWRIRUWKHWRSDQGEDVHVHFWLRQV
RI&DQG&DQGGHFUHDVHVWRIRUWKHEDVHVHFWLRQRIWKHZDOODQGIRUWKHWRSVHFWLRQ
RIWKHZDOOIRU, ZDOO , FRO &RQVLGHULQJIRXQGDWLRQPDWIRUĳ  )LJ DVLPLODU
IRUPRIWKHSORWLVREYLRXVZLWKJUHDWHUYDOXHVRQDYHUDJHVXFKDVWKDWWKHHODVWLF0 P 0
LQFUHDVHVFORVHWRIRU&DQG&DWWKHLUWRSDQGEDVHVHFWLRQVFORVHWRIRUWKHEDVH
VHFWLRQRIWKHZDOOXSWRIRUWKHWRSVHFWLRQRIWKHZDOODQGXSWRIRUWKHWRSVHFWLRQ
RI&DQGIRUWKHEDVHVHFWLRQRI&IRU, ZDOO , FRO 
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$V VKRZQ LQ )LJ  FRPSDULQJ IRXQGDWLRQ PDW WR ULJLG VRLO IRU ĳ WKH HODVWRSODVWLF
0 P 0 RI & DQG & DW WKHLU WRS DQG ERWWRP VHFWLRQV LQFUHDVHV VOLJKWO\ DORQJ ZLWK WKH
LQFUHDVH RI WKH ZDOO VHFWLRQ XS WR a IRU , ZDOO , FRO  ZKLOH IRU WKH WRS DQG
ERWWRPVHFWLRQVRI&LQFUHDVHVLQWHQVHO\XSWRa7KHHODVWRSODVWLF0 P 0RIWKH
WRSVHFWLRQRI&LQFUHDVHVLQWHQVHO\DORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQXSWRIRU
, ZDOO , FRO ZKLOHIRUWKHUHOHYDQWERWWRPVHFWLRQKDVDOPRVWVWHDG\GHFUHDVHGYDOXHV
DURXQGa )LJ 
$VVKRZQLQ)LJFRPSDULQJIRRWLQJVWRULJLGVRLOIRUĳ DVLPLODUIRUPRIWKHSORW
RIHODVWRSODVWLF0 V 0LVREVHUYHGWRWKHSUHYLRXVSDUDJUDSK )LJ ZLWKVPDOOHUJHQHUDO
YDOXHV7KHHODVWRSODVWLF0 V 0RI&&DQG&DWWKHLUWRSDQGEDVHVHFWLRQVYDULHV
ZLWKRYHUODSSLQJYDOXHVWHQGLQJWRGHFUHDVHDORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQLQWKH
UDQJHRIa )LJ 7KHHODVWRSODVWLF0 V 0RIWKHWRSVHFWLRQRIWKHZDOOYDULHV
WHQGLQJWRLQFUHDVHXSWRIRU, ZDOO , FRO DQGGHFUHDVHVIRUJUHDWHUZDOOVHFWLRQV
FORVHWRIRU, ZDOO , FRO  )LJ 5HVSHFWLYHO\WKHHODVWRSODVWLF0 V 0RIWKH
EDVH VHFWLRQV RI & DQG & YDULHV WHQGLQJ WR GHFUHDVH WR  IRU , ZDOO , FRO  DQG
LQFUHDVHVWRIRU, ZDOO , FRO  )LJ 7KHWRSVHFWLRQVRIDOOYHUWLFDOHOHPHQWVWHQG
WRVKRZJUHDWHUYDOXHVRIWKHHODVWRSODVWLF0 V 0WKDQWKHUHVSHFWLYHERWWRPVHFWLRQV )LJV
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$VVKRZQLQ)LJFRPSDULQJIRXQGDWLRQPDWWRULJLGVRLOIRUĳ WKHHODVWLF9 P 9
RI&LQFUHDVHVDORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQXSWRIRU$ ZDOO $ FRO 
7KHHODVWLF9 P 9RI&LQFUHDVHV XSWR IRU $ ZDOO $ FRO ZKLOHWKHHODVWLF
9 P 9IRU&DQG&UHPDLQVFORVHWRIRUDOOZDOOVHFWLRQV )LJ 
)RUIRRWLQJVDQGĳ DVLQ)LJWKHHODVWLF9 V 9RI&LQFUHDVHVXSWRIRU
$ ZDOO $ FRO DQGYDULHVWRIRU$ ZDOO $ FRO 7KHHODVWLF9 V 9RI&
DQG&LQFUHDVHVDORQJZLWKWKHLQFUHDVHRI$ ZDOO $ FRO XSWRIRU$ ZDOO $ FRO 
)LJ 7KHHODVWLF9 V 9RIWKHZDOOLQFUHDVHVXSWRIRU$ ZDOO $ FRO DQG
GHFUHDVHVYDULDEO\IRUJUHDWHUZDOOVHFWLRQVHJWRIRU$ ZDOO $ FRO  )LJ 
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)LJXUH(ODVWLF9 V 9YHUVXV$ ZDOO $ FRO IRUIRRWLQJVDQGĳ 

&RQVLGHULQJ WKH IRXQGDWLRQ PDW WR ULJLG VRLO IRU ĳ  DV LQ )LJ  WKH HODVWRSODVWLF
9 P 9LQFUHDVHVIRUWKHFROXPQVDORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQXSWRIRU
& WR  IRU & DQG  IRU & DOO YDOXHV IRU $ ZDOO $ FRO   5HVSHFWLYHO\ WKH
HODVWRSODVWLF9 P 9RIWKHZDOOGHFUHDVHVWRIRU$ ZDOO $ FRO  )LJ 
6LPLODUO\DVVKRZQLQ )LJ IRUIRXQGDWLRQPDWDQGĳ WKHHODVWRSODVWLF9 P 9
LQFUHDVHVIRUWKHFROXPQVDORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQXSWRIRU&WR
IRU&DQGIRU&DOOIRU$ ZDOO $ FRO 5HVSHFWLYHO\WKHHODVWRSODVWLF9 P 9
RIWKHZDOOGHFUHDVHVWRIRU$ ZDOO $ FRO  )LJ 
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)LJXUH (ODVWRSODVWLF9 P 9YHUVXV$ ZDOO $ FRO IRUIRXQGDWLRQPDWDQGĳ 

$VVKRZQLQ)LJIRUĳ WKHHODVWLF,'5RQWKH;D[LVIRUULJLGVRLOGHFUHDVHVDORQJ
ZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQWRIRU$ ZDOO $ FRO IRUIRRWLQJVWR
ZKLOHIRUIRXQGDWLRQPDWLQFUHDVHVWRDOOYDOXHVIRU$ ZDOO $ FRO )RUĳ DVLQ
)LJWKHHODVWLF,'5RQ<D[LVIRUULJLGVRLOGHFUHDVHVWRIRU$ ZDOO $ FRO IRU
IRRWLQJVWRZKLOHIRUIRXQGDWLRQPDWUHPDLQVLQWKHUDQJHRIaHJRYHU
WKHOLPLWRI>@)RUDOOLQFLGHQFHDQJOHVRQERWKD[HVWKHHODVWLF,'5LVJUHDWHUIRUWKH
IRXQGDWLRQPDWOHVVIRUWKHULJLGVRLOZKLOHIRUIRRWLQJVKDVLQWHUPHGLDWHYDOXHVFORVHUWRWKH
ULJLGVRLO
$VVKRZQLQ)LJIRUĳ WKHHODVWRSODVWLF,'5IRUDOOERXQGDU\FRQGLWLRQVRQ;D[LV
GHFUHDVHVDORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQLQWKHUDQJHRI>@ZKHUHWKH,'5
IRUIRXQGDWLRQPDWKDVJUHDWHUYDOXHVFORVHWRWKH,'5IRUULJLGVRLOKDVIHZHUYDOXHVDQG
WKH,'5IRUIRRWLQJVKDVLQWHUPHGLDWHYDOXHVFORVHUWRRQHVIRUWKHULJLGVRLO)RUĳ WKH
HODVWRSODVWLF,'5RQ<D[LVIRUDOOERXQGDU\FRQGLWLRQVLQFUHDVHVDORQJZLWK$ ZDOO $ FRO LQ
WKHUDQJHRI>@ZKHUHWKH,'5IRUIRXQGDWLRQPDWKDVJUHDWHUYDOXHVZKLOHWKH,'5V
IRUULJLGVRLODQGIRRWLQJVKDYHIHZHURYHUODSSLQJYDOXHVWRHDFKRWKHU )LJ 
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)LJXUH(ODVWRSODVWLF,'5RQ<D[LVYHUVXV
$ ZDOO $ FRO IRUĳ 

$VVKRZQLQ)LJIRUĳ WKHGDPDJHLQGH[IRUDOOHOHPHQWVYDULHVLQWKHUDQJHRIa
HJDSSURDFKLQJWRFROODSVHZKLOHOHVVWKDQ'/SHUIRUPDQFHOHYHO)RUĳ DVLQ)LJWKH
UIIRUULJLGVRLOGHFUHDVHVYDULDEO\DORQJZLWKWKHLQFUHDVHRI$ ZDOO $ FRO ZLWKJUHDWHUYDOXHV
WKDQ IRU WKH RWKHU ERXQGDU\ FRQGLWLRQV IRU $ ZDOO $ FRO a DQG VPDOOHU IRU
$ ZDOO $ FRO ı5HVSHFWLYHO\WKHUIIRUIRXQGDWLRQPDWLQFUHDVHVZLWKVPDOOHUYDOXHVIRU
$ ZDOO $ FRO aDQGJUHDWHUIRU$ ZDOO $ FRO ıDQGWKHUIIRUIRRWLQJVWHQGWR
YDULDEO\GHFUHDVHZLWKLQWHUPHGLDWHYDOXHVWRWKHRWKHURQHV )LJ 
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)LJXUHUIYHUVXV$ ZDOO $ FRO IRUĳ 

&RPSDULQJWKHHIIHFWRIWKHLQFLGHQFHDQJOHRIWKHHDUWKTXDNHRQWKHDQDO\VHVWKHSORWRI
WKHHODVWLF0 V 0KDVDJUHDWHUUDQJHRIYDOXHVIRUĳ ZKLOHWKHSORWRIWKHHODVWRSODVWLF
0 P 0 KDV D JUHDWHU UDQJH RI YDOXHV IRU ĳ  )LJV    7KH SORW RI WKH HODVWLF
9 P 9KDVDJUHDWHUUDQJHRIYDOXHVIRUĳ ZKLOHWKHSORWRIWKHHODVWRSODVWLF9 P 9
KDVDJUHDWHUUDQJHRIYDOXHVIRUĳ  )LJV 7KHSORWVRIWKHHODVWLF,'5RQ;DQG<
D[HVKDYHDJUHDWHUUDQJHRIYDOXHVIRUĳ ZKLOHWKHSORWRIWKHHODVWRSODVWLF,'5RQ;D[LV
KDVDJUHDWHUUDQJHRIYDOXHVIRUĳ DQGWKHSORWRIWKHHODVWRSODVWLF,'5RQ<D[LVKDVD
JUHDWHUUDQJHRIYDOXHVIRUĳ  )LJV 7KHSORWRIWKHGDPDJHLQGH[UIWHQGVWRD
VPDOOHUUDQJHRIYDOXHVLQGLFDWLQJPRUHGDPDJHVIRUĳ  )LJ 
4 CONCLUSIONS
66,DIIHFWVVWURQJO\WKHVWUXFWXUDOVHLVPLFUHVSRQVHDQGSURYHVWREHQHFHVVDU\IRUWKHGHVLJQ
RIORZULVHXVXDO5&EXLOGLQJV)URPWKHFXUUHQWDQDO\VHVRIWKHVHOHFWHG'DQG'EXLOGLQJ
IUDPHVWKHIROORZLQJFRQFOXVLRQVFDQEHVWDWHG
 7KHHODVWLFȂ V 0DQG9 V 9RIWKHFROXPQVLQFUHDVHDORQJZLWKWKHLQFUHDVHRIWKHZDOO
VHFWLRQ ZKLOH WKH UHVSHFWLYH UDWLRV RI WKH ZDOO GHFUHDVH  ,QGLFDWLYHO\ IRU H[DPSOH WKH
HODVWLF0 V 0RIWKHFROXPQLVJUHDWHUE\DWLWVEDVHDQGDWLWVWRSIRUWKH
JUHDWHVWZDOOVHFWLRQZKLOHWKHHODVWLF9 V 9RIWKHFROXPQLVJUHDWHUE\FRPSDUHG
WRWKHUHVSHFWLYHRQHVRIWKHZDOO5HVSHFWLYHO\IRUFRPSDULVRQSXUSRVHVWKHHODVWRSODVWLF
0 V 0 RIWKHFROXPQWHQGVWR EHJUHDWHUE\DW LWV EDVHDQGDW LWV WRS IRUWKH
JUHDWHVW ZDOO VHFWLRQ ZKLOH WKH HODVWRSODVWLF 9 V 9 RI WKH FROXPQ LV JUHDWHU E\ 
FRPSDUHGWRWKHUHVSHFWLYHRQHVRIWKHZDOO
7KHHODVWRSODVWLFȂ V 0DQG9 V 9RIDOOYHUWLFDOHOHPHQWVKDYHDIOXFWXDWLQJEHKDYLRU
EHFDXVHWKHLUHODVWRSODVWLFKLQJHVDFWDV³PRYDEOH´OLPLWVRIWKHLQWHUQDOPRPHQWGHSHQGLQJ
RQGHIRUPDWLRQDQGORDGLQJFRQGLWLRQVDWWKHHQGRIHDFKHOHPHQWIRUHYHU\WLPHVWHS,ILQ
DQHODVWRSODVWLFKLQJHDOLPLWLVUHDFKHGWKHQWKLVDFWVDVDEDUULHUDQGLQIOXHQFHVUDSLGO\DOO
RWKHUHOHPHQWVE\UDSLGO\WUDQVPLWWLQJDQH[WUDORDGWRWKHP,QJHQHUDOWKHFROXPQVFDUU\
PRUHORDGFRQVLGHULQJ66,FRPSDUHGWRWKHULJLGVRLOZKHUHWKHLUWRSVHFWLRQVWHQGWREH
EXUGHQHGPRUHWKDQWKHLUUHVSHFWLYHEDVHVHFWLRQVLQWHUPVRIWKHHODVWRSODVWLF0 V 0UDWLR
HJJUHDWHUWKDQIRU, ZDOO , FRO a7KHZDOOWHQGVWRJHQHUDOO\EHQHILW
IURP66,FRPSDUHGWRWKHULJLGVRLO7KXVLWVWRSVHFWLRQRFFDVLRQDOO\WHQGVWRODUJHUYDOXHV
RI WKH HODVWRSODVWLF 0 V 0 UDWLR HJ XS WR  JUHDWHU WKDQ LWV UHVSHFWLYH EDVH IRU
, ZDOO , FRO 
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$OVRLQ 'EXLOGLQJ IUDPHVWKHFROXPQ&FRQQHFWHGWR WKHZDOOWKURXJKD EHDP
DORQJWKH;D[LVWHQGVWREHEXUGHQHGPRUHWKDQWKHRWKHUFROXPQVIURP66,HJKDYLQJ
JUHDWHUHODVWLF0 V 0UDWLRDWLWVEDVHE\DQGDWLWVWRSE\DQGHODVWRSODVWLF
0 V 0DWLWVEDVHE\DQGDWLWVWRSE\DVZHOODVJUHDWHUHODVWLF9 V 9E\
DQGHODVWRSODVWLF9 V 9E\DOOYDOXHVFDOFXODWHGIRUWKHJUHDWHVWZDOOVHFWLRQ
7KHHODVWLF,'5VIRU66,DQGULJLGVRLOGHFUHDVHDORQJZLWKWKHLQFUHDVHRIWKHZDOOVHFWLRQ
XQGHUWKHOLPLWRIZKLFKUHIHUVWRWKH,PPHGLDWH2FFXSDQF\SHUIRUPDQFHOHYHOZKLOH
WKHHODVWLF,'5IRU66,LVJUHDWHUWKDQWKHRQHIRUULJLGVRLO7KHODWWHULVREVHUYHGLQ'
IUDPHVIRU66,YLDIRRWLQJVDVFRPSDUHGWRULJLGVRLODQGLQ'VWRUH\EXLOGLQJVIRU
66, YLD IRRWLQJV ZLWK WLH EHDPV DV ZHOO DV YLD IRXQGDWLRQ PDW FRPSDUHG WR ULJLG VRLO
+RZHYHULQ ERWK 'DQG'IUDPHV WKH HODVWRSODVWLF,'5V YDU\LQ DJUHDWHUUDQJHRI
YDOXHVHJaWKDQWKHHODVWLF,'5VHJOHVVWKDQ
,QJHQHUDOVPDOOHUYDOXHVRIUIVXFKDVOHVVWKDQDUHREVHUYHGDORQJZLWKJUHDWHUYDOXHV
RIHODVWRSODVWLF,'5VXFKDVFORVHUWRLQGLFDWLQJKHDYLHUGDPDJHVFRUUHVSRQGLQJWR
WKH6HYHUH'DPDJHSHUIRUPDQFHOHYHO
7KHLQFLGHQFHDQJOHRIWKHVHLVPLFPRWLRQDIIHFWVHDFKUHVSRQVHSDUDPHWHUGLIIHUHQWO\
7KLVPHDQVWKDWIRUHDFKUHVSRQVHSDUDPHWHUWKHJUHDWHUUDQJHRIYDOXHVRIWKHUHVSHFWLYH
SORWV LV REVHUYHG IRU GLIIHUHQW LQFLGHQFH DQJOHV ZKLFK DUH QRW DOZD\V WKH VDPH IRU DOO
UHVSRQVHSDUDPHWHUV7KHUHIRUHDJHQHUDOFRQFOXVLRQGHILQLQJWKH³PRVWGHWULPHQWDODQJOH
RILQFLGHQFH´LVQRWREYLRXV
7KHIRXQGDWLRQPDWWHQGVWRLQFUHDVHWKHDYHUDJHUDQJHRIYDOXHVRIWKHLQWHUQDOPRPHQW
DQG VKHDU UDWLR FRPSDUHG WR VHSDUDWH IRRWLQJV FRQQHFWHG ZLWK EHDPV  7KH SORWV RI WKH
HODVWRSODVWLFLQWHUQDOPRPHQWDQGVKHDUUDWLRKDYHDPRUHIOXFWXDWLQJIRUPIRUIRRWLQJVWKDQ
IRUIRXQGDWLRQPDW,QJHQHUDODWWKHH[DPLQHG'5&EXLOGLQJIUDPHVWKHIRXQGDWLRQ
PDWWHQGVWRDIIHFWWKHLUVHLVPLFUHVSRQVHPRUHQHJDWLYHO\WKRXJKPRUHVWDEO\WKDQWKH
IRRWLQJV
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THE RESPONSE OF DIFFERENT BUILDINGS TO FREE-FIELD
EXCITATION – A STUDY USING DETAILED FINITE ELEMENT
MODELS
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floor resonance, column/wall resonance.
Abstract. A study on building vibrations has been performed by finite element calculations.
Family houses, multi-storey residential buildings, office buildings and office towers have been
modelled in detail. The frequency-dependent response due to a free-field excitation has been
evaluated for walls, columns and floors. The ratio of building amplitudes to free-field
amplitudes starts with uB/u0 = 1 at zero frequency and is usually lower than 1 at 50 Hz, the
end of the frequency range considered here. In between, amplifications occur due to several
reasons. There are „soil resonances“ where the whole building is vibrating on the compliant
soil, “column resonances” where the upper storeys are vibrating on the compliant columns,
and the “floor resonances” where the floors are vibrating excited by their supports. Results
are presented for all building types, but a special focus is set on office buildings. A parameter
study shows the influence of the stiffness of the soil, the number of storeys, and the width of
the building. It has been found that the “soil resonance” is strongly modified by the lowfrequency floor resonances for the normal office building. The main resonance of a twentystorey office tower is determined equally by the “soil mode” and the “column mode”. It is an
important observation for these office buildings that the resonances can differ for different
parts of the building such as the centre, the edge, the corner, and the core of the building.
This leads to non-uniform vibration modes across the building, which look like another type
of “floor resonance” and which have been observed in several real building projects.
Experimental results will be shown which can confirm the calculated phenomena.
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1

INTRODUCTION

The response of buildings to ground vibration had been studied by experiments and some
rules have been derived. The transfer from free-field to foundation amplitudes and to floor
amplitudes had been established for small residential buildings [1,2]. These rules, however,
cannot be applied to larger and more complex buildings, namely to office buildings with their
column-type rather than wall-type structure. Therefore, a finite-element analysis of different
building types has been performed where the parametric study of office buildings was of high
interest [3].
2

DIFFERENT BUILDINGS

The basic office building consists of four storeys, three lines of thirteen columns, and
5 x 2 x 12 floors (Fig. 1). The columns and floors are of concrete with the material parameters

a)

b)

c)
Figure 1: Office buildings with 2 x 12 floor bays and a) 4, b) 8, and c) 12 storeys.
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EC = 3 1010 N/m2 the elasticity modulus, UC = 2.5 103 kg/m3 the mass density, and the
geometrical parameters 3 m x 0.6 m x 0.6 m for the columns and 6 m x 6 m x 0.2 m for the
floors. There is a 2 m x 2 m shallow foundation under each column of which the stiffness is
calculated as k = 4 G/(1-Q) A/S and the damping as c = 3.4 A/S(1-Q) GU. The soil
parameters G = 8 107 N/m2 the shear modulus, Q = 0.33 the Poisson ratio, U = 2 103 kg/m3 the
mass density are used together with the foundation area A = 2 m x 2 m.
The number of storeys has been varied between 4, 8, and 12, see Figure 1. The number of
rows of floors has been varied between two (the standard) and three. The stiffness of the soil
has been varied between G = 4.5, 8 and 18 107 N/m2.
High-rise office buildings of 20 storeys have been analysed with a different ground plan
(Fig. 2). There are 4 x 3 floor bays of 6 m x 6 m which are completely supported by columns
as before (Fig. 2a) or supported by an additional inner core of walls with dW = 0.2 m (Fig. 2b).
a)
b)
c)

d)

Figure 2: Office towers of 3 x 4 floor bays and 20 storeys, a) without core walls, and b) with core walls, 4-storey
residential buildings with 2 x 5 floor bays and c) walls across and d) walls along the building.

Two 4-storey wall-type residential buildings have been analysed (Fig. 2c,d). Both
buildings have 2 x 5 floor bays of 5 m x 5 m width, and one building has its walls across the
building and the other has its walls along the building. Whereas the floors are of concrete, the
walls are made of masonry with the material parameters EM = 5 109 N/m2 the elasticity
modulus, UM = 2.5 103 kg/m3 the mass density, and a thickness of dW = 0.25 m.
A small 2-storey residential building with varying floor dimensions (Fig. 3) is analysed
once with equal floors in the storeys and once with a different floor of 7 m x 6 m in the
ground floor.
All buildings are excited by a constant harmonic free-field of frequencies between 1 and
50 Hz. The response of the building is plotted as the ratio to the free-field amplitude giving
the frequency-dependent transfer functions of the different building points.
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Figure 3: 2-storey residential building, floor plan.

3
3.1

A PARAMETER STUDY FOR OFFICE BUILDINGS

Transfer functions and vibration modes
a)

b)

c)

d)

e)

f)

Figure 4: Transfer functions of the 4-storey office buildings, a,c,e,g) mid columns, b,d,f,h) floors, ground,
c 1st, U 2nd, © 3rd storey, ° roof, a,b) soft soil, c,d) medium soil, e,f) stiff soil, g,h) average of all storeys,
soft, c medium, and U stiff soil.
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g)

h)

Figure 4: continued.

The freefield-building transfer functions are shown in Figure 4c,d for the five storeys of
the standard office building. Figure 4c shows the transfer functions for a central column, and
Figure 4d for the midpoint of a central floor. These transfer functions show some general
characteristics. All freefield-building transfer functions start with V = 1 at zero frequency and
usually end below V < 1 at 50 Hz. That means that the free field is not modified by the
building at low frequencies whereas the free field is reduced by the building at high
frequencies. In between, amplifications of the free field can occur due to several reasons. The
standard office building shows an amplification at 9 Hz for the column as well as for the floor
points where the floor amplitudes are higher at V | 6 compared to the column points at V | 3.
The points higher in the building (the upper storeys) have a little higher amplitudes. This is
also true for a weak amplification at 29 and 37 Hz. Another weak amplification can be found
at 13 Hz for the floor points. To be complete, there is also a relative maximum of almost
V | 1 at 15 Hz for the outer columns.
a)

b)

c)

d)

Figure 5: Transfer functions of the 8- (a,b) and 12-storey buildings (c,d), a,c,e,g) mid columns, b,d,f,h) floors,
ground, c 1st, U 2nd, © 3rd storey, ° 4th,  5th, 6th, 7th, roof, e,f) average of all storeys, 4-storey, c 8storey, and U 12-storey building.
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e)

f)

Figure 5: continued.

The results for the variation of the soil can be found in Figures 4a,b,e,f. If the stiffness of
the soil is modified once to the soft (Fig. 4a,b) and once to the stiff side (Fig. 4e,f), the
fundamental resonance frequency is shifted to 7 Hz and to 10 Hz. At the same time, the
amplitudes are increased from 3 to 4 for the columns and from 4 to 10 for the floors from the
soft to the stiff soil. The stiff soil yields also a more pronounced second maximum at 13 Hz.
Corresponding to that, a common minimum can be observed at 13 Hz for the columns which
is also strongest for the stiffest soil.
The variation of the number n of storeys of the office building is shown in Figure 5. The
transfer functions of higher office buildings show a lower resonance frequency, 7 Hz for the
8-storey building and 6 Hz for the 12-storey building. The second maximum is now a little
stronger (V | 4) at 11 or 12 Hz.
Finally in Figure 6, it is demonstrated that the fundamental resonance does not change if
the total width of the storey floor is increased from 2 x 6 m to 3 x 6 m.
a)

b)

Figure 6: Transfer functions of the office buildings with 2 x 12, and, c 3 x 12 floor bays, a) mid columns,
b) floors, average of all storeys.

Some mode shapes of the different buildings are shown in Figure 7. The 4-storey office
building shows clear equal deformations of each storey for the first resonance frequency at
9 Hz (Fig. 7a). The maximum displacement occurs in the middle of the building along the
central columns. It looks like a resonance of the entire floor of the storey, but it is the
resonance of the central building on the soil, see more examples in [4,5]. Figure 7b shows the
local floor resonances at 12 Hz which are in anti-phase for the top and the bottom floors. The
12-storey building (Fig. 7c) has clearly increasing amplitudes from bottom to top at the first
resonance frequency of 6 Hz, that means a vertical deformation of the whole building which
is called the “column mode”.
The resonance amplitudes vary with the stiffness of the soil and the height of the building.
The highest amplitudes are for the 8-storey building with V = 8 for the columns and V = 10
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for the floors. This can be explained by the coupling of different modes, see the next section.
For the 8-storey building, the “soil mode”, the “floor mode”, and the “column mode” coincide.
The 12-storey building with the lowest resonance frequency has a combination of the “soil
mode” and the “column mode”. The 4-storey building has a coincidence of the soil and the
floor mode. Therefore, the 4-storey building and the 12-storey building have only medium
strong resonances of V = 6 at the floors. The amplitudes increase with the stiffer soils as the
theoretical soil-building resonance frequency comes closer to the floor resonance frequency
and reaches V = 10 for the stiff soil of G = 18 107 N/m2.

a)

b)

c)
Figure 7: Vibration modes of the column-type office buildings with a) 4, b) 8, c)12 storeys, at 9 Hz (a), 12 Hz (b),
and 6 Hz (c).

3.2

Analysis of resonance frequencies and the coupling of modes

All these resonance frequencies are analysed in more detail by Figure 8. The fundamental
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fS (Hz)

resonance frequencies from the finite element calculations are compared with the theoretical
soil-building resonance frequencies. The theoretical soil-building frequency fS = k/m
compares the stiffness k of the foundation and the mass m of the building. Therefore, the
theoretical soil-building resonance frequency varies with fS ~ vS = G/U and with fS ~ n -0.5.
There are differences between the soil-building resonance frequency for the whole building,
for the outer building (with a lower mass and a higher resonance frequency), and for the
central building (with a higher mass and a lower resonance frequency). The fundamental
resonance frequencies from the finite-element calculation are even lower than the theoretical
ones. The difference is 11.7 Hz to 9 Hz for the standard soil of G = 8 107 N/m2 (vS = 200 m/s),
from 8.7 Hz to 7.5 Hz for the soft soil of vS = 150 m/s, and greatest for the stiff soil
vS = 300 m/s from 17.5 Hz to 10 Hz. Moreover, the power laws from the finite-element
calculations are clearly weaker than the theoretical laws. All these observations indicate
another influence on the fundamental resonance.

a)

b)

Figure 8: Theoretical soil building resonance frequencies for c the whole building, U the inner building and
the outer building, © the fundamental resonance frequency from the finite-element calculation, a) variation of
the soil, b) variation of the number of the storeys.

This influence is identified as the influence of the floor resonance. Approximately, the
floors are clamped at each column and the rotation along the sides is prevented due to the
interaction with the neighbouring floors. The theoretical floor resonance frequency is
therefore 13.7 Hz, see [4]. This floor resonance frequency is not far from the soil-building
resonance frequency so that both resonances work together and yield a lower fundamental
resonance frequency.
The higher office buildings have lower soil-building resonance frequencies which are
further away from the floor resonance frequency. Therefore, the floors have a weaker
influence on the soil-building resonance frequency. There is another influence in case of
higher buildings. The upper storeys are amplified compared to the lower storeys. This
“column mode” means a stronger mass effect than for a rigid building, and this yields also a
reduction of the soil-building resonance frequency.
4

OFFICE TOWERS

The two 20-storey office towers considered here can be seen in Figure 9 with their typical
vibration modes. Figures 9a,b,d show the column mode of the tower without and with core
walls where the amplitudes are increasing from the bottom to the top of the building. Figure
9c shows a second “column mode” at 9 Hz where top and bottom of the building are in antiphase.
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a)

b)

c)

d)

Figure 9: Vibration modes of the 20-storey office towers without (a,b,c) and with (d) core walls, a) 4 Hz, b) 4 Hz
(imaginary part), c) 9 Hz, d) 4 Hz.

a)

b)

c)

d)

Figure 10: Transfer functions of the 20-storey buildings (a,b) without and (c,d) with core walls, a,c) mid columns,
b,d) floors, ground, c 4th, U 7th, © 10th, ° 13th,  16th, ½ 19th storey.
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The transfer functions of the two tower buildings have some similarities (Fig. 10a,c). The
main resonance is at 4 Hz and a considerable amplification from bottom to top can be
observed. The tower without core reaches amplitudes of V = 8 and some influence of the
floors at 9 Hz can be found. The tower with core has lower amplitudes with a maximum of
V = 5. Some floor resonances can be seen at 11 to 13 Hz for the floor points (Fig. 10b,d).
The main resonance of the twenty-storey office towers is determined similarly by the “soil
mode” and the “column mode”. The theoretical soil-building resonance frequency is 6 Hz and
the theoretical column resonance is also fC = vL/4H | 6 Hz, see [6] for details. Both together
yield a fundamental resonance frequency of 4 Hz.
The floor resonance frequencies depend on the position of the floor. It is lowest with
f0 = 11 Hz at the corner, with f0 = 12 Hz at the edge of the storey, it is higher with f0 = 15 Hz
near the core, and highest with f0 = 24 Hz inside the core.
5

RESIDENTIAL BUILDINGS
a)

b)

c)

d)

Figure 11: Transfer functions of the 4-storey residential buildings (a,b) with walls across and (c,d) walls along
the building, a,c) mid wall, b,d) floors, ground, c 1st, U 2nd, © 3rd storey, ° roof.

The two types of 4-storey residential buildings have a different orientation of the walls and
there is only a small difference of the building mass. Therefore, they have almost the same
theoretical soil-building resonance frequency at 12 Hz. The resonance frequency of a rigid
building is reduced to 10 Hz for the flexible building (Fig. 11) which is due to a small effect
of the floor mode and the wall mode. The floor resonances are at 20 Hz in case of the
longitudinal walls and at 24 Hz in case of the transverse walls. The resonance frequency in
case of the longitudinal walls is defined by a clamped boundary at the central wall and a
hinged boundary at the outer wall. This yields the eigen frequency f0 = 20 Hz for the floor
span of 5 m. In case of the transverse walls, the boundary condition is clamped-clamped
which yields the higher floor resonance frequency. The 20 Hz floor resonance can be found in
Figure 11b, but the amplitudes are not higher than V = 2. The floor resonance amplitudes are
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reduced by the compliance of the soil. Around 20 Hz, the foundation and wall amplitudes are
very low so that the floor resonance amplitudes are limited (absorber effect).
Figure 12 shows two floor resonances of the residential building, the first at 23 Hz, the
second at 37 Hz. Both floor modes comprise anti-phase motions. At 24 Hz, the top and
bottom floors are in anti-phase (Fig. 12a), at 37 Hz, all floors are in anti-phase to the walls
(Fig. 12b).
a)
b)

Figure 12: Vibration modes of the residential building with walls across the building, at a) 24 Hz, and b) 37 Hz.

Finally, the small 2-storey residential building is analysed in Figure 13. The highest soilbuilding resonance of 15 Hz can be found. All four rooms have different dimensions, but no
floor resonance can be seen in Figure 13b, not even for the largest room. Only if the ground
and the first storey have different walls, the floor resonance at 17 Hz can be found with a high
amplitude of V = 8 (Fig. 13d). The resonance frequency agrees with the resonance frequency
of a 6 m x 7 m large plate which is hinged at all boundaries.
a)

b)

c)

d)

Figure 13: Transfer functions of the 2-storey residential buildings, a,b) with regular floors and c,d) with a separated large floor a,c) mid wall, b,d) floors, ground, c 1st floor, U roof.

6

COMPARISON OF THE DIFFERENT BUILDING TYPES

All buildings have a clear fundamental resonance which is mainly a soil-building
resonance in most cases. The floor resonance can be observed for all buildings, but not so
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clearly. The column resonances as an effect of the flexibility of the columns can be found for
the high office buildings. Moreover, many anti-phase modes have been found in many
buildings, floor against columns/walls, inner against outer building, and top against bottom. A
column-type office building is obviously not a rigid structure.
The highest resonance amplitudes have been found for the stiffest soil, the highest building,
and for the separated floor in the small residential building with amplitudes of V = 8 to 10.
The amplitudes are reduced with increasing frequencies, strongest for the office towers which
have amplitudes below V < 1 above 7 Hz, even lower for the tower with core walls. The
residential buildings start with amplitudes below V < 1 at 15 Hz, the small residential building
starts at 20 Hz. The office buildings have the highest amplitudes at higher frequencies, usually
at V | 1, even higher for the stiff soil, whereas the soft soil yields amplitudes below V < 1
starting from 30 Hz. In general, the column-type office buildings have been identified as the
most sensible buildings.
7

EXPERIMENTAL RESULTS

The soil-building resonance which is dominant in the theoretical results has also been
found in measurements of small residential buildings (Fig. 14 from [2]). The soil-building
resonance frequencies have been measured in the range of 5 to 10 Hz. These lower
frequencies have been attributed to an inhomogeneous soil with a soft material on top of the
soil.
a)

b)

Figure 14: Transfer functions of several small residential buildings measured during pile driving (a) and train
passages (b), eight buildings and the average (thick line).

Many measured floor resonances have been evaluated in [6,7]. The resonance amplitudes
(compared to the free field) are in the range of V = 1 to 10. The low floor resonance
amplitudes of the present numerical study are probably due to the very regular modelling of
the building. All reducing effects are stronger if all the same floors act together, for example
reducing the foundation amplitudes [6]. Also, the regular interaction of the inner and outer
columns leads to an anti-phase floor excitation and smaller resonance amplifications.
The wall or column resonance has been observed in some measurements of 6- to 8-storey
buildings [1]. The strongest wall and column effect can be found in the office towers. Such a
tower building has been measured and also modelled in detail. The resulting soil-building
transfer functions have been compared (Fig. 15). The wall/column mode resonance with
increasing amplitudes at higher storeys can be clearly seen below 10 Hz in theory and
measurements. The floor resonances follow between 10 and 17 Hz.
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a)

b)

d)

c)

Figure 15: Office tower (a), finite element model (b), measured transfer functions (c, 24th, c 21st, U 18th,
© 15th, ° 12th,  6th, y ground storey), and calculated transfer functions (d).

8

REAL BUILDING PROJECTS

Finally, some real building projects are presented. The real building projects are not as
regular as the buildings of the preceding parameter study. The foundation consists of endbearing piles which are necessary for the soft sandy soil under building 1 (Fig. 16a).
Buildings 2 and 3 (Fig. 16b, e) are above from traffic lines (motorway or metro) so that pile
foundations are used close to the traffic lines while plate foundations are used for the rest of
the building. The building plan is also irregular, for example triangular for building 1 (Fig.
16c). The building structure is usually mixed with core walls and columns.
Some building-soil transfer functions are given in Figure 17a-d for building 1. The transfer
functions of the core wall display the soil-building resonance at 10 Hz and a quit regular
behaviour at higher frequencies. The column near the core wall (Fig. 17b) shows some more
column deformations but still the basic resonance at 10 Hz. The column in the column section
has a lower resonance at 7.5 Hz with a strong amplification from bottom to top (Fig. 17c).
The floor resonances are between 15 and 20 Hz (Fig. 17d).
Building 2 has a 10-storey and a 20-storey part where the 10-storey part is situated above
the metro line. The side parts include the walls whereas the middle parts are built with
columns. The soil-building transfer functions of the wall part (Fig. 17 e, f) show only the floor
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a)

b)

c)

d)

e)

f)

Figure 16: (a, c) Building 1 on piles with core walls and columns, (b, d) building 2 above metro line vibration
modes at 12 and 8 Hz, (e, f) Building 3 above motorway, modes at 9 and 14 Hz.

resonances at 20 Hz. The column part (Fig. 17 g, h) show a strong column resonance at 10 Hz
and some floor resonances around 25 Hz.
Building 3 has eight storeys and lies above a motorway. The floors are built on rather small
columns (0.35 m x 0.35 m). Walls at the two ends and at two staircases at the back side
provide the stiffness. The building-soil transfer of a column near the staircase (Fig. 17i) has a
higher column resonance at 8 Hz than a column in the column section with 5 Hz (Fig. 17j).
The vibration modes in Figure 16 show the basic building resonance always at the softest
part of the building, in the front (the column section) of building 3 (Fig. 16e), and at the
central columns of building 2 (Fig. 16d). This result from irregular realistic buildings
underlines the observation of the preceding parameter study with regular buildings.
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a)

b)

c)

d)

e)

f)

g)

h)

i)

j)

Figure 15: Transfer functions of building 1 (a-d), 2 (e-h), and 3 (i, j), walls (a, e), near-wall columns (b, e, i),
columns (c, f, j), near-wall floors (g) near-column floors (d, h).
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9

CONCLUSIONS

Different types of buildings have been modelled by the finite element method and
calculated in frequency domain to obtain the transfer functions of the floor, wall and column
points compared to the free-field excitation. Soil-building, floor and wall/column resonances
have been observed. Strong coupling effects between these modes have been found for the
office buildings. The fundamental resonance is a combination of the soil and floor mode in
case of the lower office buildings or a combination of the soil and column mode in case of
high office buildings. The combined resonance frequencies are usually smaller than the
theoretical soil-building resonance frequencies. The characteristics of the office buildings
compared to the residential buildings are the higher flexibility of the columns compared to the
walls and the lower floor resonance frequencies because of the less constrained support
conditions. The low floor resonance frequencies are close to the soil-building resonance
frequency and induce strong coupling effects. The compliance of the soil under the
foundations leads to a reduction of the resonance amplitude of the floors. A clear floor
resonance has only been found for the irregular 2-storey residential building. Measurements
show higher resonance amplitudes of the floors as real buildings have more irregular
variations than the building models here. Measured examples of the soil-building and the
column resonance show a good agreement between theory and experiment. The results of this
study should help to find simplified models for a fast prediction of ground-induced building
vibrations [8-10].

REFERENCES
[1] L. Auersch, S. Said, W. Schmid, W. Rücker, Erschütterungen im Bauwesen: Messergebnisse an verschiedenen Gebäuden und eine einfache Berechnung von Fundament-,
Wand- und Deckenschwingungen, Bauingenieur 79, 185-192 and 291-299, 2004.
[2] L. Auersch, Dynamic stiffness of foundations on inhomogeneous soils for a realistic
prediction of the vertical building resonance. Journal of Geotechnical &
Geoenvironmental Engineering 134, 328-340, 2008.
[3] S. Ziemens, Numerische Untersuchung der Erschütterungsausbreitung in Gebäuden und
deren Wechselwirkung mit dem Baugrund, Bachelor Thesis. TU Berlin (F. Rackwitz),
2019.
[4] L. Auersch, Amplification and reduction phenomena of soil-building interaction by
finite-element boundary-element calculations and simplified methods, Proc. of ninth
European Conference on Structural Dynamics (EURODYN 2014), Porto, 2014, 591-597.
[5] L. Auersch, A. Romero, P. Galvín, Respuesta dinámica de edificaciones producida por
campos de ondas incidentes considerando la interacción suelo-estructura, Revista
Internacional de Métodos Numéricos para Cálculo y Diseño en Ingeniería 30, 256-263,
2014.
[6] L. Auersch, Building response due to ground vibration – simple prediction model based
on experience with detailed models and measurements, International Journal of
Acoustics and Vibrations 15, 101-112, 2010
[7] L. Auersch, S. Said, Methods and phenomena of single and coupled floor vibrations –
measurements in apartment and office buildings, Building Acoustics 22, 81-108, 2015.

4575

L. Auersch, S. Ziemens

[8] N. Breitsamter, Ersatzmodelle zur Bestimmung der Schwingungsantwort von Gebäuden
bei Anregung durch Bodenerschütterungen, PhD Thesis, TU München, 1996.
[9] C. Meinhardt, Einflussgrößen für das Schwingungsverhalten von Gebäuden zur
Prognose von Erschütterungsimmissionen, PhD Thesis, TU Berlin, 2008.
[10] W. Rücker, L. Auersch: A user-friendly prediction tool for railway induced ground
vibrations: Emission – Transmission – Immission. In: B. Schulte-Werning et al. (Eds):
Noise and Vibration Mitigation for Rail Transportation Systems, Notes on Numerical
Fluid Mechanics and Multidisciplinary Design, Volume 99, Springer Berlin /
Heidelberg, 2008, 129-135.

4576

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

INVESTIGATION OF AN ACTIVELY CONTROLLED ROBOT ARM
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Abstract. In recent years, the use of robotic systems to enhance the productivity of machining
operations has received signiﬁcant attention from the research and manufacturing communities.
Robots have the potential to further improve productivity, for example by providing automated
workpiece ﬁxturing, or by providing a ﬂexible and reconﬁgurable platform from which a variety of subtractive or additive manufacturing operations could be performed. One possible
approach is the use of a robotic arm to provide additional ﬁxturing or support of the workpiece
during the machining operation. This can increase the stiffness of the workpiece system during
machining, which can improve productivity by limiting the onset of undesirable vibrations such
as chatter. Chatter is a form of self-excited vibration which leads to low surface quality of the
workpiece, shortens the cutting tool life and increases the cutting forces. In this paper, an actively controlled robot arm is simulated in order to suppress the chatter, in an effort to further
improve the chatter stability. During the milling operation, preload can be applied through
the robot to support the ﬂexible structure, however, the robot cannot suppress high-frequency
forces. Since the stiffness and damping ratio of the large ﬂexible structure vary during the operation due to material removal, active vibration control is performed. A proof-mass actuator is
proposed that can provide 45 N force up to 2000 Hz with 2 mm stroke. The dynamic properties
of the device are identiﬁed experimentally as part of a model of a robot ﬁxture prototype. The
robotic arm is modelled as a three degree of freedom system; this is combined with a simpliﬁed
representation of the workpiece dynamics, and the proof-mass actuator, within a Matlab environment. The effect of active control on the chatter stability is evaluated, focussing initially on
the use of direct velocity feedback as a control strategy. Estimated chatter stability predictions,
along with time, frequency domain simulation results, show that the application of active control method in robotic-assisted machining can suppress the chatter vibrations during machining
and hence increase productivity.
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1

INTRODUCTION

Thin-walled structures such as jet engine parts and aerospace fuselage components are common in the aeronautical industry. However, large ﬂexibility of these components leads to excessive vibrations which are called chatter vibration during machining. Chatter is a form of
self-excited vibration which leads to low surface quality of the workpiece, shortens the cutting
tool life and increases the cutting forces. Milling stability theory [1] can be used to improve
the chatter stability by selection of the process parameters which are cutting speed, feed rate
and depth of cut. Also, in order to increase the productivity of the process, dynamic stiffness
and damping ratio of the workpiece can be improved. There are many techniques with ﬁxed
supports [2] and mobile supports [3] to avoid chatter but an interesting current approach is to
use robotic systems as part of the machining system. Robots can be used to directly machine
components, yet they tend to exhibit very low stiffness which exacerbates excessive vibration.
Recently, considerable literature has grown up around the theme of robotic assisted machining.
Robots can be used to improve the ﬁxturing or support of the workpiece during machining. The
method is called robotic assisted milling when a robot supports a workpiece from the opposite
surface to the milling process.
For instance, Ozturk et. al. [4] presented a new concept called robotic assisted milling of thinwalled structures. The authors used two types of end effectors to support the workpiece from the
back surface. Experimental results showed that the surface roughness decreased considerably
by using moving support. During the milling, robot and the cutting tool moved synchronously.
As it is mentioned in the paper, the process was monitored not controlled. The authors did not
take account of stiffness change during machining. As the workpiece’s stiffness changes due
to the material removal, the supporting force needs to be adjusted to achieve better dynamic
response improvement.
Fei et al. [5] presented a moving damper to increase the stability of the process. Stability of
the process increased substantially. Nonetheless, since the moving damper is ﬁxed to the machine itself, it can be used for only a particular workpiece unless the moving damper design is
changed. The authors also investigated the deformation model for moving ﬁxture [6]. Surface
quality and machining errors are improved. Esfandi and Tsao [7] suggested using an industrial
robotic manipulator to avoid machining vibrations for turning process of the thin walled cylindrical structures. The results encouraged the use of manipulator which provides higher cutting
stiffness. Nevertheless, the robot sometimes inﬂuences negatively the stability of the machining
process given that the robotic arm itself is not rigid.
Some researchers have also studied the effect of the supporting preload force. Bo et al. [8]
investigated the inﬂuence of supporting force of moving support on machining stability during
mirror milling operation of the thin-walled structure. Supporting force inﬂuences not only
machining stability but also the dynamic behaviour of the workpiece.
In this paper, an actively controlled robot arm which is modelled as a three degree of freedom
system, is simulated for milling process in time and frequency domain. The aims are to improve
chatter stability, select the most effective actuator assembly point, and compare the effect of
the contact type between robot and workpiece. In section 2, contact parameter identiﬁcation
using the receptance coupling formula is presented. In section 3, an inertial actuator which can
provide active control for robotic assisted milling is introduced. The effect of the active control
on the chatter stability improvement is simulated and evaluated, focussing on the direct velocity
feedback (DVF) as a control strategy. In the last section, the stability lobe diagram is estimated
for the process.
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2

IDENTIFICATION OF CONTACT PARAMETERS

The proposed robot and machine tool conﬁguration is shown schematically in Figure 2.1.
Here, a ﬂexible robot is pushed against a ﬂexible workpiece via a soft contact interface whose
dynamics must be identiﬁed. The machining stability can be improved by using an active vibration control device on the end effector. During the milling operation, preload will be applied
through the STAUBLI TX90 robot to stiffen the ﬂexible workpiece. It should be noted that
for the purposes of this proof-of-concept experiment, a nominal ’thin walled workpiece’, is replaced by a solid workpiece block that is mounted on a ﬂexure. The contact parameters which
are stiffness and damping ratio, between the end-effector that is hard rubber, and the ﬂexure are
identiﬁed by receptance coupling formula [9]. Parameters are identiﬁed when 240 N support
force is applied to the ﬂexure.

Figure 2.1: Actively Controlled Robot Arm for Milling
The workpiece and robot are modelled as single and three degree of freedom system, respectively. The combined system’s frequency response function (FRF) is calculated as;
F RFcombined = F RFpart − F RFpart (F RFpart + F RFrobot +
K  = k + iwc

1
)F RFpart
K

(1)
(2)

where F RFcombined , F RFpart , F RFrobot , k, c and w are the combined FRF, workpiece FRF,
robot FRF, contact stiffness, damping and the frequency, respectively.
As a ﬁrst step, ﬂexure and robot were tested using a modal hammer and accelerometer.
The ﬂexure FRF was measured at its midpoint. Since the robot’s stiffness varies due to the
conﬁguration, the robot was tested on the end-effector while the robot was not touching the
ﬂexure but very close to the measurement point. Then, the experiments were repeated with
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hard rubber supporting the workpiece at the middle point of the ﬂexure. The ﬂexure ﬂexibility
is improved 61% by utilizing preload through the robot as seen in Figure 2.2. Seeing that the
experimental contact is ﬂexible, the coupled system’s natural frequency is changed from 380
Hz to 399 Hz. The contact stiffness and damping are identiﬁed for ﬂexible contact as 4.5e5
N/m and 35.5 N s/m, respectively.
Also, the combined FRF is estimated for rigid contact. If the contact was assumed as rigid
contact, which can be provided with a metal castor end-effector presented by Barrios et. al. [10]
by using a different robot, natural frequencies would have been shifted close to robot’s natural
frequencies which are 32, 76 and 136 Hz.
10-5

1.8

Workpiece FRF
Robot+workpiece FRF
Robot FRF
Receptance coupling flexible
Receptance coupling rigid

1.6

1.4

Magnitude (m/N)

1.2

1

0.8

0.6

0.4

0.2

0
0

100

200

300

400

500

600

700

800

frequency (Hz)

Figure 2.2: Frequency Response Functions and Receptance Coupling Model
3

ACTIVE CONTROL AND SIMULATION RESULTS

Active control is simulated for robotic assisted milling by using an actuator as shown in
Figure 2.1. The direct velocity feedback (DVF) control system is selected as it is a model free
control method and easy to apply. Once it is implemented, only the gain needs to be adjusted.
An inertial actuator is chosen as this approach is easily deployed on the robot’s end effector.
3.1

Inertial Actuator

The inertial actuator seen in Figure 3.1 can be represented by a vibrating mass mp with a
damper cp and spring kp . The mass is excited by a electromagnetic force fa according to the
voltage input Vin . The transfer function between the mass displacement x and the voltage input
Vin can be written as,
x(s)
G1 G2
=
2
Vin (s)
ms + cs + k
where G1 is the electromagnetic gain and G2 is the power ampliﬁer gain [11].
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The transfer function between the reaction force fa and the voltage input Vin can be written
as,
fa (s)
−G1 G2 ms2
s2
=
= ga 2
Vin (s)
ms2 + cs + k
s + 2ζωp s + ωp2

(4)

where ωp is the natural frequency, ζ is the damping ratio of the actuator and ga is the actuator
gain [11].

Figure 3.1: Proof-Mass Actuator [12]
An inertial actuator which is a model of Micromega Dynamics, is used to perform the simulations. This actuator has a mode at 8.4 Hz and is capable of applying up to 45 N supporting
force up to 2000 Hz. Its transfer function [13] can be written as:
fa (s)
s2
=5 2
Vin (s)
s + 15.834s + 2785.6
3.2

(5)

Case Studies

In this section, 4 cases which show the effect of the actuator, actuator assembly point, and
effect of the contact parameters, are presented. Time domain solutions are solved by ODE 45
function within a Matlab environment. This function implements a Runge-Kutta method with
a variable time step for the time domain solution. Robot and workpiece are modelled as a three
and single degree of freedom, respectively. Model parameters and cases can be seen in Table
3.1 and Table 3.2.
Table 3.1: Model Parameters
Parameters

Value (kg)

Parameters

Value (N/m)

Parameters

Value (Ns/m)

M1
M2
M3
M4
Ma

32.8
21.6
21.4
0.748
1

K1
K2
K3
K4
K5
Ka

7.3e5
1.88e6
9.47e6
4.5e5
4.27e6
2785.6

C1
C2
C3
C4
C5
Ca

573
368
1210
35.5
25
15.83
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Table 3.2: Cases
Case Number

Explanation

Case 1
Case 2
Case 3
Case 4

Preloaded case, without actuator
Actuator on the end-effector, ﬂexible contact
Actuator on the end-effector, rigid contact
Actuator on the workpiece, ﬂexible contact

The ﬁrst case is uncontrolled and has a ﬂexible contact. Three degree of freedom robot
supports the workpiece. Vibration on the workpiece is suppressed by applying preload through
the robot. Its spring-mass model can be seen in Figure 3.2.

Figure 3.2: Flexible Contact Without Actuator
The natural frequency of the workpiece is shifted from 380 Hz to 399 Hz in this conﬁguration. The model natural frequency is calculated by Cramer’s rule [14]. The amplitude of the
workpiece is reduced by around 61%. This scenario matches the results already presented in
Figure 2.2.
Case 2 is with the actuator mounted on the end-effector seen in Figure 3.3. So as to carry out
the direct velocity feedback (DVF) control method, vibration of the end-effector is differentiated
to velocity and the velocity is multiplied with feedback gain to drive the actuator.

Figure 3.3: Actuator on the End-effector with Flexible Contact
The simulated FRF for this case is shown in Figure 3.4. The input force is implemented on
the end-effector and workpiece while output is measured on workpiece for both simulations.
Direct FRF (red dashed line) for the workpiece has only one mode at 399 Hz yet the cross FRF
(blue solid line) has two modes at 19 Hz and 54 Hz. In practice when the optimum gain limit is
exceeded, the system becomes unstable due to actuator nonlinearities such as force and stroke
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saturation. So, the optimum actuator gains were determined via simulations and the best case
scenario is presented in Figure 3.5. In the simulations, a sinusoidal excitation force of 100 N at
399 Hz, was applied to the workpiece to approximately represent the forces due to the milling
operation. Figure 3.5 shows the simulated workpiece response under these conditions. It can be
seen that the actuator cannot provide enough force to suppress the vibration on the workpiece
since the vibration on the end-effector is too small due to the ﬂexible contact. Consequently,
the actuator is ineffective and the workpiece vibrations are not suppressed.
Nevertheless, if the system is excited with 100 N at 19 Hz, vibration on the workpiece is suppressed by 23% shown in Figure 3.5b. Vibration on the workpiece is decreased up to feedback
gain g=800. Gain greater than 800 makes the system unstable due to the actuator nonlinearity.
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Figure 3.4: Frequency Domain Model for Case 2
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Figure 3.5: Workpiece Vibration for Case 2
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Case 3 is with the actuator on the end-effector with rigid contact (metal castor) as shown
in Figure 3.6. Since the vibration on the end-effector is equal to workpiece’s vibration, the
actuator can provide the vibration suppression on the workpiece. Rigid contact decreases the
natural frequencies to 34, 65, 160 Hz. All three modes are damped by active control.

Figure 3.6: Actuator on the End-effector with Rigid Contact
To excite the system a sinusoidal force which is 50 N at 65 Hz is applied. 65 Hz is the most
ﬂexible frequency for the workpiece. Actuator force varies from 13 N to 45 N for the gains: 100
(dashed red line), 500 (dotted yellow line), 1000 (dash-dot purple line), 2500 (solid green line)
and blue solid line is for the uncontrolled system shown in Figure 3.7. Workpiece vibration is
suppressed around 90% for the case 3. Since the maximum produced force by the actuator is 45
N, gain can be increased up to 2500 for this excitation force value. If the gain is selected greater
than 2500, the system will be unstable owing to the force saturation.
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Figure 3.7: Time Domain Model with Rigid Contact
Case 4 with actuator on the workpiece can be seen in Figure 3.8. The contact between the
end-effector and the workpiece is ﬂexible. In this case, the support is ﬁxed support since the
actuator is assembled directly to the workpiece. 50 N at 399 Hz sinusoidal excitation force is
implemented. Optimum gain is determined as 5000, yet the gain only can be increased to 150
owing to the actuator force limitation. Time domain result is shown in Figure 3.9. Actuator
force varies from 20 N to 45 N for the gains 10 (dashed red line), 50 (dotted yellow line), 100
(dash-dot purple line), 150 (solid green line). Vibration on the workpiece is suppressed around
90%. If the gain was increased up to 5000 without actuator force limitation, vibration on the
workpiece could have been suppressed around 99%.
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Figure 3.8: Actuator on the Workpiece
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Figure 3.9: Time Domain With Actuator on the Workpiece
All the cases are compared in regards of workpiece vibration whilst the robot applies the
preload to the midpoint of the ﬂexure. The effect of preload point can affect the results slightly,
which is given in the next section.
3.3

The Effect of Robot Position

The robot applied the preload to the midpoint of the ﬂexure in the previous section. The
ﬂexibility of the ﬂexure is improved 61%. However, if the robot applies the preload to the edge
point of the ﬂexure, the ﬂexibility is improved 51%. Case 4 results are compared for both robot’s
preload position and it is presented in the Figure 3.10. The DVF control method is applied with
the same gains (10, 50, 100, 150) to the case 4 for both robot’s position. In terms of controlled
vibration results, there is no signiﬁcant difference.
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Figure 3.10: Comparison of Robot’s Position Effect on Vibration Result
All cases are evaluated regarding vibration of the workpiece. By using active control through
the robot, the dynamic response of the structure can be improved signiﬁcantly. Contact parameters and the actuator assembly point are very critical in order to get a well damped and stable
system. Selection of the end-effector and the actuator assembly point must be taken into consideration for further applications. From a machining context the implications of this vibration
suppression can be considered from the perspective of the chatter stability. This is considered
in the next section.
4

STABILITY LOBE DIAGRAM

Selection of proper axial depth of cut and spindle speed is important to avoid chatter vibrations [1]. Stability lobe diagram is often used to select optimal parameters so as to improve
productivity. The stability lobe diagram is estimated for the robot conﬁgurations described in
Section 3 in order to demonstrate the performance improvement that can be obtained from a
manufacturing context.
The stability lobe diagrams were obtained using Budak and Altintas’s method [15]. Details
of this approach are outside the context of the current contribution, but the theory and method is
widely reported elsewhere [1,15]. Down milling was a assumed, with a 20 mm diameter 4 tooth
tool and a radial immersion of 3 mm. The workpiece was assumed to have a cutting stiffness
of Ks=796e6 N/m2, Kt=768e6 N/m2, corresponding to Al-7075-T6 material. With reference to
Figure 4.1, ﬁve scenarios are shown:
• Flexible workpiece without active control and preload (blue solid line)
• Case 1: With preload which is implemented through the robot arm (red dashed line)
• Case 3: With the actively controlled robot arm by the inertial actuator on the end-effector,
rigid contact (for g=150 dotted green line, for g=2500 purple dash-dot line)
• Case 4: With the actively controlled robot arm by the inertial actuator on the workpiece,
ﬂexible contact (for g=150 black solid line)
SLD is not developed for case 2 since the FRF was no improved in this scenario.
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Figure 4.1: Stability Lobe Diagram
Comparison of the limiting (min) depth of cut for each cases can be seen in Table 4.1.
Table 4.1: Comparison of the Limiting Depth of Cut blim
Cases

blim (mm)

Uncontrolled, Without Preload
Case 1, Uncontrolled, With Preload (240 N)
Case 3, Controlled, Actuator on the End-Effector, Rigid Contact, g=150
Case 3, Controlled, Actuator on the End-Effector, Rigid Contact, g=2500
Case 4, Controlled, Actuator on the Workpiece, g=150

0.29
0.74
4.38
33.09
11.58

As seen in Figure 4.1 and Table 4.1, the depth of cut is increased around 2.5 times with
preload through the robot arm. To achieve greater depth of cut, active vibration control is
applied. The greatest depth of cut is achieved when the actuator is assembled on the endeffector with rigid contact, gain=2500. However, when the actuator is mounted directly onto
the workpiece, the depth of cut is improved more than when the actuator is mounted on the
end-effector.
5

CONCLUSIONS

The purpose of the current study is to determine the dynamic response improvement in
milling operation by using an actively controlled robot arm. The concept is evaluated in terms
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of the contact type between the robot, workpiece, and actuator. Direct velocity feedback (DVF)
control method is performed in order to improve the dynamic response. It is concluded that the
actively controlled robot arm can improve the productivity of the milling process by decreasing
the vibration on the workpiece.
In the conducted simulations, workpiece vibration is damped around 61% by applying preload
through the robot to the midpoint of the ﬂexure. An inertial actuator is mounted on the endeffector and the workpiece for different cases to compare the effect of the actuator assembly
point on the dynamic response. An actuator on the end-effector with ﬂexible contact cannot
improve the dynamic response of the workpiece except at low frequencies. However, when the
actuator is assembled on the end-effector with rigid contact, the vibration on the workpiece is
signiﬁcantly decreased to around 90%. If the actuator is mounted directly onto the workpiece,
rather than via the robot, then the workpiece vibration decreases by around 90%. Similar performance improvements can be observed in the so-called stability lobe diagram for a machining
scenario. To summarise, the work has proved the concept of using a robotically assisted active vibration control system, for the machining of ﬂexible workpieces. It has been shown via
simulations that improved machining stability can be achieved even when accounting for the
ﬂexibility of the robot and the workpiece to robot contact.
As future work, all the simulations will be validated by experimental study. Direct velocity
feedback control method will be compared with more sophisticated control methods such as
PID, LQG, LQR and H∞ . Finally, different end-effectors can be designed to compare the
contact parameter effect on the chatter stability.
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Abstract. Building codes for seismic resistant design of building structures generally include
requirements for imposing an “accidental” torsion response. Methods for incorporating such
effects into the analysis are ad-hoc at best and have not changed significantly over the past 50
years. This is despite the tremendous advanced in analytical and computational capabilities
over the same period. The current building code methodology for including accidental torsion
depends on the analytical method. For linear static approaches, lateral forces are applied at
an eccentricity that depends on the sensitivity of the system to torsional effects. Where modal
response spectrum analysis (MRSA) is used, the torsion may be included by imposing a mass
offset or adding the accidental torsion as in linear static analysis. Where linear or nonlinear
time history analysis is utilized, the mass offset approach has been used almost exclusively.
In a recent report published by FEMA (FEMA P-2012), it was found that the dynamic mass
offset procedure could produce grossly unsafe designs relative to the static load approach for
torsionally sensitive systems. For this reason, it was recommended that the mass-offset approach not be used in MRSA or in linear time history analysis (LTHA) for systems with extreme torsional irregularities. A recent supplement to ASCE 7-16 included the restriction on
MRSA but not on time history analysis. In this paper, the mass-offset approach for including
accidental torsion in the dynamic analysis is evaluated in detail and compared with the static
analysis for different building configurations. It was found that for the analyzed buildings,
MRSA predicts well the demands obtained using LTHA, and hence, the prohibition of the
mass offset approach for accommodation accidental torsion should be extended to response
history analysis.
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1

INTRODUCTION

Current codes and standards such as the ASCE 7-16 [1] provide three approaches that can
be used to perform a seismic structural design considering accidental torsion in buildings using linear analyses. The first approach implemented uses the equivalent lateral force (ELF)
procedure, the second one uses modal response spectrum analysis (MRSA), and the third uses
linear time history analysis (LTHA).
The ELF procedure uses a linear static analysis to represent the seismic force distributed along the building´s height. This procedure concentrates the seismic loads at the center of
mass of each floor. In addition, if the building is torsionally irregular, accidental torsion is included in two steps: 1) moving the applied load to an eccentricity of 0.05 times the building
width perpendicular to the direction of loading, 2) amplifying the effect if the torsion is considerable. The amplification factor Ax is calculated using equation (1), The factor is computed
using the maximum (Gmax) and average displacements (Gavg). The amplification factor need not
be taken as less than 1.0, and has an upper limit of 3.0.
Ax = (Gmax/1.2Gavg)2

(1)

The modal response spectrum analysis uses the modal shapes of the structure to calculate
its dynamic response. When this procedure is used, two methodologies are proposed to incorporate accidental torsion if the structure is torsionally irregular. The first one consists in adding accidental torsion to the modal response as a static load. For this purpose, the modal
analysis is carried without a mass eccentricity. The second method, which is commonly used,
is to explicitly incorporate the eccentricity in the dynamic properties of the model by applying
a mass eccentricity to the building so the effect of accidental torsion is inherent.
The linear response history analysis approach uses ground motions scaled to the design spectrum to calculate the building’s response. Accidental torsion is explicitly included by
moving the center of mass. This approach demands more computational resources than the
previous ones but has certain advantages, such a retaining the signs of the computer response
quantities.
In a recent report, FEMA P-2012 [2], it was found that the dynamic mass offset procedure
could result in unsafe building designs relative to the static load approach for torsionally sensitive systems. Similar findings were reported in De la Llera and Chopra (1994) [3]. FEMA
P-2012 recommends that the mass-offset approach not to be used in linear dynamic analysis.
However, a 2019 update to ASCE 7 included the prohibition for modal response spectrum
analysis but not for linear response history analysis. Thus, the main focus of this paper is to
establish differences in responses when the mass-offset approach is used in ELF, MRSA and
LTHA. First, displacement and rotation demands are computed using the ELF and MRSA approaches in a series of one-story buildings with different configurations. Then, the paper studies the pertinence of MRSA to capture the same demands produced in the LTHA and,
therefore, note a contradiction in that recommendation regarding the prohibition of MRSA for
torsional sensitive buildings in ASCE 7.
2

METHODOLOGY

The FEMA P-2012 recommendations state that the difference between the ELF and the
MRSA is critical under torsionally sensitive buildings. Therefore, to compare both design
methodologies three-dimensional models with different plan ratios (PR) and lateral system
distributions were used. The models are based on a previous torsional research building stud-
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ied by Flores et al (2018) [4], which consists of a 9-story building with buckling restrained
braces (BRBs) as a lateral resisting system. However, in this research, only the top floor was
taken as a one-story building, varying the lateral system positions as seen in Figure 1a to investigate different torsional irregularities. The element sections are shown in Figure 1b. Also,
the archetype present leaning columns uniform distributed on the building area to capture geometric second-order effects.

a)

b)
Figure 1 a) Plan View and b) elevation view

The mass of the building was assigned with lumped masses distributed according to Figure
2, and each node on the grid had a lateral mass only acting in each direction (i.e. North-South
and East-West). The rotational mass moment of inertia was generated automatically by linking all nodes with a rigid diaphragm. In order to consider accidental torsion, a portion of the
mass was shifted from the left to the right side, so each side sum (1-x)M/2 and (x)M/2, respectively. The value for x was chosen as 0.50 and 0.60, giving rise to eccentricities of 0% and 5%
respectively. The total mass assigned to the structure was calculated to obtain a fundamental
period of 1 second approximately on each lateral direction for merely academic purposes.

Figure 2 mass shifting eccentricity

With the base archetype configuration, several models were developed varying the plan ratio (PR) and the position of the North-South lateral system (NS-LS) respect of the building’s
length (L). Meanwhile, the East-West (EW) plan dimension and the lateral resistant system
remains invariant for all the models. Three PR ratios were used: 2 to 1, 3 to 1, and 4 to 1. In
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addition, several positions of the NS-LS were considered which are defined by the parameter
α, where α represents the distance of the NS-LS from the geometric center. It is necessary to
clarify that the positions of the NS lateral system are always symmetric respect to the geometric center. It means that when α is equal to 50%, the NS lateral system will be located at the
perimeter, while for α equal to 0%, the NS will be located at the geometric center.
The three-dimensional elastic models were implemented using the software OpenSees [5].
Also, the models consider a 5% Rayleigh damping ratio applied on the 1 st and the 3rd modes
of the structure. The damping ratio was selected to be consistent with the design spectrum that
uses a 5% target damping.
2.1

Equivalent Lateral Force vs. Modal Response Spectrum Analysis.

The previously defined models were used to determine the differences in design parameters and demands between the equivalent lateral force (ELF) and the modal response spectrum
analysis (MRSA) design approaches. The equivalent lateral force (ELF) procedure was performed with a concentrated load corresponding to the weight of the structure (W) times the
spectral acceleration (Sa(T1)) consistent with the NS translational mode (i.e. 1sec.). Initially,
the load was applied to an eccentricity of 5%, then at an eccentricity of Ax times 5%. Meanwhile, modal response spectrum analysis (MRSA) was performed using all the modes of the
building (three), with a CQC modal combination. The design response spectrum corresponds
to a Dmax seismic risk as defined in FEMA P-695 [6] with a maximum spectral acceleration
(Sd) of 1.0, and a one-second acceleration (S1) of 0.6.
One of the initial considerations of building design is to determine if the building has torsion irregularities. The ASCE 7-16 uses the maximum story drift at a building’s edge and the
average story drift given a static force applied at 5% eccentricity to evaluate torsional irregularities. FEMA P-2012 defines this ratio as the Torsional Irregular Ratio (TIR). ASCE 7-16
also allows calculating the TIR with the MRSA as established in the commentary (i.e. performing a combination of the maximum and average drift for each mode). Therefore, the TIR
is calculated with both methods to assess the differences under a variety of building configurations.
After computed and compared the TIR, the demands of the ELF analysis were adjusted
with the amplification factor Ax to increase the torsional effects, calculated with the equation
(1). The ELF final demands and the demands obtained with the MRSA were compared in
terms of the maximum displacement reached in the NS direction and the maximum rotation of
the rigid diaphragm. This evaluation was carried to study the initial statement of the FEMA P2012 that MRSA leads to unconservative design for torsional sensitive buildings, and extend
the study to rotational demands as a new indicator of torsional effects.
2.2

Modal Response Spectrum Analysis vs. Linear Time History Analysis.

Once the difference between the ELF and the MRSA was assessed, a comparison between
the latter one and the linear time history analysis (LTHA) was performed. The demands were
assessed in terms of the NS displacements and the rotation of the rigid diaphragm as well to
make comments on the FEMA P-2012 recommendation about limiting the use of linear dynamic analysis.
The LTHA was conducted using 11 ground motions obtained from the Far-Field dataset
provided by the FEMA P-695 document that represents a Dmax seismic risk corresponding
with the design spectrum used in the previous analyses. The 11 ground motions were matched
to the spectrum using a spectral matching process [7] to reduce the variances between the
ground motion response spectrum used for the LTHA and the design response spectrum used
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for the MRSA. In the comparisons, the LTHA demands were considered as the average response of the 11 ground motions following the ASCE 7 code methodology.
3
3.1

RESULTS AND DISCUSSIONS
Response comparison RSA vs Static

First, the Torsional Irregular Ratio was calculated using the static method and the dynamic
MRSA. The results for plan ratios 2, 3 and 4-to-1 for different locations of the NS-LS are
shown in Figure 3a. It can be seen that TIR calculated with the static method increases when
the NS-LS is moved towards the CoR. This is consistent with the figure shown in commentary C12.8.4.3 of ASCE 7-16, which shows the torsional amplification factor. However, when
calculating the TIR with the MRSA, this value does not necessarily increase when the NS-LS
is moved toward the center. This happened due to the dynamic properties when the mass is
shifted to one side as will be explained in the following subsections.
Additionally, Figure 3b shows the torsional amplification factor Ax that was used to increase accidental torsion for the static method in the models. It has to be mentioned that the
dynamic methods do not need to increase the demands with their corresponding A x as is mentioned in the newest code version (ASCE7-16).

a)

b)

Figure 3 a) TIR calculated using ELF and MRSA and b) Torsional Amplification Factor for ELF

Figure 4 shows the drift's demands measured at the North-East and North-West corners
(NE and NW, respectively) of each building configuration. Additionally, it shows the maximum drift envelope for MRSA. It should be noted the sensitivity of the demands to the location of the NS-LS and the plan-ratio. For the static method, the drift demands increase when
the NS-LS is moved towards the center, and that increment rate is greater when the plan-ratio
is larger. On the other hand, for MRSA, the drift demands start to increase when the NS-LS is
moved towards the center but it reaches a point where the demands tend to stabilize or even
decrease as happened with the TIR. Additionally, it should be noted that the increment rate
remains almost the same for all building plans which drastically differs from the ELF.
Thus, it can be said that models with NS-LS at the perimeter have similar maximum responses for both methods despite their plan ratio. In contrast, when the NS-LS was moved
towards the center, the calculated demands start to differ, especially for longer plan ratios (e.g.
4 to 1 plan ratio). Therefore, it can be inferred that a design based on the ELF will end up with
more robust elements. This is congruent with [3] and helps to explain the findings stated in
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[2], [8], where buildings designed with ELF had a better collapse performance than buildings
designed with MRSA.

Figure 4 ELF and MRSA maximum corner displacements

Since the MRSA gives only positive results, using displacements can bias the evaluation of
torsional effects. However, the diaphragm rotations can help to evaluate the torsional effects
on buildings modeled with a rigid diaphragm. Rotation demands for ELF and MRSA are
shown in Figure 5.
Once again, the ELF produces demands that increase with greater plan-ratios and NS-LS
located towards the center. In the case of MRSA, the rotation demands increase until a given
configuration and then start to decrease, similar to drift demands. It is also seen that the rotations produced by MRSA decrease with greater plan ratios, contrary to the behavior of ELF.

Figure 5 ELF and MRSA maximum diaphragm rotations

3.2

Response comparison LTH vs RSA

As seen before, for models sensitive to torsional effects (low alphas and larger plan ratios),
the MRSA produced lower demands than the static method. This could be the reason why
ELF designed buildings have a better collapse performance when compared to buildings designed with MRSA. However, it does not mean that the MRSA underestimates the elastic demands produced in those models in relation to LTH as it will be shown in this section. Figure
6 shows the maximum drift for the NE and NW corners resulting from MRSA and LTH with
mass shifted 5%L to the east side. It is seen that both methods give similar absolute maximum
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results. It could have been expected that when the mass is shifted into the east direction, the
NE corner will have larger forces and therefore larger displacements as happens on the ELF.
In agreement, the NW corner will have fewer demands and displacements. However, it can be
seen that once a certain location of the NS-LS is reached, a different behavior occurred and it
can be explained with the interaction of the modes and their participation factors. That mode
interaction causes that for torsional sensitive configurations (i.e. with the NS-LS located toward the center) the opposite corner is subjected to higher demands. This involves that, for a
given location (i.e. α=20-25% for the analyzed building) the maximum demands for both corners are the same. In the case of MRSA, the sign and the time when maximum demands occurred are lost. This can cause a misinterpretation that there are not torsional effects, and if
the TIR is calculated based on the average of those values rather than the average at each
mode as explained in the ASCE commentary, there would be a TIR of 1.

Figure 6 LTH and RSA maximum corner displacements

It must be noted that those maximum drifts don’t happen at the same time as can be assessed in LTHA. Thus, when the maximum drift is reached at one of the corners, the other
corner is subjected to fewer drifts than what is predicted in MRSA due to the loss of sign and
time of events. This is illustrated in Figure 7 where the maximum displacements for both
methods are equal but the demands of the opposite edge differ when time and sign are accounted in LTHA. When the MRSA predicts the same maximum displacement for both corners (i.e. α=20-25%), LTHA shows the bigger differences between them, even reaching
displacements with different signs.
This phenomenon was studied by tracking the rotations to evaluate whether there were torsional effects or not, and in fact, it was found that the point where both corners have the same
maximum displacement, the diaphragm rotation reaches its maximum value as shown in Figure 8. So, it must be noted that the maximum displacements were reported, however, they do
not occur at the same time. Under this circumstance, the RSA could not be effective if torsional effects are predicted by only having the displacements as a reference but the diaphragm
rotation can work as a new parameter to account for torsional effects. Once again, it is seen
that both methods give almost the same results (of course, RSA requires less computational
effort).
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Figure 7 LTHA and RSA maximum corner displacements and displacement of the opposite corner

Figure 8 LTH and RSA diaphragm comparison

Now, going a step further to explain why the NW corner increased its maximum displacements, the modal shapes and participation factors for some models are shown in Figure 9. It is
clear that when there is no eccentricity, each mode is purely translational or rotational (i.e. the
participation factors are 100% in NS, EW or rotation). Then, when a 5% mass offset is added,
there cannot be identified a purely torsional and translation mode, instead, the 1st and 3rd
mode are a mix of them and it is reflected in the participation factors. For configurations
where the NS-LS is located towards the perimeter (e.g. α equal to 0.5), the 1st mode takes over
the NS translation while the 3rd mode takes over the torsional component. The opposite happens when the NS-LS is moved towards the center; the 1st mode starts to control the torsional
response while the 3rd mode controls the NS translation. However, this implies that for some
configurations, the 1st and 3rd mode shares almost the same participation over translation and
torsion as happens when α is set between 0.25 and 0.30 for plan ratio 4 to 1. In this last case,
the 1st mode generates a larger translation in the east corners while the 3rd mode generated
larger translation in the west corners and since its period and participation are almost the same,
the displacements are also similar. That is why it could be misinterpreted that since both displacements are similar, there would not be rotation when actually that is when the maximum
rotation is reached due to the combined effects of modes. In the case of the 2 nd mode, it always remains as translational in the EW direction.
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Figure 9 Modal response analysis for Plan Ratio 4 to 1 with different alpha values

4

CONCLUSIONS

The linear dynamic behavior of a structure differs from the static behavior; thus drifts and
rotation demands are dependent on the method that was used.
x Starting with TIR, the static method shows an increment of the TIR when the NS LS is
moved towards the center. However, MRSA causes the TIR to saturate once a given configuration is achieved, making the TIR decrease despite the NS LS is moved to-wards the
center.
x Additionally, TIR calculated with static method increases for greater plan ratios for all
values of alpha. MRSA produces the same behavior of the TIR but only for large values
of alpha (greater than 25) before they saturate. For low alpha values, the TIR in MRSA
can even decrease for greatest plan ratios but there is not much difference within the plan
ratios.
x For larger values of alpha (greater than 25), the TIR calculated with MRSA is greater
than the TIR calculated with the static method. It was also noted that after the saturation
point, values of TIR calculated with the static method can be great than those computed
with MRSA, especially for larger plan ratios.
x For large values of alpha, drifts calculated with MRSA are greater than those produced
by the static procedure. However, for low alphas, the static procedure caused greater
drifts demands even without the torsional amplification factor (Ax). Once again, the differences are more notorious for larger plan ratios.
x In terms of diaphragm rotations, both methods cause different behaviors. For the static
procedure, rotations increased when alpha values decreased while for MRSA rotations
increase up to the saturation point following what it was seen for the TIR. Additionally, it
can be seen that the static method causes larger rotations for larger plan ratios. However,
the MRSA behaves like the opposite; fewer rotations are expected for larger plan ratios.
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This would lead to misinterpretations of the indirect forces that the orthogonal lateral
system will receive due to torsion.
Linear time history analysis demands can be predicted with MRSA for all the configurations under analysis.
x The major differences between MRSA and LTH drifts and rotation demands were seen in
torsional sensitive configurations (lower alphas). However, MRSA allows predicting
well the demands obtained in the LTHA analysis for the prototype under study. This implies that further comments or recommendations about the mass-offset technique must
apply to MRSA and LTHA in the same manner.
x Maximum rotations are reached in configurations where the modal participation factors
for a 5% mass offset, in each degree of freedom, are not concentrated in one mode only.
This also happens to be the configuration where both opposite edges reach the same maximum displacements.
x For configurations with large values of alpha (e.g. less torsional sensitive configurations),
the displacement demands produced in the edge closer to the shifted center of mass are
larger. However, due to dynamic characteristics, for low alpha values, after the saturation
point, the edge in the opposite direction to the mass offset has larger displacement demands. This contra intuitive result that occurs due to inertial forces present in dynamic
analyses.
x The torsional behavior of a structure can be evaluated using RSA despite it gives positive
results only. For the purpose, not only drift demands must be evaluated but diaphragm
rotations. It can also help to avoid results misinterpretations due to the loss of sign and
time occurrence associated with MRSA. Regarding this topic, more work should be done
to use the diaphragm rotations and edge lengths to be an indicator of the torsional effects.
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Abstract. The structural coupling technique originated in the USA in the 70's, when Klein et
al. [1] connected two adjacent structures through wire ropes to prevent pounding between
them. This technique has been shown to be efficient not only to prevent the pounding phenomenon, but also to control the amplitude of vibration of coupled structures and to avoid possible severe structural damage caused by earthquakes or strong winds. The study of random
vibrations arose from the need to assess the reliability structures that operate in a random
environment. Stochastic dynamic analysis aims to evaluate the response of dynamic systems
subject to stochastic inputs. One of the main premises of this analysis is to consider that the
structure is known and deterministic, that is, its properties are not subject to random variations. The structure excitation is managed through probabilistic properties, generating the
problem response as a function of variances. Thus, this paper aims to evaluate the difference
between the deterministic and stochastic response in two adjacent structures, when using the
structural coupling technique for vibration control. In addition, a parametric analysis is performed in order to verify the importance of the soil and filter parameters applied in the state
matrix, in the stochastic analysis. Adjacent building models are used considering the shear
frame structure behavior. The dampers that connect the structures are passive and their positions, quantities and mechanical properties are optimized by the particle swarm algorithm, in
which the excitation in deterministic analysis is provided by the acceleration record of the
1940 El Centro earthquake. For stochastic excitation, a Gaussian stationary random process
is used, in which it is applied through a filter, applied directly on the coupled system state
matrix. The deterministic results of the uncoupled structures indicated the importance of
choosing the base acceleration used as excitation in dynamic models. Reductions in vibration
amplitude of up to 60% were observed. In the stochastic analysis, the reductions in floor vibration amplitude remained in the 50% range both structures. It has been seen that there are
considerable differences when using deterministic analysis and stochastic analysis. However,
the use of coupling structural control technique increases the system reliability.
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1

INTRODUCTION

The first researches on the structural coupling technique were carried out in the United
States, in the 70s, when Klein et al. [1] connected two adjacent structures using steel cables,
in order to avoid pounding between them. Later, Klein and Healy [2] developed an algorithm
for semi-active control and found that to ensure that the system is controllable, the natural
frequencies of adjacent buildings should be different. From these works, several researches
were developed using the coupling technique, evaluating several control devices in the connection between the buildings [3-9].
The studies of random vibrations arose from the need to evaluate the reliability of structures that operate in a random environment. As examples, we can mention: winds in tall
buildings and bridges, waves of the sea, earthquakes in civil structures, acceleration in satellites, among others [10]. A stochastic process, or a random process, is a mathematical model
of a dynamic process in which dependence on the parameter time (t) is governed by probabilistic laws [11].
Stochastic dynamic analysis aims to evaluate the response of dynamic systems subject to
stochastic inputs. One of the main premises of this analysis is to consider that the parameters
of the structure are known and deterministic, that is, its properties are not subject to random
variations. The excitation of the structure is managed through probabilistic properties, generating the response of the problem as a function of variances. Thus, it is possible to assess the
reliability of the analysis and work, for example, with the probability of failure of a given system.
The objective of this work is to optimize the parameters of viscofluid dampers that connect
two adjacent buildings through the deterministic dynamic response and the stochastic response, in order to verify the difference in the optimization results. Afterwards, a study is carried out on the importance of the parameters of the soil and filter, applied in the stochastic
analysis, in the damping constant of the viscofluid dampers.
2

METHOLOGY

The models of adjacent buildings are considered to have shear frame behavior. The connection devices are of the passive type, and their positions, quantity and mechanical properties,
are optimized through the particle swarm algorithm. In the deterministic analysis, an excitation provided by the acceleration record of the 1940 El Centro earthquake is used. In the stochastic analysis, a random Gaussian stationary process is considered and applied through a
filter, used directly on the state matrix of the coupled system. This improved matrix contains
soil and filter parameters.
3

MATHEMATICAL FORMULATION

The mathematical formulation for adjacent coupled buildings with deterministic base excitation is based on studies [7, 8, 12-13]. For stochastic excitation with white noise as an input,
the formulation is based on studies [14-18].
3.1

Adjacent Coupled buildings

The adjacent buildings are considered as shear frame structures in this work, that is, the entire mass on the floor is considered concentrated in the beam, in which it is infinitely rigid in
relation to the columns. In this way, rotations in the nodes are prevented and the stiffness of
the structure is provided by the columns. The distance between the buildings is enough to install a connection device, however, it is not considered in the calculations. The type of control
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used is a linear viscoelastic damper, that is, a device classified as passive. Finally, the movement of the ground is uniform in both structures.
floors and the
Let the coupled models shown in Fig.1 in that the structure 1 contains
structure 2, floors. The mass, stiffness and damping properties of buildings have, respec, , , in which, indicates the floor number and the building
tively, the values of
. The springs and dampers of the control system have the mechanical properties
(
and , being the floor on which the elements are situated. Both structures are excited by
and
are the displacements of models in
acceleration in the ground . Lastly,
the time domain. Thus the velocities and accelerations are, respectively,
,
,
and
. The free-body diagram is shown in Fig. 2.

Figure 1: Model for adjacent coupled buildings.
Structure 1

Structure 2

Figure 2: Free-body diagram.

Applying Newton's second law, the equation of motion for the coupled system is as follows:
(1)
,
and
are the mass, damping and stiffness matrices of the coupled sysIn which:
tem, respectively; the vectors
,
and
d
are the ones that contain the values of
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accelerations, velocities and displacements, respectively, in the two structures;
is the external force vector, which in this case is the acceleration in the base.
One way to represent the above equation is by state-space. In this way, the second order
differential equation (Eq. 1) is transformed into a set of first order equations. For a structural
system, the state variables are displacements and velocities. If a system contains degrees of
first order equations. The state vector
is then given
freedom, then it is separated into
by:
(2)
And the first order equation is given by:
(3)
In which:

(4)

Matrix is the system state matrix, the vector represents the disturbance vector. Being
the system output matrix, the structure response can be obtained as:

(5)

3.2

Stochastic response in State-Space

In this formulation, it is considered that the system disturbance is given by a random process of white noise of average zero with power spectral density function (PSDF) of constant
intensity . The covariance matrix of
is given by:
(6)
where
is the expectation operator and is the
element of the vector
As the process is random and it is considered white noise with zero mean, then
the following differential equation:

.
satisfies
(7)

Where
except

is the covariance matrix between the state and the excitation vectors and
.
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Still, considering that the excitation is stationary, is independent of time, so the stationary solution of Eq. (7) can be obtained by solving the Lyapunov matrix equation:
(8)
When using the PSDF to represent a stationary Gaussian random process
used a white noise filter
through two linear filters:

, can be

(9)
In which , , and are soil parameters (sub index g) and filter parameters (sub index f). Equation (9) lead to the following PSDF described by Clough and Penzien [15]:

(10)

Being the intensity of the process. The stochastic response of the structure is obtained
through Eq. (8), in which the state vector
, the improved state matrix A (with the addition
of the filter), are:
(11)
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(12)

with dimensions
are
The elements of the covariance matrix
except
.
With the covariance matrix it is possible to obtain the standard deviation of root mean
square (RMS) values of displacements
through:
(13)
where

is a transformation matrix, which for this case, has the form:
(14)
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For a given stochastic excitation, the maximum displacement can be obtained through the
peak factor ( . Studies by Der Kiureghian [14], indicate that the maximum displacement
(
is obtained as follows:
(15)

Where
is the maximum standard deviation of the displacements obtained in the stochastic analysis. In the second equation, it is the modified mean zero crossing rate and the duration of the excitation. For a degree of freedom (SDOF) system subject to white noise as
excitation at the base is given by:
,
(16)

In the above equation is zero-crossing rate of the response, and are the natural frequency and damping ratio of the SDOF structure, respectively. For multiple degrees of freedom, the natural frequency and damping rate of the dominant vibration mode should be used.
Thus, the maximum displacement is given by:
(17)
3.3

Particle swarm optimization (PSO)

The PSO was used to obtain the positions, quantity and optimum properties of the dampers
in the analysis. The PSO algorithm was developed by Kennedy and Eberhart [19] and is based
on a population of individuals that adapt and stochastically return to previously well-defined
regions.
The objective function used is formed by two parts. The first consists of minimizing the
square of the RMS of the maximum interstory drift of the two adjacent buildings (Eq. 17).
The second is intended to decrease the value of the sum of squares of these RMS (Eq. 18).
(18)
(19)
(20)

°{'}ij
® j
°̄{'}i
where
(

j

xi

1  i d nnpavimentos
floor

x i  x i 1
j

j

(21)

is the vector that contains the RMS of the interstory drift of each building
and is the RMS of the absolute displacement calculated on each floor.
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4

NUMERIC STUDY

One model of adjacent structures was chosen, containing the largest, 8 floors and the
smallest, 4 floors, as shown in Fig. 3.

Figure 3: Models of adjacent buildings.

Acceleration/g

The floor mass considered is mij = 30 t, floor-to-floor height Hij = 3.0 m and stiffness per
floor kij = 12.58 MN/m. The damping matrices were calculated using the Rayleigh method,
considering a 3% damping ratio for all modes. In the deterministic analysis, accelerations on
the ground of the 1940 El Centro earthquake were used, whose record of accelerations is
shown in Fig. 4.

Figure 4: Record of 1940 El Centro earthquake accelerations.

The stiffness and damping values of the connection device between adjacent buildings vary
from zero to 10.106 Ns/m. These devices are based on passive dampers available on the market (Taylor Device, Inc).
On first stochastic analysis, for comparison with the deterministic analysis, Clough and
Penzien's PSDF was used, as described in Eq. (10). The soil parameters are based on the work
of [20-22] and are described in Table 1.
(rad/s)

(rad/s)
0.5

0.6

0.6

Table 1: Parameters of PSDF.

For the process intensity , a value suggested by Clough and Penzien [15] representing
the NS component of the 1940 El Centro earthquake was used, and has the value of
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. Fig. 5 shows the spectrum using the parameter values described
above.

Figure 5: Clough and Penzien PSDF.

5

RESULTS AND DISCUSSIONS

The results are separated into two parts. The first part presents the results of the comparative analysis of the performance of the control technique by structural coupling using deterministic and stochastic analysis. The second part presents the results of the parametric
analysis of the influence of soil and filter parameters on the structural coupling technique performance using stochastic analysis.
5.1

Comparative study

The first two natural frequencies ( ) in both structures are shown in Table 2. In parenthe.
ses are the frequencies in Hertz, where
First frequency
Second frequency
Structure
(rad/s)
(rad/s)
1
3.78 (0.60)
11.21 (1.78)
2
7.11 (1.13)
20.48 (3.26)
Table 2: Natural frequencies of adjacent structures.

In this stage, three analyses are performed. The first analysis (RMS-D) consists of optimizing the parameters of the viscofluid damper, which connects the two structures, through a deterministic analysis using the objective function of Eq. (20). In the second analysis (RMS-S),
optimization is performed through stochastic responses with the same objective function as
the first analysis. In the third analysis (MD-D), optimization is performed, in a deterministic
analysis, with the objective function (Eq. 20) modified. The values of (Eq. 18 and Eq. 19)
are now the absolute values of interstory drift and no longer the RMS of those displacements.
The Eq. (20) with absolute values of interstory drift is used by [7, 9, 12]. The results of optimization are shown in Table 3. Table 4 shows the results of the interstory drift RMS. The
results of the maximum interstory drift are shown in Table 5 and the maximum displacement
values are shown in Table 6. The values in parentheses are those of the coupled system.
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Damping
Position
Constant
(floor)
(Ns/m)
0.00052986 1,816,143.80
3
0.00038953 305,282.23
1 and 4
0.004551
505,569.80
1 and 4
Objective
Function

Analysis
RMS-D
RMS-S
MD-D

Table 3: Optimization results.

Analysis

Structure

RMS-D

1
2

RMS
Interstory Drift (mm)
13.38 (6.95)
16.40 (6.25)

RMS-S

1
2

17.70 (8.39)
25.50 (7.10)

53%
72%

MD-D

1
2

13.38 (6.95)
16.40 (5.87)

48%
64%

Reduction
48%
62%

Table 4: RMS of Interstory drift results.

Analysis

Structure

RMS-D

1
2

Maximum
Interstory Drift (mm)
37.65 (21.91)
60.57 (24.22)

RMS-S

1
2

48.06 (22.81)
37.20 (19.28)

52%
48%

MD-D

1
2

37.65 (22.25)
60.57 (23.83)

41%
61%

Reduction
42%
60%

Table 5: Maximum Interstory drift results.

Analysis

Structure

RMS-D

1
2

Maximum
Displacement (m)
0.180 (0.134)
0.176 (0.077)

RMS-S

1
2

0.255 (0.133)
0.106 (0.059)

48%
44%

MD-D

1
2

0.180 (0.132)
0.176 (0.078)

27%
56%

Reduction
26%
56%

Table 6: Maximum displacement results.

For the uncoupled system, in the deterministic analysis, the structure 2 has a greater amplitude of interstory drift than the larger structure (structure 1) and also, both have similar max-

4609

Augusto Pippi, José Luis Brito, Suzana Avila, Graciela Doz

imum amplitudes. This is due to the energy content in the frequency range of the 1940 El
Centro earthquake, as shown in Fig. 6.

Figure 6: Power density function of the 1940 El Centro earthquake [23].

Stochastic analysis resulted in more economical dampers when compared to deterministic
analysis. Also, the maximum displacements are higher (29%) for structure 1 and smaller (66%)
for structure 2, in comparison with the deterministic analysis. Even so, the efficiency of the
coupling technique was better in the stochastic analysis, in which the randomness of earthquakes is considered.
5.2

Parametric study

This study aims to verify the influence of the soil and filter parameters, applied in the state
matrix (Eq. 12), on the damping coefficient (C³) of the dampers. The parameters are
,
, e . Each parameter was varied one by one, keeping the other three constants with
values described in Table 1.
The results for natural soil frequency
are shown in Fig. 7. The parameter was varied
from 0.1 to 10 Ǥ

Figure 7: Influence of the

on the damping coefficient.
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There is an influence of the soil natural frequency in the optimization of the damper. The
C³ value changes around 300,000 Ns/m, close to the answer of the previous comparative study.
This means that this parameter generates a little variation in the optimization, that is, its values are not significant in the analysis. The number of dampers varied between 1 and 2. For the
filter frequency , the results are shown in Fig. 8. The frequency was varied from 0.1 to
10 Ǥ

Figure 8: Influence of the

on the damping coefficient.

The filter frequency generated a more intense variation on the damping coefficient. Thus, it
is important that the frequency is carefully chosen, since this parameter strongly influences
the dampers that connect the two structures.
The responses for the soil and filter damping ratio are shown in Fig. 9 and Fig. 10.
The damping ratios varied from 0.01 to 1.

Figure 9: Influence of the

on the damping coefficient.

4611

Augusto Pippi, José Luis Brito, Suzana Avila, Graciela Doz

Figure 10: Influence of the

on the damping coefficient.

The soil damping ratio has a greater influence in the damping constant of the control system that connects the two structures. Even so the values are close to the average, showing a
low standard deviation, thus, it has a low influence in the optimization.
6

CONCLUSIONS

This work aimed to study the vibration control technique through structural coupling using
different perspectives in the optimization. In addition, a parametric study was carried out to
verify the influence of soil and filter parameters on the damping constant of the control device
that connects the two adjacent structures.
The deterministic results of the uncoupled structures indicated the importance of choosing
the base acceleration used as excitation in dynamic models. In this analysis, for example, the
more rigid structure (structure 2) obtained amplitudes of vibrations similar to the more flexible structure (structure 1).
The efficiency of the control technique by structural coupling was observed in both deterministic and stochastic analysis. In the deterministic analysis, there were reductions of up to
60% in the vibration amplitudes in the structure 1. For the structure 2, a 42% reduction on the
maximum interstory drift was observed. In the stochastic analysis, the reductions on the vibration amplitudes of the floors, remained in the range of 50% in the structures. In the more flexible structure, the reduction on the vibration amplitudes was more efficient than in the rigid
structure, different from that observed in deterministic analysis.
Comparing the results between the two analysis, the maximum displacements in the structure 2 were greater in the stochastic analysis. For structure 1, the displacements were smaller.
It was observed that the maximum interstory drift are higher in the structure 2 in the deterministic analysis. In the stochastic analysis, these displacements demonstrate the opposite behavior, with the interstory drift being smaller in the structure 2. However, the interstory drift
RMS maintained the same behavior in the three analysis. The use of the structural coupling
technique approximated the maximum response between the three analysis.
The difficulty in predicting the real characteristics of earthquakes, makes the stochastic
analysis important in the evaluation of the maximum response in dynamic problems. It has
been shown that there are considerable differences when using deterministic and stochastic
analysis. However, the use of the coupling structural control technique increases the reliability
of the system, since it approximates the responses of the analysis performed.
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In the parametric analysis, the influence of the soil and filter constants on the mechanical
characteristics of the damper that connects the two structures was verified. The parameter that
generated the greatest variation in the damping coefficient was the filter frequency. As the
optimum properties of the dampers depend on the response of the structures, it makes the
choice of these variables a crucial point in the analysis. Since the characteristics of the earthquake and the real behavior of the structure during the earthquake are not known, this analysis
demonstrated that the value of the optimal damping constant has a low standard deviation for
the soil parameters, however, this deviation is considerable for filter parameters. Thus, for this
analysis, changes in soil characteristics can be discarded.
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Abstract. Tuned mass dampers are devices well known in the literature. It is an auxiliary
mass system that correctly tuned when connected to the structure vibrates out of phase with it,
having the energy transferred to itself and thus reducing the vibration level of the main system. Among the geometries of this type of damper stands out the pendular one. However, recent studies show that inverted pendulum configuration would be more appropriate and
efficient. The inverted pendulum problem itself is widely discussed in the literature, but its
application as a structural control device acting as a tuned mass damper has not been sufficiently studied. The originally passive control device can be designed to operate in a hybrid
manner with the addition of an active controller to the system. This configuration has the advantage of being more robust than passive, which only works well in the design frequency
range, and requires lower control forces than purely active control. In this work a hybrid inverted pendulum mass damper (TMD-HIP) is proposed, where in addition to tuning it from
the pendulum length and mass, an active control device is added. The active force used is designed as a PID controller with optimized gains. Numerical simulations are performed using
the MATLAB computational package and its SIMULINK control toolbox. Several forms of
external excitation are considered in the analysis. From the results it appears that the TMDHIP is a good alternative for reducing excessive vibration. Although it is a preliminary model,
it is a basis for studies in this area to evolve to more sophisticated model and full-scale applications.
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1

INTRODUCTION

The design and construction of slender and flexible structures, such as wind turbines, observation towers and high buildings, have increased in recent years. These structures are subjected to dynamic actions such as: wind, earthquakes, waves, heavy traffic, human occupation
and rotating machines. These vibrations are undesirable both from the point of view of safety
and environmental comfort, since they can reach the ultimate limit state, that is, collapse of
the structure, or the service limit state, caused by excessive vibrations causing discomfort to
the occupants [1].
One of the solutions to reduce undesirable levels of vibration in structures is the so-called
structural control. It is a technology that promotes changes in the structure stiffness and damping properties, both by adding external devices and by applying external forces [2, 3]. It can
be classified as passive, active, hybrid and semi-active [2].
Passive control already has several applications implemented in practice in structures
around the world [4]. One of the most used devices is the so-called Tuned Mass Damper
(TMD), it is an auxiliary mass attached to the structure, which properly tuned, vibrates out of
phase, thus reducing the dynamic response of the main system [2, 5-12].
Among the possible geometric configurations used for TMD we have the simple pendulum
[12-20]. Alternatively, Ahn et al. [21] proposed a TMD type as inverted pendulum
(TMD-IP). The authors showed that equivalent performance of a simple pendulum can be
achieved, but with shorter inverted pendulum lengths.
Despite being a problem widely studied in the control literature [22], the inverted pendulum system functioning as a TMD has not been adequately explored in the literature yet
[4, 7, 23-28].
Resende et al. [26] presented an experimental-numerical study of an inverted pendulum
system to control a reduced model of one degree of freedom. The study concluded that, based
on experimental results, the TMD-IP showed satisfactory reductions of more than 50% in the
response amplitudes of the main system, indicating good potential for the development of future practical applications.
Passive control, however, has deficiencies, as it does not function properly outside the design frequency range. The active control, which is a more robust control in relation to the passive, requires external energy supply, high magnitudes actuator forces and eventual stability
problems. In this way, hybrid control, which combines passive and active control, presents
itself as a more robust alternative and requires lower magnitude force than those of purely active control [1]. In the literature proposals for hybrid mass dampers can be found [29-34]. It is
the combination of a passive TMD with an active control actuator, having already been implemented in practice [35].
In this work, the originally passive TMD-IP can be designed to operate in a hybrid manner
with the addition of an active controller to the system. A hybrid inverted pendulum mass
damper (TMD-HIP) is proposed, where in addition to tuning it from the pendulum length and
mass, an active control device is added. The active controller used is a PID controller with
optimized gains. From the analysis of the results it appears that the TMD-HIP is a good alternative for reducing excessive vibrations. Although being a preliminary model, it could be a
basis for future studies in this area, to evolve to more sophisticated modelling and full-scale
applications.
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2

MATHEMATICAL MODEL

The system of two degrees of freedom (2DoF) studied in this work is shown in Figure 1. It
represents the main system with a translational degree of freedom with an inverted coupled
pendulum having a rotational degree of freedom. Considering small displacements,
where ࣂ ܖܑܛ؆ ࣂ, the hypothesis is of a linear system and the equations of motion are given
by:

Figure 1: Mass-spring-damper model with inverted pendulum [26].
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where:
mc is the mass of the main system;
kc is the stiffness of the main system;
c is the damping of the main system;
ρ is the linear specific mass of the pendulum;
l is the length of the pendulum;
m is the pendulum top mass;
k is the pendulum rotational stiffness;
g is the gravity acceleration;
f(t) is the external dynamic force.
Applying the Laplace transform to each equation and solving the system with two algebraic equations, the transfer functions for the translational and rotational displacement are obtained and given, respectively, by:

Gu ( s )
GT ( s)

(4 U l 3  12ml 2 ) s 2  (12k  6 U gl 2  12mgl )
As 4  Bs 3  Cs 2  Ds  E
(6 U l 2  12ml ) s 2
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where:
A

U 2l 4  4 U l 3 (mc  m)  12mc ml 2

B

4cl 2 (3m  U l )

C

4kcl 2 (3m  U l )  12k ( U l  mc  m)  6 U gl 2 ( U l  mc  3m)  12mgl (mc  m)

D 12kc  6cgl ( U l  2m)

(3)

E 12kkc  6kc gl ( U l  2m)

3

PID CONTROLLER

The PID controller is a combination between the proportional derivative control (PD) and
the proportional integral control (PI). The combination of these two types of control combines
the increased damping provided by the PD control with the improvement of the system stability and the steady state error generated by the PI control [36]. Therefore, from the PID control
it is possible to obtain a significant improvement in the behaviour of the system for both the
transient and steady state behaviour.
The block diagram of the system with hybrid PID control consists of adding a sensor, a
PID controller and a reference input as shown in Figure 2. The sensor captures the output signal and converts it to the same unit as the reference signal in order to compare these values.
However, as the system response and the reference signal already have the same unit, then the
transfer function of the sensor is unitary. As the aim is to reduce the displacements, the reference is taken equal to zero. The actuator force is applied at the translational main system.

Figure 2: Block diagram of closed-loop system.

The controller transfer function is obtained from the optimization of P, I, D and N values,
where N is a filter coefficient. The controller transfer function is given by:
C ( s)

1
N
PI D
1
s
1 N
s

(4)

In order to verify the performance of the PID controller, a preliminary result of the vibration control is obtained through an inverted pendulum system analysis as shown in Figure 3.
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Figure 3: Inverted pendulum system.

The motion equation for this system is given by:
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Applying the Laplace transform, the following system transfer function is obtained:
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2

The physical parameters adopted for the model are: ρ=0.24 kg/m, l=0.24 m, m=0.097 kg,
k=2.23 N.m/rad and g=9.781 m/s2.
The loading is a harmonic force with amplitude equal to 0.10 N and frequency of
15.7 rad/s. The evolution of angular displacement over time for the system without control
and with PID control is shown in Figure 4.

Figure 4: Angular displacement time history of an inverted pendulum subjected to harmonic loading.
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Angular displacement (rad)

It is verified that the maximum displacement of the system without control is 0.162 rad,
while for the system with active control the maximum displacement is 0.083 rad, that is, there
is a reduction of 48.76% in the value of the angular displacement of the inverted pendulum. In
addition, the displacements are below 0.174 rad (10o), so the hypothesis that the system has a
linear behaviour is met.
Then, a step excitation with amplitude equal to 0.10 N and duration of 5 s is applied. The
response of the structure in the time domain in this case is shown in Figure 5 both for the system without control and for the system with PID control.

Figure 5: Angular displacement time history of an inverted pendulum subjected to step loading.

The maximum displacement of the system without control is 0.025 rad, while the system
with active control shows a maximum displacement of 0.017 rad, that is, there is a reduction
of 32%. As the displacements are below 0.174 rad (10o), the hypothesis that the system has a
linear behaviour is met.
Therefore, it is verified that the control by means of PID presents satisfactory performance
in reducing the dynamic response of the inverted pendulum presented.
4 RESULTS AND DISCUSSIONS
The parameters considered for the 2DoF model are: mc=1.13317 kg, c=0.546 N.s/m,
kc=328.34 N/m, ρ=0.24 kg/m, l=0.24 m, m=0.097 kg, k=2.23 N.m/rad and g=9.781 m/s2.
Two loading cases were analyzed: harmonic loading f(t)=fosin(ωt) where fo =0.32 N and
ω=15.7 rad/s and step loading with amplitude equal to 0.32 N and duration of 5 s. It is worth
noticing that all the parameters above are the ones of the experimental model presented by
Resende et al. [26].
4.1 Modal analysis and frequency analysis
It was developed a modal analysis of the following cases: system without control, applying
passive control, active control and hybrid control.
The natural frequency of system without control is 17.02 rad/s. The addition of an inverted
pendulum introduces one extra degree of freedom at the system and influences the modal parameters of the structure, leading to new values of natural frequencies, which are 14.27 rad/s
and 20.12 rad/s. The mode shapes for passive control model are given by the following eigen-
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vectors: [10.75 1.00] for the first mode of vibration and [-15.78 1.00] for the second mode of
vibration, where the first column represents the angular displacement and the second column
represents the translational displacement.
As the addition of a PID controller acts applying a control force at the system in order to
reduce vibrations and it does not change the physical properties of the system, the mass and
stiffness matrixes remain the same and consequently the modal proprieties too. Thus, natural
frequencies and mode shapes of the without control model are the same of active control
model, as well as these modal proprieties of the passive control model are the same of those
of the hybrid control model. Therefore, PID controller does not produce any change in the
modal parameters of the system.
Besides that, it is developed a frequency analysis of the same study of modal analysis:
without control, passive control, active control and hybrid control. Figure 6 shows the frequency response function for an amplitude force of 0.32 N.

Figure 6: Displacement response in frequency domain (without control, TMD-IP, AC, TMD-HIP).

Table 1 summarizes the values of natural and resonant frequencies and peak response for
all the case studied.

Natural Frequency
(rad/s)
Resonant Frequency
(rad/s)
Peak Response (mm)

No control

Active control

Passive control

Hybrid control

17.02

17.02

14.27 and 20.12

14.27 and 20.12

17.02

18.58

14.27 and 20.12

14.31 and 20.15

34.43

2.67

41.07 and 29.13

4.02 and 2.86

Table 1: Natural and resonant frequencies and peak response.

