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PREFACE
This volume contains the full-length papers accepted for presentation at the XI International Conference on
Structural Dynamics EURODYN 2020, streamed online from Athens, Greece on November 23-26, 2020.
EURODYN Conference Series is organized under the auspices of the European Association of Structural
Dynamics (EASD). EASD was founded in 1990 as a joint European initiative of experts in Structural Dynamics,
with the purpose of sponsoring and overseeing the organization of the EURODYN conferences, scheduled to
take place with a three-year interval. The first EURODYN Conference was held in Bochum in 1990, organized
by the founding president of EASD Prof. Wilfried Krätzig. Following Bochum, the conferences were held in
Trondheim (1993), Florence (1996), Prague (1999), Munich (2002), Paris, (2005), Southampton (2008),
Leuven (2011), Porto (2014), Rome in 2017 and this year in Athens, the city where the EURODYN 2020
conference would have taken place in June 2020.
In view of the first signs of the COVID-19 pandemic at the beginning of this year, we were forced to
postpone the conference dates at the end of November 2020. This was expected to give the opportunity to
the participants to attend the conference either physically or remotely. Unfortunately, and contrary to what
we had all anticipated, the COVID-19 was still around at the end of June 2020, and hence we were left with
no other choice but to abandon the idea of a physical conference and organize a fully online event. This
transition was very painful and created many administration complications. Nevertheless, EASD and the
organizing committee have seen this sanitary crisis as an opportunity to organize a different type of event
and to propose a new approach for scientific collaboration and communication that respects both the legacy
of the conference series and the health of the members of the European Community of Structural Dynamics.
EURODYN conferences have been established as the top scientific events in the area of theoretical,
numerical and experimental Structural Dynamics worldwide and are highly-anticipated every three years by
the international community of Structural Dynamics. For the 2020 edition of EURODYN series, more than
1000 abstracts were submitted, of which 830 were selected for presentation and among them 400 fulllength papers were accepted for publication in the EASD Open Access Procedia, indexed by Scopus
Database.
The editors of this volume would like to thank all authors for their contributions. Special thanks go to the 88
colleagues who were involved in the organization of 38 Minisymposia and to the reviewers who contributed
to the scientific quality of this e-book with their work.
We would particularly like to thank the Members of the EASD Executive Board, and especially Álvaro Cunha,
the President of EASD, Guido De Roeck, the Honorary Chairman of EURODYN 2020 and Fabrizio Vestroni the
Chair of the EURODYN 2017, for their valuable advice, suggestions and interest, during the three-year
preparation period of EURODYN 2020. Their contributions were significant to the successful outcome of this
undertaking.

Manolis Papadrakakis
National Technical University of Athens, Greece
Michalis Fragiadakis
National Technical University of Athens, Greece
Costas Papadimitriou
University of Thessaly, Greece
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Abstract. The paper establishes a computationally inexpensive method to deal with the dynamic response of liquid storage tanks subjected to seismic excitation including dynamic soilstructure interaction. The tank is modelled as a thin shell, the stored liquid is described as
an inviscid and incompressible ﬂuid and the soil medium is modelled as an elastic continuum.
The dynamic response of the tank-liquid-soil system is derived in the frequency domain using
dynamic substructuring and mode matching. The tank vibrations are ﬁrst expressed in terms of
the in-vacuo shell modes while the liquid motion is described as a superposition of linear potentials. The soil reaction to the plate of the tank is derived on the basis of a boundary integral
formulation with the excitation ﬁeld being the seismic free-ﬁeld ground motion. Due to its high
computational efﬁciency, the proposed method is suitable when a large number of simulations is
required as is the case in seismic risk analysis. It overcomes the limitations of most mechanical
analogues used nowadays, while at the same time maintains an accuracy comparable to that of
ﬁnite element models within a fraction of the computation time of the latter.
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1

INTRODUCTION

The dynamic response of liquid storage tanks subjected to ground excitation has been a
subject of continuous research over the past decades [1]. Despite the many modelling techniques
available, most models can be classiﬁed into two broad categories: Finite Element (FE) models
[2] and simpliﬁed mechanical analogues with a few degrees of freedom [3, 4].
In a simpliﬁed model, the various components of the tank-liquid system are described by
point masses, springs and dashpots at certain locations [5]. Such models are useful for engineering purposes since they can prognosticate the base shear force and the overturning moment
[6], however, they have certain limitations. First, they provide estimations of the design stresses
at the base of the tank alone. Second, when they need to consider shells of non-uniform thickness or dynamic soil-structure interaction, they become needlessly complex, and even though
procedures are described in the design codes to incorporate some of these effects [7], these procedures are approximate and cannot always guarantee accurate solutions. On the contrary, when
a detailed dynamic analyis is required, FE modelling is often considered. Detailed FE models
can overcome most of the limitations of the simpler models described earlier, however, they
are computationally expensive and require experienced end users. In addition, the modelling of
the unbounded soil domain and the proper inclusion of the seismic excitation remain always a
challenge.
To overcome the disadvantages of the aforementioned modelling methods, this paper introduces an alternative method of numerical analysis of the tank-liquid-soil system. By doing so,
one can overcome the main disadvantage of the FE models while, at the same time, computational accuracy stays uncompromised. The linear dynamic response of the tank-liquid-soil
system is derived in the frequency domain using a mode-matching, dynamic substructuring
technique. The substructuring technique, together with the Rayleigh-Ritz method, have been
previously employed in [8, 9] for the solution of tank-liquid dynamic problems albeit in the absence of dynamic soil-structure interaction (SSI). In contrast to these earlier works, in this paper
the eigenvalue problems are ﬁrst formulated to obtain the modes of vibration of the tank and the
liquid satisfying a set of predeﬁned boundary conditions in an exact manner. Once the vibration
modes of the tank and the liquid are determined to within a set of unknown complex-valued
coefﬁcients, the latter are obtained by ensuring the kinematic compatibility at the tank-liquid
interface and by satisfying the equations of motion of the shell structure subjected to seismic
motion. In addition to that, the dynamic reaction of the soil at the bottom side of the plate is
considered through a boundary integral formulation in line with Lin et al. [10], thus coupling
the tank-liquid system to the soil modelled as a three-dimensional continuum.
The main novelty of the paper lies in the establishment of a computationally inexpensive
method to obtain the solution of the fully coupled tank-liquid-soil system subjected to seismic
excitation. The computational efﬁciency stems from the adoption of the dynamic substructuring
technique and the fact that for each substructure a standard eigenvalue problem is ﬁrst solved
before the forced response is treated. As will be shown, for low frequency seismic excitations,
a few modes usually sufﬁce to reach satisfactory convergence which adds to the computational
speed. Furthermore, the solution technique proposed is very efﬁcient and does not require the
treatment of the whole coupled problem anew every time one of the substructures alters, i.e.
varying liquid volume in the tank or soil composition. Given that, the authors believe that the
proposed method is especially useful when a large number of simulations are required as, for
example, is the case in seismic risk analyses and probabilistic assessments; cases in which the
engineer is usually restricted to the use of simplistic models not capable of capturing all possible
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Figure 1: Deﬁnition of the displacement components and of the local coordinate system of the tankliquid-soil system.

failure mechanisms.
In chapter 2, the model is described including the governing equations. The solution method
for each subsystem is covered in detail in chapter 3, while chapter 4 establishes the algebraic
system of equations that yields the solution to the coupled tank-liquid-soil problem subjected to
a seismic excitation. In chapter 5, a convergence analysis is performed and model predictions
are compared with FE simulations. Finally, chapter 6, summarises the main results of the paper.
2

MODEL DESCRIPTION

A typical liquid storage tank is shown in Fig.1. The shell structure consists of a circular plate
and a cylindrical wall with the parameters E, ν, h and ρ corresponding to the Young’s modulus,
the Poisson’s ratio, the thickness, and the density of the various parts of the shell, respectively.
A cylindrical global coordinate system is adopted (r, θ, z) in which r is the radial coordinate, θ
is the circumferential coordinate and z is the vertical coordinate. The tank is ﬁlled with liquid
up to a height of Hl ≤ H with H being the height of the wall of the tank. The liquid is assumed
inviscid and incompressible with a density ρl . The soil column of depth d that supports the
tank is modelled as a linear elastic continuum with material parameters ρs , λ, μ corresponding
to the density and the two Lamè constants of the elastic continuum, respectively. The seismic
excitation is included through the free-ﬁeld ground motion.
The governing equations describing the tank dynamic response read:
Lp wp (r, θ, t) + ρp hp ẅp (r, θ, t) = σs (r, θ, t) + pp (r, θ, t)

(1)

Lw uw (θ, z, t) + ρw hw üw (θ, z, t) = pw (θ, z, t)

(2)

T

in which wp = [wr , wθ , wz ] is the displacement vector of the mid-surface of the plate, Lp
is the stiffness operator of the plate [11], σs = [τrz , τrθ , σz ]T represents the boundary stress
vector induced by the interaction with the soil (including the seismic excitation), and pp =
[0, 0, pliq ]T accounts for the pressure of the stored liquid. Next to that, uw = [ur , uθ , uz ]T denote
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the displacement of the mid-surface of the wall along the radial, circumferential and vertical
directions, respectively. The operator Lw accounts for the stiffness of the cylindrical shell [12]
and the force vector pw = [pliq , 0, 0]T includes the pressure exerted by the motion of the stored
liquid normal to the shell surface. In Eqs.(1–2), the overdot represents a derivative with respect
to the time variable.
Supplementary to the equations of motion, a set of boundary and interface conditions need
to be formulated to complete the statement of the problem shown in Fig.1:
uw |z=0 − up |r=R = 0 , φw,z |z=0 − φp,r |r=R = 0 , fw |z=0 − fp |r=R = 0 , fw |z=H = 0

(3)

In Eqs.(3), φw,z = −∂ur /∂z and φp,r = −∂wz /∂r and fw = [Mzz , Nzz , Vzr , Tzθ ]T is the generalised force vector of the wall segment which includes the moment Mzz , the membrane force
Nzz and the shear forces Vzr and Tzθ [12]. Similarly, fp = [Mrr , Vr , Nrr , Nrθ ]T corresponds to
the generalised force vector of the plate at the connection with the wall.
Considering a liquid that is inviscid and incompressible, and limiting the scope to linear
vibrations, the governing equation for the liquid reads:
∇2 φ(r, θ, z, t) = 0

(4)

in which φ(r, θ, z, t) denotes the velocity potential. The interface and boundary conditions for
the liquid region read:


∂φ(r, θ, z, t) 
∂φ(r, θ, z, t) 
= u̇r (θ, z, t) ,
= ẇz (r, θ, t)
(5)


∂r
∂z
r=R
z=0



∂φ(r, θ, z, t) 
1
φ̈(r, θ, z, t) −
=0

g
∂z
z=Hl

(6)

A single soil layer is considered and the local coordinate system is employed with the zcoordinate pointing downwards, such that the soil surface is at z = 0 and the bedrock at z = d.
The equations of motion read [13]:
(λ + μ)∇∇us (r, θ, z, t) + μ∇ × ∇ × us (r, θ, z, t) = ρs üs (r, θ, z, t)

(7)

in which us = [us,r , us,θ , us,z ]T . The boundary conditions and interface conditions of the soil
domain at z = 0 and z = d read:
us (r, θ, d, t) =
us (r, θ, 0, t) = 
σss (r, θ, 0, t) =

0
up (r, θ, t)
 f 0

−Ks (r, θ, t) ∗ us (r, θ, 0, t) − up (r, θ, t)

r≤R
r>R
r≤R

(8)

in which σss is the surface traction acting on the plate along the r-, θ- and z-coordinate at z = 0
and the asterisk denotes a convolution operation. The term Ks (r, θ, t) denotes the dynamic
stiffness of the soil column evaluated at the surface of the ground as explained in section 3.3
and ufs (r, θ, 0, t) is the free-ﬁeld ground motion which deﬁnes here the excitation mechanism.
Equations (1–8) govern the dynamics of the tank-soil-liquid system in the time domain.

4

A. Tsouvalas, T. Molenkamp, K. Canny, D. Kroon, M. Versluis, Y. Peng, and A. V. Metrikine

3

SOLUTION APPROACH PER SUBSTRUCTURE

The governing equations (1–8) are ﬁrst transformed to the frequency domain by introducing
the Fourier transform pair with respect to time as follows:
 ∞
 ∞
1
−iωt
G̃(ω) =
g(t)e
dt and g(t) =
(9)
G̃(ω)eiωt dω,
2π
−∞
−∞
in which g(t) is understood here as the examined quantity. Complex-valued variables in the
frequency domain are indicated with a tilde over the variable.
The resulting set of coupled partial differential equations need to be solved for each excitation frequency. The solution approach is based on the following steps: (i) Solution to the
eigenvalue problem of the tank in-vacuo (section 3.1); (ii) Eigensolutions of the liquid domain
(section 3.2); (iii) Derivation of the dynamic stiffness matrix of the soil at the interface with the
tank in the frequency domain (section 3.3); (iv) Solution to the coupled tank-liquid-soil system
by making use of the steps (i–iii) as described further in section 4.
3.1

Eigenvalue problem of the tank in-vacuo

The equations of motion, boundary and interface conditions for the plate and wall of the tank,
neglecting the presence of the water and the soil, are transformed into the frequency domain by
means of Eq.(9). The solution is found via separation of variables [14]. A set of algebraic
equations is found for the in-vacuo shell modes after substituting the assumed solutions for the
plate and the wall into the boundary and interface conditions.
Gn · a = 0

(10)

Gn denotes the coefﬁcient matrix and a is a vector composed of the unknown constants. For
a non-trivial solution, the determinant of the coefﬁcient matrix Gn is set equal to zero, i.e.
det (Gn ) = 0. This results at a transcendental equation which yields an inﬁnite set of eigenvalues ωnm with m = 0, 1, 2, 3, ... for each circumferential order n. A numerical algorithm is
developed with the frequency ω (for every circumferential order n) deﬁned as the running variable which is then iterated numerically to ﬁnd the zeroes of the determinant. Once the values of
ωnm are obtained, the tank motion can be expressed as a summation of modes in the frequency
domain:
∞ ∞
w̃p (r, θ, ω) =

X̃nm Dnt (θ)Wnm (r)

(11)

X̃nm Dnt (θ)Unm (z)

(12)

n=0 m=0
∞

∞

ũw (θ, z, ω) =
n=0 m=0

Dnt (θ) = diag [cos(nθ), sin(nθ), cos(nθ)] contains the circumferential dependency of the tank
modes and Wnm = [Wz,nm , Wθ,nm , Wr,nm ]T and Unm = [Uz,nm , Uθ,nm , Ur,nm ]T are the eigenvectors of the plate and the wall, respectively. The indices n, m deﬁne the circumferential
and axial mode numbers, respectively. The unknown complex-valued amplitudes X̃nm can be
obtained by satisfying the forced vibration problem. The eigenvectors satisfy the following
orthogonality condition:


t
T
t
ρp hp
Dq Uql Dn Unm dS + ρw hw
Dqt WqlT Dnt Wnm dS0 = an Γnm δqn δlm ,
(13)
S

S0
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in which δnp and δml are the Kronecker deltas and S, S0 denote the surface of integration for
the wall and the plate of the tank, respectively. The scalar quantity an denotes an integration
2π
constant related to the circumference, i.e. 0 Dqt Dnt dθ = an δqn ; an equals π for n = 0 and 2π
otherwise.
3.2

Eigensolutions of the liquid domain

The liquid potential function is separated into three scalar functions, each one satisfying
a subset of the imposed boundary and interface conditions. This allows an analytical treatment of the problem [15]. The total liquid potential is decomposed into three velocity potentials, namely: (i) φ(1) (r, θ, z, t) which satisﬁes the homogeneous boundary conditions at z = 0
and z = Hl as well as the imposed kinematic constraint at the interface with the wall; (ii)
φ(2) (r, θ, z, t) which satisﬁes the homogeneous boundary conditions at r = R and z = Hl , and
the imposed kinematic constraint at the interface with the plate; and (iii) φ(3) (r, θ, z, t) which
does not alter the conditions satisﬁed already at z = 0 and r = R but allows exact satisfaction
of the boundary condition at z = Hl .
The superposition of the three scalar functions provides the total solution which can be expressed as follows [8]:
∞

∞

φ̃(r, θ, z) =

φ̃(1)
na

+

(2)
φ̃00

n=0 a=1

∞

∞

+

(2)
φ̃nb

+

(3)
φ̃00

∞

∞

+

n=0 b=1

φ̃(3)
nc ,

(14)

n=0 c=1

in which the following deﬁnitions hold:
(1)
(1)
φ̃(1)
na (r, θ, z) = P̃na φz,na (z)φr,na (r) cos(nθ)
(2)

φ̃00 (r, θ, z) = Q̃00 (z − Hl )
(2)
φ̃nb (r, θ, z)
(3)
φ̃00 (r, θ, z)
φ̃(3)
nc (r, θ, z)

=

(15)
(16)

(2)
(2)
Q̃nb φz,nb (z)φr,nb (r) cos(nθ)

(17)

= S̃00

(18)

(3)
= S̃nc φ(3)
z,nc (z)φr,nc (r) cos(nθ)

(19)

The modal amplitudes P̃na , Q̃nb , and S̃nc are the unknown complex constants for the liquid
domain which will be determined together with the modal amplitudes of the structure by satisfying the forced equations of motion and the kinematic conditions at the tank-liquid interfaces
described previously. The index n denotes the circumferential mode number of each potential.
The indices a, b and c denote the axial mode numbers. The terms εnb and εnc are the roots
obtained by setting Jn (ε) = 0.
3.3

Dynamic stiffness of the soil

To obtain the dynamic stiffness of the soil, the equations are ﬁrst transformed into the
frequency-Hankel domain by means of a Fourier-Hankel transform. In this transformed domain, the dynamic stiffness matrix of a single soil layer reads [13]:
p̄(k, 0)
S̄
S̄12
= 11
p̄(k, d)
S̄21 S̄22

ū(k, 0)
,
ū(k, d)

(20)

in which p̄(k, 0; d), ū(k, 0; d) correspond to the boundary stress and displacement vectors, respectively, and the bar denotes functions in the frequency-wavenumber domain. The matrix S̄
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Figure 2: Vertical and horizontal loads distributed evenly over a circular subdisk.

is the dynamic stiffness matrix in the wavenumber-frequency domain. The only terms of interest in S̄ are S̄11 , since the stiffness is needed only at the ground surface. For the sake of brevity
of the notations hereafter, we adopt ū(k) = ū(k, 0), p̄(k) = p̄(k, 0) and p̄(k) = S̄11 ū(k). The
inverse of the dynamic stiffness matrix of the ground surface, i.e. the ﬂexibility matrix, is of the
form:
⎤
⎡
F̄11 0 F̄13
−1
(21)
= F̄ = ⎣ 0 F̄22 0 ⎦
S̄11
F̄31 0 F̄33
Having established a relation between the stresses and displacements at the surface of the
ground, one can derive the dynamic stiffness in a straightforward manner. The plate of the
tank is assumed to contact the ground surface through circular areas referred to as subdiscs.
The loads over a circular subdisk are expanded in Fourier series in the circumferential direction, where n = 0 relates to an axisymmetric load and n = 1 to an antisymmetric load. The
complex amplitudes of the load are related by the following Fourier-Hankel transform pair [13]:

p̄n (k) = an
∞

p̃(r, θ) =



∞
r=0

Dn (θ)
n=0

2π

Dn (θ)p̃(r, θ)dθdr

rCn (kr)


θ=0
∞

(22)

kCn (kr)p̄n (k)dk

k=0

In Eq.(22), an is a normalization factor that is equal to 1/2π or 1/π for n = 0 and n = 0
respectively. Dn is a diagonal matrix with trigonometric functions, describing the circumferential dependency and Cn contains Bessel functions. Three load cases are considered. A vertical
load case and two horizontal load cases; one symmetric and one anti-symmetric with respect to
θ = 0. The derivation of the latter two cases is identical but for the trigonometric functions in
Dn .
The radius of each subdisk equals r0 and the amplitudes of the vertical and horizontal loads
are denoted as pz and px , respectively, as shown in Fig.2. The vertical load, that is assumed
uniformly distributed over the subdisc, is transformed into the wavenumber domain by means
of Eq.(22):
 2π
 r0
1
r0
p̄0 (k) =
rC0 (kr)
[0, 0, pz ]T dθdr = − J1 (kr0 )[0, 0, pz ]T
(23)
2π r=0
k
θ=0
p̄0 (k) relates to ū(k) through the ﬂexibility matrix Eq.(21):
pz r0
J1 (kr0 )[F̄13 , 0, F̄33 ]T
ū0 (k) = −
k
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The displacements of the surface at any r and θ are found by:
 ∞
T

z
ũs (r, θ) = −r0 pz
J1 (kr0 )C0 (kr) F̄13 , 0, F̄33 dk

(25)

k=0

Following a similar procedure for the horizontal load one obtains:
 ∞
T

x
ũs = r0 px D1 (θ)
J1 (kr0 )C1 (kr) F̄11 , F̄22 , F̄31 dk

(26)

k=0

Applying the load in y-direction (θ = π), via the same steps, an expression can be found similar
to Eq.(26).
The integrals in Eqs.(25–26) are evaluated by making use of contour integration. The solution derived holds both within and outside the subdisk. The resulting expressions for r ≤ r0
read:
⎛

T

n
n


F̄
F̄
T
(2)
13
H1 (kr r0 )C0 (kr r)
, 0, 33
+ 0, 0, F̄33 (0)
,
(27)
ũzs (r, θ) = p̃z ⎝r0 πi
d
d
F̄p,k
F̃p,k
k
r

⎛
ũxs



= −p̃x D1 (θ) ⎝r0 πi

(2)
H1 (kr r0 )C1 (kr r)
kr

n
n
n
F̄22
F̄31
F̄11
,
,
d
d
d
F̄p,k
F̄s,k
F̄p,k

T



− F̄11 (0), F̄11 (0), 0

T



(28)
Similarly, the expressions for r ≥ r0 read:


ũzs (r, θ) = r0 p̃z πi
kr

n
n
F̄13
F̄33
J1 (kr r0 )C0 (kr r)
,
0,
d
d
F̄p,k
F̄p,k



ũxs = −r0 p̃x πiD1 (θ)
kr

T

n
n
n
F̄11
F̄22
F̄31
J1 (kr r0 )C1 (kr r)
,
,
d
d
d
F̄p,k
F̄s,k
F̄p,k

(29)
T
(30)

Equations (27–30) deﬁne the frequency response functions (FRFs) for a constant distributed
force over a circular area with radius r0 . The superscript n here denotes the numerator of the
ﬂexibility functions and d the denominator of those; in all cases the derivative of the denominator is taken with respect to k, indicated with subscript k. The FRFs are derived for a single
subdisk around the origin. By normalizing the amplitude of the stresses (px , py , pz ), the dynamic impedance R̃s (r, θ) is obtained which upon inversion yields the dynamic stiffness of the
soil K̃s (r, θ).
4

COUPLED TANK-LIQUID-SOIL SYSTEM

The motion of the liquid is described by Eqs.(14–19) and the motion of the tank by Eqs.(11–
12). Upon substitution of these expressions into the interface and boundary conditions given by
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Eqs.(5–6), and after the use of the orthogonality conditions, one obtains:
 Hl
∞
Γna P̃na = −iω
φ(1)
X̃nm
z,na (z)Ur,nm (z)dz
m=0
∞

Γnb Q̃nb = −iω

X̃nm
m=0

∞

Γnc S̃nc =

P̃na
a=1
∞

+

Q̃nb
b=1



(31)

0

R
0

(2)

φr,nb (r)Wz,nm (r)rdr




(1)
∂φz,na (z) 

(32)

R

(1)
φ(3)

r,nc (r)φr,na (r)rdr

∂z
0
z=Hl

 R
(2)
∂φz,nb (z) 
(2)
φ(3)

r,nc (r)φr,nb (r)rdr
∂z 
0

(33)

z=Hl

The integration constants derived directly from the orthogonality relations are omitted here
for the sake of brevity. Next to the satisfaction of the kinematic conditions at the tank-liquid
interface, the forced equations of motion of the structure need to be satisﬁed. Considering Eqs.
2
(11–12) and the fact that for every mode of vibration of the shell Lw unm = ωnm
ρw hw unm and
2
Lp wnm = ωnm ρp hp wnm , the stiffness terms can be replaced by the inertia ones, i.e.:
∞ ∞ 


 2
2
(34)
ωnm − ω ρp hp + K̃s X̃nm Dnt Wnm − p̃p,n cos(nθ) = K̃s ũfs
n=0 m=0
∞

∞


2
− ω 2 ρw hw X̃nm Dnt Unm − p̃w,n cos(nθ) = 0
ωnm



(35)

n=0 m=0

in which the liquid pressures are p̃n,p = [0, 0, p̃n,l |z=0 ]T and p̃n,w = [p̃n,l |r=R , 0, 0]T . Wnm and
Unm are the eigenvectors of the plate and wall respectively with respect to circumferential mode
number n and axial mode number m. By substituting Eqs.(15–19) into p̃n,p and p̃n,w one can
expand the liquid pressures in terms of the summation of the potential functions. By summing
up the components of Eqs.(34–35), one can make use of Eq.(13) to eliminate part of the modal
summations. By considering the above, the ﬁnal set of inﬁnite equations that needs to be solved
for every n-mode number reads:
 R
 H
∞
 2

2
T
T
Wnm p̃p,n dr −
Wnm
p̃w,n dz
ωnm − ω Γnm −
m=0

0

=

1
an



0



T
Dnt Wnm
K̃s ũfs − X̃nm Dnt Wnm dS0 (36)

S0

This approach is valid as shown in [16] for a pile foundation embedded into the soil. The ﬁnal
matrix equation can be represented in a condensed form as follows:
Qn · cn = F n

(37)

Qn is the modal coefﬁcient matrix of dimensions (a+b+c+m)×(a+b+c+m) which is fullypopulated, complex-valued, and gathers the multipliers of the amplitude coefﬁcients resulting
from equations (31–33) and (36). Vector cn contains the liquid unknowns Pna , Qnb , Snc and
modal amplitude coefﬁcients of the structure Xnm and is of size (a + b + c + m). Vector Fn
represents the modal projection of the dynamic loading. By following a straightforward matrix
operation, i.e. cn = Q-1
n Fn , one can obtain both the liquid and the structure unknown constants
once a proper truncation scheme of the inﬁnite system is established.
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Figure 3: Convergence of the solution for increasing number of axial mode numbers of the liquid domain
(a = b = c) for: (a) n = 0; and (b) n = 1.

5

MODEL VALIDATION

The tank-liquid system is validated with a FE model using a Kelvin-Voigt foundation with
frequency independent springs and dashpots to represent the SSI effects. The soil domain is
validated separately by comparing the results of a harmonically excited rigid massless plate
[17, 18].
5.1

Convergence criteria and eigenvalues of the liquid-tank system

The base case considered for validation is a tank with H/R = 0.71 and H = 22m. The
tank is composed of steel material (ν = 0.30 and ρ = 7850 kg m−3 ) with a plate thickness of
hw = 19mm and hw /hp = 1.267. The plate rests on elastic foundation with kv = 40MNm−2
and kv /kh = 16. The stored liquid has a density of 1000kgm−3 and a ﬁll level ratio Hl /H = 1.0.
The adopted computational method involves the truncation of the inﬁnite set of algebraic equations to obtain the unknown modal coefﬁcients. It has been found that the results are most
sensitive to the truncation limits of the liquid modes and rather insensitive to the number of
structural modes considered as long as a reasonable criterion is adopted for the latter. The number of structural modes to be considered can be estimated by examining the energy spectrum
of the dynamic excitation and choosing a truncation limit for the structural modes such that the
eigenfrequency of the upper limit in the summation is twice as high as the highest frequency of
interest-based on the energy spectrum [19]. Figure 3 depicts the average error at the shell-liquid
interface for varying number of liquid modes and for a range of frequencies for two cases of
circumferential mode numbers, i.e. n = 0 and n = 1. As can be seen, when the number of axial
modes increases for a given circumferential order, the error decreases monotonically. For the
case study considered here, about 30 modes sufﬁce to reduce the error to below 5% for n = 0
and about 40 modes to stay within the same limit for n = 1.
The proposed model is validated against results obtained by FEM simulations in Comsol
R
R
Multiphysics
COMSOL Multiphysics
[20]. The validation is performed for several key
parameters; here results are shown for a varying liquid volume. As can be seen in Table 1, the
differences in the computed eigenvalues between the present model and the FEM are less than
10% in all cases and in most cases below 5%. In Fig. 4, a few mode shapes obtained with the
two models are shown. As can be seen, the modes are very similar which proves the validity of
the developed model.
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n=1
Hl /H
0%
50%
100%

Present model
f1,1 (Hz) f1,2 (Hz)
6.29
12.06
2.65
6.35
1.31
3.99

FEM [20]
f1,1 f1,2 (Hz)
6.42
12.14
2.39
6.07
1.24
3.70

|δf | [%]
δf1,1 δf1,2
2.00 0.63
9.97 4.55
5.52 5.80

R
Table 1: Eigenvalues (in Hertz) obtained by using a FE model in COMSOL Multiphysics
[20] and the
present model for the n = 1 family of modes and for varying ﬁll height of the liquid.

Figure 4: Comparison of the modal shapes of the tank-liquid system obtained by using the FE model in
R
[20] and the present model for a ﬁlled tank:(a) FE mode (1, 1); (b) FE mode
COMSOL Multiphysics
(1, 2) (c) present model mode (1, 1); (d) present model mode (1, 2).

5.2

Dynamic soil stiffness

The derivation of the dynamic stiffness is benchmarked against results presented in the literature for the case of a rigid plate. To facilitate a direct comparison with literature, a normalized
frequency is introduced as a0 = ωR/2πcs . The dynamic stiffness and damping coefﬁcients in
the horizontal direction are deﬁned as:


ωR
0
K̃xx = Kxx kxx + i
(38)
cxx (1 + 2iβ)
cs
0
is the static stiffness and kxx , cxx denote the dynamic stiffness and damping
in which Kxx
coefﬁcients, respectively, and cs denotes the shear wave speed in the soil.
For the validation case the following values are chosen: d/R = 2; 4, ν = 1/3, damping ratio
β = 5%. The comparison is based on a discretisation of the plate surface in 15 rings yielding in
total 709 subdisks. Figure 5 shows that the dynamic stiffness kxx and damping coefﬁcients cxx
are in very good agreement with literature [17, 18]. Moreover, the solution for the static case
converges relatively fast as shown in Fig.6. It is expected that this is an extreme case since peak
stresses are located at the edge of the plate. The subdisks have only one node; thus, the more
elements included, the better the stress representation at the edge. When travelling waves with
short wavelengths compared to the plate radius are excited, a higher number of elements might
be required, albeit in the ﬁeld of earthquake engineering this is not expected.
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(a) Horizontal stiffness coefﬁcient

(b) Horizontal damping coefﬁcient

Figure 5: Comparison of model results (solid lines) and references (dashed lines) [17, 18].

Figure 6: Convergence of the static stiffness for d/R = 2 and d/R = 4.

6

CONCLUSIONS

A computationally inexpensive method is developed for the prediction of the dynamic response of a liquid storage tank subjected to seismic excitation. The model consists of three main
subsystems, namely: the shell structure representing the tank, the stored liquid and the soil domain. Emphasis is placed on the theoretical development of the model and the description of an
elegant method of solution to the ﬁnal system of coupled differential equations. The strength of
the method is that it can cope with a full dynamic analysis of a coupled tank-liquid-soil system
and it can easily be expanded in cases of non-uniform shell thickness and multi-layered soils.
Next to that, due to the fact that substructuring forms the basis of the solution technique, the
model is suitable for a large number of computations in which some parts of the total system
are altered whereas others remain unchanged. The authors believe that the proposed model can
be especially useful when a large number of simulations is required as, for example, is the case
in seismic risk analyses.
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Abstract. The Wave Finite Element (WFE) method is based on wave propagation in periodic
structures. Starting from a Finite Element (FE) analysis of a single period (sub-structure) we
are able to derive the dynamic behaviour relative to the entire structure. Thanks to a reduction
in the degrees of freedom (dofs) of the system and by decomposing the response of the structure
on a wave basis, the calculation time is considerably reduced compared to the classic FEM.
Numerous structures have been solved with this method but it can not deal easily on the boundary conditions. In this study, we develop a technique of WFE to deal with more general cases
of structures constrained in a arbitrary manner as a multiple supported bridge. By using the
WFE method, the vectors of dofs and loads will be decomposed on the wave basis in function
of loads and reaction forces of the supports. Then, by substituting the boundary condition in
this wave decomposition, we obtain a relation between the reaction forces and the loads which
permits to calculate the structure response. The numerical applications show that the WFE and
FEM agree well and the new method permits to reduce signiﬁcantly the calculation time.
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1

INTRODUCTION

The Wave Finite Element (WFE) is a powerful numerical method that allows to drastically
reduce the number of degrees of freedom of a structural model providing a great advantage in
terms of computational time. This method has been developed for periodic structures where the
geometry repeats itself in a certain direction, and is based on wave propagation. The objective is
to compute the wave modes which constitute a base that, similarly to the eigen modes often used
in the dynamic analysis, can be used to decompose the structural response in terms of forces and
displacements at the considered degrees of freedom. The wave modes are characteristics of the
elementary periodic element therefore they can be computed by solving an eigenvalues problem
consistently formulated for this element. According to the approach proposed by Duhamel et
al. [1, 2, 3] the periodic element can be modelled using the conventional ﬁnite element method
to retrieve its mass, stiffness and damping matrices. In this approach, these matrices are then
used to obtain the dynamic stiffness of the cell in the frequency domain and the theory of
periodic structure is used to build the dynamic stiffness matrix of the whole structure. Once
the wave base has been determined for the period of the structure and the dynamic problem
formulated in terms of this base, the solution of the dynamic equation can be carried out by
imposing the boundary conditions. This approach has been followed in Hoang et al. [4] that
proposed the wave approach, based on the computation of the dynamic response as the sum
of different wave contributions generated by the forces acting on the structure. In previous
studies [4, 5], the WFE has been applied considering constrains applied only at the ends of the
structure or included inside the periodic element, as for the case of railway tracks. The objective
of this paper is to extend the application of the WFE to the study of the dynamic response of
multi-supported periodic structures, including the possibility to account for different types of
boundary conditions. The extension proposed in this paper allows to analyse structures, such as
bridges, whose supports may be of different types and are not necessarily equally spaced. The
paper is structured in four sections. The second is dedicated to the introduction of the WFE
starting from the type of structures considered in the study and the approaches of resolution.
The third section contains the original part of this paper dealing with the analytical formulation
of the WFE of a periodic structure with multiple intermediate supports. Finally, in the fourth
section the numerical results will be presented with reference to a number of case studies.
2
2.1

WAVE FINITE ELEMENT
Discrete formulation

A periodic system consists of a number of identical elements, in terms of geometric shape,
physical properties, boundary conditions, and connections with other substructures, coupled
together to form the whole system, see Figure (1). Using the FE method, the generic element
is modelled and two types of nodes can be deﬁned: internal nodes and boundary nodes. The
boundary nodes are in turn divided into left nodes and right nodes with d degrees of freedom
(dofs) for each side. The kinematic behaviour of the system is described by the column vector
of nodal displacements q which number of components is equal to the total number of dofs of
the substructure. On the other hand, the respective nodal forces are described by the column
vector F. Their relation is given by the discrete equation of motion:
(K + iωC − ω 2 M)q(ω) = D(ω)q(ω) = F(ω)
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Figure 1: General substructure.
where D is the dynamic stiffness matrix (DSM), and M, C and K are respectively the Mass,
Dumping and Stiffness Matrix. The dynamic equation can be rewritten in the expanded form in
order to separate the degrees of freedom into left (L), inner (I) and right (R) ones.
⎡
⎤⎡ ⎤ ⎡ ⎤
DLL DLI DLR
qL
FL
⎣ DIL DII DIR ⎦ ⎣ qI ⎦ = ⎣ FI ⎦
(2)
DRL DRI DRR
qR
FR
Writing the inner degrees of freedom qI in function of the boundary dofs qR and qL , we can
reduce the inner nodes in order to obtain a condensed form of the dynamic stiffness matrix.
D̄LI FI
D̄LL D̄LR
+
D̄RI FI
D̄RL D̄RR

qL
FL
=
qR
FR

(3)

Where,
−1
−1
D̄LL = DLL − DLI D−1
II DIL , D̄LR = DLR − DLI DII DIR , D̄RL = DRL − DRI DII DIL
−1
−1
D̄RR = DRR − DRI D−1
II DIR , D̄LI = DLI DII , D̄RI = DRI DII

Considering two consecutive substructures (n) and (n+1), two fundamental conditions must be
(n)
(n+1)
always satisﬁed: continuity of the displacement along the junction qR = qL , equilibrium
(n)
(n+1)
(n)
of the forces acting in the junction: FR + FL
= FB . These equations can be manipulated
in order to write the terms regarding substructure (n + 1) in function of those regarding the
preceding substructure (n).



 

(n+1)
(n)
(n)
qL
qL
D̄qI FI
(4)
(n+1) = S
(n) +
(n)
(n)
−FL
−FL
D̄f I FI − FB
Where, S is the transfer matrix given by:
S=

−D̄−1
−D̄−1
LR D̄LL
LR
−
D̄
D̄LR − D̄RR D̄−1
D̄
D̄−1
LL
RR
LR
LR

(5)

−1
with D̄qI = −D̄−1
LR D̄LI and D̄f I = D̄RI − D̄RR D̄LR D̄LI .
(n)
The nodal displacements q and the nodal forces F(n) , together describe the state of the substructure. For this reason we deﬁne the state vector u(n) of the substructure (n) and b(n) the
vector of external loads acting on the substructure (n) as:




(n)
(n)
q
F
D̄
qI I
(n)
L
u(n) =
(6)
=
(n) , b
(n)
(n)
−FL
D̄f I FI − FB
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Equation (4) can be written in a more synthetic form:
u(n+1) = Su(n) + b(n)

(7)

This last equation represents the relation between the generic substructure (n) and its next
substructure (n + 1) by means of the transfer matrix S. This leads to:
n−1

u(n) = Sn−1 u(1) +

Sn−k−1 b(k)

(8)

k=1

Equation (8) represents the relation between the state vector of the ﬁrst substructure and the
state vector of the substructure (n). One also has
N
(N +1)

u

=S

N −n+1

u

(n)

SN −k b(k)

+

(9)

k=n

2.2

Wave formulation

The wave modes are the eigenvectors solution of
S

qL
qL
=λ
−FL
−FL

(10)

Hence, each eigenvalue of the matrix S provides a propagation constant λi while the eigenvector
Φi represents the wave shapes, namely the way in which the substructure deforms. For each
eigenvalue λi of eigenvector Φi , there is an eigenvalue 1/λi associated to an eigenvector denoted
Φ∗i .
O I
. The orthogonality
The matrix S is symplectic meaning that t SJS = J with J =
−I O
properties are such that t Φ∗ JΦ = I, t Φ∗ JΦ∗ = t ΦJΦ = O with Φ = [Φ1 , ..., Φd ].
We can decompose the state vector u(n) and the load vector b(n) in the wave base as a
combination of positive and negative waves:
u(n) = ΦQ(n) − Φ∗ Q∗(n)
(n)
∗(n)
b(n) = ΦQB − Φ∗ QB

(11)

Where Q(n) and Q∗(n) represent the vectors of wave amplitude of the positive-going and negative(n)
∗(n)
going waves. The terms QB and QB are the vectors of wave amplitude generated by the
(n)
(n)
external loads FI and FB . The wave amplitudes of the external loads can be derived from
equation (11), by multiplying both sides by Φ∗T J as follow:
(n)

∗(n)

Φ∗T Jb(n) = Φ∗T JΦQB − Φ∗T JΦ∗ QB
(n)

= QB

(n)

(n)

∗T
∗T
= (Φ∗T
q D̄f I − ΦF D̄qI )FI − Φq FB

(12)

∗(k)

The same thing can be done to compute the value of QB . Multiplying both sides by ΦT J:
(n)

∗(n)

ΦT Jb(n) = ΦT JΦQB − ΦT JΦ∗ QB
∗(n)

= QB

(n)

(n)

= (ΦTq D̄f I − ΦTF D̄qI )FI − ΦTq FB
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3

WFE FOR STRUCTURES WITH SEVERAL SUPPORTS

3.1

Derivation of the intermediate reactions

In this section, a technique of WFE will be developed to deal with more general cases of
structures constrained in a arbitrary manner as a multiple supported bridge. By convention,
the constrain can be placed only in the junction between two substructures. If we consider the
reactions as external forces acting on the structure, from the equilibrium of external forces and
internal forces we have:
(k)

(k+1)

F R + FL
Hence this time FB is given by:

(k)

(k)

= Fext + R(k)

(14)

(k)

FB = Fext + R(k)

(15)
(k)

The wave amplitudes can be expressed in function of the external loads Fext and reactions
(k)
R as follows from (12) and (13):
(k)

(k)

(k)

∗T
∗T
(k)
QB = (Φ∗T
q D̄f I − ΦF D̄qI )FI − Φq (Fext + R )
∗(k)

QB

(k)

(16)

(k)

= (ΦTq D̄f I − ΦTF D̄qI )FI − ΦTq (Fext + R(k) )

(17)

The sum (8) can be written as
ΦQ

(n)

∗

−Φ Q

∗(n)

=S

n−1



ΦQ

(1)

∗

−Φ Q

∗(1)



n−1

S

+

n−k−1



(k)
ΦQB

−Φ

∗

∗(k)
QB


(18)

k=1

Multiplying by Φ∗T J, using μ = [λ1 , ..., λd ], this gives
n−1

Q

(n)

=μ

n−1

Q

(1)

(k)
μ n−k−1 QB

+

(19)

k=1

In the same way, from (9), one has
N

Q

∗(N +1)

=μ

∗N −n+1

Q

∗(n)

∗(k)
μ ∗N −k QB

(20)

∗(k)
μ k+1−n QB

(21)

+
k=n

with μ ∗ = μ −1 . We get
N

Q

∗(n)

=μ

N +1−n

Q

∗(N +1)

−
k=n

If we call R(ns ) the vector of reaction corresponding to the constrain s placed in ns , the state
vector is given as follow using (11):
μn−1 Q(1) − Φ∗μ N +1−n Q∗(N +1) + T(n) +
u(n) = Φμ
(ns )
μn−1−ns Φ∗T
+ Φ∗
q R

−Φ

μns +1−n ΦTq R(ns ) (22)
ns ≥n

ns <n
(k)

(k)

T(n) gathers all the known terms obtained from Fext and FI .
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3.2

Boundary conditions

The application of the conditions can be written in a synthetic way at support s as:
Ls u(ns ) = Bs

(23)

The matrix Ls is a logical matrix or (0, 1) matrix. It can assume different forms depending on
the type of constrain and his position along the structure. For a one-dimensional beam and a
ﬁxed support, Ls is given by:
⎤
⎡
1 0 0 0 0 0
Ls = ⎣0 1 0 0 0 0⎦
0 0 1 0 0 0
The index matrix Ls for two-dimensional and three-dimensional structures is not so easy to ﬁnd.
The strategy used is to construct the matrix Ls by means of sub-matrices that subsequently can
be assembled. For multiple node junctions, the column state vector is composed by the d nodal
displacements followed by the d nodal forces. The Matrix Ls , that multiplies the state vector
(see equation (23)) can be seen as the composition of two square sub-matrices Lq and LF that
apply to displacements and forces respectively:
⎡
⎤
(ns )

Ls u

=



 LF


Lq

⎢ {q} ⎥
⎢
⎥
⎢
⎥
⎥
⎢
⎣{F}⎦

(24)

The matrices Lq and LF , in turn, consist of sub-matrices, corresponding to each node, named
Lq,sub and LF,sub . These sub-matrices are square, identical for every node and depend on the
kind of support. Their dimensions correspond to the number of dof for each node.
⎤
⎤
⎡
⎡
Lq,sub
LF,sub
⎥
⎥
⎢
⎢
...
...
Lq = ⎣
(25)
⎦ , LF = ⎣
⎦
Lq,sub
LF,sub
The sub-matrices Lq,sub and LF,sub have to be constructed for every type of structure (beam,
shell, plates, etc.) from whom the number of dof per node depends. The boundary conditions
are denoted by the column vector Bs , where the subscript refers to the respective constrain s.
Each component represents the admitted displacement of each dof. The vector Bs depend on
the type of constrain:
• rigid constrains: Bs = [0]
• elastic constrain: Bs = [0]
3.3

Solution of the problem

In order to apply the boundary conditions, equation (22) has to be multiplied for the index
matrix Ls and equalled to the vector Bs . For each support s, the boundary conditions can be
written as Bs = Ls u(ns ) so that:
μns −1 Q(1) − Ls Φ∗μ N +1−ns Q∗(N +1) + Ls T(ns ) +
Ls Φμ
(ni )
μns −1−ni Φ∗T
+ L s Φ∗
q R

− Ls Φ

μni +1−ns ΦTq R(ni ) = Bs (26)
ni ≥ns

ni <ns
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The next step consists in replacing the vector R(ni ) with the expression LTi R̃(ni ) in order to
consider only the non zero components of the reaction. For a notation issue, the following
assumption are made:
Φ s = Ls Φ; Φ∗s = Ls Φ
(27)
Finally:
Φsμ ns −1 Q(1) − Φs

(ni )
μ ns −1−ni Φ∗T
i R̃
ni <ns

+ Φ∗s

μ ni +1−ns ΦTi R̃(ni ) − Φ∗sμ N +1−ns Q∗(N +1) = Bs − Ls T(ns ) (28)
ni ≥ns

Equation (28) can be written for every constrain s, leading to a system of linear equations in
the form:
AX = F
(29)
The vector of the unknowns is:

⎡

Q(1)
R̃(n1 )
..
.

⎤

⎥
⎢
⎥
⎢
⎥
⎢
⎥
⎢
⎥
⎢
(ns ) ⎥
X=⎢
R̃
⎥
⎢
⎥
⎢
..
⎥
⎢
.
⎢ (n ) ⎥
⎣ R̃ S ⎦
Q∗(N +1)

(30)

Once matrix A and vector F are deﬁned, it is possible to solve the problem:
X = A−1 F

(31)

Replacing the reactions R and wave amplitudes Q(1) and Q∗(N +1) in equation (22), the response
of the entire periodic structure is obtained.
4

APPLICATIONS

In order to validate this technique, two applications have been developed. The two structures
will present different dimensions and types of constraints placed in an arbitrary manner. For
each application the frequency response function (FRF) of the structure will be calculated with
respect to a speciﬁc point. To conﬁrm the results, every problem will be solved both by the FE
method and the WFE method. Furthermore, for both methods the calculation time will be given
so that the efﬁciency can be compared. The general procedure consists in dividing the structure
into a certain number of identical substructures. Using the software Abaqus, the substructure is
modelled and the stiffness and mass matrix obtained. By importing this data, the problem can
be solved by the software Matlab. In fact, from the stiffness and mass matrix it is possible to
obtain the dynamic stiffness matrix and the transfer matrix S.
4.1

1D Beam

The structure considered is the multi supported beam represented in Figure (2) with L =
50m. The objective of this application is to demonstrate the possibility of considering different
types of constrained not necessarily equispaced.
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Figure 2: Multi-supported beam
The section of the beam is a IPE 400, see Figure (7) and Table (3). The external force is a
vertical point force and acts to the middle of the ﬁrst span. His value is F = 5 kN . The material
considered is steel and the mechanical properties are summarized in Table (1).
Steel
d = 7850 kg/m3
E = 210 GP a
ν = 0.3

Density
Elastic modulus
Poisson modulus

Table 1: Mechanical properties of steel.
The beam is composed by 220 substructures of length l = 0.2m with 33 dofs by period and
6603 dofs in the whole structure. The type of element is a 2-node linear beam in a plane. In Figure (3) are reported the results of the analysis. The results match perfectly. The computational
time is drastically reduced being 49.31s for FEM and 5.57s for WFEM.

Modulus of displacement (m)

10-1
FEM
WFE

10-2

10-3

10-4

10-5

10-6

0

5

10

15

20

25

30

Frequency (Hz)

Figure 3: Frequency response function. Logarithm of the modulus of the displacement in function of
the frequency.

4.2

Multi-supported bridge

In this section, the dynamic behaviour of a multi-supported bridge is studied. The total length
is L = 120m. The bridge is ﬁxed to the ends and supported by two equispaced roller supports.
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The maximum span is Lspan = 40m. The longitudinal scheme of the bridge is represented in
Figure (4). The bridge presents a box-beam deck which dimensions are represented in Figure

Figure 4: Multi-supported bridge
(5). The external force is a vertical point force and acts to the middle of the structure; its value

Figure 5: Section of the bridge (m).
is F = 10 kN . The position is at the right upper corner of Figure (5). The response is also
computed at the right upper corner. The material considered is concrete and the mechanical
property are summarized in Table (2).
The bridge is composed by 480 substructures of length l = 0.25m with 1368 dofs by period and 329004 dofs in the whole structure. The substructure has been modelled by a 8-node
linear brick of dimensions 0.25m. The FRF has been computed every 0.15 Hz in the range of
frequencies 0 − 30 Hz. The result obtained by applying the WFE method and showed in Figure
(6) matches with the one obtained with the FEM. Moreover the computational time is halved
being 204 minutes for FEM and 100 minutes for WFEM equivalent to 51% of time reduction.
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HP Concrete
d = 2500 kg/m3
E = 48 GP a
ν = 0.2

Density
Elastic modulus
Poisson modulus

Table 2: Physical and Mechanical characteristic of concrete.
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Figure 6: FRF of the bridge. Comparison between the WFEM (o) and the FEM (-)
5

CONCLUSIONS

As already mentioned, the WFE method has proved to be an excellent calculation tool to obtain results in a deﬁnitely shorter time compared to FEM. The proposed technique, that can be
seen as a way to impose the boundary conditions, is simple but at the same time very effective.
It is important to highlight the high efﬁciency in terms of time reduction and memory used during the computation. Finally, through practical applications, we have validated the method by
ﬁnding results that coincide with the FEM but with the advantages of obtaining a computational
time that in the worst case is halved.
IPE 400
h
b
tw
tf

400 mm
180 mm
8.6 mm
ν = 13.5 mm

Table 3: Dimensions of IPE 400 section
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Figure 7: IPE 400
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A VARIATIONAL APPROACH TO ASYNCHRONOUS
TIME-INTEGRATION OF STRUCTURAL DYNAMICS PROBLEMS IN
THE CONTEXT OF FETI AND SPURIOUS OSCILLATIONS ON THE
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Abstract. In this contribution we derive a nonlinear version of the BGC-macro asynchronous
time-integration method and investigate the resulting spurious oscillations on the interface,
resulting from the coupling on a course time-grid. The main difference to the nonlinear PHmethod lies in a different coupling condition, which is only based on the coupling of velocities
by Lagrange-Multipliers. We give a brief introduction to our implementation in our in-house
developed open-source software AMfe and PyFETI. Afterwards we address the possibility of
wave-reﬂections on the interfaces in certain cases. In the last part of the paper we derive a
different asynchronous coupling-method from the variational principle utilizing a generalized
midpoint-rule. Due to weak instabilities, when the constraint is formulated on displacmentlevel, we modify the arising condition such that it is enforced on velocity-level but still represents an energy with the interface-forces. As a prove of concept and for comparability to
the BGC-macro method we only use a coarse discretization of the Lagrange-Multiplier-ﬁeld.
Then we show that spurious oscillations couldn’t be eliminated in our special test-case, due to
that coarse discretization, but incompatibilities in the displacements-ﬁled were smoothed. The
amplitude of energy-oscillations is kept similar compared to the BGC-macro method.
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1

INTRODUCTION

When it comes to parallelization of large structural dynamics simulations, domain decomposition methods are widely used in Finite Elements codes. One family of such domain decomposition techniques are the Finite Elements Tearing and Interconnecting (FETI)-methods,
originally proposed by Farhat e.a. [2] for linear static structures. Later they’ve been extended
to nonlinear dynamic problems and equipped with efﬁcient preconditioning and recyclingtechniques [4, 5, 9]. Things get more troublesome with local highly nonlinear phenomena,
as load-balancing becomes an issue and the portion of communication increases. One approach
to improve efﬁciency is a localization approach, where local nonlinear problems are solved [13].
A different idea is the adaptation of the time-step to the physics of each substructure and saving
unnecessary computations. Originally the GC-method has been proposed, which allows subcycling on one substructure and enforces compatibility on the small time-steps [6]. Although both
this method and its extension to α-integration-schemes, the BGC-micro method [1], share the
characteristic that they are derived from a pseudo-energy method, they dissipate energy on the
interface. This issue is resolved by non-dissipative methods, that enforce compatibility only at
a coarse syncronization time-step, such as the PH- and BGC-macro-methods [14, 1]. However,
these methods lead to spurious oscillations on the interface, as shown by Prakash and Hjelmstad
[15]. Despite these oscillations it has been shown for a sandwitch-beam with an impact-load,
that this asynchronous approach leads to less computations for a nonlinear impact-simulation
compared to a completely ﬁne time-discretization and a model, that is decomposed into two
subdomains [15]. So the goal of future work is to transfer this computational efﬁciency to a
FETI-solver while avoiding spurious oscillations and conserving energy. A different approach
is to derive methods from the variational principle or Hamilton’s principle. That approach is
well known in structural dynamics from the derivation of differential equations of motion. In
the discrete case, this approach can be used to derive time-integration-schemes, that conserve
linear and angular momentum and are symplectic and have energy-oscillations bounded, such
as the non-dissipative Newmark-β scheme [8]. This technique can also be extended to asynchronous or multirate cases, as it has been done by Leyendecker and Ober-Blöbaum, but instead
of spacial decomposition, the separation of dynamics with respect to their speeds is used [12].
In Wenger e.a. higher order variational integrators for synchronous constrained systems have
been constructed with a more generalized discretization of the displacements and LagrangeMultipliers via polynomials in time [16]. In the following chapters we extend the BGC-macro
method to nonlinear systems for a Newmark-β scheme and compare it with the nonlinear PHmethod in terms of spurious oscillations. For that we start with an introduction to FETI for
nonlinear structural dynamics in chapter 2. Subsequently we derive the nonlinear BGC-macro
and show the possibility of wave-reﬂections on a disadvantageous example in chapter 3. In the
third part of this article, we give an introduction to the variational principle and derive a variational coupling method for asynchronous time-integration over the generalized midpoint-rule
in chapter 4.
2
2.1

FETI FOR NONLINEAR STRUCTURAL DYNAMICS
Nonlinear structural dynamics

We consider a nonlinear structural dynamics problem, which differential equation of motion
can be described by d’Alembert’s principle as
Mq¨ + fint (q) − fext (t) = 0
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The system’s displacements and their time-derivatives, velocities and accelerations, are represented by q and q˙ and q¨ respectively. Moreover M is the mass-matrix, fint the internal forces,
resulting from the structure’s deformation, which can be nonlinear in q and fext are the external
forces, which might be time-dependent. The previously mentioned FETI-methods utilize a nonoverlapping domain-decomposition approach to subdivide the whole domain of our problem or
structure into smaller pieces and solve them on separate computing cores [2]. These socalled
subdomains or substructures are coupled by Lagrange-Multipliers on the interfaces only. The
equations of motion in (1) are therefore described locally on a substructure s
T
(s)
(s)
M(s) q¨(s) + fint (q(s) ) + B(s) λ − fext (t) = 0

(2)

and extended by a global compatibility-condition for the accelerations on the interface Γλ
Ns


B(s) q¨(s) = 0

(3)

s=1

where B is a signed Boolean matrix, that condenses the local degrees of freedom on the interface
Γλ . It has been shown by Farhat e.a., that coupling on the accelerations doesn’t cause a drift of
the displacements and leads to more stable computations than in case of displacement-coupling
[3, 4]. The solution procedure of both equations (2) and (3) now consists of a time-integration
scheme, such as the well known Newmark-β scheme
q˙n+1 = q˙n + (1 − γ)Δtq¨n + γΔtq¨n+1


1
˙
− β Δt2 q¨n + βΔt2 q¨n+1
qn+1 = qn + Δtqn +
2
with β ∈ [0, 14 ] and γ ∈ [0, 12 ] being parameters, that tune accuracy and numerical damping of
the integration scheme. Hence we have the solutions of the next time-step n + 1 related to the
previous time-step n only. To solve the nonlinear system for the upcoming time-step n + 1 we
can use a Newton-Raphson scheme and linearize equations (2) and (3), resulting in
(s)

(s)

∂ fint (qn+1,i ) ∂q(s) ¨(s)
T
M Δq¨(s) +
Δq + B(s) Δλ+
(s)
(s)
¨
∂q
∂ q
T
(s)
(s)
(s)
(s)
+M(s) q¨n+1,i + fint (qn+1,i ) + B(s) λn+1,i − fext (tn+1 ) = 0
(s)

Ns


(s)

B(s) Δq¨(s) + B(s) q¨n+1,i = 0

s=1

with i being the Newton-iteration’s index and the Newton-updates
(s)
(s)
q¨n+1,i+1 = q¨n+1,i + Δq¨(s)
(s)
(s)
q˙n+1,i+1 = q˙n+1,i + γΔtΔq¨(s)
(s)
(s)
q
= q
+ βΔt2 Δq¨(s)
n+1,i+1

n+1,i

λn+1,i+1 = λn+1,i + Δλ.
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2.2

Solving the interface-problem

The solution of the linearized equations in (4) and (5) with the unknowns Δq¨(s) and Δλ is
usually obtained by an iterative procedure, such as a Conjugate Gradient in case of symmetric
systems. The local solutions Δq¨(s) depend of the global Lagrange Multipliers Δλ and are
determined by


−1
T
Δq¨(s) (Δλ) = −J(s)
res
 (s) + B(s) Δλ
with the local Jacobian J and the associated residual res.
 By reinserting these local solutions
into the compatibility condition (5) we get the global interface-problem
Ns


−1
T
B(s) J(s) B(s) Δλ =

s=1

Ns


s=1



(s)

−1

B(s) J(s) res
 (s) − B(s) q¨n+1,i

F


d

which is solved iteratively and solves the local problems in each iteration with updated Δλ as
external forces. This means in a Conjugate Gradient the operation FΔλ is performed once every
iteration. For implementation purposes we can formulate this operation as
FΔλ =

Ns


B(s) Δq¨(s) (Δλ) − d

(6)

s=1

3
3.1

ASYNCHRONOUS TIME-INTEGRATION ON NONLINEAR SYSTEMS
Derivation of the nonlinear BGC-macro method

In the previous chapter 2.1 the FETI method has been applied to a nonlinear structural dynamics problem, where the same time-step-size has been used on every substructure. This
is often referred to as synchronous time-integration. In certain cases different adapted timestep-sizes might come in handy. For example in cases with different dynamics in substructures, like due to different material-stiffnesses or fast nonlinear processes in a substructure,
e.g. cracks. Having different time-steps on substurctures is usually referred to as asynchronous
time-integration [7], multi-timestep [6, 14, 15] or multirate method [12]. In the following we

Subs B

0

(B)

Δt(B) tm
λn

T
λn+1

Subs A
0

Δt(A)

(A)

tn+1

T

Figure 1: Page layout.

focus on a method, that couples substructures only at a syncronization time-step, as depicted
in Figure 1 and proposed by Prakash e.a. [14]. Between these synchronization time-steps the
Lagrange-Multipliers are interpolated linearly in time and applied locally on the substructures.
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Hence we can extend the nonlinear residuals (2) and (3) by the linear interpolation on the local
time-step m of the Lagrange-Multipliers
λm+1 = λn tn+1 − tm+1 + λn+1 tm+1 − tn
tn+1 − tn
tn+1 − tn
and apply them on the local residual
T
(s)
(s) (s)
(s)
M(s) q¨m+1 + fint (qm+1 ) + B(s) λm+1 − fext (tm+1 ) = 0.

As in the formulation of the GC-method we formulate the Newmark-β scheme in residual form,
based on the velocities
1 ˙
1−γ¨
(qm+1 − q˙m ) −
qm − q¨m+1 = 0
γΔt
γ


βΔt ˙
1 β
˙
−
Δt2 q¨m +
(qm+1 − q˙m ) − qm+1 = 0
qm + Δtqm +
2 γ
γ
and write the local solutions and residuals in concatenated form
⎡
⎤
(s)
⎡ ⎤
(s) ¨(s)
(s) (q(s) ) + B(s)T λm+1 − fext

q
M
+
f
(t
)
¨
m+1
m+1
m+1
int
qm
1
⎢
⎥ 
q¨m − q¨m+1
(q˙
− q˙ ) − 1−γ
q˜m = ⎣q˙m ⎦ r˜(s) = ⎣
⎦ = 0 (7)
γΔt
γ
 m+1  m
β
βΔt
1
2
qm
qm + Δtq˙m + 2 − γ Δt q¨m + γ (q˙m+1 − q˙m ) − qm+1
r˜I =

Ns


(s)

B(s) q˙Nm = 0

(8)

s=1

By linearizing residuals (7) and (8) for these local solutions q˜j , q˜j+1 and λn+1 , as it has been
done in the nonlinear PH-method [15], we can write the full linearized system in matrix form
⎡
⎡
⎤
⎤
0
0
0
0 K(s)
M(s)
(s)
−I
0⎦
M̃ = ⎣ −γΔt(s) I I 0 ⎦
N(s) = ⎣ −Δt(s) (1 − γ)I
2
(s)
(s)
−Δt (1/2 − β)I −Δt I −I
−βΔt(s) I 0 I
⎤
⎡
⎡ (s)T ⎤
0
B
(s)
(s)T
T
(s)
B̃
C̃ = ⎣ 0 ⎦
= ⎣B ⎦
0
0
⎡

⎢
⎢ N(B)
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(B)

M̃2
...

...
(B)

N(B) M̃Nm
B̃

(B)

(A)

M̃n+1
B̃

(A)

⎤

⎡
⎥
⎥⎢
⎥⎢
⎢
.. ⎥
⎢
. ⎥
⎥⎢
Nm (B) ⎥ ⎢
⎥⎢
C̃
Nm
⎥⎢
(A) ⎥ ⎣
C̃
⎦
0
(B)
1
C̃
Nm
(B)
2
C̃
Nm

(B)

M̃1

(B)

Δq˜1
(B)
Δq˜2
..
.
(B)
Δq˜Nm
(A)
Δq˜Nm
Δλn+1

⎤

⎡

⎥ ⎢
⎥ ⎢
⎥ ⎢
⎥ ⎢
⎥=⎢
⎥ ⎢
⎥ ⎢
⎥ ⎢
⎦ ⎣

(B) (B)
−r˜(B) (q˜0 , q˜1 , λ1 )
(B) (B)
−r˜(B) (q˜1 , q˜2 , λ2 )
..
.
(B)
(B)
(B)
−r˜ (q˜Nm −1 , q˜Nm , λn+1 )
(A) (A)
−r˜(A) (q˜n , q˜n+1 , λn+1 )
(A)
(B)
−r˜I (q˜n+1 , q˜Nm )

(9)
The main-difference between this method and the nonlinear PH-method lies in the coupling
condition [15]. We didn’t formulate the coupling-residual based on a force-residual, but a compatibility of end-point-velocities only. In the BGC-macro method this compatibility condition
arises from the Pseudo-energy-method and therefore this method can be seen as a nonlinear
version of the BGC-macro method [1].
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3.2
3.2.1

Numerical experiments on nonlinear asynchronous time-integration
Implementation

LocalProblem

DynamicLocalProblem
if k==0:
Evaluate q˙(s) (λ = 0)Nm

Solver

LocalTimeStepper
m→m+1
Integrator.prediction

λk

LinearSolver
Integrator.correction
(s)
B(s) (q˙Nm − q˙(s) (λ = 0)Nm )

Figure 2: Implementation of the asynchronous time-integration in our FE-framework, which
consists of the Python packages AMfe and PyFETI. Here k is the index of each CG-iteration.

For the following experiments we implemented the previous method (9) in a time-stepping
manor and integrated it into our FE-framework as depicted in Figure 2. The general framework
consists of two open-source Python-packages, the nonlinear FE-library AMfe [17] and the MPIparallelized FETI-library PyFETI [18]. The softwares’ stable master-branches are published on
github. As soon as the implementation of the here presented methods is cleaned up and fully
integrated in a more ﬂexible and modular manor, they will be published there as well. PyFETI
provides the FETI-solver and a local-problem class, which gets the Lagrange-Multipliers as input, does local computations and returns the results to the FETI-solver. This class is customized
with local time-stepping routines to implement the method from (9). During the ﬁrst FETIiteration the constant d from (6) has to be evaluated by performing the local computations with
the Lagrange-Multipliers set to a start-value, e.g. λ = 0.
3.2.2

Spurious oscillations on the interface

As a reference we started with applying our method to the split Dufﬁng-oscillator problem,
as used by Prakash e.a.[15], which is shown in Figure 3. The springs’ stiffnesses are nonlinear
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k (A) (u(A) )
m(A)

u(A)

λ

k (B) (u(B) )

m(B)

u(B)

Figure 3: Split Dufﬁng Oscillator.

in the displacements

k (s) (q (s) ) = k1 q (s) + k2 q (s)

and are set with the parameters from Table 1.

A
B

3

In case of rather ﬁne time-discretizations we

k1
1
10

k2
1
−5

m
1
1

Table 1: Material-parameters for nonlinear Split Dufﬁng Oscillator.
experience a bit more spurious oscillations of the velocities between the synchronization-timesteps, as shown in Figure 4. In the case of a coarser time-discretization in Figure 5 the oscillations increase for both methods, which leads to incompatibilities in the displacements. Hence
the force-residuals on the interface of the nonlinear PH-method seem to decrease the amplitude of such spurious oscillations slightly, but require more precomputations, while the method,
which is presented here only enforces coupling by Lagrange-Multipliers.
3.2.3

Unphysical reﬂections on the interface

After the tests on a simple split Dufﬁng-Oscillator, we applied the method to a 2D example
beam. The beam’s geometry and domain decomposition can be seen in Figure 6. It is loaded
with a shock from the right and clamped on the left-hand side. The shock vanishes long before
the ﬁrst syncronization step. The model-parameters can be found in Table 2. With this setup we
get a wave in substructure B, which is visualized by the normal-stresses in Figure 7. This wave
l1
40m

l2
10m

H
10m

Material-model
St.Venant-Kirchhoff

d
2m

fmax
5.0 · 104 N

Young’s-Modulus
60 · 105 N/m2

t1
0.00015s

t2
0.0003s

Poisson’s ratio
0.34

ΔT
0.001s

Density
2.7 · 10−3 kg/m3

Table 2: Model-parameters for 2D beam-example
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2

0

0

−2

−2
0

2

Disp A
(a) Displacements and velocities of both substructures A, B with nonlinear PH-method [15]

m
→
s

2

q̇/

q/m →

Displacements and Velocities

4
6
t/s →
Disp B

8
Velo A

10
Velo B

(b) Displacements and velocities of both substructures A, B with nonlinear BGC-macro

Figure 4: Solutions for the split Dufﬁng-oscillator with a rather ﬁne time-discretisation:
Δt(A) = 0.2s and Δt(B) = 0.05s

2

0

0

−2

−2
0
Disp A

(a) Displacements and velocities of both substructures A, B with nonlinear PH-method [15]

2

4
6
t/s →
Disp B

8
Velo A

10
Velo B

(b) Displacements and velocities of both substructures A, B with nonlinear BGC-macro

Figure 5: Solutions for the split Dufﬁng-oscillator with a rather coarse time-discretisation:
Δt(A) = 0.5s and Δt(B) = 0.1s
reaches the interface before the syncronization time-step, high-frequency parts are reﬂected, as
can be seen at the switched sign of the normal stresses in Figure 7, and form a standing wave
inside substructure B. During the intermediate time-steps substructure B can be interpreted as
a single plate for those high frequencies. The coarse substructure A is not able to follow the
fast dynamics of that wave and only captures slower deformations, but overall energy has to be
conserved. Hence this fast dynamic stays inside substructure B.
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λ
ΔT

H

Δt

l1

fext (t)
d

l2

fext
fmax
t1

t

t2

B
A
Figure 6: Geometry of the 2D beam and loading with an external shock.

4

A VARIATIONAL APPROACH TO COUPLING CONDITIONS IN TIME

4.1
4.1.1

Construction of a variational asynchronous coupling condition
Introduction to the variational principle in continuous dynamics

In Prakash e.a. it has been stated already, that the spurious oscillations in chapter 3.2.2 pollute the solution [15]. We also showed the appearance of unphysical reﬂections on the interface
in case of inappropriate time-step-sizes and loadings in chapter 3.2.3. These reﬂections are not
just inaccurate, but might also alter the solution by triggering nonlinear cracking events to early
or destabilizing the solution with resonances. According to Gravouil e.a. such oscillations don’t
appear in the micro-step-based methods, such as HATI and BGC-micro, but they suffer from
artiﬁcial energy-dissipation [7]. An approach, that might be able to resolve these issues is based
on the variational principle. For continuous systems this principle, also known as Hamilton’s
principle, plays a key-role in structural dynamics. Let’s consider the Lagrangian
1
L(q˙, q) = T (q˙) − V(q) = q˙T Mq˙ − V(q)
2
of a mechanical system, consisting on the kinetic energy T and potential energy V of the system.
As conservative mechanical systems, meaning systems without loading or dissipation, in nature
always move such that energy within the system is kept constant, we can also require, that the
Lagrangian integrated over the time-intervall and varied for the displacement q stays 0
 T
 T
∂L ˙
∂L
˙
˙
δS(q, q) = δ
δ qdt = 0.
(10)
δq +
L(q, q)dt =
∂q
∂ q˙
0
0
Here S is called the action integral. With integration by parts we get


T
 T
∂L
d ∂L
∂L
˙
δqdt +
δq = 0
δS(q, q) =
−
∂q
dt ∂ q˙
∂ q˙
0
0
and if we require ﬁxed end-points for δq(t = 0) = δq(t = T ) = 0 now and that the integral has
to evaluate 0 for arbitrary variations δq, we get the Euler-Lagrange-equation
∂L
d ∂T
∂V 
d ∂L
−
=
+
+
=0
˙
˙
∂q
dt ∂ q
dt ∂ q
∂q
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(a) t = 0.00011s

(b) t = 0.00027s

(c) t = 0.00031s

(d) t = 0.00044s

Figure 7: Normal stresses in beam-length direction of the 2D-beam at several time-steps. The
solution of the coarse substructure have been interpolated linearly onto the ﬁne time-grid for
visualization purposes only.
which is our equation of motion from (1) without external loads. Constraints are not taken into
account here, but can be included by the interface-energy
H(q, λ) = g (q)T λ
(11)
with the gap-function g (q) [11]. The Lagrangian of such a constrained system is then written
as
L(q˙, q, λ) = T (q˙) − V(q) − H(q, λ)
(12)
4.1.2

Construction of the discrete coupling condition

This approach can be transfered to discrete systems and used for the construction of Variational Time-Integrators, which provide some built-in properties, such as Symplecticity, conservation of linear and angular momentum and bounded oscillations of energy. These properties
lead to good long-time behavior of such a Variational Integrator. In fact Kane e.a. showed, that
the non-dissipative Newmark-β scheme with γ = 12 is variational and can be derived from a
Midpoint-rule as integration-scheme [8]. Lew e.a. also developed an asynchronous integrator,
based on this principle, but with updating the solutions based on the previous neighboring solution directly and therefore not suitable for a FETI-solver [10]. Leyendecker and Ober-Blöbaum
proposed a variational approach for constrained systems and multirate integration, that couples
slow and fast dynamics over Lagrange-Multipliers [12]. In the following we use this approach
as a basis for the derivation of a new asynchronous coupling technique and domain decomposition. The starting-point of constructing an integrator is the time-discretization of the solutions.
Time-dependent shape-functions Φ(t) and Θ(t), similar to Wenger [16], lead to a ﬂexible formulation
Nm
Nm


dΦ(t)m
˙
q(t) =
q(t) =
qm
Φ(t)m qm
dt
m=0
m=0
λ(t) =

Nj


Θ(t)j λj

j=0
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for the approximation of the solutions at any time t. Different indices of displacements and
Lagrange-Multipliers indicate the option of different discretizations for both ﬁelds and Nm
and Nj are the number of time-steps over the full trajectory. These are then inserted into the
Lagrangian (12)
⎛ (s)
⎞T
⎛ (s)
⎞
N
N
Ns
(s)
(s)
m
m



1⎝
dΦ(t)m (s) ⎠
dΦ(t)m (s) ⎠
(s)
(s)
L(q0 , . . . , qNm , λ0 , . . . , λNj , t) =
qm
qm −
M(s) ⎝
2 m=0 dt
dt
s=1
m=0
⎛

−V ⎝

⎞(s)

(s)

N
m


⎛

(s) ⎠
Φ(t)(s)
qm
m 

−H⎝

m=0

(s)

N
m


(s)
Φ(t)(s)
qm
,
m 

m=0

Nj


⎞

Θ(t)j λj )(s) ⎠

j=0

(13)
and extended to substructured systems by summing up all local Lagrangians. Due to the free to
choose time-discretizations, we still need an appropriate formulation for the gap-function. The
gap-function is supposed to measure the gap at any point in time and is written as
(s)
(s)
g (q0 , . . . , qNm , t)

=

Ns

s=1

(s)

(s)

B

N
m


(s)
Φ(t)(s)
qm
m 

m=0

where the B-matrix is the same as in (3). The next key-point of the integrator’s construction
is the numerical integration over the time-intervall. The choice of the integration-scheme inﬂuences the properties of the constructed integrator. We choose the generalized midpoint-rule
here, to have compatibility conditions and time-integration with the non-dissipative Newmark-β
derived consistently from the same integration-scheme. One can also choose different integrationschemes for both, compatibility-condition and Lagrangian, as it has been done by Leyendecker
e.a. [12]. Moreover the integration requires a segmentation-approach. In our examples here we
use the same time-discretization as in chapter 3 to ensure comparability, meaning we have the
same time-step-sizes for substructure A and the Lagrange-Multipliers and use a fraction of that
time-step-size on the neighboring substructure B. Moreover we use linear time-shape-functions
Φ(t) and Θ(t) for the solutions
⎧ tn+1 −t
tn ≤ t ≤ tn+1
⎪
ΔT
⎪
⎪
⎨ t−tn−1 t
n−1 ≤ t<tn
ΔT
Θn (t) =
⎪
0
t>tn+1
⎪
⎪
⎩
0
t<tn−1
⎧ tn+1 −t
tn ≤ t ≤ tn+1
⎪
ΔT
⎪
⎪
⎨ t−tn−1 t
n−1 ≤ t<tn
ΔT
Φ(A)
n (t) =
⎪
t>tn+1
⎪
⎪0
⎩
0
t<tn−1
⎧ tm+1 −t
tm ≤ t ≤ tm+1
⎪
Δt
⎪
⎪
⎨ t−tm−1 t
m−1 ≤ t<tm
Δt
Φ(B)
m (t) =
⎪
0
t>tm+1
⎪
⎪
⎩
0
t<tm−1
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resulting in a discretization as in Figure 8. For the integration of (13) we evaluate the LaΔT
(A)

λ

n−1

n

n+1

n−1

n

n+1
Δt

(B)

m−1 m

m+1

Figure 8: Time-discretization for two substructures A and B and the Lagrange-Multiplier-ﬁled.
Additionally the linear shape-function for the Lagrange-Multipliers at time-step n is shown.

grangian at intermediate timesteps
tm+α/n+α = (1 − α)tm/n + αtm+1/n+1 ,

α ∈ [0, 1]

resulting in
(A)
(A) (B)
(B)
S(q0 , . . . , qNn , q0 , . . . , qNm , λ0 , . . . , λNn ) =
 (A)


  (A)
N
(A) T
(A)
n −1




q
−

q
1 qn+1 − qn
n
(A)
n+1
− V (1 − α)qn(A) + αqn+1 −
ΔT
M(A)
=
2
ΔT
ΔT
n=0


T


T
(A)
− (1 − α)q(A) + αq
B(A) (1 − α)λn + αλn+1 +
n+1

n

 (B)


  (B)
N
(B) T
(B)
m −1



q
−

q
1 qm+1 − qm
m
(B)
m+1
(B)
+
− V (1 − α)qm
Δt
M(B)
+ αqm+1 −
2
Δt
Δt
m=0

Nn
T


T
(B)
B(B)
Θn (tm+α )λn
− (1 − α)q(B) + αq

.

m+1

m

n=0

Analogously to the continuous case in (10) the variation of this discrete action integral for its
arguments
(A)

(A)

(B)

(B)

δS(q0 , . . . , qNn , q0 , . . . , qNm , λ0 , . . . , λNn ) =
=

Nn

∂S

δqn(A)
(A)
qn
n=0 ∂

+

Nm

∂S

(B)
δqm
(B)
qm
m=0 ∂

Nn

∂S 
+
δ λn = 0

n=0 ∂ λn

(A)
(A)
(B)
(B)
must still evaluate as zero. We still require δq0 = δqNn = 0, δq0 = δqNm = 0, δλ0 =
(A)
(B)
δλNn = 0 and that this equation must hold for arbitrary variations δqn , δqn , δλn . This leads
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to the equations

ΔT

(A)
qn
(A) 

1
M
ΔT



(A)
qn−1

−
ΔT
(A)

−α



(A)
(A)
∂V (1 − α)qn−1 + αqn

(A)

q
− qn
1
M(A) n+1
+ΔT −
ΔT
ΔT

− (1 − α)

− B(A)

T

∂q


(A)
(A)
∂V (1 − α)qn + αqn+1
∂q





λn−1
!
(1 − α)α α2
+
λn
−


λn
(1 − α)2 (1 − α)α 
−B
= 0
λn+1




(B)
(B)
Nn
(B)
(B)
∂V
(1
−
α)
q
+
α
q

m
m−1
1 (B) qm − qm−1
T
Δt
M
−α
− αB(B)
Θn (tm−1+α )λn +
Δt
Δt
∂q

 n=0

(B)
(B)
(B)
(B)
∂V (1 − α)qm + αqm+1
1 (B) qm+1 − qm
+Δt −
M
− (1 − α)
−
Δt
Δt
∂q

Nn

T
− (1 − α)B(B)
Θn (tm+α )λn = 0
!

(A)T

n=0

for each λn :
N
m −1
m=0

(B)

ΔtB


+ ΔT B(A)



(B)
! qm
(1 − α)Θn (tm+α ) αΘn (tm+α )
+
(B)
qm+1





(A)
(A)
!
!
qn
qn−1
(1 − α)α α2
+ ΔT B(A) (1 − α)2 α(1 − α)
= 0
(A)
(A)
qn
qn+1

The ﬁrst two equations result in the Newmark-β scheme for α = 0.5
qm+1 = (1 − α)Δtq˙m+1 + αΔtq˙n + qn
1
q¨m+1 = − 1−α
q¨ + αΔt
(q˙m+1 − q˙m )
α m
and the local equilibrium of forces at generalized midpoints






!
∂V
T
λ
(A)
(A)
qn+α + B(A) (1 − α) α  n = 0
M(A) q¨n+α +
∂q
λn+1

fint






!
∂V
T
λ
(B)
(B)
M(B) q¨m+α +
qm+α + B(B) Θn (tm+α ) Θn+1 (tm+α )  n = 0.
∂q
λn+1

fint

The third equation is the new coupling condition. In this form it leads to unstable computations
after a few time-steps though and if we compare it with previous coupling conditions from
BGC-macro (7) and dynamic FETI (3), we notize the unfavorable displacement-coupling here.
As this is just a numerics issue related to Lagrange-Multipliers without masses, we replace them
by corrected velocities
Δq(s) = (1 − α)Δt(s) Δq˙(s)
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, which result from the integration-scheme
"Nm −1
m=0



(B)
˙
!

q
m
Δt2 (1 − α)B(B) (1 − α)Θn (tm+α ) αΘn (tm+α ) ˙(B) +
qm+1



(A)
! q˙n−1
(A)
2
2
(1 − α)α α
+ΔT (1 − α) B
+
(A)
q˙n



˙n(A)
!

q
(A)
(1 − α)2 α(1 − α) ˙(A)
+ΔT 2 (1 − α) B
qn+1

(A)
M(A) q¨n+α

= 0




!
∂V  (A) 
T
λ
n
+
qn+α + B(A) (1 − α) α 
= 0
∂q
λn+1

fint

(B)
M(B) q¨m+α

Nn

∂V  (B) 
(B)T
qm+α + B
+
Θn (tm+α )λn = 0.
∂q
n=0

fint

4.2

Numerical experiments on variational coupling

In this section we apply our new variational asynchronous midpoint (VAMP) coupling condition to the Split Dufﬁng Oscillator, known from chapter 3.2, but for now just with linear
stiffnesses and α = 0.5, which resembles the well known Newmark-β scheme. As a prove
of concept we only solve the interface-problem with a direct solver here. In Figure 9 the
displacements and velocities from the VAMP-coupling are compared with the BGC-macro.
Both are referenced to the solutions from the synchronous coupling. The positive mainly positive energy in the BGC-macro case doesn’t necessarily mean, that overall energy is growing,
as the sign depends on the signs of the B-matrices. With the weak coupling of the VAMPmethod the interface-oscillations of velocities couldn’t be reduced, but incompatibilities in the
displacement-ﬁeld are smoothed. Hence a coarse discretization of the Lagrange-Multiplier-ﬁeld
always leads to such oscillations. We’ld like to point out, that the interface-energy in Figure 10
is oscillating, as expected, but bounded and the amplitude is similar for the VAMP-method
compared to the strong coupling. The interface-energy is calculated by multiplying the current
gap with the current Lagrang-Multiplier according to (11).
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(a) Displacements and velocities of both substruc- (b) Displacements and velocities of both substructures A, B with linear BGC-macro
tures A, B with VMP-coupling

Figure 9: Solutions for the linear split Dufﬁng-oscillator with a rather coarse time-discretisation:
Δt(A) = 0.5s and Δt(B) = 0.1s, Stiffnesses: k (A) = 1.75N/m, k (B) = 6.25N/m. Black curve
as reference from the synchronous case with Δt = 0.1s.
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Figure 10: Interface-energy for the split Dufﬁng-oscillator with a rather coarse timediscretisation: Δt(A) = 0.5s and Δt(B) = 0.1s. Black curve as reference from the synchronous
case with Δt = 0.1s.
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5

CONCLUSIONS

Asynchronous time-integration methods with a strong end-point coupling conserve energy
at these synchronization-points, but produce local oscillations between those synchronization
steps. Based on the nonlinear PH- and linear BGC-macro-method, we derived a nonlinear
version of the BGC-macro for Newmark-β integration schemes. It couples substructures by
Lagrange-Multipliers only and doesn’t require any presolution-step, but leads to slightly larger
amplitudes of the spurious oscillations. Furthermore we show the risk of wave-reﬂections on the
interface in case of adverse time-step-sizes and loadings. In order to ﬁnd ways of reducing these
unphysical effects while keeping the method energy-conserving, we derived a new coupling
method from the variational principle. With the variational principle comes a number of inherent properties, such as bounded energy-oscillations and conservation of momentum, while in
the BGC-approach the pseudo-energy method was solely used to derive a stable method. Moreover it opens up a large variety of options to create new coupling-methods. In the here presented
case of a coarse Lagrange-multiplier discretization this method leads to a weak coupling of the
substructures and still produces spurious oscillations in our test-example, while oscillations in
the interface-energy are bounded at similar amplitudes as in the strong coupled case of the nonlinear BGC-method. Further research will be done on the velocity-oscillations and whether
they can be eliminated by a more ﬁne time-discretization of the Lagrange-Multipliers while
keeping the energy bounded. Moreover we have to mention that the variational method couples
Lagrange-Multipliers more along the full trajectory, which is disadvantageous in the context
of High-Performance-Computing. Different integration-schemes during the construction might
reduce these couplings while maintaining the variational properties. The interface-problem of
the variational method has been solved with a direct solver as a prove of concept. In future work
we will extend this approach to nonlinear problems and solve the interface problem with our
FETI-solver, which will enable further performance studies. Moreover further work is needed
on the choice of time-shape-functions.
Acknowledgement: We thank the DFG for the funding of project RI2451/8-1, in which
context this work has been done.
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[12] Leyendecker, S. and Ober-Blöbaum, S., A Variational Approach to Multirate Integration
for Constrained Systems, Proceedings of the Multibody Dynamics 2011, ECCOMAS Thematic Conference, Brussels, Belgium, 4-7 July 2011
[13] Pebrel, J. Rey, C. and Gosselet, P., A nonlinear dual domain decomposition method: application to structural problems with damage, International Journal for Multiscale Computational Engineering, 6, 251–262, 2008
[14] Prakash, A. and Hjelmstad, K.D., A FETI-based multi-time-step coupling method for
Newmark schemes in structural dynamics, International Journal for Numerical Methods
in Engineering, 61, 2183–2204, 2004, doi: 10.1002/nme.1136
[15] Prakash, A. Taciroglu, E. and Hjelmstad, K.D., Computationally efﬁcient multi-time-step
method for partitioned time integration of highly nonlinear structural dynamics, Computers and Structures, 133, 51–63, 2014, doi: 10.1016/j.compstruc.2013.11.013

42

Andreas S. Seibold, Daniel J. Rixen

[16] Wenger, T. Ober-Blöbaum, S. and Leyendecker, S., Construction and analysis of higher
order variational integrators for dynamical systems with holonomic constraints, Advances
in Computational Mathematics, 43, 1163–1195, 2017, doi: 10.1007/s10444-017-9520-5
[17] Applied
Mechanics
Finite
https://github.com/AppliedMechanics/AMfe

Elements

[18] Python
Finite
Elements
Tearing
https://github.com/jenovencio/PYFETI

and

43

code

Interconnecting

(AMfe),
(PyFETI),

EURODYN2020
XIInternationalConferenceonStructuralDynamics
M.Papadrakakis,M.Fragiadakis,C.Papadimitriou(eds.)
Athens,Greece,2-2/PWFNCFS2020

DEVELOPMENT AND VALIDATION OF A MULTIBODY DYNAMICS
MODEL FOR THE ASSESSMENT OF THE SEISMIC RETROFIT
POTENTIAL OF BRIDGE EXPANSION JOINTS
Michael Tahedl1 , Andreas Taras2 , Fredrik Borchsenius1 , and Daniel Rill3
1 OTH

Regensburg
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Abstract. Various types of devices are used to protect structures from seismic collapse, such
as hydraulic or metallic hysteretic dampers or elastomeric and spherical pendulum bearings
as isolators. In this paper however, a component which is already included in almost every
medium to long span bridge, will be investigated and optimized to act as an earthquake protection device: the bridge expansion joints. Those structural components are placed between the
abutment and the bridge superstructure or between different bridge sections to compensate relative movements, such as heat expansion elongation. Since these devices are often connected to
bridge ends, the application of the expansion joints as a seismic protection device is potentially
very beneﬁcial. Also, it is expected to be economically advantageous because expansion joints
are included by most bridges and under certain circumstances additional and expensive other
protection devices can be replaced. The Paper demonstrates an approach of creating a precise
and efﬁcient multibody simulation model of expansion joints which will able to computationally
determine their impact on seismic events.

44

Michael Tahedl, Andreas Taras, Fredrik Borchsenius, Daniel Rill

1

INTRODUCTION

The main purpose of the expansion joint in bridges is to cover the gap between the bridge
ends and the respective abutment or between several bridge sections which is included to compensate relative movements, such as heat expansion elongation. These gaps need to be covered
in order to achieve a continuous roadway for vehicles and pedestrians. In order to bridge this
gaps, so called modular expansion joints come into consideration. They partition the gap into
several sub-gaps, which for themselves are smaller than the allowed minimum distance. The
structural elements, which fulﬁll this task in most conﬁgurations are the so called center beams,
which are visible on the surface of the bridge roadway. The underlying support beams, which
are signiﬁcantly more stiff than the center beams, carry the loads induced by crossing vehicles
to the gap edges. Because the gaps are not constant, the expansion joint needs to able to partition this movement equidistantly over all sub-gaps. Therefore, several control mechanisms
have been developed over time. These mechanisms have in common, that they generate damping forces when the expansion joint is moved due to friction. As a result of this, it shall be
investigated more deeply how much those friction forces affects the dynamic behaviour of a
bridge under seismic loads.
Several papers like [2], [9] have discussed the dynamic response of bridge expansion joints
due to trafﬁc loads, which are capable of evaluating their behaviour in the vertical movement
direction. Because it is expected that most of the seismic damping potential of an expansion
joint arises from planar movements, those spatial directions need to be considered, too. Others
like [10] investigated the pounding response of an expansion joint where the expansion joint is
represented as a gap with a simpliﬁed, linear spring-damper mechanism. This is acceptable to
calculate the effect of pounding towards a ﬂexible bridge model, but is not sufﬁcient when the
nonlinear damping force of the expansion joint is of interest. For that case, a spatial multibody
dynamics model will be built which is able to reproduce realistic damping forces and is suitable
for targeted seismic protection behaviour. This model will be able to investigate the dynamic
response of expansion joints which is expected to behave like hydraulic dampers with additional
inertial forces. In contrast to that, a static response of the system is not expected, because most
response forces are velocity dependent.
2
2.1

SWIVEL JOIST EXPANSION JOINTS
System description

The expansion joint which will be investigated in this paper is the Swivel Joist expansion
joint. This type of expansion joint uses a control mechanism that follows the intercept theorem which describes distance relationships of intersecting lines. The task of the swivel joist is
fulﬁlled by the support beam, which can execute rotational movements. Those rotational movement apply a control force to the elastomeric bearings, which are able to slide along the top of
the support beam, as well as to the elastomeric springs at the bottom side of the support beam.
These elastomeric parts are translationally ﬁxed to the center beams, which are the visible components from the roadway, and can only rotate around the vertical axis. A very basic schematic
representation of the control mechanism is displayed in Figure 1.
The elastomeric bearings and springs are preloaded to avoid a lift-off of the center beams.
This force generates a signiﬁcant friction force along the sliding direction of the bearings and
springs which is considered as the main reason why the expansion joint is applying damping
forces to the moving superstructure.
The outermost center beams of the expansion joint are called the edge beams. These beams
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Support Beams
Center Beam

Bearing/Spring

Figure 1: Schematic representation of the kinematic control mechanism of a swivel joist expansion joint

Figure 2: 3D CAD model of a swivel joist expansion joint example in bottom view
are ﬁxed to the corresponding bridge deck and forces the support beams to swivel when one
side of the bridge is moving.
3

SIMULATION MODEL

The aim of this work is to build a multibody simulation model of expansion joints which
can be used to investigate their seismic retroﬁt potential. The fact that earthquakes are highly
dynamic events which can take up to several minutes, the ﬁrst requirement to the model is
numerical efﬁciency. Because of high friction forces, it is expected that several force elements
like contacts and couplings have to be extremely stiff to conserve a realistic behauviour of the
model. On the other hand, such stiff force elements lead to stiff differential equations which
need special solvers to gain results in a reasonable computation time.
The second requirement to the model is the possibility for easy adaption to other conﬁgurations. Because expansion joints are mostly custom made for a speciﬁc bridge, there are many
possible conﬁgurations to investigate. So it needs to be possible to quickly create new simulation models by only specifying the conﬁguration and the building process of the model itself
should be automated.
The third requirement is that the model is easily extendable to other physical simulation
environments for future extension possibilities as well as to custom algorithms like special
friction models.
All those requirements lead to the conclusion, that it is reasonable to develop a multibody
simulation environment which can be extended and automated on demand. The main parts
needed to model an expansion joint are presented in the following sections.
3.1

Modeling concept

It is common to reduce the model to the essential components of interest. Parts which have
less to no inﬂuence on the simulation results are ignored so that only a basic representation of
the real system is left. This means for the expansion joint simulation under earthquake loads
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that all parts which are affecting the control mechanism must be included. Therefore a model
is built with the center beams, the support beams and the included bearings and springs. Figure
3 shows such a reduced simulation model of an example setup.

Figure 3: Reduced model for multibody simulation
The bearings at the top and the springs at the bottom side of the support beam are connected
to the overlying center beams and can only rotate about the vertical axis. The contact deﬁnition
between the bearings and the support beams includes the sidewall, which transmits the control
force when the expansion joint is moving, and the top and bottom surface which represent the
preloading and the resulting friction force.
Only one edge beam, which applies the external movement, is included because the second
edge beam is assumed to be ﬁxed for the ﬁrst simulations which represent a simple opening and
movement cycle. The functionality of this edge beams gets replaced by a kinematic constraint
which allows a rotation of the support beams around the vertical axis only. The moving edge
beam will be moved by a function of time which is coupled to a 3D force element to measure
the force which is necessary to open and close the expansion joint.
3.2
3.2.1

Building simulation model
Rigid body dynamics

The system will be mathematically described by the well known Differential-AlgebraicEquations (DAE) of index 3
ẏ = Kz
M ż = F e + JgT λ
0 = g(y)

(1)

with the position vector y which containts translational positions and the Euler parameter in this
setup and therefore K is the kinematic matrix, the velocity vector z, the mass matrix M , the
external forces F e and the constraint forces JgT λ which are arising from the kinematic constraint
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equations g(y). According to [8], the index of the DAE gets reduced to 1 by two successive time
derivations of g(y) which can be solved by any ordinary differential equation solver
ẏ = Kz
e

M ż = F +

JgT



Jg M

−1

−1
JgT



J˙g z + Jg M

−1

F

e



(2)
(3)

The external forces F e are deﬁned by the included contacts and the jacobian matrix Jg of all
constraint equations need to be determined before the system can be solved. This steps are
shown in the following sections.
3.2.2

Contacts

Contact mechanics plays an essential role in multibody dynamics and many different approaches have been published. Flores and Lankarani [4] gave a good overview of the relevant
contact force models used by many multibody dynamics software. The most basic algorithm
with energy dissipation is a linear Kelvin-Voigt contact model which will be implemented to
simulate the contact behaviour between the bearings and support beams. It will be used as a
point to surface contact where a pre-deﬁned point P1 represents the contact point and a corresponding surface normal vector n2 attached to a point P2 deﬁnes a surface. When P1 penetrates
the surface deﬁned by n2 , a force will be applied to both bodies. A contact detection algorithm
is implemented to detect whether and how much penetration is established. Therefore the scalar
product of the vector between P2 and P1 in the local coordinate system of body 2 and the normal
vector n2 calculates the amount of penetration δ. The penetration velocity δ̇ gets calculated in a
similar fashion. The linear Kelvin-Voigt contact model then describes the contact normal force
as
(
kδ + dδ̇, if δ > 0
Fn =
(4)
0,
else
with the contact stiffness k and contact damping d. For stabaility reasons and to make sure that
the contact pairs do not stick permanentely, it needs to be guaranteed that
!

kδ > dδ̇

(5)

Flores and Lankarani stated in [4] that the linear Kelvin-Voigt contact model may have several
weaknesses mainly for high impact velocities. Because relatively slow velocities are considered
for the ﬁrst expansion joint models, this limitations are acceptable. When a more detailed
contact behaviour is desired, the contact model described by Hunt and Crossley [6] might be
more suitable.
The contact points get applied to the bearing bodies as shown in ﬁgure 4. Four contact
points are transmitting the control forces from the support beam sidewall. The contact point
for the top or bottom surface, depending on which side the bearing is mounted, generates the
preloading force through geometrical positioning. These contact points are always closed and
slightly overlapping with their contact surface to generate a constant force.
When two bodies get in contact with each other, a friction force tangential to the surface
normal n2 occurs. Many highly detailed models based on the friction model by Dahl [1] which
are able to include stick-slip-effects have been developed. This is a common phenomenon which
is observed at expansion joints, too. The disadvantage of those models is their complexity
and the increasing numerical effort when solving differential equations affected by them. To
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Contact points
top/bottom surface

Contact points
sidewall

Figure 4: Distribution of the contact points on the bearings
conserve an efﬁcient simulation model of the expansion joint, two basic friction models get
implemented instead. The ﬁrst one represents the statical Coulomb friction model with the
tangential velocity dependent friction coefﬁcient μ(vt ) which is illustrated in ﬁgure 5a. To
overcome numerical difﬁculties at vt = 0, μ gets approximated by a linear function when
vt ∈ [−vG , vG ] as shown if ﬁgure 5b.
μ

μ

vt

−vG vG

(a) with singularity

vt

(b) without singularity

Figure 5: Coulomb friction model
A more enhanced friction model, which includes the Stribeck-effect, is presented by Marques et al. [7]. This effect, illustrated in ﬁgure 6a, includes the fact, that the friction coefﬁcient
is higher at low velocities than the kinetic friction coefﬁcient is. To simplify the calculation
of μ, the continuous function gets approximated by linear sections. It has been observed in
the expansion joint simulations that a slightly increasing kinetic friction coefﬁcient is a good
approximation of the real friction behaviour, which can be seen in ﬁgure 6b. This slightly increasing friction coefﬁcient must be limited to avoid unrealistic high friction at higher velocities.
The singularity at zero velocity has to be approximated the same way as in the aforementioned
model.
Both friction models are implemented and used for tests within the multibody dynamics
environment. Together with the normal forces of the contacts, the friction forces deﬁne the
external forces F e from equation 3.
3.2.3

Kinematic constraints

The interaction between the bearings and the center beams could be described either by force
elements like so called bushings, which are basically three dimensional springs, or by kinematic
constraint equations. Because it is expected that the contacts and those bushings need to be very
stiff to ensure a realistic force transmission, the differential equations describing this system will
be very stiff, too. To reduce those stiff force elements and the number of degrees of freedom
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μ

μ

vt

vt

(a) with singularity

(b) without singularity

Figure 6: Friction model with Stribeck-effect
of the model at the same time, kinematic constraints come into consideration. The connection
between the bearings and the corresponding center beams could be simpliﬁed to the effect of
a hinge. This constrains two bodies in a way so there is only one rotational degree of freedom
left.
To include the effect of this hinge in the dynamic differential equation of the index reduced
system 3, the jacobian Jg of the constraint equation g(y) need to be determined. This constraint
equation could be built with the basic vector constraints presented by Flores [3] to
⎡
⎤
r0P2 ,0 − r0P1 ,0
⎦=0
mT2 u2
g(y) = ⎣
(6)
T
n 2 u2
where r0P1 ,0 and r0P2 ,0 are the vectors from the global coordinate System 0 to the local connection points of the hinge, m2 and n2 are the perpendicular vectors to the rotation axis attached
to body 1 but transformed to the local coordinate system of body 2 and u2 is the rotation axis
attached to body 2. This equation depicts a hinge constraint because it constrains all translational movement and two rotations by requiring that the perpendicular vectors m2 and n2 are
always perpendicular to u2 . The ﬁrst derivative in time of equation 6 delivers the jacobian for
each body to
⎡
⎡
⎤
⎤
−I3×3 −r̃2P 2,0
I3×3 r̃1P 1,0
ġ(y) = ⎣01×3 −m̃T2 u2 ⎦ z1 + ⎣ 01×3 AT12 m̃T2 u2 ⎦ z2
(7)
T
T T
01×3 −ñ2 u2
01×3 A12 ñ2 u2






Jg1

Jg2

where r̃1P 1,0 and r̃2P 2,0 are the skew-symmetric matrices of the vector from the local coordinate
system to the connection points transformed to the global coordinate system, z1 and z2 are the
velocity vectors of the corresponding bodies and A12 is the transformation matrix between the
local coordinate systems of the bodies. The jacobians of all bodies are collected when building
the model providing the global jacobian Jg from equation 3. Another time derivative of the
constraint equation delivers the product J˙g z to
⎤
⎡
r
)
+
Ȧ
(ω
×
r
)
Ȧ01 (ω01,1 ×
1P
1,1
02
02,2
2P
2,2


⎥
⎢
u
×
m
ω02,2
Ȧ
˙
⎥
⎢
12
2
2
(8)
Jg z = ⎣
⎦


Ȧ12 u2 × n2 ω02,2

with the derivatives of the transformation matrices Ȧ01 , Ȧ02 and Ȧ12 . This product will be
collected into a global matrix for all bodies as well.
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3.3

Friction coefﬁcient

3.3.1

Test setup

The all determining forces generated by expansion joint are the friction forces generated
between the preloaded bearings and the support beam due to the high normal force. In order to
build a model which represents this behaviour, it is essential to know the friction coefﬁcient μ.
To achieve this, a simple test which should represent a realistic contact and movement scenario
is set up as shown in ﬁgure 7a.

force measuring cell

center beam

center beam
bearing

bearing

support beam
support beam

(b) Simulation model
(a) Test

Figure 7: Test setup and simulation model for a realistic friction force determination
With this setup it is intended to reproduce the angled force transmission that is occurring
within the expansion joints. The bearings are preloaded with the standard preloading force and
the sliding surfaces are identical to the real world contact faces. The force, which is necessary
to move the system, is determined by the force measuring cell mounted between a hydraulic
cylinder and the representative center beams. The hydraulic cylinder moves up and down with
a frequency of 1 Hz.
It has to be considered that friction is not the only physical phenomenon occurring in this
setup inﬂuencing the time-load curve. Besides friction, there is also a noticeable amount of deformation of the elastomeric rubber bearings due to the high shear forces. This will be approximated by the linear Kelvin-Voigt contact model which allows a limited amount of penetration
and represents therefore a deformation of the rubber bearings.
3.3.2

Validation with multibody simulation model

To validate the results from the friction tests, a corresponding multibody simulation model is
built as shown in ﬁgure 7b. Because the test setup is symmetrical, the simulation model consists
of one center beam, two bearings and two ﬁxed support beams only. To generate the preload
forces, the contact points of the main sliding surface are deﬁned with a slight penetration of their
surfaces and with a contact stiffness of 4 × 107 kN m−1 . The bearings themselves are connected
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to the center beam by kinematic hinges. The results of the test and the simulation results with
the basic Coulomb friction model and the Coulomb friction model with the Stribeck effect are
compared in ﬁgure 8.

Force in [kN]

20

Test
Coulomb
Stribeck

10
0
−10
−20

0

1

2

3

4

5

Time in [s]
Figure 8: Force from the friction test and the simulations with different friction models
A typical effect within the swivel joist mechanism is the rising force which is needed to
open the expansion joint where the angle between the center and support beams become nearly
90◦ . This effect is called self-locking and ﬁrst signs of this could be observed in ﬁgure 8 where
the pull forces in positive direction are slightly higher than the push forces. This behaviour
is represented more precisely by the friction model with the included Stribeck effect with a
slightly rising kinematic friction coefﬁcient as shown in ﬁgure 6b. This is plausible considering
that the relative velocity between the bearing and the support beam increases the more the
expansion joint opens and therefore the friction coefﬁcient calculated by this model rises as well.
The simulations showed that a static friction coefﬁcient of about 7 % and a kinematic friction
coefﬁcient of 5 % producing realistic results, hence this values will be used in the follwing
sections.
3.4

Numerical aspects

Before a simulation of the actual swivel joist expansion joint model could be done, several
numerical aspects need to be considered. The high friction forces require very stiff contact
elements to ensure realistic force transmission which leads to stiff initial value problems. Especially for large expansion joints with many bearings and therefore many contacts the simulation
for simple opening/closing movements takes weeks with ordinary explicit solvers. Hairer and
Wanner [5] suggested implicit methods for such problems. Therefore, the simpliest implicit
solver, the backward Euler method
qk+1 = qk + hf (tk+1 , qk+1 )

(9)

with the time step size h and
q=
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can be used to solve the initial value problem
q̇ = f (t, q)

(11)

In order to gain the next step at k + 1, a nonlinear equation system needs to be solved. Hairer
and Wanner [5] suggested to solve this with a simpliﬁed Newton iteration. The bottleneck of
this method is the computation of the jacobian

f (t, q + qj ) − f (t, q)
∂fi 
≈
J=
(12)

∂qj k

which is done with a forward difference scheme where i are the functions and j is the number of
the degrees of freedom. It has been observed that there are very small changes to the entries of
the jacobian from step to step so a recomputation every time step is not necessary which speeds
up the simulation tremendously.
A big advantage of the implicit Euler is that it is very efﬁcient because only two function
calls are needed per time step. According to [5], this method is also L-stable which means that
uninteresting high oscillations of the true solution may be damped by the solver. This often
undesired effect called numerical damping allows a reasonable time step size for the expansion
joint model without instabilities in the numerical solution.
4

PLANAR OPENING AND CLOSING VALIDATION

To compare the simulation model to a real world example, a simple opening and closing
scenario is used. Therefore, a relatively small expansion joint of the type MAURER DS240 is
mounted on a test bench and the edge beam is moved by a hydraulic cylinder. This cylinder
is equipped with a force measuring cell to determine the force which is needed to move the
system. To observe a planar movement, the force is acting in a 45◦ angle, so the expansion joint
executes a diagonal movement. The test bench setup is shown in ﬁgure 9.
Hydraulic cylinder
Expansion Joint

Figure 9: Test bench setup for opening and closing validation
The corresponding simulation model is shown in ﬁgure 3. The results from the test and
simulations can be seen in ﬁgure 10.
Because the friction coefﬁcients are similar, the maximum forces in both simulations are
equal. The main difference between those friction models is the curvature of the force needed

53

Force in [kN]

Michael Tahedl, Andreas Taras, Fredrik Borchsenius, Daniel Rill

20
0

Test
Coulomb
Stribeck

−20
0

2

4

6

8

10

Time in [s]
Figure 10: Force from the test and simulations with different friction models
to move the expansion joint, which is considered to be more realistic. Both models are showing
a difference in the positive maxima to the measured force. This results from the fact that the
test setup is not planar. Instead, the test bench is tilted forward so the hydraulic cylinder has to
generate a higher push than pull force. Because of the little movement of only 10 cm, there is
not generated any noticeable amount of self-locking.
5

CONCLUSION

This research showed how a multibody dynamic model of an expansion joint for bridges
could be created. Different models for the friction forces are presented, tested and compared
to real world tests. The simulation model could reproduce realistic forces and movement behaviour. One big challenge is to create an efﬁcient model which can be used in earthquake
simulations with a reasonable simulation time. Therefore, stiff force elements are modeled by
kinematic constraint equations and the overall stiff differential equations are solved by a simple
and efﬁcient Euler backwards method. Further test will include different conﬁgurations of the
expansion joint and realistic earthquake loads applied to the models.
6
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Studentská 6231, 708 33 Ostrava , Czech Republic
e-mail: sivasankar.arul@gmail.com
3

Department of Mechanical and Aerospace Engineering
Politecnico di Torino
Corso Duca degli Abruzzi 24, 10129, Turin, Italy
e-mail: zeeshan.saeed@polito.it

Keywords: Reusing preconditioners, Frequence response, Heuristic approach.
Abstract. In this work, a delayed frequency preconditioner (DFP) is developed and applied
in structural problems for speeding-up the frequency response computation. The challenge of
computing the frequency response lies in the computation of the linear system that involves
the excitation forces and also the dynamic stiffness which is frequency-dependent. For each
frequency, the dynamic stiffness must be updated and a new factorization must be performed,
which introduces a high computational cost on the solutions of the linear systems. Alternatively,
iterative solver such as GMRES can be applied to avoid the cost of factorization, however they
require good preconditioners that are traditionally also frequency-dependent. In the new approach, the dynamic stiffness operator is updated with the frequency whereas the preconditioner
is kept constant for a range of frequencies serving as a low-cost preconditioner for the iterative
solver. This technique saves computation time because a new factorization is avoided for each
frequency point. On the other hand, the effectiveness of the delayed preconditioner is destroyed
when the frequency of the dynamic operator is too far away from each other. Therefore, we
propose a heuristic approach to update the preconditioner when it is underperforming. The algorithm is tested on structural problems and the results show that this approach can drastically
reduce the number of iterations for the computation of the frequency response.
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1

INTRODUCTION

Frequency Response (FR) is commonly computed to ﬁnd the steady-state response of structures under periodic load since they have signiﬁcantly less computational cost compared to the
time integration methods. FR computation is essential in several aspects of design, optimization
and analysis [1–6] and in various ﬁelds ranging from large aircraft components [7] to microelectro-mechanical systems [8].
Structural components and assembly models, due to geometrical intricacies and complexity,
require very ﬁne three-dimensional discretization. The model order becomes so large that the
frequency response computational cost becomes very high. The response is generally desired
at more than one frequency, hence, adding extra folds to the computational burden. In such
cases, one way of computing the FR is by modal superposition method which helps reduce
the problem size depending on the number of mode shapes retained [9]. Another way is to
use reduced order models (ROM) that condense static or dynamic information to a smaller
number of degrees-of-freedom (DoF) [1]. Even for the ROM, the modal superposition method is
preferred over direct solution techniques [10] that require factorization of the dynamic stiffness
matrix. Since these methods are approximate, their accuracy highly depends on the selected
range of frequency – usually the low frequency range. Speciﬁc methods for FR computation
avoiding excessive computation burden, that are based on interpolatory model order reduction
methods, are reviewed in [11]. In particular, it discusses how several Krylov sequence vectors
of dynamics stiffness are computed and used as a reduction basis to ﬁnd the harmonic response
over the frequency range of interest. This approach is called ”Moment Matching” or ”Padé
approximation”.
It is well-known that direct solvers are not feasible for very large problems. Iterative solvers,
for example, Conjugate Gradient or GMRES method [12], are then employed which use an
initial guess of the solution and iterate until the error has been minimized [13]. Preconditioners
are used for improving their performance. Preconditioners computed using LU factorization
of the matrix are very effective but they are expensive [14]. Computing good preconditioners
while reducing the cost of computation is an active area of research since the cost of computing
preconditioners inﬂuences largely the overall cost of the iterative solver. In [15], a new preconditioner for solving the Helmholtz equation using iterative solver is discussed. Another preconditioner for the same equation is proposed in [16]. Moreover, efﬁcient algorithms and implementation are necessary [17]. Perconditioning also can be done using parallel algorithms [18]
when parallel computers are used. Numerous other studies propose new preconditioners for
speciﬁc problems since there is no ideal preconditioner for every problem [19]. Nevertheless,
some examples of popular preconditioners are Incomplete Cholesky, Incomplete LU, Successive over-relaxation (SOR), Symmetric SOR and Multigrid [20] which can be found in most of
the computational libraries.
In this paper, a simple method for reusing preconditioners for the FR computation is proposed to reduce the computational cost. The concept of recycling preconditioners has been
investigated for other problems. For instance, [21] proposes recycling preconditioners for topology optimization problems and analyses the advantages. Authors in [22, 23] investigate recycling preconditioners for the variational Monte Carlo problem. The simulation involves the
solution of a series of Monte-Carlo steps. The preconditioner from one step is updated and
mapped to another step. This updated preconditioner is then reused in the next step instead of
computing a new preconditioner.
Since frequency response for a structural problem is generally computed for many frequen-
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cies, the preconditioner at one frequency is proposed to be reused for some frequencies until its
recycling becomes costly for the iterative solver. The so-called Delayed Frequency Preconditioner (DFP) is explained in detail and demonstrated on a beam problem. The method is very
simple to implement and saves a lot of preconditioner computations.
The next section presents the system of equations of a typical mechanical system. Section 3
and 4 discuss the iterative solvers and the proposed delayed frequency preconditioner, respectively. In Section 5, results in terms of computation of the DFP are discussed in detail.
2

Equation of Motion of Structural Systems

A simpliﬁed structural problem can be represented by the differential equation of motion
with mass M, stiffness K and a viscous damping1 C matrix:
Mü(t) + Cu̇(t) + Ku(t) = f (t)

(1)

where u(t) is a time varying displacement vector due to action of linear force f (t). The single dot and double dot over u(t) denote velocity and acceleration, respectively. Assuming a
periodic force f (t) = f̃ eiωt , the equation can be transformed to frequency domain
(−ω 2 M + iωC + K)ũ(ω) = f̃ (ω)

(2)

The expression in parentheses is called dynamic stiffness of the system to be denoted here by
Z(ω)  −ω 2 M + iωC + K

(3)

and substituting back in Eq. (2) gives the familiar form of linear system of equations
Z(ω)ũ(ω) = f̃ (ω)

(4)

Note that Eq. (4) needs to be solved at every frequency ω = ωj in a desired bandwidth [ω1 , ωN ]
with N spectral points. Keeping in mind that the problem needs to be solved for N excitation
frequencies in the frequency range of interest, the above quantities are denoted at j th step for
the following discussion as:
ũ(j)  ũ(ωj ),
3

Z(j)  Z(ωj ),

f̃ (j)  f̃ (ωj )

(5)

Iterative Solution of the Linear System with Preconditioners

The linear system of Eq. (4) needs to be solved at each frequency point within the bandwidth. This can be computed by direct solvers which require factorization of the matrix, for
example, LU factorization. It would be eminent immediately that such an operation would
be extremely expensive given the size of typical discretized mechanical systems (on the order
of 106 DoF) and that for all the spectral points. An alternate approach is to use the iterative
solvers. Some of the solvers, based on Krylov Subspace, are Conjugate Gradient (CG), BiCG,
MINRES, GMRES among many others. The iterative processes require good preconditioners
for faster convergence. Some examples of preconditioners are Incomplete Cholesky, Incomplete LU, Successive over-relaxation (SOR), Symmetric SOR and Multigrid [20]. Eq. (4) can
be written for the iterative formulation as:
(j)

Z(j) (ũk + Δũ) = f̃ (j)

with

1

(j)

(j)

Δũ  ũk+1 − ũk

(6)

The choice of damping model is arbitrary. A linear damping (Rayleigh or proportional) model is used in this
work
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where k = 0, 1, , , Nk is the iteration index of the iterative solver. Rearranging the terms in
Eq. (6)
(j)
Z(j) Δũ = −Z(j) ũk + f̃ (j)
(7)
and preconditioning the above equation with P(j) at ωj :
(j)

P(j) Δũ = −Z(j) ũk + f̃ (j)
(j)

(j)

(j)

P(j) (ũk+1 − ũk ) = −Z(j) ũk + f̃ (j)
(j)

(8)

(j)

P(j) ũk+1 = (P(j) − Z(j) )ũk + f̃ (j)
and muliplying both sides of the last of Eq. (8) with [P(j) ]−1 gives the equation used in the
iterative solvers.
 (j)

(j)
ũk+1 = I − [P(j) ]−1 Z(j) ũk + [P(j) ]−1 f̃ (j)

(9)

Given an iterative solver, Eq. (9) requires that a preconditioner is computed at ωj for which
the solver would take some iterations to converge. Then for all subsequent frequency steps
ωj+1 , ωj+2 , . . . , ωN , new preconditioners [P(j+1) ]−1 , [P(j+2) ]−1 , , . . . , [P(N ) ]−1 will have to be
computed. Since this N times repeated preconditioner computation is a costly operation for
frequency response calculation, we aim to reduce it by recycling the preconditioner. This will
be presented in the next section.
4

Delayed Frequency Preconditioner (DFP)

Generally, the dynamic stiffness Z(j) is a different matrix at every ωj , and therefore, requires
a new preconditioner P(j) . The difference lies in the eigenvalues Λ(j) of Z(j) . This is expounded
by writing the eigen-decomposition of Z at two discrete frequency steps.
Z(j) = ΦΛ(j) ΦT

(10)

Z(j+1) = ΦΛ(j+1) ΦT

where Φ are eigenvectors of Z that remain unchanged at every ω. The eigenvalue matrix Λ(j)
and Λ(j+1) have different diagonal elements which can be interpreted as the modal participation
factors of the invariant modes Φ. In the limiting case when δω = ωj+1 − ωj is small, the change
in eigenvalues of Z(j) and Z(j+1) is small, i.e.
Λ(j+1) ≈ Λ(j)
=⇒ Z(j+1) ≈ Z(j)

when

δω −→ 0

(11)

This property can be exploited to use P(j) as P(j+1) = P(j) at ω = ωj+1 . The preconditioner
[P(j) ]−1 is thus recycled at ωj+1 , ωj+2 , . . . in the GMRES or CG iterative solver until a set
criterion. If [P(j) ]−1 is a good preconditioner for the dynamic matrix Z(j) , it should make the
expression [P(j) ]−1 Z(j) in Eq. (9) similar to an identity matrix. Using the same preconditioner
in the successive linear system Z(j+1) (perturbed by small δω Eq. (3)), [P(j) ]−1 is still good
enough and so is the resulting Krylov basis (upon which the GMRES or CG solvers are based
on). However, the effectiveness of the preconditioner [P(j) ]−1 decreases slightly. The solver
may take more iterations to converge. By continuing recycling the preconditioner, the solver
will take more and more iterations. In order to avoid excessively high iterations, a heuristic
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approach can be implemented in the algorithm. For example, as soon as a ﬁxed number of
iterations Nk of the iterative solver has been reached, a new preconditioner will be computed
and reused for the next linear systems’ solutions. However, it should be noted that successive
increase in the number of iterations may still be cheaper than computing a new preconditioner
at every step. This should be considered when choosing the ﬁxed number of iterations Nk .
Assuming that a preconditioner was computed at frequency ωj to solve Eq. (9). The same
preconditioner was used for some τ number of frequencies. Thus, Eq. (9) can be expressed for
the proposed delayed preconditioner in the following form:
 (j+τ )

(j+τ )
ũk+1 = I − [P(j) ]−1 Z(j+τ ) ũk
+ [P(j) ]−1 f̃ (j+τ )

(12)

Comparing this equation with Eq. (9), note the change in superscripts of ũ, f̃ and Z while it
remains unchanged for the recycled preconditioner P(j) . With the recycled preconditoner, it
may not be known a priori the total number of preconditioner computations Nτ in the entire
frequency band. However, the recycling is beneﬁcial if Nτ < N and it scales such that Nτ <<
N when N is large in the same bandwidth (higher frequency resolution).
Since the preconditioner computation is delayed by τ in frequency, it is termed as Delayed
Frequency Preconditioner or DFP. This reduces the computational burden signiﬁcantly over the
whole spectrum. An indicative algorithm of this method is also presented below:
Algorithm 1 Delayed Frequency Preconditioner
1: ω = ω1 , ω2 ...ωN
 frequency points
2: update = T rue
 initialize with preconditioner at ω1
3: for j = 1, 2, 3 to N do
4:
Z (j) = −ωj2 M + iωj C + K
 dynamic stiffness matrix
5:
if (update = T rue) then
6:
P = compute preconditioner(Z (j) )
 e.g. iLU preconditioner
7:
end if
8:
ũ, k = iterative solver(Z(j) , f̃ (j) , P)
 Output: solution and number of iterations k
9:
if (k  Nk ) then
10:
update = T rue
11:
else
12:
update = F alse
13:
end if
14: end for
It should be evident that the DFP is only a recycled preconditioner which can be obtained
by any common methods. In this paper, the choice of the preconditioner is restricted to Incomplete and Complete LU. If the system matrix is symmetric and positive deﬁnite, the LU can be
replaced by Cholesky factorization.
5

Application of the Method

The proposed DFP is tested on a simple beam with a small number of DoF in order to test
various parameters. A simple cantilevered steel beam of Fig. 1 is subject to a dynamic load at
its free end. It has been discretized into 200 elements. The choice of number of elements arises
from the fact that, generally, the reduced order models have a similar model order in many
design and optimization studies to conduct parametric studies.

60

Guilherme Jenovencio, Arul Sivasankar, Zeeshan Saeed and Daniel Rixen

Young’s Modulus
Density
Poisson’s ratio
Beam Size
Number of DoF
Element Type
Damping Model
α
β

F =100 kN

210 GP a
7860 kg/m3
0.3
8m×3m
462
Plane-stress
4-node quadrilateral
αM + βK
1 × 10−3
1 × 10−6

Figure 1: The cantilevered beam with force applied on its unconstrained edge. The beam mechanical properties
are also given on the right.

Figure 2: The forced response of the beam at the blue marked DoF in Fig. 1.

A displacement response function of the beam is shown in Fig. 2. The corresponding displacement DoF is shown in Fig. 1 with the blue marker. The frequency band is 0-800 Hz with
150 data points.
The accuracy of an iterative solver is determined by the tolerance limit. In the following
analyses, the same tolerance limit is used for frequency response (FR) when a new preconditioner is computed at every frequency and when a delayed preconditioner is used. Therefore,
the accuracy of the results from the solver remains the same for both the methods. Due to this
reason, the comparison amongst different solvers with preconditioners and the proposed DFP
is not deemed necessary. Instead, the results will be discussed only from the perspective of
computational performance. The iterative solver chosen for the study is GMRES (in the scipy
sparse linear algebra library of Python) with two preconditioners i.e. complete and incomplete
LU. The two will be used as the DFP.
In Fig. 3, the number of iterations by the GMRES solver is plotted with an incomplete LU
preconditioner. It can be seen that it takes mostly 4 or 5 or more iterations for the solver
to converge at different frequencies. Since no DFP has been used, a new preconditioner was
computed at each step. The small jumps in the number of iterations correspond to the resonance
frequencies where the dynamic stiffness is ill-conditioned due to the dominance of the modes.
The DFP algorithm is implemented with the two preconditioners (complete LU and incomplete LU denoted simply by LU and iLU, respectively) in Fig. 4 which has the same axes as
Fig. 3. Comparing the two ﬁgures, with only iLU preconditioner, the number of iterations is
the same at the ﬁrst frequency. The iterations start to increase gradually (Fig. 4) as the precon-
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Figure 3: Number of GMRES iterations to convergence when using incomplete LU preconditioners. A new
preconditioner is computed at each frequency.

ditioner at the ﬁrst frequency is being reused until 135 Hz. This is where a new factorization
was performed for a new preconditioner indicated by the encircled markers. The criterion for
this was set to be 10 iterations Nk = 10. As soon as the limit is crossed, a new factorization is
performed. The algorithm then continues with the new preconditioner for the next frequencies.
Throughout the frequency band, only 17 factorizations were performed with iLU. Again near
the resonances, the number of iterations becomes higher and the preconditioner is no longer
valid for further frequency points. The complete LU preconditioner is also included in this ﬁgure. An LU factorization will be very expensive for a large system, however, in this case, only a
few such factorizations are required. This can be afforded and analyzed for the given problem.
At the outset of a new factorization, the solver converges in only one iteration since the solution
process is direct. But it requires a few iterations as the preconditioner is recycled at the next
frequencies. The number of LU factorizations are only 11 compared to 17 for iLU. It should be
noted that the computational cost of iLU factorization is cheaper depending on the number of
matrix entries that are dropped.

Figure 4: Number of GMRES iterations to convergence when using delayed frequency preconditioners (DFP)
D
algorithm. The delayed preconditioners are incomplete PD
iLU and complete PLU .

The new factorizations with the DFP are correlated with the condition number of the expression [P]−1 Z(j) which is plotted in Fig. 5 for different P. If P = PI is an identity matrix, the
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Figure 5: Comparison of condition number with no preconditioner PI –an identity matrix, a simple iLU preconditioner PiLU and the DFP iLU preconditioners PD
iLU .

Figure 6: Number of iteration for convergence with BiCGSTAB iterative solver and using delayed preconditioners
D
– incomplete iLU PD
iLU and complete LU PLU .

condition number corresponds exactly to that of the dynamic stiffness Z which becomes high
near the resonances. In its vicinity, the eigenvalues of Z(j) change rapidly with ωj . By using
the conventional preconditioning technique discussed with iLU preconditioner, the condition
number decreases but the behaviour remains the same. It requires more iterations for the solver
to converge in the regions where the condition number is high, as was shown in Fig. 3. With
the DFP algorithm, the condition number (Fig. 5) behaviour is quite different. It gradually increases and requires more iterations successively (Fig. 3). The change in eigenvalues2 of Z(j)
renders the reused preconditioner inappropriate. Therefore, a new factorization is performed
shown with an encircled marker in Fig. 5.
The method is tested for the same problem with a Bi-Conjugate Gradient Stabilized (BiCG
STAB) iterative solver and the same two preconditioners for the DFP method. The number
of iterations is shown in Fig. 6. The behaviour is similar to the GMRES solver, however, it
2

The change in eigenvalues is inferred from the fact that the condition number is the ratio of the largest and
smallest singular values of a matrix.
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Number of frequencies
Number of Iterations
GMRES
Number of preconditioners
Number of Iterations
BiCGSTAB
Number of preconditioners

PiLU
150
732
150
423
150

DFP
PD
LU
150
150
1219 1140
17
11
1024 1005
8
5

PD
iLU

Table 1: Performance Comparison of GMRES and BiCGSTAB with and without Delayed Frequency Preconditioner

PiLU
PD
iLU

Iteration limit Nk
Total Iterations
Total Iterations
Number of preconditioners
Percentage reduction in
computation time

5
2424
2424
150
-0.4

10
2424
2419
147

15
2424
2430
80

20 25 30 40 50 60
2424 2424 2424 2424 2424 2424
2580 2749 2981 3249 3375 3661
15
4
3
2
2
1

1.5 22.5 41.1 41.8 39.2 37.8 33.7 28.5

Table 2: Effect of different iteration limits Nk on the performance of the DFP method. The test was done on the
beam problem of Fig. 1with 8122 DoF.

requires a lower number of refactorizations. This is possibly because of the inherent difference
of the objective function minimization in the solvers. The comparison of the DFP performance
is tabulated in Table 1 for the two solvers. The signiﬁcant observation is a great reduction in
the number of preconditioners from 150 without DFP to 17 and 8 with DFP for GMRES and
BiCGSTAB solvers, respectively. It should be noted that BiCGSTAB has also a lesser number
of iterations to convergence along with lower refactorizations.
In the following, the computational performance of the method is analyzed. The ratio of the
computational cost of computing the LU and iLU preconditioners to the cost of one iteration of
the solver increases with an increase in the size of matrices. Since the beam problem considered
so far has a small number of DoFs, this ratio is small. Hence, the time saved is not signiﬁcant. In
order to show an appreciable reduction in computation time, a similar problem with 8122 DoFs
was used. The time for computing FRF with BiCGSTAB solver using iLU preconditioner with
and without the delayed preconditioner was measured for various iteration limits Nk in Table 2
along with the other parameters. When the iteration limit is small, for example, Nk = 5, a new
preconditioner is computed at all the frequencies. So, the performance of the DFP method is
the same as without the DFP. As the iteration limit was increased, the number of preconditioner
computations were reduced and there was an improvement in the performance of the method.
It can be seen that for Nk = 25, the preconditioner was computed only 4 times and there was
a 41.8% reduction in the computation time when the DFP algorithm is used. As the iteration
limit was further increased, the performance no longer increases. This is due to the fact that the
iterative solver then took more total iterations and time to converge, thereby overpowering the
time saved by reducing the number of preconditioner computations. As it be seen at Nk = 60
that only one preconditioner needed to be computed but it is not quite effective anymore. From
the above observations, it can be concluded that the computational time shows an optimum-like
behaviour as the iteration limit is changed.
So far, various results were shown for 150 frequency data points in the entire band of frequency. At this point, the scalability for variation in the data points or resolution is discussed.
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Table 3 lists the number of preconditioner computations as the number of frequency data points
is increased. It is clearly seen that a remarkably smaller number of refactorizations are needed
in comparison to the number of data points. In the absence of the DFP, many refactorizations
would be needed which is quite expensive. In the limiting case, when the frequency resolution
is very coarse, the DFP algorithm will behave as without a delayed preconditioner.
Number of frequencies
10
Number of P Computations 4

50
8

100 150 250 400 1000 2000
11 11 11 13 14 14

Table 3: Scalability of the DFP: Effect of increasing the number of frequencies in the given range (making δω
smaller) on number of refactorizations for the preconditioners is listed. A complete LU factorization was used and
recycled for the data.

6

Conclusions and Future Work

A method for reusing information about preconditioners during frequency response computation was proposed. This method is tested on a beam problem. Two iterative solvers, GMRES
and BiCG, were used for this study. The performance of the method was studied for two preconditioners, LU and iLU. The method helps to reduce the number of preconditioner computations
signiﬁcantly, thereby reducing the overall computation cost. The computational performance
of the method depends on the iteration limit Nk and shows that an optimum value of Nk may
be needed for maximum computational savings. If this limit is low, in the worst-case scenario,
factorization has to be done at every other frequency. If the limit is too high, very few preconditioners are computed but it would take more iterations to converge and hence would require
more time. Further, it was shown that the method is more effective when the gap between the
frequency points becomes smaller.
The method can also be extended to other problems and improvements can be suggested as
follows:
• Only linear problems have been considered in this paper. Nonlinearity might arise through
material properties or friction contact. This method could be extended to such non-linear
problems.
• In this study, only single domain geometries are considered. For very large problems,
domain-decomposition method needs to be used. For such cases, the same method can be
extended to reuse information from each subdomain.
• The performance of the method can be tested for other linear solvers and preconditioners.
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Abstract Contact-impact events frequently occur between solid contact interfaces in complex
dynamic mechanical systems and engineering applications. Impact force models are used to
determine the responses of contacting solids. The selection of the impact force model strongly
affects the predictions of the dynamic behavior of the contacting bodies, mainly in sequential
repeated impacts. In this work, the strong nonlinear dynamic behavior of a cantilever steel
beam, repeatedly impacting a steel rigid stop is investigated applying experimental and numerical methodologies. The applicability of a nonlinear constitutive force model selection and
model-updating framework at engineering problems where contact-impact phenomena happen in a sequential periodic manner is presented. First, a discrete Finite Element (FE) model
of the examined beam was developed. Applying Covariance Matrix Adaptation – Evolution
Strategy (CMA-ES) model updating methodology, coupled with robust, accurate and efficient
Finite Element Analysis (FEA) software, the linear behavior of the cantilever beam was validated under enforced motion conditions followed by equivalent experimental trials, in order
to tune the material and geometrical properties and boundary conditions parameters and develop a high-fidelity linear FE model. Next, the general viscoelastic impact force law based
on the Hertz contact theory, augmented with a damping term is integrated in the updated linear FE model. Upon further experimental trials of the impacting cantilever beam under base
excitation, a model selection process using Bayesian inference is carried out between nine
different expressions of the viscous term at constant nonlinear power exponent, updating the
inferred parameters of the most probable force model. A new model selection and updating
process including the nonlinear power exponent in the inferred parameters is finally presented in order to tune and study in detail the effect of the contact stiffness, coefficient of restitution, nonlinear power exponent and clearance gap between the contacting bodies in a specific
sinusoidal excitation frequency of the impacting cantilever beam, validating the experimental
results.
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1

INTRODUCTION

Contact-impact events occur between two colliding bodies that belong to a multibody system or move unconstrained, at an instant of time. During an impact, elastic or plastic deformations locally developed around the contact area, effects related to vibration propagation and
abrupt velocity changes and energy dissipation phenomena are detected. These phenomena
are augmented and become crucial in engineering applications when involved bodies move
intermittently or have clearance joints between them and especially when sequential repeated
impacts take place [2-5].
The basic difficulty in order to accurately model and analyze a multibody system with impact-contact phenomena, is the selection of the most appropriate constitutive force model that
adequately represents the impact events regarding aspects that include the materials of the
contacting bodies and their damping characteristics, their geometry and clearance distance,
along with the overall kinematics of the phenomenon involving contact point, impact direction and boundary conditions [7-9]. As the impact model depends on many parameters, coefficient of restitution (COR), cr , has been introduced as a parameter to determine the energy
dissipation during the complete impact event. In all models, the choice of the coefficient of
restitution reflects the type of collision. The value of COR is in the range of 0 d cr d 1 , where
for a fully elastic contact, the restitution coefficient is equal to the unit, whereas for a fully
plastic contact, the restitution coefficient is null. COR is highly depended on the impact speed
and direction, material properties and geometry of colliding bodies and duration of contact
[10, 11].
In this work, the parameters that contribute to the evaluation of the contact force, including
the contact stiffness, contact viscous damping, CORs and clearance, during the strong nonlinear dynamic behavior of a cantilever steel beam, repeatedly impacting a steel rigid stop is investigated applying experimental and numerical methodologies. At first, a high-fidelity finite
element (FE) model of the cantilever beam was developed and validated under enforced motion conditions (base excitation) followed by equivalent experimental trials, tuning its material properties and boundary condition parameters. Single objective optimization formulation,
without the need of sub-structuring methods, is used for estimating the parameters of the finite element model. The updated FE model is then reduced in order to accommodate a viscoelastic impact force model based on the Hertz contact theory, augmented with a damping term
to account for the dissipation of energy during the impact events, as a function of the coefficient of restitutions (COR) between the impacting bodies [12]. The parameters of the applied
constitutive impact force model are tuned in order to match the numerical predictions and
recorded experimental data. Both unreduced linear FE model and reduced numerical model
updating procedures, are achieved implementing response residuals that include time-histories
of accelerations [13-18]. A state-of-the-art optimization algorithm, namely, covariance matrix
adaptation evolution strategy (CMA-ES) [19-22], is applied in parallel computing, to solve
the single-objective optimization problem [23, 24]. The applicability and effectiveness of the
methods applied, is explored and issues related to estimating unidentifiable solutions [25-28]
arising in FE model updating formulations are also addressed.
The presentation in this work is organized as follows. The theoretical formulation of finite
element model updating is briefly presented in section 2. Section 3 presents the viscoelastic
dissipative contact force models. Section 4 presents the experimental application. Section 5
presents the updating of the linear FE model. Section 6 presents the experimental set up of the
nonlinear model whereas section 7 presents the nonlinear FE model update and results. Conclusions are summarized in section 8.
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2

MODEL UPDATING TO MOST PROBABLE PARAMETERS USING CMA-ES

The most probable values (MPVs) of the parameter set T of the non-linear model are those
that maximize the posterior density function (PDF). Numerical acceleration time histories,
included in the actual measure of fit, are computed. Thus, Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [1-3], is applied to maximize the natural logarithm of the probability density function, ln ª¬ p T , V | D, M i º¼ . CMA-ES is applied using an already proposed
framework in previous works [4-6], to minimize the minus natural logarithm of the probability density function  ln ª¬ p T , V | D, M i º¼ , updating model parameters to the most probable values (MPVs). The algorithm is applied in a parallel computing scheme to compensate for the
computation time. Details on the formulation sequence of CMA-ES and the proposed framework can be found in [4].
The objective-function to be minimized that is passed to CMA-ES, is:
g T ,V

 ln ª¬ p T , V | D, M i º¼
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The process terminated when the difference of the best values of two consecutive sets of
iterations was less than 'g (T , V ) 103 . A version of the CMA-ES algorithm (programmed in
C), and the numerical analysis were coupled through a developed C language script, allowing
the framework to be compiled and run independently in parallelization. The computer that
was used, hosts two (2) Intel® Xeon® Gold Processors 6130 (22M Cache, 3.70 GHz) with
16-cores and 32-threads, resulting in a total number of sixty-four (64) logical (virtual) cores
and 128GB of RAM, on Linux Ubuntu 18.04 Operating System.
3

VISCOELASTIC DISSIPATIVE CONTACT FORCE MODELS

Pure elastic contact force constitutive models have the disadvantage of neglecting forces
acted upon contacting bodies during compression and restitution phases. Thus, internal damping has been introduced to augment the pure elastic laws and account for energy dissipation
during an impact-contact event. A general formulation of the contact force law can be expressed combining elastic and viscous components as [7, 8]:
f KG n  FG nG
(2)
where K is the generalized contact stiffness depended on the material properties of the colliding bodies and geometry of the local contacting region, G is the relative indentation between the contacting bodies, n is the nonlinear power exponents, F represents the hysteresis
damping factor and G is the indentation velocity. Table 1 presents the most popular expressions of the damping factor F adopted in the consequent model selection process, where G ( )
represents the initial value of the velocity exactly at the moment of contact-impact occurrence.
In all above laws the nonlinear power exponents proposed by all researchers is n 3 / 2 and
has been included as such in the implementation of the above expressions during the model
selection process.
Table 1. Most popular contact-impact constitutive force models.
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EXPERIMENTAL ARRANGEMENT

The experimental set up of the contact-impact cantilever beam is illustrated in Fig. 1. A
steel beam of total length 745mm was tightened on one end, between two compact aluminum
blocks for a length of 145mm in order to create a fixed support. The bottom aluminum block
was mounted on an electromagnetic shaker and a linear variable differential transformer
(LVDT) sensor was placed on top of the upper block in order to measure base excitation time
histories of displacements, along with accelerometer B recording base excitation time histories of acceleration. Furthermore, three (3) tri-axial accelerometers A1, A2 and A3, were
placed at the 2 3 s of the length of the beam, at the point where contact-impact occurs and at
the free end respectively, all in the middle of the width of the beam. Lastly, a load cell was
placed below accelerometer A2 at a clearance distance, leaving a gap between the beam and
the rigid stop. Load cell was recording imposed impact force during experimental trials.

Fig. 1 Experimental arrangement of cantilever beam.
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The experimental cantilever beam is a steel beam with Young’s modulus E 210GPa , Poisson’s ratio v 0.3 and density U 7850kg / m3 . Similarly the nominal material properties of the
aluminum accelerometers were E 69GPa for the Young’s modulus and U 2750kg / m3 . The
cantilever steel beam is a simple structural arrangement, which is mounted from one end being free to oscillate under ground motion in the vertical direction. The length of the cantilever
is 600mm , its width is 40mm and its thickness is 5mm .
At first in order to examine the linear response of the cantilever structure, the material and
geometrical properties, the boundary condition parameters of the elastic properties of the support, along with the contribution of the accelerometers themselves in the overall response, an
experimental arrangement without the rigid stop was introduced. A series of experimental trials were performed under three sinusoidal base motions at 4Hz, 6Hz and 8Hz excitation frequencies and various ranges, recording excitation accelerations at point B and response
accelerations at locations A1, A2 and A3.
5

UPDATING OF LINEAR FE MODEL

5.1

Development of linear FE model

Strictly based on the experimental structure, the equivalent finite element model was developed as presented in Fig. 2 with a schematic diagram of the experimental setup. The accelerometers were also included in the geometry of the structure as its was noticed that their
contribution to the overall response of the structure is not negligible. The geometry of the cantilever beam along with the accelerometers themselves is discretized by shell and solid elements respectively, using appropriate pre-processing commercial software [18]. The
introduced 2D plane with dimensions 600 x40mm is modeled with 960 CQUAD shell elements
with 5mm discretization length and 5mm nominal thickness.

Fig. 2 Schematic diagram of the experimental setup and linear Finite Element model of the cantilever beam.

Because the fixed support (tightening of the beam between two aluminum blocks) is not in
fact a rigid connection but has some flexibility, spring and damping elements are used to correctly model this fixed support at all translational and rotational degrees of freedom. In particular, the nodes of the FE model at the end support of the beam are depended and connected
through rigid elements (RBE) at one independent node, which corresponds to accelerometer
in location B, where the base excitation is applied. At this end of the cantilever beam the support was modeled as elastic with 6-DOF spring and 6-DOF damper elements, whereas the rest
of the nodes of the FE model move freely. The total number of DOFs was approximately
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3,800. Also, the accelerometers with dimensions 10 x10 x10mm were modeled with 24 CHEXA
solid elements with 5mm discretization length. The middle node of the bottom surface of accelerometer A1 is located at 240mm from the free end, the equivalent node of accelerometer
A2 is located at 90mm from the free end and the equivalent node of accelerometer A3 is located at 5mm from the free end.
5.2

Linear FE model parameterization and updating results

The parameterization of the finite element model of the linear cantilever beam is introduced in order to facilitate the applicability of the updating framework. The parameterized
model is consisted of 4 parts, as shown in Fig. 3.
Part P1 corresponds to the steel beam and is modeled with shell elements whereas part P2
corresponds to the 3 accelerometers, which are modeled with solid elements. Parts P3 and P4
correspond to 1D elements representing the elasticity of the support using 6 spring and 6
damping elements in all 6 DOFs respectively. The Young’s modulus and the material density
are used as design variables for the material properties of the beam and accelerometers. The
thickness of the shell elements of the beam P1 is also included in the design variables. 6 Ki
and 6 Ci where i 1, 6 stiffness and damping parameters are included as design variables for
parts P3 and P4. Moreover, damping ratios, using Rayleigh damping in a small and in a large
frequency of the linear model were also included in the design values. The total number of
design variables resulted in 19 variables.

Fig. 3 Linear Finite Element Model Parameterization.

The CMA-ES algorithm is applied to update the developed linear FE model directly comparing raw measured and numerically predicted acceleration responses at all measured locations and directions. Table 2 presents the design variables, their upper and lower boundaries
(LB and UB), as well as the updated results for each parameter.
Table 2: Design variables, CMA-ES design bounds and updated results of material, geometrical and boundary
condition parameters.
Density U
Part

P1
P2

ª¬ kg m3 º¼
LB
7065
2475

UB
8635
3025

Result
8487.47
2832.50

Young’s Modulus
(

Thickness W

> mm@

>GPa @

LB
189
62.1

UB
231
75.9

Result
226.75
65.55

LB
4.5
-

73

UB
5.5
-

Spring stiffness
K

Damper C

102 kNs m

105 kN m
Result
5.48
-

LB
-

UB
-

Result
-

LB
-

UB
-

Result
-
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Density U
Part

P3

P4

ª¬ kg m3 º¼
LB
-

UB
-

Young’s Modulus
(

Thickness W

> mm@

>GPa @

Result
-

LB
-

UB
-

Result
-

LB
-

UB
-

Spring stiffness
K

Damper C

102 kNs m

105 kN m
Result
-

LB

UB

9

15

-

-

Result
12.01
11.58
11.24
9.22
10.57
13.59
-

LB
-

UB
-

1

9

Result
4.37
2.61
7.10
5.68
7.06
4.16

The time-histories of accelerations predicted by the optimal linear FE model (green continuous line) of the cantilever beam are compared, in Fig. 4, to the time-histories of accelerations
coming directly from the measured data (red continuous line) at A1 and A3 indicative measurement locations at Z local component for three excitation frequencies 4Hz, 6Hz and 8Hz.
Although tuning of the FE model was conducted at 6Hz excitation frequency, there is a good
correlation of the experimentally obtained and numerically predicted accelerations time histories both at 4Hz and 8Hz excitation frequencies, resulting in a high fidelity linear FE model of
the examined structure that could confidently be used in the subsequent nonlinear analysis
incorporating the impact force model.

Fig. 4 Time histories of accelerations at A1 and A3 locations from 4Hz, 6Hz and 8Hz excitation frequency.
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6

EXPERIMENTAL SET UP OF NONLINEAR MODEL

In this section the nonlinear behavior of the cantilever beam under repeated sequential impacts is closely examined. A schematic illustration of the experimental set up including impact-contact events is presented in Fig. 5, which depicts the location and component direction
of acceleration measurements along with the location of the load cell that records imposed
forces during impacts for comparison purposes.
Excitation and response measurements from ground motion in all direction at 6Hz excitation frequency were recorded in order to measure experimental base excitation at B location
and integrate it in the nonlinear FE model at the respective node. The acceleration time histories at locations A1, A2 and A3 at all directions were also recorded in order to be included in
the subsequent model selection and model updating processes. Accelerometer A2 is placed on
top of the cantilever beam, above the rigid stop where the load cell is located. Thus, measurements recorded from A2 were the most informative since this is the point of contact from
which elastic stress waves begin to propagate.
During experimental measurements it was noticed that the dynamic behavior of the beam
is fully depended on the dissipation of induced impact energy in the form of transverse and
longitudinal elastic stress waves between two consecutive impacts. The impact force and consequently the impact energy are associated to the frequency and range of base excitation. Thus,
according to excitation parameters, the elastic stress waves are propagated in the deformable
solid medium and do not fade out from one impact event to another, resulting in different impact parameters between impact-contact occurrences.

Fig. 5 Schematic illustration of the experimental set up including impact-contact events.

7

NONLINEAR FE MODEL UPDATE

The material and geometrical properties as well as the boundary condition parameters updated using the linear model of the cantilever beam in the previous section, do not depend on
the integration of the constitutive force law. Thus, the updated values of modulus of elasticity,
density, thickness and spring and damper of the support as presented in Table 2 were retained
constant in the analysis of the nonlinear FE model. The impact parameters are tuned i.e. the
generalized contact stiffness K , the coefficient of restitution cr that affect the imposed force
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during each contact-impact event as well as the clearance gap u g . The nonlinear power exponent was also retained constant at n f

3 2 as all examined force models proposed.

Fig. 6 Time histories of accelerations at A1, A2 and A3 locations, Z component, 6Hz excitation frequency for
Model 4 with n f 3 2 .

The prediction error parameters representing modeling and measurements errors at A1, A2,
A3 and B sensor locations, were combined in one error parameter V at a range of variation
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V  ª¬104 ,1º¼ . In order to acquire deep insight of the dynamics of the problem, as well as mod-

erate the computational effort, it was chosen to study the Nc , ^c 1, ,12` first impacts, included in the first 2.5sec of the response. This time duration includes impacts both in transient
0 d t d 1.5sec and steady state response 1.5  t d 2.5sec .
Parameters K Nc and cr Nc , the clearance gap u g and error parameter V are the updated parameters at a wide enough range based in engineering knowledge and previous experience T  >100,9900@ u > 0.1, 0.9@ u >1.35,1.45@ u ª¬104 ,1º¼ . Additionally, as structural damping plays a

key role in nonlinear response, Rayleigh damping corresponding to a small and at a large frequency were also included in the inferred parameters with wide range ] 1 , ] 2 >0.1%,9.9%@ , in
order to fulfill an adequate correlation between the experimental and numerical acceleration
time histories.
A comparison of the time histories of acceleration predicted by the optimal nonlinear FE
model integrating force Model 4 (Flores et al. [12]) depicted with black dashed-dotted line
and the experimental measurements depicted with red continuous line, are presented in Fig. 6,
at measurement locations A1, A2 and A3 in Z direction and at 6Hz excitation frequency.
Similarly a comparison between the measured imposed impact force at each contactimpact event (red continuous line) and the numerically predicted nonlinear force (black
dashed-dotted line) produced by Model 4 (Flores et al. [12]) is presented in Fig. 7. Both Fig. 6
and Fig. 7 include a zoomed boxed area of the last three impact events from approximately
1.8 d t d 2.3sec well after the steady state response has been met. It is worth mentioning that all
impact parameters of the Nc 12 impact-contact events have been taken into consideration in
the nonlinear FE model update scheme, including all transient response and the beginning of
the steady state response, increasing difficulty and complexity of the examined engineering
problem.

Fig. 7 Experimentally measured and numerically predicted impact force for Model 4 with n f

3 2.

It is clear that impact force model approaches with great accuracy the peaks of the measured impact force, as clearly presented in the zoomed areas. Thus it could be regarded as a
high fidelity impact force model that could be used in further engineering investigation on this
specific experimental arrangement and excitation loading.
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8

CONCLUSIONS

In conclusion, a nonlinear constitutive force model-updating framework applied at a simple
engineering problem (cantilever beam) where contact-impact events occur in a sequential periodic manner is extensively presented. At first, a high-fidelity finite element (FE) model of
the experimentally examined cantilever beam was developed and validated in linear response
conditions, under enforced motion, followed by equivalent experimental trials, tuning its material and geometrical properties and boundary condition parameters using deterministic single objective function, without the need of sub-structuring. The updated linear FE model is
used for the nonlinear response, accommodating a viscoelastic impact force law based on the
Hertz contact theory, augmented with a damping term. The impact parameters are updated to
the most probable values using CMA-ES and probabilistic objective function. Finally, the updated final model validated with high accuracy the experimental results.
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Abstract. Parameter studies to design the dynamics of structures that undergo large deformations, such as wind turbine blades or MEMS, can be a tedious task. These studies are usually
done with ﬁnite element models. The equations of motion provided by the ﬁnite element method
are nonlinear and high-dimensional. This typically leads to high computation times, especially
if the equations must be solved for each parameter variation of the design study.
Model reduction can reduce the computation time by approximating the high dimensional
parametric models. This is done in two steps: First, a Galerkin projection is done that approximates the solution by a linear combination of basis vectors. Second, the evaluation of the
nonlinear force term is accelerated by a hyper-reduction. Both steps are challenging if large
parameter variations are present because suitable basis vectors as well as the coefﬁcients for
the hyper-reduction are dependent on these parameters. An update of the coefﬁcients for the
hyper-reduction is very time consuming and can make the beneﬁt of the model reduction useless.
The hyper-reduction method that is used in this contribution is the Energy Conserving Sampling and Weighting method (ECSW). This method requires training sets for computing coefﬁcients for the hyper-reduction. This contribution shows how cost-intensive updates of the
reduced order model can be avoided by computing coefﬁcients for the ECSW that are valid for
the whole parameter space of interest. We propose to generate training sets for some design
parameter samples and compute coefﬁcients that can be used for the whole parameter space.
These training sets are computed without the need for expensive time integration of the full
order model. Instead, Nonlinear Stochastic Krylov Training Sets (NSKTS) are used that only
require static solutions to some applied training forces.
A simple case study of a shape parameterized cantilever beam illustrates the performance
of the method. It is shown that computation time can be reduced for large numbers of design
changes, but shows worse accuracy compared to local methods.

80

Christian H. Meyer and Daniel J. Rixen

1

DESIGN STUDIES FOR GEOMETRIC NON-LINEAR STRUCTURES WITH MODEL
REDUCTION
Parameterize Geom.,
mesh morphing
Modify Param.

Preprocessing
Reduce Model
Ofﬂine Phase

Compute Result

Online Phase

Figure 1: Workﬂow for faster design studies with model reduction [5]. It consists of two phases: A model is
parameterized and reduced in the ofﬂine phase. Results and design changes are computed with the reduced order
model in the online phase.

Design studies that analyze the dynamics of structures that undergo large deformations can
be a tedious task due to high computation times. The reason for this is the nonlinear structure of
the equations of motion resulting from the ﬁnite element discretization. Computation time can
be reduced by applying model reduction. Model reduction reduces the full model to a smaller
problem that can be solved in less time. This can be exploited to speed up design studies. A
possible workﬂow is depicted in Figure 1. First, the ﬁnite element model is preprocessed and
parameterized. Then, model reduction is carried out which results in a reduced order model.
This step is called the ofﬂine phase. Afterwards, the design study can be performed on the
reduced model in the online phase. The online phase consists in the iterative computation of
results with the reduced order model and design changes that can be derived from these results.
By using the reduced model to iteratively compute results for new designs it is expected that the
computation time can be signiﬁcantly diminished.
The big challenge in this workﬂow is to provide reduced order models such that the total
computation time, that consists of the reduction process (ofﬂine costs) and the computation
of results (online costs), is smaller than that of direct computations. In general, two different
concepts to achieve this goal are distinguished: First, one single reduced order model can be
provided, that is valid for the whole parameter space of interest. Second, a new reduced order
model is calculated at each design iteration. This contribution proposes an ansatz for the ﬁrst
concept. We will show how a reduction basis can be generated without the need for training
simulations and with validity for the whole parameter space. Furthermore, we show how a
hyper-reduction with the Energy Conserving Sampling and Weighting method is carried out
such that only one reduced order model is needed for the online phase.
The remainder of this contribution is organized as follows: Section 2 gives an overview
over how model reduction is performed. This consists of two steps, reduction basis computation and hyper-reduction. Section 3 shows how a reduction basis for the whole parameter
space is computed. The hyper-reduction method, namely the Energy Conserving Sampling and
Weigthing method, that is summarized in section 2, is extended in section 4 for the parametric
case. This section shows how training sets for the hyper-reduction can be computed and how
a hyper-reduced order model is created for the whole parameter space. Section 5 demonstrates
the performance of the proposed method on a cantilever beam case study. A conclusion is given
in the last section.
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2

THE TWO STEPS OF MODEL REDUCTION FOR GEOMETRIC NON-LINEAR
STRUCTURES
After the ﬁnite element discretization, we get the equations of motion
M (p)ü(t) + f (p, u(t), u̇(t)) = F (p, t)

(1)

where u ∈ RN are the displacements of the ﬁnite element nodes, M is the mass matrix,
F are the external loads and f is the restoring force that is nonlinear for structures undergoing
large deﬂections. The different quantities also depend on the design parameters p of the system.
The ﬁrst step to reduce the equations of motion is a Galerkin projection. The displacements u
are approximated by a linear combination of n basis vectors v i . This can be written as
u = V q,

V ∈ RN ×n

(2)

where V is the so called reduction basis and contains column-wise the basis vectors v i . A
Galerkin projection on the subspace spanned by these vectors results in
V T M (p)V q̈(t) + V T f (p, V q(t), V q̇(t)) = V T F (t) .

(3)

The equations of motion (3) have dimension n and thus must be solved for a reduced number of unknowns compared to equation (1). However, the nonlinear force term still must be
evaluated for the full element domain that results in a poor speed-up. Thus, a second step,
the hyper-reduction, must be carried out to accelerate the evaluation of the nonlinear force
term V T f .
One method that is able to achieve this acceleration is the Energy Conserving Sampling and
Weighting method (ECSW) [1]. It uses the fact that the nonlinear force term
V T f (V q, V q̇) =

V T LTe f e (Le V q, Le V q̇)

(4)

e∈E

is an assembly of element forces f e . The matrices Le map the local degrees of freedom of the
element to the global degrees of freedom. The idea of ECSW is to assemble only a subset Ẽ ∈ E
of all elements and extrapolate their contribution by introducing weights ξe . The hyper-reduced
internal storing force
ξe V T LTe f e (Le V q, Le V q̇)

f hr,ECSW :=

(5)

e∈Ẽ⊂E

can be computed faster because much less element forces f e must be evaluated with the approximation.
The subset Ẽ and the weights ξe are chosen by forcing
|δWhr (q τ , 0) − δW (q τ , 0)| ≤ εECSW · δW (q τ , 0)
⇔ |δq T f hr (q τ , 0) − δq T V T f (V q τ , 0)| ≤ εECSW · δq T V T f (V q τ , 0)
such that the virtual work δW for a system that is deﬂected into the direction of training displacements uτ = V q τ is conserved for any virtual displacement δq up to a relative tolerance εECSW .
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This requirement can be translated to the minimization problem
arg min ξ
ξ∈Φ

where

0

Φ = {ξ ∈ RNe : Gξ − b ≤ εECSW b and ξe ≥ 0}

where

⎡

g 11 · · ·
⎢ ..
..
G=⎣ .
.
g Nτ 1 · · ·

⎤
g 1Ne
.. ⎥ ∈ RnNτ ×Ne
. ⎦
g N τ Ne

(6)

⎡

and

⎤
b1
⎢
⎥
b = ⎣ ... ⎦ ∈ RnNτ
b Nτ

(7)

are built up by the entries
Ne

g le (q τl ) = V T LTe f e (Le V q τl ) ∈ Rn

and

bl = f r (q τl ) =

g le (q τl ) .

(8)

e=1

Here, Ne and Nτ describe the number of elements of the full order model and the number of
training sets, respectively. An approximate solution to 6 can be computed by solving a non
negative least square problem as described in [1].
3

GLOBAL REDUCTION BASIS

One challenge to reduce geometric nonlinear equations of motion is to compute a proper
reduction basis V . One option is to use vibration modes of the linearized system and static
modal derivatives [2, 3] as basis vectors.
Vibration modes φi are computed by solving the eigenvalue problem

∂f (u) 
2
(K − ωi M )φi = 0 with K =
.
(9)
∂u u=0
The static modal derivatives
Θij = −K −1 · ∇φj (K) · φi

(10)

contain nonlinear information and are important to make the reduction basis able to represent
large deﬂections. A reduction basis is gained by column-wise stacking vibration modes and
static modal derivatives into a reduction matrix
R = [. . . , φm , . . . | . . . , Θij , . . .] ,

m ∈ M, (i, j) ∈ T .

(11)

Guidelines for choosing M and T can be found e.g. in [4].
The reduction basis R depends on the mass matrix and the internal restoring force of the
system. Thus, it also depends on the design parameters p of the system. If a reduction basis for
the whole parameter space is desired, one can process as proposed e.g. in [5]. The parameter
space of interest is sampled at some parameter values
Psample = {p1 , p2 , . . . , pNS }

(12)

and a reduction basis Ri is computed at each sample point pi ∈ Psample . Then these bases are
concatenated into a matrix
S = [R1 R2 · · · RNS ]
(13)
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which is then deﬂated to avoid linear dependency and bad conditioning. The deﬂation can be
carried out by computing the singular value decomposition
S = U ΣWT

(14)

and taking the ﬁrst n left singular vectors V global = [u1 , u2 , . . . un ] whose singular values are
greater than a certain tolerance.
4

GLOBAL ECSW WITH NONLINEAR STOCHASTIC KRYLOV TRAINING SETS

To compute the reduced element set Ẽ and the corresponding weights ξ (as explained in
Section 2), one must have a training set that is typically generated by simulation without hyperreduction of a reference problem. This incurs signiﬁcant ofﬂine costs. Strategies to obtain
training sets without needing to perform a full simulation have been proposed in the past. One of
these strategies is called nonlinear stochastic Krylov training sets (NSKTS) which was proposed
by Rutzmoser in [6]. This method will be used here and is brieﬂy summarized in the following
paragraphs.
First, a force Krylov subspace
)
*
−1
−1
−1
F kry,raw = V T b, (K̄ M̄ )V T b, (K̄ M̄ )2 V T b, . . . , (K̄ M̄ )(q−1) V T b
(15)
is computed where b is the localization vector of the external load F and
K̄ = V T KV ,

M̄ = V T M V

are the reduced stiffness and mass matrices, respectively. The Krylov vectors are orthogonalized
such that
F Tkry K −1 F kry = I .
(16)
Afterwards, β forces are generated by
f rand,i = F kry · ni

(17)

where ni is a random vector, such that f rand,i are linear combinations of the vectors from
the Krylov subspace (15). Training sets q τ,i,l are then computed by solving nonlinear static
problems
V T · f (V q τ,i,l ) =

l
f
k rand,i

with l ∈ {1, 2, . . . , k} and i ∈ {1, 2, . . . , β} .

(18)

We use this procedure to compute one set of weights ξglobal and elements Ẽglobal that is used
for all parameter values of interest.
First, we compute NSKTS q τ (ps ) for each sample point ps ∈ Psample (c.f. eq. (12)). Then,
the quantities
⎤
⎤
⎡
⎡
g̃ 11 · · · g̃ 1Ne
b̃1
⎥
⎢
⎢
.. ⎥ ∈ Rk·β·NS ×Ne
...
Gglobal = ⎣ ...
and
bglobal = ⎣ ... ⎦ ∈ Rk·β·NS (19)
. ⎦
g̃ NS 1 · · · g̃ NS Ne
b̃NS
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thickness b, Young’s modulus E, Poisson’s ratio ν
xnotch

F

h
d

l

Figure 2: Notched cantilever beam. The design parameter is the position of the notch p = [xnotch /l].+Fixed
dimensionless parameters:

F
El2

= 3 · 10−8 · (sin(0.0503 τ ), ν = 0.49,

h
l

= 0.05,

d
l

= 0.03,

b
l

= 0.1, τ =

Et
ρ l

are built up by the entries
⎡

g̃ se

⎤
V T (ps ) · LTe f e (ps , Le V (ps ) q τ1,1 (ps ))
⎥
⎢
..
⎥
⎢
.
⎥
⎢ T
T
⎢ V (ps ) · Le f e (ps , Le V (ps ) q τ (ps )) ⎥
1,k
⎥
⎢
T
⎥
⎢ T
= ⎢ V (ps ) · Le f e (ps , Le V (ps ) q τ2,1 (ps )) ⎥ ∈ Rk·β·NS
⎥
⎢
..
⎥
⎢
.
⎥
⎢
⎥
⎢
..
⎦
⎣
.
T
T
V (ps ) · Le f e (ps , Le V (ps ) q τβ,k (ps ))

(20)

Ne

g̃ se

b̃s =

(21)

e=1

where NS = |Psample | is the number of sample points and V (ps ) are local reduction bases that
are computed at sampling point ps . The matrix Gglobal and the vector bglobal are used to compute
a global set of weights and elements for the ECSW as described by equation (6).
By using the local reduction bases V (ps ) in equation (20), the global hyper-reduction maintains the virtual work, that is produced by a training set q τ (ps ), in the directions of its local
reduction basis that is computed for the same sample point ps . It is not necessarily maintained
in all directions spanned by the global reduction basis V global . Nevertheless, this requirement
is fulﬁlled for all sample points simultaneously.
5

CASE STUDY

The proposed method is demonstrated by means of a case study. Figure 2 shows a drawing
of the case study which is a cantilever beam. Its dimensions can be taken from the drawing.
The beam is weakened by a notch at position xnotch . The case study uses the relative position
of this notch p = xnotch /l as design parameter.
The mesh is shape parameterized by modifying the node positions. Thus, the mesh topology
is maintained when the parameter is changed. This is illustrated in Figure 3. The mesh consists
of Ne = 1, 148 elements.
The desired parameter range of interest is set to p ∈ [0.3, 0.6]. We have no information about
optimal position of sample points a priori. For this reason, we make an attempt by choosing
sampling points that are equidistantly distributed in the parameter range of interest. A reduction
basis is computed at each of these sample points. The ﬁrst 5 modes and all their static derivatives are included in this basis. Thus, a reduction basis’ dimension is 20 at each sample point. A
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Figure 3: Shape modiﬁcation by using the mesh morphing technique: The positions of the nodes are changed while
the topology is maintained. Top: reference mesh at p = 0.5, left: morphed mesh at p = 0.4, right: morphed mesh
at p = 0.6.

Figure 4: Singular values for deﬂation of global basis for three different numbers of sampling points.

singular value composition for three different numbers of sampling points is computed according to equation (14) to deﬂate the global basis. The singular values are shown in ﬁgure 4 and
give a hint about if the number of sample points has been chosen properly. The singular values
show that |Psample | = 31 sample points seem to be a good compromise between the number of
sample points and the approximation of the global reduction basis that would be spanned by the
full parameter space of interest. For this reason, we present results for
Psample = {0.30, 0.31, 0.32, . . . , 0.60}

(22)

as sample points in the following.
We have Ns = |Psample | = 31 sample points such that the global basis has a dimension
of 620 before deﬂation. A reduction basis V global is built with the ﬁrst 300 left singular vectors.
Nonlinear stochastic Krylov training sets (NSKTS) are computed for each sample point. The dimension of the Krylov subspace is q = 4. β = 6 linear combinations of Krylov vectors are built
for each sample point and k = 30 load increments are computed for each linear combination.
Figure 5 shows some examples of the computed NSKTS.
This contribution shows results for two parameter values as an example. These values are
p = 0.41, which is a sample point, and p = 0.405, which is between two sample points.
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Figure 5: Overlaid examples for NSKTS that are computed for p = 0.41

The graph in Figure 6 displays the tip displacement of the beam, simulated with a full order model. Figure 7 displays the absolute error for each time step for different reduced order
models. The gray curves are errors for hyper-reduced models that are locally reduced. This
means that reduction basis, NSKTS and ECSW-weights are computed directly (locally) for the
parameter value of interest. This is the classic approach where a new reduced order model is
computed for each parameter of interest. The blue graphs display errors for the global approach
described in Section 4. This approach uses a global reduction basis and a global ECSW.
One can see that the error becomes smaller when smaller tolerances εECSW are chosen.
Furthermore, one can see that the local approach gives smaller errors compared to the global
approach if the same tolerance εECSW is used.
Table 1 summarizes computation times for different steps of the ofﬂine and online phase.
One can conclude that much more elements in Ẽ are needed for the global approach when the
same error is desired. This also leads to higher computation times tonline in the online phase.
However, as it is a global approach, which means that only one reduced order model must be
computed for the whole parameter space of interest, there exists a break-even point where the
global approach is beneﬁcial in time compared to the local approach. This is illustrated in
Figure 8.
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va
g
g
g
g
g
g
l
l
l
l
l
l

p εECSW
41.0
41.0
41.0
40.5
40.5
40.5
41.0
41.0
41.0
40.5
40.5
40.5

1e-05
1e-06
1e-07
1e-05
1e-06
1e-07
1e-05
1e-06
1e-07
1e-05
1e-06
1e-07

|Ẽ|b

tV c

tNSKTS d

tECSW e

toﬄine f

tonline g

tfull h

211
320
471
211
320
471
106
144
187
111
154
197

35.9
35.9
35.9
35.9
35.9
35.9
0.9
0.9
0.9
0.7
0.7
0.7

2.0e+03
2.0e+03
2.0e+03
2.0e+03
2.0e+03
2.0e+03
6.0e+01
6.0e+01
6.0e+01
6.0e+01
6.0e+01
6.0e+01

293.7
674.8
1150.8
293.7
674.8
1150.8
283.2
274.3
265.5
289.4
288.3
308.2

2359.6
2740.6
3216.6
2359.6
2740.6
3216.6
343.6
334.7
325.9
349.6
348.6
368.5

300.9
269.7
332.5
317.0
356.2
378.1
79.9
94.6
92.8
73.8
86.1
95.5

621.1
621.1
621.1
408.9
408.9
408.9
621.1
621.1
621.1
408.9
408.9
408.9

a

variant: g=global, l=local
Number of evaluated elements in the ECSW
c
Time to compute the reduction basis (local or global, respectively)
d
Time to compute nonlinear stochastic Krylov training sets
e
Time to compute the element set Ẽ and weights ξ
f
Sum of all ofﬂine costs (tV + tNSKTS + tECSW )
g
Time for one time integration (1,000 timesteps) of the hyper-reduced model
h
Time for one time integration (1,000 timesteps) of the full order model
b

Table 1: CPU-times for different computation steps in the case study. All times are measured with the python
command time.process time().
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Figure 6: Transient response of the beam’s tip displacement. The plots show the results simulated with a full order
model.
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|u

−u

|

Figure 7: Dimensionless tip displacement error ε = tip,redl full plotted over dimensionless time. Top: errors for
simulations at p = 0.41, bottom: errors for simulations at p = 0.405
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Figure 8: Cumulative Simulation times with local and global model reduction approach. The graphs use toﬄine
and tonline data for εECSW = 1e − 7 of local and global approach, respectively.

6

CONCLUSION

Model reduction can help to reduce computation time when design studies are carried out
that investigate the dynamics of geometric nonlinear structures. This contribution proposes a
workﬂow for design studies where only one reduced order model is computed that is used to
compute results for all design parameters of interest. This workﬂow uses nonlinear stochastic
Krylov training sets that are computed for some parameter samples. They are used to gain a
global set of weights and elements for the Energy Conserving Sampling and Weighting hyperreduction method. The shape parameterized cantilever beam case study shows that a classic
local approach is cheaper and needs less elements in the hyper-reduced element set Ẽ and leads
to shorter simulation times and smaller approximation errors. In contrast, the global approach
only is beneﬁcial if the number of parameter values, that need to be simulated, is very high.
Then, the high ofﬂine costs for the global reduced order model pay off.
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Abstract. Currently, nonlinear analyses are widely used to evaluate the performance of special steel moment frames (Special SMF). Most of the mathematical models used in these analyses used concentrated plasticity approaches whit lumped nonlinearities at the end of beams
and columns. Even when these models are highly recommended due to their simplicity and
computational efficiency, they present some setbacks related to the axial-flexural interaction
and the load protocol calibration dependency. In order to overcome these problems, a distributed plasticity model can be used. However, these models are not intended to capture local geometrical effects such as buckling or necking into the material constitutive law. In
addition, these models present localization issues when the constitutive law includes softening,
leading to variability in the global response.
This paper proposes a distributed plasticity beam-column model that overcome these limitations. The constitutive material law proposed herein captures softening due to local buckling
under compression stress using a non-symmetric strain-stress curve. The parameters are calibrated through experimental data and validated for different axial loads and loading protocols. Moreover, to solve the softening-localization issue, a method of regularization is
proposed. This regularization is verified through static and dynamic analyses of an 8-story
Special SMF building. The results show that the proposed model can represent the behavior
of W shape sections under different load protocols and axial load demands. In addition, the
model can accurately incorporate critical features as maximum flexural capacity, flexure axial interaction, and post-peak softening. The regularization method yielded negligible variations under different plastic lengths of the column for all the analyses. The proposed model is
simple to implement, and the results indicate that it can be used to evaluate the seismic performance of Special SMF.
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1

INTRODUCTION

Nowadays, the seismic performance of structures is commonly assessing with nonlinear
analyses, due to the drastic improvement in computational storage and speed in the last 30
years. As a consequence, several codes such as the ASCE7-16 [1], ASCE-41 [2], and FEMA
P-695 [3] require advanced nonlinear analyses to determine the behavior of a structure. However, in order to perform dynamic analyses, where structures are subjected to large deformations, nonlinear models need to capture two significant effects: element deterioration and
nonlinear geometric effects. These effects allow the mathematical model to capture large deformations or trigger structural instability [4].
In special steel moment frames (Special SMF), the leading causes of beam-column element
deterioration are related to local geometric instabilities. In beams, the deterioration is controlled by local flange buckling [5], while columns are controlled by local flange-web buckling and lateral-torsional buckling [6]. Therefore, a Special SMF model used in seismic
performance assessment needs to include these phenomenological effects, as well as the structural geometrical effects (P-delta).
In literature, three main modeling approaches have been used in nonlinear Special SMF
models: 1) finite element, 2) concentrated plasticity, and 3) distributed plasticity. The first one
is considered the most detailed approach because these models can explicitly capture local
instabilities and force interactions in any location within the structure. However, they are not
recommended for complex analyses that include many structural members or several nonlinear incursions [7]. In contrast, concentrated plasticity models limit the nonlinear behavior to
predefined locations (i.e., at the end of the elements where the inelasticity is expected) using
calibrated constitutive curves that represent the element behavior. Even when these models
are commonly used due to their simplicity and computational efficiency, they can not capture
axial-flexural interaction or plasticity spreading, and they are highly dependent on the calibration load protocol [8].
Distributed plasticity is an approach that is between the other two, and it is a simplification
of the finite element method that uses uniaxial materials. A common element of this approach
is the fiber beam-column element, which consists of dividing the element into several nonlinear sections where the response is evaluated. This approach requires to define a material constitutive law for the section fibers and an integration method to combine the section responses
[9]. Nevertheless, these models obtain the element response as an emergent property entirely
related to the constitutive law. Then in order to capture local geometrical instabilities, the
constitutive law should include phenomenological effects [7]. Moreover, these models present
a critical setback due to strain localization when the constitutive law includes softening,
which leads to a spurious mesh-dependence (i.e., non-objective global response) [10].
Even though some authors have proposed constitutive laws that include phenomenological
effects, they only utilized a fixed mesh-discretization [8,11]. Therefore, the mesh-sensitivity
of these results was not evaluated, consequently a procedure that ensures objective global response is necessary. In this sense, the Smeared-Crack approach is a method that modifies the
constitutive law parameters depending on the mesh-discretization to reduce the effects of the
localization [12]. This method has been implemented in reinforced concrete fiber models to
achieve objective responses [10].
This study proposes a phenomenological calibrated constitutive law and a regularization
process applicable to seismic performance assessment of Special SMF. First, the constitutive
law is implemented with a non-symmetric curve that represents the section deterioration using
compression softening. This curve is calibrated with experimental laboratory tests and validated under different axial load demands and load protocols. Then, the proposed regulariza-
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tion method is presented in detail. The regularization process starts with a characterization of
the global element response, followed with a sensitivity analysis of mesh-discretization and
constitutive parameters to propose a rational set of regularization rules. Finally, the constitutive law and the regularization rules are used on an 8-story Special SMF building under static
and dynamic nonlinear analyses to determine its applicability for seismic performance assessment.
2

CONSTITUTIVE LAW

in order to model the element deterioration adequately, the material constitutive law needs
to capture not only the steel mechanical properties but also it requires to capture local geometric instabilities. Thus, the constitutive law proposed herein used a non-symmetric behavior
with a compression softening branch that represents steel W-Sections local buckling that consequently takes into account the loss of capacity in the section. The open-source software
OpenSees [13] was used to implement this behavior. The uniaxial Steel02 and Hysteretic materials were used together (into a Parallel material) to obtain the desired constitutive law. The
Steel02 material presents the residual stress (Fig.1(a)) and the Hysteretic material a nonsymmetric behavior (Fig.1(b)). The resulting material shows smooth stiffness transition and
the compression softening branch until it reaches the residual stress (Fig.1(c-d)).

Figure 1: Constitutive law. a) Steel02, b) Hysteretic, c) Proposed material envelope, d) Proposed material cyclic.

The proposed constitutive curve has six characteristic parameters. Two of them are the
steel mechanical properties: Young’s modulus (E) and yielding stress (σy). The additional four
calibrated parameters represent the local geometrical instabilities: strain hardening (b), plastic
strain (ξp), strain softening (d), and residual stress (R).
2.1

Calibration and Validation

The laboratory experiment C4 presented in Elkady and Lignos (2018) [6] was replicated to
calibrate the post yielding parameters and to capture the local geometrical effects in Wsections. The calibration test consisted of a cantilever W24x168 column subjected to a lateral
collapse consistent load protocol and an axial load demand (Pg) of 0.2 the yielding axial capacity (Py). The experimental setup is presented in Fig.2(a)), where the column model uses a
single fiber-beam column element with the modified Gauss-Radau integration method
(Fig.2(b)). In this integration method, the mesh-discretization depends on the plastic length
assigned at the element ends, and the plastic length value for the calibration was considered
equal to the column depth. The results of Fig.2(c) presents the experimental (Target) and the
simulated global responses (Moment-Chord rotation).
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Figure 2: Calibration. a) Experimental setup, b) Numerical model, c) Experimental and simulated responses.

The four parameters related to the local geometrical instabilities were varied until the
simulated moment-chord rotation response reached the best visual approximation with the experimental response. The values obtained from the calibration corresponds to 0.005, 0.015,
0.010, and 0.5 for b, ξp, d, and R, respectively. With these values, the proposed constitutive
law captures the maximum capacity of the column, the smooth transition, the monotonic deterioration, and the cyclic strength and stiffness degradation correctly (Fig.2(c)).
After determining the six parameters, the constitutive law was validated using three additional experimental tests with different axial load demands and load protocols. The experiments correspond to the experiments C2, C3, and C6 obtained from Elkady and Lignos (2018)
[6]. These models used the previously calibrated material parameters, and a plastic length
equal to the column’s depth. The only differences were the load protocol and the axial load
demand, as presented in Fig.3(a-c). In addition, Fig.3 shows the comparison between the simulated and the experimental responses.

Figure 3: Validation. a) Test C2, b) Test C3, c) Test C6.

The results show that for a high axial load demand (Fig.3(a)), the response is more fragile
because it reaches lower rotations than their counterpart with less axial load (Fig.3(b,c)).
Fig.3(b-c) show that the simulations capture the stabilization of the moment deterioration
when the fragile behavior does not control the response. Additionally, the proposed constitutive curve captures the behavior under the bi-directional symmetric load protocol, capturing
the strength deterioration and cyclic degradation adequately (Fig.3(c)).
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3

REGULARIZATION METHOD

The selection of an arbitrary plastic length value in the calibration section limits the proposed constitutive law to that unique mesh-discretization. As shown later, mesh-sensitive responses were obtained for different plastic lengths. Therefore, to get an objective response, a
regularization method that reduces this spurious mesh-dependence is necessary. The regularization proposed uses the smeared-crack approach, which modifies the constitutive law parameters through regularization rules dependent on the mesh, to obtain an objective global
response [12].
Before developing the regularization rules, three steps were necessary to understand the
behavior of the global response. First, it was required to idealize the global element response
to quantify the variations of the response. Second, addressing the global response differences
due to mesh-discretization allowed determining trends in the global response. Finally, a sensitivity analysis of the constitutive law parameters allows determining their influence in the element’s response curve. With this information, rational regularization rules can be developed
to achieve an objective response.
3.1

Global response behavior.

Contrary to the concentrated plasticity models, the global element response in distributed
plasticity models is not previously defined. This response is an emergent behavior that involves the constitutive law, the section geometry, and the element geometry. Therefore, to
assess variations in the response curve is necessary to describe its behavior with a certain
number of parameters that enable a quantitative comparison. For this purpose, the monotonic
global response (moment-chord rotation) was idealized with a multilinear symmetric curve
with four regions (Fig.4(a)). The first one represents the elastic element behavior, and it is
limited by the yielding point, which is defined when the current stiffness becomes 20% the
initial stiffness (Kinit) (Fig.4(b)). The second region represents the element hardening capacity,
and it is limited by the maximum moment and its respective chord rotation. The third region
shows the element deterioration behavior, and a residual moment point defines it. Where the
residual moment point is computed when the stiffness becomes 50% of the previous step
stiffness (Kcurr) (Fig.4(c)). The last region keeps constant the residual moment capacity.

Figure 4: Response idealization. a) Moment chord-rotation, b) Yielding point, c) Residual point, d) Parameters

This idealization allows determining six global parameters presented in Fig.4(a): elastic
stiffness (K), yielding moment (My), hardening stiffness (Kb), plastic rotation (θp), deterioration stiffness (Kd), and residual moment (Mr). These global parameters are coherent with the
constitutive law parameters representing similar behavior on a different scale level (constitutive-material, and global-element).
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The next step is to determine the mesh-sensitivity of the global response. For this purpose,
monotonic static analyses were carried varying only the plastic length (Lp) of the modified
Gauss-Radau integration method in the range of 0.3 to 1.8 the plastic length of the calibration
(Lpc), while keeping the material parameters constant. These analyses illustrate the spurious
mesh-dependence of the global moment-chord rotation response (Fig.5(a)). In addition, the
analyses allow identifying tendencies in the global parameter values due to the plastic length
variations (Lp/Lpc). The sub-index c denotes a calibration value or a value obtained using the
calibration parameters.

Figure 5: Sensitivity analysis. a) Moment-chord rotation response, b) Main tendencies, c) Null tendencies.

The results show that a variation in the plastic length leads to an inverse variation on hardening stiffness and deterioration stiffness (Fig.5(b1,b3)). Meanwhile, the plastic length leads to
a direct variation on plastic rotation (Fig.5(b2)). The other global parameters were not affected
(Fig.5(c1-c3)), this invariability can be noticed in the moment-chord rotation curves too.
The regularization rules should affect the constitutive law parameters. Therefore, it is required to assess the global response variation due to changes in the constitutive parameters.
Three sensitivity analyses were carried varying the constitutive parameters (b, ξp, and d) related to the plastic length sensitive global parameter (Kb, θp, and Kd). Only one parameter was
varied at the time, while the other constitutive law parameters and the plastic length remained
equal to the calibrated values. The variation range was kept the same as before from 0.3 to 1.8
the calibrated value. These results lead to determine tendencies in the variations of the global
parameters that are critical to defining the regularization rules. Fig.6 shows the moment-chord
rotation response of the carried monotonic static analyses varying the constitutive parameters.
Also, the normalized tendencies between the constitutive law parameter and the global parameter are presented.
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Figure 6: Sensitivity analysis. a) Strain hardening (b), b) Plastic strain (ξp), c) Strain deterioration (d).

The three parameters b, ξp, and d, show linear tendencies with their respective global parameters Kb, θp, and Kd (Fig.6(a1, b2, c3)). Therefore, any variation applied to these parameters
affects the global response in the same proportion. A secondary tendency was obtained for the
plastic strain, which presents an inverse correlation with the hardening stiffness (Fig.6(b1)).
3.2

Regularization proposal

The regularization rules should reduce the variations of the global response due to the
mesh-discretization and canceling the tendencies showed in (Fig.5(b1-b3)). Inverse operations
on the global parameter can negate these tendencies. Then, the plastic rotation divided by the
plastic length ratio (Lp/Lpc), and hardening stiffness and deterioration stiffness multiplied by
the same ratio reduces the tendencies. Even more, due to the linear dependence between global parameters and constitutive law parameters (Fig.6(a1, b2, c3)), this operation can be applied
to the constitutive law parameters with an equivalent effect on the global response. Consequently, the regularization rules are defined by three equations, one for each sensible constitutive law parameter.
b=bc*(Lp/Lpc)

(1)

ξp=ξpc/(Lp/Lpc)

(2)

d=dc*(Lp/Lpc)

(3)

Where Lp, b, ξp, and d are the values used in the analysis and Lpc, bc, ξpc, and dc are the calibration values, which are the column’s depth, 0.005, 0.015, and 0.010, respectively.
With the regularized constitutive law parameters, a new sensitivity analysis varying the
plastic length was performed. The element moment-chord rotation response increases its objectivity considerably (Fig.7(a)). In addition, the tendencies presented on the previous sensitivity analysis became negligible for plastic rotation and stiffness deterioration, but hardening
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stiffness still presents a slight variation mainly under lower plastic length ratios (Fig.7(a1)).
This difference in stiffness hardening comes from the secondary tendency caused when the
plastic strain is modified (Fig.6(b1)). In order to cancel the variation on stiffness hardening, an
alternative regularization rule on the strain hardening was determined:
b=bc*(Lp/Lpc)0.7

(4)

The alternative moment-chord rotation results (Fig.7(b)) show a similar behavior than the
obtained with the initial regularization rules. However, the stiffness hardening tendency presents negligible variations to the plastic length (Fig.7(b1)).

Figure 7: Regularized sensitivity. a) Initial regularization, b) Alternative Regularization.

4

SEISMIC ASSESSMENT

After developing the constitutive law and the regularization rules, these are applied to an
eight-story structure with perimetral Special SMF as the lateral system (Fig. 8). The archetype
was obtained from the ATC 71 project [14] and was designed for a Dmax seismic risk category.
The building present prequalified reduce beam section (RBS) on beams, and additional web
thickness on column-beam connections (Panel Zone). This archetype has been used in several
types of Special SMF research, and more detail is presented in [14–16]. The geometrical features of the lateral system are shown in Table 1.

Figure 8. Archetype Plan View
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Elevation
Story
[m]
1
2
3
4
5
6
7
8

4.23
8.19
12.16
16.12
20.08
24.04
28.00
31.97

Beam
Section

Exterior
Column
Section

Interior
Column
Section

W30X108
W30X116
W30X116
W27X94
W27X94
W24X84
W24X84
W21X68

W24X131
W24X131
W24X131
W24X131
W24X131
W24X131
W24X94
W24X94

W24X162
W24X162
W24X162
W24X162
W24X131
W24X131
W24X94
W24X94

Doubler Plate Size
Exterior
Interior
[mm]
[mm]
1.59
14.29
1.59
9.53
1.59
17.46
9.53
14.29
11.11
14.29
7.94

Table 1: Geometrical parameters.

Determine the influence of the regularization method is the main purpose of this research.
Therefore, only elements with unknown plastic lengths were modeled with a distributed plasticity approach and the corresponding regularization method. In beams, a fixed plastic length
(the RBS connection’s length) and the absence of coupled phenomena (i.e., axial-flexural interaction) causes that a concentrated plasticity model can accurately represent the deterioration characteristics of these elements. The constitutive law used in the model was presented
by Lignos (2008) [5], and it is known as modified Ibarra-Medina-Krawinkler (mod IMK).
This constitutive capture beam’s strength deterioration, in addition to strength and stiffness
cyclic degradation (Fig.9(c)). More detail of the calibration process and its implementation is
presented in [5,16]. The Panel Zones were modeled with the parallelogram methodology proposed in [17]. This approach uses a moment-shear deformation constitutive law that captures
the joint nonlinear behavior. (Fig.9(b)), which include an initial stiffness, a secondary stiffness after beam flange yielding, and a hardening slope after columns web yielding.
On the other hand, columns were modeled using a distributed plasticity model with a single force-controlled fiber beam-column element with a modified Gauss-Radau integration
method (Fig.9(d)). Three sets of models were developed, varying the plastic length and the
regularization method employed. The first set uses the proposed constitutive law without a
regularization process, the second set presents the initial regularization rules, and the third set
uses the alternative regularization rules. The plastic length was varied from 0.3 to 1.4 the column’s depth in the three sets.
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Figure 9: Modeling considerations. a) Frame model, b) Panel zone, c) RBS, d) Column.

The damping assignation considers a Rayleigh damping ratio of 2.5% applied in the first
period (T1) and on 0.2T1 according to the recommendations given in [14]. In addition, stiffness damping was not assigned on rotational springs to avoid unexpected damping forces due
to stiffness changes after yielding [18]. Therefore, a damping modification was considered for
the concentrated plasticity beam elements; the detail of this modification is presented in [19].
Moreover, the P-delta effects were considered with the leaning column approach, which consists of connecting the lateral displacement of the structure with a zero-flexural stiffness column that carries the non-tributary gravity load.
Once defined the model, a seismic performance assessment requires to determine a procedure to verify the behavior of the structure. ASCE 41 [2] establish two nonlinear procedures
for seismic evaluations: 1) Nonlinear static procedure, 2) Non-linear time-history procedure.
Both approaches are considered using a simplified method that enables determining the model
capability of capturing structural instability with a mesh-independent global response.
4.1

Nonlinear static procedure (NSP)

This procedure uses a monotonic static analysis (Pushover) to assess the nonlinear behavior of the structure under an incremental lateral load. The analysis was performed in accordance with FEMA P-695 [3], where the load pattern was proportional to the first modal
displacement and the mass distribution. In the nonlinear static procedure, the global acceptance criterion for seismic assessment is related to the maximum drift reached on a target
roof displacement. Therefore, the differences showed in the capacity curve are directly related
to the differences in the structure’s seismic performance using this procedure. The results are
presented as the capacity curve with the basal shear/weight ratio (V/W) versus the roof drift
(Δr/Hr) (Fig.10(a, b, c)). In addition, the structure drift profile is presented at three different
events: 1) at the yielding point (0.8%), maximum capacity, and the last step previous basal
shear becomes negative.
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Figure 10: NSP. a) Non-regularized, b) Initial regularization, c) Alternative regularization

It is noticeable that for lower roof drifts demands (less than 0.8%), there is no need for the
regularization because the columns do not present softening incursions (Fig.10(a1, b1, c1)).
However, on the maximum capacity and the last drift, there is a significant difference in the
non-regularized models with variations of 25% and 20%, respectively. Also, it is noticeable
that shorter plastic lengths lead to less ductile behavior (Fig.10(a)). In contrast, the regularized
results lead to objective responses regardless of the plastic length used in the analysis
(Fig.10(b, c)). There is a variation of 5% on the maximum capacity drift profile using the initial regularization rules (Fig.10(b2)). However, despite that difference, the two regularization
rules lead to an objective global response of the structure during the entire analysis.
A more detail summary of the pushover curve is presented in Table 2, where the drift at the
maximum basal shear (δVmax), the last drift reached by the model (δlast), and the number of
Newton-Raphson’s iterations until the end of the analysis (NRiter) are presented. This table
shows the variations of the non-regularized models not only in the δlast, but also in the δVmax
which lead to verify the importance of a regularization method even before the secondary
(negative) stiffness of the pushover. These differences become negligible whit both regularization methods. These results show that on NSP, it is possible to achieve an objective response despite the weight of the most demanded IP, without increasing the Newton-Raphson
iterations.

Lp/Lpc
0.3
0.4
0.5
0.6

Non-regularized
δVmax
δlast
NRiter

Initial Regularization
δVmax
δlast
NRiter

1.00
1.01
1.02
1.03

1.23
1.23
1.23
1.22

1.77
2.49
2.58
2.77

267
545
615
605

3.21
3.20
3.19
3.18
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868
858
832
812

Alternative Regularization
δVmax
δlast
NRiter
1.27
1.24
1.23
1.23

3.27
3.24
3.22
3.20

871
790
806
737

Sebastian. Pozo, Bryam. Astudillo, Esteban Samaniego, and Francisco Flores

0.7
0.8
0.9
1.0
1.1
1.2
1.3
1.4
μ
σ

1.05
1.11
1.16
1.21
1.24
1.24
1.24
1.20

2.85
2.98
3.07
3.15
3.21
3.26
3.31
3.34

592
475
659
880
760
728
897
753

1.22
1.22
1.21
1.21
1.21
1.21
1.21
1.21

3.17
3.16
3.16
3.15
3.15
3.14
3.13
3.12

843
786
924
880
890
720
653
707

1.22
1.22
1.22
1.21
1.21
1.21
1.21
1.21

3.19
3.17
3.16
3.15
3.14
3.13
3.12
3.11

768
782
739
880
650
849
646
641

δVmax

δlast

NRiter

δVmax

δlast

NRiter

δVmax

δlast

NRiter

1.13
0.10

2.90
0.43

648
168

1.22
0.01

3.16
0.03

815
80

1.22
0.02

3.18
0.05

764
81

Table 2: NSP Roof drift and Newton-Raphson’s iterations.

4.2

Nonlinear time history procedure (NDP)

This procedure requires to subject the structure to a set of ground motions scaled to the desired seismic intensity, and the median of the maximum responses of the structure is evaluated under specific criteria [2]. In this study, the structure was subjected to one ground motion
as a simplified method to verify the constitutive law and the regularization process. The
Kocaeli, Turkey ground motion of 1999 was selected and scale under three seismic intensity
levels that represent a service level, design level, and maximum considered earthquake (MCE)
level. The results of the time-history nonlinear analyses are presented as the 1st inter-story
drift response at each intensity level (Fig.11).

Figure 11: NDP. a) Non-regularized, b) Initial regularization, c) Alternative regularization

The results show that regularization is not necessary for lower intensity levels as the services one (Fig.11(a1)), and for the design level, the differences are not considerable
(Fig.11(a2)). However, at the MCE level, the non-regularized models show a completely different response, and the localization caused structural instability in two models (Fig.11(a3)).
On the other hand, both regularization rules lead to an objective response (Fig.11(b1-c3)). The
effect is mainly significative under the highest seismic intensity level, where the differences

104

Sebastian. Pozo, Bryam. Astudillo, Esteban Samaniego, and Francisco Flores

are negligible (0.5%, on the maximum drift, and 0.2% on the residual drift). There is no significant difference between the initial and the alternative regularization method.
Similar to the NSP analysis, the maximum inter-story drift (δMax), the maximum residual
inter-story drift (δRes), and the number of Newton-Raphson iterations until the end of the
analysis (NRiter) are presented in Table 3. For instance, the models without regularization and
with plastic length lower than the calibration one (Lp/Lpc<1.0) present higher deformations
than the base case (Lp/Lpc=1.0). The opposite behavior is noticeable in models with plastic
lengths’ higher than the calibration (Lp/Lpc>1.0). In contrast, both regularization proposals
yield to negligible variations in the δmax, and δRes with the same computational cost analysis
even in a complex nonlinear time-history analysis with high seismic demand.
Non-regularized

Lp/Lpc δMax
δRes
0.3
10.04 10.04
0.4
10.11 10.11
0.5
5.14 2.72
0.6
4.84 2.02
0.7
4.70 1.76
0.8
4.60 1.58
0.9
4.55 1.48
1.0
4.51 1.41
1.1
4.49 1.36
1.2
4.47 1.41
1.3
4.46 1.31
1.4
4.46 2.92
Lp/Lpc δMax
δRes
μ
5.53 3.18
σ
2.04 3.13

NRiter
3225
4134
6421
6084
6537
6430
6049
5888
6614
5525
6082
4278
NRiter
5606
1064

Initial Regularization

δMax
4.25
4.31
4.36
4.40
4.43
4.46
4.49
4.51
4.53
4.55
4.56
4.56
δMax
4.45
0.10

δRes
1.06
1.15
1.21
1.26
1.31
1.35
1.38
1.41
1.44
1.47
1.50
1.50
δRes
1.34
0.14

NRiter
6015
6601
6629
5911
6439
6044
5916
5888
6518
6137
6441
6314
NRiter
6238
271

Alternative Regularization

δMax
4.17
4.25
4.31
4.37
4.41
4.45
4.48
4.51
4.54
4.56
4.58
4.59
δMax
4.43
0.13

δRes
0.96
1.07
1.15
1.22
1.28
1.33
1.37
1.41
1.45
1.50
1.45
1.47
δRes
1.30
0.17

NRiter
6806
6656
5851
5909
6111
5996
5903
5888
6501
6794
5984
6221
NRiter
6219
354

Table 3: NDP maximum inter-story drift and Newton-Raphson’s iterations for the MCE hazard level.

5

CONCLUSIONS AND RECOMMENDATIONS

This study focuses on assessing regularization rules applied on a phenomenological calibrated steel material that includes softening in the constitutive law. The regularization was
tested on a monotonic cantilever test and an eight-story Special SMF building. In addition, the
regularization and the constitutive law were assessed under different levels of seismic intensities to determine its applicability for seismic assessment of Special SMF. The main conclusions of this study are:
x The phenomenological calibration captured the behavior of steel W-section adequately under different conditions of load protocol and axial load demands. Also,
the phenomenological calibration included the softening branch, which simulated
the local geometrical instability of the experimental test.
x The process to define the regularization rules led to identifying essential tendencies
of the constitutive law parameters and the mesh-discretization in the global response. Furthermore, this process established an intuitive method to develop regularization rules that reduced the spurious mesh-dependence of the model.
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x

The seismic assessment of Special SMF using distributed plasticity models showed
that regularization was not required in lower levels of seismic intensity because the
structure remained substantially elastic. However, in higher demands such as design or MCE, the regularization of the constitutive law became critical to achieving
objective responses.
x The regularization rules presented in this study led to objective responses under all
the tested analyses. Moreover, there was no significant difference between the two
groups of regularization rules, and both of them can be used in seismic performance
assessment.
x This regularization process leads to a simple method that controls the meshdependence of global results. Furthermore, the procedure does not require additional implementation on OpenSees (i.e., elements, materials, or analyses). Also, since
the procedure does not require a fine mesh-discretization, it can be used to reduce
the number of elements, or integration points per structural element without compromising the global response.
This study presented limitations regardless of the single archetype used in the seismic assessment section. The effect of the constitutive law and the regularization rules should be tested on a broader range of Special SMF. Also, the performance conditions considered in this
structural seismic assessment are related to global performance criteria; a more detailed performance-based analysis is required that includes local conditions such as element rotations.
A significant improvement in considering the distributed plasticity model in columns is
that it explicitly captured the axial-flexural interaction. Adding this effect enabled an axialshortening assessment that was not taking into account in this research. Further research needs
to be carried in order to determine if this phenomenon is critical in the seismic performance
assessment of Special SMF.
6
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Abstract. A critical step of building a reliable Finite Element (FE) model is closing the gap
between the actual and the simulated structural behaviour by utilizing FE model updating methods. Current updating methods typically require hand-crafted features such as natural frequencies and mode shapes. As a result, limitations in identifying these features are becoming also
limitations in the updating process. With the ability to utilize raw data, Deep-Learning (DL)
algorithms have the potential to avoid such limitations. This paper aims to validate the efficiency of 1D Convolutional Neural Networks (CNNs) in estimating FE model parameters using
synthetic acceleration data. The performance of 1D CNNs was tested on a simple FE beam
model. The influence of training pair numbers, and acceleration signal duration on the algorithm performance was evaluated. The results indicate that the 1D CNNs have the ability to
estimate FE model parameters with high accuracy. Final results indicate that the standard
damage detection and the more novel model parameter estimation, through using 1D CNNs,
can be practised synchronously with equally good results.
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1

INTRODUCTION

Finite element (FE) modelling has been in broad use for analysing structural behaviour [1],
even though there are uncertainties and assumptions inherent in it (e.g. material properties,
boundary conditions) [2]. These uncertainties may compromise the ability of an FE model to
simulate the actual static and dynamic behaviour of a structure. To reduce the uncertainties and
build a reliable FE model, a reconstruction of it can be considered by calibrating its parameters
based on actual structural behaviour data, a process widely known as FE model updating.
FE model updating methods are broadly classified into non-iterative and iterative ones [2,
3]. The former are computationally efficient yet, they tend to produce physically meaningless
results. For this reason, they are not widely used in practice [3–5]. On the other hand, iterative
methods can overcome this limitation.
Iterative methods estimate a set of FE model parameters by using error minimization techniques; however, there are several concerns associated with their deployment. Namely, some
of the methods may converge prematurely to a local optimal solution; such is the case of the
Particle Swarm Optimization (PSO). Others rely on a rather complex implementations; such is
the case of genetic algorithms [3]. Neural Networks (NNs), being another class of Machine
learning (ML) algorithms, provide an alternative solution to avoid such concerns owing to their
inherent learning-process step.
NNs can learn any non-linear/complex relationship between the structural response (as embedded for instance within natural frequencies and mode shapes) and a set of FE model parameters [6]. For this reason, several attempts have been made to update FE models using NNs.
One of the first attempts was made by Levin and Lieven [7]. In their study, a numerical model
of a ten-element cantilever beam was used. They updated the Young’s moduli and the density
of each element working only with the first five frequencies and mode shapes. They concluded
that NNs can withstand the presence of noise even when there is limited data. The limitation of
using modal parameters is that the ensuing modal analysis techniques used for extracting them
carry assumptions and approximations. On the other hand, the Frequency Response Functions
(FRFs) are directly measured in structures. For this reason, Sadr et al. [8] used FRFs to improve
NNs’ performance in FE model updating. However, training NNs with the large size of FRFs
could be time consuming due to the algorithm shallow-learning architecture. To tackle the
trade-off between computational cost and algorithm performance, they used Principal Component Analysis (PCA) as a data reduction method. This approach was verified on a numerical
(ten-degrees-of-freedom lumped parameter system) and an experimental example (free-free
beam). In real-life applications, Sabamehr et al. [9], applied NNs to update FE models of three
different bridges. In this study, the change of stiffness of some elements was estimated using
NNs and natural frequencies.
A constraint of NNs in FE model updating is that the output data (e.g. FE model parameters)
need to be equal or less than the number of input data (e.g. structural responses) [10]. Furthermore, any artefact in the modal parameter identification or the FRFs’ reduction would carry
over on the final NNs results.
The recent advancements in ML algorithms have led to developing Deep Learning (DL)
algorithms, in which the machine can learn by using only raw data [11]. DL algorithms (e.g.
Convolutional Neural Networks -CNNs-) have the potential to avoid the drawbacks of traditional NNs.
For instance, modal parameter identification techniques, with their limitations and constraints on the FE model updating process, can be bypassed by utilizing raw acceleration data.
As a result, the advantages of the learning process of NNs are maintained and the drawback of
utilizing hand-crafted features is overcome.
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1D CNNs have already been implemented successfully in vibration-based applications in
civil, mechanical and aerospace engineering [12–15]. 1D CNNs can learn from vibration data
arranged in the form of a vector, which is convenient for one-point response data, or a matrix,
which is convenient for multi-point response data. Abdeljaber et al. [15] used the vector form
to identify and locate structural damage at the joints of a laboratory steel grandstand-like frame
by using 1D CNNs and acceleration data. The results of this study show that the 1D CNNs have
the ability to detect damage at several structural conditions with high accuracy even though
these structural conditions were not included in the training data. The limitation of this study is
that the number of the structural conditions for training the 1D CNNs should equal the number
of the considered joints as well as that the structural condition which represents the undamaged
structure needs to exist. To overcome this limitation, Abdeljaber et al. [14] used only two structural conditions, namely, undamaged and severely damaged to assess the overall structural condition of a benchmark structure (four-story, braced steel structure). Different structural
conditions, which simulate different level of overall damage, were used to evaluate the algorithm. In their study, a good estimation of the overall structural condition was reported. On the
other hand, Zhang et al. [16] used a matrix of acceleration time histories as input data to detect
structural damage. The method was validated on three different structures, including an in-service steel girder bridge. In their study, the structural damage was simulated by adding a mass
to the structures. Several structural conditions were simulated by changing the position of this
mass. The multi-points acceleration responses of each structural condition were used as training
and validating data. The latter data was used to evaluate the accuracy of the 1D CNNs performance. The results show a high accuracy (97.2% - 99.5%) in detecting and locating the structural damage.
Inspired by the aforementioned achievements of the 1D CNNs in classification of structural
conditions, this paper is aiming to validate the efficiency of 1D CNNs in estimating FE model
parameters. A simple numerical cantilever beam model was adopted and different levels of
artificial damage were considered for it through the introduction of a non-rigid rotational support. The beam was dynamically loaded for producing synthetic acceleration data. The, multipoint acceleration responses, were formed into an input matrix to estimate the parametrically
varying rotational stiffness of the cantilever beam. By this approach, the FE model updating
process can be performed simultaneously with detecting and evaluating structural damage.
The paper is organised as follows. The background of 1D CNNs is first reviewed. Then, the
proposed method of the FE model updating technique is presented, including reference to previous relevant studies. The performance of the algorithm is then analysed as a function of the
number of training data cases, and the acceleration signal duration. Finally, the trained 1D
CNNs is tested to validate the proposed methodology.
2

OVERVIEW OF 1D CONVOLUTIONAL NEURAL NETWORKS (1D CNNS)

CNNs used in this study consist of two stages; the feature extractor stage and the fully connected
layer stage [17] as illustrated in Figure 1.
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Figure 1: An architecture of 1D CNN includes feature extraction and regression stages.

Extracting features is achieved by stacking and alternating convolutional layers and pooling
layers. Figure 1 shows only one convolutional layer and pooling layer for illustration purposes.
In the convolutional layer, the input data are convolved by learnable filters and activation functions to generate feature maps. It is worth noting that the activation function is used to introduce
nonlinearity to the algorithm, which in turn improves the algorithm learning from complex
structural data. There are different types of activation functions such as Rectified Linear Unit
(ReLU), sigmoid and linear activation function [18]. As a side effect of generating feature maps,
the dimension of data is increasing as shown in Figure 1, where each learnable filter generates
a feature map. To reduce the data dimension, pooling layers are used. The pooling layers use a
pooling function to operate. The most common pooling function is “max pooling”, which convolves over the feature map to select the maximum value of the covered portion. An added
benefit of the max pooling function is that it performs a denoising role [19].
In the second stage of CNNs, fully connected layers perform regression based on the extracted features in the first stage. The fully connected layers are the traditional NNs. After the
second stage, the prediction error is estimated by a loss function such as the Mean Square Error
(MSE). To reduce the error, an optimization function (e.g. Adam as in [20]) is used to update
the learnable parameters of the filters in the first stage. In the following section, the FE model
updating approach using 1D CNNs is introduced besides related studies which include FE
model updating applications using NNs in order to draw similarities for the proposed technique.
3

TRAINING AND VALIDATING THE 1D CNNS

FE model updating by using 1D CNNs, generally, consists of three steps: generating sufficient training data; preparing the training data to train the 1D CNNs; and training and validating
the 1D CNNs performance.
Generating training data is a critical step for 1D CNNs’ performance. The training data include pair vectors (hereafter called training pairs), where each consists of a vector of FE model
parameters (i.e the 1D CNN output), and a vector of their corresponding structural responses
(i.e. the 1D CNN input). The training pairs are aimed to cover a wide range of structural conditions. For example, the output vector of Sabamehr et al. [9] includes ± 50% variations of the
stiffness of a Pre-Stressed Concrete Box (PSCB) girder bridge. In the case of a voided slab
bridge, they assumed variations of ± 20%. In the Lu and Tu [21] study on a numerical model
of a lumped-mass stick, which simulates a six-storey building frame, the inter-storey sway stiffness was assumed to range between 100% to 35% to represent undamaged and highly damaged
frame members, respectively. After selecting the configuration of the parameter values for each
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output vector, the input vectors can be numerically simulated to form the training pairs which
would later be prepared for training the 1D CNNs.
Various techniques of preparing training pairs are typically used to improve the algorithm
performance, such as data normalisation, data augmentation, padding, shuffling, and the minibatch technique. Normalising training pairs allows to overcome the drawback of larger values
dominating over smaller ones on the algorithm performance [22]. In the Avci et al. [23] study,
the acceleration signals of the input vector were normalised in the intuitive range of (-1,1).
Because their study was considering damage identification, the output vector was containing
only two values, 0 and 1 for the damaged and undamaged cases, respectively. This (0,1) range
was used also by Lu and Tu [21] for the output vector in their study of FE model updating using
NNs.
Another technique is data augmentation which is often used to increase the number of training pairs when there is limited data [24]. For example, window slicing, which is a data augmentation technique, was introduced for time series in [25]. In this technique, the original time
series data is sliced to several segments. Avci et al. [23] applied window slicing in civil engineering application. They sliced the available acceleration signals to several vectors. In this
way, each training pair was divided into several training pairs. In the same manner, several
acceleration signals, which form a matrix, can be divided into submatrices.
On an adverse note, the introduction of the submatrices leads to compromising the feature
extraction process around the border of each submatrix. Namely, the data of the first and the
last rows of these submatrices would be scanned only once by the learnable filters. To tackle
this issue, the submatrices can be upsized by adding zeros around the borders (padding [26]).
In this way, the first and the last rows are covered more than once by the learnable filters.
In addition to the aforementioned techniques, the shuffling of the training pairs is crucial to
avoid any bias in the learning process of the algorithm. Finally, updating the learnable parameters after each mini-batch (i.e. portions of the training pairs), instead of one batch (i.e. all the
training pairs), can improve the 1D CNN performance and reduce the computational cost. The
algorithm requires several passes of all the mini-batches to improve, where each pass is called
epoch [11, 27].
For the stage of training and validating the algorithm performance, part of the training pairs
(hereafter called validating pairs) are not included in the training process. The validating pairs
are utilized to validate the algorithm performance throughout the training process. The validating process is achieved by using a loss function (e.g. MSE). The algorithm can be considered
as well-trained when it produces an acceptable error on training pairs as well as validating pairs.
Once the algorithm is well-trained, it can be fed the measured structural response of the actual
structure to estimate the FE model parameters. These values of the FE model parameters are
not necessarily included in the training and validating pairs owing to the regression operation
of the 1D CNNs.
Some parameters of 1D CNNs can by adjusted by the user to improve the algorithm performance; such can be the number of the convolutional and pooling layers, the size and number of
the learnable filters, the type of activation functions, and the optimization function. The adjusting process of these parameters is called hyperparameter tuning [27]. The manual approach of
hyperparameter tuning was adopted by many researchers in mechanical and civil engineering
[14, 15, 24, 28]. In this approach, some “rules of thumb” or expert judgment is required. For
example, using smaller size learnable filters in multiple convolutional layers would be better
than larger size learnable filters in a single convolutional layer. Also, the number of the learnable filters in the first convolutional layers should be more than their number in the last convolutional layers. The ReLU activation function is recommended to be used in the convolutional
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layers, while the linear activation function is suitable for regression output layer. Also, the MSE
is suggested as a loss function for the regression task of the algorithm [27].
4

NUMERICAL EXAMPLE

A simple numerical example is used in this section for illustrating the implementation of 1D
CNNs in FE model updating. The numerical example is a 3D FE model of an I-section cantilever beam which was simulated using shell elements in Abaqus [29]. The cantilever beam is
made up of steel with density 7850kg/m3, Young’s modulus 210GPa, and Poisson’s ratio 0.3.
It has a cross section area cover of 100×100mm, with flange and web thickness of 8mm and
6mm, respectively. The cantilever length is selected as 2.5m so that any shear contributions in
the output deflection can be minimised and analytical validation of the FE model can be performed by using standard Euler-Bernoulli beam theory [30], [31].
4.1 Validation of FE model
In this section, the static and dynamic behaviour of the model was validated before pursuing
any FE model updating. First, the analytical value of the maximum deflection of the cantilever
was calculated. For a static vertical point load of 2kN, applied at the cantilever free end, the
corresponding analytical deflection compares with the numerical deflection as shown in Table
1. In a follow-up step, the natural frequencies of the first four modes were calculated analytically and were compared to their numerical counterpart, as shown in Table 2. Results show that
both the static and dynamic behaviour of the FE model is in good agreement with the theoretical
expectations. It should be noted that although the error in the 2nd bending mode is higher than
the error in the other modes, it is not considered significant.
Table 1: Comparison of the numerical and analytical solution of the cantilever tip deflection.

Numerical solution
Vertical displacement 13.55mm

Analytical solution
13.44mm

Error %
0.8

Table 2: Comparison of the numerical and analytical solution of the cantilever natural frequencies.

Natural frequency (Hz)
Numerical solution Analytical solution
11.663
11.642
19.393
19.265
36.441
73.096
72.433
121.540
115.63

Mode type

Error %

1st lateral
1st bending
1st torsional
2nd lateral
2nd bending

-0.2
-0.7
-0.9
-4.9

After validating the cantilever FE model, different states of the in-plane rotational boundary
condition, considered equivalent to damage, were simulated and studied by using different values for the in-plane rotational spring stiffness. It is to be noted that the cantilever mechanism
of carrying the main load is having a primarily bending behaviour [32]. The value of the rotational spring (1013 N.mm/rad) was selected as the case where the frequency of the 1st bending
mode of the rotational spring-supported beam is matching the corresponding frequency of the
fixed cantilever beam. For this task, the 1st bending mode is selected since the in-plane rotational spring stiffness is not expected to couple considerably with the lateral modes.
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4.2 Generating training pairs and training the 1D CNNs
Specifying the training pairs means specifying both the output and input vectors. The output
vectors consist of different values of rotational spring stiffness to simulate different states of
the support. To illustrate, a 10% reduction on the initial stiffness value is considered accounting
for a nominal 10% damage at the support. The input vectors consist of vertical acceleration
responses at four equidistanced locations as shown in Figure 2. For the dynamic excitation of
the cantilever beam, a vertical monoharmonic force of 100N amplitude and 10Hz frequency
was applied at the free end of the cantilever from zero initial conditions; acceleration response
signals were sampled at 200Hz. The four acceleration signals are forming a matrix with four
columns, for each rotational spring case.

Figure 2: (a) Locations of acceleration response measurements on the spring-supported cantilever beam (not to
scale), (b) beam’s cross section, and (c) location of monoharmonic force.

Subsequently, the training pairs were prepared to improve the algorithm performance by
data normalisation, data augmentation, and padding techniques. First, each input matrix of the
training pairs was normalised in a range of (-1,1), while the output vector was normalised in a
range of (0,1). Secondly, a data augmentation technique was adopted by dividing the matrices,
after each 20 time steps, forming 1000 submatrices. Finally, the padding technique was applied
to each submatrix. 10% of the prepared training pairs were used as validating pairs.
Thereafter, the 1D CNN was implemented using the Python library Keras [18]. The 1D CNN
was developed in the cloud-based computing service provided by Google called Google Colaboratory (Colab) [33]. This cloud service provides a Graphics Processing Unit (GPU) which
accelerates the training phase.
Table 3: Proposed 1D CNNs architecture

No. Layer

Layer type

Filter size

No. filter

Activation function

1
2
3
4
5
6
7

Input layer
Convolution
Max pooling
Convolution
Average pooling
Fully connected
Fully connected

3
2
3
2
-

32
32
64
64
32
1

ReLU
ReLU
ReLU
Linear
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The error of the 1D CNNs was estimated by the MSE loss function, after feeding 64 submatrices (i.e. mini-batch size) a time. The MSE was reduced by the Adam optimisation method
and the process was repeated for all mini-batches for 80 times (i.e. number of epochs). The
algorithm architecture and parameters selected by trial and error are reported in Table 3.
Training the 1D CNN with more data would improve its performance. However, generating
more data would increase the computational cost. To find a sufficient data size which yields a
good performance of the algorithm, the influence of several data sizes on the algorithm’s performance were evaluated. The several data sizes were realised by increasing (1) the number of
training pairs, and (2) the acceleration signal duration. It is worth noting that the learnable parameters of the filters have random initial values for improving the algorithm performance. As
a consequence, the MSE of a 1D CNN simulation is not a unique value [34]. Inspired by the
work of Lee et al. [34], the average MSE of ten simulations was considered for evaluation
purposes as shown in Table 4.
Table 4: Example of averaging MSE of ten simulations of a 1D CNN.

No.
1
2
3
4
5
6
7
8
9
10
Average

MSE
0.0015
0.00303
0.00206
0.00358
0.00133
0.00221
0.00372
0.00099
0.00396
0.00123
0.00236

Figure 4: The influence of acceleration signal duration on the MSE.

Figure 3: The influence of number of training pairs
on the MSE.

115

M. Almutairi, O. Avci and N. Nikitas

To evaluate the influence of the number of training pairs, the 1D CNN was trained by (1)
five, (2) ten, and (3) fifteen training pairs which were selected randomly within a range of rotational stiffness between 1013 and 1011 N.mm/rad (i.e. simulating undamaged and 99% damaged support respectively). In the three cases of training pairs, the maximum and minimum
spring stiffness values were included. Also, the length of the acceleration response signals were
100s. Figure 3 shows that the averaged MSE in the first case is almost triple its value in the
second and third cases. Also, the averaged MSE of the third case differs only marginally from
the second case. Therefore, the third case is adopted, as having reached convergence, and used
hereafter in this study.
The influence of the acceleration signal duration on the algorithm performance was evaluated by focusing on four different signal durations: 25s, 50s, 75s, and 100s. Figure 4 shows
that longer signal duration improves the algorithm performance, as intuitively expected. It can
be noticed that the difference of averaged MSE between the 25s and the 50s cases is larger
than the difference between the 75s and the 100s cases. Therefore, the adopted acceleration
signal duration in this study was selected as 100s.
4.3 Testing the CNN performance
After comparing the averaged MSEs for evaluation purposes, the trained 1D CNNs with the
lowest MSE (0.00099) was selected for this section. Throughout the training and validating
process, the MSE was calculated after each epoch as shown in Figure 5. The same figure shows
good convergence between the MSE of both training and validating pairs, which means that the
algorithm is categorized as a “well-trained” one.

Figure 5: Training performance in term of MSE.

Then, four new cases of rotational spring stiffness (Table 5), which are within the range of
stiffnesses that were used in the training pairs, were considered to test the efficiency of the 1D
CNNs within an FE model updating approach. These four cases were used to generate four
testing pairs. The selection of these testing pairs was done to study the effects of the availability
of training pairs around each test pair. To illustrate, the number of training pairs around the first
and the fourth testing pairs are more than the second and the third testing pairs.
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Table 5: Rotational spring stiffness and corresponding damage for generating testing pairs.

No.
1
2
3
4

Spring stiffness (N.mm/rad)
9×1012
7×1012
6×1012
4×1012

Damage %
10
30
40
60

As mentioned earlier, the input matrix of each pair was divided into 1000 submatrices. In
this way, the algorithm is producing 1000 estimations for each testing pair. Table 6 shows an
example of some estimations of the algorithm in the case of the first testing pair (i.e. 9×1012
N.mm/rad). Subsequently, the estimations were averaged to represent the final selected spring
stiffness. The remaining testing pairs were fed to the algorithm one at a time to have 1000
estimations at each time. Table 7 shows the averaged estimations of the four testing pairs compared with the actual spring stiffnesses. It is shown that the errors of the 1D CNN estimations
are between -0.4% and 5.1%. From the results, it is clear that the more training pairs around
and the testing pair (e.g. the second and the third cases), the higher accuracy can be achieved.
The results show that the 1D CNN, in the presence of sufficient data, can not only evaluate the
level of damage, but also estimate the value of associated FE model parameters.
Table 6: Example of the 1D CNNs estimations for
9×1012 N.mm/rad spring stiffness.

Table 7: The accuracy of the 1D CNNs estimations for
four cases of spring stiffness.

Spring stiffness (N.mm/rad)
9.052×1012
8.25×1012
9.038×1012
..
8.036×1012
9.057×1012
5

Spring stiffness (N.mm/rad)
Actual
Estimated
12
9×10
8.92×1012
12
7×10
7.36×1012
6×1012
6.15×1012
12
4×10
3.98×1012

Error %
-0.9%
5.1%
2.5%
-0.4%

CONCLUSIONS

In this paper, a 1D CNN was implemented for estimating FE model parameters. A numerical
example of a 3D cantilever beam was used to validate the efficiency of the algorithm. The 1D
CNN was trained to estimate a parametrically varying rotational base spring stiffness, which
represented damaged states of the originally rigid support; for input acceleration data from a
small number of points was used. The performance of the 1D CNN was evaluated as a function
of the number of training pairs, and their actual length/size.
Results show that the benefit of increasing the training data size is significant for the algorithm performance. However, this benefit, generally, is decreasing with progressively increasing data sizes. For the application in hand, the sufficient training data size consists of fifteen
training pairs and 100s duration of the acceleration signals.
The well-trained 1D CNNs, having a 0.00099 MSE, was used to estimate different rotational
spring stiffness values, = not included within the training pairs. The results prove that the algorithm is capable of estimating the FE model parameter within an error band of -0.4% to 5.1%.
The results also indicate that the 1D CNNs can be used in FE model updating with little modification of their more widespread equivalent damage detection version.
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Abstract. This paper presents a dynamic analysis of a single-storey frame composed by one
beam and two columns in order to compare the modal analysis results of a full-continuous
analytical formulation, based on the Euler-Bernoulli model, to different simplified discrete
models. The four models analyzed, through Maplesoft 2015.1, are: shear frame model, concentrated mass model, and consistent mass model, which are discrete models, and a fullcontinuous analytical formulation based on the Euler-Bernoulli model. Historically, simple
discrete models, such as the shear building model, have been used rather than continuous
analytical formulations due to their simplicity and good accuracy in many practical situations.
Nevertheless, geometric characteristics of current structures have changed and, consequently,
their dynamic behaviour tends to depart from those ideal for many simplified discrete models.
The results obtained illustrated the effect of the element’s slenderness and the model type on
the first natural frequency obtained with the four different models. The slenderness of 50 represented a benchmark for result analysis, with the concentrated and consistent mass models
presenting frequencies similar to the Euler-Bernoulli model when the column slenderness was
higher than 50 and the beam slenderness was lesser than 50. Also, the analysis of the first
mode shape suggested that this property is not highly influenced by the model type.
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1

INTRODUCTION

Response analysis of structures subjected to dynamic loading, such as earthquakes, winds,
waves, rotating machines, and vehicle traffic depends, first of all, on carrying out the modal
analysis of the structure [1]. The modal analysis is performed considering only physical and
geometric characteristics of the structure, from which it is possible to calculate natural frequencies and mode shapes. Natural frequencies of structure represent physically the number
of cycles that each simple harmonic motion of its respective mode shape performs per second
[2].
Before carrying out the modal analysis, it is necessary to discretize the structure in a reasonable amount of degrees of freedom for a preliminary assessment. From the results obtained,
additional degrees of freedom may be necessary for more detailed investigations on the dynamic behaviour of the structure [3].
The precision and convergence of the results directly depend on how discretized the structure is, that is, they depend on the amount of degrees of freedom that the structural model has.
However, there are many structures that can be represented only by its first natural frequencies and mode shape without impairing the accuracy of the results. In this way, the amount of
degrees of freedom can be considerably reduced [2].
A full continuous model, including an infinite amount of degrees of freedom, should be
used for the best possible accuracy [4]. But sometimes it is not common to use such analysis
due to the high complexity equations that arise in this mathematical model [5].
Even when modelling a simple three-bar frame structure, the dynamic analysis turns into a
time consuming and error prone algebraic exercise. But due to advances in computational
software based on symbolic calculations, such problems can now be easily handled by computers. This turns to be very appropriate, since, in the last instance, the algebraic problem of
the dynamic analysis of structures, as continuous systems, is translated in a single transcendental equation, which has only closed form solutions for very simple cases [6]. Usually, a
numerical procedure, with the aid of graphical analysis, is then employed to solve this transcendental equation and, finally, the whole dynamic problem, providing the natural frequencies and mode shapes.
A couple of literatures and researches contributed to the development of natural frequencies of some types of structures. Blevins [7] presents tables and formulas for the determination of the natural frequencies and mode shapes, taking into account the effects of bending,
shear, torsion and axial forces in beams modelled as continuous systems.
Clough and Penzien [8], Humar [9], and Craig and Kurdila [10] show examples of continuous system analysis of a cantilever beam coupled to a concentrated mass at its free end.
Similarly, Clough and Penzien [8] present boundaries conditions, compatibility equations and
equilibrium equations of a plane frame continuous model composed by one column and one
beam. However, in these literatures, only the algebraic equations obtained from the boundary
and equilibrium conditions are presented, without performing any further mathematical development.
Bomtempo [11] and Bomtempo and Pedroso [12] carried out studies regarding the dynamic behaviour of continuous and discrete models of an offshore structure. These models
consisted of a cantilever beam coupled to the concentrated mass and mass moment of inertia
in order to evaluate the effects of a deck in relation to a monoleg offshore platform.
Vu et al. [13] and Seibel and Copetti [14] developed dynamic analysis under free and
forced vibrations of double-beam system. The two beams are connected through spring and
damper taking into account different types of loadings and boundary conditions. From
Euler-Bernoulli dynamic equation, the natural frequencies were calculated.
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Morelato [15], Maiz et al. [16], Migoto [17] and Roncevic et al. [18] performed analytical
solutions for natural frequencies and mode shapes of Euler-Bernoulli beams with non classical boundary conditions, for example, translational and rotational spring, inertial and attached
mass, and damper.
Koplow et al. [19], Jaworski and Dowell [20], Lu et al. [21] , Giunta and Cicirello [22] and
Yu et al. [23] presented closed form solutions for dynamic response for one and multiple
stepped beams when there is change of material or cross section shape. The analytical solutions were compared with experimental and finite element numerical results for different
boundary conditions.
Tsai [24] used the dynamic stiffness method with the intention to perform a dynamic
analysis of a plane frame taking into account the effects of mass distribution in the beam elements. The Wittrick–Williams algorithm was used to identify the natural frequencies.
Failla [25] performed an exact vibration analysis of one and two storey plane frame considering generalised parameters of discrete multi-mass-multi-spring subsystems and elastic
rotational joints.
To the best of knowledge of the authors, no work has presented a study about direct comparison between simplified discrete techniques and full continuous formulation based on
Euler-Bernoulli theory.
In this sense, this work has the objective to compare the modal analysis results, natural frequencies and mode shapes, obtained from a set of simplified discrete models, such as shear
frame, concentrated mass, and consistent mass, to those obtained from a full-continuous analytical model based on Euler Bernoulli theory. A one-storey plane frame is used in the study
for the sake of brevity, but the formulations presented here can be easily extended to more
complex frame structures. The influence of relevant design parameters, such as beam and columns slenderness, over the fundamental frequency of each analysis model is evaluated and
discussed.
In all the results only the fundamental vibration mode was considered, since the shear
frame model has only one degree of freedom.
2

MATHEMATICAL FORMULATIONS

In this chapter, mathematical formulations for the case of one-storey building for the four
models studied in this work are presented, based on some literatures [6, 8]. The usual simplification of considering only flexure stiffness in the analysis of frame elements is employed. In
the formulations, the sub-indexes h and v identify horizontal and vertical elements, respectively. The K, I, M, L, ρ, and ω symbols represent, respectively, the stiffness coefficient, moment of inertia, mass, length of each frame element, mass distributed per unit length and
frequency.
2.1

Shear frame model

Figure 1 shows the shear frame model for one-storey building which represents the structure in a single degree of freedom with some unique characteristics.
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Figure 1: Shear frame model.

The horizontal elements are considered perfectly rigid, contributing only in terms of added
mass. Due to its high stiffness, the horizontal element restrains any rotational degrees of freedom in the nodes to which it is connected, allowing only translational movements. The flexibility of the structure is produced just by the vertical elements, whose stiffness coefficients are
the well-known flexural stiffness coefficients of bar elements obtained by using the Principle
of Virtual Work [26].
The mass of vertical elements is disregarded as insignificant compared to the total mass of
structure. This model tends to yield to better results when the horizontal elements have a high
flexural stiffness when compared to the vertical elements, such as a slab-beam floor system
supported by long columns.
The stiffness and mass matrix degenerate to scalar values, allowing the direct computation
of the natural frequency as:
§ 12 EI ·
2¨ 3 v ¸
© Lv ¹
M U h Lh
K

Z

2.2

(1)

24 EI v
U h Lh L3v

K
M

Concentrated mass model

The concentrated, or lumped, mass model extends the shear frame model in two aspects: (i)
it considers the flexibility of horizontal element; and (ii) considers the mass of vertical elements. In the case of one-storey frame, two extra degrees of freedom are added to the discrete
model which corresponds to the rotation of the nodes.
The masses are still considered concentrated at the nodes of frame, being the mass of vertical and horizontal elements lumped all together in the nodes. The distribution of masses of an
element into its nodes is proportional to the relative distance between two consecutive nodes.
This model, however, does not include the rotational inertia originated by the lumped masses
in the nodes, disregarding its magnitude when compared to the translational inertia.
The concentrated mass model for one-storey frame is illustrated in Figure 2, with all the
relevant parameters indicated. Structures with horizontal and vertical elements of similar
stiffness tend to be well represented by this model.
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Figure 2: Concentrated mass model.

As shown above, the one-storey frame model is represented by three degrees of freedom:
one related to the translational movement in the horizontal direction, and two rotations related
to each of the free nodes of the structure. The stiffness and mass matrixes are, therefore, of
3x3 dimension, and are written as:
M

K

ª 24  E  I v
«
3
« Lv
« 6  E  Iv
«
2
« Lv
« 6 E  I
v
«
2
«¬ Lv

ª Uv  Lv  U h  Lh
«
0
«
«¬
0
6  E  Iv
Lv 2
4  E  Iv 4  E  Ih

Lv
Lh
2  E  Ih
Lh

0 0º
0 0 »»
0 0 »¼

(2)

º
»
»
»
2  E  Ih
»
Lh
»
4  E  Iv 4  E  Ih »

»
Lv
Lh »¼
6  E  Iv
Lv 2

(3)

The determination of natural frequencies requires the solution of the dynamic equilibrium
equation, which ultimately leads, for the case of undamped free vibration, to the following
equation:
det ª¬ Z 2  M  K º¼

0

(4)

By solving the previous equation, three roots for the natural frequencies ω, given in rad/s,
can be found. They are related to the three vibration modes allowed by the three degrees of
freedom present in the discrete model.
2.3

Consistent mass model

The consistent mass model further develops the concentrated mass model by considering
the mass as a distributed parameter in the structure, not only as mere lumped masses in the
nodes. This can be achieved by using the Principle of Virtual Work. This model is fitted for
structures in which the mass is an important factor in the dynamic behaviour and may not be
correctly represented by the concentrated mass model. Figure 3 illustrates the consistent mass
model, for the case in which each element has a homogeneously distributed mass represented
by its mass distributed per unit length ρ.

125

Jonas P. Falcão, Rodolfo A. Carvalho, Renan R. Ribeiro, Ledymar F. Moreno and José L. V. De Brito

Figure 3: Consistent mass model.

Since the only change in relation to the concentrated mass model is the consideration of
distributed mass along the elements, no changes in the stiffness matrix presented on Equation
3 is introduced. By considering mass as distributed along the elements, effects of rotational
inertia are added in the model and the mass matrix becomes dense, which becomes:

M

ª 26
« 35 Uv  Lv  U h  Lh
«
11
«
2
« 210 Uv  Lv
«
11
«
2
«¬ 210 Uv  Lv

11
Uv  Lv 2
210
Uv  Lv 3 U h  Lh 3

105
105
U L 3
 h h
140

11
º
Uv  Lv 2 »
210
»
U h  Lh 3
»

»
140
»
Uv  Lv 3 U h  Lh 3 »

105
105 »¼

(5)

The solution of natural frequencies by this model is of the same type given in Equation 4,
and the three roots found correspond to the natural frequencies associated to each mode shape
allowed by the degrees of freedom.
The consistent mass model can usually be employed in finite element schemes, and has the
following advantages: greater precision and faster convergence with increasing number discretized elements; potential energy and kinetic energy are evaluated in a consistent manner
and, because of this, it is possible to determine how the computed values of natural frequencies relate to the exact values [2].
The accuracy of the results obtained through the consistent mass matrix is only slightly
better than the results of the concentrated mass matrix, since the inertial forces associated with
the rotation of the nodes are not generally significant in many problems of structural engineering. Because of this, the concentrated mass matrix is still widely used [2].On the other hand,
Rao [26] questions that it is not obvious which of the two methods presents more accurate results for the response of the structure, since one method can present more satisfactory results
than the other depending on the dynamic problem and the discretization of elements.
2.4

Full-continuous Euler-Bernoulli model

A full-continuous model for the dynamic equilibrium of a one-storey frame under free vibration can be constructed by applying the following partial differential equation (PDE) to
each element i, properly considering the continuity of the frame in the boundary conditions:
EI i 

w 4ui xi , t
wxi 4

 Ui 
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Considering this is a PDE involving two variables, x and t, a way to solve the problem is
using the Separation of Variables for each element i, which is given by:
ui ( xi , t )

X i ( xi )T (t )

(7)

Substituting Equation 7 into Equation 8, and isolating each variable in a equation side, one
arrives at the equation below, which holds only if each side is equal to the same constant denoted by βi4:
X i( iv )
xi



Ui T
EI i t

Ei4

(8)

This allows to separate the PDE into two ordinary differential equations (ODE) as shown:
 X i( iv ) ( xi )  E i4 X i ( xi ) 0
°
Ei I i 4
® 
°T (t )  U Ei T (t ) 0
i
¯

(9)

The solution of these two ODE is given by:
T t
X i xi

A cos Zt  B sin Zt

Ai cos E i xi  Bi sin E i xi  Ci cosh E i xi  Di sinh Ei xi

(10)

By inspection of the first equations from both Equation 9 and 10, it can be obtained the relation between the frequency ω and the parameter βi defined for each element, as given by :
Z E i2

EI i

Ui

(11)

The boundary equations and compatibility equation for each element are indicated in Figure 4, which also presents the local coordinate system for each element and their identification,
as considered in the computations performed in this work.

Figure 4: Euler-Bernoulli model boundary conditions.

In the Figure 4, the boundary conditions are presented by the first, second, third, sixth,
ninth and tenth equation. The fourth and seventh equation are the compatibility equations for
bending moments at nodes and the fifth and eighth equation are the compatibility equations
for rotation at nodes.
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By applying these boundary conditions to the second equation of Equation 10, considering
the appropriate elements, one obtains a set of 10 equations given by:
A1  C1

0

B1  D1

0

A2  C2

0

(12)

I v E12 (  A1 cos E1 Lv  B1 sin E1 Lv  C1 cosh E1 Lv  D1 sinh E1 Lv )  I h E 22 ( A2  C2 ) 0

E1 ( A1 sin E1 Lv  B1 cos E1 Lv  C1 sinh E1 Lv  D1 cosh E1 Lv )  E 2 ( B2  D2 ) 0
A2 cos E 2 Lh  B2 sin E 2 Lh  C2 cosh E 2 Lh  D2 sinh E 2 Lh 0
I h E 22 ( A2 cos E 2 Lh  B2 sin E 2 Lh  C2 cosh E 2 Lh  D2 sinh E 2 Lh )  I v E 32 ( A3 cos E3 Lv  B3 sin E3 Lv  C3 cosh E 3 Lv  D3 sinh E3 Lv ) 0

E 2 ( A2 sin E 2 Lh  B2 cos E 2 Lh  C2 sinh E 2 Lh  D2 cosh E 2 Lh )  E 3 (  A3 sin E3 Lv  B3 cos E3 Lv  C3 sinh E3 Lv  D3 cosh E3 Lv ) 0
A3  C3

0

B3  D3

0

Also, it can be defined two dynamic equilibrium equations, which model the continuity of
the frame and the interaction between each connected element, being given by:
EI v X 1(iii ) Lv
EI v X 3

( iii )

Lv



Uh



Uh

2
2

 Lh  Z 2  X 1 Lv

(13)

 Lh  Z  X 3 Lv
2

By substituting the second equation of Equation 10, these last two expressions become:
EI v E13 ( A1 sin E1 Lv  B1 cos E1 Lv  C1 sinh E1 Lv  D1 cosh E1 Lv ) 

U h Lh
2

EI v E 33 ( A3 sin E 3 Lv  B3 cos E 3 Lv  C3 sinh E 3 Lv  D3 cosh E 3 Lv ) 

Z 2 A1 cos E1 Lv  B1 sin E1 Lv  C1 cos E1 Lv  D1 cos E1 Lv

U h Lh
2

Z 2 A3 cos E 3 Lv  B3 sin E 3 Lv  C3 cos E 3 Lv  D3 cos E 3 Lv

(14)

0
0

Substituting the Equation 11 in the set of equation given by Equations 12 and 14, one ends
up with 12 equations involving 13 variables to be determinate: four variables Ai, Bi, Ci and Di,
for each of the three elements, and the ω variable. Since this system of equations is homogeneous, the determinant of the coefficient matrix must be equal to zero in order to the system to
have a non-trivial solution.
From this condition, one draws the characteristic polynomial and the transcendental equation, which is solved numerically. The roots found are the values related to the natural frequencies ω of the system. From these values, the parameter βi can be calculated through
Equation 11, for each element and natural frequency. Setting A1=1, the other 11 constants are
calculated and then the mode shape functions for beam and columns are obtained.
3

RESULTS AND DISCUSSIONS

A routine in the software Maplesoft 2015.1 was developed to obtain the fundamental frequencies and mode shapes of a one-storey frame under undamped free vibration modelled by
shear frame, concentrated mass, consistent mass, and continuous Euler-Bernoulli models. The
influence of the element slenderness on the results of each model was analysed, by varying
separately the columns and beam slenderness by changing its length. The slenderness of an
element is defined as:
O

L
I
A

L
bh
12  (b  h)
3

L
 12
h

(15)

In which L is the element length, I is the element’s cross-section moment of inertia in the
axis under flexure, and A is the element’s cross-section area. For rectangular cross-sections,
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such as those considered in this work, the above properties may be further simplified in terms
of the cross-section height, h, and base, b, defined accordingly to the axis of flexure being
considered.
In the analysis presented in this work, the other parameters of the structure are: elastic
modulus = 30 [GPa]; mass distributed per unit length of beam = 250 [kg/m]; mass distributed
per unit length of columns = 100 [kg/m]; columns with square cross-section of width 0.2 [m];
beam with rectangular cross-section of 0.5 [m] height per 0.2 [m] width. When not subjected
to variation to produce different slenderness, the length of the beam and columns are, respectively, 5.0 [m] and 3.0 [m].
Furthermore, since the shear frame model provides a single vibration mode, because it has
one degree of freedom, only the first mode will be considered in the modal analysis.
3.1

Fundamental frequency

In Figure 5, it is evaluated the first natural frequency results due to the variation of column
slenderness. It can be noticed that the shear frame model best approximated the EulerBernoulli model as the column slenderness increased. The concentrated and the consistent
mass models present remarkably similar results, with negligible small differences in relation
to the Euler-Bernoulli model for slendernesses higher than 50. Overall, the simplified models
present a stiffer behaviour, since in all slenderness tested they produced higher natural frequencies.
Natural frequency estimation for various models:
Influence of column slenderness by varying column length
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Figure 5: Influence of column slenderness on the first natural frequency, by varying column length

The Euler-Bernoulli model results diverge significantly from the other models for slendernesses lower than 50, indicating that this model still retains most of its flexible behaviour, in
comparison to the other models, even when the one-storey frame has very bulk columns. It is
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relevant to observe that for bulk elements the Euler-Bernoulli itself may be an inappropriate
model since it disregards any flexibility related to the shear stiffness, which results in a much
more stiffer model when compared to more realistic models, such as those drawn from Timoshenko Beam theory. For instance, the rule-of-thumb of L/h=10 is usually employed to define a minimum aspect ratio that defines elements slender enough to be modeled with EulerBernoulli theory. In the context of the prismatic cross-sections used in this work, this rule-ofthumb corresponds to a slenderness of 34.64. In this way, the observation that for small column slenderness the Euler-Bernoulli model still provided the lowest natural frequencies, i.e.
resulted in the most flexible model, while it is clearly already outside the scope of its proper
use, is an indicative that the simplified models shall not be used if the columns are considerably bulk.
In Figure 6, it is evaluated the first natural frequency response due to the variation of beam
slenderness. Generally speaking, the variation on beam slenderness affects the models’ results
in a opposite trend when compared to variation of columns’ slenderness. In contrast to the
previous result, now the shear frame model has better approximation to the Euler-Bernoulli
model with the decrease of the element. The concentrated and the consistent mass model continue presenting remarkably similar results, but now better approximated Euler-Bernoulli
model when the slenderness was small, with negligible differences for slendernesses lower
than 50. Furthermore, from a slenderness equal or higher than 50, the Euler-Bernoulli model
diverged significantly from the other models, presenting lower frequency values and thus a
more flexible behaviour. Overall, as in the previous analysis, the simplified models still present a stiffer behaviour, since, for all slenderness tested, they continued to produce higher
natural frequencies.

14

Natural frequency estimation for various models:
Influence of beam slenderness by varying beam length
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Figure 6: Influence of beam slenderness on the first natural frequency, by varying beam length.
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The difference between the effects of beam slenderness and column slenderness on the
natural frequencies may reside in the fact that, due to the differences in the adopted crosssection dimensions, to produce the same slenderness the beam length needed to be considerably larger than the column length. This may have led to a problem of poor discretization of
elements, which showed in the beam slenderness analysis among the high slendernesses results. The simplified discrete models used in this work modeled each element as a single discrete element, which was probably insufficient to model the long beams produced on the
beam slenderness analysis. The Euler model, however, properly retained its flexibility due to
its continuous formulation.
For instance, considering the column and beam cross-section dimensions adopted, while a
column length equal to 5.77 m leads to a column slenderness equal to 100, a beam length
equal to 14.43 m is required to produce this same beam slenderness. Furthermore, while the
column slenderness, which was the highest value analysed, was associated to a column length
of 6.35 m, a beam slenderness equal to 45 was already associated to a longer beam length, of
6.50 m.
These examples illustrate that the divergence observed in the beam slenderness analysis for
higher slenderness are related to the artificial stiffness of simplified discrete models with insufficient discretization. This problem with discrete models is, therefore, related to the discretization capability of the method used, and may be avoided if extended discrete methods, such
as finite element or differences methods are employed.
Lastly, from Figures 5 and 6 it can be noticed that there is a slenderness range in both
beam and column elements in with the discrete models can produce results close to the continuous model. In contrast, in some extreme cases, the models have no correlation and yield
relevant discrepancy in natural frequency results.
3.2

Fundamental mode shape

In order to compare the mode shapes obtained with the different models, it was analysed a
standard model with the properties described in the beginning of this section. Again, it is
highlighted that only the first mode is considered, since the shear frame model only contains a
single degree-of-freedom, which leads to a single mode.
Before discussing the following results, it is important to delve into the process undertook
in this work of obtaining the mode shape with the continuous Euler-Bernoulli model by using
a symbolic mathematics software such as Maplesoft 2015.1. As previously explained, when
assembled the Euler-Bernoulli model leads to a system of trigonometric equations containing
12 equations and 13 variables, whose solution is obtained by invoking the requirement of a
non-trivial solution which leads to the determinant of the coefficient’s matrix, i.e. the transcendental equation of the system, being equal to zero. The process of computing the determinant of such matrix, even if performed with a symbolic mathematics software, is computed
with a numerical method and, therefore, is susceptible to numerical errors and instabilities.
Considering this, Figure 7 presents the results obtained when computing and plotting the
coefficient’s matrix transcendental equation in terms of the natural frequency ω, which is the
13th variable of the system. From this figure, it is possible to observe that the obtained transcendental equation presents two remarkably close roots, at around 45 rad/s and 48 rad/s.
Such closely spaced modes are not expected in frame structures such as the one being considered, and the relatively small local minima between these two roots suggested that one of
these modes might be a spurious mode originated by numerical errors.
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Figure 7: Transcendental equation plot.

In order to assess this possibility, the mode shapes associated to both roots were computed
and compared. The results are presented in Figure 8, and the mode shapes were normalized in
relation to the displacement at the top of the vertical columns.
Mode shapes obtained from the first two
roots of the transcendental equation
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Figure 7: Comparison of the first and second roots of the transcendental equation.

As expected, one of the modes, i.e. the one associated to the first root, presented a non-real
mode shape, with the columns displacing in opposite global directions. Such shape is not real,
since the horizontal element is not supposed to undergo normal deformations, e.g. extension
or reduction, with the structural model being considered. In this way, only modes with the
columns displacing in the same global direction are related to real modes.
In this way, the Figure 8 presents the mode shapes obtained with the different models. For
the concentrated and consistent models, a third-degree polynomial was assumed to interpolate
the displacements between the nodes.
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Mode shapes for various models
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Figure 8: Comparison of mode shapes obtained with the various models.

Apart from the shear frame model, which does not possess flexibility on the horizontal
element, all the models present remarkably good coherence between each other. This suggests
that the mode shape, at least for the first mode, is not greatly affected by using more complex
models, such as the full-continuous Euler-Bernoulli model.
4

CONCLUSIONS

This work presented a comparison of fundamental frequency and mode shape of three simplified models (shear frame, concentrated mass, and consistent mass) in relation to continuous
Euler-Bernoulli model for a one-storey framed structure under free vibration. The main conclusions are:
x Both the concentrated and consistent mass models presented remarkably similar results,
with accurate results when compared with the continuous model, while shear building
model presented the worst results;
x The slenderness of 50 represented a benchmark for evaluating the results from the different models. Concentrated and consistent mass models presented frequencies similar to
those obtained from the Euler-Bernoulli model when the column slenderness was higher
than 50 and the beam slenderness was lesser than 50;
x The comparison of mode shapes suggested that this property is not highly influenced by
the model type.
5
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Abstract. In this contribution, we present the space-time formulations of a nonlinear quasistatic and a linear dissipative dynamic system using the proper generalized decomposition
approach. Regarding the quasistatic problem, the equation of equilibrium is transformed into
the space-time formulation. Regarding the linear dynamic problem, the set of equations of
motion are transformed into one space-time equation, using a space-time formulation of the
Newmark integration ansatz. In both cases, the space-time formulation is projected in two coupled space and time equations, which are solved by the ﬁxed point algorithm. The results are
compared to the conventional step-by-step algorithm regarding accuracy and efﬁciency. Solving
the problem iteratively in terms of response enrichments, temporal and spatial proper generalized decomposition modes are identiﬁed and analyzed during convergence. It is shown that the
set of spatial proper generalized decomposition modes of both the quasistatic and the dynamic
problem are highly correlated as they can both be replaced by an uncorrelated signiﬁcantly
smaller orthonormal basis representation. In the quasistatic case, it is shown that the response
after the ﬁrst enrichment is purely elastic, while after the second enrichment plastic behavior
can be detected. However, plasticity cannot be detected locally by investigation of the proper
generalized decomposition modes, but by the uncorrelated orthonormal basis functions using
the proper orthogonal decomposition. In the dynamic case, more than only one enrichment is
required to evaluate the linear response history as the solution can be decomposed into a set of
motion patterns. Nevertheless, the evaluated correlated spatial proper generalized decomposition modes differ signiﬁcantly from the linear modes of vibration.
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1

Introduction

High-dimensional and ﬁnely meshed models are ubiquitous in ﬁnite element applications
and structural dynamics. They generally demand signiﬁcant computational efforts, especially,
if nonlinearities are involved. However, the latter are inevitable in order to obtain realistic
structural response predictions. This, in turn, is essential for reliable decisions about the design
of structures and infrastructures and, therefore, has a signiﬁcant impact on industry and society.
Various computational strategies have been developed in structural dynamics in order to deal
with the issue of high-dimensionality.
As a statistical pattern technique the proper orthogonal decomposition can be used to ﬁnd
the dominant motion patterns for the low-order description of nonlinear systems [1]. Here,
the transformation into low-order subspaces depends on the set of proper orthogonal modes
obtained from structural response pattern [2]. In particular, the applicability of the proper orthogonal decomposition to transient excitations depends mainly on the choice of the observation
time period used for the calculations of the proper orthogonal modes [3]. If nonlinearities are
not captured in those deformation patterns, they cannot be displayed in the low-order model.
However, if the nonlinear response behavior is captured, a surprisingly small number of proper
orthogonal modes is sufﬁcient to accurately describe the dynamic response behavior [4, 5].
Another approach is to divide the structure into various substructures. The main goal is to
provide low-order representations of the inside areas of the substructures while keeping the
number of degrees of freedom of the boundaries unaltered. The Craig-Bampton method [6]
and the dual Craig-Bampton method [7] provide powerful techniques in this regard. Although
these two strategies are mainly applicable to linear systems, a hierarchical formulation of the
Craig-Bampton method has been presented on vibro-impact problems with linear contact formulations [8, 9] and highly nonlinear contact laws [10]. Recently, also a combination of the
proper orthogonal decomposition and substructure techniques has been proposed [11].
The proper generalized decomposition (PGD), however, provides a strategy that is neither restricted by the level or type of nonlinearity nor a-priori system identiﬁcations are required. This
method has ﬁrstly been introduced by Ladevéze [12] and has then been applied in many ﬁelds
such as chemistry [13], thermo-mechanics [14], ﬂuid dynamics [15, 16], geophysics [17] and
solid mechanics [18, 19]. Especially, in structural mechanics, ﬁrst approaches have been proposed to use the proper generalized decomposition ansatz to solve elastoplastic and viscoplastic
structures subjected to quasistatic loading [20, 21]. Shirafkan et al. physically interpreted the
evolution of spacial and temporal functions, which they refer to as proper generalized decomposition modes, and analyzed these modes during convergence [22]. Furthermore, the Multi-ﬁeld
PGD has been applied to resolve the undamped elastodynamic model and the solution was
interpreted by Time Discontinuous Galerkin and Multi-ﬁeld time-continuous methods [23].
In this contribution, we will develop a new family of efﬁcient and stable algorithms to evaluate the response of linear and nonlinear structures. In particular, we will propose space-time
formulations, where we will avoid the step-by-step strategies of conventional time integration
schemes and will show that the response is built iteratively in the whole time domain until convergence is achieved. In Section 2, we will develop the strategy in an elastoplastic quasistatic
framework. Hereby, the conventional equations of equilibrium will be extended. In Section
3, we will extend this new obtained formulation to dissipative systems in structural dynamics
introducing a space-time formulation of the Newmark method. The numerical results of both
the quasistatic and dynamic approach will be presented in Section 4. Finally, in Section 5, the
conclusion will be given.
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2

Formulation of the space-time solution for a quasistatic nonlinear problem

In static equilibrium the terms of inertia are neglected and the external force F(t) on the
system is equal to the resulting internal force Fint :
F(t) − Fint (u) = 0 .

(1)

Here, u denotes the unknown structural displacement. The equation is rewritten in the incremental form [24] as
K(u)Δu = F − Fint (u) ,
(2)
  
R(u)

where R(u) denotes the residual, K(u) is the tangential stiffness matrix dependent on displacement and Δu is the displacement increment. After discretization of the time domain into in this
contribution refered to as temporal nodes ti (i = 0, . . . , nt ), Equation (2) can be solved incrementally, where static equilibrium is found in a step-by-step manner, as shown in Figure 1a.
In each time step an iterative solver, as e.g. the Newton-Raphson algorithm [24], presented in
Figure 1b, must be applied.
F

(a)

(b)
K3

Fn

K2

K1

Δt

t0

...

ti−1

ti

ti+1

...

tnt

Fn−1

t

Δu1
u0

Δu2
u1

u

Δu3
u2

u3

Figure 1: Conventional solution procedure; (a) step-by-step procedure in time; (b) Newton-Raphson iteration
within each time step.

In this contribution, we compute the unknowns simultaneously at each temporal node, which
will be realized iteratively, as illustrated in Figure 2. Hereby, the quasistatic space-time approach draws on our recently published paper [22].
The solution is then deﬁned by a summation of M functionals, also called enrichments. The
solution of a problem f dependent on space and time, can then be written as
M

f (x, t) ≈

χm (x)θm (t) ,

(3)

m=1

where χm (x) is the spatial and θm (t) is the temporal function in the mth enrichment. Having
deﬁned the space-time solution ansatz, the incremental equation of equilibrium (2) must be
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Figure 2: Space-time iteration scheme

reformulated in a space-time framework. According to the spatial discretization of the structure,
we deﬁne the displacement matrix in each enrichment step in matrix form:
u(x, t) = [u(t0 ), . . . , u(tnt )] .

(4)

Equivalently, the time-dependent internal and external force are expressed as:
Fint (u) = [Fint (t0 ), . . . , Fint (tnt )] ,
F(t) = [F(t0 ), . . . , F(tnt )] .

(5)

The residual matrix is then evaluated by R(u, t) = F − Fint . The space-time residual is decomposed into a sum of dyadic products of uncorrelated space and time vectors. Therefore, the
singular value decomposition (cf. [4]) is applied:
ntr

sj Rjx ⊗ Rjt

R(x, t) = Rx SRTt ≈

(6)

j=1

In this Equation, Rjx are the left singular vectors extracted from the nx × nx matrix Rx , and Rjt
are the right singular vectors extracted from the nt × nt matrix Rt . The matrix S is a nx × nt
rectangular diagonal matrix with the singular values sj in descending order. Each value sj deﬁnes the level of contribution of the j th singular vector pair to the total energy of the space-time
residual. Although all singular values must be considered to achieve an exact decomposition, in
general, only a small number is necessary for an approximation with sufﬁciently high accuracy.
The truncation number ntr is deﬁned so that the truncated sum contains at least 99.9% of the
total sum of the singular values [4].
Furthermore, the space-time formulation of the stiffness matrix is deﬁned by the dyadic
product of the spatial and temporal stiffness matrices Kx and Kt :
K = Kx ⊗ Kt , Kx ∈ Rn×n , Kt ∈ Rnt ×nt .

(7)

Finally, using the proper generalized decomposition ansatz, the unknown displacement is written as a sum of enrichment functionals:
M

u(x, t) =

Δum (x, t) .
m=1
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Here, the mth enrichment is decomposed by
m
Δum (x, t) = Δum
x ⊗ Δut .

(9)

m
th
The vectors Δum
x and Δut deﬁne the modes of the m enrichment in the space and time
domain.
Having deﬁned the decomposition of the residual (6), the stiffness matrix (7) and the displacements (8), the equation of equilibrium can be reformulated into the space-time equation.
For the mth enrichment this yields to:





m
Kx ⊗ Kt Δum
=
⊗
Δu
x
t

Tr

sj Rjx ⊗ Rjt .

(10)

j=1

Equation (10) is simpliﬁed to:
Tr

Kx Δum
x

⊗

Kt Δum
t

sj Rjx ⊗ Rjt .

=

(11)

j=1

 m T
m
In this equation, there are two unknowns: Δum
x and Δut . However, multiplication by Δut
leads to the projection into the space equation
,x ,
, t Δum = R
K
x

(12)

, x are deﬁned as
, t and R
whereby K


, t = Δum T Kt Δum Kx ,
K
t
t
,x =
R

Tr


T j  j T
sj Δum
Rt R x .
t

(13)

j=1

T

leads to the time equation
Furthermore, scalar multiplication of Equation (11) by Δum
x
, t,
, x Δum = R
K
t

(14)

, t are written as:
, x and R
whereby K


, x = Δum T Kx Δum Kt ,
K
x
x
,t =
R

Tr


T j  j T
sj Δum
Rx R t .
x

(15)

j=1

These two coupled Equations (12) and (14) describe the space-time problem and must be solved
simultaneously. Hereby, the ﬁxed point algorithm is applied to iteratively evaluate Δum
x and
m
m
m
Δut . The spatial unknown Δux in equation (12) is evaluated while keeping Δut ﬁxed.
m
Subsequently, the temporal unknown Δum
t in equation (14) is evaluated while keeping Δux
ﬁxed. This procedure is repeated until convergence is achieved. The evaluated vectors Δum
x
and Δum
are
inserted
into
equation
(16)
in
order
to
obtain
the
update
of
the
total
displacement
t
function after the mth enrichment:
m
um (x, t) = um−1 (x, t) + Δum
x ⊗ Δut .
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m
In this equation, Δum
x ⊗ Δut is the incremental enrichment functional after the current enm−1
richment step and u
(x, t) denotes the total solution of the sum of the preceding (m − 1)
enrichment functionals. The convergence of the algorithm is examined after each enrichment
by means of the Frobenius norm
Q < ε(conv)
(17)

considering
Tr

sj Rjx ⊗ Rjt ,

m
Q = Kx Δum
x ⊗ Kt Δut −

(18)

j=1

with ε(conv) as the chosen convergence interval. Figure 3 shows the proposed space-time solution algorithm.
Enrichments:
for m = 1 : M do
Initialize Δu0t ;
Fixed point algorithm:
for i = 1 : imax do



Solution of space equation: Δuix = Dm Δui−1
;
t


Solution of time equation: Δuit = B m Δuix ;
Fixed point convergence check :
Δuit Δuix - Δui−1
Δui−1
≤ ε(F P ) ;
t
x
end
Δuix −→ Δum
x ;
Δuit −→ Δum
t ;
Update the PGD displacement functional u(x, t)
m
um (x, t) = um−1 (x, t) + Δum
x ⊗ Δut
Check convergence:
m
Kx Δum
x ⊗ Kt Δut −

Tr
'
j=1

S j Rjx ⊗ Rjt < ε(conv)

end
Figure 3: Space-time solution algorithm using the proper generalized decomposition ansatz and the ﬁxed point
method.

3

Space-time solution of the linear damped dynamic problem
The linear damped set of equations of motion is written as:
Mü + Cu̇ + Ku = F(t),

(19)

where M, C and K denote the n × n mass-, damping- and stiffness matrix. F(t) denotes
the vector of external force. The vectors ü, u̇ and u denote the acceleration, velocity and
displacement, respectively. We introduce the Newmark procedure as a representative of implicit
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integration methods in structural dynamics. In general, the set of equations of motion is then
supposed to be fulﬁlled at ﬁxed time instants ti , preferably deﬁned in equidistant time intervals
Δt = ti − ti−1 . Approximation of the solution functions in between those time instants leads to
the implicit Newmark equations [26]:

and



 
 1

ui = ui−1 + Δt u̇i−1 + ( − β)Δt2 üi−1 + βΔt2 üi−1
2

(20)





u̇i = u̇i−1 + (1 − γ)Δt üi−1 + γΔt üi−1 .

(21)

The set of equations of motion (19) can be rewritten in the incremental form as:
MΔüi + CΔu̇i + KΔui = ΔFi (t),

(22)

where Δüi , Δu̇i and Δui are the displacement, velocity and acceleration increments, obtained
by:
Δüi = üi − üi−1 ,
Δu̇i = u̇i − u̇i−1 ,
(23)
Δui = ui − ui−1 .
The incremental force vector ΔFi (t) is equivalently deﬁned as:
ΔFi (t) = Fi (t) − Fi−1 (t) .

(24)

Considering the set of equations of motion (22) and the Newmark formulations (20) and (21),
the displacement, velocity and acceleration increments can be obtained step-by-step [24].
Instead of using the conventional approach, we will transform the linear damped dynamic
problem into the space-time formulation. To this aim, we, ﬁrstly, have to discover a way to convert the incremental displacement vector Δu = ui −ui−1 into a space-time matrix. Discretizing
the time domain into the temporal nodes ti (i = 1, 2, 3, . . . , nt ), we deﬁne one displacement matrix as a sequence of displacement vectors in each temporal node:
u(x, t) = [u(t0 ), u(t1 ), . . . , u(tnt )] .

(25)

The incremental space-time displacement matrix is then deﬁned as:
Δu(x, t) = [u(t1 ) − u(t0 ), u(t2 ) − u(t1 ), . . . , u(tnt ) − u(tnt−1 )] .

(26)

Using this approach, the space-time formulation of initial displacement u0 must be added by an
additional term. The displacement increment is then reformulated as:
ui − ui−1 −→ Is us ⊗ At ut − u0 ⊗ A0

(27)

The vectors us and ut denote the space and time decomposition of the displacement. The matrix
Is denotes the identity matrix with dimension ns × ns , and the matrix At with the dimension
nt × nt consists of entries 0, 1 and -1. The vector A0 consists of one entry equal to one, while
the remaining entries are zero. Using this approach, the conventional Newmark equations (20)
and (21) are reformulated to the Newmark equations in the space-time framework:
Is us ⊗ A1 ut + Is us ⊗ A2 u̇t + Is us ⊗ A3 üt = u0 ⊗ A5 + u̇0 ⊗ A6 + ü0 ⊗ A7
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Is us ⊗ A1 u̇t + Is us ⊗ A4 üt = u̇0 ⊗ A5 + ü0 ⊗ A8

(29)

The matrices A1 , A2 , A3 and A4 have the dimension nt × nt . The corresponding components
are deﬁned according to the respective coefﬁcients of the Newmark equations (20) and (21).
Furthermore, A5 , A6 , A7 and A8 are vectors. They are necessary to realize the space-time
equivalents of the initial displacement u0 , velocity u̇0 and acceleration ü0 in an equivalent
manner to Equation (27). In the next step, the set of equations of motion (19) is transformed
into space-time. Thus, we deﬁne the stiffness-, damping and mass matrix in the space-time
formulation as a dyadic product of the spatial and temporal matrices, c.f. (7):
M = Ms ⊗ Mt , Ms ∈ Rn×n , Mt ∈ Rnt ×nt .
C = Cs ⊗ Ct , Cs ∈ Rn×n , Ct ∈ Rnt ×nt .

(30)

Thus, the set of equations of motion can be rewritten in the space-time formulation:
(Ms ⊗ Mt )(us ⊗ üt ) + (Cs ⊗ Ct )(us ⊗ u̇t ) + (Ks ⊗ Kt )(us ⊗ ut ) = F

(31)

Since the mass, damping and stiffness matrices are considered to be constant during the whole
computation process, we apply the simpliﬁcations Mt = It , Ct = It and Kt = It . Consequently, Equation (31) can be simpliﬁed to:
Ms us ⊗ It üt + Cs us ⊗ It u̇t + Ks us ⊗ It ut = F.

(32)

Simpliﬁcation of the decomposed set of equations of motion (32) and the space-time reformulated Newmark equations (28) and (29) leads to:
uAT1 + u̇AT2 + üAT3 = u0 AT5 + u̇0 AT6 + ü0 AT7 ,
u̇AT1 + üAT4 = u̇0 AT5 + ü0 AT8 ,
Ms ü + Cs u̇ + Ks u = F.

(33)

Although the dynamic equation in the space-time has, theoretically, three unknowns, the spacetime displacement matrix u, the space-time velocity matrix u̇ and the space-time acceleration
matrix ü, we take advantage of the fact, that in the linear case, the velocity as well as the
acceleration can be written as a function of the displacement. The dynamic linear damped
system in the space-time is described by one algebraic space-time equation:
Ks u − Cs uW + Ms uY = L.
The matrices W, Y include the Ai coefﬁcient matrices written as:

−1
,
W = AT1 AT2 − AT1 (AT4 )−1 AT3




−1 T
−1
Y = AT1 AT2 − AT1 (AT4 )−1 AT3
A1 AT4
,

(34)

(35)

The vector L contains the external force and the initial conditions, expressed in matrix form:
L(t) = [L(t1 ), L(t2 ), . . . , L(tnt )].

(36)

In order to decompose the space-time formulation of the vector L(t) into a sum of dyadic
products of uncorrelated space and time vectors, we employ the singular value decomposition
[1]:
Tr

sj Ljs ⊗ Ljt .

L = Ls SLt ≈
j=1
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In this equation, Ljs are the left singular vectors with dimension ns and is extracted form the
matrix Ls . Analogously, the right singular vector Ljt is extracted form the nt × nt matrix Lt .
The matrix S is a ns × nt rectangular diagonal matrix with the singular values sj in descending
order, cf. Equation (6).
Equivalent to the quasistatic approach, the solution is deﬁned as the summation of displacement enrichments:
m−1

(i)

(m)

(m)
u(i)
⊗ ut .
s ⊗ ut + us

u(x, t) =

(38)

i=1

Having ﬁnally deﬁned the decomposition of mass-, damping- and stiffness matrix (32), force
matrix (37) and the displacement (38), the main equation of motion (34) is deﬁned in the spacetime framework:
Ks

 m−1

u(i)
s

⊗

(i)
ut

+

u(m)
s

⊗

(m) 
ut

− Cs

 m−1

i=1

(m) 

(i)

(m)
u(i)
⊗ ut
s ⊗ ut + us

W+

i=1

Ms

 m−1

(m) 

(i)

(m)
u(i)
⊗ ut
s ⊗ ut + us

(39)

Tr

sj Ljs ⊗ Ljt

Y=

i=1

j=1



m
m
This equation has the two unknowns um
s and ut . Multiplication by Δut
equation
−1 


(m)
, t − Vs1 + Vs2 − Vs3 .
ut = aIt − bWT + cYT
L
T

Analogously, multiplication by Δum
leads to the space equation
s

−1 

, s − Vt1 + Vt2 − Vt3 .
u(m)
=
eK
−
f
C
+
gM
L
s
s
s
s

T

leads to the time
(40)

(41)

Equations (40) and (41) are coupled and solved simultaneously using the ﬁxed point algorithm and describe our space-time problem. The scalars a, b, c, e, f and g are deﬁned as:

a=

u(m)
s


e=

T

(m)
ut

Ks u(m)
s ,

T

(m)
I t ut ,

T

(m)
b = us
Cs u(m)
s ,
T

(m)
(m)
f = ut
Wut ,



u(m)
s

T

Ms u(m)
s ,
T

(m)
(m)
g = ut
Yut .

c=

(42)

The external force matrices in the current enrichment m are expressed as:
 T (m)
sj Ljt ut Ljs ,

Tr

,s =
L

,t =
L

j=1

Tr
j
sj Ljs u(m)
s Lt

(43)

j=1

Furthermore the vectors Vs1 , Vs2 , Vs3 , Vt1 , Vt2 and Vt3 are written as:
Vs1 =
Vs2 =
Vs3 =

m−1 

u(i)
s

i=1
m−1 

u(i)
s

i=1
m−1 

T

T

u(i)
s

T

(i)
Ks u(m)
s I t ut ,

Vt1 =

(i)

T
Cs u(m)
s W ut ,

Vt2 =

(i)

T
Ms u(m)
s Y ut ,

Vt3 =

i=1

m−1 
i=1
m−1 

(i)

ut

i=1
m−1 

T

(i)

ut

i=1
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T

(i)
ut

T

(m)

ITt ut Ks u(i)
s ,
(m)

Wut Cs u(i)
s ,
(m)

Yut Ms u(i)
s .

(44)
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Figure 4: (a) frame structure; (b) sinusoidal quasistatic force history; (c) beam element and nonlinear stress-strain
relation
(m)

(m)

After each enrichment, the evaluated vectors ut and us are inserted into Equation (38) to
obtain the update of the total displacement function. Equivalent to the quasistatic approach,
the convergence of the algorithm is examined after each enrichment by means of the Frobenius
norm
Q < εconv
(45)
with
(m)

Q = Ks u(m)
⊗ ut
s

(m)

− Cs u(m)
⊗ WT ut
s

(m)

+ Ms u(m)
⊗ Y T ut
s

Tr

sj Ljs ⊗ Ljt

−

(46)

j=1

and εconv as the chosen convergence interval.
4
4.1

Numerical results
Numerical results of the elastoplastic problem subjected to quasistatic excitation

As example, we introduce the geometry of a frame structure with two stories and one bay,
depicted in Figure 4a (height and width are 8m). The columns and the beam of the structure are
discretized by ﬁve elements, leading to a total number of 122 degrees of freedom. In Figure 4b,
the force history used in this study, is depicted. The force time history is discretized choosing
a constant time increment Δt of 0.05 second. An elastoplastic material model with kinematic
hardening is implemented, as depicted in Figure 4c. The parameters are chosen as: initial
stiffness E1 = 240 GPa, yield stress σY = 220 MPa, post yielding stiffness E2 = 0.1E1 ,
Poisson’s ratio 0.3. All cross sections of the columns and beam are modeled by quadratic
hollow rectangular shapes. The dimensions are 0.3 m × 0.1 m. The thickness is t = 10 mm.
Regarding the conventional step-by-step method, the solution at time ti+1 is obtained iteratively based on the foregoing solution at time ti . However, the proposed space-time procedure
solves the problem in the entire time domain. Regarding the classic step-by-step reference
method, in total 6237 iterations are performed within 160 time steps, whereas the convergence
interval of the residual is set to 1.0 e-3. Regarding the space-time method, only 80 iterations
are performed in order to reach the same level of accuracy. The enrichments are composed of
a dyadic product of spatial and temporal modes, Δux and Δut , as proposed in Equation (9),
which are obtained during each enrichment from Equations (12) and (14). The displacements
of the structure are then evaluated by the summation of all already iteratively evaluated enrichments. The results are presented in Figure 5. In particular, Figure 5a shows the evolution of the
temporal modes. Figure 5b shows the evolution of the corresponding spatial modes. Additionally, Figure 5c shows the horizontal displacement of the node in the top left corner after each
enrichment, and Figure 5d illustrates the corresponding hysteresis of this node.
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Figure 5: (a) The temporal mode multiplied by the length of the spatial mode Δux Δut ;(b) the spatial mode
Δux
Δux  at different enrichment steps m; (c) displacement response during loading time history; (d) hysteresis
behavior after different enrichment steps m, reference solution (ref.). Compare qualitatively with the results in
[22].

After the ﬁrst enrichment step, the linear response is observed. This is seen by the ﬁrst
temporal mode in Figure 5a and the displacement after the ﬁrst enrichment in Figure 5c. Both
of these functions are linearly dependent on the excitation function. This is also veriﬁed in
Figure 5d, where a linear function of the force-displacement response is observed after the ﬁrst
enrichment. Thus, the displacement in every time step, u(i) , is equal to the solution of the
corresponding linear equation Kin u(i) = F(i) . From the second enrichment on, the response of
the structure evolves into the plastic range. Within the ﬁrst time period, 0 ≤ t ≤ 1.15 s, no
plastic deformation is observed and the values of Δut are zero for all enrichments except the
ﬁrst one. This can be seen in Figure 5a. Two crucial time periods are deﬁned for this example,
I in 1.15 ≤ t ≤ 2 s, and
in which the plastic strain rate is not equal to zero. This is time period 
II
time period  in 4.5 ≤ t ≤ 6 s, as depicted in Figure 5a. Within these time periods, the slopes
of the temporal modes Δuit (i = 2, . . . , M ) are not equal to zero, whereas outside those time
periods a constant function is observed for all of the temporal modes. With increasing number
of enrichments, the amplitude of the temporal modes decreases until convergence. On the one
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Figure 6: Uncorrelated proper orthogonal decomposition (POD) basis of the spatial modes after ﬁve (ﬁrst row) and
after 25 (second row) enrichments.

hand, we observe that Δuit alters if plastic deformation is occurs, as shown in Figure 5a within
I during loading in positive x-direction and within time period 
II . On the other
time period 
i
hand, we observe that Δut remains constant if no additional plastic deformation is induced, as
shown in Figure 5a in the time period 2 ≤ t ≤ 4.5 s and 6 ≤ t ≤ 8 s. These effects can also
be observed in Figure 5c, where the solution drifts off the elastic response and converges to the
I and 
II , the slope of the converged displacement
reference solution. Within time periods 
function varies from the slope of the linear solution (m = 1), whereas, within the remaining
time periods, these functions are always parallel to the linear solution. In Figure 5d, it is also
shown that the amount of plasticity increases with increasing number of enrichments and the
hysteresis becomes broader until convergence to the reference solution.
Having revealed that the ﬁrst enrichment response is purely linear, we emphasize that the
spatial modes of the remaining enrichments, as depicted in Figure 5b, cannot directly be related
to a spatial distribution of purely localized plastic deformation. They are rather identiﬁed as
a set of modes, containing a superposition of global elastic and plastic structural deformation
patterns. However, an indication that directly indicates plasticity cannot be seen by this evolution of spatial modes. Considering the horizontal force, as depicted in Figure 4, plastic zones
will evolve around both corners of the frame structure. In order to investigate this local effect
of the spatial evolution of the inelastic response, an observation matrix after each enrichment
is deﬁned that contains a set of correlated spatial modes Qm = [Δu1x , Δu2x , . . . , Δum
x ]. Using
the singular value decomposition
(6),
this
observation
matrix
represents
a
set
of
orthonormal


m
m
left singular basis vectors Φm
1 , Φ2 , . . . , Φntr . The singular values provide the amount of energy belonging to each corresponding mode. The number of required basis vectors ntr is then
evaluated by ensuring that 99.9% of the total energy of the observation matrix is stored within
the set of basis vectors. In Figure 6, this truncated orthonormal basis, evaluated with regard to
a varying number of enrichments, is presented. In particular, the ﬁrst row in this ﬁgure shows
the orthonormal uncorrelated basis after 5 enrichments, whereas the second row in this ﬁgure
shows the orthonormal uncorrelated basis after 25 enrichments. The number of required basis
vectors that contains almost the whole information of the set of spatial modes increases with
increasing number of enrichments. Finally, a maximum number of three basis vectors contains
99.9% of the energy of the observation set obtained using 25 spatial modes. Thus, being able to
reduce the number of 25 proper generalized decomposition modes to a number of three uncor-
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Figure 7: (a) Representative plane frame structure; (b) Horizontal acceleration of Kobe earthquake.

related basis vectors reveals that the spatial modes can be identiﬁed as highly correlated. The
ﬁrst uncorrelated basis mode describes the global response behavior of the structure and does
not change signiﬁcantly with increasing number of enrichments. After ﬁve enrichments, both
basis vectors can only describe rather global response patterns, while local plastic deformations
cannot be described. After 25 enrichments, the second and third basis modes clearly show local
plastic response behavior around the corners of the frame structures. Consequently, the evolution of localized plastic effects with increasing number of enrichments cannot be interpreted by
the set of the spatial modes of the enrichments, as they are highly correlated, but it can be well
interpreted by their orthonormal basis representation.
4.2

Numerical results of the dynamic problem including damping subjected to transient
excitation

In this section, a linear viscously damped system is solved using the introduced space-time
formulation. The results are compared with the conventional Newmark solution. Furthermore,
the proper generalized decomposition modes are investigated during convergence. As illustrative example, we investigate the response of two-dimensional frame structure, depicted in
Figure 7a subjected to an earthquake record, depicted in Figure 7b. As depicted in this ﬁgure,
the frame consists of three stories and one bay. Columns as well as beams of the frame structure
are discretized by ﬁve elements, which leads to 128 degrees of freedom. The chosen time step
Δt for the calculation is 10−2 s, which is equal to the time resolution of the excitation record. As
for the quasistatic example, the whole structure is discretized by a 2 node truss-beam element,
applying the Euler-Bernoulli beam theory [25]. The Young’s modulus of the material is chosen
as E = 210 GPa. All cross sections of the columns and beam are modeled by quadratic hollow
rectangular shapes. The dimensions are 0.3 m × 0.1 m. The thickness of the cross sections is
chosen as t = 10 mm. Rayleigh damping is introduced with a damping parameter of 0.04 for
the fourth and 15th mode. Figure 8 presents the horizontal displacement response of the node in
the top left corner of the frame after each enrichment. In this ﬁgure, we observe convergence to
the step-by-step reference solution within the ﬁrst 18 enrichments. Figure 9 presents the spatial
and temporal modes within the ﬁrst three enrichment steps. In comparison, the ﬁrst three linear
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Figure 8: Displacement response during the loading time history after different enrichment.

modes of vibration are presented in red color in this ﬁgure. Looking at the patterns of the spatial
PGD modes, signiﬁcant differences can be observed compared to the linear modes of vibration.
With increasing number of enrichments, spatial PGD modes are observed to reveal a high correlation with the depicted modes (not shown in this ﬁgure). This has also been observed for the
quasistatic problem.
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5

Conclusion

In this paper, a space-time formulation of linear and nonlinear structures has been employed.
Firstly, the space-time formulations in the quasistatic elastoplastic framework has been presented. Secondly, a space-time formulation of the Newmark solution for the linear damped
equations of motion has been employed. Both formulations have been veriﬁed by numerical
demonstrations.
Regarding the quasistatic case, the ﬁrst enrichment represents the solution to the linear equation Kin u(i) = F(i) at all time steps i = 1 . . . nt . However, with the second enrichment the
solution starts to evolve into the nonlinear range until convergence is achieved. Regarding the
dynamic case, however, a higher number of enrichments is necessary to approximate the linear
response function as dynamic motion can be described by a superposition of motion patterns.
The spatial proper generalized decomposition modes, however, are signiﬁcantly different to the
linear modes of vibration. Furthermore, the spatial proper generalized decomposition modes
reveal a high correlation, so that only a small number of modes differs from each other signiﬁcantly. This is observed for both, the nonlinear quasistatic and the dynamic problem.
In future studies, we will extend the proposed Newmark space-time method to elastoplastic
dynamic problems. Furthermore, it is of great interest whether these types of space-time methods can be applied to vibro-impact problems, such as [27, 28], that can reveal unpredictable
dynamical behavior.
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Abstract. In this paper we review some of the most recent computational techniques based
on the isogeometric analysis for the solution of the dynamic problem of geometrically exact
beams. The kinematics of a spatial Timoshenko beam undergoing ﬁnite displacements and
rotations involves the Lie group SO(3). Most of the computational complexities originate from
the presence of such a non-additive and non-commutative rotation group. By employing the
incremental rotation vector to describe the evolution of ﬁnite rotations, we discuss how the
isogeometric collocation (IGA-C) method can be efﬁciently used in both explicit and implicit
Newmark-based schemes.
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1

INTRODUCTION

For a wide range of engineering problems, accurate and efﬁcient beam formulations able
to reproduce large and fast three-dimensional motions are of paramount importance. The isogeometric collocation (IGA-C) method was proposed in [1, 2] with the primary objective of
exploiting the higher smoothness of non-uniform rational B-Splines (NURBS) basis functions
used in isogeometric analysis (IGA) [3] and the low computational cost of collocation. NURBS
basis functions, used both for the geometry representation and the space discretization of the
differential problem, signiﬁcantly simplify the operations of mesh generation and reﬁnement.
Moreover, once the initial mesh is generated, reﬁnements do not affect the geometric approximation. IGA has proven to achieve increased accuracy and robustness on a per degree-offreedom basis compared with standard Finite Element Analysis (FEA) [4, 5, 6].
IGA-C seeks to achieve higher efﬁciency since, in contrast to Galerkin.based IGA, the need
for numerical quadrature is completely removed due to the discretization of the strong form
of the governing equations. IGA-C requires only one evaluation point per degree of freedom,
regardless of the approximation degree, resulting in a much faster method compared to standard
Galerkin-based IGA [7]. IGA-C proved excellent performances in a wide range of applications.
Timoshenko beam formulations were successfully proposed in [8, 9, 10, 11, 12, 13]. BernoulliEuler beams and Kirchhoff plates were addressed in [14], and Reissner-Mindlin plate and shell
problems in [15] and [16], respectively. Kirchhoff-Love plate and shell problems were studied
in [17]. In [18, 19, 20] IGA-C was extended to geometrically nonlinear three-dimensional
shear-deformable beams. Nonlinear planar Kirchhoff rods were formulated in [21]. In linear
dynamics, an explicit IGA-C formulation was introduced in [2] and more recently an explicit
higher-order space- and time-accurate method for elastodynamics was proposed in [22]. IGAC methods for the nonlinear dynamics of geometrically exact beams have been investigated
so far only in [23] through an implicit quaternion-based formulation, [24] through an explicit
formulation based on the spatial incremental rotation vector, and in [25] through an implicit
formulation based on the material incremental rotation vector.
In this work we review and compare the main features of the explicit and implicit formulations we recently proposed in [24] and [25], respectively. In the explicit formulation we adopt
one of the best-performing Newmark time integration method for SO(3) proposed by Krysl &
Endres in [26] for the rotational dynamics of rigid bodies. In the implicit formulation we adopt
the SO(3)-extended version of the classical Newmark scheme originally proposed in [27].
Both formulations are geometrically consistent, namely the main operations of linearization,
variables initialization and kinematic update are made consistently with the geometric structure of the conﬁguration manifold. High efﬁciency and accuracy are guaranteed by the IGA-C
attributes combined with the rotation-vector parameterization for the incremental rotation.
2
2.1

THEORETICAL BACKGROUND
The conﬁguration manifold and its tangent spaces

The motion of any material particle p ∈ B of a shear-deformable beam is expressed as
follows
ϕ(t, p) = c(t, q) + R(t, q)(p − q) ,
where t ∈ T is the time (T = [0, T ] ⊂ IR being the time domain), q ∈ B is the material
position of the centroid of the beam cross section containing point p. S ⊂ B is the centroid
line. (Figure 1).
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Figure 1: Motion of a three-dimensional shear deformable beam.

The conﬁguration manifold is the set
.
C = (c, R) | c : T × S → IR3 , R : T × S → SO(3) ,
where c(t, q) is the spatial location of the center of mass of the beam cross section at time t and
point q ∈ S, and R(t, q) is the rigid rotation of the same cross section at the same time. Namely,
the (ﬁnite) rotation of each beam cross section is described by a time-depending orthogonal
operator R belonging to the non-commutative Lie group SO(3). On SO(3) rotation updates,
transformations of SO(3) onto itself, must be consistently performed by a suitable composition
of an incremental rotation with the current rotation. Such an operation is non-additive and noncommutative. The latter attribute leads to a substantial difference between spatial and material
descriptions of the motion on SO(3). Indeed, we have that spatial and material tangent spaces
to SO(3) at R are respectively deﬁned as follows
/
0
TRs SO(3) = ϑ̃R | ϑ̃ ∈ so(3) , R ∈ SO(3) ,
/
0
m
1
1
TR SO(3) = RΘ | Θ ∈ so(3) , R ∈ SO(3) ,
where so(3) is the set of 3 × 3 skew-symmetric matrices [27, 28]1 .
Conﬁguration update is made as follows
1
1
= R exp(εΘ);
Rε = exp(εϑ)R

cε = c + εη

1 and Θ
1 are the spatial and material incremental rotation vectors, respectively; η is the
where ϑ
incremental displacement, and ε ∈ IR. (Figure 2).
3

Balance equations in strong form
The displacement-based version of the balance equations is
2 N ΓN + CN ΓN,s + RT n̄
μRT a = KC

T c, )C Γ + RT m̄
2 J W = KC
2 M K M + CM K M,s + (R
JA + W
s
N N

(1)
(2)

where μ is the mass per unit length of the beam; a is the spatial acceleration vector of the cross
2 = RT R,s is the beam curvature in the material form; ΓN , K M are the strain
section centroid; K
1 ∈ so(3),
With the symbol ∼ we denote elements of so(3). Furthermore, for any skew-symmetric matrix a
1 such that a
1 h = a × h, for any h ∈ IR3 .
a = axial(1
a) indicates the axial vector of a
1
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s
Figure 2: Tangent space to SO(3). Spatial case: TR SO(3) = TR
SO(3).

measure vectors in the material form; n̄, m̄ are the external forces and moments per unit length
2 = RT Ṙ is the material angular velocity
in spatial form; J is the material inertia tensor; W
2 ) its axial vector; A = Ẇ is the material angular acceleration vector;
tensor and W = axial(W
CN = diag(GA1 , EA, GA3 ) and CM = diag(EJ1 , GJ, EJ3 ).
2 J W ),
1
The corresponding spatial rotational inertia is given by jα + ωjω
= R(J A + W
where α and ω are the angular acceleration and velocity in the spatial form.
4
4.1

TIME AND SPACE DISCRETIZATIONS
Explicit (spatial) Newmark scheme

With Iu = [0, 1] ⊂ IR as the normalized one-dimensional domain of the basis functions, the
spatial approximation of the incremental rotation and displacement is introduced as follows
n

ϑ(u) ≈

Rj,p (u)ϑ̌j with u ∈ Iu ,

(3)

Rj,p (u)η̌ j with u ∈ Iu ,

(4)

j=0
n

η(u) ≈
j=0

ˇ indicates the jth control value of the quantity; Rj,p indicates the jth NURBS basis
where ()
j
function of degree p [29]. Velocities and accelerations are discretized in a similar way through
ω̌ j , v̌ j , and α̌j , ǎj . Note that in the explicit formulation, the latter represent the primary variables of the problem.
At time t = tn−1 = h(n − 1), h being the time step size and n the time step counter, the
control values of the incremental displacement and rotation vectors are expressed as follows
h2 n−1
h2 n−1
n−1
+
,
(5)
ǎj ; ϑ̌j = hω̌ n−1
α̌
j
2
2 j
h n
h n
v̌ nj = v̌ n−1
(6)
ǎj ; ω̌ nj = ω̌ n−1
α̌ .
pj +
pj +
2
2 j
By exploiting the above equations, consistent kinematic updates of RHSs of Eqs. (1) and (2)
can be done [24] leading to the following time-discretized balance equations
= hv̌ n−1
+
η̌ n−1
j
j

μan = ψ n ;

1 n j n ω n = χn .
j n αn + ω

It is noted that, due to Eq. (6), a nonlinear term in αn appears in the rotational balance
equation. Therefore a linearization is needed leading to the following system of equations
n

Rj ǎnj

μ
j=0

=

ψ ni ;

∂rni (α̂ni )
∂αni
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The complete formulation including the discretizatin of the boundary conditions (not reported here) is available in [24].
4.2

Implicit (material) Newmark scheme

The material form of the Newmark algorithm for SO(3) [27] is given as follows
1 n) ,
Rn+1 = Rn exp(Θ


1
n
n
2
− β An + βAn+1 ,
Θ = hW + h
2


W n+1 = W n + h (1 − γ) An + γAn+1 .

(7)
(8)
(9)

The algorithm used to integrate the motion of the beam centroid line is the standard Newmark
for nonlinear dynamics, which, for the sake of completeness, is reported in the following
cn+1 = cn + η n ,

(10)





1
− β an + βan+1 ,
η n = hv n + h2
2


v n+1 = v n + h (1 − γ) v n + γan+1 .

(11)
(12)

In the implicit formulations the balance equations are written at tn+1 as follows
2
−μRTn+1 an+1 + K

n+1

Tn+1 n+1
CN Γn+1
+ CN Γn+1
= 0,
n̄
N
N,s + R

(13)

2 n+1 J W n+1 ) + K
2n+1 CM K n+1 +
−(J An+1 + W
M
Tn+1 n+1
c,s ×CN Γn+1
+ RTn+1 m̄n+1 = 0 ,
CM K n+1
M,s + R
N

(14)

The geometrically consistent linerization of the above equations and the boundary conditions
(not reported here) is discussed in detail in [25]. Once linearized equations are obtained, space
discretizaion is introduced as follows
n

δΘ

n+1

n+1

Rj,p (u)δ Θ̌ j

(u) =

with u ∈ Iu ,

(15)

Rj,p (u)δ η̌ n+1
with u ∈ Iu ,
j

(16)

j=0
n

δη n+1 (u) =
j=0

n+1

where incremental rotations and displacements δ Θ̌ j

and δ η̌ n+1
represent the primary variable
j

n+1,k

of the implicit formulation. Let δ Θ̌ j
, δ η̌ n+1,k
be the solution of the linearized system at the
j
iteration kth. Iteration updates are based on the following consistent scheme (we refer to [25]
for a comprehensive discussion of the update formulas)
n

cn+1,k+1
i

Rj (p̌n+1,k
+ δ η̌ n+1,k
);
j
j

=
j=0
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5
5.1

NUMERICAL RESULTS
Cantilever beam

The test, originally proposed in [30], consists of a beam of length 1 m and with a square
cross section with side 0.01 m. The Young’s modulus is E = 210 × 109 N/m2 , the Poisson’s
ratio is ν = 0.2 and the material density is ρ = 7800 kg/m3 . With respect to a Cartesian
reference system (x1 , x2 , x3 ), initially the beam axis is placed along x2 and the deformation
occurs in the (x2 , x3 ) plane due to a constant concentrated transversal tip force n̄c3 . In Figure 3
the time histories of the beam tip displacements are shown. Two load intensities: n̄c3 = −10 N
and n̄c3 = −100 N are considered. The loads are applied with constant intensity for a duration
of 0.5 s through a step-function without any ramp. For both cases p = 4 and n = 20. An
excellent agreement is found with [30] (for the small amplitude vibrations case) and between
the explicit (see above and [24]) and implicit (see above and [25]) formulations for both small
and large amplitude vibrations cases. The implicit formulation appears particularly efﬁcient
since it is able to reproduce very fast nonlinear dynamics with impulsive loads (no load ramp
functions are applied to any of the two load intensities) with a time step 500 times larger than the
explicit formulation. Note that four iterations per time step are required in the Newton-Raphson
algorithm with a tolerance on the L2 norm of the incremental vector of 10−10 .
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Figure 3: Tip displacement of a cantilever beam subjected to a tip transversal load F3 with two different intensities.
In both cases p = 4 and n = 20. Comparisons are made with results obtained in Marino et al 2019 [24] and
Gravouil & Combescure 2001 [30].

In Figure 4 four snapshots of the deformed beam are shown. To assess the higher-order
space-accuracy of the method when fast and large motions occur, in Figure 5 we show the
convergence curves of the L2 norm of the error for the load case n̄c3 = −100 N. The error
is calculated as errL2 = ||ur − uh ||L2 /||ur ||L2 , where uh and ur are the approximate and
reference vertical displacements, respectively, evaluated at t = 1 ms. The reference solution ur
is obtained with p = 6, n = 80 and a time step h = 1 × 10−7 s.
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Figure 4: Explicit formulation. Snapshots of a cantilever beam subjected to a tip force F3 = −100 N. p = 4, n =
20, h = 1 × 10−6 s. Identical results were obtained with the implicit formulation with h = 5 × 10−4 .
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Figure 5: Explicit formulation. L2 norm of error vs. number of collocation points for a cantilever beam under an
in-plane transversal tip force with NURBS basis functions of degrees p = 2, . . . , 6. Dashed lines indicate reference
orders of convergence.

5.2

Swinging ﬂexible pendulum

The test consists of an initially straight beam of length 1 m with a circular cross section of
diameter 0.01 m. The Young’s modulus is E = 5 × 106 N/m2 , the Poisson’s ratio is ν = 0.5
and the material density is ρ = 1100 kg/m3 . The beam, initially placed along x2 , is hinged at
the end located at (0, 0, 0) and is free at the other end. The motion occurs under the effect of
the gravity only.
Figure 6 shows eleven snapshots taken from time 0 to 1 s with increments of 0.1 s. Results
associated with different combinations of basis function degrees, number of collocation points
and time step sizes obtained with the implicit formulation are compared. Up to approximately
0.5 s, the results of all cases are almost indistinguishable. After that time, the results with p = 4
exhibit some loss of accuracy, while the results with p = 6 are always very accurate, also when
using a coarser mesh (red line) or when doubling the time step size (green line), indicating that
the error due to the space discretization dominates and can be easily (and efﬁciently) reduced
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by order elevation.

Figure 6: Implicit formulation. Snapshots of a swinging ﬂexible pendulum subjected to gravity only from time
0 to 1 s with increments of 0.1 s for different basis function degrees, number of collocation points and time step
spans [25].

Figure 7 shows the vertical tip displacement. Comparisons are made with results obtained in
[24] (explicit), [25] (implicit), Lang et al 2011 [31] and Weeger et al 2017 [23].
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Figure 7: Vertical tip displacement of a swinging ﬂexible pendulum. Comparisons are made with results obtained
in Marino et al 2019 [24], Lang et al 2011 [31] and Weeger et al 2017 [23]. Results of the present formulation are
obtained with p = 6, n = 30, h = 5 × 10−3 s [25].

5.3

Three-dimensional ﬂying beam

The test, proposed originally by Simo & Vu-Quoc in [27], consists of an initially straight
free ﬂexible beam with length L = 10 placed in the plane (x2 , x3 ) subjected at the lower end
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to three different time-varying concentrated loads applied simultaneously (Figure 10). Under
these loads the beam undergoes a forward translation due to n̄c2 , a forward tumbling due to m̄c1
and an out-of-plane deformation due to m̄c3 .
The convergence curves of the L2 norm of the error evaluated at t = 2 s vs. the number of
collocation points are shown in Figure 8. The error is calculated as above using a reference
solution ur obtained with p = 8, n = 200 (approximately 2.3 on the abscissa of Figure 8) and
h = 0.1 . Very good convergence rates are observed up to p = 5. They are p for even degrees
and p − 1 for odd degrees, which is the typical behavior in isogeometric collocation using
Greville points [1, 2, 20]. For higher degrees, especially for p = 8, as the number of collocation
points increases, the temporal error becomes dominant and slightly affects the quality of the
convergence rate.
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Figure 8: Implicit formulation. L2 norm of the error evaluated at t = 2 s vs. the number of collocation points for
the free ﬂying beam for NURBS basis functions of degrees p = 2, . . . , 8. Dashed lines indicate reference orders
of convergence. Reference solution computed with p = 8, n = 200, h = 0.1 .

For the implicit formulation, with our choice of β and γ, the standard Newmark time integration scheme is second-order accurate in time [27]. To verify that this attribute is preserved
in the implicit IGA-C formulation on SO(3), we show in Figure 9 the error in L2 norm associated with time step sizes of 0.05, 0.1, and 0.2. The error is evaluated by comparing the beam
conﬁguration at t = 5 with a reference solution obtained with h = 0.01. In all cases p = 6 and
n = 60. A perfectly quadratic rate is observed. Figure 10 (right panel) shows some snapshots
of the beam centroid line. Results associated with ﬁve combinations of p, h, and n are shown.
When the largest time step is considered (h = 0.2), as expected, the temporal error dominates
the spatial one. Reducing the time step size to 0.1, which is more appropriate for this application [27], the accuracy increases signiﬁcantly. Although unconditional stability is not formally
proved in the present nonlinear context, it is noted the high stability of the method even with
very large time step sizes. Figure 11 shows snapshots from time 0 to 11.5 with increments of
0.1 in a three-dimensional view.
Very similar results (not reported here) are obtained with the explicit formulations with h =
1 × 10−5 s (see [24]).

162

Enzo Marino, Josef Kiendl, and Laura De Lorenzis

-1.2

-1.4

-1.6

-1.8

-2

-2.2

-2.4

-2.6

-2.8

-1.3010

-1

-0.6990

Figure 9: Implicit formulation. L2 norm of the error vs. time step sizes of 0.05, 0.1, 0.2 for the free ﬂying beam.
The error is evaluated by comparing the beam conﬁguration at t = 5 with a reference solution obtained with
h = 0.01. In all cases p = 6 and n = 60.
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Figure 10: Implicit formulation. Flying ﬂexible beam: initial conﬁguration and loads (left panels). Snapshots in
the early tumbling stage for different combinations of polynomial degrees and time step sizes (right panel) [25].
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Figure 11: Implicit formulation. Three-dimensional view of the ﬂying ﬂexible beam. Snapshots from time 0 to
11.5 with increments of 0.1 [25].

6

CONCLUSIONS

Both explicit and implicit formulations are geometrically consistent, high-order accurate in
space and very efﬁcient. In the explicit formulation, RHSs of the balance equations are obtained
by means of consistent update of the kinematic quantities at previous time step. The nonlinear
term associated with the angular acceleration has a negligible effect on the overall efﬁciency of
the method since the Newton-Raphson algorithm converges always in one iteration regardless
of magnitude and rate of the rotations. The formulation we developed is meant as the basis on
which a fully explicit formulation can be developed. With fully explicit we mean not only the
time integration scheme, but also no equation solving. This can be achieved by developing a
suitable mass lumping technique [22] suitable for nonlinear beams.
The implicit method is very stable, even with very large time step sizes, and is able to capture
very fast nonlinear dynamics with a remarkable advantage in terms of time step size compared
to the explicit version. Order elevation improves the overall accuracy signiﬁcantly and, in a
context where efﬁciency is one of the major goals, this is a remarkable attribute. Main future
developments should be oriented towards energy and momentum preserving IGA-C methods.
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Abstract. The monitoring of flexible structures such towers, antennas and pylons comprising
critical infrastructure for power transmission and telecommunications is necessary in order
to ensure their continuous operation. This particular field of engineering comes under the
umbrella of structural health monitoring, which in recent years has been given high priority
in developed countries. There, the built infrastructure is both extensive, encompassing diverse
groups of systems such as energy, telecommunication, utility and transportation networks,
while at the same time is ageing rapidly. The goal is to set up monitoring schemes with a
stand-alone configuration and a wireless transmission of data to central locations for further
processing. Thus, it becomes necessary for the sensors employed to have some structural
analysis capabilities that can be used in tandem with their data processing functions, all within an artificial intelligence environment. To this end, we develop analytical models for vibrations in elastic waveguides that model flexible structures of variable cross-section and
demonstrate their efficiency and accuracy through comparisons with finite element models.
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1

INTRODUCTION

Broadly speaking, infrastructure can be classified as the built environment plus the necessary networks for the supply of energy, water, communications and transportation. Since network operation must remain continuous, Structural Health Monitoring (SHM) is required as a
necessary step in setting up maintenance protocols [1]. The data streams generated by monitoring must be evaluated with the aid of Artificial Intelligence (AI) algorithms that will allow
authorities to reach rational conclusions regarding the current state of network operation and
to assess the need for maintenance, repair, retrofit and rehabilitation [2]. Within this cycle, it
is necessary to use numerical models to analyze the current state of the structure as needed [3].
The usual path followed nowadays for modelling either the structure or the structural network
under consideration is the Finite Element Method (FEM). This usually requires the setup of
meshes for discretizing the continuum that are quite detailed and possibly cannot be accommodated within wireless sensor nodes with limited computational resources and power supply.
It then becomes necessary to introduce analytical models with closed-form solutions [4]
which can be programmed using computer platforms such as Java [5]. This representation is
both accurate and efficient and requires small amounts of computing power. This way, the
data streams generated by ambient vibrations and other external loads can be processed and
compared with computed response markers [6, 7]. Then, these data streams will be either discarded or transmitted to a central processing unit for further evaluation. The final goal is to
produce reliable information through SHM to decide if the structure in question is in need of
repairs.
Flexible structures such as antennas and pylons used in power transmission and in telecommunications can be efficiently modelled as elastic waveguides, i.e. base-supported beams
of variable cross-section with a continuous mass distribution. In general, these waveguides
undergo axial, flexural and torsional vibrations, see Fig. 1. Their motion is governed by partial differential equations in a space variable x (m) and in time t (s). Invariably, a transformation to the frequency domain follows, whereby ordinary differential equations result that
are parametric in the frequency ω (rad/s). The change in cross-section along the length results
in dispersion phenomena that would otherwise be absent. Furthermore, it might be that the
aforementioned three types of vibration patterns are coupled, but this would result in a problem that is probably intractable in terms of a closed-form-solution. Practically speaking, for a
circular cylindrical cross-section only flexural vibrations might be influenced by the presence
of an axial force, and this would depend on the external loading configuration and frequency
content [8]. In here, we will focus on the axial vibration problem as a first step in exploring
the suitability of these models to SHM.
2

MECHANICAL MODEL FOR STRUCTURES OF VARIABLE CROSS-SECTION

Figure 1 depicts a free-standing waveguide placed along the X-axis. For transverse f(x,t)
and longitudinal p(x,t) loads distributed along the length of the waveguide, plus initial conditions, a bending moment M(x,t), a shear force Q(x,t) and an axial force N(x,t) develop
across the cross-section. Also, u(x,t) and w(x,t) are the axial and transverse displacements,
respectively, with θ=∂w/∂x being the slope of the neutral axis. The following definitions for
the forces and boundary conditions corresponding to a cantilevered waveguide are given below, with initial conditions assumed to be zero:
Q = –EI(x)(∂w 3 /∂x 3 ),
N = EA(x)(∂u/∂x),
M = –EI(x)(∂w 2 /∂x 2 ),
M(a,t) = Q(a,t) = w(b,t) = w′(b,t) = 0, N(a,t) = u(b,t) = 0
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In the above, EA(x) and EI(x) are the aggregate axial and flexural stiffness that varies along
the antenna length, a ≤ L ≤ b. Finally, the alternative notation used here involves primes (′)
and dots (.) to respectively denote differentiation with respect to the spatial coordinate x and
time t. We will consider the following type of smooth variation for the flexural stiffness, the
axial stiffness and the distributed mass of the waveguide as
EI(x) = (EI)base(x/b) 3 , EA(x) = (EA)base(x/b), m(x) = (m)base(x/b)

(2)

Where EI, EA, m are the reference values at the base x = b, with the antenna length being
L = b – a. The type of variation assumed dictates the type of the partial differential equation
that will result. When the equations of motion are transformed in the frequency domain, they
become Bessel and Euler equations for the axial and flexural vibrations, respectively.

Figure 1: (a) Pylon modelled as base-supported elastic waveguides; (b) longitudinal cross-section of infinitesimal
length dx showing the force resultants; (c) deformed pattern; (d) transverse cross-section

3

EQUATIONS OF DYNAMIC EQUILIBRIUM

By considering force and moment equilibrium of the differential segment dx in Fig. 1, we
obtain coupled governing equations of dynamic equilibrium for axial and flexural motion as
2
∂
∂
∂u(x,t)
∂w(x,t)
EA(x)
Q(x,t)
– m(x) ∂ u(x,t) = p(x,t)
–
∂x
∂x
∂x
∂x
∂t 2

∂2

∂x 2

3.1

EI(x)

∂ 2 w(x,t)
∂x 2

–

∂
∂w(x,t)
N(x,t)
+ m(x)
∂x
∂x

∂ 2 w(x,t)
∂t 2

(3)

= f(x,t)

(4)

The time domain

If the coupling terms ∂/∂x(Q·∂w/∂x) in the former and ∂/∂x(N·∂w/∂x) in the latter
equation are ignored, then by differentiating the variable stiffness terms we recover the following equations:
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EA(x)·u″ + (∂EA(x)/∂x)·u′ – m(x)·ü = p(x,t)
EI(x)·w⁗ + 2(∂EI(x)/∂x)·w‴ + (∂ 2 EI(x)/∂x 2 )·w″ + m(x)·ẅ = f(x,t)

(5)
(6)

Next, by introducing the variable stiffness representations of Eq. (2) and recover the final
form for the equations of dynamic equilibrium as follows:
(EAx/b)·u″ + (EA/b)·u′ – (mx/b)·ü = p(x,t)

(7)

(EIx 4 /b)·w⁗ + 8(EIx 3 /b)·w‴ + 12(EIx 2 /b)·w″ + (mx/b)·ẅ = f(x,t)

(8)

Remark 1: By examining the uncoupling assertions more carefully, we see that omission of
the shear force Q in Eq. (3) implies that ∂w 3 /∂x 3 = 0, i.e., we recover a polynomial solution
in the spatial coordinate for the transverse displacement in the form of
w(x,t) = g 1 (t)x 2 + g 2 (t)x + g 3 (t). A similar state of affairs exists if we neglect the axial
force N in Eq. (4), i.e., we get ∂u/∂x = 0 so that u(x,t) = (a 1 t + a 2 )x + (b 1 t + b 2 ). Strictly
speaking therefore, Eq. (5) and (6) are no longer mathematically consistent with the original
system of Eq. (3) and (4). In essence, what we assume is that axial and flexural vibrations in
the waveguide are respectively induced by upwards/downwards travelling pressure (P) and
horizontally polarized shear (SH) waves, without conversion from one wave type to another.
3.2

The frequency domain

For harmonic vibrations, we have the displacements as w(x,t) = W(x)e iωt and
u(x,t) = U(x)e iωt, where e iωt = cos(ωt) + isin( ωt), and likewise for the external distributed
forces, i.e., f(x,t) = F(x)e iωt, p(x,t) = P(x)e iωt. Then,
xU″ + U′ + a 2 xU(x) = P̃ ( x), a 2 = (mω 2 ) /ΕΑ
x 4 W(x)⁗ + 8x 3 W‴ + 12x 2 W″ – β 4 xW(x) = F̃ ( x), β 4 = (mω 2 ) /ΕI

(9)
(10)

Note that both a(ω) = ω/c p , c p = (E/ρ) -1/2 (the P-wave speed) and β(ω) are the usual real-valued wavenumbers associated with vibrations of prismatic beams. Also, P̃, F̃ are the
scaled spatial variations of the external forces. If the above equations are normalized with respect to the leading derivative terms, we respectively recover a Bessel equation of zero order
and an incomplete Euler equation of the fourth order, i.e.,
U″ + (1/x)·U′ + a 2 ·U = P̃
W(x)⁗ + (8/x)W‴ + (12/x 2 )W″ – (β 4 /x 3 )W(x) = F̃

(11)
(12)

Remark 2: We note here that a quadratic variation of the mean radius D/2 of a circular cylindrical pylon of constant thickness t yields a complete Euler equation of the fourth order.
This will be communicated in future work, since the quadratic variation is a more general representation that can replace the model of Eq. (2). For the above flexural vibration case, although the eigenfrequencies can still be recovered from Eq. (12), the key substitution that will
give solutions of the type W(x) = ∑B i |x| mi, i = 1…4 will not work.
3.3

Solution for axial vibrations

The homogeneous solutions to the Eq. (11) is
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U(x) = A 1 J 0 (ax) + A 2 Y 0 (ax)

(13)

Where J0, Y0 respectively are the Bessel functions of zero order, first and second kind. Next,
Ai are constants of integration to be determined from the boundary conditions. For the tapered
waveguide with fixity at the base, we have that U(x = b) = 0, while for a traction-free condition at the top, we have that N(x = a) = 0 → U′(x = a) = 0. The second boundary condition requires the first derivative of the displacement solution of Eq. (13). This is
accomplished by noting that the spatial derivatives of the Bessel functions are given by the
following expressions: J′ 0 (ax) = –aJ 1 (a x), Y′ 0 (ax) = –aY 1 (ax). Now, for the aforementioned homogeneous conditions, constants Ai can only be determined relative to each other.
This is done using the displacement derivative evaluated at x = b and setting it equal to zero.
Back-substitution into Eq. (13) evaluated at x = a and subsequently also setting it equal to zero yields the following transcendental equation
J 0 (ab) – {J 1 (aa)/Y 1 (aa)}·Y 0 (ab) = 0

(14)

An analytical solution for wave number a n = ω n /c p values which are the roots of the above
equation is not possible, and therefore the Newton-Raphson method is used with starting values being the eigenfrequencies ωn of a reference pylon with constant cross-section. More specifically, if we consider a pylon whose cross-section matches that of the tapered pylon at its
base, then A = 2πdb, m = ρΑ. Closed-form solutions for the displacement vector, the wave
numbers, the eigenfrequencies and the eigenfunctions are as follows (Graff, 1975):
U(x) = A 1 sin(ax) + A 2 cos(ax), a n = (2n – 1)π/(2L)
ω n = (2n – 1)πc p /(2L), φ n (x) = sin(a n x), n = 1,2,…,∞

(15)

Once the eigenfrequencies ωn of the tapered pylon have been determined, then the corresponding eigenfunctions φn(x) are the displacements given in Eq. (13), after substitution of the
corresponding wave number an and with A1 = 1, A2 = –J1(aa)/Y1(aa).
3.4

Modal analysis for axial vibrations

Modal analysis commences with the transformation from the physical displacement coordinates u to the generalized (or modal) coordinates qi, i = 1,2,3,… by use of the eigenfunctions φi as follows:
∞

u(x,t) =

∑

φ i (x)·q i (t)

(16)

i=1

Substitution of this expansion into the uncoupled form of the equation of motion, Eq. (4a),
pre-multiplication by eigenfunction φj and integration over the length of the waveguide gives

A

(17)
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4.1

Eigenvalue analysis for axial vibrations

As mentioned in sub-section 3.3, we introduce a cantilevered pylon with a constant crosssection whose configuration matches that of the non-homogenous pylon at the base to serve as
benchmark for comparison purposes. We now compute its first five eigenfrequencies ωi and
their respective modal masses Μi and stiffnesses Ki, see the left column in Table 2 and also
Fig. 3. Similarly, for the tapered pylon, we use the Newton-Raphson method to numerically
solve the characteristic polynomial resulting from imposition of the homogeneous boundary
conditions to the solution given in Eq. (13). Standard procedure of back-substitution of the
recovered eigenfrequencies into the normalized displacement function gives the corresponding eigenfunctions. All these values appear as the right column of Table 2 and in Fig. 3. The
computations regarding the tapered pylon were carried out in a Python programming environment [9] requiring negligible running times.
We note that axial vibrations occur at high frequencies, given that the first eigenfrequency
of the uniform pylon is 108 Hz and that of the non-uniform one is 146 Hz. Also, the nonuniform pylon consistently has higher values for the eigenfrequencies, because of less mass as
compared to the uniform pylon, all other things being equal. Regarding the presence of structural damping in the pylons, it is possible to introduce [10] a complex elasticity modulus in
the form E(1.0+iηω), where the structural damping coefficient η is in the range of 0.1%. This
damping is in addition to the dispersion effects for the tapered pylon and results in complex
number formalism for the ensuing numerical solution.

Table 2: Steel pylon with constant cross-section (left) and variable cross-section (right): The first five modal
masses, modal stiffnesses and eigenvalues
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4.2

Comparisons with FEM models

The same cantilevered pylon is now modeled using two types of FEM representations,
namely a ‘stick’ model comprising 2-noded beam elements with 6 degrees-of freedoms (DOF)
per node and a ‘shell’ model comprising 4-noded shell elements with also 6 DOF per node
[11]. The convergence study focuses on the axial vibration eigenvalues and examines the necessary number of finite elements along the length and breadth of the pylon to achieve convergence of the results.

Figure 3: Steel pylon with (top) constant and (bottom) variable cross-section: The first five normalized eigenfunctions φi(x). Legend: 1 = blue / 2 = red / 3 = green / 4 = yellow / 5 = purple

Starting with the ‘stick’ model, we begin with 10 uniformly spaced elements for the pylon
yielding 60 DOF and reach a maximum of 100 elements resulting in 600 DOF. For the ‘shell’
model, the smallest acceptable mesh covers the circumference of the cross-section with
3 shell elements spanning 120° sectors each. Therefore, the comparable numbers for the
‘shell’ model start at 30 elements with 180 DOF and range up to 300 elements with 1800
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DOF. Of course, the FEM ‘shell’ model yields vibration patterns that cannot be captured by
the waveguide model, such as ‘breathing’ modes where the circumference’s shape diverges
from the original circular one. We see in Fig. 4 that roughly 20 finite elements per length are
required in most cases before the eigenfrequencies start to converge, yielding a minimum finite element length of 50 cm. This holds true for both ‘stick’ and ‘shell’ models, and we observe that although both FEM models give identical results, they overshoot the analytical
waveguide solution by about 2%.
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Figure 4: FEM convergence study on the first four axial eigenfrequencies for both (a) constant and (b) variable
pylon cross-sections. Note: 3 shell finite elements are used to model the pylon circumference
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4.3

Transient axial vibrations

We distinguish two types of quasi-harmonic external loads on pylons supporting electric
lines that are generated by the passage of high speed trains: (i) High frequency base accelerations in the vertical direction (axial vibrations) in the range around 50 Hz resulting from the
train’s wheels running across rails that have minor imperfections; and (ii) low frequency base
accelerations in the horizontal direction (flexural vibrations) in the range around 5 Hz as the
train moves rapidly forward. Both cases lead to a forcing function in the form
p(x,t) = f(x,t) = –mgsin(Ωt), where g=9.81 m/s2 is the acceleration of gravity and Ω (rad/s)
is the external frequency of vibration. Focusing on axial vibrations, Fig. 5 is a parametric
study summarizing the number of eigenfunctions necessary in the modal analysis to achieve
convergence of the transient displacement at the top of the pylon, with the time axis ranging
as 0 < t < 0.4 s. We observe that as the external frequency of vibration increases, so does the
number of eigenfunctions necessary for convergence. However, even three eigenfunctions are
sufficient, provided the excitation frequency in the axial case does not exceed a value of
f = Ω/2π = 300 Hz.

(a)

(b)
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(c)

(d)
Figure 5: Modal analysis convergence study for the axial displacement at the top of the steel pylon for a ground
acceleration amplitude g = 9.81 m/s2: (a) Constant and (b) variable pylon cross-sections vibrating at f = 30 Hz
and (c) constant and (d) variable pylon cross-sections vibrating at f = 100 Hz .
Legend: 1 (blue), 3 (red), and 5 (green) eigenfunctions are used in the superposition

5

CONCLUSIONS

An analytical model based on elastic waveguides was presented here for determining the
dynamic vibrations of flexible structures such as antennas and pylons to environmentally induced loads. The stiffness of these structures may vary with height and both axial and flexural
vibrations were considered, with torsional vibrations to be communicated in future work.
These solutions are meant to replace large-scale FEM models for reasons of computational
economy within the context of real-time data processing in wireless sensor nodes. This is a
crucial step in SHM operations, whereby data streams are transmitted by the sensor nodes to a
central processing unit only when calculations show that certain tolerance limits are exceed.
These limits can be pre-set, but it is necessary to first quantify and then update them over the
course of time. To this end, numerical models for monitored structures, which are both accurate and efficient in terms of computing power, must be introduced.
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Abstract. Systems exhibiting a negative stiffness region are often used as vibration isolators,
due to their enhanced damping properties. The device tested in this paper is part of a damping
system and it acts like an asymmetric double-well Duffing oscillator, with two stable and one
unstable equilibrium positions. The range of motion can either be bounded around one stable
position (in-well oscillations) or include all the three positions (cross-well oscillations).
Depending on the input amplitude, the oscillator can exhibit linear and nonlinear dynamics,
and chaotic motion as well. Due to its asymmetrical design, the two linearized systems
associated to small-amplitude oscillations around one stable equilibrium position are different.
In this work, the dynamical behavior of the system is first investigated in the case of linear and
nonlinear in-well oscillations and then in the case of cross-well oscillations with chaotic motion.
To accomplish this task, the device is mounted on a shaking table and it is driven through
several excitation levels with both harmonic and random inputs. An experimental bifurcation
tracking analysis is also carried out to understand the possible response scenarios. Afterwards,
the nonlinear identification is performed using nonlinear subspace algorithms to extract the
restoring force of the system. Eventually, the physically-based model of the device is updated
to match the identified characteristics via genetic algorithms.
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1

INTRODUCTION

Devices and materials based on a negative stiffness behavior are very often used as vibration
isolators due to their amplified damping properties [1,2]. In particular, in the case of engineering
structures, examples can be found in automotive suspensions [3,4] or seismic isolation [5,6].
When the negative stiffness effect is coupled to a nonlinear polynomial stiffness contribution,
the so-called double-well Duffing oscillator is obtained, whose dynamical properties have been
extensively studied in the literature due to the wide kind of motions it can exhibit, ranging from
linear to highly nonlinear and chaotic [7]. This oscillator exhibits two stable and one unstable
equilibrium positions, and the oscillations can either be bounded around one stable point (inwell or intra-well small oscillations) or include all the three positions (cross-well or infra-well
large oscillations). In both cases, periodic oscillations can evolve to steady in-well or cross-well
chaotic motions under external excitation [8]. The occurrence of irregular motion, consisting of
random-like crossings from oscillations around the two stable equilibrium positions, was first
observed experimentally in 1971 [9] and the motion was called “snap-through”. A
comprehensive literature review about the Duffing equation can be found in [10].
In this work, a negative stiffness oscillator is studied and tested to derive a reliable nonlinear
dynamical model. The dynamical properties of the oscillator are first investigated to uncover
the possible kind of motions it can exhibit (in-well, cross-well, chaotic). To accomplish this
tasks, the device is mounted on a shaking table and it is driven through several excitation levels
with harmonic and random inputs. The experimental bifurcation diagram is estimated, together
with the attractor surface in the case of chaotic motion.
Afterward, nonlinear system identification is performed to extract the model parameters
directly from the measurements. The nonlinear subspace identification (NSI) method [11–14]
is adopted to identify the nonlinear restoring force of the system using just one cross-well
measurement obtained with random excitation. Eventually, a model updating procedure is
implemented with genetic algorithms to refine the physically-based model based on the
identified restoring force.
2

NEGATIVE STIFFNESS OSCILLATOR

The device under investigation consists in a U-shaped steel frame connected through rods to
a central moving mass. The frame has the purpose to keep the rods under compression during
their movement, exerting a compression force ሺߠሻ depending on the rotation angle ߠ . A
schematic representation of the device is depicted in Figure 1.
It is assumed that the inertia of the moving parts can be concentrated into one central point
with mass ݉, comprising the mass of the central bushing and the equivalent inertia of the rods.
The vertical movement of this point is described by the coordinate ݕሺݐሻ. The lower surface of
the frame is attached to a shaking table, so that displacement ܾሺݐሻ can be imposed to the
structure. The free-body-diagram of mass ݉ is depicted in Figure 1.
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α

Figure 1: Schematic representation of the negative stiffness oscillator and free-body-diagram of m.

With ݖሺݐሻ ൌ ݕሺݐሻ െ ܾሺݐሻ, the equation of motion of the system in the variable ሺሻ can be
written as
݉ݖሷ  ݇ଷ  ݖଷ  ݇ଶ  ݖଶ െ ݇ଵ  ݖ ݇ ൌ െܾ݉ሷǡ

(1)

where ݇ ൌ ݉݃ and the coefficients ݇ଷ ǡ ݇ଶ ǡ ݇ଵ have to be experimentally estimated. Eq. (1) has
the form of a negative-stiffness Duffing equation, and its restoring force  ܭand elastic potential
ܷ can be defined as
ܭሺݖሻ ൌ ݇ଷ  ݖଷ  ݇ଶ  ݖଶ െ ݇ଵ  ݖ ݇ ǡ
ܷሺݖሻ ൌ

ͳ
ͳ
ͳ
݇ଷ  ݖସ  ݇ଶ  ݖଷ െ ݇ଵ  ݖଶ  ݇ ݖǤ
Ͷ
͵
ʹ

(2)
(3)

A qualitative representation of the potential is shown in Figure 2, where its asymmetric
double-well characteristic can be observed, together with the three equilibrium positions כ ݖ
obtained by setting ܭሺ כ ݖሻ ൌ Ͳ. Two out of three positions represent a stable equilibrium,
namely  כିݖand ݖା כ, while the central position ݖ כis an unstable point.

Figure 2: Potential ܷሺݖሻ. Orange dots: equilibrium positions.
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The oscillations of the moving point are said to be in-well when the motion is bounded
around one of the two stable equilibrium positions ݖേ כ. The associated linear natural frequency
߱േ can be computed by
߱േ ൌ ඨ

ܭԢ൫ݖേ כ൯
ǡ
݉

(4)

ܭԢ൫ݖേ כ൯ being the derivative of ܭሺݖሻ computed in  כିݖor ݖା כ.
3

EXPERIMENTAL CHARACTERIZATION

Two photos of the experimental setup corresponding to the two stable equilibrium positions
are reported in Figure 3. The moving mass is instrumented with a laser vibrometer to measure
its absolute displacement ݕሺݐሻ, whose zero position corresponds to the horizontal configuration
of the rods (ߠ ൌ Ͳ). The acceleration of the base ܾሷሺݐሻ is also recorded through an accelerometer
and the displacement ݖሺݐሻ is computed as the difference between the laser measure ݕሺݐሻ and
the displacement of the base ܾሺݐሻ, obtained by integrating twice its measured acceleration.
The system is driven by harmonic inputs with fixed excitation frequency ߱ ൌ ͻ ߨʹ ڄȀ
and different amplitudes. The measured signals are sampled at ͷͳʹ . By applying this set of
harmonic excitations, the so-called bifurcation map of the system can be built for a specific
excitation frequency. The bifurcation map is a snapshot of the kind of steady-state solutions
that can be obtained for a given excitation frequency when ranging over the excitation
amplitude. Each point in the map represents the amplitude(s) of the steady-state solution for a
specific value of the excitation amplitude. Indeed, the system can in principle exhibit superharmonics of the exciting frequency (meaning frequency contents at ʹ߱ǡ ͵߱ǡ Ͷ߱ǡ ǥ), subharmonics (ͳΤʹ ߱ǡ ͳΤ͵ ߱ǡ ͳΤͶ ߱ǡ ǥ) or chaotic motion.

Figure 3: Photos of the experimental setup. a) Negative equilibrium position  ; כିݖb) Positive equilibrium
position ݖା כ.
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When building the bifurcation map on experimental time series, one should be able to detect
the presence of super/sub-harmonics in order to correctly estimate the amplitude(s) of the
response. This is done in this work automatically by performing a periodicity analysis of the
measured displacement ݖሺݐሻ over a certain number of periods of the input force. The algorithm
seeks the number of periods that gives the best periodicity of the output signal:
- A period-1 solution is gathered if the output is periodic with the input. The system in this
case might respond with higher harmonics of the excitation frequency ߱.
- A period-2 solution is gathered if the output is periodic with twice the period of the input.
The system in this case responds also with the sub-harmonic ͳΤʹ ߱.
- A period-4 solution is gathered if the output is periodic with four times the period of the
input. The system in this case responds also with the sub-harmonics ͳΤʹ ߱ǡ ͳΤͶ ߱.
- ...
The experimental bifurcation map is depicted in Figure 4, where the cross-well region is
highlighted in grey. Since the map is inferred from experimental measurements, it is not
intended to be an exhaustive representation of all the possible bifurcations of the system, as it
would be rather difficult to experimentally collect the huge number of points that would be
required. Nevertheless, it gives useful information about the range of motions the system
exhibits for different input amplitudes. In particular, a cascade of period doublings can be
appreciated when the input amplitude is around ͳʹ െ ͳͷȀଶ , especially when starting from
the positive equilibrium position (ݖା כൌ ͲǤͲʹ͵ሻ.

Figure 4: Experimental bifurcation map of the system. The chaotic region is highlighted in grey.

The time series and phase diagrams of some of the points of the bifurcation map are depicted
in Figure 5. The selected phase diagrams correspond respectively to a period-1 solution, a
period-2 solution, a period-4 solution and to a cross-well motion of the system. The latter in
particular can be called chaotic in this context, as no periodic solution to a periodic input is
retrieved, and this behavior lasts for the entire acquisition time (10 minutes).
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Figure 5: Time series and corresponding phase diagrams of selected measurements. a) Period-1 solution.
b) Period-2 solution. c) Period-4 solution. d) Cross-well motion.

It should be recalled that no definition of chaos is universally accepted, and this is
particularly true when experimental data is considered. The reason is that uncertainties and
noise in the data acquisition may interfere with the extreme sensitivity to the initial conditions
that characterizes chaotic systems.
The well-known LLE (largest Lyapunov exponent) [15] can be used to check whether the
system is behaving chaotically or not: a positive sign means chaotic motion, while a negative
sign is representative of a periodic orbit. Several methods exist to compute the LLE from
experimental time series, and the one proposed in [16] is adopted here. Results are shown in
Figure 6, where a positive sign is retrieved.

Figure 6: Estimation of the largest Lyapunov exponent. Red line: convergence mean value.
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Eventually, the experimental Poincaré sections are computed for different phase
synchronizations ߶ of the data with the forcing term [17]. The typical shape of a strange
attractor is retrieved [8] and depicted in Figure 7a in a polar plot, while three of its sections are
represented in Figure 7b,c,d.

Figure 7: Experimental Poincaré sections. a) Polar representation of the attractor surface; b) Poincaré
section, ߶ ൌ Ͳι; c) Poincaré section, ߶ ൌ ͳͲι; d) Poincaré section, ߶ ൌ ͵ʹͲιǤ

4

IDENTIFICATION OF THE NONLINEAR RESTORING FORCE AND MODEL
UPDATING

The nonlinear subspace identification (NSI) method is adopted in the following to identify
the nonlinear state-space model of the system, with the final purpose of estimating its restoring
force. NSI relies on the possibility of splitting the nonlinear equation of motion into an
underlying-linear (and stable) system (ULS) and a nonlinear feedback. By looking at Eq. (1),
this seems not to be possible for the considered system, as the negative linear stiffness creates
an unstable ULS. Nevertheless, a workaround can be found by shifting the reference axis and
considering the oscillations of the moving point around one reference position. This reference
position is chosen as one of the two stable equilibrium points ݖേ כ, and it is generally referred to
as  כ ݖ. A new variable ݔሺݐሻ can therefore be defined as
ݔሺݐሻ ൌ ݖሺݐሻ െ  כ ݖǡ

(5)

so as to write the equation of motion in the variable ݔ
݉ݔሷ  ܭሺ ݔ  כ ݖሻ ൌ െܾ݉ሷǡ
with
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ܭሺ ݔ  כ ݖሻ ൌ ݇ଷ  ݔଷ  ሺ݇ଶ  ͵݇ଷ  כ ݖሻ ݔଶ  ൫͵݇ଷ  כ ݖଶ  ʹ݇ଶ  כ ݖെ ݇ଵ ൯ݔ
ൌ ݇ଷ  ݔ ݇෨ଶ  ݔଶ  ݇෨ଵ ݔǤ

(7)

ଷ

The new coefficients of the restoring force to be identified are therefore ݇ଷ ǡ ݇෨ଶ and ݇෨ଵ . Also,
a nonlinear damping model of the kind ܿ  ݔሶ ሺݐሻȁݔሶ ሺݐሻȁ is sought by the method in addition to a
linear viscous damping ܿݔሶ , to account for the dissipation that comes with the relative motion
between the moving point and the vertical steel guide.
Indeed, the ULS depends on the choice of the reference position  כ ݖ, therefore:
- When  כ ݖൌ  כିݖthe modal parameters of the underlying-linear small oscillations around
the negative equilibrium position can be estimated;
- When  כ ݖൌ ݖା כthe modal parameters of the underlying-linear small oscillations around
the positive equilibrium position can be estimated;
Consequently, two mutually exclusive ULSs can be obtained with NSI. For this reason, a
single cross-well measurement under random excitation is fed to the NSI algorithm with two
consecutive choices of the reference position: namely  כ ݖൌ  כିݖand  כ ݖൌ ݖା כ. The measurement
is sampled at 512 Hz and lasts 300 s, with the last 60 s used for validation purposes.
A model order equal to 2 is chosen for the nonlinear state-space identification, the system
being a single-degree-of-freedom system, and the corresponding modal parameters are listed in
Table 1.
Reference position
כିݖ
ݖାכ

Natural frequency (Hz)
11.41
9.19

Damping ratio (%)
11.2
20.3

Table 1: Modal parameters of the two underlying linear systems identified with NSI.

The validation of the identified model is carried out by simulating the output of the system
 ݔሺݐሻ with the identified nonlinear state-space model, given the measured input. The
simulated and the measured outputs are then compared to estimate the modeling error. Results
are reported in Figure 8 in terms of simulated and measured time histories, in time and
frequency domains. The statistical parameters of the residual between the measured output ݔሺݐሻ
and the simulated one  ݔௌூெ ሺݐሻ are listed in Table 2. Generally, the identified state-space model
is capable of catching the cross-well motion with a very good accuracy, providing a percentage
RMS deviation from the measurement of approximately 8%.
Once the identified model is validated, the coefficients of the nonlinear restoring force can
be extracted [11–14], obtaining:
ܭሺ ݔ  כ ݖሻ ൌ ݇ଷ  ݔଷ  ݇෨ଶ  ݔଶ  ݇෨ଵ ݔ
ௌூெ

ൌ Ǥ͵ͷ ή ͳͲହ  ݔଷ െ ǤͶͷ ή ͳͲଷ  ݔଶ  ͳǤ͵Ͷ ή ͳͲଷ ݔǤ

(8)

The identified restoring force  ܭand the corresponding potential ܷ are depicted in Figure
9a,b. As for the nonlinear damping coefficient ܿ  , a value of െͷ ଶ Τଶ is obtained. The total
damping force ܦሺݖሶ ሻ ൌ ܿݖሶ  ܿ  ݖሶ ȁݖሶ ȁ is depicted in Figure 9c.
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Residual mean (mm)
0.18

Residual standard deviation (mm)
1

Table 2: Statistical parameters of the residual between measured and simulated outputs.

Figure 8: Validation of the nonlinear identification in the time domain (a) and frequency domain (power
spectral density, b). Black line: measured output; red line: residual between simulated and measured output.

Figure 9: Estimation of the restoring force ( ܭa), the corresponding potential ܷ (b) and the damping force
( ܦc).
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4.1 Model updating
Once the parameters of the restoring force have been estimated from the experimental
measurements, a comparison with the originally designed values is carried out to validate the
model. A model updating procedure is implemented to adjust the physical parameters of the
model and minimize the difference between simulated and identified behaviors. A genetic
algorithm (GA) [18] is adopted to find the global optimum set of parameters. Genetic
algorithms offer the chance to effectively update the model parameters, by exploring the range
of feasible values in a smart and fast way. Also, crossover and mutation operators reduce the
risk of falling into local minima [18]. The selected fitness function ߳ to be minimized is defined
as the sum of two relative error functions ߳ఠ and ߳௭  כ. The function ߳ఠ is associated to the
residuals on the positive and negative natural frequencies ߱േ , while ߳௭  כis related to the
residuals on the positive and negative equilibrium positions:
߳ఠ ൌ  ቊͳͲͲ ቤ
߳௭  כൌ  ቊͳͲͲ ቤ

ሺ߱ିெை െ ߱ିாௌ் ሻ
ሺ߱ାெை െ ߱ାாௌ் ሻ
ቤ
ǡ
ͳͲͲ
ቤ
ቤቋ
߱ିாௌ்
߱ାாௌ்

ሺכିݖெை െ כିݖாௌ் ሻ
ሺݖାכெை െ ݖାכாௌ் ሻ
ቤ
ǡ
ͳͲͲ
ቤ
ቤቋ
כିݖாௌ்
ݖାכாௌ்

(9)

߳ ൌ ߳ఠ  ߳௭ כ
The superscripts ΜΟD and EST stand respectively for “model” and “estimation”. In
ாௌ்
are the ones listed in Table 1. The parameters
particular, the estimated natural frequencies ߱േ
to be optimized are the Young’s modulus  ܧof the frame, the frame angle ߙ and the moving
mass ݉. The values of the fitness function across the generations of GA are shown in Figure
10, while the final result is depicted in Figure 11.

Figure 10: Values of the fitness function across the generations of GA. Black line: best
fitness; blue dots: mean fitness values.
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The optimization reduces the residual between the experimental characteristics and the
model prediction, providing a good match between the final restoring force and potential curves,
with a residual ߳ equal to ͳǤ͵ͺΨ.

Figure 11: Results of the optimization in terms of restoring force in (a) and potential in (b). Black line:
identified curves; orange line: starting values; green line: final values.

5

CONCLUSIONS

A negative stiffness oscillator has been characterized experimentally to exploit its dynamical
behavior. A variety of different kind of motions can be obtained because of the bi-stable nature
of the device, from in-well to cross-well oscillations, including chaotic motion. These
dynamical behaviors have been confirmed by the experimental observations, obtained with
harmonic inputs. The bifurcation map of the system has been estimated, together with the
attractor surface in the case of chaotic motion. Eventually, the nonlinear restoring force of the
system has been identified from the measured time series by applying the nonlinear subspace
identification method, and the physically-based model of the device updated via genetic
algorithm to match the experimental results.
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Abstract. Stepped beams like structures are extensively used in several mechanical and civil
engineering fields, such as for high-rise buildings, robot arms, etc. The objective of the
current study is to analyse the geometrically non-linear behaviour of free and forced multistepped Euler-Bernouilli beams. The first part consists on determining the multi-stepped
beam natural frequencies and associated mode shapes, which constitute the basic functions
used afterwards in the non-linear theory. The effect of geometrical non-linearity is based on
the Von Karman's assumptions. By deriving the discretized expressions of linear and
nonlinear strain and kinetic energies, Hamilton’s principle is used to reduce the problem to a
non-linear algebraic system solved by means of approximate methods. This leads to the
determination of the non-linear modes and their corresponding curvatures, illustrated by
application examples showing the effect of geometrical non-linearity on the dynamic
behaviour of multi-stepped beams. The effect of the variation of the cross section area and
second moment of inertia is also examined. Considering forced vibrations, the single mode
approach is used to obtain the non-linear frequency response function in the vicinity of the
predominant mode. The effects of the variation in the type of the stepped beam cross section
and corresponding parameter ratios are investigated and illustrated by specific application
cases.
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1

INTRODUCTION

,Q PDQ\ VWUXFWXUHV HQFRXQWUHG LQ DHURQDXWLFDO FLYLO RU PHFKDQLFDO HQJLQHHULQJ VWHSSHG
EHDPV DUH XVHG WR VXSSRUW ORDGVWUDQVPLW PRWLRQRUWR UHLQIRUFHWKH HQWLUH V\VWHP 2IWHQ LQ
WKHLURSHUDWLRQWKHVHW\SHVRIEHDPVDUHVXEMHFWHGWRYLEUDWLRQVHLWKHUIUHHRUIRUFHGZKLFK
UHTXLUH D VWXG\ LQ RUGHU WR EH DEOH DQG SUHGLFW WKHLU G\QDPLF EHKDYLRXU 0DQ\ ZRUNV KDYH
H[DPLQHG WKH EHKDYLRXU RI WKLV W\SH RI EHDPV XQGHU YDULRXV HQG FRQGLWLRQV DQG XQGHU
GLIIHUHQWW\SHVRIORDGV
$UHYLHZRIWKH OLWHUDWXUHJRHVEDFNWR1-7$/(%DQG(:6833,*(5ZKRDSSOLHG
WKH &DXFK\ IXQFWLRQ PHWKRG WR REWDLQ DQ DSSUR[LPDWLRQ RI WKH IXQGDPHQWDO IUHTXHQF\ DQG
PRGDO FRQILJXUDWLRQ RI WKH IUHH WUDQVYHUVH YLEUDWLRQ RI WKH EHDPV >@ %DODVXEUDPDQLDQ DQG
6XEUDPDQLDQ VWXGLHG WKH SHUIRUPDQFH RI D IRXUGHJUHHRIIUHHGRPSHUQRGH HOHPHQW IRUWKH
YLEUDWLRQ DQDO\VLV RI XQLIRUP DQG PXOWLVWHS EHDPV >@ 6 1DJXOHVZDUDQ JDYH D EULHI
RYHUYLHZRIWKHZRUNRQVWHSSHGDQGPXOWLVWHSSHGEHDPVLQ>@+HDOVRH[DPLQHGGLIIHUHQW
FDVHV RI YLEUDWLRQ RI VWHSSHG EHDPV LQ >@ ,Q >@ 0$2 XVHG WKH $GRPLDQ
'HFRPSRVLWLRQ 0HWKRG $'0  WR VWXG\ WKH IUHH YLEUDWLRQ RI D VWHSSHG EHDP ZLWK WZR DQG
PRUH XQLIRUP VHFWLRQV 6XGGRXQJ &KDURHQVXN DQG :DWWDQDVDNXOSRQJ VWXGLHG WKH IUHH
YLEUDWLRQ UHVSRQVH RI VWHSSHG EHDPV PDGH RI D IXQFWLRQDOO\ JUDGHG PDWHULDO )*0 
VXSSRUWHG E\ YDULRXV W\SHV RI HODVWLF HOHPHQWV DW WKH HQGV ,Q RUGHU WR REWDLQ WKH QDWXUDO
IUHTXHQFLHV DQG PRGH VKDSHV WKH VROXWLRQ RI WKH GLIIHUHQWLDO HTXDWLRQ RI PRWLRQ ZDV
SHUIRUPHGE\WKHGLIIHUHQWLDOWUDQVIRUPDWLRQPHWKRGGHQRWHGDV'70>@50/LQDQG7<
1J SUHVHQWHG LQ >@ D QHZ PHWKRG IRUWKH FDOFXODWLRQ RI WKH QDWXUDO IUHTXHQFLHV DQG PRGH
VKDSHVIRUWKHFDVHRIIUHHYLEUDWLRQZKLFKLVLGHDOO\VXLWHGIRUIRUFHGYLEUDWLRQDSSOLFDWLRQV
DFFRUGLQJWRWKHDXWKRU
:KLOH PRVWVWXGLHVRQVWHSSHGEHDPV KDYH IRFXVHGRQOLQHDUYLEUDWLRQDQDO\VLVRQO\WZR
ZRUNV KDYH EHHQ IRXQG ZKLFK FRQVLGHUHG WKH HIIHFWRI QRQOLQHDULW\ 6DWR>@ DQDO\VHG WKH
QRQOLQHDU IUHH YLEUDWLRQ RI VWHSSHG EHDPV XVLQJ WKH WUDQVIHU PDWUL[ PHWKRG 1XWWDZLW
:DWWDQDVDNXOSRQJ DQG $ULVDUD &KDLNLWWLUDWDQD XVHG WKH $GRPLDQ PRGLILHG GHFRPSRVLWLRQ
PHWKRGWRVWXG\WKHSUREOHPVRIOLQHDUDQGQRQOLQHDUIUHHYLEUDWLRQRIVWHSSHGEHDPV>@
1RQH RI WKH ZRUNV FLWHG DERYH KDV H[DPLQHG WKH QRQOLQHDU IRUFHG UHVSRQVH RI PXOWL
VWHSSHG EHDPV 7KH SXUSRVH RI WKLV SDSHU LV WR SUHVHQW D FRQWULEXWLRQ WR WKH DQDO\VLV RI
JHRPHWULFDOO\ QRQOLQHDU IUHH DQG IRUFHG YLEUDWLRQ RI PXOWLVWHSSHG EHDPV DVVXPLQJ (XOHU
%HUQRXOOL VDQG9RQ.DUPDQ VK\SRWKHVHV7KHILUVWSDUWFRQVLVWV RQGHWHUPLQLQJWKHVWHSSHG
EHDP QDWXUDO IUHTXHQFLHV DQG DVVRFLDWHG PRGH VKDSHV ZKLFK DUH XVHG DV EDVLF IXQFWLRQV LQ
WKH QRQOLQHDU WKHRU\ 'LVFUHWL]HG H[SUHVVLRQV RI WKH QRQOLQHDU DQG OLQHDU VWUDLQ DQG NLQHWLF
HQHUJLHV DUH GHULYHG DQG +DPLOWRQ SULQFLSOH LV XVHG WR UHGXFH WKH SUREOHP WR D QRQOLQHDU
DOJHEUDLF V\VWHP VROYHG E\ DQ DSSUR[LPDWH PHWKRG7KLV OHDGV WR GHWHUPLQDWLRQ RI WKH QRQ
OLQHDUPRGHVDQGWKHLUFRUUHVSRQGLQJFXUYDWXUHVZKLFKDUHWKHQLOOXVWUDWHGWRVKRZWKHHIIHFW
RIQRQOLQHDULW\RQWKHG\QDPLFEHKDYLRXURIEHDPVH[DPLQHG7KHHIIHFWRIFURVVVHFWLRQDO
YDULDWLRQ LV DOVR H[DPLQHG )RUFHG YLEUDWLRQV DUH WKHQ H[DPLQHG XVLQJ WKH VLQJOH PRGH
DSSURDFK WR REWDLQ WKH QRQOLQHDU IUHTXHQF\ UHVSRQVH IXQFWLRQV DUH REWDLQHG LQ WKH
QHJKERUKRRGRIWKHSUHGRPLQDQWPRGH7KHLPSDFWRIWKHYDULDWLRQ LQ WKHFURVVVHFWLRQDUHD
DQGVHFRQGPRPHQWRILQHUWLDDWHDFKVWHSLVWKHQLOOXVWUDWHGLQWKHIRUFHGFDVH
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2

GENERAL FORMULATION

2.1 Linear formulation
7KHSUHVHQWVWXG\FRQFHUQVWKUHHKRPRJHQHRXV(XOHU%HUQRXOOLEHDPVVKRZQLQ)LJXUH
FKDUDFWHUL]HG E\ D GRXEOH FKDQJH LQ WKH UHFWDQJXODLU FURVVVHFWLRQ ,QWKH ILUVW EHDP D WKH
ZLGWKYDULHVLQWKHVHFRQG E WKHKHLJKWYDULHVDQGLQWKHWKLUGEHDP F ERWKGLPHQVLRQV
YDU\)RUWKHUHVWRIWKHVWXG\WKHEHDPVDUHVXXSSRVHGWREHIXOO\FODPSHGDQGDUHVXEMHFWHG
WRWUDQVYHUVHYLEUDWLRQV

%HDP D 
%HDP E 
%HDP F 
)LJXUH7KUHHUHSUHVHQWDWLYHFDVHVRIWKHVWHSSHGEHDPVH[DPLQHG

7KHILJXUHEHORZVKRZVWKDWHDFKRIWKHPXOWLVWHSSHGEHDPVLVFODPSHGDWERWKHQGVDQG
SDUWLWLRQHGWRWKUHHXQLIRUPUHFWDQJXODUFURVVVHFWLRQVXEEHDPV
ݔ
ݔ

ࡸ

ࡸ

ࡸ

ࡸ
)LJXUH7KHFRRUGLQDWHV\VWHPIRUDVWHSSHGEHDP

7KHPHFKDQLFDODQGJHRPHWULFDOFKDUDFWHULVWLFVRIWKHEHDPVDUHJLYHQLQ7DEOH
7KHOHQJWK
7KH\RXQJ¶VPRGXOXV
7KHDUHDRIFURVVVHFWLRQ
7KHVHFRQGPRPHQWRI
LQHUWLDRIFURVVVHFWLRQ
7KHPDVVSHUXQLWOHQJWK
7KHWKLFNQHVV
7KHHLJHQYDOXHSDUDPHWHUV
5DGLXVRIJ\UDWLRQ

VWVXEEHDP

QGVXEEHDP

WKVXEEHDP

/
(
6
,

/
(
6
,

/
(
6
,

ȡ
+ 

ȡ
+ 

ȡ
+ 

E

E
R

E

R

R



Table 1:&KDUDFWHULVWLFVRIWKHWKUHHVXEEHDPV

7KHIUHHWUDQVYHUVHYLEUDWLRQLQHDFKVXEEHDPLVJRYHUQHGE\WKHIROORZLQJHTXDWLRQ
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d Wi x
 Ei W
 i x

dx

x  >L @



 )RUL « 




:KHUH

U S
Eij Zi   j j
E j I j

 )RUM WR 



6XEVWLWXWLQJWKHQRQGLPHQVLRQDOSDUDPHWHUVLQHT  RQHREWDLQVWKHIROORZLQJHTXDWLRQ

d Wi x
dx

 Ei W
 i x



x >@





:KHUH
xj

xj
L

Eij
S
I
u j  j vj  j
Ei
S
I

Lj

 Rj

 zj 

L





(DFK VWHS RI WKH EHDP LV GHILQHG E\ WKH UDWLR RI WKH FURVVVHFWLRQ  DUHD WKH UDWLR RI WKH
VHFRQGPRPHQWRILQHUWLDDQGWKHHLJHQYDOXHSDUDPHWHUV uj vj DQG zj 7KHJHQHUDOVROXWLRQ
RIHT  PD\EHH[SUHVVHGLQHDFKVSDQDV

Wi j x o ^ x j  d x d x j
°°
}
®
°
}
¯°

Wi x

Wi j x*

`

½
°°
¾
°
¿°

Aj  FRVK Ei j L x*  x j *  B j  VLQK Eij L x*  x j *  C j  FRV Ei j L x*  x j *  D j  VLQ Ei j L x*  x j *



7KHVDWLVIDFWLRQRIWKHFRPSDWLELOLW\FRQGLWLRQVDWHDFKFKDQJHRIFURVVVHFWLRQDVZHOODV
WKHHQGFRQGLWLRQVOHDGVWRDKRPRJHQHRXVV\VWHP
7KHHQGFRQGLWLRQVDWWKHOHIWVLGH

Wi x

x





dWi x
dx

 

  

 

 



x

7KHHQGFRQGLWLRQVDWWKHULJKWVLGH

Wi  x





x

dWi  x
dx
x



7KHFRPSDWLELOLW\FRQGLWLRQVDWDFKDQJHRIFURVVVHFWLRQDUHJLYHQE\

Wij x

x

xj

W
 ij  x
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dWij x

dWij  x

dx

dx
x

EI j

x

d Wij x
dx

EI j 


x

EI j

xj

dx

EI j 


x

d Wij  x
dx



xj

d Wij x

  

xj

x

xj

  

x

xj

  

d Wij  x
dx



xj

7KHKRPRJHQHRXVV\VWHPREWDLQHGE\ VDWLVI\LQJWKHFRPSDWLELOLW\DQG HQGFRQGLWLRQV LV
VROYHG E\ PHDQV RI WKH 1HZWRQ5DSKVRQ DOJRULWKP DQG JLYHV WKH QRQWULYLDO VROXWLRQV WKDW
FRQVWLWXWHWKHQDWXUDOIUHTXHQFLHVEHDP
2.2 Nonlinear formulation
2.2.1 Free vibration
7KHWRWDOVWUDLQHQHUJ\9RIWKHEHDPFDQEHZULWWHQDV

Va  V f

V


  

:KHUH Va LVWKHD[LDOVWUDLQHQHUJ\GXHWRWKHQRQOLQHDUD[LDOIRUFHVLQGXFHGE\WKHODUJH

 f LVWKHVWUDLQHQHUJ\GXHWREHQGLQJH[SUHVVHGDV
YLEUDWLRQDPSOLWXGHVDQG V


Vf

§ G w ·
 L
³ E I  x ¨   ¸ dxVa
 
© Gx ¹




E § L
§ Gw · ·
¨ ³ S x ¨  ¸ ¸ dx  
L ¨© 
© G x ¹ ¸¹

7KHNLQHWLFHQHUJ\GHQRWHGE\7FDQEHH[SUHVVHGDV


L

§ Gw ·
U ³ S x ¨  ¸ dx


© Gt ¹

T

  

$VVXPLQJKDUPRQLFPRWLRQDQGH[SDQGLQJWKHWUDQVYHUVH GLVSODFHPHQWሺ LQWKHIRUPRI
DILQLWHVHULHVRIEDVLFVSDWLDOIXQFWLRQVRQHPD\ZULWH

w x t

ai W
 i  x VLQ Zt

  

:KHUHWKH୧ DUHWKHEDVLFIXQFWLRQVFRQWULEXWLRQ FRHIILFLHQWVZKLFKYDU\ IURP>WR@
ZLWKDVWHSRI  8VLQJWKHIRUPRIZLQHTXDWLRQ  WKHH[SUHVVLRQVIRUWRWDOVWUDLQDQG
NLQHWLFHQHUJ\FDQEHZULWWHQDVIROORZV

T

 
Z ai ai FRV Zt
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V


ai a j ak al  VLQ Zt





Bijkl  ai ai  VLQ Zt




K ij 
  

,Q ZKLFK M ij  K ij DQG Bijkl DUH WKH PDVV PDWUL[ WKH ULJLGLW\ PDWUL[ DQG WKH QRQOLQHDULW\
WHQVRU,WLVZHOONQRZQWKDWWKHG\QDPLFEHKDYLRXURIDFRQVHUYDWLYHV\VWHPFDQEHH[SUHVVHG
XVLQJ+DPLOWRQ VSULQFLSOHDV

G

Z
t

³

V  T dt


  



$IWHUVXEVWLWXWLRQRIHTXDWLRQV DQG LQHTXDWLRQ  WKHPDWKHPDWLFDOGHYHORSPHQW
OHDGVWR

> K @^ A`  ª¬ B ^ A` º¼ ^ A`  Z  > M @^ A` 

  

%HIRUH GHWHUPLQLQJ WKH FROXPQ YHFWRU RI WKH FRQWULEXWLRQ FRHIILFLHQWV ^$` DQG WKH
IUHTXHQF\ Ȧ  ZKLFK DUH XQNQRZQV HTXDWLRQ   LV SXW LQ LWV GLPHQVLRQOHVV IRUP E\
UHSODFLQJWKHGLPHQVLRQDOSDUDPHWHUVZLWKWKHIROORZLQJSDUDPHWHUV

Z
R1» 
Z

Wi  x
Wi x
Kij

M ij
E I

U S L M ij

E IH
Kij  Bijkl
L

U S H

E IH
Bijkl
L






7KHVXEVWLWXWLRQRIWKHDERYHHTXDWLRQVHTXDWLRQ  JLYHV


ª¬ K º¼ ^ A`  ª¬ B


^ A` º¼ ^ A`  Z  >M @^ A`



  

,I JHRPHWULFDOO\ QRQOLQHDU IUHH YLEUDWLRQ LV H[DPLQHG HTXDWLRQ   LV VROYHG E\ WKH VR
FDOOHGVHFRQGIRUPXODWLRQSUHYLRXVO\GHYHORSHGE\0(/.$',5,$1'5%(1$0$5LQ
UHIHUHQFH>@
2.2.2 Forced vibration
7RVWXG\QRQOLQHDUIRUFHGYLEUDWLRQVWKHPXOWLVWHSEHDPLVVXSSRVHGWREHH[FLWHG E\D
FRQFHQWUDWHGKDUPRQLFIRUFHORFDWHGDWWKHSRLQW[7KHFRQFHQWUDWHGKDUPRQLFIRUFHFDQEH
H[SUHVVHGDVLQUHI>@E\
)ic

F c FRV Zt wi x

Iic FRV Zt

  

,Q RUGHUWR VWXG\ RI WKH V\VWHP G\QDPLF EHKDYLRXU +DPLOWRQ V SULQFLSOH LV DSSOLHG ZLWK
DGGLWLR1RIWKHWHUPGXHWRWKHFRQFHQWUDWHGIRUFHZKLFKJLYHVDVLQUHI>@

G

Z
t

³

V  T  F dt


  



6XEVWLWXWLQJHTXDWLRQV DQG LQHTXDWLRQ  OHDGVWRWKHIROORZLQJHTXDWLRQ

> K @^ A`  ª¬ B ^ A` º¼ ^ A`  Z  > M @^ A`
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(TXDWLRQ  LVPDGHGLPHQVLRQOHVVE\SXWWLQJWKHGLPHQVLRQOHVVSDUDPHWHUV 
DQG LQHTXDWLRQ  WRJHW


ª¬ K º¼ ^ A`  ª¬ B


^F `

^ A` º¼ ^ A` Z  >M @^ A`

c

  

:KHUH Iic LVWKHGLPHQVLRQOHVVIRUFHWKDWFDQEHZULWWHQDV
I

c
i

L c
F wi x
E I

  

(TXDWLRQ   ZDV VROYHG E\ D PHWKRG FDOOHG WKH VLQJOH PRGH DSSURDFK SUHVHQWHG E\
0(/.$',5,$1'5%(1$0$5LQUHIHUHQFH>@7KLVDSSURDFKFRQVLVWVRQFRQVLGHULQJ
RQO\ WKH SUHGRPLQDQW PRGH DQG QHJOHFWLQJ DOO RI WKH RWKHUV ,Q WKH SUHVHQW FDVH WKH
SUHGRPLQDQWPRGHDQGWKHFRQWULEXWLRQFRHIILFLHQWVDUHGHQRWHGE\̶̶݅DQG̶୧ ̶ZKLFKOHDGVWR
DQHTXDWLRQDVIROORZV

%
I iF
  D i iiii 
. ii
D i . ii


:KHUH ȦO

3

§ ȦQO ·
¨
¸
© ȦO ¹



  

.LL

0 LL

NUMERICAL RESULTS AND DISCUSSION

3.1 Free vibration
7KHFDVHVVKRZQLQWDEOH  DQGDOOILJXUHVEHORZDUHIRUEHDPVZLWKWZRVWHSSHGFURVV
VHFWLRQFKDQJHV7KHFURVVVHFWLRQUDWLRVRIWKHVWDQGQGVWHSDUHGHVLJQDWHGE\XDQG
XZLWKX DQGX 7KHWKUHHEHDPV NHHSWKHVDPHUDWLRXDQGX(DFKRIWKH
ODWWHUWZRDUHH[SUHVVHGGLIIHUHQWO\7KHUHSUHVHQWDWLRQRIWKHUDWLRVLVDVIROORZV
%HDPLVRIYDULDEOHKHLJKWDQGZLGWK
%HDPLVRIDFRQVWDQWZLGWKDQGDYDULDEOHKHLJKW
%HDPLVRIDFRQVWDQWKHLJKWDQGDYDULDEOHZLGWK
Mode index
ͳ

%HDP F 

3UHVHQWZRUN
5HI>@
5HI>@
Error 
Error 

%HDP E 

%HDP D 

͵

  







Ͷ





5HI >@  > 3UHVHQW @
5HI >@

(

(





5HI >@



(

(









(







5HI >@  > 3UHVHQW

3UHVHQWZRUN
5HI>@
Error 

ʹ

 



5HI >@  > 3UHVHQW @
5HI >@

3UHVHQWZRUN

(

(

 

7DEOH7KHILUVWIRXUHLJHQYDOXHVIRUFODPSHG±FODPSHGEHDPVZLWK> X X  DQG 5 5 
5  @
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7KHILUVWIRXUHLJHQYDOXHVRIEHDP DEDQGF LQWKLVVWXG\DUHUHSUHVHQWHGLQWDEOHDQG
DFRPSDULVRQLVPDGHEHWZHHQEHDP F DQGWKHWZREHDPVRIUHI>@DQGEHWZHHQEHDP E 
DQGWKDWRIUHI>@
7KH ILJXUH EHORZ VKRZV WKH HIIHFWRIWKH YDULDWLRQ LQ WKH FURVVVHFWLRQV RQWKH IUHTXHQF\
UDWLRGHSHQGHQFHRQWKHPD[LPXPYLEUDWLRQDPSOLWXGH

)LJXUH  %DFNERQHFXUYHVRIWKHWKUHHW\SHVRIEHDPVVWXGLHGFRUUHVSRQGLQJWRWKHIXQGDPHQWDOQRQOLQHDU
PRGH

)LJXUH  7KHQRUPDOL]HGILUVWQRQOLQHDUPRGHDQGWKHDVVRFLDWHGFXUYDWXUHGLVWULEXWLRQRIEHDP D IRU
GLIIHUHQWYDOXHVRIDPSOLWXGHV
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)LJXUH  7KHQRUPDOL]HGILUVWQRQOLQHDUPRGHDQGWKHDVVRFLDWHGFXUYDWXUHGLVWULEXWLRQRIEHDP E IRU
GLIIHUHQWYDOXHVRIDPSOLWXGHV

)LJXUH  7KHQRUPDOL]HGILUVWQRQOLQHDUPRGHDQGWKHDVVRFLDWHGFXUYDWXUHGLVWULEXWLRQRIEHDP F IRU
GLIIHUHQWYDOXHVRIDPSOLWXGHV

$V VKRZQ LQ WKH ILJXUHV DERYH WKH QRQOLQHDULW\ LV KLJKHVW LQ EHDP E  FRPSDUHG WR WKH
RWKHU  EHDPV ,Q DGGLWLRQ EHDP D  KDV D KLJKHU QRQOLQHDULW\ WKDQ EHDP F  ,W LV DOVR
QRWLFHG WKDW WKH JHRPHWULF QRQOLQHDULW\ LV QRW RQO\ FRUUHODWHG ZLWK WKH UDWLR RI WKH FURVV
VHFWLRQDUHDVEXWDOVRZLWKWKHZD\LWYDULHV
0RUHRYHU WKH EHQGLQJ PRPHQW UHVXOWV VKRZ WKDW IRU WKH VDPH EHDP WKH K\SRWKHVLV RI
QHJOHFWLQJ JHRPHWULF QRQOLQHDULW\ LQGXFHV DQ HUURU )RU H[DPSOH WKH UHVXOW REWDLQHG RI WKH
EHQGLQJ PRPHQW RI WKH EHDP D  DW [  ZLWK D FRQWULEXWLRQ FRHIILFLHQW D   LV
 ZKHQ WKH FRQWULEXWLRQ FRHIILFLHQW D   WKH UHVXOW HTXDO WR
 ZKLFK OHDG WR DQ HUURU RI  EHWZHHQ WKH OLQHDU DQG QRQOLQHDU
UHVXOW7KHVDPHWKLQJIRUEHDP E ZKHUHWKHEHQGLQJPRPHQWDWWKHVDPHSRLQWDQGZLWKD
FRQWULEXWLRQFRHIILFLHQWD HTXDOWRZKHQWKHFRQWULEXWLRQFRHIILFLHQW
D WKHUHVXOWHTXDOWRZKLFK OHDGWRDQHUURURI$OVRIRUEHDP E ZKHUH
WKH EHQGLQJ PRPHQW DW WKH VDPH SRLQW DQG ZLWK D FRQWULEXWLRQ FRHIILFLHQW D   HTXDO WR
 ZKHQ WKH FRQWULEXWLRQ FRHIILFLHQW D   WKH UHVXOW HTXDO WR
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ZKLFKOHDGWRDQHUURURIKHQFHWKHLQWHUHVWRIWKH
SUHVHQWVWXG\
3.2 Forced vibration
7KHILJXUHVEHORZVKRZWKHQRQOLQHDUG\QDPLFEHKDYLRXURIWKHIRUFHGEHDP
7KHFDVHRIWKHQRQOLQHDUG\QDPLFEHKDYLRXURIWKHIRUFHGEHDPKDVEHHQVWXGLHGXVLQJWKH
VLQJOHPRGH DSSURDFK LQ ZKLFK DOO PRGHOOHG EHDPV ZHUH H[FLWHG E\ D FRQFHQWUDWHG IRUFH
ORFDWHG DW WKH PLGGOH RI WKH EHDP 7KH VWXG\ ZDV UHSHDWHG IRU WKUHH GLIIHUHQW YDOXHV RI
FRQFHQWUDWHG IRUFHV ZKLFK ZHUH LQFUHDVHG DFFRUGLQJ WR WKH IROORZLQJ IRUPXOD >) F Q@ IRU
Q DQG 
)F 
)F 

)F 

)LJXUH  1RQOLQHDUIUHTXHQF\UHVSRQVHIXQFWLRQVEDVHGRQWKHVLQJOHPRGHDSSURDFKIRUWKHILUVWEHDP
VXEMHFWHGWRWKUHHOHYHOVRIH[FLWDWLRQ

)F 
)F 

)F 

)LJXUH  1RQOLQHDUIUHTXHQF\UHVSRQVHIXQFWLRQVEDVHGRQWKHVLQJOHPRGHDSSURDFKIRUWKHVHFRQGEHDP
VXEMHFWHGWRWKUHHOHYHOVRIH[FLWDWLRQ
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)F 
)F 

)F 

)LJXUH  1RQOLQHDUIUHTXHQF\UHVSRQVHIXQFWLRQVEDVHGRQWKHVLQJOHPRGHDSSURDFKIRUWKHWKLUGEHDP
VXEMHFWHGWRWKUHHOHYHVORIH[FLWDWLRQ

%\DVVXPLQJWKHVLQJOH PRGHDSSURDFKDQDQDO\VLVRIWKHG\QDPLF EHKDYLRXURI VWHSSHG
EHDPV ZDV GRQH LQ WKH YLFLQLW\ RI WKH SUHGRPLQDQW PRGH 7KH UHVSRQVH FXUYHV KDYH EHHQ
H[KLELWHG IRU WKH WKUHH EHDPV VKRZQ LQ ILJXUH   ZKLFK ZHUH H[FLWHG E\ D FRQFHQWULF
KDUPRQLFIRUFH
7KH ILJXUHV   DQG   FOHDUO\ UHSUHVHQW WKH SDUWLFXODU EHKDYLRXU RI QRQOLQHDU V\VWHPV
OLNHWKH MXPSSKHQRPHQRQZKHUH IRUWKHVDPH IUHTXHQF\UDQJHGLYHUVHUHVXOWVDUHSRVVLEOH
DOVRWKHXQSURSRUWLRQDOSURJUHVVLRQRIWKHIUHTXHQF\UHVSRQVHWRWKHLQWHQVLW\RIH[FLWDWLRQ
4

CONCLUSION

7KHDQDO\VLVRIJHRPHWULFDOO\QRQOLQHDUIUHHDQGIRUFHGWUDQVYHUVHYLEUDWLRQVRIDPXOWL
VWHS EHDP ZDV H[DPLQHG DQDO\WLFDOO\ XVLQJ (XOHU%HUQRXOOL V EHDPV WKHRU\ DQG WKH 9RQ
.DUPDQ¶VQRQOLQHDULW\DVVXPSWLRQV7KHVROXWLRQRIWKHOLQHDUSUREOHPZDVREWDLQHGIRUWKUHH
W\SHV RI EHDPV ZLWK GLIIHUHQW FURVVVHFWLRQV OHDGLQJ WR WKH FDOFXODWLRQ RI IUHTXHQFLHV DQG
GHWHUPLQDWLRQ RI WKH PRGH VKDSHV 7KH ODWWHU ZHUH WKHQ XVHG DV EDVLF IXQFWLRQV IRU WKH
DQDO\VLVRIWKHQRQOLQHDUSUREOHP7KHQRQOLQHDUDOJHEUDLFV\VWHPZDVVXEVHTXHQWO\UHGXFHG
XVLQJ +DPLOWRQ¶V SULQFLSOH DQG VSHFWUDO DQDO\VLV DQG VROYHG XVLQJ DQ DSSUR[LPDWH PHWKRG
FDOOHGVHFRQGIRUPXODWLRQ7KLVOHGWRH[DPLQDWLRQRIWKHHIIHFWRIWKHFURVVVHFWLRQYDULDWLRQ
RQ WKH QRQOLQHDU G\QDPLF EHKDYLRXU RI WKH EHDPV LOOXVWUDWHG E\ WKH EDFNERQH FXUYHV 7KH
QRQOLQHDU G\QDPLF EHKDYLRXU RI D EHDP VXEMHFWHG WR D FRQFHQWULF IRUFH ZDV DOVR VWXGLHG
XVLQJWKHVLQJOHPRGHDSSURDFKLQWKHQHLJKERXUKRRGRIWKHSUHGRPLQDQWPRGH7KHHIIHFWRI
WKHIRUFHOHYHOZDVH[DPLQHGDQGWKHQLOOXVWUDWHGIRUWKHWKUHHFDVHV
5

REFERENCES

>@ 1-7DOHE DQG (:6XSSLJHU 9LEUDWLRQ RI 6WHSSHG %HDPV Journal of the aerospace
sciences
>@ 76%DODVXEUDPDQLDQ*6XEUDPDQLDQ2QWKHSHUIRUPDQFHRIDIRXUGHJUHHRIIUHHGRP
SHUQRGHHOHPHQWIRUVWHSSHGEHDPDQDO\VLVDQGKLJKHUIUHTXHQF\HVWLPDWLRQJournal of
Sound and Vibration 1985.

203

,(O+DQWDWL$$GUL+)DNKUHGGLQH65LIDL5%HQDPDU

>@ 6 1DJXOHVZDUDQ 9LEUDWLRQ RI DQ (XOHU±%HUQRXOOL EHDP RQ HODVWLF HQG VXSSRUWV DQG
ZLWK XS WR WKUHH VWHSFKDQJHV LQ FURVVVHFWLRQ International Journal of Mechanical
Sciences 44  
>@ 61DJXOHVZDUDQ9LEUDWLRQDQG VWDELOLW\RIDQ(XOHU%HUQRXOOL EHDPZLWKXSWRWKUHH
VWHS FKDQJHV LQ FURVVVHFWLRQ DQG LQ D[LDO IRUFH International Journal of Mechanical
Sciences ±
>@ 61DJXOHVZDUDQ9LEUDWLRQ RI DQ (XOHU%HUQRXOOL VWHSSHG EHDPV FDUU\LQJ D
QRQV\PPHWULFDO ULJLG ERG\ DW WKH VWHS Journal of Sound and Vibration ±

>@ 6 1DJXOHVZDUDQ9LEUDWLRQ DQG VWDELOLW\ RI ULQJVWLIIHQHG (XOHU±%HUQRXOOL WLHEDUV
Applied Mathematical Modelling ±  
>@ 40DR DQG 6 3LHWU]NR )UHH YLEUDWLRQ DQDO\VLV RI VWHSSHG EHDPV E\ XVLQJ
$GRPLDQGHFRPSRVLWLRQ PHWKRG Applied Mathematics and Computation ±

>@ 4 0DR )UHH YLEUDWLRQ DQDO\VLV RI PXOWLSOHVWHSSHG EHDPV E\ XVLQJ $GRPLDQ
GHFRPSRVLWLRQPHWKRGMathematical and Computer Modelling±
>@ .LWWLVDN 6XGGRXQJ  -DUUXZDW &KDURHQVXN DQG 1XWWDZLW :DWWDQDVDNXOSRQJ 9LEUDWLRQ
UHVSRQVH RI VWHSSHG )*0 EHDPV ZLWK HODVWLFDOO\ HQG FRQVWUDLQWV XVLQJ GLIIHUHQWLDO
WUDQVIRUPDWLRQPHWKRGApplied Acoustics   
>@ 50 /LQ 7< 1J ([DFW YLEUDWLRQ PRGHV RI PXOWLSOHVWHSSHG EHDPV ZLWK DUELWUDU\
VWHSVDQGVXSSRUWVXVLQJHOHPHQWDOLPSHGDQFHPHWKRGEngineering Structures ±
  
>@ + 6DWR 1RQOLQHDU IUHH YLEUDWLRQ RI VWHSSHG WKLFNQHVV EHDPV Journal of Sound and
Vibration ±
>@ 1XWWDZLW :DWWDQDVDNXOSRQJ DQG $ULVDUD &KDLNLWWLUDWDQDE $GRPLDQ PRGLILHG
GHFRPSRVLWLRQ PHWKRG IRU ODUJH DPSOLWXGH YLEUDWLRQ DQDO\VLV RI VWHSSHG EHDPV ZLWK
HODVWLF ERXQGDU\ FRQGLWLRQV Mechanics Based Design of Structures and Machines,

>@ 0(/.DGLULDQG5%HQDPDUJournal of Sound and Vibration  G
>@ 5/$]UDU5%HQDPDUDQG*:KLWH Journal of Sound and Vibration  

>@ +DWLP )DNKUHGGLQH $KPHG $GUL 6DwG 5LIDL DQG 5KDOL %HQDPDU $ 0XOWLPRGH
$SSURDFKWR*HRPHWULFDOO\1RQ‑OLQHDU)RUFHG9LEUDWLRQVRI(XOHU±%HUQRXOOL0XOWLVSDQ
%HDPVJournal of Vibration Engineering & Technologies,  

204

EURODYN 2020
XI International Conference on Structural Dynamics
M. Papadrakakis, M. Fragiadakis, C. Papadimitriou (eds.)
Athens, Greece, 2–2 1RYHPEHU 2020

NONSMOOTH MODAL ANALYSIS WITH BOUNDARY ELEMENT
METHOD
Tianzheng Lu and Mathias Legrand
Structural Dynamics and Vibration Laboratory, McGill University
817 Sherbrooke St West, Montréal QC H3A 0C3 Canada
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Abstract. Numerical schemes based on the Boundary Element Method are proposed to perform
Nonsmooth Modal Analysis. The latter aims at ﬁnding continuous families of periodic orbits
of mechanical systems featuring unilateral contact constraints. In this contribution, a simple
one-dimensional rod system is targeted. The frequency response, in the form of backbonecurve diagrams, and displacement ﬁeld are presented. The proposed results compare well with
existing studies on this topic.
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1

INTRODUCTION

Within the framework of structural dynamics, linear modal analysis is a daily used tool in
industry, aiming at predicting vibratory resonances of periodically forced mechanical systems by
searching for continuous families of periodic solutions exhibited by the underlying autonomous
(i.e. unforced) system. However, various challenges arise when possibly large-scale nonlinear
dynamical systems are targeted and for which nonlinear modal analysis is needed instead [7].
Nonlinearity has commonly two forms: smooth or nonsmooth function of the state. The
nonlinearity is said to be smooth when the governing equation involves a function of the state
which is differentiable. Such functions are commonly polynomial. The nonlinearity is said to be
nonsmooth otherwise, as for instance, unilateral contact conditions. Nonsmooth Modal Analysis
(NSM) is a version of modal analysis dedicated to such systems. A few numerical schemes exist
to perform NSM, with inherent limitations [11, 12]. In the present work, it is proposed to explore
the numerical capabilities of two numerical schemes grounded on the Boundary Element Method
(BEM) to perform NSM.
2

SYSTEM OF INTEREST

The system of interest, shown in Figure 1, is a one-dimensional bar of length L with a
unilateral contact condition at its right tip. The unknown displacement ﬁeld is u.x; t /, where
x

u.x; t/
g.t/
L

Figure 1: System of interest
x is the space coordinate and t is time. Wave speed c is space-independent and the classical
one-dimensional wave equation governs the dynamics, that is
u;t t  c 2 u;xx D 0;

8x 2 0 I LŒ:

(1)

Unilateral contact on the right tip is expressed as a Signorini boundary condition
g.t /  0;

u;x .L; t /  0;

g.L; t /u;x .L; t / D 0:

(2)

where g.t/ D g0  u.L; t/. Also, since the bar is clamped on the left, u.0; t / D 0 applies.
In context of nonlinear modal analysis [7], families of periodic solution forming modal
manifolds are computed through a numerical scheme which assumes that no impact law is
required as the contact interface but instead, a switch between free-ﬂight and sticking phases
occurs.
3

METHODOLOGY

In this paper, two numerical schemes based on the Boundary Element Method are implemented. The BEM forms a family of methods for which the boundary of the domain of interest
is the main ingredient of the formulation and full domain discretization is not required when
initial condition and body force vanish [6]. It has the notable beneﬁt of reducing the dimension
of the formulation. Among the various incarnations of BEM, the Time Domain BEM (TD-BEM)
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and Frequency Domain BEM (FD-BEM) are selected to perform nonsmooth modal analysis.
The ﬁrst strategy combines TD-BEM and a simpliﬁed shooting method, while the second one
combines FD-BEM to Harmonic Balanced Method (HBM).
3.1

Time Domain Boundary Element Method and Shooting Method

TD-BEM is a version of BEM which requires the discretization of both time and space. By
pre-multiplying the governing equation (1) with its fundamental solution [4] and performing
integration in time and space and then integration by parts, the formulation can be transformed
into Boundary Integral Equation (BIE), which here reads [3]
ˇ
ˇ
Z t
Z t
ˇ
ˇ


p .x; t; ; /u.;  / d ˇˇ
C
p .x; t; ;  /u.;  / d ˇˇ
u.x; t/ D
0
0
DL
D0
ˇ
ˇ
Z t
Z t
ˇ
ˇ

u .x; t; ; /p.;  / d ˇˇ

u .x; t; ;  /p.;  / d ˇˇ
0
0
DL
D0
ˇ
Z L
Z L 
ˇ
1
@u .x; t; ; 0/ ˇ
1
u .x; t; ; 0/v.; 0/ d C 2
u.; 0/ d
(3)
 2
ˇ
ˇ
c 0
c 0
@
 D0

where p represents traction on the boundary ; u .x; t; ; / and p  .x; t; ; / are the displacement
and stress fundamental solutions. Any internal state for x 2 0 I LŒ at time t is dependent on
the boundary displacement and traction at past times as well as initial states. In order to use
TD-BEM, space and time are ﬁrst discretized. Space integration of the initial states (last two
terms in (3)) is performed by discretizing space into n elements and n C 1 nodes with x D L=n
such that xk D kx for k D 0; : : : ; n. Time step is set to t D x=c to guarantee stability of
TD-BEM, such that t i D it for i D 0; : : : ; n. Equation (3) is discretized by reading it on the
boundary, that is x D 0 and then x D L for all t i for all i D 0; : : : ; n; it now becomes
ii i

ii i

H u DG p C

i 1
X

.Gij pj  Hij uj / C Ui u0 C Vi v0 ;

i D 1; : : : ; n

(4)

j D0

where ui  Œu.0; t i /; u.L; t i /> and pi  Œp.0; t i /; p.L; t i /> are displacement and traction
vectors on boundary, with size of 21. The quantities Hi i , Gi i , Hij , and Gij are 22 coefﬁcients
matrices, evaluated from time-domain integration in (3) of fundamental solutions u and p  .
Vectors u0 D Œu.xk ; 0/kD0:::;n  and v0 D Œv.xk ; 0/kD0:::;n  are the discretized initial displacement
and velocity ﬁelds, with size n C 1. The corresponding coefﬁcient matrices of size 2  .n C 1/
are Ui and Vi stemming from space integration of fundamental solutions in (3). For systems
without Signorini boundary conditions, Equation (4) can be solved at every time step starting
at i D 1 where half of the quantities in ui and pi are unknown, that is .u.0; t i /; u.L; t i // or
.u.0; t i /; p.L; t i // or .u.L; t i /; p.0; t i // or .p.0; t i /; p.L; t i //.
In order to account for unilateral contact conditions, TD-BEM is coupled with the ﬂoating boundary method [8]. It sees Signorini boundary condition as a switch between nonhomogeneous Dirichlet and homogeneous Neumann boundary conditions. This technique does
not require an impact law in the BEM format, thus avoiding the chattering or energy dissipation
that might exist in other methods [1].
To perform NSM, a shooting method is used. It calculates, here in the discretized framework,
the difference between the initial state q0 D .u0 ; v0 / and the corresponding ﬁnal state q.q0 ; T /
after a yet unknown period T assumed to exist. For a periodic motion, the equality q.q0 ; T / D q0
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holds. In this work, v0 D 0 is assumed [11], and the problem to be solved thus reduces to: Find
vector u0 and strictly positive integer m, where T D mt, such that
O  Hu
O CU
O m u0 D u0
um D Gp
with the notations

3
p1
6 p2 7
6 7
p D 6 :: 7 ;
4 : 5

(5)

2

O D ŒG
O m1 G
O m2    G
O mm ;
G

3
u1
6 u2 7
6 7
u D 6 :: 7
4 : 5
2

O D ŒH
O m1 H
O mm ;
O m2    H
H

pm

um

O mj and H
O mj are .n C 1/  2 coefﬁcient matrices and U
O m is a .n C 1/  .n C 1/
where G
coefﬁcient matrix. Also, um D Œu.xk ; mt/kD0:::;n . Since some pj and uj in (5) are unknown,
Equation (4) is invoked, that is:
Hu D Gp C Uu0
(6)
with the notations
2
H11 0
0
6 H21 H22 0
6
6 31 H32 H33
H D 6H
6 ::
::
::
4 :
:
:
m1
m2
H H
Hm3

3

2

0
G11 0
7
6 G21 G22 0
7
6
7
6 31 G32 G33
7 ; G D 6G
7
6 ::
::
::
5
4 :
:
:
mm
m1
m2
G G
::: H
Gm3
:::
:::
:::
:::

0
0
0
::
:

Combining linear systems (5) and (6) yields

   
G
H U
u
0 D
O p
O
O
u
H IU
G

3
U1
7
6 U2 7
7
6 7
7
6 37
7 ; U D 6U 7 :
7
6 :: 7
5
4 : 5
mm
Um
::: G
:::
:::
:::
:::

0
0
0
::
:

3

2

(7)

where I is a .n C 1/  .n C 1/ identity matrix. In the ﬂoating boundary method, the Signorini
condition is considered as a switch between Dirichlet and Neumann conditions. As soon as
the contact duration Tc is set, the time step at which the switch happens is known, so does the
boundary condition (Dirichlet or Neumann) at each time step at x D L. Thus Equation (7) can
be solved by reorganizing the known and unknown entries in u and p, according to the boundary
condition at x D L at each time step. Accordingly, by ﬁrst assuming only one contact switch per
period, such a strategy systematically skim through given intervals of values on period T and
contact duration Tc (for a chosen t ). However, physically unacceptable solutions can be found.
Accordingly, admissibility is systematically checked to ensure complementary conditions (2)
are satisﬁed. Non-admissible solutions with non-admissible penetration or contact forces are
discarded. Such way of Signorini boundary condition enforcement is similar in spirit with a
precedent scheme [12], but also shows differences in detail.
3.2

Frequency Domain Boundary Element Method

Frequency Domain Boundary Element Method (FD-BEM) is a frequency-domain form of
BEM which targets periodic solutions. Via a Fourier transform in time at frequency !
Z 1
1
u.x/
Q
D
u.x; t / exp.i !t/ dt
(8)
2 1
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the wave equation (1) becomes the well-known one-dimensional Helmholtz equation
Q
d2 u.x/
C  2 u.x/
Q
D0
(9)
2
dx
where  D !=c is the frequency number. Similar to TD-BEM, FD-BEM is based on a weighted
residual form of (9), where the weight function is the fundamental solution to the Helmholtz
equation [2] with the corresponding BIE
1
Q sin x  p.L/
Q
sin..L  x///
2u.x/
Q
D u.0/
Q
cos x C u.L/
Q
cos..L  x//  .p.0/

where pQ is the Fourier Transform of p. Reading (10) on the boundary leads to
3
2
Q
 u.0/

Q 7

0
 cos L sin L 6
7 D 0;  ¤ 0
6 p.0/
5
4 u.L/
Q
 cos L sin L

0
p.L/
Q

(10)

(11)

Through (11), uQ at frequency ! can be solved for a combination of Dirichlet and/or Neumann
boundary conditions. The time domain solution is then recovered through an inverse Fourier
Transform. However, such a formulation is not well adapted when u.L; t / and p.L; t/ are both
constrained by the complementary condition (2) expressed in time domain. This complementarity
condition can be equivalently recast into the equality [9]
r.t/  p.L; t/ C max.0; .u.L; t /  g0 /  p.L; t// D 0;

8t

(12)

where  2 RC . In the remainder, the residual r.t / will be made to vanish in an integral sense
only. To insert (12) into FD-BEM with the aim of ﬁnding periodic solutions, Fourier expansions
are considered, that is
1
X
1
p.L; t/ D a0 C
an cos n!0 t C bn sin n!0 t
2
nD1

(13)

where !0 D 2=T is the base frequency. The corresponding base frequency number is 0 D
!0 =c. Knowing that u.0; t/ D 0, it follows from (11) that
u.L; t/ D

1
X
tan n0 L
L
a0 C
.an cos n!0 t C bn sin n!0 t/
2
n
0
nD1

(14)

Since initial velocity is assumed to be zero [11], all sin terms vanishes. Only constant and cos
terms remain in equation (13) and equation (14).
The truncated Fourier series of u.L; t / and p.L; t/ with m harmonics only is then substituted
into (12). The Harmonic Balance Method (HBM) [5] is used to solve for the unknown coefﬁcients
.a0 ; a1 ; a2 ; : : : ; am /. As a special case of Galerkin techniques, HBM reads
Z T
8i
(15)
i .t /r.t / dt D 0;
0

where the following family of functions is selected: (1, cos !0 t, cos 2!0 t, : : :, cos m!0 t).
With m C 1 equations, m C 1 unknown coefﬁcients can be solved for by the (Non-Smooth)
Newton method. The function p.L; t/ is then reconstructed through (13) and so are other
needed functions used to build the Nonsmooth Modes of Vibration. Basic continuation is
implemented [7] in order to construct the desired backbone curves, by increasing !0 by a small
value and solve again, with previous solution as initial guess.
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4

RESULTS

In this section, the following is considered: L D 1, c D 1 and g0 D 0:5. For TD-BEM, the
bar is discretized into n D 50 elements in space with element length x D L=n and time step
is set accordingly. For FD-BEM, m D 15 is used.
The corresponding backbone curves are shown in ﬁgure 2. The backbone curve shows the
103

Energy

102

b

101
100
c

101
102
1:55

a
1:6

1:65

1:7

1:75 1:8 1:85
Frequency !

1:9

1:95

2

2:05

Figure 2: Backbone curve of the ﬁrst mode. Red stars: TD-BEM/Shooting; blue circles:
FD-BEM/HBM. Dashed line: linear mode
frequency-dependence of the total energy, and compares well with existing solutions [11], except
for backbone curve near linear mode. Since contact period length decreases as frequency !
decreases [11], short period of contact cannot be evaluated precisely with m D 15 harmonics.
Due to inaccurate Fourier expansion and residual function, HBM struggles converging to useful
periodic solutions. Thus this part of solution is skipped.
It can be observed that TD-BEM captures more than one possible solution for a given
frequency of vibration, which shows similar pattern of nonsmooth modes distribution with
existing results [10]. Two such solutions feature the same frequency but distinct contact durations,
as shown in ﬁgure 3 (see points a and b). This is induced by the full internal resonance
in the investigated system [12]. Although solution b shows a low-frequency pattern similar
to solution a, extra energy is introduced due to higher frequency mode. Comparatively FDBEM/HBM currently cannot guarantee convergence to internal resonance solutions. More
advanced continuation technique might be required to ﬁnd internal resonance branches.
Displacement solved by FD-BEM/HBM at point c on backbone curve is depicted in Figure 4.
Overall, the displacement ﬁeld is similar to solution at point a in Figure 3. It is worth noting
that Signorini conditions in FD-BEM/HBM is enforced in integral sense through (15), unlike in
TD-BEM the complementary condition is met pointwise, ie for every time step. Accordingly,
residual pointwise penetration occurs as shown in ﬁgure 5.
In terms of computational efﬁciency, FD-BEM/HBM is much superior to TD-BEM/Shooting.
With the suggested discretization settings, TD-BEM is about 700 times slower than FD-BEM/HBM
to ﬁnd the whole backbone curve. When n increases, such difference is expected to increase,
since the total number of combination between T and Tc to be skimmed increases in O.n2 /,
while for FD-BEM/HBM the step size of continuation can be arbitrarily controlled.
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Figure 3: TD-BEM admissible displacement ﬁelds u.x; t / at ! D 1:848 with different energy
levels. Left: point a in Figure 2, Tc D 0:6; Right: point b in Figure 2, Tc D 0:75
TD-BEM/Shooting at a
FD-BEM/HBM at c
gap д0

0.54

Displacement

0.52
0.5
0.48
0.46
0.44
1.3

Figure 4: Displacement ﬁeld found by FDBEM/HBM at point c in Figure 2
5

1.4

1.5

1.6

1.7
time

1.8

1.9

2

2.1

Figure 5: Zoom on displacement u.L; t/
found by FD-BEM/HBM at point c in Figure 2

CONCLUSIONS

In this paper, two methods have been introduced to perform nonsmooth modal analysis on
a simple academic system. Both methods have shown capability to converge to admissible
solutions.
The TD-BEM/shooting methodology has shown good capability of capturing highly-detailed
step-wise admissible solutions. However, its challenging implementation leads to high computational costs. Although it has shown no numerical energy dissipation in this one-dimensional case,
this might be untrue for higher dimensional systems, in which case it would become ineligible
for such modal investigations.
Comparatively, FD-BEM/HBM features a much lower computational cost, at the cost of
solving Signorini conditions in an integral sense only. This formulation is also energy preserving
by construction and could be extended to problems in two or three dimensions. More advanced
continuation techniques, such as pseudo-arclength [7], are expected to be coupled into existing
FD-BEM/HBM scheme.
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[7] M. Peeters, R. Viguié, G. Sérandour, G. Kerschen, and J.-C. Golinval. “Nonlinear normal
modes, Part II: Toward a practical computation using numerical continuation techniques”.
In: Mechanical Systems and Signal Processing 23.1 (2009), pp. 195–216.
[8] B. Shorr. The Wave Finite Element Method. Foundations of Engineering Mechanics.
Springer, 2012.
[9] D. E. Stewart. Dynamics with Inequalities: impacts and hard constraints. Vol. 59. SIAM,
2011.
[10] D. Urman and M. Legrand. “Nonlinear modal analysis of the bar in unilateral contact via
analytical weak-solutions to the wave equation”. In: 27th Canadian Congress of Applied
Mechanics. Sherbrooke, Canada, May 2019.
[11] J. Venkatesh, A. Thorin, and M. Legrand. “Nonlinear modal analysis of a one-dimensional
bar undergoing unilateral contact via the time-domain boundary element method”. In:
ASME 2017 International Design Engineering Technical Conferences. Cleveland, United
States, 2017.
[12] C. Yoong, A. Thorin, and M. Legrand. “Nonsmooth modal analysis of an elastic bar
subject to a unilateral contact constraint”. In: Nonlinear Dynamics (2018), pp. 1–24.

212

EURODYN 2020
XI International Conference on Structural Dynamics
M. Papadrakakis, M. Fragiadakis, C. Papadimitriou (eds.)
Athens, Greece, 2–2 1RYHPEHU 2020

SUBSONIC STALL FLUTTER ANALYSIS IN 2D BLADE CASCADE
USING HYBRID BOUNDARY ELEMENT METHOD
C. Prasad1 and L. Pešek2
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Abstract. In this paper study of subsonic stall ﬂutter in the steam turbine blades is carried out.
Subsonic stall ﬂutter is one of the dominating and frequently occurring aeroelastic phenomena
in large power turbines. The study is carried out by both experimentally and numerically to
understand the fundamental physics behind it. Aerodynamics damping (AD) is one of the parameter to analyze the aeroelastic stability of stall ﬂutter in 2D blade cascade. To numerically
model the stall ﬂutter in steam turbine a medium ﬁdelity numerical tool is developed. In this
research project computationally less expensive potential ﬂow based hybrid boundary element
method e.g. panel method, ﬂow model is developed to model the unsteady ﬂow in low pressure turbine blade cascade and to estimate the aeroelastic stability (stall ﬂutter) parameters. A
modiﬁed version panel method using viscous-inviscid coupling including discrete vortex particle (DVM) free wake model can be used for the separated ﬂow conditions as it is in stall ﬂutter
case. These methods are widely adopted for aeroelastic modeling of wind turbines, helicopter
rotors, and aircraft aeroelasticity problem . The AD for different Inter blade phase angle (IBPA)
is estimated using newly developed hybrid BEM based ﬂow model. The estimated AD will be
compared with experimental data and CFD results to evaluate the efﬁciency and the accuracy
of the model.
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1

INTRODUCTION

To meet the exponential growth in electrical power demand world wide the efﬁciency improvement of the existing power plants and the development of high energy output power plants
are being considered in the world. Most of these power plant uses fossil fuel or nuclear material as a heat source to generate electricity with help of power turbines e.g. gas turbine, steam
turbines. Therefore, power turbine are key component of whole energy generation system. In
the quest to generate more power in the nuclear power plants or coal ﬁred power plants giant
steam turbines are being installed fully and efﬁciently utilize the large volume steam produced
in it and this can achieved by increasing the physical dimension of the power turbine, but if
one hand increasing the size of power turbine are the solution it poses other type engineering
challenges which directly effect the safety and the life cycle of these large power turbines. One
of such problem engineer or designer need to address is ﬂow induced vibration. The larger low
pressure steam turbine blades are more prone to mechanical vibration due to longer size and
less stiffness, which leads to high-cycle fatigue failure and in worse case blade loss and damaging the whole system. The aeroelasticity of low-pressure turbine blade has been the subject of
much attention in the past and recent years, [1, 2]
In this paper study of subsonic stall ﬂutter in the steam turbine is carried out. Subsonic stall
ﬂutter is one of the dominating and frequently occurring aeroelastic phenomena in large power
turbines. Subsonic stall ﬂutter in steam turbine LP stage is very complex physic phenomena and
remains a very active topic of research. However, very less work has been done in the subsonic
dynamic stall ﬂutter in steam turbine cases in past. The majority of work on subsonic dynamic
stall ﬂutter is carried out either on gas turbine or jet engine compressors and fan blades [3, 4].
The problem of dynamic stall ﬂutter in LP turbine blades are getting more important because of
ever increasing size of blading to produce more electricity. Therefore, in this research the issue
of dynamic stall ﬂutter is studied in details. The study will be carried out by both experimentally,
numerically to understand the fundamental physics behind it. Aerodynamics damping (AD) is
one of the parameter to study the aeroelastic stability of stall ﬂutter in 2D blade cascade.
Reduced order ﬂow solver: To numerical study the stall ﬂutter in steam turbine there are well
developed computational ﬂuid dynamics (CFD) and computational structural dynamics (CSD)
based aeroelastic models available for this purpose, however, theses CDF-CSD based models
are computationally very expensive. In CFD-CSD based aeroelastic models ﬂow computation
is responsible for majority of computational time. Therefore, in this research project computationally less expensive potential ﬂow based hybrid boundary element method (BEM) ﬂow
model will be developed to model the unsteady ﬂow in low pressure (LP) turbine blade cascade
and to estimate the aeroelastic stability (stall ﬂutter). The panel method (PM) is one of such
methods and ﬁrst proposed by Hess and Smith [5] to model the lifting and non-lifting potential
ﬂow around slender bodies. These methods are good compromise of speed and accuracy and
can be used for complex geometry until the ﬂow fulﬁlls the criteria of potential ﬂow and free
from ﬂow separation. However, for subsonic stall ﬂutter modiﬁed PM using viscous-inviscid
coupling including discrete vortex particle (DVM) wake model can be used for the separated
ﬂow case [6, 7, 8] as it is in stall ﬂutter. These methods are widely adopted for aeroelastic modeling of wind turbines, helicopter rotors, and aircraft aeroelasticity problem [6, 8, 9]. The AD
for different Inter blade phase angle (IBPA) is estimated using newly developed hybrid BEM
based ﬂow model. The estimated AD will be compared with experimental data and CFD results
to evaluate the efﬁciency and the accuracy of the model. The successful implementation of the
proposed aeroelastic model for subsonic stall ﬂutter in 2D cascade will have signiﬁcant impact
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on the computational time reduction and will give researcher and engineering freedom to iterate
different blade proﬁle in very short time period at preliminary LP turbine design stage for blade
design optimization and to understand the subsonic stall ﬂutter in more details in steam turbine
application.
2
2.1

Hybrid boundary element method for ﬂow modeling
Panel method

The panel method is a family of boundary element methods and it is often employed to
simulate the aerodynamic ﬂow over lifting and non lifting bodies in attached ﬂow conditions.
In the PM ﬂow ﬁeld is assume to be inviscid and irrotational and it gives the solution of of
Laplace’s potential ﬂow equation and 2D version can be given by Eq. 1
∇2 Φ(x, y) =

∂ 2Φ ∂ 2Φ
+ 2 =0
∂ 2x
∂ y

(1)

where Φ(x, y) is the scalar velocity potential and it is function of position vector r(x, y) .The
surface panel method discretization and solution strategy over lifting airfoil is given in the Fig 1.
In the PM to construct the ﬂow ﬁeld and ﬁnd the solution of the ﬁeld variables, singularity

Figure 1: Panel method discretization of airfoil using source and doublet singularities panel

panel elements are placed over the airfoil surface and in the wake. In this work each surface
panel elements include a combination of constant strength source (σ) and a doublet (μ) distribution while the wake panels feature only doublet panels because the wake do not carry any
aerodynamic load. Notice that in these formulation, the integration is to be carried out along
the complete surface of the airfoil. Using the superposition principle, any such distribution of
sources and doublet satisﬁes Laplace’s equation, but we will need to ﬁnd the conditions for
(σ) and a doublet (μ) such that the ﬂow tangency boundary condition and the Kutta condition
are satisﬁed. Therefore, boundary conditions (BC) are imposed on control points lying on the
centroid of each surface panel as shown in Fig 1.The required BCs are, (1) enforcing the impermeability ﬂow at solid or a ﬁxed normal ﬂow condition (∇Φ · n = Vn = 0 ), (2) Far ﬁeld:
The disturbance created by the singularities on the body and wake must disappear at inﬁnity
(lim|r|→∞ ∇(Φ − Φ∞ ) = 0). (3) the Kutta condition and Kelvin’s theorem, are imposed in order
to obtain a complete description of the ﬂow ﬁeld and the resulting aerodynamic loads. The
pressure ﬁeld (p) is then obtained solving the unsteady Bernoulli equation 6 .
∂Φ p V 2
+ +
= const
∂t
ρ
2
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Furthermore, the surface panels are arranged so as to represent the actual airfoil’s geometry.
More details about required BC, numerical implementation and determining ﬁeld variables using unsteady PM can be ﬁnd in Katz [10]. Apart from many advantages of PM over CFD in
terms of speed an accuracy, it suffers from one main disadvantage that is PM can not be employed for separated ﬂow regimes and also it ignores the viscous effect of the ﬂuid. Therefore,
in this present paper a modiﬁed version of panel method will be used to simulated ﬂow separation including viscous effect close to the body surface in boundary layer (BL) region Fig.2,
BL is thin layer of ﬂuid close vicinity of the solid boundary where the ﬂuid viscous effects are
dominant. Therefore, in the modiﬁed version of the panel method two way viscous-inviscid
loose coupling strategy will be adopted to simulate the ﬂow separation and take the account of
the viscous effect of the ﬂuid. In this research work BL parameters are estimated with the help
of 2D integral boundary layer method.

Figure 2: Concept of boundary layer over wing surface [10]

2.2

Integral Boundary layer method :

The integral form of 2D BL equations which relies on the Von kármán momentum integral
equation can be given by Eq. 3
dθ
θ
1
dUe
+ (2 + H)
= cf
dx Ue
dx
2
in which
H=

δ∗
2τw
and cf =
θ
ρUe

(3)

(4)

Here Ue is the edge velocity, H is the shape factor of the BL velocity proﬁle, θ is momentum
thickness of BL, δ ∗ displacement thickness, τw wall shear stress and cf is the skin friction coefﬁcient of the body surface. The BL equation are solved over airfoil surface along the streamwise
direction to determine the separation points. Once the separation points are estimated on the
surface a second share layer is shed from the point.
In modiﬁed version of PM which is used here, the viscous effect is modeled using integral
form of BL equation and the inviscid part with classical PM. A similar modiﬁed version of
PM with one way viscous-inviscid coupling with double wake technique is adopted by Prasad
et al.[9] to simulate the separated ﬂow around wind turbine blades. However, this type of
modiﬁed PM can successfully simulated steady separated ﬂow cases till the separation occurs
only in the suction side of the wing, furthermore, in the Prasad’s model static separation points
are assumed which means once the separation point is estimated by solving the BL equation
it remains unchanged. This is one of the drawback for the model to be employed in dynamic
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Figure 3: Double wake model using modiﬁed PM [9]

stall ﬂow simulation where separation point changes in time, moreover, it is also challenging
to model the unsteady wake using continuous doublet vortex sheet due to numerical instability
issue. Therefore, a more sophisticated strategy is adopted to model unsteady wake shape in this
research with help of discrete vortex particle method (DVM).
2.3

Discrete vortex particle method

Unlike the Prasad et. al. model in the this paper separation points are calculated at each time
step not only once for the oscillating airfoil. Moreover, 2D discrete vortex particle method (
DVM) will is used to simulate the unsteady wakes using ‘vortex blob’. In the DVM the motion
and evolution of the vortex blobs are governed by the vorticity transport equation and for the
incompressible ﬂow it can be given by Eq. 7
Dω
= (ω.∇)u + ν∇2 ω
Dt

(5)

where ω is vorticity vector, u velocity vector, ν is kinematic viscosity, and ∇2 is Laplace’s
operator respectively. Similar technique to model the unsteady wake is adopted by [7, 8].
2.4

Vortex blob wake conversion

Once the separation point is known a doublet panel is shed from the separation point and
second one from the trailing edge.These ﬁrst panel is nascent wake panel as shown in the Fig. 4.
In the next time step these nascent panel converted into vortex blob and a new nascent wake
panel is shed again from new separation point. The conversion of doublet wake panel into

Figure 4: Vortex blob wake conversion model in hybrid PM ﬂow solver

217

C. Prasad, and L. Pešek

equivalent vortex blob is carried out by similar approach as proposed by [7, 8] to model unsteady
wake .The process continue till the edn of the time step or preset convergence criteria of the
aerodynamic forces.
3

Flutter analysis Method

The balance between the structure and aerodynamic forces in the system is represented by
the aeroelastic Eq. 6
[M ]{Ẍ} + [G]{Ẋ} + [K]{X} = {Fab (t)}

(6)

where [M ] , [G], and [K] are the model mass, model damping and model stiffness matrices
respectively,{X} represents the modal coordinate vector and ﬁnally {Fab (t)} is the modal unsteady aerodynamic force vector which contains two terms: Fdisturbance (t) that includes the
aerodynamic disturbances upstream and downstream the blade and Fdamping (t) which represents the aerodynamic damping resulting from the interaction between the blade itself and the
ﬂow. For ﬂutter analysis, only the aerodynamic forces due to the vibration of the blade are
considered resulting in Fdisturbance (t) = 0 and simplifying the above equation to: Eq. 6
[M ]{Ẍ} + [G]{Ẋ} + [K]{X} = {Fdisturbance (t) + Fdamping (t)}

(7)

The solution of the above equation Eq. 7 allows the determination of the aerodynamic damping
and thus the aeroelastic stability of the system.
There are different numerical methods can be used to approximate the aerodynamics characteristics of the system. One of them is “Time Linearized Method” assumes that the unsteady
perturbations in the ﬂow are small compared with the mean ﬂow. Then the unsteady ﬂow can
be approximated by small harmonic perturbations around a mean value.
In the present research work potential ﬂow based hybrid PM method is used with linearized
ﬂow equations assuming the small unsteady perturbation. TWM method with principle of linear
superimposition is used to estimate the aerodynamic damping [11, 12] . In the cascade aerodynamic inﬂuence of main blade on which the damping is evaluated and the inﬂuence other blades
on it is superimposed to get the total aerodynamic damping.

Figure 5: Indexing of blades in cascade [13]

Therefore, in TWM the total unsteady response on a blade (here blade “0” in Fig.5 ) composed of the individual responses from itself and from the other blades lagged by the respective
multiple of the IBPA and can be given by Eq. 8
n=+N/2

ĉm,σ
P,A,twm (x, y)

−iσ.n
ĉn,m
P,A,ic (x, y).e

=

(8)

n=−N/2

where ĉm,σ
P,A,twm (x, y) is the complex pressure coefﬁcient at point (x, y, z) , acting on blade
m with the cascade oscillating in traveling wave mode with interblade phase angle σ and
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ĉn,m
P,A,ic (x, y) is the pressure coefﬁcient of the vibrating blade n , acting on the non-vibrating
reference blade m at point (x, y, z) . The coefﬁcients ĉn,m
P,A,ic (x, y) are , commonly referred to
as local aerodynamic inﬂuence coefﬁcients and it is normalized by dynamics pressure “q” and
amplitude of oscillation “A”. The pressure coefﬁcient is integrated over the surface to get the
unsteady force and for the work done for each cycle is obtained by multiplying the total force
by respective oscillating displacement. Therefore, aerodynamic damping parameter is given by
work done per cycle and normalized by π and amplitude of oscillation “A” and is given in Eq. 9
cw
(9)
πA2
where cw is the aerodynamic work done per cycle. The positive value of Ξ indicates the ﬂow
acting in stabilizing manner whereas negative value can cause ﬂutter, therefore, unstable.
Aerodynamic damping(Ξ) = −

3.1

Cascade ﬂutter analysis with unsteady PM

To construct the ﬂow ﬁeld around oscillating cascade as shown in the Fig.6 using hybrid
PM solver each cascade is discretized into small number of panels. Constant strength source
and doublet singularity element are distributed over the discretized airfoils, and free wake is
modeled using DVM, . In order to evaluate the aerodynamic damping at reference airfoil (
”0”) the velocity potential (Φ) induced by source and doublet singularity element of the airfoil
and the all the other airfoils oscillating in the respective phase lag is superimposed linearly
along with the effect of free wakes . This is arranged in matrix form and called aerodynamics
inﬂuence coefﬁcient matrix (AICM) . With AICM along with zero normal normal ﬂow on the
body wall, system of equation [A]{x} = {y} can be solved to estimate the unknown strength of
perturbation potential. More details about the this numerical calculation is given in Katz [10]
and the same formulation is adopted here. Once the perturbation potential is known the unsteady
pressure coefﬁcient can easily be estimated, hence the aerodynamic force and the work for each
time step, the summation of all the time step in one complete cycle gives the total aerodynamic
work done in one period.
The experimental test is carried out on 5 blade cascade with NACA0010 series airfoil and
ﬂow condition are, constant inlet velocities , 10m to30 m/sec, mean camber line incidence angles (α0 = 5◦ to15◦ ), pitching amplitudes (ᾱ = 2◦ to5◦ ), reduced frequencies k = 0.015 to 0.3
based on semi chord, and 8 IBPA (ϕ) = 0, ±45◦ , ±90◦ ,±135◦ , ±180◦ . This kind of superimposed velocity potential can be obtained for any airfoil in the cascade. The oscillatory motion

Parameter
Chord (C)
Flow angle (α)
Stagger angle ( β)
Slant height ( τ )
Oscillating feq.( ω )
Oscillating Amp.( ᾱ )

Figure 6: Schematic diagram of and nomenclature of 2D cascade
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+5◦ to + 15◦
+15to + 25◦
18mm
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of the cascade blade can be given in complex form by
α(t) = ᾱei(ωt±nϕ)

(10)

where n is blade number Fig.5 and the ω is the frequency of oscillation in rad/sec and
∞
ω = 2.k.U
. Hence the effective angle of attack (αef f ) at any time instance is given by Eq. 11
chord
αef f (t) = α0 + α(t)
= α0 + ᾱei(ωt±nϕ) = α0 + ᾱsin(ωt ± nϕ)

(11)

The blade cascade and geometry and the related parameter values are given in the Fig.6.
The wake shape and ﬂow ﬂied around the cascade simulated using hybrid PM is presented in
the Fig.7 and Fig.9 for two different time steps. In the Fig.7 the evaluation of the ﬂow ﬁeld is

Figure 7: Vortex blob wake shapes at time step T= 15 using hybrid PM at α0 = 11◦ and ᾱ = 5◦ at reduce
frequency k = 0.115 and wind speed Q∞ = 30.0m/s

depicted at the ﬁrst 15 time step the time step size is δt = 0.023 sec. and oscillating frequency
is 15 Hz with amplitude of oscillation is 3 degree and inﬂow angle 11 degree and k=0.05. The
ﬂow start to separate from the suction side of the all airfoils, but the separation position varies in
the three oscillating airfoils depending upon the oscillation cycle. In the Fig.9 the wake shapes

Figure 8: Vortex blob wake shapes at time step T= 150 using hybrid PM at α0 = 11◦ and ᾱ = 5◦ at reduce
frequency k = 0.115 and wind speed Q∞ = 30.0m/s

and ﬂow at 150th time step is presented. It can noticed that the leading edge separated shear
layer from the lower blade inﬂuencing the blade above it strongly, which is complies with the
real case. However, there in not signiﬁcant separation observed in the two ﬁxed airfoils (blade
no. -2 and +2 in the Fig.6). Furthermore, in the convergence point of view the proposed hybrid
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PM performs very well and starts to converge after 50 time steps for both test cases. Also the
fast convergence is due to the fact that PM is based on Laplace’s potential ﬂow equation which
itself second order linear differential equation, therefore, solution start to converge as soon as
starting vortices moves away from the body in unsteady hybrid PM model. For the present tests
cases it starts to to happens around 50th time step.
4

Experimental setup for 5 Blade cascade

The physical model of the blade cascade is given in the Fig.9. Five 3D printed blade with
NACA0010 proﬁle and 70mm chord length and 100 mm span is attached with base plate. The
base plate can be rotate to set the desire angle of attack (α), each blade can also be slide horizontally to set the stagger angle of the cascade. Each of the ﬁve blades are attached in the
base plate with a mechanism which allows it feed with individual excitation. The experiment
is performed in two different conﬁgurations. In one conﬁguration the two ends blades (-2 and
+2 blade number) in Fig.6 are ﬁxed and the three blades 0, -1 and +1 are excited with the help
of shaker, the potion of there shaker are shown in the top right in the Fig.9. All the blades are
placed inside rectangular channel with one ﬂow inlet from wind tunnel and the exist as shown in
the Fig.9. There gap between channel walls and the blade tip is negligible to ensure the 2D ﬂow
ﬁeld over the cascade and minimize the tip vortex effects. In the second conﬁguration all the
blades hang with and free to move in pitching motion, and they are suspended with the help of
torsional springs. The experimental test campaign is carried out for wide at different ﬂow speed
from 10 m/sec till 50 m/s, different ﬂow angle (from 0◦ till 15◦ and stagger angles (from 10◦
to 25◦ ). The aerodynamic damping is estimated by multiplying the total force by total pitching
displacement in one cycle of oscillation.

Actuators

Fixed Blades
Inflow

wind tunnel orifice

side wall

1

0

0

00
CA
NA

m

m

10
73

3 oscillating blades
Rotating plate to
set different aoa

m
m

Physical model

Figure 9: Experimental setup and physical model of the 5 blade cascade

5

Results

At ﬁrst the the isolated pitching airfoil test is selected for the comparison purpose. The experimental results are obtain from the Galbraith et al. [14]. A cyclic lift coefﬁcient of NACA0015
test results which corresponds the stall ﬂow condition, are compared with simulated results using hybrid PM and presented in the Fig.10. In the Fig.10 results of the present model are in
good agreement with the experimental data, although they exhibit a slight overestimation of the
lift for high angle of attack ( above 15◦ ). A small deviation in the shape of the CL loop can be
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Figure 10: Lift coefﬁcient vs. angle of attack for pitching aerofoil NACA 0015 at Re =1.5×1006 , reduce frequency
(k) = 0.05

detected in the region close to the maximum pitching angle during the downstroke. This can be
caused by strong separated vortex originated due to downstrok motion of the airfoil at the peak
maximum angle. Furthermore, the present numerical results exhibit some oscillations when the
stall occurs (between 13◦ to 18◦ ) which is caused by the accumulation of the vortex blob at one
point of time which may induce strong velocity potential on the airfoil surface. The problem
can be solved by using more sophisticated diffusion method or eliminating the some blobs during the this period. Furthermore, it is worth mentioning that the time computation time taken to
achived the converge result for pitching airfoil is approximately 2.5 CPU mins on single core
Intel i7, which can be signiﬁcantly lower then CFD based model, if adopted for the same test
case.
The hybrid PM is then employed to estimate the aerodynamic damping for the 5 blade cascade model and the estimated AD vs. IBPA is presented in the Fig.11. the estimated AD curve
shows that the present solver managed to predict stable and unstable IBPA region and for the 0
IBPA the cascade is stable for the used ﬂow condition. However, due to lack of experimental
result at this moment the accuracy of the results can not be veriﬁed. However, a similar linear
cascade test case is presented by Prasad et al.[15], but for classical ﬂutter cases. In his study
Prasad et al. used CFD model for 11 blade 2D cascade to estimate the AD s-curve, and computational time taken is 13 CPU hrs on 4-core, Intel i7 processor, which is signiﬁcantly higher
compared to present proposed method which takes approximately 12 CPU mins to estimate the
AD s-curve as shown in the Fig.11. Hence, the present method can be computationally more
efﬁcient than the CFD based model for the stall ﬂutter test condition, if CFD is used, however, the CFD model estimation can be more accurate compared to the hybrid PM, because
ﬂow separation effects can be better represented by turbulence models in CFD based numerical
models.
6

Conclusion

The paper present the development and implementation of a medium ﬁdelity ﬂow solver
based on boundary element panel method to simulate the subsonic stall ﬂutter in the 2D cas-
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Figure 11: The AD (Ξ) vs IBPA, at α0 = 11◦ and ᾱ = 5◦ at reduce frequency k = 0.115 and wind speed
Q∞ = 30.0m/s using hybrid PM

cades. To model separated ﬂow the classical panel method is modiﬁed using viscous-inviscid
coupling technique and the free wake is modeled using discrete vortex particles. The hybrid PM
is tested for isolated pitching airfoil test case where the estimated cyclic lift coefﬁcient vs angle
of attack results shows good agreement with simulated one in Fig.10.Furthermore, the AD for
the 5 blade cascade is estimated using the similar method for the subsonic stall ﬂow condition
in Fig.11. However, the experimental results were not ready by the time of submission of this
paper, therefore, accuracy of the results can not be veriﬁed. However, the simulated AD looks
reasonable for the similar test case in other literature. Moreover, the present method show signiﬁcant reduction in the execution compared to CFD based numerical model. Therefore, the
proposed method is good compromised of speed and accuracy over CFD based solvers and it
has great potential to be used industrial application.The successful implementation of the proposed aeroelastic model for subsonic stall ﬂutter in 2D cascade will have signiﬁcant impact on
the computational time reduction and will give researcher and engineering freedom to iterate
different blade proﬁle in very short time period at preliminary LP turbine design stage for blade
design optimization and to understand the subsonic stall ﬂutter in more details in steam turbine
application.
Future work: In future the experimental results for the 5 blade cascade will be compared with
the simulated results for AD and the wake shapes and also unsteady pressure ﬁeld over the blade
surface at different ﬂow conditions.
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procedure for calculating the ﬂutter of long blades.”
REFERENCES
[1] H. Atassi and T. Akai. Effect of blade loading and thickness on the aerodynamics of
oscillating cascades. In 16th Aerospace Sciences Meeting, page 277. A1AA, 1978.

223

C. Prasad, and L. Pešek
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Abstract. The main purpose of the paper is to investigate the effect of geometrically non-linear
ﬁrst mode shape free and force transverse vibration of ”Clamped-Free-Clamped-Free rectangular plate”, denoted as ’C-F-C-F RP’, at large vibration amplitudes. Lagrange’s equations
and the harmonic balance method are used in order to formulate the problem that lead to obtain a non-linear algebraic equations. These later can be used to determine the dependency
of displacement amplitudes, excitation frequencies, and the deﬂection associated to the ﬁrst
mode shape. In addition, it exhibits the contribution coefﬁcients of higher mode shapes that
contribute on the ﬁrst mode shape. The obtain equations are solved via explicit solution which
is an approximate method and which is used and compared previously in the case of free and
forced vibration. The numerical obtain results can be used to predict the inﬂuence of the excitation frequencies and the level of applied forces on the dynamic response of thin C-F-C-F ﬂat
isotropic structures.
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Nomenclature
(x, y) Point co-ordinates of RP.
∗
α

a, b

The star exponent indicates non- ai
dimensional parameters.
D
The plate aspect ratio α = b/a.
E

W(x, y) Transverse displacement at point F c
(x, y) on the plate.
fic
wij (x, y) Basic function obtained as product of the ith Clamped–Clamped and
H
j th Free–Free beam functions in the x
qi
and y directions.
ρ
Mass density per unit volume of the S
ϑ

1

Length, width of the plate.
Basic function contribution.
Bending stiffness.
Young’s modulus.
Concentrated harmonic force.
Generalized force corresponding to
concentrated force F c .
Thickness of the plate.
Teneralized co-ordinate.
Dimensional surfaces of RP.

plate.

T

Poisson ratio.

Vf , Va Bending and axial strain respectively.

Knitecs energy.

INTRODUCTION

The thin structures encounter a large amplitude of deﬂections when they are subject to large
external loads; in other words, these structures present geometrically non-linear vibrations. In
aircraft skin panels, geometric non-linearity often occurs when the aircraft is subject to high
aerodynamic forces [1]. This non-linearity is usually produced by the membrane stresses in the
structure and results in an increase of resonance frequencies (hardening or softening resonance)
and mode shape changes with regard to level of applied forces on the structure at large vibration
amplitudes [2].
The literature on isotropic plate shows a variety of conﬁgurations and approaches which are
listed and presented in the references [3, 4, 5, 6]. These conﬁgurations were numbered at 21
boundary conditions cases and created by Clamped, Free and Simply supported at the plate’s
edges that were investigated previously. These conﬁgurations have been changed from 21 to
55 cases by adding the fourth boundary condition named as Guided. Referring again, to the
literature, it could be observed that there is a broad use of plates in various engineering ﬁelds
and in different structural components because of their ﬂexibility [7].
In the context of non-linear vibrations of thin plates at large deﬂections, many researchers
have studied this type of non-linearity by using different methods [8, 9, 10, 11]. In the last
few years, there has been a growing interest in geometrically non-linear using a model that was
applied in beams [8] and plates [12] which has known an experimental validation in reference
[13]. This model was based on Hamilton’s equations and spectral analysis that aim to illustrate
the dynamic response of system in order to determine the contribution coefﬁcients of the mode
non-concerned on the given mode shape. Furthermore, the model led to prove the dependency
of displacement amplitudes, frequency, mode shape and associated bending stress, and is was
used and applied in different continue (plates, beams, shell, etc.) ([14, 15, 16, 17]) and discrete
(mass and spring) ([18, 19, 20]) structures.
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The purpose of this paper is to investigate numerically free and forced vibration of C-F-CF1 RP2 (see Figure 1) with a ratio equals to 0.66 (α=0.66) at large vibration amplitudes. The
adopted model is an extend of the model presented in [12]. The non-linear algebraic equations
are obtained using Lagrange’s equations and the harmonic balance method, in order to illustrate
the effect of large deﬂection on thin mechanical structures (C-F-C-F RP).
z,W
y

F
H
c

F

C

C
b

F
x
a

Figure 1: Rectangular plate notations of C-F-C-F

2

Theoretical formulation based on Lagrange’s equations and the harmonic balance
method
The isotropic thin RPs ﬁgured in Figure 1 have the bending stiffness D:
EH 3
D=
12 (1 − ϑ2 )

(1)

For such plates, the total strain energy denoted V is given as the sum of the strain energy due
to the bending Vf and the membrane strain energy Va induced by large deﬂections of structure
(V = Va + Vf ). These terms can be written as follow without taking into account the in-plane
displacements:

 2 2
 2
  2 2  2 2
1
δ W
δ W
δ W δ2W
δ W
Vf = D
dS (2)
+
+ 2(1 − ϑ)
+ 2ϑ
2
δx2
δy 2
δxδy
δx2 δy 2
S
3D
Va =
2H 2

 
S

δW
δx



2
+

δW
δy

2  2

And T is the kinetic energy of plate as given by:
2
 
δW
1
dS
T = ρH
2
δt
S

dS

(3)

(4)

Where the S is the surface of RP and W is the deﬂection function.
In the three later equations, terms involving the in-plane displacements and their derivatives
have been omitted. This assumption, which simpliﬁes considerably the theory and leads to
obtain good results for reasonable ranges of vibration amplitudes, has been adopted and justiﬁed
in many previous papers.
1
2

Clamped-Free-Clamped-Free
Rectangular Plate
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The C-F-C-F RP have been discretized from ith C-C and j th F-F beam mode shapes in the x
and y directions, respectively. Furthermore, the deﬂection function is assumed harmonic, which
is extended as a series of n basic spatial functions wk (x, y):
W (x, y, t) = qk (t)wk (x, y)
= ak wk (x, y) sin(ωt)
= αij wij (x, y) sin(ωt)

(5)

with k = n(i − 1) + j
The rearranging and substitution of the equation (5) into the equations (2), (3) and (4), respectively, leads to obtain the following equations:
1
Vf = qi qj kij
2

(6)

1
Va = qi qj qk ql bijkl
2

(7)

1
T = q̇i q̇j mij
(8)
2
where mij , kij and bijkl are the mass, the linear and non-linear rigidity tensors, respectively.
With the indices i, j, k and l are varying from 1 to n. The expressions for these tensors are
given by:

mij = ρH

wi wj dS

(9)

S


kij = D
S

bijkl

∂ 2 w i ∂ 2 w j ∂ 2 wi ∂ 2 w j
δ 2 wi δ 2 wj
δ 2 wi δ 2 wi
+
+
2(1
−
ϑ)
dS
+
2ϑ
∂x2 ∂x2
∂y 2 ∂y 2
δxδy δxδy
δx2 δy 2
3D
=
2H 2




S

∂wi ∂wj ∂wi ∂wj
+
∂x ∂x
∂y ∂y



∂wk ∂wl ∂wk ∂wl
+
∂x ∂x
∂y ∂y

(10)


dS

(11)

The dimensionless parameters were used in this paper to simplify the interpretation of the
obtained results as used in [14, 16], and we can put:
wi (x, y) = Hwi∗

2.1

x y 
ω2
D
,
= Hwi∗ (x∗ , y ∗ ) ,
=
,
a b
ω ∗2
ρHb4
DaH 2
mij
kij
=
,
= ρH 3 ab,
∗
kij
b3
m∗ij

bijkl
DaH 2
=
(12)
b∗ijkl
b3

Application to free vibration of C-F-C-F RP

Lagrange’s equations have been employed to describe the non-linear dynamic behavior for a
conservative system (C-F-C-F RP ), that can be written as follow:


∂ ∂T
∂T
∂V
−
+
−
= 0,
r =1−n
(13)
∂t ∂ q̇r
∂qr ∂qr
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The qi is assumed to be harmonic, as used in equation (5) we get:
qi (t) = ai sin ωt,

i=1−n

In the equation (13), V and T are replaced by their expressions given above in (6), (7),
and (8), and their derivatives are calculated with respect to the ai s. The following set of nonlinear algebraic equations are obtained by applying the harmonic balance method and nondimensional parameters:
3
∗
− ai ω ∗2 m∗ir = 0,
ai aj ak b∗ijkr + ai kir
2
The later can be written in matrix form as following:

i, j, k, r = 1 − n


 ∗
3
[K ] − ω ∗2 [M∗ ] {A} + [B∗ (A)] {A} = {0}
2

(14)

(15)

The column vector of basic function (contribution coefﬁcients) {A}, which can be written
as {A}T = [a1 a2 . . . an ].
In addition ω ∗ is the non-dimensional non-linear frequency response that can be obtained
through (14) as:
ω

∗2

ai aj kij∗ + 32 ai aj ak al b∗ijkl
kij
3 ak al bijkl
=
=
+
∗
ai aj mij
mij 2 mij

(16)

In order to obtain the numerical solution for the non-linear problem in the neighborhood of
the ﬁrst mode shape, the contribution of this mode is chosen and others of higher modes are
calculated numerically via explicit method (ﬁrst formulation) of the remaining (n − 1) nonlinear algebraic equations. Furthermore, the dynamic response free vibration can bee obtained
the following equations:
∗
3ai aj ak b∗ijkr + 2ai kir
− 2ai

2.2

ai aj kij∗ + ai aj ak al b∗ijkl ∗
mir = 0,
ai aj m∗ij

r =1−n

(17)

Forced vibration application in C-F-C-F RP

Considering the RP exhibited in Figure 1 which is excited harmonically with a concentrated
forces applied at the plate’s center (x0 , y0 ), In this way we can write:
F (x0 , y0 ) = F c δ(x − x0 )δ(y − y0 ) sin(ωt)

(18)

The corresponding generalized force F c is given by:
Fic (t) = F c wi (x0 , y0 ) sin ωt = fic sin(ωt)

i=1−n

(19)

The dimensionless of generalized forces fic∗ that is applied on the RP can be obtained from
the following equation:
fic∗ =

b3 F c ∗ ∗ ∗
w (x , y ),
aDH i 0 0

i=1−n

(20)

Assuming that equation (5) holds for qi which is supposed to be harmonic, we get:
qi (t) = ai sin ωt,
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The problem of forced vibration was reduced to a non-linear algebraic equation of C-F-C-F
RP by applying Lagrange’s equations and harmonic balance method as used in the previous
subsection:


∂ ∂T
∂T
∂V
−
+
−
= Fr ,
r =1−n
(22)
∂t ∂ q̇r
∂qr ∂qr
The non-linear algebraic equations have been obtained by substituting the terms of Vf , Va , T
into the later equation and by applying the harmonic balance method that yield to:
3
∗
ai aj ak b∗ijkr + ai kir
− ai ω 2 m∗ir = fr∗ ,
2

i, j, k, r = 1 − n

(23)

where ω ∗ is the dimensionless excitation frequency. Hence, the equation (23) can be written
in matrix form as:
 ∗

3
[K ] − ω ∗2 [M∗ ] {A} + [B∗ (A)] {A} = {F∗ }
(24)
2
3

Explicit procedure of solution

3.1

Free vibration

The explicit method or the ﬁrst formulation as used in [14], leads to obtain the solution in
the neighborhood of the ﬁrst non-linear mode shape, and the basic functions vector {A} can be
written as: {A}T = [a1 ε2 . . . ε6 ], with the contribution coefﬁcients indice is varying from 2 to
6. Indeed, ε2 . . . ε6 can be considered small compared to a1 .
This method is based on an approximation that leads to neglect the second and third terms in
the expression ai aj ak b∗ijkr . With respect to εi , the remaining term can be reduced to a31 b∗111i .
3 3 ∗
∗
ab
+ a1 k11
− a1 ω 2 m∗11 = 0
2 1 1111

(25)

which gives :
ω2 =

k11
3 b1111
+ a21
m11 2 m11

(26)

The ith basic functions of the contributions (εi ) is explicitly calculated from the ith approximate equation of system (14):


3 3 ∗
a1 b111i + kii∗ − ω 2 m∗ii εi = 0
2

i=2−6

(27)

Then, the last equation allows to the following analytical expression for ith contributions that
contribute to the ﬁrst mode shape:
∗

εi =

− 32 a31 b111i
∗

∗2 ∗
k ii − ωnl
mii

∗

=

∗

k ii −

)

− 32 a31 b111i
k11
m11

+

2
3 a1 b1111
2 m11

*

m∗ii

i=2−6

(28)

The non-linear dynamic response free vibration is described in the equation below:
∗
Wnl
(x∗ , y ∗ ) =

− 32 a31 b∗1111
− 32 a31 b∗1112
∗
∗ ∗
(x
,
y
)
+
w
w∗ (x∗ , y ∗ ) +
∗
∗
(k11
− ω ∗2 m∗11 ) 11
(k22
− ω ∗2 m∗22 ) 12
− 23 a31 b∗1116
w∗ (x∗ , y ∗ )) (29)
··· + ∗
(k66 − ω ∗2 m∗66 ) 16
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3.2

Forced vibration

The non-linear algebraic equations obtained from (23) were solved using the explicit method.
In order to obtain a multi-dimensional non-linear frequency response, this structure has been
subjected to high levels of applied forces amplitudes and harmonic excitation. The C-F-C-F RP
is excited harmonically in the neighbourhood of the ﬁrst mode shape, which is generated only
by the ﬁrst basic function w11 and that is the predominant in the dynamic response, then the
equation (23) is reduced to:

 ∗
3 3 ∗
a1 b1111 + k11
− ω 2 m∗11 a1 = f1∗
2

(30)

∗
, and m∗11 are respectively the non-dimension terms of the non-linear, the
where b∗1111 , k11
linear rigidity, and the mass tensor corresponding to the ﬁrst mode shape of C-F-C-F RP. After
rearranging the above equation, we obtain:



ω∗
∗
ω1L

2

∗

∗

3 b
f1
= 1 + a21 1111
−
∗
∗
2 k 11
a1 k11

(31)

As mentioned above, the explicit method and harmonic balance method have been applied
to deduce εi :


3 3 ∗
i=2−6
(32)
a1 b111i + kii∗ − ω 2 m∗ii εi = fi∗
2
The last equation allows to the following analytical expression for ith contributions that
contribute on the ﬁrst mode shape:
εi =

fi∗ − 32 a31 b∗111i
,
kii∗ − ω ∗2 m∗ii

i=2−6

(33)

Then, the ﬁrst mode of the non-linear steady state periodic forced response function of C-FC-F RP can be expressed as following:

∗
(x∗ , y ∗ ) =
Wnl

4

f1∗ − 32 a31 b∗1111 ∗ ∗ ∗
f2∗ − 32 a31 b∗1112 ∗ ∗ ∗
w
w (x , y ) +
(x
,
y
)
+
∗
∗
(k11
− ω ∗2 m∗11 ) 11
(k22
− ω ∗2 m∗22 ) 12
f6∗ − 32 a31 b∗1116 ∗ ∗ ∗
w (x , y )) (34)
··· + ∗
(k66 − ω ∗2 m∗66 ) 16

Results and discussions

In this section, we will discuss the results obtained in the numerical simulations of free and
forced vibration, in order to show the effect of geometrically non-linear on C-F-C-F RP at large
vibration amplitudes with the plate’s ratio equals to 0.66 (α = 0.66). These simulations were
carried out on RP made from aluminium alloy with a thickness of 0.6 mm. The dimensions
of this plate are 240 x 360 mm (width x length), that gives 0.66 in the ratio. According to
the commercial catalog, the density, Young modulus, and the Poisson’s ratio of this plate are
2140Kg/m3 , 7x1010 N/m2 , and 0.34, respectively.
Dynamic response of a C-F-C-F rectangular plate is calculated using the ﬁrst, six, and nine
ﬁrst linear modes shape (w11 , w12 , w13 , . . . , w19 ) in equation 29 and 34.
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4.1

Free vibration

The non-dimensional terms of mass, linear and non-linear rigidity tensors were computed
numerically by using the software ”MATLAB”.
The linear analysis was obtained by neglecting the term of geometrical nonlinearity; this assumption leads us to obtain the values of the fundamental frequency parameter of various plate’s
ratio which are included in Table 1. Furthermore, the later linear frequencies have been determined by Leissa in [3] using Symmetric-Antisymmetric Modes of C-F-C-F rectangular plates
and are compared with those obtained by our present study which shown a good convergence
of solutions. The backbone curves forced vibration in the case of C-F-C-F RP were not found
in the literature.
Table 1: Comparison of the ﬁrst fundamental frequency parameters of a C-F-C-F RP, with
various α.
Aspect ratio α

Present study

Leissa[3]

Percentage error (%)

1

25.54

26.40

3.26

0.9

22.70

22.10

-2.71

0.66

13.32

-

-

The values of contribution coefﬁcients corresponding to the ﬁrst mode shape was calculated
by explicit solution from the equation (28) with a given assignment contribution (a1 ), and the
results are listed in Table (2). From this table, the ﬁve contributions show their contribution on
the ﬁrst mode shape and these values become important when the (a1 ) increase.
Table 2: Contribution coefﬁcients corresponding to the ﬁrst mode shape free vibration.
a1
0.02
0.12
0.22
0.32
0.42
0.52
0.72
0.92
1.02
1.12
1.32
1.52
1.62
1.72
1.82
1.92

a2

a3

a4

a5

a6

ω/ωl

1.38305E-06
2.98739E-04
1.84084E-03
5.66497E-03
1.28084E-02
2.43085E-02
6.45276E-02
1.34621E-01
1.3463E-01
2.42886E-01
3.97621E-01
6.07126E-01
7.35009E-01
8.79697E-01
1.04223
1.22363

-3.88254E-07
-8.38629E-05
-5.16766E-04
-1.59029E-03
-3.59562E-03
-6.82396E-03
-1.81144E-02
-3.77911E-02
-5.15023E-02
-6.81836E-02
-1.11622E-01
-1.70434E-01
-2.06334E-01
-2.46951E-01
-2.92577E-01
-3.43502E-01

1.29696E-07
2.80144E-05
1.72625E-04
5.31235E-04
1.20112E-03
2.27954E-03
6.05110E-03
1.26241E-02
1.72043E-02
2.27767E-02
3.72871E-02
5.69335E-02
6.89258E-02
8.24940E-02
9.77352E-02
1.14747E-01

-7.46271E-08
-1.61194E-05
-9.93286E-05
-3.05672E-04
-6.91121E-04
-1.31165E-03
-3.48180E-03
-7.26390E-03
-9.89935E-03
-1.31057E-02
-2.14550E-02
-3.27595E-02
-3.96599E-02
-4.74670E-02
-5.62368E-02
-6.60252E-02

3.42673E-08
7.40174E-06
4.56098E-05
1.40359E-04
3.17350E-04
6.02282E-04
1.59878E-03
3.33544E-03
4.54559E-03
6.01789E-03
9.85172E-03
1.50425E-02
1.82111E-02
2.17959E-02
2.58229E-02
3.03175E-02

1.0260
1.0323
1.0477
1.0716
1.1035
1.1427
1.2403
1.3587
1.4241
1.4929
1.6390
1.7942
1.8745
1.9562
2.0393
2.1236
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Figure 5 represents the corresponding curve of fundamental resonance (F = 0 N) obtained
by plotting the equation (29). The ﬁrst non-linear mode shape of C-F-C-F RP with α = 0.66
is depicted in Figure 5 and the dependence of the non-linear frequency on the non-dimensional
vibration amplitudes is shown. As may expected, a hardening type of non-linearity of C-F-C-F
RP is observed.
The amplitudes mode shape dependence are investigated, which allow to illustrate the effect
of large transverse vibration amplitudes on the ﬁrst mode shape. The normalized sections along
the x an y directions, corresponding to y ∗ = 0.5 and x∗ = 0.5 of the non-linear fundamental
mode shape were obtained from equation (29) are plotted in Figure 2 (a) and (b). The later,
show respectively the increase of all curvatures near the free edges and decrease for the clamped
edges. These curves obtained for the large, medium, and low displacement amplitudes which
are corresponding to 4.91, 0.98, and 0.4 at the plate’s center, respectively.
1

1
0.8

0.9

0.6

0.8

0.4

0.7

0

W(x ,y )/W(x ,y )
0 0
0 0 max

W(x ,y )/W(x ,y )
0 0
0 0 max

0.2

-0.2
-0.4
-0.6

0.6
0.5
0.4

-0.8

0.3
-1

high amplitudes
medium amplitudes
low amplitudes

-1.2
-1.4

0.2

high amplitudes
medium amplitudes

0.1

low amplitudes

-1.6
0

0.1

0.2

0.3

0.4

0.5
x*

0.6

0.7

0.8

0.9

0

1

0

(a) (F-F)

0.1

0.2

0.3

0.4

0.5
y*

0.6

0.7

0.8

0.9

1

(b) (C-C)

Figure 2: Amplitudes deﬂections in x and y direction of the ﬁrst mode shape of a RP corresponding to (a): y ∗ = 0.5 and (b): x∗ = 0.5, respectively.

4.2

Forced vibration

The present subsection aims to treat the transverse steady state periodic forced response of
thin C-F-C-F isotropic RP with the α = 0.66, which the geometric and mechanical characteristics were presented above.
The equation (32) holds to obtain (33), which allows to an analytical expression for εi with
i = 2 − 6 to be derived in terms of a1 , and the results are listed in Table 3. These results
are obtained with a given typical values of a1 in order to calculate the ﬁrst six basic functions
varying from 0.3 to 2.
The thin C-F-C-F isotropic RP was excited with a concentrated harmonic forces at the plate’s
center. The non-linear algebraic equations (23) have been reduced to single-mode approach, that
assumed to neglect all co-ordinates except a single resonant co-ordinate as obtained in equation
(30) and (31). The convergence of the solution was studied using the ﬁrst mode shape which is
the predominant (single mode approach), the ﬁrst six and nine mode shapes (multimode solution) in the two equations (31) and (34), respectively, with 1 N of forcing vibration amplitude.
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Table 3: Contribution coefﬁcients corresponding to the ﬁrst mode shape forced vibration, F c =
1N
a1

a2

a3

a4

a5

a6

ω/ωl

0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
1.00
1.20
1.30
1.40
1.50
1.80
1.90
2.00

0.00322822
0.00523468
0.00794480
0.01146892
0.01591960
0.02141195
0.02806402
0.03599711
0.13846239
0.24706054
0.31956203
0.40645169
0.50967663
0.94096357
1.13491984
1.35997236

-0.00712518
-0.00787544
-0.00885931
-0.01011443
-0.01167769
-0.01358563
-0.01587472
-0.01858148
-0.05233845
-0.08662607
-0.10889450
-0.13502586
-0.16536841
-0.28533444
-0.33626483
-0.39335470

0.00042405
0.00067479
0.00100893
0.00143847
0.00197545
0.00263195
0.00342006
0.00435189
0.01592585
0.02759709
0.03513883
0.04395471
0.05414880
0.09406229
0.11083904
0.12953718

-0.00125437
-0.00140170
-0.00159734
-0.00184833
-0.00216168
-0.00254439
-0.00300346
-0.00354589
-0.01026664
-0.01702517
-0.02138498
-0.02647495
-0.03235280
-0.05529619
-0.06491010
-0.07560623

0.00011480
0.00018239
0.00027236
0.00038792
0.00053227
0.00070862
0.00092018
0.00117015
0.00426587
0.00737621
0.00938139
0.01172127
0.01442197
0.02495135
0.02935816
0.03425769

0.484975
0.597414
0.672148
0.727486
0.771300
0.807696
0.839069
0.866921
1.018605
1.094426
1.132057
1.169896
1.208102
1.325703
1.365996
1.406839

These latter are plotted in Figure 3 and showed the convergence of the results that can be reached
for six modes shape via multimode solution. In addition, these curves show a slight difference
for the dimensionless displacements less than 1.5 and the difference becomes clearer for the
remains results.
3.5

3

Amplitude/h

2.5

2

1.5

1

9MS
6MS
Single mode approach

0.5

0
0.2

0.4

0.6

0.8

1

1.2
1.4
* *
Z /ZL )

1.6

1.8

2

2.2

2.4

Figure 3: Backbone curve corresponding to the single mode approach and multi-mode solution.
In Figure 4 the linear and nonlinear frequency response curves are given in term of the
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1
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Nonlinear analysis
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1

1.2
1.4
* *
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1.6

1.8

2

2.2

2.4

Figure 4: Linear and nonlinear analysis forced vibration response of C-F-C-F RP.
amplitudes and the frequency parameter. The results corresponding to this excitation correspond
to the classical response in the forced linear model that obtained by neglecting the nonlinear
term (bijkl ) in equation (34).
Furthermore, forced responses of RP under different concentrated amplitude forces (F c = 0,
0.25, 0.5, and 1 N) are shown in Figure 5 using ﬁrst six modes shape. These three curves show
the hardening type resonance for all considered excitation levels and the jump phenomena was
observed near 0.6, 0.8, and 1.1 dimensionless displacements, respectively.
5

Conclusion

The geometrically non-linear dynamic free and steady state periodic forced response of thin
and isotropic C-F-C-F RP were investigated via a theoretical model which was developed in this
paper. The effect of large vibration amplitudes was studied in order to determine the amplitudes
frequency dependence and associated ﬁrst mode shape free and forced vibrations.
The model used is based on Lagrange’s equations and the harmonic balance method that were
used to reduce the problem to non-linear algebraic equations without tacking into account the
in-plane displacements and their derivatives. These later, gave the terms of mass tensor, linear
and non-linear rigidity due to the geometrical non-linearity which were computed numerically.
In addition, the non-linear dynamic, response in free and forced vibration, were investigated
by using the ﬁrst six plate functions. These functions were obtained as products of the ﬁrst six
beam functions in the x and y directions that were used to discretize the C-F-C-F RP.
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Figure 5: Resonance curves for 0, 0.25, 0.5 and 1 N of forcing vibration.
The RP’s α=0.66 was chosen, the amplitudes frequency dependence were studied and presented for free vibration case. The results obtained showed that the frequency response increases
with the increase of the amplitude, which led as to exhibit the hardening type of resonance as
expected. In addition, when the amplitude increases, the deﬂection of the ﬁrst mode shape increases at the Free-Free edges and decreases in the vicinity of plate’s center, and an increase of
the mode shape of C-C edges when the amplitudes increase.
The steady state periodic forced response was studied and the hardening non-linearity was
obtained as in the free case using the same structure. Furthermore, the single-mode approach
and the multi-mode solution were studied and plotted, illustrating a correlation between them
for 1.5 in dimensionless displacements. The effect of applied harmonic forces (0, 0.25, 0.5
and 1N) and the excitation frequency on the dynamic response of C-F-C-F RP were illustrated.
These results show the jump phenomena near 0.6, 0.8, and 1.1 dimensionless displacements,
respectively for 0.25 , 0.5 and 1 N, forcing vibration.
Based on the obtained results, it can be concluded that the research into geometrically nonlinear dynamic on thin and isotropic C-F-C-F RP has been very successful. Furthermore, these
investigation are require to taking into account of the in-plane displacements. Thus, the future works will concerning to carry out an experimental studies to compare with the obtained
numerical results.
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Laboratoire Mécanique, Productique et Génie Industriel (LMPGI), Ecole Supérieure Technologie
(ESTC), Hassan II University of Casablanca
BP 8012 Oasis, Casablanca, Morocco
e-mail: khalid.zarbane@univh2c.ma, zbeidouri@gmail.com

Keywords: Non-Linear Longitudinal Vibration, Lagrange’s equations, Linearized Approach,
Harmonic Balance Method, Geometrically Non-linear.
Abstract. The present study aims to investigate the problem of linear and non-linear longitudinal free vibration of uniform rods and rods with sections varying exponentially. This problem
is reduced to a non-linear algebraic equation which is based on the Lagrange’s equations and
the harmonic balance method. In fact, these methods were applied previously to study the nonlinear transverse vibration of the different continuous structures (beams, plates, and shells) and
discrete structures (2-dof and multi-dof systems). However, the present model leads to obtain a
solution of a non-linear algebraic system using numerical method. The non-linear frequencies
corresponding to the ﬁrst, second and third non-linear mode shapes of Clamped-Free uniform
and non-uniform rods are treated via the Linearized Approach. Therefore, the obtained numerical results exhibit the geometrically non-linear effect. The dependencies of the amplitude on
the slope of exponential function coefﬁcient, the frequency and on the non-linear mode shape
are applied for the ﬁrst, second and third mode shapes, in order to examine the used method in
the case of Clamped-Free non-uniform rods longitudinal free vibration at large amplitudes.
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Nomenclature
δ
ω
∗

linear rigidity of spring i

the
asterisk
indicates
dimensional parameters

Length of the rod

non- L

ρ

Mass per unit volume

A

Mode amplitude

Ai

Amplitude of the displacement ui

ai
ai
bijkl

1

Slope of exponential function coefﬁ- ki
cient
kij
frequency parameters

General terms for the linear rigidity
tensor

mi

ith mass of 2-dof system

mij

General terms for the mass tensor

S

Area of the cross section

S0
Maximum section of rods
Contribution coefﬁcient of ith linear
T
kinetic energy
mode shape
U (x, t) The longitudinal displacement
contribution coefﬁcient
Displacement of mass mi
General terms for the nonlinearity ui
tensor

Ul

Linear potential energy

C

Velocity of propagation

Unl

non-linear potential energy

E

Young’s modulus

x

Axial position coordinate

Introduction

The longitudinal vibration analysis of rods is an important issue in structural engineering applications, such as high-rise buildings, long-span bridges, aerospace machines and many other
industrial usages. Longitudinal and torsional vibrations are signiﬁcant in these structures and
their natural frequencies have to be considered in the design process. The determination of
both linear and nonlinear natural frequencies, with associated mode shapes and bending stress,
are essential in structural dynamic analysis in order to design efﬁcient machines. The external
vibrations loading and services condition may cause large displacements and rotations that lead
to considerable pre-stress states in the structure. Consequently, the modal behavior of structures
is evidently a property of the equilibrium state and natural frequencies are subject to change.
The exact solutions and the numerical techniques for linear longitudinal vibration of homogeneous rods can be found in literature [16, 13], while analytical studies on inhomogeneous rods
are scarce. Eisenberger [11], Matsuda and al [15], Bapat [4], Abrate [1], Kumar and Sujith [12],
Anil Raj , Sujith [18] and Xu and al [19] studied the linear longitudinal vibration of rods with
variable sectional area and they obtained the exact solutions for certain functional forms of an
involved parameter.
The present work devotes to the non-linear longitudinal vibration of rods using a model based
on Lagrange’s formulation and harmonic balance method. This structure is reduced to a nonlinear algebraic system, which can be solved by numerical procedures (iterative, linearized or
explicit). These methods have been developed and used to examine the non-linear behavior of
continuous structures and discrete systems [8, 7, 9, 10, 17, 2], longitudinal, transverse vibration
of 2-dof systems [6]. In our case, an application is made using the linearized procedure [8]
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leading to the fundamental non-linear longitudinal mode shape of C-F1 rods.
2

Theoretical formulation

Actually, the main objective of the present paper is to determinate the dynamic response of
C-F rods with section varying exponentially at large vibration amplitudes, in order to illustrate
the non-linear longitudinal mode shapes and natural frequencies of C-F rods with section varying exponentially. We start by presenting in the ﬁrst subsection the formulas for the natural
frequencies, mode shapes and displacements of linear C-F rods. Then in the second one the
formulation of the basic theory of geometrically non-linear longitudinal free vibration of rods
are presented.
2.1

Linear Model

The uniform rods having the following characteristics: E: Young’s modulus, ρ: mass per unit
volume, L: length of the rod, S: area of the cross section, U (x, t): the longitudinal displacement
which is assumed to be harmonic, i.e. U (x, t) = u(x) sin(ωt), and are well-known by the
equation of longitudinal vibrations of rods, this can be written by:


∂
∂u
S ∂ 2u
S
= 2 2
(1)
∂x
∂x
C ∂t
where C is the velocity of propagation of the displacement or stress waves in the rod, and it
is given by:
3
E
C=
(2)
ρ
Considering now the longitudinal vibrations of the rods with exponential sections which
are illustrated in Figure 1, taking into account the same geometrical characteristics presented
earlier. These sections can be written as below and S0 is the maximum section of rods:
S(x) = S0 exp(δx)

(3)

G=0.3
G=0.7
G=1.0

0.2

0.4

0.6

0.8

1

x*

Figure 1: Notation of rods with sections varying exponentially (blue: δ = 0.3, red: δ = 0.7,
green: δ = 1.0)
1

Clamped-Free
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By substituting the equation (3) into (1) and by using the classical method of separation of
variables, we obtain a differential equation we the solution gives the following mode:
 nπ  δ
x e− 2 x
un (x) = sin
(4)
L
with the frequencies expression written as:
3 3

1 E
4π 2 n2
2
(5)
+δ
ωn =
2 ρ
L2
2.2

Non-Linear Model

The method presented in this subsection is based on a semi-analytical approach. The dynamic behavior is obtained by using Lagrange’s equations for a conservative system, which
leads to:


∂ ∂T
∂T
∂V
−
+
−
= 0, r = 1, . . . , n
(6)
∂t ∂ q̇r
∂qr ∂qr
In the above equation, T is the kinetic energy of the rod given by:
 2

1 L
∂u
T =
ρS
dx
2 0
∂t

(7)

V is the total strain energy, which can be written as the sum of the linear strain energy Vl and
the non linear strain energyVnl :
1
V = Vl + Vnl =
2





L

ES
0

∂u
∂x

2

1
dx +
2





L

ES
0

∂u
∂x

3

1
dx +
4





L

ES
0

∂u
∂x



4
dx

(8)

The large displacement U is assumed to be harmonic which is expanded in the form of a ﬁnite
series, one obtains:
U (x, t) = qi (t)ui (x) = ai ui (x) sin ωt

(9)

where the usual summation convention for the repeated index i varies from 1 to n. After
substituting the expression given in equation (9) ,for the displacement function U, in the energy
expressions (7) and (8) and performing the discretization,we obtain the following expressions
for the potential and kinetic energies that can be written as:
1
T = q̇i q̇j mij
2

(10)

1
Vl = qi qj kij
2

(11)

1
1
Vnl = qi qj qk ql bijkl + qi qj qk cijk
2
2

(12)
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where kij denotes the classical rigidity tensor due to Vl ; bijkl and cijk represent the nonlinearity tensors due to Vnl and mij stands for the mass tensor attributable to T . The expressions
for the general terms of these tensors are given by :
 L
ρSui uj dx
(13)
mij =
0


kij =

L

ES
0

∂ui ∂uj
dx
∂x ∂x

(14)


∂ui ∂uj ∂uk ∂ul
bijkl =
dx
∂x ∂x ∂x ∂x
0


 L
∂ui ∂uj ∂uk
cijk =
dx
ES
∂x ∂x ∂x
0


L

ES
4



(15)
(16)

Referring to [7], we put The non-dimensional parameters as follow:

ui (x) =

Lu∗i

x
L

= Lu∗i (x∗ ) ;

ω2
E mij
kij
bijkl
=
; ∗ = ρSL3 ; ∗ = ESL; ∗ = ESL
∗2
2
ω
ρL mij
kij
bijkl

(17)

The amplitudes ai are the unknown parameter that should to be determined as well as the frequency ω. Replacing T and V into equation (6) by their expressions given above, and applying
the harmonic balance method we obtain:
∗
2ai kir
+ 3ai aj ak b∗ijkr − 2ω ∗2 ai m∗ir = 0;

r = 1, . . . , n

(18)

the later can be written in matrix form as:
2 [K ∗ ] {A} + 3 [B ∗ ({A})] {A} − 2ω ∗2 [M ∗ ] {A} = 0

(19)

where ω ∗ is the non-dimensional non-linear frequency parameter. The expression of the later
can be obtained by pre-multiplying equation (19) by {A}T from the left hand side, and written
as:
ω ∗2 =

{A}T [K ∗ ]{A} + 32 {A}T [B ∗ ({A})]{A}
{A}T [M ∗ ]{A}

(20)

By substituting and rearranging the equation (20) into (18), we obtain:
&
∗
−2
3ai aj ak b∗ijkr + 2ai kir

ai aj kij∗ + 32 ai aj ak a1 b∗ijkl
ai aj m∗ij


ai m∗ir = 0;

r = 1, . . . , N

(21)

This obtained equation is a non-linear algebraic system that can be solved using an iterative,
explicit and linearized procedure. This later is used in the present work in order to study the
amplitude frequency dependence and associated ﬁrst, second and third nonlinear longitudinal
mode shapes of C-F uniform rods and non-uniform rods, respectively.
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Figure 2: Contribution coefﬁcients value of mode shapes for various values of δ
3

Numerical Details

Various non-linear vibration problems are solved due to the non-linear algebraic system formally similar to equation (19) and having the following form:


3
[Kl ] + [B(A)] {A} − ω 2 [M ]{A} = {0}
(22)
2
in which {A}T is the column matrix of the basic function or the linear mode shape contribution coefﬁcients {A}T = [a1 a2 . . . aN ] .[M ], [Kl ] and [B] are respectively the mass matrix, the
linear rigidity matrix and the non-linear rigidity matrix. Equation (22) can be also written as:


3
[Kl ] + [Knl ] {A} = ω 2 [M ]{A}
(23)
2
Each term of the matrix [Knl ] is a quadratic function of the column matrix of coefﬁcients
{A}, and is given by (Knl )ij = (3/2)ak al bijlk . When the later term is neglected, the non-linear
eigenvalue problem (23) is reduced to the classical linear eigenvalue problem as written below:
[Kl ] {A} = ω 2 [M ]{A}

(24)

which is the Rayleigh-Ritz formulation of the linear vibration problem. In the linear case,
the eigenvalue of the equation (24) leads to a series of eigenvalues and corresponding eigenvectors. In the non-linear case, the solution of the equation (23) should lead to a set of amplitude
dependent eigenvectors, with their associated amplitude dependent eigenvalues. The non-linear
problem (23) could be solved using incremental-iterative, linearized or approximate solution
known as the explicit method that was used previously in [14].
In this paper the linearized method [5] is adopted to solve the equation (23). The purpose is to
replace the iterative method of of the non-linear eigenvalue problem (23) solution, by a direct
solution of a modiﬁed linear eigenvalue problem. The numerical results obtained, generally in
similar problems, have shown that the contribution coefﬁcient ac of the assigned basic function

244

E. ABDEDDINE, A. MAJID, Z. BEIDOURI and Kh. ZARBANE
2.8

1.6

G=0.3
G=0.7
G=1.0
G=0.0

1.5
2.6

1.4
1.3

2.4

1.2
1.1

2.2

(c)

Amplitude

1

Z


2

1.8

(b)

0.9
0.8
0.7
0.6

1.6

0.5
0.4

1.4

0.3
1.2

0.2

(a)

0.1
1
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

U max
*

0
0

0.1

0.2

0.3

0.4

0.5

x

0.6

0.7

0.8

0.9

1

Figure 3: The backbone curves correspond- Figure 4: The ﬁrst linear mode shape of a Cing to the ﬁrst (a), second (b) and third (c) F rods with a section varying exponentially
non linear longitudinal mode shapes of a C- for various values of δ.
F uniform rods.

remains predominant for a wide range of amplitudes, compared to the other basic functions
or linear mode shape contribution coefﬁcients. Based on this result, an assumption is made in
the neighborhood of the considered resonance, by writing the general term of the non-linear
geometrical stiffness matrix in a simpliﬁed form:
3
(Knl )ij = a2c bccij
2
The non-linear eigenvalue problem (23) becomes:
[K] {A} = ω 2 [M ]{A}

(25)

(26)

in which [K] is the modiﬁed global stiffness matrix of the structure given by:
3
(27)
Kij = (Kl )ij + a2c bccij
2
Thus, for a given value of the predominant contribution ac of the mode under consideration,
the modiﬁed rigidity matrix [K] is constant, and the eigenvalue problem (26) is a classical one.
The direct solution of the linear eigenvalue problem (26), for a speciﬁed value of ac and corresponding to a ﬁxed amplitude of vibration of a chosen point, leads to the value of the eigenvalue
ω 2 and the corresponding eigenvector {A}.
The choice of the number of the basic functions was based on the contribution coefﬁcients
value ai assigned of other mode shapes which allow the convergence of the calculation and
the time compilation optimization. For this purpose we calculated the contribution coefﬁcients
value on the ﬁrst, second and third mode shapes to determinate the number of the contribution
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Figure 5: (—–) Maximum amplitude versus the slope of exponential function coefﬁcient, (- - -):
Locally Estimated Scatterplot Smoothing (LOESS).
coefﬁcients value that contribute signiﬁcantly. Figure 2 illustrates the value of contribution coefﬁcients for the ﬁrst, second and third mode shapes for each δ value that increases with the
increase of the contribution coefﬁcients. This ﬁgure leads us to deduce the choice of the numbers of the basic functions which are 5, 13 and 19, that contribute signiﬁcantly on the ﬁrst,
second and third mode shapes ,respectively, and which can not be neglected in the process of
simulation.
4

Results and Interpretations

To verify the method used in the current paper, non-dimensional frequency is compared
with the differential quadrature method employed in the reference [3]. This later consists in
approximating the derivative of a function at a sample point to a weighted linear summation of
the value of the function at all of the sample points in the domain. The calculations were made
using 15 points Differential Quadrature Method for both uniform and non-uniform clampedfree rods. Table 1 shows a clear concordance value of non-dimensional frequency for uniform
C-F rods. In order to compare non-uniform rods for S(x) = (x + 1)2 , presented in the reference
[3], with sections varying exponentially, the slope of exponential function coefﬁcient was ﬁxed
at a value equals to 1.386 as plotted in Figure 8. Table 2 shows that the method gives acceptable
results due to the section difference.
Table 3: First mode shape value of C-F rod with a section varying exponentially for δ = 1.0
X/L

0.000

0.100

0.200 0.300

Linear
Nonlinear

0.000
0.000

0.121
0.142

0.249 0.382 0.515 0.641 0.757 0.856 0.933 0.983 1.000
0.279 0.413 0.544 0.667 0.779 0.873 0.943 0.986 1.000

Relative difference %

15.092

10.459

0.400 0.500

7.492 5.308

246

0.600 0.700

3.835 2.822

0.800 0.900

1.948 1.096

1.000

0.351 0.000

E. ABDEDDINE, A. MAJID, Z. BEIDOURI and Kh. ZARBANE
2.2

1.26

G=0.3

G=0.7

G=1.0

G=0.3

G=0.7

0.1

0.2

G=1.0

1.23

2
1.2

1.8

1.17

Z


Z


1.14

1.11

1.08

1.6

1.4

1.05

1.2
1.02

0.99
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

1

0.45

0

U*max

0.3

0.4

0.5

U*max

(a) First mode shape

(b) Second mode shape

3.4

G=0.3

G=0.7

G=1.0

3.2
3
2.8
2.6

Z


2.4
2.2
2
1.8
1.6
1.4
1.2
1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

U*max
(c) Third mode shape

Figure 6: The backbone curves of the non linear longitudinal mode shapes of a C-F rod with a
section varying exponentially for various values of δ.
Table 4: Second mode shape value of C-F rod with a section varying exponentially for δ = 1.0
X/L

0.000

0.100

0.200

0.300

0.400

0.500

0.600

0.700

0.800

Linear
Nonlinear

0.000
0.000

0.297
0.175

0.553 0.703
0.429 0.696

0.698
0.499

0.524
0.264

0.205
0.059

-0.197
-0.153

-0.594
-0.412

-0.889 -1.000
-0.754 -1.000

39.832

98.444

245.171

28.440

44.137

17.814

Relative difference %

69.333

29.042

1.046

247

0.900

1.000

0.000

E. ABDEDDINE, A. MAJID, Z. BEIDOURI and Kh. ZARBANE
1

1

a1=0.0010
a1=0.1007
a1=0.2003
a1=0.3000

0.9

0.6

0.7

0.4

0.6

0.2

Amplitude

Amplitude

0.8

a2=0.0010
a2=0.1007
a2=0.2003
a2=0.3000

0.8

0.5
0.4

0
-0.2

0.3

-0.4

0.2

-0.6

0.1

-0.8
-1

0
0

0.1

0.2

0.3

0.4

0.5

0.6

x

0.7

0.8

0.9

0

1

0.1

0.2

0.3

0.4

0.5

x

0.6

0.7

0.8

0.9

1

(b) Second mode shape

(a) First mode shape
1

a3=0.0010
a3=0.1007
a3=0.2003
a3=0.3000

0.8
0.6

Amplitude

0.4
0.2
0
-0.2
-0.4
-0.6
-0.8
-1
0

0.1

0.2

0.3

0.4

0.5

x

0.6

0.7

0.8

0.9

1

(c) Third mode shape

Figure 7: Amplitude dependence of the non linear longitudinal mode shapes of C-F rod with a
section varying exponentially for δ = 0.3
4.1

Uniform rods

Numerical results are obtained for C-F uniform rods. The backbone curves, corresponding
to the uniform case for the ﬁrst three nonlinear longitudinal mode shapes, shows a hardening
type of nonlinear dynamic behavior with an increase of the nonlinear frequencies parameters by
12%, 46% and 88%, respectively for the ﬁrst three nonlinear mode shapes with the maximum
non dimensional vibration amplitude equals to 0.16. This can be depicted in Figure 3.
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Uniform [present]

1.5708
4.7124
7.8540
10.9956

1.570796327
4.71238898
7.853981634
10.99557429

4

S(x)=(x +1)2

S(x) = S0exp(Gx)

3.5

3

Table 1: Non-dimensional frequency comparison for uniform C-F rods
Non-uniform [3]

Non-uniform [present]

1.1656
4.6042
7.7899
10.9499

1.529084254
4.408039122
7.373738343
10.34303691

Amplitude

Uniform [3]

2.5

2

1.5

1

0.5

0
0

0.2

0.4

0.6

0.8

1

x*

Table 2: Non-dimensional frequency com- Figure 8: Comparaison of non-uniform rods.
parison for non-uniform C-F rods

4.2

Rods with section varying exponentially

The ﬁrst three linear mode shapes of C-F rods with section varying exponentially S = S0 eδx
are plotted for various values of δ and shown in Figure 4. These linear modes correspond to the
basic functions used in each case within the nonlinear theory.
Figure 5 illustrates the displacement amplitude versus the slope of exponential function coefﬁcient and shows that the amplitude decreases with the increase of exponential slope (δ) due
to the decrease of the section at the Free boundary condition.
The backbone curves of a C-F rods with a section varying exponentially for the ﬁrst three
nonlinear longitudinal mode shapes and their geometric non-linearity effect are represented in
Figure 6.
Thus, for the ﬁrst nonlinear mode shape corresponding to the maximum non dimensional vibration amplitude is equal to 0.2, the nonlinear frequencies increase with 5%, 6% and 6.2%
respectively for delta equals to 0.3, 0.7 and 1.0. In addition, the second nonlinear mode shape
corresponding to the maximum non dimensional vibration amplitude is equal to 0.3, the increase
of the nonlinear frequencies is equal to 61.8%, 65% and 67.5% respectively for delta equals to
0.3, 0.7 and 1.0. And ﬁnally, the third nonlinear mode shape corresponding to the maximum
non dimensional vibration amplitude is equal to 0.4, the nonlinear frequencies increase by 80%,
92% and 128% respectively for delta equals to 1, 0.7 and 0.3.
Figure 7 depicts the amplitude longitudinal mode shapes dependence that can be clearly
seen, and shows the importance of the nonlinear effect on our structure which should be taken
into account in the calculation. It can be also seen in Table 3 and 4 the difference between the
geometrical nonlinearities and the linear case for ﬁrst and second mode shapes with δ equals
to 1.0 , with a relative difference up to 15.092% for the ﬁrst mode shape and 245.171% for the
second mode shape.
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5

Conclusion

The model, based on Lagrange’s formulation and Harmonic Balance Method, was developed
to determine the nonlinear mode shapes of transverse vibration of beams, circular and rectangular plates. The numerical formulation of this model was presented and the expressions of
the linear and nonlinear rigidity tensors were developed. The linearized procedure was used to
solve the nonlinear algebraic equation obtained by reducing the problem of C-F uniform and
non-uniform rods. The numerical results corresponding to the fundamental, the second and the
third nonlinear modes shape were presented showing qualitative consistence of the model used.
Furthermore, the obtained results showed a nonlinear behavior of the hardening type resonance
response.
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Abstract. In this paper, a new model is developed to describe the nonlinear dynamics of two
axially deformable bars sliding relative to each other in which the interaction is governed by
friction. The ﬁrst bar is ﬁxed at one end and is subjected to a distributed normal force perpendicular to its axis to activate friction at the common interface, while the second bar is allowed to
slide relative to the ﬁxed one. A semi-analytical solution method is developed in which only the
nonlinear interaction is addressed numerically. The dynamic behaviour of the bars is expressed
as a summation of vibration modes including the necessary rigid body mode to allow for the
permanent sliding of one bar relative to the other. This results in a computationally efﬁcient
scheme without compromising the accuracy of the solutions. The developed model can be used
in pile driveability studies. In this case the ﬁxed bar resembles the soil column while the second
bar describes the dynamics of the driven pile.
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1

INTRODUCTION

In many engineering ﬁelds, including the ﬁeld of pile driving, friction plays an important
role. For example, accurate prediction of underwater noise generated in the seawater during the
process of pile driving with vibratory devices requires the simultaneous prediction of the pile
progression into the soil and, thus, the incorporation of a proper frictional model to describe
the pile-soil slip behaviour. State of the art models in underwater noise prediction for impact
pile driving all assume perfect contact between pile and soil [1, 2]. Problems including high
frequency bands solved with a ﬁxed FE-mesh, need both a ﬁne spatial and time discretization to
describe the propagating waves. This results in enormous computational efforts upto insolvable
problems [2]. As a ﬁrst step towards the development of a computational efﬁcient model that
predicts noise during vibratory pile driving including slippage of the pile, the dynamics of two
elastic bars in frictional contact is studied in this paper.
The inclusion of friction complicates the problem, as it introduces a strong nonlinearity. To
describe the forces at a frictional interface an appropriate frictional law should be chosen [3].
Since the focus herein is on noise generated during the driving process of piles with vibratory
devices, the interest is in a straightforward frictional model that can describe the sliding between pile and soil. The most common frictional model is based on the Coulomb friction law.
Coulomb’s friction can be applied in many ﬁelds such as in a simpliﬁed model for belt driving mechanics, in which the Coulomb’s friction law represents the dry friction between belt and
support [4]. Variations on Coulomb’s friction for multi-body mechanicals systems are described
for example by Marques et al. [5]. The Coulomb friction, which is multivalued at zero velocity,
can be approximated by alternative methods which deviate from Coulomb’s friction below a
certain velocity threshold and have a ﬁnite slope at zero velocity, e.g. linear velocity-dependent
friction at low velocities and an approximation by a hyperbolic tangent [5]. Another alternative
is introduced by Threlfall, the method avoids the discontinuity in the transition between positive
and negative and it has a higher resemblance with the Coulomb friction law at velocities below
a certain threshold [6]. This last friction law ﬁts the problem of vibratory pile driving since it is
smooth and the pile is assumed to slide continuously to the soil, while sticking can be neglected.
The model discussed in this work can be seen as a predecessor of a three-dimensional model
to be used in pile driving noise prediction including the effect of pile-soil slip. In section 2,
the problem statement is explained, including the equations of motions, boundary conditions
and Threlfall’s friction law. Hereafter, the solution method is described. The solution approach
is largely analytical; a numerical scheme is used only to evaluate standard integrals. Section
3 describes the limitations of the method in terms of convergence, including criteria for the
truncation of the number of modes that are used in this work. Section 4 shows results for the
case of an impact load represented by a block function and a harmonic load. Finally, section 5
contains conclusions regarding the model performance.
2
2.1

MATHEMATICAL FORMULATION
Governing equations

The model under consideration is schematized in Fig. 1. It consists of two bars, which can
deform in the axial direction and interact through a frictional interface. The equations of motion
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F(t)
x=0
ρ1,
A1,
E1

μ

z=0
ρ2,
A2,
E2

N

z = u0

x = L1

z = L2

Figure 1: Schematization of the problem statement

describing the dynamics of the two bars read:
ρ1 A1 ü1 (x, t) = E1 A1 u1 (x, t) − T1 (x, t) + F (t)δ(x)
ρ2 A2 ü2 (z, t) = E2 A2 u2 (z, t) − T2 (z, t)

(1)
(2)

in which subscript 1 refers to the forced bar and subscript 2 to the constrained bar, hereafter
called bar 1 and 2. The constants ρ, A and E deﬁne the density, area and elasticity of the bars
respectively. T1,2 (x, t) represents the friction that acts on either bar. The driving force F (t) can
alternatively be included in a time-dependent boundary [7], however, the interest here lies not
in the precise description of the top boundary stresses. A local coordinate system is adopted
for bar 1. The progression of the lower end of bar 1 with respect to the upper end of bar 2 is
characterized by u0 (t) as shown in Fig. 1. The prime and dot indicate derivatives with respect
to spatial coordinates and time, respectively. Threlfall’s friction law is adopted, i.e. the signum
function that is smoothed around zero velocity:


Δv (x,t)
−k v1
95
T1 (x, t) = μN sgn(Δv1 (x, t)) 1 − e
(3)
H(x − L1 + u0 (t))


Δv (z,t)
−k v2
95
T2 (z, t) = μN sgn(−Δv2 (z, t)) 1 − e
(4)
H(u0 (t) − z)
with:
Δv1 (x, t) = u̇1 (x, t) − u̇2 (x − L1 + u0 (t), t)
Δv2 (z, t) = u̇2 (z, t) − u̇1 (z + L1 − u0 (t), t)
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where H is the Heaviside function and v95 is a velocity threshold above which the friction
behaves almost velocity independent, i.e. at Δv = v95 : T ≈ 0.95Tmax for k = 3. The velocity
threshold is based on the maximum modal change of velocity amplitude per time step, derived
based on the results of section 2.2 of this paper as:
4μN Δt
πρ1 A1

v95 =

(7)

The boundary conditions read:
u1 (0, t) = u1 (L1 , t) = u2 (0, t) = u2 (L2 , t) = 0

(8)

The initial conditions are:
u1 (x, t0 ) = ut0 ,

u̇1 (x, t0 ) = u̇t0 ,

u2 (x, t0 ) = wt0 ,

u̇2 (x, t0 ) = ẇt0

(9)

Eqs. (1) to (9) govern the dynamics of the coupled system in the time domain.
2.2

Solution method

A modal solution approach is adopted, therefore, the displacements are expressed as a summation of modes:
∞

u1 (x, t) =

∞

φn (x)ηn (t),

u2 (z, t) =

n=1

ψm (z)ζm (t)

(10)

m=1

Bar 1 is allowed to slide with respect to bar 2; the relative motion is governed by the rigid body
motion of bar 1; relative displacement due to deformation of either bar is neglected. Substitution
of Eq. (10) into Eqs. (1) and (2) yields:
∞

φn (x)η̈n (t) + ωn2 φn (x)ηn (t) =

n=1

F (t)δ(x) − T1 (x, t)
ρ1 A1

(11)

∞

T2 (z, t)
2
ψm (z)ξ¨m (t) + ωm
ψm (z)ξm (t) = −
ρ2 A 2
m=1
with:


ωn x
,
φn (x) = cos
c1


ωm z
ξm (z) = cos
,
c2


nπc1
L1
(2m − 1)πc2
ωm =
2L2
ωn =

(12)

n = 0, 1, 2, ...

(13)

m = 1, 2, 3, ...

(14)

being the spatial eigenfunctions satisfying Eqs. (8). Eqs. (11) and (12) are multiplied by another
mode and integrated over the length of each bar, making use of the orthogonality relation of the
modes. After substituting Eqs. (3) and (4) into Eqs. (11) and (12), one obtains:

 L1
1
2
η̈n (t) + ωn ηn (t) =
φn (x) sgn(Δv1 (x, t))
F (t) − μN
ρ1 A1 an
L1 −u0 (t)
 

× 1−e
μN
2
ξm (t) = −
ξ¨m (t) + ωm
ρ1 A1 am



u0 (t)
0

−k

Δv1 (x,t)
v95

dx



Δv (z,t)
−k v2
95
dz
ψm (z) sgn(Δv2 (z, t)) 1 − e
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with:


an =

L1
0

(
2

φn (x) dx =

L1
1
L
2 1

n=0
,
n=0


am =

L2
0

1
ψm (z)2 dz = L2
2

(17)

To facilitate a computationally efﬁcient solution of Eqs. (15) and (16), a straightforward timestepping scheme is chosen, assuming that the relative velocity, Δv1,2 (z, t), and the progression
u0 (t) are constant during a time step. Under the stated assumptions, Eqs. (15) and (16) act
linear during a time step and the modal amplitudes ηn and ξm can be found using the Duhamel’s
integral for each time step. The closed-form solution to Eq. (15) reads:
ηn (ti+1 ) = An sin(ωn ti+1 ) + Bn cos(ωn ti+1 )
 ti+1
1
μN (1 − cos(ωn Δt))
+
F (τ ) sin(ωn (ti+1 − τ ))dτ −
ωn an ρ1 A1 ti
ωn2 an ρ1 A1


 L1
Δv (x,ti )
−k 1v
95
×
φn (x) sgn(Δv1 (x, ti )) 1 − e
dx (18)
L1 −u0 (ti )

in which An and Bn are found by the previous time step:
sin (ωn ti ) ωn ηn (ti ) + cos (ωn ti ) η̇n (ti )
ωn
cos (ωn ti ) ωn ηn (ti ) − sin (ωn ti ) η̇n (ti )
Bn =
ωn
An =

(19)

and in the special case of the initial time step:
ηn (t0 ) =

L1
0

ut0 dx
,
an

η̇n (t0 ) =

L1
0

u̇t0 dx
an

(20)

The time derivative of ηn (t) is given as:
η̇n (ti+1 ) = An (ti )ωn cos(ωn ti+1 ) − Bn (ti )ωn sin(ωn ti+1 )
 ti+1
1
μN sin(ωn Δt)
+
F (τ ) cos(ωn (ti+1 − τ ))dτ −
an ρ1 A1 ti
ωn an ρ1 A1


 L1
Δv (x,ti )
−k 1v
95
dx (21)
×
φn (x) sgn(Δv1 (x, ti )) 1 − e
L1 −u0 (ti )

with Δt = ti+1 − ti . Similar procedure for ξm results in:
ξm (ti+1 ) = Cm (ti ) sin(ωm ti+1 ) + Dm (ti ) cos(ωm ti+1 )



Δv (z,t )
μN (1 − cos(ωm Δt)) u0 (t0 )
−k 2v i
95
−
dz (22)
ψm (z) sgn(Δv2 (z, ti )) 1 − e
2 a ρ A
ωm
m 2 2
0
ξ˙m (ti+1 ) = Cm (ti )ωm cos(ωm ti+1 ) − Dm (ti )ωm sin(ωm ti+1 )



Δv (z,t )
μN sin(ωm Δt) u0 (ti )
−k 2v i
95
−
ψm (z) sgn(Δv2 (z, ti )) 1 − e
dz (23)
ωm am ρ2 A2
0
Where Cm and Dm are found similar to An and Bn . As mentioned earlier, the spatial integrals
including the friction terms need numerical evaluation. The time step needs to be chosen such
that it is smaller than a tenth of the smallest period in the system: Δt < 2π/ max(ωi )/10.
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2.3

Linear equivalent model

The model is compared to a fully linear model that is valid for the case of no sliding. The

F(t)
z=0
ρ1,
A1,
E1

ρ2,
A2,
E2

ρ3,
A3,
E3

z = L1

z = L2

z=L

Figure 2: Schematization of the linear equivalent model

linear equivalent problem is composed of three bars as shown in Fig. 2, where the material
properties of the second bar are based on the weighted averages of bar 1 and 3. The equation of
motion of the whole system for each bar reads:
ρ1 A1 ü1 − E1 A1 u1 (z, t) = F (t)δ(z) 0 < z < L1
ρ2 A2 ü2 − E2 A2 u2 (z, t) = 0
L1 < z < L2

ρ3 A3 ü3 − E3 A3 u3 (z, t) = 0
L2 < z < L

(24)

The top boundary is stress-free since the applied force is accounted for in the equation of motion
and the bottom boundary is ﬁxed, furthermore, the interface conditions describe the continuity
of displacements and stresses. The modes of the system can be found by solving the eigenvalue
problem that is formed after substituting the general solution for each of the bars in the boundary
and interface conditions. The modes are orthogonal with respect to the density and area [8]:
 L1
 L2
 L
ρ1 A1 φm (z)φn (z)dz +
ρ2 A2 φm (z)φn (z)dz +
ρ3 A3 φm (z)φn (z)dz = an δnm (25)
0

L2

L1

The modal amplitudes are found analytically by making use of the orthogonality of the modes:
 t
1
F (τ ) sin(ωn (t − τ ))dτ
(26)
ηn (t) = An sin(ωn t) + Bn cos(ωn t) +
ωn an 0
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An and Bn are found by the initial conditions at t = 0:
1
An =
an ωn
Bn =
3

1
an

3


ρi Ai φn (z)u̇i (z, 0)dz

(27)

i=1 Li
3 

ρi Ai φn (z)ui (z, 0)dz
i=1

(28)

Li

RESULTS

Two cases will be examined; the case of a block function load and the case of a highfrequency harmonic excitation. The two load cases are visualized in both time and frequency
domain in Fig. 3. The material properties are chosen such that the wave speeds in both bars are

(a) Block load

(b) Spectrum of the block load

(c) Harmonic load

(d) Spectrum of the harmonic load

Figure 3: Load in time and frequency domain (red), and the minimum of frequencies included in the results (blue)

representative for steel and sandy soil. For bar 1 the properties are: ρ1 A1 = 1, E1 A1 = 50002 ,
c1 = 5000 and L1 = 20, for bar 2: ρ2 A2 = 5, E2 A2 = 5002 c2 = 500 and L2 = 20. In the
initial state, the friction interface is half of bar 1, i.e. u0 (0) = 10. The duration of the applied
block load is tblock = 0.001. The harmonic load starts at t = 0 with Ω = 1000. The amplitude
of both loads is 10. The inﬂuence of the friction coefﬁcient μN is shown in the graphs, where
μN varies from 0.1 to 100μN . μN = 100 is chosen sufﬁcient high to approximate the linear
case, where both bars move together and no sliding occurs. This case serves as validation of
the description of the model with friction. The number of modes that are considered is based
on the eigenfrequencies of the modes. At least frequencies excited by the block load, with an
amplitude higher than 10% of the maximum amplitude or frequencies up to four times the excitation frequency of the harmonic load are included, as indicated with the blue lines in Figures 3b
and 3d. For the block load and harmonic load this result in ωmax = 20.000 and ωmax = 4.000
respectively. This relates to about 25 and 5 ﬂexible modes of bar 1 and about 250 and 50 modes
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(a) Displacement of bar 1

(b) Velocity of bar 1

(c) Displacement of bar 2

(d) Velocity of bar 2
Figure 4: The dynamic response of the bars when bar 1 is subjected to the block load for different values of μN
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(a) Displacement of bar 1

(b) Velocity of bar 1

(c) Displacement of bar 2

(d) Velocity of bar 2
Figure 5: The dynamic response of the bars when bar 1 is subjected to a sinusoidal load for different values of μN
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for bar 2. While the friction force is based on the relative velocity of the bars, the velocities are
preferably described with the same accuracy, i.e. the smallest wavelength of both bars is of the
same order. Since both bars have the same length, the same number of modes are included in
both bars, governed by the highest number required.
Fig. 4 shows the displacement and velocity of both bars due to a block load, representing
impact pile driving. It can be seen that the block function is well represented by the summation
of modes. Therefore also higher modes are activated along the whole bar. This can be seen in
the ampliﬁcation of higher modes, ahead of the wave-front in Fig. 4a, especially in case of high
friction forces. Although present, over time these vibrations cancel out and they do not excite
the system. For low friction coefﬁcients, almost no energy dissipates into bar 1. Therefore, the
wave reﬂects back and forth almost undisturbed.
In case of the response to a harmonic load, shown in Fig. 5, higher frequencies are not
excited from the beginning, therefore, the results are more smooth. In all cases, the highest
friction μN = 100 is in good agreement with the linear results. Both bars converge to the
same displacement and velocity for μN = 100. Contrary, for low friction amplitudes, the
unconstrained bar slides over the constrained bar. Due to that, ﬁnal displacements are bigger
at t = 0.015, best shown in Fig. 4a. Generally, the model behaves as expected, e.g. the wavefronts align for all waves in the ﬁrst bar upon the moment it starts interacting with the second
bar, then for high friction amplitudes, the wave speed of both bars is based on a weighted
average, whereas for low-frequency amplitudes, the wave-speed is less affected by the second
bar. This is best shown in Figures 4c and 4d, where at t = 0.004, the three different wave-fronts
are visible.

Figure 6: Time-frequency response of bar 2 for μN = 1

Fig. 6 points the importance of including the frictional interface in noise generating models for
vibratory pile driving. The time-frequency plot clearly identiﬁes the presence of the odd higher
order harmonics that are excited in the system due to the presence of the frictional surface.
4

CONVERGENCE

The convergence of the model is satisﬁed based on displacements and velocities. The model
is not able to describe the stress at the top boundary correctly due to the delta function, but
the exact boundary stress at the top is not of interest, with an increasing number of modes, a
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good approximation of the stress close to the boundary can be obtained. Since the time step is
chosen sufﬁciently small: Δt < 2π/ max(ωi )/10, and depends on the number of modes in the
system, the convergence of the solution depends on the truncation of the modes. The truncation
criterion is based on the displacement of the bar at the ﬁnal time step:

'
'N

 0.9N
 n=1 un (x, t) − m=1 um (x, t)

'
δ(x, timax ) =
< 1%
(29)

 N
 m=1 um (x, t)
where N is the number of modes. It needs to be mentioned that the convergence criterion only
holds at each point from the time moment onwards when the ﬁrst wave reaches the point, while
before that, the denominator is zero. The convergence over time for the block load case from
section 3 and μN = 10 is studied for both bars. Since the ﬁnal wavefront just passed half of
bar 2, only the upper half of bar 2 is taken into account. The convergence is checked between
N = 225 and N = 250 modes. Fig. 7 shows that the displacements converge directly after the

(a) δ(x, ti ) of bar 1

(b) δ(z, ti ) of bar 2
Figure 7: Relative error between 225 and 250 modes for t = 0 → 0.015

ﬁrst wavefront arrives to δ < 0.1%. It conﬁrms that the number of modes chosen in section 3 is
more than sufﬁcient for the convergence of the displacements.
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5

CONCLUSIONS

The modelling technique presented in this paper is suitable for describing the interaction of
two ﬂexible bars in frictional contact. Although stick is not included in the model, high friction forces approximate the linear model that corresponds to bars under stick condition. The
accuracy of the solution increases with the number of modes included. The number of modes
included is a trade-off between computational efﬁciency and accuracy, whereas the length of
the time signal is linearly related to the computation time. More modes need to be included
to approximate sudden jumps in stress or velocity. This is of major importance in impact excitations but since the work focuses on harmonic excitations, sudden jumps are not expected.
Conclusively, the modelling approach seems suitable for the ﬁeld of application since the excitation is mainly harmonic, the non-linear behaviour of the interface can be included without
compromising the computational time compared to linear models.
6
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Abstract: Impact protection systems are currently constructed from several layers of materials with different mechanical properties. The purpose of such a system is to stop the projectile
after hitting and also to minimize the damage to the inner layers of the shield caused by the
impact. The frontal layer plays a significant role in the deceleration of the impact mass. This
layer must be made of a material with appropriate elastic properties. It is necessary to create
a suitable theoretical model (mechanical model) and analyze it to design an effective material
system. In this test a theoretical dynamic model of the protective structure is adopted for the
elastic-damping dynamic system. The model assumes that two parameters are responsible for
the projectile braking efficiency in the frontal layer. These are such coefficients as dry friction
(h) and viscous friction (K), which occur in a function describing the braking force of an appropriate form. Their values were estimated using a numerical method, where the limiting
time of projectile braking in the frontal layer of the analyzed material and the braking distance were determined. These two values obtained by means of numerical simulation methods
with the use of ABAQUS program allowed verifying the usefulness of the proposed identification method. The range of calculations was performed on the composite material samples
made of rubber material - SBS rubber waste combined with polyurethane resin. The penetration of samples was simulated with M43 7.62 mm projectile core.
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1

INTRODUCTION

Current solutions of anti-impact systems (butts) are based on the search for such solutions
that the frontal layer provides safe protection against projectiles ricocheting. A projectile fired
from a gun poses two primary threats. The first one is the possibility of piercing the shield
behind the target butt, which, in consequence, allows the bullet to continue its flight beyond
the designated area. The second threat is a ricochet phenomenon [1]. It consists in that the
projectile falling at an appropriate angle to the shield bounces off it and causes a return towards the shooter [2, 3]. Such a shield is to prevent the further flight of the projectile without
changing direction and protect against further movement of the reflected projectiles.
The front protective layer of the impact shield (the so-called "front layer") is designed to
reduce to the maximum extent possible the velocity of the bullet hitting the specific shield,
which is traditionally made of e.g., armored sheet [4]. The design of such a system relates to
the development of an appropriate puncture model and its analysis. The authors have presented many works related to the models of the process of piercing the composite shields [5–7].
This issue is frequently solved by employing numerical tools [8–10].
Therefore, this work aims to present an identification method used to determine specific
values of constants describing mechanical properties of the frontal layer under conditions of
fast velocity that we are dealing with during the piercing of a small-arms projectile. Experimental verification of the model constants was carried out in the ABAQUS program. The obtained results are guidelines for working on useful materials of the frontal layer of antiricochet plates.
2

THEORY

2.1

Model and assumptions

In this work, a theoretical dynamic model of the anti-impact construction with the diagram
shown in Figure 1 has been adopted.

Figure 1: Diagram of the adopted dynamic model: 1 – visco-plastic front layer, 2 – energy-absorbing layer,
v0 – initial velocity of the projectile, c – rigidity of the system.

This model assumes that the central ballistic shield (2) is preceded by a specific frontal
layer (1) made of a material capable of absorbing the projectile's kinetic energy as much as
possible. Determining the necessary thickness of this protective layer is one of the objectives
of this study. In order for this layer to be indestructible, it is envisaged that it is made of a material with viscous-plastic properties (e.g., granulates, dense liquids, gels, sands, muddy soils,
etc.). For mechanical properties, such materials give resistance to a body moving in it (e.g., a
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projectile). It takes the form of a force dependent on the projectile's speed. It is assumed that
the model of such a force is the S(v) function of the form:
S (v) hsign(v)  Kv

(1)

where h is the constant that determines the so-called dry friction, while K is the constant that
defines viscous friction.
2.2

Identification of dynamic properties of the front layer

The model assumes two parameters responsible for the projectile braking efficiency in the
front layer. These are constant coefficients h and K, which appear in the function of the form
(1).
The method using the angular momentum principle was proposed to determine those values. Assuming two moments of time: t1 and t2 (with t2 > t1), the difference of momentum in
these moments, under the principle that the difference of momentum is equal to the force impulse, is calculated from the dependence:

³

p(t2 )  p(t1 )

t2

t1

 S (v)dt

(2)

Provided that in this case the moment t1 = 0 means the time when the projectile of the mass m
falls into the material of the protective layer and has an initial velocity of v(0) = v0 and at t2
the projectile stops (that is t2 = tz), where v(tz) = 0 and the force S(v) takes the form (1), the
above equation will take form:

 mv0

tz

tz

0

0

³ hdt  ³ Kvdt

(3)

hence:

mv0

ht z  K ³

x (t z )

0

ht z  Kb

dx

(4)

where x is the projectile path in the material (v = dx/dt), and b = x(tz) is the braking distance
of the projectile in the material. Hence the relationship tz(b) of the form:
tz

K
m
v0  b
h
h

(5)

Constants:
A1

m
,
h

A2

K
h

(6)

which can be estimated from the relation (5) if for several different initial velocity values v0
the corresponding values tz and tz are measured and then a known method of regression analysis is used. Once the values A1 and A2 have been determined, the parameters of the constants
of the function model (1) are of the following form:
h

m
,
A1

K

A2 h

(7)

Therefore, the identification should be based on the measurement of the penetration time of
the projectile until it stops in the material under investigation for different initial velocities
and determining the length of the braking distance of the projectile in the examined material.
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3

EXPERIMENTAL VERIFICATION

Simulation tests were carried out in the ABAQUS program. For this purpose, geometric elements of the samples and the projectile were made as volumetric ones. The hybrid method
combining the standard finite element method (FEM) [11] with smoothed particle hydrodynamics (SPH) [12] was used as a limiting parameter of the strain Hli.
3.1

Material description

The material accepted for testing, which constituted the surface layer, was a polymer composite obtained from the rubber waste from used car tires. This composite was made up of styrene butadiene rubber (SBR) in combination with polyurethane resin (PUR3), in the 1:1
mixing ratio.
Figure 2 displays an example of basic material characteristics from piercing on a testing
machine at the speed of 30 mm/sec.

(a)

(b)

Figure 2: Selected piercing characteristics of the PUR3 sample: (a) displacement, (b) time.

3.2

Assumptions for modeling

In numerical analysis, the system was simplified to one 200 × 200 × 100 mm block and a
projectile core. The analysis considered the M43 PS 7.62 mm projectile, the exact characteristics of which are given in the paper [13]. The simplification was made in the projectile model
by modeling only its core since the jacket and lead jacket have hardly any effect on the analysis result and could be omitted. The core was volume-modeled with the 0.5 mm Hex-type discretization. The material of the polymer layer (anti-ballistic top layer) was described with 0.8
mm Hex-type elements (Fig. 3).
The Johnson-Cook (J-C) constitutive model was employed to describe the projectile material. This model correctly reproduces the material behavior under high-speed deformation
conditions in the elastic-plastic range with the account taken of the material reinforcement and
thermal weakening [13, 14]. The shielding material was described using the elastic-plastic
model. The boundary conditions were set in such a way that the numerical model reproduces
the features of the system during experimental studies to the utmost possible level. The initial
velocity v01 = 715 m/s, v02 = 665 m/s, v03 = 615 m/s and v04 = 565 m/s was assigned to the projectile. The rotational speed was omitted, and its influence on kinetic energy dissipation was
assumed to be negligible. The elastic layer of the ballistic shield was fixed on the perimeter.
The restraint of the shield was blocked as translations and rotations in the three X, Y and Z
axes. The analysis used the default contact model based on the "punishment function" method
[15]
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Figure 3: Numerical model of the projectile core and shield material.

Material parameters of the PUR3 composite were specified based on own research (Appendix A), and Table 1 presents the remaining.

U
Core
PUR3

3

[kg/m ]
7800
1100

E
[GPa]
210
3.7

Q

[-]
0.32
0.48

A
[MPa]
430
-

B
[MPa]
820
-

C
[-]
0.002
-

n
[-]
0.3
-

m
[-]
1.03
-

where: U  density, E  Young's modulus, Q  Poisson's ratio, A  yield at zero plastic strain, B  hardening constant, C  the strengthening
coefficient of strain rate, n  hardening exponent, m  temperature softening constant.

Table 1: Material constants [13, 14].

4

RESULTS AND DISCUSSION

The numerical analysis aimed at determining such parameters as the projectile braking distance in the material (b) and the limiting time (tz) at which the projectile is decelerated in the
material.
The numerical analyses found that the system of 4 PUR3 blocks brakes the projectile,
which was also confirmed in preliminary studies on the ballistic track. When the verification
had been completed, several series of calculations were carried out. Figure 4 displays the example results.

Figure 4: Example of velocity distribution of the impactor in the PUR3 material.

The impactor velocity steps shown in the analyzed system of the anti-ballistic shield front
layer made up of four 200 × 200 × 100 mm blocks allow the determination of the projectile
path (x) in the material as well as its braking distance x(tz). The latter was easy to estimate
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from the analysis of time steps of the projectile position in the material. Parameters were estimated based on equation (5) for four initial velocities of the projectile. The results are summarized in Figure 5 only for v01 = 715 m/s.

(a)

(b)

(c)
Figure 5: Diagrams of numerical analyses: (a) velocity vi – time tz dependence (b) velocity vi – displacement x
dependence, (c) displacement x – time tz dependence.

After the estimation of the unknowns tz and b, values A1 i A2 were calculated using the regression analysis method. Ultimately, it was possible to estimate the model parameters, i.e.,
the constant determining the so-called dry friction (h) and viscous friction (K). Example results are presented in Table 2.
Parameter

Value

v0
[m/s]
715
665
615
565

tz
[s]
6.010-3
5.610-3
5.210-3
4.910-3

b
[m]
0.330
0.290
0.270
0.245

h
K
2
[kgm/s ] [kg/ms]

A1
[s2/m]

A2
[s/m2]

1.410-5

1.210-2 565.512 6.815

Table 2: Example searched values of the analyzed model.

During the analysis, it could be clearly seen that the higher the dry friction value, the greater was the error in estimating the values of h and K.
5

CONCLUSIONS

The analysis of the proposed model of dynamic estimation of parameters responsible for its
effectiveness proved the right direction of work. The proposed method of identification based
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on the momentum principle, and then the use of numerical tools in the form of the ABAQUS
program can be successfully employed. The method is burdened with some errors resulting
from simplifications applied in numerical analysis. However, it enables the adoption of certain conclusions for designing the anti-impact shield layers. Based on the findings obtained, it
can be stated that the dry friction value has an impact on the final result. The application of
the hybrid methods of the adopted model parameterization can be presumed as promising directions of conducting works on identifying the type of impact resistance systems. The authors intend to perform similar experimental studies, including tests of real systems.
ACKNOWLEDGEMENT
Calculations have been carried out in Wroclaw Centre for Networking and Super-computing
(http://www.wcss.pl), grant No. 452.

REFERENCES
[1] Y-E. Yong, A systemic review on ricochet gunshot injuries, Legal Medicine 26, 45-51,
2017.
[2] L.C. Haag, Shooting incident reconstruction, ISBN: 9780120884735, 2006.
[3] J. Xue, P. Shen, X. Wang, Research on ricochet and its regularity of projectiles obliquely penetrating into concrete target, Journal of Vibroengineering 18, 2754-2770, 2016.
[4] M. Bocian, K. Jamroziak, M. Kulisiewicz, Dynamic identification method for determining the plastic properties of the material used as a front layer of impact shields, Proceedings of the 15th International Conference: Dynamical Systems - Theory and
Applications, DSTA-2019, Theoretical Approaches in Non-Linear Dynamical Systems,
2019.
[5] M. Bocian, K. Jamroziak, M. Kulisiewicz, An identification of nonlinear dissipative
properties of constructional materials at dynamical impact loads conditions, Meccanica
49, 1955-1965, 2014.
[6] K. Jamroziak, M. Bocian, Identification of composite materials at high speed deformation with the use of degenerated model, Journal of Achievements in Materials and
Manufacturing Engineering 28, 171-174, 2008.
[7] K. Jamroziak, M. Bocian, M. Kulisiewicz, Identification of a subsystem located in the
complex dynamical systems subjected to random loads, Journal of Computational and
Nonlinear Dynamics 12(1): 014501, 2017.
[8] J.F. Moxnes, Ø. Frøyland, S. Skriudalen, A.K. Prytz, J.A. Teland, E. Friis, G.
Ødegårdstuen, On the study of ricochet and penetration in sand, water and gelatin by
spheres, 7.62 mm APM2, and 25 mm projectiles, Defence Technology 12, 159-170,
2016.
[9] M. Seidl, T. De Vuyst, N. Djordjevic, Numerical investigations on 7.62x39 mm projectile ricochet off aramid plates, Proceedings of the Conference: Light Weight for Defense
and Security, 2019.
[10] A. Mackiewicz, D. Pyka, J. Pach, K. Jamroziak, M. Bocian, Comparison of numerical
modelling methods of innovative materials for ballistic shields, Advanced Materials for
Defense 4, 119-127, 2020, https://doi.org/10.1007/978-3-030-34123-7_13.

271

M. Bocian, K. Jamroziak, M. Kulisiewicz, J. Pach and D. Pyka,

[11] L. Mazurkiewicz, M. Malachowski, P. Baranowski, Optimization of protective panel for
critical supporting elements, Composite Structures 134, 493-505, 2015.
[12] Y. Lu, A. Hu, X. Chang, Z. Li, Y. Wei, Grid-free modelling based on the finite particle
method for incompressible viscous flow problems, Shock and Vibration ID 4610524,
2019, https://doi.org/10.1155/2019/4610524.
[13] A. Kurzawa, D. Pyka, K. Jamroziak, M. Bajkowski, M. Bocian, M. Magier, J. Koch,
Assessment of the impact resistance of a composite material with EN AW-7075 matrix
reinforced with α-Al2O3 particles using a 7.62 × 39 mm projectile, Materials 13, 769,
2020, doi:10.3390/ma13030769.
[14] A. Poplawski, P. Kedzierski, A. Morka, Identification of Armox 500T steel failure
properties in the modeling of perforation problems, Materials & Design 2020,
https://doi.org/10.1016/j.matdes.2020.108536.
[15] L. Mazurkiewicz, J. Malachowski, P. Baranowski, Optimization of protective panel for
critical supporting elements, Composite Structures 134, 493-505, 2015.
Appendix A: Characteristics of the composite material PUR3 as stress - strain
Plastic - Isotropic
No.

Stress
[MPa]

Strain
[-]

No.

Stress
[MPa]

Strain
[-]

No.

Stress
[MPa]

Strain
[-]

1

40

0.00

21

802.31

20.20

41

1695.49

40.86

2

55.13

0.71

22

862.75

21.24

42

1742.46

41.89

3

47.01

1.63

23

926.33

22.27

43

1782.39

42.92

4

51.58

2.63

24

985.63

23.31

44

1802.66

43.95

5

60.21

3.66

25

1047.24

24.35

45

1828.36

44.98

6

82.73

4.68

26

1106.45

25.38

46

1872.28

46.01

7

107.27

5.72

27

1166.72

26.42

47

1894.18

47.05

8

143.74

6.75

28

1225.59

27.45

48

1919.31

48.08

9

182.23

7.79

29

1292.07

28.48

49

1959.25

49.11

10

220.97

8.82

30

1348.33

29.52

50

1957.81

50.14

11

266.09

9.85

31

1403.36

30.55

51

1937.80

51.17

12

315.79

10.89

32

1425.06

31.58

52

1800.02

52.20

13

366.40

11.92

33

1221.80

32.61

53

1620.81

53.24

14

415.85

12.96

34

1215.01

33.64

54

1618.64

54.27

15

466.94

13.99

35

1258.36

34.67

55

1674.70

55.30

16

518.54

15.03

36

1340.30

35.70

56

1746.81

56.33

17

572.23

16.07

37

1428.75

36.73

57

1803.36

57.36

18

627.90

17.10

38

1507.80

37.76

58

1853.39

58.39

19

682.25

18.14

39

1577.03

38.79

59

1917.22

59.42

20

739.22

19.17

40

1635.68

39.82

-

-

-
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Abstract. This paper presents experiments of a nonlinear system subjected to two broadband
correlated random excitations. The system studied is a steel beam bonded on both sides to a
heavy steel block. First of all, correlation between two broadband random excitations is studied. This study analyses and compares the effects of the correlation choice into the apparition
and/or attenuation of some symmetric or anti-symmetric modes of the beam. Two different types
of correlation are experimentally introduced: in phase and opposite phase. Secondly, nonlinear effects are identiﬁed according to the presence of secondary peaks corresponding to the
appearance of harmonic components of the ﬁrst three natural modes (i.e. two symmetric and
one anti-symmetric) of the clamped-clamped beam. Then, from experimental output data, the
correlation effects added to the nonlinear effects open the discussion about the observation of
some combinations of different harmonics from different modes of the nonlinear system under
study. Finally, an extension of the classical Harmonic Balance Method (HBM) is proposed for
the numerical prediction of the nonlinear dynamic behavior of a mechanical system subjected
to two broadband correlated random excitations. Comparison between experiments and numerical simulations validate the numerical strategy for the prediction of the global nonlinear
response as well as the contribution of harmonics for a mechanical system subjected to multipoints correlated random excitations.
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1

INTRODUCTION

Nonlinear vibrations in many mechanical systems may have different origins. For instance,
nonlinearities can be explained by the constitutive law of the material used in a dynamical
structure or by the geometry of the structure itself (such as for example the case of large displacements). Nonlinearities effects are numerous [1]: discontinuities in the frequency response,
dependency of eigenfrequencies with input amplitude [2], presence of secondary peaks resulting
from the harmonics generated by the primary resonance [3], etc. Correlated multipoints excitations and its effects on the linear (or nonlinear) response of a dynamical system have already
been studied in the literature [4, 5]. This paper illustrates correlation effects as the ampliﬁcation and/or the attenuation of some symmetric or anti-symmetric vibrations modes. Numerical
methods have been developed to compute the nonlinear response of such structures. Among
them, an extension of the classical Harmonic Balance Method (HBM) enables to compute the
multi-harmonic frequency response of the clamped-clamped beam with non-ideal boundary
conditions and subjected to two broadband random excitations.
This paper is organized as follows: ﬁrstly experimental set-up of the clamped-clamped beam
is presented with observations of correlation on temporal input data for two different types of
correlation (in phase and opposite phase). Correlation effects are experimentally observed on
the ﬁrst three natural modes of the clamped-clamped beam. Then, the presence of secondary
peaks corresponding to the harmonics generated by the primary resonance of each mode are
studied to point out nonlinear behavior. Finally, numerical simulations based on an extension
of the Harmonic Balance Method are performed for the prediction of the nonlinear response of
a mechanical system subjected to two broadband correlated random excitations.
2
2.1

EXPERIMENTS
Experimental set-up

The experimental clamped-clamped beam studied in this paper is the same as the one presented in [2, 3]. A new experiment set-up is presented in ﬁgure 1a, the structure (beam + blocks)
is screwed to a heavy steel block and the whole system has been instrumented with four threedimensional accelerometers (A1 to A4), two one-dimensional accelerometers (A5, A6) and two
cell forces (F1, F2) as depicted in ﬁgure 1b. Accelerometers A2, A3 and A4 are present to assure the correct embedding of the whole structure during experiments. The beam is subjected to
a bipoints random correlated excitation by two electrodynamic shakers referenced in ﬁgure 1b
using Multi-Input-Multi-Output (MIMO) control technology [8]. The shakers conﬁguration is
designed to excite the modes of the beam within a chosen bandwidth of frequencies. The ﬁrst
correlation is therefore spatial since the position of each shaker is ﬁxed for all the experiments,
and symmetrical about the center of the beam.
2.2

Temporal input data

Each shaker is piloted with a Power Spectral Density (PSD) and the correlation between both
excitations is deﬁned in the Cross Spectral Density (CSD) with the notions of coherence and
phase, according to the equation (1):
+
2
S12 (f ) = γ12
(f )S11 (f )S22 (f ) exp (jφ12 (f ))
(1)
where S11 (f ) and S22 (f ) are the PSD of temporal excitations F1 (t) and F2 (t), f is the frequency. γ12 (f ) is the coherence between both PSD S11 (f ) and S22 (f ), its value experimentally
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Figure 1: (a) A picture of the experimental set-up. (b) A schematic of the experimental set-up
which includes six accelerometers (A1 to A6) and two cell forces (F1, F2) related to the two
electrodynamic shakers S1 and S2.
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Figure 2: Two experimental random temporal forces F1 (blue) and F2 (red) generated with the
MIMO control technology [8], the “in phase” correlation is the one created with a coherence
equal to 0.98 and a phase equal to 0◦ along the whole bandwidth.
varies between 0.05 and 0.98: it is impossible to get two perfectly correlated or uncorrelated
multipoints excitations with the electronic devices of this experimental set-up. φ12 (f ) is the
phase between both temporal excitations F1 (t) and F2 (t). The phases corresponding to the two
correlation types studied in this paper are respectively 0◦ (in phase) and 180◦ (opposite phase),
with a coherence set at 0.98. Other conﬁgurations of coherence and phases have been tested,
but are not presented is in this paper for the sake of clarity.
The shape of each PSD is a band-limited white noise, i.e. the level of excitation is constant
along the whole bandwidth, for all experiments. The sampling frequency is 3200 Hz with a
desired resolution frequency of 0.098 Hz. The total duration of one experiment is 307.2 s. The
output signal is decomposed into 30 temporal blocks of 10.24 s each. A periodogram estimate
computes an approximation of the PSD for each of the 30 blocks. Then, the PSD of the output
signal is calculated by averaging all the estimates [9]. The input PSD is constant over time to
ensure that the response is stationary. Both experimental temporal random inputs of one of the
temporal blocks of 10.24 s for two different correlation types (in phase and opposite phase) are
plotted in ﬁgures 2 and 3. The generation of a bipoints correlated random excitation with the
MIMO control technology is validated.
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Figure 3: Zoom on two types of correlation (a) in phase (b) opposite phase for two experimental
random temporal forces F1 (blue) and F2 (red).
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Figure 4: Experimental output PSD of accelerometer A5 with a RMS level of 0.5 N for two
different correlation types along the bandwidth [20 − 1000 Hz]. The correlation types are in
phase (blue) and opposite phase (red).
2.3
2.3.1

Results
Correlation effects

Experimental results for one level of excitation (0.5 N RMS) along the bandwidth [20 − 1000 Hz]
for two different correlation types (in phase and opposite phase) are plotted in ﬁgure 4. Correlation effects are observed as the ampliﬁcation and/or the attenuation of some symmetric or
anti-symmetric vibrations modes in the vicinity or their primary resonance. For the “in phase”
correlation, as shown in ﬁgure 5, symmetric modes are ampliﬁed and anti-symmetric modes are
attenuated whereas for the “opposite phase” correlation, symmetric modes are attenuated and
anti-symmetric modes are ampliﬁed.
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Figure 5: Zoom on the resonance of each mode: (a) ﬁrst mode (symmetric) (b) second mode
(anti-symmetric) (c) third mode (symmetric). The correlation types are in phase (blue) and
opposite phase (red).
2.3.2

Nonlinear effects

As described in [3], an input PSD centered around the frequency of the primary resonance
of one mode induces nonlinear effects. This nonlinear behavior is generally characterized by
the appearance of secondary peaks corresponding to the harmonics generated by the primary
resonance of this mode. Then, in order to study the combination of correlation effects and
nonlinear effects, an approach similar to that of [3] is followed and experimental measurements
have been realized for one level of excitation (0.5 N RMS) along the bandwidth [20 − 500 Hz]
i.e. where only the ﬁrst symmetric mode and the ﬁrst anti-symmetric mode of the clampedclamped beam are solicited.
Both experimental input and output for one ideal level of excitation (0.5 N RMS) along
the bandwidth [20 − 500 Hz] for the in phase correlation are plotted in ﬁgure 6. The control of the input PSD shows its limitations, as in [3], with the presence of unexpected resonance peaks in the bandwidth [500 − 1000 Hz]. The output is rich in information. In the
bandwidth [20 − 500 Hz], the same effects of correlation choice are foreseen in the vicinity of
the primary resonance of the ﬁrst mode and the second mode of the clamped-clamped beam.
In the bandwidth [500 − 1000 Hz], several peaks of resonance which are not present in the
experimental input signal are observed. They reveal a nonlinear dynamic behavior. Moreover some of these peaks are harmonics generated by the primary resonance of the ampliﬁed
mode (ﬁrst mode). Figure 7 illustrates closer the nonlinear effects depicted along the bandwidth [500 − 1000 Hz]. Harmonics of the primary resonance of the ﬁrst mode situated at approximately f1 = 110.28 Hz are highlighted with vertical lines from 5f1 to 9f1 . Most of the
peaks in the ﬁgure 7 correspond to an harmonic of f1 , nevertheless other peaks are observed.
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Figure 6: Experimental input (a) and output (b) PSD for the experiment with a RMS level
of 0.5 N along the bandwidth [20 − 500 Hz] for the “in phase” correlation. The input PSD
are the ones from the two shakers S1 (blue) and S2 (red). The output PSD are the ones from
accelerometers A1 (red), A5 (blue) and A6 (green).

Output PSD ((m.s−2)2/Hz)

10−2
10−3
10−4
10−5
10−6
10−7

5f1

6f1

7f1
Frequency (Hz)

8f1

9f1

Figure 7: Zoom on the experimental output PSD on the bandwidth [500 − 1000 Hz] for the
experiment with a RMS level of 0.5 N along the bandwidth [20 − 500 Hz] for the “in phase”
correlation. The output PSD are the ones from accelerometers A1 (red), A5 (blue) and A6
(green). Vertical lines (blue) represent harmonics of the primary resonance of the ﬁrst mode
situated at f1 = 110.28Hz.
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3

HARMONIC BALANCE METHOD (HBM) FOR RANDOM EXCITATIONS

The Harmonic Balance Method enables to solve numerically a discrete problem described
as [6] :
MẄ + DẆ + KW = F1 + F2 + Fnl (W)
(2)
where M, D and K are mass, damping and stiffness matrices of a mechanical system.
In the case of a nonlinear system subjected to random excitations, the steady state nonlinear
response W, the stochastic excitations Fj (t) (j = 1, 2) and the nonlinear force Fnl (t) are
deﬁned as:
N

W(t) = B0 +

(Ai sin (iΔf t) + Bi cos (iΔf t))
i=1
N

Fj (t) = C0,j +

(Si,j sin (iΔf t) + Ci,j cos (iΔf t))

(3)

i=1
N

Fnl (t) = C0 +

(Si sin (iΔf t) + Ci cos (iΔf t))
i=1

where Δf is the resolution frequency and N deﬁnes the number of harmonic components in
order to describe the entire frequency band of interest.
We deﬁne F1 (a1 , t) and F2 (a2 , t) as two correlated random forces applied to the structure
respectively at abscissas a1 and a2 and initiated with the cross-spectral density matrix:
4
(f
)
ρ(f
)
S
S11 (f )S22 (f )
11
4
(4)
S(f ) =
ρ̄(f ) S11 (f )S22 (f )
S22 (f )
where S11 (f ) and S22 (f ) represent
4 PSD of excitations 1 and 2. We deﬁne correlation in the
off-diagonal term S12 (f ) as ρ(f ) S11 (f )S22 (f ) where ρ(f ) is the spectral correlation coefﬁcient. It can be real or complex and enables to introduce a phase between the two temporal
excitations. Equations developed by Shinozuka [11] are used to deﬁne two correlated random
forces in the time domain. Thanks to Cholesky decomposition, S(f ) can be written as the
product H(f )H∗ (f ) where Hij (f ) terms are deﬁned as functions of the Smn (f ) terms. Finally,
F1 (a1 , t) and F2 (a2 , t) can be expressed by:
 N

4
H11 (fi ) exp [j2πfi t + iφ1i ]
(5)
F1 (a1 , t) = δ(a1 , x) 2Δf
i=1

F2 (a2 , t) = δ(a2 , x)

4





N

2Δf

H21 (fi ) exp [j2πfi t + iφ1i ]
i=1

+ δ(a2 , x)

4





N

2Δf

(6)

H22 (fi ) exp [j2πfi t + iφ2i ]
i=1

where δ(aj , x) is the Dirac function deﬁned at abscissa aj . Δf is the resolution frequency. is
the real part number. Hij (f ) terms are known from Cholesky decomposition of matrix S(f ). fi
is the ith frequency of the frequency domain. The φji random variables uniformly distributed
between 0 and 2π are deﬁned for all the frequencies i ∈ 1, N  and for the two excitations j ∈
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Figure 8: Experimental output (red) and numerical simulation (blue) based on the extended
Harmonic Balance Method for in phase (a) and opposite phase (b) random excitations.
1, 2, they are independent one from each other. It can be noted that the HBM seeks the steady
state solution in the form of a truncated Fourier series for nonlinear systems subjected to a
deterministic excitation with one fundamental frequency or evenly spaced frequencies [3]. In
order to fulﬁll this objective with two broadband correlated random excitations, the key is to
deﬁne the parameter Δf in equations (5) and (6) as the fundamental frequency. That choice
leads to the fact that the random excitation is now seen as an equivalent deterministic excitation
with one fundamental frequency and multiple harmonics. Yet, the method remains random since
the numerical output PSD is obtained by averaging the estimates from the individual responses
to one multipoints correlated random excitation.
One of the originality of the proposed methodology is to be able to consider the random
excitation as a series of cosine functions with weighted amplitudes, evenly spaced frequencies
and random phase angles. This new formulation will allow to use the HBM for the prediction of
the nonlinear response of a mechanical system subjected to two broadband correlated random
excitations. For the interested reader, different versions of HBM adapted to single-point random
excitation have been previously studied and compared to a shooting method (based on time
integration) in terms of robustness and computional efﬁciency [3].
As described in [3], if an expression of the nonlinear force fnl (t) is known, Alternate Frequency Time-method is used to determine coefﬁcients Ci and Si as functions of unknowns Ai
and Bi . The ﬁnal set of equations which needs to be minimized with a continuation technique
is given by:
H (X, F1, F2) = AX − B (F1 , F2 ) − Bnl (X)
(7)
Figure 8 shows the comparison of simulation and experiments for the in phase and the opposite
phase correlations. For each simulation, an ideal input PSD along the bandwidth [20 − 1000 Hz]
has been created based on the RMS value of each effort (0.5 N RMS) and 100 estimates have
been performed in order to reduce the variance of the estimated output PSD. Comparison between experiments and simulation enables to validate the mechanical model of the beam.
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4

CONCLUSION

Experiments for a clamped-clamped beam have been performed in order to study the effects of a multipoints correlated random excitation to a nonlinear system. Correlation effects
have been observed with the ampliﬁcation and/or the attenuation of some symmetric or antisymmetric vibrations modes. Nonlinear effects, as previously observed in [3] for a random
excitation centered around the frequency of the primary resonance of one mode, have been
pointed out with the presence of secondary peaks corresponding to the harmonics of this mode.
In the current study, combination of both correlation and nonlinear effects have been observed.
Once the mechanical model of the beam validated, on going work is focusing on the simulation, using the proposed Harmonic Balance Method for random excitations, of the secondary
peaks in the bandwidth [500 − 1000 Hz]. It will help the understanding of these nonlinear effects and their dependency to the correlation of the random excitations.
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Abstract. This paper investigates the vibration power flow transmission between nonlinearly
coupled oscillators, each subjected to a harmonic excitation force with different phase angles.
The harmonic balance method is used for analytical formulations of frequency-response relationship and time-averaged power flows. Numerical integrations are also conducted for validation of the analytical results and for comparison. Time-averaged transmitted power between
the oscillators is used as an index to quantify the level of vibration transmission. The effects of
the stiffness nonlinearity of the coupling interface on vibration power transmission are studied
and revealed. It is found that when the excitation forces are of certain phase difference, the
dynamic response of the oscillators and power flow between then may be reduced in the lowfrequency range. The relative displacement amplitude between two oscillators may increase
with the relative phase angle. It is also found that when the system is excited near resonances,
the relative phase angle has little effects on the response amplitudes and time-average input
power. It is also shown that time-averaged transmitted power is more sensitive than time-averaged input power to the relative phase angle. These findings lead to better understanding of
vibration transmission mechanisms of coupled systems with different excitation forces and thus
can facilitate enhanced designs of vibration suppression systems.
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1

INTRODUCTION

There is a growing interest in the vibration behaviour of nonlinear mechanical systems for
enhanced understanding and also for better use of nonlinear elements to improve the dynamic
performance. Whilst many previous investigations have focused on the response characteristic
in terms of the displacement or velocity responses, limited work has been reported on the corresponding vibration energy transmission within nonlinear systems. Correspondingly it is necessary to examine the vibration power flow input, transmission and dissipation mechanisms in
nonlinear systems.
The power flow analysis (PFA) is a widely accepted tool for dynamic analysis of vibration
systems. Vibration power flow combines the force and velocity amplitudes as well as their
phase angle into one quantity, and hence provides a better indication of vibration transmission
in oscillating systems. The PFA method is well-established for the linear systems [1-4]. In recent years, the PFA is developed to investigate vibration transmission within nonlinear dynamic
systems. Xiong et al. [5] investigated the power flow performance of a nonlinear isolator
mounted on a travelling flexible ship. The PFA approach has also been employed to investigate
the power flow characteristics of the Duffing oscillator [6], a nonlinear vibration isolation system with negative stiffness mechanism [7], coupled oscillators with a nonlinear interface [8]
and power flow between coupled nonlinear oscillators [9]. Work has also been reported on
power flow and vibration transmission characteristics of non-smooth oscillating system with
bilinear elements [10] and impact oscillators with linear and nonlinear constraints [11]. Most
of these investigations consider a single external force, the vibration transmission and power
flow behaviour of coupled systems subjected to multiple external excitation forces is not clear
and needs investigations.
In this paper, vibration power flow characteristics of nonlinearly coupled oscillators excited
by two harmonic forces with the same frequency but different phase angles are investigated.
Both analytical harmonic balance method and numerical results are presented to reveal the effects of the relative phage angle between the two forces on the steady-state response amplitudes
and on the time-averaged power flows. The remaining content of paper is organised as follows.
The modelling and formulation parts are presented in section 2 and section 3, respectively.
Section 4 examines the influence of phase angle lag on the vibration power flow transmission.
Conclusions are drawn at the end of paper.
2

MODELLING

Figure 1 shows a schematic representation of the system comprising two linear subsystems
with a nonlinear interface. Subsystem one consists of a mass ݉ଵ with a linear spring with stiffness coefficient ݇ଵ and a viscous damper with damping coefficient ܿଵ subjected to an external
harmonic force ݂ଵ  ߱ݐ. Subsystem two comprises a mass ݉ଶ attached to a linear spring with
coefficient ݇ଶ and a viscous damper with damping ܿଶ with another external force ݂ଶ ሺ߱ ݐ
߮ሻ, where ߮ is the relative phase angle between the two harmonic forces. The masses oscillate
horizontally without friction and their static equilibrium positions, where ݔଵ ൌ ݔଶ ൌ Ͳ, are
taken as the reference. The two subsystems are connected by a nonlinear interface with restoring
force ݃ሺߜ ሻ ൌ ݇ଷ ߜ  ݇ସ ߜ ଷ , where ݇ଷ and ݇ସ are the linear and nonlinear spring coefficients at
the interface, respectively, ߜ ൌ ݔଶ െ ݔଵ is the relative displacement between the two masses.
The governing equations of the coupled system are
݉ଵ ݔଵሷ  ݇ଵ ݔଵ  ܿଵ ݔଵሶ െ ݃ሺߜ ሻ ൌ ݂ଵ  ߱ݐ,

(1a)

݉ଶ ݔଶሷ  ݇ଶ ݔଶ  ܿଶ ݔଶሶ  ݃ሺߜ ሻ ൌ ݂ଶ ሺ߱ ݐ ߮ሻ.

(1b)
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Figure 1: A schematic representation of nonlinearly coupled oscillators excited by two different external forces

Non-dimensional parameters and variables are introduced below to facilitate later calculations,
݇ଵ
݇ଶ
݉ଶ
݇ଷ
݇ସ ݈ଶ
߱ଶ
ݔଵ
ݔଶ
߱ଵ ൌ ඨ ǡ ߱ଶ ൌ ඨ ǡ ߤ ൌ
ǡߣ ൌ ǡߚ ൌ
ǡߛ ൌ
ǡ ܺଵ ൌ ǡ ܺଶ ൌ ǡ
݉ଵ
݉ଶ
݉ଵ
݇ଵ
݇ଵ
߱ଵ
݈
݈








భ బ

భ బ

ఠ

ܻ ൌ ܺଶ െ ܺଵ ǡ ߞଵ ൌ ଶ భఠ ǡ ߞଶ ൌ ଶ మఠ ǡ ܨଵ ൌ  భ ǡ ܨଶ ൌ  మ ǡ ȳ ൌ ఠ ǡ ߬ ൌ ߱ଵ ݐ.
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where ߱ଵ and ߱ଶ are the natural frequencies of subsystems one and two, respectively, ߤ is the
mass ratio, ߣ and ߚ are the non-dimensional stiffness ratios of the spring at the interface, ߛ is
the natural frequency ratio, ݈ is the un-stretched length of the spring ݇ଵ on the left, ܺଵ and ܺଶ
are the non-dimensional displacements of masses ݉ଵ and ݉ଶ , respectively, ܻ is the non-dimensional relative displacement of the masses, ߞଵ and ߞଶ are the non-dimensional damping coefficients, ܨଵ and ܨଶ are the non-dimensional forcing amplitudes, ȳ is the non-dimensional
excitation frequency, ߬ is the non-dimensional time. Using these non-dimensional parameters,
the governing equations (1a) and (1b) can be written into a non-dimensional form
ܺଵ ᇱᇱ  ܺଵ  ʹߞଵ ܺଵ ᇱ െ ߣܻ െ ߚܻ ଷ ൌ ܨଵ  ȳ߬ǡ
ߤ ሺܺଵ  ܻሻᇱᇱ  ʹߤߞଶ ߛ ሺܺଵ  ܻሻᇱ  ߤߛ ଶ ሺܺଵ  ܻሻ  ߣܻ  ߚܻ ଷ ൌ ܨଶ ሺȳ߬  ߮ሻǡ

(2a)
(2b)

where the primes denote differentiation operations with respect to the non-dimensional time ߬.
Eqs. (2a) and (2b) can be further transformed into first-order ordinary differential equations and
solved using a fourth-order Runge-Kutta numerical integration method. Although this method
can provide accurate predictions of the response, the computational cost is relatively high. In
comparison, the harmonic balance method can be used to obtain he steady-state response at
lower computation cost.
Here, a first-order harmonic balance method is used to predict the steady-state response of
the system. The displacement, velocity and acceleration of the mass ݉ଵ and the relative displacement between the two masses are assumed to be
ܺଵ ൌ ܽ ሺȳ߬  ߶ሻ ǡ ܺଵᇱ ൌ െܽȳ ሺȳ߬  ߶ሻ ǡ ܺଵᇱᇱ ൌ െܽȳଶ ሺȳ߬  ߶ሻǡ

(3a-3c)

ܻ ൌ ܾ ሺȳ߬  ߠሻǡܻ ᇱ ൌ െܾȳ ሺȳ߬  ߠሻǡ ܻ ᇱᇱ ൌ െܾȳଶ ሺȳ߬  ߠሻǤ

(3d-3f)

285

Baiyang Shi, Chendi Zhu and Jian Yang*

Using Eq. (3) to replace the corresponding terms in Eq. (2a) and (2b) and balancing the
coefficients of terms ሺȳ߬ሻ and ሺȳ߬ሻ, it follows that
െܽȳଶ  ߶  ܽ  ߶ െ ʹߞଵ ܽȳ  ߶ െ ߣܾ  ߠ െ
ܽȳଶ  ߶ െ ܽ  ߶ െ ʹߞଵ ܽȳ  ߶  ߣܾ  ߠ 

ଷఉ య
ସ

ଷఉయ
ସ

 ߠ ൌ ܨଵ,

 ߠ ൌ Ͳ,

(4a)
(4b)

ߤ ሺെܽȳଶ  ߶ െ ܾȳଶ  ߠ ሻ  ʹߤߞଶ ߛ ሺെܽȳ  ߶ െ ܾȳ  ߠ ሻ  ߤߛ ଶ ሺܽ  ߶  ܾ  ߠ ሻ 
ߣܾ  ߠ 

ଷఉయ

(4c)

 ߠ ൌ ܨଶ  ߮,

ସ

ߤ ሺܽȳଶ  ߶  ܾȳଶ  ߠ ሻ  ʹߤߞଶ ߛ ሺെܽȳ  ߶ െ ܾȳ  ߠ ሻ  ߤߛ ଶ ሺെܽ  ߶ െ ܾ  ߠ ሻ
െߣܾ  ߠ െ

ଷఉయ
ସ

(4d)

 ߠ ൌ െܨଶ  ߮.

Note that Eq. (4) provides four nonlinear algebraic equations with four unknowns
ܽǡ ܾǡ ߶ߠ. The Newton-Raphson based numerical continuation could be employed to obtain
the corresponding solutions for dynamics responses, phase angles and associated vibration
power flow variables as formulated in the section below.
3

VIBRATION POWER FLOW ANALYSIS

3.1 Time-averaged input power
The non-dimensional instantaneous power input into the integrated system is the product of
external forces and corresponding velocities
୧୬ ൌ ܺଵᇱ ܨଵ  ȳ߬  ܺଶᇱ ܨଶ ሺȳ߬  ߮ሻǡ

(5)

where ܺଵᇱ is the non-dimensional velocity of mass ݉ଵ and ܺଶᇱ is the non-dimensional velocity
of mass ݉ଶ . The steady-state time-averaged input power over an excitation cycle is
ҧ ൌ

ଵ
ఛೞ

ఛబାఛೞ

ఛ

బ

୧୬ d߬ ൎ െ

ிభ ஐ
ଶ

 ߶ െ

ிమ ஐ
ଶ

ሺ߶ െ ߮ሻ െ

ிమ ஐ
ଶ

ሺߠ െ ߮ሻǤ

(6)

where ߬ is the starting time for the averaging and ߬௦ is the averaging time. The approximation
made in Eq. (6) was based on a first-order analytical approximation of the steady state velocities,
i.e., ܺଵᇱ ൌ െܽȳ ሺȳ߬  ߶ሻ and ܺଶᇱ ൌ ܺଵᇱ  ܻ ᇱ ൌ െܽȳ ሺȳ߬  ߶ሻ െ ܾȳ ሺȳ߬  ߠሻ , and
an averaging time of one excitation cycle, i. e., ߬௦ ൌ ʹߨȀȳ.
3.2 Time-averaged transmitted power
The non-dimensional transmitted power transferred from subsystem one to subsystem two
through the nonlinear interface is product of transmitted force and non-dimensional velocity
ܺଶ Ԣ of the mass of subsystem two:
 ୲ൌ ܨ௧ ܺଶᇱ ൌ ܨ௧ ሺܺଵ Ԣ  ܻԢሻ,

(7)

where ݐܨൌ െߣܻ െ ߚܻ ଷ is the non-dimensional transmitted force. The steady-state time-averaged transmitted power from ߬ ൌ ߬ to ߬ ൌ ߬  ߬௦ is
ҧ ൌ

ଵ
ఛೞ

ఛబ ାఛೞ

ఛబ

ఒ

ଷమ ఉ

ଶ

଼

 ߬ ୲ൎ െܾܽȳ ሺߠ െ ߶ሻ ቀ 

ቁ,

(8)

where first-order approximations of the steady-state displacements and velocities were used as
in Eq. (6). In the approximation in Eq. (8), the averaging time ߬௦ is set to be one excitation
period, i.e., ߬௦ ൌ ʹߨȀȳ.

286

Baiyang Shi, Chendi Zhu and Jian Yang*

4

RESULTS AND DISCUSSIONS

The effects of the relative phase angle ߮ between two external forces on the level of vibration transmission of coupled system is investigated herein. The phase angle ߮ changes from Ͳ
to ߨȀʹand then to ߨ with the corresponding analytical results denoted by solid, dashed and
dotted lines in Figs. 2 and 3. The squares, circles and triangles represent the direct numerical
integration results obtained by the fourth-order Runge-Kutta method for the cases with ߮ being
0, ߨȀʹand ߨ, respectivley. The other parameters of the system are ߤ ൌ ͲǤͷǡ ߣ ൌ ߛ ൌ ͳǡ ߞଵ ൌ
ߞଶ ൌ ͲǤͲͳǡ ߚ ൌ ͲǤͷǡ ܨଵ ൌ ܨଶ ൌ ͲǤͳǤ
Figure 2 examines the effects of phase angle ߮ on the response amplitude of mass ݉ଵ and
relative displacement amplitude under dual forces excitations. Fig. 2 shows that there are two
peaks in each displacement amplitude curve of mass ݉ଵ but only one peak in the curve of relative displacement amplitude. It could be explained by modal analysis theory that the masses
experience in-phase motion at the first resonance and out-of-phase motion at the second resonant frequency. When the relative phase angle equals ߨ, i.e., two external forces acting in different directions, the first resonant peak of oscillator ݉ଵ disappears. Fig. 2(a) also shows that
the response amplitude of mass ݉ଵ decreases as the increase of the relative phase angle ߮ at a
prescribed excitation frequency in the low-frequency range. In contrast, the relative displacement amplitude ܾ between the masses is the largest when ߮ ൌ ߨ at a prescribed value of ȳ in
the low-frequency range. As the excitation frequency ȳ becomes large in the high-frequency
range, the effects of phase angle on the response amplitude ܽ becomes weak. Fig. 2(b) shows
that at a specific value of ȳ in the high-frequency range, the relative displacement amplitude ܾ
is the largest when ߮ ൌ ߨ, compared with the other two cases. It is also noted that the relative
phase angle ߮ between two excitation forces has very small effects on the resonant peak frequencies as the resonant peaks of the three considered cases merge.
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Figure 2: Effects of phase angle lag ߮ on the response amplitude ܽ and ܾ. Other system parameters are ߤ ൌ
ͲǤͷǡ ߣ ൌ ߛ ൌ ͳǡ ߞଵ ൌ ߞଶ ൌ ͲǤͲͳǡ ߚ ൌ ͲǤͷǡ ܨଵ ൌ ܨଶ ൌ ͲǤͳ.

Figure 3 presents the influence of the relative phase angle ߮ on the power flow transmission.
Two resonant peaks are observed in each curve of both the time-averaged input power ҧ and
the time-averaged transmitted power ҧ , as shown in Fig. 3(a) and 3(b), respectively. Fig. 3(a)
shows that there is a larger amount of input power into the coupled system for the ߮ ൌ Ͳ case
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when ȳ is small, as compared with the other two cases with different values of ߮. As the increase of excitation frequencies, the effects of different values of phase angle ߮ on ҧ୧୬ is observed to be small. Fig. 3(b) shows that the phase angle has a significant influence on the timeaveraged transmitted power ҧ୲ . Compared with the other two cases, the case with ߮ ൌ ߨ (i.e.,
the forces act in opposite directions) can result in lower power transmission level. It also demonstrated the relative phase angle between the two excitations may significantly change the peak
values of the transmitted power behaviour. The results indicate that the phase angle of the excitation forces may have large influence on vibration transmission in nonlinear systems.
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Figure 3: Effects of phase angle lag ߮ on the time-averaged power flow ҧ୧୬ and ҧ୲ . System parameters are ߤ ൌ
ͲǤͷǡ ߣ ൌ ߛ ൌ ͳǡ ߞଵ ൌ ߞଶ ൌ ͲǤͲͳǡ ߚ ൌ ͲǤͷǡ ܨଵ ൌ ܨଶ ൌ ͲǤͳ.

5

CONCLUSIONS

The dynamic response and the time-averaged power flow characteristics of nonlinearly coupled oscillators subject to dual forces excitations with different phase angles are investigated.
Both analytical harmonic balance method and numerical Runge-Kutta method are used to explore the effects of the relative phase angle on steady-state response amplitudes and vibration
power flow variables. It is found dynamic response and power transmission in the system excited at low frequencies could be reduced by adjusting phase angle difference in dual excitations
systems. The relative displacement amplitude between the masses may increase with the relative phage angle when away from the resonance. It is also found that the phase angle of the
excitation forces may have small effects on the peaks of dynamic response and the time-averaged input power. It is also shown that the vibration transmission in terms of the time-averaged
transmitted power between the two oscillators may be sensitive to the variations of the relative
phase angle. The results provide some new insight into vibration transmission and power flow
in nonlinear systems with more than one excitation forces. The PFA method may also be used
for vibration transmission analysis of more complex nonlinear systems for enhanced design of
vibration mitigation devices exploiting nonlinearity.
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Abstract. The stochastic dynamic response of a spur gear pair model under filtered noise excitation is investigated. The spur gear pair is modeled as a single degree of freedom (SDOF)
system in which nonlinear backlash and time-varying mesh stiffness as well as stochastic excitation are considered. Four cases are addressed, based on how the noise is incorporated in the
loading terms. A first order filter is employed to generate various filtered noises with the same
energy but different power spectrum. The combination of the SDOF gear model and the shaping
filter leads to a three dimensional (3D) Markov model. The numerical path integration (PI)
technique is adopted to obtain the probabilistic response of the gear model using an adaptive
time-stepping method in order to increase the accuracy of the time integration. To model a
narrow band noise excitation, a second order filter is applied to model the excitation, leading
to a four dimensional (4D) Markov model. The results are verified by comparing with Monte
Carlo simulations. The effect of the noise spectrum on the probabilistic response is evaluated
for different loading cases.
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1 INTRODUCTION
Gears are widely used in a variety of different industrial applications. Investigation on the
dynamical behavior of gears is important for other fields of related research such as design,
tribology, reliability assessment, etc. The first studies of the dynamics of gear systems are
from the early 20th century and the topic has continued to be an active research area until now.
Early gear models were linear, excluding or neglecting nonlinearities such as backlash [1].
Nonlinear, time-varying (NTV) gear models were developed and investigated in the 90’s [2–
5]. More recently, researches have focused on multi-degrees of freedom (DOF) modeling of
the gear mesh system, which lead to more realistic and complicated models as well [6,7]. All
those studies belong to the category of deterministic dynamics.
Stochastic excitation may be prevalent in gear systems due to randomness in the external
loading or within internal parameters. In some applications, such as wind turbine drivetrains,
ship propulsions and automobile gearboxes, the effect of randomness is significant, which implies the necessity to conduct a stochastic analysis to obtain accurate and realistic results. Moreover, knowledge about the probability density function (PDF) of the response is of key
importance for the purpose of reliability assessment and reliability-based design in such systems. This latter can be achieved by considering a stochastic component as part of the excitation.
Under suitable modelling assumptions, this would typically lead to a stochastic differential
equation (SDE). Although the simplest stochastic excitation is the Gaussian white noise (GWN),
which is characterized by a uniform power across the frequency band, real stochastic loadings
will invariably have varying spectral distributions. For instance, some wind loadings has a descending power spectral density (PSD) which can be approximated by a first order linear filter
[8]. In this work, the random excitation is assumed to be a filtered Gaussian white noise, which
leads to an n-dimensional SDE in the state space. The response of such systems is a Markov
vector process and its transitional PDF is governed by the Fokker-Planck (FP) equation. However, the analytical solution of the FP equation is restricted to linear systems and a limited class
of nonlinear models [9].
Tobe et al. [10,11] considered random excitation in gear systems using a statistical linearization technique. They also experimentally verified their theoretical results. Using statistical
linearization leads to inaccurate results for systems with discontinuous nonlinearities. This led
Kumar et al. [12] to adopt a direct integration technique to study the dynamic response of a gear
pair. Similarly, Neriya et al. [13] investigated a helical gear system which included both backlash and time-varying mesh stiffness, and was also subjected to a random transmission error.
The mean value and variance of the response were calculated by the piecewise linearization
method. Pfeiffer and Kunert [14] evaluated the rattling problem for a gear system. Wang and
Zhang [15] considered the effect of speed-dependent random errors on the stochastic vibration
of the gear model.
The path integration (PI) method provides a numerical approach to approximate the solution of FP equations. A basic version is used by Wehner and Wolfer [16] to solve nonlinear FP
equations. Subsequently, Naess and Moe [17], Lin and Yu [18], Zhu [19], and others have applied and further developed the PI technique in order to evaluate several engineering problems.
An efficient and accurate approach was applied by Naess et al. [20] for solving a SDOF gear
model with a non-smooth restoring mechanism under stochastic excitation caused by Gaussian
white noise. It is a unique feature of the PI method to deal with non-smooth stochastic dynamics.
The dynamical model in [20] was assumed as nonlinear time-invariant (NTI), neglecting the
variation of mesh stiffness with contact status. A short time Gaussian approximation (STGA)
was adopted to approximate the conditional PDF [21] and captured the evolution of the response
PDF using a stepwise solution technique. Later, Mo and Naess [22] showed that for chaotic
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response of a gear system, the stochastic and deterministic attractors are very similar by comparing the response PDF with the Poincaré map of the deterministic system in [2]. In both papers, a fixed time step was used in general. However, in order to reduce numerical errors due
to non-smooth dynamical behavior, a backward Runge-Kutta time-stepping algorithm combined with a Newton iteration method was used to split the fixed step into two sub-steps. This
permits to accurately find out when the deterministic trajectory crosses the boundary between
two regimes of nonlinearity. Another similar approach to account for the non-smooth backlash
function was proposed by Wen et al. [23], who dealt with a linear dynamic model for each part
of the state space. Although an important interaction between time-varying mesh stiffness and
backlash nonlinearity in gear meshing systems was reported, a constant averaged stiffness was
used in their model. Considering the stochasticity of the system, establishing the exact switching time between different regimes of the dynamical system is not meaningful since there is no
deterministic trajectory. Therefore, the aforementioned approach may fail to be sufficiently accurate and efficient, a fact confirmed by the results obtained with Monte Carlo simulations. In
order to decrease the calculation error, Hasnijeh et al. [24] applied a novel adaptive time-stepping method. The main idea of this method is to determine the time-step length based on the
amount of marginal probability at non-smooth boundaries. They proved the efficiency of the
adaptive method relative to the fixed time-stepping for non-smooth systems.
The simplest and usually the most reliable approach to determine the response PDF of SDEs
is provided by the Monte Carlo simulation (MCS) method. In this approach, the response statistics are extracted from a large number of response realizations, which are generated using a
stochastic integration method. Feng et al. [25] used MCS to investigate a stochastic spur gear
model including the effects of sliding friction. MCS is useful as a verification tool for checking
results obtained by other more efficient methods. However, it is a rather time-consuming
method if highly accurate results are needed, especially for low probability events.
In the present paper, the response PDF of an SDOF nonlinear, time-varying gear model
under the excitation of a filtered noise is obtained. The NTV gear model includes both backlash
nonlinearity and time-varying mesh stiffness (TVMS). Three main sub-problems are addressed
herein. The first assignment consists in proving the capability of the adaptive path integration
(API) method to investigate non-smooth dynamical gear systems under the excitation of filtered
white noise. A first order filter is used to generate the filtered white noise, extending the Markov
property of this second-order system to the 3D state space. The second goal pursued here is to
evaluate the effect of uncertain loading parameters on the response PDF. For this purpose, the
applied additive noise of the problem is categorized into two different stochastic loading models. Finally, a parametric study is carried out to show the effect of the loading spectrum on
different aspects of the response PDF. Three filtered versions of noises are applied with equal
energies but different spectrum distributions. To assess the capability of the path integration
method in dealing of systems with higher dimensions, a 4D system is also considered by using
a second-order filter to generate a narrow-band noise. Results are verified by Monte Carlo simulations for all cases. To the best of the authors’ knowledge, the response PDF of a gear model
under filtered noise has not been investigated before. The response PDF contains a lot of raw
information which can be utilized in different ways depending on the purpose of the analysis,
such as mechanical design and reliability analysis. In addition, the effect of the input frequency
spectrum on the response PDF is studied for each stochastic excitation case.
2 STOCHASTIC DYNAMICAL MODEL
Fig. 1 depicts the spur gear pair model considered here. The equation of motion for this
model is given in dimensionless form in Eq. (1), and its derivation is discussed in [1, 24].

292

Saeed G. Hasnieh and Arvid Naess

A D | KA D | =: D8AD ~ ,> | ,4: FD
A D } 
8AD ~ ¦
A D | 

AD  
}   A D   
AD  }

(1)
(2)

{ 9 D"
2
L9

Pinion

.9 , 69

 

5:

={j D"

7" D"

Gear

.9 , 69
L9

{ 9 D"
2
Figure 1: Gear pair model [24]

In Eq. (1), A is the difference between the dynamic transmission error and the static transmission error, K denotes damping ratio, =j is the time-varying mesh stiffness, 8 represents the nonlinear backlash function, F is the excitation frequency, and ,l and ,ij are the mean and
alternating components of the loading, respectively.
Eq. (1) is a two-dimensional state space NTV problem and may have multi-solutions, depending on the parameter values. The deterministic solution of this system can include no-impact, single-sided or double-sided impact cases, maybe with several subharmonics [2]. In the
case of a multi-solution problem, the initial conditions will determine which deterministic solution would occur. As opposed to deterministic dynamics, the probabilistic response of the
system may include both solution types simultaneously because of the stochastic essence of the
excitation and also due to uncertain initial conditions [3]. In order to evaluate the effect of
uncertainty in loading components on the dynamical behavior of the gear system, two separate
cases are defined in the following based on an additive noise ,o and intensity parameter M.
Case A: Uncertainty in the mean component of the loading which may arise from external
torque fluctuation
A D | KA D | =: D8AD ~ ,> | M,C  | ,4: F:  F: D

(3)

Case B: Uncertainty in the alternating component of the loading that may be caused by
manufacturing errors [4–6]
A D | KA D | =: D8AD ~ ,> | ,4: | M,C F:  F: D
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3 FILTERED WHITE NOISE
3.1 First order linear filter
The noise component is assumed to be a stationary process, allowing the use of the shaping
filter techniques in order to generate it from a Gaussian white noise [7]. In this study, the stochastic excitation is considered to have a particular power spectral density (PSD) function
which can be modeled as follows
, C ~ }G,C | I/D

(5)

where /p is the standard Gaussian white noise process and, G and I are filter parameters.
Knowing that /p 6D ~ 63 D [8] and definingEY ~ A D, EZ ~ A D and E[ ~ ,C D, the state
space form of Eq. (3) can be rewritten as
E ~ E D

 E ~ ,> | ,4: F: F: D } KE } =: D8E  | ME  D
E ~ }GE D | I3D

(6)

where 3 D now denotes a standard Wiener process with stationary and independent increments. Similar forms will be obtained for Eq. (4). The power spectral density function for ,o is,
1 Q  ~

tx
Zuvx ^rx 

(7)

3.2 Second order linear filter
To evaluate the capability of the path integration method in dealing with non-smooth systems of higher dimensions, the gear model in combination with a second order linear filter is
also considered. The filter equations are as follows [7]
¡

-C ~ }G,C 
,C ~ -C } H,C | I/D

(8)

G, H and I are filter parameters. In the current study, the second order filter is only used for
case A. Defining E[ ~ -C and E\ ~ ,C , the 4D state space model for Eq. (3) can be written as
EY ~ EZ D
EZ ~ ,l | ,ij Fj Z Fj D } KEZ } =j D8EY  | ME\ D
'E[ ~ }GE\ D
( E\ ~ E[ } HE\ D | I3 D
&

(9)

The power spectral density function for ,o is obtained as follows,
1 Q  ~

t x vx

Y

Zu r_vx x^svx

(10)

The advantage of being able to use a second order filter is that it allows a study of the effect of
narrow band excitation processes on the response of the gear system.
4 THE PATH INTEGRATION METHOD
Eq. (6) can be expressed by the standard Itô SDE form as follows,
+D ~ VS DD | WD)D
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Since the main goal of the current study is to investigate 3D problems, the formulation is developed for a 3D state space model. The formulation can be easily generalized to higher dimensions. Therefore, +D ~ EY  EZ  E[ b is a 3D state space vector process, V+ D is the drift
vector and WD is the diffusion matrix and the vector )D ~ )D | 6D } )D denotes
the independent increments of a standard Wiener vector process. The SDE (11) has a unique
solution in the strong sense for every set of parameter values [9]. This solution has a joint probability distribution of states for a specific time that can be calculated through application of the
numerical PI method.
The response of the dynamical system (11) is a Markov process and the transition probability density function (TPDF), @+ D+   D  , satisfies the Fokker-Planck (FP) equation, which
is written as follows
R
RE

@+ D+#  D#  ~ } !;~

R
RE;



R



RE; RE<

G; + D@+ D+#  D#  | !;~ !<~

WD W D;< @+ D+#  D#  (12)

In addition to several numerical methods presented for solving the FP equation directly, the
probabilistic evolution of the state space vector process +D can be captured based on the Markov property of the response using the basic equation of the PI method


@S D ~ $T @S DS  D  @S  D  6S

(13)

where U is the state space and 6+  ~ [k`Y 6Ek . In fact, the method consists of evaluating the
TPDF core thence determining the PDF @+ D of the state space vector + at time D from the
previous PDF @+   D   at time D  through Eq. (13). To implement the PI method, a discrete time
approximation is needed. Naess and Moe [17] proposed a fourth-order Runge-Kutta-Maruyama
(RKM) for the numerical solution of (11) as follows
+D ~ +D   | *+D   D   D | H D  )D  

(14)

The deterministic part of Eq. (14) is the explicit fourth-order Runge–Kutta (RK4) approximation +D ~ +D   | *+D   D   D, which represents the time evolution of the deterministic
part of (11) with a global error of order 0D ] , where D ~ D } D  . Numerical experiments
predict that the approximation to the deterministic part outweighs other residues in terms of
accuracy in the solution of Eq. (11) [8]. Thus, a fourth-order RKM is applied in the form of
*+D   D   D for the deterministic part of Eq. (11). The Wiener process )D has independent
increments, hence )D   ~ )D } )D   is a Gaussian variable and the TPD @+ D+   D  
is a Gaussian PDF for every D  . For sufficiently small D, the time sequence +Dk h
k`X becomes
a Markov chain which can approximate the time-continuous Markov solution of the SDE (11).
For the model given by Eq. (6), the conditional PDF @+ D+   D   follows a degenerate multidimensional Gaussian PDF [11],
@+ D+   D   ~ JEY } EY } BY +D   D   DJEZ } EZ } BZ +D   D   D@E[  D+   D  
(15)
where J  denotes the Dirac delta function and
E  D+#  D#  ~
@


OI D



 }

E}E#}B+D# D# D

I D



(16)

in which Bd +   D   D ; ~  are Runge-Kutta increments corresponding to each state. If the
initial PDF @X + X  ~ @+ DX  is specified, Eq. (13) can be written in a stepwise format as
follows
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@+ m  Dm  ~ $ay  $ay

m
k
k_Y
 Dk_Y @X + X + X  + m_Y
k`Y @+  Dk +

(17)

Eq. (17) expresses the mathematical formulation of the PI technique as used in this study. A
finite region of integration that covers almost the whole probability range of the response should
be introduced for evaluating Eq. (17), with consideration that the computational time is dramatically influenced by the state space discretization resolution. If the region of integration is determined appropriately, the probability loss that arises would be negligible. The initial PDF can,
in principle, be chosen quite arbitrarily as long as there is nonzero variance in all spatial dimensions. This is necessary for the numerical algorithms to work properly. What determines the
choice of the initial PDF depends on the specific problem investigated. For the purpose of this
paper, the initial PDF is assumed to be Gaussian, as follows:




@  +  ~ @ +  D   ~




 E;}NE;
?
;~ OP  }   P
E;





(18)

E;

X

where Nqz  ; ~  denote initial mean values and PE;    ; ~  represent standard deviations.
A challenging issue in the numerical calculations of non-smooth dynamics is the abrupt
change in their behavior. In the deterministic problems, it can be overcome by identifying the
transition point between two different dynamical regimes within a time step and splitting it into
two sub-steps with different dynamics. However, in the corresponding stochastic dynamic analysis, there is no specific trajectory that would allow the transition points to be identified. In this
study, a new adaptive time-stepping scheme is used in order to reduce both the numerical error
and calculation runtime in comparison with the fixed time-step method [1]. The main idea behind this adaptive time-stepping method is to decrease the time step proportionally to the magnitude of the marginal probability density at the non-smooth boundaries. In the considered gear
system, there are two boundaries EY ~ } and EY ~  that separate three different dynamical
zones. The mathematical formulation behind this approach can be written as follows
D; ~ D; } D;} ~

 ¤¢ }
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ecg

where @qw is the marginal PDF for the state variable EY and @qw is its maximum value. Decg
is the maximum time step, and a minimum time increment Dedf is introduced in order to avoid
a zero length step when the marginal PDF approaches its maximum at the specified boundaries.
5 RESULTS AND DISCUSSION
5.1 Deterministic dynamical behavior
The deterministic dynamics of the model is investigated in order to compare probabilistic
response with the deterministic results. A square-wave is considered as follows
=j D ~ ¡

? } Dn  D  ? } Dn | Dn  ? ~  %
? } Dn | Dn   D  ?Dn ? ~  %

(20)

where Dn is the gear mesh period. It has been reported that the interaction between time-varying

mesh stiffness and backlash nonlinearity becomes more pronounced in the multi-solution zone
and especially for heavily loaded systems [12]. As a dimensionless case of study, parameters
K ~ , ,l ~  and ,ij ~  are borrowed from references [2,3,12]. This is a heavily
loaded gear pair system, since , ~ ,l ,ij ~ . For Fj ~  there are two coexisting
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solutions, which are named by Kahraman [2] as the no impact and the single-sided impact solutions (Fig. 2-a). The deterministic domain of attraction is shown in (Fig 2-b). The deterministic system will adopt one of the solutions depending on the initial condition. The initial
X
X
X
X
distribution parameters in this paper are chosen as Nqw ~ Nqx ~ , Pqw ~  and Pqx ~
 which covers both basins of attraction, but mostly the single-sided impact solution. The
difference between applying deterministic versus stochastic initial condition is illustrated schematically in Fig. 2-b.

Figure 2: a) Multi-solution system with limit cycles in phase plane. b) Stochastic initial distribution versus deterministic initial condition in the domain of attraction of the system.

5.2 Stochastic dynamics of 3D Problems
In order to investigate the effect of introducing noise spectrum on the probabilistic response
of the gear model, three different stochastic excitations are considered here. The filter parameters for the three cases illustrated in Fig. 3 are specified in such a manner that the energy of the
noise is kept constant. The intensity of noise for all cases of study is λ=0.05.

Figure 3: Frequency spectrum for different noises

The first goal of the current study is to show the capability of the adaptive path integration
method to obtain accurate response PDF of a non-smooth random dynamical system under filtered noise. The evolution of the response PDF is captured via the PI technique with an adaptive
time-stepping approach. Comparisons of the marginal PDFs for t = 10 tp obtained by Monte
Carlo simulations are shown in Figs. 4 and 5 for cases A, B, respectively. The accuracy and
precision of the method are confirmed qualitatively for all cases due to good agreement between
the PI and MCS results.
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Figure 4: Marginal PDFs of the response for case A after Dn obtained by the PI method and MC simulation

Figure 5: Marginal PDFs of the response for case B after Dn obtained by the PI method and MC simulation

In order to better illustrate both the effects of noise spectrum and loading uncertainty, the
joint PDFs for cases A and B are also plotted in Figs. 6 and 7. In contrast to deterministic
dynamic systems which assume a unique solution, the stochastic system response will be characterized by a probability distribution influenced by a nondeterministic distribution of initial
conditions as well as an additive stochastic excitation. In this study, the initial distribution covers both basins of attraction of each solution. According to similar studies [18,23], it is expected that both no-impact solutions and single-sided impact solutions coexist. As the effect of
uncertainty in these two categories reveals quite different results, the necessity of investigating
the source of stochastic excitation in such nonlinear dynamical systems becomes obvious. It is
also seen that the spectrum shape of the additive noise partly affects the probabilistic response
in cases A and B.
The uncertainty in each component of the loading is basically due to external torque perturbations or manufacturing errors in the real system [26–28], but this matter is not pursued in
the context of the current paper. The methodology and results that are presented in this study
can have important implications in engineering applications of gear systems under uncertain
excitation. The probability distribution function of the gear system response contains subtle
information about the system, which is essential for the purpose of reliability-based design of
such systems.
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Figure 6: Stationary response Joint PDF of the problem case A under filtered noise excitation of a) ,Y , a) ,Z and
c) ,[

Figure 7: Stationary response Joint PDF of the problem case B under filtered noise excitation of a) ,Y , b) ,Z and
c) ,[

5.3 Stochastic dynamics of the 4D Problem
Considering parameter values G ~  H ~  and I ~ , the frequency spectrum of the
filtered noise is illustrated in Fig. 10. This spectrum can be considered as an approximation of
a narrow-band noise. The intensity of the noise for all cases of study is set to λ=0.05.

Figure 8: Frequency spectrum of second order filter

The response PDF is calculated by the path integration method and compared with Monte Carlo
simulations. Fig. 9 indicates marginal PDFs and Fig. 10 shows joint PDFs for D ~ Dn . Although increasing the dimensions of the problem raised the computational cost, the accuracy
and precision of the results are satisfactory for the solution of this non-smooth 4D problem.
This shows the capability of the path integration method in dealing with higher dimensional
problems.
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Figure 9: Marginal PDFs of the response for the 4D problem by the PI method and MC simulation

Figure 10: a) Stationary response joint PDF of the 4D problem by the path integration method, b) and Monte
Carlo simulations.

6 CONCLUSIONS
In the current study, the probabilistic response of a spur gear pair under uncertain loading is
investigated. The single degree of freedom gear model contains both backlash nonlinearity and
time-varying mesh stiffness. Based on which component of the loading contains uncertainty,
two different sub-problems are defined. The uncertainty is assumed to be represented by a first
order filtered white noise, resulting in a 3D state space problem. An efficient numerical path
integration technique in combination with a novel adaptive time-stepping scheme is applied in
order to capture accurately the evolution of the response PDF. Marginal PDFs calculated via
the PI method are compared with those obtained by Monte Carlo simulations for each of the
cases that are studied. The comparisons confirm the accuracy and precision of the methodology.
The effect of uncertain loading on the stationary response is quite different depending on its
origin. This demonstrates the importance of identifying the stochastic source in investigating
the dynamics of gear systems. The effect of spectra on the dynamic behavior is also studied by
considering three noise representations with equal energies but different frequency spectrum in
each case. In addition, an extension of the problem to 4D, combining the gear model with a
second order filter is investigated to show the capability of path integration method in dealing
with higher dimensional problems. The response PDF contains raw but qualitatively important
information that needs further interpretations according to the application.
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Abstract. This work presents a new numerical integration method for determining dynamics
of a class of multibody systems with impact and friction. The method is based on the development of a novel return mapping and its proper incorporation into an augmented Lagrangian
formulation. Namely, when an impact is detected during a time step, this map is applied at the
end of the step to bring the system position back to the configuration manifold of the allowable motions. The novelty of this map is related to the fact that it is performed within a non-flat
manifold. Moreover, once an impact is detected, the post-impact state is determined by analytical means. This is achieved by first performing a proper coordinate transformation, bringing the system into a new set of coordinates, which are suitable for describing the impact
dynamics. In this coordinate set, the dominant dynamics is governed by a system of three
equations of motion only, which are valid during the short contact interval. In this way, the
inherent numerical stiffness of the class of systems examined is properly addressed. Finally,
the accuracy and efficiency of the new method is demonstrated by applying it to a several mechanical examples.
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1

INTRODUCTION - OBJECTIVES

A new numerical scheme is developed, leading to an accurate and efficient determination
of the dynamics of a class of multibody mechanical systems subjected to a single unilateral
and a set of bilateral motion constraints. The existing methods can be classified in two categories, known as event-driven or time-stepping methods. When an event-driven method is applied, a standard integrator is employed during an impact free phase of the system up until a
contact is detected. The state of the system at the beginning of the next impact free part of the
motion is then determined by applying a complementarity formulation or an augmented Lagrangian method [1,2]. When a time-stepping method is used, a temporal discretization of the
generalized displacements and velocities is performed by selecting a time step regardless of
the presence or absence of switching points [2,3]. These methods evaluate the impulse of both
the impulsive and non-impulsive forces over the time step. Eventually, they yield the position
and velocity at the end of the time step by solving a complementarity problem or applying an
augmented Lagrangian method. Consequently, the time-stepping methods are more efficient
for large scale systems, exhibiting a large number of closely spaced events. Their main drawback is that they have a low order of accuracy due to the discontinuities induced by the impacts [4,5].
The main objective of this work is to present a new method for the direct integration of the
equations of motion for multibody systems with frictional impacts. For systems with bilateral
constraints only, a suitable numerical integration methodology was developed recently, based
on an augmented Lagrangian formulation [6]. That methodology is now extended to systems
involving a unilateral constraint as well. This task is achieved by developing a suitable return
map, which is activated any time an impact event is detected when using a time-stepping integration method. The idea of a return map is similar to that applied earlier to other problems of
mechanics, including friction or plasticity effects [7,8]. However, these methods were applied
to Euclidean manifolds and were based on a projection to the closest point on the restricting
surface. Here, a significant modification is necessary since the configuration space is nonEuclidean. In addition, following the detection of an impact event, the equations of motion are
transformed into a set of three equations only, evolving over a much smaller time scale than
the others, which are solved separately, until the end of the impact event [9]. This is a key to
overcoming numerical stiffness problems in an efficient manner. These advantages are
demonstrated in the second part of this study by using some typical mechanical examples.
The material of this paper is organized as follows. First, the essential dynamic characteristics of the class of constrained multibody mechanical systems examined are presented briefly
in the following section. Next, the main idea of the return map is introduced. Namely, the
basic ingredients of the new numerical algorithm, leading to development of a suitable return
mapping process, are presented. Then, selected numerical results are presented for several
mechanical examples. Finally, a summary of the main results, together with possible future
extensions are included in the last section.
2

CLASS OF SYSTEMS EXAMINED - NUMERICAL INTEGRATION

This work focuses on dynamics of a class of multibody mechanical systems, subject to a
set of bilateral constraints and a single frictional contact constraint. The equations of motion
were obtained in earlier studies of the authors within the general framework of Analytical
[ , ] In brief, the motion is described by a set of generalized coordinates
Dynamics [6,9].
1
n
q (q
q ) , locating the position of a point p along a curve of the configuration manifold
M for any time t [10,11]. The tangent vector v to this curve represents the generalized ve-
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locity and belongs to an n -dimensional vector space Tp M , the tangent space of manifold M
at p . Consequently, if Be {e1
en } is a basis of Tp M , then v vi e i , by using the
common summation convention on repeated indices. Also, each vector is related directly to a
covector, by employing the duality pairing u ( w) { ¢ u , w² , w  Tp M , where ¢, ² is the inner product of Tp M [12]. Moreover, the elements of the dual (cotangent) space Tp M represent generalized momenta with components

pi

gi j v j , ( i, j 1,

, n ),

(1)

where gi j are the components of the metric tensor at point p .
When there are no motion constraints, the solution path on manifold M is determined by
Newton’s second law

 v pM*  f M
Covectors pM*

pi ei and f M*

(2)

0.

fi ei represent generalized momenta and applied forces, re-

spectively. The covariant differential of covector pM* along a curve with tangent vector v
takes the form

 v p* (t ) ( pi  / mji pm v j ) ei ,

(3)

where the quantities / ikj are known as affinities [12].
The presence of a contact event is modeled by an inequality of the form

U ( p) t 0 .

(4)

Then, the motion of point p is restricted to lie on one side of a hypersurface in M . In this
way, the function U establishes a new manifold
X

{ p  M | U ( p) t 0} ,

(5)

with dimension n . Apart from the boundary wX , defined by the equality in expression (4),
this manifold possesses an interior X o X \ wX . This theoretical setting makes possible the
direct application of results from the theory of manifolds with a boundary [13]. Also, the impulse occurs along the direction defined by the convector
dU

(wU wxi )ei ,

(6)

where U U (M 1 ( x)) and x M ( p) is a special coordinate set of the manifold employed in
the vicinity of a boundary point.
The presence of bilateral motion constraints is signaled by equalities, with general form

\ R { aIR (q)v I

0, ( I

1,

, n and R 1,

, k ).

(9)

For a holonomic constraint, the corresponding equation can be integrated and put in the form

I R (q) 0 .
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If the constraints are given by Eq. (9), the equations of motion on manifold M are obtained
by
h* { hM  hC

0,

(13)

in place of Eq. (2), where
hM*

hI e I with hI

( g IJ v J )  / KL I g K J v J v L  f I

(14)

and

¦

hC*

k

h a e I with hR

R
R 1 R I

(mRR O R )  cRR O R  k RR O R  f R .

(15)

The convention on repeated indices does not apply to index R . Also, the quantities mRR and
f R are determined completely by the constraints, while the coefficients cRR and k RR are also
selected in an appropriate manner [14]. Finally, substitution of Eqs. (14) and (15) into Eq. (13)
leads to a set of n second order ODEs in the n  k unknowns q I and O R . A complete mathematical formulation is obtained after including the k equations of the constraints, which are
expressed originally by Eq. (9) and put eventually in the following second order ODE form
gR

(mRR\ R )  cRR\ R

0 or g R

R
(mRRI R )  cRRI R  k RR
R I

0,

(16)

for a non-holonomic and a holonomic constraint, respectively.
The picture becomes more involved in the presence of friction [9,15]. In general, the complexity of the resulting set of equations of motion precludes application of procedures leading
to analytical solutions and makes difficult even the selection and application of appropriate
numerical techniques. Consequently, the focus of the present study is to initiate the establishment of a theoretically sound and numerically efficient process for solving these equations.
This process involves several challenging tasks. One of them is to set up a suitable algorithm,
which leads first to detection of a contact event and then to prediction of a pre-impact state of
the system in a sufficiently accurate and efficient manner. This is the main objective of the
present study.
3

RETURN MAP
To facilitate the discussion, Fig. 1 is provided. First, at time tm the system configuration is

represented by a point pm , with coordinates qm , which lies in the interior X 0 of the corresponding constrained manifold X . However, at the next discrete time tm 1 , the new configuration point pm( k,1)1 , with k 1 , is found to lie outside X , indicating that an impact event may
have occured. In practice, this is verified by using an appropriate contact detection algorithm
[16,17]. The next step is to return to a point on the boundary wX , representing the configuration of the system where the impact took place. This is achieved through development and
application of a suitable return mapping. In the present work, this step is performed with extra
care, since the configuration manifold M is non-Euclidean. First, due to the non-flatness of
the configuration space, a special type of curves is employed in performing a spatial discretization. Specifically, these are selected to be the straightest curves, known as autoparallels [12].
In addition, the boundary wX is locally convex (i.e., it is a half-space or a corner for a single
or multiple contact, respectively [9,18]). Based on the above, the task of returning from pm( k,1)1
back to a point pm( j11,2) on the boundary wX in a unique way is reduced to finding the auto-
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parallel joining these points, having the shortest length among a family of autoparallels. This
leads naturally to construction of suitable Jacobi fields along these curves [19].

Figure 1: Illustration of the basic steps of the return map.

A complete description of the steps of the return map developed can be found in [18]. With
this map, some significant theoretical gains were achieved by exploiting the Lie group nature
of the configuration manifolds arising for the class of systems examined. Specifically, the
special curve selected by this map to return a point from the outside to the boundary of the
constrained manifold, defined by a unilateral constraint, has the shortest length among a special set of curves emanating from the outer point. The length was defined in terms of the kinetic energy of the system. In particular, the kinetic energy associated with the motion of the
figurative particle along a natural curve J (r ) on the configuration manifold is related to the
length of this curve by

T (t )

1
2

t

³ ¢ v (r ), v (r )² dr ,
0

(17)

where v (r ) is the tangent vector of J (r ) [11,12]. Using this definition as a basis, the energy
function

L( s )

1
2

1

³ ¢ v (r , s), v (r , s)² dr
0

(18)

is introduced next for each J s curve of the two-dimensional surface created around a Jacobi
field, parameterized so that r 0 at the pole p and r 1 at its other end and having tangent
vector v(r , s ) (see Fig. 2). Then, the special value of s , at which this function possesses an
extreme value is found by imposing the condition

M ( s) { Lc( s) [ ( L) 0 ,

(19)

where [ ( L) represents the derivative of L along the direction defined by vector [ . In order
to check whether this extremum corresponds to a minimum or a maximum value of the energy
function L( s ) , its Hessian should be constructed in an appropriate manner on the configuration manifold [20], according to the following definition
H ( s) { Lcc( s ) [ ( Lc( s)) .
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It can be shown that the Hessian function is at least locally positive, rendering the energy
function L( s ) locally convex [18].

Figure 2: Jacobi fields: (a) without and (b) with a pole p .

In addition, the curve selected crosses the boundary of the allowable motions in a normal
way, while the corresponding Jacobi field has no component normal to this autoparallel. In
this way, the new return map can be considered as a generalization of the classical orthogonal
projection operation performed in Euclidean spaces [8,21,22]. Based on this theoretical foundation, a complete numerical algorithm was set up, providing the means to project points escaping from the constrained configuration manifold during the numerical integration, back to
the set of allowable motions [18]. Once this process converges to a point near wX , the equations of motion are transformed into a special set of coordinates, where the dominant dynamics is governed by three differential equations only [9]. These equations are then solved until
the end of the impact event, where they are transformed back to the original coordinates. In
this way, the inherent numerical stiffness problem is treated in an efficient manner.
4

NUMERICAL RESULTS

The set of numerical results presented next focuses on performance of the return map,
which plays a central role in the integration scheme developed. This procedure was developed
in a way that can fit within any of the available methodologies for the integration of the equations of motion of constrained systems. Here, the equations of motion employed in producing
the numerical results form a set of second order ODEs in both the generalized coordinates and
the Lagrange multipliers related to the constraint action [14]. For systems with bilateral constraints, these equations were solved by developing a suitable numerical integration methodology, based on an augmented Lagrangian formulation [6].
In all the examples studied next, knowledge of the function U , defined as in Eq. (6), permits evaluation of its differential d U . This is a covector related to vector U , the gradient
vector of U , through Eq. (1). In matrix form,
d UT

G U   U

G 1d U T

(21)

where the (invertible) matrix G [ gi j ] includes the components of the metric tensor in the
selected basis. In addition, covector d U is related to a covector d Uˆ of the physical space by a
linear mapping [15], as follows
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dU

d Uˆ D .

(22)

In general, the matrix D in this mapping is established by relating the relative velocity V at
the contact point in the physical space with the generalized velocities, by
V

(23)

Dq

Then, combination of Eqs (21) and (22) yields eventually
U

G 1 (d Uˆ D)T .

(24)

The gradient vector U is normal to the boundary hypersurface wX . In this case, the representative vector of d Uˆ is normal to the local contact surface in the physical space.
4.1

Impact of a particle within a circular ring

The first mechanical system examined is a particle with mass m , moving in the interior of
a rigid circular ring of radius R , as shown in Fig. 3a. This example involves a planar translation only, so that the particle position can be determined by two Cartesian coordinates, q1 and
2
. In this case, the inward normal to the
q 2 , while the original configuration space is M
boundary wX , consisting of the perimeter of the ring, is
n { U

1
m

d UT

(25)

Moreover, if ( qb1 , qb2 ) are the coordinates of the bisection point pm( j,2)
1, k , the normal vector to the
boundary wX is

n



1
m

( q1b )2  ( qb2 )2

(qb1

T

qb2 )

(26)

Then, the tangent vector to wX at that point is given by

[

T

v  vnTnn n

Figure 3: (a) Particle in a circular ring and (b) details of the projection from pole p to boundary

(27)

wX .

The second term in the right hand side of Eq. (27) corresponds to the classical orthogonal
projection of vector v on vector n , arising in a flat manifold [21,22].
First, in Fig. 3b are shown details of the projection from the pole p back to wX . Next, in
Fig. 4 are shown selected numerical results for the example considered, for a particle of unit
mass and a ring of radius R =0.74m. The initial position of the particle was at (0.1m, -0.5m),
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while its initial velocity was (10m/s, -2m/s). The results presented were obtained for k 1 , by
choosing different initial length steps sm( j,2)
1,1 along the direction defined by the tangent vector

[ (mj,2)1,1 , in order to locate point pm( j,3)1,1 , according to the process described earlier. Specifically,
the reference length step was selected to coincide with the length of the straight line (autopar( j ,2)
allel) joining points pm(1,1)
1,1 and pm 1,1 . First, in Fig. 4a are depicted results illustrating the
number of iterations needed in order to locate the correct value of coordinate q1 at impact, for
2
the same pole pm(1,1)
1,1 . Qualitatively similar results were also obtained for coordinate q . Like-

wise, in Fig. 4b are presented results for the norm of vector [ m 1,1 , normalized by the norm of
( j ,2)

( j ,2)
the velocity vector of the autoparallel joining points pm(1,1)
1,1 and pm 1,1 . Obviously, selecting an

initial step value close to the characteristic length step s0 leads to a rapid convergence.

q1 and (b) norm of vector [ at the point where the shortest autoparallel crosses the boundary wX .

Figure 4: Collision of a particle with a rigid circular ring: (a) convergence in coordinate

The above numerical results indicate that the smaller the value of s23 (compared to s0 ) the
larger the number of iterations needed for convergence. In such a case, the two-dimensional
smooth surface created between the two end autoparallels emanating from the pole and ending
( j ,5)
at points pm( j,2)
1,1 and pm 1,1 (see Fig. 1) does not include the minimizing autoparallel during the
initial iterations. On the other hand, convergence difficulties were also encountered for
s23 ! s0 , due to several reasons. The most frequent was the non-intersection of the autoparallel
( j ,3)
passing through the pole pm(1,1)
1,1 and point pm 1,1 with the boundary wX . Cases where point

pm( j,3)1,1 was found in the interior X o or point pm( j,6)
1,1 was located out of the constrained manifold X , due to loss of convexity of the boundary wX or failure of the contact detection algorithm, were also encountered. In all these cases, the successful remedy to achieve
convergence was to reduce the value of s23 .
4.2

Impact of a rigid body with a rigid wall

Next, a rigid body hitting a rigid wall is considered, as depicted in Fig.
g 5. As configuration
3
space of the free body is selected the six-dimensional product M { u M (3) [23]. Then, the
position and orientation of the body with respect to an inertial reference frame
(or
1 2 3
O F F F ) in the physical space is represented by a point on this manifold, with generalized
coordinates q (t ) ( qTC

qTR )T . Part qC specifies the position of the body center of mass C,
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while qR describes the body orientation in the physical space. The tangent vector to the autoparallel curves is also split in a similar form. The first part leads to curves corresponding to
segments of straight lines, while the rotational part leads to special curves on the manifold,
with each point on these curves related to a 3 u 3 rotation matrix R , providing the orientation
of the body with respect to . Moreover, for two points along such a curve, located at a distance 's ,
R( s  's )

where the entity R( s  's )
ing v R as axial vector [24].

R( s ) exp('s vR )

(28)

R( s ) exp('s vR ) represents a 3 u 3 skew-symmetric matrix hav-

Figure 5: A rigid body hitting a plane rigid wall.

Next, in Fig. 6 are shown numerical results corresponding to impact of a homogeneous solid ellipsoid with a rigid ground. The ellipsoid has a unit mass and principal semi-axes equal to
0.1m, 0.3m and 0.15m, while the position of the rigid plane is determined by selecting
( s1 s2 s3 ) =(-0.2 0.1 1.0). Moreover, the initial position of the ellipsoid center of mass is at
point (0.3m, 0.4m, 0.2m), while the components of the initial angular velocity of the ellipsoid
in the body frame are : =(0.3 0.1 0.2) rad/sec. Finally, the set of results presented next were
obtained for different length steps s23 along vector [ m 1,k , locating point pm( j,3)
1, k , as shown in
( j ,2)

Fig. 1. Also, the reference length step s0 was selected as in the previous example. Again, all
the results presented next were obtained for k 1 , while similar behaviour was also encountered for k ! 1 , when needed.
In the set of results shown in Fig. 6, the motion of the ellipsoid center of mass is restricted
by a spherical joint, so that only rotation of the ellipsoid is possible to occur. First, in Fig. 6a
is illustrated the convergence obtained in the value of one of the Euler angles for a given pole
( k 1 ) and variable j . Similar results were also obtained for the other two Euler angles of
the ellipsoid and for other poles. Likewise, in Fig. 6b are presented results for the norm of
vector [ obtained at the point where the shortest autoparallel crosses the boundary wX .
Again, selecting a value of the initial length step along vector [ m 1,1 close to the characteristic
( j ,2)

length step s0 leads to a rapid convergence. In addition, similar convergence difficulties with
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those mentioned in the previous example were also encountered for s23 ! s0 , which were
overcome by decreasing the value of s23 .

Figure 6: Collision of a rigid ellipsoid (with a pinned center of mass) with a rigid ground: (a) convergence in an
Euler angle and (b) norm of vector [ at the point where the shortest autoparallel crosses the boundary wX .

4.3

Impact of two solid bodies

The algorithm developed can be applied to general single point collisions, with any combination of solid bodies. For instance, in Fig. 7a is illustrated the convergence obtained in one
of the Euler angles of the ellipsoid, while a similar diagram for a translational coordinate of its
mass center is shown in Fig. 7b. Then, in Fig. 7c are shown results for one of the box Euler
angles. Finally, in Fig. 7d are presented results for the norm of vector [ obtained at the point
where the shortest autoparallel crosses wX . Once again, selecting a value close to the reference length step s0 leads to a rapid convergence. Also, convergence was achieved eventually
in all cases, by properly adjusting the length step.

Figure 7: Collision of an ellipsoid with a box: (a) convergence of one Euler angle of the ellipsoid, (b) convergence of one translational coordinate of the ellipsoid, (c) convergence of one Euler angle of the box and (d) norm
of vector [ at the point where the shortest autoparallel crosses the boundary wX .
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Finally, it is noted that the same analysis is also applicable to mechanical systems involving deformable bodies, as well, by assuming that they have been discretized geometrically
before. For instance, if the dominant flexibility effects of a free solid body are described by n
elastic modes, included in a 3 u n matrix ) , the configuration
g
manifold is represented by an
3
n
( n  6 )-dimensional product space, M { u M (3) u
[24,25]. This implies that the array
with the generalized coordinates q (t ) is now split in parts qC , qR and qF , with the last part
representing the flexibility effects.
4.4

Dice tossing

The time integration method developed can be applied to general single point collisions,
with any combination of solid bodies and any geometric shape. For instance, a set of numerical results is presented next, obtained for motion of a die thrown over a rigid ground. This
motion is viewed from a coordinate system Oxyz , which is fixed on the ground. It is affected
by gravity, acting along the negative z -axis and involves frictional impacts. The die considered is a homogeneous rigid cube, with a mass of 0.016 kg and edge length 0.02 m. It starts
from a position above the ground, with the cube edges parallel to the axes of the Oxyz coordinate system. Moreover, the initial position and (linear and angular) velocity are chosen to
satisfy two scenarios. In the first, the cube executes a planar motion, taking place in the vertical plane Ozx . Namely, it hits the ground with one of four of its eight edges only, so that the
motion is equivalent to a square hitting the horizontal line Ox . In the second scenario, the initial conditions are modified so that the cube exhibits a spatial motion and hits the ground with
one of its vertices. In all cases, the value of the kinematic restitution parameter was selected
as e 0.5 . In addition, the value of the coefficient of friction between the die and the ground
was chosen as P 0.05 or 0.20, while the maximum penetration ratio was selected as
G 0.20 .
The first set of numerical results is presented in Fig. 8. Here, the initial position of the cube
center is at (0, 0, 0.3) m, while its initial velocity is (0.5, 0, -0.5) m/s. Moreover, the initial
angular velocity of the cube is (0, 10, 0) rad/s. These initial conditions lead to a subsequent
plane motion of the cube, which is continued even after the bouncings on the ground due to
the symmetry of the cube geometry. First, in Fig. 8a is shown the projection of the trajectory
executed by the cube center of mass on the vertical plane Ozx for the two values selected for
P . Likewise, in Fig. 8b is shown the projection of the same trajectory on the horizontal plane
Oxy . Then, the histories of the two non-zero velocity components of the mass center are
shown in Fig. 8c. Finally, the history of angular velocity of the cube is presented in Fig. 8d. A
remarkable result is that, for the case with P 0.20 , the cube starts moving in the opposite
direction than it was thrown after the first impact, as it becomes clear by Figs. 8a and 8c.
Next, in the set of results presented in Fig. 9, the initial position of the cube center and its
initial velocity are kept the same as in the previous case. However, an angular velocity component about the x -axis is added, so that the initial cube angular velocity is (10, 10, 0) rad/s.
These initial conditions lead to a general spatial motion of the cube. First, in Fig. 9a is shown
the projection of the trajectory executed by the cube center of mass on plane Ozx for the two
values selected for the coefficient of friction. Likewise, in Fig. 9b is depicted the projection of
the same trajectory on plane Oxy .
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Figure 8: Plane die tossing. Projection of the trajectory of the cube center on: (a) the vertical plane Ozx and (b)
the horizontal plane Oxy . Histories of: (c) the velocity components of the mass center and (d) the angular velocity of the cube.

Figure 9: Spatial die tossing. Projection of the trajectory of the cube center on: (a) the vertical plane
the horizontal plane Oxy .
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Finally, the emphasis was placed on the dynamics of the cube during the first impact phase.
For this, the velocity components of the cube contact point are shown in Fig. 10. First, the
tangential velocity Vx is presented in Fig. 10a, while the corresponding tangential velocity Vy
and normal velocity Vz are included Fig. 10b, for the plane motion of the die. Similar results
are also included in Figs. 10c and 10d, for the spatial cube motion. In all cases examined, a
smooth change is observed to occur in the velocity components throughout the impact phase.

Figure 10: Velocity components of the cube contact point during the first impact phase: (a) tangential component
Vx (plane motion), (b) tangential component Vy and normal component Vz (plane motion), (c) tangential component

5

Vx (spatial motion), (d) tangential component Vy and normal velocity component Vz (spatial motion).

SUMMARY AND EXTENSIONS

In the first part of this study, the basic steps of a return map, which can be a vital part of
any time stepping scheme for capturing dynamics of multibody systems involving impacts,
were presented. A theoretical basis for this map was built using concepts of differential geometry, referring to Jacobi fields on manifolds. This need arises from the fact that the configuration space of the class of systems examined is non-Euclidean. Specifically, application of this
map in order to return a point from the outside to the boundary of the constrained manifold,
defined by a unilateral constraint, leads to a curve with the shortest length among a special set
of curves emanating from the outer point. These curves represent the straightest curves on a
manifold and are known as autoparallels. In addition, the final curve selected crosses the
boundary of the allowable motions in a normal way. In this way, the new return map is a gen-
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eralization of the classical orthogonal projection operation performed in Euclidean spaces.
Based on these ideas, a complete numerical algorithm was set up, providing the means to project points escaping from the constrained configuration manifold during the numerical integration, back to the set of allowable motions. Finally, these ideas were verified in the second
part of this work, by presenting numerical results for a selected set of mechanical examples.
The return map developed can be applied to any discrete mechanical system subject to a
set of bilateral motion constraints and a single unilateral constraint. A first possible step is to
extend this map for handling cases with multiple impacts. This is a theoretically challenging
subject, involving consideration of configuration manifolds with corners, having a large engineering importance [1,3,26]. Another useful extension is to embed this map into a complete
time-stepping methodology, employed for the direct integration of the equations of motion of
multibody systems with impacts. In particular, violation of a unilateral constraint during time
integration is associated with interpenetration, which may occur during the numerical process
but is not physically acceptable. In such cases, application of this map can provide appropriate
values of the position and velocity, which can then be used as the pre-impact state of the class
of dynamical systems examined. This, in turn, is a necessary step for the evaluation of the
post-impact state and the subsequent return to a new smooth part of the motion.
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Abstract. Single-degree-of-freedom (SDOF) nonlinear oscillators are widely used for modelling systems with just one degree-of-freedom in addition to single mode approximations to
structural elements such as beams and cables, as well as other multi-degree-of-freedom
(MDOF) applications. In this work, an investigation of the behavior of SDOF nonlinear oscillators is carried out using the method of direct normal forms. So far, this method has only
been considered as a theoretical technique used for solving limited nonlinear dynamical systems in which low orders of nonlinearities appear, involving quadratic and cubic nonlinearities. In this work, thanks to the implementation of symbolic computations, the method of
direct normal forms is generalized for solving nonlinear SDOF systems with any order of polynomial (or geometric) weak nonlinearities. Using this new approach, the effect of any higher order nonlinear term, or any combination of nonlinear terms can be investigated.
Backbone curve relations are obtained for a selection of example systems representing both
hardening and softening systems, and the results are verified by comparing the approximate
analytical solutions to numerical solutions generated using COCO numerical continuation
toolbox in Matlab.
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1

INTRODUCTION

Nonlinear normal forms method is a well-established technique for obtaining approximate
solutions for nonlinear oscillators with various types of weak (typically smooth) nonlinearities.
In principle, it can be used for either SDOF or MDOF problems; although for systems with
more than a few degrees-of-freedom the algebraic complexity quickly escalates. It is also possible for the analyst to select certain resonant (or non-resonant) cases to study, by making one
(or sometimes more) near-identity transforms [3]. The analytical basis of the technique is to
use matrix algebra via a series of analytical steps that finally detect the desired resonances and
can be used to find approximate solutions, such as so-called backbone curves, for the SDOF
or MDOF system being considered.
While this method has the potential to be applied for a wide range of applications, it can
generate large and complicated mathematical terms. As a result, it could be helpful to use
symbolic packages, which can deal with such complex mathematical expressions and also offer the possibility of enhancing the accuracy of solution by increasing the number of terms
truncated in the solution.
Another way to simplify such computations is to reduce the system order prior to computation. This is a pragmatic way to decrease the matrix sizes involved, however the size of the
residual terms (i.e. those excluded by the reduction) should be estimated in order to ensure the
accuracy of the final solution. Using a computation package, such as Maple software, makes it
possible to build a highly structured code that can, in principle, solve for any order of nonlinearity and potentially a large number of nonlinear terms. In this work, the number of terms is
limited to two.
The origin of the idea of normal form transformations is attributed to the work of Poincaré. Following this, the application of normal forms method for SDOF and MDOF is discussed
widely in the literature. Notably the Hamiltonian normal form (and Birkhoff normal forms)
were introduced for conservative dynamical systems [21], and are typically used to model undamped unforced applications in physics and engineering. The work of Arnold [22] did much
to extend and promote the idea of normal form transformation in engineering mechanics. The
normal form approach was extended to problems of forced and damped systems of coupled
nonlinear oscillators by Jezequel and Lamarque, [24], and given recast in a perturbation
framework by Nayfeh [25].
Because most mechanical vibration problems are naturally described by sets of secondorder differential equations, a variant of the normal forms method applied directly to second
order dynamical problems was first introduced by Neild and Wagg in [3]. The authors originally referred to this modified technique as ‘second order normal forms’. This approach will
be used during the formulation and discussion in this work.
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Compared with other techniques, the primary advantage of the direct normal forms is the
ability of inherently computing the harmonics without pre-assuming any specific harmonic
components included in trial solutions. Thus, no prior knowledge of the harmonic components
in the response of the system is required and no additional complexity is needed when considering the harmonics. Furthermore, the process of direct normal forms can be formulated in a
matrix-based manner, which makes its application more appropriate for the computer automation.
The direct normal form technique has been used in a number of conducted research works,
investigating nonlinear dynamics of mechanical systems. Xin et al., [9], considered the SDOF
nonlinear oscillators of polynomial-type nonlinearities using the direct normal form technique,
their work involved investigation of velocities and displacements, whilst illustrating the contributions of the different polynomial nonlinearities in different forms to the system response
by the resulting resonance response functions (RRFs).
Shaw et al. [23], studied the performance of the nonlinear vibration isolator using the direct normal form technique. The system was modelled as a SDOF oscillator with cubic and
quintic nonlinear terms. The authors estimated a group of backbone curves of the nonlinear
vibration isolator by considering its equivalent conservative system. Cammarano et al. [9] investigated the optimal load for the nonlinear energy harvester in the case of purely resistive
loads. Their work was carried out both analytically and numerically, and the results showed
that analytical solutions obtained using direct normal forms were in very close agreement with
the numerical results within the frequency range of interest. The direct normal form technique
was also applied to study the nonlinear dynamic behaviors of MDOF systems, see for example [9] and references therein.
However, in order to generalise the applications of direct normal forms, thanks to the implementation of Maple symbolic computations, this work focuses on studying SDOF nonlinear systems with higher orders of geometric nonlinearities. One reason for taking this approach
is that, when attempting the direct normal forms analysis of such systems, usual hand calculations, can be extremely difficult as the number of terms included increases.
Due to the inherent nature of nonlinearities, the use of direct normal forms is not limited
to nonlinear oscillators; many real-life engineering applications exhibit geometric, or even
damping nonlinearities quite naturally. Therefore, the direct normal form technique has been
used to study nonlinear beams, cables, shells, plates and multi-storey buildings - see [3] for
detailed description of many of these applications. In this work, the direct normal forms
method is used to analyse some SDOF oscillators with one, or two, geometric nonlinear terms.
The application of this method, with the aid of symbolic computation algorithm, enables a
robust computational method for the investigation of the dynamics exhibited by these types of
oscillators using backbone curves.
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2

DIRECT NORMAL FORMS METHODOLOGY

For the case of unforced vibrating systems, the technique is applied using four main consecutive steps:
Step 1: Linear modal transformation in order to decouple the linear terms.
Step 2: Derivation of the equation of motion for the nonlinear transformation.
Step 3: Applying the near-identity transform.
Step 4: Solving the resulting normal forms equation (or equations).
In addition, studying systems that are externally forced usually requires one further transformation, in which, any non-resonant forcing terms are to be excluded. Finally, damping
term (usually viscous damping) is normally included within the nonlinear vector.
2.1

Computation of backbone curves using direct normal forms

Consider the case of nonlinear forced-damped SDOF oscillator, whose equation of motion
may be written as

M x(t)  C x(t)  K x(t) N x (x, x, r) Pxr, ,

(1)

where the over dots represent derivation with respect to time, x represents the physical displacements, M, C and K denote the mass, damping coefficient and linear stiffness respectively,
Nx(x) is the nonlinear restoring force, H is used to denote smallness of the nonlinear terms, the
amplitude of the forcing term is denoted by Px , and r is the forcing vector which can be written as r

^r , r ` ^e
T

p

m

i :t

`

T

, ei : t where the forcing frequency is denoted a by : .

As mentioned earlier, direct normal forms analysis is applied using four main steps, for
convenience, only key parts of the analysis are to be discussed in this work while the complete detailed analysis of this type of systems is extensively discussed in [3]. Moreover, for
the application of the direct normal form technique, the nonlinear terms are assumed to be expressed in a polynomial form in terms of x.

From Eq. (1) all nonlinear terms are gathered in one term, N x (x) . Herein, both damping
and nonlinear terms are assumed to be efficiently small compared to the linear stiffness and
the forcing term, hence, more conveniently Eq. (2) can be rewritten as
M x(t)  K x(t)  N x (x, x,r) Px r,

where N x (x, x, r)

(2)

N x (x, x, r)  C x(t)
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Now, the application of direct normal forms begins, by writing Eq. (2) in its linear modal
normal form, using the transformation x o q , simply by applying x Φq , where Φ is the matrix containing the mode shapes, then, Eq. (2) becomes
q  /q  N q (q, q , r ) Pqr,

where N q (q, q,r )

)T M )

(3)
1

) T N x (Φq,Φq , r ) , Pq

1

)T M ) )T Px

Herein, q u  ε H(u) where u and H(u) are the fundamental and harmonic components of q
respectively.
The assumed solution has the form
§U
·
§U
·
u u p  um ¨ e iI ¸eiZr t  ¨ eiI ¸e iZr t ,
¹
©2
©2
¹

(4)

Where U , I and Z n are the displacement amplitude, phase lag, and response frequency, respectively.

In order to complete the analysis, N q , in view of Eq. (4), should be decomposed into two vector n* and u* where n* is a row vector contains the coefficients part and u * is a column vector represents the nonlinear functions of u.
For the case of polynomial nonlinear terms (as appears in Eq. 2), the "th element of u * may be
written as
u"*

s

s

(5)

u pnp ," umnm ,"

Where s p ,l and sm,l are exponents of u p and um in the "th element of u*( j ) respectively. This
step is symbolically done in the proposed algorithm for every term in u * . In order to identify
the resonant nonlinear terms retained in n u ( j ) from n ( j ) , a vector E ( j ) , is introduced, i.e.
2

E( j ) n,"

ªN
º
2
«¦ s pj , " , n  smj , " , n Zrn »  Zrn
¬n 1
¼

(6)

Finding β * matrix is crucially important to complete the analysis, and it is performed symbolically with a series of iterative loops that capture the power indices in Eq. (5) and then substitute the result in Eq. (6).
The procedure discussed above is a short summary of the direct normal forms technique. In
the following subsection, two examples of SDOF nonlinear oscillators are studied; the first
example represents a SDOF conservative (unforced and undamped) oscillator with two different orders of geometric nonlinearities, whereas the second example is a SDOF oscillator with
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viscous damping and harmonic forcing applied away from resonance. Lastly, the frequency
response of a general system of a forced damped nonlinear oscillator with two types of geometric nonlinearities is studied. It is important to mention that all manipulations and solutions
to be shown are computed using Maple symbolic computation packages with the aid of the
COCO toolbox in Matlab for numerical comparisons and verifications.

2.2

SDOF conservative oscillator with various nonlinearities

Considering the following general formula for unforced, un-damped SDOF oscillator,
x(t )  Zn2 x(t )  D1 x P (t )  D 2 xQ (t ) 0,

(7)

where Zn is the natural frequency of the system, D 1 and D 2 are arbitrary small coefficients
for the nonlinear terms, P and Q are the lower and higher orders of the nonlinear terms, respectively. Furthermore, in order to achieve stable energy levels, at least one of the nonlinear
orders (i.e. P and Q ) should be an odd number, for detailed discussion of the potential functions and how they are used to study the stability level of the system refer to [3].
Using this approach it is possible to compare the results for different configurations of P and
Q . Such systems with different parameters and orders of nonlinearities can be theoretically
used for modelling some engineering applications. In principle, the symbolic computations
method introduced in this work has the potential to be applied to general SDOF systems with
any number of nonlinear terms. In order to test this method we start with two nonlinear terms
described by Eq. (7) and increase the order, accordingly, it is possible to understand the capabilities and limitations of this method.
The following procedure illustrates the use of symbolic computations of a normal form method in order to solve Eq. (7) for P 2 and Q 7 , nevertheless, following the same procedure,
it is possible to solve the equation for any other values, as long as at least one exponent is odd.
Direct normal forms analysis of such systems undergoes a series of transformations that involve complex mathematical manipulations, in this work the most important results are shown,
focusing on the utilization of symbolic computation software, i.e. Maple. Rewriting Eq. (7)
with P 2 and Q 7 , leads to
x(t )  Zn2 x(t )  D1 x 2 (t )  D 2 x 7 (t )

0,

(8)

The first step is using Eq. (3) in view of Eq. (2) to make the linear modal transformation, in
this step it should be noticed that for SDOF systems the transform is unity and x q , then

q  Λq  N q(q)

0 , where /

Zn2 and N q (q) D1q 2  D 2 q 2
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The second step is the near-identity transform, and for H 1 , rewriting the nonlinear terms
using u , one should obtain N q(u) α1u12  α2u17 and u1 u p1  u m1 , thus

n *u * (u p , u m ) D1 u p1  u m1 2  D 2 u p1  u m1

n (1) (u)

7

(10)

Expanding Eq. (10), n (1) (u ) will contain many terms (11 term in this case), these terms have
to be primarily decomposed into coefficients and nonlinear functions vectors n* and u* , respectively.

n*
u*

>D1

>u

2
m1

D1 D 2 D 2 2D1 7D 2 21D 2 35D 2 35D 2 21D 2 7D 2 @
u

2
p1

u

7
m1

u

7
p1

6
p1 m1

u p1u m1 u u

2
5
p1 m1

u u

3
4
p1 m1

u u

4
3
p1 m1

u u

5
2
p1 m1

u u

@

T
6
p1 m1

u u

(11a)
(11b)

As the number of nonlinear terms and their corresponding orders increase, or when considering higher order accuracy (i.e. H 2 , H 3 , ...) this initial step becomes harder to be manipulated
by usual hand calculations. Symbolically, the proposed algorithm can be efficiently completed
to do this step and produce n* and u* matrices.
Using the proposed symbolic algorithm, we have been able to study several SDOF oscillators
with two weak nonlinearities of variable orders. The key point in applying direct normal
forms, especially for SDOF problems, is the number of terms involved in the matrices. Table
1 shows the number of terms for cases of conservative nonlinear oscillators of various orders
of nonlinearities, i.e. for different configurations of P and Q . Values in the highlighted cells
represents the case when only one nonlinear term appears in the EOM.
Table (1): Number of terms involved in matrices for selected values of Q and P

Q

P
2
3
4
5
6
7
8
9
10
11
12
13

3

5

7

9

11

13

7
4
9
10
11
12
13
14
15
16
17
18

9
10
11
6
13
14
15
16
17
18
19
20

11
12
13
14
15
8
17
18
19
20
21
22

13
14
15
16
17
18
19
10
21
22
23
24

15
16
17
18
19
20
21
22
23
12
25
25

17
18
19
20
21
22
23
24
25
26
27
14
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The increasing number of terms appearing in Table 1 leads to additional difficulties for hand
calculations to be performed. Importantly, more complex systems will lead to a higher number of terms; some examples of more complex cases include:
x
x
x
x

the EOM involves viscous damping (in this case two additional terms are to be added
to those in Table 1),
the system contains more than two types of polynomial nonlinearities,
solving the EOM for a higher order accuracy (i.e. H 2 )
and when using the direct normal forms technique for MDOF systems,

all of the aforementioned cases can yield to a dramatic increase in the size of the matrices,
thus, the mathematical complexity is also increased, these causes can justify turning to symbolic computation method.
In order to complete the analysis, by applying Eq. (6), β * can be written as

β*

>3Z

2
r1

48Zr21 3Zr21 48Zr21  Zr21 24Zr21 8Zr21 0 0 8Zr21 24Zr21

@

(12)

It should be emphasized that, according to direct normal forms analysis, any zero value in
β * matrix indicates the presence of a resonant term; while any nonzero value indicates a nonresonant or harmonic term.
The next step, illustrates the resulting coefficients of resonant terms n *u and of harmonic terms

h* for both resonant and non-resonant cases (refer to [3] for detailed analysis). In symbolic
programming, this step is based on conditional loop manipulation for each element in β * with
respect to n* . The results are

n *u D 2 >0 0 0 0 0 0 0 35 35 0 0@
h*

1 ªD1
Zr21 «¬ 3

D1

D2

D2

48

3

48

 2D1

7D 2
24

21D 2
8

(13a)
0 0

21D 2
8

7D 2 º
24 »¼

(13b)

If the analysis is only truncated to H 1 accuracy, which regularly leads to acceptable inspection
of the nonlinear effects of small nonlinearities, the final step is rewriting the transformed
equation of motion. For the non-resonant case, Eq. (9) in u -transformed coordinate system
becomes
  Λ u  n *u u *
u

0,

  Z n2 u  35 u 3p1u m4 1  u 4p1u m3 1
u

0,

(14)
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and the near identity transform is written as

q u  h*u* ,
§ 2 D1u 2p1
D u7
7D u u 6
¨ D1um1 
 D 2um7 1  2 p1  6D1u p1um1  2 p1 m1
1
16
16
8
q u  2 ¨¨
2 5
5 2
6
3Zr1 63D 2u p1um1 63D 2u p1um1 7D 2u p1um1
¨¨


8
8
8
©

·
¸
¸
¸
¸¸
¹

(15)

Substituting in the assumed solution Eq. (4), and solving the positive (or negative) complex
exponential terms by exact balancing, one can get the equation of the backbone curve for this
system, which is

Z r21 Z n2 

35
D 2U 6
64

(16)

Following the same aforementioned procedure, one should be able of finding the backbone
curve for any values of Q and P in Eq. (7). One advantage of having a computer pattern in
such case is the ability of doing several runs with different conditions. Table 2 shows the
backbone curve obtained for the first four values of Q when P 2 for the H 1 expansion. It is
clear that a general pattern is repeated for the backbone equation found, so if P 2 it could
be generalized for any value of Q that

Zr21 Zn2  KiD 2U Q 1 , Q

3 , 5 , 7 , ...