The resonant frequency of the system without control is 17.02 rad/s. The addition of an inverted pendulum as passive control changes resonant frequencies. In this model, the resonant
frequencies are the same of natural frequencies: 14.27 rad/s and 20.12 rad/s. Besides that, it is
verified that for frequencies between 15.02 rad/s and 19.18 rad/s, the permanent response of
the passive control model is less than the without control model. Therefore the passive control
works well only in a range of frequency pre-established in the design.
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The addition of PID controller changes slightly the resonant frequency which for the active
control model is 18.58 rad/s and for hybrid control model are 14.31 rad/s and 20.15 rad/s. It
can be seen a little difference for resonant frequencies between without control model and active control model, and between passive control model and hybrid control model. This little
difference happens because although PID controller acts applying a control force to the system, it works improving damping which changes the bandwidth frequency and consequently
resonant frequencies.
Besides that, it is verified that active control model presents the minimum peak response
when compared with the other models. On the other hand, the amplitude response of the hybrid control model is lower than active control model in a frequency range between
15.62 rad/s and 18.92 rad/s. Therefore, depending on the frequency range of external exciting
force, it can be better to design using active or hybrid control in order to minimize peak permanent response.
4.2 Response due to harmonic loading
Figure 7 shows the time domain response for harmonic loading using passive control and
PID hybrid control. The optimization of the values of P, I, D and N is performed using the
Simulink/MATLAB toolbox and limiting the control forces to 50% of the magnitude of the
dynamic excitation forces. The values of the parameters found are P = 7.5, I = 0.9, D = 5.0
and N = 1720. The hybrid control shows a rise time equal to 851 s and a settlement time equal
to 1430 s.

Figure 7: Displacement time history of the main system for harmonic loading (TMD-IP and TMD-HIP).

Figure 8 shows the time domain response for harmonic loading using PID active control
and PID hybrid control. The optimization of the values of P, I, D and N for active control is
performed using the Simulink/MATLAB toolbox and equalling the maximum displacements
from the two PID controllers. The values of the parameters found for PID active control are
P = 81.3, I = 97.3, D = 6.1 and N = 2337. The active control shows a rise time equal to 8.74 s
and a settlement time equal to 15.5 s.
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Figure 8: Displacement time history of the main system for harmonic loading (AC and TMD-HIP).

Figure 9 shows the comparison of displacement time history between the uncontrolled system and the system with TMD-HIP because this was the one that shows the smallest displacements compared to passive control and PID active control.

Figure 9: Displacement time history of the main system for harmonic loading (without control and TMD-HIP).

Table 2 shows the maximum and RMS displacement values of the main system for the
harmonic loading case.
Umax (mm)
RMS(mm)

No control
9.76
5.60

Passive control
4.36
2.45

Active control
2.08
1.38

Table 2: Displacements due to harmonic loading.
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The system with passive control shows a reduction of 55.3% in the maximum displacement
of the structure in relation to the system without control. The system with hybrid control
shows a reduction of 78.8% and 52.5%, respectively, in relation to the system without control
and the system with passive control. It is verified that there are time ranges where the response with passive control is lower than the one with hybrid control.
Although the maximum displacement results comparing the active hybrid control are approximately the same, there is a reduction of 8.7% of the response regarding the hybrid control in relation to the active control during the steady state phase.
Regarding the RMS response, the system with passive control shows a reduction of
56.2 % compared to the system without control, while the system with hybrid control presents
a reduction of 77.5% and 48.57%, respectively, in relation to the system without control and
the system with passive control. Regarding the RMS of the systems with PID controller, the
system with hybrid control shows a reduction of 8.7% in relation to the system with active
control.
The control force is limited to 50% of amplitude value of the external action, and therefore the hybrid control shows to be feasible in practice. In the case of active control, it is
found that to maintain the same maximum displacement obtained through the hybrid control
during the transient response, a control force of 0.26 N is required, which corresponds to 81.2%
of the amplitude of the external excitation. Therefore, it is verified that the capability of the
actuator when using active control is 62.5% higher than when using hybrid control.
The maximum angular displacement of the system with passive control is equal to
0.081 rad, which allows using the small displacement hypothesis, as this value is less than
0.174 rad (10o).
4.3 Response due to step loading
Figure 10 shows the time history response of the structure for a step load considering the
system with passive control and with hybrid control. The values of P, I, D and N found were
P = 47.0, I = 12.6, D = 3.6 and N = 1716. The hybrid control shows rise time equal to 64.6 s
and settlement time equal to 113 s.
2
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Figure 10: Displacement time history of the main system for step loading (TMD-IP and TMD-HIP).
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Figure 11 shows the time history response using PID active control and PID hybrid control.
The optimization of P, I, D and N values for active control is performed using the
Simulink/MATLAB toolbox in order to approach the maximum response obtained using the
two PID controllers. The values of the parameters found for PID active control are P = 49.8, I
= 24.7, D = 3.5 and N = 2177. The active control shows a rise time equal to 33.1 s and a settlement time equal to 57.7 s.
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Figure 11: Displacement time history of the main system for step loading (AC and TMD-IP).

As the hybrid control shows better results than the passive control and PID active control,
the response in the time domain is compared considering the system without control and with
hybrid control as shown in Figure 12.

Figure12: Displacement time history of the main system for step loading (without control and TMD-IP).

Table 3 shows the maximum and RMS displacement values of the main system for the
step loading case.
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Umax(mm)
RMS(mm)

No control
1.95
1.34

Passive control
1.83
1.27

Active control
1.46
1.05

Hybrid control
1.39
1.01

Table 3: Displacements due to step loading.

The system with passive control shows a reduction of 6.1% in the maximum displacement
of the structure in relation to the system without control. The system with hybrid control presents a reduction of 28.7% and 24.0% in the displacement, respectively, compared to the system without control and the system with passive control. It is verified that there are ranges of
time that the response of the system with passive control is lower than that of the hybrid control.
As for the PID controllers, although the maximum displacement between the active control
and the hybrid control diverges by 3.96% during the transient phase, the hybrid control goes
to zero faster than active control for longer times.
Despite the reduction in the amplitude response due to the step loading, when using the
hybrid control, it is less than of the one due to the harmonic loading, the hybrid control is still
an efficient alternative to attenuate vibrations due to step loadings.
Regarding to the RMS response, the system with passive control shows a reduction of
5.2% in relation to the system without control, while the system with hybrid control shows a
reduction of 24.6% and 20.4%, respectively, in relation to the system without control and to
the system with passive control.
The maximum control force obtained for the hybrid control is 0.09 N which represents
only 27.5% of magnitude of external excitation. Therefore, the use of external energy is lower
and because of this, the hybrid control system to minimize vibrations is a viable alternative in
structures subjected to step loads. In the case of active control, it is found that to maintain the
maximum displacement approximately equal to the one obtained with the hybrid control during the transient response, a control force of 0.12 N is required, which corresponds to 37.5%
of the amplitude of the external excitation. Therefore, it is verified capability of the actuator
needed when using active control is 33.3% higher than when using hybrid control.
The maximum angular displacement of the system with passive control is equal to
0.012 rad, being therefore less than 0.174 rad and allowing the use of the linear regime hypothesis for angular displacement.
5

CONCLUSIONS

In this work, the use of a TMD-HIP is studied, in order to verify the potential of this device.
The analyses are performed using the parameters of the passive experimental model presented
by Resende et al. [26]. Two loading cases are considered and the active control force is obtained through a PID controller.
Installing an inverted pendulum influences the modal proprieties of the system, while the
addition of a PID controller does not change them. On the other hand, PID controller changes
slightly resonant frequencies.
Passive control model reduces permanent response only in a frequency range when compared to the without control model. Although active control model presents the minimum
peak permanent response, there is a specific frequency range where permanent amplitude response of the hybrid control is lower than that corresponding to the active control model.
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Verifying the response in terms of maximum displacement, the use of hybrid control is
shown as an efficient alternative, since it manages to reduce the maximum response by almost
85% when compared to the system without control.
In regard to RMS response, the hybrid control manages to reduce the response by almost
80% when compared to the system without control.
The required control forces vary from just 25% to 50% of amplitude of external actions,
which can be considered satisfactory and feasible in practice.
The hybrid control shows better results to reduce the response of structures subjected to
harmonic loading than to impulse loading, since in the case of step loads the structure needs
an additional time to accommodate the response due to this type of excitation.
It is found that the TMD-HIP performs satisfactorily in reducing the translational response
of the main system, with more significant reductions than the passive TMD-HIP presented by
Resende et al. [26].
Compared to purely active control, the TMD-HIP leads to greater response reductions requiring small actuator force amplitudes.
For future work it is intended to implement this hybrid control in the experimental model.
It is also worth mentioning that this device shows potential, based on more in-depth future
studies for use on a real scale.
6
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Abstract. A conventional procedure for structural model updating is to solve an inverse problem with the aim of minimizing the discrepancy between an experimental target feature vector
and a model-predicted one. The inverse problem to be solved is often ill-posed as the number
of model parameters to be updated typically exceeds the number of target features. One way to
confront this issue is to expand the target feature vector through closed-loop model updating,
where gains are used to form multiple closed-loop eigenstructures from which target features
are obtained. Besides confronting the ill-posedness of the inverse problem, the closed-loop
model updating procedure also allows one to tailor the sensitivities of the target features by
adequate design of the feedback gains. The present paper offers a comparative study in which
the merit of different gain design criteria is examined for closed-loop sensitivity-based model
updating. More speciﬁcally, the gains will be designed through eigenstructure assignment in
an optimization setting where different cost functions, including the nuclear norm and the condition number of the sensitivity matrix, will be tested. Updating results will be shown for a
numerical model of a shear building.
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Lars Lynge Hansen, Thomas Akselsen, Ünal Korkmaz, and Martin Dalgaard Ulriksen

1

INTRODUCTION

Within the ﬁelds of civil and mechanical engineering, numerical models are used extensively
for structural design, analysis, health monitoring, and so forth [1]. In order to ensure adequate
models, a selected subset of their parameters are updated to minimize the discrepancy between
target features from the physical structure—for example, system poles, which are used in this
paper—and the corresponding features predicted by the model. In this setting, the updating
procedure involves solving an inverse problem, and an issue in this regard is that the number
of updating parameters typically exceeds the number of identiﬁed poles, hence resulting in
an under-determined system of equations. Furthermore, the sensitivities of the poles to the
updating parameters are often relatively low [2, 3].
A suggested procedure to expand the target space, and hereby obtain a determined or overdetermined system of equations, is to test the structure under known perturbations [4]. However, this approach suffers from its often limited practicality. In order to avoid testing under
known perturbations, the use of output feedback to form multiple closed-loop systems has been
proposed [5, 6, 7]. Different studies have examined the use of randomly generated gains to
over-determine the system of equations [8, 9, 10], while another approach enables one to tailor the sensitivities through gain design in an eigenstructure assignment setting [11, 12]. The
present paper addresses the latter by exploring the merit of different gain design criteria for
sensitivity-based closed-loop updating of structural models. Speciﬁcally, four different criteria are examined; namely, maximization of three different norms of the sensitivity matrix and
minimization of the condition number of the sensitivity matrix. The incentive for using each
of the four criteria is outlined from a theoretical outset, and the performance is evaluated in the
context of a comparative study with a numerical shear building model.
The paper is organized as follows: Section 2 presents the background theory of output feedback and eigenstructure assignment. The model updating procedure is outlined in section 3,
section 4 describes the four gain design criteria, and section 5 contains a numerical examination
of the merit of using the different criteria in closed-loop model updating. Finally, section 6
closes the paper with a conclusion.
2

OUTPUT FEEDBACK

A discrete-time, linear, and time-invariant state-space representation of a structural system
is given by
xk+1 = Ad xk + Bd uk ,
yk = Cxk ,

(1a)
(1b)

where xk ∈ Rn is the state, uk ∈ Rr the input, and yk ∈ Rm the output, while Ad ∈ Rn×n ,
Bd ∈ Rn×r , and C ∈ Rm×n are the system matrices. It should be noted that (1b) is only valid
when measurements are displacements, velocities, non-collocated accelerations, or collocated
accelerations if the direct transmission term is subtracted. Throughout this paper, it is assumed
that one of the stated conditions is met.
When system (1) operates under static output feedback, the input is given by
uk = −Gyk + vk ,

(2)

where G ∈ Rr×m is the gain matrix and vk ∈ Rr is some unmeasured excitation. Plugging (2)
into (1) yields the closed-loop system
xk+1 = (Ad − Bd GC)xk + Bd vk ,
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with the non-defective closed-loop state matrix deﬁned as Ā = Ad − Bd GC.
2.1

Eigenstructure assignment
.
Let λ1 ... λp denote a subset of p ≤ n closed-loop poles that are to be placed and
Ψ = ψ1 ... ψp ∈ Cn×p the corresponding eigenvectors. The eigenvalue problem of the
closed-loop system (3) is given by
(Ad − Bd GC)ψj = ψj λj ,
which can be rewritten into

3
ψj
Ad − Iλj −Bd
= 0.
(5)
GCψj



... ψp ∈ Cm×p and Γ = GC ψ1 ... ψp ∈ Cr×p , it follows that



By deﬁning Z = C ψ1

(4)



2

GZ = Γ,

(6)

so when the number of placed poles is equal to the number of outputs, the gain follows as
G = ΓZ −1 .

(7)

In the case of homogeneous sensing, Z is poorly conditioned, which will typically result
in a subset of the unplaced poles being unstable [7]. To resolve the instability issue, (6) is
over-determined by setting p = n and then
GZW 1/2 = ΓW 1/2 ,

(8)

where W ∈ Rn×n is a diagonal weighting matrix with αi > 1 assigned to the subset of poles
used in the updating and ones assigned to the rest. The weighted least-squares solution is then
given by
G = ΓW 1/2 (ZW 1/2 )† = ΓW Z H (ZW Z H )−1 ,
(9)
where superscripts † and H denote the pseudo-inverse and Hermitian transpose, respectively.
3

MODEL UPDATING FORMULATION

Let ΛS , ΛM ∈ Cqp denote physically estimated and model-predicted poles for q different
closed-loop systems, then the unknown parameters θ ∈ Rs are estimated through the following
constrained optimization problem:
arg min ||ΛS − ΛM (θ)||22
θ∈Rs

subject to

∀i ∈ [1, s] : τi ≤ θi ≤ ηi ,

(10)

where τ and η are lower and upper bounds on θ. The procedure is to form enough closed-loop
systems to ensure that qp ≥ s, such that the optimization problem is well-posed. Worth of
explicit note is that the number of poles selected for each of the q gain can differ, but a ﬁxed
number, p, is assumed here to promote simplicity.
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4

GAIN DESIGN

In order to obtain a determined or over-determined system of equations, q gains are designed
and gathered in the compound gain matrix


G = G1 G2 ... Gq ∈ Rr×qm
(11)
from which we place the poles

.
Λ = ΛG1 ... ΛGq ∈ Cqp .

(12)

The design of G can be carried out on the basis of different criteria; of which the four outlined
in subsection 4.2 are examined in the present paper. Regardless of what criterion one opts for,
the general aim is to maximize the Fisher information that the target features carry on the model
parameters to be updated.
4.1

Fisher information on updating parameters

For an observable variable, λ, that carries information on θ, the Fisher information matrix is
deﬁned as [13]
∂ 2 ln(p(λi ; θ))
F = −E
,
(13)
∂θi ∂θj
in which E(•) denotes the expected value of •. Assuming that λi is Gaussian and that the
covariance, Σ, does not depend on θ, the Fisher information matrix can be expressed as
F = JGH Σ −1 JG ,

(14)

where JG ∈ Cqp×s is the non-defective sensitivity matrix
⎡ ⎤ ⎡ ∂ΛG ⎤
1
JG 1
∂θ
⎢ .. ⎥ ⎢ .. ⎥
JG = ⎣ . ⎦ = ⎣ . ⎦ .
JG q
4.2

(15)

∂ΛGq
∂θ

Gain design criteria

The present subsection outlines four gain design criteria that aim to maximize the model
parameter estimation accuracy by increasing the inherent Fisher information. The merits of the
criteria are explored and compared in a numerical example in section 5.
4.2.1

Nuclear norm

If Σ = γI, which is often assumed with γ ∈ R+ , then F ∝ JGH JG . This suggests to design
the gains such that
(16)
G̃ = arg maxJG ∗ ,
G

where G̃ is the optimal gain based on the cost function and JG ∗ is the nuclear norm,
@ @
@ σ1 @
'
@ @
@ @
JG ∗ = trace
JGH JG = @ ... @
@ @
@σqp @

(17)

1

with σi being the i’th singular value of JG . It is worth mentioning that this norm promotes
sparsity.
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4.2.2

Frobenius norm

The Frobenius norm, which is given by
@ @
@ σ1 @
'
@ @
@ @
JG F = trace(JGH JG ) = @ ... @ ,
@ @
@σqp @

(18)

2

also contains the dot product of the sensitivity matrix, thus a cost function is formulated as
G̃ = arg maxJG F .
G

(19)

Note that, unlike the nuclear norm, the Frobenius norm does not promote sparsity.
4.2.3

Individual gain evaluation

The cost functions based on the nuclear and Frobenius norms aim to increase the sensitivity
by maximizing the 1 - and 2 -norms of the singular values of the sensitivity matrix. Another
approach is to design gains individually, where each gain increases sensitivity to a speciﬁc
parameter by maximizing the 2 -norm of the associated column in the sensitivity matrix. Hence,
G̃i = arg maxJGi•i 2 ,

(20)

G̃ = [G̃1 . . . G̃q ].

(21)

Gi

such

4.2.4 Condition number
The model updating formulation (10) is solved iteratively on the basis of the linearized Taylor
approximation
(i)
JG (θ(i+1) − θ(i) ) = ΛS − ΛM .
(22)
Evidently, the parameter estimation involves (pseudo-)inversion of JG , thus a cost function is
deﬁned as
(23)
G̃ = arg min κ(JG ),
G

where κ(JG ) is the condition number of the sensitivity matrix.
5

NUMERICAL EXAMPLE

The merit of the four cost functions for gain design is tested numerically by comparing model
updating results for the 10-level shear building shown in ﬁgure 1. We refer to a target model and
nominal model, with the latter being the one to be updated. Mass, damping, and stiffness values
for the nominal model are shown in ﬁgure 1. The target model, which in this example replaces
a physical system, is identical to the nominal model except for inter-story stiffness reductions
of 10 % and 5 % at the ﬁrst and second ﬂoor, respectively. Two sine sweep inputs, which
only excite the ﬁrst open-loop mode, are applied at ﬂoor one and two, while outputs are taken
as displacements at ﬂoor two, four, six, and eight with a sampling frequency of 100 Hz. The
outputs are imposed with 2 % Gaussian white noise, and the system identiﬁcation is performed
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y4

2% modal damping
inter-story stiffness = (1000, 1000, ...1000)

y3

ﬂoor masses = (1, 1, ...1)
y2

y1

u2
u1

Figure 1: Nominal model of the structure for the numerical example.

using a subspace identiﬁcation algorithm [14]. The model updating analysis is performed in a
Monte Carlo setting with 1000 simulations, where the ﬁrst closed-loop pole is extracted as target
feature. The inter-story stiffnesses between ﬂoor one, two, and three are chosen as the updating
parameters, thus three gains are designed in order to obtain a determined system of equations
for the model updating. The gains are designed with the cost functions deﬁned in section 4.2,
and the optimization is carried out using a genetic algorithm (GA). For more information on
GAs, the reader is referred to [15].
The closed-loop poles are placed using (9), where the constraints listed below are applied.
The ﬁrst constraint ensures stability, the second ensures that the poles can be estimated, the third
limits the damping, and the fourth provides the lower and upper bounds on θ. For the selected
τ and η, it has been numerically veriﬁed that the nominal and target models both comply with
the other constraints.
• R(λS ) < 0
• |I(λS )| > 1
•

−R(λS )
|λS |

< 0.1

• τ = 0.80 and η = 1.20.
The model updating is carried out by minimization of (10) using the “fmincon”-algorithm
R
. Converged parameter estimation results are shown in ﬁgure 2 and listed in
in MATLAB
tables 1-2 for the under-determined open-loop formulation and the determined closed-loop formulations using each of the four gain design criteria. Evidently, the model parameters do not
converge to the exact values for the open-loop formulation or the closed-loop ones based on
the nuclear and Frobenius norms as gain design criteria. The parameter estimation fails when
using either the nuclear or Frobenius norm to design G, because a subset of the closed-loop
poles are approximately equal, which results in an ill-conditioned sensitivity matrix. For the
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Figure 2: Estimation results for θi in a) open loop and in closed loop using gains designed based on b) nuclear
norm, c) Frobenius norm, d) individual, and e) condition number. The exact θi -values are indicated with a red
vertical line.

cost function that minimizes the condition number of the sensitivity matrix, the mean values are
converged to the exact θi -values and with standard deviations comparable to those obtained in
open loop. Evidently, the condition number-based cost function allows for the most accurate
parameter estimation.

θ1
θ2
θ3

E(θi )
Open-loop Nuclear Frobenius Individual
0.943
0.904
0.907
0.902
0.945
0.976
0.969
0.949
0.950
0.999
1.010
1.000

Condition number
0.900
0.950
1.000

Table 1: Mean values for the updated θi -values. The exact values are θ1 = 0.9, θ2 = 0.95, and θ3 = 1.

θ1
θ2
θ3

std.(θi )
Open-loop Nuclear Frobenius Individual
0.001
0.071
0.073
0.019
0.001
0.146
0.137
0.018
0.001
0.045
0.112
0.002

Condition number
0.001
0.002
0.002

Table 2: Standard deviations for updated θi -values.
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6

CONCLUSION

The paper offers a comparative study in which the merit of different gain design criteria is examined for closed-loop model updating. Gains are designed through eigenstructure assignment
in an optimization setting where different cost functions are tested numerically in the context of
a 10-level shear building. The gains are designed in order to maximize the parameter estimation
accuracy, and the numerical example shows that, out of the four gain design criteria explored in
this study, minimizing the condition number of the sensitivity matrix yields the most accurate
parameter estimates.
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Abstract. The influence of the torsional component of earthquake excitations on the response
of reinforced concrete (R/C) structures is the aim of this work. The structure that is going to
be examined is asymmetric in plan and regular in elevation 5-storey R/C building. In most
studies, seismic input is modeled only using the translational components of the ground
acceleration, while the torsional one is ignored. This is due to the observation that the
torsional component has minimal effect on low-rise buildings. Hence, the accelerometers
used would not measure it, leading to a lack of records. Nowadays, technology provides such
instruments and relative records have been made available. Indicative of this is that design
response spectra for rotational components are introduced in the design codes. In this paper,
nonlinear dynamic time history analyses of the selected R/C building are performed (a)
considering the torsional component of the excitation and (b) without it. From the numerical
results it is shown that the impact of torsional component in structural response must be taken
into account. Moreover, the extracted results indicate that the provided by Eurocodes values
for the accidental eccentricity can effectively capture the effects of the torsional component on
the seismic damage.
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1

INTRODUCTION
Generally, the seismic analysis and design of new buildings, as well as the assessment of the
seismic performance of existing ones, are only conducted by applying the translational
components of earthquakes, thus ignoring the effects of the rotational components on the
structural response. The main reason for the above assumption is the fact that earthquake
records that include rotational components were not available since the last years, because these
components are difficult to be recorded by accelerographs in the free field. Thus, some
researchers attempted to derive rotational components by combining mathematical equations
with the properties of surface and body waves and geological parameters of soil. Nevertheless,
during the last years it has been made feasible to record real ground motion with rotational
components too. The rotational components of an earthquake record consist of the torsional
component, which is the rotation about vertical axis, and the other two rocking components,
which are the rotations about the two horizontal axes. The effects of these components of
earthquakes on structures have been studied by a number of investigators and it was found that
their contribution may significantly affect the seismic response and the damage of structures.
A lot of seismology scientists focus on rotational records over the last years. Droste and
Teisseyre [1] using the signals taken from an array of seismographs calculated the rotational
excitations. Takeo [2] using a gyro-sensor with combination of inertial angular displacement
sensor measure the rotation motion during an earthquake happened in April 1998 in Japan.
Advances in rotational seismology about instrumentation, theory and observations are presented
in the work of Igel et al. [3]. More cheaper sensors based on electrochemical
magnetohydrodynamic technology used from Liu et al. [4] and Wassermann et al. [5]. There are
a lot of procedures that calculate rotational time series from translational recordings. A Single
Station Procedure (SSP), is one of them. A number of researchers such as Lee and Trifunac [6],
Castellani and Boffi [7], Li et al. [8] and Basu et al. [9], presented their work based on SSP. Site
soil conditions are connected with rotations earthquake excitations. This link is proposed in the
work of Sbaa et al. [10]. Perron et al. [11] show that the interaction of translation and rotation
records seems to be useful, for engineering seismology applications and for investigation of the
composition of the wavefield and this has a result to avoid a deployment of dense arrays.
Considering the torsional component, current seismic code provisions allow to ignore it
when conducting the seismic analysis (with the exception of special structures e.g. towers,
masts and chimneys, see [12]), but they recommend the shifting of mass center in order to
account for the effects of this component on the seismic response. The shifting of mass center is
achieved with the aid of the accidental eccentricity. Bozev et al. [13], performed analysis
accounting the rotational components of seismic action on towers, masts and chimneys
according to EN1998-6. Zembaty [14], work on rotational seismic code definition in EN1998-6,
for slender tower-shaped structures. Zembaty and Boffi [15], apply response spectrum analysis
using horizontal and rotational spectra described in Eurocode, and show the effect of rotational
excitation to moments diagram along the height of a tall tower.
A lot of works investigated the effect of rotational components of ground motion on
structural response. The influence of rotational components on a base-isolated nuclear power
plant was investigated by Wolf et al. [16]. Furthermore, rotational components of near-fault
earthquakes effects on triple concave friction pendulum base-isolated asymmetric structures is
investigated by Tajammolian et al. [17]. Another application of rotational excitation in a baseisolated building and the rocking mode identification was done by Politopoulos [18]. A
simplified relation for the application of rotational components to seismic design codes and
calculation of response of multiple-support structures subjected to horizontal and rocking
components are presented in references [19], [20]. Basu et al. [21], [22], suggests an equivalent
accidental eccentricity to account for the effects of torsional ground motion on structures.
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Torsion in building due to base rotational excitation was investigated by De-La-Llera and
Chopra, [23]. Yin et al. performed earthquake time history analysis using recorded rotation
ground excitation at a structure [24]. A parametric study on the effect of rotational ground
motions on building structural responses is also examined by Vicencio and Alexander [25].
In the present paper the adequacy of the accidental eccentricity as a parameter to capture the
effects of the torsional component on the seismic damage is further investigated. For this
purpose, one 3D asymmetric 5-storey R/C building with structural system consisting of frames
and walls is examined. The building is analyzed with the aid of nonlinear time-history analysis
using an adequate number of real ground motions with translational and torsional components.
Two different categories of structural models for the building and the seismic excitation are
investigated: a) a model taking into account the translational and the torsional components of
the seismic motion applied to the mass center of the building and b) models taking into account
only the translational components of the seismic motion, but using different values of the
accidental eccentricity. Then, a comparison between the above models is carried out in order to
examine the effectiveness of the accidental eccentricity in capturing the effects of torsional
component of seismic motion. Useful results are derived concerning the effectiveness of the
specific Eurocode provisions as regards the proposed values for accidental eccentricities.
2

THE EXAMINED BUILDING: DESCRIPTION - MODELING - DESIGN

The data of the building which was used in the present investigation are outlined in Fig. 1.
This building is asymmetric in plan but regular in elevation according to the EN1998-1 [26].
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Figure 1: Data of the examined 5-storey R/C building
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In the framework of design the examined building was analyzed for static loads
(1.35G+1.50Q) and for seismic loads (G+0.3Q±E, taking into consideration the accidental
torsion effects) using the elastic modal response spectrum analysis, as defined in EN1998-1
[26]. The R/C members were designed following the provisions of EN1992-1-1 [27] and
EN1998-1 [26]. As regards the modeling of building the following assumptions (compatible
to the provisions of EN1988-1) were made:
x The floor slabs were assumed to act as rigid diaphragms,
x The beam-wall joints were modeled as perfectly rigid,
x The building was considered to be fully fixed to the ground,
x The infill walls were considered only as vertical loads and not as seismic resistant
structural elements,
x The flexural and shear stiffness properties of the R/C members’ cross-sections were
considered to be equal to one-half of the corresponding stiffness of the uncracked ones.
As regards the modeling in the framework of the nonlinear time history analyses, for the
R/C structural elements' nonlinear behavior force-based beam-column elements were
implemented in OpenSees software [28], using a 5-point Gauss – Lobato integration scheme.
Fiber sections, describing exactly the reinforcement detailing were assigned to the beam,
column and wall elements. In addition, appropriate material constitutive laws (according to
EN1992-1-1 and EN1998-1) were utilized for the steel rebar, the unconfined and confined
concrete regions respectively.
3

THE SEISMIC RECORDS

The building models were subjected to the 6.4 moment magnitude, Mw, earthquake
excitation (mainshock) which happened at 2015/11/17 in Kefalonia Island, Greece, as well as
to six of the aftershocks of the seismic sequence (in total 7 earthquake records according to
provisions of EN1998-1). The mainshock’s epicenter latitude and longitude were 38.16o and
20.50o degrees respectively. The event depth was 10.7 km. The record history of translational
and torsional component was provided by by Argonet project, a 3D accelerometric array
implemented on the island of Kefalonia in Greece, [10], [[11] and is ostensive shown in Fig.
2.

Figure 2: Two components of the mainshock: translational and torsional ones.

4

DESCRIPTION OF THE PARAMETRIC INVESTIGATION

The procedure followed in order to accomplish the aim of the present study comprises of a
series of analyses of the selected building, according to the following characteristics:
x Nonlinear time history analyses using the 7 selected seismic records with 2 (only
translational) or 3 (2 translational and 1 rotational) components.
x Application of the (2 or 3) seismic components of each record to the Mass Center of the
building (MC), as well as to positions at distances from the MC equal to the following
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6.00

values of accidental eccentricity: ea=±0.025L, ea=±0.05L, ea=±0.1L και ea=±0.2L. The
aforementioned distances are measured along the line that connects the MC with the
Stiffness Center (SC) of the building, whereas L denotes the building's dimension along
the diagonal of its plan view. The description of the abovementioned distances is given in
Fig. 3.
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Figure 3: Positions of application of the 2 (or 3) components of the seismic records

x In order to account for two different seismic intensities corresponding to certain
performance levels suggested by EN1998-3 (§2.1) [29], the accelerograms were scaled to
two different values of Peak Ground Acceleration (PGA). More specifically, the scaling
factors adopted in the present study correspond to the following performance levels:
a) Performance level of Significant Damage (SD). According to EN1998-3 (§2.1(3)P) this
performance level corresponds to a reference return period of 475 years, which, in turn,
corresponds to PGA=ag•S=0.276g, where ag=0.24g and S=1.15 are the design ground
acceleration and the soil factor respectively used for the elastic analysis of the buildings
(EN1998-1 (§3.2.1(3) and §2.1(4)) and the Greek National Annex). So, in this case the 7
selected records were scaled to PGA=0.276g.
b) Performance level of Near Collapse (NC). According to EN1998-3 (§2.1(3)P) this
performance level corresponds to a reference return period of 2475 years, which, in turn,
corresponds to PGA=1.72•ag•S=0.475g (EN1998-1 (§3.2.1(3) and §2.1(4)) and the Greek
National Annex). So, in this case the selected 7 records were scaled to PGA=0.475g.
For each one of the 7 seismic records the following analyses were conducted (Table 1):
A/A
1,2
3,4
5,6
7,8
9,10
11,12
13,14
15,16
17
18

Accidental Eccentricity ea
±0.025L
±0.05L
±0.10L
±0.20L
±0.025L
±0.05L
±0.10L
±0.20L
0
0

Number/Type of excitations
3 / (2 translational + 1 torsional)
3 / (2 translational + 1 torsional)
3 / (2 translational + 1 torsional)
3 / (2 translational + 1 torsional)
2 / (2 translational)
2 / (2 translational)
2 / (2 translational)
2 / (2 translational)
2 / (2 translational)
3 / (2 translational + 1 torsional)

Table 1: Parameters of analyses for each one of 7 selected records and performance levels (NC and SD)

Consequently, in total 252(=7•18•2) nonlinear time history analyses were conducted.
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With regard to the damage measures that were used, the following parameters were
chosen, the use of which has been well documented in the relative literature:
x Maximum interstorey drift ratios along building's axes X, Y (Fig. 1).
x Maximum roof rotations about the vertical axis of the building (axis Z).
x Maximum roof accelerations along building's axes X, Y (Fig. 1).
5 RESULTS
In the current section the main results extracted from the parametric investigation (section 4)
are presented and discussed. The Figures 4, 5 and 6 illustrate the ratios of maximum values of
the examined seismic Response Parameters (RP), (i.e. the values of interstorey drifts along the
axes X (DrX) and Y (DrY), the rotations of floors considered as rigid diaphragms about the
vertical axis Z (Rz) and the accelerations of floors along the axes X (AccX) and Y (AccY))
extracted from analyses performed considering 3 components of seismic excitation (the two
translational and the torsional) applied to MC(ea=0) and the corresponding values exported from
analyses performed considering the 2 translational components of seismic excitation and several
values for the accidental eccentricity (ea≠0, see Fig. 3). More specifically, the values of the
ratios of the examined RP in Figs. 4, 5, 6 are calculated by means of Eq. (1).

^
1 7  ¦ ^max ª¬ RP
7

RP ea 0
RP ea z 0

1 7  ¦ max ª¬ RPstorey1,... , RPstorey5 º¼
i,ea
i 1
7

storey1,...

i 1

, RPstorey5 º¼

0

i,ea z 0

`
`

> RP

DrX, DrY, Rz, AccX, AccY,
max(Drx, DrY), max(Accx, AccY) @

(1)

Where: i is the seismic record (i=1÷7), ea=0 indicates the analyses of the building considering
3components of excitation (the two translational and the torsional) applied to MC, and ea≠0
indicates the analyses of the building considering 2 components of excitation (only the
translational components) and several values for the accidental eccentricity (i.e. ea=±0.025L,
±0.05L, ±0.10L and ±0.20L).
It is obvious that when the values of these ratios tend to 1.00 then the analyses in which the
2 translational seismic components and accidental eccentricities are considered (ea≠0) export
almost equal values of RPs with the corresponding analyses in which 3 seismic components
are considered in MC (ea=0).

Figure 4: Ratios of the maximum interstorey drifts along the direction of X (DrX), Y (DrY) axes and max(DrX,
DrY) extracted by analyses performed considering 3 seismic components applied to MC (ea=0) and those
extracted by analyses performed considering 2 seismic components in several distances from MC (ea≠0): (a)
Performance level SD, (b) Performance level NC
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Fig. 4 illustrates the ratios of interstorey drifts DrX, DrY and the maximum values between
them max(DrX,DrY). More specifically, the Fig. 4(a) presents the ratios which correspond to
analyses conducted considering the performance level SD, whereas the Fig. 4(b) presents the
ratios extracted considering the performance level NC. The study of this figure leads to the
following main conclusions:
x The values of accidental eccentricity ea for which the analyses conducted considering the
two translational seismic components lead to ratios Dr(ea=0)/Dr(ea≠0) close to 1 fluctuate
between +0.025L and +0.1L in case of performance level SD. The corresponding range of
values of ea in case of analyses for performance level NC is between -0.05L and -0.025L.
x Generally, the higher values of ea(=±0.2L) fail to lead to values of ratios Dr(ea=0)/Dr(ea≠0)
close to 1. Exception to this conclusion is the value -0.2L in case of performance level NC.

Figure 5: Ratios of the maximum floor rotations about the vertical axis Z (Rz) extracted by analyses performed
considering 3 seismic components applied to MC (ea=0) and those extracted by analyses performed considering
2 seismic components in several distances from MC (ea≠0).

Fig. 5 illustrates the ratios of the floor rotations about the vertical axis Z
(Rz(ea=0)/Rz(ea≠0)) extracted from analyses for performance levels NC and SD. The main
conclusions that can be drawn from this figure are the following:
x The values of accidental eccentricities ea which lead to values of ratios Rz(ea=0)/Rz(ea≠0)
closer to 1 are located between -0.025L and +0.05L. Thus, as in case of ratios
Dr(ea=0)/Dr(ea≠0) the smaller values of ea are more effective than the larger ones.
x No significant diversification is observed between the results of analyses for performance
levels NC and SD as regards the relation ea–Rz(ea=0)/Rz(ea≠0).

Figure 6: Ratios of the maximum floor acceleration along the direction of X (AccX), Y (AccY) axes and
max(AccX, AccY) extracted by analyses performed considering 3 seismic components applied to MC (ea=0) and
those extracted by analyses performed considering 2 seismic components in several distances from MC (e a≠0):
(a) Performance level SD, (b) Performance level NC
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Fig. 6 illustrates the ratios of floor accelerations AccX, AccY and the maximum values
between them max(AccX, AccY). The Fig. 6(a) presents the ratios which correspond to
analyses conducted considering as performance level the level SD, whereas the Fig. 6(b)
presents the ratios extracted considering the performance level NC. The study of Fig. 6 leads
to the conclusion that while the convergence of Acc(ea=0)/Acc(ea≠0) ratio values to 1 is
achieved using mainly low values of ea as in the case of Dr(ea=0)/Dr(ea≠0) ratios the range of
these values is greater in the current case. More specifically, in both examined cases of
performance level (i.e. NC and SD) the values of ea which lead to Acc(ea=0)/Acc(ea≠0) ratio
values closer to 1 fluctuate between -0.05Land +0.05L.
The Figures 7 and 8 illustrate the variation along the height of the values of interstorey
drifts along axes X (DrX) and Y (DrY) extracted from analyses considering performance
levels SD and NC. These are the mean (according to EN1998-1) values of DrX and DrY all
over the used seismic records (Eq. 2).
meanDrX j (%)

1 7
 ¦^DrX j,i %
7 i1

` , meanDrY (%)
j

1 7
 ¦^DrYj,i %
7 i1

`

j 1y 5

(2)

Where: i is the seismic record (i=1÷7) and j (j=1÷5) is the storey.
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Figure 7: Variation along the height of the interstorey drift mean values along axis X all over the used seismic records
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The presentation of diagrams of Figs. 7 and 8 aims to illustrate in more details the
comparison between the results extracted from analyses conducted using 3 seismic
components applied to MC and the corresponding results extracted from analyses conducted
using 2 seismic components and several values for accidental eccentricity (Fig. 3).
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Figure 8: Variation along the height of the interstorey drift mean values along axis Y all over the used seismic records

The study of Figs. 7 and 8 confirms the main conclusion which was extracted from the
study of Fig. 4. Thus, it is confirmed that the mean DrX (and DrY) values extracted from
analyses conducted considering 2 (translational) seismic components and low values for
accidental eccentricity ea are closer to the corresponding values extracted from analyses
conducted considering 3 seismic components applied to the MC.
6

CONCLUSIONS

The current paper deals with the investigation of the adequacy of the accidental
eccentricity as a parameter to capture the effects of the torsional seismic component on the
seismic damage. To this end, an 3D asymmetric 5-storey R/C building with structural system
consisting of frames and walls is analysed using nonlinear time-history analysis and seven
real ground motions with translational and torsional components. These ground motions were
scaled to PGA values which correspond to performance levels indicated by Eurocodes. In
order to achieve the goals of investigation two different categories of models for the building
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and the seismic excitation were used: a) a model in which the translational and the torsional
components of the seismic motion are applied to the mass center of the building and b)
models in which only the translational components of the seismic motion are considered in
different distances of building’s mass center (i.e. consideration of several values for the
accidental eccentricity). For the comparison of the above models three different seismic
response parameters were used. These parameters are the interstorey drifts and the
accelerations of floors along the two building’s principal axes as well as the rotations of floors
considered as rigid diaphragms about the its vertical axis, which are well-known damage
indices.
The main conclusion which was extracted from the aforementioned investigation is that the
results of the two categories of models converge generally for values of accidental
eccentricity equal or lower of the 5% of building’s floor length. This is an indication that the
accidental eccentricity which is provided by the Eurocodes is capable to capture adequately
the effects of the torsional seismic component on the seismic damage. However, the above
conclusion is based on only one building and for this reason is essentially an initial conclusion
which requires extended investigation.
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Abstract. This paper presents a sub-structuring approach to predict the building vibrations
generated by railway traffic. The three-dimensional building is simulated by rectangular
plates supported by a distribution of columns and is modelled by the dynamic stiffness method.
The building model is coupled with the layered half-space by using the continuity condition.
The building vibrations generated by surface railways and underground railways are examined by two case studies. In the two cases, the analytical models are applied to calculate the
incident wave field generated by railway traffic. The proposed method shows sufficient efficiency, making it suitable for performing many types of parametric studies and large-scale
vibration predictions. It is found that the building vibration levels decrease as the distance
from the building to the railway line increases, which is induced by the attenuation of the
waves due to geometrical spreading in the soil. The floating slab can significantly reduce the
building vibration levels starting from its cut-off frequency.

4651

1

INTRODUCTION

*URXQGERUQH YLEUDWLRQV LQGXFHG E\ UDLOZD\ WUDIILF FDQ PDNH DQQR\DQFH WR WKH GZHOOHUV
DQGLQWHUUXSWWKHXVDJHRIVHQVLWLYHHTXLSPHQWLQWKHQHDUE\EXLOGLQJ>±@7KHUHIRUHDFRU
UHFWSUHGLFWLRQPHWKRGIRUWKRVHYLEUDWLRQVLVLPSRUWDQWZKLFKGHFLGHVZKHWKHURUQRWDYLEUD
WLRQPLWLJDWLRQFRXQWHUPHDVXUHVKRXOGEHXVHG,QWKHSDVWGHFDGHVWKHSUHGLFWLRQRIEXLOGLQJ
YLEUDWLRQVJHQHUDWHGE\UDLOZD\WUDIILFKDVEHHQSDLGPXFKDWWHQWLRQ$VHULHVRIDSSURDFKHV
HLWKHUQXPHULFDORU VHPL DQDO\WLFDOKDYHEHHQSURSRVHG
7KH QXPHULFDO DSSURDFK KDV WKH DGYDQWDJH LQ VLPXODWLQJ WKH FRPSOH[ JHRPHWU\ RI WKH
EXLOGLQJ DQG JURXQG 6LQFH LW UHTXLUHV D ODUJH DPRXQW RI FRPSXWDWLRQDO HIIRUWV DQG VWRUDJH
YDULRXVNLQGVRIPHWKRGVZHUHSURSRVHGWR LPSURYHWKHHIILFLHQF\ ,QWHUPV RIWKHEXLOGLQJ
YLEUDWLRQV JHQHUDWHG E\ WKH VXUIDFH UDLOZD\ WUDIILF -HDQ DQG 9LOORW >@ SURSRVHG D WZR
GLPHQVLRQDO ' ILQLWHHOHPHQW±ERXQGDU\HOHPHQW )(%( PRGHOZKLOH)LDODHWDO>@GH
YHORSHG D WKUHHGLPHQVLRQDO '  )(%( PRGHO 9LOORW HW DO >@ SURSRVHG D WZRDQGDKDOI
GLPHQVLRQDO ' PHWKRGRORJ\WRSUHGLFWWKHEXLOGLQJYLEUDWLRQVLQGXFHGE\VXUIDFHWUDLQV
7KHUH ZHUH DOVR VRPH VWXGLHV IRFXVLQJ RQ WKH EXLOGLQJ YLEUDWLRQV LQGXFHG E\ XQGHUJURXQG
UDLOZD\WUDIILFE\XVLQJQXPHULFDODSSURDFKHV /RSHVHWDO>±@SURSRVHGDVXEVWUXFWXULQJ
DSSURDFKHVLQZKLFKD'ILQLWHHOHPHQW3HUIHFWO\0DWFKHG/D\HUV )(±30/ PHWKRGZDV
XVHGWRVLPXODWHWKHWUDFN±WXQQHO±JURXQGV\VWHPZKLOHD')(PHWKRGZDVDSSOLHGWRPRG
HOWKHEXLOGLQJ&RXOLHUHWDO>@GHYHORSHGD')(%(PRGHOIRUWKHFRXSOHGWXQQHOVRLO
EXLOGLQJV\VWHP5HFHQWO\DWZRVWHSWLPHIUHTXHQF\QXPHULFDOPHWKRGZDVGHYHORSE\<DQJ
HWDO>@WRFDOFXODWHWKHYLEUDWLRQVRIDODUJHVFDOHEXLOGLQJLQGXFHGE\XQGHUJURXQGUDLOZD\
WUDIILF$WUDLQWUDFNFRXSOHGG\QDPLFPRGHOSURSRVHGE\=KDL>±@ZDVDSSOLHGWRFDOFX
ODWHWKHUDLOVXSSRUWLQJIRUFHVLQWKHILUVWVWHSZKLOHD')(PRGHOZDVGHYHORSHGWRSUHGLFW
WKHEXLOGLQJYLEUDWLRQVLQWKHVHFRQGVWHS
'HVSLWHWKHUDSLGDGYDQFHVLQFRPSXWLQJWHFKQRORJ\WKHQXPHULFDODSSURDFKLVVWLOOQRWD
IHDVLEOHVROXWLRQIRUWKHSUHGLFWLRQRIODUJHVFDOHYLEUDWLRQV2QWKHFRQWUDFWWKH VHPL DQD
O\WLFDOPHWKRGLVTXLWHHIILFLHQWDQGVXLWDEOHIRUSUHGLFWLQJODUJHVFDOHYLEUDWLRQVDQGSHUIRUP
LQJ FHUWDLQ SDUDPHWULF VWXGLHV $OWKRXJK D QXPEHU RI DQDO\WLFDO PRGHOV ZHUH SURSRVHG WR
SUHGLFW WKH JURXQG YLEUDWLRQV LQGXFHG E\ VXUIDFH UDLOZD\ WUDIILF >±@ DQG XQGHUJURXQG
UDLOZD\WUDIILF>±@+RZHYHUOHVVDWWHQWLRQZDVSDLGWRDQDO\WLFDOPRGHOOLQJRIWKHEXLOG
LQJYLEUDWLRQVLQGXFHGE\UDLOZD\WUDIILF5HFHQWO\DQHIILFLHQWPHWKRGZDVSURSRVHGE\+XV
VHLQHWDO>@WRFRPSXWHWKHEXLOGLQJYLEUDWLRQVIURPXQGHUJURXQGWXQQHOVLQZKLFKWKH3L3
PRGHOZDVXVHGWRFDOFXODWHWKHLQFLGHQWZDYHVJHQHUDWHGE\XQGHUJURXQGUDLOZD\WUDIILFDQG
D'IUDPHGVWUXFWXUHFRPSRVHGRIKRUL]RQWDODQGYHUWLFDOEHDPVZDVDSSOLHGWRVLPXODWHWKH
EXLOGLQJ UHVSRQVH &ORW HW DO >@ SURSRVHG D ' DQDO\WLFDO PHWKRG WR SUHGLFW WKH YHUWLFDO
EXLOGLQJYLEUDWLRQVJHQHUDWHGE\DKDUPRQLFORDGDFWLQJRQWKHJURXQGVXUIDFH
7KLVSDSHUSURSRVHVDQHIILFLHQWPHWKRGWRFDOFXODWHWKHYHUWLFDOYLEUDWLRQVRIEXLOGLQJVLQ
GXFHGE\UDLOZD\WUDIILFE\XVLQJVXEVWUXFWXULQJDSSURDFK$PXOWLVWRU\EXLOGLQJFRQVWUXFW
HGRQDPXOWLOD\HUHGKDOIVSDFHLV FRQVLGHUHG7KH'EXLOGLQJLV VLPSOLILHGDVUHFWDQJXODU
SODWHV VXSSRUWHG E\ FROXPQV DQG VLPXODWHG E\ WKH G\QDPLF VWLIIQHVV PHWKRG %\ XVLQJ WKH
FRQWLQXLW\ FRQGLWLRQ EHWZHHQ WKH EXLOGLQJ IRXQGDWLRQV DQG JURXQG WKH EXLOGLQJ LV FRXSOHG
ZLWKWKHVWUDWLILHGVRLO7ZRFDVHVWXGLHVRQEXLOGLQJYLEUDWLRQVJHQHUDWHGE\VXUIDFHUDLOZD\V
DQG XQGHUJURXQG UDLOZD\V DUH SUHVHQWHG WR GHPRQVWUDWH WKH KLJK HIILFLHQF\ RI WKH SURSRVHG
DSSURDFK
2

MODELLING METHOD

,QWKLVVHFWLRQWKHPRGHOOLQJPHWKRGIRUWKHYHUWLFDOEXLOGLQJYLEUDWLRQVJHQHUDWHGE\LQFL
GHQWZDYHVLVSURSRVHG$EXLOGLQJZLWKNVWRU\LVORFDWHGRQDPXOWLOD\HUHGKDOIVSDFH )LJ
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XUH 7KHEXLOGLQJIORRUVDUHVLPSOLILHGDVUHFWDQJXODUIORRUVZKLOHWKHVXSSRUWHGFROXPQV
DUHVLPXODWHGDVURGVDVVKRZQLQ)LJXUH7KHFROXPQVRQHDFKIORRUDUHGLVWULEXWHGLQDQ
Nx î Ny JULG SDWWHUQ 7KH VKDOORZ IRXQGDWLRQV DUH FRQVLGHUHG LQ WKLV VWXG\ WR VXSSRUW WKH
EXLOGLQJ

)LJXUH$EXLOGLQJFRQVWUXFWHGLQDPLOWLOD\HUHGKDOIVSDFH
2.1

DYNAMIC STIFFNESS MATRIXES FOR COLUMNS AND FLOORS

)RUDURGZLWKDOHQJWKLcDQGFURVVVHFWLRQDODUHD AcWKHUHODWLRQVKLSEHWZHHQWKHIRUFHV
DQGGLVSODFHPHQWVDWWKHWZRHGJHVFDQEHREWDLQHGLQWKHIUHTXHQF\GRPDLQDV
FÖ jk n cn uÖ jkn  cn uÖ jkn   FÖ jk n  cn uÖ jkn  cn uÖ jkn   
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ZKHUHξ ω ρc/Ec LVWKHD[LDOZDYHQXPEHUZLWKEcDQGρcEHLQJ<RXQJ¶VPRGXOXVDQG
GHQVLW\RIWKHFROXPQ

)LJXUH D 6XSSRUWHGFROXPQ jk DQGVXESODWHjIRUWKHVWRU\n
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7KHG\QDPLFVWLIIQHVVPHWKRGLVDSSOLHGWRFDOFXODWHWKHYHUWLFDOYLEUDWLRQRIDUHFWDQJXODU
SODWH $FFRUGLQJ WR WKH VXSHUSRVLWLRQ PHWKRG >@ WKH SODWH GLVSODFHPHQW FRQVLVWV RI IRXU
SDUWV V\PPHWULFV\PPHWULF 66  DQWLV\PPHWULFDQWLV\PPHWULF $$  V\PPHWULF
DQWLV\PPHWULF 6$ DQGDQWLV\PPHWULFV\PPHWULF $6 
wÖ x f  y f
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ZKHUH KSS KAA KSA DQG KAS UHSUHVHQW WKH G\QDPLF VWLIIQHVV PDWUL[HV IRU HDFK V\PPHWULF
SDUWZKLOHTDQGTDUHWKHWUDQVIRUPDWLRQPDWUL[HV7KHH[SUHVVLRQVRIWKRVHPDWUL[HVZHUH
JLYHQE\1HIRYVND'DQLORYLF>@
7KH H[WHUQDO IRUFH FDQ RQO\ EH DSSOLHG WR WKH HGJHV RI WKH SODWH LQ WKH G\QDPLF VWLIIQHVV
PHWKRG 7KHUHIRUH HDFK IORRU PD\ FRQVLVW RI PXOWLSO\ SODWHV &RQVLGHULQJ HDFK SODWH DV DQ
HOHPHQW ZLWK IRXU QRGHV WKDW FRUUHVSRQGV WR WKH IRXU HGJHV DQ DVVHPEO\ SURFHGXUH WKDW LV
XVHGLQWKH)(PHWKRGFDQREWDLQWKHV\VWHPHTXDWLRQIRUHDFKEXLOGLQJIORRUn
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2.2

COUPLING OF THE FLOOR AND COLUMN

7R FRXSOH WKH EXLOGLQJ IORRU ZLWK WKH VXSSRUWHG FROXPQ WKH FRQWLQXLW\ FRQGLWLRQ DW WKH
FRQQHFWSRVLWLRQVLVDSSOLHGZKLFKJLYHV
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2.3

BUILDING VIBRATIONS INDUCED BY INCIDENT WAVES

:KHQDQLQFLGHQWZDYHDFWVRQWKHVKDOORZIRXQGDWLRQVWKHLQGXFHGYLEUDWLRQVFDQEHGH
WHUPLQHGE\
 
uÖ fs uÖ s  HÖ s ΙFÖ fs uÖ s iw 
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ZKHUH uÖ s GHQRWHVWKHYHUWLFDOGLVSODFHPHQWVRIVRLOVDWWKHJHRPHWULFFHQWHURIHDFKIRXQGD
WLRQ uÖ s iw LV WKH FRUUHVSRQGLQJ LQFLGHQW GLVSODFHPHQW ILHOG HÖ s LV WKH VRLO FRPSOLDQFH WKDW
UHSUHVHQWV WKH YHUWLFDO GLVSODFHPHQW DW WKH GULYLQJ SRLQW LQGXFHG E\ D UHFWDQJXODU GLVWULEXWH
ORDG7KHWUDQVIHUPDWUL[PHWKRG>@LVXVHGWRFDOFXODWHWKHVRLOFRPSOLDQFHLQWKLVVWXG\
6XEVWLWXWLQJ(T  LQWR(T  JLYHVWKHV\VWHPHTXDWLRQIRUWKHFDOFXODWLRQRIWKHEXLOG
LQJYLEUDWLRQVLQGXFHGE\WKHLQFLGHQWZDYHV
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3.1

APPLICATION
BUILDING VIBRATIONS FROM SURFACE RAILWAY

,QWKHILUVWQXPHULFDOFDVHWKHSURSRVHGPHWKRGLVXVHGWRFDOFXODWHWKHYHUWLFDOEXLOGLQJ
YLEUDWLRQVJHQHUDWHGE\VXUIDFHUDLOZD\V$VVKRZQLQ)LJXUHWKHWUDFNV\VWHPFRQVLVWVRI
WKHUDLOVSDGVVOHHSHUVDQGEDOODVW7KHUDLOVLQ WKLVPRGHODUHVLPXODWHGDV(XOHU%HUQRXOOL
EHDPVZKLOHWKHUDLOSDGVDUHPRGHOOHGDVFRQWLQXRXVVSULQJ7KHVOHHSHUVDUHVLPSOLILHGDVD
FRQWLQXRXV PDVV DQG WKH EDOODVW LV PRGHOOHG DV D FRQWLQXRXV GLVWULEXWHG YHUWLFDO VSULQJ DQG
PDVV$KDUPRQLFORDGDFWLQJRQWKHUDLOVLVFRQVLGHUHGDVWKHH[FLWDWLRQ$QDQDO\WLFDOPRGHO
SURSRVHGE\6KHQJHWDO>@LVXVHGWRFDOFXODWHWKHLQFLGHQWGLVSODFHPHQWILHOG uÖ s iw JHQHU
DWHGE\DKDUPRQLFORDGDFWLQJRQDUDLOZD\WUDFN
,QWKLVFDVHWKH8,&UDLOZLWKDEHQGLQJVWLIIQHVV ErIr î1PDQGDPDVVSHU
XQLWOHQJWK mr NJPLV FRQVLGHUHG 7KH HTXLYDOHQW VWLIIQHVV RIWKHUDLOSDGV SHUXQLW
OHQJWKkrpLVî1PDQGLWVORVVIDFWRUηrp 7KH0DVVRIVOHHSHUVSHUXQLWOHQJWK
msLVNJPZKLOHWKHPDVVRIEDOODVWSHUXQLWOHQJWK mbLVNJPWKHEDOODVWKDVD
VPHDUHGVWLIIQHVVkb î1PDQGDORVVIDFWRUηb 7KHFRQWDFWZLGWKRIUDLOZD\
DQGJURXQGLVP
7KHVRLOFRQVLVWVRIDOD\HUZLWKDGHSWKRIPRQWRSRIDKRPRJHQHRXVKDOIVSDFH7KH
ILUVWOD\HUKDVDVKHDUZDYHYHORFLW\Cs PVDFRPSUHVVLRQZDYHYHORFLW\Cp PV
DQGGHQVLW\ρs NJP7KHERWWRPKDOIVSDFHKDVDVKHDUZDYHYHORFLW\Cs PVD
FRPSUHVVLRQZDYHYHORFLW\Cp PVDQGDGHQVLW\ρs NJP7KHPDWHULDOGDPS
LQJUDWLRβsIRUWKHWZROD\HUVDUHDQGUHVSHFWLYHO\
$IRXUVWRU\EXLOGLQJZLWKWZRVSLQLVORFDWHGLQWKHYLFLQLW\RIWKHUDLOZD\OLQH7KHGLV
WDQFHEHWZHHQWKHFHQWHUOLQHRIWKHWUDFNWRWKHQHDUHVWFROXPQDOLJQPHQWRIWKHEXLOGLQJd 
PPDQGPLVFRQVLGHUHG7KHJHRPHWU\RIWKHEXLOGLQJLVVKRZQLQ)LJXUH7KH
EXLOGLQJIORRUVZLWKDOHQJWKRIPDZLGWKRIPDQGDWKLFNQHVVRIPDUHVXSSRUWHGE\
VTXDUHFROXPQVZLWKDVLGHOHQJWKRIPDQGDKHLJKWRIPWKHPDWHULDORIWKHEXLOGLQJ
IORRUVDQGFROXPQVDUHFRQFUHWHZLWK<RXQJ¶VPRGXOXVRI*3DDGHQVLW\RINJP
DQGD3RLVVRQ¶VUDWLRRI
)RXU REVHUYDWLRQ SRLQWV DUH FRQVLGHUHG DV VKRZQ LQ )LJXUH  7KH REVHUYDWLRQ SRLQWV $
DQG&DUHORFDWHGDWWKHFHQWHURIHDFKVSLQRIWKHILUVWIORRUZKLOHWKHREVHUYDWLRQSRLQWV%
DQG'DUHDWWKHFHQWHURIHDFKVSLQRIWKHIRXUWKIORRU
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)LJXUH*HRPHWU\RIWKHVXUIDFHUDLOZD\VRLOEXLOGLQJV\VWHP

)LJXUH*HRPHWU\RIWKHEXLOGLQJ
)LJXUHVKRZVWKHYHUWLFDOGLVSODFHPHQWVRIWKHEXLOGLQJDWWKHIRXUREVHUYDWLRQSRLQWVLQ
GXFHG E\ D KDUPRQLF ORDG DFWLQJ RQ WKH UDLOV RI WKH VXUIDFH UDLOZD\ $V H[SHFWHG WKH GLV
SODFHPHQWDPSOLWXGHGHFUHDVHVDVWKHGLVWDQFHIURPWKHEXLOGLQJWRWKHUDLOZD\OLQHLQFUHDVHV
6LQFHWKHDWWHQXDWLRQRIWKHZDYHVGXHWRJHRPHWULFDOVSUHDGLQJLQWKHVRLOLVVORZLQWKHORZ
IUHTXHQF\ UDQJH WKH PDJQLWXGH RI WKH GLVSODFHPHQW GHFUHDVHV VOLJKWO\ DV GLVWDQFH IURP WKH
EXLOGLQJWRWKHUDLOZD\OLQHLQFUHDVHV:KHQWKHGLVWDQFH dLQFUHDVHVIURPPWRPDQG
PWKHYLEUDWLRQOHYHOVGHFUHDVHDSSUR[LPDWHO\G%DQGG%UHVSHFWLYHO\+RZHYHUDVWKH
IUHTXHQF\ LQFUHDVHV WKH DWWHQXDWLRQ GXH WR JHRPHWULFDO VSUHDGLQJ DFFHOHUDWHV 7KH YLEUDWLRQ
OHYHORIWKHEXLOGLQJGHFUHDVHVVLJQLILFDQWO\DVWKHGLVWDQFHLQFUHDVHV
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$SHUVRQDOFRPSXWHUZLWK*%5$0DQG*+]SURFHVVRULVXVHGWRFDOFXODWHWKHUH
VXOWVLQWKLVFDVH7KHDYHUDJHFDOFXODWLRQWLPHVIRUHDFKIUHTXHQF\ f LVPLQXWHVZKLFK
VKRZVLWVDGYDQWDJHRIKLJKFRPSXWDWLRQDOHIILFLHQF\
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Fig. 59HUWLFDOGLVSODFHPHQWVRIWKHEXLOGLQJDWWKHREVHUYDWLRQSRLQW D $ E % F &DQG
G 'LQGXFHGE\DKDUPRQLFORDGDFWLQJRQWKHUDLOVRIWKHVXUIDFHUDLOZD\
3.2

BUILDING VIBRATIONS FROM UNDERGROUND RAILWAY

7KLV VHFWLRQ LQYHVWLJDWHV WKH EXLOGLQJ YLEUDWLRQV LQGXFHG E\ XQGHUJURXQG UDLOZD\V $V
VKRZQLQ )LJXUHDFLUFXODUWXQQHOHPEHGGHGLQD WZR OD\HUHGKDOIVSDFHLV FRQVLGHUHG$
IXOO\FRXSOHGDQDO\WLFDOPHWKRG>@LVXVHGWRFDOFXODWHWKHLQFLGHQWGLVSODFHPHQWILHOG uÖ s iw 
7KHWXQQHOLVVLPXODWHGDVDF\OLQGULFDOWKLQVKHOO7KHVRLOLVFRQVLGHUHGDVDOD\HUHGHODVWLF
KDOIVSDFHDQGVLPXODWHGE\WKHWUDQVIHUPDWUL[PHWKRG>±@$PRGHORIDGRXEOHEHDPLV
XVHGWRPRGHOWKHWUDFNVODEDQGUDLOV$KDUPRQLFORDGDFWLQJRQWKHUDLOVLVFRQVLGHUHGDVWKH
H[FLWDWLRQ7KHGHULYDWLRQRIWKLVPHWKRGZDVSURSRVHGLQGHWDLOE\+HHWDO>@
,QWKLVVWXG\WKHWXQQHOZLWKDQRXWUDGLXVRIPDQGDWKLFNQHVVRIPLVPDGHRI
FRQFUHWHZLWK<RXQJ¶VPRGXOXVEt *3DDGHQVLW\ρt NJPDQGD3RLVVRQ¶VUDWLR
νt 7KHGHSWKRIWKHWXQQHOLVPEHORZWKHJURXQGVXUIDFH7KH8,&UDLOVLVFRQ
VLGHUHGLQWKLVFDVH7KHUDLOSDGVLQWKLVFDVHKDYHDVPHDUHGVWLIIQHVVkrp 01P7ZR
NLQGVRIVODEVDUHFRQVLGHUHG7KHILUVW RQHLV DGLUHFWO\IL[HGVODEDQG WKHVHFRQGRQHLV D
IORDWLQJVODEZLWKWKHLVRODWLRQIUHTXHQF\fn +]DQG+]EHLQJFRQVLGHUHG7ZRNLQGV
RIVODEVKDYHDPDVVSHUXQLWOHQJWKRINJPDQGDEHQGVWLIIQHVVRI01P7KH
SURSHUWLHVRIWKHVRLODQGEXLOGLQJDUHWKHVDPHDVWKRVHLQ6HFWLRQ
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)LJXUH*HRPHWU\RIWKHXQGHUJURXQGWXQQHOVRLOEXLOGLQJV\VWHP
)LJXUHSUHVHQWVWKHYHUWLFDOGLVSODFHPHQWVRIWKHEXLOGLQJDWWKHIRXUREVHUYDWLRQSRLQWV
LQGXFHGE\DKDUPRQLFORDGDFWLQJRQWKHUDLOVRIWKHXQGHUJURXQGUDLOZD\7KHLQVHUWJDLQ ,* 
WKDWUHSUHVHQWVWKHGLIIHUHQFHRIWKHEXLOGLQJYLEUDWLRQOHYHOVEHWZHHQWKHWZRNLQGVRIVODEVLV
FDOFXODWHGDQGSUHVHQWHG%\FRPSDULQJWKHEXLOGLQJUHVSRQVHVIRUWKHGLUHFWO\IL[HGVODEZLWK
WKRVHIRUWKHIORDWLQJVODEZHFDQILQGWKDWWKHIORDWLQJVODEKDVDJRRGLVRODWLRQHIIHFWLYHQHVV
DIWHUWKH FXWRIIIUHTXHQF\  f n +RZHYHUWKH IORDWLQJVODE DOVR FDQLQFUHDVHWKHYLEUDWLRQ
OHYHOVIRUWKHIUHTXHQF\WKDWLVOHVVWKDQWKHFXWRIIIUHTXHQF\(VSHFLDOO\DWWKHLVRODWLRQIUH
TXHQF\RIWKHIORDWLQJVODEWUDFNDPDMRUSHDNFDQEHREVHUYHGDWWKH,*FXUYHV
7KHFDOFXODWLRQWLPHVIRUHDFKIUHTXHQF\ f LVPLQXWHVLQWKLVQXPHULFDOFDVHLQGLFDWLQJ
WKDWWKHSURSRVHGPHWKRGKDVDKLJKFRPSXWDWLRQDOHIILFLHQF\ZKHQFDOFXODWLQJWKHEXLOGLQJ
YLEUDWLRQVJHQHUDWHGE\XQGHUJURXQGUDLOZD\WUDIILF
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)LJXUH9HUWLFDOGLVSODFHPHQWVRIWKHEXLOGLQJDWWKHREVHUYDWLRQSRLQW D $ E % F &
DQG G 'LQGXFHGE\DKDUPRQLFORDGDFWLQJRQWKHUDLOVRIWKHXQGHUJURXQGUDLOZD\
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CONCLUSIONS

$ VXEVWUXFWXULQJ PHWKRG ZDV SURSRVHG WR FDOFXODWH WKH YHUWLFDO EXLOGLQJ YLEUDWLRQV LQ
GXFHG E\ UDLOZD\ WUDIILF 7KH ' EXLOGLQJ LV VLPXODWHG E\ UHFWDQJXODU SODWH VXSSRUWHG E\ D
GLVWULEXWLRQRIFROXPQV7KHG\QDPLFVWLIIQHVVPHWKRGZDVXVHGWRREWDLQWKHVROXWLRQIRUUHF
WDQJXODUSODWHVDQGFROXPQV7KH'EXLOGLQJPRGHOZDVVXEVHTXHQWO\REWDLQHGE\FRXSOLQJ
WKH SODWH PRGHO ZLWK WKH FROXPQ PRGHO 7KH EXLOGLQJ PRGHO ZDV FRXSOHG ZLWK WKH OD\HUHG
KDOIVSDFHE\VDWLVI\LQJHTXLOLEULXPDQGFRPSDWLELOLW\FRQGLWLRQDWWKHEXLOGLQJIRXQGDWLRQV
7ZR FDVH VWXGLHV RQ EXLOGLQJ YLEUDWLRQV JHQHUDWHG E\ VXUIDFH UDLOZD\V DQG XQGHUJURXQG
UDLOZD\VDUHSURSRVHG,QWKLVILUVWFDVHDQDQDO\WLFDOPRGHOZDVXVHGWRFDOFXODWHWKHLQFLGHQW
ZDYHILOHGJHQHUDWHGE\VXUIDFHUDLOZD\WUDIILF,QWKHVHFRQGFDVHWKHWXQQHOVRLOV\VWHPZDV
VLPXODWHG E\ D IXOO\FRXSOHG DQDO\WLFDO PRGHO 7KH QXPHULFDO UHVXOWV GHPRQVWUDWHG WKDW WKH
EXLOGLQJ YLEUDWLRQ OHYHOV GHFUHDVHV DV WKH GLVWDQFH IURP WKH EXLOGLQJ WR WKH UDLOZD\ OLQH LQ
FUHDVHVZKLFKLVLQGXFHGE\WKHDWWHQXDWLRQRIWKHZDYHVGXHWRJHRPHWULFDOVSUHDGLQJLQWKH
VRLO 7KH IORDWLQJ VODE FDQ VLJQLILFDQW UHGXFHV WKH EXLOGLQJ YLEUDWLRQ OHYHOV VWDUWLQJ IURP LWV
FXWRIIIUHTXHQF\

4660

REFERENCES
>@ '- 7KRPSVRQ * .RXURXVVLV ( 1WRWVLRV 0RGHOOLQJ VLPXODWLRQ DQG HYDOXDWLRQ RI
JURXQGYLEUDWLRQFDXVHGE\UDLOYHKLFOHV9HKLFOH6\VW'\Q  
>@ 6 =KRX&+H3*XR)<X '\QDPLFUHVSRQVHRIDVHJPHQWHGWXQQHO LQ VDWXUDWHG
VRLOXVLQJD')(%(PHWKRGRORJ\6RLO'\Q(DUWKTXDNH(QJ
>@ ; 6KHQJ $ UHYLHZ RQ PRGHOOLQJ JURXQG YLEUDWLRQV JHQHUDWHG E\ XQGHUJURXQG WUDLQV
,QW-5DLO7UDQVS  
>@ 3-HDQ09LOORW6WXG\RIWKHYLEUDWLRQDOSRZHULQMHFWHGWRDZDOOH[FLWHGE\DJURXQG
VXUIDFHZDYH-6RXQG9LE  ±
>@ 3)LDOD*'HJUDQGH)$XJXV]WLQRYLF]1XPHULFDOPRGHOOLQJRIJURXQGERUQHQRLVH
DQG YLEUDWLRQ LQ EXLOGLQJV GXH WR VXUIDFH UDLO WUDIILF - 6RXQG 9LE    ±

>@ 09LOORW35RSDUV3-HDQ(%RQJLQL)3RLVVRQ0RGHOLQJWKHLQIOXHQFHRIVWUXF
WXUDO PRGLILFDWLRQV RQ WKH UHVSRQVH RI D EXLOGLQJ WR UDLOZD\ YLEUDWLRQ 1RLVH &RQWURO
(QJ-  
>@ 3/RSHV3$OYHV&RVWD0)HUUD]5&DOoDGD$6LOYD&DUGRVR1XPHULFDOPRGHOLQJ
RIYLEUDWLRQVLQGXFHGE\UDLOZD\WUDIILFLQWXQQHOV)URPWKHVRXUFHWRWKHQHDUE\EXLOG
LQJV6RLO'\Q(DUWKTXDNH(QJ±
>@ 3 /RSHV3$OYHV&RVWD5&DOoDGD$ 6LOYD&DUGRVR ,QIOXHQFHRIVRLOVWLIIQHVV RQ
EXLOGLQJYLEUDWLRQVGXHWRUDLOZD\WUDIILFLQWXQQHOV1XPHULFDOVWXG\&RPSXW*HRWHFK
±
>@ 3&RXOLHU*/RPEDHUW*'HJUDQGH7KHLQIOXHQFHRIVRXUFH±UHFHLYHULQWHUDFWLRQRQ
WKHQXPHULFDOSUHGLFWLRQRIUDLOZD\LQGXFHGYLEUDWLRQV-6RXQG9LE±

>@ -<DQJ6=KX:=KDL*.RXURXVVLV<:DQJ.<:DQJHWDO3UHGLFWLRQDQG
PLWLJDWLRQ RI WUDLQLQGXFHG YLEUDWLRQV RI ODUJHVFDOH EXLOGLQJ FRQVWUXFWHG RQ VXEZD\
WXQQHO6FL7RWDO(QYLURQ
>@ :=KDL7ZRVLPSOHIDVWLQWHJUDWLRQPHWKRGVIRUODUJHVFDOHG\QDPLFSUREOHPVLQHQ
JLQHHULQJ,QW-1XPHU0HWKRGV(QJ±
>@ : =KDL . :DQJ & &DL )XQGDPHQWDOV RI YHKLFOHWUDFN FRXSOHG G\QDPLFV 9HKLFOH
6\VW'\Q±
>@ 99.U\ORY*URXQGYLEUDWLRQERRPIURPKLJKVSHHGWUDLQSUHGLFWLRQDQGUHDOLW\7KH
$FRXVWLF%XOOHWLQ-XO\$XJXVW
>@ ;6KHQJ&-&-RQHV03HW\W*URXQGYLEUDWLRQJHQHUDWHGE\DORDGPRYLQJDORQJD
UDLOZD\WUDFN-6RXQG9LE
>@ $9 0HWULNLQH 61 9HULFKHY - %ODDXZHQGUDDG 6WDELOLW\ RI D WZRPDVV RVFLOODWRU
PRYLQJ RQ D EHDP VXSSRUWHG E\ D YLVFRHODVWLF KDOIVSDFH , - 6ROLGV 6WUXFW  ± 

>@ <& /L 6- )HQJ +; &KHQ =/ &KHQ '0 =KDQJ 5DQGRP YLEUDWLRQ RI WUDLQ
WUDFNJURXQGV\VWHPZLWKDSRURHODVWLFLQWHUOD\HULQ WKHVXEVRLO6RLO '\Q(DUWKTXDNH
(QJ

4661

>@ -$ )RUUHVW +(0 +XQW $ WKUHHGLPHQVLRQDO WXQQHO PRGHO IRU FDOFXODWLRQ RI WUDLQ
LQGXFHGJURXQGYLEUDWLRQ-6RXQG9LE H ±
>@ 0)0+XVVHLQ 6)UDQoRLV 0 6FKHYHQHOV +(0+XQW-37DOERW*'HJUDQGH
7KHILFWLWLRXVIRUFHPHWKRGIRUHIILFLHQWFDOFXODWLRQRIYLEUDWLRQIURPDWXQQHOHPEHG
GHGLQDPXOWLOD\HUHGKDOIVSDFH-6RXQG9LE±
>@ & +H 6+ =KRX +* 'L 3- *XR-+ ;LDR $QDO\WLFDO PHWKRG IRU FDOFXODWLRQ RI
JURXQG YLEUDWLRQ IURP D WXQQHO HPEHGGHG LQ D PXOWLOD\HUHG KDOIVSDFH &RPSXW *H
RWHFK±
>@ &+H6+=KRX3-*XR+*'L;+=KDQJ)<X7KHRUHWLFDOPRGHOOLQJRIWKH
G\QDPLFLQWHUDFWLRQEHWZHHQWZLQ WXQQHOV LQ DPXOWLOD\HUHGKDOIVSDFH -6RXQG9LE
±
>@ &+H6+=KRX3-*XR+*'L;+=KDQJ$WKHRUHWLFDOPRGHORQWKHLQIOXHQFH
RI ULQJ MRLQW VWLIIQHVV RQ G\QDPLF UHVSRQVHV IURP XQGHUJURXQG WXQQHOV &RQVWU %XLOG
0DWHU±
>@ 0 +XVVHLQ + +XQW . .XR 3 $OYHV &RVWD - %DUERVD 7KH XVH RI VXEPRGHOOLQJ
WHFKQLTXH WR FDOFXODWH YLEUDWLRQ LQ EXLOGLQJV IURP XQGHUJURXQG UDLOZD\V 3 , 0HFK
(QJ)-5DL  ±
>@ $&ORW5$UFRV-5RPHX(IILFLHQW7KUHH'LPHQVLRQDO%XLOGLQJ6RLO0RGHOIRUWKH
3UHGLFWLRQRI*URXQG%RUQH9LEUDWLRQVLQ%XLOGLQJV-6WUXFW(QJ  

>@ 01HIRYVND'DQLORYLF'\QDPLF$QDO\VLVRI6RLOVWUXFWXUH6\VWHP8VLQJ6SHFWUDO(O
HPHQW0HWKRG3K'WKHVLV%HOJUDGH
>@ $:/HLVVD9LEUDWLRQRISODWHV1$6$63
>@ :7 7KRPVRQ 7UDQVPLVVLRQ RI HODVWLF ZDYHV WKURXJK D VWUDWLILHG VROLG PHGLXP -
$SSO3K\V±
>@ ;6KHQJ&-&-RQHV'-7KRPSVRQ*URXQGYLEUDWLRQJHQHUDWHGE\DKDUPRQLFORDG
DFWLQJRQDUDLOZD\WUDFN-6RXQG9LE  ±
>@ &+H6+=KRX 3*XR +* 'L -+ ;LDR '\QDPLF'*UHHQ V IXQFWLRQIRU D
SRLQWORDGRUDSRLQWIOXLGVRXUFHLQDOD\HUHGSRURHODVWLFKDOIVSDFH(QJ$QDO%RXQG
(OHP±

4662

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

A TUNED MASS DAMPER INERTER CONTROL DEVICE FOR BASE
ISOLATED STRUCTURES
Salah Djerouni1, Mouncef Eddine Charrouf1, Abdelhafid Ounis1, Mahdi Abdeddaim2
and Nassim Djedoui2
1

LARGHYDE Laboratory, Department of civil engineering and hydraulics, faculty of science and
technology, Biskra University Algeria
P.O.B 145 RP, Biskra, Algeria 07000
e-mail: (s.djerouni, Mouncef-charrouf, abdelhafid.ounis)@univ-biskra.dz
2

Faculty of science and technology, Biskra University Algeria
P.O.B 145 RP, Biskra, Algeria 07000
(m.abdeddaim,n.djedoui)@univ-biskra.dz

Keywords: inerter, base-isolated, optimal, tuned mass damper inerter
Abstract. The recent earthquakes history shows that the conception of resistant, safe, and
economical structures is daily challenges for structural engineers. Among the newest vibration control devices figures the inerter which is a device capable of developing a large fictive
mass using rotational inertia. In this research work, a conventional passive tuned mass
damper (TMD) is compared with an inerter based mass damper (TMDI) which consists of
tuned mass damper attached to an inerter. The two devices are used to control the vibration
of a base-isolator structure (BI) submitted to earthquake excitations. For this purpose, an
eight (8) storey structure is equipped with a (TMDI) at the base floor compared with case
TMDI in zeros inertance case TMD, the inerter is fixed to the (TMD) on one side and grounded on the second side. A set of dynamic parameters are optimized by exploring predefined
bounds, the optimal parameters (frequency tuning, damping tuning, inertance ratio, mass
ratio ) are then used to confirm and perform a time history analysis is under different earthquake records. The obtained results demonstrated good performance and effectiveness of the
structure equipped with a (TMDI) in terms of bearing displacement as well as top floor acceleration.
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1

INTRODUCTION

In recent years, seismic vibration control constituted a field of interest for a large number
of researchers. The motivation behind such interest is the protection of lives and structures
against earthquakes; this can be achieved by introducing passive, active, or semi-active control devices [1, 2].
In the same context, many researchers presented and investigated numerous devices which
lead to acceptable results in terms of response reduction (e.g., base-isolated (BI), tuned liquid
damper (TLD), magneto-rheological damper (MR), tuned viscous mass damper (TVMD), viscous mass damper (VMD), tuned inerter damper (TID), tuned mass damper (TMD)) [3, 4].
One of the widespread devices is the (TMD), a passive control device used to absorb and limit
the vibration in a structure or a building [5]. It’s attached to the main structure with mechanical elements small mass, viscous spring, and linear elastic dashpot to mitigate and decrease
maximum displacement of main structure induced by numerous natural hazards [6]. As it is
well known the (TMD) efficiency is mainly related to its mass. However, a large mass constitutes a constant challenge for the structural and architectural design of any building, hence a
larger (TMD) mass involves bigger vertical loads and base shear but also a large space occupancy [2, 7].
In order to overcome these weaknesses or in other words disadvantages, a new mechanical
device is known as “Inerter” has attracted the interest of researchers in several areas, this latter can be associated with (TMD) to obtain a larger mass [8, 9]. Furthermore, this tool has the
possibility of developing a large fictive virtual mass proportional to the relative acceleration
between its nodes [10]. The association of a (TMD) and an inerter is denoted tuned mass
damper inerter (TMDI) [9]. The concept of mechanical inerter was introduced by Engineer
Smith in 2002 at Cambridge University, it was firstly used in Formula One cars under the “J
damper” name. Today, an inerter mechanism is capable to produce an equal and opposite inertia force at two ends, the force is proportional to the relative acceleration which can be analogous to a very large physical mass [8]. The factor of proportionality is known as inertance,
the “mass amplification effect” can reach a magnitude from 1 to 350 times or higher the mass
of a conventional (TMD) [11].
Undoubtedly, inertance plays a majority part of the apparent mass of (TMD) [12]. The inerter mechanism purposes divers’ possibilities to be used in several domains (e.g., motors
bike, turbine tower, train, mechanical vibration, vehicle cars, skyscraper, and automobile suspensions). Hence, several inerter types can be found (e.g., ball screw type, rack pinion gear
flywheel type, hydraulic motor, fluid inerter type, electro-magnetic inerter) [13].
Along with (TMDs) base-isolation technology is widely used in order to secure buildings
and prevent them from irreversible damages or collapse due to earthquake actions [14]. Nowadays, the extensive used of vertical building lead to the appearance of a large number of high
rise buildings with multiple usages. As it is well known (BI) technique that contributes significantly to the reduction of both acceleration and inter-story drift response by shifting the frequency of the structure to the small acceleration branch in the response spectrum [15].
On the other hand, base-isolation involves large deformations and displacements due to
smaller stiơness at the base of the structure [16].In order to overcome the large deformations
issue is base-isolated buildings multiple solutions were proposed, a hybrid control strategy
that combines (BI) technology and additional control systems are one of the recommended
solutions. Yang [17] was one of the first researchers to propose such a solution, by combining
base-isolation with (TMD) at the top of the building or above the base-isolated level. In this
regard, researchers found that (TMD) can reduce maximum response if the input period is up-
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per than the fundamental period of the base-isolated building [6, 7, 18]. However, most of the
(TMD) has a frequency mistuning problem; if a mistuning occurs it can either reduce the performance or at times amplify the response of the main building, with this in the background,
the author or the researcher De-Domenico focused on the possibility of enhancing the effects
of (TMD) by transforming it into a (TMDI) via the inerter [12]. Therefore, the objective of his
work is centered to evaluate the ground motion response of a base-isolated building equipped
with tuned mass damper inerter (TMDI) which consists of a (TMD) mounted in series with
viscous damper and elastic stiffness elements connected with an inerter. The latter is attached
between the secondary mass of (TMD) and the ground, it worth noticing that a (TMD) is a
particular condition of a (TMDI) when the inertance is set to be null [12]. The results obtained
show a response reduction of the base-isolated system, especially the bearing displacement.
Newly, a hybrid control strategy presented by De Domenico and Ricciardi demonstrated the
efficiency of combining a BI and a (TMDI), it also shows that the (BI-TMDI) combination is
more effective compared to a (BI-TMD) [12, 19-21].
In this work, a base-isolated building is equipped with a (TMDI). The second end of the
inerter is grounded (fixed to the ground) or in other words, inerter with a single terminal exists. The system is submitted to a set of earthquake records with the aim of finding optimal
parameters of (TMDI) and (TMD) such as frequency, damping, and inertance. Although the
idea of using passive (TMDI) to control displacements in BI structures is not novel, this work
aims to present optimal parameters without using optimization algorithms.
2

MATHEMATICAL MODEL

Figure 1(a) shows the model of an n-story base-isolated structure equipped with a TMDInerter on the ground ﬂoor. The masses of the building are concentrated at ﬂoor levels. Figure
1(b) illustrations the models of ideal inerter made by (rack, pinion, gear, and a flywheel) this
is the inerter concept used in this paper. The location of TMD-Inerter is connected between
ground and base-isolation. The hypothesis is made in such a way to disregard the impact of
the rotational degrees of freedoms (n-DOF) in the models. The other key assumptions made
for the structural system are the following: First, the inerter device must function sufficiently
in any spatial direction and motion. Second, considering the only horizontal direction of
earthquake applied. Third, the eơects of soil-structure interaction is neglige. Finally, over the
earthquake excitation, the building behavior remains linear elastic.
According to d’Alembert’s principle, the general equation of motion model for the present
hybrid system can be written as follows:

> M @^ x t `  >C @^ x t `  > K @^ x t `

 > M w @^`^ xg `

(1)

In equation (1); [M]; [K]; [C]; are [(n+1) u (n+1)]; mass the corresponding stiffness; and
damping coefficient matrices of the system respectively. Further, x t , x t , x t are n dimensional acceleration; velocity; displacement vectors respectively, and the dots signifying
the derivative with respect to time. > M w @ , ^` , ^ xg ` are respectively the real mass matrix
where E 0 , the distribution unit vector with size (n+1), earthquake ground acceleration
motion vector.
The (TMDI) and (BI) components are denoted md; cd; kd; mb; cb; kb, respectively. Clearly
b denotes the apparent mass of inerter with two terminals, the latter integrated or mounted to
(TMD) with a second terminal fixed to the grounded (inerter with only one terminal exist).
Equation (1); can be rearranged in transfer function (TF) method, more speciﬁcally “State
Space” form, it will result in the following writing:
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Where > A@ , > B@ are unknown or defines state or system matrix of order (2n u 2n), the input
matrix is of the order (2n u q); respectively, expressed as:
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Primary building
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Figure 1.Simplified model of benchmark building integrating with (BI) and (TMDI) connected between (BI) and
ground (i);(ii) Schematic representation of the two-terminal inerter device [12, 22].

For the building controlled with (TMDI), the structural matrices (mass, rigidity, and damping)
of the system can be written as:
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Therefore, the natural frequencies of the (BI) and (TMDI) respectively can be obtained using
the following equation:

Kb

Z

b

Kd

; Z
d

mb

(7)

md b

And their damping ratio factors are evaluated by the following formulas:

[

b

Cb
; [
d
2.mb .Zb

Cd
2.(md  b).Zd

(8)

Moreover, the modal mass and the inertance ratio, which is expressed as:

P

md
; E
j n
¦ mj
j 1

b
; and j
j n
¦ mj
j 1

1, 2,.., n

(9)

The mechanical layout of an ideal linear inerter device is a mechanism with two terminals,
and both terminals of the inerter device should be connected, on one side to the moving attached mass (TMD) and on the other side to the structure, ideally the floor slab or to the
ground.
The force of both ends is positively correlated with the relative acceleration and can be expressed by the following formula [3, 10]:

FLeft

FRight

b u uLeft  uRight
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(10)

Figure 2. Schematic of ideal linear inerter device

As it can be seen in Figure 2, the constant of inertance (apparent mass) marked b can be expressed by the following relationship or formula below:

b

§ 2uS ·
Ib u ¨
¸
© Lb ¹

2

(11)

Where the moment of inertia of the flywheel is marked I b ; and the lead of the ball screw is
marked Lb .
3

NUMERICAL STUDY

In order to develop and assess the performance of the hybrid strategy, an eight-story
benchmark base-isolated building is chosen and equipped with TMD-Inerter, the building is
submitted to several earthquakes ground motion, the responses are compared with a building
equipped with a (TMDI) E 0 , it means case (TMD). The mass, stiffness, damping, and frequency of the benchmark building are listed in Table 1 and Table 2 for BI parameters:
Storey
1
2
3
4
5
6
7
8

mj
ton
345.6
345.6
345.6
345.6
345.6
345.6
345.6
345.6

cj
kN.s / m
490
467
410
386
348
298
243
196

kj
kN / m
3.4 u 105
3.26 u 105
2.85 u 105
2.69 u 105
2.43 u 105
2.07 u 105
1.69 u 105
1.37 u 105

Zj
rad / sec
5.24
14.0
22.55
30.22
36.89
43.06
49.54
55.96

Tj
sec
1.19
0.45
0.28
0.21
0.17
0.14
0.13
0.11

Table 1. Benchmark building parameters [23].

Base-isolator
(BI)

mb
ton

cb
kN.s / m

kb
kN / m

450

26.17

18.050

Table 2. Base-isolator parameters [23].

4668

fj
Hz
0.83
2.23
3.58
4.81
5.87
6.85
7.89
8.91
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3.1

Optimization and results

In order to find and investigate the performance of the optimal parameters, an optimization
procedure is carried out on TMD-Inerter, in which the inerter’s 2nd extremity is grounded. The
optimization is achieved by the variance of four different parameters simultaneously. The
range of the frequency ratio X is bounded as [0.85, 1.12] and the damping ratio [ range is set
as [ 0.01, 0.2 ] while the inertance E is bounded as [ 0 , 1 ] where the mass raE  PTMD is calculated in function of the continuously changing inertance factor.
tio PTMDI
Figures 3-6, show the result in form of surf plots, in which it can be seen that the optimal tuning parameters lead to the minimization of the bearing displacement and top floor acceleration
response under different earthquakes (El Centro, Northridge, Kocaeli, Imperial valley) respectively. The response reduction is clearly visible. This validates the fact that increasing the
mass Mtmdi + b, could improve the base-isolation performance. Moreover, for a null inertence
factor, where the system is equivalent to a conventional (TMD), the results are represented in
Figure 5-6, it can be seen that the improvement of the response is directly related to the increase in the mass ratio. These findings show that the optimal parameters of the system allow
increasing the linear stiffness of base-isolation. Hence, resulting in more effective reduction
effect in terms of bearing displacement and top floor acceleration due to the increased of baseisolation restoring force. Therefore, the influence of the damping ratio and mass ratio and frequency ratio on the design parameters is significant and should be manipulated with an exceptional attention.
The results related to the optimization are listed in Table 3.
Remark: The bound use for the optimization parameters using later by [12].
(a)

(b)

(c)

(d)

Figure 3. Bearing displacement of (BI-TMDI).(a) El Centro,(b) Northridge,(c) Kocaeli,(d) Imperial valley
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(a)

(c)

(b)

(d)

Figure 4. top floor acceleration of (BI-TMDI) .(a) El Centro,(b) Northridge,(c) Kocaeli,(d) Imperial valley

(a)

(b)

(c)

(d)

Figure 5. Bearing displacement of (BI-TMD) E 0 .(a) El Centro,(b) Northridge,(c) Kocaeli,(d) Imperial valley
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(a)

(b)

(c)

(d)

Figure 6. top floor acceleration of (BI-TMD) E 0 .(a) El Centro,(b) Northridge,(c) Kocaeli,(d) Imperial valley

In order to compare the control systems strategy performance, the mean values of the optimal
parameters obtained after optimization are given in Table 3. It must be noted that the value of
E , X , [ for a TMDI system larger than those of a TMD system.

TMD
TMDI

E
0
0.55

X
0.97
1.1375

[
0.01
0.115

Table 3. Optimal values of each Hybrid systems (BI-TMD), (BI-TMDI)
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3.2

Time history analysis of n-DOF
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Figure 7. Time history of bearing displacement using a tuned mass damper inerter (TMDI) and a tuned mass
damper (TMD).
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Figure 8. Time history of the top floor acceleration of the (eight-storey) base-isolated building, isolated with
leading rubber bearing (LRB) and equipped with the single tuned mass damper inerter (TMDI), tuned mass
damper (TMD).

4673

Earthquake
Name
El Centro
Northridge
Chi-Chi
Loma Prieta
Kocaeli
Imperial valley

Station
Name
El Centro
San Marino
HWA025
Sunol-Forest fire station
Fatih
Brawley Airport

Years
1940
1994
1999
1989
1999
1979

PGA
(g)
0.30
0.84
0.33
0.29
0.16
0.25

Mw
6.9
6.69
7.62
6.93
7.51
5.01

Distance. Epic
(km)
16.90
40.32
90.78
61.90
93.86
25.84

Table 4.List of records earthquakes considered in this paper.

Time history analysis is conducted on the system using optimal parameters for further verification. The comparison is made under the input of the recorded accelerograms selected from
the pacific earthquake engineering research center (peer ground motion database). Six natural
seismic signals are investigated: El Centro, Northridge, Chi-Chi, Loma Prieta, Kocaeli, and
Imperial Valley. Specifications of these earthquakes are listed in Table 4. Moreover, Table 3,
contains the optimal parameters, such as inertance ratio E , frequency tuning f , and damping
tuning [ , for each TMDI and TMD device combined to a BI system. The corresponding response time histories of the BI reference building without and with control devices (both the
total base displacement and roof acceleration response) are displayed in Figures 7 and 8, respectively. The figures are elaborated for different earthquakes. For comparison purposes, in
each graph, the response of base-isolated building equipped with (TMDI) has been plotted
along with the response of the BI structure equipped with a conventional (TMD) and the uncontrolled response of the base-isolated building (without any control device) which serves as
a reference.
Figures 7 and 8, show that for the El Centro record, 31% and 78% response reduction in terms
of bearing displacement is obtained using TMD and TMDI respectively, 11% and 37% response reduction in terms of top floor acceleration using TMD and TMDI respectively. For
Northridge record, 5% reduction is obtained using TMD, and 55% reduction is obtained with
TMDI in terms of bearing displacement, 1%, and 4% reduction in terms of top floor acceleration is obtained using TMD and TMDI, respectively. Chi-Chi record 19% and 56% response
reduction in terms of bearing displacement, 22%, and 54% response reduction in terms of top
floor acceleration under both TMD and TMDI, respectively. Loma Prieta record 4% and 52%
response reduction in terms of bearing displacement using TMD and TMDI, respectively, a
very small reduction in terms of top floor acceleration is obtained using both devices.
Moreover, the Chi-Chi earthquake made the utmost important amplification of the response in
the median part of the ground motion, contrary to El Centro, Loma Prieta and Northridge
earthquakes which produced the utmost important amplification of the response in the initial
part of the ground motion. It is worth noticing that the displacement response of the additional
mass such as TMD or TMDI should not surpass the displacement response of the uncontrolled
base-isolated building.
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4

CONCLUSIONS
The present paper studied the possibility of enhancing a base-isolated building dynamical
performance. The building was equipped with tuned mass damper inerter (TMDI), optimal
parameters of the (TMDI) were investigated and explored through a set of predefined
bounds. The performance of the proposed system where compared to a conventional tuned
mass damper (TMD), the main target of the hybrid strategy proposed in this work is to reduce the bearing displacement without increasing significantly the acceleration. With this in
the background, the following main concluding remarks can be drawn:
x Numerical simulation shows that a recently control device known as tuned mass
damper inerter TMDI is effective in controlling the lateral displacement (with a significant reduction of the average bearing displacement value of almost 60% compared to
a TMD only which achieved a 15% reduction in average. In terms of top floor acceleration, a reduction average of 23% was obtained using TMDI while a 10% reduction
average was obtained using a TMD.
x The results demonstrated that adding a grounded inerter leads to significant response
reduction in terms of top floor acceleration and bearing displacement simultaneously.
x It has been demonstrated that the use of the inerter in along with a TMD to form a
TMDI is a very practical control strategy.
x The use of the inerter integrated to a TMD results in a lightweight system, with superior capability and reliability compared to conventional TMD.
x A TMDI device designed with an optimal approach can effectively reduce the bearing
displacement of a base-isolated building and as well as other response quantities such
as top floor acceleration, compared to a conventional (TMD).
x The determination of a suitable apparent or physical mass (MTMD+b) should consider
control performance, physical feasibility, and economic price.
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Abstract. South and South-East of Spain are the regions with a higher seismic hazard in
Spain Consequently, all the municipalities in Alicante province has to develop seismic emergency planning. Besides, the south of Alicante province and, in particular, the cities of Elche
and Alicante are located in a sedimentary deposit, which can reach hundreds of meters, so
site effects can be important. Additionally, most of the building stock belongs to periods without seismic normative, increasing, therefore, their vulnerability. Furthermore, following the
damage caused by earthquakes in Spain, it has been observed that there are significant differences in the spatial distribution of damage from site to site in buildings with similar seismic behavior, located in a similar site. Hence, many authors have stated that the main factor
responsible for the different damage distribution could be the building height. The seismic
response of a building depends on its dynamic characteristics (fundamental period, T, damping ratio, ξ, and modal shape) and on the input ground motion. Among the existing methods to
determine the T and ξ parameters, the best ones probably are to record weak earthquakes (or
near explosions) or induced vibrations inside the building. However, both techniques need a
very expensive and time-consuming effort when it is applied to a large number of buildings. A
possible alternative is the measurement of ambient vibrations. In this work, ambient vibration
measurements were performed at the geometrical center of the plan on the top floor of buildings with different height and year of construction in the municipality of Alicante and Elche
(both in the Alicante province), assuming that this point coincides with the mass center of the
floor. The preliminary results follow a linear relationship between the number of stories and
the fundamental period. Finally, the results have been used to estimate the probability of resonance in several districts of both municipalities.
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1

INTRODUCTION

Spain has a moderate seismic hazard, compared with other European countries like Italy or
Greece. However, South and South-East regions had been affected by damaging earthquakes
and according to the updated seismic hazard map developed by [1], the expected peak ground
acceleration (PGA) for an exceedance probability of 10% in 50 years is 0.24g (Granada province) and 0.23g (Alicante province). In this work, we have chosen two of the most important
cities of Alicante province, in terms of population and number of buildings, that is, Elche and
Alicante cities. Both cities are located above a sedimentary deposit with hundreds of meters
deep, making it possible to feel the effects of small to moderate shallow earthquakes (5 to 10
km), which are very common in this area. According to the update of the seismic hazard maps
[1], the PGA for exceedance probability of 10% in 50 years is 0.18g for Alicante and 0.20g
for Elche.
The last damaging earthquake in Spain was the Lorca earthquake (May 11, 2011 with a
moment magnitude of Mw = 5.2 and a focal depth of 4.6 km). Although the magnitude was
not severe, the observed damage was very high. More than 300 buildings were demolished
and many others repaired. Concretely in this city, [2] analyzed the dynamic behavior of the
buildings before and after the Lorca earthquake. They concluded that the fundamental period
of the buildings shows a permanent increase following a process of damage such as an earthquake. The fundamental period (T) is a parameter widely used to evaluate the seismic response of the buildings.
In contrast, the damping factor is not usually used as an indicator of damage in structures.
The damping assessment is a complex problem due to all the variables involved. That fact is
due to depending on many factors such as structure and soil characteristics [3].
Several studies have used the recorded ambient vibrations to obtain the seismic response of
the building, e.g., [2, 4, 5, 6, 7, 8, 9, 10, 3, 11 and 12]. In essence, their results do not differ
from other methods such as earthquake registration or forced vibration techniques.
Therefore, the main objective in the present work is to develop an empirical relationship
between the fundamental period and the number of floors using the recorded ambient vibration on the top floor of the buildings in Alicante and Elche cities. Both cities represent the
construction model of the Mediterranean coastal area. The obtained relationship will be used
not only to establish the fundamental period of the current building stock but also to compare
its evolution if damaging earthquakes would happen in the area.
2

DATA ACQUISITION AND ANALYSIS

Alicante and Elche have approximately 24,162 and 34,395 buildings respectively. The
height of the buildings can be classified as low-rise (1 to 3 stories) with a 49 % for Alicante
and 67 % for Elche; mid-rise (4 to 6 stories) with a 30 % for Alicante and 21 % for Elche and
high-rise (>6 stories) with a 21 % for Alicante and 11 % for Elche. For this study, we have
carried out a random selection of reinforced concrete buildings in both cities. Table 1 shows
the selected buildings with information about the height, year of construction, and location.
The fundamental period of the buildings was estimated through ambient vibration measurements using a three-component digital seismometer Güralp 6TD. This is a broadband instrument with an on-board 24-bit digitizer and configurable output. The duration of the
records was 10 minutes and the equipment was located on the top floor of the buildings (Figure 1). If some disturbance occurred during the recording time, the duration of the measurement was increased by 5 more minutes. [13] was used to compute the Fourier amplitude
spectra and the fundamental period for each longitudinal direction. Finally, the building period was assigned as the average of both horizontal components.
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Building number Cadastral reference

Number of storeys

Year of construction

no 1

1474122YH0317C

2

2007

no 2

4377901YH0347G

2

2004

no 3

4204101YH2540C

2

> 2007

no 4

7463801YH1476C

3

> 2007

no 5

0175726YH2407E

3

2007

no 6

1671701YH0317B

4

1986

no 7

1278012YH0317G

4

1960

no 8

0791301YH0309B

4

1960

no 9

1083323YH0318C

5

1959

no 10

0891608YH0309B

5

1960

no 11

1274701YH0317C

5

1968

no 12

2787301YH0328F

5

1979

no 13

0889504YH0308H

6

1976

no 14

0878314YH0307H

6

1971

no 15

1183715YH0318C

6

1989

no 16

4677303YH0347H

7

2005

no 17

7663901YH1476D

7

1983

no 18

7662807YH1476B

7

1985

no 19

1479009YH0317G

8

1977

no 20

2789710YH0328H

8

1975

no 21

7662802YH1476B

8

1984

no 22

9788403XH9398H

9

2006

no 23

0487603YH0308E

9

1975

no 24

7666501YH1476F

9

1983

Table 1: Information of the selected buildings in Alicante and Elche.

(a)

(b)

(c)

Figure 1: a) Main front of one of the studied buildings (no 19). b) Aerial view of the building with the location of
the sensor and its orientation. c) Equipment arrangement during measurement inside the building.
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Additionally, microzonification campaigns in urban areas of both cities were carried out
using a 1 Hz Mark L-4C-3D seismographs connected to a Reftek digitizer. Regarding the
number of H/V measurements, a total number of 123 and 90 measures were taken for Alicante
and Elche, respectively. In both cases, the measurements were carried out leaving a separation
of about 500 meters between them. In this case, attending to the expected resonant frequencies and the recommendations proposed in [14] the duration of the records was set up to 30
minutes.
3

FUNDAMENTAL PERIOD

To determine the fundamental period of the selected buildings of Alicante and Elche, the
sensor was located in the available highest part of these buildings. In this way, the sensor records all the vibrations that pass through the building, assuming that the sensor is in the mass
center of the floor [2].
The recorder noise can be produced by environmental factors (e.g. wind) or coming from
different artificial sources such as traffic noise, elevators, presence of people, etc. The method
is based on the fact that these sources of noise, excluding strong harmonic sources close to the
instrument, contain energy with a broad spectrum and the building acts as a filter enhancing
its dynamic properties [2].
Once the data were collected, the power spectral density of both horizontal components
was determined for each building. An example is shown in Figure 2. As it can be observed,
the steeper peak indicates the fundamental frequency of the building in that direction. However, erroneous peaks may appear as a result of the interaction with adjacent buildings or due to
the building's own geometry, so the analysis has to be performed carefully.
(a)

(b)

Figure 2: Power spectral density for North and East components of the building no 19.

The obtained results for the buildings of both cities show that the natural vibration period
increases with the number of storeys (Table 2). In Table 2 it can be seen that the lowest value
of the average fundamental period is 0.13 ± 0.06 sec for buildings with two floors and the
highest value is 0.40 ± 0.14 sec for buildings with nine floors.
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N (storeys)

T (sec)

2

0.13 ± 0.06

3

0.15 ± 0.02

4

0.16 ± 0.03

5

0.20 ± 0.03

6

0.23 ± 0.05

7

0.37 ± 0.01

8

0.36 ± 0.04

9

0.40 ± 0.14

Table 2: Average value of the fundamental periods obtained for buildings with different number of storeys.

Linear regression has been made using the commonly applied expression, T = a N, where
T is the period and N is the number of storeys. The obtained relationship is as follow:
T = 0.045 N with V= 0.035

(3.1)

Figure 3: Relationship between the period of the building (T) and the number of storeys (N). Blue line represented the one obtained in this study while black a grey line represents the one obtained by [2] before (T) and
after earthquake (T*).

Equation (3.1) has a correlation coefficient of R2 = 0.912 and an average standard deviation of σ = 0.035. In Figure 3, the obtained relation is compared with the ones obtained by [2]
in the Lorca city before and after the 2011 earthquake. The comparison shows that the obtained linear adjustment presents the lowest slope, providing a period of 0.39 sec for a 9 storeys building while [2] will assign 0.49 sec. As [2] used buildings with height up to 13 storeys,
the difference can be due to a lack of data in our results so future studies will include buildings with higher height. If we assume that the slope increases for damaged buildings, our
lower slope will also be indicative of a lower vulnerability of the reinforced-concrete buildings analyzed. The obtained results are also quite similar to other previous studies carried out
in Europe using ambient vibrations, e.g., [4, 5 and 12].
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4

RESONANCE PROBABILITY

The phenomenon of resonance occurs when the fundamental period of the buildings coincides with the predominant period of the soil. Resonance phenomenon results in an amplification of the movement of the structure, increasing the damage in the building. If the
fundamental period of the building and the predominant period of the soil are different
enough, the phenomenon of resonance will not exist.
In the present study, the predominant period of the soil was obtained using the H/V technique [15]. In Figure 4, an example is shown.
The probability of resonance (IR) of each of the buildings has been assigned using the ratio
(in percentage) between the fundamental period of the building and the natural period of the
soil. Thus, we have assumed the following classification: no resonance for IR <60%; slight
resonance for IR between 60% and 75%; moderate for IR between 75% and 90% and full resonance for IR higher than 90%.

(a)

(b)

Figure 4: Example of the ambient noise measurements carried out in the vicinity of the building shown in Figure
1 (no 19). a) Field measurement and b) obtained H/V curve.

Table 3 shows the obtained fundamental period for the buildings and the predominant period of the soil as close as possible to the position of the building. In the right column is indicated the probability of resonance. Table 3 shows that, only one of the studied buildings is
classified like moderate. The rest of the buildings do not show probability of resonance.
Building number

Storeys

T(s) Building

T(s) Soil

Resonance probability

no 1

2

0.088

3.690

no resonance

no 2

2

0.102

3.440

no resonance

no 3

2

0.196

3.850

no resonance

no 4

3

0.163

3.330

no resonance

no 5

3

0.141

0.270

no resonance

no 6

4

0.185

3.330

no resonance

no 7

4

0.132

3.500

no resonance

no 8

4

0.153

3.100

no resonance

no 9

5

0.196

3.270

no resonance

no 10

5

0.156

3.100

no resonance
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no 11

5

0.214

3.690

no resonance

no 12

5

0.221

0.260

moderate

no 13

6

0.218

2.940

no resonance

no 14

6

0.290

3.070

no resonance

no 15

6

0.185

0.070

no resonance

no 16

7

0.372

3.030

no resonance

no 17

7

0.359

3.330

no resonance

no 18

7

0.373

3.230

no resonance

no 19

8

0.307

3.500

no resonance

no 20

8

0.372

0.260

no resonance

no 21

8

0.389

3.230

no resonance

no 22

9

0.492

2.670

no resonance

no 23

9

0.241

3.470

no resonance

no 24

9

0.481

3.330

no resonance

Table 3: Fundamental periods measured in Alicante and Elche and the probability of resonance.

5

CONCLUSIONS

Ambient vibration measurements have been carried out in reinforced concrete buildings
within the urban areas of Alicante and Elche in order to obtain the fundamental period and a
relationship with the height of the building. From the obtained results, it can be concluded:
a) The obtained period-height relationship shows a similar behavior than the obtained by
[2] in Lorca, but our slope is lower. This can be due to the lack of data in the regression
or it may indicate a lower vulnerability of the reinforced-concrete buildings chosen for
Alicante and Elche when compared with Lorca city.
b) Our period-height relationship has been used to propose a probability of soil-structure
resonance and only one of the studied buildings has been assigned moderate resonance
probability.
The next step in this research will be to continue the data acquisition to a higher number of
buildings (also with higher heights), what will improve the estimated linear regression. Additionally, this will allow us to compute resonance probability maps for the whole cities using
not only the fundamental period of the soil but also, considering the secondary peaks observed in the HV curves of some areas. These secondary peaks may appear due to the presence of more superficial contrasts and might have additional effects on certain buildings.
6
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MEASURING THE DYNAMIC DISPLACEMENTS OF BRIDGES
USING GEOPHONE DATA: APPLICATION AND VALIDATION ON A
LIVELY FOOTBRIDGE
Paolo Borlenghi, George Piniotis, Harris Perakis, Vassilis Gikas, Carmelo Gentile
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HPDLO^SDRORERUOHQJKLFDUPHORJHQWLOH`#SROLPLLW


6FKRRORI5XUDODQG6XUYH\LQJ(QJLQHHULQJ1DWLRQDO7HFKQLFDO8QLYHUVLW\RI$WKHQV
$WKHQV*UHHFH
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Keywords: 6WUXFWXUDO G\QDPLF GLVSODFHPHQW &DEOHVWD\HG EULGJH )LHOG WHVW *HRSKRQH
6LJQDOLQWHJUDWLRQ
Abstract. Dynamic displacement is a highly valuable information for the evaluation of bridge
safety and performance, providing data on the dynamic behaviour of the structure under
service loads. However, its measure is often challenging and costly: traditional techniques
require a fixed support and a direct connection (or a clear line-of-sight) with the target point
that is rarely present in large-scale infrastructures, making their deployment in long-term
monitoring often not feasible. In this study, an indirect measuring approach deploying an
electro-dynamic velocity sensor (geophone) and digital filtering is adopted to measure
human-induced dynamic displacements on a lively footbridge. These sensors have an
excellent cost to performance ratio, do not require any powering and, overall, are easy to
install and deploy for a long time. Furthermore, geophones measure velocities and
consequently only “one integration step” is needed to obtain displacements. The field test was
performed with the bridge partially open to pedestrian passages, the geophone was placed in
different positions directly on the deck, and a reference measure of the vertical displacement
was obtained from a laser-based system placed nearby. Appropriate digital filtering is then
applied on the geophone data before the integration. The calibration of digital filters and the
validation of the results was carried out comparing the reconstructed vertical displacements
from geophone data and the directly measured vertical displacements from the state-of-art
measuring device. Under the assumption of pure dynamic loading, some promising results
were obtained, reaching a tenth of a millimetre accuracy for the integrated signals.
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1

INTRODUCTION

6WUXFWXUDO G\QDPLF GLVSODFHPHQW LV D KLJKO\ YDOXDEOH LQIRUPDWLRQ IRU WKH HYDOXDWLRQ RI
VWUXFWXUDOVDIHW\DQGSHUIRUPDQFHSURYLGLQJGDWDRQWKHG\QDPLFEHKDYLRXURIWKHVWUXFWXUH
XQGHU VHUYLFH ORDGV )XUWKHUPRUH FRQWHPSRUDU\ SHGHVWULDQ EULGJHV DUH RIWHQ VOHQGHU
VWUXFWXUHV SURQH WR KXPDQLQGXFHG YLEUDWLRQV >@ PDNLQJ WKH FRQWURO RI GLVSODFHPHQW RI
JUHDWLQWHUHVW
+RZHYHU PHDVXULQJ G\QDPLF GLVSODFHPHQW LV RIWHQ FKDOOHQJLQJ DQG FRVWO\ WUDGLWLRQDO
WHFKQLTXHV UHTXLUH UHIHUHQFH IL[HG SRLQWV WKDW DUH UDUHO\ IRXQG LQ ODUJHVFDOH VWUXFWXUHV
PDNLQJ WKH GHSOR\PHQW LQ ORQJWHUP PRQLWRULQJ RIWHQ QRW IHDVLEOH 3DUWLFXODUO\ WUDGLWLRQDO
GLVSODFHPHQW WUDQVGXFHUV HJ /9'7 UHTXLUHV GLUHFW FRQWDFW ERWK ZLWK WKH WDUJHW
PHDVXUHPHQWSRLQWDQGZLWKH[WHUQDOIL[HGVXSSRUW/DVHUEDVHGRUUDGDUEDVHGV\VWHPVVXFK
DV /DVHU 'RSSOHU YLEURPHWHU RU *URXQGEDVHG 0LFURZDYH ,QWHUIHURPHWHU >@ UHVSHFWLYHO\
FDQ SURYLGH QRQFRQWDFW PHDVXUHV RI G\QDPLF GLVSODFHPHQWV EXW WKH\ VWLOO UHTXLUH D OLQHRI
VLJKWWRWKHWDUJHWSRLQW
,Q UHFHQW \HDUV VRPH SURPLVLQJ DSSOLFDWLRQV RI ORZFRVW VDWHOOLWHEDVHG V\VWHPV IRU
VWUXFWXUDOGLVSODFHPHQWPHDVXUHVVXFKDV*36>@RU*166>@ZHUHFDUULHGRXWEXWWKHODFN
RIDFFXUDF\RIWHQUHPDLQVDQLVVXH
$QRWKHU LQWHUHVWLQJ DSSURDFK LV EDVHG RQ LQGLUHFW PHDVXUHPHQWV ZLWK DFFHOHURPHWHUV RU
YHORFLPHWHUV7KHVHVHQVRUVDUHVPDOOUHODWLYHO\ORZFRVWDQGHDV\WRLQVWDOODQGGHSOR\IRU
ORQJWLPH7KHPDLQGUDZEDFNRIWKHVH WHFKQRORJLHV LV WKH QHHGIRU VLJQDO SURFHVVLQJ ZKHQ
SHUIRUPLQJ GRXEOH RU VLQJOH LQWHJUDWLRQ IRU GLVSODFHPHQW UHFRQVWUXFWLRQ ,QGHHG LI GLUHFW
LQWHJUDWLRQ LV SHUIRUPHG WKH SUHVHQFH RI QRLVH LQ WKH UHFRUGHG GDWD DQG WKH LQDFFXUDWH
PHDVXUHVLQWKHORZIUHTXHQF\UDQJHEULQJVWRHUURQHRXVHVWLPDWLRQRIGLVSODFHPHQWV>@)RU
WKLVSXUSRVHYDULRXVGLJLWDOILOWHUVFDQEHDSSOLHG%XWWHUZRUWKILOWHU>@%DVHOLQH&RUUHFWLRQ
>@ ILQLWH LPSXOVH UHVSRQVH ILOWHU ),5 ILOWHU  >@ RU 6SHFWUDO 6XEWUDFWLRQ >@ DUH VRPH
H[DPSOHV
$PRQJWKHWHFKQRORJLHVWKDWUHFRUGDFFHOHUDWLRQVDQGYHORFLWLHVJHRSKRQHVDUHRILQWHUHVW
IRU WKHLU FRVW WR SHUIRUPDQFH UDWLR DQG WKH QXOO SRZHU GHPDQG *HRSKRQHV DUH D ZHOO
HVWDEOLVKHGWHFKQRORJ\LQWKHILHOGRIVHLVPRORJ\PDLQO\XVHGIRUPHDVXULQJJURXQGPRWLRQ
LQGXFHGYHORFLWLHVVKRZLQJUHPDUNDEOHUHVXOWVLQHVWLPDWLQJWKHG\QDPLFGLVSODFHPHQWV>@
,Q DGGLWLRQ JHRSKRQHV DUH ZHOOVXLWHG VHQVRUV IRU 2SHUDWLRQ 0RGDO $QDO\VLV RI FLYLO
HQJLQHHULQJ VWUXFWXUHV VHH HJ >@  PDNLQJ WKHLU GHSOR\PHQW LQ D PRQLWRULQJ V\VWHP RI
WZRIROGLQWHUHVW D LGHQWLI\LQJWKHPRGDOFKDUDFWHULVWLFVRIWKHVWUXFWXUH E PRQLWRULQJWKH
PD[LPXPGLVSODFHPHQWVLQGXFHGE\RSHUDWLRQDOORDGV
0RUHUHFHQWO\JHRSKRQHVZHUHZLGHO\GHSOR\HGWRHYDOXDWHWKHGHIRUPDWLRQVWKDWRFFXUWR
UDLOZD\WUDFNIRXQGDWLRQVGXULQJWKHSDVVDJHRIWUDLQV>@%RZQHVVHWDO>@GHVFULEHD
WHFKQLTXHWRILOWHUDQGLQWHJUDWHJHRSKRQHVLJQDOVLQWKHFRQWH[WRIUDLOZD\WUDFNPRQLWRULQJ
)LUVWO\WKHVLJQDOVDUHGHFRQYROXWHGWRFRQVLGHU WKHIUHTXHQF\GHSHQGHQWVHQVLWLYLW\DQGWKH
SKDVH ODJ RI WKH VHQVRU ,QGHHG WKHVH LQVWUXPHQWV KDYH D OLPLWHG OLQHDU IUHTXHQF\ UDQJH
DERYHLWVQDWXUDOIUHTXHQF\W\SLFDOO\EHWZHHQDQG+]DQGZKHQGHDOLQJZLWKH[FLWDWLRQV
WKDWKDYHDGRPLQDQWIUHTXHQF\FORVHWRWKHQDWXUDOIUHTXHQF\RIWKHVHQVRUGHFRQYROXWLRQLV
DOZD\VQHHGHG6HFRQGO\DEDQGSDVVILOWHU ZLWKD UDQJHRI±+] LVDSSOLHGWKHKLJK
SDVVUHPRYHVWKHORZIUHTXHQF\GULIWZKLOHWKHORZSDVVUHPRYHVQRLVHDWKLJKIUHTXHQFLHV
+RZHYHU GHILQLQJ WKH FXWRII IUHTXHQF\ FDQ EH FKDOOHQJLQJ FRQVLGHULQJ WKDW WKH ILOWHU
EHFRPHV XQVWDEOH ZKHQ DSSURDFKLQJ  +] %RZQHVV HW DO >@ GHILQH WKH ORZHVW FXWRII
IUHTXHQF\HTXDOWR+]
1RWZLWKVWDQGLQJ WKH SURPLVLQJ DSSOLFDWLRQV RI JHRSKRQHV LQ WKH PRQLWRULQJ RI UDLOZD\
WUDFNGHIRUPDWLRQVRUUHFRUGLQJRIVWURQJPRWLRQLQGXFHGGLVSODFHPHQWVYHU\IHZVWXGLHVDUH
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SUHVHQW LQ WKH OLWHUDWXUH IRU WKH DSSOLFDWLRQ RI JHRSKRQHV WR UHFRUG VWUXFWXUDO G\QDPLF
GLVSODFHPHQWVRIEULGJHV
7KH SUHVHQW SDSHU LQYHVWLJDWHV WKH DSSOLFDWLRQ RI JHRSKRQHV LQ WKH PHDVXUHPHQW RI
G\QDPLF GLVSODFHPHQW RI SHGHVWULDQ EULGJHV 7KH SURFHGXUH ZDV H[HPSOLILHG RQ D FDEOH
VWD\HGSHGHVWULDQEULGJHWKHKXPDQLQGXFHGYLEUDWLRQVDUHUHFRUGHGLQWKHVDPHSRLQWZLWKD
JHRSKRQH DQG D VWDWHRIDUW WHFKQRORJ\ IRU PHDVXULQJ G\QDPLF GLVSODFHPHQW LH D /DVHU
7UDFNHU  7KHUHIRUH WR HVWLPDWH WKH G\QDPLF GLVSODFHPHQW IURP WKH JHRSKRQH GDWD GLJLWDO
ILOWHULQJZDVDSSOLHGEHIRUHVLJQDOLQWHJUDWLRQ7KHYDOLGDWLRQRIWKHUHVXOWVDQGWKHFDOLEUDWLRQ
RI WKH GLJLWDO ILOWHU ZDV SHUIRUPHG WKURXJK WKH FRPSDULVRQ EHWZHHQ UHFRQVWUXFWHG IURP
JHRSKRQH GDWD  DQG GLUHFWO\ PHDVXUHG IURP WKH /DVHU 7UDFNHU  GLVSODFHPHQWV 3DUWLFXODUO\
WKHIROORZLQJVWHSVZHUHLQYROYHG
L
SHUIRUPLQJ D ILHOG WHVW RQ WKH VHOHFWHG FDEOHVWD\HG EULGJH PHDVXULQJ WKH KXPDQ
LQGXFHG YLEUDWLRQV ZLWK PXOWLSOH VHWXSV VXEVHTXHQW PHDVXUHV LQ GLIIHUHQW SRLQWV 
GHSOR\LQJDJHRSKRQHDQGDVWDWHRIDUWPHDVXULQJGHYLFH
LL SHUIRUPLQJWKHGHFRQYROXWLRQRIWKHJHRSKRQHGDWDZLWK6(,602:,1>@VRIWZDUH
LLL VHOHFWLQJDQGFDOLEUDWLQJDGLJLWDOILOWHULQJPHWKRG LHSDVVEDQGILOWHU>@ WRPLQLPLVH
WKHGLIIHUHQFHEHWZHHQWKHPHDVXUHGDQGUHFRQVWUXFWHGG\QDPLFGLVSODFHPHQWVDQG
LY FRQVHTXHQWO\GHYHORSLQJD0$7/$%EDVHGDOJRULWKPWRSHUIRUPWKHILOWHULQJDQGWKH
LQWHJUDWLRQRIJHRSKRQHGDWDIRUORQJWHUPPRQLWRULQJSXUSRVHV
2

ADOPTED MEASURING DEVICES

*HRSKRQHV DUH HOHFWURG\QDPLF YHORFLW\ WUDQVGXFHUV WKDW SURGXFH DQ RXWSXW VLJQDO LQ
YROWDJHSURSRUWLRQDOWRWKHUHFRUGHGVSHHG7KHVLJQDOLVJHQHUDWHGE\WKHUHODWLYHPRYHPHQWV
RIDFRLOVXVSHQGHGDURXQGDFRUHPDJQHW7KHUHIRUHJHRSKRQHVDUHSDVVLYHVHQVRUVDQGGR
QRW UHTXLUH DQ\ SRZHU VXSSO\ 7KH PDLQ GUDZEDFNV RI WKLV WHFKQRORJ\ DUH WKH OLPLWHG
IUHTXHQF\UDQJHDQGWKHOLPLWHGH[FXUVLRQRIWKHFRLO,QWKHORZIUHTXHQF\UDQJH±EHORZWKH
UHVRQDQWIUHTXHQF\RIWKHVHQVRUV±WKHVLJQDOLVDWWHQXDWHGDQGDSURSHUVLJQDOGHFRQYROXWLRQ
PXVW EH SHUIRUPHG 7KH OLPLWHG H[FXUVLRQ LV JLYHQ E\ WKH OLPLWHG OHQJWK RI WKH VXVSHQGHG
V\VWHP

D

E

F


G



)LJXUH D 7HVWHGEULGJH E /DVHU7UDFNHUWDUJHWDQG*HRSKRQH F /DVHU7UDFNHU G ([SHULPHQWDOVHWXS
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7KHLQGLUHFWPHDVXUHVRIGLVSODFHPHQWZHUHFRQGXFWHGZLWKDKLJKVHQVLWLYHVHLVPRPHWHU
)LJE QDPHO\D6$5$*(2%2;66 QRPLQDOVHQVLWLYLW\9PVQDWXUDOIUHTXHQF\
+] 7KHVHVSHFLILFJHRSKRQHVDUHRILQWHUHVWIRUWKHYHU\JRRGSHUIRUPDQFHLQWKHORZ
IUHTXHQF\UDQJHZLWKDXVDEOHG\QDPLFEDQG±EHIRUHDQDSSURSULDWHVLJQDOGHFRQYROXWLRQ±
GHILQHGE\WKHPDQXIDFWXUHURI+]
7KHGLUHFWPHDVXUHPHQWVRIGLVSODFHPHQWVZHUHFRQGXFWHGZLWKDODVHUWUDFNHUQDPHO\WKH
)$529DQWDJH )LJF 7KH9DQWDJHLVDSRUWDEOHWKUHHGLPHQVLRQDOFRRUGLQDWHPHDVXULQJ
LQVWUXPHQW WKDW GHWHUPLQHV WKH SRVLWLRQ RI D VSHFLDO 6SKHULFDOO\ 0RXQWHG 5HWURUHIOHFWRU
605 WKURXJKWKHH[WUHPHO\DFFXUDWHPHDVXUHPHQWRID]HQLWKDQJOHDQD]LPXWKDQJOHDQG
DUDGLDOGLVWDQFHIURPWKHLQVWUXPHQW,WXVHVDSKDVHVKLIW$EVROXWH'LVWDQFH0HWHU $'0 
SURYLGLQJD0D[LPXP3HUPLVVLEOH(UURU 03( DFFXUDF\RIȝPȝPPIRUWKHUDGLDO
GLVWDQFH PHDVXUHPHQWV ZKLOH LWV DQJXODU 0D[LPXP 3HUPLVVLEOH (UURU 03(  DFFXUDF\ LV
ȝPȝPP$FFRUGLQJWR)$52WKHW\SLFDOSHUIRUPDQFHRIWKHVHQVRULVKDOIWKH03(
YDOXHV 9DQWDJH KDV D ZRUNLQJ UDQJH RI P WR P DQG LW LV FDSDEOH RI PDNLQJ VWDWLF DQG
G\QDPLFPHDVXUHPHQWVDVZHOOVLQFHLWVPD[LPXPVDPSOLQJIUHTXHQF\LVN+]
3

BRIDGE DESCRIPTION AND TEST PROGRAMME

7KHWHVWEULGJH )LJD QDPHG³%ULGJHRIGUHDPV´LVDFDEOHVWD\HGFRPSRVLWHEULGJH
ORFDWHGLQWKH1RUWKRI$WKHQV*UHHFHFURVVLQJRYHUWKHPDLQURDGWKDWOHDGVWRWKH2O\PSLF
6WDGLXP&RPSOH[>@7KHEULGJHLVVXVSHQGHGIURPWZRFRPSRVLWHS\ORQVXVLQJIXOO\
ORFNHGJDOYDQL]HGFDEOHVDQWLV\PPHWULFDOO\GLVWULEXWHGRQHDFKVLGHRIWKHVWUXFWXUH ,WKDV
DQRYHUDOOOHQJWKRIPDIUHHVSDQRIPDQGLVPZLGH

D 7'LVS/7

E 7'LVS/7

F 7'LVS/7


G 7'LVS/7 fF +]




H 7'LVS/7 fF +]






I 7'LVS/7 fF +]







)LJXUH/DVHUWUDFNHUWLPHVHULHVRIWKHPHDVXUHGSRLQWVFRPSDULVRQEHWZHHQWKHQRQILOWHUHGGDWD DF DQG
WKHILOWHUHGGDWDZLWKD%DQGSDVV%XWWHUZRUWK)LOWHUZLWKDORZHUFXWRIIIUHTXHQF\ fF RI+] GI 
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7KH ILHOG WHVW ZDV SHUIRUPHG ZLWK WKH EULGJH SDUWLDOO\ RSHQ WR SHGHVWULDQ SDVVDJHV WKH
JHRSKRQH ZDV SODFHG LQ GLIIHUHQW SRVLWLRQV GLUHFWO\ RQ WKH GHFN )LJ G  DQG D UHIHUHQFH
PHDVXUHRIWKHYHUWLFDOGLVSODFHPHQWZDVREWDLQHGIURPWKHODVHUWUDFNHUSODFHGRQWKHURRIRI
DQHDUE\EXLOGLQJ )LJF 3DUWLFXODUO\WKHWHVWLQYROYHGWKHIROORZLQJVWHSV L SRVLWLRQLQJ
RIWKHVWDWHRIDUWPHDVXULQJGHYLFHRQWKHWRSRIDQHDUE\EXLOGLQJWRREWDLQDFOHDUOLQHRI
VLJKWWRWKHWDUJHWSRLQW WKHVPDOOVSKHUHLQ)LJE  LL SRVLWLRQLQJRIWKHJHRSKRQH WKHUHG
ER[LQ)LJE DQGWKHWDUJHWSRLQWLQWKHVHOHFWHGSRVLWLRQ )LJG  LLL UHFRUGLQJRIKXPDQ
LQGXFHGYLEUDWLRQZLWKERWKGHYLFHVIRUVHFRQGVZLWKDVDPSOLQJUDWHRI+]
4

SIGNAL PROCESSING AND DATA ANALYSIS

7KHFDOLEUDWLRQRIGLJLWDOILOWHUVDQGWKHYDOLGDWLRQRIWKHUHVXOWVZDVFDUULHGRXWFRPSDULQJ
WKH UHFRQVWUXFWHG YHUWLFDO GLVSODFHPHQWV IURP JHRSKRQH GDWD DQG WKH GLUHFWO\ PHDVXUHG
YHUWLFDOGLVSODFHPHQWVIURPWKHODVHUWUDFNHU /7 
7KH UHFRUGHG WLPHVHULHV RI GLVSODFHPHQW IURP WKH /7 DUH VKRZQ LQ )LJ  )LJV DF
LOOXVWUDWHV WKH UDZ GLVSODFHPHQW GDWD REWDLQHG MXVW VXEWUDFWLQJ WKH LQLWLDO UHFRUGHG YDOXH $V
PHQWLRQHG HDUOLHU WKH WHVW ZDV SHUIRUPHG ZLWK WKH EULGJH SDUWLDOO\ RSHQ WR SHGHVWULDQ
SDVVDJHV'XULQJWKHWHVWWKHQXPEHURISHRSOHWKDWZHUHZDONLQJRUVWD\LQJ VHYHUDOEHQFKHV
DUHSUHVHQWRQWKHEULGJHGHFN FKDQJHG FRQWLQXRXVO\FUHDWLQJDQRYHUDOOLQFUHDVHRITXDVL
VWDWLFORDGVWKLVHIIHFWLVSDUWLFXODUO\YLVLEOHLQWKHILUVWUHFRUGLQJ 7)LJD 7RREWDLQD
SXUH G\QDPLF GLVSODFHPHQW WKH HIIHFWV RI WKH TXDVLVWDWLF ORDGV DQG WKH QRLVH LQ WKH KLJK
IUHTXHQF\UDQJHZHUHUHPRYHGZLWKDSDVVEDQGILOWHUZLWKFXWRIIIUHTXHQFLHVRI+]DQG
+] )LJVGI 

D 7'LVS/7

E 7'LVS/7

F 7'LVS/7


G 7'LVS/7 fF +]




H 7'LVS/7 fF +]



I 7'LVS/7 fF +]










)LJXUH*HRSKRQHWLPHVHULHVIURPRIWKHPHDVXUHGSRLQWVFRPSDULVRQEHWZHHQWKHUDZGDWD DF DQGWKH
GHFRQYROXWHGYHORFLW\GDWD GI 
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7KHUHFRUGHGVLJQDOVIURPWKHJHRSKRQHDUHVKRZQLQ)LJ)LJVDFLOOXVWUDWHVWKHUDZ
RXWSXWYROWDJHVWKHVKDUSSHDNVSDUWLFXODUO\YLVLEOHLQWKHILUVWUHFRUGLQJDUHFDXVHGE\KLJK
G\QDPLFORDGVJLYHQE\SHRSOHUXQQLQJRQWKHGHFN,QWKHVHLQVWDQFHVWKHVLJQDOUHDFKHGWKH
WKUHVKROGJLYHQE\OLPLWHGH[FXUVLRQRIWKHFRLOUHVXOWLQJLQDFOLSSLQJRIWKHUHFRUGHGGDWD
7KLVLVSDUWLFXODUO\YLVLEOHLQWKHGHFRQYROXWHGYHORFLW\GDWD )LJVGI WKHFOLSSHGVLJQDOV
UHVXOWVLQDEQRUPDOVSHHGLQFUHDVHVWKDWPXVWEHUHPRYHGRULJQRUHG

D 9HO*(2 fF +] 

E 'LVS*(2 fF +] 


G 9HO*(2 fF +]



F 'LVS/7 fF +] 


H 'LVS*(2 fF +]






I 'LVS/7 fF +]







)LJXUH7LPHVHULHVRIVHFIURP7JHRSKRQHYHORFLWLHV DG DQGUHFRQVWUXFWHGGLVSODFHPHQWV EH ZLWK
GLIIHUHQWFXWRIIIUHTXHQF\ fF DQGUHIHUHQFHODVHUWUDFNHUGLVSODFHPHQWV FI 




)LJXUH7LPHVHULHVRIVHFIURP7FRPSDULVRQEHWZHHQWKHUHFRQVWUXFWHGGLVSODFHPHQWVIURPWKH
JHRSKRQH fF +] DQGWKHUHIHUHQFHODVHUWUDFNHUGLVSODFHPHQWV fF +] 
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6XEVHTXHQWO\ D SDVVEDQG %XWWHUZRUWK ILOWHU ZDV DSSOLHG RQ WKH YHORFLW\ GDWD EHIRUH WKH
LQWHJUDWLRQ7KHGLIIHUHQFHEHWZHHQWKHUHIHUHQFHVDQGWKHUHFRQVWUXFWHGGLVSODFHPHQWVZHUH
PLQLPLVHG ZLWK D PDQXDO WXQLQJ RI WKH FXWRII IUHTXHQFLHV RI WKH ILOWHU 7R H[HPSOLI\ WKH
FDOLEUDWLRQSURFHGXUHLQ)LJDQG)LJDUHVKRZQIHZVHFRQGVRIWKHWLPHVHULHVUHFRUGHG
DW 7 DQG 7 )LUVWO\ D ORZHU FXWRII IUHTXHQF\ fF  RI  +] ZDV DGRSWHG VKRZLQJ VRPH
GLVWRUWLRQLQWKHUHFRQVWUXFWHGGLVSODFHPHQWV )LJVEE 7KHEHVWPDWFKZDVREWDLQHGZLWK
fF +]

D 9HO*(2 fF +] 

E 'LVS*(2 fF +] 


G 9HO*(2 fF +]



F 'LVS/7 fF +] 




H 'LVS*(2 fF +]



I 'LVS/7 fF +]









)LJXUH7LPHVHULHVRIVHFIURP7JHRSKRQHYHORFLWLHV DG DQGUHFRQVWUXFWHGGLVSODFHPHQWV EH ZLWK
GLIIHUHQWFXWRIIIUHTXHQF\ fF DQGUHIHUHQFHODVHUWUDFNHUGLVSODFHPHQWV FI 




)LJXUH7LPHVHULHVRIVHFIURP7FRPSDULVRQEHWZHHQWKHUHFRQVWUXFWHGGLVSODFHPHQWVIURPWKH
JHRSKRQH fF +] DQGWKHUHIHUHQFHODVHUWUDFNHUGLVSODFHPHQW fF +] 
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)LJXUH)RFXVRQDWLPHVHULHVRIVHFIURP7FRPSDULVRQEHWZHHQWKHUHFRQVWUXFWHGGLVSODFHPHQWVIURPWKH
JHRSKRQH fF +] DQGWKHUHIHUHQFHODVHUWUDFNHUGLVSODFHPHQW fF +] 


)LJV  DQG  GHPRQVWUDWHV WKH YHU\ JRRG DJUHHPHQW EHWZHHQ WKH UHFRQVWUXFWHG DQG WKH
UHIHUHQFHGLVSODFHPHQWV
5

CONCLUSIONS

3UHYLRXVVWXGLHVKDYHGHPRQVWUDWHGWKHVXFFHVVIXODSSOLFDWLRQRIGLJLWDOVLJQDOSURFHVVLQJ
RQ WKH YHORFLW\ GDWD UHFRUGHG ZLWK JHRSKRQHV WR UHFRQVWUXFW WKH GLVSODFHPHQWV RI UDLOZD\
WUDFN IRXQGDWLRQV DQG VWURQJPRWLRQ LQGXFHG GLVSODFHPHQWV ,Q WKLV VWXG\ DQ DSSOLFDWLRQ RI
GLJLWDOILOWHULQJIRUWKHUHFRQVWUXFWLRQRIKXPDQLQGXFHGGLVSODFHPHQWVRQDSHGHVWULDQFDEOH
VWD\HGEULGJHLVLOOXVWUDWHG7KHUHVXOWVIURPWKHLQYHVWLJDWHGVWUXFWXUHVXJJHVWWKHIROORZLQJ
FRQFOXVLRQV

8QGHUWKHDVVXPSWLRQRISXUHG\QDPLFORDGLQJLWLVSRVVLEOHWRUHFRQVWUXFWWKHLQGXFHG
GLVSODFHPHQWV IURP WKH JHRSKRQH GDWD E\ VLPSO\ DSSO\LQJ D %XWWHUZRUWK ILOWHU EHIRUH
WKHLQWHJUDWLRQ

$SSUR[LPDWHO\DWHQWKRIDPLOOLPHWUHDFFXUDF\ZDVREWDLQHGIRUWKHLQWHJUDWHGVLJQDOV
)LJ 

7KHFXWRIIIUHTXHQFLHVRIWKHILOWHUDUHFRQQHFWHGWRWKHG\QDPLFFKDUDFWHULVWLFVRIWKH
LQYHVWLJDWHGVWUXFWXUHDQGWRLWVRSHUDWLRQDOORDGV

&RQVHTXHQWO\ IURP D 6WUXFWXUDO +HDOWK 0RQLWRULQJ SHUVSHFWLYH WKH ILOWHU FDOLEUDWLRQ
PXVWEHSHUIRUPHGHDFKWLPHDORQJWHUPPRQLWRULQJLVLQVWDOOHG

'HVSLWH WKH JHQHUDOO\ YHU\ JRRG DFFXUDF\ LQ WHUPV RI UHFRQVWUXFWHG GLVSODFHPHQW WKH
VHQVRU UHDFKHG LWV PHDVXUHPHQW WKUHVKROG VHYHUDO WLPHV PDNLQJ LPSRVVLEOH WR
UHFRQVWUXFW WKH PD[LPXP GLVSODFHPHQWV H[SHULHQFHG GXULQJ WKH WHVW )XUWKHU
LQYHVWLJDWLRQVDUHQHHGHGWRUHFRQVWUXFWWKHFOLSSHGVLJQDOV
7KH SURPLVLQJ UHVXOWV VXJJHVW WKH IXWXUH DSSOLFDWLRQ RI WKH SURSRVHG VLJQDO SURFHVVLQJ
VWUDWHJ\IRUWKHFRQWLQXRXVPRQLWRULQJ RI WKH G\QDPLF GLVSODFHPHQW RI EULGJHV ,Q DGGLWLRQ
PRUHWHVWVRQVWUXFWXUHVZLWKKLJKHUDQGORZHUVWLIIQHVVKDYHDOUHDG\EHHQSODQQHG

REFERENCES
>@ ( &DHWDQR È &XQKD ) 0DJDOKmHV & 0RXWLQKR 6WXGLHV IRU FRQWUROOLQJ KXPDQ
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Abstract. Use of the supplemental damping systems (i.e. viscous or yield dampers), to mitigate the seismic hazard of adjacent building structures (two connected buildings), is proven
to be a practical and very efficient approach. In the context of energy dissipation capacity
and developing damper/ energy absorber, shape memory alloy (SMA) is well known for its
high energy dissipation capacity (super-elasticity). In the present study, the superior seismic
response control efficiency of SMA damper is explored over the yield damper. Response of
two adjacent structures (steel building frames) connected with SMA damper and yield damper
is evaluated through nonlinear dynamic time‐history analysis, under a set of recorded
near‐fault ground motions. The robustness of the improved performances is studied under
varying characteristics of damper strength, the building structure time period, as well as different scenarios of seismic loading. Finally, it is demonstrated that, the use of SMA damper
significantly improves the floor displacement control efficiency over the yield damper and also provides considerable reduction in the peak absolute floor acceleration.
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1

INTRODUCTION

Construction of sustainable and resilient building structures is an important issue in structural engineering field. Specifically, modern cities are coming up with high rise buildings
with very little clearance between them, putting them at risk of mutual pounding in case of an
intense earthquake. Various researches are going on to prevent these poundings by connecting
these buildings using active, passive or semi-active control devices [1–4]. The concept of vibration control using passive dampers is widely accepted and has frequently been implemented in the civil engineering structures due to its low maintenance costs, reliable performance in
real time and low energy requirement. These passive devices respond to the relative responses
of the connected buildings. These can be easily installed between the gaps of the buildings
without the need for any additional space for its installation or working. These devices serve
the dual benefits: (a) prevent the mutual pounding of the buildings and (b) dissipate a part of
the seismic energy coming to the buildings.
Some of the popular passive control devices include linear and non-linear viscous dampers,
MR damper, viscoelastic or Maxwell dampers, yield dampers, and friction dampers [5–10].
Application of viscous damper and/or viscoelastic damper in buildings does not reduce floor
displacement significantly, whereas increases the floor acceleration. MR damper shows high
control efficiency in case of semi-active devices. Use of hysteretic dampers such as metallic
yield dampers and friction dampers provides good control efficiency but provides high level
of residual displacement after a seismic event, therefore hindering immediate occupancy.
Thus, researchers are actively involved to find some suitable passive energy dissipation devices for reducing building structural vibration. In this regard, use of advance and smart material gain attention from researcher community [11–13]. In recent years Shape Memory Alloy
(SMA) is gaining significant popularity as damper material for passive vibration control device [14–18]. Two important characteristics of the flag-shaped hysteresis of SMA are (a) the
hysteresis loop is fat enough to dissipate the input seismic energy and (b) the loop leaves no
residual displacement on unloading. To reduce the response of building structure SMA spring
is already used in mass damper [19,20] or as a supplement of conventional damper [15,18,21].
It has been shown in several previous studies [19,20] that, compare to the conventional viscous damping (as present in inverse pendulum dampers or mass dampers), hysteretic damping
(as present in case of SMA or yield damper) provides much higher control efficiency, due to
its higher energy dissipation capacity. Further, the primary application of mass damper or inverse pendulum dampers are mainly for reduction of displacement in single flexible structure,
not in case of two connected building structurers. Thus in present study, SMA damper and
yield dampers are considered to demonstrate the seismic response reduction control efficiency
of adjacent and connected building structures.
In this paper, the focus is laid to demonstrate the superior control efficiency of SMA
damper over yield damper in case of connected building structure system. Therefore, presently the performance of super-elastic shape memory alloy damper is assessed to reduce vibration of multistoried building frame under seismic excitation and compare with conventional
metallic yield damper. Non-linear time-history analyses are performed to determine the control efficiency of the SMA damper and yield damper. An extensive parametric study is performed considering a wide range of damper parameters and building parameters, as well as
under various scenarios of ground motions.
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2

MODELLING OF DAMPERS

This section will provide a brief idea about the force-deformation hysteresis behaviour of
the yield damper and super-elastic SMA damper.
2.1

Force deformation hysteresis of yield damper

Under cyclic loading, all types of metallic material dissipate energy through yielding and
show stable bi-linear force deformation behaviour. Thus, the force deformation hysteresis
loop of yield damper is modeled through the parametric Bouc-Wen model [17,22,23], as
shown in Fig.1. According to this model, the nonlinear force deformation in a steel member is
expressed as

Z
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Fs x, Z
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¸¸ x  «®¨¨
¹ «¬¯© qs

·
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½ § E
¾  ®¨¨
¿ ¯© qs

· K ½º
¸¸ x Z ¾»
¹
¿»¼

(1)

where, k s is the initial elastic stiffness of the yield damper, D s is the ratio of post to pre yield
stiffness (i.e. rigidity ratio) of the yield damper, Fys and q s are the yield strength and yield
displacement of the yield damper, x and x are the relative displacement and velocity of the
yield damper, variable Z is a non-dimensional quantity, which represents the hysteretic behaviour of metallic material in the yield damper. Here, parameters G , J , E and K in Eq. (1)
controls the shape and transition of the hysteresis loop.

Figure-1: Bi-linear force-deformation hysteresis of yield damper
2.2

Force deformation hysteresis of SMA damper

Super-elasticity and the energy dissipation capability of SMA are primarily exploited in
the vibration control applications. Fig. 2 shows that the force-deformation hysteresis of superelastic SMA damper. The hysteresis behaviour of SMA has been characterized by different
types of thermos-mechanical phenomenological models [16,23]. Out of several alternatives,
the Graesser-Cozzarelli model [24] has been widely employed for studying the dynamic characteristic of SMA based system. The model is based on the parametric Bouc-Wen model [22]
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with an added term incorporating the effect of super-elasticity. The one-dimensional form of
this model is given as
Fsma x , FB

FB

ª
F  FB
k sma « x  x sma
Fysma
«
¬
ª

K 1

§ Fsma  FB ·º
¨
¸»
¨ F
¸»
ysma
©
¹¼
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¼
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¬

Here, Fsma is the restoring force, x and x are the relative displacement and velocity of the
SMA damper, k sma is the initial stiffness of SMA in austenite phase, Fysma is the force triggering the forward-transformation from the austenite to martensite phase, D sma is a constant determining the ratio of pre to post transformation stiffness, ac is a constant controlling the
amount of recovery, the parameter K controls the sharpness of the loop, c c decides the slope
of unloading path, FB is one-dimensional back stress given by the Eq. (2), f T is a constant to
control the type and size of hysteresis

Figure-2: Force-deformation hysteresis of super-elastic shape memory alloy damper
3

SIMULATION DETAILS

This section provides the important details of the simulation process in terms of the equation of motion and ground motion information, as discuss below.
3.1

Nonlinear dynamic analysis

A two dimensional flexible and stiff building frame structure idealized as shear type building
and connected by SMA damper or yield damper system has been considered here, as shown in
Fig. 3 (a). The mechanical model of the SMA or yield damper system is shown in Fig. 3 (b),
consist of super-elastic SMA spring or steel spring, respectively. Since, yield damper or SMA
damper dissipate significant amount of input seismic energy via hysteresis loop, thus they will
behave non-linearly, and both the building will behave linearly. With linear superstructure
behaviour, the equation of motion can be written as
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>M 1 @^u1 ` >C1 @^u1 ` >K1 @^u1 ` ^Fh ` >M 1 @^r1 `ug
>M 2 @^u2 ` >C2 @^u 2 ` >K 2 @^u 2 ` ^Fh ` >M 2 @^r2 `ug

(3)

Here, >M 1 @ , >C1 @ and >K1 @ are the mass, damping, and elastic stiffness matrices of flexible
building of order n1 u n1 ; >M 2 @ , >C2 @ and >K 2 @ are the mass, damping, and elastic stiffness

matrices of stiff building of order n2 u n2 , respectively. ^u i `

^u

1i

u 2i

u 3i

" u nii

`

T

is

the lateral displacement vector (of order n1 for flexible building and n2 for stiff building) relative to the ground, where i 1 for flexible building and i 2 for stiff building. ^ri ` is the influence coefficient vector containing pseudo-elastic deformation of the stories under unit
deformation of the ground, ug is the ground acceleration from the earthquake and ^Fh ` is the
hysteresis force of the yield or SMA damper.

Figure-3: (a) Idealized model of the flexible and stiff building frame structures connected by
the yield damper and super-elastic SMA damper. (b) Idealization mechanical model of yield
damper and super-elastic SMA damper.
Hysteresis force ^Fh ` is estimated using Eq. (1) for yield damper and Eq. (2) for SMA damper. In case of yield damper, yield strength is define as Fys F0 ysW (here F0 ys is the normal-
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ized yield strength) and for the super-elastic SMA damper, transformation strength is define
as Fysma F0 smaW (here F0 sma is the normalized transformation strength). Here,

W mi1  mi 2 g 2 is the average floor weight of flexible and stiff building. Numerical values of the different parameters of the build structure, yield damper and super-elastic SMA
damper are provided in Table-1, based on the previous studies [17,23].
Table -1: Values of parameters adopted for buildings, yield damper, and SMA damper
Building Structure

Yield damper

SMA damper

Flexible building time Normalized yield strength
F0 ys 0.100
period = 1.00 s

Normalized transition strength
F0 sma 0.125

Stiff building time
period = 0.50 s

Hysteresis of SMA damper
D sma 0.10, qsma 0.035 m
ac 2500, cc 0.001
f T 0.07, K 3.0

Damping ratio =
2.00 %

3.2

Hysteresis of yield damper
D s 0.05, qs 0.025 m
G 1.0, J 0.5, E 0.5
K 0.5

Ground motion selection

Response output of dynamic analysis of any structure strongly depends on the characteristic of the input excitation and thus ground motion selection is very important for assessment
of the structural performance. A set of real earthquakes i.e. fault normal component of the
ground motion with near fault characteristics (pulse type features) are adopted for the numerical study. Fig. 4 shows the spectral acceleration of the selected ground motions [25].

Figure-4: Spectral acceleration plot of selected ground motion
During the selection process of ground motion, consideration has been put to capture the wide
range variations in PGAs and dominant frequency contents of the near fault type ground motion. Also, these ground motions are scaled accordingly, whenever needed for parametric
study. Table-2 provides some salient characteristics of the adopted ground motions for the
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present study. More detailed information about those ground motions are provided in a recent
study by Gur et al [23,25,26].
Table-2: Set of ground motion time histories for response evolution
GM
Number
GM-1
GM-2
GM-3
GM-4
GM-5
GM-6
GM-7

4

PGA (in g)

Dominant
Period (sec)

0.379

0.39

0.268

0.45, 0.60

LGPC, 000

0.563

0.47, 0.64

SylmarConverter

0.897

0.59, 0.84

PTS, 225

0.455

0.28, 0.64

0.515

0.29

0.348

0.41

Earthquake

Station

Imperial Valley
(10/15/1979)
Kocaeli
(08/17/1999)
Loma Prieta
(10/18/1989)
Northridge Sylmar
(01/17/1994)
Superstition Hills
(11/24/1987)
Erzikan
(03/13/1992)
Duzce
(11/12/1999)

ElCentro array
#5, 230
Yarimca 060
(Koeri)

Erzikan NS
comp.
Duzce, 180
(ERD)

RESULTS AND DISCUSSION

Performance of the controlled building structure is studied through the numerical simulation under a set of real, recorded near fault type ground motions as mentioned in the above
section. Control efficiency of different types of control system i.e. yield damper, super-elastic
SMA damper has been demonstrated through comparing the top floor acceleration and displacement of the flexible and stiff building structure.
4.1

Response analysis

To obtain the response of the isolated building under the earthquake excitation, step-bystep Newmark-beta (average acceleration technique) numerical integration method [27] is
used with the time step 't = 0.0001 seconds. Here, it is assumed that the damper system will
dissipate input seismic excitation energy through its non-linear force deformation hysteresis
loop and both the flexible and stiff buildings will remain in their linear-elastic regime. Thus,
to obtain the correct solution at each time step, equation of motion of the building structures
(both flexible building as well as stiff building) with the connected yield or SMA damper
need to be solved iteratively. This iteration process continues until the error in any measured
response quantities at the current time step becomes less than or equal to a tolerance limit G tol ,
and in the present study it has been considered as 10-5. Different parameters for the numerical
solution are adopted from Table-1.
A nonlinear time history analysis is first carried out to examine the responses of the linear
steel building with and without passive yield and SMA dampers. In this case, the flexible and
stiff building frames, yield damper, and SMA damper are simulated using Table-1 parameter.
In this case of response analysis, a seven-story flexible building and a five-story stiff building
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is considered. The Yarimca 060 (Koeri) record of the 1999 Kocaeli earthquake is selected as
the input ground motion [23,25,26]. Time history responses are presented in Fig. 5. Figs. 5 (a)
and 5(b) shows the variation of top floor acceleration of flexible and stiff buildings with respect to time, while Figs. 5(c) and 5(d) shows the variation of top displacement of flexible and
stiff buildings with respect to time. It can be observed that, for both flexible and stiff building,
yield damper increases top floor acceleration than the uncontrolled building structure. In
terms of the floor displacement control efficiency, yield damper shows high level of reduction
in the top floor displacement; however, SMA damper significantly improves this displacement control efficiency than yield damper. Such a noticeable improvement in the control efficiency of SMA damper can be explained from its energy dissipation capacity. It can be
observed from Fig. 5 (e) that the hysteresis loop size (damper’s strength) of SMA damper is
more than yield damper, which causes more dissipation of seismic energy and thereby reduces
the top floor displacement of the buildings.

Figure-5: Time-history response of the top floor acceleration of (a) flexible building structure
and (b) stiff building structure; top floor displacement of the (c) flexible building structure
and (d) stiff building structure under Kocaeli (1999) earthquake. (e) Normalized forcedeformation hysteresis loop of the yield damper and SMA damper.
As it can be observed in Fig. 5 (a) and (b) in contrast, super-elastic SMA damper shows
reduction in top floor acceleration than unconnected buildings and as well as yield damper.
This can be explained from the FFT plots of top floor acceleration of the flexible and stiff
buildings, as shown in Fig. 6 (a) and (b), respectively. Fig. 6 (a) and (b) shows that, near to
the fundamental frequency of the flexible and stiff buildings (i.e. 1.0 Hz and 0.5 Hz), FFT
amplitude of top floor acceleration is much lower in case of SMA damper connected building
structure than yield damper connected building structure or unconnected building structure.
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Figure-6: FFT of top floor acceleration (a) flexible building and (b) stiff building structures.
Table-3 provides the top floor absolute acceleration and top floor displacement, respectively, for flexible and stiff buildings without any dampers (only building), and buildings
connected with yield or SMA dampers, under all the ground motion mentioned above in Table-2. Observing the values in Table-3 it is clear that, both the dampers reduces acceleration
and displacement responses, however SMA dampers provides superior control efficiency than
yield damper.
Table-3: Top floor responses of buildings under different earthquakes
GM
Number
GM-1
GM-2
GM-3
GM-4
GM-5
GM-6
GM-7
GM-1
GM-2
GM-3
GM-4
GM-5
GM-6
GM-7

Flexible Building
Stiff Building
Only
Yield
SMA
Only
Yield
Building
Damper
Damper
Building
Damper
Top floor maximum absolute acceleration (in g)
2.030
1.684
0.996
1.553
1.767
0.982
0.962
0.651
1.464
1.428
2.353
2.081
1.436
2.677
3.637
1.645
1.805
1.076
2.780
2.231
2.286
2.177
1.574
2.286
2.165
1.174
1.189
0.772
1.937
1.274
1.721
1.662
1.091
2.725
1.830
Top floor maximum displacement (in m)
0.428
0.333
0.161
0.099
0.102
0.232
0.186
0.079
0.104
0.075
0.525
0.452
0.214
0.228
0.241
0.276
0.281
0.147
0.188
0.133
0.537
0.516
0.255
0.109
0.139
0.370
0.285
0.138
0.082
0.079
0.298
0.280
0.139
0.165
0.116

4704

SMA
Damper
1.129
0.705
2.123
1.371
1.229
0.874
1.035
0.064
0.054
0.158
0.080
0.091
0.046
0.073
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4.2

Parametrical study

In this section, parametrical study is performed to demonstrate the superior control efficiency of SMA damper over yield damper. Here, peak acceleration and peak displacement of
top floor are measured under all seven ground motions and the average response is reported
herein.
As reported in previous studies [16, 17], normalized strength of yield or SMA damper is an
important design parameter, and the optimal choice of this parameter will maximize the control efficiency. Fig 7 depicts the effect of normalized yield strength (for steel) or transformation strength (for SMA) of the dampers on the response parameters (i.e. peak top floor
acceleration, peak top floor displacement for flexible and stiff building).

Figure-7: Variation of (a) peak top floor acceleration and (b) peak top floor displacement
with respect to the normalized strength of yield damper and SMA damper, for flexible and
stiff building.
Fig. 7 (a) and (b) shows variation of peak top floor acceleration and peak top floor displacement of the buildings connected by yield damper and SMA damper, where top floor acceleration and displacements were lesser in case SMA dampers connected building than yield
damper. For all the values of normalized strength of damper, stiff building connected with
yield damper system shows maximum top floor acceleration; whereas flexible building in
SMA damper connected system shows the least (see Fig. 7 (a)). For top floor displacement,
flexible building connected with yield damper system shows maximum top floor displacement for all the values of normalized strength of damper, whereas stiff building in SMA
damper connected system shows the least (see Fig. 7 (b)). In case of flexible building structure, SMA damper reduces maximum 33.53 % top floor acceleration and 54.71 % top floor
displacement. Similarly, for stiff building structure, SMA damper reduces 48.53 % top floor
acceleration and 35.03 % top floor displacement.
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Next, the effect of time period of flexible building structure on the response parameters
are studied, and shown in Fig. 8. Variation of the top floor peak acceleration and peak displacement with respect to the time period of the flexible building are shown in Figs. 8 (a) and
8(b). As expected, for both the dampers (yield and SMA), with the increasing flexibility (i.e.
time period) of the flexible structure, top floor peak absolute acceleration reduces. Fig. 8(a)
shows that in comparison to the yield damper, SMA damper reduces top floor peak acceleration more in case of stiff building than the flexible building. Compare to the yield damper,
SMA damper reduces top floor peak acceleration by 35.07 % for the flexible building structure, and 53.76 % for the stiff building structures. Opposite to the top floor peak acceleration,
for both flexible and stiff buildings connected with yield damper and/or super-elastic SMA
dampers, top floor peak displacement increases with the increasing time period of flexible
structure (Fig. 8 (b)). Here, for the flexible building, SMA damper control efficiency is more
than yield damper. In case of stiff building, displacement control efficiency for both SMA and
yield damper are comparable. In terms of displacement control efficiency, SMA damper reduces top floor peak displacement up to 55.01 % for the flexible building, and 21.62 % for
stiff building, when compare to the yield damper.

Figure-8: Variation of (a) peak top floor acceleration and (b) peak top floor displacement
with respect to the flexible building time period, for flexible building and stiff building, connected with SMA damper and yield damper
Finally, the control efficiency of different type of damper has been studied under the
varying peak ground acceleration (PGA); keeping frequency contents of the ground motions
unaltered. This is achieved just by up-scaling individual ground motions by suitable factors i.e.
multiplying the ordinates of the ground motion by some suitable factors. Variation of the different response quantities (i.e. top floor peak acceleration and displacement) under the varying PGAs are shown in Fig. 9. As expected, for both types of damper, the responses increase
monotonically with increasing PGA. In any type of building structures (flexible or stiff), responses of SMA dampers connected building system are consistently lesser than the responses
of yield dampers connected building system. At lower values of PGA, control efficiency of
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SMA damper is almost comparable with yield damper. Whereas for higher values of PGA,
SMA damper shows significant improvement in control efficiency than yield damper. Such
aspect strengthens the fact that, the control efficiency of SMA damper over yield damper increases while subjected to a larger intensity of earthquakes. In terms of the floor acceleration
control efficiency, SMA damper reduces top floor peak acceleration by 14.07 % for flexible
building and 21.83 % for stiff building, when compare to the yield damper. Similarly, for
floor displacement, SMA damper reduces top floor peak displacement by 35.67 % for flexible
building and 19.45 % for stiff building, relative to the yield damper.

Figure-9: Variation of (a) peak top floor acceleration and (b) peak top floor displacement
with respect to the peak ground acceleration for flexible building to stiff building, connected
with SMA damper and yield damper
5

CONCLUSIONS

Performance of yield damper and SMA damper as passive control device in connected
buildings are compared using non-linear dynamic response analysis under seven ground motions obtained from past earthquakes. Analyses results show that both the dampers help to reduce floor responses (peak acceleration and displacement) for connected buildings than
unconnected buildings. Here, performance of both the dampers are evaluated under varying
parameters like normalized strength of dampers, time period of buildings, peak ground acceleration. Response analysis shows that, SMA dampers significantly reduce the top floor responses (peak acceleration and displacement) when compare with the yield dampers. Finally,
all the parametrical studies confirmed the superior control efficiency of SMA Damper over
yield damper for connected buildings under the seismic excitation. Parametrical study results
show that, compare to the yield damper, SMA damper reduces top floor peak absolute acceleration as high up to 35 % for flexible building and 55 % for stiff building. When displacement control efficiency is considered (in terms of the top floor peak displacement), compare
to the yield damper, SMA damper provides 55 % more reduction for the flexible building, and
35 % more reduction for the stiff building.
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SURFACE WAVE PROPAGATION FROM DROP-PROJECTILE
TESTS: PHYSICAL AND NUMERICAL MODELLING
Vipul Kumar , S.P.G. Madabhushi
6FKRILHOG&HQWHU'HSDUWPHQWRI(QJLQHHULQJ

8QLYHUVLW\RI&DPEULGJH
HPDLO^YNPVSJ`#FDPDFXN
 *HRWHFKQLFDO(QJLQHHU

0RWW0DF'RQDOG8.
HPDLOYLSXONXPDU#PRWWPDFFRP

Keywords: 5D\OHLJK :DYHV *URXQGERUQH YLEUDWLRQV &HQWULIXJH 0RGHOOLQJ 1XPHULFDO
$QDO\VLV+LJK6SHHG7UDLQV
Abstract. Surface wave propagation can be investigated with the help of centrifuge and numerical modelling. An electromagnetic drop-projectile apparatus was used to generate surface waves in soil upon the impact of a spherical metal ball with a shallow foundation. A 3D
LS-DYNA FE model was developed and first calibrated against the analytical solutions for
the soil displacement at the ground surface due to the arrival of Rayleigh waves. The 3D
model was then validated with the results of vertical acceleration obtained from geotechnical
centrifuge test for homogeneous soil layer profile. The numerical results show that LS-DYNA
can reliably be used as a numerical tool to simulate surface wave propagation. Following the
validation, a parametric numerical study was performed to assess the impact of stiffness contrast in soil layers on surface wave propagation. In this parametric study, soil layer with relatively lower stiffness (shear wave velocity) was modelled below a stiffer upper layer. The
attenuation of vertical acceleration of the surface waves at an increasing distance away from
the source were investigated and compared between the results of geotechnical centrifuge test
and numerical models. The results of parametric analysis tend to suggest that the presence of
soft soil at shallow depth can amplify the amplitude of vertical accelerations within the stiffer
upper layer. This effect however is likely to be localised near the source of vibration.
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1

INTRODUCTION

,QWHUFLW\KLJKVSHHGUDLOLVRQHRIWKHPRVWHIILFLHQWPHDQVRIWUDQVSRUWDWLRQV\VWHPVDQG
DQDWWUDFWLYHDQGYLDEOHDOWHUQDWLYHIRUSURPRWLQJWUDYHODQGFRPPHUFHDVFRPSDUHGWRDLURU
FDUEDVHGODQGWUDQVSRUW 7RGD\6SDLQDQG&KLQDKDYHRQHRIWKHODUJHVWKLJKVSHHGUDLOQHW
ZRUNV LQ WKH ZRUOG $IWHU WKH VXFFHVVRI +LJK 6SHHG  +6  %ULWDLQ LVQRZ SODQQLQJ DQG
PRYLQJDKHDGZLWKWKHHDUO\VWDJHVRIFRQVWUXFWLRQRILWVQHZKLJK VSHHGUDLOZD\OLQH±+LJK
6SHHG  +6  7KH SURMHFWHG RSHUDWLRQDO VSHHG RI WUDLQV RQ +6QHWZRUNZLOO EH  PV
ZLWK WKH SURSRVHG WUDFN DOLJQPHQW SDVVLQJ WKURXJK FXWWLQJV DQG HPEDQNPHQWV ZLWK VXE
VXUIDFHFRQGLWLRQVYDU\LQJIURPVRIWDOOXYLXPDQGRUGHHSSHDWOD\HUVWRVWLIIJODFLDOWLOO
7KHLQFUHDVHGRSHUDWLRQDOVSHHGRIKLJKVSHHGWUDLQVKDVDOVROHGWRVRPHQRWDEOHFDVHKLV
WRULHV >@ RI H[FHVVLYH JURXQGERUQH YLEUDWLRQV *URXQGERUQH YLEUDWLRQV DUH JHQHUDWHG
GXHWRWKHZKHHOD[OHSUHVVXUHDFWLQJRQWKHUDLOVDVVKRZQLQ )LJXUH7KHYLEUDWLRQVGXHWR
JHRG\QDPLFWUDFNVRLOLQWHUDFWLRQWHQGVWRDPSOLI\DVWKHWUDLQVSHHGDSSURDFKHVFULWLFDOYH
ORFLW\ 5D\OHLJKZDYHYHORFLW\ RIWKHVXEJUDGHVXSSRUWLQJWKH WUDFNV>@,WLVSRVVLEOHIRU
PRGHUQGD\KLJKVSHHGWUDLQVWRH[FHHGWKLVFULWLFDOYHORFLW\LIWKHVRLOEHORZWUDFNVFRQVLVWV
RIVRIWVLOW\FOD\VSHDWVDQGRURUJDQLFVZKLFKW\SLFDOO\KDYHVKHDUZDYHYHORFLW\LQWKHUDQJH
RIPVHF

)LJXUH:KHHOD[OHSUHVVXUHDFWLQJRQUDLOV>@

$OWKRXJK WKH UHOHYDQFH RI XQGHUVWDQGLQJ SURSDJDWLRQ RI VXUIDFH ZDYHV LQ WKH IRUP RI
5D\OHLJKZDYHV  LV LPSRUWDQW WR WKH KLJKVSHHG UDLO LQGXVWU\ WKHSKHQRPHQRQKDV QRWEHHQ
WKDWZHOOXQGHUVWRRGH[SHULPHQWDOO\ 2QHRIWKHHDUOLHVWHQGHDYRUVLQVWXG\LQJVXUIDFHZDYH
SURSDJDWLRQ ZDV ZLWK WKH PHDQV RII XOOVFDOH WHVWV >@ WRXQGHUVWDQG HIILFDF\ RIDFWLYH DQG
SDVVLYH LVRODWLRQV\VWHPVDV PLWLJDWLRQPHDVXUHVDJDLQVWH[FHVVLYHYLEUDWLRQ 6LQFH LW LVQRW
DOZD\VIHDVLEOHWRSHUIRUPIXOOVFDOHWHVWVVRPHUHVHDUFKHUVKDYHLQYHVWLJDWHGWKHIHDVLELOLW\
RIFHQWULIXJHPRGHOOLQJWRJHQHUDWHDQGPHDVXUHVXUIDFHYLEUDWLRQVLQVFDOHGGRZQPRGHOV$
QRYHOGURSEDOODSSDUDWXV>@ZDVGHYHORSHGWRJHQHUDWHVXUIDFHZDYHVIURPDIDOOLQJVSKHUL
FDOPHWDOEDOOXQGHUWKHHIIHFWRIFHQWULIXJDODFFHOHUDWLRQ3LH]RHOHFWULFDFFHOHURPHWHUVEXULHG
LQ WKH FHQWULIXJH SDFNDJH SURYLGHG DQ HVWLPDWH RI JHRPHWULF DQG PDWHULDO GDPSLQJ FRHIIL
FLHQWVIRUVXUIDFHZDYHV $QHQKDQFHPHQWZDVGHYHORSHG >@WRGURSPXOWLSOHEDOOVWRVLPX
ODWHDPRYLQJVXUIDFHORDGDQGVWXG\WKHHIIHFWRIJHRPHWU\DQGPDWHULDORIZDYHEDUULHULQ
DWWHQXDWLQJWKHVXUIDFHZDYHPRWLRQ
:KHQ WKH REVHUYDWLRQVIURPIXOOVFDOH RU PRGHOVFDOHFHQWULIXJH WHVWV DUH QRW DYDLODEOH
QXPHULFDO DQDO\VLV LQ WKHIRUP RI %(0 %RXQGDU\ (OHPHQW 0HWKRG  )(0 )LQLWH (OHPHQW
0HWKRG )'0 )LQLWH'LIIHUHQFH0RGHO DQGFRXSOHG)(0%(0 ' PHWKRGVKDYHEHHQ
XVHGIRU WKH SURSDJDWLRQ RI VXUIDFH ZDYHV JHQHUDWHG GXH WR KLJKVSHHG WUDLQV' DQG '
%(0VZHUHXVHG>@WRDVVHVVWKHHIIHFWRIJHRPHWU\RIVWUXFWXUHVVXFKDVZDYHEDUULHU
DQG VWLIIQHVV FRQWUDVW UDWLR EHWZHHQD VWUXFWXUH IRU H[DPSOH ZDYHEDUULHU RU HPEDQNPHQW 
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DQG LQVLWX VRLO RQ WKHSURSDJDWLRQ DQG DWWHQXDWLRQRI VXUIDFHZDYHV $OWKRXJK )(0)'0
DUHFRPSXWDWLRQDOO\H[SHQVLYHWKDQ%(0VHYHUDOUHVHDUFKHUV >@KDYHXVHGWKHVHPHWK
RGVIRUWKHIOH[LELOLW\RIPRGHOOLQJ'WUDFNVWUXFWXUHJHRPHWU\PRYLQJWUDLQORDGVDQGWKH
DELOLW\WRSUHGLFWWKHHIIHFWVRIVXUIDFHZDYHSURSDJDWLRQDORQJWKHOHQJWKRIWUDFNDQGLQIDU
ILHOG DZD\IURP WKH WUDFN  ZKLFK DUH JHQHUDOO\ REWDLQHG ZLWK VRPH DSSUR[LPDWLRQ LQ'
)(0)'0%(0  DQG'%(0)(0FRXSOHGPRGHOV
,QWKLVSDSHUZHGLVFXVVWKHGHYHORSPHQWRIGURSEDOOFHQWULIXJHWHVWWRJHQHUDWHVXUIDFH
ZDYHVLQDPHGLXPRIKRPRJHQHRXVGU\VDQG$')(QXPHULFDOPRGHOLVSURSRVHGZKLFK
LVFDOLEUDWHGZLWKDQDO\WLFDOVROXWLRQ RISDUWLFOHGLVSODFHPHQWDWVRLOVXUIDFHGXHWRDUULYDORI
5D\OHLJKZDYHVDQGDIWHUZDUGVFDOLEUDWHGZLWKWKHUHVXOWVIURPFHQWULIXJHWHVW $SDUDPHWULF
VWXG\LVSHUIRUPHGZLWKWKH)(PRGHO WRGHPRQVWUDWHWKHSRVVLEOHHIIHFWRI VRLOVWLIIQHVVFRQ
WUDVWLQDOD\HUHGVRLOSURILOHRQVXUIDFHZDYHSURSDJDWLRQ
2

PHYSICAL MODELLING OF GROUND-BORNE VIBRATIONS

,QFHQWULIXJHPRGHOOLQJWKHVWUHVVVWDWHRIVRLODWDFHUWDLQGHSWKLQ WKHSURWRW\SHFDQEH
UHSOLFDWHGXQGHU WKHFHQWULIXJDO DFFHOHUDWLRQRI 1 J  6FDOLQJ ODZV XVHG WRFRUUHODWH VWUHVV
VWUDLQDQGRWKHUEHKDYLRXULQDSURWRW\SHDQGVFDOHGGRZQFHQWULIXJHPRGHODUHSUHVHQWHGLQ
7DEOH>@
3DUDPHWHU
/HQJWK
9HORFLW\
$FFHOHUDWLRQ
0DVV
7LPH G\QDPLF 
)UHTXHQF\

'LPHQVLRQV
/
/7
/7
0
7
7

0RGHO3URWRW\SH
1

1
1
1
1

7DEOH6FDOLQJODZVIRUFHQWULIXJHPRGHOOLQJ

&HQWULIXJHWHVWVZHUHSHUIRUPHGRQWKHPEHDPFHQWULIXJHDWWKH6FKRILHOG&HQWHU 8. 
7KHUHVXOWVIURPFHQWULIXJHH[SHULPHQWUHSRUWHGLQWKLVSDSHUFRUUHVSRQGWRFHQWULIXJDODFFHO
HUDWLRQ 1 WLPHVWKHJUDYLWDWLRQDODFFHOHUDWLRQ 2QO\DEULHIGLVFXVVLRQRIWKHFHQWULIXJH
PRGHOLVSUHVHQWHGEHORZWKHGHWDLOVRIGURSEDOOV\VWHPDQGSUHOLPLQDU\FHQWULIXJHWHVWUH
VXOWVDUHGLVFXVVHGLQDQRWKHUSDSHU>@
2.1

Centrifuge model for calibration of numerical model

7KHFHQWULIXJHPRGHOZDVSUHSDUHGE\SRXULQJ+RVWXQ+1VLOLFDVDQGIURPDQDXWRPDW
LFVDQGSRXUHULQDQPP LQWHUQDO GLDPHWHUPRGHOFRQWDLQHUWRDKHLJKWRIDSSUR[LPDWHO\
PP7KHPDWHULDOSDUDPHWHUVRI+RVWXQ+1VLOLFDVDQGDUHSUHVHQWHGLQ 7DEOH$Q
DYHUDJHUHODWLYHGHQVLW\RIDERXWZDVDFKLHYHGIRUWKHKRPRJHQHRXVVDQGEHG
3DUDPHWHU
'HQVLW\RIVROLGSDUWLFOH NJP  
0LQLPXP9RLG5DWLR
0D[LPXP9RLG5DWLR
G  PP 

9DOXH





7DEOH0DWHULDOSDUDPHWHUVRI+RVWXQ+1VLOLFDVDQG>@
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7LPHODJLQWKHDUULYDORIVKHDUZDYHVJHQHUDWHGE\$LU+DPPHU >@SODFHGQHDUWKHERW
WRPRIPRGHOFRQWDLQHUDQGUHFRUGHGE\SLH]RHOHFWULFDFFHOHURPHWHUVDWGLIIHUHQWHOHYDWLRQVLQ
WKHVDQGEHGZHUHXVHGWRGHULYHLQVLWXVKHDUZDYHYHORFLW\SURILOH6XUIDFHZDYHVZHUHJHQ
HUDWHGE\GURSSLQJVSKHULFDOPHWDOEDOORQWRDFLUFXODUPHWDOIRXQGDWLRQSODFHG DWWKHWRSRI
VRLO VXUIDFH >@ DV VKRZQ LQ )LJXUH 9HUWLFDO DFFHOHUDWLRQV LQ WKH VRLO ZHUH UHFRUGHG E\
0(06W\SHDFFHOHURPHWHUVEXULHGDWVKDOORZGHSWKDQGDWDQLQFUHDVLQJUDGLDOGLVWDQFHDZD\
IURPWKHPHWDOIRXQGDWLRQ

)LJXUH&HQWULIXJH0RGHOZLWK'URS%DOO$SSDUDWXV KRPRJHQHRXVVRLOOD\HU 

3

NUMERICAL MODELLING OF GROUND-BORNE VIBRATIONS

1XPHULFDO DQDO\VLV IRU VXUIDFH ZDYH SURSDJDWLRQ LV SHUIRUPHG ZLWK /6'<1$
KWWSZZZOVWFFRP XVLQJ([SOLFLW6ROYHU7KHH[SOLFLWVROXWLRQWHFKQLTXHLVEDVHGRQLQWH
JUDWLRQRIFRQVWDQW DFFHOHUDWLRQVRYHU D WLPH LQFUHPHQW ,W LV LPSRUWDQW WKDWDQ )( PRGHO LV
DSSURSULDWHO\GLVFUHWLVHGLQVSDFHDQGWLPHGRPDLQVWRDYRLGQXPHULFDOGLVSHUVLRQDQGHUURUV
GXHWRPHVKVL]HDQGDQDO\VLVWLPHVWHS
$Q )( PHVK ZLWK FRDUVH HOHPHQW VL]H DFWV OLNHD ORZSDVVILOWHU ZKLFK FDQILOWHU KLJK
IUHTXHQF\ ZDYHIRUPV XQDEOH WR SURSDJDWH RYHU ODUJH HOHPHQW VL]H 6SDWLDO GLVFUHWLVDWLRQ
PHVKHOHPHQW VL]H RI )( PHVK LV EDVHGRQ WKH KLJKHVWIUHTXHQF\ RISURSDJDWLQJ VXUIDFH
ZDYH I PD[  DQG 5D\OHLJK ZDYH YHORFLW\ 9 5 RI WKH PHGLXP 7KH PLQLPXP PHVK HOHPHQW
VL]H G PLQ  FDQ EHFKRVHQ DVRQHWHQWKRI WKH PLQLPXP ZDYHOHQJWKSURSDJDWLQJ WKURXJK WKH
PHGLXP>@7KHPLQLPXPWLPHVWHSIRULQWHJUDWLRQRIDFFHOHUDWLRQVLQWKHH[SOLFLWVROXWLRQ
VFKHPHLVWKHQGHULYHGDVWKHUDWLRRIPLQLPXPPHVKHOHPHQWVL]H G PLQ DQG5D\OHLJKZDYH
YHORFLW\ 95 >@
3.1

Validation with analytical solution

$ ' /6'<1$ )( PRGHO )LJXUH  ZDVGHYHORSHG WR VLPXODWH /DPE¶V SUREOHP >@
ZKHUHWKHVXUIDFHZDYHVDUHJHQHUDWHGE\DSRLQWLPSXOVHORDGDFWLQJRQDVHPLLQILQLWHHODV
WLFPHGLXP7KLVVWHSVHUYHVDVDEHQFKPDUNH[HUFLVHEHIRUHWKHDSSOLFDWLRQRI/6'<1$)(
IRUVLPXODWLQJVXUIDFHZDYHSURSDJDWLRQREVHUYHGLQFHQWULIXJHWHVW 7KHWLPHGHSHQGHQWLP
SXOVHORDGKDVWKHIRUP>@
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7KHSHDNDPSOLWXGHRIWKHSXOVHDQGSXOVHZLGWKLWPRGXODWHGZLWKS DUDPHWHUV)EDQGĲ3
ZLWK WKHLU UHVSHFWLYH DPSOLWXGHV WDNHQ DV î  DQG î  7DNLQJ DGYDQWDJH RI WKH
V\PPHWU\RIWKHSUREOHPRQO\DTXDUWHUJHRPHWU\LVPRGHOOHGLQ)(DQDO\VLVZLWKDQHGJH
OHQJWKRIPDORQJHDFKFDUWHVLDQD[HV7KHVRLOSDUDPHWHUVDGRSWHGIRUWKLVDQDO\VLVFRUUH
VSRQGWRVKHDUZDYHYHORFLW\ 9V RIPVHF>@PRGHOOHGZLWK 0$7B(/$67,&LQ/6
'<1$6LQFHRQO\ILQLWHGLPHQVLRQVRIVRLOGRPDLQDUHPRGHOOHGVSHFLDOERXQGDU\HOHPHQWV
ZHUHSODFHGDURXQGWKHERXQGHGGRPDLQWRDEVRUERXWJRLQJZDYHVDQGPLQLPLVHWKHLUUHIOHF
WLRQEDFN LQWR WKH PRGHO GRPDLQ $EVRUELQJERXQGDULHVDORQJ WKHRXWHUSODQHVRI JHRPHWU\
ZHUH PRGHOOHG ZLWK SHUIHFWO\PDWFKHG OD\HUV 30/  XVLQJ 0$7B30/B(/$67,& LQ /6
'<1$>@7KHSHUIHFWO\PDWFKHGOD\HUVZHUHPRGHOOHGZLWKWKHVDPHHODVWLFSURSHUWLHVDV
WKDWRIWKHVRLOGRPDLQZLWKHOHPHQWVWKURXJKWKHGHSWK)RUJHRPHWU\SODQHVDORQJWKHD[LV
RIV\PPHWU\WKHQRGHVZHUHFRQVWUDLQHGDJDLQVWWUDQVODWLRQLQWKHQRUPDOGLUHFWLRQDQGWKH
QRGHVRI30/HOHPHQWVZHUHIXOO\IL[HGDJDLQVWWUDQVODWLRQXVLQJ %281'$5<B63&
8VLQJWKHJXLGHOLQHVSUHVHQWHGDERYHD'PHVKZLWKXQLIRUPHOHPHQWVL]HRIPPZDV
DGRSWHG IRU DQDO\VLV UHVXOWLQJ LQ DSSUR[LPDWHO\  PLOOLRQ VROLG HOHPHQWV 7KH WLPHVWHS
XVHG IRU DQDO\VLV ZDV WDNHQ DV î  VHF 7KH VROLG HOHPHQWV ZHUH PRGHOOHG ZLWK
6(&7,21B62/,' ZLWKIXOO\ LQWHJUDWHG VHOHFWLYHO\ UHGXFHGIRUPXODWLRQ (OIRUP    7R
GDPSHQDQ\VSXULRXVRVFLOODWLRQVLQWKHHODVWLFPHGLXPDQRPLQDOGDPSLQJRIZDVGH
ILQHGXVLQJ '$03,1*B)5(48(1&<EHWZHHQDIUHTXHQF\UDQJHRI+]WRN+]7KH
LPSXOVHORDG (TXDWLRQ ZDVGHILQHGXVLQJ '(),1(B&859(DQG DSSOLHGWRDQRGHDORQJ
WKHD[LV RI V\PPHWU\XVLQJ /2$'B12'( LQ WKH YHUWLFDOGLUHFWLRQ 7KH WRWDO DQDO\VLV UXQ
WLPHZDVDGRSWHGDVVHFDQGZDVDQDO\VHGZLWKGRXEOHSUHFLVLRQ/6'<1$5H[SOLFLW
VROYHU


)LJXUH'/6'<1$PRGHOIRUYDOLGDWLRQZLWK/DPE¶VSUREOHP

9HUWLFDOGLVSODFHPHQWWLPHKLVWRULHVRIQRGHVDWSUHGHILQHGORFDWLRQVRQVXUIDFHZHUHRE
WDLQHGIURPWKHQXPHULFDODQDO\VLVDQGFRPSDUHGZLWKWKHDQDO\WLFDOVROXWLRQ >@$VVKRZQ
LQ )LJXUH  WKHQXPHULFDO VROXWLRQ FDSWXUHV WKHDUULYDORI 3ZDYHV DQG 6ZDYHVEHIRUH WKH
DUULYDORI5D\OHLJKZDYHVZKLFKFDXVHVSHDNSDUWLFOHGLVSODFHPHQW>@7KH5D\OHLJKZDYH
YHORFLW\ 95 FDOFXODWHGIURPWKHQXPHULFDOVROXWLRQDVWKHWLPHODJ GW VHF EH
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WZHHQWKHDUULYDORISHDNSDUWLFOHGLVSODFHPHQWDWWZRQRGHORFDWLRQV GLVWDQFH PGLV
WDQFH P LVPVHFZKLFKPDWFKHVUHDVRQDEO\ZLWKWKHWKHRUHWLFDOYDOXHRI 
PVHF >@ 7KLV VWHS VKRZV D JRRGDJUHHPHQWEHWZHHQ WKHRUHWLFDO VROXWLRQV DQGQXPHULFDO
DQDO\VLVZLWK/6'<1$IRU5D\OHLJKZDYHSURSDJDWLRQ

)LJXUH D 'HIRUPHG6KDSHRI)(PHVK PDJQLILHGE\î  VKRZLQJZDYHSURSDJDWLRQDWt = 0.16 sec E 
&RPSDULVRQRIYHUWLFDOGLVSODFHPHQWWLPHKLVWRULHVEHWZHHQWKHRUHWLFDODQG/6'<1$DQDO\VLV

3.2

Validation with centrifuge test

$IWHU YDOLGDWLQJ /6'<1$ ZLWK DQDO\WLFDO VROXWLRQVIRU 5D\OHLJK ZDYHSURSDJDWLRQ WKH
)(PRGHOZDVPRGLILHGWRUHSUHVHQWWKHSK\VLFDOGLPHQVLRQVRIFHQWULIXJHWHVWLQ6HFWLRQ
7KH PRGLILHG ' TXDUWHUPRGHO KDV ODWHUDO GLPHQVLRQV HTXDO WR WKH LQWHUQDO UDGLXV RI WKH
PRGHOFRQWDLQHU PP DQGDPRGHOKHLJKWRIPP )LJXUH 

)LJXUH'/6'<1$PRGHOIRUYDOLGDWLRQZLWKFHQWULIXJHWHVW

4715

9LSXO.XPDU63*0DGDEKXVKL

7KH PRGHOFRQWDLQHU LQ FHQWULIXJH WHVW ZDVF\OLQGULFDO WKH' )( PRGHO ZDV PRGHOOHG
ZLWKDSDUDOOHOHSLSHGPHVKGRPDLQWRPDLQWDLQDXQLIRUPDQGUHJXODUVKDSHRI'VROLGHOH
PHQWZLWKVWUDLJKWHGJHV$OWKRXJKWKLVDSSUR[LPDWLRQ UHVXOWHGLQPRGHOGRPDLQZLWKLWVGL
DJRQDOOHQJWKJUHDWHUWKDQUDGLXVRIFHQWULIXJHPRGHOFRQWDLQHU PP LW ZDVXQOLNHO\WR
LQIOXHQFHWKHDFFHOHUDWLRQFDOFXODWHGLQVRLOFORVHWRWKHVRXUFHRIYLEUDWLRQLQWKH)(PRGHO
7KHVRLOZDVPRGHOOHGDVDOLQHDUHODVWLFPDWHULDOZLWKDXQLIRUPVKHDUZDYHYHORFLW\RI
 PVHF >@ WDNHQDW WKH GHSWK RI 0(06DFFHOHURPHWHUV LQ VRLO 7KH PRGHO ERXQGDULHV
%281'$5<B63& ZHUHDOVRXSGDWHGWRUHSUHVHQWWKHIL[HGFRQGLWLRQDWWKHLQWHUIDFHRI
VRLOPRGHOFRQWDLQHUWKHUHE\DOORZLQJIRUUHIOHFWLRQRIRXWJRLQJZDYHVEDFNLQWRWKHPRGHO
GRPDLQ 7KHYHUWLFDO DFFHOHUDWLRQPHDVXUHGDW WKH FLUFXODUIRXQGDWLRQ VRXUFH  LQ FHQWULIXJH
WHVWZDVGLUHFWO\DSSOLHGLQWKH)(PRGHOZLWK %28'1$5<B35(6&5,%('B027,21$OO
WKHUHVXOWVSUHVHQWHGKHUHDIWHUUHIHUDWPRGHOVFDOHXQOHVVVWDWHGRWKHUZLVH
7KHYHUWLFDO DFFHOHUDWLRQ PHDVXUHGDW WKHPHWDOIRXQGDWLRQIURP WKH FHQWULIXJH WHVWIRUD
GURSKHLJKWRIPPDQGLWVFRUUHVSRQGLQJ))7LVSUHVHQWHGLQ)LJXUH%DVHGRQWKHPD[
LPXPFXWRIIIUHTXHQF\DWWKHVRXUFHRIDERXW+]DPLQLPXPPHVKVL]HRIPPZDV
REWDLQHG 7KLV FXWRII IUHTXHQF\ LV VLJQLILFDQWO\ KLJKHU WKDQ ZKDW FDQ W\SLFDOO\ SURSDJDWH
WKURXJKVRLO W\SLFDOO\LQWKHUDQJHRI +]DWJ 1HYHUWKHOHVVWKHPHVKHOHPHQWVL]H
ZDVIXUWKHUUHGXFHGWRPPSXUHO\IURPWKHSHUVSHFWLYHRISODFLQJ)(QRGHVDWWKHORFDWLRQV
RI0(06DFFHOHURPHWHUVSODFHGLQVRLOLQWKHFHQWULIXJHWHVW

)LJXUH D 9HUWLFDODFFHOHUDWLRQPHDVXUHGDWIRXQGDWLRQGLVN VRXUFH  E ))7VSHFWUXP

7KHYHUWLFDODFFHOHUDWLRQV PRGHOVFDOH DWDGHSWKRIPPIURPVXUIDFHDQGDWPP
DQGPPODWHUDOGLVWDQFHZLWKIURPWKHVRXUFHZHUHFRPSDUHG )LJXUH EHWZHHQWKHUH
VXOWVREWDLQHGIURPFHQWULIXJHWHVWVDQGIURP WKH')(PRGHO7KHSUHOLPLQDU\UHVXOWVVXJ
JHVWWKDWWKHDUULYDORIWKHILUVWSHDNLQWKHDFFHOHUDWLRQSXOVHPDWFKUHDVRQDEO\ZHOOZLWKWKH
H[SHULPHQWDOPHDVXUHPHQWV
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)LJXUH&RPSDULVRQRIYHUWLFDODFFHOHUDWLRQEHWZHHQFHQWULIXJHWHVWDQGQXPHULFDOPRGHO

3.2.1. Parametric study – soil stiffness
$PSOLILFDWLRQRIWKHVXUIDFHZDYHYLEUDWLRQVKDYHJHQHUDOO\EHHQUHSRUWHGIRUVLWHVZKHUH
VRIWVRLOFRQGLWLRQVZHUHSUHVHQWEHORZWKHVWLIIWUDFNVWUXFWXUH5HPHGLDWLRQPHDVXUHVVXFKDV
SLOHGHPEDQNPHQWVZLWKSLOHVHQGLQJLQDFRPSHWHQWVWUDWXPRUJURXQGLPSURYHPHQWZLWKGU\
GHHSPL[LQJPHWKRGWRDFHUWDLQGHSWKEHORZWKHWUDFNVWUXFWXUH>@ZHUHDSSOLHGWRUHGXFH
WKH DPSOLILFDWLRQ RI YLEUDWLRQV 7KH ' )( PRGHO SUHYLRXVO\FDOLEUDWHGZLWK WKH UHVXOWV RI
FHQWULIXJH WHVW ZDV XSGDWHGIRUQRQXQLIRUP VRLO VWLIIQHVV DV VKRZQ LQ )LJXUH ,W ZDV DV
VXPHG WKDW WKH VWLIIXSSHU OD\HUKDVD SURWRW\SH WKLFNQHVV RI P RU PPDW PRGHO
VFDOH $XQLIRUPVKHDUZDYHYHORFLW\RIPVHFZDVDVVXPHGIRUWKHVRIWVRLOOD\HUZKLFK
LVVLPLODUWRWKHYDOXHVUHSRUWHGLQOLWHUDWXUH>@

)LJXUH&RPSDULVRQRIVKHDUZDYHYHORFLW\ DQGHTXLYDOHQWVPDOOVWUDLQVWLIIQHVV *R SURILOHDVVXPHGIRU
EDVHOLQHDQGSDUDPHWULF)(DQDO\VHV
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,QRUGHUWRQXPHULFDOO\DVVHVVWKHHIIHFWRIKDYLQJVRIWVRLOFRQGLWLRQVDWDVKDOORZGHSWK
WKH )( PRGHO ZDV UHUXQ ZLWK YHUWLFDO DFFHOHUDWLRQ DW VRXUFH )LJXUH  DQG ZLWK µVWLII VRLO
RYHU VRIW VRLO¶ VKHDU ZDYH YHORFLW\ SURILOH )LJXUH   9HUWLFDO DFFHOHUDWLRQ WLPH KLVWRULHV
)LJXUH   DW PP DQG  PP ODWHUDOGLVWDQFH IURP WKH VRXUFH ZHUH FRPSDUHGZLWK WKH
RQHVREWDLQHGZLWKXQLIRUPVKHDUZDYHYHORFLW\SURILOH,Q)LJXUHWKHSHDNDPSOLWXGHRI
ILUVWDUULYDO RIYHUWLFDO DFFHOHUDWLRQV SURWRW\SH OHYHO  ZHUHSORWWHG DW DQ LQFUHDVLQJGLVWDQFH
UHVXOWDQW RI ODWHUDO GLVWDQFHIURP VRXUFH DQG GHSWK EHORZ VRLO VXUIDFH  IURP WKH VRXUFHIRU
FHQWULIXJHWHVWDQGQXPHULFDODQDO\VLVZLWKXQLIRUPDQGOD\HUHGVRLO VWLIIQHVV SURILOHV7KH
SUHOLPLQDU\UHVXOWVWHQGWRVXJJHVWWKDWDSUHVHQFHRIVRIWVRLOOD\HUDWDVKDOORZGHSWKIURP
WKHVRXUFHRIYLEUDWLRQFDQSRWHQWLDOO\DPSOLI\WKHYLEUDWLRQ

)LJXUH&RPSDULVRQRIYHUWLFDODFFHOHUDWLRQIURPQXPHULFDOPRGHOIRU8QLIRUPDQG/D\HUHGVRLOSURILOH 6WLII
VRLORYHUVRIWVRLO 

)LJXUH$WWHQXDWLRQRIYHUWLFDODFFHOHUDWLRQIURPVRXUFH
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4

CONCLUSIONS

7KLVSDSHUIRUPVSDUWRIDQRQJRLQJUHVHDUFKLQWRWKHJHQHUDWLRQDQGSURSDJDWLRQRIVXU
IDFHZDYHVZLWKWKHKHOSRIDVHULHVRIFHQWULIXJHWHVWV,QWKLVSDSHUILQLWHHOHPHQWDQDO\VLV
ZDVXVHGDVWRROWRVLPXODWHJURXQGERUQHYLEUDWLRQVJHQHUDWHGE\DVWDWLRQDU\SRLQWLPSXOVH
ORDG)ROORZLQJFRQFOXVLRQVDUHGUDZQIURPWKHSUHOLPLQDU\UHVXOWVSUHVHQWHGLQWKLVSDSHU
x 5HOLDELOLW\RI/6'<1$DVDQXPHULFDOWRROIRUPRGHOOLQJVXUIDFHZDYHSURSDJDWLRQZDV
SUHVHQWHGE\YDOLGDWLQJWKHQXPHULFDOUHVSRQVHZLWKDQDO\WLFDOVROXWLRQV,QILQLWHGRPDLQ
ZDV UHSUHVHQWHG LQ D ILQLWH GRPDLQ PRGHO E\ PRGHOOLQJ VROLG HOHPHQWV DORQJ RXWHU
ERXQGDULHVZLWK3HUIHFWO\0DWFKHG/D\HUV 30/ 
x $QRWKHU')(PRGHO ZDVGHYHORSHGZLWKRXWWKHDEVRUELQJERXQGDULHVWR VLPXODWHWKH
SK\VLFDOFRQGLWLRQVRIWKHFHQWULIXJHPRGHOFRQWDLQHU7KLVPRGHOZDVYDOLGDWHGZLWKWKH
UHVXOWVIURPFHQWULIXJHWHVW
x 3DUDPHWULF )( VWXG\ZDVSHUIRUPHG WR LQYHVWLJDWH WKHSRWHQWLDO HIIHFWRI VRIW VRLO DW D
VKDOORZGHSWKIURPWKHVRXUFHRIYLEUDWLRQ
x 7KHUHVXOWVIURPQXPHULFDODQDO\VLVWHQGWRVXJJHVWWKDWWKHSUHVHQFHRIVRIWVRLODWVKDO
ORZGHSWKFDQDPSOLI\WKHDPSOLWXGHRIYLEUDWLRQVLQWKHVWLIIXSSHUOD\HUDVFRPSDUHGWR
DKRPRJHQRXVVRLOOD\HUZLWKXQLIRUPVRLOVWLIIQHVV
x 7KH DWWHQXDWLRQRIYHUWLFDODFFHOHUDWLRQVDW DQ LQFUHDVLQJ GLVWDQFHIURPVRXUFHVXJJHVW
WKDW WKH HIIHFW RIVRIW VRLO RQ WKH VXUIDFH ZDYH SURSDJDWLRQ WHQG WR GHFD\ UDSLGO\ DQG
FRXOGEHDORFDOLVHGSKHQRPHQRQ$WVXIILFLHQWO\IDUDZD\GLVWDQFHIURPWKHVRXUFHWKH
DWWHQXDWHGDFFHOHUDWLRQVOHYHOVDUHVLPLODUUHJDUGOHVVRIVRLOVWLIIQHVVSURILOH
x ,WLVOLNHO\WKDWFORVHUWRWKHSRLQWRILPSDFWSODVWLFVWUDLQVGHYHORSLQVRLOZKLFKZRXOG
OHDG WRIDVWHU DWWHQXDWLRQ DQG ORZHU DPSOLWXGHRIYHUWLFDO DFFHOHUDWLRQ LQ WKHFHQWULIXJH
WHVWUHVXOWVDVFRPSDUHGWRWKHQXPHULFDOSUHGLFWLRQVREWDLQHGZLWKDQDVVXPSWLRQRIVRLO
EHKDYLQJDVDOLQHDUHODVWLFPDWHULDO$WDIDUDZD\GLVWDQFHIURPWKHVRXUFHWKLVEHKDY
LRXUZRXOGGLPLQLVKDQGVRLOEHKDYLRXUFRXOGEHDVVXPHGDVOLQHDUHODVWLF
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Abstract. Cerro Matoso SA (CMSA) is one of the world’s major producers of ferronickel. As
one of the companies leaders of this sector, CMSA is continuously changing and improving all
its processes to ensure the business sustainability, one of these improvements is the refurbishment of one of its electric furnaces. This procedure will replace the current furnace sidewalls
of one of its electric furnaces in order to process material of new compositions by applying
new refractory brick lining. This procedure will require the shut down of the furnace which will
generate a contraction of the bricks mainly in the hearth of the furnace. During the furnace
startup, the behavior of the hearth will tend to recover its position in such a way that it will
expand, for this reason it is planned to left a gap between the skew the hearth lining. Such gap
is allowed for bricks to expand properly, however,it is important to highlight that this gap must
be closed since the molten material can be ﬁltered through such spaces causing catastrophic
damage. Therefore, the need arises to establish a process for monitoring the growth of the
hearth of the furnace. In this work, the ultrasound method was used for gap monitoring by
detecting pressure exerted by the expansion of the bricks on the metallic shell. Measurements
were made without pressure, with 300 and 600 psi to demonstrate the problem of closing the
expansion gap. Results show that the developed methodology can detect when the gap is closed
by using ultrasonic inspection and the use of two gap monitoring indicators.
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1

INTRODUCTION

To implement new technologies that allow Cerro Matoso SA (CMSA) to enhance its operational efﬁciency, a series of activities have been proposed that seek to optimize fundamental
aspects in the production chain of ferronickel. As a smelting industry, CMSA is interested
in monitoring the state of the refractory walls of its furnaces in search of more informed decision making in order to increase the furnace efﬁciency and prolonged campaign life. Due
to the continuous operation, the refractory walls of the furnace show deterioration through its
use, this is caused mainly by mechanical, thermal stress cracks and chemical attack resulting
in loss of heat transfer capability, shrinkage and change of thermal conductivity of the refractories [6]. Due to the nature of smelting furnaces, it is nearly impossible to drill into the lining
while the furnace is in operation and directly evaluate the refractory thickness and condition
[5].Because of this limitation the industry demand non-destructive testing (NDT) methods for
furnace refractory walls during operation. Some of the NDT techniques commercially available
that have been used to measure the refractory wall thickness in furnaces are: Radioactive Tracers, Infrared (IR) Thermography, Electromagnetic (EM) / Microwave Techniques, Ultrasonic,
Acousto Ultrasonic-Echo (AU-E), among others [6]. In the industry, there exists Furnace Integrity Monitoring System (FIMS) which are based on the utilization of Acoustic Emission (AE)
signal detection, however, these systems are not available for refractory gap monitoring. Three
case studies of FIMS using ultrasound sensors to monitor furnaces are described in the work of
Sadri et al., in 2018 [7] . In all three cases, the Acousto Ultrasonic-Echo (AU-E) measurements
in combination with other data such as thermocouple readings and surveying information, resulted in the extension of furnace campaign life by improving the accuracy and reliability of
thermal furnace models. An acoustic emission-based furnace integrity monitoring system was
developed by Gebsky and Sadri in 2012 [2], in this system, the capability of detecting emissions
related to the fracture development in the furnace wall, movement of the refractory and electrode arcing is satisfactory accomplished. An Integrated Furnace Control system for shielded
arc smelting of the 75 MW Cerro Matoso Line 2 Furnace is described in [4], it is aimed to detect
the gap between the bricks of the furnace hearth when it shrinks and then expands. As a contribution to the need for a gap monitoring system, this work presents a furnace refractory gap
monitoring methodology that uses data from the ultrasonic pulse echo technique and the current
indicators for the detection of the presence of a gap in the refractory bricks. The remainder of
this paper is organized as follows. The second section presents a theoretical background that
brieﬂy describes the most relevant concepts of the measurement technique used in the proposed
methodology. Section 3 is devoted to present the gap measurement methodology and section 4
describes the data acquisition process. Then, section 5 shows the experimental results and their
corresponding discussion. Finally, the last section outlines the main conclusions.
2

THEORETICAL BACKGROUND

In this section, some concepts about the methods used in the gap monitoring methodology
are summarized, we recommend reviewing the bibliography for deepen understanding of the
methods.
2.1

Ultrasonic inspection

Ultrasound is a non-destructive inspection technique that is used to measure different characteristics in materials. These include, for example, the measurement of thickness as an element
of quality in manufacturing processes or as an element of continuous monitoring in processes
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where changes in the structure can be a critical element to consider.
2.2

Signal to noise ratio SNR or S/N

Signal to noise ratio is a measure that allows comparing the level of the desired signal to the
level of the background noise [3]. In general terms, it allows to know how well is the signal
captured in relation to the noise in the acquisition.
2.3

Fast Fourier Transform (FFT)

Fourier Analysis is a kind of analysis very common in the analysis of signals, it allows to
convert a signal from its original domain to another domain, for example to change from the
time or space to the frequency domain. FFT is a kind of algorithm to apply Fourier Analysis
and allows to compute the discrete Fourier transform of a sequence by decomposing a sequence
into components of different frequencies.
3

GAP MONITORING METHODOLOGY

Gap Monitoring methodology considers the following elements, ﬁrst, data acquisition, second, data pre-processing, third, index calculation and evaluation. For gap monitoring indicators,
two measurements are considered as illustrated in ﬁgure 1 and ﬁgure 2 which results in two possible methodologies. The ﬁrst approach considers the use of the signal to noise ratio (SNR) and
the second approach calculates the FFT to extract the dc component.

Figure 1: Methodology I - Signal to noise ratio

In both methodologies, pre-processing and normalization are considered in order to avoid
data acquisition biases such as noise, coupling of the sensors, and others [1]. Measures from
the experiment are averaged to facilitate comparisons and avoid biases before the application of
the indicators and the ﬁnal gap detection [8].

Figure 2: Methodology II - DC component extraction

4

EXPERIMENTAL SETUP

Since it is impossible to create a gap when the furnace is in operation, CMSA built a model
to evaluate the methodology as in Figure 3. This model is in scale 1:1 and represents a small
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section of the skew. As it is possible to observe there is an expansion paper between bricks and
shell.
The experiment was designed so that samples were taken at different points of the external wall
(iron shell), these samples were taken when the refractory bricks in the internal part had a gap
(without pressure), then with 300 psi and ﬁnally, 600 psi. This pressure was applied to the skew
by a hydraulic jack to emulate the pressure applied by the bricks to the shield once the gap is
closed. For this experiment, three indicators of the acquired signal were proposed to observe
measurement magnitude changes with respect to the applied pressure, the ﬁrst magnitude is the
signal to noise ratio, the second is to the power spectrum, and ﬁnally, the third is extracting the
DC level of the acquired signal. The results indicated that there are two evaluations that could
be taken into account to detect the pressure in the inner wall and these are, the calculation of
signal to noise ratio and the extraction of the DC component. Both cases can differentiate when
pressure is applied to the shield by the inner wall and hence determine the existence of a gap.

Figure 3: Experimental setup for gap evaluation

5

EXPERIMENTAL RESULTS

Excitation of the structure was performed by the use of pulses at a frequency of 55-kilohertz
and 1000 volts of amplitude as it is shown in ﬁgure 4. The signal in the ﬁgure includes an
attenuation 1:100. This excitation signal was applied by a commercial source with reference
Humboldt C369NH/AH/0009. The receiving signal from the structure is captured by the ultrasonic sensor and it is digitized by using a tiepie HS04 oscilloscope. In each acquisition, clock
and excitation signal are considered to determine the echo from the structure.
In this work, signals from six positions in the external shield are considered to evaluate the
methodology, these positions are labeled as A3, A4, A5, A6, A7 and A8. The sensor location
was deﬁned at the same height as the ﬁrst bricks that are in contact with the gap. For each
position, 200 measurements were obtained, averaged, and compared with the others results to
avoid the inﬂuence of noise.
5.1

Signal to noise ratio

Figure 5 shows the average results for each load condition (0, 300 and 600 psi) when the
methodology applied was the signal to noise ratio.
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Figure 5: SNR Levels

In all cases, it is possible to evidence the inﬂuence of an existence of a gap in the signal to
noise ratio, Figure 5 also shows that there are changes in the SNR in each pressure condition
that were evaluated.
5.2

DC Levels

In the second analysis, spectral decomposition is used. The methodology includes the use of
the FFT and the extraction of the ﬁrst value to determine the presence of a gap in the conﬁguration. Results of this process were averaged using 20 DC components, ﬁgures 6 and 7 shows the
frequency decomposition for two points at the three different pressures.
As can it be seen in ﬁgure 8, the DC level of the measured signal decreases when pressure is
applied by the intern wall. In the same way, as in the methodology with SNR, there are different
values for each pressure condition.
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Figure 6: FFT Signals - position A3
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Figure 8: DC Levels
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6

CONCLUSIONS

Results showed that two indicators could be taken into account for gap monitoring in a
furnace with refractory bricks, these are, signal to noise ratio and the extraction of the DC components. These indicators present a difference when a gap exists and allow also to determine
differences when there is a pressure from the skew to the external shield. This is an important
result because by simple visual inspection it is not possible to determine variations in the wall
because most of the signal is attenuated by the external shield which results in the presence
of noise in the signal. For the results, the normalization of the measurements is an essential
task since it prevents different factors in the signal acquisition (like sensor pressure, actuator pressure, coupling gel, surface imperfections, and others) to affect the data used by these
methodologies.
The experiments were performed on a test-bed that does not consider the temperature. However, a task in the future is verifying the methodology’s immunity to the temperature changes. It
is expected that temperature can affect the measurements, however from previous experiences
with this kind of signals, these changes are evidenced as an offset to all the measurements which
can be removed by compensation techniques.
Although each methodology provide interesting results, one option that could be studied is
to fuse both indicators in a single methodology to increase the reliability of the procedure for
online monitoring applications.
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ON THE ESTIMATION OF VON MISES EQUIVALENT STRESS IN
RANDOM VIBRATION ANALYSIS
Federico Perotti, Francesco Foti and Luca Martinelli
'HSDUWPHQWRI&LYLODQG(QYLURQPHQWDO(QJLQHHULQJ3ROLWHFQLFRGL0LODQR
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^IHGHULFRSHURWWLIUDQFHVFRIRWLOXFDPDUWLQHOOL`#SROLPLLW

Keywords:VWUXFWXUDOG\QDPLFVUDQGRPYLEUDWLRQVHLVPLFDQDO\VLVVWUHVVDVVHVVPHQW
Abstract. Linear random vibration analysis aims to the probabilistic characterization of
response functions; classical procedures are targeted to the time histories of output kinematic
variables, such as displacement, velocity and acceleration, and to parameters which are linearly related to them, such as internal forces, deformations, stress components ecc. Much less
attention has been devoted, by researcher and developers, to the case of response variables
which are non-linearly dependent of the lagrangian coordinates or their derivatives; the most
typical among these is the Von Mises equivalent stress, whose square value is quadratic in
the components of the stress tensor, and thus in the lagrangian coordinates. The topic is of
relevance especially for the structural safety of industrial equipment and systems, which is
usually based on local stress integrity assessment.
In the paper an innovative analytical procedure to deal with the probabilistic characterization of the VM stress is proposed as an extension of the classical approach adopted for linear
output parameters. To this aim the matrix of the quadratic form delivering is decomposed into
the sum of suitable factors; each of them deserves the same treatment as for linear parameters.
The various features related to the numerical implementation of the procedure for stationary
or non-stationary (evolutionary) random excitation are discussed, with reference to both the
application via direct frequency domain treatment and to the modal superposition approach;
an example is finally shown and commented.
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1

INTRODUCTION

/LQHDUUDQGRPYLEUDWLRQDQDO\VLVLVDSRZHUIXOWRROIRUWKHSUREDELOLVWLFFKDUDFWHUL]DWLRQRI
WKHUHVSRQVHRIOLQHDUL]HGV\VWHPVWRG\QDPLFSHUWXUEDWLYHIRUFHVERWKIRUWKHFDVHRIHQYL
URQPHQWDOLQWHUDFWLRQVDQGIRUH[FLWDWLRQVRIDQWKURSLFQDWXUH
$LPRIWKHDQDO\VLVLVXVXDOO\WKHDVVHVVPHQWRIERWKWKHIXQFWLRQDOLW\XQGHUVHUYLFHDELOLW\
ORDGVDQGWKHVWUXFWXUDOLQWHJULW\XQGHUH[FHSWLRQDOORDGV7KHILUVWLVQDWXUDOO\FKHFNHGLQWKH
OLQHDUUDQJHLQZKLFKQRGDPDJHRFFXUV)RUWKHVHFRQGZKLFKVKRXOGLPSO\LQHODVWLFEHKDY
LRUDQGRUODUJHGHIRUPDWLRQVHODVWLFPHWKRGVDUHQHYHUWKHOHVVDFFHSWHGLQPDQ\VLWXDWLRQV$
W\SLFDOH[DPSOHLVUHSUHVHQWHGE\WKHLQWHJULW\DVVHVVPHQWRIHTXLSPHQWFRPSRQHQWVLQLQGXV
WULDOSODQWVZKLFKFDQEHSHUIRUPHG VHH$60(% E\PHDQVRIHODVWLFPHWKRGVDJDLQVW
FRPSOH[GDPDJHSKHQRPHQDVXFKDVUDWFKHWLQJ«
/LQHDU UDQGRP YLEUDWLRQ DQDO\VLV DLPV WR WKH SUREDELOLVWLF FKDUDFWHUL]DWLRQ RI UHVSRQVH
IXQFWLRQVFODVVLFDOSURFHGXUHVDUHWDUJHWHGWRWKHWLPHKLVWRULHVRIRXWSXWNLQHPDWLFYDULDEOHV
VXFKDVGLVSODFHPHQWYHORFLW\DQGDFFHOHUDWLRQDQGWRSDUDPHWHUVZKLFKDUHOLQHDUO\UHODWHG
WRWKHPVXFKDVLQWHUQDOIRUFHVGHIRUPDWLRQVVWUHVVFRPSRQHQWVHFF0XFKOHVVDWWHQWLRQKDV
EHHQ GHYRWHG WR WKH FDVH RI UHVSRQVH YDULDEOHV ZKLFK DUH QRQOLQHDUO\ GHSHQGHQW RI WKH OD
JUDQJLDQ FRRUGLQDWHV RU WKHLU GHULYDWLYHV WKH PRVW W\SLFDO DPRQJ WKHVH LV WKH 9RQ 0LVHV
HTXLYDOHQWVWUHVVZKRVHVTXDUHYDOXHLVTXDGUDWLFLQWKHFRPSRQHQWVRIWKHVWUHVVWHQVRUDQG
WKXVLQWKHODJUDQJLDQFRRUGLQDWHV7KHWRSLFLV FUXFLDO IRUWKHVWUXFWXUDO VDIHW\RILQGXVWULDO
HTXLSPHQWDQGV\VWHPVZKLFKLVXVXDOO\EDVHGRQORFDOVWUHVVLQWHJULW\DVVHVVPHQW
7KHH[WUHPHYDOXHGLVWULEXWLRQRIWKH9RQ0LVHV 90LQWKHIROORZLQJ VWUHVVLVDGGUHVVHG
LQ >@ E\ HVWLPDWLQJ WKURXJK WKH 5LFH IRUPXOD WKH RXWFURVVLQJ UDWH RI DQ HOOLSVRLG E\ WKH
VWUHVVFRPSRQHQWYHFWRUSURFHVVWKHGHULYDWLRQLVSHUIRUPHGIRUVWDWLRQDU\JDXVVLDQUDQGRP
SURFHVVHV ,Q WKH VDPH FRQWH[W LQ >@ WKH HVWLPDWLRQ RI WKH 506 YDOXH RI WKH 90 VWUHVV LV
SXUVXHG FODVVLFDO DSSURDFKHV DUH KHUH H[SORLWHG VXFK DV PRGDO DQDO\VLV DQG IUHTXHQF\ GR
PDLQLQWHJUDWLRQ
,QWKLVSDSHUWKHDSSURDFKSURSRVHGLQ>@LVFDVWLQWRWKHPRUHJHQHUDOIUDPHZRUNRIQRQ
VWDWLRQDU\ HYROXWLRQDU\  UDQGRP SURFHVVHV )RU WKH VWDWLRQDU\ FDVH DQ LQQRYDWLYH DQDO\WLFDO
SURFHGXUH WR GHDO ZLWK WKH SUREDELOLVWLF FKDUDFWHUL]DWLRQ RI WKH 90 VWUHVV LV SURSRVHG DV DQ
H[WHQVLRQRIWKHFODVVLFDODSSURDFKDGRSWHGIRUOLQHDURXWSXWSDUDPHWHUV7RWKLVDLPWKHPD
WUL[RIWKHTXDGUDWLFIRUPGHOLYHULQJWKHHTXLYDOHQWVWUHVVLVGHFRPSRVHGLQWRWKHVXPRIVXLW
DEOHIDFWRUVHDFKRIWKHPGHVHUYHVWKHVDPHWUHDWPHQWDVIRUOLQHDUSDUDPHWHUV7KHYDULRXV
IHDWXUHV UHODWHG WR WKH QXPHULFDO LPSOHPHQWDWLRQ RI WKH SURFHGXUH IRU VWDWLRQDU\ RU QRQ
VWDWLRQDU\ HYROXWLRQDU\ UDQGRPH[FLWDWLRQDUHGLVFXVVHGZLWKUHIHUHQFHWRERWKWKHDSSOLFD
WLRQYLDGLUHFWIUHTXHQF\GRPDLQWUHDWPHQWDQGWRWKHPRGDOVXSHUSRVLWLRQDSSURDFK DQH[
DPSOHLVILQDOO\VKRZQDQGFRPPHQWHG
2

STRESS RESPONSE TO RANDOM DYNAMIC EXCITATION

7KHUHVSRQVHRIDOLQHDUnGRIV\VWHPLVFRQVLGHUHGJRYHUQHGE\WKHIROORZLQJHTXDWLRQV
RIPRWLRQ
 t cq t kq t Fg t

mq
ZKHUHmcDQGk DUHUHVSHFWLYHO\WKHPDVVGDPSLQJDQGVWLIIQHVVPDWULFHVF LVDPDWUL[
RIORDGDPSOLWXGHFRHIILFLHQWVDQGg(t)LVWKHYHFWRUOLVWLQJWKHIXQFWLRQVWKDWGHILQHWKHWLPH
YDULDWLRQRIWKHORDGV
$VVXPLQJQRQVWDWLRQDU\ HYROXWLRQDU\ UDQGRPH[FLWDWLRQWKHWLPHKLVWRULHVRIWKHORDGV
FDQEHH[SUHVVHG VHH3ULHVWOH\>@ DFFRUGLQJWRWKH)RXULHU6WLHOMHVLQWHJUDOIRUPXODWLRQ
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9RQ0LVHVHTXLYDOHQWVWUHVVZLWKLQDUDQGRPYLEUDWLRQDQDO\VLV7KHSURFHGXUHLVEDVHGRQD
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GHVLJQDSSURDFKHVVXFKDVWKHUHVSRQVHVSHFWUXPPHWKRG
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Abstract. In this study, new proposed seismic intensity parameters based on Hilbert-Huang
Transform (HHT) analysis are presented and associated with the seismic damage potential.
The HHT is a procedure utilized to gain a better insight into complex seismic signals. Its use to
the process of a seismic excitation leads to the evaluation of Hilbert Spectrum (HS). From the
investigation of Hilbert Spectrum, derived from velocity-time histories, new frequency-related
parameters are evaluated. A first application of the suggested new parameters reveals the interrelation between them and the structural damage of two reinforced concrete frame structures.
The results are compared with the corresponding ones obtained from conventional seismic parameters with well-known seismic structural damage interrelation. Park-Ang global structural
damage index (DIPA,global) is used to describe the postseismic structural damage. Thus, a set of
recorded seismic accelerograms from all over the word is applied on a seven-story reinforced
concrete frame structure, and the values of DIPA,global index are evaluated through nonlinear
dynamic analyses and considered subsequently as numerical reference values. Two statistical
methods, namely correlation analysis, and multiple linear regression analysis, are applied to
the set of conventional parameters and the set of new parameters separately to confirm their
interrelation with the caused structural damage. The numerical results validate the significant
ability of the proposed HHT-based new seismic intensity parameters to approximate the postseismic structural damage, which presented to be equal to this attained from the established
parameters.
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1

INTRODUCTION

In earthquake engineering, a quick and accurate estimation of seismic hazard in both existing
and planned structures remains a significant task for study. Knowing the level of the seismic
hazard is indispensable for the determination of the planning process before, during, and after
a severe seismic excitation. In general, the seismic intensity is a metric of the effect or the power
of seismic damage potential. Thus, in the earthquake engineering and engineering seismology
scientific literature, several seismic intensity parameters are presented and interrelated with the
structural damage [1-9].
These parameters are evaluated by signal processing techniques meaningful mainly for stationary data and interrelated with the structural damage quantified by different damage indices.
However, the seismic signals as the most signals in nature are nonlinear and non-stationary. In
the last years a new, signal processing method, namely Hilbert-Huang Transform (HHT) analysis, has been developed [10-14] for that kind of signals. The HHT analysis is based on the
local characteristic time scale of the data and, thus, considered as the most appropriate method
for the processing of non-stationary and nonlinear signals like seismic accelerograms. In this
research, the Hilbert Spectra derived from several worldwide natural earthquake records are
investigated, and new seismic intensity parameters based on their features are proposed.
Subsequently, one first application of the proposed HHT-based seismic intensity parameters
is presented and their interrelationship with the seismic structural damage, expressed by Park
and Ang overall structural damage index [15, 16], is emerged. For the verification of this interdependence, two statistical methods, the correlation analysis, and the multiple linear regression
analysis are utilized. The results are compared with the corresponding ones that occurred by
several seismic parameters, already established in the scientific literature by their interrelation
with the structural damage. The first statistical procedure reveals the interrelation between the
new proposed seismic parameters and the structural damage. Whereas the second one proves
that these parameters are able to accomplish the development of a rapid technique for the investigation of the seismic vulnerability of existing buildings.
2

HILBERT-HUANG TRANSFORM (HHT)

The HHT is a time-frequency analysis technique that offers higher frequency resolution and
more accurate timing of transient and non-stationary signal events than other more common
techniques for the analysis of nonlinear signals (e.g., Fourier transform, wavelet analysis) which
assume that signals are stationary within the time window of observation. In contrary to the last
analysis techniques, HHT is associated with adaptive bases that describe the most signals in
nature [17-19].
The HHT presented first by Huang et al. [10] and can be separated into two parts: the empirical mode decomposition (EMD) and the Hilbert spectral analysis (HSA).
2.1 Empirical Mode Decomposition (EMD)
The EMD decomposes any complex signal data into non-sinusoidal oscillatory modes, and
each of them represents an intrinsic mode function (IMF). The following conditions define the
IMF:
1. ǿn the whole signal, the number of extrema and zero-crossings must be either equal or
differ at most by one, and
2. at any point, the mean value of the envelope defined by the local maxima and the envelope
defined by the local minima must be zero.
The following procedure is performed, taking into account the above definition. For the seismic signal X(t) in the study, all the local maxima are identified and connected by a cubic spline
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to create the upper envelope ݑ௫ ሺݐሻof the signal. An identical procedure is performed for the
local minima and the lower envelopeݑ ሺݐሻ of the signal is created. The two envelopes must
enclose the whole signal between them. The mean value of the two envelopes assigned as ݉ଵ is
provided in Eq. (1).
݉ଵ ሺݐሻ ൌ

൫௨ೌೣ ሺ௧ሻି௨ ሺ௧ሻ൯
ଶ

(1)

Moreover, the difference between the seismic signal and the ݉ଵ ሺݐሻ is the first component
݄ଵ ሺݐሻ ൌ ܺሺݐሻ െ ݉ଵ ሺݐሻ

(2)

By going on the procession, the signal is considered to be the first component ݄ଵ ሺݐሻ and then
݄ଵଵ ሺݐሻ ൌ ݄ଵ ሺݐሻ െ ݉ଵଵ ሺݐሻ

(3)

where ݉ଵଵ (t) is the new mean of the two envelopes of ݄ଵ (t). This process is repeated for k times
and ݄ଵ (t) is provided by
݄ଵ ሺݐሻ ൌ ݄ଵሺିଵሻ ሺݐሻ െ ݉ଵ ሺݐሻ

(4)

The ݄ଵ ሺݐሻ ൌ ܿଵ ሺݐሻ consists of the first IMF of the signal in the study, and it should contain
the shortest period of it. After that, the residue ݎଵ ሺݐሻ is derived by subtracting the first IMF from
the initial signal
ݎଵ ሺݐሻ ൌ ܺሺݐሻ െ ܿଵ ሺݐሻ

(5)

The residue ݎଵ ሺݐሻ contains components of longer periods and then is considered as new signal. The new data are submitted to the same iteration mentioned above process until all the
functions ݎ ሺݐሻare obtained
ݎ ሺݐሻ ൌ ݎሺିଵሻ ሺݐሻ െ ܿ ሺݐሻǡ ݆ ൌ ʹǡ ͵ǡ ǥ ǡ ݊

(6)

The sifting procedure stops when one of the two following criteria comes true:
1. The value of the component ܿ ሺݐሻ, or the value of the residue ݎ (t), is less than a predetermined one.
2. The residue ݎ (t) is a monotonic function with only one extreme or a constant, and therefore, no further IMFs can be extracted from it.
Finally, the initial seismic signal X(t) is resulting from the summation of all IMFs and the
residueݎ (t) as presented in Eq. (7).
ܺሺݐሻ ൌ σୀଵ ܿ ሺݐሻ  ݎ ሺݐሻ

(7)

2.2 Hilbert Spectral Analysis (HSA)
During HSA the Hilbert transform is applied to each intrinsic mode function (IMF), ܿ ሺݐሻ,
ஶ ೕ ሺఛሻ
݀߬
௧ିఛ

ଵ

ݕ ሺݐሻ ൌ ܲ ିஶ
గ

(8)

where P denotes the Cauchy principal value of the integral. The IMF ܿ ሺݐሻ and the Hilbert transform ݕ ሺݐሻform an analytical signal ݖ (t)
ݖ ሺሻൌܿ ሺሻ݅ݕ ሺሻൌܽ ሺݐሻ݁ ఏሺ௧ሻ 

(9)

where ܽ (t) is the radius of the rotation of the analytical signal and ߠ (t) is the instantaneous
phase function and are defined as
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ܽ ሺሻൌටܿଶ ሺݐሻ  ݕଶ ሺݐሻ
ߠ ሺݐሻ ൌ ܽ݊ܽݐܿݎሾ

௬ೕሺሻ

(10)

ሿ

(11)

ೕ ሺ௧ሻ

The instantaneous angular velocity of the rotation Ȧj(t) is computed from the derivative of
the phase function, and Ȧj(t), the instantaneous frequency can be calculated as presented in Eq.
(12).
߱ ሺݐሻ ൌ

ௗఏೕ ሺ௧ሻ
ௗ௧

ൌ ʹߨ ݂ ڄ ሺݐሻ  ՜  ݂ ሺݐሻ ൌ 

ఠೕ ሺ௧ሻ
ଶగ

ൌ

ௗఏೕ ሺ௧ሻ
ௗ௧

(12)

By using the above equations, the IMF components are designated as
ܿ ሺሻൌሺܽ ሺሻ݁ ఏሺ௧ሻ ሻൌܽ ሺݐሻܿߠݏ ሺݐሻ

(13)

where Re() is the real part of the analytical signal ݖ (t). Therefore, the initial signal can be written as:

ሺሻൌඃσୀଵ ܽ ሺݐሻܿݏሺ݂ ڄ ߨʹ  ሺݐሻ݀ݐඇ

(14)

The residue term rn(t) of the initial signal X(t) in Eq. (7), has been left out in Eq. (14) because
it is either a monotonic or a constant function. From the Eq. (14) is revealed that the amplitude
and frequency are functions of time and can be presented in a three-dimensional plot forming
the time-frequency distribution of the amplitude. This time-frequency representation of the amplitude is called the Hilbert Amplitude Spectrum, or simply Hilbert Spectrum (HS) (see Figure
1). Subsequently, the quantities of instantaneous amplitude and frequency refer to the threedimensional Hilbert Spectrum and not to j-th intrinsic mode function (IMF) separately.