(17)

Where K i is a constant.

Table (2): Backbone curve equations of

Value of Q

H 1 accuracy for different values of Q

Equation of motion

while P

Backbone curve equation

3
D 2U 2
4
5
Zn2  D 2U 4
8
35
Zn2  D 2U 6
64

3

x(t )  Zn2 x(t )  D1 x 2 (t )  D 2 x 3 (t )

0

Zr21

5

x(t )  Zn2 x(t )  D1 x 2 (t )  D 2 x 5 (t )

0

Zr21

7

x(t )  Z n2 x(t )  D 1 x 2 (t )  D 2 x 7 (t ) 0

Zr21

9

x(t )  Zn2 x(t )  D1 x 2 (t )  D 2 x 9 (t ) 0

Zr21 Zn2 

326

2

Zn2 
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Practically, for weak nonlinear case, the values of D 1 and D 2 should be small, typically less
than unity, Fig. (1) shows the backbone curves for the conservative oscillators appearing in
Table 2, using the following numerical values; D1 0.2 , D 2 0.1 and Zn S rad/s.

Fig. (1): Conservative backbone curves for different values of Q while

P 2

Furthermore, we could obtain the backbone curve relation truncated to H 1 accuracy for any
values of Q and P in Eq. (7). Table 3 shows some examples of these results.

Table (3): Backbone curve equations of

H1

accuracy for different values of Q and

Value
of Q

Value
of P

3

5

x(t )  Z n2 x(t )  D1 x 3 (t )  D 2 x 5 (t )

0

4

7

x(t )  Z n2 x(t )  D1 x 4 (t )  D 2 x 7 (t )

0

5

9

x(t )  Z n2 x(t )  D1 x 5 (t )  D 2 x 9 (t )

0

6

9

x(t )  Z n2 x(t )  D1 x 6 (t )  D 2 x 9 (t ) 0

7

11

x(t )  Z n2 x(t )  D1 x 7 (t )  D 2 x11 (t ) 0

Equation of motion
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P

Backbone curve equation

3
5
D1U 2  D 2U 4
4
8
35
Zr21 Zn2  D 2U 6
64
5
63
Z n2  D1U 4 
D 2U 8
8
128

Zr21 Z n2 

Z r21

63
D 2U 8
128
35
231
Z n2  D 2U 6 
D 2U 10
64
512

Zr21 Zn2 

Z r21
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The following findings are noted:
x

Any even nonlinearity found in the EOM is removed by the normal form transformation and does not appear in the backbone curve. This phenomenon is found in literature in terms of quadratic nonlinearity, here we generalise this finding for any even
nonlinearity.

x

Referring to Table 3 and comparing with Table 2, it is clear that the frequency detuning accompanied with direct normal forms resulted in, at least for H 1 accuracy, a behavior similar to superposition regarding the final backbone curve expression.

x

Some of these results are numerically verified using COCO numerical continuation
toolbox in Matlab (see Fig. (3)), and acceptable agreement between analytical backbone curves and numerical backbone manifolds is seen.

In conclusion, in order to generalise the H 1 backbone curve relation for any SDOF nonlinear
oscillator with two types of nonlinearities, Eq. (7), in view of Table 1 and Table 2, provided
that Q and P are odd, the following relation can be obtained

Z r21 Z n2  K1D1U Q 1  K 2D 2U P 1

(18)

Where K 1 and K 2 are constants directly related to the order of the nonlinearity, Table 4 shows
the values of this constant for several orders of the nonlinear terms. Finally, as mentioned earlier, any even nonlinearity in the EOM will be removed by the normal form and will not appear in Eq. (18).

Table (4): Values of the constant

K i appearing in the backbone curve relation, Eq. (18)

Order of
nonlinearity

3

5

7

9

11

13

15

17

Ki

3
4

5
8

35
64

63
128

231
512

429
1024

6435
16384

12155
32768

Using Eq. (18) and Table 4 it is possible to get the conservative backbone curve relation for
any nonlinear oscillator with two different types of polynomial nonlinearities. As an example,
if the EOM contains both cubic and quintic nonlinearities, i.e.
x(t )  Z n2 x(t )  D1 x 3 (t )  D 2 x 5 (t )

0,

then, the conservative backbone curve of H 1 accuracy will be

Z r21

Z n2 

3
5
D 1U 2  D 2U 4
4
8
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2.3

Non-resonant Duffing oscillator with cubic nonlinearity

As an example of a more complex system, we now consider the system of a Duffing oscillator
with cubic nonlinearity, viscous damping and forcing away from resonance where the ratio
between the driving frequency and the natural frequency is 1/3 (i.e. a 1 / 3 ),
x(t )  2]Zn x (t )  Zn2 x(t )  D x3 (t )

R cos :t

(19)

Using the proposed direct normal forms technique applied symbolically, it is required to generate analytical conservative backbone curve equations for H 1 accuracy, and compare with
forced (and lightly damped) response curves. The step by step procedure involves large matrices and algebraic terms, hence, only the key results are to be shown, while further results for
matrix algebra manipulations can be found in Appendix 1. After applying direct normal forms
analysis we get

>

@

1
3DU13  24De 2  4 Zn2  Zr21 cos Zr1t  I1  2De3 cos Zr1t  2]ZnZr1U1 sin Zr1t  I1
4

0
(20)

Where e

R
.
2(Z  : 2 )
2
n

Applying the suitable trigonometric identities, and then balancing the sines and cosines terms
in Eq. (20) we get

]Z nZ r1U

De 3 sin I1
3
1
3De 2  DU13  Zn2  Zr21
8
2

(21a)
De3 cos I1

(21b)

Hence, it is possible to use Eq. (21) to get an expression for U as a function of Zr1 , therefore,
computing the forced response curve analytically, this has been previously done in [3] by applying traditional hand calculations. In order to compare with our proposed symbolic computation method, the same problem has been solved in conservative case (unforced-undamped
case), and the conservative backbone curve is computed using Eq. (18) and Table (4) and
plotted in Fig. (2), along with the analytically computed forced-damped response curves for
several values of R using Eq. (21). The numerical values chosen for this figure are Z n 2
rad/s, ] 0.01 and D 0.2 .
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Fig. (2): Backbone curve of damped forced Duffing oscillator with cubic nonlinearity

Figure (2) represents a typical backbone curve and response curves for any forced damped
nonlinear system. From this figure, several important observations can be noticed; first of all,
as the value of D is positive, hardening behavior is clearly seen, in contrary, if D is negative
softening behavior will be noticed. Furthermore, as the figure shows the relation between natural frequency and amplitude, the backbone curves do not perfectly coincide with the manifolds, and this is due to the presence of damping. Finally, as the forcing amplitude R becomes
higher, more matching between the backbone curves and their manifolds occurs.
Finally, in order to compare the frequency response of several nonlinear terms in combination,
recall Eq. (5) in its forced damped case, that is
x(t )  2]Z n x (t )  Z n2 x(t )  D1 xQ (t )  D 2 x P (t )

R cos :t

(22)

Various values of Q and P can be considered, the corresponding EOM can be studied using
direct normal forms and analytical backbone curve relations are then obtained. Three cases
are studied, linear oscillator and cubic-quintic oscillator in both hardening and softening cases
(3-5 Hardening, 3-5 Softening). Figure 3 represents backbone equation for all previous cases
along with their forcing manifolds obtained numerically using COCO. Figure 3 is generated
using the numerical data: general parameters for all cases Z n 2 Hz, ] 0.05 and R 1. In
the case of hardening cubic-quintic oscillator D1 0.2 and D 2
cubic-quintic oscillator D1  0.2 and D 2  0.3 .
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Fig. (3): Frequency response of various types of nonlinearities

Figure 3 illustrates the effect of both hardening and softening nonlinear terms on the frequency response of the system; firstly, compared to the linear case, hardening polynomial nonlinearities the shift the peak to the right whilst minimizing the maximum vibration amplitude of
the system. On the other hand, softening nonlinear terms cause shifting to the left and maximizing the vibration amplitude. However, using Eq. (18) along with Table 4 it is possible to obtain the conservative backbone curves for SDOF oscillator with two nonlinear terms, and
compare with the forced-damped frequency response computed numerically using COCO
toolbox in Matlab.
3

CONCLUSION

In this work, the direct normal forms method is used to study the dynamical behavior of
SDOF oscillators with higher orders of polynomial nonlinearities. Symbolic computations using Maple were implemented for the analytical solutions, where backbone curves expressions
of H 1 order were obtained and the results were verified using COCO numerical continuation
toolbox in Matlab. A general formula for any SDOF nonlinear oscillator with two polynomial
nonlinearities are obtained by computing high number of terms in the solution (refer to Table
1).
The overall truncated analytical results show good agreement with the numerical results, accordingly, extending the direct normal forms using symbolic computations can yield to some
desired findings regarding the dynamics of the system. Although the proposed technique
overcomes the mathematical complexities and enables fast analysis of SDOF nonlinear oscillators, its limited to weakly nonlinear systems were the nonlinear terms are modelled by polynomial terms in the EOM, so that the direct normal forms technique is applicable.
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Overall, the work shows good insight regarding the implementation of symbolic computations
when studying SDOF nonlinear oscillators, were we have been able to analytically compute
the conservative backbone curves for any SDOF oscillator with two nonlinear terms.
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APPENDIX 1
Matrix manipulation of forced damped Duffing oscillator of cubic order nonlinearity,
with forcing away from resonance.

u*

ª rm3 º
«
»
3
« rp »
« u m3 1 »
«
»
3
« up »
« r r2 »
« p m2 »
« rm rp »
« u r2 »
« m m »
« u m rp2 »
«
2 »
« rm u m »
« rp u m2 »
«
2 »
« u p rm »
« u r2 »
« p p2 » o β *
« u pum »
« r u2 »
« m p »
« rp u 2p »
«
2 »
« umu p »
« u m rm rp »
«
»
« u p rm rp »
«u p u m rm »
«
»
«u p u m rp »
« r
»
« m »
« rp »
«
»
« um »
«¬ u 2p »¼

T

0
ª
º
«
»
2

1
a
«
»
«
»
0
«
»
2
« a 1 »
«
»
0
«
»
2
« a 1 »
« a2 1 »
«
»
0
«
»
«
»
8
«
»
«
»
8
«
»
0
«
»
«
» Substitute a 1 / 3
0
o β *
Z r21 «
»    
2

9
1
a
«
»
« 9a 2  1 »
« 2
»
«a  4a  3»
«a 2  4a  3»
«
»
« 4a a  1 »
«
»
« 4a a  1 »
« a2 1 »
«
»
« 4a a  1 »
«a 2  4a  3»
«
»
« 4a a  1 »
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«
»
2
¬« a  1 ¼»
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6(07()DFXOWLHVRI0HFKDQLFDODQG$HURVSDFH(QJLQHHULQJ
$UL]RQD6WDWH8QLYHUVLW\7HPSH$=86$
HPDLO[ZDQJ#DVXHGX



6(07()DFXOWLHVRI0HFKDQLFDODQG$HURVSDFH(QJLQHHULQJ
$UL]RQD6WDWH8QLYHUVLW\7HPSH$=86$
HPDLOPDUF#DVXHGX

.H\ZRUGV1RQLQWUXVLYHUHGXFHGRUGHUPRGHOLQJ1RQOLQHDUJHRPHWULFYLEUDWLRQ%DVLVFRQ
VWUXFWLRQ
$EVWUDFW Reduced order modeling for nonlinear geometric vibrations of thin-walled structures
has been an active research subject in the last two decades due, in particular, to its advantage
in significantly reducing the computational cost of determining the dynamic response. Two key
issues of this modeling are the construction of the basis and the identification of nonlinear
stiffness coefficients. The present study focuses on the basis construction and a systematic strategy is proposed to achieve it using data derived from the linear modes of the structure with
some general information about the dynamic loading, e.g., cut-off frequency. Thus, the basis is
applicable to a broad range of such dynamic loadings. A clamped-clamped straight beam is
used to demonstrate the construction of bases according to the proposed strategy. A force distribution mapped from measured aerodynamic pressure distribution is used as loading for
which both static and dynamic nonlinear responses are obtained at various levels, from weakly
to very strong nonlinear, and from both finite element and reduced order models. This data is
used to assess the constructed bases and validate the predictions of the ensuing reduced order
models. It is shown that the constructed bases provide a very good representation of the finite
element nonlinear structural responses and that the corresponding reduced order model lead
to accurate predictions of these responses. The importance of adding out-of-band linear modes
in the basis is also demonstrated.
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 ,1752'8&7,21
,QWKHODVWWZRGHFDGHVUHGXFHGRUGHUPRGHOLQJPHWKRGVKDYHEHHQGHYHORSHGIRUWKHSUH
GLFWLRQRIWKHQRQOLQHDUJHRPHWULFYLEUDWLRQVRIWKLQZDOOHGVWUXFWXUHV>@$VVHHQEHORZ
WKHVHPHWKRGVUHTXLUHDQRWDEOHQXPEHURIQRQOLQHDUVWDWLFVROXWLRQVWREHSHUIRUPHGDVSDUWRI
WKHUHGXFHGRUGHUPRGHO 520 FRQVWUXFWLRQ7KXVWKH\DUHQRWFRPSXWDWLRQDOO\HIILFLHQWIRU
GHWHUPLQLQJWKHVWDWLFUHVSRQVHRIWKHVWUXFWXUHWRDIHZGLIIHUHQWORDGV5DWKHUWKH520VEH
FRPHYDOXDEOHZKHQWKHUHLVDODUJHQXPEHURIQRQOLQHDUVROXWLRQVQHHGHGHLWKHUZKHQWKHUH
DUHPDQ\GLIIHUHQWVWDWLFORDGLQJVRUPRUHOLNHO\ZKHQGHWHUPLQLQJORQJGXUDWLRQG\QDPLFFRP
SXWDWLRQVHJIRUIDWLJXHOLIHSUHGLFWLRQ7KH520VDUHDOVRYHU\GHVLUDEOHLQPXOWLSK\VLFV
SUREOHPVVHH>@IRUH[DPSOHVERWKEHFDXVHPDQ\LWHUDWLRQVPD\EHQHHGHGEHWZHHQGLI
IHUHQWSK\VLFVVROYHUVEXWDOVREHFDXVHRIWKHHDVHRILPSOHPHQWLQJWKH520JRYHUQLQJHTXD
WLRQV LQ D QRQVWUXFWXUDO VROYHU 5HGXFHG RUGHU PRGHOV DUH DOVR YHU\ YDOXDEOHLQ XQFHUWDLQW\
DQDO\VHVVHH>@IRUH[DPSOHQRWRQO\EHFDXVHRIWKHLUFRPSXWDWLRQDOHIILFLHQF\EXWDOVR
EHFDXVHWKH\SURYLGHDIUDPHZRUNWRJOREDOO\LQWURGXFHXQFHUWDLQW\ZKLFKLVFKDOOHQJLQJWRGR
DWWKHILQLWHHOHPHQWOHYHO
2ILQWHUHVWKHUHDUHQRQLQWUXVLYHQRQOLQHDUUHGXFHGRUGHUPRGHOV 520V LHWKRVHEXLOW
IURPGDWDH[WUDFWHGIURPFRPPHUFLDOILQLWHHOHPHQWVRIWZDUHHJ1DVWUDQ$EDTXVHWFVHH
>@IRUDUHFHQWUHYLHZ2QHDGYDQWDJHRIQRQLQWUXVLYHUHGXFHGRUGHUPRGHOVLVWKHFDSDELOLW\
WR KDQGOH FRPSOH[ JHRPHWU\ DQG ERXQGDU\ FRQGLWLRQV RI VWUXFWXUHV LQ HQJLQHHULQJ SUDFWLFH
6XFKUHGXFHGRUGHUPRGHOVKDYHEHHQEXLOWIRUDODUJHQXPEHURIVWUXFWXUHVDQGWKHLUSRWHQWLDO
KDVEHHQGHPRQVWUDWHGHJVHH>@
,QWKHSUHVHQWQRQOLQHDUUHGXFHGRUGHUPRGHOVWKHQRQOLQHDUVWUXFWXUDOGLVSODFHPHQVRIWKH
ILQLWHHOHPHQWPRGHOu t DUHUHSUHVHQWHGDV
N

u t

¦ qn

t I

n





n 

ZKHUH q n t DUHWKHWLPHGHSHQGHQWJHQHUDOL]HGFRRUGLQDWHVDQG I

n

DUHWKHEDVLVIXQFWLRQV

$VVXPLQJ WKH PDWHULDO LV OLQHDUO\ HODVWLF IROORZLQJ D .LUFKKRII ± 6DLQW 9HQDQW FRQVWLWXWLYH
HTXDWLRQWKHJRYHUQLQJHTXDWLRQRIWKHQRQOLQHDUUHGXFHGRUGHUPRGHOFDQEHREWDLQHGXVLQJ
WKH*DOHUNLQDSSURDFKVHH>@IRUGHWDLOVDV VXPPDWLRQRYHUUHSHDWHGLQGLFHVLPSOLHG 
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ZKHUH M ij GHQRWHV WKH HOHPHQWV RI WKH PDVV PDWUL[ Kij  Kijl  DQG Kijlp
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TXDGUDWLFDQGFXELFVWLIIQHVVFRHIILFLHQWVDQG Fi
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F LVWKHPRGDOIRUFHDVVRFLDWHGZLWK

PRGH i7KHGDPSLQJPDWUL[ Dij LVDGGHGWRFROOHFWLYHO\UHSUHVHQWYDULRXVHQHUJ\GLVVLSDWLRQ
PHFKDQLVPV2QHFRPPRQO\XVHGGDPSLQJPRGHODVDGRSWHGLQWKHSUHVHQWSDSHULVWKH5D\
OHLJKGDPSLQJPRGHOGHILQHGDV
Dij
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ZKHUH D DQG E DUHWKH5D\OHLJKGDPSLQJFRHIILFLHQWV
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,QQRQLQWUXVLYHUHGXFHGRUGHUPRGHOVWKH520PDWULFHVLQ(T  DUHLGHQWLILHGXVLQJGDWD
IURPFRPPHUFLDOILQLWHHOHPHQWVRIWZDUH7KHFRPSXWDWLRQRIWKHOLQHDUPDWULFHVLHWKHPDVV
DQGWKHVWLIIQHVVLVVWUDLJKWIRUZDUGRQFHWKHLUILQLWHHOHPHQWFRXQWHUSDUWVDUHH[WUDFWHGIURP
WKHILQLWHHOHPHQWVRIWZDUH6SHFLILFDOO\WKHPDWULFHVMDQG K  DUHREWDLQHGDVWKHSURMHFWLRQ
RQWKHEDVLV )

^I
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7KHGDPSLQJPDWUL[FDQWKHQEHFRPSXWHGXVLQJWKH5D\OHLJKGDPSLQJPRGHO
7KH HYDOXDWLRQ RI WKH QRQOLQHDU VWLIIQHVV FRHIILFLHQWV KDV WR SURFHHG GLIIHUHQWO\ VLQFH WKH
JOREDOQRQOLQHDUVWLIIQHVVRSHUDWRULVW\SLFDOO\QRWFRPSXWHGQRWDYDLODEOHLQDFRPPHUFLDOIL
QLWH HOHPHQW FRGH ,Q RQH SURSRVHG DSSURDFK WKH GLVSODFHPHQWIRUFH PHWKRG >@ D VHW RI
GHVLJQHG VWDWLF GLVSODFHPHQWV DUH LPSRVHG WR WKH VWUXFWXUH DQG WKH FRUUHVSRQGLQJ QRQOLQHDU
IRUFHVDUHREWDLQHGIURPWKHILQLWHHOHPHQWFRGH7KH\DUHWKHQXVHGWRFRPSXWHWKHFRUUHVSRQG
LQJPRGDOIRUFHV Fi )LQDOO\LPSRVLQJWKHVDPHPRGDOGLVSODFHPHQWVDQGPRGDOIRUFHVWRWKH
520JRYHUQLQJHTXDWLRQ(T  OHDGVWRWKHFRQGLWLRQV

Kij q j  Kijl q j ql  Kijlp
q j ql q p

Fi




 %\ DQ DSSURSULDWH
ZKLFK FDQ EH XVHGWR GHWHUPLQH WKH VWLIIQHVVFRHIILFLHQWV Kijl DQG Kijlp
VHOHFWLRQRILPSRVHGGLVSODFHPHQWVWKHFRHIILFLHQWVWREHLGHQWLILHGFDQEHGLYLGHGLQWRDQXP
EHURIVPDOOHU LQFOXGLQJXSWRWKUHHPRGHV JURXSVDQGLGHQWLILHGVHSDUDWHO\VHH>@IRUGH
WDLOV
:KHQWKHEDVLVRID520LVODUJHWKLVGLVSODFHPHQWIRUFHPHWKRGUHTXLUHVDODUJHQXPEHU

RIVWDWLFVROXWLRQVLH O N  /  7RUHVROYHWKLVLVVXHDPHWKRGXVLQJWKHWDQJHQWVWLIIQHVV

PDWUL[GHQRWHGDV K T LQVWHDGRIWKHIRUFHLQWKHLGHQWLILFDWLRQKDVEHHQGHYHORSHG>@7KLV
GLVSODFHPHQW K T PHWKRG UHOLHV RQ WKH DYDLODELOLW\ RI WKH WDQJHQW VWLIIQHVV PDWUL[ IRU HDFK
LPSRVHGGLVSODFHPHQW2QFHWKLVPDWUL[KDVEHHQREWDLQHGLWLVSURMHFWHGRQWKHEDVLVDVLQ(T
 DQGWKHQPDWFKHGWRLWV520FRXQWHUSDUWRIiuHOHPHQWJLYHQE\
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7KHDGYDQWDJHRIWKLVDSSURDFKLVWKDWDQNîNPDWUL[ WKHWDQJHQWVWLIIQHVVPDWUL[ LVRE
WDLQHGIRUHDFKVROXWLRQWKHUHE\OHDGLQJWRDUHGXFWLRQRIWKHFRPSXWDWLRQDOHIIRUWWR O N  /  
,QSULQFLSOHWKHQRQOLQHDUVWLIIQHVVFRHIILFLHQWVVKRXOGEHLQGHSHQGHQWRIWKHLPSRVHGGLV
SODFHPHQWV XVHGWR LGHQWLI\WKHP+RZHYHUGXHWRGLIIHUHQFHWKHQRQOLQHDUIRUPXODWLRQEH
WZHHQWKH520DQGPRVWFRPPHUFLDOILQLWHHOHPHQWVRIWZDUHLWLVREVHUYHGWKDWWKHLGHQWLILHG
VWLIIQHVVFRHIILFLHQWVH[KLELWYDULDWLRQVZLWKUHVSHFWWRWKHDPSOLWXGHRIWKHGLVSODFHPHQWVXVHG
7RFRXQWHUDFWWKLVGHSHQGHQFHDPXOWLOHYHOLGHQWLILFDWLRQPHWKRGKDVEHHQGHYHORSHGWRILQG
WKHRSWLPDOGLVSODFHPHQWOHYHOIRUHDFKQRQOLQHDUVWLIIQHVVFRHIILFLHQW>@
7KHDERYHGLVFXVVLRQKDVIRFXVHGRQWKHLGHQWLILFDWLRQRIWKHQRQOLQHDUVWLIIQHVVFRHIILFLHQWV
EXWDQRWKHUNH\LVVXHLVWKHVHOHFWLRQRIWKHEDVLV7KHEDVLVGHWHUPLQHVKRZZHOOWKH520
UHSUHVHQWVQRQOLQHDUUHVSRQVHVRIWKHVWUXFWXUHZKLOHWKHQRQOLQHDUVWLIIQHVVFRHIILFLHQWVGLFWDWH
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WKH QRQOLQHDU JHRPHWULF HIIHFWV GXH WR WKH ODUJH GHIRUPDWLRQ RI WKH VWUXFWXUH 7RJHWKHU WKH\
GHWHUPLQHWKHDFFXUDF\RIWKH520SUHGLFWLRQV
$VLJQLILFDQWIHDWXUHRIWKHQRQOLQHDUJHRPHWULFUHVSRQVHRIWKLQZDOOHGVWUXFWXUHVLVWKHLQ
SODQHGLVSODFHPHQWVGXHWRWKHODUJHWUDQVYHUVHGHIRUPDWLRQVDVVRFLDWHGZLWKWKH³PHPEUDQH
VWUHWFKLQJ´HIIHFW7KHVHLQSODQHGLVSODFHPHQWVZKLFKDUHW\SLFDOO\KLJKHUIUHTXHQF\KLJKHU
VWUDLQWKDQWKHLUWUDQVYHUVHFRXQWHUSDUWVSOD\DQLPSRUWDQWUROHLQWKHQRQOLQHDUVWLIIHQLQJDQG
WKXVPXVWEHSURSHUO\DFFRXQWHGIRUE\WKHQRQOLQHDU520,QWKLVGLVFXVVLRQWKHWUDQVYHUVH
GLUHFWLRQLVIRUPDOO\GHILQHGDVWKHGLUHFWLRQQRUPDOWRWKHWKLQZDOOVXUIDFHDQGWKHWZRLQ
SODQHGLUHFWLRQVLQJHQHUDODUHGHILQHGDVWZRRUWKRJRQDOGLUHFWLRQVRQWKHVXUIDFHSHUSHQGLFXODU
WRWKHWUDQVYHUVHGLUHFWLRQ7KXVWKHWUDQVYHUVHDQGLQSODQHGLUHFWLRQVZRXOGWKHQFKDQJHZLWK
ORFDWLRQRQWKHVWUXFWXUHZKHQFXUYDWXUHLVSUHVHQW7RDYRLGWKLVVLWXDWLRQWKHWUDQVYHUVHDQG
LQSODQHGLUHFWLRQVZLOOKHUHEHGHILQHGIRUSDQHOVZLWKVKDOORZFXUYDWXUHDVWKRVHDVVRFLDWHG
ZLWKWKHIL[HGIODWPHDQVXUIDFH
,QSUHYLRXVQRQLQWUXVLYHQRQOLQHDU520LQYHVWLJDWLRQVWZRW\SHVRIDSSURDFKHVKDYHEHHQ
XVHGWRFRQVWUXFWWKH520EDVLVVHH>@IRUGLVFXVVLRQ2QHDSSURDFKWHUPHGWKHLPSOLFLW
FRQGHQVDWLRQDQGH[SDQVLRQPHWKRG>@XVHVDEDVLVFRPSRVHGRIOLQHDUPRGHVWKDWFDSWXUHV
ZHOOWKHWUDQVYHUVHFRPSRQHQWRIWKHGLVSODFHPHQWV7KHLQSODQHGLVSODFHPHQWVDUHQRWGLUHFWO\
PRGHOHGWKH\DUHDVVXPHGVWDWLFDOO\FRQGHQVHGRQWKHOLQHDUPRGHVDQGWKXVWKHLUHIIHFWVDUH
DFFRXQWHGIRUWKURXJKFKDQJHVRIWKHQRQOLQHDUVWLIIQHVVFRHIILFLHQWV,IGHVLUHGHJWRHVWLPDWH
WKHVWUHVVHVWKHLQSODQHGLVSODFHPHQWVFDQEHUHFRYHUHGLQWKHH[SDQVLRQFRPSRQHQWRIWKH
PHWKRG
7KHVHFRQGVWUDWHJ\WRFRQVWUXFWWKH520EDVLVVHHNVWRUHSUHVHQWDOOFRPSRQHQWVWUDQV
YHUVHDQGLQSODQHRIWKHGLVSODFHPHQWILHOG6XFKDEDVLVLVIRUPHGE\HQULFKLQJWKHOLQHDU
PRGHV WKDW ZRXOG EH XVHG LQ WKH DEVHQFH RI QRQOLQHDU HIIHFWV ZLWK D VHW RI DGGLWLRQDO EDVLV
IXQFWLRQVVXFKDVGXDOPRGHV>@KLJKHURUGHUOLQHDUPRGHV VHH>@ RWKHUPRGDOGHULYDWLYHV
>@7KHGXDOPRGHVXVHGLQWKHVHTXHODUHH[WUDFWHGIURPDVHWRIQRQOLQHDUVWDWLFVROXWLRQV
FRUUHVSRQGLQJWRORDGLQJVWKDWZRXOGLQGXFHLQWKHOLQHDUFDVHGLVSODFHPHQWVWKDWDUHDORQJRQH
RUWZRRIWKHVHOHFWHGOLQHDUPRGHV7KHFRUUHVSRQGLQJIRUFHVRQWKHILQLWHHOHPHQWPHVKDUH
WKXVRIWKHIRUP
FE
Fij,s

K FE ª¬ rDij,s Ii  I j  / º¼ 



ZKHUHiDQGjDUHWKHLQGLFHVRIWKHWZRPRGHV WKHFDVHi jHPXODWHVWKHVLQJOHPRGHFDVH 
,QWKLVHTXDWLRQ Dij ,s DUHDVHWRIVFDOLQJIDFWRUVVHOHFWHGVRWKDWWKHFRUUHVSRQGLQJVWUXFWXUDO
UHVSRQVH VSDQV D JLYHQ UDQJH RI OHYHOV 2QFH WKHVH UHVSRQVHV KDYH DOO EHHQ GHWHUPLQHG WKH
WUDQVYHUVHFRPSRQHQWVRIWKLVGDWDDUHILUVWUHPRYHGE\PDNLQJWKHGLVSODFHPHQWVRUWKRJRQDO
WRWKHOLQHDUPRGHVVHOHFWHG1H[WDSURSHURUWKRJRQDOGHFRPSRVLWLRQ 32' DQDO\VLVLVFDUULHG
RXWDQG32'HLJHQYHFWRUVZLWKGHVLUHGIHDWXUHV VHHVHFWLRQ DUHUHWDLQHGDVGXDOPRGHV
:KLOHWKHILQDOPHDVXUHRIWKHDSSURSULDWHQHVVRIDEDVLVLVWKHDFFXUDF\LQWKHPDWFKLQJRI
SUHGLFWLRQVIURPWKH520DQGIURPWKHXQGHUO\LQJILQLWHHOHPHQWPRGHOWKLVPHDVXUHLVDOVR
DIIHFWHGE\WKHHVWLPDWLRQRIWKHQRQOLQHDUVWLIIQHVVFRHIILFLHQWVZKLFKPD\EHLQDFFXUDWHVHH
>@$QLQWHUPHGLDWHYDOLGDWLRQRIWKHEDVLVFDQEHSHUIRUPHGE\TXDQWLI\LQJKRZZHOOWKH
EDVLVUHSUHVHQWVWKHGLVSODFHPHQWILHOGREWDLQHGIURPWKHILQLWHHOHPHQWPRGHO7KLVWDVNFDQ
EHDFKLHYHGWKURXJKWKHUHSUHVHQWDWLRQHUURUGHILQHGDV

H re

ubasis  uFE
uFE
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ZKHUH uFE LVDQRQOLQHDUVWUXFWXUDOGLVSODFHPHQWSUHGLFWHGE\WKHILQLWHHOHPHQWVRIWZDUHDQG
ubasis LVLWVEHVWDSSUR[LPDWLRQJLYHQWKHEDVLVLQWKHOHDVWVTXDUHVVHQVHLH
ubasis

)  q proj 



ZKHUH q proj LVWKHYHFWRURISURMHFWLRQFRHIILFLHQWVRIWKHILQLWHHOHPHQWGLVSODFHPHQWRQWKH
EDVLV,WVKRXOGEHQRWHGWKDWWKHUHSUHVHQWDWLRQHUURUFDQEHHYDOXDWHGIRUWKHHQWLUHGLVSODFH
PHQWILHOGRUDQ\VXEVHWWKHUHRI,QIDFWLWZLOOEHFRQYHQLHQWLQWKHVHTXHOWRGHWHUPLQHVHSD
UDWHO\UHSUHVHQWDWLRQHUURUVRIWKHWUDQVYHUVHDQGLQSODQHGLVSODFHPHQW)RUVXFKFRPSXWDWLRQV
WKHSURMHFWLRQLVVWLOOSHUIRUPHGRYHUDOOGLVSODFHPHQWVEXWWKHFRPSXWDWLRQRI H re LVOLPLWHGWR
WKHGLVSODFHPHQWVFKRVHQ
 6<67(0$7,&352&('85()25'8$/02'(6%$6,6&216758&7,21

6LQFHLWVLQWURGXFWLRQ>@WKHGXDOPRGHVPHWKRGRORJ\KDVEHHQXVHGWRIRUPWKH520EDVLV
IRUGLIIHUHQWVWUXFWXUDOPRGHOVVHH>@DQGUHIHUHQFHVWKHUHLQUDQJ
LQJIURPVLPSOHVWUXFWXUHVWRUDWKHUFRPSOH[RQHV HJWKHED\SDQHORI>@2YHUWKH\HDUV
WKHPHWKRGRORJ\KDVVOLJKWO\HYROYHGDQGKDVEHHQUHILQHG7KLVVHFWLRQSUHVHQWVDQXSWRGDWH
GHWDLOHGQRQOLQHDU520EDVLVFRQVWUXFWLRQSURFHGXUHVWDUWLQJZLWKWKHVHOHFWLRQRIWKHOLQHDU
PRGHVDQGWKHGHWHUPLQDWLRQRIWKHDVVRFLDWHGGXDOV
$V VWDWHG LQ WKH LQWURGXFWLRQ QRQOLQHDU 520V DUH PRVW YDOXDEOH IRU G\QDPLF DQDO\VHV
PXOWLSK\VLFV SUREOHPV DQGRU XQFHUWDLQW\ TXDQWLILFDWLRQ DQG SURSDJDWLRQ HIIRUWV RZLQJ WR
WKHLURYHUKHDGLQQRQOLQHDUVWDWLFVROXWLRQV7KHODWWHUWZRVLWXDWLRQVPD\UHTXLUHVSHFLILFFRQ
VLGHUDWLRQVRQWKHEDVLVFRQVWUXFWLRQDQGWKXVDUHQRWFRYHUHGKHUHZKHUHWKHIRFXVLVRQWKH
G\QDPLFUHVSRQVHWRDSHUVLVWHQWORDGLQJLQWKHIUHTXHQF\EDQG> f cutoff @ZKHUH f cutoff LVD
IUHTXHQF\ORZHQRXJKWKDW L WKHQDWXUDOIUHTXHQFLHVRIWKHOLQHDUV\VWHPDUHUHDVRQDEO\ZHOO
VHSDUDWHG WKLVUHTXLUHPHQWLVDOVRDSSOLFDEOHIRUOLQHDU520V DQG LL WKHPRGHVH[FLWHGDUH
SULPDULO\WUDQVYHUVH
$VLVZHOONQRZQDQGZLOOEHIXUWKHUVKRZQLQ6HFWLRQWKHQRQOLQHDUUHVSRQVHRIVWUXFWXUHV
HYROYHVDQGQRWMXVWE\DVFDOLQJDVWKHORDGLQJOHYHOLQFUHDVHV,WLVWKXVGHVLUDEOHWRVHWDOLPLW
RQZKDWOHYHORIGLVSODFHPHQWVWKHEDVLVZLOOEHH[SHFWHGWRUHSUHVHQWZHOO,IWKHUHLVQRSURE
OHPVSHFLILFOLPLWLWLVVXJJHVWHGKHUHWKDWWKHPD[LPXPGLVSODFHPHQWEHVHWIURPILUVWIDLOXUH
RIWKHVWUXFWXUH+LJKHUOHYHOVFRXOGEHVHWLIWKHGHVLUHGDSSOLFDWLRQRIWKH520LVWRFUDFN
LQLWLDWLRQDQGSURSDJDWLRQWLOOXOWLPDWHFROODSVH)LUVWIDLOXUHIRUFODPSHGWKLQZDOOHGVWUXFWXUHV
WKDWZHKDYHFRQVLGHUHGRFFXUVRIWHQZKHQWKHSHDNGLVSODFHPHQWLVRIWKHRUGHURIDIHZ VD\
 WKLFNQHVV
:LWKWKHDERYHFRQGLWLRQVWKHFRQVWUXFWLRQRIWKH520EDVLVSURFHHGVDVIROORZV
$ 6HOHFWLRQRIWKH/LQHDU0RGHV
7KHVHOHFWLRQRIWKHUHOHYDQWOLQHDUPRGHVLVWKHILUVWVWHSRIWKHEDVLVFRQVWUXFWLRQ$WWKH
YHU\OHDVWWKLVVHWVKRXOGLQFOXGHWKHOLQHDUPRGHVWKDWZRXOGEHXVHGLQWKHOLQHDUFDVHLH
WKRVHLQWKHEDQG> f cutoff @7KLVVHWPD\QRWEHVXIILFLHQWKRZHYHU(QHUJ\WUDQVIHUEHWZHHQ
LQEDQGDQGRXWRIEDQGPRGHVLVZHOONQRZQWRH[LVWDQGFDQRFFXULQSDUWLFXODU³VWDWLFDOO\´
WKURXJKPRGDOLQWHUDFWLRQVURRWHGLQWKHQRQOLQHDUVWLIIQHVVFRHIILFLHQWVDVZHOODV³G\QDPL
FDOO\´HJLQWHUQDOUHVRQDQFHVVHHVHFWLRQDQG>@IRU520EDVHGH[DPSOHV7KHIRUPHU
LQWHUDFWLRQLVGHWHFWDEOHLQSDUWLFXODULQWKHFRQVWUXFWLRQRIWKHGXDOVVHHVWHS&EHORZEXWWKH
ODWWHULVPRUHGLIILFXOWWRSUHGLFWDSULRUL$VDIHUDSSURDFKIRUWKHODWWHUZRXOGWKHQEHWRLQFOXGH
PRGHVLQDEURDGHUEDQG>p f cutoff @ZKHUHpLVDIDFWRUODUJHUWKDQ*LYHQWKHFXELFQDWXUH
RIWKHQRQOLQHDULW\WKHYDOXHp LVXVHGLQVHFWLRQ,QWKLVUHJDUGQRWHWKDW³VWURQJQRQOLQHDU
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HYHQWV´HJORFDOEXFNOLQJJOREDOEXFNOLQJVQDSWKURXJKPD\QHFHVVLWDWHDILQHUPRGHVH
OHFWLRQWREHZHOOFDSWXUHG
% *HQHUDWLRQRI'DWDIRU'XDO0RGHV'HWHUPLQDWLRQ
$VGLVFXVVHGLQVHFWLRQWKHGXDOPRGHVDUHH[WUDFWHGIURPVWDWLFILQLWHHOHPHQWVROXWLRQV
LQZKLFKWKHORDGLQJLVRIWKHIRUPRI(T  ,QSULQFLSOHDOO QRQUHSHDWLQJ FRPELQDWLRQVRI
iDQGjVKRXOGEHFRQVLGHUHGLQFOXGLQJi j3URFHHGLQJLQWKLVPDQQHUZLOOOHDGWR O Nt / 
FRPELQDWLRQVDQGVHWVRIVWDWLFVROXWLRQVZKHUH Nt GHQRWHVWKHQXPEHURIOLQHDUPRGHVVHOHFWHG
LQ VWHS $ DERYH )RU FRPSOH[ VWUXFWXUHVODUJH PRGHOV WKLV QXPEHU RI FRPELQDWLRQVPD\ EH
H[FHVVLYHO\ODUJHHVSHFLDOO\DVVXPLQJWKDWVRPHGXDOPRGHVZLOOEHWDNHQIRUHDFKFRPELQDWLRQ
,QVHHNLQJDUHGXFWLRQRIWKLVHIIRUWLWLVQRWHGWKDWQRWDOOFRPELQDWLRQVDUHDVLPSRUWDQW
)URP WKHGHULYDWLRQLQ>@LW LVFRQFOXGHG WKDW WKH FRPELQDWLRQV WKDW LQYROYH WKH ODUJHVW UH
VSRQGLQJPRGHVDUHWKRVHSURGXFLQJWKHPRVWLPSRUWDQWGXDOPRGHV$VVXPLQJWKDWVXFKLQ
IRUPDWLRQLVDYDLODEOHRUFDQEHHVWLPDWHGRQHFRXOGVSOLWWKHOLQHDUPRGHVLQWRWKUHHJURXSV
JURXSRIZKLFKDOOFRPELQDWLRQVDUHWDNHQ LH³GRPLQDQWPRGHV´ JURXSZKLFKDUHFRQ
VLGHUHGLQFRPELQDWLRQHDFKZLWKDJURXSPRGHDQGJURXSZKLFKDUHQRWLQFOXGHGLQDQ\
FRPELQDWLRQ
,QWKHSDVWWKHVSOLWEHWZHHQWKHVHJURXSVKDVEHHQPDGHEDVHGRQWKHOLQHDUUHVSRQVHDQG
WKLVKDVZRUNHGZHOOH[FHSWIRUWKHEHDPRI>@DQGWKHED\SDQHORI>@LQZKLFKDOLQHDU
PRGHZLWKYHU\OLWWOHOLQHDUUHVSRQVHKDVDPXFKODUJHURQHLQWKHQRQOLQHDUFDVH6XFKFDVHV
FRXOGEHGHWHFWHGIURPWKHVHWRIQRQOLQHDUVWLIIQHVVFRHIILFLHQWVRIWKHOLQHDUPRGHVRQO\ZKLFK
FDQDOUHDG\EHLGHQWLILHG6XFKDGHWHFWLRQLVFXUUHQWO\LQYHVWLJDWHG$QRWKHUVWUDWHJ\LVWRFKHFN
DVWKHG\QDPLFUHVSRQVHLVFRPSXWHGWKDWWKHVSOLWRIPRGHVLVLQGHHGFRUUHFWDQGWRPRGLI\WKH
EDVLVLILWLVIRXQGWKDWWKHDVVXPHGVSOLWLVQRWDSSURSULDWH
,QWKHDERYHVSLULWWKHH[DPSOHRIVHFWLRQZLOOFRQVLGHUDOOPRGHVLQEDQGWREHORQJWR
JURXSDQGWKRVHRXWRIEDQGWREHORQJWRJURXSEDVHGRQWKHH[SHFWDWLRQWKDWWKHLQEDQG
PRGHVZLOOFRQWULEXWHQRWDEO\PRUHWKDQWKHRXWRIEDQGRQHV6KRXOGDQLQWHUQDOUHVRQDQFH
LQYROYLQJ DQ RXWRIEDQG PRGH EH VXVSHFWHG WKLV PRGH VKRXOG EH LQFOXGHG LQ JURXS  VHH
GLVFXVVLRQRI>@ 
,QFORVLQJWKLVGLVFXVVLRQLWLVZRUWKZKLOHWRFRPPHQWRQWKHIDFWRURIDSSHDULQJLQ(T
 $VZULWWHQWKHOLQHDUUHVSRQVHVLQGXFHGE\WKHIRUFHVRI(T  DUH
u

rDij ,s Ii  I j  / 

 

DQGWKXVWKHVHGLVSODFHPHQWVLQYROYHERWKVLJQLILFDQWO\ HTXDOO\ WKHPRGHV$VWLPHSUR
JUHVVHVWKHUDWLRRIWKHUHVSRQVHVRIPRGHViDQGjZLOOYDU\DQGWKXVQRIL[HGQXPEHULVOLNHO\
WRFKDUDFWHUL]HWKHLUUHODWLYHLPSRUWDQFH$VVXPLQJWKHPHTXDODVLQ(T  LVWKXVPHDQWDV
LQGXFLQJDUHSUHVHQWDWLYHLQWHUDFWLRQ,QIDFWDQHDUOLHUYHUVLRQRI(T  >@XVHGWKHILQLWH
HOHPHQWPDVVPDWUL[LQVWHDGRIWKHVWLIIQHVVRQH7KLVJLYHVULVHWRVWDWLFOLQHDUGLVSODFHPHQWV
Dij,s ª Ii I j º
«
»
u r

 
 « Zi Zj »
¬
¼
ZKLFKGLIIHUIURP(T  E\WKHUHODWLYHVFDOLQJRIWKHWZRPRGHVLQYROYHGZKLFKLQYROYHV
WKHWZROLQHDUQDWXUDOIUHTXHQFLHV Zi DQG Zj 9HU\JRRGEDVHVZHUHDOVRFRQVWUXFWHGIURPWKH
FRUUHVSRQGLQJQRQOLQHDUVWDWLFUHVSRQVHV
& 6HOHFWLRQRIWKH'XDO0RGHV
7KHGXDOPRGHVDUHFRQVWUXFWHGXVLQJWKHDERYHQRQOLQHDUGLVSODFHPHQWGDWDIURPHDFKFRP
ELQDWLRQ RQH DIWHU DQRWKHU LQ D ORRS RYHU DOO FRPELQDWLRQV 7KH GHIDXOW RUGHU RI WKH
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FRPELQDWLRQVLQWKHORRSLVGHWHUPLQHGE\VRUWLQJWKHVXPPDWLRQVRIWKHVTXDUHVRIWKHQDWXUDO
IUHTXHQFLHVRIWKHWZRPRGHVLQHDFKRIWKHFRPELQDWLRQVZKLFKLVDQLQGLFDWLRQRIWKHFRP
ELQHGVWLIIQHVVRIWKHWZRPRGHVIURPWKHVPDOOHVWWRWKHODUJHVW7KHVPDOOHUWKHVXPPDWLRQ
LVWKHODUJHUWKHHIIHFWRIWKDWFRPELQDWLRQRIWZRPRGHVRQWKHLQSODQHGHIRUPDWLRQPD\EH
H[SHFWHG
2YHUDOOWKHGXDOPRGHVZLOOEHVHOHFWHGDVHLJHQYHFWRUVRI32'DQDO\VHVRIWKHGDWDJHQHU
DWHGLQVWHS%HDFKFRPELQDWLRQLQWXUQEXWQRWQHFHVVDULO\WKHHLJHQYHFWRUVZLWKODUJHVWHL
JHQYDOXHV 5DWKHU WKH QHFHVVDU\ HLJHQYHFWRUV DUH WKRVH WKDW OHDG WR D JRRG FDSWXULQJ RI
HVSHFLDOO\WKHLQSODQHGLVSODFHPHQWVZKLFKDUHVLJQLILFDQWO\ODUJHUIRUQRQOLQHDUUHVSRQVHVWKDQ
WKH\DUHIRUOLQHDURQHVRZLQJWRWKHPHPEUDQHVWUHWFKLQJHIIHFW,QWKHSDVWVHHIRUH[DPSOH
>@WKLVVHOHFWLRQZDVSHUIRUPHGEDVHGRQDVWUDLQHQHUJ\PHDVXUHDVVRFLDWHGZLWKHDFK
HLJHQYHFWRUEDVHGRQWKHH[SHFWDWLRQWKDWLQSODQH PRWLRQVDUHVWLIIHUW\SLFDOO\PXFKVWLIIHU
WKDQWKHLUWUDQVYHUVHFRPSRQHQWV7KHQDVPDQ\RIWKHODUJHVWUDLQ32'HLJHQYHFWRUVZRXOG
EHWDNHQIRUHDFKFRPELQDWLRQDVQHFHVVDU\WRFDSWXUHZHOOHDFKRIWKHUHVSRQVHVJHQHUDWHGIRU
WKDWFRPELQDWLRQ$VOLJKWO\GLIIHUHQWVWUDWHJ\LVGHVFULEHGEHORZWKDWHIIHFWLYHO\OHDGVWRWKH
VDPHGXDOPRGHVHOHFWLRQEXWLVPRUHV\VWHPDWLF,WUHOLHVRQSUHVFULEHGUHSUHVHQWDWLRQHUURU
I
WKUHVKROGVIRUWKHWUDQVYHUVHDQGLQSODQHGLVSODFHPHQWV HTre,thr DQG H re,thr
,QRXUSDVWLQYHV

WLJDWLRQVDVZHOODVLQVHFWLRQWKHVHWKUHVKROGVZHUHVHWWR
7KHQWKHGXDOFRQVWUXFWLRQLVGLYLGHGLQWKHIROORZLQJVXEVWHSV
D 7KHILUVWVXEVWHSIRFXVHVRQFRQILUPLQJRUFRPSOHWLQJWKHOLQHDUPRGHEDVLV$WWKHEHJLQ
QLQJRIWKHORRSWKHEDVLVFRQVLVWVRIOLQHDUPRGHVRQO\7KHQWKHUHVSRQVHGDWDIRUHDFKFRP
ELQDWLRQLVSURMHFWHGRQWKHFXUUHQWVHWRIOLQHDUPRGHVDQGWKHFRUUHVSRQGLQJUHSUHVHQWDWLRQ
HUURUVRIWKHWUDQVYHUVHGLVSODFHPHQWV HTre DUHFRPSXWHG,IWKHVHHUURUVDUHEHORZWKHWKUHVKROG
HTre,thr WKHQQRDFWLRQLVWDNHQ,IRQHRUPRUHLVDERYHWKLVWKUHVKROGWKHQWZRRSWLRQVDUH

SRVVLEOH7KHILUVWRQHLVWRDGGPRUHOLQHDUPRGHVWREHEDVLVVSHFLILFDOO\WKRVHWKDWDUHPRVW
SUHVHQWLQWKHWUDQVYHUVHFRPSRQHQWVRI ubasis  uFE 7KHVHFRQGRSWLRQLVWRHQULFKWKHEDVLV
GXULQJVWHS F 
E )RUHDFKFRPELQDWLRQLQWKHORRSVWDUWLQJZLWKWKHILUVWWKHVHWRIQRQOLQHDUGLVSODFHPHQWV
DUHPDGHRUWKRJRQDOWRWKHVHWRIOLQHDUPRGHVLQFOXGLQJWKRVHREWDLQHGLQVXEVWHS D LIDS
SOLFDEOH7KHQDSURSHURUWKRJRQDOGHFRPSRVLWLRQ 32' RIWKLVVHWRIGLVSODFHPHQWUHVLGXDOV
LVFDUULHGRXWDQGVWHS F IROORZV
F )RUDOOTXDQWLWLHVRILQWHUHVWHJWRWDOGLVSODFHPHQWLQGLYLGXDOGLVSODFHPHQWFRPSRQHQWV
WKHUHSUHVHQWDWLRQHUURURIWKHVHWRIQRQOLQHDUUHVSRQVHVIRUWKH FXUUHQW FRPELQDWLRQE\WKH
FXUUHQWEDVLVLQFOXGLQJWUDQVYHUVHPRGHVDQGGXDOPRGHVFRQVWUXFWHGIURPSUHYLRXVFRPEL
QDWLRQVLIDQ\LVFRPSXWHG,IDQ\RIWKHVHHUURUVLVODUJHUWKDQLWVSUHGHILQHGWKUHVKROGWKHQ
RQHRUPRUH32'HLJHQYHFWRUZLOOEHDGGHGWRWKHFXUUHQWEDVLV7RVHOHFWZKLFKRQHLVPRVW
DSSURSULDWHHDFK32'HLJHQYHFWRULVDGGHGWRWKHFXUUHQWEDVLVLQGLYLGXDOO\DQGWKHUHSUHVHQ
WDWLRQ HUURU RIWKHVHW RI GLVSODFHPHQWV E\ WKLVWHPSRUDU\ QHZEDVLV LV FRPSXWHG 7KH 32'
HLJHQYHFWRUZKLFKJLYHVWKHODUJHVWUHGXFWLRQRIUHSUHVHQWDWLRQHUURULVWDNHQDVDGXDOPRGH
DQGDGGHGWRWKHFXUUHQWEDVLVZKLFKLVWKHQXSGDWHG7KLVLVUHSHDWHGIRUWKHFXUUHQWFRPELQD
WLRQZLWKWKHUHVWRIWKH32'HLJHQYHFWRUVXQWLODOOUHSUHVHQWDWLRQHUURUVDUHEHORZWKHLUUHVSHF
WLYH WKUHVKROGV 1RWH WKDW LI D WKUHVKROG LV VHW IRU WKH UHSUHVHQWDWLRQ HUURU RI WKH WUDQVYHUVH
GLVSODFHPHQW DGGLQJ DSSURSULDWH 32' HLJHQYHFWRUV WR VDWLVI\ WKLV WKUHVKROG LV WKH DOWHUQDWH
RSWLRQ WRWKHDGGLWLRQRIOLQHDU PRGHVGLVFXVVHGLQVXEVWHS D $FRPSDULVRQRIWKHVH WZR
RSWLRQVIRUDEHDPH[DPSOHLVSUHVHQWHGLQ6HFWLRQ
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7KHEDVLVLVXSGDWHGWKHQVXEVWHSV E DQG F DUHFDUULHGRXWIRUWKHQH[WFRPELQDWLRQ$IWHU
JRLQJWKURXJKDOOWKHFRPELQDWLRQVWKHFRQVWUXFWLRQRIWKHEDVLVLVILQLVKHGDQGWKH520EDVLV
LVREWDLQHG
 %($0(;$03/(
520RIDFODPSHGFODPSHGEHDP

$QLVRWURSLFVWUDLJKWEHDPLVXVHGWRH[HPSOLI\WKHV\VWHPDWLFSURFHGXUHGHVFULEHGDERYH
IRUWKHEDVLVFRQVWUXFWLRQ1RWHWKDWWKHIODWFKDUDFWHURIWKHEHDPDQGLWVXQLIRUPSURSHUWLHV
WKURXJKWKHWKLFNQHVVLPSO\WKDWWUDQVYHUVHDQGLQSODQHVHWRIPRGHVDUHGHFRXSOHGIURPHDFK
RWKHUZKLFKZLOODOORZVKDUSHUFRQFOXVLRQVWREHGUDZQ7KHEHDPLVRIUHFWDQJXODUFURVVVHF
WLRQDQGFODPSHGDWERWKHQGVDQGLWVJHRPHWULFDQGPDWHULDOSURSHUWLHVDUHOLVWHGLQ7DEOH
3URSHUWLHV
/HQJWK
:LGWK
7KLFNQHVV
'HQVLW\
<RXQJ¶VPRGXOXV
6KHDUPRGXOXV

9DOXH
P
HP
HP
NJP
H3D
H3D

7DEOH3URSHUWLHVRIWKHFODPSHGFODPSHGVWUDLJKWEHDP

$ILQLWHHOHPHQWPRGHORIWKLVEHDPZDVFRQVWUXFWHGLQ1DVWUDQXVLQJEHDP ³&%($0´ 
HOHPHQWV7KHEHDPVSDQLVDORQJWKH[GLUHFWLRQDQGWKHWUDQVYHUVHGLUHFWLRQLVWKH]GLUHFWLRQ
ZKLFKLVDORQJWKHWKLFNQHVVRIWKHEHDP
)RUWKHEDVLVFRQVWUXFWLRQLWLVDVVXPHGWKDWWKHFXWRIIIUHTXHQF\RIWKHORDGLQJLV f cutoff
+])RUWKLVFODPSHGFODPSHGEHDPWKHQRQOLQHDULW\FDQEHPHDVXUHGE\LWVPD[LPXP
WUDQVYHUVH GLVSODFHPHQW LQ WHUPV RI WKH EHDP WKLFNQHVV h DQG WKH WDUJHW IRU WKH EDVLV LV WR
UHSUHVHQWWKHQRQOLQHDUGLVSODFHPHQWVXSWR umax h ZKLFKLVWKHIDLOXUHOHYHOIRUWKHORDG
GHILQHGEHORZZLWKDQHUURUOHVVWKDQRUHTXDOWRLQERWKWUDQVYHUVHDQGLQSODQHGLUHFWLRQV
)ROORZLQJ WKH SURSRVHG SURFHGXUH WKH VL[ OLQHDU WUDQVYHUVH PRGHV ZLWKLQ WKH EDQG RI
> , fcutoff @ ZHUHWDNHQDVWKHLQLWLDOWUDQVYHUVHPRGHVRIWKHEDVLV7KHLUQDWXUDOIUHTXHQFLHV
DUHOLVWHGLQ7DEOH

0RGH
1DWXUDOIUHTXHQF\ +] 



















7DEOH3URSHUWLHVRIWKHFODPSHGFODPSHGVWUDLJKWEHDP

)RUWKHGXDOPRGHVWKHFRPELQDWLRQVRIWKHILUVWWKUHHWUDQVYHUVHPRGHVLQWKHH[FLWDWLRQ
EDQGDUHFRQVLGHUHG LHWKH\DUHSDUWRIJURXS ZKLOHWKHRXWRIEDQGPRGHVDUHQRWFRQVLG
HUHGDWDOO WKH\IRUPJURXS 7KXVWKHQXPEHURIFRPELQDWLRQVLV)RUHDFKFRPELQDWLRQ
DVHWRISDLUV SRVLWLYHDQGQHJDWLYH RIIRUFHVDUHJHQHUDWHGE\(T  DQGWKHFRUUHVSRQGLQJ
QRQOLQHDUVWDWLFGLVSODFHPHQWVDUHFRPSXWHGZLWK1DVWUDQ7KHYDOXHVRIWKHFRHIILFLHQWV Dij ,s
ZHUH VHOHFWHG VR WKDW WKH FRUUHVSRQGLQJ GLVSODFHPHQW ILHOGV VSDQ WKH GRPDLQ
umax  > h, .h @  > .h,h @ DVXQLIRUPO\DVSRVVLEOH7KHGXDOPRGHVZHUHFRQVWUXFWHGE\
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SURFHHGLQJWKURXJKWKHFRPELQDWLRQVLQWKHRUGHUVWDWHGLQVHFWLRQLH>
@ZKHUHWKHQXPEHUVDUHWKHLQGLFHVRIWKHWUDQVYHUVHPRGHVLQ7DEOH
)URPVWHS  RIWKHSURFHGXUHLWLVIRXQGWKDWWKHVL[OLQHDUWUDQVYHUVHPRGHVDUHQRWHQRXJK
WRVDWLVI\WKHFULWHULRQIRUWKHUHSUHVHQWDWLRQHUURULQWKHWUDQVYHUVHGLUHFWLRQDQGWKHWZR
RSWLRQVDVGHVFULEHGLQVXEVWHSV &D DQG &F DUHLPSOHPHQWHG:LWKWKHRSWLRQRIDGGLQJ
PRUHOLQHDUWUDQVYHUVHPRGHV &D DPRGHEDVLVLVFRQVWUXFWHGZKLFKFRQVLVWVRIWKHLQLWLDO
OLQHDUPRGHVDGGLWLRQDOOLQHDUPRGHVDQGGXDOV %DVLV/' :LWKWKHRSWLRQRI
DGGLQJ32'HLJHQYHFWRUV &F DPRGHEDVLVLVFRQVWUXFWHGZKLFKFRQVLVWVRIWKHLQLWLDO
OLQHDUPRGHVDQGGXDOPRGHV %DVLV/' ZKHUHWZRRIWKHGXDOPRGHVDUHDFFRXQWLQJ
IRUWKHWUDQVYHUVHHUURU2ZLQJWRWKHGHFRXSOLQJRILQSODQHDQGWUDQVYHUVHEDVLVIXQFWLRQVWKH
LQSODQHGXDOVRIWKHWZREDVHVDUHHVVHQWLDOO\WKHVDPH
7ZRPRUHEDVHVZLOOEHFRQVLGHUHGZKLFKDUHUHGXFWLRQVRIRQHVDERYH,QWKHILUVWWKH
WUDQVYHUVHGXDOPRGHVRIWKH/'EDVLVRUWKHDGGLWLRQDOOLQHDUPRGHVRIWKH/'DUH
PRYHGOHDGLQJWRD/'EDVLV)RUWKHILQDOEDVLVWKHRXWRIEDQGOLQHDUPRGHVDUHUHPRYHG
UHVXOWLQJLQD/'EDVLV

/RDGFDVHIRUEDVLVDVVHVVPHQWDQG520YDOLGDWLRQ
7KHDHURG\QDPLFSUHVVXUHGLVWULEXWLRQPHDVXUHGRQDSDQHO>@DVVKRZQLQ)LJ D LV
PDSSHGRQWKHEHDP\LHOGLQJWKHQRUPDOL]HGSUHVVXUHGLVWULEXWLRQRI)LJ E DQG F 7KLV
VSDWLDOGLVWULEXWLRQZDVPXOWLSOLHGE\DEDQGOLPLWHGZKLWHQRLVHRIFXWRIIIUHTXHQF\RI+]
VFDOHGWRGLIIHUHQWVRXQGSUHVVXUHOHYHOVWRSURGXFHWKHG\QDPLFORDGLQJWRDVVHVVWKHDGHTXDF\
RIWKHEDVLVDQGWRYDOLGDWHWKH520SUHGLFWLRQV
7KH PRGDO IRUFHV DORQJ WKH VL[ WUDQVYHUVH PRGHV VHOHFWHG FRUUHVSRQGLQJ WR WKLV ORDG DUH
OLVWHGLQ7DEOH$OOWKHPRGHVKDYHQRQ]HURPRGDOIRUFHVWKHILUVWPRGHKDVWKHODUJHVWYDOXH
EXWPRGHV LQGHFUHDVLQJRUGHU DQGKDYHODUJHQRQQHJOLJLEOHYDOXHVDVZHOO

0RGH
0RGDOIRUFH



















7DEOH0RGDOIRUFHVRIWKHWUDQVYHUVHPRGHV

%DVLVDVVHVVPHQW
1RQOLQHDU VWDWLF DQG G\QDPLF UHVSRQVH GDWD ZDV JHQHUDWHG IURP 1DVWUDQ ZLWK WKH DERYH
ORDGLQJIRUWKHDVVHVVPHQWRIWKHIRXUEDVHVFRQVWUXFWHG)RUWKHVWDWLFGDWDWKHIRUFHZDVVFDOHG
DWGLIIHUHQWOHYHOVWRDFKLHYHPD[LPXPGLVSODFHPHQWVIURPYHU\VPDOOWRWKLFNQHVVHV
)RU WKH G\QDPLF GDWD WKUHH RYHUDOO VRXQG SUHVVXUH OHYHOV 2$63/V  RI G% G% DQG
G%ZHUHFRQVLGHUHGDQGVHFRQGUHVSRQVHWLPHKLVWRULHVZHUHREWDLQHGDWWKHWLPHVWHSRI

 u VHFRQG IRU D WRWDO RI  WLPH VWHSV 7KH VWDQGDUG GHYLDWLRQ RI WKH VWHDG\VWDWH
UHVSRQVHRIWUDQVYHUVHGLVSODFHPHQWDWWKHFHQWHUSRLQWRIWKHEHDPZKHUHWKHPD[LPXPGLV
SODFHPHQWLVREVHUYHGLVDERXWDQGWKLFNQHVVHVIRUWKHWKUHHORDGOHYHOVZLWK
FRUUHVSRQGLQJPD[LPXPYDOXHVRIDQGWKLFNQHVVHVUHVSHFWLYHO\
)RUWKHDVVHVVPHQWRIWKHWZRFRQVWUXFWHGEDVHVWKHUHSUHVHQWDWLRQHUURURIWKHWUDQVYHUVH HTre
I
DQGLQSODQH Hre
GLVSODFHPHQWFRPSRQHQWVZHUHFRPSXWHGXVLQJWKHVWDWLFDQGWKHG\QDPLF
UHVSRQVHGDWD
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3UHVVXUH 3D

D

E

F
)LJXUH6SDWLDOGLVWULEXWLRQRIWKHIRUFHRQWKHEHDPPDSSHGIURPH[SHULPHQWDOPHDVXUHPHQWRIDHURG\QDPLF
SUHVVXUHGLVWULEXWLRQRQDIOH[LEOHSDQHO D PHDVXUHGSUHVVXUHGLVWULEXWLRQRQDSDQHO>@  E  F PDSSHG
IRUFHGLVWULEXWLRQRQWKHEHDP

,Q DGGLWLRQ IRU WKH VWDWLF GDWD WKH HUURU LQ UHFRYHULQJ WKH ILUVW HLJHQYDOXH RI WKH WDQJHQW
VWLIIQHVVPDWUL[RIWKHEHDPDWDGHIRUPHGSRVLWLRQLVDOVRFRPSXWHGDV
K

H Kt

K

t
Obasis
 O FEt

K

O FEt

u % 

 

Kt
Kt
DQG Obasis
DUHWKHILUVWHLJHQYDOXHVRIWKHWDQJHQWVWLIIQHVVPDWUL[RIWKHILQLWHHOH
ZKHUH O FE
PHQWPRGHO GLUHFWO\FRPSXWHGLQ1DVWUDQ DQGWKDWRIWKHEDVLVZKLFKLVREWDLQHGE\SURMHFWLQJ
WKHILQLWHHOHPHQWWDQJHQWVWLIIQHVVPDWUL[RQWKHEDVLVUHVSHFWLYHO\

I
7KHYDOXHVRIWKHHUURUV HTre  Hre
DQG H Kt DUHVKRZQLQ7DEOHIRUDOOEDVHVGHVFULEHGLQ
VHFWLRQIRUVWDWLFGLVSODFHPHQWOHYHOVRIDQGWKLFNQHVVHV)RUHDFKEDVLVWZR
UHGXFHGEDVHVDUHJHQHUDWHGWKHILUVWRQHUHPRYLQJWKHGXDOPRGHVRUWKHKLJKHURUGHUOLQHDU
PRGHVDQGWKHVHFRQGRQHIXUWKHUUHPRYLQJWKHWKUHHOLQHDUPRGHVRXWRIWKHH[FLWDWLRQEDQG
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ZKLFKDUHFRPPRQWRWKHWZREDVHV7KHWKUHHHUURUIRUWKHUHGXFHGEDVHVLVWKHQFRPSXWHGDQG
OLVWHGLQ7DEOHDVZHOO
)URPWKLVGDWDLWLVVHHQWKDWWKHWZR³IXOO´EDVHV/'DQG/'ERWKKDYHYHU\JRRG
VPDOO UHSUHVHQWDWLRQHUURUVHYHQDWWKHGLVSODFHPHQWOHYHORIWKLFNQHVVHVZKLFKLVEH\RQG
WKHWKLFNQHVVHVXVHGDVPD[LPXPGLVSODFHPHQWIRUWKHEDVLVFRQVWUXFWLRQ$OOHUURUVDUHEHORZ
FRQVLVWHQWO\ZLWKWKHWKUHVKROGVHWIRUWKHEDVLVFRQVWUXFWLRQ7KLVVXJJHVWVWKHGLV
SODFHPHQWGDWDXVHGLQWKHEDVLVFRQVWUXFWLRQLVVXIILFLHQW
&RQVLGHUQH[WWKH/'EDVLVZKLFKKDVWKHVDPHLQSODQHEDVLVDVWKH/'DQG/'
I
PRGHOV$FFRUGLQJO\LWKDVWKHVDPHLQSODQHHUURU Hre
EXWKLJKHUWUDQVYHUVHUHSUHVHQWDWLRQDQG
HLJHQYDOXHHUURUVH[FHHGLQJLQIDFWWKHWKUHVKROGOHYHOIRUWKHKLJKHVWORDGLQJ5HGXFLQJWKH
QXPEHURIOLQHDUPRGHVWRLHWKH/'EDVLV\LHOGVIXUWKHULQFUHDVHVLQWKHWUDQVYHUVHDQG
HLJHQYDOXHHUURUV7KLVILQGLQJLVQRWVXUSULVLQJJLYHQWKHQRWDEOHPRGDOIRUFHRQOLQHDUPRGH


uPD[
/'
/'
/'
/'

2.0h





3.0h





H Kt

I
Hre

HTre
4.1h





2.0h





3.0h





4.1h





2.0h





3.0h
4.1h
 
 
 
 

7DEOH5HSUHVHQWDWLRQHUURUVRIWKHQRQOLQHDUVWDWLFGLVSODFHPHQWVDWYDULRXVOHYHOVE\WKHYDULRXVEDVHV

/LVWHGLQ7DEOHVDQGDUHOLVWHGWKHFRPSDULVRQRIWKHPHDQVDQGVWDQGDUGGHYLDWLRQVRI
WKHWUDQVYHUVHDQGLQSODQHUHSUHVHQWDWLRQHUURUVFRPSXWHGIURPWKHG\QDPLFGDWD)URPWKLV
VWDQGSRLQWERWKRIWKHIXOOEDVHVSHUIRUPYHU\ZHOOH[FHSWIRUWKHVWDQGDUGGHYLDWLRQRIWKHLQ
SODQHGLVSODFHPHQWDWG%+RZHYHULWVKRXOGEHQRWHGWKDWDWWKLVORDGOHYHOWKHPD[LPXP
GLVSODFHPHQWLVWKLFNQHVVHVIDUDERYHWKHOHYHOZKLFKWKHFRQVWUXFWHGEDVHVDUHH[SHFWHG
WRSHUIRUPZHOO
7KHUHGXFHGEDVHVKDYHVLPLODUEHKDYLRUWRWKHVWDWLFGDWDZKLFKLVDFWXDOO\VXUSULVLQJEH
FDXVHRQHZRXOGH[SHFWWKDWWKHRXWRIEDQGPRGHVEHLWPRGHVRUWKHH[WUDOLQHDU
PRGHVLQWKH/'PRGHORUILQDOO\WKHWUDQVYHUVHGXDOVRIWKH/'ZRXOGKDYHRQO\D
YHU\ VPDOO HIIHFW RQ WKH UHVSRQVH ZKLFK LV GRPLQDWHG E\ LWV LQEDQG EHKDYLRU 7KLV ILQGLQJ
DOUHDG\VXJJHVWVWKDWWKHRXWRIEDQGPRGHVZLOOSOD\DQLPSRUWDQWUROHLQWKHG\QDPLFSUHGLF
WLRQVGLVFXVVHGLQWKHHQVXLQJVHFWLRQ

2$63/
uVWG
/'
/'
/'
/'

110dB
0.50h





HTre
125dB
0.88h





130dB
1.85h





110dB
0.50h





I
Hre
125dB
0.88h





130dB
1.85h





7DEOH0HDQRIUHSUHVHQWDWLRQHUURUVRIWKHQRQOLQHDUG\QDPLFGLVSODFHPHQWVDWYDULRXVORDGOHYHOVE\WKHYDUL
RXVEDVHV
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2$63/
uVWG
/'
/'
/'
/'

110dB
0.50h





HTre
125dB
0.88h





130dB
1.85h





110dB
0.50h





I
Hre
125dB
0.88h





130dB
1.85h





7DEOH6WDQGDUGGHYLDWLRQRIUHSUHVHQWDWLRQHUURUVRIWKHQRQOLQHDUG\QDPLFGLVSODFHPHQWVDWYDULRXVORDGOHY
HOVE\WKHYDULRXVEDVHV

520YDOLGDWLRQV
7KHVWLIIQHVVFRHIILFLHQWVRIWKHWZRIXOOEDVHV /'DQG/' ZHUHLGHQWLILHGXVLQJ
WKHPXOWLOHYHOGLVSODFHPHQW K T PHWKRG>@7KLVHIIRUWDOVRSURYLGHVWKHVWLIIQHVVFRHIIL
FLHQWVRIWKH/'DQG/'E\HOLPLQDWLQJWKHFRHIILFLHQWVUHODWLQJWRGHOHWHGPRGHV7KH
VWDWLFDQGG\QDPLFSUHGLFWLRQIURPWKHVHIRXU520VZHUHWKHQFRPSDUHGWRWKHFRUUHVSRQGLQJ
1DVWUDQSUHGLFWLRQV
7KH5201DVWUDQFRPSDULVRQVIRUWKHVWDWLFFDVHDUHVKRZQLQ)LJVDQG6KRZQLQ)LJ
DUHWKHWUDQVYHUVHGLVSODFHPHQWVDWWKHFHQWHURIWKHSDQHODQGWKHLQSODQHGLVSODFHPHQWVDW
WKHOHIWDQGULJKWTXDUWHUSRLQWV0RUHRYHUVKRZQLQ)LJDUHWKHHQWLUHGLVSODFHPHQWILHOGDW
WKUHHORDGOHYHOV&OHDUO\WKHPDWFKLQJEHWZHHQWKH/'RU/'520SUHGLFWLRQVDQG
WKHLU1DVWUDQFRXQWHUSDUWLVH[FHOOHQW





1DVWUDQFHQWHUSRLQW
520/'FHQWHUSRLQW
1DVWUDQOHIWTXDUWHUSRLQW
520/'OHIWTXDUWHUSRLQW
1DVWUDQULJKWTXDUWHUSRLQW
520/'ULJKWTXDUWHUSRLQW











D





1DVWUDQFHQWHUSRLQW
520/'FHQWHUSRLQW
1DVWUDQOHIWTXDUWHUSRLQW
520/'OHIWTXDUWHUSRLQW
1DVWUDQULJKWTXDUWHUSRLQW
520/'ULJKWTXDUWHUSRLQW




















/RDGVFDOH















/RDGVFDOH

E

)LJXUH6WDWLFGLVSODFHPHQWVDWWKHFHQWHUDQGWKHWZRTXDUWHUSRLQWVDVIXQFWLRQRIORDGVFDOH520/'
OHIWFROXPQ 520/' ULJKWFROXPQ YV1DVWUDQ D 7UDQVYHUVHDQG E LQSODQHGLVSODFHPHQW
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1DVWUDQ
520/'



1DVWUDQ
520/'
























D





1DVWUDQ
520/'























1DVWUDQ
520/'

E




1DVWUDQ
520/'





















1DVWUDQ
520/'





F
)LJXUH6WDWLFYDOLGDWLRQZKROHILHOGGLVSODFHPHQWVDWWKUHHGLVSODFHPHQWOHYHOV520/' OHIWFROXPQ 
520/' ULJKWFROXPQ YHUVXV1DVWUDQ D 'LVSODFHPHQWOHYHORIWKLFNQHVVHV E 'LVSODFHPHQWOHYHORI
WKLFNQHVVHVDQG F 'LVSODFHPHQWOHYHORIWKLFNQHVVHV

7KHYDOLGDWLRQRIWKH520VLQWKHG\QDPLFFDVHVWDUWHGZLWKDQDVVHVVPHQWRIWKHEDVHVWR
UHSUHVHQWWKH1DVWUDQGDWD7KLVZDVGRQHE\SURMHFWLQJWKLVGDWDDWHDFKWLPHVWHSRQWKH/'
DQG/'EDVHVDWWKHWKUHH2$63/VWKHQVXPPLQJWKHPRGDOFRQWULEXWLRQVDVLQ(T  WR
UHFRQVWUXFW WKH IXOO GLVSODFHPHQW ILHOGV $V VKRZQ LQ )LJV  WKH SRZHU VSHFWUDO GHQVLWLHV
36'V RIWKHUHFRQVWUXFWHGGLVSODFHPHQWVODEHOHGDV³%DVLV´LQWKHVHILJXUHVPDWFKHGQHDUO\
LGHQWLFDOO\WKHLU1DVWUDQFRXQWHUSDUWV7KHVHUHVXOWVGHPRQVWUDWHWKDWWKHEDVHVDUHYHU\JRRG
:KLOHFRPSXWLQJWKH520G\QDPLFUHVSRQVHVDWWKHWKUHHGLIIHUHQWVRXQGSUHVVXUHOHYHOV
LWZDVREVHUYHGWKDWWKHVHSUHGLFWLRQVDUHVHQVLWLYHWRWKHLGHQWLILHGQRQOLQHDUVWLIIQHVVFRHIIL
FLHQWVHVSHFLDOO\WKRVHZKLFKDUHNQRZQWREHXVXDOO\SRRUO\LGHQWLILHG VHH>@IRUGLVFXVVLRQ 
7RPLQLPL]HEXWQRWHOLPLQDWHWKLVVHQVLWLYLW\WKH520VZHUH³FOHDQHG´>@]HURLQJRXWPRVW
RIWKHSRRUO\LGHQWLILHGFRHIILFLHQWVPDQ\RIZKLFKDUHH[SHFWHGWREH]HURE\V\PPHWU\7KLV
RSHUDWLRQDOORZVDJRRGFRPSDULVRQEHWZHHQGLIIHUHQWEDVHVDQGDVZLOOEHVHHQEHORZVWLOO
OHDGVWRDQH[FHOOHQWPDWFKZLWKWKH1DVWUDQSUHGLFWLRQV
7KH G\QDPLF UHVSRQVHV RI WKH IRXU 520V ZHUH WKHQ FRPSXWHG DW WKH WKUHH 2$63/V RI
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G%G%DQGG%XVLQJD1HZPDUNVROYHUZLWKWKHVDPHWLPHVWHSDV1DVWUDQLQLWLDOO\
VHWWRV7KHFRUUHVSRQGLQJSRZHUVSHFWUDOGHQVLWLHV 36'V RIWKHWUDQVYHUVHGLVSODFHPHQW
DWWKHFHQWHUSRLQWDQGWKHLQSODQHGLVSODFHPHQWDWWKHOHIWTXDUWHUSRLQWIRUERWKWKH/'
DQG/'EDVHVDUHILUVWFRPSDUHGWRWKRVHRIWKH1DVWUDQUHVXOWVLQ)LJV
,WLVVHHQWKDWWKHVH520SUHGLFWLRQVPDWFKWKHLU1DVWUDQFRXQWHUSDUWVYHU\ZHOODWWKHG%
DQGG%OHYHOVEXWGLIIHUHQFHVDUHFOHDUO\YLVLEOHDWWKHG%OHYHO7KLVWUHQGVHHPVFRQ
VLVWHQWZLWKWKHUHSUHVHQWDWLRQHUURUVRI7DEOHVDQGEXWWKHGLIIHUHQFHVLQVSHFWUDHJRQ
)LJDSSHDUPXFKPRUHVLJQLILFDQWWKDWWKHUHSUHVHQWDWLRQHUURUVZKLFKDUHVWLOOEDUHO\ODUJHU

D

E
)LJXUH'\QDPLFYDOLGDWLRQSRZHUVSHFWUDOGHQVLWLHV 36' RIGLVSODFHPHQWDWG%2$63/ PD[LPXP
VWDQGDUGGHYLDWLRQRIWUDQVYHUVHGLVSODFHPHQWLVWKLFNQHVVHV &OHDQHG520/' OHIWFROXPQ DQG
520/' ULJKWFROXPQ YHUVXV1DVWUDQ D 7UDQVYHUVHGLVSODFHPHQWDWFHQWHUSRLQWDQG E ,QSODQHGLV
SODFHPHQWDWOHIWTXDUWHUSRLQW

D

E
)LJXUH'\QDPLFYDOLGDWLRQSRZHUVSHFWUDOGHQVLW\ 36' RIGLVSODFHPHQW/RDGOHYHOG% PD[LPXP
VWDQGDUGGHYLDWLRQRIWUDQVYHUVHGLVSODFHPHQWLVWKLFNQHVVHV &OHDQHG520/' OHIWFROXPQ DQG
520/' ULJKWFROXPQ YHUVXV1DVWUDQ D 7UDQVYHUVHGLVSODFHPHQWDWFHQWHUSRLQWDQG E ,QSODQHGLV
SODFHPHQWDWOHIWTXDUWHUSRLQW
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D

E
)LJXUH'\QDPLFYDOLGDWLRQSRZHUVSHFWUDOGHQVLW\ 36' RIGLVSODFHPHQW/RDGOHYHOG% PD[LPXP
VWDQGDUGGHYLDWLRQRIWUDQVYHUVHGLVSODFHPHQWLVWKLFNQHVVHV &OHDQHG520/' OHIWFROXPQ DQG
520/' ULJKWFROXPQ YHUVXV1DVWUDQ D 7UDQVYHUVHGLVSODFHPHQWDWFHQWHUSRLQWDQG E ,QSODQHGLV
SODFHPHQWDWOHIWTXDUWHUSRLQW

WKDQWKHWKUHVKROG$QLQYHVWLJDWLRQRIWKHG%UHVSRQVHZDVFDUULHGRXWDQGLWZDVIRXQG
WKDWWKHWLPHVWHSRIVLVQRWVXIILFLHQWO\VPDOOWRFDSWXUHWKHLQSODQHG\QDPLFV$FFRUG
LQJO\LWZDVUHGXFHGWRVIRUERWK1DVWUDQDQG520VDQGVKRZQLQ)LJDUHWKHUHVXOWLQJ
SRZHU VSHFWUDO GHQVLWLHV RI WKH GLVSODFHPHQWV $Q H[FHOOHQW PDWFKLQJ LV REVHUYHG IRU ERWK
520VDQGLQERWKGLUHFWLRQV

D

E
)LJXUH'\QDPLFYDOLGDWLRQSRZHUVSHFWUDOGHQVLW\ 36' RIGLVSODFHPHQWFRPSXWHGDWDVPDOOHUWLPHVWHS
WKHQUHVDPSOHGEDFNWRWKHRULJLQDO/RDGOHYHOG% PD[LPXPVWDQGDUGGHYLDWLRQRIWUDQVYHUVHGLVSODFHPHQW
LVWKLFNQHVVHV &OHDQHG520/' OHIWFROXPQ DQG520/' ULJKWFROXPQ YHUVXV1DVWUDQ D 
7UDQVYHUVHGLVSODFHPHQWDWFHQWHUSRLQWDQG E ,QSODQHGLVSODFHPHQWDWOHIWTXDUWHUSRLQW
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7KHILQDODVSHFWRIWKHSUHVHQWHIIRUWIRFXVHGRQDVVHVVLQJWKHHIIHFWRILQFOXGLQJWUDQVYHUVH
OLQHDUPRGHVZKRVHQDWXUDOIUHTXHQFLHVDUHRXWRIWKHH[FLWDWLRQEDQG7RWKLVHQGVWDUWLQJ
IURPWKH520/'WKHWZRGXDOPRGHVZKLFKDUHEDVLFDOO\WUDQVYHUVHPRGHVZHUHILUVWUH
PRYHGOHDGLQJWRD520/'WKHQWKUHHOLQHDUPRGHVZHUHDOVRUHPRYHGJLYLQJULVHWRD
520/'1RWHWKDWDOOWKHPRGHVUHPRYHGKDYHQDWXUDOIUHTXHQFLHVRXWRIWKHH[FLWDWLRQ
EDQG7KHQWKHSUHGLFWLRQVRIWKHVHWZRUHGXFHG520V FOHDQHGVLPLODUO\WR520/' DUH
VKRZQLQ)LJVDWWKHVDPHWKUHHVRXQGSUHVVXUHOHYHOVRIG%G%DQGG%DQG
ZLWKWLPHVWHSVRIVDWWKHORZHVWWZROHYHOVDQGVDWWKHKLJKHVWRQH:KLOHWKH
PDWFKLQJEHWZHHQWKH520DQG1DVWUDQSUHGLFWLRQVLVVWLOOYHU\JRRGDWWKHG%OHYHOVRPH
GLIIHUHQFHVEHFRPHYLVLEOHDWG%EXWWKHSUHGLFWLRQVFDQVWLOOEHFRQVLGHUHGJRRG7KHFRP
SDULVRQZRUVHQVIXUWKHUDWWKHG%OHYHOLQERWKWUDQVYHUVHDQGLQSODQHGLUHFWLRQVWKHODWWHU
SDUWLFXODUO\,WLVQRWYHU\HDV\WRDVVHVVZKLFKRIWKHWZRPRGHOVLVEHWWHU5HJDUGOHVVWKHNH\
FRQFOXVLRQGUDZQIURPWKHVHUHVXOWVLVWKDWRXWRIEDQGWUDQVYHUVHPRGHVSOD\DQLQFUHDVLQJO\
LPSRUWDQWUROHDVWKHH[FLWDWLRQOHYHOLVLQFUHDVHG7KXVWKHLQFOXVLRQRIVRPHRIWKHVHPRGHV
LQWKHPRGHOLVQHFHVVDU\IRUWKHDFFXUDWHSUHGLFWLRQRIWKHUHVSRQVHHVSHFLDOO\DWKLJKUHVSRQVH
OHYHOV

D

E

)LJXUH&RPSDULVRQRIWKHSRZHUVSHFWUDOGHQVLW\ 36' RIGLVSODFHPHQWSUHGLFWHGE\520/'
520/'DQG520/'DOOFOHDQHGDJDLQVW1DVWUDQ/RDGOHYHOG% PD[LPXPVWDQGDUGGHYLDWLRQRI
WUDQVYHUVHGLVSODFHPHQWLVWKLFNQHVVHV  D 7UDQVYHUVHGLVSODFHPHQWDWFHQWHUSRLQWDQG E ,QSODQHGLV
SODFHPHQWDWOHIWTXDUWHUSRLQW

D

E

)LJXUH&RPSDULVRQRIWKHSRZHUVSHFWUDOGHQVLW\ 36' RIGLVSODFHPHQWSUHGLFWHGE\520/'
520/'DQG520/'DOOFOHDQHGDJDLQVW1DVWUDQ/RDGOHYHOG% PD[LPXPVWDQGDUGGHYLDWLRQRI
WUDQVYHUVHGLVSODFHPHQWLVWKLFNQHVVHV  D 7UDQVYHUVHGLVSODFHPHQWDWFHQWHUSRLQWDQG E ,QSODQHGLV
SODFHPHQWDWOHIWTXDUWHUSRLQW

350

;4:DQJDQG030LJQROHW

D

E

)LJXUH&RPSDULVRQRIWKHSRZHUVSHFWUDOGHQVLW\ 36' RIGLVSODFHPHQWSUHGLFWHGE\520/'
520/'DQG520/'DOOFOHDQHGDJDLQVW1DVWUDQ7KHVDPHVPDOOHUWLPHVWHSUHVDPSOHGEDFNWRWKH
RULJLQDODVLQ)LJXUHLVXVHG/RDGOHYHOG% PD[LPXPVWDQGDUGGHYLDWLRQRIWUDQVYHUVHGLVSODFHPHQWLV
WKLFNQHVVHV  D 7UDQVYHUVHGLVSODFHPHQWDWFHQWHUSRLQWDQG E ,QSODQHGLVSODFHPHQWDWOHIWTXDUWHUSRLQW

 &21&/86,216
$V\VWHPDWLFVWUDWHJ\LVGHYHORSHGIRUWKHFRQVWUXFWLRQRID³JHQHUDO´EDVLVIRUUHGXFHGRUGHU
PRGHOVRIWKHQRQOLQHDUJHRPHWULFYLEUDWLRQRIWKLQZDOOHGVWUXFWXUHV7KLVVWUDWHJ\LVDQH[WHQ
VLRQPRUHGHWDLOHGYHUVLRQRIWKHH[LVWLQJRQHZKHUHVRPHOLQHDUPRGHVDUHVHOHFWHGWRUHSUHVHQW
ODUJHWUDQVYHUVHGLVSODFHPHQWVDQGWKHDVVRFLDWHG³GXDO´PRGHVDUHGHULYHGWRDFFRXQWIRUWKH
³LQSODQH´PHPEUDQHVWUHWFKLQJGHIRUPDWLRQVGXHWRWKHQRQOLQHDUJHRPHWULFHIIHFWV&HQWUDOWR
WKLVEDVLVFRQVWUXFWLRQSURFHVVLVWKHVHOHFWLRQRIOLQHDUPRGHVRIWKHEDVLVDFFRUGLQJWRWKHFXW
RIIIUHTXHQF\ f cutoff RIWKHORDGLQJDQGWKHGHULYDWLRQRIWKHGXDOPRGHVXVLQJVWDWLFQRQOLQ
HDUUHVSRQVHVUHODWHGWRWKHVHOHFWHGOLQHDUPRGHV
)RUPDOL]LQJVRPHUHFHQWOLPLWHGREVHUYDWLRQVLWLVSURSRVHGKHUHWKDWWKHVHWRIOLQHDUPRGHV
VHOHFWHGDWWKHVWDUWRIWKHEDVLVFRQVWUXFWLRQLQFOXGHVQRWRQO\WKRVHLQWKHEDQGRIH[FLWDWLRQ
EXWDOVRVRPHRXWRIEDQGPRGHVRQHV7HQWDWLYHO\LWLVVXJJHVWHGWKDWWKHOLQHDUPRGHVVH
OHFWHGVSDQWKHEDQG > , f cutoff @ $VLQSULRULQYHVWLJDWLRQVGXDOPRGHVDUHDGGHGWRWKLVEDVLV
ZKLFKDUHGHULYHGIURPSURSHURUWKRJRQDOGHFRPSRVLWLRQV 32' RIUHVLGXDOVRISURMHFWLRQRI
VSHFLILFVWDWLFQRQOLQHDUILQLWHHOHPHQWUHVSRQVHVRQWKHOLQHDUEDVLV7KHSURFHVVE\ZKLFK32'
HLJHQYHFWRUVDUHVHOHFWHGDVGXDOPRGHVLVKRZHYHUIXOO\IRUPDOL]HGDQGLVEDVHGRQWKHUHSUH
VHQWDWLRQHUURURIWKHGDWDJHQHUDWHGE\WKHFXUUHQWEDVLV7KHVWHSE\VWHSLPSOHPHQWDWLRQSUR
FHGXUHRIWKHSURSRVHGVWUDWHJ\LVSUHVHQWHG
$FODPSHGFODPSHGVWUDLJKWEHDPLVXVHGWRH[HPSOLI\WKHDSSURDFKDQGWZREDVHVDUHFRQ
VWUXFWHGIROORZLQJWKHLPSOHPHQWDWLRQSURFHGXUH$GLVWULEXWHGIRUFHPDSSHGIURPDPHDVXUHG
DHURG\QDPLFSUHVVXUHGLVWULEXWLRQRQDSDQHOLVXVHGDVDJRRGH[DPSOHRIORDGLQJ)RUWKLV
ORDGQRQOLQHDUVWDWLFDQGG\QDPLFUHVSRQVHGDWDDUHREWDLQHGIURPWKHFRPPHUFLDOILQLWHHOH
PHQWVRIWZDUH1DVWUDQDQGXVHGWRDVVHVVWKHFRQVWUXFWHGEDVHV,WLVVKRZQWKDWWKHSURSRVHG
SURFHGXUHLVDSSURSULDWHDQGWKHFRQVWUXFWHGEDVHVDUHH[FHOOHQWLQWHUPVRIUHSUHVHQWDWLRQHU
URUV
7KHQRQOLQHDUVWLIIQHVVFRHIILFLHQWVRIWKHVHEDVHVDUHQH[WLGHQWLILHGWRSHUPLWSUHGLFWLRQV
DQGWKHLUFRPSDULVRQVZLWKWKHFRUUHVSRQGLQJVWDWLFDQGG\QDPLFILQLWHHOHPHQWGDWD7KHSUH
GLFWLRQV IURP WKH WZR EDVHV DUH IRXQG WR EH HVVHQWLDOO\ LGHQWLFDO EXW GR QRW PDWFK ZHOO WKH
1DVWUDQGDWDDWWKHKLJKHVWG\QDPLFORDG,WLVDUJXHGWKDWWKHVHGLIIHUHQFHVDUHLQIDFWURRWHGLQ
HUURUVLQWKHLGHQWLILHG520FRHIILFLHQWVQRWLQVKRUWFRPLQJVRIWKHEDVLV)LQDOO\WZRUHGXFHG
EDVHVDUHREWDLQHGIURPWKHSUHYLRXVWZRE\UHPRYLQJWKHRXWRIEDQGOLQHDUPRGHVWUDQVYHUVH
EDVLVIXQFWLRQV,WLVIRXQGWKDWWKHSUHGLFWLRQVIURPWKHVHEDVHVLVVWLOOYHU\JRRGDWORZUHVSRQVH
OHYHOVEXWZRUVHQVDVWKHSHDNGLVSODFHPHQWVLQFUHDVHFOHDUO\GHPRQVWUDWLQJWKHLPSRUWDQFHRI
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LQFOXGLQJ RXWRIEDQG OLQHDU PRGHVWUDQVYHUVH EDVLV IXQFWLRQV LQ VKDUS FRQWUDVW ZLWK OLQHDU
SUREOHPV

$&.12:/('*(0(17
7KHDXWKRUVJUDWHIXOO\DFNQRZOHGJHWKHVXSSRUWRIWKLVZRUNE\WKH$)5/8QLYHUVLW\&ROODE
RUDWLYH &HQWHU LQ 6WUXFWXUDO 6FLHQFHV &RRSHUDWLYH $JUHHPHQW )$  ZLWK 'U
%HQ6PDUVORNDVSURJUDPPDQDJHU

5()(5(1&(6
>@ 0,0F(ZDQ-5:ULJKW-(&RRSHU$<7/HXQJ$FRPELQHGPRGDOILQLWHHOHPHQW
DQDO\VLVWHFKQLTXHIRUWKHG\QDPLFUHVSRQVHRIDQRQOLQHDUEHDPWRKDUPRQLFH[FLWDWLRQ
Journal of Sound and Vibration
>@ --+ROONDPS5:*RUGRQ606SRWWVZRRG1RQOLQHDUPRGDOPRGHOVIRUVRQLFIDWLJXH
UHVSRQVH SUHGLFWLRQ D FRPSDULVRQ RI PHWKRGV Journal of Sound and Vibration 

>@ 030LJQROHW$*5DGX;*DR9DOLGDWLRQRIUHGXFHGRUGHUPRGHOLQJIRUWKHSUHGLF
WLRQRIWKHUHVSRQVHDQGIDWLJXHOLIHRISDQHOVVXEMHFWHGWRWKHUPRDFRXVWLFHIIHFWVProceedings of the 8th International Conference on Recent Advances in Structural Dynamics
6RXWKDPSWRQ8QLWHG.LQJGRP-XO
>@ $*5DGX%<DQJ..LP030LJQROHW3UHGLFWLRQRIWKHG\QDPLFUHVSRQVHDQG
IDWLJXHOLIHRISDQHOVVXEMHFWHGWRWKHUPRDFRXVWLFORDGLQJProceedings of the 45th Structures, Structural Dynamics, and Materials Conference 3DOP 6SULQJV &DOLIRUQLD $SU
3DSHU$,$$
>@ --+ROONDPS5:*RUGRQ5HGXFHGRUGHUPRGHOVIRUQRQOLQHDUUHVSRQVHSUHGLFWLRQ
LPSOLFLWFRQGHQVDWLRQDQGH[SDQVLRQ Journal of Sound and Vibration

>@ $3U]HNRS6$5L]]L$UHGXFHGRUGHUPHWKRGIRUSUHGLFWLQJKLJKF\FOHIDWLJXHRIQRQ
OLQHDUVWUXFWXUHVComputers and Structures
>@ ..LP$*5DGX;4:DQJ030LJQROHW1RQOLQHDUUHGXFHGRUGHUPRGHOLQJRI
LVRWURSLFDQGIXQFWLRQDOO\JUDGHGSODWHVInternational Journal of Non-Linear Mechanics

>@ $3U]HNRS6$5L]]L1RQOLQHDUUHGXFHGRUGHUUDQGRPUHVSRQVHDQDO\VLVRIVWUXFWXUHV
ZLWKVKDOORZFXUYDWXUHAIAA Journal
>@ 606SRWWVZRRG--+ROONDPS7*(DVRQ2QWKHXVHRIUHGXFHGRUGHUPRGHOVIRUD
VKDOORZFXUYHGEHDPXQGHUFRPELQHGORDGLQJProceedings of the 49th Structures, Structural Dynamics, and Materials Conference6FKDXPEXUJ,OOLQRLV$SU$,$$
3DSHU$,$$
>@ $3U]HNRS6$5L]]L'\QDPLFVQDSWKURXJKRIWKLQZDOOHGVWUXFWXUHVE\DUHGXFHG
RUGHUPHWKRGAIAA Journal±
>@ 606SRWWVZRRG7*(DVRQ;4:DQJ030LJQROHW1RQOLQHDUUHGXFHGRUGHUPRG
HOLQJ RI FXUYHG EHDPV D FRPSDULVRQ RI PHWKRGV Proceedings of the 50th Structures,
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Structural Dynamics, and Materials Conference 3DOP 6SULQJV &DOLIRUQLD 0D\ 
$,$$3DSHU$,$$
>@ ;4:DQJ5$3HUH]030LJQROHW5&DSLOORQ&6RL]H1RQOLQHDUUHGXFHGRUGHU
PRGHOLQJRIFRPSOH[ZLQJPRGHOV Proceedings of the 54th Structures, Structural Dynamics and Materials Conference%RVWRQ0DVVDFKXVHWWV$SU$,$$3DSHU
$,$$
>@ 5$3HUH];4:DQJ030LJQROHW1RQLQWUXVLYHVWUXFWXUDOG\QDPLFUHGXFHGRUGHU
PRGHOLQJIRUODUJHGHIRUPDWLRQVHQKDQFHPHQWVIRUFRPSOH[VWUXFWXUHVJournal of Computational and Nonlinear Dynamics
>@ 5:*RUGRQ--+ROONDPS5HGXFHGRUGHUPRGHOVIRUDFRXVWLFUHVSRQVHSUHGLFWLRQRI
DFXUYHGSDQHOProceedings of the 52nd Structures, Structural Dynamics and Materials
Conference'HQYHU&RORUDGR$SU$,$$3DSHU$,$$
>@ $*RJXODSDWL5'HVKPXNK$5&URZHOO--0F1DPDUD99\DV;4:DQJ03
0LJQROHW7%HEHUQLVV606SRWWVZRRG7*(DVRQ5HVSRQVHRIDSDQHOWRVKRFNLP
SLQJHPHQWPRGHOLQJDQGFRPSDULVRQZLWKH[SHULPHQWVProceedings of the AIAA Science
and Technology Forum and Exposition (SciTech2014)1DWLRQDO+DUERU0DU\ODQG-DQ
$,$$3DSHU$,$$
>@ $0DWQH\030LJQROHW$-&XOOHU--0F1DPDUD606SRWWVZRRG3DQHOUHVSRQVH
SUHGLFWLRQWKURXJKUHGXFHGRUGHUPRGHOVZLWKDSSOLFDWLRQWRK\SHUVRQLFDLUFUDIW Proceedings of the AIAA Science and Technology Forum and Exposition (SciTech2015)2UODQGR
)ORULGD-DQ$,$$3DSHU$,$$
>@ $*RJXODSDWL.%URXZHU;4:DQJ50XUWK\--0F1DPDUD030LJQROHW)XOO
DQGUHGXFHGRUGHUDHURWKHUPRHODVWLFPRGHOLQJRIEXLOWXSDHURVSDFHSDQHOVLQKLJKVSHHG
IORZV Proceedings of the AIAA Science and Technology Forum and Exposition
(SciTech2017)'DOODV7H[DV-DQ$,$$3DSHU$,$$
>@ 0LJQROHW03DQG6RL]H&³6WRFKDVWLF5HGXFHG2UGHU0RGHOVIRU8QFHUWDLQ*HRPHW
ULFDOO\ 1RQOLQHDU '\QDPLFDO 6\VWHPV´ Computer Methods in Applied Mechanics and
Engineering9RO1RSSGRLMFPD
>@ &DSLH]/HUQRXW(6RL]H&DQG0LJQROHW03³3RVW%XFNOLQJ1RQOLQHDU6WDWLFDQG
'\QDPLFDO$QDO\VHVRI8QFHUWDLQ&\OLQGULFDO6KHOOVDQG([SHULPHQWDO9DOLGDWLRQ´Computer Methods in Applied Mechanics and Engineering9ROSSGRL
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Abstract. The interaction between a loaded plate and the soil foundation is a typical problem
in civil engineering. To solve the plate-foundation interaction problem, different viscoelastic
models of foundations are used, among them fractional derivative Winkler-type or Pasternaktype models [1], since during last decades the fractional calculus plays an important role in
dynamic problems of structural mechanics [2]. In the present paper, the dynamic response of
a rectangular simply supported nonlinear plate resting on a viscoelastic Winkler-type foundation, the damping features of which are described by the fractional derivative standard linear
solid model, is studied using the fractional derivative expansion method [3,4].
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1

INTRODUCTION

Over the last few decades the problems of the interaction between various building structures and soil foundation have been of great interest among researchers. In order to calculate
the reaction force of the foundation in dynamic problems, several models were proposed. The
first attempt to describe the reaction of foundation was the Winkler model, according to which
the foundation is considered to be elastic. The main disadvantage of a linear elastic model is
its inconsistency in the representation of the viscoelastic behavior of materials. In this regard,
a viscoelastic element was added to the Winkler model. There are many combinations of elastic and viscous elements connected in series or in parallel, therefore, based on the Winkler
elastic model, several viscoelastic models of foundation were proposed, such as the KelvinVoigt, Maxwell, Zener, Poynting-Thomson and Burgers models, which are reviewed in [5].
Later, the Winkler model was developed and supplemented by several scientists, such as
Filonenko-Borodich (1940), Hetényi (1950), Pasternak (1954), Vlasov (1966) and Reissner
(1958), as a result of which the so-called two-parameter foundation models appeared [6].
Two-parameter models are known as models, wherein the top layer connects the elements of
foundation to each other, therefore, in addition to the vertical component of the foundation
reaction force, shear stresses are also taken into account. The Pasternak model was also generalized for a viscoelastic case [5,6]. The dynamic behavior of plates on a viscoelastic foundation was considered in [7] and [8], where the response of a viscoelastic plate and thick plate
on viscoelastic foundation was studied, respectively.
Nowadays, fractional derivative Winkler-type or Pasternak-type models of viscoelastic
foundations are becoming increasingly widespread [1, 9-14], since during last decades the
fractional calculus plays an important role in dynamic problems of structural mechanics [2].
Thus, the Kelvin – Voigt fractional model is used in [9] to describe the time-dependent behavior of the soil foundation under the vertical load. The behavior of a rectangular viscoelastic
plate on a viscoelastic foundation, which is described by a two-parameter model with a fractional derivative, is analyzed in [10]. The interaction between a rectangular linear elastic plate
and the viscoelastic foundation defined by the fractional derivative standard linear solid model with four parameters, which is the combination the Kelvin-Voigt element and a spring connected in series, was studied in [11]. A rectangular plate subjected to a moving load was
considered in [12], in so doing the viscoelastic properties of the foundation were defined by
the Winkler-type model. Graphs of the stress on the plate surfaces were numerically constructed for the cases of free (after the termination of the action of a movable load on the plate)
and forced vibrations. The fractional derivative Kelvin-Voigt model for a Pasternak-type viscoelastic foundation was utilized in [13], and the equations of motion were derived for an
elastic and viscoelastic rectangular loaded plate. Forced vibrations of completely free rectangular orthotropic nanoplate were studied in [14], where the viscoelastic foundation was described via the Kelvin-Voigt model.
In the present paper, the dynamic response of a rectangular simply supported nonlinear
plate resting on a viscoelastic Winkler-type foundation, the damping features of which are
described by the fractional derivative standard linear solid model, is studied for the case of the
one-to-one internal resonance using the fractional derivative expansion method [3,4].
2

PROBLEM FORMULATION

Let us consider nonlinear vibrations of a simply supported elastic plate in a viscoelastic
medium, based on a viscoelastic foundation (Fig.1), the dynamic response of which is described by the von Karman equation in terms of the plate’s lateral deflection w  w( x, y, t ) and
the Airy’s stress function  :
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D 4 w   h

 2 w  2 w  2  2 w  2
 2 w  2



 q  F1  F2 ,
2
t 2 x 2 y 2 y 2 x 2
xy xy

(1)

 w 2  2 w  2 w 
   Eh 
,
  2
2
 xy  x y 
4

(2)

where  4   4 / x 4  2 4 / x 2 y 2   4 / y 4 is the biharmonic operator, q is the external load,
D  Eh3 /12(1  2 ) is the plate’s cylindrical rigidity, E and  are the elastic modulus and
Poisson’s ratio of the plate’s material, respectively, h and  are its thickness and density, t
is the time, F   w is the reaction force of the viscoelastic foundation, F  æ  1 D1 w is the
2

1

1 1

0

damping force of the viscoelastic medium possessing the retardation time  1 and damping coefficient æ1 , which is modeled by the viscoelastic Kelvin-Voigt model with the Riemann-

Liouville derivative D01 of the fractional order  1  0   1  1 [2,15]:

D0 x(t ) =

d t x(t  t ')dt '
dt 0 (1   )t '

(0     1  1) ,

(3)

and (1   ) is the Gamma function.
Let us assume, following [16], that the compliance operator of a viscoelastic foundation is
described by the standard linear solid model with the Riemann-Liouville fractional derivative
D0 (3) when    2 :



1
   1  æ 2 
  ,
1   2 D0 


(4)

2

where  is the coefficient of instantaneous compliance of the foundation,    1 ,
    0 is the defect of the compliance, i.e., the value characterizing the decrease in the
compliance operator from its non-relaxed value to its relaxed value, and  2 and æ 2 are the
retardation time and damping coefficient of the viscoelastic foundation, respectively.
Considering a simply supported plate, the following boundary conditions should be added
to the set of equations (1) and (2) at each edge:

at

x  0 and a, w 

2w
 0;
x 2

at y  0 and b, w 

2w
 0.
y 2

(5)

In order to identify the possibility of the occurrence of the internal resonance during
nonlinear vibrations of a plate based on a viscoelastic foundation and to carry out its
subsequent analysis, suppose that only two natural modes of vibrations with numbers m1n1 ɢ
m2 n2 are excited. Then the deflection of the plate could be represented in the following form:
w( x, y, t ) = x1 (t ) sin

 m1 x

sin

 n1 y

 x2 (t ) sin

a
b
 x1 (t )Wm1n1  x, y   x2 (t )Wm2 n2  x, y  ,

 m2 x
a

sin

 n2 y
b

(6)

where xi (t ) (i  1, 2) are generalized displacements, and Wmi ni  x, y  are the eigen functions.
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Figure 1: Plate on a viscoelastic foundation modelled by the fractional derivative standard linear solid model

Substituting the proposed solution (6) in (2), taking into account the boundary conditions
(5) and integrating with account for the orthogonality conditions of sines, we obtain the stress
function in the following form:
2
2 m1 x
2 n1 y 
1  n12
4 m1
2

cos
cos
 ( x, y , t ) 

 x1 (t )
2 
2
2
32  m1
a
n1
b 
2
2 m2 x
2 n2 y 
1  n22
4 m2
2

  2 cos
cos
 x2 (t )
2 
2
32  m2
a
n2
b 

  m1  m2  x
  n1  n2  y
1 
cos
  B 2 cos
a
b
4 
  m1  m2  x

  n1  n2  y 

(7)
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2

 D 2 cos
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 m1  m2 2  2   n1  n2 2 
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b
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2
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2
1

2
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2

,

2

.

2
 m1  m2 2  2   n1  n2 2 



Substituting the assumed two-term expansion for the deflection function of the plate (6)
and the stress function (7) in the equation of motion of the plate (1) resting on the viscoelastic
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foundation yields the following set of nonlinear differential equations with respect to the generalized displacements:


1  æ 2  * ( 2
h


x2   22 x2   1  æ 2  * ( 2
h

x1  12 x1 

2

2

)  x1  1 x13   2 x1 x22 

æ1 11 1
D x  P t  ,
 h 0 1 1

(8)

)  x2   3 x23   4 x2 x12 

æ1 11 1
D x  P t  ,
 h 0 2 2

(9)

a b

where Pi  t  

  q  x, y, t W  x, y  dxdy
mi ni

0 0

a b

2

 h   Wm n  x, y   dxdy

,  i are the coefficients depending on the vibration

i i

0 0

mode numbers which are given in Appendix, i2 are the natural frequencies of the linear
vibration of the plate defined as
i2 

2
Eh 2
E 4 h 2
4
W
x
y
 2 mi2  ni2  ,
,




mi ni
2
4 
2
12  (1  )b
12  1  

(10)

and * ( 2 2 ) is the Rabotnov dimensionless fractional operator defined as follows [17]
* ( 2 2 ) 

1
1   2 2 D02

.

(11)

Note that in the case of free damped vibrations Pi  t   0.
3

METHOD OF SOLUTION

In order to solve a set of two nonlinear equations, (8) ɢ (9), the method of multiple time
scales [18,19] could be utilized assuming damping coefficients æi to be small values of order
of  2
æ i   2 i ,

(12)

where i are finite values.
Then the generalized displacements xi (t ) could be represented via the following expansion
in two time scales T0 and T2 :
xi (t ) =  X i1 (T0 , T2 )   2 X i 2 (T0 , T2 )   3 X i 3 (T0 , T2 )  ... ,

(13)

where Tn =  n t are new independent variables, among them: T0 = t is a fast scale
characterizing motions with the natural frequencies, and T2 =  t 2 is a slow scale
characterizing the modulation of the amplitudes and phases of the modes with nonlinearity.
Recall that the first and the second time derivatives, as well as fractional derivative could
be expanded in terms of the new time scales, respectively, as follows [4, 19]:
d
= D0   2 D2  ...,
dt

d2
= D02  2 2 D0 D2  ...
2
dt
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d 
D    =  D0   2 D2  ...  D0   2 D0 1 D2  ...,
 dt 

(15)

where D0   / T0 , and D2   / T2 .
Note that [15]


 (t ')dt '
d
d 

.
    D  

dt  (t  t ') (1   )
 dt 
t

(16)

But in the present case the process of vibrations starts at the time t  0 . Thus, the fractional
derivative D0 in the form of (3) should be adopted.
Fractional derivatives (16) and (3) act in a different way on the exponential function et ,
which is utilized in further treatment, i.e. [20]

D et    et ,

(17)

and


t

 t

D0 e   e 

sin  x





u   ut
0 u   e du .

(18)

However, as it has been shown in [20], if when utilizing the generalized method of
multiple time scales only the zero and first order approximations are considered, then the second term in (18) could be neglected.
Expansion of the Rabotnov dimensionless fractional operator in a Taylor series in terms of
a small parameter has the form [21]:
1
1
* (  ) 
 (1    D0 ) 1  1    ( D0   2 D0 1 D2 ) 


1   D0
(19)

 (1    D0 ) 1   2 (1    D0 ) 2   D0 1 D2  ...
Substituting expansion (13) with account for relationships (14), (15), and (19), after
equating the coefficients at like powers of  to zero, we are led for the case of free damped
vibrations to the following set of recurrence equations to various orders:
to order 
D02 X 11  12 X 11  0 ,

(20)

D02 X 21  22 X 21  0 ,

(21)

to order  3
D02 X 13  12 X 13  2 D0 D2 X 11   1 11 D01    2 (1   2 2 D0 2 ) 1  X 11
 1 X 113   2 X 11 X 212 ,
D02 X 23  22 X 23  2 D0 D2 X 21   1 11 D01    2 (1   2 2 D0 2 ) 1  X 21
3
  3 X 21
  4 X 21 X 112 ,

(22)

(23)

where 1 and 2 are vibration frequencies of the mechanical system “plate + viscoelastic
foundation”
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i2  i2 
and i 


,
h

(24)

i
( i  1, 2 ).
h

The solution of linear equations (20) and (21) has the form

X j1  Aj T2  exp  i jT0   Aj T2  exp  i jT0  ,

(25)

where Aj T2   j  1, 2  are yet unknown functions and Aj T2  are conjugate functions with

Aj T2  .
In order to solve the set of equations (22) and (23), it is necessary to define the action of
the fractional derivative D0i (3) and the Rabotnov dimensionless fractional operator * ( 2 2 )
(11) on the functions X j1 , i.e., to calculate D0i e

i j t

1

and

2

2

1   2 D0
that these expressions are reduced to the following form:
D0 e

1
2
2

2
0

1 D

i j t

e

i j t

  i j  e




i j t

e

i j t

. It was shown in [2, 21]

(26)

,

1
1  (i j 2 )

2

e

i j t

.

(27)

Substituting relationships (25) in equations (22) and (23) with due account for formulas (26)
and (27) yields

D02 X 13  12 X 13  2i1 D2 A1 exp  i1T0 


  1 11  i1  1    2 (1   2 2  i1  2 ) 1  A1 exp  i1T0 



1  A1 exp  3i1T0   3 A1 exp  i1T0   A12



(28)



 2 A22 exp 1  22  T0   2 A2 A2 exp  i1T0   A22 exp i 1  22  T0  A1  cc,
D02 X 23  22 X 23  2i2 D2 A2 exp  i2T0 


  1 11  i2  1    2 (1   2 2  i2  2 ) 1  A2 exp  i2T0 


 3  A2 exp  3i2T0   3 A2 exp  i2T0   A22



(29)



 4 A12 exp  21  2  T0   2 A1 A1 exp  i2T0   A12 exp i 2  21  T0  A2  cc.
The analysis of equations (28) and (29) shows that the one-to-one internal resonance is possible in the case when

1  2 , and therefore,

1   2 .

(30)

The condition for eliminating secular terms in equations (28) and (29) with account for
equation (30) leads to a set of two governing equations:
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2i1 D2 A1   1 11  i1  1    2 (1   2 2  i1  2 ) 1  A1  31 A12 A1   2 A1 A22


2 2 A1 A2 A2  0,

(31)



2i2 D2 A2   1 11  i2  1    2 (1   2 2  i2  2 ) 1  A2  3 3 A22 A2   4 A2 A12


2 4 A2 A1 A1  0.

(32)

Multiplying (31) by A1 and (32) by A2 , adding and subtracting the equations conjugate to
them, and also representing functions A1 and A2 in their polar form

Ai = ai e

ii

(i = 1, 2) ,

(33)

where ai  ai (T2 ) and i  i (T2 ) are the functions of amplitudes and phases of vibrations,
yield the following set of equations:

a   s a

 11 2 a12 a22 sin  ,

(34)

a   s a

 21 4 a12 a22 sin  ,

(35)

2 <
1

2 <
2

2
1 1

2
2 2

1
2

3
2

1
2

(36)

1
2

3
2

1
2

(37)

1  1  111a12   211a22   211a22 cos  ,
2  2   321a22   421a12   421a12 cos  ,
where   2  1 is the phase difference,

si = 1 11i1 1 sin 1    2i1 Ri sin  i , i = 1 11i1 1 cos 1    2i1 Ri cos  i ,

i =

(38)
( 2i ) 2 sin 2
1
(i = 1, 2).
 i , Ri  1  2( 2i ) 2 cos 2  ( 2i ) 2 2 , tan  i 
2
2
1  ( 2i ) cos 2

The set of equations (34)-(37) is the determining one for the amplitudes and phases of nonlinear free vibrations of a simply supported elastic plate on a viscoelastic foundation, damping
features of which are defined by the fractional derivative standard linear solid model (4),
when vibrations occur in a viscoelastic surrounding medium, properties of which are described by the fractional derivative Kelvin-Voigt model (3).
Reference to the governing equations (34)-(37) shows that nonlinear damped vibrations of
the mechanical system “elastic plate on a viscoelastic foundation” in a viscoelastic surrounding medium are defined by the damping coefficients si (38), which depend on natural frequencies of two coupled modes i and rheological parameters of the supporting foundation
and surrounding medium, involving two fractional parameters  1 and  2 .
4

NUMERICAL ANALYSIS

The resulting set of equations (34)-(37) is solved numerically by using the fourth-order
Runge-Kutta method in the «GNU Octave» system. The results of a numerical experiment are
shown in Fig. 2 for free vibrations at different magnitudes of fractional parameters  1 and  2 .
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A rectangular plate with an aspect ratio a / b  3 was considered as an example for the case of
m1  3, n1  2, m2  6, n2  1 , for which 32   61 .

Figure 2: The dimensionless time T2 dependence of the dimensionless amplitudes of free vibrations in the case of
the 1:1 internal resonance for a plate on a viscoelastic viscoelastic foundation, blue line – a1 , orange line - a2

Reference to Fig. 2 clearly shows the energy exchange between interacting vibration modes
for all considered cases: undamped and damped vibrations of an elastic plate on an elastic
foundation, respectively, at  1   2  0 (Fig. 2a) and  1  0.2 ,  2  0 (Fig. 2b); vibrations
of an elastic plate on a viscoelastic foundation (  2  0 ) surrounded by an elastic (  1  0 ) and

viscoelastic (  1  0 ) medium, in Fig. 2c and Figs. 2d-f, respectively. The increase in the fractional parameter of the viscoelastic foundation results in a significant decrease in dimensionless amplitudes of nonlinear vibrations (Fig. 2c). With the appearance of the damping
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properties of the environment (Fig. 2d-f), in which the plate vibrates, the damping of vibrations increases.
Figure 3 shows the calculated results of vibration amplitudes of the plate in the elastic medium (  1  0 ) when damping features of the viscoelastic foundation are described by the fractional derivative standard linear solid model (solid lines) and fractional derivative KelvinVoigt model (dashed lines) at  2  0.25 . From Fig. 3 it is seen that the period of vibrations described by the KV-model is more than that described by the SLS-model.

Figure 3: The time T2 dependence of the dimensionless amplitudes of free vibrations in the case of the 1:1 internal resonance for a plate on a viscoelastic foundation at  1  0,  2  0.25; blue line – a1 , orange line - a2

5

CONCLUSION

In the present paper, the problem of nonlinear vibrations of a von Karman simply supported elastic plate based on a viscoelastic foundation is solved. The damping features of the viscoelastic foundation are described by the fractional derivative standard linear solid model,
while the damping properties of the environment in which the vibrations occur are described
by the Kelvin-Voigt viscoelastic model with the Riemann-Liouville fractional derivative. The
governing equations are obtained for determining nonlinear amplitudes and phases in the case
of free vibrations, when the natural frequencies of the two dominant vibration modes are close
to each other. The resulting set of equations allows one to control the damping properties of
the external environment and the foundation by changing the fractional parameters from zero,
what corresponds to an elastic medium and/or elastic foundation, to unit, what conforms to
the traditional standard linear solid model, resulting in the expansion of the range of applicability of the solution obtained.
The derived set of equations has been solved numerically and could be also generalized
for the case of force driven vibrations [22]. The results of numerical investigation have been
compared with the case of viscoelastic foundation, the damping features of which are described by the fractional derivative Kelvin-Voigt model. The proposed standard linear solid
model is preferable over other models, because it is able to describe both creep and relaxation
properties of the viscoelastic materials (soil), while the Kelvin-Voigt model is unsuitable for
describing the relaxation of materials and the Maxwell model could not describe the creep of
materials. Thus, the obtained results are more accurate in comparison with those based on
more simple models of viscoelasticity.
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APPENDIX
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Abstract. Nonlinear amplitude-frequency response of a Helmholtz resonator is investigated
by taking into account nonlinear restoring and damping forces [1]. Method of multiple time
scales [2] applied to complexiﬁed form [3] of system equations are used for detection of different system dynamics. Several developments are done to obtain hardening behavior allowing
targeted energy transfer from an acoustical mode to the nonlinear absorber [4]. Modiﬁed
geometries of the neck are ﬁrst considered to decrease the damping and activate cubic nonlinearities. Obtained results for large amplitudes show accelerated amplitude dependency of
resonant frequencies of nonlinear geometry resonators compared to classical ones. This nonlinear response can be used as a passive controller system with nonlinear restoring forcing
function for having broadband frequency absorption. The time multiple scale method around
the 1:1 resonance allows to detect Slow Invariant Manifold (SIM) of the system, its equilibrium
and singular points. Analytical predictions are compared with those obtained by direct numerical integration of system equations. Experimental veriﬁcations are performed and presented.
Then, a two frequency driving (subharmonic resonance) is considered and we show that the
phase difference of the driving can modify the classical softening behavior of an Helmholtz resonator. By choosing a phase difference into a certain range we show that it is possible to obtain
hardening behavior and an improvement of the nonlinear response with generation of higher
amplitude oscillations. The proposed results are mainly obtained by using method of multiple
time scales [2] which has been used in thousands of papers and has been proved to be very
accurate and very computational efﬁcient. The results have been validated numerically with
Runge-Kutta schemes of order four: the errors are less than 1% and the computational time is
drastically reduced owing to analytical approximations.
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1

INTRODUCTION

In acoustics, Helmholtz Resonators (HR) [5] are often used to absorb sound, speciﬁcally
for low frequencies where the classical porous materials are not efﬁcient anymore. A lot of
applications are done in buildings [6], aeronautics, industries. However, they are only efﬁcient
for a speciﬁc frequency. To broadband the frequency range of efﬁciency of classical mecanical
resonators, it is possible to use a nonlinear restoring force [7, 8, 9, 10]. Some authors [11, 12]
applied this concept in vibro-acoustics by using a cubic nonlinearity (a viscoelastic membrane).
They have shown that it is possible to transfer acoustical energy irreversibly. In the present
work, we are interested to use a pure acoustical resonator.
In [1], it was shown that it is possible to obtain nonlinear behavior of HR. Indeed nonlinear
damping (due to jet loss) [13] and also nonlinear restoring force with quadratic and cubic term
(due to the nonlinear elasticity of the cavity air for high amplitudes excitations) [14] can be
taken into account. In [14] they show that it is theoretically possible to obtain a softening behavior.
Moreover, [15] mentioned the frequency dependency of the resonator on the ﬂow velocity and
on the resonator geometry. That is why, as underlined by [16], tayloring the neck of the resonator can inﬂuence the vortex apparition and dissipation around the neck. This fact allows
to go further in the nonlinear domain, in terms of the nonlinear restoring force, if the vortex
and dissipation around the neck are minimized. This point has been underlined in [1] and is
also shown in the present paper with different neck geometries. By reducing vortex shedding
by nonlinear tailoring of the HR neck, it is then possible to obtain hardening behavior for high
amplitudes and not only softening behavior as performed by previous papers [14, 17]. Experimental veriﬁcations are also provided.
With this hardening behavior of the HR, it has been shown in [4] that it possible and feasible to
activate targeted energy transfer. The case of the passive control of an coustical mode (created
by a system composed of a tube with coupling boxes) by using a HR having a nonlinear hardening behavior has been treated analytically using method of multiple time scales [2] applied
to complexiﬁed form [3] of system equations for detection of different system dynamics. In the
present paper main results are given. Experimental veriﬁcation has also been perfomed.
In [1, 4], it was shown that for very high amplitudes it is possible to obtain hardening behavior under certain conditions (neck geometry, decreasing of vortex phenomenon...). So it is not
obvious to obtain hardening behavior for classical HR. That is why we propose in the present
paper to study the two frequency driving (subharmonic resonance) case for a classical HR. The
aim is to show that the phase difference of the driving can modify the classical softening behavior of an HR. By choosing a phase difference into a certain range we show that it is possible
to obtain hardening behavior and an improvement of the nonlinear response with generation of
higher amplitude oscillations. The proposed results are mainly obtained by using method of
multiple time scales [2] which has been used in thousands of papers and has been proved to be
very accurate and very computational efﬁcient.
This paper is structured as follows: First, in Section 2, results about hardening behavior of HR
with modiﬁed neck geometry are shown with experimental veriﬁcations of the targeted energy
transfer. Then, in Section 3, the response of the two-frequency driving is studied. Finally, in
Section 4, we conclude about the results of this work.
2

ONE-FREQUENCY DRIVING WITH MODIFIED GEOMETRY OF HR
In the following we consider HR excited by sound wave as shown in Figure 1. HR consists
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Figure 1: Helmholtz resonator excited by sound wave.

in an air column neck considered as incompressible mass and compressible air in the cavity.
For HR physics, following hypothesis are considered: the transformations inside the acoustic
resonator are adiabatic; the neck length Ln is considered much smaller than cavity length Lc
and the neck air mass mneck air is considered as incompressible [18]. The friction due to the
air high velocity in the neck will produce damping [13, 14] and the compression of the air in
the cavity produces a restoring force. The displacement X of the air in the neck will cause the
change of pressure Δp [17, 14]:


Δp =

−ρLe ω02

(γ̂ + 1) S 2 (γ̂ + 1) (γ̂ + 2) S 2 3
X−
X +
X
2V0
6V02



(1)

where ρ is the air density, Le is the effective length of the neck (Le = Ln + (16r/3π), with r
the radius of the cylindrical neck as mentioned in [14]), S is the cross section of the neck, V0 is
the volume in the cavity, γ̂ is the speciﬁc heat ratio and ω0 is the linear resonance frequency of
the resonator.
2.1

Nonlinear behavior of modiﬁed HR

In [1] and [19] , different geometries of the neck of HR (as illustrated in Figure 2) have
been considred to decrease the vortex phenomenon to be able to activate nonlinear terms of the
nonlinear restoring force. Indeed, usually, the cubic term in Equation (1) is not taken into account [17]. However, incorporating here the cubic nonlinearity allows to balance damping term,
which is usually of third order. Because of the attenuation of vortex shedding (by tailoring the
neck) the nonlinear term will be dominant and the cubic nonlinearity can be activated.
In Figure 2, conﬁgurations H1 and H2 correspond to cylindrical and conical necks respectively,
while conﬁgurations H5 corresponds to quadratic neck with different radius of inlets and outlets. Characteristics of these conﬁgurations are given in Table 1.
To measure different acoustic properties of the HR, the test set-up is a classical Kundt tube
(described for example in [1]) with different microphone positions to be able to measure the
incident pressure on the HR (the HR is inserted as the end of the Kundt tube) and the pressure
inside the cavity of the resonator. The used Kundt tube has a diameter of 46 mm. The length of
the cavity has been taken as 25mm and the systems are excited by different sinusoidal forces:
pressures inside the cavity during resonances are measured and corresponding amplitudes are
evaluated. Obtained results are shown in Figure 3. In Figure 3 the behavior of the resonator
with cylindrical neck remains almost linear until a high pressure level, i.e. the frequency does
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Figure 2: Different geometries of the neck of HR considered in [19].

Ln (mm)
r0 (mm)
r1 (mm)

H1 H 2 H 5
8.5 8.5 8.5
1.5 1.5 1.7
1.5 2 3.25

Table 1: Characteristics of different conﬁgurations of necks .

H5
H2
H1

Resonant frequency (Hz)

350

300

250

200

0

50

100

150

200

250

Pressure amplitude inside the cavity (Pa)
Figure 3: Dependency of the resonant frequency on the pressure amplitude (sinusoidal excitation, different resonators with length of the cavity of 25mm): resonant frequency vs. pressure amplitude inside the cavity.

not vary much in function of amplitude. We can also see a slightly softening behavior already
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seen in previous publications [14, 17].
Moreover, Figure 3 shows that geometrical nonlinearity of the neck H5 makes the resonator
experiences a nonlinear behavior that starts at lower pressure level compared to the cylindrical
case, i.e. after P = 31.6P a (with conical neck H2 the nonlinear behavior starts at P = 100P a).
This means that frequency increases in a nonlinear manner with the increase of the amplitude,
i.e. hardening behavior. These experimental results show that nonlinear tailored neck of the
resonator accelerates considerably the start of the nonlinear response of the system compared
to the resonators with cylindrical necks.
Combining all damping, restoring terms and the external pressure increment p∗ , we can obtain the governing equation (see for example [1] for more details):
d2 X
ξ dX
+
∗2
dt
2Le dt∗



&

 
 dX 
SX 2
SX
p∗


∗ dX
2
+
ω
X
1
−
α
+
β
=
−
 ∗  + 2δ
0
 dt 
dt∗
V0
V0
ρLe

(2)

where t∗ is the real time,
δ ∗ = (S/2ρLe ) Re (Zin + Zvis ), α = (γ̂ + 1) /2, β = ((γ̂ + 1) (γ̂ + 2)) /6 and ξ is the total
hydraulic-resistance coefﬁcient of the neck. Zin is the acoustic impedance at inlet of HR, Zvis
is the friction acoustic impedance. We introduce dimensionless variables, t = ω0 t∗ , x = SX
,
V0
∗
∗
2
δ = 2δ /ω0 , σ = (ξ/2) (V0 /Le S), p = p /ρc (c is the sound velocity) we get:





dx  dx 
dx 
d2 x
2
3
+
+
σ
+
δ
x
−
αx
+
βx
= −p


dt2
dt  dt 
dt

(3)

In [1], in function of the order of magnitude of the displacement x, small parameter ε was introduced (for example x = εy, with y of order 1 when x is small) and all parameters have been
estimated in function of this ε. It was found that two regimes have to be considered to perfectly
modelised the behavior of such HR, i.e. to obtain softening behavior ﬁrst (for low levels) and
then hardening behavior (for high levels).
Classical development by using multiple scales method developped by Nayfeh [2] can be performed to obtain ﬁxed points of the system. This allows to obtain the skeleton curve of the
amplitude-frequency (see [1] for more details). Example of results are shown in Figure 4. This
nonlinear behavior of the resonator can be used as the nonlinear geometrical restoring forcing
function of an oscillator to be coupled to a medium for passively controlling the acoustical energy of that medium via the same principles as in mechanical systems [20]. In the following we
present results on the energy transfer from a linear system to modiﬁed HR.
2.2

Nonlinear targeted energy transfer by using modiﬁed HR

In [4], it has been shown that it is possible to obtain a targeted energy transfer from one
acoustical mode to an HR with nonlinear behaviors. For the HR, nonlinear restoring forces
and nonlinear damping have been taken into account with modiﬁed geometry of the neck. The
considered system is represented in Figure 5. A time multiple scale method around a 1:1 resonance has been used to detect slow invariant manifold of the system, its equilibrium and singular
points. We denote X1 the displacement of the air mass in the small diameter tube (acoustical
mode created owing to coupling box) and X2 the displacement of the neck air mass of the
modiﬁed HR. We can deduce different orders of magnitude of each parameter by taking their
realistic values for possible practical applications in acoustics. Some parameters are ﬁxed (for
example air properties) and others are adjusted for the experiment within a realistic range. So
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Figure 4: Softening and hardening behavior in function of amplitude of excitation (data taken from [1]).

Figure 5: Considered system to obtain targeted energy transfer from one acousticla mode to HR.

we are able to express the govering equations in different orders of magnitudes, using a small
parameter, ε
1, considered as the ratio of the secondary system mass to the main system
mass and we can also normalize equations with respect to time by considering the following
changes of variable: τ = Ωt, where Ω is the natural angular frequency of the main acoustical
mode.
Complex variables of Manevitch [3] can also be used:
dX1
+ jωn X1
dτ
dX2
+ jωn X2
=
dτ

ϕ1 ejωn τ =
ϕ2 ejωn τ

(4)

with j 2 = −1 and ωn is the ratio of the angular frequency of excitation divided by Ω.
A multiple scale method [2] can be performed, where we consider a new scales of time τk =
εk τ , k = 0, 1, ...0, where τ0 is the fast time scale and τ1 and so on are slow time scales.
We study the system around the 1:1 resonance and we replace expressions of X1 and X2 as
functions of ϕ1 and ϕ2 in the system of governing equations and we use a Galerkin’s technique
by keeping ﬁrst harmonics of the system [21]. As shown in [4], by solving the system of
equations at different orders of ε and by using polar expressions
ϕ1 = N1 ejδ1
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(5)

ϕ2 = N2 ejδ2
it is possible to ﬁnd the Slow Invariant Manifold (SIM), that give the relations of N1 in function
of N2 . It is also possible to analyze the behavior of the system at τ1 time scale around the
SIM. This allows to ﬁnd ordinary ﬁxed points and fold singularities [21]. Stability borders of
the SIM as presented in [21] can be provided. When the system possesses fold singularities, in
fact equilibrium and singular points coincide on the fold line of the system. In this case, the
system presents persisting bifurcations between its stable zones which correspond to extreme
energy exchanges between two oscillators [22]. It has been shown in [4] that existence and
positions of fold singularities and equilibrium points, for ﬁxed parameters of the HR, depends
on characteristics of excitation.
In order to activate nonlinear absorber, the absorber should be designed in a manner that the
SIM can present two peaks for given physical parameters. This means that the parameters of
∂N1
HR relevant to nonlinear terms should be tuned. Via setting
= 0, we impose that the
∂N2
SIM possesses two local maxima which leads to ﬁnd possible parameters of HR for having two
peaks. This gives us a mathematical inequality that some parameters must be satisﬁed. Results
for possible realistic values satisfying this condition are shown in Figure 6 where we can see
the superposition of SIM compared to the numerical simulation in terms of N1 vs N2 curve (a
good analytical prediction is obtained) for a given set of parameters (details are given in [4]). In
the Figure 6 we also show the numerical simulation of N1 versus τ where one can see a better
decreasing of N1 when the HR is coupled. First, after starting from the initial conditions there
are nonlinear interactions between energies of the acoustical mode and HR in terms of N1 , N2 ,
which is accompanied by reduction of N1 in a nonlinear manner. Then when the system reaches
to the stability border of SIM, it faces a bifurcation which corresponds to abrupt energy decrease
of N2 with almost constant level of N1 . Finally, after bifurcation the energy of acoustical mode,
N1 decreases until it reaches to zero. In [4] experimental veriﬁcations have also been done. An
example of experimental result is given in Figure 7 with the evolutions of energies of the main
system, i.e. N1 with and without coupled HR. We can see that the energy transfer to the HR
allows to have faster absorption i.e. sharper slop of the energy decreament of the main system.
An energy reduction is shown in a sharp and faster manner followed by a classical exponential
decrease. This scenario is typical behavior for targeted energy transfer and has already been
underlined by [11].
So, it was shown that for very high amplitudes it is possible to obtain hardening behavior under
certain conditions (neck geometry, decresaing of vortex phenomenon...) allowing to activate
targeted energy transfer. However it is not obvious to obtain hardening behavior for classical
HR. That is why we propose in the next section to study the two frequency driving (subharmonic
resonance) case for a classical HR.
3

SUBHARMONIC RESONANCE OF CLASSICAL HR

In this section we consider that the external excitation p of a classical resonator in Equation
(3) is a two-frequency driving.
By assuming that displacement x is small, we introduce small parameters to solve this equation.
Indeed, we introduce ε such that x = εy, with y of order 1. So, in function of the orders of
magnitude (by looking at physics), we can write δ = ε2 r2 , σ = εr1 . For the two frequency
driving we choose p = ε3 f0 cos (Ωt) + ε2 f2 cos (2Ωt + φ). The linear frequency is expressed

375

Figure 6: N1 vs N2 analytical and numerical for initials conditions (τ = 0) X1 = X2 = 0,
dX2
−5
(data taken from [4]).
dτ = 5 × 10

dX1
dτ

= 1 × 10−5 ,

Figure 7: Experimental results showing targeted energy transfer from one acoustical mode to HR (data taken from
[4]).

by Ω = 1 + ε2 μ where μ is the frequency detuning.
d2 y
dy
+ ε2 r1
2
dt
dt

 
 dy 
dy
 
+ y − εαy 2 + ε2 βy 3 = −ε2 f0 cos (Ωt) − εf2 cos (2Ωt + φ) (6)
  + ε2 r 2
 dt 
dt

Then, we apply the multiple time scale method with the expansion of y in the form of: y =
y0 + εy1 + ε2 y2 + O (ε3 ). We develop the time in fast and slow scales: T0 = ε0 t, T1 = ε1 t and
T2 = ε2 t. When we replace these developments in the principal equation (6), we obtain :
ε0 :
ε1 :

2

∂ 2 y0
+ y0 = 0
∂T02

*
∂ 2 y0
∂ 2 y1
f2 ) i(2T0 +2μT2 +φ)
2
−i(2T0 +2μT2 +φ)
+
+
y
−
αy
=
−
e
+
e
1
0
∂T0 ∂T1
∂T02
2

ε2 :
∂y0
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∂ 2 y1
∂ 2 y2
∂ 2 y0
+
+
2
+
+ r1
2
2
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∂T0
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 ∂y 
∂y0
 0
+ y2 − 2αy0 y1 + βy03

 + r2
 ∂T0 
∂T0

(7)

(8)

(9)

=−

*
f0 ) i(T0 +μT2 )
+ e−i(T0 +μT2 )
e
2

When we follow the development in multiple scales used by Nayfeh [2], we continue eliminating secular terms of the precedent equations (7, 8, 9).
The equation (7) has a solution with the following form:
y0 = A (T1 , T2 , T3 , ...) eiT0 + A∗ (T1 , T2 , T3 , ...) e−iT0

(10)

where .∗ stands for conjugate of a complex variable.
For the ﬁrst equation coming from (8):
A = A (T2 , T3 , ...)

(11)

For the second equation coming from (8):
*
1
1
f2 ) i(2T0 +2μT2 +φ)
e
+ e−i(2T0 +2μT2 +φ)
y1 = − αA2 e2iT0 + 2αAA∗ − αA∗2 e−2iT0 +
3
3
6

(12)

We introduce (10) and (12) in the expression (9), and we replace A with the complex form:
A = ŷeiγ . The expression is separated in the real part and the imaginary part. After simplifying, using Δ = γ − μT2 , we obtain the system of two equations:

ŷ

3
f0
f2
5
∂Δ
= − ŷμ + cos (Δ) + ŷ 3 β − α2 − αŷ cos (φ − 2Δ)
∂T2
4
2
3
6
∂ ŷ
∂T2



=

(13)



8
r2
f0
f2
sin (Δ) − ŷ − r1 ŷ 2
+ αŷ sin (φ − 2Δ)
4
2
3π
6

∂ ŷ
∂Δ
Fixed points of the system (13) can be obtained by setting ∂T
= 0 and ∂T
= 0. This will allow
2
2
to obtain the skeleton curve of the amplitude-frequency curve.
It should be underlined that for the special case f0 = 0 and no non linear damping (r1 = 0), we
r2
obtain directly from the second equation of System (13) that sin (φ − 2Δ) = 3 αf
. It means that
2
this is possible only if this value is inferior to 1. So it means that subharmonic resonance, for the
r2
case of excitation by just the second harmonic (f0 = 0), is possible only as 3 αf
< 1. Physically,
2
this implies that the coefﬁcient of the double frequency term must overcome the coefﬁcient of
the damping term, which is a well known result for subharmonic resonance. However, if the
two terms (f0 and f2 ) are taken in account, then it is possible to obtain subharmonic resonance
r2
even if 3 αf
> 1 and very different behaviors can occur.
2
Indeed, it is then possible to obtain different nonlinear behaviors in function of the phase difference φ. For example, we can calculate the amplitude-frequency curve in function of φ as
shown in Figure 8 by taking the following physical realistic parameters: γ̂ = 1.4 (speciﬁc air
ratio of air), r1 = 0.8 and r2 = 2 (values very close to litterature values by assuming ε = 0.1),
f0 = 0.25 (the case f2 = 0 and f0 = 0.25 corresponds to 122dB by considering sound velocity
c = 343m.s−1 and ρ = 1.2kg.m−3 ) and f2 = 0.6 (this corresponds to 150dB).
In Figure 8, we can clearly see that for a certain range of φ it is possible to obtain hardening
behavior instead of classical softening behavior when φ equals to 0 (softening for μ < 0 and
hardening for μ > 0). The dots represent the maximum of amplitude for each curve (one curve
for each ﬁxed φ) so at the resonance frequency.
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Figure 8: Example of amplitude-frequency curve in function of the phase lag φ. The dots represent the maximum
of amplitude for each curve (one curve for each ﬁxed φ) so at the resonance frequency.

Figure 9: Nonlinear response of φ as function of μ (softening for μ < 0 and hardening for μ > 0). The dots
represent the maximum of the amplitude-frequency curve (so at the frequency of resonance).

The Figure 9 allows to see that the intervals where the behavior becomes hardening is around
φ ∈ [π/2; 3π/2].
Moreover, as shown in Figure 10, the phase φ allows to obtain higher amplitudes at resonance,
which can be very interesting for some applications. With the given parameters for this ﬁgure the case with only the ﬁrst harmonic (case f0 = 0.25 and f2 = 0) gives an amplitude of
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0.06. By considering the two-frequency driving excitation and owing to the phase difference
the amplitude can increase at almost 0.0675 for a phase difference near 3π/2. It means that
amplitude can increase approximately 12.5% as compared with the single frequency driving.
All the results have been validated numerically with Runge-Kutta schemes of order four: the
errors are less than 1% and the computational time is drastically reduced owing to analytical
approximations.

Figure 10: The variation of amplitude at resonance frequency in function of φ .The dots represent the maximum
of the amplitude-frequency curve (so at the frequency of resonance).

4

CONCLUSIONS

Nonlinear amplitude-frequency responses of an acoustic Helmholtz resonator have been investigated by taking into account nonlinear restoring and damping forces. The objective of
the present paper is to show that it is possible to obtain nonlinear hardening behavior of HR
either by modifying the geometry of the neck either by using a two-frequency driving with
a phase difference. This nonlinear hardening behavior is necessary to active targeted energy
transfer phenomenon from an acoustical mode to a pure acoustical resonator. Analytical treatment of governing system equations has been carried on by using time multiple scale method
and complexiﬁcation method to detect slow invariant manifold of the system, its equilibrium
and singular points. Owing to the obtained analytical developments, we have shown that it is
possible to use all nonlinear characteristics of the HR, including bifurcations and not just its
classical damping capacity. Analytical predictions have been compared with those obtained
by direct numerical integration of system equations showing good agreement. Experimental
veriﬁcation has also been perfomed for some conﬁgurations. The nonlinear response can be
increased by using a two-frequency driving for certain phase difference and taking into account
the two ﬁrst harmonics can change the characteristic responses even for situation where the
double frequency component does not overcome the damping effect. We have shown that the
phase difference has a crucial role to obtain different nonlinear behaviors. It remains to verify
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experimentally this last point and apply those last results in practical engineering applications.
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Abstract
In earthquake analyses, usually the seismic displacement of slopes along slip surfaces is estimated by the sliding-block model, where a rigid block rests on an inclined plane and every
time that the applied horizontal acceleration is larger than the critical horizontal acceleration
value for relative motion, the block slides. Empirical expressions giving the distance moved
by the sliding-block model have been proposed and recently these equations are based on relevant data bases of specific regions. However, level of accuracy of the sliding-block model is
limited primarily because of the dynamic response of the soil both above and below the slip
surface. Recently a coupled numerical code which predicts the seismic response along slip
surfaces by considering the dynamic response both above and below the slip surface has been
developed (Katsenis et al, 2019). The code is used to propose empirical expressions relating
the seismic displacement along slip surfaces, not only on the predictions of the sliding block
model, but also on the soil type category according to Eurocode and the depth of the slip surface. For this purpose, extensive parametric analyses were performed. Different acceleration
histories recorded in Greece were applied below the soil layers with a slip surface with varying horizontal critical acceleration value for relative motion and depth. Soil behaves linearly
only at very small shear strains, well below the typical shear strains exerted in soil profiles
near severe earthquakes. The present work extends previous work for non-linear soils. It was
observed that the non-linear effect is more important on loose deposits and the previously developed equations were extended to simulate this effect.
Keywords:VORSHVVOLGLQJEORFNPRGHOG\QDPLFUHVSRQVHVHLVPLFGLVSODFHPHQWFRQVWLWX
WLYHPRGHOLQJVOLSVXUIDFHFRXSOHGDQDO\VHVVORSHV
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1

INTRODUCTION

(QJLQHHUV XVXDOO\ DVVHVV WKH VHLVPLF VDIHW\ RI VORSHV XVLQJ WKH G\QDPLF IDFWRU RI VDIHW\
FDOFXODWHGDORQJVOLSVXUIDFHVE\FRPSDULQJWKHDSSOLHGIRUFHVWRWKHVRLOVWUHQJWK>@+RZHY
HUHYDOXDWLRQVEDVHGRQWKHG\QDPLFIDFWRURIVDIHW\KDYHWKHVHULRXVGUDZEDFNWKDWWKH\GR
QRWFRQVLGHUWKHVHLVPLFGLVSODFHPHQWZKLFKLVGLUHFWO\UHODWHGWRGDPDJH>@7KHFRQYHQ
WLRQDO VOLGLQJEORFN PRGHO >@ LV WKH PRVW FRPPRQO\ XVHG VLPSOLILHG PRGHO SUHGLFWLQJ WKH
VHLVPLFGLVSODFHPHQWRIVORSHVIRUJLYHQHDUWKTXDNHPRWLRQV>@$ULJLGEORFNUHVWVRQDQ
LQFOLQHG SODQH )LJ   7KH UHVLVWDQFH DORQJ WKH EORFNLQFOLQHG SODQH ERXQGDU\ IROORZV WKH
0RKU&RXORPEODZ&ULWLFDO DFFHOHUDWLRQLV GHILQHGDV WKHPLQLPXP KRUL]RQWDODFFHOHUDWLRQ
ZKLFKFDXVHVPRYHPHQWRIWKHEORFN(YHU\WLPHZKHUHWKHDSSOLHGKRUL]RQWDODFFHOHUDWLRQLV
ODUJHUWKDQWKHFULWLFDODFFHOHUDWLRQWKHEORFNVOLGHV7KHWRWDOGLVSODFHPHQWLVREWDLQHGE\WKH
DGGLWLRQ RI WKH SDUWLDO VOLSV 7KLV PRGHO LV XVHG IRU WKH SUHGLFWLRQ RI SHUPDQHQW VHLVPLF
PRYHPHQWRIVORSHVDORQJDSUHGHILQHGVOLSVXUIDFHE\DSSURSULDWHO\VHOHFWLQJWKHHTXLYDOHQW
FULWLFDO DQG DSSOLHG DFFHOHUDWLRQ YDOXHV RI WKH FRQYHQWLRQDO VOLGLQJEORFN PRGHO >  @
'LIIHUHQW HPSLULFDO H[SUHVVLRQV KDYH EHHQ SURSRVHG SUHGLFWLQJ WKH VHLVPLF GLVSODFHPHQW RI
WKHVOLGLQJEORFNPRGHOLQWHUPVSULPDULO\RIWKHUDWLRRIWKHPD[LPXPDFFHOHUDWLRQRIWKH
DSSOLHGVHLVPLFPRWLRQGLYLGHGE\WKHFULWLFDOKRUL]RQWDODFFHOHUDWLRQIRUVOLGLQJ>@6RPH
RIWKHVHH[SUHVVLRQVXVHRWKHUWKDQWKHPD[LPXPDFFHOHUDWLRQSDUDPHWHUVRIWKHVHLVPLFPR
WLRQ VXFK DV WKH PD[LPXP YHORFLW\ RU WKH $ULDV ,QWHQVLW\ RU SDUDPHWHUV RI WKH HDUWKTXDNH
WKDWSURGXFHGWKHVHLVPLFPRWLRQVXFKDVLWVHDUWKTXDNHPDJQLWXGHRULWVHDUWKTXDNHIDXOWGLV
WDQFH>@,QDGGLWLRQUHJLRQVSHFLILFHPSLULFDOH[SUHVVLRQVKDYHEHHQSURSRVHGSUHGLFWLQJ
WKHVHLVPLFGLVSODFHPHQWRIWKHVOLGLQJEORFNPRGHODVGLIIHUHQWUHJLRQVKDYHGLIIHUHQWHDUWK
TXDNHIDXOWVDQGJHRORJLFDOSURILOHVFRQGLWLRQVDQGWKXVSRWHQWLDOO\GLIIHUHQWDSSOLHGVHLVPLF
PRWLRQV FKDUDFWHULVWLFV 5HJLRQVSHFLILF HPSLULFDO H[SUHVVLRQV SUHGLFWLQJ WKH VHLVPLF GLV
SODFHPHQW ZLWK WKH FRQYHQWLRQDO VOLGLQJEORFN PRGHO IRU VHLVPLF PRWLRQV LQ *UHHFH KDYH
EHHQSURSRVHGE\>@
7KH FRQYHQWLRQDO VOLGLQJEORFN PRGHO GHVFULEHG DERYH DVVXPHV ULJLG PRWLRQ DQG WKXV LW
GRHV QRW FRQVLGHU WKH G\QDPLF UHVSRQVH RI WKH VRLO ERWK DERYH DQG EHORZ WKH VOLS VXUIDFH
ZKLFKDIIHFWVWKHVHLVPLFGLVSODFHPHQWDORQJWKHVOLSVXUIDFH%DVHGRQUHVXOWVRIVLPSOLILHG
G\QDPLFPRGHOVH[SUHVVLRQVKDYHEHHQSURSRVHGSUHGLFWLQJWKHVHLVPLFGLVSODFHPHQWDORQJ
WKHVOLSVXUIDFHLQWHUPVRIQRWRQO\WKHFULWLFDODFFHOHUDWLRQIRUVOLGLQJDQGFKDUDFWHULVWLFVRI
WKHDSSOLHGVHLVPLFPRWLRQGHVFULEHGDERYHEXWDOVRFKDUDFWHULVWLFVDIIHFWLQJWKHG\QDPLFUH
VSRQVHRIWKHVOLGLQJPDVVVXFKDVLWVKHLJKWDQGVKHDUZDYHYHORFLW\>@+RZHYHUWKH
VHLVPLFGLVSODFHPHQWDORQJDVOLSVXUIDFHVGHSHQGVQRWRQO\RQWKHG\QDPLFFKDUDFWHULVWLFVRI
WKHVOLGLQJPDVVEXWDOVRRQWKHG\QDPLFFKDUDFWHULVWLFVRIWKHVRLOSURILOHEHORZWKHVOLSVXU
IDFH DQG DERYH WKH XQGHUO\LQJ EHGURFN > @ 5HFHQWO\ D QHZ FRVWHIIHFWLYH PHWKRG LV
SURSRVHGSUHGLFWLQJWKHVHLVPLFVOLGLQJPRYHPHQWRIGU\VORSHVLQVRLOSURILOHVDORQJVOLSVXU
IDFHVZLWKUHVLVWDQFHIROORZLQJWKH0RKU&RXORPEODZ7KHPHWKRGPRGHOVWKHFRXSOHGG\
QDPLF UHVSRQVH RI VRLOV ERWK DERYH DQG EHORZ WKH VOLS VXUIDFH >@ $Q DGYDQWDJH RI WKLV
PHWKRGLVVLPSOLFLW\ZKLFKPDNHVLWLGHDOLQSHUIRUPLQJG\QDPLFSDUDPHWULFDQDO\VHV
'HSHQGLQJRQWKHJHRJUDSKLFDOORFDWLRQV1DWLRQDO&RGHVVSHFLI\WKHFKDUDFWHULVWLFVRIWKH
GHVLJQW\SLFDOVHLVPLFPRWLRQVXFKDVWKHPD[LPXPVHLVPLFDFFHOHUDWLRQ>@7KLVVHLVPLF
PRWLRQ W\SLFDOO\ FRUUHVSRQGV DW EHGURFN VLWHV )XUWKHUPRUH (XURFRGH >@ FODVVLILHV WKH VRLO
SURILOHV LQWR GLVWLQFW FDWHJRULHV SUHVXPDEO\ H[KLELWLQJ VLPLODU G\QDPLF UHVSRQVH %DVHG RQ
WKH DERYH LW LV RI LQWHUHVW IRU SUDFWLFLQJ HQJLQHHUV WR UHODWH WKH VHLVPLFGLVSODFHPHQW DORQJ
VOLSVXUIDFHVQRWRQO\WRFKDUDFWHULVWLFVRIWKHVHLVPLFPRWLRQDQGWKHFULWLFDOKRUL]RQWDODF
FHOHUDWLRQIRUVOLGLQJEXWDOVRWRWKHVRLOW\SHFDWHJRU\DFFRUGLQJWR(XURFRGHDVZHOODVSRV
VLEO\WKHGHSWKRIWKHVOLSVXUIDFH
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.DWVHQLV HWDO >@ SURSRVHG HPSLULFDO H[SUHVVLRQV UHODWLQJWKHVHLVPLFGLVSODFHPHQW
DORQJVOLSVXUIDFHVLQ*UHHFHLQWHUPVRI QRWRQO\FKDUDFWHULVWLFVRIWKHDFFHOHUDWLRQKLVWRU\
DQGWKHFULWLFDOKRUL]RQWDODFFHOHUDWLRQIRUVOLGLQJEXWDOVRWRWKHVRLOW\SHFDWHJRU\DFFRUGLQJ
WR(XURFRGHDVZHOODVWKHGHSWKDQGOHQJWKRIWKHVOLSVXUIDFH,QSDUWLFXODUWKH\SURSRVHG
DQGYDOLGDWHGHTXDWLRQVFRUUHFWLQJWKHSUHGLFWLRQVRIWKHFRQYHQWLRQDOVOLGLQJEORFNPRGHOIRU
W\SLFDOVHLVPLFPRWLRQVRI*UHHFHLQWHUPVRIWKHVRLOSURILOHW\SHDFFRUGLQJWR(XURFRGHDQG
WKHGHSWKDQGOHQJWKRIWKHVOLSVXUIDFH.DWVHQLVHWDO>@DVVXPHGDOLQHDUVRLOSURILOH
+RZHYHUVRLOEHKDYHVOLQHDUO\RQO\DWYHU\VPDOOVKHDUVWUDLQVZHOOEHORZWKHW\SLFDOVKHDU
VWUDLQVH[HUWHGLQVRLOSURILOHVQHDUVHYHUHHDUWKTXDNHV,WLVLQIHUUHGWKDWIRUDFFXUDWHSUHGLF
WLRQVWKHOLQHDUPHWKRGVGHVFULEHGLQWKHSUHYLRXVFKDSWHUPXVWEHH[WHQGHGZLWKFRQVWLWXWLYH
HTXDWLRQVVLPXODWLQJWKHQRQOLQHDUVRLOUHVSRQVH
7KH SXUSRVH RI WKH SUHVHQW ZRUN LV WR H[WHQG WKH HPSLULFDO H[SUHVVLRQV SURSRVHG E\
.DWVHQLVHWDO>@IRUGU\VDQG\OD\HUVFRQVLGHULQJWKHQRQOLQHDUVRLOUHVSRQVH)RUWKLV
SXUSRVHWKHIROORZLQJDUHSHUIRUPHGEHORZ D JURXQGSURILOHW\SHVDUHVHOHFWHGDFFRUGLQJWR
(XURFRGH E DGDWDEDVHRIVHLVPLFPRWLRQVLQ*UHHFHLVFROOHFWHG F QXPHULFDODQDO\VHVDUH
SHUIRUPHG XVLQJ  WKH UHFHQWO\ GHYHORSHG QXPHULFDO FRGH E\ >@ G  EDVHG RQ WKH DQDO\VHV
SHUIRUPHG DQGVWDWLVWLFDO DQDO\VLV DQHPSLULFDO HTXDWLRQFRUUHFWLQJWKHVHLVPLFGLVSODFHPHQW
SUHGLFWLRQVRIWKHVOLGLQJEORFNPRGHOEDVHGRQWKHVRLOW\SHFDWHJRU\DFFRUGLQJWR(XURFRGH
DVZHOODVWKHGHSWKRIWKHVOLSVXUIDFHLVGHULYHGDQGYDOLGDWHG H WKHUHVXOWVDUHGLVFXVVHG
DQG DQ H[DPSOH SUDFWLFDO DSSOLFDWLRQ RI WKH SURSRVHG H[SUHVVLRQ IRU WKH SUHGLFWLRQ RI WKH
VHLVPLFGLVSODFHPHQWRIDQDFWXDOVORSHLQ*UHHFHLVJLYHQ
D

E

)LJ D 7KHFRQYHQWLRQDOVOLGLQJEORFNPRGHO E WKHVOLGLQJFKDLQPRGHOXVHGWRGH
ULYHHTXDWLRQ E 
2

MODEL SIMULATING THE NON-LINEAR SLIDING DYNAMIC RESPONSE
OF SLOPES [13]

2.1 Simulation of sliding dynamic response
$VVKRZQLQ)LJDWKHSUHVHQWZRUNPRGHOVDVORSHZLWKDVOLSVXUIDFHDVDFRQWLQXRXV
G\QDPLFV\VWHPRIKHLJKW KK VHSDUDWHGE\DKRUL]RQWDOVOLSHOHPHQWDWKHLJKWKDERYHLWV
EDVH2QO\KRUL]RQWDODFFHOHUDWLRQLVDSSOLHGDWWKHEDVHRIWKHORZHUERG\DQGDERYHDQGEH
ORZWKHVOLSHOHPHQWGLIIHUHQWSURSHUWLHVH[LVW7KXVWKHV\VWHPLVGLYLGHGLQWZRQRQOLQHDU
HODVWLFERGLHV7KHLQGH[LVXVHGIRUWKHXSSHUERG\DQGWKHLQGH[LVXVHGIRUWKHORZHU
ERG\ 7KH XSSHU ERG\ DQG ORZHU ERGLHV KDYH PDVV PL WDQJHQW VKHDU PRGXOXV *WL YLVFRXV
PDWHULDOGDPSLQJUDWLRȜLDQGGHQVLW\ȡLZKHUHLWDNHVWKHYDOXHVDQGIRUERGLHVDQG
UHVSHFWLYHO\ 7KH WZR ERGLHV PRYH D KRUL]RQWDO GLVWDQFH [L YHORFLW\ [ L DQG DFFHOHUDWLRQ [ L
ZKHUHLWDNHVWKHYDOXHVDQGIRUERGLHVDQGUHVSHFWLYHO\
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D

E

)LJXUH  D  &RQWLQXRXV V\VWHP G\QDPLF V\VWHP FRQVLGHUHG LQ WKH SUHVHQW ZRUN F  WKH
DVVXPHGGLVFUHWHG\QDPLFV\VWHPDSSUR[LPDWLRQ
)LJ E JLYHV WKH DVVXPHG HTXLYDOHQW GLVFUHWH ERG\ G\QDPLF V\VWHP ZLWK VOLS HOHPHQW
DSSUR[LPDWLRQRIWKHFRQWLQXRXVV\VWHPRI)LJD,IQRVOLSSDJHDWWKHVOLSVXUIDFHRFFXUV
WKHHTXDWLRQRIPRWLRQRIWKHERG\V\VWHPRI)LJELV
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ZKHUHD W LVWKHDSSOLHGDFFHOHUDWLRQLQWKHEDVHRIWKHV\VWHPLQWHUPVRIWLPHWNL W DQG
FL W DUHWKHYLVFRXVGDPSLQJDQGVSULQJVWLIIQHVVFRHIILFLHQWVRIERGLHVDQGLQWHUPVRI
WLPHWPLDUHWKHPDVVHVRIERGLHVDQGDQGPLDUHWKHHTXLYDOHQWPDVVHVRIERGLHVDQG
ZKHUHWKHLQHUWLDDFFHOHUDWLRQLVDSSOLHG
$OVRQRQOLQHDUHODVWLFLW\DQGWKHJHRPHWU\RI)LJESUHGLFWVWKDWIRUDQ\LQFUHPHQ
WDOFKDQJHLQKRUL]RQWDOGLVSODFHPHQWRIWKHWZRERGLHV G[G[ WKHFRUUHVSRQGLQJLQFUH
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ZKHUHDF W LVWKHKRUL]RQWDODFFHOHUDWLRQIRUUHODWLYHGLVSODFHPHQWRIWKHVOLSHOHPHQWLQWHUPV
RIWLPH,QSDUWLFXODUWKHHIIHFWRIURWDWLRQRIWKHVOLGLQJPDVVDERYHWKHVOLSVXUIDFHLVVLPX
ODWHGE\LQFUHDVLQJWKHFULWLFDODFFHOHUDWLRQRIWKHVOLSHOHPHQWZLWKWKHGLVWDQFHPRYHGDORQJ
WKHVOLSHOHPHQW X DV
ac t

aco  

u
L

E 

ZKHUH aco LVWKHFULWLFDODFFHOHUDWLRQDWX DQG/LVWKHVOLSOHQJWK
6OLGLQJLQRQO\RQHGLUHFWLRQLVDVVXPHGDQGWKHJRYHUQLQJHTXDWLRQRIPRWLRQDWWKH
VOLSHOHPHQWLV
m
IRU uc !  

ucc ac t  ef  xcc  a t ac t   xcc  a t
m
ZKHUH ucc DQG uc LVWKHUHODWLYHDFFHOHUDWLRQDQGYHORFLW\DORQJWKHVOLSHOHPHQW
'XULQJ VOLGLQJ WKH WZR ERGLHV PRYH VHSDUDWHO\ 7KH HTXDWLRQV RI PRWLRQ IRU WKH XSSHU DQG
ORZHUPDVVHVEHFRPH
mxcc  c t xc  k t x
m xcc  c t xc  k t x

mef >a t  ucc t @ 

D 

mef  a t  ucc t mef 

E 

6OLGLQJVWRSVZKHQWKHUHODWLYHYHORFLW\RIWKHVOLSHOHPHQW X EHFRPHV]HUR7KHQDJDLQ
HTXDWLRQV  KROG
7KHDERYHVROXWLRQLVDFFRUGLQJWRWKHWHUPLQRORJ\XVHGE\>@LVFRXSOHG2QWKH
RWKHUKDQGLQWKHDSSUR[LPDWHGHFRXSOHGFDVHVHSDUDWLRQRIWKHWZRERGLHVLVQRWVLPXODWHG
DQGHTXDWLRQV  DUHQRWDSSOLHG)XUWKHUPRUHIRUWKHULJLGFRQYHQWLRQDOVOLGLQJEORFNFDVH
WKHDERYHHTXDWLRQVGRQRWKROGVOLGLQJRFFXUVZKHQ
 ac t  a t !  

D 

DQGWKHJRYHUQLQJHTXDWLRQRIPRWLRQDWWKHVOLSHOHPHQWLV
ucc

ac t  a t 

IRU uc !  

E 

,W VKRXOG EH QRWHG WKDW LQ HTXDWLRQV   WKH FULWLFDO DFFHOHUDWLRQ IRU UHODWLYH PRWLRQ LV H[
SUHVVHGLQWHUPVRIDF W DQGWKXVWKHHIIHFWRIURWDWLRQRIWKHVOLGLQJPDVVDERYHWKHVOLSVXU
IDFHLVVLPXODWHGE\HTXDWLRQ E 
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2.2 Constitutive modeling of the soil profile in the non-linear case
)RUWKHQRQOLQHDUFDVHDWWKHVRLOSURILOHERGLHVL L  WKHWDQJHQWVKHDUPRGXOXV*WLLV
HVWLPDWHGDV
Go  i
D 
Gt  i (t )
Ti (t )
ZKHUH
 Goi

Vsi UL 
2

E 

§ 1
· W (t )  W R L (t )
 1¸¸ L
F 
Ti (t ) 1  ¨¨
Kbi
© Kai
¹
ZKHUH *RL DQG 9VL DUH WKH VKHDU PRGXOXV DQG VKHDU ZDYH YHORFLW\ UHVSHFWLYHO\ DW YHU\
VPDOOVKHDUVWUDLQĲL W DQGĲȠL W LVWKHVKHDUVWUHVVDQGWKHVKHDUVWUHVVRIWKHODVWVWUHVVUHYHU
VDODWWLPHWRIERG\LDQGDLDQGELDUHPRGHOSDUDPHWHUVZKLFKHTXDOWR

ηa i

0.5 

IRU PI i (%) d 15% 

D 

ηb i

6.4 105 (

Goi
)
V 'i

E 

Goi
)
V 'i
ZKHUH3,LLVWKHSODVWLFLW\LQGH[RIERG\L )LJELOOXVWUDWHVWKDWHTXDWLRQ E ILWVZHOOWKH
IDFWRU^ȘE>*Rı @`LQWHUPVRI3,
IRU PI i (%) ! 15% 

ηb i

(1.29  PI i (%)  8.00) 105 (

2.3 Discussion of the proposed equations
(TXDWLRQV E  D   DUHLGHQWLFDOWRWKRVHXVHGE\5DWKMHDQG%UD\>@DQGWKHIRUPRI
HTXDWLRQV D   DQG  LVVLPLODUWRWKRVHXVHGE\/LQDQG:KLWPDQ>@,QDGGLWLRQHTXD
WLRQ E KDVEHHQXVHGE\-DIDULDQDQG/DVKJDUL>@EDVHGRQWKHVOLGLQJFKDLQPRGHORIILJ
XUHE>@
7KH FRQVWLWXWLYH PRGHO HTXDWLRQV   SUHGLFWLQJ VKHDU PRGXOXV GHJUDGDWLRQ DORQJ RI WKH
ERG\DERYHDQGEHORZWKHVOLSHOHPHQWDUHVLPLODUWRWKRVHSURSRVHGE\3DSDGLPLWULRXHWDO
>@EXWDGMXVWHGIRUWKHGU\VLPSOHUFDVH7KHVWDWHRIDUWZRUNE\9XFHWLFDQG'REU\>@
LQGLFDWHV WKDW WKH GHFUHDVH RI WKH VKHDU PRGXOXVZLWK WKH VKHDU VWUDLQ GHSHQGV DV D ILUVW DS
SUR[LPDWLRQRQO\RQWKH3ODVWLVLW\,QGH[ 3, RIWKHVRLODVLOOXVWUDWHGLQ)LJD,QHTXDWLRQV
  WKH PRGHO SDUDPHWHUV ȘDL VSHFLI\ WKH *V*PD[ UDWLR ZKHUH WKH VKHDU VWUHVVGHJUDGDWLRQ
UHVSRQVHLV ILWWHGDQGWKHPRGHOSDUDPHWHU ȘEL ILWV WKHYDOXHRIWKHDFWXDO UHVSRQVHDW DL$
W\SLFDOYDOXHRIDLIRUWKHSUREOHPFRQVLGHUHGLV$VVXPLQJȘD IRUWKHVLPXODWLRQRI
)LJDȘȕLYDULHVLQWHUPVRIRQO\*RDQG3,DVLOOXVWUDWHGLQHTXDWLRQV  
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(b)
(a)
1

Gs /Go

0.8

0.6

0.4

0.2

0
1.E-05

PI=0
PI=15
PI=30
PI=50
PI=100
1.E-04

1.E-03

1.E-02

γ

)LJXUH  D  6WDWHRI WKH DUW VKHDU PRGXOXV GHJUDGDWLRQ LQ WHUPV RI VKHDU VWUDLQ Ȗ  DQG
3ODVWLFLW\ ,QGH[ 3,  >@ E  VLPXODWLRQ IRU WKLV GHJUDGDWLRQ IRU WKH FDVH VWXGLHG LQ VHFWLRQ

2.4 Numerical implementation
(TXDWLRQV      DQG  VLPXODWLQJWKHQRQOLQHDUG\QDPLFUHVSRQVHRIDERG\V\VWHP
ZLWKDVOLSHOHPHQWZLWKFRQVWDQWVWUHQJWKZHUHVROYHGQXPHULFDOO\XVLQJWKH1HZPDUNPHWK
RGZLWKLWVSDUDPHWHUVȕDQGȖWDNLQJWKHYDOXHVRIDQGUHVSHFWLYHO\)RUWKHOLQHDU
FDVHLQSXWDWWKHQXPHULFDOFRGHLVWKHVHLVPLFDFFHOHUDWLRQKLVWRU\WKHFULWLFDODFFHOHUDWLRQ
DFRDQGWKHYDULDEOHVKL9VLȡLȜL2XWSXWLQFOXGHVWKHDFFHOHUDWLRQWLPHKLVWRU\RIWKHWZR
ERGLHVIRUWKHFRXSOHGDQGGHFRXSOHGFDVHVDQGWKHDFFHOHUDWLRQYHORFLW\DQGGLVSODFHPHQW
KLVWRU\DORQJWKHVOLSHOHPHQWIRUWKHFRXSOHGGHFRXSOHGDQGULJLGFDVHV)RUWKHQRQOLQHDU
GU\FDVHDGGLWLRQDOO\WKHYDOXHRIWKH3ODVWLFLW\,QGH[ 3,L LVQHHGHG$GGLWLRQDORXWSXWRI
WKHSURJUDPLQWKLVFDVHLV D WKHWDQJHQWVKHDUPRGXOLRIERGLHVDQGYHUVXVWLPH E WKH
VKHDUVWUHVVVWUDLQUHVSRQVHRIWKHWZRERGLHVDQGWKH F WKHVHFDQWPRGXOXVGHJUDGDWLRQZLWK
VKHDUVWUDLQRIWKHWZRERGLHV
)LJXUHVDQGEJLYHW\SLFDORXWSXWUHVXOWVRIWKHSURSRVHGPHWKRG7KHFDVHRIQRQ
OLQHDUVDQG\VRLOZLWKK K P9V PV9V PVȡ ȡ WPȜ Ȝ XQGHU
WKH$HJLRQHDUWKTXDNHLQSXWPRWLRQDQGVOLSVXUIDFHZLWKDF PVDQG/ PDQG
PRGHOSDUDPHWHUVD Į  ȕ ȕ LV SUHVHQWHG )LJ ELOOXVWUDWHVWKDWHTXDWLRQ E ILWV
ZHOOWKH9XFHWLFDQG'REU\>@FXUYHV
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(b)
(a)
4

Accleration (m/s2)

Accleration (m/s2)

6

Input

2
0
-2
-4
-6
0

10

t (sec)

20

30

Coupled-upper body

6
4
2
0
-2
-4
-6
0

10

Coupled-lower body

4
2

20

30

20

30

(e)
0.20

u (m)

Accleration (m/s2)

(d)
6

t (sec)

0
-2

0.15
0.10
0.05
0.00

-4
-6

0

0

10

20

30

10

t (sec)

t (sec)

)LJXUH7\SLFDOUHVXOWVRIWKHSURSRVHGPHWKRG7KHFDVHRIQRQOLQHDUVDQG\VRLOZLWK
K K P 9V PV 9V PV ȡ ȡ WP Ȝ Ȝ  XQGHU WKH $HJLRQ 
HDUWKTXDNH LQSXW PRWLRQ DQG VOLS VXUIDFH ZLWK DF PV / P DQG PRGHO SDUDPHWHUV
D Į  ȕ ȕ  D  LQSXW DFFHOHUDWLRQ KLVWRU\ E  F  DFFHOHUDWLRQ KLVWRULHV RI ERGLHV 
DQG G VHLVPLFGLVSODFHPHQWDORQJWKHVOLSVXUIDFHYHUVXVWLPH
3

GROUND TYPES ACCORDING TO EUROCODE

(XURFRGH>@GHILQHVJURXQGW\SHV$(DVJLYHQLQWDEOHEDVHGRQREVHUYDWLRQVE\WKH
HDUWKTXDNHHQJLQHHULQJFRPPXQLW\WKDW D RQO\WKHILUVWPGHSWKRIDVRLOSURILOHSOD\DQ
LPSRUWDQWUROHLQWKHG\QDPLFUHVSRQVH E IRUJLYHQVRLOW\SHWKHRQO\VRLOSURSHUW\WKDWDI
IHFWVFRQVLGHUDEO\WKHG\QDPLFUHVSRQVHLVWKHVKHDUZDYHYHORFLW\DQG F IRUVLPLODUG\QDP
LFUHVSRQVHDQRQXQLIRUPVRLOSURILOHZLWKQOD\HUVPD\EHVLPSOLILHGE\DQXQLIRUPRQH
ZLWKVKHDUYHORFLW\9VGHILQHGDV
30m

hi
¦
i 1 Vs i
ZKHUHKLDQG9VLLVWKHWKLFNQHVVLQPDQGHODVWLFVKHDUZDYHYHORFLW\RIOD\HULRIWKHQOD\HUV
RIWKHVRLOSURILOH

9V

n

*URXQG
W\SH
$
%
&
'

'HVFULSWLRQ

9V PV 

5RFNRURWKHUURFNOLNHJHRORJLFDOIRUPDWLRQ
'HSRVLWVRIYHU\GHQVHRUPHGLXPGHQVHVDQGJUDYHORUVWLIIFOD\
'HHSGHSRVLWVRIGHQVHRUPHGLXPGHQVHVDQGJUDYHORUVWLIIFOD\
'HSRVLWVRIORRVHWRPHGLXPFRKHVLRQOHVVVRLORURIVRIWWRILUP
FRKHVLYHVRLO
(
6RLOSURILOHFRQVLVWLQJRIDVXUIDFHDOOXYLXPOD\HUZLWK9VYDOXHV
RIW\SH&RU'DQGWKLFNQHVVYDU\LQJEHWZHHQPXQGHUODLQ
E\W\SH$VRLO
7DEOH*URXQGW\SHDFFRUGLQJWR(XURFRGH>@

389

!




/RXNDV&.DWsHQLV&RQVWDQWLQH$6WDPDWRSRXORVDQG9DVVLOLV33DQoVNDOWVLV

4

DATA BASE OF SEISMIC MOTIONS IN GREECE

,Q WKH SUHVHQW ZRUN UHDOWLPH DFFHOHUDWLRQ KLVWRULHV IURP WKH PRVW VLJQLILFDQW UHFRUGHG
VHLVPLFHYHQWVWKDWWRRNSODFHLQ*UHHFHEHWZHHQDQGZHUHXVHGDVDGDWDEDVH'D
WDZHUHREWDLQHGIURPWKH,QWHUQHW6LWHIRU(XURSHDQ6WURQJ0RWLRQ'DWD ZZZLVHVGKLLV 
,QDGGLWLRQWKHVHLVPLFUHFRUGLQJIURPWKHPRUHUHFHQWHDUWKTXDNHWKDWRFFXUUHGLQ.HIDORQLD
RQRIVL]H0ı>$UJRVWROL/L[XUL&KDYULDWD@ZKLFKZHUHLVLQFOXGHGXQWLO
UHFHQWO\LQWKH(XURSHDQ6WURQJ0RWLRQ'DWDEDVH (6' ZDVXVHG
,Q SDUWLFXODU WKH
ILOWHUHG DFFHOHUDWLRQ WLPH KLVWRULHV IRU WKH KRUL]RQWDO VHLVPLF FRPSRQHQW [[ ZHUH REWDLQHG
7KHFULWHULDXVHGWR VHOHFW WKH'DWDEDVHDUHWKHPDJQLWXGHRIWKHHDUWKTXDNH 0Z! DQGWKH
PD[LPXP DFFHOHUDWLRQ ¢PD[ıJ $ WRWDO RI  VHLVPLF PRWLRQV ZHUH VHOHFWHG LQ WKLV
PDQQHU7DEOH$RIWKH$SSHQGL[SUHVHQWVWKHQXPEHURIWKHVHLVPLFPRWLRQLWVQDPHLWV
VWDWLRQ LWV GDWH DQG LWV PDJQLWXGH 0Z  7KH WLPH KLVWRULHV ZHUH DQDO\]HG ZLWK WKH
VHLVPRVLJQDO SURJUDP >@WKHWR H[WUDFW WKHVSHFWUDO DQGWHPSRUDO SDUDPHWHUV7DEOH $RI
WKH$SSHQGL[SUHVHQWVIRUHDFKVHLVPLFPRWLRQLWVPHDQSHULRGLWVSUHGRPLQDQWSHULRGLWV
SHDNDFFHOHUDWLRQDQGYHORFLW\YDOXH DPD[DQG9PD[ LWV$ULDVLQWHQVLW\DQGLWV(SLFHQWUDOGLV
WDQFH
5

PREVIOUS EMPIRICAL EXPRESSION

5.1 Cases considered
7KHHODVWLFVRLOSURILOHRSWLRQRIWKHPRGHO>@ZDVXVHGDQGWKXVHTXDWLRQV  DQG  
ZHUHQRWDSSOLHG,QDGGLWLRQDYHU\ORQJVOLSOHQJWK / P ZDVXVHGLQLWLDOO\DQGWKXV
WKHURWDWLRQRIWKHVOLGLQJPDVVHIIHFWZDVQRWVLPXODWHG7KHQLQRUGHUWRDVVHVVWKHHIIHFWRI
WKHURWDWLRQRIWKHVOLGLQJPDVVWKHDERYHFDVHVZHUHUHSHDWHGIRU/ PPPP
$FFRUGLQJWR(XURFRGHJURXQGW\SHVRIWDEOHWKHVRLOSURILOHVRIWDEOHZHUHVHOHFWHG7KH
9V9VYDOXHVFRUUHVSRQGWRWKHDYHUDJHRQHVRIHDFKVRLOSURILOHRIWDEOHZKLOHIRUWKH
GHQVLW\YDOXHZKLFKGRHVQRWDIIHFWFRQVLGHUDEO\WKHG\QDPLFVRLOUHVSRQVHWKHW\SLFDOYDOXH
RIȡ WPZDVVHOHFWHG7KHGDPSLQJZDVWDNHQDVȜ Ȝ VLPLODUO\WRDQDO\VHVE\>
@7KHFULWLFDODFFHOHUDWLRQYDOXHDFZDVVHOHFWHGLQVXFKDZD\WKDWFRPSXWHGILQDOVHLVPLF
GLVSODFHPHQWRIWKHFRQYHQWLRQDOVOLGLQJEORFNFDVH XIVO YDULHVIURPDERXWPWRDERXW
P7KHUHDVRQLVWKHVHDUHWROHUDEOHGLVSODFHPHQWYDOXHVIRUW\SLFDOVWUXFWXUHV
$WOHDVWILYH  DFYDOXHVZHUHDSSOLHGIRUHDFKVHLVPLFPRWLRQDQG9V9VVRLOSUR
ILOH)RUDOOWKHVHFDVHVRIVRLOSURILOHVDQGDFYDOXHVWKHVHLVPLFPRWLRQVGHVFULEHGLQVHF
WLRQDERYHZHUHDSSOLHGDQGWKHVHLVPLFGLVSODFHPHQW XI ZDVFRPSXWHG)RUFRPSDULVRQ
UHDVRQVWKHVHLVPLFGLVSODFHPHQWIRUDULJLGEORFNIRUWKHVDPHDSSOLHGPRWLRQDQGFULWLFDO
DFFHOHUDWLRQYDOXH XIVE ZDVDOVRHVWLPDWHG
*URXQG
W\SH
6%
6&
6'
6(

9V PV 

K

9V
9V
9V
9V

 P
P

9V 
9V 
9V 
PV9V PV

KK

7DEOH6RLOSURILOHVDVVXPHGLQWKHDQDO\VLV
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5.2 Form of equation
$VGHVFULEHGDERYHDVGLIIHUHQWUHJLRQVKDYHXQLTXHHDUWKTXDNHIDXOWVDQGJHRORJLFDOSURILOHV
FKDUDFWHULVWLFFRQGLWLRQVWKH\KDYHVHLVPLFPRWLRQVRIGLIIHUHQWFKDUDFWHULVWLFVDQGWKXVGLI
IHUHQWHPSLULFDOH[SUHVVLRQVSUHGLFWLQJVHLVPLFGLVSODFHPHQW5HJLRQVSHFLILFHPSLULFDOH[
SUHVVLRQVSUHGLFWLQJ XIULJLG LQ*UHHFHKDVEHHQSURSRVHGE\>@)RUWKLVUHDVRQLQRUGHU
SRVVLEO\WRRPLWSUHGLFWLQJWKHHIIHFWRIIDFWRUVXFKDVDFDPD[$ULDVLQWHQVLW\HDUWKTXDNH
PDJQLWXGHHWFRQXIZHSURSRVHMXVWWRUHODWHXIRQXIULJLG/ PZKHUHXIULJLG/ PLVSUH
GLFWHGZLWKSUHYLRXVO\SURSRVHGHTXDWLRQVDQGWKHXILQFRUSRUDWHVDGGLWLRQDOWKHG\QDPLFHI
IHFWVRIWKHVRLOSURILOHERWKDERYHDQGEHORZWKHVOLSVXUIDFH%DVHGRQWKHDERYHZHFDQ
ZULWH
XI 5D5XIULJLG/

P

 

ZKHUHWKHIDFWRU5$VLPXODWHVWKHG\QDPLFHIIHFWIRU/ PDQG5DVLPXODWHVWKHHIIHFWRI
WKHURWDWLRQRIWKHVOLGLQJPDVVRQWKHULJLGFDVH
)XUWKHUPRUHSUHOLPLQDU\LQVSHFWLRQVRIWKHREWDLQHGUHVXOWVLOOXVWUDWHGWKDW5$LQFUHDVHVRU
GHFUHDVHVDVDFGHFUHDVHVDQGDWVPDOODFYDOXHLWWHQGVWR+RZHYHUDFIRUWKHGHVLJQVHLV
PLFGLVSODFHPHQWYDOXHYDULHVDORWIRUGLIIHUHQWVHLVPLFPRWLRQVIRUWKHW\SLFDOUHVXOWVIRUD
VHLVPLFPRWLRQRIKLJKDQGORZDPD[YDOXHDFYDULHVEHWZHHQJDQGJUH
VSHFWLYHO\7KLVYDULDWLRQLVHOLPLQDWHGLIWKHIDFWRU5LVUHODWHGWRXIULJLG/ )LJJLYHV
WKHUDWLR5$LQWHUPVRI XIULJLG/  RIVRLOSURILOHV D 6% E 6& F 6' G 6(LQ
WHUPVRI XIULJLG IRUVHLVPLFPRWLRQ L 6DQG E 6RI$SSHQGL[$,WFDQEHREVHUYHGWKDW
5$LQFUHDVHVRUGHFUHDVHVDVXIULJLG/ LQFUHDVHVDQGDWODUJHXIULJLG/ YDOXHLWWHQGVWR
%DVHGRQWKHDERYHZHSURSRVHWKHIROORZLQJHTXDWLRQ
5$ D XIULJLG/



D

D 

ZKHUHDDDUHPRGHOSDUDPHWHUV,QSDUWLFXODUDJLYHVWKHIDFWRU 5 DWXIULJLG PDQG
DJLYHVWKHPDQQHUWKDWWKHIDFWRU5FKDQJHVLQWHUPVRIXIVE)XUWKHUSDUDPHWULFDQDO\VLVLO
OXVWUDWHGWKDWDVDILUVWDSSUR[LPDWLRQDGHSHQGVRQERWKWKHVRLOSURILOHDQGKZKLOHDGH
SHQGVRQO\RQWKHVRLOSURILOH )LJ 7KXVHTXDWLRQ  FDQEHDGMXVWHGDV
5$ >QQ KP @ XIULJLG/



D

E 

ZKHUHWKHSDUDPHWHUVQQDGHSHQGRQWKHVRLOW\SH
$IWHUKDYLQJREWDLQHGWKHHIIHFWRIVRLOW\SHDQGVOLSVXUIDFHGHSWKWKHHIIHFWRIVOLS
OHQJWKLVLQYHVWLJDWHGLQWKHSUHVHQWZRUN:HSURSRVHWKHIROORZLQJHTXDWLRQSUHGLFWLQJ5
5D ^WDQK>OQ F XIULJLG/

/

F

 @`

  

ZKHUHFFPD\GHSHQGRQWKHVHLVPLFPRWLRQ
(TXDWLRQ  LVDPRGLILHGYHUVLRQRIDQHTXDWLRQXVHGE\,VKLEDVKLDQG=KDQJ>@
WRVLPXODWHDVLPLODUHIIHFWWKHGHFUHDVHIURPWR]HURWKHUDWLRRIWKHVHFDQWVKHDUPRGXOXV
WRWKHVPDOOVWUDLQVKHDUPRGXOXVDVWKHVKHDUVWUDLQLQFUHDVHV(TXDWLRQ  SUHGLFWVWKDW5D
HTXDOVWRRQHZKHQ XIULJLG/ / WDNHVDYHU\VPDOOYDOXHDQG5DGHFUHDVHVIURPRQHWR
]HURDV XIULJLG/ / LQFUHDVHV
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)XUWKHUDQDO\VLVLOOXVWUDWHGWKDWLWZDVVXIILFLHQWWRNHHSWKHFIDFWRUFRQVWDQWWDNLQJ
WKHYDOXHDQGYDU\LQJWKHIDFWRUFZKLFKWDNHVDYHU\VPDOOYDOXHZKHQ$ULVYHU\VPDOO
DQGWKHQLQFUHDVHVDV$ULQFUHDVHV )LJ 
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Fig. 7: The factor c2 in terms of Arias intensity and best-`fit trend for all seismic motion cases

5.3 Proposed equation
%DVHGRQWKHSUHYLRXVVHFWLRQUHVXOWV.DWVHQLVHWDO>@JLYHWKHIROORZLQJHTXDWLRQSUHGLFW
LQJWKHVHLVPLFGLVSODFHPHQWDORQJVOLSVXUIDFHVLQWHUPVRI D WKHFRQYHQWLRQDOVOLGLQJEORFN
SUHGLFWLRQV (uf-rigid-1000m) E VRLOW\SHFDWHJRU\DFFRUGLQJWR(XURFRGH F WKHGHSWK K DQG
OHQJWK / RIWKHVOLSVXUIDFH
XI 5DXIULJLGP^>QQ KP @ XIULJLGP D`

D 

ZKHUH
5D ^WDQK>OQ >$U@ XI/



@`

E

DQGQQDDUHPRGHOSDUDPHWHUVJLYHQLQWDEOH
Soil type

n1

n2

a2

n1'

S-B
S-C
S-D
S-E

0.19
0.26
-0.15
0.14

0.0093
0.0101
0.0111
0.0118

0.6
0.6
1.0
0.4

0.05
-0.63
-0.88
0.02

7DEOH3DUDPHWHUVRIHTXDWLRQV  DQG  LQWHUPVRIVRLOW\SH

393

/RXNDV&.DWsHQLV&RQVWDQWLQH$6WDPDWRSRXORVDQG9DVVLOLV33DQoVNDOWVLV

6 EFFECT OF NON-LINEAR RESPONSE
.DWVHQLVHWDO>@VWXGLHGLQGHWDLOWKHHIIHFWRIQRQOLQHDUUHVSRQVHIRUDSDUWLFXODUFDVH
WKH$HJLRQVHLVPLFPRWLRQZLWKDFR PV9V WRPV9V 9VK K P
ȡ ȡ WPȜ Ȝ / P3,L )LJDSUHVHQWVWKHFRPSXWHGHIIHFWRIQRQ
OLQHDULW\XIIRUWKHOLQHDUDQGQRQOLQHDU FRXSOHG FDVHVYHUVXV7V7PZKHUH7PLVWKH
PHDQSHULRGRIWKHDSSOLHGVHLVPLFPRWLRQDQG
h
 
Vs
)LJEJLYHVWKHFRUUHVSRQGLQJPD[LPXPVKHDUVWUDLQIRUWKHQRQOLQHDUDQDO\VHV
)LJDLOOXVWUDWHVWKDWWKHHIIHFWVRIQRQOLQHDULW\RQXIDUHVLJQLILFDQW7KH\FDQEHLQWHU
SUHWHGE\WKHHIIHFWRIQRQOLQHDULW\RQWKHUHSUHVHQWDWLYHVKHDUPRGXOXVYDOXHRIWKHDQDO\VLV
,QSDUWLFXODUDVDUHVXOWRIQRQOLQHDULW\WKHVKHDUPRGXOXVYDOXHGHFUHDVHVDQGWKHUHIRUHWKH
HTXLYDOHQW7V7PYDOXHLVODUJHUWKDQWKHHODVWLFRQH,WLVLQIHUUHGWKDWWKHXIYHUVXV
7V7PFXUYHVDUHVKLIWHGWRWKHOHIWLQWKHQRQOLQHDUDQDO\VHV0RUHVSHFLILFDOO\ILJELO
OXVWUDWHVWKDWLQWKHQRQOLQHDUDQDO\VHVWKHPD[LPXPVKHDUVWUDLQWDNHVDYHU\VPDOOYDOXHDW
7V7P DQGWKHQJUDGXDOO\LQFUHDVHVDV7V7PLQFUHDVHV7KHUHDVRQLVWKDWDV7V7PLQ
FUHDVHV9V 9VGHFUHDVHVDQGWKXVWKHVRLOEHFRPHVVRIWHU&RQVLVWHQWO\WRWKHDERYH)LJD
LOOXVWUDWHVWKDWXILQWKHQRQOLQHDUDQDO\VHVLVPRUHRUOHVVWKHVDPHDW7V7P EXWDV
7V7PLQFUHDVHVWKHXIYHUVXV7V7PFXUYHLVVKLIWHGWRWKHOHIWDQGWKHVKLIWLVPRUHSUR
QRXQFHGDV7V7PLQFUHDVHV
7RGHPRQVWUDWHTXDQWLWDWLYHO\WKHHIIHFWRIQRQOLQHDULW\GHVFULEHGDERYHZHFRQVLGHU
WKHH[DPSOHFDVHRI)LJDDQG7V7P $FFRUGLQJWR)LJDLQWKLVFDVHLQWKHOLQHDU
UHVSRQVHXI PDQGDFFRUGLQJWR)LJELQWKHQRQOLQHDUGU\UHVSRQVHWKHPD[LPXPȖF\F
YDOXHIRUERGLHVDQGHTXDOVDQGUHVSHFWLYHO\RULQDYHUDJH7KXVDFFRUGLQJ
WR)LJDWKHPD[LPXPVKHDUPRGXOXVGHFUHDVHLVE\DERXWWLPHVDQGWKXVWKHDYHUDJH
GHFUHDVHLVWLPHV$VLQWKHVHDQDO\VHV9V 9VLWLVLQIHUUHGWKDWLQWKHQRQOLQHDUGU\FDVH
7VDY7PLQFUHDVHVDERXWWLPHVDQGWKXVWKHHTXLYDOHQWOLQHDU7V7P 7VDY7PYDOXH
HTXDOV  DQGWKHFRUUHVSRQGLQJXIYDOXHDFFRUGLQJWRILJDLVP,WLVLQ
IHUUHGWKDWIRU7V7P XIGHFUHDVHVIURPPLQWKHOLQHDUFDVHWRPLQWKHQRQ
OLQHDUGU\FDVH7KLVDJUHHVFRPSOHWHO\ZLWKWKHQXPHULFDOUHVXOWVJLYHQLQ)LJDIRU
7V7P 
Ts
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Fig. 8. D 7KHFRPSXWHGSHUPDQHQWVHLVPLFGLVSODFHPHQW XI IRUWKHOLQHDUQRQOLQHDUGU\
IDL  DQGQRQOLQHDUVDWXUDWHG ID ID  FRXSOHGDQDO\VHVYHUVXV7V7PDQG E WKH
FRUUHVSRQGLQJPD[LPXPVKHDUVWUDLQIRUWKHQRQOLQHDUDQDO\VHV7KHFDVHRIWKH$HJLRQ
VHLVPLF PRWLRQ ZLWK DFR PV 9V 9V K K P ȡ ȡ 0JP Ȝ Ȝ 
/ P3,L LVSUHVHQWHG
7 EMPIRICAL EQUATION: PROPOSED MODEL: FORM AND DERIVATION
AND VALIDATION PROCEDURE
%DVHGRQVHFWLRQDERYHLWLVLQIHUUHGWKDWLQQRQOLQHDUDQDO\VHVWKHVKHDUYHORFLW\RIWKHVRLO
OD\HULVPRGLILHG$VGHVFULEHGLQVHFWLRQWKHVKHDUZDYHYHORFLW\LQWKHH[LVWLQJHPSLULFDO
PRGHO  HQWHUVWKUXWKHSDUDPHWHUVQQD$FFRUGLQJWRWDEOHIURPWKHVHWKUHHSD
UDPHWHUVRQO\WKHSDUDPHWHUQYDULHVGUDPDWLFDOO\ZLWKVRLOW\SHWDNLQJYDOXHVUDQJLQJIURP
WR,WLVLQIHUUHGWKDWDVDILUVWDSSUR[LPDWLRQRQO\WKLVSDUDPHWHUPD\EHPRGLILHG
IRUWKHQRQOLQHDUFDVH)XUWKHUPRUHDV9VLQFUHDVHVWKHVKHDUVWUDLQZKLFKGHYHORSVGXULQJ
VHLVPLFORDGLQJLVOHVVDQGWKXVWKHPRGLILFDWLRQQHHGHGLQWKHSDUDPHWHUQZLOOEHOHVV
7KXVZHSURSRVHWKHIROORZLQJHTXDWLRQWRHVWLPDWHWKHVHLVPLFGLVSODFHPHQWIRUWKH
QRQOLQHDUFDVH
XI 5DXIULJLGP>>QQ Q KP @ XIULJLGP

D

@

D 

ZKHUH
5D ^WDQK>OQ >$U@ XI/



@`

E

DQGQQDDUHWKHPRGHOSDUDPHWHUVRIWKHSUHYLRXVHTXDWLRQ  JLYHQLQWDEOHZKLOH
WKHPRGHOSDUDPHWHUQ ZKLFKVLPXODWHVWKHHIIHFWVRIQRQOLQHDULW\LQVDQG\VRLOVGHSHQGVRQ
VRLOW\SH
,QDGGLWLRQWKHIROORZLQJSURFHGXUHLVXVHGWRHYDOXDWHWKHPRGHOSDUDPHWHUQ GHILQHGDV
Q QQRQOLQHDU3, QOLQHDU

 

 D )LUVWWKHGDWDEDVHGHVFULEHGLQVHFWLRQLVGLYLGHGLQWZRSDUWVRQHWRGHWHUPLQHWKH
PRGHO SDUDPHWHUV '%  DQG WKH RWKHU WR YDOLGDWH LW '%  7KH GDWD EDVH '% LV WKH RGG
QXPEHUHDUWKTXDNHVDQG'%LVWKHHYHQQXPEHURIHDUWKTXDNHV

395

/RXNDV&.DWsHQLV&RQVWDQWLQH$6WDPDWRSRXORVDQG9DVVLOLV33DQoVNDOWVLV

 E 7KHQIRUWKHQRQOLQHDUFDVHIRUVDQGV 3,  SHUIRUPSDUDPHWULFDQDO\VHVLGHQWLFDOWR
WKRVHGHVFULEHGLQVHFWLRQIRU/ P
 F (VWLPDWHWKHPRGHOSDUDPHWHUQ E\DQDO\]LQJWKHUHVXOWVIRUK PSHUVRLOW\SHDQG
WDNLQJWKHDYHUDJHYDOXH,QWKLVUHVSHFWLWFDQEHREVHUYHGWKDWDV/ P5D DQGWKXV
IRUK P
Q  >XIQRQOLQHDUXIULJLGP@> XIULJLGP

D

@Q

 

 G $QDO\]HWKHHUURULQWKHHVWLPDWLRQRIQ IRUK PDQGPLQWHUPVRIVRLOW\SH7KH
HUURURIWKHSUHGLFWLRQVLVGHILQHGLQWKHSUHVHQWZRUNDV
(U 3UHGLFWHG&RPSXWHG

 

 H 2QFHWKHVH HPSLULFDO H[SUHVVLRQV LV GHULYHG XVHWKHGDWDEDVH'% GHVFULEHGDERYHWR
YDOLGDWHWKHSURSRVHGHTXDWLRQ0HDVXUHWKHHUURU (U LQDOOFDVHVRIWKHLQSXWPRWLRQV
WKXVLQ  FDVHVLQWRWDODQGFRQILUPWKDWWKHPHDQDQGVWDQGDUGGHYLDWLRQRIWKHHUURU
DUHFORVHWR]HUR)XUWKHUPRUHDQDO\]HWKHREWDLQHGHUURUIRUDOOHDUWKTXDNHVLQWHUPVRIVRLO
W\SHDQGK IRUFDVHV LQRUGHUWRHVWDEOLVKLIWKHDFFXUDF\GHSHQGVRQVRLOW\SHDQGK
8

EMPIRICAL EQUATION: PROPOSAL AND VALIDATION

%DVHGRQWKH SURFHGXUH GHVFULEHGLQ VHFWLRQ WDEOH  JLYHVWKHQ REWDLQHGYDOXHSHUVRLO
W\SH7KHVWDQGDUGGHYLDWLRQSHUVRLOW\SHDQGKRIWKHHUURU HTXDWLRQ  ZDVLQWKHUDQJH
RIUHDVRQDEO\FORVHWR]HUR)XUWKHUPRUHLQWDEOHLWFDQEHREVHUYHGWKDWWKHHV
WLPDWHGQ YDOXHVDUHODUJHUIRUWKHFDVHVRIVRLOW\SHV6&DQG6'FRQVLVWHQWO\WRWKHIDFW
WKDW WKHVH WZR VRLO W\SHV KDYH PXFK ORZHU 9V YDOXHV DQG WKXV WKH HIIHFWV RI QRQOLQHDULW\ LQ
WKHVHVRLOVDUHJUHDWHU7KXVIRUWKHQRQOLQHDUFDVHHTXDWLRQ  LVSURSRVHGZLWKWKHPRGHO
SDUDPHWHUVRIWDEOH
2QFHWKHHPSLULFDOHTXDWLRQ  ZLWKWKHPRGHOSDUDPHWHUVRIWDEOHZDVHVWDEOLVKHG
XVLQJWKHGDWDEDVH'%LWVHUURULQWKHSUHGLFWLRQVRIWKLVHTXDWLRQZDVHVWDEOLVKHGXVLQJ
'%&RQVLGHULQJDOOWKHGDWDRI'%WKHDEVROXWHYDOXHPHDQDQGVWDQGDUGGHYLDWLRQRIWKH
HUURU HTXDWLRQ  ZHUHHVWLPDWHGDVDQGUHVSHFWLYHO\$VWKHVHYDOXHVDUHFORVH
WR]HURWKHHUURULVVPDOODQGDFFHSWDEOH)XUWKHUPRUHWKHREWDLQHGHUURUIRUDOOHDUWKTXDNHV
ZDVREWDLQHGLQWHUPVRIVRLOW\SHDQGKDVJLYHQLQWDEOH,WFDQEHREVHUYHGWKDWLQDOOFDV
HVWKHHUURUKDVPHDQYDOXHOHVVWKDQDQGVWDQGDUGGHYLDWLRQOHVVWKDQ
Soil type
S-B
S-C
S-D
S-E

Mean Value (Absolute value)
h1=5m
h1=10m h1=20m
0.08
0.07
0.08
0.09

0.08
0.07
0.08
0.09

0.08
0.09
0.07
0.10

Standard Deviation
h1=5m
h1=10m h1=20m
0.07
0.08
0.07
0.06

0.05
0.10
0.08
0.06

0.09
0.11
0.09
0.12

7DEOH6WDWLVWLFDODQDO\VLVRIWKHHUURULQWKHSUHGLFWLRQVRIHTXDWLRQ  ZLWKWKHSDUDPH
WHUVRIWDEOHLQWHUPVRIVRLOW\SHDQGK
9

EXAMPLE APPLICATION

$VDQH[DPSOHDSSOLFDWLRQZHFRQVLGHUDVLWHLQ*UHHFHRIVRLOFDWHJRU\6&ZKHUHWKHVOLS
VXUIDFHLVDWDYHUDJHGHSWKPDQGJHRWHFKQLFDODQGVHLVPLFDQDO\VLVIRUEHGURFNVHLVPLFPR
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WLRQFKDUDFWHULVWLFVRIWKHVLWHJDYHDF JDQGGHVLJQHDUWKTXDNHRIPDJQLWXGH0Z DW
GLVWDQFH 5 NP (TXDWLRQ   E\ >@ SUHGLFWV DQ $ULDV ,QWHQVLW\ ,D PV DQG HTXDWLRQ
 E\>@SUHGLFWVDFRUUHVSRQGLQJPD[LPXPYDOXHRIVHLVPLFGLVSODFHPHQWZLWKFRQYHQ
WLRQDOVOLGLQJEORFNPRGHOXIULJLG/ P FP$SSOLFDWLRQRIWKHHPSLULFDOH[SUHVVLRQV  
ZLWKWKHSDUDPHWHUVRIWDEOHZRXOGSUHGLFWWKDWZKHQFRQVLGHULQJG\QDPLFHIIHFWV5D 
DQGXI FP)RUWKHHODVWLFFDVHXIZRXOGHTXDOFP7KXVWKHVHLVPLFGLVSODFHPHQWXI
ZRXOGLQFUHDVHE\DERXWDVDUHVXOWRIQRQOLQHDUUHVSRQVH
10 CONCLUSIONS
x 7KHSUHVHQWZRUNSURSRVHVWKHHPSLULFDOH[SUHVVLRQ  ZLWKWKHSDUDPHWHUVRIWDEOH
SUHGLFWLQJ WKH VHLVPLF GLVSODFHPHQW RI VDQG\ VORSHV DORQJ VOLS VXUIDFHV LQ *UHHFH LQ
WHUPVRI D WKHFRQYHQWLRQDOVOLGLQJEORFNPRGHOSUHGLFWLRQV E WKHVRLOW\SHFDWHJRU\
DFFRUGLQJWR(XURFRGHDQG F WKHGHSWKDQGOHQJWKRIWKHVOLSVXUIDFH
x 7KHVHHTXDWLRQVZHUHREWDLQHGE\H[WHQVLYHSDUDPHWULFDQDO\VHVXVLQJDUHFHQWO\GHYHO
RSHGG\QDPLFFRXSOHGQXPHULFDOFRGHZKLFKSUHGLFWVWKHVHLVPLFGLVSODFHPHQWRIDQLQ
OLQHDUVRLOSURILOHDORQJDVOLSVXUIDFHDWVRPHGHSWK$QH[WHQVLYHGDWDEDVHRIVHLVPLF
PRWLRQVUHFRUGHGLQ*UHHFHZDVDSSOLHGEHORZW\SLFDOVRLOOD\HUVDFFRUGLQJWR(XURFRGH
FDWHJRU\W\SHZLWKVOLSVXUIDFHDWGLIIHUHQWGHSWKVDQGYDU\LQJWKHUHVLVWDQFH DVGHILQHG
E\ WKH FULWLFDO DFFHOHUDWLRQ YDOXH  LQ VXFK D ZD\ WKDW FRPSXWHG ILQDO VHLVPLF GLV
SODFHPHQWRIWKHFRQYHQWLRQDOVOLGLQJEORFNFDVHYDULHVIURPDERXWPWRP7KH
UHVXOWVZHUHDQDO\]HGVWDWLVWLFDOO\
x 7KHHIIHFWVRIQRQOLQHDULW\DUHVLPXODWHGWKUXWKHIDFWRUQ ZKLFKDIIHFWVFRQVLGHUDEO\
WKHUHVXOWVIRUWKHVRIWORRVHVRLOSURILOHV6&DQG6'
REFERENCES
>@ (XURSHDQ6WDQGDUG  (XURFRGH'HVLJQRIVWUXFWXUHVIRUHDUWKTXDNHUHVLVWDQFH
)LQDO'UDIWSU(1'HFHPEHU
>@ :KLWPDQ59  3UHGLFWLQJHDUWKTXDNHFDXVHGSHUPDQHQWGHIRUPDWLRQVRIHDUWK
VWUXFWXUHVDUWLFOHRQ³3UHGLFWLYH6RLO0HFKDQLFV´7KRPDV7HOIRUG/RQGRQ
>@ 1HZPDUN10  (IIHFWVRIHDUWKTXDNHV RQGDPVDQGHPEDQNPHQWV*HRWHFK
QLTXH  
>@ $PEUDVH\V 1 DQG 0HQX -   (DUWKTXDNH LQGXFHG JURXQG GLVSODFHPHQWV (DUWK
TXDNHHQJLQHHULQJDQGVWUXFWXUDOG\QDPLFV
>@ $PEUDVH\V 11 6UEXORY 0   $WWHQXDWLRQ RI HDUWKTXDNHLQGXFHG GLVSODFHPHQWV
-RXUQDORI(DUWKTXDNH(QJLQHHULQJDQG6WUXFWXUDO'\QDPLFV±
>@ $PEUDVH\V -LEVRQ 5 : 5HJUHVVLRQ PRGHOV IRU HVWLPDWLQJ FRVHLVPLF ODQGVOLGH GLV
SODFHPHQW
>@ -LEVRQ5:5HJUHVVLRQPRGHOVIRUHVWLPDWLQJFRVHLVPLFODQGVOLGHGLVSODFHPHQW(QJL
QHHULQJ*HRORJ\  ±
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>@ 5DWKMH (0 6D\JLOL *   $ YHFWRU KD]DUG DSSURDFK IRU 1HZPDUN VOLGLQJ EORFN
DQDO\VLV 3URF(DUWKTXDNH *HRWHFK (QJUJ :RUNVKRS 8QLYHUVLW\ RI &DQWHUEXU\
&KULVWFKXUFK1HZ=HDODQG1RY±
>@ &KRXVLDQLWLV.*DXGLR9.DORJHUDV,*DQDV$3UHGLFWLYHPRGHORI$ULDVLQWHQVLW\
DQG1HZPDUNGLVSODFHPHQWIRUUHJLRQDOVFDOHHYDOXDWLRQRIHDUWKTXDNH±LQGXFHGODQG
VOLGHKD]DUGLQ*UHHFH6RLO'\QDPLFVDQG(DUWKTXDNH(QJLQHHULQJ
>@ %UD\-'DQG7UDYDVDURX7  6LPSOLILHG3URFHGXUHIRU(VWLPDWLQJ(DUWKTXDNH
,QGXFHG 'HYLDWRULF 6ORSH 'LVSODFHPHQWV -RXUQDO RI *HRWHFKQLFDO DQG
*HRHQYLURQPHQWDO(QJLQHHULQJ  
>@ 5DWKMH ( 0 DQG %UD\ - ' $Q H[DPLQDWLRQ RI VLPSOLILHG HDUWKTXDNH LQGXFHG GLV
SODFHPHQWSURFHGXUHVIRUHDUWKVWUXFWXUHV&DQ*HRWHFK-±  
>@ -DIDULDQ<DQG/DVKJDUL$  6LPSOLILHG3URFHGXUHIRU&RXSOHG6HLVPLF6OLGLQJ
0RYHPHQW RI 6ORSHV 8VLQJ 'LVSODFHPHQW%DVHG &ULWLFDO $FFHOHUDWLRQ ,QWHUQDWLRQDO
-RXUQDORI*HRPHFKDQLFV9ROXPH,VVXH$XJXVW
>@ .DWVHQLV/&6WDPDWRSRXORV&$3DQRVNDOWVLV93'L%3UHGLFWLRQRIODUJHVHLV
PLFVOLGLQJPRYHPHQWRIVORSHVXVLQJDERG\QRQOLQHDUG\QDPLFPRGHOZLWKDURWDW
LQJVWLFNVOLSHOHPHQW6RLO'\QDPLFVDQG(DUWKTXDNH(QJLQHHULQJ  
>@ /LQ -6 DQG :KLWPDQ 59  'HFRXSOLQJ $SSUR[LPDWLRQ WR WKH HYDOXDWLRQ RI
HDUWKTXDNHLQGXFHG SODVWLF VOLS LQ HDUWK GDPV (DUWKTXDNH (QJLQHHULQJ DQG 6WUXFWXUDO
'\QDPLFV±
>@ 2UJDQL]DWLRQ RI DQWLVHLVPLF GHVLJQ DQG SURWHFWLRQ RI *UHHFH 2$63    +HOOHQLF
6HLVPLF&RGH6HSWHPEHU LQ*UHHN 
>@ .DWVHQLV /. C.6WDPDWRSRXORV & A., 3DQRVNDOWVLV 9. P. 7KRPDLGRX .   6HLVPLF
sliding GLVSODFHPHQWRIVORSHVLQWHUPVRIVRLOSURILOHW\SH&203'<1
WK,QWHUQDWLRQDO&RQIHUHQFHRQ&RPSXWDWLRQDO0HWKRGVLQ6WUXFWXUDO'\QDPLFVDQG
(DUWKTXDNH(QJLQHHULQJ-XQH&UHWH*UHHFH
>@ .DWsHQLV/&6WDPDWRSRXORV&$3DQoVNDOWVLV93.6HLVPLFVOLGLQJGLVSODFHPHQWRI
VORSHVLQ*UHHFHWHUPVRIVRLOSURILOHW\SHDQGVOLSVXUIDFHOHQJWKWK3DQKHOOHQLF&RQ
IHUHQFH RI HDUWKTXDNH HQJLQHHULQJ DQG WHFKQLFDO VHLVPRORJ\  $WKHQV
*UHHFH
>@ KWWSVZZZVHLVPRVRIWFRPVHLVPRVLJQDO
>@ 9XFHWLF 0 $QG 'REU\ 5 ³(IIHFW RI VRLO SODVWLFLW\ RQ F\FOLF UHVSRQVH -RXUQDO RI WKH
*HRWHFKQLFDO'LYLVLRQ$6&(  %ROWRQ0'  7KHVWUHQJWKDQGGL
ODWDQF\RIVDQGV*HRWHFQLTXH  
>@ 6WDPDWRSRXORV & $ 6OLGLQJ 6\VWHP 3UHGLFWLQJ /DUJH 3HUPDQHQW &R6HLVPLF 0RYH
PHQWVRI6ORSHV(DUWKTXDNH(QJLQHHULQJDQG6WUXFWXUDO'\QDPLFV9RO1R
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Appendix
7DEOH$(DUWKTXDNHVDSSOLHG
No
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19

Name
Off Cephallonia
Off Cephallonia
Ionian
Pyrgos
Patras
Ano Liosia
Alkion
Kalamata
Ano Liosia
Alkion
Kalamata
Kozani (aftershock)
Off Cephallonia
Kefallinia (aftershock)
Kefallinia island
Ano Liosia
Kozani
Komilion
Aigion

Station
Chavriata Chv1
Lixouri Lxr1
Lefkada-OTE Building
Pyrgos-Agriculture Bank
Patra-San Dimitrios Church
Athens-Sepolia (Garage)
Korinthos-OTE Building
Kalamata-Prefecture
Athens 3 (Kallithea District)
Xilokastro-OTE Building
Kalamata-OTE Building
Karpero-Town Hall
Argostoli Arg2
Argostoli-OTE Building
Argostoli-OTE Building
Athens-Sepolia (Metro Station)
Kozani-Prefecture
Lefkada-OTE Building
Aigio-OTE Building

Year
03/02/14
03/02/14
04/11/73
26/03/93
14/07/93
07/09/99
24/02/81
13/09/86
07/09/99
24/02/81
13/09/86
19/05/95
03/02/14
23/03/83
23/01/92
07/09/99
13/05/95
25/02/94
17/05/90

M (Mw)
6,10
6,10
5,80
5,40
5,60
6,00
6,60
5,90
6,00
6,60
5,90
5,20
6,10
6,20
5,60
6,00
6,50
5,40
5,21

20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

Patras
Patras
Ierissos
Heraklio
Etolia
Kefallinia island
Kefallinia island
Kefallinia (aftershock)
Kozani (aftershock)
Kyllini
Kyllini
Ano Liosia
Volvi
Arnaia
Preveza
Mouzakaiika
Kozani (aftershock)
Komilion
Ano Liosia
Strofades
Alkion
Ano Liosia
Lefkada
Kalamata
Volvi
Pyrgos
Kalamata (aftershock)
Ierissos
Ano Liosia
Ierissos
Gulf of Corinth

Patra-National Bank
Patra-OTE Building
Ierissos-Police Station
Heraklio-Prefecture
Valsamata
Argostoli-OTE Building
Kefallinia
Kefallinia
Chromio-Community Building
Amaliada-OTE Building
Zakynthos-OTE Building
Athens 2 (Chalandri District)
Thessaloniki-City Hotel
Poligiros-Prefecture
Preveza-OTE Building
Lefkada-OTE Building
Chromio-Community Building
Lefkada-Hospital
Athens-Sygrou-Fix
Zakynthos-OTE Building
Korinthos-OTE Building
Athens 4 (Kipseli)
Lefkada-OTE Building
Koroni-Town Hall
Thessaloniki-City Hotel
Amaliada-OTE Building
Kyparrisia-Agr. Bank
Ouranoupolis
Athens-Syntagma
Poligiros-Prefecture
Nafpaktos- OTE Building

14/07/93
14/07/93
26/08/83
19/03/83
18/05/88
23/06/92
17/09/72
30/10/72
15/05/95
16/10/88
16/10/88
07/09/99
20/06/78
04/05/95
10/03/81
13/06/93
17/05/95
25/02/94
07/09/99
18/11/97
25/02/81
07/09/99
27/05/81
13/10/97
04/07/78
26/03/93
10/06/87
26/08/83
07/09/99
26/08/83
04/11/93

5,60
5,60
5,09
5,60
5,30
5,09
5,6
5,36
5,20
5,90
5,90
6,00
6,20
5,30
5,40
5,30
5,30
5,40
6,00
6,60
6,30
6,00
5,30
6,40
5,41
5,40
5,30
5,10
6,00
5,10
5,30
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No
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

Mean Period

Predominant
Period

amax (m/s2)

Vmax (m/sec)

Arias intensity
(m/sec)

0,30729
0,82566
0,45012
0,246
0,24819
0,22257
0,4679
0,46054
0,26487
0,4544
0,43318
0,25146
0,13857
0,18438
0,21945
0,25703
0,21054
0,35851
0,2101
0,2754
0,2702
0,2295
0,1989
0,2261
0,2124
0,2016
0,242
0,1706
0,2968
0,3089
0,2522
0,329
0,1528
0,2328
0,2159
0,1945
0,3595
0,4444
0,3493
0,6177
0,294
0,2086
0,2677
0,2761
0,265
0,2177
0,1816
0,3574
0,1915
0,2863

0,16
0,9
0,34
0,08
0,08
0,16
0,34
0,3
0,08
0,22
0,22
0,14
0,06
0,1
0,12
0,16
0,16
0,18
0,14
0,2
0,14
0,12
0,16
0,22
0,18
0,12
0,18
0,08
0,18
0,34
0,08
0,20
0,10
0,20
0,16
0,16
0,32
0,12
0,18
0,18
0,3
0,16
0,12
0,2
0,1
0,1
0,16
0,14
0,08
0,12

7,3360
6,545
5,1459
1,4244
1,4992
2,7592
2,2566
2,108
2,6014
2,8382
2,3537
2,601
2,198
1,788
1,249
2,1698
2,0388
1,71620
1,14910
1,37730
1,13720
1,22820
0,75026
1,62380
1,71720
1,19270
0,61381
1,2951
0,7845
1,4789
1,0685
1,3095
1,4255
1,4019
0,4262
1,2897
1,2701
0,8329
1,1944
1,1714
1,1710
1,1703
1,1217
1,12480
1,1214
0,6611
0,8164
1,0872
1,0500
0,6532

0,3215
0,7677306
0,38516
0,06406
0,07922
0,21152
0,14617
0,27389
0,25544
0,1593
0,29092
0,10955
0,0488
0,09629
0,1062
0,16418
0,16501
0,09177
0,03693
0,11783
0,0423
0,09927
0,05918
0,06671
0,06517
0,07615
0,05185
0,06495
0,08526
0,07214
0,07901
0,07733
0,07613
0,06422
0,01477
0,05671
0,091
0,06277
0,08539
0,10388
0,08864
0,05143
0,07781
0,05836
0,16299
0,03294
0,03718
0,06552
0,07606
0,03156

2,76936
2,75813
0,89603
0,06707
0,11386
0,39398
0,42166
0,41461
0,22299
0,60747
0,38456
0,25406
0,15636
0,20986
0,07634
0,17729
0,19868
0,12485
0,02189
0,09903
0,09253
0,05427
0,0576
0,09257
0,09291
0,0717
0,01451
0,05646
0,04902
0,15926
0,05804
0,12136
0,0596
0,17736
0,00905
0,05639
0,12521
0,02688
0,20123
0,14958
0,06613
0,04701
0,12713
0,04483
0,04209
0,01229
0,02224
0,03649
0,021
0,03005
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Epicentral
distance
(km)
7,00
7,00
15,00
10,00
9,00
14,00
20,00
10,00
16,00
19,00
11,00
16,00
12,00
9,00
14,00
14,00
17,00
16,00
20,00
10,00
10,00
8,00
40,00
23,00
16,00
31,00
19,00
9,00
36,00
14,00
20,00
29,00
28,00
28,00
48,00
16,00
15,00
19,00
38,00
25,00
17,00
26,00
48,00
16,00
24,00
17,00
15,00
18,00
42,00
10,00

EURODYN 2020
XI International Conference on Structural Dynamics
M. Papadrakakis, M. Fragiadakis, C. Papadimitriou (eds.)
Athens, Greece, 2–2 1RYHPEHU 2020

SUPPRESSION OF CLASSICAL FLUTTER OSCILLATIONS IN
BLADED WHEEL USING INNER DAMPING EFFECT
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Abstract. Inner material damping effect for reduction of self-excited vibrations due to aeroelastic instability is studied on a numerical reduced model of a rotating turbine wheel with 66
blades. The aerodynamic nozzle excitation of the rotating wheel arises from the spatially periodical flow of steam through the stator blade cascade. This excitation causes travelling deformation waves in the wheel. The analysis of forced vibration of the wheel under selfexcitation is oriented on the narrow frequency range and therefore the bladed wheel is modelled by a modal synthesis method. The self-excited aero-elastic forces are described by Van
der Pol model acting herein independently to the 1th axial flexural mode of each blade of the
wheel. Numerical simulations showed a very fast entry of amplitudes increase due to selfexcitation. The initial forced vibration mode by nozzle excitation was decisive for the vibration pattern of self-excitation. Its suppression depended on the ratio between the intensity factor of self-excitation and the size of proportional damping describing the inner damping.
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1

INTRODUCTION

Since traditional computational fluid and structural tools are computationally very expensive and required large computational power to simulate fluid-structure problems in machines
where the large fluid domain and complex solid bodies need to be discretized, we aim at development and application of reduced-order modeling order modeling (ROM) of flutter oscillations in turbine bladed wheel dynamics. Although such ROM approaches are medium
fidelity models yet, they can bring interesting knowledge of their dynamic behavior of a bladed wheel system.
Beside the forced nozzle excitation, the gas flowing through a blade cascade can cause instability and/or increase of self-excited oscillations [1-3]. For determination of critical behavior of self-excited vibration in the blade cascade, the boundary element based panel method as
ROAM method is developed to model a flow field around bodies [4]. For description of postcritical dynamic behavior of the bladed wheels, a semi-analytical approach based on the Van
der Pol model was proposed [5-7]. For case studies, the different blade systems modeled by
mass-spring discretized models with viscous-elastic or dry-friction damping in the blades
shroud were analyzed. Van der Pol model advantage is a conversion of negative damping into
positive one after the amplitude of self-excited oscillations exceeds prescribed limits.
This contribution is continuation of our study of self-excitation in bladed wheels. In this
approach, however, we choose the modal synthesis ROM method for the bladed wheel reduction [8-10]. It shows that the vibration of the turbine wheels occurs in narrow frequency ranges when dominant resonant vibration occurs. In literature Van der Pol model of self-excitation
is used in connection with stator blade vortex shedding excitations and “lock-in” phenomena.
As the vortex shedding frequency approaches the natural frequency of the body, both frequencies lock-in [11-13]. In our approach, however, we deal with classical flutter phenomena
[1] in bladed wheels that is linked with travelling deformation waves and inter-blade-phaseangle (IBPA) initiated by nozzle excitation. If the material and structural damping of the
wheel is low, the flutter can cause rapid increase of vibration amplitudes that can lead to high
cycle fatigue of the blade. Resonant frequencies and vibration mode shapes does not change
significantly due to higher vibration amplitudes in the flutter state. Therefore, if we correctly
asses the frequency range for modal reduction, this method could precisely describe the bladed wheel dynamics because the modal properties of the reduced system are properly approximated. The aero-elastic forces are described again by Van der Pol model related to selected
eigenmode. As example of possible suppression of this dangerous phenomenon, we introduced a simple proportional damping term which describes inner material damping into the
equation of motion.
2

GENERAL SPECIFICATIONS

The homogeneous equation of motion of the undamped original mechanical system can be
written in the matrix form as
 + Ku = 0 ,
Mu

(1)

 , u
where M and K ∈ R n×n  אRnxn are mass and stiffness square matrices of dimension n, u
are acceleration, displacement vectors of the DOFs.

That leads to the eigenvalue problem
(K − ȁM ) X = 0 ,
The solution of (2) yields the matrices of eigenvalues Λ and of eigenvectors X
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Diag ( ȁ ) = [λ1 , λ2 , ... , λn ], X = [x1 , x 2 , ... , x n ]

.

(3)

If the eigenvector matrix satisfies the orthonormal condition then
T

XMX = I, XKX = ȁ .

(4)

For simplicity of modal synthesis explanation, let us assume assembly just two identical blade
segments ( nr =2). The homogenous equation of motion of uncoupled subsystems is
c + K c u c = 0 ,
M cu

(5)

where

ªu º
ªM 0 º
ªK 0 º
Mc = «
, Kc = «
, uc = « 1 » ,
»
»
¬ 0 M¼
¬ 0 K¼
¬u 2 ¼
with eigenvalue characteristics
ªȁ 0 º
ªX 0 º
ȁc = «
(6)
, Xc = «
»
»,
¬ 0 ȁ¼
¬ 0 X¼
where K c , M c , Xc , ȁ c ∈ R nnr xnnr ( n is number of DOFs of the segment, nr is number of segments).
Each connection between the blade subsystems can be described by a constraint vector Tv .
For example, let K is a matrix of R 4 x 4 and 4th DOF u14 of the 1th blade and the 3rd DOF u23 of
the 2nd blade are connected by spring with stiffness c1. The constrain is governed by the expression
c1 (u14 − u23 ) = F1 .

(7)

To create the full modification stiffness matrix in original DOFs, the constrain can be expressed by a constraint vector Tv
c1 T Tv u c = F1 ,

(8)

where T Tv = [ 0 0 0 1 0 0 −1 0] . Then the modification stiffness is constituted as
ΔK = Tv T Tv c1.

(9)

The full synthesized system can be described by the equation of motion

cN + ( K c + ΔK ) u cN = fcE ,
M cu

(10)

which leads to eigenvalue problem

( −ȁ

cN

M c + ( K c + ΔK ) ) XcN = 0 .

(11)

To reduce the full DOF space of the synthesized structure (10) we choose the modal subspace

403

L.Pesek, P.Snabl and Ch.S.Prasad

ªX 0 º
Xc = «
»,
¬ 0 X¼
where X ∈ R n×m is matrix of arbitrarily chosen m eigenvectors of X ∈ R n×n of the original
cN = − X c ȁ cNR Q cNR
one-blade subsystem. Introducing the transformation u cN = X cQ cNR and u
and pre-multiplying by T Xc in (11), when the eigenvector matrix Xc satisfies the orthonormal
condition (4) then we get
[− ȁ cNR + ( ȁ cR + ΔK cNR )]Q cNR = 0 ,

(12)

where Q cNR is reduced synthesized modal matrix, ΔK cNR = T Xc ΔKXc is reduced modification matrix of R mnr ×mnr .
Remark: To avoid the calculations of the eigenvalue problem of the full synthesized system
cN . Therefore it
(10) the modal subspace XcN is approximated by Xc for expression of u cN , u
is necessary to use the same boundary conditions of the uncoupled and synthesized models.

To preserve the solution in modal space, then the external and self-excitation forces has to
be expressed in reduced space and equation of motion of synthezised reduced wheel system
can be expressed as
 R + β (K cR + ΔK cNR )u R + G (u RB , u RB ) + (K cR + ΔK cNR )u R = fcRE (t ) ,
M cR u

(13)

where K cR = T Xc K c X c , M cR = T X c M c X c , β is coefficient of proportional damping and u RB is
defined bellow..
In steam turbines the stator blades create so-called nozzle excitation, i.e. spatially periodical flow that acts on the rotor blades with periodic force which frequency is dependent on angular velocity of the rotor and number of stator blades. Number of stator blades is usually
chosen lower than number of rotor blades and their difference gives number of NDs which is
excited by the nozzle excitation. The excitation force can be described by
ª
§ n
FE i = Fb cos « nsωr t − 2π ¨1 − s
© nr
¬

· º
¸ i » , i = 1, …, nr ,
¹ ¼

(14)

where Fb is the force amplitude, ωr the angular velocity of the rotor and nr and ns are the
numbers of rotor and stator blades. So force vector T fcRE = ª¬ T fcRE1 T fcRE 2 . T fcREn º¼ is
composed of reduced external excitation vectors fcREi = p Ei FEi of each blade (i=1, nr ) , where
p Ei = T Xd cEi is participation factor of i-blade. Distribution excitation vector d cEi of the blade
is zeros vector with ones only on positions corresponding to DOFs of the blade where forces
act.
In addition to the nozzle excitation, we assumed the self-excitation aerodynamic forces G
that uniformly act on one selected mode of each blade. To study the effect of the self-excited
vibrations, Van der Pol model was used as
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ª § u RBi · 2 º
Gi = − μ «1 − ¨
¸ » uRBi , i = 1, …, nr ,
¬« © r ¹ »¼

(15)

where μ is intensity of self-excitation and r is a value of amplitude at which the negative
damping changes into positive. This property allows us to study the behavior in this unstable
regions because it prevents the amplitude to grow to infinity and stopping the simulations.
Displacements u RBi and their velocities uRBi are linked with absolute values of selected modal
coordinates calculated for each blade at each step of time integration. The construction of vector G is analogical to fcRE Due to uniformity distribution assumption its vectors d ci are unity
vector and arising participation vectors of blades are multiplied by function (15). Therefore,
the unstable behavior of each blade in selected vibration modes is enabled.
3

STUDY CASE

For demonstration of the blade assembly by modal synthesis and calculations of its dynamic behavior under nozzle excitation and self-excitation, the modified turbine bladed wheel was
chosen as a study case (Fig.1). In addition to the modified model, the real structure of the
wheel ( nr =66 blades) has interconnections in shrouds and tie-bosses of blades.

Figure 1: Model of bladed wheel.

The numerical models of the whole wheel with mesh of 1946303 nodes and the one-blade
segment used for modal synthesis of 30383 nodes (91149 DOFs) were built in the program
ANSYS 19.3. The node topology of one-blade segment including a blade and disk partition is
shown in figure 2.
The bottom nodes (light blue marks) of the model (shaft area) were clamped in all DOFs.
The nodes (N25201 and N25467) of y-axis nozzle excitation and nodes of ten couplings’ pairs
between left and right sides of neighboring segments, i.e. pairs N3696-N3185, N3475-N1875,
N3546-N1587, N3405-N1980, N3427-N2077, N1109-N3154, N3602-N2408, N3673-N2690,
N3273-N1840, N3561-N2515, are depicted in the figure too. All DOFs of the paired nodes
were connected by springs with stiffness c1 = 1e8 Nm−1 . Then the constrain expressions (9)
were used to create modification matrix ΔK cR . Since the modal matrix X ∈ R 91149×3 consisted
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of flexural (one tangential and two axial) eigenmodes of the first three eigenfrequencies
(Tab.1) of the segment, the final dimensions of the global matrices of equation (13) were reduced (198x198).

Figure 2 FE model of one-blade segment

Figure 3: First four eigenmodes: a) 1. Tangential bending, b) 1. Axial bending c), 2. Axial bending, d) 1. Torsional.

By couplings between the 1th and the last 66th blade we create a rotational periodicity of the
assembly. These structures are characteristic by double eigenfrequencies of the eigenvalue
problem. To assess accuracy of the mode approximation the results of eigenfrequencies ωci of
uncoupled assembly, ωcFi of full unreduced model (as reference) and ωcNRi of modified reduced system are presented in Tab. 2. It can be seen a good agreement between full model and
synthesized model results. Small differences between modes with different number of nodal
diameters show that the disk is relatively stiff compared to the blades that is demonstrated by
small disk displacements of all eigenmodes in Fig. 4. Selected shapes of eigenmodes (2ND
and 4ND) associated with their double eigenfrequencies computed by the full wheel FE model
are depicted in the figure 4.
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Whole wheel

i - mode
order
number

Blade segment
ωZŝͬϮπ

ωĐ&ŝͬϮπ

ωĐEZŝͬϮπ

1
2
3
4
5
6
7
8
9
10

22.099
38.519
91.850
160.36
169.55
182.74
198.70
319.72
364.04
399.35

35.059
35.059
35.075
35.075
35.082
35.082
35.085
35.085
35.088
35.088

34.6673
34.6673
34.8195
34.8195
34.9142
34.9142
34.9903
34.9903
35.0655
35.0655

of blade segment,

ωcFi

Table 1: Eigenfrequencies

ωRi

NDs of
wheel
modes
1
1
2
2
3
3
4
4
5
5

of full unreduced model (as reference) and

ωcNRi

of

modified reduced system of the bladed wheel.

Figure 4: Contour pictures of eigenmodes: a) 2ND; b) 4ND of the wheel.

Selection of modes, modal reduction of one-blade segment and modal synthesis of the
wheel were calculated in Matlab after importing full matrices from ANSYS.
4

SIMULATIONS OF WHEEL DYNAMIC BEHAVIOUR - NOZZLE EXCITATION
AND SELF-EXCITATION

The simulations of self-excited vibrations on reduced-order model of bladed wheel were
realised in Simulink block scheme environment. Simulation time-step was chosen 1e-4 s and
the used solver was "ode3". The mode sensitive to self-excitation was selelected the 1th axial
flexural mode (Fig. 3). To analyse dynamical response of the wheel with combined nozzle
excitation and self-excitation we assumed 62 stator blades ( ns ). At this case the vibration
mode with 4ND is dominantly excited. When we assume that the revolution speed is 300rpm,
the excitation frequency of rotor blades is 5x62 = 310Hz and therefore very far away from
resonant vibration of the 4ND mode (cca 35Hz). The force amplitude Fb was 10N. At this

407

L.Pesek, P.Snabl and Ch.S.Prasad

case, the wheel is out of forced resonant vibration and amplitudes are small. However, the vibration level can get to high amplitudes in some conditions due to self-excitation caused by
the stator blade wakes. Therefore, we aimed at this study on evolution of vibration amplitudes
in time for different values of the intensity of Van der Pol self-excitation (Fig.5).

Figure 5: Contour picture of maximal amplitude time dependence versus size of intensity of Van der Pol excitation.

The figure shows evolution of maximal amplitude in time with change of the intensity of
Van der Pol self-excitation ȝ. For small self-excitation intensity, the self-excitation is not able
to overcome structural damping and the amplitude of vibration excited by nozzle excitation
remains at very small level. When the intensity gets higher, the self-excitation starts to dominate after certain period of time. The higher the intensity is, the shorter time is needed for the
self-excitation to start and the higher the final vibration amplitude is. As to the excited vibration mode number of nodal diameters of the running wave it was found out that 4 nodal diameters initially excited stay even when the vibration is dominated by the self-excitation.
Therefore, self-excitation does not change the vibration mode determined by number of stator
blades.
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Figure 6: Contour picture of ND’s identification error function time dependence versus size of intensity of Van
der Pol excitation.

Number of nodal diameters was evaluated in certain time-steps of the simulation by fitting
sine function on ordered amplitudes of all blades by minimizing the target function. Amplitude of “f value” is reached minimum of that function (Fig.6). From this figure we can see
that when self-excitation starts, a combination of vibration modes is excited before it stabilises during time. Because of the combination a higher error in ND identification occurs.
5

SUPPRESSION OF SELF-EXCITATION BY INNER DAMPING

To study the effect of additional structural damping which could suppress or diminish danger of self-excited vibrations we introduced to our numerical model for self-excitation also
proportional damping as described in equation (13). The proportional damping models mainly
inner material damping. For describing the effect we chose intensity of self-excitation μ = 25
and calculated dynamic responses of the wheel for different values of coefficient β . The similar graphs (Fig. 7-8) are shown as in the previous paragraph. Instead of intensity μ dependence, however, time development of vibration amplitudes is evaluated for different values of
coefficient β .
We can see that due to higher values of β we can suppress effect of self-excitation. For
lower values, however, the self-excitation is suppressed just at the beginning and pronounces
in few seconds. Again the vibration mode with 4ND prevails, except of short time period and
lower values of β , in both forced and self-excited vibration states.

Figure 7: Contour picture of maximal amplitude time dependence (case μ = 25 ) versus size of coefficient of
proportional damping.
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Figure 8: Contour picture of ND’s identification error function time dependence (case μ = 25 ) versus size of
coefficient of proportional damping.

6

CONCLUSION

The paper introduced the method of modal synthesis as ROM method for the turbine bladed wheel modelling. It was shown that this approach can lead to efficient DOF reduction with
very good approximation of modal characteristics. It brings possibility to calculate fast more
realistic deformation patterns of the blades and whole turbine wheels for study of flutter phenomena. Due to high DOF reduction (from tens of thousands to several DOFs ), a computational time of time integration of the motion equations decreases from days to minutes and
this ratio increases with complexity of non-linearities (e.g. dry-friction contacts) included in
the wheel model.
The ascertained results of numerical simulations showed that due to self-excitation the very
fast entry of amplitude increase can arise. The slope depends on the ratio between intensity
factor of self-excitation and coefficient of proportional damping. At this first study the Van
der Pol model was related to the 1th axial flexural mode of vibration. The result leads to logical conclusion since the self-excitation forces and viscous damping forces are dependent both
on absolute velocity of blades. On contrary to vortex shedding excitations and “lock-in” effect,
the simulations of classical flutter showed that the effect of self-excitation can arise out of
resonant frequency and low vibration amplitudes. If it occurs, it is dependent on ratios between damping factor and intensity of self-excitation. In the study case, four nodal diameters
mode initiated by nozzle excitation remained even if the vibration was dominated by the selfexcitation. So, the initial forced structural mode was decisive for the vibration pattern of selfexcitation. The achieved results are in accord qualitatively with our previous studies [5-7]
performed on the simplified numerical models.
Next, these simulations will be extent to different types of Van der Pol model, e.g. dependent on relative blade motions, and to suppression of self-excitation by dry-friction damping.
Possibilities of more complex distribution of Van der Pol model based on experimental results
would be considered, too.
In this study we modelled self-excitation by Van der Pol model, however, this approach
can be used for other FSI approaches such as loose coupling structural solver with a ROAM
panel method, too.
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Abstract. The elements of geometry, kinematics and dynamics of rolling homogeneous balls
along curvilinear lines are defined. The complete theory of the impact and collision of heavy
rolling balls, through geometry, kinematics and dynamics of rolling balls, is defined. A new
definition of the coefficient of restitution (collision) was introduced, starting from the hypothesis of the conservation of the sum of angular momentum of the balls in rolling, for instantaneous rolling axes, after the collision in relation to the before collision of the bodies. The
expressions for the outgoing angular velocities of the ball rolling after the collision have been
derived and their rolling paths after the impact or collision have been determined and various
possible anchors have been shown. The difference between the content of the term billiards
used in mathematical works of many mathematicians, as well as the research that remains in
the field of geometry is pointed out. Our theory of ball rolling and collision is based on the
examples of the abstraction of real systems of rolling heavy homogeneous billiard balls to a
mechanical model.
1

INTRODUCTION. A BRIEF OVERVIEW OF THE HISTORY OF CLASSICAL
IMPACT AND COLLISION THEORY

In 1668, the Royal Scientific Society in London launched a call for a solution to the
problem of impact and collision dynamics, and for that call, the well-known scientists Wallis
(John Wallis, 1616-1703, Mechanica sive de mote-1688) and Huygens (Christiaan Huygens De motu corporum ex percusione) submitted their papers. Using the results of the collision,
which they submitted to the Royal Scientific Society of Wallis, and the Huygens, and adding
their generalizations, Isaac Newton laid down the fundamental foundations of the Theory of
Impact, which are still unsurpassed today. Even before Newton, Wallis and Huygens, there
was research into the dynamics of impact. Thus, for example, collision problems were
addressed by Galileo Galilee, who came to the realization that the impact force was infinitely
large in relation to the pressure forces, but did not reach and learn about the relation of the
impact impulses and the impact forves of movement. Today's knowledge of collision
dynamics has not, in fact, been much advanced than this collision theory, which was founded
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by Newton, Wallis, and Huygens. In connection with this competition of the Royal Scientific
Society, are submitted Papers which contained the first set of basic eelements of collision
theory. The name also mentions Sir Christopher Michael Wren (20 October 1632 - 25
February 1723), who was also the president of the Royal Scientific Society.

Figure 1. From left to right scientists: Sir Christopher Michael Wren (20 October 1632 - 25
February 1723), John Wallis (1616-1703), Christian Huygens (14 April 1629 - 8 July 1695)
and Gaspard-Gustave de Coriolis, (Paris, May 21, 1792 - Paris, September 19, 1843).

Figure 2. Scientists: author of the original ideas Theoretical and Applied Mechanics: Galileo
Galilei (Paris, February 15, 1564 - Florence, January 8, 1642) and author of an authentic and
significant work: “Discorsi e dimostrazioni matematche intorno a due nuove scienze attenti alla
mecanica e i movimenti locali” 1638 (left) and Sir Isaac Newton, (Lincolnshire, December 25, 1642 London, March 20, 1726/7) (right) author of Basic Collision Theory and Works: Mathematical
Principles of Natural Philosophy (Lat. Philosophiae Naturalis Principia Mathematica), published in
1687.

The dynamics of collisions between rolling balls occur in many engineering systems,
and especially in the dynamics of roller bearings. Even today, no general theory of collisions
between rolling balls has been given. Some recent results by the author of this paper present
new and original results in support of the classical theory of collisions between rolling balls.
These results are presented in the next parts of this article.
In the game of billiards, collisions of rolling equal balls occur. The complexities of
billiard dynamics and billiard models and the possibility of observing and noting the complex
phenomena and phenomena of collision dynamics were pointed out by Coriolis (fr. GaspardGustave de Coriolis; Paris, May 21, 1792). - Paris, September 19, 1843) and to illustrate this
we quote the following quotation (see References [1, 2, 3]):
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''In connection with the game of billiards ...... different dynamic tasks occur, the solutions
of which are contained in this event. I think that people, who know theoretical mechanics, and
even students of the Polytechnic Schools, are interested in learning about the explanations of
all the original phenomena, which can be observed with the movement of billiard balls. ''

2

AN ELEMENTARY LOGICAL ANALOGY

In the examples of the simplest dynamics of rigid bodies with one degree of freedom
of movement, we will present an elementary logical analogy, which should be understandable
and easily understood.
Why do we begin with this article, which should be popular but at the same time
contain the results of a high scientific domain?
It is well known that the most fundamental breakthroughs in science, which have
become a lasting scientific heritage, are in fact elementary learning, which, in the integration
of knowledge and conceptual processes, grows into complex scientific disciplines.
The aim and answer of the question posed is to show that starting from the simplest dynamics
of rigid bodies, translation and rolling, and then determining the elementary logical analogy
among these dynamics and abstraction to the model of these dynamics, one can move to
qualitative and mathematical analogies.
Then, by abstracting the disparate parameters of the dynamics of two real systems, one
can come up with one theoretical model, meaning described by a unique mathematical model
with the same elements of mathematical phenomenology, we can use the knowledge of the
properties of one to convey it in the knowledge of the properties of the other, logically
analogous.
Using logical, structural, qualitative and mathematical analogies, in both directions, we aim to
obtain new original results of the theory of collision between bodies in rolling. We base the new
results on the well-known theory of collision between bodies in translation. Here, and today the
unsurpassed theory of collision between bodies in translational moving, has been formulated by worldrenowned scientists Isaac Newton, John Wallis, and Christiaan Huygens.

So, let's start with a logical analogy between the dynamics of the body systems shown
in Figure 3. a * and b *.
Figure 3.a* shows two rigid bodies that can move along an ideally smooth horizontal
surface in one direction, so that their median plane is always vertical, so it is a planar,
translational motion of a rigid body with one degree of freedom of movement, so we can
consider it as a material point of concentrated mass in the center of mass. Such a body is
exposed to the effect of five constraints (links): two translations are prevented (one in the
vertical direction and one in the direction perpendicular to the plane of plane motion) and
three rotations about three orthogonal directions (about the direction of the body translation,
about the vertical direction and about the direction perpendicular to the previous two).
The kinetic parameters of the motion translation of the rigid body model from Figure 3.
&
*
a* are: mk , k = 1,2 , masses,, the velocities of body translation, vC1 and vC 2 , which are the
connected vectors for the centers of mass of these bodies C1 and C1 . Suppose that each of the
bodies is loaded by one external force with intensity Fk , k = 1,2 , with a direction collinear
with velocity and an attack point at the center of mass of the corresponding body affected.
On the basis of the theorem on the change of the linear momentum of motion (or
quantity of motion), we construct the differential equation of translational dynamics of one
and the other body, in translator motion, in the form:
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(1)
mk vCk = Fk , k = 1,2
The change in the linear momentum of body motion theorem states that this change in
time equals the sum of active and reactive forces. The linear momentum of motion in the
translation of a rigid body or the impulse of the translational motion of a body is the product
&
&
&
between the mass of the body and the velocity vCk , k = 1,2 of the center of mass: K k = mk vCk ,
k = 1,2 .

C1

a*

m1

x1

x1 = vC1 x 2 = vC 2 m2
C2

C1

x2

b*

J P1

P1 ω&
P1

C2
J P2

P2 ω&

P2

Figure 3. Models of the two simplest dynamics of material bodies, each with one
degree of freedom of movement: a * transition dynamics of a rigid body and b* rolling
without sliding of a rigid body (with form of homogeneous disk, homogeneous sphere or
homogeneous with one axis and one plane of symmetry).

Figure 3 b * shows two bodies, which roll, without sliding, straight along a linear path
(guide, trace) through a circular plane contour of the body, a circular shape with a
corresponding center at a point, C1 , and C2 , respectively. These rolling bodies may be
spherical balls, cylinders, or disks, but also of other shapes, having one axis of symmetry and
one plane of symmetry in which there is a contour of the shape of a circle, by which the legs
are to roll.
Such bodies, which roll without sliding, have one degree of freedom of movement.
Since each free body has six degrees of freedom of movement, this means that five motion
constraints, three translation constraints and two rotations are imposed on the motion of these
bodies from Figure 1. b *, that is, five bonds are imposed on each of the bodies. The first
limitation is that the median plane of symmetry of the body, in which the center of mass of
the body, is at all times in the plane of contour of rolling. This produces the constraints of one
translation perpendicular to that rolling plane, and of two rotations about two orthogonal axes
in that plane of rolling. The connection with the non-slip rolling route prevented one
translation in the direction of the rolling route and one translation directly on the rolling route.
All these together represent five links and constraints, leaving only one degree of freedom of
movement, which is rolling around the current instantaneous axis of rolling.
Therefore, we direct our further consideration to that class of bodies, which roll
without slipping. Figure 3 b * shows two rigid bodies, which roll without sliding at angular
&
&
velocities ω P1 and ω P 2 , at the corresponding instantaneous axes of rolling, passing through
the points, P1 or P2 respectively, of the contact of the bodies in rolling and the track on which
they are rolling, which are directed orthogonal to the plane of the rolling. The axial moments
of inertia of the masses of the body in rolling for the instantaneous axes of rolling are J P1 and
J P 2 . As kinetic parameters of the rolling dynamics of each body are the instantaneous angular
&
&
velocities of rolling ω P1 and ω P 2 , which are related to the instantaneous axes of rolling. These
axes move translation ally along the rolling path, and the axial moments of inertia of the mass
of the body and for the corresponding instantaneous oscillations, for the observed body class,
J P1 and J P 2 do not change during the rolling dynamics.
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Based on the theorem on the change of angular momentum (or kinetic moment) for the
instantaneous axis of rolling without sliding, we construct the differential equation of the
dynamics of rolling of one and the other body, in the form:
J Pk ω Pk = <Pk , k = 1,2
(2)
By comparing two analyzes of the dynamics of the bodies on two systems, one in
translation and other in rolling, without sliding, from Figure 3. a * and b *, we establish a
logical, and at the same time, qualitative analogy and phenomenological mapping of the
kinetic parameters of these models of two different dynamics, each with one degree of
freedom. The mathematical analogy follows.

3
3.1

DYNAMICS OF COLLISION BETWEEB TWO ROLLING BODIES IN NONSLIP ROLLING
Basic settings for collision dynamics between two bodies in non-slip rolling

From the previous kinetic analysis, and the conclusions, we have drawn and proved, it follows that to consider the dynamics of collisions of axial symmetric rigid bodies with one
plane of symmetry, which are in non-slip rolling, we must start with incoming angular velocities and rolling paths. Then, the axial moment of inertia of rolling body masses for the instantaneous axes of rolling should be included by introducing analogous assumptions, as well as
for the case of analogous dynamics of impact and collisions of bodies in translational motions
determined by the translational velocities and corresponding masses.
The theory of collision dynamics (and in the special case of impact) is based on the
following assumptions:
1* The contact time τ of two bodies in a collision is very short;
&
*
2* The impact forces F ud and the corresponding impact moments < ud of the forces
1
are variable and of high intensity, of the order of magnitude , and of short duration during
τ
the contact time τ of two bodies in the collision and during the collision they have attack
points at the contact points in the collision;
3* The change of angular momentum of motion of the material two bodies in rolling
for the corresponding rolling axes, during the collision is finite.
4* The impulse (linear momentum) and angular momentum of ''ordinary forces''
compared to the impulse (linear momentum) and angular momentum of instantaneous
collision forces, are much much smaller and can be neglected.

3.2

Intensity of outgoing angular velocities in the centrally centric collision of two
bodies in the rolling, without sliding, immediately after the collision

We look at two axial symmetric rigid bodies, with one central plane of symmetry,
centrally colliding, and making contact at one point of collision, or two balls of different radii,
or two disks of different radii, axial moments of inertia of masses of bodies for the
corresponding instantaneous axes of rolling J P1 and J P 2 . These axial moments of inertia of
masses do not change for the axial rolling axes in motion.
The bodies are in a non-slip rolling position at the moment t0 and have angular
&
&
velocities ω P1 (t0 ) and ω P 2 (t0 ) at an instant t0 before entering the collision configuration and
are referred to as incoming (inlet or impact) angular velocities. At the moment t0 of collision
starting, the two bodies will touch at one point P where both bodies have a tangential plane
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in common. We assume that a collision lasts briefly over an interval (t0 , t0 + τ ) of time, which
lasts for a short time τ (and realistically tends to zero). After this collision of short-term
&
contact, the bodies are separated and separated by angular velocities ω P1 (t0 + τ ) and
&
ω P 2 (t0 + τ ) , which we call the outgoing angular velocities. That it is necessary to determine
&
&
the intensities of these outgoing angular velocities, ω P1 (t0 + τ ) and ω P 2 (t0 + τ ) , and that we
have already determined the paths of outgoing rolling velocities and the directions of rolling
and directions of those outgoing velocity velocities immediately after the collision.
Imagine that, at the point P of contact of two bodies in a state (configuration) of
&
collision, we have drawn a tangential plane and it’s normal n . This tangential plane is called
the touch plane, and the direction of that normal to the touch plane determines the direction of
the collision. Since the centers C1 , and C2 of mass of the bodies in collision are at this
normal, and if the incoming rolling traces of the bodies are at that normal, the collision is
called a centric (central) collision, and if not the collision is skew or oblique eccentric. When
&
&
the incoming angular velocities ω P1 (t0 ) and ω P 2 (t0 ) of both bodies in the collision are
collinear with the tangent plane, that is, direct with the direction of the collision, then it is a
true (directional) collision of the rolling bodies, otherwise it is an skew collision of two
rolling bodies.

3.3

Hypothesis of conservation of sum of angular momentum for instantaneous axes
of rolling of two bodies in rolling before and after collision of two axial symmetric
bodies

At the time of the collision, both bodies, which roll immediately before the collision,
come into contact at one point, or line-derivatives. In the collision event, although we have
made the assumption of models of rigid, axisymmetric bodies with a central plane of
symmetry, during the collision they deform locally, in the local contact area. If the contact of
the bodies in the collision is at the point of contact (for example, the contact of the spherical
surfaces of the balls in the collision, or the rotation ellipsoids), deformation occurs in the
immediate vicinity of the contact point. And this deformation lasts until the projections of the
angular velocities of rotation of the body in the collision in the direction of the collision (the
normal on the tangent equal to both bodies in the contact point of the collision) are equal.
Then also the projections of the relative angular velocities of the rolling motion around the
instantaneous axes of rolling of the body in the collision, one relative to the other, towards the
collision direction became zero. From that moment, zero projections of relative angular
velocities in the direction of the collision, begin to restore the state of the body as it was
before the collision until the moment when the bodies separate from each other. During this
time the projection of the relative velocities of the bodies in the collision of one relative to the
other begins to increase and continues until the bodies have, in the part in contact, their
original shape. Then there is a moment when we consider that the bodies have practically
separated and that there is a period of time after the collision. Therefore, the collision period
can be divided into two parts: τ ′ the compression period in the tangential direction to the
body at the point of contact, and τ ′′ the restitution period in the tangential direction to the
body at the point of contact in the collision, with the total short-time duration τ = τ ′ + τ ′′ of
the collision.
Since external active forces and moments of forces of finite intensities have impulses
of forces equal to zero, and couplings have kinetic moments equal to zero and, at infinitesimal
intervals of time, we consider that two material rigid bodies, which roll with the incoming
angular velocities and in collision, are considered as one system. Therefore, the hypothesis of
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the conservation of the sum of angular momentum (kinetic momentum) for the instantaneous
axes of rolling of the body - the movement before and after the collision, can be applied to the
dynamics of the same to in the form:
&
&
&
&
J P1ω P1 (t 0 ) + J P 2ω P 2 (t 0 ) = J P1ω P1 (t0 + τ ) + J P 2ω P 2 (t 0 + τ ) .
(3)
This hypothesis about the conservation of the sum of the angular momentum of
motion by rolling in a collision of two bodies, which is analogous to the hypothesis of the
conservation of the sum of the linear momentum of motion of two bodies in a collision and in
translational motion (see References [4-8, 11-15[).

3.4

Coefficient of restitution or collision of two axisymmetric rolling bodies with one
central plane of symmetry
&
&
When the incoming angular velocities ω P1 (t0 ) and ω P 2 (t0 ) of rolling and the axial

moments of inertia of mass J P1 and J P 2 for the instantaneous axes of rolling of the bodies in
a collision, are known, the previous hypothesis relation (3) of conservation of the sum of the
angular momentum of motion for the instantaneous axes of rolling bodies, before and after the
&
collision, is not sufficient to determine two unknown outgoing angular velocities ω P1 (t 0 + τ )
&
and ω P 2 (t0 + τ ) , after the collision of two bodies, which roll just before and after the collision.
We need another relation, an equation, which we will set from the very properties of the body
in a collision. As we have already described the collision and contact process of two bodies,
&
in the period of solid body compression, the angular velocity ω P1 (t0 ) of the first body will
&
&
&
&
&
decrease by ω P1 (t0 ) − ωCP , and the second increases by ωCP − ω P 2 (t0 ) , where ωCP the angular
velocity of both bodies in the collision is at the end of the compression at the local
environment of the contact point of the bodies in the collision. As both bodies are deformed in
the local area around the point of joint contact in the collision, it is apparent that, during the
restitution period, the deformations of the body will not be immediately lost and that the
&
&
&
angular velocity ω P1 (t0 ) of the first body will decrease by k (ωCP − ω P 2 (t0 )) another angular
&
velocity and the angular velocity ω P 2 (t0 ) of the second body will increase for size
&
&
k (ωCP − ω P 2 (t0 )) , where k is some coefficient. Based on this analysis we can write that the
&
&
angular velocities ω P1 (t 0 + τ ) and ω P 2 (t0 + τ ) of the bodies that were in the collision are
outgoing
&
&
&
&
&
&
(4)
ω P1 (t0 + τ ) = ω P1 (t0 ) − (1 + k )(ω P1 (t0 ) − ωCP ) = (1 + k )ωCP − kωP1 (t0 ) ,
&
&
&
&
&
&
(5)
ωP 2 (t0 + τ ) = ωP 2 (t2 ) + (1 + k )(ωCP − ωP 2 (t0 )) = (1 + k )ωCP − kωP 2 (t0 ) .
Subtracting these previous relations (4) - (5) we obtain
&
&
&
&
ω P 2 (t0 + τ ) − ω P1 (t0 + τ ) = k (ω P 2 (t0 ) + ω P1 (t0 )) .
(6)
The ratio k of the relative angular velocities of rolling of the axisymmetric bodies
after and before the collision is
ω (t + τ ) ω P 2 (t0 + τ ) − ω P1 (t0 + τ )
(7)
k= r 0
=
ωr (t0 )
ω P1 (t0 ) − ω P 2 (t0 )
and is called the collision coefficient, or the coefficient of restitution, or the coefficient of
establishment of rolling bodies in a collision.
This coefficient k is also newly introduced and represents a new definition of the
collision coefficient, or the coefficient of restitution or the coefficient of establishment of
rolling bodies in a collision. This new definition (7) is derived by author of this paper.
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With the introduction of this new refinement of collision coefficient, we have
generalized Newton's definition from the theory of collision between rigid bodies in translator
motion to the theory of collision between rigid bodies in rolling motion without sliding by use
difference of rolling angular velocities both after and before the collision. If a kinetic state can be
defined by one angular velocity about the instantaneous axis of rolling for each of the bodies, in
arriving to define the dynamics of the collision, we inject our definition of the coefficient k of
restitution over the ratio of the relative angular velocities of the rolling bodies after and before the
collision.

3.5

Intensity of outgoing angular velocities of rolling two bodies after a collision

In order to determine the intensities of the outgoing angular velocities of rolling of two
&
&
bodies after a collision, ω P1 (t0 + τ ) and ω P 2 (t0 + τ ) , it is sufficient to eliminate from the
&
previous relations (4) - (5) the unknown angular velocities of both bodies, ωCP , in the
collision at the end of the compression at the local environment of the point of contact of the
bodies in the collision. Then solve the relations by unknown outgoing angular velocities and,
&
&
which is not difficult to do, so for the outgoing angular velocities, ω P1 (t0 + τ ) and ω P 2 (t0 + τ ) ,
after the collision of the balls, we get the following expressions:
&
&
1+ k &
(8)
(ωP1 (t0 ) − ωP 2 (t0 ))
ωP1 (t0 + τ ) = ω P1 (t0 ) −
1+

&

ωP 2 (t0 + τ ) = ωP1 (t0 ) +

J P1
J P2

1+ k
(ωP1 (t0 ) − ωP 2 (t0 ))
J
1 + P2
J P1

(9)

&
By determining these intensities of the outgoing angular velocities ω P1 (t0 + τ ) and
&
ω P 2 (t0 + τ ) of rolling of the balls (axial symmetric bodies each with central plane of
symmetry) after the collision, we have solved the complete problem of the theory of collision
of axisymmetric bodies in rolling without slipping (see References [4-15[)..
These expressions (3), (7), (8) and (9) can be reached by a logical, qualitative and
mathematical analogy, starting from the theory of collisions of bodies in translational motion.

4

MECHANICS OF BILLIARDS I – GEOMETRY AND KINEMATICS
''In connection with the game of billiards .... various dynamic
tasks occur, the solutions of which are contained in that event.
I think that people, who know theoretical mechanics, and even
students of the Polytechnic School, are interested in explaining
all the original phenomena, which can be observed with the
movement of billiard balls”.
Gaspar-Gustav de Coriolis (1990). Théorie mathématique des effets du jeu de billard ;
suivi des deux celebres memoires publiés en 1832 et 1835 dans le Journal de l'École
Polytechnique: Sur le principe des forces vives dans les mouvements relatifs des
machines & Sur les équations du mouvement relatif des systèmes de corps (Originally
published by Carilian-Goeury, 1835 ed.). Éditions Jacques Gabay. ISBN 2-87647-081-0.
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For an introduction to the content of billiard mechanics, which includes content on the
geometry, kinematics and dynamics of billiard games, it is most illustrative to rely on a few
Coriolis sentences, which we have adopted as the motto of this paper. Obviously, many
authors believe that these few sentences point to the complexity of geometry, kinematics and
dynamics of billiard games; because the analysis, which we will expose here, reveals that the
dynamics of billiards includes many phenomena of dynamics of real systems. Our
presentation will be based on our results, but also on the constant, from comparisons with the
results achieved today by other authors, both mechanics and mathematicians, and it is evident
that our results are original.
Multiple keywords and concepts of kinematics and dynamics, such as: ball dynamics
as a rigid body, non-slip rolling, collision, alternation of velocity direction, impact velocity,
outgoing velocity, ball rolling path, center of gravity trajectory, central and scew (oblique)
collision, force impulse, kinetic energy, impact and collision, collision of two spheres,
collision of three spheres, impulse forces, linear momentum of motion, angular momentum of
motion, speak about their complexity of dynamics of the system of billiard game elements.
This is even when looking at only the movement of one billiard ball, but when more balls are
involved, and then we have a really complex system, hybrid structures and dynamic
configurations of billiard play.

s*

b*

Figure 4. a * Gaspar-Gustave de Coriolis or Gistav Coriolis (fr. Gaspard-Gustave de Coriolis)
(Paris, May 21, 1792 - Paris, September 19, 1843) and b * Jean Victor Ponsele (fr. JeanVictor Poncelet ) (July 1, 1788 - December 22, 1867)

But first let's start with the names of famous scientists who have contributed to the
knowledge of certain aspects of the dynamics of billiards.
As we were quoting a few sentences from Gaspar-Gustavo de Coriolis or Gustavo
Coriolis at the outset, here is some biographical information about this important scientist,
especially in the field of mechanics. He was a mathematician, a mechanical engineer, and a
scientist. He is best known for his work on the Coriolis acceleration and Coriolis force.
Coriolis was the first to coin the term "work" for the product of force and distance. In 1829,
Coriolis published a textbook, Calcul de l'Effet des Machines, which presented mechanics in a
way that could easily be applied in industry. During this period, the true term for kinetic
energy E k = 1 mv 2 was established, as well as its relation to mechanical work (see References
2

[1, 2,3]).
Coriolis explored the possibilities of generalizing kinetic energy and work on rotating
systems and, as a result, produced the work Sur les équations du mouvement relatif des
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systèmes de corps, presented at the French Academy of Sciences (1832). Coriolis wrote the
work Sur les équations du mouvement relatif des systèmes de corps,1835. In the 20th century,
the terms "Coriolis acceleration" and "Coriolis force" appeared on systems with coupled
transverse rotational motion and relative curvilinear motion.
Beginning with the works of George Birkoff, billiard systems have become a popular
topic of study, drawing on a variety of fundamentals, beginning with ergodic Mors theory,
KAM theory, and others. Also, the dynamics of billiard systems is interesting because it
occurs quite naturally in a number of tasks of mechanics and physics: in the dynamics of
vibro-impact systems, diffraction of short waves, dynamics of ball bearings, etc.
The basis of the dynamics of billiards is the theory of dynamics of systems with onesided constraints. There are essentially various models of theory of impact. The one-sided
bond imposed on the system can be replaced by the field of conservative and dissipative
forces. Then, the coefficients of elasticity and dissipation by some assumption are introduced
to the aspirations of infinity, as Kozlov writes in Reference [10]. It can then be shown that the
movement of such a ''released'' system with fixed initial data, at each finite interval of time,
tends to move with an impact (see Reference [10])..
Finally, it is necessary to emphasize again that in the approach to investigating the
properties of the billiard game phenomenon, it is necessary to establish the basic models of
billiards. These models, under the same keyword ''billiards'', distinguish between defined
tasks: geometry, kinematics, and dynamics of billiards, or the totality of all these tasks. For
example, starting tasks are about the properties of mathematical billiards. When approached
by mathematicians, then it remains in the domain of billiard geometry and the elements are
the geometric point and its possible open or closed polygonal paths, that is, polygons
inscribed in a certain area by a unilaterally bounded closed contour line. Periodic trajectories
are possible, depending on the initial position and the initial direction of the trajectory of the
geometric point. Then, the basic determinations are the lengths and angles that determine the
directions of the path of the geometric point. Then it works with lengths and angles, and the
units of measurement are meters and degrees or radians. This is a rough approximation of the
real billiards system and does not take into account the time at which the geometric point is
moved along the trajectory. If the basic determination of time in addition to lengths and
angles is included, then it moves into the field of kinematics, kinetics, so kinetic parameters,
elements of translation velocity and angular velocity of rolling are included.
If we stay only on the mathematical model that we enrich with basic determination
over time, with a unit in seconds, then only the kinematic element of the geometric point
translation rate, with the unit of meter per second, is included. A mass associated with a
geometric point can be added to this model, so we have a model of gross abstraction of a real
billiard by a material point that has mass, velocity, and its motion in time is observed. The
mass has a unit in pounds. We have already included this in the model in addition to geometry
and kinematics and dynamics, and with that we open the questions of determining the
impulses of motion, kinetic energy and forces under which the dynamics are realized,
including impacts at unilateral holding bonds and collisions between material points.
However, for better abstraction of the billiard system to the model of billiard dynamics, it is
not a satisfactory model not with a geometric point or with a material point, but with a rolling
ball, which has its mass, a certain mass distribution, defined by the axial moment of inertia of
the masses for the axis of rolling of the ball, and has a certain the instantaneous angular
velocity of rolling about the instantaneous axis of rolling, measured in units of radian per
second, or the velocity of translation of the center of mass in units of meters per second, and
the angular velocity of rotation about the central eigen axis of self-rotation measured in units
of radians per second. It means that if a billiards model is formed as an abstraction of a real
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model of billiards with one or more balls rolling, then the elements of the billiard events are
studied elements of geometry, kinematics and dynamics of billiards.
Then we have a body of a certain shape and a line along which it rolls, so the
definitions of length are used, so we are in the domain of geometry, and when we include the
analysis of translational velocities of the center of mass and the angular velocity of rotation of
central self rotation axis, then we are in the domain of kinematics, and if we now include
masses and moment of inertia of masses, and with it impulses of motion and kinetic moment
(angular momentum), kinetic energy and impulse forces, we completed the task of kinetics of
billiards or dynamics of the system of billiards. In the following chapters, we will first define
the models of billiards and then analyze the elements of geometry, kinematics and dynamics
of billiards within the limits of contemporary knowledge of the scientific literature in this
field, as well as the original results of the authors of this chapter.

4.1

Billiard geometry in a nutshell

In this section, we also highlight the contributions of the French scientist, engineer and
mathematician, Jean-Victor Poncelet (July 1, 1788 - December 22, 1867), who is known for
the following works: ‘’Traité des propriétés projectives des figures’’ (1822) and ‘’Introduction à la mécanique industrielle (1829)’’. And here, we will point out a number of his
theorems in geometry, which are of importance for investigation of the geometry of billiards
and for determining the periodic paths of the rolling of billiard balls in elliptic billiards, as
well as in billiards other forms of contours (see References [9,10]).
It is certainly important to find out the properties of ideal mathematical billiards.
Today, many researches on this topic are based on a series of basic theorems of Jean-Victor
Poncelet, so here we will list the definitions of some of them (see References [9,10])..

Theorem 1. (Poncelet Theorem): Consider two conical sections (conics) C and D ,
which lie in the plane. Suppose that a polygon is inscribed in a conical section C , and
described around a conical section (conics) D . Then there are an infinite number of such
polygons inscribed in one conical section, and described around the other conical section, all
of which have an equal number of sides. Even more than that, every point of the conical
intersection C is the subject of such a broken line.
Theorem 2. (Poncelet Theorem): Suppose that there is such a point on the conical
section (conic) Γ that the polygon T0T1T2 T3T4 ...Tn−2 T0 Tn−1T0 with the number of sides n ≥ 3
is inscribed in the conic section (conic) Γ and described around the conic section Γu and that
the right Γu does not tangent the conic section (conic) Γu for i = 2,3,3,..., n − 2, n − 1. Then for
arbitrary n ≥ 3 there is some polygon N 0 N1N 2 N 3N 4 ...N n−2 N 0 N n−1N 0 with sides inscribed in a
conical section Γ and described around a conical section Γu .

Theorem 3. (Poncelet theorem for an area): Suppose that C and D , are two areas in
space (on the surface). If there is some closed polygon, inscribed in the area C and described
around the area D , it means that there are infinitely many such polygons. In addition, each
point of the area C appears as the theme of such a polygon and all polygons have an equal
number of sides.
One of the numerous Poncelet theorems is Comprehensive Generalized Poncelet
Theorem, but we don’t preset it, because in our opinion previous three listed theorems are
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good illustration of the content and aims of these series of Poncelet theorems for applications
in the geometry of models of billiards as abstraction of real billiards into mathematical
billiards, as pre geometrical objects without reality (for more details see mathematical
references [9]).
Figure 5 shows the mechanical model as a good abstraction of a real elliptical billiard:
Track of the ball rolling along the horizontal plane of the elliptical billiard with the plan of
horizontal components of the incoming impact velocities and outgoing velocities after the
impact of the ball into a contour elliptical cylindrical surface with vertical derivatives, as well
as a detail plan of the velocity of one ball skew impacts.
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Figure 5. Line-trace of the rolling motion of the ball along the horizontal plane of the
elliptical billiards with the plan of horizontal components of the incoming impact velocities
and the outgoing velocities of the contact point after the impact of the ball into a contour
elliptical cylindrical surface with vertical derivatives (up). Detail of the plan of the velocity of
one ball in the configuration of the skew impact (down).
4.2

Elements of billiards kinematics

In the Figure 5, we have presented a model of an elliptical billiard with a rolling one ball,
which rolls on a horizontal surface bounded by a single-size contour elliptical-cylindrical
surface with vertical derivatives. The billiard balls are of the same dimensions and radius R ,
which is not negligible with respect to the semiaxis ellipses in the horizontal flat base of the
elliptical billiards, which we denote by and a and b , which, according to the semi-axes, has
an eccentricity of focus e = a 2 − b 2 . With this in mind, the model of elliptical billiards in
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Fig. 5 cannot be reduced to mathematical billiards by reducing the billiard sphere to a material
or geometric point. Her line-trace of billiard ball rolling, which is a broken polygonal line,
open or closed, is a polygon, and its path can be determined purely geometrically using
Poncelet theorems, or other results in the field of mathematical billiard models known from
the literature, which remain in the domain of pure geometry. It is necessary to first determine
the geometric location of the points of centers of ball of the impacts in relation to the contour
of the elliptic area of billiards, and in the new contour to determine the paths of rolling the
ball centers.
In the observed model of the elliptical billiard from case in Figure 5, we can see that
the parts of the track of the roll of the billiard ball in arriving at the point of impact, ball and
contour, and leaving it after being hit by the contour elliptical-cylindrical surface are parallel
to the corresponding horizontal velocity component just before the impact and by the
corresponding horizontal component of the outgoing velocity of the point of impact of the ball
after impact. The translational velocities of the center of mass of the sphere, before and after
impact in the contour surface, are equal to the horizontal components of the incoming velocity
before impact and the outgoing velocity after the collision, the point at which the sphere
impact to the contour elliptical-cylindrical surface.
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&
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Picture 6. Plan of the velocity of impact of a point on a large circle of a sphere, which
rolls along a straight line in a horizontal plane
We will, now, turn to the representation of the kinematic elements of each of the
possible impacts of a ball in rolling, to the contour surface, as well as to the kinematic
elements of different cases of mutual collision of two balls.

4.2.1. Component velocities of points of impact of billiard balls in rolling. In the
picture 6 has shown several points, T0 , T and T13 which all lie on a large circle in a
horizontal plane parallel to the horizontal plane of the billiards, in which lie the lines-traces of
rolling the sphere.
At these points, vertical lines corresponding to the vertical derivatives of the contour
elliptical-cylindrical surface of the impact of the ball on it are drawn. There are infinitely
many such possible points of impact of a ball, as well as collisions with another ball, and we
denote them by Tk , k = 0,1,2,3,4,...... , and all of them also lie on a large circle in a horizontal
plane. The rolling path without sliding the ball is parallel to that plane. The point P is the
point of contact between the ball and the ball rolling path. The axis of instantaneous rotationrolling of the ball along the track passes through the point P of the contract. That axis is
perpendicular to the route of rolling at all times and moves along that route. With point P , we
have indicated the angular velocity of the training rolling when the ball is rolling, without
sliding, along the incoming route before impact the ball in the contour cylindrical surface.
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From Figure 6 it can be observed that the point at the greatest normal distance from
the central instantaneous axis of rotation when rotating the ball along the line-trace and that it
is equal to the radius R of the ball, while all other points from the large circle of the sphere,
in the horizontal central plane, is at a smaller normal distance, and that this distance equals
zero points on the diameter of that circle parallel to the current axis of rotation of the ball
rolling along the track. If we denote the angle α k that the radius of a large circle drawn from
the center of that circle to a point Tk , k = 0,1,2,3,4,...... on it coincides with the direction of
the radius of that circle with the direction of the impact, then the normal distance of a point on
the large circle of a billiard ball sphere is hTk = R cosα k in the range from zero to R .
The incoming velocity by which a billiard ball impacts to a contour cylindrical
(polygonal-cylindrical, elliptical-cylindrical or curvilinear-cylindrical) surface with vertical
derivatives, corresponding to a point, Tk , k = 0,1,2,3,4,...... of impact, has two components:
one horizontal parallel to the incoming line of rolling of the ball-sphere surface, equal to the
&
&
velocity vTk ,impact = vCk ,impact of the center of mass of the ball and one vertical due to the rotation
- the ball about the current central axis
&
&
&
vC ,impact
&
vTk ,Roling ,impact = −ωPk ,impact R cos α k k = − k
R cos α k k = −vCk ,impact cos α k k
R
.

(10)

After impacting the ball in a cylindrical (polygonal-cylindrical, elliptical-cylindrical or
curvilinear-cylindrical) surface with a vertical derivative, a point Tk , k = 0,1,2,3,4,...... , by
which the ball struck and bounced, has an outgoing velocity with two components: one
horizontal parallel to the outgoing track of the ball equal to the outgoing translational velocity
&
&
vTk ,outgoing = vCk ,outgoing of the center of mass of the ball and one vertical component
&
vTk , Roling,outgoing due to the outgoing rotation-rolling of the ball:
& vC ,outgoing
&
&
&
vTk ,Roling ,outgoing = ωPk ,outgoing R cos α k k = k
R cos α k k = vCk ,outgoing cos α k k .
R

(11)

The directions of trace rolling and directions of these velocities are determined purely
kinematically by the rule that the angles, which are the directions of the horizontal component
of the incoming and outgoing velocities of the observed possible contact points Tk ,
k = 0,1,2,3,4,...... , are closed with the normal on the contour cylindrical surface of the impact.
The same rule applies to the vertical components of the ball rolling, which, with the direction
of normal to the contour cylindrical surface into which the ball hits, close the right angles.
A complete prior analysis of the velocity components before and after the impact of a
point on a rolling ball by which a ball strikes or collides is valid in the event of a collision, but
the specifics of determining the direction of outgoing velocities are shown in each specific
case of impact or collision. Therefore, in the following Figures 5 we will show a number of
special cases of configuration of a rolling ball and a cylindrical shock, respectively, of two
balls in a collision, or of striking a ball on different contour surfaces of the impact. From the
previous kinematic analysis of the component incoming and outgoing velocities of the
contact-impact points Tk , k = 0,1,2,3,4,...... of the individual rolls of the ball in the rolling,
before and after the collision, we conclude that it is sufficient to consider the incoming and
outgoing angular rolling velocity before and after the collision, as well as the corresponding
rolling routes. With kinematic elements we can completely define the kinematics of the ball's
impact in rolling. We will show this in other cases of billiard ball strikes and collisions.
The answer to the question what are the values of the intensity of the outgoing
component angular velocities belongs to the field of impact dynamics and collisions, so we
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will answer this question in the chapter dynamics of billiards, taking into account the type and
type of impact, ie collision. Although, from the forms (8) and (9), we can obtain that the
&
&
outgoing angular velocity ω P1 (t0 + τ ) = −kω P1 (t0 ) of the ball rolling after impact into a fixed
contour, in which the coefficient k of restitution. In ideally elastic impact coefficient k of
restitution is equal to one, and depending on the type of impact, that is, the properties of the
sphere and the contour, it is in the interval k ∈ [0,1] , where we have adopted for the contour,
in which the sphere of ball strikes, that the axial moment of inertia of mass is infinite
J P 2 → ∞ and its incoming angular the rolling velocity ω P 2 (t0 ) = 0 ''is equal to zero”, and it
&
follows that its ''outgoing angular rolling velocity'' is zero, ω 21 (t0 + τ ) = 0 , just as it was before
the ball struck it, into the boundary surface.
Trace ball 1 rolling
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vC1translator
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v1 Rol ,impact
&
v1 Rol ,outgoing
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&
vC 1outgoing
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&
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Figure 7. Plan for the incoming and outgoing velocities of the point of impact of a ball at the
central impact of a billiard ball, which rolls along a horizontal plane and an impact
perpendicular to the vertical contour plane of impact

4.2.2. The central impact of the ball in rolling into a contour vertical
plane, as well as into a convex and concave surface.
In the Figure 7 shows a plan of the incoming and outgoing velocities of
the contact point of the central impact of a billiard ball in rolling, which rolls
along a horizontal plane and a track perpendicular to the vertical contour surface
in which it strikes. The horizontal component of the incoming velocity of the
ball impact point is equal to the translational velocity of the center of mass of
the ball, while the vertical component of the incoming velocity of that ball impact point is
equal
&
&
vC,impact &
&
&
vT, Roling,impact = v1,Roling ,impact = −ωP ,impact Rk = −
Rk = −vC,impact k
(12)
R
and it has the highest intensity because it is α = 0 , also the point of impact, in this case it is
farthest from the current axis of rotation of the ball and equals R, that is, the ball rolling line
closes the angle α = 0 , because it is directional to the contour radius of the ball. The angular
&
velocity ω1,impact of rotation of the ball when rolling is parallel to the contour plane, that is, to

the direction of rotation of the ball and is denoted by:
&
v
&
&
ωP ,impact = ω1,impact = − C,impact i ,
R
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if we have adopted the coordinate axis x in the contour plane, the axis y in the normal
&
&
&
direction to that plane. So that vT ,impact = vC,impact = −vC,impact j . The direction and direction of
&
the incoming roll path of a billiard ball before impact is determined by a unit vector − j , while
&
the outgoing roll path after a impact is determined by a unit vector j . Immediately after the
&
&
central impact on the contour vertical plane, the components vT ,outgoing and vT , Roling,outgoing of the
outgoing velocity of the point of impact of the ball and the center of mass of the rolling ball,
&
as the angular velocity ω P ,outgoing of the outgoing rolling of the ball along the outgoing route
are:
&
&
&
(14)
vT ,outgoing = vC,outgoing = vC,outgoing j
& vT,outgoing &
&
&
(15)
vT ,Roling,outgoing = ωP ,outgoing Rk =
Rk = vC,outgoing k
R
& v
&
v
&
&
&
(16)
ω P ,outgoing = −ω P ,impact = −ω1,impact = T ,outgoing i = C,outgoing i
R
R
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Figure 8. Plan of the incoming and outgoing velocities of the point of impact of a ball
at the central impact of a billiard ball, which rolls along a horizontal plane and a track
perpendicular to the vertical contour of a curvilinear cylindrical concave surface
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Figyre 9. Plan of the incoming and outgoing velocities of the point of impact of the
ball at the central impact of the billiard ball, which rolls along the horizontal plane and the
route perpendicular to the vertical contour curved cylindrical convex surface of impact

The central impact of a ball in rolling into a contour concave curvilinear surface with a
vertical derivative is presented in Figure 8. In this Figure 8 shows a plan of the incoming and
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outgoing velocities of a billiard ball point in the case of a central impact in a tangent plane to
a contour concave curvilinear surface with vertical derivatives. This line of incoming ball
rolling passes through the center of the curve of the concave line along which the vertical
derivative describes that curvilinear cylindrical surface. In order for such an impact, it is
necessary that the radius of curvature in the part of the concave curve along the line of the
curvilinear contour surface be greater than the radius of the billiard sphere. This is shown in
Figure 8. Position the coordinate system so that the coordinate axis x is in a tangent plane to
the contour curved cylindrical surface, and the axis y in the normal direction to that plane, so
that it passes through the center of the curve of the contour surface, while the axis z is in the
direction of its vertical derivative is drawn through the point contact (impacts, strikes) billiard
balls into the contour surface. Now, by defining the tangent surface through the point of
impact of the billiard ball into the contour surface, for this case we have reduced the central
impact of the billiard ball to a plane.
The central impact of a ball in rolling into a contour convex curvilinear surface with a
vertical derivative is presented in Figure 9. In the Figure 9 shows a plan of the incoming and
outgoing velocities of a ball point in the event of a central impact of a billiard ball in rolling,
which rolls on a horizontal plane and a track perpendicular to a vertical tangent plane drawn
to a contour convex curvilinear surface with a vertical derivative in which it strikes. This line
of incoming rolling trace of the sphere passes through the center of the curve of the convex
curve along which the vertical derivative describes that curvilinear surface. In order for such a
collision, the ratio of the radius of curvature in the part of the curve to the line of the
curvilinear contour surface and the radius of the billiard sphere is irrelevant. This is shown in
Figure 9. Position the coordinate system such that the coordinate axis x is in a tangent plane
to the contour convex curvilinear cylindrical surface, and the axis y in the normal direction to
that plane, so that it passes through the center of the contour surface curvature, while the axis
z in the direction of its vertical derivative is drawn through the point strikes billiard ball into
a contour convex surface. Now, by defining the tangent surface through the point of impact of
the billiard ball into the contour surface, we have reduced the task to the central impact of the
billiard ball on a plane.
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Figure 10. Plan of the incoming and outgoing velocities of the point of impact of a ball at a
skew (oblique) impact of a billiard ball, which rolls along a horizontal plane and a track
directed at an angle in relation to the normal to the vertical contour plane of the impact
4.2.3. Oblique (skew) impact of a ball in rolling into a contour vertical plane. In
the Figyre 10 shows a plan of the incoming and outgoing velocities of a billiard ball point in
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the event of an oblique (skew) roll of a billiard ball in rolling, before and after it strikes a
vertical plane. The ball rolls along a horizontal plane and slopes obliquely at a sharp angle to
the vertical contour plane of impact. We set up the coordinate system so that the coordinate
axis x is in the contour plane of impact, and the axis y in the normal direction to that plane,
while the axis z in the direction of its vertical derivative is drawn through the point of impact
of the billiard ball into the contour plane. The unit vector orientation
&
& of the direction and
&
direction of the ball rolling path before impact is: n impact = −(i sin α + j cos α ) . The incoming
velocity components are:
Boundary impact vertical

Trace ball rolling
&
vCtranslator T

cylindrical

surface

&
vCimppact

β=

α R

&
vCoutgoing

&
vRol ,impact

ωimpact

π
2

−α

T

&
vRol , outgoing

C

P

RC

Tangent plane to the boundary impact vertical
cylindrica l surface and to spherical surface of  rolling ball
at cntact po int of impact

&
&
&
vRol ,impact = − Rω Rol cosαk = − vV cosαk v

α

&
&
&
&
vRol ,outgoing = −v Rol, impaact = Rω Rol cosα k = vV cosαk v

α

&
&
&
vCimpact = −vC (i cosα + j sin α ) v

CC

&
&
&
vCoutgoing = vC (i cosα − j sin α ) v

Figure 11. Plan of the incoming and outgoing velocities of the contact point of impact of a
ball at an oblique impact of a billiard ball, which rolls along a horizontal plane and a line
directed at an angle relative to the normal to a vertical contour curved cylindrical concave
surface
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Figure 12. Plan of the incoming and outgoing velocities of the contact point of impact
of a ball at an oblique impact of a billiard ball, which rolls along a horizontal plane and a line
directed at an angle in relation to the normal to the vertical contour curved cylindrical concave
impact surface

The translational velocity of the center C of mass of the ball just before impact is:
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&
&
&
vC ,impact = −vC i sin α + j cos α

(

)

(17)
*
The instantaneous angular velocity ω P ,impact of rotation due to the ball rolling along the
route immediately before impact is:
&

&

ωimpact = ωP ,impact = ω P,impact (− i cos α + j sin α ) =
*

*

vC ,impact
R

(− i& cos α + &j sin α )

(18)

&
The horizontal component vT ,hor ,impact of the velocity of the ball point T by which the
&
ball strikes the vertical contour plane is equal to the translational velocity vC ,impact of the center
C of mass of the ball:
&
&
&
&
vT ,hir,impact = vC ,impact = −vC (i sin α + j cosα )
(19)
&
&
The vertical component vT ,Rol ,impact of the velocity vT ,impact of the ball point T , by which
the ball hits the vertical contour, is planar due to the rolling of the ball along the horizontal
*
line-trace by the angular velocity ω P ,impact of rolling about momentary avis and is equal to:
&
&
&
vT ,Rol ,impact = − RωP ,Rol cosαk = −vC,impact cosαk
(20)
&
&
The horizontal component vT ,hor ,outgoing of the velocity vT,outgoing of the ball point T

with which the ball leaves after hitting the vertical contour plane is equal to:
&
&
&
(21)
vT,hor ,outgoing = vT,hormoutgoing (− i sin α + j cos α )
&
The velocity vC ,outgoing of translation of the center C of mass of the ball immediately
&
&
after impact is a horizontal component vT ,hor ,outgoing of the departure velocity vT,outgoing of the
ball point T after the impact of the ball into the contour plane:
&
&
&
&
&
&
(22)
vC ,outgoing = vC ,outgoing (− i sin α + j cos α ) = vT ,hor ,outgoing = vT ,hor ,outgoing (− i sin α + j cos α )
*
The instantaneous angular velocity ω P,outgoing of rotation due to the ball rolling along
the track immediately after impact is:
&
&
&
&
v
*
*
(23)
ωoutgoing = ωP ,outgoing = ω P,outgoing (i cos α + j sin α ) = T ,hor ,outgoing (i cos α + j sin α )
R
&
The vertical component vT ,Rol ,outgoing of the velocity of the ball point T , by which the
ball leaves after striking the vertical contour plane, is the cause of the continuous rolling of
*
the ball along the horizontal line at angular velocity ω P,outgoing and is equal to:
&
&
&
vT ,Rol ,outgoing = Rω P,outgoing cosαk = −vT, Rol,impact k
(24)
The unit vector orientation of the direction and direction of the ball rolling path after
&
&
&
impact is: n outgoing = (− i sin α + j cos α ) .
4.2.4. An oblique (skew) impact of a ball in rolling into a contour concave or convex
curvilinear surface with a vertical derivative. In Figures 11 and 12 show the plans of the incoming
and outgoing velocities of the contact point T of a billiard ball in the case of an oblique impact,
before and after the impact of the contour concave or the convex curvilinear surface with vertical
derivatives. The ball rolls on a horizontal plane and slants obliquely at a sharp angle with respect to
the tangent plane to the contour convex or concave curvilinear surface at the contact point T of
impact of the sphere into it. Then, the incoming ball rolling path does not collinear with normal to the
tangent plane through contact point T and do not cross the center C 0 of its curve before the impact.
Position the coordinate system so that the coordinate axis x is in a tangent plane to the contour
surface of the impact, and the axis y in the normal direction to that tangent plane, so that it passes

through the center of its curve C0 , as well as into centre of ball C , while the axis z in the direction
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of its vertical derivative is drawn through the contact point T of impact of the billiard ball in the
contour surface. The snow velocities for both of these cases are as analogous as in the case of an
oblique impact in the plane contour-boundary, where in the tangent plane is analogous to the
occupational impact from the previous example of an oblique collision into the plane.

4.2.5. Central collision between two billiard balls in rolling . If the rolling paths of
the stock exchange slides of the two billiard balls are in one rolling line and are directed
towards each other or the first one roll at a slower velocity so that the second one can catch up,
a central collision between two balls can be realized. The configuration of the between two
billiards balls is shown in Figure 13.
Now, at the point T1 ≡ T2 ≡ T12 of collision of the two balls, we place an imaginary
common tangent plane, which are tangent to both and the other sphere at the contact point
T1 ≡ T2 ≡ T12 of their collision. We set up a coordinate system such that the coordinate axis x
is in their common tangent plane through the collision-contact point T1 ≡ T2 ≡ T12 , and the
axis y in the normal direction to that tangent plane, while the axis z in the vertical direction
lies in the tangent plane in which the paths of the balls rolling are drawn through the collision
point of the billiards balls.
&
&
&
&
The unit vectors of orientation of the direction n 1,impact = − j and n 2,impact = j direction of
the paths of the ball rolling before the collision are in the opposite directions, respectively.
The components of the incoming velocities of the rolling balls before the collision are
&
&
&
&
vC1,impact = −vC1 j
or vC 2,impact = vC 2 j : The translation velocities of the centers of mass,
&
&
C1 , or C2 the balls immediately before their collision, are vC1,impact = − vC1 j and
&
&
vC 2,impact = vC 2 j : respectively. The angular velocities of the rolling billiard balls without
*
*
slipping immediately before their collision, are ω P1,impact and ω P 2,impact : respectively are:.
*

*

*

*

&

vC1,impact &
i
R
&
v
= C 2,impact i
R

ω1,impact = ωP1,impact = −i ω P1,impact = −
&

ω2,impact = ω P 2,impact = i ω P 2,impact

(25)
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Figure 13. Plan the incoming and outgoing velocities of the collision points of two
balls at their central collision
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&
&
&
The horizontal components vT1,hor ,impact and vT 2, hor ,impact of the velocities vT1,impact and

&
vT 2,impact of the points T1 and T2 the balls that the balls collide with are equal to the velocities
&
&
vC1,impact or vC 2,impact of the corresponding centers of mass, C1 , or C2 the corresponding balls:
&
&
&
&
&
&
vT1,hor ,impact = vC1,impact = − vC1 j , respectively vT 2,hor ,impact = vC 2,impact = vC 2 j ,
(26)
&
&
Vertical components vT1, Rol ,impact and vT 2, Rol ,impact of velocities of points T1 and T2 of the
balls that collide with the balls are velocities due to the rolling of the balls along the
*
*
horizontal track by the incoming angular velocities ω P1,impact and ω P 2,impact are defined as:
&
&
&
vT1,Rol ,impact = − Rω P1,Rol k = −vC1,impact k
(27)

respectively
&
&
&
vT 2, Rol,impact = − RωP 2,Rol k = −vC2,impactk
(28)
&
&
The horizontal components vT1,hor ,outgoing and vT1,hor ,outgoing of the velocities of the points
T1 and T2 of the balls with which the balls leave after the collision are:
&
&
&
&
vT1,hor ,outgoing = vT1,hor ,outgoingi , respectively vT 2,hor ,outgoing = −vT 2,hpr ,outgoingi
(29)
&
&
The velocities vC1,outgoing and vC 2,outgoing of translation of the centers of mass, C1 , or C2

the corresponding sphere immediately after the mutual collision, is equal to the corresponding
&
&
horizontal components vT1,hor ,outgoing and vT1,hor ,outgoing of the departure velocities of the
corresponding contact point T1 and T2 sphere after the collision:
& &
&
&
vC1,outgoing = vC1,outgoing j = vT1,hor ,outgoing = vT1,hoe,outgoing j
&
&
&
&
(30)
vC 2,outgoing = −vC 2,outgoing j = −vT 2,hoe,outgoing = −vT 2,hor ,outgoing j
*
*
The instantaneous angular velocities ω P1,outgoing and ω P 2,outgoing of ball rolling due to
the outgoing rolling of each of the balls per track immediately after the collision are:
& v
&
*
*
ω1,outgoing = ω P1,outgoing = ω P1,outgoing i = T1,hor ,outgoing i
*

*

ω 2,outgoing = ω P 2,outgoing

R
&
vT 2,hor ,outgoing &
= ω P 2,outgoing i = −
i
R

(31)

&
&
The vertical component vT1, Rol ,outgoing and vT 2,Rol ,outgoing of the departure velocities of

contact points T1 and T2 of the balls, by which each of the balls leaves after each other's
central collision, is the cause of the outgoing rolling of each of the balls along the horizontal
track at angular velocity, respectively, and is determined by the following expressions:
&
&
&
vT1,Rol ,outgoing = RωP1,outgoing k = vT1,Rol,impact k
&
&
&
vT 2,Rol ,outgoing = Rω P 2,outgoingk = vT 2,Roll ,impact k
(32)
The unit vectors of orientation of the direction and orientation of the outgoing lanes of
&
&
the outgoing roll of the balls in the outlet after the collision are: j and − j , respectively.
4.2.6. An oblique collision of two billiard balls in a non-slip roll. If the rolling
traces of two billiard balls on rolling without slipping intersect, and the balls simultaneously
reach the position that they can collide, then such a collision is said to be an oblique collision
&
of two balls. Figures 14 and 15 shown the plans of the component incoming vC1,impact and
&
&
&
vC 2,impact and outgoing vC1,outgoing and vC 2,outgoing velocities of ball center mass C1 and C2 of
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an oblique collision of two billiard balls rotating horizontally relative to a common vertical
tangent plane at a common point of collision.
&
&
Their velocities vC1,impact and vC 2,impact of the centers of mass C1 and C2 , are noncollinear and we are using the collision model decomposition to subsystems presented in
&
Figure14. In the following Figure 15 shows a plan of the component of incoming vC1,impact and
&
&
&
vC 2,impact , and outgoing vC1,outgoing and vC 2,outgoing velocities of an oblique collision of two
billiard balls, rolling along a horizontal plane, relative to a common vertical tangent plane at a
common impact point of oblique collision when their translational velocities of their centers
C1 and C2 of ball mass are no collinear, using a complex system model.
When asked how many such positions in the collision configuration can be insulated, how to
define using the distance of the centers of mass of the two balls. Here is the conclusion of the theorem.
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Figure 14. Decomposed system of two equal billiard balls in configuration of a
oblique (skew) collision. Plan of the incoming and outgoing velocities of the collision contact
points of each of the two balls at their oblique collision.
4.2.7. The theorem of the feasibility of the collision of two billiard balls. Two
billiard balls, of equal radius, in rolling without slipping, and rolling along the intersecting
tracks, can reach the configuration of the collision, and the realization of the same, only if
only if their centers C1 and C2 of mass are located at the corresponding distance C1C 2 = 2 R
at points, which are at the translational velocities of their centers of mass C1 and C2 , and
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are directed and oriented to the point of intersection of their rolling paths. There are infinitely
many such configurations of the collision feasibility of two balls. A collision is possible before
both balls pass the point of intersection of the tracks, and also in the condition that one has
not reached the position of the section of the tracks and that the other ball has passed through
that section of the tracks, but so that the intensities of the velocities allow the first round to
cross the position of cross sections of the tracks.
We shall now give one analysis and explanation of the plan of the component
&
&
&
&
velocities vT1,hor ,outgoing and vT1,hor ,outgoing , as well as vT1, Rol ,outgoing and vT 2, Rol ,outgoing of the points
T1 and T2 of balls in which the balls collide, using quoted Figures 14 and 15 respectively. If
there was a collision through the points T1 and T2 at the collision point T1 ≡ T2 ≡ T12 , then
the two balls, set up an imaginary common tangent plane, which is tangent to both sphere
surface at the point of their collision T1 ≡ T2 ≡ T12 . Let us set the coordinate system so that the
coordinate axis x is in their common tangent plane through the collision point, and the axis
y in the normal direction to that tangent plane and passes through both cents of the mass C1
and C2 of billiard balls in the collision configuration, while the axis z is in the tangent plane
and in the vertical direction in the plane in which the tracks of rolling balls lie and are pulled
through the collision point of billiard balls.
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Figure 15. A system of two equal billiard balls that roll on rolling tracks in a oblique
(skew) collision configuration. Plan the incoming and outgoing velocities of the collision
points of each of the two balls at their oblique collision

The unit vectors of orientation of the direction and focusing of the incoming ball
rolling paths, just before the oblique collision, are defined by the unit orientation vectors:
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&
&
&
&
&
&
(33)
n 1,impact = −(i sin α1 + j cosα 1 ) , and n 2,impact = −i sin α 2 + j cosα 2 .
in which the angles α1 and α 2 of the rolling path of each of the balls are locked by the
direction of the normal to the tangent plane to the sphere surfaces of the balls at the contact
point of their collision, that is, by the direction of the line passing through the centers C1 and
C2 of mass and both balls.
The components of the incoming velocities of the balls in rolling before the collision
are:
&
&
The translation velocities vC1,impact
and vC 2,impact of the centers of mass C1 and C2 ,
or of the balls just before their collision, are:
&
&
&
&
vC1,impact = vC1n1,impact = −vC1 i sin α1 + j cosα1
,
and
&
&
&
&
vC 2,impact = vC 2 n 2,impact = vC 2 − i sin α 2 + j cos α 2
(34)
*
*
The instantaneous angular velocities ω P1,impact and ω P 2,impact of rolling due to the
rolling of balls on the corresponding incoming traces immediately before their collision are:

(

)

(

)

&

&

&
vC1,impact &
i cos α1 + j sin α1
R
&
&
&
vC 2,impact &
*
*
ω2,impact = ω P 2,impact = ω P 2,impact (i cos α 2 − j sin α 2 ) =
(
i cos α 2 − j sin α 2 )
R

ω1,impact = ω P1,impact = ωP1,impact (i cos α1 + j sin α 1 ) =
*

*

(

)

(35)
&
&
The horizontal components vT1,hor ,impact and vT 2, hor ,impact of the velocities of the points
T1 and
T2 the balls that the balls collide with are equal to the velocities of the
corresponding centers C1 , and C2 of mass, of the corresponding balls:
&
&
&
&
&
vT1,hor ,impact = vC1,impact = vC1n1,impact = −vC1 (i sin α1 + j cos α1 )

and

&
&
&
&
&
(36)
vT 2,hor ,impact = vC 2,impact = vC 2 n2,impact = vC 2 (− i sin α 2 + j cosα 2 )
&
&
Vertical components vT1, Rol ,impact and vT 2, Rol ,impact of velocities of the contact points T1

and T2 balls that collide with the balls are velocities due to the rotation of the balls along the
horizontal track by the incoming angular velocities and are defined as:
&
&
&
vT1,Rol ,impact = − RωP1,Rol k = −vC1,impact k
and
&
&
&
vT 2, Rol,impact = − RωP 2,Rol k = −vC2,impact k
(37)
&
&
The horizontal components vT1,hor ,ougoing and vT 2,hor ,outgoing of the velocities of contact
points T1 and T2 balls, with which each of the balls leaves after the mutual collision are:
&
&
&
&
&
vT1,hor ,ougoing = vC1,outgoing = vC1n1,outgoing = vC1 (− i sin α 1 + j cosα1 )
and
&
&
&
&
&
vT 2,hor ,outgoing = vC 2,outgoing = vC 2 n2,outgoing = −vC 2 (i sin α 2 + j cosα 2 )
(38)
&
&
The outgoing velocities vC1,outgoing and vC 2,outgoing of translation of the centers C1 and
C2 of mass, or the corresponding sphere, immediately after the mutual collision of the billiard
&
&
balls are equal to the corresponding horizontal component vT1,hor ,ougoing and vT 2,hor ,outgoing of the

outgoing velocity of the corresponding contact points T1 and T2 sphere after the collision:
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&
&
&
&
&
vC1,outgoing = vC1n1,outgoing = vT1,hor ,ougoing = vT1,hor ,ougoing (− i sin α1 + j cosα1 )

and

&
&
&
&
&
(39)
vC 2,outgoing = vC 2 n2,outgoing = vT 2,hor ,outgoing = −vT 2,hor ,outgoing (i sin α 2 + j cosα 2 )
*
*
ω
ω
The instantaneous angular velocities P1,outgoing and P1o,utgoing of the rolling and due to
the outgoing rolling of each of the balls per track immediately after the collision are:
&
&
&
&
v
*
*
ω1,outgoing = ω P1,outgoing = ω P1,outgoing (i cos α1 + j sin α1 ) = T1,hor ,outgoing (i cos α1 + j sin α1 )
*

*

ω 2,outgoing = ω P 2,outgoing

R
&
&
&
vT 2,hor ,outgoing &
(
= ω P 2,outgoing (− i cos α 2 + j sin α 2 ) =
− i cos α 2 + j sin α 2 )
R
&
&

(40)

The vertical components vT1,Rol ,outgoig and vT 2, Rol ,outgoig of the departure velocities of
contact points T1 and T2 of balls, by which each of the balls leaves after each other's oblique
collision, are the cause of the outgoing rolling of each of the balls along the horizontal track at
*
*
angular velocities, ω P1,outgoing respectively ω P 2 ,outgoing , and are determined by the following
expressions:
&
&
&
vT1,Rol ,outgoing = RωP1,outgoing cosα1k = vT1,impact cosα 1k
&
&
&
vT 2,Rol ,outgoing = RωP 2,outgoing cosα 2 k = vT 2,impact cosα 2 k
(41)
The unit vectors of orientation of the direction and focusing of the outgoing traces of
the outgoing roll of&each ball&of the balls in the outlet after the collision are:
&
n1,outgoing = −i sin α1 + j cosα1
,
respectively
&
&
&
n 2,outgoing = −i sin α 2 + j cosα 2
(42)
Conclusion-Theorem: If the incoming paths of the balls in the rolling block equal angles with
the common tangent plane to the balls at the contact points of collision of the balls, then the horizontal
components of the outgoing velocities of those points close the same angles with that tangent plane.
Also, the outgoing paths of one or the other ball, as well as the translational velocities of the centers
of mass of the ball, close the same angles with this common tangent plane of collision.

4.2.8. A special case of an oblique collision of two billiard balls in rolling along
parallel rolling tracks. In Figures 16 and 17 shown the plan of incoming and outgoing
velocities of an oblique collision of two billiard balls, rolling along parallel tracks in one
horizontal plane, relative to the common vertical tangent plane when their velocities are
collinear – decomposition, in Figure16, of the system into subsystems at the time of the
collision. This is a special case of the previous general case of the configuration of an oblique
collision of two billiard balls. Figure 17 shows that velocity plan on a complex,
unrecompensed system. For such a collision to be possible, the necessary condition is that the
maximum normal distance between the incoming traces of rolling of the balls before the
collision is less than the diameter of the balls, respectively hmax ≤ 2R .
Here, we will not list the expressions for the component velocities of the contact point
of the balls in the collision configuration, since it is only obvious how to determine them
according to the velocity plans from Figures 16, 17 and 17, and the order from the predescription in the general case of the oblique collisin.
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Figure 16. Decomposed system of two equal billiard balls rolling along parallel tracks
in a collision configuration - Plan for the incoming and outgoing velocities of the collision
points of each of the two balls, at their oblique collision and parallel incoming tracks, but
parallel and outgoing treks
*
We, only, give the expressions for the instantaneous angular velocities ω P1,outgoing and
*
ω P1o,utgoing of rolling and due to the outgoing rolling of each of the balls on the track
immediately after the collision, which are:
&
&
&
&
v
*
*
ω1,outgoing = ωP1,outgoing = ω P1,outgoing (i cos α1 + j sin α1 ) = T1,hor ,outgoing (i cos α1 + j sin α1 )
R
respectively
&

&

ω 2,outgoing = ω P 2,outgoing = −ω P 2,outgoing (− i cos α1 + j sin α1 ) = −
*

*

vT 2,hor ,outgoing
R

&

(− i cos α

1

&
+ j sin α1 ) (43)

The unit vectors of orientation of the direction and focusing of the outgoing traces of
the outgoing rolling of the balls in departure immediately after the collision are:
&
&
&
n1,outgoing = −i sin α1 + j cosα1
,
respectively
&
&
&
(44)
n 2,outgoing = −(− i sin α1 + j cosα1 )
Conclusion-Theorem: In the case of an oblique collision of balls with parallel
incoming rolling paths, the outgoing rolling paths of the balls following the collision are also
parallel, and the horizontal components of the incoming velocities of the collision points are
in a straight line, while the horizontal components of the outgoing velocities of the collision
points after the collision are at to another real one. These rights are crossed at the collision
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point in the collision configuration. The departure velocities of the center of mass after the
collision are also parallel.
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Picture 17. A system of two equal billiard balls rolling along parallel tracks in a
collision configuration-Plan the incoming and outgoing velocities of the collision points of
each of the two balls at their oblique collisions and parallel incoming traces, but parallel and
outgoing traces of rolling
Main conclusion-Main Theorem: The complete analysis of the component velocities
of the collision points - the contact points of the balls in rolling was aimed to show that in the
collision theory there is a ball of billiards in rolling, and more generally in the theory of
collisions of axisymmetric bodies with one central plane of symmetry in which there is a
circular contour by which the body can be rolled, it is sufficient to use only the angular
velocity of rolling of the body around the instantaneous rolling axis, to describe the complete
geometry, kinematics, and dynamics of the collision of the body in rolling.
5

MECHANICS OF BILLIARDS II - THE DYNAMICS OF BILLIARDS

5.1

Basic elements of the dynamics of collision and impact of the rolling homogeneous
rigid material balls

In order to describe the basic phenomena of the dynamics of billiards, we start from some
basic definitions and definitions in the dynamics of the rolling of a material homogeneous
rigid billiard ball with sphere surface, which we have presented at the beginning of this article,
in the section on logical, qualitative and mathematical analogies.
Moving to the dynamics of billiards, in addition to the lengths and times, we also
introduce the materiality of billiard balls. When rolling a ball, which is performed by rolling
about the current axis of rotation or by translating at the velocity of the center of mass and
rotating about its own central axis at some instantaneous angular velocity, we have two
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approaches for description billiard ball dynamics. To describe such motion, materiality is
calculated using the mass M of the ball and the axial moments of inertia of the mass of the
ball for the instantaneous axis of rotation or for the central axis of rotation. For a material ball
4
of mass M and radius R , the mass of the ball is: M = ρ R 3π , ρ is the mass density of the
8

ball or the mass per unit volume of the ball, the axial moment of inertia of the mass of the
2
5

billiard ball for the center axis is J C = MR 2 , and the axial moment of inertia of the mass of
the billiard ball for the axis tangent to the ball in any the point of its surface corresponding to
2
5

7
5

the instantaneous axis of rolling of the ball when rolling is J P =J C + MR 2 = MR 2 + MR 2 = MR 2 ,
and is equal to the sum of the axial moment of mass inertia for the parallel central axis and the
position moment of inertia of mass (which is equal to the product of mass of the ball and the
square of the distance of the instantaneous axis of rolling from its parallel center axis of
rotation of the sphere). These axial moments of inertia of the mass of a material sphere
represent the inertial coefficients of the dynamics of the ball, which is rolling, and as the mass
of the ball is the inertial coefficient for the case of translational motion of the ball, so the axial
moments of inertia of the mass of the ball for rotation or rolling are its corresponding inertial
coefficients! Billiard balls with equal radiuses can be with different axial moments of inertia
of their masses depending of the mass density of ball’s material.
When the paths of two material points meets at some point and if they reach the same
point of their paths at different velocities and accelerations, then the dynamics of the collision
of those two material points is achieved. The reciprocal dynamic effect of one material point
on another material point is called a collision, and their dynamics in that short time interval
are the dynamics of a collision.
If one material sphere (ball) is stationary and the other is moving, and in the movement of
the rolls, it encounters a sphere in speace, one, moving, material sphere strikes (impacts)
another, immobile material sphere. Since rest is a special case of the dynamics of a material
sphere (ball), then we can say that the concept of collision is more general than the concept of
impact.
An impact and collision can occur between one material sphere (ball) and a system of
material balls, a collision with one of the material balls of a system of material balls, which is
transmitted instantaneously to the other material balls of the system or body. Likewise, a
collision of a material sphere-ball can be achieved by collision with a material rigid or
deformable body. Collision is also possible in various combinations between material balls,
material ball systems, and rigid and or deformable bodies. According to the properties and
character of the material systems - participants in the collision event, collisions can be divided
into several different types or groups: ideally elastic collision, ideally plastic collision and
collision with a coefficient of restitution between zero and one.
It is very important to be aware of the phenomenon and the inherent elements of the
collision, in other words the dynamics of the collision and its vector and scalar invariants. In
the dynamics of billiards, as we can conclude from the preceding chapters, there is an impact
of a billiard ball into a contour cylindrical surface, as well as a collision between two balls or
a number of billiard balls in rolling.
Characteristic of a collision is that two solid spheres-balls come into contact at one
common point at which one point of the spherical surfaces of the spheres in the collision
reach simultaneously.
That point is the contact point of the collision of the masses of both balls, in which
their dynamics interact, and thus the instantaneous, short-term duration, dynamic effect of one
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rolling ball on the other at the contact of the current (very short interval) time is observed
whereby the occurrence of a jump (discontinuous) changes in the kinetic parameters of the
dynamics of both in the arrival of both rolling balls. This is primarily manifested in the
change of direction and intensity of the velocity of motion of both material balls, which
collided with respect to the intensities and directions of their velocities before their collision.
In the collision of two material balls, instantaneous forces of high intensity and short-timeaction occur in a short time interval in which the material balls are in contact during the
dynamics of the collision, which disappear upon the separation of the system immediately
after the collision.
The forces created by the collision of two material balls and in the state of contact of
these two balls are also called high-intensity impact forces, of short duration and of final
impulse. It should be emphasized that, by moving to the study of the dynamics of collisions,
we have introduced, in addition to the length and time, the mass, or materiality, of billiard
balls.
When studying collisions, and even material balls, some basic assumptions are made,
which allow the model of collision dynamics of two rolling billiard balls to be assembled, and
the task is simplified, but satisfactory models of real dynamics of collision of two balls are
obtained. In the first part of this article we have presented the latest results of the authors of
this article, which contribute to the extension of the theory of collision, geometry, kinematics
and dynamics of collisions of the body in the rolling, which we will not repeat here but only
to determine the outgoing angular velocities of the roll of billiard balls immediately after the
collision.
&
&
5.2 Impact forces F (t ) and impact moments < (t ) in the collision of two material
balls in rolling. Instantaneous impulse and momentum of motion of a ball in rolling
before and after a collision
When it comes to systems of two bodies moving by rolling without sliding and in the
dynamics of billiards, we have two or more balls, which are in rolling around the
corresponding instantaneous axis of rolling, so the angular momentum difference of motion of
the balls for the instantaneous
&
& axis of rotation is:
&
dR (t ) = < (t )dt = d;< (t )
(45)
&
&
where by ;< is denoted the impulse angular momentum and < (t ) is the moment of impact
impulse forces. If we integrate the previous differential relation, we obtain the following
&
expression for the coupling angular momentum ;< of the body in rolling:
t &
&
&
&
&
&
&
&
;< = ;(t ) − ;(0) = ³ < (t )dt =J P ωP (t ) −J P ωP (0) =J P ωP −J P ωP 0

(46)

0

This previous vector expression should be considered conditionally, taking into
account the discontinuity of the velocity direction in the impact configuration, as well as the
discontinuity of the direction of movement occurring between the configuration immediately
before and after the collision of two balls, as well as the interaction of rolling traces of the
balls at the moment of impact. Also, it should be taken into account that the moment of the
oscillating impact force, that is, the angular momentum of motion for the rolling axis, is also
scalar, as opposed to the angular momentum of the moment for the point, which will be
discussed in the case of rolling without sliding along the track, where the current the axis
moves translation.
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&
&
The increment Δ;(t ) of kinetic momentum or angular momentum ;< (t ) of the
&
motion for a finite time interval is equal to the momentum of an impulse impact force <(t ) or
coupling acting on a rolling ball, along its rolling path, at that short time.
&
Since both the linear momentum K F (t ) of the impulse impact force and the angular
&
momentum ;< of the coupling are vector integrals, these in the general case do not coincide
&
&
with the direction of the force F (t ) or coupling <(t ) .
&
The mean value of the instantaneous coupling <sr (t ) can be determined from the

previous relation (46) as:
&
t +τ
&
;< (τ ) 1 0 &
<sr (τ ) =
= ³ <(t )ud dt
(47)
τ
τ t0
&
→
&
In the event that the coupling <(t ) or moment of constant forces ± F (t ) = const , the
&
angular momentum ;< (t ) of coupling or moment of forces, though a vector integral, is
collinear with coupling:
t &
&
&
&
&
&
&
&
&
;< (t ) = ;(t ) − ;(t0 ) = ³ <dt = < (t − t0 ) =J P ωP (t ) −J P ωP (0) =J P ωP − J P ωP 0

(48)
&
&
It means that the impulse ;< (t ) of the coupling <(t ) or moment of force, acting on
the material ball via the point of impact, along its trajectory of motion when rolling the ball,
& at
a finite time interval Δt = t − t9 = τ , is equal to the increment of the angular momentum Δ; (t )
of the motion (kinetic moment) for that finite time interval.
&
&
When the coupling < (t ) or moment of force is finite, the impulse ;< (t ) of that
t0

coupling or torque in a small time interval, when Δt = t − t9 = τ → 0 , equals zero. If the
& &
&
& &
change in angular velocity Δω = ω (t ) − ω (t0 ) = ω − ω0 is finite in magnitude and occurs in a
&
&
very short time Δt = t − t0 = τ → 0 , then the impulse ;< (t ) , of the coupling < (t ) , ie the
&
&
moment of forces must be finite, but that coupling < (t ) , or moment of the forces F (t ) , must
&
&
be infinitely large. Such couplings < (t ) or moments of forces Fud (t ) that occur in the short
&
;
time and give a finite impulse < (t ) (angular momentum) of the coupling are called the
instant coupling or the momentary impact moment of the momentary impact forces of the
finite impulse.
From the relation of the theorem on the change of kinetic energy and its relation to the
coupling power, that is, the moment of forces, which performs work along the trajectory of
motion of a material sphere-ball in rolling, it is valid:
&
&
dE k
(49)
= P = < (t ),ω (t )
dt
we can write:
&
&
(50)
dEk = Pdt = <(t ), ω (t ) dt

(

)

(

)

Upon approximate integration of the last relation we obtain:

(

) (

) (

)

t
t
t
&
&
&
&
&
&
Ek − Ek 0 = ³ <(t ),ω (t )dt = ³ <(t )dt , ω (t ) = ³ ω (t ), d;< (t )
t0

t0

t0
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(

)

&
&
1 &
ω (t ) + ω (t0 ), ;< (t − t0 )
(51)
2
whereby we assumed that the approximate value of the integral could be determined assuming
&
&
1 &
the mean value of the instantaneous angular velocity ω sr = [ω (t ) + ω (t0 )] during the impact
2
process in a short time interval.
Based on the foregoing approximate relation (51), we can conclude that for infinitely
short intervals the increments of the "live force" (kinetic energy) of the material sphere-ball in
the rolling and in the collision dynamics, as well as the operation of the instantaneous impact
forces, have finite values.
&
&
Moving by rotating about the current axis of rolling by an angle ϑP = ϑ , or around the
current pole, on a track of rolling a material ball, which by rolling has reached the collision
configuration, is infinitesimal Δt = t − t0 = τ → 0 and tending to zero during a small increment
&
of time Δt = t − t0 = τ → 0 . Since the angular velocity ω& = ϑ of rolling around the current
axis of rolling, the angular momentum of the rolling pulse is the same:
t0 +τ
&
&
&
&
&
;< (t0 + τ ) = ;(t0 + τ ) − ; (t0 ) = ³ <dt = <(t0 + τ − t0 )
(52)
t0
&
&
&
&
&
(53)
;< (t0 + τ ) = J P ωP (t0 + τ ) −J P ωP (t0 ) = J P ϑP −J P ϑP 0
Ek − E k 0 ≈

respectively
&
&
&
J P ϑP = ;< (t 0 + τ ) + J P ϑP 0
which after integration gives:

(54)

t 0 +τ
t 0 +τ
&
&
&
&
&
&
J P ϑP (t0 + τ ) − ϑP (t0 ) = ³ ;< (t )dt + J P ϑP 0 (t0 + τ − t0 ) = ³ ;< (t )dt + J P ϑP 0 (t0 )

[

]

t0

[

&

]

&

J P ϑP (t0 + τ ) − ϑP (t0 )

t0

t0 +τ

&
&
= ³ ;< (t )dt + J P ϑP 0 (t0 )

(55)

t0

&
where the mean value ;<sr of the angular momentum of the instantaneous coupling or
moment of force in a short time interval Δt = t − t0 = τ → 0 .

As t → t0 there will be an increase in the angle of rolling, that is
&
&
ΔϑP = ϑP (t 0 + τ ) − ϑP (t0 ) 0 ≈ 0 , the rolling of the ball during the impact or the collision, on
the basis of which, we can conclude that the material sphere during the short-lived effect of
the instantaneous coupling, or the moment of the instantaneous force in the dynamics of the
collision is immobile.
We can, now also, define the term impact in terms of action.
&
The action which gives to a body the instantaneous forces Fimpact and instantaneous
&
couplings <impact of a finite impulse, that is, angular momentum of moment short-lived

&

[

]

action in the interval Δt = t − t0 = τ → 0 is called a stroke-impact.
&
&
The vector invariants ωP (t 0 + τ ) and ωP (t0 ) , the instantaneous angular velocities
&
before and after the impact always refer to the same material ball that rolls, ω P (t0 ) , and
&
ωP (t0 + τ ) are called the instantaneous angular velocities of the observed material sphere-ball
to impact, before and, after, the collision (or impact). If the material ball at the moment of
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impact on the motionless material of another system has an instantaneous angular velocity
&
&
ωP (t0 ) = ωP ,impact then we say that it is the incoming angular velocity of the rolling ball or the
angular velocity of impact. This currently produced angular velocity during a collision by
&
&
which a material ball rolls out of contact with another system with ω P (t0 + τ ) = ω P ,outgoing
which it collided is called the outgoing angular velocity.
As we have shown in the previous analysis, we must bear in mind that in the short
time of collision contact, the positions of the material balls in collision contact, when the
impact forces or shocks are acting, change very little and slowly. These infinitesimal changes
in the position of the material balls by rolling, or by changing the rolling angle, are in the
order of magnitude of the small interval of time during which the collision takes place.
Therefore, it is justified that changes in position during a short interval in which a collision
occurs are neglected.
In the case of impact of a material ball into a fixed material or a limiter or a
unilaterally restraining bond, the following relation can be written:
t +τ &
&
&
&
1 &
1
ωP ,outgoing − ωP ,impact = ΔωP =
;< (t0 + τ ) =
<impact (t )dt
(56)
J
J ³
0

P

5.3

P

t0

Outgoing angular velocities, translational velocities, momentum of coupling impulses, and motion of rolling balls after an oblique ideally elastic collision of two balls

In Figures 15 and 18 show the configuration of the balls and the plan of the incoming
and outgoing translational velocities and the angular rolling velocities of both balls in the case
of an oblique (skew) collision of two equal balls, moving in opposite directions along the
intersecting tracks. In order to determine the intensities of the outgoing angular velocities of
the balls after the oblique collision, we will make an analogy with the central centric collision
of two balls moving towards each other known angular velocities, for which the relations
between the incoming and outgoing angular velocities are known.
In the case of ideally elastic oblique collision between balls, which we consider, the
intensities of the component outgoing velocities after their collision, and in accordance with
the previous decomposition analyzes of the kinematics of the balls in the collision into simple
motions, when we consider that the masses of the balls are m1 = m2 = M equal and the
coefficient of restitution k = 1 , for ideal elastic collision, are:
1* The intensities of the horizontal components vT 1,trabslator,outgoing and vT 2,translator,outgoing of
the outgoing velocities of the ball points due to translation after an oblique collision are:
vT 1,trabslator,outgoing = vT 1,translator,impact −

2
(vT 1,translator,impact − vT 2,translator,i , pact )
J
1 + P1
J P2

(57)

vT 1,trabslator,outgoing = vT 2,translator,impact = vT 1,hor ,outgoing
vT 2,translator,outgoing = vT 2,translator,impact +

2
(vT 1,translator,impact − vT 2,translator,impact )
J
1 + P2
J P1

(58)

vT 2,translator,outgoing = vT 1,translator,impact = vT 2,hor ,outgoing

The directions of these outgoing velocities are shown in figures 15 and 18, as in
Figure 20. In the Figure 20 shows a complete plan of the incoming and outgoing angular
velocities of rolling both balls with their rolling paths before and after an oblique collision.
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Figure 18. Collision of two rolling balls: Plan of incoming and outgoing angular
velocities of rolling balls with their rolling paths before and after an oblique collision
2* The intensities of the outgoing angular velocities ω P1,,outgoing and ω P 2,outgoing of
rolling of the balls after a collision are determined by the following expressions:
v
1+ k
(ω
− ωP 2,impact ) = ωP 2,impact = C 2,impact
J P1 P1,impact
R
1+
J P2
v
1+ k
ω
= ωP 2,impact +
− ωP 2,impact = ωP1,impact = C1,impact
J P 2 P1,impact
R
1+
J P1

ωP1,,outgoing = ωP1,impact −

ωP 2,outgoing

(

)

(59)

(60)

which are identical to expressions (8) and (9) for the case of a central collision of balls, in
which this applies only to the intensities of the outgoing angular velocities, but whose
directions of traces are different and depend on the type of collision and the configuration of
the incoming angular velocities of the balls in with respect to their tangent plane at the point
of impact, tangent to both balls at their common point of contact in the collision configuration.
Intensity of vertical components vT 1, Rolling,outgoing and vT 2,Rolling ,outgoing of the velocity of
the point of impact on the spherical surface of the sphere after impact due to the rolling of the
balls in a horizontal plane, for ideal elastic collision, are:
2
(61)
(v
)= v
=v
−
−v
v
T 1, Rolling ,outgoing

T 1,Rolling ,impact

vT 2, Rolling ,outgoing = vT 2, Rolling ,impact +

1+

J P1
J P2

T 1, Rolling ,impact

T 2 , Rolling ,impact

T 2 , Rolling ,impact

2
(vT 1,Rolling ,impact − vT 2,Rolling ,impact ) = vT 1,Rollin,impactg
J
1 + P2
J P1
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For an oblique impact of a collision of two balls, we cannot use a vector relation to
change the angular momentum of the motion of one or the other sphere-ball in rolling because
these are moments of impulses for different axes directions, but we must go to scalars, since
the moments of the impulse of motion for axes are scalars. So now, to change the angular
momentum intensity of the rolling motion of the first rolling ball, from the kinetic state just
before the collision to the kinetic rolling state of the first ball after the oblique collision and
the angular momentum of the coupling momentum as a result of the interaction of the
collision of the second ball with the first due to the oblique collision, we can write the forces:
t &
&
&
&
&
&
;<12 = ;1 (t ) − ;1 (0 ) = ³ <12 (t )dt =J P,1 [ωP1 (t ) − ωP1 (0 ) ]
0

&
&
&
;<12 = ;1 (t ) − ;1 (0 ) =J

P1

[ω&

P1, outgoing

&
− ω P1,impact

]

(63)

t &
&
&
&
J
;<12 = ;1 (t ) − ;1 (0 ) = ³ <12 (t )dt = P1 (vT1,outgoing − vC1,impact )
R
0
&
&
&
7
;<12 = ;1 (t ) − ;1 (0 ) = MR(vC 2,outgoing − vC1,impact )
5

(64)

Then, now, to change the angular momentum intensity of the motion of the second rolling ball,
from the kinetic state just before the collision to the kinetic rolling state of the second ball after the
oblique collision and the momentum coupling resulting from the interaction of the collision of the first

ball with the second due to the oblique collision, we can write the forces as:
t &
&
&
&
&
&
;< 21 = ; 2 (t ) − ; 2 (0 ) = ³ <21 (t )dt =J P , 2 [ωP 2 (t ) − ω P 2 (0 ) ]
0

&
&
&
;< 21 = ; 2 (t ) − ; 2 (0 ) =J

P2

[ω&

P 2, outgoing

&
− ω P 2,impact

]

(65)

t &
&
&
&
J
;< 21 = ; 2 (t ) − ; 2 (0 ) = ³ <21 (t )dt = P 2 (vT 2,outgoing − vC 2,impact )
R
0
&
&
&
7
(66)
;< 21 = ; 2 (t ) − ; 2 (0 ) = MR(vC1,outgoing − vC 2,impact )
5
The sum of these changes is the angular momentum intensity of motion of the first and
second balls by rolling from the kinetic state just before the oblique collision to the kinetic
state of rolling the balls after the oblique collision relative to the kinetic state before the
oblique collision is:
&
&
(67)
;< 21 − ;< 21 = 0

which gives the condition of conservation of the sum of the angular momentum intensity of
the angular momentum of motion during the oblique collision of the balls in rolling, and
which was introduced by hypothesis (3) in the first part of this paper:
&
&
&
&
(68)
;<1 (0 ) + ;< 2 (0 ) = ;<1 (t ) + ;<! (t )
&
&
&
&
(69)
J P,1 ωP1 (0 ) + J P, 2 ωP 2 (0 ) = − J P ,1 ω P1 (t ) + J P , 2 ωP 2 (t )

(

)

This means that the sum of the angular momentum magnitudes of the two balls rolling
at the moment just before the ideally elastic oblique collision is equal to the sum of the
angular momentum intensities of their motion immediately after the ideally elastic and central
and oblique collision.
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The kinetic energy of the system, consisting of the first and second balls, which roll to
each other, in the kinetic state and moment just before the ideally elastic of their oblique
collision, is:
E Kin,impact = E1, Kin,impact + E2, Kin,impact =

[

[

1
J P1ωP21,impact + J P 2ωP2 2,impact
2

] [

1
1
J C1ω12impact + M 1vC2 1impact + J C 2ω22,impact + M 2vC2 2impact
2
2

E Kin,impact =

E Kin,impact =

]

(70)

]

M 2
(i C + 1)(vC2 2,impact + vC21,impact )
2

where the coefficient κ = (i C2 + 1) =

7
5

(71)

of rolling without sliding the balls along the track.

The kinetic energy of the system, consisting of first and second balls, which rolls away
from each other, in the kinetic state and the moment immediately after their ideally elastic
skew collision is:
E Kin,outgoing = E1,Kin,outgoing + E1,Kin,outgoing =
E Kin,outgoing =

[

1
J C1ω12,outgoing + M1vC21outgoing
2

E Kin,impact =

[

]

1
J P1ωP21,outgoing + J P 2ωP2 2,outgoing
2
1
+ J C 2ω22,outgoing + M 2vC2 2outgoing
2

] [

]
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Figure 19. Partial analogies between central and oblique collisions of a rolling ball
into a cylindrical curvilinear surface with vertical derivatives: opening of the trace od a rolling
ball for an oblique collision (b *) with respect to the central impact (a *)

So it is
E Kin,outgoing = E Kin,impact
E1, Kin,outgoing + E 2, Kin,outgoing = E1,Kin ,impact + E 2 , Kin,impact

(75)

and that there is no loss of kinetic energy in an obliquely elastic collision of two equal balls.
In Fig. 19 shows the configuration of the ball and the plan of incoming and outgoing
velocities of translation of the point of impact and angular velocities of rolling with incoming
and outgoing rolling paths for different cases of impact of the ball into fixed cylindrical
concave or convex surfaces, and for cases of central and oblique-skew collisions respectively.
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Figure 20. Partial analogies between the central and oblique collisions of two rolling balls:
the opening of the traces of ball rolling in oblique (skew) collision (b *) with respect to the
central collision of the balls (a *).
In the Figure 20 shows the configuration of two balls with corresponding plans of the incoming
and outgoing translation velocities of the point of their contact and angular rolling velocities with
incoming and outgoing rolling paths for different cases of mutual collision of these balls, and for cases
of centric central as well as oblique collisions.
In this, as in the previous cases of different types of ball collision configurations, when ideally
elastic collisions occur, there is no loss of kinetic energy, and the expressions for kinetic energy before
and after collision will not be cited because they are identical to the terms written in the previous first
section.
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6

CONCLUDING CONSIDERATIONS

Using the analysis of the elements of geometry, kinematics and dynamics of impact (see
Figure 19) and collision of balls (see Figure 20), which we have given in the previous parts of
this paper, it is possible to draw some conclusions and generalizations.
Here we can imagine that the route-traces of rolling both balls, by which the balls are
rolling "corrected" into straight lines and that each ball is rolling along the corresponding
"corrected straight route" until the configuration is impact by an appropriate incoming
angular velocity, and from the configuration of the collision by the outgoing angular
velocities along “broken traces with break”, as if a central collision had occurred, but we
should take into account that at the point of collision on the route “a fracture” of the route
occurs and that the angular velocity discontinuity occurs with the alternations of the angular
velocity direction and orientation. The same goes for the other ball. This practically means
that there is a jump in the intensity of the angular velocity of rolling in the kinetic state of the
collision, and that the “breaking” of the rolling path changes and the direction of the
instantaneous angular velocity of the roll-out after the collision changes. The “fracture of the
rolling path” depends on the angle at which the rolling path comes from the normal tangent
plane to the balls at the point of impact.
This consideration returns us to the central collision of two balls. So the task comes
down to a central collision of two balls from which to determine the intensities of the
translational outgoing velocities and the outgoing angular velocities of rolling about the
current axis, or around it parallel to its own central axis of each of the balls, and then the
“track legs expand” as corner angles with the apex in the point of collision configuration and
set at angles with respect to the normal of the tangent plane at the collision-contact points of
the rolling traces of the balls, depending on the angles that the incoming balls rolling paths
close to that normal. This leads us to the conclusion that it is, also, possible to use a central
collision to determine the intensities of the angular velocity of rolling and to change the
angular momentum of motion, and in the case of oblique collision of rolling balls of different
radii and masses, and to use appropriate analogies. It should be emphasized that it is necessary
to determine the outgoing rolling routes after a collision taking into account the incoming
routes.
In the dynamics of billiards, there is a simultaneous collision of several balls, so the
problem of determining the directions of the components of the outgoing velocities after the
collision is not difficult to determine, but even today the question of determining the intensity
of the individual components of the outgoing angular velocities of rolling formed in the
collision of several balls is open.
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Abstract. The seismic response of freestanding building contents that are hosted in different
stories of a structure has not received yet the appropriate attention in the literature, despite
the fact that the possible damage of the contents may result to excessive losses. Considering
that valuable objects, e.g. artefacts, hospital equipment, computer servers, among others, are
hosted in multistorey buildings and are freestanding on a rigid base, there is urgent need for
seismic fragility and risk assessment methods in order to prioritize seismic protection measures. The paper discusses, a performance-based fragility assessment framework using either
acceleration or velocity-based demand parameters. The structure’s capacity is assessed using
the Multiple Stripe Analysis (MSA) method. The fragility curves of the building contents are
obtained using appropriate Engineering Demand Parameters (EDPs) and Intensity Measures
(IMs) for the problem at hand. The paper aims to shed light on the fragility assessment of
freestanding rigid blocks investigating how the behavior of the structure affects the block’s response. A second goal is the comparison of the seismic response of symmetric and asymmetric
freestanding contents hosted in a multistorey shear RC building.
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1

INTRODUCTION

Earthquake losses may be due to structural damage, damage of non-structural components
and also due to the damage of the structure’s contents. Recent guidelines, e.g. FEMA P-58
[1], FEMA E-74 [2], ATC-120 [3], address the problem of the seismic response of building
contents, acknowledging that the losses are comparable, or may exceed, those of structural
damage. Non-structural damage can be due to damage of components attached, or anchored,
to the hosting building, or due to damage on the freestanding inventory of the building. In the
latter case, there is a huge variability of systems and conﬁgurations hampering the systematic
study of the problem and the recommendation of generally-applicable guidelines. The risk assessment of building contents is a complicated task since the response of the contents depends
also on the behaviour of the hosting structure. As a result, there may be cases where a strong
earthquake does not overturn an object but strongly damages the structure, while more benign
ground motions may leave the structure intact causing losses due to damage on the building’s
contents. The paper focuses on the seismic performance, fragility and risk assessment of freestanding building contents that can be assumed rigid and are either symmetric or asymmetric.
Freestanding building contents are usually treated as rocking rigid blocks and thus are modelled
using Housner’s theory [4]. The Multiple Stripe Analysis (MSA) method is adopted in order
to assess the structure and its contents considering that the structural collapse implies also collapse/overturning of the contents. The latter observation was ﬁrst implemented and discussed
in detail by Fragiadakis and Diamantopoulos [5] by only for symmetric rectangular blocks. A
second point of interest is the derivation of fragility curves and the calculation of the Mean
Annual Frequency (MAF) of the rocking building contents.
Despite the signiﬁcance of the problem at hand, there are relatively few past studies on the
seismic response assessment of freestanding contents. Recent research examines, for example,
the seismic behaviour of artefacts or hospital equipment. Spyrakos et al. [6] proposed predictive
models for artefacts assuming that they form systems of one, or two, rocking blocks, while Di
Sarno et al. [7] performed shake table tests on hospital equipment. In this direction, Wittich and
Hutchinson [8, 9] studied the seismic response of human-formed artefacts that are either standing on a pedestal [8] or are asymmetric [9]. Both conﬁgurations are common for freestanding
building contents and therefore the numerical tools developed are quite useful for their seismic
performance assessment.
One of the ﬁrst studies that focus on the fragility of rocking systems is the work of Purvance et al. [10]. They showed that objects with multiple rocking points are more fragile than
predicted. Konstantinidis and Makris [11] studied the seismic response of laboratory equipment
using analytical solutions and experimental results, while Konstantinidis and Nikfar [12] studied the sliding motion of stocky freestanding equipment and contents located at base-isolated
buildings. Dimitrakopoulos and Paraskeya [13] proposed dimensionless fragility curves for the
rocking response of rectangular blocks under near-fault excitations of their base. Their work
was the ﬁrst that proposed dimensionless Intensity Measures (IMs) for rocking blocks, while
Giouvanidis et al. [14] discussed the fragility assessment of rocking frames. Petrone et al. [15]
focused on the efﬁciency of different intensity measures in predicting the damage states of the
rigid block, while alternative intensity measures for rocking systems were also investigated by
Pappas et al. [16] and Kavvadias et al. [17]. Furthermore, Fragiadakis and Diamantopoulos
[5] examined the fragility assessment of building contents that are hosted in a four-storey RC
building proposing an early-stage risk framework for non-anchored contents. The main interest
of the paper focuses on the probabilistic response assessment of the contents without neglecting
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the structure’s response. Some years earlier Fragiadakis et al. [18] and Fragiadakis and Diamantopoulos [19] had presented preliminary results on handling building contents assuming either
elastic response of the structure or omitting the effect of structure’s collapse on the fragility
assessment. Recently, Fragiadakis et al. [20] completed an extensive experimental campaign
on the seismic response of artefacts, with emphasis on statues and busts, which are asymmetric,
Vlachos et al. [21] proposed compact solutions for handling asymmetric museum exhibits that
are freestanding on a pedestal and Masi et al. [22] examined the resistance of museum artefacts
against blast loading.
The paper presents a performance-based seismic fragility and risk assessment framework for
freestanding building contents which has been discussed in Fragiadakis and Diamantopoulos [5]
for symmetric rectangular blocks only. An extension of the methodology in case of asymmetric
building contents is presented here concerning blocks whose distance of the center of mass is
different from the two pivot points. Contrary to previous works on the seismic fragility assessment of rocking contents, the proposed methodology discusses how the response of the hosting
building and that of the contents are coupled and also the effect of different stories. In order
to consistently study the effect of increasing seismic intensity in a performance-based setting, a
modiﬁed version of the Multiple Stripe Analysis method is adopted. It is shown that the EDP
that should “drive” the MSA simulations is that of the building rather than that of the contents
and also that the collapse of the building should not be neglected. Moreover, the calculation
of fragility and risk are discussed. Existing fragility assessment methodologies are adopted
showing that the IM of the building should be adopted (instead of that of the contents), while
a procedure that uses the total probability theorem in order to calculate the MAFs combining
fragilities that were separately generated for the structure and for the contents is investigated.
Overall it is shown that the problem is not as simple, as it may initially seem, and that various
tools should be appropriately combined in order to accurate and efﬁciently calculate the risk of
freestanding contents. Essentially, the paper is based on the work of Fragiadakis and Diamantopoulos [5] extending the fragility and risk assessment of symmetric building contents to the
planar investigation of non-symmetric cases, which is usual for museum artefacts.
2
2.1

THE DYNAMICS OF A ROCKING BLOCK
Symmetric freestanding rocking block

In order to study the seismic response of freestanding building contents that are subjected
to an earthquake ground motion, it is ﬁrstly assumed that the bodies are orthogonal (i.e. symmetric) rocking blocks. Following the pioneering work of Housner [4], the problem of rocking
and overturning of freestanding blocks has been the subject of intense analytical and experimental research. Despite its apparent simplicity, the rocking problem has been proven difﬁcult,
since the blocks behave nonlinearly and also due to the occurrence of many impacts between
the rocking bodies and their base. Previous studies have revealed the complex response, including certain counter-intuitive trends [23]. Planar models are adopted in this work. This is an
often made approximation, which may leads to unconservative results when applied to threedimensional objects. Nevertheless, the two-dimensional, planar modelling, which is adopted
here, offers some simplicity and was found adequate for the purpose of this work.
The fundamentals of rocking theory are brieﬂy summarized in order to allow studying the
seismic behaviour of freestanding rocking blocks and also the transition to the asymmetric case
to be straightforward for the reader. Figure 1a shows a rigid block of dimensions 2b × 2h that
oscillates about point O (or O’). The block has weight W and moment of inertia I0 about point
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(a)
(b)
Figure 1: Geometry of: (a) the symmetric rocking block and (b) the asymmetric rocking block.

O. Assuming that the block is homogeneous and thus the center of gravity is located at height
h, the block’s slenderness angle
√ is equal to α = atan(b/h). The slenderness angle α together
with the size parameter R = b2 + h2 deﬁne fully the geometry of the block. Consequently,
the equation of motion of the rocking block as ﬁrst proposed by Housner[4] is:
Io θ̈ (t) + mgR sin [αsgnθ (t) − θ (t)] = −müg (t) R cos [αsgnθ (t) − θ (t)]

(1)

where the rotation θ is the only degree of freedom. The sign function is used to deﬁne the pivot
point (O or O’), i.e. when O’ is the pivot point, the angle θ is negative. The fact that the equation
of motion changes when the rotation changes sign makes the behaviour of the system nonlinear.
For rectangular blocks, the moment of inertia is I0 = (4/3)mR2 and Eq. 1 can be written:


2

θ̈ (t) = p



üg (t)
− sin (α sgn (θ (t)) − θ (t)) −
cos (α sgn (θ (t)) − θ (t))
g

(2)

where p denotes the characteristic frequency parameter of the rocking block, deﬁned as:
3

p=

WR
=
I0

3

3g
4R

(3)

Following Figure 1a, in the static case, when θ ≥ α the block will overturn since the selfweight becomes an overturning force instead of a restoring force. Under dynamic loading, this
is not strictly true since there may be cases where the block does not overturn for θ/α values that
slightly exceed one. Therefore, the rotation is normalized with the slenderness angle in order
to obtain the metric θ/α that provides an estimate of how close to overturning is the block.
Moreover, when the block is at rest (θ = 0), omitting the inertia term in Eq. 1, we ﬁnd that it
will start rocking motion if the ground acceleration üg exceeds a threshold value, i.e. when:
|üg | ≥ (b/h)g ⇔ |üg | ≥ g tan α

(4)

On the other hand, a body will slide if the seismic force Feq = müg exceeds the static friction:
Feq ≥ μst W ⇔ |üg | ≥ μst g
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(5)

where μst is the static coefﬁcient of friction. Therefore, the inequality of Eq. 5 implies that typically an acceleration above 0.60g is required for sliding to occur if the μst = 0.60. Comparing
Eq. 4 with Eq. 5, sliding will precede rocking only if tanα is less than μst . This is possible
for small friction conditions, or for stocky blocks, i.e. for small μst or for large tanα values.
When neither conditions of Eq. 4 or Eq. 5 are met, the body will remain at rest in its initial
position. Assuming that μst are large and that the buildings contents considered here are slender, the effect of sliding is omitted. Therefore, the freestanding building contents are examined
considering that their response concerns pure rocking motion.
The seismic response assessment of rocking structures is a complicated task. Various alternative ways to model and solve rocking systems that are subjected to real ground motion records
are discussed in Diamantopoulos and Fragiadakis[24]. Furthermore, damping is event-based,
meaning that energy is lost only when the angle of rotation θ reverses, indicating an impact
of the block at a non-deformable base. The conservation of angular momentum just before
and right after each impact deﬁnes the coefﬁcient of restitution η, which is calculated with the
formula proposed by Housner[4]:
η=

θ˙2
3
= 1 − sin2 α
˙
2
θ1

(6)

where θ˙1 and θ˙2 are the angular velocities before and after the impact, respectively.
2.2

Asymmetric freestanding rocking block

Considering the dynamics of a symmetric freestanding block, that have been discussed in the
previous subsection, the extension of the theory to asymmetric cases is presented here. Thus,
the asymmetric rocking block of Figure 1b is assumed. The block’s width is b = b1 + b2 ,
the center’s of mass height is h while the total mass and the rotational moment of inertia with
respect to the center of mass are m and ICM , respectively.

Figure 2: Implementation of the asymmetric rocking block theory to a freestanding bust.

.
The rocking motion of an asymmetric rocking block (e.g. the bust of Fig. 2), that can be
assumed as rigid, is described by a modiﬁed equation of motion that has been introduced by
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Wittich and Hutchinson [9]:




ICM + mRi2 θ̈ (t) + mgRi sin [αi sgnθ (t) − θ (t)] = −müg (t) Ri cos [αi sgnθ (t) − θ (t)]
(7)
where the subscript i denotes the positive or negative rotation of the block and sgn(θ) is the
signum function that corresponds to rocking motion with respect to the critical or the noncritical
side. It is assumed that i = 1 when the block rotates with respect to O and i = 2 when the pivot
point is the O .
When an impact occurs, the kinetic energy is reduced and this reduction is derived through
conservation of momentum with reference to the rocking point immediately before and just
after the impact. This yields to a velocity ratio, known as the coefﬁcient of restitution, which
for the rigid block of interest is given by the following formulas for the positive to negative
rotation (η +− ) and the negative to positive transition (η −+ ), respectively:
η +− =
η −+ =
3

ICM

)
*
1
2
I
+
mR
−
m(b
+
b
)R
sinα
CM
1
2
2
2
2
+ mR12

(8)

ICM

)
*
1
2
I
+
mR
−
m(b
+
b
)R
sinα
CM
1
2
1
1
1
+ mR22

(9)

FRAGILITY AND RISK ASSESSMENT

3.1

Fragility analysis

The seismic risk assessment of building contents requires the prior knowledge of the fragility
of both the building and the contents. For building contents, the fragility provides the probability
of overturning as a function of the seismic excitation (i.e. seismic intensity). Past research on
fragility assessment focuses on the risk assessment of the structure itself [25], while the contents
are examined separately and, usually, neglecting the effect of the hosting structure. Usually,
fragility curves of building contents are empirical and are targeted to speciﬁc component types
(e.g. cladding panels, masonry parapets). The direct fragility calculation that is here adopted
through simulations allows to consider additional sources of uncertainty (e.g. related to the
shape of the object, its mass distribution) and has been discussed in detail by Fragiadakis and
Diamantopoulos [5]. A brief summary of the methodology is presented in the lines below.
The fragility function is the conditional limit-state exceedance probability, given by the expression:
FR = P (EDP > edp|IM )
(10)
The structure is ﬁrst examined. There will be simulations that the building collapses (denoted as
“C”) and simulations where no collapse occurs (denoted as “NC”). Making this separation and
dropping the conditioning term in order to simplify the notation, i.e.: P (EDP ) = P (EDP >
edp|IM ), the probability of Eq. 10 is calculated using the total probability theorem (TPT):
(s)

FR = P (EDP (s) |N C)(1 − PC ) + PC

(11)

Focusing on the rocking body, when an object is subjected to a seismic ground motion there
are three possible types of response: (i) the object may not rock and remain at rest, (ii) it may
rock, or (iii) it may overturn. Using the TPT for the block, the fragility function becomes:
(b)

FR = P (EDP (b) |N oRock)PN oRock +P (EDP (b) |Rocking)PRocking +P (EDP (b) |Ovtn)POvtn
(12)
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where P (EDP (b) |N oRock), P (EDP (b) |Rocking) and P (EDP (b) |Ovtn) are the probabilities
that EDP (b) = θ/α exceeds a threshold value edp(b) and PN oRock , PRocking and POvtn are the
corresponding probabilities of no rocking, rocking and overturning, respectively. The superscripts “s” and “b” are used in order to distinguish the quantities that refer to the structure and
the block, respectively. Blocks that will not rock, will not exceed any edp(b) value and thus
P (EDP |N oRock) = 0, while the overturning blocks always exceed the limit-state threshold
and consequently P (EDP |Ovtn) = 1. The conditional limit-state probability (fragility) is
further simpliﬁed to:
(b)

FR = P (EDP (b) ≥ edp|Rocking)(1 − POvtn − PN oRock ) + POvtn

(13)

The calculation of Eq. 13 is discussed in the sections that follow. A fundamental assumption
of our derivation is that: “the simulations that collapse the building also overturn/collapse the
freestanding contents”.
3.2

Risk assessment

The risk is expressed as the mean annual frequency (MAF) of a limit-state being exceeded.
Adopting the PEER’s formula, the limit-state MAF for the structure and for a rigid block are
calculated with the aid of the following expressions:


(s)

λEDP =



(b)

λEDP =
(s)

IM (s)

IM (b)

P (EDP (s) |IM (s) ) |dλIM (s) |

(14)

P (EDP (b) |IM (b) ) |dλIM (b) |

(15)

(b)

where λEDP , λEDP is the mean annual frequency of the engineering demand parameter (EDP (s)
(s)
(b)
or EDP (b) ) exceeding threshold level and dλIM , dλIM is the slope of the seismic hazard curve.
The limit-state MAFs are easily obtained convolving the site hazard curve, expressed as function of the IM, with the fragility curve obtained with respect to the EDP of interest. For the
structure, the IM of interest is always available, e.g. spectral acceleration Sa (T1 , 5%), but for
the block this information is available only at the ground ﬂoor. For assets located at a storey,
(b)
the calculation of dλIM has no meaning and thus their fragility should be calculated as function
of IM (s) instead of IM (b) :
(b)
λEDP



=

IM (s)

P (EDP (b) |IM (s) ) |dλIM |

(16)

Conditioning the block’s fragility to IM (s) , i.e. using Eq. 16 instead of Eq. 15, is also conceptually preferable since the MAF is directly calculated from the site’s hazard. The superscript
“s” has been dropped from dλIM (s) , since dλIM always refers to the site and thus the structure.
A simpliﬁed and more generic methodology for the seismic risk of structure’s contents is
possible if we apply the TPT, using the block’s intensity measure IM (b) as an intermediate
variable. This allows to expand Eq. 16 and obtain the MAF using the expression:
(b)
λEDP



=



IM (s)

IM (b)

P (EDP (b) |IM (b) ) dP (IM (b) |IM (s) ) |dλIM |

(17)

where P (IM (b) |IM (s) ) = P (EDP (s) |IM (s) ) is the building’s fragility curve. Eq. 17 can be
used in order to calculate separately the fragilities using Eqs. 14 and 15, thus bypassing the
need for performing building simulations and storing the response acceleration histories for the
stories of interest. This approach has been examined by Fragiadakis and Diamantopoulos [5]
and is not adopted in the current work.
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4

MULTIPLE STRIPE ANALYSIS

The Multiple Stripe Analysis (MSA) method can be used for calculating the limit-state
fragilities for both the structure and its contents. Multiple Stripe Analysis (MSA) method
[26, 27] has conceptual similarities to the IDA method. In MSA instead of scaling separately
all ground motions, every record is scaled to the same IM level. IDA involves subjecting the
structure, or the block, to a suite of ground motion records, each scaled to multiple levels of
intensity. After incrementally scaling every ground motion, single record capacity curves are
produced in terms of demand versus seismic intensity [5].
Since for every scaling level the ground motions have the same IM value, the EDP values
form a “stripe” which allows to directly calculate the median (50% percentile) and the 16%
and 84% percentile capacity curves conditional on the IM. In IDA the scaling factors will be
different, but stripped data can be easily obtained with interpolation. Below we ﬁrst discuss how
the MSA method is applied for the cascading problem at hand. We ﬁrst examine the structure
and in the subsection that follows we discuss how the fragilities of the freestanding contents are
obtained from the ﬂoor response histories.
The four-storey RC building (Fig. 3), that adopted in Fragiadakis and Diamantopoulos [5],
is also considered here. For the building every MSA curve can be plotted in the EDP-IM
plane. The median curve (50% percentile) provides an estimate of the expected value and the
fractile curves can be used to measure the dispersion as it is discussed in Vamvatsikos and
Fragiadakis[28]. The MSA capacity curves plot the Sa (T, 5%) vs the EDP (s) [5]. In the most
common form of MSA EDP (s) is the maximum interstorey drift ratio. However, a different
EDP has to be adopted for studying building contents. The EDP (s) is either the normalised
peak ﬂoor acceleration (P F A), or the peak ﬂoor velocity (P F V ). Summarizing the data to
(s)
EDP-IM plots [5] allow to directly calculate P (EDPj |N C) and PC (Eq. 11) for every IM
(s)
stripe. If the EDPj values are lognormally distributed, the buildings fragility for the j th storey
is calculated as follows:
&

P (EDP

(s)

(s)

≥ edp ) = 1 − P (EDP

(s)

μlogEDP − edp(s)
< edp ) = Φ
σlogEDP
(s)



(18)

where μlogEDP and σlogEDP are the mean and the standard deviation of the logarithm of the
demand, always conditional on the IM (s) . Regardless the IM, the fragility of the building
should be obtained combing Eq. 18 with Eq. 11:
&

(s)
FR



μlogEDP − edp(s)
=Φ
(1 − PC ) + PC
σlogEDP

(19)

where PC is the percentage of collapsed simulations. Obviously different fragilities will be
obtained depending on the EDP of interest.
A very efﬁcient alternative for calculating the fragilities using MSA, is to ﬁt the CDF (cumulative distribution function) of a lognormal distribution on the striped EDP-IM data as discussed
by Baker [27]. The fragility function can be simply seen as the lognormal CDF:
&

(s)
FR

= P (EDP

(s)

log(EDP (s) /θa )
≥ edp) = Φ
βa



(20)

where θa and βa are the parameters that we need to determine. θa is the “median” of the fragility
function, i.e. the IM value corresponding to limit-state probability equal to 0.5 and βa is the
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Figure 3: Four storey RC building.

dispersion (standard deviation of log(IM )). The values of θa and βa are obtained from the whole
data using a Maximum Likelihood Estimation (MLE) approach [27] that is brieﬂy summarized
in the lines below. Eq. 20 should not be confused with Eq. 19; the latter concerns a single stripe
and thus provides a single point of the fragility curve, while the former is the lognormal CDF
that represents the whole fragility curve.
MSA provides at discrete IM levels (stripes), the number of successes nsuc , i.e. the number
of simulations that the limit-state has been exceeded after ntot simulations. Using the binomial
distribution on the data of a single stripe, the probability of having exactly nsuc successes after
ntot simulations, will be:
&

P (Success = nsuc ) =

ntot
nsuc



P (EDP (s) )nsuc (1 − P (EDP (s) ))ntot −nsuc

(21)

If there are k stripes, substituting Eq. 20 to Eq. 21, we obtain the MLE function as:
L=

k
5
i=1

&

ntot,i
nsuc,i



&

log(EDP (s) /θa )
Φ
βa

nsuc,i &

log(EDP (s) /θa )
1−Φ
βa

ntot,i −nsuc,i

(22)

The only unknowns are θa and βa which are found as the values that maximise the likelihood
function L of Eq. 21, or preferably its natural logarithm. This can be achieved easily with a
spreadsheet or with a simple computer script. The MLE approach uses the whole EDP-IM data
of the stripe and thus it is not necessary to separate them according to Eq. 12. This approach
produces always smooth fragility curves.
Figure 4 shows the EDP-IM plots of a freestanding block with R = 1.0m and α = 0.2.
The hosting structure was subjected to the MSA simulations as it has been discussed in Fragiadakis and Diamantopoulos [5] and then the simulations are transferred to the EDP (b) −IM (b)
(Fig. 4a), or the EDP (b) − IM (s) plane (Fig. 4b). In both plots the collapsed simulations appear
as dots just right to the vertical line at EDP (b) = 1. The dots below the horizontal line at
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IM (b) = 1 (Fig. 4a) correspond to the no rocking simulations. As already discussed in Section
3.1, the EDP (b) − IM (b) is the natural EDP-IM representation, but is not the easiest choice
(b)
when it comes to the calculation of MAF λEDP . Moreover, as shown in Figure 4a, the data in
the EDP (b) − IM (b) form a cloud, while if they are plotted in the EDP (b) − IM (s) plane they
are already conditional on the IM (s) .
Both EDP-IM representations allow to calculate the fragility of the blocks, but with respect
(b)
to a different IM. Deﬁning the fragility conditional on the IM of the structure, i.e. FR =
P (EDP (b) |IM (s) ) can be used for directly calculating the MAF using Eq. 16. On the other
(b)
hand, the intuitive deﬁnition FR = P (EDP (b) |IM (b) ) provides the storey fragilities with
respect to the block’s IM and for the storey of interest. Another major difference is that when
IM (b) is adopted, the EDP-IM data appear as a “cloud” (Fig. 4a), while when IM (s) is adopted
instead, they appear in stripes (Fig. 4b). The MSA method can be directly applied to the striped
data, while the cloud data require a different post-processing in order to derive the fragility
curve. In the case of Figure 4b, the data form stripes and hence they can be post processed as
was already shown for the building:
&

(b)
FR



μlogEDP b − edp(b)
=Φ
(1 − POvtn − PN oRock ) + POvtn
σlogEDP b

(23)

(b)

Since the FR is calculated at every stripe PN oRock , POvtn are simply obtained as the percentage
of simulations where no-rocking and overturning was observed, respectively. The ﬁtting of
Eqs.20-22 is also very efﬁcient in the case of the freestanding contents. If the data are not
stripped, as in Figure 4a, the cloud analysis method, discussed in the next section, should be
used instead.

(a)

(b)

Figure 4: Seismic response of a freestanding building content with R = 1.0m and α = 0.2: (a) plotting EDP (b) −
IM (b) results to cloud data, (b) plotting EDP (b) − IM (s) results to data in stripes.

Cloud analysis is a common method when the data are scattered in the EDP-IM plane (e.g.
Fig. 4a). This occurs when the ground motions are left unscaled, or when they have all been
scaled with the same factor. In cloud analysis a least-squares straight line is usually ﬁtted on the
log(EDP (b) ) - log(IM (b) ) data [5]. The linear ﬁt provides the mean of the logarithms (μlogEDP )
and a single constant value for the dispersion σlogEDP . Knowing μlogEDP and σlogEDP , it is
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possible to calculate the fragility of the rocking simulations using Eq. 23. This requires the
knowledge of the no-rocking PN oRock and overturning POvtn probabilities over the whole IM
range. These probabilities are calculated using a logistic regression model (logit) which yields
a probability estimate that is function of the IM (b) [29]. Therefore, for the overturning case:
POvtn =

1
1+

e−(b1 +b2 log(IM (b) ))

(24)

where the constants b1 , b2 are the parameters of the logistic regression model, obtained with
binomial-based, generalized linear model (GLM) regression.
The ﬁtting of Eqs.20-22 is a robust method also for cloud analysis. The ﬁtting is possible
assuming stripes with a single simulation. Thus, in Eq. 22, k is equal to the total number of
simulations of the cloud and in Eq. 21, nsuc is either 0 or 1 and always ntot = 1. Attention
should be paid on applying the MLE formula on the complete set of simulations that consists of
no-rocking, rocking and overturning simulations. The fragility curves produced by the rocking
data will considerably differ from the curves of the full dataset giving unsafe results [5]. The
problem can be amended applying the MLE ﬁtting to the rocking data only and combining the
resulting fragilities with the no-rocking and the overturning fragilities PN oRock and POvtn of
the logistic regression model (Eq. 24). The combination is achieved with the total probability
theorem (TPT) (Eq. 13) and, as shown in Fragiadakis and Diamantopoulos [5], it gives exactly
the same curve with that obtained from all the data.
5

NUMERICAL INVESTIGATION

The case study building adopted is the four-storey RC building that has been discussed in
detail by Fragiadakis and Diamantopoulos [5]. This planar building is considered as a simpliﬁcation and is used as a case study. The building is subjected to a suite of thirty far-ﬁeld ground
motion records and the response time-histories are used as input for the response assessment
of the contents. The work aims to shed light on the fragility and risk assessment of building
contents that are hosted in different stories of a structure and are considered as symmetric or
asymmetric. The asymmetry of a rocking block leads to different equation of motion and the
energy dissipation depends on the pivot point. Also, it has been shown in Vlachos et al. [21]
that the sign of the ground motion also affects the response.
Considering the fragility and risk assessment two blocks, a symmetric and an asymmetric,
are assumed. The symmetric block has slenderness angle α = 0.20 and size parameter R =
1.0m and the asymmetric slenderness angles α1 = 0.212, α2 = 0.182 and size parameters R1 =
1.003m, R2 = 0.997m. Three limit-states are identiﬁed for each block. The corresponding
EDP (b) = θ/α threshold values are assumed as 0.3, 0.5 and 1, respectively. Figure 5a shows
the fragility curves of a rectangular block on the 2nd storey of the RC building considered and
Figure 5b compares the fragility curves of the symmetric and the asymmetric block in each
limit-state. The curves were produced with respect to IM (s) = Sa (T1 , 5%), a practice that
allows convolving the fragility curve with the hazard curve in order to obtain the mean annual
frequency (MAF) (Eq. 16). As shown in Figure 5, both chainsaw-like and smooth fragilities
can be obtained depending on the post-processing method. Both curve types are acceptable,
although intuitively the reader will be more comfortable with the smooth curves offered by
the MLE ﬁtting of Eq. 20. The smooth fragility curves are shown in rest of the manuscript.
Figure 6 shows the block overturning fragilities using P F A as the intensity measure IM (b)
of the block. The solid lines refer to the block subjected to the storey response time-history
and assuming that the structure’s collapse means overturning of the blocks, while the dashed
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(a)

(b)

Figure 5: Fragility curves for a block located at the 2nd storey of the building: (a) slender block (R = 1.0m, α =
0.2), (b) comparison between the symmetric and the asymmetric block considered.

(a)

(b)

Figure 6: Overturning fragility curves of a slender block assuming it as symmetric or asymmetric: (a) the block is
considered at the 1st storey of the structure, (b) the block is considered at the 4th storey of the structure.

lines were obtained omitting the structure’s collapse. Also, the dark lines correspond to the
symmetric block and the grey to the asymmetric. As expected, the asymmetric block is always
more vulnerable, while the building affects the fragilities especially when the block is hosted
in the lower storeys of the building (Fig. 6a vs Fig. 6b). Figure 7 presents for all stories of the
structure the block overturning fragilities assuming IM (b) = P F A/gtanα. For both blocks,
the storey fragilities practically coincide. In principle, the fragility curves should coincide since
they provide a property of the system that should not be sensitive to the ground motion set.
However, due to the substantially different frequency content of the ground motions this in not
always the rule. Of interest is also to show the fragilities obtained using as IM (b) the P F V
instead of the P F A (Fig. 8). Adopting the P F V , the storey fragilities appear more dispersed
compared to the P F A/gtanα, which is more profound for the symmetric block. It is noted
that the value of tanα is obtained from the symmetric block. As a general conclusion, although
qualitatively our conclusions are not affected by the IM (b) , the fragility curves will differ and
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(a)

(b)

Figure 7: Storey overturning fragility curves: (a) slender symmetric block (R = 1.0m, α = 0.2), (b) slender
asymmetric block. The structure’s collapse has been adopted in both cases.

their interpretation requires attention.

(a)

(b)

Figure 8: Storey overturning fragility curves using P F V as the IM of the block: (a) slender symmetric block
(R = 1.0m, α = 0.2), (b) slender asymmetric block. The structure’s collapse has been adopted in both cases.

In order to calculate the limit-state mean annual frequencies (MAF) of the block, we adopt
the hazard curve that has been adopted in Fragiadakis and Diamantopoulos [5] and corresponds
to a site in the island of Crete, Greece. As discussed in Section 3.2, the limit-state MAFs are
“exactly” calculated with Eq. 16. Alternatively, the MAFs can be calculated with Eq. 17 ﬁnding
separately the fragility of the block and of the structure. The calculation of Eq. 17 requires the
derivative of the block’s fragility, which essentially is the probability density function (PDF)
for a number of discrete limit-states. This alternative has been discussed in Fragiadakis and
Diamantopoulos [5] showing that the P F V leads to more stable solutions in comparison with
the P F A. For the blocks considered, the MAFs of Eq. 16 are shown in Table 1 for the ﬁrst and
the fourth storey of the RC building considered. From the values of the MAFs it is obvious that
a symmetric block is more stable than an asymmetric is all storeys of the structure. Especially,
in the fourth storey the differences become important while the values of the MAFs in the ﬁrst
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storey are close comparing the symmetric and asymmetric case.
storey
1 symmetric
1st asymmetric
4th symmetric
4th asymmetric
st

(θ/α ≤ 0.3) (θ/α ≤ 0.5) (θ/α ≤ 1.0)
1353 years 3427 years 5280 years
1230 years 2838 years 4933 years
170 years
808 years
2478 years
105 years
538 years
1226 years

Table 1: Limit-state MAFs obtained for a rocking block using the exact (Eq. 16) approach.

6

CONCLUSIONS

A fragility assessment framework for freestanding building contents has been discussed. The
building contents were modelled as rigid, symmetric or asymmetric, blocks and it was assumed
that they are hosted in a four-storey RC building [5]. It has been shown that the problem
addressed is complicated since the response of the structure and the contents are coupled. The
problem becomes more complicated when the contents are asymmetric because the response
depends also on the sign of the record and the side of the asymmetry. The ﬁndings of the
study have been obtained using a two-dimensional, four-storey building and two-dimensional
simulations for the contents. Hence, the reults cannot be always generalized. Further research
is required in order to fully understand the effect of the structure on the fragility of freestanding
contents. In conclusion, the authors would like to mention that the work presented should be
considered as an attempt to offer some ﬁrst guidelines on how the rocking problem can be
handled for freestanding objects that can be assumed asymmetric and are hosted in a building.
Some of the major conclusions of the paper are brieﬂy summarized as follows:
• An MSA-based (Multiple Stripe Analysis) fragility-assessment methodology, tailored to
freestanding building contents, is presented. The vulnerability of the contents depends on
their geometry and the dynamic characteristics of the structure. Moreover, the fragility
of the blocks should not be calculated independently of the collapse, or damage, of the
building.
• Depending on the post-processing of the results, cloud or multiple-stripe data are obtained. The proper post-processing in order to consistently handle rocking, non-rocking
and overturned blocks should be considered; otherwise the fragilities will be underestimated.
• A symmetric and an asymmetric block have been considered, showing that the geometry
of the block is critical. It is found that symmetric blocks are more safe because the asymmetry affects the response. Of course this observations refers to the four-storey structure
considered, but it clearly shows the importance of both building and block properties
and also the fact that the fragility of freestanding contents is very different from that of
anchored contents that are expected to behave as elastically deforming structures.
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Abstract. The parametric instability of pultrude fiber-reinforced polymer columns with a
channel section under harmonic axial load is investigated in this paper. The three plates of
channel section (web and two flanges) are modelled using von Kármán nonlinear plate theory. The Ritz method is used to discretize the continuous structure resulting in coupled nonlinear equations of motion, which are solved numerically. Bifurcation diagrams obtained by
continuation methods and Floquet theory are used to obtain the transition curves between
trivial and nontrivial solutions and to study the nonlinear oscillations of the column in the unstable regions.
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1

INTRODUCTION

The use of structural elements made of fiber reinforced polymers (FRP) has significantly
increased in recent years. The increased interest lies in the advantages over traditional construction materials, such as high strength-to-weight ratio, corrosion resistance and the ease of
transportation and erection. Structural elements with thin-walled and open sections are commonly found in metal structures and, more and more often, in structures designed with new
materials such as FRP profiles and other composite materials. FRP structural shapes have
shown to provide efficient and economical applications in buildings, bridge decks, retaining
walls, airport facilities, storage structures exposed to salts and chemicals, reinforcing members of casings or fuselages as, salt storage sheds, bridge superstructures, among others. Short
thin-walled bars under compressive loads may fail due to a local instability buckling mode
with the critical load controlling their design [1, 2]. Under dynamic loads the column may
buckle due to parametric instability at load levels much lower than the static critical load and
exhibit a complex nonlinear behavior. Parametric resonances are often encountered in mechanics (e.g., dynamic buckling of columns, plates and shells, water waves in vertically
forced containers, stability of general motions) and in various areas of physics. However, little
is known on their behavior and stability under dynamic loads. In the present work a short column with a channel cross-section under harmonic forcing is analyzed. The channel section is
discretized as three thin-walled plates described by the von Kármán nonlinear plate theory and
appropriate continuity conditions are prescribed at the web-flange intersections [3]. A consistent modal solution is used together with the Ritz method to obtain the coupled nonlinear
equation of motions, which are solved by the Runge-Kutta method and bifurcation diagrams
are obtained by the brute-force method and continuation techniques. A parametric analysis,
considering different materials, shows the influence of the column length, section geometric
dimensions and elastic constants of the material on the parametric instability boundaries in the
force control space and bifurcation scenario of the structure.
2

PROBLEM FORMULATION

The present work considers a thin-walled column of length  ܮhaving a channel crosssection with web width ܾ௪ , web thickness ݐ௪ , flange width ܾ and flange thickness ݐ , as illustrated in Fig. 1(a). Since many commercially-available pultruded shapes have constant
thickness, it is hereafter assumed that ݐ௪ ൌ ݐ ൌ ݄. For the local buckling analysis, the flanges and web are modelled using the von Kármán nonlinear plate theory [4].
The displacement field is given by,
ݑത ൌ  ݑ ߚݖ௫ ;

ݒҧ ൌ  ݒ ߚݖ௬ ;

ݓ
ഥ ൌ ;ݓ

ߚ௫ ൌ െݓǡ௫ ;

ߚ௬ ൌ െݓǡ௬

(1)

whereݑത and ݒҧ are the in-plane displacement components in the  ݔand  ݕdirections, respectively, ݓ
ഥ is the transversal displacement in the  ݖdirection of an arbitrary point (ݔǡ ݕǡ  )ݖof the
plate, ݑ,  ݒand  ݓare the corresponding displacements at a point (ݔǡ ݕǡ  ݖൌ Ͳ) situated in the
middle surface of the plate (see Fig. 1(b)) and ߚ௫ and ߚ௬ are the rotations around the  ݔand ݕ
axes, respectively.
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Figure 1: (a) C-profile geometry and global coordinate system. (b) Plate element (web and flange), local coordinate system and displacement field (the global and local x axes have the same direction).

The strain–displacement relations and changes of curvature of the middle-surface are given
by:
ଵ

ଵ

ଶ

ଶ

ߝ௫ ൌ ݑǡ௫  ݓǡ௫ଶ ; ߝ௬ ൌ ݒǡ௬  ݓǡ௬ଶ ;
ߛ௫௬ ൌ ൫ݑǡ௬  ݒǡ௫  ݓǡ௫ ݓǡ௬ ൯; ݇௫ ൌ ߚ௫ ǡ௫ ;
݇௫ ൌ ߚ௬ ǡ௬ ; ݇௫௬ ൌ ሺߚ௫ ǡ௬  ߚ௬ ǡ௫ ሻȀʹ

(2)

Considering the constitutive equations of a typical orthotropic elastic material obeying
Hooke’s law, with the principal directions coinciding with the direction of the fibers and its
transversal direction in the x-y plane, and the strain-displacement relations, the expression relating internal forces and moments to the strains of the FRP profile can be written as [5]:
ܰ௫
ۗ ܰۓ
௬
ۖ
ۖܰ ۖ
ۖ

ܣଵଵ ܣଵଶ
Ͳ
ܣۍ
ܣ
Ͳ
ଶଶ
 ێଵଶ
Ͳ
Ͳ
ܣ
௫௬

ൌێ
ܯ
Ͳ
Ͳ
Ͳ
௫
۔
ۘ ێ
ۖ
ۖ ܯ௬ ۖ
ۖ Ͳ Ͳ Ͳ ێ
ܯە௫௬ ۙ Ͳ Ͳ Ͳ ۏ

Ͳ
Ͳ
Ͳ
ܦଵଵ
ܦଵଶ
Ͳ

Ͳ
Ͳ
Ͳ
ܦଵଶ
ܦଶଶ
Ͳ

ߝ௫
Ͳ
ې
Ͳ ߝ ۓ௬ ۗ
ۖ ۖۑ
Ͳ ߛ ۑ௫௬
Ͳ ߢ ۔ ۑ௫ ۘ
Ͳ ߢ ۖ ۑ௬ ۖ
ߢە ے ܦ௫௬ ۙ

(3)

where ܰ௫ , ܰ௬ and ܰ௫௬ are the normal and shear in-plane stress resultants per unit length, ܯ௫ ,
ܯ௬ and ܯ௫௬ are the flexural and torsional moment resultants per unit length, as illustrated in
Fig. 2, and:




ܣ ൌ  మ ܳ ݀;ݖ
ି

ܦ ൌ  మ ܳ  ݖଶ ݀ݖ
ି

మ

ሺ݅ǡ ݆ ൌ ͳǡʹǡሻ

(4)

మ
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ா
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భమ మభ ሻ

ா
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௩

మభ
ܳଵଶ ൌ ሺଵି௩
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The  ݔdirection coincides with the main direction of the material parallel to the fibers, direction 1, the  ݕdirection coincides with the main direction of the material perpendicular to the
fibers, direction 2, and the  ݖdirection coincides with the direction perpendicular to the thickness.

Figure 2: Plate element and internal force resultants per unit length in the local coordinate system (positive directions [6]).

The strain energy, ܷ, is given by [4-6]:
ଵ

ଵ

ଶ
൯ ݀ ݕ݀ݔ ൫ܦଵଵ ߢ௫ଶ  ʹܦଵଶ ߢ௫ ߢ௬ 
ܷ ൌ ൫ܣଵଵ ߝ௫ଶ  ʹܣଵଶ ߝ௫ ߝ௬  ܣଶଶ ߝ௬ଶ  ߛ ܣ௫௬
ଶ
ଶ
ଶ
൯ ݀ݕ݀ݔ
(6)
ܦଶଶ ߢ௬ଶ  ߢ ܦ௫௬

For the axially compressed plate the potential energy of the applied loads is given by:
ȳൌെ

ഥೣ
ே
ଶ





  ݓǡ௫ଶ ݀ݕ݀ݔ

(7)

ഥ௫ is the applied axial load per unit length at  ݔൌ Ͳ and  ݔൌ ܮ.
whereܰ
The kinetic energy ܶ of the plate, considering only the transversal inertia, is:
ܶൌ

ఘ
ଶ

ݓ  ሶ ଶ ݀ݕ݀ݔ

(8)

where ൫ ሶ ൯ denotes the derivative with respect to time and ߩ is the density of the material.
The Lagrangian of the three plates of the C profile is given by:
 ܮൌ σଷୀଵ ܶ െ    െ  ȳ

(9)

To use the Ritz method, appropriate shape functions taking into account the boundary and
continuity conditions for the displacements need to be prescribed. The following expressions
are adopted for the web:
ሺݔǡ ݕǡ ݐሻ ൌ ܷሺݐሻ ݊݅ݏቀʹ

గ௫

 ݒሺݔǡ ݕǡ  ݐሻ ൌ ܸሺݐሻܿ ݏቀʹ



ቁ ܿ ݏቀʹ

గ௫



ೢ

ቁ  ݊݅ݏቀʹ


గ௫

ݓሺݔǡ ݕǡ  ݐሻ ൌ ܹሺݐሻ ݊݅ݏቀ

గ௬

ቁ;

గ௬

ೢ
గ௬

ቁ

(10)

ቁ  ݊݅ݏቀ ቁ
ೢ

where ܷሺݐሻ, ܸሺݐሻ, ܹ ሺ ݐሻǡ ܺሺݐሻ and ܻሺݐሻ are the time dependent modal amplitudes and ݉ is
the number of axial half-waves. By imposing the compatibility conditions along the webflange connection the displacements for the flange are given by (connection at  ݕൌ Ͳ)
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ቁ

(11)

ೢ

They satisfy the simply-supported boundary conditions at  ݔൌ Ͳ and  ݔൌ  ܮand the continuity conditions along the web-flange interface.
3

RESULTS

In the present numerical analysis, a thin-walled column of length  ܮhaving a channel crosssection with web width ܾ௪ ൌ ʹͲͲ, flange width ܾ ൌ ͳͲͲ and uniform thickness
ݐ௪ ൌ ݐ ൌ ͷ is considered. As a reference an isotropic material (ISO) with Young’s modulus ܧଵ ൌ ܧଶ ൌ ʹͺȀଶ , in-plane shear modulus ܩଵଶ ൌ ͳͳǤ͵ͺȀଶ and Poisson ratio ݒଵଶ ൌ  ݒଶଵ ൌ ͲǤʹ͵ is assumed. A FRP profile´s with Young’s modulus in the longitudinal
direction ܧଵ ൌ ʹͺȀଶ , Young’s modulus in transverse direction ܧଶ ൌ ͳͻǤ͵Ȁଶ , inplane shear modulus ܩଵଶ ൌ ʹǤȀଶ , major Poisson’s ratio ݒଵଶ ൌ ͲǤʹ͵ and minor Poisson’s ratio ݒଶଵ ൌ ͲǤͳͷͺͷ, based on catalog values, is adopted. For the mass density is equal to
ߩ ൌ ͳͺͷͲȀଷ and the viscous damping ratio is ߦ ൌ ͳǤͶͷΨ. Similar to a plate [6], the
channel profile buckle with ݉ half-waves in the longitudinal direction, with ݉ increasing
with ܮ. For each value of ݉, the load reaches a minimum value which is usually taken as the
critical load of the structure [6]. The minimum static critical load for the isotropic material is
ʹ͵ͻǤ͵Ȁ, while for the pultruded column it is equal to ͳͳͷǤͷȀ, a decrease of ͷʹΨ in
the load capacity. Also, the fundamental frequency is highly dependent on the material constants decreasing from ͳͻͺʹȀ to ͳʹͷͷȀ . This affects the parametric instability
boundaries in the forcing frequency versus forcing magnitude plane, as illustrated in Fig. 3,
decreasing the parametric instability transition boundary and moving the resonant regions to
the lower frequency range. These boundaries are obtained by solving the nonlinear equation
of motion of the damped system by continuation techniques in conjunction with Floquet theory for a large number of forcing frequencies [7] and by increasing slowly the forcing magnitude while holding the frequency constant. The dashed horizontal black lines correspond to
the static critical load. Again, there is a palpable decrease in the dynamic critical load compared with the isotropic material. The principal parametric resonance region occurs in the
neighborhood of ȳ ൌ ʹ߱ , while second instability region to the left corresponds to ȳ ൌ
߱ , and is referred to as fundamental resonance region. These two regions are the most significant in structural dynamics, since in these two regions the critical dynamic buckling load can
be considerably lower than the static buckling load. These results evidence the dangerous
consequences of parametric instability in lightly damped structural systems.
Figure 4 compare the nonlinear frequency-amplitude relations of the two materials. They
are obtained by the shooting method starting at ʹ߱ [8]. Here ߱ is the amplitude-dependent
nonlinear frequency. Both structures exhibit a hardening behavior with the FRP column exhibiting a higher degree of nonlinearity. This influences the bifurcations connected with each
tongue in the force control space. The principal parametric resonance region is bounded on
the left by a supercritical period-doubling bifurcation, as illustrated for the bifurcation diagrams of the two materials for ȳ ൌ ʹ߱ in Fig. 5(a), and on the right by a subcritical perioddoubling bifurcation, while fundamental resonance region is bounded on the left by a supercritical pitchfork bifurcation and on the right by a subcritical pitchfork bifurcation.
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Figure 3: Parametric instability boundaries of the isotropic and pultrude profiles in the force control space.

Figure 4: Nonlinear frequency-amplitude relation.

The effect of a static pre-load is to decrease the fundamental frequency and the dynamic
buckling mode. Additionally, it leads to an increasing number of bifurcations at low load levels, leading to various coexisting solutions. Figure 5(b) shows the bifurcation diagram obtained considering a static load level equal to 75% of the static critical load (ܳ௦ ൌ ܰ௦ Ȁܰ ൌ
ͲǤͷ, compare with Fig. 5(a)). For this static load level, Fig. 6(a) shows the basin of attraction,
while Fig. 6(b) shows the associated four coexisting solutions for ȳ ൌ ʹ߱ and ܳௗ ൌ ͲǤ
(the dots are the fixed points of the Poincaré map of each solution). There are two large amplitude period-one attractors and two medium amplitude period-two attractors, but most initial
conditions converge to one of the two large amplitude attractors. Fig. 6(c) shows the Poincaré
map of the chaotic attractor obtained for ȳ ൌ ʹ߱ and ܳௗ ൌ ͳǤͷͲ.
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(a)

(b)

Figure 5: (a) Bifurcation diagram of the Poincaré map for the two material considering ȳ ൌ ʹ߱ . ܳௗ ൌ ܰௗ Ȁܰ .
(b) The effect of a static preload ܳ௦ ൌ ܰ௦ Ȁܰ ൌ ͲǤͷ on the bifurcation diagram of the FRP profile considering
ȳ ൌ ʹ߱ .

(a)

(b)

(c)

Figure 6: (a-b) Basin of attraction and associated attractors for ȳ ൌ ʹ߱ and ܳௗ ൌ ͲǤ. (c) Poincaré map for
ȳ ൌ ʹ߱ and ܳௗ ൌ ͳǤͷͲ.

4

CONCLUSIONS

The results evidence that the static buckling loads, natural frequencies and parametric instability load are highly dependent on the orthotropy of the FRP material. There is a palpable
decrease in static and dynamic the critical load and fundamental frequency when compared
with the isotropic material. This decrease is due to the FRP low resistance in the transversal
direction and low shear modulus. Within the parametric instability tongues, the nonlinearity
leads to a qualitatively rich dynamics with several coexisting periodic and chaotic solutions,
leading to basins of attraction with a complex topology. The parametric instability of the pultruded column is important because it causes the stable vertical equilibrium position to bifurcate into large-amplitude solutions and initiates a process that may lead the failure and the
loss of load carrying capacity.

474

Julio C. Coaquira, Daniel C. T. Cardoso, Paulo B. Gonçalves and Diego Orlando

REFERENCES
[1] G.G. Cintra, D.C. Cardoso, J.D. Vieira, Parameters affecting local buckling response of
pultruded GFRP I-columns: Experimental and numerical investigation, Composite
Structures 222, 110897, 2019.
[2] D.C. Cardoso, K.A. Harries, E.D.M. Batista, Closed-form equations for compressive local buckling of pultruded thin-walled sections, Thin-Walled Structures 79, 16–22, 2014.
[3] D.C. Cardoso, G.C. De Salles, E.D.M. Batista, P.B. Gonçalves, Explicit equations for
distortional buckling of cold-formed steel lipped channel columns, Thin-Walled Structures 119, 925-933, 2017.
[4] M. Amabili, Nonlinear vibrations and stability of shells and plates, ISBN:
9781107435421, 2008.
[5] J.N. Reddy, Mechanics of laminated plates and shells theory and analysis, Theory and
Analysis, ISBN: 9780849315923, 2004.
[6] D.O. Brush, B.O. Almroth, Buckling of bars, plates, and shells, ISBN: 9780070085930,
1975.
[7] D. Orlando, P.B. Gonçalves, G. Rega, S. Lenci, Influence of modal coupling on the
nonlinear dynamics of Augusti’s model, Journal of computational and nonlinear dynamics 6(4), 041014, 2011.
[8] R. Seydel, From Equilibrium to Chaos: Practical Bifurcation and Stability Analysis,
ISBN: 978-0444012500, 1988.

475

EURODYN 2020
XI International Conference on Structural Dynamics
M. Papadrakakis, M. Fragiadakis, C. Papadimitriou (eds.)
Athens, Greece, 2–2 1RYHPEHU 2020
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Abstract. This work evaluates the influence of initial geometric imperfections on a slender
cylindrical panel nonlinear response, considering the three following cases of internal resonances: 1:1, 1:3 or 1:1:2. Nonlinear Donnell shallow shell theory is used to obtain the nonlinear equations of motion. Based on previous works, a consistent modal solution for the
transverse displacement field is derived from a perturbation technique, considering the modal
coupling and interaction in a simply supported cylindrical panel. Then, the standard Galerkin
method is applied to reduce the problem to a system of differential equations in time domain.
The backbone curves, resonance curves, phase-portraits and basin of attraction are obtained
to evaluate the influence of the initial geometrical imperfection on the stability of transversally excited circular cylindrical panels. The numerical results indicate that the presence of an
initial geometrical imperfection changes strongly the resonance curves, creating news stable
paths and dynamic jumps and increases the nonlinearity and complexity of the panel response
for each case of internal resonance, leading to fractal basins of attraction in the main resonance region.
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1

INTRODUCTION

Thin-walled cylindrical panels are used in several engineering areas, with emphasis in naval, aeronautical and civil engineering applications. They are circular sectors of cylindrical
shells and are usually described by the shallow shell theory. Despite a simple geometry, the
slenderness of this element makes it susceptible to loss of stability and excessive vibrations
when subjected to static and dynamic loads, which can lead the structure to collapse. For these
reasons, efforts should be employed to understand the nonlinear phenomena and instabilities
of these structures. Among the non-linear phenomena, due to the geometric nonlinearities,
strong modal coupling and interaction are inherent phenomena of slender shell structures. Another phenomenon is the modal interaction that occurs when different buckling or vibration
modes have same critical load or some natural frequencies are commensurate (internal resonance) [1-3]. Therefore, this study aims to contribute to the understanding of the phenomena:
modal coupling and modal interaction in simply supported cylindrical panels. To consider
both phenomena, the transverse displacement field is deduced from a perturbation technique
[4-6], leading a reduced order model that converges for vibration amplitudes up to the order
of the thickness of the panel.
2

PROBLEM FORMULATION

Consider a simply supported cylindrical panel subjected to a time-dependent transversal
load made by a linear, homogeneous and isotropic material. The transversal equation of motion and the compatibility equation, based on Donnell's non-linear shallow shell theory, are
given in terms of the transversal displacement w and Airy stress function f respectively by:
2
1
w,TT x x  4 wxTTT )  f ,T T ( w, x  w0, x ), x
2
R
R
0
 R f, x x  f, x x ( w,T  w0,T ),T  2 f xT ( w,T x  w0,T x )  p t

(1)

1
w, xT 2  w, xx w,TT  R w, xx  2 w, xT w0, xT  w, xx w0,TT  w,TT w0, xx
4
R

(2)

U h w  2K1U h :0 w  D( w,,xxxx
xxxx 

4 f
Eh

where D [=Eh3/12(1-Q2)] is the flexural stiffness, R is the radius of curvature, h is the cylindrical panel thickness, ρ is the mass density, p(t) is the transversal load distributed along the
domain, K1 is the viscous damping parameter, E is the Young’s modulus,Q is the Poisson ratio
and :0 is the natural frequency of the perfect cylindrical panel.
The transversal harmonic pressure load, distributed along the domain, is given by:
p (t )

pl sin n r sin m q cos(: t )

(3)

where r=ST/4, q=Sx/L, pl is load magnitude, Ω is the excitation frequency, 4 is the angle
width of the cylindrical panel and m and n are the number of axial and circumferential halfwave, respectively.
The initial geometrical imperfection is described by a pre-defined function w0 in the shape
of the fundamental vibration modes [6]:
w01

C1 sin q sin r

where C1 is the imperfection magnitude.
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3

NUMERICAL RESULTS

Based on the analytical results of the vibration frequencies of a simply supported perfect
panel, obtained by the use their classical vibration modes of a simply supported cylindrical
panel [5, 6], three different geometries displaying different types of internal resonance are selected. Table 1 presents the basic geometric dimensions of the selected cylindrical panels that
exhibits 1:1, 1:3 and 1:1:2 internal resonance as well as the natural frequencies and modes
involved in the internal resonances. From Table 1, it is observed that small changes in the angle the panel’s length or opening angle lead to different types of internal resonances.
4
rad)

L
(m)

Internal
resonance

0.1658

0.1

1:1

0.0577

0.1

1:3

0.1658

0.091

1:1:2

Axial
halfwave
m=1
m=1
m=1
m=3
m=1
m=1
m=2

Natural
Circumferential
frequency
half-wave
(Hz)
n=1
686.29
n=2
686.29
n=1
992.05
n=2
2976.16
n=1
741.88
n=2
741.88
n=1
1483.75

Table 1: Geometries of cylindrical panel with internal resonance and their natural frequencies and vibration
modes (R = 1m, h = 0.001m, E = 2.06x1011 N/m², ρ = 7800kg/m³ and Q = 0.3).

For the nonlinear analysis, the transversal displacement field is obtained by applying the
perturbation technique described in [2-6]. To start the perturbation procedure, it is necessary
to consider a seed solution, which in this work is the sum of the linear vibration modes involved in the internal resonance (Table 1) [2-3, 6]. The perturbation procedure leads to a
modal solution that considers naturally all modal coupling and interaction concerning these
modes. However the obtained general modal solution is extremely long and for easy understanding only the considered modes are shown here.
The modal solution for the cylindrical panel with 1:1 internal resonance is given by:

w ª¬ A111 (t ) sin r  A113 (t ) sin 3 r  A211 (t ) sin 2 r  A213 (t ) sin 6 r º¼ sin q

^

`

 A322 (t ) ª¬3 4  cos 2 r  1 4cos 4 r º¼  A422 (t ) ª¬3 4  cos 4 r  1 4cos 8 r º¼

(5)

ª¬3 4  cos 2 q  1 4cos 4 q º¼
while for the cylindrical panel with 1:3 internal resonance the obtained modal solution is given by:

w ª¬ A111 (t ) sin q  A113 (t ) sin 3 q  A115 (t ) sin 5 q  A117 (t ) sin 7 q º¼ sin r

^

`

 A122 (t ) ª¬3 4  cos 2 q  1 4cos 4 q º¼  A222 (t ) ª¬3 4  cos 6 q  1 4cos 12 q º¼
ª¬3 4  cos 2 r  1 4cos 4 r º¼
and for the case with 1:1:2 internal resonance the considered modal solution is:
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w ª¬ A111 (t )sin r  A211 (t )sin 2 r  A213 (t )sin 6 r  A313 (t )sin 3 r º¼ sin q 

^

ª¬ A311 (t ) sin r  A313 (t ) sin 3 r º¼ sin 2 q  A4 22 (t ) ª¬3 4  cos 2 r  1 4cos 4 r º¼

`

 A522 (t ) ª¬3 4  cos 4 r  1 4cos 8 r º¼ ª¬3 4  cos 2 q  1 4cos 4 q º¼

(7)

 A622 (t ) ª¬3 4  cos 2 r  1 4cos 4 r º¼ ª¬3 4  cos 4 q  1 4cos 8 q º¼
These modal solutions, Eqs. (6)-(7), ensure the convergence of the backbone and resonance curves up to vibration amplitudes of the same order as the shell thickness [6]. These
expressions satisfy the following transversal boundary conditions:
w(0, T ) w( L, T ) w( x, 0) w( x, 4) 0
M x (0, T ) M x ( L, T ) M T ( x, 0) M T ( x, 4)

0

(8)

To obtain the Airy stress function f, the modal expansion in Eq. (5-7), depending on the
case, is substituted into Eq. (2), together with the geometrical imperfection, Eq. (4), and the
compatibility equation is solved analytically. The obtained stress function and the chosen
modal expansion are then substituted into equation of motion, Eq. (1), and discretized by using the standard Galerkin method.
Figure 1 shows the variation of the natural frequency of imperfect cylindrical panel, normalized with respect the natural frequency of perfect cylindrical panel, with the magnitude of
geometrical imperfection. It is observed from Fig. 1a that for negative values of C1/h the natural frequency of both vibration modes diverge and the 1:1 internal resonance is destroyed. On
the other hand, for positive values of C1/h the 1:1 the two frequencies remain sufficiently
close to ensure the 1:1 internal resonance. In the 1:3 and 1:1:2 internal resonances cases, the
amplitude of the geometrical imperfection in the analyzed range maintain the natural frequencies remains nearly commensurate, so that the influence of the internal resonance is always
observed.

(a) 1:1 internal resonance

(b) 1:3 internal resonance

(c) 1:1:2 internal resonance

Figure 1: Variation of the normalized natural frequency with the amplitude of initial geometric imperfection for
the different cases of internal resonance.

When an initial geometrical imperfection in the shape of fundamental vibration mode with
amplitude C1/h is considered, it is observed in Fig. 2 that the resonance curves are dependent
of magnitude and sign of the geometric imperfection. For a positive value of imperfection
(blue curve), the resonance curve moves to the right compared with the perfect case (black
curve) due to the increase of the natural frequency of imperfect panel (see Fig. 1). On the other hand, for negative value of imperfection (purple curve) the resonance curve moves to the
left due to the decreasing value of the natural frequency according with Fig 1.
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(a) 1:1 internal resonance

(b) 1:3 internal resonance

(c) 1:1:2 internal resonance

Figure 2: Resonance curves of perfect and imperfect panel – amplitude of driven mode and imperfection in the
shape of driven mode. (pl = 0.5 kN/m²; η1 = 0.001; ˗˗˗˗ C1/h = -0.10; ˗˗˗˗ C1/h = 0.0; ˗˗˗˗ C1/h = 0.10).

(a) C1/h = -0.10 - Ω/Ω0 = 0.98

(b) perfect panel - Ω/Ω0 = 1.005

(c) C1/h = 0.10 - Ω/Ω0 = 1.005

Figure 3: Basin of attraction for 1:1 internal resonance case considering selected values of frequency of excitation. (pl = 0.5 kN/m²; η1 = 0.001)

(a) C1/h = -0.10 - Ω/Ω0 = 0.98

(b) perfect panel - Ω/Ω0 = 1.005

(c) C1/h = 0.10 - Ω/Ω0 = 1.021

Figure 4: Basin of attraction for 1:1:2 internal resonance case considering selected values of frequency of excitation. (pl = 0.5 kN/m²; η1 = 0.001)

The presence of an initial geometrical imperfection changes strongly the resonance curves,
creating news stable paths and dynamic jumps and increases the nonlinearity and complexity
of the panel response for each evaluated internal resonance as illustrated by, for example, the
basins of attraction given by Figs. 3 and 4 for the 1:1 and 1:1:2 internal resonance cases, respectively. The competition between the resonant and non-resonant attractors lead to large
fractal regions and sensitivity to initial conditions. The presented basins of attractions in Figs.
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3 and 4 agree with the resonance curves in Fig. 2 with respect the number of detected attractors for the chosen values of excitation frequency.
4

CONCLUDING REMARKS

A new consistent modal solution, that takes into account the modal interaction between
two, or three, different vibration modes, previously developed by the authors, is applied in
this work to investigate the influence of an initial geometrical imperfections on the resonance
curves of a cylindrical panel displaying three distinct cases of internal resonance. It is verified
in free vibration analysis that positive geometric imperfection in the form of the fundamental
mode increases the stiffness of the cylindrical panel, and, consequently its natural frequencies,
while negative imperfections causes a decrease in the natural frequencies involved in the internal resonance. The forced vibrations of the cylindrical panel with an initial geometrical imperfection in the shape of fundamental mode modifies the vibration amplitudes, the dynamic
stability and bifurcation scenario of the resonance curves, leading to strong competition between the resonant and the non-resonant attractors which in its turn leads to highly intertwined fractal basins of attraction in the main region of resonance.
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TENSEGRITY STRUCTURES
A. Micheletti1 , Z. Vangelatos2 , N. Singh3 , C.P. Grigoropoulos2 and F. Fraternali 3
1 Deptt.

of Civil and computer Science Engineering
University of Rome, Tor Vergata, Italy
e-mail: micheletti@ing.uniroma2.it

2

Dept. of Mechanical Engineering, University of California
UC, Berkeley, USA
e-mail: {zacharias vangelatos, cgrigoro}@berkeley.edu
3

Dept. of Civil Engineering, University of Salerno
Salerno, Italy
e-mail: {snarinder, f.fraternali}@unisa.it
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Abstract. This work deals with the design, the mechanical modeling and the experimental testing of microscale lattice structures tessellating bistable tensegrity prisms. The analyzed units
have only one internal mechanism and one self-stress state, and can be transformed into bistable
structures, by replacing the cables with bars, and suitably adjusting the members’ lengths. We
experimentally validate the theoretical prediction of the response of spatial assemblies of such
units, through mechanical tests on physical models fabricated by multiphoton lithography. We
also numerically show that the examined structures support the propagation of compact compression waves under impact loading, which paves the way to their use for the fabrication of
novel acoustic lenses with tensegrity architecture.
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1

INTRODUCTION

In the past several years, the advancement in additive manufacturing (AM), and especially
in nano and micro scale printing, has taken a big leap, opening a new era for futuristic materials
and material sciences. Research on metamaterials is one of the most focused area because of
their unprecedent properties arising from the physical structure of the lattices. Generally, materials in their original and/or traditional form do not show better properties as compared to those
shown by the same material but in a designed architected shape. Due to their particular architecture, which can confer them high strength to weight ratio, frequency bandgaps, negative overall
moduli and negative mass density, they possess highly stable physical characters [?,?]. Success
in producing metamaterials with extraordinary properties has been achieved at the macroscale
level. However, due to their usually complex geometry, it is quite difﬁcult to produce microand nanoscale metamaterials with AM techniques [?]. Tensegrity architectures represent some
of the most complex forms, making them difﬁcult to produce as well. Nevertheless, due to their
nonlinear properties they are one of the most suitable candidates for morphing structures [?].
Tensegrities have originally been used for producing free-standing prestressed systems with cables in tension and bars in compression. In addition, since they exhibit various non-linear static
and dynamic properties, arising from their connectivity, geometry and internal mechanisms,
tensegrity systems have become more popular and subject of research [?]- [?]. Various stable
conﬁgurations are possible only with change in stress levels and in the lengths of cables and
bars. In this way it becomes possible to have bi-stable tensegrity structures, and some of the
recent studies have found bi-stable tensegrities at macroscopic scale. This commendable property can be highly inspirational in producing reconﬁgurable metamaterials and structures based
on tunable tensegrity structures [?]. One paradigmatic example presented by Calladine [?] can
be examined to understand the behavior of tensegrity structures, this is shown in Figure ??. In

Figure 1: Behavior of the two-element system in various prestress states.

Figure ?? (a) two pre-stressed elements are hinged at three points placing the mechanism in
equilibrium state when the pre-stress is positive (cables in tension). The same conﬁguration can
be turned into an unstable equilibrium one if the sign of the stress is changed as shown in the
Figure ?? (b). The resulting nonlinear behaviour under load is related to the sign of pre-stress
is as shown in Figure ?? (c, d). It has been observed that if the rest length of the elements
is increased slightly with respect to the lengths in the equilibrium state, then system becomes
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bi-stable by showing the two different stable conﬁgurations. It is worth noticing that, the AM of
cables poses a challenge because present day technologies are not yet capable of manufacturing
such elements, while the manufacturing of bars are feasible with various AM processess. One
option to overcome this challenge is to manufacture corresponding lattice structures by keeping
nodal positions the same, allowing for bending stresses to be present in the structure. Bending
stresses can be mitigated by manufacturing the ends of the bars in a tapered way or by introducing ﬂexible hinges. The limitation of this procedure is that hinges does not behave in a perfect
manner. However, lattice structures obtained from tensegrity systems can still inherit some of
their nonlinear properties, included the bistable behavior.
2
2.1

Materials and methods
Bi-stable conﬁguration from monostable tensegrity structures

A method to obtain bi-stable system based on tensegrity systems can be devised by following
the analogy with the system shown in Figure ??. When the system has only one stable conﬁguration, then it is termed as monostable and if it has two stable conﬁgurations, it is termed as
bi-stable system. It is possible for such a system to have a stable self-stress state when the two
elements are in tension, introducing ﬁrst-order stiffness to internal mechanism. In a system
consisting of two linearly elastic member, the load-displacement relationship can be approximated by a cubic-polyomial equation. In such a system, the slope of the curve in the origin is
always directly proportional to the self-stressing forces. By changing the sign of the self-stress
the system can be turned into an unstable one. In addition, when the elements are unstressed,
the systems is placed in either one of two stable conﬁgurations. The load-displacement curve
in this case is similar to that shown in Figure ?? (d). Two example in three dimensions are

Figure 2: Tensegrity prism (a). Dual tensegrity prism (b). Examples of force-displacement diagrams for the
dual tensegrity prism subjected to a vertical load (c). The three F ∗ vs δ curves correspond to increasing values
of the angular spring constant ks , with the black curve corresponding to ks = 0, the orange (dark grey) curve
corresponding to ks = 0.8μN μm, and the yellow (light grey) curve corresponding to ks = 1.6μN μm (see
the other model parameters in the text). The force parameter F ∗ = F/(dka ) is given by the applied vertical
force F divided by the bars’ diameter d and by an axial spring constant equal to ka = 99.07μN/μm, while the
displacement parameter δ is the ratio between the vertical displacement and 2h.

presented in Figure ?? (a) and (b). The ﬁrst one is the classical-tensegrity triangular prism
(See Figure ?? (a)), while the second one is a dual tensegrity prism, realized with bars only,
obtained by superposition of two mirror copies of a same tensegrity prisms. When a verti-
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cal load is applied to the tensegrity prims, it causes a roto-translation of the top triangle with
respect to the bottom triangle (see green arrows in Figure ??, a). When a vertical load is applied on the dual tensegrity prism, it causes a roto-translation of the middle triangle, and just
a relative translation of the top triangle, with respect to the bottom one. Bi-stable structures
can be obtained by following these steps: (i) a pre-stressed stable tensegrity structure should
be found with one independent self-stress state and one internal mechanism, (ii) a slightly displaced, unstressed conﬁguration of the same structure should be considered, (iii) a numerical
model should be adopted to obtain bi-stable response under static loading, (iv) the geometry
and material properties cab be adjusted according to the available fabrication methods and experimentation conditions, (v) fabricated structures should be subjected to the experimental tests
in order to conﬁrm the designed behaviour the model. To this purpose, a dual bistable lattice
have been considered, as shown in Figure ?? (b), and corresponding force-displacement diagrams have been computed (see Figure ?? (c)). A Stick-and-Spring model has been adopted
in such computation [?, ?], where the elements of the structure are considered as axial springs,
and angular springs responds to change in angles between certain pairs of adjacent bars. While
the stable conﬁguration of a tensegrity prism corresponds to a relative rotation between top and
bottom triangles of θ0 = 150 degrees, in the dual tensegrity prism the initial relative rotation between bases in each prism is θ0 = 150+Δθ0 . The plots in Figure ?? (c) are obtained considering
an elastic material of Young’s modulus E = 1.2GP a (typical of polymers used in multiphoton
lithography), members’ diameter d = 0.75μm, top and bottom base radius a = 5μm, middle base radius b = 3.5μm, prism height h = 10μm. The three F ∗ vs δ curves correspond
to increasing values of the angular spring constant ks , with the black curve corresponding to
ks = 0, the orange (dark grey) curve corresponding to ks = 0.8μN μm, and the yellow (light
grey) curve corresponding to ks = 1.6μN μm. The force parameter F ∗ = F/(dka ) is given
by the applied vertical force F divided by the bars’ diameter d and by an axial spring constant
equal to ka = 99.07μN/μm (obtained considering a nominal member length of 5.35μm). The
displacement parameter δ is the ratio between vertical displacement and 2h.
2.2

Fabrication by multiphoton lithography (MPL) technology

The structure in Figures ?? (a), composed of three dual prisms, has been considered for
fabrication. The specimen shown in Figures ?? (b) has been fabricated with the help of the
multiphoton lithography (MPL) technology. The material used was obtained by mixing of several organic-inorganic constituents: Zr-DMAEMA consisting of 70 wt % zirconium propoxide, 10 wt% (2-dimethylaminoethyl) methacrylate (DMAEMA) (Sigma-Aldrich), and 20 wt%
ASTM type II deionized, distilled water. First, 1.4 ml of 3-(trimethoxysilyl)propyl methacrylate (MAPTMS) (Sigma-Aldrich) were mixed with 0.14 gr of hydrochloric acid into a vial.
Afterwards, 137.7 μl of DMAEMA were mixed with 0.66 ml of zirconium (IV) propoxide solution containing 70 wt% 1-propanol in another vial. Then the two mixtures have been added
together and diluted with 0.2 ml of distilled water and 0.016 gr of photoinitiator consisting of
4,4-bis(diethylamino)benzophenone (Sigma-Aldrich). Fabrication was performed 24 hour after
placing it on glass substrate in vacuum. Multi-level experimentation was performed to ensure
the least experimental error. After preparation of samples as shown in Figure ?? (b), samples
were subjected to the multiple tests by nano-indentation.
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Figure 3: Model of fabricated structure (a). Sample fabricated by MPL and subjected to a compression test (b).
Force-displacement curve for a cyclic loading-unloading compression test (c).

3

Compression test

After fabrication of the samples with the help of MPL, multi unit array compression tests
were performed at the minuscule scale shown in Figure ?? (b) to analyze the behaviour of the
fabricated samples in order to understand the major effects and experimental accuracy of MPL
fabrication technology. The obtained force-displacement relationship are shown in Figure ??
(c). Twisting of the middle triangle during testing has been observed. In the force-displacement
graph the softening behavior of the system has been seen and at the same time residual deformation has been seen after unloading. The elastic model developed earlier shows a behavior
consistent with that depicted in Figure ?? (c). In addition, material behaves in slight viscoelastic manner when loading-unloading cycles were applied. An estimate of the critical damping
factor that can be associated to our force-displacement curves in Fig. ??(c) gives a damping
ratio greater than 10% in the ﬁrst cycle, reducing to few percents in the fourth cycle.
4

Wave dynamic applications

A major application of the nano lattice structures is in wave dynamics. The response of the
bistable structure exhibiting the single soft mode can also be used in carrying mechanical energy
through compact solitary waves. Figure ?? shows the design of a chain of tensegrity-based

Figure 4: Various stages of motion of a column of ﬁfteen bistable prisms.

units, ﬁxed at the one end, which can be useful in wave dynamic applications and in the area of
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non-linear mechancal metamaterials. The concept design of the bistable tensegrity architecture
shown in Figure ?? can be very helpful to formulate the mechanical metamaterials. This design,
which is ﬁxed at one end and free at other end, can be tested for wave dynamic applications
according to the procedure given in refs. [?,?], which shows that the design is capable of forming
compression waves when impulsive load is applied at the free end. The Figure ?? shows the
behavior of such system at discrete times, after being impacted with initial horizontal speed of
v0 and angular speed ω of the end triangle so that the bistable mechanism get activated. The
dimensions of such system comprises of a/h = 0.5, Δθ0 = -3, v0 (E/ρ)0.5 = 0.3609, v0 /ω 0 = a2 /h,
ks /(a2 ka )= 0.0041, with a the circumscribed radius of the base triangle, h the height of a prism,
E the Young’s modulus, ka and ks the axial and angular spring constant respectively, and ρ
denoting the mass density of the material. In this system localization of compression waves
was observed at one unit in the chain, while almost no movement in rest of the system has
been observed. This ‘localized’ behavior of such system can be highly useful in designing the
revolutionary acoustic lenses, which can be used in non-invasive scalpel to accurately locate
the defects in various biological or engineering materials. In addition, the highly non-linear
structures can be used to generate compact solitary waves in tensegrity acoustic lenses. Further
studies will be focused on the generation of such bistable unit cells.
5

Concluding remarks

In this research work the bistable mechanical response of microlattice structures with nanoscale
features and tensegrity architecture has been studied. The MPL technology has been employed
to additively manufacture physical models of the investigated structures.These models have
been tested under compression loading, and their bistable response, combined with viscoelastic
behavior, has been experimentally veriﬁed. Numerical simulations have shown that the examined lattices support the propagation of compression compact waves under the application of
compression forces and twisting moments at one end. Such a behavior can be proﬁtably employed to fabricate novel acoustic lenses that are able to focus the mechanical energy in very
narrow regions of space within a host body.
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Abstract. Dynamics at low frequencies of periodic heterogeneous media is conventionally
described by the method of homogenization of periodic media, when it exists a scale separation
between displacements and the characteristic size of a cell irreducible from the media. At
higher frequency, this separation of scales is lost and the homogenization method becomes
obsolete. In order to cross this barrier, we propose to consider periodic modes over a period
composed of several irreducible cells. Around the eigenfrequencies of these multicells periods
with periodic boundary conditions, large evolution situations emerge. A new separation of
scales is therefore deﬁned between the amplitude of the mode and the characteristic size of the
period. The equations governing the modulation are thus obtained, and their nature differs if
the mode considered is single or multiple.
From the macroscopic modulation equations we can extract an approximation of the fundamental dispersion curve, in the vicinity of the periodic eigenmodes of the multi-cells period.
Consequently, a construction by parts of the fundamental dispersion curve is provided.
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1

Introduction

This paper falls within the study of macroscopic dynamic behaviour of periodic media. In
most cases, analytic description is not reachable and the problem is solved via a numeric computation of the dispersion curves, which carry all the dynamic properties of the system. We
propose in this paper an analytic method for reaching parts of the dispersion curves via an
asymptotic multi-scale method. This method is ﬁrst full described on a periodic network of
spring-mass, for which the dispersion curve is well-known. In a second time, we evidence
the power of this methodology to periodic reticulated beams, which present a more complex
behaviour.
At low frequency, when there is a large scale separation between the length of the cell and
the characteristic size of the vibrations, the classical homogenization method allows efﬁciently
to establish the continuous equivalent description. This scale separation is lost for frequencies
higher than the diffraction frequency. However, instead of considering the amplitude of the
mean displacement in a unit cell, it appears that the concept of scale separation may still be
used when considering the amplitude of periodic eigenmodes deﬁned on (multi-)cells. Thus,
the same principle of asymptotic multi-scale method enables to describe the large scale modulations around the eigenfrequencies of the mono- and/or multi-cells period. Finally, the properties
of the modulation are straightforwardly related to the dispersion curves at the considered frequencies.
2

Exact dispersion relations in 1D spring-mass chains.

Exact wave dynamics of a spring-mass chain is well known for harmonic waves at any frequency in such systems. However a new point of view is provided by the modulation analysis
as initially proposed in Daya et al. (2002), Craster et al. (2010), or in (Boutin et al., 2012) using
a multi-cells approach.
2.1

Classical analysis

Consider a periodic 1D spring-mass system whose irreducible period Ω is constituted by a
massless spring of stiffness k, length , and a rigid mass m. Studying harmonic wave propagation at the angular frequency ω, the balance of forces on the nth mass (i.e. on the nth cell Ω),
reads
6
k
2
(vn+1 − 2 vn + vn−1 ) + χω vn = 0, χω = (ω/ω0 ) , and ω0 =
(1)
m
Then the motion vn of nth mass is on the form : vn = V0 ei(ω t−kω n ) where kω is the wave
number. Thus (1) leads to the dispersion relation:


 2
kω 
ω
2
4 sin
= χω =
(2)
2
ω0
Consequently 2ω0 corresponds to the absolute cut-off angular frequency, separating propagating and non propagating waves. That is in the angular frequency range ω ≤ 2ω0 , the
waves can propagate with the wave number kω deﬁned by the dispersion relation (2). Long
wavelengths correspond to kω  → 0 so that successive masses follow almost the same motion.
From the dispersion relation (2), this situation is reached at low angular frequency, ω
ω0 .
Furthermore, expanding (2) near zero gives :
ω
|kω | 
ω0
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4
thus |kω |  ω/ k2 /m when ω
ω0 , i.e the dispersion relation matches the usual description
of long wave propagation in a 1D medium of lineic elastic modulus k and lineic mass m/.
2.2

Multi-cells analysis
p
m

k

k

m

m

m

k

k

m

a)
vB

v1
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Ωnp
m

k
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vp−1
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Ωn+1
p
m

b)
n
vp−1

Ωn−1
p
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Vn−2 = vpn−2

vpn
Ωnp

Vn−1 = vpn−1

v1n+1

Ωn+1
p
Vn = vpn

Vn+1 = vpn+1

Figure 1: Multi-cells approach. a) A multi-cells period Ωp made of p spring-mass (length , stiffness k, mass m)
with extremity motions vB and vE as limit conditions. b) The two last masses of nth multi-cells Ωp and the ﬁrst
mass of (n + 1)th Ωp . c) Macroscopic viewpoint : the displacement of the pth mass of the nth multi-cells Ωp
deﬁnes the leading displacement V (xn ) of this period.

Dispersion equation (2) shows that the only situation presenting an evolution at large scale
is found in the vicinity of ω  0. In order to ﬁnd other situations, we now investigate7the same
spring-mass chain, but with a period Ωp made of p irreducible cell Ω, that is Ωp = p Ω. We
denote Vn = vnp the motion of an edge the nth period Ωp , and vnp+m , 0 < m < p the motion of
inner masses of Ωp , which can be liked to Vn and Vn+1 by the following expression :
vnp+m =

(βωp−m − βωm−p ) Vn + (βωm − βω−m ) Vn+1
βωp − βω−p

;

0≤m≤p

(3)

By construction, expression (3) insures that the dynamic balance is satisﬁed for the inner masses
of Ωp , with βωp + βω−p = 2 − χω


Vn−1 − βωp + βω−p Vn + Vn+1 = 0
(4)
When βωp = 1 then Vn = Vn+1 which means that motions are Ωp -periodic. In other words the pth
roots of the unity lead to large scale evolution. The expression of these roots are (Int(.) stands
for the Integer part)

8
p
q
βω q = exp(±i 2π)
∀q ∈ 0; Int( )
p
p
2
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Moreover, as βω = exp(ikω ) we can express the wavenumbers and angular frequencies corresponding to the latter expression of βω q , see (2) :
p


kω q

p

q 2π
=
p 

;

q
ω pq = 2ω0 sin( π)
p

8

p
∀q ∈ 0; Int( )
2

(5)

We can now rewrite (3) as :
q

q

p
p
vnp+m = aΦm
+ bΨm

⎧ q
p
⎪
⎨ Φm
= cos(kω q m)

p
p
∀0 ≤ m < p ; 0 ≤ q ≤ Int( ) with
q
⎪
2
p
⎩Ψm = sin(kω q m)
p

q

q

where the set of eigenmodes {Φ p , Ψ p } respects the periodic boundary conditions of Ωp . Moreover, since Ωp owns p degrees of freedom, there are p modes. Note that Ψ0 = 0 and, for p even,
1
1
Ψ 2 = 0. Hence the only single modes are Φ0 and Φ 2 (for p even) which are respectively associated with the zero frequency and the cut-off angular frequency 2 ω0 , and lead to an identical
(respectively opposite) motion of consecutive masses, independently of Ωp . For pq = {0, 1/2},
q

q

Φ p and Ψ p are double modes associated with the angular eigenfrequency ω pq given by (5).
3
3.1

Wave dispersion curves derived through asymptotic multi-scale method
Large modulation of high frequency waves in a periodic network of resonators

The motions of a period Ωp are periodic exactly at the periodic angular eigenfrequencies
ω pq and, despite these motions vary at a scale , the amplitudes of the modes are constant over
the whole Ωp . Hence, in the vicinity of these angular frequencies, the mode amplitudes are no
longer constant but present a large-scale evolution, compared to the size of the period. This
allows to introduce the scale ratio εp = p /L = p /L where L reprents the modulation length.
The macroscopic description is derived using the homogenization of discrete periodic media
Caillerie et al. (1989), Hans et Boutin (2008), Sanchez-Palencia (1980) adapted to multi-cells
period and high frequencies Rallu et al. (2018) :
• The ﬁrst step is to introduce a continuous variable V (x), as V (xn = np ) = Vn . This
variable represents the mode amplitude;
• Then, because of the small variation of V (x) between xn and xn+1 , a Taylor expansion is
performed for the consecutive reference masses :
Vn±1 = V (xn ± p ) = V (xn ) ± p ∂x V (xn ) +

2p 2
∂ V (xn ) + . . .
2 x

• The spatial and frequency variables are assymptotically exanded in powers of εp , for
example
V (x) = V (0) (x) + εp V (1) (x) + O(ε2p )

;

ω = ω (0) + εp ω (1) + O(ε2p ) with ω (0) = ω pq

Note that the angular frequency is expanded around the periodic angular eigenfrequencies
ω pq ;
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• These three developments are then introduced in the balance equation (4);
• Finally, sort and collect the differents terms in εp powers. The dominant terms yield a non
trivial equation that provides the macroscopic description at the leading order.
Applying this process leads to the following macroscopic descriptions at the leading order:
Low-frequency range i.e q = 0, ω ≈ 0 + εp ω (1) .
k  ∂x2 V +

m 2
ω V = O (εp )


(6)

This case corresponds to the usual assumption of scale seration, where the variation of
motion of two consecutive masses is very small. Note that in this case the mode amplitude
matches the motion of the masses. This macroscopic equation describes the modulation
the (simple) static mode.
Frequencies close to the cut-off frequency for p even, that is, q = p/2 and ω ≈ 2 ω0 +ε2p ω (2) .

m 2
−ω + (2 ω0 )2 V = O(εp )
(7)

This equation describes the modulation of a simple mode where two consecutive masses
have opposite motions.
k  ∂x2 V +

Frequencies close to the double eigenmodes frequencies i.e. 0 < q < Int(p/2) and ω ≈
ω pq + εp ω (1)
2
m (ω − ω pq )
2
V = O (εp )
k  ∂x V +
(8)
 cos2 ( pq π)
Note that contrary to (7), (i) this case correspond to the modulation of a double mode, (ii)
the frequency term is always positive and (iii) this macroscopic description depends on p.
Morevover, the modulation frequency is not an edge of the Brillouin zone, and could not
be derived with antiperiodic conditions used in Craster et al. (2010).
3.2

Approximation of the dispersion equations

Drawing a parallel with the wavenumber ±kω describing wave propagation in the springmass system, we can introduce the modulation number κω in order to describe the harmonic
modulation :
V (x) = V0 exp(±i κω x)
(9)
In the vicinity of the periodic angular eigenfrequencies, an approximation of the fundamental
dispersion curve can be built as a perturbation of the periodic mode. Consequently the modulation number is the angular frequency increment divided by the group velocity :
kω = kω q + κω + O (ε)
p

;

κω =

ω − ω pq
Cω q

p

;

Cω =

dω
dkω

Introducing (9) in the three modulation equations at the leading order (6), (8), (7) yields the
dispersion relation for modulation. Moreover, modulation numbers are straightforwardly linked
to the scale ratio εp
εp = |κω |p
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Consequently, at a given εp , an estimation of the validity frequency range around the periodic
angular eigenfrequency is possible.
Low frequency range ω ≈ 0 (q = 0) :
|κω | =

1ω
+ O (ε) = kω + O (ε)
 ω0

Thus in low-frequency range, the modulation number κω matches the wavenumber kω at
the leading order. An estimation of the validity frequency range is :
|ω − 0|
εp
|Δω|
=
≈
ω0
ω0
p

(10)

Frequencies close to the cut-off frequency (ω ≈ 2 ω0 and p even), the dispersion relation of
modulation is determined from (7) as:
3
6
 2
1
ω
2 2ω0 − ω
4−
+ O (ε) =
+ O (ε)
|κω | =

ω0

ω0
Then the frequency range of validity is given by
|Δω|
|2ω0 − ω|
=
≈
ω0
ω0



εp
2p

2
if ω < 2ω0

(11)

Frequencies close to the double eigenmode eigenfrequencies ω ≈ ω pq , 0 < q < Int(p/2))
the modulation number given by (8) reads
|κω | =

1 |ω − ω pq |
  + O (ε)
ω0  cos q π
p

corresponding to a frequency range of :
|ω − ω pq |
εp
|Δω|
=
≈
ω0
ω0
p cos( pq π)

(12)

Note that when ω > ω pq (respectively ω < ω pq ) then kω and κω have identical (respectively opposite) signs. Consequently, the wave and the modulation propagate in the same
(respectively opposite) direction, see Figure 2.
In the Figure 3, we build (a) the fundamental dispersion curve in the ﬁrst half of the Brillouin
area, and then piecewise parts of the dispersion curve, near the periodic eigenfrequencies of :
• (b) the speciﬁc periodic
√ modes of Ω (ω ≈ 0, dashed blue lines), Ω2 (ω ≈ 2ω0 , dashed red
lines) and Ω3 (ω ≈ 3ω0 , dashed cyan lines)
√
• (c) in adding the speciﬁc modes of Ω4 (ω ≈ 2ω0 , dashed magenta lines) and Ω5 (ω ≈
2 sin( π5 )ω0 and ω ≈ 2 sin( 2π
)ω0 , dashed green lines).
5
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Figure 2: Direction of propagation of the wave (in blue) versus the direction of propagation of the modulation of
the wave (in orange). As an illustration, a period Ω5 is considered and both the wave and modulation direction of
propagation are indicated for frequencies around the ﬁrst angular eigenfrequency ω 15 .

Figure 3: (a) Fundamental dispersion curve in the ﬁrst half of the Brillouin zone. This dispersion curve can be
rebuilt in part from the modulation number: (b) with the speciﬁc modes of {Ωp }0<p≤3 and (c) with the speciﬁc
modes of {Ωp }0<p≤5 . (d) an overlay of fundalental and piecewise parts of the dispersion curve.
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The frequency ranges of validity of the macroscopic descriptions have been taken with a value
of εp = 0.5. Because of the term ε2p , the frequency validity range (11) is much less wide than
(10) and (12). In the Figure (d), the fundamental dispersion curve is overlayed on its piecewise approximations. In the Figure 4, the dispersion curve of the spring-mass system is built
piecewise in varying the value of εp : (a) εp = 0.5, (b) εp = 1, (c) εp = 1.5 and (d) εp = 2.5.
These great values of εp are not mathematically justiﬁable, because the homogenization process requires that εp → 0. Nevertheless, we can see this as an extrapolation of the osculated
curves around the Bloch modes : hence, the more the value of εp is great and the more the fundamentable dispersion curve is accuratly built thanks to piecewise approximations around the
Bloch modes. Moreover, in the case where εp = 2.5, the successive approximations pass from
their origin almost to the next Bloch mode, allowing a rebuilt by successive secant osculation
curves.

Figure 4: Dispersion curve build piecewise thanks to modulation curves as in the Figure 3, but in varying the value
of εp from 0.5 to 2.5.

4

Application to discrete lattices

The latter methodology, developped on a well-known spring-mass system, is now applied to
a network made of a stack of symetric elastic frames (see Figure 5) constituted by three identical
rigidly and mass-less connected bending beams. This structure departs from the spring-mass
system because in the reticulated beams (i) stiffness and mass are continuously distributed in the
local beams, therefore an irreducible cell Ω owns an inﬁnite number of periodic eigenmodes,
and (ii) the 2D nature of the structure involves an enriched kinematics. Each cell owns two
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nodes then six degrees of freedom. Each local beam is characterized by (i) its geometrical
parameters : length , width a, depth h, cross section A and inertia regarding its longitudinal
axis I = a3 h/12, and (ii) its mechanical elastic parameters : elastic modulus E, mass density
ρ.
Due to the symmetry of the considered structures, the local variables can be reorganized in
two sets of uncoupled variables linked to (i) the transversal kinematic of the reticulated beam
(namely Vn the average transversal displacement, θn the average rotation of the nodes and αn
the rotation of the nth cell) and (ii) to the longitudinal kinematic of the reticulated beam (Un the
average longitudinal displacement, Δn the transversal dilatation and Φn the differential rotation
of the nodes). In this paper we illustrate the piecewise building of dispersion curve only on

Figure 5: Left : Cell Ω of the reticulated beam. Right : periodic framed beam.

transversal kinematics. The chosen geometrical and mechanical parameters of local frames are:
E = 210GPa ; ν = 0.2 ; ρ = 7800kg/m3 ;  = 1cm ; a = 0.5mm

(13)

which corresponds to a slenderness
of a local beam : /a = 20.

Denoting by V n =T 12 αn , Vn , θn , the transversal generalized displacements of the nth
cell, the force and momentum balances of the nth cell involves the generalized displacements
of the neighboring cell n − 1 and n + 1 and take the matrix form:
H. V n−1 + HT . V n +T H. V n+1 = 0
⎡

(14)

⎤
g2 (χ)
0
0
12 EI
6 EI
⎦
0
H=⎣
3 f4 (γ)
2 f6 (γ)
6 EI
2 EI
f5 (γ)
0
− 2 f6 (γ) −
⎧
12 EI
2 EA
⎪
aT = − 3 (f1 (γ) + f4 (γ)) −
g1 (χ)
⎪
⎪
⎪


⎪
⎪
⎪
⎡
⎤
6 EI
⎪
⎪
a T 0 bT
⎨ bT = 2 (f3 (γ) + f6 (γ))

HT = ⎣ 0 cT 0 ⎦ with
EA
24 EI
⎪
⎪ cT =
bT 0 d T
(g2 (χ) − g1 (χ)) −
f1 (γ)
⎪
⎪
⎪

3
⎪
⎪
⎪
⎪
⎩dT = − 2 EI (f5 (γ) + 2 f2 (γ)) − 8 EI f2 (γ)

w
+
+
2
2
where χ = ρEω  and γ = 4 ρ EA Iω  are two dimensionless parameters describing the local
regime of the beam respectively in compression and in bending. The elasto-inertial functions fi
EA
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and gi are deﬁned by :
⎧
g1 (x) = x cot(x)
⎪
⎪
⎪
⎪
x
⎪
⎪
g2 (x) =
⎪
⎪
⎪
sin(x)
⎨
cosh(x) sin(x) + sinh(x) cos(x)
⎪
f1 (x) =
⎪
⎪
1 − cos(x) cosh(x)
⎪
⎪
⎪
⎪
cosh(x) sin(x) − sinh(x) cos(x)
⎪
⎪
⎩f2 (x) =
1 − cos(x) cosh(x)

4.1

x3
12
x
4

⎧
sinh(x) sin(x)
⎪
⎪
⎪
f3 (x) =
⎪
⎪
1
−
cos(x) cosh(x)
⎪
⎪
⎪
⎪
⎪
sinh(x) + sin(x)
⎪
⎪
⎨f4 (x) =
1 − cos(x) cosh(x)
⎪
sinh(x) − sin(x)
⎪
⎪
f5 (x) =
⎪
⎪
1
− cos(x) cosh(x)
⎪
⎪
⎪
⎪
⎪
cosh(x) − cos(x)
⎪
⎪
⎩f6 (x) =
1 − cos(x) cosh(x)

x2
6
x3
12
x
2
x2
6

Dispersion equations

The dispersion
relation E (ω, kω ) = 0 of harmonic transversal waves can be found consider
T 1
ing V n = 2 αn , Vn , θn , in the form (the time dependence eiωt is omitted) :
V n = V 0 e i kω n

π
kω ∈ [0, [


(15)

Introducing (15) in (14) yields :

⎡

ãT
0
⎣
0
c̃
DT .V 0 =
T
bT −ẽT

⎧
2 EA
⎪
ãT = aT +
g2 (χ) cos (kω )
⎪
⎪
⎪
w
⎪
⎪
⎪
⎤
⎪
24 EI
⎪
bT
⎨c̃T = cT +
f4 (γ) cos (kω )
3
ẽT ⎦ .V 0 = 0 where
⎪
4 EI
⎪
d˜T
⎪
d˜T = dT −
f5 (γ) cos (kω )
⎪
⎪

⎪
⎪
⎪
⎪
⎩ẽ = 12 EI f (γ) i sin (k )
T
6
ω
2

The roots of the determinant of DT yield the dispersion equation of the transversal waves in the
reticulated structure :
  

det DT = ãT d˜T − b̃2T c̃T + ãT ẽ2T = ET (ω, kω ) = 0
Then, the corresponding kernel of DT provides the kinematics associated to set {ωI , kωI }I
solutions of ET (ω, kω ) = 0. Application of this method is illustrated on Figure 6:
The ﬁrst quasi-linear branch clearly shows that at low frequencies the transversal dynamics
is driven by the average transversal displacement V . The second branch, strongly non-linear
corresponds at low wavenumbers to the gyration mode. The latter, driven by the rotation of
the section α , is activated after a cut-off frequency (around 4,4 kHz). Note however that for
wavenumbers greater than kω = 0.2π/ the dynamics activated in this branch, moves from α  to
the average rotation of the nodes θ . As for the third branch, that appears at higher frequencies
(around 37kHz), the kinematics is ﬁrstly driven by V , and by θ at larger wavenumbers. The
two next branches are dominated by nodes rotation θ, the rigid body motion of the two nodes
being negligible, consistently with the inner resonance mechanism within the framed beams.
This shows that a given branch is not associated with a speciﬁc kinematics.
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Figure 6: Dispersion curve in the half on the ﬁrst Brillouin zone for the transversal kinematics : α ,V ,θ . Black
circles correspond to the Bloch modes for periods made of one cell (Ω), two cells (Ω2 ) and three cells (Ω3 ). In
dashed lines the asymptotic description of the dispersion curves derived by modulation analysis.

4.2

Bloch modes

7
Let a period Ωp = p Ω, constituted by a stack of p irreducible cells Ω. When kω /2π =
q/p ∈ [0, 1/2[, then the eigenmodes of Ωp with periodic boundary conditions are emerging.
This leads to the associated periodic angular eigenfrequencies thanks to the dispersion relation
:


q2π
E ω,
= 0 where q = 0, ..., Int(p/2)
(16)
p
Finally, the Bloch mode is given by the kernel of DT , given at the couple (ω, q2π
) solutions of
p
(16).
On the ﬁgure 6, the ﬁrst solutions corresponding to periods Ω, Ω2 and Ω3 are depicted by
black circles. The corresponding modal shapes (taking account of their multiplicity) are calculated by ﬁnite element on these three periods with periodic boundary conditions.
4.3

Modulation approach

This asymptotic approach is closely related to the HPDM method Caillerie et al. (1989) and
the asymptotic method for modulation analysis of framed beams is full described in Rallu et al.
(2018). The procedure is splitted into the following key steps. 1. Reduce the studied structure
to an equivalent discrete model. This is obtained by condensing the balance equations of the
beam elements within the period at the nodes of the period. 2. Establish an exact recurrence
equation by expressing the balance of the edges nodes of the considered (multi-)cells period.
3. Identify the periodic eigenmodes and eigenfrequencies of the (multi-)cell. 4. Consider
frequencies close to a given eigenfrequency and assume a large scale modulation. Then rewrite
the recurrence equation in terms of Taylor expansions of the continuous variables that describe
the amplitude of the eigenmode. 5. Introduce the asymptotic expansions of the variables and
rescale the physical parameters of the element constituting the period. Here, all the local frames
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are identical, and we consider a slenderness contrast of the local fram as /a = O(ε−1 ). The
geometrical values chosen in (13) are consistent with this contrast. 6. Deduce the various
envelope models that apply close to the eigenfrequencies of the considered (multi-)cells.
This approach applied on the transversal kinematics allows to extract the approximation
of dispersion curve around the periodic eigenmodes of periods made of one, two and three
irreducible cells. All the equations are detailed in Rallu et al. (2019). These approximations are
given in dashed lines on Figure 6.
In the ﬁgure 6 are represented in parallel of the dispersion curves determined from a direct
calculus and the asymptotic dispersion curves derived from the analytical expressions given by
the modulation analysis. This ﬁgure clearly shows that the asymptotic model for quasi-static
”V”-mode ﬁts the exact dispersion curve related to the bending of the reticulated beam in a
large wave number range, namely up kω = 0.5π/w , which is much larger than its theoretical
validity domain kω w
1.
On the contrary the asymptotic model for the dynamic ”V”-mode ﬁts the exact solution in a
limited range of wavenumbers. This relies on the fact that the dominant kinematic variable of
this branch change from variable V for kω ≤ 0.05 π/w , to θ for kω ≥ 0.05 π/w . As for the
asymptotic dispersion curves identiﬁed considering Ω2 and Ω3 , one notices a large range of
good matching between the asymptotic and exact results.
5

Conclusion

The goal of this paper is to describe the methodology of construction of parts of the dispersion curve of periodic elastic networks. This process is full and clearly described on a
a periodic network of elastic resonators : First, a multi-cells approach is presented in order to
identify the situation of large scale evolutions, which correspond to the frequency ranges around
the eigenfrequencise of the multi-cells period Ωp with periodic boundary conditions. Then, in
these situations, the framekork of asymptotic analysis of high-frequency modulation in periodic
systems is a applied and yields the equations governing the large scale modulations. At low frequencies, the modulation approach matches the classical homogenization method. But at higher
frequencies, the nature of the descriptions departs from the usual macroscopic formulation : (i)
the macroscopic operator is applied on the amplitude of the periodic eigenmodes, (ii) instead
of an unique equivalent model, a family of descriptions is derived for modulation phenomena;
this family is associated to the modes of the irreducible or the multiple cells, (iii) the nature of
the modulation equations is different whether the mode is simple or multiple. Thanks to these
macroscopic descriptions, a piecewise built of the dispersion curve is possible in the vicinity of
the periodic eigenfrequencies of Ωp . Finally, compared to Floquet-Bloch theory, the speciﬁcity
of the modulation approach is to extract the frequency bands where the large scale modulations
are allowed and to determine their governing equations.
As an illustration, we applied this methodology to reticulated beams, whose the enriched
kinematics and the continuous distribution of mass and stiffness involve wave dispersion curves
with several branches. The main outcomes are (i) a given dispersion branch may involves
different kinematics, (ii) the modulation analysis performed on multi-cell around rational Bloch
number allows to build by parts the dispersion curves and to relate them to an effective analytical
description, (iii) these approximations are reliable in a range such that the kinematics do not
signiﬁcantly changed. These results established on a particular beam lattices may be extended
to more complexe periodic structures and clarify the physics behind the dispersion curves.
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Abstract. Cross-laminated timber (CLT) panels have an increasing market share and extensive application in civil engineering practice, as full size walls or floor structures. CLT provides a compelling alternative to the concrete and steel (as conventional building materials),
providing a low carbon footprint and comfortable living conditions. However, the orthotropic
elastic material behavior of wood and the crosswise lay-up yield a relatively complex kinematics of CLT, characterized by high shear deformation across the thickness. This complicates the appropriate and accurate kinematic description of CLT and further prolongs the
design phase of the real engineering structure.
Due to the relatively low weight, CLT floors are particularly prone to human-induced vibrations, causing vibration serviceability issues such as annoyance to human occupants and dysfunction of vibration sensitive equipment. Therefore, for the accurate response prediction of
CLT under dynamic loading, its fundamental dynamic properties should be derived first.
In the paper, dynamic stiffness-based FREEVIB software, previously developed by the authors, has been used for modeling and prediction of the free vibration characteristics of CLT
floor structures. Frequency curves taking into account: (i) span-to-thickness (a/h) ratio, (ii)
plate aspect (a/b) ratio and (iii) different combinations of end constraints, have been developed using FREEVIB and systematized to be easy for use in engineering practice, especially
in the conceptual design phase of CLT-based buildings. The results have been compared
against the current CLT design recommendations.
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1

INTRODUCTION

Recent technological advances and new construction techniques have led to the development of new natural composite material called cross-laminated timber (CLT) - a multilayer
composite made of several thin wooden layers bonded together in a crosswise manner. It has
outstanding structural strength, stiffness and aesthetic properties, a high level of prefabrication,
fire resistance and construction speed. Finally, it is highly sustainable material that represents
a compelling alternative to the traditional concrete, steel and masonry structures [1].
Due to the relatively low weight, CLT floors are prone to human-induced vibrations, causing vibration serviceability issues such as annoyance to human occupants and dysfunction of
vibration sensitive equipment. Therefore, for the accurate response prediction of CLT under
dynamic loading, its fundamental dynamic properties should be derived first.
The aim of this paper is to provide the practical guidelines for design of CLT floors by
means of their dynamic properties. FREEVIB [2] software developed by the authors, based on
the dynamic stiffness method (DSM) [3] in conjunction with the higher-order shear deformation theory (HSDT) [4], has been used for modeling and prediction of the free vibration
characteristics of CLT floors. Key feature of the DSM is the dynamic stiffness element and
the corresponding dynamic stiffness matrix derived from the exact (strong form) solution of
the governing equations of motion. So far, the FREEVIB’s library includes several rectangular dynamic stiffness element formulations, capable to describe the complex kinematics of
laminar composites. It allows for the application of arbitrary combinations of edge conditions
and, like in the conventional FEM, implies the effective assembly procedure.
By using FREEVIB, frequency curves taking into account: (i) span-to-thickness (a/h) ratio,
(ii) plate aspect (a/b) ratio and (iii) different combinations of end conditions, have been developed and systematized to be easy for use in engineering practice. The results have been
compared against the current CLT design recommendations from CLT Handbook Canada [5],
CLT Structural design – proHolz Austria [6], or the exact solution based on classical laminated plate theory (CLPT) [7], in order to highlight the influence of transverse shear deformation
on dynamic properties of the panel.
2

DYNAMIC STIFFNESS METHOD FORMULATION

The dynamic stiffness matrix of the considered HSDT-based plate element is obtained
through several steps. The first one is derivation of Euler-Lagrange equations of motion for
the HSDT, by using the Hamilton’s principle in terms of the displacements. After that, the
equations of motion are transformed into the frequency domain by assuming a harmonic representation of the displacement/rotation field:
u ( x, y, t )  uˆ ( x, y,  )eit

(1)

In. Eq. (1), uˆ ( x, y,  ) are the amplitudes of the displacement or rotation uˆ ( x, y, t ) in the frequency domain. Having in mind that Eq. (1) is valid for all angular frequencies Ȧ in the considered frequency range, the argument Ȧ will be omitted in further representations. After the
substitution of the above transformation into the governing equations of motion, they are
transformed into the following set of partial differential equations:
Luˆ ( x, y )  0,

(2)

where L is the matrix of the differential operators [8, 9] defined in terms of the plate stiffness coefficients, the mass moments of inertia and the angular frequency Ȧ. Displacement or
rotation amplitudes of a rectangular plate element are then represented as a superposition of
four symmetry contributions: both symmetric (SS), symmetric - anti-symmetric (SA), anti-

503

Miroslav S. 0DUMDQRYLü, Verica Lj-XJRYLüDQG0DULMD71HIRYVND-'DQLORYLü

symmetric - symmetric (AS) and both anti-symmetric (AA). It is now possible to analyze only
one quarter of a rectangular plate, which significantly reduces the size of the corresponding
dynamic stiffness matrix. By using the method of separation of variables, the general solution
for each symmetry contribution can be represented in the Fourier series form as:




m

m

u ij ( x, y )   1U mij  x  1 f mij  y    2U mij  y  2 f mij  x 

(3)

In Eq. (3), u ij ( x, y ) is the corresponding displacement or rotation function, 1U mij  x  and
U mij  y  (ij = SS, SA, AS or AA) are the unknown displacement or rotation functions, while

2

f mij  y  and f mij  x  are the base trigonometric functions, depending on the symmetry case. In

practical calculations, the infinite Fourier series must be truncated. Thus, the accuracy of solution depends on the number of terms in the general solution.
With the aid of the projection method [10], the following relation is obtained:

 

 ij  F ij D
 ij
Q
D
D

1

 ij q ij ,
q ij  K
D

(4)

where q ij is the vector of projections of displacement components uˆ ij along plate bounda ij is the dynamic stiffness matrix
ries, Q ij is the corresponding force projection vector, and K
D
for the ij symmetry contribution. The dynamic stiffness matrix for a completely free dynamic
stiffness element is obtained by using the transformation matrix T (for details see [8, 9, 11]).
 depends on the number of terms in the genThe size of the dynamic stiffness matrix K
D
eral solution M, the type of the vibration problem (in plane or transverse) and applied plate
theory (CPT, FSDT, HSDT).
Considering that transverse and in-plane vibrations of a single plate represent two independent states, the dynamic stiffness matrix of the single plate is derived by combining the
dynamic stiffness matrices for the transverse and in-plane vibration, respectively. The assembly procedure is then performed as in the conventional FEM.
In the analysis, arbitrary combinations of boundary conditions can be applied by removing
the rows and columns of the global dynamic stiffness matrix that correspond to the components of the constrained displacement projections. After that, the natural frequencies can be
computed from the assembled global dynamic stiffness sub-matrix (related to the unknown
generalized displacement projections), using some of the search methods. Finally, after the
natural frequencies have been computed, the ith mode shape corresponding to the natural frequency i is obtained in the usual manner.
Formulated dynamic stiffness elements served as basis for the development of objectoriented computational framework FREEVIB [2] for free vibration analysis of plate-like
structures. FREEVIB is written in Python [12]. For input parameters related to the geometry,
material and number of terms in trigonometric series (M), simple text file may be created in
the prescribed format, or generated using the existing graphical pre-processors. Using the procedure described in the previous sections, a variety of plate-like structural problems can be
analyzed.
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3

CALCULATION OF FUNDAMENTAL DYNAMIC PROPERTIES OF CLT
PANELS AND DEVELOPMENT OF FREQUENCY CURVES

In this section, fundamental frequencies of different CLT panels have been calculated using FREEVIB, taking into account: (i) span-to-thickness (a/h) ratio, (ii) plate aspect (a/b) ratio and (iii) different combinations of boundary conditions (BC). They are then systematized
to be easy for use in engineering practice (this is of special importance in the conceptual design phase of CLT-based buildings).
Current models for design of CLT panels mainly emerged from the long tradition of using
only simple beam-like elements in timber structures. Gamma method is based on the procedure for design of mechanically jointed beams according to Eurocode 5, Annex B [13]. The
stiffness properties are defined using the effective moment of inertia I0,ef, and the connection
efficiency factors Ȗi which account for the shear flexibility of the cross layers. The Gamma
method accounts for the influence of transverse load-bearing effect and different static systems using the ktransverse and ke coefficients, respectively. The above method is based on the
Bernoulli’s hypothesis and linear stress-strain relationship, without accounting for the transverse shear deformation.
However, this approach is not able to accurately account for the 2D load transfer and,
therefore, cannot reflect the load carrying mechanism of a plate. To overcome this, classical
exact solutions for composite laminates could be successfully applied for thin CLT panels,
simply supported along all sides. However, this limits the possible area of application by
means of edge conditions.
FREEVIB tends to overcome the above issues, by: (i) accurately accounting for the transverse shear deformation, (ii) taking into account the cross-lamination of layers and, (iii) considering arbitrary combinations of boundary conditions.
3.1

Frequency curves for rectangular simply supported CLT panels

To validate the model and highlight the influence of transverse shear deformation on fundamental dynamic properties of CLT panel, the study of simply supported (SSSS) 3- and 5layers rectangular CLT panels is performed by using the HSDT-based dynamic stiffness elements using FREEVIB. All layers are of equal thickness. C24 strength class according to [6]
is used (see Table 1), which is common in the production of CLT. The outer layers are oriented in the a-direction (longitudinal), while the cross layers are oriented in the b-direction (lateral).
Different plate side to thickness ratios have been considered, varying from thick (a/h = 5)
to thin (a/h = 30) plate situation. The calculations have been performed by using M=9 terms
in the series expansion. Plates were discretized using only one dynamic stiffness element.
In the first phase, the model is validated against the results based on the following CLT design recommendations:
- CLT Handbook Canada [5], based on the Bernoulli-Euler beam theory, without accounting for the transverse shear deformation and neglecting the transverse loadbearing effect,
- CLT Structural design – proHolz Austria [6], based on the Gamma method [13],
- the exact (2D) solution based on classical laminated plate theory (CLPT) [7]).
E0
11000 N/mm2

E90
370 N/mm2

G0
690 N/mm2

Gr
50 N/mm2

12
0.44

Table 1: Mechanical properties for C24 timber class of CLT panels
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The results for dimensionless frequencies    a 2 / h   / E90  are plotted in Figure 1.
1/2

Figure 1: Frequency curves for rectangular simply supported (SSSS) CLT panels (C24), considering different
numerical models, stacking sequences, span-to-thickness (a/h) and plate aspect (a/b) ratios

The dimensionless natural frequencies presented in Figure 1 are not completely practical
for the application in engineering practice. Having in mind that the HSDT-based models accounts for the transverse shear deformation, cross-lamination and arbitrary boundary conditions, the frequency curves will be systematized in a more logical way, to be applicable in
preliminary engineering design of CLT floors.
The results are shown in Figure 2, for the simply supported (SSSS) 3- and 5-layers panels.
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Figure 2: Frequency curves from FREEVIB for rectangular simply supported (SSSS) CLT panels (C24)

3.2

Frequency curves for rectangular CLT panels with different combinations of BC

In this section, we provide the frequency curves for CLT panels with non-classical boundary conditions. This is applicable in engineering practice, where different combinations of
boundary conditions may occur. The panels with SSSF and SFSF boundary conditions (see
Figure 3 for details) are considered.

Figure 3: SFSF and SSSF CLT panels with marked grain orientation of the layers

Figure 4: Frequency curves from FREEVIB for rectangular SSSF CLT panels (C24)

For both considered boundary conditions (Figures 4 and 5), the lower a/h ratio expectedly
yields the lower values of dimensionless frequencies. With increasing a/b for the fixed a/h,
dimensionless frequencies are slightly increased for the SSSF boundary conditions. This is
due to the influence of constraints along the a-side (Figure 4), which is more pronounced for
lower values of length b.
Finally, the SFSF model (Figure 5), which is in fact the beam-like structure, the influence
of a/b does not exist, because only single (longitudinal) load-bearing direction is activated.
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Figure 5: Frequency curves from FREEVIB for rectangular beam-like SFSF CLT panels (C24)

4

CONCLUSIONS

From the performed analyses and constructed frequency curves, some conclusions are derived:
 When calculating the fundamental frequencies of the SSSS panels, both the CLPTbased model [7] and the one based on proHolz recommendations [6] are insensitive to
the change of a/h ratio, due to the simplifications of transverse shear deformation.
 The difference in  between these two models is higher for the 3- than for the 5-layers
panels, because the influence of the cross layers is higher for the 3-layers case, which
cannot be completely accounted for by using the relatively simple model from [6].
 On the contrary, FREEVIB results are accurately accounting for the transverse shear
deformation. Therefore, the fundamental frequency expectedly decreases with the
lower values of a/h (thick plate situation). When the a/h ratio approaches the slender
panel limit, the obtained results from the FREEVIB converge to the CLPT solution.
 The increasing of the a/b ratio for the fixed a/h, results in the increased dimensionless
frequency  for the SSSS panel. This scenario means that value for b is decreasing for
the fixed values of a and h, which yields the higher frequency because of the fact that
all sides are simply supported.
 The results from the CLT Handbook Canada [5] are not taking into account the a/b ratio, because they treat the panel as a 1m wide beam, simply supported on two sides,
without any additional treatment of the transverse load-bearing mechanism.
 The FREEVIB also accurately predicts the fundamental frequencies of the CLT panels
with non-classical boundary conditions. The lower a/h ratio expectedly yields the
lower values of dimensionless frequencies. With increasing a/b for the fixed a/h, dimensionless frequencies are slightly increased.
Beside the presented analyses, FREEVIB [2] could be successfully applied for the 7-layers
panels, as well as for the prediction of fundamental frequencies of panels with openings.
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ANALYTICAL SOLUTIONS FOR THE FLEXURAL NATURAL
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Abstract. To study the dynamic performance of the composite box-girders with corrugated
steel webs (CBGCSWs), three CBGCSWs with different cross-sections (single-cell, doublecell, and triple-cell cross-sections) were taken as the research objects respectively to study
their dynamic characters. Considering the shear lag effect and the shear deformation of the
corrugated steel webs, the governing differential equations and boundary conditions of the
natural vibration were derived based on the energy variation principle and Hamilton principle. The theoretical natural flexural vibration frequencies of the CBGCSWs were obtained
and compared with the numerical results by ANSYS software. A parametric analysis was conducted including the wave shape and the thickness of the corrugated steel web, the ratio of the
section width to the calculating span B/L, and the ratio of the section height to the calculating
span H/L. The results show that the shear lag effect and the shear deformation of the web
have a great influence on the vertical flexural vibration of the CBGCSWs. The vertical flexural frequencies increase slightly with the increasing of B/L, the increasing of the web thickness,
and the decreasing of the corrugated angle of the steel web, but apparently with the increasing of the height of the girder.
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1

INTRODUCTION

The composite box-girders with corrugated steel webs (CBGCSWs) have been used widely
due to their great advantages such as lighter structural self-weight, faster construction speed,
higher efficiency of prestressing, better solution for avoiding the problem of web cracking,
and so on [1,2]. The static properties of the CBGCSWs including bending, shear, and torsional behaviors have been researched rather deeply at present [3-6]. There are also some studies
on the dynamic performance of the CBGCSWs by using theoretical, numerical and experimental methods, but most of them were about the single-cell box section [7-11].
In this paper, a theoretical derivation about the vertical flexural vibration characters was
performed on single-cell, double-cell, and triple-cell CBGCSWs respectively. The analytical
solutions were compared with the numerical results by ANSYS software, and some key parameters were analyzed by using the theoretical model.
2
2.1

THEORETICAL ANALYSIS
Assumptions

The cross-sections and ordinate used in this paper are shown in figure.1, where b1, b3 are
the half width of the top and bottom inner flanges, respectively; b2, b4 are the width of the top
and bottom cantilever flanges, respectively; tt, tb are the thickness of the top and bottom
flanges, respectively; hw is the height of the steel girder; zt, zb are the distance from the top
and bottom flanges to the gravity axis of the section, respectively.

(a) Single-cell box

(b) Double-cell box

(c) Triple-cell box

(d) Wave shape of the corrugated steel web
Figure 1: Cross-sections and ordinate.

The assumptions in the subsequent derivation are as follows:
(1) Both the corrugated steel web and the concrete flange are in the elastic stage and there
is no relative slip between them.
(2) The section remains quasi-plane under flexural deformation.
(3) The flexural rigidity of the corrugated steel web is neglected. The bending moment is
only resisted by the top and bottom concrete flanges, while the shear force is only resisted by
the corrugated steel webs.
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(4) Only the in-plane shear strain and the longitudinal normal strain of the concrete flanges
are considered, the vertical and lateral normal strain in the concrete flanges and all of the outplane shear strain are neglected, namely,  x  0 ,  y   z  0 ,  xy   ,  yz   xz  0 .
2.2

Warp shape function of the shear lag

In the flexural vibration of the CBGCSWs, the longitudinal displacement in the crosssection is induced not only by the bending deformation which obeys the plane-section law,
but also by the shear lag effect, so the generalized longitudinal dynamic displacement in the
flexural vibration U(x,y,t) can be expressed as follows,
U t(b) ( x, y, t )   zt(b)   ( x, t )  g ( y )u ( x, t )
(1)
Where the subscript t and b represent the top and bottom flanges respectively;  ( x, t ) is the
dynamic slope in the bending deformation; g(y) is the warp shape function of the shear lag;
u(x,t) is the dynamic displacement function of the maximum difference of the shear deformation in the concrete slab.
The cosine function is used for the warp function of the shear lag in this paper as follows,

y
D
1 cos
2b1


 ( y  ib1  b2 )
 2 cos
D
2b2

gi ( y )= 
 cos  y  D
 3
2b3


 ( y  ib3  b4 )
D
 4 cos
2b4


Top inner flange

Top cantilever

(2)
Bottom inner flange

Bottom cantilever

Where i is the number of the cells, i=1,2,3Ă, and when i is an even number, the variable y in
the top and bottom flanges should be replaced by y =|y|-b1; Įj (j=1,2,3,4) is the coefficient to
consider the warp difference between the top and bottom flanges and can be given by,
l 2  8b12 (1  )  b 2j
   (j=1,2,3,4)
j= 2
(3)
l  8b 2j (1  )  b12
Where l is the calculating span; ȝ is the Poisson ratio; ȕ is a coefficient, when j=1,2, ȕ=1; and
when j=3,4, ȕ=zb/zt.
To satisfy the self-equilibrium condition of the axial force in the overall section,
let  g ( y )dA  0 , then,

D = 1 A1   2 A2   3 A3   4 A4   2 Af



(4)

Where Af is the total area of the top and bottom flanges; A1, A3 are the areas of the top and
bottom inner flanges, respectively; A2, A4 are areas of the top and bottom cantilevers.
2.3

Vibration equations

In the following derivation, the first, second and third-order partial derivatives of an arbitrary function F(x,t) will be written as F(x, t) , F(x, t) and F ( x, t ) on the variable x, and
( x, t ) on the variable t.
F ( x, t ) , F( x, t ) and F
(1) The dynamic flexural strain energy of the concrete flanges
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From equation (1), the longitudinal dynamic normal strain of the flanges should be,
U ( x, y, t )
  zt (b) ( x, t )  g ( y)u( x, t )
 xt(b) ( x, y, t )  t(b)
(5)
x
Then the total flexural dynamic strain energy of the top and bottom flanges can be given by,
1
1
tt Ec xt 2 ( x, y, t ) dA   tb Ec  xb 2 ( x, y, t ) dA
2 A
2 A
l
1
 Ec   I y [ ( x, t )]2  Ay [u ( x, t )]2  2 S y ( x, t )u ( x, t ) dx
0
2

V fb (t ) 

(6)

Where tt, tb are the thickness of the top and bottom flanges, respectively; Ec is the elastic
module of concrete; Iy is the total inertia moments of the top and bottom flanges about the axis y, I y   z 2 dA  zt2 ( A1  A2 )  zb2 ( A3  A4 ) ˗Ay is the total warp area of the shear lag of the
A

2
top and bottom flanges, Ay   g˄
y˅dA  2j 2  4 j D   D2  Aj ; Sy is the warp area moment of
A
4

j 1

2

4

j 1

j 3

the shear lag, Sy   zg( y)dA  zt Aj (D 2i  )  zb Aj (D  2i  ) .
A
(2) The dynamic shear strain energy of the concrete flanges induced by the shear lag
From equation (1), the dynamic shear strains of the flanges induced by the shear lag are,
U ( x, y, t )
 ft (b) ( x, y, t )  t (b)
 g ( y )u ( x, t )
(7)
y
Then the total dynamic shear strain energy of the top and bottom flanges can be given by,
1
1
1 l
V fs (t )   tt Gc ft ( x, y, t ) 2 dA   tbGc fb ( x, y, t ) 2 dA   Gc ku u 2 ( x, t )dx (8)
2 A
2 A
2 0
Where Gc is the shear module of concrete, Gc=Ec/[2(1+Ȟc)], Ȟc is the Poisson ratio of concrete;
ku is the warp coefficient of the shear lag, ku   [ g ( y )]2 dA .
A

(3) The dynamic shear strain energy of the corrugated steel webs
The dynamic shear strain of the steel web is the difference between the first-order derivative of the vertical dynamic deflection W(x,t) and the dynamic slope ĳ(x,t) of the girder,
namely,  w ( x, t )  W ( x, t )   ( x, t ) , so the dynamic shear strain energy of the corrugated steel
web can be given by,
lG A
1 l
2
(9)
Vw (t )   e s  w2 ( x, t )dx   Ge As W ( x, t )   ( x, t )  dx
0
0
2
2
Where Ge is the equivalent shear module of corrugated steel web due to the corrugation effect,
Ge=Gs(aw+cw)/(aw+bw), aw, bw, cw are shown in figure 1; Gs the shear module of steel,
Gs=Es/[2(1+Ȟs)], Ȟs is the Poisson ratio of steel; As is the total shear area of the steel web.
(4) The total dynamic strain energy of the CBGCSWs
The total dynamic strain energy of the CBGCSWs Ȇ(t) is the summation of the Vfb (x,t), Vfs
(x,t), and Vw(x,t), namely,
 (t )  V fb (t )  V fs (t )  Vw (t ) 

l
1
Ec   I y [ ( x, t )]2  Ay [u( x, t )]2  2 S y ( x, t )u( x, t ) dx
0
2

1 l
1 l
2
  Gc ku u 2 ( x, t ) dx   Ge As W ( x, t )   ( x, t ) dx
0
0
2
2

(10)

(5) The kinetic energy of the CBGCSWs
In the vertical flexural vibration, the kinetic energy of the CBGCSWs can be expressed as,
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1 l 
W ( x, t )2 mdx
(11)

0
2
Where m is the mass of the girder per unit length, m  c Af   s As , ȡc, ȡs are the density of
the concrete and the steel, respectively.
T (t ) 

2.4

The solution of the vibration equations

According to the Hamilton principle, for a structure in elastic and small deformation state,
in the time interval t1 to t2, only the real movement can make the first-order variation of the
total energy function be zero, namely,     (t )  T (t )dt  0 . Substitute equations (10) and
t2

t1

(11) into it, the flexural vibration controlling differential equations and boundary conditions
of the CBGCSWs can be obtained as follows,
 ( x, t )  G A  ( x, t )  W ( x, t )  0
mW
(12)
e s

Ge As  ( x, t )  W ( x, t )  Ec S y u( x, t )  Ec I y ( x, t )  0

(13)

Gc ku u ( x, t )  Ec Ay u( x, t )  Ec S y ( x, t )  0

(14)

Ec  I y ( x, t )  S y u ( x, t )  

(15)

l
0

0

l
 Ec Ay u( x, t )  Ec S y ( x, t )   u 0  0
Ge As W ( x, t )   ( x, t )   W l0  0

(16)
(17)

The vertical dynamic deflection W(x,t) in flexural vibration of a simply supported girder
can be expressed by,


W ( x, t )   Wn ( x) sin(n t   n )

(18)

n 1

Where Wn(x) is the vibration function of a simply supported girder, Wn ( x)=An sin(n x l ) [9],
(n  1ǃǃ
2 3ǃ
4.......) ; Ȧn is the circular frequency of the flexural vibration; Įn is the initial
phase angle.
Substitute equation (18) into equation (12), (13), and (14), and consider sin(n t   n ) will
not always be zero, therefor,
mn2 GeGc As kuWn ( x)  Ec  Gc ku I y  Ge As Ay  Wn ( x)  Ec 2  I y Ay  S y2  Wn(4) ( x) 


(19)

 GeGc As ku Ec I yWn(4) ( x)  Ec 2Ge As  I y Ay  S y2  Wn(6) ( x)

From equation (19), the circular frequency of the flexural vibration can be obtained as,
n 2 Ec I y
(20)
n =˄
˅
n
l
m

n 

2
2
 n  Ec  S y  I y Ay 
1 

Gc ku I y
 l 
2
2
2
4
 n  Ec I y  n  Ec Ay  n  Ec  I y Ay  S y 


1 



GeGc As ku
 l  Ge As  l  Gc ku  l 
f n = n 2

(21)

2
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From equation (21) it can be seen, when the shear lag effect and the shear deformation of
the web are neglected, the coefficient ȕn=1, and Ȧn, fn will be the solutions of a EulerBernoulli beam.
3

EXAMPLES

3.1

Analytical Solutions

The flexural natural frequencies of three 4.4m-span simply-supported CBGCSWs with
single-cell, double-cell, and triple-cell cross-sections respectively are calculated herein. The
sections of each girder are shown in figure 1, and the dimensions and some sectional characters are shown in table 1. For each girder, the concrete is C40 with an elastic modular of
Ec=3.25  104MPa, a Poisson ratio of Ȟc=0.1667, and a shear modular of Gc=1.39  104MPa;
the steel web is Q235 with an elastic modular of Es=2.06  105MPa, a Poisson ratio of Ȟs=0.3,
a shear modular of Gs=7.92  104MPa and an equivalent shear modular of Ge=9.81  104MPa.
The wave shape of the corrugated steel web shown in figure 1 is same for each girder, with a
hw of 200mm, a aw of 64mm, a bw of 24mm, and a cw of 45mm.
b3 b4
(mm)
Single-cell 400 200 400 100
Double-cell 400 100 400 100
Triple-cell 400 100 400 100
Section

b1

b2

m
Iy
Ay
Sy
ku
(109mm4) (104mm2) (107mm3)
(g/mm)
80 80
2.15
6.23
0.90
3.90 332.38
80 80
3.14
6.50
1.14
4.20 493.68
80 80
4.39
9.70
1.71
6.17 696.57
tt

tb

Table 1: Dimensions and some sectional characters of the examples.

From equations (20)-(22), the flexural natural frequencies can be obtained in table 2.
Section
Single-cell
Double-cell
Triple-cell

f1E(Hz)
38.32
37.97
37.83

Ȧ1
208
207
205

f1(Hz)
33.18
32.99
32.69

error
13.4%
13.1%
13.6%

f2E(Hz)
153.30
151.90
151.31

Ȧ2
632
631
622

f2(Hz)
100.67
100.52
99.02

error
34.3%
33.8%
34.6%

Note: f1E and f2E are the frequencies of a Euler beam with the same section and dimensions with the
CBGCSWs.
Table 2: Flexural natural frequencies of the examples.

From table 2 it can be seen,
 There is little difference among the vertical flexural frequencies of the three girders,
which is because the vertical flexural frequency is mainly influenced by the flexural rigidity and the mass of the girder by increasing with the former and decreasing with the
latter. With the larger of the cell number, the increasing magnitude of the mass is a little
higher than that of the flexural rigidity, so the vertical flexural frequencies have no increase but a little decrease.
 There are great errors between the solutions of the Euler-Bernoulli beam and the results
of equation (22), which means the shear lag effect and the shear deformation of the web
have a great influence on the vertical flexural vibration of the CBGCSWs.
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3.2

Comparison with numerical results

The FE models of the three examples were built by using ANSYS software. The concrete
flanges were simulated by element solid65, and the steel webs were simulated by element
shell63. The Multipoint Constrain function was employed to realize the connection between
the concrete flanges and the steel webs. The natural vertical flexural frequencies and the comparison between the theoretical and numerical results are shown in table 3.
The first-order
ftheoretical(Hz) fnumerical(Hz) error(%)
33.18
30.66
-7.59
32.99
30.2
-8.45
32.69
29.14
-10.8

Section
Single-cell
Double-cell
Triple-cell

The second-order
ftheoreticla(Hz) fnumerical(Hz) error(%)
100.67
92.03
-8.58
100.52
90.19
-10.27
99.02
87.14
11.99

Table 3: Comparison between the theoretical and numerical results.

From table 3 it can be seen that the numerical results are satisfied well with the theoretical
solutions with the errors all below 5%, which can prove the correction of the analytical derivation process and the FE model.
4

PARAMETRIC ANALYSIS

Based on the theoretical and FE model, a parametric analysis including the wave shape and
the thickness of the corrugated steel web, the ratio of the section width to the calculating span
B/L, and the ratio of the section height to the calculating span H/L were performed.
4.1

The wave shape and the thickness of the corrugated steel web

Based on the section and dimension of the double-cell CBGCSWs, remain aw=64mm and
bw=24mm in figure 1(d) and change cw and dw of the corrugated steel web to the values
shown in table 4, then the first and second-order vertical flexural frequencies are shown in
figure 2(a).
Based on the double-cell CBGCSWs, change the web thickness to 1mm, 2mm, 3mm, 4mm,
5mm, 6mm and 7mm, then the results can be obtained and shown in figure 2(b).
Corrugated angle ȕ˄o˅
cw˄mm˅
dw˄mm˅

0
24.0
0

10
24.3
4

20
25.7
9

30
27.3
13

40
31.2
20

50
36.9
28

60
48.4
42

110

110

100

100

90

90

Frequency ˄Hz ˅

Frequency˄Hz˅

Table 4: Dimensions of the corrugated steel web.
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(a) Wave shape

(b) Thickness

Figure 2: Effect of the wave shape and the thickness of the corrugated web.

From figure 2 it can be seen that,
 The largest vertical flexural frequency appears when the corrugated angle ȕ=0 (namely,
straight web), and then with the increase of ȕ, the frequencies decrease slightly, which
means the larger of the ȕ, the smaller of the axial rigidity of the steel webs and subsequently the flexural rigidity of the CBGCSWs.
 The vertical flexural frequencies increase with the web thickness, but the increasing
magnitude is small, especially for the first-order one, which means that the vertical flexural rigidity is mainly supplied by the top and bottom concrete flanges, and only increasing the web thickness cannot improve the vertical flexural rigidity apparently.
4.2

The ratio of the section width to the calculating span B/L and the ratio of the section height to the calculating span H/L

110

110

100

100

90

90

Frequency˄Hz˅

Frequency˄Hz˅

Based on the section and dimension of the double-cell CBGCSWs, change the width of the
flange to 0.6m, 0.8m, 1.0m, 1.2m, 1.4m, 1.6m and 1.8m (W/L=0.136, 0.181, 0.227, 0.272,
0.318, 0.363, and 0.409, respectively), then the results are shown in figure 3(a).
Also based on the double-cell CBGCSWs, change the height of the section to 0.28m,
0.32m, 0.36m, 0.40m, 0.44m, 0.48m and 0.52m (H/L=0.063, 0.073, 0.082, 0.091, 0.100,
0.110, and 0.118, respectively), then the results are shown in figure 3(b).
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Figure 3: Effect of B/L and H/L on the natural frequencies of the CBGCSWs.

From figure 3 it can be seen that,
 The vertical flexural frequencies decrease with the increasing of B/L due to the increasing
magnitude of the mass exceeding that of the vertical flexural rigidity;
 The flexural frequencies increase with the increasing of H/L in a linear tendency for the
first-order one and a curved tendency for the second-order one, which means the height
of the section is a predominant factor to enlarge the vertical flexural rigidity of the girder.
5

CONCLUSIONS

 The shear lag effect and the shear deformation of the web have a great influence on the
vertical flexural vibration of the CBGCSWs.
 There is little difference among the vertical flexural frequencies of the single-cell, double-cell, and triple-cell CBGCSWs due to the increasing magnitude of the mass exceed-
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ing that of the vertical flexural rigidity, and for the same reason, the vertical flexural frequencies decrease with the increasing of B/L.
 The vertical flexural rigidity is mainly supplied by the top and bottom concrete flanges,
and only increasing the web thickness or reducing the corrugated angle cannot improve
the vertical flexural rigidity apparently.
 The height of the section is a predominant factor to enlarge the vertical flexural rigidity
of the girder.
6
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Abstract. The paper presents the study of elastic composites acting as resonant metamaterials. The composites are made of long ﬁbers of elliptic cross section. The condition
for obtaining resonant metamaterials is presented in the context of homogenization by
using asymptotic expansion. It is shown that inner resonance occurs in the case of soft
inclusions embedded within a stiﬀer matrix, both components having mass densities of the
same order of magnitude. The localization problem coming from the asymptotic expansion
is solved in the case of ﬁbers with elliptic cross sections, leading to the dynamic density
of the material. The dynamic density is characterized by resonance frequencies and the
related eigenfunctions of the inclusions, that are obtained by using an expansion along
Mathieu functions. The method allows us to obtain the (orthotropic) dynamic density
related to various cases of elliptic cross section, recovering the extreme cases of circular
cross-sections and nearly plate inclusions.
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1

INTRODUCTION

Numerous works were performed during the last decades on metamaterials, ﬁrstly in the
ﬁeld of electromagnetism and more recently in the ﬁeld of acoustics. This ﬁeld of research
can be traced back to 1968 paper of Veselago [1] on electromagnetism, as explained in [2].
There are diﬀerent ways to produce acoustic metamaterials and this work is restricted to
inclusion-matrix elastic composites.
This work rests on results obtained by asymptotic homogenization in elastodynamics.
Homogenization methods extending the ones used in elastostatics have been indeed used
since a few decades[3]. These methods produce two kinds of eﬀective behaviours:
• When the elastic properties of constituents are of the same order within the composite, the eﬀective behaviour is essentially non local in space: this is characterized
by eﬀective parameters expressed with the use of wave vectors and this type of
behaviour is often studied by using Bloch waves.
• For composites containing soft and massive inclusions, the dynamic behaviour is
characterized by inner resonance. The eﬀective properties are local in space, but
some eﬀective physical parameters, the components of the ”eﬀective dynamic density” are frequency dependent: the behaviour is non-local in time[4, 5].
This work produces results on a locally resonant ﬁber-matrix composite containing
ﬁbers of elliptic cross section. In a ﬁrst step, we recall the results of homogenization
theory showing the conditions to produce locally resonant inclusion matrix composites
and the general expression of the dynamic density induced by the inner resonators. This
expression uses the resonance frequencies of the inclusions and the participation factors
of each resonance frequency. In a second step, a ﬁber-matrix composite containing elastic
ﬁbers is studied. The resonance frequencies within the elastic ﬁbers are produced for
diﬀerent components of the motion at the macroscopic scale. Finally, it is shown that the
metamaterial is in fact an acoustic polarizer: it allows us to cancel preferentially some
components of the dynamic motion around speciﬁc frequencies.
2

CONDITIONS FOR INNER RESONANCE

One considers a periodic composite containing two species: matrix (s = m) and inclusions (s = i), each phase being characterized by Lamé coeﬃcients λ(s) , μs , s = m, i and
densities ρ(s) . The dynamic equation in each phase is given for an harmonic motion by
div(σ(s) ) + ρ(s) ω 2 u(s) = 0,

(1)

where σ(s) is the stress tensor, u(s) the displacement ﬁeld and ω the radial frequency. The
components σij(s) of the stress tensor are related to the components of linearized strain
tensor ij(s) by
σij(s) = 2μ(s) ij(s) + λ(s) kk(s) δij .
(2)
Homogenization theory can be used if the size of the periodic cell l is small compared
with the size L of the composite volume under consideration, allowing us to introduce the
scaling factor ε = l/L. As shown in [4], the inner resonance occurs when the elasticity
parameters comply with the following condition:
λ(i) + 2μ(i)
= O(ε2 ),
λ(m) + 2μ(m)
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ρ(m) and ρ(i) being of the same order.
Under these conditions and if the radial frequency leads to a wavelength within the
matrix being of order of L, the material has an eﬀective behaviour characterized by a
(static) eﬀective elasticity tensor obtained by considering that the inclusions are void
(negligible elasticity tensor of the inclusions) and a dynamic density ρef f (ω) obtained by
studying the displacement within the inclusion.
The relative displacement w = u(i) − u(m) within the inclusion is obtained from the
solution of
μ(i) Δw + (λ(i) + μ(i) )grad(div(w)) + ρ(i) ω 2 w
= −ρ(i) ω 2 u(m) ,

(4)

its value being null at the boundary between matrix and inclusion. The displacement
u(m) of the matrix around the inclusion is considered as nearly constant, its ﬂuctuations
being negligible due to the large stiﬀness of the matrix.
Due to the homogeneous boundary condition, the solution of this problem can be
obtained from the related eigenfunctions and eigenvalues. For a periodic cell with three
planes of symmetry, the dynamic density is a second order diagonal tensor in the axes of
symmetry and its components are given by :
ρjj(ef f ) =< ρ > +n(i) ρ(i) hjj ,

(5)

where the components hjj are given from the radial eigenfrequencies ωp , p = 1..∞ by:
hjj (ω) =

∞


p
Kjj

p=1

ω2
,
ωp2 − ω 2

(6)

p
Kjj
being the participation factors obtained from the eigenfunctions up by:
p
=
Kjj

(< up >(i) .ej )2
,
< ||up ||2 >(i)

(7)

ej being the unit coordinate vectors.
In theory, the sum in the previous expression is inﬁnite. However, the only acceptable
frequency contents of the waves crossing the composite are those complying with the
condition for the wavelength in the matrix to be large compared with the size of the cell.
Therefore, the sum must be restricted to the eigenfrequencies meeting this condition.
The eigenfunctions are obtained for the three directions j = 1, 2, 3 of the macroscopic
acceleration. For each direction of ej , one obtains a set of eigenfunctions and eigenvectors
characterized by a speciﬁc symmetry, the three sets being independent.
3

SOLUTION BY SEPARATION OF VARIABLES FOR ELLIPTIC FIBERS

The solution by separation of variables is used to obtain the eigenfrequencies and
eigenfunctions in cylinders of elliptic cross section, as shown in Fig. 1.
3.1

LONGITUDINAL MOTION

For a longitudinal motion, the motion is antiplane with w = w3 e3 , where w3 is solution
of

μΔw3 + ρω 2 w3 + f3 = 0,
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Figure 1: Geometry of the composite: ﬁbers with elliptic cross section characterized by radii a and b.

where μ = μ(i) , ρ 
= ρ(i) , f3 = ρ(i) ω 2 u3(m) . The motion is characterized by the celerity of
shear waves vs = μ/ρ within the inclusions. For an elliptic cross-section, the separation
of variables is achieved by using x1 = c cosh ξ cos η, x2 = c sinh ξ sin η. ξ is the radial
coordinate (0 ≤ ξ < ∞) and η is the angular coordinate (0 ≤ η < 2π), 2c being the focal
length of the ellipse. For the interior of the ellipse, ξ is restricted to ξ ≤ ξe , where ξe
corresponds to points located on the elliptic contour. Taking into account that w3 must
be symmetric with respect to 0x1 and 0x2 , the solution in elliptic coordinates is given by:
w3 (η, ξ) =

∞


Dp ce2p (η, qs )M c2p (ξ, qs )

(9)

p=0

where Dp are constant, ce2p are Mathieu functions characterized by the previously deﬁned
symmetry, M c2p are the related radial Mathieu functions. qs is function of the wave
number ks = ω/vs given by: qs = 14 c2 ks2 . Mathieu functions are obtained under the form
of Fourier series
ce2m (η, qs ) =

∞


(2m)

A2r (qs ) cos 2rη

r=0
(2m)

where the Fourier coeﬃcients A2r (qs ) are functions of qs . Obtaining these coeﬃcients
has been the subject of numerous works. A ﬁnite set of these coeﬀﬁcients can be obtained
by computing the eigenvalues and eigenvectors of a matrix function of qs [6]. Then, the
radial Mathieu functions M c2p are also expressed by using the set of Fourier coeﬃcients.
A recent work [7] gives the best way to obtain the set of Fourier coeﬃcients. Using the
orthogonality property of Mathieu functions and the boundary condition allows us to
compute the eigenfunctions by solving: M c2p (ξe , qs ) = 0 for diﬀerent values of p. This
gives a set of values of qs which provide the set of eigenfrequencies. Then, the eigenfunction
related to each eigenfrequency is ce2p M c2p , which provides the related participation factor.
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3.2

TRANSVERSAL MOTION

For a transversal motion, the solution is given by a plane displacement in plane x1 , x2 . It
is obtained by decomposition into scalar and vector potentials ϕ, Ψ by u = gradϕ+curlΨ
, with Ψ = ψ.e3 . Both potentials ϕ, ψ can be again expanded along Mathieu functions,
using qp for ϕ and qs for ψ. This leads to an expression of the displacement from Mathieu
functions and their derivatives. The eigenfunctions are again obtained by the homogeneous
boundary condition along the elliptic contour and the participation factors are given by
a suitable integration within the contour.
4

NUMERICAL RESULTS

Figure 2: Resonance frequencies for a longitudinal motion as a function of the aspect ratio: modes related
to the ﬁrst three eigenfrequencies for Mathieu functions of ﬁrst three orders (m = 1, 2, 3).

For the longitudinal motion, the solution does not involve compressional waves. As a
consequence, the eigenfrequencies are functions of the shear modulus μ and of the radii
a and b of the ﬁbers. All results can be expressed by looking for the non-dimensional
resonance frequency ω (p)∗ = bω/vs as a function of the aspect ratio f = b/a. The length
introduced into the non dimensional frequency is the smaller radius b of the ellipse. The
aspect ratios related to decreasing values of f correspond to ellipses of the same smaller
radius and increasing values of the larger radius.
As explained previously, the modes related to Mathieu functions of diﬀerent orders are
decoupled. So, for each value of order m, one can ﬁnd a set of eigenfrequencies which
cancel the value of the radial Mathieu function at the surface of the ﬁber.

524

Guy Bonnet and Vincent Monchiet

Figure 3: Participation factors for a longitudinal motion as a function of the aspect ratio: modes related
to the 9 cases of Fig. 2 which have a signiﬁcant contribution.

Fig. 2 presents the ﬁrst three eigenfrequencies related to the ﬁrst three values of
m. It has been checked that, for the limit case of circular cross sections (f = 1), the
results recover the values of eigenfrequencies for m = 1 obtained in [8]. In the case of
circular ﬁbers, the solution is expressed by using Bessel functions J2m . The values for
m > 1, f = 1 recover also the ones obtained for circular ﬁbers and higher indices of
Bessel functions. The limit case of small aspect ratio is also of interest. It can be seen
that the ﬁrst eigenfrequencies for m = 0, 1, 2 tend to π/2 while the second (resp. third)
eigenfrequencies tend to 3π/2 (resp.5π/2), these limit values correspond to the case of very
ﬂat ﬁbers, whose eigenfunctions can be obtained explicitly. All eigenfrequencies increase
with f , due to the fact that the section of the ellipse decreases with f when b is constant.
The participation factors that have a signiﬁcant contribution related to the eigenfrequencies of Fig. 2 are reported in Fig. 3. It can be seen for almost circular sections that
the participation factors are null for m > 0 and are not null for m = 0, which corresponds
to the results obtained in [8]. However, the curves show that the participation factors
increase for smaller aspect ratios, the contribution for the ﬁrst eigenfrequencies related
to m > 0 becoming signiﬁcative. In the case of transversal motion, along x1 or x2 , the
results (not reported here) are functions of compressional and shear waves, vp and vs and
therefore functions of the Poisson’s ratio.
As explained in the previous section, the components of the dynamic density are
negative near the resonance frequencies. As an example, the three components of dynamic density are reported in Fig. 4 for a composite containing ﬁbers of plastiﬁed
PVC (Ei = 112M P a, νi = 0.38, ρi = 1500kg/m3 ) within an aluminium matrix (Em =
72GP a, νm = 0.34, ρm = 2500). The three stopping bands sbi corresponding to the ﬁrst
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Figure 4: The three components of dynamic density for a composite of aluminium matrix and PVC ﬁbers
with an aspect ratio of 0.5. The ﬁrst stop band for each direction i is reported by sbi

eigenfrequencies along the three directions are distinct contrarily to the case of cylindrical ﬁbers (2 identical stopping bands) or spherical inclsions (3 identical stopping bands.
It means that one of the components of motion for plane waves crossing the composite
is cancelled: the composite acts as a full polarizer, as do the well known linear optical
polarizers.
5

CONCLUSIONS

The conditions for inclusion matrix composites to produce inner resonance have been
recalled: the elasticity constants of inclusions must be signiﬁcantly smaller than the ones
of the matrix, the densities of both components being of the same order. In this case,
the dynamic density is a function of the resonance frequency of the inner inclusions and
of the eigenfunctions obtained at resonance. The dynamic density becomes negative near
each eigenfrequency and the eﬀect of the related eigenfunction on the dynamic density is
characterized by a participation factor. A composite containing soft elliptic ﬁbers embedded within a signiﬁcantly stiﬀer matrix has been studied. The dynamic motion within the
ﬁber is studied by using Mathieu functions and the eigenfrequencies and eigenfunctions
were computed. For this conﬁguration, the dynamic density is orthotropic, the motion
along the three axes being characterized by components of the dynamic densities that are
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all diﬀerent, which is not the case for spherical inclusions or circular cylindrical ﬁbers. As
a consequence, the composite acts as a polarizer, which can extinct one component of the
motion near the related eigenfrequency.
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Abstract. An elastic asymmetric sandwich is considered under the assumption that the stiffness
and density of thin skin layers are much greater than those of a core layer. It is shown that
for typical values of problem parameters the lowest shear resonance frequency appears to be
asymptotically small, while the rest of thickness resonances do not belong to a low-frequency
range. As an example, a scalar antiplane problem in linear elasticity is studied. A polynomial
long-wave low-frequency approximation of the full dispersion relation is derived. It governs
two vibration modes including the fundamental one and the lowest harmonic. Without asymmetry the dispersion relation splits into two parts corresponding to symmetric and antisymmetric
modes [1], simplifying analysis drastically. It is remarkable that for the chosen set of problem
parameters the derived approximation is not asymptotically uniform and is only valid over narrow non-overlapping vicinities of zero and the lowest shear thickness resonance frequencies.
This is in contrast to the earlier considered setup of a similar laminate with the thick skin layers, for which the associated asymptotic behaviour is uniform [2]. The same observation is also
true for in-plane motion of a symmetric laminate, see [3] for further detail.
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1

Introduction

Asymmetric sandwich plates become increasingly important as components of ultra-light
multifunctional structures in various ﬁelds of engineering, see for example [4, 5, 6] and references therein. Many of these structures might also demonstrate high contrast in material and
geometric properties of the layers, for example lightweight photovoltaic panels [7] and new
models of windscreens [8].
Asymptotic analysis of an asymmetric sandwich structure with a light core and stiff skin
layers is conducted in [2] for anti-plane shear motion. As shown in this paper, an additional
small cut-off frequency might arise depending on the choice of the contrast material parameters
of the layers. A two-mode long-wave asymptotic approximation, constructed in [2] is uniform,
i.e. valid for the whole low-frequency range. At the same time, despite the presence of a
small cut-off frequency, it might not always be the case. There are some setups of contrasting
problem parameters resulting in non-uniform asymptotic behaviour, e.g. see [3] considering a
plane problem for a symmetric sandwich plate. In this case, the associated asymptotic behaviour
appears to be composite, i.e. it is valid only over narrow non-intersecting vicinities of zero and
lowest cut-off frequencies. The concept of composite expansions is based on tackling limiting
cases only without a special care of the less important intermediate region, e.g. see [10] and
[11]. Recently, composite wave models have been constructed for thin and periodic structures
in [12, 13, 14]. An asymptotic methodology for three-layered plates with contrast parameters
of the layers was earlier adapted in [15] mainly concerned with static deformation. Among the
publications on the subject, we also mention [16, 17, 18, 19, 20].
In this paper we investigate the anti-plane problem for a three-layered asymmetric plate with
very light core layer and stiff thin skin layers of different thickness. A two-mode long-wave
low-frequency approximation of the exact dispersion relation is constructed and shown to be
non-uniform. The asymptotic results are compared with the exact solution.
2

Statement of the problem

Consider a three-layered asymmetric elastic laminate, comprised of isotropic layers of thickness hl , l = 1, 2, 3, see Figure 1. The axis x1 of the Cartesian coordinate system passes through
the mid-plane of the core layer, while the axis x2 is orthogonal to the mid-plane. For the sake
of simplicity we assume that the two outer layers have the same material parameters.
Consider antiplane shear motion, for which the only non-zero displacement component is
orthogonal to the plane x1 x2 . The equations of motion for each of the layers is then given by
Δul −

1 ∂ 2 ul
= 0,
c22l ∂t2

l = 1, 2, 3,

(1)

where Δ = ∂ 2 /∂x21 + ∂ 2 /∂x22 is the Laplace operator, ul = ul (x1 , x2 , t) are out of plane
displacements, t is time, and

μl
c2l =
,
ρl
are the shear wave speeds, with μl and ρl standing for the Lamé elastic moduli and volume mass
densities, respectively. As mentioned above, μ1 = μ3 and ρ1 = ρ3 .
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Figure 1: A three-layered asymmetric laminate
For traction-free faces and perfect bonding between the layers, the dispersion relation may
be derived in the form


μα1 α2 tanh(h12 α1 ) + tanh(h32 α1 ) + μ2 α2 2 tanh(α2 )+
(2)
+ α1 2 tanh(h12 α1 ) tanh(h32 α1 ) tanh(α2 ) = 0


where
α1 =

K2 −

μ 2
Ω,
ρ

α2 =

√

K 2 − Ω2

and
K = kh2 ,
3

Ω=

ωh2
,
c22

μ=

μ2
,
μ1

ρ=

ρ2
,
ρ1

h12 =

h1
,
h2

h32 =

h3
.
h2

Asymptotic approach

Consider an asymmetric laminate of a sandwich type, with the outer layers being stiff, thin
and very heavy compared to the inner core layer. Hence, the ratio of parameters in the layers
are taken as
μ
1, ρ ∼ μ2 , h12 ∼ μ, h32 ∼ μ.
(3)
Setting K = 0 in (2) we obtain as expected Ω = 0, and also a small non-zero cut-off frequency
given by

Ωsh ≈

(h12 + h32 )ρ √
∼ μ
h12 h32

1.

(4)

Next, expanding the trigonometric functions in (2) in Taylor series about Ω = K = 0 and
assuming (3), an approximate polynomial dispersion relation may be obtained in the form
γ 1 K 2 + γ 2 Ω2 + γ 3 K 4 + γ 4 K 2 Ω2 + γ 5 Ω 4 + γ 6 K 6
+ γ7 K 4 Ω2 + γ8 K 2 Ω4 + γ9 Ω6 + · · · = 0,

(5)

where the coefﬁcients γi , i = 1, 2, . . . 9 have been presented in [2] (cf. formula [14] in the cited
paper).
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Now, in view of (3), leading order coefﬁcients γi become
γ1 = γ10 μ2 ,

γ10 = 1 + h012 + h032 ,

 
γ2 = γ20 μ + O μ2 ,

γ20 = −

 
γ3 = γ30 μ2 + O μ4 ,

h012 + h032
,
ρ0

1
γ30 = h012 h032 − ,
3

 
γ4 = γ40 μ + O μ2 ,

γ40 = −

2h012 h032
,
ρ0

 
γ5 = γ50 + O μ2 ,

γ50 =

h012 h032
,
ρ20

 
γ6 = γ60 μ2 + O μ4 ,

γ60 =

h 0 h0
2
− 12 32 ,
15
3

 
γ7 = γ70 μ + O μ2 ,

γ70 =

2h012 h032
,
3ρ0

(6)

h012 h032
,
3ρ20
h 0 h0
γ90 = 12 232 ,
3ρ0

γ8 = γ80 + O (μ) ,

γ80 = −

γ9 = γ90 + O (μ) ,

where ρ0 = ρ/μ2 , h012 = h12 /μ and h032 = h32 /μ. These results are summarised in Table 1,
allowing comparison of asymptotic orders of the terms in approximation (5) both in the vicinity
of zero and the lowest cut-off frequency (4).
Order of γi

Terms

γ1 ∼ μ2
γ2 ∼ μ
γ3 ∼ μ2
γ4 ∼ μ
γ5 ∼ 1
γ6 ∼ μ2
γ7 ∼ μ
γ8 ∼ 1
γ9 ∼ 1

γ1 K 2
γ 2 Ω2
γ3 K 4
γ 4 K 2 Ω2
γ 5 Ω4
γ6 K 6
γ 7 K 4 Ω2
γ 8 K 2 Ω4
γ 9 Ω6

Fundamental mode
Ω2 ∼ μK 2
μ2 K 2
μ2 K 2
μ2 K 4
μ2 K 4
μ2 K 4
μ2 K 6
μ2 K 6
μ2 K 6
μ3 K 6

Table 1: Asymptotic behaviour at μ

1,

First harmonic
Ω2sh ∼ μ
μ2 K 2
μ2
μ2 K 4
μ2 K 2
μ2
μ2 K 6
μ2 K 4
μ2 K 2
μ3

ρ ∼ μ2 ,

h12 ∼ h32 ∼ μ

Using this Table, the leading order shortened approximate dispersion relation may be constructed, incorporating the fundamental mode along with the lowest harmonic with the asymptotically small cut-off frequency (4). It may be expressed as


μ2 γ10 K 2 + μγ20 + γ50 Ω2 Ω2 + μγ40 K 2 Ω2 + γ80 K 2 Ω4 + γ90 Ω6 = 0.
(7)
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In this formula all the terms are of the same order μ3 at Ω − Ωsh ∼ μ3/2 , K ∼
asymptotic approximation for the fundamental mode is given by

√

μ. The local

μγ10 K 2 + γ20 Ω2 = 0.
At the same time, the local expansion for the ﬁrst harmonic becomes


μ2 γ10 K 2 + μγ20 + γ50 Ω2 Ω2sh + μγ40 K 2 Ω2sh + γ80 K 2 Ω4sh + γ90 Ω6sh = 0,

(8)

(9)

where Ωsh is given by (4). The associated typical near cut-off expansion, e.g. see [21, 22] for
further details, is

γ 0 Ω4
γ0
2
2
2 1
Ω − Ωsh = −K 0 μ2 21 + μγ40 + γ80 Ω2sh − 9 0sh .
(10)
γ5
Ωsh
γ5
Note that the long-wave assumption K
1 dictates that the approximation (8) for the
√
√
fundamental mode is valid only for Ω
μ, whereas (10) is associated with Ω ∼ μ. Thus,
the approximation (7) is non-uniform, in line with previous considerations in [3].
Numerical illustrations of the derived approximations are given in Figures 2-3. In Figure 2
two-mode approximation (7) (dotted lines) is compared numerically with the exact solution of
the dispersion relation (2) (solid lines). A characteristic gap where the asymptotic formula (7)
is not applicable is shown in Figure 2.

G
A

K

P

Ω

Figure 2: Dispersion curves (2) (solid lines) together with approximation (7) (dotted lines) for
h12 = 0.1, h32 = 0.2, μ = 0.1, and ρ = 0.01.

In Figure 3 exact dispersion curves (2) (solid lines) are shown together with approximations
for the fundamental mode (8) and for the lowest harmonic (10) (dotted lines), demonstrating
high accuracy of asymptotic predictions.
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K

K

Ω
(a) Fundamental mode

Ω
(b) First harmonic

Figure 3: Dispersion curves (2) (solid lines) together with approximations for a) the fundamental mode (8) and b) the lowest harmonic (10) (dotted lines) for h12 = 0.1, h32 = 0.2 , μ = 0.1
and ρ = 0.01

4

Conclusion

The present analysis complements the previous results for an asymmetric layered plate in [2].
Two-mode approximate dispersion relation has been derived for a chosen scenario for which
the outer layers are relatively stiff, thin and very heavy compared to the inner layer. In contrast
to [2], in which the two-mode long-wave low-frequency approximation was asymptotically
uniform, the approximation obtained in the paper is of composite nature, being only valid over
non-overlapping vicinities of the origin and the ﬁrst cut-off frequency. Thus, the effect of high
contrast does not always result in a uniform two-mode approximation as might be expected.
The proposed research may be expanded to the derivation of the related two-mode differential
equations of motion, based on the same scaling.
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Abstract. An optimal computational modeling approach of CFRP (Carbon Fiber Reinforced
Composite) structures is presented using cylindrical tubes parts produced on a spinning axis
by winded carbon fibers in various angles and directions. First, appropriate specimens and
experimental structures are being produced for testing procedures under static and dynamic
load conditions for the examination of the mechanical material properties and comparison with
numerical models. Discreet FE models of the specimens and the examined structures are
developed consisting of mainly shell elements, simulating each carbon fiber ply and resin
matrix, and solid elements for other parts such as connectors and glue that interacting with the
composite. Due to the two-phase heterogeneous nature of the composite material appropriate
micromechanical modeling is being applied to extract the mechanical properties parameters
under the homogenization process of one layer of carbon-fiber composite of the FE model. To
minimize the error between the physical structure and the FE model due the original
assumptions of the homogenizations, in combination with commercial finite element analysis
software an update methodology framework is being developed and used to acquire the optimal
FE model. This is achieved through combining measured and numerical time-histories of
strains. Single objective structural identification strategies without the need of sub-structuring
methods, are used for estimating the parameters (material properties in each deformation
plane) of the finite element model, based on minimizing the deviations between the experimental
and analytical characteristics. A stochastic optimization evolution strategy is applied in
parallel computing, to solve the single-objective optimization problem. The effect of model
error and finite element model parameterization on the optimal models along with and their
variability, are examined.
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1

INTRODUCTION

Carbon fiber reinforced polymer (CFRP) composites have gained much attention in recent
years through their industrialized implementation and use, as a structural material for static and
dynamic load bearing as well as resistance to accidental excitations and actions. Due to its lowdensity, low thermal expansion and high strength, stiffness and corrosion resistance,
applications from aerospace and automotive industry to building reinforcement and retrofit, as
well as cryogenic fuel storage tanks are emerging rapidly [1–6]. Plain-woven CFRPs are the
most popular carbon fiber-reinforced composites and have been extensively investigated by
researchers and are widely used in numerous applications. However, composite materials
produced by filament winding manufacturing technique despite disadvantages, such as
geometry limitation and need of a mandrel, has been extensively used for its low cost and speed
of production with applications on pressure vessels, natural gas vehicle tanks, power
transmission shafts and sporting equipment [7]. Being inherently sensitive to manufacturing
treatment and due to its material variability, filament winded CFRPs strongly require
certification results through numerical verification and hybrid (numerical - experimental)
validation [8].
Τhe mechanical properties of long-fiber composites show large variations [9,10] their
prediction for unidirectional or woven laminated composites has been extensively discussed in
the literature [11–15], but due to the complexity of the fiber paths in the layers of filament
winding, these properties cannot accurately describe the behavior of filament wound pipes. Τhe
lamina properties can vary between different positions of a single filament wound tube. Thus,
not only the behavior of the structure cannot be modeled efficiently, but also the failure may
start prior, at an unexpected point at the weakest areas of the pattern that is being produced by
the winding.
From the engineer’s perspective, in order to successfully and accurately design a Carbon
Fiber Reinforced Polymer (CFRP) structure, the lamina mechanical properties need to be used
in combination with robust Finite Element Analysis (FEA) approaches. Other common
isotropic materials might have small deviations from their nominal values in terms of
mechanical properties, thus a great percentage of error at the response of a structure can be
accredited at the CFRP components.
The main goal of this work is to acquire the optimal lamina mechanical properties of a CFRP
composite with an efficient procedure minimizing the time-consuming experimental tests that
usually required. More specifically, a simple tension test is executed first to acquire the
experimental strain data. Next, a homogenization method at the fiber-matrix level using a
micromechanical model is applied in order to acquire the nominal mechanical properties of the
lamina. From the wide variety of micromechanical models that have being proposed [11], [13],
[16], Huang’s model [17] will be used as it has also being applied in similar tubes made of
Glass Fiber Reinforced Polymer composites [18]. Next, the nominal values of layer properties
are tuned taking full advantage of a state-of-the-art stochastic single objective optimization
algorithm, alongside with experimental strain measurements of the tension test and a highfidelity numerical finite element model (FEM). For the updating process, Covariance Matrix
Adaptation – Evolution Strategy (CMA-ES) coupled with MSC Nastran Finite Element
Analysis (FEA) software is applied. CMA-ES stochastic optimization algorithm is a general
purpose method, that has demonstrated rapid convergence capabilities, particularly when
searching for a single global optimum and has been successfully applied to linear and non-linear
FE updating problems, involving large and complex models and cases [19–23]. The results are
validated in different experimental tests with different types of loading and different specimen
thickness, fiber orientation angles and diameter size.
The present work has the following organization. First the theoretical formulation of the
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materials homogenization (Section 2.1) and the finite element model update (Section 2.2) are
briefly presented. At Section 3 the experimental test to characterize the material and the
application of the finite element model update procedure is presented. Section 4 presents the
experimental validation on static and dynamic loads and at last Section 5 the conclusions are
summarized.
2
2.1

LAMINA PROPERTIES AND FINITE ELEMENT
STRATEGIES

MODEL UPDATING

Nominal Lamina Properties

To acquire the nominal lamina mechanical properties from the variety of micromechanical
models that have been proposed [11], [13], [16], Huang’s [17] model is used, which shows
acceptable results [14] for unidirectional composites and has being applied ta similar tubes
formed by Glass Fiber Reinforces Polymer composite [18]. Most of the fiber and matrix
properties are being provided by the manufacturer and the remaining can be found from material
databases such as [24,25].
The major equations needed to calculate the nominal lamina mechanical properties are listed
below:
E1 V f E1f  V m E m 
ȋͳȌ

E2

(V f  V m a11 )(V f  V m a22 )
(V f  V m a11 )(V f S 22f  a22V m S 22m )  V f V m ( S 21m  S 21f )a12

ȋʹȌ

v12

V f v12f  V m v m

ȋ͵Ȍ

G12

Gm

(G  G )  V (G  G )
(G  G m )  V f (G  G m )

ȋͶȌ

G23

0.5(V f  V m a22 )
V f ( S22f  S23f )  V m a22 ( S22m  S23m )

ȋͷȌ

ǣ

S 22f

a11

1
E2f

f
12
f
12

m

Em
E1f

S 21f

f

a22

f
12
f
12
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a33

v12f
E1f

S 23f

a44

0.5(1 

v23f
E2f

Em
) a55
E2f

S22m

1
Em

a66

S21m

0.5(1 

v m
Em

Gm
)
Gf
S 23m

v m
Em

The variables E , Q , and G are the Youngs modulus, Poisson’s ratio and shear modulus
respectively expressed for the additional material and direction, with f, m to represent the fiber
and matrix properties and direction 1 to be parallel to the fiber direction, 2 in-plane
perpendicular to 1 and 3 perpendicular to both 1,2. While D ij and Sij correspond at elements of
row i and column j of the bridging matrix and elastic-plastic compliance matrix respectively of
the Huang’s model [17].
2.2

Model Updating Framework

The Covariance Matrix Adaptation – Evolution Strategy (CMA-ES) is a general-purpose
stochastic algorithm and together with a simple experiment is used to acquire the optimal lamina
mechanical properties.
Let M be a parameterized class of structural dynamic models, that simulates the structural
system and will be used to estimate desired quantities of interest. Consider Tm  R NT be the set
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of free structural model parameters to be adjusted using the measured data and let g Tm | M m
be the model predictions given the values of the parameter set T m . In this work, parameter
estimation is based on response time history measurements of strains. This formulation has the
advantage of applicability over both linear and non-linear systems; it compares the measured
raw data of the experimental arrangement to the equivalent predictions of the numerical model.
In this way, all available information is preserved, and systematic errors of the identification
procedure are alleviated.
The difference between the measured response time histories and the model predicted
response time histories, take the form [26]:
J T;M

where

gij T m | M

1
m

n

¦

¦

m
j 1

gij T m | M  yˆij

¦

i 1

m
j 1

yˆij

2

(6)

2

is the numerical time-history of the introduced FE model and yˆij is the

respective experimental signal. Subscripts i correspond to the sensor location and measurement
direction, and j corresponds to the time-step instant. n is the total number of measured sensor
locations and directions, whereas m is the total number of measured time-steps (number of
observations).
The measure of fit as introduced in equation (6) is consisted for strains equally weighted,
expanding to the following equation (7), where s  m | M ij are the numerical time-histories of
are the respective experimental strain signal. At the
strains of the introduced FE model and sႣ
ij
present experimental setup only one sensor is present resulting in equation (7).
J T;M

1
m

¦

m
j 1

s Tm | M

¦

m
j 1

sij

ij
2

 sij

2

(7)

CMA-ES is applied to update the developed FE model minimizing the objective function of
equation (7). The flow chart of the complete framework is presented at Figure 1 presents the
flow chart of the applied framework. The flow of the framework is distinguished in two separate
parts the homogenization of the material parameters and the FE model updating. The
homogenization of the material parameters takes place once and considers the carbon fiber and
matrix properties in order to produce the lamina properties introduced to the FE model.
Independently the experimental strain response time histories are collected. The modelupdating framework utilizes experimental data and the developed numerical FE model. It
begins by sampling a set of material parameters from a Multivariate Normal Distribution using
given means and variances based on initial lower and upper bounds. Then the FEA solver is
invoked in order to compute strain response time histories at matching excitation – response
locations regarding the experimental measurements. The objective function of equation (7) is
calculated and the upon completion of a set of function evaluations (iteration) CAM-ES collects
the minimum values in order to create new means and variances and begin a new iteration until
convergence criterion is fulfilled. In this work convergence was set the difference of the best
values of two consecutive iterations to be less than J( )  103 . CMA-ES ends when
convergence is met and the material parameters that correspond to the minimum objective
function value pertain to the optimal updated values.
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Figure 1. Flow chart of the applied CMA-ES framework based on the linear FE model updating scheme.

3
3.3

EXPERIMENTAL APPLICATION-MATERIAL CHARACTERIZATION TEST
Optimal lamina mechanical properties

A uniaxial tension experiment per ASTM 3039 [27] standard is selected for the CFRP tube
with lamina properties presented in Table 1. Single-axis strain gauges were placed at the middle
of each specimen and appropriate 3D printed PLA patches were glued at the edges to match the
curvature of the specimen so the testing machine would not damage the specimen on installation
as presented in Figure 2.
Table 1. Tensile Test Specifications.

Layer Orientation
Tube Internal Diameter
Layer Thickness

Specimen properties
(+/-55ο)/(+/-55ο)/(+85ο)/(+/-55ο)/(+/-55ο)/(+/-55ο)
220 mm
+/- 55ο
0.35 mm
Free Height
122 mm
ο
85
0.16 mm
Width
22 mm
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ʹǤ Ǥ

Figure 3. Experimental uniaxial tensile setup with the corresponding finite element model.

All the specimens were manufactured with the same raw materials, Toray T700S fiber and
Epikote 828LVEL matrix.
The model updating methodology is conducted by parameterizing the FE model resulting in
six parameters that correspond to the material lamina properties. As the material can be
characterized as transversally isotropic the shear modulus at directions 1-2 and 1-3 are equal
thus limiting the parameters to E1 , E2 , Q12 , G12  G13 , G23 . At Table 3 the nominal values from
the micromechanical model are presented along with the model update procedure results, the
lower (LB) and upper (UB) bounds selected and the difference between optimal and nominal
values.
A direct comparison of the strain along the Y direction is presented at Figure 4a between the
nominal model and the measured experimental strain until the moment of first ply failure. The
blue continuous line (labeled as Experimental) in Figure 4a represents the average of all
experimentally measured tensile specimens, while the red-dotted line (labeled as ST2) and
purple dash-dotted line (labeled as ST4) corresponds to the upper and lower outlines
respectively, in means of strain time response, enveloping all specimens tested. The dashed line
although corresponds to the numerical predictions from the nominal FE model.
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Table 2. Updated design variables and updated design bounds (Lower Bound and Upper Bound) of Lamina
Mechanical Properties.

Parameters
1
2
3
4
5

E1 [ MPa]
E2 [ MPa]

Q 12
G12 , G13 [ MPa]
G23 [ MPa]

Lower
Bound
120000
5000
0.22
3000
2000

Nominal
Value
161900
9456
0.272
5908.7
3308.4

Upper
Bound
165000
12000
0.35
6500
4500

Updated
Optimal
Value
138945
6615.4
0.278
3387
2286.41

Difference
(%)
14.17
30.03
2.20
42.67
30.89

Figure 4. (a) Comparison of experimental strain with nominal FE model (b) Comparison of experimental
strain with FE optimal and FE nominal models.

At last on Figure 4b the strain time response by the optimal FE model (red dotted line) is
compared to the nominal predictions (black dashed line) and to the averaged experimental data,
while the magnified area presents the response at the time of failure.
4

VALIDATION

In order to validate the previous results further experimental test were executed in more
complex loading conditions and structures.
4.1

Three Point Bending

A straight strip with 220 mm length (180mm free length) and 36 mm width was removed
from the same tube used to collect the specimens in the previous tensile test described in section
Error! Reference source not found.. In a three-point bending test, the strip is placed at the
testing machine as presented in Figure 5a, with a force control motion of the machine’s head.
Two strain gauges, SG1 in the transverse direction (X-axis) and SG2 in the longitudinal
direction of the specimen (Y-axis) were placed to measure the induced deformations. During
the experiment the machine’s head was moving against the middle of the simply supported
strip, up to a maximum displacement measuring time histories of head’s displacement and
strains developed as presented in Figure 5b.
Figure 5c presents the corresponding non-linear contact model developed in MSC Marc in
the initiation state while Figure 5d presents the numerical results at the state of maximum
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bending of the strip.

Figure 5. Three-point bending experimental set up and numerical model, (a), experimental initial state, (b)
experimental max bending, (c) Non-linear FE model initial state, (d) Numerical strains along Y direction at
t=335sec - max bending.

Figure 6a and Figure 7b present a comparison of the strain time responses for the strain
gauge locations SG1 and SG2 respectively, between optimal FE model (red dotted line),
nominal FE model (black dashed line) and experimentally measured data (blue continuous line).
It is clear that the optimal model gives a far better approximation of the physical specimen. The
magnified areas on Figure 8b correspond at first ply failure and a random ply failure during the
experiment accordingly. While at the end of the experiment no visible damage could be
detected, a plastic deformation occurred at the specimen by delamination phenomena or fault
lines within the matrix of the CFRP specimen.

Figure 9. Comparison of experimental, FE optimal and FE nominal models for (a) SG1 (X-transverse axis)
and (b) SG2 (Y-longitudinal axis).

4.2

Cylinder on Radial Deformation

The second validation test introduces a CRFP cylindrical specimen under radial deformation.
The specimen’s material properties are presented in Table 3. The experimental set-up was
comprised of a cylindrical CFRP tube and two internal steel cylinders, properly connected to
two hook-like heads and accordingly placed at the Universal Testing Machine (UTM) as
presented in Figure 10.
Two cases were examined, Case 1 limited only at the linear elastic area of the material and

543

I. Zacharakis, D. Giagopoulos, I. Zyganitidis, A. Arailopoulos, O. Markogiannaki

Case 2 until total material failure occurred. In both cases two strain gauge sensors are placed
on the specimen, at an angle of 90 degrees with the axis passing through the center of the
machine's grips, i.e. SG1 in the transverse direction (direction along the X-axis of the cylinder)
and SG2 in the longitudinal direction of the specimen (direction in the tube perimeter, Y-axis).
The corresponding non-linear numerical model was developed using shell composite
elements for the CFRP specimen, while the steel cylinders were modeled with solid elements
as shown in Figure 10b.
Table 3. CFRP Specimen Properties

Layer Orientation
Tube Internal Diameter
Layer Thickness

Specimen properties
(+/-55ο)/ (+/-55ο)/(+86ο) /(+/-55ο) (+/-55ο)/ (+/-55ο)
150mm
Width
50mm
ο
+/- 55
0.35 mm
ο
85
0.16 mm

Figure 10. (a) Experimental set-up, (b) Numerical model at MSC Marc, (c) Strain at Y direction for t=23sec.

Figure 10c presents the Y-axis strain distribution on the optimal FE model of the cylindrical
CFRP specimen at the point in time of maximum displacement (t=23sec) for Case 1. Regarding
this Case limited at the linear area of the material, Figure 11a and Figure 11b present a
comparison of the strain time responses at the strain gauge locations SG1 and SG2, between
the optimal FE model (red dotted line), the nominal FE model (black dashed line) and the
experimental measured data (blue continuous line).
Regarding the Case 2, until the total failure of the material, Figure 12a and Figure 12b
presents a comparison of strain time responses at the strain gauge locations SG1 and SG2,
between the optimal FE model (red dotted line) and the experimental measured data (blue
continuous line). The magnified area of Figure 12b corresponds at the first ply failure of the
experimental test. Furthermore, the three highlighted areas as the same figure represent a
different state at the specimen condition. The first represent the state just before the material
fail all across the width of the specimen at the contact areas for the FE optimal model. While
the second state represent the state after the failure across the width of the specimen and the
third the moment just before the total failure of the material and separation of the specimen.
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Figure 11. Comparison of experimental, FE optimal and FE nominal models for case 1, (a) SG1 (X-transverse
axis) and (b) SG2 (Y-longitudinal axis).

[SG1]
1

1

2

[SG2]
2

3

3
(a)

(b)

Figure 12. Comparison of experimental and FE optimal model for Case 2, (a) SG1 (X-transverse axis) and (b)
SG2 (Y-longitudinal axis).

4.3

Cantilever CFRP tube

Dynamically induced excitation tests were conducted at a cantilever CFRP tubular beam as
presented in Figure 13. A small radius CFRP tube along with two tri-axial accelerometers, a
strain gauge sensor and a load cell at the free end of the cantilever beam, where an
electromagnetic shaker device is mounted. The tubes properties are presented at Table 4 while
aluminum joints were glued at the tube’s edges which can be seen at Figure 14 along with the
corresponding FE model in MSC Nastran.
Table 4. CFRP tube properties

Layer Orientation
Tube Internal Diameter
Layer Thickness

CFRP properties
(+/-8ο)/ (+/-8ο)/(+86ο) /(+/-8ο) (+/-8ο)
25mm
Length
ο
+/- 8
0.26 mm
ο
86
0.16 mm
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Figure 13. Experimental setup of cantilever CFRP tube under dynamic load excitation.

Figure 14. FE model of cantilever CFRP tube along with aluminum drop-outs.

An experimental modal analysis procedure of the CFRP cantilever beam was performed in
order to quantify the dynamic characteristics of the examined structure. The measured
frequency range of the test was 0-600 Hz. An initial investigation indicated that the beam has
seven (7) natural frequencies in this frequency range. At Table 5 the comparison of
experimentally identified natural frequencies with the numerical natural frequencies of the
nominal and optimal FE model.
Table 5. Comparison between identified, nominal and optimal FE predicted modal frequencies
Mode

Identified Experimental
Frequency (Hz)

1
2
3
4
5
6
7
4.4

18.16
18.18
149.45
167.51
414.32
436.14
531.36

Nominal Numerical

Optimal Numerical

Frequency (Hz)

Error (%)

Frequency (Hz)

Error (%)

15.54
16.62
137.23
144.22
408.12
428.12
472.35

16.86
11.79
8.9
16.15
1.52
1.87
12.49

18.48
19.12
147.53
168.8
415.34
435.54
524.87

1.73
2.82
1.3
0.76
0.25
0.14
1.24

Small-scale pin-jointed CFRP structure

At last a complex structure (Figure 15) is presented. CFRP tubes similar to the one of Section
4.3 glued and mounted with aluminum joints were used. Four tri-axial accelerometers were
placed on the pin-joined CFRP frame structure, which was anchored on flat plate parallel to the
ground, on a vertical concrete column. An electromagnetic shaker was mounted on a free end
of the frame where a load cell sensor was placed to record imposed forces under dynamic
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excitation load.

Figure 15. Experimental setup and FE model of small-scale CFRP pin-joined structure.

The corresponding optimal FE model was created in MSC Nastran (Figure 15), the geometry
of the structure is discretized with composite shell and solid elements. For a harmonic excitation
a comparison between the experimental and numerical acceleration time histories of two
measured locations is presented at Figure 16 . The experimental acceleration is represented with
black continuous line while with red continuous line is the equivalent response of the optimal
FE model. As it is obvious the optimal model can predict the response of the physical structure.

Figure 16. Comparison between experimental and numerical acceleration time histories in X, Y and Z local
directions at a random force excitation.

As it is obvious the optimal model can predict the response of the physical structure. The
remaining error can be addressed at the mechanical properties and uncertainties during the
manufacturing of the other parts of the assembly.
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5

CONCLUSIONS

In this work a modeling procedure of structures that include filament wound CFRP tubes
parts is presented. From a simple tensile experiment and with the use and a stochastic single
objective optimization algorithm (CMA-ES) coupled with a commercial finite element software
the optimal lamina mechanical properties can be acquired with precision. These properties show
a great range between different raw materials and manufacturing methods and are crucial for
the prediction of material failure but also at the dynamic response of a structure. The presented
methodology has been experimentally validated with different loading types and in simple and
more complex structures at the linear area of the material but also until the material’s failure. It
is able to predict with the structure’s response and the materials behavior until failure thus
reducing the error that a micromechanical model produces.
6
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Abstract. This paper investigates the vibration behaviour of simply-supported laminated composite cylindrical shells with various fibre orientations. For some specific fibre orientations,
theoretical wave propagation approach based on Love’s theory is used for free vibration analysis of the laminated orthotropic composite cylindrical shells. The circumferential natural frequencies have been obtained and compared with numerical finite element results for validation
and comparison. The finite element method is employed for the forced vibration analysis of
laminated composite cylindrical shells with various fibre orientations subjected to harmonic
loading. The results show that natural frequencies, mode shapes and the steady-state response
at prescribed points can be tailored by properly designing fibre orientations for vibration mitigation. It is found that fibre orientations may have significant influence on the circumferential
natural frequencies of the first few circumferential modes. For the first two circumferential
modes, the associated natural frequencies may increase with fibre orientation angle. In comparison, the natural frequencies of larger circumferential modes may decrease with fibre orientation angle. The steady-state responses of cylindrical shells under a harmonic concentrated
force are obtained. The variations of the resonance frequencies and corresponding peak value
of steady-state response with fibre orientations have been investigated. The findings could improve the understanding of dynamic behaviour of the laminated composite cylindrical shells,
and benefits optimisation of the fibre orientations for vibration suppression purpose.
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1

INTRODUCTION

There has been much research interest in the vibration transmission behaviour of mechanical
systems and engineering structures for possible vibration suppression [1-6]. Laminated composite structures are increasingly used in various engineering applications including aircrafts,
rockets, submarines and pipes due to their superior performance such as high stiffness-toweight and strength-to-weight ratios, and flexibility in design, compared to traditional metallic
structures. The circular cylindrical shells have been one of the most important and basic structural elements in engineering structures [7-8]. In the practical applications, those engineering
components may exhibit severe vibrations when the frequencies of the external force are close
to one of the natural frequencies. As a result, vibration problems of this type of structures have
been a subject of great interest. Various laminated shell theories have been proposed and developed through different assumptions and simplifications such as Reissner-Naghdi’s linear
shell theory, Donnell-Mushtari-Vlasov’s theory, Sanders’ theory and Flugge’s theory [9].
Among the numerous theories, the classical shell theory based on the Kirchhoff-love hypothesis
is widely used. The detailed comparison studies can be found in monographs on vibration of
shells, which has been done by Leissa [9], Qatu [10] and Reddy [11]. To conclude, vibration
analysis of this type of structures has been of great significance, from which insight may be
gained into dynamic characteristics and optimal design of such laminated composite structures.
There have been some methods developed and used to study the vibration behaviour of cylindrical shells [12-17]. For example, Lam and Loy [12-13] compared the natural frequencies
of rotating laminated cylindrical shells with different shell theories, namely Donnell’s, Flugge’s,
Love’s and Sanders’ and then employed the Ritz method to study the effects of boundary conditions and fibre orientation on the natural frequencies of thin orthotropic laminated cylindrical
shells based on Love’s theory. The free vibration of laminated cylindrical shells using differential quadrature method was conducted by Shu and Du [14]. Zhang [15] developed wave propagation approach for vibration analysis of cross-ply laminated composite shells base on Love’s
shell theory. Liu et al. [16] derived exact characteristic equations for free vibration of thin orthotropic circular cylindrical shells based on Donnell-Mushtari shell theory. Jin et al. [17] employed Rayleigh-Ritz method based on Reissner-Naghdi’s theory to obtain the exact solution
based on the energy functions of the shell, which is applicable to a variety of boundary conditions.
Most of the previous studies have focused on the development of analytical methods to investigate the free vibration analysis of cross-ply laminated composite cylindrical shells according to different shell theories in confined boundary conditions and exact solutions for the shells
with a variety of boundary conditions. There is much less research work on the detailed vibration characteristics of laminated composite cylindrical shells with arbitrary lamination schemes.
The free and force vibration characteristics of submerged finite elliptic cylindrical shell has
been investigated [8]. The vibration analysis of the laminated composite plates has been conducted and the influence of the lamination schemes on the vibration characteristics has been
investigated [18-19]. It is of great significance to develop an accurate and efficient method that
can be used to investigate the vibration characteristics of laminated composite cylindrical shells
with complex lamination schemes. It has been revealed that the wave propagation method based
on Love’s theory is feasible and of high accuracy for cross-ply laminated composite cylindrical
shell. For the cylindrical shell with complex lamination schemes, the FEA method may be used
for the vibration analysis of composite structures and it also can be employed to verify the
analytical results. In this study, the natural frequencies and mode shapes of the laminated composite cylindrical shells with different lamination schemes and geometric parameters are obtained by using both the wave propagation method and the FEA for comparison. The dynamic
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responses of the cylindrical shells under harmonic excitation are investigated and obtained. The
effects of fibre orientations on the vibration behaviour are examined.
2

METHMATICAL MODELLING
2.1 Model description

Figure 1 shows the schematic diagram of a thin laminated composite cylindrical shell having
length L, thinckness h and radius R, and arbitrary number of layers. The cylindrical coordinate
system ሺݔǡ ߠǡ ݖሻ is fixed at the middle surface of the cylindrical shell. The components of the
displacement field (u, v, w) in this coordinate system are defined such that u is the displacement
in the axial direction of x, v in the circumferential direction of ߠ and w in the radial direction of
ݖ. The fibres of laminates in each layer follows helix lines on the cylindrical shell, and the helix
angle for the i-th layer is denoted by ߠ . A harmonic force is applied to the point ሺݔ ǡ ߠ ǡ ܴሻ on
the cylindrical shell. The circumferential modal shapes with different circumferential modal
numbers have been shown in Fig. 1(b) [15]. Fig. 1(c) shows the geometry of the cylindrical
shells composed of N layers.

Figure 1: (a) The geometry of a laminated composite cylindrical shell; (b) circumferential modal shapes and (c)
Geometry of an N-layered laminated composite cylindrical shell.
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2.2 Theoretical solution of free vibration analysis
The classical shell theory is employed to establish the theoretical model. The displacement
field for the shell is described by
ݑሺݔǡ ߠǡ ݖǡ ݐሻ ൌ ݑ ሺݔǡ ߠǡ ݐሻ െ ݖ

డ௪బ ሺ௫ǡఏǡ௧ሻ

ݒሺݔǡ ߠǡ ݖǡ ݐሻ ൌ ݒ ሺݔǡ ߠǡ ݐሻ െ ݖ

డ௪బ ሺ௫ǡఏǡ௧ሻ

,

డ௫
ோడఏ

,

ݓሺݔǡ ߠǡ ݖǡ ݐሻ ൌ ݓ ሺݔǡ ߠǡ ݐሻ,

(1)

where ݑ , ݒ and ݓ represent the middle surface displacement of the laminated composite cylindrical shell in axial, circumferential and radial directions, respectively.
The cylindrical shell under consideration is with constant thickness h, mean radius R, axial
length L. here the respective displacements in the axial, circumferential and radial directions
are denoted by ݑሺݔǡ ߠǡ ݐሻ, ݒሺݔǡ ߠǡ ݐሻ and ݓሺݔǡ ߠǡ ݐሻ. The strain-displacement relations for thin
circular cylindrical shells are
డ௨
డ௩
௪
డ௨
డ௩
ߝ௫ఏ ൌ ோడఏ  డ௫,
ߝ௫ ൌ డ௫ , ߝఏ ൌ ோడఏ  ோ ,
డమ ௪

ଵ

డమ ௪

డ௩

ଶ డ௩

డమ ௪

߯௫ఏ ൌ ோ ቀడ௫ െ డ௫డఏቁ.
߯௫ ൌ െ డ௫ మ , ߯ఏ ൌ ோమ ቀడఏ െ డఏమ ቁ,
The relationship between the stress resultants and the internal forces and moments is
ܰ௫
ܣଵଵ
ܣۍ ې ܰ ۍ
ఏ
ଵଶ
ۑ
ܰ௫ఏ ۑ
ܣଵ
ൌ
ܯ௫ ۑ
ܤଵଵ
ܯఏ ۑ
ܤଵଶ
ܯۏ௫ఏ ܤ ۏ ےଵ

ܣଵଶ
ܣଶଶ
ܣଶ
ܤଵଶ
ܤଶଶ
ܤଶ

ܣଵ
ܣଶ
ܣ
ܤଵ
ܤଶ
ܤ

ܤଵଵ
ܤଵଶ
ܤଵ
ܦଵଵ
ܦଵଶ
ܦଵ

ܤଵଶ
ܤଶଶ
ܤଶ
ܦଵଶ
ܦଶଶ
ܦଶ

ܤଵ ߝ௫
ܤଶ ߝ ۍ ېఏ ې
ۑ
ߝ ۑ ܤ௫ఏ ۑ
ۑ,
ܦଵ ߯ ۑ௫ ۑ
ܦଶ ߯ ۑఏ ۑ
߯ۏ ے ܦ௫ఏ ے

(2)

where ܰ௫ ǡ ܰఏ and ܰ௫ఏ are membrane forces,ܯ௫ ǡ,ܯఏ and ܯ௫ఏ are bending and torsion moത
ments, and ܣ , ܤ and ܦ denotes the stiffnesses expressed by ܣ ൌ σே
ୀଵ ܳ ሺݖାଵ െ ݖ ሻ,
ଵ ே
ଵ
ଷ
ଷ
ത
ܤ ൌ ଶ σୀଵ ܳത ሺ ݖଶ ାଵ െ  ݖଶ  ሻ and ܦ ൌ ଷ σே
ୀଵ ܳ ሺ ݖାଵ െ  ݖ ሻ ,where ݅ǡ ݆ ൌ ͳǡ ʹ or 6.
For a specially orthotropic laminated composite shell, some stress stiffness coefficients are zero,
i.e. ܤ ൌ Ͳ and ܣଵ ൌ ܣଶ ൌ ܦଵ ൌ ܦଶ ൌ Ͳ.
The governing equations of motion for thin cylindrical shells according to the love’s theory
in terms of the force and moment resultants are expressed as,
డேೣ
డ௫
డேೣഇ
డ௫
డమ ெೣ
డ௫ మ





డேഇ
ோడఏ



డேೣഇ



డெೣഇ

ଶడమ ெೣഇ

ோడఏ
ோడ௫



డమ ௨

ൌ ߩ݄ డ௧ మ ,


డమ ெഇ
ோ మ డఏమ

డమ ௩

డெഇ

ൌ ߩ݄ డ௧ మ ,

ோ మ డఏ

െ

ேഇ

ൌ ߩ݄

డమ ௪

.

(3)

ܮଵଷ ݑሺݔǡ ߠǡ ݐሻ
Ͳ
ܮଶଷ ൩ ቐ ݒሺݔǡ ߠǡ ݐሻ ቑ ൌ Ͳ൩.
ܮଷଷ ݓሺݔǡ ߠǡ ݐሻ
Ͳ

(4)

ோడ௫డఏ

ோ

డ௧ మ

The governing equations can be rewritten in the matrix form,
ܮଵଵ
ܮଶଵ
ܮଷଵ

ܮଵଶ
ܮଶଶ
ܮଷଶ

where the coefficients are defined as follows,
డమ

ܮଵଵ ൌ ܣଵଵ డ௫ మ 

లల డమ
ோమ

డఏమ

,

ܮଵଶ ൌ ቀ

భమ
ோ
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ܮଶଵ ൌ ቀ

భమ
ோ



లల
ோ
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ܮଵଷ ൌ

భమ డ

ܮଶଷ ൌ ቀ

ଶలల

, ܮଶଶ ൌ ቀ ܣ
డ௫

ோ
మమ డ
ோమ

െቀ
డఏ

ܮଷଶ ൌ ቀ

భమ ାଶలల
ோమ

భమ ାସలల

డర

ோమ

ቁ

ோమ

డమ

డ௫ మ డఏ
డయ

െ

ቁ డఏడ௫ మ 

 ାଶ

డమ



ቁ డ௫ మ  ቀ ோమమ

మ

మమ డయ

ோ ర డఏయ
మమ డయ
ோర

డఏయ
డర

ቁ ,
ோ ర డఏమ

ቁ, ܮଷଵ ൌ െ
െ

మమ డ
ோ మ డఏ
మమ డర

డమ

మమ

భమ డ

ோ డ௫

,

,


ܮଷଷ ൌ െܦଵଵ డ௫ ర െ ʹ ቀ భమ ோమ లలቁ డ௫ మ డఏమ െ ோర డఏర െ ோమమ
మ.
Based on the wave propagation approach [15], for the case of the shell simply supported at
both ends, the explicit form of the solution can be assumed as
୧ன௧ି୧ ௫
ݑሺݔǡ ߠǡ ݐሻ ൌ σஶ
,
ୀଵ ܷ ሺߚߠሻ ݁
୧ன௧ି୧ ௫
ݒሺݔǡ ߠǡ ݐሻ ൌ σஶ
,
ୀଵ ܸ ሺߚߠሻ ݁
୧ன௧ି୧ ௫
,
ݓሺݔǡ ߠǡ ݐሻ ൌ σஶ
ୀଵ ܹ ሺߚߠሻ ݁

(5)

where ܷ , ܸ , ܹ are the maximum amplitudes in the axial, circumferential and radial directions, respectively, ݇ ൌ ݉ߨȀܮ, ߚ ൌ ݊Ȁܴ and, ݉ and ݊ are the axial and circumferential
wavenumbers, respectively. Substituting Eq. (5) into Eq. (4) leads to
ܮଵଵ െ ȳ
 ܮଶଵ
ܮଷଵ

ܮଵଶ
ܮଶଶ െ ȳ
ܮଷଶ

ܮଵଷ
ܷ
ܮଶଷ ൩ ൝ ܸ ൡ ൌ Ͳ.
ܮଷଷ െ ȳ ܹ

(6)

Expansion of the determinant for the coefficient matrix of Eq. (6) in terms of ߩ݄ɘଶ ൌ ȳ leads
to a cubic equation for ȳ:
ȳଷ  ܥଵ ȳଶ  ܥଶ ȳ  ܥଷ ൌ Ͳ,

(7)

which can be used to obtain the natural frequencies of the laminated composite shell. It has
been demonstrated that the three positive roots are the angular natural frequencies of the cylindrical shell in the axial, circumferential and radial directions. The lowest value of the three
positive roots is for the flexural vibration, and the other two represent in-plane vibrations.
3

RESULSTS AND DISCUSSSIONS

The theoretical formulations that were presented in the previous section is used firstly to
obtain the free vibration behaviour. The structure considered are three-layered composite laminates cylindrical shells. The thickness of each layer is one third of the shell thickness. The
cylindrical shell is constructed of different layers of orthotropic materials with different fibre
orientations and the relevant properties are as the same as that given in literature [15] for verification of results. The geometrical and material properties parameters are set as݄Ȁܴ ൌ ͲǤͲͲʹ,
ܮȀܴ ൌ ʹͲ , ܧଶଶ ൌ Ǥ Ȁଶ , ܧଵଵ Ȁܧଶଶ ൌ ʹǤͷ , ܩଵଶ ൌ ͶǤͳ Ȁଶ , ߥଵଶ ൌ ͲǤʹ and ߩ ൌ
ͳͶ͵Ȁଶ . According to the Love’s theory, it is assumed that layers are perfectly bonded.
There is no flaw or gap between the layers, and no slipping between the layers. For the cylindrical shells with orthotropic laminates, different cases with the fibre orientation reducing from
ͻͲι to Ͳι at the interval of ͳͷι .
The natural frequencies of laminated composite cylindrical shell with fibre orientation of
ሾͻͲι ȀͲι ȀͻͲι ሿ, ሾͻͲι ሿଷ and ሾͲι ሿଷ can be obtained based on theoretical approach as presented previously. For the other cases, the FEA are used to obtain the results. In ANSYS FEA modelling,
the element 281 is employed to model the cylindrical composite laminated shell. The whole
model contains 24080 nodes and 8000 elements. Each element has 8 nodes, each with six degrees of freedom. The number of integration points for each layer is set as three. There is one
point located on the top surface, one on the bottom surface, and the third point is located at the
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midpoint between the previous two points. The ANSYS Shell281 element is based on the first
order shear deformation theory. The calculations have been carried out for the axial wavenumber m=1. A comparison of the natural frequencies of laminated composite cylindrical shells
with various fibre orientations with different circumferential mode numbers n has been presented in the Table 1. For the composite laminate cylindrical shell with cross-ply ሾͻͲι ȀͲι ȀͻͲι ሿ
lamination scheme, Table 1 shows that the theoretical results from wave propagation approach
have great agreement with the those obtained from the FEA method and those are obtained by
the Newton-Raphson procedure theoretically in the literature [12]. It is also found that theoretical results of the natural frequencies of laminated composite shells in ሾͻͲι ሿଷ and ሾͲι ሿଷ are
close to those obtained from numerical FEA method. The FEA is therefore verified and employed for free vibration analysis of the cylindrical shells with other fibre orientations.
Fibre angle Source
ሾૢι Ȁι Ȁૢι ሿ

Ref [15]

Mode number
n=1
n=2
n=3
n=4
n=5
0.023590 0.007904 0.005869 0.009020 0.014236

Theoretical 0.023597 0.008046 0.006338 0.009591 0.014819
0.023590 0.007894 0.005770 0.008788 0.014108
FEA
ሾૢι ሿ

Theoretical 0.026080 0.008874 0.006482 0.009406 0.014444
0.026074 0.008749 0.006017 0.008775 0.013753
FEA

ሾૠι ሿ

FEA

0.024612 0.008239 0.005924 0.008922 0.014046

ሾι ሿ

FEA

0.021785 0.007296 0.005906 0.009497 0.015064

ሾι ሿ

FEA

0.019426 0.006577 0.006217 0.010583 0.016867

ሾι ሿ

FEA

0.017953 0.006196 0.006754 0.011915 0.019058

ሾι ሿ

FEA

0.017207 0.006048 0.007239 0.013009 0.020891

ሾι ሿ

Theoretical 0.017011 0.006460 0.008363 0.014472 0.022727
0.016986 0.006014 0.007431 0.013433 0.021615
FEA

Table 1: Comparison of non-dimensional frequency parameter ߱
ഥ ൌ ߱ඥߩܴଶ Ȁܧଶଶ for three-layered cylindrical
shells with different lamination sequences with simply supported-simply supported boundary conditions
(h/R=0.002 and L/R=20).

Fig. 2 presents the circumferential mode shapes of the three-layered cross-ply cylindrical
shells in ሾߠሿଷ with different fibre orientations while the axial wavenumber is kept to be m=1
and circumferential number is n=2. It is found that when the circumferential number is 2, the
natural frequencies increase with the increase of the fibre orientations. It is observed that the
circumferential modal shapes vary significantly with the change of fibre orientations. The position on the circumferential mode with the maximum displacement rotates with the change the
fibre orientations. When the fibre orientation is changed from Ͳι to ͻͲι , the maximum position
for modal displacement changes from left side to right side, as shown in Fig. 2. It reveals that
excited mode can be changed by tailoring fibre orientations.
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Figure 2: Mode shape of three-layered cross-ply cylindrical shells in ሾߠሿଷ with different fibre orientations with
mode shape circumference number of n=2.

Fig. 3 shows the effects of fibre orientation on the circumferential natural frequencies with
the mode sequence number n changing from 1 to 5. It is found that the influence of fibre orientations on circumferential natural frequencies is more significant at small circumferential mode
n. The circumferential natural frequencies increase with the increase of fibre orientation angle
when n=1 and 2. When ݊ ൌ ͳ, the principal mode shape is described as the bending mode. The
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main reason can be that when the fibre orientation is increased to ͻͲι , the stiffness along the
circumferential directions reaches the maximum, leading to the increase of natural frequencies.
In comparison, when n=3, 4 and 5, the natural frequencies decrease with fibre orientation. When
the fibre orientation angle is larger than ͵Ͳι , the circumferential natural frequencies corresponding to n=1 for each case are larger than those associated with large circumferential modes.

Figure 3: Variations of the non-dimensional frequencies of the shells in ሾߠሿଷ against the fibre orientations.

The theoretical wave propagation method can be employed for the free vibration of the composite laminate cylindrical shells in ሾͲι ሿଷ and ሾͻͲι ሿଷ to investigate the effects of the geometric
ratios L/R on the natural frequencies, respectively. Four cases with different values of L/R being
1, 5, 10 and 20 are considered. Table 2 shows that for the case of L/R=1, the natural frequencies
generally decrease with the increase of n. For other cases, the natural frequencies decrease first
and then increase with the increase of n. It is found that natural frequency of the composite
laminate cylindrical shells in ሾͲι ሿଷ with n=1 is the largest. It is found that when the stacking
sequence is changed to the ሾͻͲι ሿଷ , the natural frequencies with different circumferential number n are reduced but changing the stacking sequence from ሾͻͲι ሿଷ into ሾͲι ሿଷ could effectively
increase the natural frequencies associated with n=1 and 2.
Table 2 has showed that the natural frequencies for the case L/R=1 decrease with the increase
of n from 1 to 7. In the current case study, the forced vibration analysis of the cylindrical
composite laminate shell with length L of 1m, thickness h of 0.002m and radius R of 1m is
conducted. A harmonic excitation force is applied to the middle point ሺͲǤͷ݉ǡ Ͳι ǡ ͳ݉ሻ of the
shell structure. The fibre orientation of the cylindrical shells is set as Ͳι , Ͷͷι and ͻͲι , respectively. Fig. 4. presents the dynamic response on the middle point of the cylindrical shells of
different lamination schemes with the variation of the excitation frequencies. It is found that
due to the superposition of the modal responses, there are a large number of the resonant peaks
in a narrow frequency band. It is found that the change of the fibre orientation could effectively
change the resonance frequencies and the corresponding amplitudes of the dynamic response.
ഥ =0.2, there is resonance peak of the shell in ሾͶͷι ሿଷ
At specific excitation frequencies such as ߱
but a trough for the shell in ሾͲι ሿଷ . At some resonance frequencies, the displacement may increase with the fibre orientation angle. These findings provide some evidence that the dynamic
response could be reduced at some specific frequencies by changing the fibre orientations. More
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detailed study of the vibration characteristics and effects of the fibre orientation on the dynamic
behaviour may then be done for the optimization of the cylindrical shells to achieve reduced
vibration level.
Fibre angle
ሾι ሿ

ሾૢι ሿ

n
1

Mode number
L/R=1
L/R=5
L/R=10
L/R=20
1.236213 0.206763 0.063306 0.017011

2

0.843835 0.081142 0.021841 0.006460

3

0.577349 0.040869 0.013017 0.008364

4

0.406315 0.027521 0.015580 0.014472

5

0.296260 0.027386 0.023036 0.022727

6

0.224422 0.034598 0.032991 0.032884

7

0.177559 0.045613 0.044950 0.044905

1

0.911537 0.259599 0.090962 0.026080

2

0.740182 0.116127 0.033199 0.008874

3

0.578831 0.060523 0.016847 0.006482

4

0.450674 0.037151 0.013050 0.009406

5

0.353995 0.027740 0.015600 0.014444

6

0.282155 0.026713 0.021231 0.020822

7

0.228989 0.031020 0.028579 0.028411

Table 2: Comparison of non-dimensional frequency parameter ߱
ഥ ൌ ߱ඥߩܴଶ Ȁܧଶଶ for three-layered cylindrical
shells in ሾͲι ሿଷ and ሾͻͲι ሿଷ with different geometric ratios L/R with simply supported-simply supported boundary
conditions (h/R=0.002).

Figure 4: Dynamic response on the middle point of the three-layered cylindrical shells with different lamination
sequences with simply supported-simply supported boundary conditions (h/R=0.002 and L/R=1).
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4

CONCLUSIONS

The vibration behaviour of laminated composite cylindrical shells simply-supported at both
ends with various fibre orientations has been investigated. For specific fibre orientations, theoretical wave propagation approach based on Love’s theory has been used for free vibration
analysis of the laminated orthotropic composite cylindrical shells. The circumferential natural
frequencies were obtained and compared with numerical finite element results for validation.
The FEA was also employed for the forced vibration analysis of laminated composite cylindrical shells with various fibre orientations subjected to harmonic loading. The results showed that
natural frequencies, mode shapes and the steady-state response at prescribed points can be tailored by properly designing fibre orientations for vibration mitigation. It was found that fibre
orientation angle of the shell structure has significant influence on the natural frequencies associated with the first few circumferential modes. It was shown that for different circumferential modes, the fibre angles have distinctly different effects on the corresponding natural
frequencies associated. The steady-state responses of cylindrical shells under a harmonic concentrated force were obtained for comparison. It was shown that the fibre angle can effectively
vary the resonance frequencies and corresponding peak value of steady-state response.
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Abstract. Acoustic waves in a poroelastic medium with periodic structure are studied with
respect to permanent seepage ﬂow which modiﬁes the wave propagation. The homogenization
method provides the macroscopic equations governing the dynamic response of an effective
medium. whose the properties are determined by the characteristic responses. We consider
a Newtonian slightly compressible ﬂuid under the barotropic acoustic approximation. In contrast with usual simpliﬁcations, the advection phenomenon of the Navier-Stokes equations is
accounted for. The homogenization results are based on the periodic unfolding method combined with the asymptotic expansion technique. The dynamic permeability depends on the ﬂuid
ﬂow properties including the advection effects associated with an assumed stationary perfusion
of the porous structure. Numerical results show inﬂuence of the advection velocity on the strong
dispersion of the quasi-shear modes
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1

INTRODUCTION

We consider acoustic wave propagation in periodic elastic, or viscoelastic scaffolds saturated
by Newtonian slightly compressible ﬂuids under the barotropic acoustic approxiamtion. The
aim is to derive and analyze an effective medium model of acoustic waves superimposed to a
permanent steady seepage ﬂow through the porous material. To analyze the wave dispersion,
the homogenization has been employed to upscale the Navier-Stokes equations in the context
of deforming pores. This procedure leads to an effective porous medium model which captures
the wave propagation for wave lengths signiﬁcantly larger than the characteristic porosity size
corresponding to the one period of the lattice.
The model equations were obtained in [9] using the periodic unfolding method [3], cf. [1]
combined with the asymptotic expansion technique. Local problems for corrector functions
provide the effective model parameters of the macroscopic wave propagation model which is
coherent with the Biot model, yielding the two pressure modes referred to as P1 and P2. The
local characteristic responses of the solid and ﬂuid parts are decoupled even in the dynamic
interactions including the wall shear stress on the periodic interfaces. A modiﬁed Darcy law
is obtained; the frequency-dependent dynamic permeability tensor consisting of two parts one
of which is associated with the steady advection at the pore level heterogeneity. The model
has been implemented using the ﬁnite-element method and dispersion curves were obtained for
different ﬂow parameters, scaffold geometries and frequencies. Also extension for viscoelastic
solid materials was elaborated [9]. The homogenized poroviscoelastic model involves the time
convolutions related to the skeleton viscoelasticity and the ﬂuid viscosity. While the macroscopic fading memory phenomena associated with the skeleton viscoelasticity are determined
by the relaxation and creep functions of the pure solid phase, the seepage-associated memory
effects depend on the ﬂuid, the micropore geometry and the permanent ﬂow perfusion.
In this paper, we record the homogenization result obtained recently in [9] and explore the
dispersion properties of plane waves propagating in the homogenized medium. The aim is to
illustrate the inﬂuence of the advection on the effective permeability and on the wave speed.
Basic notations
Through the paper, we shall adhere to the following notation. A point position in a Cartesian
frame is speciﬁed by x = (x1 , x2 , x3 ) ∈ R3 , where R is the set of real numbers. The boldface
notation for vectors a = (ai ) and second-order tensors b = (bij ) is used. The second-order
identity tensor is denoted by I = (δij ). The fourth-order elasticity tensor is denoted by ID =
(Dijkl ). The superposed dot denotes a derivative with respect to time. The gradient, divergence
and Laplace operators are denoted by ∇, ∇· and ∇2 , respectively. When these operators have
a subscript referring to the space variable, it is for indicating that the operator acts relatively
at this space variable, for instance ∇y = (∂iy ) = (∂/∂yi ). The symbol dot ‘·’ denotes the
scalar product between two vectors and the symbol colon ‘:’ stands for scalar (inner) product
of two second-order tensors, e.g. A : B = Aij Bij = tr[AT B] = Aki Bkj δij , where tr[] is the
trace of a tensor and superscript T in T is the transposition operator. Operator ⊗ designates
the tensor product between two vectors, e.g. a ⊗ v = (ai vj ). Standard notations for functional
spaces are adhered. Throughout the paper, x denotes the global (“macroscopic”) coordinates,
while the “local” coordinates y describe positions within the representative unit cell Y ⊂ R3 .
The normal vectors on a boundary of domains Ωα (or Yα ) are denoted by nα , α = s, f , to
distinguish their orientation outward to Ωα (or Yα ) when dealing with the solid-ﬂuid interfaces.
By e(w) = 1/2(∇w + (∇w)T ) we denote the strain of a vector ﬁeld w (displacements, or
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Figure 1: The periodic cell of solid ﬁbres (left, from [4]) and the 3D periodic cell (right) consisting of the deformable solid scaffolds (red) and the ﬂuid domain, where the ﬂow streamlines for the mean advection velocity
w̄0 = 0.1 m/s are shown.

velocities). The “tilde”-notation can have various meanings which are explained through the
text and are clear within the particular context. The following standard functional spaces are
used: by L2 (Ω) we refer to square integrable functions deﬁned in an open bounded domain
Ω; by H 1 (Ω) we mean the Sobolev space W 1,2 (Ω) ⊂ L2 (Ω) formed by square integrable
functions including their ﬁrst generalized derivatives.Bold notation is used to denote spaces of
vector-valued functions, e.g. H1 (Ω); by subscript # we refer to the Y -periodic functions.
2
2.1

Formulation of the acoustic problem
Periodic microstructure

The microstructure size is expressed by the scale parameter ε = /L deﬁned by the ratio
of the micro- and macroscopic characteristic lengths, denoted by  and L, respectively. We
consider a periodic structure of channels Ωεf saturated by one homogeneous ﬂuid. Due to the
assumed periodicity of Ωεf , a representative periodic cell Zfε can be deﬁned, which generates
the ﬂuid domain, see Fig. 1.
A periodic cell Z ε = 3i=1 ]0, εi [ can be introduced, such that Z ε = Zfε ∪ Zsε ∪ ∂s Zfε , where
Zsε ⊂ Z ε is the solid skeleton and ∂s Zfε is the ﬂuid-solid interface. By ∂# Zfε = ∂Zfε \ ∂s Zfε we
denote the “periodic part” of the boundary. For the purpose of the homogenization we consider
the “unit periodic cell” Y = ε−1 Z ε which consists of the ﬂuid and solid parts accordingly the
decomposition of Z ε , thus, Y = Yf ∪ Ys ∪ Γ.
The stress tensors of ﬂuid and solid phases are respectively denoted by σ̃ εf and σ̃ εs . The ﬂuid
phase is characterized by its mass density ρ0 , the bulk modulus kf and the viscosity tensor IDf,ε ,
see (5), whilst the solid phase is characterized by its density ρs and elasticity tensor IDs,ε .
2.2

Acoustic wave decomposition

To treat the nonlinearity associated with ﬂuid advection, we introduce a decomposition of
the model responses into the steady part and the acoustic ﬂuctuations, The total ﬁelds w, p and
the mass density of the ﬂuid, ρ, are split into the “ﬂow” parts w̄, ρ̄ and p̄ and the “acoustic
ﬂuctuation” parts w̃, ρ̃ and p̃, so that
w = w̄ + w̃ ,

p = p̄ + p̃ ,

ρ = ρ̄ + ρ̃ .

(1)

Since the stationary ﬂuid ﬂow is assumed incompressible, ρ̄ = ρ0 is a constant. Below, we
assume that the steady-state ﬂow is periodic in terms of the velocity w̃. Essentially, because of
the dissipation, pressure p̄ cannot be described by a periodic function.
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Concerning the solid displacement ﬁled u, the deformed conﬁguration for the steady-state is
taken as the reference one, so that u will only be associated with acoustic ﬂuctuations (one can
put ū ≡ 0).
2.3

Acoustic problem formulation

The weak formulation of the acoustic problem at the pore level relies on the acoustic decomposition (1), so that the steady state response (w̄ε , p̄ε , ūε ) is assumed to be known.
Let V̂ ε (Ωεf ), Q1 (Ωεf ) and Û ε (Ωεs ) be three admissible function spaces of the unknown ﬁelds
ε ε
(w , p , uε ) of the problem constituted by the sufﬁciently differentiable complex-valued functions.
For almost all t > 0, the three ﬁelds (wε , pε , uε ) such that wε (t, ·) ∈ V̂ ε (Ωεf ), pε (t, ·) ∈
Q1 (Ωεf ), and uε (t, ·) ∈ Û ε (Ωεs ) satisfy

¨ ε + w̄ε · ∇(wε + u˙ ε ) + (wε + u˙ ε ) · ∇w̄ε
θ ε · w˙ ε + u
ρ0
Ωεf

−

Ωεf

Ωεf

pε ∇ · θ ε +

IDf,ε e(wε + u˙ ε ) : e(θ ε ) =
Ωεf


q ε p˙ ε + w̄ε · ∇pε + kf ∇ · (wε + u˙ ε ) = 0 ,

f̃ f · θ ε +

Ωεf

∂σ Ωεf

g̃f,ε · θ ε ,

(2)

for all θ ε ∈ V0ε (Ωεf ) and q ε ∈ Q0 (Ωεf ), and
Ωεs

¨ ε · vε +
ρs ũ

Ωεs

IDs,ε e(ũε ) : e(vε ) − Ĩ ε (σ̃ εf , vε ) =

Ωεs

f̃ s · vε +

∂σ Ωεs

g̃s,ε · vε ,

(3)

for all vε ∈ U0ε (Ωεs ), where Ĩ ε represents the ﬂuid stress virtual power on interface Γεfs ,
Ĩ ε (σ̃ εf , vε ) =
σ̃ εf (p̃ε , wε
3

Γεfs

˙ε

ns · σ̃ εf · vε ,

(4)
˙ε

+ ũ ) = −Ip̃ + ID e(w + ũ ) .
ε

f,ε

ε

Homogenized model

An effective model of the two-phase medium was derived using in the asymptotic analysis
ε → 0 of the micro-model (2) and (4). The following scaling by powers of ε is used for the
ﬂuid viscosity με and the steady ﬂow advection w̄ε to adjust them to the microstructure, namely
to the pore size proportional to ε,
viscosity:
advection velocity:

1
IDf,ε = ε2 2μ̄(II − I ⊗ I) ,
3
w̄ε (x) = εw̄(y) ,

με = ε2 μ̄ ,

(5)

where II is the fourth-order identity tensor and w̄(y) with y = x/ε is the Y -periodic advection
velocity ﬁeld, as represented in Yf . It is worth noting that the periodic structure is retained if
all the material parameters constituting the microstructure and also the advection velocity w̄ are
constant with respect to the macroscopic position in the medium. In a general situation, the
velocity ﬁeld describing the steady ﬂow in the microstructure can be established for a given
macroscopic velocity w0 by means of the Forchheimer law, see e.g. [2], cf. [9], so that w̄(x, y)
is a two-scale function satisfying the incompressibility constraint ∇y · w̄(x, y) = 0.
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3.1

Characteristic responses

The asymptotic analysis (2) and (4) yields the limit equations involving macroscopic ﬁelds
and two-scale ﬁelds. Due to the linearity, the latter ﬁelds can be expressed using multiplicative
split into the macroscopic and the characteristic responses. However, to do so, the Laplace transformation, L{f } → f (λ), where λ is a complex variable representing the angular frequency,
∼
must be employed, since the two-scale functions are coupled with the macroscopic functions in
time. In what follows, we employ the following bilinear and trilinear forms, deﬁned in terms of
the inner product and and the averaging integral,
u, vYf = ∼ u · v ,
Yf

1
 , for any D ⊂ Y ,
|Y | D
D
af (w, v) = ∇y w, ∇y vYf ,
∼ =

(6)

bf (w̄, w, v) = 2 w̄ ⊗ w, ey (v)Yf ,
where D can be a subdomain, or a manifold in Y . We employ the spaces of Y -periodic func1
tions: we deﬁne H#
(Y ) ⊂ W 1,2 (Y ) and H1# (Y ) ⊂ W 1,2 (Y ) for scalar and vectorial ﬁelds,
respectively; space H1# (Ys ) ⊂ H1# (Ys ) is restricted to functions with zero mean values in Ys ;
admissible ﬂow velocities belong to the space
H1#0 (Yf ) = {v ∈ H1# (Yf )| v = 0 on ∂Yf \ ∂Y } .

(7)

In order to introduce the local autonomous problems for characteristic ﬂow responses, we
establish the following tensor operator attaining two alternative forms,

δij ,
A = (Aij ) , Aij =
.
(8)
Gij = ∂jy w̄i
Note that (A1k )i = Aik , whereby (1k )j = δjk , thus, (G1k )i = (∇y w̄1k )i = ∂ky w̄i .
A,k
The characteristic responses (wA,k , π A,k ), where w
∈ H1#0 (Yf ) and ∼π A,k ∈ L2 (Yf ), satisfy
∼


 A,k 
A,k
, v Y − bf w̄, w
,v
λ w
∼
∼
f

1
1  A,k   A,k
, v − ∼π , ∇y · v Y = A1k , vYf ,
+ af w
∼
f
ν̄
λ


A,k
q, ∇y · w
=0,
∼
Y

(9)

f

for all v ∈ H1#0 (Yf ) and q ∈ L2 (Yf ), where ν̄ = ρ0 /μ̄ is the rescaled kinematic viscosity.
The poroelastic coefﬁcients of the Biot model are expressed in terms of time-independent
characteristic responses ω ij and ω ∗ (y). Using the elastic bilinear form,
as (u, v) = ∼ IDs ey (u) : ey (v) ,
Ys

two standard autonomous problems are introduced.
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(i) Find ω ij ∈ H1# (Ys ), such that




as ω ij , v = −as Πij , v ,

∀v ∈ H1# (Ys ) ,

(11)

ij
where Πij = (Πij
k ) with Πk = yj δik .

(ii) Find ω ∗ ∈ H1# (Ys ), such that
as (ω ∗ , v) = − ∼ v · ns ,
Γ

∀v ∈ H1# (Ys ) .

(12)

3.2

Effective material parameters
 = (K
 = (G ) constituting the effective Darcy law are
 ) and G
Two homogenized tensors K
∼
∼ ij
∼
∼ ij
I,i
G,i
determined by the characteristic responses w
and
w
,
∼
∼
 (λ) = λ ∼ wI,j ,
K
∼i
∼ ij
Yf

 (λ) = λ ∼ wG,j for i, j = 1, . . . , 3.
G
∼i
∼ ij

(13)

Yf

Using the ω ij and ω ∗ (y), the effective poroelastic coefﬁcients of the Biot model are computed,


H
:= as ω ij + Πij , ω kl + Πkl ,
Dijkl




BijH := −as ω ∗ , Πij = as ω ∗ , ω ij = − ∼ ω ij · ns ,
(14)
Γ
N H := ∼ ∇y · ω ∗ = as (ω ∗ , ω ∗ ) ,
Yf

recalling that ω is a smooth extension of ω to entire Y . Above, the alternative expressions can
be derived due to the local problems (11) and (12). The following properties of the homogenized poroelastic coefﬁcients hold: the Biot compressibility modulus M H > 0, the elasticity
H
H
H
H
coefﬁcients are symmetric, Dijkl
= Dklij
= Djikl
, and positive deﬁnite, i.e. Dijkl
ξij ξkl > 0
for any ξij ∈ R, and the analogous properties hold also for Biot stress-coupling coefﬁcients
H
 H ζi ζj > 0 for any ζi ∈ R.
BijH = Bji
satisfying B
ij
Upon introducing coefﬁcients involving the porosity φf ,
 H := BH + φf I ,
B

M H := N H +

φf
,
kf

with φf = ∼ ,

(15)

Yf

we recover the Biot model of the poroelastic material; the total effective stress σ eﬀ ,the local
pore ﬂuid content increase J˙f = −∇x · (φf w0 ), and the effective seepage velocity φf w∼0 are
given by
 H : ex (u0 ) + M H ṗ0 ,
 H , J˙f = C
σ eﬀ = IDH ex (u0 ) − p0 B
f
 1 (∇x p0 + ρ0 λ2 u0 − 
 u0 .
f ) + Gλ
φf w∼0 = −K
∼
∼
∼ ∼
∼
∼
ρ0

(16)

 constitutes the Darcy law (16), as in the case of a rigid
While the dynamic permeability K
∼
 presents a coupled effect of the advection w̄ and the macroscopic
porous medium, tensor G
∼
skeletom velocity λ∼u0 .
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3.3

Permeability and the visco-dynamic operator

In many works (see e.g. [6] and [5]) the dynamic permeability is introduced using the secondorder tensor η[k(λ)]−1 := λρ + ηK −1 which presents the √
“low-frequency approximation”
(i.e. for small λ := iω, given by the frequency ω and i = −1) of the visco-dynamic operator, deﬁned by the static permeability K, the dynamic ﬂuid viscosity, η, and the tortuosity
aτ ≥ 1: ρ ≈ Iρa with ρa = ρf aτ /φf . We consider K(λ) := [λρ + K −1 ]−1 and compare it with

the permeability K(λ)
just introduced above.
Let Λ = diagk (Λk ) is the diagonal tensor formed by the eigenvalues Λk , k = 1, 2, 3 of the
static permeability K, thus, KX = ΛX. The following holds:
Λk
Λk (1 + λ∗ Λk )
=
,
K(λ) = Xdiagk (ξk )X , ξk =
(17)
1 + λΛk ρa
1 + (|λ|Λk ρa )2
√
where λ∗ is the complex conjugate of λ and |λ| = λλ∗ . The obvious asymptotics yields
ξk → Λk for |λ| → 0+ and ξk → 0 for |λ| → ∞. It is easy to see that
T


 T
−1
X ,
K (λ) = Xdiagk λρa + Λ−1
k

(18)


noting that eigenvalues Λk are independent of λ. By virtue of the approximation K(λ)
≈ K(λ)
−1

the above asymptotics and (17),(18) reveal also the variation of (K(λ)) with frequency λ.
4

Poroelastic model in the frequency domain

To study the wave propagation in the homogenized medium, the Biot model with the dynamic
Darcy law will be presented in the frequency domain. We shall consider monochromatic harmonic waves of a given circular frequency ω. Further, we employ i2 = −1; note the relationship
with the preceding section by putting λ = iω. The Fourier transform F(ω) : u(t, x) → u(ω,
x)
◦
is applied, replacing formally the Laplace transformation employed above. In what follows,
for the sake of simplicity, we keep unchanged notation for the unknown ﬁelds, just dropping
the superscript 0 . Since the reference ﬂuid density ρ0 is a constant, it is useful to introduce the
following notation:

p := p0 /ρ0 ,

 H := IDH /ρ0 ,
ID
H := ρ0 M H ,
M

0
,
w := φf w
◦

f := 
f /ρ0 ,

 := ρ0 K ,
K
◦
◦
0

G := ρ G ,

u := u◦ 0 ,
◦

◦

◦

f
f

f := 
f /ρ0 ,
◦

◦

r̂ = ρ̄/ρ0 ,

◦

(19)

◦

gs := gs /ρ0 ,
◦

◦

where ρ̄ = ρ̄s + φf ρ0 = ∼ ρs + φf ρ0 ,
Ys

thus, ρ̄ is the mean density. The visco-dynamic operator, cf. [6] and [5], is represented by
 −1 . Within assumptions of the acoustic ﬂuctuations, the
the inverse dynamic permeability K
◦
dynamic response of the homogenized poroelastic medium is governed by the following set of
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differential equations


 H ex (u) − pB
H = 
f,
−ω 2 r̂u + iωw − ∇ · ID
◦

H p = 0 ,
 : ex (u) + ∇ · w + iω M
iω B
H

(20)

f
 − ω 2 u + ∇x p = 
 −1 (w + iω Gu)
f ,
K
◦
◦
◦

f are the effective volume forces in the ﬂuid phase and in the bulk mixture material;
where f and 
◦
◦
however, these forces are not involved in the dispersion analysis studied below. It is worth to
 −1 Gu
 in the last equation emerges due to the advection phenomenon
note that the extra term iω K
◦
◦
of the permanent ﬂuid ﬂow given by the advection Y -periodic velocity ﬁeld w̄.
 is usually represented by the
Remark 1. It is worth noting that the computed permeability K
◦
−1

≈ η[k(ω)]−1 := iωρ + ηK −1
visco-dynamic operator [k(ω)]/η, see e.g. [6], such that K
◦
presents the low-frequency Biot’s approximation of the visco-dynamic operator, where K/η is
the static permeability.
f

4.1

Wave dispersion analysis

The wave propagation in the heterogeneous two-phase medium is analyzed using the model
of the homogenized medium. In what follows, the volume forces are disregarded, since we are
f
interested in the free wave propagation, thus 
f =
f ≡ 0.
◦

4.2

◦

Plane waves in homogenized medium

We look for a monochromatic harmonic plane wave propagating in direction n, such that it
can be written in the form
ũ(x, t) = u exp (−iκ · x) exp (iωt) ,
p̃(x, t) = p exp (−iκ · x) exp (iωt) ,
w̃(x, t) = w exp (−iκ · x) exp (iωt) ,

(21)

where the triplet (u, p, w) denotes the plane wave amplitudes, ω is the circular frequency and
κ = κn is the wave vector. In the Fourier space, transformed (21) substituted in (20) yields
 : n ⊗ u − iκ B
 np = 0 ,
−ω 2 r̂u + iωw + κ 2 n · ID
H

H

H p = 0 ,
 H : n ⊗ u − iκn · w + iω M
κω B

(22)

−1

 − ω 2 u − iκnp = 0 .
 (w + iω Gu)
K
◦
◦
−1

Let us recall the approximate expression (18) of (K(iω))
which reveals that (22)3 is well
deﬁned.
The dispersion analysis yields an implicit mapping ω → κ within an interval of frequencies,
ω ≤ ω ≤ ω, ω, ω ∈ R for a speciﬁed direction n. To compute κ for a given ω ∈ R, an
eigenvalue problem (EVP) must be solved. The straightforward formulation (22) involving all
the three variables (u, p, w), as well as the reduced formulation in (u, p), both lead to a quadratic
EVP, cf. [10]. By eliminating the pressure from (22), the formulation in (u, w) is obtained,
which leads to a linear EVP. Therefore, we pursue this approach of performing the dispersion
analysis.
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4.3

Formulation (u, w)

The pressure can be eliminated from (22),

H
−1

p=
κω B : n ⊗ u − iωn · w
H
iω M
iκ  H
κ
=
n·w,
B :n⊗u+
H
H
ωM
M

(23)

Upon substituting (23) in (22), we get


 H : n ⊗ u + (M
H )−1 (B
 H n) ⊗ (B
 H n)u − ω 2 r̂u
κ 2 n · ID

2
H −1  H

+ iωI − κ i(ω M ) B n ⊗ n w = 0 ,


 −1 G
 −1 − κ 2 i(ω M
 − ω 2 I + κ 2 (M
H )−1 (n ⊗ n)B
H )−1 n ⊗ n w = 0 ,
H u + K
iω K
◦
◦
◦
(24)

where the following substitutions (abbreviations) can be applied:
 U = ID
H +B
H ,
H ⊗ B
 H /M
ID
U
AU,n
ij = Dikjl nk nl ,

(25)

Nn = n ⊗ n ,
To proceed, (25) is substituted in (24) which then yields


n
H −1  H

κ A u − i(ω M ) B N w − ω 2 r̂u + iωw = 0 ,


 −1 G
 −1 w = 0 .
 − ω2I u + K
H )−1 N n B
H )−1 N n w + iω K
 H u − i(ω M
(M
◦
◦
◦
2

κ2

U,n

(26)

Now, (26)1 and (26)2 are multiplied by 1/ω 2 and i/ω 3 , respectively. The modiﬁed equations
can be expressed upon introducing matrices IM(ω) and IK(ω), where


r̂I ,
− ωi I
IM(ω) =
,
i
 −1 G
 , − i3 K
 −1
I + ω12 K
ω
ω ◦
◦
◦


(27)
n
i H
− ωM
N
AU,n ,
B
H
IK(ω) =
,
n H
1
i
N B ,
Nn
H
ωM

H
ω2 M

The dispersion analysis consists in solving the following eigenvalue problem: Given ω ∈ R,
ﬁnd γ = κ/ω ∈ C, such that a nontrivial q = [u; w] ≡ 0 satisﬁes
IM(ω)q = λIK(ω)q ,

where λ := γ 2 .

(28)

Recall that both K
and G
depend of the frequency ω > 0.
◦
◦
In 3D, (28) provides 6 eigenvalues λ = γ 2 . It is clear that Ker (IK) = ∅; Let n⊥ is any
unit vector, such that n⊥ · n = 0. Then q⊥ = [0; n⊥ ] ∈ Ker (IK), noting that N n n⊥ = 0.
Hence card (Ker (IK)) = 2. As the consequence, there are two λ5 = λ6 = ∞. The remaining
eigenvalues λ1 , . . . , λ4 represent four modes which can be identiﬁed as the quasi-shear (qS)
and quasi-compressional, usually called quasi-pressure modes (qP), depending on the cosinus
≈ u · n of the angle between the solid displacement polarization.
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parts (w̄0 = 0 m/s)

 parts (w̄0 = 0 m/s)

parts (w̄0 = 0.1 m/s)

 parts (w̄0 = 0.1 m/s)


Figure 2: Eigenvalues of the permeability tensors K(ω)
(computed by homogenization, labels h1, h2, h3) and
K(ω) (the Biot’s visco-dynamic operator approximation, labels a1, a2, a3). Steady advection: w̄0 = 0 (top
ﬁgures), w̄0 = 0.1 (bottom ﬁgures).

 parts

parts



Figure 3: The components of the tensors G(ω).
Steady advection: w̄0 = 0.1 (note that G(ω)
≡ 0 for w̄0 = 0.0).
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(κ) – wave propagation

(κ) – wave attenuation

(κ) – wave propagation

(κ) – wave attenuation

Figure 4: Wave numbers κ1 (mode 1, qP1 mode) and κ2 (mode 2, qS1 mode). Steady advection: w̄0 = 0 (top
ﬁgures), w̄0 = 0.1 (bottom ﬁgures).
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(κ) – wave propagation

(κ) – wave attenuation

(κ) – wave propagation

(κ) – wave attenuation

Figure 5: Wave numbers κ1 (mode 3, qS2 mode) and κ2 (mode 4, qP2 mode). Steady advection: w̄0 = 0 (top
ﬁgures), w̄0 = 0.1 (bottom ﬁgures).
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5

Numerical illustrations

We shall illustrate the wave dispersion using a 3D geometry shown in Fig. 1, representing the
periodic elastic scaffolds saturated by viscous ﬂuid. Acoustic waves propagating in an inviscid
ﬂuid saturating this particular structure, but considered as rigid, were analyzed in [7, 8]. In
Fig. 1, right, the elastic skeleton Ys is indicated by the red color, while the ﬂow streamlines of the
advection ﬂow w̄ are depicted in the ﬂuid domain Yf . Note that the mean velocity w̄0 =0.1 m/s
represents the microscopic advection ﬁeld w̄(y) deﬁned in Yf , such that w̄0 = ν w̄0 = −Yf w̄ is
the mean advection vector with w̄0 = |w̄0 |.
We aim to demonstrate the inﬂuence of the permanent ﬂuid ﬂow given by the macroscopic
velocity w̄0 on the wave dispersion. For this, compute the permeability, analyze the wave
numbers obtained by solving the eigenvalue problem (28) which yiled phase velocities and
attenuations of the four propagating modes. We consider two values of the advections velocity:
a) w̄0 = 0 m/s (zero advection), b) w̄0 = 0.1 m/s, whereby the overall ﬂow direction is ν =
e1 = [1, 0, 0]T . The incident wave direction n = √12 [1, 1, 0]T is not aligned with the permanent
ﬂow direction ν. The dimensions of the periodic cell shown in Fig. 1 (right) were 7.5 × 10−4 m
(x1 axis), 6.5 × 10−4 m (x2 axis), 2.75 × 10−4 m (x3 axis), with the ﬁbre diameters 2 × 10−4 m.
The solid ﬁbres domain had the Al2 O3 material parameters (E = 300 GPa, ν = 0.27, and
ρ = 3900 kg/m3 ) while the ﬂuid domain was ﬁlled with water (μ = 1.02 × 10−3 Pa·s, kf =
2.25 GPa, and ρ0 = 1000 kg/m3 ).
In response to the varying frequency ω, we compute eigenvalues of the dynamic perme
ability tensors, i.e. K(ω)
and its approximation K(ω), see Section 3.3. To characterize the
wave propagation in such porous media, for a given direction n, the classical dispersion curves
ω → κ are computed which yield phase velocities ω → c(κ), where c = ω/ κ. It is worth
noting, that the four modes can be classiﬁed as the quasi-pressure and quasi-pressure modes.
For this, however, computing the projections of the complex polarization vectors u to n may
yield ambiguous interpretations. Therefore, we prefer to use mode indices 1,2,3, and 4 which
are assigned according to the speed of sound ordering, i.e. c1 ≥ c2 ≥ c3 ≥ c4 . Obviously, on
one hand, mode switching may appear, so that this classiﬁcation is not universally relevant. On
the other hand, there is a correlation between prevailing model polarization and the sound speed
value. In our example, modes 1 and 4 and the fast (qP1) and the slow (qP2) modes, whereas
modes 2,3 describe the qS modes.
To illustrate the dynamic permeability and the advection phenomenon inﬂuence, the eigenvalues of the dynamic permeability tensors are displayed in Fig. 2; there the curves labelled

by h1, h2, h3 represent the eigenvalues of K(ω)
given by (13)1 as the result of the homogenization of problem (2). The curves labelled by a1, a2, a3 are the eigenvalues of the Biot’s

visco-dynamic operator approximation determined using the static permeability K = K(0)
and
the isotropic tensor ρ with the tortuosity aτ = 1. The inﬂuence of the steady advection velocity
w̄0 is manifested both in the eigenvalue magnitudes and in differences between the eigenvalues

1, 2 for the nonzero velocity. The components of the tensors G(ω)
are shown in Fig. 3. Since
0
0

G(ω)
≡ 0 for w̄ = 0.0, only the curves for w̄ = 0.1 are depicted.
The dispersion curves are ω → (κ) and attenuation ω → (κ) curves are presented in
Fig. 4 (modes 1-2) and Fig. 5 (modes 3-4). The ﬂow advection inﬂuences more the attenuation
properties expressed by (κ), rather than the wave propagation speed corresponding to (κ).
This phenomenon is even more pronounced when the phase velocities ω/ (κk ) of the four
modes are inspected in Fig. 6. Namely the oscillations of the shear mode qS2 in the interval
500 ÷ 1500 Hz induced by the advection are remarkable.
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phase velocity c1,2 (modes 1,2) for w̄0 = 0

phase velocity c3,4 (modes 3,4) for w̄0 = 0

phase velocity c1,2 (modes 1,2) for w̄0 = 0.1

phase velocity c3,4 (modes 3,4) for w̄0 = 0.1

Figure 6: Phase velocity ck = ω/ (κk ), k = 1, . . . , 4 of the compressional qP1 and qP2 modes (labelled by
indeces 1 and 4, respectively), and the shear modes qS1, qS2 (labelled by indeces 2 and 3, respectively). Steady
advection: w̄0 = 0 (top ﬁgures), w̄0 = 0.1 (bottom ﬁgures).
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6

Conclusion

In this paper, we presented the effective model of the acoustic wave propagation in a periodic poroelastic medium perfused by a viscous ﬂuid. To respect an inﬂuence of the permanent
ﬂow component on the acoustic ﬁelds, the model was derived using the asymptotic homogenization applied to a linearized problem relying on the acoustic perturbations of all the involved
ﬁelds. This approach enables to retain the advection phenomenon manifested by the macroscopic steady ﬂow velocity w̄0 in the limit homogenized model. As a consequence, a new
generalized Darcy law governing the macroscopic seepage velocity of the acoustic waves is
constituted by a modiﬁed dynamic permeability and another new tensor which introduces a coupling effect between macroscopic ﬂuctuations of the seepage velocity and the skeleton velocity.
Both these tensors are nonsymmetric when w̄0 = 0 and depend on the advection associated
with the permanent ﬂow. This is a new ingredient in the model. The reported numerical example illustrates the strong inﬂuence of the advection phenomenon on the wave dispersion and
namely the attenuation properties in speciﬁc frequency intervals in which possible oscillations
of the dispersion curves are encountered. Further numerical results and a deeper analysis of the
dispersion phenomenon inﬂuenced by the permanent ﬂow in porous media will be reported in a
forthcoming paper.
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Abstract. This work provides a bending free vibration analysis of sandwich beams with three
layered, using a proposed new analytical method based on energy approach and spectral
analysis. Zig-zag displacement model is used to define the face and core layers displacements.
The upper and lower layers are assumed to be Euler-Bernoulli beams, while the central layer
is considered to be a Timoshenko beam. Two boundary conditions (Simply supported and
clamped ends) are assumed. Assuming a harmonic motion, the governing equations of the
sandwich beam are derived by applying Hamilton’s principle. Two differential equations
coupled in axial and transverse deformations are obtained. The present model is validated by
comparing the obtained results with those available in the literature. A parametric study is
done to show the effects of some parameters such as face/core thickness ratio and face/core
density ratio on the natural frequencies of sandwich beams.
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1

INTRODUCTION

Sandwich structures have spread in automotive, aerospace and marine industries due to
their lightness, excellent acoustic absorption and their im-pact and heat resistance. Heavy use
of this type of structure in several industries required the research of new theories adapted to
the study of their behavior in bending, buckling and vibrations.
Numerous of publications concerning sandwich beams, plates and shells are cited by
Vinson [1] who presented characteristics and advantages of sandwich structures. Grigolyuk
and Chulkov [2] provided the first hypotheses on the deformations of sandwich structures.
Wang et al. [3] provided the higher-order hypotheses which include shearing of beams and
plates. Zigzag hypotheses for multilayered plates were formulated by Carrera [4].
The earliest to provide the basic theory of sandwich structures were Plantema [5] and Allen
[6]. Free vibration analysis of Sandwich beams has been performed by many scientists. Some
references which are directly related to this work are briefly reviewed as follows. The first
studies on the free vibrations of sandwich beams were carried out by Di Taranto [7] Mead and
Marcus [8] using classical theory. Mead [9] developed a model which supposes that the upper
and lower faces of a sandwich beam are deformed according to the theory of the BernoulliEuler beam, while the core deforms only in shear and shear. This model has been validated by
comparing it to the different models adopted in several studies to analyze the free vibration of
sandwich beams. Iaccarino et al. [10] investigated the core geometry effect on bending behavior of sandwich beam.
Solutions based on the finite elements used to analyse the vibrations of the sandwich
beams are available in the Refs [11, 12]. This model based on a higher order theory using zigzag displacement field has been developed by Chakrabarti et al. [13] for static analysis of
laminated soft-core sandwich beams. Sakiyama et al. [14] presented free vibration analysis of
sandwich beam with both elastic and viscoelactic core for arbitrary conditions. They introduced a green function to obtain the characteristic equation which allows to computing modes
and natural frequencies. It is a discrete solution to the differential equation governing the
bending behavior of a sandwich beam.
Dynamic Stiffness Method (DSM) allows better results with a minimum number of elements. This has prompted scientists in recent years to use this method to study the free vibrations of sandwich beams. For example, Banerjee [15] used DSM to investigate the free
vibrations of symmetrical sandwich beams. In this study, the governing motion equations are
derived by ignoring mass of the nucleus with respect to those of the both faces. Howson and
Zare [16] studied the vibratory behavior of the sandwich beam by taking into account the acceleration of flexion of the beam with the nucleus and ignoring the axial acceleration of the
beam by deriving the equations of motion governing. They used DSM for various boundary
conditions and elastic supports. Khalili et al. [17] investigated the free vibration of threelayered symmetric sandwich beam consists of sprung masses using the finite element formulation and DSM. Numerical examples are used for discussing the finite element formulation
and dynamic stiffness matrix. Frostig and Baruch [18] investigated the free vibrations of
sandwich beams with flexible core based on higher order theory. They presented different
model for sandwich beams analysis. Amirani et al. [19] investigated the bending vibration of
a sandwich beam with a core layer made in FGM. They used the Galerkin method to derive
equations of motion. Natural frequencies are obtained by using the finite element analysis. A
quasi-two-dimensional finite element formulation was developed by Bekuit et al [20] to analyze dynamic and static behavior of sandwich beams. The assumed model is three-layered and
the longitudinal and transverse displacements are considered. In this study the formulations
were independent of the flexibility of the central layer.
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The main purpose of this research is to validate the new approach proposed here to analyze
vibrational responses of a sandwich beam. Then, a parametric study is carried out to show the
effects of some parameters such as face/core thickness ratio and face/core density ratio. First,
the displacement field at face and core layers, is defined by using Zig-zag model. Then, assuming a harmonic motion, the both displacements are extended as finite series of basic functions, and kinetic and total strain energies are expressed in discretized forms. Finally,
Hamilton’s principle is applied to obtain the motion equations for both boundary conditions.
Differential equations system is reduced to an eigenvalue problem, which is solved by the
Rayleigh-Ritz formulation. Natural frequencies are therefore easy to determine.
2
2.1

GENERAL FORMULATION
Problem definition

The structure studied here is shown in Fig 1. It is a sandwich beam of length “l” and
width “b” . “hf” and “hc” are the face sheet and core thickness respectively . As shown in
this figure, the beam deformations are considered to be in (x, z) plane.

Figure 1: Geometry and coordinate system of the sandwich beam.

2.2

Displacement field

The proposal of the zig-zag model is explained by the fact that the core and sheets are
made of different materials and have different thickness. This leads to a discontinuity of mechanical properties through the thickness of the beam. This does not allow to use the same
theory for the core and sheets, and to treat them independently.

Figure 2: Geometry and coordinate system of the sandwich beam.
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Motion equations of a sandwich beam elementare are derived on the basis of the following
assumptions:
- Sandwich beam elementare behavior is assumed in the linear elasticity case;
- Normal deformations in z-axis direction are negligible on the core and faces H z 0 .
-

No slippage and no delamination between core and sheets.
Uper and lower thin face sheets are assumed to be deformed according to the EulerBernoulli beam theory, and the core is assumed to be deformed only in shear.

-

Transverse displacement w x, t is considered the same for the three layers.

-

Axial displacements of the median lines of the uper and lower face sheets are
uu x, t and ul x, t respectively.

Symmetric deformation→ uu x, t ul x, t . uu x, t ul x, t are axial displacements of the median lines of the uper and lower face sheets respectively. Therefore,
uu ul u
The beam displacement field is derived from the compatibility conditions for deformations.
hf
hf

ww
Uper layer

dzd
°u  z
2
2
wx
°
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h
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ww · z
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2
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2.3

Governing equation

To obtain the sandwich beam motion equation, Hamilton’s principle Hamilton principle is
applied. It is symbolically written for a period 0 to S / 2Z as:

w³

S 2Z
0

T  U dt

0

(2)

where, U and T are strain and kinetic energy respectively.
o Kinetic and strain energy calculation
By neglecting the axial motion, the beam kinetic energy is expressed as follows:
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¸ ¨
¸ ¸ d V=
2 ³³³d V ¨© © wt ¹ © wt ¹ ¸¹
2
2 2
ª§ wu
§ w 2 w · · § § wu · § w 2 w · § ww · · º
1
§
·
U f «¨¨ ¨ ¸  z ¨
¸¸  ¨¨ ¸  z ¨
¸  2¨
¸ ¸ » d Vf =
2 ³³³d Vf
«© © wt ¹ © wtwx ¹ ¹¸ ¨© © wt ¹ © wtwx ¹ © wt ¹ ¸¹ »
¬
¼
2
2
ª z 2 § § wu ·
§ w 2 w · · § ww · º
1

 ³³³ Uc « 2 ¨¨ 2 ¨ ¸  h f ¨
¸¸ ¨
¸ » d Vc =
2 d Vc « hc © © wt ¹
wt wx ¹ ¸¹ © wt ¹ »
©
¬
¼
U f , U c are mass density of sheet-face and core respectively, with m f U f A f ; mc
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Calculation of the integrals of Eq (3), leads to the following kinetic energy expression:
2
2
2
§ w2w · · ·
1 l §¨
§ wu ·
§ ww · mc § § wu ·
(4)
2m f ¨ ¸  2m f  mc ¨
T
¨ 2 ¨ ¸  hf ¨
¸ ¸ ¸ dx
¸ 
wt ¹
wt ¹ 12 ©¨ © wt ¹
wt wx ¹ ¹¸ ¸
2 ³0¨
©
©
©
©
¹
Taking into account the previous assumptions, the beam strain energy is given by:
1ª
(5)
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The integrals in the Eq. (7) are calculated by substituting the values of the strains, to obtain
the following expression of the strain-energy:
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o Kinetic and Strain energy discretization.
Assumptions:
- The motion is assumed to be harmonic;
- The space-functions and time are assumed to be separable.
With these assumptions, the transverse and in-plane displacements can be written respectively
as:

° w x, t w x cos Zt
(11)
®
2
°̄u x, t u x cos Zt
Space-functions w x and u x are expanded in the form of finite series of n basic functions wi x and ui x respectively as:

° w x
®
°̄u x

ai wi

i 1, 2,3....... p

bi ui

i 1, 2,3.......q

(12)

It can be demonstrated by a convergence study of spectral expansions used for this model
that p q 6 are sufficient to obtain precise results concerning frequencies and stresses.
Discretization of the strain and kinetic energy expressions is made by substituting the expression given in Eqs. (11) into Eqs. (4) and (8), and rearranging. This leads to the following expressions:
1
ª ai a j K ijw cos 2 Zt  bi b j K iju cos 4 Zt  ai b j Cijuw cos3 Zt º¼
(13)
U
2¬
1
ª¬ ai a jZ 2 M ijw sin 2 Zt M ijw  bi b jZ 2 M iju sin 2 Zt  ai b jZ 2 M ijuw sin Zt sin 2Zt º¼ (14)
T
2
where,
Kiju , Kijw : Rigidity tensors associated with u and w respectively.

M iju , M ijw : Mass tensors associated with u and w respectively.
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Cijuw , M ijuw : Coupling tensors.
K
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Replacing U and T by their discretized expressions and integrating the time functions with
respect to ai ’s and bi ’s, leads to the following coupled system of linear algebraic equations:
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To simplify the analysis and the numerical treatment of the linear equations system, nondimensional formulation has been considered by putting the spatial displacement functions as:
x* x l , wi ( x) Hwi* ( x* ), ui ( x) O Hui* ( x* ), O H l
(17)
Eqs (16) can be written in a dimensionless form as:
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Axial inertia designated by the term O 2 and coupling mass tensor M iruw* can be neglected.

The second set of Eq (18) can be then solved for bi ’s leading to:
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Replacing expressions in Eq (19) into the first set of Eqs (16) leads to a decoupled set of
linear algebraic equation in terms of ai ’s coefficients only:
4
§
·
ai ¨ K irw* 
Dil * K lruw* ¸  aiZ *2 M irw*
3S
©
¹

0

(22)

The linear algebraic Eq (22) also called the amplitude equation, can be written in the matrix form as:
ª¬ K * º¼ ^ A`  Z *2 ª¬ M * º¼ ^ A` ^0`
(23)
where,
ª¬ M * º¼ and ª¬ K * º¼ are the dimensionless mass and stiffness matrixes respectively.

^ A`

T

ª¬ a1 , a2 , a3 ,.....a p º¼ is the column matrix of coefficients ai
Z * is dimensionless natural frequency of beam defined as:
2m f  mc l 4 2
*2
Z
Z
2E f B f

(24)

By assuming harmonic variation, the transverse wi x* and in-plane ui x* basic functions are expressed as follows:
o For a simply supported sandwich beam
 wi x*
°
®
*
°̄ui x

sin piS x*
cos qiS x*

, i 1, 2,3,....., 6

(25)

o For a sandwich beam with clamped ends


*
° wi x
®
°u x*
¯ i

ch( pi x* )  cos( pi x* ) sh( pi x* )  sin( pi x* )

ch( pi )  cos( pi )
sh( pi )  sin( pi ) , i 1, 2,3,....., 6
sin qiS x

(26)

*

The first six modes of transversal displacements are plotted in figure 3 for simply supported sandwich beam and sandwich beam with clamped ends.

Figure 3: The first six transverse basic functions of: (a) Simply supported sandwich beam, (b) Sandwich beam
with clamped ends
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3

RESULTS AND ANALYSIS

Validation of the approach used in this work and the impact of some parameters such as
density and thickness for various boundary conditions on sandwich beam natural frequency,
are presented in this paragraph. To validate the present theory, two models are considered:
Sakiyama et al. [6] and Howson and Zare [8]. The characteristics of the sandwich beams used
here are shown in Table 1.
Ef
Gc
ρf
ρc
hf
hc
b
L
-3
-3
(MPa) (MPa) (Kgm ) (Kgm ) (mm) (mm) (mm) (mm)
Sandwich beam N°1 68900 82.68
2680
32.8
0.4572 12.7 25.4 914.4
Sandwich beam N°2 68900 68.9
2687.3
119.7 0.4062 6.35 25.4 1218.7
Table 1: Characteristics of sandwich beam.

Results obtained here in the first case, concerning three natural frequencies are summarized in Table 2. These results are compared with those found by the authors [8, 6], who used
different methods for simply supported sandwich beam N°1. Howson and Zare [8] studied
flexural vibration behavior of sandwich beams by applying DSM (Dynamic stiffness Method),
while Sakiyama et al. [6] used the Green’s function as solution to analyse free vibration of
sandwich beams.
It can be confirmed from this table, that the obtained results are in good agreement with the
results of DSM used by Howson and Zare [8], with an acceptable accuracy.
Methods
Ω1 (Hz)
Green’s function [14] 56,159
DSM [16]
57,135
Present method
57,132

Ω2 (Hz)
215,820
219,585
219,522

Ω3 (Hz)
457,220
465,172
465,015

Table 2: Natural frequencies of simply supported sandwich beam.

Results obtained in the second case concerning three natural frequencies of sandwich
beams N°2 with clamped ends are summarized in Table 3. These results are compared with
those found by Sakiyama et al. [6] and Howson and Zare [8], who used different methods to
derive motion equations. Results of these works, here again, agree perfectly with the obtained
results in this study. The little differences in the results are due to approximations made and
the assumptions assumed here.
Methods
Green’s function [14]
DSM [16]
Present method

Ω1 (Hz)
33.5630
34.5965
34.6055

Ω2 (Hz) Ω3 (Hz)
90.3640 172.0700
93.1000 177.1550
93.1102 177.1561

Table 3: Natural frequencies of sandwich beam with clamped ends.

The plot in Fig.4 represented fundamental natural frequency variation versus thickness ratio (hf /hc) for two boundary conditions. This figure shows that, increase the thickness ratio
leads to an increase of fundamental natural frequency in the simply supported sandwich
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beams case, whereas in the case of sandwich beam with fixed ends, this frequency increases
at first then decreases gradually.

Figure 4: Effect of the thickness ratio on fundamental frequency of a sandwich beam.

The fundamental natural frequency variation versus core/face density ratio (ρc / ρf) is plotted in Fig.5. The smallest value of density ratio is corresponded the low core density. As
shown in this figure, the increase of density ratio leads to a decrease of fundamental natural
frequencies, whatever the boundary conditions.

Figure 5: Effect of the density ratio on fundamental natural frequency of a sandwich beam.