Figure 1. Hilbert Spectrum of seismic excitation.

3

Figure 2. A layer crosses the amplitude-axis of Hilbert Spectrum vertically at A(mean,HHT).

NEW PROPOSED HHT-BASED SEISMIC INTENSITY PARAMETERS

In this study, HHA is applied to several seismic excitations, and the Hilbert Spectrum of the
velocity-time history of every excitation is obtained. From the analysis and the processing of
these Hilbert Spectra, new proposed seismic intensity parameters are resulting.
In particular, as aforementioned, every Hilbert spectrum, which presents the distribution of
time-frequency-amplitude, leads to a time-frequency-energy (square of the amplitude) description of a signal. From the illustrated Hilbert spectrum plot, the volume of the confined space is
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evaluated. The numerical value of the volume, limited from every produced Hilbert spectrum
of seismic velocity, consists of an essential seismic feature because it reveals the amount of the
released energy during the seismic excitation of the considered record. For this research, the
specific volume is considered as a new seismic parameter, which is denoted as V(HHT) and is
defined in Eq. (15),


௧

ܸሺுு்ሻ ൌ  ೌೣ  ೌೣ ܽሺ݂ǡ ݐሻ ݐ݀ ڄ ݂݀ ڄ

(15)

where fmax is the maximum instantaneous frequency, tmax the total duration of the seismic signal,
and Į(f,t) denotes the instantaneous amplitude.
The area of the general surface S(HHT) provided by the Hilbert Spectrum, which is a function
of two variables, HS(f,t) is defined in Eq. (16).


݀ܽሺ݂ǡݐሻ ଶ

௧

ܵሺுு்ሻ ൌ  ೌೣ  ೌೣ ටͳ  ቀ

݂݀

ቁ ቀ

݀ܽሺ݂ǡݐሻ ଶ

ௗ௧

ቁ ݐ݀ ڄ ݂݀ ڄ

(16)

The maximum, the mean value, and their difference of instantaneous amplitude Į(f,t) that
are obtained from the analytical signal are presented in Eq (17)-(19).
ܣሺ௫ǡுு்ሻ ൌ ݉ܽݔሺߙሺ݂ǡ ݐሻሻ

(17)

ܣሺǡுு்ሻ ൌ ݉݁ܽ݊൫ߙሺ݂ǡ ݐሻ൯

(18)

ܣሺௗǡுு்ሻ ൌ ܣሺ௫ǡ ுு்ሻି ܣሺǡுு்ሻ 

(19)

Moreover, the corresponding values of volume and area above the parallel to the time-frequency layer that intersects the amplitude-axis of Hilbert Spectrum at the value of A(mean,HHT)
(see Figure 2), denoted as V(Pos,HHT) and S (Pos,HHT), are presented respectively in Eq. (20) and
Eq. (21).


௧
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௧

ܵሺ௦ǡுு்ሻ ൌ  ೌೣ  ೌೣ ටͳ  ቀ

ௗሺǡ௧ሻ ଶ
ௗ

ቁ ቀ

ௗሺǡ௧ሻ ଶ
ௗ௧

ቁ ݐ݀ ڄ ݂݀ ڄǡ ܽ  ܽ

(20)
(21)

In the end, the following quantities that come of the combination of the above parameters
are evaluated, as described in Eq. (22)-(25).
ܸܣሺ௫ǡுு்ሻ ൌܸሺுு்ሻ ܣ ڄሺ௫ǡுு்ሻ 

(22)

ܸܣሺǡுு்ሻ ൌܸሺுு்ሻ ܣ ڄሺǡுு்ሻ 

(23)

ܸܣሺௗǡுு்ሻ ൌ ܸሺுு்ሻ  ڄ൫ܣሺ௫ǡுு்ሻ െ ܣሺǡுு்ሻ ൯
ܣሺ௦ǡுு்ሻ ൌ

ሺುೞǡಹಹሻ
ௌሺುೞǡಹಹሻ

(24)
(25)

The volume V(HHT) obtained from the Hilbert spectrum is increased while it is multiplied by
the maximum and mean amplitude and their difference. The quantities, VA(max,HHT),
VA(mean,HHT), VA(dif,HHT), are three new quantities that are representative of every seismic record
since every one of them includes two or three characteristic features of each record. In the case
where the difference between the mean and maximum amplitude is minimal, the quantity VA(dif,
HHT) is statistically equivalent to one of the other two quantities.
Finally, the volume V(Pos,HHT) is divided by the S(Pos,HHT), and new parameter ǹPos,HHT is obtained, which can be considered as the mean amplitude of the positive volume (volume above
the A(mean,HHT)-layer) of the Hilbert spectrum.

4743

M. Tyrtaiou, A. Elenas

4

CONVENTIONAL SEISMIC INTENSITY PARAMETERS

Besides the HHT-based seismic parameters, several well-known and extensively surveyed
parameters are also used in this study to validate the significance of the results referring to the
estimated structural vulnerability by the new parameters. These already established seismic parameters are presented in Table 1.
Description
Peak Ground Acceleration
Peak Ground Velocity
Peak Ground Displacement
Ratio PGA/PGV
Central Period
Arias Intensity
Strong Motion Duration of Trifunac-Brady
Seismic Power
Root Mean Square Acceleration
Seismic Intensity of Fajfar-Vidic-Fischinger
Housner’s Spectrum Intensity
Cumulative Absolute Velocity
Destructiveness Potential of Araya-Saragoni
Spectral Displacement
Spectral Velocity
Spectral Acceleration
Seismic Absolute Input Energy
Kappos Spectrum Intensity
Spectrum Intensity of Martinez-Rueda
Effective Peak Acceleration
Maximum effective peak acceleration

Symbol
PGA
PGV
PGD
PGA/PGV
CP
IArias
SMDTB
P0.90
RMSa
IFVF
SIH
CAV
DPAS
SD
SV
SA
Einp
SIK
SIMR
EPA
EPAmax

Reference
(Meskouris, 2000) [20]
(Meskouris, 2000) [20]
(Meskouris, 2000) [20]
(Meskouris et al., 1993) [21]
(Vanmarcke and Lai, 1980) [22]
(Arias, 1970) [23]
(Trifunac and Brady, 1975) [24]
(Jennings, 1982) [25]
(Meskouris, 2000) [20]
(Fajfar et al., 1990) [26]
(Housner, 1952) [27]
(Cabãnas et al., 1997) [1]
(Araya and Saragoni, 1984) [28]
(Chopra, 1995) [29]
(Chopra, 1995) [29]
(Chopra, 1995) [29]
(Uang and Bertero, 1990) [30]
(Kappos, 1990) [31]
(Martinez and Rueda, 1998) [32]
(ATC 3-06, 1978) [33]
(ATC 3-06, 1978) [33]

Table 1: Established seismic parameters.

5

SEISMIC DAMAGE INDICES

Damage indices (DIs) are quantities that perform the damage status of a structure with a
single numerical value that can be efficiently utilized in calculations for the vulnerability assessment of a structure and their correlation with the single-value of a seismic intensity parameter. In this study, the overall structural damage index of Park and Ang (DIglobal,PA) is employed
[15, 16].
Park and Ang damage index is an index defined as the ratio between the initial and the reduced resistance capacity of a structure during a seismic excitation evaluated by nonlinear dynamic analysis. The classification of the structural damage status, according to DIPA,global values
are presented in the table below.

Structural
damage index
DIPA,global

Structural damage level
Low
 0.3

Medium
0.3 < DIPA,global 0.6

Great
0.6 < DIPA,global  0.8

Total
DIPA,global > 0.80

Table 2. Structural damage level (DL) classification according to DIPA,global.
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The structural damage located in the "Great" (G) level is non-repairable, and damage level
characterized as "Total" (T) signifies the partial or complete collapse of the structure. Thus, it
is essential to be known if the caused damage of an earthquake is located in the "Low" (L) or
"Medium" (M) level which means that the structure is repairable or if the damage is characterized as "Great" or "Total" which means that the structure is not repairable.
6

SEISMIC EXCITATIONS

A total number of 80 natural seismic excitations derived from ground strong motions all over
the world (Table 3) are employed, and the association of their destructive power with the caused
damage on the constructions is achieved using the aforementioned seismic index [2-4]. The
utilized earthquakes generate for statistical reasons, a broad spectrum of damage (Low, Medium,
Great, and Total) as presented in Table 2. Table 4 and Table 5 provide the categorization per
PGA range and Richter magnitude scale for the used excitations, respectively. Subsequently,
all the seismic parameters described above are evaluated for every utilized seismic excitation,
and the results are correlated with the structural damage.
Country

Number of seismic excitations

Albania
Armenia
California
Canada
France
Iceland
Iran
Italy
Japan
Mexico
New Zealand
San Salvador
Turkey
Uzbekistan

1
1
14
2
2
2
9
11
6
2
7
1
19
3

Table 3: Number of excitations employed per country.

PGA Range [g]

Number of seismic excitations

0.01-0.1
0.1-0.2
0.2-0.3
0.3-0.4
0.4-0.5
0.5-0.6
0.6-0.7
0.7-0.8
0.8-0.9
> 0.9

7
17
10
9
5
4
5
5
7
11

Table 4: Number of excitations employed per PGA range.
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Magnitude [Richter]

Number of seismic excitations

4-5
5-6
6-7
7-8

1
10
42
27

Table 5: Number of excitations employed per magnitude.

7

REINFORCED CONCRETE FRAME STRUCTURES

All the utilized accelerograms are applied to a seven-story reinforced concrete frame structure with a total height of 22 m. The examined structure is designed in agreement with the rules
of the recent Eurocodes for structural concrete and aseismic structures, EC2 (2000) [34] and
EC8 (2004) [35], and shown in Figure 3, where the dimensions are provided in meter and centimeter, respectively. The cross-section of the beams are T-shapes with 30 cm width, 20 cm
plate thickness, 60 cm total beam height. The effective plate width is 1.15 m at the end-bays
and 1.80 m at the middle-bay. The distance between frames in the three-dimensional structure
has been chosen to be 6 m. The building has been considered as an "importance class ǿǿ", "ductility class Medium," and "subsoil of type B".
Additionally, to the dead weight and the seismic loading, snow, wind, and live loads have
been taken into account. The fundamental period of the frame is 0.95 s. After the design procedure of the reinforced concrete frame structure, a nonlinear dynamic analysis has been occurred
using the software computer program IDARC2D [36] for the evaluation of the structural seismic response for every seismic excitation utilized in the present study. The hysteretic behavior
of beams and columns has been specified at both ends of each one using a three-parameter Park
model.

Figure 3a: Seven-story reinforced concrete frame.

Figure 3b: Three-story reinforced concrete frame.
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This model incorporates stiffness degradation, strength deterioration, non-symmetric
response, slip-lock, and a trilinear monotonic envelope. The parameter values, which specify
the above degrading parameters, have been chosen from experimental results of cyclic forcedeformation characteristics of typical components of studied structure [16, 37]. Thus, the
nominal parameters for stiffness degradation and strength deterioration have been chosen. In
contrast, no pinching has been taken into account. From the derived response parameters of the
nonlinear dynamic analysis, this study is concentrated on the overall structural damage index
of Park and Ang (DIPA,global). Figures 4a and 4b present the DIPA,global index per number of
employed excitations, for each examined reinforced concrete frame.

Figure 4a: Number of employed excitations per DIPA,global range for the seven-story frame.

Figure 4b: Number of employed excitations per DIPA,global range for the three-story frame.

Also, the second concrete frame construction with three stories is used to strengthen the
reliability of the results that occurred by the new proposed seismic parameters. The three-story
reinforced concrete frame structure has a total height of 9 m and presents a similar layout of
columns and beams to these of the seven-story RC frame, as shown in Figure 3b. After the
application of the same set of seismic excitations to the second concrete frame, a nonlinear
dynamic analysis using the software computer program IDARC2D [36] has been also occurred,
and the new values of DIPA,global have been evaluated.
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8

NUMERICAL RESULTS OF SEISMIC PARAMETERS EVALUATION

Applying the HHT technique to the seismic velocity time-histories of all the examined earthquakes, the instantaneous frequencies and amplitudes as functions of time are calculated using
a code of the program MATLAB [38]. From the instantaneous values, time-frequency distributions of amplitude are formed, and thus, the Hilbert Spectrum for every seismic velocity signal
is plotted. From the derived Hilbert Spectra, the new parameters for every seismic record are
evaluated, and their statistical values are presented in Table 6. In addition, all the conventional
seismic intensity parameters are evaluated, and their statistical values are presented in Table 7.
Parameter
V(HHT) (m/s)
S(HHT) (-)
A(max,HHT) (m/s)
A(mean,HHT) (m/s)
A(dif,HHT) (m/s)
V(Pos,HHT) (m/s)
S(Pos,HHT) (-)
VA(max) (m2/s2)
VA(mean) (m2/s2)
VA(dif,HHT) (m2/s2)
A(Pos,HHT) (m2/s2)

Min Value
0.205
153.591
0.011
0.001
0.010
0.060
0.387
0.005
0.0002
0.005
0.002

Max Value
69.376
4062.689
7.475
0.469
7.022
7.393
313.910
322.619
29.670
292.948
0.388

Average
6.422
1185.912
0.515
0.046
0.470
1.303
71.763
13.789
1.245
12.544
0.038

Standard Deviation
10.286
871.246
1.245
0.106
1.143
1.306
67.229
51.616
4.756
46.912
0.067

Table 6: Statistical values of the HHT-based parameters.

Parameter
PGA (m/s2)
PGV (m/s)
PGD (m)
PGA/PGV (gڄs/m)
CP (s)
IARIAS (m/s)
SMDTB (s)
P0.90 (m2/s4)
RMSa (m/s2)
IFVF (mڄs3/4)
SIH (m)
CAV (gڄs)
DPAS (mڄs)
SD (m )
SV (m/s)
SA (m/s2)
Einp(m2/s2)
SIK (m)
SIMR (m/s)
EPA (g)
EPAmax (g)

Min Value
0.304
0.030
0.003
0.314
0.052
0.015
2.080
0.005
0.038
0.041
0.096
0.058
0.000
0.006
0.051
0.058
0.001
0.016
0.042
0.018
0.030

Max Value
13.615
1.152
4.341
3.248
0.802
17.041
39.100
7.442
1.636
2.095
5.082
4.652
0.226
0.369
2.408
1.975
6.175
1.024
1.391
1.001
1.035

Average
4.541
0.352
0.290
1.420
0.223
2.823
15.203
1.740
0.533
0.633
1.432
1.214
0.032
0.083
0.599
0.653
0.690
0.259
0.466
0.360
0.387

Standard Deviation
3.446
0.251
0.713
0.687
0.125
3.551
16.150
2.037
0.393
0.462
1.153
1.009
0.045
0.073
0.487
0.469
1.173
0.218
0.350
0.252
0.269

Table 7: Statistical values of the conventional seismic intensity parameters.
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9

INTERDEPENDENCE BETWEEN SEISMIC PARAMETERS AND DIPA,global

The dependence of every seismic parameter with the employed damage index (DI) is examined by occurring correlation analysis between them. Correlation analysis reveals if a systematic change in one variable implies a systematic change in the other. Thus, the dependence
between the two variables is established, and the occurrence of the one affects the probability
of occurrence of the other. For identifying the correlation between every seismic parameter and
damage index separately, Pearson r and Spearman ȡ correlation coefficients are used. A value
of ± 1 for a correlation coefficient indicates a perfect degree of association between the two
variables of every examined pair (seismic parameter, damage index), while this relationship
becomes weaker when the correlation coefficient value approximates zero. A correlation coefficient above the value 0.5 indicates a low correlation; a coefficient in the range [0.5-0.8] indicates a medium correlation, while a coefficient, higher than 0.8, indicates a strong correlation.
The correlation coefficients are calculated by the program STATGRAPHICS Centurion [39].
The Pearson r correlation coefficient measures the degree of linearity between two related
variables and is described by the following equation

ݎൌ

ே σ ௫௬ିσሺ௫ሻሺ௬ሻ
ඥሾே σ ௫ మ ିσሺ௫ మ ሻሿሾே σ ௬ మ ିσሺ௬ మ ሻሿ

(26)

where N is the number of observations, xy is the sum of the products of paired scores, x is
the sum of x scores, y is the sum of y scores, x2 presents the sum of squared x scores, and
y2 presents the sum of squared y scores.
The Spearman ȡ rank correlation coefficient measures the degree of monotone ranking between two related variables and is defined from the following equation.

ߩൌͳെ

 σ ௗమ

(27)

ሺమ ିଵሻ

Where ȡ is Spearman rank correlation, di is the difference between the ranks of corresponding variables, and n is the number of observations. The correlation coefficients are presented in
Tables 8 and 9.
Parameter
PGA (m/s2)
PGV (m/s)
PGD (m)
PGA/PGV (gڄs/m)
CP (s)
IARIAS (m/s)
SMDTB (s)
P0.90 (m2/s4)
RMSa (m/s2)
IFVF (mڄs3/4)
SIH (m)
CAV (gڄs)
DPAS (mڄs)
SD (m )
SV (m/s)

Pearson coefficient
0.557
0.592
0.445
-0.445
0.088
0.462
0.088
0.590
0.646
0.561
0.589
0.534
0.461
0.688
0.650
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DIPA,global
Spearman coefficient
0.684
0.906
0.765
-0.483
0.299
0.779
0.108
0.720
0.794
0.927
0.906
0.720
0.781
0.933
0.911
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SA (m/s2)
Einp(m2/s2)
SIK (m)
SIMR (m/s)
EPA (g)
EPAmax (g)

0.640
0.436
0.685
0.599
0.693
0.682

0.786
0.904
0.920
0.703
0.723
0.733

Table 8: Pearson and Rank correlation coefficients of conventional seismic parameters with DIPA,global.

Parameter
V(HHT) (m/s)
S(HHT) (-)
A(max,HHT) (m/s)
A(mean,HHT) (m/s)
A(dif,HHT) (m/s)
V(Pos,HHT) (m/s)
S(Pos,HHT) (-)
VA(max) (m2/s2)
VA(mean) (m2/s2)
VA(dif,HHT) (m2/s2)
A(Pos,HHT) (m2/s2)

DIPA,global
Pearson coefficient
Spearman coefficient
-0.233
-0.238
0.530
0.766
0.265
0.457
-0.381
-0.538
0.560
0.898
0.605
0.879
0.554
0.885
0.443
0.875
0.637
0.935
0.447
0.891
0.444
0.876

Table 9: Pearson and Rank correlation coefficients of HHT-based seismic parameters with DIPA,global.

10 MULTIVARIATE REGRESSION ANALYSIS (MRA)
Multiple Regression Analysis (MRA) allows the assessment of the relationship between one
dependent variable (DV) and several independent variables (IVs). Regression techniques can
be applied to a data set in which the IVs are correlated with one another and with the DV to
varying degrees [39].
The IVs are combined to predict a value of DV for each subject according to the following
equation form, and the result of the regression represents the best prediction of a DV from
several continuous (or dichotomous) IVs.
Yǯ= A + ܤଵ ܺଵ + ܤଶ ܺଶ + . . . +ܤ ܺ

(28)

Yǯ is the predicted value on the DV, A is the Y-intercept (the value of Y when all the X values
are zero), the Xi represents the various IVs (of which there are k), and the Bi (i=1, …, k) are the
coefficients assigned to each of the IVs during regression. Although the same intercept and
coefficients are used to predict the values on the DV for all cases in the sample, a different
Yǯvalue is predicted for each subject as a result of inserting the subject’s X values into the equation. The goal of regression is to arrive at the set of B values, called "regression coefficients",
for the IVs that bring the Yǯ values predicted from the equation as close as possible to the Y
values obtained by measurement.
In this research, the damage index DIPA,global is used as a dependent variable (DV), and two
sets of parameters are used as independent variables (IVs). The first set contains the conventional seismic parameters and the second the HHT-based parameters. A general goal of regression is to identify the fewest IVs necessary to predict the DV, where each IV predicts a
substantial and independent segment of variability in the DV. The reduction of the explanatory
variables from the initial regression model (with all the conventional or HHT-based parameters
as IVs) is accomplished in the present study by a stepwise elimination procedure combined with

4750

M. Tyrtaiou, A. Elenas

an appropriate elimination criterion. Thus, a successive elimination of the IVs is realized with
a p-value greater than or equal to 0.05 as long as the Mean Absolute Error (MAE) is getting
reduced. The p-value for each term tests the null hypothesis that the coefficient of the variable
in the model is equal to zero (no effect). A low p-value (< 0.05) indicates that the null hypothesis
is rejected. When a predictor has a low p-value, it constitutes a significant addition to our model
because changes in the predictor's value are related to changes in the dependent variable. The
elimination method leads to the selection of IVs, which may not present the highest correlation
with the DV, but they present the highest power effect (F-ratio) and low collinearity with the
other selected IVs, providing so, a more significant model. In the end, the best model considered
is the one with the fewest significant IVs, the smallest SEE and MAE, the highest R2 and adjusted R2 and with the highest power (F-ratio). The F-ratio indicates how well the model fits
the data and tests the null hypothesis when it is compared with F critical values obtained from
given F-Tables [39].
The R2 is a value percent, which indicates that the model as fitted explains the percentage
equal to this value of the variability in the DV equation. Adjusted R2 will always be less than
or equal to R2, and it balances the R2 value by the number of data points and independent variables in the model. The adjusted R2 statistic is more suitable for comparing models with different numbers of independent variables. The adjusted R2 and the adjusted R2 are getting decreased,
adding a useless independent variable in the model.
For the construction of the best regression models, the multiple regression analysis is applied
to a subset of seventy seismic excitations, while the other ten excitations are used to test the
effectiveness of the constructed models. All the above calculations are also realized by the software program STATGRAPHICS Centurion XVII [39]. The best-attained regression models for
the damage index in the study as DV and for each set of IVs separately are presented below.
Models 1 and 2 are the best fitted statistical models, with and without constant term, respectively, to the set of the conventional parameters as IVs and DIPA,global of the seven-story concrete
frame as DV. The constructed models are presented in Eqs. (29)-(30).
DIPA,global= 0.192123 - 0.170151ڄPGA/PGV - 0.0127411ڄIArias- 0.552931ڄSV +
1.70315ڄSIK + 0.92999ڄEPA

(29)

DIPA,global= -0.0862897ڄPGA/PGV -.0146593ڄIArias
1.96585ڄSIK + 0.946831ڄEPA

(30)

-

0.582707ڄSV

+

Investigating the HHT-based parameters was observed that A(max,HHT) and A(dif,HHT) parameters as well VA(max,HHT) and VA(dif,HHT) presented perfect correlation (equal to 1.0) for the
excitations in study because of the very small values of A(mean,HHT) parameter. Thus, the parameters A(dif,HHT) and VA(max,HHT) decided to be removed, and the first investigated models were
Models (3)-(4) (Eqs 31-32), which consisted of nine HHT-based parameters with and without
constant respectively. From Tables (12)-(13) it is obvious that in Models (3)-(4) there are parameters with P-value > 0.05 and for this reason, a reduction of them has occurred until Models
(5)-(6) (Eqs 33-34) with five parameters were obtained.
In the end, the best results were attained by removing the parameter S(HHT0), which P-value
was 0.0458 close to 0.05. Hence, Models (7)-(8) are the best models with and without constant
term obtained from the regression analyses for the set of HHT-based parameters as IVs and the
examined damage index for the seven-story structure as DV, using the training sample of the
seventy seismic excitations. These models are presented in Eqs (35)-(36).

4751

M. Tyrtaiou, A. Elenas

DIPA,global= 0.0181109 + 0.0000436157ڄS(HHT) + 0.102817ڄV(HHT) 0.0923962ڄV(Pos,HHT) - 0.00181203ڄሺǡ ሻ + 0.637458ڄA(max,HHT)
- 6.94883ڄA(mean,HHT) + 6.79734ڄA(Pos,HHT) + 0.163871ڄVA(mean,HHT)
- 0.0434509ڄVA(dif,HHT)

(31)

DIPA,global= 0.0000484984ڄS(HHT) + 0.105145ڄV(HHT) - 0.0938841ڄV(Pos,HHT) 0.00179545ڄS(Pos,HHT) + 0.628084ڄA(max,HHT) - 6.83837ڄA(mean,HHT) +
6.90182ڄA(Pos,HHT) + 0.156813ڄVA(mean,HHT)- 0.0433545ڄVA(dif,HHT)

(32)

DIPA,global=

0.0179463 + 0.0000631707ڄS(HHT) + 0.0678431ڄV(HHT) 0.00196269ڄS(Pos,HHT) + 6.79454ڄA(Pos,HHT) - 0.0190404ڄVA(dif,HHT)

(33)

DIPA,global=

0.000068291ڄS(HHT) + 0.0694873ڄV(HHT) - 0.00195125ڄS(Pos,HHT) +
6.91811ڄA(Pos,HHT) - 0.0195237ڄVA(dif,HHT)

(34)

DIPA,global=

0.0629837 + 0.064319ڄV(HHT) - 0.00129891ڄS(Pos,HHT)
0.0176613ڄVA(dif,HHT) + 6.51428ڄA(Pos,HHT)

-

(35)

DIPA,global= 0.0703044ڄV(HHT) - 0.00101145ڄS(Pos,HHT) - 0.0192978ڄVA(dif,HHT) +
6.9586ڄA(Pos,HHT)

(36)

The results of the mentioned models that describe the relationship between the damage index
and the conventional parameters are presented in Tables (10)-(11), while the corresponding
results that refer to the new proposed parameters are presented in Tables (12)-(17). Tables (18)(19) present the results of the corresponding variance analyses.
Parameter

Estimate

CONSTANT
PGA/PGV
IArias
SV
SIK
EPA

0.1921
-0.1702
-0.0127
-0.5529
1.7032
0.9300

Standard
Error
0.0579
0.0337
0.0019
0.1492
0.3172
0.1280

Lower
Limit
0.0765
-0.2376
-0.0166
-0.8510
1.0694
0.6742

Table 10: Results for Model 1.
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Upper
Limit
0.3077
-0.1027
-0.0089
-0.2549
2.3369
1.1858

P-Value
0.0015
0.0000
0.0000
0.0004
0.0000
0.0000
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Parameter

Estimate

PGA/PGV
IArias
SV
SIK
EPA

-0.0863
-0.0147
-0.5827
1.9659
0.9468

Standard
Error
0.0241
0.0020
0.1600
0.3301
0.1375

Lower
Limit
-0.1343
-0.0186
-0.9022
1.3067
0.6723

Upper
Limit
-0.0383
-0.0107
-0.2632
2.6250
1.2214

P-Value
0.0006
0.0000
0.0005
0.0000
0.0000

Table 11: Results for Model 2.

Parameter

Estimate

CONSTANT
S(HHT)
V(HHT)
V(Pos,HHT)
S(Pos,HHT)
A(max,HHT)
A(mean,HHT)
A(Pos,HHT)
VA(mean,HHT)
VA(dif,HHT)

0.0181
0.0000
0.1028
-0.0924
-0.0018
0.6375
-6.9488
6.7973
0.1639
-0.0435

Standard
Error
0.0495
0.0000
0.0189
0.0619
0.0006
0.2396
3.0281
1.3948
0.0915
0.0115

Lower
Limit
-0.0809
0.0000
0.0650
-0.2163
-0.0030
0.1582
-13.0059
4.0074
-0.0192
-0.0664

Upper
Limit
0.1171
0.0001
0.1406
0.0315
-0.0006
1.1167
-0.8917
9.5873
0.3470
-0.0205

P-Value
0.7156
0.1959
0.0000
0.1410
0.0039
0.0100
0.0253
0.0000
0.0784
0.0003

Table 12: Results for Model 3.

Parameter

Estimate

S(HHT)
V(HHT)
V(Pos,HHT)
S(Pos,HHT)
A(max,HHT)
A(mean,HHT)
A(Pos,HHT)
VA(mean,HHT)
VA(dif,HHT)

0.0000
0.1051
-0.0939
-0.0018
0.6281
-6.8384
6.9018
0.1568
-0.0434

Standard
Error
0.0000
0.0177
0.0614
0.0006
0.2365
2.9916
1.3555
0.0888
0.0114

Lower
Limit
0.0000
0.0698
-0.2166
-0.0030
0.1552
-12.8204
4.1913
-0.0208
-0.0661

Upper
Limit
0.0001
0.1404
0.0288
-0.0006
1.1010
-0.8564
9.6124
0.3345
-0.0206

P-Value
0.1151
0.0000
0.1312
0.0038
0.0101
0.0257
0.0000
0.0825
0.0003

Table 13: Results for Model 4.

Parameter

Estimate

CONSTANT
S(HHT)
V(HHT)
S(Pos,HHT)
A(Pos,HHT)
VA(dif,HHT)

0.0179
0.0001
0.0678
-0.0020
6.7945
-0.0190

Standard
Error
0.0490
0.0000
0.0075
0.0005
0.5856
0.0020

Lower
Limit
-0.0800
0.0000
0.0528
-0.0029
5.6246
-0.0230

Table 14: Results for Model 5.
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Upper
Limit
0.1159
0.0001
0.0829
-0.0010
7.9645
-0.0151

P-Value
0.7155
0.0458
0.0000
0.0001
0.0000
0.0000
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Parameter

Estimate

S(HHT)
V(HHT)
S(Pos,HHT)
A(Pos,HHT)
VA(dif,HHT)

0.0001
0.0695
-0.0020
6.9181
-0.0195

Standard
Error
0.0000
0.0060
0.0005
0.4754
0.0015

Lower
Limit
0.0000
0.0575
-0.0029
5.9687
-0.0225

Upper
Limit
0.0001
0.0815
-0.0010
7.8675
-0.0166

P-Value
0.016
0.000
0.000
0.000
0.000

Table 15: Results for Model 6.

Parameter

Estimate

CONSTANT
V(HHT)
S(Pos,HHT)
VA(dif,HHT)
A(Pos,HHT)

0.0630
0.0643
-0.0013
-0.0177
6.5143

Standard
Error
0.0448
0.0075
0.0004
0.0019
0.5829

Lower
Limit
-0.0265
0.0493
-0.0020
-0.0215
5.3502

Upper
Limit
0.1524
0.0793
-0.0006
-0.0138
7.6783

P-Value
0.1645
0.0000
0.0007
0.0000
0.0000

Table 16: Results for Model 7.

Parameter
V(HHT)
S(Pos,HHT)
VA(dif,HHT)
A(Pos,HHT)

Estimate
0.0703
-0.0010
-0.0193
6.9586

Standard
Error
0.0062
0.0003
0.0015
0.4934

Lower
Limit
0.0579
-0.0016
-0.0224
5.9736

Upper
Limit
0.0828
-0.0004
-0.0162
7.9437

P-Value
0.0000
0.0014
0.0000
0.0000

Table 17: Results for Model 8.

Total Df
Model Df
Residual Df
R2 (%)
2
R -Adjusted (%)
F-Ratio
SEE
MAE

Model 1
69
5
64
81.9681
80.5594
58.19
0.1702
0.1217

Model 2
70
5
65
89.7659
89.1361
114.03
0.1829
0.1263

Model 7
69
4
65
82.1602
81.0623
74.84
0.168008
0.11411

Model 8
70
4
66
91.1003
90.6957
168.9
0.169247
0.116569

Table 18: Analysis of variance for the best-constructed models.

Total Df
Model Df
Residual Df
R2 (%)
R2-Adjusted (%)
F-Ratio
SEE
MAE

Model 3
69
9
60
85.6463
83.4932
39.78
0.1569
0.1046

Model 4
70
9
61
93.0352
92.1218
90.54
0.1557
0.1052

Model 5
69
5
64
83.2466
81.9378
63.60
0.1641
0.1115

Table 19: Analysis of variance for other investigated models.
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Model 6
70
5
65
91.8720
91.3718
146.94
0.1630
0.1122
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In Tables (10)-(13), the results present the 95% confidence intervals for the coefficients in
the multilinear models and the estimated standard errors. Each variable coefficient in a model
is interpreted as the mean change in the dependent variable based on a one-unit change in the
corresponding independent variable keeping all other variables fixed.
Finally, the best models, Models (1)-(2) for the conventional seismic parameters and Models
(7)-(8) for the HHT-based parameters were selected and compared. According to these, the
detected critical F-value is ranging from 3.76 to 4.14. Thus, observing the calculated F-values
in Table 14 (the smallest calculated value is F=58.19) and comparing them with the critical
ones, the null hypothesis is rejected, and the increased power of every model is resulting. In
Table 14 observing the standard deviation of the residuals (SEE) and the average value of the
residuals (MAE) are presented to be smaller in models 3 and 4 which refer to the set of new
proposed parameters while the corresponding values of R2 (or Adjusted R2) presented to be
higher for the last models. Thus, according to the statistical indices models, 3 and 4 accomplish
a more extensive and accurate explanation of the DIPA,global than models 1 and 2. These results
also become apparent in the figures below.
The scatterplots in Figures (5)-(6) illustrate the results of evaluated DIPA,global using the nonlinear dynamic analysis against the estimated values of DIPA,global using the MRA while figures
7-8 present the Standard Errors of Estimation for every DIPA,global estimated by MRA for the
two sets of seismic intensity parameters,

Figure 5: Evaluated vs. predicted DIPA,global resulting from conventional parameters.
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Figure 6: Evaluated vs. predicted DIPA,global resulting from HHT-based parameters.

Figure 7: Standard Errors of Estimations for models using conventional parameters.
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Figure 8: Standard Errors of Estimations for models using HHT-based parameters.

After the comparison between the new HHT-based parameters and twenty well-established
parameters for the determination of their effectiveness to the estimation of postseismic damage
of a seven-story structure, a new comparison has occurred. Two more regression models, Model
9 and 10, have been constructed using the new HHT-based parameters as IVs and DIPA,global
obtained from the second frame as DV, after the application of the same set of seismic excitations. Hence, Models 9 and 10 are the best fitted statistical models, with and without constant
term, respectively, to the set of the HHT-based parameters as IVs and DIPA,global of the threestory concrete frame as DV.
DIPA,global=

-0.0130677 + 1.4473ڄA(max,HHT) 1.83459ڄVA(mean) +4.89072ڄA(Pos,HHT)

+

(37)

DIPA,global=

1.4233ڄA(max,HHT) - 10.2049ڄA(mean,HHT) + 1.85385ڄVA(mean,HHT) +
4.88059ڄA(Pos,HHT)

(38)

Total Df
Model Df
Residual Df
R2 (%)
2
R -Adjusted (%)
F-Ratio
SEE
MAE

Model 9
69
4
65
82.1478
81.0492
74.78
0.1843
0.1208

10.0006ڄA(mean,HHT)

Model 10
70
4
66
90.3628
89.9247
154.71
0.1831
0.1189

Table 20: Analysis of variance for Models 9-10.
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From Table 20 becomes obvious that the results of the second frame are similar to these
obtained from the first one (Models 7-8). Thus, it can be concluded that the utilization of HHTbased parameters for the estimation of seismic damage of the three-story frame is so efficient
as for damage estimation of the seven-story frame. Consequently, the presented HHT-based
parameters used for the determination of seismic vulnerability to be equally effective to tall and
short buildings.
11 PREDICTION OF DIPA,global USING THE CONSTRUCTED MODELS
As aforementioned, a set of ten seismic excitations is utilized to test the effectivity of the
constructed statistical models. Thus, every one of the best-derived models for the seven-story
concrete frame is applied to the set of ten earthquake excitations independent of the set of seventy earthquakes used for the regression analysis. From the new seismic excitations, the two
sets of parameters are evaluated, and after their application to the equations of the best models,
the values of DIPA,global are predicted using STATGRAPHICS Centurion XVII program. The
results of the predicted values and their classification, according to the damage levels (DL)
described in Table 2, are presented below. Specifically, in Table 21, the evaluated by nonlinear
dynamic analysis damage index and its classification for these seismic excitations are displayed
as opposed to the predicted ones from the constructed regression models.
Seismic
Excitations
Friuli
Central Italy
Ardal
Amberley
New Zealand
Amberley
New Zealand
Amberley
New Zealand
Amberley
New Zealand
Amberley
New Zealand
Amberley
New Zealand
Amberley
New Zealand

Evaluated
DL
Values
0.541 M
0.056 L
0.367 M

Model 1
Fitted
DL
Values
0.452 M
0.117 L
0.455 M

Model 2
Fitted
DL
Values
0.363 M
0.056 L
0.445 M

Model 3
Fitted
DL
Values
0.470 M
0.066 L
0.371 M

Model 4
Fitted
DL
Values
0.453 M
0.025 L
0.342 M

0.394

M

0.505

M

0.458

M

0.430

M

0.440

M

1.289

T

0.833

T

0.904

T

0.969

T

1.047

T

0.221

L

0.043

L

0.061

L

0.220

L

0.299

L

0.193

L

0.156

L

0.139

L

0.261

L

0.273

L

0.617

G

0.750

G

0.732

G

0.626

G

0.688

G

0.895

T

0.597

M

0.617

G

0.707

G

0.787

G

1.424

T

1.252

T

1.315

T

0.907

T

0.954

T

Table 21: Predicted values of DIPA,global oppose to evaluated ones.

The observation of the results reveals that a very significant approximation of the damage
level is achieved. From the predicted values of DIPA,global the damages are not correctly classified
for only one earthquake for both sets of parameters.
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12 CONCLUSIONS
Hilbert Huang Transform is a time-frequency analysis technique that offers more detailed
and accurate frequency resolution as a function of time considered to be an improved procedure
for non-stationary and nonlinear signal events as the seismic excitations. Several numbers of
natural seismic signals are analyzed utilizing HHT analysis, and their Hilbert Spectra are derived. Physical and geometric features from these spectra are connected with seismic features,
and new HHT-based seismic intensity parameters are conducted.
The new proposed seismic parameters are evaluated for all the velocity-time histories of the
seismic excitations in the study, and an application of them is presented, revealing a strong
interrelation with the structural damage caused by an earthquake excitation. Park and Ang overall structural damage index DIPA,global, evaluated by nonlinear dynamic analysis, is used to express the earthquake damage of a seven-story and a three-story reinforced concrete structure in
the study. The powerful interdependence between the new seismic parameters and the utilized
damage index is validated by two statistical procedures the correlation analysis and the multiple
linear regression analysis. The correlation analysis interrelates the evaluated DIPA,global with the
investigated parameters, while the multilinear regression analysis is utilized to prove that these
parameters can attain a significant estimation of the postseismic structural damage. This ability
is also tested by the application of a set of new seismic signals to the best statistical models
obtained from the multiple regression analysis in order to be predicted the caused damage level
of the structure.
The obtained results from the statistical procedures for the set of the new proposed parameters are compared with the corresponding ones extracted from a set of established parameters,
and their effectiveness presented to be of the same significance with the last ones.
Finally, according to all the above results, the ability of the new HHT-based seismic parameters to assess the seismic vulnerability of a structure with high approximation accuracy is certified. Consequently, the proposed set of the seismic intensity parameters based on HilbertHuang Transform can be considered one more powerful tool for the scientific community in
order to early postseismic damage in structures to be accomplished and crucial decisions before
and after an earthquake to be made.
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TYPHOON FRAGILITY ANALYSIS AND CLIMATE CHANGE
IMPACT ASSESSMENT OF FILIPINO CULTURAL HERITAGE ASSET
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FDUPLQHJDODVVR#LXVVSDYLDLW

Keywords: W\SKRRQ ULVN DVVHVVPHQW W\SKRRQ ULVN SULRULWL]DWLRQ &XOWXUDO +HULWDJH FOLPDWH
FKDQJH
Abstract. Cultural Heritage (CH) assets are especially vulnerable to natural hazards (e.g.,
earthquake-induced ground shaking, typhoon-induced strong wind, and flooding) due to the
lack of hazard-resistant features and to aging-induced extensive structural degradation. These
considerations, together with their high historical/cultural value, justify the prioritization/implementation of disaster risk reduction (DRR) and resilience-enhancing strategies for the
preservation of such assets.
This paper proposes a probabilistic, simulation-based framework for the derivation of wind
fragility relationships for CH roofs. Roof-panel pullout and pullover failure modes are used to
model the progressive failure of the roof system, thus enabling the integration of fastener corrosion effects and load redistribution into the proposed fragility model. Monte-Carlo sampling
is used to propagate the uncertainties related to wind-induced demands and roof component
(i.e., fasteners and panels) capacities. Climate projections are used to assess the impact of
climate change on wind hazard variations, and ultimately on the asset wind risk profile over
time.
An illustrative application of the proposed procedure is presented with reference to 25 heritage
buildings in Iloilo City, Philippines.
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*6HYLHULDQG&*DODVVR

1

INTRODUCTION

7KH3DFLILFW\SKRRQVHDVRQZDVWKHFRVWOLHVWHYHUUHFRUGHG,WZDVDQDERYHDYHUDJH\HDU
ZLWKDWRWDORIW\SKRRQVUHFRUGHGLQWKH3KLOLSSLQH$UHDRI5HVSRQVLELOLW\ 3$5WKHQRUWK
ZHVWHUQ3DFLILFDUHDZKHUHWKH3KLOLSSLQHV QDWLRQDOPHWHRURORJLFDODJHQF\3$*$6$PRQL
WRUV ZHDWKHU RFFXUUHQFHV  7KH FRVWOLHVW HYHQW ZDV WKH W\SKRRQ .DPPXUL ORFDOO\ NQRZQ DV
7LVR\ ZKLFKFDXVHG3+3ELOOLRQ 86'PLOOLRQ RIGDPDJHWRFURSVDQGDJULFXOWXUH
>@,QDGGLWLRQPRUHWKDQKRXVHVVFKRROVDQGRWKHUVWUXFWXUHVZHUHUHSRUWHGGHVWUR\HG
DQGDWOHDVWZHUHDOVRGDPDJHGLQFOXGLQJVHYHUDOFXOWXUDOKHULWDJH &+ DVVHWV9DUL
RXVVWXGLHVDYDLODEOHLQWKHVFLHQWLILFOLWHUDWXUHGLVFXVVKRZFOLPDWHFKDQJHLVJRLQJWRDIIHFW
WKHIUHTXHQF\DQGLQWHQVLW\RIIXWXUH WURSLFDO F\FORQHV LQ WKH3KLOLSSLQHV> @ ZLWK DVKLIW
WRZDUGVVWURQJHUVWRUPV ZLWK DQHVWLPDWHG LQWHQVLW\LQFUHDVHV RIE\  DV ZHOODV
FKDQJHVLQWKHLUSDWKV>@7KLVLQWXUQZLOOOHDGWRDQLQFUHDVHLQW\SKRRQLQGXFHGHFRQRPLF
ORVVHV>@
7\SKRRQUHODWHGHFRQRPLFORVVHVLQWKH3KLOLSSLQHVDUHQRWMXVWGXHWRWKHDGYHUVHHQYLURQ
PHQWDO FRQGLWLRQV5DSLG SRSXODWLRQ JURZWK DORQJWKH FRDVWWRJHWKHUZLWKKLJKO\YXOQHUDEOH
VWUXFWXUHVLQIUDVWUXFWXUHFRQWULEXWHWRLQWHQVLI\WKHW\SKRRQULVNRI)LOLSLQREXLOGLQJV>@3DU
WLFXODUO\YXOQHUDEOHLQWKLVVHQVHDUH&+DVVHWURRIV LHZRRGIUDPHDQGOLJKWZHLJKWPHWDO
VKHHW/:06 EHFDXVHRIWKHJHQHUDOODFNRIDQ\KD]DUGUHVLVWDQWGHVLJQFRQVLGHUDWLRQVSUHV
HQFHRIQRQHQJLQHHUHGVWUXFWXUHVGHWDLOLQJDQGPDWHULDOVWUXFWXUDOGHJUDGDWLRQGXHWRDJLQJ
,QSDUWLFXODUQRQHQJLQHHUHG&+URRIVKDYHEHHQUHFRJQL]HGDVWKHPRVWYXOQHUDEOHFRPSRQHQW
LQ WKH EXLOGLQJ HQYHORSH GXH WR W\SKRRQLQGXFHG ZLQG XSOLIW ,Q DGGLWLRQ &+ DVVHWV KDYH D
IXQGDPHQWDOUROHIRUORFDOFRPPXQLWLHV7KH\FRQWULEXWHWRFUHDWLQJFLWL]HQV VHQVHRISODFH
ZKLFKLVNH\WRIRUPDFRPPXQLW\ VLGHQWLW\DQGWRSURPRWLQJORFDOVXVWDLQDEOHMREVUHODWHGWR
FXOWXUDOWRXULVP±DSULRULW\VHFWRULQVHYHUDOGHYHORSLQJFRXQWULHV
7KH)LOLSLQRJRYHUQPHQWDVZHOODVRWKHUVWDNHKROGHUVDUHSURPRWLQJGLVDVWHUULVNUHGXFWLRQ
'55 VWUDWHJLHVWRLPSURYHWKHUHVLOLHQFHRIWKHFRXQWU\DQGLWVEXLOWHQYLURQPHQW7KLVUH
TXLUHVDGHHSXQGHUVWDQGLQJRIWKHULVNDVVRFLDWHGWRWKHEXLOWHQYLURQPHQWDVZHOODVLWVYDULD
WLRQRYHUWLPHGXHWRGHJUDGDWLRQDJLQJDQGSRWHQWLDOHIIHFWRIFOLPDWHFKDQJH6HYHUDOPHWKRGV
IRUW\SKRRQULVNDVVHVVPHQWSULRULWL]DWLRQDWEXLOGLQJVSHFLILFDQGSRUWIROLROHYHOUHVSHFWLYHO\
DUHDYDLODEOHLQWKHVFLHQWLILFOLWHUDWXUH HJ>@ 7KRVHDGRSWHGIRUEXLOGLQJVSHFLILFULVN
DVVHVVPHQWXVXDOO\UHO\RQUHILQHGQXPHULFDOPRGHOVDQGUHTXLUHVSHFLILFGDWD HJURRIJHRP
HWU\QXPEHUORFDWLRQRISXUOLQVIDVWHQHUVPDWHULDOSURSHUWLHV WREHSHUIRUPHGFROOHFWHG7KH\
DOORZDQDQDO\VWWRPRGHOPDWHULDOGHJUDGDWLRQDVZHOODVXQFHUWDLQWLHVLQWKHGHILQLWLRQRIERWK
VWUXFWXUDOFDSDFLW\DQGZLQGLQGXFHGGHPDQGVEXWZLWKDKLJKFRPSXWDWLRQDOFRVW>@+RZ
HYHUWKHUHTXLUHGLQIRUPDWLRQLVKDUGO\DYDLODEOHZKHQ&+DVVHWVORFDWHGLQGHYHORSLQJFRXQ
WULHV DUH DQDO\VHG +LJK SRSXODWLRQ GHQVLW\ WKH DGDSWLYH UHXVH RI &+ DVVHWV IRU
SULYDWHFRPPHUFLDODFWLYLWLHVDQGGLIIXVHGPDWHULDOGHJUDGDWLRQODFNRIDQ\PDLQWHQDQFHSODQ
DOODFWDVGLVUXSWLYHIDFWRUVGXULQJGDWDFROOHFWLRQ2QWKHRWKHUKDQGVFRULQJEDVHGULVNSULRU
LWL]DWLRQPHWKRGVDUHFRPPRQO\DGRSWHGDWSRUWIROLROHYHO LHIRUWKHDVVHVVPHQWRIDODUJH
QXPEHURIVWUXFWXUHVLQDJLYHQUHJLRQRILQWHUHVW >@7KHVHDSSURDFKHVUHTXLUHRQO\IHZ
GDWDDERXWWKHDVVHWVXQGHULQYHVWLJDWLRQEXWWKH\GRQRWSURSHUO\FRQVLGHUWKHYDULDWLRQRIWKH
ULVNGXULQJWKHWLPHGXHWRFOLPDWHFKDQJHDQGPDWHULDOGHJUDGDWLRQ
$VLPSOLILHGSUREDELOLVWLFVLPXODWLRQEDVHGIUDPHZRUNIRUWKHFDOFXODWLRQRIW\SKRRQULVN
IRU&+DVVHWURRIVLQWKH3KLOLSSLQHVLVKHUHLQSURSRVHGWRDGGUHVVWKHDERYHPHQWLRQHGJDSV
7KHSURSRVHGDSSURDFKFDQEHXVHGERWKIRUULVNSULRULWL]DWLRQDWSRUWIROLROHYHODQGIRUSUHOLP
LQDU\ULVNDVVHVVPHQWDWEXLOGLQJVSHFLILFOHYHO,QIDFWE\FRQVLGHULQJDVLPSOLILHGJHRPHWU\
RIWKHURRIWKHSURSRVHGPHWKRGDOORZVFRUURVLRQRIIDVWHQHUVDQG/:06DVZHOODVIDVWHQHU
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IDLOXUHSURJUHVVLRQWREHH[SOLFLWO\PRGHOOHGZLWKUHODWLYHO\ORZFRPSXWDWLRQDOFRVWDQGUHTXLU
LQJRQO\IHZEDVLFGDWDDERXWWKHVWUXFWXUH
7KHSURSRVHGSURFHGXUHLVWHVWHGLQWKLVVWXG\RQ&+DVVHWVLQ,ORLORFLW\3KLOLSSLQHV
ZKLFKLVDQLPSRUWDQWKHULWDJHKXEIRUWRXULVPLQWKH3KLOLSSLQHV,WLVRQHRIWKHPRVWKLJKO\
XUEDQL]HGFLWLHVRIWKHVRXWKHDVWHUQWLSRI3DQD\LVODQGLQWKH3KLOLSSLQHV>@DQGDOVRFDSLWDO
FLW\RIWKHSURYLQFH)LQHH[DPSOHVRIKLVWRULFOX[XU\EXLOGLQJVFRQVWUXFWHGLQWKHILUVWKDOIRI
WKHWKFHQWXU\GXULQJWKH$PHULFDQFRORQL]DWLRQFDQEHIRXQGLQWKHKLVWRULFVWUHHW&DOOH5HDO
>@
2

FILIPINO CULTURAL HERITAGE ASSETS

7KHSURFHGXUHSURSRVHGLQWKLVVWXG\KDVEHHQGHYHORSHGZLWKLQWKHCultural Heritage Resilience & Sustainability to multiple Hazards &+H5L6+ SURMHFW>@IXQGHGE\WKH8.1HZWRQ
)XQG7KLVSURMHFWDLPVWRGHYHORSDPXOWLOHYHOULVNDQGUHVLOLHQFHDVVHVVPHQWIUDPHZRUNIRU
&+DVVHWVLQWKH3KLOLSSLQHVH[SRVHGWRPXOWLSOHQDWXUDOKD]DUGV
7KHGHILQLWLRQRI&+DVVHWVLVXVXDOO\EDVHGRQERWKWDQJLEOH HJDUFKLWHFWXUDOKLVWRULFDO
YDOXH DQGLQWDQJLEOH HJVRFLRFXOWXUDOIDFWRUV FULWHULD>@+RZHYHUWKH)LOLSLQRODZFRQ
VLGHUVRQO\WKHEXLOGLQJ\HDURIFRQVWUXFWLRQDVWKHPDLQFULWHULRQIRUWKHHOLJLELOLW\RIDVWUXFWXUH
DV&+DVVHW>@6WUXFWXUHVZKLFKDUHDWOHDVWILIW\\HDUVROGFDQEHGHFODUHGWREHD³+HULWDJH
+RXVH´VRWKDWIDLUO\UHFHQWUHLQIRUFHGFRQFUHWH 5& IUDPHW\SHVWUXFWXUHVDQGXQUHLQIRUFHG
PDVRQU\ 850 EXLOGLQJVDUHRIWHQSDUWRIWKH)LOLSLQR&+SRUWIROLR
7KHWZHQW\ILYH&+DVVHWVDQDO\VHGLQWKLVVWXG\ )LJXUH KDYHEHHQVXUYH\HGGXULQJD
ILHOGWULSLQ,ORLOR&LW\3KLOLSSLQHVLQ-XO\E\DUHVHDUFKJURXSFRPSRVHGRIPHPEHUV
IURP WKH 8QLYHUVLW\ &ROOHJH /RQGRQ 8&/ 8QLWHG .LQJGRP  WKH 'H /D 6DOOH 8QLYHUVLW\
'/683KLOLSSLQHV DQG&HQWUDO3KLOLSSLQHV8QLYHUVLW\ &383KLOLSSLQHV >@

)LJXUH6XUYH\HG&+EXLOGLQJVLQ,ORLORFLW\3KLOLSSLQHV

7KHVXUYH\HG&+SRUWIROLRLVFRPSRVHGRI5&VWUXFWXUHVDQGRQH850EXLOGLQJGDWH
EDFNWRWKHILUVWKDOIRIWKHWKFHQWXU\0RVWRIWKHPDUHWZRVWRU\SODQUHJXODUEXLOGLQJVDQG
SDUWRIFRQVWUXFWLRQEORFNVZLWKGLIIHUHQWVKDSHV HJWULDQJXODUUHFWDQJXODU DQGFRPSRVLWLRQV
LHDEORFNFDQEHWKHUHVXOWRIEXLOGLQJDJJUHJDWLRQGXULQJWKHWLPHRUQRW 
1LQHWHHQ&+URRIVRXW RIWZHQW\ILYHDUHPDGHRI WLPEHUIUDPHV ZLWK /:06 DQGPHWDO
IDVWHQHUV LHVFUHZVRUQDLOV 7KLVUHSUHVHQWVWKHPRVWFRPPRQDQGYXOQHUDEOH)LOLSLQR&+
URRIW\SRORJ\DQGWKHQLWLVWKHIRFXVRIWKHSUHVHQWVWXG\3RVWHYHQWVXUYH\VLQWKH3KLOLSSLQHV
KLJKOLJKW WKDW PRVW HFRQRPLF ORVVHV LQ KLJKZLQG KD]DUG DUHDV DUH GXH WR WKH EUHDFK RI WKH
EXLOGLQJHQYHORSH>@7KLVLQFOXGHVURRISDQHOXSOLIWURRIWRZDOOFRQQHFWLRQIDLOXUHDQGURRI
V\VWHPGDPDJHDPRQJRWKHUV2QFHWKHURRILVGDPDJHGRUHYHQFROODSVHGZDOOVORVHODWHUDO
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VXSSRUWVDQGWKHJOREDOVWDELOLW\RIWKHFRQVWUXFWLRQLVKHDYLO\FRPSURPLVHG7KHORFDOFDSDFLW\
RIIDVWHQHUVDQG/:06FOHDUO\SOD\DIXQGDPHQWDOUROHLQWKHGHWHUPLQDWLRQRIWKHJOREDOFD
SDFLW\RIWKHURRI&RUURVLRQSKHQRPHQDZKLFKFDQDIIHFWWKHVWUHQJWKRIERWKIDVWHQHUVDQG
/:06PXVWWKHQEHFRQVLGHUHGLQWKHW\SKRRQULVNTXDQWLILFDWLRQERWKDWEXLOGLQJVSHFLILF
DQGSRUWIROLROHYHO$VVKRZQLQ)LJXUHPRVWRIWKHVXUYH\HG&+URRIVZHUHFKDUDFWHULVHG
E\GLIIXVHGDQGKHWHURJHQHRXVFRUURVLRQOHYHOV>@






)LJXUH7ZRVDPSOHVRI)LOLSLQR&+URRIV

3

TYPHOON RISK ASSESSMENT FOR FILIPINO CULTURAL HERITAGE
ASSET ROOFS AND CLIMATE CHANGE IMPACT

3.1 Typhoon risk assessment framework
,QWKLVVWXG\3HUIRUPDQFH%DVHG:LQG(QJLQHHULQJ 3%:( >@LVXVHGDVWKHFRQFHSWXDO
IUDPHZRUNWRGHILQHWKHW\SKRRQULVNRI&+DVVHWURRIV,QWKHFRQWH[WRI3%:(WKHSHUIRU
PDQFHRIDVWUXFWXUHVWUXFWXUDOFRPSRQHQWLVDVVHVVHGWKURXJKWKHSUREDELOLVWLFGHVFULSWLRQRID
VHWRIGHFLVLRQYDULDEOHVܸܦV>@(DFKܸܦLVDTXDQWLWDWLYHSUR[\IRUWKHVSHFLILFVWUXFWXUDO
SHUIRUPDQFHGDPDJHLQWHUPVRIPHWULFVRILQWHUHVWIRUYDULRXVVWDNHKROGHUVDQGRUWKHVRFLHW\
LQJHQHUDOHJUHSDLUFRVWGRZQWLPHDQGSHRSOHDIIHFWHG FDVXDOWLHVLQMXULHV 2QFHDQLQWHQ
VLW\PHDVXUH ܯܫVWRFKDVWLFDOO\GHVFULELQJWKHKD]DUGLQWHQVLW\DWDVLWHRILQWHUHVW DUHOHYDQW
HQJLQHHULQJGHPDQGSDUDPHWHU ܲܦܧV\QWKHWLFDOO\H[SUHVVLQJWKHVWUXFWXUDOUHVSRQVHWRZLQG
ORDGV DQGDGDPDJHPHDVXUHSDUDPHWHU ܯܦTXDQWLI\LQJWKHVWUXFWXUDOGDPDJHGXHWRZLQG
ORDGLQUHODWLRQWRWKHFRQVLGHUHGSHUIRUPDQFHVDQG ܲܦܧDUHGHILQHGULVNFDQEHFRPSXWHGDV
WKHPHDQDQQXDOIUHTXHQF\ 0$)  RUDQQXDOSUREDELOLW\ RIH[FHHGLQJ DVSHFLILHG YDOXHLQ
WHUPVRIDUHOHYDQWܸܦ
ߣሾܸܦሿ ൌ ܩ   ሾܸܦȁܯܦሿ݀ܩሾܯܦȁܲܦܧሿ݀ܩሾܲܦܧȁܯܫሿȁ݀ߣሾܯܫሿȁ



,QWKHSUHYLRXVHTXDWLRQߣሾήሿLVWKHPHDQDQQXDOUDWHRIH[FHHGDQFHZKLOHܩሾήሿLQGLFDWHVWKH
FRPSOHPHQWDU\FXPXODWLYHSUREDELOLW\GLVWULEXWLRQIXQFWLRQ &&') >@
,QWKLVVWXG\WKHVHFJXVWVSHHGሺݒሻDWPKHLJKWLQRSHQWHUUDLQ>@LVXVHGDVܯܫZKLOH
WKHUDWLREHWZHHQGDPDJHG/:06DQGWKHLUWRWDOQXPEHUܴୢୟ୫ୟୣ LVXVHGDVܯܦ,QWKLVZD\
WKH WHUP݀ܩሾܯܦȁܯܫሿLQ (TXDWLRQ  FDQ EH GLUHFWO\ GHULYHG DV GLVFXVVHG LQ WKH IROORZLQJ 
UDWKHUWKDQXVLQJ݀ܩሾܯܦȁܲܦܧሿ݀ܩሾܲܦܧȁܯܫሿ
'DPDJHWRORVV RUFRQVHTXHQFH PRGHOV>@ZKLFKGHVFULEHWKHUHODWLRQVKLSEHWZHHQܯܦ
DQGܸܦDUHWKHQQHHGHGWRGHULYHܩሾܸܦȁܯܦሿ6LQFHQRGDPDJHWRORVVPRGHOVDUHVSHFLILFDOO\
DYDLODEOH IRU )LOLSLQR EXLOGLQJV WKRVH GHYHORSHG E\ WKH )HGHUDO (PHUJHQF\ 0DQDJHPHQW
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$JHQF\ )(0$ >@LQWHUPVRIGLUHFWUHSDLUFRVWIRUUHVLGHQWLDOEXLOGLQJVLQWKH86$
DUHXVHGLQWKLVVWXG\7KLVDVVXPSWLRQLVVRPHKRZMXVWLILHGE\WKHIDFWWKDWWKHSUHVFULSWLRQV
LQFOXGHGLQWKH)LOLSLQREXLOGLQJFRGHV>@DUHIXOO\FRQVLVWHQWZLWKWKHUHFRPPHQGDWLRQVRI
86EXLOGLQJFRGHV>@DFURVVWKH\HDUV0RUHRYHUWKHGDPDJHWRORVVFXUYHVUHSRUWHGLQ)LJXUH
DUHGHILQHGLQWHUPVRISHUFHQWDJHRIEXLOGLQJUHSODFHPHQWYDOXHUDWKHUWKDQLQDEVROXWHWHUPV
+HQFHHYHQLIWKLVVSHFLILFDVSHFWZLOOUHTXLUHPRUHLQYHVWLJDWLRQLQIXWXUHVWXGLHVLWVWLOODOORZV
RQHWRLOOXVWUDWHWHVWWKHYDOLGLW\RIWKHSURSRVHGSURFHGXUHDQGWRREWDLQORVVUHVXOWVIRUUHODWLYH
FRPSDULVRQVULVNSULRULWL]DWLRQH[HUFLVHVIRUWKHVHOHFWHGFDVHVWXG\SRUWIROLR
7KHGDPDJHWRORVVFXUYHVDGRSWHGLQWKLVVWXG\FRQVLGHUGLUHFWUHSDLUFRVWVDVVRFLDWHGWR
URRIFRYHULQJURRIIUDPLQJDQGFRQWHQW,WLVZRUWKQRWLQJWKDWWKHGDPDJHWRORVVFXUYHVSUH
VHQWHGLQWKLVVHFWLRQUHSUHVHQWVWKHH[SHFWHGORVVܮJLYHQܴୢୟ୫ୟୣ WKDWLVॱൣܮȁܴୢୟ୫ୟୣ ൧
'HWDLOV RI WKH SURSRVHG IUDJLOLW\ DQDO\VLV IUDPHZRUN DQG WKH DSSURDFK WR PRGHO FOLPDWH
FKDQJHLPSDFWRQZLQGKD]DUGDUHSUHVHQWHGLQWKHQH[WWZRVHFWLRQV

)LJXUH'DPDJHWRORVVFXUYHVDGRSWHGLQWKLVVWXG\

3.2 Impact of climate change on wind hazard
2QHRIWKHVSHFLILFREMHFWLYHVRIWKLVVWXG\LVWRLQYHVWLJDWHFOLPDWHFKDQJHLPSDFWRQWKHW\
SKRRQULVNDVVHVVPHQWRXWSXWVIRU)LOLSLQR&+URRIV&OLPDWHFKDQJHLVOHDGLQJWRDULVHLQWKH
WHPSHUDWXUHRIWKHZRUOG¶VRFHDQV$VWKHLUVXUIDFHWHPSHUDWXUHLQFUHDVHVRFHDQVSURYLGHPRUH
HQHUJ\WRFRQYHUWLQWRWURSLFDOF\FORQHV>@7KLVLVWKHWKHUPRG\QDPLFSKHQRPHQRQGXHWR
FOLPDWHFKDQJHWKDWZLOOFDXVHWKHJOREDOO\DYHUDJHGLQWHQVLW\RIWURSLFDOF\FORQHVWRVKLIWWR
ZDUGVVWURQJHUVWRUPVIURPEHLQJDFDWHJRU\ VHYHUHWURSLFDOVWRUP WRDFDWHJRU\ W\SKRRQ 
E\WKHHQGRIWKHVWFHQWXU\1RWRQO\WKHLQWHQVLW\RIWURSLFDOVWRUPLVJRLQJWREHDIIHFWHG
E\FOLPDWHFKDQJHEXWDOVRWKHLUIUHTXHQFLHVSDWKVDQGYHORFLWLHV>@
7KHVHYDULDWLRQVRIWKHHQYLURQPHQWDOFRQGLWLRQVPD\DIIHFWWKHZLQGKD]DUGRIWKHFRXQWU\
DQGXOWLPDWHO\WKHZLQGULVNSURILOHRIEXLOGLQJURRIV7KH7\SH, *XPEHO GLVWULEXWLRQLVW\S
LFDOO\DGRSWHGLQWKHVFLHQWLILFOLWHUDWXUH HJ*DUFLDQRHWDO>@ DQGLQVWUXFWXUDOFRGHV
HJWKH1DWLRQDO6WUXFWXUDO&RGHRIWKH3KLOLSSLQHV16&3>@ WRPRGHOSUREDELOLVWL
FDOO\WKHVHFJXVWVSHHGሺݒሻDWPKHLJKWLQRSHQWHUUDLQ &OLPDWHFKDQJHHIIHFWVFDQEH
LQFRUSRUDWHGLQWKHKD]DUGPRGHOE\PRGLI\LQJWKHFXPXODWLYHGLVWULEXWLRQIXQFWLRQ &') RI
WKHVHFJXVWVSHHG ௩ ሺݒǡ ݐሻWKURXJKDIXQFWLRQɀ୫ୣୟ୬ ሺݐሻH[SUHVVLQJWKHWLPHGHSHQGHQWSHU
FHQWDJHFKDQJHLQWKHFRQVLGHUHGJXVWZLQGVSHHG>@
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,QWKHSUHYLRXVHTXDWLRQݒ DQGߪ DUHWKHORFDWLRQDQGVFDOHSDUDPHWHUV RIWKH&')UH
VSHFWLYHO\,Q,ORLOR&LW\ZKHUHWKHFDVHVWXG\EXLOGLQJVFRQVLGHUHGLQWKLVSDSHUDUHORFDWHG
WKHVHSDUDPHWHUVFDQEHDVVXPHGDVݒ ൌ ʹͷǤʹͳPVDQGߪ ൌ ͷǤͷPV>@5HFHQWVWXGLHV
DVVXPHDWLPHGHSHQGHQWOLQHDUFKDQJHLQZLQGVSHHG൫ɀ୫ୣୟ୬ ሺݐሻ൯DQGGLVFXVVKRZWKHXVHRI
GLIIHUHQW IXQFWLRQV GRHV QRW UHDOO\ DIIHFW WKH WKH ZLQG ULVN SURILOH > @ 7KH SURMHFWHG
FKDQJHVLQZLQGVSHHGRYHUWKHQH[W\HDUVLVDVVXPHGHTXDOWRWKLVFOLPDWHVFHQDULRLV
LQDJUHHPHQWWRWKHVWXGLHVDYDLODEOHLQWKHVFLHQWLILFOLWHUDWXUHIRUVLPLODUJHRJUDSKLFDOORFDWLRQV
>@
4

PROPOSED FRAGILITY MODEL

4.1 Overview
7KHIUDJLOLW\PRGHOSURSRVHGLQWKLVVWXG\LVEDVHGRQDVLPSOLILHGJHRPHWU\RIWKHURRIZKLFK
LVGLYLGHGLQWRܰ௦ /:06HDFKRIZKLFKLVVXSSRUWHGE\DFRQVWDQWQXPEHURISXUOLQV൫ܰ ൯
DQGFRQQHFWHGWKURXJKDFRQVWDQWQXPEHURIIDVWHQHUV൫ܰ ൯/:06DUHDOVRDVVXPHGQRWLQ
WHUDFWLQJZLWKHDFKRWKHUWKXVDOORZLQJWKHSDUDOOHOL]DWLRQRIWKHSURFHGXUHDQGDIXUWKHUUHGXF
WLRQRIWKHFRPSXWDWLRQDOEXUGHQ2QO\DIHZLQIRUPDWLRQDERXWWKHURRIDUHWKXVQHHGHGWR
SHUIRUPWKHIUDJLOLW\DQDO\VLVQDPHO\QXPEHURI/:06QXPEHURISXUOLQVQXPEHURIIDV
WHQHUVGLVWDQFHEHWZHHQSXUOLQV ݀ IDVWHQHUW\SRORJ\JHRPHWU\/:06W\SRORJ\JHRPHWU\
DQGGHDGORDG  ܦ2QFHWKHURRIJHRPHWU\LVGHILQHGWKHOLPLWVWDWHIXQFWLRQIRUDJLYHQGDP
DJHVWDWH݃ሺܴǡ ܳሻ LHܴLVWKHFRPSRQHQWFDSDFLW\ZKLOHܳLVWKHZLQGLQGXFHGGHPDQG LV
GHULYHGDWIDVWHQHUOHYHOLQRUGHUWRIDFLOLWDWHWKHLQWHJUDWLRQRIIDLOXUHSURJUHVVLRQDQGGHJUDGD
WLRQLQWRWKHIUDJLOLW\PRGHO
6SHFLILFDOO\ZKHQWKHQXPEHURIIDVWHQHUVIDLOLQJXQGHUDJLYHQORDGFRQGLWLRQUHDFKHVD
VSHFLILFWKUHVKROGWUHDWHGDVUDQGRPYDULDEOHDVZHOOWKH/:06LVDVVXPHGWRIDLO2QO\UH
ILQHGQXPHULFDOPRGHOVFDQSURSHUO\FRQVLGHUDOOWKHIDFWRUVDIIHFWLQJVXFKDWKUHVKROGYDOXH
VXFKDVZLQGGLUHFWLRQORFDWLRQRIWKHIDLOHGIDVWHQHUVDQGZLQGSUHVVXUHGLVWULEXWLRQ+RZHYHU
LQ WKLV VWXG\ D WULDQJXODU SUREDELOLW\ GLVWULEXWLRQ ERXQGHG E\  DQG  WKH DYHUDJH LV
 LVDGRSWHGIRUWKHGHILQLWLRQRIWKHWKUHVKROGDVSURSRVHGLQ>@2QFHWKHVDIHW\RI
HDFK/:06LVFKHFNHGܴୢୟ୫ୟୣ LVFDOFXODWHGDVUDWLRRIIDLOHG/:06RYHUܰ௦ 7KLVSURFH
GXUHLVUHSHDWHGYDU\LQJWKHZLQGVSHHGݒQHHGHGIRUWKHGHILQLWLRQRIܳ
0RQWH&DUORVDPSOLQJLVXVHGWRSURSDJDWHWKHFRQVLGHUHGXQFHUWDLQWLHV2QFHDZLQGVSHHG
YDOXHݒLVVHOHFWHGWKHXSOLIWORDGVܹDUHUDQGRPO\JHQHUDWHGIRUHDFKIDVWHQHURIHDFK/:06
)RUWKHVDPHHOHPHQWVSXOORXWDQGSXOORYHUFDSDFLWLHVDUHUDQGRPO\JHQHUDWHGDVZHOO DVGLV
FXVVHGLQWKHIROORZLQJ $FRUURVLRQPRGHOLVLPSOHPHQWHGWRUHGXFHWKHUHVLVWLQJVHFWLRQVRI
IDVWHQHUVDQG/:06RYHUWLPHWKXVUHGXFLQJWKHFDSDFLW\ܴ7KHVWDUWLQJGHJUDGDWLRQOHYHOLV
WUHDWHGDVUDQGRPYDULDEOHWRFRQVLGHUWKHKHWHURJHQHLW\RIWKHµKHDOWK¶VWDWHRIGLIIHUHQWPHWDO
VKHHWVDVREVHUYHGGXULQJWKHILHOGWULS
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4.2 Wind load
$VVXPLQJWKDW/:06SXUOLQVDQGIDVWHQHUVFDQEHFRQVLGHUHGDVFRPSRQHQWVDQGFODGGLQJV
& & WKHXSOLIWZLQGORDGܹ 1P LVGHILQHGDFFRUGLQJWRWKH$PHULFDQ6RFLHW\RI&LYLO
(QJLQHHUV $6&( >@DQG16&3  >@WKDWLV




ܹ ൌ ݍ ൫ܥܩ െ ܥܩ ൯
,QWKHSUHYLRXVHTXDWLRQݍ  1P LVWKHYHORFLW\SUHVVXUHHYDOXDWHGDWWKHPHDQURRIKHLJKW
RI݄ܩLVWKHJXVWIDFWRUܥ  16&3)LJXUHV($WR( LVWKHH[WHUQDOSUHV
VXUHFRHIILFLHQWDQGܥ  16&37DEOH$ LVWKHLQWHUQDOSUHVVXUHFRHIILFLHQW,Q
ERWKFRGHVݍ LVHYDOXDWHGDV
ݍ ൌ ͲǤͳ͵ܭ ܭ௭௧ ܭௗ  ݒଶ 

ZKHUHܭ  16&37DEOH( LVDQH[SRVXUHIDFWRUDFFRXQWLQJIRUWKHWHUUDLQH[
SRVXUHFRQGLWLRQܭ௭௧ LVDWRSRJUDSK\IDFWRUDQGܭௗ  16&37DEOH$ LVDZLQG
GLUHFWLRQDOLW\IDFWRUDFFRXQWLQJIRUWKHUHGXFHGSUREDELOLW\RIXQIDYRXUDEOHEXLOGLQJRULHQWDWLRQ
DQGZLQGGLUHFWLRQ
,QWKLVVWXG\WKHSDUDPHWHUQHHGHGIRUWKHGHILQLWLRQRIWKHZLQGORDGܹDUHWUHDWHGDVUDQ
GRPYDULDEOHVLQRUGHUWRSURSHUO\DFFRXQWIRUWKHXQFHUWDLQWLHV 7DEOHVDQG 
7DEOH6WDWLVWLFDOPRGHORIWKHZLQGORDGSDUDPHWHUV
3DUDPH
WHUV
ܥܩ
ܥܩ
ܭ

&DWHJRU\
3DUWLDOO\HQFORVHG
([SRVXUH% ±
P 

ܭௗ
ܭ௭௧

&RHIILFLHQWRI9DULD
WLRQV &R9 
VHH7DEOH
 

6WDWLVWLFDO
PRGHO
1RUPDO
1RUPDO



1RUPDO

0HDQ



 
'HWHUPLQLVWLF  

5HIHUHQFH

(OOLQJZRRGDQG7HNLH
>@

1RUPDO

7DEOH6WDWLVWLFVRIWKHJXVWSUHVVXUHFRHIILFLHQWܥܩ 
0HWDOVKHHWSDQHOSRVLWLRQ
:LQGIURPDOOGLUHFWLRQV 

0HDQ

&RHIILFLHQWRI9DULDWLRQV &R9  5HIHUHQFH

D í 
E í 
/HHDQG5RVRZVN\>@
F í 
G í 

4.3 Dead and total loads
7KH YDOXH RI WKH GHDG ORDGܦQHHGHG IRU WKH FDOFXODWLRQ RI WKH GHPDQGܳGHSHQGV RQ WKH
ZHLJKWVRIURRISDQHOPDWHULDODQGWKHURRIV\VWHP7KLVORDGFRXQWHUDFWVWKHHIIHFWRIZLQG
XSOLIWWKXVFRQWULEXWLQJWRVWDELOL]HWKHURRIDQGLQFUHDVHLWVUHVLVWDQFH,QWKLVVWXG\WKHGHDG
ORDGLVPRGHOOHGDVDGHWHUPLQLVWLFYDOXHHTXDOWRͲǤʹN1PDQGDVVXPHGWRUHPDLQFRQVWDQW
LQWLPH DGGHGZHLJKWGXHWRUHURRILQJLIDQ\LVQRWFRQVLGHUHGKHUH 
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4.4 Uplift resistance
7KHXSOLIWIDLOXUHRIWKHV\VWHPIDVWHQHU/:06LVJRYHUQHGE\WZRPDLQPHFKDQLVPVSXOORXW
DQG SXOORYHU IDLOXUH PRGHV 7KH UHVLVWDQFHܴPDLQO\ GHSHQGV RQ WKH IDVWHQHU W\SRORJ\ LH
VFUHZVRUQDLOV PDWHULDOVWUHQJWKVDVZHOODVWKHJHRPHWU\RIWKHVWUXFWXUDOV\VWHP HJGLV
WDQFHEHWZHHQIDVWHQHUVGLVWDQFHEHWZHHQSXUOLQV ,IWKHIRUFHVGXHWRWKHZLQGXSOLIWDFWSDU
DOOHO WR WKH OHQJWK RI WKH IDVWHQHUV DQG SHUSHQGLFXODU WR WKH KROGLQJ PHPEHUV WKH QRPLQDO
SXOORYHUUHVLVWDQFHSHUVFUHZDQGQDLO ܲǡ୭୴ୣ୰ LQ1 LVFRPSXWHGDV




ܲǡ୭୴ୣ୰ ൌ ͳǤͷ݀ݐ௪ ܨ௨ଵ 
:KHUH LQ WKH FDVH RI VFUHZV ݐPP  LV WKH WKLFNQHVV RI WKH PHPEHU LQ FRQWDFW ZLWK WKH
VFUHZKHDG݀௪  PP LVWKHODUJHURIWKHGLDPHWHURIWKHZDVKHUDQGWKHVFUHZKHDGDQGܨ௨ଵ 
03D  LV WKH XOWLPDWH WHQVLOH VWUHQJWK RI WKH PHPEHU LQ FRQWDFW ZLWK VFUHZ KHDG RU ZDVKHU
:KHUHDVLQWKHFDVHRIQDLOV݀௪ LVWKHGLDPHWHURIWKHQDLOKHDG
7KHGHILQLWLRQRIWKHSXOORXWUHVLVWDQFHIRUVFUHZV ܲǡ୭୳୲ǡୱୡ୰ୣ୵ LQ1 LVEDVHGRQWKHGHVLJQ
FULWHULDSURYLGHGE\WKH16&3  
ܲǡ୭୳୲ǡୱୡ୰ୣ୵ ൌ ͲǤͺͷݐ ݀ܨ௨ଶ  



ZKHUHݐ  PP LVWKHOHVVHURIWKHGHSWKRISHQHWUDWLRQDQGWKLFNQHVVRIWKHHOHPHQWQRWLQ
FRQWDFWZLWKWKHVFUHZKHDG݀ PP LVWKHQRPLQDOVFUHZGLDPHWHUDQGܨ௨ଶ  03D LVWKHXOWL
PDWHWHQVLOHVWUHQJWKRIWKHPHPEHUQRWLQFRQWDFWZLWKWKHVFUHZKHDGRUZDVKHU
,QWKHFDVHWKHURRIVWUXFWXUHFRQVLVWVRIZRRGSXUOLQVQDLOVDUHJHQHUDOO\XVHGDVIDVWHQHUV
,Q WKLV FDVH DFFRUGLQJ WR WKH 1DWLRQDO 'HVLJQ 6SHFLILFDWLRQ 1'6  IRU :RRG &RQVWUXFWLRQ
$:& >@WKHSXOORXWFDSDFLW\IRUVLQJOHVPRRWKVKDQNQDLOXVHGDVZRRGWRZRRGDQG
PHWDOWRZRRGFRQQHFWLRQVሺܲ୭୳୲ǡ୬ୟ୧୪ LQ1 FDQEHH[SUHVVHGDV
ହΤଶ
ܲ୭୳୲ǡ୬ୟ୧୪ ൌ ܭ௪ ܩ୭୳୲
݀௦ ܲ

ZKHUHܩ୭୳୲ LVWKHVSHFLILFJUDYLW\RIWKHZRRGEDVHGRQRYHQGU\ZHLJKW݀௦  PP LVWKH
VKDQNGLDPHWHURIWKHQDLOܲ PP LVWKHSHQHWUDWLRQRIWKHQDLOLQWKHPHPEHUKROGLQJWKHQDLO
SRLQWDQGܭ௪ LVDFRQVWDQWKDYLQJDYDOXHRIZKLFKLVFRQYHUWHGIURPWKHRULJLQDOYDOXH
RI LQHPSLULFDOXQLW IRU6,XQLWFRQVLVWHQF\
7KHSDUDPHWHUVQHHGHGIRUWKHGHILQLWLRQRIWKHURRISDQHOFDSDFLW\DUHWUHDWHGDVUDQGRP
YDULDEOHVWRSURSHUO\DFFRXQWIRUWKHHSLVWHPLFXQFHUWDLQWLHVLQYROYHGLQWKHIUDJLOLW\FDOFXODWLRQ
DQGWRµEDODQFH¶WKHVLPSOLILHGJHRPHWU\RIWKHSURSRVHGPRGHO,QSDUWLFXODUWKHJHRPHWULF
SDUDPHWHUVRIWKHUHVLVWLQJHOHPHQWV LH݀௪ ݐ ݀݀௦ ܲ DUHFRQVLGHUHGQRUPDOO\GLVWULEXWHG
ZLWKPHDQYDOXHVHTXDOWRWKHQRPLQDOYDOXHVDVVXPHGGXULQJWKHDQDO\VLVRUPHDVXUHGGXULQJ
ILHOGVXUYH\V0RUHVSHFLILFDOO\GDQGGIDVWHQHUV LHQRPLQDOGLDPHWHUVHTXDOWRDQG
PPUHVSHFWLYHO\ DUHXVXDOO\IRXQGIRUVXFKDURRIW\SRORJ\>@7KHUHIRUHLIREVHUYHG
GDWD DUH QRW DYDLODEOH IDVWHQHU W\SRORJ\ DQG VL]H FDQ EH UDQGRPO\ JHQHUDWHG :KHUHDV WKH
FRHIILFLHQWVRIYDULDWLRQVDUHGHULYHGIURPVWXGLHVUHODWHGWR)LOLSLQRURRIVDYDLODEOHLQWKHVFL
HQWLILFOLWHUDWXUH>@7DEOHVXPPDULVHVWKHVWDWLVWLFDOPRGHOIRUWKHSXOORXWSXOORYHUFD
SDFLW\DGRSWHGLQWKLVVWXG\
7DEOH6WDWLVWLFDOPRGHORIWKHFDSDFLW\SDUDPHWHUV
3DUDPHWHUV
ݐ
݀௪
݀
݀௦
ܲ
ܨ௨ଵ

0HDQ
PP
1RPLQDORUDVVXPHGYDOXH
1RPLQDORUDVVXPHGYDOXH
RI݀
1RPLQDORUDVVXPHGYDOXH
03D

&RHIILFLHQWRI9DULDWLRQV &29  6WDWLVWLFDOPRGHO

1RUPDO

1RUPDO

1RUPDO

1RUPDO

1RUPDO

/RJ1RUPDO
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ܨ௨ଶ
ݐ
ܩ୭୳୲

03D

1RPLQDORUDVVXPHGYDOXH 
1RPLQDORUDVVXPHGYDOXH 

/RJ1RUPDO
1RUPDO
1RUPDO

4.5 Load redistribution and corrosion effects
/RDGUHGLVWULEXWLRQDPRQJIDVWHQHUVDQGFRUURVLRQHIIHFWVDUHNH\LVVXHWRGHULYHV\VWHPOHYHO
FDSDFLW\:KHQDIDVWHQHUIDLOVLWVORDGLVUHGLVWULEXWHGDPRQJWKHFORVHVWUHVLVWLQJHOHPHQWV
XQWLOWKHHTXLOLEULXPLVDFKLHYHGRIWKHORDGRIWKHIDLOHGIDVWHQHULVUHGLVWULEXWHGEHWZHHQ
WKRVHORFDWHGRQSDUDOOHOSXUOLQVZKLOHWKHUHPDLQLQJJRHVWRIDVWHQHUVZKLFKDUHRQWKH
VDPH SXUOLQ ,Q WKH SURSRVHG SURFHGXUH WKH ORDG LV UHGLVWULEXWHG XQWLO WKH HTXLOLEULXP LV
DFKLHYHGHDFKWLPHWKDWDIDVWHQHUIDLOVDQGLIWKHPHWDOVKHHWLVVWLOOVDIH>@2QFHWKHORDGLV
UHGLVWULEXWHGWRRWKHUIDVWHQHUVWKHVHFDQIDLODQGDUDSLGGDPDJHSURJUHVVLRQFDQRFFXU
&RUURVLRQDIIHFWVWKHHIIHFWLYHVHFWLRQRIIDVWHQHUVDQG/:06WKXVUHGXFLQJWKHXSOLIWUH
VLVWDQFH RI WKH URRI SDQHOV RYHU WLPH 7KH FRUURVLRQ PRGHO DGRSWHG LQ WKLV VWXG\ LV WKH RQH
SURSRVHGE\1JX\HQHWDO  >@ZKLFKFRQVLGHUVWZRW\SHVRIFRUURVLRQVHPEHGGHGDQG
DWPRVSKHULF7KHIRUPHULVJHQHUDWHGE\FRUURVLYHDJHQWVWKDWDUHZLWKLQWKHVXUURXQGLQJZRRG
VXFKDVZRRGDFLGLW\DQGWLPEHUPRLVWXUHFRQWHQW2QO\SDUWVLQVLGHWKHZRRGVXFKDVWKHVKDQN
RIQDLOVDUHDIIHFWHG:KHUHDVWKHDWPRVSKHULFFRUURVLRQLVGXHWRFRUURVLYHDJHQWVZLWKLQWKH
VXUURXQGLQJDLUVXFKDVDLUERUQHVDOLQLW\DQGDLUERUQHSROOXWLRQDJHQWV7KHSDUWVRIWKHFODG
GLQJH[SRVHGWRWKHDLUVXFKDVWKHKHDGVRIQDLOVDQGVFUHZVDVZHOODVWKH/:06VXUIDFHV
DUHDIIHFWHGE\WKLVW\SHRIFRUURVLRQ7KHSDUDPHWHUVQHHGHGIRUWKHGHILQLWLRQRIWKHFRUURVLRQ
PRGHODUHGHULYHGIURPWKHHQYLURQPHQWDOGDWDSURYLGHGE\3$*$6$>@
5

RESULTS

5.1 Fragility analysis
7KHIUDJLOLW\DQDO\VLVKDVEHHQFDUULHGRXWIRUDOOWKH&+DVVHWVSUHYLRXVO\ LQWURGXFHGE\
YDU\LQJWKHJXVWZLQGVSHHGݒIURPWRPVZLWKPVVWHSVDQGE\LQFUHDVLQJWKHFRUUR
VLRQGHSWKVE\FRQVLGHULQJ\HDUVWHSVIURPWR\HDUV LHREVHUYDWLRQ\HDU\ 0RUHRYHU
WHQWKRXVDQGVWHSVDUHFRQVLGHUHGZLWKLQWKH0RQWH&DUORVDPSOLQJZKLOHWKHORJQRUPDO&')
LVXVHGWRILWWKHDQDO\VLVUHVXOWVE\DSSO\LQJWKHPD[LPXPOLNHOLKRRGHVWLPDWLRQ 0/( PHWKRG
>@)RUWKHVDNHRIFODULW\RQO\WKHIUDJLOLW\FXUYHVIRUEXLOGLQJZLWK,'µ¶DQGµ
¶ )LJXUH DUHGLVFXVVHGLQWKLVVHFWLRQ7KHEXLOGLQJµ¶KDVPPVKDQNGLDPHWHU
VFUHZVZLWKDPPVSDFLQJZKLOHWKHEXLOGLQJµ¶KDVPPVKDQNGLDPHWHUQDLOV
ZLWKPPVSDFLQJ:KHQWKHIUDJLOLW\FXUYHVDUHGHULYHGIRU\HDUVRZLWKRXWLQFUHDVLQJ
WKHLQLWLDOFRUURVLRQGHSWKVWKHWZR&+DVVHWURRIVVKRZVLPLODUIUDJLOLW\UHODWLRQVKLSV:KHQ
WLPHSDVVHVWKHFRUURVLRQDIIHFWVPRUHWKHURRIµ¶ )LJXUHE WKDQWKHURRIµ¶
)LJXUHD LQIDFWWKHGLVWDQFHDPRQJIUDJLOLW\FXUYHVLVODUJHULQ)LJXUHE7KLVLVPDLQO\
GXHWRWKHIDFWWKDWQDLOVDUHDIIHFWHGE\ERWKHPEHGGHGDQGDWPRVSKHULFFRUURVLRQEHFDXVHRI
WKHXVHRIZRRGSXUOLQV:KHUHDVVFUHZVDUHJHQHUDOO\VXEMHFWHGWRRQO\DWPRVSKHULFFRUURVLRQ
ZKLFK XVXDOO\ DFKLHYHV YDOXH VPDOOHU WKDQ WKH HPEHGGHG RQH >@ ,Q JHQHUDO WKH IUDJLOLW\
FXUYHVGHULYHGLQWKLVVWXG\VKRZWKDW&+URRIVZLWKQDLOVDVIDVWHQHUVDUHPRUHVHQVLWLYHWR
FRUURVLRQWKDQWKHVFUHZRQHV
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D 

E 
)LJXUH)UDJLOLW\FXUYHVGHULYHGIRUGLIIHUHQWREVHUYDWLRQ\HDUV \ D EXLOGLQJ VFUHZV E EXLOGLQJ
 QDLOV 

5.2 Risk assessment
7KHUHVXOWVRIWKHIUDJLOLW\DQDO\VLVDUHWKHQXVHGWRFDOFXODWHWKHH[SHFWHGORVVLQWHUPVRI
SHUFHQWDJHRIEXLOGLQJUHSODFHPHQWYDOXHDVDIXQFWLRQRIWKHPHDQDQQXDOIUHTXHQF\ 0$) 
RIWKHVHFJXVWVSHHG ݒLHVLPSOLILHGORVVFXUYHVDUHGHULYHG)LJXUH 7KHFDOFXODWLRQLV
UHSHDWHGE\YDU\LQJWKHUHIHUHQFH\HDUIURPWR\HDUVWRDFFRXQWIRUERWKFRUURVLRQHIIHFWV
DQGFOLPDWHFKDQJHLPSDFW
/RVVFXUYHVFDOFXODWHGFRQVLGHULQJWKHUHIHUHQFH\HDUHTXDOWRDUHYHU\FORVHWKXVUHIOHFW
LQJWKHUHVXOWREWDLQHGIRUWKHIUDJLOLW\FXUYHV7KHYDULDWLRQRIWKHUHIHUHQFH\HDUDIIHFWVPRUH
WKHURRIµ¶ QDLOV WKDQWKHµ¶RQH VFUHZV 7KLVLVPDLQO\GXHWRWKHFRUURVLRQ
HIIHFWUDWKHUWKDQWKHFOLPDWHFKDQJHDVH[SODLQHGEHIRUH
,WLVZRUWKQRWLQJWKDWWKHORVVFXUYHVSUHVHQWHGLQWKLVVHFWLRQDUHGHULYHGFRQVLGHULQJWKH
H[SHFWHGYDOXHVRI GDPDJHWRORVVFXUYHVॱൣܮȁܴୢୟ୫ୟୣ ൧ VHFWLRQ $ FRPSUHKHQVLYH GLV
FXVVLRQRIWKLVSUREOHPZRXOGUHTXLUHFRQVLGHULQJWKHXQFHUWDLQW\UHODWHGWRWKHGDPDJHWRORVV
FXUYHVWKDWPHDQVWRFRQVLGHUൣܮȁܴୢୟ୫ୟୣ ൧

D 

E 
)LJXUH/RVVFXUYHVD EXLOGLQJ VFUHZV E EXLOGLQJ QDLOV 
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5.3 Risk prioritization
7KHSUHYLRXVUHVXOWVDUHILQDOO\XVHGWRFDOFXODWHWKHH[SHFWHGDQQXDOORVV ($/ >@IRUHDFK
&+DVVHWE\YDU\LQJWKHUHIHUHQFH\HDU7KHUHVXOWLQJ($/DUHWKHQXVHGWRSULRULWL]HWKHEXLOG
LQJSRUWIROLRE\SURSRVLQJDW\SKRRQULVNSULRULWL]DWLRQLQGH[்ܫோ 7KHLQGH[UHODWHGWRWKH݇WK
&+DVVHWVFRQVLGHULQJWKH݅WKUHIHUHQFH\HDULVGHILQHGDV
ሺଵିଵሻ
൫ǡ െ ୫୧୬ǡ ൯  ͳ

்ܫோǡǡ ൌ ൫
൯
ౣ౮ǡ ିౣǡ

ZKHUH୫ୟ୶ǡ DQG୫୧୬ǡ DUH WKH PD[LPXP DQG PLQLPXP ($/ ZLWKLQ WKH DQDO\VHG
SRUWIROLR7KHUHVXOWLQJLQGLFHVDUHDUELWUDULO\FDWHJRUL]HGLQWKUHHJURXSVUHVSHFWLYHO\³JUHHQ
\HOORZDQGUHGWDJV´E\GHILQLQJWZRWKUHVKROGV$VDSURRIRIFRQFHSWLQWKLVVWXG\WKHWKUHVK
ROGVDUHVHOHFWHGWREHHTXDOWRDQGIRUWKHFDOFXODWHGW\SKRRQULVNLQGH[7KHUHVXOWV
UHSRUWHGLQ)LJXUHVKRZWKDWWKHYDULDWLRQRIWKHUHIHUHQFH\HDURIDQDO\VLVOHDGVWRDVPDOO
YDULDWLRQRIWKHSULRULWL]DWLRQLQGH[7KLVIDFWLQGLFDWHVWKDWHYHQLIFRUURVLRQDQGFOLPDWHFKDQJH
DIIHFWWKHULVNDQDO\VLVDWEXLOGLQJVSHFLILFVFDOH SUHYLRXVVHFWLRQ WKHLQLWLDOFRQGLWLRQVRIWKH
DQDO\VHG &+ DVVHWV DUH PRUH LPSRUWDQW IRU WKH GHILQLWLRQ RI WKH W\SKRRQ ULVN SULRULWL]DWLRQ
VFKHPH

)LJXUH7\SKRRQULVNSULRULWL]DWLRQLQGH[

6

CONCLUSIONS

7KH3KLOLSSLQHVLVSDUWLFXODUO\SURQHWRQDWXUDOKD]DUGVVXFKDVW\SKRRQVDQGHDUWKTXDNHV/DVW
FDWDVWURSKLFHYHQWVKDYHHPSKDVL]HGWKDWWKH)LOLSLQREXLOWHQYLURQPHQWLVKLJKO\YXOQHUDEOHWR
W\SKRRQV7KLVLVOLNHO\WREHZRUVHQHGLQWKHIXWXUHEHFDXVHRIWKHLPSDFWRIFOLPDWHFKDQJH
RQW\SKRRQLQWHQVLWLHVIUHTXHQFLHVDQGSDWKV$PRQJWKHPRVWYXOQHUDEOHEXLOGLQJV&+DVVHWV
GHVHUYHVSHFLDODWWHQWLRQEHFDXVHRIWKHLULQWDQJLEOHYDOXHIRUORFDOFRPPXQLWLHVDQGWKHLUIXQ
GDPHQWDOUROHLQVXVWDLQLQJFXOWXUDOWRXULVP+HQFHW\SKRRQULVNDVVHVVPHQWPHWKRGVDWEXLOG
LQJVSHFLILFOHYHODQGW\SKRRQULVNSULRULWL]DWLRQVFKHPHVDWSRUWIROLROHYHOVXLWDEO\GHILQHGIRU
&+DVVHWVDUHIXQGDPHQWDOWRSULRULWL]HGLVDVWHUULVNUHGXFWLRQDQGUHVLOLHQFHHQKDQFLQJVWUDWH
JLHV
7KLVSDSHUKDVSUHVHQWHGDVLPXODWLRQEDVHGDSSURDFKIRU&+URRIIUDJLOLW\GHULYDWLRQLQ
ZKLFKURRISDQHOSXOORXWDQGSXOORYHUIDLOXUHPHFKDQLVPVFRUURVLRQHIIHFWVDQGORDGUHGLVWUL
EXWLRQ DIWHUIDVWHQHUIDLOXUH KDYHEHHQH[SOLFLWO\PRGHOOHG)LOLSLQR&+DVVHWURRIVDUHPDGH
RI WLPEHU IUDPHV DQG OLJKWZHLJKW PHWDO VKHHW /:06  ZLWK VWHHO VFUHZV DQG QDLOV XVHG DV
IDVWHQHUVWKLVVWUXFWXUDOW\SRORJ\KDVEHHQWKHPDLQIRFXVRIWKHVWXG\$VLPSOLILHGPRGHOIRU
WKHURRIJHRPHWU\DWWKHEDVHRIWKHSURSRVHGDSSURDFKKDVHQDEOHG WRUHGXFHWKHUHTXLUHG
FRPSXWDWLRQDO EXUGHQ IRU IUDJLOLW\ DVVHVVPHQW DQG   WR SUREDELOLVWLFDOO\ PRGHO
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FDSDFLWLHVGHPDQGV7KHSURSHUEDODQFHEHWZHHQUHILQHPHQWOHYHODQGXQFHUWDLQW\FRQVLGHUD
WLRQSURSDJDWLRQPDNHVWKHSURSRVHGDSSURDFKHVSHFLDOO\VXLWDEOHIRUERWKULVNSULRULWL]DWLRQ
DQGSUHOLPLQDU\ULVNDVVHVVPHQWDWEXLOGLQJVSHFLILFOHYHO
7KH DQDO\VLV RI  &+ DVVHWV LQ ,ORLOR &LW\ 3KLOLSSLQHV KDV VKRZQ WKH IHDVLELOLW\ RI WKH
SURSRVHGDSSURDFKDQGKDVHQDEOHGWKHHYDOXDWLRQRIWKHLPSDFWRIWKHFOLPDWHFKDQJHRQWKH
ULVNDVVHVVPHQWDWEXLOGLQJVSHFLILFOHYHODQGRQWKHSULRULWL]DWLRQVFKHPH7KHUHVXOWVRIWKH
DQDO\VLVKDYHUHYHDOHGWKDWFRUURVLRQPD\VWURQJO\DIIHFWWKHIUDJLOLW\UHVXOWVIRUWKHFRQVLGHUHG
&+URRIV7KHUHIRUHJLYHQWKHODFNRIPDLQWHQDQFHDFWLYLWLHVLQVHYHUDOGHYHORSHGFRXQWULHV
FRUURVLRQDURXQGWKHZRUOGFRUURVLRQHIIHFWPXVWEHFRQVLGHUHGLQWKHW\SKRRQIUDJLOLW\ULVN
DVVHVVPHQW5HVXOWVRIWKHDQDO\VLVKDYHDOVRVKRZQWKDWFOLPDWHFKDQJHDIIHFWVPRUHWKHULVN
DVVHVVPHQWHVWLPDWHVDWEXLOGLQJVSHFLILFOHYHOWKDQWKHSULRULWL]DWLRQVFKHPH
7
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'HSDUWPHQWRI(QJLQHHULQJ$DUKXV8QLYHUVLW\
,QJH/HKPDQQV*DGH'.$DUKXV&'HQPDUN
HPDLOOYD#HQJDXGN