4

CONCLUSION

The subject of this work is studying and analysing the bending behavior of a sandwich
beam by a model based on energy approach and a spectral analysis. Various boundary conditions are assumed. Motion equations are derived by applying Hamilton’s principle. Two differential equations coupled in axial and transverse deformations are obtained. These equations
are decoupled by neglecting the axial inertia of the beam, and a single differential equation is
formed. Natural frequencies are then computed and validated. The results obtained in present
work using the new method are in good agreement with obtained results by the published theories.
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The effects of thickness and density of sandwich beam are analyzed by a parametric study.
This revealed that regardless of boundary conditions, the natural frequencies of the sandwich
beam increase with the increase of the face/core thickness ratio, but it decrease when the
core/face density ratio increases.
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HOMOGENIZED MODEL OF UNCONVENTIONAL DYNAMIC
BEHAVIOUR OF PERIODIC PLATES AND EXPERIMENTAL
COMPARISONS
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Abstract. This paper deals with the dynamic behavior of periodic orthogonally ribbed plates.
Theoretical results describing the out-of-plane behavior of cellular plates involving inner resonance phenomena are derived using the periodic homogenization approach. These theoretical
results are successfully compared to Wave Finite Element computations together with a mockup of orthogonally ribbed plate with aluminium stiffeners and polycarbonate plate. The good
agreement between analytical predictions and experimental measurements over the whole frequency range in terms of frequency and amplitude conﬁrms the ability of the homogenized model
to capture the locally resonant nature of the plate.
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1

INTRODUCTION

The classical plates models are well suited for homogeneous or moderately heterogeneous
plates. However, difﬁculties appear when attempting to extend classical theories to composite
structures with signiﬁcantly contrasted properties. When considering ribbed plates with stiffeners of similar ﬂexural rigidity than that of the plate, then the global behavior is that of a classical
but anisotropic plate. If the stiffeners are much stiffer than the plate, the global behavior will
be that of a beam lattice. In-between situations with speciﬁc beam grid/plate coupled behavior
should exist. The present paper focuses on this speciﬁc situation in dynamic regime, in which
the stiffener/plate contrasts induces inner resonance phenomena.
In dynamics, numerical approaches as ﬁnite elements method formulated in the framework of
Floquet-Bloch theory has been developed to determine the wave dispersion of periodic media.
As for ribbed plates, such a WFEM (Wave Finite Element Method) [14] has been used to determine, the free-wave propagation in plate stiffened by a grid of orthogonal beams. This method
can be improved with modal reduction techniques as demonstrated by [8] in the case of orthogonally ribbed plates. Advanced numerical procedure have also been applied to the identiﬁcation
of propagation parameters in composite structures from experimental measurements. For example, the IWC (Inhomogeneous Wave Correlation) method introduced by [4] allows extracting
the wavenumber from the experimental data and yields the empirical dispersion curve(s), as
presented in [11] for several applications to ribbed panels and plates. These different numerical approaches provide accurate numerical results provided that he micro-structure is given, but
fail to identify the underlying model that arises from the physics involved within the cell.
Among the theoretical approaches, the homogenization of periodic media [15, 3] is a rigorous asymptotic method for up-scaling the physics at micro-scale into a macroscopic model.
This method has been extensively applied to develop advanced plate theories, and one may refer
to [13, 12] for reviews on composite plates, structured plates, corrugated plates, heterogeneous
shells, etc. Recently, the asymptotic approach have been applied to highly contrasted mono directionally ribbed plates [9]. This study explains theoretically that the unconventional behavior
with singular dispersion and possible band-gap are straightforwardly related to inner resonance
phenomena. The latter corresponds to situations where dynamic regimes co-exist at both the
micro-scale of the period and the macro-scale of the structure [1, 2] that may results into negative effective mass over bands centered around the inner resonance frequencies [1, 5, 7].
The purpose of the present work is to extend the previous analysis of unidirectional ribbed
plate [9] to periodic bidirectional ribbed plates.The main outcomes of this study are an analytical formulation of the equivalent model of orthogonally ribbed plates involving inner resonance
phenomena, and the experimental validation of these new theoretical results.
The paper is structured as follows. The Section 2 focuses on the ﬂexural behavior of 2Dribbed plates. The out-of-plane model of beam grids accounting for local bending and torsion is
ﬁrst established through the method of asymptotic homogenization of periodic discrete media,
initiated by [17], and applied to in-plane behavior in [6], [7]. Then, the coupling between the
beam grid and the internal plates is detailed. From this, the equivalent plate model is established, and the unconventional features of the ﬂexural wave dispersion is presented. Section 3
is devoted to the numerical and experimental validations of the homogenized model. The theoretical results are successfully compared to numerical calculations conducted using WFEM.
Finally, the experiments performed on a prototype of ribbed plate evidences the ability of the
homogenized model to describe their complex dynamic behavior.
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2
2.1

Homogenization of the ﬂexural behavior of 2D-ribbed plates
Investigated structures

The periodic orthogonally ribbed plate (hereafter called 2D-ribbed plates for simplicity and
denoted RP) under study is depicted in Fig. 1. It comprises identical ”micro”-plate elements
(denoted P) connected to an orthogonal beam grid (denoted G), both made of isotropic elastic
materials. The beams of the grid are assumed signiﬁcantly stiffer than the ”micro”-plate (in a
sense precised latter on). We focus on the dynamic range such that the size of the cell (or the
width of P) is small in regards to the wavelength in the beam grid. The referential frame of
unit vectors (ex , ey , ez ) is such that ex and ey are the in-plane vectors along the orthogonal ribs,
while ez is the out-of-plane vector.
The two families of perpendicular beams (or stiffeners) deﬁne the ortho-beam grid G. The
stiffeners oriented along x (resp. y) are identical and spaced periodically by the length y
(resp. x ). However, the two families may differ from one another. These stiffeners intersect
on perfectly stiff and mass-less nodes. This deﬁnes the rectangular periodic mesh, which is
constituted by the portions of the two orthogonal stiffeners
that join at a node. The period of

surface S = x y is characterized by the length  = x y , and O(x ) = O(y ) = . We will
also use in the sequel the dimensionless quantities x = x /; y = y / so that x y = 1 and
O(x ) = O(y ) = O(1).
Each segment of stiffeners between two consecutive nodes is modeled as an Euler-Bernoulli







































Figure 1: Orthogonally ribbed plate RP under study with notations associated with macro-beams constituting the
beam grid G, and focus on the unit cell Ω made of micro-beams B and internal micro-P-plate

”micro”-beam (denoted Bx , By ). The geometrical parameters of Bj , with j = x, y, are (j , hj , bj , Aj )
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which stand respectively for their length, ez -thickness, width with bj = O(hj ) and section area
Aj = hj bj . The mechanical parameters (Ej , Ij = bj h3j /12, Gj , Ij , ρj , Λj = ρj Aj , ρj Jj ) denote
respectively the Young Modulus, the bending inertia, the torsional modulus and torsional 
inertia, the density, the linear mass, and the polar moment. The dimensions of the sections Aj
are assumed small with respect to the lengths j so that the behavior of the inter-node elements
can be effectively modeled as Euler-Bernoulli beams. It is further assumed that the geometrical
and the mechanical parameters of both types of beams Bj are of the same order of magnitude.
The material of the micro-plates P of area x y and thickness d, have a Young’s modulus
Ep , a Poisson’s ratio νp (the ”plate modulus” is Ep = Ep /(1 − νp2 )) and a density ρp . The plate
bending inertia is denoted Ip = d3 /12 and the surface mass Λp = ρp d.
2.2

Homogenization of the ortho-beam grid

We aim at building a model for large transverse ﬂexural vibrations in small deformations.
The up-scaling process of the out-of plane dynamics of the ortho-grid is performed through
the HPDM method (namely Homogenization of Periodic Discrete Media) [17, 10]. The developments follow the same guidelines as for the in-plane behavior studied in [7] and proceed
into three steps, namely (i) the discretization of the dynamic balance, then (ii) the homogenization procedure itself through scale separation assumption and normalization, leading (iii)
to the equivalent continuous model. This method applies under the key assumption of scale
separation. This means that the wavelength O(L) is much larger than the period size O(l) and
consequently  = l/L << 1. The macroscopic description of the grid, valid at the dominant
order, is the limit behavior reached for ε = /L → 0. After these few steps, we are left with the
following macroscopic description of the grid at the leading order :

Ex I x ∂ 4 U
∂ 4U
Ey Iy ∂ 4 U
G x I x Gy I y
+
+
+
y ∂x4
x ∂y 4
y
x
∂x2 ∂y 2


ρy J y ∂ 2 U
Λ x Λy
ρx Jx ∂ 2 U
2
2
=
ω
U (1)
+ω
+
+
x ∂x2
y ∂y 2
y
x
The governing equation (1) is expressed with the properties of the micro-beams constituting
the cell. This equation can be recast in the classical form of orthotropic plate equations, by
deﬁning
• the transverse forces TxG ez , TyG ez exerted on the faces of normal ex , ey and the in-plane
vector T G = TxG ex + TyG ey
• the momentum matrix M G that involves the bending and torsion effects
Thus (1) is rewritten equivalently as (the differential operators operates in the (x, y) plane):
⎧
Λ x Λy
⎪
⎪
div(T G ) + ω 2 ΛG U = 0
+
;
ΛG =
⎪
⎪
⎪
y
x
⎪
⎨
G
G
2 G
div(M ) − T − ω J .grad(U ) = 0




⎪
G y Jy
Ex Ix 2
⎪
=
−
∂
U
M
=
−
∂
∂
U
M
⎪
ρ
J
0
xx
xy
x
y
y
y
x
⎪
G
y
x
⎪
;
JG =
⎪
⎩M = Myx = − Gx Jx ∂y ∂x U Myy = − Ey Iy ∂ 2 U
0
ρ x Jx
y
y
x
(2)
The grid model (2) explicitly shows the coupling between the ﬂexural and torsional behaviors. Note that in statics, i.e. ω → 0, (2) is identical to the grid model of [16]. Remind also that
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the inertial terms containing the polar moments J G may be neglected in regards to those related
to the linear masses Λ. Note also that the description could be improved by considering the
correctors constituted by the higher order terms of the expansions. They will not be explored
here but their contribution could be appreciable when dealing with poor scale separation.
At this stage, (2) applies to the beam grid only free of external loading. The following section
aims at introducing the contribution of the internal plates.
2.3

Conditions for inner dynamics of 2D-ribbed plates

We investigate 2D-ribbed plates presenting inner resonance phenomena, i.e., the stiff orthobeam grid conveys the large wavelength, while the soft internal plate experiences a local resonance. Such a mixed regime within the cell results into (i) an inhomogeneous kinematics where
the plate and grid displacements differ at the leading order and (ii) an asymmetrical coupling
where the grid is forcing the soft plate. Let us specify the conditions for the occurrence of such
a co-dynamic regime.
2.3.1

The co-dynamic condition

In inner resonance regime, the grid G and P-plate fundamental resonances are of same order
i.e., O(ωG ) = O(ωp ), so that :
  


 2 4
2
Ep Ip
Ep ρ
EI
h 
4h
O
=O
i.e.
=O ε 2
(3)
=O
Λp 4
ΛL4
E ρp
d 2 L4
d
This relation highlights the signiﬁcant contrasts of mechanical properties of the constituting
materials of the beam grid G and P-plate.
2.3.2

Asymmetric coupling

As above stated, in presence of inner resonance, the grid acts as the forcing system that
imposes its displacement to the forced P-plate, in turn, the latter exerted forces on the grid.
Considering the transverse balance of the grid loaded by the internal plates, such an asymmetric
coupling requires :
div(T G ) = O(Tp )
(4)
where T G relates to the transverse shear force (unit kN) in the grid G and Tp is the transverse
linear shear force in the internal P-plate (unit kN/m). The plate and beam displacements are
identical at their junction, and consequently we have w = O(U ). Thus, from (4) and recalling
that bk = O(hk ) one deduces the following requirement



 3 4
3
2
Ep
bh3
 
d
4h
O E 4 = O Ep 3
i.e.
=
O
ε
(5)
=O
L

E
d 3 L4
d2

Ep
4 h2
In practice, ρ/ρp = O(1) and the two conditions (3)-(5) reduces to E = O ε d2 . For
ribbed plate made of a single material Ep = E, and the inner-resonance arises when d/h =
O(2 /L2 ), i.e. for plates P signiﬁcantly thinner than the beams of the grid G. If the P-material
is much softer that the G-material, namely Ep = O(ε4 E) then d/h = O(/L) enables the
inner-resonance to occur. Note that in these realistic cases, the bending stiffness of the plate
is much smaller than that of the grid, in accordance with the asymmetry of the coupling. The
case of inverted material properties so that the plate exhibits stiff properties and beam grid soft
properties is not assessed here.
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2.3.3

Beam grid loaded by internal plates

From the above analysis, provided that the conditions (3)-(5) are fulﬁlled, the action of internal plates is introduced in the beam grid model (2) in the form an external loading constituted
by a shear force Fez and a couple C resulting from the contact forces. This yield :
⎧
⎨div(T G ) + ΛG ω 2 U + F = 0
(6)
⎩div(M G ) − T G + J G ω 2 grad(U ) + C = 0
where the coupling terms F and C averaged on the cell are given either in terms or contact
stresses on the grid or of efforts in the plate, by
1
S
1
C=
S

F=

Γ

Γ

σ.n ds = −

1
S

T P .nP dl

(7)

∂P

x × σ.n ds = −

1
S

M P .nP dl +
∂P

1
S

∂P

1 ⊥ P
(b n )(T P .nP ) dl
2 n

(8)

P
(where b⊥
n stands for the ”oriented micro-beam width”, i.e., ±by , resp. ±bx , when n = ±ex
resp. ±ey ). It remains now to express explicitly these coupling terms induced by the resonating
internal plates. This is the aim of the next section.

2.4

Dynamics of the internal plates fully or partially connected to the beam grid

The out-of-plane motion w of the internal plates will be modeled as a Kirchhoff plate. Furthermore, the dynamic of the plate depends on the nature of its connections with the grid. We
will consider the following conﬁgurations illustrated in Fig. 2 :
• CCCC (Clamped-Clamped-Clamped-Clamped) i.e., the plate is clamped along its four
edges,
• CF CF (Clamped-Free-Clamped-Free) i.e., the plate is clamped along two opposite edges
and free on the two others opposite edges, that implies a cylindrical bending as in a biclamped beam,
• CF F F (Clamped-Free-Free-Free) i.e., the plate is clamped along one edge and free on
its three others edges as a cantilever plate,
• In addition, we will also consider the case of additional masses attached on P. To maximize its effect the mass is located at the center of the plate in the CCCC and CF CF
conﬁgurations, whereas for CF F F conﬁguration, it is located at the outboard side of the
clamped edge,
Independently of the speciﬁc type of the above listed boundary conditions, the elasto-dynamic
plate problem is a 2D (CCCC conﬁguration) or 1D (CF CF and CF F F conﬁgurations) linear
problem where the deﬂection U (x, y) of the beam grid is the forcing term, which is uniform at
the P-plate scale. It results that the plate deﬂection takes the form
w(x, y, ξ) = U (x, y)φbc
ω (ξ)

(9)

where ξ = ξx ex + ξy ey stands for the local position within each P-plate and φbc
ω (ξ) is the
frequency dependent deﬂection, for a unitary displacement of the grid. Hence, φbc
ω (ξ) is the
solution of the P-problem in the conﬁguration speciﬁed by the boundary conditions (bc ).
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Figure 2: Shape of the fundamental mode associated with boundary conditions considered for the internal plates
P : (a) Cx Cy Cx Cy , (b) Cx Fy Cx Fy , (c) Cx Fy Fx Fy .

2.5

Homogenized ﬂexural behavior of 2D-ribbed plate

The effect of internal plates on the grid is contained in the force F, (7), and couple C, (8)
and can be deduced from the knowledge of deﬂection in the plate φbc
ω (ξ).
Regarding the force F : Using the transverse force balance of P, F can be re-expressed as
T P .nP dl = −

SF(x, y) = −
∂P

i.e., introducing the following notation − =

1
S



P

div(T P ) ds = ω 2 Λp

w ds
P

−ds for the mean value on the plate
  2
F(x, y) = Λp φbc
ω ω U (x, y)
P

(10)

Regarding the couple C : After integrating the transverse force balance of P multiplied by
the local coordinate ξ, one derives that
SC = ω 2 Λp
Furthermore, since T

P

=

TxP ex

ξw ds +
P

+

TyP ey

∂P

1
(n + bn )nP (T P .nP ) dl
2

we are left with

C(x, y) = Kωbc U (x, y)

Kωbc = ω 2 Λp Hωbc −

;

E  Ip bc
C
S ω

(11)

where Kω bc is an elasto-inertial effective parameter that involves the frequency dependent dimensionless vectors Hω∗ and Cω∗ . The components of the latter read explicitly
Hωbcx

=

ξx φbc
ω (ξ)

;

Cωbcx

 x + by
=
2

y
2

−

y
2

∂ξ3x φbc
ω |− 2x ,ξy

+

∂ξ3x φbc
ω | 2x ,ξy


dξy

(12)

with similar expressions of the y-components by switching x and y.
Reporting expressions (7) and (8) into (6) yield the effective model of the 2-D ribbed plate
that describes the grid behavior enriched by for the locally resonant internal plates.
⎧
Λ x Λy
⎪
2

bc
⎪
div(T
)
+
ω
(Λ
+
Λ
φ
)U
=
0
;
Λ
=
+
⎪
G
G
p
ω
⎪
⎪
y
x
⎪
⎨
div(M ) − T − ω 2 J.grad(U ) + Kωbc U = 0
(13)




⎪
G y Jy
Ex Ix 2
⎪
∂
U
∂
∂
U
⎪
0
ρy J y
x y
x
⎪
y
x
⎪
;
J=
⎪
Ey Iy 2
⎩ M = − G x Jx ∂ y ∂ x U
∂y U
0
ρ x Jx
y
x
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The inner resonance effect appears through the frequency dependent effective parameters φbc
ω ,
and Kω bc both associated with the dynamic motion of the internal plate. Let us ﬁrst estimate
the relative order of magnitude of the two non-conventional terms. From the expression (12) of
Kωbc it appears that

|Kωbc ||∇U |
|Kωbc |
=O
= O(/L)
1
Λp φbc
LΛp φbc
ω U
ω
Consequently, the effect of the non conventional torque is of one order smaller than the effect
of non conventional inertia. Let us now explicit the effective mass term according to different
boundary conditions :
CFCF plates : In that case the local plate problem and the corresponding ﬁeld is identical
to that of a clamped-clamped beam. Thus one has, when the P-plates are clamped on the yoriented micro beams, as in Fig.2-b (and similar expression switching x and y if the clamping
is on Bx )

Λp ω 2
2
1
Cx F y Cx F y
4
δ=
=
(14)
φω
δx coth(δx ) + cot(δx )
Ep Ip
C F C F

Note that according to the above analysis φω x y x y  → ±∞ when coth(δx ) + cot(δx ) = 0,
i.e., at the eigenfrequencies of the y-bi-clamped P-plate symmetric modes. These frequencies
2 
E p Ip
, n = 1, 2, 3, . . . .
are accurately approximated by (2n − 12 )2 πx
Λp
x F y F x Fy
φC
=
ω

1 cosh(δx ) sin(δx ) + cos(δx ) sinh(δx )
δx
cos(δx ) cosh(δx ) + 1

(15)

C F F F

As expected, φω x y x y  → ±∞ when cos(δx ) cosh(δx ) + 1 = 0 which corresponds to the
eigenfrequencies of the y-clamped cantilever P-plate, which are accurately approximated by
2 
Ep Ip
1 2
π
, n = 1, 2, 3, . . . .
(n + 2 )
Λp
x
CCCC plates : For a plate clamped on its four sides there is no explicit expression of the
local ﬁeld. However, an analytical solution is available for circular clamped plate. This provides
an approximated value for a square plates of side  by matching its ﬁrst eigenfrequency with
that of a circular plate of radius a. The corresponding approximation reads where Jk and Ik are
the Bessel and modiﬁed Bessel functions of the ﬁrst kind.

−1
4 J0 (δa) I0 (δa)
Csquare
Ccircle
 ≈ φω
=
where
a ≈ 0.53
(16)
+
φω
δa J1 (δa) I1 (δa)
2.5.1

Dispersion features in the orthogonally ribbed plate

Consider a ﬂexural harmonic wave U (x) = exp(i(kθ nθ .x) propagating in the direction nθ =
cos(θ)ex + sin(θ)ey . Taking into account the facts that (i) the terms associated with polar
moments are of weak magnitude compared to the translational inertia, and (ii) the terms of non
conventional torque are of one order smaller that those associated with the non conventional
inertia, these two terms can be disregarded at the leading order. Consequently, the ﬂexural
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nx = n y = 5
Beam grid
Plate
Global structure

E [Pa]
69 × 109
3 × 109

ρ [kg.m−3 ]
2700
1200

dimensions [m]
hy = hx = by = bx = 0.01,
y = x = 0.1, d = 0.001
Lx = Ly = 0.56

weight [kg]
1.78
0.363
2.14

Table 1: Geometrical and mechanical parameters of the 2D-ribbed plate RP1 considered for the numerical validation.

wavenumber kθ (ω) is given by :

kθ4

Ex Ix
Ey Iy
cos4 (θ) +
sin4 (θ) +
y
x



G x I x Gy I y
+
y
x

cos2 (θ) sin2 (θ)

Λ x Λy
2
+
+ Λp φcb
−ω
ω
y
x

= 0 (17)

lead to dispersion features that differs noThe inner resonance of P-plate accounted by φω , √
tably from the classical bending case in which k ∼ ω in the whole frequency range. Signiﬁcant changes are expected in the neighborhood of the internal plate’s eigenmodes.
3

Numerical and experimental validation

We perform direct WFEM simulations of a 2D-ribbed plate designed so that resonance frequencies of the inner plate matches with that of the beam grid. The considered system denoted
hereafter by RP1 is a square panel made up of 5×5 cells whose the stiffeners are in aluminium
and internal plates in perspex, much softer than aluminium. With the geometric and mechanical parameters given on Table 1 the co-dynamic condition (3) ωb = ωp is satisﬁed. Typical
structural damping coefﬁcients for aluminium and perspex are respectively ηk = 5/1000 and
ηi = 1/100 and are included into the model as an imaginary part of the Young’s modulus. Then,
the effective parameters previously deﬁned analytically and the wavenumbers are calculated for
different boundary conditions on the internal plates, and compared to the results obtained by
WFEM simulations.
Grid without internal plates. A ﬁrst validation is achieved on the beam grid model itself.
On Fig. 3-a one notices an excellent agreement between the wavenumbers along the x direction
(θ = 0), and along the oblique direction θ = π/4 predicted by the homogenized model and
those computed.
Grid with CCCC, CF CF and CF F F internal plates. The fundamental frequency
 of a
2
CCCC plate can be estimated using by Galin’s formula. For a square plate : ωp = (36/ ) EI/ρd,
that gives here 277 Hz (the three ﬁrst eigenfrequencies calculated by 3D ﬁnite element are 275
Hz, 562 Hz, 1009 Hz). The Fig. 3-b shows that the theoretical and numerical approaches provide very close results. The classical ﬂexural dispersion is notably modiﬁed by the singularity
induced by the resonance of the symmetric modes of the inner plates.
Further, the ﬁrst resonance frequencies for the CF CF plate are 170 Hz, 470 Hz, 921 Hz
(respectively 27 Hz, 168 Hz for the CF F F plate). The comparison between numerical and
theoretical dispersion presented on Fig. 3-c, -d are also very satisfactory on those cases.
On Fig.3-c the singularity in the numerical results that are not predicted by the theoretical
results arises at the antisymmetric resonance of the P-plate. The latter are associated with
torsional kinematics that are inhibited at the leading order in 2D-ribbed plate. Nevertheless, a
slight torsion exists and the singularity generated numerically by the antisymmetric resonance
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Figure 3: Wavenumbers predicted by the homogenized model in the directions θ = 0 (−), θ = π/4 (−−), and by
WFEM computation , θ = 0 (◦), and θ = π/4 (+). a) Top left : Grid without internal plates, b) Top right : Grid
with CCCC, plates. c) Bottom left : Grid with CF CF plates, d) Bottom right : Grid with CF F F plates.

magniﬁes the effects and results in a sharp and very tight singularity in the calculated wave
numbers.
3.1

Experiments on 1D and 2D-ribbed plates

The panels are freely suspended and excited by a shaker that delivers a wide band random
noise, The excitation point is located on the central stiffener and an impedance head gives the
input force and acceleration. The velocity ﬁeld is measured by a scanning Laser vibrometer.
The scan is performed on a line along the excited stiffener. Measurements are performed in the
frequency range 0-2kHz.
The IWC method is used to extract the wavenumber from the experimental data. For each
scanned point, the frequency response function is recorded with its coherence functions. Hereafter, the ﬂexural dispersion curves recovered from the experiments are compared to the analytical and/or the numerical ones.
The Fig. 5 shows that the experimental ﬂexural dispersion of the grid compares satisfactorily
with that given by the homogenized model of the grid. The damping results presented in Fig.5
are not investigated in more details in this paper. However they will be compared to that of
Fig. 6, 7, 8 where it is clear that the local resonance introduces signiﬁcant damping on the wave
propagation.
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Figure 4: Experimental setup for the freely suspended ribbed plate : (a) orthogonally ribbed plate ; (b) plate with
added mass in the center in CCCC conﬁguration
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Figure 5: Flexural dispersion curve, analytical (−) and experimental (− + −) in the beam grid

2D-ribbed plate with CCCC plates : The experiment/model comparison presented in
Fig. 6 clearly show that the singularities predicted by the model actually occur in practice.
Note that the phase enables to identify signiﬁcant ﬂuctuations associated with inner resonance
of the plate.
2D-ribbed plate with CF CF plates : The same experiments has been performed in the
CF CF conﬁguration and the results presented on Fig. 7 (without mass) lead to similar comments as above.
2D-ribbed plate with CF F F plates : The results gained on the CF F F conﬁguration
without mass are presented in Fig. 8.
To sum up this section, the numerical simulations and the experimental results gained on
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Figure 6: 2D ribbed plate with CCCC internal plates : Flexural wavenumber, homogenized model (−), experimental data (− + −). The theoretical resonance frequencies are indicated by vertical dotted lines
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Figure 7: 2D-ribbed plates with CF CF internal plates. Flexural wavenumber, homogenized model (−), experimental data (− + −), The theoretical resonance frequencies are indicated by vertical dotted lines

various conﬁgurations are all very consistent with the theoretical modeling.
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Figure 8: 2D ribbed plate with CF F F internal plates. Flexural wavenumber, from homogenized model (−), from
experimental datum (− + −). The theoretical resonance frequencies are indicated by vertical dotted lines
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5

CONCLUSIONS

The homogenization method applied to periodic orthogonally ribbed plates with contrasted
geometrical and/or mechanical parameters allowed to determine their unconventional macroscopic behavior. The model is established within the scale separation assumption, and its effective parameters are explicitly determined from the geometrical and mechanical properties
of the plate and stiffeners. The complex dynamic behavior encompasses the atypical ﬂexural
dispersion associated with the enriched local kinematics induced by the inner resonance. As a
consequence, the ﬂexural waves are affected by the frequency dependent positive or negative effective mass of the moving inner plates. Hence, around the inner plate’s eigenfrequencies (that
depends on the boundary conditions as CCCC, CF CF , CF F F or added masses) the wave dispersion presents singularities, namely strong velocity variations together with frequency bands
of strong attenuation. These outcomes are successfully compared with WFEM computations
for realistic examples of contrasted cellular plates and with experiments performed on two prototypes in different conﬁgurations. This shows that the homogenized model correctly captures
the phenomena, that the study yields reliable design rules to tailor cellular panels.
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vibro-acoustic analysis of 2d periodic structures. Journal of Sound and Vibration, 363:285
– 302, 2016.
[9] P. Fossat, C. Boutin, and M. Ichchou. Dynamics of periodic ribbed plates with inner
resonance: Analytical homogenized model and dispersion features. International Journal
of Solids and Structures, 152-153:85 – 103, 2018.
[10] Stephane Hans and Claude Boutin. Dynamics of discrete framed structures : A uniﬁed
homogenized description. Journal of Mechanics of Materials and Structures, 3(9):1709–
1739, 2008.
[11] M.N. Ichchou, J. Berthaut, and M. Collet. Multi-mode wave propagation in ribbed plates.
part ii: Predictions and comparisons. International Journal of Solids and Structures,
45(5):1196 – 1216, 2008.
[12] Alexander Kalamkarov, Igor Andrianov, and Vladyslav Danishevs’kyy. Asymptotic
homogenization of composite materials and structures. Applied Mechanics Reviews,
62(3):030802–1–030802–20, 2009.
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Abstract. We formulate a discrete-to-continuum approach to the dispersion relation of onedimensional lattice metamaterials. With reference to a generic lattice structure that can be
described as a biatomic mass-spring chain, we formulate a higher order gradient continuum
theory of the competent dynamical problem using a homogenization approach. The proposed
theory allows us to obtain an analytic description of the bandgap-type response of the homogenized chain, and to estimate the frequency boundary region that is affected by the full transmission of mechanical waves. Numerical applications of the proposed discrete-to-continuum approach are given with reference to tensegrity metamaterials, which exhibit a prestress-tunable
bandgap response over a wide range of frequencies.
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1

Introduction

Recently, researchers have focused on exploring the bandgap-type response of lattice metamaterials, e.g. [1–4]. These materials are artiﬁcial periodic structures with potential variations
in density and/or geometry (refer, e.g., to [4], [5], [6] and references therein). They are characterized by unusual mechanical properties. It has been shown that such systems support phononic
bandgaps, and have frequency ranges with inhibited wave propagation.
This study refers to mass-spring tensegrity lattices for which it has been demonstrated that the
dispersion relation can be tuned by varying the applied internal self-stress induced by prestretching the cables forming the tensegrity units, and/or the global prestress induced by the application
of compression forces to the terminal bases [7]. This paper addresses the bandgap-type response
of the homogenized chain. Previous homogenization methods have been illustrated for both low
and high frequency regimes, e.g. in [8], [9], in [10] and [11]. In contrast to these studies, the
present work approaches the problem from the point of view of the theory of mixtures. The
sense is that, for thermodynamic reason, the existence of bandgap in elastic continuum materials, at least two kinematical descriptors are necessary. The ﬁrst is that on which it is evident
the attenuation in the prohibited frequency band. The second is that on which the energy is
stored. Thus, in a bi-atomic chain the kinematical descriptors correspond to the position of
those masses and one side of the stiffer spring and on the same side of the softer spring. It is a
matter of facts that if the springs have the same rigidity, no band gap is possibile.
In the ﬁrst part of the paper, we develop a discrete-to-continuum approach to the dispersion
relation of 1D periodic arrays, both for monoatomic and biatomic chains. Then, we apply the
developed theory to tensegrity metamaterials, and we compare the results with those obtained
using the discrete approach [7]. Our key ﬁndings are summarized in Sect. 4, where we also
propose future research lines for the manufacturing and testing of bandgap metamaterials with
tensegrity architecture.
2

Discrete-to-continuum models of bandgap systems

The present section studies continuous mathematical models able to describe the behavior
of both monoatomic and biatomic systems. It is a matter of facts that a standard continuous
model is not sufﬁcient to represent an intrinsically discrete system. The reason is inside the
continuous approximation, that is however attenuated by the use of non standard models. In
order to provide a well-posed system of Partial Differential Equations for such models, the use
of variational procedure is suggested, see e.g. [12]. Thus, an Action functional A is deﬁned in
terms of kinetic K, internal Uint and external Uext energies,
A=

t2
t1

K − Uint + Uext ,

(1)

where t1 and t2 are two instants of time and where the action A is a functional of the fundamental kinematical ﬁelds of the continuum. We will see in Subsection 2.1 that for the continuous
model of monoatomic chain we need only a single placement ﬁeld χ and in Subsection 2.2 that
for the continuous model of biatomic chain we need two placement ﬁelds χ1 and χ2 . For the
sake of simplicity, we consider for both cases a one dimensional continuous body of length L
and an abscissa X, in the straight reference conﬁguration, such that X ∈ [0, L].
Once the set of kinematical ﬁelds and their admissible variation have been deﬁned, the equation of motion are achieved by imposing that the variation of the action, among all the admissible variation of the kinematical ﬁelds, is null, i.e., δA = 0
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2.1

Monoatomic systems

Kinetic energy of the microstructural continuum representing the monoatomic chain contains
not only the standard contribution in terms of the mass density ρ but also a non standard one in
terms of the microinertia η,
L 1
1 2
K=
ρχ̇2 + η χ̇ ,
(2)
2
0 2
where dot ȧ and prime a represents, respectively, the derivatives with respect to time t and
position X.
Analogously, the internal energy contains not only the standard contribution in terms of
the strain  = u but also in terms of the strain gradient  = u , where u = χ − X is the
displacement ﬁeld,
L 1
1
Uint =
kel1 u2 + kel2 u2 ,
(3)
2
0 2
and where kel1 is the standard axial stiffness and kel2 is the non-standard strain gradient axial
stiffness.
The deﬁnition of an external energy should provide the necessary ingredients for solving
boundary value problems. For the sake of simplicity, here we assume no external energy, i.e.
Uext = 0.
Both standard arguments for the derivation of the variation of the action and imposing that its
variation among all the admissible variation δχ of the fundamental kinematical ﬁeld χ is null,
i.e. δA = 0, yields the Partial Differential Equation of the problem,
ρü − ηü = kel1 u − kel2 u .

(4)

By assuming a plane wave solution for the displacement ﬁeld u in terms of the real part (i.e.
Re) of complex exponential form,
u = Re (u0 exp i (ωt − kX)) ,

(5)

where u0 , ω and k are, respectively, the complex amplitude, the angular frequency and the wave
number, we obtain the following dispersion relation


ω = ωc (k) = k

kel1 + kel2 k 2
,
ρ + ηk 2

(6)

where the function ωc (k) has been introduced for the present continuous system. A comparison
between the dispersion relations for discrete [7] and and for continuous (18) systems can be
done only for large wave length λ = 2π/k, that means for small wave number k. Thus, it is
reasonable to perform a Taylor’s series expansion of both functions ωd (k) and ωc (k),




(ka)2
Kel
1−
ωd (k) = ka
M
24






+ o k3 .

(7)




kel1
kel1 kel1 η − kel2 ρ
ωc (k) = k
+ k3
+ o k3 ,
ρ
ρ
2kel1 ρ

(8)

An identiﬁcation of the two dispersion relations (7) and (8) yields
M
,
ρ=
a



kel1 = aKel ,

a2 kel2
η=ρ
+
12 kel1

606



M
=
a



a2
kel2
+
12 aKel



(9)
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Eqns. (27)1 and (27)2 are the standard and intuitive identiﬁcations of both continuous mass
density ρ and standard axial rigidity kel1 in term of the constitutive parameters of the discrete
model M , Kel and a. Eq. (27)3 gives a relation between the two strain gradient parameters η
and kel2 . It is worth to be noted that the identiﬁcation of null microinertia η = 0 is forbidden by
the thermodynamic assumption kel2 ≥ 0, that is implied by positive deﬁniteness of the internal
energy (3).
2.2

Biatomic systems

We now examine a continuous model for biatomic chains. As we have already pointed out,
the fundamental kinematical ﬁelds of the continuum model of biatomic systems are the two
placements χ1 and χ2 .
Kinetic energy of such a continuum is not only the standard contribution in terms of a
quadratic form of the two velocity ﬁelds χ̇1 and χ̇2 but also a non standard one in terms of
a quadratic form of the two velocity gradient ﬁelds χ̇ 1 and χ̇ 2 ,
K=

L
0

1
2

χ̇1

χ̇2





A

where the two matrixes A and B,


A=

ρ1
ρ12

χ̇1
χ̇2

ρ12
ρ2



1
+
2

χ̇





,

B=

1

χ̇

η1
η12


2

η12
η2



B

χ̇ 1
χ̇ 2



,

(10)



,

(11)

are positive deﬁned.
Analogously, the internal energy contains not only the standard contribution in terms of a
quadratic form of the two axial strains 1 = u1 and 2 = u2 but also in terms of the two axial
strain gradient 1 = u1 and 2 = u2 , where the two displacements u1 = χ1 −X and u2 = χ2 −X
are deﬁned. Besides, a contribution in terms of the square of the difference between the two
displacements u1 and u2 is objective and is conceived as follows,
Uint =

L
0

1
1
kel0 (u1 − u2 )2 +
2
2

u1

where the two matrixes C and D,


C=

kel1
kel12

kel12
kel2

u2





C

u1
u2





,

D=



1
+
2

k2el1
k2el12

u1

k2el12
k2el2

u2





D

u1
u2



,

(12)



,

(13)

are positive deﬁned. For the sake of simplicity we assume D = 0. Besides, we assume no
external energy, i.e. Uext = 0.
Both standard arguments for the derivation of the variation of the action and imposing that its
variation among all the admissible variation δχ1 and δχ2 of the fundamental kinematical ﬁelds
χ1 and χ2 are null, i.e. δA = 0, yields the following system of Partial Differential Equations of
the problem,
ρ1 ü1 + ρ12 ü2 − η1 ü1 − η12 ü2 = kel1 u1 + kel12 u2 − kel0 (u1 − u2 ) = 0
ρ2 ü2 + ρ12 ü1 − η2 ü2 − η12 ü1 = kel2 u2 + kel12 u1 + kel0 (u1 − u2 ) = 0

(14)
(15)

By assuming plane wave solutions for the displacement ﬁelds u1 and u2 in terms of the real part
of complex exponential form,
u1 = Re (u10 exp i (ωt − kX)) ,

u2 = Re (u20 exp i (ωt − kX)) ,
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where u10 and u20 are the complex amplitudes, we obtain the following dispersion relation


det

ρ1 ω 2 + η1 k 2 ω 2 − kel1 k 2 − kel0
ρ12 ω 2 + η12 k 2 ω 2 − kel12 k 2 + kel0

ρ12 ω 2 + η12 k 2 ω 2 − kel12 k 2 + kel0
ρ2 ω 2 + η2 k 2 ω 2 − kel2 k 2 − kel0



= 0,

(17)

that in the explicit form is
ω = ωcc (k) =

E (k) ±



E (k)2 − 4F (k)
,
2G (k)

(18)

where
E (k) = k 4 (kel1 η2 + kel2 η1 − 2kel12 η12 ) +
k 2 (kel1 ρ2 + kel2 ρ1 − 2kel12 ρ12 + kel0 (η1 + η2 + 2η12 )) +
kel0 (ρ1 + ρ2 + 2ρ12 )
2
F (k) = k 2 kel0 (kel1 + kel2 + 2kel12 ) + k 2 kel1 kel2 − kel12



(19)

G (k)

(20)

2
G (k) = k 4 η1 η2 − η12
+ k 2 (ρ1 η2 + ρ2 η1 − 2η12 ρ12 ) + ρ1 ρ2 − ρ212

(21)



and the function ωcc (k) has been introduced for the present continuous system. A comparison
between the dispersion relations for discrete and for continuous systems can be done only for
large wave length λ = 2π/k, that means for small wave number k. Thus, it is reasonable to
perform a Taylor’s series expansion of both functions ωdd (k) and ωcc (k), that we perform with
the assumption
ρ1 = ρ, ρ2 = ρ, η1 = η, η2 = η,
(22)
that yields,
K1 K 2
2M (K1 + K2 )
K1 + K2
K1 K2
− (ka)2
= 2
M
2M (K1 + K2 )
kel1 + kel2 + 2kel12
= k2
,
2 (ρ + ρ12 )


kel0 (η − η12 )
kel0
2 kel1 + kel2 − 2kel12
−2
= 2
+k
ρ − ρ12
2 (ρ − ρ12 )
(ρ − ρ12 )2

ωdd1 (k)2 = (ka)2

(23)

ωdd2 (k)2

(24)

ωcc1 (k)2
ωcc2 (k)2

(25)
(26)

An identiﬁcation of the four dispersion relations (23), (24), (25) and (26) yields
ρ=

M
,
a

kel0 =

K1 + K2
,
a

kel1 + kel2 = a

K 1 K2
,
K1 + K2

η=

M aK1 K2
2 (K1 + K2 )2

(27)

with the assumption
ρ12 = η12 = kel12 = 0
3

(28)

Numerical results

We shall now apply the theory outlined above to a biatomic tensegrity chain modeled as
a mass-spring chain and featuring linear springs with two alternating stiffness constants K1
and K2 (where K1 < K2 ) [7]. This section includes a numerical validation of the approach
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Figure 1: Dispersion relation in the ﬁrst Brillouin zone for a biatomic chain under F0 = 4.21 N and p̄ = 0.00,
obtained by applying the discrete and continuous models.

presented in Section 2. Our results are compared with those obtained by applying Bloch-Floquet
theory to a biatomic tensegrity chain, as illustrated in [7], Subsection 2.2.
We focus on a chain that is uniformly axially loaded with an initial static precompression force
F0 = 4.21 N applied to the terminal bases of the structure. Each unit presents an initial selfstress (internal prestress) p̄ = 0.00.
Fig. 1 compares the dispersion relation of a biatomic tensegrity chain obtained via the discrete model [7] and the continuous model (Section 2), highlighting a good overall agreement
between the two approaches.

Here, f¯ denotes the normalized frequency f¯ = f KM∗ where K ∗ is the tangent stiffness of Unit
1 (taken as a reference) in the globally prestressed conﬁguration and M is the total mass of a
unit cell. Meanwhile, κ̄ denotes the normalized wavenumber κ π/a where a is the unit cell size.
It is worth noticing that the identiﬁcation of the constitutive paramenters of the continuum
model in (27-28) has been done assuming small values of the wave number κ and therefore for
large wave length λ = 2π/κ. Thus, from one hand this is the range in which the continuum
approximation is possibile and the comparison that is done in Fig. 1 is relaiable. From the other
hand, an investigation in other ranges of wave length for the continuum model still need to be
done.
4

Concluding remarks

In this paper, we have analyzed the frequency band structure of a 1D monoatomic and biatomic mass-spring chain. The study led us to formulate a continuum model for these structures
based on a higher order gradient continuum theory. In contrast to standard continuous models,
this theory allows us to efﬁciently describe intrinsic discrete systems.
A numerical application of the proposed discrete-to-continuum approach has been presented
with reference to tensegrity metamaterials, which exhibit a prestress-tunable bandgap response
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over a wide range of frequencies while the material properties of the unit cells remain unchanged. A comparison was made between the dispersion relations for discrete and continuous
systems in order to validate the mathematical homogenization theory presented.
Possible engineering applications of tensegrity metamaterials may include bandgap systems
[13, 14], waveguiding [15, 16], impact protection gear [6, 17], and/or acoustic lenses [18, 19].
This study paves the way for a number of relevant extensions and generalizations that we will
address in future work. These may include, for example, the 3D printing [20] and experimental
dynamic analysis of tensegrity metamaterial structures at different scales.
Acknowledgements
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Abstract. In this paper, we report about the effect of the application of a state of prestress
on the band structure of a periodic phononic crystal characterized by an inertial ampliﬁcation
mechanism. Through a numerical example, we show the possibility of inducing negative group
velocity in an isolated branch of the dispersion diagram.
A 2-step Updated Lagrangian scheme is adopted to calculate the dispersion diagram of the
structure. The proposed method include (i) the static geometrically nonlinear analysis of a
representative unit cell undergoing the action of an applied external load and (ii) the BlochFloquet decomposition applied to the linearized equations of the acousto-elasticity for the unit
cell in the deformed conﬁguration. The dispersion analysis is performed in terms of small
amplitude motions superimposed on a deformed state, once the desired load has been applied.
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1

Introduction

Controlling the propagation of elastic waves in solids has always attracted the interest of
physicists and engineers. Considerable progress has been made in this area thanks to the introduction in the last decades of the so called phononic crystals and elastic metamaterials, i.e.,
artiﬁcial periodic structures with variations in density / stiffness / geometry, exhibiting unconventional dynamic properties, such as for instance frequency regions where the propagation
of waves is inhibited, referred to as phononic bandgaps, or negative group velocity of their
branches [1], allowing for negative refraction [2].
Since their introduction, a plethora of innovative applications relying on frequency ﬁltering [3],
topological protection [4, 5] and wave splitting [6] have been proposed in the most disparate
ﬁelds ranging from the infrasonic to the ultrasonic frequency regime [7–11].
However, one of the main limitations of these structures is represented by the fact that once
designed, their unusual dynamic properties are ﬁxed in terms of operational frequency. For example, a metamaterial designed and manufactured to attain speciﬁc unconventional properties
in a certain frequency range (for instance attenuating the propagation of elastic waves or exhibiting negative group velocity) cannot be modiﬁed to operate in a different frequency range.
This implies poor versatility and adaptability to external variations, often essential for various
practical applications.
In this context, periodic systems with adaptive elastic properties have been proposed tuning
the dispersion diagrams through the piezoelectric effect [12, 13], inducing temperature variation [14], or exployting magneto- and light-based approaches [15, 17], as well as applying
external mechanical loads [18–22].
The majority of the aforementioned investigations focused their attention on the bandgap shift /
widening / reduction, whereas here, we report about the possibility of inducing negative group
velocity in an isolated branch of the dispersion diagram of an inertially ampliﬁed phononic
crystals. This is achieved through the application of an external state of prestress. A phononic
crystal exhibiting inertial ampliﬁcation mechanism has been chosen because it has been shown
that the large inertial forces generated by amplifying the motion of a mass increases the inertia of the overall system and lowers its resonance frequency, allowing thus for sub-wavelength
phenomena, while keeping the structure lightweight [25, 26]. As a consequence of this, the inertial ampliﬁcation allows for a more remarkable curve shifts, if compared to the cases of Bragg
scattering [21, 22] and / or ordinary local resonant metamaterials.
We consider the static deformation induced by the prestress to be in the linear elastic regime
so to have a complete reversibility of the phenomena (tunability). The analysis is performed in
terms of small amplitude motions superimposed on a deformed state once the desired load has
been applied.
The paper is organized as follows: in section 2, the calculation method (referred to as a 2-step
Updated Lagrangian scheme) is brieﬂy recalled. Both the static geometrically nonlinear analysis of a representative unit cell undergoing the action of an applied external load and the BlochFloquet decomposition applied to the linearized equations of the acousto-elasticity for the unit
cell in the deformed conﬁguration, are recalled. Section 3 provides a numerical example showing the concrete possibility of altering the dispersion band diagram through the application of
an external state of prestress in a periodic structure exhibiting inertial ampliﬁcation mechanism.
Finally, section 4 synthesizes the principal results and provides future perspectives.

613

M. Miniaci, M. Mazzotti, A. Amendola and F. Fraternali

Figure 1: On the top panel, the undeformed conﬁguration C0 , i.e. the initial unit cell (delimited by dashed lines)
used to calculate the displacement and stress ﬁelds introduced by the external mechanical load (left panel), the
static deformed conﬁguration C, resulting from the application of the external mechanical load (middle panel) and
the dynamic conﬁguration C  undergoing a harmonic motion (right panel) are reported, respectively. In the bottom
panel, the reference systems in the direct and reciprocal spaces are reported as well, for the sake of completeness.

2

Numerical formulation: a brief recall of the 2-step Updated Lagrangian scheme

We here recall the main steps for the band diagram calculation adopting a Bloch-Floquet
ﬁnite element method which takes into account the effect of the prestress in a formulation called
2-step Updated Lagrangian scheme. Refer to [21, 22] for the full description of the approach.
Synthesizing, the numerical procedure includes two principal computational steps:
1) a nonlinear static analysis involving large strains and displacements;
2) a small-on-large dynamic analysis, in which small vibrations are superimposed to the
statically deformed unit cell.
2.1

Static analysis

Let’s consider the unit cell Ω0 represented on the top left panel of Fig. 1 by the gray dashed
line. The unit cell is identiﬁed by the position vector x and represented by the lattice vector
r0 = {r01 , 0}T (periodicity only in the x direction is considered) and its reciprocal vector g0 =
{g01 , 0}T = {r01 /2π, 0}T . If the unit cell is subjected to the application of a static volume load
fV 0 , or surface load fS0 , it undergoes a displacement u0 , which causes a change of conﬁguration
from the undeformed state C0 to the static deformed state C.
It is possible to write the relation between r0 and r as r = FL r0 , where FL deﬁnes the afﬁne
component of the deformation gradient. Making use of the variational statement, it is possible
to derive the equilibrium equations with respect to the undeformed conﬁguration C0 :

Ω

(S(x) : δE(x) − fV 0 · δu0 ) da =

fs0 · δu0 ds,

(1)

∂Ω

subjected to the Dirichlet boundary conditions:
u0 (x + r0 ) = u0 (x).
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Assuming a hyperelastic material according to the Murnaghans model [27–29] and specifying
the density of the unit cell as ρ0 , the elastic energy density can be deﬁned as:
ψ=

1
1
(λ + 2μ) I12 (E) − 2μI2 (E) + (l + 2m) I13 (E) − 2mI1 (E)I2 (E) + nI3 (E),
2
3

(3)

in which λ and μ denote the ﬁrst and second Lamé parameters, respectively, (l, m, n) the third
order Murnaghan parameters, and I1 (E), I2 (E) and I3 (E) the ﬁrst, second and third invariants
of the Green-Lagrange strain tensor, respectively.
The application of a standard Galerkin approach to Eq. (1) leads to the generalized system of
equations:
 T

Γ0 K(Q0 )Γ0 Q0 (X) = P0 (X),
(4)
where K(Q0 ) is the static stiffness matrix, P0 the global vector of nodal forces, Q0 the global
vector of independent nodal displacements and Γ0 the mapping operator resulting from Eq. (2)
and realizing the condition U0 = Γ0 Q0 . This will allow us to update the reference conﬁguration from C0 to C, which will be used, once properly re-meshed, as the basis unit cell for the
dispersion curve calculation.
2.2

Floquet-Bloch Analysis

Under the assumption of small-on-large analysis approach [28, 30–32], the small harmonic
perturbation u(x) can be expressed as [33]:
u(x) = ũ(x)exp(ikx)exp(−iωt),

(5)

in which the Ω-periodic displacement amplitude is taken into account (t denotes the time, ω the
angular frequency, and k ∈ Λ the Bloch wavenumber, being Λ the reciprocal unit cell deﬁned
in C by the reciprocal lattice vector.
The solution of the elastodynamic problem for free vibrations of the unit cell in C subjected to
an initial stress σ0 and subjected to the Dirichlet boundary condition proceeds by ﬁrst generating a new mesh for the deformed geometry of the unit cell in C and then applying a Galerkin
approach [34]. The band diagrams of the phononic structure can be computed from the eigenvalue problem (the mathematical expressions of the mapping operator implementing the Dirichlet boundary condition, K3 , K2 , K1 and M are not reported in the present paper for the sake of
brevity and can be found in Refs. [21, 22]):

 !


2
(6)
ΓT k 2 K3 + ik K2 − KT
2 + K1 − ω M Γ Q̃(ω) = 0.
3

Numerical results

In this section, the potential of an applied external mechanical load to alter the dispersion
diagram of a periodic structure characterized by an inertial ampliﬁcation mechanism is shown.
Speciﬁcally, the switching from positive to negative group velocity of an isolated dispersion
curve is reported.
To this aim, the band diagram is calculated for the unit cell reported in Fig. 2A (proposed for
the ﬁrst time by Acar and Yilmaz [26]) through the numerical procedure recalled in section 2.
The structure is supposed to be in epoxy with the following material parameters: ρ = 1540
kg/m3 , λ = 2.59 GPa, μ = 1.34 GPa, l = −18.94, GPa, m = −13.36 GPa and n = −9.81
GPa. The geometrical dimensions can be derived from Fig. 2A knowing that t2 = 0.4 mm has
been assumed.
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Once the deformation induced in the unit cell by an initial state of stress / strain applied to
the structure has been calculated according to the steps reported in section 2.1, the band structures are computed considering the unit cell to inﬁnitely duplicate in a periodic linear array,
and assuming the epoxy in its linear elastic regime and under the hypothesis of small displacements (see section 2.2). Both a compression and a traction condition of load are considered by
applying a displacement u0 (x0 ) · n0 (x0 ) normal to the external vertical faces of the unit cell
(highlighted in blue in Fig. 2A).
Figure 2B reports the plots of the the reduced wavenumber k ∗ along the Γ − X irreducible path
as a function of the frequency ([0 − 900 Hz range]) for +130 μm (left panel), 0 μm (central
panel) and −360 μm (right panel) assigned prestrains. We focus our attention on the dispersion
branch highlighted in purple, which, in contrast to the other branches reported in gray, besides a
general shift, undergoes a group velocity inversion for some values of the reduced wavenumber
k ∗ . Speciﬁcally, if inducing a pre-solicitation state of traction, the inﬂexion point is achieved
around k ∗  0.5π/a, whereas, when inducing a state of pre-compression, the transition occurs
for k ∗  0.65π/a (black arrows in Fig. 2B). To gain further insight on this phenomenon, the
corresponding mode shape evaluated at the high symmetry points Γ and X are inspected and reported in Fig. 2C. From the comparison it emerges that while the vibration pattern is practically
the same for low values of k ∗ (the 3 mode shapes denoted by the star symbol deform comparably), as the k ∗ increases, the deformation induced by the states of prestress alter the overall
deformation mechanism with respect to the non-prestressed case (compare the 3 modes denoted
by the circular dot). This change in the deformation mode happens only for this branch. As a
consequence, for the other branches reported in gray in the diagram the effect of the prestress is
to solely shift their frequencies. This allows us to infer that the prestress is differently felt from
the deformation modes of the phononic crystal.
Finally, it is worth noticing that in the ﬁrst pre-solicitation case (traction), a region in which
solely the negative group velocity part of the dispersion branch can be isolated in frequency
(see the orange dashed line and the orange arrow in Fig. 2B) from 525 to 550 Hz.
These results suggest that a deformation of the unit cell geometry induced by a compressive /
tensile prestress state, already in the elastic regime, can lead to signiﬁcant changes in the dynamic behaviour of a periodic structure, especially if the structure is dominated by an inertial
ampliﬁcation mechanism.
4

Concluding remarks

In this paper, we have reported about the effect of the application of a state of prestress on the
band structure of a periodic phononic crystal characterized by an inertial ampliﬁcation mechanism. Speciﬁcally, through a numerical example, we have shown the possibility of inducing
negative group velocity in an isolated branch of the dispersion diagram.
The dispersion curves are calculated through a 2-step Updated Lagrangian scheme within the
which both the static geometrically nonlinear analysis of a representative unit cell undergoing
the action of an applied external load and the Bloch-Floquet decomposition applied to the linearized equations of the acousto-elasticity for the unit cell in the deformed conﬁguration, are
implemented. The dispersion analysis is performed in terms of small amplitude motions superimposed on a deformed state, once the desired load has been applied. It is worth mentioning
that we have considered the static deformation induced by the prestress to be in the linear elastic
regime, so to guarantee a complete reversibility of the phenomena, once the load removed.
This study may represent a practical solution for reducing one of the limitations of phononic
crystals / metamaterials, represented by the fact that once designed, their unusual dynamic prop-
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Figure 2: (A) Schematic representation of the considered unit cell along with its position x0 with respect to the
original reference systems x0i , with i = 1,2,3. (B) Plots of the the reduced wavenumber k ∗ along the Γ − X
irreducible path as a function of the frequency for +130 μm (left), 0 μm (centre) and −360 μm (right) prestrain
conditions. (C) Mode shapes at the edges of the Γ − X irreducible path.
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erties are ﬁxed in terms of operational frequency.
Future research may include the application of additional internal state of prestress (for instance
exploiting the tensegrity paradigm) to foster the application of phononic crystals and metamaterials in engineering problems such as waveguiding / ﬁltering of elastic waves, impact protection,
and the design of tunable acoustic lenses.
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.H\ZRUGV8SURILOHDHURHODVWLFLQVWDELOLW\JDOORSLQJZLQGWXQQHOWHVWUHFWDQJXODUF\OLQGHU
$EVWUDFW The proposed paper deals with the experimental investigation of the susceptibility of
the set of slender beams having different U-shaped cross-sections typical, e.g., for footbridges
and bridge decks with railings or with wind barriers, to the classical galloping. In particular,
the influence of the depth of U-shaped profiles having constant side ratio equal to 2 onto aerodynamic drag and lift coefficients was tested in the wind tunnel. Moreover, the effect of the
porosity of the vertical sides of U-shaped cross-sections on these coefficients and galloping
stability was also studied. The analysis of the proneness of investigated non-porous U-beams
to galloping based on the classical quasi-steady theory indicates that the influence of the depth
is minimal. On the other hand, when the vertical sides of U-profiles are porous, the depth represents an important factor influencing the size and angular range of positive slope of the transversal force coefficient. The comparison with the outcomes from the tests of the prisms with
rectangular cross-sections is also presented and the differences are discussed in detail.
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VWHDG\ K\SRWKHVLV ,Q SDUWLFXODU WKH SULVPV ZLWK YDULRXV 8VKDSHG FURVV VHFWLRQV DVVRFLDWHG
ZLWKVLGHUDWLRSR ZHUHWHVWHGLQGHWDLOXQGHUWKHVPRRWKIORZFRQGLWLRQV7KHLQGLYLGXDO
8SURILOHVKDYHLGHQWLFDORXWHUEDVLFJHRPHWU\DQGGLIIHURQO\E\WKHLULQQHUGHSWK)RU]HUR
GHSWKWKH8SURILOHWUDQVIRUPVWRWKHUHFWDQJOHZLWKSR ZKLFKLVSURQHWRJDOORSLQJ7KH
GLIIHUHQFHVEHWZHHQWKHDHURG\QDPLFFRHIILFLHQWVDQGWKHLUWUHQGVZLWKYDU\LQJDQJOHRIZLQG
DWWDFNUHODWHGWRWKLVUHFWDQJOHDQGLQGLYLGXDO8SURILOHVDUHSUHVHQWHGDQGGLVFXVVHGLQGHWDLO
,QDGGLWLRQWKHLQIOXHQFHRISRURVLW\RIWKHYHUWLFDOVLGHVRQWRWKHFRHIILFLHQWVDQGWKHSURQHQHVV
WRJDOORSLQJLQVWDELOLW\LVDOVRVWXGLHG
 :,1'7811(/7(67'(6&5,37,21
7KHH[SHULPHQWDOWHVWLQJRIDVHWRIF\OLQGHUVZLWKYDULRXV8VKDSHGFURVVVHFWLRQVZDVFDU
ULHG RXW LQ WKH ZLQG WXQQHO RI ,QVWLWXWH RI 7KHRUHWLFDO DQG $SSOLHG 0HFKDQLFV RI WKH &]HFK
$FDGHP\RI6FLHQFHV$OOWHVWHGVSHFLPHQVZHUHPDGHIURPZRRGDQGZHUHFPORQJ$OO
KDYH LGHQWLFDO SR  DQG LGHQWLFDO PDLQ DORQJ DQG DFURVV ZLQG GLPHQVLRQV B FP DQG
D FP UHVSHFWLYHO\ VHH )LJXUH 7KH LQGLYLGXDO 8VKDSHG SURILOHV GLIIHU RQO\ E\ WKHLU
GHSWKDb. 7KHLQIOXHQFHRIWKHGHSWKXSRQWKHYDOXHVRIWKHDHURG\QDPLFGUDJDQGOLIWFRHIIL
FLHQW ZHUH LQYHVWLJDWHG LQ GHWDLO LQ WHUPV RI GLPHQVLRQOHVV UDWLR B/Dr ,Q SDUWLFXODU WKH 8
SURILOHV ZLWK UDWLRV B/Dr    DQG  ZHUH DQDO\]HG ,Q DGGLWLRQDOVR WKH HIIHFW RI WKH
UHODWLYHO\KLJKSRURVLW\RIWKHYHUWLFDOVLGHV EDUULHUV p ZDVVWXGLHG(DFKEDUULHUZDV
EXLOWIURPWZRSODVWLFQHWVZLWKDWKLFNQHVVRIPPKDYLQJDQD[LDOPPVTXDUHJULGZLWKD
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VSHFLILFGHJUHHRIILOO7KHQHWVZHUHJOXHGRQWRWKHIURQWDODQGUHDUVLGHVRIDWLQ\SODVWLFIUDPH
LQRUGHUWRVHFXUHDVXIILFLHQWVWLIIQHVVRIWKHEDUULHU,QSDUWLFXODUWKHIUDPHFRQVLVWHGIURP
FROXPQVZLWKUHFWDQJXODUFURVVVHFWLRQRIPPuPPDQGD[LDOGLVWDQFHHTXDOWRFPFRQ
QHFWHG WRJHWKHU DW WKH WRS ZLWK D KRUL]RQWDO EDU KDYLQJ DOVR WKH UHFWDQJXODU FURVVVHFWLRQ RI
PPuPP7KHWRWDOWKLFNQHVVRIWKHFRPSOHWHEDUULHUVtbZDVPP
0RUHRYHUWKHPRGHOVRISULVPVZLWKUHFWDQJXODUFURVVVHFWLRQVJLYHQE\DOOVLGHUDWLRVB/Dr
ZHUHDOVREXLOWDQGWHVWHGIRUFRPSDULVRQZLWKLQGLYLGXDO8SURILOHV

)LJXUH8SURILOHOD\RXW OHIW DQGDVQDSVKRWRIWKHYHUWLFDOEDUULHUZLWKSRURVLW\p  ULJKW 

7KHPRGHOVZHUHSODFHGYHUWLFDOO\LQWRWKHPHDVXULQJSDUWRIWKHDHURG\QDPLFVHFWLRQRIWKH
ZLQGWXQQHODQGZHUHHQFORVHGEHWZHHQZRRGHQDQGSODVWLFHQGSODWHVWKDWHOLPLQDWHWKH'
LQIOXHQFHVDQGDVVXUHWKHKRPRJHQRXVIORZFRQGLWLRQV7KHDHURG\QDPLFIRUFHVIRUWKHDQJOH
RIDWWDFNĮLQWKHUDQJHIURPWRZHUHPHDVXUHGXVLQJWZRORDGFHOOV$7,,QGXVWULDO
$XWRPDWLRQVHQVRUV0LQLRQHDWHDFKHQGRIWKHPRGHO(DFKIRUFHWRUTXHVHQVRUZDVSODFHG
EHWZHHQWKHLQGLYLGXDOHQGRIWKHZRRGHQPRGHODQGDVSHFLDOO\GHVLJQHGURWDWLRQPHFKDQLVP
ZKLFKZDVIXOO\IL[HGWRPHWDOOLFIUDPHRIDFHLOLQJDWWKHWRSDQGWRDWDEOHRIWKHIORRURIWKH
ZLQG WXQQHO DW WKH ERWWRP 7KH V\QFKURQL]HG URWDWLRQ RI ERWK XSSHU DQG ORZHU PHFKDQLVPV
HQDEOHVWRVZLYHOWKHPRGHOZLWKWKHYHU\VPDOODQJOHVWHS'Į 7KXVWKHDOWHUQDWLRQRI
DHURG\QDPLFFRHIILFLHQWVFKDUDFWHUZLWKWKHFKDQJLQJDQJOHĮFDQEHGHVFULEHGYHU\SUHFLVHO\
,QRXUFDVHWKLVVPDOOVWHSZDVXVHGIRUĮLQWKHUDQJHIURPWR7KHODUJHUVWHS'Į 
ZDVXVHGIRUĮXSWRDQGILQDOO\IRUHYHQKLJKHUĮ!WKHVWHS'Į ZDVDGRSWHG7KH
GDWDIURPWKHVHQVRUVZHUHUHFRUGHGZLWKDVDPSOLQJIUHTXHQF\fs +]IRUVHFRQGV
ZKLFKLVVXIILFLHQWZLWKUHVSHFWRIWKHHUJRGLFLW\DQGVWDWLRQDULW\RIWKHSURFHVV
$OORIWKHWHVWVZHUHSHUIRUPHGXQGHUVPRRWKIORZFRQGLWLRQVLHZLWKPLQLPXPWXUEXOHQFH
LQWHQVLW\DURXQG:LQGVSHHGZDVPHDVXUHGE\WKH3UDQGWO3LWRWWXEHDWPPDERYHWKH
IORRUEHIRUHWKHPRGHOLQSODFHRIWKHXQGLVWXUEHGVWUHDPVHHWKHSKRWRLQ)LJXUH$WILUVWWKH
PRGHOVZHUHORDGHGZLWKWKHVSHHGVLQWKHUDQJHRIRIWKHIDQSRZHUZKLFKLV
PVWRPVLQRUGHUWRGHWHUPLQHWKHLQWHUYDORILQGHSHQGHQFHRIWKHDHURG\QDPLFFRHIIL
FLHQWVRQWKH5H\QROGVQXPEHURe7KHWHVWVZHUHILQDOO\FDUULHGRXWDWDYHORFLW\RIDERXW
PVFRUUHVSRQGLQJWRRe HQRUPDOL]HGXVLQJDORQJZLQGGLPHQVLRQB
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)LJXUH6SHFLPHQLQVWDOOHGLQWKHDHURG\QDPLFVHFWLRQRIWKHZLQGWXQQHO OHIW SLFWXUHRIWKHORDGFHOOZLWKWKH
URWDWLRQPHFKDQLVPIL[HGWRWKHIUDPHRIWKHFHLOLQJRIWKHWXQQHO XSSHUULJKW DQGGHWDLOHGSKRWRRIWKHFRQQHF
WLRQRIWKHPRGHOZLWKWKHVHQVRUDWWKHFHLOLQJ ERWWRPULJKW 

 352&('85()25(9$/8$7,212)3521(1(6672*$//23,1*)520
:,1'7811(/'$7$
,QRUGHUWRDVVHVVWKHVXVFHSWLELOLW\RIWKHLQGLYLGXDOWHVWHGSURILOHVWRWKHWUDQVYHUVDOJDOORS
LQJDFFRUGLQJWRTXDVLVWHDG\WKHRU\WKHFRHIILFLHQWRIWKHVWDWLFGUDJDQGOLIWIRUFHVKDYHWREH
GHWHUPLQHGIRUDYDULRXVDQJOHRIDWWDFNĮ7KHGUDJDQGOLIWFRHIILFLHQWVCDDQGCLUHVSHF
WLYHO\ZHUHFDOFXODWHGIURPWKHPHDVXUHGIRUFHVDFFRUGLQJWRWKHLUGHILQLWLRQVLQWKHIRUPV
ܥ ሺߙሻ ൌ

ʹ ή ܨ ሺߙሻ
ǡ
ߩ ή ܷଶ ή  ܦή ܮ

ʹ ή ܨ ሺߙሻ
ܥ ሺߙሻ ൌ
ǡ
ߩ ή ܷଶ ή  ܦή ܮ



ZKHUHFDDQGFLDUHPHDVXUHGGUDJDQGOLIWIRUFHVUHVSHFWLYHO\ȡLVDLUGHQVLW\ULVWKHPHDQ
ZLQGVSHHGDLVWKHFURVVZLQGGLPHQVLRQDQGLUHSUHVHQWVWKHOHQJWKRIWKHPRGHO
7KHSURQHQHVVWRJDOORSLQJRIWKHSDUWLFXODUFURVVVHFWLRQZDVVXEVHTXHQWO\DVVHVVHGEDVHG
RQWKH*ODXHUWGHQ+DUWRJLQVWDELOLW\FULWHULRQ>@
݀ܥ

 ܥ ൏ Ͳ ǡ
݀ߙ
IRUDQHLJKERUKRRGRIWKH]HURDQJOHRIDWWDFNLHĮ 'HQ+DUWRJFULWHULRQZDVGHULYHG
IURPDVROXWLRQRIRQHGHJUHHRIIUHHGRPV\VWHPORDGHGE\WUDQVYHUVHIRUFHFy,VHH)LJXUH
JLYHQE\WKHWUDQVYHUVHIRUFHFRHIILFLHQW>@
ܥி ሺߙሻ ൌ െܥ ሺߙሻ ή ሺߙሻ െ ܥ ሺߙሻ ή ሺߙሻ͘
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7KHFRXUVHRICFYDJDLQVWWKHDQJOHRIDWWDFNLVDOVRSUHVHQWHGLQWKLVSDSHUVLQFHLWFRXOGVHUYH
IRUHJQXPHULFDOHYDOXDWLRQRIWKHH[SHFWHGOHYHODQGFKDUDFWHURIWKHUHVSRQVH,WPXVWEH
QRWHGWKDWWKHDSSUR[LPDWHVROXWLRQRIWKHILUVWGHULYDWLYHRICFYZLWKUHVSHFWWRĮIRUĮ 
JLYHVWKHJDOORSLQJVWDELOLW\SDUDPHWHUag
ܽ ൌ

݀ܥி
݀ܥ
ฬ
ൌ െ൬
 ܥ ൰ฬ
ǡ
݀ߙ ሺఈୀιሻ
݀ߙ
ሺఈୀιሻ



ZKLFKLVSURYLGHGLQ(XURFRGH>@IRUGHWHUPLQDWLRQRIWKHFULWLFDOZLQGYHORFLW\RIXQVWDEOH
SURILOHV7KLVVWDELOLW\SDUDPHWHUZDVFDOFXODWHGIRUHDFKRIWKHWHVWHG8SURILOHVIRUDFRPSDU
LVRQZLWKWKHGDWDLQH[LVWLQJGDWDEDVHVRUWKHLUH[WHQVLRQV0HDVXUHPHQWRIWKHVWDWLFIRUFHV
ZDVH[SHFWHGWREHVOLJKWO\GLVWRUWHGE\WKHHIIHFWRIWKHKLJKHUEORFNDJHDURXQG7KH
FRUUHFWLRQEDVHGRQDFRPSDULVRQRIWKHUHVXOWVRI&)'VLPXODWLRQVFDUULHGRXWIRUDSURILOH
SODFHGLQDOPRVWXQERXQGHGVSDFHDQGLQWKHFRQILQHGVSDFHVLPXODWLQJWKHDFWXDOFURVVVHFWLRQ
RIWKHZLQGWXQQHOZDVLQFRUSRUDWHG
 5(68/762):,1'7811(/7(676
%HDPVZLWKUHFWDQJXODUFURVVVHFWLRQV
7KHLQLWLDOVWDWLFWHVWVZHUHDLPHGWRGHWHUPLQHWKHGUDJDQGOLIWFRHIILFLHQWVIRUSULVPZLWK
WKHUHFWDQJXODUFURVVVHFWLRQZLWKSR ZKLFKUHSUHVHQWVDUHIHUHQFHFDVHIRUDOORWKHUPHDV
XUHPHQWV 7KH GUDJ FRHIILFLHQW CD  IRU Į  DQG WKH VORSH RI OLIW FRHIILFLHQW
dCL/dĮ  DURXQGWKH]HURDQJOHZHUHFDOFXODWHGIURPWKHPHDQYDOXHVRIPHDVXUHGDHU
RG\QDPLFIRUFHVLQDFFRUGWR(T  7KHVORSHRICLZDVREWDLQHGIURPDOLQHDUUHJUHVVLRQRI
YDOXHVUHODWHGWRDQJOHVĮIURPWR7KHVWDELOLW\SDUDPHWHUag= 9.FRUUHVSRQGLQJWR
WKHDERYHPHQWLRQHGCDDQGVORSHRICLLVVLJQLILFDQWO\KLJKHUWKDQag= 2SURYLGHGE\(XUR
FRGH>@ 1HYHUWKHOHVVLWZDVFRQILUPHGE\WKHWHVWVRIPDQ\DXWKRUVWKDWWKLVYDOXHGRHVQRW
DSSHDUDVFRQVHUYDWLYHDWDOO>@7KHPRVWVLPLODUYDOXHVWRWKHSUHVHQWFDVHFDQEHIRXQGHJ
LQ>@RU>@ZKHUHWKHVWDELOLW\SDUDPHWHUag= 8.8 DQG ag= 8.6, UHVSHFWLYHO\ZHUHVWDWHG
7KHUHVXOWVRIVXEVHTXHQWPHDVXUHPHQWVRIUHFWDQJXODUSULVPVZLWKKLJKHUVLGHUDWLRUHYHDOHG
WKDWRQO\IRUSR WKHVORSHRICLLVQHJDWLYHDQGWKLVF\OLQGHULVSURQHDFFRUGWR(T  WR
JDOORSLQJ7KHUHVWRISULVPVZLWKSR DQGZDVGHWHUPLQHGDVVWDEOHLQUHODWLRQWRWKLV
W\SHRILQVWDELOLW\7KHGUDJFRHIILFLHQW CD,DQGVORSHRICLIRU]HURDQJOHRIDWWDFNWRJHWKHU
ZLWKWKHVWDELOLW\SDUDPHWHUagIRUDOOUHFWDQJXODUSULVPVDUHVXPPDUL]HGLQ7DEOH,Q7DEOH
DOVRWKHDQJXODULQWHUYDOǻĮZKHUHWKHFRHIILFLHQWCFYKDVSRVLWLYHVORSHLVSUHVHQWHG7KH
ERXQGDULHVRILQWHUYDOǻĮLHDQJOHVĮ,3DQGĮ,3DUHSUHVHQWHGLQWKHODVWFROXPQRI7DEOH
DQGWKHLUWZRLOOXVWUDWLYHH[DPSOHVDUHJUDSKLFDOO\VKRZQLQ)LJXUH
&URVV 65 &'
VHFWLRQ >@ >@
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7DEOH7KHGUDJFRHIILFLHQWCDDQGWKHVORSHRIWKHOLIWFRHIILFLHQWGCLGĮIRU]HURDQJOHRIDWWDFNWKHVWDELO
LW\SDUDPHWHUag, DQGDQJXODULQWHUYDOǻĮRIWKHSRVLWLYHVORSHRI&)<RIWKHWHVWHGUHFWDQJXODUSULPV
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7KHWHVWVLQGLFDWHGKLJKHUagIRUSR WKDQIRUSR KRZHYHUWKHDQJXODUUDQJHǻĮRIWKH
SRVLWLYHVORSHRICFYLVVPDOOHU7KHDHURG\QDPLFFRHIILFLHQWVDQGWUDQVYHUVHIRUFHFRHIILFLHQW
DJDLQVWWKHDQJOHRIDWWDFNLVDOVRJUDSKLFDOO\SUHVHQWHGLQ)LJXUHVDQGUHVSHFWLYHO\,WPXVW
EHQRWHGWKDWLQWKHVHILJXUHVWKHFXUYHVUHODWHGWRWKHFRHIILFLHQWVRIUHFWDQJXODUFURVVVHFWLRQV
DUH QRUPDOL]HG WR WKH KHLJKW D  PP LQ RUGHU WR EH EHWWHU FRPSDUDEOH ZLWK 8EHDPV
ZKLOHLQ7DEOHWKH\DUHQRUPDOL]HGZLWKUHVSHFWWRWKHLUUHDODFURVVZLQGGLPHQVLRQV

)LJXUH7KHGUDJFRHIILFLHQW OHIWFROXPQ DQGOLIWFRHIILFLHQW ULJKWFROXPQ RIWKHF\OLQGHUVZLWKUHFWDQJXODU
DQG8VKDSHGFURVVVHFWLRQVJLYHQE\VLGHUDWLRB/Dr
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)LJXUH7KHWUDQVYHUVHIRUFHFRHIILFLHQWRIWKHWHVWHGF\OLQGHUVZLWKUHFWDQJXODUDQG8VKDSHGFURVVVHFWLRQV

%HDPVZLWK8VKDSHGFURVVVHFWLRQVKDYLQJQRQSRURXVYHUWLFDOVLGHV
$OO8VKDSHGSULVPVZLWK]HURSRURVLW\RIWKHIURQWDQGUHDUYHUWLFDOVLGHV EDUULHUV ZHUH
LGHQWLILHGDVXQVWDEOH7DEOHSUHVHQWVWKHUHOHYDQWDHURG\QDPLFSDUDPHWHUVIRUYDULRXVUDWLR
B/Dr,LHYDULRXVLQQHUGHSWKRIWKH8SURILOHIRUWKHYLFLQLW\RI]HURDQJOHRIDWWDFN7KHGUDJ
FRHIILFLHQWCD IRUDOOB/DrLVDOPRVWLGHQWLFDOWRCD RIWKHUHFWDQJXODUFURVVVHFWLRQZLWKSR 
7KHVORSHRICLIRUDOOB/DrLVQHJDWLYHDQGGHFUHDVLQJZLWKWKHLQFUHDVLQJLQQHUGHSWKDb2Q
WKHRWKHUKDQGWKHVWDELOLW\SDUDPHWHUagLVLQFUHDVLQJZLWKWKHLQFUHDVHLQB/Dr+RZHYHUag
LVLQDOOFDVHVVPDOOHUWKDQagRIWKHUHIHUHQFHUHFWDQJXODUSULVPZLWKSR 
&URVV %'U 3RURVLW\ &'
>@
VHFWLRQ >@ >@
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7DEOH7KHDHURG\QDPLFSDUDPHWHUVUHODWHGWR8EHDPVZLWK]HURSRURVLW\RIWKHYHUWLFDOVLGHV

7KHJOREDOFKDUDFWHURIFRHIILFLHQWVCDCLDQGCFYUHODWHGWR8EHDPVZLWK]HURSRURVLW\LV
LOOXVWUDWHGLQ)LJXUHVDQGZKHUHWKH\DUHUHSRUWHGDJDLQVWWKHDQJOHRIDWWDFN Į
)RUQHJDWLYHDQJOHVXSWRDSSUR[Į WKHPLQLPDDQGFRXUVHVRICD IRUDOOB/DrDUH
YHU\VLPLODUWRWKHPLQLPXPDQGWKHFRXUVHFRUUHVSRQGLQJWRWKHUHIHUHQFHUHFWDQJOH7KHVDPH
FRQFOXVLRQFDQEHVWDWHGIRUWKHOLIWFRHIILFLHQWZKHUHWKHFRLQFLGHQFHLVDOPRVWLQWKHZKROH
LQYHVWLJDWHGLQWHUYDORIQHJDWLYHDQJOHV2QO\WKHPD[LPDRICLDUHDELWORZHUWKDQPD[LPXP
RIWKHUHIHUHQFHSULVP
2QWKHFRQWUDU\WKHGLIIHUHQFHVIRUSRVLWLYHDQJOHVH[LVWIRUERWKCDDQGCL,QSDUWLFXODU
WKHPLQLPDRICDDQGCLIRUDOOB/DrOLHDWKLJKHUDQJOHVDURXQGĮ ZKLFKLVDERXW
JUHDWHUYDOXHWKDQIRUWKHUHFWDQJXODUSULVPZLWK65 7KHYDOXHRIWKHPLQLPXPRICDLV
LQFUHDVLQJZLWKDQLQFUHDVHLQGHSWKDb2QWKHRWKHUKDQGZLWKLQFUHDVLQJDbWKHYDOXHRIWKH
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PLQLPXPRICLLVGHFUHDVLQJDQGWKHVORSHRICLLVDSSURDFKLQJWRWKHVORSHRIWKHUHIHUHQFH
FDVH
7KHFKDUDFWHURIWKHFRXUVHVORSHDQGPDJQLWXGHVDQGSRVLWLRQVRIPLQLPDRIWUDQVYHUVDO
IRUFHFRHIILFLHQWCFY, LVYHU\VLPLODUWRLGHQWLFDOSDUDPHWHUVRICL7KLVIDFWKROGVIRUDOOWHVWHG
UDWLRVB/DrDQGLQWKHZKROHLQWHUYDORILQYHVWLJDWHGDQJOHVRIDWWDFN6SHFLDODWWHQWLRQVKRXOG
EHSDLGWRWKHH[WHQVLRQRILQWHUYDOǻĮRIWKHSRVLWLYHVORSHRICFYZKLFKLVDOPRVWLQGHSHQGHQW
RQGHSWKDbVHHDQGFRPSDUHYDOXHVRIǻĮLQ7DEOHVDQG
%HDPVZLWK8VKDSHGFURVVVHFWLRQVKDYLQJKLJKO\SRURXVYHUWLFDOVLGHV
7KHWHVWVRI8EHDPVZLWKSRURVLW\RIYHUWLFDOEDUULHUVUHYHDOHGWKHLUGLIIHUHQWVXVFHS
WLELOLW\WRJDOORSLQJ)RUUDWLRVB/Dr DQG WKHYDOXHVRIVWDELOLW\SDUDPHWHUagLQGLFDWH
DFRPSDUDEOHVXVFHSWLELOLW\ZKLFKLVDOVRYHU\VLPLODUWRQRQSRURXV8EHDPVVHH7DEOHV
DQG1HYHUWKHOHVVWKHDQJXODUUDQJHVǻĮRIWKHSRVLWLYHVORSHRICFYDUHLQFRPSDULVRQZLWK
WKHQRQSRURXVSULVPVVLJQLILFDQWO\QDUURZHG7KLVUHGXFWLRQRIǻĮLVLQFUHDVLQJZLWKWKHLQ
FUHDVHLQWKHLQQHUGHSWKRIWKH8SURILOHLHLQWKHLQFUHDVHLQB/Dr
)RUWKHKLJKHVWUDWLRB/Dr QRWRQO\H[SHFWHGGHFUHDVHLQCDVLPLODUWRWKHUHVWB/Dr GXH
WRWKHHIIHFWRIWKHKLJKHUSRURVLW\RFFXUVEXWDOVRDVXEVWDQWLDOGHFUHDVHLQWKHagLQFRPSDULVRQ
ZLWK WKH VDPH QRQSRURXV SURILOH ZDV GHWHUPLQHG 7KH LQWHUYDO ǻĮ LV LQ WKLV FDVH QDUURZHG
GRZQPRVWRIDOOB/Dr7KHUDQJHǻĮZDVVKLIWHGWRZDUGWKHSRVLWLYHDQJOHVRIDWWDFNDQGWKXV
WKHVORSHRICLZDVLQWKLVFDVHHYDOXDWHGIURPGDWDFRUUHVSRQGLQJWRDQJOHVIURPWR
'XHWRWKHDERYHPHQWLRQHGIDFWVWKLV8EHDPZLWKWKHKLJKHVWB/Dr LVH[SHFWHGWREHKDYH
RQO\ZHDNO\XQVWDEOHSURILOHZKHQFRQVLGHULQJJDOORSLQJ
&URVV %'U 3RURVLW\ &'
>@
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7DEOH7KHDHURG\QDPLFSDUDPHWHUVUHODWHGWR8EHDPZLWKWKHSRURVLW\RIWKHYHUWLFDOVLGHVS 

)URP )LJXUH  LW LV HYLGHQW WKDW FXUYHV RI CD RI DOO SULVPV ZLWK YHUWLFDO EDUULHUV RI KLJKHU
SRURVLW\KDYHLQWKHLQYHVWLJDWHGLQWHUYDORIDQJOHVRIDWWDFNRQO\RQHPLQLPXPFORVHWRĮ 
7KHUHVXOWVDOVRLQGLFDWHGWKDWDWDURXQGĮ WKHUHH[LVWVWKHDQJOHIRUZKLFKWKHHTXDOLW\RI
CDRIERWKSRURVLWLHVUHODWHGWRWKHVDPHUDWLRB/Dr LVUHDFKHG7KHQHJDWLYHVORSHVRICLDURXQG
]HURDQJOHDUHDOPRVWLGHQWLFDOZLWKWKHFRUUHVSRQGLQJVORSHVRICL IRU]HURSRURVLW\7KHRQO\
H[FHSWLRQUHSUHVHQWVWKHKLJKHVWUDWLRB/DrIRUZKLFKWKHVORSHLVVLJQLILFDQWO\VPDOOHU7KH
DQJXODUUDQJHRIQHJDWLYHVORSHRICLLVVLJQLILFDQWO\UHGXFHGVLPLODUO\WRCFYDQGLVQDUURZLQJ
ZLWKWKHLQFUHDVLQJB/Dr
 &21&/86,216
7KHSDSHUSUHVHQWVDQDQDO\VLVRIDSURQHQHVVRIDVHWRI8EHDPVZLWKFRQVWDQWVLGHUDWLR
HTXDOWRWRWKHWUDQVYHUVHJDOORSLQJ7KHDVVHVVPHQWRIWKHVXVFHSWLELOLW\RIWKHVHEHDPVWKDW
GLIIHULQWKHLQQHUGHSWKDQGSRURVLW\RIWKHLUYHUWLFDOVLGHVZDVEDVHGRQWKHTXDVLVWHDG\WKHRU\
DQGH[SHULPHQWDOO\REWDLQHGGUDJDQGOLIWFRHIILFLHQWV7KHVHDHURG\QDPLFFRHIILFLHQWVZHUH
GHWHUPLQHGIRUDZLGHUDQJHRIDQJOHVRIZLQGDWWDFNE\VWDWLFZLQGWXQQHOWHVWLQJ
7KHUHVXOWVRIDQDO\VLVLQGLFDWHWKDWWKHGHSWKRIWKHQRQSRURXV8SURILOHKDVRQO\DPLQRU
HIIHFWRQWKHLQFUHDVHLQWKHREVHUYHGVXVFHSWLELOLW\WRJDOORSLQJ7KHVORSHVRIWKHWUDQVYHUVDO
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IRUFHFRHIILFLHQWUHODWHGWRDOOGHSWKVDQG]HURDQJOHRIDWWDFNGRQRWGLIIHUVXEVWDQWLDOO\$OO
WKHVHVORSHVDUHVPDOOHUEXWYHU\FORVHWRWKHVORSHRIWKHUHFWDQJXODUFURVVVHFWLRQZLWKLGHQWLFDO
VLGHUDWLR2QWKHRWKHUKDQGWKHUDQJHVRIDQJOHVRIDWWDFNIRUZKLFKWKHVORSHRIWKLVFRHIILFLHQW
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Abstract. In recent years, the development of lighter and more efﬁcient transport aircraft has
led to an increased focus on gust load alleviation. A recent strategy is based on the use of folding
wingtip devices that increase the aspect ratio and therefore improves the aircraft performance.
Moreover, numerical studies have suggested such a folding wingtip solution may incorporate
spring devices in order to provide additional gust load alleviation ability in ﬂight. It has been
shown that wingtip mass, stiffness connection and hinge orientation are key parameters to avoid
ﬂutter and achieve load alleviation during gusts.
In this paper, after deﬁning a simpliﬁed aeroelastic model representative of an symmetric
aircraft, considers the case of adding movable wingtips. The effects of hinge position, orientation and spring stiffness will be considered in order to evaluate the potential of this technique
for gust load alleviation. Moreover, is studied the longitudinal ﬂight dynamics of a rigid aircraft
with elastic wing and folding wingtips.
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1

Introduction

Atmospheric gusts and turbulence can signiﬁcantly affect aircraft ride quality and increase
airframe loads. The turbulence is caused by the movement of the air through which the aircraft
passes. The gust velocity is the velocity of the air perpendicular to the ﬂight path. The calculation of the responses to gusts and turbulence is important in the design and development of
aircraft because they determine the most extreme levels of stress [1]. For this purpose, loads
corresponding to gusts and manoeuvres are applied to detailed linear aeroelastic models to determine the worst-case values for various quantities of interest (e.g., bending moments, shear
forces, torques, and load factors) [1] [2][3].
In aircraft design a fundamental aspect is the performance optimization, and nowadays many
efforts have been made to ﬁnd techniques that reduce aerodynamic drag. A considerable contribution, usually 30%-40% of the overall drag, is lift induced drag, which could be reduced
by increasing the wingspan. However, such a design solution has some limitations related to
the increase in bending moments along the wing and also to the maximum aircraft dimensions
allowed at airports. A possible solution to the second problem is to use a folding wing that can
be employed on the ground. An example of this technique is the latest version of the B-777,
which has a folding wing capability. Recent work has shown the possibility to use a ﬂexible
wingtip device for load alleviation. This technique is based on a hinge that allows the wingtip to
rotate. A key parameter to enable successful load alleviation is the presence of a relative angle
between the hinge line and the airﬂow [4] [5][6].
In this work two aeroelastic models of a simpliﬁed symmetric aircraft have been developed.
In the ﬁrst model a classical straight wing is considered, while the second model is straight
wing with a folding wingtip. Dimensions and total mass between the two models is maintained
constant. The main goal of this work is to analyse the effect of folding wingtip’s parameters on
the longitudinal ﬂight dynamics and gust load alleviation of the aircraft [7].
2

Aeroelastic model

In this section the aeroelastic model of the aircraft with a straight wing will be presented
(model one) and subsequently the wingtip will be introduced (model two). In the two aeroelastic models the following degrees of freedoms are considered: heave (zc ) and pitch (α) of the
aircraft centre of gravity and the torsional (qt ) and the bending (qb ) modes of the wing [3]. The
wingtip’s span is assumed to be 20% of the half span and there is a relative angle (γ) between
the hinge axis and the free stream velocity. The two aeroelastic models of the symmetric aircraft have been obtained through the Lagrange formulation and considering strip theory as the
aerodynamic model. Figure 1 shows model one and Figure 2 shows model two.
2.1

Structural and aerodynamic model of model one

The simpliﬁed ﬂexible aircraft consists of a uniform, untapered, unswept ﬂexible wing of
chord c and semi-span s, plus a rigid fuselage and tailplane, as shown in Figure 1. The wing is
assumed to have a uniform mass distribution and the wing mass axis (WM) lies at distance lW M
ahead of the aircraft centre of mass. The wing elastic axis (WE) is assumed to lie at distance
lE ahead of the wing mass axis (WM). The wing aerodynamic axis (WA) is at the wing quarter
chord and is at distance lW ahead of the center of mass and at distance lA ahead of the elastic
axis. In order to minimize any coupling between the rigid body modes and the ﬂexible mode
equations, the mean axis reference frame has been used [3].
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Figure 1: Model one

Figure 2: Model two

The displacement zW A (y, t) (downwards positive) of the wing aerodynamic axis is

 2


y
y
zW A (y, t) = zc (t) − lW α(t) + ke0 1 + A
qb (t) − lA γe0 1 + B
qt (t)
s
s

(1)

where A and B are unknown constants deﬁning the amount of bending and twist present along
the wing span and ke0 and γe0 are constants deﬁning the wing root displacement and twist
deformation. The displacement zT (t) (downwards positive) of the tailplane aerodynamic center
is
zT (t) = zc (t) + lT α(t)
(2)
The aerodynamic terms due to the wing and the tailplane have to be determined. To this aim
the tailplane is considered has as a rigid part, while the wing contribution involves integration
using a strip dy because of the ﬂexibility. The lift of a strip dy at the position y along the wing
span is
"



 2
#
1 2
y
y
q̇b żc
dL = ρV cdyaw α − α0 + γe0 1 + B
q t + ke 0 1 + A
+
(3)
2
s
s
V
V
where aW is the sectional wing lift curve slope. There is also a zero lift pitching moment for
the wing
1
M0W = ρV 2 SW cCM0W
(4)
2
The tailplane lift considering the contribution of the downwash k , the effective incidence due
to the nose up pitch rate and the increment of lift due to a rigid vertical displacement, is
$
 "
#
1 2
α̇lT
żc
LT = ρV ST aT k α0 + (1 − k )α +
(5)
+
+ aE η
2
V
V
where η is the elevator angle and has been included to provide trim.
The effect of the vertical gust on the aerodynamics is a change of angle of attack. Thus on
the elastic wing the increment of lift on a strip dy is given by
1
wg (t)
dLWg = ρV 2 cdyaw
2
V
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while on the tailplane the gust will act with a delay given by the ratio between the distance
between the wing aerodynamic centre and the tailplane aerodynamic centre and the free stream
velocity. Hence
wg (t − lWV+lT )
1 2
LTg = ρV ST aT
(7)
2
V
The kinetic energy due to the rigid motion and the dynamic motion is
1
1
1
1
T = mżc + Iy α̇ + mb q̇b + mt q̇t
2
2
2
2

(8)

The elastic potential energy corresponds to the strain energy in bending and torsion, such that
1
1
U = kb qb2 + kt qt2
2
2

(9)

Finally, the virtual work done by lift forces and moment and gravitational ﬁeld force
s

δWA =

0

s

−dLδzAC − LT δzT +

0

−dLWg δzAC − LTg δzT + M0W δα + mgδzc

Exploiting the Lagrange formulation the
order form is obtained as
⎧ ⎫
⎧ ⎫
q˙b ⎪ 
q¨b ⎪
⎪
⎪
⎪
⎪
⎪

⎨ ⎪
⎬
⎨ ⎬
q¨t
q˙t
+ ρV B+D
+ ρV 2 C+E
A
α̈
α̇
⎪
⎪
⎪
⎪
⎪
⎪
⎭
⎩ ⎪
⎭
⎩ ⎪
z̈c
żc

(10)

full aeroelastic equation in the classical second

⎧ ⎫
qb ⎪
⎪
⎪
⎬
⎨ ⎪
lW + lT
qt
= fη η+f0 +fg +fWg wg (t)+fTg wg (t−
)
α
⎪
V
⎪
⎪ ⎪
⎭
⎩
zc
(11)
where A, D and E are the structural inertia, damping and stiffness matrices, B and C are the
aerodynamic damping and stiffness matrices, q are the generalised coordinates and the force
vector f on the right hand side of the equation has contributions due to the elevator, zero incidence, gravitational ﬁeld, gust on the wing and gust on the tailplane.
2.2

Structural and aerodynamic model of model two

As mentioned above the difference between the two models is the presence of the movable
wingtip. The model of the aircraft with the folding wingtip can be obtained from the equations
of model one considering the additional contributions coming from the wingtip and taking into
account that the elastic wing is composed of two contributions from wingspan s1 and wingspan
s2 , as shown in Figure 2. It is important to note that in the region of s2 the chord is not constant,
but it is function of the ﬂare angle γ and of the span position y. The geometric relation is
c(y) =

s 1 + s2 − y
tan(γ)

(12)

The wingtip is considered as a rigid body with a centre of mass at Γ = (Γx , Γy ) deﬁned
in a reference system with the origin at the leading edge of the elastic wing tip and with the
x-axis parallel to the hinge axis, as shown in Figure 2. θ is the degree of freedom related to
the wingtip rotation and it is deﬁned such that a positive angle variation produces a downwards
displacement.
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Assuming the aerodynamic centre of the wingtip is at the quarter chord and halfway along
the wingspan its vertical displacement is


s3
zACwt = ke0 1 + A qb − lA γe0 1 + B qt − lw α + zc + θ
(13)
2
The wingtip centre of mass is at position Γ = (Γx , Γy ), and so its vertical displacement is




c
Γx
Γx
γe0 1 + B qt − lW + −
α + zc + Γy θ (14)
z Γ = k e 0 1 + A q b − xf −
cos(γ)
4 cos(γ)
where xf is the longitudinal position of the elastic axis measured from the wing leading edge.
The wingtip lift is given by
" 

#
q̇b
1 2
ż
Swt θ̇ wg (t)
Lwt = ρV SW T aw ke0 1+A
+γe0 1+B qt +α−α0 + +θ cos(γ)+
+
2
V
V
2 V
V
(15)
The kinetic energy due to the rigid and dynamic motion is
1
Twt = mwt |żΓ |2
2

(16)

and the potential energy corresponding to the strain energy of the spring at the hinge between
the elastic wing and the wingtip is
1
Uwt = kwt θ2
(17)
2
The total work done by the external force of the wingtip is
δWwt = −dLδzac (y) + mwt gδzΓ

(18)

The Lagrange formulation is used to obtain the aeroelastic equation of motion as
⎧ ⎫
⎧ ⎫
⎧ ⎫
q
¨
q
˙
qb ⎪
⎪
⎪
⎪
⎪
⎪
b
b
⎪
⎪
⎪
⎪ ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪


⎨ qt ⎪
⎨ q¨t ⎬
⎨ q˙t ⎬
⎬
lW + lT
2
α̇ + ρV C+E
α = fη η+f0 α0 +fg +fWg wg (t)+fTg wg (t−
)
A α̈ + ρV B+D
⎪
⎪
⎪
⎪
⎪
⎪
V
⎪
⎪
⎪
⎪
⎪
⎪
z̈
ż
z
⎪
⎪
⎪
⎪
⎪
⎪
c
c
⎪
⎪
⎪
⎩ c⎪
⎩ ⎪
⎭
⎩ ⎪
⎭
⎭
θ
θ̈
θ̇
(19)
In contrast to the previous case, Eq.11, an extra degree of freedom related to the wingtip rotation
has been introduced.
2.3

Excitation gust

A ’1 - cosine’ gust disturbance is introduced at different frequencies and a constant amplitude
of 5 m/s. A gust length (lg ) is considered in the range of 20-200 m in order to have a wide
spectrum of excitation. The results will show that a short gust length will excite mostly the
elastic modes while a long gust length will excite the rigid body modes.
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3

Results

In order to analyse the models a numerical example found in literature for the gust analysis
of a ﬂexible aircraft is considered [3]. The airplane and wingtip main parameters are reported
in Tables 1 and 2. All the analysis considers an equivalent airspeed of 150 m/s. The coefﬁcients
A, B, γe0 , ke0 , the bending and the torsion modal masses have been obtained through a minimization process exploiting the orthogonality condition between the elastic modes and the rigid
modes. The bending and torsional modal stiffnesses are determined to obtain the respective
modal frequencies [3]. Due to the linearity of the model the analysis have been done without considering the static contribution due the initial trim in order to analyse only the dynamic
response to the gust.
Total mass
Half span
lW
lT
lA
lE
lW M

5000 kg
7.5 m
0.6 m
7m
0.25 m
0.25 m
0.1 m

Mass
150 kg
Span
1.5 m
γ
20 deg
Γx
cos(γ)(c/4 + lA + lE )
Γy
cos(γ)s3 /2
Table 2: Wingtip parameters

Table 1: Aircraft parameters

3.1

Validation

The model validation compares the results of the model outline in this paper with the one
obtained using a reference model with three degrees of freedoms, the vertical displacement and
the pitch angle of the aircraft centre of gravity and the torsional mode of the wing [3]. In order
to have a proper comparison, the natural frequencies of the elastic modes not considered in the
reference model have been set to a high value and the torsional frequency is the same as the
reference model.
The gust response in terms of vertical displacement of the trailing edge of the tip of the
wing (zT E ), angle of incidence (α) and vertical displacement of the center of gravity (zc ) are
simulated for gusts of different lengths. Figures 3 and 4 compare the results of, respectively,
model one (coloured lines) and the reference model (black dash lines) and model two (coloured
lines) and the reference model (black dash lines). In both models the torsional mode frequency
is set at 8.5 Hz, the bending mode at 56 Hz and the ﬂapping mode at 61 Hz in model two. The
results show that the models give similar results.
3.2

Model two gust response

This section presents the dynamic response of model two for different gust lengths and for
various wingtip parameters. The modal stiffness has been set in order to obtain the frequency
of the bending mode at 5 Hz and the frequency of the torsional mode at 8.5 Hz when an high
value of the wingtip stiffness connection is considered.
Figures 5, 6, 7 and 8 show the gust response in the case of low and high value of the stiffness
connections between the wing and the wingtip. These two extreme cases represent the cases
when the wingtip is free to rotate at the hinge (kθ = 0 Nm/rad) and wingtip is rigidly attached
to the wing (kθ = 108 Nm/rad). When the wingtip is free to rotate at the hinge, the heave
mode is less exited and the pitch mode is more exited with respect to the case when the wingtip
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Figure 3: Comparison between model one (continuous line) and the reference model (dash lines)

Figure 4: Comparison between model two (continuous line) and the reference model (dash lines)

is rigidly attached to the wing. It is also possible to see that the zero value of the stiffness
connection reduces the torsional and bending mode responses.

Figure 5: Gust response of the fuselage degrees of
freedom (gust length 20 m)

Figure 6: Gust response of the elastic degrees of
freedom (gust length 20 m)

Figures 9, 10 and 11 show the maximum and minimum values of the wing bending and
torsional modes for values of the gust length between 20 m to 200 m. Figure 9 considers
different cases of wingtip stiffness connection, Figure 10 considers different cases of the ﬂare
angle (γ) and Figure 11 considers different positions, along the chordwise direction, of the
wingtip centre of mass (Γx ).
The hinge with zero torsional stiffness and the introduction of a larger ﬂare angle are able to
reduce the wing bending and the wing torsional mode response for all gust lengths. Furthermore
for gusts at high frequency, if the centre of mass position is towards the trailing edge of the
wingtip the torsional mode has larger positive and negative peaks, but for gusts at low frequency
the torsional mode response has smaller peaks.
4

Conclusions

Two aeroelastic models representative of a symmetric aircraft have been developed, considering a straight wing and a straight wing with a folding wingtip. The validation, with respect to a
similar model, has shown that the introduction of a wingtip rigidly connected to the wing gives,
in terms of gust response, negligible difference with respect to the classical wing. The gust re-
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Figure 7: Gust response of the fuselage degrees of
freedom (gust length 200 m)

Figure 8: Gust response of the elastic degrees of
freedom (gust length 200 m)

Figure 9: Gust response for different gust lengths
and values of stiffness connection

Figure 10: Gust response for different gust lengths
and ﬂare angle (kθ = 0 Nm/rad)

sponse analysis considering different stiffness connections of the folding wing have shown that
if the wingtip is free to rotate at the hinge it is possible to reduce the bending and torsional deﬂection and consequently reduce the moment transmitted from the wing to the fuselage. Moreover in this conﬁguration the aircraft will be subjected to a smaller vertical displacement during
and after the gust. Finally the ﬂare angle and wingtip centre of mass have shown to be sensitive
parameters of the model.
The results have shown that, by a proper selection of the parameters, a folding wingtip could
reduce the loads due to gusts with respect to a rigid wingtip. Further investigations are needed
in order to better understand, in the case of large span aircraft, the effect of the geometrical
nonlinearity related to the large deﬂections of the wingtip. Moreover experimental tests will be
necessary in order to validate the models.
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Abstract. The present work deals with the analysis of the structural behaviour of the Alto
Lindoso arch dam under static and dynamic loads, considering fluid-structure interaction
with the evaluation of service and ultimate capacity. The analysis of the maximum stresses in
the super structure is obtained with undeformable foundation, since the development of the
nonlinear model to evaluate these stresses, seems not to be influenced by the boundary conditions in the case of the ultimate load capacity.
The fluid-structure interaction is formulated by the discretisation of the reservoir with infinite
elements that gives a simple accommodation to complex geometries and reduced computing
time in the case of concrete large dams.
The nonlinearity of the material becomes from the concrete cracking. Under tensile stresses
the cracking behaviour is approximated by the smeared crack model within a small band. The
width of the band may coincide with the dimension of the element. After cracking a softening
behaviour control the release of the tensile stresses and the crack opening dependent on the
fracture energy according to the softening behaviour. Since the dimension of the mesh affects
the results of the structural analysis the independence of the mesh is obtained in this case
considering linear elastic fracture mechanics.
The Alto Lindoso double curvature dam, constructed in 1992 and owned by EDP (Eletricidade de Portugal), is used as an example of the application of the model and compared to other results.
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1

INTRODUCTION

A double-curvature arch dam is a very efficient structure with total volume of concrete
significantly less than the conventional gravity dams. However, their geometrical complexity
hinders the preliminary and final designs. Software to support the decision, to advance with a
project in a specific place, giving a preliminary geometrical design with stochastic calculation
performance has developed by D. J. Vicente et al [1]. The accuracy and quickness of the analysis are relevant either in the preliminary design as in final verification of the stress and strain
states under static or dynamic loads. As pointed out by Chopra [2], to analyse the stress/strain
state of an arch dam the structure must be correctly described, with the surrounding foundation, the concrete nonlinearities, the interaction structure-rock foundation-compressible fluid
and selecting a low time step for the integration of the dynamic response. To analyse the Morrow Point Dam, Chopra [2] used 20,000 brick elements to model the body dam, 100,000 to
the rock foundation, 20,000 to the fluid, and an integration time step of the order of 10−6 s for
dynamic analysis. Considering the same factors, J. T. Wang [3] proceeded the analysis of
Pacoima Dam, and Hariri [4, 5, 6] add the elastoplastic behaviour of the foundation, also with
a large nonlinear finite-element system. These computer solutions are very time consuming,
both in data preparation and computer implementation. Other authors [7-12] investigate the
behaviour and stability of dams using large finite-element systems, including the relevant factors pointed out by the previous authors [2-6]. One of these factors is the concrete cracking.
The cracking of the concrete is very relevant in the design and analysis of dams in general
and particularly in arch dams. The discrete crack models show advantages in the simulation of
joint dams interface, as demonstrated by Zhou et al [13], with experiments in more than 20
models of high arch dams, namely under earthquakes where the joints affect the dynamic response. The models based in continuum are convenient because the dissemination and crack
orientation are not known in advance. Considering the two models of this category, the damage and the smeared crack models, the smeared crack models do not involve re-meshing, the
material degradation is modelled in average way and it is the option in this work by analysing
the cracking formation and propagation under both static and dynamic loads. Espandar et al [7]
uses a fixed smeared crack with non-orthogonal cracking in the analysis of arch dams, Mirzabozorg et al [9], Calayr et al [8] and Zhong at al [14] resort a rotating smeared crack model
with, respectively a linear, exponential and bi-linear strain softening after crack starting. The
stability of the smeared crack model was achieved by Li [10] increasing the mesh density and
adjusting the elastic modulus according the Weibull distribution in cracking zones. The objectivity of the finite element mesh can be achieved localising the microcracking in the finite element within a small band [15, 16], keeping constant the density of fracture energy [4, 15-17].
As it was referred by Vicente [1], the procedure for the establishment of a dam includes the
preliminary design, the structural performance for simplified load cases, followed by good
fulfilment for the loading scenarios prescribed by regulations. A suitable solution usual requires the absence of tensile stress in the concrete. This requires to perform numerical computations from the begin to the final design procedure. Moreover, dams constructed before
1990s were designed with a pseudo-static analysis method and the actual seismic safety criteria [18] may not be satisfied. As pointed out by Wieland [19], it is needed a systematic earthquake analysis to evaluate the safety of the dams which have not been designed against
earthquakes.
The authors of the present paper believe that a less time consuming model than the founded in the literature, either in data preparation and computer implementation, without loss of
quality results, is relevant. This is the objective of the present work - to present a light finite
element model that: discretises the structure in a few Ahmad [20] finite elements divided in
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thickness layers [21]; discretises the reservoir in infinite elements to consider the fluidstructure interaction [22]; the nonlinearity of the concrete approximated by the smeared crack
band model with constant energy density [15]; for dynamic analysis the displacements, velocities or accelerations are directly introduced at the borders and the Newmark- method is used
for direct integration of the equation of motion.
The model was applied to analyse the seismic behaviour of the Alto Lindoso arch dam.
The results are compared with other authors. This application shows the good performance of
the model.
2
2.1

CONSTITUTIVE MODEL FOR CONCRETE DAM
Title Compressed concrete

The finite element software is fit to approximate the behaviour of concrete through the
elastoplastic law with the Ottosen [25] yield function and Von Mises plastic potential. However, in the study of the behaviour of arch dams the values of the compressed stresses are very
low and the effect of the plasticity can be neglected.
2.2

Smeared crack band under tensile stresses

In concrete arch dams, the object of the present study, the relevant nonlinearity is due to
the concrete cracking. The model used was developed and presented in [15] and it was formulated in terms of global stresses and strains. It is resumed here because it is the most relevant
material nonlinearity in the dam analysis and it can highly influence the results.
The microcraking appears in a surface normal to the principal maximum tensile stress σt,
when their value attains the concrete tensile strength fct, with the strain εct. Being ht the length
of the element in t direction, the damage zone occurs in a length w, within the total length ht
of the element orthogonal to the crack.
In an element of volume V, there are an intact volume Vi and a damage Vd. At direction n,
=
, and the equilibrium gives
with no cracks, the compatibility condition imposes,
the following integration:
(1)
As the stresses are constant within the element at each Gauss point, the previous equation
by
establishes the stress
(2)
and
, meaning that
. It can be asserted that
with
an element has an intact volume , with a strain
given by Hook law, and a damage volgiven by strain softening concrete behaviour.
ume , with a strain
In the t direction, normal to the crack, the axial equilibrium condition is =
and the
. For tangential stress and angular strain it is also concompatibility one is
sidered
=
for equilibrium equation and
for deformation
compatibility condition.
(  ) the constitutive relation -, in terms of
When the value of exceed the strain
local coordinates n and t, can be described by:
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(3)
In the previous expression, E is the Young modulus,
the shear reduced modulus, are given by:

, the reduced Young modulus, and

(4)
where is the decrease in tangential stiffness, varying linearly between 1, when the crack
starts, to zero when the crack is opened without tensile stress.
The most common expressions for
are linear, multilinear or exponential. In the present
model for application to arch dams, the linear softening law is considered with the unidimenrepresented figure 1, and it is written by the following:
sional constitutive law
(5)

Figure 1: Stress-strain relation for concrete under tension.

The area defined by the diagram (see figure 1) is the energy deformation per unit volume Gf.
According to the fracture mechanics concepts, the energy for crack propagation per unit of
crack area, GF, is a property of the concrete that can be defined using the damage length by
The ultimate strain
can be computed and the descending branch of the
stress written in function of the material parameter GF:
(6)
that gives

(7)
The reduced Young modulus, , is obtained substituting
by the inverse of the
previous expression. The band width, , is function of maximum dimension of the aggregates. In particular case it can be equal to the width of the element
, as suggested by
and
by:
Ozbalt and Bazant [23] the energy density is given by

=

(8)

and , were evaluated experimentally by Wender et al [24] in
The material parameters,
order to be used in the numerical simulations.
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The model can be extended to more than one crack, as in references [4-7,11, 16,17] but in
the arch dam studied by the authors there was no case of two principal tensile stresses at the
same Gauss point.
3

INTERACTION FOUNDATION-DAM-RESERVOIR

The foundation was modelled by Hariri [5] using infinite elements and he found that the
results are more conservative in term of dam stresses when compared to a solution considering rigid foundation. Similar conclusion is given by Chopra [2] that to neglect the foundation
mass, the stresses may be overestimated by a factor of 2 to 3. Since the objective is to develop
a model less time consuming allowing a reliable behaviour of the dam under seismic loads,
the rock mass foundation is neglected. It must be noted that considering the flexibility of the
rock mass the period of vibration increases and influences the results.
Pressure-based infinite elements are used for simulating the reservoir domain with the
same number of elements employed in dam discretization. The mid-points of the infinite elements are located at a distance from the dam equal to the height. According to Chopra [2], to
neglect water compressibility may underestimated the stresses in some cases and overestimated in other cases. In the present model the water is considered incompressible by the infinite
elements.
4
4.1

APPLICATION TO THE DAM-RESERVOIR SYSTEM OF ALTO LINDOSO
Geometrical characteristics of the dam

The model is applied to the Alto Lindoso dam and results are compared to other references.
The dam is founded in a granite bedrock, located at the Lima river, with the following main
characteristics: 309000 m3 concrete volume; reservoir capacity of 347,8 hm3 ; maximum
height above foundation of 110 m; crest length of 298 m. Figure 2 represents the hydroelectric
power plant [27] and figures 3 a), b), c) establish the geometrical characteristics [26] given by
the planned projection of the dam, horizontal arch at depth z and the crown cantilever that has
a five degree polynomial thickness variation with 4 m at the top and 21 m at the base. The
arch guideline at depth z comply the equation

y

x2
a
2Pz z

(9)

where az and Pz are given by:

az = 0.1867834 z + 0.00223080 z2 - 0.00009865876 z3 + 0.000001102495 z4 - 0.000000004727742 z5
Pz = 113 - 0.5703572 z + 0.003874011 z2 - 0.0001736113 z3 + 0.000001624506 z40.000000004216277 z5

(10)

The thickness at depth z and ordinate x is given by


 x 2 
e  e f 1 A 

100  

with ef and A computed by:
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(12)

Figure 2: Hydroelectric power plant.

a) planned projection

b) arch at depth z

c) crown cantilever

Figure 3: Geometrical characteristics of Alto Lindoso arch dam.

4.2

Material parameters

The material parameters used in the analysis are summarized in table 1.
Modulus of Coeficient of Conc. specific Water specific Conc. tensile Fracture energy
Gf=f2ct/2E
strength, fct
elasticity, E Poisson, 
weight, g
weight, a
2
20 GPa
0.22
24.5 kN/m3
10 kN/m3 1.8 / 3.65MPa 0/2/20 kN/m
Table 1: Material parameters.

The concrete tensile strength of fct=1.8MPa is the usual value in this kind of structure, but
the value of fct=3.65MPa was also used. Values of twice or triple of the characteristic tensile
strength of the concrete are usual to employ in dynamic analysis [26] and, in this case, both
are used in order to compare its influence in the behaviour of the structure.
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The zero value considered of the fracture energy density Gf corresponds to the -diagram
without tensile retention. The other values are used to define the linear strain softening laws.
The values of the fracture energy density Gf are function of the fracture energy GF and the
crack band width w. For dams usual values of GF= 100 - 200 N/m and w=3 - 5 times the maximum aggregate dimension are generally accepted. To avoid limitations in the finite element
mesh dimensions and to ensure objectivity of the analysis, an adjustment of the -diagram is
made, as described above.
4.3

Analysis of the dam under static loads

In the analysis of the behaviour of the structure, in order to compute the stress distribution,
the deformed shape and the maximum displacements under static and dynamic loads are relevant issue to test the model. The reliability of the model was proved using a set of analysis
whose results were compared with those of the literature. Table 2 resumes the different analysis performed, all of them considering the dead load and the hydrostatic pressure in the upper
stream. The foundation was considered with infinite stiffness.
Linear
elastic
Mesh A
(see fig.3)
Mesh B
(see fig.3)

fct = 3.65MPa
fct = 1.80MPa
fct = 3.65MPa
fct = 1.80MPa

Non linear – band crack model
Gf=0
Gf=2 kN/m2 Gf=20 kN/m2
ST2
ST3
ST7
ST5
ST9
ST8
ST6
ST10

ST1
ST4

Table 2: Static analysis.

The two finite element discretizations for the body dam, used in the analysis related in table 2 are represented in figure 4. The thickness of the Ahmad element is discretized in ten
layers.

Figure 4. Discretization into 32 (mesh A) and 8 elements (mesh B) used in the analysis.

The dam reservoir was discretized in infinite elements with the intermediate nodes located
at 110 m far from the medium surface of the dam, corresponding to a global of 336.9 MN of
water. Figures 5 and 6 represent respectively the arch stress, x, and vertical stress y, along
the upstream and downstream of the central cantilever, obtained with the analysis ST1e, ST2e
and ST3e. The results of EDP and R. Delgado [26] are also plotted.
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Figure 5. Arch stress x, through the central cantilever.

Figure 6. Arch stress y, through the central cantilever.

The results of EDP were computed with a fine mesh of triangular elements and Vogt coefficients to simulate the flexibility of the foundation and R. Delgado uses 18 shell elements
appealing to the symmetry of the structure [26]. Table 3 resumes maximum stresses and displacements and figure 7 shows the deformed shape of the crest.
Analysis
ST 1e
ST 2e (fct=3.65MPa)
ST 3e (fct=1.8MPa)

Maximum principal stresses
(MPa)

Upstream
4.46 -6.15
2.85 -4.90
0.32 -2.06

Downstream

1.50 -3.57
1.93 -2.80
0.30 -2.51

Displacements of the midpoint
of the crowning (cm)

x
-0.39
-0.40
-1.04

z
0.98
1.06
2.11

Table 3. Maximum principal stresses and displacements.
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Figure 7. Deformation of the crest.

Figures 8 and 9 show the location of the cracks with the number of layers cracked at each
location. In analysis ST 2e the cracks appear only at upstream (figure 8) and considering
fct=1.8MPa both surfaces are cracked (see figure 9).

Figure 8. Crack´s location for ST 2e analysis at the upstream (fct=3.65MPa).

a) Upstream

b) Downstream

Figure 9. Crack´s location for ST 3e analysis (fct=1.8 MPa).

The three analysis performed show: the cracking induces a stress redistribution with relevance
only for the tractions at the upstream surface near de foundation; the stress distribution, the
values and directions of the principal stresses and the maximum displacements are not significantly changed when the concrete tensile strength is reduced to a half; the concrete tensile
strength influences the shape of the deformation and it is not convenient to consider half of
the structure even in this case of slight asymmetry of the valley.
The maximum compressive (-) and tensile (+) stresses and corresponding locations, with
the number of the element in parentheses, as well the displacements of the midpoint of the
crowning are resumed for the analysis ST 4e to 10e in table 4.
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Analysis

Maximum principal stresses (MPa)

Upstream
ST 4e
ST 5e
ST 6e
ST 7e
ST 8e
ST 9e
ST 10e

4.03 (5)
1.72 (6)
1.76 (5)
3.44 (4)
1.08 (1)
2.99 (5)
1.76 (5)

-3.23 (6)
-1.45 (6)
-4.80 (3)
-6.03 (6)
-8.76 (6)
-4.66 (6)
-3.01 (4)

Downstream
2.58 (5) -2.62 (6)
1.78 (5) -2.80 (6)
1.79 (5) -3.60 (6)
3.64 (5) -6.94 (3)
1.06 (2) -8.56 (3)
2.03 (5) -2.93 (4)
1.80 (5) -3.90 (4)

Displacements of the midpoint
of the crowning (cm)

x

z

y

-0.38
-0.38
-0.34
-0.65
-1.85
-0.38
-0.84

0.97
0.97
0.08
1.10
6.50
0.96
1.87

2.57
2.64
2.59
2.85
1.60
2.62
2.59

Table 4. Maximum principal stresses and displacements for ST 4e to 10e analysis.
Figure 10 shows the location of the cracks with the number of layers cracked at each location.

a) ST 5e and ST 9e

b) ST 6e

c) ST 7e

d) ST 8e

e) ST 10e
Figure 10. Crack´s location for ST 5e to 10e analysis.

It is clear the increment in the cracking in ST 6e, 8e and 10e relatively to ST 5e, 7e e 9e,
because of the decrease of the tensile strength. The increasing in tensile retention related to
the increase of Gf reduces the depth of the cracks (analysis 6e and 10e). The absence of tensile
retention with, simultaneously, the tensile strength of fct=1.8MPa, induces a generalized
cracking.
4.4

Analysis of the dam under constant acceleration, a=0.1g

Two groups of analysis are presented. The first group has the objective to compare the results of the present study with those of the existent literature and the second group analyses
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the nonlinear behaviour of the dam under seismic loads.
Figure 11 compares the displacement increasing, relatively to the static analysis, of the crest
midpoint obtained in linear analysis with mesh A and B and the results obtained by R. Delgado [26] that takes the fluid compressible and meshes of 10 and 18 finite elements for the half
body dam. In these analysis the integration time is T/10, where T is the vibration period of
0.4s. The dynamic load is a constant acceleration of 0.1g applied from downstream to upstream and corresponds to the action of a moderate earthquake, traditionally considered in
Portugal.

Figure 11. Horizontal displacement variation of the top of the central cantilever for a=0.1g.

The good approximation between all results in figure 11 reveals that: it is enough to consider the hydrodynamic pressures by the infinite element reservoir discretization instead of the
use of 3D finite elements in a length equal to 3 times the dam height as in reference [26]; it is
not relevant to consider the compressibility of the water as in reference [26]. The differences
in the results can be attributed to the differences in the discretization.
The analysis were also performed for both meshes A and B considering the concrete cracking, with the tensile concrete strength of fct=3.65MPa and a density of energy Gf=2 kN/m2. The
maximum displacements of the midpoint of the crest obtained in both linear and nonlinear
analysis are all in the downstream direction movements and they are resumed in table 5.
Total
maximum
displacements
x (cm)
y (cm)
z (cm)

Mesh A
t = 0.21 s
Linear
Nonlinear
-0.38
-0.05






Mesh B
t = 0.19 s
Linear
Nonlinear
-0.50
-0.49
4.28
4.55
0.83
0.82

Table 5. Maximum displacements of the top of the central cantilever for a=0.1g.
At time t=0.21s, all cracks are concentrated upstream, near the support, as it can be seen in
figure 12, where the number of layers cracked are indicated.
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Figure 12. Crack´s location at t=0.21s for a=0.1g.

The stress variation over time can be analysed through the stress variation of two representative points located at the upstream surface of the central cantilever. One of them, placed
on half height of the dam, representing the maximum compression x in the arch direction.
The other is the Gauss point nearest the support representing the maximum tensile stresses y
in the cantilever direction. In figures 13 and 14 are plotted the stresses over time, respectively,
x and y, for the two representative points.

Figure 13. Stress x over time at upstream half height point, for a=0.1g.

Figure 14. Stress y over time at upstream near the support, for a=0.1g.

For this load case, the nonlinearity due to the cracking does not induce a relevant variation
of the displacements because the cracked zone is limited to the vicinity of the support at the
base (see figure 12) and simultaneously with the decrease of tensile stresses (see figure 14)
the compressed stresses in the arches rise (see figure 13).
4.5

Analysis of the dam under an allowable earthquake

Due to the absence of real seismic registration close to the dam placement, an artificial ac-
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celerogram generated from the ground acceleration response spectrum Se(w), as predicted in
reference [28] is used. The response spectrum used is plotted in figure 15. It represents an
earthquake acting during 10 s with high frequencies. This kind of earthquake is being used in
the security check of arch dams and it is usually more conditioning, for typical frequencies of
concrete arch dams, than other kind of long duration and low frequencies earthquake [29].
The accelerogram corresponding to the response spectrum is indicated in figure 16.

Figure 15. Response spectrum used in the generation of the accelerogram.

Figure 16. Accelerogram of the earthquake.

It was previously demonstrated, for dynamic load of a constant acceleration a=0.1g, that
mesh B represents with good approximation the strain configuration, revealing interest for
intensive simulations under seismic loads. The previous material characteristics are used in
this application, with concrete strength of fct=3.65MPa and a density of energy Gf=2 kN/m2 in
nonlinear analysis with mesh B.
The displacements over the time of the midpoint of the crest are plotted in figure 17. The
nonlinear analysis is represented in red and the linear in black. The upstream and downstream
maximum displacements and occurring time are indicated in table 6. The figure 17 and table 6
indicate that as the effect cracking is to decrease the horizontal displacements, but it is observed an increase in the vertical displacement.
Total
maximum displacements
y (cm)

Linear
Upstream
Downstream
t = 9.91 s
t = 7.79 s




Nonlinear
Upstream
Downstream
t = 5.58 s
t = 8.20 s
4.7
10.0

Table 6. Maximum displacements of the top of the central cantilever the earthquake.
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Figure 17. Horizontal displacement of the top of the central cantilever for the earthquake.

The stress variation over time can be analysed through the stress variation of two representative points located at the upstream surface of the central cantilever. One for the arch
stresses, indicated in figure 18, and stresses in the cantilever direction in figure 19.

Figure 18. Arch stress, x, variation over time at upstream half height point for the earthquake.

Figure 19. Stress variation, y, over time at upstream near the support, for the earthquake.

The maximum stresses y in the cantilever, at the upstream, vary from 6.44MPa to 4.92MPa, if cracking is disregarded, and from 2.60MPa to -3.67MPa if cracking is considered.
The maximum arch stresses x, downstream, vary from 5.80MPa to -0.90MPa, if cracking is
disregarded, and from -6.50MPa to -0.92MPa if cracking is considered. Cracking results in a
reduction of the stresses y and increase in the compression stresses x downstream.
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5

CONCLUSIONS
The The following conclusions can be indicated:
 The present model spends little computer time, either in data preparation and computer
implementation, without losing quality in the results;
 The model uses a discretisation of the structure into few finite elements with layers in
the thickness;
 The model discretises the reservoir into infinite elements considering the fluid-structure
interaction;
 The nonlinearity of the concrete is approximated by the smeared crack band model with
constant energy density to obtain the objectivity of the finite element mesh;
 The model consider dynamic analysis of the displacements, stresses and cracking with
direct integration of the equation of motion.
 The model is applied to the analysis of the seismic behaviour of an arch dam.
 The results are compared to other analysis showing the good performance of the model.
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Abstract. In this work, the capabilities of the open source code DualSPHysics coupled with
the multiphysics library Project Chrono are shown. The framework is validated through an
experimental campaign performed on a wave energy converter, which consists of a cylindrical
heaving-buoy and a power take-off unit. The numerical model proves to correctly reproduce
the hydrodynamic response of the wave energy converter under regular waves, and with three
different damping coefﬁcients of the power take-off. With this validated setup, the sensitivity
of a wave energy converter to the lateral stiffness of the anchoring system is investigated. The
outcomes of this numerical campaign show that the correct design of the anchoring structure
should develop along with the design of the system. Enough lateral stiffness is able to avoid
excessive displacements to limit the loss of efﬁciency. DualSPHysics is a toolbox ready to manage complex simulations, including mechanical constraints, high energetic sea states. Various
scenarios along the lifespan of a ﬂoating structure can be investigated. More importantly, the
model supports the preliminary studies that are of vital importance to design a test campaign.
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1

INTRODUCTION

The process of shifting our primary energy source from fossil fuel to renewable energy seems
to be driven by the increased worldwide awareness about climate change. However, many
other driving forces are behind the events of the past decades, such as the economic beneﬁt.
Along with solar and wind energy, a more energy-dense source with comparable availability is
represented by ocean wave energy [1]. Wave energy converters (WECs) are devices that can
capture the wave energy and turn it into electricity using a power take-off (PTO) system. The
movement of a ﬂoating body is often the input for any system that turns mechanical energy into
electric one. Point-absorbers are representative of the most widely applied class of WECs. The
ﬂoating bodies of such devices are smaller than others, and easier to produce and install [2]. On
top of this, they can harvest energy irregardless of the wave directionality.
Along with physical tests, the design and optimisation of such devices can be approached
via numerical modelling. A range of models is available to face this problem, such as potential
ﬂow based, boundary element method, and computational ﬂuid dynamic (CFD) models. The
ﬁrst two methods—to name some implementations, WAMIT [3] and WEC-Sim [4]—are well
suited to tackle the design of WECs, with a particular focus on energy efﬁciency. However,
these approaches ground on over-relaxed conditions when it comes to model ﬂuid, waves, and
the buoy mechanics. On this account, such models cannot be used when the device is under
operational sea states, where the ability of simulating nonlinearities is strictly advised to obtain
reliable predictions. Very energetic sea states may represent more stressing scenarios for both
buoys and structures used to restrain their movement [5]. On the other hand, CFD methods can
guarantee a wider ﬁeld of application.
Some meshless methods have appeared over the last decade and grown in popularity as they
can be applied to highly nonlinear problems in arbitrarily complex geometries — difﬁcult to be
solved by mesh-based methods instead [6]. Among the others, Smoothed Particle Hydrodynamics (SPH) meshless technique is the most popular, having attained the required level of maturity
to be used for engineering purposes [7]. Being Lagrangian, SPH can be conveniently adopted
to simulate free-surface ﬂows and for capturing highly nonlinear behaviour of wave-structure
interactions, or ﬂuid-driven objects. DualSPHysics has been already used, with outstanding
outcomes, to simulate WECs [8], such as an oscillating water column [9, 10], an oscillating
wave surge converter [11], and a point-absorber device [12], based on the device shown in [13].
In this work, the DualSPHysics code is used to simulate a WEC under regular sea states
and with different PTO systems. The energy efﬁciency dependence on the anchoring-structure
stiffness is investigated accounting for different conﬁgurations. A simpliﬁed model is used to
mimic the effect of the structure on the buoy’s dynamics.
2
2.1

DUALSPHYSICS CODE
SPH Method

This section introduces the SPH formulation implemented in DualSPHysics code, and important functionalities that are required to simulate the interaction between regular waves and a
heaving cylinder.
Smoothed Particle Hydrodynamics (SPH) is a mesh-less method that discretises a volume
of ﬂuid into particles, whose motion is given by the governing dynamics. These particles
represent the nodal points where physical quantities (e.g. position, velocity, density, pressure)
are approximated with an interpolation of the values of the neighbouring particles on a shortranged compact support [14, 15]. It is recognised that for free surface ﬂows, the Lagrangian
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nature of the SPH method allows multiple connections among the particles, without special
treatments of any surface, for the deﬁnition itself of free surface loses all meanings. Hence,
the technique is ideal for studying irregular and violent ﬂows. SPH has been used to describe
a variety of free-surface ﬂows (wave propagation over a beach, plunging breakers, impact on
structures and dam breaks [16, 17]).
The mathematical fundamental of SPH is based on the approximation of any quantities by
convolution integrals. Any function F can be computed by:
F (r) =

F (r  )W (r − r  )dr 

(1)

where W is the kernel function [18], r  is the position of a generic computational point. This
function F can approximated by interpolating particle contributions; the summation is performed over all the particles within an inﬂuence region of the compact support of the kernel:

mb
F (ra ) ≈
F (rb )W (ra − rb , h)
(2)
ρ
b
b
where a is the interpolated particle, b is a neighbouring particle, m and ρ being the mass and the
density, respectively, mb /ρb the volume associated to the neighbouring particle b. The kernel
functions W fulﬁls several properties, such as positivity inside the area of interaction, compact
support, normalisation and monotonically decreasing with distance [19]. One option is the
piecewise polynomial Quintic Wendland kernel [20]:
q
W (q) = αD (1 − )4 (2q + 1)
0≤q≤2
(3)
2
where αD is a real number that accounts for the nature of the formulation, r is the distance, and
h is the smoothing length.
The code used in this work uses the weakly compressible SPH (WCSPH) for modelling
ﬂuid. The Navier-Stokes (NS) equations are solved on account of that assumption. Hence, the
differential form of the NS equations are written in a discrete version using the kernel function.

dva
Pa + Pb
mb (
+ Πab )∇a Wab + g
(4)
=−
dt
ρ
a ρb
b

 mb
vab ∇a Wab mb
dρa
= ρa
vab ∇a Wab + 2δhc
(ρb − ρa )
(5)
2
dt
ρb
rab
ρb
b
b
where t is the time, v is the velocity, P pressure, Πab is the artiﬁcial viscosity [19], g is the
gravitational acceleration, and Wab the kernel function, whose value depends on the distance
a − b. The system of equations is bonded by a relationship between density and pressure. For
the WCSPH formulation, Tait’s equation of state is used to determine ﬂuid pressure based on
particle density.

γ
c 2 ρ0
ρ
P =
−1
(6)
γ
ρ0
where c is the speed of sound, ρ0 is the reference ﬂuid density, γ is the politropic constant. The
ﬂuid compressibility is adjusted so that the c can be artiﬁcially lowered to assure reasonable
values for the timesteps. The Symplectic time integration algorithm [21] is used in the present
work and a variable time step is calculated, involving the CFL (Courant-Friedrich-Lewy) condition, the force terms and the viscous diffusion term.
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2.2

Rigid body dynamics and Coupling with Project Chrono

Fluid-driven body can be easily implemented into a SPH domain. The movement of objects
interacting with ﬂuid particles in DualSPHysics is handled with different techniques. A full SPH
model can deal with a rigid body by summing the total force contributions of the surrounding
ﬂuid. By assuming that a body is rigid, the net force on each boundary particle is computed
according to the designated kernel function and smoothing length. Each boundary particle k
experiences a force per unit mass given by:

fk =
fkb
(7)
b∈f luid

where fkb is the force per unit mass exerted by the ﬂuid particle b on the boundary particle k.
For the motion of a rigid body, the basic equations of rigid body dynamics can then be used:
M
I


dV
m k fk
=
dt
k

dΩ 
=
mk (rk − r0 ) ∧ fk
dt
k

(8)
(9)

where M is the mass of the object, I is the moment of inertia, V is the velocity, Ω the angular
velocity, and r0 the centre of mass. Equations 8 and 9 are integrated in time in order to predict
the values of V and Ω at the beginning of the next time step. Each boundary particle within the
body has a velocity given by:
vk = V + Ω ∧ (rk − r0 )

(10)

Finally, the boundary particles within the rigid body are moved by integrating 10 in time.
This approach has been checked out by Monaghan et al. (2003) [22], which shows that linear
and angular momentum are conservative properties. Validations about buoyancy-driven motion
are performed in Dominguez et al. (2019) [23], where DualSPHysics is tested for solid objects
larger than the smallest ﬂow scales and with various densities.
Mechanical restrictions among rigid bodies, within the DualSPHysics framework, can be
handled by the solvers provided by Project Chrono [24]. The Chrono-Engine library has been
implemented into the original framework, creating an integrated interface for simulating structurestructure interaction as well. In fact, the library is primarily developed to handle very large systems of 3D rigid bodies [25]. The coupling allows for arbitrarily shaped bodies to be considered,
and the solver is capable of integrating externally applied forces and torques, and the effects of
kinematic-type restrictions, dynamic-type restrictions and internal collisions [26]. The problem is described using a Differential Variational Inequality (DVI), cast in Cone Complementary
Problem (CCP) form and solved with a novel ﬁxed point iterative method [27]. To mimic the
PTO system under study, a spring-damper system is employed (see also [28]). Such element is
able to apply a force according to:
F (t) = bż + kz
where b is the viscous damping, k is the stiffness, and z is the displacement.
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Figure 1: Snapshots of the simulations of the point-absorber for different values of the damping coefﬁcient of the
PTO.

3

VALIDATION

The specimen used for validation purposes is the wave energy converter studied by Zang
et al.(2018) [29], which consists of a cylindrical heaving-buoy (D = 0.50m, m = 21.6kg,
and draf t = 0.11m) attached to a PTO system at its bottom. Rather than relying on a real
device, a linear air-damper is put in its stead. This is advantageous since it allows to tune
the damping coefﬁcient and it guarantees a small variability of its value with velocity. The
validation is performed by comparing the hydrodynamic response of the WEC under regular
waves (H = 0.16m and T = 1.50s), and with three different damping coefﬁcients of the PTO
(bP T O [Nsm−1 ]). Different instants of the simulations can be observed in Figure 1 for two
different values of bP T O .
The numerical domain is modelled in the same fashion of the experimental geometries involved in (Figure 3). The ﬂume is replicated into its exact geometries but the length. This
is necessary to reduce the computational effort needed to perform the numerical analyses. A
length proportional to the wave length L is used, speciﬁcally 1.50L, and the centre of the buoy is
located at 1L from the piston. This distance guarantees an optimum location, for it is far enough
to allow local effects from the wave paddle, and, at the same time, close enough to avoid disturbances in the wave proﬁle. To avoid excessive drag due to the lateral walls, periodic boundary
conditions are used in place of solid boundaries. The anti-reﬂective structure is replaced with a
dissipative beach, whose effectiveness is boosted by an additional numerical damping. Figure 1
proposes several snapshots of the numerical model, with the buoy heaving under regular waves.
Figure 2 compares the times series of the experimental and numerical vertical velocities.
Each test is repeated with two different inter-particle distances, namely dp = 0.01m and
dp = 0.02m, which represent the resolution of the model. As shown in past research with
SPH method [30], a value of dp of around H/10, being H the wave height, provides accurate
results. However, for a 3D environment, this may pose a limitation to the physical time to be
simulated. The two investigated resolutions are respectively representative of H/16 and H/8.
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Figure 2: Comparison of the numerical and experimental time series for the vertical velocity with three different
values of the damping coefﬁcient of the PTO.

The agreement shown in Figure 2 is rather satisfying for both resolutions. For validation purposes, the time required to perform 15.00s of physical time is of around 20h for dp = 0.01m,
and 2h for dp = 0.02m. These short runtimes are achieved thanks to a GTX2080 GPU card.
Even though the ﬁner mesh adheres more closely to the reference solution, the improvement is
not as noticeable as the increment of runtime. Overall, the results collected in this section prove
the capability of the SPH method to reproduce accurately the ﬂuid dynamics and as well as the
wave-structure interaction, which result in a correct prediction of the buoy’s motion.
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4

EFFICIENCY SENSITIVITY TO STRUCTURAL STIFFNESS

Test models provide researchers with a tool to investigate the physics of a natural phenomena.
More than often, the model is a scaled reproduction of the specimen to be studied, and the
scaling procedure has to be skilfully set up, taking in mind the trade off between feasibility
and unavoidable scale effects. Tests in the range 1:10 and 1:20, whose parameters are given by
Froude similarity, are deemed to be reliable on account of hydrodynamics. The tests presented
by [29] are performed at 1:10 scale. The structure that takes in place the buoy, as it can be
observed in Figure 3, may be assumed stiff enough to assume that the dynamics of the buoy
develops only along the z-axis (Figure 3a)). However, the same structure can hardly be put in
place just by solely scaling the model up. It is necessary to design a proper structure, which
should guarantee the same degree of constraint.
heave

heave

surge
krod

SW L

SW L
brod

depth

kP T O

depth

kP T O

bP T O

bP T O

a)

b)

Figure 3: Structural models for the validation case a) and the modiﬁed one b)

Herein, along with the vertical spring-damper element, the submerged structure is modelled
as a spring-damper element able to mimic its lateral damping and stiffness (Figure 3b)). It is
assumed that the structure is clamped at the sea-bottom level and a hollow circular steel cross
section makes up the beam. Its properties are given by:

3
E πtn8d
krod
krod =
(12)
& brod = 2mrod ξ
L
mrod
where E is the elastic modulus, tn is the thickness, d is the diameter, L is the length (0.890m), ξ
is the damping ratio that is associated to the beam (ξ = 0.10), and mrod is the mass of the beam.
Note that the mass of the beam is considered lumped at its top. Additionally, the mass could be
neglected due to its low impact on the overall kinematic.
Table 1: Geometric and mechanical properties of the proﬁles used for the anchoring structure.

ﬂexible
quasi ﬂexible
quasi rigid
rigid

d [mm]
30
40
40
60

t [mm]
2.5
3.2
4.0
5.0

m
1.1
1.4
1.7
3.2

krod [N/m]
6 185
18 766
23 457
98 960

brod [N s/m]
14
32
40
112

The dependence on the structural stiffness of the PTO’s efﬁciency is investigated comparing
the results obtained for the stiff structure (rigid in Table 1) with the results for the remaining
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cases presented in Table 1. The wave height is the same used before, H = 0.16m, with wave
periods ranging in 0.97 − 3.30s, for a grand total of fourteen cases. In accordance with the tests
presented for validation scope, the setup of the numerical domain is consistent: the length of the
ﬂume is 1L, the width is twice the width of the device, the depth is the same. The four different
viscous damping coefﬁcients are used [60, 240, 480, 720]Ns/m.
The average power absorbed P is the quantity used as a proxy of the performance of the
system. It is given by:
1 t0 +T
P =
bP T O v̇ 2 dt
(13)
T t0
In general, heaving-buoy dynamics is highly affected by the wave conditions. This can be
easily understood from the following equation:

ρgS
ω0 =
(14)
ma (ω) + m
where ω0 is the natural frequency of vibration, ρ is the buoy density, g is the gravity acceleration,
S is the cross section of the heaving buoy, ma is the added mass. For a heaving cylinder the
excitation force and thus the added mass are given in an analytic form in Ref. [31]. The complex
amplitude of the excitation force acting on a generic device is made up of two contributions:
the Froude-Krylov force and the diffraction force. Under the assumption that the dimensions of
the buoy are small in comparison with the wave length, the following holds:
Fe∗ ≈ (1 − khA∗ )e−kh

(15)

where Fe∗ is the dimensionless amplitude of the excitation force, k = 2π/L is the wave number,
and h is the height of the cylinder. A numerical solution for the added mass, which can by found
in [31], is given by:


d 0.604
1.089e−(0.669k 2 ) e−kh
ρS
ma (ω) =
(16)
1−
k
e−kh
Figure 4 collects the results of the analyses as performed on the model as described in Figure
3b). Each chart depicts the results for a value of the damping in the range above mentioned,
while the four values of stiffness are compared (Table 1). Please note the dynamics of the rigid
structure perfectly match the dynamics of the structure as shown in Figure 3a). The trend displayed by the charts is quite apparent: the less the stiffness of the system, the less the efﬁciency.
Comparing the optimum points, the point at which the maximum power is harvested, it can be
seen that there are no substantial differences between stiff and ﬂexible structures. Though there
is no difference in frequencies where the maxima are achieved, the average harvested power is
sensibly lower, up to 40% in the case of the ﬂexible structure. This trend appears to be quite
consistent moving from rigid to ﬂexible structures. The overall loss of efﬁciency shown in the
four charts can be explained considering that the ﬂoating buoy, when free to surge, is prone to
exhibit lateral displacements, according to the development of the free surface. However, for
the way this PTO system works, this movement is not converted into harvested power.
5

CONCLUSIONS

This piece of research has shown that an SPH framework can presently deal with multiphysics phenomena effectively. The coupling DualSPHysics - Project Chrono library has skyrocketed the engineering applications that can be studied with this code. Many relevant features
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Figure 4: Absorbed power with the relative period of the buoy. Different values of the damping are presented.
Each panel presents the results for a different lateral stiffness.

of a complex system can be modelled, allowing to account for the fully nonlinearities that are
inherent in any natural phenomena. However, the importance of introducing ﬂexible elements
for simulating ﬂuid-structure is not negligible. The structure can be indeed directly model into
the simulation, hence considering its interaction with ﬂuid without further assumptions on its
behaviour. Indeed this feature would allow for more comprehensive survivability analyses of
wave energy converters.
The validation of the numerical model has shown that, for this speciﬁc case, it is possible to
achieve a high degree of reliability. The model indeed predicts the response of the ﬂuid-driven
buoy with accuracy and the runtime is reasonable for a fully 3D simulation. Therefore, the
sensitivity to the structural stiffness shows that it is important to include the anchoring structure,
even in a simpliﬁed way, from the preliminary phases of the design process.
Further implementations are needed to still widen the ﬁeld of application of the code. It
is already ongoing the implementation of Euler-Bernoulli elements, and isogeometric analyses
(IGA), which a quite novel approach for ﬁnite elments analyses (FEAs).
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666

B. Tagliaﬁerro et al.

Efﬁciency and survivability of a ﬂoating oscillating water column wave energy converter
moored to the seabed: An overview of the esﬂowc marinet2 database. Water, 12:992, 04
2020. doi: 10.3390/w12040992.
[11] M. Brito, R.B. Canelas, O. Garcı́a-Feal, J.M. Domı́nguez, A.J.C. Crespo, R.M.L. Ferreira,
M.G. Neves, and L. Teixeira. A numerical tool for modelling oscillating wave surge
converter with nonlinear mechanical constraints. Renewable Energy, 146:2024 – 2043,
2020. ISSN 0960-1481. doi: https://doi.org/10.1016/j.renene.2019.08.034.
[12] B. Tagliaﬁerro, A. Crespo, J.M. Domı́nguez, O. Garcı́a Feal, M. Gómez-Gesteira,
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Abstract. The required mobility of military sub-units (including logistics sub-units) is
achieved due to the widespread use of appropriate means of transport. This is especially important in land forces. The basic means of transport there are high mobility wheeled vehicles
with low (up to 4 tons), medium (up to 7 tons) and high (over 7 tons) payload. Often the chassis of these vehicles are designed taking into account some additional requirements for base
chassis for military equipment (e.g. as mobile radar stations, mobile rocket launchers, recovery vehicles, etc.). Before taking a decision about accepting a new vehicle to equip army subunits, a number of studies and tests are conducted, including qualification tests [1,2,3,4].
Their goal is to collect the required data characterizing the vehicle and check to what extent
it meets the initial requirements[5]. Such tests are conducted in laboratory and operational
conditions (profile ground tests). To model the laboratory and operation conditions, it is necessary to know their Life Cycle Profile [4]. The simplified Life Cycle Profile (containing basic
data in the form of predicted road conditions, mileage, maximum and average speeds) is
specified at the beginning of the design and construction process. However, more detailed
data are required for qualifying tests on a new vehicle, including distribution of speed characteristic in given road conditions and the required test duration. The paper presents the
method of determining the speed distribution over mileage and driving time to assumed road
conditions using statistical tools. As a result, detailed preliminary data is obtained for planning experiments, selection of measurement equipment, or indication of appropriate road test
sections [6]. In addition, an analysis was made of how the determined traffic parameters correlate with the possible driving speeds of a 4x4 military vehicle.

669

Mariusz Kosobudzki

1

INTRODUCTION

Military vehicles, including non-combat vehicles, are constructed in such a way as to best
meet the requirements in the concept of operations (CONOPS). This paper compares all relevant requirements and characterizes the future operating environment of the vehicle, including
minimum requirements for the logistics security system as well as user competence and capability. Vehicles such as these end up in the system for utilization for an extended period of
time (even 30 years), therefore complex and long-term qualifying tests (Environmental Tests)
are carried out before a decision is made about their ultimate acceptance [1,2,3,4]. The aforementioned tests should model future operating conditions correctly. Tests that are too stringent can cause problems such as oversizing of vehicle components (increase in total mass).
Relaxing testing conditions can lead to future rapid wear of the vehicle and an increase in its
failure rate. In the testing concept presented in [1], scenarios for the operational use of the
vehicle are constructed using individual and distinct operational events. These scenarios are
repeated until, based on the data collected, it is possible to characterize the trends of changes
in critical vehicle parameters describing its durability, reliability, repairability, etc. [2]. The
relevant operational events used in the respective scenarios must be modeled so that the collected data are reliable and unambiguous, and the conclusions drawn on their basis apply to
the veritable future conditions of vehicle use. To that end, for test drives including, but not
limited to normalized road sections, representing road surfaces on which the vehicle will operate (the length of test roads are proportional to their share in the given test run), while traveling speeds and the load carried are determined based on the postulates included in the
concept of operational use (maximum and average speed). An alternative to conducting this
research is used in a situation where the aforementioned standardized road test sections are
not available [6,7]. Testing being conducted on selected sections of public roads is anticipated. This is a great simplification, however, when compared to the use of test sections, because
the selected road sections are not standardized, causing recorded loads to be difficult to consider as a statistical representation of the operating conditions for the entire collection of vehicles. In such a case, proper modeling of the vehicle's crucial driving parameter, in this
situation its speed, is of particular importance. Establishing exemplificatory statistical distributions of vehicle speed on selected sections of test roads improves the reliability of collected
measurement data, and using comparative indicators in the form of pseudo damage as an example, [8] allows for modeling the required test scenarios based on other (but those of the
same class) road measuring sections.
2

MODELLING THE ENVIRONMENTAL PROFILE OF VEHICLE USAGE

The choice of road section types for vehicle testing should meet the general guidelines contained in the relevant standards [6]. The basic types of roads for testing vehicles are presented
there, along with the percentage of distance of these sections in the total vehicle mileage over
its life cycle. From the concept of the vehicle's operational use, conclusions can be drawn regarding the expected vehicle speed (maximum and average speed). This is the basis for the
compilation of statistical distributions of vehicle operation speed to the identified types of
roads. For an example scenario of vehicle use, the case of a technical support vehicle was
chosen when it was created from the combination of a universal high-mobility wheeled chassis with a container body complete with appropriate tools and equipment that would provide
technical assistance to combat vehicles [9]. It is assumed that in such a situation the vehicle
can cover a distance of approximately 60 km over 24 hours in cross-country conditions with
speeds equaling Vmax= 10 km/h and Vavg= 5 km/h. If the vehicle is used in tactical displace-
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ment, it will travel about 20-25 km per day at speeds of Vmax= 40 km/h and Vavg= 20÷25 km/h
for off-road and secondary roads. If the vehicle is used for technical closing of the marching
column, it can travel at speeds of Vmax= 80 km/h and Vavg= 50 km/h on asphalt and paved
roads which are in average and poor technical condition. However, during an individual vehicle drive as part of an operational march, operating speeds may have a value of Vmax= 90
km/h and Vavg= 60 km/h on main and secondary roads. A summary of the anticipated speeds
for selected vehicle use scenarios is presented in Table 1.
No.

Surface type

1

asphalt, concrete (e.g. motorways,
expressways) - good surface
quality
asphalt, concrete, cobblestone
(e.g. district roads, commune
roads) - medium and low surface
quality
off-roads
cross-country

2

3
4

Estimated average
speed [km/h]
60

Estimated maximum
speed [km/h]
90

50

80

25
5

40
10

Table 1. Properties of Vehicle Traffic Conditions

3

STATISTICAL DISTRIBUTION OF VEHICLE’S SPEED

To prepare representative speed distributions for the indicated vehicle use scenarios, a beta
statistical distribution was used, as seen in [10]:
(1)
where: Γ - gamma function, α, β - parameters of shape of distribution, x - width of accepted
sub-range speed.
If the entire speed range is divided into a finite number of equal subranges, the formula (1)
can be simplified and presented as:
(2)
where: α, β - parameters of shape of distribution, x - width of accepted sub-range speed.
For the initial determination of the value of the parameter α, the data presented in Table 2 [2]
can be used.
Vavg/Vmax
[%]

10

20

30

40

50

60

70

80

90

α

0,2

0,5

0,75

1,25

2

3

4

6

13

Table 2. The value of α parameter.

The following equations can be used to determine the value of parameter β [10]:

(3)
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The width of the sub-range can be posited to make it possible to maintain a set speed during
tests, e.g. for cross-country driving ΔV=1.5÷4 km/h, and for main roads ΔV=5÷10 km/h. The
final selection of ΔV depends on the technical capabilities of the tested vehicle. Examples of
the speed distribution of the analyzed vehicle driving on a main road and driving off-road are
presented in Tables 3 and 4 and in Figures 1 and 2. Table 3 presents the vehicle speed distribution (Vmax= 90 km/h and Vavg= 60 km/h) where these roads represent 20% of the total test
run (200km for every 1000km test).
Represented
speed
Vrep
[km/h]
10
20
30
40
50
60
70
80
90

Vmin
[km/h]

Vmax
[km/h]

Vavg
[km/h]

Driving
time [%]

Driving
time
[min]

Sectional
mileage
[%]

Sectional
mileage
[km]

0
5
15
25
35
45
55
65
75
85

10
15
25
35
45
55
65
75
85
95

5
10
20
30
40
50
60
70
80
90

0,05
0,3
1,7
4,4
8,5
13,4
18,1
21,2
20,6
12,3
100,0

0,1
0,6
3,3
8,9
17,0
26,7
36,1
42,4
41,2
24,6
200,9

0,004
0,05
0,6
2,2
5,7
11,1
18,1
24,7
27,5
18,4
108,0

0,01
0,1
1,1
4,4
11,4
22,3
36,1
49,5
55,0
36,9
216,7

Table 3. The beta distribution of speed (Vmax= 90 km/ h i Vavg=60 km/h, distance 200 km).

The proportions of compositional speeds in the test is shown in Figure 1.

Figure 1. The beta distribution of speed (Vmax= 90 km/ h i Vavg=60 km/h, distance 200 km).

Figure 1 shows that, e.g. speed V= 40 km/h, 8.5% of the driving time (17 minutes in total)
should be maintained over a 5.7% distance of 200 km (11.4 km in total). Another case is presented in Table 4 concerning the distribution of vehicle speed in cross-country conditions
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(Vmax= 10 km/h and Vavg= 5 km/h), when these roads constitute 20% of the total mileage in
the test (200km for every 1000km test).
Represented
speed
Vrep
[km/h]
2
4
6
8
10

Vmin
[km/h]

Vmax
[km/h]

Vavg
[km/h]

0
1
3
5
7
9

2
3
5
7
9
11

1
2
4
6
8
10

Driving
time
[%]

Driving
time
[min]

Sectional
mileage
[%]

Sectional
mileage
[km]

8,3
15,0
23,3
25,0
20,0
8,3
100,0

200,0
360,0
560,0
600,0
480,0
200,0
1200,0

1,7
6,0
18,7
30,0
32,0
16,7
105,0

3,3
12,0
37,3
60,0
64,0
33,3
210,0

Table 4. The beta distribution of speed (Vmax= 10 km/ h i Vavg=5 km/h, distance 200 km).

The proportions of compositional speeds in the test is shown in Figure 2.

Figure 2. The beta distribution of speed (Vmax= 10 km/ h i Vavg=5 km/h, distance 200 km).

The figure shows that given a speed of V= 4 km/h as an example, it is necessary to maintain
23.3% of the driving time (for a total of 560 minutes) on the 18.7% section of 200 km
(37.3km in total).
4

TECHNICAL LIMITATION OF VEHICLE’S SPEED

The determined compositional speeds in vehicle tests should be achievable by the vehicle.
In order to check these possibilities, a preliminary analysis of the vehicle speed resulting from
the properties of the propulsion system should be carried out. Detailed information for an example of a 4x4 vehicle with a 5000kg payload is provided in Table 5. It was assumed that
during the test the engine crankshaft revolutions per minute were to be kept between maxi-
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mum torque and maximum power. High mobility wheeled vehicles are equipped with tires
adapted for driving with variable air pressure. This causes a change in tire deflection U and a
change in the vehicle speed, as shown in Table 5. Deflection U can be calculated as follows:
(4)
where: H’ – height of a loaded tire by reduced air pressure, H – height of loaded tire by nominal air pressure.
Max. engine torque:
1300
[Nm]

1200÷1600
[1/min]

Nominal engine power:

Road speed [km/h]

(n=1700
[1/min])

(Δn=±500
[1/min])

C

6,9

2,0

1

9,9

2

[1/min]

Cross-country speed
[km/h]

14.00R20 164/160J

Cross-country speed correction based on
tire deflection:
U=0,86

U=0,8

U=0,7

U=0,6

U=0,5

ΔV0,86

ΔV0,8

ΔV0,7

ΔV0,6

ΔV0,5

(nominal
deflection)

V

ΔV

(n=1700
[1/min])

(Δn=±500
[1/min])

C

3,4

1,0

0,0

-0,1

-0,2

-0,3

-0,4

2,9

1

4,9

1,5

0,0

-0,1

-0,3

-0,4

-0,6

13,9

4,1

2

6,9

2,0

0,0

-0,2

-0,4

-0,6

-0,8

3

18,7

5,5

3

9,3

2,7

0,0

-0,3

-0,5

-0,8

-1,1

4

24,8

7,3

4

12,4

3,6

0,0

-0,4

-0,7

-1,1

-1,5

5

34,4

10,1

5

17,2

5,1

0,0

-0,5

-1,0

-1,6

-2,1

6

48,2

14,2

6

24,1

7,1

0,0

-0,7

-1,4

-2,2

-2,9

7

65,0

19,1

7

32,5

9,6

0,0

-0,9

-1,9

-2,9

-3,9

8

86,7

25,5

8

43,4

12,8

0,0

-1,2

-2,6

-3,9

-5,3

R

7,2

2,1

R

3,6

1,1

0,0

-0,1

-0,2

-0,3

-0,4

Gear

ΔV

Gear

V

2200

240
[kW]

Tire:

Table 5. Technical characteristic of 4x4 high mobility special wheeled vehicle with payload 5000 kg (example).

The data presented in Table 5 show that low speeds (see Table 4) are achievable and maintainable if a central tire inflation system is used and the tire pressure is lowered.
5

SUMMARY

The speed distributions presented to established road sections within the adopted scenarios
of vehicle utilization can be used directly (during tests, maintaining the set speeds for a specified driving time or distance) or can be used as a benchmark to compare the speed properties
of the tests. This approach should provide a statistical representation of the speed of vehicles
of a given category in the anticipated scenarios for their use on different roads (belonging to a
certain group of roads). The error in determining the compositional speed values
(approximately 5%) results from the simplifying assumptions that were made, which seems to
be acceptable for this type of research.
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TMEASY 6.0 – A HANDLING TIRE MODEL THAT INCORPORATES
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Abstract. TMeasy 6.0, an extension to the standard TMeasy tire model of version 5.3, takes the
relevant ﬁrst two rigid body eigenmodes of the belt into consideration. These modes represent
the in plane longitudinal and rotational movements of the belt relative to the rim. The dynamics of the longitudinal force is of higher order then and reproduces the tire wheel vibrations,
required for indirect tire-pressure monitoring systems (iTPMS), sufﬁciently well. A tailored implicit solver, which takes the stiff coupling between the longitudinal force and the belt motions
into account, still provides real-time performance in addition. Simulation examples show that
a rigid body vehicle model equipped with TMeasy 6.0 makes it possible to investigate second
generation indirect tire-pressure monitoring systems.
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1

INTRODUCTION

Passenger car models consisting of rigid bodies are usually supplemented by handling tire
models, which include a ﬁrst order dynamics. This kind of vehicle models are valid up to
approximately 20 Hz and provide sufﬁcient accuracy with comparatively low computational
effort. They are used to study the handling performance up to the limit range and the basics
of ride comfort in ofﬂine and online simulations. In addition, modern control systems, which
improve safety and comfort in general, assist the driver, or even provide automated driving, can
be tested, enhanced or developed from the scratch [1]. However, indirect tire-pressure monitoring systems (iTPMS) of second generation analyze a wheel tire vibration of more than 100 Hz,
which is sensitive to the tire inﬂation pressure, [2]. Structural tire models, like CDTire or FTire,
as well the three-dimensional rigid belt approach, realized in the SWIFT tire model, incorporate
the corresponding eigenmodes of course. Yet, these models are rather complex, require measurements for parameterization, and are not entirely suitable for real-time applications. That is
why, the TMeasy handling tire model [3] was supplemented by the ﬁrst two rigid body eigenmodes of the belt. This version is capable to reproduce rim and tire belt eigen-modes which
occur in the range of 100 to 200 Hz for typical passenger car tires.
2
2.1

TMEASY TIRE MODEL
Standard Approach

TMeasy represents a handling tire model based on a semi-physical model. A smooth transition from stand still to normal driving situations is provided by a three-dimensional slip approach which includes a rather simple but very effective dynamic parking torque model in addition, [3]. In a sophisticated but quite simple contact calculation the geometric contact point
is shifted at ﬁrst to the static contact point and then to the dynamic contact point, [4]. These
shifts take the shape of the tire cross section, the camber angle, and the tire compliance into
account. TMeasy enables a skilled engineer to estimate appropriate parameter by just knowing
or estimating the size, the payload of the tire, as well as the friction property of the tire road
combination, [5]. Of course, the TMeasy parameter can be adjusted to tire or vehicle dynamics
measurements by curve ﬁts or just by inspection, [6].
The standard model incorporates a ﬁrst order tire dynamics, which is based on the tire deﬂections, Figure 1. Due to this deﬂections the sliding velocities vx and vy as well as the bore
angular velocity ωn change to
vx −→ vx + ẋe ,

vy −→ vy + ẏe ,

ωn −→ ωn + ψ̇e

(1)

where ẋe , ẏe , and ψ̇e describe the time derivatives of the tire deﬂections in the longitudinal,
lateral, and torsional directions. As a consequence the normalized longitudinal slip for example
is then provided as
−(vx + ẋe − rD Ω)
sN
(2)
x =
rD |Ω| ŝx + vN
where rD names the dynamic rolling radius and Ω the angular velocity of the wheel or the
rim respectively. The terms ŝx and vN denote a slip normalization factor and a small ﬁctitious
velocity which are part of the TMeasy model approach discussed in [7]. TMeasy generates the
dynamic tire force in the longitudinal direction by
FxD = fG

−(vx + ẋe − rD Ω)
rD |Ω| ŝx + vN
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Figure 1: Tire deﬂections in the longitudinal, lateral, and torsional directions

where fG represents the global derivative of the generalized force characteristics, which depends
on the generalized and three-dimensional slip and processes the steady-state tire characteristics
in longitudinal and lateral directions. On the other hand, the tire compliance provides the dynamic force in the longitudinal direction as
FxD = cx xe + dx ẋe ,

(4)

where cx , and dx represent the overall stiffness and damping properties of the sidewall and the
tread particles in the longitudinal direction. Combining Equations (3) and (4) ﬁnally results in
a ﬁrst order differential equation
((rD |Ω| ŝx + vN ) dx + fG ) ẋe = − (rD |Ω| ŝx + vN ) cx xe − fG (vx − rD Ω)

(5)

deﬁning the dynamics of the tire deﬂection xe in the longitudinal direction and via Equation (4)
the ﬁrst order dynamics of the longitudinal force FxD in addition. Similar approaches deliver the
ﬁrst order dynamics of the lateral force and the ﬁrst order dynamics of the bore or turn torque.
The experimental validation of the lateral tire dynamics showed that in this case the ﬁrst
order approach realized in TMeasy already results in a quite good performance, [8]. However,
braking scenarios or just rides on rough roads invoke eigen-modes of the belt that will result
into a higher order dynamics of the longitudinal tire force.
2.2

In-Plane Belt Dynamics

Complex structural tire models, also provide the eigen-modes of an unloaded tire with a ﬁxed
rim, Fig. 2. The eigen-modes 1 and 2 of a freely vibrating tire correspond quite well to motions,
where the rigid belt performs a rotation about the wheel rotation axis and a translation into the
longitudinal direction. These two modes remain nearly unchanged if the tire is in contact with
the road, which in vehicle dynamics is the most common and important case. All other modes
incorporate already belt deformations or rigid belt like modes of a freely vibrating tire, like the
modes 3 and 4 in Fig. 2, will be distorted signiﬁcantly by the contact forces and torques.
That is why TMeasy 6.0 just takes mode 1 and 2 into account, because these ﬁrst two eigenmodes inﬂuence the sliding velocity at the contact point into the longitudinal direction and
hence strongly affect the longitudinal tire force. A model extension, where the wheel is split
into a rigid rim and a rigid belt, takes the corresponding belt motions into account, Fig. 3.
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Figure 2: First six eigen-modes from left to right of a standard passenger car tire taken from [9]

Figure 3: Rotating wheel split into rim and belt and free body diagram of the belt

The belt performs relative to the rim the rotation ϕB about the wheel rotation axis and the
motion xB into the longitudinal direction deﬁned by the unit vector ex , which is perpendicular
to the local road normal en . The corresponding absolute belt velocity vB and the absolute belt
angular velocity ωB together with the deﬂection of the tread particles xT and the tire deﬂection
ye into the lateral direction, as well as the tire torsional deﬂection γe about the road normal
en accomplish the internal tire states of the extended model. Whereas the standard model of
version 5.3 just gets along with n = 3 internal states, Table 2.2.
TMeasy standard version 5.3 (n = 3)
longitudinal tire deﬂection
xe
(tire sidewall + tread particles)
lateral tire deﬂection
ye
(tire sidewall + tread particles)
torsional tire deﬂection
γe
(tire sidewall + tread particles)

TMeasy extendend version 6.0 (n = 7)
tread particle deﬂection
xT
in longitudinal direction
lateral tire deﬂection
ye
(tire sidewall + tread particles)
torsional tire deﬂection
γe
(tire sidewall + tread particles)
translational belt motion
xB
(relative to rim)
rotational belt motion
ϕB
(relative to rim)
absolute belt velocity
vB
(in longitudinal direction)
absolute angular belt velocity
ωB
(about wheel rotation axis)

—
—
—
—

Table 1: Internal tire states of the TMeasy tire models of version 5.3 and version 6.0
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The natural frequencies f0x and f0r of the ﬁrst two tire eigen-modes provide the stiffness of
the tire sidewall in longitudinal and torsional directions
cSx = mB (2πf0x )2

and

cSr = ΘB (2πf0r )2

(6)

where ΘB deﬁnes the belt inertia and the ﬁctitious belt mass is simple provided by
mB = ΘB /r02

(7)

because the belt is simply considered as a thin ring with the radius r0 which corresponds to the
unloaded tire radius. The corresponding damping parameter are computed via

√
dSx = 2 ζSx mB cSx and dSr = 2 ζSr ΘB cSr
(8)
where ζSx and ζSr specify the viscous damping parameter for the tire sidewall in longitudinal
and torsional directions.
In extension to Equation (3) the dynamic longitudinal tire force is now provided by
FxD = fG

− (vx + ẋT + ẋB − rD ϕ̇B − rD Ω)
rD |Ω + ϕ̇B | ŝx + vN

(9)

The time derivative of the overall displacement ẋe is replaced here by the time derivative of the
displacement of the tread particles ẋT and the rigid belt motions relative to the rim contribute
to the transport velocity rD |Ω| → rD |Ω + ϕ̇B | and with the term ẋB − rD ϕ̇B to the contact
point sliding velocity in longitudinal direction. By approximating the compliance of the tire
tread particles by the stiffness cT P and the damping parameter dT P the dynamic tire force in
longitudinal direction is also deﬁned by
FxD = cT P xT + dT P ẋT

(10)

Combining these Equations ﬁnally results in the ﬁrst order differential equation
(dT P vtnx + fG ) ẋT = −vtnx cT P xT − fG (vx + ẋB − rD ϕ̇B − rD Ω)

(11)

where the abbreviation vtnx = rD |Ω + ϕ̇B | ŝx + vN shortens the result. Now, the time derivatives ẋB and ϕ̇B of the translational and rotational belt motions are required in addition.
The belt equations of motion read as
mB v̇B = FxD + FS

and

ΘB , ω̇B = Ty + TS

(12)

where vB describes the absolute velocity of the belt center into the longitudinal direction deﬁned
by the unit vector ex and ωB denotes the absolute angular velocity of the belt about the wheel
or respectively rim rotation axis deﬁned by the unit vector eyR .
Equation (10) delivers the the dynamic longitudinal tire force FxD and the tire sidewall compliance provides the corresponding force and torque
FS = − (cSx xB + dSx ẋB )

and

TS = − (cSr ϕB + dSr ϕ̇B )

(13)

Finally, the component of the resulting tire torque about the wheel rotation axis is provided by
Ty = eTyR ( TP + rCP × FP ) = eTyR TT
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The vectors FP and TP collect the tire forces and torques acting at the contact point P on the
wheel (rim and belt) and the vector rCP points from the rim center C to the contact point P.
Then, the vector TT represents the resulting torque which is applied to the wheel center C.
The time derivatives of the translational and rotational belt motions required in Equation (11)
are deﬁned by the kinematic differential equations
ẋB = vB − eTx v0C = vB − vx

and

ϕ̇B = ωB − eTyR ω0C = ωB − Ω

(15)

where v0C and ω0C are vectors describing the absolute velocity of the rim center and the angular
velocity of the rim and vx and Ω denote the corresponding components into the longitudinal
direction and about the wheel rotation axis.
The forces and torques applied to the rim are then given by


FR = FT − eTx FxD + FS
and TR = TT − eTyR (Ty + TS )
(16)
where the torque vector TT and the torque about the wheel rotation axis Ty are deﬁned in
Equation (14).
The TMeasy tire model of version 6.0 incorporates the unconstrained rotation of the rigid
belt about the wheel or respectively rim rotation axis eyR . That is why, the belt inertia ΘB must
be split off from the wheel body inertia tensor according to
ΘW → ΘW − eyR ΘB eTyR

(17)

The movements of the belt mass relative to the rim is restricted to a motion into the longitudinal
direction deﬁned by the unit vector ex which is perpendicular to the local road normal en . The
main motions of the wheel center, made possible by the suspension system of a vehicle, are
in general performed nearly perpendicular to the road surface. Hence, the contribution of the
belt mass inertia forces to the overall wheel motions is negligible within the TMeasy 6.0 model
approach. The belt mass mB is therefor considered just as a ﬁctitious modal mass, which is used
to describe the higher order dynamics of the longitudinal tire force, but will have no signiﬁcant
impact to the translational wheel motions.
3

PARTLY IMPLICIT SOLVER

The differential equations (11) and (12) are strongly coupled and stiff. Hence, a real time
solution requires an appropriate implicit approach. At ﬁrst, the differential equations (11) and
(12) are combined with the kinematic differential equations (15) and grouped to a system
⎡
⎤ ⎡
⎤
ẋT
− (vtnx cT P xT + fG (vB − rD ωB )) / (dT P vtnx + fG )
 D

⎢
⎥ ⎢
⎥
⎢ v̇B ⎥ ⎢
⎥
Fx + FS /mB
⎢
⎥ ⎢
⎥
⎢ ω̇B ⎥ = ⎢
⎥
(18)
(T
+
T
)
/Θ
y
S
B
⎢
⎥ ⎢
⎥
⎢
⎥ ⎢
⎥
vB − vx
⎣ ẋB ⎦ ⎣
⎦
ωB − Ω
ϕ̇B
. /0 1 .
/0
1
ẋ
f (x)
where vtnx = rD |ωB | ŝx + vN holds in addition. A trapezoid like integration step of size h
delivers at ﬁrst

h
xk+1 = xk +
f (xk ) + f (xk+1 )
(19)
2
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where xk = x(t) and xk+1 = x(t + h) denote the state vectors at time t and t + h. A truncated
Taylor-expansion delivers
f (xk+1 ) ≈ f (xk ) +


df  k+1
− xk
x
dx

(20)

and Equation (19) yields
xk+1 = xk + h f (xk ) +
which ﬁnally results in



k+1

x


h df  k+1
− xk
x
2 dx

h df
=x + I−
2 dx
k

(21)

−1

h f (xk )

(22)

where I is the identity matrix which ﬁts to the Jacobian df /dx. If the step size h is not too
large, the global derivative of the generalized tire characteristic fG , the longitudinal velocity of
the wheel center vx , and the angular velocity of the rim Ω can be considered as nearly constant
in the interval t → t + h. Then, the last two equations in (22) can be solved straight away


h k
h  k−1
vB − vx + vBk+1 − vx = xkB − h vx −
vB − vBk
2
2

 k−1


h
h
ωBk − Ω + ωBk+1 − Ω = ϕkB − h Ω −
ωB − ωBk
= ϕkB +
2
2

xk+1
= xkB +
B

(23)

ϕk+1
B

(24)

In addition, the elements of the remaining 3 × 3 Jacobian can be calculated analytically, which
speeds up the computation signiﬁcantly. The partly implicit solver provided in Equation (22)
produces rather accurate and stable results up to step sizes of h = 1 ms which corresponds to
the sampling rate applied in common vehicle control systems.
4

A VIRTUAL TEST RIG

The virtual tire test rig represents a quarter car model, Figure 4. It consists of the corresponding chassis mass and the wheel. The latter is suspended at the chassis mass such that it
can perform an up and down motion as well as steer and camber movements. The chassis mass

Figure 4: A virtual tire test rig represented by a quarter car model
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M is supposed to move in longitudinal and vertical directions only. The generalized coordinates
xM and zM characterizes these movements. The vector
⎡
⎤
⎤
⎡
xM
ẋM
⎦ and v0M,0 = ṙ0C,0 = ⎣ 0 ⎦
0
(25)
r0M,0 ⎣
r0 + h0 + zM
żM
describes the momentary position of the chassis center with respect to the earth-ﬁxed reference
frame 0 and its velocity. The comma separated index 0 indicates that the vectors are expressed
in the earth-ﬁxed frame 0, the parameter h0 represents the height of the chassis center above the
wheel center in design position, and r0 names the unloaded wheel radius.
The suspension system allows the wheel to perform the hub motion zm , the steer motion
δ about the vertical z0 -axis, the camber motion γ about the knuckle ﬁxed xK -axis, and the
rotation ϕ about the rim ﬁxed yR -axis. In this model approach the wheel center C is located on
the steering axis. Then, its momentary position and its velocity are provided by
⎤
⎤
⎡
⎡
xM
ẋM
⎦ and v0C,0 = ṙ0C,0 = ⎣ 0 ⎦
0
r0C,0 = ⎣
(26)
r0 + zm
żm
The momentary position of the wheel rotation axis and the angular velocity of the wheel or rim
respectively are deﬁned by
⎤
⎤
⎡
⎡
γ̇ cos δ − ϕ̇ sin δ cos γ
− sin δ cos γ
(27)
eyR,0 = ⎣ cos δ cos γ ⎦ and ω0R,0 = ⎣ γ̇ sin δ + ϕ̇ cos δ cos γ ⎦
sin γ
δ̇ + ϕ̇ sin γ
Then
Ω = eTyR,0 ω0R,0 = ϕ̇ + δ̇ sin γ

(28)

describes the absolute angular velocity of the wheel/rim about the wheel rotation axis.
The equations of motion for the virtual test rig are provided by
M ẍM = FD + eTx,0 FT,0

(29)

M z̈M = FS − M g
m z̈m = −FS − m g +

(30)
eTz,0

FT,0

ΘW Ω̇ = TD/B + eTyR,0 TT,0

(31)
(32)

The ﬁctitious force FD applied to the chassis mass and provided by an appropriate controller
makes it possible to accelerate or decelerate the vehicle without driving or braking the wheel.
The TMeasy tire model delivers the contact forces and torques collected in the force vector FT,0
and the torque vector TT,0 which is related to the wheel center. The suspension force
FS = F0 − cS (zM − zm ) − dS (żM − żm )

(33)

is modeled by a linear spring-damper-element, where cS , dS characterize its stiffness and damping properties and zM − zm represents the suspension travel. The preload F0 = M g compensates the chassis weight. The torque TD/B makes it possible to apply a driving or braking torque
to the wheel.
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The maneuver driving straight ahead on a random road is characterized by vanishing steer
and camber angles δ = 0 and γ = 0 when potential steer and camber changes due to the
suspension kinematics are neglected in this basic study. A nearly constant driving velocity is
maintained either by a controlled drive force FD acting at the chassis mass or a controlled drive
torque TD/B = TD applied via the half-shaft to the wheel. The former models a not driven the
latter a driven wheel.
5

RESULTS

5.1

Model Parameter

The TMeasy tire model is characterized by 58 parameter in the standard version 5.3. The
extended version 6.0 requires six more parameter which specify the belt inertia, the natural
eigen-frequencies and viscous damping rates of the belt, as well as the stiffness of the tread
particles. Table 2 collects the main parameter of the virtual test rig which characterize a standard
midsize passenger car in a quarter car model approach.
Vehicle/Tire
chassis mass
M = 312.2
wheel mass
m =
44.6
susp. stiffn.
cS = 17 750
susp. damp.
dS =
2354
rim inertia
ΘR = 0.462
tire vert. stiffn. cT = 190 000
tire vert. damp. dT =
500

Tire/Belt
tire unloaded radius
r0 = 0.2930 m
(∗)
tire dynamic radius
rD = 0.2815 m
belt inertia
ΘB = 0.6868 kgm2
nat. freq. belt long.
f0x =
120 Hz
nat. freq. belt rad.
f0r =
90 Hz
tread part. stiffn.(∗)
cT P =
10 kN/mm
(∗)
tread part. damp.
dT P = 9 000 N/(m/s)

kg
kg
N/m
N/(m/s)
kgm2
N/m
N/(m/s)

Table 2: Main parameter of virtual test rig and TMeasy tire model where (∗) holds at the tire payload of 3500 N

Equation (7) delivers a ﬁctitious modal belt mass of
mB = 8 kg

(34)

and Equation (6) produce the stiffness properties of the sidewall as
cSx = 4 500 000 N/m

and

cSr = 220 000 Nm/rad

(35)

A pressure loss in the tire is modeled by reducing the sidewall and the vertical tire stiffness to
cred
Sx = 3 000 000 N/m

and cred
Sr = 150 000 Nm/rad

as well as

cred
T = 155 000 N/m (36)

The corresponding damping parameters were kept unchanged. The reduced vertical tire stiffness
red
lowers the dynamic rolling radius of the tire at steady-state to rD
= 0.2789 m as a consequence.
5.2

Driving straight ahead on random road

At ﬁrst, the vehicle model is driven with a constant velocity of v = 120 km/h = 33.3 m/s on
a horizontal and nearly ﬂat road which just contains small randomly distributed irregularities.
Hence, a distance of s = 33.3 m is covered in the interval 0 ≤ t ≤ 1 s of the time histories plotted in Figure 5. The TMeasy contact model processes the road proﬁle by an effective local road
plane, which results in a slightly smoother time history of the effective contact point compared
to the road roughness, Figure 5 top graph.
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Figure 5: Virtual tire test driven straight ahead with constant velocity on random road

The spatial road proﬁle induces small tire force ﬂuctuations not only in the vertical but also
in the longitudinal and the lateral directions, Figure 5 center graph. The longitudinal force
Fx = Fx (t) oscillates about zero if the wheel is driven (TD = 0) and about a small negative
value if the wheel is not driven (TD = 0). In the former case the drive torque compensates the
rolling resistance at the wheel and just very small longitudinal forces are required to keep the
wheel rotating. In the latter case a drive force FD = 0 applied to the chassis mass maintains
the constant velocity and a certain amount of negative longitudinal tire forces is required to
counteract the rolling resistance of the wheel.
The vertical tire forces Fz deviates from the steady-state value Fz0 and generates rapidly
oscillating vertical accelerations of the wheel mass, black line in bottom graph of Figure 5. The
suspension system ﬁlters these excitation and results in a very smooth and comfort ride, because
the vertical accelerations of the chassis mass, gray line in bottom graph of Figure 5, are hardly
noticeable.

Figure 6: Rim angular velocity with normal and reduced inﬂation pressure

The mean value of the wheel or rim angular velocity Ω increases when the tire inﬂation
pressure is reduced, Figure 6. Some indirect tire-pressure monitoring systems (iTPMS) take
advantage of this effect. A pressure loss is detected if one wheel angular velocity deviates
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signiﬁcantly from the others. However, no detection is possible if all tires loose pressure at the
same time.
Sophisticated iTPMS perform a frequency analysis of the angular wheel or respectively rim
velocities. Induced by the road irregularities the rotating rim performs oscillations. Inspecting
the angular velocity Ω(t) in the interval 0 ≤ t ≤ T a corresponding, but shifted and normalized
signal is obtained by
y(t) = Ω(t) − mean(Ω(t))

s(t) =

and

2 y(t)
max(y(t)) − min(y(t))

(37)

where T = 1 s was used in this basic study. This signal s(t) is then transformed into the
frequency domain. To eliminate any FFT processing errors, it is approximated by
σ(t) = p + q t +

i=N


Ai sin (2πfi t + φi )

(38)

i=1

where N = 200 frequencies are predeﬁned by fi = 1(1)201 Hz and the 2 + 2N parameter
p, q, Ai , and φi are obtained by a least square curve ﬁt. The signal s(t), its approximation
σ(t), as well as the absolute values of the amplitudes Ai are plotted in Figure 7 for different
tire inﬂation pressures. In both cases (normal pressure and reduced pressure) the approximation

Figure 7: Frequency analysis of shifted and normalized rim angular velocity with normal and reduced inﬂation
pressure for a not driven wheel of the virtual test rig

σ(t) matches the signal s(t) perfectly, which conﬁrms the quality of this approach.
For a more convenient comparison the frequency responses are smoothed by a movingaverage ﬁlter which operates as
2 2
2 2
2 2
2 2 1
Â
=
|A
|
,
2 12
2Â2 2 = 3 (|A1 | + |A2 | + |A3 |)
1
k=j+2
2 2
2 2 1 
|Ak | for 2 ≤ j ≤ N − 2
(39)
2Âj 2 = 5
k=j−2
2
2
2 2
2
2 1
2 2
2ÂN −1 2 = 3 (|AN −2 | + |AN −1 | + |AN |) , 2ÂN 2 = |AN |
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Practically no difference is noticeable between the time histories of the signals at normal and
reduced pressure. But, the corresponding frequency responses differ in a characteristic manner.
Rim and belt incorporate an eigen-mode where the rotational motion of the belt is in phase with
its translational motion and out of phase with the rim rotation.
At normal pressure this eigen-mode is excited at a frequency of approximately 140 Hz which
results in the resonance phenomena indicated by a grey ellipse in the lower left plot of Figure 7.
This resonance frequency is slightly larger than the natural eigen-frequencies speciﬁed in Table 2, because the former occurs when the tire is in contact with the road whereas the latter hold
for free tire vibrations.
A reduced inﬂation pressure lowers these eigen-frequencies. In this particular
case, the nat
ural eigen-frequencies of the free vibrating tire were reduced by the factor 2/3 which results
in an adjustment factor of 2/3 for the corresponding stiffness parameter. As a consequence,
the resonance phenomena in the frequency response is shifted accordingly, lower right plot of
Figure 7.
Figure 8 demonstrates that the characteristic shift of the resonance phenomena is also present
when the wheel is driven.

Figure 8: Frequency analysis of shifted and normalized rim angular velocity with normal and reduced inﬂation
pressure for a driven wheel of the virtual test rig

The shift of the resonance phenomena is also observed at low (v = 60 km/h) and high
(v = 180 km/h) vehicle velocities, Figure 9. The maximum resonance magniﬁcation may be

Figure 9: Frequency analysis of shifted and normalized rim angular velocity with normal and reduced inﬂation
pressure for a driven wheel of the virtual test rig at different driving velocities

different because of speciﬁc stochastic properties of the road irregularities. But in both cases
the maximum is shifted signiﬁcantly to lower frequencieswhen the tire inﬂation pressure is
lowered. In this particular case, it is reduced by the factor 2/3 and the shift takes place from
f ≈ 140 Hz to f ≈ 120 Hz.
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Hence, the frequency response of the angular wheel or respectively rim angular velocity,
which is automatically measured in any modern passenger car, clearly indicates a pressure loss.
Indirect tire-pressure monitoring systems (iTPMS) based on this concept are able to detect a
simultaneous pressure loss at all tires in addition.
5.3

TMeasy standard versus TMeasy extended

The ﬁrst order tire dynamics applied in the standard TMeasy 5.3 just holds in the lower
frequency range. This model is suitable for all kind of driving situations but does not cover the
higher frequencies of the rim and tire belt eigen-modes which are modeled in addition in the
extended TMeasy version 6.0.

Figure 10: Time histories of shifted and normalized rim angular velocity computed for a not driven wheel of the
virtual test rig with TMeasy standard and extended

Figure 10 illustrates the difference between TMeasy 5.3 and Tmeasy 6.0 by the computed
time histories of the shifted and normalized rim angular velocity. The time history of the extended TMeasy version 6.0 clearly shows high-frequency components which are responsible
for the resonance phenomena in the corresponding frequency range.
6

CONCLUSIONS

Some indirect tire-pressure monitoring systems (iTPMS) process higher frequent vibrations
of the rim and the tire belt which are excited by road irregularities and which are sensitive to the
tire inﬂation pressure. The extended tire model TMeasy 6.0 takes the corresponding vibration
modes oft the belt into account and makes it possible to investigate such kind of iTPMS. Just the
ﬁrst two belt eigen-modes have to be considered which keeps the tire model TMeasy as simple
as possible. A tailored partly implicit solver, which takes the coupling between the longitudinal
force and the belt motions into account, provides a fast and stable numerical solution which is
required in real-time applications.
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Abstract. This paper investigates the optimal active/passive system parameters of a nonlinear quarter car suspension-driver seat model. The mathematical model of the system has four
degrees of freedom (4-DoF), with quadratic and cubic stiffness nonlinearities in suspension
springs and tires, respectively. The comfort, the stability and the behavior of the suspension
system are simulated using Matlab Simulink. Multi-objective genetic algorithms (GA) are used
to tune the PID controller and to optimize the head acceleration, the crest factor, and the suspension and tire deﬂection. The numerical results show that the proposed GA-tuned parameters
of the PID controller, as well as GA-tuned design parameters in the quarter car model are more
efﬁcient than those of Ziegler-Nicholas and Matlab auto-tuner techniques. The numerical results also demonstrate that active suspension systems are more efﬁcient compared to passive
systems.
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1

INTRODUCTION

The main component responsible for the dynamic behavior of a vehicle is its suspension
system. The suspension system isolates the vehicle’s occupants from strong vibrations induced
by road surface irregularities, and enables wheels to maintain contact with the road, which
provides the vehicle’s stability and control. This paper investigates both passive and active vehicle suspensions. A passive suspension system uses conventional springs and dampers with no
feedback action to absorb the road disturbances, while an active suspension system uses force
actuator elements in a closed loop control, to provide adequate control force to the system, as a
response to the input from the various sensors associated with the vehicle’s vertical dynamics.
Suspension systems, vehicle handling and stability as well as driver comfort and safety have
been extensively studied in the literature. A wide range of global optimization techniques have
been investigated to determine the optimum design and control parameters that enhance vehicle
stability and passengers’ safety. Wael Abbas et al [5] presented a 4-DoF human-body model,
with linear seat suspension, for half car model. In this model, the seated human-body was constructed as four separate mass segments interconnected by ﬁve sets of springs and dampers,
with a total human mass of 60.67 kg. O. Gundogdu [1] solved an optimization problem of a
4-DoF quarter car seat and suspension system model using genetic algorithm, to determine parameters that achieve best comfort. The quarter car and the seat, with the driver’s body were
modeled as a 4-DoF damped spring-mass system. Du et al [2] presented an integrated vehicle
seat and suspension control strategy for a quarter car model, to improve suspension impact on
ride comfort. A 4-DoF lumped parameter human model is suggested by Boileau and Rakheja
[3]. The selection of the design parameters deﬁnes the constitutive relationship for nonlinear
stiffness and damping while the 4-DoF driver model is linear. The reported data on biodynamic
responses of the seated and standing human body exposed to whole-body vibration along different directions and the associated experimental conditions are reviewed by Rakheja et al. [4],
in an attempt to identify datasets that are likely to represent comparable and practical postural
and exposure conditions. A 7-DoF vehicle and seat suspension design was presented by Abbas
el al. [5]. A genetic algorithm is applied to search for the optimal parameters of the seat, in order to minimize seat suspension deﬂection, driver’s body acceleration, and achieve the best ride
comfort. The simulation results were compared with the ones of the passive suspensions, subject to different road proﬁles. A generalized nonlinear model is formulated by Bouazara et al.
[6], for the dynamic analysis of the seat suspension system with passive, semi-active and active
dampers. It was concluded that the comfort performance of a seat suspension with semi-active
and active dampers was enhanced by 20 to 30%. The spring and damper settings that ensure optimal ride comfort, on different road proﬁles and at different speeds, have been investigated by
Uys et al. [7]. It is found that combining driver and rear passenger’s seats weighted root mean
square (RMS) and vertical acceleration, as the objective function of the optimization problem
returns better results compared to the case when only one seat value is used. Genetic algorithm is employed to search for the parameters, such as damping ratio and springs constants
that achieve an optimum trade-off between ride comfort and handling quality, under random
road input. Genetic algorithm is also used to obtain the seat suspension system controller parameters. The results showed that an active suspension using genetic algorithm improved the
dynamic performance parameters of the seat with minimum actuator force. Baumal et al. [8]
also investigated both active control and passive mechanical parameters of a vehicle suspension system, that minimize the passenger’s seat acceleration, under the required road-holding
ability and suspension working space constraints. An analytical study along with experimental
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validation, on lumped parameter models for seated human subjects, without backrest support,
under vertical vibration excitation, have been carried out by Liang and Chiang [9]. Kuznetsov
et al. [10] investigated a quarter car design, as a 3-DoF seat suspension system, with the driver
represented by 1-DoF. Ride comfort criteria as per ISO 2631-1 were used as constraints in the
algorithm for global optimization problems. Badran et al. [11] optimized a quarter car system
using genetic algorithm. A weighted average of seat acceleration and head acceleration was
used as a single objective function, and suspension working space as constraints.
Control of active suspension systems has been extensively covered in the literature, and span
a wide range of techniques such as PID, linear quadratic regulator, adaptive sliding control, H
control, sliding mode control, fuzzy logic, preview control, optimal control and neural network.
However, these methods need reﬁned mechanisms and some are difﬁcult to implement in applications. PID and linear quadratic regulator controllers were investigated by Nagarkar et al
[14] to control a nonlinear quarter car along with a human model. The quarter car model includes quadratic tire stiffness and cubic stiffness in suspension springs. The active system gives
minimum head acceleration, crest factor, amplitude ratio at head and upper torso, thus providing comfort and meeting health criteria. Mahesh et al [14] ,[13] investigated a multi-objective
genetic algorithm to optimize an active nonlinear quarter car suspension system, with PID and
fuzzy logic control. Simulation results show that GA-based fuzzy logic and PID controller give
better ride comfort.
In this paper a 4-DoF quarter car seat and suspension system model for both passive and active suspension systems subject to an excitation from a road proﬁle is investigated. Genetic
algorithm is used to determine the optimal design and control parameters that maximize ride
comfort and vehicle stability. Enhanced suspension parameter values are extracted from multiple genetic algorithm runs. Dynamics of the system is simulated using Matlab/Simulink. A
PID controller is tuned using Ziegler-Nicholas method to identify parameter boundaries, then
tuned again using genetic algorithm, to select the best gains. These values are fed into genetic
algorithm to compute enhanced design parameters. Results show an improvement in comfort.
Further details will be discussed in the following sections.
2

MODEL DEVELOPMENT

The vehicle model investigated in this paper is an improvement of the linear model in [1].
It is a 4-DoF quarter car model in which the driver is represented by the upper 2-DoF lumped
mass system. In this study, both linear and nonlinear models are considered. The quarter car
model is set using interconnections of masses, springs and dampers, as illustrated in (Fig. 1),
where Ms is the sprung mass, Mu is the un-sprung mass, Ks is the spring stiffness constant,
Cs denotes dashpot. Zr is the road or step input to the tire, Zs and Zu are the displacements of
masses Ms and Mu respectively. The nonlinearities consist of quadratic and cubic tire stiffness
and spring stiffness. The lower springs and damper represent the tire stiffness, with coefﬁcients
Ky for linear model and Ky1 , Ky2 and Ky3 for nonlinear model. Similarly Cs is the damping
coefﬁcient for linear model and Cs1 , Cs2 for non-linear model. The un-sprung mass is impacted
by the road surface data Zr through the tires’ contact. Elastic properties of the cushion are
also modeled as a spring and a dashpot with respective constants of Kc and Cc . The driver is
represented by a 2-DoF lumped mass system. The upper body is also connected to the lower
part through a spring and a dashpot combination with constants Kt and Ct respectively. The
variables Zt and Zp are displacements of the thorax and pelvis from their static equilibrium positions [1]. It is assumed that the system does not vibrate in lateral and longitudinal directions,
only oscillates in vertical direction (vertical to road surface). Furthermore, the tires are assumed
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not losing the contact with the road surface. The motion in other directions is assumed small
and hence neglected.

Figure 1: Model Development

The mathematical model of the quarter car model is described by the following set of equations
of motions from their static equilibrium positions. The systems are solved for four state variables Zt , Zp , Zs and Zu given the road excitation Zr .
Equations of motions for linear model


M t Zt







= −Kc . (Zt − Zp ) − Ct . (Zt − Zp )




(1)




Mp Zp = Kt . (Zt − Zp ) + Ct . (Zt − Zp ) − Kc . (Zp − Zs ) − Cc . (Zp − Zs )


Ms Zs















= Kc . (Zp − Zs ) + Cc . (Zp − Zs ) − Ks . (Zs − Zu ) − Cs . (Zs − Zu ) + F

Mu Zu = Ks . (Zs − Zu ) + Cs . (Zs − Zu ) − Ky . (Zu − Zr ) − F
Equations of motions for non-linear model

693

Omar El-Mezayen, Mustafa Qasem, Hesham Ibrahim, Nora Merabet and Zakaria Elnaggar



M t Zt





= −Kt . (Zt − Zp ) − Ct . (Zt − Zp )





(2)







Mp Zp = Kt . (Zt − Zp ) + Cc . (Zt − Zp ) − Kc . (Zp − Zs ) − Cc . (Zp − Zs )


Ms Z s







Mu Zu







= Kc . (Zp − Zs ) + Cc . (Zp − Zs ) − Ks1 . (Zs − Zu ) − Ks2 . (Zs − Zu )


−Cs2 . (Zs − Zu )2 + F




= Ks1 . (Zs − Zu ) + Ks2 . (Zs − Zu )3 + Cs1 . (Zs − Zu ) + Cs2 . (Zs − Zu )2
−Ky1 . (Zu − Zr ) − Ky2 . (Zu − Zr )2 + Ky3 . (Zu − Zr )3 − F

The above models are simulated in Matlab-Simulink, with the following values for the equations’ coefﬁcients:
Suspension Parameter
Linear Spring Stiffness Coefﬁcient
Non-Linear Spring Stiffness Coefﬁcient
Linear Spring Damping Coefﬁcient
Non-Linear Spring Damping Coefﬁcient
Linear Tire Stiffness Coefﬁcient
Non-Linear Square Tire Stiffness Coefﬁcient
Non-Linear Cube Tire Stiffness Coefﬁcient
Sprung Mass
Un-sprung Mass
Upper Body Mass
Lower Body Mass
Spring Stiffness Coefﬁcient
Spring Damping Coefﬁcient
tire Stiffness Coefﬁcient
Thorax Stiffness Coefﬁcient
Thorax Damping Coefﬁcient
Cushion Stiffness Coefﬁcient
Cushion Damping Coefﬁcient

Symbol
K s1
K s2
C s1
C s2
K y1
K y2
K y3
Ms
Mu
Mt
Mp
Ks
Cs
Ky
Kt
Ct
Kc
Cc

Value
15302
2728
3482
580
60063
42509
22875
295
39
18.6
46.4
9015
2031
41815
45005.3
1360
2500
131.59

Table 1: Suspension parameters’ values

The aim is to analyze the dynamic behavior of the active car-driver system, and determine
the seat and the suspension system design parameters (coefﬁcients in the equations of motion
above) that maximize rider’s comfort. This is done by minimizing the vertical displacements
and acceleration of the driver’s head and upper body, while maximizing the vehicle’s stability
and control.
A Proportional, Integral and Derivative PID controller has been used for the active suspension
system (Fig.1):
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PID controller design
PID control is a feedback control design. The three terms operate on the error signal to produce a control signal. If u(t) is the control signal which is sent to the system, y(t) the actual
output, r(t) the desired output, and e(t) the tracking error then a PID control law is expressed as
t

u(t) = kp e(t) + ki

0

e(τ ) dτ + kd e (t).

The desired closed loop dynamics can be obtained by adjusting the three parameters kp , ki and
kd . Model’s stability can often be obtained using only the proportional term. The integral term
permits the rejection of a step disturbance. The derivative term provides damping or shaping
of the response. Both the suspension system design parameters and PID controller parameters
were tuned using genetic algorithm, in the next sections.
3

METHODOLOGY AND SIMULATION

3.1

Objective functions

The optimization problem is stated as a multi-objective minimization problem, solved using
multi-objective genetic algorithm from Matlab toolbox. The objective function to be minimized
J is deﬁned as a vector function with four components, head acceleration (JHA ), crest factor
(JCF ), suspension deﬂection (JS ), and tire Deﬂection (JTD ), as follows:
J = [JHA

JCF

JS

JTD ]t

(3)

The function JHA is the root mean square of head acceleration (RMSh ) , (with T = 5 sec, in
simulations), given by:

JHA =

RMS h

=

1
T

T
0

[Zt ]2 dt

3

$ 12
=

T

1
T

0

"

ct
kt
(Zt − Zp ) −
(Z  − Zp )
−
mt
mt t

4 12

#2
dt

The function CFh is the crest factor of the head acceleration and it is a ratio of the maximum
acceleration to JHA .

max Zt
JCF =
RMS h

The function JS is the RMS value of the suspension deﬂection.

JS =

1
T

T
0

(Zs − Zu )2 dt

$ 12

The function JTD is the RMS value of the tire deﬂection.

JTD =
3.2

1
T

T
0

2

(Zu − Zr ) dt

$ 12

Genetic algorithm for suspension system

Multi-objective genetic algorithm is used to optimize the suspension parameters Cc , Kc , Ks ,
Cs in the linear model and Cc , Kc , Ks1 , Ks2 , Cs1 , Cs2 in the nonlinear model. In simulation,

695

Omar El-Mezayen, Mustafa Qasem, Hesham Ibrahim, Nora Merabet and Zakaria Elnaggar

boundary conditions are imposed on the parameters, as per the industry standards and from
the literature. The Genetic algorithm minimizes the objective function given by (3), subject
to equations of motion (1), (2), as nonlinear constraints and boundary conditions on the parameters. The genetic algorithm settings were selected as follows: The population size = 30,
crossover probability, Pc = 0.001, and mutation probability rate, Pm = 0.002.
Graphs representing the state variables are generated using Simulink. Optimized parameters are
given in Table 2 for linear model and Table 3 for nonlinear model.
Suspension Parameters
Symbol
Value
Cushion Damping Coefﬁcient
Cc
128.006
Cushion Stiffness Coefﬁcient
Kc
1414.24
Spring Stiffness Coefﬁcient
Ks
6033.23
Spring Damping Coefﬁcient
Cs
1750.68
Table 2: Optimized parameters (Linear case)

Suspension Parameters
Cushion Damping Coefﬁcient
Cushion Stiffness Coefﬁcient
Linear Spring Stiffness Coefﬁcient
Non-Linear Spring Stiffness Coefﬁcient
Linear Spring Damping Coefﬁcient
Non-Linear Spring Damping Coefﬁcient

Symbol
Cc
Kc
K s1
K s2
C s1
C s2

Value
194.82
1314.22
9374.97
2338.56
3459.68
700.07

Table 3: Optimized parameters (Nonlinear case)

3.3

Tuning PID control using genetic algorithm

PID controller was designed to ensure the displacement of the system can be controlled and
minimized when the road disturbance occurs. PID parameters are randomly initialized and
objective functions are determined using Ziegler-Nicholas Method and Auto-Tuner Methods
in order to set the bounds for the Genetic Algorithm. GA parameters were chosen according
to trial and error method. Genetic algorithm parameters are as follows: Population size =
50; Crossover Fraction = 0.8; Mutation rate = 0.2; Maximum generation = 100; Crossover
Function is arithmetic; Mutation Function is Adaptive feasible; Bounds of Parameters From 0 to
5000. In active nonlinear suspension system, the PID tuning was done using genetic algorithm,
after linearizing the nonlinear system using Linearization in Simulink.
kp
4813

ki
54

kd
630

Table 4: Optimized PID parameters for linear model
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kp
6810

ki
329

kd
947

Table 5: Optimized PID parameters for nonlinear model

4

RESULTS and ANALYSIS

In this section, simulation results of different displacements and accelerations are presented
in Tables and graphs for both linear and nonlinear models. The resulting head acceleration, head
displacement, sprung accelerations and displacements of the system with the optimized parameters, the classical ones and the controlled ones are compared in ﬁgures 2-5 for linear model,
and in ﬁgures 6-9 for nonlinear system. In the simulations, a step height of 0.02 m is used. The
color-coded legend is as follows: classical parameters are in blue, optimized parameters are in
red, and GA-tuned PID controller in green.
4.1

Linear Model

System

Passive

Optimized

Settling Time
Overshoot

4.71
0.0254

4.6
0.0243

Optimized
Variation
PID
(Passive-Optimized)
2.32
2.34%
0.024
4.33%

Variation
(Passive-PID Optimized)
50.1%
5.51%

Table 6: Results for Sprung Displacement

Figure 2: Linear Sprung Displacement

Figure 2 shows the sprung displacement versus time for the passive, optimized-passive and
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the active suspension systems. Overshoots and settling times are extracted from the plots to
show the variation between the three systems. The response of the passive suspension system is
compared with both the optimized-passive and active suspension systems, which shows a variation of 2.34% in settling time values and 4.33% in overshoot values for (Passive-Optimized).
While, a variation of 50.1% in settling time values and 5.51% in overshoot values are shown for
(Passive-PID Optimized).
System

Passive

Optimized

Settling Time

5+
(6.1)
0.0388

4.8

Overshoot

0.0365

Optimized
Variation
PID
(Passive-Optimized)
4.5
21.31%
0.0319

5.92%

Variation
(Passive-PID Optimized)
26.22%
17.78%

Table 7: Results for Head Displacement

Figure 3: Head Displacement

Figure 3 shows the head displacement versus time for the passive, optimized-passive and the
active suspension systems. There is a variation of 21.31% in settling time values and 5.92%
in overshoot values for (Passive-Optimized) while a variation of 26.22% in settling time values
and 17.78% in overshoot values are shown for (Passive-PID Optimized).
Figure 4 shows the head acceleration versus time for the passive, optimized-passive and the
active suspension systems. There is almost no variation in settling time values and 40% in
overshoot values for (Passive-Optimized). While, a variation of 14.15% in settling time values
and 46.29% in overshoot values are shown for (Passive-PID Optimized).
Figure 5 shows the linear sprung acceleration vs time for the passive, optimized-passive
and the active suspension systems. There is a variation of 13.57% in settling time values and
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System
Settling Time
Overshoot

Passive

Optimized

4.31
0.54

4.32
0.324

Optimized
Variation
PID
(Passive-Optimized)
3.7
0%
0.29
40%

Variation
(Passive-PID Optimized)
14.15%
46.29%

Table 8: Results for Head Acceleration

Figure 4: Head Acceleration

System
Settling Time
Overshoot

Passive

Optimized

3.61
1.83

3.12
1.72

Optimized
Variation
PID
(Passive-Optimized)
2.28
13.57%
1.54
6.01%

Variation
(Passive-PID Optimized)
36.84%
15.84%

Table 9: Results for Sprung Acceleration

6.01% in overshoot values for (Passive-Optimized). While, a variation of 36.84% in settling
time values and 15.84% in overshoot values are shown for (Passive-PID Optimized).
4.2

Nonlinear Model

Figure 6 shows the non-linear sprung displacement vs time for the passive, optimized-passive
and the active suspension systems. There is a variation of 32.6% in settling time values and
6.22% in overshoot values for (Passive-Optimized). While, a variation of 47.39% in settling
time values and 14.39% in overshoot values are shown for (Passive-PID Optimized).
Figure 7 shows the non-linear head displacement vs time for the passive, optimized-passive
and the active suspension systems. There is a variation of 22.81% in settling time values and
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Figure 5: Sprung Acceleration

System

Passive

Optimized

Settling Time
Overshoot

4.6
0.0257

3.1
0.0241

Optimized
Variation
PID
(Passive-Optimized)
2.42
32.6%
0.022
6.22%

Variation
(Passive-PID Optimized)
47.39%
14.39%

Table 10: Results for Non Linear Sprung Displacement

System
Settling Time
Overshoot

Passive

Optimized

4.78
0.038

3.69
0.032

Optimized
Variation
PID
(Passive-Optimized)
2.92
22.81%
0.0275
15.78%

Variation
(Passive-PID Optimized)
38.91%
27.63%

Table 11: Results for Non Linear Head Displacement

15.78% in overshoot values for (Passive-Optimized). While, a variation of 38.91% in settling
time values and 27.63% in overshoot values are shown for (Passive-PID Optimized).
Figure 8 shows the non-linear sprung acceleration vs time for the passive, optimized-passive
and the active suspension systems. there is a variation of 34.37% in settling time values and
3.21% in overshoot values for (Passive-Optimized). While, a variation of 50.93% in settling
time values and 20.35% in overshoot values are shown for (Passive-PID Optimized).
Figure 9 shows the non-linear head acceleration vs time for the passive, optimized-passive
and the active suspension systems. There is a variation of 26.53% in settling time values and
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Figure 6: Non Linear Sprung Displacement

Figure 7: Non Linear Head Displacement

701

Omar El-Mezayen, Mustafa Qasem, Hesham Ibrahim, Nora Merabet and Zakaria Elnaggar

System
Settling Time
Overshoot

Passive

Optimized

3.2
2.8

2.1
2.71

Optimized
Variation
PID
(Passive-Optimized)
1.57
34.37%
2.23
3.21%

Variation
(Passive-PID Optimized)
50.93%
20.35%

Table 12: Results for non-linear sprung acceleration

Figure 8: non-linear sprung acceleration

System
Settling Time
Overshoot

Passive

Optimized

4.9
0.72

3.6
0.57

Optimized
Variation
PID
(Passive-Optimized)
2.78
26.53%
0.42
20.83%

Variation
(Passive-PID Optimized)
46.08%
41.67%

Table 13: Results for non-linear head acceleration

20.83% in overshoot values for (Passive-Optimized). While, a variation of 46.08% in settling
time values and 41.67% in overshoot values are shown for (Passive-PID Optimized).
5

CONCLUSIONS

In this paper, a nonlinear quarter car model with a driver seat and driver, as a 4-DoF system
with PID controller is investigated and compared with the passive linear system version. The
model is designed to have four masses that are attached with linear and nonlinear springs and
dampers. The methodology was developed to design and compare passive and active suspension systems using a classical PID controller and GA-tuned PID controller. Genetic algorithm
is used to determine optimum values for the suspension design parameters and PID controller,
to achieve the best performance of the system in terms of driver’s comfort and vehicle’s stabil-
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Figure 9: non-linear head acceleration

ity. Genetic algorithms showed optimum results. The optimal solutions are less oscillatory and
have lower values of maximum overshoots and settling times, which results in lower HA and
CF, that are directly proportional to the driver’s health and comfort. Both linear and non-linear
active suspension models with PID Controller were tuned by using different methods of tuning
such as GA, Ziegler-Nicholas Method, and the Auto Tuner in Matlab-Simulink Toolbox. Simulation results show that implementing a GA-tuned PID controller gives better ride comfort and
health criterion. The study shows a signiﬁcant improvement for the active suspension system
compared to the passive suspension system.
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Abstract- This paper investigates the worthiness of implementing an active PID control on the
driver seat alongside with semi-active ground-hook control on the suspension system in order to
compensate the down side of the ground-hook control in terms of driving comfort. The suspension
- driver seat model is derived using half car model with five degrees of freedom and Matlab
Simulink is utilized to simulate the Active/Semi-active stability and comfort of the different
proposed setups of the suspension system. Binary and continuous ground-hook control are
attempted separately while the optimum combination between them is presented using the Matlab
optimization toolbox. Finally, it was deduced that implementing semi-active controlled car seat
doesn't provide any significant improvement, in terms of comfort, when combined with semi-active
controlled suspension system. It is also found that implementing an active controlled car seat could
significantly restore or even improve the deteriorated comfort caused by ground hook controlled
suspension while maintaining its superior performance in terms of stability.
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1. INTRODUCTION
The dynamic behavior of a car can be evaluated in many different ways; one of which, is its
suspension system behavior. The main components of a conventional suspension system are
springs, shock absorbers (or dampers), control arm, steering knuckle, ball joints and control arm
brushing. The interest of the current study is to focus on the role of the springs and dampers, in the
suspension system which absorbs the noise and shock, induced by the road irregularities or bumps,
and isolates the wheel-suspension assembly from the rest of the vehicle. Drivers are usually
subjective in judging their vehicles and their evaluation is manly dominated by the vehicle dynamic
characteristics including ride and handling. Therefore, the vehicle’s subjective evaluation
originates from its perceived comfort level and ride stability which are considered two of the most
important performance features. The design process of a conventional suspension system boils
down to a tradeoff between ride comfort and vehicle handling which are conflicting processes in
nature. When suspension system is designed to optimize the handling and stability of the vehicle,
the passenger often perceives the ride to be rough and uncomfortable. On the other hand, when it
is designed to optimize the comfort level, the vehicle is less stable during maneuvers. Car
manufacturers always strive to design suspension systems of acceptable level of both stability and
comfort.
Various chassis control systems have been developed, to enhance vehicle dynamic performance
and driving safety. Vehicle dynamics are characterized by three motions, namely roll, pitch, and
yaw, which are strongly coupled and thus affect the vehicle dynamics and control in a very complex
manner. Skreekar [1] worked on reducing the vibrations transmitted to the passenger in order to
improve the ride comfort. An experimental design was used to obtain the modeling equations and
a genetic algorithm was then introduced to optimize the model’s parameters. Crolla [2] presented
a comprehensive review of vehicle dynamics theories and their contributions to practical vehicle
design. In particular, the review focused on actively controlled components, like active suspension
and four wheel steering and their impact on vehicle performance and safety. Rauh [3] introduced
the recent advances in simulation technologies, explaining their available potentials and limitations.
It was highlighted that advanced simulation technologies enabled the development of complex
mechatronic chassis systems, like active suspensions, in relatively short periods of time. Gordon
[4] provided a new dual model methodology of steering, throttle and braking near-optimal control
inputs to simulate the closed-loop linear and nonlinear vehicle handling dynamics. Tener [5]
introduced a cockpit adjustable air suspension system to either improve handling or to increase
ground clearance. In addition, the spring rate can be either decreased to enhance isolation or
increased to promote handling performance. Zhang [6] used a linear switched reluctance actuator
(LSRA) in his active suspension and took into consideration multiple force dependent variables
like the force ripple minimization and adaptive force distribution function. Funde [7] implemented
sky-hook semi active control which helped increase the comfort and reduce the suspension working
space and implemented ground-hook control which increased the stability on a quarter car. Darus
[8] developed a mathematical model to simulate the passive and active suspension systems using
full car model. A linear quadratic control technique is selected to represent the active suspension
system. Florin et al. [9] utilized a quarter car model, of two degrees of freedom, to simulate the
handling and ride performance of a vehicle with passive suspension system. A scheme, using
Matlab Simulink, was developed and was compared to the state space model. Hassan and
Mohammed [10] developed a mathematical model, using Lagrange’s equation, for a full vehicle
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dynamic system of ten degrees of freedom. Vassal et.al [11] Introduced design stability requirement
that have been used as guidelines in this paper. Sammier et.al [12] compared between H-infinity
and skyhook control for semi-active suspension systems, H-infinity performed better than the
skyhook control but skyhook control required less parameters and was easier to implement.
Geweda [13] also used the genetic algorithm on a seven degrees on freedom system and compared
his results to the PID controlled model.
The current work implements a different combinations of active/semi-active controls, applied to
the sprung mass and the driver seat, in attempt to promote comfort without compromising the
stability.
2. Formulation
In the current study, a half-car model with car seat is implemented using five degrees of
freedom. These degrees of freedom are represented as two unsprung mass vertical displacement,
sprung mass vertical displacement, pitching rotation and driver-seat displacement. Figure 1
presents a schematic for the implemented model.

Figure 1: Half-car Model Schematic
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Parameter

Symbol

Spring force

Fksi

Damper force

Fbsi

Force quarter car

fi

Sprung mass

Mse

Sprung mass moment of inertia

Ise

Unsprung mass front and rear

Mus

Stiffness tire front and rear

Ktf , Ktr

Stiffness spring front

Kf

Stiffness spring rear

Kr

Stiffness spring seat

Kse

Passive damping front

Fbsf

Passive damping rear

Fbsr

Passive damping seat

Fseat

Semi-active damper

C(I)

Length between sprung mass
center of mass and front

Lf

Length between sprung mass
center of mass and rear

Lr

Length between sprung mass
center of mass and car seat

Lse

Table 1: Car parameters abbreviation  אሼǡሽ.
The current model was built as two independent quarter car models which were coupled together
to simulate the dynamic behavior of a half-car. The following equations represent the modelling
equations used in Matlab. For   אሼǡሽ
Quarter car force:
݂ ൌ

  

(1)

Tire spring force:
 ܨൌ  ൈ ሾ ݔെ ݓ ሿ

(2)

Tire damping force:
Passive damper:

 ܨൌ ൈ ሾݔǗ െ ݓǗ ሿ
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Sprung mass spring force:
 ܨൌ  ൈ ሾ ݔെ ݔ ሿ

(4)

Sprung damping force:
Passive damper:

 ܨൌ ൈ ሾݔǗ െ ݔǗ ሿ

(5)

Semi-active damper: ܨൌሺܫሻ ൈ ሾݔǗ െ ݔǗ ሿ
Active PID actuator:  ܨൌ  ሺሻ   ሺሻ  ௗ

(6)
ሺሻ


(7)

Car seat force:
݂ ൌ ሺ ݔെ  ݔሻ ൈ  ܭ ሺݔǗ െ ݔǗ ሻ ൈ ܥ

(8)

Half car coupling equations:
ݔ ൌ െ ݈ ሺߠሻ

(9)

ݔǗ ൌ ݔǗ െ ݈ ߠǗ ሺߠሻ

(10)

ݔ ൌ  ሺߠሻ

(11)

ݔǗ ൌ ݔǗ  ߠǗ ሺߠሻ

(12)

 ݔൌ െ ݈ ሺߠሻ

(13)

ݔǗ ൌ ݔǗ െ ݈ ߠǗ ሺߠሻ

(14)

Three control methods were used to improve the passive performance of the suspension system,
namely Sky-hook control, Ground-hook control as a semi-active technique, and PID active control.
The Ground-hook is a control method that hooks the tires of the car to the ground to add more
stability that is achieved by adjusting the damping coefficient.
Ground-hook semi-active control is given as follows:
ܥ ǡ െݔሶ ௧ ݔሶ ௗ  Ͳ
ܥሺ݅ሻ ൌ ൜
for ݅  אሼǡሽ.
(15)
ܥ௫ ǡ െݔ
ሶ ௧ ݔሶ ௗ  Ͳ
The second control type used is PID active control. This control was used due to the limitations of
the semi-active suspension system. When semi-active suspension was implemented and didn't
provide good results, active PID control was implemented as it can deliver pure force output on
demand and it isn’t constrained by states of the system (displacement, velocity, and acceleration).
It is true that the active actuator consumes higher energy to provide such forces but when the control
is applied only on one seat, we can safely assume lower energy consumption compared to fully
active suspension system.
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3. RESULTS AND DISCUSSION
Table.2 presents the car parameters used in the simulations as acquired from [14].
Parameter

Value

Sprung Mass (Mse)

580 Kg

Sprung mass moment of inertia (Ise)

1100 Kg.m2

Unsprung Mass front and rear (Mus)

40 Kg

Stiffness tire front and rear (Ktf,Ktr)

190 kN/m

Stiffness spring front (Kf)

23500

Stiffness spring rear (Kr)

23500

Stiffness spring seat (Kse)

15 kN/m

Passive damping front (Fbsf)

1500 N/m.s

Passive damping rear (Fbsr)

1500 N/m.s

Passive damping seat (Fseat)

500 N/m.s

Semi-active damper ( C(I) )

ܥሺூሻ  אሾ900,3000ሿN/m.s

Length between sprung mass center of mass
and front (Lf)

1m

Length between sprung mass center of mass
and rear (Lr)

1.5 m

Length between sprung mass center of mass
and car seat (Lse)

0.5 m

Table 2: Suspension system parameters.
In the following sections, several control configurations in suspension systems will be presented
and compared to the passive system performance, in an attempt to analyze the improvement in
terms of stability and comfort.
3.1 Passive car seat and semi-active ground-hooked car suspension
This section analyzes the semi-active ground-hook control (GH) suspension system
performance compared to the passive suspension system performance. In the following, the two
systems are denoted by “GH-Passive System” and “Passive system” in Figure 2. GH-Passive
system stands for the system as described in Figure 1, with GH controlled applied to the unsprung
mass while both the seat and the sprung mass are represented using a passive system. The other
system denoted by Passive System stands for the system without any control applied to it.
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Figure 2 presents the car seat and sprung mass displacements and accelerations and car tire
displacement graphs in response to a step input of 0.05 meter, car speed is 60km/h. Step input was
chosen as it excites multiple frequencies in the system, thus gives a complete picture of the system.
The seat acceleration, depicted in Figure 2. (A), shows higher peak acceleration of the car seat in
GH-Passive system compared to passive system due to the presence of GH controller on the
unsprung mass.

Figure 2: Ground Hook suspension/ Passive Seat.
The front tire displacement, depicted in Figure 2. (E), shows a 62.5% improvement in the overshoot
value and a 47.5% less settling time compared to the passive system, note that the system starts
oscillating again at 0.25s as this is the time when the back wheel hits the step input. The sprung
acceleration, depicted in Figure 2. (C), shows higher peak and higher RMS acceleration in the GH
system relative to the passive system. Figure 2. (F) shows that the implementation of a passive
system on the car seat improves the comfort with 45% lower peek than the one of the sprung mass
acceleration, and an improvement of 15% in the RMS value with respect to the sprung mass.
The implementation of GH-Passive system gives a seat RMS acceleration of 0.608, and a sprung
mass RMS acceleration of 0.72. The passive system seat RMS acceleration is 0.49 and the passive
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system Sprung mass RMS acceleration is 0.45. The values presented in this section will be used as
a reference to compare to, in the following sections, where other combinations of different controls
are applied.
3.2 Semi-active Ground-hook binary suspension and Sky-Hook Controlled seat
This section present the dynamic behavior of Sky-hooked seat (SH) alongside with the
ground-hook control compared to the performance of the passive system. Figure 3 presents the car
seat and sprung mass displacements and accelerations and car tire displacement, in response to a
step input of 0.05 meter, car speed is 60km/h. Figure 3. (A) shows higher peak acceleration than
the passive system, while Figure 3. (C) shows performance similar to that of Figure 2. (C). Figure
3. (F) shows a decline in performance as the improvement of seat peak acceleration in the first peak
was reduced to 25.3% only relative to 45% in the passive system.

Figure 3: Ground Hook suspension/ Passive Seat.

This system resulted in seat RMS acceleration of 0.607 and sprung mass RMS acceleration of
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0.6805. The RMS accelerations and the performance of the sky-hooked seat doesn’t encourage the
usage of a SH seat when GH is implemented and suggests that the implementation of a passive
system on the car seat would be enough.
3.3 Semi-active Ground-hook binary suspension and active PID Controlled seat
In the following, the response of a system denoted by “GH-PID System” is depicted in
Figure 3, which stands for GH controlled unsprung mass while a PID control is applied to the driver
seat. This system is compared to the Passive System. PID controller parameters were optimized to
minimize the following error expressed in terms of sprung mass displacement ant seat acceleration:
(16)
ሺݐሻ ൌ ݔǃse  ሺݔss െ ݔse ሻ
The auto-tuner of the PID controller in Matlab resulted in an integral controller without any
proportional nor differential parameters, as shown in Table 3: PID controller parameters.
It is suggested to use a conditional parameter so that the deflection doesn't cross a certain value but
that wasn’t implemented here.
Parameter

Value

Kp

0

Ki

3124.23

Kd

0

Table 3: PID controller parameters.
Figure 4 presents the car seat and sprung mass displacements and accelerations in addition to car
tire displacement in response to a step input of 0.05 meter and a vehicle speed of 60km/h.
The car seat acceleration Figure 4. (A) shows an improvement of 70% relative to the passive system
seat. The car seat displacement of graph Figure 4. (B) shows a better displacement graph on the
active seat compared to the passive seat. Figure 4. (F) shows the accelerations of both the sprung
mass and the car seat, in which car seat acceleration is found to be smoother and with a lower peak;
while the peak acceleration of the sprung mass is 8.6 m/s2 while the one of the car seat is 1.86
m/s2, this is an improvement in peak accelerations of 78.37%. This indicates that the active system
managed to suppress most of the acceleration peaks applied to the sprung mass.
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Figure 4: GH Suspension system/Active PID seat
The tire displacement shown in Figure 4. (E) is found to be similar to the tire displacement of the
GH-Passive system displayed in Figure 2. (E), which means that the active seat didn’t adversely
affect the Ground-hook performance. Therefore, the stability using the ground-hook control was
maintained while providing much better comfort performance using the active control seat. This
setup resulted in a seat RMS acceleration of 0.26 and sprung RMS acceleration of 0.608, which
reflects an improvement of 54.3% using the setup of active seat and semi-active ground-hook
suspension system over the semi-active ground-hook suspension and passive seat setup. This is a
good improvement considering that the active seat will use much less power to achieve such
comfort, relative to applying PID control on the whole system. The semi-active GH system also
uses very low power achieving both low power consumption and high comfort and stability
performance. Both of Figure 4. (A) and Figure 4. (B) show smoother and lower peaks in
displacement and acceleration respectively in the implemented hybrid system.
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3.4 Semi-active Ground-hook continuous suspension and active PID Controlled seat
An attempt to improve the GH-PID binary system was to implement a GH-PID continuous
system to improve the system performance and to check the overall effect of the GH continuous
system.
ܥ ǡ
ሶ  ሺͳെןሻݎܹ כ ݔܽ݉ܥଓ
ሶ
ܥሺܫሻ ൌ ቐܥ כן௫  כሺܺଓሶ െ ܺݎଓሻ
ǡ
ሶ
ሺܺଓሶ െ ܺݎଓሻ

െݔሶ ௧ ݔሶ ௗ  Ͳ
െݔ
ሶ ௧ ݔሶ ௗ  Ͳ

(17)

The factor  ןdetermines the percentage of continuous system versus the percentage of the binary
system. When ןൌ ͳ the system is reduced to a binary system and when ןൌ Ͳ the system is
continuous only. Genetic algorithm was implemented to find the optimum value for the parameter
 ןthat minimizes the seat RMS acceleration and the tire max displacement. The optimum value
obtained using genetic algorithm is ןൌ ͲǤͷ.
Figure 5 presents the car seat and sprung mass displacements and accelerations and car tire
displacement graphs response to a step input of 0.05 meter (5 cm), car speed is 60km/h.

Figure 5: Continuous GH Suspension / Active PID Seat.
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As shown in Figure 5. (A), the peak acceleration improved 7% compared to the GH-PID binary
system presented in Figure 4. (A) and the seat displacement in Figure 5. (B) is slightly better than
the seat displacement shown in Figure 4. (B). However Figure 5. (E) shows that the stability is
reduced compared to that of the passive system. In addition, the performance displayed in Figure
5. (C, D) are almost identical to those of the passive system. The seat RMS acceleration is 0.24 and
the sprung RMS acceleration is 0.5. The RMS acceleration was reduced, but this came at the cost
of losing the improvement of the stability previously achieved in the GH binary system.
4. Conclusion
This paper investigated the worthiness of implementing an active PID control on the driver seat
alongside with semi-active ground-hook control on the suspension system in order to compensate
the downside of the ground-hook control in terms of driving comfort. The suspension driver seat
model was derived using half car model with five degrees of freedom and Matlab Simulink is
utilized to simulate the Active/Semi-active stability and comfort of the different proposed setups
of the suspension system. It was found that applying semi-active ground hook control could
significantly promote vehicle stability on the expense of deteriorated riding comfort. The
implementation of sky-hook control of the driver-seat alongside with ground-hook control was
investigated in an attempt to compensate the loss of comfort, but this type of control was of no
added value. However, active PID control, when implemented in the driver-seat model has
successfully fixed the downside of the ground-hook control and this set up has noticeable
enhancement in both of stability and comfort.
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Abstract. This paper presents self-driving control experiments applied to a standard vehicle
equipped with an autonomous driving kit. The Auto Sapiens project is an experimental platform to
test different control strategies and develop new obstacle avoidance algorithms. The Smart Fortwo
vehicle is equipped with steering, thrust and brake actuators, and proprioceptive and exteroceptive
sensors to identify both real-time vehicle attitude and obstacles on the track. The vehicle is controlled
by a hardware in the loop system, in which innovative nonlinear control logics, called Feedback
Local Optimality Principle FLOP, are implemented to achieve high performance in maintaining the
stability of the vehicle during avoidance abrupt maneuvers. Tests were carried out through an adhoc vehicle-to-vehicle (V2V) communication system to share location, speed, heading and size
information between the obstacle and the controlled vehicle. Eventually, a performance analysis of
the system is made in terms of crash probability.
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1

INTRODUCTION

One of the interesting tasks of control theories is to develop new strategies devoted to the
vehicle control in complex scenarios. The present investigation is in the context of safe
autonomous driving in presence of obstacles [1-4]. The Society of Automotive Engineers –
SAE defined different levels of automation in self-driving vehicles [5], describing systems
ranging from an auxiliary assistance to the driving operations, up to a complete exclusion of
the human driver. This paper is devoted to the development of level 3-4 automated driving
systems, in which even if the driver is careless or absent-minded, the vehicle manages to avoid
obstacles. The achievement of this goal needs to overcome several intrinsic problems, such as
the management of high-speed maneuvers, which requires nonlinearities in the vehicle’s model,
and fast response control logics.
The standard predictive controls are one the most used strategies in the field of autonomous
driving. Despite the many advantages of being able to include nonlinearities, of using general
forms for constraints and cost functions, they have as negative counterpart a high computational
cost, not feasible for many online processing [6], unless explicit laws [7-9] and fast
approximated optimization algorithms [10] are introduced.
A new control strategy, based on the optimal control theory, is under the name of Feedback
Local Optimality Principle – FLOP. The great advantage of this algorithm relies on its
capabilities of dealing with strong nonlinearity that are the cases to which the LQR does not
apply. FLOP allows feedback control laws, under general cost function, at low computational
cost [11-13]. As a further result, FLOP is able to deal with obstacle avoidance strategies, as the
ones developed by the authors based on the Velocity Obstacle approach [14, 15], further
improved for including environmental constraints, such as the road boundaries for lane keeping.
The enhanced performances achieved through FLOP control logic are demonstrated, for
instance, in terms of ability to handle different and simultaneous tasks, thanks to a proper choice
of a nonlinear cost function [12] and in terms of identification of a more effective optimal
trajectory, obtained via a nonlinear dynamic model [11].
Auto-Sapiens is an experimental platform of the Mechatronics and Vehicle Dynamics Lab
of Sapienza University of Rome, a car equipped with exteroceptive and proprioceptive sensors,
steering wheel, throttle and braking actuators. Results show the avoidance maneuver performed
under high-speed conditions against a virtual obstacle.
After a brief presentation of the FLOP control logic, and the related nonlinear vehicle
models, Section 2 shows how to implement lane keeping and obstacle avoidance. The AutoSapiens platform described in Section 3 is detailed and tested is Section 4. Eventually, in
Section 5, the conclusions are drawn.
2

AUTO-SAPIENS CONTROL SYSTEM

The Auto-Sapiens driving system consists of two nested control blocks. The first is the main
trajectory planner to maintain or change lanes or avoid potential obstacles, compatibly with the
free space available. The second is the actuators management controller, which manages the
thermal engine, braking and acceleration operations to achieve the trajectory objectives stated
by the planner block. The general scheme is in Figure 1 where, after the identification of the
vehicle state through sensors and environmental identification, the guidance control returns a
control vector in terms of desired wheel torque and steering angle. Traction and braking control
The torque of the wheels is processed by the traction and braking control. If an increase of the
engine torque is required, the control reads the engine speed and the gear engaged and computes
the equivalent percentage of the accelerator and/or shifting to lower gears. In case of a braking
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torque, the braking control comes into play. Eventually, the steering angle transforms into a
wheel steering angle, according to the linear relations resulting from the kinematic steering
linkage (rack and pinion steering).
Car

State estimation
and environment
identification

Sensors

Drive motor command

Drive motor commands

Throttle and brake
actuators

Percentage of
gas and brake

Vehicle state ݔ

Guidance
control

Obstacle data

Steering control
actuator

Steering wheel ߜ

Traction and
braking control

Torque wheel ܥ

Figure 1: Auto-Sapiens control system scheme.

The control algorithms driving the guidance and traction-braking control are part of a
recently developed method by the authors, called Feedback Local Optimality Principle, FLOP
[11-16]. FLOP uses the classical variational approach, based on minimization of a performance
index  ܬunder nonlinear constraints. Unlike excellent predictive controllers, often used to drive
autonomous vehicles, the FLOP is a purely feedback control that, by incorporating nonlinear
constraints and assigning custom objective functions, works in real-time at low computational
costs compared to predictive controls.
The FLOP is aimed at minimizing ܬ, a functional depending on the function ܧሺ࢞ǡ ࢛ሻ, that is
non-quadratic in the state variable ࢞ and quadratic in the control variable ࢛, subjected to an
affine differential equation, a constraint introduced into the functional by using the Lagrangian
multiplier ࣅ:
்

 ܬൌ න ܧሺ࢞ǡ ࢛ሻ   ࣅ் ൫࢞ሶ െ ሺࣘሺ࢞ሻ  ࢛ሻ൯݀ݐ
(1)



ͳ ்
࢛ ࡾ࢛  ݃ሺ࢞ሻ
ʹ
where ݃ሺ࢞ሻ is any differentiable function, ࣘሺ࢞ሻ is a generic nonlinear function,  depends on
the available actuators, and ࡾ is a tuning matrix. The FLOP decomposes integral (1) into ܰ ൌ
ܶȀ߂݄sub-integrals, where ߂݄ is the time horizon of each integral:
ܧሺ࢞ǡ ࢛ሻ ൌ

ே

ே



 ܬൎ  ܬ ൌ  න
ୀଵ

ܧሺ࢞ǡ ࢛ሻ   ࣅ் ൫࢞ሶ െ ሺࣘሺ࢞ሻ  ࢛ሻ൯݀ݐ

ୀଵ 

(2)

ሺܬ ሻ ݅
where ୧ and ୧ limits are the upper bound and lower bound for each time interval,
respectively. Moreover, for each integral, the transversality conditions hold:
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࢞ ൌ ࢞షభ Ǣ

(3)

ࣅ ൌ 

Applying the optimality principle through a finite difference technique with a time step equal
to the integration step ȟ݄, leads to the explicit control law [13]:
ͳ ିଵ
ି் ்
்ȁ
(4)
࢛ ൌ ࡾ  ߘ࢞ ࣘ  െ
ࡵ൨ ߘ࢞ ݃ȁ
߂݄
where ࡵ is the identity matrix. Equation (4) represents the basis of the two driving system
controllers, described in detail below.
2.1

Guidance control system

Driving safely through the road traffic requires two main capabilities: being able to identify
a feasible trajectory to reach a given target, and avoid any obstacle during the motion. The
guidance control system, illustrated in Figure 2, consists of a decision-making logic that,
analyzing external information such as lanes and obstacle position, proprioceptive data, defines
a target trajectory ࢞௧ and the penalty function ݃ሺ࢞ሻ.
Obstacle
data

Proprioceptive
data
Reference
trajectory

Guidance control system
Obstacle
Avoidance

ܧሺ࢞௧ ሻ

Path
followingg

Cost function
selection

FLOP
guidance
system


࢛ൌ
൨


Control output

Decision-making

Figure 2: Auto-Sapiens guidance control system.

When detecting an obstacle, the system introduces the penalty function ݃ை௦௧ ሺ߰ǡ ߱ǡ ܸሻ to
avoid the crash. For example:
ͳ
ͳ
ͳ
݃ை௦௧ ሺ߰ǡ ߱ǡ ܸሻ ൌ ݇ଵ ሺ߰ െ ߰௧ ሻଶ  ݇ଶ ߱ଶ  ݇ଷ ሺܸ െ ܸ௧ ሻଶ
ʹ
ʹ
ʹ

(5)

The penalty function drives the speed of the vehicle, in terms of the its modulus ܸ and
ଵ
direction ߰ towards the target vector ܲ௧ ሺ߰௧ ǡ ܸ௧ ሻ using the penalty terms ଶ ݇ଵ ሺ߰ െ ߰௧ ሻଶ 
ଵ

݇ଷ ሺܸ െ ܸ௧ ሻଶ . They allow the safest avoidance maneuver in term of distance between the
obstacle and the road boundaries (see Figure 3, a). The heading rate ߱, through the penalty term
ଵ
݇ ߱ଶ , slows down the steering wheel maneuvers, and the ݇  ݏare tuning parameters.
ଶ ଶ
The strategy uses the Velocity Obstacle approach [14, 15], identifying a set of safe (green)
and unsafe regions (red) in the velocity field.
Instead, if the road is obstacle-free, assuming a pre-assigned lane, the algorithm uses the
penalty function ݃௧ (Figure 3, b):
ଶ

ͳ
ͳ
ͳ
ͳ
݃௧ ሺ߰ǡ ߱ǡ ܸǡ ݀ሻ ൌ ݇ଵ ሺ߰ െ ߰௧ ሻଶ  ݇ଶ ߱ଶ  ݇ଷ ሺܸ െ ܸ௧ ሻଶ  ݇ସ ݀ଶ
ʹ
ʹ
ʹ
ʹ
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The vehicle trajectory to follow minimizes the distance ݀ between the ( ܩܥcentre of
gravity) and the nearest point ܲ on the target trajectory. Then, the point ܲ defines a target for
the vehicle heading ߰, considering a time horizon ݄௧ that allows to anticipate the maneuver to
better chase the trajectory due to the delay of the actuators. A control for the heading rate ߱ is
still present, and for the ݇  ݏdifferent settings are used.

ܲݐ

ࢂ࢚
߰௧
ࢂ

ࢂࡻ
(a)
ܩܥ
߰
݀
ܲ

ܸ
ܸ௧ ǡ ߰௧
݄௧

ܲ

(b)
Figure 3: Autonomous driving strategies: (a) Obstacle Avoidance, (b) Lane keeping

The chosen dynamic model ࢞ሶ ൌ ࣘሺ࢞ሻ  ࢛ to control the car is based on the classical bike
model [14] with rotating wheels (see Figure 4). The state ࢞ ൌ ሾ࢜ǡ ࣁሿ of the system is arranged
as: (i) the speed field ࢜ ൌ ሾݑǡ ݒǡ ߱ǡ ߱ ǡ ߱ ሿ, with ݑ,  ݒthe longitudinal and the lateral velocity in
the mobile reference frame, ߱ is the yaw rate, ߱ and ߱ are rotational speed of frontal and rear
wheel; (ii) the position and heading in the fixed frame ࣁ ൌ ሾܺǡ ܻǡ ߰ሿ. The control vector ࢛ ൌ
ሾߜǡ ܥሿ is composed by the steering angle ߜ and the rear wheel torque ܥ. The ࡹ, ሺࣇሻǡ ࡶ are the
inertia, Coriolis and rotational matrixes while ࢀ ሺࣇǡ ߜሻǡ ࢀ ሺࣇሻǡ ࢀ ሺࣇሻ and ࢀ௪ ሺܥሻ are
forces and moment of Pacejka contact action, rolling, aerodynamic and the internal actions.
ࡹࣇሶ  ሺࣇሻࣇ ൌ ࢀ ሺࣇǡ ߜሻ  ࢀ ሺࣇሻ  ࢀ ሺࣇሻ  ࢀ௪ ሺܥሻ
ࣁሶ ൌ ࡶሺ߰ሻࣇ
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ܻ

ݔො
ࡲ
ݒ

ݑ
ܸ
ߚ

ݕො

A
߰

ࡲ 

݈

߱

B

ߜ



݈

ܺ

Figure 4: Bike model.

The Pacejka contact actions ࢀ are forces compositions ࡲ ሺ݇ǡ ߚǡ ܨ௭ ሻ based on the Magic
Formula [17] widely used to describe the dynamic characteristics of tires. The forces depend
on longitudinal and lateral slip, ݇ and ߚ, and the vertical load of each wheel ܨ௭ (Figure 5).
ܨ௭ ൌ ʹͲͲͲܰ
ߚ

a)
ܨ௭ ൌ ʹͲͲͲܰ
݇

b)
Figure 5: Longitudinal and lateral Pacejka forces.
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Finally, in order for the system (7) to be included into the FLOP control, equations transform
to a first order differential system, linearizing the part relating to the control actions, i.e. steering
and torque. The linearization is updated to the step close to the previous conditions, such that
the FLOP can consider all the nonlinearities of the bike model in terms of ࢜and ࣁ, ensuring a
good control even of sudden maneuvers typical of obstacle avoidance. Pacejka coefficients
were estimated performing empirical tests according to [18].
2.2

Traction and braking control

The traction and braking control aims at defining the percentage of throttle ݑ௦ and brake
ݑ commands to convey to the actuators. When the guidance control system returns a
driving torque,  ܥ Ͳ, a second FLOP provides the control ݑ௦ , considering the entire vehicle
driveline up to the thermal engine (Figure 6). On the other hand, in case of a braking torque
 ܥ൏ Ͳ, the brake pedal is pressed proportionally to the value of ܥ, up to a maximum empirical
value that the braking system can provide.
WHEEL
CLUTCH

ENGINE

FINAL DRIVE

TRANSMISSION

SHAFT PROPELLER
WHEEL

Figure 6: Driveline scheme.

The considered driveline consists by the engine, characterized by its torque curve, the flying
wheel with its equivalent moment of inertia, the gearbox with its transmission ratio, the clutch,
the wheels and the mass of the vehicle as shown in (Figure 6). The FLOP objective function is
defined to meet two requirements: maintaining the target speed ܸ௧ , defined a priori by the
guidance control system, and defining a target throttle ݑ௧ that is as much as possible close to
the target control that we are going to describe below:
ͳ

ܸݐ

ʹ

ܴ݈݄݁݁ݓ

ܧሺ߱݁ ǡ  ݏܽ݃ݑሻ ൌ ݇ͳ ൬߱݁ െ ߬ሺ݅ሻ

ʹ

ͳ

൰  ݇ʹ ൫ ݏܽ݃ݑെ  ݐݑ൯
ʹ

ʹ

(8)

where߬ሺ݅ሻ is the transmission ratio between the engine and the wheel as a function of the
engaged gear pair (denoted by ݅), coming from the on-board control unit; the ܴ௪ is the
radius of the wheel; ߱ the engine revolution rate and the ݇  ݏtuning parameters.
The engine torque ܥ ൫ݑ௦ ǡ ܥ ௫ ǡ ܥ  ൯ is a linear function of the ݑ௦ command percentage
between the maximum and minimum engine torque, as depicted in Figure 7. Therefore, the
control target ݑ௧ is defined by assigning the desired torque  ܥand the ܸ௧ :
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ݑ௧ ൌ

߬ሺ݅ሻܥ
ܸ
െ ܥ  ቀ߬ሺ݅ሻ  ݐቁ
ߟ
ܴ݈݄݁݁ݓ
ܥ ௫ ቀ߬ሺ݅ሻ

ܸݐ
ܴ݈݄݁݁ݓ

ቁ െ ܥ  ቀ߬ሺ݅ሻ

ܸݐ
ܴ݈݄݁݁ݓ

(9)
ቁ

where ߟ is the efficiency of the driveline.

ܥ ௫
ݑ௦ [%]

߬ሺ݅ሻିߟܥଵ

ݑ௧

ܥ 
߱௧

Figure 7: Engine torque curve.

The FLOP’s dynamic function ࢞ሶ ൌ ࣘሺ࢞ሻ  ࢛ models the driveline of Figure 6:
߱ሶ  ൌ

ͳ
൬ቀ ݔܽ݉ ݁ܥሺ߱ ሻ െ  ݊݅݉ ݁ܥሺ߱ ሻቁ ݑ௦   ݊݅݉ ݁ܥሺ߱ ሻ െ  ݏ݁ݎܥሺ݅ሻ൰
ܫ௧௧ ሺ݅ሻ

(10)

where ܫ௧௧ is the driveline inertia depending on the –th gear pair engaged, and on the efficiency
ߟ, and ܥ௦ is the total resistance torque related to rolling resistance, the gravity force, etc.
Also in this case, according to the FLOP formulation, it is necessary to linearize the term
related to the control variable ݑ௦ . When the required torque is negative and the motor is no
longer able to deliver enough braking torque, the brake actuator comes into action.
3

AUTO-SAPIENS EQUIPMENT

The autonomous vehicle of the Mechatronics and Vehicle Dynamics Lab, at Sapienza
University of Rome, named Auto-Sapiens is a Smart ForTwo City-Coupe, suitably modified
for scientific autonomous driving experiments (Figure 8). This section describes the overall
architecture of the vehicle and the hardware changes to transform it into an autonomous
platform. The car has been equipped with: (i) proprioceptive sensors as 9DOF inertial
measurement unit, GPS SKYTRAQ with 50Hz frequency, four wheels encoders; (ii)
exteroceptive sensors as a LIDAR Velodyne, long-range radar AWR1243, short-range radar
AWR1642, and ultrasonic sensors MB7040-200 Maxbotix. A central control unit manages all
the data from sensors and sends the inputs from the control system to the actuators through
different digital IO physical connections as I2C, P-MOD, USB 2.0, Gigabit Ethernet and CanBus as shown in Figure 9.
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Control
System

Brake
Actuator

Control
Unit

Figure 8: Autonomous kit on the Auto-Sapiens platform

IMU

GPS

Serial TTL

Lidar

UDP Ethernet

Steering

Serial TTL
Control System

Can-bus

Control Unit
USB

Can-bus

Brake actuator

Can-bus

Can-bus

Can-bus
Can
Can-bus
Radar

Ultrasonic

Throttle
ECU

Wheel Encoder

Figure 9: Hardware connection scheme

The actuators handle the steering, brake and throttle systems. The wheels are steered by the
electric power unit, the same equipping the power steering of the car. A sensor to evaluate the
rotation angle of the steering wheel has been set directly to the steering wheel. An ECUElectronic Control Unit manages the throttle valve, with two potentiometers to evaluate the
position of the pedal. An electrodynamic linear actuator controls the brakes applying a direct
force to the pedal linkage acting on the brake pump. The Table 1 shows the most important
characteristics of the vehicle.
The tests are aimed at analyzing the behavior of the car with respect to the control inputs, so
the obstacle recognition is performed via V2V (Vehicle-To-Vehicle) communication, in which
a virtual obstacle sends his position and attitude to the controlled vehicle (Figure 10). A local
network, 30 Hz, receives the data through an UDP protocol, thanks to which the control system
manages the control inputs connected to the central unit via USB with an update frequency of
20 Hz.
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Parameters
Mass
Yaw Inertia (supposed)
Wheelbase
Distance between front
wheel and CoG
Distance between rear
wheel and CoG
Track
Wheel radius
Wheel inertia
(supposed)
Max torque
Max Power
0 - 100 km/h
Steering ratio

Values
950 Kg
2000 Kg*m^2
1.83 m
1.03 m
0.8 m
1.24 m
0.2 m
1 Kg*m^2
92 Nm at 4500 rpm
52 kW at 5800 rpm
15.5 s
22:1

Table 1: Car parameters.

Control

USB

System
Etherne

Control
unit

Wi-Fi
Router

Actuators

Sensors

Wi-Fi
Communication
ܲ݊݅ݐ݅ݏ
ܸ݅ ܽݐ݈ܽ݀݁ܿܽݐݏܾ݈ܽݑݐݎൌ  ܸ݈݁ ݕݐ݅ܿ൩
ܵ݅݁ݖ

Figure 10: Auto-Sapiens communication system

4

STATE ESTIMATION

Vehicle system dynamic state estimation is a widely subject of investigation in automotive
technology [19-22]. A well-known approach is the model-based estimation, which consists of
two categories: kinematic and dynamic. In this framework, the Auto-Sapiens use the wellknown EKF-Extended Kalman Filter applied to nonlinear dynamic models.
Writing in a compact form equation (7), the Extended Kalman filter is applied to the
equations:
࢞ሶ ሺݐሻ ൌ ࢌሺ࢞ǡ ࢛ሻ  ࢝ሺݐሻ
ࢠ ൌ ࢎሺ࢞ሻ  ࢜ሺݐሻ

(11)

where ࢝ሺݐሻand ࣇሺݐሻ represent process and measurement noise respectively and ࢠ is the
observed state:
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ܺ
ې ܻ ۍ
 ߰ێ Ⱦۑ
 ێሺ߰ሻۑ
ܸ
݄ ൌ  ܸێሺ߰ሻۑ
 ێ
ۑ
ۑ ߱ ێ
߱ ێ ۑ
߱ ۏ ے

ܺைௗ
ܻۍ
ې
 ێைௗ ۑ
ீ߰ ێௌ ۑ
ܸ ێ
ۑ
 ݖൌ ீ ێௌ ۑ
ܸ
ீ ߱ ێௌ ۑ
 ێூெ ۑ
߱ێ ைௗ ۑ
߱ۏ ைௗ ے

(12)

The estimation of the position of the vehicle is possible via different methods, like
simultaneous localization and mapping (SLAM), visual odometry etc. In the present case, the
position ሾܺைௗ ǡ ܻைௗ ሿ is estimated through the odometry technique which makes use of a
kinematic bike-model with the velocity of the wheels, coming from the ABS, to compute the
trajectory covered [22]. This approach is quite reliable if the distance and the velocities involved
are not large. Vehicle heading ߰ீௌ information coming from GPS sensor, can be used to
correct the yaw prediction ߰, since the heading is the sum of the yaw and slip angle ߚ.
Moreover, from the GPS we get the speed information in the fixed reference ൣܸ ீௌ ǡ ܸ ீௌ ൧.
The yaw rate ߱ூெ is measured by the IMU and, as mentioned before, the speed of the wheels
ቂ߱ ைௗ ǡ ߱ ைௗ ቃ is taken from the ABS.
5

RESULTS

The several tests performed in a controlled environment, involve the analysis of a frontal
crash scenario, in which the controlled vehicle has to maintain its pre-assigned lane. Figure 11
shows that a virtual obstacle performs random generated trajectories that pass through a specific
region  ܣat a specific time, such that it will crash against the controlled vehicle.

Virtual
obstacle
Auto-Sapiens

ܣ
Figure 11: Crash scenario for experimental tests

The tests velocities belong to the range of 40-60 Km/h. Figure 12 shows the trajectory of the
vehicle in blue, and the one in red is the obstacle: the controlled vehicle manages to evade the
virtual obstacle and return to the assigned trajectory. The maneuver of obstacle avoidance starts
at ݐ௦௧௧ with the switch-on of the penalty (5), followed by the switch-off of (5) and activation
of penalty (6) till to the end, at ݐௗ .
Along this time interval, the evolution of the actuators commands and that of the longitudinal
velocity  ݑare investigated. In Figure 13, the longitudinal velocity has a small decrease while
the obstacle avoidance strategy is engaged, then the velocity is increasing to the target value
which is the speed before the obstacle avoidance intervention.
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ͳǤͺͶݏ
ͳǤ͵ʹݏ

ʹǤ͵ݏ

ʹǤͺͺݏ
ͲǤͺͳݏ
͵Ǥ͵ͻݏ

ݐை

͵Ǥͻͳݏ
ͳǤͺͶͲ ݏ
ͲǤͺͳݏ
ʹǤͺͺͳ ݏǤ
͵Ǥͻͳʹ ݏ
ͳǤ͵ʹݏ
Ǥ͵ʹ Ͳ ݏ
ʹǤ͵ͳ ݏݏ
ʹǤ͵
ͲǤʹͻ ݏ
ͲǤʹͻݏ
͵Ǥ͵ͻ
͵Ǥ͵ͻʹ ݏݏ

ͲǤʹͻݏ

ݐ௦௧௧ ൌ Ͳݏ

ݐௗ ൌ ͶǤͶ͵ݏ

Figure 12: Trajectory of the vehicle in blue and obstacle in red with time

Alongside this, the throttle shown in Figure 14 is zero when the obstacle is engaged. This
happens because the intervention threshold for the obstacle avoidance strategy to intervene is
chosen for safety purposes and has a value of 2s. The control, having enough time, prefers to
do a stable maneuver without braking and steering at the same time. Finally, the steering wheel
of Figure 15 behaves according to the maneuver depicted in Figure 12.

ݐݎܽݐݏݐ
ܽݐݎ

ݐௗ

ܣܱݐ
Figure 13: Longitudinal speed between ݐ௦௧௧ and ݐௗ
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ݐ௦௧௧
௧

ݐை

ݐௗ
Figure 14: Throttle between ݐ௦௧௧ and ݐௗ

ݐݎܽݐݏݐ
ܽ ݐ
ܽݐݎ

ݐை

ݐௗ

Figure 15: Steering wheel angle between ݐ௦௧௧ and ݐௗ

An interesting analysis investigates the performance of the car in terms of accident
probability. Figure 16 shows the number of successful crash-avoidance maneuvers compared
to the failed maneuvers leading to the crash, classified according to a quality parameter ρ
(within the range 0 to 1). In the range between 0 to 0.5, the quality of the successful avoidance
maneuver is assessed through the measure of the minimum distance between the road
boundaries and the virtual obstacle: at 0 the vehicle is equally distant between the boundaries
and the obstacle, while at 0.5 the vehicle brushes against them. Between 0.5 and 1, the quality
of the crash maneuver are assessed in terms of kinetic energy released in the collision: at 0.5
the kinetic energy involved is very low, due to the vehicle brushing against the road boundaries
or obstacle, while at 1 the kinetic energy is at his maximum value between all the tests. Figure
16 shows all the experimental tests and can be noted that most of them resulted in successful
maneuvers with a peak at ߩ ൌ ͲǤ͵, while few scenarios resulted in a crash.
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Figure 16: Performance of the system in different frontal crash scenarios: number of successful cases (Ͳ ൏ ߩ ൏
ͲǤͷ) and which ended with a crash (ͲǤͷ ൏ ߩ ൏ ͳ).

6

CONCLUSIONS

The authors presented the first experimental tests on the Auto-Sapiens platform of a new
autonomous driving system. The use of a new nonlinear feedback control, named FLOP and a
new obstacle avoidance strategy, developed by the authors, shows good results in terms of
performance with random scenarios under high-speed conditions. Further tests will be the
subject of further investigation performed to check the robustness against more challenging
scenarios, i.e. multiple obstacles, crossroads, including models of sensors to keep the
environment reconstruction and obstacle detection, such as Lidar, Camera and Radar.
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Abstract. This work presents an identiﬁcation technique for the suspension dynamics of a nonlinear full car model by implementing an autoregressive system with exogenous input (ARX).
The ARX model was proposed as a simple and powerful tool, in terms of accuracy and computational time, compared to the complexity and signiﬁcant computational cost involved with
the neural networks approach which is commonly used. Firstly, the training data is provided
through a full car model simulated by Matlab/Simulink. Then the training data is fed into the
autoregressive algorithm, which in turn provided an autoregressive model for the suspension dynamic behavior, while this model was calibrated using another data set grabbed from the same
Simulink model. Several RMS values of noise were added to different types of road excitation
in order to assess the efﬁciency of the proposed ARX system in terms of noise ﬁltration. Finally,
the active response the autoregressive system is simulated, using a PID controller, and compared with those of the Simulink model. The proposed system identiﬁcation technique proved
it’s efﬁciency in terms of accuracy in the light of its very fast computational speed.
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1

INTRODUCTION

A suspension system plays a crucial role in maintaining an automobile’s stability and passenger comfort during the drive. The suspension system can be divided into three types, passive,
semi-active and active suspension. The passive model is an open-loop control system that is not
acted upon by any control system. It only contains springs and dampers, allowing the system
to passively store energy by the springs and dissipate energy through the dampers. Changing
the damper on the existing passive suspension into variable damper, transforms the system into
a semi-active suspension, adapting to changing road conditions. The addition of an actuator to
the system transforms the system into active suspension, adding external controlling energy that
is presented as a closed-loop system. This allows the system to take action against road change,
it calculates and adds the required energy to keep the tires intact on the road, improving the
overall driving stability and passenger comfort.
M. Savaresi et al. [1] have created a black box Non-linear autoregressive with exogenous
input (NARX) model for a magneto-rheological (MR) damper for vehicle control. A. Suebsomran [2] has developed an approximate linear model for a non-linear electromagnetic suspension
system as well as Linear state feedback control, adaptive neural network control and a hybrid
of linear state feedback and adaptive neural network control on the plant system. I.Ö. Bucak
et al. [3] have done vibration control on a non-linear quarter-car suspension system by reinforcement learning method . D. Hanaﬁ et al. [4] have developed a NARX model for quarter-car
suspension system using neural network technique, data used were real data obtained by automobile driving on a special road. D. Hanaﬁ. [5] implemented a PID controller on NARX model
for a semi-active quarter car suspension system. M.N.Howell et al. [6], developed a rewardintaction based reinforcement learning algorithm to minimize the RMS of four-wheel car body
acceleration. Z. Saad et al. [7], have developed a NARX model and RLS learning algorithm as
a black box model for car speed forecasting. B. C. Ng et al. [8], have developed a NARX model
to model the dynamic behavior of an automobile air conditioning system. S. Inagaki et al. [9],
have developed a SS-ARX model in the purpose of human driving behavior recognition. H.
Luo et al. [10], have developed a Dual-Tree Complex Wavelet enhanced Convolutional Long
Short- Term Memory neural network (DTCWT-CLSTM), a method aimed to be a structural
health monitoring tool for an automotive suspension. Y. Mao et al. [11], have proposed two
estimation algorithms for Hammerstein controlled autoregressive systems. V. Krishnaswami et
al. [12], presented a NARMAX model to detect a failure in actuators of an internal combustion
engine. W. Pawlus et al. [13], proposed a NAR model parameters estimated by feed-forward
neural networks the NAR model is derived from a more general NARMA model, NAR model
was proposed for calculating vehicle crashworthiness. S. Barone et al. [14], have developed a
CAR model as a statistical tool for improving the reliability of a pre-equipped OBD system in a
passenger car. C. Debes et al. [15], proposed an autoregressive algorithm to process the signal
with added non-Gaussian noise. C. A. Aliza et al. [16], proposed a prototype model for a passive quarter car suspension. C. Kim et al., Y. Qin et al. [17], proposed a classiﬁcation method
for a semi-active suspension system based on deep neural networks, evaluation done through
computer simulation. X. Q. Sun et al. [18], have used hybrid system theory to model the continuous and discrete dynamics of the height adjustment process of a vehicle. X. Xu et al. [19],
developed a non-linear parallel interlinked air half-car suspension system, then the model was
linearized by Taylor expansion. E. Ilkonen et al. [20], proposed a non-linear dynamic model for
a MacPherson active suspension system as well as state control and estimation using Makrov
models. E. Asadi et al. [21], proposed a model for an adaptive electromagnetic hybrid damper.
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M. F. Aly et al. [22], have carried out a design and optimization for a vehicle suspension system
with passive variable stiffness and active damping, using a genetic algorithm. A. H. Tesfay et
al. [23], designed and modeled a variable stiffness air spring semi-active suspension system.
ARX is an abbreviation for autoregressive system with exogenous input. Unlike any system
identiﬁcation method, ARX models aim to ﬁnd direct relation between the systems’ degrees
of freedom, system inputs, and output. The current work presents an attempt to generate an
autoregressive model for a full-car suspension system. Training data will be given in the form
of time domain data for the displacement of each sprung and unsprung masses of each wheel
as well as the road input all given as learning data. All of the training data were generated by
a model for a full car suspension developed on Simulink and the same Simulink model will be
used afterwards for validation purposes.
2
2.1

The Full Car Mathematical Model
Full Car Suspension Parameters

The current full car suspension system has seven degrees of freedom, as shown in the illustrative ﬁgure (1) below, which represents the vertical displacement of each wheel, the vertical
displacement of the unsprung mass, the pitch of the unsprung mass and the roll of the unsprung
mass. The current study implements the same car model presented by Darus et al. [24], and
table (1) presents the deﬁnitions of the model’s notations.

Figure 1: Full car mathematical model

736

Mohab Anwar, Mostafa Tamer, Mohamed Tawﬁk, and Hesham H. Ibrahim

Table 1: Table of notations.
Variables
Zs
Zu1
Zu2
Zu3
Zu4
θs
φs
fi
i

Deﬁnitions
Vertical displacement of the center of mass of the sprung mass
Vertical displacement of the front right wheel
Vertical displacement of the front left wheel
Vertical displacement of the rear right wheel
Vertical displacement of the rear left wheel
Sprung mass of the pitch angle
Sprung mass of the roll angle
Force due to actuation on wheel i
Index reference to each wheel (1,2,3,4)

From the above model the equations of motion for the sprung mass parts connecting with
each unsprung mass (Zs1 , Zs2 , Zs3 , Zs4 ) can be stated as follows

3

Zs1 = Tf φs + aθs + Zs

(1)

Zs2 = −Tf φs + aθs + Zs

(2)

Zs3 = −Tr φs − bθs + Zs

(3)

Zs4 = −Tr φs − bθs + Zs

(4)

Autoregressive Full Car Model

The autoregressive process aims to predict the following states Zsi , Zui , Zri by using the data
extracted from the Simulink model as an input training data. Once Zsi is acquired from each
wheel. θs , φs , Zs can be computed from the relations mentioned before.
⎛

ZSt+δt

⎞

ZS2
ZS3
..
.

⎜
⎜
=⎜
⎜
⎝

⎛

ZS1
ZS2
..
.

⎟
⎜
⎟
⎜
⎟ , ZSt = ⎜
⎟
⎜
⎠
⎝

ZS999

⎞

⎛

ZS0
ZS1
..
.

⎟
⎜
⎟
⎜
⎟ , ZSt−δt = ⎜
⎟
⎜
⎠
⎝

ZS998

⎞
⎟
⎟
⎟
⎟
⎠

(5)

ZS997

Similarly, for Zu and Zr , the above procedure was implemented to get their corresponding time
vectors.
The solution of the system was assumed to be as follows:
Zsi(t+δt) = a0 Zsi(t) +a1 Zsi(t−δt) +a2 Zui(t) +a3 Zui(t−δt) +a4 Zri(t) +a5 Zri(t−δt) +b0 fi(t) +b1 fi(t−δt)
(6)
In order to calculate Zs , a matrix ”A” is formulated as shown in equation (7). The ”A” matrix
was formulated using the same order of the terms in equation (6) where b0 , b1 = zero in case of
the passive suspension system.
;

2

2

2

2

A = Zs(t) 22Zs(t−δt) 22 Zu(t) 22Zu(t−δt) 22 Zr(t) |Zr(t−δt)


=

{a} = [A]T [A]−1 [A]T Zs(t+δt)
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By solving for the vector a gives the coefﬁcients a0 , a1 , a2 , a3 , a4 , a5 which are used later in
the formulation of the polynomial representing the displacement of the sprung mass Zs as in
equation (6).
Similarly for Zu , the same procedures were implemented as follows:
;

2

2

2

2

A = Zu(t) 22Zu(t−δt) 22 Zs(t) 22Zs(t−δt) 22 Zr(t) |Zr(t−δt)


=

{a} = [A]T [A]−1 [A]T Zu(t+δt)

<

>

(9)
(10)

Zui(t+δt) = a0 Zui(t) +a1 Zui(t−δt) +a2 Zsi(t) +a3 Zsi(t−δt) +a4 Zri(t) +a5 Zri(t−δt) +b0 fi(t) +b1 fi(t−δt)
(11)
By solving equations (1), (2), (3), and (4) simultaneously, we can get the following: θs , φs , Zs :
φs =

Zs1 − Zs2 + Zs3 − Zs4
2Tf + 2Tr

(12)

Zs1 + Zs2 − Zs3 − Zs4
2a + 2b
(2b − 2a)θs
Zs = Zs1 + Zs2 + Zs3 + Zs4 +
4
θs =

(13)
(14)

It can be seen that these three degrees of freedom are functions of the other four ones, thus, the
ﬁrst four degrees of freedom (Zs1 , Zs2 , Zs3 , Zs4 ) can be used to calculate the other three which
will save computational time spent on applying regression techniques to model them.
In order to improve the accuracy and to account for the coupling between the four wheels,
some difference and product terms were added as follows:
(Zu1 · Zu2 , Zu3 · Zu4 , Zu1 · Zu3 , Zu2 · Zu4 , Zu1 · Zu4 , Zu2 · Zu3 )
and the difference terms added were:
(Zu1 − Zu2 , Zu3 − Zu4 , Zu1 − Zu3 , Zu2 − Zu4 , Zu1 − Zu4 , Zu2 − Zu3 )
where:
Zu1 · Zu2 = Zu1 (ti ) Zu2 (ti ) and Zu1 − Zu2 = Zu1 (ti ) − Zu2 (ti )
The choice of the non-linear terms was biased to symmetrical terms and was subject to trial and
error. Each vector that represents its corresponding non-linear term is concatenated in each [A]
matrix, and each corresponding term is included in the regression polynomial in equations (6)
and (11).
The approach used in the addition of a PID controller to the autoregressive model generated
was by solving the system in two steps, the ﬁrst step was by applying the autoregressive technique on a passive model, then by using this model generated to predict the effect of the force
outputted from the PID controlled actuator in the following manner; in the same manner in
equation (10), the passive model was generated, then the same regression technique will again
be applied but with as follows:
Zs (t + δt) − {a}[A] = b0 f (t) + b1 f (t − δt)


=

{b} = [B]T [B]−1 [B]T Zs(t+δt) − {a}[A]
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where B is a matrix containing the time steps of the generated PID force as illustrated in ﬁgure
(2). By substituting the values of b0 and b1 , extracted from equation (16), into equation (6).

Figure 2: Block diagram showing the active suspension model

4

Results and Discussion

In order to test the predicted model, several road input types were introduced to the system
and the response calculated from the auto-regressive system polynomial was compared to that
extracted from the Simulink model. The types of input introduced to the system were sinusoidal
input, step input, road bumps, and random excitation.
4.1

Sinusoidal input

A sinusoidal input, of 0.06 m amplitude and 10 rad
frequency, has been applied to all wheels,
sec
while those applied to wheels 1 and 4 have a phase shift of π2 which can be expressed as [24]:
Zr1 (t), Zr4 (t) = 0.06sin(10t +

π
)
2

Zr2 (t), Zr3 (t) = 0.06sin(10t)

(17)
(18)

The same road input excitation applied to the predicted model was applied to the Simulink
model and the results were compared and shown as follows in ﬁgures (3), (4), and (5).

739

Mohab Anwar, Mostafa Tamer, Mohamed Tawﬁk, and Hesham H. Ibrahim

Figure 3: Unsprung mass Zu1 response

Figure 4: Center of mass Zs response
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Figure 5: Sprung mass Pitch and Roll

It is shown in the above ﬁgures (3), (4), and (5) that the results of Zu1 ,Zs , P itch, and Roll
show that the predicted model responses are in a very good agreement with their corresponding
states obtained from the Simulink model.
4.2

Model Robustness

While building the model, the assessment of the model robustness was a crucial issue. Therefore, in order to test the robustness of the model, two different types of data sets were implemented in training the autoregressive model. The ﬁrst one was an input with a training data set
of monotonic nature like, for example, step input or sinusoidal, applied seperately as shown in
ﬁgure. The second one was a mixed type of input presented as a combination of two different
road excitations, for example, sinusoidal and step applied in sequence.

Figure 6: Sprung mass response, subjected to sinusoidal input and trained by step input

741

Mohab Anwar, Mostafa Tamer, Mohamed Tawﬁk, and Hesham H. Ibrahim

Figure 7: Sprung mass response, subjected to sinusoidal input and trained by mixed input

Figure (6) represents the sprung mass repsonse, subjected to sinusoidal input when it was
trained by only step input, while ﬁgure (7) represents the sprung mass reponse, subjected to
the same sinusoidal input when it was trained by a multiple inputs, which was simulated as a
step input followed by a random excitaion. It’s found that using single-type input, utilised in
training data sets, fell short in training the autoregressive model which was reﬂected by a very
poor prediction of the sprung mass displacement in response to sinusoidal input as depicted in
ﬁgure (6), while, the usage of multi-type input proved efﬁcient in training the autoregressive
model as depicted in ﬁgure (7).
4.3

PID controller implementation

In order to test the active performance, of the trained autoregressive model, compared to it’s
passive response to the same sinusoidal input mentioned above in equations (17) and (18). The
active response of the sprung mass, using a PID controller following the procedure detailed
equations (15) and (16), is presented in ﬁgures (8) and (9).

Figure 8: Sprung mass response after adding PID controller
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Figure 9: Sprung mass Pitch and Roll after adding PID controller

It’s found in the ﬁgures 8 and 9, as expected that the PID control can add signiﬁcant effect
in mitigating the vertical displacement, pitch, and roll amplitudes.
4.4

Noise Filtration Capacity of Autoregressive systems

In order to test the ability of the autoregressive model to generate a stable model in spite of
being in a noisy environment, the approach used was adding noise to the inputs used to build
the autoregressive model through adding a random signal to the signals from Unsprung and
Sprung masses of each wheel. Firstly, a noise of Variance of 0.0005 m and the mean value of
zero was added to the sinusoidal input mentioned above in equations (17) and (18). The results
of the wheel number 1 ”Zu1 ” and Sprung mass ”Zs ” are shown below in Figures (10) and (11)
respectively.

Figure 10: Wheel number 1 displacement in response to noisy sinusoidal excitation
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Figure 11: Sprung mass displacement in response to noisy sinusoidal excitation

The above ﬁgures (10), and (11) show the predicted model responses of different degrees
of freedom Zu1 , and Zs compared to the training data with and without the inclusion of noise
to the training set. This shows the model’s capability to ﬁlter the noise. For further testing of
the model, it was tested with no inputs and only with an initial excitation, the initial conditions
applied to the system were:
Zu1 (0) = Zu2 (0) = Zu3 (0) = Zu4 (0) = Zs (0) = 0.1, and Żs (0) = 1
The response for the Unsprung and sprung masses to the above initial excitation is shown below
in ﬁgures (12) and (13) respectively.

Figure 12: Wheel number 1 displacement in response to noisy initial condition
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Figure 13: Sprung mass displacement in response to the noisy initial condition

Figures 12 and 13 show that the autoregressive model was able to be trained with noise added
to the data sets and to give accurate predictions of the data excluding the effect of the noise.
4.5

Conclusion
• While testing the generated autoregressive model, it was noticed that the model has a
higher capability of capturing the actual system dynamics when various types of inputs
were used in the training phase. It was found that the predictions can be improved signiﬁcantly if the system is trained with two types of inputs, for example, sinusoidal and
random, it can provide much better predictions to the step response rather than when it
was built only using single input; sinusoidal or random.
• The autoregressive model was able to be trained with noise added to the data sets and to
give accurate predictions of the data excluding the effect of the noise.
• Autoregressive models could come up with unacceptable results once being trained, using
a training data set which contains a constant value for a relatively long duration.
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Abstract. This work proposes a set of methods and tools to analyse and quantify key performance aspects of controlled automotive platoons. These methods assess classical stability
and string stability properties in both analytical and empirical settings. An automotive platoon
consists of multiple tightly spaced vehicles which aim to follow a desired velocity or distance
proﬁle safely, autonomously, and efﬁciently. Cooperative vehicular platooning can greatly improve trafﬁc efﬁciency and safety, while increasing trafﬁc throughput and fuel efﬁciency. One
difﬁculty for establishing a stable platoon, besides classical stability of individual vehicles, is
known as ”string stability”. Essentially, in a string stable platoon, disturbances of any individual vehicle are not ampliﬁed along the platoon. In addition to stability, the performance
of a platoon control structure must be quantiﬁed, for example by measuring disturbance rejection bandwidth / control error decay rate. Most of the proposed platoon control architectures
developed in the past guarantee platoon stability/string stability only under restrictive assumptions. In this work tools and methods are proposed to analyse classical stability, error signal
measures, as well as analytical and empirical string stability. This allows the user to evaluate
platoon safety and performance for given control structures and conduct parameter studies at
various levels of system complexity. To investigate platoon behaviour under realistic conditions, test scenarios are empirically evaluated in a co-simulation of multiple instances of the
commercial simulation software IPG TruckMaker.
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1

INTRODUCTION

As heavy duty vehicle (HDV) road trafﬁc is rising steadily through growing freight transportation, increasing road capacity is gaining importance. One way to address this issue is to
reduce the distance between consecutive vehicles, as shown in [1]. For safety reasons, however,
safe driving by human drivers requires a time-headway of about 2 seconds as typically laid
down in legal regulations. Driving at small inter-vehicular distances also comes with beneﬁts
in fuel efﬁciency due to reduction of air resistance [2]. To safely reduce the distance, longitudinal control architectures are added. To further improve performance of a string of longitudinal
controlled semi-autonomous vehicles following each other, thereby forming a platoon, vehicleto-vehicle (V2V) communication is added. This allows the platoon to react cooperatively according to desired trajectories in a situation-aware manner [3].
To achieve this goal, each individual vehicle must show stable dynamics with respect to
injected disturbances. Essentially, a desired time headway policy must be reliable. Singlevehicle control structures, for example adaptive cruise control (ACC) systems, were developed
in the past. However, these did not consider error propagation along a platoon of vehicles. It
has been shown that in many commercially available ACC systems, errors are actually ampliﬁed
from one vehicle to its follower [4]. To assess this problem, the concept of string stability is
introduced. In a string stable platoon, disturbance propagation does not increase along the
platoon. Multiple deﬁnitions for string stability were proposed in the past as surveyed in [5].
Intensive research has been done before on linear platoon dynamics. Due to high expenses of
testing platoon dynamics in real world settings though, only few experiments were executed. To
allow an efﬁcient assessment and analysis of platoon behaviour in arbitrary simulation settings,
this work provides the following main contributions:
• methods formulated to assess
– stability properties,
– string stability analysis and
– performance indicators,
• implemented into tools to evaluate these aspects in
– linear dynamics,
– non-linear high-ﬁdelity co-simulation settings.
Using the proposed methods and tools allows to evaluate platoon performance in realistic
settings in an efﬁcient and reproducible way.
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2

LINEAR AND NON-LINEAR MODELS

In this ﬁrst section, the chosen platoon model, classical linear stability as well as string
stability are described.
2.1

Linear platoon dynamics model

The position of each vehicle is denoted as xi wherein the index i ∈ Z refers to the i-th
vehicle. Hence, xi−1 denotes the predecessor’s position, and xi+1 as the follower’s as depicted
in Fig. 1. The distance between one vehicle and its predecessor is given by
di = xi−1 − xi − Li−1 ,

(1)

where Li denotes the length of the i-th vehicle. Starting from x (index i dropped in the following when referring to the ego vehicle i only), the velocity v and the acceleration a are given
by the differential equations v = ẋ and a = v̇. For simplicity (to measure error propagation)
homogeneous vehicle platoons are assumed below. With the controller input u := adesired and
by approximating the vehicle behaviour with the simpliﬁed linear time invariant (LTI) dynamics
1
1
(2)
ȧ = − a + u,
τ
τ

T
as well as using the state vector x = x v a , the general vehicular system in discrete
state-space form can be written as
xk+1 = Ad xk + bd uk

(3)

where Ad and bd are the corresponding discrete equivalents of A and b with Ts as sampling
time. The time constant τ = τ (v) represents the engine dynamics, which depends on the
current vehicle’s velocity. Due to this dependence, a constant value of τ can only be assumed
for a speciﬁc operating point at velocity v0 . Furthermore, to focus on control parameter studies,
wireless communication is assumed ﬂawless.
2.2

Non-linear platoon dynamics

With knowledge of linear vehicle dynamics behaviour, more sophisticated results are obR
tained using the non-linear high ﬁdelity simulation software IPG TruckMaker[7].
The cosimulation structure is depicted in Fig. 2, taken from [3].

Figure 1: CACC-equipped string of vehicles, adopted
from [6]
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Figure 2: Structure of the co-simulation setup taken
from [3]
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3

STABILITY PROPERTIES

In general two aspects of stability are considered. First one to be addressed is individual
vehicle stability. On one hand, direct evaluation of classical stability exists in linear timeinvariant systems, in which one vehicle is linearly modelled as mentioned in Sec. 2.1. In this
work absolute and relative stability criteria are used to assess linear dynamics stability.
3.1

Combined criterion of absolute and relative stability

The absolute stability criterion of the Laplace transformed system G(s) is given by
max( (sj )) < −α,

∀j = 1, ..., n,

α ≥ 0,

(4)

where max( (sj )) denotes the real part of the slowest pole, α is the value which corresponds
to the desired absolute stability (decay rate of envelope) and n is the order of the denominator
polynomial of G(s). With (4) fulﬁlled, any error response in the system decays faster than
exp(−αt). Classical stability corresponds to fulﬁlling (4) with α = 0. Relative stability is
fulﬁlled if all poles at least show damping ratio ζmin , that is, they lie to the left of the rays

s = ωn −ζmin + j



2
1 − ζmin

ωn ∈ R+ ∪ {0}

(5)

with ζmin as the desired damping factor and ωn as the natural frequency of the oscillation.
If both criteria (4) and (5) are met, the system is considered as stable under the stability
requirements α and ζmin .
3.2

String stability criteria

String stability, on the other hand, is one special problem in autonomous platoon control. For
example, the fact that adaptive cruise control (ACC) systems as they are implemented in modern
autonomous vehicles are stable and robust, does not imply a damping effect on error propagation between vehicles. Such controllers are thus generally not string stable for an autonomous
platoon as shown in [4]. There are numerous deﬁnitions for string stability as surveyed in [5].
The original verbal deﬁnition from [8] reads
Def. A string of vehicle is stable if, for any set of bounded initial disturbances to all the
vehicles, the position ﬂuctuations of all the vehicles remain bounded and these ﬂuctuations approach zeros as t → ∞
However, to assess string stability mathematically, one common criterion for string stability,
taken from [5], is given by the system p-norm
Gi (s)p ≤ Gi−1 (s)p

p = 1, 2, ∞,

(6)

where Gi (s) is a chosen closed-loop error transfer function in the case of linear platoon
dynamics. An empirical formulation based on error signal Lp -norms, also from [5], reads
a)

ei p
≤1
ei−1 p

b)

ei p
≤1
e2 p
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i = 3, ..., m

p = 1, 2, ∞,

(7)
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where ei denotes the spatial error signal, see Sec. 4.1, and m is the number of vehicles in the
platoon. Essentially, equation (7, a) requires that the selected error signal norm decays along
the platoon. A weaker formulation is formulated by (7, b) which means that the error signal
norm is bounded behind the second vehicle.
Note that even in a string stable platoon, collisions can happen if the spatial error exceeds
the required distance di . Therefore the L∞ -norm of the spatial error needs to be bounded as
ei ∞ ≤ r + hvi

i = 2, . . . , m,

(8)

to assure string stability and collision avoidance. In turn, the L1 or L2 -norms are less relevant
if they are not strictly decaying along the platoon, however, further investigation is required in
this case. Furthermore a performance indicator can be deﬁned for each vehicle by quantifying
the ratio of eqn. (7, a). Taking the average ratio across the platoon (9, b) is one possible measure
of the performance of the platoon.
a)
4

string
P Ip,i

ei p
=
ei−1 p

string
P Ip,avg

a)

m
1  ei p
=
.
m − 1 i=2 ei−1 p

(9)

PLATOON CONTROL STRUCTURES

In this work, close attention is paid to the cooperative adaptive cruise controller (CACC)
derived in [6] as well as the model predictive controller (MPC) used in [3].
4.1

Cooperative adaptive cruise control (CACC)

Starting from a constant time headway spacing policy the position error is given by
ei (t) = (xi−1 (t) − xi (t) − Li−1 ) − (r + hvi (t))

(10)

with the time headway h and the desired standstill distance r. The control law is designed
for the error dynamics as
1
1
1
u̇i = − ui + (kp ei + kd ėi + kdd ëi ) + ui−1 ,
i = 2, . . . , m,
h
h
h
T

with the adjustable controller parameters K = kp kd kdd and the desired acceleration
ui of vehicle i. Note that the leader vehicle in position i = 1 is controlled differently. The block
diagram of the controlled system is depicted in Fig. 3 with the controller parameter vector K(s)
and the vehicle actuation transfer function G(s)
K(s) = kp + kd s + kdd s2 ,
4.2

G(s) =

1
τs + 1

(11)

Model predictive controller (MPC)

A more sophisticated controller is given by the distributed platooning MPC with safety
guarantees as detailed [3]. In that concept, predicted ego vehicle trajectories are being communicated to the follower in order to inform the follower’s predictive control problem. This
communication is done event-triggered based on a predeﬁned tolerance which is a key design
parameter.
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Figure 3: Block diagram of a CACC controlled vehicle adopted from [6].

5

METHODS AND TOOLS

In this section, the developed methods and tools are presented. With the listed mathematical
criteria, a platoon can be tested for classical stability as well as string stability.
5.1

Parametrization of the controller

For the CACC control structure of Sec. 4.1, the platoon closed loop dynamics is parametrized
via the parameter vector K given by
K ∈ Kp × Kd × Kdd

(12)

wherein Kp = {kp,min , . . . , kp,max } (with Kd and Kdd deﬁned analogously) are sets which
contain all investigated parameter values. The platoon analyses are carried out on the whole
cartesian parameter space. Depending on which values are tested, the parameter vector K can
be deﬁned analogously for any control architecture.
5.2

Stability analysis of individual vehicles

Starting out, a linear model has to be checked if the required classical stability criteria are
met. This is achieved by calculating the poles of the resulting discrete system which correspond
to the eigenvalues of Ad , see equation (3). As these poles are in the discrete z-domain they
are converted back to the continuous time s-domain by s = T1s ln(z), with the sampling time
Ts . Absolute and relative stability are then checked with equations (4) and (5). Thus irrelevant
parameter combinations are sorted out rapidly.
5.3

Platoon string stability

With knowledge about linear individual vehicle stability, string stability can be assessed via
simulation of the platoon with predetermined manoeuvres (see Sec. 5.6). The resulting error
signal norms are then used in criteria (7, a or b) to assess string stability. As linear analysis
requires only small effort, a large range of parameter combinations can be tested efﬁciently.
The non-linear co-simulation setup is then used to compare with linear analysis on a subset of
R
the parameter combinations and receive high-ﬁdelity results via the software IPG TruckMaker
.
5.4

Performance indicator

To further investigate non-linear platoon behaviour a performance indicator (PI) is evaluated
via eqn. (9), which is the averaged quantiﬁcation of the error decay along vehicles 2, . . . , m
along the platoon.
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Note: Although these methods are described with the CACC architecture, they can readily
be used for other control architectures (such as the distributed MPC from [3]) as well.
5.5

Implementation of analysis methods and tools

The developed set of methods and tools have been implemented in MATLAB as described
in the following section. First, the goal is to obtain knowledge of relevant parameter ranges in
which basic individual vehicle stability is present. Then, string stability has to be assessed only
if each individual vehicle is stable. The second part is responsible to test one speciﬁc combination of parameters with either the linear or non-linear dynamics (TruckMaker co-simulation).
To run the second part for all relevant conﬁgurations from part 1, the third code part is developed. Finally the simulation results are assessed for performance properties. A summarized
overview is given in Fig. 4.

Figure 4: Flow-chart of the algorithm

5.6

Platoon simulation

Starting out, a suitable value for the time constant τ , used in the linear model, has to be set.
By simulating an acceleration step of a = 0.2 m/s2 starting from v = 50 km/h, a time constant
of τ = 0.3 s is chosen as an appropriate approximation the drivetrain dynamics by comparing
against the detailed TruckMaker co-simulation.
It shows that the linear model can produce too large control signals which is not directly
comparable to the non-linear situation, where the maximum acceleration is signiﬁcantly limited
by the power of the vehicle’s engine. Thus, for the linear simulation, maximum acceleration
bounds amax (v) are implemented as a lookup table, clipping acceleration and deceleration with
respect to the current velocity v. The used data for the clipping bounds are typical values of
realistic HDVs.
To efﬁciently obtain the desired information, three different test manoeuvres are implemented. First, an acceleration step response is tested for one individual vehicle, which allows
to estimate the time constant τ used in the linear model. The second manoeuvre is set up to assess string stability. The platoon is required to drive at a constant velocity while at time tM the
leader performs a short sudden braking action followed by acceleration to the desired velocity
again. This allows to examine error propagation empirically. Finally, a velocity reference step
is investigated to further understand the behaviour of the platoon.
string
As all relevant parameter combinations need to be tested, a result matrix Mstring (P Ip,i
)
is deﬁned to store the results with parametrization K as mentioned in section 5.1. To keep the
result memory requirements small, only the number of decaying p-norms is stored.
In this study, 3 different error signal p-norms (  · 1 ,  · 2 ,  · ∞ ) are evaluated. These are
then normalized by the value of the second vehicle. Thus an direct evaluation of string stability
can be done as given by equation (7, left).
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6

RESULTS

As mentioned above, special attention is given to the selected CACC and MPC architectures.
Results obtained via the above derived methods and tools are presented in this section.
6.1

Cooperative adaptive cruise control

Three parameters are tested for the CACC architecture as mentioned in Sec. 5.1. The comparison of string stable and string unstable behaviour is depicted in Fig. 5. 2D-slices of the
resulting matrix Mstring are depicted in Fig. 6. Although the majority of the linear system
conﬁgurations meet the stability requirements, only a few parameter conﬁgurations of the nonlinear system lead to all three error signal norms decaying.The performance indicator shows
decaying L∞ error norms for a string stable system as depicted in Fig. 7.

Figure 5: Example of a string stable and a string unstable parameter conﬁguration. Starting from the second vehicle
in black, following vehicles getting brighter in colour.

string
Figure 6: String stability map for parametrization K with linear Figure 7: P I∞,i
(eqn. (9)) resulting from
simulation results left and non-linear co-simulation results right. CACC parameters: kp = 5, kd = 5 and kdd =
1.5.

6.2

Model predictive control

For the MPC architecture the varied parameters are the corridor width r (deﬁning the event
trigger tolerance to send predictive information along the platoon) and the tolerance time samples ntol (affecting control robustness) (see [3] for details). The chosen manoeuvre consists
of a platoon of 10 vehicles driving at a speed of v = 50 km/h which approach a slower car
driving at v = 30 km/h. The controlled platoon slows down to avoid a collision. Fig. 8 shows
the parameter result map (left) as well as the performance indicator for a string stable system
(middle) and a string unstable system (right).
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string
Figure 8: Results from the MPC with the string stability map (left) and P Ip,i
for a stable system (r = 9, Ntol =
5, middle) as well as for an unstable system (r = 11, Ntol = 7, right) with p = ∞

7

CONCLUSIONS

In this work, methods and tools are proposed to efﬁciently assess and quantify stability and
performance aspects of semi-autonomous vehicular platoons. These allow to compare results
from linear investigations with results gained from a high-ﬁdelity co-simulation, here based
R
on detail simulations with the commercial software IPG TruckMaker
. A short overview of
investigated aspects is given in Table 1. These proposed tools can directly be applied to assess
the performance of other control architectures.
Evaluated Aspect
Individual stability
Linear string stability
Non-linear string stability
Performance

CACC





MPC




Table 1: Overview of investigated aspects of CACC and MPC architectures.
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ANALYSIS OF AUTOMOBILE BRAKE CREEP GROAN VIBRATIONS:
TEST RIG EXPERIMENTS IN COMPARISON TO
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Abstract. Vibro-acoustic brake emissions impair a vehicles comfort and quality. In this context, self-excited brake creep groan phenomena gain in relevance. The non-linear
low-frequency vibrations of creep groan potentially appear during an overlap of moderate
brake pressures with slow velocities near standstill. Electrified cars with semi-autonomous
driving functionalities are especially prone. To treat creep groan already at early stages of
the brake development process, reliable investigation and evaluation methods must be available. On that account, this paper deals with test rig experiments and equivalent transient simulations. Both approaches are considered at vehicle corner level which involves axle and
suspension components, brake assembly and wheel of one front side of a passenger car. The
observed creep groan phenomena have fundamental stick-slip intervals at approximately
90 or 20 Hz. To analyse measured and/or computed time series data in a deterministic way,
different rating criteria are specified. These relate to physically reasonable, purely synthetic
or statistical metrics. Thereby obtained abstract number values allow the identification, categorisation and validation of brake creep groan vibrations in experiment and/or simulation.
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1
1.1

INTRODUCTION
Vibro-acoustic brake emissions

relevance for product experience [ % ]

Noise, vibration and harshness (NVH) phenomena of technical products have a long-term
relevance, see trend curves in Figure 1. As discussed by Barden [1], haptical characteristics
and audible properties evolve into the most important subconscious criteria after a few month
after purchase.
90
80
70
60
50
40
30
20
10
purchase

week 1
month 1
product lifecycle [ time ]

year 1

Figure 1: Product experience over time, adapted from [1].
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human perception

vibration type / trigger effect

Vibro-acoustic phenomena are critical in automotive fields. Abendroth et al. [2] discussed
this issue with respect to friction brake systems. Haptical and audible brake NVH problems
impair a vehicles comfort and quality. Moreover, vibro-acoustic brake emissions pretend a
brake system malfunction.
North American market studies from 2011 [3] and 2014 [4] indicated brake NVH phenomena as a top-three complaint reason about passenger cars newer than six months and as a topfive complaint reason about passenger cars newer than three years. A survey from 2017 [5]
revealed vibro-acoustic brake emissions as major inconvenience for roughly 2 % of Japanese
customers.
Warranty claims against the manufacturers are caused by multiple possible brake NVH
problems, see terminology in Figure 2 and remarks in [6].
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Cold Judder

Hot Judder

100
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1k
frequency [ Hz ]

10k

20k

Figure 2: Typical classification and human perception of disk brake NVH phenomena.
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1.2

Brake creep groan

According to literature [7 - 21] and the authors works [22 - 26], disk brake creep groan
can be described as follows:
Creep groan refers to periodic non-linear brake and chassis vibrations which are relevant in
a low-frequency range from approximately 15 to 400 Hz.
Creep groan phenomena mainly occur at brake pressures below 30 bar in conjunction with
vehicle velocities below 0.3 km/h.
It occurs if drive torque and brake torque are at similar levels. The friction contacts between linings and disk potentially have two alternating tribological states, namely stick or slip.
The macroscopic stick causes a system pretension with large elastic deflections. The macroscopic slip leads to a relaxation of the system. Alternating stick-slip is enabled by different
coefficients of static and dynamic friction. Depending on the situation, self-excited stick-slip
persists up to some seconds.
Each abrupt transition from stick to slip excites resonances of the auxiliary vehicle corner
components. These inherent oscillations significantly contribute to the impulsive non-linear
vibrations.
Creep groan mainly appears for cars with automated gearboxes or electrified automobiles
if the service brake is released for a slow move-off. Creep groan also appears for vehicles
with any powertrain architecture if the service brake is released for a slow roll-off at inclines
or if the service brake is activated during steering at standstill. Moreover, semi-autonomous
driving functionalities such as remote-controlled-parking often lead to creep groan, see Figure 3.

Creep Groan

Figure 3: Remote-controlled-parking with creep groan during slow move-off or during steering at standstill.

To avoid further expensive warranty claims against the manufacturers, creep groan robust
brake systems must be designed based on improved brake NVH development processes. As
outlined by Abendroth et al. [2] and Abdelhamid [6], the manufacturers require more standardised investigation methods as well as more homogenous data analysis techniques.
1.3

Existing investigation (data generation) methods for brake creep groan

Early industrial publications, e.g. the work of Schwartz et al. [7], rather focussed on basic
road tests. Papers of the 1990s, e.g. [8 - 10], comprised more detailed full vehicle measurements and/or simple dynamometer test bench investigations. These studies also included a 1-d
rigid body model [8] and a 2-d finite element (FE) model [9]. Then, a 3-d multi-body system
(MBS) model [11] and a sophisticated lumped torsional model [12] of the vehicle driveline
were presented.
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More recent publications from industry and academia often involve road tests, test rig experiments at different subsystem levels and/or friction pair benchmarks, e.g. [13 - 21]. Simulative investigations of diversified complexity can also be found, compare with [15, 16, 20,
21].
Several previous works of the authors have dealt with subsystem test procedures and
equivalent simulative methods. An experimental creep groan screening approach is discussed
in [22]. It is performed on a drum driven suspension and brake test rig. A transient simulation
strategy for the computation of creep groan vibrations is discussed in [24, 26]. It relates to a 3d corner FE model.
In current brake NVH development processes, full vehicle road tests such as the recommendation VDA 314 [27] are state-of-the-art. No creep groan experiments at component level
are performed by the manufacturers. No approach for a reliable simulative prediction of creep
groan is established.
1.4

Remarks on established data evaluation techniques for brake squeal

To evaluate brake squeal at component level, experimental and simulative techniques are
widely applied in current brake NVH development processes.
On the experimental side, one can find the recommendation SAE J2521 APR2013 [28], see
discussion in [2, 6]. This established dynamometer test matrix procedure involves more than
thousand operational parameter combinations. A spectral algorithm analyses the A-weighted
sound pressure level (SPL). If a certain deciBel (dB) threshold is exceeded within two given
frequency limits, any acoustic event is quantitatively rated as squeal noise. All measurements
can be cumulated to one objective noise index (ONI) according to directives of an acceptance
chart. This chart has adaptable rating scales, e.g. values from 1 to 9 with 1 as worst case. The
ONI correlates with the subjective human perception.
On the simulative side, one can find the complex eigenvalue analysis (CEA), see mathematical description in [23]. This established quasi-static linear FE approach calculates the
natural mid- to high-frequency oscillation behaviour of the operated brake system. The complex eigenvalues calculated by the CEA are analysed. Negatively damped eigenmodes appear
if the real parts of the complex eigenvalues have positive signs. This case refers to dynamically unstable modal coupling and squeal noise respectively.
1.5

Existing data evaluation techniques for brake creep groan

The full vehicle road test procedure VDA 314 [27] consists of separated creep groan test
sessions. Subjective annoyance ratings from 1 to 10 are determined by the test driver. Averaged and maximum A-weighted SPL of at least one cabin microphone are documented as well.
Accelerometers at each brake calliper are optional. Exemplary raw data is shown in Figure 4.
The measured sound pressure next to the drivers ear is an incoherent superposition of
85 Hz creep groan at both front brakes of the tested car. However, there is also significant
background noise from the internal combustion engine of the passenger car.
In general, sound pressure analyses are more challenging for creep groan than for squeal
due to reasons such as reduced low-frequency microphone sensitivity and harsh noise composition of creep groan including super-harmonics. Bader [13] applied a discrete wavelet transformation including its inverse equivalent. His method relates to the kurtosis which describes
the fourth moment of the signal. It is increased during creep groan. Abdelhamid and Bray [14]
used a signal whitening filter to improve the results. Moreover, they applied tonality and
loudness to obtain psycho-acoustic evaluations. Augsburg et al. [19] calculated the radiated
sound power based on microphone data, but the outcome of this method was not discussed.
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Figure 4: Cabin microphone signal and both front brake calliper x-acceleration signals of exemplary 85 Hz creep
groan during road tests.

In general, acceleration analyses regarding creep groan are challenging as well. To detect
creep groan, Crowther and Singh [12] examined time domain metrics such as duration of
creep groan, dynamic acceleration range and two different quadratic sum definitions. Neis et
al. [17] used a root mean square (RMS) expression akin to these quadratic sums. A similar
method was presented by Augsburg et al. [19]. This group calculated an averaged overall vibration emission by the RMS in the frequency domain. Rösner and Özdil [18] applied modulation principles, e.g. a low-pass filter or a peak hold algorithm. They found correlations
between cumulative energy as well as time domain peak hold areas with purely subjective ratings. Zhao et al. [21] used the accelerations kurtosis to detect creep groan.
The authors elaborated two techniques to analyse and classify creep groan based on acceleration signals, see [22, 25]. A spectral algorithm is described in [22]. If an adjustable dB
threshold is exceeded by several equidistant peaks within two adaptable frequency limits, any
brake NVH event is quantitatively rated as creep groan. Moreover, the fundamental stick-slip
frequency is identified by logical inquiries. An artificial neural network (ANN) framework is
treated in [25]. It rests on millions of emulated acceleration spectra. Inputs and outputs during
training of the ANN framework were created according to the spectral algorithms logic.
Based on both techniques, the systematic test matrix measurements lead to a creep groan map
(CGM) and a cumulated creep groan index (CGI), see [22]. The CGI indicates excellent to
poor creep groan performance with values from 0 to 1000. Certainly, these analyses can be
applied to simulative data alike.
Transient simulation offers great potentials to gain deeper insight to the mechanisms of
creep groan vibrations. To evaluate simulative data, time series of disk to linings relative motions are often used, compare with [11, 20, 23, 24, 26]. System energy quantities, e.g. dissipative energy [11, 20], or friction contacts associated quantities, e.g. local coefficient of friction
[9, 20], are also suitable to evaluate creep groan vibrations.
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1.6

Outline of this paper

Firstly, experiments and simulations at vehicle corner level are discussed. Then, comparison metrics are introduced. These are used for the identification, categorisation and validation
of typical brake creep groan vibrations. Lastly, conclusions are drawn.
2

TEST RIG EXPERIMENTS

A vehicle corner including its wheel is according to Augsburg et al. [19] a suitable subsystem to perform creep groan experiments. In terms of complexity, corner test rigs are situated
in between inertia type brake dynamometers and roller type chassis dynamometers, see differentiations in [2, 18].
The authors have access to a drum driven suspension and brake test rig. It is placed in an
air-conditioned chamber. A hydraulically adjusted loading unit maintains a defined in-situ
height of the test setup to guarantee the correct vertical pretension of axle and suspension
components. The wheel is driven against a brake torque exclusively by the drum. Therefore,
brake pressure and drum velocity are under control. Further information on the corner test rig
is provided in [22 - 26].
The relevant test setup is a MacPherson suspension strut assembly of the left front side including its 17 wheel. It has a front-mounted single-piston floating calliper brake system. The
friction couple consists of a ventilated 330 mm cast iron monobloc disk and pad linings which
are designed for the European market. This test setup, which has a mass of roughly 55 kg, is
mounted to the test rigs attachment plate, see photograph in Figure 5.

Figure 5: Left: Drum driven corner test rig including lifted MacPherson setup (wheel removed) with frontmounted floating calliper brake system. Right: Pre-processor representation of corner FE model (wheel included)
at in-situ height.

The installed sensor equipment is listed in Table 1. Signals were sampled at 10 kHz. In
particular, two axis directions from the triaxial accelerometer at the calliper anchor as well as
the y-force from the load cell behind the hydro bushing are relevant in this paper.
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subject

component; location

sensor type

triaxial accelerometer
PCB 356A01-HT
triaxial accelerometer
-||calliper anchor; top middle
PCB 356A02
-||outer pad; backing plate centre triaxial accelerometer
PCB 356A01-HT
-||knuckle with hub; rear centre triaxial accelerometer
PCB 356A02
triaxial load cell
force
control arm; hydro bushing
ME K3D160-20kN
triaxial load cell
-||control arm; rubber bushing
ME K3D160-20kN
triaxial load cell
-||suspension strut; top support
ME K3D160-50kN
rotational encoder
rotation
wheel; rim well middle
SCANCON SCA24-5000
with rubber ring pulley
sliding K-thermocouple
temperature disk; inner friction surface
THERMA MST-20347
acceleration floating calliper; top middle

Table 1: Sensor equipment in corner test rig experiments.

Systematic test matrix measurements were carried out for brake pressures from 4 to 40 bar
and drum velocities from 0.04 to 0.40 km/h. A cooling airstream stabilised the friction pair
temperature between 20 and 35°C.
The analysis of calliper acceleration signals leads to a CGM, see Figure 6. Regions with
creep groan are clearly separated from rather uncritical vibration-free sections. Large coloured
circles indicate creep groan as well as its fundamental stick-slip frequency. Note that regions
with multiple possible creep groan phenomena can be identified, e.g. for 15 bar at 0.14 km/h.
Basic explanations on these vibration bifurcations are provided in [21].
fund. x-amp. RMS frequency [ Hz ]

target wheel velocity [ km/h ]

0.40
0.36
0.32
0.28
0.24
0.20
0.16
0.12
0.08
0.04
4

6

87
86

22
21
19

12
11

8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
target brake pressure [ bar ]

Figure 6: Exemplary CGM of fundamental creep groan frequencies.

Three representative experimental examples, which are marked with a cross in Figure 6,
are chosen to apply different comparison metrics:
 no creep groan for 8 bar at 0.32 km/h
 87 Hz creep groan for 8 bar at 0.12 km/h
 22 Hz creep groan for 32 bar at 0.12 km/h

764

Manuel Pürscher, Severin Huemer-Kals and Peter Fischer

3

FE SIMULATIONS

A 3-d FE model was presented in [24]. It was used in [26] as well. An improved version of
this initial 3-d FE model is relevant here. The improvements relate to the contact stiffness definition, the suspension strut discretisation, the coordinate system alignment and the systems
velocity excitation as well as its longitudinal pretension. A pre-processor snapshot of this improved corner FE model is shown in Figure 5. Vehicle corner parts and FE model implementations are listed in Table 2. An overview of topology, elements, constraints as well as other
descriptive subjects is given in Table 4 (Appendix).
vehicle corner part

FE model implementation

tyre 17
5-spoke rim
monobloc disk
pad lining
pad backing plate
hydraulic piston
floating calliper
calliper anchor
knuckle with hub
control arm
track rod
hydro bushing (y)
other bushings (xyz)
strut damper tube
strut damper rod
strut coil spring

linear spring-damper elements + point inertia
kinematic couplings + point inertia
rigid shells + point inertia
solid continuum elements
kinematic couplings + point inertia
rigid shells + kinematic couplings + point inertia
rigid shells + kinematic couplings + point inertia
kinematic couplings + point inertia
kinematic couplings + point inertia
shell continuum elements
rigid elements + point inertia
non-linear spring-damper element
linear spring-damper elements
Timoshenko beams
Timoshenko beams
Timoshenko beams

Table 2: MacPherson setup with floating calliper brake system versus FE model.

The corner FE model has a mass of almost 53 kg. It involves 3438 nodes and 2449 elements which have a minimum length of 1.50 mm. Each lining consists of 792 first-order solid
elements which have an averaged length of 4.39 mm. The disk is considered by rigid shells.
The two structural components of the floating calliper subsystem are simplified by lumped
masses in kinematic relations. More attention was paid to the suspension strut assembly including coil spring because this subsystem strongly participates in the non-linear vibration
patterns during creep groan. Rubber bushings and hydro bushings also strongly contribute to
quasi-static displacements and dynamic deflections of the vehicle corner, see [24, 26].
Four boundary nodes provide fixed positions similar to the attachment points at the corner
test rig. Since the FE model is positioned at in-situ height, no loading according to the cars
mass is applied. Longitudinal and rotational pretension of the axle and suspension components is achieved by imposing brake pressure as well as ground velocity. Further information
on the application of both operational parameters is provided in [24, 26].
The exponential expression according to Equation 1 is relevant for the tangential friction
interaction of disk to linings, compare with [15, 16, 20]. The specific coefficient of friction
at any lining node depends on the local relative speed . Two exemplary curves were defined,
see [24, 26]. The coefficient of static friction was set to 0.5 respectively. The coefficient of
was set to 0.45 for 8 bar and it was set to 0.42 for 32 bar. The decay facdynamic friction
tor was set to 0.1609 for 8 bar and it was set to 0.0208 for 32 bar.
k

s
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ABAQUS was used for transient FE simulations. Two solution schemes of direct time integration were considered, namely explicit and implicit. Initial and minimum time increment
of the implicit algorithm were manually set to 1e-3 and 1e-12 s. Based on the FE models
properties, e.g. size, density and stiffness of each element, the stable time increment for the
explicit scheme was automatically set to 3.612e-7 s. Computations were performed on four
cores of a 2 GHz processor with access to 96 GByte main memory.
The result correlation of both solution schemes appeared quite well, but the calculation effort was clearly different. In case of macroscopic stick-slip, the ratio between computation
time and simulation time was at least 58e3 for the best-performing implicit scheme, but it was
always roughly 19e3 for the explicit algorithm. These ratios are valid for 2 s simulation time
and output data sampled at 10 kHz. Results calculated by the explicit scheme are presented in
this paper.
In analogy to the three representative experimental examples, comparable simulative examples are chosen to apply different comparison metrics:
 no creep groan for 8 bar at 0.32 km/h
 89 Hz creep groan for 8 bar at 0.12 km/h
 23 Hz creep groan for 32 bar at 0.12 km/h
4
4.1

DEFINITION OF COMPARISON METRICS
Spectral contents - various signals

for values of a digitised field quantity signal reads as
The overall RMS value
Equation 2. This physically reasonable definition reflects the original signals energy equivain reference to a predefined or standardised value reads as
lent. The overall dB level
Equation 3.
1

| |2

RMS
1

L

RMS

10 lg

(2)
2
RMS
2
0

(3)

Time series data sampled at 10 kHz is relevant. Frequency spectra are calculated from 1 Hz
to 2.5 kHz in a constant 1 Hz interval. Therefore, a Hanning window Fast Fourier Transform
(FFT) algorithm is used. It splits any digitised signal into a finite number of sine functions
with corresponding frequency, amplitude and phase. If this is done for values of , a sepais available for each discrete frequency . The incoherent spectral dB level sum
rate
, which includes each
within two frequencies
, is for a constant inas written in Equation 4. It represents an incoherent superposition of certain spectral
terval
components of the original signal. Two identical incoherent summands would achieve a 3 dB
increase.
L

,

10 lg

2
RMS

2
RMS

Δ
2
0

⋯

2
RMS

(4)

according to
If an energy size signal is analysed, the overall arithmetic mean value
Equation 5 is used instead of Equation 2. Nevertheless, it also reflects the original signals
in reference to reads as Equation 6.
energy equivalent. The overall dB level
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1

Yamv

(5)

1

LY amv

10 lg

Yamv

(6)

0

includes
After the Hanning window FFT is performed, the spectral dB level sum
. It is calculated according to Equation 7. Again, a superposition of two
each relevant
equally valued spectral summands would achieve a 3 dB increase.
LY

4.2

,

10 lg

Yamv

Δ

Yamv

⋯

Yamv

(7)

0

Orbital indices - motion signals

of an exemplary 2-d orbit face is
In the following, the estimation of the border area
explained, see Figure 7. This synthetic metric is shaped by two digitised signals which are dehere. The signals subscripts indicate vertical and horizontal axis assignnoted as and
, two synchronous calculation threads are executed.
ments. To estimate

vertical fragmentations

Pv
g

l = V-1

...

...
l=2

APv |Q h

IA

g2
Pv

g1

l=1

pv

IQ

h Qh

horizontal intersections

Pv

k=1 k=2

...

k = H-1

IP

v

vertical intersections

f1
f2

IA

APv |Q h

...

fH-1

Qh

qh
Qh
horizontal fragmentations

Figure 7: Synchronous calculation threads for the border area of an exemplary 2-d orbit face.

Firstly, a number of equidistant fragments of height
and a number of equidistant
are used to discretise the 2-d orbit face. Height
and width are defragments of width
fined by Equation 8 and Equation 9 with respect to 50 equidistant fragments respectively.
min

max

(8)
max

min

(9)
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Secondly, and
are replaced by coarser signal equivalents
and
which have data points exclusively at grid line intersections. Local vertical and horizontal spreadings and
at each grid line are obtained by Equation 10 and Equation 11.
max

min

for

1, ⋯ ,

1

max

min

for

1, ⋯ ,

1

(10)
(11)

and
of the 2-d orbit face are calculated. Triangles at
Thirdly, two border areas
the outer fragments lead to simplified trapezoidal formulas as written in Equation 12 and
Equation 13.
1

A

(12)

1
1

A

(13)

1

of the exemplary 2-d orbit face, see Fig-

Lastly, Equation 14 is applied to estimate
ure 7.
A

4.3

A

A

|

2

(14)

Statistical characteristics - various signals

The arithmetic mean value is calculated according to Equation 5. The range is defined similar to Equation 10 or Equation 11. The sample standard deviation reads as Equation 15.
1

Ystd

Yamv

1

2

1

(15)

Based on an empirical approach, two additional customised statistical metrics
are considered. These are defined by Equation 16 and Equation 17.
Ymtr1

Ymtr2

5
5.1

and

2

Ystd

Yrng

(16)

2

Ystd Yrng
Yamv

(17)

DISCUSSION OF RESULTS
Comparison of spectral contents

 component acceleration (experiment / simulation)
Two combined FFT spectra are shown in Figure 8, Figure 9 and Figure 10 respectively.
These xz-acceleration spectra relate to the sensor at the calliper anchor or its equivalent mesh
node in the corner FE model. To combine x- and z-direction, the incoherent sum is calculated
separately for each frequency. This is done based on Equation 4. Spectral contents from
50 to 500 Hz and 5 to 1000 Hz are summed alike.
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Figure 8: Both no creep groan / summed spectrum of calliper anchor xz-acceleration signals for 1 s.
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Figure 9: 87|89 Hz creep groan / summed spectrum of calliper anchor xz-acceleration signals for 1 s.
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Figure 10: 22|23 Hz creep groan / summed spectrum of calliper anchor xz-acceleration signals for 1 s.

Both xz-acceleration spectra in Figure 8 reflect low and flat broadband vibration characteristics. This is expectable for any almost vibration-free example. All four spectra in Figure 9
and Figure 10 show typical patterns of creep groan vibrations, compare with [7, 10, 11, 12, 17,
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19, 20]. The fundamental peak indicates the major stick-slip interval. Its super-harmonics reflect non-linear vibration characteristics.
In case of creep groan, the spectral acceleration dB level sum is approximately 30 dB increased, see Table 5 (Appendix). Hence, this physically reasonable acceleration metric enables a recognition of creep groan vibrations and an assessment of the general low-frequency
NVH criticality. However, the differences between the creep groan phenomena with fundamental stick-slip intervals around 90 or 20 Hz are just roughly 3 dB. Thus, a distinction between the two types is uncertain.

all-K-energy [ dB re 1 J ]

 system energy (simulation)
Purely simulative results are shown in Figure 11, Figure 12 and Figure 13. These FFT
spectra relate to the overall kinetic energy of the corner FE model. Spectral contents from
50 to 500 Hz and 5 to 1000 Hz are calculated based on Equation 7.
SIMULATION

-10
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-90

L K [50, 500] = -34.28 [ dB re 1 J ]

L K [5, 1000] = -22.86 [ dB re 1 J ]
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frequency [ Hz ]
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all-K-energy [ dB re 1 J ]

Figure 11: No creep groan / spectrum of computed overall kinetic energy signal for 1 s.
SIMULATION
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Figure 12: 89 Hz creep groan / spectrum of computed overall kinetic energy signal for 1 s.
SIMULATION

-10
-30
-50
-70
-90

L K [50, 500] =

-7.76 [ dB re 1 J ]

L K [5, 1000] =

-4.81 [ dB re 1 J ]

-110
0

50 100

200

300

400
500
600
frequency [ Hz ]

700

800

900

1k

Figure 13: 23 Hz creep groan / spectrum of computed overall kinetic energy signal for 1 s.

These kinetic energy spectra show characteristics akin to the three simulative xzacceleration spectra, but the amplitudes at higher frequencies are lower due to the velocity
dependency of the kinetic energy. Note that a constant rotation of the wheel assembly including disk contributes to the 0 Hz amplitude.
Both energy dB level sums enable a detection of macroscopic stick-slip, see Table 5 (Appendix). In particular, spectral contents from 50 to 500 Hz are suitable for a reliable distinction between the two types. The 23 Hz stick-slip vibration achieves at least a 10 dB higher
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spectral dB level sum than the 89 Hz stick-slip vibration. A disadvantage of this physically
reasonable energy metric is its purely simulative applicability.
5.2

Comparison of orbital indices

 time integral of component acceleration (experiment / simulation)
To estimate velocity and displacement from experimental or simulative acceleration data, a
trapezoidal time integral formula is used. Concerning 0.18 s time segments, operating deflection shape (ODS) patterns, 2-d orbit faces and phase portraits are shown in Figure 14, Figure 15 and Figure 16. Border area indices are calculated for x- and z-direction of the sensor at
the calliper anchor or its equivalent mesh node in the corner FE model, see Table 5 (Appendix).
Each example contains four quadrants. The brake ODS graph on the bottom right indicates
substantial vibration patterns of the floating calliper subsystem including disk, compare with
[9, 10]. The graph on the top left shows the clockwise-rotating displacement-displacement
orbit face concerning x- and z-direction. A coloured bar indicates the absolute xz-velocity.
The graphs on lower left and upper right show clockwise-rotating phase portraits which are
shaped by different displacement-velocity combinations.
Figure 14 refers to 8 bar at 0.32 km/h. This combination does not cause creep groan in experiment and simulation. Based on marginal motions and low surface velocities, border areas
and orbital indices are very small.
Figure 15 refers to 8 bar at 0.12 km/h. Creep groan appears with a fundamental stick-slip
interval around 90 Hz respectively. Thus, both examples show roughly 16 repetitive cycles
with comparable signatures. The border areas lead to similar orbital indices of medium size.
Distinctive rotational motions of the calliper subsystem about the disks axis occur with high
surface velocities. These vibration patterns are enabled by a first-order bending deflection of
the MacPherson suspension strut assembly, see [24, 26]. Maximum surface velocities are
reached shortly after a macroscopic transition from stick to slip.
Figure 16 refers to 32 bar at 0.12 km/h. Creep groan appears with a fundamental stick-slip
interval around 20 Hz respectively. Thus, both examples show roughly four repetitive cycles.
The orbital indices are relatively high. The vibration patterns involve two relevant contributors, see [24, 26]. Firstly, large longitudinal displacements of the wheel assembly including
disk. These motions, which relate to the fundamental stick-slip interval, are mainly enabled by
elastic deformations of the lower control arm bushings. Secondly, fast rotational deflections
of the floating calliper subsystem. These motions, which relate to superposed natural
eigenmodes of higher frequency, occur similar in Figure 15. The highest surface velocities
appear shortly after a macroscopic transition from stick to slip.
Since the orbital indices depend on the observed vibration patterns, a recognition and distinction of creep groan is possible. Moreover, the general low-frequency NVH criticality can
be determined.
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Figure 14: Both no creep groan / disp.-disp. and disp.-vel. patterns of calliper anchor x- and z-acceleration signal
time integrals for 0.18 s.

772

Manuel Pürscher, Severin Huemer-Kals and Peter Fischer

Figure 15: 87|89 Hz creep groan / disp.-disp. and disp.-vel. patterns of calliper anchor x- and z-acceleration signal time integrals for 0.18 s.
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Figure 16: 22|23 Hz creep groan / disp.-disp. and disp.-vel. patterns of calliper anchor x- and z-acceleration signal time integrals for 0.18 s.
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5.3

Comparison of statistical characteristics

 interface force (experiment / simulation)
Different creep groan phenomena favour different characteristics of the dynamic forces between lower control arm bushings and vehicle body, see [24, 26]. In the following, the y-force
at the hydro bushing is analysed. Its quasi-static proportion relates to the system pretension
which depends on brake pressure and coefficient of friction. The dynamic proportion of this
y-force relates to the vibration behaviour.
Figure 17, Figure 18 and Figure 19 show results for 0.18 s time segments. The y-force associated values of arithmetic mean, range and sample standard deviation as well as the values
of both empirical metrics are listed in Table 5 (Appendix).
Famv = -1.1057 [ kN ]
Frng = 0.0341 [ kN ]
Fstd = 0.0077 [ kN ]
Fmtr2 = Fmtr1 / Famv = -0.0448 [ - ]
Fmtr1 = 2×Fstd + Frng = 0.0496 [ kN ]
-0.6

EXPERIMENT

-0.8
-1.0

y-force [ kN ]

-1.2
-1.4
Famv = -1.0319 [ kN ]
Frng = 0.0543 [ kN ]
Fstd = 0.0157 [ kN ]
Fmtr2 = Fmtr1 / Famv = -0.0830 [ - ]
Fmtr1 = 2×Fstd + Frng = 0.0856 [ kN ]
-0.6

SIMULATION

-0.8
-1.0
-1.2
-1.4
time [ s ]

Figure 17: Both no creep groan / hydro bushing y-force signal for 0.18 s.
Famv = -0.9797 [ kN ]
Frng = 0.0962 [ kN ]
Fstd = 0.0282 [ kN ]
Fmtr1 = 2×Fstd + Frng = 0.1526 [ kN ]
Fmtr2 = Fmtr1 / Famv = -0.1557 [ - ]
-0.6

EXPERIMENT

-0.8
-1.0

y-force [ kN ]

-1.2
-1.4
Famv = -1.0471 [ kN ]
Frng = 0.2269 [ kN ]
Fstd = 0.0548 [ kN ]
Fmtr1 = 2×Fstd + Frng = 0.3365 [ kN ]
Fmtr2 = Fmtr1 / Famv = -0.3214 [ - ]
-0.6

SIMULATION

-0.8
-1.0
-1.2
-1.4
time [ s ]

Figure 18: 87|89 Hz creep groan / hydro bushing y-force signal for 0.18 s.
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Famv = -4.9301 [ kN ]
Frng = 0.7081 [ kN ]
Fstd = 0.2362 [ kN ]
Fmtr1 = 2×Fstd + Frng = 1.1806 [ kN ]
Fmtr2 = Fmtr1 / Famv = -0.2395 [ - ]
-3.6

EXPERIMENT

-4.0
-4.4

y-force [ kN ]

-4.8
-5.2
Famv = -4.2695 [ kN ]
Frng = 1.4531 [ kN ]
Fstd = 0.3995 [ kN ]
Fmtr2 = Fmtr1 / Famv = -0.5275 [ - ]
Fmtr1 = 2×Fstd + Frng = 2.2521 [ kN ]
-3.6

SIMULATION

-4.0
-4.4
-4.8
-5.2
time [ s ]

Figure 19: 22|23 Hz creep groan / hydro bushing y-force signal for 0.18 s.

Both almost vibration-free examples in Figure 17 reveal a sinusoidal oscillation of low
amplitude. In case of creep groan, the y-force signal reflects the first-order bending deflection
of the suspension strut assembly. This elastic deformation is mainly involved in the
87 and 89 Hz examples, see Figure 18. However, it also appears for the 22 and 23 Hz examples which are dominated by elastic hydro bushing deformations, see Figure 19. Either way,
the highest absolute y-force appears shortly prior to each macroscopic transition from stick to
slip. Different y-force characteristics in experiment and simulation most likely indicate weaknesses of the hydro bushings FE model implementation.
Creep groan leads to an increased y-force range and an increased y-force sample standard
deviation. A distinction between the two types in Figure 18 and Figure 19 is probably possible.
The y-force arithmetic mean depends on brake pressure and coefficient of friction. It is used
to normalise one of the empirical metrics. Based on this normalised value, a recognition and
distinction of creep groan can be achieved if integer numbers of stick-slip vibration cycles or
sufficiently long time series data are considered.
 averaged friction pair condition (simulation)
The contact status is relevant for 231 mesh nodes per lining. The optional specific states
are defined as gap, slip and stick. These have freely chosen number values of 0, 1 and 2, compare with [20]. All additional mesh nodes at the lining chamfer are always in specific gap status.
An exemplary post-processor snapshot of continuous macroscopic slip is shown in Figure 20. Accordingly, mesh nodes in specific stick status and mesh nodes in specific slip status
appear simultaneously.
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inner lining steady slip outer lining

0 gap

1 slip

2 stick

leading edge

trailing edge

Figure 20: No creep groan / contact status (gap / slip / stick) specific node assignment example of continuous
macroscopic slip.

In the following, the averaged contact status is analysed. It is shown for 0.18 s time segments in Figure 21, Figure 22 and Figure 23. Again, each calculated value is listed in Table 5
(Appendix).
The upper part of Figure 21 confirms the absence of macroscopic stick-slip. The lower part
of Figure 21 represents Figure 20. Note that mesh nodes in specific stick status at this arbitrary point in time also change to specific slip status during the 0.18 s time segment. Certainly,
these changes appear vice versa as well.
The averaged contact status in Figure 22 clearly indicates the 89 Hz stick-slip vibration.
The four exemplary node assignments show typical transitions. These transitions have no detectable macroscopic pattern. A comparable random transition behaviour of all mesh nodes
also occurs for the 23 Hz stick-slip vibration, see Figure 23.

mean CSTATUS [ - ]

Samv = 1.0778 [ - ]
Srng = 0.0801 [ - ]
Sstd = 0.0119 [ - ]
Smtr2 = Smtr1 / Samv = 0.0963 [ - ]
Smtr1 = 2×Sstd + Srng = 0.1038 [ - ]

SIMULATION

2

1
steady slip
0

0 gap 1 slip 2 stick

specif ic CSTATUS [ - ]

time [ s ]
inner lining steady slip outer lining
nodes leading edge

nodes trailing edge

Figure 21: No creep groan / averaged friction pair contact status signal for 0.18 s and specific node assignment
example.
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mean CSTATUS [ - ]

Samv = 1.4218 [ - ]
Srng = 0.9502 [ - ]
Sstd = 0.3807 [ - ]
Smtr1 = 2×Sstd + Srng = 1.7116 [ - ]
Smtr2 = Smtr1 / Samv = 1.2038 [ - ]

SIMULATION
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start stick
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time [ s ]
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nodes leading edge

nodes leading edge
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Figure 22: 89 Hz creep groan / averaged friction pair contact status signal for 0.18 s and specific node assignment example.

mean CSTATUS [ - ]

Samv = 1.8639 [ - ]
Srng = 0.8961 [ - ]
Sstd = 0.2872 [ - ]
Smtr2 = Smtr1 / Samv = 0.7889 [ - ]
Smtr1 = 2×Sstd + Srng = 1.4704 [ - ]
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start stick
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time [ s ]
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Figure 23: 23 Hz creep groan / averaged friction pair contact status signal for 0.18 s and specific node assignment example.

Based on the freely chosen number values of 0, 1 and 2 for the averaged friction pair contact status, macroscopic stick-slip leads to an increase of arithmetic mean, range and sample
standard deviation. The empirical metric according to Equation 17 can be used for a simulative distinction between the two most relevant types of stick-slip vibrations. Again, integer
numbers of stick-slip vibration cycles or sufficiently long time series data have to be considered.
6

CONCLUSIONS

Suitable subsystem investigation methods and efficient data analysis techniques are necessary to reveal problematic creep groan already at early stages of the brake development pro-
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cess. For this purpose, experimental and simulative approaches at vehicle corner level as well
as different rating criteria are discussed in this paper.
Concerning an exemplary MacPherson setup with floating calliper brake system, two different creep groan phenomena were identified. Depending on the applied operational parameter combinations in experiment and simulation, fundamental stick-slip intervals were at
roughly 90 or 20 Hz. Certainly, vibration-free conditions were identified as well.
To objectively compare experiments and/or simulations in terms of creep groan, three
kinds of metrics were calculated in MATLAB based on time series data. These are physically
reasonable, purely synthetic and statistical metrics. Thereby obtained absolute quantities are
listed in Table 5 (Appendix). These abstract number values are helpful for efficient data evaluations and large-scale result validations.
A normalised summary of the most promising rating criteria is given in Table 3. Concerning each comparison metric, the smallest value relates to 0 % and the largest value represents
100 %. This normalisation is done separately for experiment and simulation. Similar creep
groan phenomena lead to comparable percentage spans. Thus, the identification, categorisation and validation of typical brake creep groan vibrations is possible.
norm. comparison metric
symbol
norm. unit
rel. spectral contents (no lg)
ms²/ms² in %
LNa[50, 500]
LNK[50, 500] J/J in %
rel. orbital indices
mm²/mm² in %
ANUx|Uz
mm²s/mm²s in %
ANU|V
rel. statistical characteristics
kN/kN in %
FNmtr2
-/- in %
SNmtr2

experiment: .. Hz
no
87
22

simulation: .. Hz
no
89
23

0
×

64
×

100
×

0
0

50
6

100
100

0
0

2
13

100
100

0
0

5
6

100
100

100
×

43
×

0
×

100
0

46
100

0
63

Table 3: Summary of relativised quantities of suitable comparison metrics in experimental and/or simulative
validation.

To confirm or improve the proposed comparison metrics, a next step might be an extended
operational parameter study. Attention might be given to situational weighting factors depending on the most common real-world operational parameter combinations. Modified psycho-acoustic evaluation metrics might be applicable as well.
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APPENDIX
∑

input file keyword

classification (...) / purpose

NODE
SOLID
-||-||RIGID
SHELL
-||BEAM
CONNECTOR

/ mesh
3438
C3D8 (linear 8-node hexa)
1512
C3D6 (linear 6-node penta)
60
C3D4 (linear 4-node tetra)
12
R3D4 (3-d with 4 nodes)
332
S4 (linear 4-node)
257
S3R (linear 3-node reduced integration)
59
B31 (linear 3-d Timoshenko)
217
BUSHING (2 nodes) / elasticity; damp14
ing
SLIDE-PLANE / calliper anchor to pad
2
backing plates
CYLINDRICAL / calliper anchor to
2
sliding pins and floating calliper to piston
SLIPRING + RETRACTOR / wheel
1
rotation including torque and force
/ point inertia
21
KINEMATIC
21
/ point inertia
16
DISPLACEMENT / control arm bush4
ings; strut top support; track rod
VELOCITY (amplitude) / longitudinal
1
ground excitation
SHELL / disk; calliper; piston
3
DSLOAD (amplitude) / hydraulic brake
2
pressure application
GENERAL CONTACT (finite sliding
2
tracking; default penalty method; surface
to surface / disk (master) to linings
(slave)
FRICTION (exponential decay function)
2
/ disk to linings

-||-||-||MASS
COUPLING
ROTARY
BOUNDARY
-||RIGID BODY
DLOAD
CONTACT

SURFACE
INTERACTION

Table 4: Appendix: FE model subjects with quantities.
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comparison metric
symbol
unit
spectral contents
dB re 1 m/s²
La[50, 500]
dB re 1 m/s²
La[5, 1000]
spectral contents
dB re 1 J
LK[50, 500]
dB re 1 J
LK[5, 1000]
orbital indices
mm²
AUx|Uz
mm²/s
AUx|Vx
mm²/s
AUz|Vz
mm²/s
AU|V
statistical characteristics
kN
Famv
kN
Frng
kN
Fstd
kN
Fmtr1
kN
Fmtr2
statistical characteristics
Samv
Srng
Sstd
Smtr1
Smtr2

experiment: .. Hz creep groan
no
87
22

simulation: .. Hz creep groan
no
89
23

observed system; measurand; time span Δt
value description
calliper anchor top; xz-acceleration;1 s
xz-amp. RMS sum (incoherent) from 50 to 500 Hz
xz-amp. RMS sum (incoherent) from 5 to 1000 Hz
corner FE model; all kinetic energy;1 s
kinetic energy sum from 50 to 500 Hz
kinetic energy sum from 5 to 1000 Hz
calliper anchor top; xz-acceleration; 0.18 s
disp.-disp. face area Ux by Uz
disp.-vel. portrait area Ux by Vx
disp.-vel. portrait area Uz by Vz
synthetic portrait area sum: AU|V = AUx|Vx + AUz|Vz
hydro bushing boundary interface; y-force; 0.18 s

-12.25
-10.51

18.66
18.92

20.63
21.91

-5.61
-3.27

23.15
23.23

26.12
26.86

×
×

×
×

×
×

-34.28
-22.86

-20.17
-18.35

-7.76
-4.81

0.000142
0.045793
0.018789
0.064582

0.001143
1.465373
2.011332
3.476705

0.040554
15.112720
11.155018
26.267738

0.000099
0.078819
0.019835
0.098654

0.002402
1.120600
2.056922
3.177522

0.045050
26.102998
23.569461
49.672459

-1.1057
0.0341
0.0077
0.0496
-0.0448

-0.9797
0.0962
0.0282
0.1526
-0.1557

-4.9301
0.7081
0.2362
1.1806
-0.2395

-1.0319
0.0543
0.0157
0.0856
-0.0830

-1.0471
0.2269
0.0548
0.3365
-0.3214

-4.2695
1.4531
0.3995
2.2521
-0.5275

arithmetic mean of y-force
range of y-force
sample standard deviation of y-force
empirical sum: Fmtr1 = 2×Fstd + Frng
norm. empirical sum: Fmtr2 = Fmtr1 / Famv
disk surface to linings; averaged contact status; 0.18 s

×
×
×
×
×

×
×
×
×
×

×
×
×
×
×

1.0778
0.0801
0.0119
0.1038
0.0963

1.4218
0.9502
0.3807
1.7116
1.2038

1.8639
0.8961
0.2872
1.4704
0.7889

arithmetic mean of averaged contact status
range of averaged contact status
sample standard deviation of averaged contact status
empirical sum: Smtr1 = 2×Sstd + Srng
norm. empirical sum: Smtr2 = Smtr1 / Samv

Table 5: Appendix: absolute quantities of all applied comparison metrics in experimental and/or simulative validation.
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abbreviation

meaning

ANN
CEA
CGI
CGM
CSTATUS
F
FE
FFT
K
L
MBS
N
NVH
ODS
ONI
RMS
S
SPL
U
Ux
Uz
V
Vx
Vxz
Vz
a
abs.
amp.
amv
dB re
disp.
fund.
mtr1, mtr2
norm.
rel.
rng
std
vel.
1- / 2- / 3-d

artificial neural network
complex eigenvalue analysis
creep groan index
creep groan map
contact status of lining nodes
force
finite element
fast fourier transform
kinetic
dB level
multi-body system
normalisation
noise, vibration, harshness
operating deflection shape
objective noise index
root mean square
status
sound pressure level
synthetic sum component of Ux and Uz
displacement in x-direction
displacement in z-direction
synthetic sum component of Vx and Vz
velocity in x-direction
geometric sum of Vx and Vz
velocity in z-direction
acceleration
absolute
amplitude
arithmetic mean value
deciBel (decadic logarithm) regarding
displacement
fundamental
customised statistical metrics
normalised
relative
range
sample standard deviation
velocity
1- / 2- 3-dimensional

Table 6: Appendix: nomenclature.
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VIBRATIONS FOR ESTIMATING BOLTED JOINT INTEGRITY
(VEBJI) PROJECT: CHALLENGES AND RESULTS
Dmitri Tcherniak, Jon J. Thomsen, andMarie Brøns


%UHO .M U
6NRGVERUJYHM1 UXP'HQPDUN
HPDLOGWFKHUQLDN#ENVYFRP


'HSDUWPHQWRI0HFKDQLFDO(QJLQHHULQJ7HFKQLFDO8QLYHUVLW\RI'HQPDUN
1LOV.RSSHOV$OOp%XLOGLQJ.JV/\QJE\'HQPDUN
^MMWPDULEU`#PHNGWXGN

Keywords:%ROW7HQVLRQ9LEUDWLRQ(VWLPDWLRQ
Abstract. Bolted joints are one of the oldest and widely-used means of connecting parts of
technical installations. For mission-critical and expensive assets, periodic inspection of bolted
joints is the conventional way of ensuring the assets’ structural integrity, and hence their safe
operation. Currently, the inspections require hours of physically demanding and monotonic
work, as in practice it often means re-tightening the bolts. Thus, the asset maintenance units
will benefit from a simpler and less demanding technique, which would allow checking the
correct bolt tightening and notifying if a bolt is loose.
For the last three years, a joint research team led by the Technical University of Denmark in
collaboration with Brüel & Kjær and Karlsruhe Institute of Technology was conducting a project, where vibrations, artificially induced in a bolted joint, were utilized for estimation of the
static axial force acting in the bolt. The presented paper provides an overview of the project,
lists the numerous challenges the project had to deal with and describes what was learned and
achieved.
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1

INTRODUCTION

%ROWHGMRLQWVDUHRQHRIWKHPRVWXVHGPHDQVRIFRQQHFWLQJSDUWVRIWHFKQLFDOLQVWDOODWLRQV
)RU PLVVLRQFULWLFDO DVVHWV KHOG WRJHWKHU E\ EROWHG MRLQWV UHJXODU LQVSHFWLRQV RI SURSHU EROW
WLJKWQHVVDUHPDQGDWRU\IRUFHUWLILFDWLRQDQGVDIHRSHUDWLRQ$VWKHEROWWHQVLRQLVLPSRVVLEOH
WR PHDVXUH DQG FKHFN LQVLWX PRVW RI VXFK LQVSHFWLRQV WRGD\ DUH SHUIRUPHG XVLQJ D WRUTXH
ZUHQFK7KLVSURFHGXUHFRXOGSRWHQWLDOO\OHDGWRWKHRYHUWLJKWHQLQJRIEROWVZKLFKLVXQGHVLU
DEOH:LWKODUJHVWUXFWXUHVDQGKHDY\EROWVXVLQJDWRUTXHZUHQFKWKHEROWLQVSHFWLRQSURFHGXUH
EHFRPHV D PRQRWRQRXV DQG SK\VLFDOO\ GHPDQGLQJ ZRUN RIWHQ FRQGXFWHG LQ WRXJK HQYLURQ
PHQWV7KDWLVZK\DVLPSOHUDQGOHVVGHPDQGLQJWHFKQLTXHRIFKHFNLQJEROWWLJKWQHVVLVRQ
KLJKGHPDQGLQPDQ\LQGXVWULHV
7KHDERYHPHQWLRQHGEHFDPHDPRWLYDWLRQIRUHVWDEOLVKLQJWKH9(%-,SURMHFWDFROODERUD
WLYHZRUNEHWZHHQ7HFKQLFDO8QLYHUVLW\RI'HQPDUN '78 %UHO .M UDQG.DUOVUXKH,Q
VWLWXWHRI7HFKQRORJ\9(%-,VWDQGVIRU9LEUDWLRQIRU(VWLPDWLQJ%ROWHG-RLQWV,QWHJULW\$VLW
IROORZVIURPWKHWLWOHWKHSURMHFWDLPVLQXWLOL]LQJYLEUDWLRQVDUWLILFLDOO\LQGXFHGLQDEROWDV
WKHVRXUFHRILQIRUPDWLRQUHJDUGLQJLWVWHQVLRQ$VDVWDUWLQJSRLQWZHXVHGDQREVHUYDWLRQWKDW
ZKHQLPSDFWHGDZHOOWLJKWHQHGEROWVRXQGVGLIIHUHQWO\IURPDORRVHRQH>@$QLPSDFWH[FLWHV
GLIIHUHQWW\SHVRIYLEUDWLRQVLQWKHEROWDQGVRPHRIWKHPFDXVHDFRXVWLFZDYHVLQWKHDXGLEOH
UDQJHZKLFKDKXPDQEHLQJFDQSHUFHLYHDQGMXGJH7KXVLWZDVVXJJHVWHGWRVWXG\KRZWKH
EROWWHQVLRQDIIHFWVLWVYLEUDWLRQVDQGSRVVLEO\SURSRVHDWHFKQLTXHIRUGHWHFWLQJORRVHEROWV
EDVHGRQWKHDQDO\VLVRIEROWWUDQVLHQWYLEUDWLRQVH[FLWHGIRUH[DPSOHE\LPSDFWLQJWKHEROW
ZLWKDKDPPHU
7KHUHDUHDOWHUQDWLYHPHWKRGVIRUEROWWLJKWHQLQJFKHFNDUHYLHZFDQEHIRXQGLQ>@%HVLGHV
WRUTXHZUHQFKDQGK\GUDXOLFWHQVLRQHUVZKLFKDUHXVHGIRUFRQWUROODEOHEROWWLJKWHQLQJWKH
PRVWGHYHORSHGWHFKQLTXHIRUFRQWUROOLQJEROWWHQVLRQLVE\FKHFNEROWHORQJDWLRQXWLOL]LQJXO
WUDVRQLFWUDQVGXFHUV&RPPHUFLDOVROXWLRQVHPSOR\LQJWKLVWHFKQRORJ\H[LVWIRUH[DPSOHL
%ROWE\(55(.$>@FDQEHQDPHGDVRQHRIWKHP7KHGUDZEDFNVRIWKHWHFKQLTXHDUHWKH
VHQVLWLYLW\WRWHPSHUDWXUHDQGVSHFLDOUHTXLUHPHQWWRPDFKLQLQJRIWKHEROWV¶EXWWHQGV
7ZRSLORWVWXGLHVFRQGXFWHGE\'78VWXGHQWVDVPDVWHUSURMHFWV>@>@GHPRQVWUDWHGWKDW
LQGHHGWKHYLEUDWLRQSDWWHUQVRIWLJKWHQHGDQGORRVHEROWVDUHGLIIHUHQW&RPSDULQJDWLJKWHQHG
ORRVHEROWZLWKDGLIIHUHQWO\WLJKWHQHGJXLWDUVWULQJLWLVQDWXUDOWRH[SHFWWKHGLIIHUHQFHLQWKH
SLWFKRIWKHUDGLDWHGVRXQG+RZHYHULQWKHEROWFDVHDXGLEO\WKHGLIIHUHQFHLQSLWFKLVKDUGO\
GLVWLQJXLVKDEOH%XWLQFRQWUDVWWKHWLJKWHQHGEROWSURGXFHVDFOHDUULQJLQJVRXQGZKLOVWWKH
VRXQGIURPDORRVHEROWLVUDWKHUGXOOLHGHFD\LQJIDVWHUDQGFRQWDLQLQJOHVVKLJKIUHTXHQF\
FRQWHQW7KHLGHDRIWKHSLORWSURMHFWVZDVWRILQGVRPHSURSHUWLHVLQWKHPHDVXUHGYLEUDWLRQ
VLJQDOWKDWFDQEHXWLOL]HGWRFKDUDFWHUL]HGEROWWHQVLRQ,QVWUXFWXUDOKHDOWKPRQLWRULQJOLWHUDWXUH
WKHVHSURSHUWLHVDUHRIWHQFDOOHGfeatures)DUUDUDQG:RUGHQLQ>@SURYLGHWKHIROORZLQJGHIL
QLWLRQ³$GDPDJHVHQVLWLYHIHDWXUHLVVRPHTXDQWLW\H[WUDFWHGIURPWKHPHDVXUHGV\VWHPUH
VSRQVHGDWDWKDWLQGLFDWHVWKHSUHVHQFH RUQRW RIGDPDJHLQDVWUXFWXUH´$ORQJVLGHZLWKWKH
DERYHPHQWLRQHGQDWXUDOIUHTXHQFLHVDQGGDPSLQJRWKHUYLEUDWLRQIHDWXUHVDQGRUWKHLUFRP
ELQDWLRQVDUHSRVVLEOHIRUH[DPSOHWKHUDWLRRIQDWXUDOIUHTXHQFLHVPRGDOLQWHUDFWLRQDWWDFN
WLPHDPSOLWXGHVRIQRQOLQHDUKDUPRQLFVHWF
+RZHYHULWZDVQRWVWUDLJKWIRUZDUGWRILQGWKHIHDWXUHVRIWKHPHDVXUHGYLEUDWLRQVLJQDOV
WKDWFRXOGLQDUREXVWZD\LQGLFDWHLIWKHEROWLVZHOOWLJKWHQHGRUQRW$VEROWWLJKWHQLQJIHDWXUHV
>@DWWHPSWHGWKHQDWXUDOIUHTXHQFLHVDQGGDPSLQJRIWKHORZHVWWUDQVYHUVHPRGHVDQGLQ>@
WKHDXWKRUVDWWHPSWHGSV\FKRDFRXVWLFPHWULFVWKHYLEUDWLRQHQHUJ\GHFD\UDWHDQGVSHFWUDOFHQ
WURLGV*HQHUDOO\WKHUHVXOWVRIWKHWZRSURMHFWVZHUHQRWVDWLVIDFWRU\KRZHYHUWKHSURMHFWV
LQGLFDWHGWKDWWKHH[SHULPHQWDOZRUNQHHGVWREHSURPRWHGWRDPXFKKLJKHUTXDOLW\OHYHOWR
HQVXUHWKHH[SHULPHQWV EHLQJ PRUHFRQWUROODEOHDQG UHSURGXFLEOH $ORQJVLGHWKDWLW EHFDPH
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FOHDUWKDWDEHWWHUXQGHUVWDQGLQJRIEROWYLEUDWLRQV LVUHTXLUHGWRH[SODLQ ZKDWZDVREVHUYHG
GXULQJWKHH[SHULPHQWV7KHVHDOWRJHWKHUEHFDPHWKHJURXQGZRUNIRUWKH9(%-,SURMHFW
7KHSDSHULVEXLOWDVIROORZV6HFWLRQGHVFULEHVWKHH[WHQVLYHPHDVXUHPHQWFDPSDLJQIRO
ORZHGE\6HFWLRQZKLFKLQWURGXFHVDPRGHORIDVLQJOHEROWMRLQW6HFWLRQFRQFHUQVPXOWL
EROWMRLQWV6HFWLRQWRXFKHVSUDFWLFDOFRQVLGHUDWLRQVIRUUHDOOLIHVFHQDULRV)LQDOO\VHFWLRQ
LQWURGXFHVWKHRQJRLQJUHVHDUFK
2

EXPERIMENTAL WORK

,WZDVGHFLGHGWRVWDUWWKHSURMHFWZLWKDQH[WHQVLYHPHDVXUHPHQWFDPSDLJQLQDQDWWHPSW
WRH[SHULPHQWDOO\VWXG\WKHYLEUDWLRQSDWWHUQVRIGLIIHUHQWO\WLJKWHQHGEROWVLQZHOOFRQWUROOHG
HQYLURQPHQWVDQGH[DPLQHWKHYLEUDWLRQIHDWXUHVWKDWDUHFRUUHODWHGZLWKWKHEROWWHQVLRQ7KH
UHVXOWVRIWKHWHVWFDPSDLJQZHUHWKRXJKWWRLQLWLDWHWKHWKHRUHWLFDOVWXGLHVDLPHGWRXQGHUVWDQG
DQGH[SODLQZKDWZDVREVHUYHGGXULQJWKHH[SHULPHQWVDQGWKHRUHWLFDOO\FKHFNWKHDSSOLFDELOLW\
RIWKHIRXQGYLEUDWLRQIHDWXUHVWRGLIIHUHQWEROWVL]HVDQGEROWHGMRLQWFRQILJXUDWLRQV
'XULQJWKHSLORWSURMHFWVWKHEROWVZHUHWLJKWHQHGXVLQJDWRUTXHZUHQFK,WZDVVXVSHFWHG
WKDWWKHWRUTXHZUHQFKZDVWKHPDLQVRXUFHRIWKHREVHUYHGYDULDELOLW\,QGHHGDSSO\LQJWKH
ZUHQFKLQQXPHURXVWLJKWHQLQJXQWLJKWHQLQJFLUFOHVGHIRUPVWKHWKUHDGVRIWKHEROWDQGWKHQXW
DQGGDPDJHVWKHPDWLQJVXUIDFHVRIWKHEROWZDVKHUVDQGWKHWHVWULJ7RUHWDLQWKHJHRPHWULF
DQGPDWHULDOSURSHUWLHV RIWKHWHVWVHWXSLWZDV GHFLGHGWRUHSODFHWKHWRUTXHZUHQFKZLWKD
K\GUDXOLFWHQVLRQHU'XULQJWKHWLJKWHQLQJSURFHVVWKHWHQVLRQHULVSUHVVXUL]HGXVLQJDKDQG
SXPSFDXVLQJWKHEROWHORQJDWLRQ7KHQWKHQXWLVILQJHUWLJKWHQHG$IWHUWKHSUHVVXUHUHOHDVH
WKHEROWFRQWUDFWVDQGFRPSUHVVHVWKHWHVWULJ>@
,WLVNQRZQWKDWDWRUTXHZUHQFKLVDKLJKO\LQDFFXUDWHWRROZLWKWKHYDULDWLRQRIWRUTXHWR
WHQVLRQXSWR>@,QWKHLQLWLDOH[SHULPHQWVFRQGXFWHGLQWKHIUDPHRIWKHSLORWVWXGLHVD
VWUDLQJDXJHPRXQWHGRQWKHEROWERG\ZDVXVHGWRHVWLPDWHLWVWHQVLRQ7KLVDUUDQJHPHQWZDV
SURYHGWREHLPSUDFWLFDODVWKHVWUDLQJDXJHLVDYHU\GHOLFDWHVHQVRUDQGLWUHTXLUHVDVSHFLDO
WHVWULJGHVLJQWRDOORZFDEOLQJ6XEVHTXHQWO\WKHVWUDLQJDXJHZDVUHSODFHGE\DIRUFHZDVKHU
GLUHFWO\PHDVXULQJWKHFRPSUHVVLQJIRUFHZKLFKLVSURSRUWLRQDOWRWKHEROW¶VWHQVLRQ
&RQVLGHULQJEROWH[FLWDWLRQLWZDVGHFLGHGWRHPSOR\LPSDFWH[FLWDWLRQDVWKHPRVWSUDFWLFDO
RQH7KHSLORWVWXGLHVGHPRQVWUDWHGWKDWWUDQVYHUVHYLEUDWLRQVFDQEHHDVLO\H[FLWHGE\LPSDFW
LQJWKHEROWDWDQ\SRLQWDQGLQDQ\GLUHFWLRQ(YHQDQLPSDFWLQD[LDOGLUHFWLRQFRXOGH[FLWH
WUDQVYHUVHYLEUDWLRQV WKLVZDVODWHULQYHVWLJDWHGLQ>@ )RUWKHH[SHULPHQWVWKHH[FLWDWLRQLQ
WKHWUDQVYHUVHGLUHFWLRQZDVFKRVHQ
7RFDWFKDSRVVLEOHQRQOLQHDUEHKDYLRURIWKHEROWLWLVQHFHVVDU\WRH[FLWHWKHEROWE\DZHOO
FRQWUROODEOHH[FLWDWLRQIRUFHZLWKLQFUHDVLQJVWUHQJWK7RDFKLHYHWKLVDVSHFLDOSHQGXOXPKDP
PHUZDVGHVLJQHGZKHUHWKHLPSDFWVWUHQJWKZDVFRQWUROODEOHE\WKHLQLWLDOLQFOLQDWLRQRIWKH
SHQGXOXPDQGWKHLPSDFWIRUFHZDVPHDVXUHGE\DIRUFHWUDQVGXFHU
,QFRQWUDVWWRWKHSLORWVWXGLHVLQWKH9(%-,WHVWFDPSDLJQWKHYLEUDWLRQVLJQDOZDVPHDVXUHG
E\WZRPLQLDWXUHDFFHOHURPHWHUVPRXQWHGRQWKHEROWKHDG2QHDFFHOHURPHWHUZDVDOLJQHGWR
PHDVXUHLQWKHGLUHFWLRQRIWKHLPSDFWDQGDQRWKHULQWKHGLUHFWLRQSHUSHQGLFXODUO\WRWKHILUVW
RQH7KLVLPSURYHPHQWDOORZHGPHDVXULQJEROWYLEUDWLRQLQERWKWUDQVYHUVHGLUHFWLRQV
7KHH[SHULPHQW WKHVHWXSLVVKRZQLQ)LJXUH LVGHVFULEHGLQIXOOGHWDLOLQ>@>@>@
KHUHDEULHIRYHUYLHZLVJLYHQ,WZDVDUDWKHUH[WHQVLYHWHVWFDPSDLJQWZRW\SHVRIEROWVZHUH
WHVWHG0[DQG0[WKHEROWZDVWLJKWHQHGLQORDGVWHSVLQWKHUDQJHIURPDS
SUR[LPDWHO\ͲǤͲRIWKH\LHOGVWUHVVߪ௬ WRDSSUR[LPDWHO\ͲǤͺߪ௬  WKHQRPLQDOEROWWHQVLRQIRU
WKLVFODVVRIEROWVLVͲǤߪ௬ $WHDFKWHQVLRQOHYHOWKHEROWZDVLPSDFWHGZLWKIRXULQFUHDVLQJ
LPSDFWVWUHQJWKVDQGHDFKPHDVXUHPHQWZDVFRQGXFWHGWKUHHWLPHV7RHQVXUHUHSHDWDELOLW\
WKHH[SHULPHQWZDVUHSHDWHGWKUHHWLPHVLQFOXGLQJWKHIXOOGLVDVVHPEO\RIWKHWHVWULJ'XULQJ
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)LJXUH([SHULPHQWDOVHWXSVNHWFKDQGSKRWR IURP>@ )RDPVXSSRUWLQJWKHVWUXFWXUH%ROW,PSDFW
SRLQW1XW:DVKHUV6WUXFWXUH)RUFHZDVKHU±7KUHHPRQRD[LDODFFHOHURPHWHUV±%ROWKHDG
± )RUFHWUDQVGXFHU±3HQGXOXPKDPPHU±%DOOEHDULQJKROGLQJWKHKDPPHU

WKHH[SHULPHQWVWLPHKLVWRULHVZHUHDFTXLUHGZLWKDKLJKVDPSOLQJUDWHHDFKWLPHKLVWRU\
FRQVLVWHGRIWZRDFFHOHUDWLRQVLJQDOVDQGWKHLPSDFWIRUFHVLJQDO
2.1 Overview of the measurement campaign results
$W\SLFDODFFHOHUDWLRQVLJQDOLVVKRZQLQ)LJXUH2D$VWKHEROWLVDQHDUO\V\PPHWULFDOVWUXF
WXUHRQHFDQH[SHFWWKHSDLUVRIWUDQVYHUVHPRGHVRIYLEUDWLRQZLWKDOPRVWLGHQWLFDO QDWXUDO
IUHTXHQFLHV7KHVSHFWUDLQ)LJXUH2EVKRZWKHSHDNVFRUUHVSRQGLQJWRWKHILUVWSDLURIPRGHV
MXVWEHORZN+] DQGWKHVHFRQGSDLURIPRGHV DERYHN+] 7KHGRXEOHSHDNVDUH VRPH
WLPHV GLVWLQJXLVKDEOHLQWKH]RRPHGYLHZ DVVKRZQ $SSO\LQJDQDUURZEDQGSDVVILOWHU %3) 
DURXQGWKHQDWXUDOIUHTXHQFLHVRIWKHPRGHV¶SDLUVLWZDVSRVVLEOHWRVHSDUDWHWKHSDLUVLQWKH
WLPHGRPDLQWKHUHVXOWLQJILOWHUHGVLJQDOVܽଵ ሺݐሻDQGܽଶ ሺݐሻPHDVXUHGLQWKHGLUHFWLRQRIWKHLP
SDFWDQGWKHSHUSHQGLFXODUGLUHFWLRQUHVSHFWLYHO\DUHVKRZQLQ)LJXUH2FWRJHWKHUZLWKWKHLU
HQYHORSHVDQGWKHHQYHORSHRIܽஊ ሺݐሻ ൌ ඥܽଵ ሺݐሻଶ  ܽଶ ሺݐሻଶ 
7KHDPSOLWXGHVRIWKHPHDVXUHGVLJQDOVLQ)LJXUH2FLVVORZO\PRGXODWHGZKLFKLVDFKDU
DFWHULVWLFRIDEHDWLQJWKHSKHQRPHQRQZKLFKDSSHDUVZKHQWZRVLQXVRLGDOVLJQDOVZLWKVOLJKWO\
GLIIHUHQWIUHTXHQFLHVDUHDGGHGWRJHWKHU7KHIUHTXHQF\RIWKHPRGXODWLRQLVWKHQHTXDOWRWKH
GLIIHUHQFHEHWZHHQWKHIUHTXHQFLHVRIWKHVLQXVRLGV,Q>@WKHOLNHO\H[SODQDWLRQLVSURYLGHG
ERWKPRGHVRIWKHILUVWSDLUDUHH[FLWHGE\WKHKDPPHULPSDFWDQGWKHPRGDOUHVSRQVHLVWKH
H[SRQHQWLDOO\GHFD\LQJVLQXVRLGDORVFLOODWLRQDWWKHGDPSHGQDWXUDOIUHTXHQFLHVRIWKHPRGH
7KHV\VWHPLVHIIHFWLYHO\OLQHDUDQGWKHWZRPRGHVGRQRWLQWHUDFWEXWWKHDFFHOHURPHWHUVSLFN
XS WKH PL[WXUH RI ERWK VLQXVRLGV UHVXOWLQJ LQ WKH REVHUYHG EHDWLQJ $QRWKHU SODXVLEOH
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)LJXUH0HDVXUHVLJQDODQGVLJQDOSURFHVVLQJ IURP >@ D 5DZDFFHOHUDWLRQVLJQDOPHDVXUHGLQWKHLPSDFW
GLUHFWLRQE 6SHFWUDEOXHWKHVSHFWUXPRIWKHUDZVLJQDOGDVKOLQH±DIWHUDSSOLHG%3)DURXQGWKHILUVWQDWXUDO
IUHTXHQF\GRWOLQH±DIWHUDSSO\LQJ%3)DURXQGWKHVHFRQGQDWXUDOIUHTXHQF\9HUWLFDOGRWGDVKOLQHV±WKHFXW
RIIIUHTXHQFLHVRIWKHDSSOLHG%3)F 7ZRWUDQVYHUVHDFFHOHUDWLRQVLJQDOVܽଵ ሺݐሻDQGܽଶ ሺݐሻDIWHUDSSO\LQJ%3)
DURXQGWKHILUVWWUDQVYHUVHUHVRQDQWIUHTXHQF\7KLQGDVKOLQHV±WKHLUHQYHORSHV7KLFNGDVKOLQH±WKHHQYHORSH
RIܽஊ ሺݐሻ ൌ ඥܽଵ ሺݐሻଶ  ܽଶ ሺݐሻଶ .

H[SODQDWLRQLQYROYHVDQRQOLQHDULQWHUDFWLRQ LHHQHUJ\H[FKDQJH EHWZHHQWKHWZRWUDQVYHUVH
PRGHVDVH[SODLQHGLQ>@
%DVHGRQWKHREVHUYDWLRQVGXULQJWKHH[SHULPHQWQXPHURXVYLEUDWLRQFKDUDFWHULVWLFVZHUH
FRQVLGHUHGDVSRWHQWLDOIHDWXUHV>@LQFOXGLQJQDWXUDOIUHTXHQFLHVPRGDOGDPSLQJPRGHVLQ
WHUDFWLRQLQVLGHDQGRXWVLGHWKHSDLUVYDULDWLRQLQWLPHRIWKHLQVWDQWDQHRXVQDWXUDOIUHTXHQFLHV
DQGGDPSLQJLQSXWRXWSXWOLQHDULW\LPSDFWGXUDWLRQHWF7KHVHFKDUDFWHULVWLFVZHUHFRUUHODWHG
ZLWKEROW¶VWHQVLRQDQGWKHLUUHSURGXFLELOLW\ZDVFKHFNHGXVLQJDYDLODEOHWLPHKLVWRULHV%DVHG
RQWKHDQDO\VLVWZRFKDUDFWHULVWLFVZHUHVWXGLHGLQGHWDLODVWKH\GHPRQVWUDWHGVROLGFRUUHODWLRQ
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)LJXUH0HDVXUHGILUVWQDWXUDOIUHTXHQF\DVDIXQFWLRQRIWKHEROWWHQVLRQORQJEROW OHIW DQGVKRUWEROW ULJKW 
7KHGLIIHUHQWPDUNHUVLQGLFDWHWKHWHVWVHULHVWKHPDUNHUVL]HGHQRWHVWKHLPSDFWVWUHQJWK IURP>@>@ 

ZLWKWKHEROWWHQVLRQWKHQDWXUDOIUHTXHQF\RIWKHWUDQVYHUVHYLEUDWLRQVDQGWKHFRUUHVSRQGLQJ
PRGDOGDPSLQJ7KHRWKHUDWWHPSWHGSRWHQWLDOIHDWXHVGLGQRWGHPRQVWUDWHWKHVXIILFLHQWFRUUH
ODWLRQZLWKEROWWHQVLRQRUZHUHQRWVXIILFLHQWO\UHSURGXFLEOH
2.2 Selected features
Natural frequencies
7KHQDWXUDOIUHTXHQFLHVREWDLQHGE\]HURFURVVFRXQWLQJRIWKHILOWHUHGVLJQDODUHVKRZQLQ
)LJXUH$VH[SHFWHGWKHUHLVDVWURQJFRUUHODWLRQEHWZHHQWKHQDWXUDOIUHTXHQFLHVDQGWKHEROW
WHQVLRQREVHUYHGIRUERWKORQJDQGVKRUWEROWV
Damping ratio
7KHHIIHFWLYHOLQHDUGDPSLQJUDWLRRIWKHILUVWPRGHZDVHVWLPDWHGE\ILWWLQJWKHH[SRQHQWLDO
GHFD\WRWKHHQYHORSHRIWKHILOWHUHGVLJQDOܽஊ  )LJXUH2F 7KHGDPSLQJUDWLRGHFUHDVHVZLWK
LQFUHDVLQJEROWWHQVLRQDVVKRZQLQ)LJXUH4>@DQG>@,QDEVROXWHYDOXHVWKHGDPSLQJ
UDWLRV

)LJXUH7KHGDPSLQJUDWLRRIWKHILUVWPRGHDVDIXQFWLRQRIWKHEROWWHQVLRQIRUWKHORQJ OHIW DQGVKRUW ULJKW 
EROWV IURP>@>@ /HJHQGLVWKHVDPHDVLQ)LJXUH
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)LJXUH'LVWULEXWLRQRIWKHSRLQWVZLWKFRRUGLQDWHV QRUPDOL]HGIUHTXHQF\QRUPDOL]HGGDPSLQJ  IURP>@ 
7KHPDUNHUV¶FRORUDQGVL]HFRUUHVSRQGWRWKHWHQVLRQRIWKHEROW

GLIIHUIRUWKHORQJDQGVKRUWEROWKRZHYHULIVFDOHGZLWKWKHEROWVOHQGHUQHVVUDWLRWKHGDPSLQJ
UDWLREHFRPHVLQYDULDQWWREROWVL]HV7KHVOHQGHUQHVVUDWLRLVGHILQHGDV ݏൌ ݈ȀඥܫȀܣZKHUH݈
ܫDQGܣDUHEROW¶VOHQJWKWKHPRPHQWRILQHUWLDRIEROW¶VVHFWLRQDQGDUHDRIEROW¶VVHFWLRQ
UHVSHFWLYHO\7KHWKHRUHWLFDOH[SODQDWLRQRIWKLVLQWHUHVWLQJREVHUYDWLRQLVSURYLGHGLQ>@
Combined frequency and damping feature
7KHFRPELQDWLRQRIWKHQRUPDOL]HGQDWXUDOIUHTXHQF\DQGGDPSLQJUDWLRLQWRDVLQJOHEROW
WHQVLRQIHDWXUHZDVVXJJHVWHGLQ>@DQGLVVKRZQLQ)LJXUHIRUERWKORQJDQGVKRUWEROWV
7KHIUHTXHQF\DQGGDPSLQJDUHQRUPDOL]HGE\WKHUHVSHFWLYHFKDUDFWHULVWLFVRIWKHQRPLQDOO\
WLJKWHQHGEROW,Q)LJXUHWKHSRLQWVFRUUHVSRQGLQJWRWKHZHOOWLJKWHQHGEROWVDUHFRQFHQWUDWHG
LQWKHERWWRPULJKWFRUQHUZKLOVWWKRVHRIWKHUHODWLYHO\ORRVHEROWVDUHVSUHDGDORQJWKHGDVKHG
OLQHOHDGLQJWRZDUGVWKHXSSHUOHIWFRUQHURIWKHSORW
Discussion
'XULQJWKHH[SHULPHQWVLWEHFDPHFOHDUWKDWWKHIUHTXHQF\DQGGDPSLQJHLWKHUVHSDUDWHO\
RUFRPELQHGFDQEHFRQVLGHUHGDVUHOLDEOHTXDOLWDWLYHLQGLFDWRUVRIEROWWHQVLRQ7KHQH[WQDW
XUDOVWHSZRXOGEHVXJJHVWLQJDPRGHOH[SODLQLQJWKHH[SHULPHQWDOO\REVHUYHGSKHQRPHQDDQG
SURYLGLQJDTXDQWLWDWLYHUHODWLRQEHWZHHQWKHPHDVXUHGYLEUDWLRQSURSHUWLHVDQGWKHXQNQRZQ
EROWWHQVLRQ
3

MODELLING A SINGLE-BOLT JOINT

)URP WKH ILUVW JODQFH LW LV QDWXUDO WR PRGHO D WLJKWHQHG EROW DV D SUHVWUHVVHG FODPSHG
FODPSHGEHDP)RUVXFKDEHDPWKHGHSHQGHQFHRIWKHiWKWUDQVYHUVHQDWXUDOIUHTXHQFLHVIURP
WKHWHQVLRQLVZHOONQRZQ>@
ଶ

ߪ ܭ ݏ
ߣ ܧ
߱ ൌ ඨ ൭ͳ  ቆ ଶ ቇ ൱ ǡ ݅ ൌ ͳǡʹ ǥ
ߣ ܧ
݈ߩ ݏ



ZKHUH݈LVWKHOHQJWKRIWKHEHDPݏLVWKHVOHQGHUQHVVUDWLRߪLVWKHD[LDOVWUHVVܧDQGߩDUH
EHDP¶VPDWHULDO<RXQJ¶VPRGXOXVDQGGHQVLW\UHVSHFWLYHO\DQGܭ DQGߣ DUHQRQGLPHQVLRQDO
FRQVWDQWVGHSHQGLQJRQWKHiWKPRGHVKDSH
$VLWIROORZVIURP  WKHVTXDUHRIWKHQDWXUDOIUHTXHQFLHVLVGLUHFWO\SURSRUWLRQDOWRWKH
D[LDOVWUHVVߪDQGWKXVWRWKHEROWWHQVLRQ)LJXUHVKRZVWKHFRUUHVSRQGLQJOLQHRQWRSRIWKH
H[SHULPHQWDOUHVXOWV DGMXVWLQJWKHOHQJWK݈WRILWWKHKLJKYDOXHVRIߪ $SSDUHQWO\IRUWKHORQJ
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)LJXUH 6TXDUHRIWKHILUVWQDWXUDOIUHTXHQF\࣓ DVIXQFWLRQ RI EROWWHQVLRQ࣌Ǥ7KH PDUNHUVGHQRWH H[SHUL
PHQWDOUHVXOWVGDVKHGOLQH LVWKH PRGHODFFRUGLQJWR  /HIW ±ORQJEROWULJKW ±VKRUWEROW 7KHUHGRYDOV
LQGLFDWHWKHUHJLRQZKHUHWKHFODPSHGFODPSHGEHDPPRGHOLVQRWVXLWDEOH IURP>@ 

EROWWKHILWLVJRRGIRUDZLGHUDQJHRIߪDQGOHVVIRUWKHVKRUWEROW&RPPRQIRUERWKFDVHV
WKHILWLVQRWJRRGIRUORZWHQVLRQOHYHOV FLUFOHG LQGLFDWLQJWKDWWKHFODPSHGFODPSHGEHDP
PRGHOGRHVQRWUHIOHFWUHDOLW\DWORZOHYHOVRIWHQVLRQ
7KHVWXG\>@VXJJHVWHGDQH[WHQGHGPRGHOWKDWFRXOGH[SODLQWKHREVHUYHGEHKDYLRUDWWKH
IXOOUDQJHRIWKHWHQVLRQOHYHOV7KHPRGHO )LJXUH7 FRQVLVWVRID%HUQRXOOL(XOHUEHDPVXE
MHFWHGWRDQD[LDOWHQVLOHIRUFHߪܣDQGVXSSRUWVDWERWKHQGVZKLFKERWKKDYHWUDQVODWLRQDODQG
URWDWLRQDOVWLIIQHVVHV݇௨ DQG݇ఏ UHVSHFWLYHO\7RUHIOHFWUHDOLW\ZKHUHWKHEROWWHQVLRQDIIHFWV
WKHFRQWDFWVWLIIQHVVLQWKHPRGHOWKHVHVWLIIQHVVHVDUHIXQFWLRQVRIWKHD[LDOIRUFH)RUKLJK
OHYHOVRIߪܣWKHVWLIIQHVVYDOXHVDSSURDFKLQILQLW\DQGWKHEHDPERXQGDU\FRQGLWLRQVEHFRPH
FODPSHGFODPSHG
:LWKWKHPRGHOLQKDQGWKHQH[WWDVNLVWRREWDLQWKHVWLIIQHVVSDUDPHWHUVDQGWKHLUGHSHQG
HQFHRQWHQVLRQ,Q>@LWZDVGHPRQVWUDWHGWKDWLWLVSRVVLEOHWRHVWLPDWHWKHVWLIIQHVVSDUDPH
WHUVIURPWKHPHDVXUHGQDWXUDOIUHTXHQFLHVRIWKHEHDP$QRWKHUDSSURDFKZDVWDNHQLQ>@
ZKHUHWKHPRGHORIWKHFRQWDFWEHWZHHQWKHPDWLQJVXUIDFHVZDVLQWURGXFHG,WZDVQRWLFHGWKDW
WKHFRQWDFWVXUIDFHVLQUHDOVWUXFWXUHVDUHURXJKZKLFKLVPDQLIHVWHGDVDGLVWULEXWLRQRIWLQ\
DVSHULWLHVDWDPLFURVFDOHOHYHOZKRVHLQWHUDFWLRQVFDQEHWKRXJKWRIDVVSULQJVFRQQHFWLQJWKH
PDWLQJVXUIDFHV,WZDVREVHUYHGWKDWWKHQRUPDO LQWHUIDFLDO VWLIIQHVVLQFUHDVHVZLWKWKHLQ
FUHDVHRIWKHFRQWDFWSUHVVXUH8VLQJWKHDVSHULWLHVEDVHGFRQWDFWPRGHO )LJXUH LWZDVSRV
VLEOH WR REWDLQ WKH YDOXHV RI݇௨ DQG݇ఏ  ZKLFK UHVXOWHG LQ TXLWH JRRG DJUHHPHQW ZLWK WKH
PHDVXUHGGDWDIRUWKHIXOOUDQJHRIWHQVLRQ )LJXUH 
7KHVWXG\>@H[WHQGHGWKHPRGHOVXJJHVWHGLQ>@ )LJXUH E\WKHGDPSLQJHOHPHQWV
ZKLFKZHUHDGGHGWRDOOVSULQJV,WZDVVKRZQWKDWDVVXPLQJWKHGDPSLQJOLQHDUO\SURSRUWLRQDO
WRWKHURWDWLRQDODQGWUDQVODWLRQDOVWLIIQHVVHVRQHFDQJHWTXLWHDJRRGDJUHHPHQWZLWKWKHH[
SHULPHQWDOUHVXOWVVKRZQLQ)LJXUH4$SSDUHQWO\FRQWUDGLFWLQJWKRXJKLVWKDWWKHXQGHUO\LQJ

)LJXUH7KHPRGHOVXJJHVWHGLQ>@
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)LJXUH0RGHOLQJRIWKHFRQWDFWEHWZHHQWKHPDWLQJVXUIDFHVD 0LFUROHYHOZLWKWKHURXJKQHVVSUHVHQWHGDV
DVSHULWLHVE PRGHOLQJDVVSULQJVFRQQHFWLQJWKHVXUIDFHV IURP>@ 

߱ଵଶ

߱ଵଶ

PLFURVFDOHGDPSLQJPHFKDQLVPLVHVVHQWLDOO\QRQOLQHDUZKLOVWWKHFROOHFWLYHPDFURVFDOHEH
KDYLRU LV OLQHDU 7KH VWXG\ >@ VXJJHVWHG D PRGHO ZKLFK GHPRQVWUDWHG WKDW WKH QRQOLQHDU
PXOWLGHJUHHRIIUHHGRP DVSHULWLHVEDVHG PRGHO FDQ EH HIIHFWLYHO\ FRQYHUWHG WR D VLQJOHGH
JUHHRIIUHHGRPPRGHOZLWKDFXELFQRQOLQHDULW\DQGIXUWKHUVKRZHGWKDWWKHQRQOLQHDUWHUP
YDQLVKHVDVWKHQXPEHURIDVSHULWLHVLQFUHDVHWKXVYDOLGDWLQJWKHREVHUYHGHIIHFWLYHOLQHDULW\LQ
GDPSLQJ

7HQVLRQߪȀߪ௬

߱ଶଶ

߱ଶଶ

7HQVLRQߪȀߪ௬

7HQVLRQߪȀߪ௬

7HQVLRQߪȀߪ௬

)LJXUH4XDOLWDWLYHFRPSDULVRQRIWKHH[SHULPHQWDOUHVXOWV PDUNHUV WKHFODPSHGFODPSHGPRGHO   UHG
GDVKHGOLQH DQGWKHH[WHQGHGPRGHO )LJXUH  EOXHFXUYH /HIWULJKWFROXPQV±ORQJVKRUWEROWV7RS
ERWWRPURZV±ILUVWVHFRQGQDWXUDOIUHTXHQFLHV IURP >@ 
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,QVWXGLHV>@>@DQRWKHUDVSHFWRIWKHEROWWHQVLRQHVWLPDWLRQSUREOHPZDVLQYHVWLJDWHG
$VWKHPRVWEROWHGMRLQWVFRQVLVWRIPDQ\QHDUO\LGHQWLFDOEROWVWLJKWHQHGWRDOPRVWLGHQWLFDO
OHYHOVWKHEROWVZLOOKDYHYHU\VLPLODUERXQGDU\FRQGLWLRQVDQGWKXVDOPRVWLGHQWLFDOQDWXUDO
IUHTXHQFLHV,QDOLNHO\FDVHRIYHU\OLJKWGDPSLQJDIUHTXHQF\UHVSRQVHPHDVXUHGRQRQHEROW
DIWHUDQLPSDFWPLJKWLQFOXGHWKHYLEUDWLRQDOUHVSRQVHRIRWKHUEROWV6RDTXHVWLRQDULVHVLILW
LVSRVVLEOHWRVHSDUDWHZKLFKIUHTXHQFLHVEHORQJWRZKLFKEROW7RVWDUWZLWKDQDO\WLFDOQXPHU
LFDODQGH[SHULPHQWDOPRGHOVRIDVWUXFWXUHZLWKWZRLGHQWLFDOEROWVZHUHHVWDEOLVKHG )LJXUH
 
,WZDVIRXQGWKDWLIWKHEROWVKDYHLGHQWLFDORUYHU\VLPLODUWHQVLRQWKHV\VWHPEHKDYHVDVD
ZKROHDQGLWLVLPSRVVLEOHWRDVVLJQQDWXUDOIUHTXHQFLHVWRDVLQJOHEROWDVWKHJOREDOLQSKDVH
DQGDQWLSKDVHPRGHVDULVH+RZHYHULIWKHEROWV¶WHQVLRQVDUHGLIIHUHQWWKHLUPRGHVFDQEH
FRQVLGHUHGDVORFDOWKHEROWVFDQEHFRQVLGHUHGVHSDUDWHO\DQGWKHVLQJOHEROWPRGHOLVIXOO\
DSSOLFDEOH
5

PRACTICAL CONSIDERATIONS

2QHRIWKHDLPVRIWKH9(%-,SURMHFWZDVWRH[SORUHIHDVLEOHPHWKRGVIRUHVWLPDWLQJEROW
WHQVLRQ KDYLQJ SRWHQWLDO IRU LQGXVWULDO DSSOLFDWLRQ ,W LV DSSDUHQW )LJXUH   WKDW WKH VWXGLHG
YLEUDWLRQIHDWXUHVDUHVXLWDEOHIRUGLVWLQJXLVKLQJDQRPLQDOO\WLJKWHQHGEROW ͲǤߪ௬ IURPDYHU\
ORRVHRQH ൏ ͲǤ͵ߪ௬ +RZHYHUWKHDPELWLRQRIWKHSURMHFWZDVWREHDEOHWRGLVWLQJXLVKDQRP
LQDOO\WLJKWHQHGEROWIURPWKHVOLJKWO\XQGHUDQGRYHUWLJKWHQHGRQHVIRUH[DPSOHWREHDEOH
WRILQGWKHWHQVLRQZLWKLQേͲǤͳߪ௬ DURXQGWKHQRPLQDOWHQVLRQͲǤߪ௬ ,QWKLVUHJLRQWKHYLEUD
WLRQEDVHGIHDWXUHVKDYHDORZVHQVLWLYLW\WRWKHWHQVLRQ )LJXUH)LJXUH4 LHWKHYDOXHRI
WKHIHDWXUHFKDQJHVOLWWOHZLWKWKHVLJQLILFDQWFKDQJHRIWKHWHQVLRQOHYHO$VWKHYLEUDWLRQIHD
WXUHVDUHREWDLQHGIURPQRLV\PHDVXUHPHQWVLWPDNHVLWFKDOOHQJLQJWRGHYHORSDUREXVWWHFK
QLTXHIRUHVWLPDWLQJWKHWHQVLRQZLWKWKHGHVLUDEOHSUHFLVLRQ
D

E

F

)LJXUH7ZREROWVVWUXFWXUHIURP >@D $QDO\WLFDOPRGHOE ([SHULPHQWDOVHWXSF &2062/PRGHO
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7KHVWXG\>@DWWHPSWHGWRVXJJHVWDQGWHVWWKHDOJRULWKPWKDWHPSOR\VWKHILUVWWUDQVYHUVH
QDWXUDOIUHTXHQF\DVWKHYLEUDWLRQIHDWXUHDQGWKHQWDNHVWKHQH[WVWHSWRZDUGVFODVVLILFDWLRQ
LHGLVWLQJXLVKLQJWKHORRVHEROWVIURPWKHWLJKWHQHGRQHV7KHDOJRULWKPXVHVWKHJUDGLHQWRI
WKHILUVWQDWXUDOIUHTXHQF\ZLWKUHVSHFWWRWKHWHQVLRQIURPWKHFODPSFODPSEHDPPRGHO  
$OVRWKHDOJRULWKPDVVXPHVWKDWLQLWLDOO\WKHEROWZDVWLJKWHQHGWRWKHQRPLQDOWHQVLRQYDOXH
7KHODWWHULVXVHGDVWKHUHIHUHQFHIRUWKHVXEVHTXHQWWHQVLRQFKHFNV7KHSURSDJDWLRQRIWKH
XQFHUWDLQW\RIWKHPHDVXUHGYLEUDWLRQIHDWXUHWRWKHXQFHUWDLQW\RIWKHHVWLPDWHGEROWWHQVLRQ
ZDVFRQGXFWHGIROORZLQJWKH'HOWDPHWKRG>@7KHYDULDELOLW\RIWKHYLEUDWLRQIHDWXUHVZDV
HVWLPDWHGE\PHDVXULQJWKHILUVWWUDQVYHUVHQDWXUDOIUHTXHQF\RIDELJQXPEHURIVLPLODUEROWV
KROGLQJDZLQGWXUELQHEODGHRQWKHWHVWULJ )LJXUH ,WZDVFRQFOXGHGWKDWWKHGHVFULEHG
DERYHDSSURDFKLVQRWUHDGLO\IHDVLEOHDQGLWZDVVXJJHVWHGWKDWWKHIROORZLQJFDQSRWHQWLDOO\
LPSURYHWKHWHFKQLTXH ,PSURYHPHQWVRIWKHH[FLWDWLRQPHDVXUHPHQWVLJQDOSURFHVVLQJSUR
FHGXUHV (PSOR\LQJPRUHVHQVLWLYHIHDWXUHV &RPELQLQJVHYHUDOYLEUDWLRQIHDWXUHV
6

ON-GOING RESEARCH

7KHVWXG\>@SDYHGDZD\WRDQRWKHUSURPLVLQJWHFKQRORJ\GHYHORSHGLQWKHIUDPHRI9(%-,
ZKLFK LV FXUUHQWO\ SDWHQW SHQGLQJ >@ ,Q >@ LW ZDV DQDO\WLFDOO\ VKRZQ DQG QXPHULFDOO\
GHPRQVWUDWHGWKDWWKHERXQGDU\VWLIIQHVVHVSDUDPHWHUV )LJXUH FDQEHHVWLPDWHGIURPPHDV
XUHGWUDQVYHUVHQDWXUDOIUHTXHQFLHV+RZHYHUWKHPHWKRGUHTXLUHVLGHQWLILFDWLRQRIDKLJKQXP
EHURIPRGHVZKLFKLVGLIILFXOWWRPHDVXUHLQSUDFWLFH ZLWKKDPPHUH[FLWDWLRQRQO\WKHILUVW
WZRWUDQVYHUVHPRGHVFDQEHUHOLDEO\LGHQWLILHG 7KHQHZPHWKRGVXJJHVWVFKDQJLQJWKHG\
QDPLFSURSHUWLHVRIWKHEROWLQDFRQWUROODEOHZD\E\DGGLQJDNQRZQPDVVWRWKHWKUHDGHGHQG

)LJXUH$WHVWULJ ZLQGWXUELQHEODGHWHVWEHQFK XVHGWRWHVWWKHFODVVLILFDWLRQDOJRULWKPVXJJHVWHGLQ
>@
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RI WKH EROW 7KXV DGGLQJ RQH RU WZR PDVVHV WR WKH EROW DQG PHDVXULQJ WKH ILUVW IHZ QDWXUDO
IUHTXHQFLHVLWLVSRVVLEOHWRHVWLPDWHWKHWHQVLRQDOIRUFHDFWLQJLQWKHEROWWKHGHWDLOVRIWKH
PHWKRGDUHSUHVHQWHGLQ>@
,QWKHPXOWLEROWVFHQDULRLWLVDOVRDQWLFLSDWHGWKDWDGGLQJPDVVWRWKHEROWHQGZLOOPDNHLWV
G\QDPLFVGLIIHUHQWIURPWKHG\QDPLFVRIWKHVXUURXQGLQJEROWVWKLVZLOOIDFLOLWDWHGLVWLQJXLVK
LQJWKHUHVSRQVHRIWKHWHVWHGEROWIURPWKHRWKHUV VHH6HFWLRQ 
$V LW ZDV REVHUYHG GXULQJ WKH H[SHULPHQWV ZLWK KDPPHU H[FLWDWLRQ HPSOR\HG LW LV RQO\
SRVVLEOHWRUHOLDEO\LGHQWLI\WKHILUVWWZRWUDQVYHUVHPRGHVPDLQO\GXHWRWKHODFNRIH[FLWDWLRQ
HQHUJ\ DW WKHKLJKHUIUHTXHQF\UDQJH 7KH DWWHPSW WR XVHWKHPHWKRGLQ D UHDOOLIHVFHQDULR
GHVFULEHGLQ 6HFWLRQ DOVR FDOOHGIRUWKH LPSURYHPHQW RIWKHDSSOLHG H[FLWDWLRQDQGVLJQDO
SURFHVVLQJSURFHGXUHV$QDSSURDFKWRGHDOZLWKWKLVSUREOHPLVWRUHSODFHWKHKDPPHULPSDFWV
ZLWK H[FLWDWLRQ E\ SLH]RHOHFWULF HOHPHQWV >@ ZKLFK DUH JHQHUDOO\ PRUH HIILFLHQW DW KLJKHU
IUHTXHQF\UDQJHV
CONCLUSION
7KHSDSHUGHVFULEHVWKHFKDOOHQJHVOHDUQLQJVDQGDFKLHYHPHQWVRIWKH9(%-,SURMHFWZKRVH
DLPZDVWRJHQHUDWHNQRZOHGJHDQGSRWHQWLDOO\GHYHORSDWHFKQLTXHIRUHVWLPDWLQJEROWWHQVLRQ
XVLQJYLEUDWLRQVDUWLILFLDOO\H[FLWHGLQDEROW
7KHVWXG\GHPRQVWUDWHGWKDWLWLVUDWKHUVWUDLJKWIRUZDUGWRGLVWLQJXLVKDZHOOWLJKWHQHGEROW
IURPDORRVHRQHZKLFKFRXOGEHGRQHXVLQJWKHQDWXUDOIUHTXHQF\DQGGDPSLQJRIWKHILUVW
WUDQVYHUVHPRGH+RZHYHULWLVPRUHGLIILFXOWWRGLVWLQJXLVKDQRPLQDOO\WLJKWHQHGEROW FKDU
DFWHUL]HGE\D[LDOVWUHVVߪ IURPVOLJKWO\XQGHURURYHUWLJKWHQHGRQHV ൏ ͲǤͻߪ DQG ͳǤͳߪ 
UHVSHFWLYHO\ 7KRXJKWKHDGGHGPDVVPHWKRG 6HFWLRQ SURGXFHVSURPLVLQJUHVXOWVLWVWLOO
QHHGVWREHWHVWHGIRUPXOWLEROWMRLQWVVFHQDULRV
ACKNOWLEDGMENT
7KLV ZRUN LV ILQDQFLDOO\ VXSSRUWHG E\ ,QGHSHQGHQW 5HVHDUFK )XQG 'HQPDUN JUDQW '))
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NONPARAMETRIC NONLINEAR RESTORING FORCE AND
EXCITATION IDENTIFICATION WITH LEGENDRE POLYNOMIAL
AND DATA FUSION
Bin Xu1, 2, Ye Zhao1, Baichuan Deng 3


&ROOHJHRI&LYLO(QJLQHHULQJ+XDTLDR8QLYHUVLW\;LDPHQ&KLQD

.H\/DERUDWRU\IRU,QWHOOLJHQW,QIUDVWUXFWXUHVDQG0RQLWRULQJRI)XMLDQ3URYLQFH +XDTLDR8QLYHUVL
W\ ;LDPHQ&KLQD


&ROOHJHRI&LYLO(QJLQHHULQJ+XQDQ8QLYHUVLW\&KDQJVKD&KLQD
&RUUHVSRQGLQJDXWKRUELQ[X#KTXHGXFQ

Keywords1RQSDUDPHWULFLGHQWLILFDWLRQQRQOLQHDUUHVWRULQJIRUFH/HJHQGUHSRO\QRPLDO
H[WHQGHG.DOPDQILOWHUZLWKXQNQRZQLQSXWOLPLWHGDFFHOHUDWLRQPHDVXUHPHQWGDWDIXVLRQ
Abstract. Identification of nonlinear restoring force (NRF) and dynamic loadings provides
useful information for structural damage prognosis (DP). Due to higher complexity of structural nonlinearities, it is difficult to establish an exact parametric mathematical model in prior to describe the nonlinear behavior of a structural member or a substructure under strong
dynamic loadings in practice. Moreover, external dynamic loading applied on an engineering
structure is usually unknown and only acceleration responses at limited degrees of freedom
(DOFs) of the structure are monitored. In this study, a nonparametric NRF and excitation
identification approach combining Legendre polynomial and extended Kalman filter with unknown input (EKF-UI) is proposed using limited acceleration measurements fused with displacement measurement for the purpose of eliminating drift problem. The performance of the
proposed approach is illustrated via numerical simulation with a multi-degree-of-freedom
(MDOF) frame structure equipped with an MR damper mimicking nonlinearity under different unknown loading scenarios. Partial acceleration measurement of the structure polluted by
intensive measurement noises is employed for the identification. The parameter identification
convergency procedure and the effect of initial estimation errors of structural parameters on
the final identification results are investigated. Identified results demonstrate that the proposed approach is capable of identifying structural nonlinear behavior, excitation and dynamic response measurement in a nonparametric way with acceptable accuracy.
1

INTRODUCTION

6WUXFWXUDOLGHQWLILFDWLRQIRUWKHSXUSRVHRIVWUXFWXUDOKHDOWKPRQLWRULQJ 6+0 DQGGDPDJH
HYDOXDWLRQXVLQJYLEUDWLRQPHDVXUHPHQWVKDVDWWUDFWHGH[WHQVLYHDWWHQWLRQVLQVWUXFWXUDOHQJL
QHHULQJILHOGLQWKHODVWGHFDGHV>@*HQHUDOO\VSHDNLQJVWUXFWXUDOGDPDJHXVXDOO\UHVXOWV
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LQFKDQJHVLQVWUXFWXUDOSDUDPHWHUVVXFK DV VWLIIQHVV DQG GDPSLQJ %HFDXVH VWUXFWXUDO YLEUD
WLRQIUHTXHQFLHVDQGPRGDOVKDSHVH[WUDFWHGIURPG\QDPLFUHVSRQVHPHDVXUHPHQWGHSHQGRQ
VWLIIQHVVORWVRIYLEUDWLRQEDVHGVWUXFWXUDOGDPDJHGHWHFWLRQDSSURDFKHVKDYHEHHQSURSRVHG
ZKHUH VWUXFWXUDO GDPDJH LV UHSUHVHQWHG E\ D VWLIIQHVV GHFUHDVH LGHQWLILHG IURP WKH H[WUDFWHG
VWUXFWXUDO IUHTXHQFLHV DQGRU PRGDO VKDSHV >@ 6WULFWO\ VSHDNLQJ PRVW RI WKH LGHQWLILFDWLRQ
DSSURDFKHV EDVHG RQ HLJHQYDOXHV DQGRU PRGDO VKDSHV DUH RQO\ DSSOLFDEOH IRU OLQHDU HODVWLF
V\VWHPV+RZHYHUVWUXFWXUDOQRQOLQHDULW\LVDFRPPRQSKHQRPHQRQHQFRXQWHUHGLQHQJLQHHU
LQJVWUXFWXUHVVXEMHFWHGWRVHYHUHG\QDPLFORDGLQJDQGVKRXOGEHFRQVLGHUHGGXULQJWKHYLEUD
WLRQDQDO\VLVDQGWKHLGHQWLILFDWLRQIRUVWUXFWXUHV>@5HSUHVHQWLQJGDPDJHVLQDQRQOLQHDU
G\QDPLF V\VWHP XVLQJ WKH FKDQJHV LQ VWLIIQHVV LGHQWLILHG ZLWK HLJHQYDOXHV RU PRGDO VKDSHV
H[WUDFWHG IURP G\QDPLF UHVSRQVH WLPH KLVWRU\ RI WKH V\VWHP H[SHULHQFLQJ QRQOLQHDULW\ LV
GRXEWIXODQGTXHVWLRQDEOH6WUXFWXUDOQRQOLQHDUUHVWRULQJIRUFH 15) LVDGLUHFWGLUHFWRUGH
VFULELQJWKHLQLWLDWLRQDQGGHYHORSPHQWRIVWUXFWXUDOQRQOLQHDULW\DQGFDQEHXVHGGLUHFWO\WR
GHWHUPLQHWKHHQHUJ\FRQVXPSWLRQGXULQJ WKH ZKROH SURFHGXUH RI YLEUDWLRQ ZKLFKSURYLGHV
PRUHKHOSIXOLQIRUPDWLRQIRUGDPDJHSURJQRVLV '3 FRPSDUHGZLWKVWLIIQHVV
6LQFHLWLVXVXDOO\KDUGWRPHDVXUHVWUXFWXUDOUHVSRQVHVDWDOOGHJUHHVRIIUHHGRP '2)V RI
DVWUXFWXUHZLWKORWVRIVHQVRUVVWUXFWXUDOLGHQWLILFDWLRQZLWKRQO\ SDUWLDO VWUXFWXUDOUHVSRQVH
PHDVXUHPHQWVKDVUHFHLYHGPRUHDWWHQWLRQ>@$VLPXOWDQHRXV15)DQGPDVVLGHQWLILFDWLRQ
DSSURDFKLVGHYHORSHGE\;XHWDO>@IRUPXOWLGHJUHHRIIUHHGRP 0'2) VWUXFWXUHVXVLQJ
WKH (.) ZLWK ZHLJKWHG JOREDO LWHUDWLRQ (.):*,  EDVHG RQ OLPLWHG DEVROXWH DFFHOHUDWLRQ
UHVSRQVH+RZHYHUWKHFRQYHQWLRQDO(.)DSSURDFKZRUNVZHOOZKHQWKHLQIRUPDWLRQRIH[
WHUQDOLQSXWVWRVWUXFWXUHVLVDYDLODEOH %HFDXVH DOOH[WHUQDOH[FLWDWLRQVWRDVWUXFWXUHDUHQRW
DOZD\VDYDLODEOHLQ SUDFWLFHLWLVLPSRUWDQWWR GHYHORS VWUXFWXUDOQRQOLQHDULW\DQGH[FLWDWLRQ
LGHQWLILFDWLRQDOJRULWKPVIRUHQJLQHHULQJVWUXFWXUHVH[SHULHQFLQJQRQOLQHDULW\XQGHUG\QDPLF
H[FLWDWLRQV <DQJ HW DO >@ SURSRVHG DQ DGDSWLYH (.) ZLWK XQNQRZQ LQSXW $(.)8,  DS
SURDFK IRU WKH LGHQWLILFDWLRQ RI WLPHYDU\LQJ SDUDPHWHUV DQG XQNQRZQ H[WHUQDO H[FLWDWLRQV
/HLHWDO>@SURSRVHGDQDOJRULWKPEDVHGRQVHTXHQWLDODSSOLFDWLRQRIDQH[WHQGHG.DOPDQ
HVWLPDWRU (.( IRUWKHH[WHQGHGVWDWHYHFWRURIDVWUXFWXUHDQGOHDVWVTXDUHVHVWLPDWLRQ /6( 
RILWVXQNQRZQH[WHUQDOH[FLWDWLRQVWRGHWHFWVWUXFWXUDOGDPDJHZLWKOLPLWHGLQSXWDQGRXWSXW
PHDVXUHPHQWVLJQDOV7KLVDSSURDFKLVDSSOLHGIRUWKHLGHQWLILFDWLRQRIOLQHDUVWUXFWXUHVZKHUH
VWUXFWXUHGDPDJHLVGHVFULEHGDVWKHGHFUHDVHLQVWLIIQHVV)RUWKHLGHQWLILFDWLRQRIQRQOLQHDU
VWUXFWXUDOSDUDPHWHUVXQGHUOLPLWHGLQSXWDQGRXWSXWPHDVXUHPHQWVDQDOJRULWKPEDVHGRQWKH
VHTXHQWLDODSSOLFDWLRQRI(.(IRUWKHSDUDPHWHUVRIDSDUDPHWULFPRGHOGHVFULELQJQRQOLQHDUL
W\DQGWKH/6(IRUWKHXQPHDVXUHGH[FLWDWLRQLVSURSRVHG>@0RUHUHFHQWO\/LXHWDO>@
SURSRVHGDGDWDIXVLRQEDVHG(.)ZLWKXQNQRZQLQSXWV (.)8, DSSURDFKIRUVLPXOWDQHRXV
O\LGHQWLI\LQJVWUXFWXUDOSDUDPHWHUVDQGXQNQRZQH[FLWDWLRQV$JHQHUDOV\VWHPDQGXQNQRZQ
LQSXWV VLPXOWDQHRXV HVWLPDWLRQ XVLQJ (.)8, DSSURDFK ZDV SURSRVHG E\ 3DQ HW DO >@ WR
PHHWWKHFKDOOHQJHVFRPLQJZLWKWKHXQDYDLODELOLW\RIG\QDPLFUHVSRQVHDQGH[FLWDWLRQLQIRU
PDWLRQ $ *HQHUDO ([WHQGHG .DOPDQ ILOWHU ZLWK XQNQRZQ LQSXWV *(.)8,  LV SURSRVHG WR
HVWLPDWH WKH VWUXFWXUDO SDUDPHWHUV DQG WKH XQNQRZQ H[FLWDWLRQV LQSXWV  VLPXOWDQHRXVO\ WR
RYHUFRPH WKH OLPLWDWLRQV RI WKH H[LVWLQJ (.) PHWKRGV IRU WKH LGHQWLILFDWLRQ RI ERWK WLPH
LQYDULDQWDQGWLPHYDU\LQJV\VWHPV,QDOORIWKHDERYHVWXGLHVWKHSDUDPHWULFPRGHOVGHVFULE
LQJWKHQRQOLQHDULW\RIWKHVWUXFWXUHDUHDVVXPHGDQGWKHSDUDPHWHUVRIWKHSDUDPHWULFPRGHOV
DUHLGHQWLILHG
,Q WKLV SDSHU D QRQSDUDPHWULF VWUXFWXUDO 15) H[FLWDWLRQ XQPHDVXUHG G\QDPLF UHVSRQVH
LGHQWLILFDWLRQDSSURDFKEDVHGRQWKH/HJHQGUHSRO\QRPLDOPRGHODQG(.)8,LVSURSRVHGIRU
QRQOLQHDUVWUXFWXUHFRPSRVHGRIDOLQHDUVWUXFWXUHDQGDQRQOLQHDUPHPEHURIDPDJQHWRUKHR
ORJLFDO 05 GDPSHU'DWDIXVLRQLVXVHGWRHOLPLQDWHWKHGULIWSUREOHPLQG\QDPLFUHVSRQVHV
LGHQWLILFDWLRQ 7KH SURSRVHG DSSURDFK ZDV QXPHULFDOO\ YDOLGDWHG ZLWK 0'2) VWUXFWXUHV
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HTXLSSHGZLWKD05GDPSHUPLPLFNLQJQRQOLQHDUEHKDYLRUXQGHUGLIIHUHQWH[FLWDWLRQIRUPV
7KHSDUDPHWHULGHQWLILFDWLRQFRQYHUJHQF\SURFHGXUHDQGWKHHIIHFWRILQLWLDOHVWLPDWLRQHUURUV
RI VWUXFWXUDO SDUDPHWHUV RQ WKH ILQDO LGHQWLILFDWLRQ UHVXOWV DUH LQYHVWLJDWHG ,GHQWLILFDWLRQ UH
VXOWVVKRZWKDWWKHSURSRVHGPHWKRGLVHIIHFWLYHWRLGHQWLI\15)DQGWKHXQNQRZQH[FLWDWLRQV
ZKHQQRSDUDPHWULFPRGHOVGHVFULELQJWKHQRQOLQHDULW\RIWKHVWUXFWXUHDUHHPSOR\HG
2

NONPARAMETRIC NRF AND EXCITATION IDENTIFICATION APPROACH

,QSK\VLFDOVFLHQFHDQG PDWKHPDWLFV WKH /HJHQGUH SRO\QRPLDO LV D V\VWHP RI RUWKRJRQDO
SRO\QRPLDOV ZLWK D YDVW QXPEHU RI EHDXWLIXO SURSHUWLHV DQG LQQXPHUDEOH DSSOLFDWLRQV $Q\
SLHFHZLVHFRQWLQXRXVIXQFWLRQ z x y ZLWKILQLWHO\PDQ\GLVFRQWLQXLWLHVLQWKHLQWHUYDORI>
@ FDQEHH[SUHVVHGE\WKHVHTXHQFHRIVXPVRIDQXPEHURI/HJHQGUHSRO\QRPLDOVVKRZQDV
IROORZV
N
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JUDOV
7KHUHFXUVLYHUHODWLRQVKLSRI/HJHQGUHSRO\QRPLDOVLVVKRZQLQWKHIROORZLQJHTXDWLRQ
ªnº
«»
¬ ¼
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¦
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m

n  m 
x n   m ˄n ˈĂĂ˅
 m  n  m  n  m 
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)LJXUH)ORZFKDUWRIWKHSUHVHQWHGDOJRULWKPIRULGHQWLI\LQJVWUXFWXUDOSDUDPHWHUVDQGXQNQRZQH[FLWDWLRQV
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,QWKLVVWXG\ZLWKRXWXVLQJDQ\SDUDPHWULFPRGHOVGHVFULELQJVWUXFWXUDOQRQOLQHDUEHKDYLRU
WKHVWUXFWXUDO15)FRXOGEHGHVFULEHGLQWKHIRUPRI/HJHQGUHSRO\QRPLDORIVWUXFWXUDOUHOD
WLYHYHORFLW\UHODWLYHGLVSODFHPHQWDVVKRZQLQWKHHTXDWLRQ  
k

q

c
c
Ri i > x W  x W  T @ | ¦¦ cinon
i  h  j Lh vi i  L j si i 



h  j 

ZKHUH Ri i > x W  x W T @ LVWKH15)EHWZHHQWKH iWK'2)DQGWKH iWK'2)vLLíDQGsLLíDUH
UHODWLYHYHORFLW\DQGUHODWLYHGLVSODFHPHQWYHFWRUV cinon
i  h  j LVWKHFRHIILFLHQWRIWKHSRO\QRPLDO
kDQGq DUHLQWHJHUV ZKLFKGHSHQGRQ WKH QDWXUH DQG H[WHQW RI WKH QRQOLQHDULW\ Lh vici  DQG
L j sici  DUH /HJHQGUH SRO\QRPLDO 7KH LGHQWLILFDWLRQ IORZFKDUW RI WKH SURSRVHG PHWKRG LV
VKRZQLQGHWDLOVLQ)LJXUHZKHUHZPfgKDQGyDUHH[WHQGHGVWDWHYHFWRUWKHFRYDUL
DQFHPDWUL[RIHUURUH[WHUQDOH[FLWDWLRQVWDWHHTXDWLRQ.DOPDQJDLQPDWUL[DQGREVHUYDWLRQ
YHFWRUUHVSHFWLYHO\
3

NUMERICAL SIMULATION VALIDATION CONSIDERING DIFFERENT
EXCITATION SCENARIOS

7RYHULI\DQGYDOLGDWHWKHHIIHFWLYHQHVVRIWKHSURSRVHGDSSURDFKIRUWKHVWDWHRIWKHVWUXF
WXUHWKHXQNQRZQLQSXWVDQG15)LGHQWLILFDWLRQZLWKRQO\SDUWLDOPHDVXUHPHQWVRIDFFHOHUD
WLRQDQGGLVSODFHPHQWQXPHULFDOVWXGLHVZLWKDIRXUVWRU\VKHDUIUDPHHTXLSSHGZLWKD05
GDPSHURQWKHIRXUWKIORRUWRPLPLFQRQOLQHDUEHKDYLRURIVWUXFWXUHXQGHUWZRGLIIHUHQWH[FL
WDWLRQVFHQDULRVLQFOXGLQJWKHGLUHFWSRLQWH[FLWDWLRQDQGHDUWKTXDNHH[FLWDWLRQDUHFDUULHGRXW
7KH PDVV LQWHUVWRU\ VWLIIQHVV DQG GDPSLQJ FRHIILFLHQWV FRUUHVSRQGLQJ WR HDFK VWRU\ RI WKH
IRXUVWRU\VKHDUIUDPHDUH mi kg  ki kN  m DQG ci kN  s  m  i « UHVSHF
WLYHO\
,QWKHGLUHFWDQDO\VLVRIWKHG\QDPLFUHVSRQVHRIWKHQRQOLQHDUVWUXFWXUHDSDUDPHWULFPRG
HO IRU WKH HPSOR\HG 05 GDPSHU LV UHTXLUHG HYHQ LW LV XQQHFHVVDU\ LQ WKH LGHQWLILFDWLRQ DS
SURDFK SURSRVHG LQ WKLV VWXG\ +HUH WKH PRGLILHG 'DKO PRGHO GHVFULEHG LQ WKH IROORZLQJ
HTXDWLRQLVXVHG>@
MR
f non

K  si i   C vi i   Fd Z  f 



MR
ZKHUH f non
LVWKH15)SURYLGHGE\WKH05GDPSHUKDQG&LVWKHVWLIIQHVVFRHIILFLHQWDQG
GDPSHUFRHIILFLHQWRIWKH05GDPSHU, Fd UHSUHVHQWVWKHFRXORPEIULFWLRQDOIRUFHGHWHUPLQHG
E\ WKH FXUUHQW LQWHQVLW\ si i  DQG vi i  UHSUHVHQW WKH GLVSODFHPHQW DQG YHORFLW\ RI WKH 05
GDPSHULQVWDOOHGRQWKHiWKIORRU f  LVWKHLQLWLDOIRUFHDQGZLVDFRQVWDQWGHWHUPLQHGE\WKH
IROORZLQJHTXDWLRQ

Z

V vi i    Z VJQ vi i 

 

ZKHUH V LV WKH K\VWHUHVLV FRHIILFLHQW RI WKH 05 GDPSHU +HUH WKH SDUDPHWHUV WDNH WKH IRO
ORZLQJYDOXHV V s  m  K  kN  P  C kN  V  P  Fd kN DQG f   
2QO\DFFHOHUDWLRQUHVSRQVHVDWWKHILUVWWKLUGDQGIRXUWKIORRUVDUHXVHGLQLGHQWLILFDWLRQ
6LPXOWDQHRXVO\WKHGLVSODFHPHQWUHVSRQVHVRQWKHVHFRQGDQGIRXUWKIORRUVDUHXVHGIRUGDWD
IXVLRQ7KHDFFHOHUDWLRQUHVSRQVHVDUHSROOXWHGZLWKZKLWHQRLVHVZLWKQRLVHWRVLJQDOUD
WLRLQURRWPHDQVTXDUH,QWKHLWHUDWLYHSURFHVVLQRUGHUWRFRQVLGHUWKHHIIHFWRIWKHLQLWLDO
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YDOXHVRIVWLIIQHVVDQGGDPSLQJFRHIILFLHQWVRQWKHLGHQWLILFDWLRQUHVXOWV$DQGD
LQLWLDOHVWLPDWLRQHUURUIRUERWKVWLIIQHVVDQGGDPSLQJFRHIILFLHQWVDUHFRQVLGHUHG
$QRUPDOL]HGURRWPHDQVTXDUHHUURU 1506( LVGHILQHGWRHYDOXDWHWKHDFFXUDF\RIWKH
XQPHDVXUHGG\QDPLFUHVSRQVHVDVZHOODVWKHXQNQRZQH[FLWDWLRQLGHQWLILFDWLRQUHVXOWV7KH
1506(LVGHILQHGDVIROORZV
np

1506(

¦

J ki  J ka

k 

np

¦

J ka



˄˅

u 



k 

LQZKLFKnpLVWKHQXPEHURIVDPSOLQJSRLQWV J ki DQG J ka DUHWKHLGHQWLILHGXQNQRZQG\QDPLF
UHVSRQVHV15)DQGXQNQRZQH[FLWDWLRQDQGWKHLUDFWXDOYDOXHRIWKHkWKVDPSOHWLPHVWHS
3.1 Case1: A point excitation
7KHQRQOLQHDUVKHDUIUDPHVWUXFWXUHLV VXEMHFWHG WR D VLQXVRLGDOH[FLWDWLRQDSSOLHGRQWKH
WKLUGIORRU%DVHGRQWKHSURSRVHGDSSURDFKWKHLQWHUVWRU\VWLIIQHVVDQGWKHGDPSLQJFRHIIL
FLHQWVRIWKHFRUUHVSRQGLQJOLQHDUSDUWRIWKHVWUXFWXUHDUHLGHQWLILHGDQGWKHLGHQWLILHGUHVXOWV
FRPSDUHGZLWKWKHUHDOYDOXHVDUHVKRZQLQ7DEOH7KHPD[LPXPRIWKHUHODWLYHHUURUVFRU
UHVSRQGLQJWRWKHLQWHUVWRU\VWLIIQHVVDQGGDPSLQJFRHIILFLHQWVDUHDQGUHVSHF
WLYHO\
6WUXFWXUDOSDUDP
HWHUV
k kN  m 
k kN  m 
k kN  m



k kN  m 

5HDO ,GHQWLILHG
6WUXFWXUDOSD
(UURU
YDOXH
YDOXH
UDPHWHUV


 c N  s  m 








 c N  s  m 
 c N  s  m 
 c N  s  m  

5HDO ,GHQWLILHG
(UURU
YDOXH
YDOXH


















7DEOH,GHQWLILHGVWUXFWXUDOSDUDPHWHUV LQLWLDOSDUDPHWHUHUURU 

D

E

)LJXUH,WHUDWLYHLGHQWLILFDWLRQSURFHVVFRPSDUHGZLWKWKHWUXHYDOXHV D VWLIIQHVVRQWKHVHFRQGIORRU E 
GDPSLQJFRHIILFLHQWRQWKHVHFRQGIORRU

)XUWKHULQYHVWLJDWLRQRQWKHHIIHFWRIGLIIHUHQWLQLWLDOHVWLPDWLRQHUURUVRIVWUXFWXUDOVWLIIQHVV
DQGGDPSLQJFRHIILFLHQWVRQWKHLWHUDWLYHSURFHVVHVRIWKHLGHQWLILHGSDUDPHWHUVDQGWKHLULGHQ
WLILFDWLRQDFFXUDF\LVFDUULHGRXWDQGWKHFRUUHVSRQGLQJUHVXOWVDUHSORWWHGLQ)LJXUHZKHUHDV
WKHGDVKHGFXUYHVDUHWKHDFWXDORQHVIRUFRPSDULVRQ,WLVREYLRXVWKDWWKHLGHQWLILHGSDUDPH
WHUVDUHDEOHWRVWDEO\FRQYHUJHWRWKHLUWKHRUHWLFDOYDOXHV)LJXUHGHPRQVWUDWHVWKHFRPSDUL
VRQ RI WKH LGHQWLILHG GLVSODFHPHQW RQ WKH WKLUG IORRU DQG WKH DFFHOHUDWLRQ UHVSRQVH RQ WKH
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VHFRQGIORRUZLWKWKHLUWUXHUHVXOWVGHWHUPLQHGE\LQWHJUDWLRQ)LJXUHVKRZVWKHFRPSDULVRQ
RILGHQWLILHGH[FLWDWLRQIRUFHRQWKHWKLUGIORRUDQGWKH05GDPSHUIRUFHRQWKHIRXUWKIORRU
ZLWKWKHLUWUXHUHVXOWVZKHQWKHLQLWLDOHVWLPDWLRQHUURUVIRUVWLIIQHVVDQGGDPSLQJFRHIILFLHQWV
DUH)URP)LJXUHVDQGLWFDQEHIRXQGWKHLGHQWLILHGUHVXOWVKDYHDJRRGDJUHHPHQW
ZLWKWKHWUXHYDOXHV

 D  E 
)LJXUH7KHFRPSDULVRQRILGHQWLILHGG\QDPLFUHVSRQVHZLWKWKHLUWUXHYDOXHV LQLWLDOSDUDPHWHUHUURU  D 
GLVSODFHPHQWRQWKHWKLUGIORRU E DFFHOHUDWLRQRQWKHVHFRQGIORRU

 D  E 
)LJXUH7KHFRPSDULVRQRILGHQWLILHGH[FLWDWLRQIRUFHDQGWKH05GDPSHUIRUFHZLWKWKHLUWUXHUHVXOWV 
LQLWLDOSDUDPHWHUHUURU  D XQNQRZQH[FLWDWLRQ E WKHK\VWHUHWLFRI05GDPSHURQWKHIRXUWKIORRU

,GHQWLILHGTXDQWLILHV
LQLWLDOSDUDPHWHUHUURU 
'LVSODFHPHQWRQWKHUGIORRU
$FFHOHUDWLRQRQWKHQGIORRU
([FLWDWLRQRQWKHUGIORRU
15)RQWKHWKIORRU

,GHQWLILHGTXDQWLILHV
LQLWLDOSDUDPHWHUHUURU 
'LVSODFHPHQWRQWKHUGIORRU
$FFHOHUDWLRQRQWKHQGIORRU
([FLWDWLRQRQWKHUGIORRU
15)RQWKHWKIORRU

1506( 





1506( 





7DEOH1506(UHVXOWVFRUUHVSRQGLQJWRWKHLGHQWLILHGG\QDPLFUHVSRQVHH[FLWDWLRQDQG15)

7KH 1506( UHVXOWV IRU WKH LGHQWLILHG QXPHULFDO PRGHO DUH VKRZQ LQ 7DEOH  ,W FDQ EH
FOHDUO\VHHQIURP7DEOHWKDWWKHYDOXHVRI1506(DUHYHU\VPDOOZKLFKLQGLFDWHVWKHLGHQ
WLILHGUHVXOWVDUHFORVHWRWKHLUDFWXDORQHV+RZHYHUGLIIHUHQWLQLWLDOSDUDPHWHUHVWLPDWLRQHU
URUVKDYHQRREYLRXVQHJDWLYHLQIOXHQFHRQWKHLGHQWLILHGUHVXOWV
3.2 Case 2: Earthquake excitation
$IXUWKHUFDVHZKHUHWKHQRQOLQHDUVKHDUIUDPHPRGHOLVVXEMHFWHGWRDQHDUWKTXDNHH[FLWD
WLRQZLWKDQDFFHOHUDWLRQSHDNYDOXHRIJLVLQYHVWLJDWHGFRQVLGHULQJWKHIDFWWKDWWKHQRQ
OLQHDU EHKDYLRU LGHQWLILFDWLRQ IRU HQJLQHHULQJ VWUXFWXUHV DIWHU WKH H[FLWLQJ RI HDUWKTXDNH LV
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FULWLFDO%DVHGRQWKHSURSRVHGDSSURDFKWKHLQWHUVWRU\VWLIIQHVVDQGGDPSLQJFRHIILFLHQWVRI
WKHOLQHDUSDUWRIWKHQRQOLQHDUVWUXFWXUHFDQEHLGHQWLILHGDQGFRPSDUHGZLWKWKHLUWUXHYDOXHV
DVVKRZQLQ7DEOH,WFDQEHIRXQGWKDWWKHLQWHUVWRU\VWLIIQHVVFDQEHLGHQWLILHGZLWKDYHU\
KLJK DFFXUDF\ HYHQ QRLVHFRQWDLQHG DFFHOHUDWLRQ UHVSRQVH LV HPSOR\HG 7KH PD[LPXP UHOD
WLYHHUURUIRUGDPSLQJFRHIILFLHQWVLVEXWLVVWLOODFFHSWDEOH
6WUXFWXUDO
SDUDPHWHUV
k kN  m 
k kN  m 
k kN  m 

k kN  m



5HDO ,GHQWLILHG
6WUXFWXUDO
(UURU
YDOXH
YDOXH
SDUDPHWHUV


 c N  s  m 


 c N  s  m 



5HDO ,GHQWLILHG
(UURU
YDOXH
YDOXH









 c N  s  m 











 





 c N  s  m

7DEOH,GHQWLILHGVWUXFWXUDOSDUDPHWHUV LQLWLDOSDUDPHWHUHUURU 

,WHUDWLYHSURFHVVFRPSDULVRQRIWKHLGHQWLILHGSDUDPHWHUVZKHQGLIIHUHQWLQLWLDOHVWLPDWLRQ
HUURUVDUHFRQVLGHUHGDUHVKRZQLQ)LJXUH6LPLODUWRSDUDPHWHULGHQWLILFDWLRQUHVXOWVXQGHU
VLQH H[FLWDWLRQ WKH LGHQWLILHG SDUDPHWHUV FDQ FRQYHUJH WR WKHLU WKHRUHWLFDO YDOXHV ZLWK YHU\
VPDOOHUURU

 D 

 E 

)LJXUH,WHUDWLYHSURFHVVFRPSDULVRQRIWKHLGHQWLILHGSDUDPHWHUVRIVKHDUIUDPHVWUXFWXUH D VWLIIQHVVRQWKH
VHFRQGIORRU E GDPSLQJFRHIILFLHQWRQWKHVHFRQGIORRU

)LJXUH  JLYHV WKH FRPSDULVRQ RI WKH LGHQWLILHG GLVSODFHPHQW UHVSRQVH RQ WKH WKLUG IORRU
DQGWKHDFFHOHUDWLRQUHVSRQVHRQWKHVHFRQGIORRUZLWKWKHLUFRUUHVSRQGLQJDFWXDOUHVXOWV)LJ
XUHVKRZVWKHFRPSDULVRQRILGHQWLILHGEDVHH[FLWDWLRQDFFHOHUDWLRQDQGWKHK\VWHUHWLFRIWKH
05GDPSHURQWKHIRXUWKIORRUZLWKWKHLUWUXHYDOXHV,WFDQEHHDVLO\REVHUYHGIURP)LJXUHV
DQGWKDWWKHLGHQWLILHGXQNQRZQG\QDPLFUHVSRQVHHDUWKTXDNHDFFHOHUDWLRQDQGWKHGDPSLQJ
IRUFHRI05GDPSHUPHHWWKHLUWUXHYDOXHVYHU\ZHOO

 D  E 
)LJXUH7KHFRPSDULVRQRILGHQWLILHGG\QDPLFUHVSRQVHZLWKWKHLUWUXHYDOXHV LQLWLDOSDUDPHWHUHUURU  D 
GLVSODFHPHQWRQWKHWKLUGIORRU E DFFHOHUDWLRQRQWKHVHFRQGIORRU
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)LJXUH7KHFRPSDULVRQRILGHQWLILHGUHVXOWVZLWKLWVWUXHYDOXHV LQLWLDOSDUDPHWHUHUURU  D XQNQRZQ
H[FLWDWLRQ E WKH05GDPSHUIRUFHRQWKHIRXUWKIORRU

7KH1506(UHVXOWVIRUWKHLGHQWLILHGXQNQRZQUHVSRQVHVDUHVKRZQLQ7DEOH,WFDQEH
VHHQIURP7DEOHWKDWWKHYDOXHVRI1506(DUHVPDOOHUZKLFKLQGLFDWHVWKHSURSRVHGPHWK
RGFDQDFFXUDWHO\LGHQWLI\WKHXQNQRZQG\QDPLFUHVSRQVHHDUWKTXDNHDFFHOHUDWLRQDQG15)
ZLWKKLJKDFFXUDF\0RUHRYHUWKHLQLWLDOHVWLPDWLRQHUURUV IRUVWLIIQHVV DQGGDPSLQJFRHIIL
FLHQWVKDYHQRREYLRXVQHJDWLYHHIIHFWRQWKHLGHQWLILFDWLRQUHVXOWV
,GHQWLILHGTXDQWLILHV
LQLWLDOSDUDPHWHUHUURU 
'LVSODFHPHQWRQWKHUGIORRU
$FFHOHUDWLRQRQWKHQGIORRU
([FLWDWLRQRQWKHUGIORRU
15)RQWKHWKIORRU

,GHQWLILHGTXDQWLILHV
LQLWLDOSDUDPHWHUHUURU 
'LVSODFHPHQWRQWKHUGIORRU
$FFHOHUDWLRQRQWKHQGIORRU
([FLWDWLRQRQWKHUGIORRU
15)RQWKHWKIORRU

1506( 





1506( 





7DEOH1506(UHVXOWVFRUUHVSRQGLQJWRWKHLGHQWLILHGG\QDPLFUHVSRQVHH[FLWDWLRQDQG15)

4

CONCLUDING REMARKS

,QWKLVSDSHUDQRQSDUDPHWULF05GDPSHUIRUFHLGHQWLILFDWLRQDSSURDFKEDVHGRQD/HJHQ
GUHSRO\QRPLDODQGDQH[WHQGHG(.)ZLWKXQNQRZQLQSXWLVSURSRVHG1XPHULFDOVLPXODWLRQ
UHVXOWVZLWKD0'2)IUDPHVWUXFWXUHHTXLSSHGZLWKD05GDPSHUXQGHUERWKSRLQWH[FLWDWLRQ
DQG EDVHG HDUWKTXDNH H[FLWDWLRQ VKRZ WKDW WKH SURSRVHG PHWKRG LV FDSDEOH RI LGHQWLI\LQJ
VWUXFWXUDOUHVSRQVHV05GDPSHUIRUFHDQGXQNQRZQLQSXWZLWKDFFHSWDEOHDFFXUDF\LQDQRQ
SDUDPHWULFZD\ZKHUHQRSDUDPHWULFPRGHOVIRUWKH05GDPSHUDUHUHTXLUHG
7KH SURSRVHG DSSURDFK LV SRWHQWLDO IRU VWUXFWXUDO QRQOLQHDULW\ LGHQWLILFDWLRQ ZKLFK SOD\V
NH\UROHVLQSRVWHYHQWGDPDJHSURJQRVLVDQGUHPDLQLQJORDGFDUU\LQJFDSDFLW\DQGUHPDLQLQJ
VHUYLFH OLIH IRUHFDVWLQJ IRU HQJLQHHULQJ VWUXFWXUHV ZKHUH VWUXFWXUDO QRQOLQHDU EHKDYLRU DQG
ORDGLQJSURILOHVVKRXOGEHFRQVLGHUHG
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$WKHQV*UHHFH±1RYHPEHU

REDUCTION OF QUANTIZATION AND CLIPPING ERRORS USING
BAYESIAN VIRTUAL SENSORS
Jyrki Kullaa
0HWURSROLD8QLYHUVLW\RI$SSOLHG6FLHQFHV
32%R[0HWURSROLD)LQODQG
HPDLOM\UNLNXOODD#PHWURSROLDIL

Keywords:9LUWXDOVHQVLQJ%D\HV¶UXOH4XDQWL]DWLRQ&OLSSLQJ2YHUORDGHUURU6HQVRUQHW
ZRUN
Abstract. In vibration monitoring of structures, quantization and overload errors may be significant when measuring vibrations with highly variable magnitudes. In analog-to-digital
(A/D) conversion, each data value must be expressed by a finite number of bits. Therefore, a
finite number of levels are available to approximate an infinite number of analog values. This
A/D conversion results in a round-off error, or quantization error. The signal-to-noise ratio
can be increased by setting the dynamic range so that the analog signal occupies it as much
as possible. If the dynamic range is too small, it can result in overload error due to signal
clipping. Both aforementioned errors can be reduced using Bayesian virtual sensing. Each
data point can be estimated using the data from the whole sensor network on the structure.
The variance of the quantization error is known, which can be used in the likelihood and prior estimation. The resulting posterior mean is more accurate than the quantized signal. The
clipped sensors are estimated using the conditional probability of the clipped sensors given
the remaining unclipped sensors. In a numerical experiment of a bridge structure with 28 accelerometers, the reduction of the quantization error and the reconstruction of the clipped
sensors were studied using the response data only. The main requirement is that the number
of sensors must be greater than the number of active modes to ensure redundancy of the sensor network. The signal-to-noise ratio was used as a performance measure. Virtual sensors
outperformed the quantized data and an optimal dynamic range of the A/D converter was
found.
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1

INTRODUCTION

,QPRQLWRULQJRIVWUXFWXUDOYLEUDWLRQVGLIIHUHQW PDJQLWXGHVRIYLEUDWLRQRFFXU)RUH[DP
SOHDEULGJHPD\YLEUDWHXQGHUWKHH[FLWDWLRQRIGLIIHUHQWW\SHVRIYHKLFOHVYDULDEOHZLQGOHY
HOV VPDOOJURXQG WUHPRURU GLIIHUHQW PDJQLWXGHV RIHDUWKTXDNHV ,QVRPH DSSOLFDWLRQV LW LV
LPSRUWDQW WR PHDVXUHDOOYLEUDWLRQOHYHOV IRU H[DPSOH LQUDLQIORZDQDO\VLV IRU IDWLJXH PRQL
WRULQJ
$QLVVXHLQPHDVXULQJDZLGHUDQJHRIYLEUDWLRQOHYHOVLVWKHTXDQWL]DWLRQHUURU,QDQDORJ
WRGLJLWDO $'  FRQYHUVLRQ HDFK GDWD YDOXH PXVW EH H[SUHVVHG E\ D ILQLWH QXPEHU RI ELWV
7KHUHIRUHDILQLWHQXPEHURIOHYHOVDUHDYDLODEOHWRDSSUR[LPDWHDQLQILQLWHQXPEHURIDQDORJ
YDOXHV 7KLV $' FRQYHUVLRQ UHVXOWV LQ D URXQGRII HUURU TXDQWL]DWLRQ HUURU 7KH VLJQDOWR
QRLVHUDWLRFDQEHLQFUHDVHGE\VHWWLQJWKHG\QDPLFUDQJHVRWKDWWKHDQDORJVLJQDORFFXSLHVLW
DVPXFKDVSRVVLEOH,IWKHG\QDPLFUDQJHLVWRRVPDOOLWFDQUHVXOWLQFOLSSLQJGXHWRRYHUORDG
%RWKRIWKHVHHUURUVPD\EHVLJQLILFDQWZKHQPHDVXULQJYLEUDWLRQZLWKKLJKO\YDULDEOHPDJQL
WXGHV
4XDQWL]DWLRQKDVEHHQVWXGLHGLQFRPPXQLFDWLRQDQGDW\SLFDOSUREOHPLVKRZWRRSWLPDOO\
TXDQWL]H DQDORJ VLJQDOV >@,QWKH SUHVHQW VWXG\ KRZHYHU WKHREMHFWLYH LV WR UHFRQVWUXFWWKH
DOUHDG\TXDQWL]HGVLJQDOVLQRUGHUWRUHGXFHWKHTXDQWL]DWLRQHUURU$XQLIRUPTXDQWL]HULVDV
VXPHGZLWKDXVHUGHILQHGG\QDPLFUDQJH7KHVLJQDOWRQRLVHUDWLR 615  LVXVHGDVDSHU
IRUPDQFH PHDVXUH EHFDXVH LW LV DOVR YHU\ LPSRUWDQW LQ WKH GHWHFWLRQ WKHRU\ >@ XVHG LQ
VWUXFWXUDOKHDOWKPRQLWRULQJ
1RLVHUHGXFWLRQLVGRQHE\DSSO\LQJ%D\HVLDQYLUWXDOVHQVLQJ>@,WLVDVVXPHGWKDWDVHQ
VRUQHWZRUNZLWKVLPXOWDQHRXVVDPSOLQJLVLQVWDOOHGRQWKHVWUXFWXUH,IWKHQHWZRUNLVUHGXQ
GDQW HDFKVHQVRU¶V VLJQDOFDQ EHHVWLPDWHG XVLQJ DOOWKH VLJQDOV LQ WKH QHWZRUN ,W KDV EHHQ
VKRZQWKDWWKH%D\HVLDQYLUWXDOVHQVRUVDUHPRUHDFFXUDWHWKDQWKHDFWXDOPHDVXUHPHQW>@,W
LVDVVXPHGWKDWTXDQWL]DWLRQLVGRQHSURSHUO\DQGTXDQWL]DWLRQHUURULVWKHRQO\VRXUFHRIHUURU
:LWKWKLVDVVXPSWLRQLWLVSRVVLEOHWRFRQFHQWUDWHRQWKHUHVHDUFKTXHVWLRQZKHWKHUTXDQWL]D
WLRQHUURUFDQEHUHGXFHGDIWHUGLJLWL]DWLRQ7KHDQDORJWRGLJLWDOFRQYHUWHU $'& LVKRZHYHU
DQRQLGHDOGHYLFHDQGH[KLELWVDYDULHW\RIHUURUVIRUH[DPSOHOLQHDULW\HUURUJDLQHUURUDQG
RIIVHW HUURU>@,W VKRXOG EH PHQWLRQHGWKDW ZLWKPRGHUQHTXLSPHQWRWKHU PHDVXUHPHQWHU
URUVPD\EHFRQVLGHUDEO\KLJKHUWKDQWKHHUURULQWKH$'FRQYHUVLRQ>@,IDWOHDVWDELW
$'&LVXVHGWKHRWKHUVRXUFHVRIHUURULQWKHGDWDDFTXLVLWLRQDQGSURFHVVLQJSURFHGXUHVDUH
PRUH VLJQLILFDQW LQ SUDFWLFH >@ +RZHYHU HYHQ ZLWK PRGHUQ HTXLSPHQW TXDQWL]DWLRQ HUURUV
FDQ EH VLJQLILFDQW ZKHQ GLIIHUHQW OHYHOV RI PDJQLWXGHV DUH PHDVXUHG ZLWK D IL[HG G\QDPLF
UDQJH
7KHSDSHULVRUJDQL]HGDVIROORZV4XDQWL]DWLRQLVLQWURGXFHGLQ6HFWLRQZLWKWZRW\SHV
RIHUURUVJUDQXODUQRLVHDQGRYHUORDGQRLVH%D\HVLDQYLUWXDOVHQVRUVDUHGHVLJQHGLQ6HFWLRQ
WR UHGXFHWKHTXDQWL]DWLRQHUURU$QXPHULFDOH[SHULPHQWRIDEULGJHGHFN LVSHUIRUPHG LQ
6HFWLRQLQZKLFKWKUHHGLIIHUHQWPDJQLWXGHVRIYLEUDWLRQDUHPHDVXUHGZLWKDFFHOHURPH
WHUVDWGLIIHUHQWSRLQWVRIWKHVWUXFWXUH7KHPHDVXUHPHQWVDUHTXDQWL]HGDQGWKHQUHFRQVWUXFW
HGXVLQJYLUWXDOVHQVLQJ)LQDOO\FRQFOXGLQJUHPDUNVDUHJLYHQLQ6HFWLRQ
2

QUANTIZATION

9LEUDWLRQ GDWD DUH FRQWLQXRXV ERWK LQ WLPH DQG DPSOLWXGH 6DPSOLQJ UHVXOWV LQ WLPH GLV
FUHWL]DWLRQ5HVXOWLQJVDPSOHVDUHVWLOOFRQWLQXRXVLQDPSOLWXGH :KHQWKHVDPSOHVDUHGLJLW
L]HG LQ WKH DQDORJWRGLJLWDO FRQYHUWHU $'&  URXQGLQJ HUURU RFFXUV 4XDQWL]DWLRQ LV WKH
SURFHVV RI DSSUR[LPDWLQJ WKH FRQWLQXRXV UDQJH RI YDOXHV ZLWK D ILQLWH QXPEHU RI ELWV 7KH
RXWSXW YDOXHV DUH UHIHUUHG WR DVRXWSXW OHYHOV RXWSXW SRLQWV RU UHSURGXFWLRQYDOXHV >@ 7KH
QXPEHURIELWVGHWHUPLQHVWKHQXPEHURIOHYHOV L
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L  R



ZKHUH RLVWKHZRUGVL]HUHVROXWLRQRUFRGHUDWH)RUH[DPSOHIRUDQGELW$'&V
WKHQXPEHURIOHYHOVDUHDQGUHVSHFWLYHO\
7KHTXDQWL]HUGLYLGHVWKHUHDOOLQHLQWR LFHOOV)LJXUHVKRZVWKHTXDQWL]HUFKDUDFWHULVWLFV
RIDXQLIRUPELWTXDQWL]HUZLWK L  SRVVLEOH OHYHOV 7KH PDSSLQJ y Q x LQ)LJXUH
DLVDVWDLUFDVHIXQFWLRQDQGWKHTXDQWL]DWLRQHUURULVVKRZQLQ)LJXUHE(DFKERXQGHGFHOO
LVFDOOHGDJUDQXODUFHOODQGDFHOOWKDWLVXQERXQGHGLVFDOOHGDQRYHUORDGFHOO7RJHWKHUDOORI
WKHRYHUORDGFHOOVDUHFDOOHGWKHRYHUORDGUHJLRQ>@7KHUDQJHRIWKHTXDQWL]HULVGHILQHGDV
WKHWRWDOOHQJWKRIWKHJUDQXODUFHOOV
,QDXQLIRUPTXDQWL]HUWKHTXDQWL]HGVLJQDO y ti LVREWDLQHGIURPWKHVDPSOHGFRQWLQXRXV
DPSOLWXGHGDWD x ti XVLQJWKHIROORZLQJ

x t  
y ti  x  IORRU  i  
 x  



ZKHUH ti LV WKH VDPSOLQJ LQVWDQW DQG x LV WKH TXDQWL]DWLRQ LQWHUYDO 7KH IXQFWLRQ IORRU x
URXQGV xWRWKHQHDUHVWLQWHJHUOHVVWKDQRUHTXDOWR x$QDQDORJVLJQDODQGWKHFRUUHVSRQGLQJ
TXDQWL]HGVLJQDOZLWKDELW$'&DUHSORWWHGLQ)LJXUH
,QRUGHUWRVWXG\WKHTXDQWL]DWLRQHUURULWLVDVVXPHGWKDWQRRWKHUHUURUVRFFXUDQGTXDQWL
]DWLRQLVGRQHSURSHUO\,WVKRXOGEHQRWHGWKDWRWKHUVRXUFHVRIHUURU QRLVH FDQEHPRUHVH
ULRXVWKDQWKHTXDQWL]DWLRQHUURUHJDSHUWXUHHUURUMLWWHUDQGQRQOLQHDULWLHV>@
8QLIRUP TXDQWL]DWLRQ LV DVVXPHG LQ ZKLFK WKH LQWHUYDOV x DUH RI WKH VDPH OHQJWK 7KH
WUXHYDOXH DW HDFKVDPSOLQJ LQVWDQW LV DSSUR[LPDWHG E\WKH TXDQWL]HG OHYHOFORVHVW WR LW 7KH
TXDQWL]DWLRQHUURU

w n  y n x n



WKXVYDULHVEHWZHHQ±x DQG x $XQLIRUPSUREDELOLW\GHQVLW\IXQFWLRQRIWKHTXDQWL]D
WLRQHUURULVDVVXPHG>@

 
p w   x
 



 x  w  x


RWKHUZLVH



7KHPHDQYDOXHRIWKHHUURULV]HURDQGWKHYDULDQFHLV


 w   w p w dw 


 x 
x 
w
dw


x x
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Quantization Error

5

Continuous Amp
Quantized

3.5714
2.1429

0.7143
Error

y

0.7143
-0.7143

0
-0.7143

-2.1429
-3.5714
-5

-5

0
x

5

-10

-5

0
x

D

5

10

E

)LJXUH D 0DSSLQJRIDELWXQLIRUPTXDQWL]HUDQG E WKHTXDQWL]DWLRQHUURU

x(t)

Continuous Amp
Quantized
5
3.5714
2.1429
0.7143
-0.7143
-2.1429
-3.5714
-5

0

1

2

3

4

5

t

)LJXUH$QH[DPSOHRIDTXDQWL]HGVLJQDOZLWKDELW$'&

2.1

Granular and overload noise

7KHTXDQWL]DWLRQHUURU  LVRIWHQGHQRWHGDVQRLVHLQWURGXFHGE\WKHTXDQWL]HU*UDQXODU
QRLVH RFFXUV IRU DQ LQSXW WKDW OLHV ZLWKLQ WKH ERXQGHG FHOOV RI WKH TXDQWL]HU 7KH RYHUORDG
QRLVHLVLQWURGXFHGLIWKHLQSXWOLHVLQWKHRYHUORDGUHJLRQLHLQDQXQERXQGHGFHOO7KHUHIRUH
JUDQXODUHUURULVUHODWLYHO\VPDOOZKLOHRYHUORDGQRLVHFDQEHYHU\ODUJH )LJXUHEDQG)LJXUH
 >@
7KH SHUIRUPDQFH RI WKH TXDQWL]HU LV RIWHQ VSHFLILHG LQ WHUPV RI D VLJQDOWRQRLVH UDWLR
615  ,W VKRXOG EH PHQWLRQHG WKDW WKH 615 LV DOVR LPSRUWDQW LQ WKH GHWHFWLRQ WKHRU\ >@
6WUXFWXUDOKHDOWKPRQLWRULQJ 6+0 XWLOL]HV PHDVXUHGYLEUDWLRQVLJQDOVLQGDPDJHGHWHFWLRQ
7KHUHIRUHDTXDQWL]HUZLWKDODUJH615LVDGYDQWDJHRXV>@
7KH615LVGHILQHGDV>@

E X
SNR   ORJ
D



ZKHUH D LV WKH DYHUDJH GLVWRUWLRQ ZKLFK IRU D XQLIRUP TXDQWL]HU LV JLYHQ LQ   LI WKH LQSXW
VLJQDOLVERXQGHGLQWKHJUDQXODUUHJLRQ
,QSUDFWLFH PRVWRIWKHVLJQDOVDUHXQERXQGHGDQGWKHPD[LPXPHUURULVLQILQLWH7KHUH
IRUH WKH RYHUORDG UHJLRQ VKRXOG EH DYRLGHG 2Q WKH RWKHU KDQG IRU WKH EHVW VLJQDOWRQRLVH
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UDWLR 615 WKHPHDVXUHGVLJQDOPXVWRFFXS\DVPXFKRIWKHDYDLODEOH$'&UDQJHDVSRVVL
EOH7KH$'&VHWWLQJLVWKHUHIRUHDWUDGHRIIEHWZHHQWKHPD[LPDO615DQGDVPDOOSUREDELO
LW\RIRYHUORDG
,IWKH $'&UDQJH LVDGMXVWHGWRWKHH[WUHPHHYHQWVWKH615RIWKHVPDOOHYHQWV PD\EH
FRPH VPDOO 2Q WKH RWKHU KDQG LI WKH $'& UDQJH LV DGMXVWHG WR VPDOO DPSOLWXGHV WKH ODUJH
YLEUDWLRQVFDQUHVXOWLQRYHUORDGHUURUGXHWRVLJQDOFOLSSLQJ&OLSSLQJRFFXUVLIWKHPHDVXUHG
VLJQDOH[FHHGV WKH $'& UDQJH 7KHVH RYHUORDG HUURUV FDQEH XQERXQGHG 7KH TXDQWL]HU DS
SUR[LPDWHVWKHYDOXHVLQWKHRYHUORDGUHJLRQWRWKHPD[LPXP RUPLQLPXP TXDQWL]DWLRQOHY
HOZKLFKLVWKHRYHUORDGDPSOLWXGH,QWKHVLJQDOSORWLWORRNVOLNHWKHVLJQDOSHDNVKDYHEHHQ
FOLSSHG )LJXUH 
7KHFOLSSHGFKDQQHOVPD\EHXVHOHVVGXHWRDODUJHHUURU)RUWXQDWHO\FOLSSLQJ LVHDV\WR
GHWHFW,WPD\EHSRVVLEOHWRUHFRQVWUXFWFOLSSHGGDWDLIWKHUHH[LVWXQFOLSSHGFKDQQHOVDWWKH
VDPHGDWDSRLQW7KHUHFRQVWUXFWLRQFDQEHGRQHXVLQJ%D\HVLDQYLUWXDOVHQVLQJLQWURGXFHGLQ
WKHQH[WVHFWLRQDQGDSSOLHGWRERWKJUDQXODUDQGRYHUORDGHUURUV
3

BAYESIAN VIRTUAL SENSING

%D\HVLDQ YLUWXDO VHQVLQJ LV XVHG WR HVWLPDWH VHQVRU GDWD WKDW DUH PRUH DFFXUDWH WKDQ WKH
TXDQWL]HGVLJQDOV$VHQVRUQHWZRUNZLWKVLPXOWDQHRXVVDPSOLQJLVUHTXLUHG7KHREMHFWLYHLV
WR UHGXFH WKH TXDQWL]DWLRQ HUURU RI HDFK VLJQDO XVLQJ DOO WKH TXDQWL]HG UHVSRQVH GDWD LQ WKH
QHWZRUN
7KHPDLQUHTXLUHPHQWLVWKDWWKHQXPEHURIVHQVRUVLQWKHQHWZRUNLVODUJHHQRXJKWRPDNH
WKHV\VWHPUHGXQGDQW,QSUDFWLFHWKHQXPEHURIVHQVRUVVKRXOGEHODUJHUWKDQWKHQXPEHURI
DFWLYHPRGHV
7KHUHDUHWZRGLIIHUHQWTXDQWL]DWLRQHUURUVGLVFXVVHGLQ6HFWLRQ7KHJUDQXODUHUURULVUH
GXFHGZLWKDGLIIHUHQWDOJRULWKPWKDQWKHRYHUORDGHUURU,QRUGHUWRUHGXFHJUDQXODUQRLVHDOO
FKDQQHOVFDQEHXVHGLQHVWLPDWLRQH[FOXGLQJWKHFOLSSHGGDWD)RUJUDQXODUHUURUWKHVHQVRU¶V
RZQTXDQWL]HGYDOXHFDQEHDOVRXWLOL]HGEHFDXVHLWVHUURUYDULDQFHLVNQRZQ7RUHGXFHRYHU
ORDGHUURUDQGUHFRQVWUXFWWKHFOLSSHGGDWDWKHUHPDLQLQJXQFOLSSHGFKDQQHOVVKRXOGEHRQO\
XVHGIRUHVWLPDWLRQ7KHGDWDIURPWKHFOLSSHGVHQVRUFDQQRW EHXVHGEHFDXVHLWVQRLVHYDUL
DQFHLVXQNQRZQ$QRWKHURSWLRQLVWRDVVLJQDQLQILQLWHHUURUYDULDQFHWRDOOFOLSSHGVHQVRUV
7KLVZRXOGDOORZWKHGHYHORSPHQWRIDXQLILHGDOJRULWKP
1RWLFHWKDWQRPDWKHPDWLFDOPRGHO HJDILQLWHHOHPHQWPRGHO LVQHHGHG7KHYLUWXDOVHQ
VRUVDUHHVWLPDWHGEDVHGRQTXDQWL]HGPHDVXUHPHQWRQO\$OVRWKHH[FLWDWLRQLVXQNQRZQ
(PSLULFDOYLUWXDOVHQVLQJLVDSSOLHGWRWKHFXUUHQWPHDVXUHPHQW&RQVLGHUDVHQVRUQHWZRUN
PHDVXULQJ pVLPXOWDQHRXVO\VDPSOHGUHVSRQVHV y y ti DWWLPHLQVWDQW ti $QDGGLWLYH QRLVH
PRGHORITXDQWL]DWLRQ LV DVVXPHG >@ (DFK PHDVXUHPHQW yLQFOXGHV PHDVXUHPHQW HUURU w
w ti   
y  xw

ZKHUH x x ti DUHWKHH[DFW YDOXHVRIWKH PHDVXUHGGHJUHHVRIIUHHGRP '2) $OOYHFWRUV
DUHGLYLGHGLQWRSUHGLFWHG'2)V uDQGUHPDLQLQJ'2)V v
y u 
y 
y v 

x u 
xm   
x v 

w u 
w 
w v 



)RU VLPSOLFLW\ EXW ZLWKRXW ORVV RI JHQHUDOLW\ DVVXPH ]HURPHDQ YDULDEOHV y 7KH SDUWL
WLRQHGGDWDFRYDULDQFHPDWUL[ yLV

812

-\UNL.XOODD

 

Ȉ y  ( yy

T

 Ȉ y uu

 Ȉ y vu

Ȉ y uv  ī y uu

Ȉ y vv   ī y vu

ī y uv 
ī y vv 



 ī y



ZKHUHWKHSUHFLVLRQPDWUL[ yLVGHILQHGDVWKHLQYHUVHRIWKHGDWDFRYDULDQFHPDWUL[ yDQGLV
DOVRZULWWHQLQSDUWLWLRQHGIRUP(  GHQRWHVWKHH[SHFWDWLRQRSHUDWRU
7KHREMHFWLYHLVWRILQGDOLQHDUHVWLPDWRUIRUWKHYLUWXDOVHQVRUV,WLVZHOONQRZQWKDWOLQH
DUHVWLPDWRULVGHULYHGLIWKHYDULDEOHVDUHQRUPDOO\GLVWULEXWHG7KHUHIRUHHYHQLIWKHJUDQXODU
HUURU LV XQLIRUPO\ GLVWULEXWHG D QRUPDO GLVWULEXWLRQ LV DVVXPHG LQ WKLV SDSHU ZLWK WKH VDPH
PHDQDQGYDULDQFHDVWKHWUXHGLVWULEXWLRQ
$OLQHDUPLQLPXPPHDQVTXDUHHUURU 006( HVWLPDWHIRU y u _ y v  yuJLYHQ yv LVREWDLQHG
E\PLQLPL]LQJWKHPHDQVTXDUHHUURU 06( DQGFDQEHFRPSXWHGHLWKHUXVLQJWKHFRYDULDQFH
RUSUHFLVLRQPDWUL[>@7KHH[SHFWHGYDOXHRUWKHFRQGLWLRQDOPHDQRIWKHSUHGLFWHGYDUL
DEOHLV
yÖ u  ( y u _ y v   ī yuu ī y uv y v  Ky v



ZKHUH K   ī yuu ī y uv 7KHHUURUFRYDULDQFH06(LV
FRY y u _ y v  ī yuu



0HDVXUHPHQW HUURU w LV DVVXPHG WR EH JUDQXODU QRLVH RQO\DQG LQGHSHQGHQW RI x ZLWK D
FRYDULDQFHPDWUL[ VHH(TXDWLRQ
 Ȉ wuu
Ȉ w  E ww T  
 Ȉ w vu





Ȉ wuv  x  I uu

Ȉ wvv    0

0
I vv 



ZKHUH IuuDQG IvvDUHXQLW\PDWULFHVZLWKSURSHUGLPHQVLRQV
8VLQJ(TXDWLRQDQGWKHDVVXPHGQRLVHPRGHOWKHFRQGLWLRQDOPHDQVRI yDQG xDUHHTXDO
E y u _ y v  E xu _ y v  E w u  E xu _ y v



8VLQJ(TXDWLRQVDQGWKH006(HUURUFRYDULDQFHFRQWDLQVERWKWKHHVWLPDWLRQHUURU
DQGQRLVH
FRY y u _ y v  FRY x u _ y v  Ȉ wuu



7KHREMHFWLYHLVWRILQGDEHWWHUHVWLPDWHIRU xuWKDQWKHDFWXDOPHDVXUHPHQW yuXWLOL]LQJWKH
QRLV\PHDVXUHPHQWV yIURPWKHVHQVRUQHWZRUN)URP%D\HV¶UXOH

p x u _ y  p xu _ y u  y v 

p y u _ xu  y v p xu _ y v
p yu _ yv



ZKHUHWKHOLNHOLKRRGLV
p y u _ x u  y v  p y u _ x u  N y u _ x u  Ȉ wuu



p x u _ y v  N x u _ Ky v  Ȉ SULRU



DQGWKHSULRULV

DQGWKHSULRUFRYDULDQFHLVREWDLQHGIURP  DQG  
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Ȉ SULRU  FRY x u _ y v  ī yuu  Ȉ wuu



7KHGHQRPLQDWRU p y u _ y v LQ  LVD*DXVVLDQZLWKPHDQ  DQGFRYDULDQFH  DQG
FDQEHHDVLO\HYDOXDWHG+RZHYHULWLVPHUHO\DQRUPDOL]LQJIDFWRUZKLFKGRHVQRWGHSHQGRQ
xuDQGLWVFRPSXWDWLRQLVQRWQHFHVVDU\
7KHSRVWHULRUGLVWULEXWLRQ  LVREWDLQHGE\VRPHPDQLSXODWLRQUHVXOWLQJLQ

p x u _ y  p y u _ xu p xu _ y v

 


 H[S  y u  x u T Ȉ wuu y u  x u  x u  Ky v T Ȉ SULRU
x u  Ky v 

 

T

 



Ky v Ȉ SRVW
x u  Ȉ SRVW Ȉ wuu y u  Ȉ SULRU
Ky v 
 H[S  x u  Ȉ SRVW Ȉ wuu y u  Ȉ SULRU

 











ZKHUHWKHSRVWHULRUFRYDULDQFH Ȉ SRVW LV
Ȉ SRVW  FRY x u _ y  Ȉw,uu  ȈSULRU





DQGWKHSRVWHULRUPHDQLV
xÖ u  E xu _ y  Ȉ SRVW Ȉ wuu y u  Ȉ SULRU Ky v



1RWLFHWKDWWKHSRVWHULRUPHDQ  LVDZHLJKWHGVXPRIDOOVHQVRUUHDGLQJVLQWKHQHWZRUN
(TXDWLRQ  FDQDOVREHZULWWHQLQWKHIROORZLQJPDWUL[IRUP



xÖ u  Ȉ SRVW Ȉ w uu



y u 

Ȉ SRVW ȈSULRU
K    aTu y
y v 



ZKHUHWKHFRHIILFLHQWURZYHFWRU aTu LV



aTu  Ȉ SRVW Ȉ wuu


Ȉ SRVW Ȉ SULRU
K





)RUHDFKVLQJOHVHQVRU uDFRUUHVSRQGLQJYHFWRU aTu LVFRPSXWHG$OOWKHVHYHFWRUVFDQEH
DVVHPEOHGLQDFRHIILFLHQWPDWUL[ A WRFRPSXWHDOOHVWLPDWHVVLPXOWDQHRXVO\

aT 
 T
a
xÖ    y  Ay
•
 T
a p 



ZKHUHHDFKURZ uRIPDWUL[ AUHSUHVHQWVWKHFRUUHVSRQGLQJVHQVRU1RWLFHWKDWERWK uDQG v
UHSUHVHQW WKH XQFOLSSHG VHQVRUV RQO\ 5HFRQVWUXFWLRQ RI FOLSSHG VHQVRUV LV GLVFXVVHG LQ WKH
QH[WVHFWLRQ
3.1

Reduction of overload error

$ GLIIHUHQW DOJRULWKP LV SURSRVHG WR UHGXFH RYHUORDG HUURU 7KH UHFRQVWUXFWLRQ RI WKH
FOLSSHGVHQVRUVLQDVLQJOHGDWDSRLQW FDQEHGRQHVLPXOWDQHRXVO\XVLQJWKHSULRU PHDQ 
DQGSULRUFRYDULDQFHPDWUL[  7KHSRVWHULRUPHDQLVQRWXVHGEHFDXVHWKHQRLVHYDULDQFHV
RIWKHFOLSSHGVHQVRUVDUHQRWNQRZQ6HQVRUV uLQFOXGHDOOFOLSSHGVHQVRUVDWWKHGDWDSRLQW
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ZKLOHVHQVRUV vLQFOXGHWKHUHPDLQLQJXQFOLSSHGVHQVRUV&OLSSHGVHQVRUVDUHHDV\WRGHWHFW
WKHLUYDOXHVDUHHTXDOWRWKHRYHUORDGDPSOLWXGH
,WLVLPSRUWDQWWRKDYHWUDLQLQJGDWDZLWKJUDQXODUHUURURQO\7KHGDWDFRYDULDQFHPDWUL[LV
HVWLPDWHGIURPWKHWUDLQLQJGDWD$OVRWKHFRYDULDQFHPDWUL[RIWKHTXDQWL]DWLRQHUURU  LV
IRUPHGXVLQJWKHNQRZQ$'&VHWWLQJV
4

NUMERICAL EXPERIMENT

$QXPHULFDOVLPXODWLRQZDVSHUIRUPHGXVLQJDILQLWHHOHPHQWPRGHORIDVWLIIHQHGEULGJH
GHFN )LJXUH   7KH VWUXFWXUH ZDV  P ORQJ DQG  P ZLGH ,W KDG IRXU ORQJLWXGLQDO DQG
WKUHHODWHUDOVWLIIHQHUV7KHVODEZDVPDGHRIFRQFUHWHZLWKD<RXQJ¶VPRGXOXVRI E *3D
3RLVVRQUDWLRRI  GHQVLW\RI  NJPDQGWKLFNQHVVRIPP7KHVWLIIHQHUV
ZHUHPDGHRIVWHHO E *3D    NJP 7KHORQJLWXGLQDOVWLIIHQHUVKDGD
ZHEZLWKDWKLFNQHVVRI t PPDQGDKHLJKWRI h P7KHERWWRPIODQJHKDGDWKLFN
QHVVRI t PPDQGDZLGWKRI b PP7KHODWHUDOVWLIIHQHUVZHUHPKLJKDQG
PPWKLFNSODWHV
7KH PRGHOOLQJ ZDV GRQH XVLQJ IRXUQRGH GLVFUHWH .LUFKKRII TXDGULODWHUDO VKHOO HOHPHQWV
ZLWKDGLDJRQDOPDVVPDWUL[7KHQRGHVRIWKHERWWRPIODQJHVZHUHVLPSO\VXSSRUWHGDWERWK
HQGVRIWKHEULGJH/RQJLWXGLQDOGLVSODFHPHQWVZHUHIL[HGRQO\DWRQHHQGRIWKHEULGJH7KH
FRUQHUVRIWKHFRQFUHWHGHFNZHUHVXSSRUWHGLQWKHODWHUDODQGYHUWLFDOGLUHFWLRQV
6HYHQ ORZHVW PRGHV ZHUH LQFOXGHG LQ WKH DQDO\VLV ZLWK QDWXUDO IUHTXHQFLHV RI  +]
+]+]+]+]+]DQG+]0RGDOGDPSLQJZDVDVVXPHGZLWK
GDPSLQJUDWLRVRI      DQG    
7ZRLQGHSHQGHQWXQNQRZQUDQGRPORDGVZHUHDSSOLHGDWQRGHVDQGLQWKHYHUWLFDO
GLUHFWLRQ WKH JUHHQ VTXDUHV LQ )LJXUH   7KUHH ORDG FDVHV ZHUH VLPXODWHG ZLWK GLIIHUHQW
VWDQGDUG GHYLDWLRQV RI WKH UDQGRP H[FLWDWLRQV   PHGLXP H[FLWDWLRQ ZLWK F  1 DQG
F  1   VPDOO H[FLWDWLRQ ZLWK F  1 DQG F  1 DQG   ODUJH H[FLWDWLRQ
ZLWK F   1 DQG F   1 %HFDXVH DPELHQW H[FLWDWLRQZDV DVVXPHG WKH VWHDG\
VWDWH UHVSRQVH ZDV FRPSXWHG )RU WKH VWHDG\ VWDWH DQDO\VLV SHULRGLF SVHXGRUDQGRP H[FLWD
WLRQVLQWKHIUHTXHQF\UDQJHEHWZHHQDQG+]ZLWKUDQGRPDPSOLWXGHVDQGSKDVHVZHUH
JHQHUDWHG>@DQGWKHDQDO\VLVZDVSHUIRUPHGLQWKHIUHTXHQF\GRPDLQ>@7KHH[FLWDWLRQ
ZDVQRWPHDVXUHG
7KH UHVSRQVH ZDV FRPSXWHG ZLWK D PRGDO VXSHUSRVLWLRQ DOJRULWKP XVLQJ WKH ILUVW VHYHQ
PRGHV7KHDQDO\VLVSHULRGZDVVZLWKDVDPSOLQJ IUHTXHQF\RI+]2QHPHDVXUH
PHQWSHULRGWKHQLQFOXGHGVDPSOHVIURPHDFKVHQVRU
9HUWLFDO DFFHOHUDWLRQV ZHUH PHDVXUHG DW  SRLQWV VKRZQ LQ )LJXUH  (DFK FKDQQHOZDV
TXDQWL]HGZLWKDELW $'& L 7KHG\QDPLFUDQJHZDVWKHVDPHLQDOOFKDQQHOV,W
ZDV VHW VR WKDW D SUHVFULEHG PD[LPXP QXPEHU RI FKDQQHOV RYHUORDGHG VLPXOWDQHRXVO\ 7KH
TXDQWL]DWLRQ LQWHUYDO x ZDV WKXV NQRZQ DQG WKH YDULDQFH RI WKH TXDQWL]DWLRQ HUURU  w ZDV
FRPSXWHG DQG XVHG LQHVWLPDWLQJ WKH HPSLULFDO %D\HVLDQ YLUWXDOVHQVRUV IURPWKH SK\VLFDOO\
PHDVXUHGDQGGLJLWL]HGDFFHOHUDWLRQV7KHWUDLQLQJGDWDZHUHDOOGDWDSRLQWVZLWKQR FOLS
SLQJ
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)LJXUH)LQLWHHOHPHQWPRGHORIWKHEULGJHGHFN7KHDFFHOHURPHWHUVDUHVKRZQZLWKUHGFLUFOHVDQGWKHH[FLWD
WLRQSRLQWVZLWKJUHHQVTXDUHV

4.1

Reduction of granular noise

)LUVWTXDQWL]DWLRQHUURUGXHWRJUDQXODUQRLVHZDVRQO\VWXGLHG2YHUORDGZDVQRWDOORZHG
VRWKDWWKHRQO\PHDVXUHPHQWHUURUZDVGXHWRJUDQXODUQRLVH7KHG\QDPLFUDQJHZDVVHWWR
PV x ±PVDQGWKHVWDQGDUGGHYLDWLRQRIWKHTXDQWL]DWLRQHUURUZDV w
 ± PV ZKLFK ZDV NQRZQ )LJXUH  VKRZV WKDW WKH DFWXDO TXDQWL]DWLRQ HUURU ZDV
HTXDOWRWKHWKHRUHWLFDOYDOXH  RU  w  x    x 7KHWKHRUHWLFDOYDOXHZDVXVHG
LQ%D\HVLDQYLUWXDOVHQVLQJZKLFKUHVXOWHGLQYLUWXDOVHQVRUVKDYLQJOHVVQRLVHWKDQWKHDFWXDO
PHDVXUHPHQWDVVKRZQLQ)LJXUH,WFDQEHVHHQWKDWDOOYLUWXDOVHQVRUVZHUHPRUHDFFXUDWH
WKDQWKHDFWXDOKDUGZDUH+RZHYHUWKHHUURUVLQWKHYLUWXDOVHQVRUVZHUHQRORQJHUHTXDOEXW
YDULHGEHWZHHQVHQVRUV
7KHVLJQDORIVHQVRULVVKRZQLQ)LJXUHD7KHWKUHHPHDVXUHPHQWVZLWKGLIIHUHQWPDJ
QLWXGHV FDQ EH FOHDUO\ GLVWLQJXLVKHG 7KH QXPEHU RI TXDQWL]DWLRQ OHYHOV LQ PHDVXUHPHQW 
ZLWKYHU\VPDOODFFHOHUDWLRQDPSOLWXGHVZDVEHWZHHQ VHQVRU DQG VHQVRU $GHWDLO
RIWKHVLJQDORIVHQVRULVVKRZQLQ)LJXUHE,WFDQEHVHHQWKDWWKHTXDQWL]DWLRQHUURUZDV
VLJQLILFDQWUHVXOWLQJLQDORZ615$OVRLQWKHVDPHSORWLVWKHYLUWXDOVHQVRUGDWDZKLFKLV
YHU\FORVHWRWKHH[DFWGDWD
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4.2

Overload error in maximum of 60% sensors

7KHG\QDPLFUDQJHRIWKH$'&ZDVDGMXVWHGVRWKDWWKHPD[LPXPQXPEHURIFKDQQHOVLQ
WKHRYHUORDGUHJLRQZDV RIWKHWRWDOQXPEHURIVHQVRUV 7KHG\QDPLFUDQJHZDVVHW
WR PV x ±PVDQGWKHVWDQGDUGGHYLDWLRQRIWKHTXDQWL]DWLRQHUURUZDV
w ±PV7KHVLJQDORIVHQVRULVVKRZQLQ)LJXUH,WFDQEHVHHQWKDWFOLSSLQJ
RFFXUUHGVHYHUDOWLPHVGXULQJ PHDVXUHPHQW +RZHYHU WKHFOLSSHGVHQVRUVFRXOGEHUHFRQ
VWUXFWHGXVLQJWKHGDWDRIWKHXQFOLSSHGVHQVRUV
7KHHVWLPDWLRQHUURURIWKHYLUWXDOVHQVRUVDQGDUHSORWWHGLQ)LJXUHWRJHWKHUZLWKWKH
HVWLPDWHG  OLPLWV 1RWLFH WKDW WKH HVWLPDWLRQ HUURU LV ODUJHU IRU WKH GDWD SRLQWV KDYLQJ
FOLSSHGVHQVRUV7KLVLVEHFDXVHDVPDOOHUQXPEHURIVHQVRUVFRXOGEHXVHGLQWKHHVWLPDWLRQ
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4.3

The effect of the dynamic range of the ADC

7KH REMHFWLYH LV WR PD[LPL]H WKH 615 7KLV FDQ EH GRQH E\ IXOO\ XWLOL]LQJ WKH G\QDPLF
UDQJHRIWKH$'&+RZHYHUWKHH[FLWDWLRQOHYHOVFDQYDU\FRQVLGHUDEO\DQGWKHPD[LPXPLV
XQNQRZQ7KLVFDQUHVXOWLQRYHUORDGHUURUGXHWRFOLSSLQJ
7KH 615V RI WKH WKUHH PHDVXUHPHQWV ZHUH VWXGLHG E\ YDU\LQJ WKH G\QDPLF UDQJH RI WKH
$'&,QWKHILUVWFDVHDOOPHDVXUHPHQWVZHUHZLWKLQWKHJUDQXODUUHJLRQVDQGQRFOLSSLQJRF
FXUUHG 6HFWLRQ ,QWKHQH[WWKUHHFDVHVWKHPD[LPXPQXPEHURIFOLSSHGVLJQDOVLQDVLQ
JOHGDWDSRLQW ZDV 6HFWLRQ DQGFRUUHVSRQGLQJWRUHVSHFWLYHO\ DQG
RIWKH WRWDOQXPEHU RIVHQVRUV LQWKH QHWZRUN 7KHKLVWRJUDPV VKRZLQJ WKH QXPEHU RI
GDWDSRLQWVYHUVXVWKHQXPEHURIRYHUORDGHGFKDQQHOVDUHSORWWHGLQ)LJXUH
7KH615ZDVFRPSXWHGIRUHDFKFDVHDQGVHSDUDWHO\IRUHDFKPHDVXUHPHQW%HFDXVHWKH
QRLVHOHVVVLJQDOZDVNQRZQWKH615YDOXHVDUHDFFXUDWH7KH615VRIHDFKSK\VLFDODQGYLU
WXDOVHQVRULQDOOWKUHHPHDVXUHPHQWVDUHSORWWHGLQ)LJXUH)LUVWLWFDQEHVHHQWKDWWKHYLU
WXDOVHQVRUVSURYLGHGKLJKHU615VWKDQWKHSK\VLFDOVHQVRUVLQDOOFDVHV
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)LJXUH6LJQDOWRQRLVHUDWLRV 615 RISK\VLFDO EOXHFLUFOHV DQGYLUWXDO UHGVTXDUHV VHQVRUVLQHDFKPHDV
XUHPHQW WRSPHDVXUHPHQWPLGGOHPHDVXUHPHQWDQGERWWRPPHDVXUHPHQW ,QPHDVXUHPHQWWKHPD[
LPXPQXPEHURIFOLSSHGVHQVRUVLQDVLQJOHGDWDSRLQWZDV D  QRFOLSSLQJ  E    F   DQG G
  

6HFRQGWKH615VRIPHDVXUHPHQWVDQGLQFUHDVHGZKHQWKHG\QDPLFUDQJHRIWKH$'&
ZDVGHFUHDVHG7KLVLVEHFDXVHWKHWZRPHDVXUHPHQWVRFFXSLHGDODUJHUG\QDPLFUDQJHRIWKH
$'& DQG QR FOLSSLQJ RFFXUUHG LQ DQ\ FKDQQHOV $OO GDWD SRLQWV RI PHDVXUHPHQWV  DQG 
FRXOGWKHUHIRUHEHHQXVHGDVWUDLQLQJGDWD
7KH PRVW LQWHUHVWLQJ LV WKH PHDVXUHPHQW  LQ ZKLFK GLIIHUHQW QXPEHU RI RYHUORDG HUURUV
RFFXUUHG :LWKSK\VLFDO VHQVRUVWKH 615 GHFUHDVHG FRQVLGHUDEO\GXH WR RYHUORDGLQJ +RZ
HYHU WKH YLUWXDOVHQVRUV H[KLELWHG DQ LQFUHDVLQJ 615 XSWRWKH FDVH ZLWKD PD[LPXPRI
FKDQQHOV   FOLSSLQJ VLPXOWDQHRXVO\ %H\RQG WKDW UHFRQVWUXFWLRQ RI WKH FOLSSHG VLJQDOV
EHFDPHLQDFFXUDWH
7KH PD[LPXPDQG PLQLPXP615RIWKHSK\VLFDOVHQVRUVLQHDFKFDVHDQGVHSDUDWHO\IRU
HDFKPHDVXUHPHQWDUHOLVWHGLQ7DEOH7DEOHVKRZVWKHFRUUHVSRQGLQJGDWDIRUWKHYLUWXDO
VHQVRUV 7KH 615 RI WKH SK\VLFDO VHQVRUV GHFUHDVHG FRQVLGHUDEO\ LQ PHDVXUHPHQW  GXH WR
FOLSSLQJ 2Q WKHRWKHU KDQG WKH 615RIWKH YLUWXDOVHQVRUV LQFUHDVHG ZLWKD GHFUHDVLQJ G\
QDPLF UDQJH RIWKH $'& XS WRWKH SRLQW LQZKLFKD PD[LPXPRI VHQVRUV   FOLSSHG
VLPXOWDQHRXVO\7KLVFRXOGEHFRQVLGHUHGRSWLPDOIURPWKHVHIRXUSRVVLEOHVHWWLQJV
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5

CONCLUSION

4XDQWL]DWLRQRIPHDVXUHGYLEUDWLRQVLJQDOVUHVXOWVLQJUDQXODURURYHUORDGQRLVH%D\HVLDQ
YLUWXDOVHQVLQJFDQEHXVHGWRUHGXFHWKRVHHUURUV,ITXDQWL]DWLRQLVWKHRQO\VRXUFHRIHUURU
WKHYDULDQFHRIWKHJUDQXODUQRLVHLVNQRZQDQGFDQEHXVHGLQHVWLPDWLRQ
)RU D ODUJH 615 LW LV UHFRPPHQGHG WR DGMXVW WKH G\QDPLF UDQJH RI WKH $'& VR WKDW WKH
PHDVXUHGVLJQDORFFXSLHVWKHPRVWRILW4XDQWL]DWLRQHUURUFDQEHDQLVVXHLQPRQLWRULQJDS
SOLFDWLRQV LQ ZKLFK D ODUJH UDQJH RI DPSOLWXGHV FDQ RFFXU )RU YHU\ VPDOO DPSOLWXGHV WKH
615PD\EHVPDOOEHFDXVHWKHVLJQDOOHYHOLVORZFRPSDUHGWRWKHJUDQXODUHUURU:LWKYHU\
ODUJHDPSOLWXGHVRYHUORDGHUURUPD\EHODUJHUHVXOWLQJLQDORZ615%RWKHIIHFWVDUHLVVXHV
LQGDPDJHGHWHFWLRQEHFDXVHGHWHFWLRQSHUIRUPDQFHGHSHQGVRQWKH615
,QRUGHUWRPD[LPL]HWKH615RIYHU\YDULDEOHYLEUDWLRQDPSOLWXGHVLWZDVVKRZQWKDWLWLV
SRVVLEOH WR DOORZ RYHUORDGLQJ LQ D VXEVHW RI FKDQQHOV ,W LV WKHQ SRVVLEOH WR UHFRQVWUXFW WKH
FOLSSHGFKDQQHOVXVLQJWKHUHPDLQLQJXQFOLSSHGFKDQQHOV$OVRWKHJUDQXODUHUURUFDQEHUH
GXFHGXVLQJYLUWXDOVHQVLQJ
7KHYHU\VDPHDSSURDFKFDQEHXVHGDOVRIRUDPRUHSUDFWLFDOFDVHLQZKLFKWKHUHH[LVWDO
VR RWKHUVRXUFHVRIHUURUWKDQTXDQWL]DWLRQ2YHUORDGQRLVH LVQHYHUWKHOHVVDOZD\VUHOHYDQW LQ
SUDFWLFHEHFDXVHWKHDPSOLWXGHVDUHW\SLFDOO\XQERXQGHG
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Keywords: Damage localization, Density Ratio Estimation method, Kullback–Leibler divergence, Non-parametric estimation.
Abstract. A machine learning technique, the Density Ratio Estimation method is applied for
the ﬁrst time to detect structural damage, using test data from a scale model of a three-storey
building structure under random excitation as a case study. The method detects damage by
comparing the Probability Density Functions (PDFs) of measured vibration signals from an
undamaged state and a potentially damaged state. Since the vibration signals from one sensor
are not independent over time, instead of applying the vibration signals directly, the sequences
of signals are used to train the model in order to account for the signal dependence, leading to
multi-dimensional PDFs. To enhance model robustness, non-parametric models are applied for
structural health monitoring problems. One limited way to detect damage is to estimate the nonparametric PDFs under the undamaged state and potentially damaged state separately, and
then compare them. However, this method is very difﬁcult to apply when the dataset has many
dimensions, and can often be intractable. The method applied in the current study estimates
the PDF change directly, without estimating individual PDFs. Moreover, the damage indices in
conventional methods are generally heuristic. In contrast, the damage index in the current study
is Kullback–Leibler divergence, which has a clear statistical meaning; a measure of difference
between two PDFs. To demonstrate the capability of the method, it is applied to data from a
laboratory test which was previously conducted by Los Alamos National Lab. It is shown that
the method can detect damage locations successfully.
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1

INTRODUCTION

Structural Health Monitoring (SHM) is used to automate the assessment of damage in civil
infrastructure, allowing the cost-effective management of maintenance activities. As part of
the SHM problem, vibration-based damage detection has gained widespread interest as the
vibration signal measurement and acquisition technology is mature and reasonably low-cost
[1]. The underlying idea of vibration-based damage detection is that damage will signiﬁcantly
change the physical properties of a structure, which consequently change the measured vibration
response of the structure [2].
Following the framework of Farrar et al. [3], the SHM process can be summarized as (a) operational evaluation, (b) data acquisition and cleansing, (c) feature extraction, and (d) statistical
model development. Features are extracted from the measured data and used to develop a statistical model. Commonly used features include the ﬁrst four statistical moments (mean, standard
deviation, skewness, and kurtosis) [4, 5, 6], autoregressive model coefﬁcients [7, 8, 9, 10], and
modal parameters (natural frequencies [11, 12, 13], mode shapes [14, 15], and modal damping
[16, 17]). Other examples of extracted features can be found in Astroza [18].
A statistical model can be developed by comparing the Probability Density Functions (PDFs)
of the extracted features from the undamaged and damaged structures [3, 4]. In this paper,
we apply a method which excludes any feature extraction and uses raw data directly to train
the statistical model. The main idea is to detect damage by comparing PDFs of measured
data from an undamaged state and potentially damaged state. To the authors’ knowledge, only
Figueiredo et al. [19] have used a similar method to detect damage by comparing PDFs of
accelerations. In their work, the measured data from the undamaged state was assumed to be
normally distributed, while the PDFs of measured data under nonlinear damaged states deviated
from a normal distribution. However, because samples in vibration signals are not independent
over time, they need not have speciﬁc PDFs. Instead of applying the vibration signals directly,
the sequences of signal samples can be used to train the model in order to account for the
time dependence of the signal samples relative to each other. This leads the PDFs to be multidimensional.
As the PDF type is not known beforehand, the PDF is estimated with non-parametric methods for the sake of algorithm robustness. Two most widely used non-parametric techniques
are histogram analysis and kernel methods [20]. Then the damage can be detected by comparing the two PDFs, from the undamaged state and potentially damaged state respectively.
However, this approach is very difﬁcult to apply for multi-dimensional PDFs, and can often
be intractable, since high dimensional non-parametric density estimation is known to be a hard
problem [21]. Therefore, estimating two PDFs separately may be ineffective. Essentially, for
the aim of detecting damage, what matters is only the change in the PDFs between the undamaged and damaged states, rather than the PDFs themselves; therefore it is potentially more
computationally efﬁcient to directly estimate this PDF change.
On this basis, this paper applies the method presented by Kawahara and Sugiyama [22]
to detect damage in structures. Instead of separately estimating the two PDFs, of measured
data from the undamaged and potentially damaged structure, this method estimates the change
between the two PDFs directly, in the form of a density ratio. The method uses a sequence
of signals to train the model in order to account for the time dependence of signal samples
relative to each other. The density ratio is then estimated in a non-parametric form to enhance
the robustness of the model.
In the remainder of the paper, the theoretical principles behind the damage detection al-
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gorithm are presented (Section 2) before an explanation of its application to the case study
structure and the key results (Section 3). Finally, the main conclusions and areas of future work
are highlighted (Section 4).
2

DAMAGE DETECTION USING DENSITY RATIO ESTIMATION

In this section, the key theoretical principles behind the applied method [22] are brieﬂy
summarised.
2.1

Problem formulation

Let yi be a signal at time step i, for example the acceleration signal from a sensor. Since
signals of dynamic response are not independent over time, we consider sequences of them.
This is a common practice in subspace identiﬁcation since it allows us to implicitly take time
correlation into consideration to some degree [23]. Let y(i) be the sequence of length k starting
at time i:
y(i) = [yi , yi+1 , · · · , yi+k−1 ].

(1)

y(i) is also refered as ’sequence’ in the rest of this paper. Similarly, the y(i + 1) is
y(i + 1) = [yi+1 , yi+2 , · · · , yi+k ].

(2)

In this way, a set of sequences y(i + 1), y(i + 2), · · · , y(i + n) can be generated from the
original signal. To estimate the density ratio, we need two sets of sequence samples from the
undamaged state and a potentially damaged state, respectively,
{yund (i + 1), yund (i + 2), · · · , yund (i + nund )} ∼ pund (y)
{ydam (i + 1), ydam (i + 2), · · · , ydam (i + ndam )} ∼ pdam (y)

(3)
(4)

where yund (i + 1), yund (i + 2), · · · , yund (i + nund ) are the sequence samples for the undamaged
structure, which follow (represented by ∼) the PDF pund (y). nund is the number of sequence
samples. The Eq.(4) is deﬁned likewise for the damaged structure.
The damage is detected by comparing the difference between pund (y) and pdam (y), which is
quantiﬁed by the Kullback–Leibler (KL) divergence [24]:
DI = KL(pund (y)  pdam (y))
pdam (y)
= pund (y)log(
)dy
pund (y)
nund
pdam (y)
1
)
log(
≈
n i=1
pund (y)

(5)

where DI is the Damage Index, and dy is used as a shorthand for dy1 dy2 · · · dyk in Eq.(5). If the
DI for a sensor location is larger than a predetermined threshold, the corresponding component
will be believed to be damaged. Otherwise, the component is believed to be undamaged. The
threshold is deﬁned in Section 2.3.
The remaining question is how to estimate the density ratio,
r(y) :=

pdam (y)
pund (y)
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Of course, r(y) can be estimated by estimating the two PDFs pund (y) and pdam (y) with nonparametric models, separately. However, non-parametric PDF estimation is known to be a hard
problem, and estimating two PDFs separately may be ineffective. It is suggested that it is more
efﬁcient to directly estimate r(y).
2.2

Density ratio modelling and estimation

The density ratio is assumed to be a non-parametric form:
r̂(y) =

ndam


αl Kσ (y; ydam (l))

(7)

l=1
dam
where {αl }nl=1
are parameters to be learned from the data samples and Kσ (y, ydam (l)) is a
kernel function. r̂(y) is an estimate of the true r(y). In this paper, the widely used Gaussian
kernel function is applied,

Kσ (y; ydam (l)) = exp(−

y − ydam (l)2
)
2σ 2

(8)

where the kernel width σ is an open tuning parameter and needs to be chosen appropriately for
better estimation.
Once the density ratio is modelled, our next aim is to estimate it. Using the deﬁnition of
r̂(y), we can approximate pdam (y) by
p̂dam (y) = r̂(y)pund (y)

(9)

To estimate the ratio r̂(y), the method ﬁts the approximated p̂dam (y) to the true pdam (y) using
dam
the parameters {αl }nl=1
. We use the Kullback-Leibler divergence as a goodness of ﬁt measure
and the objective is to minimize
KL(pdam (y)  p̂dam (y)) = KL(pdam (y)  r̂(y)pund (y))
pdam (y)
= pdam (y) log (
)dy
r̂(y)pund (y)
= KL(pdam (y)  pund (y)) −
.
/0
1
constant
ndam


= constant −

i=1

log(

ndam


pdam (y) log r̂(y)dy

(10)

αl Kσ (ydam (i), ydam (l)))

l=1

Meanwhile, an additional constraint is introduced, since p̂dam (y) = r̂(y)pund (y) must be a
valid PDF and as such should satisfy,
1=

p̂dam (y)dy =

nund
1 
r̂(y(j))
r̂(y)pund (y)dy ≈
nund j=1
ndam
nund 
1 
αl Kσ (yund (j), ydam (l))
=
nund j=1 l=1
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Now the optimization problem is summarised as
⎧
ndam
ndam


⎪
⎪
⎪
max
log(
αl Kσ (ydam (i), ydam (l))),
⎪
ndam
⎪
{αl }l=1
⎪
i=1
⎨
l=1
ndam
nund 
1 
αl Kσ (yund (j), ydam (l)) = 1,
s.t.
⎪
⎪
⎪
nund j=1 l=1
⎪
⎪
⎪
⎩
and α1 , . . . , αndam ≥ 1.

(12)

This is a convex optimization problem and the global solution can be obtained, e.g., by
simply performing gradient ascent and feasibility satisfaction iteratively. The pseudo code can
be found in Kawahara and Sugiyama [22].
2.3

Damage index threshold

For different sensors, distinct DI values can be obtained. The DI is essentially a measure of
the change between the undamaged and damaged structure. Therefore, the DI values from the
sensors around the damage should be larger compared with those from the other sensors. To
distinguish these outliers caused by local damage, a threshold needs to be set up. In previous
studies, the measured data of undamaged structures are commonly assumed to be normally
distributed [7, 25, 26]. Similarly, the DI of the undamaged structure is assumed to be normally
distributed in this paper. The threshold is deﬁned as the upper bound of the 95% conﬁdence,
which is calculated by
σ
ξ = x̄ + √ t95% (s − 1)
(13)
s
where x̄ and σ are the mean and standard deviation of the DI values from all sensors, s is the
number of sensors. For the case of this paper, s = 4. Therefore, t95% (4 − 1) = 2.353 is obtained
from a statistical table. If a DI value is larger than the threshold ξ, it means the DI value is larger
than 95% of the DI values from a certain state, which indicates it is an outlier. Hence it is likely
to indicate damage.
3

EXPERIMENTAL DATA AND DAMAGE DETECTION

In order to assess the efﬁcacy of the proposed method for damage detection, a detailed study
was carried out on an already published dataset from laboratory tests [19].
3.1

Test structure description

The tests were conducted at Los Alamos National Lab [19], on a three-storey aluminium
structure (Figure 1), consisting of plates connected by columns. Different ’damage’ states were
induced by adding mass to plates or reducing the stiffnesses of columns. The different states are
listed in Table 1. State 1 is the baseline condition, where no damage was present. The PDF for
State 1 corresponds to the pund (y) in the algorithm. In States 2 and 3, ’damage’ was simulated
by adding mass on certain ﬂoors. For the States 4 - 9, damage was induced by stiffness reduction
of different columns. The PDFs for States 2 - 9 correspond to the pdam (y) in the algorithm. The
column locations are represented by storey numbers (1, 2, 3) and plates side labels (A, B, C, D),
which are shown in Figure 1. For example, 1BD means the column located between the base
and ﬁrst ﬂoor at the intersection of plane B and D.
The structure was excited by an electro-dynamic shaker through its base. For each test, a
band-limited random excitation in the range of 20 - 150 Hz was used to excite the structure,
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with the excitation level approximately 20N RMS measured at Sensor 1. With accelerometers
mounted on each plate, acceleration-time series under different structural states were collected.
For each state, ten time-series were measured in order to consider the variability in the data.
Each time-series includes 8,192 data points and was sampled with a sampling frequency of 320
Hz (the natural frequencies of the structure are approximately 30 Hz, 55 Hz and 70 Hz). The
acceleration-time series of States 1, 3, 5, 7, and 9 from Sensors 2 to 5 are plotted in Figure 2.
The test data and more information on the structure are accessible from Los Alamos National
Lab [27].

Figure 1: Diagram of laboratory structure (redrawn from [19])

Label
State 1
State 2
State 3
State 4
State 5
State 6
State 7
State 8
State 9

Description
Baseline condition
Mass = 1.2 kg at the base
Mass = 1.2 kg on the 1st ﬂoor
87.5% stiffness reduction in column 1BD
87.5% stiffness reduction in column 1AD and 1BD
87.5% stiffness reduction in column 2BD
87.5% stiffness reduction in column 2AD and 2BD
87.5% stiffness reduction in column 3BD
87.5% stiffness reduction in column 3AD and 3BD
Table 1: Structural states tested (after [19])
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Figure 2: Acceleration-time series of various state conditions from Sensors 2 to 5 (redrawn from [19]).

3.2

Damage detection and localization

For the proposed algorithm, the sequence length is set as k = 5. The DI values of States
2 - 9 are obtained by feeding the data from one of the States 2 - 9 and the data from State 1
to the algorithm, respectively. However, because of the variability of the signals, the DI from
any two records in State 1 are not zeros, but some small values. To account for this variability,
the DI values of State 1 were deducted from the DI values of States 2 - 9. The ﬁnal results are
shown in Figure 3, where blue columns represent DI values for different sensors and red dot
lines represent thresholds.
For damage detection, it can be seen that each state except State 4 has one DI above the
corresponding threshold, which indicates the state has been identiﬁed as damaged. The reason
why State 4 has not been detected may be because it contains only a relatively small amount of
damage.
For damage localization, it is shown that in State 2, where a mass is added to the base ﬂoor,
only Sensor 2 has a DI value larger than the threshold, indicating damage is in the base ﬂoor.
Similarly, for State 3, only Sensor 3 has a larger value than the threshold. From State 4 to State
9, the damage is induced by stiffness reduction of columns at different locations. For States
4 and 5, the DI for Sensor 3 is close to or exceeds the thresholds, indicating the 1st ﬂoor is
damaged. For the States 6 and 7, the detected location is the 2nd ﬂoor. The results for States
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8 and 9 indicate that the 3rd ﬂoor is detected as damaged. Overall, the model has detected the
damage location successfully for all 7 damage states other than State 4.
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Figure 3: Damage Index for different locations for different states

4

CONCLUSIONS

In this paper, a vibration-based damage localization algorithm is presented. Sequences of
acceleration signals are applied as input for model training, to account for the time dependence
of samples relative to each other. The KL divergence, between the PDFs of measured vibration
signals from an undamaged state and a potentially damaged state, is used as a Damage Index to
indicate damage. The difﬁculty of estimating multi-dimensional PDFs with a non-parametric
method is overcome by applying the Density Ratio Estimation method. The method has been
demonstrated on experimental data from a scale model of a three-storey building structure under
random excitation from Los Alamos National Lab. The results show that the algorithm is able to
detect and localize damage in the model. These initial results are very encouraging, but further
studies are needed to test the validity of the algorithm, such as on other structures or for less
severe damage.
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Abstract. The problems of effective parametric spectral estimation for random vibration signals and dynamics identiﬁcation for traveling surface vehicles are addressed. Wheelbase Filtering effects, including the induced periodic modulation, on measured random vibration signals are explored, leading to special–structure AutoRegressive Moving Average (ARMA) models
which are referred to as Wheelbase Filtering ARMA (WF–ARMA) models. Compared to their
conventional counterparts, the postulated models avoid potential model structure mismatch and
lack of statistical parsimony, potentially leading to excellent parametric spectral estimation accuracy. Furthermore, exploring their fundamental structural relationships with the stationary
(non–moving) vehicle dynamics allows for the postulation of a method for the identiﬁcation of
the latter through the former, thus permitting effective output–only stationary dynamics identiﬁcation from in–motion random vibration signals. The high achievable accuracy of the postulated estimators is assessed via Monte Carlo numerical experiments with a basic half–vehicle
vertical model. The superiority of the postulated WF–ARMA approach is also demonstrated
via comparisons with classical Welch based, AR based, and conventional ARMA based spectral
estimators.
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1

INTRODUCTION

Random vibration response based, also referred to as output–only, modeling and analysis
for traveling surface vehicles is of high interest as: (a) It is practical, not requiring unavailable
road or rail excitation signals, and (b) may offer valuable insights into the vehicular dynamics
under actual operating and boundary conditions, precise dynamical models, and also lead to
effective Health Monitoring and Condition Based Maintenance (CBM) for automobiles and rail
vehicles [1–4]. Yet, the problem is challenging due to various factors affecting the response of
a traveling surface vehicle, including the so–called Wheelbase Filtering (WF) effect [5, p. 168].
Wheelbase Filtering (WF) arises in all wheeled surface vehicles, as the same road surface or
rail excitation is applied to all wheels on one side of the vehicle with time delays that depend
upon the vehicular geometry (distances among axles) and the traveling speed. These delays induce a modulation on the vibration response characteristics, speciﬁcally sharp periodic troughs
in its Power Spectral Density (PSD), which not only render spectral estimation challenging,
but also ‘mask’ the fundamental (stationary) vehicular dynamics (such as resonances and antiresonances). Therefore, the identiﬁcation of the stationary vehicular dynamics under actual
traveling conditions constitutes a challenging problem [6].
Although Wheelbase Filtering is well known in the ﬁeld of vehicle suspension design [7, 8],
its effects on spectral estimation and vehicular dynamics identiﬁcation have yet to be studied.
A recent exception is reference [6], focusing on vehicular dynamics identiﬁcation via subspace
identiﬁcation techniques under speciﬁc conditions, including measurement of the leading wheel
excitation.
The present study aims at addressing random vibration response modeling and analysis for
traveling surface vehicles in two steps: First Wheelbase Filtering is studied and, based upon
it, a proper representation and corresponding parametric spectral estimation for in–operation
random vibration response signals are postulated. Second, based upon the former, stationary
vehicular dynamics identiﬁcation is explored.
The main idea is based upon considering the effects of Wheelbase Filtering on a random
vibration signal and the subsequent introduction of special–structure AutoRegressive Moving
Average (ARMA) models fully capturing the induced modulation, and thus allowing for proper
signal representation. These models, currently referred to as Wheelbase Filtering ARMA (WF–
ARMA) models, are characterized by two important structural characteristics when compared
to their conventional counterparts as employed for modeling the random vibration response
on a stationary (non–traveling) vehicle or structural system [9–11]. These constraints pertain
to the model’s MA polynomial structure, which is shown to be characterized by: (i) Order
higher than its AutoRegressive (AR) counterpart, and, (ii) a certain sparsity, due to a number
of potentially missing terms. These characteristics offer further insights into the effects of
Wheelbase Filtering, as they are demonstrated to lead to zeros close to the unit circle (discrete–
time case) which are, in turn, responsible for the periodic troughs appearing in the modulated
Power Spectral Density.
The special structure of WF–ARMA models reveals, in particular structural characteristic (i)
above, the model structure misspeciﬁcation (mismatch) problem introduced through the use of
conventional ARMA models in the context of parametric spectral estimation. In addition, characteristic (ii) above is instrumental in ensuring statistical parsimony (model economy) which
is, in turn, essential for achieving the highest possible estimation accuracy [12, pp. 491–492].
Furthermore, exploring the relationships between a WF–ARMA model with the stationary
vehicular dynamics, allows for the identiﬁcation of the latter through the former. While this may
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be achieved in a simple manner under proper constraints on the time delay between the axles,
it is shown that it may be also achieved unconditionally at the expense of employing vibration
signals measured under more than one traveling speeds.
In order to effectively demonstrate the concepts, the study makes use of a basic 2 DOF (Degree Of Freedom) vehicle model, that is a two–wheeled (bi–axial) half–vehicle vertical model
with front and rear suspension elements, which is capable of describing the bounce and pitch
motions. Spectral estimation and vehicular dynamics identiﬁcation effectiveness is then examined via Monte Carlo numerical experiments with white noise road/rail displacement proﬁles.
Interesting comparisons with non–parametric, Welch–based [12, pp. 186–187], and parametric,
conventional AR and ARMA based [13, pp. 172–188], spectral estimators are also presented.
The rest of the article is organized as follows: The Wheelbase Filtering effects on the random vibration response Power Spectral Density are brieﬂy discussed in section 2. The special
structure and estimation of Wheelbase Filtering ARMA models are discussed in section 3, and
the identiﬁcation of the stationary vehicular dynamics in section 4. Performance assessment
for the postulated methods, along with interesting comparisons, are presented in section 5, and
concluding remarks are summarized in section 6.
2

WHEELBASE FILTERING EFFECTS ON THE VIBRATION RESPONSE POWER
SPECTRAL DENSITY

Consider the simple, linear (small displacement), 2 DOF, two–wheeled (bi–axial) half–
vehicle vertical model of Figure 1, which includes front and rear suspension elements with
massless wheels. The vehicle is assumed to travel on a straight track/road under constant
speed, with the excitation being provided by the vertical rail/road stochastic displacement proﬁle, which is, for simplicity, currently assumed to be uncorrelated (white).
Let the bounce and pitch chassis (center of mass) displacements be designated as z(t) and
φ(t), respectively, and the vertical acceleration at a certain point, say A, on the vehicle by y(t).
Also let u1 (t) and u2 (t) represent the excitation (track displacement proﬁle) acting on the front
and rear wheel, respectively. The geometrical characteristics of the model are presented in

Figure 1: The 2 DOF two–wheeled half–vehicle vertical model.
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Figure 1, while its mathematical representation (for small values of φ(t)) is:
M z̈(t) + Cb ż(t) + Kb z(t) = cf u˙1 (t) + kf u1 (t) + cr u˙2 (t) + kr u2 (t)
J φ̈(t) + Cp φ̇(t) + Kp φ(t) = cf Lf u˙1 (t) + kf Lf u1 (t) − cr Lr u˙2 (t) − kr Lr u2 (t)
ÿ(t) = z̈(t) + Ly φ̈(t)
with: Kb := kf + kr

Cb := cf + cr

Kp := kf L2f + kr L2r

(1a)
(1b)
(1c)

Cp := cf L2f + cr L2r

Note that the 3rd equation above describes the vertical acceleration at Point A, while M , J
stand for the car body mass and pitch moment of inertia, respectively, and kf , cf and kr , cr
stand for the front and rear, respectively, suspension stiffness and viscous damping coefﬁcients.
The geometrical parameters Lf , Lr , Ly are deﬁned in Figure 1 with respect to the body center
of mass (c.m.).
Based on these equations the relationship between the excitations u1 (t) and u2 (t) and the
response ÿ(t) may, in the Laplace (s) domain, be expressed as:
Ÿ (s) = H1 (s)U1 (s) + H2 (s)U2 (s)

(2)

It should be noted that H1 (s) and H2 (s) designate the transfer functions between the track
displacement proﬁle acting on the 1st and 2nd wheel, respectively, and the vibration acceleration
response at Point A, and as such represent the stationary Multiple–Input Single–Output (MISO)
vehicular dynamics.
Observing that u2 (t) is identical to u1 (t) but delayed by time delay τ = (Lf + Lr )/V (see
Figure 1; V designating the vehicle traveling speed):

Equation 2 then yields:

u2 (t) = u1 (t − τ )

(3)

Ÿ (s) = [H1 (s) + e−τ s H2 (s)] U (s)
.
/0
1

(4)

Heq (s)

with u(t) := u1 (t). Equation 4 clearly suggests that the MISO representation of Equation 2 may
be expressed as a Single–Input Single–Output (SISO) system with equivalent (‘phenomenal’)
transfer function Heq (s).
The modulation induced by Wheelbase Filtering [5, p. 169] may be observed in the frequency domain by examining the Power Spectral Density Sÿÿ (ω) (ω designating frequency in
rad/s) of the random vibration acceleration ÿ(t) signal at Point A as follows:
Sÿÿ (ω) = |Heq (jω)|2 Suu (ω) = |H1 (jω) + e−jωτ H2 (jω)|2 · Suu (ω) =⇒
=
=⇒ Sÿÿ (ω) = |H1 (jω)|2 + |H2 (jω)|2 +
;
<>
+2 cos(ωτ ) Re{H1 (jω)H2 (jω)} + sin(ωτ ) Im{H1 (jω)H2 (jω)} · Suu (ω)

(5)

with Suu (ω) designating the track excitation displacement Power Spectral Density, j the imaginary unit, | · | complex magnitude, and  complex conjugation. Re{·} and Im{·} designate real
and imaginary part, respectively. The trigonometrical terms in the above expression indicate
periodic modulation with period:
Ωmod = 2π/τ
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Parameter
Chassis mass (kg)
Pitch moment of inertia (kg · m2 )
Front suspension stiffness (N/m)
Rear suspension stiffness (N/m)
Front suspension damping coefﬁcient (N s/m)
Rear suspension damping coefﬁcient (N s/m)
Distance between c.m. and the front suspension (m)
Distance between c.m. and the rear suspension (m)
Distance between c.m. and point A (m)

Symbol
M
J
kf
kr
cf
cr
Lf
Lr
Ly

Value
2 880
1 440
1.7 × 106
1.7 × 106
2.4 × 104
2.4 × 104
1.25
1.25
0.50

Table 1: The 2 DOF vehicle model parameters.

introduced by Wheelbase Filtering. It is obvious that for Ly = 0 (for Ly = 0 only bounce
motion occurs) the extrema of Sÿÿ (ω) do not generally coincide with those of the individual
Frequency Response Function (FRF) magnitudes |H1 (jω)| and |H2 (jω)| which entail the resonances associated with the bounce and pitch motions.
The effects of Wheelbase Filtering on the vibration response Power Spectral Density are
demonstrated in the following illustrative case study.
Illustrative Case Study: Consider the basic vehicle model of Figure 1, with parameter values as
in Table 1, traveling at V = 80 km/h with resulting time delay τ = 0.1125 s. The road/rail
vibration displacement excitation is independently identically distributed as normal with zero
mean and unit variance. The model is discretized with sampling frequency fs = 80 Hz via
the impulse invariance method [14, pp. 206–209], with the time delay translated into d = 9
sampling periods (samples).
The vehicle’s Frequency Response Function (FRF) H1 and H2 magnitudes are, along with
the vibration acceleration response Power Spectral Density at Point A, Sÿÿ , depicted in Figure 2. Two resonant frequencies are evident in the two FRF magnitudes, while the Wheelbase
Filtering effect, with the introduced periodic modulation with period Fmod = 1/τ ≈ 8.888 Hz,
heavily distorting the response PSD and ‘masking’ the original model characteristics, including
the resonant frequencies. Further insight may be gained by examining the vehicle model stationary poles and zeros (of the discretized transfer functions H1 and H2 ), along with those of
the equivalent (phenomenal) transfer function, Heq , as indicated in Figure 3. Evidently, Wheelbase Filtering introduces (additional) zeros into Heq (hence into the PSD Sÿÿ ), yet none of the
equivalent transfer function zeros coincides with those of H1 or H2 . Furthermore, one complex
zero pair (designated as r1 ) introduces the ﬁrst (barely observable) trough in the response PSD
(Figure 2), while four additional pairs (designated as ri for i = 2, . . . , 5) are distributed closely
to the unit circle and introduce four subsequent sharp troughs in the response PSD.
Based on the above, it is evident that vibration response spectra are heavily inﬂuenced by
Wheelbase Filtering effects, which are ‘masking’ the vehicle’s stationary dynamical characteristics, including resonant frequencies. This may have detrimental consequences on signal based
modeling, analysis, and condition monitoring.
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Figure 2: Stationary Frequency Response Function (FRF) magnitude curves for H1 (a), H2 (b), and the vertical
vibration acceleration response (Point A) Power Spectral Density (c). [Illustrative case study.]

Figure 3: The poles and zeros of the discretized H1 , H2 and Heq transfer functions. [Illustrative case study.]
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3
3.1

PARAMETRIC REPRESENTATION AND POWER SPECTRAL DENSITY ESTIMATION FOR THE RANDOM VIBRATION RESPONSE
The special–structure ARMA model for random vibration response signal representation

The discrete–time H1 and H2 stationary transfer functions (Equation 2) may be parameterized as:
C1 (B)
C2 (B)
H1 (B) :=
H2 (B) :=
(6)
A(B)
A(B)
through the polynomials:
A(B) := 1 + a1 B + a2 B 2 + . . . + ana B na

(monic)

C1 (B) := c1,0 + c1,1 B + c1,2 B 2 + . . . + c1,nc B nc
C2 (B) := c2,0 + c2,1 B + c2,2 B 2 + . . . + c2,nc B nc
with B (also known as q −1 ) designating the backshift operator deﬁned such that B i u[t] :=
u[t − i] (t within brackets designating discrete time normalized by the sampling period T , that
is t = 0, 1, 2, . . .). na, nc designate the corresponding polynomial degrees – obviously na is
also the system order. Substituting Equation 6 into the discretized version of Equation 2 leads
to the following representation of the equivalent SISO model:
;
<
A(B)y[t] = C1 (B) + C2 (B) · B d u[t], u[t] ∼ i.i.d. N (0, σ 2 )
(7)
with d := τ /T designating the time delay in terms of number of samples (presently assumed
to be an integer) and u[t], y[t] standing for the discretized versions of the road/track proﬁle
displacement excitation and random vibration response, respectively. As previously stated, u[t]
is assumed identically independently distributed (i.i.d.) Gaussian with zero mean and variance
σ2.
Upon re–arrangement and absorption of c1,0 into u[t], the equivalent model of Equation 7
may be written as:
A(B)y[t] = C̄(B)ū[t]

ū[t] = c1,0 · u[t] ∼ i.i.d. N (0, c21,0 σ 2 )

(8)

with the normalized MA polynomial being (the normalization is to warrant monic polynomial):

1 
C1 (B) + C2 (B) · B d := C̄1 (B) + C̄2 (B) · B d := 1 + c̄1 B + · · · + c̄nc+d B nc+d
C̄(B) :=
c1,0
C̄2 (B) : non–monic
(9)
C̄(B) : monic
C̄1 (B) : monic
and the corresponding normalized versions of H1 (B), H2 (B):
H̄1 (B) :=

C̄1 (B)
A(B)

H̄2 (B) :=

C̄2 (B)
A(B)

(10)

Notice that in all of the above expressions the overbar designates that the indicated polynomial
(or the numerator polynomial in a transfer function) is normalized via division by c1,0 (Equation 9).
The representation of Equation 8 is an AutoRegressive Moving Average (ARMA) model
of orders (na, nc + d), that is an ARMA(na, nc + d) model, with two structural conditions
distinguishing it from conventional ARMA models typically employed for representing the
random vibration response on a stationary (non–traveling) vehicle or other structural systems
[11]:
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(i) The MA order nc + d is, in general, higher than its AR counterpart na.
(ii) For d > nc (typical under low traveling speed), the MA polynomial is characterized by a
certain sparsity (missed intermediate terms).
Because of these, and for easy distinction, this model is subsequently referred to as a Wheelbase
Filtering ARMA model of orders (na, nc + d), with d designating the delay, or in short as a WF–
ARMA(na, nc + d) model. The following comments regarding the importance of structural
conditions (i) and (ii) are now in order.
Comments:
(a) Structural condition (i) is instrumental for proper modeling, as potential violation (for
instance by following the usual AR and MA order equality or MA order being equal to its AR
counterpart minus one [11]) would imply model structure misspeciﬁcation (mismatch), causing
serious representation deﬁciency and model accuracy degradation.
(b) Structural condition (ii) is also instrumental because it warrants statistical parsimony
(model economy), which is essential for achieving the highest possible estimation accuracy [12,
pp. 491–492].
(c) As already indicated (illustrative case study in section 2), these structural conditions lead
to the introduction of pairs of zeros close to the unit circle, which are responsible for the troughs
in the vibration response Power Spectral Density.
(d) The zeros proximity to the unit circle also implies that pure AutoRegressive (AR) models,
which are commonly employed in applications due to their estimation simplicity, are inappropriate (especially in the presence of very sharp troughs), as their use is expected to lead to poor
approximations and/or very high model orders (see section 5).
(e) Evidently, in the ‘very high’ traveling speed case, d ≈ 0 and the WF–ARMA(na, nc + d)
model degenerates to a conventional ARMA(na, nc) counterpart.
3.2

Remarks on WF–ARMA model estimation

Estimation of the WF–ARMA(na, nc + d) model of Equation 8, that is determination of
.
the AR/MA parameter vector θ := [ a .. c̄ ]T (T designating transposition) and the white noise
variance (c21,0 σ 2 ) from a measured vibration response signal y[t] (t = 1, 2, . . . , N ), may be
based on the Prediction Error (PE) principle [12, pp. 199–201] subject to the provision that, in
accordance to structural feature (ii), for d > nc the pseudo–regression vector should have the
form (notice the missing terms between the second and third groups):
T

.
.
ψ[t, θ] := y[t − 1] . . . y[t − na] .. e[t − 1, θ] . . . e[t − nc, θ] .. e[t − d, θ] . . . e[t − (nc + d), θ]

with e[t, θ] designating the model–based one–step–ahead prediction error [12, pp. 68–70]. Of
course, this is a function of the parameter vector θ, thus leading to a Nonlinear Least Squares
optimization problem which may be tackled via Gauss–Newton and Levenberg–Marquardt procedures [12, pp. 326–329].
Model order estimation may be based on direct computation of d (for given traveling speed)
and na, nc selection via the Bayesian Information Criterion (BIC) [12, pp. 505–507].
Once the WF–ARMA(na, nc + d) model has been estimated, the random vibration response
model based Power Spectral Density may be obtained as (T designates the sampling period):
2
2
2 C̄(e−jωT ) 22

2
2
2
2
Sÿÿ (ω) = 2
·
c
σ
(11)
2
1,0
2 A(e−jωT ) 2
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4

VEHICULAR DYNAMICS IDENTIFICATION

Vehicular dynamics identiﬁcation depends upon the delay d (in samples) compared to the
stationary MA order nc. As, in turn, d depends on the traveling speed, the cases of ‘low’ and
‘high’ traveling speeds are separately considered.
4.1

‘Low’ traveling speed (d > nc) case

In this case the terms of the C̄1 (B) and C̄2 (B) polynomials are, in the C̄(B) expression of
Equation 9, non–interlaced and thus clearly separated (by the missing terms) among themselves,
so that they may be accurately recovered from the obtained estimate of C̄(B). Using the estimate
of A(B), estimates of H̄1 (B) and H̄2 (B) may be then obtained through Equation 10.
Observe that the normalized versions, H̄1 (B) and H̄2 (B), are obtained instead of their original counterparts, or, in other words, the H1 and H2 transfer functions are recovered to a constant multiplier (constant multiplier uncertainty). Likewise the excitation variance is obtained as
(c21,0 · σ 2 ), instead of the actual σ 2 of Equation 7. Frequency Response Function (FRF) estimates
may be also readily obtained from the transfer functions via the substitution B = e−jωT .
4.2

‘High’ traveling speed (d ≤ nc) case

Unlike in the previous case, this is slightly more complex, as the terms of the polynomials
C̄1 (B) and C̄2 (B) are interlaced in producing C̄(B) (Equation 9). The precise relationships
between the coefﬁcients of the three polynomials may be readily obtained as:
⎧
⎪
i = 1, · · · , d − 1
⎨c̄1,i
c̄i = c̄1,i + c̄2,i−d
(12)
i = d, · · · , nc
⎪
⎩
c̄2,i−d
i = nc + 1, · · · , nc + d
Evidently, the coefﬁcients of the C̄1 (B) and C̄2 (B) polynomials cannot be uniquely recovered,
implying that vehicular dynamics identiﬁcation is not possible.
Yet, this may be overcome by employing two measured random vibration response signals,
say y p [t], y q [t] (t = 1, 2, . . . , N ) corresponding to two distinct traveling speeds V p and V q (and
thus delays dp and dq ), respectively. Assume, without loss of generality, that dq < dp < nc.
Based on the available vibration response signals two models, a WF–ARMA(na, nc + dp ) and
a WF–ARMA(na, nc + dq ), are estimated:
Ap (B)y p [t] = C¯p (B)ūp [t]
Aq (B)y q [t] = C¯q (B)ūq [t]

ūp [t] = cp1,0 · up [t] ∼ N (0, (cp1,0 σ p )2 )

(13a)

ūq [t] = cq1,0 · uq [t] ∼ N (0, (cq1,0 σ q )2 )

(13b)

Evidently, the AR polynomials should be identical, that is Ap (B) ≡ Aq (B) (apart from estimation errors), so the AR parameters may be obtained as simple averages of the individual
estimates.
On the other hand, the MA polynomials C¯p (B), C¯q (B) should be distinct, due to dp = dq ,
but interrelated due to their internal structure, that is common C̄1 (B) and C̄2 (B) stationary
polynomials (Equation 9):
C̄ p (B) := C̄1 (B) + C̄2 (B) · B d

p

C̄ q (B) := C̄1 (B) + C̄2 (B) · B d
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These relationships lead to the following set of equations:

c̄1,1
..
.

C̄ p (B) :
⎫
⎪
= c̄1p
⎬

c̄1,dp −1 = c̄dpp −1
c̄1,dp + c̄2,0 = c̄dpp
..
.
p
c̄1,nc + c̄2,nc−dp = c̄nc
p
c̄2,nc+1−dp = c̄nc+1
..
.
p
c̄2,nc = c̄nc+d
p

⎪
⎭
⎫
⎪
⎬
⎪
⎭
⎫
⎪
⎬
⎪
⎭

c̄1,1
..
.

(d − 1) eqs
p

C̄ q (B) :
⎫
⎪
= c̄1q
⎬

c̄1,dq −1 = c̄dqq −1
(nc − dp + 1) eqs

c̄1,dq + c̄2,0 = c̄dqq
..
.
q
c̄1,nc + c̄2,nc−dq = c̄nc
q
c̄2,nc+1−dq = c̄nc+1
..
.

(dp ) eqs

q
c̄2,nc = c̄nc+d
q

⎪
⎭
⎫
⎪
⎬
⎪
⎭
⎫
⎪
⎬
⎪
⎭

(dq − 1) eqs

(nc − dq + 1) eqs

(dq ) eqs

(15)
which may be then used to set up an overdetermined linear system of equations with the coefﬁcients of C̄1 (B) and C̄2 (B) as unknowns (2nc + dp + dq equations in 2nc + 1 unknowns). This
system may be solved in a Least Squares sense in order to provide estimates of the coefﬁcients
of C̄1 (B) and C̄2 (B). The identiﬁcation of the stationary vehicular dynamics, in terms of the
transfer functions H̄1 (B), H̄2 (B), is then complete.
5

PERFORMANCE ASSESSMENT AND COMPARISONS VIA MONTE CARLO EXPERIMENTS

Performance assessment is based on the illustrative case study of section 2. The traveling
speed is V = 80 km/h, resulting into a time delay τ = 0.1125 s, which for sampling frequency
fs = 80 Hz is equivalent to d = 9 samples long. The road/rail vibration displacement excitation
is independently identically distributed with normal distribution having zero mean and unit
variance, that is u[t] ∼ i.i.d. N (0, 1).
Estimation results are based on 1 000 Monte Carlo runs, with the random vibration vertical
acceleration signal in each run being Δt = 250 s (N = 20 000 samples) long. Each obtained
vibration signal is pre–processed by having its sample mean removed and its sample standard
deviation normalized to unity (the latter for purely numerical reasons).
Parametric spectral estimation results for the observed random vibration signal are presented
ﬁrst, followed by vehicular dynamics identiﬁcation results.
5.1

WF–ARMA model based random vibration parametric spectral estimation

For the 2 DOF model treated, a WF–ARMA(4, 3+9) model (that is na = 4, nc = na−1 = 3,
d = 9) is appropriate [11]. WF–ARMA(4, 3 + 9) based parametric spectral estimation is thus
pursued, while interesting comparisons with the non–parametric Welch method [12, pp. 186–
187], the pure AR based method, as well as ARMA(4, 12) based spectral estimation [13, pp.
172–188], are also made. These comparisons are of particular interest, as the non–parametric
Welch and the AR based methods are quite popular due to their implementation simplicity and
low computational complexity. The comparison with ARMA(4, 12) based spectral estimation
– notice that this model is order–wise equivalent to its WF–ARMA(4, 3 + 9) counterpart – is
performed in order to isolate and assess the beneﬁts of imposing structural condition (ii) related
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Estimated
Model
Non–parametric PSD
AR(57)

Estimation
Method
Welch
Ordinary Least Squares (OLS)

MATLAB
function
pwelch.m
ar.m

ARMA(4,12)
armax.m
Nonlinear Least squares (NLS)
WF–ARMA(4,3+9)
custom function
Random vibration signal length: N = 20 000 samples
Welch method details:
Hamming window, segment length 512 samples, overlap 90%, δf  0.15Hz
Table 2: Spectral estimation details.

to sparsity (see subsection 3.1) even when structural condition (i) is met. Estimation details
are, for all cases, provided in Table 2, while Monte Carlo estimation results are presented in
Figure 4.
Based on the obtained results, WF–ARMA(4, 3 + 9) spectral estimation is evidently excellent, exhibiting no bias and minimal variability. Welch based spectral estimation is adequate,
but characterized by signiﬁcantly increased variability. AR based spectral estimation employs
AR(57) models, selected via the BIC criterion [11]. This high order is expected and due to the
pure AR approximation of the ARMA based dynamics, while it is aggravated by the ﬁrst, sharp,
spectral trough. Yet, estimation accuracy is still not very good for the speciﬁc trough, while ripples and considerable variability are observed across the bandwidth. Finally, ARMA(4, 12)

Figure 4: Spectral estimation assessment via the illustrative case study: (a) WF–ARMA based method, (b) Welch
based method, (c) AR based method, and (d) ARMA based method with true orders. [In each case the true Power
Spectral Density is shown in black; Traveling speed V = 80 km/h; 1 000 Monte Carlo runs per method.]
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Figure 5: Vehicular dynamics estimation assessment via the illustrative case study under a single traveling speed:
Stationary Frequency Response Function (FRF) H1 and H2 magnitude estimates obtained by the WF–ARMA (a,b)
and ARMA (c,d) based methods. [The true FRF magnitudes are shown in black; Traveling speed V = 80 km/h;
1 000 Monte Carlo runs per method.]

based estimation is adequate, but exhibiting certain bias at low frequencies and somewhat increased variability compared to that attained via the WF–ARMA(4, 3 + 9) model.
Overall, the presented results illustrate the effectiveness and advantages of the postulated
WF–ARMA model based spectral estimation approach.
5.2

WF–ARMA model based vehicular dynamics identiﬁcation

‘Low’ traveling speed case (V = 80 km/h, d = 9 > nc = 3) In this case the procedure
of subsection 4.1 is applied based on the WF–ARMA(4, 3 + 9) model. For comparison, in
particular for observing the beneﬁts of imposing structural condition (ii) related to sparsity, the
procedure is also applied based on an ordinary ARMA(4, 12) model. This is accomplished by
a–posteriori setting to zero the parameters that ought to be omitted. Monte Carlo dynamics
identiﬁcation results by both methods are, in terms of stationary Frequency Response Functions
(FRF) magnitudes for H1 and H2 , presented in Figure 5, while corresponding modal parameter
estimates obtained by the WF–ARMA(4, 3 + 9) method are presented in Table 3.
The stationary FRF magnitudes estimated by the WF–ARMA based method (in this case
without scaling uncertainty, as σ 2 = 1 so that c1,0 is estimated) are very good, while those
obtained by the ARMA based method exhibit serious problems in terms of both high variability
and (in several cases) wrongly estimated modes. The beneﬁts of imposing structural condition
(ii) are thus conﬁrmed as signiﬁcant. The modal parameter estimates obtained by the WF–
ARMA based method are also very good, with small standard deviations.
‘High’ traveling speed case (d ≤ nc = 3) In this case the procedure of subsection 4.2 is
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Mode
Bounce
Pitch

Natural
Frequency fn (Hz)
Estimate
True
(mean ± std)
5.47 5.47 ± 0.18
9.67 9.66 ± 0.23

Resonant
Damping
Frequency fr (Hz)
Ratio ζ (%)
Estimate
Estimate
True
True
(mean ± std)
(mean ± std)
5.08 5.09 ± 0.15 0.24 0.24 ± 0.02
9.48 9.47 ± 0.26 0.42 0.43 ± 0.01

Table 3: Vehicular modal parameter estimation for the illustrative case study: Natural frequency, resonant frequency and damping ratio estimates by the WF–ARMA method versus true counterparts. [Traveling speed V = 80
km/h; 1 000 Monte Carlo runs.]

applied based on two traveling speeds, V p = 240 km/h and V q = 360 km/h. The resulting
models are WF–ARMA(4, 3 + 3) and WF–ARMA(4, 3 + 2), respectively.
The estimated H1 and H2 stationary FRF magnitudes are contrasted to their theoretical counterparts in Figure 6. The estimates are quite good, with some bias present at very low frequencies. Similarly to the ‘low’ traveling speed case, the stationary FRF magnitudes are estimated
without scaling uncertainty, as (σ p )2 = (σ q )2 = σ 2 = 1 so that c1,0 is obtained as a simple
average of the individual cp1,0 and cq1,0 estimates [refer to Equation 13, Equation 8 and observe
that cp1,0 and cq1,0 do not depend upon the delay d, thus speed, and should be both equal to c1,0 ].
6

CONCLUDING REMARKS

The problems of effective parametric spectral estimation for random vibration signals and
dynamics identiﬁcation for traveling surface vehicles, in view of Wheelbase Filtering effects
on measured random vibration signals, have been addressed. Special–structure AutoRegressive
Moving Average (ARMA) models, referred to as Wheelbase Filtering ARMA (WF–ARMA)
models, have been postulated for the precise representation, estimation, and spectral analysis of
random vibration signals. A method for stationary vehicular dynamics identiﬁcation based on
in–motion random vibration signals (output–only identiﬁcation) has been also developed. The
main conclusions from the study may be summarized as follows:

Figure 6: Vehicular dynamics estimation assessment via the illustrative case study under two traveling speeds:
Stationary Frequency Response Function (FRF) H1 and H2 magnitude estimates obtained by the two WF–ARMA
models. [The true FRF magnitudes are shown in black; Traveling speeds V p = 240 km/h and V q = 360 km/h;
1 000 Monte Carlo runs per speed.]
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• Wheelbase Filtering effects lead to special–structure ARMA (WF–ARMA) models for
the representation and parametric spectral estimation of random vibration signals for traveling surface vehicles.
• The special structure of WF–ARMA models is instrumental for achieving high accuracy.
Indeed, compared to their conventional counterparts, WF–ARMA models avoid the detrimental effects of model mismatch and lack of statistical parsimony.
• The stationary vehicular dynamics may be properly identiﬁed via in–motion random vibration signals under a single or multiple nominal speeds.
• The superiority of the postulated WF–ARMA based approach has been demonstrated
via Monte Carlo comparisons with classical Welch based, AR based, and conventional
ARMA based spectral estimators.
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SYSTEM IDENTIFICATION AND DAMAGE DETECTION
FRAMEWORK USING SIMULATED EXPERIMENTS AND
MACHINE LEARNING TECHNIQUES
P. Seventekidis, D. Giagopoulos, A. Arailopoulosand O. MArkogiannaki


'HSDUWPHQWRI0HFKDQLFDO(QJLQHHULQJ
8QLYHUVLW\RI:HVWHUQ0DFHGRQLD.R]DQL*5*UHHFH
HPDLOGJLDJRSRXORV#XRZPJU

Keywords: )( XSGDWLQJ 6\VWHP ,GHQWLILFDWLRQ 6WUXFWXUDO +HDOWK 0RQLWRULQJ 'HHS
/HDUQLQJ'DPDJH,GHQWLILFDWLRQ
Abstract. The present study focuses on the implementation of a methodology to bridge the
gap between SHM models with numerically generated data and correspondence with
measurements from the real structure to provide reliable damage predictions. In the
proposed novel methodology, numerically generated data from simulation models are
integrated with measurements from the corresponding real structure to achieve high
accuracy in identifying and predicting potential structural damages. A truss structure
consisting of composite carbon fiber tubes, aluminum elements and steel bolts for the
connections is used for the application of the proposed approach. The process begins with
the three-dimensional finite element (FE) models of the examined cylindrical parts,
developed in robust finite element analysis software simulating each carbon fiber ply and
resin matrix. The real structure and FE models are analyzed in dynamic loading to identify
their response. After, the complete assembly FE models are updated based on the data
from experimental tests that correspond to the conducted analysis tests on composite
cylindrical parts. The potential damage of the structure, set as loose bolts defining a
multiclass damage identification problem, is then simulated with the optimal models
through a series of stochastic FE load cases for different excitation characteristics.The
simulated acceleration time series are then be fed in for the training of a supervised
Convolutional Neural Network (CNN) classifier. The trained CNN is finally validated on
experimentally measured structural states of the truss. Reliable results prove that optimal
FE modeling may be used with machine learning techniques to synthesize a damage
identification tool despite the uncertainties, which are tackled by the inherent advantage
of numerical generated results to simulate arbitrary number of load cases in small amount
of type and minimal effort.
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1

INTRODUCTION

'DPDJH GHWHFWLRQ PHWKRGV DQG 6WUXFWXUDO +HDOWK 0RQLWRULQJ 6+0  LV LQFUHDVLQJO\
DWWUDFWLQJ DWWHQWLRQ LQ SURJQRVLV DQG PDLQWHQDQFH SODQQLQJ RI YDULRXV VWUXFWXUDO DQG
PHFKDQLFDOV\VWHPV9LEUDWLRQPHDVXUHPHQWVIRUGDPDJHLQGH[LQJ>@DQG6+0>@KDYH
EHHQWKHWUDGLWLRQDOZD\RIEXLOGLQJPDWKHPDWLFDOFODVVLILFDWLRQPRGHOVWKDWKDYHDVWDVN
WRGHWHFWDQGLGHQWLI\SRWHQWLDOGDPDJHLQV\VWHPV0RUHUHFHQWO\WKHSURPLVLQJ0DFKLQH
/HDUQLQJ 0/ VXEFDWHJRU\NQRZQDV$UWLILFLDO1HXUDO1HWZRUNV $11 KDVHQWHUHGWKH
6+0ILHOGVKRZLQJJUHDWSRWHQWLDOLQGDPDJHGHWHFWLRQWDVNV>@7KHDGYDQWDJHVWKDW
$11VPD\RIIHUIRU6+0DJDLQVWWKHWUDGLWLRQDOPDWKHPDWLFDOPRGHOVDUHKLJKOLJKWHGDV
WKHPLQLPDOXVHUSUHSURFHVVLQJWRLQSXWGDWDDQGWKHDXWRPDWLFOHDUQLQJRIGDPDJHIHDWXUHV
LQYLEUDWLRQVLJQDOV>@8VXDOO\$11VDUHDSSOLHGLQDPXOWLOD\HUIRUPWRDFKLHYHWKDWDQG
WKHLUDUFKLWHFWXUHDQGWUDLQLQJPHWKRGVIRUPWKHZLGHILHOGRI'HHS/HDUQLQJ '/ 
(YHQWKRXJK QHZPRGHOVDQGPHWKRGV KDYHEHHQSURSRVHGVR IDUIRU6+0VXFKDV
$11VWKHSUREOHPRIDFTXLULQJDGHTXDWHDQGDSSURSULDWHGDWDVWLOOH[LVWVDQGLVRIPRVW
LPSRUWDQFH$OO6+0PHWKRGVJRWKURXJKWKHVRFDOOHG³WUDLQLQJ´RUPRGHOEXLOGLQJSKDVH
ZKHUH GDWD RI GLIIHUHQW VWUXFWXUDO KHDOWK VWDWHV LV XVHG WR ³WHDFK´ WKH FODVVLILHU KRZ WR
VHSDUDWH D KHDOWK\ IURP D GDPDJHG FRQGLWLRQ 7KH GDWD QHHGV WR DV UHSUHVHQWDWLYH DV
SRVVLEOHRIWKHFDQGLGDWHVWUXFWXUHIRUIXWXUHGDPDJHRUIDXOWLGHQWLILFDWLRQWKHUHIRUHPRVW
WUDLQLQJGDWDLVGHULYHGIURPH[SHULPHQWDOO\PHDVXUHGVRXUFHV([SHULPHQWDOO\PHDVXUHG
GDWD IRU GDPDJHG VWDWHV FRXOG EH GLIILFXOW WR JHW KRZHYHU LQ PRVW RI WKH FDVHV RI UHDO
VWUXFWXUDOV\VWHPVVLQFHLWZRXOGUHTXLUHH[SHQVLYHRUGDQJHURXVWRPHDVXUHGDPDJHV>@
([DPSOHV LQ WKH OLWHUDWXUH DUH VSDUVH IRU GDWD DFTXLVLWLRQ RQ GDPDJHG VWDWHV RI UHDO
VWUXFWXUHV>@
$ QRYHO PHWKRG ZDV SURSRVHG UHFHQWO\ ZLWK VLPXODWHG H[SHULPHQWV GHULYHG IURP
RSWLPDO)(PRGHOVIRUWKHGDWDJHQHUDWLRQ>@LQRUGHUWRE\SDVVGLIILFXOWLHVWKDWDULVHIURP
GDPDJHG VWDWH PHDVXUHPHQWV DQG YDULRXV DPELHQW FRQGLWLRQV FRQVLGHUDWLRQ 7KH
UHTXLUHPHQWLVWKDWWKHFDQGLGDWHV\VWHPIRU6+0WREHLGHQWLILHGSURSHUO\RQWKHKHDOWK\
VWDWHDQGWKDWWKHGDPDJHGDUHDGHTXDWHO\GHILQHGWREHVLPXODWHGE\)(9DULRXVORDG
FDVHVDPELHQWFRQGLWLRQVDQGGDPDJHVPD\WKHQEHVLPXODWHGDQGWKHH[WUDFWHGGDWDFDQ
EHIHGGLUHFWO\ZLWKPLQLPDOSUHSURFHVVLQJLQD&11FODVVLILHU
,QWKLVZRUNWKHSRWHQWLDORIWKHSURPLVLQJV\VWHPLGHQWLILFDWLRQDQGGDPDJHGHWHFWLRQ
IUDPHZRUNE\VLPXODWHGH[SHULPHQWVLVH[SORUHGIXUWKHUIRUFRPSOH[VWUXFWXUHV$FDUERQ
ILEHUUHLQIRUFHGSRO\PHU &)53 WUXVVVWUXFWXUHLVXVHGDVDEHQFKPDUN7KHQRYHOGDPDJH
GHWHFWLRQIUDPHZRUNLQFOXGHVDV\VWHPLGHQWLILFDWLRQDQGPRGHOXSGDWLQJIRUWKHPDWHULDO
SDUDPHWHUVRUWKHVWUXFWXUHDQGLQWXUQDVWRFKDVWLF)(VLPXODWLRQIRUJHQHUDWLRQRIODEHOHG
KHDOWK VWDWXHV $ &11 LV WUDLQHG E\ WKH VLPXODWHG GDWD DQG YDOLGDWHG DIWHUZDUGV E\
PHDVXUHPHQWV RQ WKH UHDO VWUXFWXUH 7KH SK\VLFDO EHQFKPDUN VWUXFWXUH DQG WKH LPSRVHG
GDPDJHVDUHGHVFULEHGLQ6HFWLRQDORQJZLWKWKHZRUNIORZRIWKHFRPSOHWHIUDPHZRUN
7KHV\VWHPLGHQWLILFDWLRQDQG)(PRGHOXSGDWLQJLVVKRZQLQ6HFWLRQ5HVXOWVRQWKH
GDWDJHQHUDWLRQ&11WUDLQLQJDQGHYDOXDWLRQRQWKHKHDOWKVWDWXVRIWKHUHDOVWUXFWXUHDUH
VKRZQ LQ 6HFWLRQ  7KH SHUIRUPDQFH RI WKH IUDPHZRUN LV ILQDOO\ GLVFXVVHG LQ WKH
&RQFOXVLRQVVHFWLRQ
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2

CARBON FIBER REINFORCED POLYMER BENCHMARK TRUSS
STRUCTURE

3XUSRVHRIWKLVZRUNLVWRWHVWWKHSURSRVHGVLPXODWHGH[SHULPHQWVIUDPHZRUNDJDLQVW
ODUJHDQGFRPSOH[VWUXFWXUHV7KHEHQFKPDUNWUXVVFDVHVKRZQLQ)LJXUHFRPSULVHVRI
&)53WXEHVFRQQHFWHGRQDOXPLQXPSDUWVZKLFKDUHEROWHGRQVROLGDOXPLQXPHGJHV>@

Figure 1([SHULPDQWDOVHWXSRIWKH&)53SLQMRLQHGEHQFKPDUNVWUXFWXUH OHIW 5XEEHULQWHUIDFHIRU
VWLIIQHVVUHGXFWLRQRIWKHEROWHGFRQQHFWLRQ ULJKW 

7KH EHQFKPDUN VWUXFWXUH SRVHV FKDOOHQJHV DJDLQVW WKH HIIHFWLYH LGHQWLILFDWLRQ RI WKH
FRPSRVLWHPDWHULDOSDUDPHWHUVDQGWKHHIIHFWLYH)(PRGHOLQJRIWKHEROWHGFRQQHFWLRQV
7KHDUWLILFLDOGDPDJHWREHVWXGLHGLVFRQVLGHUHGFRPSURPLVHGEROWVEHWZHHQWKHDOXPLQXP
WRFDUERQFRQQHFWLRQDQGWKHVROLGDOXPLQXPHGJHV)RXUEROWVLQWRWDODUHWKHFDQGLGDWH
GDPDJHSRVLWLRQVHYHU\WLPHDVQRWHGLQ)LJXUHDV'''DQG'7KHGDPDJHG
FDVHVEROWVDUHOHIWXQWLJKWHQHGLQRUGHUWRUHGXFHFRQQHFWLRQVWLIIQHVV,PSDFWORDGLQJLV
XVHGIRUDOO6+0WHVWVLQWKLVZRUN7KHSURSRVHG6+0IUDPHZRUNSURFHHGVDVVKRZQLQ
)LJXUHVWDUWLQJZLWKWKH)(PRGHOEXLOGLQJDQGLGHQWLILFDWLRQ
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Figure 2:RUNIORZRIWKHSURSRVHG6+0IUDPHZRUN

3

SYSTEM IDENTIFICATION AND FINITE ELEMENT MODEL UPDATING
OF PARAMETERS

7KH)(PRGHORIWKHWUXVVVWUXFWXUHLVFRQVWUXFWHGXVLQJDWRWDORIWULDQJXODU
VKHOOHOHPHQWVIRUWKH&)53WXEHVDQGWHWUDKHGUDHOHPHQWVIRUWKHPHWDOOLFSDUWV
DQGJOXHWKDWFRQQHFWVWKHPZLWKWKHWXEHV7KHEROWVDUHPRGHOHGDVULJLGHOHPHQWVWKDW
FRQQHFW WKH WUXVV VHFWLRQV ,Q SDUDOOHO LGHQWLILFDWLRQ RI WKH WUXVV VWUXFWXUH V\VWHP LV
SHUIRUPHGE\H[WUDFWLQJWKHH[SHULPHQWDOIUHTXHQF\UHVSRQVHIXQFWLRQV )5) ZLWKLPSDFW
ORDGLQJVKRZQLQ)LJXUH7KH&0$(6VWRFKDVWLFRSWLPL]DWLRQDOJRULWKP>@LVXVHG
DIWHUWRXSGDWHWKH)(PRGHO&)53DQGPHWDOOLFSDUWPDWHULDOSURSHUWLHVRQWKHLGHQWLILHG
V\VWHPEDVHGRQWKHH[SHULPHQWDO)5)V
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Figure 3)UHTXHQF\UHVSRQVHIXQFWLRQVIRULPSDFWORDGLQJRIWKHWUXVVVWUXFWXUH

3ULRUWRXSGDWHWKH)(PRGHOLVGLYLGHGLQSDUWVDVVKRZQLQ)LJXUHDFFRUGLQJWRWKH
PDWHULDOW\SHRIHDFK5HVXOWVIRUWKHILUVWIUHTXHQFLHVRIWKHXSGDWHG)(PRGHODUHVKRZQ
LQ7DEOHLQFRPSDULVRQZLWKWKHLGHQWLILHGH[SHULPHQWDORQHV
Identified
Frequency [Hz]
















Frequency
Updated FE
[Hz]








Frequency
Error (%)








7DEOH&RPSDULVRQEHWZHHQLGHQWLILHGDQGXSGDWHG)(IUHTXHQFLHV

)RUGDPSLQJYDOXHV&0$(6ZDVXVHGDJDLQZLWKDVWDUWLQJSRLQWWKHSUHYLRXVO\XSGDWHG
PDWHULDO YDOXHV FRQYHUJLQJ DIWHU WR WKH YDOXHV RI   DQG  IRU
IUHTXHQF\UDQJHVEHWZHHQDQG+]UHVSHFWLYHO\ 7KHFRPSOHWH
XSGDWHG )( PRGHO LV DIWHU YDOLGDWHG RQ LPSDFW H[FLWDWLRQ DQG WKH WLPH KLVWRULHV RI
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DFFHOHUDWLRQV DW WKH QRGH ORFDWLRQV DUH FRPSDUHG EHWZHHQ H[SHULPHQWDO DQG QXPHULFDO
UHVXOWV7KHUHVXOWVDUHVKRZQLQ)LJXUH

Figure 4*URXSHG)(PRGHOSDUWV DFFRUGLQJWRFRORU ZLWKUHSVHFWWRWKHLUPDWHULDOSURSHUWLHV

Figure 5,GHQWLILHGQXPHULFDOYVH[SHULPHQWDODFFHOHUDWLRQWLPHUHVSRQVHIRULPSDFWORDG

7KH DFFHOHUDWLRQ FRPSDULVRQ VKRZV D JRRG FRUUHVSRQGDQFH EHWZHHQ WKH UHDO DQG WKH
QXPHULFDOVWUXFWXUH:LWKWKHXSGDWHG)(PRGHODWKDQGQRZWKHGDWDJHQHUDWLRQVWHSPD\
SURFHHGZLWKWKHVXEVHTXHQW&11WUDLQLQJGHVFULEHGLQ6HFWLRQ
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4

DATA GENERATION, TRAINING AND EXPERIMENTAL VALIDATIONS

7KH 6+0 GDWD JHQHUDWLRQ LV SHUIRUPHG ZLWK WKH LGHQWLILHG )( PRGHO RI WKH WUXVV
VWUXFWXUHZKLFKLVXVHGWRVLPXODWHWKH+HDOWK\WKHIRXUGDPDJHGVWDWHV'''DQG
'7KHEROWHGFRQQHFWLRQVDUHPRGHOHGDVULJLGERGLHVIRUWKH+HDOWK\VWDWXVDQGUHPRYHG
DFFRUGLQJ WR WKH GDPDJH W\SH 5DQGRP VDPSOLQJ LQ RUGHU WR SURPRWH FODVVLILHU
JHQHUDOL]DWLRQLVXVHGIRUWKHPDWHULDODQGPRGHOSDUDPHWHUVWKURXJKDUHSHWLWLYHORDGFDVH
VFKHPH>@RQWKH)(HTXDWLRQVRIPRWLRQ
M U A  C(Κ,Μ D  E V  K E U F 



:KHUH A V DQG U DUH JOREDO WKH DFFHOHUDWLRQ YHORFLW\ DQG GLVSODFHPHQW YHFWRUV
UHVSHFWLYHO\ Μ C DQG K UHSUHVHQWWKHJOREDOPDVVGDPSLQJDQGVWLIIQHVVPDWULFHVRIWKH
VWUXFWXUHWKDWGHSHQGRQWKHPRGHOSK\VLFDOSDUDPHWHUVRIGHQVLW\ȡGDPSLQJĮDQGȕDQG
HODVWLFLW\ ( 7KH GDWD JHQHUDWLRQ DOJRULWKP LV VKRZQ LQ $OJRULWKP  8QLIRUP UDQGRP
GLVWULEXWLRQLVXVHGIRUDOOYDOXHVZLWKD r UDQJHIURPWKHLGHQWLILHGPDWHULDOYDOXHV
,PSDFWORDGLQJZDVXVHGDVH[FLWDWLRQ
Algorithm 11XPHULFDOPRGHOGDWDJHQHUDWLRQDOJRULWKP
Input:1XPEHURIORDGFDVHVQDQGVWDWLVWLFDOERXQGVIRUHDFKTXDQWLW\ρ, α, β, Ε
Output:QQXPEHURIODEHOHGDFFHOHUDWLRQYHFWRUVDWSUHVHOHFWHG)(QRGHV









for i  n do
GHILQH+HDOWKVWDWXV\DFFRUGLQJWR)(PRGHO o Y

sampleE o K = K( E
sample ȡ o Μ = Μ U
sample Įȕ o C = C(K,M ai  Ei 
Solve MA + CU + KU = F
return A and Y
end

7KHH[WUDFWHGDFFHOHUDWLRQVDQGKHDOWKODEHOVWDWXVDIWHUORDGFDVHVIRUHDFKVWDWXVHV
DUHFRPSOHWHGIRUPWKH6+0WUDLQLQJGDWDVHW  
Train B set ^ A  Y  A  Y  A n  Yn `



7KH&11LVWUDLQHGDIWHURQWKHH[DPSOHVRIVHW  LQRUGHUWROHDUQWRLGHQWLI\GDPDJH$
³'HHS´DQG³PXOWLKHDGHG´DYHUDJLQJIRUP>@LVXVHGWKDWFRPSULVHVRIGLIIHUHQW'VLJQDO
FRQYROXWLRQDO ILOWHUV 1H[W  H[SHULPHQWDO PHDVXUHPHQWV RI HDFK VWDWH DUH LQSXW LQ WKH
WUDLQHG&11WRFKHFNLWVSUHGLFWLRQV5HVXOWVDUHVKRZQIRUDELQDU\GDPDJHLGHQWLILFDWLRQ
FDVHPHDQLQJD+HDOWK\FODVVDQGDVLQJOH'DPDJHGFODVVFRQWDLQLQJ'''DQG'
7KH SUHGLFWLRQV RQ WKH H[SHULPHQWDO +HDOWK VWDWXV DUH VKRZQ LQ )LJXUH  7KH FODVV
SUHGLFWLRQVFRPHLQYDOXHVEHWZHHQDQGZLWKEHLQJWKHFODVVWKUHVKROG %OXHLV
XVHGIRUWKH+HDOWK\FODVVVFRUHWKDWWKHQHWZRUNSUHGLFWVDQGUHGIRUWKH'DPDJHG7KH
VXPRIWKHEOXHDQGUHGFROXPQLVDOZD\VHTXDOWRLQWKHQHWZRUNRXWSXW7KHKLVWRJUDPV
DUHUHDGDVIROORZV)URPWKHKLVWRJUDPVVKRZWKHSUHGLFWLRQVVFRUHVIRULQSXWVIURP
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+HDOWK\ H[SHULPHQWDO VWDWHV )URP     WKH KLVWRJUDPV VKRZ WKH
SUHGLFWLRQV VFRUHV IRU LQSXWV IURP ' ' ' DQG ' H[SHULPHQWDO VWDWHV UHVSHFWLYHO\
ZKLFKDOOWRJHWKHUIRUPWKH'DPDJHGFODVVLQWKLVELQDU\GDPDJHLGHQWLILFDWLRQSUREOHP
7KHYDOLGDWLRQVVFRUHVFRPHWRRQWKHUHDOVWDWHVZLWKRQO\'DQG'SUHGLFWLQJWKH
VWDWHZLWKDQGDFFXUDF\UHVSHFWLYHO\7KHWUDLQHG&11FDQEHWKHUHIRUHUHJDUGHG
DVUHOLDEOHIRUWKHJLYHQSUREOHP

Figure 63UHGLFWLRQVRIWKHQXPHULFDOO\WUDLQHG&11RQWKHH[SHULPHQWDOVWDWXV

5

CONCLUSIONS

,QWKLVZRUNDV\VWHPLGHQWLILFDWLRQDQGGDPDJHGHWHFWLRQIUDPHZRUNZDVSUHVHQWIRUD
&)53 WUXVV VWUXFWXUH 7KH GDPDJH FDVHV IRU WUXVV VWUXFWXUH 6+0 EHQFKPDUN WHVW ZHUH
DSSOLHGDVORRVHEROWV$IWHUWKHV\VWHPLGHQWLILFDWLRQRIPDWHULDOSDUDPHWHUVD)(PRGHO
ZDVGHYHORSHGDQGVHUYHGDVWKH6+0WUDLQLQJGDWDVRXUFHLQRUGHUWRIHHGLQD'HHS&11
FODVVLILHU7KHQXPHULFDOO\WUDLQHG&11ZDVILQDOO\YDOLGDWHGRQH[SHULPHQWDOVWDWHVRIWKH
EHQFKPDUNDQGVKRZHGFORVHWRDFFXUDF\LQDELQDU\GDPDJHLGHQWLILFDWLRQSUREOHP
PHDQLQJ VHSDUDWLQJ WKH +HDOWK\ IURP GLIIHUHQW 'DPDJHG FRQGLWLRQV 7KH SUHVHQWHG
IUDPHZRUN RQ WKH EHQFKPDUN VWUXFWXUH VKRZV JUHDW SRWHQWLDO IRUIXWXUH 6+0 WRROV DQG
IXUWKHUWHVWLQJLVSODQQHGVXFKDVGDPDJHFDVHVRIOHVVPDJQLWXGHDQGGDPDJHGHWHFWLRQ
FRPELQJZLWKGDPDJHORFDWLRQ
Acknowledgment: This research has been co‐financed by the European Union and Greek
national funds through the Operational Program Competitiveness, Entrepreneurship and
Innovation, under the call $TXDFXOWXUH  ,QGXVWULDO0DWHULDOV  2SHQ,QQRYDWLRQLQ
&XOWXUH (project code: Τ6ΥΒΠ-00478)
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AN IN-SITU EXPERIMENTAL SETUP FOR DAMAGE LOCALIZATION
AND MECHANICAL PARAMETER ESTIMATION
M. Vollmering1 , I. Dolbonosov1 , A. Lenzen1
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e-mail: Armin.Lenzen@htwk-leipzig.de

Keywords: Output-only identiﬁcation, Damage localization, H-inﬁnity estimation, Mechanical
parameter estimation, Mass perturbation methods, Projection techniques in state space
Abstract. A new in-situ experimental setup for damage localization and mechanical parameter
estimation has been built at two test ﬁelds, outdoors at a rooftop and in a laboratory at Leipzig
University of Applied Sciences. Excited by wind, the structure can be identiﬁed by outputonly methods. In this contribution current progress on the development of damage localization
and scaling output-only systems from a general operator notation is shown. At the beginning
damage localization based on H∞ -estimation is brieﬂy shown. Modifying this theory, system
scaling and mechanical parameter estimation is discussed afterwards. Finally, experimental
results are shown and analysed.
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1

Introduction

In structural dynamics the parametrization of a mechanical model allows to analyse system
properties and predict structural responses in certain load cases. To parametrize real life structures,
a linear-elastic mechanical model is often a well-suited approximation at an operation point,
which is modelled by mass, stiffness, and damping (M̄ , K̄, and D̄). To avoid a priori model errors
and a possible huge numerical effort, system identiﬁcation allows a straightforward alternative
parametrization of a mechanical model, which the authors focus in this contribution. Directly
based on measurements, the identiﬁed system has a considerably smaller model order. Here, the
parametrization of a linear, time-invariant state space system is very advantageous, as this allows
to subsequently apply identiﬁed parameters in other techniques.
Stochastic system identiﬁcation. Because deterministic excitations are cost-intensive, elaborate, and sometimes impossible to apply at large-scale civil engineering structures, identiﬁcation
methods based on ambient excitations (e.g. wind, trafﬁc, waves, microseism) should be applied
instead [1]. Some stochastic system identiﬁcation methods are a) stochastic realization [2],
b) stochastic subspace identiﬁcation (SSI) [3], c) canonical correlation analysis (CCA) [4], and
so on. Because ambient excitations are in general unmeasurable, state space parameters A
and C can be determined only based on structural response measurements. Hence, the physical interpretation of the identiﬁed system is an important issue. A widespread approach is
the identiﬁcation of modal data (free scaled mode shapes), named operational modal analysis
(OMA) [5–7]. However, without the necessity of numerical computations based on (real or
complex-conjugated) mode shapes, we focus on the development of a general, system theoretic
identiﬁcation approach.
Motivation: Mechanical parameter estimation and damage localization. A new in-situ
experimental setup for damage localization and mechanical parameter estimation has been built
at two test ﬁelds, outdoors at a rooftop and in a laboratory at Leipzig University of Applied
Sciences (see ﬁgure 1 and section 4). Excited by wind, the structure can be identiﬁed by output-

(a) Wind-exposed structure at a rooftop

(b) Laboratory structure

Figure 1: Experimental structures
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only methods. The authors aim to develop and verify a damage localization method based on
the state projection estimation error (SP2E) [8–11], which is insensitive to environmental and
operational conditions (EOC). While ﬁrst attempts based on principal component analysis were
analysed [12], a system theoretic approach may be advantageous.
In this contribution, current progress on the development of damage localization and scaling
output-only systems from a general operator notation is shown. To begin with in section 2,
damage localization based on SP2E is brieﬂy shown. Modifying this theory, the novel state
projections for system scaling (SP2S) method and subsequent mechanical parameter estimation
is discussed afterwards, which is based on output-only measurements and the mass perturbation
technique (repetition of measurement with known additional mass ΔM , section 3). Finally,
experimental results are shown and analysed in section 4.
Because structural alterations are a key element
Some notes on the used nomenclature.
of this contribution (e.g. stiffness modiﬁcations ΔK,i and/or mass perturbations ΔM,i ), the
deﬁnition of structural state i is introduced: i = 0 deﬁnes the reference and i > 0 the altered
structural state.
We focus on the application of estimation/control approaches in structural dynamics. Hence,
a more general system theoretic notation is used: The map to y from u is denoted by Tyu . By
using a linear, time-invariant state space system, Tyu may be written in frequency domain as
4
σx(σ) = Ax(σ) + Bu(σ)
σ = (s, z) .
y(σ) = Cx(σ) + Du(σ)
Based on state space parameters A, B, C, and D, the frequency response matrix function follows:
#
"
−1
A B σ 
Tyu (σ) =
= C σI − A B + D .
C D
2
2.1

Damage localization based on H∞ -estimation: State projection estimation error (SP2E)
Basis: Output-only identiﬁcation

As mechanical system parameters (M̄ , K̄, and D̄) and structural excitations are unknown for
real large-scale structures, we use the SSI [3] to parametrize discrete-time state space parameters
A and C. These matrices are applied to deﬁne a discrete-time system
⎡ ⎤
# xk
"
# "
#
"
" #


A I 0 ⎣ ⎦
Q S
xk+1
wk
w k , nk =
=
with nk , nk := ∗
.
(1)
S Rv
yk
vk
C 0 I
vk
2.2 H∞ -estimation: Worst-case analysis
H∞ -theory leads to estimators, which are less susceptible to disturbance uncertainties. A key
element for that is to consider the so-called worst-case. Hence, one uses the H∞ -norm to bound
a system Ts̃n by γ, which is equivalent to bound the largest singular value of matrix function Ts̃n ,
namely
Ts̃n H∞ = sup
n


s̃2
= max σ̄ Ts̃n (ejω ) < γ ,
ω
n2
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Although H∞ -theory may lead to over-conservative estimators, they outperform Kalman
ﬁlters (H2 estimators), when the disturbances are unknown [13]. An important difference
to Kalman ﬁltering is the usage of weighting parameter L, allowing different applications in
H∞ -estimation [13]. For the case of ﬁltering signals in additive noise [14] one uses L = C.
There are plenty H∞ -theory approaches [13–17]. A powerful, theoretical approach is the
derivation of estimation as a special case of control by using the lower linear fractional transformation (LLFT, see ﬁgure 2) [18]:
⎡ ⎤


⎤ ⎡
⎡
⎤ xk
"
#"
#" #
A I 0 0
xk+1
⎢w k ⎥
C
K
A
−
K
x̂
x̂k
p
p
k+1
⎢
⎥
⎣ s̃k ⎦ = ⎣ L 0 0 −I ⎦
.
(3)
⎣ vk ⎦ ,


ŝk
yk
L
0
yk
0
C 0 I
/0
1
.
/0
1 ŝk
.
K
P



T s̃n = LLFT P, K
⎡
⎢⎢⎢ A
⎢⎢⎢
⎢⎢⎢ L
⎢⎢⎣
C

s̃



⎤
I 0
0 ⎥⎥⎥


⎥⎥
0 0 −I ⎥⎥⎥⎥⎥


⎥⎦
0 I
0

y

n

ŝ
A − K pC
L

Kp
0

Figure 2: Estimation as a special case of control

LMI based H∞ -estimation.
Linear matrix inequality (LMI) methods are widespread to
determine H∞ -controllers [19, 20]. Based on the bounded real lemma, a γ-optimal controller K
exists in discrete-time (see equation (2)) in both equivalent expressions
⎡
⎤
Bcl
0
−X −1 Acl
? 
⎢ ATcl −X
?
0
CclT ⎥
?
?
⎥<0,
< γ, H = ⎢
(4)
?Ts̃n Acl , Bcl , Ccl , Dcl ?
⎣ BclT
0 −γ 2 I DclT ⎦
H∞
0
Ccl
Dcl −I
if the above inequality is feasible for X > 0. Hence, an optimization problem follows, namely the
minimization of γ under the above constraints, which may be solved numerically (see [21, 22]).
A numerical minimum for γ 2 can be found by semideﬁnite programming (SDP), which may lead
to the strictly proper form
#" #
"
# "
A f Kf
x̂k+1
x̂k
=
.
(5)
ŷk
yk
C
0
.
/0
1
KLMI

Riccati recursion/equation based H∞ -estimation. Besides the LMI solution, the application of indeﬁnite metric spaces for H∞ -estimation [14] is a remarkable theory. Based on the
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minimization of an indeﬁnite quadratic form [23], this theory leads to a Riccati recursion

# −1 " # 
" #∗  " # " # ∗ " 2
L
L
L
L
−γ I 0
P
P A∗ + Q
+
(6a)
Pk+1 = APk I −
C
C k C
C k
0
I
−1
= A Pk−1 − γ −2 L∗ L + C ∗ C
A∗ + Q .
(6b)
To determine an H∞ -estimator, a convergent solution P = Pk+1 = Pk must be computed and
important existence conditions are taken into account
∀k :

P̃k−1 = Pk−1 − γ −2 L∗ L > 0,

Pk−1 − γ −2 L∗ L + C ∗ C > 0 .

(7)

Because a direct recursive computation is numerically imprecise [24], one can solve a discretetime algebraic Riccati equation (DARE) instead. To get a solution, the eigenvectors of an
extended symplectic pencil are used to numerically determine matrix P [25], which leads to the
a priori H∞ -estimator
"
#" #
# "

−1
Ap Kp
x̂k+1
x̂k
=
with Kp = AP̃ C ∗ C P̃ C ∗ + I , Ap = A − Kp C . (8)
ŷk
yk
C 0
.
/0
1
KDARE

As γ → ∞, the estimator in equation (8) becomes the well-known Kalman ﬁlter (an H2 -optimal
estimator) [13].
2.3

Damage localization by state projection estimation error (SP2E) method

A difference process has been proposed for damage localization by the authors [9–11]. Process
d follows the introduced system in discrete-time
⎡
⎤
⎡
⎤ x̂0,k
⎤ ⎡
Ap,0
0 Kp,0 Ci 0 Kp,0 ⎢
x̂0,k+1
⎥
⎢ x̂i,k+1 ⎥ ⎢ 0
⎥ ⎢ x̂i,k ⎥
A
K
C
0
K
p,i
p,i
i
p,i
⎢
⎥ ⎢ xi,k ⎥ .
⎥ ⎢
(9)
⎥
⎣ xi,k+1 ⎦ = ⎣ 0
0
Ai
I
0 ⎦⎢
⎣ wk ⎦
dk
−C0 Ci
0
0 0
.
/0
1 vk
Tdn

Using state projections, a Sylvester equation must be solved, which leads to the following:
"
#
#
"
" #
Ap,0 0
Kp,0
Y
(10a)
Θ̄ − Θ̄Ai = −
C , Θ̄ =
Z
0 Ap,i
Kp,i i
⎡
⎤
⎡
⎤ x̂0,k
⎤ ⎡
Ap,0
0
0
−Y Kp,0 ⎢
x̂0,k+1
⎥
⎢ x̂i,k+1 ⎥ ⎢ 0
⎢ x̂i,k ⎥
A
0
−Z Kp,i ⎥
p,i
⎢
⎥ ⎢ xi,k ⎥ .
⎥=⎢
(10b)
⎥
⎣ xi,k+1 ⎦ ⎣ 0
0
Ai
I
0 ⎦⎢
⎣ wk ⎦
dV,k
−C0 Ci Ci Z − C0 Y
0
0
.
/0
1 vk
TdV n

The SP2E difference process approach is a form of model reduction, namely the truncation of
estimator poles. This has been discussed by the authors [9–11] and allows to deﬁne
⎡ ⎤
# "
" #
"
# xk
 Y

Ai I 0 ⎣ ⎦
xk+1
wk , CT = −C0 Ci
= Ci Z − C 0 Y .
=
(11)
Z
dV,k
CT 0 0
/0
1 vk
.
TdV n
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As a result one determines the difference process dV taking state projections into account.
The average process power of dV can be analysed for damage localization:




P̄dV = diag RdV
with RdV = dV,k , dV,k .
(12)
The SP2E method has been veriﬁed based on experimental data and the study of damage
localization results can be found in [9–11].
3
3.1

System scaling and mechanical parameter estimation based on output-only identiﬁcation and mass perturbations
Relation of structural states in general operator notation

In this section some brief notes on the novel state projections for system scaling (SP2S)
method and mechanical parameter estimation are given (for details see [26]). To ﬁnd a relation
for that, the constitutive equation of motion in structural dynamics is reordered to
s

ai = Taf,i f :

M̄ ai (t) + D̄vi (t) + K̄di (t) = f (t) − ΔM,i ai (t) .

(13)

The mechanical system in reference structural state Taf,0 has the response of state i due to input
f − ΔM,i ai (t) after a settling time (steady state vibrations). Omitting initial values, this may be
expressed in Laplace domain by



s
Taf,i = Taf,0 Ip − ΔM,i Taf,i .
(14)
ai (s) = Taf,0 (s) f (s) − ΔM,i ai (s) ,
In equation (14) we presuppose the same average excitation spectrum (in a stochastic sense)
for both structural states Taf,0 and Taf,i . Equation (14) is very important to relate reference and
altered structural states in one framework and a system description for the structural states is
necessary to apply the found relation, which is shown below.
3.2

State projections for system scaling method (SP2S)

A state space approach is focused below, because this allows to apply standard system analysis
techniques afterwards. Hence, by applying state space parameters Ai , Bi , Ci , and Di in equation
(14), one concludes the following in continuous-time:
# "
#"
#
"
Bi
Ai
A0 B0
Ai B i
s
(15a)
=
Ci Di
C0 D0
−ΔM,i Ci Ip − ΔM,i Di
⎤
⎡
A0 −B0 ΔM,i Ci B0 (Ip − ΔM,i Di )
s
⎦
Ai
Bi
(15b)
=⎣ 0
C0 −D0 ΔM,i Ci D0 (Ip − ΔM,i Di )
⎤⎡ ⎤
⎡ ⎤ ⎡
A0 −B0 ΔM,i Ci B0 (Ip − ΔM,i Di )
x0
ẋ0
s
⎦
⎣
⎣
⎦
⎣
0
Ai
Bi
ẋi =
xi ⎦ .
ai = Taf,i f :
(15c)
ai
f
C0 −D0 ΔM,i Ci D0 (Ip − ΔM,i Di )
In equation (15b) the state space system on the right-hand side has a considerably larger model
order than the left-hand side. Applying the state projection technique of equation (10), a block
diagonal form is determined:
A0 Θi − Θi Ai = B0 ΔM,i Ci
⎤
⎡
#
"
0
B0 (Ip − ΔM,i Di ) − Θi Bi
A0
Ai Bi
s
⎦ .
Bi
Ai
=⎣ 0
Ci Di
C0 C0 Θi − D0 ΔM,i Ci
D0 (Ip − ΔM,i Di )
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Therefore, constraints are introduced to ﬁnd a solution in accordance to state projection results:
−B0 ΔM,i Ci = Θi Ai − A0 Θi
Ci = C0 Θi − D0 ΔM,i Ci
0 = B0 (Ip − ΔM,i Di ) − Θi Bi
Di = D0 (Ip − ΔM,i Di ) .

(17a)
(17b)
(17c)
(17d)

Using above, this leads to a solution to the model order problem of equation (15). A numerical
efﬁcient algorithm to solve the described problem is unknown to the authors so far. Hence, a
rather theoretical approach based on the Kronecker product ⊗ is applied instead:
  
 
T
(18)
AX B = C −→
B ⊗ A vec X = vec C .
The ﬁrst two constraints of equation (17) are applied above, while the third and fourth are not
used in the following. Using the Kronecker product approach, the set of constraints is reordered:
1. Constraint −B0 ΔM,i Ci + A0 Θi − Θi Ai = 0:
  
  
− CiT ΔTM,i ⊗ In0 vec B0 + (Ini ⊗ A0 ) − (ATi ⊗ In0 ) vec Θi = 0 .

(19)

2. Constraint −D0 ΔM,i Ci + C0 Θi = Ci :
  
  
 
− CiT ΔTM,i ⊗ Ip vec D0 + Ini ⊗ C0 vec Θi = vec Ci .

(20)

Because equations (19) and (20) are deﬁned for i, both constraints can be used multiple times.
Using Ai , Ci , and ΔM,i (i = 0, 1, . . .), both constraints are stacked together in a system of linear
equations
⎤† ⎡ 0 ⎤
T
⎡   ⎤ ⎡ −C1T ΔTM,1 ⊗In
0
(In ⊗A0 )−(A1 ⊗In )
0
···
0
1
0
vec B0
T T
T
⎥
0
0
(In ⊗A0 )−(A2 ⊗In )
−C2 ΔM,2 ⊗In
⎥ ⎢
⎥
⎢ 0.
⎢vecD ⎥ ⎢
0
2
0
⎥
⎢
0
⎥
⎢  ⎥ ⎢
..
..
..
..
..
... ⎥ ⎢
⎢
⎢vec Θ ⎥ ⎢
.
.
.
.
⎥ ⎢  ⎥
⎥ .
⎢  1 ⎥ = ⎢
T T
0
−C1 ΔM,1 ⊗Ip
In ⊗C0
0
··· ⎥ ⎢vec C1 ⎥
⎢vec Θ ⎥ ⎢
1
⎥


2 ⎦
⎥
⎣
T T
⎦ ⎢
⎣
0
In ⊗C0
0
−C2 ΔM,2 ⊗Ip
⎣vec C2 ⎦
..
2
.
..
..
..
..
..
...
.
.
.
.
.
(21)
This system of linear equations can be solved to estimate B and D of the structural reference
state (e.g. by Tikhonov regularization). The described method is called state projections for
system scaling (SP2S) and details can be found in [26].
3.3

Mechanical parameter estimation based on identiﬁed state space parameters

Using a Markov parameter approach, one may estimate mechanical properties based on
continuous-time state space parameters A, B, and C [27]:
−1
−1

−1−m
2−m
B
,
K̂
=
−
C
A
B
,
D̂
=
−
M̂
C
A
B
(22)
M̂ = C0 A1−m
0
0 0
0
0 0
0 M̂ .
0
Parameter m refers to the measurement type: Displacements m = 0, velocities m = 1, and
accelerations m = 2.
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3.4

Comparison to the mode shape based approach

Two important eigenvalue problems arise from the equation of motion in structural dynamics
[28], which are brieﬂy discussed below. To understand the real mode shape based mechanical
parameter estimation problem, the eigenvalue problem


2
− M̄i ωi,l
+ K̄ φi,l = 0
(23)
is shown ﬁrst, which leads to real mode shapes Φi = [φi,1 φi,2 . . .], Φi ∈ RNdof ×Ndof . A
scaling factor α can be used to compute mass-normalized mode shapes φ̄l = φl αl . Based on
identiﬁed real eigenvectors (e.g. by frequency domain decomposition), one needs scaled mode
shapes to estimate mechanical parameters by
M̂i =

"
n

#−1
φ̄i,l φ̄Ti,l

,

K̂ =

l=1

"
n
l=1

φ̄i,l φ̄Ti,l
2
ωi,l

#−1
,

D̂ =

"
n
l=1

φ̄i,l φ̄Ti,l
2ζi,l ωi,l

#−1
.

(24)

Because real structures always have damping D̄ > 0, the eigenvalue problem in equation (23)
may be generalized to
"
#"
#
#"
#
"
ψi,l
ψi,l
D̄ M̄i
K̄
0
λ +
=0.
(25)
ψi,l λi,l i,l
0 −M̄i ψi,l λi,l
M̄i 0
The theoretical necessary number of mode shapes is doubled, hence Ψi = [ψi,1 ψi,2 . . .],
Ψi ∈ CNdof ×2Ndof . This leads to complex conjugated eigenvalues, for i denoted by Λi =
diag(λi,1 , λi,1 , . . .) with λl,l+1 = −ζl ωl ± jωl (1 − ζl2 )0.5 . Again a factor β may be used, which
allows to determine scaled mode shapes ψ̄l = ψl βl . In contrary to the mass-scaling approach,
complex mode shapes can be scaled to −45◦ . Then, mechanical parameters are estimated by
analysing the sum of outer products (e.g. based on SSI):
M̂i =

"
n
l=1

"

#−1
T
ψ̄i,l λi,l ψ̄i,l

,

K̂ =

−

n
T #−1

ψ̄i,l ψ̄i,l
l=1

λi,l

,

D̂ = −

n


T
M̂ ψ̄i,l λ2i,l ψ̄i,l
M̂ . (26)

l=1

Several methods have been developed to scale mode shapes based on the mass perturbation
technique [29–34]. To estimate mechanical parameters, an important rank problem must be
considered: If F̂ is full-rank with n ≥ p, the inverse F̂ K̂ = Ip exists. Very importantly, the rank
deﬁcient case K̂ = F̂ † with n < p leads to F̂ F̂ † = Ip .
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4
4.1

Experimental results of a real structure
The experimental study

This section covers experimental results of mechanical parameter estimation of the laboratory
structure (see ﬁgure 1b). The proof of damage localization by SP2E has been given before
(see [10]). In this contribution the authors discussed several methods to estimate corresponding
mechanical parameters (table 1), which will be applied below. All three methods are based
on output-only measurements and mass perturbations (repetition of measurement with known
additional mass ΔM ).
Abbreviation Approach
Equation
<Kronecker> Kronecker product based method applying
(22)
state projections.
<Mode I>
Modal approach based on real eigenvectors.
(24)
Modal approach employing complex eigen(26)
<Mode II>
vectors.
Table 1: Discussed methods to estimate corresponding mechanical parameters

The experimental structure. To apply techniques described above, a cantilever arm (length
6.15 m) in a laboratory at Leipzig University of Applied Sciences was analysed. The modular
structure consists of six beam elements with 1 m length each (cross section IPE200, DIN EN 10
034) and were connected by bolted steel plates. Therefore, stiffness and mass alterations can be
applied using additional steel plates. Using a wind excitation by wind machines (random, stationary ambient excitation), structural acceleration responses were measured in lateral direction
by twelve uniaxial, piezoelectric accelerometers (equally spaced 100 cm, measurement position
M1 . . . M6 , see ﬁgure 3).
M1

25 100

M3

M2

100

M5

M4

100

100

615

M6

100

90
[cm]

Figure 3: Mechanical system: Cantilever arm

Data processing Measured accelerations had a duration of 30 min (fs = 2 kHz) and were
analysed by Welch’s method ﬁrst. For a sufﬁcient statistical population we applied approximately
215 averages by Hanning window (L = 215 ). The estimated spectrum was used to identify
the output-only system: An inverse Fourier transform of spectrum Sy led to covariance matrix
function Ry , which was applied in the stochastic subspace identiﬁcation method. SSI results
A and C eventually identiﬁed noise poles, which had been suppressed by model reduction
techniques afterwards. This led to the identiﬁcation of six natural frequencies (bending modes in
lateral direction).
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4.2

Results: Corresponding mechanical parameter estimates

4.2.1

Corresponding mass estimate

In this study all discussed methods led to a mass estimate M̂ with a dominant main diagonal,
which corresponds to the laboratory structure. Because, corresponding mass estimates are
elaborate to analyze (e.g. interpretation of off-diagonal elements), the trace of M̂ is used below.
 



    



















































































































































































































































































































































     



     



Figure 4: Estimated corresponding mass M̂ , for abbreviations see table 1
The results of corresponding mass estimates is given in ﬁgure 4. The Kronecker product based
method leads to trace(M̂ ) = 168.7 kg. Besides that, both modal approaches lead by deﬁnition to
symmetric parameter matrices with a similar trace of M̂ , trace(M̂ ) = 166.8 kg. The experiments
have been repeated two times and structural mass of the laboratory set-up has been repeatedly
estimated.
4.2.2

Corresponding stiffness estimate

Stiffness K̄ is a central parameter to describe mechanical systems (e.g. relation between
external static forces and measured displacements). Corresponding stiffness estimates are given
in ﬁgure 5. Although all three methods lead to a similar result in comparison to the simulated,
analytical stiffness parameters, differences between simulation and real laboratory structure
must be emphasized. Possible explanations may be: a) The real stiffness of laboratory clamping
end is not inﬁnite, which was presupposed in the Euler-Bernoulli beam simulation, and b) the
used Euler-Bernoulli beam equation assumes a constant ﬂexural rigidity EI, which is not exact
considering the bolted steel plate connections (ﬁgure 1b).
Essentially, the corresponding mass and stiffness estimates can be evaluated similarly. In the
results of all methods one may recognize a band parameter matrix. However, the Kronecker
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Figure 5: Estimated corresponding stiffness K̂, for abbreviations see table 1
product based method leads to a non-symmetric parameter matrix. In summary, the estimation
of corresponding stiffness has been estimated successfully.
5

Conclusions

In this contribution the current progress on the development of damage localization and scaling output-only systems from a general operator notation is shown. At ﬁrst damage localization
based on the state projection estimation error (SP2E) method is brieﬂy presented. Modifying
this theory, system scaling and mechanical parameter estimation is discussed afterwards. Based
on output-only measurements and a mass perturbation technique, this allows to deﬁne a mechanical parameter estimation method, which is afterwards compared to two well-known modal
approaches using real and complex eigenvectors. Finally, experimental results are shown and
analysed. Identifying a real mechanical system, the applicability of the novel state projections
for system scaling (SP2S) method is conﬁrmed. More results can be found in [9–11, 26]. Some
theoretical and practical issues are still open, which should be analysed in the future. These
studies may focus on an application at large-scale structures taking varying environmental and
operational conditions into account.
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Abstract. In this work, we develop a numerical framework for analyzing Bloch waves and
their interactions with localized damages. A reduced Bloch expansion technique is ﬁrst used
to sub-structure the waveguide’s healthy part, while a detailed ﬁnite element description of the
damaged regions can be applied. A remarkable strength of this modelling technique lies in the
possibility to compute the dynamic response of the overall structure (ﬁnite or inﬁnite) subjected
to harmonic or transient loads. The damage model and its location on the waveguide can both
be updated with almost negligible additional computational effort. The performances compared
with standard ﬁnite element analysis of a similar problem are outstanding (i.e. faster by at
least 3 orders of magnitude). Two types of indicators can therefore be computed over a large
number of possible waveguide-damage conﬁgurations: (i) the local transmission, reﬂection
and conversions of Bloch waves at the interfaces of the damaged region, and (ii) the global
harmonic or transient response of a loaded waveguide. This approach is used to extend the
detectability of small-scaled damages in large-scaled periodic waveguides by exploiting the
frequency-conversions of the Bloch scattering coefﬁcients. These so-called ’diffusion features’
are eventually used to improve sub-wavelength damage quantiﬁcation and localization.
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1

INTRODUCTION

Guided wave testing (GWT) is a reliable, long-range and highly sensitive damage inspection technique. It is already well documented and extensively used for structural health assessment of various transportation, aerospace and offshore components. Although embedded
GWT solutions are still seldom in the transportation industry, the upcoming IoT revolution will
undoubtedly stimulate this ﬁeld and replace many periodic maintenance inspections by embedded monitoring devices. On the other hand, many structural parts are becoming increasingly
complex in this industry, to tackle combined needs for lightweight structures and enhanced
vibroacoustic performances. Despite their many advantages, these lightweight structures exhibit various scattering behaviors (e.g. local resonances, Bragg effects, frequency-conversion)
which considerably alter the broadband dispersion features and overall applicability of GWT
strategies. The question addressed in this work states as follows: how can advanced waveguide
modelling techniques be used to detect small damages in large-scaled periodic assemblies?
If the structure has a canonical form, explicit homogenized models can be used to describe
the local dynamics (for stiffened plates, see Fossat et al. [1]). In more complex assemblies such
as typical lightweight structures, numerical methods (or semi-analytical [2]) are needed, generally involving a reﬁned ﬁnite element description of the structure and associated with model
order reduction schemes [3–5] to reduce the computational cost involved. Since it was shown
that that high-order guided resonances tend to have a superior sensitivity to small scaled damages [6], the selective generation of guided resonances (or any form of Floquet solutions [7, 8])
can be seen as a possible way to perform multi-modal pre-assessment of a damage’s scattering
properties. These indicators have already been used in axisymmetric structures (see for ex. [9–
11]), however such analyses require extensive computation efforts and wave-based methodologies. This paper presents a computationally efﬁcient modeling scheme able to predict both the
wave dispersion characteristics, the ﬁnite or semi-inﬁnite dynamic response and local damage
scattering properties.
2
2.1

METHOD
Wave Finite Element Method

Consider a waveguide made of identical consecutive sub-structures of length d. Denoting M,
C, K the generalized ﬁnite element mass, damping and stiffness matrices of the structure and u
the displacements, the governing equation of the free waveguide writes:
(K + jωC − ω 2 M)u = 0.

(1)

The Floquet theory gives the form of the solutions U (x) of a linear differential equation
H(x)U (x) = 0 where H is a periodic operator such as H(x + d) = H(x). The solution can
therefore be written as a superposition of Floquet vectors using a d-periodic invertible matrix V
and a constant matrix κ as:
U (x) = V(x)eκx
(2)
Deﬁning the complex propagation constants λ = eκd , the Floquet theory gives the relation
between the displacements of two consecutive unit-cells as ui+1 = λui . In the direct WFEM
form, the generalized dynamic stiffness matrix is decomposed into its left and right-sided DOFs
located at the junction between the unit-cells, while the inner DOFs can be condensed. Introducing the Floquet theory in the force equilibrium equation yields the direct form of the dispersion
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relation as the following quadratic eigenvalue problem:

1
λDLR + (DLL + DRR ) + DRL φ = 0.
λ
Alternatively, the dispersion relation can be written without dynamic condensation with the
form:
 $  $
uL
0
,
D(λ)
=
0
uI
where:

"

#
#
# "
"
DRL DRI 1
DLR 0
DRR + DLL DLI
D(λ) : D −→
λ.
+
+
DIR 0
0
0 λ
DIL
DII

The wave-mode WFEM reduction was used to reduce the computational effort (e.g. [4, 5] for
details). The propagating solutions are selected among the complex solutions λ = e−jkd . Solutions are discriminated into positive Ψ+ and negative Ψ− wave amplitudes. A wavematching
procedure is used to track frequency-dependent waves and plot the dispersion curves.















 



 



Figure 1: Semi-inﬁnite piece-wise periodic waveguide conﬁguration.

2.2

Diffusion properties

The presence of a coupling region, deﬁned by the scattering matrix S in the waveguide results
in the introduction of two coupling conditions at both sides of the coupling element. Using the
above mentioned Floquet expansion gives, for any incident wave source terms (α+ , β + ) [12],
the reﬂection and transmission coefﬁcients as:


R
T

$

"
=−

DRL Ψ− Λ + (DRR + SLL )Ψ−
SLR Ψ+
−
SRL Ψ
(SRR + DLL )Ψ+ + DLR Ψ+ Λ

#−1 

α+
β+

$

The above relation allows the computation of diffusion coefﬁcients from a single incident
wavetype for any given scattering section S.
2.3

Forced response of the piecewise periodic structure

The following conﬁguration is considered: the piecewise waveguide is composed of three
sections as shown in Figure 1. Section 1 contains N1 cells. It is clamped on the left side
and connected to section 2 by a scattering region described by matrix S. An external load is
applied at a distance N2 from the coupling region and deﬁnes the semi-inﬁnite section 3. Using
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the Floquet expansion, the generalized governing equation can be rewritten under the reduced
form:
⎧ +⎫ ⎧ ⎫
0⎪
a ⎪
⎪
⎪
⎪ ⎪
⎪
⎪
⎪
⎪
⎪
−⎪
⎪
⎪
⎪
⎬
⎨a ⎬ ⎨ 0 ⎪
H b+ = 0 ,
⎪
⎪ ⎪
⎪
⎪
⎪
F⎪
b− ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎭
⎩ +⎭ ⎩ ⎪
0
c
where H = H(D, S, Ψ+ , Ψ− , {Λk }k=[0..N ] ) is a Floquet decomposition of the dynamic stiffness matrix projected on the extremities of each waveguide section (interested readers are refered to [13] for detailed methodology). Note that the maximal dimension of this sparse linear
problem is equal to the number of DOFs in a single unit-cell’s edge. In general, a reduction to
a few propagating and evanescent waves can provide an additional reduction of the dimension
by several orders of magnitude. In the example below, the total number of DOFs in sections (1)
and (2) is 100k DOFs including the scattering element. The Floquet expansion yields a reduced
system of size 250.
3

APPLICATION

The methodology is then used to compute the diffusion indicators, displayed as a set of
three frequency-dependent coefﬁcients: the Transmission (T) and Reﬂection (R), as well as a
Diffusion (D) term deﬁned as in [12].
3.1

Description of the model

The considered waveguide is an aluminium framed structure of unit-cel’s length lx =5 cm
meshed using 3D block elements and involving three different internal damages as described
in ﬁg. 2. The loading and boundary conditions are the ones of an attempted inspection of the
region between the actuated region and the clamped end, considering a semi-inﬁnite part on
the other side (no reﬂected waves). The conﬁguration therefore corresponds the one shown in
ﬁg. 1. The damage model is parametrized and consists in a local reduction of the stiffness on
the walls of the damaged unit-cell along three possible direction (see ﬁg. 2).

Figure 2: (a) FEM of a ﬁnite section of the framed structure. (b) Example of damage scenario along x (blue), y
(green) and z (red).

3.2

Diffusion features

The diffusion of all propagating waves produced by a x-oriented damage are computed using Eq. 2.2. The dispersion curves of the ﬁrst 9 propagating waves is shown in ﬁg. 4. One
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can identify the Bragg bandgap affecting most transverse waves between 8-13 kHz. The three
coefﬁcients displayed in ﬁg. 3 over frequency for each wave indicate the expected sensitivity
of the wave to a given damage. It can be assumed that the more sensitive the wave to the damage is, the more altered the overall dynamic response will be once subjected to this wavetype’s
loading. For a sake of clarity, the non-propagative regions (e.g. bandgaps) are hidden, based on
the wave’s spatial attenuation criterion (i.e. above 5% amplitude decay per unit-cell).

Figure 3: Transmission, Reﬂection, and Diffusion coefﬁcients of all propagating waves in the considered bandwidth, for a damage of type ’longitudinal’.
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Figure 4: Dispersion curves in the framed structure.
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Note that the sensitivities tend to increase close to the non-propagating regions (cut-on,
Bragg, local resonances etc.). For illustration purpose, one can compare the diffusion plots
of waves 5 (middle) and 7 (bottom left). It is clearly visible that wave 5 is almost insensitive to
the damage, except near the bandgap, and is mainly diffused above 14 kHz. On the other hand,
wave 7 cuts-on at 12 kHz but exhibits a higher reﬂection (above 60%) between 12 and 13 kHz.
3.3

Forced response

The hypothesis that the overall dynamic response of the semi-inﬁnite structure will be more
sensitive by applying wave 7 than wave 5 is tested in the below. In the loading region, a
guided mode actuation is assumed to produce a frequency-dependent edge unit-cell forced appropriation of a selected wave. The co-localized forced response is calculated in ﬁg. 5 for both
wavetype actuations, each comparing the healthy and damaged cases. It shows that the diffusion analysis gave a fair prediction, as the dynamic response is more sensitive under normalized
load to wave 7 than wave 5, despite its reduced propagative bandwidth. In addition, the reduced
wave model described above gives the full dynamic response solution to a given loading case in
less than a second.
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Figure 5: Forced response of the semi-inﬁnite structure under wave-mode appropriation index 5 (a) and (7). The
co-localized response is computed considering an healthy (dashed) and damaged (continuous) region with a longitudinal damage type.