$DUKXV6FKRRORI(QJLQHHULQJ$DUKXV8QLYHUVLW\
,QJH/HKPDQQV*DGH'.$DUKXV&'HQPDUN
HPDLOMEDK#DVHDXGN

.H\ZRUGV:RRG7LPEHU)ORRU9LEUDWLRQ0RGDO$QDO\VLV0RGHO&DOLEUDWLRQ
$EVWUDFWThe paper addresses the modal properties of a wooden floor consisting of a plywood
board fastened by screws to timber joists. The overall aim of the study has been to examine how
well finite-element models can be calibrated to match the dynamic properties of a mock-up,
studied in the laboratory in a scale of 1:2. The paper proposes the use of output-only modal
analysis, also known as operational modal analysis (OMA), using brushes of various stiffnesses
to excite the floor. In order to avoid uncertainties related to the supports, free–free boundary
conditions are considered. This has been modelled experimentally by suspending the test specimens in rubber bands. Modes up to about 500 Hz were extracted, using an array of accelerometers, and the experimental results were then used as a basis for model calibration and model
validation. Two overall approaches to finite-element modelling of the wooden floor are studied
in the paper. The first approach employs a solid model with all parts of the structure (plywood
and joists) modelled as orthotropic, linear elastic materials. The second approach considers a
structural model with the plywood leaf modelled as a laminate shell using Mindlin thick-plate
theory and the joists modelled using Timoshenko beam theory. Firstly, the finite-element models
of each individual component of the floor, i.e. each beam or plate, are updated with the use of
the measured modal properties. Secondly, in order to validate the finite-element models of the
assembled floor, their modal properties are compared with the results obtained experimentally.
In the validation step, no further updating is performed, but various configurations of the connections between the wooden beams and the plywood board are included in the study. An artificial elastic layer and modelling of the individual lines of screws are introduced within the
solid model to allow more realistic modelling of the connection. In this context, the kinematic
constraints enforced within the shell–beam model are discussed.
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 ,1752'8&7,21
9LEUDWLRQVLQDIORRUFDQEHFDXVHGE\ZDONLQJRQWKHIORRUDVZHOODVRWKHUVRXUFHVLQVLGH
RURXWVLGHDEXLOGLQJ$WORZIUHTXHQFLHVIURP±+]WKLVFDQEHIHOWDVZKROHERG\YLEUD
WLRQVRUKHDUGIRUH[DPSOHDVUDWWOLQJQRLVH,QWKHIUHTXHQF\UDQJH±+]WKHVWUXFWXUH
ERUQHYLEUDWLRQVOHDGWRUHUDGLDWHGQRLVH7KHQRLVHDQGYLEUDWLRQPD\FDXVHDQQR\DQFHWRWKH
LQKDELWDQWVRIDEXLOGLQJDQGLQVHYHUHFDVHVKHDOWKSUREOHPV>±@
7KHYLEUDWLRQVRIDIORRUDQGWKHUHODWHGUHUDGLDWHGVWUXFWXUHERUQHQRLVHDUHJUHDWO\LQIOX
HQFHGE\WKHPRGDOSURSHUWLHVRIWKHIORRU7KHVHSURSHUWLHVDUHVXEMHFWWRODUJHXQFHUWDLQWLHV
GXHWRQDWXUDOYDULDWLRQVLQWKHPDWHULDO>@DQGWKHXVDJHRIWKHIORRU>±@DVZHOODVWKH
VXSSRUWFRQGLWLRQVDQGLQWHUQDOMRLQWV>@7KLVHQWDLOVGHWDLOHGLQIRUPDWLRQDERXWWKHLQGL
YLGXDOIORRULIDUHOLDEOHFRPSXWDWLRQDOPRGHORIWKHIORRULVWREHFRQVWUXFWHG:LWKRXWVXFK
NQRZOHGJHWKHHUURULQWKHHVWLPDWHRIWKHQDWXUDOIUHTXHQF\RIDIORRUPD\H[FHHG
%HIRUHDFRPSXWDWLRQDOPRGHOEDVHGRQIRUH[DPSOHWKHILQLWHHOHPHQW )( PHWKRGFDQEH
FDOLEUDWHG WR PDWFK WKH PRGDO SURSHUWLHV LGHQWLILHG IURP PHDVXUHG DFFHOHUDWLRQV WKH PRGHO
PXVWILUVWEHDEOHWRUHSUHVHQWWKHG\QDPLFUHVSRQVHLQWKHIUHTXHQF\UDQJHRILQWHUHVW7KLV
SDSHUFRQFHUQVWKHIUHTXHQF\UDQJHVUHOHYDQWWRZKROHERG\YLEUDWLRQDQGUHUDGLDWHGVWUXFWXUH
ERUQHQRLVH)RUORZYLEUDWLRQOHYHOVDWWKHVHIUHTXHQFLHVUHLQIRUFHGFRQFUHWHIORRUVPD\EH
PRGHOOHGDVVKHOOVZLWKLVRWURSLFOLQHDUHODVWLFPDWHULDOEHKDYLRXURIWKHFRQFUHWHDFFRXQWLQJ
IRUWKHVWHHOUHLQIRUFHPHQWDVOD\HUVZLWKDGGLWLRQDOVWLIIQHVVLQWKHGLUHFWLRQRIWKHUHEDU+RZ
HYHUDVLPLODUO\VLPSOHDSSURDFKFDQQRWEHXVHGIRUZRRGHQIORRUV7LPEHULVDQRUWKRWURSLF
PDWHULDODQGWKHSRVLWLRQDQGRULHQWDWLRQRIHDFKMRLVWRUOD\HULQDSO\ZRRGODPLQDWHPXVWEH
DFFRXQWHGIRUH[SOLFLWO\)XUWKHUPRUHWKHXQFHUWDLQWLHVRIWKHPDWHULDOSURSHUWLHVDVZHOODVWKH
LQWHUQDOMRLQWVEHWZHHQWKHEHDPVDQGWKHSODWHVPXVWEHDGGUHVVHG
7KHSXUSRVHRIWKHSDSHULVWRDQDO\VHZKHWKHU)(PRGHOVEDVHGRQGLIIHUHQWRYHUDOOFRQ
FHSWVFDQEHXVHGWRPRGHOWKHG\QDPLFEHKDYLRXURIDZRRGHQIORRUFRQVLVWLQJRIDVLQJOHOHDI
SO\ZRRGERDUGDWWDFKHGWRIRXUWLPEHUEHDPVE\VFUHZVLQGLIIHUHQWFRQILJXUDWLRQV)UHH±IUHH
FRQGLWLRQVDQGDQHPSW\IORRUKDYHEHHQFRQVLGHUHGWRDYRLGDGGLWLRQDOXQFHUWDLQWLHVUHODWHGWR
WKHVXSSRUWVDQGXVDJHRIWKHIORRU$QH[SHULPHQWDOFDPSDLJQKDVEHHQFRQGXFWHGZLWKWKH
DLPRIH[WUDFWLQJWKHPRGDOSDUDPHWHUVRIDPRFNXSEXLOWLQVFDOH7KHPRGDOSURSHUWLHV
RI WKHLQGLYLGXDO FRPSRQHQWV LHWKH WLPEHU EHDPV DQG WKH SO\ZRRG ERDUG KDYH DOVR EHHQ
GHWHUPLQHGH[SHULPHQWDOO\WRDOORZDVWHSZLVHPRGHOXSGDWLQJ8VXDOO\WKHPRGDOSURSHUWLHV
ZRXOGEHREWDLQHGE\H[SHULPHQWDOPRGDODQDO\VLV (0$ >±@EXWWKLVSDSHUSURSRVHVWKH
XVHRIRXWSXWRQO\PRGDODQDO\VLV²RURSHUDWLRQDOPRGDODQDO\VLV 20$ ²DVDQDOWHUQDWLYHWR
WKLV>@DSSO\LQJGLIIXVHZKLWHQRLVHH[FLWDWLRQZLWKVRIWDQGPHGLXPVWLIIEUXVKHV
7ZR)(PRGHOOLQJFRQFHSWVDUHFRQVLGHUHGD DVROLG)(PRGHODQGE DVWUXFWXUDO)(PRGHO
7KHPRGHOVDUHFRPSDUHGUHJDUGLQJWKHLUDELOLW\WRUHSUHVHQWWKHPRGDOSURSHUWLHVRIWKHLQGL
YLGXDOFRPSRQHQWVEHIRUHYDOLGDWLQJWKH)(PRGHOVRIWKHDVVHPEOHGIORRUZLWKYDULRXVFRQ
ILJXUDWLRQVRIWKHFRQQHFWLRQV
7KHRYHUDOOJHRPHWU\FRQQHFWLYLW\DQGPDWHULDOSURSHUWLHVRIWKHVWXGLHGZRRGHQIORRUDUH
SUHVHQWHGLQ6HFWLRQ6HFWLRQSURYLGHVDQRYHUYLHZRIWKHH[SHULPHQWDOFDPSDLJQ)LUVWO\
WKHH[SHULPHQWDOVHWXSDQGWHVWLQJSURFHGXUHIRUHDFKRIWKHWHVWVDUHGHVFULEHGDQGWKHQWKH
UHVXOWVDUHSUHVHQWHG1H[W6HFWLRQLQWURGXFHVWKH)(PRGHOV7KHJHRPHWU\PDWHULDOPRG
HOOLQJGLVFUHWL]DWLRQDQGDVVHPEO\VWUDWHJ\DUHDOOGHVFULEHGZLWKIRFXVRQWKHVROLG)(PRGHOV
7KHFDOLEUDWLRQDQGYDOLGDWLRQRIWKH)(PRGHOVWKHQIROORZLQ6HFWLRQ$VHQVLWLYLW\VWXG\LV
ILUVWSHUIRUPHGWRTXDQWLI\WKHLPSRUWDQFHRIHDFKPDWHULDOSURSHUW\LQWKHRUWKRWURSLFPDWHULDO
PRGHOV$PRGHOXSGDWLQJRIHDFKEHDPDQGWKHSODWHLVFRQGXFWHGEHIRUHWKHPRGHOVRIWKH
DVVHPEOHGIORRUVZLWKGLIIHUHQWFRQILJXUDWLRQVRIVFUHZVDUHYDOLGDWHG)LQDOO\DVKRUWVXPPDU\
WKHPDLQFRQFOXVLRQVDQGVXJJHVWLRQVIRUIXWXUHZRUNDUHSUHVHQWHGLQ6HFWLRQ
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,GHDOO\WRH[DPLQHKRZZHOODQ)(PRGHOPD\UHSOLFDWHWKHPRGDOSURSHUWLHVRIDZRRGHQ
IORRUVWUXFWXUHWKH)(PRGHOVKRXOGEHFRPSDUHGWRDQGYDOLGDWHGE\DSK\VLFDOIORRUPRGHOLQ
IXOOVFDOH+RZHYHUDIXOOVFDOHPRGHORIDIORRUUHTXLUHVDFRQVLGHUDEOHDPRXQWRIVSDFHDQG
WLPHWREXLOGLQDODERUDWRU\)XUWKHUDVWKHH[SHULPHQWDOFDPSDLJQZDVFRQGXFWHGLQWKH'\
QDPLFV/DERUDWRU\RI$DUKXV8QLYHUVLW\6FKRRORI(QJLQHHULQJWKHPRFNXSRIWKHIORRUSDQHO
VKRXOGILWLQWRWKHDYDLODEOHWHVWVWDQG+HQFHLWZDVFKRVHQWRFRQVWUXFWWKHPRFNXSLQVPDOOHU
VFDOHDSSUR[LPDWHO\FRPSDUHGWRDIXOOVL]HIORRU:KLOHWKLVDOORZHGHDVLHUKDQGOLQJRI
WKHWLPEHUEHDPVDQGWKHSO\ZRRGSODWHVFRQVWLWXWLQJWKHIORRUSDQHOLWVWLOOSURYLGHGDQH[SHU
LPHQWDOPRGHOUHSUHVHQWDWLYHRIWKHNLQHPDWLFDQGG\QDPLFEHKDYLRXUWKDWFDQEHH[SHFWHGIRU
DIXOOVL]HIORRU7KHJHRPHWU\DQGGLPHQVLRQVRIWKHGRZQVFDOHGPRGHODUHVKRZQLQ)LJXUH
 $OOEHDPV Södra reglar FDPHIURPWKHVDPHEDGJHLQRUGHUWRJHWLQVLJKWLQWRWKHYDULDWLRQ
LQPDWHULDOSURSHUWLHVWKDWFDQEHH[SHFWHGHYHQLQWKDWFDVH$OVRWZRSO\ZRRGERDUGV Keflico
Selex Radiata Pine Krydsfiner IURPWKHVDPHEDGJHZHUHWHVWHGWRH[DPLQHWKHYDULDWLRQLQ
PDWHULDOSURSHUWLHVEHIRUHWKHPRGHOOLQJRIWKHDVVHPEOHGIORRUSDQHO
3ULRUWRFRQGXFWLQJWKHWHVWVDQGVHWWLQJXSWKH)(PRGHOVLWZDVQHFHVVDU\WRKDYHDQLQLWLDO
LGHDRIWKHPDWHULDOSURSHUWLHVDVZHOODVWKHLUXSSHUDQGORZHUERXQGVWREHXVHGLQWKHPRGHO
XSGDWLQJDQGFDOLEUDWLRQSURFHVV:LWKWKHLQLWLDOYDOXHV)(DQDO\VLVDQGVLPSOHKDQGFDOFXOD
WLRQVFRXOGEHFDUULHGRXWIRUWKHEHDPVDVZHOODVWKHERDUGVLQRUGHUWRJHWLQVLJKWLQWRWKH
HLJHQIUHTXHQFLHVDQGWKHUHODWHGHLJHQPRGHVVXFKWKDWWKHVDPSOLQJIUHTXHQF\UHFRUGLQJWLPH
DQGWKHSRVLWLRQRIDFFHOHURPHWHUVXVHGIRUPHDVXUHPHQWVFRXOGEHFKRVHQRQDQLQIRUPHGEDVLV
7KHXSSHUDQGORZHUERXQGVFRXOGEHXVHGLQWKH)(PRGHOXSGDWLQJ FDOLEUDWLRQ SURFHGXUH
7DEOHV±VKRZWKHPDWHULDOSURSHUWLHVRIWKHWLPEHUEHDPVEDVHGRQWZRGLIIHUHQWRYHUDOO
DVVXPSWLRQV7KXVIRUWKHEHDPVWZRVHWVRISDUDPHWHUVDUHJLYHQDVVXPLQJWKDWWKHZRRGLV
HLWKHU LVRWURSLF 7DEOH   RU RUWKRWURSLF 7DEOH   ,Q DQ\ FDVH WKH PDWHULDO LV DVVXPHG WR

)LJXUH'RZQVFDOHGSDQHOVHFWLRQ PHDVXUHVLQPP 
<RXQJ¶VPRGXOXV>03D@
E

3RLVVRQ¶VUDWLR>@
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XQGHUJROLQHDUHODVWLFGHIRUPDWLRQJLYHQWKHYHU\ORZH[FLWDWLRQOHYHOVDVVRFLDWHGZLWKWKHH[
SHULPHQW,WVKRXOGEHQRWHGKHUHWKDWZRRGLVEHKDYLQJDVDQRUWKRWURSLFPDWHULDO0RGHOOLQJ
WKHZRRGDVLVRWURSLFZLOORYHUHVWLPDWHWKHVKHDUPRGXOLDVZHOODVWKH<RXQJ¶VPRGXOLLQWKH
GLUHFWLRQVRUWKRJRQDOWRWKHJUDLQ7KHLQWHUYDOVIRUWKHYDOXHVDUHFKRVHQEDVHGRQWKHSUHYLRXV
VWXG\E\)ORGpQHWDO>@DQGWKHLQLWLDOYDOXHVDUHDTXDOLILHGJXHVVEDVHGRQWKHPDVVGHQVLW\
WKDWKDVEHHQSURYLGHGE\WKHVXSSOLHU
1H[W7DEOHV±VKRZWKHPDWHULDOSURSHUWLHVIRUWKHSO\ZRRGERDUGVLQWHUPVRIORZHUDQG
XSSHUERXQGVDVZHOODVWKHDVVXPHGLQLWLDOYDOXHV+HUHLWZDVMXGJHGWKDWDQLVRWURSLFPDWHULDO
EHKDYLRXUZRXOGEHLQDSSURSULDWHHYHQIRUWKHILUVWIHZHLJHQPRGHV,QVWHDGWZRDOWHUQDWLYHV
EDVHGRQRUWKRWURSLFEHKDYLRXUZHUHFRQVLGHUHGD³VPHDUHGRXWPRGHO´ZLWKDVLQJOHOD\HU
SODWH 7DEOH   DQG D PRGHO ZLWK ILYH SOLHV RU ODPLQDH ZLWK LGHQWLFDO SURSHUWLHV E\ KDYLQJ
GLIIHUHQWRULHQWDWLRQRIWKHJUDLQ 7DEOH +HUHWKHPDWHULDOSURSHUWLHVZHUHLQVSLUHGE\WKH
ZRUNRQ6FRWV3LQHFDUULHGRXWE\*HUUDQG>@,WLVQRWHGWKDWIRUWKHLQGLYLGXDOODPLQDELV
WKH<RXQJ¶VPRGXOXVLQWKHJUDLQGLUHFWLRQZKLOHELVWKH<RXQJ¶VPRGXOXVLQWKHWUDQVYHUVH
GLUHFWLRQSDUDOOHOWRWKHDQQXDOULQJV,QWKHVLQJOHOD\HUSODWHPRGHOELVWKH<RXQJ¶VPRGXOXV
LQGLUHFWLRQLQZKLFKPRVWRIWKHODPLQDHKDYHWKHJUDLQGLUHFWLRQDQGELVWKHQWKHLQSODQH
GLUHFWLRQRUWKRJRQDOWRGLUHFWLRQ7KHGLIIHUHQFHEHWZHHQEDQGELVDVVXPHGWREHVPDOO
VLQFHWKUHHODPLQDHDUHSUHVHQWLQGLUHFWLRQZKHUHDVWZRODPLQDHDUHSUHVHQWLQGLUHFWLRQ
,QDGGLWLRQWRWKHPDWHULDOSURSHUWLHVWKHDVVHPEO\EHWZHHQWKHLQGLYLGXDOSDUWVRIWKHIORRU
PXVWDOVREHPRGHOOHGFRUUHFWO\LQDQ)(PRGHO,QWKHSUHVHQWDQDO\VHVWKHSO\ZRRGERDUG
ZDVDWWDFKHGWRWKHEHDPVE\VFUHZVRIWKHEUDQG&DUO5DV 3DQHO7ZLVWHF5XVSHUWZLWK)LEHUFXW
3RLQWQR 7KHVFUHZVKDGWKHOHQJWKPPDQGWKHKHDGKDGDGLDPHWHURIPP
$WRWDORIVL[FRQILJXUDWLRQVZHUHFRQVLGHUHGIRUWKHDVVHPEO\
x 3DQHO$ 2QHOLQHRIVFUHZVSHUEHDPF±FGLVWDQFHRIVFUHZVPP
x 3DQHO% 2QHOLQHRIVFUHZVSHUEHDPF±FGLVWDQFHRIVFUHZVPP
x 3DQHO& 2QHOLQHRIVFUHZVSHUEHDPF±FGLVWDQFHRIVFUHZVPP
x 3DQHO' 7KUHHOLQHVRIVFUHZVSHUEHDPF±FGLVWDQFHRIVFUHZVPP
x 3DQHO( 7KUHHOLQHVRIVFUHZVSHUEHDPF±FGLVWDQFHRIVFUHZVPP
x 3DQHO) 7KUHHOLQHVRIVFUHZVSHUEHDPF±FGLVWDQFHRIVFUHZVPP
$WWKHHQGVRIWKHEHDPVWKHVFUHZVZHUHSODFHGPPIURPWKHHGJHV
)LJXUHVKRZVWKHRYHUDOOSODFHPHQWRIWKHVFUHZVLQ3DQHO$)XUWKHULQWKHORZHU±ULJKW
FRUQHURIWKHILJXUHDQHQFLUFOHGDUHDFDQEHIRXQGLQGLFDWHGE\WKHOHWWHU$7KLVUHIHUVWR
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)LJXUHZKLFKSURYLGHVDQRYHUYLHZRIWKHVFUHZSRVLWLRQVLQDOOVL[FDVHVLH3DQHOV$±)$V
GHVFULEHGEHORZDSDUWRIWKHUHVHDUFKKDVIRFXVHGRQWHVWLQJZKHWKHUDVLQJOHVFUHZSUHVHQWLQ
WKHZLGWKGLUHFWLRQRIHDFKEHDP 3DQHOV$±& SURYLGHDOLQHFRXSOLQJ$OVRLWKDVEHHQH[
DPLQHGZKHWKHUWKUHHVFUHZVSUHVHQWDFURVVWKHEHDPV 3DQHOV'±) SURYLGHDULJLGFRXSOLQJ
VXFKWKDWWKHEHDPVFDQEHFRQVLGHUHGIXOO\PHUJHGZLWKWKHERDUG

)LJXUH7RSYLHZRIWKHIORRUPRGHOZLWKSODFHPHQWRIWKHVFUHZVLQ3DQHO$

)LJXUH3RVLWLRQRIWKHVFUHZVZLWKLQWKHHQFLUFOHGDUHDLQGLFDWHGLQ)LJXUH7RSURZOHIWWRULJKW
3DQHO$3DQHO%DQG3DQHO&ERWWRPURZOHIWWRULJKW3DQHO'3DQHO(DQG3DQHO)

4781

/DUV9$QGHUVHQ1LQD-¡UJHQVHQ*LWWH6,YHUVHQDQG-DQQLFN%+DQVHQ

 (;3(5,0(17$/6(783$1'7(67,1*
7KHRYHUDOOSXUSRVHRIWKHH[SHULPHQWDOFDPSDLJQZDVWRFROOHFWUHOLDEOHGDWDWKDWFRXOGEH
XVHGIRUWKHYDOLGDWLRQDQGFDOLEUDWLRQRIWKH)(PRGHOV)RUUHDOIORRUVFRQVWLWXWLQJDSDUWRID
EXLOGLQJXQFHUWDLQWLHVDUHDVVRFLDWHGQRWRQO\ZLWKWKHPDWHULDOSURSHUWLHVEXWDOVRWKHVXSSRUW
FRQGLWLRQVDQGWKHXVDJHRIWKHIORRUDVGLVFXVVHGIRUH[DPSOHE\$QGHUVHQDQGFRZRUNHUV
>±@,QRUGHUWRPLQLPL]HWKHSRVVLEOHLQIOXHQFHRIVXFKXQFHUWDLQWLHVDQHPSW\IORRUZDV
FRQVLGHUHG DQG VRFDOOHG IUHH±IUHH FRQGLWLRQV LH DQ XQVXSSRUWHG IORRU  ZHUH DVVXPHG ,Q
SUDFWLFHWKLVZDVHVWDEOLVKHGE\VXVSHQGLQJWKHWHVWVSHFLPHQVLQUXEEHUEDQGVWLHGDWRQHHQG
WRWKHWHVWULJ)ROORZLQJWKHSURFHGXUHVXJJHVWHGE\'LFNRZ>@WKHRWKHUHQGRIWKHUXEEHU
EDQGVZDVWLHGE\DNQRWWRWKHH\HEROWVLQVWDOOHGLQWKHWHVWVSHFLPHQV VHH)LJXUHVDQG
 7KLVSURYLGHVZHOOGHILQHGFRQQHFWLRQVZLWKQRVOLGLQJRUXQFHUWDLQPHFKDQLVPVLQYROYHG
7KH H[SHULPHQWV ZHUH FDUULHG RXW DV 2XWSXW 2QO\ 0RGDO $QDO\VLV 20$  >@ XVLQJ
EUXVKHVWRH[FLWHWKHWHVWVSHFLPHQV7RDOORZDVWHSZLVHFDOLEUDWLRQRIWKH)(PRGHOXSGDWLQJ
WKHPDWHULDOSURSHUWLHVRIWKHEHDPVDQGWKHERDUGVEHIRUHDQDO\VLQJWKHDVVHPEOHGIORRUWKH
H[SHULPHQWDOFDPSDLJQZDVFRQGXFWHGLQWKUHHPDLQVWHSV
x 20$RIWKHIRXUWLPEHUEHDPVRQHDWDWLPHFRQGXFWLQJIRXUWHVWVIRUHDFKEHDP VHH
6XEVHFWLRQ
x 20$RIWKHWZRSO\ZRRGERDUGVRQHDWDWLPHFRQGXFWLQJIRXUWHVWVIRUHDFKERDUG VHH
6XEVHFWLRQ
x 20$RIWKHDVVHPEOHGIORRUXVLQJ%RDUGQRDQG%HDPVQR±FRQGXFWLQJWKUHHWR
IRXUWHVWVIRUHDFKRIWKHVL[SDQHOFRQILJXUDWLRQV VHH6XEVHFWLRQ 
7KHVSHFLPHQVZHUHQRWGLVPRXQWHGEHWZHHQWKHGLIIHUHQWWHVWV)RUWKH20$RIWKHLQGLYLGXDO
EHDPVDQGERDUGVDVRIWEUXVKZDVXWLOL]HGIRUH[FLWDWLRQDQGIRUWKHDVVHPEOHGIORRUWKHVDPH
EUXVKDVZHOODVDPHGLXPVRIWEUXVKZHUHDSSOLHGWRH[FLWHDZLGHUUDQJHRIIUHTXHQFLHV
7KHGDWDFROOHFWLRQZDVSHUIRUPHGZLWKVHQVRUVIURP%UHO .M U % . DQGDGDWDDF
TXLVLWLRQV\VWHP1DWLRQDO,QVWUXPHQWV 1, 
x SFV% .7\SH%3LH]RHOHFWULF&&/'$FFHOHURPHWHUP9PVí
x SF% .7\SH%3LH]RHOHFWULF&&/'$FFHOHURPHWHUP9PVí
x % .7\SH8$3ODVWLF0RXQWLQJ&OLSV
x % .7\SH$FFHOHURPHWHU&DOLEUDWRUKDQGKHOG
x 1,7\SHF'$4&RPSDFW'$4&KDVVLV
x SFV1,7\SH&6HULHV6RXQGDQG9LEUDWLRQ,QSXW0RGXOH
x 6WDQOH\0RLVWXUH0HWHU
x 7LQ\7DJ7\SH7*37HPSHUDWXUHDQG5HODWLYH+XPLGLW\/RJJHU
)XUWKHUPRUHDOHYHOZDVXVHGWRPDNHVXUHWKDWWKHYDULRXVVSHFLPHQVZHUHPRXQWHGLQD
KRUL]RQWDOSRVLWLRQDQGDVFDOHZDVXVHGWRGHWHUPLQHWKHZHLJKWV
7KHH[SHULPHQWDOGDWDZHUHUHFRUGHGXVLQJ1,6LJQDO([SUHVV>@ZLWK'$4$VVLVWDQW>@
LQVWDOOHG$QDO\VHVZHUHFDUULHGRXWXVLQJ$57H0,60RGDO3UR>@DQGDTXLFNSUHDQDO\VLV
RI WKH UHFRUGHG GDWD ZDV SHUIRUPHG LQ 0$7/$% >@ XVLQJ WKH 20$ 7RROER[ >@ WR VHH
ZKHWKHUUHDVRQDEOHHLJHQIUHTXHQFLHVPRGHVZHUHREWDLQHG,QWKHLQVWUXPHQWDWLRQRIWKHVSHF
LPHQVFDUHZDVPDGHWRSODFHDFFHOHURPHWHUVVXFKWKDWJOREDODVZHOODVORFDOPRGHVRIYLEUD
WLRQZRXOGEHUHJLVWHUHG)RUWKHDVVHPEOHGIORRUDFFHOHURPHWHUVVKRXOGWKHUHIRUHQRWEHSODFHG
RQO\RQWRSRIWKHEHDPVEXWDOVRRQWKHERDUGVLQWKHPLGVSDQVEHWZHHQWKHEHDPV([DPSOHV
RIJOREDOEHQGLQJDQGORFDOYLEUDWLRQPRGHVIRUWKHDVVHPEOHGIORRUFDQEHVHHQLQ)LJXUH
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/DUV9$QGHUVHQ1LQD-¡UJHQVHQ*LWWH6,YHUVHQDQG-DQQLFN%+DQVHQ

)LJXUH([DPSOHHLJHQPRGHVRISDQHO*OREDOEHQGLQJ OHIW ORFDOSODWHGHIOHFWLRQEHWZHHQMRLVWV ULJKW 

2XWSXWRQO\PRGDODQDO\VLVRIWKHLQGLYLGXDOEHDPV
)LJXUHVKRZVWKHSRVLWLRQRIWKHDFFHOHURPHWHUVPRXQWHGRQHDFKVLQJOHEHDPLQWKHILUVW
VWHSRIWKHH[SHULPHQWDOFDPSDLJQ)XUWKHU)LJXUHVKRZVWKHH[SHULPHQWDOVHWXSZLWKRQHRI
WKHEHDPVPRXQWHGLQWKHWHVWULJ1LQHDFFHOHURPHWHUVZHUHSODFHGRQWKHWRSIODQJHRIWKH
EHDPDQGDQRWKHUQLQHDFFHOHURPHWHUVZHUHSODFHGRQRQHVLGH1RDFFHOHURPHWHUVZHUHSODFHG
RQWKHERWWRPIODQJHRURQWKHRWKHUVLGHVLQFHQRPRGHVZLWKVLJQLILFDQWGHIRUPDWLRQRIWKH
FURVVVHFWLRQZHUHH[SHFWHGZLWKLQWKHFRQVLGHUHGIUHTXHQF\UDQJH$OOZLUHVZHUHFDUHIXOO\
DWWDFKHGWRDZRRGHQURGSODFHGDERYHWKHEHDPWRDYRLGDQ\FROOLVLRQVZLWKWKHEHDPGXULQJ
WKHH[SHULPHQW(DFKWHVWODVWHGVDQGWKHGDWDZDVDFTXLUHGDWDVDPSOLQJIUHTXHQF\RI
+]7KHVRIWEUXVKZDVDSSOLHGIRUH[FLWDWLRQ

)LJXUH3RVLWLRQRIWKHDFFHOHURPHWHUVPRXQWHGRQHDFKVLQJOHEHDP

)LJXUH2QHRIWKHZRRGHQEHDPVSODFHGLQWKHWHVWVWDQG
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/DUV9$QGHUVHQ1LQD-¡UJHQVHQ*LWWH6,YHUVHQDQG-DQQLFN%+DQVHQ

2XWSXWRQO\PRGDODQDO\VLVRIWKHERDUG
)LJXUHVKRZVWKHSRVLWLRQVRIWKHH\HEROWVDQGWKHDFFHOHURPHWHUVPRXQWHGRQHDFKVLQJOH
SO\ZRRGERDUG)LJXUHLOOXVWUDWHVWKHH[SHULPHQWDOVHWXSZLWKRQHRIWKHERDUGVPRXQWHGLQ
WKHWHVWULJ,WVKRXOGEHQRWHGWKDW)LJXUHLQGLFDWHVWKHSRVLWLRQVDWZKLFKWKHEHDPVZHUH
ODWHUSODFHG WKHVLGHVDVZHOODVWKHFHQWUHOLQHVRIWKHEHDPV 7KHDFFHOHURPHWHUSRVLWLRQV
ZHUHFDUHIXOO\FKRVHQWRFDSWXUHDVPDQ\PRGHVDVSRVVLEOHZLWKLQWKHFRQVLGHUHGIUHTXHQF\
UDQJH$OVRWKHH\HEROWVZHUHSODFHGDWWKHSRVLWLRQVZKHUHSUHOLPLQDU\DQDO\VHVEDVHGRQWKH
LQLWLDOPDWHULDOSURSHUWLHVLQ7DEOHLQGLFDWHGDVPDOOGHIOHFWLRQLQWKHILUVWHLJKWHLJHQPRGHV
(DFKWHVWODVWHGVDQGWKHVDPSOLQJIUHTXHQF\ZDVVHWWR+]7KHVRIWEUXVKZDV
DSSOLHGIRUH[FLWDWLRQ

)LJXUH3RVLWLRQRIWKHDFFHOHURPHWHUVRQHDFKRIWKHSO\ZRRGERDUGV WRSYLHZ 

)LJXUH2QHRIWKHSO\ZRRGERDUGVSODFHGLQWKHWHVWVWDQG
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/DUV9$QGHUVHQ1LQD-¡UJHQVHQ*LWWH6,YHUVHQDQG-DQQLFN%+DQVHQ

2XWSXWRQO\PRGDODQDO\VLVRIWKHFRPSOHWHIORRUSDQHO
7KHSRVLWLRQVRIWKHDFFHOHURPHWHUVDQGWKHH\HEROWVPRXQWHGRQWKHDVVHPEOHGIORRUSDQHO
DUHVKRZQLQ)LJXUH$JDLQWKHSRVLWLRQVKDYHFDUHIXOO\EHHQVHOHFWHGEDVHGRQDSUHOLPLQDU\
)(DQDO\VLVXVLQJWKHLQLWLDOPDWHULDOSURSHUWLHVIRUWKHWLPEHUEHDPV 7DEOH DQGWKHSO\ZRRG

)LJXUH3RVLWLRQRIWKHDFFHOHURPHWHUVRQWKHDVVHPEOHGIORRU WRSYLHZ 

)LJXUH7KHPRFNXSRIWKHIORRU 3DQHO) PRXQWHGLQWKHWHVWULJ
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/DUV9$QGHUVHQ1LQD-¡UJHQVHQ*LWWH6,YHUVHQDQG-DQQLFN%+DQVHQ

ERDUG 7DEOH )LJXUHVKRZVWKHVHWXSZLWKWKHDVVHPEOHGIORRUSDQHOLQVWDOOHGLQWKHWHVW
ULJ7KHSKRWRJUDSKLOOXVWUDWHV3DQHO)LHWKHFRQILJXUDWLRQZLWKWKUHHVFUHZVRYHUWKHZLGWK
RIHDFKEHDPDQGZLWKPPEHWZHHQWKHVFUHZVLQWKHORQJLWXGLQDOGLUHFWLRQ$PRQJWKH
FRQVLGHUHGSDQHOFRQILJXUDWLRQVWKLVLVWKHPRVWULJLGFRQQHFWLRQEHWZHHQWKHEHDPVDQGWKH
ERDUG(DFKWHVWODVWHGVDQGWKHVDPSOLQJIUHTXHQF\ZDVVHWWR+]7KHVRIWDQG
PHGLXPVRIWEUXVKHVZHUHDSSOLHGIRUH[FLWDWLRQ
5HVXOWVRIWKHH[SHULPHQWDOFDPSDLJQ
7KHPDVVGHQVLWLHVRIWKHLQGLYLGXDOEHDPVZHUHIRXQGWREHDQG
NJPIRU%HDPVDQGUHVSHFWLYHO\7KXV%HDPKDGDUHODWLYHO\KLJKPDVV
GHQVLW\FRPSDUHGWRWKHRWKHUEHDPVHYHQWKRXJKDOOEHDPVFDPHIURPWKHVDPHEDGJH7KH
PDVVGHQVLWLHVRIWKHERDUGVZHUHDQGNJPIRU3ODWHVDQGUHVSHFWLYHO\
$IXOOUHSRUWRIWKHH[SHULPHQWDOUHVXOWVLVEH\RQGWKHVFRSHRIWKHSDSHU+RZHYHULQIRU
PDWLRQDERXWWKHPHDQYDOXHVRIWKHHLJHQIUHTXHQFLHVH[WUDFWHGIRUHDFKRIWKHFRPSRQHQWVDV
ZHOODVIRUWKHDVVHPEOHGIORRUDUHJLYHQLQ7DEOHV±7KHILUVWHLJHQIUHTXHQF\RIWKHEHDPV
LVUHODWHGWREHQGLQJLQWKHKRUL]RQWDOSODQHLHZLWKUHVSHFWWRWKHZHDND[LVRIWKHFURVVVHFWLRQ
DQGLWOLHVFORVHWR+]0RGHUHODWHVWREHQGLQJLQWKHYHUWLFDOSODQHLHZLWKUHVSHFWWR
WKHVWURQJD[LV$VH[SHFWHGWKHFRUUHVSRQGLQJHLJHQIUHTXHQF\LVDSSUR[LPDWHO\WZLFHDVKLJK
DVWKHHLJHQIUHTXHQF\UHODWHGWR0RGH,WLVIXUWKHUPRUHLQWHUHVWLQJWRQRWHWKDW0RGHVDQG
DUHWKHILUVWDQGVHFRQGWRUVLRQDOPRGHVDFFRUGLQJWRWKHILQLWHHOHPHQWPRGHOV*LYHQWKH
LQVWUXPHQWDWLRQRIWKHEHDPVWKHVHPRGHVZHUHQRWFDSWXUHGLQWKH20$7KLVH[SODLQVWKDW
WKHVHPRGHVDUHPLVVLQJLQ7DEOH
7KHSODWHV SO\ZRRGERDUGV ZHUHPXFKPRUHIOH[LEOHWKDQWKHEHDPV+HUHWKHILUVWWHQ
HLJHQPRGHVKDGIUHTXHQFLHVLQWKHLQWHUYDOIURPDURXQG+]WRDSSUR[LPDWHO\+]:LWK
WKHFKRVHQSRVLWLRQRIWKHDFFHOHURPHWHUVDOOWKHILUVWWHQPRGHVFRXOGEHFDSWXUHGE\20$,W
LVQRWHGWKDWWKHILUVWPRGHDWDURXQG±+]UHODWHVWRWRUVLRQZKHUHDVWKHVHFRQGPRGH
UHODWHVWREHQGLQJRIWKHSODWHV([FHSWIRU0RGHVDQG3ODWHKDGDVWLIIHUUHVSRQVHWKDQ
3ODWHLHWKHH[WUDFWHGHLJHQIUHTXHQFLHVIRU3ODWHDUHKLJKHUWKDQWKRVHIRU3ODWH
)LQDOO\7DEOHVKRZVWKDWWKHHLJHQIUHTXHQFLHVUHODWHGWRWKHILUVWWHQPRGHVRIWKHDVVHP
EOHGIORRUSDQHOVOLHLQWKHUDQJH+]WR+]%\FRPSDULVRQZLWK)(PRGHOVRIWKHVL[
SDQHOV LW ZDV LGHQWLILHG WKDW 0RGH  RI 3DQHO % ZDV QRW FDSWXUHG E\ WKH 20$ 7KH VDPH
SUREOHPRFFXUUHGIRU0RGHVDQGRI3DQHO',QWHUHVWLQJO\WKHHLJHQIUHTXHQFLHVUHODWHGWR
VRPHRIWKHPRGHVHJ0RGHVDQGDUHFORVHWREHLQJLGHQWLFDOIRUWKHYDULRXVFRQ
ILJXUDWLRQVRIWKHVFUHZV)RU0RGHRQO\3DQHO$ZLWKWKHVPDOOHVWDPRXQWRIVFUHZVKDVD
VLJQLILFDQWO\ ORZHU HLJHQIUHTXHQF\ WKDQ WKH RWKHU FRQILJXUDWLRQV +RZHYHU IRU VRPH RI WKH
PRGHVHJ0RGHVDQGWKHUHLVDPDUNHGGLIIHUHQFHEHWZHHQWKHSDQHOVZLWKIHZRUPDQ\
VFUHZV7KHQXPEHURIVFUHZVLQWKHORQJLWXGLQDOGLUHFWLRQDQGWKHQXPEHURIVFUHZVDFURVV
HDFK EHDP DUH HTXDOO\ LPSRUWDQW ,W VKRXOG LQ WKLV FRQWH[W EH PHQWLRQHG WKDW WKH ILUVW HLJKW
HLJHQPRGHVRIWKHIXOOSDQHOGRQRWLQYROYHEHQGLQJRIWKHEHDPVZKLFKDUHUHODWLYHO\VWLII
)XUWKHUWKHUHODWLYHYDULDWLRQVLQWKHH[WUDFWHGHLJHQIUHTXHQFLHVRIDOOVSHFLPHQVDUHVKRZQ
LQ)LJXUH)RUDJLYHQHLJHQPRGHRIWKHEHDPVLWFDQEHREVHUYHGWKDWWKHDVVRFLDWHGHLJHQ
IUHTXHQFLHVRIWKHLQGLYLGXDOEHDPVGLIIHUHGXSWRDERXWSHUFHQWIURPWKHPHDQYDOXHEDVHG
RQDOOIRXUEHDPV$VDOVRVHHQLQ7DEOH%HDPSURYLGHGFRQVLVWHQWO\KLJKHUHLJHQIUHTXHQ
FLHVWKDQWKHRWKHUEHDPVIRUWKHILUVWIRXUPRGHV7KHKLJKHUPDVVGHQVLW\RI%HDPLVWKHUH
IRUHDVVRFLDWHGZLWKDQHYHQKLJKHUVWLIIQHVV)RUWKHSODWHVVRPHYDULDWLRQDOVRRFFXUVDQGLW
FDQEHREVHUYHGWKDWQRQHRIWKHERDUGVSURYLGHVIUHTXHQFLHVWKDWDUHFRQVLVWHQWO\KLJKHUWKDQ
WKHRWKHUERDUG7KLVLQGLFDWHVWKDWWKHHLJHQIUHTXHQFLHVDUHYHU\VHQVLWLYHWRYDULDWLRQVRIWKH
PDWHULDOSURSHUWLHVLQWKHGLIIHUHQWODPLQDHDQGLQGLIIHUHQWGLUHFWLRQVRUSODQHV
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/DUV9$QGHUVHQ1LQD-¡UJHQVHQ*LWWH6,YHUVHQDQG-DQQLFN%+DQVHQ
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7DEOH$YHUDJHHLJHQIUHTXHQFLHV +] IRUWKHEHDPVEDVHGRQIRXU20$WHVWVRQHDFKEHDP7KHPRGH
QXPEHUVJLYHQLQSDUHQWKHVLVUHIHUWRWKHPRGHQXPEHUVREWDLQHGE\WKHILQLWHHOHPHQWPRGHOV
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7DEOH$YHUDJHHLJHQIUHTXHQFLHV +] IRUWKHSODWHVEDVHGRQIRXU20$WHVWVRQHDFKSODWH
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7DEOH$YHUDJHHLJHQIUHTXHQFLHV +] IRUWKHSDQHOVEDVHGRQWKUHHWRIRXU20$WHVWVRQHDFKSDQHO

)LJXUH  VKRZV WKDW VRPH RI WKH SDQHO FRQILJXUDWLRQV SURYLGH HLJHQIUHTXHQFLHV WKDW DUH
VLJQLILFDQWO\ORZHUWKDQRWKHUFRQILJXUDWLRQV(VSHFLDOO\LQHLJHQPRGH3DQHO$ ZKLFKKDV
WKHVPDOOHVWDPRXQWRIVFUHZV SURYLGHVDQHLJHQIUHTXHQF\WKDWLVDERXWSHUFHQWORZHUWKDQ
WKDWRI3DQHO) ZKLFKKDVWKHODUJHVWDPRXQWRIVFUHZV 7KLVFOHDUO\GHPRQVWUDWHVWKDWWKH
FRQQHFWLYLW\EHWZHHQWKHEHDPVDQGWKHSODWHKDVDODUJHLPSDFWRQWKHPRGDOSURSHUWLHVRIWKH
IORRUHYHQIRUWKHILUVWHLJHQPRGHV,WVKRXOGDJDLQEHQRWHGWKDW0RGHRI3DQHO%DQG0RGHV
DQGRI3DQHO'ZHUHQRWFDSWXUHGGXULQJWKHH[SHULPHQWV
)LQDOO\)LJXUHVKRZVWKDWWKHUHZDVDVPDOOVFDWWHULQWKHUHSHDWHGUHFRUGLQJVIRUWKH
LQGLYLGXDOVWUXFWXUDOPHPEHUVDVZHOODVWKHIORRUSDQHOV3DUWRIWKLVYDULDWLRQFDQEHDWWULEXWHG
WRWKHFKDQJLQJHQYLURQPHQWDOFRQGLWLRQVFDXVHGSULPDULO\E\DQLUUHJXODULW\LQWKHRSHUDWLRQ
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/DUV9$QGHUVHQ1LQD-¡UJHQVHQ*LWWH6,YHUVHQDQG-DQQLFN%+DQVHQ

)LJXUH5HODWLYHYDULDWLRQVLQWKHH[SHULPHQWDOO\PHDVXUHGHLJHQIUHTXHQFLHV

RIWKHYHQWLODWLRQV\VWHPLQWKHODERUDWRU\'XULQJWKHH[SHULPHQWDOFDPSDLJQWKHWHPSHUDWXUH
YDULHG EHWZHHQ  & DQG  & DQG WKH UHODWLYH KXPLGLW\ YDULHG EHWZHHQ   DQG
,WZDVREVHUYHGWKDWRQHRIWKHSO\ZRRGERDUGV3ODWHZDUSHGEHFDXVHRIDFKDQJH
LQPRLVWXUHFRQWHQWDQGIRUWKLVUHDVRQRQO\3ODWHZDVXVHGIRUWKHIORRUDVVHPEO\
 ),1,7((/(0(17$1$/<6,62)7+(:22'(1)/2253$1(/
7KHILQLWHHOHPHQWPRGHOOLQJSURFHVVIROORZHGWKHVDPHVWHSVDVWKHH[SHULPHQWDOFDPSDLJQ
LQRUGHUWRDOORZDGLUHFWFRPSDULVRQYDOLGDWLRQDQGFDOLEUDWLRQRIWKH)(PRGHOV7KXVDVD
ILUVWVWHSWKHLQGLYLGXDOEHDPVDQGSODWHVZHUHPRGHOOHG7ZRRYHUDOOFRQFHSWVZHUHDSSOLHG
DWKUHHGLPHQVLRQDO ' VROLG)(PRGHORIHDFKSDUWGHYHORSHGLQ$EDTXVDQGD'VWUXFWXUDO
)(PRGHOGHYHORSHGRIHDFKLQGLYLGXDOSDUWGHYHORSHGLQ0$7/$%
7KH0$7/$%PRGHORIWKHEHDPZDVEDVHGRQWZRQRGH7LPRVKHQNREHDPHOHPHQWVXVLQJ
WKHVWDQGDUGFXELF+HUPLWHLQWHUSRODWLRQIXQFWLRQV/LQHDULQWHUSRODWLRQZDVXVHGIRUWKHD[LDO
DQGWRUVLRQDOGHIRUPDWLRQVDVVXPLQJ6DLQW9HQDQWWRUVLRQ6LQFHWKHEHDPWKHRU\DVVXPHVWKDW
FURVVVHFWLRQVUHPDLQXQGHIRUPHGRQO\ܧଵ ܩଵଶ DQGܩଵଷ LQIOXHQFHWKHVWLIIQHVVZKHQXWLOL]LQJ
DQRUWKRWURSLFPDWHULDOPRGHO,WLVQRWHGWKDWWKHWRUVLRQDOVWLIIQHVVGHSHQGVRQDFRPELQDWLRQ
RIܩଵଶ DQGܩଵଷ ZKHUHDVWUDQVYHUVHVKHDUGHSHQGVRQHLWKHUܩଵଶ RUܩଵଷ GHSHQGLQJRQGLUHFWLRQ
)RUWKHSO\ZRRGERDUGVWKH0$7/$%PRGHOHPSOR\HG0LQGOLQWKLFNSODWHWKHRU\1LQH
QRGHHOHPHQWVZLWKTXDGUDWLF/DJUDQJHLQWHUSRODWLRQRIWKHGLVSODFHPHQWVDQGURWDWLRQVZHUH
XWLOL]HG6HOHFWLYHLQWHJUDWLRQZDVDSSOLHGIRUWKHLQSODQHGLUHFWLRQVRIWKHHOHPHQWWRDYRLG
ORFNLQJDQGDWKUHHSRLQW*DXVVTXDGUDWXUHUXOHZDVDSSOLHGRYHUWKHWKLFNQHVVRIHDFKSO\
7KHPRGHODOORZVWKHLQWURGXFWLRQRIDODPLQDWHFRPSRVLWHZLWKRUWKRWURSLFEHKDYLRXURIHDFK
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/DUV9$QGHUVHQ1LQD-¡UJHQVHQ*LWWH6,YHUVHQDQG-DQQLFN%+DQVHQ

)LJXUH6ROLGILQLWHHOHPHQWPRGHOVRIDVLQJOHEHDP WRS DSODWH PLGGOH DQGDIORRUSDQHO ERWWRP 
/HIW'LYLVLRQRIWKHJHRPHWU\5LJKW6WUXFWXUHGPHVKZLWKVROLGFXEHV

OD\HURUSO\$OD\XSZLWKD±±±±FRQILJXUDWLRQZDVLPSOHPHQWHGDVVXPLQJWKDW
WKHWKLFNQHVVRIHDFKSO\ZDVWKHVDPHFRUUHVSRQGLQJWRRQHILIWKRIWKHSODWHWKLFNQHVV
7KH$EDTXVVROLG)(PRGHOVRIDEHDPDQGDSODWHDUHLOOXVWUDWHGLQ)LJXUHZKLFKDOVR
VKRZVDPRGHORIDQDVVHPEOHGIORRUSDQHOLQZKLFKWKHEHDPVDUHVLPSOHPHUJHGZLWKWKH
SODWH *HQHUDOO\ WKH GLYLVLRQV RI WKH PRGHOV ZHUH LQWURGXFHG WR DOORZ WKH HYDOXDWLRQ RI WKH
GLVSODFHPHQWVDWWKHSRVLWLRQVZKHUHWKHDFFHOHURPHWHUVZHUHSODFHGLQWKHH[SHULPHQWDOWHVWV
7KHVDPHVWUDWHJ\ZDVXVHGIRUWKHEHDPVDQGSODWHVLQ0$7/$%,WLVQRWHGWKDWWKHDFFHO
HURPHWHUVZHUHQRWPRGHOOHGLQDQ\RIWKHPRGHOV7KLVLPSOLHVDPRGHOOLQJXQFHUWDLQW\EXW
WKHHUURUVUHODWHGWRWKHPRGDOSURSHUWLHVDUHDVVXPHGWREHVPDOO
7KH ' VROLG PRGHOV DUH EDVHG RQ QRGH LVRSDUDPHWULF EULFN HOHPHQWV ZLWK TXDGUDWLF
/DJUDQJHLQWHUSRODWLRQRIWKHGLVSODFHPHQWVDQGIXOOLQWHJUDWLRQ7KH$EDTXVPRGHOVZHUHLP
SOHPHQWHGYLD3\WKRQVFULSWLQJWRDOORZHDV\PRGLILFDWLRQRIPDWHULDOSURSHUWLHVDQGJHRPHWU\
)XUWKHUWKHLQSXWILOHVIRU$EDTXV6WDQGDUGDUHGLUHFWO\WUDQVIHUDEOHWR)(0WRROV>@$VH[
SODLQHGLQ6HFWLRQWKLVZDVODWHUXVHGIRUDXWRPDWLFPRGHOXSGDWLQJDLPHGDWLGHQWLILFDWLRQ
RIWKHPDWHULDOSURSHUWLHV+RZHYHULWVKRXOGEHQRWHGWKDWRUWKRWURSLFPDWHULDOEHKDYLRXUPXVW
EHWUHDWHGZLWKFDUHEHFDXVH$EDTXVDQG)(0WRROVRUGHUWKHPDWHULDOSURSHUWLHVGLIIHUHQWO\
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)LJXUH&RQILJXUDWLRQVRIWKHFRXSOLQJEHWZHHQWKHEHDPVDQGWKHSODWHLQWKH'VROLGILQLWHHOHPHQWPRGHO
/HIW0HUJHGPRGHOZLWKGLUHFWFRXSOLQJRIWKHEHDPVWRWKHSODWH5LJKW&RXSOLQJYLDDQDUWLILFLDOOD\HU

)LJXUH0RGHOOLQJDSSURDFKHVIRUWKHVFUHZHGFRQQHFWLRQVEHWZHHQWKHEHDPVDQGWKHSODWH³/LQH´FRX
SOLQJV OHIW DQG³SRLQW´FRXSOLQJV ULJKW IRUDVLQJOHOLQHRIVFUHZV WRS RUWKUHHOLQHVRIVFUHZV ERWWRP 

'LIIHUHQWDSSURDFKHVWRFRXSOLQJRIWKHEHDPVDQGWKHSODWHZHUHWHVWHGLQWKHVROLG)(PRGHO
7KHVLPSOHVWFRQILJXUDWLRQPHUHO\LQWURGXFHGDIXOOFRXSOLQJE\PHUJLQJWKHEHDPVZLWKWKH
SODWH7RDOORZDPRUHUHDOLVWLFPRGHOOLQJRIWKHFRXSOLQJDPPWKLFNDUWLILFLDOHODVWLFOD\HU
ZDVLQWURGXFHGLQWKHUHPDLQLQJPRGHOVDVLOOXVWUDWHGLQ)LJXUH%DVHGRQDSUHYLRXVVWXG\
E\'LFNRZHWDO>@WKHOD\HUZDVDVVXPHGWRKDYHDPDVVGHQVLW\RINJPD<RXQJ¶V
PRGXOXVRI03DDQGD3RLVVRQ¶VUDWLRRI
$VVKRZQLQ)LJXUHWZRVWUDWHJLHVZHUHXVHGWRPRGHOWKHVFUHZV³OLQH´FRXSOLQJVZLWK
PP ZLGH ]RQHV UHVHPEOLQJ WKH VLQJOH OLQHV RI VFUHZV LQ 3DQHOV $±& RU WKH WKUHH OLQHV RI
VFUHZVLQ3DQHOV'±)³SRLQW´FRXSOLQJVZLWKPPîPP]RQHVDWWKHSRVLWLRQVRIWKHLQGL
YLGXDOVFUHZV7KHPDWHULDOLQWKH]RQHVUHSUHVHQWLQJWKHVFUHZVZDVDVVXPHVWREHVWHHOZLWK
WKHPDVVGHQVLW\NJPWKH<RXQJ¶VPRGXOXV03DDQGWKH3RLVVRQ¶VUDWLR
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 02'(/&$/,%5$7,21$1'81&(57$,17,(6
%DVHG RQ WKH H[SHULPHQWDO WHVWV UHSRUWHG LQ 6HFWLRQ  WKH )(PRGHOV RI 6HFWLRQ  ZHUH
FDOLEUDWHGE\XSGDWLQJWKHPDWHULDOSURSHUWLHV7KHVWUDWHJ\ZDVWRILUVWFDOLEUDWHWKHPRGHOVRI
WKHEHDPVDQGSODWHVVHSDUDWHO\DQGWKHQWRFRXSOHWKHYDULRXVSDUWVDVVXJJHVWHGLQ6HFWLRQ
ZLWKRXWDGGLWLRQDOPRGLILFDWLRQRIWKHSURSHUWLHV$FRPSDULVRQFDQWKHQEHPDGHRIWKHUHVXOWV
REWDLQHGXVLQJWKHLQLWLDOSURSHUWLHV VHH7DEOHV± DQGWKHRSWLPL]HGYDOXHV7KHSURSHUWLHV
RIWKHDUWLILFLDOFRXSOLQJOD\HUZHUHQRWPRGLILHGLQWKLVSURFHVVDQGDVVXFKWKHFRPSDULVRQV
VHUYHDVDYDOLGDWLRQRIWKHPDWHULDOSURSHUWLHVDQGPRGHOOLQJDSSURDFKIRUWKLVOD\HU
%HIRUHWKHPRGHOFDOLEUDWLRQDSUHOLPLQDU\VHQVLWLYLW\VWXG\ZDVSHUIRUPHGWRTXDQWLI\WKH
LPSRUWDQFHRIHDFKPDWHULDOSURSHUW\7KHVROLGPRGHORIHDFKSDUWZDVHPSOR\HGIRUWKLVDQDO
\VLV,QWKHIROORZLQJPRGHOFDOLEUDWLRQRQO\WKHPDWHULDOSURSHUWLHVZLWKVLJQLILFDQWLQIOXHQFH
RQ WKH HLJHQIUHTXHQFLHV ZHUH LQFOXGHG DV YDULDEOHV 7KLV HQVXUHG D UREXVW RSWLPL]DWLRQ DW D
UHODWLYHO\ORZFRPSXWDWLRQDOFRVWZKLOHVWLOOH[SORLWLQJFORVHWRWKHHQWLUHSRWHQWLDOIRUILWWLQJ
WKHPRGHOVWRWKHUHVXOWVRIWKHH[SHULPHQWDOWHVWV,QDQ\FDVHWKHPDWHULDOLQHDFKEHDPDQG
LQHDFKSO\RIWKHERDUGVZDVDVVXPHGWREHKRPRJHQHRXV
)RUWKHEHDPZLWKLVRWURSLFPDWHULDOEHKDYLRXUWKH<RXQJ¶VPRGXOXVLVHTXDOO\LPSRUWDQW
IRUDOOPRGHVZKHUHDV3RLVVRQ¶VUDWLRRQO\LQIOXHQFHVPRGHVGRPLQDWHGE\VKHDU±VLQFHLQWKLV
FDVH ܩൌ ܧȀሺʹ  ʹߥሻ+RZHYHUWKHLVRWURSLFEHDPPRGHOVZHUHIRXQGWRSURYLGHDSRRUPDWFK
WRWKHWHVWUHVXOWVZLWKQRSRVVLELOLW\WRILWPRUHWKDQWKHILUVWIRXUWRILYHPRGHVZLWKLQDUHD
VRQDEOHDFFXUDF\+HQFHRQO\WKHRUWKRWURSLFPRGHOZDVXVHGIRUIXUWKHUDQDO\VLV+HUH)LJXUH
 OHIW VKRZVWKHUHVXOWVRIWKHVHQVLWLYLW\DQDO\VLV&OHDUO\WKH<RXQJ¶VPRGXOXVܧଵ LQWKH
JUDLQGLUHFWLRQKDVDVWURQJLQIOXHQFHRQIRXURIWKHILUVWILYHPRGHV0RGHLVGRPLQDWHGE\
WKHVKHDUPRGXOLܩଵଶ DQGHVSHFLDOO\ܩଵଷ ,WLVQRWHGWKDWWKLVLVWKHILUVWWRUVLRQDOPRGHZKLFK
H[SODLQVWKHZHDNGHSHQGHQFHRQܧଵ ,QDQ\FDVHQRQHRIWKHUHPDLQLQJVL[PDWHULDOSURSHUWLHV
KDYHDQ\VLJQLILFDQWLPSDFWLHRQO\ܧଵ ܩଵଶ DQGܩଵଷ DUHLPSRUWDQWIRUWKHRUWKRWURSLFEHDPV
)RUWKHSO\ZRRGERDUG)LJXUH ULJKW VKRZVWKHUHVXOWVRIWKHVHQVLWLYLW\VWXG\,QWHUHVW
LQJO\ܩଵଶ LVYHU\LPSRUWDQWIRU0RGHDQGLWDOVRKDVDVWURQJLQIOXHQFHRQ0RGHVDQG
0RGHLVWKHILUVWWRUVLRQDOPRGHRIWKHERDUGZKLFKOLHVDWDIUHTXHQF\VOLJKWO\EHORZWKDWRI
WKHILUVWEHQGLQJPRGH 0RGH )RU0RGHV±ܧଵ KDVWKHODUJHULPSDFWRQWKHHLJHQIUHTXHQ
FLHV$ZHDNLQIOXHQFHFDQEHVHHQIURPܧଶ ܩଶଷ DQGߥଵଶ ZKLOHWKHUHPDLQLQJSURSHUWLHVKDYH
QRRUH[WUHPHO\OLWWOHLQIOXHQFH+RZHYHULWPD\EHH[SHFWHGWKDWܩଵଶ DQGܩଵଷ DUHLPSRUWDQW
IRUWKHHLJHQIUHTXHQFLHVUHODWHGWRKLJKHUPRGHVZKHUHVKHDULQEHQGLQJEHFRPHVSURQRXQFHG
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)LJXUH&KDQJHLQWKHILUVWILYHHLJHQIUHTXHQFLHVGXHWRDYDULDWLRQRIHDFKPDWHULDOSURSHUW\E\DERXW
UHODWLYHO\WRWKHLQLWLDOYDOXHVVXJJHVWHGIRUWKHEHDPVLQ7DEOH OHIW DQGIRUWKHSODWHVLQ7DEOH ULJKW 
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7KHPRGHOXSGDWLQJZDVSHUIRUPHGLQ)(0WRROVXVLQJDVLQSXWWKHH[SHULPHQWDOUHVXOWV
IURP$57H0,6DQGWKH)(PRGHOVIURP$EDTXV7KHLQLWLDOYDOXHVDVZHOODVWKHXSSHUDQG
ORZHUERXQGVIRUWKHPDWHULDOSURSHUWLHVJLYHQLQ7DEOHVDQGZHUHXVHG+RZHYHUWKHPDVV
GHQVLWLHV IRXQG IRU HDFK VSHFLPHQ XVLQJ WKH VFDOHV ZHUH HPSOR\HG VHH 6XEVHFWLRQ   $V
DOUHDG\PHQWLRQHGWKHLVRWURSLFEHDPPRGHOVZLOOQRWEHDQDO\VHGIXUWKHU/LNHZLVHWKHSODWH
PRGHO ZLWKD VLQJOHOD\HU RI RUWKRWURSLF PDWHULDO ZLOOQRW EH IXUWKHU UHJDUGHG LQWKH SUHVHQW
DQDO\VLVDOWKRXJKPRGHOXSGDWLQJVKRZHGWKDWIDLUUHVXOWVFRXOGEHDFKLHYHGZLWKWKLVW\SHRI
PRGHOIRUWKHILUVWIHZPRGHVRIWKHLQGLYLGXDOSO\ZRRGERDUGV
7KHPRGHOXSGDWLQJZDVSHUIRUPHGEDVHGRQDFRPSDULVRQRIWKHHLJHQIUHTXHQFLHV݂ DVZHOO
DVWKHPRGHVKDSHVሼ ሽXVLQJWKH0RGDO$VVXUDQFH&ULWHULRQ 0$& >@
ு
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+HUHHGHQRWHVWKH+HUPLWLDQRIWKHYHFWRUWKHVXSHUVFULSWV)(DQG(;UHIHUWR³)LQLWH(OHPHQW
PRGHO´DQG³([SHULPHQWDOWHVW´UHVSHFWLYHO\DQGWKHLQGLFHViDQGj UHIHUWR0RGHViDQGj$
0$&YDOXHRI QHDUO\ LPSOLHVWKDWWKHUHLV DOPRVW FRUUHVSRQGHQFHEHWZHHQWKHPRGDOYHF
WRUVIRU0RGHiRIWKH)(PRGHODQGPRGHjRIWKHH[SHULPHQW7KLVGRHVQRWJXDUDQWHHWKDWWKH
PRGHVDUH QHDUO\ LGHQWLFDO)RUH[DPSOHWKHUHODWHGHLJHQIUHTXHQFLHVPD\EHGLIIHUHQWDQG
WKHUHVSRQVHDWSRLQWVWKDWDUHQRWLQFOXGHGDVQRGHVLQWKHYHFWRUVPD\GHYLDWH2QWKHRWKHU
KDQGLIWKH0$&YDOXHLV FORVHWR ]HURLWFDQEHH[SHFWHGWKDWWKHPRGHVDUHLQFRQVLVWHQW
)RUHDFKVWUXFWXUDOFRPSRQHQWLH%HDPV±DQG3ODWHVDQGWKHIROORZLQJXSGDWLQJ
SURFHGXUHZDVDSSOLHG
x 7KHQRGHVRIWKH)(PRGHO )(QRGHV FRUUHVSRQGLQJWRWKHSRVLWLRQVRIWKHDFFHOHURPHWHUV
H[SHULPHQWDOQRGHV ZHUHLGHQWLILHG
x 7KH)(QRGHVDQGWKHH[SHULPHQWDOQRGHVZHUHSDLUHGLQ)(0WRROV
x 7KHHLJHQPRGHVRIWKH)(PRGHODQGH[SHULPHQWZHUHFRPSDUHGDQGWKHPRGHVZLWK0$&
YDOXHVRIDWOHDVWZHUHLQFOXGHGDVEDVLVIRUWKHPRGHOXSGDWLQJ
x $PD[LPXPRIILYHLWHUDWLRQVZHUHSHUIRUPHGWRRSWLPL]HWKHVHOHFWHGPDWHULDOSURSHUWLHV
x ,Q HDFK LWHUDWLRQ D QRUPDOL]HGVHQVLWLYLW\ PDWUL[ሾ܁ሿ ZDV GHWHUPLQHG GHILQLQJ WKH GH
SHQGHQFHRIHDFKREVHUYHGHLJHQIUHTXHQF\RQHDFKRIWKHPDWHULDOSURSHUWLHVHJ


ܵଵଶ ൌ

߲݂ଶ ܧଵ
Ǥ
߲ܧଵ ݂ଶ



+HUH݂ଶ LVWKHVHFRQGHLJHQIUHTXHQF\RIWKH)(PRGHODQGܧଵ LVWKHYDOXHRIWKH<RXQJ¶V
PRGXOXVLQWKHJUDLQGLUHFWLRQRIWKHFRQVLGHUHGEHDPRUSO\EDVHGRQWKHSUHYLRXVLWHUDWLRQ
6HHIRUH[DPSOH>@IRUIXUWKHUGHWDLOV
ଡ଼

x 7KHFKDQJHLQWKHPDWHULDOSURSHUWLHVZDVIRXQGDVሼȟ۾ሽାଵ ൌ ሾ܁ሿିଵ
 ൫൛ ൟ െ ൛ ൟ൯Ǥ
x 7KHPDWHULDOSURSHUWLHVZHUHXSGDWHGDVሼ۾ሽାଵ ൌ ሼ۾ሽ  ሼȟ۾ሽାଵ 
x ,IWKHGLIIHUHQFHEHWZHHQWKHHLJHQIUHTXHQFLHVRIWKHH[SHULPHQWDQGWKH)(PRGHOZDV
RYHUDOOEHORZDJLYHQWKUHVKROGRULIWKHLPSURYHPHQWIURPRQHLWHUDWLRQWRWKHQH[WZDV
EHORZDJLYHQWROHUDQFHWKHLWHUDWLRQZDVWHUPLQDWHGHYHQLIILYHLWHUDWLRQVKDGQRWEHHQ
UHDFKHG7KHVWDQGDUGYDOXHV(36ൌDQG(36ൌZHUHXVHGLQ)(0WRROV
,WLVQRWHGWKDWWKHSURFHVVFRUUHVSRQGHGWRDJUDGLHQWEDVHGRSWLPL]DWLRQSURFHGXUHXVLQJD
OHDVWVTXDUHVDSSURDFKVLQFHWKHUHZHUHPRUHHLJHQIUHTXHQFLHVWKDQPDWHULDOSURSHUWLHV
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7DEOHDQG)LJXUHVKRZWKHUHVXOWVRIWKHPRGHOFDOLEUDWLRQIRUWKHEHDPV+HUHRQO\
ܧଵ ܩଵଶ DQGܩଵଷ KDYHEHHQXVHGDVYDULDEOHVLQWKHRSWLPL]DWLRQ&RPSDUHGWRWKHLQLWLDOYDOXHV
<RXQJ¶VLQWKHJUDLQGLUHFWLRQܧଵ ZDVUHGXFHGIRU%HDPVDQGZKHUHDVDQLQFUHDVHZDV
QHFHVVDU\IRU%HDPLQRUGHUWRSURYLGHDQRSWLPDOILWWRWKHH[SHULPHQW)RUDOOEHDPVWKH
VKHDUPRGXOLܩଵଶ DQGܩଵଷ ZHUHUHGXFHGVLJQLILFDQWO\:LWKUHIHUHQFHWR)LJXUHWKHVROLG)(
PRGHOVGHYHORSHGLQ$EDTXVDQGWKH7LPRVKHQNREHDP)(PRGHOLPSOHPHQWHGLQ0$7/$%
SURYLGHGYHU\VLPLODUUHVXOWVIRUWKHILUVWVHYHQPRGHVZKHQXVLQJWKHLQLWLDOYDOXHVRIWKHPD
WHULDOSURSHUWLHV+RZHYHUWKHHLJHQIUHTXHQFLHVGHYLDWHGDERXWIURPWKHPHDVXUHGYDOXHV
)RU0RGHWKHUHLVDODUJHGLVFUHSDQF\EHWZHHQWKHUHVXOWVRIWKHWZR)(PRGHOV,WLVQRWHG
WKDWWKLVPRGHRFFXUUHGDWDURXQG+] VHH7DEOH LHDWDYHU\KLJKIUHTXHQF\$IWHUWKH
PRGHOXSGDWLQJZLWKWKHXVHRI)(0WRROVDPXFKEHWWHUILWZDVREWDLQHG,WZDVWKXVSRVVLEOH
WRILWWKHILUVWHLJKWHLJHQIUHTXHQFLHVZLWKLQDUHODWLYHHUURURI±FRPSDUHGWRWKHH[SHUL
PHQWVIRUWKHUHVSHFWLYHEHDPV,WVKRXOGEHPHQWLRQHGWKDWDQRSWLPL]DWLRQRIWKH0$7/$%
PRGHO ZDV DFKLHYHG E\ WKH LQWURGXFWLRQ RI D WRUVLRQDO VKHDU PRGXOXV ்ܩൌ ߙሺܩଵଶ  ܩଵଷ ሻ
:LWKDSURSHUWXQLQJRIWKHSDUDPHWHUߙDJRRGPDWFKRIWKH0$7/$%PRGHOZLWKWKH$EDTXV
PRGHOFRXOGEHREWDLQHGUHJDUGLQJWKHWRUVLRQDOPRGHVWKDWZHUHQRWFDSWXUHGH[SHULPHQWDOO\
7DEOHDQG)LJXUHVKRZWKHUHVXOWVRIWKHPRGHOXSGDWLQJIRUWKHWZRSO\ZRRGERDUGV
3RRUUHVXOWVZHUHDFKLHYHGZLWKWKHLQLWLDOYDOXHVRIWKHPDWHULDOSURSHUWLHVEXWDIWHUWKHPRGHO
XSGDWLQJZLWK)(0WRROVDIDLUILWZDVREWDLQHGIRUWKHILUVWWHQPRGHV,WFDQEHREVHUYHGWKDW
WKHILYHOD\HUVROLGPRGHOGHYHORSHGLQ$EDTXVDQGWKH0LQGOLQVKHOOHOHPHQWPRGHOGHYHORSHG
LQ0$7/$%SURYLGHVLPLODUUHVXOWVERWKEHIRUHDQGDIWHUWKHXSGDWLQJSURFHVV6OLJKWO\EHWWHU
UHVXOWVZHUHREWDLQHGIRU3ODWHFRPSDUHGWR3ODWHDQGDVPHQWLRQHGDERYH3ODWHFRXOG
3URSHUW\
ܧଵ  03D 
ܩଵଶ  03D 
ܩଵଷ  03D 

,QLWLDOYDOXH


 



%HDP




%HDP




%HDP




%HDP




$YHUDJH





7DEOH0RGHOXSGDWLQJRIEHDPVZLWKRUWKRWURSLFPDWHULDOEHKDYLRXU

)LJXUH(LJHQIUHTXHQFLHVIRU0RGHV±RIWKHEHDPV±GHYLDWLRQIURPWKHWHVWUHVXOWV
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ܧଵ 
ܧଶ 
ܩଵଶ 

03D 
03D 
03D 

,QLWLDOYDOXH




3ODWH




3ODWH




$YHUDJH




7DEOH0RGHOXSGDWLQJRISO\ZRRGERDUGVZLWKILYHOD\HUVRIRUWKRWURSLFPDWHULDO

)LJXUH(LJHQIUHTXHQFLHVIRU0RGHV±RIWKHSO\ZRRGERDUGV±GHYLDWLRQIURPWKHWHVWUHVXOWV

QRWEHXVHGLQWKHVXEVHTXHQWDVVHPEO\RIWKHIORRUSDQHOVVLQFHLWZDVWZLVWHGGXHWRXQFRQ
WUROOHGYDULDWLRQVRIWKHHQYLURQPHQWDOFRQGLWLRQV WHPSHUDWXUHDQGKXPLGLW\ LQWKHODERUDWRU\
)LQDOO\WKH)(PRGHOVRIWKHDVVHPEOHGIORRUSDQHOVZHUHFRPSDUHGZLWKWKHH[SHULPHQWDO
UHVXOWV)LJXUHVKRZVWKHUHVXOWVIRU3DQHOV$±)EDVHGRQWKUHHGLIIHUHQWVHWVRIPDWHULDO
SURSHUWLHV
x 7KHLQLWLDOYDOXHVEDVHGRQDTXDOLILHGJXHVVDQGOLWHUDWXUHVWXG\ VHH7DEOHVDQG
x 7KHDYHUDJHXSGDWHGYDOXHVRIWKHPDWHULDOSURSHUWLHV VHH7DEOHVDQGWKHODVWFROXPQV
x 7KHH[DFWXSGDWHGYDOXHVRIWKHPDWHULDOSURSHUWLHVIRUHDFKRIWKHVWUXFWXUDOFRPSRQHQWV
VHH7DEOHVDQGWKHFROXPQVIRU%HDPV±DQG3ODWH 
7KH GHYLDWLRQV IURP WKH WHVW UHVXOWVDUH TXDQWLILHG LQ WHUPV RI WKH 1RUPDOL]HG 5HODWLYH )UH
TXHQF\'LIIHUHQFH 15)' >@
  ൌ

ห݂ െ ݂ଡ଼ ห
ͲͲͳ ڄΨǡ
݂ଡ଼



ZKHUH݂ DQG݂ଡ଼ DUHWKHHLJHQIUHTXHQFLHVRI0RGHiREWDLQHGE\)(PRGHOOLQJDQGH[SHUL
PHQWDOWHVWLQJUHVSHFWLYHO\
7KHJHQHUDOWUHQGLQ)LJXUHLVWKDWWKH15)'LVDERXWIRUWKHPRGHOVHPSOR\LQJWKH
LQLWLDOYDOXHVRIWKHPDWHULDOSURSHUWLHV)RU3DQHO$WKHPHUJHG)(PRGHOSURYLGHVDYHU\SRRU
UHVXOW7KLVZDVWREHH[SHFWHGJLYHQWKDW3DQHO$KDVWKHZHDNHVWFRXSOLQJRIWKHEHDPVDQG
WKHSODWHZLWKRQO\DVLQJOHOLQHRIVFUHZVIRUHDFKEHDPDQGZLWKDOPRVWPPGLVWDQFH
EHWZHHQWKHVFUHZV+RZHYHUHYHQZKHQPRGHOOLQJWKHFRQQHFWLRQEHWZHHQWKHEHDPVDQGWKH
SODWHPRUHUHDOLVWLFDOO\WKHLQLWLDOYDOXHVRIWKHSURSHUWLHVOHDGWRHUURQHRXVUHVXOWV
$ VLJQLILFDQW LPSURYHPHQW LQ WKH DFFXUDF\ RI WKH )( PRGHOV ZDV DFKLHYHG E\ XVLQJ WKH
DYHUDJHPDWHULDOSURSHUWLHVREWDLQHGE\PRGHOXSGDWLQJ([FHSWIRUWKUHHPRGHVRI3DQHO$
WKHILUVWWHQHLJHQIUHTXHQFLHVRIDOOWKHFRQVLGHUHGSDQHOFRQILJXUDWLRQVKDYHDQ15)'EHORZ
ZKHQWKHEHDPVDUHPHUJHGWRWKHSODWHZLWKLQWKH)(PRGHOV:KHQWKHFRQQHFWLRQV
ZHUHPRGHOOHGDSSURSULDWHO\15)'YDOXHVEHORZZHUHREWDLQHGZLWKWKHDYHUDJHYDOXHV
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)LJXUH1RUPDOL]HG5HODWLYH)UHTXHQF\'LIIHUHQFH 15)' SORWVIRUWKHVROLG)(PRGHOVRI3DQHOV$±)

RIWKHPDWHULDOSURSHUWLHV,QWHUHVWLQJO\QRVLJQLILFDQWLPSURYHPHQWFRXOGEHDFKLHYHGE\XVLQJ
WKHH[DFWXSGDWHGYDOXHVIRUWKHLQGLYLGXDOVWUXFWXUDOFRPSRQHQWV)RUVRPHRIWKHPRGHVLQ
VRPHRIWKHSDQHOVWKHDYHUDJHPDWHULDOSURSHUWLHVSURYLGHGWKHEHWWHUPDWFKDQGIRUWKHRWKHU
FRPELQDWLRQVRIPRGHVDQGSDQHOVWKHH[DFWXSGDWHGYDOXHVUHVXOWHGLQDPRUHDFFXUDWHILW
$VDQDOWHUQDWLYHWRWKHVROLGPRGHOVRIWKHIORRUSDQHOVDVWUXFWXUDO)(PRGHOEDVHGRQ
7LPRVKHQNREHDPDQG0LQGOLQVKHOOHOHPHQWVZDVLPSOHPHQWHGLQ0$7/$%7KHFRXSOLQJ
RIWKHEHDPDQGVKHOOHOHPHQWVZDVLQWURGXFHGLQWHUPVRI/DJUDQJHPXOWLSOLHUVDVVXPLQJD
ULJLGOLQNEHWZHHQWKHQRGHVRIWKHEHDPVDQGWKHQRGHVRIWKHVKHOOWRZKLFKWKH\ZHUHWLHG
.LQHPDWLFDOO\WKLVLQWURGXFHVDVHYHUHFRQVWUDLQWVLQFHWKHEHDPVFDQQRWURWDWHUHODWLYHWRWKH
VKHOO+HQFHWKHVWUXFWXUDO)(PRGHOZDVRQO\DEOHWRSURGXFHXVHIXOUHVXOWVIRU3DQHOV'±)
)RU3DQHOV$±& HVSHFLDOO\3DQHOV$±% ZLWKWKHVLQJOHOLQHRIVFUHZVFRXSOLQJHDFKEHDPWR
WKHERDUGVRPHPRGHVRIYLEUDWLRQFRXOGQRWEHUHSUHVHQWHGE\WKH0$7/$%PRGHO
 &21&/86,216$1'68**(67,216)25)857+(55(6($5&+
$PRFNXSRIDVLQJOHOHDIIORRUSDQHOFRQVLVWLQJRIIRXUWLPEHUEHDPVDQGDSO\ZRRGERDUG
ZDVDQDO\VHG$QRXWSXWRQO\PRGDODQDO\VLV 20$ ZDVFRQGXFWHGIRUWKHLQGLYLGXDOVWUXF
WXUDOFRPSRQHQWVDQGLWZDVIRXQGWKDWDVLJQLILFDQWYDULDWLRQLQWKHHLJHQIUHTXHQFLHVFDQH[LVW
IRUVLPLODUEHDPVFRPLQJIURPWKHVDPHEDGJH2QHRIWKHWHVWHGEHDPVZDVDERXWKHDYLHU
WKDQWKHRWKHUEHDPVDQGWKHGLIIHUHQFHLQVWLIIQHVVZDVHYHQKLJKHU+HQFHVRPHRIWKHHL
JHQIUHTXHQFLHVRIWKHEHDPZLWKWKHODUJHUGHQVLW\ZHUHKLJKHUWKDQWKHFRUUHVSRQGLQJHLJHQ
IUHTXHQFLHVRIWKHRWKHUEHDPV
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7KUHHGLPHQVLRQDOILQLWHHOHPHQW )( PRGHOVZHUHGHYHORSHGLQ$EDTXVDQG0$7/$%LQ
ERWKFDVHVDVVXPLQJRUWKRWURSLFPDWHULDOSURSHUWLHVRIWKHZRRGDQGPRGHOOLQJWKHSO\ZRRG
ZLWKILYHOD\HUVRIWKHVDPHPDWHULDO,Q$EDTXVDVROLGPRGHOZDVXVHGIRUWKHSO\ZRRGERDUGV
DQGWKHEHDPVZKHUHDVWKH0$7/$%PRGHOVZHUHEDVHGRQVWUXFWXUDOILQLWHHOHPHQWVHPSOR\
LQJ7LPRVKHQNREHDPWKHRU\DQG0LQGOLQSODWHWKHRU\,WZDVIRXQGWKDWRQO\WKUHHPDWHULDO
SURSHUWLHVܧଵ ܩଵଶ DQGܩଵଷ KDYHVLJQLILFDQWLQIOXHQFHRQWKHPRGDOSURSHUWLHVRIWKHEHDPV
DQGRQO\ܧଵ ܧଶ DQGܩଵଶ DUHLPSRUWDQWIRUWKHSO\ZRRGERDUGV
7KHUHVXOWVRIWKHH[SHULPHQWVDQGWKHILQLWHHOHPHQWPRGHOVGHYHORSHGLQ$EDTXVZHUHXVHG
DVLQSXWIRUDPRGHOXSGDWHXWLOL]LQJWKHVRIWZDUH)(0WRROV,WZDVSRVVLEOHWRREWDLQDJRRG
PDWFKRIWKHILUVWHLJKWHLJHQIUHTXHQFLHVRIWKHLQGLYLGXDOEHDPVDQGWKHILUVWWHQHLJHQIUHTXHQ
FLHVRIWKHLQGLYLGXDOSO\ZRRGERDUGVZLWKLQILYHLWHUDWLRQVRIWKHJUDGLHQWEDVHGXSGDWLQJSUR
FHGXUH 3RVW DQDO\VLV VKRZHG WKDW WKH 0$7/$% PRGHOV SURYLGHG DOPRVW HTXDOO\ DFFXUDWH
UHVXOWVIRUWKHLQGLYLGXDOFRPSRQHQWVZKHQXVLQJWKHXSGDWHGPDWHULDOSURSHUWLHV
6L[FRQILJXUDWLRQVRIWKHDVVHPEOHGIORRUZHUHFRQVLGHUHG,QDOOFDVHVWKHSO\ZRRGERDUG
ZDVIDVWHQHGWRWKHEHDPVE\VFUHZV7KUHHGLIIHUHQWGLVWDQFHVEHWZHHQWKHVFUHZVLQWKHORQ
JLWXGLQDOGLUHFWLRQZHUHFRQVLGHUHGDQGHLWKHURQHVLQJOHRUWKUHHOLQHVRIVFUHZVZHUHXVHGSHU
EHDP7KHSDQHOVZHUHDOODQDO\VHGE\20$DQGWKHSDQHOZLWKVLQJOHOLQHVRIVFUHZVDQGWKH
ODUJHVW GLVWDQFH EHWZHHQ WKH VFUHZV ZDV IRXQG WR KDYH VLJQLILFDQWO\ ORZHU HLJHQIUHTXHQFLHV
WKDQWKHSDQHOZLWKVKRUWHUGLVWDQFHEHWZHHQWKHVFUHZVDQGWKUHHOLQHVRIVFUHZVSHUEHDP
7KH H[SHULPHQWDO UHVXOWV IRUWKH IORRU SDQHOV ZHUH XVHG WR YDOLGDWH WKH )( PRGHOV RI WKH
SDQHOV,WZDVIRXQGWKDWWKH)(PRGHOVSHUIRUPHGSRRUO\ZKHQWKHSO\ZRRGERDUGZDVVLPSO\
PHUJHGZLWKWKHEHDPVZLWKLQWKHPRGHOV:KHQLQWURGXFLQJDQDUWLILFLDOVRIWHODVWLFOD\HUDQG
DPRGHORIWKHVFUHZVLQWRWKH)(PRGHOVKLJKHUDFFXUDF\FRXOGEHREWDLQHG$IXUWKHULP
SURYHPHQW ZDV DFKLHYHG E\ XVLQJ WKH XSGDWHG PDWHULDO SURSHUWLHV +RZHYHU QR FRQFOXVLRQ
FRXOG EH PDGH ZKHWKHU WKH H[DFW YDOXHV H[WUDFWHG IRU HDFK LQGLYLGXDOFRPSRQHQW VKRXOG EH
XVHGRULIDYHUDJHYDOXHVEDVHGRQDOOEHDPVRUSODWHVVKRXOGEHHPSOR\HG,QDQ\FDVHWKH
UHODWLYHHUURUEHWZHHQWKHHLJHQIUHTXHQFLHVRIWKHPRFNXSVDQGWKH)(PRGHOVRIWKHIORRU
SDQHOVZHUHDERXW±
,WZDVIRXQGWKDWDQ)(PRGHOEDVHGRQVWUXFWXUDOILQLWHHOHPHQWVLHEHDPDQGVKHOOHOH
PHQWVFRXOGQRWUHSUHVHQWWKHUHVSRQVHRIWKHSDQHOVZLWKRQO\VLQJOHOLQHVRIVFUHZVDQGWKH
ORQJHUGLVWDQFHVEHWZHHQWKHVFUHZV:LWKDGLUHFWFRXSOLQJEHWZHHQWKHQRGHVRIWKHEHDPV
DQGWKRVHRIWKHSODWHWKHOLQNLVWRRULJLG2QHLGHDIRUIXWXUHUHVHDUFKLVWRGHYHORSDPRGHO
ZLWKDIOH[LEOHOLQNEHWZHHQWKHEHDPVDQGWKHSODWHXVLQJWKHH[LVWLQJ20$UHVXOWVWRFDOLEUDWH
WKHWUDQVODWLRQDODQGURWDWLRQDOVSULQJVRIWKLVFRXSOLQJ
)XUWKHUWKHSUHVHQWDQDO\VHVDOODVVXPHGWKDWWKHPDWHULDOLQHDFKEHDPLVKRPRJHQHRXV
DQGWKDWWKHPDWHULDOLQDOOOD\HUVRIWKHSO\ZRRGERDUGVLVLGHQWLFDODQGKRPRJHQHRXVZLWKLQ
HDFKOD\HU2EYLRXVO\ZRRGLVDKHWHURJHQHRXVPDWHULDOZLWKVLJQLILFDQWYDULDWLRQVRIWKHSURS
HUWLHVIURPRQHSRVLWLRQWRDQRWKHU7KLVZDVGHPRQVWUDWHGIRUH[DPSOHE\WKHYDULDWLRQLQ
PDWHULDOGHQVLW\EHWZHHQWKHIRXUEHDPVLQWKLVVWXG\)XWXUHUHVHDUFKRQWKHKHWHURJHQHLW\RI
WLPEHUDQGSO\ZRRGDQGLWVLPSDFWRQWKHPRGDOSURSHUWLHVRIIORRUSDQHOVLVSURSRVHG,GHQ
WLILFDWLRQEDVHGRQWKHPRGHVKDSHVQRWRQO\WKHHLJHQIUHTXHQFLHVVKRXOGEHSHUIRUPHG

$&.12:/('*0(176
7KHDXWKRUVZRXOGOLNHWRWKDQN3HWHU2OVHQDQG-¡UJHQ+ROP$DUKXV6FKRRORI(QJLQHHULQJ
$DUKXV8QLYHUVLW\DVZHOODV7KRPDV.DEHO'HSDUWPHQWRI(QJLQHHULQJ$DUKXV8QLYHUVLW\
IRUWKHLULQYROYHPHQWLQYDULRXVSDUWVRIWKHUHVHDUFKSURMHFWWKDWZDVIXQGHGE\WKHXQLYHUVLW\
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5()(5(1&(6
>@

0*6PLWK,&UR\2+DPPDU0gJUHQ.3:D\H1RFWXUQDOYLEUDWLRQDQGQRLVH
IURP IUHLJKW WUDLQV LPSDFWV VOHHS 3URF 0HHW $FRXVW   
KWWSVGRLRUJ

>@

70Q]HO)36FKPLGW66WHYHQ-+HU]RJ$'DLEHU06¡UHQVHQ(QYLURQPHQWDO
1RLVH DQG WKH &DUGLRYDVFXODU 6\VWHP - $P &ROO &DUGLRO    ±
KWWSVGRLRUJMMDFF

>@

( 3HGHUVHQ &LW\ GZHOOHU UHVSRQVHV WR PXOWLSOH VWUHVVRUV LQWUXGLQJ LQWR WKHLU KRPHV
1RLVH OLJKW RGRXU DQG YLEUDWLRQ ,QW - (QYLURQ 5HV 3XEOLF +HDOWK  
KWWSVGRLRUJLMHUSK

>@

3 3HUVVRQ & )ULHU / 3HGHUVHQ /9 $QGHUVHQ / 0DQXHO ,QIOXHQFH RI XQFHUWDLQ
SDUDPHWHUVRQPRGDOSURSHUWLHVRIZRRGIORRUVLQ$=LQJRQL (G $GY(QJ0DWHU
6WUXFW6\VW,QQRY0HFK$SSO&5&3UHVV7D\ORU )UDQFLV*URXS/RQGRQ/RQGRQ


>@

+8 /LP / 0DQXHO 3 3HUVVRQ /9 $QGHUVHQ $ VXUURJDWH PRGHO WR GHVFULEH
XQFHUWDLQWLHVLQZRRGIORRUPRGDOIUHTXHQFLHVLQ$=LQJRQL (G $GY(QJ0DWHU
6WUXFW6\VW,QQRY0HFK$SSO&5&3UHVV7D\ORU )UDQFLV*URXS/RQGRQ/RQGRQ


>@

/3HGHUVHQ&)ULHU/$QGHUVHQ)ORRULQJV\VWHPVDQGWKHLULQWHUDFWLRQZLWKXVDJHRI
WKHIORRULQ&RQI3URF6RF([S0HFK6HUKWWSVGRLRUJ
B

>@

& )ULHU / 3HGHUVHQ /9 $QGHUVHQ 1RQVWUXFWXUDO 0DVVHV DQG 7KHLU ,QIOXHQFH RQ
)ORRU1DWXUDO)UHTXHQFLHVLQ63DN]DG (G '\Q&LY6WUXFW9RO&RQI3URF6RF
([S0HFK6HU6SULQJHU&KDPSS±KWWSVGRLRUJ
B

>@

& )ULHU / 3HGHUVHQ /9 $QGHUVHQ )ORRU 9LEUDWLRQV DQG (OHYDWHG 1RQVWUXFWXUDO
0DVVHVLQSS±KWWSVGRLRUJB

>@

/9$QGHUVHQ&)ULHU/3HGHUVHQ33HUVVRQ,QIOXHQFHRI)XUQLWXUHRQWKH0RGDO
3URSHUWLHVRI:RRGHQ)ORRUVLQSS±KWWSVGRLRUJ
B

>@ /9 $QGHUVHQ & )ULHU / 3HGHUVHQ 3UREDELOLVWLF $QDO\VLV RI 0RGDO 3URSHUWLHV IRU
)ORRU6\VWHPVZLWK8QFHUWDLQ6XSSRUW&RQGLWLRQVLQ63DN]DG (G '\Q&LY6WUXFW
9RO  &RQI 3URF 6RF ([S 0HFK 6HU 6SULQJHU &KDP  SS ±
KWWSVGRLRUJB
>@ /9 $QGHUVHQ 3+ .LUNHJDDUG 9LEUDWLRQV LQ D PXOWLVWRUH\ OLJKWZHLJKW EXLOGLQJ
VWUXFWXUH,QIOXHQFHRIFRQQHFWLRQVDQGQRQVWUXFWXUDOPDVVLQ5HV$SSO6WUXFW(QJ
0HFK&RPSXW±3URFWK,QW&RQI6WUXFW(QJ0HFK&RPSXW6(0&
>@ -1HJUHLUD$6M|VWU|P'%DUG/RZIUHTXHQF\YLEURDFRXVWLFLQYHVWLJDWLRQRIZRRGHQ
7MXQFWLRQV
$SSO
$FRXVW

 
±
KWWSVGRLRUJMDSDFRXVW
>@ *.RXURXVVLV/%HQ)HNLK7'HVFDPSV$VVHVVPHQWRIWLPEHUHOHPHQWPHFKDQLFDO
SURSHUWLHV XVLQJ H[SHULPHQWDO PRGDO DQDO\VLV &RQVWU %XLOG 0DWHU  
KWWSVGRLRUJMFRQEXLOGPDW
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LQ3URFWK,QW&RQJU6RXQG9LE+LURVKLPD-DSDQSS±
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Abstract. The ductility factor in terms of R/C cross-sections’ curvatures (μ1/r or μφ) possesses
a significant role in the framework of the Greek code for structural intervention (KAN.EPE.).
This factor is used for the classification of the verification methods in either those which are
expressed in terms of forces or deformations, for the calculation of the required mechanical
volumetric ratio of the confining reinforcement in case of interventions aiming to increase the
local ductility of R/C members and for the estimation of the ductility in terms of chord rotations μθ. The factor μθ is, according to KAN.EPE., the parameter which better describes the
inelastic deformations at the ends of R/C members where the flexural deformations coexist
with shear deformations and rotations of end-sections due to anchorage slip of the reinforcement bars. Due to the fact that μ1/r and μθ factors are crucial for the evaluation of R/C members’ seismic performance, KAN.EPE. provides different methodologies for their estimation.
In the present paper a primary comparative evaluation of them is attempted, with emphasis
on the investigation of the equation that is proposed by KAN.EPE. for the relation between μθ
and μ1/r. For this investigation, a R/C column with rectangular cross-section and different
concrete grades, and levels of longitudinal and transverse reinforcement is examined. The
results of the analyses performed herein can be characterized only as indicative for the range
of the values of μ1/r and μθ factors which can be extracted by the methods proposed by
KAN.EPE. Thus, the results of the present paper provide a motivation for further investigations about more proper alternative relations between the μ1/r and μθ factors.
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1

INTRODUCTION

In the provisions of the code for structural interventions (KAN.EPE.) [1] which is applied
in Greece for the evaluation of seismic capacity and the interventions of Reinforced Concrete
(R/C) buildings, the seismic performance of the linear R/C structural members which are
characterized as “quasi-ductile” is verified in terms of deformations, in case of inelastic analysis procedures. Additionally, one of the potential types of interventions for the critical regions of linear R/C members (when the target is the improvement of their capacity against
flexure with axial force) is the increase of their local ductility. In both aforementioned cases,
the chord rotations in the critical regions of the linear R/C members at flexural yield (θ y) and
failure (θu) must be estimated. To this end, KAN.EPE. recommends equations (derived
through regression analyses of validated experimental results) which lead to the required estimation of the values of θy and θu and subsequently the estimation of the ductility in terms of
chord rotations (μθ). Based on the available local ductility μθ KAN.EPE. classifies the failure
mechanisms as “quasi-ductile” or “brittle” ones.
Another significant parameter which is used in KAN.EPE. for the assessment and redesign
of linear “quasi-ductile” R/C structural members is the curvature ductility μ1/r (the symbol μφ
is also used for the same parameter). More specifically, μ1/r is used for the classification of
failure mechanisms as “quasi-ductile” or “brittle” ones, for the determination of the required
mechanical volumetric ratio of confining hoops in the critical regions of the linear R/C members (where the increase of the local ductility is required), and for the verification of the selected values for the local R/C members’ ductility “m”. Thus, KAN.EPE. provides alternative
methods for the calculation of μ1/r.
It must also be stressed that according to KAN.EPE. the relation between μθ and μ1/r is
used for the estimation of the available plastic chord rotation in critical regions of R/C structural members after the interventions, as well as the for the determination of the appropriate
mechanical volumetric ratio of confining hoops when the chord rotations are utilized to define
the targeted performance level.
The scope of the present investigation is a primary comparative evaluation of the different
methodologies which KAN.EPE. proposes for the estimation of μ1/r, with emphasis on the
equation that is proposed for the relation between μθ and μ1/r. To this end, a R/C column with
rectangular cross-section and different concrete grades, and levels (mechanical volumetric
ratios) of longitudinal and transverse reinforcement was used.
2. BRIEF PRESENTATION OF THE PROVISIONS OF KAN.EPE. ABOUT THE
ESTIMATION OF THE DUCTULITY OF R/C MEMBERS
It is well-known that in the framework of earthquake resistance design of new R/C structures, as well as for the seismic evaluation of existing ones, the estimation of the ductility of
R/C members (i.e. their ability to deform plastically without significant loss of strength) is a
process of paramount importance. Generally, the ductility is defined in terms of displacements
(μδ=δu/δy), rotations of members’ ends (μθ=θu/θy) and curvatures of cross-sections (μ1/r=φu/φy),
(e.g. [2], [3]). Recognizing this fact, KAN.EPE. provides (see comments of §7.1.2.1) that for
the critical failure mechanism in crucial regions of structural members due to bending moments (with or without axial force) the parameters which are appropriate for the simulation of
their mechanical behavior are the bending moments (M) as stress measure and the curvatures
1/r as deformation measure. However, theoretical and experimental studies indicate that especially in case of R/C members’ crucial regions when the inelastic behavior is controlled by
flexure (i.e. bending moments with or without axial force) the parameter which better describes their deformation is the chord rotation “θ” at the ends (see KAN.EPE. §7.1.2.1 com-
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ments). This is based on the fact that in R/C elements the flexural deformations coexist with
shear deformations and rotations of end-sections due to anchorage slip of the reinforcement
bars in the region of their ends (e.g. [4], [5]). The definition of the chord rotation θch of a R/C
member is illustrated in Fig. 1. Therefore, in Chapter 7 KAN.EPE. provides equations for the
estimation of the chord rotation at flexural yield (θy), as well as at flexural failure (θu). Using
these equations one can estimate the ductility of R/C members in terms of chord rotation
(μθ=θu/θy).

Figure 1: Definition of the chord rotation θch at the ends of a R/C member

However, despite the fact that the utilization of the chord rotations at the ends of R/C
members is considered as more efficient for the evaluation of their inelastic flexural behavior,
KAN.EPE. in §8.2.3 (where provisions about the interventions with the objective to increase
the local ductility are given) states that the required mechanical volumetric ratio of the confining reinforcement must be estimated through a selected target value of the curvature ductility
μ1/r,req (§8.2.3c) for all the critical cross-sections of primary members. Besides, in §8.2.3d it is
stated that when the redesign objective is expressed in terms of required maximum permitted
values of chord rotations θd, then the corresponding curvature ductility μ1/r (which is used for
the calculation of the confining reinforcement) can be estimated using reliable relations between μθ and μ1/r. To this end, it is permitted in the comments of §8.2.3d the utilization of the
Eq. (1):
μ1 r

3  μθ  2

(1)

According to the comments of §8.2.3d, the values of μθ (=θu/θy) in Eq. (1) are calculated on
the basis of the skeleton behavior diagram of Appendix 4.4 (Fig. 2).

Figure 2: Calculation of the design values of θ for the three performance levels proposed by KAN.EPE.
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Eq. (1) is also proposed (solved for μθ) in the comments of §6.5 for the approximative estimation of the available plastic chord rotation in the critical regions of R/C members after the
required interventions (according to the comments of §6.5, μθ is approximately equal to ductility in terms of displacements μδ, i.e. μθ#μδ).
The available curvature ductility μ1/r is also used for the choice of the proper verification
method. The verification methods are classified in methods which are expressed in terms of
forces or deformations. This classification is based on the anticipated type of members’ failure (ductile or brittle). More specifically, in §4.1.4iii KAN.EPE. states that if the available
ductility μ1/r is greater than 3.0, then the members’ behavior is characterized as “quasiductile”, and the proper verification method in this case is expressed in terms of deformations.
Obviously, the estimation of the curvature ductility μ1/r is of great interest within the
framework of KAN.EPE. Therefore, the following methods are proposed for its calculation:
x Using the cross-sections’ moment-curvature (M-1/r) diagrams (§6.4, see Fig. 3). The sequence of the steps which should be performed is described in §6.4b (a modified sequence
for the case in which the member’s ductility is achieved through external confinement using steel components or FRP is presented in §6.4c). However, the calculation of the (M-1/r)
diagrams requires the utilization of cross-sections’ analysis dedicated software.

Figure 3: The provisions given by KAN.EPE. for the estimation of μ1/r using the M-1/r diagrams

x Utilizing the φu and φy values which can be calculated using the provisions of §7.2.4 and
§7.2.2 respectively (see comments of §6.4b). In these paragraphs it is stated that the calculation of φy and φu can be optionally accomplished using the methods that are given in Appendices 7A and 7E. These methods are based on specific assumptions and for this reason
are not always applicable. It must be noted that regarding the calculation of φy, approximate semi-empirical expressions are also given in Appendix 7A.
x Using approximative (but reliable) closed-form expressions from the literature (comments
of §6.4). As an example, KAN.EPE. recommends the expression:
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μ1 r

f cc ¬ªε cu,c  ε cc 3 ¼º

with ε cu,c t 0.004
fc
1.75  v  εsy

(2)

Where: fcc and fc are the strength of the confined and the unconfined concrete respectively,
εcu,c is the compressive failure strain of the confined concrete in the cross-section’s core, εcc
is the compressive strain of concrete which corresponds to the strength of the confined
concrete fcc, εsy is the yield strain of the longitudinal rebars’ steel, and ν is the normalized
axial force.
Eq. (2) is applied to the spalled cross-section in case of confinement through stirrups or
continuous steel laminates and to the entire cross-section in case of confinement through
steel cage, jacket of FRP. In the latter case Eq. (2) takes the following form:

μ1 r

ε cu,c
f cc

f c 2.6  v  ε sy

(3)

Figure 4 illustrates the methods for the estimation and the applications which are provided
by KAN.EPE. for the curvature ductility μ1/r.

Figure 4: Ductility μ1/r – methods for estimation and the corresponding applications proposed by KAN.EPE.

3. PARAMETRIC INVESTIGATIONS
3.1

Data, details and description of the parametric investigations

In order to evaluate the different procedures which are proposed by KAN.EPE. for the estimation of the curvature ductility μ1/r, a R/C column with rectangular cross-section and different characteristics regarding the concrete grade as well as the longitudinal and transverse
reinforcement was used. Figure 5 illustrates the data of the examined column. The clear
length of the column was taken equal to 3m, whereas as construction year 1990 was considered.
It must be noted that the assumed stress-strain diagram for the confined concrete was based
on the model which KAN.EPE. provides in §6.2.1. The corresponding diagram for the unconfined concrete was based on the model presented in EN1992-1-1 [6]. As regards the assumed
stress-strain diagram for the steel of rebars and stirrups, the model which is proposed in Appendix 7E was considered. The combination of the different assumptions for the concrete
grades, the longitudinal reinforcement and the transverse reinforcement led to 64 different
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analysis cases. For each case the curvature ductility μ1/r and the chord rotation ductility μθ
were calculated for 18 values of column’s normalized axial force between ν=0.0 and ν=0.85.

Figure 5: The different cases and the corresponding parameters which are considered in the investigation

Regarding the M-1/r diagrams, two different approaches were followed (Fig. 6):
x Consideration of a bi-linearized equivalent elasto-plastic diagram which results from the
analytically evaluated (through cross-section analysis) curve assuming a horizontal branch
after the effective yield curvature φy,eff (Fig. 6a). In this case the ultimate moment Mu is
taken as equal to the effective yield moment My,eff. It also must be noted that in this case
Mu and φy,eff are calculated using the “equal areas” rule.
x Consideration of a bi-linearized equivalent elasto-plastic diagram which results from the
analytically evaluated (through cross-section analysis) curve assuming a sloping branch after the effective yield curvature φy,eff (Fig. 6b). The ultimate moment Mu is taken as equal
to the ultimate moment evaluated by the cross-section analysis. In this case, the yield curvature φy,eff and the slope (αKel) of the branch after the effective yield are calculated using
the “equal areas” rule.
In both cases the assumption that the initial stiffness (Kel) is determined as the secant stiffness
that corresponds to a moment equal to the 60% of My,eff was made.

Figure 6: The two utilized approaches for the bilinearization of the M-1/r diagrams
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For the cross-sections’ analyses the XTRACT software [7] was utilized, whereas for all
other required calculations (for example the implementation of flow charts of Appendices 7A
and 7E) appropriate computer programs using the Fortran programming language were developed.
3.2

Results of the parametric investigations

In this section the results of μ1/r and μθ calculations for the cross-sections which are illustrated in Fig. 5 on the basis of KAN.EPE. provisions are presented in three stages:
x At the first stage (Subsection 3.2.1) the results pertaining to the calculation of the curvature
ductility μ1/r are presented and briefly discussed.
x At the second stage (Subsection 3.2.2) the results pertaining to the calculation of the curvature in terms of the members’ ends chord rotation μθ are presented and briefly discussed.
x Finally, at the third stage (Subsection 3.2.3) the proposed relation between μ1/r and μθ (Eq.
1) is implemented and compared with the relations provided directly from the various μ1/r
and μθ calculation methods that are used in stages one and two.
3.2.1 Comparison between the methods provided by KAN.EPE. for the μ1/r calculation
As it was mentioned in section 2, the three methods for the estimation of μ1/r (Fig. 4) which
are provided by KAN.EPE. are compared using the data of Fig. 5. It must be noted that regarding the method which is based on the calculation of the M-1/r diagram, both approaches
illustrated in Fig. 6 for its bilinearization were implemented. Thus, the following four different values of curvature ductility μ1/r for each one of the 64 different examined cases were calculated (the symbol μφ instead of μ1/r will be used from now on in the present paper, i.e.
μφ=μ1/r):
(a) μφSBH: the value of the curvature ductility μ1/r which is based on the bilinearization of the
M-1/r diagram considering a horizontal branch after the effective yield curvature (Fig. 6a).
(b) μφSBI: the value of the curvature ductility μ1/r which is based on the bilinearization of the
M-1/r diagram considering an inclined branch after the effective yield curvature (Fig. 6b).
(c) μφKAP: the value of the curvature ductility μ1/r which is based on the procedures which are
proposed by KAN.EPE. in Appendices 7A and 7E for the estimation of φy and φu respectively.
(d) μφKAE: the value of the curvature ductility μ1/r which is based on the closed-form expression proposed by KAN.EPE. (Eq. 2).
The diagrams of Figs. 7, 8, 9 illustrate the variation of the calculated μφ values in relation
to the normalized axial force ν(=N/bhfc). It must be noted that after the initial evaluation of
the μφ-ν curves it was observed that the results which correspond to cross-sections with confinement reinforcement Φ8/7.5 and Φ8/10 were qualitatively almost the same. Thus, only the
results that correspond to confinement reinforcement Φ8/7.5 along with the results extracted
considering confinement reinforcement Φ8/15 and Φ8/20 will be illustrated. Moreover, for
the same reason the results which correspond to the longitudinal reinforcement 8Φ24 are
omitted because are qualitatively almost the same with the results for longitudinal reinforcement 8Φ22. Finally, almost the same conclusion is valid regarding the concrete grades C20/25
and C25/30. Thus, the presentation of the results concerning the concrete grade C25/30 is also
omitted. The three above initial observations constitute conclusions that can be mentioned in
the framework of the present investigation, namely the behavior of the μφ-ν curves extracted
from the methods proposed by KAN.EPE. presents no significant qualitatively chances in the
case of high-level confinement, in the case of high ratios of longitudinal reinforcement and in
the case of high concrete grades.
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Figure 7: Variation of the μφ values calculated through the examined methods in relation to ν – Concrete C12/16

From the study of Fig. 7 the following main conclusions can be extracted:
x The differences between μφSBH and μφSBI values are very small, as it was expected because
the only difference between the two methods of bilinearization is the calculation of the effective yield curvature φy,eff (in both cases the values of φu are equal). These differences (of
φy,eff and consequently of μφ) fluctuate between 8% and 17% for the 64 studied cases.
x The μφSBH (or μφSBI) and μφKAE values have small differences for ν>0.5. This means that the
approximative closed-form Eq. 2 is capable to provide results which are close to the results
based on the reliable method of the calculation of M-1/r diagram in the range ν=0.5-0.85.
On the contrary, use of Eq.2 leads to extremely large (and nonrealistic) values for μφ in the
range ν=0.1-0.3. The above described behavior of the μφ values which are extracted from
Eq. 2 (rapid decrease of μφ for small ν values and small decrease for large values of ν) is
due to the fact that this equation consists of a quotient that contains the normalized axial
force ν in the denominator.