4

CONCLUSIONS
The conclusions of this work can be stated as follows:
• A generalized Floquet decomposition was used to derive the dispersion characteristics,
the damage scattering information and the forced response from a single uniﬁed numerical framework.
• The method was coupled with a model order reduction scheme, providing outstanding
computation performances.
• These methodologies were proved of remarkable efﬁciency to model and predict the detectability of small-scaled damages in a framed structure using both dynamic response
and diffusion analysis.
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Abstract.
On April 25, 2015, a Mw 7.8 earthquake struck the Gorkha district of Kathmandu, Nepal.
Several masonry structures such as temples and monuments collapsed in Patan Durbar
Square. A 300-year-old two-story masonry building in Patan that is the subject of this study is
about a 5-minute walk from Patan Durbar Square. Although the building did not collapse,
cracks were confirmed in several places. Since the vibrational characteristics of the building
had been measured prior to the Gorkha earthquake, the vibrational characteristics of the
building were measured again after the Gorkha earthquake.
Since the building is two stories high, it was modelled using a two degree-of-freedom (DOF)
system and structural damage was modelled as stiffness reduction of each story. Two damage
identification techniques for the two DOF system were proposed which identifies stiffness reduction of each story using modal data. The first method utilises the natural frequencies of the
first and second modes and mode shapes of the first mode before and after the earthquake.
The second method utilises the natural frequencies and mode shapes of the first and second
modes before the earthquake and the natural frequencies of the first and second mode after
the earthquake. The mode shape after the earthquake is not utilised in the second technique.
Using the proposed techniques, the stiffness reduction ratio for each story was identified. A
comparison of the results of the first and second techniques was conducted and the results of
the second technique were superior. During the microtremor observation after the earthquake,
the accelerometers were unexpectedly plated at a different location from that before the
earthquake. The first technique utilises the mode shapes before and after the earthquake and
the mode shapes at the different locations are different. Therefore, the second technique possibly showed better results. Based on the results of the second technique, it was estimated that
the stiffness of each story was reduced about 11.5% to 15.5% due to the earthquake.
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7KH UHVXOWV RI WKLV ZRUN DUH SUHVHQWHG KHUH DV IROORZV )LUVW WKH YLEUDWLRQDO FKDUDFWHULVWLFV
HVSHFLDOO\WKHILUVWDQGVHFRQGPRGHQDWXUDOIUHTXHQFLHVWKHVKDSHRIWKHILUVWPRGHDQGWKH
GDPSLQJUDWLRVRIWKHILUVWPRGHRIWKHWUDQVODWLRQDOPRWLRQLQWKHORQJLWXGLQDODQGWUDQVYHUVH
GLUHFWLRQVDUHHYDOXDWHGIRUWKHEXLOGLQJVEHIRUHDQGDIWHUWKHHDUWKTXDNH6HFRQGVWUXFWXUDO
SDUDPHWHUV DUH PRGHOOHG ZLWK D WZR GHJUHHRIIUHHGRP '2)  V\VWHP DQG DQ LGHQWLILFDWLRQ
PHWKRGIRUWKHVWUXFWXUDOSDUDPHWHUVIURPWKHVHYLEUDWLRQDOFKDUDFWHULVWLFVLVSURSRVHG7KHQ
VWUXFWXUDOSDUDPHWHUVDUHLGHQWLILHGIURPWKHYLEUDWLRQDOFKDUDFWHULVWLFVRIWKHEXLOGLQJVEHIRUH
DQGDIWHUWKHHDUWKTXDNH$VVXPLQJWKDWWKHPDVVLVXQFKDQJHGWKHVWUXFWXUDOGDPDJHGXHWR
WKHHDUWKTXDNHLVHVWLPDWHGDVWKHVWLIIQHVVUHGXFWLRQRIWKHILUVWDQGVHFRQGIORRUV
2

TARGET BUILDING

7KHWDUJHWEXLOGLQJLVD\HDUROGWZRVWRU\EULFNPDVRQU\EXLOGLQJORFDWHGLQ-KDWDSRO
LQWKH3DWDQGLVWULFW,WLVDSXEOLFEXLOGLQJORFDWHGQHDU3DWDQ'XUEDU6TXDUHD:RUOG+HULW
DJH6LWH7KHGLVWDQFHEHWZHHQWKHHSLFHQWUHDQGWKHWDUJHWEXLOGLQJLVDERXWNP7KHGLV
WDQFH EHWZHHQ WKH WDUJHW EXLOGLQJ DQG WKH 8QLWHG 6WDWHV *HRORJLFDO 6XUYH\ 86*6  VWURQJPRWLRQ
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VWDWLRQ .$713 LVDERXW NP 7KH SHDN JURXQG DFFHOHUDWLRQV DW .$713 IRU WKH 16 (:
DQG8'FRPSRQHQWVDUHJDOJDODQGJDOUHVSHFWLYHO\
3KRWRVRIWKHEXLOGLQJEHIRUHDQGDIWHUWKHHDUWKTXDNHDUHVKRZQLQ)LJ$SODQYLHZRI
WKHEXLOGLQJLVVKRZQLQ)LJ7KHEXLOGLQJKDVWZRVWRULHVDQGODWHUDOGLPHQVLRQVRI
P7KHKHLJKWVRIWKHORZHUDQGXSSHUVWRULHVDUHDQGPUHVSHFWLYHO\7KHPD[L
PXPKHLJKWRIWKHEXLOGLQJLVP(DFKZDOOKDVRSHQLQJVZLWKWKHZHVWHUQZDOOKDYLQJ
WKHODUJHVWRSHQLQJV7KHZDOOVDUHFRPSRVHGRIPRUWDUHGEULFNV7KHURRIFRQVLVWVRIFRUUX
JDWHGJDOYDQLVHGLURQVKHHWVUHVWLQJRQZRRGHQEHDPVDQGEDWWHQV

D %HIRUHHDUWKTXDNH 1RY  E $IWHUHDUWKTXDNH 0DUFK 
)LJXUH7DUJHWEXLOGLQJEHIRUHDQGDIWHUWKH*RUNKDHDUWKTXDNH OHIWVRXWKVLGHULJKWZHVWVLGH 





D 3ODQYLHZRIWKHJURXQGIORRU
 E 3ODQYLHZRIWKHXSSHUIORRU
)LJXUH3ODQYLHZRIWKHWDUJHWEXLOGLQJZLWKQXPEHUHGPHDVXUHPHQWORFDWLRQV

3
3.1

NATURAL FREQUENCIES AND MODE SHAPES BEFORE AND AFTER
EARTHQUAKE
Microtremor Observation

)LJXUH D  VKRZV WKH RULHQWDWLRQ RI WKH VWUXFWXUHV DQG PHDVXUHPHQW ORFDWLRQV ZKHUH WKH
DFFHOHURPHWHUVZHUHSODFHG7KHDFFHOHUDWLRQUHVSRQVHVZHUHPHDVXUHGDW3RLQWEHIRUHWKH
HDUWKTXDNHDQGDW3RLQWDIWHUWKHHDUWKTXDNHDVVKRZQLQ)LJ E 7KHPHDVXUHPHQWVDWWKH
VDPHORFDWLRQVZHUHQRWSRVVLEOHGXHWRKXPDQHUURU2QHDFFHOHURPHWHUZDVSODFHGRQWKH
ILUVWIORRUDQGWKHRWKHUDFFHOHURPHWHUZDVSODFHGRQWKHVHFRQGIORRU URRIIORRU GHQRWHGE\
) DQG ) UHVSHFWLYHO\ 7KH VDPSOLQJ LQWHUYDO RI PHDVXUHPHQW GDWD ZDV  V )URP WKH
PHDVXUHG GDWD  VHWV RI  GDWD SRLQWV ZHUH H[WUDFWHG DQG WKH DYHUDJH RI WKHLU )RXULHU
DPSOLWXGHV ZDV FRPSXWHG )RU VPRRWKLQJ WKH 3DU]HQ ZLQGRZ ZLWK D IUHTXHQF\ EDQG RI
+]ZDVDSSOLHG
3.2

Natural frequencies and mode shape

)LJXUHFRPSDUHVWKH)RXULHUDPSOLWXGHVRIWKHUHVSRQVHVRQWKHILUVWDQGVHFRQGIORRUVLQ
WKH ORQJLWXGLQDO x 16  DQG WUDQVYHUVH y (:  GLUHFWLRQV EHIRUH DQG DIWHU WKH HDUWKTXDNH
&OHDUSHDNVFDQEHVHHQDW+]DQG+]EHIRUHWKHHDUWKTXDNHDQG+]DQGDURXQG
+]DIWHUWKHHDUWKTXDNHLQWKHORQJLWXGLQDOGLUHFWLRQ&OHDUSHDNVFDQEHVHHQDW+]
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DQG+]EHIRUHDQG+]DQG+]DIWHUWKHHDUWKTXDNHLQWKHWUDQVYHUVHGLUHFWLRQ
3HDNV DW  +] LQ WKH WUDQVYHUVH GLUHFWLRQ EHIRUH WKH HDUWKTXDNH DUH WRUVLRQDO PRWLRQ VR
WKHVHZHUHGLVUHJDUGHG
7KHPRGHVKDSHLVGHILQHGDVWKHUDWLRRIWKHDPSOLWXGHRIWKHILUVWIORRUWRWKHDPSOLWXGHRI
WKHVHFRQGIORRUDURXQGQDWXUDOIUHTXHQFLHVFRQVLGHULQJWKHVKDSHVRIWKH)RXULHUDPSOLWXGHV
DURXQGWKHQDWXUDOIUHTXHQFLHV7KHVKDSHRIWKHILUVWPRGHLQWKHORQJLWXGLQDOGLUHFWLRQWKHQ
LVHVWLPDWHGDVEHIRUHDQGDIWHUWKHHDUWKTXDNH7KHVKDSHRIWKHILUVWPRGHLQWKH
WUDQVYHUVHGLUHFWLRQLVHVWLPDWHGDVEHIRUHDQGDIWHUWKHHDUWKTXDNH7KHVKDSHRI
WKHVHFRQGPRGHEHIRUHWKHHDUWKTXDNHZDVDOVRUHDG
&RPSDULVRQV RI WKH QDWXUDO IUHTXHQFLHV RI WKH ILUVW DQG VHFRQG WUDQVODWLRQDO PRGHV WKH
VKDSHRIWKHILUVWWUDQVODWLRQDOPRGHDQGWKHGDPSLQJUDWLRRIWKHILUVWWUDQVODWLRQDOPRGHDUH
VKRZQ LQ 7DEOH  7KH QDWXUDO IUHTXHQFLHV GHFUHDVHG EHFDXVH RI WKH HDUWKTXDNH E\ DERXW
 WR  7KH UHGXFWLRQ UDWLR LQ WKH WUDQVYHUVH GLUHFWLRQ ZDV ODUJHU WKDQ WKDW LQ WKH
ORQJLWXGLQDOGLUHFWLRQ$VVXPLQJWKDWWKHPDVVRIWKHVWUXFWXUHZDVXQFKDQJHGE\WKHHDUWK
TXDNHWKHGHFUHDVHLQWKHQDWXUDOIUHTXHQFLHVLQGLFDWHVDUHGXFWLRQLQVWLIIQHVVLHWKHRFFXU
UHQFHRIVWUXFWXUDOGDPDJH

 D /RQJLWXGLQDO x16 GLUHFWLRQ E 7UDQVYHUVH y(: GLUHFWLRQ
)LJXUH)RXULHUDPSOLWXGHVRIWKHUHVSRQVHVRQWKHILUVWDQGVHFRQGIORRUVEHIRUHDQGDIWHUWKH
*RUNKDHDUWKTXDNH OHIW%HIRUHHDUWKTXDNH 1RY ULJKW$IWHUHDUWKTXDNH 0DUFK 
7DEOH1DWXUDOIUHTXHQFLHVDQGPRGHVKDSHEHIRUHDQGDIWHUWKH*RUNKDHDUWKTXDNH
D /RQJLWXGLQDO x16 GLUHFWLRQ
%HIRUHHDUWKTXDNH
$IWHUHDUWKTXDNH
&KDQJHUDWLR
1DWXUDOIUHTXHQF\RIWKHILUVWPRGH
+]
+]
í
1DWXUDOIUHTXHQF\RIWKHVHFRQGPRGH
+]
+]
í
0RGHVKDSHRIWKHILUVWPRGH



DPSOLWXGHUDWLRRIWKHILUVWWRVHFRQGIORRUV 
0RGHVKDSHRIWKHVHFRQGPRGH



DPSOLWXGHUDWLRRIWKHILUVWWRVHFRQGIORRUV 
E 7UDQVYHUVH y(: GLUHFWLRQ
%HIRUHHDUWKTXDNH
1DWXUDOIUHTXHQF\RIWKHILUVWPRGH
+]
1DWXUDOIUHTXHQF\ RIWKHVHFRQG PRGH
+]
0RGHVKDSHRIWKHILUVWPRGH

DPSOLWXGHUDWLRRIWKHILUVWWRVHFRQGIORRUV 
0RGHVKDSHRIWKHVHFRQGPRGH

DPSOLWXGHUDWLRRIWKHILUVWWRVHFRQGIORRUV 

&KDQJH UDWLR 

$IWHUHDUWKTXDNH
+]
+]

&KDQJHUDWLR
í
í









YDOXH EHIRUH HDUWKTXDNH  YDOXH DIWHU HDUWKTXDNH
YDOXH EHIRUH HDUWKTXDNH
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)LJXUH7ZR'2)V\VWHP

4

IDENTIFICATION OF STIFFNESS REDUCTION USING FIRST AND SECOND
NATURAL FREQUENCIES AND FIRST MODE SHAPE BEFORE AND AFTER
EARTHQUAKE

4.1

Identification of stiffness-to-mass ratio using first and second natural frequencies
and first mode shape

6LQFH WKH WDUJHW EXLOGLQJ KDV WZR VWRULHV WKH EXLOGLQJ LV PRGHOHG ZLWK D WZR GHJUHHRI
IUHHGRP '2) V\VWHPDVVKRZQLQ)LJ
,Q WKLV VHFWLRQ DQ LGHQWLILFDWLRQ WHFKQLTXH RI WKH VWLIIQHVVWRPDVV UDWLR XVHG QDWXUDO IUH
TXHQFLHV RI WKH ILUVW DQG VHFRQG PRGHV DQG WKH PRGH VKDSH RI WKH ILUVW PRGH 7KLV PHWKRG
GLUHFWO\ LGHQWLILHV WKH VWLIIQHVVWRPDVV UDWLR RI WKH EXLOGLQJ EHIRUH DQG DIWHU DQ HDUWKTXDNH
%\ FRPSDULQJ WKH VWLIIQHVVWRPDVV UDWLR EHIRUH DQG DIWHU WKH HDUWKTXDNH DVVXPLQJ WKDW WKH
PDVVLVFRQVWDQW EHIRUH DQG DIWHUWKHHDUWKTXDNHVWUXFWXUDOGDPDJHLVLGHQWLILHGDVVWLIIQHVV
UHGXFWLRQ
/HWXVDVVXPHWKDW jLVWKHQDWXUDOFLUFXODUIUHTXHQF\DQG j ^j j`TLVWKHVKDSHRI
WKHjWKPRGH7KHQDWXUDOFLUFXODUIUHTXHQF\FDQWKHQEHREWDLQHGIURPWKHIUHTXHQF\fjRIWKH
jWKPRGHE\j fj
jDQGjDUHWKHVROXWLRQVRIWKHHLJHQYDOXHSUREOHPDVIROORZV
 m j  k  k

 k


 k
 m j

  j  
      
 k  j  



ZKHUHmiDQGkiDUHPDVVDQGVWLIIQHVVRIWKHiWKIORRU )URPWKHVHFRQGHTXDWLRQRI(T  
WKH UDWLR RI VWUXFWXUDO SDUDPHWHUV FDQ EH FRUUHODWHG ZLWK WKH QDWXUDO FLUFXODU IUHTXHQF\ DQG
PRGHVKDSH
 j
k

m   j  j





,Q WKLV VWXG\ WKH VWUXFWXUDO SDUDPHWHU km LV REWDLQHG E\ WKH QDWXUDO FLUFXODU IUHTXHQF\
DQGPRGHVKDSHRIWKHILUVWPRGHVLQFHWKHPRGHVKDSHRIWKHVHFRQGPRGHLVQRWHVWLPDWHGLQ
WKHSUHYLRXVVHFWLRQ
k


m     





1H[W WR REWDLQ WKH VROXWLRQ j   WKH GHWHUPLQDQW RI WKH PDWUL[ VKRXOG EH  LQ (T  
7KHUHIRUH
mm j  mk  m k  m k  j  kk   
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6LQFHDQGDUHWKHVROXWLRQVRI(T  
   

mk  m k  m k k k k



mm
m m m

  

kk
mm








%\VXEVWLWXWLQJ(T  ZLWK(T  WKHVWUXFWXUDOSDUDPHWHUkmLVREWDLQHGDV
k
 ^     ` 
m



%\VXEVWLWXWLQJ(TV  DQG  ZLWK(T  WKHVWUXFWXUDOSDUDPHWHU kmLVREWDLQHGDV


k





 





^

`
    






      








m
    
     


%\WDNLQJWKHUDWLRRI(TV  DQG  VWUXFWXUDOSDUDPHWHU mmLVREWDLQHGDV





m
       ^     `   
m





7KHUHIRUHWKUHHLQGHSHQGHQWSDUDPHWHUVDUHREWDLQHGDVVKRZQLQ(TV    DQG  
4.2

Results

%\VXEVWLWXWLQJWKHQDWXUDOIUHTXHQFLHVRIWKHILUVWDQGVHFRQGWUDQVODWLRQDOPRGHVDQGWKH
PRGH VKDSH RI WKH ILUVW WUDQVODWLRQDO PRGH EHIRUH DQG DIWHU GDPDJH VWUXFWXUDO SDUDPHWHUV
ZHUHHVWLPDWHGDVVKRZQLQ7DEOH
7KH VWLIIQHVV RI WKH VHFRQG IORRU k LV PXFK VPDOOHU WKDQ WKDW RI WKH ILUVW IORRU k 7KH
PDVVRIWKHVHFRQGIORRUmLVDOVRVPDOOHUWKDQWKDWRIWKHILUVWIORRUm7KLVLVEHFDXVHWKH
FHLOLQJRIWKHXSSHUIORRUFRQVLVWVRIDVPDOOQXPEHURIOLJKWWLPEHUEHDPVZKLOHWKHFHLOLQJ
RIWKHORZHUIORRUFRQVLVWVRIGHQVHWLPEHUEHDPVDQGKHDY\EULFNV
7KH PDVV UDWLR mm UHPDLQV XQFKDQJHG DW  IRU WKH ORQJLWXGLQDO GLUHFWLRQ ZKLFK
VXSSRUWVWKHDVVXPSWLRQWKDWWKHPDVVZDVXQFKDQJHGE\WKHHDUWKTXDNH+RZHYHUWKHPDVV
UDWLRZDVFKDQJHGIURPWRIRUWKHWUDQVYHUVHGLUHFWLRQ7KLVLVEHFDXVHWKHPHDV
XUHPHQWORFDWLRQLVGLIIHUHQWEHIRUHDQGDIWHUWKHHDUWKTXDNHDVVKRZQLQ)LJ7KHPHDVXUH
PHQWORFDWLRQ IRU WKH ORQJLWXGLQDO GLUHFWLRQLVDOPRVWWKHPLGGOHIRUERWKWKHSUHDQGSRVW
HDUWKTXDNHFRQGLWLRQVDQGWKLVLVZK\WKHPDVVUDWLRLVXQFKDQJHGEHIRUHDQGDIWHUWKHHDUWK
TXDNH2QWKHFRQWUDU\WKHPHDVXUHPHQWORFDWLRQIRUWKHWUDQVYHUVHGLUHFWLRQLVGLIIHUHQWDQG
WKLVLVZK\WKHPDVVUDWLRFKDQJHGEHIRUHDQGDIWHUWKHHDUWKTXDNH
+HQFHLWLVSRVVLEOHWRDVVXPHWKDWWKHPDVVLVXQFKDQJHGE\WKHHDUWKTXDNHIRUWKHORQJL
WXGLQDOGLUHFWLRQ7KHQWKHUHGXFWLRQRIVWLIIQHVVkDQGkFDQEHREWDLQHGDVWKHUHGXFWLRQRI
kmDQGkmDVVKRZQLQ7DEOH D 7KHVWLIIQHVVUHGXFWLRQUDWLRVRIWKHILUVWDQGVHFRQG
VWRULHVZHUHDQGIRUWKHORQJLWXGLQDOGLUHFWLRQ
$VVWDWHGEHIRUHWKHPDVVUDWLRZDVGLIIHUHQWEHIRUHDQGDIWHUWKHHDUWKTXDNHIRUWKHWUDQV
YHUVHGLUHFWLRQ+RZHYHUZHREWDLQHGWKHUHGXFWLRQRIkmDQGkmDVVKRZQLQ7DEOH
E 7KHVWLIIQHVVUHGXFWLRQUDWLRVRIWKHILUVWDQGVHFRQGVWRULHVZHUHDQGIRU
WKHWUDQVYHUVHGLUHFWLRQZKLFKLVGLIIHUHQWIURPWKRVHIRUWKHORQJLWXGLQDOGLUHFWLRQ2QHRIWKH
UHDVRQVLVWKHGLIIHUHQWPHDVXUHPHQWORFDWLRQEHIRUHDQGDIWHUWKHHDUWKTXDNHDQGFRPSDULQJ
WKHPRGHVKDSHVRIWKHILUVWPRGHDWWKHGLIIHUHQWPHDVXUHPHQWORFDWLRQVLVLQDSSURSULDWH
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7DEOH&RPSDULVRQRIVWUXFWXUDOSDUDPHWHUVEHIRUHDQGDIWHUWKH*RUNKDHDUWKTXDNH
D /RQJLWXGLQDO x16 GLUHFWLRQ

%HIRUHHDUWKTXDNH $IWHUHDUWKTXDNH &KDQJHUDWLR
mm>@



km>V@



km>V@




E 7UDQVYHUVH y(: GLUHFWLRQ

%HIRUHHDUWKTXDNH $IWHUHDUWKTXDNH &KDQJHUDWLR
mm>@



km>V@



km>V@





5

IDENTIFICATION OF STIFFNESS REDUCTION USING FIRST AND SECOND
NATURAL FREQUENCIES MODE SHAPES BEFORE EARTHQUAKE AND
FIRST AND SECOND NATURAL FREQUENCIES AFTER EARTHQUAKE

5.1

Identification of stiffness-to-mass ratio reduction using first and second natural
frequencies and mode shapes before earthquake and first and second natural frequencies after earthquake

6LQFHWKH PHDVXUHPHQWORFDWLRQV EHIRUH DQG DIWHU WKH HDUWKTXDNH DUH GLIIHUHQW GXH WRKX
PDQ HUURU LW LV EHWWHU QRW WR FRPSDUH WKH PRGH VKDSHV EHIRUH DQG DIWHU WKH HDUWKTXDNH RE
VHUYHGDWGLIIHUHQWORFDWLRQV7KHUHIRUHLQWKLVVHFWLRQZHSURSRVHDGLIIHUHQWWHFKQLTXH:H
XVHWKHQDWXUDOIUHTXHQFLHVRIWKHILUVWDQGVHFRQGPRGHVIRUERWKWKHSUHDQGSRVWHDUWKTXDNH
FRQGLWLRQVEXWRQO\XVHWKHPRGHVKDSHVRIWKHILUVWDQGVHFRQGPRGHVLQWKHSUHHDUWKTXDNH
FRQGLWLRQV:HGRQRWXVHWKHPRGHVKDSHLQWKHSRVWHDUWKTXDNHFRQGLWLRQV
7KHHLJHQYDOXHSUREOHPRIWKHPRGHOEHIRUHWKHHDUWKTXDNHLVZULWWHQDVIROORZV
 j > M @  > K @ ^ j `     
ZKHUH>M@LVWKHPDVVPDWUL[>K@LVWKHVWLIIQHVVPDWUL[ jDQG^j`DUHWKHjWKHLJHQYDOXH
DQGHLJHQYHFWRUUHVSHFWLYHO\RIWKHPRGHOEHIRUHWKHHDUWKTXDNH7KHjWKHLJHQYHFWRU jLV
WKHVTXDUHRIWKHQDWXUDOIUHTXHQF\j
7KHHLJHQYDOXHSUREOHPRIWKHPRGHODIWHUWKHHDUWKTXDNHLVH[SUHVVHGDV

  j   j >M @  > K @  > K @ ^ j `  ^ j `     
ZKHUH>K@>K@LVWKHVWLIIQHVVPDWUL[EHIRUHWKHHDUWKTXDNH7KHjWKHLJHQYDOXHDQGHLJHQ
YHFWRURIWKHPRGHODIWHUWKHHDUWKTXDNHDUH jjDQG^j`^j`UHVSHFWLYHO\>K@LVWKH
UHGXFWLRQRIWKHVWLIIQHVVPDWUL[GXHWRWKHHDUWKTXDNH jLVWKHUHGXFWLRQRIWKHjWKHLJHQ
YDOXHDQG^j`LVWKHLQFUHPHQWRIWKHjWKHLJHQYHFWRUGXHWRWKHUHGXFWLRQRIWKHVWLIIQHVV
PDWUL[
([SDQGLQJ(T  DQGGLVUHJDUGLQJKLJKHUWHUPV\LHOGV
 j > M @  > K @ ^ j `   j > M @  > K @ ^ j `   j > M @  > K @ ^ j `     
6LQFHWKHILUVWWHUPRI(T  EHFRPHVIURP(T  (T  EHFRPHV
 j > M @  > K @ ^ j `   j > M @  > K @ ^ j `     
$IWHUPXOWLSOLFDWLRQRIHDFKWHUPIURPWKHOHIWE\^j`T(T  EHFRPHV
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^ j `T  j > M @  > K @ ^ j `  ^ j `T  j > M @  > K @ ^ j `  

6LQFHWKHPDVVDQGVWLIIQHVVPDWULFHVDUHV\PPHWULFWKHVHFRQGWHUPRI(T  EHFRPHV
^ j `T  j > M @  > K @ ^ j `  ^ j `T  j > M @T  > K @T ^ j `



 



T

  j > M @  > K @ ^ j ` ^ j `  T ^ j `  

7KHUHIRUH(T  EHFRPHV
 

^ j `T  j > M @  > K @ ^ j `  

7KHGLIIHUHQFHRIWKHHLJHQYDOXHVFDQEHREWDLQHGDV
 j 

^ j `T > K @^ j `

 

^ j `T > M @^ j `

7KHHTXDWLRQRIPRWLRQRIIUHHYLEUDWLRQRIWKHWZR'2)V\VWHPLVZULWWHQDVIROORZV
 m



   
x t   k  k



m   
x t    k

k   x t   

  
k   x t   

 

ZKHUH xi t  LV WKH GLVSODFHPHQW UHVSRQVH RI WKH iWK IORRU %\ GLYLGLQJ WKH ILUVW DQG VHFRQG
HTXDWLRQVE\m(T  LVUHZULWWHQDV
   
x t   k  m  k  m

 
 m  m   
k  m
x

   t  


k  m   x t   

  
k  m   x t   

 

)URP(T  ZHVXEVWLWXWH(T  ZLWK(T  
j
j

 

  
  
   

>M @  
`
> K @  

 k  m  

^
ࠉࠉ

 ࠉࠉ

i

  k  m

  
   
 m  m 
  


  

7KHQZHREWDLQ
   j  j 
   j  j 
^j  j ` 
^j  j ` 





      
      
 j 
 k  m 
 k  m   
  j  j 
  j  j 


j
j
j
j
^   ` 
^   ` 




  m  m    
  m  m    

ZKHUHkiLVWKHUHGXFWLRQLQWKHVWLIIQHVVRIWKHiWKIORRUV
 j 

j  j 
j  j    j  j  



 k  m
k
m


j  j   m  m
j  j   m  m

 

%\XVLQJWKHILUVWDQGVHFRQGHLJHQYDOXHVDQGHLJHQYHFWRUVRIWKHPRGHOEHIRUHWKHHDUWK
TXDNHZHREWDLQWKHFRUUHODWLRQEHWZHHQWKHUHGXFWLRQRIHLJHQYDOXHVDQGWKHUHGXFWLRQRI
WKHVWLIIQHVV

   
   
        m  m
 
   
  
     m  m



 

           

     m  m   k  m 


            k  m 
  



 m  m





%\VROYLQJ(T  ZHILQDOO\JHWWKHVWLIIQHVVUHGXFWLRQRIHDFKIORRU
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  k  m       m  m


   
 k  m  
      m  m



 

           

     m  m   
     
            
  



 m  m





7KH QHFHVVDU\ SDUDPHWHUV LQ WKLV WHFKQLTXH DUH WKH PRGH VKDSHV RI WKH ILUVW DQG VHFRQG
PRGHVEHIRUHWKHHDUWKTXDNH        PDVVUDWLREHIRUHWKHHDUWKTXDNH m  m DQG
UHGXFWLRQRIHLJHQYDOXHVGXHWRWKHHDUWKTXDNH    7KHPDVVUDWLRLVHVWLPDWHGXVLQJ
WKHWHFKQLTXHLQWKHSUHYLRXVVHFWLRQDQGWKHUHGXFWLRQRIWKHHLJHQYDOXHLVFRPSXWHGIURPWKH
QDWXUDOIUHTXHQFLHVEHIRUHDQGDIWHUWKHHDUWKTXDNH
5.2

Results

7KHUHVXOWVDUHVKRZQLQ7DEOH7KHVWLIIQHVVUHGXFWLRQRIWKHILUVWDQGVHFRQGVWRULHV
IRUWKHORQJLWXGLQDO GLUHFWLRQ LV DERXW  DQG  ZKLFKLV DOPRVW WKH VDPH DV WKH
UHVXOWVLQWKHSUHYLRXVVHFWLRQ7KHVWLIIQHVVUHGXFWLRQRIWKHILUVWDQGVHFRQGVWRULHVIRUWKH
WUDQVYHUVH GLUHFWLRQ LV DERXW  DQG  ZKLFK LV GLIIHUHQW IURP WKH UHVXOWV LQ WKH
SUHYLRXV VHFWLRQ ,Q WKH SUHYLRXV VHFWLRQ WKH VWLIIQHVV UHGXFWLRQ UDWLR IRU WKH ORQJLWXGLQDO
DQGWUDQVYHUVHGLUHFWLRQVGLIIHUVVLJQLILFDQWO\ZKLFKLVSHUSOH[LQJ7KHUHIRUHWKHUHVXOWRI
WKLVVHFWLRQSURYLGHVDEHWWHUVROXWLRQ

7DEOH&RPSDULVRQRIVWUXFWXUDOSDUDPHWHUVEHIRUHDQGDIWHUWKH*RUNKDHDUWKTXDNH
D /RQJLWXGLQDO x16 GLUHFWLRQ

%HIRUHHDUWKTXDNH 5HGXFWLRQDIWHUHDUWKTXDNH &KDQJHUDWLR
km>V@


í
km>V@


í

E 7UDQVYHUVH y(: GLUHFWLRQ

%HIRUHHDUWKTXDNH 5HGXFWLRQDIWHUHDUWKTXDNH &KDQJHUDWLR
km>V@


í
km>V@


í



6

CONCLUSIONS

7KLVSDSHUSUHVHQWHGDVWXG\RIDWZRVWRU\KLVWRULFPDVRQU\EXLOGLQJLQWKH3DWDQGLVWULFW
RI.DWKPDQGXWKDWVXUYLYHGWKH*RUNKDHDUWKTXDNH6LQFHWKHYLEUDWLRQDOFKDUDFWHULVWLFV
RIWKHEXLOGLQJKDGEHHQPHDVXUHGEHIRUHWKHHDUWKTXDNH LQ PLFURWUHPRUREVHUYDWLRQV
ZHUHFRQGXFWHGDIWHUWKHHDUWKTXDNH LQ WKHQYLEUDWLRQDOFKDUDFWHULVWLFVVXFKDVQDWXUDO
IUHTXHQFLHVDQGPRGHVKDSHFRXOGEHFRPSDUHGEHIRUHDQGDIWHUWKHHDUWKTXDNH
7KHQDWXUDOIUHTXHQFLHVRIWKHILUVWDQGVHFRQGWUDQVODWLRQDOPRGHVGHFUHDVHGE\DQG
LQWKHORQJLWXGLQDOGLUHFWLRQDQGE\DQGLQWKHWUDQVYHUVHGLUHFWLRQLQGL
FDWLQJWKDWGDPDJHKDGRFFXUUHG
7KHWUDQVODWLRQDOPRWLRQRIWKHEXLOGLQJZDVPRGHOHGE\DWZRGHJUHHRIIUHHGRPV\VWHP
DQGDQLGHQWLILFDWLRQPHWKRGIRUWKHVWLIIQHVVWRPDVVUDWLREDVHGRQWKHILUVWDQGVHFRQGQDWX
UDOIUHTXHQFLHVDQGILUVWPRGHVKDSHZDVSURSRVHG7KURXJKWKHDSSOLFDWLRQRIWKHSURSRVHG
LGHQWLILFDWLRQPHWKRGVWUXFWXUDOSDUDPHWHUVZHUHLGHQWLILHGDQGWKHVWLIIQHVVRIWKHILUVWDQG
VHFRQGVWRULHVGHFUHDVHGE\DQGLQWKHORQJLWXGLQDOGLUHFWLRQDQGE\DQG
LQWKHWUDQVYHUVHGLUHFWLRQ7KHVWLIIQHVVUHGXFWLRQLQWKHWUDQVYHUVHGLUHFWLRQLVGLIIHU
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HQWIURPWKDWLQWKHORQJLWXGLQDOGLUHFWLRQEHFDXVHRIWKHXVHWKHPRGHVKDSHVREVHUYHGDWWKH
GLIIHUHQWPHDVXUHPHQWORFDWLRQVEHIRUHDQGDIWHUWKHHDUWKTXDNH
7KHUHIRUH WKH WHFKQLTXH XVLQJ RQO\ PRGH VKDSHV EHIRUH WKH HDUWKTXDNH ZDV SURSRVHG
7KURXJKWKHDSSOLFDWLRQRIWKHVHFRQGSURSRVHGLGHQWLILFDWLRQPHWKRGWKHVWLIIQHVVUHGXFWLRQ
RIWKHILUVWDQGVHFRQGVWRULHVIRUWKHORQJLWXGLQDOGLUHFWLRQLVDERXWDQGZKLFK
LVDOPRVWWKHVDPHDVWKHUHVXOWVLQWKHILUVWSURSRVHGPHWKRG7KHVWLIIQHVVUHGXFWLRQRIWKH
ILUVWDQGVHFRQGVWRULHVIRUWKHWUDQVYHUVHGLUHFWLRQLVDERXWDQG
$OWKRXJK WKH WDUJHW EXLOGLQJ GLG QRW FROODSVH GXULQJ WKH 0Z  *RUNKD HDUWKTXDNH RQH
VKRXOGQRWDVVXPHWKDWWKHEXLOGLQJFRXOGVXUYLYHDQRWKHUHDUWKTXDNHRIWKHVDPHPDJQLWXGH
7KHVWLIIQHVVRIWKHEXLOGLQJZDVUHGXFHGDERXWWRZKLFKLVTXLWHDODUJHUHGXF
WLRQ

ACKNOWLEDGEMENTS
7KH DXWKRUV GHHSO\ WKDQN WKH ODWH 3URI +LWRVKL 7DQLJXFKL IRU KLV NLQG HQFRXUDJHPHQW DQG
ZDUPLQJVXSSRUWGXULQJWKHUHVHDUFK

REFERENCES
>@ 3UHSDUHGQHVV 1HWZRUN 1HSDO (DUWKTXDNH KWWSZZZGSQHWRUJQSLQGH[SKS"SDJH1D
PH HDUWKTXDNH>/DVWDFFHVVHG-XQH@
>@ %LOKDP5$PEUDVH\V1$SSDUHQW+LPDOD\DQVOLSGHILFLWIURPWKHVXPPDWLRQRIVHLV
PLF PRPHQWV IRU +LPDOD\DQ HDUWKTXDNHV  &XUUHQW 6FLHQFH 9RO  
SS±
>@ $PDW\D60RQXPHQWFRQVHUYDWLRQLQ1HSDO9DMUD3XEOLFDWLRQV
>@ 5DQD%6-51HSDO¶V*UHDW(DUWKTXDNH6DKD\RJL3UHVV7ULSXUHVKZRU.DWKPDQ
GX LQ1HSDOL 
>@ 5RKLW.5+HULWDJHKRPHRZQHU¶VSUHVHUYDWLRQKDQGERRN81(6&2
>@ 3DUDMXOL +5 .L\RQR - 2QR < 7VXWVXPLXFKL 7 'HVLJQ HDUWKTXDNH JURXQG PRWLRQV
IURPSUREDELOLVWLFUHVSRQVHVSHFWUD&DVHVWXG\RI1HSDO-RXUQDORI-DSDQ$VVRFLDWLRQ
IRU(DUWKTXDNH(QJLQHHULQJ9RO  SS±
>@ 3DUDMXOL +5 .L\RQR - 7DQLJXFKL + 7RNL . )XUXNDZD $ 0DVNH\ 30 3DUDPHWULF
VWXG\DQGG\QDPLFDQDO\VLVRIDQKLVWRULFDOPDVRQU\EXLOGLQJRI.DWKPDQGX-RXUQDORI
'LVDVWHU0LWLJDWLRQRI&XOWXUDO+HULWDJHDQG+LVWRULF&LWLHV9ROSS±
>@ 3DUDMXOL+5.L\RQR-7DWVXPL06X]XNL<8PHPXUD+7DQLJXFKL+7RNL.)X
UXNDZD $ 0DVNH\ 30 '\QDPLF FKDUDFWHULVWLF LQYHVWLJDWLRQ RI DQ KLVWRULFDO PDVRQU\
EXLOGLQJDQGVXUURXQGLQJJURXQGLQ.DWKPDQGX-RXUQDORI'LVDVWHU5HVHDUFK9RO  
'U
>@ )XUXNDZD$.L\RQR-7DQLJXFKL+7RNL.7DWVXPL03DUDMXOL+5'HWDLOHGPRGHO
LQJDQGVHLVPLFEHKDYLRUDQDO\VLVRIH[LVWLQJKLVWRULFPDVRQU\EXLOGLQJLQ3DWDQ'LVWULFW
.DWKPDQGX9DOOH\1HSDO-RXUQDORI'LVDVWHU0LWLJDWLRQRI&XOWXUDO+HULWDJHDQG+LV
WRULF&LWLHV9ROSS±

887

$)XUXNDZD-.L\RQRDQG.7RNL

>@ 3DUDMXOL55.L\RQR-*URXQGPRWLRQFKDUDFWHULVWLFVRIWKH*RUNKD(DUWKTXDNH
6XUYH\RIGDPDJHWRVWRQHPDVRQU\VWUXFWXUHVDQGVWUXFWXUDOILHOGWHVWV)URQW%XLOW(Q
YLURQ9RO  KWWSG[GRLRUJIEXLO
>@ *RGD . .L\RWD 7 3RNKUHO 50 &KLDUR * .DWDJLUL 7 6KDUPD . :LONLQVRQ 6 7KH
 *RUNKD 1HSDO HDUWKTXDNH ,QVLJKWV IURP HDUWKTXDNH GDPDJH VXUYH\ )URQW %XLOW
(QYLURQ9RO  KWWSG[GRLRUJIEXLO
>@ 1DWLRQDO3ODQQLQJ&RPPLVVLRQ*RYHUQPHQWRI1HSDO3RVWGLVDVWHUQHHGVDVVHVVPHQW
9RO$.H\ILQGLQJV
>@ *RRJOHPDSVKWWSVZZZJRRJOHFRMSPDSV"KO MD>/DVWDFFHVVHG-XQH@
>@ &(60' &RPELQHG 6WURQJ0RWLRQ 'DWD  (DUWKTXDNHV UHFRUGHG E\ VWDWLRQ .$713
KWWSZZZVWURQJPRWLRQFHQWHURUJFJLELQ
&(60'6WD(YHQWSO"VWDFRGH 13.$713>/DVWDFFHVVHG-XQH@

888

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

DEMINING WAR SCENARIOS: A PROJECT BASED ON NEW
TECHNOLOGIES
Federica Mezzani, Gianluca Pepe, Nicola Roveri Antonio Carcaterra and Stefano
Solferini


'HSDUWPHQWRI0HFKDQLFDODQG$HURVSDFH(QJLQHHULQJ6DSLHQ]D8QLYHUVLW\RI5RPH
YLD(XGRVVLDQD5RPH,WDO\
HPDLO^IHGHULFDPH]]DQLJLDQOXFDSHSHQLFRODURYHULDQWRQLRFDUFDWHUUD`#XQLURPDLWVROIH
ULQL#VWXGHQWLXQLURPDLW
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ZRUN6\PEROLF'DWD$QDO\VLV
Abstract. This work has the ambition generate an algorithm able to clearly identify buried
antipersonnel mines from GPR data acquisitions. The algorithm is generated as a combination
of a convolutional neural network (CNN) and a symbolic data analysis (SDA) process. The
CNN is a powerful tool to automatically detect buried objects with even small metal content;
the SDA reduces the probability of false positives, i.e. objects identified as mines, even though
they are not and has the great advantage of not requiring a predefined dataset. Experimental
campaign, conducted on real terrain, has proven the validity of the presented algorithm.
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1

INTRODUCTION

:LWKPRUHWKDQPLOOLRQPLQHVVSUHDGLQPRUHWKDQFRXQWULHVDOORYHUWKHZRUOGWKH
GHPLQLQJSUREOHPLVIDUWREHVROYHG'HVSLWHWKHEDQSURGXFHGE\WKH2WWDZD7UHDW\LQ
PLQHVVWLOOFRQWDPLQDWHVHYHUDOFRXQWULHV7KHQXPEHURIYLFWLPVRYHUFRPHVSHU\HDULQ
FOXGLQJFKLOGUHQ0RUHWKDQKXPDQOLYHVDOVRWKHDJULFXOWXUDOVHFWRUDQGWKHHFRQRPLFGHYHO
RSPHQW RI WKRVH FRXQWULHV DUH DW VWDNH 3XEOLF KHDOWK FRVWV SV\FKRORJLFDO HIIHFWV DV SRVW
WUDXPDWLFVWUHVVGLVRUGHUDQGGHSUHVVLRQUHSUHVHQWWKHPDMRUH[DPSOHRIWKHSURGXFHGVRFLDO
LPSDFW0LOLWDU\IRUFHVDQGKXPDQLWDULDQYROXQWHHUVGHYRWHWKHLUHIIRUWVWRPLQHGHWHFWLRQDQG
WRGHPLQLQJ7UDLQHGDQLPDOVPHWDOGHWHFWRUVDQGPHFKDQLFDOGHYLFHVDUHWKHPRVWHPSOR\HG
VWUDWHJLHV+RZHYHUWKH\FDQEHH[FHVVLYHO\WLPHFRQVXPLQJDQGH[SHQVLYHDQGDVWKH\PLJKW
IDLODWGHWHFWLQJDOOWKHPLQHVWKH\FDQEHGDQJHURXV$GYDQFHGVHQVRUVKDYHEHHQLQWURGXFHG
DVSRVVLEOHVROXWLRQVWRWKLVSUREOHPDV*URXQG3HQHWUDWLQJ5DGDU *35 >@WRPRJUDSK\>
@ DQG;UD\V>@LQDGGLWLRQWRWKHPRUHFRQYHQWLRQDOLQIUDUHG>@PHWDOGHWHFWRU>@DFRXVWLF
ZDYHV>@XOWUDVRXQGV>@$PRQJWKHVHWHFKQRORJLHVWKH*35KDVRIWHQEHHQLQWURGXFHG
LQVXEVRLOLQYHVWLJDWLRQVJLYHQLWVHQKDQFHGDELOLW\WRGLVFULPLQDWHHYHQVPDOOPHWDOIUDJPHQWV
>@EHVLGHVLWVOHDVWLQYDVLYHQHVVVDIHW\DQGVSHHGPDUNLWDVDUDWKHUSHUIHFWWRROIRUPLQH
FOHDUDQFHH[SORUDWLRQDQG8;2V XQH[SORGHGRUGQDQFH GHWHFWLRQ>@'HVSLWHWKHSUDFWLFDO
DGYDQWDJHVPLQHGHWHFWLRQYLD*35LVRIWHQDIIHFWHGE\FOXWWHUFRQWDPLQDWLRQGXHWRDQWHQQD
FRXSOLQJJURXQGUHIOHFWLRQDQGRWKHUSRVVLEO\KLGGHQREMHFWV>@ZKLFKKDUPWKHHDV\LP
SOHPHQWDWLRQRIDQDXWRPDWLFGHWHFWLRQSURFHGXUH7KHFOXWWHUSKHQRPHQRQLVKHUHPDLQO\UH
ODWHGWR WKHJURXQGUHIOHFWLRQVWKHPDJQLWXGHRIWKHJURXQG UHIOHFWLRQV GHSHQGLQJ XSRQWKH
VXUIDFHURXJKQHVV>@WKHVPDOOPHWDOFRQWHQWRIDQWLSHUVRQQHOPLQHVDQGWKHPRGHVWGHSWKRI
EXULDOJHQHUDWHDVLJQDWXUHRIWKHWDUJHWKDUGO\GLVFHUQLEOHXQOHVVFOXWWHUPLWLJDWLRQPHWKRGV
DUHLQWURGXFHG>@
7KLVZRUNEDVHGRQ*35GDWDDFTXLVLWLRQLVSDUWRIDODUJHUUHVHDUFKSURMHFWQDPHG0,125
0,1H2YHUDOO5HFRJQLWLRQ DLPHGDW SURYLGLQJ WKHH[DFW UHDOWLPHORFDWLRQRIDQWLSHUVRQQHO
PLQHV,WLQWURGXFHVDWZRVWHSVWUDWHJ\FRPELQLQJDOJRULWKPVWRDFFXUDWHO\GHWHFWWKHSUHVHQFH
RIDPLQHDQGWHOOWKHGLIIHUHQFHEHWZHHQDPLQHDQGRWKHUKLGGHQREMHFWV(YHQWXDOO\DQH[
SHULPHQWDOFDPSDLJQKDVEHHQFDUULHGRXWDVILUVWDWWHPSWWRYDOLGDWHWKHVWUDWHJ\
2

MINE DETECTION ALGRITHMS

$QRIIOLQHDOJRULWKPDXWRJHQHUDWHVGDWDWRWUDLQDQGWXQHDGHHSOHDUQLQJQHXUDOQHWZRUN
DEOHWR VHOHFW WKRVHZLQGRZVLGHQWLILHGE\FKDUDFWHULVWLFPLQHUHIOHFWLRQVLJQDWXUH DVHFRQG
DOJRULWKPEDVHGRQ6\PEROLF'DWD$QDO\VLV 6'$ LVHPSOR\HGWRDXWRPDWLFDOO\FOXVWHUWKH
GDWDDQGFODVVLI\WKHPLQHVIURPRWKHUREMHFWV$FRQYROXWLRQDOQHXUDOQHWZRUNLVWKHRUHWLFDOO\
DEOHE\LWVHOIWRDSSURSULDWHO\FOXVWHUWKHVLJQDOVLQWKHUDGDUJUDPVKRZHYHUDKLJKDFFXUDF\
OHYHOFDQEHDFKLHYHGRQO\WKURXJKDQH[WUHPHO\EURDGDQGYDULRXVGDWDEDVH6XFKGDWDEDVHFDQ
EHFRQVLGHUHGUHOLDEOHRQO\LIWKHHOHPHQWVRIWKHGDWDVHWDUHSURGXFHGE\H[SHULPHQWDODFTXL
VLWLRQVLPSO\LQJDWLPHFRQVXPLQJDQGFRVWO\H[SHULPHQWDOFDPSDLJQ6'$EHLQJDQXQVXSHU
YLVHG SURFHVV GRHV QRW UHTXLUH D SUHHVWDEOLVKHG GDWDEDVH DQG UHSUHVHQWV RQH RI WKH PRVW
SRZHUIXOWRROVIRUWKHUHGXFWLRQRIIDOVHSRVLWLYHGHWHFWLRQQDPHO\REMHFWVZKLFKDUHQRWPLQHV
EXWLGHQWLILHGDVLIWKH\ZHUH
2.1 Numerical data generation
&RQYROXWLRQDOQHXUDOQHWZRUNV &11 DUHUHJXODUL]HGYHUVLRQVRIPXOWLOD\HUSHUFHSWURQV
QDPHO\DIXOO\FRQQHFWHGQHWZRUNVZKHUHHDFKQHXURQLQRQHOD\HULVFRQQHFWHGWRDOOQHXURQV
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RIWKHIROORZLQJOD\HU7KHIXOO\FRQQHFWHGQHVVRIWKHVHQHWZRUNVUHVXOWVLQDGDWDRYHUILWWLQJ
$&11WDNHVDGYDQWDJHRIWKHKLHUDUFKLFDOSDWWHUQVLQGDWDDQGDVVHPEOHVPRUHFRPSOH[SDW
WHUQVXVLQJVPDOOHUDQGVLPSOHURQHVDGHVFULSWLRQRIWKHDIRUHPHQWLRQHGWHFKQLTXHVLVIRXQG
LQ>@
$OH[1HWLVDQDOUHDG\H[LVWLQJ&11WUDLQHGRQRYHUDPLOOLRQRILPDJHVDEOHWRUHFRJQL]H
GLIIHUHQWREMHFWV7KHUHDVRQRIHPSOR\LQJDQH[LVWLQJQHWZRUNVWDQGVLQWKHODUJHDPRXQW
RIWLPHDQGGDWDVHWQHHGHGWRWUDLQIURPVFUDWFKDQHZ&11$OH[1HWKDVDQLQSXWOD\HUDQG
DQRXWSXWOD\HUFRQVWLWXWHGRIRXWSXWQHXURQVIRUWKHFODVVLILFDWLRQDQGKLGGHQOD\HUV
WKDWFRPSXWHFRQYROXWLRQDOSURFHVVHV7KHDSSOLFDWLRQRIWKLV&11WRWKLVFRQWH[WFRQVLGHUVD
ILUVWWUDLQLQJDLPHGDWGLVWLQJXLVKLQJSRVVLEOHWDUJHWVIURPIUHHDUHDVFOHDQE\DQ\EXULHGREMHFW
LQGHHGWKH&11KDVEHHQPRGLILHGVRWKDWWKHODVWOD\HUUHWXUQVRQO\WZRFODVVLILFDWLRQRXWSXWV
)RUWKLVSXUSRVHWKHQHWZRUNKDVEHHQWUDLQHGVRWRUHFRJQL]HWKHK\SHUEROLFVKDSHW\SLFDORI
EXULHGREMHFWVLQVLGHDUDGDUJUDP+HQFHWZRNLQGRIUDGDUJUDPVVKRZQLQ)LJXUHKDYH
EHHQXVHGRQH³7DUJHW´QDPHO\DK\SHUERODSURGXFHGE\GHILQLQJDGHWDLOHGPRGHORIWKHPLQH
LQWHUPVRIJHRPHWU\GLPHQVLRQVDQGGHQVLW\RIWKHFRPSRVLQJPDWHULDOVDQGRQH³)UHHDUHD´
ZKLFKRQO\FRQWDLQVWKHWHUUDLQLQWHUIDFHVLJQDO7KHDVSHFWUDWLRRIWKHLPDJHVLVVXFKWKDWWKH
GLPHQVLRQVRIWKHLPDJHDUHSURSRUWLRQDOWRWKHVSDWLDOJULGRIWKHH[SHULPHQWDOUDGDUJUDP


)LJXUH6LPXODWHGUDGDUJUDPIUDPHVIRUWKHQHXUDOQHWZRUNWUDLQLQJWDUJHWRQWKHOHIWDQGIUHHDUHDRQWKH
ULJKW

7KHWUDLQLQJUDGDUJUDPVKDYHEHHQREWDLQHGXVLQJD*HRUDGDUVLPXODWLRQVRIWZDUH*SU0D[
>@D)LQLWH'LIIHUHQFH7LPH'RPDLQVRIWZDUHWKDWHPXODWHVWKHSURSDJDWLRQRIDQHOHFWUR
PDJQHWLFZDYHLQVLGHDPHGLXP7KHPHGLXPLVGLVFUHWL]HGLQDJULGRISRLQWVDQGHYHU\SRLQW
KDVDVVLJQHGSK\VLFDOSDUDPHWHUVRIWKHPHGLXP GLHOHFWULFFRQVWDQWPDJQHWLFSHUPHDELOLW\ 
7KHWUHQGRIWKHHOHFWURPDJQHWLFILHOGLVFRPSXWHGLQWLPHLQFRUUHVSRQGHQFHRIWKHJULGSRLQWV
$WRWDORIUDGDUJUDPVKDYHEHHQJHQHUDWHGZLWKDWDUJHWEXULHGLQYDULRXVSRVLWLRQV
DQGGHSWKVDQGZLWKRXWWDUJHWQDPHO\IUHHDUHD
2QFHWKHFRQYROXWLRQDOQHXUDOQHWZRUNKDVEHHQWUDLQHGLWFDQEHXVHGRQWKHUDGDUJUDPV
UHIHUUHGWRH[SHULPHQWDOGDWD7KHDOJRULWKPJHQHUDWHVDZLQGRZWUDQVODWLQJDORQJWKHUDGDU
JUDPHDFKVHOHFWHGIUDPHLVFRPSDUHGZLWKWKHVLPXODWHGUDGDUJUDPIUDPHVLQ)LJXUHDQG
DFFRUGLQJWRWKHOHYHORIPDWFKWKHQHWZRUNUHWXUQVWKHSUREDELOLW\WKHVHOHFWHGSRUWLRQRIWKH
UDGDUJUDPLVDFWXDOO\DPLQHORZYDOXHVRISUREDELOLW\DUHUHODWHGWR³)UHHDUHDV´HQFLUFOHGLQ
JUHHQKLJKYDOXHVFRUUHVSRQGWR³7DUJHWV´HYHQWKRXJKWKHSRVVLELOLW\RIIDOVHSRVLWLYHLVQRW
FDQFHOOHG\HW
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2.2 Symbolic Data Analysis (SDA)
6\PEROLFDQDO\VLVEHORQJVWRWKHODUJHUJURXSRIGDWDPLQLQJWHFKQLTXHVDQGLQSDUWLFXODU
RIGDWDFOXVWHULQJPHWKRGV,QGDWDFOXVWHULQJUHODWHGGDWDDUHGLYLGHGLQWRKRPRJHQHRXVJURXSV
HYHQZLWKQRDSULRULLQIRUPDWLRQDERXWWKHJURXSV¶FKDUDFWHULVWLFV>@&OXVWHUVDUHJHQHUDWHG
E\JDWKHULQJLQWKHVDPHJURXSREMHFWVZLWKKLJKOHYHORIVLPLODULW\DQGVHSDUDWLQJLQGLIIHUHQW
JURXSVWKRVHREMHFWVZLWKWKHORZHVWVLPLODULW\7KLVDSSURDFKDOORZVWKHLGHQWLILFDWLRQRIVWUXF
WXUHVLQDQXQODEHOOHGGDWDVHWE\RUJDQL]LQJGDWDLQWRVLPLODUJURXSV7KHGDWDFDQEHSUHVHQWHG
DV WLPHVHULHVRUHTXLYDOHQWO\ LQ WKHVSDFHGRPDLQDV VSDFHVHULHV 6SDFHVHULHV DV ZHOODV
WLPHVHULHVDUHG\QDPLFGDWDVLQFHHDFKYDOXHYDULHVZLWKWKHVSDFHFRRUGLQDWHDQGWLPHFRRU
GLQDWHUHVSHFWLYHO\%\DVVXPLQJHDFKSRLQWRIWKHVSDFHVHULHVDVDQREVHUYDWLRQVHTXHQWLDOO\
PDGHLWLVDSSDUHQWKRZDVSDFHVHULHVGDWDLVKLJKGLPHQVLRQDO
7KHLPSRUWDQFHRI FOXVWHULQJVSDFHVHULHV GDWDVHWV VWDQGVLQL WKHFKDQFHWR XQYHLOWKH
KLGGHQLQIRUPDWLRQEXULHGLQWRVSDFHVHULHVGDWDEDVHLL VSDFHVHULHVFOXVWHUVWUXFWXUHVDUHXVX
DOO\GLVSOD\HGDVLPDJHVWKLVVLPSOLILHVWKHXQGHUVWDQGLQJRIGDWDFOXVWHUVWKHRXWOLHUVDQGWKH
VWUXFWXUHV
7KHLGHDEHKLQGVSDFHVHULHVFOXVWHULQJLVUDWKHUVWUDLJKWIRUZDUG>@LQWKHSUHVHQWFRQWH[W
RIPLQHLGHQWLILFDWLRQDVVXPHDDVSDFHVHULHVGDWDQDPHO\ ܦൌ ሼ݄ሺݔଵ ሻǡ Ǥ Ǥ Ǥ ǡ ݄ሺݔ௦ ሻሽLVWKHVHW
RI GHSWKV DW ZKLFK D EXULHG REMHFW LV GHWHFWHG FRUUHVSRQGLQJ WR WKH VHW RI VSDFH SRLQWV
ሼݔଵ ǡ Ǥ Ǥ Ǥ ǡ ݔ௦ ሽFRQVLGHUDVHWRInVSDFHVHULHVGDWDܵ ൌ ሼܦଵ ǡ Ǥ Ǥ Ǥ ǡ ܦ ሽ6SDFHVHULHVFOXVWHULQJLVDQ
XQVXSHUYLVHGSURFHVVWKDWUHGLVWULEXWHVWKHVHWSLQWRDQHZVHW ܩൌ ൛ܩଵ ǡ Ǥ Ǥ Ǥ ǡ ܩ ൟZKHUHVLPLODU
VSDFHVHULHV DUH DVVHPEOHG WRJHWKHU LQWR WKH i-th FOXVWHUܩ LQ UHVSHFW WR D VXLWDEOH VLPLODULW\
PHDVXUHܩ LVFDOOHGFOXVWHUDQGWKHRULJLQDOGDWDVHWSLVWKHXQLRQRIp- QRQRYHUODSSLQJFOXV

WHUVܵ ൌ ڂୀଵ ܩ EHLQJܩ ܩ ځ ൌ Ͳ݇ ് ݅
7KHUHDUHVHYHUDOFOXVWHULQJDOJRULWKPV>@VXFKDVKLHUDUFKLFDOSDUWLWLRQLQJFOXVWHU
LQJDQGPXOWLVWHSFOXVWHULQJDOJRULWKPLQWKHSUHVHQWFRQWH[WRQO\KLHUDUFKLFDODQGSDUWLWLRQ
LQJFOXVWHULQJDUHEHHPSOR\HG+LHUDUFKDOFOXVWHULQJFUHDWHVDKLHUDUFK\RIFOXVWHUVE\DGRSWLQJ
HLWKHUDJJORPHUDWLYHRUGLYLVLYHDOJRULWKPV7KHDJJORPHUDWLYHDOJRULWKPKHUHXVHGFRQVLGHUV
HDFKV\PEROLFHOHPHQWRIWKHGDWDDVDFOXVWHUDQGSURJUHVVLYHO\FRPELQHVWKHFOXVWHUVDVD
UHVXOW QHVWHGKLHUDUFK\RIVLPLODUJURXSV LV FUHDWHG $GHQGURJUDP DWUHHOLNHGLDJUDP WKDW
UHFRUGV WKH VHTXHQFHV RI PHUJHV >@ H[KLELWV WKH JHQHUDWHG JURXSV 'HVSLWH WKH VWURQJ DG
YDQWDJHRIKLHUDUFKDOFOXVWHULQJZKLFKGRHVQRWUHTXLUHDQ\LQLWLDOLQIRUPDWLRQUHJDUGLQJWKH
QXPEHURIFOXVWHUVWREHJHQHUDWHGWKLVDSSURDFKXQYHLOVOLPLWDWLRQVEHFDXVHRILWVTXDGUDWLF
FRPSXWDWLRQDOFRPSOH[LW\SUHYHQWLQJLWVDSSOLFDWLRQWRODUJHGDWDVHWV%HVLGHVWKHDFFXUDF\RI
KLHUDUFKLFDODOJRULWKPVLVOLPLWHGVLQFHWKH\FDQQRWDGDSWWKHFOXVWHUVDIWHUPHUJLQJLQDJJORP
HUDWLYHPHWKRG
3

EXPERIMENTAL CAMPAIGN

7KH H[SHULPHQWDO FDPSDLJQ LV GHYRWHG WR WKH LGHQWLILFDWLRQ RI REMHFWV EXULHG LQ D ILHOG
WKURXJKWKHPHDQRID*35VHQVRU7KHDLPLVWKHYDOLGDWLRQRIWKHSURSRVHGDOJRULWKP)RU
WKLVUHDVRQPLQHSURWRW\SHVKDYHEHHQXVHGDVZHOODVPHWDOOLFREMHFWVDQGRWKHUREMHFWVWRWHVW
WKHFDSDELOLW\RIWKHDOJRULWKPWRILQGDQREMHFWEXULHGXQGHUJURXQGDQGWRFODVVLI\WKHREMHFWV
LQWZRFODVVHVQDPHO\PLQHDQGQRQPLQHREMHFWV
3.1 General description of the phases
3ULRUWKH*35VXUYH\IHZVWHSVDUHUHTXLUHGWRSUHSDUHWKHWHUUDLQ$WILUVWDPHWDOGHWHFWRU
KDVEHHQXVHGWRFKHFNWKHSUHVHQFHRIXQZDQWHGEXULHGREMHFWV7KHIROORZLQJGHFRQWDPLQD
WLRQHQVXUHVWKH*35ZRXOGDFTXLUHRQO\WKHRQSXUSRVHKLGGHQREMHFWV7KHKLGGHQREMHFWV
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WDUJHWVRIWKH*35DQWHQQDFRQVLVWVRIWKUHHW\SHVRIPLQHSURWRW\SHGLIIHUHQWLQVKDSHDQG
GLPHQVLRQVDQGWZRDGGLWLRQDOGLVWXUEDQFHVDPHWDOFRQWDLQHUDQGDEULFN7KHWDUJHWVKDYH
EHHQVHW RQDJULG DV LQ )LJXUH ZKLFKDOVR VKRZVWKHRULJLQ RIWKH*35GDWDDFTXLVLWLRQ
UHIHUHQFHV\VWHPDQGWKHD[HVDORQJZKLFKGDWDDUHFROOHFWHG7KHGLPHQVLRQVRIWKHJULGDUH
UHSRUWHGLQ)LJXUHWRJHWKHUZLWKWKHGLIIHUHQWGHSWKVDWZKLFKWKHREMHFWVDUHEXULHGVRWR
HVWLPDWHWKHLULQIOXHQFHRQGHWHFWLRQE\*35݄ଵ ǡ ݄ଶ ǡ ݄ଷ UDQJHIURPFPXSWRFP

)LJXUH([SHULPHQWDOJULG

)LJXUH*ULGGLPHQVLRQV

7KHJULGGLPHQVLRQVHQVXUHDZLGHHQRXJKVSDFHIRUWKH*35DQWHQQDWRFURVVWKHDUHDLQ
EHWZHHQWDUJHWVZLWKRXWGHWHFWLQJWKHP$FFRUGLQJO\WKHUHVXOWLQJUDGDUJUDPVVKRXOGEHDEOH
WRHYLGHQWO\GLVSOD\FOHDURIWDUJHWVUHJLRQVDQGFRQWDPLQDWHGSRUWLRQV
3.2 GPR Survey
$IWHUWKHWHUUDLQKDVEHHQOHIWDWUHVWIRUIHZGD\VWRUHFUHDWHDVHPLXQGLVWXUEHGVWDWHD*35
VXUYH\KDVVWDUWHG$FRPPHUFLDO*+]*35DQWHQQD5,60)+L0RGPRGHOLVXVHGWR
DFTXLUHGDWDRYHUDFOD\PL[HGZLWKWRSVRLOWHUUDLQWKDWVLPXODWHVZRRGVFRQGLWLRQV
)LJXUHDQG)LJXUHDUHH[DPSOHVRIWKHREWDLQHGUDGDUJUDPVUHODWHGWRWKHORQJLWXGLQDO
DFTXLVLWLRQVDORQJWKH\D[LVGLVSOD\HGLQ)LJXUHRIWKHREMHFWVEXULHGDWDGHSWK݄ଵ DQG݄ଶ 
UHVSHFWLYHO\7KHJUHHQOLQHUHSUHVHQWVWKHH[WHUQDOERXQGDU\RIWKHJULGZKHUHWKHRULJLQRI
WKHUHIHUHQFHV\VWHPLVVHWHDFKUHGOLQHSLQSRLQWVWKHDSULRULNQRZQSRVLWLRQRIWKHWDUJHWV
DQG IRU D UHVROXWH DFTXLVLWLRQ VKRXOG FRUUHVSRQG WR WKH SRVLWLRQ LGHQWLILHG E\ WKH *35 ,Q
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)LJXUHWKHWKUHH UHGOLQHV FRUUHVSRQG WR WKHREMHFWV VHW DW݄ଵ DQGDFFRUGLQJO\ GHQRWHWKH
PLQHVLWLVZRUWKWRPHQWLRQWKHVLPXODWHGVLJQDWXUHLQ)LJXUHZHOOPLPLFVWKHH[SHULPHQWDO
RQHV7KHUHLVDFOHDUGLIIHUHQFHPDLQO\GXHWRWKHGLPHQVLRQVRIWKHREMHFWVEHWZHHQWKHILUVW
UHFRUGHGVLJQDOVKRZQLQ)LJXUHFRUUHVSRQGLQJWRܻ ൌ ͲǤʹ݉DQGUHHUULQJWRWKHODUJHVWPLQH
LQ)LJXUHDQGWKHRWKHUWZRZKLFKUHIHUWRPLQHVRIVLPLODUGLPHQVLRQV
'HSWK>P@






/,''







<>P@

)LJXUH5DGDUJUDPRIWKHDFTXLVLWLRQDWࢎ 

7KH VLJQDWXUHV LQ )LJXUH  DUH UHODWHG WR WKH GLVWXUEDQFH REMHFWV H[FHSW IRU WKH ODVW RQH
ZKLFKUHIHUVWRWKHPLQHܯସ LQ)LJXUH7KHILUVWVLJQDOLVUHODWHGWRWKHEULFNDQGGRHVQRW
VKRZDQHYLGHQWPDUNEHFDXVHRIWKHW\SHRIPDWHULDOWKHVHFRQGLGHQWLILHVWKHPHWDOFDQDQG
JLYHQWKHODUJHDPRXQWRIPHWDOFRQWHQWLWVK\SHUERODLVWKHPRVWFOHDURQHHYHQWXDOO\WKHODVW
K\SHUERODFRUUHVSRQGWRWKHPLQHܯସ DQGKDV DUDWKHUVLPLODUWUHQGZLWK UHVSHFW WR WKHODVW
K\SHUERODLQ)LJXUHZKLFKLQGHHGUHVHPEOHVWKHVDPHW\SHRIPLQH
'HSWK>P@






/,''







<>P@

)LJXUH5DGDUJUDPRIWKHDFTXLVLWLRQDWࢎ 

$ORQJ WKH ILUVW GLUHFWLRQ RI DFTXLVLWLRQ WKHݕD[LV PLQHV DUH ZHOO GHWHFWHG DQG SURYLGH D
UDWKHUFOHDUK\SHUERODSUREDEO\GXHWRWKHJRRGFRPSURPLVHEHWZHHQWKHGLPHQVLRQVRIWKH
PLQHVWKHQXPEHURIPHWDOOLFSLHFHVDQGWKHGHSWKRIEXULDOLQGHHGWKHKLJKHUWKHPHWDOFRQ
WHQW WKH FOHDUHU WKH VLJQDWXUH ZKLOVW WKH GHSWK GHSHQGV XSRQ WKH IUHTXHQF\ RI WKH DQWHQQD
'HVSLWHWKHJRRGTXDOLW\RIWKHDFTXLVLWLRQWKHVLJQDOVVWLOODSSHDUDIIHFWHGE\FOXWWHUQRLVHGXH
WRWKHJURXQGUHIOHFWLRQV6XFKDQRLV\DFTXLVLWLRQZKLFKVKRZVDPXFKZRUVHVFHQDULRWKDQ
WKHVHYHUDOH[DPSOHVSUHVHQWLQOLWHUDWXUH>@FDQEHHDVLO\MXVWLILHG$ILUVWUHDVRQLVUHODWHG
WRWKHWHUUDLQFRPSRVLWLRQ0RVWRIWKHSHUIRUPHGH[SHULPHQWDOFDPSDLJQKDYHEHHQFRQGXFWHG
LQGLIIHUHQWWHUUDLQVVXFKDVVDQG\VRLOVLQFHWKHUHVROXWLRQVLVKLJKO\DIIHFWHGE\WKHOHYHORI
PRLVWXUH>@LWLVDSSDUHQWKRZDFOD\LVKWHUUDLQKDVOHVVFKDQFHVWRFRPSOHWHGU\RXWZLWK
UHVSHFW WR VDQG\ VRLOV HVSHFLDOO\ GXULQJ ZLQWHU GD\V DQG PRUQLQJ GD\ DFTXLVLWLRQV 7KLV
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LQYHVWLJDWLRQLV RQHRIWKHUDUHVW H[DPSOHV LQZKLFKD*+]DQWHQQD LV HPSOR\HGLQ UHDO
WHUUDLQFRQGLWLRQVDQGHYHQWKRXJKWKHWHUUDLQLVFORVHUWRPRUHUHDOLVWLFVLWXDWLRQVLWLQHYLWDEO\
SURGXFHVDOHVVGHILQHGUDGDUJUDPVZLWKUHVSHFWWRVDQG\VRLOZKLFKUHSUHVHQWVDTXLWHFRQVLG
HUDEOHVLPSOLILFDWLRQ(YHQWXDOO\WKLVDVSHFWFRPSURPLVHVWKHQHXUDOQHWZRUNWUDLQLQJZKLFK
VKRXOGUHO\RQDYDVWLPDJHGDWDVHWKDUGO\DFTXLUDEOHLQWKHVHFRQGLWLRQV$VHFRQGLVVXHUHIHUV
WR WKH HPSOR\HG DQWHQQD  *+] DQWHQQD GRHV QRW SURYLGH DQ DFFXUDF\ VXFK WKDW VKDOORZ
EXULHGREMHFWVFDQEHGLVWLQFWO\LGHQWLILHG,QGHHGLWKDVKLJKUHVROXWLRQIRUDQDWOHDVWFP
GHSWK7KLVH[SODLQVWKHUHDVRQZK\WKHUDGDUJUDPLQ)LJXUHLVPRUHUHDGDEOHWKDWWKHRQHLQ
)LJXUHUHODWHGWRVKDOORZEXULHGREMHFWV
4

RESULTS AND DISCUSSION

7KHREWDLQHGH[SHULPHQWDOUDGDUJUDPKDYHEHHQXVHGDVLQSXWIRUWKHWUDLQHG&11ZKLFK
VKRXOGEHDEOHWRFOXVWHUFRQWDPLQDWHGDUHDVIURPIUHHDUHDVLQDUHDOLVWLFVFHQDULR&11UHWXUQV
LQGHHGWKHSUREDELOLW\WKHGHWHFWHGREMHFWLVDPLQHWKHKLJKHUWKHYDOXHRIWKHSUREDELOLW\WKH
PRUHOLNHO\WKHWDUJHWLVDPLQHDQGIUHHDUHDVKRXOGFRUUHVSRQGWRDQDOPRVW]HURSUREDELOLW\
)LJXUHVKRZVWKHUHDOWLPHDSSOLFDWLRQRIWKHSURSRVHGDOJRULWKPZKLFKLVFRQWLQXRXVO\DS
SOLHGWRWKHUDGDUJUDP݄ଵ LQ)LJXUHE\WKHXVHRIDVXLWDEOHVOLGLQJZLQGRZ6WDUWLQJIURPWKH
ILUVW VXESORW WKH ILUVW SDUW RI WKH UDGDUJUDP LV IUDPHG LQ D ZLQGRZ DQG SURFHVVHG E\ &11
ZKLFK UHWXUQV D ORZ SUREDELOLW\ RI DERXW RI ILQGLQJ D PLQH :KHQ WKH ZLQGRZ VOLGHV
ULJKWZDUGVDQGLWVSRVLWLRQFRUUHVSRQGVWRWKHPLQHSRVLWLRQWKHSUREDELOLW\LQFUHDVHVXSWRD
YDOXHRIDVLQWKHVHFRQGVXESORWWKHQZKHQWKHZLQGRZSURJUHVVLYHO\RYHUFRPHVWKH
PLQHWKHSUREDELOLW\GHFUHDVHVDJDLQ
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)LJXUH7DUJHWHVWLPDWLRQRIࢎ UDGDUJUDPUHVXOWLQJIURPWKHQHXUDOQHWZRUNFOXVWHULQJ

)LJXUHVKRZVWKHSUREDELOLW\FXUYHJHQHUDWHGLQRXWSXWE\&11FRUUHVSRQGLQJWRWKHDF
TXLVLWLRQ݄ଵ DQGFRQILUPVWKHUHOLDELOLW\RIWKHSUHVHQWHGLGHQWLILFDWLRQSURFHGXUH
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<>FP@

)LJXUH3UREDELOLW\WUHQGFRUUHVSRQGLQJWRWKHࢎ DFTXLVLWLRQ

)LJXUHDQDORJRXVO\WR)LJXUHSUHVHQWVWKHUHVXOWRIWKHLGHQWLILFDWLRQDOJRULWKPUHJDUG
LQJWKHDFTXLVLWLRQDWWKHGHSWK݄ଶ 7ZRPDLQDVSHFWVDUHKLJKOLJKWHGL DVVKRZQE\WKHILUVW
VXESORWWKHVLJQDOUHODWHGWRWKHEULFNLVQRWDVVRFLDWHWRDWDUJHWDQGWKHUHJLRQLVFRQVLGHUHG
DV³)UHHDUHD´ZLWKDSUREDELOLW\RIPLQHGHWHFWLRQRIRQO\LL RQWKHRWKHUKDQGWKHFDQ
JLYHQWKHODUJHDPRXQWRIPHWDOOLFSDUWVLVFODVVLILHGDVPLQHZLWKDQH[WUHPHO\KLJKSUREDELO
LW\ RI PRUH WKDQ  DV LQ WKH WKLUG VXESORW 7KLV LPSOLHV WKH LGHQWLILFDWLRQ DOJRULWKP LV
SURSHUO\DEOHWRFOXVWHU³)UHHDUHDV´DQGQRQPHWDOOLFREMHFWVKRZHYHULWLVQRWVXIILFLHQWO\
WUDLQHGWRGLVWLQJXLVKDPRQJPHWDOOLFREMHFWVWKRVHWKDWDUHPLQHV)RUWKLVSXUSRVHWKH6'$
DOJRULWKPPXVWEHLQWURGXFHGHYHQWKRXJKLWLVVWLOOXQGHUWHVW
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)LJXUH7DUJHWHVWLPDWLRQRIࢎ UDGDUJUDPUHVXOWLQJIURPWKHQHXUDOQHWZRUNFOXVWHULQJ

5

CONCLUSIONS AND FUTURE PERSPECTIVES

7KHSUHVHQWHGZRUNKDVWKHDPELWLRQJHQHUDWHDQDOJRULWKPDEOHWRFOHDUO\LGHQWLI\EXULHG
DQWLSHUVRQQHOPLQHVIURP*35GDWDDFTXLVLWLRQV7KHDOJRULWKPLVJHQHUDWHGDVDFRPELQDWLRQ
RIDFRQYROXWLRQDOQHXUDOQHWZRUNDQGDV\PEROLFGDWDDQDO\VLVSURFHVV 'HVSLWHWKHH[SHUL
PHQWDOPHDVXUHPHQWVDUHDIIHFWHGE\DKLJKOHYHORIFOXWWHUQRLVHWKHWZRVWHSDOJRULWKPZHOO
GLVWLQJXLVKHV³)UHHDUHDV´DQGQRQPHWDOREMHFWVIURPPLQHOLNHWDUJHWV7KHFKDQFHWRUHGXFH
WKHSUREDELOLW\RIIDOVHSRVLWLYHVLHREMHFWVLGHQWLILHGDVPLQHVHYHQWKRXJKWKH\DUHQRWLV
KDQGOHGWKURXJKWKH6'$ZKLFKKDVWKHJUHDWDGYDQWDJHRIQRWUHTXLULQJDSUHGHILQHGGDWDVHW
EXWWKDWLVVWLOOXQGHUWHVW
3DUW RI D ODUJHU UHVHDUFK SURMHFW QDPHG 0,125 0,1H 2YHUDOO 5HFRJQLWLRQ DLPHG DW
SURYLGLQJWKHH[DFWUHDOWLPHORFDWLRQRIDQWLSHUVRQQHOPLQHVWKHDOJRULWKPKDVVKRZQWREHD
SRZHUIXOWRROWRDXWRPDWLFDOO\GHWHFWEXULHGREMHFWVZLWKHYHQVPDOOPHWDOFRQWHQW
6
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Abstract. This work investigates the use of Lie symmetries for assessing and improving the
observability of dynamical systems under examined sensor setups. The framework of Lie symmetry is extended to account for unmeasured and hence unknown inputs. An efﬁcient algorithm
is developed to calculate the translation and scaling symmetries of nonlinear systems with unknown inputs. The use of the algorithm to assess the observability of a given nonlinear system
is demonstrated, i.e. in theory whether it would be successful to identify the dynamic states, the
parameters and the unknown inputs of the system from given measurements. The work further
shows the potential application of the calculated symmetries for transforming the model of an
unobservable system to an equivalent model with a minimum number of unobservable states
and unknown inputs. The proposed method and algorithm are illustrated on the observability
properties of a dynamical system with a Bouc-Wen nonlinearity.
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1

Introduction

During a system identiﬁcation campaign, a priori observability analysis of a dynamical system [1, 2] is used to predict whether it is feasible to infer the state variables and parameters of
the system from a given set of input-output measurements [3, 4, 5]. Recent developments of
novel identiﬁcation methods such as [6, 7, 8, 9] allow for estimating the unmeasured and hence
unknown inputs of a system reliably as well as its state variables and parameters. To meet the
demand of observability analysis when invoking such identiﬁcation methods, the Observability Rank Condition (ORC) [3] was extended to alleviate the constraint that all inputs need to
be measured [10, 11]. Recently the authors achieved efﬁcient automated observability testing
of large linear systems with unknown parameters [12], relaxing the signiﬁcant computational
constraints of the default implementations of the ORC.
It has been found in [4, 5, 13, 14] that the observability properties of a system are closely
associated with the existence of Lie symmetries in the system. Symmetry was ﬁrst introduced
by Lie [15, 16] to deﬁne a way of variable transformations that leaves differential equations
invariant. Sedoglavic [4, 5] used the concept of Lie symmetry for dynamical systems with fully
known inputs and output measurements, and demonstrated the connections between symmetry
and observability. The computational framework of Lie symmetry was explored in [4, 17, 18,
14], resulting in methods for the efﬁcient calculations of certain types of Lie symmetries for a
given system.
In this work, the concept of Lie symmetry and the corresponding computational framework
are further used and extended for nonlinear systems with partially measured inputs, i.e. where
some or potentially all of the inputs are unmeasured. The occurring method, and consequently
algorithm, can be used as an alternative tool to assess the observability of such systems. Furthermore, the work illustrates that, relying on the results of symmetries, an unobservable dynamical
model can be transformed to an equivalent model with a minimum number of unobservable
states and unknown inputs. Such a model, either through the use of a minimal set of assumptions or through re-deﬁning a new state vector of reduced length, can lead to a fully observable
model. The proposed method of model transformation will potentially ﬁnd useful applications
in improving the observability and identiﬁability of dynamical systems under examined sensor
setups. In the end of the paper, the proposed algorithm and the idea of model transformation
are illustrated through a carefully chosen example.
2

Lie symmetries of nonlinear systems with unknown inputs

This work focuses on nonlinear systems with unknown inputs that can be generally written
in the following state space representation:
ẋ = f (x, u, w)
y = h(x, u, w)

(1)

where x = [x1 , x2 , ..., xn ] denotes the augmented state vector [1] containing both the dynamic
states and the time-invariant parameters of the underlying system. w = [w1 , w2 , ..., wm ] denotes
the unmeasured and hence unknown inputs, u ∈ Rl the vector of measured inputs and y ∈ Rp
the vector of output measurements. Assume system (1) contains r groups of Lie symmetries.
The ith (1 ≤ i ≤ r) group of Lie symmetries of system (1) is a one-parameter, i ∈ R, group of
transformations:
φx (x, w, i ) = [i φx,1 , i φx,2 , ..., i φx,n ]
i
φw (x, w, i ) = [i φw,1 , i φw,2 , ..., i φw,m ]
i

902

(2)

X. Shi and M.N. Chatzis

where the j th (1 ≤ j ≤ n) component of i φx , i.e. i φx,j , is a Lie symmetry of the j th component
of x, i.e. xj , and it is an analytic funtion of x, w and the real constant parameter i . Similarly,
i
φw,j (1 ≤ j ≤ m) is a Lie symmetry of wj and it is also an analytic funtion of x, w and i .
A fundamental property of Lie symmetries is that such group of transformations of x and w
fulﬁlls the equations of system (1) leaving the measured inputs and the output measurements
unchanged, i.e.:
˙
iφ

= f (i φx , u, i φw )
y = h(i φx , u, i φw )

(3)

x

where it should be noted that the functions f and h between equations (1) and (3) remain the
same. Further based on Lie’s First Fundamental Theorem [15, 16], the following differential
equations hold with known initial conditions of i φx and i φw :
∂ i φx
=
∂i
∂ i φw
=
∂i

i

ξ x (i φx , i φw ),

i

φx (x, w, 0) = x

i

ξ w (i φx , i φw ),

i

φw (x, w, 0) = w

2
i
where i ξ x and i ξ w are analytic functions. ∂∂φix 2i =0 = i ξ x (x, w) and
called the inﬁnitesimals of the Lie group of transformations.
3

(4)

2

∂ i φw 2
∂i i =0

= i ξ w (x, w) are

Computations of translation and scaling Lie symmetries

In this section, the computational framework of Lie symmetries of system (1) is derived by
extending the works in [18, 13] to account for the existence of the unmeasured inputs. The
symmetry computation relies on setting up a system of differential equations whose solution
provides the information of i ξ x and i ξ w appearing in equations (4). The ﬁrst differential equation of the system is derived starting from the equation:
(x,w,i )
i)
)
d( ∂ φx ∂
∂( d φx (x,w,
)
dt
i
=
∂i
dt
i

i

(5)

Equation (5) is proved to hold for all realizations of x, w and i in Appendix A. The second
differential equation is derived based on the property that the measurements remain unchanged
with respect to any realization of the value of i , and therefore:
dy
=0
di

(6)

Applying the chain rule to equations (5) and (6) yields:
3
∂ i ξx
∂f i
∂f i
ξ
+
ξ
=
f+
i
i
x
w
∂ φ
∂ φ
∂iφ
x

∂h i
ξ
∂ i φx x

w

+

∂h i
ξ
∂ i φw w

=0

x

∂ i ξ x di φw
∂ i φw dt

(7)

where f and h correspond to the functions in (3). It is noted that equations (7) hold for any
realization of i including i = 0. Evaluating equations (7) at i = 0 leads to:
3 i
i
iξ
∂f
∂f i
x dw
ξ + ∂w
ξ w = ∂∂xξx f + ∂∂w
∂x x
dt
(8)
∂h i
∂h i
ξ
+
ξ
=
0
∂x x
∂w w
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where f and h correspond to the functions in (1). Analytically solving the system of equations (8) yields i ξ x (x, w) and i ξ w (x, w), and the Lie’s First Fundamental Theorem ensures
i
ξ x (x, w) and i ξ w (x, w) contain the essential information for characterizing i ξ x (i φx , i φw ) and
i
ξ w (i φx , i φw ). Subsequently solving equations (4) allow for obtaining the group of Lie symmetries i φx and i φw .
In general, obtaining the analytical solution of the above system of differential equations
is challenging if no assumptions are made for the symmetries [18]. However, if i φx and i φw
are assumed to be certain types of symmetries, such as translations and scalings, the system of
differential equations can be solved automatically and efﬁciently. Section 3.1 and 3.2 discuss in
detail the efﬁcient computations of one-parameter translation and scaling types of symmetries
of system (1). It is further assumed in the following sections that all the symmetries occuring
in the system are related to translation and scaling symmetries and their combinations. This
simplifying assumption is often satisﬁed for a wide range of real world engineering systems.
Other types of Lie transformations not studied in this work include afﬁne, quadratic, Mobius
and some more general higher-order polynomial symmetries investigated in [18, 14] for systems
with fully measured inputs. Efﬁcient computations of those types of symmetries are potentially
also available for the system described in (1) and will be the focus of future extensions of this
work.
3.1

Translation symmetries

If the ith group of Lie symmetries are translation symmetries then:
i

φx,1 =
..
.
i
φx,n =
i
φw,1 =
..
.
i
φw,m =

x1 + αi,1 i

(9)

xn + αi,n i
w1 + αi,n+1 i
wm + αi,n+m i

where αi,1 , ..., αi,n+m are constant coefﬁcients to be determined. If the expressions of i φx and
i
φw from equations (9) are used in equations (7), consequently equations (8) are simpliﬁed to:
⎧⎡ ∂f
⎤ ⎡ ∂f1
⎤
∂f1 ⎤ ⎡
∂f1 ⎤ ⎡
1
⎪
. . . ∂x
. . . ∂w
αi,1
αi,n+1
⎪
∂x
∂w
n
m
1
1
⎪⎢ .
⎪
.. ⎥ ⎢ .. ⎥ ⎢ ..
.. ⎥ ⎢ .. ⎥
...
...
⎪
⎪
⎣ ..
. ⎦⎣ . ⎦ + ⎣ .
. ⎦⎣ . ⎦ = 0
⎪
⎪
⎪
⎨ ∂fn . . . ∂fn
∂fn
∂fn
αi,n
αi,n+m
. . . ∂w
∂x1
∂xn
∂w1
m
⎤
⎡
⎤
⎡
⎤
⎡
⎤
⎡ ∂h
(10)
∂h
∂h
∂h
1
1
1
1
⎪
.
.
.
.
.
.
α
α
i,1
i,n+1
⎪
∂x1
∂xn
∂w1
∂wm
⎪
⎪
⎢ .. . .
.. ⎥ ⎢ .. ⎥ ⎢ ..
.. ⎥ ⎢ .. ⎥
⎪
...
⎪
+
.
⎦
⎣
⎦
⎣
⎣
⎪
.
.
.
.
. ⎦⎣ . ⎦ = 0
⎪
⎪
⎩ ∂hp
∂hp
∂hp
∂hp
αi,n
αi,n+m
. . . ∂x
. . . ∂w
∂x1
∂w1
n
m
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3.2

Scaling symmetries

If the ith group of Lie symmetries are scaling symmetries then:
i

φx,1 =
..
.
i
φx,n =
i
φw,1 =
..
.
i
φw,m =

eαi,1 i x1

(11)

eαi,n i xn
eαi,n+1 i w1
eαi,n+m i wm

where αi,1 , ..., αi,n+m are constant coefﬁcients to be determined. If the expressions of i φx and
i
φw from equations (11) are used in equations (7), consequently equations (8) are simpliﬁed to:
⎧⎡
⎤ ⎡ ∂f1
⎤
∂f1
∂f1 ⎤ ⎡
∂f1 ⎤ ⎡
⎪
.
.
.
.
.
.
x
w
α
α
i,1
1
i,n+1
1
⎪
∂x
∂x
∂w
∂w
n
m
1
⎪
⎪⎢ . 1 .
⎥
.. ⎥ ⎢ .. ⎥ ⎢ ..
.. ⎥ ⎢
..
⎪
..
..
..
⎪
+
.
⎣
⎦
⎣
⎦
⎣
⎦⎣
⎦
⎪
.
.
.
.
.
⎪
⎪
⎪
∂f
∂f
∂f
∂f
n
n
⎪
αi,n xn
αi,n+m wm
. . . ∂xnn
. . . ∂wnm
⎪
⎪
∂w1
⎪ ∂x
⎡1
⎤⎡ ⎤
⎪
⎪
αi,1 . . . 0
f1
⎪
⎨
⎢ ..
⎥
⎢
.
.
..
.. ⎦ ⎣ ... ⎥
−⎣ .
(12)
⎦=0
⎪
⎪
⎪
⎪
0 . . . αi,n
fn
⎪
⎪
⎡
⎤
⎡
⎤ ⎡ ∂h1
⎤⎡
⎤
⎪
∂h1
∂h1
∂h1
⎪
⎪
.
.
.
.
.
.
x
w
α
α
i,1
1
i,n+1
1
⎪
∂x1
∂xn
∂w1
∂wm
⎪
⎪
⎢ .. . .
⎥
..
.. ⎥ ⎢ .. ⎥ + ⎢ ..
.. ⎥ ⎢
.
⎪
.
⎪
.
.
⎣ .
⎦=0
.
. ⎦⎣ . ⎦ ⎣ .
. ⎦⎣
⎪
⎪
⎪
∂hp
∂hp
⎩ ∂hp . . . ∂hp
αi,n xn
αi,n+m wm
. . . ∂w
∂x1
∂xn
∂w1
m
Both systems of equations (10) and (12) can be converted to a linear in the coefﬁcients
system:
Mαi = 0

(13)

where αi = [αi,1 , ..., αi,n+m ] and M is a matrix of functions of x, w and u. M can be calculated
symbolically by:
M=

∂P
∂αi

(14)

where P is a vector of the left hand side of equations (10) and (12) that can be commonly
expressed in terms of equations (8):


∂ i ξx
∂f i
∂f i
ξ x + ∂w ξ w − ∂x f
P = ∂x ∂h
(15)
i
∂h i
ξ
+
ξ
x
w
∂x
∂w
The vector of coefﬁcients αi can then be determined by calculating the kernel of M symbolically, i.e. αi = ker(M) giving rise to different bases as groups of realizations of αi . Each
basis corresponds to a different parameter i . An algorithm was presented in [18] to calculate
αi efﬁciently for rational nonlinear systems by specializing symbolic variables in M to random
values and performing computations over a ﬁnite ﬁeld.
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4
4.1

r-parameter group of Lie symmetries, observability and model transformation
Combination of translation and scaling symmetries

It is often the case that a dynamical system contains multiple one-parameter groups of Lie
symmetries. Multiple translation and scaling symmetries of system (1) can be obtained by
calculating the kernel of M for multiple solutions of bases with each basis corresponding to
the coefﬁcients of an independent group of translation or scaling symmetries. These obtained
groups of translations and scalings can be treated separately, or alternatively they can be combined into a single multi-parameter group of Lie symmetries. The principle behind the way of
combination is based on the property that Lie transformations of i φx and i φw are themselves
Lie transformations of x and w that satisfy the equations of the original system [16]. Assume
there exists r one-parameter groups of symmetries including rt groups of translations and rs
groups of scalings. If one successively applies the translations and scalings in spite of their sequence to transform x and w iteratively, the result gives an r-parameter group of Lie symmtries
of system (1).
Without loss of generality, it is assumed that all the translation symmetries are combined ﬁrst.
Let α1 , ..., αrt be the coefﬁcients of the translations, and the j th component of the combination
is given by:
xj + α1,j 1 + ... + αrt ,j rt

(16)

Next all the scaling symmtries are combined. Let αrt +1 , ..., αr be the coefﬁcients of the scalings, and the j th component of the combination is given by:
eαrt +1,j rt +1 +...+αr,j r xj

(17)

Combining all the one-parameter groups of symmetries using equations (16) and (17) gives:
φx,j = eαrt +1,j rt +1 +...+αr,j r (xj + α1,j 1 + ... + αrt ,j rt )

(18)

where φx,j is the j th component of φx . φx (x, w, ) is used to denote the r-parameter group of
Lie symmetries with = [1 , ..., r ]. φw (x, w, ) can be obtained in a similar fashion.
4.2

From Lie symmetries to observability

Same as their one-parameter sub-groups of Lie symmetries, φx and φw as the transformations of x and w satisfy the equations of system (1) leaving u and y unchanged, i.e.:
φ˙x = f (φx , u, φw )
y = h(φx , u, φw )

(19)

This foundamental property builds the relationship between the r-parameter group of Lie symmetries and the observability of system (1). If φx,j ≡ xj , then xj is unobservable given the
measurements of u and y. Similarly, if φw,j ≡ wj , then wj is unobservable given the measurements of u and y. On the contrary, if [φx , φw ] ≡ [x, w], then all the states and unmeasured
inputs are observable resulting in a fully observable underlying system.
4.3

Model transformation

The model of an unobservable system can be transformed to an equivalent model with a
minimum number of unobservable states and unmeasured inputs utilizing the results of Lie
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symmetries. If system (1) was found to contain an r-parameter group of Lie symmetries, then at
least a total of r states and unmeasured inputs are unobservable whose symmetries are functions
of . There exist however a set of transformations of the states and unmeasured inputs, xT , with
respect to which the system model can be re-written or transformed such that the transformed
model contains up to n+m−r observable states and unmeasured inputs and a minimum number
of unobservable variables. In the case where all the unobservable variables could vanish, the
model transformation would lead to a fully observable model.
To obtain xT in the case of transforming an unobservable model to be observable, if possible,
a transformation S is ﬁrst sought by combining the components of φx and φw , i.e. S(φx , φw ),
where the goal is to eliminate all the parameters . xT is then introduced to be identically
equal to S(φx , φw ). This process will be demonstrated through the example where some added
properties of this transformation allow for obtaining an observable reduced model.
5

Algorithm

An algorithm is presented as follows to summarize the procedure of computing translation
and scaling symmetries of system (1). All the computations involved are symbolic, and the
resulting multi-parameter group of Lie symmetries from the algorithm is a combination of all
the translations and scalings computed using the methods described in Section 3.1, 3.2 and 4.1.
Algorithm I
Input: state-space and measurement equations of system (1)
Output: an r-parameter group of translation and scaling Lie symmetries
∂f ∂f ∂h
∂h
1. Compute ∂x
, ∂w , ∂x and ∂w
2. First compute the translation symmetries. Let 1 α = [α1 , ..., αn ] and 2 α = [αn+1 , ..., αn+m ].
∂f 1
∂f 2
∂h 2
Compute P1 = ∂x
( α)T + ∂w
( α)T and P2 = ∂h
(1 α)T + ∂w
( α)T
∂x
3. Let P = [P1 T , P2 T ]T , and compute M = ∂P
∂α
4. Compute α = ker(M) and obtain rt bases of α
5. Substitute the coefﬁcients to equations (9) to obtain the translations
[1 φx , 1 φw ], ..., [rt φx , rt φw ]
∂f
∂f
6. Now compute the scaling symmetries. Compute P1 = ∂x
diag(x)(1 α)T + ∂w
diag(w)(2 α)T −
∂h
∂h
1
1
T
2
T
diag( α)f and P2 = ∂x diag(x)( α) + ∂w diag(w)( α)
7. Let P = [P1 T , P2 T ]T , and compute M = ∂P
∂α
8. Compute α = ker(M) and obtain rs bases of α
9. Substitute the coefﬁcients to equations (11) to obtain the scalings
[rt +1 φx , rt +1 φw ], ..., [r φx , r φw ]
10. Combine [1 φx , 1 φw ], ..., [r φx , r φw ] to obtain φx and φw following equations (16), (17) and
(18)
6

Example: a 2 degrees of freedom (DOFs) mass-spring system with a Bouc-Wen element

Consider a 2 DOFs mass-spring system as showin in Figure 1. The displacements of the two
masses m are denoted as x1 and x2 respectively, and the corresponding velocities are denoted
as v1 and v2 . k1 and k1 are the effective stiffness of the springs. The ﬁrst spring is assumed to
be a Bouc-Wen element with the elastic displacement r. The 2 DOFs system is driven by an
unmeasured force F (t) applied at the second mass. The state-space equations of the underlying
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Figure 1: a 2 DOFs mass-spring system with a Bouc-Wen element

system are given by:
⎤
⎡ ⎤ ⎡
v1
x1
⎥
⎢ x2 ⎥ ⎢
v2
⎢ ⎥ ⎢
 ⎥
⎢ v1 ⎥ ⎢ − k1 r + k2 (x2 − x1 ) /m⎥
⎥
⎢ ⎥ ⎢ 

⎢ v2 ⎥ ⎢ k2 (x1 − x2 ) + F /m ⎥
⎥
⎢ ⎥ ⎢
2 ⎥
⎥ ⎢
d ⎢
⎢ r ⎥ = ⎢ v1 − β|v1 ||r|r − γv1 |r| ⎥
⎥
⎥ ⎢
0
dt ⎢
⎥
⎢k1 ⎥ ⎢
⎥
⎢ k2 ⎥ ⎢
0
⎥
⎢ ⎥ ⎢
⎥
⎢m⎥ ⎢
0
⎥
⎢ ⎥ ⎢
⎦
⎣β ⎦ ⎣
0
γ
0

(20)

where β and γ are the Bouc-Wen hysteretic parameters. The parameters k1 , k2 , m, β and γ
are unknown and thus are to be identiﬁed given measurements. It should be noted that the
exponent of the Bouc-Wen model is assumed to be known and equal to 2. This is not due to the
limitations of the method suggested in this work which would allow for studying non-rational
systems, but for presenting the results within a more concise way. The displacements x1 and x2
are measured, and therefore the measurement equations of the system are given by:
" #
x
y= 1
(21)
x2
The proposed method in this work cannot be applied directly to the underlying system because the system is not smooth due to the existence of the absolute value operators. However,
as discussed in [1], it can be divided into several smooth branches under different conditions of
the states, and these smooth branches are then allowed to be examined separately. The function
of ṙ for each branch is formulated in the following while the equations of the other states remain
the same.
A : ṙ = v1 − βv1 r2 − γv1 r2 ,
B : ṙ = v1 + βv1 r2 − γv1 r2 ,
C : ṙ = v1 + βv1 r2 − γv1 r2 ,
D : ṙ = v1 − βv1 r2 − γv1 r2 ,

when
when
when
when

v1
v1
v1
v1

>0
<0
>0
<0

and
and
and
and

r
r
r
r

>0
>0
<0
<0

(22)

For the sake of brevity, only Lie symmetries of branch A are studied, while the detailed
discussions on the observability properties of the complete non-smooth system can be referred
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in the works [1, 11]. For branch A, Algorithm I gives a 2-parameter group of Lie symmetries
that is a combination of a group of translations and a group of scalings:
[φx , φw ] = [x1 , x2 , v1 , v2 , r, e1 k1 , e1 k2 , e1 m, β + 2 , γ − 2 , e1 F ]

(23)

As can be seen from the results of symmetries, the symmetries of x1 , x2 , v1 , v2 and r are
identically equal to themselves, which indicates that those states are observable within branch
A. On the contrary, the parameters k1 , k2 , m, β and γ are unidentiﬁable and the unmeasured
excitation F is unobservable. The observability results suggested by the symmetries are in
agreement with the results output from the observability algorithm ORC-DF [11].
In the following, a transformation S is determined for combining the resulting Lie symmetries so as to eliminate all 1 and 2 :
⎤T ⎡
⎤T
⎡
x1
x1
⎥
⎢
⎢ x2 ⎥
x2
⎥
⎥
⎢
⎢
⎥
⎢
⎢ v1 ⎥
v
1
⎥
⎥
⎢
⎢
⎥
⎢
⎢ v2 ⎥
v
2
⎥
⎥
⎢
⎢
⎥ =⎢ r ⎥
r
(24)
S(φx , φw ) = ⎢
⎥
⎥
⎢
⎢
e 1 k1
⎥
⎢
⎢ k1 ⎥
e 1m
⎥
⎢
⎢ km ⎥
e 1 k2
⎥
⎢
⎢ 2 ⎥
⎥
⎢
⎢ m ⎥
e 1m
⎣β + 2 + γ − 2 ⎦
⎣β + γ ⎦
e 1F
e 1m

F
m

A set of new variables, f1 , f2 , δ and Fm , are then introduced such that:
⎤T
⎡ ⎤T ⎡
x1
x1
⎢ x2 ⎥
⎢ x2 ⎥
⎥
⎢ ⎥
⎢
⎢ v1 ⎥
⎢ v1 ⎥
⎥
⎢ ⎥
⎢
⎢ v2 ⎥
⎢ v2 ⎥
⎥
⎢ ⎥
⎢
⎥
⎥
⎢
xT = ⎢
⎢ r ⎥ ≡ ⎢ kr ⎥
⎢ f1 ⎥
⎢ 1 ⎥
⎢ ⎥
⎢ km ⎥
⎢ f2 ⎥
⎢ 2 ⎥
⎢ ⎥
⎢ m ⎥
⎣ δ ⎦
⎣β + γ ⎦
F
Fm
m
and the model of branch A can be re-written with respect to xT as follows:
⎤
⎡ ⎤ ⎡
v1
x1
⎥
⎢ x2 ⎥ ⎢
v2
⎥
⎢ ⎥ ⎢
⎢ v1 ⎥ ⎢−f1 r + f2 (x2 − x1 )⎥
⎥
⎢ ⎥ ⎢
⎥ ⎢ f2 (x1 − x2 ) + Fm ⎥
d ⎢
v
2
⎥
⎢ ⎥=⎢
2
⎥
⎥ ⎢
r
v
−
δv
r
dt ⎢
1
1
⎥
⎢ ⎥ ⎢
⎥
⎢ f1 ⎥ ⎢
0
⎥
⎢ ⎥ ⎢
⎦
⎣ f2 ⎦ ⎣
0
0
δ

(25)

(26)

Note in the transformed model (26), f1 = km1 and f2 = km2 are related to the natural frequenF
cies of the system, δ is the new Bouc-Wen parameter and Fm = m
is a new unmeasured input
to the system. Given the same measurements model (26) is observable with all its state variables and parameters as well as the unmeasured input observable, which can be veriﬁed by the
observability algorithm ORC-DF.
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7

Conclusions

This work derives the computational framework of Lie symmetries of nonlinear systems
with unmeasured inputs, and proposes an efﬁcient algorithm used to calculate the translation
and scaling symmetries of such systems. The computed Lie symmetries ﬁnd applications in
predicting and improving the observability of dynamical systems under examined sensor setups.
Furture works will be devoted to extending the algorithm to compute more general forms of Lie
symmetries as well as to introducing a systematic methodology of model transformation. Other
applications of Lie symmetries in improving models and identiﬁcation results of engineering
systems will be explored.
8

Appendix A: a proof of equation (5)
Applying the chain rule to the left hand side of equation (5), one obtains:
φx dx
i)
∂( d φx (x,w,
∂( ∂∂x
)
+
dt
dt
=
∂i
∂i
i

i

∂ i φx dw
)
∂w dt

(27)

Using the product rule equation (27) is equivalent to:
i)
∂( d φx (x,w,
)
)
)
∂ 2i φx dx ∂ i φx ∂( dx
∂ 2i φx dw ∂ i φx ∂( dw
dt
dt
dt
+
+
=
+
∂i
∂x∂i dt
∂x ∂i
∂w∂i dt
∂w ∂i
i

Since ẋ and ẇ are independent of i ,

∂( dx
)
dt
∂i

and

∂( dw
)
dt
∂i

(28)

vanish and equation (28) simpliﬁes to:

i)
)
∂( d φx (x,w,
∂ 2i φx dw
∂ 2i φx dx
dt
+
=
∂i
∂x∂i dt
∂w∂i dt
i

(29)

Similarly applying the chain rule to the right hand side of equation (5), one obtains:
d( ∂

iφ

x (x,w,i )

∂i

)

dt

∂( ∂∂φix ) dx
i

=

∂x

dt

∂( ∂∂φix ) dw
i

+

∂w

dt

(30)

Equation (30) simpliﬁes to:
d( ∂

iφ

x (x,w,i )

∂i

dt

)

=

∂ 2i φx dx
∂ 2i φx dw
+
∂i ∂x dt
∂i ∂w dt

(31)

Comparing equations (29) and (31), the left and right hand sides of equation (5) coincide and
therefore equation (5) is proved to hold.
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Abstract.'DPDJH'HWHFWLRQDQG6WUXFWXUDO+HDOWK0RQLWRULQJXVHGLIIHUHQWWHFKQLTXHVWRGL
DJQRVHWKHWKUHDWRIIDLOXUHLQVWUXFWXUHV9LEUDWLRQEDVHGDSSURDFKHVKDYHGHPRQVWUDWHGWREH
DXVHIXOWRROVLQWHVWLQJDQGPRQLWRULQJVWUXFWXUHV7KH\XVHWKHLQWULQVLFFRUUHODWLRQEHWZHHQ
VWUXFWXUDOGDPDJHDQGYLEUDWLRQUHVSRQVH7KXVWKHLQIRUPDWLRQSURYLGHGE\YLEUDWLRQVHQVRUV
GHILQHV WKH KHDOWK VWDWXV RI WKH VWUXFWXUH DOORZLQJ WR LGHQWLI\ WKH SRWHQWLDO FDXVH RI IDLOXUH
0RGHOWXQLQJRUXSGDWLQJEDVHGPHWKRGVXVHDQLGHDOWKHRUHWLFDOPRGHO )(0 RIWKHVWUXF
WXUHDQGWU\WRPLQLPL]HWKHGLIIHUHQFH ZLWK UHVSHFW WR WKH UHDO V\VWHP 7KLV GLIIHUHQFH SUR
YLGHVQRWRQO\DPHDVXUHRIORFDWLRQRIWKHGDPDJHEXWDOVRWKHLQWHQVLW\0RGHOXSGDWLQJLV
SHUIRUPHG E\ PHDQV RI (YROXWLRQDU\ $OJRULWKPV ($  DQG RWKHU WHFKQLTXHV ,Q WKLV ZRUN
'LIIHUHQWLDO(YROXWLRQ '( LVXVHGWRVROYHWKHUHVLGXDORSWLPL]DWLRQ'(DOJRULWKPVDUHWKH
PRVW SRSXODU WHFKQLTXH ZLWKLQ (YROXWLRQDU\ $OJRULWKPV 7KLV WHFKQLTXH XVHV DQ DGDSWLYH
SUREDELOLVWLFPHWKRGWRPLPLFWKH'DUZLQLDQHYROXWLRQLQRUGHUWRILQGWKHRSWLPDOQXPHULFDO
YDOXHV RI WKH GHVLJQ YDULDEOHV 7KLV DSSURDFK XVHV QDWXUDO VHOHFWLRQ UDQGRP PXWDWLRQV DQG
FURVVRYHUWRFKDQJHWKHYDOXHVRIWKHYDULDEOHVGHILQLQJWKHVROXWLRQWRZDUGWKHRSWLPDOVROX
WLRQ7KHPDLQJRDORIWKHSDSHULVIRFXVHGRQWKHGHWHFWLRQRIIDLOXUHVLQ*OXHG/DPLQDWHG
7LPEHU *OXODP  7R WKLV HQG ERWK WKHRUHWLFDO DQG H[SHULPHQWDO YLEUDWLRQDO GDWD DUH PHDV
XUHGDQGXVHGWRSHUIRUPPRGHOXSGDWLQJ
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1

INTRODUCTION

7KHRULJLQRIJOXHGODPLQDWHGWLPEHU *OXODP DVDVWUXFWXUDOHOHPHQWLVQRWQHZKRZHYHULQ
UHFHQW \HDUVWKHXVHRIWKLVPDWHULDOLQFRQVWUXFWLRQVKDVH[SHULHQFHGDKXJHLQFUHDVH6LQFH
WKHVWKHHYROXWLRQRIQHZPDQXIDFWXULQJWHFKQLTXHVIRUWKLVPDWHULDOKDYHDOORZHGWKH
FRQVWUXFWLRQRIFXUYHGEHDPVDQGLPSURYHG WKH TXDOLW\ RI WKHLUSHUIRUPDQFHV )XUWKHUPRUH
GXH WR WKH FDSDFLW\ WR SURGXFH ODUJH EHDPV *OXODP FDQ EH XVHG IRU PRGHUQ KLJKYROXPH
EXLOGLQJV 1RZDGD\V WKH PDQXIDFWXULQJ WHFKQLTXHV DOORZ WKH PDQXIDFWXULQJ RI EHDPV IRU
ODUJHVSDFHVJUHDWHUWKDQPHWHUVDQGDGRSWYDULHGVKDSHVPDNLQJWKLVPDWHULDODYDOXDEOH
HOHPHQWLQVWUXFWXUDODSSOLFDWLRQVEXWDOVRRIJUHDWDHVWKHWLFYDOXH,QGHHG*OXODPLVSDUWLFX
ODUO\VXLWDEOHLQVLWXDWLRQVZKHUHDSOHDVDQWDHVWKHWLFDSSHDUDQFHLVUHTXLUHGZKLFKJLYHVLWD
YHU\ LPSRUWDQW DGYDQWDJH RYHU RWKHU PDWHULDOV FRPPRQO\ XVHG LQ FRQVWUXFWLRQ 7KHUH DUH
PDQ\DSSOLFDWLRQVLQODUJHVSDFHVVXFKDVWKHFRQVWUXFWLRQRIDXGLWRULXPVVSRUWFHQWHUVUHOL
JLRXV VSDFHV VKRSSLQJ FHQWHUV DLUSRUWV ZDONZD\V HWF ZKLFK IUHTXHQWO\ XVH WKLV PDWHULDO
GXHWRWKHDIRUHPHQWLRQHGSURSHUWLHV
+RZHYHULWLVQHFHVVDU\WRKLJKOLJKWDQDVSHFWRIWKLVPDWHULDOWKDWPDNHVLWVSRWHQWLDOHYHQ
JUHDWHULQWKHIXWXUH,WLVDQREYLRXVIDFWWKDWDQHFRORJLFDODQGVXVWDLQDEOHFRQVWUXFWLRQLVD
JURZLQJWUHQGDQGWKHVHIDFWVKDYHDQLPSRUWDQWIXWXUHLQWKHLQGXVWULDODQGHFRQRPLFGHYHO
RSPHQWRIWKHFRXQWULHV7KHXVHRIHQYLURQPHQWDOO\UHVSRQVLEOHDQGVXVWDLQDEOHPDWHULDOVLVD
IXQGDPHQWDOSDUWRIWKLVSURFHVV7KHXVHRIZRRGHQVWUXFWXUHVLQFRQVWUXFWLRQLVRQHRIWKH
EHVWZD\VWRDFKLHYHDQHQYLURQPHQWDOO\IULHQGO\DFWLYLW\VLQFHZRRGLVRQHRIWKHPRVWVXV
WDLQDEOHUHVRXUFHVSURYLGHGE\QDWXUH
2EYLRXVO\FRPSDUHGWRRWKHUWUDGLWLRQDOPDWHULDOVXVHGLQFRQVWUXFWLRQWKHPDLQGLVDGYDQWDJH
RI *OXODP LV WKDW LWV PHFKDQLFDO DQG UHVLVWDQW SURSHUWLHV DUH ORZHU ,Q DGGLWLRQ D QRQ
KRPRJHQHRXVDQGDQLVRWURSLFPDWHULDOPDNLQJGLIILFXOWLWVQXPHULFDOPRGHOOLQJDQGDQDO\VLV
7KHVDIHW\RIZRRGHQVWUXFWXUHVLVFRQWUROOHGDQGWKHTXDOLW\RIWKHZRRGXVHGDQGLWVPDQX
IDFWXULQJ SURFHVV LV FHUWLILHG E\ PHDQV RI VWDQGDUGV 7HFKQLFDO %XLOGLQJ &RGHV >@ FRQVLGHU
WLPEHUDVDVWUXFWXUDOPDWHULDODQGDOORZVWKHGHWHUPLQDWLRQRIOLPLWVWDWHVEDVHGRQPHFKDQL
FDOSURSHUWLHV,WLVWUXHWKDWWKHVHSURFHGXUHVDUHIRFXVHGSULPDULO\RQVROLGWLPEHUDQGQRWRQ
*OXODP DQG IXQGDPHQWDOO\ ZLWK ODERUDWRU\ WHVWV LQ WKH SUHH[HFXWLRQ SKDVH >@ 7KLV LQIRU
PDWLRQ DOORZV WR NQRZ WKH EHKDYLRU RI WKH PDWHULDO LQ D UHOLDEOH ZD\ DQG WR JXDUDQWHH WKH
VDIHW\RIWKH*OXODPVWUXFWXUHVLQWKHLUFDOFXODWLRQDQGQXPHULFDOVLPXODWLRQ>@+RZHYHUDV
DQ RUJDQLFPDWHULDOLWLVH[SRVHGWR PXOWLSOHIDFWRUVWKDWFDQ FDXVH LWV GHWHULRUDWLRQ DQG UH
GXFHLWVVWUXFWXUDOFDSDFLW\>@
2QWKHRWKHUKDQGWKHDQDO\VLVRIWKHFXUUHQWVLWXDWLRQUHYHDOVWKDWWKHUH DUHQRJHQHUDODQG
VXIILFLHQWO\ SURYHQ WHFKQLTXHV IRU WKH LQVLWX VWUXFWXUDO HYDOXDWLRQ RI WKLV W\SH RI VWUXFWXUHV
>@±>@,QIDFWXQWLOUHFHQWO\WKHGLDJQRVLVRIWKHVWUXFWXUDOVWDWHRIWKLVW\SHRIFRQVWUXFWLRQ
KDVEHHQFDUULHGRXWDOPRVWH[FOXVLYHO\E\YLVXDOLQVSHFWLRQVPHDVXUHPHQWRIKXPLGLW\DQG
VXUIDFHGHQVLW\RUKDUGQHVV>@>@7KHODFNRIPHWKRGVIRULQVSHFWLRQDQGGLDJQRVLVDSSOLHG
RYHUODUJHDUHDVRIWKHVWUXFWXUDOHOHPHQWVPDNHVQHFHVVDU\WKHUHVHDUFKRIWKHEHKDYLRURIWKLV
PDWHULDO>@'HVSLWHWKHSUHYHQWLYHWUHDWPHQWVWRZKLFK*OXODPLVVXPPLWHGLWLVH[SRVHGWR
QXPHURXV GHJUDGDWLRQ SURFHVVHV WKDW GR QRW KDYH RWKHU WUDGLWLRQDO PDWHULDOV LQ FRQVWUXFWLRQ
7KH FDXVHV WKDW FRXOG GHWHULRUDWH WKH PDWHULDO DUH DELRWLF RULJLQ HJ ZDWHU VRODU UDGLDWLRQ
HWF ELRWLF HJ[\ORSKDJXVIXQJLLQVHFWVHWF DQGPHFKDQLFDO HJZRRGVLQJXODULWLHVGH
IRUPDWLRQV EUHDNV PHFKDQLFDO RYHUORDGV HWF  'XH WR WKHVH SHFXOLDULWLHV WKH 1RQ
'HVWUXFWLYH7HVWLQJ 1'7 WHFKQLTXHVXVHGLQRWKHUPDWHULDOVFDQQRWEHXVHGGLUHFWO\LQ*OX
ODP VLQFH WKH SRVVLEOH GHIHFWV GXH WR WKH GHWHULRUDWLRQ RI WKH PDWHULDO KDYH SDUWLFXODU DQG
JHQHUDOO\GLIIHUHQWFKDUDFWHULVWLFVDQGSURSHUWLHV
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,QERWKVROLGWLPEHUDQG*OXODPWKHVHLQVSHFWLRQWHFKQLTXHVUHPDLQDQLPSRUWDQWILHOGRIUH
VHDUFKWRGD\>@>@,QWKHFDVHRIVROLGWLPEHUWKHUHLVDODUJHOLWHUDWXUHZKHUH1'7VDQG
VHPLGHVWUXFWLYH WHVWV 6'7  DUH LQYHVWLJDWHG >@±>@ ,Q WKH FDVH RI ODPLQDWHG ZRRG WKH
SUREOHPLVVWLOOJUHDWHUVLQFHWKHUHLVYHU\OLWWOHZRUNRQWKLVW\SHRIWHVW7KHSUREOHPLVDF
FHQWXDWHGLILWLVFRQVLGHUHGWKDWWKHUHVSRQVLELOLW\RIODPLQDWHGZRRGVWUXFWXUHVLVJUHDWHUWKDQ
WKRVHEXLOWZLWKVROLGWLPEHUVLQFHWKHVHVWUXFWXUHVDUHXVXDOO\RIDODUJHUVL]HZKLFKDOVRHQ
WDLOVDJUHDWHUULVNDQGUHVSRQVLELOLW\
$VLWKDVEHHQUHIOHFWHGLQQXPHURXVSXEOLFDWLRQVWKHG\QDPLFUHVSRQVHRIWKHVWUXFWXUHVSUR
YLGHVDULFKVRXUFHRILQIRUPDWLRQRQWKHPHFKDQLFDOSURSHUWLHVRIWKHVWUXFWXUDOHOHPHQWVDQG
WKHGHIHFWVRUGHJUHHRIGHWHULRUDWLRQ>@±>@,QGHHGWKHYLEUDWLRQDOUHVSRQVHRIDVWUXFWXU
DOFRPSRQHQWWRG\QDPLFH[FLWDWLRQGHSHQGVRQLWVLQWULQVLFFKDUDFWHULVWLFVDQGERXQGDU\FRQ
GLWLRQV ,Q WKH OLWHUDWXUH DSSURDFKHV EDVHG RQ PRGDO DQDO\VLV KDYH EHHQ KLJKOLJKWHG DERYH
RWKHU1'7GXHWRVHYHUDOFKDUDFWHULVWLFVWKDWPDNHWKHPYHU\DWWUDFWLYHLQGHILQLQJWKHKHDOWK
VWDWXV DQG LGHQWLI\LQJ SRVVLEOH FDXVHV RI IDLOXUH 7KH VRFDOOHG DGMXVWPHQW E\ XSGDWLQJ ()
PRGHOV XVHV DQ LQWDFW WKHRUHWLFDO PRGHO RI WKH V\VWHP RU VWUXFWXUDO FRPSRQHQW DV D
UHIHUHQFH>@>@±>@7KDWLVLWWDNHVDVUHIHUHQFHWKHWKHRUHWLFDOPRGHORIILQLWHHOHPHQWV
FDOOHGKHDOWK\VWDWH7KURXJKH[SHULPHQWDO PHDVXUHPHQWV RQ WKHUHDO V\VWHPWKHVHWHVWV DUH
FRPSDUHGZLWKWKHWKHRUHWLFDOPRGHO,QWKLVZD\LWLVDERXWILQGLQJRXWZKDWPRGLILFDWLRQV
KDYH WR EH PDGH LQ WKH WKHRUHWLFDO KHDOWK\  PRGHO VR WKDW WKH H[SHULPHQWDO DQG WKHRUHWLFDO
UHVSRQVHEHFRPHWKHVDPH0RGLILFDWLRQVLQWKHWKHRUHWLFDOPRGHOSURYLGHLQIRUPDWLRQDERXW
WKHGHIHFWVRIWKHVWUXFWXUHXQGHUWHVW
2

MATHEMATICAL BACKGROUND

,Q WKLV ZRUN PRGDO SURSHUWLHV DUH XVHG IRU XSGDWLQJ ILQLWH HOHPHQW PRGHO 7R WKLV HQG
PRGDO SURSHUWLHV DQG PHWKRGV DUH GHVFULEHG LQ WKLV VHFWLRQ 7KH EDVH RI WKH PHWKRG LV WKDW
PRGDOSURSHUWLHVDUHUHODWHGWRWKHPHFKDQLFDOSURSHUWLHVRIWKHVWUXFWXUDOHOHPHQW'\QDPLF
EHKDYLRURIWKHVWUXFWXUHVFDQEHGHVFULEHGLQWHUPVRIWKHLUGLVWULEXWHGVWLIIQHVVGDPSLQJDQG
PDVVSURSHUWLHV7KXVWKHPRGDOSURSHUWLHVFDQEHUHODWHGZLWKPDVVDQGVWLIIQHVVPDWULFHV
)5)IXQFWLRQPD\EHH[SUHVVHGDVWKHVXPPDWLRQRIWKHGLIIHUHQWFRQWULEXWLRQRIHDFKPRGH
7KDWLV

7KLVHTXDWLRQSURYLGHVWKH)5)GXHWRWKHH[FLWDWLRQLQSRVLWLRQmDQGWKHUHVSRQVHDWSRVL
WLRQnN LVWKHQXPEHURIWKHPRGHL, L DUHWKHLWKQDWXUDOIUHTXHQF\DQGGDPSLQJUDWLR
UHVSHFWLYHO\7KHYDULDWLRQRIWKHIUHTXHQF\LVFRQVLGHUHGE\PHDQVRIWKHSDUDPHWHU 7KH
PRGDO SURSHUWLHV RI WKH VWUXFWXUH GHSHQG RQ WKH VWLIIQHVV DQG PDVV PDWULFHV WKHUHIRUH WKH
PHDVXUHGPRGDOSDUDPHWHUVFDQEHSURYLGHGE\WKHILQLWHHOHPHQWPRGHOLIWKHFRUUHFWVWLII
QHVVDQGPDVVDUHREWDLQHG7KXVWKHPRGHOXSGDWLQJSURFHVVQHHGWRLGHQWLI\WKHFRUUHFWG\
QDPLFPDWULFHVIURPWKHPHDVXUHGGDWD7KHUHIRUHLWLVSRVVLEOHWRREWDLQWKHFRUUHFW<RXQJ¶V
PRGXOXVDWGLIIHUHQWVHFWLRQVRIWKHVWUXFWXUDOHOHPHQW7KHYDULDWLRQRIWKH<RXQJ¶VPRGXOXV
LVUHODWHGZLWKWKHSUHVHQFHRIGHIHFWLQWKHVWUXFWXUHV&RQVHTXHQWO\WKHGHWHUPLQDWLRQRIWKH
YDULDWLRQRIWKLVPRGXOXVLQGLIIHUHQWVHFWLRQVRIWKHVWUXFWXUHPD\KHOSXVWRILQGRXWZKHUHD
GHWHULRUDWLRQLVSURGXFHG,QWKLVZRUNWKHGHWHUPLQDWLRQRIWKHFRUUHFW<RXQJ¶V0RGXOXVLV
REWDLQHGE\WKHIROORZLQJUHVLGXDOIXQFWLRQ
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)LJXUH)ORZFKDUWRIWKHXSGDWLQJPHWKRGRORJ\XVLQJWKH'LIIHUHQWLDO(YROXWLRQDOJRULWKP


ZKHUHWKHSDUDPHWHUeLVIRUPHDVXUHGDQGtIRUWKHRUHWLFDO RUFDOFXODWHG 3DUDPHWHUVLDQG
LDUHWKHZHLJKWLQJSDUDPHWHUVWKDWPHDVXUHVWKHUHODWLYHFRQWULEXWLRQRIPRGHVDQGQDWXUDO
IUHTXHQFLHV7KH0$&LVWKH0RGDO$VVXUDQFH&ULWHULRQZKLFKDFKLHYHVWKHYDOXHRIZKHQ
WKH HYDOXDWHG PRGHV DUH HTXDO DQG ]HUR ZKHQ WKH\ DUH FRPSOHWHO\ GLIIHUHQW 7KXV WKH ILUVW
SDUW RI (T   HQVXUHV WKDW WKH QDWXUDO IUHTXHQFLHV REWDLQHG E\ WKH ILQLWH HOHPHQW PRGHO DUH
FORVHWRWKRVHPHDVXUHVH[SHULPHQWDOO\7KHVHFRQGSDUWRIWKLVHTXDWLRQPHDVXUHVWKHFRUUH
ODWLRQ EHWZHHQERWKWKHRUHWLFDO DQG H[SHULPHQWDO PRGHV ,Q WKLV ZD\E\ FRPSDULQJ WKH UH
VXOWV WKH XSGDWLQJ PHWKRG HYDOXDWHV WKH FKDQJHV LQ WKH PRGHO DOORZLQJ WKH HYROXWLRQDU\
DOJRULWKPWRSUHGLFWWKHYDOXHVRIWKHVWLIIQHVVLQHDFKVHFWLRQRIWKHVWUXFWXUDOHOHPHQW7KXV
WKHJRDORIWKHDOJRULWKPLVWRPLQLPL]HWKH(T  )LJVKRZVWKHJHQHUDOSURFHGXUHZKHUH
WKH'(DOJRULWKPLVLQFOXGHG7KHEDVLFVRIWKLVDOJRULWKPLVGHVFULEHGLQWKHIROORZLQJVHF
WLRQ
3

DIFFERENTIAL EVOLUTION ALGORITHM

7KH GHQRPLQDWLRQ (YROXWLRQDU\ $OJRULWKPV UHIHUV WR VHYHUDO DOJRULWKPV WKDW PLPLF WKH
QDWXUDOSKHQRPHQDWRRSWLPL]HDJRDOIXQFWLRQ>@>@,QWKLVZRUN'LIIHUHQWLDOHYROXWLRQ
LVVHOHFWHGEHFDXVHLWKDVEHHQGHPRQVWUDWHGLQPDQ\ZRUNVWKDWLVUREXVWHIIHFWLYHDQGUHOLD
EOH>@>@7KLVVHFWLRQGHVFULEHVWKLVHYROXWLRQDU\ DOJRULWKPDSSOLHGWRPRGHOXSGDWLQJ
7KH VWUDWHJ\ RI WKLV DOJRULWKP LQYROYHV WKH HYROXWLRQ RI D SRSXODWLRQ ZLWK D VL]H 6PD[ 7KLV
SDUDPHWHUUHSUHVHQWVWKHPD[LPXPQXPEHURILQGLYLGXDOVLQRQHJHQHUDWLRQ,WFDQEHIRUPX
ODWHGDVIROORZV

ZKHUHEUHSUHVHQWVWKHYHFWRURIWKH<RXQJ¶V0RGXOXVSDUDPHWHUVDWHDFKVHFWLRQ6XSHUVFULSW
gVWDQGVIRUWKHJHQHUDWLRQQXPEHUDQGlLVWKHLQGH[IRUWKHLQGLYLGXDO3DUDPHWHUkVWDQGV
IRUWKHGLPHQVLRQRIWKHYHFWRU7KHVL]HRIWKHSRSXODWLRQ LHkmax GRHVQRWFKDQJHGXULQJ
WKHRSWLPL]DWLRQSURFHVV7KHPD[LPXPQXPEHURIJHQHUDWLRQVLVgPD[ZKLFKLVHVWDEOLVKHG
DVWKHFRQYHUJHQFHFULWHULRQRIWKHDOJRULWKP7KHILWQHVVIXQFWLRQLVJLYHQE\(T  DQGWKH
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LQLWLDOYHFWRURIWKHSRSXODWLRQLVFKRVHQWRFRYHUDZLGHUDQJHRIWKHVSDFHRIWKHYDULDEOHV$
XQLIRUPSUREDELOLW\IXQFWLRQLVXVHGWRSURYLGHWKHYDOXHRIWKHYDULDEOHVLQWKHLQLWLDOSRSXOD
WLRQ+RZHYHU'(DOJRULWKPGRHVQRWDGPLWWKHIRUPXODWLRQRIFRQVWUDLQWDVORFDORSWLPL]D
WLRQ GRHV 7KXV WKH ILWQHVV IXQFWLRQ VKRXOG EH DGDSWHG WR LQFOXGH FRQVWUDLQWV 7KH PHWKRG
XVHGLQWKLVZRUNLV6WDWLF3HQDOW\,WUHTXLUHVWKHLQWURGXFWLRQRIWKHSHQDOW\WHUPDVIROORZV

:KHUHRcLVWKHSHQDOW\FRHIILFLHQWDQGncLVWKHQXPEHURIFRQVWUDLQWV,QWKLVZRUNWKHFRQ
VWUDLQWVUHSUHVHQWWKHORZHVWDQGKLJKHVWYDOXHRIWKHVWLIIQHVV
7KHPXWDWLRQRSHUDWRUXVHGLQWKLVZRUNLVJLYHQE\WKHIROORZLQJHTXDWLRQ

ZKHUHVXEVFULSWVl1l2DQGl3UHIHUWRWKUHHLQGLYLGXDOVRIWKHDFWXDOJHQHUDWLRQUDQGRPO\VH
OHFWHG3DUDPHWHUFLVWKHPXWDWLRQIDFWRUVHOHFWHGE\WKHDQDO\VWEHWZHHQDQG7KHQH[W
RSHUDWRULV&URVVRYHUZKLFKLVGHILQHGDVIROORZV

ZKHUHCrLVWKHFURVVRYHUFRQVWDQWVHOHFWHGE\WKHDQDO\VWEHWZHHQDQGA k LVDUDQGRP
QXPEHU1H[WVHOHFWLRQRSHUDWRULVDSSOLHGZKLFKLVJLYHQE\

7KLV HTXDWLRQ LV UHSHDWHG IRU HDFK JHQHUDWLRQ XQWLO WKH PD[LPXP QXPEHU RI JHQHUDWLRQV LV
DFKLHYHG7KXVWKHDOJRULWKPUHTXLUHVILYHSDUDPHWHUVGHILQHGE\WKHDQDO\VWLHSRSXODWLRQ
VL]HlmaxFRQVWDQWIDFWRUFFURVVRYHUFRQVWDQWCrFRQVWUDLQWIDFWRURcDQGPD[LPXPQXP
EHURIJHQHUDWLRQVgmax
4

EXAMPLE: APPLICATION TO GLULAM BEAMS

7ZRNLQGRIH[SHULPHQWVZHUH FDUULHG RXW LQ WKLV ZRUN 7KH ILUVW WHVW RQH ZDV GRQH RQ HOH
PHQWV ZLWKRXW GHIHFWV 7KH PDLQ JRDO RI WKHVH WHVWV ZDV WR REWDLQ WKH G\QDPLF PHFKDQLFDO
SURSHUWLHVREWDLQLQJWKHPRGDOSDUDPHWHUVZLWKRXWGDPDJH,QRUGHUWRDVVHVVWKHDOJRULWKP
LQWKHVHFRQGNLQGRIH[SHULPHQWVGDPDJHVZHUHLQWURGXFHGLQWKHHOHPHQWV

)LJXUH*OXODPVSHFLPHQVZLWKWZRODPLQDV DDQGE DQGILYHODPLQDV F 
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)LJXUH7KHRUHWLFDOPRGHORIWKHJOXHGODPLQDWHGEHDPIRUPHGE\WZRODPLQDV

3LQXVUDGLDWD */ ZDVWKHZRRGVSHFLHXVHGIRUWKHVHH[SHULPHQWV7KHQRPLQDOPHFKDQ
LFDO SURSHUWLHV ZHUH 02(  *3D DQG 3RVVLRQ UDWLR   7KH GHQVLW\ FRQVLGHUHG ZDV
NJP7KHDGKHVLYHXVHGZDVPHODPLQHXHUDZLWKKDUGHQHU 7KHQRPLQDO
PHFKDQLFDOSURSHUWLHVRIWKHDGKHVLYHLV02( *3DDQG3RLVVRQUDWLR 
7KUHHXQLIRUPFOHDUEHDPVZLWKDQ\GHIHFWVZHUHXVHGWRGHWHUPLQHWKHG\QDPLFSURSHUWLHVRI
WKHZRRGXVHGLQ*OXODP7KHGLPHQVLRQVRIWKHVHHOHPHQWVZHUH/ P OHQJWK G P
ZLGH DQGH P WKLFN 7KHVHH[SHULPHQWVZHUHXVHGWRGHWHUPLQHWKHHPSLULFPRGXOXV
RIHODVWLFLW\ 02( DQG3RLVVRQUDWLRQRISXUHZRRG$IWHUWKDWWKUHHXQLIRUPVLPSOH*OXODP
EHDPVIRUPHGE\WZRODPLQDVZHUHXVHGWRGHWHUPLQHWKHLQIOXHQFHRIWKHDGKHVLYHEHWZHHQ
WKH HOHPHQWV RI ZRRG VHH )LJ D DQG E  (DFK ODPLQD KDV D WKLFNQHVV RI P )LQDOO\
*OXODPEHDPVIRUPHGE\ILYHODPLQDVZHUHFRQVLGHUHGDVDJHQHUDOFDVH VHH)LJF 
7KHPHDVXUHPHQWV\VWHPFRQVLVWHGRIIRXUFDSDFLWLYHDFFHOHURPHWHUV 0HDVXUHPHQW6SHFLDO
WLHVPRGHO DQLPSDFWKDPPHU .LVWOHUPRGHO$ DQDFTXLVLWLRQV\VWHP +%0
PRGHO 4XDQWXP; 0;%  FKDQQHOV  &DWPDQ 6RIWZDUH DQG 0DWODE ZHUH XVHG WR
SURFHVVLQJ WKH VLJQDO DQG $57H0,6 VRIWZDUH ZDV XVHG WR REWDLQ WKH PRGDO VKDSHV DQG
PRGDOSDUDPHWHUV(DFKEHDPZDVVXSSRUWHGDWERWKHQGVDQGWKHDFFHOHURPHWHUVZHUHORFDW
HGXQLIRUPO\GLVWULEXWHGDORQJLWVOHQJWK7KHKDPPHULPSDFWHGLQRQHSRLQWRIWKHEHDPDQG
WKHVLJQDOZDVSLFNHGXSE\WKHIRXUDFFHOHURPHWHUVWRREWDLQWKHPRGDOSDUDPHWHUVDIWHUSUR
FHVVLQJ WKH VLJQDO &RPPHUFLDO ILQLWH HOHPHQW SDFNDJH $16<6  ZDV XVHG WR JHQHUDWH D
'PRGHORIWKHEHDPV)LJXUHVKRZV WKH )( PRGHO DQG PRGHV IRU WKH PRGHO IRUPHG E\
WZRODPLQDVLQDVLPSOHEHDPXVHGLQWKLVZRUN(DFKODPLQDWLRQZDVPRGHOOHGDVDVHSDUDWH
HQWLW\ 7KLV PRGHOL]DWLRQ DOORZV LQWURGXFLQJ WKH PDWHULDO FKDUDFWHULVWLFV RI HDFK HOHPHQW LQ
RUGHUWREHPRGHOHGLQGLYLGXDOO\$SHUIHFWERQGHGFRQQHFWLRQZDVDVVXPHGEHWZHHQODPLQDV
7KHLQGXFHGGDPDJHFRQVLGHUHGLQDOOFDVHVZDVDORVVRIVWLIIQHVVLQVRPHSDUWRIWKHVWUXF
WXUDOHOHPHQW7KLVHIIHFWUHVSRQGVWRPRVWRIWKHFDXVHVRIIDLOXUHVLQWKLVW\SHRIVWUXFWXUHV
7RPRGHOL]HWKHLPSHUIHFWLRQVWKHEHDPVZHUHGLYLGHGLQILYHSDUWV7KHVWLIIQHVVZDVFRQ
VLGHUHGFRQVWDQWLQRQHRIHDFKSDUW VHH)LJ EXWWKH\FRXOGYDU\LQGHSHQGHQWO\LQWKHXS
GDWLQJSURFHVV
5

RESULTS

(DFK LQGLYLGXDO LQ WKH '( DOJRULWKP LV GHILQHG E\ WKH ILYH YDULDEOHV ZKLFK DUH WKH
<RXQJ¶V0RGXOXVLQHDFKVHFWLRQ$GDPDJHZDVLQGXFHGLQWKHVHFRQGVHFWLRQRIWKHEHDPV
6HFWLRQ  LQ )LJ   7KH PHDVXUHPHQW RI WKH )5) SURYLGHG WKH QDWXUDO IUHTXHQFLHV DQG
PRGHVRIWKHUHDOV\VWHP7KLVLQIRUPDWLRQZDVLQWURGXFHGLQWKHDOJRULWKPIRUXSGDWLQJWKH
ILQLWHHOHPHQWPRGHO7KHUHIRUHWKHSDUDPHWHUVRIWKHDOJRULWKPDUHWKHIROORZLQJVL]HRIWKH
SRSXODWLRQ lmax  F=2 FURVVRYHU FRQVWDQW Cr  FRQVWUDLQW IDFWRU Rc  DQG PD[LPXP
QXPEHURIJHQHUDWLRQVgmax 
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6

CONCLUSIONS

7KHXVHRIJOXHGODPLQDWHGWLPEHULVLQFUHDVLQJLQGHYHORSHGFRXQWULHVGXHWRWKHVHYHUDO
DGYDQWDJHV WKDW WKLV PDWHULDO SURYLGHV 7KH VWUXFWXUDO PHPEHUV DUH XVHG ZLWK GLIIHUHQW VL]H
DQG VKDSHV ZKLFK PDNHV WKLV PDWHULDO DWWUDFWLYH IRU DUFKLWHFWV DQG XVHUV +RZHYHU PDQ\
W\SHVRIGHIHFWVWKDWDUHH[FOXVLYHWRWKLVPDWHULDOKDYHLQIOXHQFHRQWKHPHFKDQLFDOSURSHUWLHV
7KLVIDFWPDNHVWKHHYROXWLRQRIWKHPHFKDQLFDOSURSHUWLHVRIWKLVPDWHULDORYHUWLPHXQNQRZQ
)RUWKLVUHDVRQLWLVQHFHVVDU\WRGHYHORSPHWKRGVIRUWKHHYDOXDWLRQRIWKHKHDOWKVWDWXVRI
*OXODPVWUXFWXUDOHOHPHQWV,QWKLVVWXG\)(PRGHOXSGDWLQJPHWKRGRORJ\LVSURSRVHGIRUWKH
HYDOXDWLRQRIGDPDJHLQVWUXFWXUDOHOHPHQWVRIJOXHGODPLQDWHGWLPEHU7KHSURSRVHGPHWKRG
ZDVLPSOHPHQWHGXVLQJD'(DOJRULWKPIRUWKHPLQLPL]DWLRQRIWKHUHVLGXDOIXQFWLRQ([SHU
LPHQWDO DQG WKHRUHWLFDO VLPXODWLRQV ZHUH FRPSDUHG E\ PHDQV RI WKLV UHVLGXDO IXQFWLRQ 7KH
PHWKRGGHPRQVWUDWHWKDWLWLVFDSDEOHRIILQGLQJWKHGDPDJHZKHQLWLVSURGXFHGE\DORVVRI
VWLIIQHVV 7KXV WKH DOJRULWKP LV UHOLDEOH IRU WKH GHWHFWLRQ RI ORFDO GDPDJH LQ VWUXFWXUDO HOH
PHQWVPDGHRI*OXODP
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Abstract. Vibration-based Structural Health Monitoring (VSHM) systems continuously gather
data from an array of sensors mounted on a structure. Features are constructed from the data
measured. The aim is to monitor the vibration responses in the search for changes that may
hint to damage. The continuous data acquisition generates high-dimensional feature spaces
that require Data-Driven approaches to make inferences concerning the integrity of the structure. In recent years, machine learning has played an increasingly important role in VSHM.
Data-driven algorithms have been successfully used to construct models capable of detecting
anomalies such as damage in the features derived from the vibration signals. Mahalanobis Distance based novelty detection is a common used method to detect damage. Yet, the resulting
models have been labelled “black box models” given that they lack interpretability. This becomes a relevant challenge in the presence of high-dimensional feature spaces. Using machine
learning algorithms that can be interpreted would enable a more reliable novelty detection process, building trust in these methods and easing the decision-making process. Decision Trees
(DT) is a widely used interpretable machine learning algorithm. The hierarchical structure
of this algorithm enables the prioritisation of features that are used as predictors in the damage detection models. Furthermore, the nature of the algorithm enables the user to track the
decisions and understand the classiﬁcation process in detail. In this paper, we introduce the
complementary use of so-called “black box models” and DT for novelty detection. The proposed damage detection approach is tested on an experimental setup with a 14.3m wind turbine
blade (WTB) equipped with 24 accelerometers. A pseudo-damage was simulated by adding
masses to several locations of the WTB. The pseudo-damage was detected by means of a semisupervised novelty-detection. The novelties were later studied in detail with decision-trees to
make inferences on their potential causes.
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1

Introduction

Methods to monitor the integrity of a structure have been intensely studied in the past decades
[1–5]. Traditionally, researchers have had robust experimental setups and performed reliable
measurements to successfully compare the modal parameters of a structure and identify damage
[6–8]. However, these methods have limitations given that the conﬁdence interval of features
can be exceeded due to environmental factors as shown in [9]. Additionally, such physicsbased methods are often impractical due to the high complexity of the structure and the level of
expertise that is required for their development [10, 11]. This is where data-driven techniques,
and especially machine learning approaches, may become a powerful alternative. In recent
years, machine learning techniques have been implemented in research and applied to multiple
structures, thus proving their capability to detect damage [12–14]. Semi-supervised algorithms
have been of particular interest for damage detection when only the healthy condition of the
structure is known. Initially proposed by [15], the use of the Mahalanobis Distance (MD)
for novelty detection became a popular method to cluster extracted features from the structure
or system response. In [16, 17], the authors used the MD to identify the deviations from a
reference state deﬁned from observations from a pristine structure and detect potential damage
in a structure or system. Often, this one-dimensional clustering method contains false alarms,
i.e., the novelty index is outside the ”healthy” reference cluster but does not correspond to
damage. Studies have shown that environmental and operational conditions are one of possible
reasons for these false alarms [18, 19].
Decision Trees (DT) are not new to the ﬁeld of VSHM. For example, [20] localized a point
mass on a CFRP plate employing k-nearest neighbors and linear discriminant algorithms such
as DTs using strain response data. Similarly, in [21], a problem of localizing an added mass on
a plate structure was approached using a modiﬁed DT algorithm that also output probabilities
of each class. The plate was divided into grids where each zone was assigned to a number.
The output of a classiﬁer contained zone numbers as class labels with a probability of point
mass being placed in that particular zone. Nevertheless, DTs have been underutilized in VSHM
applications by exploding only their classiﬁcation capability and not its high interpretability and
transparency. Therefore, this paper proposes the use of DTs to identify the features and their
values responsible for false alarms when identifying novelties while monitoring the condition of
a structure. Features related to novelties identiﬁed by the semi-supervised MD method proposed
by [15] are clustered by means of DTs. Once the novelties are classiﬁed, the DTs are used to
understand their occurrence. The technique was tested on data gathered from a 14.3m wind
turbine blade (WTB) mounted on a test rig. The WTB was equipped with 24 accelerometers
and excited by an impulse force of a electromagnetic actuator to force vibration responses.
Initially, the vibration response was measured from a pristine WTB. Later, mass was added in
different locations to simulate novelties. This is a well-known approach to emulate the local
structural changes that are caused by damage. The relevance of each individual feature and the
transparent reasons for classiﬁcation are related to the position and the amount of mass added.
By looking into the structure of DTs, it was possible to locate the sensors positioned closer to
the mass added.
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2

Methodology

The methodology proposed in this study combines the use of MD-based novelty detection
and DTs to better understand the occurrence of the novelties.
1. Vibration based
measurement campaign

Control Chart
Outliers

2. Statistical feature vector

5. Decision Trees

3. Dimensionality reduction

Feature ?

4. Novelty detection

Figure 1: Graphical summary of the methodology followed in this paper

The procedure of DT bases its classiﬁcation on the best possible split. This allows to understand which features and their values are responsible for the classiﬁcation of novelties. Fig.
1 summarizes the main steps followed in the methodology suggested in this paper for pseudodamage detection and interpretation.
2.1

Vibration-based measurement campaign

Vibration responses are measured from a structure when excited by an electromechanical
actuator and organised in a matrix as follows,
⎞
⎛
v11 v12 . . . v1n
⎜ v21 v22 . . . v2n ⎟
⎟
⎜
m×n
V k = ⎜ ..
(1)
..
.. ⎟ = (vij ) ∈ R
...
⎠
⎝ .
.
.
vm1 vm2 · · · vmn
where vij is the ith vibration measurement with the length m of the accelerometer j th for the k th
observation, i.e, the vibration responses of all the n accelerometers due to an electromechanical
actuator on the structure. The details of the measurement campaign are provided later in section
3
2.2

Statistical feature vector

The covariance of the vibration response is used to measure the direct relationship between
accelerometers positioned on the WTB. In the context of novelty detection, the covariance is
used as a damage sensitive feature (DSF) where a change would enable the identiﬁcation of
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novelties due to changes in vibration response resulting in changes in the covariance feature.
⎞
⎛
s11 s12 . . . s1n
⎜ s21 s22 . . . s2n ⎟
⎟
⎜
n×n
(2)
Sk = ⎜ ..
..
.. ⎟ = (sjq ) ∈ R
..
⎠
⎝ .
.
.
.
sn1 sn2 · · · snn
In Eq. 2, Sk is the covariance matrix for the k th observation and stores the covariance sjq between accelerometers j and q and, for j = q, sjq represents the variance. Due to the symmetric
properties of the covariance matrix, only the upper triangle is used as a feature vector as in Eq.
3.

f k = s11 s12 · · ·

s1n · · ·

s22 · · ·

· · · snn

T

(3)

All feature vectors fk are arranged in one feature matrix F shown in Eq. (4)

F = f1 f2 · · ·

fR



(4)

where R is the total amount of observations.
2.3

Dimensionality reduction

Prinicipal Component Analysis (PCA) is an orthogonal transformation applied to a set of
potentially correlated values into linearly uncorrelated values which are known as the principal
components (PC) [22]. The ﬁrst PCs contain most of the variability from the original dataset
leaving each succeeding component with the remaining variability. This procedure allows to
reduce the dimension of a dataset while allowing to keep most of the information possible
expressed in variability of the data. In this analysis, PCA is applied to reduce the dimension of
the feature matrix and account for collinearity between the feature vectors.
2.4

Mahalanobis distance-based novelty detection

The distance between a point and a distribution in a multivariate space can be described by
the the Mahalanobis Distance (MD) [23]. Unlike the Euclidean distance, the MD normalizes
the features by the inverse covariance matrix taking into account the features trend. A common
use for the MD is to cluster multivariate data and detect outliers. In this paper, the MD is used as
a novelty detection index. The novelties identiﬁed are later correlated to the introduced pseudodamage created by adding mass in several locations of the blade. The MD is calculated using
the following equation:

k
k
d(f , Y) = (f k − μY )T Σ−1
(5)
Y (f − μY )
where d(f r , Y) is the MD between the feature vector f k and the reference state Y ⊆ F, μY is
the mean of the samples in Y and ΣY is the covariance between samples in feature vector Y.
To avoid confusion, note that the covariance ΣY is different from covariance Sk . The threshold
of the reference state during the training stage is represented by T , consequently d(f k , Y) > T
are considered novelties. In this study, the choice of T is based on the cumulative distribution
function of the MD and nth percentile of the data in the training set is allowed to exceed the
threshold. For this analysis 2% of training data was allowed to exceed T .
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To avoid numerical error by computing the inverse of ΣY for the MD, the condition number
of ΣY are examined and the inﬂuence of dimensional reduction by PCA in section 4.1 .
2.5

Decision trees

Decision Trees (DTs) belong to a class of ”white box” type supervised learning algorithms
[24, p. 1]. DTs make data classiﬁcation an interpretable and visual process by explicitly representing each decision taken to split the data into their labeled classes. This paper uses DTs
mainly to classify the novelties identiﬁed by the semi-supervised novelty detection method described in subsection 2.4.
Feature A
ROOT Node
False

True

Sub-Tree

Feature B

Leaf /
Terminal Node

Decision Node
False

True
Leaf /
Terminal Node

Leaf /
Terminal Node

Figure 2: Decision trees principals

DTs are ﬂowchart-like structures, such as the one shown in Fig. 2, that start from a single
node, known as the root node and branch into possible outcomes. The algorithm learns to partition and this occurs recursively until no more splits are possible, therefore reaching a terminal
node (or leaf node). The aim of the partition is to separate the data-set into its labeled classes.
The key task performed by the DT is the partition. The most effective split of the data-set is
based on the selection of appropriate features and characteristics of the feature for comparison
and decision-making. There are several attribute selection measures (ASM) that can be used for
partitioning such as the information gain, gain ratio, and gini index. The decision as to which
ASM to implement is discretionary. As shown in [25], the results from different ASM only
differ in 2% of the cases, therefore the choice of ASM does not signiﬁcantly impact the results.
The DTs constructed in this paper use the information gain measure which is based on Shannon’s concept of entropy [26], a measurement of the impurity of labeled input-set calculated as
per Eq. 6 where p+ is the proportion of positive examples and p− the proportion of negative
examples. The entropy H of a labeled data-set S in a decision node describes how well the data
is currently split. If the entropy of a node is 0, then the data from this node belongs to its labeled
class, i.e., no further partitioning is possible and a terminal node has been reached.
H(S) = −p+ log2 p+ − p− log2 p−

(6)

Once the data-set is split, e.g., by feature A, the corresponding entropy of the resulting nodes
is calculated as in Eq. 7, where v is a subset corresponding to a class of feature A, Sv is the size
of the subset, and S the overall number of labeled data in v. That is to say, the entropy of each
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of the resulting nodes after the partition are added into a weighted average.


HA (S) =

v∈V alues(A)

|Sv |
H(Sv )
|S|

(7)

Since the objective of the information gain measure is to decrease the entropy after the partition, H(S) and HA (S) are compared by calculating the information gain as per Eq. 8. An
iterative process identiﬁes the features that results in a maximum Gain(S, A).
Gain(S, A) = H(S) − HA (S)

(8)

Ultimately, the algorithm provides a hierarchical structure, where the root node corresponds
to the feature within the data-set with the highest relevance for the classiﬁcation.
3

Experimental data collection campaign

The proposed method is tested on a 14.3m WTB manufactured by Olsen Wings [27] shown
in Fig. 3. The blade is mounted on a test rig and equipped with an electromagnetic actuator
such as the one in Fig. 4a and placed close to the root of the blade.
Accelerometers

Mass added

Electromagnetic actuator
17

15

13

21

19

11

9

7

5

23

18
16

22

14

12

20

10

2 1

A

B

24

C

3

8

6

4

Support from the shaker

Figure 3: Schematic representation of the experimental set up of the 14.3m wind turbine blade.
The WTB is mounted to an additional shaker which is not used for this experiments.

To measure the vibration response of the blade excited by the actuator hit, a total amount
of 24 mono-axial accelerometers, Brüel & Kjær Type 4507, were mounted along the blade
as shown in Fig. 3. The accelerometers 2 to 22 measure the vibration response in ﬂap-wise
direction, accelerometer 1 in edgewise direction.
The measured vibration response was recorded by a data acquisition system with a sampling
frequency of 16,384Hz. Using the actuator as a trigger signal, the vibration responses from all
accelerometers were aligned and trimmed to 200 samples around the maximum amplitude of
accelerometer 23. This sample range was identiﬁed as the most sensitive to changes in dynamic
response as shown in [19]. An example of the vibration response from accelerometer 8 is shown
in Fig 5a and 5b
To simulate novelties, mass in form of heavy bolts, shown in Fig 4b, were placed in different
locations marked in red in Fig. 3. The blade was excited 2000 times without mass to create a
baseline for novelty detection. Then, in location A, ﬁve bolts (each with an approx. weight of
1kg) were place on the blade and the blade was excited ten times. Next, the amount of bolts was
increased to 10 and 20 bolts repeating the procedure for each variation of mass and for locations
B and C. Masses for each location we placed and measured separately. Table 1 summarizes the
damage scenarios simulated with the corresponding mass added and locations.
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(a)

(b)

Figure 4: Experimental set up. (a) Electromechanical actuator and (b) an example of mass
added (Photo courtesy of DTU Large Scale Facility).
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Figure 5: Vibration response measured by the accelerometer 8. (a) 10s vibration response and
(b) Trimmed vibration response
4
4.1

Results and discussion
Novelty detection

The control charts in Fig 6 and 7 illustrate the MD-based novelty index and the necessity to
transform the features by dimensional reduction. To highlight the limitations of applying the
MD-based novelty index on a large features space of a redundant experiment, the covariance
was calculated from the ﬁrst 22 vibration responses measured in the accelerometers 1 to 22
resulting in a total amount of 253 features per observation. When calculating the MD directly
from the features without a transformation, the novelty index strongly deviate from the created
reference as shown in Fig. 6.
Comparing the results to Fig. 7, it can be seen that signiﬁcant deviations occur after the
training limit of the ﬁrst 1500 samples. As shown in Eq. 5, the MD uses the inverse covariance
matrix Σ−1
Y . To understand the deviations and avoid numerical errors, the condition number of
the covariance matrix ΣY is calculated after reducing the amount of principal components one
by one.
If the condition number is not much larger than 100, the matrix can be considered as well
conditioned and non-singular. Given the fact that the blade was excited by the electromechan-
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Table 1: Simulated novelties according to location and mass added
Scenario
Blade without mass
Training
Testing
Blade with mass

Mass

Location

Number of Excitations

5kg
10kg
20kg
5kg
10kg
20kg
5kg
10kg
20kg

A
A
A
B
B
B
C
C
C

1500
500
10
10
10
10
10
10
10
10
10
2090

Total
108
No mass added
loc. A - 5 kg
loc. A - 10 kg
loc. A - 20 kg
loc. B - 5 kg
loc. B - 10 kg
loc. B - 20 kg
loc. C - 5 kg
loc. C - 20 kg
loc. C - 20 kg
TrainLim
Threshold

107
106

105

104
103

102

0

500

1000

1500

2000

Figure 6: MD-based novelty index without dimensional reduction

106
No mass added
loc. A - 5 kg
loc. A - 10 kg
loc. A - 20 kg
loc. B - 5 kg
loc. B - 10 kg
loc. B - 20 kg
loc. C - 5 kg
loc. C - 20 kg
loc. C - 20 kg
TrainLim
Threshold

105

104

103

102

101

100

0

500

1000

1500

2000

Figure 7: MD-based novelty index with dimensional reduction
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ical actuator for 2000 times under the same conditions, small deviation in the excitation or
measurement noise will amplify noise in the test data by the factor of the condition number.
Therefore, it was crucial for this analysis to avoid high condition numbers. Keeping more then
90% of the explained variance allowed to lower the condition number to 44 and a total amount
of 8 components were left.
10

10

10

5

10

0

0

X8
Y 44.0546

50

100

150

200

250

150

200

250

(a)
100
90

X8
Y 92.5214

80
70
60
0

50

100

(b)

Figure 8: (a) Condition number. (b) Accumulative variance by principal components
As shown in Fig. 8a, by using a large amount of principal components, the condition number
of covariance matrix ΣY is over 105 . Collinearity in the feature matrix can be avoided by reducing the number of principal components. There is no clear answer of how many components
to use; nevertheless, the principal components needed can be narrowed down by observing the
condition number and variance explained.
4.2

Novelties explained by decision trees

To be able to interpret the DTs, the features used for classiﬁcation have to be interpretable.
Therefore, for analyzing the novelties, the covariance matrix is ﬁrst reduced to its diagonal
using only the variance associated with each accelerometer response. This will simplify the interpretation of the DTs and its complexity. The dimensional reduction by PCA reduced the false
alarm rate for novelty detection. Once novelties are detected, features can be used without the
dimensional reduction for supervised learning with DT, thereby maintaining the interpretability
of the features. Three classiﬁcation trees were constructed, one for each location of the masses.
Locations only along the trailing edge of the WTB were considered. As shown in Table 1, each
location has 3 cases (or classes) referring to 3 different masses added. The DT for mass location
A is visualized in Fig. 9. The feature in the root of the tree is the variance of sensor 6, which
is located right before the added mass. To split the case 1 from the remaining 2, 3 and 4, the
variance of the feature had to be below 31.05, i.e., an increase in variance should have occurred

930

Movsessian A., Garcia Cava D., Tcherniak D. and Janeliukstis R.

in the vibration signal after the masses were added. To separate the case with 20kg from the
ones where 5 and 10kg were added, the variance of accelerometer 6 had to be above 37.02. Data
from 5kg and 10kg cases were split by the variance from sensor 4, showing that adding 10kg of
mass would increase the variance compared to 5kg. The features chosen by the DT algorithm
to separate data recorded from a WTB with mass on it from the ones without mass were those
corresponding to the accelerometers positioned next to the mass, thereby pointing the location
of the mass placed.


 
  
 
   





 
 
   


 
 
 
     


  

 
     



 
     



 
     



 
     


Figure 9: DT for mass location A
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Figure 10: DT for mass location B

 
 
 


Figure 11: DT for mass location C

For mass location B and C in Fig. 10 and 11, the root nodes of the DTs were able to separate
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data from a WTB with and without mass by a single sensor which is located right next to
the mass. Nevertheless, by separating the 5kg from 10kg of mass added for location B, the
affected sensors were not near the the location of the mass but towards the tip of the blade. The
same can be observed for mass location C, where the added mass between sensor 16 and 18
had a signiﬁcant effect on sensor 10 which is located further down the trailing edge. Detailed
information on hyperparameters for the decision trees can be found in Appendix A
5

Conclusions

The work presented in this paper introduces DT as a tool for interpreting and understanding the causes of novelties identiﬁed by the MD-based novelty index. The technique was implemented in a large scale WTB with added mass to simulate damage in different locations.
The consequences of separating observations from non-added mass and added mass has been
studied. Particularly the impact of a collinearity in the feature matrix and its inﬂuence on the
MD-based novelty index. This was investigated by reducing the dimension of the feature matrix
while monitoring the condition number. By avoiding high condition numbers, strong deviations
after the training in the control chart were reduced. Once the novelties are identiﬁed, DT have
been used to understand which features were responsible to cause the novelties in the control
chart. The relation of features and accelerometers locations was evaluated. It was found that
the accelerometers closer to the location of added mass were at the root of the DT and therefore
identifying the importance of a particular feature. Limitations were identiﬁed by exploring the
separation of different amount of masses. It was observed that the accelerometers further away
from the locations were responsible to classify between different amounts of added mass.
This study demonstrated that the occurrence of novelties can be interpreted with the use of
DTs. Additional the DTs and their hierarchical structure correlated the location of the mass
to the sensor which features were at the root of the tree. Therefore, this could narrow down
the location of where the added mass was added and open a further directions to pseudo-locate
added masses or in other words damage.
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A

Decision Trees and Hyperparameters

This appendix is meant to give some insight on the hyperparameter which were used to train
the DTs. The selected values for hyperparameters are shown in 2. The DTs were developed and
trained by using the scikit-learn library in Python. Hyperparameters for the DT are selected in a
way which does not limit the DTs. The aim is to over-ﬁt the classiﬁcation in order to understand
the novelties. Detailed information about the Hyperparameters can be found in [28].
Table 2: Hyperparameters for Decision Tree IP3 algorithm
Hyper-parameter

Selected value

Split criterion
Max depth
Max features
Max leaf nodes
Min impurity decrease
Min impurity split
Min. samples leaf
Min samples split
Min weight fraction leaf
Presort
Splitter

Entropy
None
None
None
0
None
1
2
0
False
best

For training the DTs the complete labeled dataset was used with the aim to over-ﬁt the data
from where interpretation of each class can take place.
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Abstract. Structural health monitoring (SHM) includes a wide range of methods focusing on
the improvement of structural reliability and life cycle management of engineered systems. In
the past decades, smart maintenance procedures have been proposed and implemented for a
large number of civil structures with strategic and monumental relevance. Nowadays, rapid
advances in signal processing and sensor technology allow for the implementation of smart
maintenance schemes for conventional buildings and infrastructure. Vibration-based SHM techniques are among the most applied in the structural engineering ﬁeld and become increasingly
popular due to their interdisciplinary nature. In this framework, the establishment of reliable
damage-sensitive features (DSF) is crucial for the efﬁcient evaluation of structural health. This
work comprises an investigation on the effectiveness of data-driven DSFs for the case of a large
scale reinforced concrete benchmark under shaking table excitation. Different damage identiﬁcation techniques are applied to expose the propagation of structural damage during strong
ground motions. A discussion on the hardware and algorithmic requirements for reliable wireless smart sensor networks (WSSNs), capable of capturing the desired DSFs, is also included.
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1

INTRODUCTION

Despite the unavoidable costs for installation and supervision, the information obtained
through monitoring proves to be invaluable in the aftermath of catastrophic events. The recent disaster of the Morandi bridge exposed the unexploited potential of measurements for the
maintenance of aging structures. Considerations regarding the life cycle management consist
today a prime part of the design of major infrastructure facilities. Structural health monitoring
(SHM) provides the tools and the methodologies that allow for the optimization of the maintenance activities along the operational life of structures with substantial impact on the life cycle
costs and the safety of the public.
Rapid advances in hardware and software capabilities allow for the widespread diffusion of
SHM techniques in the conventional building stock [1, 2]. In particular, Wireless Smart Sensor
Network (WSSNs) are the most promising systems for SHM applications because they don’t
require long cables leading a signiﬁcant cost reduction and an easier installation procedure.
Moreover, WSSNs are characterized by low cost and feature edge-computing capabilities enabling the decentralization of the monitoring process, by reducing the amount of data transferred
and improving the energy efﬁciency of the monitoring conﬁguration [3]. The energy consumption of a wireless network dictates the maintenance intervals and thus consists the bottleneck for
the optimal design of WSSNs. Given that energy consumption is highly related to the network
architecture, the choice of a suitable network topology for the studied application is of major
importance. Shrestha and Xing [4] discussed the performance of various WSSNs topologies by
comparing the reliability, energy–efﬁciency, network life, scalability, self-organizing capability
and data latency. Other parameters that constrain further the design of optimal WSSNs stem
from cost and size restrictions.
The recent paradigm of Internet of Things (IoT) [5] allows researchers to vision the Internet of STructures (IoST), where proper indexes could provide information regarding structural
health at an urban scale, almost in real time. This information could support substantially
both the vulnerability assessment as well as the post earthquake damage estimation, which is
currently based on time consuming and inevitably subjective inspections. Despite extensive
research in this ﬁeld, the extraction of robust damage sensitive features (DSFs) from vibrational response still poses challenges, particularly related to damage characterization (location,
severity) [6, 7]. A large category of DSFs focuses on changes of the modal properties due to
structural damage. Noh and coworkers [8] proposed a DSF criterion, which relies on the ratio
of the energy allocated on the ﬁrst mode over the total energy of the response signal. Other
candidate methodologies rely on changes in coherence between different nodes, the wavelet decomposition, Hilbert-Huang transform [9], higher order moments or entropy. Recently, Hwang
and Lignos [10] described a framework for estimating story-based engineering demand parameters in instrumented steel frame buildings with steel moment-resisting frames. The proposed
framework utilizes wavelet-based damage sensitive features and basic building geometric information to infer the building damage state at a given seismic intensity.
This work comprises the implementation of a wide palette of DSFs for the damage detection
of full scale recordings. In section 2, the selected features are presented and the key parameters
are described. In section 3, the selected features are applied for the evaluation of the recordings
of a 7-storey shear wall benchmark experiment. In section 4 are summarized the results and the
comparison of the performance of the studied DSFs. Finally, section 5 includes a discussion on
the key issues for the design of a decentralised wireless sensor network in a SHM framework.
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2

VIBRATION-BASED DAMAGE IDENTIFICATION

In this section, a brief description and some implementation examples of the selected DSFs
are reported. Both modal– and non–modal–based features have been selected. In particular,
autoregressive (AR) parameters and principal component analysis (PCA) of the covariance of
raw acceleration data are usually referred as non–modal–based methods, as the identiﬁed parameters cannot be directly interpreted into a modal or physical domain. On the other hand, the
curvature of uniform load lines (ULLs) obtained through the ﬂexibility matrix and the transmissibility function belong to the family of modal–based DSFs. Relevant notions for novelty
detection as well as damage indices (DIs) implemented in this study are also reported.
2.1

Autoregressive parameters

Autoregressive (AR) models are among the most popular non–modal–based structural identiﬁcation tools. It has been shown that, despite the non–intuitive physical interpretation of AR
parameters, the features captured by AR models, directly ﬁtted to raw acceleration data, are
representative of the structural behavior and can be analyzed to detect changes due to damage or changing environmental conditions [11]. AR parameters are computed following the
assumption that each sample of a time series depends linearly on the previous samples and can
be reconstructed by adding a residual term, which is usually assumed as Gaussian white noise.
After selecting a model order (i.e., how many samples are considered in the description of each
element of the time series), the identiﬁcation of AR parameters can be achieved through solving
an ordinary least square problem. The simplicity of this method allowed for various implementation in SHM algorithms, involving different usage of AR parameters for the estimation of
structural damage [12, 13].
2.2

Covariance–based DSF

Covariance is a common statistical feature that describes the relationship between two signals
in time domain. Assessing the covariance of the vibrational responses of sensors placed in
different position along a structure has been established as a valid statistical metric for capturing
novelties in the dynamic response [14]. These changes, however, can be attributed not only to
structural degradation, but also to changing environmental conditions [15]. Principal component
analysis (PCA) [16] has been widely applied to enhance the novelty detection by a consequent
algorithm. PCA is a linear transformation which is applied to a potentially correlated featureset. The principal components (PCs) are sorted by their eigenvalues in a decreasing order, where
the ﬁrst PC has the highest explained variance after the transformation. This procedure can
reduce the dimension of the feature-set while maintaining a high remaining variance explained.
2.3

Curvature of the uniform load line

Changes in modal curvature is the basis of various modal-based DSFs in the ﬁeld of damage
identiﬁcation, as it is proven to be particularly effective to localize structural degradation related
to stiffness reduction [17]. Major drawbacks of this this feature include its rather approximate
computational scheme (i.e., the central difference method), starting from displacement lines,
and the fact that at least three data points are required to evaluate each curvature value. As a
result, modal curvature based DSFs tend to be too sensitive to inaccuracies in the identiﬁcation
of modal shapes and require a considerable amount of sensors, placed at equidistant locations.
In this paper, the curvature of the uniform load line (ULL) has been applied. This approach
describes the structural behavior in the physical space and is less sensitive to identiﬁcation errors
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for higher modal shapes [18]. In particular, the ULL of a structure represents the deﬂection
shape under the application of a uniform load vector, the entries of which are unitary forces
applied at each sensor location. The ULL is generally evaluated through the ﬂexibility matrix
of the structure F, which can be estimated by the ﬁrst r vibration modes, as following:
F∼
=

r

1
Φ ΦT
2 j j
ω
j=1 j

(1)

where ωj and Φj indicate the j–th natural circular frequency and modal shape, respectively.
The ULL can thus be computed as:
u = Fp
(2)
where p = [1, 1, . . . , 1]T has the same size as Φj .
It should be noted that, in order to compute the real ﬂexibility matrix, modal shapes must be
mass-normalized. In this case, a variation of u registered during a monitoring process could also
be related to a physical quantiﬁcation of damage in terms of ﬂexibility increment (i.e., stiffness
decrement). In real case studies, however, there is often no precise information regarding the
mass distribution, especially for complex structures. As a result, the evaluation of F becomes
particularly challenging. For the purposes of the present work, a uniform distribution of masses
along the height of the building is considered. This assumption coincides with the regular
geometry of the studied benchmark experiment. Therefore, modal shapes are normalized with
respect to an identity matrix, and F is considered as proportional to the real ﬂexibility matrix.
In this case, a quantiﬁcation of damage in absolute terms is not possible, but the method still
allows for the localization of damage [19].
2.4

Transmissibility based criteria

Transmissibility based criteria have been recently proposed in an attempt to detect and localize damage based on output-only data [20]. The transmissibility function between points
a and b of an elastic system can be deﬁned as the ratio of the complex amplitude of the system responses in frequency domain, which can be expressed as a fraction of power spectral
densities:
Ta,b (ω) =

Ga,b (ω)
Xa (ω) × Xb (ω)
=
Xb (ω) × Xb (ω)
Gb,b (ω)

(3)

By implementing Pearson’s correlation coefﬁcient for the transmissibility vectors in different
damage states, researchers deﬁned a correlation-based damage indicator (CDI):
CDIa,b = |

Cov(T d , T u )
|
σT d σT d

(4)

An additional feature based on the modal assurance criterion was also deﬁned as transmissibility
assurance criterion (TAC):
T ACa,b =

[(T d )T (T u )]2
[(T d )T (T d )][(T u )T (T u )]

(5)

where T d and T u represent the transmissibility vectors under damaged and healthy conditions.
Considering the points a and b as the recording points along subsequent storeys of a building,
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transmissibility based criteria provide information for structural changes between the measuring points. For shear wall concrete buildings with rigid slabs, the earthquake induced damage
is expected to concentrate in the lower ﬂoor levels. For such cases, transmissibility based criteria for damage detection and localisation are well deﬁned. However, such criteria cannot
provide robust estimation for the level of damage since they rely exclusively on low amplitude
measurements, where the system is expected to respond in the equivalent elastic regime.
2.5

Mahalanobis Distance

The Mahalanobis distance (MD) is a widely applied multivariate distance metric to highlight
novelties or outliers in a feature-set [21]. The MD measures the distance between a point and
a distribution. The distribution is commonly calculated for a reference feature-set which is also
called the training-set. The MD is described as follows:

k
k
d(x , Y) = (xk − μY )T Σ−1
(6)
Y (x − μY )
where d(xk , Y) is the distance between a feature vector xk and a reference Y, with k being the
k th feature vector in a feature-set. μ is the mean of features in Y and Σ the covariance of the
reference feature-set. This metric is used as DI for the modal-based DSFs investigated in this
work.
2.6

Damage indices and novelty detection

For most of the damage identiﬁcation algorithms the identiﬁed parameters are compared to
baseline information obtained right after the installation of the monitoring system. This baseline
information is considered to represent the undamaged condition. To quantify this comparison,
a proper DI has to be selected and a threshold between “damaged” and “healthy” state has to
be deﬁned. For the AR and covariance based DSFs the MD has been used as a DI since a
statistically signiﬁcant set of results were evaluated. For the former case, a different set of AR
parameters can be identiﬁed for each data array (i.e., considering data intervals of user-deﬁned
length at each sensor location). In general, damage localization cannot be directly achieved
by analyzing local modiﬁcations in AR parameters [13]. For this reason, the mean of MDs
computed over the set of all recording nodes has been selected as the ﬁnal DI for the purposes
of damage detection. Similarly, the MD-based damage index is evaluated for the covariance and
PCA based DSF. A threshold is selected for the reference state and is represented by Tth . The
choice of Tth is based on a cumulative distribution of the damage index where the k th percentile
of the data is allowed to exceed the threshold. Consequently, d(xk , Y) > Tth are considered as
novelties and are potentially correlated to damage.
For the modal-based DSFs longer datasets are required and thus only deterministic DIs can
be deﬁned through the analyzed data. For the curvature of the ULL, the percentage variation
between local estimates of the DSF in different damage scenarios is considered. For the transmissibility based DSF the identiﬁed CDI and TAC metrics are evaluated.
3

DAMAGE DETECTION ON REAL-SCALE RECORDINGS

The DSFs described in Section 2 are evaluated using the data collected during a benchmark
experiment on a full-scale RC structure tested on a shaking table at the University of California,
San Diego [22, 23]. After a brief description of the case study, the results are reported and
discussed.
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Figure 1: Picture of the tested structure (a) and ground ﬂoor plan of typical storey (b)
3.1

Description of the case study

The specimen, shown in Figure 1a, consists of two perpendicular walls (web and ﬂange wall)
and a concrete slab at each storey–level, supported by four gravity columns and an auxiliary
post–tensioned column that provides torsional stability to the system (Figure 1b). Shaking table
tests were designed to progressively damage the building through the simulation of four historic
earthquakes recorded in California, with increasing intensity. Before and after each shaking
test, the response of the building was recorded under white noise (WN) excitation, with a root
mean square (RMS) amplitude equal to 0.03 g, and low amplitude ambient vibration (AV), as
described in detail in [22, 23] and in Table 1. In particular, between tests S3.1 and S3.2, the
bracing system between the slabs and the post–tensioned column was stiffened. The present
work focuses exclusively on the acceleration response during the white noise excitation before
and after the strong shaking events.
The instrumentation of the tested structure includes 45 uniaxial accelerometers: 29 measuring the longitudinal direction (three on each ﬂoor slab, one on the web wall at mid-height of
each story, and one on the pedestal base), 14 measuring the transversal direction (2 on each ﬂoor
slab), and 2 nodes measuring the vertical direction (at the base, on the pedestal). In this paper
seven different sensor conﬁgurations are considered, as described in Table 2, with reference to
Figure 1b. The original data are sampled at 240 Hz and are here downsampled at 100 Hz. More
details about the geometry and the instrumentation can be found in [22, 23].
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Test
S0
EQ1
S1
EQ2
S2
EQ3
S3.1
S3.2
EQ4
S4

Description
8min WN (0.03%g RMS) + 3min AV
San Fernando earthquake, 1971, longitudinal component, Van
Nuys station
8min WN (0.03%g RMS) + 3min AV
San Fernando earthquake, 1971, transversal component, Van
Nuys station
8min WN (0.03%g RMS) + 3min AV
Northridge earthquake, 1994, longitudinal component, Woodland
Hills Oxnard Boulevard station
8min WN (0.03%g RMS) + 3min AV
8min WN (0.03%g RMS) + 3min AV
Northridge earthquake, 1994, 360◦ , Sylmar Olive View Med
8min WN (0.03%g RMS) + 3min AV
Table 1: Testing setup

Deployment layout
H-0
H-1
H-2
H-3
T-1
T-2
HT

Description
SD on the web wall in the horizontal direction, at ﬂoor levels and
mid-height of storeys
SD on the web wall in the horizontal direction, at ﬂoor levels
SD on the southern part of the slab in the horizontal direction
SD on the northern part of the slab in the horizontal direction
SD on the eastern part of the web wall in the transversal direction,
at the ﬂoor levels
SD on the western part of the web wall in the transversal direction,
at the ﬂoor levels
All sensors described above
Table 2: Sensor deployment layouts
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Figure 2: Control charts for non-modal-based DSFs

Cov + PCA
AR

1

aROC

0.8

0.6

0.4

0.2

0
H-0

H-1

H-2

H-3

T-1

T-2

HT

Figure 3: aROC and false alarm rates obtained for the non-modal-based approaches
3.2

Discussion of the results

For non-modal-based DSFs, a control chart approach demonstrates clearly the online novelty
detection procedure for damage identiﬁcation. Response windows of seven minutes, divided
into sets of 1000-samples, are considered as separate inspection intervals. The DSF is computed for each inspection interval and compared to the baseline estimation, which is evaluated
based on the ﬁrst 55 intervals for condition S0. In Figure 2, the MD between the feature evaluation on each interval and the baseline is presented. For brevity, only the results for the sensor
deployment layout T-1 are reported. The threshold for novelty detection is set in the training
set and allows 1% of outliers. A comparison between the control charts of the AR based DSF
(Figure 2a) and the covariance based DSF (Figure 2b) demonstrates that, the AR model captures
adequately the transition from the healthy state to the ﬁrst damaged state, while it fails to provide clear boundaries between the subsequent damage states. On the other hand, the covariance
based DSF differentiates better signiﬁcant damage (S4 and S5) from the initial damage states,
while indicates minor variations from conditions S1 to S3.1.
Summary results obtained from the evaluation of these DSFs using all the deployment layouts of Table 2 are reported in Figure 3. It can be noticed that, although the false alarm rate
of the covariance-based method is generally higher, the area under the ROC curve (indicated
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(a) Curvature

(b) TAC

(c) CDI

Figure 4: Transmissibility-based and curvature-based damage indices evaluated for each damage condition
here as aROC) is greater in most cases, denoting a better discrimination between healthy and
damaged conditions. Moreover, it is worthy to note that the AR-based method works better in
the transversal direction, showing higher aROC values, while the covariance-based approach
performs well in all the deployment layouts.
Figures 4a, 4b and 4c illustrate the damage indices calculate by the curvature-based and the
transmissibility based approaches, by considering the sensor deployments H-1. In this work, a
deterministic comparison between healthy and damaged conditions is considered. In order to
compute curvature, the central difference method is employed, assuming that the base displacement is 0, obtaining 6 curvature values.
While the curvature-based approach is less sensitive to small damages, the transmissibility
function appears to detect also small variations in the dynamic behavior, showing an accurate
estimation of the damage position and consistent representation of the identiﬁed damage degradation due to increasing the excitation amplitude. Moreover, the TAC criterion proves to be
more sensitive to damage in comparison to the CDI criterion.
4

CONSIDERATIONS ON WIRELESS SENSOR NETWORK IMPLEMENTATIONS

The considerations reported in this section refer to a star-topology network. This is one of the
most commonly used topology due to its simplicity, although Cluster Head and mesh topologies
provide a better ﬂexibility, i.e network scalability, communication reliability or energy management [4]. In particular, the network was designed to collect n samples of acceleration data at
each node location at user-deﬁned inspection intervals. Depending on the feature, DSFs are
then partially or fully computed in the central monitoring station (i.e., the sink node), where
damage identiﬁcation takes place. Table 3 summarizes the main characteristics of interest for
the implementation of DSFs on a WSSN. While univariate AR parameters and covariance can
only identify structural changes due to modiﬁcations of the dynamic response in time domain,
modal-based parameters can provide information about the position and, under certain assumptions, the extent of damage. The number of channels needed to calculate each DSF reﬂects the
possibility to compute it in a decentralized manner, by performing part of the processing on the
nodes. The minimum number of samples to be transferred to the central monitoring station for
the evaluation of the DSFs is also considered as a performance index.
AR parameters are identiﬁed on single data series, such as the raw acceleration signals
recorded by each node. In this case, AR parameters could be identiﬁed onboard and the transmission could be reduced to the selected order of the AR model (p). Covariance and trans-
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DSF
AR parameters
Covariance
Curvature
Transmissibility

Id level
Detection
Detection
Loc./Quant.
Localization

Num. of channels
1
2
3
2

Num. of samples
p
n
n
s

Complexity
O(p2 n)
O(slog(s))

Table 3: Characteristics of the considered DSFs
missibility functions require couples of acceleration channels for their evaluation in time and
frequency domain respectively. Truncated spectra can thus be employed to estimate the transmissibility in the band of interest. The number of samples required at the level of central node
is therefore equal to the number of points of the truncated frequency spectrum (s), which can
be computed on each node before transmission. The curvature based DSF requires recordings
of at least three subsequent nodes to be computed. Hence, the identiﬁcation of this feature has
to be performed in a centralized fashion with complete data series, in order to preserve phase
information.
Computational complexity is an aspect of utmost importance when decentralized processes
are implemented on low-cost smart nodes, since they are generally characterized by small computational capabilities and limited battery life. The identiﬁcation of AR parameters can be
obtained through several algorithms with varying complexity. The ordinary least squares problem yields an asymptotical complexity of O(p2 n), with p denoting the order of AR model and n
the number of training samples. Alternatively, through the Yule-Walker method, the complexity
becomes O(p2 + np), still being strongly dependent on the selected order, which increases with
the structural complexity. Among the different Yule-Walker solvers, Dushin and Frolov [24]
exploited the Levinson–Dusrbin recursion for extrapolating AR coefﬁcients and monitoring environmental phenomena such as humidity and light. Lynch [25] exploited the Burg’s method
to solve the Yule-Walker equations which avoids complex matrix inversion operations. In such
a case, considering 4000–time samples and the identiﬁcation of 30 AR coefﬁcients, the WSSN
needed 8 s of computational time with 3 J of energy consumption.
Covariance and curvature based DSFs are not suitable for decentralization in a simple startopology network. Hence, the computational complexity at the central node is high, involving
the evaluation of all couples of covariance functions for the former feature, and a complete
automated modal identiﬁcation for the latter. The computation of the frequency spectrum for
the identiﬁcation of transmissibility functions can be conducted on the nodes with a complexity
of O(slog(s)), by implementing fast Fourier transform (FFT) with s frequency points. It is
worth mentioning that Goertzel’s algorithm [26] can also be utilized for frequency analysis with
a computational complexity of O(s) for a single bin of the spectrum and exploiting recursion
[27].
5

CONCLUSIONS

Despite recent advances in algorithms and hardware related to damage identiﬁcation, SHM
remains an unexploited potential in civil engineering practice. The substantial costs related to
the instrumentation and the management of the recorded data undermine the widespread implementation of sensors networks that could provide valuable insights into the structural behaviour
of infrastructure and buildings during and after catastrophic events. This work explores the efﬁciency of various modal-based and data-driven DSFs, implemented on real scale recordings.
The applicability of the studied DSFs in low cost WSSNs, in terms of computational complex-
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ity, energy efﬁciency and data transmission, is also discussed.
In the present case, data-driven DSFs estimated by short data series detect accurately damage
and could be computed almost in real time in permanent SHM applications. While the ARbased approach proves to be more robust in sensing the transition from healthy to damaged
state, the covariance–based approach is more suitable to identify severe structural degradation.
The possibility to compute the AR parameters on smart nodes allows for the decentralization of
the processing, reducing substantially the volume of the data to be transmitted. For distributed
sensor networks, modal–based DSFs can provide information related to both the location and
the severity of damage. In the present study, transmissibility–based approaches perform very
well in both tasks. Although these indexes can only be assessed in the central node, the required
information reduces to truncated spectral coordinates. Finally, the curvature-based approach
proves to be sensitive only to severe damage and is not suitable for decentralized conﬁgurations.
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Abstract. This paper reports results relevant to the experimental comparison of a number of
vibration-based methods for damage localization applied using responses recorded during
forced vibration tests on a composite beam. Damage is intended herein as a stiffness change.
Four methods from the literature were compared: two model-based methods, namely the direct
stiffness determination method and the model updating method and two response-driven methods, namely the modal interpolation error method and the modal strain energy method. The
tested specimen is a composite beam made of timber and plaster boards, with a total span of
4.0 m and simply supported at the ends. During the forced vibration tests responses in terms of
acceleration were measured at 24 points along the beam axis. Responses were recorded in both
the reference states and in several modified states in which local variations of bending and
shear stiffness were simulated adding a stiffener or unscrewing a number of bolts. Using the
accelerometric responses the comparison of the four considered methods was performed in
terms of the accuracy of damage localization.
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0LFKDO9HQJOiU3LHU)UDQFHVFR*LRUGDQR0DULD3LQD/LPRQJHOOLDQG0LODQ6RNRO

1

INTRODUCTION

9LEUDWLRQEDVHGQRQGHVWUXFWLYHWHVWLQJDVSDUWRI6WUXFWXUDO+HDOWK0RQLWRULQJ 6+0 KDV
EHFRPHDJURZLQJLQWHUHVWRIWKHFLYLOHQJLQHHULQJUHVHDUFKFRPPXQLW\GXHWRWKHLQFUHDVHG
QHHGRIDQLQIRUPHGVXSSRUWWRGHFLVLRQUHODWHGWRWKHUHTXHVWIRUKLJKHUVDIHW\VWDQGDUGV>@WR
WKHODUJHQXPEHURIVWUXFWXUHVDSSURDFKLQJWKHHQGRIGHVLJQOLIHDQGWRWKHFKDQJLQJRIORDGLQJ
FRQGLWLRQVGXHWRWKHLQFUHDVHRIWUDIILF>@7KHJRDORI6+0LVWRRSWLPL]HVWUXFWXUDOPDQDJH
PHQWWKURXJKWKHLGHQWLILFDWLRQRIVWUXFWXUDOGDPDJHDWWKHHDUOLHVWVWDJHRUWKHDFTXLVLWLRQRI
GDWDHQDEOLQJDSURJQRVLVRIWKHUHPDLQLQJ VHUYLFHOLIH 7KLV FDQUHGXFH ERWK ORQJWHUP DQG
HPHUJHQF\PDQDJHPHQWFRVWV>@±>@$FFRUGLQJWR>@LWLVH[SHFWHGWKDWLQWKHIXWXUH6+0
ZLOOWDNHDQLPSRUWDQWSDUWLQWKHDGPLQLVWUDWLRQRIWUDQVSRUWLQIUDVWUXFWXUHGXHWRWKHODFNRI
HIIHFWLYHQHVV DQG VFDUFH UHOLDELOLW\ RI YLVXDO LQVSHFWLRQV ZKLFK DUH KLJKO\ GHSHQGHQW RQ WKH
VXEMHFWLYLW\RIWKHRSHUDWRUDQGGRQRWSURYLGHUHDOWLPHLQIRUPDWLRQDERXWWKHVWUXFWXUDOVWDWH
6HYHUDO6+0PHWKRGVH[LVWLQWKHOLWHUDWXUHDOORZLQJGLIIHUHQWOHYHOVRIGDPDJHLGHQWLILFD
WLRQLHGDPDJHGHWHFWLRQGDPDJHORFDOL]DWLRQGDPDJHTXDQWLILFDWLRQDQGGDPDJHSURJQRVLV
>@,QWKLVSDSHUWKHIRFXVLQRQYLEUDWLRQEDVHGGDPDJHORFDOL]DWLRQPHWKRGVZKLFKXVHVYL
EUDWLRQGDWDHJYHORFLWLHVDQGDFFHOHUDWLRQVUHFRUGHGRQLQVWUXPHQWHGORFDWLRQVRIWKHVWUXF
WXUHWRLGHQWLI\FKDQJHVLQVWLIIQHVV,QJHQHUDOWKH\FDQEHFODVVLILHGLQPRGHOEDVHGPHWKRGV
DQGUHVSRQVHEDVHGPHWKRGV0RGHOEDVHGPHWKRGVQHHGDQXPHULFDOPRGHORIWKHVWUXFWXUH
HJ)LQLWH(OHPHQW )( PRGHOZKHUHDVUHVSRQVHEDVHGPHWKRGVXVHRQO\GDWDUHFRUGHGRQWKH
VWUXFWXUH0RGHOEDVHGPHWKRGVDUHPRUHWLPHFRQVXPLQJDQGUHTXLUHKLJKHUFRPSXWDWLRQDO
HIIRUWZLWKUHVSHFWWRUHVSRQVHEDVHGPHWKRGV+RZHYHUWKH\XVXDOO\DOORZDOVRWRTXDQWLI\WKH
VHYHULW\RIGDPDJHEHVLGHLWVH[LVWHQFHDQGORFDWLRQ$FRPSDULVRQRIVHYHUDOUHVSRQVHEDVHG
PHWKRGVIRUGDPDJHORFDOL]DWLRQDSSOLHGRQDUHDOEULGJHLVSURYLGHGLQWKHUHIHUHQFH>@
,QWKLVSDSHUIRXUZHOONQRZQYLEUDWLRQEDVHGPHWKRGVIRUGDPDJHORFDOL]DWLRQDUHFRP
SDUHG WZR PRGHOEDVHG PHWKRGV QDPHO\ WKH GLUHFW VWLIIQHVV GHWHUPLQDWLRQ PHWKRG DQG WKH
PRGHO XSGDWLQJ PHWKRG DQG WZR UHVSRQVHEDVHG PHWKRGV QDPHO\ WKH PRGDO LQWHUSRODWLRQ
PHWKRG DQG WKH PRGDO VWUDLQ HQHUJ\ PHWKRG 'DPDJH LV LQWHQGHG LQ JHQHUDO DV D FKDQJH LQ
VWLIIQHVV7KHPHWKRGVDUHDSSOLHGWRDEULGJHOLNHODEVSHFLPHQXVLQJPRGDOSDUDPHWHUVSUR
YLGHGE\H[SHULPHQWDOPRGDODQDO\VLV7KHFRPSDULVRQLVSHUIRUPHGLQWHUPVRIDFFXUDF\RI
WKH GDPDJH ORFDOL]DWLRQ 'LIIHUHQW VFHQDULRV DUH FRQVLGHUHG QDPHO\ DQ LQFUHDVH RI EHQGLQJ
VWLIIQHVVDQGWZRVKHDUGDPDJHV
7KHSDSHUFRQVLVWVRIVHYHUDOVHFWLRQV6HFWLRQLQWURGXFHVWKHFRQVLGHUHGPHWKRGV6HFWLRQ
GHVFULEHVWKHH[SHULPHQWDOVSHFLPHQDQGWKHGDPDJHVFHQDULRV6HFWLRQUHSRUWVWKHUHVXOWV
RIWKHGDPDJHDVVHVVPHQWDQGWKHFRPSDULVRQRIUHVXOWVFRQFOXVLRQVDUHJLYHQLQ6HFWLRQ
2

THEORETICAL BACKROUND OF USED METHODS

2.1 Model-based methods
2.1.1. Finite Element Model Updating
7KH)LQLWH(OHPHQW0RGHO8SGDWLQJ )(08 PHWKRGXVHVDQXPHULFDOPRGHORIWKHLQYHV
WLJDWHGVWUXFWXUHZKRVHSDUDPHWHUVDUHXSGDWHGPLQLPL]LQJWKHUHVLGXDOEHWZHHQWKHPRGHODQG
WKHVWUXFWXUHH[SHULPHQWDOFKDUDFWHULVWLFV+HUHLQWKHYDOXHVRIWKHPRGDOSDUDPHWHUVHVWLPDWHG
E\PHDQVRIRSHUDWLRQDORUH[SHULPHQWDOPRGDODQDO\VLVDUHXVHGWRXSGDWHWKHVWLIIQHVVPDWUL[
RIWKH)(PRGHO7KHVWLIIQHVVPDWUL[LVPRGHOOHGDVDIXQFWLRQRIWKHPRGHOSDUDPHWHUVDF
FRUGLQJWRWKHHTXDWLRQ
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ୀଵ

ZKHUH۹  UHSUHVHQWVDQLQLWLDOVWLIIQHVVPDWUL[۹ሺɅ ሻ LVWKHXSGDWHGVWLIIQHVVPDWUL[ZKLFKGH
SHQGVRQWKHSDUDPHWHUYHFWRUɅ ۹  ܒLVWKHFRQWULEXWLRQRIWKHVXEVWUXFWXUH݆ ൌ ͳǡ ǥ ǡ ܰெ WRWKH
JOREDOVWLIIQHVVPDWUL[DQGߠெǡ LVDVFDOLQJSDUDPHWHUVUHSUHVHQWDWLYHRILWVHIIHFWLYHVWLIIQHVV
7KHRSWLPDOSDUDPHWHUVDUHIRXQGE\PLQLPL]LQJDFRVWIXQFWLRQ>@$VPHQWLRQHGLQ>@
LQPRVWSUDFWLFDODSSOLFDWLRQVWKHFRVWIXQFWLRQLVIRUPXODWHGDVDVXPRIVTXDUHGUHVLGXDOVDV
IROORZV


ଶ
൫݀ҧ െ ݕ ሺɅ ሻ൯
ͳ
ܨሺɅெ ሻ ൌ  ܽ
ʹ
݀ҧଶ



ୀଵ

ZKHUH݀ҧ LV WKH݇ ൌ ͳǡ ǥ ǡ ݉H[SHULPHQWDO GDWDݕ ሺɅ ሻLV WKH RXWSXW UHVSRQVH RI WKH PRGHO
DQGWKHIDFWRUܽ UHIOHFWVWKHZHLJKWDSSRLQWHGWRWKHQRUPDOL]HGUHVLGXDOV ,QWKLVSDSHUWKH
FRPSRQHQWVRIWKHPRGDOVKDSHVDUHXVHGDVRXWSXWPRGHOyN
%\PLQLPL]LQJWKHFRVWIXQFWLRQܨሺߠெ ሻLWLVSRVVLEOHWRILQGYDOXHVRIWKHRSWLPDOSDUDPHWHU
כ
Ʌ  WKDWWKHEHVWPDWFKEHWZHHQWKHPRGHODQGWKHH[SHULPHQWDOGDWDLVDFKLHYHG
2.1.2. Direct stiffness calculation
7KHGLUHFWVWLIIQHVVFDOFXODWLRQ '6& PHWKRGXVHVWKHH[SHULPHQWDOQDWXUDOIUHTXHQFLHVDQG
WKHLUFRUUHVSRQGLQJPRGHVKDSHVWRGHULYHWKHG\QDPLFVWLIIQHVV7KHPHWKRGLVEDVHGRQWKH
UHODWLRQ YDOLGDW HDFKVHFWLRQxRIWKHEHDP EHWZHHQ WKHG\QDPLFEHQGLQJVWLIIQHVV EI WKH
EHQGLQJPRPHQWܯ DQGWKHFRUUHVSRQGLQJFXUYDWXUH VHFRQGGHULYDWLYHRIPRGDOVKDSH߶ 
>@>@
ܫܧሺݔሻ ൌ

ܯ ሺݔሻ
߶ᇱᇱ ሺݔሻ



7KHEHQGLQJPRPHQWVܯ DUHFDXVHGE\WKHLQHUWLDOIRUFHVܨூ FRUUHVSRQGLQJWRWKHFRQVLG
HUHGPRGDOVKDSHDQGFDQEHFRPSXWHGDWHDFKVHFWLRQDV
 ࡵܨሺݔሻ ൌ ߱ଶ ݉ሺݔሻ߶ ሺݔሻ



ZKHUH݉ሺݔሻ UHSUHVHQWVDPDVVDWHDFKVHFWLRQωLVWKHQDWXUDOIUHTXHQF\DQG߶ ሺݔሻLVWKHYDOXH
DWHDFKVHFWLRQRIWKHPRGDOVKDSHFRQQHFWHGWR WKHQDWXUDOIUHTXHQF\ ω. ,QWKHFDVHRIXQ
GDPSHGV\VWHPWKHUHODWLRQEHWZHHQLQWHUQDOIRUFHVDQGLQHUWLDOIRUFHVLV
۹ ൌ ߱ଶ  ܉ۻ 



ZKHUH۹LVVWLIIQHVVPDWUL[ ܉ۻUHSUHVHQWVDPDVVPDWUL[ DQDO\WLFDOO\GHWHUPLQHG DQG LV
WKHYHFWRURIWKHEHQGLQJPRGDOVKDSH,WUHSUHVHQWVDSVHXGRVWDWLFV\VWHP7KHUHIRUHWKHDF
FHOHUDWLRQVUHFRUGHGGXULQJWKHIRUFHGYLEUDWLRQWHVWVFDQEHGLUHFWO\PXOWLSOLHGE\PDVVPDWUL[
LQRUGHUWRFDOFXODWHWKHLQHUWLDOIRUFHV7KHVHSVHXGRVWDWLFIRUFHVDUHXVHGLQVWDWLFDQDO\VLV
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HJZLWKDILQLWHHOHPHQWSDFNDJH LQRUGHUWRFDOFXODWHPRGDOEHQGLQJPRPHQWVܯ 7KHQH[W
VWHSUHSUHVHQWVFDOFXODWLRQRIFXUYDWXUHHJXVLQJWKH)LQLWH'LIIHUHQFH0HWKRG%HFDXVHRI
WKHRFFXUUHGLQDFFXUDFLHVLWLVUHFRPPHQGHGWRXVHVPRRWKLQJIXQFWLRQ7KHUHIRUHUHVLGXDO
SHQDOW\EDVHG PHWKRG LV DSSOLHG DQG LV YHU\ VLPLODU WR )( DSSURDFK PHQWLRQHG EHIRUH 7KH
UHIHUHQFHV>@>@GHVFULEHWKHPHWKRGLQPRUHGHWDLO
2.2 Response-based methods
2.2.1. Modal strain energy method
7KHGDPDJHLQGH[SURSRVHGLQUHIHUHQFH>@LVEDVHGRQWKHDVVXPSWLRQWKDWGDPDJHGRHV
QRWFKDQJHWKHIUDFWLRQRIPRGDOVWUDLQHQHUJ\GHILQHGDVWKHUDWLREHWZHHQWKHPRGDOVWUDLQ
HQHUJ\VWRUHGLQWKHi-WKHOHPHQWDQGWKHPRGDOVWUDLQHQHUJ\VWRUHGLQWKHVWUXFWXUH,QWKLVZD\
WKHUDWLREHWZHHQWKHEHQGLQJVWLIIQHVVRIWKHi-WKHOHPHQWLQWKH8QGDPDJHG 8 DQGLQWKH
'DPDJHG ' VWDWHVFDQEHFRPSXWHGDVDIXQFWLRQRIWKHPRGDOFXUYDWXUHVUHWULHYHGE\WKH
6+0V\VWHPLQWKHWZRVWDWHV6XPPLQJXSWKHFRQWULEXWLRQVRIDOOWKHLGHQWLILHGPRGHVWKH
IROORZLQJH[SUHVVLRQLVREWDLQHGIRUWKHGDPDJHLQGH[DWWKHi-WKORFDWLRQLHRQHRIWKH݅ ൌ
ͳǡ ǥ ǡ ܰORFDWLRQVZKHUHWKHFRPSRQHQWVRIWKHPRGDOVKDSHVDUHNQRZQWKDWLVZKHUHVHQVRUV
DUHORFDWHG

ೞ



ߚ ൌ 
ୀଵ

ᇱᇱ
߶ǡǡ

ଶ

ᇱᇱ ଶ
σே
ୀଵ ߶ǡǡ

ೞ

Ȁ 
ୀଵ

ᇱᇱ
߶ǡǡ

ଶ

ᇱᇱ ଶ
σே
ୀଵ ߶ǡǡ






7KH GDPDJH LQGH[ߚ DVVXPHV YDOXHV KLJKHU WKDQ RQH DW ORFDWLRQV ZKHUH D UHGXFWLRQ RI WKH
EHQGLQJVWLIIQHVVRFFXUVLQWKHVWDWH'

2.2.2. Modal interpolation error method
7KHLQWHUSRODWLRQHUURUPHWKRGSURSRVHGLQUHIHUHQFH>@WDNHVDGYDQWDJHRIWKHSURSHUWLHV
RIWKHFXELFVSOLQHLQWHUSRODWLRQRIPRGHVKDSHVWRORFDOL]HGDPDJHRQVWUXFWXUHV,QSDUWLFXODU
GXHWRWKHVRFDOOHG³*LEEVSKHQRPHQRQIRUVSOLQHV´DVXGGHQLQFUHDVHRIWKHLQWHUSRODWLRQ
HUURULVREVHUYHGDWWKHORFDWLRQVZLWKDFXUYDWXUHGLVFRQWLQXLW\7KHUHIRUHWKLVSURSHUW\FDQEH
XVHGWRLGHQWLI\WKHORFDWLRQVZKHUHDFKDQJHRIVWLIIQHVVRFFXUV$WWKHiWK ݅ ൌ ͳǡ Ǥ Ǥ ǡ ܰ LQ
VWUXPHQWHGORFDWLRQWKHSHUIRUPDQFHRIWKHLQWHUSRODWLRQLVFRPSXWHGIRUWKHkWKPRGHWKURXJK
WKHLQWHUSRODWLRQHUURUܧǡ GHILQHGDVWKHDEVROXWHGLIIHUHQFHEHWZHHQWKHPHDVXUHGFRPSRQHQW
RI WKH NWK PRGHVKDSH DW WKDW ORFDWLRQ ߶ǡ DQG WKH LQWHUSRODWHG YDOXH ߶ǡ  LH ܧǡ ൌ
ห߶ǡ െ ߶ǡ ห7KHLQWHUSRODWLRQHUURUDWWKH݅WKORFDWLRQLVREWDLQHGE\FRPELQLQJWKHFRQWULEX
WLRQVRIDOOWKHLGHQWLILHGPRGHVDVIROORZV



ܧ ൌ ඨ

ೞ
ୀଵ

ଶ
ܧǡ
ൌ ඨ

ೞ
ୀଵ

ଶ
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7KHLQWHUSRODWLRQHUURUFDQEHFRPSXWHGLQWKHUHIHUHQFHVWDWHܧ DQGLQDSRVVLEO\GDP
DJHGVWDWHܧ 7KHLQFUHDVHRIWKHLQWHUSRODWLRQHUURUDWWKH݅WKORFDWLRQZLWKUHVSHFWWRWKH
UHIHUHQFHVWDWHȟܧ ൌ ܧ െ ܧ LQGLFDWHVDORVVRIVWLIIQHVVDWWKDWORFDWLRQDQGLWLVDVVXPHG
DVGDPDJHLQGLFDWRU7KHPDLQDGYDQWDJHRIWKLVPHWKRGLVWKDWLWGRHVQRWUHTXLUHWKHGLUHFW
FRPSXWDWLRQ RI PRGDO VKDSHV¶ FXUYDWXUH $GGLWLRQDO LQIRUPDWLRQ RQ WKH LQWHUSRODWLRQ HUURU
PHWKRGFDQEHIRXQGLQWKHUHIHUHQFHV>@>@
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3

EXPERIMENTAL MODEL

3.1 Description of the lab specimen
7KHWHVWHGODEVSHFLPHQFRQVLVWHGLQDVLPSOHEULGJHOLNHVWUXFWXUHPDGHE\DPDLQWLPEHU
EHDPFRXSOHGZLWKSODVWHUERDUGVVHH)LJXUH7KUHHWLPEHUERDUGV HDFKZLWKGLPHQVLRQVRI
[[PP ZHUHXVHGWREXLOGWKHPDLQEHDP7KHXSSHUSDUWRIWKHVSHFLPHQWKH
³GHFN´ZDVPDGHRIWKUHHRYHUODSSHGSODVWHUERDUGOD\HUVZLWKWKLFNQHVVPPHDFK7KH
GHFNZDVPPZLGHDQGPPKLJK7KHSODVWHUERDUGOD\HUVZHUHFRQQHFWHGE\SDLUVRI
VFUHZVWLJKWHQHGHYHU\PPLQWRWKHPDLQWLPEHUEHDP7KHVXSSRUWVDUHORFDWHGPP
IURPERWKHQGV

)LJXUH7KHODEVSHFLPHQ

7KUHHVFHQDULRVKDYHEHHQFRQVLGHUHGQDPHO\WKHVLPXODWLRQRIDUHSDLUDQGWZRVKHDUGDP
DJHV7KH\DUHGLVSOD\HGLQ)LJXUH7KHUHSDLUUHIHUUHGLQWKHIROORZLQJDV6FHQDULRZDV
VLPXODWHGE\IL[LQJDWLPEHUERDUG GLPHQVLRQVRI[[PP WRWKHPDLQEHDPDW
P IURP WKHOHIW HQGRIWKHEHDPVHH)LJXUH  D 7KH WZRVKHDUGDPDJHVFHQDULRVQDPHG
6FHQDULRV  DQG  ZHUH PRGHOOHG E\ XQVFUHZLQJ D QXPEHU RI EROWV FRQQHFWLQJ WKH SODVWHU
ERDUGVDQGWKHPDLQEHDPWKHVFUHZVZHUHUHPRYHGLQWZRVWDJHVIRXUVFUHZVIRUHDFKVWDJH
,Q6FHQDULRIRXUEROWVZHUHUHPRYHGLQWKHDUHDPPIURPWKHOHIWVXSSRUW,Q6FHQDULR
WKHUHPDLQIRXUEROWVZHUHUHPRYHGLQWKHDUHDPPIURPWKHOHIWVXSSRUWVHH)LJXUH
 E 

)LJXUH D 6FHQDULR±WKHDGGLWLRQRIDVWLIIHQHU E 6FHQDULRVDQG±WKHVKHDUGDPDJH TXRWHVLQPP 

'\QDPLFWHVWV IRUFHGYLEUDWLRQVWHVW ZHUHFDUULHGRXWXVLQJKLJKVHQVLWLYLW\DFFHOHURP
HWHUV 3&%3LH]RWURQLFV% VKRZQLQ)LJXUH D 7ZRHOHFWURPDJQHWLFH[FLWHUVZHUH
SODFHGPPIURPERWKHQGVRIWKHEHDPVHH)LJXUH E DQGV\QFKURQL]HG>@WRDSSO\WKH
H[FLWDWLRQIRUFHDVDVLQHZDYH5HVSRQVHVZHUHUHFRUGHGZLWKDVDPSOLQJUDWHRIVDPSOHV
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SHUVHFRQGDQGODWHUGRZQVDPSOHGWRVDPSOHVSHUVHFRQG7KHSHDNSLFNLQJPHWKRG>@
ZDVDSSOLHGWRSHUIRUPG\QDPLFLGHQWLILFDWLRQ7HVWVZHUHFDUULHGRXWLQDOOVFHQDULRVXQGHU
VLPLODUHQYLURQPHQWDOFRQGLWLRQV &WHPSHUDWXUHKXPLGLW\ 7KHUHIRUHWKHHIIHFWRI
HQYLURQPHQWDOFRQGLWLRQVZDVQRWWDNHQLQWRDFFRXQW



)LJXUH D /DWHUDOYLHZRIWKHODEVSHFLPHQDQGORFDWLRQRIVHQVRUV E /RFDWLRQRIWKHH[FLWHUV TXRWHVLQ
PP 


4

APPLICATION OF DAMAGE LOCALIZATION MEHTODS

)RUHDFKVFHQDULRDFFHOHUDWLRQVZHUHPHDVXUHGDWORFDWLRQVDORQJWKHWHVWVSHFLPHQ7KH
FRPSRQHQWVRIWKHPRGDOVKDSHVZHUHFDOFXODWHGDWWKHVDPHORFDWLRQVDQGODWHULQWHUSRODWHG
XVLQJDVPRRWKIXQFWLRQDFFRUGLQJWRWKHPHWKRGGHVFULEHGLQ >@2QO\WKHILUVWLGHQWLILHG
PRGDOVKDSHUHSRUWHGLQ)LJXUHIRUWKHGLIIHUHQWVFHQDULRVLVXVHGWRDSSO\WKHGDPDJHORFDO
L]DWLRQPHWKRGV,WFDQEHREVHUYHGWKDWLQ6FHQDULRDQG6FHQDULRWKHUHIHUHQFHPRGDOVKDSH
GLIIHUVIURPWKHPRGLILHGFRQILJXUDWLRQ5HJDUGLQJ6FHQDULRWKHPRGDOVKDSHVLQWKHUHIHU
HQFHDQGGDPDJHGFRQILJXUDWLRQVORRNYHU\VLPLODU


)LJXUH,GHQWLILHGILUVWPRGDOVKDSHVIRUWKHFRQVLGHUHGVFHQDULRV




4.1 Results of the model-based methods
7KHUHVXOWVREWDLQHGXVLQJWKH)(08DQGWKH'6&PHWKRGIRU6FHQDULRWKHVLPXODWHG
UHSDLUDUHGLVSOD\HGLQ)LJXUH7KHEODFNOLQHVKRZVWKHLGHQWLILHGYDOXHVRIEI.7KHUHIHUHQFH
YDOXHVRIWKLVSDUDPHWHUFRPSXWHGIURPWKHJHRPHWU\RIWKHVHFWLRQDUHUHSRUWHGZLWKWKHJUH\
OLQHEI N1PDWWKHVHFWLRQZLWKWKHVWLIIHQHUDQGEI N1PDWDOOWKHRWKHUVHFWLRQV
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2QO\ WKH ILUVW EHQGLQJ PRGDO VKDSH VKRZQ LQ )LJXUH   ZDV XVHG DV LQSXW IRU WKH WZR
PHWKRGV7KHUHDVRQLVWKDWWKHSHUIRUPDQFHRIWKH'6&PHWKRGGHFUHDVHVZKHQLWLVDSSOLHG
XVLQJKLJKHUPRGDOVKDSHVZKLFKSUHVHQWPXOWLSOHQRGHVOHDGLQJWR]HURE\]HURGLYLVLRQLQ
(TXDWLRQ7KHEHQGLQJPRPHQWV FDXVHGE\LQHUWLDOIRUFHVIURPWKHILUVWPRGDOVKDSH DWHDFK
VHFWLRQZHUHDOVRGHWHUPLQHGQXPHULFDOO\XVLQJWKH)(PRGHO,QWKHDSSOLFDWLRQRIWKH'6&
PHWKRGWKHFXUYDWXUHZDVFDOFXODWHGQXPHULFDOO\XVLQJWKH)LQLWH'LIIHUHQFH0HWKRG$FFRUG
LQJWRWKDWLWZDVSRVVLEOHWRFDOFXODWHWKHEHQGLQJVWLIIQHVVRIHDFKVHFWLRQXVLQJ(TXDWLRQ

)LJXUH0RGHOEDVHGPHWKRGV6FHQDULR±UHSDLUVLPXODWLRQ

7KHUHVXOWVRIWKH'6&PHWKRGDUHSUHVHQWHGRQO\IRU6FHQDULRVLQFHIRU6FHQDULRVDQG
WKHPHWKRGZDVQRWDEOHWRLGHQWLI\WKHGDPDJHSRVVLEO\GXHWRLWVORFDWLRQYHU\FORVHWRWKH
ERXQGDU\ZKHUHWKHFRPSXWDWLRQRIFXUYDWXUHVLVDOZD\VWULFN\
)LJXUHUHSRUWVWKHUHVXOWVREWDLQHGDSSO\LQJWKH)(08PHWKRGWR6FHQDULRVDQG7KH
UHIHUHQFHYDOXHFRPSXWHGIRUWKHLQWDFWEHDPIURPLWVJHRPHWU\LVEI0 N1PPDUNHGZLWK
DGRWWHGOLQHLQ)LJXUH7KHVROLGOLQHZLWKVTXDUHVVKRZVWKHEIYDOXHVLGHQWLILHGIRUWKHLQWDFW
VWUXFWXUHWKHKLJKHUYDOXHVLGHQWLILHGLQWKHUHJLRQFORVHWRWKHOHIWHQGVLGHRIWKHEHDPDUHGXH
WRWKHSUHVHQFHRIDKLJKHUQXPEHURIVFUHZVZLWKUHVSHFWWRWKHUHVWRIWKHEHDP7KHILUVWVWDJH
RI GDPDJH 6FHQDULR   ZDV VLPXODWHG E\ XQVFUHZLQJ IRXU EROWV DGGLWLRQDO IRXU EROWV ZHUH
ORRVHQHG LQ WKH VHFRQGGDPDJHG VWDJH 6FHQDULR   7KH YDOXHV LGHQWLILHG IRU EI LQ WKH WZR
GDPDJHVFHQDULRVDUHUHSRUWHGLQ)LJXUHDQGVKRZDGHFUHDVHDURXQGWKHGDPDJHGUHJLRQZLWK
UHVSHFWWRWKHUHIHUHQFHYDOXH
$YDULDWLRQRIEI DQLQFUHDVHLQVFHQDULRDQGDGHFUHDVHLQVFHQDULR LVPLVWDNHQO\HVWL
PDWHGLQWKHUHJLRQFORVHWRWKHULJKWHQGVLGHRIWKHEHDPDURXQGWKHVHFWLRQDWPIURP
WKHOHIWHQGVLGH7KLVYDULDWLRQLVOLNHO\WRGHSHQGRQWKHSUHVHQFHRIWKHVKDNHUDWWKLVORFDWLRQ
WKDWZDVQRWPRGHOOHGDVDFRQFHQWUDWHGPDVVLQWKH)(PRGHO
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)LJXUH)(08PHWKRG6FHQDULRDQG±VKHDUGDPDJH

4.2 Response-based methods
7KHGDPDJHLQGLFHVUHODWHGWRWKHWZRUHVSRQVHEDVHGGDPDJHORFDOL]DWLRQLQGLFHVDUHFRP
SXWHGDFFRUGLQJWRWKHIRUPXODWLRQGHVFULEHG6HFWLRQ7KHFXUYDWXUHQHHGHGWRDSSO\WKH
PRGDOVWUDLQHQHUJ\PHWKRGLVHVWLPDWHGE\WKH&HQWUDO'LIIHUHQFHPHWKRG7KHPRGDOLQWHU
SRODWLRQHUURUPHWKRGGRHVQRWUHTXLUHWKHFRPSXWDWLRQRIWKHFXUYDWXUH7KHUHVXOWVDUHGLV
SOD\HGLQ)LJXUH)LJXUHDQG)LJXUH7KHGDPDJHLQGLFDWRUVLQWKHGLIIHUHQWSRVLWLRQVKDYH
EHHQQRUPDOL]HGWRKDYHWKHPD[LPXPYDOXHHTXDOWRRQH,WLVREVHUYHGWKDWERWKWKHPRGDO
VWUDLQHQHUJ\PHWKRGDQGWKHPRGDOLQWHUSRODWLRQHUURUPHWKRGDUHDEOHWRFRUUHFWO\ORFDOL]H
FKDQJHVRIVWLIIQHVVLQ6FHQDULRDQGWKHVKHDUGDPDJHVLPXODWHGLQ6FHQDULR1RWHWKDWLQ
WKHFDVHRIWKHPRGDOVWUDLQHQHUJ\PHWKRGWKHGDPDJHLQGLFDWRUUHDFKHVWKHPLQLPXPYDOXHV
LQFRUUHVSRQGHQFHRIWKHDGGHGWLPEHUERDUG JUH\UHJLRQ ,QIDFWWKHGDPDJHLQGLFDWRUUHSUH
VHQWVWKHUDWLREHWZHHQWKHEHQGLQJVWLIIQHVVEHWZHHQWKHUHIHUHQFHDQGWKH³GDPDJHG´VFHQDULRV
,QFDVHVRIORVVRIVWLIIQHVVWKHGDPDJHORFDWLRQLVDVVRFLDWHGZLWKDSRVLWLYHSHDNRIWKHGDPDJH
LQGLFDWRU



)LJXUH'DWDGULYHQPHWKRGV6FHQDULR±UHSDLUVLPXODWLRQ
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)LJXUH5HVSRQVHEDVHGPHWKRGV6FHQDULR±VKHDUGDPDJH

)LJXUH5HVSRQVHEDVHGPHWKRGV6FHQDULR±VKHDUGDPDJH

4.3 Comparison of methods
7KHFRPSDULVRQRIWKHUHVXOWVREWDLQHGXVLQJWKHFRQVLGHUHGPHWKRGVLVSHUIRUPHGLQWHUPV
RIWKHUHODWLYHHUURU݁ H[SUHVVHGLQSHUFHQWDJHGHILQHGLQUHIHUHQFH>@DVIROORZV
݁ ൌ

ݔோ െ ݔூ
ൈ ͳͲͲ
ܮ



ZKHUHݔோ DQGݔூ DUHWKHUHDODQGWKHLGHQWLILHGORFDWLRQVUHVSHFWLYHO\LQZKLFKWKHFKDQJHRI
VWLIIQHVVKDVRFFXUUHGDQG ܮൌ Ͷ݉LVWKHOHQJWKRIWKHVSHFLPHQ7KHUHODWLYHHUURUFDQEHSRV
LWLYHRUQHJDWLYHDFFRUGLQJWRWKHUHODWLYHORFDWLRQVRIݔோ DQGݔூ DQGLWLVHTXDOWR]HURLIݔோ ൌ
ݔூ  7KH YDOXHV DVVLJQHG WRݔோ DUH   P LQ 6FHQDULR   P LQ 6FHQDULR  DQG  P LQ
6FHQDULR7KHYDOXHVRIWKHUHODWLYHHUURUVDUHGLVSOD\HGLQ7DEOH
6LQFHDTXDQWLILFDWLRQRIGDPDJHFDQEHDFKLHYHGE\WKHWZRPRGHOEDVHGPHWKRGVDFRP
SDULVRQRIWKHWZRPRGHOEDVHGPHWKRGVLVSHUIRUPHGLQ7DEOHLQWHUPVRIGLIIHUHQFHRILGHQ
WLILHGDQGUHDOVWLIIQHVVDFKLHYHGLQ6FHQDULR
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CONCLUSIONS

)RXUPHWKRGVIRUGDPDJHORFDOL]DWLRQWZRPRGHOEDVHGDQGWZRUHVSRQVHEDVHGDUHFRP
SDUHG LQ WKLV SDSHU XVLQJ DQ H[SHULPHQWDO FDVH VWXG\ 7ZR GLIIHUHQW GDPDJH VFHQDULRV ZHUH
VLPXODWHGE\D ORFDOO\FKDQJLQJWKHEHQGLQJVWLIIQHVVRIWKHVSHFLPHQDQGE UHGXFLQJWKHVKHDU
VWLIIQHVVJUDGXDOO\LQWZRVWHSV
7KHFRPSDULVRQVKRZVWKDW
x 7KHUHVSRQVHEDVHGPHWKRGVSURYLGHWKHFRUUHFWLGHQWLILFDWLRQRIGDPDJHIRUWKHYDULDWLRQ
RIERWKWKHEHQGLQJDQGWKHVKHDUVWLIIQHVV7KH\DUHSDUWLFXODUO\VWUDLJKWIRUZDUGWRDSSO\
DQG GR QRW UHTXLUH D QXPHULFDO PRGHO RI WKH VWUXFWXUH +RZHYHU WKHVH PHWKRGV GR QRW
SURYLGHLQIRUPDWLRQDERXWGDPDJHVHYHULW\
x 7KH)(08PRGHOEDVHGPHWKRGSURYLGHVDFFXUDWHORFDWLRQDQGVHYHULW\RIGDPDJHIRU
ERWK EHQGLQJ DQG VKHDU GDPDJH VFHQDULRV 7KH '6& ZKLOH VXFFHVVIXOO\LGHQWLILHV ZLWK
KLJKHUDFFXUDF\ZLWKUHVSHFWWRWKH)(08WKHYDULDWLRQRIWKHEHQGLQJVWLIIQHVVIDLOVWR
LGHQWLI\DVKHDUGDPDJHFORVHWRWKHVXSSRUWRIWKHEHDP
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Abstract. The feasibility of on–board random vibration–based fault detection in railway suspension systems based on a single, car body mounted, vibration sensor and variable nominal
traveling speeds (Operating Conditions, OCs) is explored via robust Statistical Time Series
(STS) type detection methods. The study is based on ﬁeld tests performed on an Athens Metro
vehicle traveling at 60, 70, or 80 km/h, while two fault scenarios are considered: Air Spring
(AS) pressure reduction by 25% and Lateral Damper (LD) subject to lubricant loss. The problem is shown to be challenging due to the use of a single sensor, the considerable inﬂuence of
the OCs (varying nominal speed) on the dynamics, and the minor nature of the LD fault. The
study focuses on two Multiple Model type methods: A non–parametric Power Spectral Density
based method and a parametric AutoRegressive model based method. The results of the study,
based on thousands of test cases, demonstrate perfect detection performance of both methods for the AS fault, but, expectedly, degraded performance (especially by the non–parametric
method) for the LD fault. Preliminary comparisons with an alternative method, employing the
Multiscale Permutation Entropy (MPE) and Linear Local Tangent Space Alignment (LLTSA),
have indicated signiﬁcant degradation in performance for both fault scenarios.
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1

INTRODUCTION

Health Monitoring for railway vehicle components is important for purposes related to ride
comfort and safety, as potential deterioration and faults may have severe implications, including increased derailment risk. Health Monitoring also plays a central role in Condition Based
Maintenance (CBM), leading to reduced cost while increasing availability and reliability for
railway vehicles [1].
As a result, considerable attention has been devoted to the ﬁrst important aspect of a Health
Monitoring system, which is detection of faults, including early–stage faults in railway suspensions which constitute an important part of the vehicles [2].
In this context on–board vibration–based methods are particularly important because of a
number of advantages, which include the capability of continuous operation without interrupting service, the potential for reliable operation, high detection performance, full automation,
operation with a minimal number of sensors (due to the methods’ “global” nature), and also the
abundant availability of low cost sensors and related equipment [2].
The available methods for this purpose may be divided into two broad categories: Physics–
model–based and data–model–based [1] (broadly referred to as model–based and data–based,
respectively). As the name implies, methods in the ﬁrst category rely on physics–based models
of the vehicular suspension dynamics [3]. Fault detection is based on a “consistency” (deﬁned
in various ways) check of the measured vibration signals and the model, with the suspension
system declared as healthy as long as “consistency” is conﬁrmed [4, 5, 6]. Such methods require the detailed and accurate physics–based modeling of the suspension dynamics, including
accurate determination of model parameters, which may be cumbersome or difﬁcult in practice.
Moreover, the measurement of a considerable number of signals is also required for parameter
determination (estimation) in the “baseline” or “learning phase”; this may be also needed in
the method’s normal operation in the “inspection phase”.
On the other hand, methods within the data–model–based category rely on dynamical models obtained from measured signals via system identiﬁcation and related techniques [1]. Such
approaches are more common and offer various advantages including more realistic and accurate modeling, the use of partial models of the dynamics based on only few measured signals
(even a single signal may sometimes sufﬁce), and modeling simplicity. The methods typically
operate on a proper feature vector (or characteristic quantity) [7], which conveys information
on the dynamics; such feature vectors may consist of time–domain [8, 9], correlation–domain
[10, 11], or frequency–domain quantities [12].
For all categories of methods, careful and exhaustive assessment of the achievable detection
performance, in particular through ﬁeld tests, are still limited. Performance assessment with
early–stage and incipient faults is also scarce, while the detrimental effects on performance of
varying Operating Conditions (OCs), such as traveling speed, payload, track irregularities and
so on, have been barely addressed — the reader is referred to [4] for track irregularity effects on
performance and to [13] for a method designed to account for varying payload. The issue with
varying OCs is particularly serious, as the OCs may have signiﬁcant effects on the feature vector
(representing the suspension dynamics), which may even completely “mask” the effects due to
a fault and which need to be captured for effective fault detection [13, 14]. Robust methods,
aiming at effectively overcoming such issues are thus necessary.
The present study aims at examining the feasibility of robust data–model–based vibration
methods for overcoming some of the aforementioned critical problems. The following questions
are speciﬁcally addressed:
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• Is it feasible to achieve fault detection for minor, early–stage, faults in suspension elements? In particular a Lateral Damper (LD) fault consisting of minor oil leakage is
considered, along with a more signiﬁcant Air Spring (AS) fault consisting of pressure
reduction by 25%.
• Is it feasible to achieve effective detection with a single vibration sensor mounted on
the car body (implying a very partial model of the dynamics) and under unsupervised
operation? (Implying use of only healthy system signals in the “baseline phase”.)
• Is it feasible to maintain high detection performance (that is high correct detection rate
combined with a minimal false alarm rate) under varying nominal speeds (Operating
Conditions)?
In this study these questions are addressed via ﬁeld measurements on an instrumented Athens
Metro rail vehicle under three distinct nominal speeds (60, 70, 80 km/h). Two robust Statistical
Time Series (STS) type methods of the Multiple Model (MM) type are employed: A nonparametric Unsupervised Multiple Model Power Spectral Density (U-MM-PSD) based method,
and a parametric Unsupervised Multiple Model AutoRegressive (U-MM-AR) based method.
Comprehensive and statistically reliable detection performance assessment results are presented
via Receiver Operating Characteristics (ROC) curves using thousands of inspection test cases.
Interesting comparisons with an alternative method are also provided.
The rest of this article is organized as follows: The vehicle, the fault scenarios and the ﬁeld
measurements are presented in section 2. Preliminary analysis on the effects of the nominal
traveling speed and the faults on the random vibration signals are presented in section 3. The
robust Multiple Model (MM) based fault detection methods are outlined in section 4, and fault
detection performance assessment is presented in section 5. Concluding remarks are ﬁnally
summarized in section 6.
2
2.1

THE VEHICLE, THE FAULT SCENARIOS, AND THE FIELD MEASUREMENTS
The railway vehicle, the operating conditions, and the measurement set–up

A typical (locally referred to as “third generation”) Athens Metro passenger vehicle, manufactured by Hyundai-–Rotem-–Hanwha and consisting of two motorcars with driver cab (32.609
tn each), two motorcars (31.379 tn each) without driver cab, and two trailing cars (26.788 tn
each), is employed (total length 106 m, mass 181.551 tn). Each car body is supported by two
bogies, at its front and rear ends, through secondary suspensions. On the other hand, each bogie
is connected to two wheelsets through primary suspensions (Figure 1).
In–operation random vibration acceleration signals are measured during ﬁeld tests (no passengers on board) on a regular straight track, at one of three nominal traveling speeds (60, 70, 80
km/h; permissible deviations of ±3 km/h) which constitute the problem’s Operating Conditions (OCs). Signal acquisition is based on a single lightweight accelerometer (PCB 356B21)
mounted on one of the trailing cars, at the car body close to the air spring (Figure 1) and measuring in the lateral (y) direction, and a portable data acquisition unit (NI PXIe-1082 chassis and
NI PXIe-4492 module). The total numbers of measured signals and related details are presented
in Table 1.
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Figure 1: Measurement set–up: (a) Half vehicle schematic, (b) accelerometer position, (c) fault scenarios [(c1 ) Air
Spring, (c2 ) Lateral Damper].

Vehicular
# of signals
# of signals
health state
(per speed)
(all speeds)
Healthy
37
111
Lateral Damper (LD) fault
15
45
Air Spring (AS) fault
12
36
Signal bandwidth 2 − 490 Hz; sampling frequency fs = 980 Hz;
signal length N = 8 000 samples (8.16 s).
Nominal vehicular speeds 60, 70, 80 km/h (Operating Conditions).
Table 1: Numbers of employed signals and their characteristics.

2.2

The fault scenarios and the vibration signals

Two fault scenarios are considered: The 1st corresponds to Air Spring (AS) pressure reduction by 25%, and the 2nd to Lateral Damper (LD) deterioration due to lubricant loss (Figure 1).
The measured random vibration signals are pre—processed via Chebyshev Type II high pass
ﬁltering (ﬁlter order 18, cutoff frequency fc = 2 Hz) and subsequent normalization by each
signal’s standard deviation.
3

PRELIMINARY ANALYSIS: EFFECTS OF THE NOMINAL TRAVELING SPEED
AND THE FAULTS ON THE RANDOM VIBRATION SIGNALS

The changes in the dynamics induced by a fault are reﬂected in the measured random vibration signal characteristics, through which fault detection is to be accomplished. Yet, the
vibration characteristics (and the corresponding partial dynamics) are also inﬂuenced by the
traveling speed [14]; this is due to the “wheelbase ﬁltering” phenomenon [15] associated with
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Figure 2: Effects of nominal traveling speed (Operating Condition) on the random vibration PSD for the healthy
vehicle. [All 3 nominal speeds; 37 healthy signals per nominal speed; Welch based PSD estimates.]

time delays between any two pairs of wheelsets. The dependence of the random vibration Power
Spectral Density (PSD) on the nominal traveling speed (60, 70, 80 km/h) of the healthy vehicle is examined in Figure 2 (Welch PSD estimates [16, pp. 186-187] with Hamming window,
segment length of 2048 samples, 85% overlap, frequency resolution δf = 0.47 Hz, MATLAB
function pwelch.m). Based on this, it is evident that the nominal speed has signiﬁcant effects on
the vibration PSD; a fact inevitably challenging fault detection performance.
The effects of faults on the corresponding (“observable”) dynamics are, for all three nominal speeds, examined via random vibration PSD comparisons between the healthy and each
fault (LD or AS) scenario in Figure 3. Evidently, the Air Spring (AS) fault induces considerable changes in the partial dynamics, which are subsequently reﬂected on the random vibration
PSD, with the healthy and faulty envelopes exhibiting considerable discrepancies at certain frequency ranges. Yet, this is not the case for the Lateral Damper (LD) fault, for which the healthy
and faulty envelopes seem to almost coincide. As vibration–based fault detection methods rely
on fault–induced changes on the measured signal characteristics (reﬂecting changes in the corresponding dynamics), the detection of the LD fault is expected to be challenging.
4

THE ROBUST MULTIPLE MODEL BASED FAULT DETECTION METHODS

Fault detection is explored via two robust and unsupervised Multiple Model (MM) type Statistical Time Series (STS) methods: The ﬁrst is a non–parametric Unsupervised Multiple Model
Power Spectral Density (U–MM–PSD) based method and the second a parametric Unsupervised Multiple Model AutoRegressive model (U–MM–AR) based method.
At the heart of each method lies a partial (based on a single vibration response signal) repre-
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Figure 3: Effects of faults on the vibration PSD under all three nominal speeds: (a) Healthy versus Lateral Damper
(LD) fault; (b) Healthy versus Air Spring (AS) fault. [Healthy state 111 signals; LD faulty state 45 signals; AS
faulty state 36 signals.]

sentation (elementary model) of the vehicular dynamics via the Power Spectral Density (PSD)
in the ﬁrst (U–MM–PSD) method and AutoRegressive (AR) modeling in the second (U–MM–
AR). The non–parametric PSD, estimated via the Welch method, and the AR parameter vector
thus constitute the feature (characteristic quantity) of each method, respectively. AR modeling
is based on Linear Least Squares [16, pp. 81-83] (MATLAB function arx.m), while model order selection is based on the Bayesian Information Criterion (BIC) and the Residual Sum of
Squares normalized by the Signal Sum of Squares (RSS/SSS) [16, pp. 505-507].
Both robust fault detection methods operate within a Multiple Model framework [17], which
implies that a multitude of elementary (nominal) models, say Mo,i , i = 1, 2, . . . , n (n designating the MM dimensionality) are used; these collectively constitute the Multiple Model (MM)
representation, say Mo , of the healthy vehicular dynamics under varying Operating Conditions
and uncertainty (note that the subscript “o” is used for representing the healthy vehicular state).
Such a MM representation may be also viewed as a non–parametric description of the “Healthy
Subspace” within the Feature Space (which is the space spanned by the scalar feature components) of a speciﬁc method (Figure 4). The Multiple Model representation is built in an initial
baseline (learning) phase using signals obtained from the healthy vehicular state. In the normal operation of the method (inspection phase), a fresh signal is obtained with the vehicle in
unknown health state. Based on it, a corresponding elementary (current nominal) model, say
Mu (the subscript “u” designates unknown health state), is built, and detection is based on determining whether or not the current nominal model Mu belongs to the healthy subspace Mo .
In the positive case the vehicle is declared as “healthy”, else as “faulty”.
The decision–making mechanism employs a distance metric D between the current nominal
model Mu and the healthy subspace Mo . This is currently deﬁned as the minimum of individual
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Figure 4: Schematic representation of the MM concept: Within the Feature Space, the Healthy Subspace is non–
parametrically modeled via elementary nominal models Mo,i (i = 1, 2, ..., n). A model Mu represents the current,
unknown, vehicular health state. The current state is then declared as healthy if and only if Mu belongs to the
Healthy Subspace.

distances between Mu and all elements of Mo , that is:
D := min(d(Mo,i , Mu ))
i

(i = 1, 2, ..., n)

(1)

with d(Mo,i , Mu ) designating either the Euclidean distance (U–MM–PSD method) or the Kullback–Leibler (KL) divergence (pseudo-–distance) [18, pp. 756-758] (U-MM-AR method). Fault
detection is then declared if and only if D is greater than a user speciﬁed threshold llim , that is:
D ≤ llim → Healthy Vehicle
otherwise → Faulty Vehicle
5
5.1

(2)

DETECTION PERFORMANCE ASSESSMENT
Preliminaries and the performance assessment procedure

Based on preliminary analysis, the selections of Table 2 have been made for each method.
The methods’ detection performance assessment is then based on a systematic procedure
which uses “rotations” in order to warrant consistency and validity of the results by eliminating
the dependence of performance on the sample vibration signals selected for use within the
baseline phase.
The healthy vehicular state is represented in three “healthy” signal pools, each one corresponding to a different nominal speed (60, 70, 80 km/h). The vehicle’s faulty states are represented in an “AS” and an “LD” signal pool, each one including vibration signals under the
Air Spring fault or the Lateral Damper fault and all three nominal speeds. The assessment then
consists of the following steps:
Step 1: In the baseline phase, equal numbers of vibration signals are randomly selected from
the three “healthy” signal pools. The selected signals form the baseline signal set. The remaining healthy sample signals (from all “healthy” pools) along with the total number of signals
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Feature
Distance type
dimensionality
U-MM-PSD (non-parametric) PSD
1 025
Euclidean
U-MM-AR AR parameter vector
101
Kullback–Leibler
Multiple Model (MM) dimensionality (# of nominal models) n = 60.
PSD Welch estimation: segment length of 2048 samples; overlap 85%;
frequency resolution (δf ) 0.47 Hz.
AR modeling: selected model AR(101); BIC −1.52; RSS/SSS 19%; SPP 79.
BIC: Bayesian Information Criterion
RSS/SSS: Residual Sum of Squares normalized by the Signal Sum of Squares
SPP: (Scalar) Samples Per (estimated scalar) Parameter
Method

Feature

Table 2: Detection method details.

#
# healthy
# LD fault
rotations inspection signals inspection signals
1
51
45
60
3 060
2 760
No of baseline signals per rotation n = 60.

# AS fault
inspection signals
36
2 160

Table 3: Inspection test cases.

from the “AS” and “LD” signal pools are part of the inspection signal set and reserved for the
methods’ assessment in the inspection (fault detection) phase.
Step 2: The selection procedure presented in Step 1, which produces the baseline signal set and
the inspection signal set respectively, is repeated until all healthy sample signals are selected in
at least one baseline signal set. Each such repetition is designated as a “rotation”.
Step 3: The fault detection procedure is carried out for all employed sets of baseline signals and
the corresponding inspection sets. This leads to a high number of inspection test cases on which
fault detection performance is assessed.
The numbers of rotations and baseline and inspection signals are summarized in Table 3.
5.2

Performance assessment

The performance of the fault detection methods is assessed via Receiver Operating Characteristic (ROC) curves, each representing the True Positive Rate (TPR, that is the correct damage
detection rate) versus the False Positive Rate (FPR, that is the false alarm rate) for varying decision threshold [19, pp. 34-35]. The obtained results are, for all 7 980 inspection test cases
(Table 3), presented in Figure 5 (notice that the distance metric D, normalized in the range
0 − 1, is also shown for each inspection test case).
Based on these results, it is evident that both methods achieve ideal performance (TPR 100%
for FPR 0%) for the Air Spring (AS) fault scenario, despite the variation in the nominal traveling
speed. Yet, as expected (see section 3), the performance is less impressive for the Lateral
Damper (LD) fault scenario, as the effects of this fault on the partial (single sensor) dynamics
presently employed are minimal and “masked” by nominal speed variation and other underlying
uncertainties (Figure 3). Indeed, for this scenario the U–MM–PSD method achieves a TPR of
60% for a low (≈ 5%) FPR. The U–MM–AR method is clearly better, achieving a remarkably
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Figure 5: Fault detection performance assessment via the normalized distance metric D and ROC curves: (a1 ,a2 )
U–MM–PSD method, (b1 ,b2 ) U–MM–AR method. [All 3 nominal travelling speeds; 7 980 inspection test cases in
total for each method.]

higher TPR of 81% for FPR of 5%. This is in line with the results of other studies [17, 20]
and may be attributed to the advantages offered by parametric AR models over non–parametric
counterparts.
Finally, an interesting, yet preliminary, comparison with an alternative method is presented.
This is motivated by a recent study on railway suspension fault detection, employing the Multiscale Permutation Entropy (MPE) as feature and Linear Local Tangent Space Alignment
(LLTSA) for feature dimensionality reduction [21]. For the MPE feature, the embedding dimension m, time delay τ , and scale factor s are set to m = 4, τ = 1 and s = 12 (see [21,
pp. 4-5] for deﬁnitions and details), respectively. Additionally, for the LLTSA feature dimensionality reduction method, the neighbor number k and intrinsic dimension d are set to k = 7
and d = 3 (see [21, pp. 5-6] for deﬁnitions and details), respectively. These selections are
currently embedded into the presented MM framework, giving rise to a U–MM–MPE–LLTSA
approach which operates on the raw (no pre–processing) random vibration signal. Details are
presented in Table 4 and comparative assessment results are, for all three methods, presented via
ROC curves in Figure 6. Based on them, the alternative U–MM–MPE–LLTSA approach offers
no improvement in detection performance, as it signiﬁcantly lags behind the U–MM–PSD and
U–MM–AR methods.
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Method

Feature

U–MM–MPE–LLTSA Vector of MPE–LLTSA values

Feature
dimensionality
3

Distance type
Euclidean

Table 4: U–MM–MPE–LLTSA detection method details.

Figure 6: Comparative fault detection performance assessment with an alternative U–MM–MPE–LLTSA method
via ROC curves for the: (a) LD fault, and the (b) AS fault. [All 3 nominal traveling speeds; 7 980 inspection test
cases in total for each method.]

6

CONCLUDING REMARKS

The feasibility of a single random vibration signal based on–board fault detection for railway suspension systems under varying nominal traveling speeds (Operating Conditions) has
been considered via two Multiple Model (MM) type robust methods: The ﬁrst is based on
non–parametric Power Spectral Density (U–MM–PSD method) and the second on parametric
AutoRegressive modeling (U–MM–AR method). Comparisons with an alternative method have
been also presented. All methods are unsupervised, so that only healthy signals are used in the
baseline (learning) phase. The study has been based on signals obtained during ﬁeld tests on
an Athens Metro vehicle using a single, laterally–measuring, car body mounted accelerometer.
Two fault scenarios have been considered: An Air Spring (AS) fault and an early–stage Lateral
Damper (LD) fault. The main conclusions from the study may be summarized as follows:
• The use of a single vibration sensor (and thus only partial system dynamics) has been
shown to lead to a challenging detection problem. Yet, it is desirable for reasons of
simplicity, as well as reduced maintenance and installation cost.
• The problem is further aggravated by the considerable inﬂuence of the varying nominal
traveling speed (Operating Condition) on the partial dynamics.
• While the AS fault is considerable (25% pressure reduction), the LD fault (oil leakage) is
minor, with corresponding effects on the partial dynamics.
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• In spite of the above difﬁculties, the two robust MM methods (U–MM–PSD and U–
MM–AR) have achieved perfect performance for the AS fault, but, expectedly, degraded
performance for the LD fault.
• Preliminary comparisons with an alternative method employing the Multiscale Permutation Entropy (MPE) and Linear Local Tangent Space Alignment (LLTSA) have indicated
signiﬁcant degradation in performance for both fault scenarios.
• Overall, the study has demonstrated – in a statistically reliable way using thousands of
inspection test cases and ROC curves – the potential of single–sensor–based robust and
unsupervised random vibration methods for effective fault detection in railway suspension systems. Work is ongoing on various aspects and will be reported elsewhere.
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Abstract. System identification of a code conforming low-rise reinforced concrete frame
building in Kathmandu, Nepal is reported in this paper. The fundamental vibration period
and damping ratio of the building were determined using ambient vibration records taken in
three floors of the building. Ambient vibration measurements were taken using three triaxial
accelerometers. Two methods of system identification, Welch spectral method and N4SID
method, are used to estimate the modal properties. Fundamental vibration periods of the
four-storied building estimated from non-parametric Welch spectral method are 0.292s and
0.289s in the two orthogonal directions. The corresponding results from the parametric statespace N4SID method are 0.266s and 0.264s in the orthogonal directions. The corresponding
damping ratios are estimated to be 6.3% and 6.9%. These periods are longer than that of a
simplified finite element model of the building assumed to be fixed at the supports. This indicates that the flexibility of the soil under the building foundation, plays an important role in
the vibration frequencies of the structure.
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1

INTRODUCTION

&LYLOHQJLQHHULQJVWUXFWXUHVDUHIUHTXHQWO\H[SRVHGWRG\QDPLFORDGVLQWKHLUVHUYLFHOLYHV
'\QDPLFDFWLRQVVXFKDVHDUWKTXDNHDQGVWURQJZLQGVFDQFDXVHVHYHUHGDPDJHWRVXFKVWUXF
WXUH RU LQ FDVH RI PLOGHU DFWLRQV LPSDUW GDPDJHV WKDW DUH QRW YLVLEOH LPPHGLDWHO\ EXW FDQ
DFFXPXODWHRYHUWLPH  $OVRUHSHDWHG DFWLRQV RQWKHVWUXFWXUHOHDGV WR IDWLJXH RIVWUXFWXUDO
HOHPHQWV7KHVHSKHQRPHQRQFDXVHVRIWHQLQJRIWKHVWUXFWXUHZKLFKFDQPHDQGHJUDGDWLRQRI
VWLIIQHVV DQGRU VWUHQJWK RI LWV IRUFH UHVLVWLQJ HOHPHQWV $V D UHVXOW WKH VWUXFWXUH EHFRPHV
PRUH YXOQHUDEOH WR IXWXUH HQYLURQPHQWDO DFWLRQV ,GHQWLILFDWLRQ RI VXFK GDPDJHV HVSHFLDOO\
WKRVHWKDWDUHQRWYLVLEOHRQWKHVXUIDFHLVLPSRUWDQWIRUWLPHO\UHPHGLDODFWLRQVVRWKDWGDP
DJHDJJUDYDWLRQDQGDFFXPXODWLRQRYHUWLPHFDQEHDYRLGHG6WUXFWXUDOV\VWHPLGHQWLILFDWLRQ
DQGKHDOWKPRQLWRULQJLVWKHUHIRUHDYHU\LPSRUWDQWDQGJURZLQJUHVHDUFKILHOGLQFLYLOHQJL
QHHULQJ
6\VWHP LGHQWLILFDWLRQ RU DQ H[SHULPHQWDO PRGDO DQDO\VLV LV D PDWKHPDWLFDO IUDPHZRUN WR
LGHQWLI\G\QDPLFSURSHUWLHVRIDVWUXFWXUHIURPPHDVXUHGYLEUDWLRQDQGSRWHQWLDOO\H[FLWDWLRQ
IRUFHV6\VWHPLGHQWLILFDWLRQXVLQJYLEUDWLRQPHDVXUHPHQWDWGLIIHUHQWWLPHVFDQUHYHDOSRWHQ
WLDOGDPDJHDQGLWVDFFXPXODWLRQLQWKHVWUXFWXUHPDQLIHVWHGLQWKHIRUPRIFKDQJHLQLWVG\
QDPLFSURSHUWLHV7KLVPHWKRGKDVVSHFLILFDGYDQWDJHRYHUWKHRWKHUPHWKRGVWKH\DUHQRQ
GHVWUXFWLYHDQGDEOHWRLGHQWLI\GDPDJHWKDWLVQRWYLVLEOHRQWKHVXUIDFH0RUHRYHUWKHVWUXF
WXUHFDQUHPDLQRSHUDWLRQDOGXULQJWHVWLQJZKLFKFDQEHDFRQWLQXRXVSURFHVV$OVRDUWLILFLDO
H[FLWDWLRQLVRIWHQQRWQHHGHGDQGDPELHQWYLEUDWLRQLQGXFHGE\WUDIILFRUZLQGDFWLRQVFDQ
EHXVHG7KHUHDUHWZRPDLQJHQUHVRIPDWKHPDWLFDOPHWKRGVIRUV\VWHPLGHQWLILFDWLRQSDUD
PHWULFPHWKRGV>@DQGQRQSDUDPHWULFPHWKRGV>@,QWKLVVWXG\ERWKPHWKRGVDUHXVHGIRU
V\VWHPLGHQWLILFDWLRQRIDFRGHFRQIRUPLQJ5&EXLOGLQJORFDWHGLQ.DWKPDQGX1HSDO
)LQLWH HOHPHQW PRGHOLQJ EDVHG RQ PHFKDQLFDO SURSHUWLHV DQG JHRPHWU\ RI WKH VWUXFWXUDO
V\VWHPVFDQDOVREHXVHGWRHVWLPDWHWKHLUPRGDOSDUDPHWHUV5HOLDELOLW\RIWKHQXPHULFDOUH
VXOWVGHSHQGVRQDVVXPSWLRQPDGHWRFUHDWHPRGHO7KHUHDUHVHYHUDOXQFHUWDLQWLHVLQYROYHGLQ
VXFKPRGHOLQJIRUH[DPSOHLQPDWHULDOSURSHUWLHVULJLGLW\RIFRQQHFWLRQVFRQGLWLRQVRIWKH
VRLOVXSSRUWLQJWKHIRXQGDWLRQHWFZKLFKLQWURGXFHVLPSOLI\LQJDVVXPSWLRQVDQGHQJLQHHULQJ
MXGJHPHQWV LQ ILQLWH HOHPHQW PRGHOLQJ 7KHVH XQFHUWDLQWLHV WUDQVODWH WR XQFHUWDLQWLHV LQ WKH
HVWLPDWHG G\QDPLF EHKDYLRU RI WKH VWUXFWXUH ,Q DGGLWLRQ DV WKH VWUXFWXUH DJHV LWV G\QDPLF
SURSHUWLHVFKDQJH,IWKHVWUXFWXUHLVVXEMHFWHGWRVWURQJORDGLQJRUUHSHDWHGPRGHUDWHORDGLQJ
LWFDQORVHSDUWRILWVVWLIIQHVVZKLFKUHVXOWVLQFKDQJHRILWVG\QDPLFEHKDYLRU6\VWHPLGHQWL
ILFDWLRQ FDQ EH XVHG WR LGHQWLI\ VXFK FKDQJHV DQG FDOLEUDWHXSGDWH ILQLWH HOHPHQW PRGHOV
ZKLFKFDQWKHQEHXVHGIRUDQDO\]LQJLWVVDIHW\DQGRUGHVLJQLQJUHWURILWWLQJVFKHPHV$VG\
QDPLFFKDUDFWHUL]DWLRQVWXGLHVDUHOLPLWHGLQ1HSDO>@WKLVVWXG\FRQVLGHUVDFRGHFRQIRUP
LQJIRXUVWRULHGUHVLGHQWLDOEXLOGLQJORFDWHGLQ/DOLWSXUPHWURSROLWDQFLW\1HSDO6DZDNLHWDO
>@ SHUIRUPHG V\VWHP LGHQWLILFDWLRQ RI D IRXUVWRULHG UHVLGHQWLDO EXLOGLQJ XVLQJ DIWHUVKRFNV
DQGDPELHQWYLEUDWLRQUHFRUGVDQGFRQFOXGHGWKDWWKHQRQSDUDPHWULFPHWKRGUHVXOWVLQXQUH
DOLVWLFGDPSLQJUDWLRV7RWKLVHQGWKLVVWXG\LQFRUSRUDWHVERWKQRQSDUDPHWULFDQGSDUDPHWULF
PHWKRGVWRSHUIRUPV\VWHPLGHQWLILFDWLRQ
2

CASE STUDY BUILDING

7KHVWXGLHGUHVLGHQWLDOEXLOGLQJLVVLWXDWHGLQDGHQVHO\SRSXODWHGDUHDRI.DWKPDQGX9DO
OH\QHDUE\WKH%DJPDWL5LYHU7KHEXLOGLQJLVDIRXUVWRU\UHVLGHQWLDOEXLOGLQJFRQVWUXFWHGLQ
 7KH VWUXFWXUDO FRQILJXUDWLRQ RI WKH EXLOGLQJ LV D UHLQIRUFHG FRQFUHWH IUDPH ZLWK EULFN
LQILOOZDOOV7KHPRPHQWUHVLVWLQJIUDPH VWUXFWXUHFRQVLVWVRIFRQFUHWH FROXPQV EHDPV DQG
IORRUVODEV/RFDOO\PDGHEULFNZLWKFHPHQWVDQGPRUWDULVXVHGDVLQILOOZDOOVRQWKHEXLOGLQJ
7KHLQILOOZDOOVFRQWULEXWHVLJQLILFDQWO\WRWKHRYHUDOOVWLIIQHVVRIWKHEXLOGLQJ>@
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)LJXUHVKRZVWKHVWUXFWXUDOOD\RXWRIWKHEXLOGLQJ VKRZLQJ ORFDWLRQRIEHDPV DQGFRO
XPQV7KHEXLOGLQJLVDV\PPHWULFDOLQSODQZLWKRIIJULGFROXPQVDQGEHDPV$OOWKHUHFWDQ
JXODU FROXPQV KDYH VHFWLRQ VL]H RI ¯PP H[FHSW WKH FLUFXODU FROXPQV WKDW KDYH
GLDPHWHURIPP$OOWKHEHDPVKDYHVHFWLRQVL]HRI¯PPLQFOXGLQJXQLIRUPVODE
WKLFNQHVVRIPP&RQFUHWHXVHGLQWKHEXLOGLQJIRUFDVWLQJRISULPDU\VWUXFWXUDOHOHPHQWV
LVRUGLQDU\FRQFUHWHZLWKPL[SURSRUWLRQRI FHPHQWVDQGDJJUHJDWH HTXLYDOHQWWR0
JUDGH FRQFUHWH 7KH VSHFLILHG FKDUDFWHULVWLFV FRPSUHVVLYH VWUHQJWK RI D FXEH >PP@ LQ
GD\VIRU 0FRQFUHWHLV 03DZLWK PRGXOXV RIHODVWLFLW\ 03D ,6 >@
PRGXOXVRIHODVWLFLW\ (F  IFN §03D 6WUXFWXUDOUHLQIRUFHPHQWXVHGLQWKHEXLOG
LQJDUHGHIRUPHGVWHHOEDUVRI)HJUDGH7KHVSHFLILHGPLQLPXPSURRIVWUHVVRU\LHOG
VWUHQJWKRIFRUUHVSRQGLQJJUDGHVWHHOLV03D7KHHVWLPDWHGVWUHQJWKRIWKHLQILOOZDOOVLV
03DZLWKPRGXOXVRIHODVWLFLW\03D


)LJXUH6WUXFWXUDOOD\RXWRIWKHEXLOGLQJVKRZLQJEHDPVDQGFROXPQVDQGWKHLUFURVVVHFWLRQV7KHUHG
UHFWDQJOHVKRZVWKHORFDWLRQRIDFFHOHURPHWHUDQGRULHQWDWLRQRIWKHLQVWUXPHQWVHQVRUD[LVDUHLQGLFDHGZLWKWKH
DUURZV

3
3.1

SYSTEM IDENTIFICATION
Ambient vibration measurement

7KUHHGLJLWDODFFHOHURPHWHUVZHUHLQVWDOOHGRQWKUHHGLIIHUHQWIORRUVWRUHFRUGDPELHQWYL
EUDWLRQRIWKHEXLOGLQJ7KHLQVWUXPHQWVZHUHORFDWHGRQWKHILUVWVHFRQGDQGWKLUGIORRU)LJ
XUHVKRZVWKHORFDWLRQRILQVWUXPHQWV UHGUHFWDQJOH RQSODQYLHZRIWKHEXLOGLQJ$OOWKUHH
LQVWUXPHQWVRQGLIIHUHQWIORRUVZHUHDOLJQHGYHUWLFDOO\7KHDFFHOHURPHWHUVXVHGDUH(71$
XQLWVPDQXIDFWXUHGE\.LQHPHWULFV,QF'LUHFWLRQRIWKHPHDVXUHPHQWZLWKUHVSHFWWRDFFHO
HURPHWHUVHQVRUVLVLQGLFDWHGE\FRRUGLQDWHD[LVVKRZQLQ)LJXUH
3.2

Welch spectral method

7KLV LV D QRQSDUDPHWULF PHWKRG RI V\VWHP LGHQWLILFDWLRQ 7KLV PHWKRG HVWLPDWHV WKH IUH
TXHQF\ UHVSRQVH IXQFWLRQ RI WKH VWUXFWXUH EDVHG RQ IUHTXHQF\GRPDLQ UHSUHVHQWDWLRQV RI LWV
H[FLWDWLRQDQGUHVSRQVH8VLQJWKH)RXULHUWUDQVIRUPVRIPHDVXUHGLQSXWDQGRXWSXWDQHP
Ö : FDQEHREWDLQHG$OWHU
SLULFDOHVWLPDWHRIWKHFRPSOH[IUHTXHQF\UHVSRQVHIXQFWLRQ +
QDWLYHO\HVWLPDWHVRISRZHUVSHFWUDOGHQVLWLHVRIWKHH[FLWDWLRQDQGUHVSRQVHFDQEHXVHGDV
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ZKHUH 6XX : DQG 6\\ : DUHWKHSRZHUVSHFWUDOGHQVLWLHV SVG RIH[FLWDWLRQDQGUHVSRQVH
UHVSHFWLYHO\DQG : LVWKHFLUFXODUIUHTXHQF\
%HFDXVHRIWKHLQKHUHQWYDULDELOLW\RI)RXULHU$PSOLWXGH6SHFWUD VHHIRUH[DPSOH5XSDN
KHW\DQG6LJEM|UQVVRQ>@ VRPHIRUPRIVPRRWKLQJQHHGVWREHSHUIRUPHGRQSHUL
RGRJUDPHVWLPDWHVRISVGV7KH:HOFKVSHFWUDUHGXFHVWKHYDULDWLRQLQWKHSVGVE\GLYLGLQJ
WKHVLJQDOVLQWRGLIIHUHQWVHJPHQWVDQGDYHUDJLQJWKHLUVSHFWUDOHVWLPDWHV)RUDVWDWLRQDU\VLJ
QDOWKH:HOFKVSHFWUDSURYLGHVDQHVWLPDWHRIWKHWUXHVSHFWUDRIWKHUDQGRPSURFHVV,QFDVH
RIDPELHQWYLEUDWLRQVWKHH[FLWDWLRQFDQEHDVVXPHGWREHDZKLWHQRLVHDQGIURP(TXDWLRQ
DQHVWLPDWHRIWKHV\VWHPWUDQVIHUIXQFWLRQQRUPDOL]HGE\WKHYDULDQFHRIWKHH[FLWDWLRQLVRE
WDLQHGGLUHFWO\IURP 6\\ : 7KHQDWXUDOIUHTXHQFLHVFDQEHREWDLQHGIURPWKHSORWRIVTXDUHG
DPSOLWXGHRIWKHFRPSOH[IUHTXHQF\UHVSRQVHIXQFWLRQE\SLFNLQJWKHSHDNV)RUV\VWHPZLWK
VPDOOGDPSLQJYDOXHVXSWRRIWKHFULWLFDOGDPSLQJWKHSHDNRIWKHSORWRFFXUVFORVHWR
WKHQDWXUDOIUHTXHQF\RIWKHV\VWHP7KHIUHTXHQFLHVDQGPRVWRIWKHSRZHURIWKHUHVSRQVH
JHWVFRQFHQWUDWHGLQDQDUURZEDQGRIIUHTXHQFLHVDURXQGWKHSHDN,IWKHGDPSLQJUDWLRRIWKH
V\VWHPLVKLJKHUWKHSHDNOLHVDZD\IURPWKHQDWXUDOIUHTXHQF\RIWKHV\VWHPDQGWKHSRZHU
VSHFWUXP EHFRPHV ZLGHU 5HVSRQVH RI D OLJKWO\ GDPSHG VWUXFWXUH H[FLWHG ZLWK ZKLWH QRLVH
SURFHVVFDQEHPRGHOOHGDVDQDUURZEDQGSURFHVV7KHGDPSLQJUDWLRRIWKHVWUXFWXUHFDQEH
HVWLPDWHGIURPWKHKDOISRZHUEDQGZLGWKPHWKRGZKLFKLVEDVHGRQWKHIROORZLQJHTXDWLRQV
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:KHUH ǻI LV WKH KDOISRZHU EDQGZLGWK GHILQHG LQ WKH IUHTXHQF\ EDQG ZKHUH WKH SRZHU
GHQVLW\RIWKHUHVSRQVHUHGXFHVWRKDOILWVYDOXHDWWKHSHDNIDQGIDUHOLQHDUIUHTXHQFLHVDW
FRUQHUVRIKDOISRZHUDQGIQLVWKHOLQHDUIUHTXHQF\RIWKHSHDNZKLFKLVDSSUR[LPDWHO\HTXDO
WRWKHXQGDPSHGQDWXUDOIUHTXHQF\RIOLJKWO\GDPSHGV\VWHPV7KLVPHWKRGLVVWUDLJKWIRUZDUG
ZKHQ SRZHU VSHFWUDO GHQVLW\ IXQFWLRQ FRQWDLQV RQH GRPLQDQW SHDN ZKLFK LV WKH FDVH IRU
GDPSHGVLQJOHGHJUHHRIIUHHGRPV\VWHPV)RUPXOWLSOHGHJUHHVRIIUHHGRPV\VWHPVPXOWLSOH
SHDNV FRUUHVSRQGLQJ WR GLIIHUHQW YLEUDWLRQ PRGHV FDQ RIWHQ EH REVHUYHG ,GHQWLILFDWLRQ RI
KLJKHUPRGHVFDQVRPHWLPHVEHGLIILFXOWGXHWRQRLVHLQWKHPHDVXUHGVLJQDO,GHQWLILFDWLRQRI
KLJKHUPRGHVLVPRUHGLIILFXOWZKHQVLJQDOWRQRLVHUDWLRLVODUJHZKLFKLVRIWHQWKHFDVHZLWK
DPELHQWYLEUDWLRQPHDVXUHPHQWV
7R DSSO\ WKLV PHWKRG WR WKH FDVH VWXG\ EXLOGLQJ UHFRUGHG WLPH VHULHV GDWD IURP DOO WKH
IORRUV FKDQQHO  FK )LJXUH   DQG FKDQQHO  FK LQ )LJXUH   ZHUH GLYLGHG LQWR WZHQW\
HTXDOVHJPHQWV7KHQWKHVLJQDOVZHUHILOWHUHGXVLQJIRXUWKRUGHU%XWWHUZRUWKILOWHUWRUHPRYH
QRLVH7KHIUHTXHQF\EDQGFKRVHQIRUWKHILOWHUZDV+]WR+](DFKVHJPHQWRIWLPHVH
ULHVZDVZLQGRZHG DQG WDSHUHGZLWK D7XNH\ZLQGRZ3RZHUVSHFWUDO GHQVLW\ 36' RIWKH
ILOWHUHGVLJQDOVZDVHVWLPDWHGXVLQJ:HOFKVDOJRULWKP)LJXUHVKRZVWKHSORWRIHVWLPDWHG
36'RIWKHWZHQW\VHJPHQWVZLWKPHDQ36'IRUERWKFKDQQHOV)LJXUHVDFDQGHVKRZ
SORWVRI36'IURPILUVWIORRUWRWKLUGIORRULQWKHGLUHFWLRQRIFKDQQHOZLWKHVWLPDWHGPHDQ
36'6LPLODUO\)LJXUHVEGDQGIVKRZSORWVRI36'IURPILUVWIORRUWRWKLUGIORRULQWKH
GLUHFWLRQRIFKDQQHO$OOSORWVVKRZFOHDUSHDNVZKLFKUHSUHVHQWVWKHIXQGDPHQWDOIUHTXHQF\
RIWKHV\VWHPLQWKHFRUUHVSRQGLQJGLUHFWLRQ
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)LJXUH3ORWRI:HOFKV36'IURPUHFRUGHGDPELHQWYLEUDWLRQ7KHJUD\OLQHVUHSUHVHQWVHJPHQWVRIPHDV
XUHGDFFHOHUDWLRQDQGWKHEOXHOLQHVUHSUHVHQWWKHPHDQ

(VWLPDWHGIXQGDPHQWDOYLEUDWLRQSHULRGDQGGDPSLQJUDWLRVIURPWKUHHGLIIHUHQWIORRUVDUH
WDEXODWHG LQ 7DEOH  )RU H[DPSOH PHDQ YLEUDWLRQ SHULRG HVWLPDWHG IURP FKDQQHO  RI WKH
ILUVWIORRUGDWDLVVZLWKVWDQGDUGGHYLDWLRQV6LPLODUO\IXQGDPHQWDOYLEUDWLRQSH
ULRGREWDLQHGIURP FKDQQHOLVVZLWKVWDQGDUGGHYLDWLRQV 0HDQQDWXUDOSHULRGV
REWDLQHGIURPWKHVHFRQGIORRUDQGWKLUGIORRUDORQJFKDQQHODUHVDQGVUHVSHFWLYHO\
0HDQQDWXUDOSHULRGVREWDLQHGIURPVHFRQGIORRUDQGWKLUGIORRUDORQJFKDQQHODUHVDQG
VUHVSHFWLYHO\ (VWLPDWHGYLEUDWLRQSHULRGVRQERWKSULQFLSDOGLUHFWLRQVVKRZFRQVLVWHQW
O\ VLPLODU UHVXOWV IRU GLIIHUHQW IORRUV 0HDQ RI HVWLPDWHG YLEUDWLRQ SHULRG DORQJ HDFK GLUHFWLRQ
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UHSUHVHQWV IXQGDPHQWDO YLEUDWLRQ SHULRG RIWKH EXLOGLQJ DORQJ FRUUHVSRQGLQJ SULQFLSDO GLUHFWLRQ
7KHUHIRUHLWFDQEHFRQFOXGHGWKDWWKHPHDQHVWLPDWHGIXQGDPHQWDOSHULRGRIWKHEXLOGLQJDORQJ
FKDQQHOLVVDQGDORQJFKDQQHOLVV7KLVFRQFOXGHVWKDWWKHIXQGDPHQWDOSHULRGVRI
WKHEXLOGLQJRQERWKWKHGLUHFWLRQVDUHDOPRVWVLPLODU +RZHYHUPHDQGDPSLQJUDWLRVHVWLPDWHG
IRUERWKWKHFKDQQHOVIURPGLIIHUHQWIORRUVVKRZVPRUHYDULDELOLW\ZLWKKLJKHUVWDQGDUGGHYLD
WLRQV UDQJH RI YDULDWLRQ     6XFK YDULDWLRQ RQ GDPSLQJ UDWLR LV GLUHFWO\ UHODWHG WR WKH
VPRRWKLQJZLQGRZVHOHFWLRQDQGRYHUODSRIGDWDGXULQJ36'HVWLPDWLRQ)RUH[DPSOH6PRRWK
LQJRI36'OHDGVWRIODWWHQLQJRIWKHSHDNVZKLFKUHVXOWVLQLQDFFXUDWHHVWLPDWHVRIGDPSLQJUDWLRV
>@


Damping Ratio

Fundamental

Damping Ratio

Fundamental

Ch-1 (%)

Period Ch-1 (s)

Ch-2 (%)

Period Ch-2 (s)

)LUVWIORRU

  

  

  

  

6HFRQGIORRU

  

  

  

  

7KLUGIORRU

  

  

  

  

Data

7DEOH0HDQIXQGDPHQWDOYLEUDWLRQSHULRGDQGGDPSLQJUDWLRZLWKVWDQGDUGGHYLDWLRQHVWLPDWHGIURPWKUHH
GLIIHUHQWIORRUVXVLQJ:HOFKVSHFWUDODQDO\VLV

3.3

N4SID method

16,'VWDQGVIRU1XPHULFDODOJRULWKPVIRUVXEVSDFHVWDWHVSDFHV\VWHPLGHQWLILFDWLRQDQG
LV GHVFULEHGLQGHWDLO LQ>@7KLVPHWKRG LVEDVHGRQ SDUDPHWULFPDWKHPDWLFDO PRGHO FDOOHG
VWDWHVSDFHPRGHOZKLFKFRQVLVWRIDVHWRILQSXWRXWSXWDQGVWDWHYDULDEOHVOLQNHGWRJHWKHUE\
ILUVW RUGHU GLIIHUHQWLDO HTXDWLRQV 7KH IROORZLQJ HTXDWLRQV UHSUHVHQW D VWDWHVSDFH PRGHO LQ
FRQWLQXRXVWLPH
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:KHUH>$@LV SDUDPHWULFV\VWHP PDWUL[ ^%` DQG^&` DUHSDUDPHWULFYHFWRUV7KH YHFWRU
^[ W `LVFDOOHGWKHVWDWHRIWKHVWUXFWXUH7KHQXPEHURIHOHPHQWVRI[ W QLVFDOOHGWKHPRG
HORUGHU7KHVWDWHVSDFHPRGHO >$@^%`DQG^&` FDQEHFDOLEUDWHGIURPPHDVXUHGH[FLWD
WLRQ DQG UHVSRQVH 7KH PRGHO FDQ WKHQ EH XVHG WR HVWLPDWH YLEUDWLRQ SHULRGV DQG GDPSLQJ
UDWLRVRIWKHVWUXFWXUH7KHUHVXOWVDUHJHQHUDOO\VHQVLWLYHWRWKHVHOHFWHGPRGHORUGHU6HOHF
WLRQRIVXLWDEOHPRGHOQXPEHUKHOSVWRUHPRYHVSXULRXVPRGHVDQGELDVRIWKHPRGHV6SXUL
RXVPRGHVDUHHLWKHUQRLVHPRGHVWKDWDULVHGXHWRSK\VLFDOUHDVRQVHJH[FLWDWLRQDQGQRLVH
RUPDWKHPDWLFDOPRGHVWKDWDULVHGXHWRRYHUHVWLPDWLRQRIWKHPRGHORUGHU6LPLODUO\ELDVRI
WKHPRGHVFDQEHGHILQHGDVWKHFRPELQDWLRQRIGLIIHUHQWPRGHV WUXHPRGHDQGQRLVHPRGH 
RQLGHQWLILHGPRGHZKLFKLVGXHWRXQGHUHVWLPDWLRQRIPRGHORUGHU7KHVHOHFWLRQRIVXLWDEOH
PRGHORUGHULVIDFLOLWDWHGE\VWDELOL]DWLRQGLDJUDPV$VWDELOL]DWLRQGLDJUDPLVPDGHE\VHOHFW
LQJDZLGHUDQJHRIPRGHORUGHUVDQGE\SORWWLQJDOOLGHQWLILHGPRGHVLQDIUHTXHQF\YHUVXV
PRGHORUGHUGLDJUDP)LJXUHVKRZVWKHVWDELOL]DWLRQGLDJUDPIRUGDWDVHJPHQWIRUFKDQQHO
7KHSORWVKRZVWKHHVWLPDWHGQDWXUDOIUHTXHQFLHVDQGGDPSLQJUDWLRVIRUPRGHORUGHUVWR
7KHSDUDPHWHUVDUHHVWLPDWHGE\WKHOHDVWVTXDUHVUDWLRQDOIXQFWLRQ /65) DOJRULWKP7KH
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ILJXUHKHOSVWRLGHQWLI\VWDEOHDQGXQVWDEOHSHDNVLQWKHIUHTXHQF\UHVSRQVHIXQFWLRQ7KHUH
VXOWVVKRZWKDWVRPHRIWKHWUXHPRGHVRQO\DSSHDUDIWHUPRGHORUGHU$PRGHORUGHURI
VHHPV VXIILFLHQW WRLGHQWLI\WKHWZRPRGHV RI YLEUDWLRQRIWKHVWUXFWXUH DQGLV WKHUHIRUHVH
OHFWHGIRUIXUWKHUDQDO\VLV

)LJXUH6WDELOL]DWLRQGLDJUDPVKRZLQJVWDEOHPRGHVDQGDYHUDJHGIUHTXHQF\UHVSRQVHIXQFWLRQIRUGDWDVHJ
PHQWFKDQQHO

0HDVXUHGVLJQDOVIURP DOOWKUHHIORRUV ZHUHDOLJQHGLQWLPHDQGGLYLGHGLQWRWZHQW\VHJ
PHQWV6LJQDOVZHUHILOWHUHGXVLQJIRXUWKRUGHU%XWWHUZRUWKILOWHU7KHIUHTXHQF\EDQGFKRVHQ
IRUWKHILOWHUZDV+]WR+]7KHQ16,'DOJRULWKPLQ0$7/$%ZDVXVHGWRHVWLPDWH
VWDWHVSDFHPRGHOZLWKPRGHORUGHURIVL[1RH[RJHQHRXVLQSXWZDVXVHGLQFDOLEUDWLQJWKH
PRGHODVWKHH[FLWDWLRQLVDVVXPHGWREHDZKLWHQRLVHSURFHVV(VWLPDWHGPHDQIXQGDPHQWDO
YLEUDWLRQSHULRGDQGGDPSLQJUDWLRVDUHSUHVHQWHGLQ7DEOH7KHPHDQYLEUDWLRQSHULRGIRU
ILUVWDQGVHFRQGPRGHREWDLQHGIURPFKDQQHOGDWDLVVDQGVZLWKVWDQGDUGGHYLD
WLRQRIVDQGV6LPLODUO\WKHPHDQYLEUDWLRQSHULRGIRUILUVWDQGVHFRQGPRGHRE
WDLQHGIURPFKDQQHOGDWDLVVDQGVZLWKVWDQGDUGGHYLDWLRQRIVDQGV
UHVSHFWLYHO\7KLVVKRZVWKDWWKHYDULDQFHRISHULRGREWDLQHGIRUVHFRQGPRGHLVKLJKHUWKDQ
WKDWIRUWKHILUVWPRGH0HDQGDPSLQJUDWLRREWDLQHGIURPFKDQQHOGDWDLVDERXWZLWK
VWDQGDUG GHYLDWLRQ RI  6LPLODUO\ PHDQ GDPSLQJ UDWLR REWDLQHG IURP FKDQQHO  GDWD LV
DERXW  DQG VWDQGDUG GHYLDWLRQ RI  9DULDWLRQ LQ GDPSLQJ UDWLR HVWLPDWHG IURP WKLV
PHWKRGLVORZHUWKDQWKDWHVWLPDWHGIURPWKHQRQSDUDPHWULFPHWKRG

&KDQQHO

Fundamental Period (s)
Mode 1
Mode 2
  
  

&KDQQHO

  

Data

  

Damping Ratio (%)
  
  

7DEOH0HDQIXQGDPHQWDOYLEUDWLRQSHULRGDQGGDPSLQJUDWLRZLWKVWDQGDUGGHYLDWLRQHVWLPDWHGIURPDPELHQW
YLEUDWLRQPHDVXUHPHQWXVLQJ16,'PHWKRG
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4

DISCUSSION AND CONCLUSIONS

7KHHVWLPDWHGIXQGDPHQWDOSHULRGRIYLEUDWLRQRIWKHEXLOGLQJLVDURXQGV7KHHPSLULFDO
HTXDWLRQSURSRVHGE\*XOHUHWDO>@HVWLPDWHVWKHIXQGDPHQWDOSHULRGRIUHLQIRUFHGFRQFUHWH
PRPHQWUHVLVWLQJIUDPHVZLWKEULFNLQILOOZDOOVZLWKWKHIROORZLQJHTXDWLRQ
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+  











)RUWKHEXLOGLQJEHLQJVWXGLHGKHUHWKLVHTXDWLRQUHVXOWVLQIXQGDPHQWDOYLEUDWLRQSHULRGRI
V ZKLFK LV IDLUO\ FORVH WR WKH UHVXOWV REWDLQHG IURP V\VWHP LGHQWLILFDWLRQ 7KH EXLOGLQJ
EHLQJVWXGLHGLVFRQVWUXFWHGRQDVLWHZLWKDOOXYLDOGHSRVLWVZKLFKPLJKWDIIHFWWKHYLEUDWLRQ
IUHTXHQFLHVRIWKHVWUXFWXUH'KDNDO>@SUHVHQWVILQLWHHOHPHQWPRGHOVRIWKHEXLOGLQJ
ZLWKIL[HGEDVHDQGIOH[LEOHEDVHWRDFFRXQWIRUWKHHIIHFWVRIVRIWVRLOVDWWKHVLWH7KHILQLWH
HOHPHQW PRGHOV VKRZ WKDW WKH YLEUDWLRQ IUHTXHQFLHV HVWLPDWHG IURP WKH IOH[LEOH EDVH PRGHO
PDWFKHV WKH UHVXOWV RI V\VWHP LGHQWLILFDWLRQ EHWWHU 7KLV LQGLFDWHV WKDW V\VWHP LGHQWLILFDWLRQ
XVLQJDPELHQWYLEUDWLRQPHDVXUHPHQWFDQEHXVHGWRGHWHFWDQGFDOLEUDWHWKHHIIHFWVRIXQGHU
O\LQJVRLOLQYLEUDWLRQSURSHUWLHVRIEXLOGLQJV7KLVLVYDOXDEOHLQFDOLEUDWLQJDQGXSGDWLQJIL
QLWHHOHPHQWPRGHOVZKLFKFDQEHXVHGIRUGHWDLOHGVHLVPLFDQDO\VLV)RUH[DPSOHPHFKDQLFDO
HOHPHQWVXVHGWRPRGHOVRLOLQWKHILQLWHHOHPHQWPRGHORIWKHEXLOGLQJFDQEHWXQHGWRPDWFK
WKHPRGDOIUHTXHQFLHVHVWLPDWHGIURPDPELHQWYLEUDWLRQPHDVXUHPHQWV
7KHUHVXOWVRIWKLVVWXG\VKRZWKDWV\VWHPLGHQWLILFDWLRQXVLQJDPELHQWYLEUDWLRQVLVDUHOLD
EOHPHWKRGRIHVWLPDWLQJWKHIXQGDPHQWDOSHULRGRIYLEUDWLRQRIEXLOGLQJV7KHHVWLPDWHGSH
ULRGV DUH FRQVLVWHQW ZLWK UHVXOWV SUHVHQWHG LQ WKH OLWHUDWXUH DQG PHFKDQLFDO PRGHOV RI WKH
EXLOGLQJ 7KH SDUDPHWULF PHWKRG VHHPV WR EH VXSHULRU WR WKH QRQSDUDPHWULF PHWKRG DQG LV
IRXQGWREHPRUHUHOLDEOHLQLGHQWLI\LQJKLJKHUPRGHVRIYLEUDWLRQ,QDGGLWLRQGDPSLQJUDWLRV
HVWLPDWHG IURP WKH QRQSDUDPHWULF PHWKRG VKRZHG ODUJHU YDULDELOLW\ WKDQ WKRVH HVWLPDWHG
IURPWKHSDUDPHWULFPHWKRG7KHGHJUHHLIVPRRWKLQJXVHGLQWKHIRUPHUPHWKRGLVVXEMHFWLYH
WRWKHDQDO\VWDQGLQWURGXFHVVXFKYDULDELOLW\7KHUHLVQRTXDQWLWDWLYHJXLGHOLQHRQZKDWGH
JUHH RI VPRRWKLQJ LV RSWLPDO ,Q WKH SDUDPHWULF PHWKRG VRPH OHYHO RI VXEMHFWLYLW\ LV LQWUR
GXFHGE\WKHVHOHFWLRQRIPRGHORUGHU%XWXQOLNHLQWKHQRQSDUDPHWULFPHWKRGWKHDQDO\VW
FDQPDNHXVHRIWKHVWDELOL]DWLRQGLDJUDPWRVHOHFWDSURSHUPRGHORUGHU,QWKLVDVSHFWWKH
SDUDPHWULFPHWKRGLVIRXQGWREHPRUHVXLWDEOHIRUV\VWHPLGHQWLILFDWLRQ
6LQFH DPELHQW YLEUDWLRQ PHDVXUHPHQWV DUH LQH[SHQVLYH DQG FDQ EH SHUIRUPHG UDSLGO\ LW
ZLOOEHXVHIXOWRSHUIRUPVLPLODUWHVWVRQVHYHUDOEXLOGLQJVLQ1HSDO%\VDPSOLQJEXLOGLQJVRI
GLIIHUHQWFRQVWUXFWLRQTXDOLW\VLWHFRQGLWLRQVKHLJKWVLQILOOZDOOVDQGRSHQLQJUDWLRVHIIHFWV
RIWKHVHSDUDPHWHUVRQYLEUDWLRQIUHTXHQFLHVRIW\SLFDOUHLQIRUFHGEXLOGLQJVLQ1HSDOFDQEH
VWXGLHG )XUWKHUPRUH HPSLULFDO HTXDWLRQV UHODWLQJ WKHVH IUHTXHQFLHV WR SDUDPHWHUV VXFK DV
EXLOGLQJKHLJKWVLWHFRQGLWLRQVDQGRSHQLQJUDWLRVFDQEHFDOLEUDWHG6XFKHTXDWLRQVZLOOEH
XVHIXOLQXSGDWLQJVHLVPLFGHVLJQFRGHVLQ1HSDO
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A DISPERSION-BASED METHODOLOGY FOR THE IN SITU
ASSESSMENT OF BENDING STIFFNESS IN BRIDGE CABLES
João Rodrigues1, Elsa Caetano1 and João Santos2
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6WUXFWXUDO0RQLWRULQJ8QLW6WUXFWXUHV'HSDUWPHQW1DWLRQDO/DERUDWRU\IRU&LYLO(QJLQHHULQJ
$YHQLGDGR%UDVLO/,6%213RUWXJDO
MRVDQWRV#OQHFSW

Keywords:FDEOHG\QDPLFVGLVSHUVLRQWLPHIUHTXHQF\DQDO\VLVEHQGLQJVWLIIQHVV
Abstract. The assessment of the structural integrity of bridge cables through the identification
of axial force has a long tradition in engineering practice. Vibration-based methodologies usually involve fitting a set of measured natural frequencies to a force-frequency relationship,
which may take into account the effects of sag-extensibility and non-negligible bending stiffness.
However, the accuracy of the results is largely dependent on an adequate characterization of
the boundary conditions, namely the effective length of vibration and the rotational restraints
at the supports. Moreover, the identification of high-order modes (essential for attaining good
estimates of the bending stiffness) may be hampered by the attenuation of small wavelength
disturbances before reaching the cable ends, preventing the definition of standing waves.
This paper presents a novel methodology for the identification of mechanical properties in
bridge cables, which does not require any assumption about boundary conditions. Assuming
that cables behave as Euler-Bernoulli or Timoshenko beams with a tensile force, analytical
expressions for the dispersion relation of transverse waves are derived. As for experimental
dispersion relations, they can be obtained by the computation of time-frequency distributions
of the response at two different sections of the cable, permitting the identification of arrival
times for each frequency component, and of the respective propagation velocities.
The validation of this methodology is conducted on a stay cable from a footbridge, recording
the response to an impact hammer excitation with two accelerometers. Mechanical properties
are then identified through the fitting of the analytical expressions derived to the experimental
dispersion curves. The obtained results for bending stiffness are consistent within a large diversity of experimental setups, regarding the location and type of the external excitation, and
the distance between the sensors. This approach can thus provide in situ estimates of the flexural rigidity in bridge cables, unaffected by errors in the characterization of boundary conditions, which will prove useful in the local assessment of damage.
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1

INTRODUCTION

7KHLQFUHDVLQJXVHRIFDEOHVDVORDGFDUU\LQJPHPEHUVLQFLYLOHQJLQHHULQJVWUXFWXUHVKDV
JHQHUDWHGDQHHGIRUDFFXUDWHDQGUHOLDEOHPHWKRGVWRHYDOXDWHWKHLULQWHJULW\DQGLGHQWLI\WKH
LQVWDOOHG D[LDO IRUFH $PRQJ WKHVH YLEUDWLRQEDVHG WHFKQLTXHV DUH YHU\ SRSXODU DQG XVXDOO\
LQYROYHILWWLQJ DVHWRIPHDVXUHGQDWXUDOIUHTXHQFLHVWRIRUFHIUHTXHQF\UHODWLRQVKLSVZKLFK
PD\EHH[DFWRUDSSUR[LPDWHDQGH[SOLFLWRULPSOLFLW$SDUWIURPWKHVLPSOHUWDXWVWULQJPRGHO
H[LVWLQJIRUPXODWLRQVFDQLQFOXGHWKHHIIHFWVRIVDJH[WHQVLELOLW\>@QRQQHJOLJLEOHEHQGLQJ
VWLIIQHVV>@RUERWK>@&RQVLGHULQJWKHQHHGWRZRUNZLWKODUJHGLDPHWHUFDEOHVPRGHOVWKDW
DFFRXQWIRUIOH[XUDOULJLGLW\KDYHEHHQWKHVXEMHFWRIYDULRXVLQYHVWLJDWLRQVLQUHFHQW\HDUVDQG
VLPXOWDQHRXVLGHQWLILFDWLRQRI WKLVSURSHUW\ DQG WKH D[LDOIRUFHLV QRZ EHFRPLQJ D FRPPRQ
SUDFWLFH1HYHUWKHOHVVWKHDFFXUDF\RIWKHUHVXOWVGHSHQGVRQWKHFKDUDFWHUL]DWLRQRIERXQGDU\
FRQGLWLRQVSDUWLFXODUO\WKHHIIHFWLYHOHQJWKRIYLEUDWLRQDQGWKHURWDWLRQDOUHVWUDLQWVDWWKHHGJHV
>@6RPHWHFKQLTXHVFDQDOUHDG\DGGUHVVWKHSUREOHPRIQRQLGHDOVXSSRUWV LHEHVLGHVKLQJHV
RUFODPSV >@>@>@EXWWKH\UHTXLUHREWDLQLQJWKHFDEOHPRGHVKDSHVWKURXJKGHQVHULQVWUX
PHQWDWLRQZKLFKKDPSHUVPRVWLQVLWXDSSOLFDWLRQV,QDGGLWLRQWRWKHXQFHUWDLQERXQGDU\FRQ
GLWLRQVPDQ\FDEOHVUHYHDODSURJUHVVLRQRIQDWXUDOIUHTXHQFLHVWKDWLVLQVHQVLWLYHWRWKHEHQGLQJ
VWLIIQHVVDWOHDVWIRUPRGHRUGHUVW\SLFDOO\LGHQWLILHG,QIDFWVPDOOZDYHOHQJWKGLVWXUEDQFHV
VXVFHSWLEOHWRWKHHIIHFWVRIIOH[XUDOULJLGLW\ DUHSURQHWRDWWHQXDWLRQEHIRUHUHDFKLQJWKHFDEOH
HQGVSUHYHQWLQJWKHGHILQLWLRQRIVWDQGLQJZDYHV
,QVXFKDFRQWH[WWKLVVWXG\SURSRVHVDQLGHQWLILFDWLRQDSSURDFKEDVHGRQWKHFKDUDFWHULVWLFV
RIWUDQVLHQWZDYHVSURSDJDWLQJDORQJDFDEOHPHGLXPUDWKHUWKDQYLEUDWLRQPRGHV'LVSHUVLRQ
UHODWLRQVIRUJURXSYHORFLWLHVDUHGHULYHGDVVXPLQJWKDWFDEOHVEHKDYHDV(XOHU%HUQRXOOLRU
7LPRVKHQNRWHQVLRQHGEHDPVDQGILWWHGWRWKHRQHVREWDLQHGLQVLWX
7KHRXWOLQHRIWKLVSDSHULVDVIROORZVVHFWLRQJDWKHUVWKHWKHRUHWLFDOFRQWULEXWLRQVRIWKH
VWXG\QDPHO\WKHUHOHYDQWGLVSHUVLRQFKDUDFWHULVWLFVDVVRFLDWHGZLWK(XOHU%HUQRXOOLDQG7L
PRVKHQNRPRGHOV7KHPHWKRGRORJ\IRUH[SHULPHQWDODVVHVVPHQWRIGLVSHUVLRQUHODWLRQVLVGH
VFULEHGLQVHFWLRQDQGUHVXOWVIURPDQDFWXDOVFDOHFDVHVWXG\DUHSUHVHQWHGDQGGLVFXVVHGLQ
VHFWLRQ)LQDOO\VHFWLRQV\QWKHWL]HVWKHPDLQFRQFOXVLRQVSRLQWLQJRXWVRPHUHOHYDQWRE
VHUYDWLRQVIRUIXWXUHZRUN
2

DISPERSION RELATIONS

2.1 Euler-Bernoulli Model
$VVXPLQJWKDWSODQHVHFWLRQVUHPDLQSODQHDIWHUGHIRUPDWLRQDQGRUWKRJRQDOWRWKHQHXWUDO
D[LV WKH EHKDYLRU RI D FDEOH ZLWK FRQVWDQW EHQGLQJ VWLIIQHVVܫܧDQG PDVV SHU XQLW OHQJWKߤ
VXEMHFWWRDWHQVLOHIRUFHܶLVJRYHUQHGE\WKHHTXDWLRQRIPRWLRQ
െܿଶ

߲ସݑ
߲ଶ߲ ݑଶݑ
ଶ

ܿ
ൌ ଶ
௧
߲ ݏସ
߲ ݏଶ
߲ݐ



LQZKLFKݑUHSUHVHQWVWKH WUDQVYHUVHGLVSODFHPHQW DVDIXQFWLRQRISRVLWLRQݏDQGWLPHܿ ݐ௧ 
GHVLJQDWHVWKHYHORFLW\ඥܶΤߤ DQGܿ VWDQGVIRUWKHTXDQWLW\ඥ ܫܧΤߤ 
+DUPRQLFDQGQRQWULYLDOVROXWLRQVݑሺݏǡ ݐሻ ൌ  ݁ܣሺఊ௦ିఠ௧ሻ IRUHTXDWLRQ  ZLWKIUHTXHQF\߱
DQGZDYHQXPEHUߛH[LVWRQO\LIWKHIROORZLQJFKDUDFWHULVWLFFRQGLWLRQLVYHULILHG
ܿଶ ߛ ସ  ܿ௧ଶ ߛ ଶ െ ߱ଶ ൌ Ͳ



6LQFH WKH JURXS YHORFLW\ܿ LV GHILQHG E\݀߱Τ݀ߛ >@ RQH FDQ GLIIHUHQWLDWH LPSOLFLWO\ WKH
HTXDWLRQDERYHWRREWDLQ
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ᇱ ሺ߱ሻ
ൌ
ܿ௧

ʹܿ௧ସ  ͺܿଶ ߱ ଶ
ඩ

ܿ௧ଶ



ටܿ௧ସ







Ͷܿଶ ߱ ଶ

7KLVH[SUHVVLRQFRUUHVSRQGVWRWKHGLVSHUVLRQUHODWLRQIRUWKHJURXSYHORFLW\RIWUDQVYHUVH
ZDYHVLQDWHQVLRQHG(XOHU%HUQRXOOLEHDPDQGVKUHGVHYLGHQFHWKDWHDFKIUHTXHQF\FRPSRQHQW
RIWKHUHVSRQVHSURSDJDWHVZLWKDGLVWLQFWYHORFLW\&RQYHUVHO\LIܿ ൌ ͲLQHTXDWLRQV  WR  
WKH QRQGLVSHUVLYH PRGHO RI D WDXW VWULQJ LV GHULYHG ZLWK D FRQVWDQW GLVSHUVLRQ UHODWLRQ
ᇱ ሺ߱ሻ
ܿ௧
ൌ ܿ௧ 
,QRUGHUWRLOOXVWUDWHWKHSUHYLRXVUHVXOWH[SUHVVLRQ  LVFRPSXWHGIRUDFDEOHZLWKDFURVV
VHFWLRQDODUHDܣRIPDQGPRPHQWRILQHUWLDܫRIൈPXQGHUDQD[LDOORDG
LQJRIN1$VIRUPDWHULDOSDUDPHWHUVWKHHODVWLFPRGXOXVܧDQGWKHPDVVGHQVLW\ߩDUH
DVVXPHGHTXDOWR*3DDQGWRQPUHVSHFWLYHO\)LJXUH D UHYHDOVWKDWWKHJURXSYH
ORFLW\DSSURDFKHVܿ௧ ZKHQ߱ ՜ ͲDVDQWLFLSDWHGE\H[SUHVVLRQ  RQWKHRWKHUKDQG)LJXUH
ᇱ
JURZVZLWKRXWOLPLWDQG
 E LOOXVWUDWHVDQLPSURSHUUHVXOWLQDKLJKIUHTXHQF\UDQJHVLQFHܿ௧
WKHUHIRUHLQILQLWHJURXSYHORFLWLHVDUHDWWDLQHG

D

E

ᇱ
)LJXUH'LVSHUVLRQUHODWLRQVIRUܿ௧


(XOHU%HUQRXOOLDQG7LPRVKHQNRPRGHOV XSWR D +] E +]

2.2 Timoshenko Model
7KH FRUUHFWLRQ RI WKH SUHYLRXVO\ REWDLQHG UHVXOW UHTXLUHV LQWURGXFLQJ WKH HIIHFWV RI VKHDU
GHIRUPDWLRQDQGURWDU\LQHUWLD>@,I߮GHVLJQDWHVWKHFURVVVHFWLRQURWDWLRQWKHFDEOHEHKDYLRU
LVQRZH[SUHVVHGE\WKHV\VWHPRIHTXDWLRQV
 ߲ ܭܣܩଶ ߮݀ ݑ
߲ଶ߲ ݑଶݑ
ቆ ଶെ
ቇ  ܿ௧ଶ ଶ ൌ ଶ 
ߤ
߲ݏ
߲ݏ
߲ݐ
݀ݏ
ଶ
ଶ
 ܭܣܩμݑ
߲
߮
߲
߮
ܫ
൬ െ ߮൰  ܿଶ ଶ ൌ

ߤ ߲ݏ
߲ݏ
 ݐ߲ ܣଶ



ZKLFKUHSUHVHQWVWKHHTXLOLEULXPRIDWHQVLRQHG 7LPRVKHQNREHDP >@ܩDQGܭGHQRWHWKH
GLVWRUWLRQPRGXOXVDQGWKHVKHDUFRHIILFLHQWUHVSHFWLYHO\
7KHSURSDJDWLRQRIKDUPRQLFZDYHVݑሺݏǡ ݐሻ ൌ ܣଵ ݁ ሺఊ௦ିఠ௧ሻ DQG߮ሺݏǡ ݐሻ ൌ ܣଶ ݁ ሺఊ௦ିఠ௧ሻOHDGV
WRWKHFKDUDFWHULVWLFHTXDWLRQ
߬ଷ ߛ ସ  ܿ௧ଶ ߛ ଶ െ ሺ߬ଶ ߛ ଶ  ͳሻ߱ଶ  ߬ଵ ߱ସ ൌ Ͳ

ZKHUHDX[LOLDU\SDUDPHWHUV߬ଵ ߬ଶ DQG߬ଷ DUHGHILQHGE\
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ߤܫ
ܣܩଶ ܭ
ܫ
ܶ
ܧ
߬ଶ ൌ ൬ͳ 

൰
ܣ
ܭܩ ܭܣܩ
ܶ
߬ଷ ൌ ൬ͳ 
൰ ܿଶ
 ܭܣܩ



߬ଵ ൌ




)URPHTXDWLRQ  WZRGLVSHUVLRQUHODWLRQVIRUJURXSYHORFLWLHVDULVHLQDFFRUGDQFHZLWKWKH
GHJUHHVRIIUHHGRPRIWKH7LPRVKHQNRPRGHO)RFXVLQJRQO\RQWUDQVYHUVHGRPLQDQWZDYHV
RQHFDQREWDLQ
߬ଶ ߛ௧ 
ᇱ ሺߛ ሻ
ܿ௧
௧ ൌ

ʹ߬ଵ ሺʹ߬ଷ ߛ௧ଷ  ܿ௧ଶ ߛ௧ ሻ െ ߬ଶ ߛ௧ ሺ߬ଶ ߛ௧ଶ  ͳሻ
ඥሺ߬ଶ ߛ௧ଶ  ͳሻଶ െ Ͷ߬ଵ ߛ௧ଶ ሺ߬ଷ ߛ௧ଶ  ܿ௧ଶ ሻ



ටʹ߬ଵ ቀ߬ଶ ߛ௧ଶ  ͳ െ ඥሺ߬ଶ ߛ௧ଶ  ͳሻଶ െ Ͷ߬ଵ ߛ௧ଶ ሺ߬ଷ ߛ௧ଶ  ܿ௧ଶ ሻቁ

ZLWK
ߛ௧ ሺ߱ሻ ൌ ඨ

߬ଶ ߱ ଶ െ ܿ௧ଶ  ඥሺ߬ଶ ߱ ଶ െ ܿ௧ଶ ሻଶ െ Ͷ߬ଷ ߱ ଶ ሺ߬ଵ ߱ ଶ െ ͳሻ
ʹ߬ଷ

 

5HWXUQLQJWRWKHSUHYLRXVH[DPSOH DQGDVVXPLQJWKDWWKHPDWHULDOLVLVRWURSLFZLWKD3RLV
VRQUDWLRRI )LJXUHHYLGHQFHVWKDWERWKPRGHOVDJUHHLQDORZIUHTXHQF\UDQJHDQGGHYLDWH
ODUJHO\ZKHQ߱ ՜ λLQSDUWLFXODUWKHQHZGLVSHUVLRQUHODWLRQKDVDKRUL]RQWDODV\PSWRWHRI
YDOXHඥܿ௧ଶ   ܭܣܩΤߤ 7KHYDOLGLW\GRPDLQRIWKH(XOHU%HUQRXOOLK\SRWKHVLVLVDIXQFWLRQRI
WKHFDEOHSURSHUWLHVWKHUHIRUHRQO\WKH7LPRVKHQNRPRGHOZLOOEHUHJDUGHGKHUHLQDIWHU
ᇱ
WRܶܫܧDQG  ܭܣܩYDULDWLRQV LQ WKH YDOXH RI
,Q RUGHU WR DVVHVV WKH VHQVLWLYLW\ RIܿ௧
WKHVHSDUDPHWHUVDUHQRZFRQVLGHUHGDQGUHSUHVHQWHGLQ)LJXUH7KLVILJXUHLOOXVWUDWHVWKDW
JURXSYHORFLW\LVJHQHUDOO\LQGHSHQGHQWRIWKHD[LDOIRUFHH[FHSWLQWKHORZIUHTXHQF\UDQJH
2QWKHFRQWUDU\VKHDUULJLGLW\FRQWUROVWKHYDOXHRIWKHKRUL]RQWDODV\PSWRWHZKLOHEHQGLQJ
ᇱ

VWLIIQHVVGHWHUPLQHVWKHUDSLGQHVVLQWKHLQFUHDVHRIܿ௧

D

E

ᇱ
)LJXUH'LVSHUVLRQUHODWLRQVIRUܿ௧


F

7LPRVKHQNRPRGHO FRQVLGHULQJYDULDWLRQVLQWKHYDOXHRI D D[LDO
IRUFHܶ E EHQGLQJVWLIIQHVV ܫܧF VKHDUULJLGLW\ܭܣܩ
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3

METHODOLOGY

7KHPHWKRGRORJ\IRUWKHH[SHULPHQWDODVVHVVPHQWRIGLVSHUVLRQUHODWLRQVUHTXLUHVREWDLQLQJ
WLPHIUHTXHQF\GLVWULEXWLRQVDWWZRVHFWLRQVRIDFDEOH7KHZDYHOHWWUDQVIRUPRIWKHUHVSRQVH
ݑLVDIXQFWLRQሼࣱݑሽGHILQHGE\
ሼࣱݑሽሺܽǡ ܾሻ ൌ

ାஶ

ͳ
ඥȁܽȁ

න

ݐെܾ
൰ ݀ݐ
ܽ

ݑሺݐሻ߰  כ൬

ିஶ

 

LQZKLFK߰  כGHQRWHVWKHFRPSOH[FRQMXJDWHRIWKH PRWKHUZDYHOHW߰WKDWKDVDQRVFLOODWRU\
QDWXUH>@)ROORZLQJ$SRVWRORXGLDet al.>@WKLVVWXG\ZLOOHPSOR\WKHPRWKHUZDYHOHWRI
0RUOHW7KHVFDOHSDUDPHWHUܽ ് ͲLVUHVSRQVLEOHIRUGLODWLQJ LHVWUHWFKLQJRUFRPSUHVVLQJ 
WKHIXQFWLRQ߰ZKLOHܾFRUUHVSRQGVWRDWUDQVODWLRQSDUDPHWHU,I߰ሺݐሻLVORFDOL]HGDURXQG ݐൌ
ͲDQGLWV)RXULHUWUDQVIRUPDURXQG߱ ൌ ߱ WKHQ߰ሺሺ ݐെ ܾሻΤܽሻLVFHQWHUHGDW ݐൌ ܾLQWKHWLPH
GRPDLQDQG߱ ൌ ߱ ΤܽLQIUHTXHQF\GRPDLQ$VVXFKሼࣱݑሽሺܽǡ ܾሻSURYLGHVWLPHIUHTXHQF\LQ
IRUPDWLRQRIݑDURXQGDSRLQWሺܾǡ ߱ Τܽሻ
.LVKLPRWRet al.>@SURYHGWKDWIRUDIL[HGORFDWLRQݏWKHSHDNVLQWKHPDJQLWXGHRIሼࣱݑሽ
LQGLFDWHWKHDUULYDOWLPHRIDIUHTXHQF\FRPSRQHQW߱WKDWSURSDJDWHVZLWKDJURXSYHORFLW\ܿ 
$FFRUGLQJO\LQWURGXFLQJDQH[WHUQDOH[FLWDWLRQDWDVHFWLRQ6DQGUHFRUGLQJWKHFDEOHUHVSRQVH
DW6DQG6RQHFDQLGHQWLI\ DUULYDO WLPHVݐௌଵ DQGݐௌଶ RIHDFKIUHTXHQF\߱E\WKHUHODWLYH
ᇱ
PD[LPDRIERWKWLPHIUHTXHQF\GLVWULEXWLRQV5HIHUULQJWR)LJXUH D WKHJURXSYHORFLW\ܿ௧

LVWKHQJLYHQE\
ᇱ ሺ߱ሻ
ൌ
ܿ௧



S0

S1

dS0,S1

݀ௌଵǡௌଶ

ݐௌଶ ሺ߱ሻ െ ݐௌଵ ሺ߱ሻ

 

S2

dS1,S2

D

E

F

G

)LJXUH$VVHVVPHQWRIGLVSHUVLRQUHODWLRQVLQFDEOHV D H[SHULPHQWDOVHWXS E DSSOLFDWLRQWRWKHFDVHVWXG\
F VFDORJUDPRIWKHUHVSRQVHDW6 G H[SHULPHQWDODQGILWWHGGLVSHUVLRQUHODWLRQ
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7KHYDOLGDWLRQRIWKHSURSRVHGPHWKRGRORJ\LVSHUIRUPHGRQDFDEOHIURPDIRRWEULGJHUHS
UHVHQWHGLQ)LJXUH E XVLQJWZRSLH]RHOHFWULFDFFHOHURPHWHUVDQGDQLPSDFWKDPPHU
)LJXUH F LOOXVWUDWHVWKHVFDORJUDPRIWUDQVYHUVHDFFHOHUDWLRQVDW6 LHWKHPDJQLWXGHRI
WKHUHVSHFWLYHZDYHOHWWUDQVIRUP 7KLVUHSUHVHQWDWLRQUHYHDOVWKDWWKHVSHFWUDOFRQWHQWLVGLV
WULEXWHGDORQJULGJHVLQWKHWLPHIUHTXHQF\SODQHWKHILUVWULGJHFRUUHVSRQGVWRWKHGLUHFWSURS
DJDWLRQIURP6ZKLOHWKHVXEVHTXHQWRQHVDULVHIURPUHIOHFWLRQVDWWKHFDEOHHQGV
,QPRVWDSSOLFDWLRQVWKHVHQVRUSRVLWLRQUHODWLYHWRHDFKFDEOHHQG DQGKHQFHWKHGLVWDQFH
FRYHUHGE\WKHUHIOHFWHGZDYHV LVGLIILFXOWWRDVVHVV$VDUHVXOWݐௌଵ DQGݐௌଶ DUHKHUHLGHQWLILHG
E\WKHILUVWULGJHLQWKHUHVSHFWLYHVFDORJUDPVDQGWKHPHWKRGRORJ\EHFRPHVLQGHSHQGHQWRI
DQ\DVVXPSWLRQFRQFHUQLQJERXQGDU\FRQGLWLRQV)LJXUH G UHSUHVHQWVWKHH[SHULPHQWDOGLV
SHUVLRQFXUYHFDOFXODWHGDFFRUGLQJWRH[SUHVVLRQ  EOXHPDUNHUVV\PEROL]HRXWOLHUVLGHQ
WLILHGWKURXJKWKH'%6&$1DOJRULWKP>@
7KHVWD\XQGHUDQDO\VLVFRQVLVWVRIDVROLGVWDLQOHVVVWHHOEDUZLWKDGLDPHWHURIPP
DQGVKHDUFRHIILFLHQWܭHTXDOWR>@$VVXPLQJWKDWWKHPDWHULDOLVLVRWURSLFRQO\WKH
D[LDOIRUFHܶDQGWKHHODVWLFPRGXOXVܧUHPDLQXQNQRZQ7KHVHSDUDPHWHUVDUHWKHQHVWLPDWHG
E\ILWWLQJWKHDQDO\WLFDOUHODWLRQ  WRWKHH[SHULPHQWDOFXUYH
4

RESULTS AND DISCUSSION

%DVHGRQWKHSUHYLRXVPHWKRGRORJ\GLIIHUHQWH[SHULPHQWDOVHWXSVZHUHGHILQHGFRQFHUQLQJ
WKHLPSDFWORFDWLRQDQGWKHGLVWDQFHEHWZHHQDFFHOHURPHWHUV5HG 5 EOXH % DQGVWHHO 6 
KDPPHUWLSVZHUHXVHGZLWKLQFUHDVLQJKDUGQHVVRIWKHFRQWDFWVXUIDFHDQGDFRQVHTXHQWULVH
RQWKHH[FLWDWLRQ¶VIUHTXHQF\FRQWHQW
,QDGGLWLRQWRWKHVHH[SHULPHQWVQDWXUDOIUHTXHQFLHVZHUHREWDLQHGWKURXJKDQDPELHQWYL
EUDWLRQWHVWZKLFKHQDEOHGWKHVLPXOWDQHRXVLGHQWLILFDWLRQRIܶ ൌN1DQG ܧൌ*3D
7DEOHSUHVHQWVWKHHUURUVLQWKHGLVSHUVLRQEDVHGHVWLPDWHVRIܧUHODWLYHWRWKHODWWHUYDOXH
DQGHYLGHQFHVWKDWWKHREWDLQHGUHVXOWVDUHDFFXUDWHDQGFRQVLVWHQWZLWKLQVHWXSVHVSHFLDOO\IRU
EOXHDQGUHGKDPPHUWLSV7KLVPHWKRGRORJ\DSSHDUVKRZHYHUWREHOHVVVXLWDEOHIRUH[WUDFWLQJ
DGHTXDWHHVWLPDWHVRIWKHD[LDOIRUFHVLQFHYHU\VLJQLILFDQWHUURUVDUHDWWDLQHGLQWKLVSDUDPHWHU
,QIDFWDVVKRZQLQ)LJXUH D JURXSYHORFLWLHVDUHJHQHUDOO\LQVHQVLWLYHWRWKHYDOXHRIܶ
H[FHSWLQDORZIUHTXHQF\UDQJHZKHUHDUULYDOWLPHVDUHGLIILFXOWWRLGHQWLI\EHFDXVHWKHWUDQ
VLHQWUHVSRQVHLVFRQFHDOHGLQWKHVWDWLRQDU\YLEUDWLRQRIWKHFDEOH
6HWXS
݀ௌǡௌଵ >P@
݀ௌଵǡௌଶ >P@
ࢾࡱ [%]
506(>PV@

6
6
6
%
   
   
-5.77 -4.50 -5.19 -1.59
   

%


+2.49


%
5
5
5
   
   
-2.75 -1.48 -2.96 +3.39
   

7DEOH'HILQLWLRQDQGHVWLPDWHVRIܧIURPQLQHH[SHULPHQWDOVHWXSV

5

CONCLUSIONS

,QWKLVSDSHUFDEOHVZHUHDVVXPHGDV(XOHU%HUQRXOOLRU7LPRVKHQNRWHQVLRQHGEHDPVDQG
VDJH[WHQVLELOLW\HIIHFWVZHUHQHJOHFWHG,QFRPSDULVRQZLWKWKHWDXWVWULQJK\SRWKHVLVWKHILUVW
PRGHODOORZHGKLJKOLJKWLQJWKHGLVSHUVLYHEHKDYLRULQWURGXFHGE\WKHEHQGLQJVWLIIQHVVVLQFH
HDFK IUHTXHQF\ FRPSRQHQW QRZ WUDYHOHG ZLWK D GLVWLQFW JURXS YHORFLW\ 7KH IRUPXODWLRQ LV
KRZHYHULQDGHTXDWHIRUDSSOLFDWLRQVLQYROYLQJDZLGHIUHTXHQF\GRPDLQRILQWHUHVWVXFKDV
WKRVHFRQVLGHUHGLQWKLVVWXG\PRWLYDWLQJWKHFRUUHFWLRQVIRUVKHDUGHIRUPDWLRQDQGURWDU\LQ
HUWLD7KH7LPRVKHQNRPRGHOWKXVGHULYHGHYLGHQFHGWKDWWKHG\QDPLFEHKDYLRURIFDEOHVLV
URXJKO\GLYLGHGLQWRWKUHHGRPDLQVWKHILUVW ORZIUHTXHQFLHV EHLQJJRYHUQHGE\WKHD[LDOIRUFH
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ᇱ
WKHVHFRQG LQFUHDVHRIܿ௧
FRQWUROOHGE\WKHEHQGLQJVWLIIQHVVDQGWKHODVW DV\PSWRWLFEHKDY
LRUIRU߱ ՜ λ GHILQHGE\WKHVKHDUULJLGLW\
7KHSURSRVHGPHWKRGRORJ\IRUH[SHULPHQWDODVVHVVPHQWRIGLVSHUVLRQUHODWLRQVLVFRQFHSWX
DOO\LQGHSHQGHQWRIERXQGDU\FRQGLWLRQVDQGDSSOLFDEOHWRDQ\FDEOHUHJDUGOHVVRIWKHQDWXUH
RIWKHSURJUHVVLRQRIQDWXUDOIUHTXHQFLHV8QOLNHVWUDWHJLHVUHO\LQJRQWKHFKDUDFWHUL]DWLRQRI
PRGHVKDSHVWKLVDSSURDFKUHTXLUHVRQO\WZRVHQVRUVIURPZKLFKWLPHIUHTXHQF\GLVWULEXWLRQV
RIWKHWUDQVLHQWUHVSRQVHDUHFRPSXWHG7KHUHODWLYHPD[LPDRIWKHVFDORJUDPVHQDEOHWKHLGHQ
WLILFDWLRQRIDUULYDOWLPHVIRUHDFKIUHTXHQF\FRPSRQHQWDQGRIWKHUHVSHFWLYHJURXSYHORFLW\
7KHUHVXOWVREWDLQHGIURPLQVLWXWHVWVUHYHDOWKDWWKLVGLVSHUVLRQEDVHGPHWKRGRORJ\SUR
YLGHVDGHTXDWHHVWLPDWHVRIWKHEHQGLQJVWLIIQHVVZKLFKZLOOSURYHXVHIXOLQWKHORFDODVVHVV
PHQWRIGDPDJH,QFRQWUDVWZKHWKHUDVLPLODUDFFXUDF\LVDWWDLQDEOHIRUD[LDOIRUFHLVDVXEMHFW
RIRQJRLQJUHVHDUFK
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A PSEUDO-INVERSE APPROACH TO THE PHYSICAL MODEL
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&DOOHGHO3URIHVRU$UDQJXUHQ0DGULG6SDLQ
MPVRULD#XSPHV

Keywords:6\VWHPLGHQWLILFDWLRQVWUXFWXUDOG\QDPLFVH[SHULPHQWDOPRGDODQDO\VLV
Abstract. The real dynamic response of any structure, assuming linear behaviour, can be accurately reproduced by means of a modal model issued from an Experimental Modal Analysis
(EMA). Natural frequencies, mode shapes and damping ratios, together with some information
about the modal masses of the structure, form a complete set of valid information to carry out
simulations. However, using that sort of model, no direct information about the physical properties of the structure is available and it may be challenging to try to reproduce the effect of a
structural modification like a mass addition, stiffness modification or changes in the boundary
conditions. To overcome this, Model Updating techniques have been developed together with
the evolution of the Finite Element Method (FEM) paradigm as a way to adapt the computational models to some experimentally estimated properties of a real structure. As a result, the
models behave quite similarly to the real structure and, indirectly, some of its physical properties can be estimated and eventually modified according to any simulation requirement. However, the proper application of a Model Updating technique often leads to an iterative and time
consuming process which usually rely on accurate enough FEM models and the understanding
of relatively sophisticated optimization algorithms to provide meaningful results; otherwise,
unrealistic updated properties could be obtained as the best options to reproduce the real structural dynamics and the physical properties estimation or modification is no longer trustworthy.
In this work, an alternative methodology is proposed to estimate the physical matrices of a
structure. We assume that the structure behaves linearly and that a modal model has been previously identified. Then, by using a set of equations like the eigenproblem relationships, the
orthogonality equations and symmetry assumptions, the physical matrices elements are calculated by means of the Moore-Penrose pseudo-inverse. This approach provides an exact accomplishment of the equations when there are more unknowns than equations, and an optimal
solution in the least squares sense in the opposite situation.
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1

INTRODUCTION

'XULQJWKHODVWGHFDGHDGYDQFHVLQWKHILHOGRIPLFURFRQWUROOHUVDQGSURFHVVRUVKDYHOHGWR
WKH DFWLYH GHYHORSPHQW RI SHUPDQHQW PRQLWRULQJ V\VWHPV IRU VWUXFWXUHV DQG LQIUDVWUXFWXUHV
7KHVHV\VWHPVHQDEOHZLWKDUHODWLYHO\VPDOOLQYHVWPHQWWRFRQWLQXRXVO\WUDFNVRPHEDVLFSD
UDPHWHUVRIWKHVWUXFWXUHOLNHLWVQDWXUDOIUHTXHQFLHVDQGGDPSLQJUDWLRVDPRQJRWKHUVZLWKRXW
WKHQHHGWRGHSOR\ODUJHWHPSRUDU\VHQVRUQHWZRUNVIRUFDUU\LQJRXWH[SHULPHQWDOWHVWVZKLFK
XVXDOO\DUHPRUHH[SHQVLYH
7KLVVRUWRIV\VWHPVLVXVXDOO\DVVRFLDWHGWRVWUXFWXUHKHDOWKPRQLWRULQJV\VWHPV 6+0 FD
SDEOHRISRVWSURFHVVLQJWKHJUHDWDPRXQWRIPHDVXUHGGDWDZLWKWKHPDLQDLPRIDVVHVVLQJWKH
VWUXFWXUDOLQWHJULW\7RGRVRLWLVYHU\XVHIXOWRNQRZWKHVSDWLDOGLVWULEXWLRQRIWKHVWUXFWXUDO
SURSHUWLHVDQGWKHLUUHODWLRQVKLSZLWKWKHPHDVXUHGPRGDOSDUDPHWHUV2QHZD\WRGRWKLVUH
TXLUHV D )LQLWH (OHPHQW 0HWKRG )(0  PRGHO FRQYHQLHQWO\ XSGDWHG WR UHSUHVHQW WKH VDPH
PHDVXUHGVWUXFWXUDOSDUDPHWHUV+RZHYHUWKLVSUHVHQWVWKHSUREOHPRIKDYLQJEXLOWDGHWDLOHG
HQRXJK)(0PRGHOIRUZKLFKWKHXSGDWLQJSURFHVVPD\EHYHU\WLPHFRQVXPLQJDQGOHDGWR
XQUHDOLVWLFHVWLPDWHGSK\VLFDOSURSHUWLHVDVLWFDQEHLQIHUUHGIURP>@
$QRWKHUZD\WRGHDOZLWKWKHPRGHOOLQJSUREOHPFRQVLVWVLQGLUHFWO\HVWLPDWLQJDPDWKHPDW
LFDOUHGXFHGPRGHOIURPWKHPHDVXUHGGDWDZKLFKFDQEHDPRGDOPRGHORUDSK\VLFDOPRGHO
DPRQJRWKHUV7KHPRGDOPRGHOLVXVXDOO\HDVLHUWRHVWLPDWHDQGLWHQDEOHVWRVLPXODWHGLIIHUHQW
ORDGLQJVFHQDULRVEXWLWGRHVQRWGLUHFWO\SURYLGHWKHVSDWLDOGLVWULEXWLRQRIWKHSURSHUWLHVPDN
LQJLWGLIILFXOWWRSHUIRUPSRWHQWLDOVWUXFWXUDOPRGLILFDWLRQV
3K\VLFDOPRGHOVKDYHEHHQHVWLPDWHGVLQFHVHYHUDOGHFDGHVDJROLNHLQ>@ZKHUHWKHDXWKRU
SURSRVHG D VLPSOH RUWKRJRQDOLW\ SULQFLSOH LQYHUVLRQ RU >@ ZKR SURSRVHG D SVHXGRLQYHUVH
DSSURDFKIRULQFRPSOHWHHVWLPDWHGPRGDOPRGHOV6LQFHWKHQVHYHUDODSSURDFKHVWRWKLVSURE
OHPKDYHEHHQDGGUHVVHGDVVXPLQJGLIIHUHQWW\SHVRIGDPSLQJPRGHOVDQGYDULRXVFRQVLGHUD
WLRQV OLNH >@ >@ >@ >@ >@ RU >@ ,Q WKLV ZRUN D PHWKRGRORJ\ WR HVWLPDWH D SK\VLFDO
UHGXFHGRUGHU PRGHO IURP H[SHULPHQWDO GDWD LV GHYHORSHG 7KH SURFHGXUH LV SUHVHQWHG DV D
FRPPRQIUDPHZRUNWRGHDOZLWKERWKJHQHUDOYLVFRXVDQGJHQHUDOVWUXFWXUDOGDPSLQJPRGHOV
ZKLFK GR QRW PDNH DQ\ SURSRUWLRQDOLW\ DVVXPSWLRQ ,W LV FRQFHLYHG WR EH SURJUDPPHG LQ D
VWUXFWXUDOKHDOWKPRQLWRULQJV\VWHPWRKHOSZLWKWKHGDPDJHGHWHFWLRQDQGSUHGLFWWKHUHVSRQVH
RIWKHGDPDJHGVWUXFWXUHWRGHFLGHLIWKHVWUXFWXUHFDQUHPDLQLQWKLVZD\RULIPDLQWHQDQFH
ZRUNV VKRXOGEHFDUULHG RXW7KHPRGHOHVWLPDWLRQLV EDVHGRQWKHPRGDOSURSHUWLHV VR WKH
SURSRVHG SURFHGXUH KDSSHQV LQ WZR ZHOO VHSDUDWHG VWDJHV GXULQJ WKH ILUVW VWDJH WKH PRGDO
SURSHUWLHVDUHHVWLPDWHGIURPH[SHULPHQWDO)UHTXHQF\5HVSRQVH)XQFWLRQV )5)V WKHVHFRQG
VWDJHLVGHYRWHGWRHVWLPDWHWKHSK\VLFDOPRGHOIURPWKHPRGDORQH
7KHDUWLFOHILUVWSUHVHQWVWKHWKHRUHWLFDOEDFNJURXQGQHHGHGWRVHWWOHDQRPHQFODWXUHLQ6HF
WLRQ6HFWLRQLVHQWLUHO\GHYRWHGWRGHYHORSLQJWKHPHWKRGRORJ\DQG6HFWLRQVKRZVDQ
H[DPSOHRIDSSOLFDWLRQ6HFWLRQLVFHQWUHGRQDGLVFXVVLRQDERXWWKHDGYDQWDJHVDQGGUDZ
EDFNVRIWKHSURSRVHGPHWKRGRORJ\ILQLVKLQJWKHDUWLFOHZLWKDVHWRIFRQFOXVLRQV
2