4806

Konstantinos E. Morfidis, Christos Z. Karakostas and Sotiria P. Stefanidou

x The methods which are based on the bilinearization of M-1/r diagrams (values μφSBH and
μφSBI) extract relatively constant values (almost horizontal μφ-ν curves mainly in cases of
longitudinal reinforcement 8Φ18, 8Φ22) in comparison with the other two studied methods.
x The curve μφKAP-ν consists of two distinguishable branches especially in case of high confinement level (Φ8/7.5). In the first branch (ν|0-0.37) the values of μφ are increasing,
whereas for ν>0.4 the corresponding values remain almost constant. For medium confinement level the curve μφKAP-ν has also two braches but the first one is stopped for ν|0.15.
Finally, for low level confinement level (Φ8/20) the curves μφKAP-ν have intense downward trend for (ν|0-0.15), whereas for ν>01.5 remain almost constant. The only exception
regards the case of low ratio of longitudinal reinforcement (8Φ14) in which after the value
ν=0.7 the curve μφKAP-ν shows an abrupt decrease.
x Finally, regarding the differences between the μφSBH (or μφSBI) and μφKAP values, it must be
noted that are in general much higher from all other comparison cases for ν>0.3.
60
50

μφ

40
30

μφSBI
μφSBH
μφKAP
μφΚΑΕ

μφ

20
15

5

10
v
0.1 0.3 0.5 0.7 0.9

0

v
0.1 0.3 0.5 0.7 0.9

8Φ14-Φ8/7.5-C16/20

60

50

μφ

40
30

μφSBI
μφSBH
μφKAP
μφΚΑΕ

μφ

v

0

20
15

v

0

0.1 0.3 0.5 0.7 0.9

0.1 0.3 0.5 0.7 0.9

8Φ18-Φ8/7.5-C16/20

50
40
30

μφ

μφSBI
μφSBH
μφKAP
μφΚΑΕ

25

μφ

μφSBI
μφSBH
μφKAP
μφΚΑΕ

20
15

5

10
v
0.1 0.3 0.5 0.7 0.9
8Φ22-Φ8/7.5-C16/20

v

0

0.1 0.3 0.5 0.7 0.9
8Φ22-Φ8/15-C16/20

μφSBI
μφSBH
μφKAP
μφΚΑΕ

v
0.7 0.9

8Φ14-Φ8/20-C16/20

16 μφ
14
12
10
8
6
4
2
0
0.1 0.3 0.5

8Φ18-Φ8/15-C16/20

10

20

0

μφSBI
μφSBH
μφKAP
μφΚΑΕ

5

10

16
μφ
14
12
10
8
6
4
2
0
0.1 0.3 0.5

8Φ14-Φ8/15-C16/20

25

10

20

60

μφSBI
μφSBH
μφKAP
μφΚΑΕ

10

20
0

25

μφSBI
μφSBH
μφKAP
μφΚΑΕ

v
0.7 0.9

8Φ18-Φ8/20-C16/20

16
14
12
10
8
6
4
2
0

μφ

μφSBI
μφSBH
μφKAP
μφΚΑΕ

v
0.1 0.3 0.5 0.7 0.9
8Φ22-Φ8/20-C16/20

Figure 8: Variation of the μφ values calculated through the examined methods in relation to ν – Concrete C16/20
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From the combined study of Figs. 7 and 8 the following significant differences regarding
the conclusions which were already presented above can be referred:
x In cases of transverse reinforcement Φ8/7.5 and Φ8/10 the only significant diversification
is the reduction of the differences between the values μφSBH (or μφSBI) and μφKAP.
x In case of transverse reinforcement Φ8/20 the μφKAP values significantly converge to μφSBH,
μφSBI and μφKAE, especially for low and medium longitudinal reinforcement ratio in the entire range of ν values.
x With the exception of the case of transverse reinforcement Φ8/7.5, the closed-form expression (Eq. 2) provides values closer to the values that are extracted from the other more detailed methods proposed by KAN.EPE. especially for ν>0.2.
x The abrupt drop of μφKAP values appears mainly in cases which correspond to low ratios of
transverse reinforcement and low and medium ratios of longitudinal reinforcement.
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Figure 9: Variation of the μφ values calculated through the examined methods in relation to ν – Concrete C20/25
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Finally, from the combining study of Figs. 8 and 9 the following significant differences are
observed:
x The differences between the μφSBH (or μφSBI) and μφKAP values are even smaller in case of
the higher concrete grade C20/25.
x The occasionally observed abrupt drops of the μφKAP values appear more often and for
lower values of ν in case of the higher concrete grade C20/25.
3.2.2 Comparison between the methods provided by KAN.EPE. for the μθ calculation
As it was mentioned in section 2 of the present paper, KAN.EPE. provides closed-form
expressions for the estimation of the chord rotation at flexural yield (θy, equation Σ.2a for
beams and columns), as well as at flexural failure (θu, equation Σ.11a). Moreover, as it was
also mentioned in section 2, KAN.EPE. in §6.5 provides the implementation of the ductility in
terms of chord rotation (μθ=θu/θy) for the relation between μθ and μφ through Eq. 1. The examination of equation Σ.2a (comments of §7.2.2d of KANE.EPE) leads to the conclusion that the
estimation of θy requires the calculation of the yield curvature φy (or (1/r)y), whereas the estimation of θu on the basis of equation Σ.11a (comments of §7.2.4b of KANE.EPE) is independent from φu. Thus, the different approaches regarding the estimation of μθ are focused on
the method that is used for the calculation of φy. In other words, in the framework of the present investigation the equation proposed by KAN.EPE. for the estimation of θy is considered
as a function of φy (i.e. θy=θy(φy)). Consequently, the ductility in terms of chord rotation μθ is
also considered (only for the scope of the present investigation) as a function of φy (i.e.
μθ=μθ(φy)). For this reason, three different approaches for the estimation of μθ (on the basis of
equations Σ.2a and Σ.11a) were examined for the 64 cases of Fig. 5:
x μθSBH=μθ(φySBH): the value of μθ estimated using the value of φy,eff extracted from the bilinearization of M-1/r diagram considering a horizontal branch after the effective yield curvature (Fig. 6a).
x μθSBI=μθ(φySBI): the value of μθ estimated using the value of φy,eff extracted from the bilinearization of M-1/r diagram considering an inclined branch after the effective yield curvature (Fig. 6b).
x μθKAP=μθ(φyKAP): the value of μθ estimated using the value of φy extracted from the procedure proposed by KAN.EPE. in Appendix 7A.
The initial evaluation of the diagrams μθSBH-ν, μθSBI-ν and μθKAP-ν, indicates that the greater
differences between the three investigated approaches for the calculation of μθ are those between μθSBH (or μθSBI) and μθKAP. This conclusion was expected since the differences between
θy(φySBH) and θy(φySBI) are significantly smaller than the corresponding differences between
θy(φySBH) (or θy(φySBI)) and θy(φyKAP).
Another significant observation is that the greater differences between μθSBH (or μθSBI) and
μθKAP correspond generally to the case of transverse reinforcement Φ8/7.5. Thus, only the diagrams μθ-ν extracted from the cross-sections with Φ8/7.5 are illustrated in Fig. 10.
The main conclusions which arise from the study of Fig. 10 are the following:
x The curves μθSBH-ν and μθSBI-ν are in any case descending, which means that the ductility
in terms of chord rotations is reduced as the normalized axial force ν increases.
x The curves μθKAP-ν are also in the majority of the studied cases descending, but the corresponding decrease of μθKAP values is generally lower than the decrease of the μθSBH and
μθSBI values. However, mainly in case of the lower ratio of longitudinal reinforcement
8Φ14 (and secondarily in case of 8Φ18) the curves μθKAP-ν do not have the same behavior
in the entire range of the ν values. More specifically, for ν<0.2-0.3 the μθKAP-ν curves drop
significantly, but for greater ν values remain almost constant.
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x In the vast majority of the examined cases the μθKAP values are greater than the μθSBH and
μθSBI values, with the exception the cases of concrete grades C16/20, C20/25 and C25/30
and for ν values lower than 0.2-0.3.
x Generally, the differences between the μθKAP values and the μθSBH and μθSBI values decrease
as the concrete grade increases.
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Figure 10: Variation of the μθ values calculated through the examined methods in relation to ν
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3.2.3 Investigation of the relation between μφ(=μ1/r) and μθ proposed by KAN.EPE.
In section 2 it was stressed that according to KAN.EPE. one of the applications of the ductility factor μφ is the estimation of ductility factor μθ using Eq. 1. Besides, one of the main targets of the present paper is the examination of this relation. Thus, in this subsection the results
of this examination are presented.
Four different approaches for the estimation of μθ were examined and compared. Two of
them are based on equations Σ.2a (comments of §7.2.2d of KANE.EPE) and Σ.11a (comments
of §7.2.4b of KANE.EPE). The first one [μθ(φySBH)=θy(φySBH)/θu] is based on the estimation
of φy from the bilinearization of M-1/r diagram considering a horizontal branch after the effective yield curvature (Fig. 6a), whereas the second one [μθ(φyKAP)=θy(φyKAP)/θu] is based on
the estimation of φy from the procedure which are proposed by KAN.EPE. in Appendix 7A.
These approaches were already used for the comparison between them in the previous subsection 3.2.2. The other two approaches for the estimation of the ductility factor μθ are based on
the utilization of the relation between μθ and μφ proposed by KAN.EPE. (Eq. 1). More specifically, Eq. 1 was implemented twice using the values of μφSBH and μφKAP (see subsection 3.2.1)
as follows:
μ θ μSBH
φ

1 SBH
 μφ  2
3

(4a)

μ θ μ φKAP

1 KAP
 μφ  2
3

(4b)

The aforementioned four approaches for the estimation of ductility factor μθ were compared in two pairs. Each one of these pairs consists of one μθ value calculated on the basis of
equations Σ.2a and Σ.11a and one μθ value calculated using the Eqs. (4a), (4b). More specifically the following two pairs of μθ values were compared:
x The values μθ(φySBH) and μθ(μφSBH)
x The values μθ(φyKAP) and μθ(μφKAP)
The comparisons were performed for the 64 cases of Fig. 5 and for 18 values of column’s
normalized axial force between ν=0.0 and ν=0.85. Thus, the relation between the μθ values
calculated through the theoretical definition μθ=θy/θu (considered as reference values) and the
corresponding values calculated approximately though Eqs. (4a), (4b) was investigated for a
great range of ν values. In substance, the ability of the proposed by KAN.EPE. Eqs. (4a), (4b)
to approach effectively the reference values of μθ calculated by the theoretical definition for
various levels of normalized axial force was investigated. Due to the fact that the presentation
of all μθ-ν curves leads to very complex diagrams which are very difficult for studying, only
the curves which correspond to maximum and minimum differences between μθ(φySBH) and
μθ(μφSBH) values (as well as between μθ(φyKAP) and μθ(μφKAP) values) are presented in Figs. 11,
12.
From the study of the diagrams of Fig. 11, the following conclusions can be mentioned:
x Generally, the approximative Eq. (4a) provides greater values for μθ (μθ(μφSBH)) than the
application of its theoretical definition (μθ(φySBH)). However, there are few cases in which
the opposite occurs. These cases correspond to ν<0.1-0.2 in combination with high level of
transverse reinforcement (i.e. Φ8/7.5 or Φ8/10) or to the lower level of transverse reinforcement (i.e. Φ8/20) in combination with high grades of concrete (i.e. C20/25 or C25/30).
x The method which is based on the theoretical definition of μθ (μθ(φySBH)) provides declining μθ-ν curves for the entire range of ν values. On the contrary, the approximative Eq. (4a)
provides μθ-ν curves which are ascending for ν values between 0.1 and 0.3-0.5, and declin-
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ing for greater ν values mainly in case of high level of transverse reinforcement (Φ8/7.5 or
10).
x In all examined cases the maximum differences between μθ(φySBH) and μθ(μφSBH) values
correspond to the maximum level of transverse reinforcement (Φ8/7.5). On the contrary,
with very few exceptions, the minimum differences correspond to the minimum level of
transverse reinforcement (Φ8/20).
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Figure 11: Max and min differences between the μθ values extracted by the equation proposed by KAN.EPE. for
the relation μθ-μφ and the μθ values extracted by its theoretical definition and the bilinearization of M-μφ diagram
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x In the vast majority of the studied cases the rate of variation between μθ(φySBH) and
μθ(μφSBH) values is greater for ν values less than 0.3-0.4.
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Figure 12: Max and min differences between the μθ values extracted by the equation proposed by KAN.EPE. for
the relation μθ-μφ and the μθ values extracted by its theoretical definition and the procedure of Appendix 7A

The main conclusions which arise from the study of Fig. 12 are the following:
x The maximum differences between μθ(φyKAP) and μθ(μφKAP) values correspond to the maximum level of the transverse reinforcement (Φ8/7.5) mainly in cases of concrete grades
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C12/16 and C16/20. In the cases of other two assumed concrete grades (mainly in case of
C25/30) the maximum differences correspond to the minimum level of the transverse reinforcement (Φ8/20). The minimum differences generally correspond to low levels of transverse reinforcement (Φ8/15 or Φ8/20). Some exceptions are observed for concrete grades
C20/25 and C25/30.
x The method which is based on the theoretical definition of μθ (μθ(φyKAP)) provides almost
horizontal (slightly declining) μθ-ν curves for the entire range of ν values. As regards the
μθ(μφKAP)-ν curves no general conclusion is extracted, since for the cases Φ8/7.5 and Φ8/10
the curves are ascending for low ν values whereas for the cases Φ8/15 and Φ8/20 the
curves are mainly declining.
x In the vast majority of the studied cases the rate of variation between μθ(φyKAP) and
μθ(μφKAP) values is greater for ν values less than 0.1-0.2.
x Τhe approximative Eq. (4b) provides greater values for μθ (μθ(μφKAP)) than the application
of its theoretical definition (μθ(φyKAP)) in the vast majority of cases where transverse reinforcements Φ8/7.5, Φ8/10 and Φ8/15 are applied. The opposite occurs in the vast majority
of cases where transverse reinforcement Φ8/20 is applied.
Generally, from the combined study of the conclusions extracted from Figs. 11 and 12 the
following basic remarks can be stressed:
(a) The Eq. (1) proposed by KAN.EPE. for the relation between μθ and μφ fails in many of the
examined cases to approach effectively the μθ values which are calculated using the theoretical definition of μθ(=θy/θu) in combination with the procedures proposed by KAN.EPE. for the
estimation of θy and θu.
(b) The results provided by Eq. (1) approach more effectively the μθ values which are calculated using the theoretical definition of μθ only in cases where low levels of transverse reinforcement (Φ8/15 or Φ8/20) are applied.
4. CONCLUSIONS
In the present paper the methods which are proposed by the Greek code for structural intervention (KAN.EPE.) for the estimation of the ductility factors in terms of curvatures (μφ)
and in terms of chord rotations at the ends of R/C members (μθ), as well as the relation between them were comparatively evaluated. The ductility factors μφ and μθ possess significant
roles within the framework of KAN.EPE. Thus, several methods for their estimation as well
as an equation for their relation are proposed. In order to achieve the goals of the present investigation, a R/C column with rectangular cross-section and different data regarding the concrete grade as well as the longitudinal and transverse reinforcement mechanical volumetric
ratios was analytically investigated. The main conclusions extracted from the present study
can be summarized to the following points:
x The methods proposed by KAN.EPE. for the estimation of the ductility in terms of curvatures (μ1/r or μφ) provide in many of the examined cases values with significant differences
between them. However, these differences generally decrease as the concrete grade increases.
x The methods which are based on the bilinearization of M-1/r diagrams for the estimation of
the ductility in terms of chord rotations μθ, provide significantly different μθ values in
comparison with the method based on the estimation of φy through the procedure of Appendix 7A of KAN.EPE. Generally, the latter provides higher μθ values. However, these
differences decrease as the concrete grade increases.
x Equation (1) proposed by KAN.EPE. for the relation between μθ and μφ, approaches more
effectively the μθ values which are calculated using the theoretical definition of μθ only in
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cases where low levels of transverse reinforcement (Φ8/15 or Φ8/20) are applied. On the
contrary, in cases of high level of transverse reinforcement (Φ8/7.5 or Φ8/10) the corresponding approach is not sufficient.
Finally, it must be stressed that the above-mentioned conclusions can only be considered as
indicative for the range of the results which are provided by the various methods proposed by
KAN.EPE. for the estimation of μφ and μθ. In any case, all these methods are welldocumented and the differences between them can be simply considered as a result of the different assumptions on which are based. However, especially for the provision of KAN.EPE.
pertaining to the relation between μφ and μθ the results of the present paper provide a motivation for further investigations (e.g. on the basis of their theoretic definition and/or extensive
parametric analyses) for more efficient alternative approaches.
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Abstract - 7KLVDUWLFOHSUHVHQWVDVWXG\RQWKHVHLVPLFSHUIRUPDQFHRIUHLQIRUFHGFRQFUHWHVKHDUZDOOEXLOGLQJV
ZLWKIRFXVRQVKHDUVWUHQJWKRIZDOOVWKDWDUHGHVLJQHGXVLQJWKHVHLVPLFGHVLJQSURYLVLRQVRIWKH1DWLRQDO%XLOGLQJ
&RGHRI&DQDGD$VHWRIEXLOGLQJVIRXUVL[DQGHLJKWVWRUH\VZLWKDVLPSOHFRQILJXUDWLRQDQGGLIIHUHQWKHLJKWV
KDYHEHHQFRQVLGHUHGKHUH:KLOHWKHVWDWLFDQGOLQHDUG\QDPLFDQDO\VHVLQGLFDWHWKHUREXVWQHVVLQWKHGHVLJQEXW
G\QDPLFWLPHKLVWRU\DQDO\VLVLQGLFDWHVGHILFLHQF\LQWKHVKHDUFDSDFLW\LQWKHSODVWLFKLQJHUHJLRQ,WLVREVHUYHG
WKDWDG\QDPLFDPSOLILFDWLRQIDFWRUIRUVKHDURQIOH[XUDOZDOOVJRYHUQVWKHVKHDUGHPDQG+HUHDVLPSOHPHWKRG
KDVEHHQSURSRVHGWRHVWLPDWHWKHDPSOLILHGVKHDUGHPDQGDQGWRHQKDQFHVKHDUUHVLVWDQFHRIDVWUXFWXUDOZDOO
HFRQRPLFDOO\WRDYRLGXQLQWHQGHGVKHDUIDLOXUH
Keywords: 5HLQIRUFHGFRQFUHWH6KHDUZDOOVHLVPLFGHPDQGG\QDPLFDQDO\VLV
1. Introduction
)DLOXUHRIVWUXFWXUDOZDOOVLQVKHDUKDVEHHQLGHQWLILHGDVRQHRIWKHUHDVRQVWKDWFDQ GLPLQLVKWKHH[SHFWHG
OHYHORISHUIRUPDQFHDQGOHDGWRWKHELJILQDQFLDOORVV)RULQVWDQFHWKHDPRXQWRI$PHULFD¶VILQDQFLDOORVVHVLQ
WKHV¶LVHVWLPDWHGWREHWZHQW\WLPHVELJJHUWKDQWKDWRIWKUHHHDUOLHUGHFDGHVDOOWRJHWKHU>@7KLVLVGHVSLWH
WKHIDFWWKDWDOOWKHVWUXFWXUDOZDOOVDUHGHVLJQHGDFFRUGLQJWRWKHEXLOGLQJFRGHUHTXLUHPHQWVEXWWKHVHVWUXFWXUDO
ZDOOVKDYHVWLOOEHHQDFKDOOHQJHDQGDUHIDLOLQJZLWKGLIIHUHQWUHDVRQLQFOXGLQJLQDGHTXDWHVKHDUFDSDFLW\7KH\
VKRXOG KDYH DGHTXDWH GLVSODFHPHQW FDSDFLW\ WR HQVXUH WKH VDWLVIDFWRU\ OHYHO RI SHUIRUPDQFH RI WKH ZDOO >@
%XLOGLQJ FRGHV LQ YDULRXV MXULVGLFWLRQV LQFOXGLQJ &DQDGD KDYH PRYHG WRZDUGV SHUIRUPDQFHEDVHG GHVLJQ
DSSURDFKHV7KH1DWLRQDO%XLOGLQJ&RGHRI&DQDGD 1%&&KDVEHHQSURYLGHGLQDQREMHFWLYHEDVHGFRGH
IRUPDWZKLFKSURYLGHVXQGHUWKH³$OWHUQDWLYH6ROXWLRQ´FDWHJRU\WKDWDVWUXFWXUHFDQEHGHVLJQHGQRWRQO\WRKDYH
DGHTXDWHVWUHQJWKEXWDOVRIRUWKHSHUIRUPDQFHDWWULEXWHVVXFKDVGHIRUPDELOLW\$OWKRXJKWKHFXUUHQWVHLVPLF
GHVLJQDSSURDFKRIGXFWLOH5&VKHDUZDOOSURYLGHGE\WKH1%&&DQG&6$$LVPRUHUDWLRQDOWKDQ
WKHHDUOLHUHGLWLRQV\HWGHVSLWHDOOLPSURYHPHQWVPDGHWRWKHPWKH\GRQRWVSHFLDOO\DGGUHVVWKHKLJKHUPRGH
HIIHFWV RQ WKH EDVH VKHDU GHPDQG LQ WKH VKHDU ZDOOV >@ ,W DOVR VKRXOG EH QRWHG WKDW HYHQ VXFK LPSURYHPHQWV
SURYLGHGXQGHU³DOWHUQDWLYHVROXWLRQV´WKDWJLYHVZD\IRU3%6'FDQVWLOOUHVXOWLQDPDMRUEULWWOHVKHDUIDLOXUH)RU
LQVWDQFHDQLQFUHDVHLQSDUWLFLSDWLRQRIKLJKHUPRGHVRIYLEUDWLRQFDQUHVXOWLQGHFUHDVHRIEXLOGLQJGULIWVDQGLQ
DVHQVHDPRUHGHVLUDEOHOHYHORISHUIRUPDQFH%XWRQWKHRWKHUKDQGVXFKLQFUHDVHFDQDOVRFDXVHFRQVLGHUDEOH
LQFUHDVHLQVKHDUIRUFHGHPDQGDWWKHEDVHRIWKHVKHDUZDOOVSDUWLFXODUO\DIWHUIRUPDWLRQRISODVWLFKLQJH,IQRW
WDNHQLQWRDFFRXQWVXFKPDJQLILFDWLRQFDQUHVXOWLQDEULWWOHVKHDUIDLOXUHDQGWXUQWKHVHHPLQJGHVLUHGOHYHORI
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SHUIRUPDQFHLQWRDPDMRUORVV+HQFHLWLVYHU\LQHYLWDEOHWKDWVWLOOLWUHTXLUHVDORWRIVWXG\DQGUHVHDUFKRQWKLV
ILHOGWRPLWLJDWHWKHVHSUREOHPV
2. Literature review
+LJKHUPRGHVRIYLEUDWLRQSOD\DQLPSRUWDQWUROHIRUHQKDQFHGVKHDUGHPDQG%ODNHOH\HWDO>@ZHUHWKHILUVW
SLRQHHUWKHLGHDWKDWKLJKHUPRGHVRIYLEUDWLRQQRWRQO\PDJQLILHVWKHHODVWLFVKHDUGHPDQGDWWKHEDVHRIVKHDU
ZDOOVEXWDOVRLQFUHDVHVWKHGHPDQGPRUHDSSUHFLDEO\DIWHUWKHVWUXFWXUHHQWHUVLQHODVWLFSKDVHDQGSODVWLFKLQJH
IRUPV
7KHUHFHQWZRUNRI%RLYLQDQG3DXOWUH>@VKRZVWKDWIRUWKHUHJXODUPXOWLVWRUH\GXFWLOH5&FDQWLOHYHURU
FRXSOHGZDOOVWKHFDSDFLW\GHVLJQVKHDUHQYHORSHGHWHUPLQHGIURP &6$$ WRSUHYHQWVKHDUIDLOXUHFDQ
ODUJHO\XQGHUHVWLPDWHWKHVKHDUIRUFHGHPDQGXQGHUGHVLJQOHYHOJURXQGPRWLRQVHYHQZKHQWKHZDOOUHVSRQVHLV
VOLJKWO\ LQHODVWLF 7KLV NLQG RI XQGHUHVWLPDWLRQ UHVXOWV IURP D GHILFLHQF\ RI WKH SUHVHQW FRGHV WR DFFRXQW IRU
G\QDPLFDPSOLILFDWLRQHIIHFWVLQWKHHODVWLFDQGLQHODVWLFUHJLPHVGXHWRKLJKHUODWHUDOPRGHV%RLYLQDQG3DXOWUH
>@LGHQWLILHGWZRVRXUFHVRIXQGHUHVWLPDWLRQ L WKH1%&&VSHFWUDODFFHOHUDWLRQVXQGHUHVWLPDWHWKHHODVWLF
UHVSRQVHVRIKLJKHUODWHUDOPRGHVRIWKHZDOOVEHFDXVHWKHLUWUDGLWLRQDOGDPSLQJRYHUHVWLPDWHDFWXDOGDPSLQJ
DERXWRQDYHUDJH DQGWKDWPDNHVUHGXFLQJWKHKLJKHUPRGHUHVSRQVHVDQG LL DVSHU&6$VWDQGDUG$
WKHFDSDFLW\GHVLJQPHWKRGIRUVKHDUVWUHQJWKGHVLJQGRQRWDFFRXQWIRUWKHG\QDPLFDPSOLILFDWLRQRIVKHDU
IRUFHVGXHWRLQHODVWLFHIIHFWVRIKLJKHUPRGHV
%RLYLQDQG3DXOWUH>@DOVRQRWHGWKDWWKHFDSDFLW\GHVLJQPHWKRGSUHVFULEHGE\&6$VWDQGDUG$WR
SUHYHQWXQLQWHQGHGSODVWLFKLQJHVDERYHWKHEDVHSODVWLFKLQJLQJUHJLRQLVQRWIUHHIURPVXFKDSUREOHPEHFDXVHLW
LVIRUPXODWHGEDVHGRQDPSOLILHGHODVWLFIRUFHVZKLFKLVWULEXWDU\RIWKHDQDO\VLVPHWKRGVWDWLFRUG\QDPLFXVHG
WRGHULYHWKHVHIRUFHV
)RU1HZ=HDODQGFRGHDQGVWDQGDUGRIWKHWLPHWKH\UHFRPPHQGHGWKHVKHDUIRUFHUHODWLYHWRWKHPRPHQW
FDSDFLW\ DOORZLQJIRUGLIIHUHQWVRXUFHVRIVWUHQJWKVXFKDVDFWXDO\LHOGVWUHQJWKRIVWHHOJUHDWHUWKDQ PLQLPXP
VSHFLILHG EHFDOFXODWHGDQGWKHQWREHPDJQLILHGEDVHGRQWKHLUQXPEHURIVWRULHVDQGFODVVRILPSRUWDQFH7KHLU
ZRUNWKHQEHFDPHWKHEDVLVIRUPRGLI\LQJVWUXFWXUDOZDOO¶VEDVHVKHDULQPDQ\VWDQGDUGVRIWKHWLPH
$PRQJ PDQ\ RWKHU FRXQWULHV WKH HDUOLHU HGLWLRQ RI &DQDGLDQ 6WDQGDUG &6$ $ &6$   DOVR
DGDSWHG1HZ=HDODQG¶VDSSURDFK 1=6 LQZKLFKZDVUHFRPPHQGHGDV
>@-  1
1
>@-  1 1!
,QWKDW-LVWRDGRSWWKHRULJLQDOIRUPXODVLQWR&DQDGLDQ6WDQGDUG-LVDUHGXFWLRQFRHIILFLHQWLQ1%&&
WKDWDFFRXQWVIRUKLJKHUPRGHVRIYLEUDWLRQLQWKH(TXLYDOHQWVWDWLFORDGPHWKRGDQGLVWRDFFRXQWIRUWKH
GLIIHUHQFH EHWZHHQ SUREDEOH DQG QRPLQDO YDOXHV XVHG LQ &DQDGLDQ DQG 1HZ =HDODQG VWDQGDUG UHVSHFWLYHO\
+RZHYHUWKH1HZ=HDODQGDSSURDFKLVQRWUHFRPPHQGHGLQWKHFXUUHQWVWDQGDUGRISUDFWLFH$DQ\PRUH
$QRWKHUDSSURDFKWKDWLVFRPSDUHGZLWKWKHUHVXOWVRIWKLVVWXG\DUHSURSRVHGE\)LOLDWUDXOWHWDO>@VXJJHVWHG
WKDWWKHVKHDUGHPDQGWREHFDOFXODWHGXVLQJWKH(6/PHWKRGIRUPXOD9 8 9H5 1%&& LQZKLFK9
LVWKHGHVLJQEDVHVKHDU9HLVWKHHTXLYDOHQWODWHUDOIRUFHDWWKHEDVH8LVDFDOLEUDWLRQIDFWRUHTXDOWRDQG5
LVWKHIRUFHPRGLILFDWLRQIDFWRU%XWWKH\VXJJHVWHGWKDWWKH5WREHUHSODFHGE\DIDFWRU5YHTXDOWRLQVHLVPLF
]RQHV=D=YDQGZKHQ=D=Y2QWKHRWKHUKDQG*KRVKDQG0DUNHYLFLXV>@VXJJHVWHGWKDWWKHEDVHVKHDU
WREHFDOFXODWHGXVLQJ:îD0\ KQ HTXDWLRQLQZKLFK:LVWKHVHLVPLFZHLJKWDLVWKHGHVLJQSHDN
JURXQGDFFHOHUDWLRQDQG0\LVWKH\LHOGPRPHQWRIWKHZDOODQGKQLVWKHEXLOGLQJWRWDOKHLJKW
&XUUHQWO\QRPHWKRGRIDQDO\VLVLVFDSDEOHRIFDSWXULQJWKHHIIHFWRIKLJKHUPRGHVRIYLEUDWLRQEXWG\QDPLF
DQDO\VLV<HWDQHODVWLFG\QDPLFDQDO\VLVLVQRWVXIILFLHQWLISODVWLFKLQJHIRUPVLQWKHVKHDUZDOO7KDWLVEHFDXVH
YLEUDWLQJLQWKHHODVWLFUDQJHFRQVWLWXWHVRQO\DVPDOOSRUWLRQRIWKHHIIHFWRIKLJKHUPRGHVDQGWKHPDMRUSRUWLRQ
RIEDVHVKHDUPDJQLILFDWLRQWDNHVSODFHDIWHUIRUPDWLRQRISODVWLFKLQJHWKDWDQHODVWLFDQDO\VLVLVQRWFDSDEOHRI
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FDSWXULQJLW+RZHYHUEHFDXVHRILWVFRPSOLFDWLRQLQHODVWLFG\QDPLFDQDO\VLVRI5&VWUXFWXUHVLVQRWDQDSSURDFK
RIFRPPRQSUDFWLFH2QWKHRWKHUKDQGWKHLQLWLDODSSURDFKIRUVHLVPLFGHVLJQRI5&VKHDUZDOOVXVHGLQPRVW
EXLOGLQJFRGHVLVWKHHTXLYDOHQWODWHUDOORDGPHWKRG%HVLGHWKHIDFWWKDWWKH&DQDGLDQFRGHDQGVWDQGDUGGRQRW
LPSOLFLWO\DGGUHVVGHILFLHQF\RIVXFKHIIHFWVWKHH[LVWLQJUHFRPPHQGDWLRQVVXJJHVWHGIRULQFOXVLRQRIWKHHIIHFWV
RIKLJKHUPRGHVRIYLEUDWLRQVWLOOHLWKHUXQGHUHVWLPDWHRUZHOORYHUHVWLPDWHWKHEDVHVKHDUGHPDQGLQZDOOVRU
VHHPVQRWWRFRYHUDODUJHUDQJHRIEXLOGLQJKHLJKWV
3. Objectives
7KHREMHFWLYHRIWKLVUHVHDUFKLVWRGRDFRPSDUDWLYHVWXG\RIGLIIHUHQWDQDO\VHVPHWKRGVOLNHHTXLYDOHQWODWHUDO
IRUFHPHWKRGUHVSRQVHVSHFWUXPDQDO\VLVDQGG\QDPLFWLPHKLVWRU\DQDO\VLVRIUHLQIRUFHGFRQFUHWHVKHDUZDOOV
XVLQJ&DQDGLDQ1DWLRQDOEXLOGLQJ&RGHDQGWRFKHFNWKHGHVLJQDGHTXDF\RIUHLQIRUFHGFRQFUHWHVKHDUZDOOVDV
SHU&6$$ZLWKVHLVPLFGHPDQGDQDO\VHVIURPWKHVH6WDWLFOLQHDUG\QDPLFDQGG\QDPLFWLPHKLVWRU\
DQDO\VHV$QGWRSURSRVHDQ\VXLWDEOHVROXWLRQLIDQ\GLVFUHSDQF\DULVHVEHWZHHQVHLVPLFGHPDQGDQGVKHDUZDOO
FDSDFLW\DVSHU&DQDGLDQGHVLJQVWDQGDUGVFRQVLGHULQJOLQHDUDQGQRQOLQHDUG\QDPLFDQDO\VLVZKLFKLVXVXDOO\
QRWFRQVLGHUHGLQVWDQGDUGSUDFWLFH
4. Methodology
$ VHW RI EXLOGLQJV ZLWK D VLPSOH FRQILJXUDWLRQV DQG GLIIHUHQW KHLJKWV KDYH EHHQ PRGHOHG LQ (7$%6 7KH
VHLVPLFGHVLJQSDUDPHWHUVDUHFRQVLGHUHGIRU9DQFRXYHUORFDWLRQV,WKDVEHHQXWLOL]HGWKHUHDOVHLVPLFGDWDEDVH
IURP3((5 3DFLILF(DUWKTXDNH5HVHDUFK,QVWLWXWH )LIWHHQJURXQGPRWLRQUHFRUGVKDYHXVHGIRUWKLVVWXG\7KHVH
UHFRUGVKDYHUDWLRVRISHDNDFFHOHUDWLRQ $ WRSHDNYHORFLW\ 9 FORVHWRZKLFKUHSUHVHQWVWKHVHLVPLFLW\RI
9DQFRXYHU>@$FRPSDUDWLYHVWXG\KDVEHHQSHUIRUPHGEHWZHHQ(/)PHWKRG5HVSRQVH6SHFWUXPDQDO\VLVDQG
'\QDPLF7LPH+LVWRU\DQDO\VLV
7KUHHUHLQIRUFHGFRQFUHWH5&RIILFHEXLOGLQJVZLWKVKHDUZDOORIDQGVWRUH\KHLJKWVDQGED\VE\
ED\VLQSODQZHUHPRGHOHGDQGSHUIRUPHGDQDO\VLVDQGGHVLJQLQ(7$%67KHEXLOGLQJVIDOOLQWRWKHFDWHJRU\RI
UHJXODUV\PPHWULFEXLOGLQJVDFFRUGLQJWR1%&&7KHIORRUVDUHGHVLJQHGDVIORRUSODWHV7KHEXLOGLQJVDUH
RIKHLJKWVHTXDOWRDQGPUHVSHFWLYHO\FRYHULQJOLPLWVRIWKHDSSOLFDELOLW\RIWKH(6/PHWKRGVDV
SHUPLWWHGE\1%&&7KHUDQJHRIKHLJKWVFRQVLGHUHGKHUHDOVRFRYHUERWKIOH[XUDODQGVKHDUEHKDYLRXURI
ZDOOV ,QORZULVHEXLOGLQJVWKHVKHDU EHKDYLRXU LVGRPLQDQWDQGLQWKHKLJKEXLOGLQJWKHIOH[XUDO EHKDYLRXULV
GRPLQDQW
7KH SHULRGV REWDLQHG IURP PRGDO DQDO\VLV DUH IRXQG WR EH PRUH WKDQ WKH FRUUHVSRQGLQJ YDOXHV RI 7D E\
HPSLULFDOIRUPXODLQDOOWKHEXLOGLQJV7KHUHIRUHWKHIXQGDPHQWDOSHULRGVRIWKHEXLOGLQJVDUHUHYLVHGWRPD[LPXP
7DDVUHFRPPHQGHGLQ1%&&7KHGHVLJQOLYHORDGLVHTXDOWRN1PIRUDOOIORRUVH[FHSWIRUWKHILUVW
VWRUH\ZKLFKLVN1P7KHVQRZORDGLVFDOFXODWHGWREHN1P7KHGHDGORDGLVN3DIRUH[WHULRU
ZDOOVN3DIRUSDUWLWLRQVRQIORRUVN3DIRUFHLOLQJDQGPHFKDQLFDOVHUYLFHVIRUDOOIORRUVDQGN3DIRU
URRILQJ,WKDVEHHQFRQVLGHUHGGXFWLOHVKHDUZDOOVZLWK5G DQG5R IRUWKHODWHUDOIRUFHUHVLVWLQJV\VWHP
DVVWDWHGLQWKHFRGHZKHUH5RDQG5GDUHRYHUVWUHQJWKDQGGXFWLOLW\IDFWRUVUHVSHFWLYHO\
/RFDWHGLQ 9DQFRXYHUORFDWLRQRIKLJKVHLVPLFDFWLYLW\UHJLRQLQ&DQDGDWKHEXLOGLQJVDUHDVVXPHGWREH
IRXQGHGRQFODVV³&´VRLO7KHLQLWLDOVWLIIQHVVRIWKHPHPEHUVLVHVWLPDWHGEDVHGRQWKH&6$$SURYLVLRQV
IRUVHLVPLFUHVLVWLQJEXLOGLQJVDQGLVNHSWXQFKDQJHGRYHUHYHU\IHZIORRUV)RULQVWDQFHWKHHLJKWVWRUH\ZDOOV
DUHPRGHOOHGZLWKDIOH[XUDOULJLGLW\RI(,JIRUVWRUH\RQHWRIORXUDQG(,JIRUVWRULHVILYHWRHLJKW
7KHIROORZLQJWZRPHWKRGVDUHXVHGIRUVFDOLQJWKHKLVWRULFDOHDUWKTXDNHUHFRUGV 3((5GDWDEDVH WRILW
WKHPLQWRWKHUHVSRQVHVSHFWUXPSURYLGHGLQWKHFRGH,WKDVEHHQXVHG6HLVPRVLJQDOVRIWZDUHWRDQDO\VHWKHVH
JURXQGPRWLRQGDWD7KHVFDOLQJPHWKRGVFRQVLGHUHGKHUHDUH L 3DUWLDO$UHD0HWKRG 3$0 DQG LL 2UGLQDWH
0HWKRGV 20  )RU WKH RUGLQDWH PHWKRG 20  WKH DFFHOHURJUDPV ZHUH VFDOHG E\ D UDWLR RI ³GHVLJQ VSHFWUDO
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RUGLQDWH¶¶DQG³VSHFWUDORUGLQDWHRIWKHDFFHOHURJUDPV´ERWKDWWKHIXQGDPHQWDOSHULRG7,QWKH3DUWLDO$UHD
0HWKRG 3$0 WKHDFFHOHURJUDPVZHUHVFDOHGE\DUDWLRRIWKHDUHDXQGHUWKHGHVLJQVSHFWUXPRIDQDFFHOHURJUDP
ERWKZLWKLQWKHVDPHSHULRGLQWHUYDO³7¶WR³7´7KHW\SLFDOVSHFWUDIURPWKHDFFHOHURJUDPVDQG(7$%6
PRGHOVDUHVKRZQLQEHORZILJXUHV D DQG E 

)LJ D ±(7$%60RGHOV DQG6WRUH\%XLOGLQJ 

)LJ E (QYHORSHVFDOHGUHVSRQVHVSHFWUXPYVGHVLJQUHVSRQVHVSHFWUXP9DQFRXYHU6WRUH\EXLOGLQJ

5. Assessments of Results
)RUFRPSDULVRQWKHEDVHVKHDUGHPDQGDQGLWVGLVWULEXWLRQDORQJWKHKHLJKWRIWKHFULWLFDOZDOOIRUHDFKEXLOGLQJIRU
GLIIHUHQWDQDO\VLVPHWKRGVDUHVKRZQLQEHORZILJXUHV D  E DQG F ,WKDVEHHQREVHUYHGWKDWWKHEDVHVKHDUGHPDQG
LQFUHDVHVZLWKWKHVWRUH\KHLJKWZLWKWKHVDPHIORRUDUHD%XWWKLVLQFUHDVHLVQRWGLUHFWO\SURSRUWLRQDOWRVHLVPLFZHLJKWRI
WKHEXLOGLQJV(IIHFWRIWLPHSHULRGDQGKLJKHUPRGHDIIHFWFRPHLQWRSOD\LQWKLVVFHQDULR,Q)LJ G LWKDVEHHQSORWWHG
WKHIDFWRUHGEDVHVKHDUGHPDQGWRIDFWRUHGVKHDUFDSDFLW\LQVWDWLFDQDO\VLV$QGWKH'&UDWLRLVOHVVWKDQRQH$QGLQ)LJ
 H LWKDVEHHQSORWWHGWKHUDWLRRIIDFWRUHGEDVHVKHDUGHPDQGWREDVHVKHDUFDSDFLW\IURPGHWDLOWLPHKLVWRU\DQDO\VLV$QG
WKH'&UDWLRLVJUHDWHUWKDQRQHVKRZVLQDGHTXDF\LQVKHDUZDOOGHVLJQWKDWLVXVXDOO\QRWFRQVLGHUHGLQVWDQGDUGSUDFWLFH
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0RUHRYHULWFDQEHREVHUYHGWKHLQFUHDVHRIKLJKHUPRGHHIIHFWZLWKEXLOGLQJKHLJKWIURPWKLVGLDJUDP G DQG H ,WFDQ
EHVHHQDOVRWKDWWKHUDWLRRIIDFWRUHGEDVHVKHDUGHPDQGWRIDFWRUHGVKHDUFDSDFLW\LQFUHDVHVZLWKWKHLQFUHDVHRIEXLOGLQJ
KHLJKWEXWWKDWLQFUHPHQWLVQRWSURSRUWLRQDOWRWKHVWRU\KHLJKW7KLVLVEHFDXVHZLWKWKHLQFUHDVHRIKHLJKWWKHLQHODVWLF
URWDWLRQUHTXLUHPHQWEHFRPHWKHPRUHGRPLQDQWSDUDPHWHULQVKHDUZDOOGHVLJQ7KHUHIRUHLWZLOOEHVHHQODWHULQWKLVSDSHU
WKDWLWVHHPVPRUHUHDVRQDEOHWRG\QDPLFDOO\DPSOLI\WKHVKHDUFDSDFLW\RIWKHZDOOUDWKHUWKDQXVLQJWKHFRPPRQDSSURDFK
ZKLFKLVDPSOLI\LQJWKHIDFWRUHGRUSUREDEOHVKHDUGHPDQGUHVXOWLQJIURPHODVWLFDQDO\VHV
,WKDVEHHQREVHUYHGIURP)LJ H WKDWGLIIHUHQFHRIVKHDUGHPDQGFDSDFLW\UDWLRLQVWRUH\DQGVWRUH\LVQRW
VLJQLILFDQWEXWWKHUDWLRLQFUHDVHVIURPWRIURPVWRUH\WRVWRUH\UHVSHFWLYHO\ ,WQHHGVWREHQRWHGWKDWLQ
EHORZ)LJXUHV(0375HYLVHG7DQG'56GHQRWHWKHEDVHVKHDUGXHWRWLPHSHULRGEDVHGRQFRGHHPSLULFDOHTXDWLRQ
FRGHOLPLWDQG(7$%6FDOFXODWLRQFRQVLGHULQJGHVLJQUHVSRQVHVSHFWUXPUHVSHFWLYHO\

)LJ D 6WRUH\VKHDUGLVWULEXWLRQRYHUWKHKHLJKWVWRUH\EXLOGLQJ 6WDWLFDQDO\VLV 

)LJ E 6WRUH\VKHDUGLVWULEXWLRQRYHUWKHKHLJKWVWRUH\EXLOGLQJ 6WDWLFDQDO\VLV 

)LJ6WRUH\VKHDUGLVWULEXWLRQRYHUWKHKHLJKWVWRUH\EXLOGLQJ 6WDWLFDQDO\VLV 
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)LJ G 5DWLRRISUREDEOHEDVHVKHDUGHPDQGYVIDFWRUHGVKHDUFDSDFLW\ VWDWLFDQDO\VLV 

)LJ H 5DWLRRISUREDEOHVKHDUGHPDQGYVIDFWRUHGVKHDUFDSDFLW\ '\QDPLFWLPH+LVWRU\DQDO\VLV

)LJ I 5DWLRRISUREDEOHVKHDUGHPDQGYVPRGLILHGIDFWRUHGVKHDUFDSDFLW\ '\QDPLFWLPH+LVWRU\DQDO\VLV 3URSRVHG

Dynamic Amplification factor
(β)

Dynamic amplification factor vs Storey height
DAF_VE/VR
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)LJ K ,QWHUVWRUH\GULIWUDWLRIRUVWRUH\EXLOGLQJ7LPH+LVWRU\$QDO\VLV VFDOLQJ3$0 YV(/)PHWKRG

,WKDVEHHQSORWWHGWKHYDULDWLRQRIG\QDPLFDPSOLILFDWLRQIDFWRUVLQGLIIHUHQWSURSRVHGPHWKRGYVVWRUH\KHLJKW
LQ)LJ J 7KHIXQGDPHQWDOSHULRGVDUHLQFUHDVLQJZLWKLQFUHDVLQJRIVWRUH\KHLJKW,QWKHVHFDOFXODWLRQVLWKDV
EHHQFRQVLGHUHGPLQLPXPZDOOWKLFNQHVVDVSHU&DQDGLDQVWDQGDUGV,WKDVEHHQREVHUYHGWKDWWKHLQWHUVWRUH\GULIW
UDWLR RI  VWRUH\ EXLOGLQJ )LJ  K  DV SHU '///([ ORDG FRPELQDWLRQ LV ZLWKLQ WKH OLPLW
 5G 5R ,(  ޒEXWDVSHUORDGFRPELQDWLRQIURPWLPHKLVWRU\DQDO\VLVWKHLQWHUVWRUH\GULIWLVQRW
ZLWKLQWKHFRGHOLPLW  5G 5R ,( 7KLVLVEHFDXVHRIKLJKHUEDVHVKHDUGHPDQG,WKDVEHHQVKRZQ
GHWDLOHGGLVFXVVLRQVDQGFRQFOXVLRQVLQVHFWLRQ
6. Summary of cost to increase shear strength at critical regions: [RS Mean data-2009]
,WKDVEHHQGHVLJQHGWKHVKHDUZDOOVIRUDOOEXLOGLQJVLQWKLVVWXG\ DQGVWRUH\ DVSHU&DQDGLDQVWDQGDUGV
DQG FDOFXODWHG DGGLWLRQDO UHLQIRUFHPHQW FRVW WR SURYLGH DGGLWLRQDO VKHDU FDSDFLW\ XVLQJ WKH SURSRVHG DSSURDFK
PHQWLRQHGLQWKLVVWXG\DQGVXPPDUL]HGLQEHORZWDEOH,WKDVQRWEHHQVKRZQWKHGHWDLOGHVLJQFDOFXODWLRQLQWKLV
SDSHUGXHWRSDJHOLPLWDWLRQV
,WKDVEHHQIRXQGWKDWDYHU\QHJOLJLEOHHIIHFWRQFRVWLQFUHDVHLQWKLVVWXG\PD[  
7DEOH±0RGLILFDWLRQIDFWRUVIRUVKHDUVWUHQJWKYVDGGLWLRQDOFRVW

Building
height and
cost
6WRUH\
P 
6WRUH\
P 
6WRUH\
P 

Modification Factors for
Shear Strength in the
critical Region [Proposed]
9(95
9(95
9(95
9(95
9(95
9(95








Additional reinforcements
for increasing the critical
Region Shear Strength
(ton)







4822

Additional Cost for
increasing the critical
Region’s Shear
Strength (CDN $)
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Relative to the
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7DEOH'&UDWLRGXHWR'\QDPLF7LPH+LVWRU\$QDO\VLV

Storey Partial Area Method (PAM)/Ordinate Method (OM)







7. Comparison of results
,WKDVEHHQFRPSDUHGWKHUHVXOWRIWKLVVWXG\ SURSRVHG9(95RU9(95DVDPXOWLSOLFDWLRQIDFWRU ZLWK
SUHYLRXV1HZ=HDODQGFRGHDQGVWXG\RI)LOLDWUDXOWHW$O>@DQGVXPPDUL]HGLQEHORZWDEOH 7DEOH ,WKDV
EHHQ REVHUYHG WKDW WKH RULJLQDO 1HZ =HDODQG DSSURDFK 1=6   DQG WKDW RI DGDSWHG &6$ $ WKH
RULJLQDO1HZ=HDODQGDSSURDFKPXOWLSOLHGE\- UHVXOWVLQVKHDUYDOXHVWKRVHDUHDOVRFRPSDUDEOHZLWKWKH
YDOXHVIURPLQHODVWLFDQDO\VLVRIWKLVVWXG\)URPEHORZWDEOHLWFDQEHREVHUYHGWKDWERWKRIWKH1HZ=HDODQGDQG
WKDWRIDGDSWHGWRVWDQGDUG&6$$JLYHFORVHHVWLPDWLRQRIVKHDUGHPDQGWKH\DUHDWWKHORZHUERXQGWKDW
FDQEHYLHZHGDVDQXQGHUHVWLPDWLRQRIVKHDUGHPDQG
+RZHYHUXVLQJ9(95RU9(95UDWLRDVDQDPSOLI\LQJPXOWLSOLHUJLYHVDEHWWHUHVWLPDWHRIVKHDUGHPDQG
WKDWDUHFRPSDUDEOHWRUHVXOWVIURPWKH1HZ=HDODQGDSSURDFK0RUHRYHUWKHSURSRVHGDSSURDFKJLYHVHYHQD
EHWWHUUHVXOWFRPSDUHGWRWKRVHRI1HZ=HDODQGDSSURDFKHYHQLQFDVHRIXVLQJSUREDEOHVKHDUGHPDQG9SDVWKH
PXOWLSOLFDQG+HUH9S9UDQG9QGHQRWHSUREDEOHEDVHVKHDUGHPDQGIDFWRUHGVKHDUFDSDFLW\DQGQRPLQDOVKHDU
FDSDFLW\RIZDOOUHVSHFWLYHO\
7DEOH±9DULDWLRQRIVKHDUGHPDQG 3URSRVHG IURP'\QDPLF7LPH+LVWRU\$QDO\VLV  

Proposed
9(95

New Zealand
9(95

ȕY

Filiatraul

-ȕY

9U
9Q
9S 9U 9Q
9S 9U 9Q 9S
9U
9Q 9S

         
6WRUH\ 0HDQ 
6WRUH\ 0HDQ            
6WRUH\ 0HDQ            





8. Discussions and Conclusion
7KH SUHVHQW VWXG\ IRFXVHV RQ WKH HYDOXDWLRQ RI EXLOGLQJV EDVHG RQ 1DWLRQDO %XLOGLQJ &RGH RI &DQDGD
(TXLYDOHQWVWDWLFORDGPHWKRGUHVSRQVHVSHFWUXPDQDO\VLVDQGG\QDPLFWLPHKLVWRU\DQDO\VLVKDYHEHHQFDUULHG
RXWLQWKHGHVLJQDQGHYDOXDWLRQSURFHVV7KHGLIIHUHQWILQGLQJVIURPWKLVVWXG\DUHVXPPDUL]HGDVIROORZV
7KHVWDWLFDQGUHVSRQVHVSHFWUXPDQDO\VHVLQGLFDWHWKHUREXVWQHVVLQWKHGHVLJQWKDWWKHVKHDUGHPDQGVRQWKH
VKHDUZDOOVDUHEHORZWKHVKHDUFDSDFLWLHV '& ޒZKLOHWKHG\QDPLFWLPHKLVWRU\DQDO\VLVLQGLFDWHVGHILFLHQF\
LQWKHVKHDUFDSDFLW\LQWKHSODVWLFKLQJHUHJLRQ%DVHGRQWKHQRQOLQHDUG\QDPLFDQDO\VLVLWKDVEHHQIRXQGWKDW
WKHVKHDUGHPDQGLQWKHZDOOVLVZHOODERYHWKHFDSDFLW\ '& ޓ,WKDVEHHQSURSRVHGG\QDPLFDPSOLILFDWLRQ
IDFWRUVIRUPRGLILFDWLRQRIVXFKGHILFLHQF\7KHUDWLRRISUREDEOHEDVHVKHDUGHPDQGWRIDFWRUHGVKHDUFDSDFLW\DUH
IRXQGDQGIRUDQGVWRUH\EXLOGLQJVUHVSHFWLYHO\)RUFDOFXODWLRQRISUREDEOHEDVHVKHDU
FDOFXODWLRQLWKDVEHHQFRQVLGHUHGIOH[XUDORYHUVWUHQJWKDVSHU&6$$
,WLVGHWHUPLQHGWKDWWKHVKHDUFDSDFLW\RIDZDOOLQWKHKLQJHUHJLRQZKHUHWKHVKHDUFULWLFDOVHFWLRQLVORFDWHG
QHHGVWREHLQFUHDVHGE\DIDFWRURI9(95RU9(95LQRUGHUWRNHHSWKHVKHDUGHPDQGORZHUWKDQWKHFDSDFLW\

4823

+RVVDLQ6N$PMDGDQG%DJFKL'U$VKXWRVK

+HUH9(UHSUHVHQWVWKHEDVHVKHDUGXHWRWLPHSHULRGIURPHPSLULFDOHTXDWLRQDQG95UHSUHVHQWVEDVHVKHDUGXH
WRUHYLVHGWLPHSHULRGDVSHU&DQDGLDQFRGH7KHG\QDPLFDPSOLILFDWLRQIDFWRUVIRUVWRUH\VDUHGHWHUPLQHG
UHVSHFWLYHO\IRUPXOWLSOLFDWLRQIDFWRU9(95DQGUHVSHFWLYHO\IRUPXOWLSOLFDWLRQ
IDFWRU9(95
7KHG\QDPLFDPSOLILFDWLRQIDFWRUZLWKUHVSHFWWRGLIIHUHQWVWRUH\DUHSORWWHGLQ)LJ J ,WLVQRWDVWUDLJKW
OLQH YDULDWLRQ 6LQFH G\QDPLF DPSOLILFDWLRQ IDFWRU GHSHQGV RQ IUHTXHQF\ UDWLR ȕ  DQG GDPSLQJ UDWLR $QG WKH
IUHTXHQF\GHSHQGVRQWKHVWLIIQHVVDQGPDVVRIWKHEXLOGLQJ+HUHȕUHSUHVHQWV9(95RU9(95
,WKDVEHHQIRXQGDJRRGDJUHHPHQWUDWLRRIWKHHQJLQHHULQJGHVLJQSDUDPHWHUVPRPHQWVKHDUDQGGHIOHFWLRQ
ZLWK UHVSHFW WR HPSLULFDO WLPH SHULRG DQG UHYLVHG WLPH SHULRGV QRW VKRZQ LQ WKLV SDSHU  ZLWK WKLV SURSRVHG
PXOWLSOLFDWLRQIDFWRUV9(95DQG9(95,WKDVEHHQREVHUYHGDOVRWKDWWKH'&UDWLRVKRZQLQ7DEOH
'&! ZKLFKLVIDLOLQJGXHWRFRQVLGHULQJGHWDLOWLPHKLVWRU\DQDO\VLVEDVHVKHDUKDVDJRRGDJUHHPHQWZLWKWKLV
PXOWLSOLFDWLRQIDFWRUV 9(95RU9(95 DVZHOODVWKHG\QDPLFDPSOLILFDWLRQIDFWRUV
7KHSURSRVHGIDFWRUKDVEHHQSURSRVHGWRDSSO\WRWKHVKHDUFDSDFLW\RIWKHZDOOUDWKHUWKDQVKHDUGHPDQG
IURPHODVWLFDQDO\VLV$QGDIWHUDSSO\LQJWKHVHIDFWRUVZLWKVKHDUFDSDFLW\LWKDVEHHQSORWWHG'&UDWLRLQ)LJ I 
ZKLFKLVOHVVWKDQRQH
,W LV VKRZQ LQ 7DEOH  WKH YDULDWLRQ RI SURSRVHG VKHDU GHPDQG IURP G\QDPLF WLPH KLVWRU\ DQDO\VLV LQ
SHUFHQWDJHDQG9(95DQG9(95VKRZVDOOSRVLWLYHYDOXHV
)URP7DEOHLWKDVEHHQREVHUYHG DOVR WKDWXVLQJWKHVHIDFWRUV 9(95RU9(95DV DQDPSOLI\LQJ
PXOWLSOLHUIDFWRUJLYHVDEHWWHUHVWLPDWHRIVKHDUGHPDQGWKDWDUHFRPSDUDEOHWRUHVXOWVIURPWKH1HZ=HDODQG
DSSURDFKDQG)LOLDWUDXOHWDO>@
,WDOVRFDQEHREVHUYHGIURPGHWDLOVKHDUUHLQIRUFHPHQWFDOFXODWLRQRIWKHVHEXLOGLQJVDVSHU&6$$WKDW
WKHSURSRVHGDSSURDFKUHVXOWVLQDEHWWHUHVWLPDWHRIVKHDUGHPDQGRQZDOOLQDQ\FDVHZKHWKHUPDJQLI\LQJWKH
SUREDEOHVKHDUGHPDQG> 0S0I  9I@REWDLQHGIURPHODVWLFDQDO\VLVRUPDJQLI\LQJVKHDUFDSDFLW\RIWKHZDOOIURP
FDSDFLW\GHVLJQDSSURDFK,WQHHGVWRPHQWLRQWKDWWRLQFUHDVHWKHVKHDUFDSDFLW\LWKDVEHHQXVHG&6$$
GXFWLOLW\ DSSURDFK WR DSSO\ WKRVH SURSRVHG PXOWLSOLFDWLRQ IDFWRUV 7KH SUREDEOH EDVH VKHDU GHPDQG KDV EHHQ
FDOFXODWHGIURP&6$$FDSDFLW\GHVLJQDSSURDFKWKDWSORWWHGLQ)LJ H DQGFDQEHFRPPHQWHGWKDW WKH
&DQDGLDQFDSDFLW\GHVLJQIRUVKHDUZDOOGHVLJQLVDGHTXDWHIRUOLQHDUVWDWLFDQGUHVSRQVHVSHFWUXPDQDO\VLVEXWLW
LVLQDGHTXDWHIRUWKHVKHDUGHPDQGIURPG\QDPLFWLPHKLVWRU\DQDO\VLV)RUSUREDEOHVKHDUGHPDQGFDOFXODWLRQLW
KDV EHHQ XVHG ȖZ HTXDO WR  ,W FDQ EH QRWHG WKDW WKH YDOXH RI ȖZ HTXDO WR  DSSUR[LPDWHV WKH WKHRUHWLFDO
RYHUVWUHQJWKOLPLWEHIRUHVKHDUVWUHQJWKGHVLJQRIGXFWLOHZDOOVLVFRQWUROOHGE\HODVWLFVKHDUIRUFH>@
,WKDVEHHQVWXGLHGDOVRWKHHIIHFWRIZDOOWKLFNQHVVRQEDVHVKHDUGHPDQGDQGLQWHUVWRUH\GULIWUDWLR,WKDVEHHQ
REVHUYHGWKDWE\LQFUHDVLQJZDOOWKLFNQHVVIURPPPWRPPRQVWRUH\EXLOGLQJWKHUHLVQRWVLJQLILFDQW
EDVHVKHDUFKDQJHG:KHUHDVWKHLQWHUVWRUH\GULIWFDQEHUHGXFHGE\SHUFHQW QRWVKRZQLQWKLVSDSHU ,WKDV
EHHQ GRQH GHWDLO FRVW DQDO\VLV DOVR GXH WR LQFUHDVH RI UHLQIRUFHPHQW IRU LQFUHDVLQJ VHFWLRQ VKHDU FDSDFLW\
FRQVLGHULQJGXFWLOHGHVLJQDQGIRXQGWKDW WKHVKHDUVWUHQJWK RIWKHZDOOV FDQEHPRGLILHGDW D UHODWLYHO\ VPDOO
H[SHQVHDVFRPSDUHGZLWKWKHZKROHEXLOGLQJV,WLVHVWLPDWHGDWDQGSHUFHQWRIWKHEXLOGLQJWRWDO
FRVWIRUDQGVWRUH\VEXLOGLQJUHVSHFWLYHO\WKHVKHDUFDSDFLW\LQZDOOVFDQEHLQFUHDVHGVXFKWKDW'&UDWLR
LVORZHUWKDQRQH7KHUHVXOWVDUHWDEXODWHGLQ7DEOH +HQFHLWFDQEHFRPPHQWHGWKDWXVLQJWKHSURSRVHG
VFKHPHIRUVKHDUFDSDFLW\PRGLILFDWLRQRIVKHDUZDOOVDZHOOGHILQHGOHYHORISHUIRUPDQFHIRUEXLOGLQJVFDQEH
DFKLHYHGDQGLWFDQEHUHODWHGWRWKHGHVLJQVKHDUIRUFHVHVWLPDWHGXVLQJWKHHTXLYDOHQWVWDWLFORDGPHWKRGSURYLGHG
LQWKHEXLOGLQJFRGH
,QWKLVVWXG\IRUDQDO\VLVSURFHVVGDPSLQJLVFRQVLGHUHGIRUDOOEXLOGLQJVWKHHIIHFWRIRWKHUGDPSLQJLVQRW
FRQVLGHUHG,WKDVEHHQFRQVLGHUHG1HZPDUNPHWKRGIRUWLPHKLVWRU\DQDO\VLVEDVHVKHDUFDOFXODWLRQLQ(7$%6
PRGHOOLQJ6LQFHWKHFRQILJXUDWLRQRIWKHEXLOGLQJVVWXGLHGKHUHLVVLPSOHDQGV\PPHWULFWKHHIIHFWRIDFFLGHQWDO
WRUVLRQLVIRXQGWREHQHJOLJLEOH
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EFFECTS OF ALTERNATING AXIAL FORCES ON THE RECYCLING
RESPONSE OF REINFORCED CONCRETE BRIDGE FRAMES
STRENGTHENED BY TENSION-TIES
Angelos A. Liolios  ,
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Keywords:6HLVPLF6WUHQJWKHQLQJRI5&6WUXFWXUHV7HQVLRQ7LHV$OWHUQDWLQJ$[LDO)RUFHV0XOWLSOH
(DUWKTXDNHV6LPXODWLRQ

Abstract. The influence of varying and alternating axial forces, compressive or tensional
ones, on the behavior of Reinforced Concrete (RC) framed structures, seismically strengthened by tension-tie elements, is investigated experimentally and computationally. The experimental investigation concerns the flexure-shear behavior of the structural elements (beam,
columns) in a specimen of a two-columns one-story RC frame subjected to a recycling loading
simulating seismic excitation. This frame has dimensions and reinforcement configurations
that have been used commonly in older substandard RC structures, without anti-seismic design and with typical shear problems. Additional permanent vertical compressive axial loads
on the two columns and gravity loads on the beam have not been applied, in order to investigate the influence of varying axial forces and vertical earthquake components. The specimenframe is examined first as bare, and then as strengthened by X-ties. Next, the computational
simulations of these two experiments are performed by a pseudo-dynamic relaxation approach simulating multiple earthquakes. Particular emphasis is given to the operation of tension-tie elements, which have a unilateral behavior. It is proved that ties-strengthening
improves the structural seismic behavior and can prevent the flexure-shear failure. A very
satisfactory coincidence of the computational with the experimental results has been found.
Finally, the investigation shows that the effects of alternating axial forces can be very important for the seismic behavior of RC framed structures. This holds also for two-columns
framed piers in bridges subjected to transverse horizontal or vertical seismic components, as
is the case of near-field seismic excitations.
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1

INTRODUCTION

$VZHOONQRZQVHHHJ>@YDULDWLRQVLQ D[LDOIRUFHFDQLQIOXHQFHVWUHQJWKVWLIIQHVV
EHQGLQJDQGVKHDUEHKDYLRUDQGGHIRUPDWLRQFDSDFLW\RIUHLQIRUFHGFRQFUHWH 5& FROXPQV
,QPXOWLIORRU5&EXLOGLQJVWKHD[LDOORDGVRIWKHFROXPQVDUHFRQWLQXRXVO\FKDQJLQJGXULQJ
DVHLVPLFH[FLWDWLRQ7KLVFKDQJHLVSDUWLFXODUO\VLJQLILFDQWLQSHULPHWHUFROXPQVDIIHFWLQJWKH
VHLVPLFEHKDYLRURIWKHHQWLUHVWUXFWXUH>@
5HOHYDQWH[SHULPHQWDOUHVHDUFKZRUNRQVHLVPLFIOH[XUDOEHKDYLRURIFROXPQVXQGHUYDULD
EOHD[LDOORDGVKDVDOUHDG\EHHQVXFFHVVIXOO\FDUULHGRXWVHHHJ>@,QWKHVHLQYHVWLJDWLRQV
WKH VHLVPLF EHKDYLRU RI FROXPQVSHFLPHQV ZLWK FRQVWDQW D[LDO ORDG ZDV FRPSDUHG ZLWK WKH
VHLVPLFEHKDYLRURIVSHFLPHQVVLPLODUWRWKHILUVWRQHVEXWXQGHUYDULDEOHD[LDOORDG+RZHY
HUWKHFKDQJLQJD[LDOORDGZDVDQGUHPDLQHGLQFRPSUHVVLYHYDOXHVUDQJH7KHVDPHLVKROG
LQJ IRU H[SHULPHQWV FRQFHUQLQJ 5& IUDPHV KDYLQJ DGGLWLRQDO YHUWLFDO ORDGV VHH HJ
>@
2QWKHRWKHUKDQGLQORZULVH5&EXLOGLQJVWKDWGRQRWKDYHDGGLWLRQDOYHUWLFDOORDGVWKH
FKDQJLQJD[LDOIRUFHVGRQRWDOZD\VUHPDLQDVFRPSUHVVLYHRQHVGXULQJDVHLVPLFH[FLWDWLRQ
6R D[LDO IRUFHV FDQ EH DOWHUQDWHG IURP FRPSUHVVLYH WR WHQVLOH RQHV PHDQLQJ WKDW WKHLU VLJQ
VZLWFKHVIURPQHJDWLYHWRSRVLWLYHRQHV7KHVDPHPD\KROGIRUKLJKZD\RYHUFURVVLQJVXQGHU
WUDQVYHUVHKRUL]RQWDOVHLVPLFH[FLWDWLRQV DQGHVSHFLDOO\IRUWZRFROXPQIUDPHGSLHUV WZR
FROXPQEHQWV RI5&EULGJHVZKHQWKHYHUWLFDOHDUWKTXDNHFRPSRQHQWLVLPSRUWDQWIRUQHDU
ILHOG VHLVPLFH[FLWDWLRQV>@ ,QWKHDERYHPHQWLRQHGUHVHDUFKLWLV FRQFOXGHGWKDW H[FHV
VLYHWHQVLRQRUWHQVLOHVWUDLQRIWKHFROXPQPD\OHDGWRVKHDUVWUHQJWKGHJUDGDWLRQDQGWKHUH
IRUH YHUWLFDO H[FLWDWLRQ FDQ EH RQH RI WKH FDXVHV RI VKHDU IDLOXUH 0RUHRYHU WHQVLRQ LQ WKH
FROXPQVKDVWKHSRWHQWLDOWRGHJUDGDWHWKHVKHDUFDSDFLW\ZKLFKLVPDLQO\GXHWRWKHGHJUDGD
WLRQRIWKHFRQFUHWHFRQWULEXWLRQWRWKLVFDSDFLW\
7KHDERYHVKHDUFDSDFLW\GHJUDGDWLRQDQGRWKHUGHJUDGDWLRQUHDVRQV VHLVPLFHQYLURQPHQ
WDO  DQWLVHLVPLF GHVLJQDFFRUGLQJ WR ROG FRGHV  HWF  FDQ UHVXOW WR WKH QHFHVVLW\ RI VHLVPLF
VWUHQJWKHQLQJDQGUHKDELOLWDWLRQRI5&VWUXFWXUHV$VZHOONQRZQYDULRXVWUDGLWLRQDOPHWKRGV
IRU VXFK VHLVPLF VWUHQJWKHQLQJ DUH DYDLODEOH > @ $PRQJ WKHP VWHHO EUDFLQJ
V\VWHPVFDQEHXVHGDQGHVSHFLDOO\EXFNOLQJUHVLVWDQWEUDFHV %5% >@6RWKHDERYH
DSSHDUDQFH RI DOWHUQDWLQJ D[LDO IRUFHV PD\ DOVR EH WKH FDVH IRU 5& IUDPHV VHLVPLFDOO\
VWUHQJWKHQHGZLWKWLHWHQVLRQ FDEOH HOHPHQWV>@3DUWLFXODUO\IRUWKHVHFDEOHHOHPHQWV
ZKLFKDUHWHQVLRQRQO\HOHPHQWV>@WKHLUXQLODWHUDOEHKDYLRUPXVWEHVWULFWO\WDNHQLQWR
DFFRXQW >@ 7KLV OHDGV WR WKH SUREOHP IRUPXODWLRQ DV DQ ,QHTXDOLW\ 3UREOHP RI 6WUXFWXUDO
(QJLQHHULQJIRUZKLFKDQXPHULFDOVROXWLRQUHTXLUHVWKHXVHRIRSWLPL]DWLRQPHWKRGV>@
,QWKHSUHVHQWZRUNWKHHIIHFWVRIDOWHUQDWLQJD[LDOIRUFHVFRPSUHVVLYHRUWHQVLOHRQHVRQ
WKHUHF\FOLQJEHKDYLRURIDVLQJOHVSDQVLQJOHVWRU\5&VSHFLPHQIUDPHVHLVPLFDOO\VWUHQJWK
HQHGZLWKWZRGLDJRQDOWLHWHQVLRQVWHHOURGV ;EUDFLQJ LVH[SHULPHQWDOO\DQGFRPSXWDWLRQ
DOO\LQYHVWLJDWHG7KHLQYHVWLJDWLRQIRFXVHVRQWKHHIIHFWRIDOWHUQDWLQJD[LDOIRUFHRQWKHVKHDU
VWUHQJWKDQGRQWKHDFWLYHVWLIIQHVV ULJLGLW\ RIWKHVWUXFWXUDOHOHPHQWV EHDPFROXPQV RIWKH
IUDPH 7KLV VSHFLPHQIUDPH KDV GLPHQVLRQV DQG UHLQIRUFHPHQW FRQILJXUDWLRQV WKDW UHIHU WR
ROGHU5&VXEVWDQGDUGVWUXFWXUHVZKLFKKDYHEHHQFRQVWUXFWHGLQ*UHHFHDQGLQRWKHUVHLVPL
FDOO\DFWLYHUHJLRQVZLWKRXWDQWLVHLVPLFGHVLJQSURYLGHGE\FXUUHQW6HLVPLF&RGHV6RWKLV
5&VSHFLPHQIUDPHDSSHDUVW\SLFDOVKHDUIDLOXUHSUREOHPVVXFKDVLQVXIILFLHQWFRQFUHWHFRQ
ILQHPHQWDQGORZVKHDUUDWLRLQWKHFROXPQVDQGEHDP
&RQFHUQLQJWKHVHLVPLFVWUHQJWKHQLQJZLWKGLDJRQDOWLHWHQVLRQURGVHPSKDVLVLVJLYHQWR
WKH RSHUDWLRQ RI WLHWHQVLRQ HOHPHQWV ZKLFK KDYH XQLODWHUDO EHKDYLRU LH WKH\ FDQ XQGHUJR
WHQVLOHVWUHVVHVEXWGRQRWJHWFRPSUHVVLYHRQHV,QERWKH[SHULPHQWDODQGFRPSXWDWLRQDOLQ
YHVWLJDWLRQWKHIUDPHUHVSRQVHLVH[DPLQHGILUVWDVEDUHDQGWKHQDVVWUHQJWKHQHGE\WHQVLRQ
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WLHV 7KH IUDPHV GR QRW KDYH DGGLWLRQDO YHUWLFDO ORDGV VR WKH FKDQJLQJ D[LDO IRUFH GRHV QRW
DOZD\V UHPDLQ FRPSUHVVLYH EXW FKDQJHV VLJQ 7KLV FRQFHUQV WKH FDVHV ZKHUH WKH YHUWLFDO
FRPSRQHQWLVLPSRUWDQWLQQHDUILHOGVHLVPLFH[FLWDWLRQVRUVSDWLDOYDULDELOLW\RIJURXQGPR
WLRQKDVWREHWDNHQLQWRDFFRXQW>@
2

SUMMARY OF THE EXPERIMENTAL INVESTIGATION

7KHUHDOL]HGH[SHULPHQWDOLQYHVWLJDWLRQLVH[WHQVLYHO\DQDO\]HGLQWKHSXEOLFDWLRQV>@
7KHUHVHDUFKFRQFHUQVWKHVKHDUFULWLFDO5&IUDPHVSHFLPHQVKRZQLQ)LJZKLFKKDVQR
DGGLWLRQDO YHUWLFDO ORDGV RWKHU WKDQ WKH GHDG ZHLJKW 7KLV IUDPHVSHFLPHQ ZDV ILUVW WHVWHG
ZLWKRXWVWUHQJWKHQLQJ EDUHWHVWVSHFLPHQ 

)LJXUH'LPHQVLRQVDQGUHLQIRUFHPHQWFRQILJXUDWLRQVRIWKHEDUHWHVWVSHFLPHQ>@

6XEVHTXHQWO\ WKH VDPH IUDPH ZDV WHVWHG DIWHU EHLQJ VWUHQJWKHQHG ZLWK WZR GLDJRQDOO\
PRXQWHG ;EUDFLQJ V\VWHP  VWHHO WLHWHQVLRQ URGV RI GLDPHWHU  PP LQ FURVVVHFWLRQ DV
VKRZQLQGHWDLOVLQ)LJ7KHGLVSODFHPHQWFRQWUROOHGORDGLQJKLVWRU\DSSOLHGWRERWKIUDPHV
FRQVLVWVRIILYHGLIIHUHQWDQGFRQWLQXRXVO\LQFUHDVLQJFKDUJLQJVWHSVDW
DQGPPDQGWZRHTXDOFKDUJLQJF\FOHVDWHDFKVWHS DVLVIXUWKHUVKRZQLQ)LJ
G 
7KHPRGHRIIDLOXUHRIWKHFRQWUROVSHFLPHQ EDUHIUDPH RI)LJLVVKRZQLQ)LJ7KLV
LVDIOH[XUHVKHDUPRGHRIIDLOXUHQRWV\PPHWULFDQGPXFKPRUHSURQRXQFHGDWWKHOHIWFRO
XPQDQGLWKDVEHHQRFFXUUHGIRUWKHLPSRVHGGLVSODFHPHQWRIPP$VFRQFHUQVWKH
VWUHQJWKHQHGIUDPHVXEMHFWHGWRWKHVDPHLPSRVHGGLVSODFHPHQWKLVWRU\WKHFUDFNLQJSDWWHUQ
DWWKHHQGRIWKHWHVWLVSUHVHQWHGLQ)LJXUH7KHUHLWLVVKRZQWKDWFULWLFDOIOH[XUHVKHDUIDLO
XUHRIWKHOHIWFROXPQKDVEHHQSUHYHQWHG7ZRGLVWLQFWLYHIOH[XUDOSODVWLFKLQJHVKDYHEHHQ
RQO\ IRUPHG LQ WKH EHDP H[WUHPLWLHV ZKLOH ERWK EHDPFROXPQ MRLQWV RI WKH IUDPH UHPDLQHG
XQGDPDJHGDQGSUDFWLFDOO\HODVWLF)LQDOO\WKH)LJXUHVKRZVWKHFRPSDUDWLYHH[SHULPHQWDO
ORDGGLVSODFHPHQW GLDJUDP IRU WKH EDUH DQG WKH VWUHQJWKHQHG IUDPH 7KH ORDG DEUXSW UHGXF
WLRQV VWUHQJWKGHFD\ DUHGXHWRDOWHUQDWLQJD[LDOIRUFHV
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)LJXUH'LPHQVLRQVDQG;EUDFLQJRIWKHVWUHQJWKHQHGWHVWVSHFLPHQ>@

)LJXUH)OH[XUHVKHDUIDLOXUHRFFXUUHGDWWKHOHIWFROXPQRIWKHEDUHWHVWIUDPH>@

)LJXUH&UDFNLQJSDWWHUQRIWKHVWHHO;EUDFHG5&IUDPHDWWKHHQGRIWKHWHVW>@
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)LJXUH([SHULPHQWDOK\VWHUHVLVORDGGLVSODFHPHQWGLDJUDPPHRIWKHWLHVVWUHQJWKHQHGIUDPH GDVKHGUHG
OLQHV LQFRPSDULVRQWRWKHGLDJUDPPHRIWKHEDUHIUDPHZLWKRXWWLHV FRQWLQXRXVEOXHOLQHV 

,QJHQHUDOWKHFRPSDULVRQVRIWKHF\FOLFSHUIRUPDQFHEHWZHHQWKHRULJLQDOEDUHDQGWKH;
EUDFLQJVWUHQJWKHQHGVSHFLPHQVLQGLFDWHDVLJQLILFDQWO\HQKDQFHGEHKDYLRU7KHORDGFDSDFLW\
LQWKHEDUHIUDPHLVN1DQGLQWKHVWUHQJWKHQHGIUDPHLVN16RDQLQFUHDVHRI
LQWKHORDGFDSDFLW\LVUHFRUGHG

3
3.1

COMPUTATIONAL SIMULATION OF THE EXPERIMENTS TAKING INTO
ACCOUNT ALTERNATING AXIAL FORCES
The computational method of analysis in general

7KHFRPSXWDWLRQDOVLPXODWLRQVRIWKHDERYHH[SHULPHQWVFRQFHUQVLQJHQHUDOWKHG\PDPLF
UHVSRQVHRI5&IUDPHGVWUXFWXUHVVWUHQJWKHQHGE\WHQVLRQWLHHOHPHQWV,QUHIHUHQFHV>
@ DGHYHORSHGPHWKRGRORJ\LVSUHVHQWHGZKLFKFRQFHUQVWKHG\QDPLFDQDO\VLVRI5&VWUXF
WXUHVVWUHQJWKHQHGE\WLHVXQGHUPXOWLSOHHDUWKTXDNHV7KLVPHWKRGRORJ\IRFXVHVRQVWXG\LQJ
WKHVHLVPLFUHVSRQVHRIPXOWLVWRU\5&IUDPHVWUXFWXUHVLQDSUDFWLFDODQGHFRQRPLFZD\DF
FRUGLQJWRVXJJHVWLRQVRI>@6R5&ILQLWHHOHPHQWVEHORQJLQJWRPDFURVFRSLFPRG
HOVDUHXVHGLQVWHDGRIPLFURVFRSLFILEHURQHV)RUWKLVSXUSRVHWKH5XDXPRNRFRPSXWDWLRQDO
FRGH>@LVXVHGIRULQHODVWLFDQDO\VLVLQDQDSSURSULDWHZD\
,QRUGHUWRVLPXODWHWKHLPSRVHGGLVSODFHPHQWFRQWUROOHGORDGLQJDSVHXGRG\QDPLFUH
OD[DWLRQSURFHGXUH>@LVDSSOLHGVLPXODWLQJPXOWLSOHHDUWKTXDNHVSURFHGXUHV>@
7KXV WKH LPSRVHG GLVSODFHPHQWV DUH FRQVLGHUHG DV SVHXGRHYHQWV RI D VHLVPLF VHTXHQFH
7KHVHDUHDGMXVWHGWRKDYHDWLPHGXUDWLRQPXFKELJJHUWKDQWKHIXQGDPHQWDOHLJHQSHULRGRI
WKHLQYHVWLJDWHGIUDPH6SHFLDODWWHQWLRQDQGWUHDWPHQWLVJLYHQKHUHZLWKWRWKHHIIHFWVRIDO
WHUQDWLQJD[LDOIRUFHRQWKHEHKDYLRURIWKHVKHDUFULWLFDOVWUXFWXUDOHOHPHQWVLQSDUWLFXODUZLWK
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UHVSHFW WR WKH EHQGLQJ PRPHQWFXUYDWXUH GLDJUDPV LQ VHFWLRQV WKH DFWLYH IOH[XUDO VWLIIQHVV
DQGWKHF\FOLFVKHDUVWUHQJWKDVGLVFXVVHGEHORZ

)LJXUH7KHDOWHUQDWLQJEHKDYLRXURIWKHVSHFLPHQIUDPHVIRUWKHF\FOLFLPSRVHGGLVSODFHPHQWV D  E 
EDUHIUDPH F  G VWUHQJWKHQHGIUDPH

,Q)LJXUHWKHDOWHUQDWLQJEHKDYLRXURIWKHVSHFLPHQIUDPHVRI)LJDQG)LJGXHWRWKH
F\FOLFLPSRVHGGLVSODFHPHQWVLVVKRZQ$VKDVEHHQUHSRUWHGLQVHFWLRQVWKHORDGZDVLP
SRVHGWRWKHULJKWWRSFRUQHUMRLQW VHH)LJDQG)LJ GHQRWHGDVQRGH'LQ)LJ7DNLQJ
LQWRDFFRXQWWKHUHDOD[LDOGHIRUPDWLRQRIWKHEHDP&'WKLVORDGLQJRQQRGH'KDVDVUHVXOWD
QRQV\PPHWULFEHKDYLRU7KLVPHDQVHJWKDWWKHVKHDUUHDFWLRQV9$DQG9%KDYHQRHTXDO
YDOXHEXWLQDQ\FDVHPXVWVDWLVI\WKHHTXLOLEULXPFRQGLWLRQ9$9% 36RHTXDOLW\IRU
WKHVKHDUUHDFWLRQV9$DQG9%KROGVRQO\XQGHUWKHWKHRUHWLFDOOLQHDUHODVWLFDVVXPSWLRQ)LJ
XUHVKRZVWKHDOWHUQDWLQJIUDPHEHKDYLRUFRQFHUQLQJWKHDOWHUQDWLQJD[LDOIRUFHVWHQVLRQDO
RUFRPSUHVVLYHRQHVZKLFKDUHGHYHORSHGLQWKHVWUXFWXUDOHOHPHQWVDWHDFKVHPLF\FOHRILP
SRVHG GLVSODFHPHQW G  Ȓ G  IRU WKH EDUH DQG WKH VWUHQJWKHQHG IUDPH $V FRQFHUQV WKH
VWUHQJWKHQHGIUDPHIRUSRVLWLYHLPSRVHGGLVSODFHPHQWGRQO\WKHGHVFHQGLQJWLH&%LVDFWL
YDWHG VHH )LJ  F  6LPLODUO\ IRU WKH UHYHUVDO QHJDWLYH LPSRVHG GLVSODFHPHQW G RQO\ WKH
DVFHQGLQJWLH$'LVDFWLYDWHGVHH)LJ G 
2EYLRXVO\IRUSRVLWLYH IURPULJKWWROHIW LPSRVHGGLVSODFHPHQWGRQQRGH'VHH)LJ
D WKHULJKWFROXPQ%'LVXQGHUWHQVLRQD[LDOORDG7%ZKHUHDVWKHOHIWFROXPQ$&DQGWKH
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EHDP &' DUH XQGHU FRPSUHVVLRQ D[LDO ORDGV 2Q WKH FRQWUDU\ IRU WKH UHYHUVDO QHJDWLYH LP
SRVHG GLVSODFHPHQW G RQ QRGH ' WKH OHIW FROXPQ $& DQG WKH EHDP &' DSSHDU WHQVLRQ
ZKHUHDVWKHULJKWFROXPQ%'DSSHDUVFRPSUHVVLRQVHH)LJ E 7KXVLQHYHU\VHPLF\FOH
RIWKHLPSRVHGGLVSODFHPHQWVDQDSSURSULDWHDGDSWLYHHVWLPDWHIRUWKHHIIHFWLYHIOH[XUDOVWLII
QHVVEIeff RIWKHVWUXFWXUDOPHPEHUVKDVWREHUHDOL]HGWDNLQJLQWRDFFRXQWZKHWKHUWKH\DUHLQ
FRPSUHVVLYH RU LQ WHQVLRQDO VWDWH 7KLV LV LQ DJUHHPHQW ZLWK WKH DOUHDG\ PHQWLRQHGVHH DOVR
>@ZHOONQRZQIDFWWKDWYDULDEOHD[LDOIRUFHDIIHFWVGXHWRE\LWLQGXFHGFUDFNLQJ
RQWKHRQHKDQGWKHHIIHFWLYHIOH[XUDOVWLIIQHVVEIeff.DQGRQWKHRWKHUKDQGWKHDYDLODEOHF\FOLF
VKHDUVWUHQJWKVR
6REDVHGRQH[SHULPHQWDOUHVHDUFKWKH\DUHNQRZQVHHHJ>@VHPLHPSHLULFDOUHODWLRQV
RIWKHIRUP EIeff ( a1  a2 P ).EI g IRUFRPSUHVVLYHD[LDOIRUFHPDQG EIeff ( a3  a4 P ).EI g IRU
WHQVLRQDO D[LDO IRUFH P 6LPLODUO\ WKH\ DUH NQRZQ VHPLHPSHLULFDO UHODWLRQV RI WKH IRUP Vc
=a(1+bP)n IRU FRPSUHVVLYH D[LDO IRUFH P DQG Vc =c(1-dP)m IRU WHQVLRQDO D[LDO IRUFH P
ZKHUHVcLVWKHFRQFUHWHVKHDUVWUHQJWKDQGa,b,c,d,m,nDUHH[SHULPHQWDOSDUDPHWHUV(VSHFLDO
O\IRUWKHDYDLODEOHF\FOLFVKHDUVWUHQJWKVRWKH(XURFRGH(&>@SURYLGHVWKHIRUPXOD
V5
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)RUWKHPHDQLQJ RIWKH YDULRXVV\PEROV VHH>@ (VSHFLDOO\ IRU WKH SDUDPHWHU  O1 LW
GHSHQGVRQWKHYDULDEOHD[LDOIRUFHN(t)LH O1 O1 ( N ) DQGPXVWEHHPSKDVL]HGWKDWN(t) LV
SRVLWLYHZKHQLWLVFRPSUHVVLYHEXWLWLVWDNHQ]HURZKHQLWLVWHQVLRQDO
)LQDOO\ FRQFHUQLQJ WKH VKHDU FULWLFDO VWUXFWXUDO EHKDYLRU DQG HVSHFLDOO\ WKH TXHVWLRQ
ZKHWKHUWKHIOH[XUDOIDLOXUHSUHFHGHVWKHVKHDURQHRUQRWXVHRI0RPHQWYHUVXV&KRUG5RWD
WLRQ M - θ ILQDOHODVWLFSODVWLFGLDJUDPVIRUWKHFULWLFDOVHFWLRQVDUHFRQVWUXFWHGDQGXVHGDF
FRUGLQJWR0DNDULRV>@
3.2

Some representative computational results

1H[WVRPHUHSUHVHQWDWLYHUHVXOWVE\DSSO\LQJWKHDERYHQXPHULFDOVLPXODWLRQIRUWKHH[
SHULPHQWDOSURFHVVDUHUHSRUWHG6RWKHDOWHUQDWLQJD[LDOIRUFHVGHYHORSHGLQWKHFROXPQV$&
DQG%'DQGLQWKHEHDP&'RIWKHEDUHIUDPHDUHVKRZQLQ)LJ D  E DQG F UHVSHF
WLYHO\LQGHSHQGHQFHRIWKHLPSRVHGGLVSODFHPHQWKLVWRU\RQQRGH'VKRZQLQ)LJ G 
$VLVDOUHDG\UHSRUWHGLQVHFWLRQWKHVKHDUFDSDFLW\DQGWKHVWLIIQHVVRI5&PHPEHUVLV
DIIHFWHGE\WKHOHYHORID[LDOIRUFH&RPSUHVVLYHD[LDOIRUFHLQFUHDVHVDQGWHQVLOHD[LDOIRUFH
GHFUHDVHV WKH VKHDU FDSDFLW\ DQG WKH VWLIIQHVV RI WKH FROXPQV :KHQ WKH IDLOXUH RI WKH EDUH
IUDPH KDG RFFXUUHG DW LPSRVHG GLVSODFHPHQW RI  PP WKH OHIW FROXPQ $& ZDV LQ FRP
SUHVVLRQZKLOHWKHULJKWFROXPQ%'ZDVLQWHQVLRQ7KHOHIWFROXPQ$%KDVDSSHDUHGELJJHU
FRPSUHVVLYHD[LRQIRUFHWKDQWKHULJKWFROXPQ%'VHH)LJ1RWHWKDWDOWKRXJKFRPSUHVVLYH
D[LDOIRUFHLQFUHDVHVWKHVKHDUFDSDFLW\LWDOVRLQFUHDVHVWKHGHPDQGRZLQJWRWKHLQFUHDVHLQ
WKHVWLIIQHVVRIWKHFROXPQ6RWKHOHIWFROXPQ$&³DWWUDFWHG´ELJJHUSRUWLRQRIWKHKRUL]RQWDO
ORDG3WKDQWKHULJKWFROXPQ%'LH9$!9%DQGZKHQLWVVKHDUUHVLVWDQFHKDGEHHQRYHU
FRPHE\9$DVKHDUIDLOXUHKDGRFFXUUHGLQWKHOHIWFROXPQ$&
%DVHGRQWKHDERYHFRQVLGHUDWLRQVWKHPRGHRIIDLOXUHRIWKHFRQWUROVSHFLPHQ EDUHIUDPH 
RI)LJFDQEHSUHGLFWHGQXPHULFDOO\DQGH[SODLQHG$VWKHLPSRVHGGLVSODFHPHQWKLVWRU\LV
DSSOLHGRQWKHQRGH'WKHIOH[XUHVKHDUPRGHRIIDLOXUHLVQRWV\PPHWULFDQGDVVKRZQLQ)LJ
LWLVPXFKPRUHSURQRXQFHGDWWKHOHIWFROXPQ
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D 5LJKWFROXPQ%'

E /HIWFROXPQ$%

F %HDP&'

G 'LVSODFHPHQWKLVWRU\RQQRGH'

)LJXUH$OWHUQDWLQJD[LDOIRUFHVIRUWKHEDUHIUDPHVSHFLPHQ D 5LJKWFROXPQ%' E /HIWFROXPQ$% F 
%HDP&'DQG G 7KHKLVWRU\RIWKHLPSRVHGGLVSODFHPHQWRQQRGH'

7KH UDQJHYDOXHV RI WKH DOWHUQDWLQJ D[LDO IRUFHV IRU WKH EDUH IUDPH DV ZHOO DV IRU WKH
VWUHQJWKHQHGIUDPHDUHVKRZQLQWKH7DEOH7KHVHD[LDOIRUFHVDUHGXHWRERWKORDGLQJRQ
WKHRQHKDQGGXHWRGHDGZHLJKWORDGLQJDQGRQWKHRWKHUKDQGGXHWRLPSRVHGGLVSODFHPHQW
ORDGLQJ7KHILUVWRQHVLHWKHFRPSUHVVLYH QHJDWLYH D[LDOIRUFHVGXHWRVWDWLFGHDGZHLJKW
ORDGLQJDUHN1IRUWKHFROXPQV$&DQG%'DQGN1IRUWKHEHDP&'
$VWKHWRWDOYDOXHVLQ7DEOHVKRZWKHWHQVLRQDO SRVLWLYH D[LDOIRUFHVLQWKHVWUHQJWK
HQHGIUDPHDUHVOLJKWO\UHGXFHGLQFRPSDULVRQWRWKHFRUUHVSRQGLQJYDOXHVRIWKHEDUHIUDPH
2QWKHFRQWUDU\WKHFRPSUHVVLYH QHJDWLYH D[LDOIRUFHVLQWKHVWUHQJWKHQHGIUDPHDUHVLJ
QLILFDQWO\ LQFUHDVHG LQ FRPSDULVRQ WR WKH FRUUHVSRQGLQJ YDOXHV RI WKH EDUH IUDPH 6R WKH
VKHDUFDSDFLW\IRUWKHPHPEHUVRIWKHVWUHQJWKHQHGIUDPHLVLQFUHDVHG
6WUXFWXUDO
0HPEHU
5LJKWFROXPQ%'
/HIWFROXPQ$&
%HDP&'

%DUH)UDPH
PD[




6WUHQJWKHQHGIUDPH
PLQ




PD[




PLQ




7DEOH([WUHPHYDOXHV>LQN1@RI WKH DOWHUQDWLQJD[LDOIRUFHV LQWKHVWUXFWXUDOPHPEHUV
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1H[WIRUWKHVWUHQJWKHQHGZLWKWLHVIUDPHVSHFLPHQLWLVVKRZQLQ)LJXUHWKHFRPSXWD
WLRQDO K\VWHUHVLV ORDGGLVSODFHPHQW GLDJUDPPH FRQWLQXRXV EOXH OLQHV  LQ FRPSDULVRQ WR WKH
FRUUHVSRQGLQJ H[SHULPHQWDO GLDJUDPPH GDVKHG UHG OLQHV  7KLV FRPSDULVRQ SURYHV D JRRG
DJUHHPHQW EHWZHHQ WKH FRPSXWDWLRQDO UHVXOWV DQG WKH FRUUHVSRQGLQJ H[SHULPHQWDO RQHV
0RUHRYHUWKHORDGDEUXSWUHGXFWLRQV VWUHQJWKGHFD\ GXHWRDOWHUQDWLQJD[LDOIRUFHVDUHFRY
HUHG FDSWXUHG YHU\VDWLVIDFWRULO\

)LJXUH6WUHQJWKHQHGZLWKWLHVIUDPH&RPSDULVRQRIWKHFRPSXWDWLRQDOK\VWHUHVLVORDGGLVSODFHPHQW
GLDJUDPPH FRQWLQXRXVEOXHOLQHV ZLWKWKHFRUUHVSRQGLQJH[SHULPHQWDOGLDJUDPPH GDVKHGUHGOLQHV 

)LQDOO\LQ7DEOHWKH\DUHJLYHQLQGLFDWLYH UHVXOWVZKLFKSURYHWKHHIIHFWLYHQHVVRIWKH
VWUHQJWKHQLQJE\WLHV7KHWDEOHYDOXHVLQFROXPQV  DQG  FRQFHUQUHVSHFWLYHO\WKH7RWDO
'DPDJH,QGH[',*DQGWKH/RFDO'DPDJH,QGH[',/IRUWKHIOH[XUDOEHQGLQJPRPHQWLQWKH
EDVH RI WKH OHIW FROXPQ $& 7KHVH GDPDJH LQGLFHV DUH FRPSXWHG DFFRUGLQJ WR 3DUN  $QJ
IRUPXOD>@,QFROXPQV  WKH\DUHJLYHQWKHPD[LPXPKRUL]RQWDOORDG3WRSZKLFKFDQ
EHXQGHUWDNHQIRUERWKWKHEDUHDQGWKHWLHVVWUHQJWKHQHGWHVWIUDPHRIWKHH[SHULPHQWDOLQ
YHVWLJDWLRQ
)5$0(

%DUH
6WUHQJWKHQHG

',*




',/




3WRS>N1@

N1
N1

7DEOH'DPDJHLQGLFHVDQGPD[LPXPKRUL]RQWDOORDG3WRS

4

APPLICATION CONSIDERATIONS FOR FRAMED BENTS OF BRIDGES

7KHQXPHULFDODSSURDFKSUHVHQWHGLQWKHSUHYLRXVVHFWLRQDQGFDOLEUDWHGRQWKHEDVLVRI
WKH H[SHULPHQWDO UHVXOWV RI VHFWLRQ  FDQ EH HIIHFWLYHO\ DSSOLHG LQ YDULRXV SUDFWLFDO FDVHV
ZKLFKFRQFHUQVWUHQJWKHQLQJE\WHQVLRQWLHVXQGHUDOWHUQDWLQJD[LDOIRUFHV6XFKFDVHVDUHHJ
D KRUL]RQWDOVHLVPLFH[FLWDWLRQLQORZULVH5&IUDPHGEXLOGLQJVWKDWGRQRWKDYHDGGLWLRQDO
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GHDGZHLJKWYHUWLFDOORDGVLQFRXSOHGVKHDUZDOOVV\VWHPV>@HWF E YHUWLFDOVHLVPLFH[FLWD
WLRQGXHWRQHDUILHOGVHLVPLFH[FLWDWLRQVHVSHFLDOO\IRU5&EULGJHV\VWHPV>@ F KRUL
]RQWDO VHLVPLF H[FLWDWLRQ WUDQVYHUVH WR ORQJLWXGLQDO D[LV RI EULGJHV KDYLQJ 5& IUDPHG WZR
FROXPQ EULGJHEHQWV G  KRUL]RQWDO VHLVPLF H[FLWDWLRQ RI EULGJHV ZLWK UHVWUDLQHUFDEOH V\V
WHPV>@ (VSHFLDOO\ IRUWKH F FDVHZKHUHDOWHUQDWLQJD[LDOIRUFHVKDYHVLJQLILFDQWHIIHFWV
RQWKHVHLVPLFEHKDYLRURIIUDPHGEULGJHEHQWVVRPHW\SLFDOH[DPSOHVDUHQH[WFRQVLGHUHG

)LJXUH6LPXODWLRQPRGHORIWKHW\SLFDOWZRVSDQKLJKZD\RYHUFURVVLQJEULGJHFRQVLGHUHGLQ>@


)LJXUH 7LPHKLVWRU\UHVSRQVHRID[LDOIRUFHGHPDQGLQWKHFROXPQVRIWKHEULGJHFRQVLGHUHGLQ>@
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,QDERYH)LJLWLVVKRZQDW\SLFDOFDVHIRUKLJKZD\RYHUFURVVLQJV>@ZLWKRQHIUDPHG
SLHU)LJXUHVKRZVDW\SLFDOUHVSRQVHRIWKHDERYHEULGJHFROXPQVXQGHUKRUL]RQWDOORQJL
WXGLQDODQGYHUWLFDOVHLVPLFDFWLRQV7KHFRPSXWHGD[LDOIRUFHLVFRQVLGHUHGDVSRVLWLYHZKHQ
LWLVFRPSUHVVLYHDQGLVQRUPDOL]HGE\WKHGHDGD[LDOORDGZKLFKPHDQVWKDWYDOXHVEHORZ
LQGLFDWHDVWDWHRID[LDOWHQVLRQLQWKHFROXPQ

)LJXUH7KH)+:$%ULGJHFRQVLGHUHGLQ>@ZLWKWZRFROXPVIUDPHGSLHUV

)LJXUH7KHFURVVVHFWLRQRIWKHWZRFROXPVIUDPHGSLHUVLQ)+:$%ULGJHRI>@

)LJXUHV DQGVKRZWKHFDVHRID )+:$EULGJH FRQVLGHUHGLQ >@ ZLWKWZRIUDPHG
EHQW SLHUV 2EYLRXVO\ WKH DERYH EHQWV LH WZRFROXPQ IUDPHGSLHUV XQGHU WUDQVYHUVH WR
EULGJHD[LV KRUL]RQWDO DORQJWKHEHQW VHLVPLFH[FLWDWLRQVPD\DSSHDUDOWHUQDWLQJD[LDOIRUF
HVRQWKHLUFROXPQV7KHVDPHKROGVIRUWKHFDVHVVKRZQLQ)LJXUHDQGZKLFKDUHFRQVLG
HUHGLQ>@7KHODVWFDVH E LQ)LJFRQFHUQVWKHPLGGOHWDOOSLHURIWKHKLJK(YULSRV
FDEOHVWD\HGEULGJHLQ&KDONLV(YRLD*UHHFH
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&RQFHUQLQJ WKH VHLVPLF VWUHQJWKHQLQJ RI DERYH FRQVLGHUHG WZRFROXPQV IUDPHG SLHUV E\
EUDFLQJV\VWHPVWKHLQGLFDWLYHFDVHRIXVLQJ%5% EXFNOLQJUHVLVWDQWEUDFHV GLDJRQDO³VWUXF
WXUDOIXVHV´SURSRVHGLQ>@LVVKRZQLQ)LJ
,Q JHQHUDO IRU VWUHQJWKHQLQJ E\ WLHVEUDFLQJ V\VWHPV LQ EULGJHV WKH QXPHULFDO WUHDWPHQW
FDQEHUHDOL]HGE\XVLQJWKHKHUHLQSURSRVHGPHWKRGRORJ\

E
D
)LJXUH7ZRFROXPQVIUDPHGEULGJHSLHUVFRQVLGHUHG D LQ>@ E LQ>@(YULSRVEULGJH

)LJXUH$WZRFROXPQVIUDPHGSLHUVWUHQJWKHQHGE\DQ%5%GLDJRQDO³VWUXFWXUDOIXVH´SURSRVHGLQ>@

5

CONCLUDING REMARKS

%DVHGRQDYDLODEOHH[SHULPHQWDOUHVXOWVIRUVKHDUFULWLFDO5&IUDPHVSHFLPHQVDQXPHUL
FDODSSURDFKKDVEHHQSUHVHQWHG DQGFDOLEUDWHGIRUWKHVHLVPLFVWUHQJWKHQLQJE\WHQVLRQWLHV
XQGHUDOWHUQDWLQJD[LDOIRUFHV7KLVDSSURDFKFDQEHXVHG IRUWKHQXPHULFDOWUHDWPHQWRIWKH
JHQHUDOSUREOHPFRQFHUQLQJWKHWHQVLRQWLHVVWUHQJWKHQLQJRIIUDPHGEHQWVLQH[LVWLQJEULGJHV
0RUHRYHUWKLV DSSURDFKFDQEHXVHGIRUWKH FRQVWUXFWLRQRI IUDJLOLW\FXUYHV IRU WKHVHLVPLF
YXOQHUDELOLW\RIEULGJHVVWUHQJWKHQHGE\WLHV$VZHOONQRZQVHHHJ>@IUDJLOLW\FXUYHVDUH
YHU\ LPSRUWDQW IRU SUDFWLFDO UHDVRQV FRQFHUQLQJ WKH HYDOXDWLRQ RI VHLVPLF ULVN LQ H[LVWLQJ
EULGJHV7KXVIUDJLOLW\FXUYHVIRUWLHVVWUHQJWKHQHGEULGJHVLVDQLQWHUHVWLQJUHVHDUFKILHOG,Q

4837

$$/LROLRV*'+DW]LJHRUJLRX3.3DQHWVRV'..RQVWDQWLQLGLV

JHQHUDOPXVWEHWDNLQJLQWRDFFRXQWWKDWWKHQXPHULFDOWUHDWPHQWRIVWUHQJWKHQLQJE\EUDFLQJ
V\VWHPVLQ H[LVWLQJEULGJHVUHTXLUHVWKHHVWLPDWLRQRIYDULRXVXQFHUWDLQ SDUDPHWHUV )RUWKLV
SXUSRVHUHOHYDQWUHVXOWVRIVLJQLILFDQWUHFHQWUHVHDUFKDUHQRZDYDLODEOHDQGFDQEHXVHG>
@
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Abstract. Despite widespread use in a variety of areas, in-ﬁeld applications of laser Doppler
vibrometers (LDVs) are still somewhat limited due to their inherent sensitivity to vibration of the
instrument sensor head itself. Earlier work, brieﬂy reviewed herein, has shown it to be possible
to subtract the instrument vibration via a number of means, however, it has been difﬁcult up to
now to truly compare the performance of these. This is compounded by the constraint that a frequency domain based approach only holds for stationary vibration signals while, particularly
for in-ﬁeld applications, an approach that is also applicable to transient signals is necessary.
This paper therefore describes the development of a novel time domain post-processing based
approach for vibrating LDV measurement correction and compares it with the frequency domain counterpart. Results show that, while both techniques offer signiﬁcant improvements in
the corrected LDV signal when compared to a reference accelerometer measurement, the time
domain based correction outperforms the frequency domain based method by a factor of eight.
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1

INTRODUCTION

Laser Doppler vibrometers (LDVs) have become indispensable tools both within industrial
and research domains, especially where non-contact operation is advantageous [1]. Despite the
considerable amount of published research, in-ﬁeld applications of LDVs - which might include their incorporation into unmanned aerial vehicles for example - remains arguably limited,
at least partly due to their sensitivity to vibration of the instrument itself. However, if this limitation was eliminated, it could enable remote vibration measurement campaigns in hazardous
environments, for example facilitating the more accurate and rapid detection of remnant mines
or structural health monitoring of remote infrastructure.
LDVs are based on an interferometric optical arrangement, meaning they measure target
surface vibration relative to the instrument; conversely, more traditional contacting vibration
transducers measure absolute surface vibration. In other words, instrument vibration, usually
caused by the surrounding environment, is indistinguishable from that of the target in the resulting measurement. A common solution to this problem is to isolate the LDV using passive [2]
or active anti-vibration mounting arrangements [3]. However, such solutions can be too heavy,
ineffective or costly. The contemporary solution [4–6] is to independently measure the instrument vibration and use this information to correct the LDV measurement, thereby recovering
the intended target vibration measurement.
Correction by measuring the instrument vibration has previously been carried out conveniently and effectively in the frequency domain [4–6], however, this is only appropriate for the
statistically stationary signals that are typically encountered. Oftentimes, however, and in particular in ﬁeld based measurement campaigns, vibration proﬁles may be transient in nature and
an alternative, time domain based approach may, therefore, be more appropriate. Correction
based in the time domain has previously been carried out using either an internal damper, which
the reference beam is incident upon or an external accelerometer [7–9]. However, until now,
no comparison has been been made of the two types of approach due to alternative experimental setups or effectiveness metrics. The development of a novel, post-processing, time domain
based approach and its comparison with the frequency domain based alternative is, therefore,
the focus of this article.
2

FREQUENCY DOMAIN BASED PROCESSING

It has been rigorously shown, both mathematically and experimentally, that correction of
erroneous LDV measurements requires the subtraction of an independent simultaneous measurement of the instrument/optical element vibration [4, 5]. In the case of a single beam LDV,
this measurement is conveniently achieved in practice using a single, ‘correction accelerometer’
mounted somewhere along the laser beam axis, generally on the back of the housing. To experimentally conﬁrm the validity of the correction, a second ‘reference accelerometer’ is typically
mounted to the target at the measurement location to offer a ‘true’ target vibration measurement. For statistically stationary velocity signals, frequency domain processing is a convenient
means by which subtraction of the correction accelerometer signal can be realised while simultaneously performing the required integration and temporal alignment. The framework for this
frequency domain based processing approach for the correction of erroneous LDV measurement is already well-established and the description is therefore intentionally kept brief in what
follows.
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2.1

Sensitivity adjustment and time delay correction

Accelerometer sensitivities are adjusted, with reference to the LDV, using a broadband frequency domain based relative calibration procedure. By necessity, this includes integration,
readily achieved in the frequency domain, of the accelerometer signals. Ratios of the vibration
levels over the frequency range of interest are used to revise the accelerometer sensitivities.
Furthermore, due to inevitable differences between accelerometer and LDV signal conditioning
electronics, ﬁnite time delays, independent of the sensitivity adjustment, exist between the digitised signals. Again, taking the LDV as the reference, these can be similarly readily estimated
in the frequency domain from the signal phase differences [4, 5].
2.2

Instrument vibration correction

Among other typical practical measurement factors, including the accuracy of the positioning
of the correction transducer to accurately determine the instrument vibration in the laser beam
direction, the mean error reduction achieved depends upon the relative levels of instrument
and target vibration. For vibration levels and frequency ranges of relevance to ‘real-world’
measurement campaigns, that is an RMS of 1 mm s−1 to 10 mm s−1 over the frequency range
2.5 Hz to 100 Hz, comparison of the LDV signal to the reference accelerometer typically yields
a signiﬁcant mean error reduction between 15 and 30 dB [4–6]. As previously derived [6], the
mean error reduction, R, is calculated using:
R = −10 log10

MSEcorr
MSEm

dB

(1)

where MSEm and MSEcorr are the mean square error of the LDV signal before and after
correction, respectively, when taking the reference accelerometer signal as the ‘true’ vibration
signal. For N spectral lines, the general formulation is:
1
(Asignal (n) − Atrue (n))2 + (Bsignal (n) − Btrue (n))2
2 n=1
N

MSEsignal =

(2)

where Asignal (n) and Bsignal (n) are the real and imaginary parts, respectively, of either the
measured or corrected LDV signal at the nth spectral line. Similarly, Atrue (n) and Btrue (n) are
the equivalents for the reference accelerometer signal.
3

TIME DOMAIN BASED PROCESSING

While there are some earlier studies in which erroneous measurements from LDVs subject
to instrument vibration are resolved in real time or using time domain based techniques [7–9],
they are few in number and diverse in approach with each employing a different metric to
gauge the efﬁcacy of the correction. This makes it somewhat difﬁcult to contextualise the relative performances as well as to compare each with the established frequency domain based
approach previously described. An early approach used a purely mechanical means to perform
the compensation, incorporating an internal damper into the optical arrangement, upon which
the reference beam was incident [7]. However, this system performance is unlikely to be consistent over a sufﬁciently wide frequency range as a result of damper resonances. Other known
solutions employ a correction accelerometer, with the compensation being performed either in
real-time [8] or in post-processing [9]. In the former, it is unclear where the accelerometer was
mounted geometrically, only that it was mounted to the probe laser beam optics. Recent work
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Figure 1: The time domain based accelerometer calibration procedure with “Acc.” representing
either the correction or the reference accelerometer signal.
has shown that the accelerometer must be on the laser beam axis for complete correction in the
presence of arbitrary six degree-of-freedom instrument vibration [5]. In the latter, some useful
enhancements to the preceding frequency domain based approach are introduced, in particular
the means to undertake signal time delay compensation using time series data.
Offering complementarity to the earlier approaches, the method proposed herein is entirely
based in the time domain and, for the moment, is performed in post-processing on recorded
signals. In this respect, it does not differ to the frequency domain based approach, previously
summarised, and, as such, the required experimental arrangement is common. While the motivation for the novel approach is to extend current capability to processing of non-stationary
signals, in order to directly compare with the frequency domain equivalent, using the same
previously deﬁned metric, R, stationary vibration signals only are considered herein.
3.1

Sensitivity adjustment and time delay correction

As for the corresponding stage in the frequency domain based processing approach, accelerometer sensitivities and signal ﬁnite time delays are determined with the LDV taken as
the reference. Figure 1 schematically depicts the time domain based processing calibration
procedure for a single accelerometer; this can be replicated for as many accelerometers as are
required. Again, the accelerometer signals must ﬁrst be integrated and this is straightforwardly
achieved here using the cumulative trapezoidal method. However, the integration of accelerometer signals commonly leads to the introduction of errors such as a DC offset and drift. Detrending is intended to remedy this and is achieved by subtracting a least squares ﬁt of a ﬁrst order
polynomial from the integrated signal. Since this might remove genuine as well as spurious
signal content, the LDV signal is subjected to the same for consistency.
With the accelerometer and LDV signals both represented as velocities, an RMS ratio can
then be used to revise the accelerometer sensitivities; all subsequent measurements acquire signals accordingly adjusted. Meanwhile, the ﬁnite time delays between the LDV and accelerometer signals which occur as a result of differences between the signal processing electronics in
the measurement chain, are estimated using a cross-correlation function as follows [9]:
1
rxy (τ ) =
T

∞

x(t)y(t + τ )dt
0
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Figure 2: The time domain processing correction procedure with “Corr. Acc.” and “Ref. Acc.”
representing the correction and reference accelerometer signals, respectively.
where τ is the time delay between the signals, x and y are the two signals, t is time and
rxy (τ ) the cross-correlation function in which the peak will occur at the time delay between the
signals.
3.2

Instrument vibration correction

Figure 2 schematically depicts the time domain based processing correction procedure. The
ﬁrst, “Integration”, and second, “Detrending”, steps are consistent with those previously described. The third, “Temporal alignment”, step incorporates the ﬁnite time delay in the accelerometer signals. This is achieved by time-shifting each accelerometer signal relative to the
LDV signal by the amount previously determined, τ . Since this is only possible in integer units
of the time step, a high sample frequency is required to maximise the accuracy of the temporal
alignment between the signals. This time-shifting results in regions at the start and at the end
of the measurement duration where samples for all three signals are not present and these regions are therefore truncated. The total original measurement duration may therefore need to
be slightly longer than that which is ultimately required.
The ﬁnal signal processing step in Figure 2, “Correction”, refers to the LDV signal correction
and is given mathematically by [4]:
Ucorr (t) = Um (t) − U0 (t)

(4)

where Um (t) is the measured LDV signal, U0 (t) is the integrated correction accelerometer
signal and Ucorr (t) is the fully corrected LDV signal.
Ultimately, and only possible in the lab-based experimental validation approach described
herein, the “Comparison” step in Figure 2 determines the efﬁcacy of the correction procedure.
This is achieved by comparing the corrected LDV signal with the ﬁnal reference accelerometer
signal. The performance metric used here is the previously described mean error reduction,
R, given by (1). To calculate this in the time domain, an appropriate formulation of the MSE
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should be used, given by [6]:
&
%
MSEsignal = Usignal (t) − Utrue (t) 2

(5)

where Utrue (t) is the reference accelerometer, Usignal (t) is either the measured or corrected
LDV signal and (·) signiﬁes the time average. Direct comparison can now be made between
processing techniques in both the time and frequency domains.
4
4.1

EXPERIMENTAL VALIDATION
Setup

An experimental setup, common with that implemented in earlier work [4–6], depicted in
Figure 3 was arranged, whereby independent control of the target vibration and of the LDV
vibration was possible. The target vibration is the measurement of interest while the base vibration simulates the effect of a vibrating platform on the LDV measurement. Both target and
base vibrations were created using electrodynamic shakers independently powered and driven
using uncorrelated broadband white noise signals up to 200 Hz, generated by a Siemens PLM
Simcenter SCADAS Mobile data acquisition system.
Mounted to the base vibration shaker, using a custom-made aluminium mounting bracket
such that the LDV sensitive direction was aligned with the shaker vibration direction, was a
Polytec Compact Laser Vibrometer NLV-2500-5. The bracket also contained an Endevco 77010-U-120 (200 mV/g nominal) DC-response accelerometer, rigidly mounted with synthetic
beeswax. This correction accelerometer was aligned with the probe laser beam axis to be optimally effective [4]. The target shaker was suspended from above using an overhead crane,
providing isolation from the large base motion shaker. Mounted to the shaker spigot was a
second similar Endevco accelerometer providing the ‘true’ vibration measurement.
4.2

Data collection and processing

The Siemens acquisition system was used to record the various time data throughput vibration signals at the maximum sampling frequency of 204.8 kHz for a duration of 8 s. This
extremely high oversampling factor assists in the accurate temporal alignment of the three signals in the time domain, as previously mentioned. The acquired data were processed as ﬁve
separate 1.6 s segments for both processing methods. In the frequency domain, these acquisition parameters lead to a spectral resolution of 0.625 Hz and a bandwidth of 102.4 kHz. The DC
component was excluded from the calculation of R in frequency domain processing. The mean
error reduction for both the time and frequency domain based approaches was averaged over
the ﬁve segments with the standard error of the mean taken as the uncertainty in each result.
4.3

Results comparison

Frequency domain based accelerometer calibration for the model and conditioning used
yielded a time delay of −138.5 ± 13.2 μs with the corresponding time domain based method
value of −125.0 ± 1.1 μs in agreement. Since the estimation using the time domain based
method yielded a lower uncertainty, a time delay of −125.0 μs was subsequently used for both
correction procedures. It should be noted that, due to the necessary signal truncation following time domain based temporal alignment, comparisons between time and frequency domain
approaches are not of exactly identical signal content. In this case, however, the difference is
only 26 out of over 300,000 samples and it is therefore unlikely this will signiﬁcantly affect the
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Figure 3: Experimental setup used to simulate a LDV target vibration measurement during base
motion vibration: (a) block diagram representation and (b) physical setup.
results.
As can be seen qualitatively by comparing Figure 4 (a) and Figure 4 (b), this frequency
domain based processing method yields signiﬁcant improvements in the corrected versus the
uncorrected LDV signal over the range 25 Hz to 200 Hz. However, the performance below
25 Hz is relatively poor, likely due to the lower signal level in this range owed to the shakerampliﬁer dynamic characteristics.

(a)

(b)

Figure 4: Frequency domain processing spectra for a 1.6 s segment in the range 0.625 Hz - 200
Hz: (a) all signals before correction and (b) corrected LDV and reference accelerometer signals.
As can be seen in Figure 5 for a 100 ms segment of data, the time domain based processing
method proposed here also offers signiﬁcant improvement in the corrected versus the uncorrected LDV signal. However, in the time domain, the effect of speckle noise [1] is apparent,
manifested as instantaneous spikes not present in the reference accelerometer signal.

4848

Darwish A., Halkon B., Oberst S., Fitch R. and Rothberg S.

(a)

(b)

Figure 5: A 100 ms segment of data from time domain processing: (a) all signals before correction and (b) corrected LDV and reference accelerometer signals.
The quality of the correction for the two alternative methods can be compared quantitatively
using the mean error reduction, R, which can be seen in Table 1. Here it is shown that the time
domain processing method outperforms the established frequency domain based processing
method by a factor of eight.
Table 1: The mean error reduction for the ﬁve 1.6 s segments along with their logarithmic
uncertainties calculated as the standard error of the mean.
R

5

Frequency Domain

25.3+1.8
−1.3

dB

Time Domain

34.5+2.1
−1.4

dB

CONCLUSIONS

While correction of LDV measurements in the presence of instrument vibration has typically
been carried out in the frequency domain and for stationary vibration signals only, extension
to vibration signals that are transient in nature requires an alternative, time domain based approach. Furthermore, the direct comparison of existing time domain based approaches with
the established, frequency domain approach is challenging. In this paper, therefore, the totally general theoretical basis for complete measurement correction was extended to include a
completely time domain based approach.
Validation using a conventional experimental arrangement consisting of a vibrating LDV
instrumented with a correction accelerometer and a vibrating target similarly instrumented to
provide a true vibration reference measurement, has been shown. Throughput time data for statistically stationary vibration signals have been acquired and processed in both frequency and
time domain processing. It has been shown that, while both approaches lead to signiﬁcant improvements in the quality of the corrected LDV measurement, the time domain based approach
described here yields a mean error reduction value, R, eight times higher than the previously
described frequency domain based approach.
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This improvement is a signiﬁcant ﬁnding and offers a viable alternative to the established
frequency domain equivalent for stationary vibration signals, provided time data signals can be
acquired with a high oversampling factor. Moreover, it now extends the capability to perform
complete correction of LDV measurements in the presence of transient instrument vibration,
such vibrations being more likely to occur in real-world in-ﬁeld applications for example in
measurement campaigns from unmanned aerial vehicles.
Future investigations will explore the sensitivity of the time domain based approach to reduced sample frequency signals and identify the sources of the performance gap. Improved
frequency domain approach performance, including the estimate of accelerometer signal time
delays, will be realised. Ultimately, however, deployment of the time domain based approach
for transient signal processing will be the most signiﬁcant follow-up to the work presented here.
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Abstract. In numerical models for granular dampers, particles are generally considered to
be perfect spheres. However, in practical engineering applications these particles can slightly
deviate from being true spheres. It has been observed experimentally that sphericity, which
defines the proximity degree of a shape to a sphere, plays an important role in the amplitude
dependent behaviour of granular dampers. This paper mainly examines the significance of the
sphericity level for slightly oblate particles in a granular damper that are subjected to sinusoidal vibrations in the same direction as standard gravity. This investigation is carried out by
evaluating the dissipated power from the granular medium by utilizing three-dimensional discrete element method simulations. Apart from the effect of amplitude of vibrations in the dissipated power, the relative contributions of frictional and inelastic collisional damping
mechanisms in the overall power dissipation, are also investigated for varying sphericity levels of the oblate particles.
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1

INTRODUCTION

Granular (or particle) damping is an effective passive damping approach that involves
many small spherical particles (typically 0.05 mm – 5 mm in diameter) located inside an enclosure that is fixed to a vibrating structure. The kinetic energy from vibration is transmitted
to the particles by collisional momentum exchanges between the particles and the boundaries
of the enclosure. Granular dampers dissipate the transmitted kinetic energy through interparticle and particle-enclosure boundary interactions. This is unlike common viscoelastic
dampers which generally dissipate the stored elastic energy.
Interest in granular damping is rapidly increasing in engineering fields because such dampers are robust, cost-effective, easy to retro-fit and relatively insensitive to the environment and
excitation frequency. [1–4]. As a result, granular dampers have been successfully applied in
numerous mechanical systems to solve noise and vibration problems, such as a desk-top
banknote processing machine [5], the exterior panel of a launch vehicle [6], a gear transmission system [7], and an automotive oil pan [8].
Despite their conceptual simplicity, granular dampers have quite complex and distinctive
behaviour. Since the particles are generally hard, made from materials such as metal and ceramic, surface friction plays an important role in energy dissipation, which leads to significant
non-linearity in the form of amplitude dependent behaviour [9,10]. Granular damping has
been studied extensively and this non-linearity is the likely reason for the existence of many
contradictory findings in the literature. To improve understanding, studies have been undertaken to investigate the sensitivity of granular damping against damper parameters, such as
coefficient of restitution between impacting bodies, coefficient of friction in contacting surfaces, particle number and individual stiffness of particles and enclosure walls [11–13]. More
recently, it has also been shown that an approximated granular damper model in Discrete Element Method (DEM) simulations can adequately represent the essential properties of a real
granular damper without matching parameters exactly provided the total mass is represented
accurately [14]. This presumably arises from the compensation feature of multiple particles
against the small variations of parameters from exact ones. It should be noted that this ‘universal response’ approach is only valid when using relatively large numbers of particles.
Previous studies have reported that granular dampers exhibit the characteristic properties
of both friction dampers and single impact dampers since the main damping mechanisms of
granular dampers are surface friction and inelastic collision within the granular media [15].
Furthermore, it has been also emphasized before that understanding of the damping mechanisms would provide an efficient way to increase the performance of such dampers [1]. Accordingly, a few attempts have been made to identify relative contributions of damping
mechanisms in granular damping [15–18]. However, much uncertainty still exists and the literature on this topic is very scarce.
Although the hard particles used in granular dampers typically have a high level of durability, over time their shape may deviate from a true sphere due to harsh working conditions or
intense collisional events. Moreover, non-spherically shaped particles may be deliberately
used either for cost reasons or to avoid practical design issues such as the packing problem in
small voids or because of manufacturing tolerances. Therefore, the investigation of irregular
particles has grown in importance [19–21]. However, there is no notable study that focuses
upon slightly oblate particles in granular dampers.
The aim of this study is to provide a numerical investigation on slightly oblate hard particles in a granular damper undergoing harmonic vibrations in the same direction as gravity.
Several three dimensional DEM simulations are carried out to find the effects of particle sphericity levels on the dissipative behaviour. Steady-state cumulative power loss calculations are
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utilized to characterize the amplitude dependent granular damper in every simulation. The
contributions of frictional and collisional energy dissipation mechanisms on the total dissipation are computed.
2

DEM MODEL FOR OBLATE PARTICLES

DEM is a numerical scheme for analyzing granular matter, in which the motion of every
particle is tracked in time. The full time history of interest is broken into a series of very short
time steps over which the equations of motion for each particle are solved. Where particles
interact with one another, or with the physical boundaries of the system being studied, appropriate force-displacement and force-velocity relations for the contact are employed. The fundamental theory of DEM was originally presented by Cundall and Strack [22] and was first
applied to granular dampers more than 20 years ago [23]. The use of DEM is attractive in the
study of granular damping because it provides a way to control and observe the contact parameters and their effect on overall damping achieved.
2.1

Oblate particle generation

Although several algorithms have been developed recently that allow irregular particles to
be defined and used directly within the DEM field, the most common method is the multisphere approach. In this approach, two or more overlapping spherical particles are rigidly
joined together. Relatively complex shapes can be produced as the spheres are allowed to intersect each other. The use of the sphere as the building block provides computational benefits
including the existence of advanced contact detection algorithms and contact models. Thus,
the oblate particles used in this study are formed by employing the multi-sphere approach in
the EDEM 2020 software [24].
Shape is an important indicator which defines a particle in numeric computational fields –
especially for rock-like irregular particles [25]. If a large number of spheres is used in the
multi-sphere approach, non-spherical shapes can be represented more precisely. However, it
also causes significant increases in computational times. Hence, irregular shapes should be
modeled conducting a balance between computational efficiency and closeness of representation. In this study, oblate particles are generated considering these criteria and are shown in
Figure 1.

dy

2.80 mm

dy

2.60 mm

dy

2.40 mm

dy

2.20 mm

dy

2.00 mm

dy

Figure 1: Created particle types for simulations with respect to a 3mm diameter perfect sphere mesh template.

It should be noted that the reference perfect sphere diameter used in this study is 3 mm and
particle resizing occurs along the local y-axis (i.e. d y changes) as can be seen in Figure 1,

4853

Furkan Terzioglu, Jem A. Rongong and Charles E. Lord

whilst the other lengths ( d x , d z ) are kept constant. In this investigation, the lower limit for d y
was set at 2 mm, which represents a moderate change in particle shape.
The relative similarity of oblate particles to the reference sphere can be described using the
sphericity index [25] which can be written as,

\

3

c2
ab

(1)

Here, a , b and c are the corresponding lengths (largest to smallest, respectively) along the
three local axes. In this paper, only the smallest length of the oblate particles is adjusted and
therefore, c d y , a b d x d z 3mm .
Since oblate particles are created by deforming a sphere along one axis, a two dimensional
parameter called the circularity index can also be used to define the shape. Circularity is defined in the local YZ axis as shown below [20].

C

4S AYZ
PYZ 2

(2)

where AYZ and PYZ are respectively the projection area of a particle on the YZ axis and the
perimeter of the particle. Sphericity and circularity values for the oblate particles used in this
work, are presented in Table 1.
Particle minor axis length, d y [mm] Sphericity, \ [-]

Circularity, C [-]

2.00
2.20
2.40
2.60
2.80
3.00

0.970
0.980
0.989
0.995
0.999
1.000

0.763
0.813
0.862
0.909
0.955
1.000
Table 1: Shape parameters of oblate particles.

2.2

Contact force model

In DEM, although particles are created as completely rigid bodies, contacts between them
are deformable. Contacts are traditionally modeled using spring and dashpot elements as
shown in Figure 2a, which allow relatively rapid calculations to be performed. For perfect
spheres, force-displacement relationships have already been defined and tested for suitability
[26–28]. As the multi-sphere is employed, these validated models can be applied to address
the load-deformation behaviour of oblate particles. The contact model used in EDEM 2020
for this study is briefly summarized below considering the spheres shown in Figure 2a.
Normal elastic force between the spheres is determined using the well-known non-linear
Hertzian contact model.
FN e

4
 E eq R eq G N 3/ 2 e N
3

kN
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Here, e N is the unit vector from the centre point of sphere under consideration to the contact
point and G N is the normal overlap of sphere. In this expression, the equivalent elastic modu1 Q 12 / E1  1 Q 2 2 / E2

lus ( E eq ) and the equivalent radius ( R eq ) can be found by 1/ E eq

and 1 / R eq 1 / R 1  1 / R 2 , where E , R and Q are elastic modulus, radius and Poisson’s ratio
of relevant spheres, respectively. In order to define inelastic (i.e. dissipative) part of normal
force between the spheres, a coefficient of restitution ( e ) based approach is employed [29]:

2

FN d



ln e

5
6

1/ 2

2meq E eq R eqG N

ln 2 e  S 2

drrelN t
dt

(4)

cN

where equivalent mass ( meq ) is defined using the individual masses of spheres
1 / meq 1 / m1  1/ m2 and drrel N t / dt denotes the normal relative velocity between the
spheres in contact.
a)

b)

1

2

1
kN

cT
cN

Coulomb
friction

2

1

1

kT

2

8

2

4
5

7
6

Tangential direction

Normal direction

3

Figure 2: a) Modelling at the contact point of two contacting spheres, b) contacts of an irregular particle constructed with many spheres.

On the other hand, tangential elastic force is determined according to normal overlap defined as Mindlin and Deresiewicz method [16]. Unlike the original method in which many
incremental elastic-plastic loading and unloading steps exist [30], a simplified version of this
method is used to define tangential elastic force-displacement relation as given below.
FTe

 1  - 8G eq R eqG N G T eT


(5)

kT

1 Q 12 / G1  1 Q 2 2 / G2 with

While equivalent shear modulus ( G eq ) is defined by 1/ G eq

shear modulus of spheres ( G ), GT and eT stands for the tangential overlap and the unit vector
along tangential overlap, respectively. Additionally, tangential inelastic force can be also
formed using the similar approach as for normal direction. However, shear friction should be
also taken into consideration in tangential direction. Thus, the widely used Coulomb friction
model is added to tangential contact model:

FTd

 1- 2


5
6

ln e
ln 2 e  S 2

8meq G eq R eqG N
cN
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where drrelT t / dt is the tangential relative velocity between the spheres and J f is coeffi-

cient of friction. - is for indicating whether slipping occurs or not as seen in Equation 7.

-

1
®
¯0

FT ! J f FN
otherwise

(7)

It should be also noted that although the contact model is presented considering sphere –
sphere contacts, it would be also valid for sphere – cylindrical enclosure contacts if one assumes Renclosure o f and menclosure o f in above expressions.
For an irregularly shaped particle modelled using multi-sphere approach, contact force calculation procedure should be performed accounting all existing contacts of all individual
spheres which constitute the particle. For example; as can be seen in Figure 2b, 8 perfect
spheres which form the irregular particle have different number of contacts with other particles (e.g. number 1 has 2 contacts while number 8 has 1 contact) and the effects of the total 6
contacts can be only obtained by looking all 8 spheres. Thus, the resultant force acting on the
particle can be computed as follows for a particle:
RF

°

¦ ®¦
i

¯° j i

½°
FN e  FN d  FTe  FTd  Fg ¾
¿°

(8)

where i and j i are the indices which count the total spheres forming the particle and the
total contacts involved by sphere i , respectively. Fg is the gravitational force acting on the
corresponding sphere. The resultant moment acting on the particle can be also determined by
vectorial product of the resultant force and the position vector of particle mass center ( rc ).
RM
2.3

rc u RF

(9)

DEM simulation procedures

In three dimensional DEM simulations, detected contacts of particle – particle and particle
– enclosure pairs are considered to perform the given contact force computation procedure at
a solution time step. After the calculation of resultant forces and moments, Euler-Newton
equations of motions are numerically solved to find updated translational and rotational kinematics (i.e. positions, velocities and accelerations) of every particle by utilizing centraldifference formulae.
The time step needs to be set small enough to capture particle overlaps, avoid propagating
disturbances of a particle far from away and decrease numerical inaccuracies in simulations.
Although several other approaches have been available to estimate a time step for realistic
simulations in DEM, the Rayleigh time step criterion is used in the present study [31]. The
time interval used in the simulations is chosen to be approximately %50 – %35 of the Rayleigh time step according to the particle type to ensure the reliability of simulations.
Even though there have been studies which investigate the characteristics of granular
damping considering the dynamics of host structure [12,32], it is useful to carry out investigations on the damper alone to determine energy dissipation behaviour independently from the
host structure [33,34], so that the damper can be adopted to any structure. This study involves
a cylindrical enclosure filled with oblate particles subjected to vertical sinusoidal vibrations.
Particles are given the properties of stainless steel while the material of enclosure is chosen
as polymethylmethacrylate (PMMA). The properties of these materials and the dimensions of
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the enclosure are given in Table 2. The contact properties used in the simulations (i.e. friction
and restitution coefficients) are determined as presented in this table. These parameters are
selected according to a comprehensive study in which stainless steel – stainless steel and
PMMA – stainless steel interactions were experimentally examined to extract the contact
properties between those for DEM simulations [35].
Enclosure parameters
Material
PMMA
Elastic modulus
3.3 GPa
Poisson's ratio
0.37

Particle parameters
Material
Steel
Elastic modulus
206 GPa
Poisson's ratio
0.30

Diameter
0.02 m
Height
0.04 m
Other simulation parameters
Particle-enclosure friction coefficient
Particle-particle friction coefficient
Particle-enclosure restitution coefficient
Particle-particle restitution coefficient

Density
Nominal total mass

Time step

~5x10-7 s

7800 kg/m3
0.04 kg

0.4
0.4
0.92
0.92

Table 2: Parameters and properties of numerical simulations.

To allow a comparative study to be undertaken, it was considered desirable that the total
mass of particles remained the same for different particle types. In order to achieve a suitable
clearance level (75% – 80% filling ratio or 20% – 25% clearance ratio) for practical damping
in every simulation configuration [11], the total particle mass was set to 0.04 kg. However,
because particles are discrete but had different sizes, the total mass varied by up to the mass
of half a particle, as shown in Figure 3a. Figure 3a also shows that a greater deviation in shape
from a perfect sphere results in an increase in the number of particles required to achieve the
target mass. Before any vibrational loading was applied, all particles were allowed to settle in
the enclosure by the gravitational effect (see Figure 4).
b)

a)
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0

1

2

3

4
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6
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Figure 3: a) Changes in total particle mass and total particle number in terms of particle type, b) given vibration
signal.

Behaviour of the granular medium under steady-state vibration was studied by prescribing
sinusoidal motion for the enclosure at a frequency of 20 Hz. The effect of vibration intensity
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was investigated by increasing the amplitude in steps, with the response being calculated for
ten cycles at each level, as shown in Figure 3b. These vibrational levels are represented by
commonly used non-dimensional acceleration ( * ).

*

AZ 2
g

(10)

where A and Z are displacement magnitude and angular frequency of vibrations, respectively. In the vibration signal, time gaps are provided between each vibrational level to let the particles become stationary before the next excitation.
dy

2.00 mm

dy

2.20 mm

dy

2.40 mm

dy

2.60 mm

dy

2.80 mm

dy

3.00 mm

Figure 4: Views of granular oblate particles in the enclosure after settling process (i.e. stationary positions).

3

DISSIPATED ENERGY CALCULATION

Total cumulative dissipated energy in the simulations can be obtained by utilizing an incremental numeric computation scheme. For a single contact, total dissipated energy increments ( 'EC ) are computed integrating the scalar product of dissipative forces (i.e. in normal
direction, FN d and in tangential direction, FTd ) and corresponding relative velocities between
the contacting bodies through the contact time, Tc . In order to account all N number of contacts in the current computation step, this calculation is repeated for every contact, and then
the effects of every contact is summed accordingly as following.
'EC

N

¦³

k 1T k
c

k
k
°
drrel N t
drrelT t ½°
k
k
 FTd t 
® FN d t 
¾ dt
dt
dt °
°¯
¿

(11)

where rrel N and rrelT represent the relative positions of contacting bodies with respect to each
other in normal and tangential directions, respectively, while t stands for time. In addition,
the computation time step of the energy dissipation calculation scheme should be sufficiently
larger than the contact durations to account all contacts within a single step.
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The tangential dissipation can arise from either friction between the bodies in contact or
restitution of the bodies unlike the normal dissipation where whole dissipation is caused by
only collisional restitution. Frictional dissipation is solely employed if slipping, in which the
tangential force is higher than the maximum static friction force between the contacting bodies, is occurred. The frictional cumulative dissipation steps can be separately determined as
given in below.

'E

f
C

N

Jf¦

³

k
N

F

t 

drrelkT t

k 1T k
c

dt

dt

(12)

Collisional dissipation can then be obtained by subtracting the frictional loss from the total
dissipation energy.
'ECc

4
4.1

'EC  'ECf

(13)

RESULTS
Overall dissipative behaviour of oblate particles

To assess the general damping behaviours of oblate particles against different vibrational
amplitudes and the relationship between the dissipation and the granular motional behaviour,
cumulative total dissipated energies were extracted separately for every vibrational case in all
simulations. Figure 5 presents some of those dissipated energy results. In these results, the last
five vibration periods at each vibration level are considered. Simulations were repeated to determine the effects of packing on the results. The results verified that packing effects stay very
small except at the amplitude * 1 .
The first set of analyses belongs to very small oscillations (i.e. * 1.0 ). Under such small
vibrations, the particles inside the enclosure have almost no relative motions with respect to
each other, they only follow the enclosure motion (i.e. solid-like behaviour) since the particles
do not overcome the gravitational and the static frictional forces within the granular media.
Thus, the dissipated energies are extremely small, and they do not exhibit obvious steadystate behaviors since a few individual particle movements that induce energy dissipation can
be instantly observed due to wave propagation through the granular media from the bottom
boundary of the enclosure. These instantaneous dissipation increases can be more likely seen
for perfect spheres owing to their smooth circular surfaces. In addition, numerical errors in
computational operations and initial packing may also considerably affect these small outcomes.
It is apparent from Figure 5 that huge differences surprisingly emerge between the particle
types at several vibration amplitudes. Further investigation into granular media indicates that
this is mainly connected with the dissimilarities of granular motional states which the particles are in. For instance; in Figure 5d, there are two groups of result: one is high dissipation
group, and the other is low dissipation. At this vibration level, the high energy dissipation
group is at the onset of two-sided bouncing bed behaviour in which the granular particle cluster impacts the bottom and the top boundaries of enclosure during a period of vibration (i.e. 2
collective impacts with the enclosure in a period), thereby transferring the momentum effectively to the granular media. On the other hand, the granular media in low dissipation group
generally collides with only the bottom boundary in a vibration period (one-sided bouncing
bed), while it slightly touches to the top boundary in this period (mild collision).
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a)

b)

c)

d)

e)

f)

Figure 5: Total cumulative dissipated energy characteristics for 5 vibrational periods of a) * 1 , b) *
* 5 , d) * 6 , e) * 8 , f) * 10 .

4 , c)

The defined dissipation groups in Figure 5d are also valid at * 5 as can be seen in Figure
5c. At this vibration level, the high dissipation group members exhibit similar behaviour to
that seen previously except that the granular cluster impacts the top boundary once in every
two periods. Although the members of low dissipation group have similar motion, the most
squashed particle type somehow executes impacts with quite less intensive than the other
members as can be clearly seen in Figure 5c.
Figure 6 shows the total potential energy in the particles throughout the simulation. Observed motional behaviours of granular media at various vibrational sequences are marked
with different colors. Purple represents solid-like behaviour, while magenta and cyan stand
for one-sided bouncing bed with fluidization of a few of the particles on the top layer and onesided bouncing bed with fluidization of the uppermost layers of particles, respectively. As one
can see in this figure, red marked potential energy regions are clearly more uneven and scat-

4860

Furkan Terzioglu, Jem A. Rongong and Charles E. Lord

tered than other vibrational cases. This result may be explained by the fact that the granular
media shows relatively higher level of fluidization in which a reasonable amount of particle
indistinctly floats in these loading ranges. Another possible reason for this is that the collective motion of granular media is not symmetric at every vibrational period in these cases as it
is in other vibration scenarios. The motions within these red marked ranges are described as
following: dotted red is one-sided complete bouncing bed with few individual top particlestop wall impacts in every period, dot-dashed red is one-sided complete bouncing bed with few
individual top particles-top wall impacts once in every two periods, dashed red is one-sided
complete bouncing bed and mild collective collision with the top wall once in every two periods and flat red is one-sided complete bouncing bed and mild collective collision with the top
wall in every period. The last phenomena observed in the simulations is two-sided complete
bouncing bed that is marked with blue in total potential energy plots.

Figure 6: Total potential energy changes of simulated particles in time, yellow flat line indicates the total potential energy at the stationary positon of particles.

4.2

Damping characterization of oblate particles

In order to compare the damping behaviour of oblate particle types, the energy dissipation
rates in a steady-state vibration period (i.e. power loss) were determined by integrating the
cumulative dissipated energies through this period.
Power loss

1
EC t dt
T ³T

(14)

The power losses are illustrated with respect to either sphericity or circularity for every
simulated vibrational level in Figure 7 and Figure 8, respectively. The perfect sphere results
are also included in these figures as a reference of default particle type used in most typical
granular damper applications. In these graphs, the contribution of damping mechanisms of
granular damping (i.e. friction and impact) on overall power loss are also shown to illustrate
the macroscale damping behaviour of oblate particles. In addition to this, particle-particle and
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particle-enclosure frictional losses are separately depicted in these plots to show dominance of
interaction type.
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Figure 7: Power loss changes in terms of sphericity at different vibration levels: total loss ( ), frictional loss
), inter-particle frictional loss (
), particle-enclosure frictional loss (
), collisional loss (
).
(

If one looks into the total power loss results omitting the reference particle (i.e. the perfect
sphere: \ 1 and C 1 ) in both charts, it can be found that there are three damping regimes
according to the vibrational intensity in which the total loss is affected by particle shape. The
first one is ‘inclining’ regime where the total power loss generally increases with increasing
sphericity or circularity level before * | 5 . This increasing behaviour becomes moderate at
higher amplitudes, whilst it is very slight for small vibrations. Afterwards, there is ‘transition’
regime up to * | 8 . Although increasing tendency in total power loss continues in this regime,
a dramatic jump is also observed because of impacts with the upper surface of the cavity, as
discussed in the previous section. The last damping regime is ‘declining’ in which the power
loss is decreasing with increasing sphericity or circularity unlike the other regimes and this
falling behaviour is more apparent at higher vibration amplitudes. Together, these findings
suggest that damping is optimised at different amplitudes, depending on particle shape. The
results also indicate that there is an oblate particle type which provides more damping than the
perfect sphere for almost all vibrational levels. Thus, it can be preferable in granular applications to use very slight oblate particle if the vibrations ensure working before two-sided complete bouncing bed. Otherwise, in two-sided complete bouncing bed state, it is more
appropriate to employ highly flattened particles. However, it should be noticed that these results need to be supported by quantitative data from experimental works.
For a given non-dimensional acceleration level, it can be highlighted from the power loss
plots that the most dominant damping mechanism is friction for every particle type. Besides,
particle-particle frictional interactions are responsible for most of frictional dissipation. In fact,
it is reported that particle-particle contacts contribute most of overall dissipation (i.e. particleenclosure boundary interactions have minor effects on dissipation) as similarly mentioned before [18]. The dominancy of frictional loss leads that the overall damping behaviour stated in
the previous paragraph completely reflects the frictional energy dissipation.
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Figure 8: Power loss changes in terms of circularity at different vibration levels: total loss ( ), frictional loss
), inter-particle frictional loss (
), particle-enclosure frictional loss (
), collisional loss (
).
(

One unanticipated result is that collisional loss always increases with sphericity or circularity whatever the damping regime. It is believed that this occurs because flatter (i.e. low sphericity or low circularity) particles have fewer intense collisions (i.e. high overlap, high impact
velocity). Additionally, an interesting correlation is found between collisional and particleenclosure frictional loss characteristics along sphericity or circularity. As can be seen in Figure 7 and Figure 8, they generally have the same tendency before two-sided bouncing bed behaviour (i.e. *  8 ) while the power loss trends of those seem opposite after this threshold
vibration intensity.
5

CONCLUSIONS

This study set out to assess the effect of oblate particle usage in granular dampers undergoing vertical harmonic excitations by conducting numerical studies. The investigation has
shown that the damping performance and the motional behaviour is sensitive to the sphericity
level of the particles as well as the vibration amplitude. The power loss results in this study
indicate that three damping regimes exist, each depends on vibration level and sphericity of
the particles. Additionally, there is generally an oblate particle type which can be chosen rather than the typical perfect sphere to provide higher damping to main structures according to
the motional state. Also, it has been shown that the general damping characteristics of particles follow the frictional dissipation behaviour which is the dominant mechanism in granular
damping. This research extends the existing literature on damping from irregular particles.
However, experimental investigations should be also conducted to confirm these numerical
outcomes.
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PREDICTION OF BEAM DYNAMICS IN CABLE-BEAM SYSTEMS
THROUGH EXPERIMENTAL-NUMERICAL DECOUPLING
Mohammad Hadi Jalali, Geoff Rideout,


0HPRULDO8QLYHUVLW\
6W-RKQ¶V1/&DQDGD
HPDLOPMDODOLQRGRX#PXQFD
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HPDLOJGULGHRXW#PXQFD

Keywords:&DEOH%HDP6\VWHP)5)EDVHG'HFRXSOLQJ)LQLWH(OHPHQW0RGHO8SGDWLQJ
Abstract.
Interactions between cable and structure affect the modal properties of cabled structures such
as overhead electricity transmission and distribution line systems. Modal properties of an inservice pole, without the effects of conductors, are potentially useful for condition monitoring,
but are difficult to determine. This paper presents a frequency-based decoupling method to
extract modal properties of a beam with the effects of cable filtered out. A scalable experimental
lab-scale pole-line for a cable-beam system consisting of a cantilever beam and stranded cable
is used to validate the method. A finite element model for the stranded cable is developed and
optimized using FRF-based nonlinear optimization based on experimentally obtained FRF and
the FRFs of the assembled system are measured. The (unknown) FRF of the cantilever beam is
predicted by substructural decoupling of the numerical cable dynamic model (known FRF matrix) from the measured assembled cable-beam dynamic model (known FRF matrix). Comparison of the estimated and directly-measured beam FRF’s show good agreement, demonstrating
that the method can be used to filter out the effects of cable on the modal properties of the
structure in cabled structures.
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1

INTRODUCTION

'\QDPLFLQWHUDFWLRQEHWZHHQFDEOHVDQGWKHPDLQVWUXFWXUHLQFDEOHGVWUXFWXUHVVXFKDVFD
EOHVWD\HGEULGJHVJX\HGWRZHUVFDEOHVWD\HGZLQGWXUELQHVDQGSRZHUWUDQVPLVVLRQOLQHVKDV
EHHQDWRSLFRILQWHUHVWRIUHVHDUFKHUVIRUPDQ\\HDUV7KHIRFXVRIWKLVVWXG\LVSRZHUWUDQV
PLVVLRQOLQHVDQGG\QDPLFLQWHUDFWLRQEHWZHHQWKHFRQGXFWRU FDEOH DQGWKHSROH7KHDXWKRUV
DUHGHYHORSLQJ D JOREDO 1'( 1RQGHVWUXFWLYH(YDOXDWLRQ  PHWKRGWRGHWHFW GDPDJH DW DQ\
ORFDWLRQEDVHGRQYLEUDWLRQUHVSRQVHIURPPRGDOLPSDFWWHVWLQJDWDVLQJOHDUELWUDU\ORFDWLRQ
>@±>@6LQFHSRZHUOLQHV FRQGXFWRUV DUHDWWDFKHGWRWKHSROHVYLEUDWLRQVRIWKHFRQGXFWRUV
DIIHFWWKHPRGDOSURSHUWLHVRIWKHSROH5HPRYLQJWKHHIIHFWRIWKHFRQGXFWRUVWRUHYHDOSROH
SURSHUWLHVUHTXLUHVDVWUXFWXUDOG\QDPLFPHWKRGWRGHFRXSOHWKHFDEOHG\QDPLFPRGHOIURPWKH
DVVHPEOHGFDEOHSROHG\QDPLFPRGHO
7KHUHDUHPDQ\VWXGLHVLQWKHOLWHUDWXUHDERXWWKHLQWHUDFWLRQEHWZHHQFDEOHVDQGVWUXFWXUHV
DVDFRXSOHGV\VWHP*DWWXOOLHWDO>@LQYHVWLJDWHGOLQHDUFRXSOHGYLEUDWLRQRIWZRPDVRQU\
ZDOOVFRQQHFWHGE\DFDEOH7KHV\VWHPZDVPRGHOHGDVWZRFDQWLOHYHUEHDPVFRQQHFWHGE\D
FDEOHDQG WKHHIIHFW RIGLIIHUHQW SDUDPHWHUVRQFRXSOHGYLEUDWLRQEHKDYLRUZDV LQYHVWLJDWHG
3RWHQ]DHWDO>@DQG*DWWXOOLHWDO>@VWXGLHGWKHVDPHV\VWHPXVLQJQRQOLQHDUDQDO\VLV-DODOL
HWDO>@GHYHORSHGDQDQDO\WLFDOPRGHOWRVWXG\WKHHIIHFWRIFDEOHVDJDQGEHQGLQJVWLIIQHVV
RQFRXSOHGYLEUDWLRQEHKDYLRURIDFDEOHEHDP V\VWHP &DEOHEHQGLQJVWLIIQHVV DQGVDJ KDG
VLJQLILFDQW HIIHFWV7KHDQDO\WLFDO UHVXOWV ZHUHYHULILHGE\H[SHULPHQWV RQDODEVFDOH FDEOH
EHDPV\VWHP/LHWDO>@SUHVHQWHGDVLPSOLILHGFRPSXWDWLRQDOPRGHOIRUDKLJKYROWDJHWUDQV
PLVVLRQWRZHUOLQHV\VWHPWRVWXG\WKHFRXSOLQJEHKDYLRURIDGMDFHQWWRZHUVSDQVDQGFDEOHV
GXHWRVHLVPLFH[FLWDWLRQV5HYLHZLQJWKHOLWHUDWXUHLQFDEOHEHDPV\VWHPG\QDPLFDQDO\VLV
UHYHDOVWKDWDOOWKHSXEOLVKHGSDSHUVVWXGLHGWKHG\QDPLFLQWHUDFWLRQRIFDEOHDQGEHDPLQOLQHDU
RUQRQOLQHDUDQDO\VLVDQGWKHUHLVQRUHVHDUFKGHDOLQJZLWKH[WUDFWLRQRIG\QDPLFSURSHUWLHVRI
WKHEHDPDVDQLQGHSHQGHQWVXEVWUXFWXUH
'\QDPLFVXEVWUXFWXULQJPHWKRGVDQGWKHUHYHUVHSUREOHP LQYHUVHG\QDPLFVXEVWUXFWXULQJ DUH
ZHOOHVWDEOLVKHG>@±>@,QYHUVHG\QDPLFVXEVWUXFWXULQJRUGHFRXSOLQJLVDUHOHYDQWLVVXHIRU
VXEV\VWHPV WKDW FDQQRW EH PHDVXUHG VHSDUDWHO\ VLQFH WKH\ DUH FRXSOHG WR WKHLU QHLJKERULQJ
VXEVWUXFWXUH V LQRSHUDWLRQDOFRQGLWLRQV>@,QWKLVSDSHUDIUHTXHQF\EDVHGRU)5)EDVHG
GHFRXSOLQJWHFKQLTXHLVXVHGWRH[WUDFWEHDPG\QDPLFVLQDFDEOHEHDPV\VWHPZLWKWKHHIIHFWV
RIFRQQHFWHGFDEOHILOWHUHGRXW$QH[SHULPHQWDOUHGXFHGVFDOHFDEOHEHDPVHWXSRIDFDQWLOHYHU
EHDPFRQQHFWHGWRDVWUDQGHGFDEOHZDVEXLOWWRPHDVXUHWKHDVVHPEOHGV\VWHP )5)V DQGD
ILQLWHHOHPHQWPRGHOIRUWKHFDEOHZDVGHYHORSHGDQGRSWLPL]HGXVLQJ)5)EDVHGRSWLPL]DWLRQ
7KHFDEOHQXPHULFDOPRGHOZDVWKHQGHFRXSOHGIURPWKHDVVHPEOHG PHDVXUHG V\VWHPWKURXJK
H[SHULPHQWDOQXPHULFDO)5)EDVHGGHFRXSOLQJ
7KHSDSHULVRXWOLQHGDVIROORZV$VXPPDU\RIWKHRU\EHKLQG)5)EDVHGGHFRXSOLQJLVSUH
VHQWHGLQ6HFWLRQDQG)5)EDVHGILQLWHHOHPHQWPRGHOXSGDWLQJLVGHVFULEHGEULHIO\LQ6HFWLRQ
 6HFWLRQGHVFULEHVWKHFDEOHEHDPV\VWHPDQGILQLWHHOHPHQWPRGHOXSGDWLQJRIWKHFDEOH
'HFRXSOLQJUHVXOWVDQGGLVFXVVLRQDUHSUHVHQWHGLQ6HFWLRQDQGFRQFOXVLRQDQGIXWXUHZRUN
DUHSUHVHQWHGLQ6HFWLRQ
2

SUBSTRUCTURE DECOUPLING

,QDFDEOHEHDPV\VWHP )LJXUH WKHFDEOHDQGWKHEHDPDUH³VXEVWUXFWXUHV´RIWKHDVVHPEOHG
V\VWHPDQGWKHSXUSRVHRIVXEVWUXFWXUHGHFRXSOLQJLVWRILQGWKHG\QDPLFVRIEHDPVXEV\VWHP
B DVD³VWDQGDORQH´FRPSRQHQWWKDWLVFRPSOHWHO\GHFRXSOHGIURPVXEV\VWHPFDEOH C 
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)LJXUH6XEVWUXFWXUHGHFRXSOLQJVFKHPDWLF 

$VVXPLQJWKHG\QDPLFVRIV\VWHPCBDQGCDUHNQRZQDG\QDPLFVWLIIQHVVUHSUHVHQWDWLRQ
RIWKHDVVHPEOHGV\VWHPCBLQFRPSDFWIRUPLV>@
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ࢆ
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ZKHUH࢛ ൌ  ௨ ൩LV WKH YHFWRU RI '2) RI V\VWHP CB Error! Reference source not
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found.  WKHVXSHUVFULSWVDUHRPLWWHGIRUEUHYLW\ ࢛ ൌ   ൨LVWKHYHFWRURI'2)RIVXE
࢛௨


VWUXFWXUHCࢆ DQGࢆ DUHWKHVWLIIQHVVPDWULFHVRIV\VWHPCBDQGCUHVSHFWLYHO\ VWLIIQHVV
PDWUL[LVWKHLQYHUVHRI)5)PDWUL[ሺࢆ ൌ ࡴି 9HFWRUVࢌ כDUHWKHH[WHUQDOIRUFHYHFWRUVDQG
YHFWRUVࢍ כUHSUHVHQWWKHDGGLWLRQDOGLVFRQQHFWLRQIRUFHV ZLWKQRQ]HURHQWULHVRQO\DWWKHLQ
WHUIDFH'2) IHOWIURPWKHGHFRXSOLQJRIWKHQHLJKERULQJFRPSRQHQWV>@:KHQWZRVXEVWUXF
WXUHVDUHLQFRQWDFWDQG GH FRXSOLQJLVFDUULHGRXWFRPSDWLELOLW\DQGHTXLOLEULXPFRQGLWLRQVDW
WKHFRQQHFWHGLQWHUIDFH'2)VPXVWDOZD\VEHVDWLVILHG7KHFRPSDWLELOLW\FRQGLWLRQ ࢛௨ ൌ
࢛௨ VWDWHVWKDWWKHGLVSODFHPHQWVRIFRQQHFWHGLQWHUIDFH '2)PXVWEH FRPSDWLEOH DQG WKH
HTXLOLEULXP FRQGLWLRQ ࢍ௨  ࢍ௨ ൌ   VWDWHV WKDW WKH FRQQHFWLRQ IRUFHV EHWZHHQ WKH VXE
VWUXFWXUHVVKRXOGEHLQHTXLOLEULXP$PRUHV\VWHPDWLFGHVFULSWLRQRIWKHSUREOHPFDQEHZULW
WHQE\LQWURGXFLQJWKH%RROHDQPDWULFHVDQGࡸDQGZULWLQJWKHFRPSDWLELOLW\DQGHTXLOLEULXP
LQDFRPSDFWIURP>@
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ࢍ ൌ െ் ࣅ
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PHWKRGVZKHQGLIIHUHQWVHWVRI'2)V  כࡱ ് כDUHXVHGIRULPSRVLQJWKHFRPSDWLELOLW\DQG
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ZKHUHGHQRWHVWKH 0RRUH±3HQURVH SVHXGRLQYHUVHVLQFHWKHPDWUL[LQSDUHQWKHVHVLVQRW
QHFHVVDULO\DVTXDUHPDWUL[(T  LVXVHGWKURXJKRXWWKHSDSHUIRUGHFRXSOLQJDQDO\VLV
3

FRF-BASED FINITE ELEMENT MODEL UPDATING

7KHIRUPRIWKHIUHTXHQF\UHVSRQVHIXQFWLRQ )5) XVHGLQWKLVVWXG\LVDFFHOHUDQFHZKLFK
PHDQVDFFHOHUDWLRQUHVSRQVHRYHUIRUFHLQWKHIUHTXHQF\GRPDLQ$FFHOHUDQFH)5)ܪǡ ሺ߱ሻ
LVWKHDFFHOHUDWLRQUHVSRQVHDWQRGHaܣ ሺ߱ሻGLYLGHGE\WKHIRUFHDWQRGHbܨ ሺ߱ሻERWKLQ
WKHIUHTXHQF\GRPDLQ>@


ܣ ሺ߱ሻ
െ߱ଶ ߶ ߶
ܪǡ ሺ߱ሻ ൌ
؆
െ߱ ଶ  ʹ݅߱ߗ ߦ  ߗ ଶ 
ܨ ሺ߱ሻ

 

ୀଵ

ZKHUH݉LVWKHQXPEHURIPRGHV߱LVIUHTXHQF\ߗ LViWKQDWXUDOIUHTXHQF\RIWKHV\VWHP
ߦ LViWKGDPSLQJUDWLRFRUUHVSRQGLQJWRiWKPRGHDQG߶ DQG߶ DUHWKHVFDODUYDOXHVRIPRGH
VKDSHi DWUHVSRQVHQRGHaDQGH[FLWDWLRQQRGHbUHVSHFWLYHO\7KHPD[LPXPQXPEHURIPRGHV
݉WKDWFDQEHXVHGWRFRQVWUXFWWKHUHVSRQVHLVHTXDOWRWKHWRWDOQXPEHURIGHJUHHVRIIUHHGRP
RIWKHV\VWHP+RZHYHULWLVQRWIHDVLEOHWRPHDVXUHDOOGHJUHHVRIIUHHGRPDQGWKHHQWLUHUDQJH
RIQDWXUDOIUHTXHQFLHVGXULQJVWUXFWXUDOWHVWLQJ7KHUHIRUHDUHGXFHGQXPEHURIPRGHVKDSHV
FDQEHXVHG6SHFLDOFDUHPXVWEHWDNHQWR LQFOXGHHQRXJKPRGHVKDSHV LQ WKHIRUPXODWLRQ
W\SLFDOO\ PRUH WKDQ PHDVXUHG >@>@ )RU D UXOH RI WKXPE DW OHDVW GRXEOH WKH QXPEHU RI
PRGHVWKDWDUHPHDVXUHGVKRXOGEHXVHGIRUDQDO\WLFDO)5)FDOFXODWLRQ>@
)URPRI)5)XVHGIRUPRGHOXSGDWLQJLVDVIROORZVDQGWKHYDOXHVRIWKH)5)PDJQLWXGHLV
LQG%VFDOH
ഥǡ ሺ߱ሻ ൌ ʹͲ ଵ ൫หܪǡ ሺ߱ሻห൯
ܪ

 

7KHJRDORIWKH)(PRGHOXSGDWLQJLVWRFKDQJHWKHSURSHUWLHVRID)(0VXFKWKDWWKHDQD
O\WLFDOUHVSRQVHRIWKHPRGHOPDWFKHVWKDWRIPHDVXUHGGDWD7KHJRDOLVWRREWDLQDQDQDO\WLFDO
)5)DVFORVHDVSRVVLEOHWRWKHH[SHULPHQWDO)5)LQDGHVLUHGIUHTXHQF\UDQJH$IWHUGHYHORSLQJ
WKH)(PRGHO(T  DQG(T  DUHXVHGWRREWDLQWKH)5)DWWKHUHVSRQVHDQGH[FLWDWLRQ
QRGHVFRUUHVSRQGLQJWRWKHUHVSRQVHDQGH[FLWDWLRQORFDWLRQVFRQVLGHUHGLQWKHH[SHULPHQW7KH
SUREOHPWKHQLVDOHDVWVTXDUHVSUREOHPZKHUHWKHGLIIHUHQFHEHWZHHQDQDO\WLFDODQGPHDVXUHG
)5)VWKHHUURURUUHVLGXDOLVIRXQGDQGDVFDODUREMHFWLYHHUURUIXQFWLRQYDOXHLVFDOFXODWHG
>@:LWKWKHVFDODUREMHFWLYHHUURUIXQFWLRQYDOXHQXPHULFDORSWLPL]DWLRQWHFKQLTXHVDUHXVHG
WRPLQLPL]HWKHGLIIHUHQFHEHWZHHQWKHDQDO\WLFDODQGPHDVXUHG)5)VE\PRGLI\LQJWKHSDUDP
HWHUVRIWKH)(0VXFKWKDWWKHDQDO\WLFDO)5)EHVWPDWFKHVWKHPHDVXUHG)5)>@
6LQFHDOORIWKHVWUXFWXUDOSURSHUWLHVLQWKHILQLWHHOHPHQWFDQEHPRGLILHGDQ\FRPELQDWLRQ
RIVWLIIQHVVPDVVDQGGDPSLQJXSGDWLQJPD\EHSHUIRUPHG6WLIIQHVVPDVVDQGGDPSLQJSD
UDPHWHUXSGDWLQJFDQDOVRRFFXUVLPXOWDQHRXVO\6XEVWLWXWLQJ(T  LQWR(T  DQGXVLQJ
PRGDOUHVSRQVHVDVIXQFWLRQVRIWKHXQNQRZQXSGDWLQJSDUDPHWHUVUHVXOWVLQ(T(13 >@
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7KHHUURUIXQFWLRQRUUHVLGXDO݁LVGHILQHGDV
ഥ  ǡ ሺ߱ǡ ሻ െ ܪ
ഥ  ǡ ሺ߱ǡ ሻ
݁ሺ߱ǡ ሻ ൌ ܪ



ഥ  ǡ ሺ߱ǡ ሻDUHDQDO\WLFDODQGPHDVXUHG)5)UHVSHFWLYHO\7KHQD
ഥ  ǡ ሺ߱ǡ ሻDQGܪ
ZKHUHܪ
VFDODUREMHFWLYHHUURUIXQFWLRQܬLVFUHDWHGDQGLVWKHTXDQWLW\WKDWLVPLQLPL]HGWKURXJKERXQGHG
QXPHULFDORSWLPL]DWLRQ
ܬሺሻ ൌ ݁ ் ሺ߱ǡ ሻ݁ሺ߱ǡ ሻ

 

7KH SXUSRVH RI RSWLPL]DWLRQ LV WR PLQLPL]Hܬሺ߱ǡ ሻE\ FRQVLGHULQJ WKH XSSHU DQG ORZHU
ERXQGVIRU@>7KHVFDODUREMHFWLYHHUURUIXQFWLRQLVQRUPDOL]HGE\WKHLQLWLDOYDOXHRIWKH
VFDODUREMHFWLYHHUURUIXQFWLRQܬሺሻଵVRWKDWWKHRSWLPL]DWLRQVWDUWVDWDYDOXHRIDQGWKHSHUIHFW
PDWFKZRXOGEHDYDOXHRI
ܬሺሻ
 
ܬሺሻ ൌ
ܬሺሻଵ
7KHSDUDPHWHULVDXQLWOHVVPRGLILHUWKDWPRGLILHVDQ\VWUXFWXUDOSDUDPHWHU
4

CABLE-BEAM SYSTEM

7KHVFKHPDWLFRIDVVHPEOHGFDEOHEHDPV\VWHP CB DQGWKHFDEOHVXEVWUXFWXUH C LVVKRZQ
LQ)LJXUH7KHJHRPHWU\RIWKH VXE VWUXFWXUHVLVLOOXVWUDWHG7KHFDQWLOHYHULVDVWHHOUHFWDQ
JXODUEHDPZLWKFURVVVHFWLRQDUHDRI݉݉ଶ DQGWKHFDEOHLVD ൈ ͳͻVWHHOVWUDQGHGFDEOH
ZLWKDQRPLQDOGLDPHWHURILQFKDQGOLQHDUGHQVLW\RINJP7KUHHPHDVXUHPHQW
SRLQWVDUHFRQVLGHUHGIRUGHFRXSOLQJ,Q)LJXUHDSRLQWLVDFRXSOLQJ'2) ࢛
௨ LQ)LJXUH

 DQGSRLQWVDQGDUHWKHEHDPLQWHUQDO'2)V ࢛ LQ)LJXUH ZLWKLQWKHDVVHPEOHGV\VWHP
7KHUHLVQRFDEOHLQWHUQDO'2) ࢛
 LQ)LJXUH VLQFHLWZDVLQWHQGHGWRQHHGWKHOHDVWQXPEHU
RI'2)IURPWKHQXPHULFDOFDEOHPRGHO,Q)LJXUHEWKHFRXSOLQJSRLQW ࢛௨ LQ)LJXUH
LVVKRZQ$OOWKHGHJUHHVRIIUHHGRPDUHDORQJWKHzGLUHFWLRQ7KHFDEOHWHQVLRQLV1ZKHQ
WKHFDEOHLVFRQQHFWHGWRWKHEHDP LQV\VWHPCB DQGZKHQWKHFDEOHRQO\V\VWHPLVFRQVLGHUHG

)LJXUH6FKHPDWLFRID $VVHPEOHGFDEOHEHDPV\VWHP CB E &DEOHVXEVWUXFWXUH C 
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)5)VRIWKHDVVHPEOHGV\VWHP ࡴ LQ(T  DUHPHDVXUHGXVLQJPRGDOWHVWLQJDQG)5)RI
WKHFDEOHDWWKHFRXSOLQJSRLQW ࡴ LQ(T  LVREWDLQHGXVLQJDILQLWHHOHPHQWPRGHO(T
 LVWKHQXVHGWRREWDLQWKHGHFRXSOHGEHDP)5)ࡴ 7KHDVVHPEOHGV\VWHPVHWXS CB LV
VKRZQLQ)LJXUH7ZRULJLGIUDPHVZHUHVHFXUHGWRWKHIORRURQWKHULJKWDQGOHIWVLGHV7KH
QDWXUDOIUHTXHQFLHVRIWKHIUDPHVZHUHYHULILHGWREHIDUDZD\IURPWKHQDWXUDOIUHTXHQFLHVRI
WKHV\VWHP7KHULJKWHQGRIWKHFDEOHZDVDWWDFKHGWRDWKUHDGHGURGWRDGMXVWWKHWHQVLRQRIWKH
FDEOHDQGDQLQOLQHORDGFHOODWWKHOHIWHQGRIWKHFDEOHPHDVXUHGWKHORQJLWXGLQDOWHQVLRQRI
WKHFDEOH7ZR8EROWVZHUHXVHGLQWKHFRQQHFWLRQSRLQWRIWKHFDEOHDQGEHDP%RWKHQGVRI
WKHFDEOHDUHSLQQHGDQGWKHEHDPLVFDQWLOHYHUHG0RUHGHWDLOVRIWKHVHWXSFDQEHIRXQGLQ
>@

)LJXUH([SHULPHQWDOVHWXSIRUFDEOHEHDPV\VWHP

)5)VZHUHREWDLQHGXVLQJD% .LPSDFWKDPPHUD1,F'$4FKDVVLVDQG
WKHVRIWZDUH0RGDO9LHZ>@ZDVXVHGWRDQDO\]HWKHGDWD
4.1 Finite element model updating of the cable
,QRUGHUWRREWDLQWKHVXEVWUXFWXUHC)5)PDWUL[ࡴ LQ(T  DILQLWHHOHPHQWPRGHOIRU
WKHFDEOHLVGHYHORSHG7KHFDEOHLVPRGHOHGDVSLQQHGSLQQHG(XOHUEHDPZLWKILQLWHHOH
PHQWV7KHEHQGLQJVWLIIQHVV  ܫܧRIWKHFDEOHZDVPHDVXUHGLQWKHSUHYLRXVZRUNRIWKHDXWKRUV
>@LQGLIIHUHQWWHQVLRQVDQGWKHPHDVXUHGYDOXHRIܰ݉ଶLVXVHGLQWKH)(PRGHO7KH
EHDPFURVVVHFWLRQDUHDLV݉݉ଶ DQGWKHOLQHDUGHQVLW\LVNJP

)LJXUH)LQLWHHOHPHQWPRGHORIWKHFDEOH

7KH)5)PDWUL[ࡴ KDVRQO\RQHDUUD\ܪଵଵ  VLQFHSRLQWLQ)LJXUHLVWKHRQO\'2)RQ
WKHFDEOHVXEVWUXFWXUH C WKDWLVEHLQJFRQVLGHUHGLQWKHDQDO\VLV7KHUHIRUHLQWKH)(PRGHO
XSGDWLQJSURFHVVGLUHFW)5)RISRLQW H[FLWDWLRQDQGUHVSRQVHDWWKHVDPHSODFH ܪଵଵ  WKDW
LVREWDLQHGXVLQJ(T  LVXSGDWHGEDVHGRQWKHPHDVXUHG)5),QWKHXSGDWLQJSURFHVVDOO
WKHVWLIIQHVVDQGPDVVHOHPHQWVDUHGLUHFWO\PRGLILHGXVLQJWKHPXOWLSOLHUVLQ(T  7KHUH
IRUHWKHUHDUHPXOWLSOLHUV QXPEHURIILQLWHHOHPHQWVLV IRUWKHVWLIIQHVVPDWULFHVDQG
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PXOWLSOLHUVIRUWKHPDVVPDWULFHVWKDWQHHGWREHXSGDWHGLQHDFKLWHUDWLRQ7KHQRQOLQHDU
FRQVWUDLQHGRSWLPL]DWLRQWHFKQLTXHLQ0$7/$%VRIWZDUHLVXVHG7KHORZHUDQGXSSHUERXQGV
IRUDOOWKHYDULDEOHVDUHFRQVLGHUHGWREHDQGUHVSHFWLYHO\)LJXUHVKRZVWKHXSGDWHG
DQGLQLWLDO)5)FRPSDUHGWRWKH)5)REWDLQHGIURPH[SHULPHQW7KHPDJQLWXGHRIWKHXSGDWHG
)5)PDWFKHVPRUHZLWKWKHH[SHULPHQWDORQHDQGWKHVKDUSQHVVRIWKHSHDNVLVFORVHUWRWKH
H[SHULPHQWDO)5)LQWKHXSGDWHG)5)7KHUHLVVWLOODVOLJKWGLVFUHSDQF\EHWZHHQWKHXSGDWHG
DQGH[SHULPHQW)5)VEXWWKHGHFRXSOLQJUHVXOWLQ6HFWLRQVKRZVWKDWWKLVGLVFUHSDQF\GRHV
QRWFDXVHDQ\XQDFFHSWDEOHHUURULQWKHILQDOGHFRXSOLQJUHVXOWV

)LJXUH&RPSDULVRQRIXSGDWHGDQGLQLWLDOFDEOH)5)ZLWKH[SHULPHQWDO)5)

5

DECOUPLING RESULTS

7KHPHDVXUHG)5)VIURPWKHDVVHPEOHGV\VWHPDQGWKHFDOFXODWHG)5)IURPWKHILQLWHHOH
PHQWPRGHODUHXVHGLQ(T  WRSUHGLFWWKHGHFRXSOHGEHDP)5))LJXUHVKRZVWKHSUH
GLFWHG)5)ܪଷଷ  DQGܪଶଷ  FRPSDUHGWRWKHGLUHFWO\PHDVXUHG)5)'HFRXSOHG)5)VVKRZD
JRRGDJUHHPHQWZLWKWKHPHDVXUHG )5)V7KHUHLVDVSXULRXVSHDNDURXQG+]ZKLFKLV
SUREDEO\GXHWRQXPHULFDOVLQJXODULW\WKDWLVFRPPRQLQG\QDPLFVXEVWUXFWXULQJ>@$QRQ
FROORFDWHGDSSURDFK>@LVXVHGWRREWDLQWKHUHVXOWVZKLFKPHDQVDOOWKHLQWHUQDO'2)VRIWKH
EHDPVXEVWUXFWXUHZHUHXVHGIRUHTXLOLEULXPFRQGLWLRQ
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)LJXUH&RPSDULVRQRIGHFRXSOHGEHDP)5)ZLWKPHDVXUHG)5)D ܪଶଷ  E ܪଷଷ 

)URPWKHREWDLQHG)5)VWKHPRGDOSURSHUWLHVRIWKHEHDPFDQEHH[WUDFWHG1DWXUDOIUH
TXHQFLHVDQGGDPSLQJUDWLRVRIWKHEHDPH[WUDFWHGIURPWKHSUHGLFWHG)5)VDQGPHDVXUHG)5)V
DUHFRPSDUHGLQ7DEOH7KHG%PHWKRG>@ZDVXVHGWRH[WUDFWWKHGDPSLQJUDWLRVIURP
WKH)5)SHDNV7KHUHLVDQDFFHSWDEOHDJUHHPHQWEHWZHHQWKHPRGDOSURSHUWLHVRIWKHEHDP
H[WUDFWHGIURPPHDVXUHG)5)DQGSUHGLFWHG)5)ZKLFKVKRZVWKDWIUHTXHQF\EDVHGGHFRXSOLQJ
FDQEHXVHGWRH[WUDFWWKHPRGDOSURSHUWLHVRIWKHEHDPLQDFDEOHEHDPV\VWHPZLWKWKHFDEOH
HIIHFWVILOWHUHGRXW,QVRPHPRGHVWKHSUHGLFWHGDQGPHDVXUHGGDPSLQJUDWLRVGLIIHUZKLFK
FRXOGEHDWWULEXWHGWRPHDVXUHPHQWHUURUDQGGLIILFXOW\LQH[FLWLQJWKHFRXSOLQJSRLQWLQWKH
DVVHPEOHGDQGVXEVWUXFWXUHDWWKHVDPHORFDWLRQ'DPSLQJUDWLRRIWKHILUVWPRGHZDVSUHGLFDWHG
ZLWKKLJKHUURUDQGLWLVQRWSUHVHQWHGLQWKHWDEOH
7DEOH1DWXUDOIUHTXHQFLHV +] DQGGDPSLQJUDWLRV  RIEHDPSUHGLFWHG GHFRXSOHG DQGPHDVXUHG
0RGH
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6

CONCLUSIONS

,QWKLVVWXG\DFDEOHEHDPV\VWHPZDVVWXGLHGWKURXJKWKHDSSOLFDWLRQRIH[SHULPHQWDOQX
PHULFDO)5)EDVHGGHFRXSOLQJDQGWKHEHDP)5)ZDVSUHGLFWHG$ILQLWHHOHPHQWPRGHOIRU
WKHFDEOHZDVGHYHORSHGDQGXSGDWHGXVLQJ)5)EDVHGQRQOLQHDURSWLPL]DWLRQDQGWKHQZDV
GHFRXSOHGIURPWKHPHDVXUHGDVVHPEOHGV\VWHP,WZDVVKRZQWKDWIUHTXHQF\EDVHGGHFRXSOLQJ
FDQEHDSSOLHGLQFDEOHVWUXFWXUHVWRH[WUDFWWKHG\QDPLFVRIDVWUXFWXUHZLWKWKHHIIHFWVRIFDEOH
ILOWHUHGRXW,QWKHILHOGVRPHSDUWVRIWKHV\VWHPVXFKDVFRQQHFWLRQSRLQWRIWKHFRQGXFWRUV
DQGHOHFWULFLW\SROHDUHLQDFFHVVLEOH,QIXWXUHUHOLDEOHVLPXODWLRQPRGHOVVKRXOGEHGHYHORSHG
IRUWKHDVVHPEOHGV\VWHPVRWKDW)5)VRIVXFKLQDFFHVVLEOHSRLQWVEHUHSODFHGE\VLPXODWLRQ
UHVXOWV
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CONTRIBUTION OF SEISMIC NOISE RECORDINGS TO THE NONSTRUCTURAL VULNERABILITY ASSESSMENT
Konstantinos G. Megalooikonomou1
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Keywords: ambient vibrations, induced seismicity, non-structural components, masonry
Abstract. Since the 1990s, the recordings of ambient vibrations in structures have gained interest in the civil engineering community due to technological improvements of portable sensors, allowing the recordings of small amplitude vibrations, and the possibility of processing
a large amount of data even in real time. Many applications, based on the analysis of seismic
noise, exist in the literature for checking the serviceability limit state of existing construction
in the case of earthquakes. These applications can be extended to the case of occurrence of
induced and triggered seismicity and its potential impact on the built environment. The latter
impact has heightened both public concern and regulatory scrutiny, emphasizing the need for
an integrated risk management framework. Considering the case of induced seismicity, the
vulnerability assessment requires the expected damage to refer to non-structural components.
In this study, some historical masonry buildings located in Alsace France are considered and
the dynamic characteristics of these structures were estimated by the analysis of seismic noise
recordings by sensors installed at each floor of the buildings under study. The estimated dynamic properties for small amplitude vibrations of these historical structures were used to
derive simplified vulnerability models. Moreover, the Eurocode 8 defines the interstory drift
limit of a building for non-structural damage, by looking at its displacement-sensitive nonstructural components at the serviceability limit state. Therefore, by adopting these limits and
the developed simplified vulnerability models, new fragility curves for typical historical masonry building types dominant in the region under study are proposed. The fragility curves
have been calculated using incremental dynamic analysis for the seismic demands generally
imposed upon linear and slightly non-linear models of single and multiple degrees of freedom,
which is the case for the effects of induced seismicity. These results will prove useful for both
local end-users and industrial stakeholders, with a clear perspective for a better understanding of the risk related to induced and triggered seismicity and its sound management.
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1

INTRODUCTION

Since the 1990s, the recordings of ambient vibrations in structures have gained interest in
the civil engineering community due to technological improvements of portable sensors, allowing the recordings of small amplitude vibrations, and the possibility of processing a large
amount of data even in real time. Many applications, based on the analysis of seismic noise,
exist in the literature for checking the serviceability limit state of existing construction in the
case of earthquakes. These applications can be extended to the case of occurrence of induced
and triggered seismicity and its potential impact on the built environment. The latter impact
has heightened both public concern and regulatory scrutiny, emphasizing the need for an integrated risk management framework. Considering the case of induced seismicity, the vulnerability assessment requires the expected damage to refer to non-structural components.
The ultimate goal of seismic design of a structure is to prevent structural collapse and human losses in case of an earthquake event. Over time, advances in earthquake engineering
have led to a wide range of methodologies for earthquake resistant structural design. As a result, structures built with current methods are generally able to resist expected seismic activity
and preserve their structural integrity. However, although a building remains structurally
sound, it can be rendered unusable due to damage to its non-structural components. Additionally, the majority of the value of some specific buildings lies in their non-structural components. For instance, it has been shown that non-structural components account for 82%, 87%
and 92% of building costs for offices, hotels and hospital buildings, respectively [1]. Therefore, building owners may still be burdened with high expenses due to the need to repair and
replace non-structural components, despite applying the current seismic design standards.
The Eurocode 8 (Cl.4.4.3.2) [2] defines the maximum interstory drift (IDR) limit of a
building for non-structural damage of its displacement-sensitive non-structural components
for the serviceability limit state. The latter relates to structural performance for normal service
conditions, under which the function of a building, its appearance, maintainability, durability
and comfort for its occupants must be preserved. In that case, the IDR obtained from elastic
analyses should be limited to the following values, set as a function of the non-structural typology/detailing and represented by θns, which is the limiting story drift ratio, equal to the relative inter-story displacement divided by the story height:
x for buildings having non-structural components fixed in a way so as not to interfere with
structural deformations: θns ≤ 1.0%;
x for buildings having ductile non-structural components: θns ≤ 0.75%;
x for buildings having non-structural components, realized with brittle materials, attached
to the structure: θns ≤ 0.5%.
It is not clear from the above definitions in Eurocode 8 how ductile non-structural components are distinguished from the other mentioned types. In addition, a minimum required ductility capacity is not provided in these guidelines. Moreover, the drift limit of 1.0% for nonstructural components fixed in a way not to interfere with structural deformations appears to
be very high for masonry structures and there are not clear indications of how it is set to this
value also for this case. However, the above criteria provide a test-bed for drift sensitive nonstructural damage to be considered as damage thresholds in the analytical definition of fragility curves.
In this paper the focus will be on the rapid and efficient modeling of an urban area from the
vulnerability point of view (considering only the possible damage to non-structural components), which is the key component for the efficient and reliable implementation of risk monitoring applications.
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2

CASE STUDIES

In this study, some historical masonry buildings located in Alsace France are considered
and the dynamic characteristics of these structures were estimated by the analysis of seismic
noise recordings by sensors installed at each floor of the buildings under study (Fig. 1).
In the considered test site, the analysis of the collected exposure information indicates that
traditional or historical masonry structures occur in large numbers near in the mostly rural areas close to the geothermal platforms in Alsace region in France [3]. Two general classes of
structures, namely unreinforced masonry (URM) and timber-framed masonry (TFM) buildings have been considered, and the simple performance assessment models ([4], [5]) have
been adopted in order to carry out a preliminary vulnerability assessment for these classes of
structures. The objective is to rapidly identify buildings and their non-structural components
that are at greater risk in the event of an induced earthquake, and to model their non-structural
fragility.
The vulnerability modelling focused on buildings constructed of masonry, which may be
more susceptible to the range of ground motion expected in the event of induced seismicity in
the area. The measurements have been carried out using the MPwise (Multi-Parameter Wireless Sensing System) smart device [6], which has been designed to carry out rapid measurement activities by exploiting the computing and advanced networking capacities embedded in
individual units. Based on measurements of environmental seismic noise, the fundamental
frequency of vibration of the inspected buildings has been estimated and used to calibrate the
respective fragility curves.
In collaboration with GFZ and ES-Géothermie a three-day acquisition campaign was organized which involved the installation of four sets of sensors in private houses located in villages located around the Soultz and Rittershoffen geothermal sites. The fundamental period of
these structures was verified by analyzing the ambient noise measured using the MPwise sensors [6], with one sensor installed outside of the buildings, and the three others installed on
each floor of the houses (basement, ground floor and first floor). The sensors were installed to
record the ambient noise and to draw a vulnerability mode that allows the issuing of damage
forecasts (Table 1, [7]). Finally, the main geometry required as input for the simplified vulnerability models was taken through field inspection of these buildings.

No

Building
Type

Building
Latitude

Building
Longitude

Fundamental
ESDOF Model
Period (s)

1
2
3
4
5

URM
URM
URM
TFM
URM

48.964946
48.902075
48.905270
48.914307
48.932865

7.881095
7.874917
7.950266
7.882233
7.874377

0.17
0.37
0.11
0.15
0.32

Fundamental Frequency Sensor
(Hz)
5.5
2.7
9
6.7
3.1

Table 1: Real URM and TFM buildings located near the geothermal platforms in Alsace region in France [7].
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b)

a)

c)

Figure 1: a) Example of timber-framed masonry building b) Measurements of the fundamental frequency of vibration estimated from the spectral analysis of environmental seismic noise. c) Installation of MPwise floor sensor

3

VALIDATION OF THE NUMERICAL MODEL

The estimated dynamic properties for small amplitude vibrations of these historical structures were used to derive simplified vulnerability models.
While steel or concrete frames are mostly lumped systems with stiff diaphragms, URM
buildings have distributed mass and stiffness commonly in combination with flexible diaphragms. This fact obstructs the adoption of the established methodologies to URM buildings.
Specifically, the fundamental mode shape of the latter buildings involves a low percentage of
the total mass of the building below the 75% limit required for the good performance of
ESDOF-based methods. In order to solve this issue, the simplified procedure of Vamvatsikos
et al. (2015) [4] was adopted. In their procedure the dynamic URM building response is repre-
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sented. Global response indices are transformed to local deformation measures in closed-form
seismic assessment solution both for demand and supply in the critical structural locations.
The solution involves the definition of the fundamental vibration mode, approximated by 3D
shape function consistent with the building’s boundary conditions. Strength and deformation
indices are adopted for the evaluation of the acceptance criteria. Typical local failures are estimated through a local shape of deformation while the model captures the global dynamic
characteristics. The adopted method allows the automation of the necessary calculations
through closed-form expressions. The application of the methodology presented in this work
to produce the analytical fragility curves for URM buildings is demonstrated here (Table 2)
on a box-shaped unreinforced masonry structure of the townhall of Keffenach (URM building
No.1 in Table 1) in Alsace region in France near the geothermal platforms of this region
(Soultz-sous-Forêts and Rittershoffen).
Longitudinal wall length
Transverse wall length
Roof height
Wall thickness
Shear Modulus
Shear Strength
Wall mass
Story mass
Roof mass
Total mass
Horizontal “gravity” load
Wall total area
Wall box moment of inertia
Resistance of wall plan
Wall plate stiffness factor
Total crest acceleration at flexural cracking
Shear deformation
In-plane flexural deformation
1st floor windows shear deformation
2nd floor doors shear deformation
2nd floor windows shear deformation
Out-of-plane flexural deformation
In-plane deformation participation
Out-of-plane deformation participation
ESDOF generalized mass
ESDOF generalized stiffness
ESDOF period
ESDOF earthquake excitation factor
ESDOF effective mass ratio
ESDOF participation factor

9.14 m
12.04 m
3.5 m
0.25 m
930 MPa
0.93 MPa
75.57 tn
2.1 tn
3.27 tn
80.94 tb
226.85 kN/m
10.59 m2
157.64 m4
33.58 m3
8470 kNm
2.7 g
0.141 mm
0.0044 mm
0.0006 mm
0.002 mm
0.01 mm
8.48 mm
0.025
0.975
7.98 tn
10398.56 kN/m
0.17 sec
15.03 tn
0.35
1.88

Table 2: Simplified model parameters for URM building (No.1 in Table 1) under transverse/short/weak building
plan direction loading. Values are calculated based on Vamvatsikos et al. (2015) [4].

4882

Konstantinos G. Megalooikonomou

TFM walls are reinforced with timber elements, both horizontal and vertical but also Xtype diagonal braces. It is evident historically, since the Bronze Age that the timber reinforcement into masonry walls is strongly related to seismic resistance in earthquake-prone
areas. In TFM walls there is also recent experimental and numerical evidence [5] that the contribution of the diagonal braces is vital for walls’ lateral behavior in the nonlinear range due to
early detachment of the masonry infill from the surrounding timber frame in the event of an
earthquake. In addition, it is observed that for very low horizontal displacement the diagonals
in tension detach from the surrounding frame. Therefore, it is suggested [5] that the diagonals
should contribute to the lateral behavior only in compression and moreover the infill masonry
walls of the timber frame should not be considered in the analytical model. Based on these
considerations, a macro-model was proposed ([5], [8]) where its input can be easily determined since it involves only the key geometric characteristics of the timber panels and the
timber strength. The latter model facilitates the seismic assessment of TFM walls resulting in
a valuable tool for simplified seismic vulnerability and risk analyses [9]. Based on the resulting pushover curves produced by pushover analysis [10] of the TFM walls’ macro-model, a
shape-function is defined for the derivation of the ESDOF properties which is similar to the
methodology already described for URM buildings [4]. An example (TFM building No.4 in
Table 1) of the resulting pushover curve [10] is given in Fig. 2 and the overall analysis results
are tabulated below (Table 3).
a)

b)

Figure 2: a) TFM wall model with panels incorporating X-type diagonal braces (No.4 in Table 1). b) Pushover
curve from the methodology adopted by Kouris et al. (2014) [5].
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Longitudinal wall length
Transverse wall length
Roof height
Wall thickness
Shear Modulus
Shear Strength
Wall mass
Story mass
Roof mass
Total mass
Horizontal “gravity” load
Wall total area
Wall box moment of inertia
Resistance of wall plan
Wall plate stiffness factor
In-plane deformation (Fig. 2b)
Out-of-plane flexural deformation
In-plane deformation participation
Out-of-plane deformation participation
ESDOF generalized mass
ESDOF generalized stiffness
ESDOF period
ESDOF earthquake excitation factor
ESDOF effective mass ratio
ESDOF participation factor

7.7 m
17 m
5.15 m
0.2 m
930 MPa
0.93 MPa
103.73 tn
2.1 tn
3.27 tn
109.1 tn
207.83 kN/m
9.88 m2
116.06 m4
29.38 m3
4340 kNm
14 mm
60.54 mm
0.188
0.812
15.62 tn
27653.24 kN/m
0.15 sec
31.38 tn
0.58
2.01

Table 3: Simplified model parameters for TFM building (No.4 in Table 1) under transverse/short/weak building
plan direction loading. Values are calculated based on Vamvatsikos et al. (2015) [4].

4

ESTIMATION OF THE NON-STRUCTURAL DAMAGE LEVEL

Considering these real TFM and URM building cases in Alsace France (Table 1) the corresponding fragility curves are derived in terms of peak ground acceleration (PGA) with the aid
of structural analysis for a gradually increasing intensity (incremental dynamic analysis - IDA)
[11]. The latter analysis of ESDOF of the building cases under study was performed with the
MATLAB [12] toolbox FEDEAS Lab [13]. The correlation of the PGA values of the recordings used in the IDA analysis with the corresponding PGV values follows the rule that for
very flexible structures (very high fundamental periods) the relative velocity response spectrum of the used record tends to the peak ground velocity (PGV). The induced ground motions obtained from the PEER database were employed and applied in the
transverse/short/weak building plan direction ([7], [14]). The fundamental periods of these
structures as already mentioned were verified with ambient noise vibration measurements using sensors [5] located at each floor of the buildings under study (Table 1). Moreover, the
main geometry required as input for the simplified vulnerability models was taken through
field inspection of these buildings. The results are shown in Fig. 3. It can be seen that the fragilities for URM buildings have more or less the same range of probability of damage while
the more earthquake resistant TFM building is less fragile for low and medium intensities.
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Cumulative Distribution Function

Fragility Curves - TFM and URM Buildings - Geothermal Platforms - Alsace,France
1

0.8

0.6

0.4
URM-Rigid Diaphragm- T=0.17s
URM-Rigid Diaphragm- T=0.37s
URM-Flexible Diaphragm- T=0.11s
TFM-Flexible Diaphragm- T=0.15s
URM-Rigid Diaphragm- T=0.32s

0.2

0
0

0.5

1

1.5

2
2.5
3
3.5
Peak Ground Velocity (cm/s)

4

4.5

5

Figure 3: Proposed analytical fragility curves for first damage state (pre-yielding damage state –DS1-0.1% drift
limit for non-structural damage) for Unreinforced Masonry Buildings (URM) and Timber-Framed Masonry
Buildings (TFM). The buildings are located near the geothermal platforms in Alsace France and are loaded in the
weak/short plan view direction of shaking. The fundamental period of these structures was verified with ambient
noise measurements through applied sensors [7].

5

CONCLUSIONS
x The estimated dynamic properties for small amplitude vibrations of the historical structures near the geothermal platforms in Alsace, France considered in this work were used
to derive simplified vulnerability models.
x Moreover, the Eurocode 8 defines the interstory drift limit of a building for nonstructural damage, by looking at its displacement-sensitive non-structural components at
the serviceability limit state.
x Therefore, by adopting these limits and the developed simplified vulnerability models,
new non-structural fragility curves for typical historical masonry building types dominant
in the region under study are proposed.
x The fragility curves have been calculated using incremental dynamic analysis for the
seismic demands generally imposed upon linear and slightly non-linear models of single
and multiple degrees of freedom, which is the case for the effects of induced seismicity.
x These results will prove useful for both local end-users and industrial stakeholders, with
a clear perspective for a better understanding of the risk related to induced and triggered
seismicity and its sound management.
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Abstract. Structural health monitoring, the observation of strong earthquake motions, is
carried out at Kanagawa University, a low-rise steel structure. In this paper, a transfer
function obtained from these observation records was examined. The results of microtremor
and shaker experiments to determine the primary natural frequency, which we always
conduct on the completion of a building, were almost the same. The natural frequency in the
x-direction was 2.4–2.5 Hz. The natural frequency in the y-direction was 2.6–2.7 Hz. From
the five years of monitoring data, we focused on 17 earthquakes, which had the greatest levels
of vibration. For these earthquakes, where the maximum acceleration was large in the xdirection, the natural frequency tended to be slightly lower. However, such a trend could not
be confirmed in the y-direction. We will continue observing and proceed with further analysis
in the future.
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1

INTRODUCTION

After the 1995 South Hyogo Prefecture Earthquake, the number of strong earthquake
ground motion observation sites in Japan rapidly increased, and today, this type of
observation is conducted at a density unmatched worldwide, for example, at the National
Research Institute for Earth Science and Disaster Prevention [1] and in Yokohama City [2].
Moreover, although not matching the extent of ground observations, there has been a steady
increase in strong earthquake motion observations focusing on buildings, especially high-rise
buildings. Although limited in scope, as part of business continuity planning, corporations use
the results of building motion observation records for structural health monitoring by
diagnosing the actual performance and soundness of their buildings [3].
The Kanagawa University Yokohama Campus Building 3 (Building 3) was completed in
March 2014. Structural monitoring of Building 3 occurs through displacement meters
installed on accelerometers and buckling-restrained braces. In addition, to determine the
vibration characteristics of the building, microtremor measurements and shaker experiments
were conducted in January 2015 [4–6].
In this paper, we outline the observation system, summarize the results of the analysis of
the microtremor and shaker experiments, and, with special attention to the primary natural
frequency of the building, compile a list of the results of the strong earthquake ground motion
observations made during the 2015 to 2019 fiscal years.
2

TOPOGRAPHIC OUTLINE OF THE TARGET AREA

Kanagawa University Yokohama campus is located in Yokohama City in the northeastern
part of Kanagawa prefecture (Figure 1). Yokohama City, an economic and industrial center,
has a population of 3.7 million and is the second-largest city in Japan. It contains many
historically valuable buildings because it has prospered as a port city since ancient times.
Figure 2 shows the topography of Kanagawa University and its surroundings [7]. The
Yokohama campus is located on the Shimosueyoshi Plateau, which extends across the east
side of the prefecture. The Shimosueyoshi Plateau is composed of Kazusa Group sediments
overlain by a gravel layer and a Kanto Loam layer. Dendritic-shaped river valley lowlands
have been cut into the plateau. A small valley is located to the north of the Yokohama campus,
but the campus is located entirely on the plateau.
The northeastern part of Kanagawa prefecture, where the study area is located, suffered
heavy damage from the 1923 Kanto Earthquake. Figure 3 shows the distribution of the
destruction rate of wooden houses during the Kanto Earthquake. The destruction rate was
high on the coast and extended to the south, and it was extremely high in the west (40%–50%).
As shown by the administrative divisions of the time, the Yokohama campus is located near
the border between the village of Shirosato and the former location of Yokohama City (Figure
3). In the former location of Yokohama City, relatively detailed damage investigations were
conducted, and the destruction rate of wooden houses was as high as 20%–30%. However, the
destruction rate of Shirosato is unknown.
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Kanagawa Uni.

Figure 1: Location of Kanagawa University
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Figure 2: Topography of Kanagawa University and its surroundings [7]

4889

T. OCHIAI, T. INUBUSHI, H. MA, M. NAVARRO, and T. ENOMOTO

Kanagawa Uni.

destruction
rate (%)

Figure 3: Distribution of the destruction rate of wooden houses during the 1923 Kanto Earthquake [8]. The
divisions shown are the administrative divisions at the time.

3

STRUCTURAL MONITORING

3.1

Outline of the building

Building 3 has four floors above ground and two floors below ground. However, for the
purposes of structural design, the building is deemed to be situated above ground, with five
floors above and one floor below ground level.
Laterally, the structure has atriums on each floor, albeit they are approximately oblong
shaped. Vertically, in its top-most section, the structure has pillars erected on beams, again
almost oblong shaped. The short side of the building (X) has a span of 2.8 m, while the long
side (Y) has a wider span of over 10 m to secure a large lecture room space. Moreover,
although the building is a damage-controlled structure that uses buckling-restrained braces, its
design is static, so the building is considered to be earthquake-resistant braced [9, 10].
࣭ The main structure is a steel frame with partially reinforced concrete.
࣭ The foundation structure is a spread foundation (the foundation ground is hard and the
mudstone layer has an N value of 60 or more).
࣭There are four floors above ground and two floors below ground (the eave height is
20.45 m).
࣭ The total floor area is 11,480 m2.
࣭The building area is 2,200 m2.
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3.2

Outline of the structural monitoring system

For the structural monitoring, we conducted seismic observations using accelerometers and
made displacement observations of the buckling-restrained braces in the building and
surrounding ground. In the following, we outline the primarily seismic observations.
The earthquake observation system for this building comprises accelerometers installed in
three locations of the building: 4th floor, 1st floor, and B2 floor (see Figure 4) and in two
locations in the ground at distances of several tens of meters away from the building (i.e. on
the ground surface, excluding the embankment, and at the engineering infrastructure depth).
Each accelerometer has three components, two for bi-directional lateral (x, y) operation and
one for vertical operation. Records are taken when the trigger level (1 gal) is exceeded at the
engineering base position. Observation records are stored on a server and currently collected
manually.
Floor Plan

Framing Elevation (Y)

44.0m

53.2m

20.95m

7.1m

Framing Elevation (X)

20.95m

Seismograph position
: B2F
: 1F
: 4F

7.1m

Figure 4: Seismograph positions in the target building (Building 3)
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4
4.1

MICROTREMOR MEASUREMENT AND SHAKER EXPERIMENTS
Microtremor measurements

For the microtremor measurements, microtremor meters were installed at the approximate
centers of the building’s R and B1 floors. The x- and y-direction transfer function (R floor/B1
floor) was calculated from the Fourier spectrum of the measurement records.
The transfer function obtained using the microtremor measurements is shown in Figure 5.
The peak frequencies of the transfer function were 2.52 Hz in the x-direction and 2.74 Hz in
the y-direction; thus, they were slightly higher in the y-direction. The peak at 3.24 Hz is
presumed to be due torsion.

40
Transfer Function 䠄FR/B1F䠅

X, peak䠖2.52Hz
Y, peak䠖2.74Hz

30

20

10

0
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2

3

4

5

Frequency 䠄Hz䠅
Figure 5: Transfer function from microtremor measurements

4.2

Shaker Experiments

For the shaker experiments, a small shaker with a linear motor was adapted from Aoki et al.
[11] and Wen et al. [12]. In the experiments, the shaker was installed almost at the center of
gravity on the R floor of the building with one-direction oscillation in each of the x- and ydirections. Measurements were taken at four points on the R floor. Figure 6 shows the
resonance curve from the shaker experiment. The peak of the resonance curve was 2.38 Hz in
the x-direction and 2.64 Hz in the y-direction; thus, it was slightly higher in the y-direction, as
was the microtremor measurement. A peak of more than 3 Hz in the x-direction was
conceivably due to a torsional component.
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Figure 6: Resonance curve from the shaker experiment

4.3

Transfer function

Using the peak frequency of the transfer function and the peak of the resonance curve as
the primary natural frequencies of the building, the primary natural frequencies are shown in
Table 1. The results of the microtremor measurements and the shaker experiment were
generally consistent. There are several possible causes for the slightly higher frequency in the
y-direction. Conceivably, it is because the buildings’ overall dimensions are longer in the xdirection (53 m) than in the y-direction (44 m).
Notably, a calculation using the natural period calculation formula of a general S structure
(T = 0.02 x H) yields T = 0.409 s (2.44 Hz), which is largely consistent with the measured
value.
Table 1: List of transfer functions

X
Y

5

0LFURWUHPRU
0HDVXUHPHQW

6KDNHU
([SHULPHQWDWLRQ

2.52Hz

2.38Hz

㸦0.40s㸧

㸦0.42s㸧

2.74Hz

2.64Hz

㸦0.36s㸧

㸦0.38s㸧

TARGET EARTHQUAKE

As part of the structural monitoring, Building 3 has been subject to strong earthquake
motion and buckling-restrained brace displacement observations. In the following, we focus
on the primary natural frequency of the building obtained from the transfer function from
strong earthquake motion observation records and consider its secular change.
The target period ran from March 2015 (the start of the observations) to January 2020. The
targeted earthquakes comprised 17 earthquakes with a seismic intensity of 2.5 or more
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measured at K-NET Yokohama (KNG002), a strong ground motion observation point located
relatively close to Kanagawa University. Table 2 lists the targeted earthquake motions and
observation records, and Figure 7 shows the epicenter locations.
Of the targeted earthquakes, only the epicenter of the No. 2 earthquake was located off the
western coast of the Ogasawara Islands to the south. This earthquake, at a depth of 682 km,
somewhat differed from the other earthquakes, which were evenly distributed around the
target location, from the north to the south. The majority of the epicenters were located at
depths between 10 and 60 km; these earthquakes mainly occurred in shallow strata.
As an example, Figure 8 shows the time history waveform and response spectrum of the
ground surface on May 25, 2015.

Kanagawa Uni.

Mj

0

40

80km

Figure 7: Distribution of the targeted earthquake epicenters
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Table 2: List of targeted earthquakes
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Figure 8: time history waveform and response spectrum (h = 5%) of the ground surface for the May 25, 2015
earthquake
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6.1

Primary natural frequency
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Figure 9 presents the superposed transfer functions for each earthquake record.
Earthquakes with a maximum acceleration (4F exceeding 20 gal in both directions) are shown
in red. In the x-direction, when the maximum acceleration is large, the natural frequency
tended to be slightly smaller (cycle prolongation). However, this tendency was not apparent in
the y-direction.
Figures 10 shows the relationship between the primary natural frequency and the 4F
maximum acceleration. It also presents the approximate curves and correlation coefficients.
As described above, when the maximum acceleration was large, the natural frequency tended
to be small. Variation in the x-direction was low overall, and the correlation coefficient of
0.84 indicates a relatively strong correlation between the two. As seen in the spectrum, for the
y-direction, the overall variation was somewhat higher, and the correlation was weak, with a
coefficient of 0.55.
We plan to conduct further analyses of differences in the characteristics of the x- and ydirections.
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Figure 9: Transfer function (4F/1F)
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Figure 10: Peak accelerations (4F) and primary natural frequencies

4896

3.00

T. OCHIAI, T. INUBUSHI, H. MA, M. NAVARRO, and T. ENOMOTO

6.2

Changes in primary natural frequency during the duration of an earthquake

Having confirmed the amplitude dependence of the primary natural frequency due to
differences in the intensity of ground motion (section 5.1), we then analyzed whether the
same tendency could be confirmed during the duration of a single targeted earthquake. The
analysis target was the May 25, 2015 earthquake, which resulted in the building’s largest
acceleration. The earthquake was recorded for 100 seconds. The acceleration amplitude
increased from around 20 seconds in both the x- and y- directions and then reduced after 60
seconds, up to about 6 gal at 4F.
Although the time history waveform cut out at 20.48 seconds, by shifting the start time by
2.0 seconds, a transfer function was obtained in the same manner as shown in Figure 9. Figure
11 shows the change in the primary natural frequency during the earthquake with the time
history wave. The primary natural frequency in the x-direction for the first half of the 60
seconds, including the main motion, was 2.2 to 2.3 Hz. After 60 seconds, the primary natural
frequency gradually increased from 2.3 to 2.6 Hz (micromotion: 2.52 Hz and shaker
experimentation: 2.38 Hz). The primary natural frequency for the first 60 seconds in the ydirection was 2.6–2.7 Hz, and the second half was 2.7–2.9 Hz (micromotion: 2.74 Hz and
shaker experimentation: 2.64 Hz). These results show that the natural frequency changed with
amplitude level during the duration of the earthquake.
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Figure 11: Changes in primary natural frequency during the duration of an earthquake
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6.3

Time-dependent change in the primary natural frequency
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Figure 12 shows the changes in the primary natural frequency over time, from the start of
the observation period until the present. As described above, although there was some
variation in the magnitude of the acceleration, the extent of the variation was small overall.
Given that there has been almost no change in the natural frequency since immediately after
the completion of construction, it was assumed that the soundness of the building has
remained intact.
In the future, we plan to continue these observations and proceed with analyses that focus
on questions around differences in changes due to external factors, such as seismic motion,
and changes due to aging.

Figure 12: Time-dependent change of the primary natural frequency

7

SUMMARY

We examined the vibration characteristics of Kanagawa University Building 3 using
microtremor measurements and a shaker experiment: the primary natural frequency data
obtained were largely consistent for both methods.
The transfer function obtained from strong earthquake motion observation records
evidenced time-dependent change in the primary natural frequency of the building. In the xdirection, the data showed that the natural frequency decreased when the maximum
acceleration was large, and this correlation was strong. However, while a similar tendency
was also observed in the y-direction, this correlation was weak. We will continue to analyze
differences in vibration characteristics in the x- and y-directions. Currently, five years after
the completion of construction, secular change is small, and conceivably, the soundness of the
building remains intact.
In the future, based on the results of these analyses, we will focus on extracting indicators
that can be used for structural health monitoring.
Notably, while this analysis has only treated primary natural frequency, in the future, we
would like to also examine changes in attenuation characteristics.
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Abstract. Wind-induced dynamic excitation is becoming a governing design action determining size and shape of modern Tall Timber Buildings (TTBs). The wind actions generate dynamic
loading, causing discomfort or annoyance for occupants due to the perceived horizontal sway
– i.e. vibration serviceability failure. Although some TTBs have been instrumented and measured to estimate their key dynamic properties (natural frequencies and damping), no systematic
evaluation of dynamic performance pertinent to wind loading has been performed for the new
and evolving construction technology used in TTBs. The DynaTTB project, funded by the Forest
Value research program, mixes on site measurements on existing buildings excited by heavy
shakers, for identification of the structural system, with laboratory identification of building
elements mechanical features coupled with numerical modelling of timber structures. The goal
is to identify and quantify the causes of vibration energy dissipation in modern TTBs and provide key elements to FE modelers.
The first building, from a list of 8, was modelled and tested at full scale in December 2019.
Some results are presented in this paper. Four other buildings will be modelled and tested in
spring 2021.
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1

INTRODUCTION

1.1 Background
Due to population expansion and concentration in urban regions, housing shortage is an increasing global issue, necessitating the efficient use of space in urban areas. One solution is an
increased supply of tall buildings to optimize the best use of limited space. This has sustainability impacts surrounding the choice of materials and carbon footprint ramifications. Using
more wood-based products in building construction, as a renewable raw material, could assist
in the transition of society towards a circular based bio-economy, moving away from a dependence on fossil fuels and extractive materials, whilst helping meet the commitments contained
within the UN Sustainable Development Goals. The use of tall buildings with timber structures
would be an opportunity to create value and impact by encouraging the increased use of forestbased replenishable products. Tall Timber Buildings could provide cost effective, environmentally sustainable developments, maximising the limited space available in urban regions.
Tall Timber Buildings (> 10 storeys) is still a very new concept, some examples are:
x Murray Grove (London, UK (2009)) – 9 storeys,
x Forté (Melbourne, Australia (2012)) – 10 storeys,
x Treet (Bergen, Norway (2015)) – 14 storeys,
x Brook Commons (Vancouver, Canada (2017)) – 18 storeys,
x Origine (Quebec City, Canada (2018)) – 13 storeys and
x Mjøstårnet (Brumunddal, Norway (2019)) – 18 storeys.
The load-bearing system of these buildings are very different giving the buildings different
properties. Building tall means several new challenges such as higher loads vertically and horizontally, earthquake loads, fire safety and increased needs regarding technical systems as some
examples. One aspect that is of special interest is the dynamic behavior related to wind-loads
that leads to a need to limit acceleration levels at the top of buildings. This is a factor that has
shown to govern the design of the stabilization system of tall timber buildings from a height of
12-14 storeys and above, see [1] for example. The understanding of the wind-induced dynamic
behaviour of Tall Timber Buildings (TTBs) and their components is till poor and results in a
lack of confidence by designers in the use of timber as a construction material. A lack of reliable
data for modelling is one of the main barriers in the further development of TTBs and wider
utilisation of timber within construction.
This lack of reliable data regarding modelling wind-induced vibrations for tall timber buildings was the motivation for starting the ForestValue project “DynaTTB - Dynamic Response
of Tall Timber Buildings under Service Loads”. The project will be performed by partners from
academia, research institutes and companies2 from five different countries in Europe during
2019-2022. The research hypothesis for this project is that it is possible to create computational
models for Tall Timber Buildings, based on system identification and calibration of advanced
Finite Element (FE) models. This will be underpinned by data from full-scale tests of a number
of representative mid-to-high rise timber buildings in Norway, Sweden, France, Slovenia and
the UK. The project plan will utilize unique horizontal electro-dynamic sliding shakers from
the University of Exeter (UK) and CSTB (France) to perform vibrational tests and use the data

2

RISE Research Institutes of Sweden, NTNU Norwegian University of Science and Technology, University of
Exeter, University of Ljubljana, InnoRenew Renewable Materials and Healthy Environments Research and Innovation Centre of Excellence (InnoRenew CoE), CSTB Centre Scientifique et Technique du Bâtiment, Linnaeus
University, Moelven Töreboda AB, Moelven Limtre AS, SWECO Norge AS avd Lillehammer, Smith and Wallwork Engineers Ltd, Galeo, Eiffage Immobilier Sud Ouest, Arbonis.
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to estimate Frequency Response Functions (FRFs) for a number of TTBs with different building
systems.
The overall objective of the project is to experimentally identify a number of full-scale TTB
structures within Europe and, based on these results, develop representative FE-models to predict the vibration response of TTBs exposed to wind-induced dynamic loading.
This paper will present the structure of the project and the first preliminary results from the first
two tested buildings.
1.2 State-of-the-art
There are several all timber building systems that can be used for the stabilizing system in
TTBs. In principle these systems can be made up of one-dimensional elements in the form of
beams and columns, mostly made of glulam, or two-dimensional elements such as cross laminated timber (CLT) or laminated veneer lumber (LVL). The one-dimensional elements can be
used in moment-resisting frames or as trusses while the two-dimensional elements are used as
shear walls to stabilize the buildings, see Figure 1. It is also possible to use hybrid structures
with parts of the building system in steel or concrete to help support the building against especially horizontal loads. CLT elements are typically connected using shear or tension angular
steel brackets and self-tapping screws [2]. The glulam members are typically jointed using dowelled connections with slotted-in steel plates - a jointing technique successfully applied in largespan timber bridges and sport arenas.

© Marie Joh an sson

Figure 1: Principal buildings systems for Tall Timber Buildings, a) moment-resisting frames, b) truss-systems, c)
shear wall systems and d) hybrid system combining timber with other materials.

TTBs have, in principle, sufficient strength capacity to resist lateral loads (e.g. wind, earthquake) for the ultimate limit state. However, instead the vibration serviceability limit state (SLS)
governs the design, leading to the need to restrict wind-induced sway vibrations to within certain limits [4, 5]. The lowest natural frequencies, dependent on mass and stiffness, of the TTB
sway motion is in the same frequency range as the wind spectra. The sway is, however, also
largely dependent on the damping of the structure. Timber is a light material with only moderate
stiffness and hence the fulfilment of the vibration SLS criteria, due to wind, results in restrictions to the total building height [6, 7].
The amount of sway/acceleration depends on the mass and stiffness distribution of TTB
structures and the ability to dissipate vibrational energy from the structural system. Currently,
the knowledge on structural stiffness and damping in TTBs is limited, particularly regarding
the effects of different types of connections used in the load-carrying systems. These connections are crucial generators of stiffness and damping, yet little is known as to their impact on
TTB structures. Current modal damping values used in the design of TTBs are based on guess
work, with minimal underpinning rational or scientific basis.
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Two major contributors to damping are: material damping and structural damping. Material
damping arises from the internal friction within the material of a timber element, whilst structural damping is due to friction and energy dissipation in the connections. Non-structural elements and their connections are also assumed to contribute to the total damping. Timber
structures are lightly damped systems and, therefore, due to the nature of resonant response
calculations, a small change in the damping ratio can lead to significant changes in the vibration
response and overall serviceability performance.
Although some TTBs have been instrumented and measured to estimate their key dynamical
properties (natural frequencies, mode shapes and damping) [3], no systematic evaluation of
dynamic performance pertinent to wind loading, has been performed for the innovative and
evolving TTB construction technology. Knowing that the wind response calculations are highly
sensitive to the damping values and natural frequencies, indicating that small variations in these
uncertain modelling parameters may yield vastly different responses on either side of the acceptable vibration response values.
Full-scale tests on TTBs has been done using Operational Modal Analysis (OMA), also expressed as Ambient Vibration Testing (AVT), where the dynamic response is measured without
knowledge of the load, [3, 8] for example). This technique gives relatively good results for
natural frequencies and mode shapes but offers considerably less reliable values for damping.
Using Forced Vibration Testing (FVT) gives the possibility of controlling the load level and
thereby establishing Frequency Response Functions (FRFs) [9]. Using FVT gives the possibility of measuring over a range of frequencies and will result in better understanding of the dynamic response of TTBs as a function of excitation frequency, which is important for stochastic
wind loading containing multiple frequencies. The FRFs also give a better base for model calibration of the FE-models of TTBs. The partners at University of Exeter and CSTB have unique
equipment enabling measurements of dynamical properties of other types of large civil engineering structures, bridges and floors [10, 11] which will be used for TTBs in this project to
provide excellent opportunities to establish unique and vital data.
FE models of full-scale TTBs have numerous uncertainties, for example, whereabouts stiffness and damping occur. Improved knowledge of the dynamic behaviour of TTBs can be developed through dynamic tests on full-scale building structures (in-situ), but these are time
consuming and costly. The goal of this project is to limit the required number of tests and develop simulation tools such as reliable FE models.
2

PROJECT PLAN

The main objective of the project is to identify experimentally a number of full-scale TTB
structures (existing or currently being built) and, based on these, develop representative FEmodels for predicting the vibration response of TTBs exposed to dynamic loading due to wind.
Figure 2 includes eight TTBs (plus a timber bridge) that have been identified as potential candidates. In most cases the companies designing and building the structures are involved in the
project as industry partners making drawings and calculation models available. Table 1 gives
some data for the buildings such as height, width and depth as well as their main building system.
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Image: Moelven

Image: Mariehus

Image: Moelven
Image: Smith&Wallwork

Treet, 14 stories,
glulam+volume elements

Eken, 6 storeys, Glulam

Yoker, 7 storeys, CLT

Image: InnoRenew
CoE
Karantanika,
4 storeys,
CLT

Mjøstårnet, 18 storeys,
Glulam

Image: Arbonis
Image: Eiffage

Treed-IT, 12 storeys,
Image: Smith&Wallwork

Hyperion, 18 storeys, hybrid + CLT

Figure 2: Map of Europe with the buildings that will be measured.

Building
name

Country

Building Building Building
height
width
depth

Mjøstårnet
Treet

Norway
Norway

85.4
46

Timber bridge
(Fjell-leet)
Hyperion
Treed It

Norway

-

France
France

57
36

30.6
47.4

19.1
18.6

FlowerValley
Kv Eken
Yoker

Slovenia
Sweden
UK

12.7
24.4
22

14.5
27
31

21.2
19
28

36.8

16.3

Load-bearing Stabilising elesystem
ments
Glulam
Glulam+ strong
concrete floors
Glulam

Trusses
Trusses

Glulam + CLT
Glulam + Timber Concrete
Slab
CLT
Glulam
CLT

Concrete Core
Concrete Core

Trusses

Shear walls
Trusses
CLT Shear
walls

Table 1: Selected data about the building included measurements and main load-bearing system.

The buildings represent different modern timber building techniques and offer good examples of a variety of building types, providing a range in dynamic response for calibration and
reliability in the modelling work. The buildings are dispersed across Europe providing a geographic spread. A bridge is included being an excellent example as to a similar type of glulam
structure, including dowel connections, but with less non-structural elements. This will support
research into the effect of connections versus non-structural elements.
The work in the project is divided into three interrelated main work-packages (WP2-4) and
two supporting work-packages 1 and 5, see Figure 3. Work-packages 2 and 3 are experimentally
based, to improve the understanding of the real behaviour of complete buildings measured insitu (WP3) and parts of the structural system (components, connections and sub-assemblies),
known to influence the dynamic response, as measured in the lab (WP2).
Work-package 4 includes the modelling aspects of the project, with a starting point from
using best engineering judgement information to develop models of the buildings to predict
load levels and initial estimates of the buildings dynamic responses. The data from WP2 will
create detailed FE-models of the connections and sub-assemblies simulating the measured behaviour. These models will be simplified and used for model calibration of the FE-model for
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the complete buildings, whilst also being calibrated against measurement data for the complete
buildings.

Figure 3: Project structure – WP2 - Laboratory experiments and WP3 - In-situ Measurements will run in parallel
whilst WP4 - Modelling supports the measurement WPs and is calibrated with data from measurements. WP1 Project management and WP5 - Dissemination will run during the whole project time for support and exploitation of the results.

The project is on-going and so far, measurements using forced vibrations have been conducted on two buildings, Treed-It in Paris and Yoker in Glasgow. Preliminary results from the
measurements and modelling of these two buildings will be presented in this paper as well as
an overview of the measurement techniques and modelling techniques used.
3

EXAMPLES OF BUILDINGS AND RESULTS

3.1 The Treed-It Building - structure
Treed-It is a 12 story building with the first podium story in concrete and then 11 stories
with a glulam structure. The building is stabilized against horizontal loads with an elevator shaft
in concrete. The building is located in Champs-sur-Marne and is constructed by Vinci Engineering with Arbonis as the main contractor for the timber parts of the structure. The main part
of the construction work has been done during 2019 with the timber structure being raised during July to October 2019. The building was finished July 2020.
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Figure 4: The structure of the Treed-It building with a concrete core and a glulam structure around it and mix
timber-concrete floor slabs.

3.2 Modelling of Treed-It
An FE-model of the Treed-It building has been built using Ansys by CSTB. The structure is
modelled using beams for the timber part and shells for the concrete and mix parts. As the
building was not totally completed at the time of the dynamic measurements, the modelling
takes into account the missing dead loads corresponding to inner partition that were not in place
when natural frequencies have been measured. Oppositely, the stiffness of the structure was
already the same as the final one. Cladding, that was already finished, is considered as bearing
only load and no rigidity because façade is not contributing to the horizontal strength.

Figure 5: Ansys model of the Treed-It building by CSTB, using beam elements for the columns and beams and
shells for the slabs and the concrete core.
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Figure 6: Dynamic analysis of the Treed-It Building performed by CSTB before the real testing.
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3.3 Testing of Treed-It
The dynamic properties of the Treed-It Building was measured by CSTB using a horizontal mass shaker with a moving load of 500kg.The shaker was lifted in one piece to the top
floor by a tower crane. With a stroke of 240mm the sinusoidal force applied to the building
was up to 8000N. This applied force increases with the square of the frequency, as it is an inertial exciter. A first measurement campaign was conducted in December 2019 without internal partition.

Figure 7: Horizontal force applied by the mass shaker for a given stroke (left) and shaker in
operation on the Treed It Building (right)
Three locations of the shaker have been tested. Accelerometers were placed at three levels
(11th, 7th and 2nd floor) to measure the amplitude of floor displacements, some displacement
sensors (LVDTs) put between timber beam at the 7th level to measure the deformation of the
structure. The preliminary analysis of the time domain signal show damping ratio close to 2%
of critical, calculated from the decay of the acceleration signals. A more refined analysis
shows damping is amplitude dependent. For large amplitudes (0.05m/s² to 0.1m/s²) the structural damping ranges from 2.5% to 3.5% of critical, depending on which mode is excited. For
low amplitudes (less than 0.01m/s²) the damping ratio drops down to 1% of critical or less.

Figure 8: An example of decay of an accelerogram of shutdown test, amplitude in m/s²
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A second measurement campaign on Treed It was achieved in June 2020, with all internal
partitions done. These partitions added mass and stiffness at the same time : the balance of
both gives a slight increase of frequency for the first bending mode, a more marked decrease
for the second bending mode and the torsion one.
4

CONCLUSIONS

The DynaTTB research program will provide valuable information concerning the FE modelling of high-rise timber buildings, to be used by designers for assessing the comfort of final
users. The modeling of structural damping of such structures is one of the main input of this
European research.

5

FURTHER WORK

A FE-model of the Yoker building, which is a 7 storey building in Glasgow designed by
Smith and Wallwork Ltd, made using a CLT structure, has been modelled using Ansys by University of Ljubljana. The dynamic properties of the Yoker building was measured Feb 2020 by
University of Exeter using horizontal shaker. The Hyperion building in Bordeaux was first
tested in July 2020 and will be tested again when completed in March 2021. Data processing is
under way.
An extensive measurement campaign in Scandinavia is planned at spring 2021.
6
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Abstract. In the present paper the risk assessment of the medieval Norman tower of Craco
(Matera, Italy) is discussed. Craco is a totally abandoned little town because of the activation
of landslide motions of its soil depth. The medieval tower is one of the few buildings still
standing as it is built on a fixed stiff foundation ground. Nevertheless, the tower is, indirectly,
subjected to the movements of the close landslide.
The tower is located in the highest and more stable part of the hill where the old town was
built in the XII century for protection from enemy attacks. It is 20 m tall and has a (11 x 11)
m2 square plan. The basement has a truncated pyramid shape; originally it had two masonry
vaults, one barrel on the first floor, which no longer exists, and a still visible cruise at the
second order, connected by a now destroyed internal staircase. In 1949 a reinforced concrete
cistern was placed inside the tower.
Craco is classified as a town with a medium level seismic hazard. The main aim of the present study is to evaluate the seismic risk by means of a Finite Element model, calibrated
through dynamic tests performed on the tower and considering the historical value of the
structure and the context in which it stands. In fact, the structure is characterized by several
peculiarities: the presence of a reinforced concrete cistern, the interaction with the surrounding buildings, the closeness to the landslide, the topographical exposition, etc. Moreover, the
structure has a great impact on the society due to its touristic interest, as it is an emblem of
the, so-called, “ghost town” of the Appennino mountains.
A new approach is proposed to evaluate the effects of all the previously cited features on
the evaluation of the seismic risk of the tower, introducing also economical and sociological
parameters.
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1

INTRODUCTION

In Italy the preservation of architectural heritage towards seismic actions, occupies a prominent place in the social and scientific community priorities. The recent seismic events in Italy
underlined the fragility of the historical heritage, which is vulnerable to horizontal forces.
Such structures, as well known, were realized only in accordance with the rules of “good
practice”, which of course were defined considering the ordinary service conditions, i.e. the
presence of vertical loads. Thus, in most of these structures a detailed analysis is required to
safeguard this heritage, and, consequently, it is necessary to define procedures for evaluating
their vulnerability. These procedures can be a tool for the Authorities, which have the responsibility of their maintenance, for judging and scheduling possible interventions. In recent
years, the mechanical characteristics of the masonry walls, which make up a historical building, have been a topic of discussion in various studies; in fact, due to the historical value of
such structures, the use of traditional tests for the evaluation of the mechanical properties is
not allowed. As a consequence, the researchers’ attention was devoted to the use of dynamic
tests and the results are utilized to obtain the global mechanical characteristics of the structure
[1-5].
However, for a complete evaluation of the seismic hazard of a historical structure more
considerations/information are needed.
In the report Natural Disasters and Vulnerability Analysis [6], based on the Expert Meeting
held in 1979, the scientific community proposed to unify the evaluation of disaster expected
damage in any area of interest, through the definition of three parameters:
ƒ Hazard (H), consisting in the probability that a disaster can occur;
ƒ Vulnerability (V), consisting in the evaluation of the consequences of a disaster;
ƒ Exposition/Exposed elements (E), consisting in the socio/economic evaluation of the
consequences; this parameter is linked to the context of communities.
On such basis, in [6] the following relationship for the evaluation of the Risk (R) was suggested:
Risk = Hazard • Vulnerability • Exposition

(1)

In the last decades, on the basis of this general formulation, several conceptual approaches
were developed for the risk assessment related to technological hazards (i.e., nuclear risk) [7,
8] and to natural disaster hazards (i.e., seismic, landslide, blast, flood) [9-13].
In particular, for seismic hazard several models are proposed in [14, 15] to evaluate and estimate the economic losses due to earthquakes for different Italian building typologies.
Recent seismic events highlighted that significant damages were attained in structural and
non-structural components of Italian Heritage also under low-to-medium intensity earthquakes. For the purpose of improving the seismic safety of all existing Italian buildings, the
Italian “Guidelines for the seismic risk classification of constructions” approved in February
2017 [16] provides technical principles for all seismic risk assessment.
Although several methodologies are available in literature, the evaluation of the risk for a
historical building is still under discussion, because for this kind of structures the same procedures of a common building cannot be adopted, due to their peculiarities.
The present work is focused on such topic; in detail, the seismic risk evaluation and the
expected damage computation due to a possible seismic event on a historical tower is discussed.
In this paper a new approach is suggested for extending the procedure proposed in [16] to
typical buildings of the Mediterranean area, in particular to historic masonry buildings. Since
the fragility functions of structural and non-structural components, which are defined for reinforced concrete and residential masonry structures, still need a calibration and validation for
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other masonry buildings, in this paper the methodology of Italian legislation [16] is applied to
the specific case of the Norman Tower of Craco.
2

PROPOSED APPROACH

The Italian guidelines approach for the evaluation of the seismic risk is described in detail
in [17], which reports the fundamental principles and the procedures for determining the
seismic risk class of a building and, moreover, for designing reinforcement interventions to
reduce the seismic risk. The guidelines introduce several risk classes, from A to G, whose
seismic risk increases passing from A+ to G. To evaluate the risk class of a building, the document refers to a conventional approach and a simplified one. The conventional method,
which requires a detailed seismic evaluation of the structural system for different limit states
and is principally calibrated for the application to reinforced concrete structures, is the only
one that allows improving the building risk class of two or more classes through adequately
designed reinforcement interventions. However, the simplified approach, based on the European macro-seismic scale [17], is proposed for masonry buildings. The latter defines the seismic risk class based on the structural type and potential structural deficiencies. In this case,
the local strengthening interventions allows to improve the seismic risk of only one class.
Based on the conventional approach and in accordance with eq. (1), the Seismic Risk Assessment (SRA) is identified by three parameters: H is the probability that an earthquake occurs considering the seismic zone in which the building is located, V is the vulnerability of the
structure, in term of load-bearing capacity during the earthquake and E is a parameter which
takes into account the socio/economic consequences of structural damages. In particular, the
SRA of buildings is conducted at different Limit States: Operational Limit State and Damage
at Serviceability Limit State; Life Safety and Collapse at Ultimate Limit State, according to
the current Italian building code [16-18].
Following this approach, the seismic risk class of a building is defined as the minimum between two classes: one associated with the Safety Index of the structure at the Life Safety
Limit State (namely SI-LS) and the other one related to the expected annual loss, in Italian
code [16] namely Perdita Annuale Media Attesa (PAM).
In detail, the first index, SI-LS, of the structure is defined as the ratio between Peak Ground
Acceleration capacity (PGAC), which determines the achievement of the Life Safety Limit
State, and the Peak Ground Acceleration design (PGAD) referring to the Peak Ground Acceleration (PGA) of the Life Safety Limit State for the specific site where the construction is located, indicated by the Italian code for the design of a new building. Thus, the class associated
with this parameter may be evaluated [16], namely ClassSI-LS.
The second index, PAM, estimates the overall behavior of the construction in terms of economic value (PAM) and computes the performance of the structure for different earthquake
intensities/return periods Tr. Such index is obtained by plotting the percentage Reconstruction
Costs (RC) vs. the mean annual frequency of exceedance (equal to Ȝࣟ ࣟ7r) and connecting
the points representative of each limit state. The so-obtained broken line is the PAM-curve,
the PAM value corresponds to the area under the broken line; the smaller the area subtended
by this curve, the lower the expected average annual loss (see Figure 1). RC is defined considering the building collapse due to earthquake event and the relevant costs needed to rebuild
(according to regional price lists).
Each PGAC corresponds to a given return period and a mean annual frequency of exceedDQFH Ȝ Once the building performance associated with a specific limit state is known in
WHUPVRIȜௗ ௗ7rDUHOLDEOHFRUUHVSRQGHQFHEHWZHHQHDFKȜDQGWKH repair/reconstruction cost
of structural and non-structural components expressed as a percentage of RC, is needed.
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The return periods, TrC, associated with the peak ground accelerations corresponding to the
achievement of the Damage and Life Safety Limit States for the examined building may be
evaluated adopting the following relationship:
TrC = TrD (PGAC/PGAD)K

(2)

with K equal to:
Ș
Ș
Ș
Ș

.49
.43
.356
.34

for ag > 0.25g
for 0.15 g < ag  0.25 g
for 0.05 g < ag  0.15 g
for ag  0.05 g

(3)

where ag is the maximum acceleration on rigid soil for the considered site.
For each return period TrC the average annual frequency of exceedance is defined by equation (4):
Ȝ = 1/TrC

(4)

To estimate the repair/reconstruction cost associated with each limit state, [16] provides
conventional repair costs in terms of a percentage of RC for each limit state, properly calibrated to include all the repair actions associated with a specific damage level. Easy formulations to determine the capacity of the structure at Operational Limit State and Collapse Limit
State are suggested in [16], once those at Damage Limit State and Life Safety Limit State are
known. In particular, the annual frequency of exceedance at Operational Limit State and Collapse Limit State can be computed according to the following simplified formulations:

OOLS = 1.67O DLS
OCLS = 0.49OLSLS

(5)

where OOLS is the annual frequency of exceedance at Operational Limit State, O DLS is the annual frequency of exceedance at Damage Limit State, OCLS is the annual frequency of exceedance at Collapse Limit State, OLSLS is the annual frequency of exceedance at Life Safety Limit
State.
The percentages of RC were estimated according to the actual repair costs monitored in the
reconstruction process of buildings. Based on the costs analysis and taking into account studies based on macro-seismic analyses as well as post-earthquake observational data reported in
[3], the percentage of RC associated with Damage Limit State and Life Safety Limit State
were set equal to 15% and 50%, respectively; moreover, the percentage of RC for Operational
Limit State and Collapse Limit State were set equal to 7% and 80%, respectively. The repair
costs associated with the Initial Damage Limit State and total loss or “Reconstruction” Limit
6WDWHV FRQYHQWLRQDOO\ UHODWHG WR D IL[HG Ȝௗ ௗ DQG Ȝௗ ௗ0%, were assumed equal to 0 and
100%, respectively (see Figure 1 and Table 1).

Figure 1: Trend of the curve that identifies PAM referring to a construction with a nominal life of 50 years
and belonging to the use class II in according to [18].
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Limit State
Reconstruction
Collapse
Life Safety
Damage Limitation
Operational
Initial Damage

Percentage of RC [%]
100
80
50
15
7
0

Table 1: Reconstruction/Repair Costs, expressed as percentage of RC, associated to each Limit State.

To determine the seismic risk class, the approach proposed in [16] requires evaluating
PAM, according to the following equation:
(6)
where index “i” represents the generic limit state (i=5 for Collapse Limit State and i=1 for
Initial Damage Limit State). Thus, the class associated with this parameter may be evaluated
[16], namely ClassPAM.
Hence, the seismic risk class of the analyzed building corresponds to the worse risk class
between ClassSI-LS and ClassPAM.
The described procedure allows to simplify the seismic risk assessment and to have a design-oriented approach suitable for common practice applications. It is necessary to specify
that the computation of the PAM class relies on the assumption that the repair costs at the different limit states are constant for private residential buildings without any distinction at component level.
This aspect obligates to calibrate the repair cost for different types of Italian construction
heritage. In detail, for non-residential buildings the repair cost must be calibrated considering
all their characteristics which lead to their proper value. In the following, a new approach is
calibrated for the analysis of the case study of the Norman Tower of Craco.
2.1

Case of study

In this research the interest is centered on the Medieval Town of Craco, near Matera (Italy)
and in particular on its tower. Today visiting Craco, the scenario is a village completely abandoned due to severe landslide motion, developed in the south-western part between 1959 and
1972, which damaged most part of the existing buildings. The Norman tower, object of the
present study, was endowed with a defensive purpose and, for this reason, located on the
highest point of the hill. The city has developed over time around it, thus creating the actual
historic center (see Figure 2).
The Norman tower is one of the few structures remained unharmed by the effects of the
landslide, until today. The defensive character of the tower is underlined by its robust appearance and by a quadrangular structure of 11 m size in compact masonry. The structure consists
of an architrave opening on the East side at the first level, which allows access, and arched
openings on the second level (12.5 m), one for each side, with the exception of the one facing
North. Cracks arranged in three rows at the height of the crown (triangular in the lower rows
and quadrangular in the third row) mark the horizontal closure placed at 20 m from the
ground level, while the basement has a truncated pyramid shape.
Originally the structure had two masonry vaults, a barrel one (no longer existing) on the
first floor and a cruise vault on the second level, connected by an internal staircase which was
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destroyed. In relatively recent times, the inside of the tower has been subjected to manipulations, which have affected the general state of conservation. In 1949 the barrel vault and the
staircase were demolished, and a municipal reinforced concrete tank of water with a cylindrical shape was realized. The cistern is not connected to the tower, but at some levels it is perfectly adherent to it.

Figure 2: South-East view of Craco with Normand tower.

A geometric survey was performed for evaluating the main characteristics of the structure:
the wall thickness varies from 2.15 m at the base of the tower, to 1.70 m at the top. Based on
a visual inspection and on the analysis of documents, it is assumed that the wall is realized by
rubble masonry with a sand-interposed core. Externally the masonry base consists of a set of
irregular river stones and shows conditions of advanced decay; the upper part of the tower,
apparently in good conditions, consists of sandstones of varying sizes, with the exception of
the cantons where cut stone blocks prevail, used for the double rings of the arched openings.
2.2

A new approach for the Reconstruction Cost calibration

The Reconstruction Cost [16] is the fundamental parameter for the evaluation of the PAM
class, ClassPAM. In the specific case of the Norman Tower, it is not plausible to hypothesize a
mere reconstruction cost which cannot take its significant historical and cultural value into
account. In fact, even if the reconstruction could be economically estimable, however in no
way it could replace the historical and cultural value lost in the event of its collapse and/or
serious damage.
For this reason, the approach here proposed envisages the definition of a new Reconstruction Cost (RC*), in accordance with equation (7), which, for the present case, is specified by
introducing a new parameter, the Usability Loss (CUL). Therefore:
RC* = RC + CUL

(7)

In the following, the evaluation of such parameter is proposed.
In the last decade, Craco has become a tourist attraction centre for its history, social value
and historical and architectural heritage, becoming a symbolic ghost town. For this reason, the
"Scenographic Museum of Craco" was realized with the aim of organizing touristic tours in
the historic centre of Craco and in particular some visits of its symbolic structures, including
the Tower.
It is possible to assume that the collapse of the Tower by seismic events and, therefore, the
loss of a symbolic element of the historical centre would cause the non-usability of the latter.
Consequently, the non-visitability would produce an economic loss during the whole period,
which coincides with the "Recovery Time" of the structure. Such loss is here utilised for the
evaluation of the proposed Usability Loss (UL) parameter, as a tool to estimate the historicalartistic value of the Tower.
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The introduced parameter may be applied to any kind of structure with a historical/architectural value, by adopting a criterion able to describe the specific characteristics of
the examined structure.
In this paper, the Usability Loss is quantified by calculating the monthly number of tickets
sold (NT), the time to rebuild the structure (t) and the average ticket price (CT). In particular,
the number of annual users of 2017 has been divided on a 12 months-period, so the monthly
number NT is equal to 1416.
The average ticket price CT available from the "Parco Scenografico Museale di Craco" web,
is equal to €10 [20].
To identify the recovery time (t) and the Reconstruction Costs (RC) an intervention has
been hypothesized, which foresees the faithful reconstruction of the “as it was, where it was”
type, in accordance with the costs of [21]. It was therefore estimated that this intervention
lasts 12 months, probably the shortest, to try to create the least possible discomfort at the museum.
Thus, Norman Tower RC* is given in Table 2.
New Parameters
Cost of reconstruction
Loss of usability
Cost of reconstruction’

Acronym
RC
CUL
RC*

Costs (€)
€ 316,468.00
€ 170,000.00
€ 486,468.00

Table 2: New parameters and their economic value.

2.3

Seismic risk class of the Norman Tower

To evaluate the seismic risk class of the Norman Tower of Craco, the conventional method
was applied as indicated by [16], adopting the prescription of the current Italian Technical
Standards for Construction “NCT 2018” [18, 19].
The analysis of the structure was carried out by means of PROSAP software [22]. The
structure was modelled through 12,160 shell elements, 12,470 nodes and a rigid floor. The
following mechanical parameters for the masonry walls have been assumed:
x Young’s modulus (Em) equal to 1050 MPa
x Poisson's Modulus (Ȟm) equal to 0.2
x Average specific weight of the masonry (wm) equal to 19 kN/m3,
while for the reinforced concrete elements the following values have been assumed:
x Young’s modulus (Ec) equal to 27460 MPa
x Poisson's Modulus (Ȟc) equal to 0.2
x Average specific weight of the masonry (wc) equal to 24 kN/m3
All the walls have been considered pinned at the base. The gravitational loads are the ones
due to the structural masses, as no servicibility loads are acting on the tower.
In the following, the detailed procedure for the evaluation of the the Norman Tower
seismic class is described. In the first part, the PAM graph is evaluted, while in the second
part the safety index is discussed, and, finally, the risk class is defined.
The Italian building code [16] gives the design PGA for the Life Safety Limit State
(PGAD-LS-LS) and for the Damage Limit State (PGAD-DLS), by using the Elastic Demand Spectrum for Craco town (Figure 3):
x PGAD-LS-LS= 0.103g
x PGAD-DLS= 0.048g

4917

M. Lerna, M.F. Sabbà, M. Diaferio, L. Carnimeo, S. Ivorra and D. Foti

Figure 3: Elastic Demand Spectrum of Craco Town

The FE analysis allows the evaluation of the capacity peak ground acceleration related to
the achievement of the Life Safety Limit State (PGAC-LS-LS) and the Damage Limit State
(PGAC-DLS):
x PGAC-LS-LS= 0.083g
x PGAC-DLS= 0.0336g
The return periods, TrC, associated with the considered limit states (LS-LS and DLS) were
then evaluated by using the equation (2), where K was set equal to 1/0.43, in accordance with
equation (3) (Craco lays in the seismic zone 2 [23]). In the following, the calculated TrC values are reported:
x TrC-LS-LS= 287 years
x TrC-DLS= 22 years
Finally, in accordance with the Italian codes, the Annual Average Exceedance (O) (see
equations 4-5) and the minimum/maximum values of the economic loss for the reconstruction
of the Tower were evaluated. The procedure adopts the same percentage.
For each considered Limit State, the value of the reconstruction cost percentage and the
annual average exceedance values are reported in Table 3, which has been defined adopting
the same percentages of Table 1.
Limit State
Restoration
Collapse
Safety Life
Damage
Operational
Initial damage

Percentage RC*
[%]
100%
80%
50%
15%
7%
0%

Cost (€)
€486,468.00
€389,174.00
€194,587.00
€29,188.00
€2,043.00
€0.00

Annual Average
Exceedance (O)
0
0.0015
0.003
0.046
0.076
0.1

Table 3: Reconstruction/restoration costs (RC*) and Average annual frequency of exceedance, associated
with the achievement of each Limit State for the Tower of Craco.

Finally, ClassPAM is identified by means of Table 6 [16] which associates the class to the
range of values assumed by PAM.
For the Tower studied in this paper, the PAM-value is equal to 2.07%, corresponding to
CPAM- class (see [16]).
The second step of the procedure, needs the evaluation of the safety index of the structures,
which is defined as the ratio between the peak ground acceleration capacity PGAC for which
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the building reaches the Life Safety Limit State and the peak ground acceleration demand
PGAD of the site where the construction is built, with reference to the same limit state. In the
case here examined, the first PGA is equal to 0.083g while the second to 0.103g, thus the
safety index is equal to 81%.
The risk class associated with the Safety index can be derived through [16] and is equal to ASILS.
On the basis of the aforementioned parameters, the Seismic Risk Class of the Tower is C,
that coincides with the worst/lowest class between the ClassPAM and the ClassSI-LS, i.e. the one
corresponding to the highest risk. It is useful to point out that the seismic risk class corresponds to the one associated with the PAM class, that is the one modified by the proposed
procedure.
In conclusion, for the Norman Tower, being an asset with significant historical and cultural
value, hypothesizing a cost of reconstruction alone is not plausible. Its reconstruction, however, economically estimable, can in no way being representative of the historical and cultural
value lost in the event of its collapse. The identified approach, therefore, for the estimation of
the RC* parameter represents a possible proposal for the determination of an economic value
of PAM, associated with types of buildings with high historical and cultural value and accessible to the public.
3

CONCLUSIONS

A new methodology able to evaluate the seismic hazard of the medieval tower of Craco
has been proposed, being this construction a historical-monumental building. The current Italian guidelines for seismic risk assessment provide a method based on both the indices PAM
and SI-LS. However, this method is proposed for application to residential buildings in reinforced concrete, here such method is extended to the analysis of historical masonry structures.
In detail, the calibration of the Reconstruction Cost (RC), necessary to the PAM index calculation for the seismic classification, has been developed. PAM is evaluated by different parameters in the formulation of the new reconstruction cost (RC*). These parameters take into
account the socio-economic, architectural, historical and cultural value of the structure. Specifically, in the study case of the Norman Tower, the Usability Loss has been considered as
crucial parameter. This choice depends on the museum function of the tower and the ghost
town of Craco.
From the analysis the tower PAM-value was equal to 2.07%, corresponding to CPAM-class.
Further in-depth studies and analyzes are necessary for the validation of the proposed
methodology. Additional parameters could be identified in order to take into account several
aspects that can condition the value of the building.
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Abstract. The archaeological site of Pompeii has been subjected to restoration interventions
since the beginning of its excavation. After the second World War concrete structures replaced
the old wooden roofs erected in the late XIX. A systematic study of these structures is lacking,
despite the number and the significant role they play in the stress state of the ancient masonry.
In particular, the structural role of atriums roofing structures in the Pompeii buildings is examined. The impact of the restoration interventions actually present in the archaeological area
of Pompeii is analyzed. A dynamic analysis has been performed to assess the seismic vulnerability of the ancient buildings in their actual state. The paper shows that maintenance of the
existing interventions is a fundamental topic and substitution of r.c. roofs with timber structures
cannot be justified by structural reasons. As a case study the entire Domus of the Tragic Poet
is analyzed. A simulation involving a wooden roof is compared with the actual structure of
concrete roof building.
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1

INTRODUCTION

Pompeii, since its first excavation campaign, has been profoundly altered by successive mutilations, additions and transformations. In some cases strong interventions have been made in
order to rebuild the original construction. This makes archaeological remains the object of complex, interdisciplinary studies involving archaeologists and applied scientists [1]. The balance
between the respect of the ancient construction and the exigence of safety is a great challenge
for the structural engineer [2, 3, 4]. Several different approaches for the interventions on Cultural heritage have been developed in these last decades [5, 6]. Different restoration materials
have been in fact used during the decades, according the scientific approach to the structural
technology of the time.

Fig. 1. Concrete Atrium roofs: Villa dei Misteri (left), Fabius Rufus (center) and Tragic Poet (right).

The first structural interventions in many Pompeian Domus involved the replacement of old
wooden roofs with concrete structures similar to the old ones, especially in the two decades
among 1960 and 1980, as the photo archives testify. Several of these roofs realized in particular
on the atriums are nowadays visible (Figure 1) and the scientific debate is mainly about opportunity and durability of these interventions [7]. Reinforced concrete and wood are in fact the
most diffused materials for the roofing structures of the atriums actually present in the archaeological area of Pompeii (Figure 2). A systematic study of these structures is lacking, despite
the number and the significant role they play in the stress state of the ancient masonry.

Fig. 2. Wooden atrium roofs: Vettii Domus (left) and Domus on Cardo V inferiore

The use of steel structures in the atriums is limited, being extensively employed for quasiprovisional structures, therefore perhaps a more detailed analysis about the structural performance of both wood and r.c. in the seismic case could be a starting point in the scientific debate
about the necessity of substitution of last with the first one [7]. It must be noted that all the
upper part of the Domus atriums have been rebuilt and the ancient Pompeian masonry represents only the lower part of the walls [8], so that the seismic vulnerability should be regarded
only from the point of view of the human safety and protection of original mosaics and paintings
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[9]. An eventual collapse without damage to artworks could only bring back the walls to the
original ruins state [10].
A Pompeian atrium is only a limited part of the complex structure of the Domus, so that the
cultural discussion about the quality and scheme of the roof cannot be set apart from the structural analysis of the whole structure of the building and its history [11, 12]. The analysis of part
of the structure, as successfully done in some cases [13, 14] cannot be applied to the Roman
Domus, that is a complex arrangement of different materials and structures.
This paper deals with this last aspect, analyzing the whole Tragic Poet Domus by means of
a finite element code. The influence of two distinct materials (wood and reinforced concrete)
for the roof of the Tuscanic atrium. The structural behaviour is not significantly affected by the
structural material chosen for restoration, so that the actual concrete roof (at present in perfect
conditions) do not need an urgent replacement. The structural dynamic analysis of the whole
Domus has shown that the atrium is the core structural element of the entire construction and
the roofing technique do not significantly influence the vulnerability of the construction.
2

STRUCTURAL ANALYSIS

The Tragic Poet Domus in Pompeii, also known as the Domus of the “Cave canem” for its
splendid black-white mosaic with a dog has been analyzed [15]. The case study is a corner
building (Figure 13) with a Tuscanic atrium. The actual roofing structure is composed of r.c.
beams, wooden rafters and clay shingles (Figure 1). The Domus has been chosen because it is
a typical example of the Pompeian House [16] in which a key structural role is played by the
large atrium, with a r.c. roofing structure in good conditions [7].
A finite element analysis has been performed in order to evaluate the role of the roofing
structures’ technologies in the structural behavior of the Domus (Figure 4).

Fig. 3. The “Cave canem” mosaic (left) and the Tragic Poet Domus (right) [7].

The linear analysis has been considered sufficient [17, 18] and has been carried out by means
of a commercial finite element code [19], the whole structure has been modelled with solid
tetrahedral elements C3D10 with medium dimensions 0.4 m. Different constitutive parameters
have been taken into account, as reported in Table 1.
Mechanical properties
Density, U [kg/m ]
Elastic modulus, E [N/mm2]
Poisson‘s ratio Q
3

Masonry
1937
1140
0.2

R.C.
2500
30000
0.16

Table 1. Mechanical properties.
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Wood
550
9800
0.2

Wooden deck
400
6000
0.2
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Fig. 4. Picture (left) and 3D mesh for the case study (right)

Two different roofing structures have been considered for the analysis: an ideal wooden
structure and the actual r.c. one, leaving unaltered every other element of the Domus (geometry,
material characteristics and self weight). The analysis results are reported in the following pictures, so to allow comparison in the two considered structural cases.
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Fig. 5. Principal compressive stresses due to self weight. Detail of the front view

In Figure 5 a detail of the front view with a map of the principal compressive stresses due to
the self weight is reported. Considering that the Roman masonry is only the lower part of the
walls, its stress state in the two examined cases is similar, and this is true for all the ancient
Domus masonry.
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Fig. 6. Distribution of stresses in the case of selfweight and seismic action along x-axis.
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Dynamic analyses have been performed considering the seismic action along the two principal axes of the Domus, involving a PGA 0.244 g and masonry tensile and compressive
strength equal to 0.1 MPa and 3 MPa respectively [20, 21].
A similar condition can be evaluated in Figure 6 reporting the principal stress maps in the
case of the combined actions of selfweight and seismic load along x-axis.
V

max

V

Principal

(Avg:75%) 105

max

Principal

(Avg:75%) 105

+20.73

+16.23

+1.000

+1.000

+0.917

+0.917

+0.833

+0.833

+0.750

+0.750

+0.667

+0.667

+0.583

+0.583

+0.500

+0.500

+0.417

+0.417

+0.333

+0.333

+0.250

+0.250

+0.167

+0.167

+0.083

+0.083

+0.000

+0.000

-0.118

-0.136

wood

r.c.

Fig. 7. Atrium distribution of stresses in the case of selfweight and seismic action along x-axis

In Figure 7 the stress state of the atrium is picted. As it can be note, the stress values are of
the same order. The seismic analysis according the y-axis, reported in Figure 8, does not give
more information, due to the larger inertia of the Domus in this direction.
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Fig. 8. Distribution of stresses in the case of selfweight and seismic action along y-axis

A dynamic modal analysis has been performed to assess the quality of response to seismic
actions. The first 8 modes of vibration involve only limited structural elements: in general, all
the masonry walls departing from the central block of rooms and the vestibulum. A representation of the first mode of vibration, where the vestibulum is involved, is reported in Figure 9.
The eventual collapse of the peripheral masonry elements makes the Domus become a more
compact structure around the central atrium, since only the ninth mode of vibration involves
almost all the domus structure, atrium and peristilium, as it can be seen in Figure 9.
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Fig. 9. First (left) and ninth (right) mode of vibration according the x-direction

These last considerations about the modes of vibration underline again the central role of the
atrium in the overall behaviour of the Domus.
3

FINAL REMARKS

A Pompeian Domus is a complex arrangement of various structural elements, subjected in
their previous life to heavy restoration interventions, in general respecting the original structural
geometry only. Different restoration materials have been in fact used during the decades, according the scientific approach to the structural technology of the time. This paper analyzes the
roofing interventions actually present in the atriums of the Pompeii archaeological area.
The entire structure of the Tragic Poet Domus (masonry walls and r.c. roof) is analyzed by
means of a finite element code to evaluate the influence of structural material. Two cases have
been examined: the actual r.c. roof structures, due to a post War intervention, and a geometrically similar timber structure. With regard to stress and strain maps, the two structures affect
similarly the lower Roman masonry structures, so that substitution of r.c. roofs with timber
structures cannot be justified with structural reasons.
Archaeological, aesthetical and durability considerations together with the restoration yard
management, excluded in this approach, are the main aspects to take into account in a restoration program, since the stability and vulnerability questions depending on the roofing material
assume limited importance as it has been shown in this paper.
4
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Abstract. The analysis of structures subjected to earthquake actions can be carried out by
means of several methods with different levels of accuracy, among which the nonlinear dynamics is generally recognized as the most reliable one. This paper presents a general treatment to develop approximate solutions for rigid-plastic response of structures subjected to
base harmonic pulse, by means of a numerical procedure on purpose developed. The case
study is a vertical cantilever beam, with base support, constant mass and inertia distribution,
subjected to only ground acceleration. The failure is assumed depending on the formation of
a single shear hinge and the results are expressed in general terms. As a result, the motion
proceeds through successive spreading and contractions of the plastic front and related elastic returns. Possible applications of the method to real structures can be envisaged.
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1

INTRODUCTION

The strong demand of sustainable energy has today led to build many aeolian park endowed of several wind turbine properly equipped for the production of electric power. A great
number of these parks have been realised in seismic areas, and many of them have been established in Irpinia, a region in Southern Italy that was devastated by a strong earthquake in
1980. Observed collapse of several wind towers can be yield by a system of severe actions
(see Fig. 1), mainly due to the action of the wind or earthquake. For the earthquake perturbation a nonlinear dynamic model presented in [1, 2, 3] constitutes a reliable tool to analyze this
kind of problems.

Fig. 1. Collapsed wind tower [25].

A high level of expertise, high costs, and large amounts of calculation time are required to
model the steel towers of these modern windmills. Constitutive and structural models with
sufficient accuracy and low numerical complexity are generally adopted when elastic responses can be neglected, so that a rigid-plastic model, usually extensively employed in
earthquake engineering, constitutes a simplified procedure [4, 5, 6, 7, 8]. The implementation
of rigid-plastic models is a non-conventional stiffness-based computer method, because it exhibits a stiffness jump. Numerous constitutive models for rigid-plastic bending frames are
largely widespread, while shear constitutive ones are quite rare. Nevertheless, the latter procedures have the advantage of a low computational complexity and a reduced number of mechanical parameters (yield property) [9, 10]. These advantages are the starting point of the
present study because simple relationships between structure strength and parameters that are
useful for design purposes can be established [11, 12]. Various authors analysed the dynamic
plastic bending responses of structural elements in steel and reinforced-concrete structures
and they found that bending hinges are the result of the general response characteristics of
several structural elements under transverse loads. A concise number of studies have examined the dynamic of the plastic shear failure. An important issue in bending and shear problems is related to the localization and extension of plastic hinges [13, 14].
The structural dynamics has been largely analysed adopting the single-degree-of-freedom
(SDOF) model that provides a first good evaluation of the response mode usually responsible
of the collapse state [15]. A rigid-plastic cantilever beam can be an efficient structural scheme
to clarify the nonlinear dynamic behavior of highly complex structures [16] and validate the
reliability of numerical methods adopted in nonlinear dynamics [17, 18]. Generally, the stiffness of a structure is not uniform when strength and mass vary along the height of the structure. In several cases, such as those involving rigid bodies, efficient schematizations are
required to solve complex dynamic problems [19, 20]. Wind turbine towers are structurally
assimilable to cantilever beams so that the SDOF model constitutes indeed a powerful tool.
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Near-fault ground motions are often characterized by pulse sequences with simple shapes
that can be recognized in accelerograms via spectral analysis [21]. Generally, the development of elastic and inelastic response spectra is facilitated when accurate harmonic pulses are
utilized to represent ground motions [22]. A sensitive analysis of elastic and inelastic responses induced by different simple pulse shapes has shown that local site effects on structures can
be modeled with an appropriate pulse choice [23]. These considerations are the basis of the
numerical analysis performed in this work because a harmonic pulse can be a suitable representation of near-fault ground motions [21]. Basically a numerical strategy developing an approximate solution of slender structures with base harmonic pulses is exposed. The
fundamental equations are based on the rigid-plastic constitutive model and applied to the
structure of a wind turbine tower, assimilated to a cantilever beam, having a harmonic forcing
motion at the base support. Failure depend on the formation of shear hinges. The proposed
model is an evolution of the SDOF cantilever beam because plastic hinges can form in each
beam section.
2

NONLINEAR DYNAMIC MODEL

The validity of simplified constitutive models is limited when these models are applied to
structures subjected to short-duration, high-intensity loading, given not extremely large deformations to cause strong geometry change effects and energy disturbance larger than the
elastic one. This last consideration justifies the adoption of simplified models and the exclusion of elastic effects caused by large dynamic loads, although the results can also be refined
to include the initially neglected aspects. The analysisi of rigid-plastic models is less difficult
than that of elastic-plastic ones. In the following, geometry changes are small, and yield stress
is assumed to be independent of the strain rate. Reference is made to the elastic-perfectly plastic body in Fig. 2.

Fig. 2. Elastic-perfectly plastic body

where

w: w:t w:u : total boundary of the body : and w:t w:u  ,
w:t , w:u :
free and constrained boundary of the body : ,
O (t ) t ( x) :
surface loads on the free boundary w:t ,

O (t ) b(x) :
ug ( x, t ) :
O (t ) :

body forces in : ,
assigned velocity vector and u(x, 0 ) 0 on w:u ,
time dependent load multiplier function.
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E((x, t ) and velocity fields
The solution of the elastoplastic problem provides the strain rate E
u
u((x, t ) satisfying the kinematical admissibility conditions and the stress field T(x, t ) equilibrated with the applied loads O (t ) t ( x) , and the inertial forces P (x) u* (x, t ) , where P ( x)
is the mass density function. The approximate response field [4] is assumed to be in the form:

u* (x , t ) Φ(x) L(t )

(1)

with
u* (x, t ) u g (x, t ) on w:u ; u* (x, t ) 0 in : and w:t ,

where the assigned vector Φ ( x) depends on the initial position only and L (t ) is an unknown
scalar function of the time to be determined.
The difference between the real stress field and the approximate one is in balance with the
variation of the associate force fields and reduced to the difference between inertial forces.
The problem solution does not require T* (x, t ) and E* (x, t ) to be associated by the plastic
law. Thus, the stress field is dynamically admissible with respect to the D’Alembert principle.
By applying the principle of virtual power, we obtain:

³

:

P (u  u* )  (u  u* ) d :  ³ (Τ  Τ* )  (E  E* ) d : 0
:

(2)

given that:

'(t )

1
P (u  u* )  (u  u* ) d : .
³
:
2

(3)

The first derivative of '(t ) is calculated as:

d'
dt

³

:

:.
P (u  u* )  (u  u* ) dd:

(4)

From equations (4) and (2), we have:

d'
dt

 ³ (Τ  Τ* )  (E  E* ) d : 0
:

thus,

d'
dt

 ³ ª¬(Τ  Τ* )  E*  (Τ*  Τ)  E* º¼ d :
:

³

:

*
*
*
¬ª(Τ  Τ)  E  (Τ  Τ )  E ¼º d : .

(5)

Stress field Τ and strain rate E are associated through the plastic flow rule, and Τ* satisfies the plasticity condition. Drucker's stability postulate holds that

(Τ  Τ* )  E t 0 .

(6)

In the regions where E* (x, t ) z 0 , the generalized stress field Τ*E* associated with E*
through the flow rule satisfies the plasticity condition
(Τ*E*  Τ)  E* t 0 .

By employing Drucker's stability postulate, relation (5) may be rewritten in the form:
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³

:

d'
ª¬(Τ*  Τ)  Ε  (Τ  Τ* )  Ε* º¼ d : .
³
:
dt
*
(T  T)  E d :  ³ (T  Τ*E* )  E*d :  ³ (Τ*E*  T* )  E*d:
d: d .
:

:

d ³ (Τ*E*  T* )  E*d : *(t )  *(t ) t 0 .

(8.a)
(8.b)
(8.c)

:

The first and second integrals in expression 8(b) are less than or equal to zero. Hence, the
last term in (8.c) is non-negative, such that:

d'
d *(t ) .
dt

(9)

The integration of the previous relation from 0 to time t provides the approximation measure '(t ) :
t

³ *(t ) dt .

'(t ) d '  (t )

(10)

0

The maximum value ' m of the non-decreasing time function '  (t ) is '  (T ) , with T being
the duration of the external forcing function. The function L (t ) satisfies the initial conditions:
L(0 ) 0 .

(11)

Given the condition u* (x, 0) 0 , if Ψ ( x) is a vector that involves the strain generalized
components associated with modal vector Φ ( x) , then acceleration u* (x, t ) and strain rate E*
are given by:

u* (x, t ) Φ(x) L(t ) ; E* (x, t ) Ψ(x) L(t ) .

(12)

The principle of virtual velocity provides:

³

SL

p(x, t )  u*dS  ³ [F(x, t )  P u* ]  u*d :
:

³

:

Τ* ( x, t )  E* ( x, t ) d :

(13)

which can be manipulated with reference to relations (1) and (12):

³

SL

pT (x, t ) Φ(x)dS  ³ FT (x, t ) Φ(x)d :

L t

:

³

:

P (x) ΦT (x) Φ(x)d : 

³

:

Τ* (x, t ) Ψ(x)d : .

Hence, function L (t ) can be evaluated by the integration of the function:
L(
L(t )

³

SL

pT (x, t ) Φ(x) dS  ³ FT (x, t ) Φ( x) d :  ³ Τ* ( x, t ) Ψ( x) d :
:

³

:

:

P (x)Φ (x) Φ(x)d :
T

.

(14)

This method can be applied to pulse loads with the following conditions: the tractions applied to w:t are null and the initial velocities are prescribed over the entire structure at time
t 0 . Therefore, no external forces act on the structure.
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3

SDOF MODEL FOR A WIND TURBINE

The SDOF model provides a good schematization of the dynamic behavior of various
structures. Wind turbine towers can be easily represented by a cantilever beam supported at
the base. As shown in [1, 2], a rigid-plastic cantilever beam can sufficiently approximate the
nonlinear dynamic problem arising from sinusoidal excitation at the tower base. The problem
is monodimensional, so that the parameters and relations developed in the previous section
are scalar. The reference frame of the model has its origin in the support section and the z axis
coincident with the wind tower one (Fig. 3a). The local yield kinematism corresponds to the
activation of a shear hinge, in which total shear force T (z,t ) attains its bound value. The constitutive model is shown in Figs. 3b and 3c.
(a)

(b)

T

T0

T0

T

z h

T0
h
wv( z , t )
wz

z

T ( z, t )

(c)

dv

T ( z, t )

dz
z=0

ug (t )

Fig. 3 Wind turbine tower geometry (a), rigid-plastic constitutive law (b), and shear strain representation (c)

where

P ( z) :
ug (t ) :

linear mass density of the tower,
horizontal motion of the supported section,

T (z,t ) :

shear stress whose bounds are T0 ( z ) and T0 ( z )

T ( z, t ) :
h:



shear strain,
total length of the tower.

The shear plastic constitutive relations are expressed as follows:
 ªT ( z, t )  T  ( z ) º ªT ( z, t )  T  ( z ) º T ( z, t )
°
0
0
¬
¼¬
¼
®
°̄T0 ( z ) d T ( z , t ) d T0 ( z )

that is,
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T

T0

0  ª¬T  T0 ¼º T
T z 0  ª¬T  T0 º¼ T

T

T0

T z 0  ª¬T  T0 º¼ T

T

T0  T  T0

0 andd ª¬T  T0 ¼º T

0

0

0



in which plastic strain rate T depends on shear stress only. The dynamic equilibrium equation
in the cross section at the z level involves inertial forces only:

wT ( z, t )
wz

P ( z ) u ( z, t ) P ( z )[u g (t )  v ( z, t )] .

(16)

u( z, t ) ug (t )  v( z, t ) .

(17)

where

is the absolute displacement, and:
z

z t

0

0 0

)dW d
dx .
³ T ( x, t )dx ³ ³ T ( x,W )d

v( z , t )

(18)

is the relative one. A plastic shear hinge is formed when the limit value of shear stress is
reached. One or more shear hinges can be activated in sections z1 , z2 , ..., zn during the plastic
phase, and their abscissa varies according to time. Kinematic compatibility states that the
plastic strain rate is non-null in active hinges only:

w vv(( z, t )
wz

T ( z, t )

v '(
' z, t ) .

(19)

The relative displacement v ( z , t ) in (18) can be deduced by integrating equation (19) with
respect to z and by introducing the Heaviside function H ( z ) ( H ( z ) 0 for z  0 ,
H ( z ) 1 for z t 0 ) as follows:
z

v ( z, t )

³ vc( x, t ) dx
0

z

³ T ( x, t ) dx
0

h

³T

x, t H ( z  x) dx .

(20)

0

v ( z, t ) :
Double time derivation provides the relative acceleration v(

v ( z, t )

z

h

0

0

³ T ( x, t ) dx ³ T

x, t H ( z  x) dx .

(21)

When only one shear hinge is active, the time-dependent position is denoted by z0 (t ) .
Thus, the relative displacement velocity and the plastic strain rate have the form:

v( z, t ) v1 (t ) H [ z  z0 (t )] ,
v(

T ( z, t ) v '(( z, t ) v1 (t ) G [ z  z0 (t )] ,
being G [ z  z0 (t )] the Dirac function relative to the plastic hinge position. The shear stress
becomes:
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z

z

z

z

h

h

h

h

T ( z, t ) ug (t ) ³ P ( x) dx  ³ P ( x) v ( x, t )dx u g (t ) ³ P ( x) dx  v1 (t ) ³ P ( x) H [ x  z0 (t )]dx .
The mass functions are:
z

m( z )

³ P ( x) dx

z

; mH [ z, z0 (t )]

h

³ P ( x) H [ x  z (t )] dx .
0

(22)

h

The time derivative of (22.b) produces:

wmH [ z, z0 (t )]
wt

 P ( z ) z0 (t ) H [ z  z0 (t )]  z0 (t )

wmH [ z, z0 (t )]
.
wz

Shear stress and its derivatives as functions of masses are:

T ( z, t ) ug (t ) m( z)  v1 (t ) mH [ z, z0 (t )]
wT ( z , t )
wz
wT ( z , t )
wt

P ( z ) u g (t )  v1 (t )

wmH [ z , z0 (t )]
wz

m( z ) u g (t )  v1 (t ) mH [ z , z0 (t )]  z0 (t ) v1 (t )

wmH [ z , z0 (t )]
.
wz

Approximation by the Taylor series of shear stress proceeds as:

wm [ z , z0 (t )]
°
T ( z0  dz0 , t  dt ) T ( z0 , t )  ® P ( z0 ) u g (t )  v1 (t ) H
wz
z
°¯
°
wm [ z , z0 (t )]
 ®m( z0 ) u g (t )  v1 (t ) mH [ z0 , z0 (t )]  v1 (t ) z0 (t ) H
wz
z
¯°

°½
¾ dzo 
z0 °
¿

½°
¾ dt .
z0 ¿
°

(23)

We consider that shear is equal to the yield value T ( z0 , t ) T0 ( z ) in the plastic hinge. If at
the instant t  dt the position of the plastic shear hinge is z0  dz0 , then T ( z0  dz0 , t  dt )
T0 ( z0  dz0 ) and T ( z0  dz0 , t  dt ) T0 ( z0 )  T0c( z0 ) dz0 . Equation (23) in this case can be
conveniently rewritten as:

°
wmH [ z , z0 (t )]
® P ( z0 ) u g (t )  v1 (t )
wz
z
¯°

½°
¾ dz0 
z0 ¿
°

wm [ z, z0 (t )]
°
 ®m( z0 ) u g (t )  v1 (t ) mH [ z0 , z0 (t )]  v1 (t ) z0 (t ) H
wz
z
¯°
and with z0

½°
¾ dt T0c( z0 ) dz0
z0 ¿
°

(24)

dz0
, we have:
dt
[ P ( z0 ) u g (t )  T0c( z0 )] z0 t  m( z0 ) u g (t )  v1 (t ) mH [ z0 , z0 (t )] 0 .

According to relations (22) the time evolution of the plastic shear hinge is governed by the
relation:
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z0 (t ) 

m( z0 ) ug (t )  v1 (t ) H (0) m[ z0 (t )]
.
P ( z0 ) ug (t )  T0c ( z0 )

(25)

When the plastic hinge moves, residual plastic deformations T r ( z0 , t ) can be detected in
the previous position:

T r ( z0 , t )

v1 (t )
.
z0 (t )

Their value do not vary until the plastic hinge forms again at the same position. Hence, the
acceleration vv(( z , t ) can be determined as a function of shear:

T0c ( z )

T c( z , t ) T0c ( z )  v ( z , t )

P ( z)

T0c ( z )

T c( z, t ) T0c ( z )  v ( z , t )

P ( z)

 u g (t )
 u g (t ).

At the abscissa z , the inertial force
z

q( z )  P ( z )[ug (t )  ³ T ( x, t ) dx
d ]
0

allows the total shear to be written as:
z

z

x

h

h

0

T ( z, t )  ³ q( x) dx ug (t ) m( z )  ³ P ( x) ³ T ( y, t ) dy dx

(26)

After some algebraic manipulations [2], the relations (26) can be rewritten in the form:
z1

[u g (t )  ³ T ( y, t ) dy 
0

T0 ( z )
m( z )

T0 ( z1 )
m( z1 )
m(

z1

][u g (t )  ³ T ( y, t ) dy 

 u g (t )  ³ T ( y, t ) dy 
0

z1

0

T0 ( z )
m( z )

T0 ( z1 )
m( z1 )

] 0
(27)

, z ! z1

according to relation (27), the plastic deformations stop at the abscissa z p and cannot propagate upward. The abscissa z p can be obtained by solving a minimum problem that is independent of time t and ground acceleration ug (t ) :
z p1 o
z p2 o

T0 ( z p1 )
m( z p1 )
T0 ( z p2 )
m( z p2 )

ªT  ( z) º
min « 0
»
z 0 , h
¬ m( z ) ¼
ªT  ( z) º
min « 0
»
z 0 , h
¬ m( z ) ¼

When relation (28) is satisfied for z p

½
°
°
¾
°
°
¿



zp

max( z p1 , z p2 )

0 , the beam response involves only one DOF.
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4

NUMERICAL OUTCOMES

In general, pulses that occur during earthquakes have qualitative and quantitative characteristics that can adequately be approximated by specific functional expressions obtained by
means of wavelet analysis [20]. Several strong ground motions contain in fact an acceleration
pulse responsible for most of the inelastic deformations of structures. In the paper by Makris
that distinguishable acceleration pulse has been determined with reference to the main world
strong earthquakes in the last 50 years. The near fault ground motions are in fact often characterized by pulse sequences with simple shapes that can be recognized in the accelerograms by
means of spectral analysis. In general, if accurate harmonic pulses are used to represent the
ground motion the development of elastic and inelastic response spectra are facilitated [22].
The sensitive analysis of elastic and inelastic responses due to different simple pulse shapes
has shown that local site effects on structures can be modelled with an appropriate choice of
the pulse [23]. These considerations are the basis of the analysis performed on the turbine
tower of Fig. 3, since the harmonic pulse can be a suitable representation of near-fault ground
motion [21].
START

READ INPUT DATA

MOTION START

INITIAL CONDITIONS
FIX MAX DISPLACEMENT

MODAL SOLUTION

YIELD SHEAR FUNCTION

MOTION INTEGRATION
GO TO BASE ACCELERATION

GEOMETRICAL IDENTIFICATION
GO TO HEAVISIDE AND DIRAC FUNCTIONS

STOP
OUTPUT

HEAVISIDE AND DIRAC ROUTINES

ACCELEROGRAM ROUTINE

Fig. 4. Flow chart of the numerical procedure

From the numerical analyses (Fig. 4), successive extensions and contractions of the plastic
front can be evaluated, according (25) and the forcing time history. In the following figures
numerical results are reported: Fig. 5 contains the mechanical characteristics during the reduction of the plastic front, while Fig. 6 reports the situation at the final instant of the plastic
process.
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m

z2

a)

sec
3

-1

10 m sec

z2

b)

sec
sec

-1

T ( z1 )

c)

sec
sec-1

z
T 1
2

d)

sec
sec-1

T (0 )

e)

sec
m sec-2

ug

f)

sec
Fig. 5. Time histories of the functions: lower bound (a) and velocity of the plastic front (b); plastic
shear rate at the upper bound (c), in the middle (d) and at the base support (e); base accelerogram (f);

The input data are derived with reference to a wind turbine tower with variable annular
cross section and this choice implies a quadratic variation of the yield shear and the adopted
pulse makes reference to near fault motion of Irpinia earthquake in 1980:
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h 200 m
°
4
1
° P ( z ) 5 u10 kgm
°u g (t ) a0 sinZt
°
1
® with a0 0.2 g , Z 3sec
° D 6 sec
°
°T0 ( z ) d z 2  e z  f
°
3
2
¯ with d 2 u10 Nm

(total height of the tower )
(mass linear density )
(base motion)
(duration of the time history )
( yield shear )
e  8 u105 Nm 1 , f

108 N

The extension of the plastic boundary moves starting from the abscissa z1 h 2 and
evolves until the plastic excursion stops, corresponding to the attainment of the plastic threshold. The extension of the elastic range is measured by the distance z2 of the lower bound of
the plastic zone from the base support. The motion proceeds through successive spreading and
contractions of the plastic front and related elastic returns [11, 24]. This behaviour is represented in Fig. 5a, where the obscillation of the plastic hinge lower bound is represented. The
maximum velocity lower bound corresponds to the attainment of the maximum spreading of
the plastic front, as shown in Fig. 6b. The time histories corresponding to the evolution of the
shear strain rate in three significant positions are picted respectively in Figs. 5c, 5d and 5e. A
detailed analysis of the evolution of shear stress and deformed shape in a single pulse are reported in Fig. 6 together with a schematic picture of the cantilever beam with the actual plastic hinge extension.
a)

b)
z2

0

z2

m*sec-2

z2

z2

ug

c)

sec
m

z2

d)

sec

Fig. 6. Variation of the shear stress (a) and deformed shape (b) versus the base accelerogram (c)
and the lower bound of the plastic hinge (d)
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The inertial effects that cause the delay of the inversion of the displacements with regard to
shear diagram are also shown. It is worth noting that both the diagrams have a sudden change
of sign due to the inversion of the pulse sign.
5

CONCLUSIONS

The nonlinear dynamic response of rigid-plastic wind tower structures subjected to a base
dynamic acceleration has been examined. The collapse mechanism obtained is due to the formation of shear hinges. A step-by-step integration procedure is employed to evaluate the dynamic response of a windmill in the time domain. The numerical analysis gives the plastic
hinge patterns and the estimation of the maximum and minimum displacement under different
base motions. The exposed method supplies a good interpretation of the tower post-elastic
behavior and a realistic representation of fundamental response modes. Moreover, the procedure exhibits also a low computational effort and involves a low number of mechanical parameters. The proposed nonlinear dynamic procedure, with the localization of damage i.e. the
extension of the plastic front, allows a designer to recognize the segment of tower that requires special attention. The same procedure can in fact applied to high rise buildings for
which a cantilever beam model could represent with suitable accuracy the behavior.
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ON THE AXIAL FORCE IDENTIFICATION IN
EULER-BERNOULLI BEAMS WITH UNKNOWN
BOUNDARY CONDITIONS
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Abstract. Identiﬁcation of the tensile force in slender axially-loaded structural elements,
such as stay cables, metallic bars and tie-rods, is of paramount importance for health monitoring and safety assessment purposes. Dynamic testing techniques provide the ground
for quick and cheap identiﬁcation strategies, based on the knowledge of: (a) a set of identiﬁed natural frequencies, and (b) a structural model that relates natural frequencies to
the axial-force value. Within this framework, reliability of the identiﬁed axial force values
depends, among other factors, on the predictive capabilities of the underlying structural
model. Errors may arise, in particular, from the modeling of boundary conditions. The
present paper analytically investigates the eﬀect of boundary conditions on the modal properties of axially loaded Euler-Bernoulli beam elements. Starting from theoretical results
obtained on this archetypal structural model, a numerical procedure for the identiﬁcation
of the axial force in beam elements with unknown bending stiﬀness and boundary conditions is then presented. Parametric analyses are carried out to quantitatively assess the
accuracy of the proposed identiﬁcation algorithm in the case of frequencies contaminated
by measurement errors.
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1

INTRODUCTION

Dynamic testing techniques are widely used to get estimates of the modal properties of
slender axially-loaded one-dimensional structural elements, such as stay cables, diagonal
braces, truss elements and tie-rods of vaulted historical masonry structures. Knowledge
of a set of measured natural frequencies of the beam, along with a suitable structural
model updating strategy, then, can be used to identify the value of the axial force acting
on the element, which is of paramount importance for structural health monitoring and
safety assessment purposes. Within this framework, reliability of the identiﬁed axial force
values depends, among the other factors, on the predictive capabilities of the underlying
structural model.
Frequency-based axial force identiﬁcation procedures often rely on the assumption of
ideal boundary conditions, in the form of either perfectly hinged or perfectly clamped end
sections (see e.g. [1, 7]). A more realistic structural scheme could be deﬁned, however,
by considering equivalent translational and rotational springs at the beam end sections
to model the ﬂexibility of the restraint devices and of the support structures (e.g. deck
and tower for cables in stayed bridges). Proper deﬁnition of equivalent springs strongly
depends on the particular technology adopted to realize the restraints and is inherently
related to several diﬀerent sources of uncertainties, such as those related to geometric
imperfections and aging of the support devices.
The present paper presents an analytical investigation of the eﬀects of the boundary conditions on the modal properties of axially-loaded Euler-Bernoulli beam elements
whose end sections are restrained by rotational springs. Starting from theoretical results
obtained on this archetypal structural model, a numerical procedure for the identiﬁcation
of the axial force in beam elements with unknown bending stiﬀness and boundary conditions is then presented. Parametric analyses are carried out to quantitatively assess the
accuracy of the proposed identiﬁcation algorithm in the case of frequencies contaminated
by measurement errors.
2
2.1

FORMULATION OF THE PROBLEM
Free-vibrations of the Euler-Bernoulli beam model

Let us consider a straight axially-loaded one-dimensional structural element, with constant bending stiﬀness (EI) and mass per unit of length (m). Transverse displacements
of the centerline are described through the function v = v (x, t), where x ∈ [0, l] is a
coordinate spanning the free length (l) of the element and t is the time. By neglecting
sag-extensibility and shear deformability eﬀects, undamped planar transverse vibrations
are governed by the partial diﬀerential equation (see e.g. [8]):
EI∂x4 v − T ∂x2 v + m∂t2 v = 0

(1)

where T > 0 is the axial force (see Fig. 1).
By introducing the characteristic frequency ω0 and the non-dimensional bending stiﬀness ε:


ω0 =

T
, ε=
ml2
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the Eq. (1) can be re-stated in the following non-dimensional form:
ε2 ∂ξ4 v̄ − ∂ξ2 v̄ + ∂τ2 v̄ = 0
where ξ =

x
l

∈ [0, 1], τ = ω0 t and v̄ (ξ, τ ) =

(3)

v(x(ξ),t(τ ))
.
l

Figure 1: Schematic representation of a straight one-dimensional structural element subject to a tensile
load T .

Values of ε typical of slender structural elements, such as stay cables and masts, are
lower than 2% (see e.g. [1, 7, 15]). Thicker structural elements such as diagonal braces,
truss elements, short cables and tie-rods of vaulted historical masonry structures, instead,
can be characterized by values of non-dimensional bending stiﬀness in the broader range:
0.02  ε  1 (see e.g. [11, 12, 13, 17]). It’s worth noting that the governing equation
(3) is singularly perturbed for small values of ε, typical of slender elements, hinting the
existence of boundary layers in the mode shapes and possible ill-conditioning of numerical
solvers (see e.g. [10, 5]).
General solutions of Eq. (3) can be expressed as v̄ (ξ, τ ) = φ (ξ) sin (ω̄τ − θ), where ω̄ is
a non-dimensional vibration frequency, θ is a phase angle depending on initial conditions
and φ(ξ) is a mode shape function. The vibration frequencies ω̄ and shape functions
φ(ξ) are the solutions of a fourth order boundary value problem deﬁned by the ordinary
diﬀerential equation:
ε2 φIV − φII − ω 2 φ = 0, ξ ∈ [0, 1]

(4)

along with suitable conditions modeling the cable restraints.
Ideal boundary conditions are often introduced, in the form of either perfectly hinged
or perfectly clamped cable end sections. In many practical circumstances, however, this
modeling strategy can lead to an oversimpliﬁed representation of the structural dynamics,
naturally claiming for the adoption of elastically supported beam models (see e.g. [14, 16,
2]). In the present work, two rotational springs with stiﬀness Ki (i = 1, 2) are assumed
to be attached at the end sections of the element (see Fig. 1). The degree of ﬁxity of the
rotational restraints is then deﬁned by introducing the non-dimensional parameters:
ρi =

Ki
, i = 0, 1
Ki + εT l

(5)

It is worth noting that the parameter ρi can take values in the unit interval [0,1], being
strictly equal to zero for Ki = 0, i.e. for a perfectly hinged end section. The upper bound
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limit case ρi = 1, instead, is asymptotically approached as Ki → ∞, i.e. for a perfectly
clamped end section.
By accounting for the deﬁnitions in Eq. (5), the boundary conditions associated to Eq.
(4) read:
⎧
⎪
⎪
⎪φ(0) = 0
⎪
⎪
⎨φ(1) = 0
⎪
⎪
(1 − ρ0 ) ε2 φ (0) − ρ0 εφ (0) = 0
⎪
⎪
⎪
⎩
2 


(6)

(1 − ρ1 ) ε φ (1) + ρ1 εφ (1) = 0

The general solution of Eq. (4) can be expressed as a combination of trigonometric
and exponential functions:
φ (ξ; z1 , z2 ) = a1 sin (z1 ξ) + a2 cos (z1 ξ) + a3 exp (−z2 ξ) + a4 exp (−z2 (1 − ξ))

(7)

where ai (i = 1, ..., 4) are real integration constants and the arguments zk (k = 1, 2) are
deﬁned as:
√
1 
√
zi (ω̄; ε) =
(−1)i + 1 + 4ε2 ω̄ 2 , i = 1, 2
ε 2

(8)

Notice that the use of exponential instead of hyperbolic functions in Eq. (7) is more
appropriate to highlight the existence of two boundary layers when ε << 1.
Substitution of Eqs. (7) and (8) in (6) yields the algebraic eigenvalue problem:
B (ω̄; ε, ρ0 , ρ1 ) a = 0

(9)

where a = (A1 , ..., A4 )T , 0 is a null column matrix of size 4 × 1, and B is a 4 × 4 boundary
condition matrix whose entries depend on both the non-dimensional bending stiﬀness ε
and the degree of ﬁxity parameters ρi (i = 0, 1).
The non-dimensional natural frequencies ω̄k (k ∈ N+ ) coincide with the roots of
the characteristic equation det (B (ω̄; ε, ρ0 , ρ1 )) = 0. Generally speaking, they will be
a function of the non-dimensional bending stiﬀness ε and of the two variables ρ0 and ρ1 ,
i.e. ω̄k = ω̄k (ε, ρ0 , ρ1 ), k ∈ N+ . Symmetry, however, allows to conclude that the nondimensional natural frequencies ω̄k should depend on a symmetric transformation of the
variables ρ0 and ρ1 that can be arbitrarily, but conveniently, deﬁned as:
1
(ρ0 + ρ1 ) , 0 ≤ p ≤ 1
(10)
2
Dependency of the non-dimensional natural frequencies on p, then, can be fully highlighted by writing: ω̄k = ω̄k (ε, p), k ∈ N+ . It’s worth noting that the ideal limit cases of
doubly-hinged and doubly-clamped elements correspond, respectively, to set p = 0 and
p = 1.
Exact closed-form solutions of the characteristic equation are only available for the
doubly-hinged case (see e.g. [8]). Asymptotic closed-form solutions can also be derived,
for small values of the non-dimensional bending stiﬀness parameters ε typical e.g. of stay
cables. By extending the results ﬁrstly presented in [6] to deal with a beam element
p=
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supported by rotational springs at both end sections, indeed, the following result can be
obtained:


(kπ)2
ω̄k = kπ 1 + 2pε +
+ 4p2 ε2 , k ∈ N+ + o(ε2 )
2

(11)

For arbitrary boundary conditions and non-dimensional bending stiﬀness values, the
characteristic equation can be numerically solved e.g. through a sequential application of
a root ﬁnding algorithm based on the bisection method. Within this context, it is worth
noting that, thanks to the scaling of the governing equations adopted in the present work,
the determinant of the boundary condition matrix B is bounded and with leading order
terms of order one for vanishingly small values of ε. This makes simple numerical root
ﬁnding algorithms well suited to ﬁnd the natural frequencies of the system for over a wide
interval of non-dimensional bending stiﬀness values, ranging from elements characterized
by values of ε in the order of 0.5 − 1 to very slender ones, with ε in the order of few
percents or lower.
2.2

Parameter identiﬁcation algorithm

Once the eigenvalues ω̄k = ω̄k (ε, p) are known through an application of the semianalytic model described in Section (2.1), multiplication by the characteristic frequency
ω0 = ω0 (T, m, l) gives the natural frequencies:
ωk = ω0 (T, m, l) · ω̄k (ε, p) , k ∈ N+

(12)

Standard vibration testing techniques (see e.g. [20, 9]) can be applied to obtain the ﬁrst
M natural frequencies of the beam: ωk∗ (k = 1, ..., M ). The diﬀerence between calculated
and measured natural frequencies, then, can be quantitatively assessed by introducing the
cost (or objective) function:
Fobj

=

M


k=1

ωk
1− ∗
ωk

2

(13)

The unknown model parameters X = (ω0 , ε, p)T ∈ R3 can be identiﬁed by solving the
non-linear optimization problem:
Find Xopt s.t. Fobj (Xopt ) = inf {(X)}

(14)

with the physical constraints: ω0 > 0, ε > 0, 0 ≤ p ≤ 1. Once the optimal parameters
ω0 , ε and p are known from the solution of (14), by assuming that the length (l) and the
mass per unit of length (m) are known without uncertainties, the axial-force T can be
easily calculated (see Eq. (2)) as T = ml2 ω02 .
The non-linear optimization problem deﬁned in Eq. (14) is characterized by several
characteristic features that should guide the selection of an appropriate solution algorithm.
Due to unavoidable measurement errors aﬀecting the natural frequencies ωk∗ (k = 1, ..., M ),
the landscape of the cost function (12) is characterized, in general, by many local minima.
Moreover, the sensitivity of cost function (12) with respect to the parameter p tends to be
substantially negligible for small values of the non-dimensional bending stiﬀness ε typical
of slender elements, as it can be easily inferred by inspecting the asymptotic solution of
the eigenvalue problem (Eq. (11)).

4948

Margaux Geuzaine, Francesco Foti and Vincent Denoël

Gradient-based optimization algorithms, hence, are not well suited for the particular
problem at hand, since they are prone to get trapped in local minima and their iteration
operators could potentially be ill-conditioned for small values of ε. Within the class of
gradient-free algorithms, the family of Diﬀerential Evolution algorithms, ﬁrstly proposed
by Storn and Price [18, 19], has shown excellent performances in ﬁnding the global optimum of non-linear, non-convex, multi-modal and non-diﬀerentiable functions (see e.g.
the review in [3]). DE is an Evolutionary Algorithm (EA) that iteratively operates on
a population of candidate solutions made of N P parameter vectors. The initial population is randomly chosen and oﬀsprings are generated by perturbing trial solutions with
scaled diﬀerences of randomly selected population elements. As the number of iterations
grows, the characteristic size of these diﬀerences tend to automatically adapt to the natural scales of the objective landscape [3]. It’s worth noting that the peculiar strategy
adopted to generate oﬀsprings and evolve the population of candidate solution makes DE
algorithms able to deal with objective functions characterized by low or moderately low
sensitivity with respect to one ore more variables of the searching space without numerical
problems. Selection of the better ﬁtted elements of the population is performed through
a one-to-one parent/oﬀspring competition scheme. The physical constraint are enforced
through a simple penalty criterion and the iterations are performed until a termination
criterion is satisﬁed.
In the present work, a custom implementation of a well-known variant of the DE
algorithm proposed by [4] has been adopted to solve the non-linear optimization problem
in Eq. (14). The termination criterion has been deﬁned such that iterations are stopped
whenever one of the following conditions is satisﬁed: (a) the relative diﬀerence between
the best and worst objective function values Δ =

worst −F best
Fobj
obj

worst ,1
max{Fobj
}

of a population is below a

given threshold T oll (cf. the Diﬀ termination criterion in [21]), (b) the value of the cost
function is lower than a prescribed value V , (c) the number of iterations N IT is equal to
the maximum number of iterations M AXIT .
3

APPLICATIONS

The performances of the proposed parameter identiﬁcation strategy have been assessed
through extensive numerical testing. Results will be presented in the following for an
axially-loaded beam element characterized by ω0 = 5.66 rad/s and T = 4000 kN. Three
diﬀerent values of non-dimensional bending stiﬀness (ε = 0.02, 0.1, 0.5) have been considered, along with ﬁve diﬀerent boundary conditions: (I) p = 0 (doubly-hinged beam),
(II) p = 0.25, (III) p = 0.50, (IV) p = 0.75 and (V) p = 1 (doubly-clamped beam).
In order to simulate experimental input data, the eigenvalue problem (9) has been numerically solved to get the ﬁrst ﬁve natural frequencies. These frequencies, then, have been
corrupted by multiplying the nominal values by a unit-mean and low intensity Gaussian
noise, to account for the eﬀects of measurement errors. Diﬀerent values of noise intensity, ranging from 0 to 2.5%, have been considered. For each noise intensity value, a
sample of 10 sets of noisy natural frequencies has been randomly generated. The optimization problem (14) has been solved for each set of numerically generated input natural
frequencies by running the DE algorithm (“DEGL/SAW/bin” scheme, with scale factor
F = 0.8 and crossover parameter CR = 0.9, see [4] for further details), starting from
a population of N P = 30 trial solutions randomly chosen in the initial search space
P ⊂ R3 : 10−5 ≤ ω0 ≤ 50, 10−5 ≤ ε ≤ 5, 0 ≤ p ≤ 1. The parameters of the termination
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criterion have been set up as: V = 10−6 , T oll = 10−7 and M AXIT = 1000.
Figures (2)-(4) show the results of the proposed identiﬁcation algorithm as a function of
the noise intensity. The results are averaged over the number of runs N R of the algorithm
for each diﬀerent noise intensity level (i.e. N R = 10) and expressed in terms of: (a)-(c)
the identiﬁed values of the parameters ω0,ave , εave and pave ; (d) the relative error on the
∗
element axial force, ΔT = TaveT−T
, where Tave is the average identiﬁed value of the axial
∗
force and T ∗ is the target value (i.e. T ∗ = 4000 kN); (e) is the average value of the cost
best
function associated to the identiﬁed optimal set of parameters (denoted as Fobj
in the
ﬁgures); (f) is the average number of iterations of the DE algorithm.
Figure 2 shows the results for a beam element with target bending stiﬀness value
ε = 0.02 typical of slender elements, such as stay cables. The identiﬁcation strategy gives
fairly accurate results in terms of parameters ω0 and ε for all values of noise intensity herein
considered. As expected from the inspection of the asymptotic solution of the eigenvalue
problem (Eq. (11)), the boundary conditions do not aﬀect signiﬁcantly the cost function
of the optimization problem and, as a consequence, the identiﬁcation algorithm is not able
to correctly identifying the parameter p. As already noticed by the authors in [6], the
identiﬁcation procedure tends, for each value of noise intensity, to a mean value of p equal
to about 0.5. This latter value coincides with the mean value of p within the randomly
generated population members of the DE algorithm. On the overall, in spite of an highly
inaccurate identiﬁcation of the degree of ﬁxity of the beam end sections, the procedure
gives a good estimate of the axial force. Errors on the axial force obviously increase
at the increase of the noise intensity and are higher for the two boundary conditions
corresponding to the limit cases of doubly-hinged (label I, p = 0) and doubly-clamped
(label V, p = 1) beams. Figure 2(e) allows to appreciate how measurements errors,
herein associated to non-zero noise intensity values, determines a signiﬁcant jump in the
estimated minimum values of the cost function. Figure 2(f) allows to appreciate how for
non-zero noise-intensity values iterations are mostly terminated because the maximum
number of iterations (M AXIT ) is reached. This is mainly due to the already discussed
lacking of convergence on the degree of restraint parameter p (see also [6]).
Figure 3 shows the results for a beam element with target bending stiﬀness value
ε = 0.1. The identiﬁcation algorithm gives very accurate predictions of all parameters
ω0 , ε and p for small values of the noise intensity (i.e. lower than 0.5%). By increasing
the noise intensity, the accuracy in the predictions of the degree of restraint parameters p
rapidly deteriorates, while the errors on both ω0 and ε remain acceptable with maximum
discrepancies from the target values in the order of ±15%, depending on the boundary
conditions. The maximum relative errors on the identiﬁed axial force are in the order of
±15% for small values of the noise intensity (i.e. lower than 0.5%), but rapidly increase up
to about ±25% for a noise intensity value equal to 2.5%. Figures 3(a) and 3(d) also allows
one to appreciate how, for the non-dimensional bending stiﬀness value herein considered,
the proposed identiﬁcation algorithm tends to systematically underestimate the axial force
for the boundary conditions labeled (I) and (II), i.e. for p respectively equal to 0 (doublyhinged beam) and 0.25; on the other hand, the axial force is systematically overestimated
for the boundary conditions labeled (IV) and (V), i.e. for p respectively equal to 0.75
and 1 (doubly-clamped beam). The opposite trend is remarked for the non-dimensional
bending stiﬀness ε (see Fig. 3(b)). These trends can be easily explained, through an
inspection of Fig. 3(d), by noticing that the algorithm tends to: (a) overestimate the
degree of ﬁxity of the restraints in cases (I) and (II); and (b) underestimate the degree of
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ﬁxity of the restraints in cases (I) and (II).
Figure 4 shows the results for a beam element with target bending stiﬀness value
ε = 0.5, that can be considered as representative e.g. of diagonal braces, truss elements
and tie-rods. Diﬀerently than in the previous cases, the boundary conditions are identiﬁed
with good accuracy for all values of noise intensity herein considered, except that for the
case labeled as (I), corresponding to p = 0 (doubly-hinged beam), which is associated to
errors on p in the order of 25%. More in details, the accuracy of the identiﬁed values of
p decreases with the increasing of the ﬂexibility of the restraints. The identiﬁed values
of the parameters ω0 and ε, on the other hand, are aﬀected in general by signiﬁcant
discrepancies with respect to the target values. As a consequence, also the errors aﬀecting
the identiﬁed axial force are relevant. More in details, it is worth noting that errors on the
non-dimensional bending stiﬀness parameter ε reach the 60%, depending on the boundary
conditions and on the noise intensity value. Although diﬃcult to evaluate in slender
structural elements such as stay cables (associated to small values of ε), the bending
stiﬀness of thicker structural elements such as diagonal braces, truss elements and tierods can often be easily estimated on the basis of available information on the geometric
and mechanical properties of the structural element. Whenever the bending stiﬀness is
known, however, the proposed algorithm can be easily re-formulated by assuming that ω0
and p are the only unknown parameters, leading to a more precise evaluation of the beam
axial force.
4

CONCLUSIONS

An analytical model for transverse vibrations of an axially loaded Euler-Bernoulli beam
with partially restrained end conditions has been presented and used as the basis to develop a numerical parameter identiﬁcation strategy. Parametric analyses have been carried out to quantitatively assess the performances of the proposed identiﬁcation algorithm,
for a broad range of structural conﬁgurations, characterized by diﬀerent values of nondimensional bending stiﬀness ε and boundary conditions, that cover a wide spectrum of
applications, such as stay cables, diagonal braces, truss elements and tie-rods of vaulted
historical masonry structures. On the overall, the proposed procedure gives accurate estimates of the beam axial force for small and moderately small values of ε, in the order of
ε  0.1. For higher values of ε, based on the critical discussion of the results of the proposed identiﬁcation strategy, a simpliﬁed algorithm relying on a preliminary estimation
of the bending stiﬀness of the beam is envisaged to reduce errors on the identiﬁed axial
force.
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Figure 2: Results of the identiﬁcation algorithm, averaged on ten runs, as a function of the noise intensity.
(a) Characteristic frequency ω0 (target value: ω0 = 5.66 rad/s), (b) non-dimensional bending stiﬀness
ε (target value: ε = 0.02), (c) degree of ﬁxity parameter p, (d) relative error on the axial force ΔT ,
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(f) number of
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Figure 3: Results of the identiﬁcation algorithm, averaged on ten runs, as a function of the noise intensity.
(a) Characteristic frequency ω0 (target value: ω0 = 5.66 rad/s), (b) non-dimensional bending stiﬀness ε
(target value: ε = 0.1), (c) degree of ﬁxity parameter p, (d) relative error on the axial force ΔT , (e) value
best
(f) number of iteration
of the cost function associated to the identiﬁed optimal set of parameters, Fobj
(the maximum number is M AXIT = 1000).
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Figure 4: Results of the identiﬁcation algorithm, averaged on ten runs, as a function of the noise intensity.
(a) Characteristic frequency ω0 (target value: ω0 = 5.66 rad/s), (b) non-dimensional bending stiﬀness ε
(target value: ε = 0.5), (c) degree of ﬁxity parameter p, (d) relative error on the axial force ΔT , (e) value
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(f) number of iteration
of the cost function associated to the identiﬁed optimal set of parameters, Fobj
(the maximum number is M AXIT = 1000).
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Abstract. In the present research work, the effect of ground motion vertical component in
case of near-source excitations on masonry buildings has been analysed. To this purpose, an
investigation has been made on the Banloc Castle, a historical masonry construction damaged by the Banat-Voiteg earthquake occurred on December 1991 in the Romanian Region of
Banloc. A FEM model of the building, setup using DIANA FEA analysis software, has been
analysed in the non-linear dynamic field. In particular, the records have been referred to the
Banloc site, characterized by a moment magnitude of 5.5 and a focal depth of 9 km. In order
to estimate the influence of the vertical seismic motion on the case study building in terms of
both displacement and internal forces, two different scenarios have been examined. The first
scenario has taken into account the horizontal component only, whereas the second one has
studied the simultaneous effects of three components of the seismic action. The comparison
between the two scenarios has shown that the vertical ground motion significantly modifies
the structural behaviour of the inspected building. Finally, numerical damage patterns have
been plotted and compared to the real cracks detected in the case study after the considered
seismic event.
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1

INTRODUCTION

Typically, the effect of the vertical component of earthquake ground motion on constructions has been ignored in the current studies of Earthquake Engineering. Gioncu and Mazzonlani have developed an important research activity concerning the influence of ground motion
vertical component for the load-bearing masonry structures in the Banat seismic region [1, 2,
3]. In particular, the seismic design and assessment of Unreinforced Masonry (URM) structures is limited to the effects of the horizontal accelerations, neglecting the vertical component
of the design ground motion [4, 5, 6]. The damages caused by disastrous earthquakes highlighted the brittle behaviour of several structural systems especially under seismic actions
characterised by not negligible vertical components, which produced significant effects in
cases of near-field events.
Generally, the ground motion vertical component is mainly associated to the arrival of vertically propagating compressive P-waves and secondary shear S-waves. However, the propagation direction of volume waves (P and S) is not influenced by the site geology, but by the
site distance, the fault type and the magnitude. In these circumstances, it is evident that the
effects induced by the ground motion vertical component are prominent in areas characterized
by high hazard level and that they should be appropriately considered in the seismic behaviour analysis of existing masonry buildings, which have very low tensile resistance [7].
Generally, earthquakes occurring near an active seismogenic source contain pulse-like records (one or more consecutive peaks), characterised by a long period and a short duration [8].
These impulses, caused by the sliding of faults, release a large amount of seismic energy,
which is transmitted abruptly to the structures. For this reason, the vertical component of
these earthquakes is one of the determining factors to be taken into consideration for the correct safeguarding of buildings and design preventions.
In fact, as reported in [9, 10], it was shown that the ratio between vertical (V) and horizontal (H) components of ground motion in the near-source regions with high hazard earthquakes
is considerably different than that expected at a smaller magnitude and greater distances;
moreover, it was suggested that the V/H (empirical) limit of 2/3 should be re-evaluated in order to better foresee the effects of ground motion vertical component for design purposes. In
particular, it was observed that these ratios near the seismogenic source can exceed the unitary
value. The effects produced by the vertical component of the ground motion significantly influence the dynamic response of structures. In fact, as detailed in [11], the vertical component
on masonry buildings provokes a reduction of load-bearing capacity of the wall panels and,
consequently, an increase of lateral displacements. In particular, during the time history cycle,
the vertical component acts alternately with compression and decompression peaks, that lead
to a degradation of the stiffness of the masonry under dynamic action with the consequent increase of the local or global vulnerability.
Other studies [12, 13] inspected the behaviour of masonry buildings subjected to vertical
seismic actions, asserting that the vertical component of the ground motion in epicentre areas
characterized by a Joyner and Boore distance (Rjb <30 km) causes a variation of the axial
stress regime in the walls. Consequentially, the dynamic amplification due to soil stratigraphy
leads to a reduction in terms of the shear capacity of structural resistant elements, which show
a deficit in terms of resistance, stability and ductility.
In this framework, focusing on the Banat-Voiteg seismic event occurred on December
1991, the Castle of Banloc has been selected as a case study. In order to take into account the
influence of vertical accelerations on the seismic capacity of the examined building, nonlinear dynamic analyses have been carried out considering the ground motion records representative of the earthquake occurred in the region of Banat in Romania.
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The displacements and foces regime of the investigated castle have been analysed in order
to point out the influence of vertical component. Finally, the damages achieved from numerical modelling have been presented, discussed and compared to those really detected under the
1991 earthquake.
2

SEISMICITY OF BANAT REGION

The Western and South-Western part of Romania, well known as the Banat Region, is undoubtedly one of the most seismically active regions of the country, characterized by crustal
earthquakes. Due to the presence of multiple vulnerability factors, such as old houses, areas
with high population density, unprotected historic buildings, presence of factories, etc., the
seismic risk of the region is very high.
The seismic history of this region is characterized by a high dispersion and variability of
the epicentres and, therefore, of the events observed. Generally, the earthquakes in the Banat
region occurred at the contact between the Carpathian and Pannonian plates (from Timisoara
to S-W Jebel and Banloc and north of the Bega canal) and at the contact among irregular
structures straddling Sânnicolau Mare, Nădlag-Jimbolia, Arad-Vinga- Calacea and Timis Valley in Faget. Moreover, the distributions of focal mechanisms associated to the earthquakes
occurred in the South-West of Romania showed a reverse and strikes faults or the combination of the two. The focal depths of earthquakes in the western areas of Oltenia and BanatDanube were between 5 and 33 km deep, as indicated in Figure 1 [14].

Figure 1: Focal mechanisms occurred in Romania [14].

The most significant earthquakes occurred in the Banat area were the two seismic events
detected in Banloc in 1991 and denoted by moment magnitude of 5.5 and 5.6. These main
records have been acquired by the INCERC seismic network (Banloc Town-Hall and
Timisoara stations). In particular, the accelerometer records taken by INCERC for the cities of
Timişoara and Banloc provided earthquakes with the following characteristics: (i) relatively
short duration of 9-24 s and (ii) significant spectral values in the range 0.1-0.3 s, which extends up to 0.7 s for the Timişoara record and up to 1.2 s for the Banloc one.
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Focusing on the event recorded in the city of Banloc, it is characterized by a reduced sitesource distance (7.01 km far from the epicentre), which makes it as a near-source event.
This event showed an impulsive and high vertical peak acceleration of 1.2863 ms-2, a focal
depth of 9 km, a moment magnitude, Mw, of 5.5 and an intensity, I, of VIII according to Mercalli Intensity Scale (MCS).
The data provided by the SM-ROM-GL Earthquakes DB [15] related to the 1991 event occurred in the Banat Region are shown in Table 1.
Earthquake

Date

LatN

LongE

Depth - h (km)

Mw

Station

Banat-Voiteg

1991/12/02

45.45

21.12

9

5.5

BNL1

Table 1: Reference event occurred in the Banat seismogenic zone in December 1991.

Furthermore, the ShakeMap of the event occurred and the geolocation of the city of Banloc
are shown in Figure 2.

(a)

(b)

Figure 2: ShakeMap of the Banat-Voiteg event (a) and geolocation of the city of Banloc (b).

3
3.1

PRELIMINARY ANALYSIS OF THE CASE STUDY BUILDING
Historical overview on the Banloc Castle

The municipality of Banloc is attested for the first time in May 1400, when the name "Byallak" was reported in a document provided to the clerk of Cenad.
For almost two centuries (1552–1716) Banloc was the summer residence of the Ottoman
pasha of Temeşvar Eyalet. In 1716, the Banat region, where Banloc is located, was conquered
by the Austrians and, in the census of the year later, the municipality was registered as
“Panloch” in the district of Ciacova with 85 inhabited houses.
In 1759 the construction of the castle of Banloc was completed.
The castle (Figure 3) is the most important monument of the municipality. It is a massive
building with a "U" in-plane shape built in the early nineteenth century. The main façade faces south, while on the opposite side the two wings border a terraced courtyard.
The castle is composed of very heavy perimeter brick and internal walls having thickness
of 0.90 m and 0.80 m, respectively at ground level.
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(a)

(b)

(c)

(d)

Figure 3: Castle of Banloc: (a) external view, (b) architectural plan layout, (c) geographical orientation and (d)
timber roof structure.

On the top, vaulted ceilings with thickness of 0.25 m are present. The inter-storey heights
of first and second floors are 4.00 m and 5.70 m, respectively. The roof is made of a solid
timber supporting structure, whose construction technique was frequently used in the Banat
region (Figure 3d).
3.2

Field evidence after the Banloc earthquake

The Banloc earthquake, occurred on 1991 December 2nd, was a very significant event in
the seismic historicity of the Banat region. It was characterized by a focal depth of 9 km with
the epicentre localized in Banloc. The released seismic energy produced a magnitude (Mw) of
5.5 on the Richter scale [15]. This earthquake can be classified as a medium-deep geological
event. It caused slight damages to new designed structures, but several masonry buildings in
the area were characterized by very serious damages, also with partial collapses. Referring to
the case study building, the damage was detected through on-site inspections after the earthquake occurred. The achieved post-earthquake damages are presented in Figure 4 [16].
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(a)

(b)

(c)

(d)

Figure 4: Detected damages on the Banloc Castle after the 1991 earthquake: (a) North façade; (b) West façade;
(c) first floor room; (d) second floor room [16]

As it is seen from the previous figures, the highest level of damage was localized in the
vaults, which are elements characterized by large spans and resistance lower than that of vertical structures (Figures 4c). In particular, the cracks in the vaults were attributable to the impulsive vertical component, which produced very extensive damages. Contrary, large number
of walls were affected by shear mechanisms induced by horizontal seismic components with
widespread cracks [16].
4
4.1

STRUCTURAL ASSESSMENT
Analysis of the ground motion records

The accelerograms adopted are representative of the event occurred in Banloc in December
1991 considering the BNL1 seismometric station [15]. The accelerations are characterized by
maximum components in X direction of 0,08g, in Y direction of 0,13g and in Z direction of
0,13g (Figure 5). The seismic phenomenon can be defined of near-source type, since the city
of Banloc was located approximately 7 km far from the epicentre.

(a)

(b)
Figure 5: Accelerograms of the Banat-Voiteg seismic event.
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As can be seen from the previous Figure, for numerical analyses, a 6 seconds time history
has been considered and elaborated by means of the Seismosignal software [17]. This choice
is dictated from the fact that, on one hand, in the first 6 seconds all the seismic energy input
deriving from vertical component is manifested and, on the other hand, the analysis elaboration time is short.
The spectral ratios between vertical accelerations, V, and the corresponding horizontal
ones, H, for the considered near-source ground motion, have been depicted in Figure 6. These
results have shown how the vertical component effects are very important for earthquakes
characterized by small site-source distances, where the V/H limit of 2/3 proposed in [9] is exceeded. In particular, Figure 6 shows that for short periods (less or equal than 0,2 seconds),
the V/H ratio is greater than 1; this means that the rule imposed in [9] underestimates considerably the vertical component effects for low periods.

Figure 6: V/H spectral ratios for the Banloc-Voiteg event.

4.2

Non-linear dynamic analysis

Time-history analysis provides a global assessment of the castle dynamic structural response varying specified ground motion accelerograms. The implementation of the model has
been set-up using the DIANA FEA software [18], where the structure has been conceived as
set of shell elements (Figure 7).

(a)

(b)

Figure 7: 3D-shell element model of the castle (a) and selected monitoring points (b).
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The masonry constitutive law is characterized by a non-linear response with a nonductile
post-peak softening behaviour; tensile stresses are assumed to diminish exponentially, while
the compression performance combines hardening and softening parabolic phases, as established in [19, 20]. Based on these assumptions, in Table 2 the masonry mechanical properties
adopted in the analysis for the case study building have been reported according to NTC18
[21].
Mechanical Properties

E [N/mm2]
G [N/mm2]
fm [N/mm2]
τ0 [N/mm2]
w [KN/m3]
ν [-]
Gfc [N/mm]
Gft [N/mm]

Modulus of elasticity
Shear modulus
Compressive strength
Tensile strength
Specific weight
Poisson ratio
Fracture energy (compression)
Fracture energy – Mode I (tensile)

1500
500
2.40
0.24
18
0.20
4.64
0.012

Table 2: Mechanical properties of masonry.

The results obtained have been represented, for the two scenarios considered, namely (H)
and (H+V), in terms of dispersion of both mean displacements and resistances. They are referred to the monitoring points at the second floor (see Figure 7) and are summarized in Figure 8. Concerning displacements and strengths regime, positive and negative values of the
points cloud denote the change of direction induced by the seismic input with respect to the
straight line with equation x=y (bisector). Furthermore, in order to better highlight the influence of the vertical component, the upper (y=0,5x) and lower (y=2x) bounds of the dispersion
range have been considered. In this way, the greater scatter with respect to the bisector, the
larger effect of the ground motion vertical component [11].

(a)

(b)

(c)

(d)

(e)

(f)
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(g)

(h)

(i)

Figure 8: Scatter results in terms of displacements (a-f) and forces (g-i).

From the gotten results, it is worth noting how the average dispersions associated with the
two main directions X and Y, in terms of displacements and base reactions, are not affected
by the influence of the vertical component. However, in vertical direction, there is a marked
average dispersion (Figures 8c and 8f) with respect to the case in which the vertical component is neglected (H).
It can be seen that in the first two seconds (in which the vertical component reached its
maximum acceleration peak), the displacements are increased by about 6 times compared to
the case in which the vertical component is neglected (H). Furthermore, in terms of axial
stress, the same condition can be found by comparing the two scenarios, (H) and (H+V) mentioned above (Figure 8i).
Consequently, a time step of 2 seconds has been considered in order to consider the effect
of ground motion vertical component in terms of both shear [22] and axial demands for one of
the most stressed pier of the West façade. So, for the sake of representation, (H) and (H+V)
scenarios have been compared and plotted according to the recommendations provided by
EC8 [22], as reported in Figure 9.

(a)

(b)

(c)

Figure 9: Safety checks for shear stresses (a-b) and axial loads (c) in case of (H) and (H+V) scenarios.

Firstly, in Figures 9a and 9b, it is possible to notice how the seismic vertical component in
the two main directions, X and Y, does not produce any significant stress variation for both
considered scenarios. Secondly, in Figure 9c, it is shown how the vertical component produces a significant increase in terms of axial load. In fact, at time step of 1.55 seconds (which
corresponds to the maximum peak vertical acceleration), the difference between (H) and
(H+V) is very high (more than two times). Moreover, it is detected that the axial load demands exceed averagely the corresponding tensile capacities (Nrd,t) of 2 times.
Subsequently, the force reduction factor, q, prescribed in almost all seismic design codes
without taking into account the influence of the ground motion vertical component [23, 24],
has been predicted for the examined building located in epicentral area of Romania.
The behaviour factor has been assessed both in terms of mean ductility values and areas
equivalence criterion between the elastic system and the elasto-plastic one. Based on the energy dissipation criteria, the hysteretic cycles have been defined for the monitoring points
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mentioned in Figure 7b, and, thus, the mean capacity curves, representative of the global behaviour of the structure in the two main directions, X and Y, have been considered (Figure
10a and 10b). Furthermore, with the same method, the behaviour factor has been calculated
when the vertical component is neglected.

(a)

(b)

(c)

(d)

Figure 10: Mean capacity curves for (H+V) scenario in the two main directions X and Y in terms of energetic
ductility (a, b) and equivalence criterion of areas (c, d).

From the results obtained, the proposed q-factor is intended as the absolute minimum of
the values deriving from the scenarios (H) and (H+V) considered. It has been estimated as
equal to 1.94, when the vertical acceleration associated to the case of maximum decompression reached at about 3 seconds in the time history is considered. This choice is based on the
fact that, during the decompression phase, the structure presents the highest global vulnerability. Moreover, it is important to observe how the proposed value is contained in the range
(1.5-2.5) established by EC8 [22]. Finally, the achieved value shows an increase of about 30%
with respect to the value of 1.5 suggested by the Romanian Code [25] for masonry structural
systems in case of design spectrum considering vertical acceleration components only.
4.3

Damage assessment

The damages detected in the castle after the Banloc earthquake were represented by a
widespread distribution of cracks, that affected the vertical and horizontal structures, producing globally in the time the structure deterioration.
In particular, several failure mechanisms closely related to the seismic event were identified. More specifically, in the first two seconds of the time-history, the maximum vertical
peak acceleration produced an extensive damage in the vaults, characterized by a brittle behaviour (Figure 11) [16].
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Figure 11: Damages detected in the second-floor vaults mainly due to ground motion vertical component [16].

Successively, following the impulsive action, the arrival of the horizontal components produced damage to the vertical structures, mainly represented by shear cracks in the spandrel
beams, as shown in Figure 12 [16].

Figure 12: Vertical and diagonal shear cracks detected in the South façade of the case study building [16].

Finally, in the internal court of the building, a partial collapse of the roofing structure was
observed. This collapse mechanism was triggered by the impulsive seismic action, as depicted
in Figure 13 [16].

(a) – left view

(b) – right view

Figure 13: Failure mechanisms observed in the internal court of the case study building [16].

The damages achieved from numerical analyses have been presented and compared to experimental ones in Figure 14.
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(a)

(b)

(c)
Figure 14: Numerical damages obtained simulating the Banloc-Voiteg event and comparison with experimental
evidences.

From the above comparison, it appears that the non-linear analysis identified local damages very similar to those produced by the Banat-Voiteg earthquake.
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The identification parameter used to evaluate the damage state in the numerical analysis is
the tensile fracture energy (Gf), according to which, when the maximum principal stress
reaches the defined cracking criterion, the fracture begins to distribute in the structural element. In particular, the numerical model catches in a satisfactory way the detected local damages and failure mechanisms, providing, as depicted in Figure 14, the right distribution of
Principal Total Strain (E1).
5

CONCLUSIONS

The proposed work has analysed the effects induced by the vertical earthquake component
on a historic masonry building located in the Romanian region of Banloc. The seismic event,
occurred in December 1991 with a moment magnitude of 5.5, was characterised by a small
(about 7 km) site-source distance. This impulsive event was identified by low frequency content and maximum PGAs comparable in vertical and horizontal directions. The accelerometric
records were used to perform non-linear dynamic analyses on the case study building modelled with the DIANA FEA software using shell elements.
The effects of the ground motion vertical component were evaluated considering the comparison between two different scenarios: the first, named H, where only horizontal acceleration components were considered, and the second, called H+V, where also the vertical
components were taken into account. The main results are summarized as follows:
x The considered record, due to the combination of medium magnitude and short site-tosource distance, had high energy in terms of vertical component in the first two seconds.
x There was a dispersion of the displacements induced by the vertical component in the
first two seconds of the time-history, since the impulsive action releases a high input
energy in that time period. The displacements increased about 6 times compared to the
scenario in which the vertical component is neglected.
x In the first two seconds of time history, where the maximum vertical energy content of
the seismic motion occurred, the comparison of the two scenarios (H and H+V) in
terms of stress regime was done. In particular, in terms of shear strength the vertical
component did not produce any significant variation of results in the two analysis directions. Conversely, referring to the axial stress regime, the vertical component induces a considerable increase of axial tensile loads, which exceeded averagely the
corresponding tensile capacities of about 2 times.
x The q-factor for the study castle was predicted taking into account the influence of the
ground motion vertical component. The achieved value was enclosed in the range established by EC8 and it is 30% greater than that provided by the Romanian Code for
masonry structures in case of vertical acceleration design spectrum. Moreover, other
research activity in this field will be study in future.
x The numerical damage assessment was carried out considering the Principal Total
Strains, which take into account the overcoming of the tensile fracture energy in the
structural elements. The numerical analysis results provided with satisfactory accuracy
the same damage mechanisms really detected in the castle, namely cracks in the vaults
(produced by vertical components) and vertical structures (mainly caused by horizontal components), as well as the out-of-plane horizontal bending mechanism in the façade facing the courtyard, which was produced by the partial collapse of the roof
structures.
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Abstract. Over the last years, the Laboratory of Vibrations and Structural Monitoring of the
Faculty of Engineering of University of Porto (www.fe.up.pt/vibest) has been monitoring vibrations due to construction work and industrial activities. In these cases, several types of
wired and wireless commercial systems were used. When the long term monitoring of vibrations is required, wired solutions are usually demanded because of the need of the continuous
power supply to the sensors. However, these systems often present some difficulties such as: a)
dependence on external power supply and cables spread throughout to the working area, and;
b) difficulty in being physically integrated or attached to structures, especially in construction
environment. This has motivated the ViBest research group in contributing to the development of a new generation of measurement systems offering the following advantages: a) cost
attractive; b) wireless with high levels of autonomy (may run on batteries for several weeks);
c) small size that facilitates the easy integration in the structures; d) possibility of installation
of high number of sensors; e) may be easily customized. In this context, the objective of this
paper is to share the experience of ViBest in this area by describing the developed instrumentation that may be used in the measurement of vibrations in industrial or construction environment.
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1

INTRODUCTION

In Civil Structures and Infrastructures, the continuous dynamic or static monitoring or certain quantities has lately assumed great importance. In the case of dynamic measurements, the
main reason of this interest is related to the subject of Operational Modal Analysis (OMA),
which aims to identify the modal parameters of a structure in operating conditions (particularly with regard to natural frequencies, damping ratios and mode shapes) taking into account the
measured ambient vibrations at critical points. In these cases, the measurement of vibrations is
performed without disturbing the normal functioning of the structures, which may be implemented in buildings, bridges (railway, roadway, highway), dams and offshore structures. Given the importance of this subject, the Laboratory of Vibrations and Structural Monitoring
FEUP (CONSTRUCT-ViBest) has carried out consistent work in this area [1], both in the development of numerical tools for identifying modal parameters and in the continuous measurement of vibrations in actual structures (see www.fe.up.pt/vibest).
Parallel to this area, CONSTRUCT-ViBest has also been involved in the monitoring of
construction work and industrial activities. In most of the cases, the measurement of dynamic
quantities such as acceleration or velocity is requested. This is related to the area of the evaluation of human comfort and structural damage induced by machinery or construction equipment. The continuous monitoring of static variables is also requested in many situations,
especially related to the measurement of displacements and slopes in geotechnical works.
In the previous described areas, traditional measurement systems based on commercial
equipment from well-known manufacturers have been used for a long time. However, many
times these systems present some difficulties, which include: a) high cost; b) excessive dependence on external power supply; c) frequent failures in data acquisition attributed to heavy
operating systems; d) difficulty in being physically integrated into structures, taking up too
much space and being barely manageable, and; e) when using cables, the number of sensors is
limited due to the exponential complexity of the data acquisition system [2]. In contrast, systems based on a new generation of sensors offers the following advantages: a) cost attractive;
b) enable wireless solutions; c) autonomous and small size (easily integrated into structures);
d) possibility of installation of high number of sensors; e) low power consumption (can run on
batteries or solar panels); f) simplicity of functioning and robustness; g) low maintenance, and;
h) may be easily adapted and customized [3].
In this context, this paper intends to divulge the alternative measurement systems to the
classic ones, which were developed in the scope of the research activities conducted at
CONSTRUCT/ViBest in the area of the new data acquisition systems. This includes sensors
like accelerometers, geophones, and inclinometers.
2

THE ROLE OF THE NEW GENERATION OF SENSORS

The interest of the research in the area emerged from the technological evolution of the
last decades in the topic of sensors and data acquisition systems based on microcontrollers.
This was encouraged by the easy access to this technology and by the easy access to information available in the internet. In fact, the quantity of tutorials and blogs around this topic is
immense.
At same time, researchers who work in actual structures with data acquisition systems, often face many challenges and problems. The lack of robustness of some traditional instrumentation solutions is one of these difficulties. The failure of these systems when working for
long periods is not the only cause of that lack of robustness. Sometimes there also external
causes like power failures and adverse weather conditions, beyond to other causes of diverse
origin. Some data acquisitions systems are also too complex, involving too many cables and
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connections. The high cost of measurement systems is another factor that hinders the widespread use of these systems in common Civil Structures.
In this context, the objective of the research in this area is to develop instrumentation that
meets the following characteristics: i) wireless and compact size, for easy integration and installation in structures; b) robust, allowing the functioning of the system for long periods with
no crashes; c) long autonomy; d) flexible, by allowing a variety of different sensors in several
mounting schemes; e) accurate, and; f) cost attractive.
The role of these systems is not certainly to substitute the traditional systems. However,
there are many applications where these instruments have the same effectiveness as the traditional ones, with additional advantages. In fact, they can simplify the process of installation
and operation; they can be custom-made, including the use of 3D printing; maintenance and
replacement is facilitated, and; more interesting, their attractive cost may allow the generalization of dynamic monitoring systems in Civil Structures. Nevertheless, the implementation
of these new data acquisition systems also raises some challenges. Particularly with regard to
the following issues: a) power supply; b) data transmission; c) reduced energy consumption; d)
miniaturization of the systems, and; e) reliability.
3
3.1

DEVELOPED INSTRUMENTATION
Accelerometers

Acceleration is easy to measure and there are a lot of accelerometers models available in
the market. The most updated version of a device using these sensors is composed of a tri-axis
MEM accelerometer which is operated by means on an ATmega328P Microcontroller. It includes a Real-Time-Clock (RTC) and a microSD card breakout for saving data. In general,
files of a duration of 10 minutes are organized in a folder structure identified according to the
date and time of the measurements.
The main issue of these systems (and in all systems as a general problem) is the power
supply. If the device can be powered with electrical current, this issue is resolved. However,
the need of avoiding electrical cables scattered throughout the structure or construction area
makes alternative energy solutions desirable. In this sense, solutions based on solar energy or
batteries were developed. Solar energy allows high levels of autonomy. However, it is necessary to bear in mind that solar panels usually take up more space and need to be cleaned frequently. Figure 1a) indicates an accelerometer powered by a solar panel that is being used
especially in the dynamic monitoring of bridges [4].
On the other hand, systems based on batteries do not depend on solar exposure and can be
used in a more aggressive environments if appropriate enclosures are used. In addition, the
size of the sensor may be adapted according to the needed autonomy. Figure 1b) represents a
model powered by 3xAAA size batteries, which allows a continuous operation for about 1
week. If more autonomy is required, the model shown in Figure 2a) equipped with 5 li-ion
batteries of 18650 type, may guarantee an autonomy of 15 weeks, and the model indicated in
Figure 2b), equipped with 9 batteries of the same type, may power the sensor for 6 months.
All previous model may be fixed to structures by mean of 4 screws tightened against the
box flange. Figure 3 shows a specific model directed for short period measurements in industrial or construction environment. The weight of this device allows it to simply be placed on
the floor for measurement.

4974

C. Moutinho, A. Cunha

a)

b)
Figure 1: Accelerometer module: a) Solar powered; b) 3xAAA batteries.

a)

b)
Figure 2: Accelerometer module: a) 5x18650 li-ion batteries; b) 9x18650 li-ion batteries.

Figure 3: Accelerometer used for short period measurements in industrial or construction environment.
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3.2

Geophones

The measurement of velocity is many times required when evaluating the integrity of
structures submitted to dynamic loads. This may happen essentially in construction work,
when vibrations originated by construction machinery are propagated to nearby buildings.
Standards like DIN 4150-3 [5] may be used for that evaluation in many countries.
In these measurements, the ideal situation is to have wireless solutions allowing data
transmission, having at same time high autonomy. For this purpose, an integrated system was
developed. It is composed of a set of sensors positioned in critical areas (see Figure 4a),
which locally record the time histories of velocities in 3 axis, and periodically send the maximum vibration values via radio transmission to a receiver. In turn, the receiver shows the
maximum values in an LCD to be observed by the person in charge (see Figure 4b). The LCD
shows the maximum vibration levels in terms of total velocities of the last 10 minutes, of the
last hour and of the last day. This way, it is possible to follow the history of the vibrations
produced by the ongoing construction works. The maximum values are saved in a microSD
located inside the receiver and may be accessed at any time. During the construction activities,
if the maximum allowable values are exceeded, the device beeps and an alarm light.
This system is complemented with a device (Raspberry Pi, see Figure 4b) that sends the
maximum vibration values to a server via the internet. This way, it is possible to remotely
monitor the vibration levels of the construction, and draw graphs representing the history of
the vibrations in the several measurement points.
One of the most important issue to be considered in this integrated solution, is the guarantee of the robustness of the system, as in this process some things may fail, especially with
regard to the data transmission chain. Therefore, the recording of the original data inside the
sensors is indispensable. In fact, data is recorded on a local microSD in each sensor, which
may be accessed later to create a database of the signals.
The autonomy achieved with these sensors is about 1 month when using 6 li-ion batteries
of 18650 type, which is considered a very good performance take into account that the signals
are acquired continuously, with the exception of night and weekend periods.
At last, it must be mentioned that signals are primarily acquired in acceleration at a sampling frequency of 500Hz and integrated to velocity after applying the appropriate filters. The
error in signals is less than 0.1 mm/s, which seams adequate for accessing vibrations admissibility.

a)

b)
Figure 4: Measurement of velocities: a) Sensor unit; b) equipment for receiving and transmitting data.
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3.3

Inclinometer

This sensor was developed for measuring the displacements profiles in the construction of
pile walls. During the excavation process, it is often required to control the horizontal displacements of the wall in orthogonal directions. In this case, the topographic measurement of
displacements is complemented with the measurement of displacements in tilt tubes placed on
the back of the walls. The developed device is shown in Figure 5a). It consists of a probe that
measures the inclination of the tube in 0.5-meter sections. The displacement profile of the
wall is obtained by adding the contribution of each section from the base to the height of the
tube. The measurement of the inclination is obtained by using a very precise 3 axis MEM accelerometer inside the probe, which enable the evaluation of the tilt by measuring the gravity
acceleration in the 3 directions. It allows a resolution of the horizontal displacement
0.004mm/m and a maximum error of 0.02mm/m. The internal sampling rate of the accelerometer is 500 Hz, being each measurement of the slope obtained from the average of samples taken for 5 seconds.
The solution found for the data acquisition and storage module differs from commercial
solutions, being able to be coupled directly to the tilt tube. This means that the device can only be operated by one technician, instead of the need of 2 persons, as is normally required (see
Figure 5b). This module has an LCD for viewing records and internally contains a microSD
card for saving the readings validated by the technician.

b)

a)

Figure 5: Inclinometer: a) Probe and data acquisition module; b) One technician operating the device.

4

CONCLUSIONS

This paper describes the work developed at CONSTRUCT – ViBest research group located
in FEUP, on the topic of a new generation of monitoring systems applied to Civil Structures,
particularly related to dynamic and static measurements in industrial and construction environment.
It was pointed out that some traditional systems have some drawbacks, particularly related
to the lack of robustness, complexity, and high cost. In the other hand, simpler systems based
on new sensors may substitute that classical systems in certain applications, offering some
advantages like the ease of installation and operation, less maintenance and attractive cost.
In this context, this document describes several measurement systems developed for the
previously mentioned applications, which are shown to be sufficiently accurate when compared to commercial systems, which makes these systems a possible alternative solution to
traditional systems in many practical cases.
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