THEORETICAL BACKGROUND

(YHU\ OLQHDU V\VWHP FDQ EH GHVFULEHG ZLWK WKH V\VWHP RI GLIIHUHQWLDO HTXDWLRQV RI (T 
FKDUDFWHUL]HGE\WKHUHDOYDOXHGDQGV\PPHWULFPDVV 0 GDPSLQJ ' DQGVWLIIQHVV . PD
WULFHVZKHUHTUHSUHVHQWVWKH1GHJUHHVRIIUHHGRPRIWKHVWUXFWXUHDQGIVWDQGVIRUWKHG\QDPLF
IRUFHVDFWLQJRQWKHP$FFRUGLQJWRWKHFKRVHQGDPSLQJPRGHOWKHV\VWHPRIGLIIHUHQWLDOHTXD
WLRQVFKDQJHV>@(TDUHSUHVHQWVWKHV\VWHPRIHTXDWLRQVIRUYLVFRXVGDPSLQJPRGHODQG
(TEIRUVWUXFWXUDOGDPSLQJPRGHO
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ݍܯሷ ሺݐሻ  ݍܦሶ ሺݐሻ  ݍܭሺݐሻ ൌ ݂ሺݐሻ
ݍܯሷ ሺݐሻ  ሺ ܭ ݆ܦሻݍሺݐሻ ൌ ݂ሺݐሻ

D 
E 


$IWHUWUDQVIRUPLQJ(TWRWKHIUHTXHQF\GRPDLQ(TLVREWDLQHGIURPZKLFKWKHG\QDPLF
VWLIIQHVVFDQEHGHILQHGIRUHDFKGDPSLQJPRGHO (TDIRUYLVFRXVGDPSLQJDQG(TEIRU
VWUXFWXUDOGDPSLQJ 7KHLQYHUVHRIWKHG\QDPLFVWLIIQHVVLVWKHFRPPRQO\NQRZQDV)UHTXHQF\
5HVSRQVH)XQFWLRQV )5)V PDWUL[+ Z ZKRVHURZVRUFROXPQVDUHXVXDOO\HVWLPDWHGVHSD
UDWHO\E\PHDQVRIH[SHULPHQWDOWHVWVDQGLWFDQEHGHPRQVWUDWHGWKDWRQO\RQHZHOOVHOHFWHG
RIWKLVURZVRUFROXPQVSURYLGHVHQRXJKLQIRUPDWLRQWRHVWLPDWHWKHPRGDOSURSHUWLHVRIWKH
WHVWHGVWUXFWXUH


ܩሺ߱ሻܳሺ߱ሻ  ൌ ܨሺ߱ሻ






ܩሺ߱ሻ ൌ െ߱ଶ  ܯ ݆߱ ܦ ܭ
ܩሺ߱ሻ ൌ െ߱ଶ  ܯ  ܭ ݆ܦ

D 
E 

7KHPRGDOSURSHUWLHVRIDVWUXFWXUHDUHGHILQHGDVDZD\WRVROYH(T$VVXPLQJDFRPSOH[
H[SRQHQWLDOUHVSRQVHWKHVROXWLRQWRWKHKRPRJHQHRXVV\VWHPFDQEHREWDLQHGE\VROYLQJILUVW
WKHHLJHQSUREOHPRI(TDIRUYLVFRXVGDPSLQJDQG(TEIRUVWUXFWXUDOGDPSLQJZKLFK
PXVWEHYHULILHGIRUDOOWKHmSDLUVRIHLJHQYDOXHVDQGHLJHQYHFWRUVRIWKHVWUXFWXUH7KHFRP
SOH[YDOXHG HLJHQYHFWRUV߶ DUH FDOOHG PRGH VKDSHV RI WKH VWUXFWXUH DQG WKH HLJHQYDOXHVݏ 
FRQWDLQWKHQDWXUDOIUHTXHQF\߱ DQGGDPSLQJUDWLRߞ RUߟ GHSHQGLQJRQWKHGDPSLQJPRGHO
VHH(TDYLVFRXVGDPSLQJDQG(TEVWUXFWXUDOGDPSLQJ :KHQWKHPRGDOLQIRUPDWLRQLV
FDOFXODWHG DQDO\WLFDOO\ WKH QXPEHU RI REWDLQHG PRGHV LV HTXDO WR WKH QXPEHU RI GHJUHHV RI
IUHHGRP m  N  +RZHYHU LI WKH\ DUH HVWLPDWHG WKURXJK DQ H[SHULPHQWDO PRGDO DQDO\VLV
(0$ WKLVQXPEHULVXVXDOO\ORZHU m N DQGWKHPRGHOLVVDLGWREHLQFRPSOHWH



ሺݏଶ  ܯ ݏ  ܦ ܭሻ߶ ൌ Ͳ
ሺݏଶ  ܯ  ܭ ݆ܦሻ߶  ൌ Ͳ

D 
D 




ݏ ൌ െ߱ ߞ  ݆߱ ඥͳ െ ߞଶ 
ݏଶ ൌ ߱ଶ ሺͳ  ߟ ሻ

D 
E 

7KHPRGHVKDSHVYHULI\VRPHRUWKRJRQDOLW\HTXDWLRQVUHVSHFWWRWKHSK\VLFDOPDWULFHV7KHVH
HTXDWLRQVFDQEHGLYLGHGLQWRWZRJURXSVRQHDVVRFLDWHGWRWKHPDVVPDWUL[DQGDQRWKHUWRWKH
VWLIIQHVVRQHDVVKRZQLQ(TV IRUYLVFRXVGDPSLQJPRGHO DQG(TV IRUVWUXFWXUDOGDPS
LQJPRGHO ZKHUHȰ ൌ ሾ߶ଵ ǥ ߶ ሿLVWKHPRGHVKDSHPDWUL[ZKRVHFROXPQVFRQWDLQWKH
PRGHVKDSHVܵVWDQGVIRUWKHHLJHQYDOXHPDWUL[DGLDJRQDOPDWUL[FRQWDLQLQJWKHmHLJHQYDO
XHVDQGܫ LVWKHm ྶmLGHQWLW\PDWUL[1RWHWKDWE\GHILQLWLRQPRGHVKDSHVDUHQRWXQLTXHO\
GHILQHGDQGWKH\FDQEHVFDOHGDUELWUDULO\,WLVFRPPRQKRZHYHUWRVFDOHWKHPWRPDNHWKH
RUWKRJRQDOLW\SURSHUWLHVKDYHWKHULJKWVLGHVVKRZQLQ(TVDQG



Ȱ୲ ܥȰ  ܵȰ୲ ܯȰ  Ȱ௧ ܯȰܵ ൌ ܫ 
Ȱ୲ ܭȰ െ ܵȰ୲ ܯȰܵ ൌ െܵ

D 
E 




Ȱ୲ ܯȰ ൌ ܫ 
Ȱ୲ ሺ ܭ ݆ܦሻȰ ൌ ܵ ଶ

D 
E 

7KDQNVWRWKHPRGDOSURSHUWLHVWKHFDOFXODWLRQRI)5)VFDQEHVLPSOLILHGWRWKHH[SUHVVLRQV
VKRZQLQ(TDIRUYLVFRXVGDPSLQJDQG(TEIRUVWUXFWXUDOGDPSLQJ7KLVUHSUHVHQWDKXJH
DGYDQWDJHLQWHUPVRIFRPSXWDWLRQHIILFLHQF\LQUHODWLRQZLWKLQYHUWLQJ(TDQGPDNHVSRVVL
EOHLGHQWLILFDWLRQWHFKQLTXHVOLNHWKHFXUYHILWWLQJPHWKRGSURSRVHGLQWKHQH[WVHFWLRQ
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ܪሺ߱ሻ ൌ Ȱ ቂ݀݅ܽ݃ ቀఠି௦ ቁቃ Ȱ୲ 
ೝ

ଵ

ܪሺ߱ሻ ൌ Ȱ ቂ݀݅ܽ݃ ቀ௦మ ିఠమቁቃ Ȱ୲ 

D 
E 

ೝ

(TUHSUHVHQWWKHVWDUWLQJSRLQWRIWKHPHWKRGRORJ\SUHVHQWHGLQWKLVDUWLFOHDQGGHWDLOHGLQ
WKHQH[WVHFWLRQ
3

METHODOLOGY

7KHPHWKRGRORJ\VWDUWVE\SHUIRUPLQJDFRPSOHWHPRGDOWHVWWRWKHVWUXFWXUH,WLVQHFHVVDU\
WRGLVWULEXWHDVHWRIVHQVRUVRQWKHVWUXFWXUHDQGPHDVXUHERWKLQSXWVDQGRXWSXWVLQ NZHOO
VHOHFWHGGHJUHHVRIIUHHGRP7KHQE\PHDQVRIDQHVWLPDWRUOLNH++RU+YDPRQJRWKHUV
WKH)5)VKDYHWREHFDOFXODWHG$VVWDWHGEHIRUHRQO\D ZHOOVHOHFWHGURZRUFROXPQRIWKH
)5)VPDWUL[+ Ȧ LVQHHGHGWRFRPSOHWHO\H[WUDFWWKHPRGDOLQIRUPDWLRQRIWKHmPRGHVLQVLGH
WKHPHDVXUHGIUHTXHQF\UDQJH
7KHUHDUHVHYHUDOZD\VWRHVWLPDWHWKHPRGDOSURSHUWLHVIURPWKH)5)VEXWWKHFXUYHILWWLQJ
PHWKRGLVSURSRVHGLQWKLVZRUNWRHVWLPDWHDWWKHVDPHWLPHDOOWKHUHTXLUHGPRGDOLQIRUPDWLRQ
$OVRWRPDNHWKHSURFHGXUHVOLJKWO\PRUHLQGHSHQGHQWIURPWKHXVHUDYDU\LQJRUGHUSURFHGXUH
LV DSSOLHG ,Q WKLV ZD\ WKH RUGHU RI WKH PRGDO PRGHO LV YDULHG IURP D PLQLPXP YDOXH WR D
PD[LPXPVHTXHQWLDOO\SHUIRUPLQJDFXUYHILWWLQJWRWKHH[SUHVVLRQVLQ(TDQGHQDEOLQJWR
GUDZDVRUWRIVWDELOLW\GLDJUDPOLNHWKHRQHVVKRZQLQ)LJXUH,QRWKHUZRUGVVHYHUDOPRGDO
PRGHOVDUHHVWLPDWHGDVVXPLQJGLIIHUHQWQXPEHUVRIPRGHVLQVLGHWKHPHDVXUHGIUHTXHQF\EDQG
HDFKRIZKLFKGLIIHUHQWO\ILWVWKHH[SHULPHQWDO)5)V7KHJRRGQHVVRIILWLVHYDOXDWHGWKURXJK
WKHVXPRIVTXDUHGHUURUEHWZHHQWKHH[SHULPHQWDODQGWKHFDOFXODWHGUHDODQGLPDJLQDU\SDUWV
RIWKH)5)VDQLQGLFDWRUZKLFKVKRXOGPRQRWRQRXVO\GHFUHDVHZLWKWKHPRGHORUGHU)LQDOO\
VLQFHWKHXSSHUERXQGIRUWKHPRGHORUGHUFDQEHSRWHQWLDOO\KLJKOHDGLQJWRDPRGHOZLWKDQ
RUGHUXQQHFHVVDULO\KLJKLWFDQEHXVHIXOWRGHILQHDQHUURUWKUHVKROGXQGHUZKLFKD FHUWDLQ
PRGDOPRGHOFDQEH³DFFHSWDEOH´IRUHQJLQHHULQJSXUSRVHV7KHYDOXHRIWKLVWKUHVKROGVKRXOG
EH DGDSWHG DFFRUGLQJ WR WKH HQJLQHHU H[SHUWLVH WKH DLP RI WKH VWUXFWXUH DQG WKH NLQG RI WKH
VXEVHTXHQWDQDO\VLVWREHSHUIRUPHGZLWKWKHPRGHO7KHILUVWRUGHUZKRVHPRGDOPRGHOPHHWV
WKHHUURUWKUHVKROGLVUHWDLQHGDVWKHLGHQWLILHGPRGDOPRGHOIRUWKHVWUXFWXUH
2QFHWKHPRGDOSURSHUWLHVKDYHEHHQLGHQWLILHGWKH\DUHXVHGDVLQSXWVWRWKHSK\VLFDOPDWUL[
HVWLPDWLRQ7KLVWHFKQLTXHDLPVWRFDOFXODWHWKHIXOOVHWRISK\VLFDOPDWULFHV0.DQG'WKDW
VDWLVILHVDOOWKHUHODWLRQVKLSVDQGFRQGLWLRQV SUHVHQWHGLQ6HFWLRQ)RUGRLQJ LWLQWKHPRVW
JHQHUDOZD\LQWKLVZRUNUHZULWLQJ(TVDQGIRUYLVFRXVGDPSLQJRUIRUVWUXFWXUDOGDPS
LQJDVDOLQHDUV\VWHPRIHTXDWLRQVLVSURSRVHG7KHXQNQRZQVRIVXFKDV\VWHPDUHWKHHOH
PHQWVRIWKHSK\VLFDOPDWULFHVDVVWDWHGLQ(T,QWKLVVLPSOHHTXDWLRQݔெ FRQWDLQVDOOWKH
WHUPVRIWKHPDVVPDWUL[ݔ WKHWHUPVRIWKHVWLIIQHVVPDWUL[DQGݔ WKHRQHVFRUUHVSRQGLQJWR
WKHGDPSLQJPDWUL[1RWHWKDWWKHWHUPVLQݔெ ݔ DQGݔ FDQEHDUUDQJHGDVGHVLUHGDVORQJDV
WKHFROXPQVRIܣDUHDUUDQJHGDFFRUGLQJO\
ݔெ

 ܣ ݔ ൩ ൌ ܾ
ݔ
,QWKHIROORZLQJVHFWLRQVWKHGLIIHUHQWNLQGRIHTXDWLRQVDUHVXPPHGXSIRUFODULW\
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3.1 Eigenproblem equations
3UHVHQWHGLQ(TIRUHDFKGDPSLQJPRGHOWKHVHHTXDWLRQVUHSUHVHQWWKHEDVLFUHODWLRQVKLS
EHWZHHQWKHPRGDOLQIRUPDWLRQDQGWKHSK\VLFDOPDWULFHV6LQFHHYHU\SDLURIHLJHQYDOXHDQG
HLJHQYHFWRUOHDGVWRDFROXPQYHFWRURIN]HURHVDQGmSDLUVKDYHEHHQLGHQWLILHGWKHUHDUHD
WRWDO RI mN HLJHQSUREOHP HTXDWLRQV VKRZQ LQ (T  7KH WHUPV LQ PDWUL[ܣ  RI VL]H
mNྶN DUH FRPSRVHG RI HLJHQYHFWRU HOHPHQWV VRPH RI WKHP PXOWLSOLHG E\ WKHLU FRUUH
VSRQGLQJHLJHQYDOXHV7KHDVVRFLDWHGmNWHUPVLQYHFWRUܾ DUHHTXDOWR
ݔெ
 

ܣ  ݔ ൩ ൌ ܾ ൌ Ͳ
ݔ
3.2 Orthogonality equations
$OWKRXJKGHULYHGIURPWKHHLJHQSUREOHPUHODWLRQVKLSWKHRUWKRJRQDOLW\HTXDWLRQV (TV
DQG DUHOLQHDUO\LQGHSHQGHQWRIWKHP7KHFRUUHVSRQGLQJWHUPVLQܣ௧ PDWUL[ (T DUH
FDOFXODWHG E\SURGXFWV RIGLIIHUHQW HLJHQYHFWRUV HOHPHQWV DQGLQ WKHYLVFRXVGDPSLQJ FDVH
VRPHRIWKHPDUHDOVRPXOWLSOLHGE\WKHLUFRUUHVSRQGLQJHLJHQYDOXHV7KHWHUPVLQYHFWRUܾDUH
QRWDOOQXOOEHLQJVRPHRIWKHPHTXDOWRDQGRWKHUHTXDOWRWKHHLJHQYDOXHVDFFRUGLQJWR
(TVDQG$SULRULWKHUHDUHmRUWKRJRQDOLW\HTXDWLRQVEXWWKDQNVWRWKHLQKHUHQWV\P
PHWU\RIPRGDOPDWULFHVWKLVQXPEHUFDQEHUHGXFHGWRm m 
ݔெ
 

ܣ௧  ݔ ൩ ൌ ܾ௧ 
ݔ
3.3 Symmetry equations
3K\VLFDOPDWULFHVDUHW\SLFDOO\V\PPHWULF7KLVPHDQVWKDWVRPHRIWKH N2YDULDEOHVDUH
HTXDOWRVRPHRWKHUV7KLVIDFWFDQEHH[SUHVVHGLQDVHWRIN Ní HTXDWLRQV (T 
FRQWDLQLQJSDLUVRIDQG±FRUUHFWO\SODFHGLQWKHPDWUL[ܣ௦௬ WRWDNHDFFRXQWIRUWKLV7KH
FRUUHVSRQGLQJHOHPHQWVLQWKHYHFWRUܾ௦௬ DUH
ݔெ
 

ܣ௦௬  ݔ ൩ ൌ ܾ௦௬ ൌ Ͳ
ݔ
3.4 Real-valued system of equations
6LQFHPDWULFHVܣ DQGܣ௧ DQGYHFWRUVܾ DQGܾ௧ DUHFRPSOH[YDOXHGWKHJHQHUDOVR
OXWLRQRIWKHV\VWHPRIHTXDWLRQVZLOODOVREHFRPSOH[7RDYRLGWKLVDQGREWDLQUHDOYDOXHG
SK\VLFDOPDWULFHVILUVWVSOLWWKHPDWULFHVܣ YHFWRUܾ DQGYDULDEOHVYHFWRUݔLQUHDODQGLPDJL
QDU\SDUWVREWDLQLQJ(TZKHUH݅FDQVWDQGIRUµ݁݅݃¶RUµ¶ݐݎDQGVXEVFULSWVµ¶݁ݎDQGµ݅݉¶
VWDQG IRU UHDO DQG LPDJLQDU\ SDUWV UHVSHFWLYHO\ 7KLV H[SUHVVLRQ FDQ EH H[SDQGHG DQG UHRU
JDQL]HGWRVHSDUDWHUHDODQGLPDJLQDU\SDUWV6LQFHWZRFRPSOH[QXPEHUVDUHHTXDOLIDQGRQO\
LIWKHLUUHDOSDUWVDUHHTXDODQGLPDJLQDU\SDUWVDUHHTXDODVZHOOWKHH[SUHVVLRQLQ(TPXVW
EHVDWLVILHGZKLFKKDVEHHQVLPSOLILHGDVVXPLQJWKDWݔ ൌ ͲZKLFKLVWKHFDVHKHUH



ሺܣǡ  ݆ܣǡ ሻሺݔ  ݆ݔ ሻ ൌ ܾǡ  ݆ܾǡ 

 

ܾǡ
ܣǡ 
൨ ݔൌ 
൨
ܣǡ 
ܾǡ

 



993

$OYDUR0DJGDOHQR-RVH06RULDDQG$QWROLQ/RUHQ]DQD

7KLVVWUDWHJ\FDQEHDSSOLHGWRWKHHLJHQSUREOHPDQGRUWKRJRQDOLW\HTXDWLRQVEHIRUHDVVHP
EO\WKHV\VWHPRIHTXDWLRQV WKHV\PPHWU\HTXDWLRQVDUHUHDOYDOXHG GRXEOLQJWKHLUQXPEHURI
HTXDWLRQV
3.5 Assembly and solution
2QFHWKHGLIIHUHQWSDUWVRIPDWUL[ܣDQGFROXPQYHFWRUܾKDYHEHHQEXLOWDVH[SODLQHGLQWKH
SUHYLRXVVHFWLRQVWKHFRPSOHWHPDWUL[ܣFDQEHDVVHPEOHGLQWRRQHVLQJOHV\VWHPRIHTXDWLRQV
RI(TWREHVROYHGIRUWKHSK\VLFDOXQNQRZQV
ܣǡ
Ͳ
ې
ܣǡ ݔ ۑெ
Ͳ ې
ۑ
ܣ௧ǡ  ۑ ݔ ൩ ൌ ܾ௧ǡ ۑ
ܣ௧ǡ ݔ ۑۑ
ܾ௧ǡ ۑ
ے Ͳ ۏ
ܣ ۏ௦௬ ے

 

(T  UHSUHVHQWV D V\VWHP RI OLQHDU HTXDWLRQV ZLWK 19$ N YDULDEOHV DQG D WRWDO RI
1(4 Nmm m N Ní LQGHSHQGHQWHTXDWLRQV%\FRPSDULQJ19$DQG1(4
WKUHHGLIIHUHQWVLWXDWLRQVFDQEHIRXQG
í 1(4 19$7KHV\VWHPFDQEHGLUHFWO\VROYHGE\WUDGLWLRQDOPHDQV
í 1(4 ! 19$ 7KH V\VWHP FDQ EH VROYHG XVLQJ D SVHXGRLQYHUVH DSSURDFK OLNH WKH
0RRUH3HQURVHSVHXGRLQYHUVHPDWUL[ZKLFKSURYLGHVWKHEHVWILWWLQJWRDOOHTXDWLRQV
PLQLPL]LQJWKHHUURULQDOHDVWVTXDUHVVHQVH
í 1(419$7KHV\VWHPFDQEHDOVRVROYHGXVLQJWKH0RRUH3HQURVHSVHXGRLQYHUVH
7KHREWDLQHGVROXWLRQH[DFWO\VDWLVILHVDOOWKHHTXDWLRQVEXWLWPD\QRWEHDGHTXDWH
DQGPRUHHTXDWLRQV UHVWUDLQWV PXVWEHLPSRVHG
$OWKRXJKWKHPRVWGHVLUDEOHVLWXDWLRQLVWKHILUVWRQHLWLVTXLWHXQFRPPRQWRKDYHWKHVDPH
DPRXQWRIOLQHDUO\LQGHSHQGHQWHTXDWLRQVDQGYDULDEOHV+DYLQJPRUHHTXDWLRQVWKDQYDULDEOHV
LVDIDUPRUHFRPPRQVLWXDWLRQLIWKHQXPEHURILGHQWLILHGPRGHVDSSURDFKHVWKHQXPEHURI
PRQLWRUHGGHJUHHVRIIUHHGRP,QWKLVFDVHDOOWKHHTXDWLRQVVKRXOGEHVDWLVILHGDWWKHVDPH
WLPHDQGWKHFORVHVWVROXWLRQWRWKDWVLWXDWLRQVKRXOGEHDFRQYHQLHQWSK\VLFDOPRGHO
+RZHYHUWKHPRVWW\SLFDOVFHQDULRRFFXUV ZKHQWKHQXPEHURILGHQWLILHGPRGHVLVTXLWH
ORZHUWKDQWKHQXPEHURIPRQLWRUHGGHJUHHVRIIUHHGRP1(419$,QWKDWFDVHDOWKRXJKDOO
HTXDWLRQVDUHH[DFWO\VDWLVILHGWKH\PD\QRWEHHQRXJKIRUWKHUHVXOWLQJPRGHOWREHFRQYHQLHQW
IRUIXUWKHUDSSOLFDWLRQVDQGVRPHDGGLWLRQDOHTXDWLRQVVKRXOGEHDGGHGWRWKHV\VWHP$PRQJVW
DOOWKHSUDFWLFDORSWLRQVRQO\WKHWRWDOPDVVHTXDWLRQLVFRQVLGHUHGLQWKLVZRUN7KLVHTXDWLRQ
DFFRXQWVIRUWKHWRWDOPDVVRIWKHVWUXFWXUHZKLFKFDQEHFDOFXODWHGDVWKHVXPRIWKHGLDJRQDO
WHUPVLQWKHPDVVPDWUL[DQGLWVYDOXHVKRXOGEHHVWLPDWHGSUHYLRXVO\E\PHDQVRIRWKHUWHFK
QLTXHV7KHDXWKRUVKDYHFRQVWDWHGWKDWLWLVRQO\QHHGHGDURXJKHVWLPDWLRQRIWKHPDVVIRUWKH
PHWKRGRORJ\WRZRUNDQGWKHFRQVHTXHQFHVRIDEDGHVWLPDWLRQKDYHQRWEHHQLQYHVWLJDWHG\HW
EXWLWPD\KDYHLPSRUWDQWGUDZEDFNVZKHQDSSO\LQJDQ\VWUXFWXUDOPRGLILFDWLRQ$OVRQRWHWKDW
RWKHUNLQGRIHTXDWLRQVFRXOGEHDOVRFRQVLGHUHGOLNHWKHQXOOLW\RIVRPHWHUPVEXWWKH\DUH
QRWFRYHUHGLQWKLVZRUN
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4

CASE STUDY

4.1 Structure and test description
$ODERUDWRU\VFDOHGVLPSOHVXSSRUWHGEHDPKDVEHHQWHVWHGIRULOOXVWUDWLQJWKHPHWKRGRORJ\
GHVFULEHGDERYH,WLVDPHWHUORQJDOXPLQLXPSURILOHZLWKDUHFWDQJXODUKROORZVHFWLRQRI
PPZLGWKPPKHLJKWDQGDWKLFNQHVVRIPP7KHVXSSRUWVDUHFRQFHLYHGLQVXFKD
ZD\WKDWWKH\FDQEHDSSUR[LPDWHGWRSHUIHFWO\SLQQHGVXSSRUWVDQGDQ\IULFWLRQHIIHFWFDQEH
QHJOHFWHG

/
/

1

F

/

/

3

4

2

 D 

// /

5

6

7

 E 

)LJXUH([SHULPHQWDOVHWXSVKRZLQJ D WKHSLFWXUHRIWKHEHDPZLWKWKHORDGFHOODQG E WKHVFKHPHZLWK
WKHSRVLWLRQRIWKHVHQVRUVZKHUH/LVWKHWRWDOOHQJWKRIWKHEHDP

7KHVWUXFWXUHVKRZQLQ)LJXUHDLVPRQLWRUHGE\PHDQVRIVHYHQDFFHOHURPHWHUVVRPHRI
WKHP EHLQJ SODFHG RQ WKH PD[LPD RI WKH PRGDO VKDSHV IRU WKH ILUVW WKUHH PRGHV ZKLFK DUH
H[SHFWHGWREHVLPLODUWR݊݅ݏሺ݇ߨݔȀܮሻZLWK݇ DQGDQGܮWKHWRWDOOHQJWKRIWKHEHDP
7KH DFFHOHURPHWHUV KDYH D VHQVLWLYLW\ RI  P9J DQG D PHDVXUHPHQW UDQJH RI J 7KH
H[FLWDWLRQLVLQGXFHGE\PHDQVRID KDPPHUZKRVHIRUFHLVTXDQWLILHGE\XVLQJDP99
NJORDGFHOODWWDFKHGWRWKHEHDPDWܮDVVKRZQLQ)LJXUHE)RUQRWORVLQJWKHV\PPHWU\
FDXVHGE\WKHORDGFHOODQHTXLYDOHQWDPRXQWRIULJLGPDVVKDVEHHQDGGHGDWܮ$OOWKH
VHQVRUVDUHFRQQHFWHGWRWKHDFTXLVLWLRQV\VWHPDFKDQQHO6,5,8667*6GDWDORJJHURI
WKHEUDQG'HZHVRIW)LJXUHVKRZVDQH[DPSOHRIUHFRUGHGIRUFHDQGWKHFRUUHVSRQGLQJDFFHO
HUDWLRQPHDVXUHPHQWRIWKHFROORFDWHGDFFHOHURPHWHU
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D

E

)LJXUH([DPSOHRIUHFRUGLQJEHWZHHQDQGV D $FFHOHUDWLRQDW ܮE 0HDVXUHGIRUFH

4.2 Frequency Response Functions and modal identification
)UHTXHQF\5HVSRQVH)XQFWLRQV )5)V DUHHVWLPDWHGXVLQJWKH+YHVWLPDWRUZKLFKLVGHILQHG
DVWKHJHRPHWULFPHDQRI+DQG+HVWLPDWRUVYHU\FRPPRQLQOLWHUDWXUH>@7KHPDJQLWXGH
DQGSKDVHSORWVRIWKHPHDVXUHG)5)VDUHVKRZQLQ)LJXUH7KHVHYHQ)5)VDUHXVHGDVLQSXWV
WRWKHPRGDOLGHQWLILFDWLRQSURFHGXUH%RWKJHQHUDOYLVFRXVDQGVWUXFWXUDOGDPSLQJDUHFRQVLG
HUHGLQSDUDOOHOLQWKLVZRUN$OVRWKHV\VWHPWREHLGHQWLILHGFRUUHVSRQGVWRWKHEHDPFRQWDLQ
LQJ WKH VHQVRUV DQG WKHLU FDEOHV DQG QR HIIRUW ZLOO EH GHYRWHG LQ WKLV ZRUN WR UHPRYH WKHLU
FRQWULEXWLRQWRWKHPRGDOSURSHUWLHVRUWRWKHSK\VLFDOPDWULFHV

)LJXUH([SHULPHQWDO)5)V

3HUIRUPLQJWKHFXUYHILWWLQJRIWKH)5)VWRWKHH[SUHVVLRQVLQ(TDWWKHVDPHWLPHDSSO\LQJ
WKHYDULDEOHRUGHUWHFKQLTXHGHVFULEHGLQ6HFWLRQOHDGVWRWKHVWDELOLW\GLDJUDPVVKRZQLQ
)LJXUHZKHUHLWFDQEHVKRZQWKHJRRGQHVVRIWKHPHWKRGRORJ\WRLGHQWLI\WKHPRVWHYLGHQW
PRGHV FRUUHVSRQGLQJWRWKHORFDOPD[LPD 6LQFHWKHUHDUHWKUHHHYLGHQWSHDNVLQWKH)5)V
WKHRUGHULVVHWWRYDU\EHWZHHQDQGPRGHV$VFDQEHVHHQWKHWKUHHPDLQSHDNVDUHHDVLO\
LGHQWLILHGDQGLIPRUHPRGHVDUHFRQVLGHUHG RULQWKLVFDVH WKHDOJRULWKPSODFHVWKHP
ZKHUHLWFDQEXWYHU\ORZPRGHVKDSHDPSOLWXGHVDQGKLJKYDOXHVRIGDPSLQJUDWLRV,QERWK
FDVHVWKUHHPRGHVDUHHQRXJKWRUHSUHVHQWWKHG\QDPLFEHKDYLRXURIWKHEHDP7KLVFDQEH
VWDWHGDOVRLQ)LJXUHZKHUHWKHHUURUHYROXWLRQLVVKRZQIRUHYHU\WHVWHGPRGHORUGHU)URP
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RUGHUWKUHHDQGDERYHWKHHUURUUHPDLQVZHOOXQGHUWZRPDJQLWXGHRUGHUVEHORZWKHLQLWLDOHUURU
YDOXH
7KHILQDOPRGDOSURSHUWLHVDUHVXPPHGXSLQ7DEOHDQGWKHDVVRFLDWHGPRGHVKDSHVDUH
GHSLFWHGLQ)LJXUH,WFDQEHVKRZQWKDWWKHLGHQWLILHGQDWXUDOIUHTXHQFLHVDUHWKHVDPHDQG
WKHYLVFRXVGDPSLQJIDFWRUVDUHDSSUR[LPDWHO\WKHKDOIRIWKHVWUXFWXUDORQHVDUHODWLRQVKLSWKDW
YDQEHDVVXPHGIRUORZGDPSHGVWUXFWXUHV7KLVPRGDOLQIRUPDWLRQLVQRZXVHGLQWKHQH[W
VHFWLRQWRHVWLPDWHWKHSK\VLFDOPDWULFHVRIWKHEHDP


0RGH
0RGH
0RGH

9LVFRXVGDPSLQJPRGHO
߱  +] 
ߞ 







6WUXFWXUDOGDPSLQJPRGHO
߱  +] 
ߟ 







7DEOH0RGDOSURSHUWLHVIRUERWKGDPSLQJPRGHOV


D


E
)LJXUH6WDELOLW\FKDUWVREWDLQHGIRU D VWUXFWXUDOGDPSLQJPRGHODQG E YLVFRXVGDPSLQJPRGHO
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)LJXUH(UURUHYROXWLRQIRUERWKVWUXFWXUDODQGYLVFRXVGDPSLQJPRGHOV

4.3 Physical matrices estimation
8VLQJWKHPRGDOSDUDPHWHUVHVWLPDWHGLQWKHSUHYLRXVVHFWLRQLWLVSRVVLEOHWRDVVHPEOHWKH
V\VWHPRIHTXDWLRQVRI(T)RUWKLVFDVHZLWKVHYHQPRQLWRUHGGHJUHHVRIIUHHGRPDQGWKUHH
LGHQWLILHGPRGHVWKHV\VWHPFRQWDLQVXQNQRZQVDQGDWRWDORIHTXDWLRQVRUWKRJR
QDOLW\HTXDWLRQVHLJHQSUREOHPHTXDWLRQVDQGV\PPHWU\HTXDWLRQV6LQFHWKHUHDUHPRUH
XQNQRZQVWKDQHTXDWLRQVLWPD\EHXVHIXOWRDGGWKHPDVVHTXDWLRQZKLFKLVHVWLPDWHGWREH
NJ6ROYLQJIRUWKDWV\VWHPPDWULFHVLQ(TDUHREWDLQHGIRUWKHYLVFRXVGDPSLQJPRGHO
DQGLQ(TIRUWKHVWUXFWXUDOGDPSLQJPRGHO)LJXUHVKRZVDQ)5)FRPSDULVRQEHWZHHQ
WKHH[SHULPHQWDORQHDWܮDQGWKHFDOFXODWHGXVLQJERWKREWDLQHGSK\VLFDOPRGHOV
െͲǤͶͺ െͲǤͳͲͺ െͲǤ͵ͷ െͲǤ͵Ͳ
െͳǤʹͳʹ െͳǤͶ െͲǤͲͻͺ
െͲǤ͵ͺͷ െͲǤͲͷ
െͳǤʹ
ܯൌ
݉ݕݏ
ۏ
െͲǤͳ͵Ͷ െͲǤͲͲ െͲǤͳ͵Ͳ െͲǤͺͻͻ
െͳǤͳͶͺ െͲǤ͵ʹ െͲǤ͵Ͳ
െͲǤͲʹͺ െͲǤͲͺͷ
െͳǤ͵Ͳͷ
ܭൌ
݉ݕݏ
ۏ
െͳǤʹʹ െͲǤ͵ͻͲ െͲǤͲͷ െͲǤʹ
െͲǤͻͶ െͲǤͲͳͻ െͲǤʹͻ
െͲǤͳͻͻ െͲǤͳͶʹ
െͲǤͺͲ
ܦൌ
݉ݕݏ
ۏ
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െͲǤͶͶͺ
െͲǤ͵ͷͳ
െͳǤͻͳ
െͲǤͺͺͳ
െʹǤͻͻͲ

െͲǤͳͶ
െͳǤͷͺʹ
െͲǤͳͻͻ
െͳǤͻʹͶ
െͲǤͲͶ
െͲǤͺ͵

െͲǤͳ͵Ͳ
െͲǤͷͲ
െͲǤͲʹͲ
െͲǤ͵ͷ
െͲǤʹͷͲ

െͲǤͷ͵ͻ
െͲǤͲͷ
െͲǤͲ͵ʹ
െͲǤͳͶ
െͲǤͲͺͺ
െͲǤͳͻͲ

െͲǤͲͳ
െͲǤʹͲͲ
െͲǤͳͲͻ
െͲǤͶͲʹ
െͲǤͲ͵ʹ

െͲǤ͵ʹʹ
െͲǤͲ͵Ͳ
െͲǤͳ͵
െͲǤͶͳʹ
െͲǤʹͺͶ
െͲǤʹͺͶ

െͲǤͶ
െͳǤͲͷ͵ې
ۑ
െͳǤ͵ͷͲۑ
െʹǤ͵Ͳ ۑ ͳͲଵ 
െͳǤͳͲۑ
െͲǤʹͻͶۑ
െʹǤ͵͵ے
െͲǤʹͻ
െͲǤͳې
ۑ
െͲǤͲ͵Ͷۑ
െͲǤͻ͵ʹ ۑ ͳͲସ 
െͲǤͲͶۑ
െͲǤͶͻͺۑ
െͲǤͺͲے
െͲǤͷͲ
െͲǤͲʹͺې
ۑ
െͲǤͳͻʹۑ
െͲǤͳͳ ۑ ͳͲଷ
െͲǤ͵͵ۑ
െͲǤ͵͵ͳۑ
െͲǤͶͺے
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െͳǤ͵͵ െͲǤͻͷ െͲǤͻͻ͵ െͲǤͲͷ
െͲǤͳͶͶ െͳǤ͵ͲͲ െͲǤͲͳ͵
െͲǤʹͻʹ െͲǤͲͳ͵
െͲǤͳͷͳ
ܯൌ
݉ݕݏ
ۏ
െǤʹͶͶ െͲǤͻͶ െͳǤʹͶ െʹǤ͵ͺͳ
െʹǤͻͶ െͲǤͻͷ െͳǤͳ͵
െͳǤͲͻͻ െͳǤʹͻ͵
െʹǤ͵ͺͶ
ܭൌ
݉ݕݏ
ۏ
െͳǤͳʹʹ െͲǤͶ െͲǤʹͷͺ െͲǤͷͺͶ
െͲǤͳͷʹ െͲǤͲ͵ͷ െͲǤ͵ͺʹ
െͲǤͲͶ͵ െͲǤʹͶ
െͲǤͲͺ
ܦൌ
݉ݕݏ

െͲǤͳ
െͲǤͺͲ
െͲǤͲͻͶ
െͲǤͲ͵
െͲǤͳͶͷ

െͲǤͶͳʹ
െͲǤͲͻͲ
െͲǤͳʹ
െͲǤͷʹͻ
െͲǤͳʹͶ
െͲǤ͵ͳ

െ͵Ǥͷͺͺ
െͳǤ͵Ͳͳ
െͲǤʹͲͷ
െ͵Ǥͳ͵ͺ
െͳǤͷͻͺ

ͷǤͶ͵ͳ
െͳǤͲ
െͲǤͷ͵Ͳ
െ͵Ǥ͵ͳͷ
െʹǤͶͶ
െͳǤʹʹͻ

െͲǤͷͳͷ
െͲǤͲͻͺ
െͲǤͳͺͲ
െͲǤͳ͵ͺ
െͲǤͲʹ

െͲǤͲ͵͵
െͲǤͲͳͶ
െͲǤͲͲ
െͲǤͲͷͺ
െͲǤͲ͵
െͲǤͲͲͶ

ۏ

െͳǤʹͲͶ
െͲǤͻͷې
ۑ
െͲǤͷͻͺۑ
െͲǤͷʹ ۑ ͳͲଷ 
െͲǤͲʹʹۑ
െͲǤ͵Ͳۑ
െͲǤͷͷے
ͷǤͲͲͺ
െʹǤͶͻ͵ې
ۑ
െͲǤͶ͵ۑ
െͶǤ͵Ͷͻ ۑ ͳͲଷ 
െʹǤͶͺ͵ۑ
െͳǤͳͳʹۑ
െͳǤͳͷͺے
െͲǤͳ
െͲǤͲͳې
ۑ
െͲǤͲʹۑ
െͲǤ͵Ͳͻ ۑ ͳͲସ
െͲǤͳͲͶۑ
െͲǤͲͶͲۑ
െͲǤͳͲͺے

D

E

F

)LJXUH&RPSDULVRQRI)5)VDWSRLQW/

7KHVL[SUHVHQWHGPDWULFHVDUHIXOODQGQRHOHPHQWVFDQEHVXSSRVHGWREH]HURDVLWFRXOG
EHH[SHFWHGIRUDPDWUL[LVVXHGIURPDILQLWHHOHPHQWDVVHPEOH7KLVPD\EHGXHWRVHYHUDO
UHDVRQVOLNHWKHIDFWWKDWLWLVDUHGXFHGPRGHO DVRUWRIG\QDPLFFRQGHQVHGPRGHO DQGWKH
HIIHFWRIWKHQRQPHDVXUHGGHJUHHVRIIUHHGRPKDYHEHHQLQKHUHQWO\DSSOLHGRQWKHPHDVXUHG
RQHV,WLVDOVRUHPDUNDEOHWKHSUHVHQFHRIQHJDWLYHWHUPVLQWKHSULQFLSDOGLDJRQDOVRIDOOPD
WULFHV0RUHRYHULWLVHTXDOO\UHPDUNDEOHWKHGLIIHUHQFHRIPDJQLWXGHRUGHUEHWZHHQERWKPRG
HOVVSHFLDOO\FRQFHUQLQJWKHPDVVPDWULFHVEHLQJLQJHQHUDOWKHPDWULFHVFRUUHVSRQGLQJWRWKH
YLVFRXVPRGHOVRPHPDJQLWXGHRUGHUVDERYHWKHVWUXFWXUDORQH$OWKRXJKERWKIDFWVVHHPWREH
FRXQWHULQWXLWLYHDQGKDUGWRH[SODLQERWKFRPELQDWLRQVRISK\VLFDOPDWULFHVOHDGWRWKHG\
QDPLFEHKDYLRXUUHSUHVHQWHGE\WKH)5)VLQ)LJXUHDQGVRERWKPRGHOVDUHH[SHFWHGWRUH
VSRQGLQWKHVDPHZD\DVWKHUHDOVWUXFWXUHZKHQVXEMHFWHGWRDFWLRQVLQWKHPHDVXUHGIUHTXHQF\
EDQG
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5

RESULTS DISCUSSION AND CONCLUSIONS

7KHSURSRVHGPHWKRGRORJ\LVHQWLUHO\EDVHGRQWKHHTXDWLRQVWKDWGHILQHWKHPRGDOSURSHU
WLHVDQGWKHLUUHODWLRQVZLWKWKHSK\VLFDOPDWULFHV1RQHZHTXDWLRQVRUUHVXOWVKDYHEHHQH[
WUDFWHGLQWKLVZRUNDQGKRZHYHUDQHDV\SRZHUIXODQGIDVWWRDSSO\PHWKRGRORJ\KDVEHHQ
GHYHORSHG8QOLNHRWKHUPHWKRGRORJLHVEDVHGRQRSWLPL]DWLRQDQGOLQHDUSURJUDPPLQJWHFK
QLTXHVWKDWUHTXLUHWKHLUWLPHWRFRQYHUJHWKHSVHXGRLQYHUVHDSSURDFKWRDUHFWDQJXODUV\VWHP
RIHTXDWLRQVSURYLGHVUHDVRQDEO\JRRGUHVXOWVLQDYHU\VKRUWWLPHODSVHVRPHWKLQJGHVLUDEOH
ZKHQLWLVWREHLPSOHPHQWHGLQDQDXWRPDWHG6+0V\VWHP
$OWKRXJKQRWIXOO\XQGHUVWDQGDEOHWKHWZRVHWVRIPDWULFHVH[DFWO\VDWLVI\DOOWKHHTXDWLRQV
SUHVHQWHGLQ6HFWLRQHYHQWKHRQHFRQFHUQLQJWKHWRWDOPDVVRIWKHEHDP7KHV\VWHPVRI
HTXDWLRQV ZHUH KRZHYHU XQGHUGHWHUPLQHG LQ ERWK FDVHV DQG WKH REWDLQHG VROXWLRQ YLD WKH
0RRUH3HQURVHLQYHUVLRQRQO\SURYLGHGRQHRIWKHLQILQLWHSRVVLEOHVROXWLRQV,WORRNVQHFHVVDU\
WRLPSOHPHQWRWKHUNLQGRIHTXDWLRQVDQGUHVWULFWLRQVIRUWKHYDULDEOHVWRFKDQJHWKLV
8QOLNHRWKHUPHWKRGRORJLHVEDVHGRQWKHSVHXGRLQYHUVLRQRIVRPHPDWULFHVWKLVSURFHGXUH
GRHVQRWSURYLGHUDQNGHILFLHQWSK\VLFDOPDWULFHV,QWKRVHFDVHVWKLVGHILFLHQF\ZDVFDXVHGE\
WKHGLIIHUHQFHEHWZHHQWKHQXPEHURIPHDVXUHGGHJUHHVRIIUHHGRPDQGWKHQXPEHURILGHQWL
ILHGPRGHV+HUHHYHQLIWKDWGLIIHUHQFHH[LVWVLWVHIIHFWLVFRPSHQVDWHGE\DGGLQJPRUHHTXD
WLRQVDQGLPSRVLQJIRUH[DPSOHWKHSK\VLFDOWHUPVWREHUHDO
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MODAL IDENTIFICATION OF STRUCTURES DURING STATIC
LOAD TESTING: INTERACTION EFFECTS.
Antolin Lorenzana1*, Alvaro Magdaleno1, Tomislav Jarak2, Roberto Martinez3, Antonio
Balmori3, Luis-AlfonsoBasterra3, Lara del Val4, Juan J. Villacorta4, Alberto Izquierdo4


,7$38QLYHUVLGDGGH9DOODGROLG
3DVHRGHO&DXFH9DOODGROLG6SDLQ
DOYDURPDJGDOHQR#XYDHVDOL#HLLXYDHV


)DFXOW\RI0HFKDQLFDO(QJLQHHULQJDQG1DYDO$UFKLWHFWXUH8QLYHUVLW\RI=DJUHE
,YDQD/XFLFD=DJUHE
WRPLVODYMDUDN#IVEKU



5HVHDUFK*URXSRI7LPEHU6WUXFWXUHVDQG:RRG7HFKQRORJ\8QLYHUVLW\RI9DOODGROLG
$YHQLGDGH6DODPDQFD9DOODGROLG6SDLQ
UREHUWRPDUWLQH]EDOPRULEDVWHUUD #DUTXYDHV


6LJQDO7KHRU\DQG&RPPXQLFDWLRQV'HSDUWPHQW8QLYHUVLW\RI9DOODGROLG
&DPSXV0LJXHO'HOLEHV9DOODGROLG6SDLQ
ODUYDOMXDYLODOEHUWRL]TXLHUGR #WHOXYDHV

Keywords:VWUXFWXUDOG\QDPLFVH[SHULPHQWDOPRGDODQDO\VLVVROLGRUOLTXLGOLYHORDGV
Abstract. Structures such as floors or bridges are usually tested, according to some standards,
in order to check some of their properties. Stiffness and modal parameters can be obtained
through static and dynamic testing. Usually, static testing consists in adding mass to the structure and measuring the additional deflection. For convenience reasons, the added mass is usually implemented with tanks of water. However, if the static testing scenario is used to conclude
modal parameters or dynamic serviceability assessment, it is necessary to ensure that the added
load is representative of the structure conditions during its life span. Although for static load
testing the results do not depend on the nature of the gravitational load, the same does not
occur when modal parameters are of interest. Whether the mass is solid (sandbags or concrete
blocks), liquid (water in tanks) or other types (as vehicles or people, etc.) greatly affects the
damping due to interaction phenomena. These interaction effects appeared in an attempt to
evaluate the damping on a wooden floor through traditional techniques (modal analysis using
a shaker and some accelerometers). With the floor without any load, the different modes of their
girders (one-way slab floor) could be easily identified and their frequencies and damping ratios
well quantified. However, when supporting water tanks, the identification procedure was a
challenging task. Trying to understand how the nature (solid or liquid) of the added mass affects,
six case studies based on a lab-scale structure are presented.

1002



$QWROLQ/RUHQ]DQDet. al.



1

INTRODUCTION

)LJXUHVKRZVDORDGWHVWRQDSHGHVWULDQWLPEHUEULGJH,WFRQVLVWVRIGLVWULEXWLQJVHYHUDO
ZDWHUILOOHGWDQNVDORQJLWVOHQJWKDQGPHDVXULQJWKHLQFUHDVHLQGHIOHFWLRQWRREWDLQWKHVWLII
QHVVRIWKHVWUXFWXUH7DNLQJDGYDQWDJHRIWKHLQVWUXPHQWDWLRQFDUULHGRXWFRXOGDPRGDODQDO
\VLVEHPDGHWRREWDLQWKHPRGDOSURSHUWLHV IUHTXHQF\DQGGDPSLQJUDWLRV RIWKHIRRWEULGJH
LQFURZGHGFRQGLWLRQV",QWKHVDPHZD\ILJXUHVKRZVDIXOOVFDOHODERUDWRU\WLPEHUIORRU
)RUWKHVDPHORDGWKHPRGDOSURSHUWLHVDUHYHU\GLIIHUHQWLIWKHORDGLVMXVWZDWHULQDSRRO OHIW 
RUSHRSOH(YHQLISHRSOHDUHVLWWLQJ FHQWHU RUVWDQGLQJ ULJKW WKHUHVXOWVDUHDOVRYHU\GLIIHUHQW


)LJXUH/RDGLQJWHVWLQDWLPEHUIRRWEULGJH





)LJXUH'LIIHUHQWORDGLQJFRQGLWLRQVLQDWLPEHUIORRU
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7U\LQJWRXQGHUVWDQGKRZWKHQDWXUHRIWKHDGGHGPDVVDIIHFWVILJXUHVKRZVWZRVFDOH
PRGHOV D³EULGJH´DQGD³VWRUH\EXLOGLQJ´ RQZKLFKWHVWVDUHEHLQJFDUULHGRXWE\ORDGLQJ
WKHVHPRGHOVZLWKZDWHUEDOORRQVDQGLQGXFLQJYHUWLFDOYLEUDWLRQV IRUWKHEULGJH RUKRUL]RQWDO
YLEUDWLRQV IRUWKHVWRUH\EXLOGLQJ ,QERWKFDVHVWHVWVFDQEHFDUULHGRXWE\PHDQVRIWKH
VWDQGDUGLQVWUXPHQWDWLRQFRQVLVWLQJRQDQLPSDFW RYHUDORDGFHOO DQGVHYHUDODFFHOHURPHWHUV
DOO WKH VLJQDOV EHHQ UHFRUGHG E\ D SURSHU GDWDORJJHU 3URFHVVLQJ DOO WKH GDWD H[SHULPHQWDO
PRGDODQDO\VLVPHWKRGRORJ\(0$>@ PRGHVKDSHVPRGDOGDPSLQJDQGQDWXUDOIUHTXHQ
FLHVFDQEHREWDLQHGE\LGHQWLILFDWLRQWHFKQLTXHV> 

)LJXUH/DEOD\RXW

2

CASE STUDIES DESCRIPTION

,QRUGHUWRGHVLJQDFRQWUROOHGODEWHVWDQGWRLGHQWLI\WKHLQWHUDFWLRQHIIHFWVWKHPRGHORID
VWRUH\EXLOGLQJ ILJXUH LVXVHG(DFKIORRUFRQVLVWVRIDPHWKDFU\ODWHSODWHULJLGHQRXJKWR
VXSSRVHWKHPWREHULJLGERGLHVIRUWKHSXUSRVHVRIWKLVZRUN7KH\DUHFRQQHFWHGWRHDFKRWKHU
DQGWRWKHJURXQGviaWZRDOXPLQLXPSODWHV7KHVHSODWHVYHU\VWLIILQRQHEHQGLQJGLUHFWLRQ
ZLWKUHVSHFWWRWKHRWKHUOLPLWWKHPRYHPHQWRIWKHEXLOGLQJPRGHOWRRQHKRUL]RQWDOGLUHFWLRQ

)LJXUH6FHQDULRVXQGHUVWXG\

6L[FDVHVWXGLHVDUHSUHVHQWHG ILJXUH $VDUHIHUHQFHRUEODQNVFHQDULRVWHHOQXWVRI
NJHDFKZHUHDGGHGRQWKHVHFRQGIORRU DFFRXQWLQJIRURIWKHWRWDOPDVVRIWKHIORRU
WKH ILUVW IORRU ZHLJKV WZLFH DV PXFK  $IWHU WKDW  RI WKH QXWV ZHUH UHSODFHG E\  EDOORRQV
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FRQWDLQLQJWKHVDPHPDVVLQZDWHU/DWHUWKHVDPHZLWKDQRWKHUQXWVDQGVRRQXQWLOWKHVROLG
PDVVHVZHUHDOOUHSODFHG,QWKHODVWVFHQDULRQXWVDQGEDOORRQVDUHUHSODFHGE\DWDQNFRQWDLQ
LQJWKHVDPHPDVVLQZDWHUFRQVWLWXWLQJDWXQHGOLTXLGGDPSHU 7/' ,QILJXUHDWOHIWQXWV
EDOORRQVDQGWKH7/'FDQEHVHHQ&DVH6666FRUUHVSRQGVWRWKHFDVHZKHUHDOOWKHDGGHGPDVV
LVVROLG QXWV ,QWKH666/FDVHRQHTXDUWHURIWKHVROLGPDVVLVUHSODFHGE\WKHHTXLYDOHQWLQ
ZDWHU FRQILQHGLQEDOORRQV ,QWKH66//FDVHKDOIRIWKHDGGHGPDVVLVVROLGDQGKDOILVOLTXLG
)LQDOO\LQWKH6///FDVHWKHDGGHGPDVVLVRQHTXDUWHUVROLGDQGWKUHHTXDUWHUVOLTXLGDQGLQ
WKHFDVH////FDVHDOOWKHDGGHGPDVVLVOLTXLG

3

METHODOLOGY

$VFDQEHJXHVVHGLQILJXUHOHIWWZR,(3(DFFHOHURPHWHUV P9J DUHLQVWDOOHGRQ
HDFKIORRU EOXHULQJ ERWKRULHQWHGWRPHDVXUHKRUL]RQWDODFFHOHUDWLRQV7KHH[FLWDWLRQFRQVLVWV
RI DQ LPSDFW DSSOLHG WR WKH ORDG FHOO  1 PD[  DOVR LQVWDOOHG LQ IORRU  UHG ULQJ  7KH
DFFHOHURPHWHUVDQGWKHORDGFHOODUHZLUHGWRDQDFTXLVLWLRQV\VWHP 6,5,86PRGHORIWKHEUDQG
'HZHVRIW DQGGDWDDUHUHJLVWHUHGDWVDPSOHVSHUVHFRQG,QILJXUHULJKW)5) +HVWL
PDWRU DUHREWDLQHGDIWHUHDFKLPSDFWDQGVHYHUDODYHUDJHV RU DUHFDUULHGRXWLQRUGHUWR
UHPRYHVRPHRIQRLVH


)LJXUH0RGDODQDO\VLVRQDLU




%RWK)5)V WKHRQHFRUUHVSRQGLQJWRWKHILUVWIORRURUDXWR)5)DQGWKHRQHRIWKHVHFRQG
IORRU  DUHILWWHGLQPDJQLWXGHDQGLQSKDVH WRDWKHRUHWLFDOV\VWHPRIGHJUHHVRIIUHHGRP HT
 LQZKLFKDJHQHUDOYLVFRXVGDPSLQJPRGHOKDVEHHQDVVXPHG


ܪ (߱) = σ
ୀଵ ൬

ఏೝೕ ఏೝೖ
ఠି௦ೝ

+
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)LJXUH&DVH6666)5)RIWKHILUVWIORRU OHIW DQGRIWKHVHFRQGIORRU ULJKW 

)RU WKH UHIHUHQFH FDVH 6666  ILJXUH  VKRZV WKH H[SHULPHQWDO)5)V LQ EOXH  DQG WKHLU
FRUUHVSRQGLQJILWWHGFXUYHV LQUHG ZKHQP $VFDQEHVHHQWKHV\VWHPILWVSHUIHFWO\ZLWKD
WZRGRIDVLQWHQGHG$IWHUWKHFXUYHILWWLQJSURFHVVWDEOHVKRZVWKHPRGDOSDUDPHWHUVLQ
FOXGLQJWKHPRGDOFRRUGLQDWHVRIWKHWZRPRGHVWKDWDUHSORWWHGLQILJXUH
)UHTXHQF\
(Hz)

'DPSLQJ
(%)

0RGDOFRRUGLQDWHV
floor1
floor2

0RGH





L

L

0RGH





L

L

7DEOH&DVH6666DIWHUFXUYHILWWLQJDQGPRGHVKDSHLGHQWLILFDWLRQ

)LJXUH$UJDQGSORWIRUPRGHV UHG DQG EOXH 
ȟ

Ȧ

Peak_floor1

Peak_floor2

ȟ

SSSS



Ȧ

Peak_floor1 Peak_floor2
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7DEOH0RGDOSDUDPHWHUDQGDFFHOHUDQFHYDOXHV
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)LJXUH&DVH66//)5)RIWKHILUVWIORRU OHIW DQGRIWKHVHFRQGIORRU ULJKW 

)LJXUH&DVH////)5)RIWKHILUVWIORRU OHIW DQGRIWKHVHFRQGIORRU ULJKW 

4

RESULTS

)ROORZLQJ D VLPLODU SURFHGXUH IRU WKH UHVW RI WKH FDVHVUHVXOWV RI WDEOH  DQG WDEOH  DUH
REWDLQHG)LJXUHVKRZVWKHDGMXVWHGFXUYHVIRUWKH66//FDVHDQGILJXUHIRUWKH////FDVH
,QERWKFDVHVWKHDGMXVWHGFXUYHVIRUWKH6666FDVHDUHVKRZQLQJUH\7DEOHDOVRVKRZVWKH
YDOXHVRIWKH DFFHOHUDQFH RI ERWK )5)V IORRU  DQG IORRU   IRU WKH SHDNV FRUUHVSRQGLQJWR
PRGHDQGPRGH$OOWKHVHYDOXHVDUHGUDZQLQWKHJUDSKVLQILJXUH
0RGHVKDSH
IORRU
6666 L

0RGHVKDSH
IORRU

L

666/

L

L

IORRU
L

IORRU
L

L

L

66//

L

L

L

L

6///

L

L

L

L

////

L
L
L

L
L
L

L

L

L

L

7/'

7DEOH0RGDOFRRUGLQDWHV
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)LJXUHD&DVH7/'6WDELOLW\GLDJUDP




$FWXDOO\WKHDGMXVWPHQWWRWKH7/'FDVHLVPRUHFRPSOLFDWHG3UHFLVHO\EHFDXVHRIWKHVSOLW
WLQJWKDWRFFXUVLQPRGHDVHWWLQJRIRUGHU P LQHT LVQHFHVVDU\)LJXUHDVKRZV
WKHVWDELOLW\GLDJUDPWRJHWKHUZLWKWKHILWWHG)5)V E IRUWKLVFDVH7KHYDOXHVIRUWKHVSOLW
PRGHDUHDOVRVKRZQLQWKHFRUUHVSRQGLQJWDEOHV


)LJXUHE&DVH7/')5)RIWKHILUVWIORRU OHIW DQGRIWKHVHFRQGIORRU ULJKW 




,QRUGHUWREHWWHUREVHUYHKRZWKHPRGDOSDUDPHWHUVHYROYHWKURXJKWKHGLIIHUHQWFDVHV)LJ
XUHVKRZVWKHDFFHOHUDQFHVRIWKHILUVWSHDN LQIORRUDQGIORRU WRJHWKHUZLWKWKHFRUUH
VSRQGLQJYDOXHRIWKHIUHTXHQF\RIWKHILUVWPRGH ILJXUHD DQGDOVRWKHPRGDOGDPSLQJ
UDWLR ILJXUHE 6LPLODUO\ILJXUHVFDQGGUHIHUWRWKHVHFRQGPRGH
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E

D

F

G
)LJXUH7UHQGVIRUIUHTXHQFLHVDFFHOHUDQFHVDQGGDPSLQJV

2QFHNQRZQWKHVFDOHGPRGDOFRRUGLQDWHV WDEOH LWLVDOVRSRVVLEOHWRHVWLPDWHWKHPRGDO
PDVVHVRIHDFKPRGHZKLFKLVVKRZQLQWDEOHDQGSORWWHGLQILJXUH

7DEOH0RGDOPDVVHVIRUHDFKFDVH

5

)LJXUH7UHQGVIRUPRGDOPDVVHV

CONCLUSIONS

$VWKHORDGFKDQJHVIURPVROLGWROLTXLGWKHIUHTXHQF\RIWKHPRGHUHPDLQVVHQVLEO\FRQ
VWDQW H[FHSWLQWKHVSOLW70'FDVH ZKLOHWKHIUHTXHQF\RIWKHPRGHVOLJKWO\LQFUHDVHV  
6LPLODUO\WKHDFFHOHUDQFHVGHFUHDVH RQDYHUDJHQRWFRXQWLQJRQWKH7/'FDVH DQGWKH
GDPSLQJLQFUHDVHV XSWRIRUPRGHDQGIRUPRGHQRWFRXQWLQJRQWKH7/'
FDVH 0RGDOPDVVHVGRQRWKDYHDGHILQHGWUHQG
$OOWKHVHLQWHUHVWLQJUHVXOWVPXVWEHFDUHIXOO\DQDO\VHG6LPLODUH[SHULPHQWVDUHSURSRVHG
IRUYHUWLFDOYLEUDWLRQVRQWKHEULGJHVFDOHPRGHO ILJXUH )XOOVFDOHWHVWVDUHDOVRSHQGLQJ
$IWHUWKHDQDO\VLVRIWKHHVWLPDWHG)5)VIRUDOOWKHVFHQDULRVLWZLOOEHFRQFOXGHGWKDWWKH
QDWXUH VROLGRUOLTXLG RIWKHDGGHGPDVVDIIHFWWKHPRGDOSURSHUWLHV,WLVNQRZQWKDWWKHOLTXLG
PDVVFDQSURYLGHQHZQDWXUDOPRGHV,QWKHFDVHWKHQHZPRGHVDUHFORVHWRWKHRQHVRIWKH
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RULJLQDOPRGHOUHOHYDQWFKDQJHVFRXOGDSSHDUEHFDXVHRIWKHLQWHUDFWLRQHIIHFWVEHLQJWKHVH
SKHQRPHQDVLPLODUWRWKHZRUNLQJSULQFLSOHRIWKHWXQHGOLTXLGGDPSHU FDVH7/'LQFOXGHG 
1RWHWKDWPRUHFXPEHUVRPHVFHQDULRVFDQDSSHDUZKHQFURZGVRFFXS\WKHIORRUVWUXFWXUH
>@)URPWKHH[SHULPHQWVFDUULHGRXWLWVKRXOGEHFRQFOXGHGWKDWWKHW\SLFDOVWDWLFORDGWHVW
VFHQDULRVSUHVHQWVRPHOLPLWDWLRQVZKHQXVHGWRSHUIRUPPRGDOLGHQWLILFDWLRQVRUG\QDPLFWHVWV
VLQFHWKH\PD\QRWGHVFULEHWKHDFWXDOFRQGLWLRQVRIWKHVWUXFWXUHGXULQJLWVQRUPDOXVH OLYH
ORDGLQJ 
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Abstract. The paper deals with structural damage identification in steel trusses. Classical
procedure based on dynamic measurements able to detect flexibility changes are complemented
with data predicting cracks and their evaluating by image processing. The procedure proposes
first a damage index, the Stiffness Reduction Factor (SRF), evaluated on the basis of the error
between the predictive truss model and the experimental modal model. Then, a nonlinear FEM
model is used to determine fatigue cracks in the truss nodes which are compared with the
observed ones determined by image processing. A real case study, the Quisi bridge located in
Spain, is used to show the potentiality of the procedure.
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1

INTRODUCTION

Steel truss railway bridges are subject to potential damage, mainly due to fatigue phenomena
and corrosion. The monitoring of infrastructures’ condition becomes a very important issue to
our society for detecting their damage. In last years, vibration-based damage identification
methods have been proposed in conjunction with other techniques. Even though the matter has
strongly exploited in the scientific community, the raising of innovative technologies in
mechatronics, robotics and Information and Communication Technology (ICT) opens up new
perspectives in facing the classical problems in the management of infrastructures [9]. Related
to this topic, two main research fields could have impact in the inspection and monitoring of
infrastructures: automated machine vision-based inspection and the classical structural
vibration monitoring. In the first area the use of mobile robots and UAV have strongly increased
the acquisition of images to sense the spatial characteristics of the environment, permitting the
creation of “cloud” of 3D points. The second area consists in a structural health monitoring
system to permit visualization and management of sensor data, data interpretation and analysis
and interaction with classical finite element model for structural behavior simulation and model
updating. Classical vibration-based monitoring acquires the structural dynamic response, and
the corresponding analysis obtains knowledge about the actual mechanical behavior of a
structure.
To assess the presence of damage in a steel truss railway bridge, a procedure that links
information derived by the vibrations of the bridge with image acquisition by means of longterm monitoring system, has been developed. The paper focuses first on the effects of damage
on the static and dynamical response of a nominal model of steel truss. For this purpose, damage
is described as a reduction of cross section area of one element of the truss. The direct problem
is addressed by FEM and the global modes are identified. The procedure for linear damage
detection is tested using pseudo-experimental data, that are generated from the model under
white noise. The main modal parameters of the dynamic system are evaluated, before and after
damage, using Stochastic Subspace Identification (SSI) method [6-8], based on the assumption
that the input is a realization of a stochastic process. The damage identification problem is
solved by minimizing an objective function.
A global model of the Quisi Bridge case study is made. The aim of the global analysis is the
investigation of the bridge structural behavior to evaluate the structural response due to train
crossing. Numerical simulations were conducted before and after damage to study the changes
in frequencies and mode shapes due to the presence of damage. In order to perform automatic
identification of structural modal parameters based on structural response (output) and to
calibrate the numerical global model on experimental data by model updating procedures, an
Operational Modal Analysis (OMA) procedure is applied with the purpose of achieve an
accurate estimation of natural frequencies. Results obtained from numerical analysis and
experimental dynamic tests are mixed together to identify critical details most subjected to
fatigue-induced cracks.
In particular, this work aimed at obtaining a better and more accurate comprehension of fatigue
phenomena which determine fatigue cracks under the application of a large number of cycles.
Thus, a local analysis of critical details is performed to assess the local stress induced by load
cycles and the resistance of principal elements.
Preliminary studies performed on the Quisi Bridge, are reported.
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2

A PROCEDURE FOR DAMAGE DETECTION IN A TRUSS SYSTEM

In order to assess the presence of damage in a truss structure based on vibration
measurements, a sensitivity analysis is performed on a planar truss model (Figure 1) to study
the defect-induced reduction of stiffness, (combination of damage intensity and extension).

Figure 1: Sketch along with sensor layout in the 2D numerical model.

The damaged truss element is defined and implemented through a classical FEM procedure in
which damage is described as a cross-section area reduction and the local stiffness matrix has
the following expression:
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where the damage intensity ζ and extent δ have been represented in non-dimensional form as:
ߞൌ

ாିா
ா

ǡ ߜൌ




ǡ Ͳ  ߞ  ͳǡ Ͳ  ߜ  ͳ

(2)

SRF is the Stiffness Reduction Factor which is a combination of these two parameters affecting
the stiffness and consequently the frequencies [10-11]. Several damage scenarios were
considered: the damage parameters were applied consecutively to truss element n. 2, 5 and 6
(Figure 1).
The dependence of the frequencies on the SRF is described by numerical evaluation FEM. The
procedure uses pseudo-experimental response, generated from the numerical model under white
noise. Vertical accelerations of the bridge were evaluated in several nodes of the model,
(indicated in red in Figure 1), and based on these measurements a dynamic identification of the
modal parameters was made by SSI in time domain. The inverse problem of damage
identification is addressed minimizing an objective function ࣦሺߞǡ ߜሻ based on frequency
measurements, that represents the comparison between the numerical and the experimental
dynamical response of the truss. The objective function ࣦሺߞǡ ߜሻ is defined as follows:
ࣦሺߞǡ ߜሻ ൌ
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ா
ேெ
and ߱ௗǡ
ሺߞǡ ߜሻ are the i-th experimental and numerical frequencies of the damaged
Where ߱ௗǡ
ா
represents the corresponding frequency in the undamaged
element respectively, while ߱௨ǡ
state. Only an optimum number of modes k are needed to be considered to univocally determine
the SRFሺߜǡ ߞሻ curve in the damage parameter plane ሺߜǡ ߞሻ. The number of modes that are
necessary to achieve a unique solution in the optimization problem depends on the position of
the damaged element in the truss. Figure 2 shows results of the performance of index ࣦ in the
detection of curve SRFሺߜǡ ߞሻvarying the number of modes k. The target point T is indicated
with red circle, and the corresponding Γ- curve, in red in Figure 2, is Γ (0.3;0.5) = 0.76923.
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Table 1 shows the performance of index ࣦ in the detection of the stiffness reduction factor Γ.
The number of modes depends on which damaged truss element is considered and on the effects
of the vibrational modes. Considering the first three mode of vibration is enough to determine
the stiffness reduction factor for this example.
The sensitivity-based strategy can use different type of objective functions and not only
frequencies: a modal assurance criterion (MAC and CoMAC); modal flexibility [5] or a
combination of the first options [2]. As reported below, a damage identification based on
changes in mode shapes is performed for the Quisi Bridge case study.

Figure 2: Effects of number of modes in the detection of SRFሺɁǡ Ƀሻcurve respectively in element 2, 5 and 6.

Mode
1
2
3
4
5
6

Element 2
Γ
Er [%]
0.7596
1.24
0.7617
0.90
0.7709
0.22
0.7714
0.28
0.7722
0.39
0.7724
0.42

Element 5
Γ
Er [%]
0.7958
3.46
0.7721
0.39
0.7722
0.40
0.7725
0.43
0.7726
0.44
0.7729
0.48

Element 6
Γ
Er [%]
0.7879
2.44
0.7852
2.08
0.7750
0.76
0.7766
0.97
0.7773
1.05
0.7778
1.12

Table 1: Performance of index ࣦ.

3

GLOBAL MODEL: QUISI BRIDGE CASE STUDY

The Quisi Bridge located in Benissa (Alicante) is an historic steel truss railway bridge, which
is investigated with different techniques to assess the presence of fatigue damages. It is a XX
century steel Bridge and it is part of the 9th FGV Railway Line. The structure consists in a topbearing Pratt type truss. It is 170 m long with six spans of different length (Figure 3).

Figure 3: Quisi Bridge.
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A 3D FE model of the main span permits to evaluate frequencies variation due to damage. Two
different damage scenarios (DS) are considered: the first one (DS1) affecting one element of
the main span with a stiffness reduction factor of 0.3, the second one (DS2) affecting a group
of elements of the truss.
The frequency variation for the first four modes in percentage are reported in the Table 2. The
frequency variation produced by damage appears to be quite low evidencing the needs of
introducing also other type of damage index based on mode shapes.
The changes of mode shape can be evaluated quantitatively using a well-known correlation
measure, the modal assurance criteria (MAC) between two modes shape ߶ e ߶ , as defined as:
ࡹ ൌ
Mode
1
2
3
4

ቚథ ήథೕೠ ቚ
మ

మ

(4)

మ

หథ ห ቚథೕೠ ቚ

DS 1
DS 2
(fiu-fid)/fiu [%] (fiu-fid)/fiu [%]
0.74
1.91
0.54
1.15
0.46
1.05
0.51
0.56

Table 2: Frequency variations due to the presence of different damage scenario (DS).

DS1

1
2
3
4
5
6
7

UN
1
0.984
0.016
0.000
0.000
0.000
0.000
0.000

2
0.016
0.984
0.000
0.000
0.000
0.000
0.000

3
0.000
0.000
0.999
0.000
0.000
0.000
0.000

4
0.000
0.000
0.000
0.999
0.000
0.000
0.000

5
0.000
0.000
0.000
0.000
0.999
0.000
0.000

6
0.000
0.000
0.000
0.000
0.000
1.000
0.000

7
0.000
0.000
0.000
0.000
0.000
0.000
1.000

DS2

1
2
3
4
5
6
7

0.8341
0.1648
0.000
0.000
0.000
0.000
0.000

0.1652
0.8346
0.000
0.000
0.000
0.000
0.000

0.000
0.000
0.9925
0.071
0.000
0.000
0.000

0.000
0.000
0.072
0.9925
0.000
0.000
0.000

0.000
0.000
0.000
0.000
0.9940
0.000
0.000

0.000
0.000
0.000
0.000
0.000
0.8293
0.1680

0.000
0.000
0.000
0.000
0.000
0.1679
0.8317

Scenario Mode

Table 3: MAC comparing modes from numerical model for damaged and undamaged scenarios. Bold indicates a
value calculated with the same mode from the scenario pair.

Table 3 presents MAC values comparing modes obtained by numerical FE model for DS1 and
DS2 with the undamaged scenario (UN). The calculated MAC values indicate little change in
mode shape for the first damage scenario, with MAC value larger than 0.98 for the first two
modes. Marked change in mode shape attributable to the second damage scenario are observed.
The most remarkable change occurs in the sixth mode with MAC decreasing to 0.82. A second
major change occurs in the first and seventh modes (MAC=0.83). However, in some cases,
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MAC fails to reflect the change in mode shape. Another well-known mode shape-derived
correlation measure, the coordinate modal assurance criteria (CoMAC), is examined herein. It
can be regarded as a point-wise measure of the correlation between two sets of mode shapes
and be defined for a measurement point (or degree of freedom) i as:
ࡹ ൌ

 ೠ
ቀσ
ೕసభቚథೕ థೕ ቚቁ
మ

మ


ೠ

σ
ೕసభቀథೕ ቁ σೕసభቀథೕ ቁ

మ

(5)

The CoMAC between the mode shapes of the damaged and corresponding undamaged
scenarios, can be calculated as presented in Figure 4. Although CoMAC is often taken as
damage locator for its space information, it might sometimes be affected by its low sensitivity
to damage, (as in DS2), and from confusing localization, (as in DS1).

Figure 4: CoMAC comparing modes obtained by numerical model of the main span.

4

EXPERIMENTAL TEST ON THE QUISI BRIDGE

For the Quisi Bridge an experimental dynamic identification of the main features characterizing
the dynamic behaviour of the structure, has be performed in order to calibrate the numerical
global model on experimental data by updating procedures. Experimental tests constitute a
reliable and effective tool for the evaluation of structural dynamic properties. They are
composed of experimental acquisitions, obtained recording vibrations of suitable key points of
the structure subjected to environmental excitations, and following numerical elaboration of
data. Three uniaxial accelerometers were placed on the bridge, one in each mid-span on the
right side of the bridge for the first test and on the left side for the second test. Starting from the
recorded data, the global modes are identified by Operative Modal Analysis technique (OMA)
[4], using the Stochastic Subspace Identification (SSI) in the time domain [1]. Data processing,
system identification and modal analysis were performed using MACEC, which is a MATLAB
toolbox developed for Experimental and Operational Modal Analysis by the Structural
Mechanics division of K.U. Leuven [7].
Figure 5 shows the stabilization diagram and the PSD for the main span of the Quisi bridge in
the first OMA test. The identified modal frequencies are reported in Table 4. A total of 4
frequencies for the first test, and 3 frequencies for the second test were identified based on
measured response only. In general, a very good accordance is achieved. Due to the low number
of accelerometers is not possible to also identified mode shapes.
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Figure 5: Stabilization diagram and PSD obtained by SSI.

Mode fnm [Hz]
1
2
3
4

5.05
5.42
7.30
15.48

OMA-test 2
OMA-test 1
fid [Hz] '[%] fid [Hz] '[%]
4.50
10.8
4.50
10.8
5.61
3.5
5.64
4
8.42
15
7.85
7.5
15.60
1

Table 4: Numerical model frequencies and identified by SSI ones.

5

LOCAL MODEL

The global analysis of the Bridge aimed at the investigation of bridge actual structural
performance under train passage, including the assessment of internal forces induced by train
into the critical details most subjected to vibration effects. The development of a numerical
global model is essential for the identification of the key points that permitting the proper
modelling also of critical details. Thus, using forces from the global FE model, it is possible to
perform an analysis of the steel connection. There are a lot of benefits of a detailed simulation,
first of all the possibility to study system with complex stress distribution, to reproduce
correctly local dynamic behaviors, the estimation of action and contact forces, the design of
retrofitting for steel connection damaged by corrosion or fatigue cracks. The correct evaluation
of local effects generally neglected or simply not consider by standard mechanical modelling
is one of the main issues of damage identification. The main effort is the identification of critical
details most exposed to damage phenomena, these details can be successful identified by a
preliminary analysis of bridge structural behaviour, by means of standard analysis properly
refined in order to catch a qualitative indication of local fatigue behaviour.
Once critical details are identified, a nonlinear static analysis can be obtained by means of
numerical local models able to represent properly the vibration/distortion phenomena that
influence intensity and distribution of stresses. The detailed model using shell FE and links
system, is developed by MIDAS-FEA software. The approach to model riveted connection in
detailed shell model is made through beam between two surfaces and a system of rigid links
between the master node, in the center of the hole, and the slave nodes lying on the
circumference of the hole (Figure 6).
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Figure 6: Details of local model.

5.1 Nonlinear static analysis
In this chapter a nonlinear static analysis is carried out. A nonlinear static analysis is a
procedure in which the magnitude of the structural loading is incrementally increased in
accordance with a certain predefined pattern. With the increase of the magnitude of loading
failure mode of the structure are found. Beam element stresses were extracted from the FE
global model (Figure 7). For each load step the nonlinear static response of the local model
was computed. The stress-strain relation is expressed by an elastic-linear strain hardening law.
The elastic-linear strain hardening model supposes that the continuous curve is approximated
with two straight lines, the first line has a slope of Young’s modulus, while the second straight
line presents an idealization for the strain hardening range and has a slope which corresponds
to the tangent modulus (Et ), where Et < E. Figure 8 (a-l) shows the distribution of the maximum
principal stresses at ten different steps of the incremental static analysis, that are reported in
Table 5. The analysis of the figure reveals maximum stress levels in the order of 673 MPa,
which represents high values. These maximum stresses are observed on the top of the diagonal
member, in the connection plate with the upper chord.
In the Figure 9 (a), the plasticity status obtained by nonlinear static analysis: (a-1) the blue
colour indicates the plastic zones that are potential crack locations, (i.e. the connection plate is
a plastic region). Figure 9 (a-2) shows a detail of the double strap joint with two rows of rivets
in the plate: from a static point of view both rows carry the same load which implies the same
stress on the rivets, but from a fatigue point of view the two rows are in a different position, the
holes in row B of the plate are loaded by PB only and in row A the same load PA is present on
the holes but the load already introduced in row B is also passing these holes. The latter load is
called a bypass load. Nevertheless, for this case study the holes in row A are more severely
loaded than holes in row B and thus will be more fatigue critical. Fatigue cracks will occur in
the row A cause of plastic deformation around the holes under static load. In the Figure 9 (b),
the flux of the principal stresses is highlighted by blue colour (compression) and red colour
(tension) lines with lengths proportional to the stress intensity.

Figure 7: (a-1) Actual photo of the critical point of the Quisi Bridge where fatigue phenomena could arise; (a-2)
Location of the potential fatigue critical node; (b) FE local model by MIDAS-FEA.
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Figure 8: (a-l) Maximum principal stresses obtained by static nonlinear numerical analysis.

Step

T [KN]

σI [MPa]

(a)

385

70.21

(b)

770

134.82

(c)

1155

203.13

(d)

1540

270.95

(e)

1925

338.39

(f)

2310

405.26

(g)

2695

472.58

(h)

3080

539.87

(i)

3465

607.17

(l)

3850

673.03

Table 5: Load steps applied and the corresponding maximum principal stress levels, for a finite element of the
model located in the upper side of the diagonal member.
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Figure 9: Results obtained by static NL numerical analysis: (a) plasticity element status of the joint: (a-1) the
blue colour indicates the plastic zones, (a-2) detail of the double strap joint with two rows of rivets at both side
of the joint; (b) flux of the principal stresses: blue colour indicates compression and red colour indicates tension.

5.2 Fatigue analysis
Fatigue failure is defined as the tendency of a material to fracture by means of progressive
brittle cracking under repeated alternating or cyclic stresses of an intensity considerably below
the normal strength. Although the fracture is of a brittle type, it may take some time to
propagate, depending on both the intensity and frequency of the stress cycles. All structures and
mechanical components that are cyclically loaded can fail by fatigue. Fatigue failure in
structures frequently occurs in joints. Understanding the fatigue mechanism is essential to
considering various technical conditions which affect fatigue life and fatigue crack growth.
Fundamental requirements during design and manufacturing to avoid fatigue failure are
different for each different case and should be considered during the design phase. Fracture
specifically describe the growth or propagation of a crack once it has been initiated and has
given rise to many so-called crack growth methodologies. Fatigue analysis can be performed
based on stress (stress-life method) and strain (strain-life method).
The stress-life method is mainly used for fatigue analysis under the condition of a low stress
level relative to the yield stress. The stress-life method predicts the extent of fatigue under a
given loading history using the relationship between the number of loading cycles (N) and stress
amplitude (S) at the time when failure occurs from a cyclically applied constant load. The S-N
curve shows the relationship between the stress amplitude (S) occurring from a cyclic loading
of constant amplitude applied to the structure and the number of cycles to failure (N) when the
stress of the corresponding amplitude is repeated. For a fatigue analysis using the stress-life
method, a linear elastic analysis on the structure is performed first, and then equivalent stresses
(such as principal stresses) are obtained. These stresses are then applied to an S-N curve to
predict the number of loading cycles required to reach the fatigue failure in conjunction with
detail category tables, to obtain a good estimation of the safety level of each detail on the bridge.
In Eurocode 3 [3], 14 S-N curves, which are equally spaced in log scale, as shown in Figure 10
(a), are defined. Each curve is characterized by the detail category ΔσC. The slope coefficient
m is equal to 3 for stress range above the constant amplitude fatigue limit (CAFL), ΔσD, at 5
million cycles, and equal to 5 for stress range between the CAFL and the cut-off limit, ΔσL, at
10 million cycles.
For riveted connections, Italian railways company imposed a value of 71 MPa, corresponding
to the detail category 71, see Figure 11 (b), where the nominal stress Δσ has to be calculated on
the net cross-section (gross cross-section minus section of rivet holes in the critical section).
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According to Eurocode 3 part 1-9, the fatigue strength value ΔσC is divided by γMF, so obtaining
ΔσD = ΔσC/ γMF = 71/1.35 MPa = 52 MPa. The fatigue strength curve is defined as follows:
ሺȟߪோ ሻ ܰோ ൌ ሺȟߪ ሻ ʹ ή ͳͲ ǡ݉ ൌ ͵݂ ܰݎ ͷ ή ͳͲ

(6)

ሺȟߪோ ሻ ܰோ ൌ ሺȟߪ ሻ ʹ ή ͳͲ ǡ݉ ൌ ͷ݂ݎͷ ή ͳͲ  ܰ  ͳ ή ͳͲ଼

(7)

ȟߪ ൌ ሺͷȀͳͲͲሻଵȀହ ȟߪ ǡሺܿ ݐݑെ ݐ݈݂݂݅݉݅ሻ

(8)

When several stress amplitudes exist, the degree of damage of a material is calculated by
accumulating individual damages from each of the stress amplitudes. Using the number of
cycles corresponding to a specific stress amplitude, ni, and fatigue life, Ni, the cumulative
damage is calculated using Equation (9). The fatigue life of a structure is the reciprocal of the
damage according to Equation (10).


 ݁݃ܽ݉ܽܦൌ σ ே



ଵ

 ݂݁݅ܮ݁ݑ݃݅ݐܽܨൌ 

(9)
(10)

The riveted single-track railway Bridge was built in 1917 and was in use until a few years ago.
After over 90 years of service, there is a motivation for assessment since the bridge has reached
the end of its design working life. Therefore, an assessment is carried out to determine the
residual service life of the bridge. Since the bridge has been in use for 94 years, there is a higher
probability of failure due to fatigue than due to static overloading.
Data on traffic was collected from the railway’s archives. A single type of locomotive has
transited this line, (Locomotive series 1000), as sketched in Figure 11.
Results of fatigue analysis performed using MIDAS-FEA are reported in Figures 12 and 13.
From the second fatigue result, it is noticed that there is no remaining fatigue life for elements
in blue colour, it had expired 4 years before the year in which this assessment was undertaken.
The member chosen for the analysis cannot be considered safe anymore. It should be noted that
each specific structural element has a different fatigue life.

Figure 10: (a) Fatigue strength curves for nominal stress ranges for structural steel components; (b) S/N curve
for the fatigue assessment of old riveted steel bridges.
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Figure 11: Sketch of Locomotive series 1000 and distance between axles and axle loads.

Figure 12: Fatigue analysis results in terms of damage: (a-1) - (a-2) detail views of damage contour.

Figure 13: Fatigue analysis results in terms of fatigue life: (a-1) fatigue life of the joint; (a-2) detail of the holes
in the diagonal element.

6

LONG-TERM MONITORING

An image acquisition by means of long-term monitoring system on the Quisi Bridge, permits
on one hand to improve the procedure and, on the other hand, to obtain the description of current
fatigue cracks on the bridge. On-site inspections were carried out by means of non-destructive
testing of the connections of the bridge. Gamma radiation radiographs, (gammagraphy), were
performed. The tests were performed by the TÜV SÜD ATISAE Laboratory and the test
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standard procedure UNE EN ISO 5579 was used. The gammagraphy was carried out in a total
of 160 connection geometry of the viaduct. The existence of cracks, cavities, inclusions, fusion
and penetration defects, imperfections in shape and dimensions and other types of imperfections
have been analyzed. In general, the state of the connections is very acceptable. However, small
fissures have been identified in four zones of the bridge, shown in Figure 14, 15 and 16. It is
worth noting that the first crack on the first isostatic span (Figure 14) and also the second crack
on the iperstatic span (Figure 15) are located down the rivet cap or in the interior of the plate
inside the union of several steel sheets. Through visual inspection it is not possible to detect
these cracks. The third crack, (Figure 16 (b)), could be an original failure dating back to the
stage of fabrication process of the rivet on the bridge; the fourth crack (Figure 16 (c)) is of the
same type as the first two. On the isostatic spans the cracks are in a similar position this could
be due to the loop effect generated by the train passage. No crack was observed in the position
subjected to local modeling. Thus, a second detailed local model is under realization.
The image processing of the crack images has been carried out through segmentation by
thresholding. Segmentation in a digital processing is a process of partitioning an image into
significant regions and it is used to extract objects from the image. As in Figure 17 the first step
is the thresholding that from a grayscale image returns a binary image, subsequently the noise
removal, in the third step the assessment of the boundaries of the identified regions, the regions
associated with the crack are the regions 3 and 4, and these will be therefore measurable
(parameter estimation of the crack). The same procedure is in progress for other crack images,
it is requiring pre-processing to highlight the crack from the background (Figure 18).
Based on the information extracted from the images acquisition and the newer local model
behavior, it will be possible to update the global model considering the presence of fatigue
crack.

Figure 14: (a) Bridge critical point where crack 1 is observed; (b) Gammagraphy of a crack identified; (c) Cross
view where the crack 1 is observed.

Figure 15: (a) Bridge critical point where crack 2 is observed; (b) Gammagraphy of a crack identified.

Figure 16: (a) Bridge critical point where cracks 3 and 4 are observed; (b) - (c) Gammagraphies of the two
cracks identified; (d) Cross view where the crack 4 is observed.
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Figure 17: The architecture of image processing based crack detection for crack 3.

Figure 18: Image preprocessing for crack 4.

Figure 19: Layout of the permanent monitoring system and types of sensors.

Figure 20: The architecture of image processing based crack detection.

7

CONCLUSIONS

A procedure to identify damage in a steel truss bridge has been proposed. The results
obtained through pseudo-dynamic testing and FEM analysis for a simple truss evidences the
obtainable resolutions in damage indicator with the increase of a number of modes. For the
main span of the Quisi Bridge the damage changes, affected both one single element and then
a group of elements, do not affect to the main frequencies of the bridge so, a mode shape based
method is performed. Natural frequency changes alone may not be sufficient for a unique
identification of the location of structural damage.
From the results of stress intensity obtained in the global model, the critical point is selected to
analyze the fatigue phenomena in the local model.
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Fatigue damage appears in the form of fatigue cracks and can occur in primary loaded or
secondary elements. Since fatigue failure is depending on the load spectra over the service life,
consequently, existing steel structures suffer more from fatigue and accumulate more damage
the older the bridges are.
Fatigue crack initiation in structural details is generally expected where stress concentrations
may occur, such as holes as showed by the presented detailed FEM model of a joint of the Quisi
Bridge. These results are comparable with the crack identified by Gammagraphy. More data
are expected for the Quisi Bridge in which a permanent monitoring system will be install even
with image acquisition. Figure 19 shows the experimental setup with an important number of
channels, the data acquisition is done under environmental condition.
Concerning the image-based detection of fatigue cracks, the general architecture of the method
is shown in Figure 20 and it includes: an initially collect the image of the structure which will
be subjected to the crack detection process (image acquisition), the pre-processing of the images
with segmentation, the crack detection using the result of the processed image and finally the
crack feature extraction that is the step in which the detected cracks are separated based on the
width, depth, area or length of the crack.
The available data will permit to perform a nonlinear model updating through an error criterion
based on crack pattern and frequency and modal shape variations.
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Abstract. The Frequency Domain Decomposition (FDD) method consists on identifying natural frequencies and mode shapes of structural and mechanical system as the peaks of a frequency plot. However, the damping ratio is not an output of FDD, but it is calculated in secondary step. In this work a new method is proposed to estimate the damping ratios. The idea
is to use maximum likelihood estimation, where the likelihood function is deﬁned in terms of
the innovations of the state space model. This is a highly nonlinear and complicated function
of the unknown parameters, so a numerical method must be used to ﬁnd the maximum. In this
work, the BFGS algorithm has been chosen. This method also allows quantifying the uncertainty of the parameters using the Hessian matrix. Due to the nature of the method, there are
not problems with closely spaced or repeated modes.
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1

INTRODUCTION

The Frequency Domain Decomposition (FDD) algorithm is maybe the most known and used
method to estimate modal parameters in Operational Modal Analysis. FDD was introduced as
an extension of the classical frequency domain Peak Picking approach [1]. The main advantage
of this approach is the fact that engineers and researchers can identify the modes of vibration of
their system as the peaks of a frequency plot. On the contrary, other sophisticated techniques
like Subspace methods are usually viewed as black boxes where the user looses the physical
meaning of the parameters.
Apart from the user-friendlinees of the method, FDD gives reasonable estimates of natural
frequencies and mode shapes. However, the damping ratio is not an output of FDD, but it is
calculated in secondary step [2]: once the natural frequency and mode shape are computed, the
contribution of this mode to the spectral density matrix is isolated and transformed back to the
time domain. Then, the damping ratio is computed from the corresponding free decay. This
two step method is called Enhanced Frequency Domain Decomposition (EFDD). Reference [3]
is an updated review of the most relevant works for damping estimation in the FDD context.
In this work a new method for the estimation of the damping ratio is proposed. Instead
of using free decays, the method proposes to estimate the damping ratios using the maximum
likelihood method. The likelihood function is deﬁned in terms of the innovations of the state
space model. This is a highly nonlinear and complicated function of the unknown parameters,
and among all the available numerical algorithms, the BFGS algorithm has been chosen to
ﬁnd the maximum of this function. This method also allows quantifying the uncertainty of the
parameters, speciﬁcally, the conﬁdence intervals of the estimates can be computed using the
Hessian matrix.
2

The FDD method
The vibrations of a mechanical/structural system, q(t) ∈ Rnq , are given by the equation:
Mq̈(t) + Cq̇(t) + Kq(t) = F(t)

(1)

We can change the coordinate system to modal coordinates by mean of the linear transformation:
q(t) = Φqm (t)
(2)
where qm (t) is the vibration in modal coordinates and Φ is the matrix of modal vectors. Let us
assume we are measuring the acceleration of ny selected points:
y(t) = Ly q̈(t)

(3)

We consider the contribution of only nm modes of vibration:
zm (t) = Lm qm (t)

(4)

where Ly ∈ Rny ×nq and Lm ∈ Rnm ×nq are selection matrices. Combining these equations we
have:
y(t) = Ly q̈(t) = Ly Φq̈m (t) = Ly ΦLT
(5)
m z̈m (t) = Φe z̈m (t)
ny ×nm
where Φe = Ly ΦLT
. The auto-correlation matrix of the responses is:
m ∈ R

Cy (τ ) = E[y(t + τ )y(t)T ] = Φe E[z̈m (t + τ )z̈m (t)T ]Φe T = Φe Cm (τ )Φe T
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Applying the Fourier Transform we obtain:
Gy (ω) = ΦGm (ω)ΦT

(7)

where Gm (ω) is the matrix of spectral densities in modal coordinates at a given frequency ω.
On the other hand, the singular value decomposition of matrix Gy (ω) is given by:
Gy (ω) = UDUT

(8)

where D is a diagonal matrix and UUT = I. The FDD method consists in taking Gm (ωi ) = D
and Φ = U, where ωi are the peaks of the spectral densities. Therefore:
• The modal frequencies are the peaks of the spectral densities, ω = ωi .
• The modal vectors are the column of the eigenvector matrix U computed at ω = ωi .
The method does not return the damping values. The most known and used approach for
computing the damping is the Enhanced FDD [2]. In this work we propose a maximum likelihood approach.
3
3.1

PROPOSED METHOD
The state space model and the likelihood function

Given the acceleration recorded in the structural/mechanical system, y1:n = {y1 , y2 , . . . , yn },
we model these data using the state space model:
xt+1 = Axt + wt
yt = Cxt + vt

(9)
(10)

where wt ∼ N (0, Q) and vt ∼ N (0, R). The model parameters are θ = {A, C, Q, R}. Using
the Kalman ﬁlter, this model can be written in the innovation form:
xt+1|t = Axt|t−1 + Ket
yt = Cxt|t−1 + et

(11)
(12)

where xt|t−1 = E[xt |y1:t−1 ] are the predicted states, K ∈ Rns ×ny is the Kalman gain and
et ∈ Rny are the innovations, with distribution et ∼ N (0, Σ). Therefore, the likelihood can be
written:
n

1 
−1
ly (θ) = −
ln |Σ(θ)| + eT
(13)
k (θ)Σ(θ) ek (θ)
2 k=1
3.2

Maximum likelihood estimation

Let us consider m natural frequencies Ω = {ω1 , ω2 , . . . , ωm } and modal vectors Φ =
{φ1 , φ2 , . . . , φm } computed with the FDD method. The corresponding unknown damping
ratios will be called Z = {ϕ1 , ϕ2 , . . . , ϕm }. The state space matrices can be deﬁned from them
(see [5] for details):
"
#


0
I
A=
(14)
, C = Φ −Ω2 −2ZΩ .
2
−Ω −2ZΩ
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We need to deﬁne the matrices Q and R for that modal frequencies, damping ratios and modal
vectors. We have not found closed formulas for that, so we have used the EM algorithm to
estimate them numerically ([6]).
The system matrices, and therefore the likelihood function, are functions of the unknown
damping ratios, θ = θ(Z). Equation (13) can be written as:

1 
−1
ly (Z) = −
ln |Σ(Z)| + eT
(Z)Σ(Z)
e
(Z)
k
k
2 k=1
n

(15)

This is a highly nonlinear and complicated function of the unknown damping ratios, Z. We
have chosen the BFGS algorithm to ﬁnd the maximum of this function.
4

RESULTS

We have simulated a 4DOF structural/mechanical system deﬁned by the following modal
properties:


Ω = 1.52 3.09 4.42 5.21 Hz,
(16)


Z = 2.00 1.43 1.44 1.50 %,
(17)
⎤
⎡
0.164 0.300
0.251 −0.484
⎢0.357 0.353 −0.050 0.608 ⎥
⎥
(18)
Φ=⎢
⎣0.581 −0.209 −0.460 −0.473⎦ .
0.711 −0.860 0.849
0.412
The response of this system to a simulated random force is given in Figure 1.

Figure 1: Simulated data.

First, we estimate the modal frequencies and
Figure 2. The results are:

Ω̂ = 1.56 3.16 4.41
⎡
−0.161 −0.276
⎢−0.347 −0.320
Φ̂ = ⎢
⎣−0.580 0.221
−0.718 0.878
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⎤

−0.240 −0.462
0.049
0.614 ⎥
⎥
0.434 −0.465⎦
−0.866 0.437

(19)
(20)
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We can check that results obtained with the FDD method are quite good.
The starting point for the BFGS algorithm was a damping ratio of 0.01 for the four modes.
We have used the BFGS algorithm included in Scipy 1.4.1. The estimated damping ratios can be
found in Table 1. The Table also include a 95% conﬁdence interval computed from the Hessian
matrix at the maximum.

Figure 2: Estimation of modal frequencies using the FDD method.

Theoretical values
Estimated values
Standard error
95% conf. interval
Lower limit
Upper limit

2.00
2.20
0.66

1.43 1.44 1.50
2.25 1.33 2.06
0.38 0.05 0.07

0.86
3.54

1.48 1.22 1.90
3.02 1.45 2.22

Table 1: Results using the proposed method.

5

CONCLUSIONS
• We have introduced the maximum likelihood estimation of damping in a FDD context.
• First, we have shown the likelihood function.
• The likelihood function is highly nonlinear, so a good algorithm for its maximization is
the BFGS.
• In the last section, we have shown the performance of the method with simulated data.
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A NUMERICAL INVESTIGATION OF NEW ALGORITHMS FOR THE
DRIVE-BY METHOD IN RAILWAY BRIDGE MONITORING

L. Bernardini, M. Carnevale, C. Somaschini K. MatsuokaA. Collina
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5DLOZD\7HFKQLFDO5HVHDUFK,QVWLWXWH
5DLOZD\'\QDPLFV'LYLVLRQ
+LNDULFKR.RNXEXQMLVKL7RN\R-DSDQ

Keywords:5DLOZD\EULGJHV'ULYHE\PRQLWRULQJ7UXVVVWUXFWXUHV6WHHOVWUXFWXUH,QGLUHFW
PHWKRGVIRU6+0&RQWLQXRXVZDYHOHWWUDQVIRUP &:7 
Abstract. Railway Infrastructure Manager increasingly demand for new and effective method
for the monitoring of infrastructure health, so that a relevant effort is being placed in the development of condition based monitoring and maintenance techniques for railway infrastructure. This includes track geometry, overhead contact line and the structural health of railway
bridges. This paper proposes an algorithm for the bridge monitoring of railway bridges,
based on accelerations measured on board train (drive-by method). The diagnostic algorithm
is developed and validated based on the results of a 3D numerical model simulating the dynamic interaction of the bridge/track/train structure. The analysis is focused on steel truss
bridges, on which the degradation of the connection of one diagonal element is simulated (e.g.
lose bolts, deteriorated welding). In comparison with previous research works, this paper
tries to overcome the need of comparison to a reference signal corresponding to the healthy
bridge, which is the technique on which most of literature papers rely on. This is achieved by
exploiting the roll component of the train (difference between right and left acceleration), excited as a consequence of the presence of the defect which generates an asymmetry in the
bridge behavior. The numerical results show good accuracy in damage identification and location, good robustness to vehicle speed, to the presence of electrical noise and, in the case of
a relevant damage, to track irregularity.
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1

INTRODUCTION

&RQGLWLRQEDVHGPRQLWRULQJDQGPDLQWHQDQFHWHFKQLTXHVIRUUDLOZD\LQIUDVWUXFWXUHDUHKRW
UHVHDUFKWRSLFVIRUDFDGHPLHVDQGUDLOZD\LQGXVWULHVUHJDUGLQJWUDFNJHRPHWU\RYHUKHDGFRQ
WDFWOLQHDQGWKHVWUXFWXUDOKHDOWKRIUDLOZD\EULGJHV>@>@>@0RVWRIUDLOZD\EULGJHVZHUH
GHVLJQHGVHYHUDOGHFDGHVDJRLQWKHPLGGOHRIWKHODVWFHQWXU\RUHYHQEHIRUHZKHQORDGLQJ
FRQGLWLRQV DQG WUDIILF YROXPHV ZHUH PXFK GLIIHUHQW DQG OLJKWHU WKDQ WRGD\ >@>@ 6RPH RI
WKHVH EULGJHV PD\ DOVR KDYH XQGHUJRQH GHWHULRUDWLRQ DQG FRUURVLRQ GXULQJ WLPH DQG WKH\
FRXOGQRZEHVWUXFWXUDOO\GHILFLHQW
7KH GLUHFW PRQLWRULQJ RI D VLQJOH EULGJH ZLWK GHGLFDWHG LQVWUXPHQWDWLRQ >@ ZKLFK LV D
FRPPRQSUDFWLFHLQWKHFDVHRIPDLQRUKLJKVSHHGOLQHVLVQRWDIHDVLEOHSURVSHFWLYHIRUWKH
HQWLUHUHJLRQDODQGLQWHUUHJLRQDOUDLOZD\OLQHVRIDFRXQWU\GXHWKHKXJHQXPEHURIEULGJHV
DQG WKH KLJK FRVWV UHODWHG &XUUHQW EULGJH PDLQWHQDQFH UHO\LQJ RQ YLVXDO LQVSHFWLRQV FDQ EH
HIIHFWLYH LI FOHDU SURWRFROV DUH IROORZHG DFFRUGLQJ WR WKH W\SRORJ\ RI EULGJH 7KH REYLRXV
GUDZEDFNRIYLVXDOLQVSHFWLRQLVWKHGHSHQGHQFHRQWRWKHH[SHULHQFHRIWKHLQVSHFWRUDQGDOVR
RQWKHSRVLWLRQRIWKHGDPDJHZKLFKRIWHQKDSSHQVWREHRQDKLGGHQPHPEHU0RUHRYHUWKH
WLPHLQWHUYDOEHWZHHQLQVSHFWLRQVPD\DOVRGHSHQGRQWKHDYDLODELOLW\RISHUVRQQHO)RUWKHVH
UHDVRQV LQ WKH ODVW \HDUV LQGLUHFW PHWKRGV KDYH EHHQ ORRNHG IRU UHO\LQJ RQ PHDVXUHPHQWV
DFTXLUHGRQWKHYHKLFOHZKLFKFURVVHVWKHVWUXFWXUH7KH\DUHFRPPRQO\QDPHGDVGULYHE\
PHWKRGV>@7KHIXQGDPHQWDOFRQFHSWEHKLQGWKLVDSSURDFKLVWKDWDVWUXFWXUDOGDPDJHFDXVHV
DFKDQJHLQWKHSK\VLFDODQGPHFKDQLFDOSURSHUWLHVRIWKHEULGJHDQGWKHEULGJHFDQEHGLUHFW
O\H[FLWHGE\WKHWUDLQSDVVDJH$VDFRQVHTXHQFHDFKDQJHLQWKH G\QDPLFEHKDYLRURIWKH
YHKLFOHLQWHUDFWLQJZLWKWKHVWUXFWXUHFDQEHREVHUYHGWRR7KHDGYDQWDJHLVWKDWILWWLQJVLPSOH
PHDVXUHPHQW VHWXS RQ D QRUPDO RSHUDWLQJ WUDLQ LW LV SRVVLEOH WR DFTXLUH GDWD LQ DQ DOPRVW
FRQWLQXRXVZD\VRWKDWDSURSHUWUHQGRIEULGJHFRQGLWLRQFRXOGEHLQSULQFLSOHREWDLQHGIRU
EXLOGLQJDGDWDEDVH
'ULYHE\ PHWKRGV KDYH EHHQ PDLQO\ GHYHORSHG IRU URDG DSSOLFDWLRQV KLJKZD\ EULGJHV 
EXWLQIHZHUFDVHVWRUDLOZD\VWRR7KH\FDQEHGLYLGHGLQWKHIROORZLQJWZRPDLQFDWHJRULHV
>@modal parametersDQGnon-modal parameters7KHIRUPHUFRQVLVWLQJLQWKHLGHQWLILFDWLRQ
RIQDWXUDOIUHTXHQFLHV>@>@>@>@GDPSLQJHVWLPDWLRQPHWKRGV>@DQGLGHQWLILFDWLRQ
RIEULGJHPRGHVKDSHV>@>@DUHGHPRQVWUDWHGWREHHIIHFWLYHXSWROLPLWHGVSHHGV PD[
LPXPNPK DQGLQWKHILUVWWZRFDVHVWKH\DUHQRWDEOHWRLGHQWLI\WKHH[DFWORFDWLRQRID
GHIHFWV 7KHVH WHFKQLTXHV DUH QRW WULYLDO WR EH SXW LQ SUDFWLVH DQG PRVW RI WKHP ZHUH RQO\
GHPRQVWUDWHGWKURXJKQXPHULFDOVLPXODWLRQV0RUHRYHUWKHLURXWFRPHFDQEHDIIHFWHGE\HQ
YLURQPHQWDO FRQGLWLRQV OLNH WHPSHUDWXUH HVSHFLDOO\ LQ WKH FDVH RI GDPSLQJ DQG QDWXUDO IUH
TXHQFLHV>@>@>@
1RQPRGDOGDPDJHGHWHFWLRQPHWKRGVGRQRWH[SOLFLWO\UHTXLUHWKHFRPSXWDWLRQRIEULGJHG\
QDPLFSURSHUWLHVEXWIRFXVHVRQWKHEULGJHGHIOHFWLRQXQGHUSDVVLQJORDGV HJDSSDUHQWSUR
ILOH >@ >@ RU FKDQJH RI FXUYDWXUH>@>@  RU RQ WKH G\QDPLF UHVSRQVH RI WKH YHKLFOH
FURVVLQJWKHEULGJH>@>@>@7KLVSDSHUIRFXVHVRQWKHODWWHUPHWKRGZKLFKLVWKRXJKWWR
EHPRUHSURPLVLQJDQGHDV\WRLPSOHPHQWHYHQLIDWWKHWLPHEHLQJLWLVPRVWO\LQYHVWLJDWHG
E\QXPHULFDODQDO\VLV0RVWRIWKHFDVHVSUHVHQWHGLQWKHOLWHUDWXUHUHO\RQWKHFRPSDULVRQRI
DFFHOHUDWLRQVVLJQDOVJDWKHUHGIURPWKHWUDLQFURVVLQJWKHEULGJHWRDUHIHUHQFHDFFHOHUDWLRQ
VLJQDOFRUUHVSRQGLQJWRWKHKHDOWK\FDVH$FFHOHUDWLRQVDUHORZSDVVILOWHUHGWRFDQFHOWKHYH
KLFOHDQGEULGJHQDWXUDOIUHTXHQFLHVDQGWRLVRODWHWKHTXDVLVWDWLFFRPSRQHQWRIWKHVLJQDOV
7KHFXUUHQWRSHQSRLQWVDQGGUDZEDFNVRIWKHVHPHWKRGVDUHUHODWHGWRWKHVPDOOPDJQLWXGHV
RIWKHVLJQDOVLQYROYHGDQGWKHQHHGWRNQRZWKHSUHFLVHSRVLWLRQRIWKHWUDLQRQWKHEULGJHWR
SHUIRUPWKHGLIIHUHQFHDJDLQVWWKHUHIHUHQFHVLJQDO>@>@7KLVSRVLWLRQPD\EHDFKLHYHG
WKURXJKEDOLVHVRUWUDQVSRGHUDEOHWRLGHQWLI\DQGWUDQVPLWRQERDUGWUDLQWKHSRVLWLRQRIWKH
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EULGJH2QWKHRWKHUKDQGWKLVPHWKRGVHHPVWREHHIIHFWLYHHYHQIRUYHKLFOHVSHHGVFORVHWR
WKHFRPPRQFRPPHUFLDOVSHHGVRIFRPPXWHUWUDLQVDQGQRWWRRVHQVLWLYHWRWUDFNLUUHJXODUL
WLHV>@
$QRWKHUSRVVLELOLW\WRH[SORLWWKHG\QDPLFUHVSRQVHRIWKHYHKLFOHFURVVLQJWKHEULGJHFRQVLVWV
LQWKHFRPSDULVRQRIVLJQDOVPHDVXUHGLQWKHVDPHWUDLQ¶VUXQRQGLIIHUHQWERJLHV LHOHDGLQJ
RUWUDLOLQJ RURQGLIIHUHQWVLGHRIWKHYHKLFOHLIWKHW\SHRIGHIHFWPDLQO\LQGXFHVYDULDWLRQRQ
RQHVLGHRIWKHEULGJH
)ROORZLQJWKHDERYHPHQWLRQHGUHVHDUFKOLQHDQGLQSDUWLFXODUWKHXVHRI&RQWLQXRXV:DYHOHW
7UDQVIRUP>@WKLVSDSHULQYHVWLJDWHVWKHSRVVLELOLW\WRRYHUFRPHWKHQHHGRIFRPSDULVRQWR
DUHIHUHQFHVLJQDOFRUUHVSRQGLQJWRWKHKHDOWK\EULGJH7KLVUHVXOWLVDFKLHYHGE\H[SORLWLQJ
WKHUROOFRPSRQHQWRIWKHERJLH GLIIHUHQFHEHWZHHQULJKWDQGOHIWDFFHOHUDWLRQV H[FLWHGDVD
FRQVHTXHQFHRIWKHSUHVHQFHRIDGHIHFWZKLFKJHQHUDWHVDQDV\PPHWU\LQWKHEULGJHEHKDYLRU
7KHUHVXOWVWU\WRSXWDVWHSIRUZDUGZLWKUHVSHFWWRSUHYLRXVUHVHDUFKZRUNDOOUHO\LQJRQWKH
FRPSDULVRQZLWK D EDVHOLQH RIWKHKHDOWK\EULGJH>@>@7KHDQDO\VLVLVSHUIRUPHGWKURXJK
QXPHULFDOVLPXODWLRQVFDUULHGRXWZLWKD'QXPHULFDOPRGHOIRUWKHWUDLQWUDFNEULGJHLQWHU
DFWLRQ>@RIDVLQJOHVSDQEULGJHDQGRQDPXOWLVSDQEULGJH
7KHSDSHULVRUJDQL]HGDVIROORZV6HFWLRQGHVFULEHVWKH'PRGHOIRUWKHVLPXODWLRQRI
WKH EULGJHWUDFNWUDLQ LQWHUDFWLRQ DQG WKH VLPXODWLRQ SODQ 6HFWLRQ  GHVFULEHV WKH SURSRVHG
DOJRULWKPDQGWKHUHVXOWVDFKLHYHGIRUDVLQJOHVSDQEULGJH6HFWLRQVXPPDUL]HVWKHUHVXOWV
LQWKHFDVHRIDPXOWLVSDQEULGJH)LQDOO\FRQFOXVLRQVDUHGUDZQLQ6HFWLRQ
2

NUMERICAL MODEL AND PLAN OF SIMULATIONS

7KHG\QDPLFVLPXODWLRQVRIWKHEULGJHWUDFNWUDLQLQWHUDFWLRQDUHFDUULHGRXWZLWKWKHVRIW
ZDUHGHYHORSHGDWWKH'HSDUWPHQWRI0HFKDQLFDO(QJLQHHULQJRI3ROLWHFQLFRGL0LODQR>@
7KH EULGJH PRGHOV FRQVLGHUHG DUH VWHHO :DUUHQ RSHQ WUXVV EULGJHV ZLWK PHGLXPVSDQ QRQ
EDOODVWHGWUDFNZLWKWLPEHUVOHHSHUVGLUHFWO\IDVWHQHGWRWKHJLUGHU7KLVFRQILJXUDWLRQLVVH
OHFWHGDVDILUVWH[DPSOHVLQFHLWKDVPRUHSUREDELOLW\WRVKRZGLIIHUHQFHVUHODWHGWRWKHORVV
RI V\PPHWU\LQ WKHVWUXFWXUH $VDILUVWVWHS RIWKH ZRUNDVLQJOHOLQHEULGJHLV FRQVLGHUHG
ZLWK WKH WUDFN LQ WKH PLGGOH RI WKH EULGJH VWUXFWXUH 7ZR FDVHV DUH DQDO\]HG D VLQJOH VSDQ
EULGJH SURSHUWLHVLQ)LJXUH DQGDPXOWLVSDQEULGJHFRPSRVHGRIVSDQVZLWKWKHVDPH
SURSHUWLHVRIWKHVLQJOHVSDQPRGHO7KLVVHFRQGFDVHLVLQYHVWLJDWHGWRHYDOXDWHWKHSRVVLELO
LW\RIGHWHFWLQJGHIHFWVRQDGDPDJHGVSDQE\FRPSDULVRQZLWKWKHUHFRUGVWDNHQRQWKHRWKHU
VSDQV
6SDQOHQJWK
KHLJKW
ZLGWK
VWEHQGLQJPRGH
VWWRUVLRQDOPRGH

>P@
>P@
>P@
+]
+]

6SDQGLPHQVLRQVDQGQDWXUDOIUHTXHQFLHV
(OHPHQW







6HFWLRQ
DUHD
$>P@







3RODU
PRPHQW
,S>P@







7RUVLRQ
FRQVWDQW
,W>P@







3ULQFLSDO
PRPHQW
,>P@







3ULQFLSDO
PRPHQW
,>P@







6HFWLRQSURSHUWLHV$UHDDQGPRPHQWVRI,QHUWLD

)LJXUH6LQJOHVSDQEULGJH
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7ZREDOODVWHGPRGXOHVRIOHQJWKPDUHDGGHGEHIRUHDQGDIWHUWKHEULGJH WUDFNSURS
HUWLHVDVLQUHIHUHQFH>@ WRUHSUHVHQWPRUHUHDOLVWLFWUDQVLHQWVZKHQWKHWUDLQHQWHUVDQGH[LWV
WKHEULGJH7KHGDPDJHLQWURGXFHGLQWKHEULGJHPRGHOUHSUHVHQWVDIXOORUSDUWLDOGHJUDGDWLRQ
RIWKHIDVWHQLQJVLQFRUUHVSRQGHQFHRIWKHFRQQHFWLRQEHWZHHQWKHGLDJRQDOPHPEHU ODEHOOHG
ZLWKLQ)LJXUH DQGWKHORZHUFKRUG ODEHOOHGZLWKLQ)LJXUH 7KHIXOOGDPDJHLVPRG
HOHGE\UHPRYLQJWKHGLDJRQDOHOHPHQWIURPWKHILQLWHHOHPHQWPRGHODQGDSSO\LQJDFRQFHQ
WUDWHG PDVVDW WKH FRQQHFWLRQ RI WKH GDPDJHG HOHPHQW ZLWK WKH XSSHU FKRUG WR PDLQWDLQ LWV
ZHLJKW7KHSDUWLDOGDPDJHZKLFKUHSUHVHQWVDPRUHUHDOLVWLFGDPDJHFRQGLWLRQLQSUDFWLFHLV
PRGHOHGWKURXJKDUHGXFWLRQRIWKH<RXQJPRGXOXVRIWKHGDPDJHGGLDJRQDOPHPEHU7KLVLV
HTXLYDOHQWWRFRQVLGHULQJDVSULQJDWWKHORFDWLRQRIWKHIDVWHQLQJLQVHULHVZLWKWKHLQYROYHG
GLDJRQDOHOHPHQW7KUHHGLIIHUHQWGHIHFWFRQGLWLRQVKDYHEHHQVWXGLHGZLWKDUHGXFWLRQRIWKH
<RXQJ 0RGXOXV HTXDO WR   DQG  LQ WKH GDPDJHG GLDJRQDO PHPEHU 'LIIHUHQW
GDPDJHSRVLWLRQVDORQJWKHVSDQDUHFRQVLGHUHGWRVWXG\ZKHWKHUDQGKRZGDPDJHORFDWLRQ
DIIHFWVWKHDFFXUDF\RILWVGHWHFWLRQ
6LPXODWLRQVRIWZRGLIIHUHQWFRPPXWHUWUDLQVKDYHEHHQFRQVLGHUHGQDPHO\&6$DQG765
PRGHO7KH\DUHUHVSHFWLYHO\EXLOWZLWKERJLHVVKDUHGEHWZHHQDGMDFHQWFDUERGLHV &6$ DQG
ZLWKWKHVWDQGDUGWZRERJLHVFRQILJXUDWLRQIRUHDFKFDUERG\GRXEOHGHFNW\SH 765 7KHLU
SURSHUWLHVDUHGHVFULEHGLQUHIHUHQFH>@DQGQRWUHSHDWHGKHUHIRUVDNHRIFRQFLVHQHVV6LPX
ODWLRQVIRUHDFKWUDLQW\SHDUHFDUULHGRXWZLWKWKHWUDLQFURVVLQJWKHEULGJHDWIRXUGLIIHUHQW
FRQVWDQWYHORFLWLHVLQWKHUDQJHRINPKNPK7KHVHVSHHGVDUHQHDUWRWKHPD[LPXP
FRPPHUFLDOVSHHGVRIWKHVHNLQGRIWUDLQV UHVSHFWLYHO\IRU765DQGNPKIRU&6$ 
VRWKDWLIVDWLVIDFWRU\UHVXOWVDUHDFKLHYHGWKHGHVLUDEOHUHVXOWRIQRWUDIILFGHOD\VZRXOGUHVXOW
LQWKHOLQH
7KHG\QDPLFUHVSRQVHRIWKHWUDLQLVPHDVXUHGDWWKHERJLHIUDPHOHYHORQWKHULJKWDQG
OHIWVLGHLQFRUUHVSRQGHQFHRIWKHZKHHOVHW7KHSRVLWLRQRIWKHDFFHOHURPHWHULVRISULPDU\
LPSRUWDQFHORFDWLRQRQD[OHER[LQFUHDVHVWKHVHQVLWLYLW\WRGHIHFWEXWLQYROYHVDKLJKHUOHYHO
RI DFFHOHUDWLRQ 7KLV KLJKHU OHYHO RI DFFHOHUDWLRQ UHTXLULQJ D ODUJHU IXOOVFDOH YDOXH RI WKH
WUDQVGXFHULPSOLHVDORZHUVHQVLWLYLW\>@2QWKHRWKHUKDQGWKHORFDWLRQRIWKHVHQVRUVRQ
WKHERJLHIUDPHWDNHVDGYDQWDJHRIWKHHIIHFWRIPHFKDQLFDOILOWHULQJIURPWKHSULPDU\VXVSHQ
VLRQDWWHQXDWLQJKLJKIUHTXHQF\FRPSRQHQWVLQWKHDFFHOHUDWLRQDQGHQDEOLQJWKHXVHRIPRUH
VHQVLWLYHDFFHOHURPHWHUV7KHGUDZEDFNFRQVLVWVLQWKHIDFWWKDWVHQVRUVRQWKHERJLHIUDPHDUH
PRUHGLVWDQWIURPWKHORFDWLRQRIWKHGHIHFWVRWKDWWKHYLEUDWLRQSDWKDVVRFLDWHGWRWKHGHIHFW
PLJKW EH GHWHFWHG ZLWKPRUH GLIILFXOWLHV /RFDWLRQ RQ WKH ERJLH IUDPH LV LQYHVWLJDWHG LQ WKH
SUHVHQWSDSHUDOVRFRQVLGHULQJWKHDGYDQWDJHVLQWHUPVRIPDLQWHQDQFHRSHUDWLRQRIWKHWUDLQ
DQGWKHPHDVXUHPHQWVHWXSLWVHOI
6LQFH WKH SURSRVHG PHWKRG IRU GDPDJH LGHQWLILFDWLRQ LV EDVHG RQ WKH GLIIHUHQFH EHWZHHQ
WKHULJKWDQGOHIWKDQGVLGHDFFHOHUDWLRQVDGLIIHUHQWLUUHJXODULW\SURILOHLVDGRSWHGRQOHIWDQG
ULJKWUDLOVVRDVWRVLPXODWHDPRUHUHDOLVWLFFDVH%RWKYHUWLFDODQGUROOWUDFNLUUHJXODULWLHVDUH
FRQVLGHUHGWKH WRWDOWUDFN SURILOHEHLQJ DFRPSRVLWLRQRIWKHWZRFRQWULEXWLRQV 3URILOHV DUH
REWDLQHG VWDUWLQJ IURP WKH SRZHU VSHFWUDO GHQVLW\ IXQFWLRQV SURYLGHG E\ WKH VWDQGDUG 25(
%DQGREWDLQLQJGLIIHUHQWOHYHORILUUHJXODULWLHV WKHKLJKHVWOHYHOLVUHSRUWHGLQ)LJXUH 
7KHOHYHORILUUHJXODULW\LVFRQVLGHUHGWREHKLJKHULQWKHEDOODVWHGPRGXOHVEHIRUHDQGDIWHU
WKHEULGJHDQGLWLVDWWHQXDWHGDORQJWKHEULGJHH[WHQVLRQZKHUHDQRQEDOODVWHGWUDFNLVSUH
VHQW7KLVLVDUHDVRQDEOHDVVXPSWLRQFRQVLGHULQJWKDWRQWKHEULGJHWKHRQO\SHUPDQHQWGLV
SODFHPHQWLVGXHWRWKHGLPHQVLRQYDULDWLRQRIWKHWLPEHUVOHHSHUV
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)LJXUH9HUWLFDOLUUHJXODULWLHVRQOHIWDQGULJKWUDLOV.

$OOWKHDERYHPHQWLRQHGSDUDPHWHUVDUHFKDQJHGLQGLYLGXDOO\GXULQJWKHVLPXODWLRQVYDU\LQJ
RQO\RQHSDUDPHWHUDWRQFHWRLQYHVWLJDWHLWVHIIHFWRQWKHRXWFRPHVRIWKHSURSRVHGDOJRULWKP
3

RESULTS FOR THE SINGLE SPAN BRIDGE

7KHSUHVHQFHRIDGHIHFWRQWKHEULGJHVLGHJHQHUDWHVDQDV\PPHWU\LQLWVEHKDYLRUXQGHUWKH
ORDGVRIWKHSDVVLQJWUDLQ)LJXUHVKRZVWKHGHIOHFWLRQRIWKHKHDOWK\ )LJXUHD DQGGDP
DJHG )LJXUHE EULGJHVXQGHUWKHWUDLQORDGZLWKWKHEODFNDUURZVKLJKOLJKWLQJ WKHSRVLWLRQV
RI WKHWZRD[OHV RI WKHOHDGLQJERJLHRIWKH&6$WUDLQDW DVSHFLILFIUDPH,Q)LJXUH EWKH
GDPDJHLVSODFHGRQWKHVL[WKGLDJRQDOPHPEHURIWKHULJKWVLGHZDOOULJKWLQWKHPLGGOHRI
WKHWZRDUURZVGXHWRWKHGDPDJHSUHVHQFHWKHEULGJHGHIOHFWLRQORVHVWKHV\PPHWU\FKDUDF
WHUL]LQJWKHKHDOWK\VWUXFWXUH7KLVDV\PPHWU\FDQEHH[SORLWHGWRGHWHFWWKHSUHVHQFHRIDGH
IHFW E\ DQDO\]LQJ WKH GLIIHUHQFH EHWZHHQ WKH ULJKW DQG OHIW KDQG VLGH DFFHOHUDWLRQV RI WKH
OHDGLQJERJLH

D



E





)LJXUH%ULGJHGHIOHFWLRQXQGHUWKHWUDLQORDG D +HDOWK\EULGJH E 'DPDJHGEULGJH
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7KH SURFHVVLQJ DOJRULWKP FRQVLVWV LQ WKH DSSOLFDWLRQ RI WKH &RQWLQXRXV :DYHOHW 7UDQVIRUP
&:7 WRWKHGLIIHUHQFHRIDFFHOHUDWLRQVPHDVXUHGRQWKHIURQWVLGHRIWKHOHDGLQJERJLHLQ
FRUUHVSRQGHQFHRIWKHULJKWDQGOHIWD[OHER[HV7KH+XDQJ+LOEHUWWUDQVIRUPZDVWHVWHGWRR
RQ WKH VDPH VLJQDO REWDLQLQJ FRQVLVWHQW UHVXOWV EHWZHHQ WKH WZR PHWKRGV $FFHOHUDWLRQV RQ
WKHOHDGLQJERJLHDUHDPRQJWKHPRVWVXLWDEOHIRUGLDJQRVWLFSXUSRVHVIRUWKHUHDVRQUHSRUWHG
LQ>@WKHOHDGLQJERJLHLQWHUDFWV ZLWKDQXQSHUWXUEHGEULGJHVRWKDWGLIIHUHQFHVLQDFFHOHUD
WLRQVJHQHUDWHGE\DGHIHFWFDQEHLGHQWLILHGPRUHSUHFLVHO\ERJLHDFFHOHUDWLRQVEHQHILWIURP
WKH ILOWHULQJ DFWLRQ SURYLGHG E\ WKH SULPDU\ VXVSHQVLRQ ZKLFK UHPRYHV GLVWXUEDQFHV LQ WKH
KLJKHUIUHTXHQF\UDQJHPDLQO\JHQHUDWHGE\WUDFNLUUHJXODULWLHV
7KHSRVVLELOLW\WRGHWHFWDGDPDJH RQWKHEULGJHEDVHGRQWKHGLIIHUHQFHRIULJKWDQGOHIWDF
FHOHUDWLRQFDQEHSRWHQWLDOO\ DIIHFWHGE\ORQJLWXGLQDODQGUROOLUUHJXODULW\ RIWKHWUDFNZKLFK
PD\KLGHWKHSUHVHQFHRIDGDPDJH,QRUGHUWRDVVHVVWKHUREXVWQHVVRIWKHSURSRVHGPHWKRG
LQUHJDUGWRWKLVDVSHFWDGLIIHUHQWLUUHJXODULW\SURILOHLVDGRSWHGIRUOHIWDQGULJKWUDLOVDVDO
UHDG\GHVFULEHGLQ)LJXUH
)LJXUHUHSRUWVDVDQH[DPSOHWKHGLIIHUHQFHRIWKHULJKWDQGOHIWVLGHDFFHOHUDWLRQVRQWKH
OHDGLQJERJLHRIWKH&6$WUDLQ DWNPKFRUUHVSRQGLQJWRWKHFDVHRIWRWDO GDPDJH $UDQ
GRPGLVWXUEDQFHLVDGGHGWRUHSUHVHQWDQHOHFWULFQRLVHREWDLQHGIURPD*DXVVLDQGLVWULEXWLRQ
ZLWK VWDQGDUGGHYLDWLRQHTXDO WR  RI WKH 506 RI WKH RULJLQDO DFFHOHUDWLRQ VLJQDO ,Q WKH
ILJXUHWKHRXWHUOLQHVUHSUHVHQWWKHVWDUW FRQWLQXRXVOLQH DQGHQG GRWWHGOLQH RIWKHEULGJH
ZKHUHDVWKHGDVKHGYHUWLFDOOLQHVLQWKHPLGGOHUHSUHVHQWWKHORFDWLRQRIWKHGHIHFW7KHPD[
LPXP PDJQLWXGHRIWKHUDZVLJQDOLVRXWRIWKHGDPDJHG]RQHDQGFDQQRWEHRIFRXUVHXVHG
DVDGLDJQRVWLFLQGLFDWRU:DYHOHWFRHIILFLHQWVDUHWKHUHIRUHFRPSXWHGRQWKLVVLJQDODGRSWLQJ
DUHDOYDOXHG0RUOHW:DYHOHW

)LJXUH'LIIHUHQFHEHWZHHQULJKWDQGOHIWDFFHOHUDWLRQVRQWKHOHDGLQJERJLH7UDLQVSHHGNPK

)LJXUHUHSRUWVWKHFRPSDULVRQRIWKHPRGXOH DEVROXWHYDOXH RIWKH&:7FRHIILFLHQWVLQWKH
FDVHRIWKHGDPDJHGEULGJH )LJXUHD DQGRIWKHKHDOWK\EULGJH )LJXUHE 7KHSUHVHQFHRI
WKHGHIHFWFDQEHLGHQWLILHGDURXQGWKHSVHXGRIUHTXHQF\RI+]ZKLFKFRUUHVSRQGVWRWKH
IUHTXHQF\ RI WKH ILUVW SHDN REWDLQHG E\ DSSO\LQJ D )DVW )RXULHU 7UDQVIRUP RQ WKH VLJQDO RI
)LJXUH  7KH SUHVHQFH RI WKH GHIHFW FDQ EH LGHQWLILHG LQ D UHODWLYHO\ ORZ IUHTXHQF\ UDQJH
ZKHUHWKH&:7FRHIILFLHQWVVKRZSHDNYDOXHVZKLFKDUHQRWSUHVHQWLQWKHFDVHRIWKHKHDOWK\
EULGJH7KHUHSRUWHGUHVXOWVFRUUHVSRQGWRWKHKLJKHVWOHYHORI LUUHJXODULW\DGRSWHGZKLFKLV
WKHUHDVRQZK\VHYHUDOSHDNVLQWKH&:7FRHIILFLHQWVDUHYLVLEOHDWKLJKHUIUHTXHQFLHV:LWKD
UHGXFWLRQRIRIWKH<RXQJPRGXOXVRIWKHGLDJRQDOHOHPHQWWKHGDPDJHLVVWLOOFOHDUO\
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LGHQWLILHGZKHUHDVIRUORZHUHQWLW\RIWKHGDPDJH HJUHGXFWLRQRIRIWKH<RXQJPRGX
OXV WKHSUHVHQFHRILUUHJXODULW\WHQGVWRKLGHWKHSUHVHQFHRIDGHIHFW7KHH[SORLWDELOLW\RI
WKLVPHWKRGLVWKHUHIRUHDFRPSURPLVHEHWZHHQWKHHIIHFWLQGXFHGE\WKHGHIHFWGHSHQGLQJRQ
WKHGHIHFWHQWLW\DQGWKHSUHVHQFHRIWUDFNLUUHJXODULW\

D

E





)LJXUH0RGXOHRIWKH&:7FRHIILFLHQWVGLIIHUHQFHEHWZHHQWKHULJKWDQGOHIWVLGHERJLHDFFHOHUDWLRQV D 
'DPDJHGEULGJHWRWDOGDPDJH E +HDOWK\EULGJH

4

SIMULATION RESULTS OF MULTI-SPAN BRIDGE

7KHSUHYLRXVSDUDJUDSKGHVFULEHGWKHSRVVLELOLW\WRGHWHFWWKHSUHVHQFHRIDUHOHYDQWGHIHFWE\
H[SORLWLQJWKHDV\PPHWU\LQWKHEULGJHWUDLQEHKDYLRU$VDIXUWKHUVWHSWKHFDVHRIDPXOWL
VSDQEULGJHLVXVHGWRLQYHVWLJDWHWKHSRVVLELOLW\RILGHQWLI\LQJDGHIHFWWKURXJKWKHFRPSDUL
VRQRILQGLFHVFRPSXWHGZLWKUHIHUHQFHWRGLIIHUHQWVSDQV)LJXUHUHSUHVHQWVWKHVFKHPHRI
WKH)(0PRGHOGHYHORSHG7KHGDPDJHGVSDQLVKLJKOLJKWHGE\WKHEODFNGDVKHGER[ZKHUH
DVWKHUHPDLQLQJVSDQVDUHDVVXPHGWREHKHDOWK\7KHGDPDJHHOHPHQWRQVSDQLVDURXQG
WKHPLGGOHVSDQ LHIURPPWRPRQDVSDQOHQJWKRIP 

)LJXUH/DWHUDOYLHZRIWKHPXOWLVSDQEULGJHVLPXODWHG
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7KHLUUHJXODULW\SURILOHDGRSWHGLVGLIIHUHQWIRUHDFKVSDQDQGIRUWKHOHIWDQGULJKWUDLOV)LJ
XUHUHSUHVHQWVWKHWRWDOLUUHJXODULW\SURILOHRQOHIWDQGULJKWUDLOERWKRXWVLGHDQGLQVLGHRI
WKHEULGJHDUHD

)LJXUH7RWDOLUUHJXODULW\SURILOHIRUOHIWDQGULJKWUDLO



7KHDFFHOHUDWLRQGDWDFRUUHVSRQGLQJWRHDFKVSDQFDQEHDQDO\]HGVHSDUDWHO\DVVXPLQJWREH
DEOHWRVHSDUDWHWKHWLPHKLVWRULHVRIWKHIRXUVSDQVE\WKHDGRSWLRQRIDSUHFLVH*36VLJQDO
HJ (*1266  7KH GLIIHUHQFH EHWZHHQ ULJKW DQG OHIW ERJLH DFFHOHUDWLRQV FRUUHVSRQGLQJ WR
HDFKVSDQDUHUHSRUWHGLQ)LJXUHIRUWKHVLPXODWLRQFDVHZLWKWUDLQVSHHGVHWWRNPKDQG
DWRWDOGDPDJHRQWKHEULGJH,QWKHFDVHRIWKHGDPDJHGUGVSDQLWLVSRVVLEOHWRLGHQWLI\DQ
RVFLOODWLQJVKDSHZKLFKLVUHODWHGWRWKHGLIIHUHQFHEHWZHHQULJKWDQGOHIWVLGHDFFHOHUDWLRQV
JHQHUDWHGE\WKHSUHVHQFHRIWKHGHIHFW7KHSHFXOLDULW\RIWKLVVLJQDOVKDSHFDQEHFDXJKWE\
&:7

)LJXUH)URQWERJLHDFFHOHUDWLRQVGLIIHUHQFHVSDQIURPWR



)LJXUH  VKRZV WKH &:7 FRHIILFLHQWV REWDLQHG ZLWK D 0RUOHW ZDYHOHW IRU HDFK VLQJOH VSDQ
2QFHDJDLQLWLVSRVVLEOHWRREVHUYHWKDWWKHGHIHFWRQWKHWKLUGVSDQLVSURSHUO\FDXJKWDOVR
E\FRPSDULVRQZLWKWKHDQDO\VLVRIWKHRWKHUVSDQV7KHGHIHFWFDQEHSURSHUO\LGHQWLILHGIRU
WKHWRWDOGDPDJHRUSDUWLDOGDPDJHZLWKDUHOHYDQWUHGXFWLRQRIWKH<RXQJPRGXOXVLQWKHGL
DJRQDOHOHPHQWZKHUHDVLQWKHFDVHRIVPDOOGDPDJHVLWLVKLGGHQE\WUDFNLUUHJXODULW\
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)LJXUH0RGXOHRIWKH&:7FRHIILFLHQWVHYDOXDWHGRQWKHGLIIHUHQFHRIULJKWDQGOHIWKDQGVLGHERJLHDFFHOHUD
WLRQV OHDGLQJERJLHLQFRUUHVSRQGHQFHRIWKHIURQWD[OHER[HV 

5

CONCLUSIONS

7KHSDSHUIRFXVHVRQDGULYHE\PHWKRGIRUWKHGLDJQRVWLFVRIUDLOZD\EULGJHVLQFRPPXWHU
OLQHV ,W SXWV IRUZDUG WKH LGHD WKDW WKH SUHVHQFH RI D GHIHFW RQ WKH EULGJH PD\ LQWURGXFH DQ
DV\PPHWU\LQWKHVWUXFWXUHZKLFKPD\FRQVHTXHQWO\FDXVHDQDV\PPHWU\LQWKHG\QDPLFEH
KDYLRU RI WKH WUDLQ 7KLV DV\PPHWU\ FDQ EH FDXJKW E\ DQDO\]LQJ WKH GLIIHUHQFH EHWZHHQ WKH
ULJKW DQG OHIW VLGH DFFHOHUDWLRQV PHDVXUHG RQ WKH IUDPH RI WKH ILUVW ERJLH RI WKH WUDLQ DQG
ZLWKRXWWKHQHHGRIFRPSDULVRQZLWKDEDVHOLQHVLJQDOUHIHUULQJWRWKHEULGJHLQKHDOWK\FRQGL
WLRQ
7KHDQDO\VLVLVFDUULHGRXWWKURXJKDIXOO'PRGHOIRUWKHVLPXODWLRQRIWKHG\QDPLFEHKDYLRU
RIWKHEULGJHWUDFNWUDLQV\VWHPLQWKHSUHVHQFHRIERWKYHUWLFDODQGUROOWUDFNLUUHJXODULW\WR
UHSUHVHQWDVFHQDULRFORVHWRUHDOLW\$GLIIHUHQWSURILOHRIWKHOHIWDQGULJKWUDLOVPD\KLGHLQ
GHHGWKHSUHVHQFHRIDGHIHFW7KHGHIHFWLVLQVHUWHGE\FRQVLGHULQJWKHIDLOXUHRUDSHUFHQWDJH
LQHIIHFWLYHQHVV RI WKH FRQQHFWLRQ RI RQH GLDJRQDO PHPEHU RI WKH VLGH IUDPH LQ D :DUUHQ
RSHQW\SHPHGLXPVSDQEULGJH
7KHGLIIHUHQFHEHWZHHQULJKWDQGOHIWVLGHDFFHOHUDWLRQVFRUUHVSRQGLQJWRWKHOHDGLQJERJLHRI
WKHWUDLQDWWKHOHDGLQJD[OHDUHDQDO\]HGWKURXJK&RQWLQXRXV:DYHOHW7UDQVIRUP7KHUHVXOWV
VKRZWKDWZKHQWKHVLPXODWHGGHIHFWLVUHOHYDQW LHGHWDFKPHQWRIRQHGLDJRQDOPHPEHULQ
WKHWUXVVEULGJHRUVWURQJUHGXFWLRQRILWV<RXQJPRGXOXV WKHGHIHFWFDQEHSURSHUO\LGHQWL
ILHGHYHQZLWKDKLJKOHYHORILUUHJXODULW\EXWIRUORZHUHQWLWLHVRIWKHGDPDJHWKHGLIIHUHQFH
RILUUHJXODULW\EHWZHHQULJKWDQGOHIWWUDFNFDQKLGHWKHSUHVHQFHRIWKHGHIHFW7KHH[SORLWD
ELOLW\RIWKLVPHWKRGLVWKHUHIRUHGHSHQGHQWRQWKHHQWLW\RIWKHGHIHFWDQGRQWKHVHYHULW\RI
WUDFNLUUHJXODULW\
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DAMAGE FEATURE RECOGNITION BASED ON LAMB WAVES
DETECTION
Xiaohui. Wang, Jinhui. Liang, Bin. Zhang , Yeping. Xiong and Jun. Gao


6FKRRORI0HFKDQLFDO(OHFWULFDO ,QIRUPDWLRQ(QJLQHHULQJ6KDQGRQJ8QLYHUVLW\
:HQKXD[L5RDG:HLKDL&KLQD
HPDLOZDQJ[LDRKXL#PDLOVGXHGXFQ
OLDQJMLQKXL#PDLOVGXHGXFQELQ]KDQJ#VGXHGXFQVKGJM#VGXHGXFQ


)DFXOW\RI(QJLQHHULQJDQG3K\VLFDO6FLHQFHV8QLYHUVLW\RI6RXWKDPSWRQ
%ROGUHZRRG,QQRYDWLRQ&DPSXV624)6RXWKDPSWRQ8QLWHG.LQJGRP
\[LRQJ#VRWRQDFXN

Keywords:6WUXFWXUDOKHDOWKPRQLWRULQJ/DPEZDYH'DPDJHIHDWXUH'DPDJHLGHQWLILFDWLRQ
Abstract. Owing to the superiority of lamb waves in the field of Structural Health Monitoring,
the Lamb wave-based damage detection and identification technology are widely used. To determine the degree of damage, two damage feature recognitions are proposed in this paper.
One is extracted from the time domain, where the lamb wave signals are processed by Hilbert
Transform (HT) with the time-domain analysis. According to the law of signal attenuation, the
differential signal envelope amplitude procced by the Hilbert Transform is regarded as a damage feature parameter relating to the damage size. The other one is extracted by Fast Fourier
transform (FFT) in frequency domain analysis. Two characteristic parameters, the amplitude
and probability density in the time domain and the signal roughness parameters in the frequency domain, are defined to characterize the damage size.
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1

INTRODUCTION

:LWKWKHLQFUHDVHRIVHUYLFHWLPHWKHSODWHVWUXFWXUHLVSURQHWRVXEMHFWDOONLQGVRIGDPDJHV
VXFK DV FUDFNV GHODPLQDWLRQV YLD KROHV FRUURVLRQ LQFOXVLRQV DQG VR RQ>@ 7KH 6WUXFWXUDO
+HDOWK0RQLWRULQJ 6+0 >@WHFKQRORJ\LVFRPPRQO\XVHGLQSUHGLFWLQJDQGPRQLWRULQJVWUXF
WXUDOKHDOWKFRQGLWLRQV5HVHDUFKHUVKDYHEHHQNHHQWRLPSURYHWKHDFFXUDF\RIGHWHUPLQLQJWKH
GDPDJHORFDWLRQ>@%HVLGHVWKHORFDWLRQWKHGDPDJHVL]HLVDQRWKHULPSRUWDQWLQGLFDWRUGH
SHQGLQJ RQ ZKLFK GLIIHUHQW PDLQWHQDQFH PHWKRGV DUH UHTXLUHG )RU H[DPSOH VPDOO GDPDJH
ZKLFKKDVOLWWOHLPSDFWRQWKHVWUXFWXUHVHFXULW\FDQEHUHSDLUHGDVQHHGHGDQGWKHODUJHGDPDJH
XVXDOO\QHHGVWREHUHSDLUHGRUUHSODFHGDVVRRQDVSRVVLEOH7KHUHIRUHDIWHUFRQILUPLQJWKH
GDPDJHORFDWLRQWKHUHOHYDQWFKDUDFWHULVWLFSDUDPHWHUVRIWKHGDPDJHVLJQDOFDQEHH[WUDFWHG
DQGWKHW\SHVL]HRIWKHGDPDJHFDQEHLGHQWLILHG,WZLOOEHPRUHEHQHILFLDOWRWKHORQJWHUP
XVHDQGPDLQWHQDQFHRIWKHVWUXFWXUH
&DZOH\>@ VWXGLHG WKH HIIHFWV RI QRWFK GDPDJH LQ PHWDOV DQG GHODPLQDWLRQ GDPDJH DQG
/DPEZDYHVLQFRPSRVLWHODPLQDWHV,Q:X>@EHJDQWRXVHWKH$UWLILFLDOQHXUDOQHWZRUN
$11 WRGHWHFWVWUXFWXUDOGDPDJH7KH\H[SORUHGWKHDSSOLFDWLRQRIQHXUDOQHWZRUN VVHOIRU
JDQL]DWLRQDQGOHDUQLQJDELOLW\LQVWUXFWXUDOGDPDJHDVVHVVPHQWDQGWUDLQHGQHXUDOQHWZRUNVWR
LGHQWLI\GDPDJH7KHQ$11LVZLGHO\XVHGWRMXGJHWKHGHJUHHRIVWUXFWXUDOGDPDJH>@7R
DFFXUDWHO\LGHQWLI\GDPDJHFKDUDFWHULVWLFVLWLVQHFHVVDU\WRVHOHFWWKHDSSURSULDWHGDPDJHIHD
WXUHSDUDPHWHUVIRU$11WUDLQLQJDQGOHDUQLQJ0DUHV>@LQWURGXFHGDJHQHWLFDOJRULWKPLQWR
WKHGDPDJHLGHQWLILFDWLRQDQGXVHGWKHUHVLGXDOIRUFHPHWKRGWRUHDOL]HWKHGDPDJHORFDWLRQDQG
TXDQWLWDWLYHLGHQWLILFDWLRQ/DZ>@VHOHFWHGWKHVHQVLWLYLW\RIZDYHOHWSDFNHWWUDQVIRUPFRPSR
QHQWHQHUJ\DVGDPDJHIHDWXUHSDUDPHWHU/L>@UHSRUWHGDGDPDJHLGHQWLILFDWLRQPHWKRGEDVHG
RQ/DPEZDYHPXOWLIHDWXUHIXVLRQDQGGHWHUPLQHGWKHGDPDJHW\SHE\ $116XQ>@XVHG
HQHUJ\GLVWULEXWLRQWRLGHQWLI\GDPDJHLQWKHVWUXFWXUHE\$11,WFDQEHFRQFOXGHGWKDWILQGLQJ
VXLWDEOHGDPDJHIHDWXUHSDUDPHWHUVLVWKHNH\WRLPSURYHWKHVXFFHVVUDWHRIGDPDJHUHFRJQLWLRQ
7KLVZRUNZLOOH[WUDFWWKHGDPDJHIHDWXUHVE\DQDO\]LQJWKHGDWDEDVHGRQQXPHULFDOVLPX
ODWLRQ7KHGDPDJHVL]HFKDUDFWHULVWLFVRIWKHWLPHIUHTXHQF\GRPDLQDUHDQDO\]HGDQGVXPPD
UL]HG
2
2.1.

ANALYSIS OF ALUMINUM ALLOY PLATE DAMAGE IDENTIFICATION
Aluminum Alloy Plate Model

7KH'ILQLWHHOHPHQWPRGHORIWKHDOXPLQXPDOOR\SODWHLVEXLOWZLWKDGLPHQVLRQRI
PPLQOHQJWKPPLQZLGWKDQGPPLQKHLJKW7KHPDWHULDOSDUDPHWHUVRIWKHDOXPLQXP
DOOR\ SODWH DUH VKRZQ LQ 7DEOH  HLJKW 3=7 VHQVRUV DUH DUUDQJHG DV FLUFXODU DQG XQLIRUPO\
GLVWULEXWHGZLWKDVTXDUHGDPDJHRQWKHSODWH7KHFRRUGLQDWHVRIWKHGDPDJHDQGVHQVRUVDUH
䭉䈟!ᵚࡠᕅ⭘ⓀǄ
DVVKRZQLQ7DEOH䭉
7DEOH7KHPDWHULDOSDUDPHWHUVRIWKHDOXPLQXPDOOR\SODWH
Parameter

Unit

Value

GHQVLW\
<RXQJ VPRGXOXV
3RLVVRQ VUDWLR

NJP





*SD


7DEOH7KHFRRUGLQDWHRIGDPDJHDQGVHQVRUV

Coordinate
Sensor1

Coordinate

漓 

Sensor2
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Sensor3

漓 

Sensor4

漓 

Sensor5

漓 

Sensor6

漓 

Sensor7

漓 

Sensor8

漓 

Square damage

漓 

7KHORFDWLRQVRI3=7VHQVRUVDQGGDPDJHDUHVKRZQLQ)LJXUH(LJKWVHQVRUVVHUYHGDVDQ
DFWXDWRUWRH[FLWH/DPEZDYHVLQWXUQVZKLOHWKHRWKHU3=7VHQVRUVDFWDVUHFHLYHUVWRFROOHFW
WKH/DPEZDYHVLJQDOV

D

E

)LJXUH)LQLWH(OHPHQW0RGHORI7KH$OXPLQXP$OOR\3ODWH D 6HQVRUDQGGDPDJHORFDWLRQ E 6LPXODWLRQ
PRGHO

2.2.

Damage Feature Extraction Based on Time Domain

$VVKRZQLQ)LJXUHZKHQWKHUHLVDGDPDJHLQWKHDOXPLQXPSODWHWKHODPEZDYHVLJQDO
JRHVDORQJZLWKWKHURXWHH[FLWHUGDPDJHUHFHLYHU7KHUHIOHFWLRQZDYHFDQEHREWDLQHG
E\VXEWUDFWLQJWKHQRQGDPDJHVLJQDOIURPWKHGDPDJHVLJQDO

)LJXUH7KHSURSDJDWLRQRIGDPDJHUHIOHFWLRQVLJQDO

7DNLQJWKHVTXDUHGDPDJHDVDQH[DPSOH3=7VHQVRUH[FLWHVD/DPEZDYHRI.+]
DQG3=7VHQVRUUHFHLYHVWKDWVLJQDO7KHVLJQDOLVVKRZQLQ)LJXUH
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)LJXUH7KHGDPDJHUHIOHFWLRQDQGGLIIHUHQWLDOVLJQDO

:KHQDZDYHSURSDJDWHVLQPHGLXPLWVDPSOLWXGHZLOOJUDGXDOO\GHFUHDVHZLWKWKHLQFUHDVH
RIGLVWDQFH*HQHUDOO\WKHUHODWLRQVKLSEHWZHHQZDYHDPSOLWXGHDQGSURSDJDWLRQGLVWDQFHLV


A

A eD ' 



ZKHUH $ GHQRWHV WKH DPSOLWXGH RI H[FLWDWLRQ α GHQRWHV WKH DWWHQXDWLRQ FRHIILFLHQW DQG '
GHQRWHVWKHSURSDJDWLRQGLVWDQFH7RGHWHUPLQHWKHFRHIILFLHQWRIWKHODPEZDYHWKHZDYHDP
SOLWXGHVLQGLIIHUHQWOHQJWKVDUHFROOHFWHGLQWKHDOXPLQXPSODWHDQGWKHUHVXOWVDUHVKRZQLQ
)LJXUH


)LJXUH7KHDWWHQXDWLRQRI/DPEZDYH

%\XVHRIFXUYHILWWLQJWKHDWWHQXDWLRQFRHIILFLHQWLVREWDLQHGDVĮ 7KHQWKHDPSOL
WXGHDWWHQXDWLRQIXQFWLRQRIWKHODPEZDYHLQWKHDOXPLQXPSODWHLVVKRZQDV
'



A  u e 
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,QRUGHUWRDQDO\]HWKHG\QDPLFUHJXODULW\RIWKHUHIOHFWHGZDYHVLJQDOZLWKWKHGHJUHHRI
GDPDJHWKHHQYHORSHSURFHVVLQJVDUHSHUIRUPHGRQWKHGLIIHUHQFHVLJQDOVRIYDULRXVGDPDJH
VL]HEDVHGRQ+LOEHUW7UDQVIRUP +7 DVVKRZQLQ)LJXUH D ,WLVHDV\WRREVHUYHWKDWWKH
UHIOHFWLRQZDYHJUDGXDOO\VWURQJHUDVWKHVL]HRIWKHGDPDJHLQFUHDVHV7KHHQHUJ\GLVWULEX
WLRQIHDWXUHRIWKHVLJQDOLQWKHWLPHGRPDLQLVUHSUHVHQWHGE\WKH+7HQYHORSHDQGWKHGDP
DJHFKDUDFWHULVWLFRIVL]HLVUHIOHFWHGE\H[WUDFWLQJWKHDPSOLWXGHPDJQLWXGH7KHGLIIHUHQW
VL]HVRIGDPDJHDUHVLPXODWHGDQGWKHDPSOLWXGHRIWKHUHIOHFWHGZDYHVLJQDOLVSORWWHGLQ
)LJXUH  E 




D

E

)LJXUH/DPEZDYHIHDWXUHLQWLPHGRPDLQ D 7KHXSSHUHQYHORSHRIGLIIHUHQWGDPDJHVL]H E 7KHDPSOL
WXGHRIWKHHQYHORSHZLWKGLIIHUHQWGDPDJHVL]H

,Q)LJXUH E LWFDQEHVHHQWKDWDVWKHGHJUHHRIGDPDJHLQFUHDVHVWKHDPSOLWXGHRIWKH
HQYHORSHJUDGXDOO\LQFUHDVHVWRWKHXSSHUOLPLWYDOXH$VWKHVSUHDGRIODPEZDYHHQHUJ\KDV
OLPLWV WKH VWUHQJWK RI WKH UHIOHFWHG ZDYH DOVR KDV D OLPLW DQG ZLOO QRW LQFUHDVH XQOLPLWHGO\
7KURXJKFXUYHILWWLQJWKHIXQFWLRQDOUHODWLRQVKLSRIWKHHQYHORSHDPSOLWXGHDORQJZLWKGLIIHUHQW
GDPDJHVL]HLV

2.3.



y  u

x
 

  u e





Damage Feature Extraction Based on Frequency Domain

%DVHGRQWKHIUHTXHQF\GRPDLQDQDO\VLVWKH)DVW)RXULHUWUDQVIRUP ))7 LVXVHGWRH[WUDFW
WKHIUHTXHQF\GRPDLQIHDWXUHVIURPWKH/DPEZDYHVVLJQDO)UHTXHQF\FRPSRQHQWVDQGDPSOL
WXGHFKDUDFWHULVWLFVRIODPEZDYHVLJQDOVDUHREWDLQHGWRLGHQWLI\WKHGDPDJHIHDWXUHVRIDQ
DOXPLQXPSODWH7KHDPSOLWXGHIUHTXHQF\FXUYHZLWKGLIIHUHQWGDPDJHVL]HDUHVKRZQLQ)LJXUH
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)LJXUH7KHIUHTXHQF\GRPDLQLPDJHRIGLIIHUHQWGDPDJHVL]H

,Q)LJXUHDVWKHGDPDJHVL]HLQFUHDVHVWKHIUHTXHQF\UDQJHRIWKHVLJQDOEHFRPHVGHFHQ
WUDOL]HG7KHODUJHUWKHGDPDJHWKHPRUHXQHYHQWKHIUHTXHQF\GLVWULEXWLRQ7KHUHDVRQLVWKDW
ZKHQ/DPEZDYHSURSDJDWHVWRWKHSRVLWLRQRIGDPDJHZDYHIRUPUHIOHFWLRQDQGPRGDOFRQ
YHUVLRQ RFFXU GXH WR WKH VXGGHQ FKDQJH RI VWUXFWXUH ZKLFK FDXVHV WKH ZDYHIRUP IUHTXHQF\
GRPDLQVLJQDOWRIOXFWXDWH7KHODUJHUWKHVL]HRIWKHGDPDJHWKHKLJKHUWKHIOXFWXDWLRQVRWKH
VLJQDOFRQFHQWUDWLRQOHYHORIWKHIUHTXHQF\GRPDLQLPDJHFDQEHXVHGDVRQHRIWKHGDPDJH
IHDWXUHVIRUGHWHUPLQLQJWKHGDPDJHVL]H
:KHQWKHUHLVQRGDPDJHWKHVLJQDOUHFHLYHGE\WKHUHFHLYLQJVHQVRULVRQO\ D.+]
/DPEZDYHVLJQDOPRGXODWHGE\WKH+DQQLQJZLQGRZ7KHIUHTXHQF\GRPDLQLPDJHRIQRQ
GDPDJHLVVLPLODUWRWKHIUHTXHQF\GRPDLQILJXUHRIWKHH[FLWDWLRQ/DPEZDYHDQGWKHIUH
TXHQF\GRPDLQPRGHOFRQIRUPVWRWKHODZRIWKH+DQQLQJZLQGRZULVLQJILUVWDQGWKHQIDOOLQJ
'XHWRWKHH[LVWHQFHRIGDPDJHWKHUHIOHFWHGZDYHFDXVHVIOXFWXDWLRQVLQWKHIUHTXHQF\GR
PDLQRIWKHUHFHLYHGVLJQDO7KHIOXFWXDWLRQVDUHFORVHO\UHODWHGWRWKHGDPDJHVL]H7KHDERYH
UHVXOWVLQPXOWLSOHIUHTXHQF\SHDNVLQWKHVLJQDOVSHFWUXPDVVKRZQLQ)LJXUH
,QRUGHUWRFKDUDFWHUL]HWKHGHJUHHRIVLJQDOGHFHQWUDOL]DWLRQWKHVLJQDOURXJKQHVVLVLQWUR
GXFHGLQWKLVSDSHUWRGHVFULEHWKHGHJUHHRILQIOXHQFHRILPSDLUPHQWVRQIUHTXHQF\GRPDLQ
VLJQDOV7KHHTXDWLRQRIVLJQDOURXJKQHVVLVGHILQHGDV
5

i n

¦
i 

y i   y i 
'x



y i   y i
'x





ZKHUH5GHQRWHVWKHVLJQDOURXJKQHVVDQGǻ[UHSUHVHQWVDVLQJOHLQFUHPHQWRIWKHIUHTXHQF\
GRPDLQ VLJQDO \ GHQRWHV WKH FRUUHVSRQGLQJ DPSOLWXGH :KHQ WKH SHDN YDOXH RU WKH VXGGHQ
FKDQJHLQWKHJUDSKLQFUHDVHVWKHVLJQDOURXJKQHVVLQFUHDVHVZKHQWKHVLJQDOJUDGXDOO\FRQ
FHQWUDWHVDQGWKHVXGGHQFKDQJHFRHIILFLHQWGHFUHDVHVWKHVLJQDOURXJKQHVVGHFUHDVHV
$VVKRZQLQ)LJXUHWKHVLJQDOURXJKQHVVRIWKHIUHTXHQF\GRPDLQILJXUHLQFUHDVHZLWKWKH
H[SDQVLRQRIGDPDJH7KHUHIRUHWKHVLJQDOURXJKQHVVRIWKHIUHTXHQF\GRPDLQLPDJHLVDDQ
HIIHFWLYHGDPDJHIHDWXUHLQGLFDWRU
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)LJXUH7KHVLJQDOURXJKQHVVRIGLIIHUHQWGDPDJHVL]H

3

THE VERIFICATION OF THE DAMAGE FEATURE PARAMETER

7R IXUWKHU YHULI\ WKH GDPDJH IHDWXUH SDUDPHWHUV¶ XVDELOLWLHV WKH ORFDWLRQ RI WKH GDPDJH
FKDQJHGZKLOHWKHWUDQVPLWWHUDQGWKHUHFHLYHUFKDQJHGDWWKHVDPHWLPH$VVKRZQLQ)LJXUH
WKH/DPEVLJQDOLVH[FLWHGE\WKHVHQVRUDQGUHFHLYHGE\WKHVHQVRU


)LJXUH&KDQJHWKHORFDWLRQRIWKHGDPDJH

:KHQWKHODPEZDYHDUULYHVDWWKHGDPDJHORFDWLRQDFFRUGLQJWRWKH+X\JHQV)UHVQHOSULQ
FLSOHWKHGDPDJHZLOOEHFRPHDQHZZDYHVRXUFHDQGWKHDPSOLWXGHRIWKHQHZZDYHZLOOEH
ORZHUWKDQWKHDUULYDODPSOLWXGH7KHQHZYLEUDWLRQVRXUFHZDYHDPSOLWXGHLVOLQHDUO\UHODWHG
WRWKHDUULYDODPSOLWXGH
7KHGDPDJHORFDWLRQLVVKRZQLQ)LJXUH D DQGWKHSURSDJDWLRQSDWKOHQJWKRIWKHUHIOHFWHG
ZDYH/'LVPP$QRWKHUGDPDJHORFDWLRQLVVKRZQLQ)LJXUHDQGWKHSURSDJDWLRQSDWK
OHQJWKRIWKHUHIOHFWHGZDYH/'LVPP%\VXEVWLWXWLQJDQGLQWR HT  WKH
WKHRUHWLFDODPSOLWXGHRISDWK/'LVWLPHVWKDWRISDWK/',Q)LJXUHWKHFXUYHILWWLQJ
IXQFWLRQLQ)LJXUH E LVGLYLGHGE\VRZHFDQJHWWKHUHODWLRQVKLSEHWZHHQWKHDPSOLWXGH
DQGWKHVL]HRIWKHGDPDJHDVIROOORZV
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7KHUHODWLRQVKLSEHWZHHQWKHDFWXDOGDPDJHVL]HDQGDPSOLWXGHLVVKRZQLQWKH)LJXUH D 
WKHVLPXODWLRQGDPDJHVL]HFRLQFLGHVZLWKWKHWKHRUHWLFDOSUHGLFWLYHYDOXHFDOFXODWHGE\WKHHT
 7KHUHIRUHWKHDPSOLWXGHRIWKHUHIOHFWHGZDYHFDQEHXVHGDVDSDUDPHWHUWRFKDUDFWHULVH
GDPDJHVDQGWKHGDPDJHVL]HFDQEHVXFFHVVIXOO\SUHGLFWHG

D

E

)LJXUH6LPXODWLRQYHULILFDWLRQUHVXOWV D 7KHDPSOLWXGHRIWKHHQYHORSHZLWKGLIIHUHQWGDPDJHVL]HE\VHQVRU
VHQVRU E 7KHVLJQDOURXJKQHVVRIGLIIHUHQWGDPDJHVL]HE\VHQVRUVHQVRU

,Q)LJXUH E DQG)LJXUH D LWLVFOHDUWKDWWKHWUHQGVRIWKHGDPDJHVL]HDQGWKHHQYHORSH
DPSOLWXGHLQWKHWZRILJXUHVDUHFRQVLVWHQWZKLFKFDQSUHGLFWWKHGDPDJHVL]HWKURXJKVLPXOD
WLRQV)URP)LJXUHDQG)LJXUH E LWFDQEHFRQFOXGHGWKDWWKHVLJQDOURXJKQHVVLVDQLP
SRUWDQWSDUDPHWHUWRGHVFULEHWKHGDPDJHVL]H
4

CONCLUSIONS

7KHFKDUDFWHULVWLFVRIWKH/DPEZDYHVLJQDOFRUUHVSRQGLQJWRWKHGHJUHHRIGDPDJHDUHVWXG
LHGLQWKLVZRUN7ZRSDUDPHWHUVDUHGHILQHGWRGHVFULEHWKHGDPDJHGHJUHHERWKLQWKHWLPH
GRPDLQDQGIUHTXHQF\GRPDLQ ,QWKH WLPHGRPDLQ DQDO\VLV WKHGLIIHUHQWLDO VLJQDO HQYHORSH
DPSOLWXGH H[WUDFWHG IURP WKH +LOEHUW 7UDQVIRUP LV DSSOLHG DV WKH GDPDJH IHDWXUH SDUDPHWHU
UHODWHGWRWKHGDPDJHVL]H,QWKHIUHTXHQF\GRPDLQDQDO\VLVWKHVLJQDOURXJKQHVVLVSURSRVHG
,WLVXVHGDVWKHGDPDJHVL]HFKDUDFWHULVWLFSDUDPHWHU7KHIHDVLELOLWLHVRIWKHHQYHORSHDPSOL
WXGHDQGWKHVLJQDOURXJKQHVVDUHYHULILHGE\QXPHULFDOVLPXODWLRQ 7KHLGHQWLILFDWLRQRIPXO
WLSOHGDPDJHVXVLQJWKHSURSRVHGDSSURDFKHVLVXQGHUIXUWKHULQYHVWLJDWLRQ
5
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DAMAGE ANALYSIS OF STEEL-CONCRETE COMPOSITE BEAMS
UNDER STATIC LOADS
Faraz Sadeghi1, Xinqun Zhu1, Jianchun Li1


&HQWUHIRU%XLOW,QIUDVWUXFWXUH5HVHDUFK &%,5 6FKRRORI&LYLODQG(QYLURQPHQWDO(QJLQHHULQJ
8QLYHUVLW\RI7HFKQRORJ\6\GQH\ 876 6\GQH\16:$XVWUDOLD
)DUD]6DGHJKL#VWXGHQWXWVHGXDX
^;LQTXQ=KX-LDQFKXQ/L`#XWVHGXDX

Keywords: 'DPDJHDQDO\VLV 3DUDPHWULFVWXG\&RPSRVLWHVWUXFWXUHV6WHHOFRQFUHWHFRPSR
VLWHEHDPV6WDWLFPHDVXUHPHQWV
Abstract. This paper presents a study of the static behavior of steel-concrete composite beams
with different types of damage. Since the behavior of a composite beam under load is governed
by the shear connection, it is important to investigate the overall structural response due to
different levels of damage in the interface and composite layers. A finite element (FE) model of
a steel-concrete composite beam is developed based on two Euler-Bernoulli beams as the composite layers coupled with a deformable shear connection. Three different damage indices are
defined for the concrete slab, the steel girder, and the distributed shear connection and then
embedded into the stiffness matrix of the composite beam. This model is validated by comparing
its load-displacement behavior with an equivalent FE model developed using the commercial
FE software ABAQUS. The impact that the loading location has on the results is then investigated. A convergence study is also carried out in terms of the displacements and strains to
determine the number of composite beam FEs. The maximum displacements and strains of composite beams with different types and levels of damage are then investigated. The numerical
analysis showed that after an initial reduction when the number of FEs increase, the changes
in displacement and strain at each location are very small. Moreover, the bonding slip has
almost no effect on the measurements, and the changes in maximum displacement and strain
from undamaged to maximum damage are almost the same.
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1

INTRODUCTION

$VVHVVLQJVWUXFWXUDOGDPDJHWKURXJKG\QDPLFDQGVWDWLFDQDO\VLVKDVEHFRPHLQFUHDVLQJO\
SRSXODU EHFDXVH WKH G\QDPLF DQG VWDWLF UHVSRQVH RI D VWUXFWXUH DUH IXQFWLRQV RI LWV SK\VLFDO
SDUDPHWHUVDQGWKHUHIRUHDQ\FKDQJHVLQWKHVHSDUDPHWHUVFDQEHUHIOHFWHGLQWKHVWUXFWXUDOUH
VSRQVHV7KLVLVZK\DWWHPSWVKDYHEHHQPDGHWRHYDOXDWHWKHVWUXFWXUDOLQWHJULW\E\GHYHORSLQJ
DSSURDFKHVEDVHGRQG\QDPLFDQGVWDWLFPHDVXUHGGDWD$OWKRXJKIHZVWXGLHVFDQEHIRXQGLQ
VWDWLFEDVHGPHWKRGVG\QDPLFEDVHGPHWKRGVKDYHEHHQVWXGLHGPRUHZLGHO\EHFDXVHWKH\DUH
HDVLHUWRLPSOHPHQW>@6WDWLFEDVHGPHWKRGVDUHEDVHGRQHTXLOLEULXPHTXDWLRQVZKHUHWKH
RQO\VLJQLILFDQWSDUDPHWHULVWKHVWLIIQHVVRIDVWUXFWXUHZKLFKLVZK\DQ\UHGXFWLRQLQVWLIIQHVV
GXHWRGDPDJHLVDVLJQLILFDQWSDUDPHWHUIRUGDPDJHDQDO\VLVLQWHUPVRIWKHVWDWLFUHVSRQVHV
$ODUJHQXPEHURIPHDVXUHPHQWVDUHQHHGHGWRDFFXUDWHO\DQDO\VHVWUXFWXUDOGDPDJHZKLFKLV
QRWSUDFWLFDOKRZHYHUWKLVSUREOHPFDQEHVROYHGE\FKDQJLQJWKHORDGLQJORFDWLRQVDQGLQ
FUHDVLQJWKHQXPEHURIWHVWVUDWKHUWKDQWKHPHDVXUHPHQWVHQVRUV>@7KHUHDUHDQXPEHURI
UHVHDUFKHVLQWRVWDWLFEDVHGPHWKRGVZKLFKFRQVLGHUHGEHDPVWUXFWXUHVDQGWUXVVHVRUIUDPHV
DVFDVHVWXGLHV)RUH[DPSOH/LXDQG&KLDQ>@SURSRVHGDPHWKRGWRLGHQWLI\WKHHOHPHQWDO
SURSHUWLHVRIDWUXVVXVLQJVWUDLQYDOXHV6DQD\HLHWDO>@XVHGWKHGHIOHFWLRQDQGVWUDLQGDWDRI
DVWHHOIUDPHWRHVWLPDWHVWLIIQHVVSDUDPHWHUVDQG/DRU\HWDO>@XVHGVWDWLFPHDVXUHPHQWVWR
GHWHUPLQHWKHQXPEHURIVHQVRUV:DQJHWDO>@H[DPLQHGKRZSDUWLDOVKHDULQWHUDFWLRQDIIHFWHG
WKHVWDWLFDQGG\QDPLFUHVSRQVHRIVWHHOFRQFUHWHFRPSRVLWHVWUXFWXUHVDQGIRXQGWKDWERQGVOLS
DQGFKDQJHVWRWKHPRGHVKDSHVDUHWKHHIIHFWLYHSDUDPHWHUVIRULGHQWLI\LQJGDPDJH
'LIIHUHQWPRGHOVKDYHEHHQGHYHORSHGWRLQYHVWLJDWHWKHEHKDYLRXURIVWHHOFRQFUHWHFRP
SRVLWHVWUXFWXUHVHVSHFLDOO\WKHHIIHFWRIERQGVOLS1LHHWDO>@VWXGLHGWKHHIIHFWVRIERQGVOLS
RQWKHGHIRUPDWLRQRIVWHHOFRQFUHWHFRPSRVLWHEHDPVXVLQJLWVHTXLYDOHQWULJLGLW\DQGIRXQG
WKDWERQGVOLSLVDQHIIHFWLYHFRQWULEXWRUWREHDPGHIRUPDWLRQ.XPDUHWDO>@XVHGSXVKRXW
WHVWWRGHWHUPLQHKRZWKHWKLFNQHVVRIWKHDGKHVLYHOD\HUDIIHFWVWKHFDSDFLW\RIFRPSRVLWHFRQ
QHFWLRQV&KHQHWDO>@VWXGLHGWKHVWDWLFDQGIDWLJXHEHKDYLRXURIVWHHOFRQFUHWHFRPSRVLWH
EHDPVZKHUHWKHVKHDUFRQQHFWRUVKDGEHHQFRUURGHGDQGIRXQGWKDWWKHFRUURGHGVWXGVKDG
UHGXFHGWKHVWLIIQHVVDQGORDGEHDULQJFDSDFLW\RIWKHEHDPV$\RXEDQG)LOLSSRX>@XVHGDQ
LQHODVWLFEHDPHOHPHQWWRDQDO\VHDVWHHOFRQFUHWHFRPSRVLWHEHDPZLWKSDUWLDOLQWHUDFWLRQXQ
GHUF\FOLFORDGLQJDQGFRQVLGHUHGDVKHDUFRQQHFWLRQZLWKDGLVWULEXWHGIRUFHDVWKHLQWHUIDFH
PRGHO1JX\HQHWDO>@XVHGDQ)(PRGHOWRFDUU\RXWDOLQHDUVWDWLFDQDO\VLVRIDVWHHOFRQ
FUHWHFRPSRVLWHEHDPZLWKGLVFUHWHVKHDUERQGLQJ6LQFHQRH[WUHPHORDGLQJFRQGLWLRQVKDG
EHHQFRQVLGHUHGLQPRVWRIWKHDERYHPHQWLRQHGVWXGLHVWKHGLVSODFHPHQWVZHUHYHU\VPDOODQG
WKHUHIRUHWKHXSOLIWHIIHFWV ZHUHRPLWWHG KRZHYHU WKH ERQGLQJ VOLS DIIHFWVWKH EHKDYLRXURI
WZROD\HUFRPSRVLWHEHDPVDQGPXVWEHLQFOXGHG>@:KHUHDVLQVWDWLFEDVHGPHWKRGVWKH
GLVSODFHPHQWVDQGRUVWUDLQVDUHXWLOL]HGWRDQDO\VHVWUXFWXUDOGDPDJHLWLVQHFHVVDU\WRLQYHV
WLJDWHKRZWKHVHSDUDPHWHUVFKDQJHLQWHUPVRIGLIIHUHQWGDPDJHW\SHV
,QWKLVSDSHUZHKDYHGHYHORSHGDVWHHOFRQFUHWHFRPSRVLWHHOHPHQWZLWKDERQGLQJLQWHUIDFH
ZKHUHWKHOD\HUVRIFRQFUHWHDQGVWHHODUHLQGHSHQGHQWO\LQWHUSRODWHGLQWRDGLVSODFHPHQWEDVHG
ILQLWHHOHPHQW )( IRUPXODWLRQ&DVHVZLWKGLIIHUHQWW\SHVRIGDPDJHDUHLQWURGXFHGWRGHVFULEH
WKHUHGXFWLRQLQVWLIIQHVVRIDFRQFUHWHVODEDVWHHOJLUGHUDQGWKHERQGLQJLQWHUIDFH7KLVPRGHO
LVYHULILHGE\FRPSDULQJLWZLWKWKHUHVXOWVREWDLQHGIURPDVLPLODUPRGHOEXLOWXVLQJWKHFRP
PHUFLDO)(VRIWZDUH$%$486>@ZKHUHWKHRSWLPDOQXPEHURI)(VDUHGHWHUPLQHGWKURXJK
DFRQYHUJHQFHVWXG\$SDUDPHWULFVWXG\LVDOVRFDUULHGRXWXVLQJGLVSODFHPHQWDQGVWUDLQPHDV
XUHPHQWV7KHHIIHFWVWKDWGLIIHUHQWOHYHOVRIGDPDJHDQGWKHPHDVXUHPHQWVDQGORDGLQJORFD
WLRQVKDYHRQWKHLGHQWLILHGUHVXOWVDUHDOVRGLVFXVVHG
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2

DISPLACEMENT BASED FINITE ELEMENT FORMULATION

2.1  Equilibrium and compatibility
,QWKLVVHFWLRQDFRPSRVLWHEHDPZLWKWZROD\HUVDQGDGHIRUPDEOHVKHDUFRQQHFWLRQLVIRU
PXODWHGVXFKWKDWWKHFRPSRVLWHEHDPHOHPHQWFRQVLVWVRIDFRQFUHWHVODERQWRSRIDVWHHOJLUGHU
ZLWKERQGLQJLQWHUIDFHV )LJXUH 7KHHTXLOLEULXPHTXDWLRQVIRUHDFKOD\HUDUHIRUPXODWHGE\
FRQVLGHULQJERQGVOLSDQGWKHHIIHFWVRIXSOLIW>@,Q)LJXUHWKHVXEVFULSWVܿDQGݏGHQRWH
WKHFRQFUHWHDQGVWHHOܸܰܯDQG݄DUHWKHD[LDOIRUFHVKHDUIRUFHEHQGLQJPRPHQWDQGWKH
GLVWDQFHEHWZHHQWKHLQWHUIDFHDQGUHIHUHQFHD[HVRIHDFKOD\HUUHVSHFWLYHO\DQGܦ௦ DQGܦ௧ 
DUHWKHVKHDUIRUFH ERQGLQJVOLS DQGWUDQVYHUVHIRUFH XSOLIW SHUXQLWOHQJWK$QH[WHUQDOGLV
WULEXWHGORDGܲLVDSSOLHGYHUWLFDOO\WRWKHFRQFUHWHVODE7KHHTXLOLEULXPHTXDWLRQIRUWKHFRP
SRVLWHEHDPVHFWLRQLVLQWURGXFHGDV>@


߲ ் ࡲ( )ݔെ ்߲ ࡲ ( )ݔെ ࡼ(࢞) = 0

ZKHUHࡲ(ࡲ)ݔ ()ݔDQGࡼ()ݔDUHWKHLQWHUQDOIRUFHYHFWRUVDFWLQJRQWKHFURVVVHFWLRQWKHLQ
WHUIDFHERQGLQJIRUFHDQGWKHH[WHUQDOORDGYHFWRUUHVSHFWLYHO\DQG߲DQG߲ DUHWKHGLIIHUHQ
WLDORSHUDWRUV $OWKRXJKDQ\VHFWLRQRIWKLVFRPSRVLWHEHDPKDVIRXUXQNQRZQIRUFHVܰ , ܰ௦ , ܯ
DQGܦ௦ WKHUHDUHRQO\ WKUHHHTXDWLRQV RI HTXLOLEULXP IRU HDFK VHFWLRQVRWKHFRPSDWLELOLW\
HTXDWLRQVVKRXOGEHPHUJHGWRDYRLGDQ\LQGHWHUPLQDF\ZLWKWKHFRPSRVLWHEHDP
ࡼ

ࡹࢉ
ࡺࢉ

ࡹࢉ + ࢊࡹࢉ

ࢂࢉ

ࡺࢉ + ࢊࡺࢉ

(ࢉ)

ࢎࢉ
ࡰ࢚

ࢂࢉ + ࢊࢂࢉ

ࡰ࢙ࢉ

ࡹ࢙
ࢎ࢙

(࢙)

ࡹ࢙ + ࢊࡹ࢙

ࡺ࢙

ࡺ࢙ + ࢊࡺ࢙
ࢂ࢙

ࢂ࢙ + ࢊࢂ࢙
ࢊ࢞

ࢠ
࢟
࢞

)LJXUH'LDJUDPRIDWZROD\HUHGFRPSRVLWHEHDPHOHPHQWZKHUH F DQG V DUHWKHFRQFUHWHVODEDQGVWHHO
JLUGHUUHVSHFWLYHO\

6LQFHWKHVDPHWUDQVYHUVHGLVSODFHPHQW QRXSOLIW LVFRQVLGHUHGIRUERWKOD\HUVRIWKHFRP
SRVLWHEHDPWKHFXUYDWXUH DQG URWDWLRQ ZLOO EH WKH VDPH HYHQWKRXJKGLIIHUHQW D[LDO GHIRU
PDWLRQFDQRFFXULQWKHVWHHODQGFRQFUHWHVHFWLRQV7KHD[LDODQGWUDQVYHUVHGHIRUPDWLRQVRI
WKHFRPSRVLWHEHDPDUHKDQGOHGE\WKHFRPSDWLELOLW\FRQGLWLRQVEDVHGRQ(XOHU%HUQRXOOLEHDP
WKHRU\7KHFRPSDWLELOLW\FRQGLWLRQVGHILQHGHIRUPDWLRQDQGGLVSODFHPHQWDWWKHLQWHUIDFHEH
WZHHQ WKH FRQFUHWH VODE DQG VWHHO JLUGHU >@ 7KLV UHODWLYH GLVSODFHPHQW DW WKH LQWHUIDFH LV
NQRZQDVWKHERQGVOLS݃DQGFDQEHGHILQHGDV
݃ = ݑ ( )ݔെ ݑ௦ ( )ݔ+ ݄߲௫ ߭()ݔ
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ZKHUHݑ ()ݔDQGݑ௦ ()ݔDUHWKHD[LDOGLVSODFHPHQWVRIWKHOD\HUVRIFRQFUHWHDQGVWHHODQG߭()ݔ
LVWKHWUDQVYHUVHGLVSODFHPHQW7KHUHVSRQVHRIWKHFRPSRVLWHEHDPVXEMHFWHGWRH[WHUQDOORDGV
FDQEHREWDLQHGZLWKSURSHUERXQGDU\FRQGLWLRQV
2.2  Stiffness matrix
7KHVWLIIQHVVPDWULFHVIRUWKHFRQFUHWHVODEVWHHOJLUGHUDQGERQGLQJLQWHUIDFHDUHXVHGWR
GHILQHWKHORFDODQG JOREDOVWLIIQHVVPDWULFHV RI WKH FRPSRVLWH EHDP HOHPHQW $ FRQWLQXRXV
VSULQJHOHPHQWLVFRQVLGHUHGDVWKHLQWHUIDFHHOHPHQW7KHD[LDOGLVSODFHPHQWVRIWKHFRPSRVLWH
EHDPDUHHVWLPDWHGXVLQJTXDGUDWLFSRO\QRPLDOIXQFWLRQVZKLOHWKHWUDQVYHUVHGLVSODFHPHQWV
DUHREWDLQHGE\FXELF+HUPLWLDQSRO\QRPLDOV>@7ZRH[WUDQRGHVKDYHEHHQDGGHGWRWKH
PLGGOHRIWKHFRQFUHWHVODEDQGVWHHOJLUGHUWRSURYLGHDFRQWLQXRXVERQGVOLSFRQGLWLRQDORQJ
WKH LQWHUIDFH 7KH YHFWRU RI HOHPHQWDO QRGDO GLVSODFHPHQW LV LQWURGXFHG DV ࢁ =
[ݑଵ ݑଶ ݑଷ ݑ௦ଵ ݑ௦ଶ ݑ௦ଷ ߥଵ ߠଵ ߥଶ ߠଶ ]் ZKHUH HDFK FRPSRQHQW UHSUHVHQWV D
GHJUHHRIIUHHGRP '2) 7KHFRPSRVLWHEHDPHOHPHQWZLWKERQGVOLSLQWKHLQWHUIDFHLVKDQ
GOHGE\WHQ'2)VLQFOXGLQJDWUDQVYHUVHDQGURWDWLRQLQHDFKQRGHDQGVL[D[LDOGLVSODFHPHQWV
)LJXUH 

)LJXUH1RGDOGLVSODFHPHQWVRIDVWHHOFRQFUHWHFRPSRVLWHHOHPHQWZLWK'2)V

7RREWDLQWKHVWLIIQHVVPDWULFHVDVPDOOGLVSODFHPHQWGXHWRDQH[WHUQDOORDGLVSUHVXPHGWR
RFFXUDQGWKHDPRXQWRIZRUNLVHTXDOWRWKHDPRXQWRIUHVLGXDOLQWHUQDOVWUDLQHQHUJ\7KHUH
IRUHWKH HOHPHQWDOVWLIIQHVVPDWULFHV IRUWKHFRQFUHWH௦ IRUWKHVWHHOVHFWLRQVDQG 
IRUWKHERQGLQJLQWHUIDFHDUHGHILQHGDV
ࡷ = ࡷ + ࡷ௦ + ࡷ

[ࡷଵ ]ଷ×ଷ
= [ࡷସ ]ଷ×ଷ
[ࡷ ]ସ×ଷ

[ࡷଶ ]ଷ×ଷ
[ࡷହ ]ଷ×ଷ
[ࡷ଼ ]ସ×ଷ

[ࡷଷ ]ଷ×ସ
[ࡷ ]ଷ×ସ 
[ࡷଽ ]ସ×ସ ଵ×ଵ



ZKHUHࡷ LVWKHVWLIIQHVVPDWUL[IRUWKHVWHHOFRQFUHWHFRPSRVLWHHOHPHQW
2.3  Definition of damage
$GDPDJHLQGH[LVGHILQHGDVWKHUHGXFWLRQLQHOHPHQWDOVWLIIQHVVRIWKH FRPSRVLWHEHDP
OD\HUVZKHUH
ܧ

ܧ
ZKHUHߙLVWKHGDPDJHLQGH[DQGܧDQGܧ DUHWKHHTXLYDOHQW(ODVWLFPRGXOXVZLWKDQGZLWKRXW
GDPDJHUHVSHFWLYHO\:KHQGDPDJHLQGH[LV]HURWKHUHLVQRGDPDJHLQWKDWHOHPHQW(0 ا
ߙ  ا1):KLOHWKHFRPSRVLWHOD\HUVDUHDVVXPHGWREHGDPDJHG(T  FDQEHXSGDWHGXVLQJ
WKHGDPDJHLQGLFDWRUVDV
ߙ = 1െ
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  + (1 െ ߙ௦ )ࡷ
 ௦ + (1 െ ߙ )ࡷ
  
ࡷ = ࡷ + ࡷ௦ + ࡷ = (1 െ ߙ )ࡷ



 ௦ DUHWKHVWLIIQHVVPDWULFHVRIWKHLQWDFWFRQFUHWHDQGVWHHOHOHPHQWVDQGWKH
  DQGࡷ
ZKHUHࡷ
VXEVFULSWVܿݏDQGܾGHQRWHWKHGDPDJHLQGLFHVIRUWKHFRQFUHWHVWHHODQGERQGLQJLQWHUIDFHV
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ZKHUH݊LVWKHQXPEHURI)(Vࡷࡷ ࡷ௦ DQGࡷ DUHWKHJOREDOVWLIIQHVVPDWULFHVRIWKHGDP
DJHGFRPSRVLWHEHDPFRQFUHWHVWHHODQGLQWHUIDFHHOHPHQWVDQGߙ ߙ௦ DQGߙ DUHWKH݅WK
HOHPHQWGDPDJHLQGLFHVRIGDPDJHGFRQFUHWHVWHHODQGERQGLQJLQWHUIDFHVUHVSHFWLYHO\
3

RESULTS AND DISCUSSION

3.1  Validation of the finite element model
7KHVWUXFWXUDOPRGHOXVHGLQWKLVVWXG\LVDVLPSO\VXSSRUWHGPORQJVWHHOFRQFUHWHFRP
SRVLWHEHDPZLWKDFRQFUHWHVODEVLWWLQJRQWRSRIDQ,VKDSHVWHHOJLUGHUZLWKVKHDUFRQQHFWRUV
7KH <RXQJ¶V PRGXOXV DQG GHQVLW\ RI WKH FRQFUHWH DQG VWHHO DUH ܧ = 3200 ߩ  ܽܲܯ =
2700 ݇݃Τ݉3 ܧ௦ = 210000 ܽܲܯDQGߩ௦ = 7800 ݇݃Τ݉3 UHVSHFWLYHO\7KHJHRPHWULFDOFKDU
DFWHULVWLFVRIWKHEHDPDUHVKRZQLQ)LJXUH
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)LJXUH7KHJHRPHWULFDOFKDUDFWHULVWLFVRIVWHHOFRQFUHWHFRPSRVLWHEHDPFURVVVHFWLRQ OHQJWKLQPP 
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7RGHYHORSDUHOLDEOHEDVHOLQH)(PRGHOWKDWFRXOGUHSUHVHQWWKHUHDOVWUXFWXUHRILQWHUHVW
WZRHTXLYDOHQW)(PRGHOVDUHFRQVWUXFWHGDQGWKHLUVWDWLFUHVSRQVHDUHFRPSDUHG7RWKLVHQG
DQ )( PRGHO RI WKH VWHHOFRQFUHWH FRPSRVLWH EHDP LV PRGHOOHG E\ )( SURJUDPPLQJ LQ
0$7/$%7KLVPRGHOLVXVHGIRUWKHGDPDJHLGHQWLILFDWLRQLQWHUPVRIGLIIHUHQWVWDWLFORDGLQJ
ORFDWLRQVERQGLQWHUDFWLRQVDQGGDPDJHFDVHV+RZHYHUWRREWDLQWKHEDVHOLQHPRGHOQRGDP
DJH DQG ERQG VOLS DUH FRQVLGHUHG LQ WKH DQDO\VLV %HVLGHV DQRWKHU )( PRGHO ZLWK WKH VDPH
PDWHULDODQGJHRPHWULFDOSURSHUWLHVLVEXLOWXVLQJWKH)(VRIWZDUH$%$486DVVKRZQLQ)LJXUH


)LJXUH7KH)(PRGHORIVWHHOFRQFUHWHFRPSRVLWHEHDPVKRZLQJGLVSODFHPHQWVDORQJWKHEHDPVXEMHFWHGWR
PLGVSDQSRLQWORDGV

,QHDFKFDVHWKHVWUXFWXUHLVVXEMHFWHGWRDVWDWLFORDGZKHUH ܲ = 10000 ܰDWWKHPLGGOHRI
WKHEHDPDQGWKHQDWܮ/3IURPWKHOHIWVXSSRUWWKHDQDO\WLFDOGLVSODFHPHQWVDUHPHDVXUHGIURP
SRLQWVORFDWHGHTXDOO\DORQJWKHFRPSRVLWHEHDP7KHYDOLGLW\RIWKLVDQDO\VLVLVHQKDQFHG
E\DQDO\VLQJILYHPRGHOVZLWKDQG)(VIRUHDFKFDVHDQGWKHQWKHGLVSODFH
PHQWVGXHWRVWDWLFORDGLQJVDUHXVHGWRFRPSDUHWKHWZR)(PRGHOV7DEOHVKRZVWKHPD[L
PXP GLVSODFHPHQWV RI WKH VWHHOFRQFUHWH FRPSRVLWH EHDP REWDLQHG IURP WKH )( PRGHOV
GHYHORSHGLQ0$7/$% )(0 DQG$%$486 )($ 7KHVHGLVSODFHPHQWVDUHDOPRVWWKH
VDPHIRUERWKPRGHOVVKRZLQJKRZSUHFLVHWKH)(PRGHOGHYHORSHGLVE\EHLQJSURJUDPPHG
LQ0$7/$%


0HDVXUHPHQW
1XPEHURI)(V
/RDGDSSOLHGDW/
/RDGDSSOLHGDW/

)(0
)($
)(0
)($


x
x
x
x

0D[LPXP'LVSODFHPHQWV





x  x  x
x x x
x x x
x x x


x
x
x
x

7DEOH0D[LPXPGLVSODFHPHQWV LQP PHDVXUHGIURPWKHQXPHULFDOPRGHOVLQ0$7/$% )(0 DQG
$%$486 )($ 

7KHGLIIHUHQFHVEHWZHHQWKHPD[LPXPGLVSODFHPHQWVIRUWKHPRGHOZLWK)(VDUHJUHDWHU
WKDQWKRVHZLWKVPDOOHUVL]HGPHVK$FRQYHUJHQFHVWXG\KDVEHHQFDUULHGRXWXVLQJWKH)(0
LQWHUPVRIGLIIHUHQWQXPEHUVRI)(VZKHUHWKH)(VDUHFKDQJHGIURPWRDQGWKHGLVSODFH
PHQWDQGVWUDLQYDOXHVDUHPHDVXUHG
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)LJXUH&RQYHUJHQFHRIPD[LPXP D GLVSODFHPHQWDQG E VWUDLQLQWHUPVRIWKHQXPEHURI)(V

)LJXUHVKRZVWKHFRQYHUJHQFHRIPD[LPXPGLVSODFHPHQWDQGVWUDLQLQWHUPVRIWKHQXPEHU
RI)(V:KLOHWKHVHPD[LPXPGLVSODFHPHQWVDQGVWUDLQVJUDGXDOO\LPSURYHE\LQFUHPHQWVZLWK
WKHQXPEHURI)(VLQERWKFDVHVWKHUHLVDQLPPHGLDWHUHGXFWLRQLQWKHPRGHOVZLWK)(QXPEHUV
IURPWR)XUWKHUPRUHVLQFHWKHGLVFUHSDQFLHVRIWKHPRGHOZLWK)(VDUHYHU\VPDOO
HOHPHQWVDUHXVHGLQWKHIROORZLQJVWXGLHV
3.2  Parametric study
$VHULHVRISDUDPHWULFVWXGLHVEDVHGRQWKHVWDWLFUHVSRQVHVRIWKHEHDPKDYHEHHQFDUULHG
RXWDQGWKHEHKDYLRURIWKHFRPSRVLWHEHDPKDV EHHQLQYHVWLJDWHG IRUSRWHQWLDOGDPDJHVLQ
WHUPVRIYDULDWLRQVLQVWDWLFSDUDPHWHUVVXFKDVGLVSODFHPHQWDQGVWUDLQ7KHSDUDPHWHUWKDWEHVW
LGHQWLILHVGDPDJHLVWKHQVHOHFWHG7KHSDUDPHWULFDQDO\VLVLVEDVHGRQWKHGLVSODFHPHQWVDQG
VWUDLQVRIWKHFRPSRVLWHEHDPIRUVL[GLIIHUHQWFDVHV7KLVFRQVLVWVRIWKUHHFDVHVRIVLQJOHGDP
DJHLQFRQFUHWHVWHHODQGLQWHUIDFHWZRFDVHVRIGRXEOHGDPDJHLQWKHFRQFUHWHLQWHUIDFHDQG
VWHHOLQWHUIDFHDQGRQHFDVHRIWULSOHGDPDJHLQWKHFRQFUHWHVWHHOLQWHUIDFH7KHVHFDVHVDUH
LQWURGXFHGDVDUHGXFWLRQLQWKHVWLIIQHVVRIDQHOHPHQWLQWKHFRPSRVLWHEHDP
)LJXUHVKRZVWKHFKDQJHVRIPD[LPXPGLVSODFHPHQWDQGVWUDLQRIWKH FRPSRVLWHEHDP
ZLWK)(VLQWHUPVRIGLIIHUHQWFDVHVRIGDPDJHDQGUHGXFWLRQVLQVWLIIQHVV(OHPHQWVQXPEHU
IURPWKHVXSSRUWRQWKHOHIWKDQGVLGHRIWKHFRPSRVLWHEHDPKDYHEHHQFRQVLGHUHGDVWKH
GDPDJHGRQHVDQGDUDQJHRIUHGXFWLRQLQVWLIIQHVVLVDSSOLHGIURPWR7KHVWDWLFUH
VSRQVHVRIWKHFRPSRVLWHEHDPKDYHEHHQREWDLQHGIRUVL[GLIIHUHQWFDVHVRIGDPDJHLQWHQVWHSV
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RIWKHVWLIIQHVVUHGXFWLRQV LQWDFWWRPD[LPXPGDPDJH $OWKRXJKWKHPD[LPXPGLVSODFHPHQWV
LQFUHDVHZKHQWKHVWLIIQHVVGHFUHDVHWKHVH YDOXHV DUH YHU\ VPDOO SDUWLFXODUO\ LQ WKH FDVHRI
ERQGLQJORVV7KHGLVFUHSDQFLHVLQWKHVWUDLQVDUHDOPRVW]HURIRUFDVHVZLWKDORVVRIERQGLQJ
6LQFHWKHPDLQREMHFWLYHLVWRDQDO\VHWKHGDPDJHRQWKHERQGLQJLQWHUIDFHWKHFDVHZLWKD
VLQJOHGDPDJHRQWKHLQWHUIDFH &DVHLQ)LJXUH LVXVHGWRVHOHFWWKHSURSHUSDUDPHWHU,WLV
IRXQGWKDWWKHORVVRIERQGLQJLQWHUIDFHUHVXOWVDPLQLPXPFKDQJHLQWKHPD[LPXPGLVSODFH
PHQW )LJXUHD DQGVWUDLQ )LJXUHE IURPXQGDPDJHGWRPD[LPXPGDPDJHGVWDWHV7KHUH
IRUHLQRUGHUWRDUHOLDEOHGDPDJHLGHQWLILFDWLRQERWKSDUDPHWHUVFRXOGEHXVHGEHFDXVHWKHLU
FKDQJHVDUHDOPRVWWKHVDPH
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)LJXUH7KHFKDQJHVRIPD[LPXP D GLVSODFHPHQWVDQG E VWUDLQVRIWKHEHDPZLWK)(VGXHWRUHGXFWLRQV
LQVWLIIQHVV IURPWR LQ(OHPHQWVIRUVLQJOHGDPDJH FDVHVDQG GRXEOHGDPDJH FDVHVDQG 
DQGWULSOHGDPDJH FDVH 

4

REVIEW
3HHUUHYLHZXQGHUWKHUHVSRQVLELOLW\RIWKH6FLHQWLILFFRPPLWWHHRI(XURG\Q

5

CONCLUSION

,QWKLVSDSHUDQXPHULFDODQDO\VLVRIYDULRXVFDVHVRIVWUXFWXUDOGDPDJHKDVEHHQFDUULHGRXW
RQDVWHHOFRQFUHWHFRPSRVLWHEHDPVXEMHFWHGWRVWDWLFORDGLQJV$Q)(PRGHORIWKHFRPSRVLWH
EHDPLVGHYHORSHGE\LQFRUSRUDWLQJDGLVWULEXWHGVKHDUFRQQHFWLRQDQGWKHQGLIIHUHQWGDPDJH
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LQGLFHVKDYHEHHQHPEHGGHGLQWRWKHVWLIIQHVVPDWUL[RIWKHEHDP7KHUHVXOWVLQGLFDWHWKDWWKH
PRGHOLVUHOLDEOHEHFDXVHWKHGLVSODFHPHQWVDUHDFFHSWDEOHLQWHUPVRIGLIIHUHQWORDGORFDWLRQV
ZLWKDVLPLODU)(PRGHOEXLOWIURPWKHFRPPHUFLDO)(SDFNDJH$%$4867KHFRQYHUJHQFH
VWXG\HVWDEOLVKHGWRGHWHUPLQHWKHRSWLPDOQXPEHURI)(VIRUWKHFRPSRVLWHEHDPLQGLFDWHVWKDW
WKHGLVFUHSDQFLHVLQWKHGLVSODFHPHQWVDQGVWUDLQVDIWHUWKHPRGHOZLWK)(VDUHYHU\VPDOO
DQGWKHUHIRUHHOHPHQWVDUHXVHGLQWKHQXPHULFDODQDO\VLV7KHPD[LPXPGLVSODFHPHQWVDQG
VWUDLQVLQWKHEHDPLQYDULRXVFDVHVDUH DOVR LQYHVWLJDWHG DQGFRPSDUHG ,W LV IRXQGWKDWWKH
PD[LPXPGLVSODFHPHQWVDQGVWUDLQVDWHDFKORDGLQJORFDWLRQUHPDLQFRQVWDQWDIWHUDQLQLWLDO
UHGXFWLRQZKHQWKHQXPEHURI)(VLQFUHDVH0RUHRYHUWKHERQGLQJVOLSGRHVQRWLPSDFWWKH
PHDVXUHPHQWVYHU\PXFKDQGWKHFKDQJHRIPD[LPXPGLVSODFHPHQWVDQGVWUDLQVIURPXQGDP
DJHGWRPD[LPXPGDPDJHDUHDOPRVWWKHVDPH
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Abstract. Recent dramatic bridge collapses worldwide have drawn a signiﬁcant attention on
the problem of ageing infrastructural network and highlighted the main failure causes of bridge
structures, namely: decay of the mechanical properties due to ageing, increase of trafﬁc loads,
subsidence of the soil, earthquakes, and more. Road managers have the great need of acquiring
the largest possible information regarding the current health state of the transportation networks that are typically dated and huge in terms of number of bridges. Nowadays, this knowledge is gained through planned inspections to be performed on individual bridges. However, in
countries where the seismic risk is high, a special attention must be paid to the seismic response
of bridges, as they often constitute the most sensitive and strategic structures for the management of post-earthquake emergencies. Visual inspections are still the most used class of tools
to assess the health state of structures after an earthquake. Several efforts have been made to
carry out surveys and obtain updated databases on the conditions and the seismic performances
of bridges; other efforts have been made to develop automatic procedures for the classiﬁcation
of intervention priorities after seismic events, based on rapid analysis and simpliﬁed evaluation forms. The use of seismic structural health monitoring (S 2 HM ) systems installed on the
structure can be an excellent solution to these problems. S 2 HM systems allow reducing the uncertainties affecting the assessment of the planned maintenance and allow important economic
savings. The present paper proposes a novel methodology for calculating the life cycle costs of
road bridges equipped with S 2 HM systems. Cost analyses are carried out considering seismic
scenarios of the same duration as the life span of the structure, generated through Monte Carlo
simulations, based on the mean annual rate values obtained by sampling the seismic hazard
curves. The procedure allows to quantify the beneﬁts in terms of structural reliability offered by
the S 2 HM system, and provides knowledge on the economic advantages of the use of S 2 HM
that allows avoiding unnecessary trafﬁc closures and interruptions. The cost model allows to
investigate the inﬂuence of the seismic monitoring systems on life-cycle cost of bridges and to
highlight the most sensitive aspects in order to obtain a signiﬁcant economic return, such as
site seismic hazard and lifetime.
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1

INTRODUCTION

The life cycle management of the roadway bridges network is organized with long term
plannings of scheduled inspection and maintenance (I&M) that may be deﬁned as ordinary
ones. Since these operations are forseen by the design phase of the structure, their execution
costs are computable. Ordinary inspections consist of control activities of the global and/or local structural safety made at ﬁxed ranges of time [1, 2]. An Italian regulation from the ministry
of public works regarding bridges inspections [3] imposes the obligation to carry out quarterly
visual inspections by technicians and more detailed annual visual inspections by engineers. The
scopes are to monitor and to update the knowledge of the current health state of the bridges over
time in order to perform different levels of ordinary maintenance in time [4]. Ordinary I&M
allows proper safety levels regarding the degradation phenomena. Therefore, the maintenance
costs can be deﬁned in terms of excpected values, namely as function of a probability of failure
[5]. Moreover, to ordinary I&M costs, post-event inspection and maintenance operations (extraordinary I&M) costs must be added. The main Italian road network manager, Anas S.p.A.,
adds in-depth inspections through the use of special means, such as using an inspection platform, and the execution of non-destructive tests, to be carried out after extraordinary events and,
in particular, after earthquakes of sufﬁciently large intensity. On one hand, extraordinary I&M
can produce signiﬁcant inconvenience to drivers, as disruption and/or diversion of trafﬁc for the
time necessary to carry out the operations. On the other hand, post events operations are the
most expensive ones due to the uncertainties regarding the damage detection and localization.
Recently, several strategies of post-seismic emergency management were proposed in order
to provide priority I&M operations classiﬁcation methods. O’Reilly [6] and Borzi [7] proposed
upadated databases and seismic risk maps for the bridges based on fragility curves to support
decision making. Limongelli [8] provided a method based on the value of information of the
visual inspections.
In this paper, the use of the results provided by the monitoring system during an earthquake
as tool to manage the inspection operations of the monitored bridges is proposed. A life cycle cost model able i) to compute the cost of the post-event operantions when the S2 HM data
are available [9] and ii) to quantify the obtained gain in comparison to traditional post-seismic
emergency strategies is introduced. The results of the cost model application to a case study
bridge by Monte Carlo simulations of the seismic scenarios and structural responses are shown.
The simulation process allows to compare the total cost values for different strategies by quantitative assessments, in order to quantify the economic beneﬁts and to highlight the most sensitive
parameters. In the paper, the effects on the results of seismic hazard and lifetime are investigated.
2 S2 HM AND POST-EVENT INSPECTION STRATEGY
The process of implementing the damage detection strategy regarding the structural seismic
risk can be deﬁned as Seismic Structural Health Monitoring [10]. The S2 HM system operating
principle can be different according to the monitored seismic phase [11]: i) before the event,
the system processes and stores a huge quantity of data, ii) during the event, the system must
be able to record the typical phenomena as exceedence drift, and, ﬁnally, iii) after the event, the
system must highlight potential behavior anomalies. Each phase requires different architecture
features of the system according to the speciﬁc purpose.
In this paper, S2 HM refers to threshold monitoring systems able to control the structural response during an earthquake and to report it to bridge managers in terms of values above or
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below a performance threshold. These values can be used as health state markers of the monitored bridge components. Indeed, each threshold parameter is related to a speciﬁc limit state
and, hence, to different emergency management activities, such as disruption and/or diversion of
trafﬁc, inspections and maintenances. The threshold selection is a prerogative of managers and
experts on the basis of i) accuracy of the theoretical/experimental evaluation of the monitored
parameters, ii) safety level to ensure, and iii) reliability of the monitoring system result.
In this work, only the ispections operations are managed by seismic monitoring results.
Therefore, a condition-based post-event inspection strategy can be deﬁned, and, according to
it, the control operations on the bridge components for which an alert is supplied by S2 HM are
carried out. The strategy is outlined by the following steps:
1) Select the limit states of the bridge to monitor (bearing failure, pier bending, etc.);
2) Identify the level of each limit state (ﬂexural, concrete spalling, bar yelding, ultimate
strength, etc.), hereinafter referred to as Damage State DS;
3) Choose and compute the values of damage parameters (pier drift, pier tilt, etc.) and the
threshold values referred to the selected DS;
4) Set up the suitable S2 HM system to monitor the damage parameter during the eartquake;
5) Outline the extraordinary inspections referred to the exceedance of the DS.
3

LCCA FOR S2 HM

The life cycle cost analysis (LCCA) evaluates the total economic beneﬁt of a structure by
analyzing initial and discounted future costs [12]. Therefore, the total life cycle cost of a bridge
can be deﬁned as the sum of three cost groups: initial, management and ﬁnal costs. The proposed classiﬁcation follows the common practice to carry out cost analyses in terms of equivalent present value [12, 13] and, on the other hand, the need to separate the terms supposed as
deterministic to the terms affected by uncertaintes and, therefore, described as expected values.
The initial costs, C0,b , include all cost items performed within the year ”zero” and, hence,
considered as current values. The management costs involve the activities to preserve the performance of the work and all its components. For bridges, the inspection costs, CI , and the
maintenance costs, CM , represent the main contributions and, moreover, they must be expressed
in terms of expected value, time cumulative and discounted at current value. The last group is
the cost of disposal, CD , of the structure at the end of its lifetime to be expressed in terms of
present value.
The presence of the monitoring system affects the cost terms at the different stages of the life
cycle. First, the initial purchase and installation cost, C0,SHM , and the SHM system management
cost, CSHM , must be added to the initial costs and to the discounted future costs, respectively.
Hence, the expected total life-cycle cost of a bridge equipped with a seismic monitoring system
can be expressed as follows [14]:
E[C(tL )]|SHM = C0,b + C0,SHM +

tL

E[CSHM (t)] + E[CI (t)]|SHM + E[CM (t)]|SHM

(1 + r)t

t=1

+
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where tL is the lifetime of the bridge expressed in years, E[.] is the expected value of the
considered entity, and r is the discount rate.
In a condition-based post-event inspection strategy, the inspection costs at time t can be
deﬁned as:
E[CI (t)]|SHM =

L(t)


nI,l (t)cord
I,l +

N


extra
pSHM
I,n (t)cI,n

(2)

n=1

l=1

where L is the total number of ordinary inspection operation types; nI,l the number per year of
l-type ordinary inspection; cord
I,l the l-type ordinary operation, N is the total number of possible
extraordinary inspection types (equal to the number of limit states that the monitoring system
can detect), pSHM
I,n is the probability that the monitoring system detects the n-th type of damage,
SHM
cI,n is the respective inspection cost.
The probability term in Eq. (2), pSHM
I,n , is the product of the probability of exceedance of
the n-type of Damage State DSn conditional on the occurrence of an earthquake, IM , and the
probability of exceedance of the earthquake in one year:
pSHM
I,n = P (DSn ∩ IM ) = P (DSn |IM ) · P (IM )

(3)

When in the design phase, seismic monitoring system data are not available, the expected value
of the inspection cost at time t, E[CI (t)], is again the sum of the costs of ordinary and extraordinary operations, but the probability term corresponds to the probability of occurrence of a
seismic event in one year [15]:
pI = P (IM ) = 1 − e−λ

(4)

where λ is the annual frequency of exceedance of the event IM , taken from the hazard curve
and according to the Poisson distribution.
In order to evaluate the economic gain of the novel post-event inspection strategy compared to
the traditional approach, the following cost formulas are considered in the simulation process,
for the cases with and without SHM system respectively:
E[C(tL )]|SHM = C0,b + C0,SHM +

tL

E[CSHM (t)] + E[CI (t)]|SHM
t=1

E[C(tL )] = C0,b +

(1 + r)t

tL

E[CI (t)]
t=1

(1 + r)t

(5)

(6)

The comparison is performed in terms of economic gain, G, deﬁned as the difference of the
cumulative cost at tL year between the condition-based and the traditional strategies:
G = E[C(tL )] − E[C(tL )]|SHM

(7)

and in terms of economically viable cases, nevc , deﬁned as the of number cases for which G is
positive, over the total number of simulations, ntot :
nG>0
(8)
nevc =
ntot
All inspection costs, ordinary and extraordinary, include both operations direct costs and indirect costs [5] associated with the cost of fatalities and accidents [16], and the trafﬁc delay [13],
caused by the operations.
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4

SIMULATION METHODOLOGY

In order to apply the described cost model to a case study, a multi-step simulation process
is developed. The gaol is to quantify in occurred, equal to 1, or not occurred, equal to 0, the
probability terms of Eqs. (3) and (4) by Monte Carlo simulations.
The starting point of the simulation methodology consists in the realization of seismic scenarios, namely the time distributions of seismic signiﬁcant intensity events, consistently with
the site seismic hazard [4]. The procedure consists of:
1.a) Seismic site hazard curve (P GA-λ) sampling: selection of the number I and P GAi intensity of the seismic events of interest and evaluation of the corresponding annual frequency
of exceedance, λi ;
1.b) Generation of a sample, of statistically signiﬁcant size NI , of the random vector T̄ of the I
uncorrelated random Earthquakes, IMi , with Poisson distribution, mean λi and intensity
P GAi respectively. Thus, a matrix I×NI is the genereted sample where the i-th row
represents the distribution on NI years of the arrival times tP GAi of the i-th earthquake;
1.c) Random extraction of tL -long time windows (seismic scenarios) from the previous matrix.
The overlapping of the rows of the resulting I×tL matrices represents the time distribution
of the seismic events in the interval tL .
The other phases of the multi-step simulation process are:
2) Realization of a Finite Element (FE) model of the case study bridge;
3) Application to the model of accelerograms with P GAi consistent with the analyzed seismic scenario;
4) Seismic system response relative to each seismic event, namely accelerograms, and comparison with the thresholds DSn , as described in Sections 2 and 3.
5

CASE STUDY APPLICATION

The results of the life cycle cost analysis according to the proposed cost model in Section
3 are necessarily inﬂuenced by the initial parameters, such as input data (examined bridge and
site, etc.) and design features (thresholds and inspection operations deﬁnition, etc.).
5.1

Case study bridge and S2 HM system

The investigated bridge is a continuous steel-concrete composite bridge. It consists of 10
different size spans for a total length of 574 m; the cross-section is made by two I-shaped steel
girders and a 32 cm thick concrete slab, and the RC piers have different heights with a bi-hollow
rectangular cross-section.
Regarding the condition-based post-event inspection strategy described in Section 2, the
following assumptions are made:
1) Limit states: bending of the 10 piers of the bridge;
2) Damage States: cracking and bar yelding of the bottom section of each pier;

1067

Michela Torti, Ilaria Venanzi and Filippo Ubertini

Table 1: Comparison of inspection strategies

Strategy

Type

Frequency

Ordinary level-1
Condition-based CI-O. level-1
post-event
Ordinary level-2
inspection
CI-O. level-2
Extraordinary CI-Extra
Ordinary level-1
CI-O. level-1
Ordinary level-2
CI-O. level-2
Extraordinary CI-Extra

Traditional

3 months [3],
Post-earthquake when %δy,i ≤δi ¡0.8δy,i
Annual [3]
Post-earthquake when δi ≥%δy,i
3 months [3]
Annual [3]
Post-earthquake for each pier

Table 2: Cost items and values for LCCA

Cost item

Cost

C0,b
C0,SHM
CSHM

2097600 e[design documents]
3000 e
10% C0,SHM

Cost item

Direct cost

Indirect cost

CI-O. level-1
CI-O. level-2
CI-Extra

297 e/pier [17, 18]
553 e/pier [17, 18]
975 e/pier [17, 18]

−
−
343 e/pier [13, 16, 19, 20, 21]

Total cost
297 e/pier
553 e/pier
1318 e/pier

3) Damage parameter and threshold values: relative displacements at the top of the i-th pier,
equal to a percentage of the values corresponding to the cracking, %δcr,i , and a percentage
of the values corresponding to the elastic limit for reinforcement yielding, %δy,i ;
4) S2 HM system: bidirectional low-cost accelerometers placed at the top and at the base
sections of each pier (20 accelerometers in total) that record absolute accelerations in the
two main directions; relative displacements are evaluated by double integration of the
recorded accelerations, with assumed zero initial displacements and velocity;
5) Extraordinary inspections strategy: Table 1 summarizes the implemented inspection strategy with S2 HM system; for clarity, also the traditional inspection approach is reported in
the same table.
5.2

Cost analysis

Regarding the cost model illustrated at Section 3, Table 2 summarizes the adopted cost items
in order to apply the simulation procedure to the case study.
The cost value of the SHM system management, CSHM , is deﬁned as annual cost that has to
be discounted; the CI-O. level-1 , CI-O. level-2 , and CI-Extra values are reported as unit costs for a single
operation and a single pier, to discount and multiply by the occurrence number.
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6

SENSITIVITY ANALYSES

The application of the cost model through the simulation process allows to quantify the
inﬂuence of the initial parameters on the results in terms of economic gain, G, and economically
viable cases, nevc .
In this work, the effects of i) the lifetime in which the comparison is performed (tL value)
and ii) the site seismic hazard (sampled hazard curve) are investigated. Therefore:
• Variation of lifetime in the range [10, 200] years is analyzed with 2-year step increments;
• Three seismic hazard curves are implemented in the analyses, as shown in Fig. 1.
Any time a seismic scenario is applied to the case study, the corresponding value of the economic gain G is computed. Since the random factors are involved, it is necessary to perform the
simulation process a large number of times in order to statistically process the obtained results.
Therefore, a ﬁrst analysis has been performed in order to evaluate the number of simulations,
taking into account the computational effort. The following analyses refer to a sample of 2000
scenarios (ntot =2000 in Eq. 8).

Figure 1: Seismic hazard curve: Curve 1 relative to LAT= 37.1254 LONG= 14.9275 available from [22], Curve 2
relative to LAT= 34.028 LONG= -118.251 available from [23], Curve 3 relative to LAT= 57.048 LONG= -157.236
available from [23].

6.1

Effects of the lifetime

In accordance with a condition-based post-event inspection strategy, the economic gain offered by the monitoring system can be triggered only when a seismic event occurs. Extending
the analysis period allows to increase the probability that a higher number of earthquakes may
happen in a scenario and, consequently, to raise the probability to obtain greater G values. On
the other hand, all future cost items are reduced in terms of the present worth of the investment by the discount rate r and, in accordance with Eq. (1), the reductive effect of r increases
exponentially over time. Hence, the added seismic events, as tL increases, cause a progressively lower gain. Therefore, the inﬂuence of lifetime in terms of the expected beneﬁts must be
assessed in accordance with the adopted value of r.
Sensitivity analyses are performed assuming Curve 1, percentage equal to 80% and r equal
to 0.01, 0.03 and 0.05. Table 3 shows the peak ground accelerations and the annual frequencies
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PGA [g]
0.0545
0.0775
0.1350
0.2213
0.2789
0.3364
0.4227
0.5090
0.5666
0.6247

λ
0.0284
0.0167
0.0076
0.0032
0.0021
0.0014
0.0009
0.0006
0.0005
0.0004

Table 3: Peak ground accelerations, P GA, and annual frequencies of exceedance, λ, of Curve 1

Figure 2: Comparison of mntot and mnG>0 function of tL for r = 0.05, r = 0.03, and r = 0.01

of exceedance considered by the sampling of Curve 1 and used for the deﬁnition of seismic
scenarios. The value of nevc , the mean of the ntot G values, mntot , and the mean of the nG>0
positive G values, mnG>0 , are calculated for each tL of the analysis range. The values of mntot
and mnG>0 are shown and compared in Fig. 2 and the values of nevc in Fig. 3, as functions of tL
for r equal to 0.05, 0.03 and 0.01.
The S2 HM beneﬁt increases with the period of analysis with a higher growth rate for minor
value of r. For high values of the discount rate, it is possible to identify a limit value of tL ,
beyond which the gain becomes asymptotic, therefore, the comparison on larger tL provides no
further useful information. In the case study, the limit values equal to 60 and 100 years are
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Figure 3: nevc function of tL for r = 0.05, r = 0.03, and r = 0.01

obtained for r=0.05 and r=0.03, respectively. For the initial value of tL , the difference between
the values of the pairs mntot -mnG>0 is maximun and is greater for lower r, because the possible
gain provided by single seismic events is more effective, then, it decreases with r and with an
increasing tL , because nevc increases with tL and with decreasing r.
6.2

Effects of the seismic hazard

An input parameter determining the number of seismic events that may occur during the
lifetime of the bridge is the seismic hazard. A worst site hazard is characterized by bigger annual
frequency of exceedance values for the same seismic intensity, therefore, over an equal analyzed
lifetime, the number of events of a speciﬁc earthquake, obtained by Monte Carlo simulation,
may be higher. However, a more severe seismic hazard leads to a higher probability that high
intensity seismic events may occur. Severe earthquakes increase the damage probability and,
therefore, the probability that more inspections are triggered, reducing the economic beneﬁt of
the monitoring system. The selected seismic hazard curves have the following features: Curve
2 is always harder than Curve 1, Curve 3 is harder than the other curves for smaller PGA values,
while larger PGA values have lower probabilities.
Sensitivity analyses are performed assuming the same sampling values of P GA. Table 4
compares the annual frequencies of exceedance relative to Curve 1, Curve 2, and Curve3.
Moreover, taking into account that the lifetime of a bridge is usually 100 years, the analyses
are performed assuming tL equal to 100 years and r equal to 0.03. The adopted percentage
value is 80%.
The results are reported in terms of the relative frequency distributions of the ntot G values,
Fig. 4, and in terms of nevc , Table 5.
The relative frequency distribution of G relative to Curve 3 is characterized by higher values
of G, preceded by the results of Curve 2 and, ﬁnally, by Curve 1. The same relationship occurs
for nevc .
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PGA [g]
0.0545
0.0775
0.1350
0.2213
0.2789
0.3364
0.4227
0.5090
0.5666
0.6247

λ (Curve 1)
0.0284
0.0167
0.0076
0.0032
0.0021
0.0014
0.0009
0.0006
0.0005
0.0004

λ (Curve 2)
0.0427
0.0268
0.0119
0.0052
0.0034
0.0023
0.0014
0.0009
0.0007
0.0005

λ (Curve 3)
0.0737
0.0426
0.0157
0.0051
0.0028
0.0016
0.0008
0.0004
0.0003
0.0002

Table 4: Peak ground accelerations, PGA, and annual frequencies of exceedance, λ, of Curve 1, Curve 2 and Curve
3

Figure 4: Relative frequency distribution of G for Curve 1, Curve 2 and Curve 3

nevc (Curve 1)
0.84

nevc (Curve 2)
0.97

nevc (Curve 3)
0.99

Table 5: nevc for Curve 1, Curve 2 and Curve 3

7

CONCLUSIONS

The paper proposes a life-cycle cost model of bridges equipped with seismic monitoring
systems that allow to implemet post-event inspection strategies alternative to traditional ones.
The simulation methodology used in order to compare the expected value of the total cost in
cases with and without a monitoring system is illustrated, highlighting the dependence of the
results on the most inﬂuential parameters.
For a deﬁned discount rate value, the procedure allows to evaluate the most suitable analysis
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period, beyond which no additional beneﬁts of the monitoring system can be demonstrated in
terms of the present value of the inspection cost. Moreover, it is demonstrated that seismic structural health monitoring systems may produce important economic beneﬁts when site hazard is
characterized by high annual frequency of excedance for low P GA.
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Abstract. One of the most significantly deteriorated causes of bridge bearing failure is the
resonance under various vibration conditions. It is important for bridge engineers to prevent
the phenomenon, also called resonance, occurs to provide large amplitude vibrations when
the bridge is being forced to vibrate at its natural frequency. This may lead to failure of the
bridge structure under resonant vibrations. Common bridge bearings cannot well perform
when vibrated large for example elastomeric bearings. This is because they do not have adequate mechanical properties to resist extremely various loads. Therefore, the concept of using
metastrcutures to gain superior mechanical properties inspired us to generate a novel bridge
bearing model. Because of the nature of dynamic forces on bridge structure, the vibration
characteristics of a novel bridge bearing are crucial in analysis and design processes. This
paper is the world’s first to focus on the comprehension of vibration characteristics of a novel
bridge bearing under free vibration. Through finite element method using Fusion 360 software, the numerical investigation of the modal parameters under dynamic condition was carried out for the novel bridge bearing. Also, there is a comparison of the free vibration results
between the free-free and fixed boundary condition, in order to observe the influence of various boundary conditions responding to fundamental frequencies and mode shapes of a bridge
structure. Additionally, to verify and develop a numerical model of bridge element, the free
oscillation characteristics of the novel bridge bearing in different loads and boundary conditions are required. It is confirmed that vibration response measurements and parameters of a
novel bridge bearing will be useful for bridge engineers to determine the vibration-based deterioration or to remotely monitor the bridge bearing health, since it is obvious that typical
bridge bearing damage appears nearly at resonant frequencies of the bearings.
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1

INTRODUCTION

%ULGJHEHDULQJV DOVR FDOOHGLVRODWRUV DUH H[WHQVLYHO\ XWLOLVHGLQ EULGJH HQJLQHHULQJ 6LQFH
V WKH\ KDYH EHHQ HPSOR\HG DV WKHUPDO H[SDQVLRQ LVRODWRUV IRU KLJKZD\ EULGJHV DQG
VHLVPLF EDVH LVRODWLRQ EHDULQJV IRU EXLOGLQJ DSSOLFDWLRQV HVSHFLDOO\ H[WUHPH DFRXVWLF HQYL
URQPHQWV%ULGJHEHDULQJVDUHFULWLFDOSDUWRIWKHEULGJHHOHPHQWVLQDEULGJHV\VWHP$FFRUG
LQJ WR D UHYLHZ LQ > @ WKH LVRODWLRQ V\VWHP XVLQJ WKHVH EHDULQJV DUH DEOH WR SURYLGH DQ
HOHPHQWZLWKKLJKVWLIIQHVVLQRQHGLUHFWLRQDQGKLJKIOH[LELOLW\LQRQHRUPRUHSHUSHQGLFXODU
GLUHFWLRQV$OVRWKHNH\IXQFWLRQVRIEHDULQJVIRUEXLOGLQJDQGEULGJHDSSOLFDWLRQVDUHQRWRQ
O\ WR WUDQVPLW DQG DFFRPPRGDWH ORDGV DQG ODWHUDO GHIRUPDWLRQV EHWZHHQ WKH VXSHUVWUXFWXUH
DQGWKHVXSHUVWUXFWXUHRIDEULGJHEXWDOVRWKH\VXSSRUWWKHZHLJKWRIWKHVXSHUVWUXFWXUH>@
%HVLGHVEHDULQJVXVHG IRUEULGJH DSSOLFDWLRQSXUSRVHVVKRXOG EH PRUH FRQVLGHUHGLQ GHVLJQ
WKDQWKRVHXVHGIRUEXLOGLQJDSSOLFDWLRQGXHWRDGGLWLRQDOO\URWDWLRQDOGHIRUPDWLRQVLQGXFHG
E\JLUGHUV>@
7KHFRQFHSWRIFRPELQLQJKRUL]RQWDOIOH[LELOLW\DQGYHUWLFDOVWLIIQHVVLVVWURQJO\VXJJHVW
HGWREHXVHGLQGHVLJQRIW\SLFDOEULGJHEHDULQJV>@)RUH[DPSOHWKHVHFRPPRQEHDULQJV
FRQVLVWRIUXEEHUSDGVODPLQDWHGZLWKUHLQIRUFHPHQWPDWHULDOV LHVWHHOSODWHV 2YHUGHFDGHV
WKHGHYHORSPHQWRIDQRYHOGHVLJQRIEULGJHEHDULQJVZLWKILEUHUHLQIRUFHPHQWKDVEHHQZLGH
O\UHVHDUFKHG&RPSDUHG WREULGJHEHDULQJV UHLQIRUFHGE\VWHHOUHLQIRUFHG EHDULQJVDUH UHOD
WLYHO\ KHDY\ EHFDXVH RI WKH VWHHO UHLQIRUFHPHQW SODWHV >@ $GGLWLRQDOO\ WKH FRVW RI WKHVH
EHDULQJVLVKLJKGXHWRWKHODERXUVHYHUHIDEULFDWLRQSURFHVV>@7KHUHIRUHWKHEHQHILWVRIXWL
OLVLQJILEUHUHLQIRUFHPHQWLQEULGJHEHDULQJVDUHVLPSOLFLW\RILQVWDOODWLRQOLJKWZHLJKWEHWWHU
GDPSLQJ SURSHUWLHV KLJK EDVH LVRODWLRQ SHUIRUPDQFH DQG ORZHU VWUHVVHV LQ UXEEHU DQG ILEUH
OD\HUV>@
$PDLQHOHPHQWRIDUXEEHUEHDULQJLVWKHUXEEHUSDGVEDVHGRQDQLQYHVWLJDWLRQLQ>@
7KH\FDQ EH HPSOR\HG VWUDLJKWZLWKRXW EHLQJ UHLQIRUFHG HJSODLQ UXEEHU LVRODWRUV  RU WKH
SDGVFDQEHODPLQDWHGZLWKUHLQIRUFLQJPDWHULDOVSURYLGLQJDKLJKWHQVLOHFDSDFLW\IRUULVLQJ
WKHYHUWLFDOVWLIIQHVVRIWKHEHDULQJE\GRPLQDWLQJEXFNOLQJRIWKHUXEEHU>@$UHYLHZLQ>@
&DOWUDQVVWDWHGWKDWIRUWKHHQWLUHVWUXFWXUHWKHVHOHFWLRQRIVHLVPLFUXEEHULVRODWRUVZLWKUHLQ
IRUFHGPDWHULDOVLVGHSHQGHQWRQWKHSUHIHUUHGW\SHRIDQLVRODWRU
$FFRUGLQJWR>@DUXEEHUEULGJHLVRODWRUFDQEHVHQVLWLYHWRDEXFNOLQJW\SHRILQVWDELO
LW\LGHQWLFDOWRWKDWRIDFRPPRQFROXPQEXWFRQWUROOHGE\WKHORZVKHDUVWLIIQHVVRIDQLVROD
WRU5HYLHZV LQ> @EULGJH EHDULQJVVKRXOG KDYHDGHTXDWHO\ YHUWLFDOVWLIIQHVV WR WUDQVIHU
VHUYLFHORDGVDQGEHVLGHVEHFDSDEOHWRIDFLOLWDWHWKHKRUL]RQWDO RUURWDWLRQDOPRYHPHQWV RF
FXUUHGLQWKHJLUGHUV7KHEHDULQJVKDYLQJDGHTXDWHVWLIIQHVVLQYHUWLFDOGLUHFWLRQFDQZHOOSHU
IRUP WR OLPLW WKH EXFNOLQJ EHKDYLRXU DQG DOVR FDQ UHGXFH WKH ULVN RI OHDGLQJ WR DFFHOHUDWHG
EULGJHIDLOXUHWRWKHEULGJHVWUXFWXUH>@)RULQVWDQFHGDPDJHLVQRWDOORZHGLQEULGJHEHDU
LQJXQGHUDQ\H[SHFWHGDFWLRQV>@
2QH RI WKH PRVW FRPPRQ FDXVHV RI EULGJH IDLOXUH LV WKH UHVRQDQFH SKHQRPHQRQ XQGHU
KLJKO\ YDULRXV YLEUDWLRQV ,W LV YLWDO WR FRPSUHKHQG WKH PRGDO FKDUDFWHULVWLFV RI VWUXFWXUDO
EULGJHHOHPHQWVIRUGHVLJQLQJDQGWRSUHGLFWWKHYLEUDWHGEHKDYLRXUVRIWKHEULGJHHOHPHQWV,Q
WHUPVRIJHQHUDOEULGJHEHDULQJVWKH\VKRXOGEHGHYHORSHGIRUSUHYHQWLQJSRVVLEO\WKHUHVR
QDQFHE\XVLQJFRPSOH[VWUXFWXUHVWRUHGXFHYLEUDWLRQ0RUHUHFHQWO\WKHXVHRIPHWDPDWHUL
DOV FRQVLVWLQJ RI PHWDVWUXFWXUHV KDV D JUHDW PRPHQWXP IRU PDQ\ DSSOLFDWLRQV %DVHG RQ
VWXGLHVLQ>@DFRPPRQPDWHULDOKDYLQJSRVLWLYH3RLVVRQ¶VUDWLR35VKRZVDVSHFLDOVLW
XDWLRQRIVZHOOLQJLQSHUSHQGLFXODUWRFRPSUHVVLYHORDGLQJ2QWKHRWKHUKDQGDPHWDPDWHULDO
ZLWKQHJDWLYH35H[KLELWVVKULQNEHKDYLRXULQDGLUHFWLRQWUDQVYHUVHWRWKHGLUHFWLRQRIFRP
SUHVVLRQ>@1HJDWLYH35PHWDPDWHULDOVH[SUHVVEHWWHUPHFKDQLFDOSURSHUWLHVDQGDSSOL
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FDWLRQSURVSHFWVUHJDUGLQJOLJKWZHLJKW>@LQGHQWDWLRQUHVLVWDQFH>@YLEUDWLRQDWWHQXDWLRQ
>@LPSDFWUHVLVWDQFH>@DQGHQHUJ\DEVRUSWLRQ>@
2XUVLPXODWLRQVKRZQLQWKHIROORZLQJFKDSWHUZDVLQVSLUHGE\WKHGHYHORSPHQWRIW\SLFDO
EULGJH EHDULQJV XVLQJ PHWDVWUXFWXUHV XQGHU G\QDPLF FRQGLWLRQ ZKLFK REWDLQ VXSHULRU PRGDO
SURSHUWLHV1HYHUWKHOHVVWKHUHLV QRVWXG\LQ WKH FRPSUHKHQVLYHO\QXPHULFDOPRGDO DQDO\VLV
RIQRYHOEULGJHEHDULQJVLQIUHHRVFLOODWLRQ7KLVVWXG\KLJKOLJKWVWKHRXWFRPHVRIDVHQVLWLYLW\
LQYHVWLJDWLRQ RI IUHH RVFLOODWLRQ FKDUDFWHULVWLFV RI D QRYHO EULGJH EHDULQJ 7KH VLPXODWLRQ RI
WKH EHDULQJ ZDV LQYHVWLJDWHG GHSHQGHQW RQ WKH ILQLWH HOHPHQWV HPSOR\LQJ )XVLRQ  VRIW
ZDUH7KHLQVLJKWLQWRG\QDPLFZLOOEHXVHIXOIRUWKHVWXG\RQQRQGHVWUXFWLYHWHVWLQJ 1'7 
DQGKHDOWKPRQLWRULQJRIEULGJHEHDULQJV
2

THEORETICAL BACKGROUND OF MODAL ANALYSIS

2QHRIWKHPRVWDSSURDFKHVWRGHWHUPLQHWKHG\QDPLFSURSHUWLHVRIV\VWHPVLQWKHIUHTXHQ
F\GRPDLQLVWKHPRGDODQDO\VLV,QWKLVVWXG\WKHPDLQREMHFWLYHLVWRLGHQWLI\WKHG\QDPLF
SURSHUWLHVRIQRYHOEULGJHEHDULQJFRPSRQHQWVLQWHUPVRIIXQGDPHQWDOIUHTXHQFLHVDQGPRGH
VKDSHV WKURXJK WKH ILQLWH HOHPHQW PHWKRG 7KH IRUPXODV RI PRWLRQ IRU IUHH YLEUDWLRQV RI D
EULGJHEHDULQJFDQEHVKRZQDVIROORZV>@
,QDG\QDPLFQHWZRUNWKHIRUPXODRIPRWLRQRIWKHQHWZRUNFDQFRPPRQO\EHGHQRWHGE\

:KHUH>0@H[SUHVVHVWKHPDVVPDWUL[>'@UHSUHVHQWVWKHGDPSLQJPDWUL[DQG>6@GHQRWHVWKH
VWLIIQHVV PDWUL[ 7KH KDUPRQLF ORDG DSSOLHG WR WKH QHWZRUN ZLWK PDJQLWXGH 4 DQG ORDGLQJ
IUHTXHQF\ȦLVLQGLFDWHGE\

7REHQRWHGDQRQWULYLDOVROXWLRQWR)RUPXOD  LV
6XEVWLWXWLQJWKHSUHYL
RXVVROXWLRQWR)RUPXOD  DQGPDQLSXODWLQJLWZLWK)RUPXOD  WKHIRUPXODRIYLEUDWLRQLV
REWDLQHGDVIROORZV

S
:LWK VRPH PDQLSXODWLRQV
FRQYHUWLQJ )RUPXOD   HPSOR\LQJ PRGDO FRRUGLQDWHV E\ HP
DQGWKHRUWKRJRQDOLW\SULQFLSOHDQGLWODWHU\LHOGV
SOR\LQJ

5HFDOOLQJ
E\

 )RUPXOD   FDQ EH UHZULWWHQ DV SUHVHQWHG


/DWHUWKHUHDFFHSWDQFHRIWKHQHWZRUNFDQEHGHWHUPLQHGE\
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7KHUHIRUH LV WKHUHVRQDQW IUHTXHQF\ GHQRWHV WKH PDVVQRUPDOL]HG PRGH VKDSH DQG
GHQRWHVWKHPRGDOGDPSLQJUDWLR
,Q WHUPV RI YLVFRXV GDPSLQJ ZLWK FULWLFDO GDPSLQJ

    IRU SURSRUWLRQDO GDPSLQJ

DQGIRUK\VWHUHWLFGDPSLQJ

3



A FINITE-ELEMENT SIMULATION OF NOVEL BRIDGE BEARING

7KHG\QDPLFILQLWHHOHPHQW )( VLPXODWLRQRIDQRYHOEULGJHEHDULQJLQIUHH YLEUDWLRQ
ZDV GHYHORSHG WR LQYHVWLJDWH LWV G\QDPLF UHVSRQVH LH QDWXUDO IUHTXHQF\ DQG PRGH VKDSH 
7KH)(PRGHOZDVJHQHUDWHGLQ)XVLRQVRIWZDUHXVLQJ(OLQHDUWHWUDKHGUDOFRP
SRQHQWVZLWK(QRGHV,QWKLVSDSHUZHDOVRIRFXVRQWKHIUHHYLEUDWLRQRIRXUPRGHO
ERWKIUHHIUHHDQGIL[HGERXQGDU\FRQGLWLRQ,QWHUPVRIIUHHIUHHERXQGDU\FRQGLWLRQVQRH[
FLWDWLRQIRUFHZDVDSSOLHGWRWKHPRGHOZKLOVWWKHXSSHUDQGORZHUVXUIDFHRIWKHPRGHODUH
QRWIL[HGEHFDXVHRIIUHHIUHHFRQGLWLRQ)RUIL[HGFRQGLWLRQLWLVVLPLODUWRWKHIUHHIUHHFRQ
GLWLRQEXWWKHORZHUVXUIDFHRIWKHPRGHOLVIL[HG
)LJXUH  GHPRQVWUDWHV WKH WKUHHGLPHQVLRQDO ILQLWH HOHPHQW PRGHO IRU D QRYHO EULGJH
EHDULQJ7KHKRQH\FRPEVWUXFWXUHLQVSLUHGXVWRFUHDWHWKHHQJLQHHUHGPRGHO7KLVLVEHFDXVH
DKRQH\FRPEVWUXFWXUHJLYHVDPDWHULDOZLWKDYHU\ORZGHQVLW\DQGUHODWLYHO\H[WUHPHRXWRI
SODQHFRPSUHVVLYHDQGRXWRISODQHVKHDUSHUIRUPDQFH>@7KHPDWHULDODQGGLPHQVLRQV
RIWKHPRGHOJHRPHWU\DUHEDVHGRQWKH67$1'$5''5$:,1*6IRU7KDLKLJKZD\GHVLJQ
DQGFRQVWUXFWLRQ>@$VJLYHQLQ7DEOHLWLQGLFDWHVWKHPDWHULDODQGJHRPHWULFDOSURSHUWLHV
RIWKH)(PRGHO$UDQJHRIQDWXUDOIUHTXHQF\LQYHVWLJDWLRQVZDVFDUULHGRXWWRHYDOXDWHWKH
VWDQGDUGRIWKH)(VLPXODWLRQ,WLVVLJQLILFDQWWRQRWHWKDWWKHPDWHULDOXWLOLVHGLQWKLVVLPXOD
WLRQLVPHUHO\QLWULOHUXEEHUWKXVLWLVVWURQJO\VXJJHVWHGWRXVHFRPSRVLWHPDWHULDOVIRUWKLV
PRGHOLQRUGHUWRDFTXLUHVXSHULRUPHFKDQLFDOSURSHUWLHV 2EYLRXVO\WKHVHFRPSRQHQWVDFW
LQJDEULGJHEHDULQJFDQSURYLGHDQH[SHFWHGHVWLPDWLRQRIEULGJHEHDULQJ¶VYLEUDWLRQLQIUHH
IUHH DQG IL[HG FRQGLWLRQ +RZHYHU WKLV PRGHO VKRXOG EH YHULILHG ZLWK H[SHULPHQWDO GDWD LQ
IXUWKHUUHVHDUFKIRUSXEOLFXVHLQWKHQHDUIXWXUH

)LJXUH)LQLWHHOHPHQWPRGHORIDQRYHOEULGJHEHDULQJLQWKHIUHHIUHHDQGIL[HGFRQGLWLRQ
3DUDPHWHUV
0DWHULDO
(ODVWLFPRGXOXV
3RLVVRQ¶VUDWLR
'HQVLW\
0RGHOZHLJKW
0RGHOYROXPH
0RGHOOHQJWK

5XEEHU


(

(
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0RGHOZLGWK
0RGHOKHLJKW




PP
PP

7DEOH(QJLQHHULQJSURSHUWLHVHPSOR\HGLQWKHG\QDPLFVLPXODWLRQ

4

RESULTS

7KH RXWFRPHV RI QXPHULFDO PRGDO DQDO\VLV IRU WKH QRYHO EULGJH EHDULQJ DUH VKRZQ LQ
7DEOH  DQG 7DEOH  IRU IUHHIUHH FRQGLWLRQ DQG IL[HG FRQGLWLRQ UHVSHFWLYHO\ )RU WKH WZR
EULGJH EHDULQJ PRGHOV XQGHU IUHH YLEUDWLRQ ZLWK GLIIHUHQW ERXQGDU\ FRQGLWLRQV LW ZDV
REVHUYHG WKDW WKH ILVW WZLVWLQJ PRGH LQ YHUWLFDO SODQH FHUWDLQO\ FRQWUROOHG WKH ILUVW UHVRQDQW
PRGH RI RVFLOODWLRQ LQ IUHHIUHH FRQGLWLRQ :KLOVW DSSHDULQJ WKH ILUVW UROOLQJ PRGH IRU IL[HG
FRQGLWLRQV)RUDIUHHIUHHFRQGLWLRQWKHILUVWILYHPRGHVRIIUHHYLEUDWLRQVDUHVKRZQLQ7DEOH
 6XUSULVLQJO\WKHPLQLPXPKDUPRQLFFRUUHVSRQGHGWRWKHIXQGDPHQWDOWZLVWLQJPRGHWKH
VHFRQGKDUPRQLFWRWKHILUVWUROOLQJPRGHWKHWKLUGKDUPRQLFWRWKHVHFRQGUROOLQJPRGHWKH
IRXUWK KDUPRQLF WR WKH ILUVW VKULQNLQJ PRGH DQG ODVWO\ WKH ILIWK PRGH WR WKH ILUVW EXFNOLQJ
PRGH
+RZHYHULW LVGLIIHUHQW WR WKHPRGHV RI YLEUDWLRQZKLFK ZHUH REWDLQHGIRU WKH EHDULQJ
PRGHOLQWKHIL[HGFRQGLWLRQ7DEOHH[KLELWVWKHILUVWILYHPRGHVRIIUHHYLEUDWLRQLQIL[HG
FRQGLWLRQ 6XUSULVLQJO\ WKH PLQLPXP KDUPRQLF FRUUHVSRQGHG WR WKH IXQGDPHQWDO UROOLQJ
PRGH WKH VHFRQG KDUPRQLF WR WKH ILUVW WRUVLRQDO PRGH WKH WKLUG KDUPRQLF WR WKH ILUVW
VKULQNLQJPRGHWKHIRXUWKKDUPRQLFWRWKHVHFRQGVKULQNLQJPRGHDQGILQDOO\WKHILIWKPRGH
WRWKHWKLUGVKULQNLQJPRGH7KHPRVWGUDPDWLFFKDQJHLQIXQGDPHQWDOKDUPRQLFEHWZHHQWKH
IUHHIUHHDQGIL[HGFRQGLWLRQZDVWKHVHFRQGUROOLQJPRGHLQIUHHIUHHFRQGLWLRQEXWWKHILUVW
UROOLQJ PRGH LQ IL[HG FRQGLWLRQ UHVSHFWLYHO\ 7KH KLJKHVW IUHTXHQF\ GHFUHDVH ZDV
DSSUR[LPDWHO\  SHUFHQW ,W LV FOHDU WKDW WKH IL[HG VXSSRUW SOD\HG DQ LPSRUWDQW UROH LQ
GHFUHDVLQJWKHIUHTXHQF\YDOXHVRIDOOYLEUDWLRQPRGHVH[FHSWWKHWZLVWLQJPRGHGXHWRWKH
LQFUHDVH LQ WKH IUHTXHQF\ YDOXHV ,Q DGGLWLRQ LW UHVXOWHG LQ DOO WKH GLIIHUHQW PRGH VKDSHV
HVSHFLDOO\IRUWKHORZHVWIXQGDPHQWDOIUHTXHQF\ZKHQFRPSDUHGWRIUHHIUHHFRQGLWLRQ
$FFRUGLQJ WR D PHQWLRQ LQ >@ WKH HIIHFW RI IUHH YLEUDWLRQ WKHUH DUH VHYHUDO IDFWRUV
DIIHFWLQJ WKH QDWXUDO KDUPRQLFV DQG PRGH VKDSHV ZKLFK DUH WKH PDVV VKDSH FRQVWUDLQW
VWLIIQHVVDQGDSSOLHGWHQVLOHRUFRPSUHVVLYHORDGVRIPDWHULDODQGVWUXFWXUH
2QWKHRWKHUKDQGWKHYDOLGDWLRQRIWKLVVLPXODWLRQVKRXOGEHFRQGXFWHGE\DFRPSDULVRQ
EHWZHHQH[SHULPHQWDOGDWDDQGQXPHULFDOUHVXOWVLQRUGHUWRREWDLQWKHLPSURYHGPRGHODQG
WR EH VDIHO\ XVHG LQ SXEOLF ,W LV VLJQLILFDQW WR QRWH WKDW WKHVH UHVXOWV DUH KLJKOLJKWHG WKH
G\QDPLFSURSHUWLHVEHFDXVHRIDGHYHORSPHQWLQKHDOWKPRQLWRULQJRIEULGJHEHDULQJHOHPHQWV
ZKLFKRQHW\SLFDOO\PHDVXUHVWKHG\QDPLFEHKDYLRXUVLQWKHEULGJHV\VWHPE\DFFHOHURPHWHUV
RQWKHEULGJHEHDULQJVXUIDFH>@

0RGHQR

0RGHVKDSH

1DWXUDO
IUHTXHQF\
+] 
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5ROOLQJ





5ROOLQJ





6KULQNLQJ





%XFNOLQJ

7DEOH1DWXUDOIUHTXHQFLHVRIDFRQFHSWXDOO\QRYHOEULGJHEHDULQJ +] XQGHUWKHIUHHYLEUDWLRQFRQGLWLRQZLWK
IUHHIUHHERXQGDU\FRQGLWLRQ
0RGHQR

0RGHVKDSH

1DWXUDO
IUHTXHQF\
+] 

%HKDYLRXU





5ROOLQJ





7ZLVWLQJ





6KULQNLQJ
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6KULQNLQJ





6KULQNLQJ

7DEOH1DWXUDOIUHTXHQFLHVRIDFRQFHSWXDOO\QRYHOEULGJHEHDULQJ +] XQGHUWKHIUHHYLEUDWLRQFRQGLWLRQZLWK
IL[HGERXQGDU\FRQGLWLRQDWWKHERWWRPVXUIDFH

5

CONCLUSION

9LEUDWLRQFKDUDFWHULVWLFVRIDQRYHOEULGJHEHDULQJSOD\DPDMRUUROHLQGHYHORSLQJWKHUHDO
LVWLFG\QDPLFVLPXODWLRQ RIWKHEHDULQJDEOHWRSUHGLFWLWVG\QDPLFUHVSRQVH7KHPRGDOSD
UDPHWHUV RI D QRYHO EULGJH EHDULQJ LQ EULGJH V\VWHP ZHUH LQYHVWLJDWHG IRU PRGDO DQDO\VLV
XQGHUIUHHYLEUDWLRQZLWKWZRGLIIHUHQWERXQGDU\FRQGLWLRQVWKURXJKWKHILQLWHHOHPHQWPHWK
RG XVLQJ  )XVLRQ VRIWZDUH 7KH WKUHHGLPHQVLRQDO PRGHO XVLQJ D KRQH\FRPE VWUXFWXUH
SURYLGHV JRRG PHFKDQLFDO SURSHUWLHV DQG OLJKWZHLJKW 2EYLRXVO\ WKH UHVRQDQW IUHTXHQFLHV
FRQQHFWHGZLWKWKHORZHUPRGHRIRVFLOODWLRQRIQRYHOEULGJHEHDULQJZHUHGUDPDWLFDOO\LQIOX
HQFHGE\WKHVXSSRUW ERXQGDU\FRQGLWLRQ$GGLWLRQDOO\WKH PRGHVKDSHVZKLFKFDQ EHKDYH
WKHGDPDJHGFRQGLWLRQRIWKHQRYHOEULGJHEHDULQJZHUHDIIHFWHGE\WKHIL[HGFRQGLWLRQ7R
VXPXSWKHIL[HGERXQGDU\FRQGLWLRQKDGDSDUWLFXODUHIIHFWRQWKHYLEUDWLRQPRGHVKDSHVDQG
QDWXUDO IUHTXHQFLHV RI D QRYHO EULGJH EHDULQJ SDUWLFXODUO\ LQ WKH ORZ IUHTXHQF\ UDQJH ,W LV
VXJJHVWHGWKDWWKHGHWHUPLQHGPRGDOSDUDPHWHUVRIWKHQRYHOEULGJHEHDULQJFRPSRQHQWVZHUH
XWLOLVHGWRPRGHOEULGJHEHDULQJVZKHUHWKHLQIOXHQFHRIWKHERXQGDU\FRQGLWLRQZLOOEHFDOFX
ODWHG 1HYHUWKHOHVV WKH PRGHO VKRXOG EH FUHDWHG IURP FRPSRVLWH PDWHULDOV WKDW FDQ SURYLGH
VXSHULRUPHFKDQLFDOSURSHUWLHV)XUWKHUPRUHDGGLWLRQDOUHVHDUFKIRUH[SHULPHQWVRIWKHQRYHO
EULGJH EHDULQJ IDEULFDWHG E\ DQ DGGLWLYH PDQXIDFWXULQJ DSSURDFK VKRXOG EH SHUIRUPHG WR
FRPSDUHWKHUHVXOWVEHWZHHQVLPXODWLRQDQGH[SHULPHQW
6
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Abstract. The problem of unsupervised robust vibration based damage detection under assembly–
induced uncertainty is considered with a focus on the non–measurable excitation (output–only)
case. The study employs a composite aerostructure and damage scenarios based on bolt loosening and characterized by ’minor’ effects on the dynamics which are appreciably ‘masked’ by
those of assembly–induced uncertainty. Detection is based on two Statistical Time Series type
methods: a Multiple Model (MM) based and a Principal Component Analysis (PCA) based. The
results, based on hundreds of test cases, indicate that both methods achieve very good detection performance, with the PCA–based one exhibiting an edge over its MM–based counterpart
(99.5% versus 96% correct detection at a 5% false alarm rate). Although the non–measurable
nature of the excitation unquestionably increases the problem difﬁculty, the degradation in performance is quite small, especially for the PCA–based method (from 100% to 99% at 4% false
alarm).
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1

INTRODUCTION

Vibration based Structural Health Monitoring (SHM) has received signiﬁcant attention in
recent years as vibration signals are often naturally available and may be measured in a cost
effective way and without interrupting the structure’s normal operation [1, 2]. Yet, a main
difﬁculty with this technology is related to the fact that most structures operate under varying Environmental and Operating Conditions (EOCs) and uncertainty, factors often inducing
signiﬁcant changes in the dynamics which may appreciably ‘mask’ those due to damage, thus
rendering vibration based Structural Health Monitoring challenging.
Various classes of vibration based SHM methods aiming at overcoming this difﬁculty by exhibiting robustness to varying EOCs and uncertainty have been developed over the past several
years. These attempt to ‘separate’ the effects of minor or incipient damage from those of EOCs
and uncertainty, and may be classiﬁed as either ‘implicit’ or ‘explicit’. ‘Implicit’ methods attempt modeling that portion of the structural dynamics that is not signiﬁcantly inﬂuenced by
varying EOCs and uncertainty; they include Principal Component Analysis (PCA) [3, 4] and
Factor Analysis (FA) [5] based approaches for damage detection. On the other hand, ‘explicit’
methods attempt modeling the complete structural dynamics, explicitly including the effects
of varying EOCs and uncertainty, via deterministic or stochastic relations; these include Functional Model (FM) based methods [6, 7], Gaussian or non-Gaussian Random Coefﬁcient (RC)
model based methods [8, 9], and Multiple Model (MM) based methods [10, 11].
Robust methods have been assessed in various experimental studies under varying Environmental (usually temperature and humidity) or Operating (such as payload) Conditions [12]. Yet,
systematic and statistically reliable performance assessments based on sufﬁciently high numbers of experiments are relatively scarce. Moreover, damage detection under the practically
important assembly–induced uncertainty has been barely considered, with the exception of a
recent companion paper by the authors [13]. This has been based on hundreds of laboratory test
cases involving re–assembly with a simple composite aerostructure and three distinct bolt loosening damage scenarios. Based on single–excitation trivariate–response signals, it has served to
demonstrate that: (i) Detection is challenging, as the effects of damage may be indeed largely
‘masked’ by those of assembly–induced uncertainty, (ii) the use of robust Statistical Time Series
(STS) methods may still lead to high detection performance reaching 100% correct detection at
a false alarm rate of 3.5% or higher.
The aim of the present study is on addressing the problem of robust damage detection under assembly–induced uncertainty and non–measurable random (white noise) excitation (the
output–only case). This is a case of high practical importance as the excitation is often non–
measurable, for instance in ﬂying aircraft, sea vessels, surface vehicles, wind turbines and many
more structures under normal operation. Evidently, dropping the excitation signal information
renders the damage detection problem more challenging, with the main question thus being on
assessing the extent of the resulting degradation in detection performance.
For achieving this goal the present study employs the set–up, damage scenarios, and signals
of our companion paper [13], in conjunction with two, properly adjusted, robust Statistical
Time Series damage detection methods based on Vector AutoRegressive (VAR) modeling of the
trivariate vibration response signal: (a) An Unsupervised Multiple Model VAR (U–MM–VAR)
method, and (b) an Unsupervised Principal Component Analysis (PCA) VAR (U–PCA–VAR)
method [14]. It is important to note that the unsupervised nature of both methods is of high
practical importance as well, implying the use of vibration response signals exclusively from
the healthy structure in the baseline (training) phase.
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The rest of this article is organized as follows: The experimental set–up and the damage
scenarios are brieﬂy presented in section 2. The robust output–only damage detection methods
are brieﬂy outlined in section 3, while damage detection performance assessment and comparison with the measurable excitation case are presented in section 4. The conclusions drawn are
ﬁnally summarized in section 5.
2
2.1

THE EXPERIMENTAL SET-UP AND THE DAMAGE SCENARIOS
The structure, the damage scenarios, and the experiments

The experiments are based on the composite aerostructure of our companion paper [13],
representing the boom of a Unmanned Aerial Vehicle (UAV). The structure is clamped at its
right end simulating the connection to the UAV fuselage, while its left free end is attached to
an aluminum mass representing the aircraft tail (Figure 1). Both connections are bolted, with
the nominal (corresponding to the healthy state) tightening torques being equal to 2 Nm and 4
Nm, respectively. The exciting random (white) force is applied at Point X, while the resulting
vibration acceleration response signals are measured, at points Y1, Y2 and Y3, via lightweight
accelerometers. Further details are provided in [13].

Figure 1: Experimental set–up: A random excitation is vertically applied at Point X and the resulting vertical
vibration acceleration is measured at Points Y1, Y2, Y3 [13].

Three distinct damage scenarios are considered, each one characterized by a speciﬁc reduction (10%, 30% or 50%) in the tightening torque of its clamped end (fuselage connection).
Details and the total number of experiments per health state are provided in Table 1.
Structural
Clamping Torque
Health State
[N·m]
Healthy
2
Damage 1
1.8
Damage 2
1.4
Damage 3
1

Tail Mass Torque
# of
[N·m]
Experiments
4
600
4
70
4
70
4
70

Table 1: The three health states and the corresponding numbers of experiments [13].
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Figure 2: Assessment of the effects of damage and assembly–induced uncertainty on the dynamics: Welch–based
vibration response PSD for the healthy structure versus Damage 1 (a), Damage 2 (b), and Damage 3 (c). [Measurement Point Y1; 600 PSDs for the healthy structure, 70 PSDs for each damage scenario; Welch estimation details
in Table 2.]

2.2

Assessment of the effects of damage and assembly–induced uncertainty on the dynamics

The effects of each damage scenario, along with those of assembly–induced uncertainty, on
the dynamics are demonstrated in Figure 2 via Welch–based Power Spectral Density (PSD)
estimates [15, pp. 173-187] for signals measured at Point Y1. Evidently, the assembly–induced
variability in the healthy dynamics (blue zone) is quite signiﬁcant, and, to a very considerable
extent, ‘masking’ that due to each damage scenario (especially for scenarios 1 and 2). These
results imply a challenging damage detection problem, especially for the aforementioned two
damage scenarios.
3
3.1

THE ROBUST OUTPUT–ONLY DAMAGE DETECTION METHODS
VAR modeling

For uncorrelated (white) force excitation the observed s-dimensional vibration acceleration
signal, say y[t] (t = 1, . . . , N indicating discrete time, with the corresponding analog time being
t · Ts with Ts designating the sampling period), may be modeled as an s-variate (presently s=3)
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Vector AutoRegressive model of order n, that is a VAR(n) model, of the form [16, 17] (notice
that bold face lower/upper case characters indicate vector/matrix quantities, respectively):
n

y[t] + ∑ Ai · y[t − i] = e[t]

(1)

i=1

!
E e[t] · eT [t − τ] = Σ

with Ai (s × s) designating the i-th AR matrix, e[t] (s × 1) the model residual (one–step-ahead
prediction error) signal characterized by the non–singular (and generally non–diagonal) covariance matrix Σ, and E {·} statistical expectation. Given the vibration signal measurements
y[t] (t = 1, . . . , N), the estimation of the VAR parameter vector θ comprising all AR matrix elements θ =vec([A1 ...An ]T )(n×s2 )×1 and the residual covariance matrix Σ is accomplished via
linear regression schemes based on minimization of the Ordinary Least Squares (OLS) or the
Weighted Least Squares (WLS criterion) [15, p. 206].
3.2

The U–MM–VAR method

This method is based on a MM representation of the healthy structural dynamics under uncertainty [18]. This representation consists of a set of VAR(n) models along with their estimated
parameters vectors θ. The method operates under two distinct phases: A baseline (training)
phase and an inspection (operational) phase.
Baseline phase. (s × p) (presently s = 3) vibration response signals from p different experiments under healthy structural state are obtained. Based on them, a set of p VAR(n) models
mo = {mo,1 , . . . , mo,p } is estimated, constituting the MM representation of the healthy dynamics.
Inspection phase. Whenever a new set of vibration response signals, obtained under unknown structural state, is obtained, a new VAR(n) model mu , of the same order as those in mo ,
is estimated. A proper pseudo–distance metric, say D(mu , mo ), between the current model mu
and the MM representation mo , is then computed.
The unknown health state is then declared as healthy if and only if the pseudo–distance
metric D(mu , mo ) is lower than a user speciﬁed threshold llim , which is taken to imply that mu
belongs to the mo MM representation; otherwise it is declared as damaged.
In the present study the pseudo–distance metric D(mo , mu ) employed is deﬁned as:
D(mu , mo ) := min d(mu , mo,k )
k

(k = 1, . . . , p)

(2)

with d(mu , mo,k ) designating the Kullback–Leibler (KL) divergence (pseudo–distance) [19] between two individual VAR(n) models.
3.3

The U-PCA-VAR method

This method employs the centered PCA [20, 21] for deﬁning an n# -dimensional orthogonal
coordinate system (where n# = n × s2 , due to the dimension of the estimated VAR(n) parameter
vector θ), on which the VAR parameters vector estimates corresponding to the healthy structural
state may be projected, forming a set of mutually uncorrelated random variables [14].
Baseline phase. (s × p) (presently s = 3) vibration response signals from p different experiments of the healthy state are initially obtained and then a set of p VAR(n) models mo =
{mo,1 , . . . , mo,p } and their parameter vectors are obtained. These parameter vectors are sample
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mean corrected [22], leading to the parameter vectors {θo } = {θo,1 , . . . , θo,p }. The sample cop
1
T θ
#
# T
variance matrix P = p−1
∑k=1 θo,k
o,k (n × n ) ( designating matrix transposition) is then
computed and, via PCA transformation, it is decomposed into P = U S 2 U , where S 2 (n# × n# )
is a matrix which includes the squared singular values (positive eigenvalues) of P (arranged
in decreasing order) and U (n# × n# ) a real unitary matrix containing the corresponding eigenvectors of P . The ﬁrst q(< n# ) columns (principal components) of the eigenvector matrix U –
corresponding to the largest eigenvalues that explain a certain fraction γ(%) of the total parameter vector variability – are then associated with uncertainty, while the remaining m principal
components are considered sensitive to damage.
Inspection phase. Whenever a new set of vibration response signals, obtained under unknown structural state, is obtained, a new VAR(n) model mu and its parameter vector is estimated. Each estimated parameter is then centered by subtracting its sample mean (as obtained in
the baseline phase), thus giving rise to the parameter vector θu . This is then transformed into the
m-dimensional space as (θ̄m )u = UmT θu . Damage detection may be then based on the Euclidean
norm of the transformed parameter vector (θ̄m )u , following the decision making mechanism:
D = (θ̄m )u l2 ≤ llim → Healthy structure
otherwise
→ Damaged structure

(3)

where D designating the method’s test pseudo–statistic and llim a user–speciﬁed limit.
4
4.1

DAMAGE DETECTION RESULTS
VAR modeling of the vibration response

Based on each set of vibration response signals measured at points Y1, Y2 and Y3 (Figure 1), each one being N=12 000 samples long, the modeling procedure involves the successive
ﬁtting of VAR(n) models for increasing AR order n, until an adequate model is reached. Model
 and the Bayesian
adequacy is judged via the trace of the estimated residual covariance matrix Σ
Information Criterion (BIC) [15, pp. 505-507]. The ratio of the number of signal scalar samples
to the number of model parameters (Samples Per Parameter – SPP) should be maintained at
sufﬁcient levels (for instance above 20). Final model acceptance is based upon formal veriﬁcation of the model residual uncorrelatedness (whiteness) hypothesis. This procedure leads to a
VAR(55) model for the healthy structural dynamics (details in Table 2).
4.2

Comparative assessment of the methods

Damage detection performance is assessed via Receiver Operating Characteristics, ROC,
curves, each representing the True Positive Rate (TPR, that is correct detection rate) versus the
False Positive Rate (FPR, that is false alarm rate) for varying decision threshold [23].
p = 300 randomly selected experiments with the healthy structure are included in the baseline (learning) phase, while the remaining 300 healthy and 210 damaged (70 per each damage
scenario) are reserved for inspection (testing). As p should be greater than the total number
n# (presently n# = 495) of the estimated model parameters for the PCA (see subsection 3.3),
a reduced number of VAR(55) scalar parameters should be employed. Indeed, the ﬁrst 150
scalar parameters from the diagonals of the VAR(55) model AR matrices are selected, while
γ is selected at 99.6% (U–PCA–VAR method). On the other hand 300 conventional VAR(55)
models are included in the MM representation (U–MM–VAR method). Details are summarized
in Table 3.
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Non–Parametric Analysis
Estimation
Window
Overlap
δ f (Hz) /
Bandwidth
Method
Type /
(%)
# Segments
(Hz)
length
Welch
Hamming /
80
1.14/
3 - 2 327.25
4 096
143
Matlab function: pwelch.m (PSD)
Parametric (VAR) Analysis
Signal
Selected # Estimated
Trace of
Condition No
Length
Model
Parameters
BIC
SPP
Residual
of Inverted
(samples)
Matrix
Covariance
−3
12 000
VAR(55)
495
-20.95
46.51
10
106
Estimation method: OLS with QR implementation (Matlab function: armax.m)
Sampling
Signal
Frequency
Length
(Hz)
(samples)
4 654.5
120 000

δ f: frequency resolution. BIC, Trace, and Condition number refer to an indicative healthy test case.
Table 2: Non–parametric and parametric estimation details.

Method

VAR # Baseline
Model
Healthy
Order
Exp/s
U–MM—VAR
55
300
U–PCA–VAR
55
300

# Inspection
Exp/s

# ROC
Points

510
510

510
510

# VAR
Parameters
(for detection)
495
150†

PCA
Threshold
γ (%)
99.6

Scalar signal length N=12 000 samples.
† The ﬁrst diagonal AR parameters (U–PCA–VAR).
Table 3: Detection method parameters and numbers of baseline and inspection experiments.

Performance assessment results for both methods are presented in Figure 3, in terms of
pseudo–distance metric D and ROC curves, distinctly for each damage scenario. The U–MM–
VAR method achieves correct detection rates that, for damage scenarios 1 and 2, approach 91%
and 98%, respectively, for 5% or higher false alarm rate. The performance is even better for
damage scenario 3, with 100% correct detection achieved for false alarm rate 1.5% or higher.
This performance is quite impressive in view of the effects of the damage scenarios and uncertainty on the dynamics! The U–PCA–VAR method achieves even higher performance, as the
correct detection rates for damage scenarios 1 and 2 approach 98.6% and 100%, respectively,
for 5% or higher false alarm rate, while it achieves 100% correct detection rate for false rates of
0.4% or higher!
4.3

Comparison with the case of measurable excitation

The performance achieved by each method is now compared to that of its counterpart additionally employing the excitation signal (measurable excitation case); the latter methods are
based on VAR models with Exogenous excitation (VARX models) and are thus referred to as
U–MM–VARX and U–PCA–VARX methods [13]. As expected, the inclusion of excitation
signal information leads to somewhat improved performance (Figure 4). This improvement is
more evident for the MM–based methods (Figure 4(a)) where the correct detection rate improves from 94% to 100% for false alarm rate of 3.6%. On the other hand, the improvement is
less signiﬁcant for the PCA–based methods, as the correct detection rate improves from 99% to
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Figure 3: Damage detection performance assessment for each method and each damage scenario: Pseudo–distance
metric (left column) and ROC curve (right column) for the U–MM–VAR (a,b) and U–PCA–VAR (c,d) methods
(510 inspection experiments).

100% for false alarm rate of 4% (Figure 4(b)).
In general, the results indicate that the deterioration in damage detection performance due to
dropping the measurement in the excitation signal is rather small, especially within the context
of the PCA–based methods.
5

CONCLUSIONS

The problem of robust vibration damage detection under assembly–induced uncertainty has
been considered with the focus set on the practically important non–measurable excitation
(output–only) case. For this purpose experiments with a composite aerostructure under repeated
assembly operations have been employed under three damage scenarios corresponding to 10%,
30%, or 50% reduction in a clamping bolt tightening torque. The problem has been tackled via
two unsupervised and robust Statistical Time Series methods employing Vector AutoRegressive
(VAR) modeling: The ﬁrst is based on Multiple Model (MM) representations (U–MM–VAR
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U-MM-VAR vs U-MM-VARX

1

U-PCA-VAR vs U-PCA-VARX

1

(a)

0.2

0.8

0.8
0.7

0.6

0.6
0.5

0.4

0.4

VAR(55)
VARX(45,45)

0.3
0

0.01

0.02

0.03

0.04

0.9
0.8
0.7
VAR(55)
VARX(45,45)

0.6

0.2

0.05

True Positive Rate

0.4

0.9

True Positive Rate

0.6

True Positive Rate

True Positive Rate

0.8

(b)

1

1

0

0

0

0.2

0.4

0.6

0.01

0.02

0.03

0.04

0.05

False Positive Rate

False Positive Rate
0.8

1

0

0

0.2

0.4

0.6

0.8

1

False Positive Rate

False Positive Rate

Figure 4: Damage detection performance comparison of the output–only and input–output methods via ROC
curves: (a) MM–based methods, (b) PCA–based methods (cumulative curves including all damage scenarios; 510
inspection experiments per damage scenario).

method) and the second on Principal Component Analysis (U–PCA–VAR). Performance assessment has been based on 510 inspection experiments. The main conclusions drawn may be
summarized as follows:
1. Despite the relatively ‘minor’ effects of each damage scenario on the structural dynamics
and their appreciable ‘masking’ by those of assembly–induced uncertainty, both output–
only methods lead to very good detection performance.
2. Although the performance characteristics of the two methods are largely similar, the
PCA–based method offers an edge over its MM–based counterpart (correct detection rate
of 99.5% versus 96% for 5% false alarm when all three damage scenarios are included).
3. As expected, the 1st damage scenario (10% torque reduction) is the most challenging,
with scenarios 2 (30% torque reduction) and 3 (50% torque reduction) following in that
order.
4. Although excluding the excitation signal from the damage detection procedure unquestionably increases the problem difﬁculty, the resulting performance degradation is relatively small, that is from 100% to 94% correct detection for the MM–based method (at
3.6% false alarm rate) and from 100% to 99% for the PCA–based method (at 4% false
alarm rate).
Overall, the results of the study indicate that the use of proper robust random vibration based
methods may effectively overcome the effects of assembly–induced uncertainty and achieve
high detection performance even for relatively ‘minor’ damages and in the absence of measurable excitation.
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Abstract. Vibration-Based Monitoring (VBM) can constitute a successful approach for Structural Health Monitoring (SHM) of civil structures, but natural frequencies and displacement
mode shapes can exhibit a low sensitivity to certain types of damage when compared to their
sensitivity to environmental inﬂuences such as temperature. Modal strains are more sensitive
to local damage and laboratory experiments have shown that they can also be insensitive to
temperature changes. The direct monitoring of modal strains from very small strain levels
occurring during ambient, or operational excitation has also become possible thanks to two
recently developed optical interrogation techniques. The present work demonstrates for the
ﬁrst time the use of modal strains for VBM purposes through the monitoring a full-size civil
structure. A steel railway arch bridge is monitored for a period of more than a year with eighty
Fiber-optic Bragg Grating (FBG) strain sensors, multiplexed in four ﬁbers. Thanks to a highly
accurate optical interrogation technique, the ambient dynamic sub-microstrains of the monitored bridge are continuously measured with high accuracy and precision. Subsequently, the
identiﬁcation of its modal characteristics (modal strains and natural frequencies) is conducted
on hourly basis and in a fully automated manner with the use of hierarchical clustering for
the automated interpretation of the obtained stabilization diagrams. Ten modes are systematically identiﬁed from dynamic strains with a typical measured root mean square (RMS) strain
value of the order of 0.01 micro-strains. The modes are tracked over time as new data are acquired. The inﬂuence of the temperature ﬂuctuations on the modal characteristics of the bridge
is extensively investigated. The results conﬁrm that, for the achieved temperature range and
temperature distribution, the modal strains of the bridge are not inﬂuenced by the temperature.
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1

INTRODUCTION

Vibration-Based Monitoring or VBM is a valuable tool for non-destructive damage identiﬁcation and condition assessment of civil structures [1, 2]. The idea behind VBM is to identify
changes in modal characteristics of a structure that are directly related to damage [1, 2]. The
main challenge for VBM is to identify characteristics that are as sensitive as possible to structural damage and at the same time as insensitive as possible to measurement noise, loading, and
environmental factors such as temperature [3, 4].
Natural frequencies are probably the most commonly used modal characteristics for damage identiﬁcation [4]. Natural frequencies can be easily obtained with only a few sensors that
are placed at proper locations. However, natural frequencies are inﬂuenced by environmental
factors, such as temperature, and that inﬂuence can be high enough to completely mask the
presence of even severe damage, necessitating data normalization [1].
Mode shapes consist another modal characteristic that is used for VBM [4]. The advantage
of mode shapes over natural frequencies is that they contain local information, facilitating in this
way the localization of damage. Mode shapes are also less sensitive to temperature variations,
when compared to natural frequencies [4]. However, an array of sensors is required to obtain
the mode shapes, which can be difﬁcult and/or uneconomic to install in many civil structures.
Modal strains consist a modal characteristic that can be obtained from strain-based modal
analyses, where dynamic strains are used as input [5, 6, 7]. Thanks to two recently developed
methods for dynamic sub-microstrain measurements, the dynamic strains that occur on civil
structures during ambient or operational excitation can be measured with high accuracy and
precision with the use of Fiber Bragg Grating (FBG) sensors [5, 6]. Consequently, the modal
strains can be identiﬁed from the measured dynamic strains with the use of subspace identiﬁcation [8, 9]. Several experiments on laboratory tested concrete beams have illustrated that modal
strains are highly sensitive to local damage of even moderate severity, while insensitive to temperature changes [6, 10]. Furthermore, modal strains can be obtained in a very dense grid with
the use of FBGs. The advantage of FBGs is that multiple sensors can be multiplexed on a single
optical ﬁber, offering valuable local information that facilitates the localization of damage.
The present work demonstrates the use of modal strains for VBM purposes through the longterm monitoring of a steel railway bridge. The monitoring campaign has three main goals. First,
to investigate the ability of the strain monitoring method [6] to accurately measure dynamic
strains and consequently identify the modal strains of a full-size civil structure under operational
excitation. Second, to study the inﬂuence that environmental factors and more speciﬁcally
temperature might have on the modal characteristics of a structure with complex boundary
conditions and non-uniform temperature distribution. Third, to use this case study as a proof of
concept of the methodology for potential end-users.
2

THE KW51 BRIDGE

The KW51 is an 117 m long railway bridge, located close to the city of Leuven in the
Flemish region of Belgium. The bridge is part of the 100 km Line 36 that runs from Brussels to
Liége and enables the crossing of two roads and the Leuven-Dijle channel. Line 36 is operated
exclusively by passenger Thalys, ICE, Intercity, Suburbain and Omnibus trainsets.
The KW51 is a steel single-span arch bridge with a two-track deck that is suspended from the
arch with thirty-two inclined braces (ﬁgure 1). The deck consists of two main girders that are
stiffened by thirty-three transverse beams. The bridge is supported on four neoprene bearings
at its ends, which directly sit on two concrete abutments.
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(a)

(b)
Figure 1: The KW51 bridge.

3

STRAIN MONITORING

The bridge is monitored with four chains of FBG sensors for more than a year, since 14
February 2019. The temperature of the bridge is also measured with one thermocouple. In
the current paper, the results form the ﬁrst three months of monitoring, up to 15 May 2019 are
presented.
3.1

Experimental setup

The four chains of FBG sensors are located at the top surface of the bottom ﬂange of the
main girders of the bridge (ﬁgures 2 - 4). The ﬁbers are attached to the ﬂanges via a custom
clamping system [6], to measure axial dynamic strains (ﬁgure 4a). The bottom part or ”base”
of a clamping block is directly glued on a strong magnet, which is then placed on its designated
location on the ﬂange (ﬁgure 4a). Then, the ﬁbers are ﬁrmly ﬁxed at the discrete clamping
blocks (ﬁgure 4b) to ensure the proper transfer of strains from the span to the sensors. The
distance between two consecutive clamping blocks varies from 2.3 m to 2.5 m. One sensor
exists between two blocks, measuring the average macro-strain between both blocks. Each
ﬁber contains 20 FBGs, except from the northwest one that contains 19 (ﬁgure 3b). The ﬁbers
are prestressed to ensure that they remain in tension when the corresponding bridge part is
being compressed. The gap that exists between the bottom ﬂange of the transverse beams and
the bottom ﬂange of the girders (ﬁgure 4f), allows the ﬁbers to pass below the transverse beams
and get stretched along the girders.

11,18

Figure 2: Typical cross-section of the deck of the KW51 bridge. The small cubes represent the clamping blocks
(dimensions in m).
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Since FBGs are sensitive to both strain and temperature, the ﬁbers are covered with thermal
insulation (ﬁgure 4c), to ensure that fast temperature ﬂuctuations would not affect the dynamic
measurements. Furthermore, the thermal insulation is covered with plastic foils to protect it
against the environment. The plastic foils are secured with magnets (ﬁgure 4d).

(a)

(b)

(c)

(e)

(d)

(f)

Figure 4: (a) and (b) Photo of mounted clamping blocks and glass ﬁber. (c) The thermal insulation, covering the
clamping box and the ﬁber. (d) The plastic foil, covering the thermal insulation. (e) One of the steel connection
plates. (f) The gap between a transverse beam and a girder.

The strain acquisition is conducted with an interrogator that offers the required high accuracy
and precision in dynamic sub-microstrain measurements [5, 6], the FAZ Technologies FAZT-I4.
The sampling frequency is fs = 1000 Hz. The acquisition system and the laptop that is required
to operate the acquisition system, perform the measurements and save the data, are placed inside
a cabinet that is located close to one end of the bridge and is attached on a transverse beam via
magnets. The FBG ﬁbers are connected to the acquisition system through a telecom ﬁber that
spans the distance (≈60 m) between the cabinet and the midspan of the bridge, where all four
ﬁbers are connected to the telecom ﬁber in a wall mount box (ﬁgure 3).
The temperature of the bridge is measured throughout the monitoring period with a thermocouple that is used for this purpose [11]. The thermocouple is attached on the same transverse
beam as the cabinet that contains the acquisition system (ﬁgure 3). The maximum recorded
temperature during the ﬁrst three months of the monitoring is 26◦ C and the minimum 4◦ C.
4

STRAIN-BASED MODAL ANALYSIS

Dynamic strain data are used for the identiﬁcation of the modal characteristics of the bridge,
i.e. natural frequencies and strain mode shapes. The strain data are obtained from operational
excitation tests that were conducted on an hourly basis and had a duration of 900 s each. The
strain data are used in strain-based Operational Modal Analyses (OMA), to identify the modal
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characteristics of the span under changing temperature conditions and in a repetitive way. In
total, 2139 operational excitation tests were conducted during the ﬁrst three months (table 1).
Period
14-28/2/19

Tests
316

Period
Tests
Period
Tests
1-31/3/19 743 1-30/4/19 720
Total 2139

Period
Tests
1-15/5/19 360

Table 1: Monthly amount of operational excitation tests recorded during the monitoring period of the KW51 bridge.

4.1

System identiﬁcation

The data processing and the system identiﬁcation is conducted with MACEC [12]. First, the
static or DC offset is removed from all measured strain signals. Second, the data are low-pass
ﬁltered with an 8th order Chebyshev Type I low-pass ﬁlter with a cut-off frequency of 16 Hz and
then re-sampled at a lower frequency, resulting in a new sampling frequency fs =40 Hz. Then, a
fourth-order Butterworth ﬁlter with a high-pass frequency of 0.35 Hz is applied to all channels,
in order to remove the inﬂuence of temperature ﬂuctuations on the FBGs. The position-averaged
RMS strain values among all sensors is in the range of 0.01 με. The output-only, data-driven
stochastic subspace identiﬁcation (SSI-data) method [8] is employed for identifying a range
of state-space models from the strain data. When the time signals include one or more train
passages, the data Hankel matrix [8] is modiﬁed to exclude them from the identiﬁcation process,
i.e. the columns of the Hankel matrix that contain data from times when a train is on the bridge,
are removed. The train passages are automatically identiﬁed by an algorithm that tracks peaks
in the data with amplitude larger than 1με, which correspond to train bogies. The computed
modal characteristics are used for constructing stabilization diagrams (ﬁgure 5).
120
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Figure 5: Typical stabilization diagram, as obtained from an ambient excitation test.

4.2

Automatic identiﬁcation of modal characteristics

Modal analysis consists of four different stages: data collection, data processing, system
identiﬁcation and determination of a validated set of modal characteristics [13, 14]. The ﬁrst
three stages can be easily automated, e.g. with the use of MACEC. The user needs to make
some initial choices, e.g. maximum system order, which can be used then for all data sets. The
fourth stage, i.e. the determination of the modal characteristics, is also automated here by using
the principles of hierarchical clustering, which is a method of cluster analysis [15] and allows
to automatically select modes from the constructed stabilization diagrams.
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The hierarchical agglomerative clustering is considered as a suitable procedure for clustering the estimated modes of a clear stabilization diagram and automatically obtain the psychical
modes of the structure. This procedure has been successfully implemented on the ”Infante D.
Henrique” bridge in Porto and it was proved to be very efﬁcient in the identiﬁcation of the
bridge’s ﬁrst 12 natural frequencies [16]. The implementation of the hierarchical agglomerative clustering for automatically identifying the modal characteristics of KW51 is thoroughly
explained in [17]. Ten modes are consistently identiﬁed during the considered period. In ﬁgure
6, the natural frequencies of these modes are displayed for the period 14/2/19 - 15/5/19.
7

Frequency [Hz]

6
5
4
3
2
1
0
15-Feb-2019

15-Mar-2019
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Figure 6: Automatically identiﬁed natural frequencies of the modes of KW51, during the period 14/2/19-15/5/19.
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The strain mode shapes, natural frequencies and modal damping ratios of the ﬁrst six modes
are displayed in ﬁgures 7 and 8. The physical interpretation of the mode shapes is possible
thanks to a separate acceleration-based OMA [11]. The modes can be classiﬁed as deck or arch
modes, depending on which part of the bridge is predominantly excited for every mode.
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(a) Mode 1 - 1st lateral mode of the arch (f1ssi = 0.51 Hz, ξ1ssi = 0.2%)
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(b) Mode 2 - 2nd lateral mode of the arch (f2ssi = 1.24 Hz, ξ2ssi = 0.1%)
Figure 7: Strain mode shape, natural frequency and damping ratio of modes 1 and 2 of the KW51 bridge, as
identiﬁed from strain-based OMA using SSI-data. The left subplots illustrate the 3D view and the right subplots
the front (x-z) view of the strain mode shapes.
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(a) Mode 3 - 1st lateral mode of the deck (f3ssi = 1.89 Hz, ξ3ssi = 0.9%)
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(b) Mode 4 - 3rd lateral mode of the arch (f4ssi = 2.45 Hz, ξ4ssi = 0.1%)
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(c) Mode 5 - 1st bending mode of the deck (f5ssi = 2.54 Hz, ξ5ssi = 1.8%)
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(d) Mode 6 - 2nd bending mode of the deck (f6ssi = 2.92 Hz, ξ6ssi = 0.3%)
Figure 8: Strain mode shape, natural frequency and damping ratio of modes 3, 4, 5 and 6 of the KW51 bridge, as
identiﬁed from strain-based OMA using SSI-data. The left subplots illustrate the 3D view and the right subplots
the front (x-z) view of the strain mode shapes.

4.3

Inﬂuence of temperature on modal characteristics

The inﬂuence of temperature on the modal characteristics of the bridge, i.e. natural frequencies and strain mode shapes is investigated in the following sections.
4.3.1

Inﬂuence of temperature on natural frequencies

The time evolution of the natural frequencies of the ten systematically identiﬁed modes of
KW51 is displayed in ﬁgure 6. In order to investigate the inﬂuence of temperature on natural
frequencies, the natural frequencies of these modes are plotted as a function of temperature in
ﬁgure 9. The natural frequencies in ﬁgure 9 are plotted within y-axis limits that are deﬁned
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based on their mean value μ[fjssi ], to provide with a common relative scaling for all modes.
The limits of the y-axis in these ﬁgures are deﬁned as ±3% of the mean value μ[fjssi ]. The
linear regression and the coefﬁcient of determination (R2 ) between temperature T and natural
frequency f is also computed. Based on the linear regression, the relative change of the natural
frequency of each mode Δf [%], for a temperature change of ΔT = +10◦ C can be obtained
[17]. The coefﬁcient of determination (R2 ) and the relative change of the natural frequency
Δf10 [%] of each mode are provided in ﬁgure 9.
It can be observed in ﬁgure 9 that temperature has an insigniﬁcant inﬂuence on the natural
frequency of most of the modes of the deck (modes 3 and 5), while the modes of the arch (modes
1, 2 and 4) and the second bending mode of the deck (mode 6) appear to be more inﬂuenced
from the temperature changes, for the given temperature range of about 24◦ C that was achieved
during the monitoring period. An increase of ΔT = 10◦ C in temperature results in a relative
decrease of about Δf10 = 0.2 − 0.25% for the natural frequencies of the arch modes and mode
6. The relationship appears to be relatively consistent among these modes, for the temperature
range of 24◦ C. The scattering of natural frequency values for some of the modes, e.g. mode 5
in ﬁgure 9e, can be as large as ±2% from the mean value μ[fjssi ], which creates a data ”cloud”,
as it is proved also by their low coefﬁcient of determination (R2 ). This data ”cloud” poses
no correlation with the temperature changes. Such large scattering can be attributed to several
factors, such as: inﬂuence of other environmental factors than temperature (e.g. solar radiation),
the loading amplitude (e.g. wind intensity), the thermal inertia of the structure, identiﬁcation
errors, and others. Similar conclusions are drawn from the rest of the identiﬁed modes [17] and
thus they are not displayed here.
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Figure 9: Evolution of the natural frequencies of modes 1 to 6 of the KW51 bridge as a function of temperature, as
identiﬁed from SSI-data (fjssi ) and during the period before the retroﬁtting. The dash-dotted line denotes the mean
natural frequency μ[fjssi ], while the dashed line denotes the linear regression of the data f (T ). The y-axis limits of
the plots, which correspond to ±3% of μ[fjssi ], are also denoted with dashed lines.
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4.3.2

Inﬂuence of temperature on strain mode shapes

The inﬂuence of the temperature ﬂuctuations on the strain mode shapes ψjssi is investigated.
The strain mode shapes obtained from all modal tests are used. First, a normalization scheme
[9] is applied which allows for a direct comparison of the strain mode shapes that have been
determined at different temperatures [10]. Second, the strain mode shapes are clustered in
temperature groups that each have a non-overlapping range of 2◦ C. Third, for each temperature
ssi,(k)
] of all strain mode shapes in the group is computed, as well
group k, the sample mean μ[ψj
ssi,(k)
ssi,(k)
as the sample standard deviation σ[ψj
] and the related ±2σ conﬁdence interval CI[ψj
],
which boils down to a 95% conﬁdence interval when the samples are normally distributed [9,
10]. The mean strain mode shape with its 95% conﬁdence interval for the different temperature
groups of the second bending mode of the deck (mode 6) are displayed in ﬁgure 10b. It can
be clearly observed that the conﬁdence intervals for the different temperature groups overlap
completely, and they all have nearly the same width. It can therefore be concluded that, in the
present experiment, there is no statistically signiﬁcant inﬂuence of the temperature on the strain
mode shapes, for the given temperature range of 24◦ C. Similar conclusions are drawn from the
rest of the strain mode shapes [17] and thus they are not displayed here.
Since temperature does not inﬂuence the strain mode shapes, the statistical uncertainty must
relate to other causes of variability in the strain mode shapes at a given temperature group, such
as identiﬁcation errors. The fact that the conﬁdence intervals in ﬁgure 10b all fall on top of each
other, indicates that the identiﬁcation errors have low bias. This implies that the uncertainty on
the identiﬁed strain mode shapes can be reduced by averaging. Indeed, the standard deviation
of the sample mean of the entire set of Nk samples (i.e., identiﬁed strain mode shapes) obtained
at a given temperature group k is related to the standard deviation of the set as:
ssi,(k)

ssi,(k)

σ[μ[ψj

]] =

σ[ψj
]
√
Nk

(1)

and the related 95 % conﬁdence interval reads:
ssi,(k)

CI[μ[ψj

ssi,(k)

]] = [−2σ[μ[ψj

ssi,(k)

]], 2σ[μ[ψj

]]]

(2)

Figure 10c displays, for the second bending mode, the sample mean of the complete set of all
ssi,(k)
the repeatedly identiﬁed strain mode shapes μ[ψj
] that are obtained at a given temperature
group k, together with the 95% conﬁdence interval of the sample mean of each set. Note that
the sample mean values of ﬁgure 10b and ﬁgure√10c are identical, but that the width of the
conﬁdence intervals in ﬁgure 10c are a factor 1/ Nk narrower than in ﬁgure 10b, because in
ﬁgure 10c the uncertainty of the averaged, sample mean values is considered. It can be clearly
observed that the narrow conﬁdence intervals of the sample mean of the different temperature
groups overlap completely, and they all have nearly the same width, increasing the conﬁdence
that there is no statistically signiﬁcant inﬂuence of the temperature on the strain mode shapes,
for the temperature range of 24◦ C.
5

CONCLUSIONS

The KW51 railway bridge is monitored with four chains of FBGs for a period of more than
a year. Modal tests, using ambient excitation as well as the free response of the bridge after
train passages are conducted every hour throughout this period. The dynamic strain data from
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Figure 10: (a) South view of the KW51. (b) Sample mean μ[ψj
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shapes that have been identiﬁed in each temperature group k for mode 6. (c) Sample mean μ[ψj

] and 95 %
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]]

of the sample mean, of the strain mode shapes that have been identiﬁed in each temperature group k
for mode 6. The top and bottom subplots contain the strains at the north and south sides of the bridge, respectively.

these tests are used in operational modal analyses. Results from the ﬁrst three months of the
monitoring are presented in this paper.
The modal characteristics of the bridge are identiﬁed in a repetitive and automated way
with the implementation of a hierarchical agglomerative clustering algorithm. Ten modes are
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successfully and continuously identiﬁed throughout the monitoring period. The inﬂuence of
temperature on the natural frequencies and the strain mode shapes of the bridge is investigated.
A small inﬂuence of the temperature on the natural frequency of the arch’s modes is identiﬁed, while the natural frequency of the deck’s modes appears not to be inﬂuenced by temperature, for the given temperature ranges.
The strain mode shapes of all identiﬁed modes are found to be insensitive to temperature
changes, for the given temperature ranges, conﬁrming the observations from past experiments
in laboratory tested beams [10]. This is an important conclusion, since a temperature-insensitive
dynamic characteristic can be directly used for damage identiﬁcation, without requiring data
normalization.
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Abstract. For vibration-based structural health monitoring, a multilevel optimization scheme
is applied to damage assessment of a prestressed concrete bridge. As a linear elastic problem
to be addressed, damage was represented by reduction of structural stiffness of the reference
model for the elements where the damage occurred. The Finite Element (FE) model updating problem is formulated as a nonlinear least-squares problem, which tries to minimize the
differences between the reference model and the real (or simulated) structure with respect to
the modal data. Due to the speciﬁc structure of the bridge, damage parametrization was introduced both using substructuring and a damage function. Consequently, the optimization
variables were divided into global ones and local ones, which leads to the implementation of
an iterative multilevel updating scheme. Satisfactory results were obtained for two numerical
simulated damage scenarios: one with a single damage and one with multiple damage.
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1

INTRODUCTION

FE model updating has been widely applied to vibration-based structural health monitoring
for damage assessment using operational modal data [1, 2, 3]. The damage assessment procedure requires solving an inverse problem based on experimental data to detect, locate, and
quantify damage. The model updating technique is generally formulated into a numerical optimization problem, which tries to minimize the differences between the reference model and
the real structure with respect to the modal data, such as natural frequencies and mode shapes.
The solution procedure often involves a large number of unknown parameters, especially when
the structure being investigated is complicate. As a result, the associated numerical problem
is usually ill-posed. It might not have an unique solution, or the numerical solution is highly
sensitive to small changes of the input data.[4, 5]. For a civil structure, not only the experimental results are effected by noise, but also the numerical models can be inaccurate to reproduce
the behaviour of the real structure due to modelling errors. Therefore, several important issues
related to FE model updating need to be carefully addressed, such as pramaterization of damage
[6], modelling errors [7], objective function [8], regularization [9], environmental effects [10],
and numerical optimization algorithms [11, 12, 13].
In practice, the most time consuming part is numerical modal analysis in the model updating
process. Modal analysis of the reference model has to be repeated, since the objective function needs to re-evaluated with the updated parameters at every iteration step. Therefore, a
simpliﬁed model of the bridge or structure is usually preferable as the reference model for the
beneﬁts of its computational efﬁciency [14]. Another practical problem often encountered for
a civil structure is the lack of the baseline measurements for the undamaged state. Even though
modal properties of the healthy structure can be estimated with a reﬁned FE model [15, 16], the
material properties and boundary conditions are inﬂuenced by environmental conditions like
temperature, which increases the uncertainty of the estimation of damage parameters. In this
paper, damage assessment is performed for a prestressed concrete girder bridge. It is a part of
a long multispan viaduct, which consisted of a series of simply supported girder bridges. Extensive operational modal analysis was conducted by the Structural Mechanics section of KUL
on the viaduct that was associated with corrosion-induced damage. It provided rich information
for investigation and evaluation of the aforementioned engineering problems in a very realistic
context. When an optimization problem can be divided into a series of smaller problems, an
iterative multilevel solution scheme is of speciﬁc interest concerning the simpliﬁcation and robustness of the numerical procedure. The multilevel optimization is a decomposition technique
in which the problem is reformulated as several smaller subproblems (local problems) and a
coordination problem (global problem) to preserve the coupling among the subproblems. Each
span of the viaduct consisted of several main girders connected with transverse trusses. By taking into account the characteristics of the current structure, the multilevel approach described
in [17] is adapted to the damage assessment of the bridge.
The paper is organized as follows. In Section 2, the context of the case study is presented
regarding the bridge and the operational modal analysis. In Section 3, two different kinds of
FE models were built with model calibration. The reﬁned volume model serves as the baseline
model. And the simpliﬁed plate model is used as the reference model to be updated. Two damage scenarios were simulated by the ﬁrst model. In Section 4, the solution scheme is described,
with the application to the two simulated damage cases. Discussion, conclusions and future
perspectives are set forth at the last two sections.

1110

L. He, E. Reynders, C. Deng, G.C. Marano, B. Briseghella and G. De Roeck

2
2.1

BRIDGE DESCRIPTION AND OPERATIONAL MODAL ANALYSIS
The Boirs viaduct

The Boirs viaduct is a prestressed concrete bridge, which is composed of multiple simply
supported spans at around twenty-ﬁve meters. The viaduct is a part of the roadway linking
Antwerp and Liège in Belgium. There are two parallel bridges to accommodate the transportation in the opposite directions. The viaduct was designed and completed in the 1960s. In
2009, severe corrosion caused damage was found on the viaduct for several spans. Damage was
mainly located on the main girders, with cracks, opening of the concrete surface, and exposure
of the steel tendons (or even rupture). Humidity and leakage of the rainwater from the bridge
deck was found to be the main cause of the damage.

(a)

(b)

Figure 1: The Boirs viaduct, pictures taken during the tests: a) top view; b) bottom view.

The rubber bearings

The rubber bearings

Figure 2: Elevation view of Span X and Span XI (units in meter). Note: the two adjacent Spans were of identical
design.

As shown in Fig. 1, there were seven prestressed concrete main girders, simply supported on
top of the piers by rubber bearings. The main girders were connected by ﬁve transverse trusses.
They were assembled by triangle truss components with post-tensioning applied on-site. Extensive ambient vibration tests were performed on one of the mostly damaged spans, labelled
as Span X, and the adjacent Span XI, in 2009 and early 2010 before the whole structure was
demolished. See Fig. 2. As shown in Fig. 3, each span of the viaduct has similar dimensions
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Figure 3: Plan view of Span X and Span XI, with the measurement nodes indicated by circles (units in meter).

in its longitudinal and transverse directions. Hence, the vibration characteristics of the bridge
were more close to those of a plate, rather than a simply supported beam.
2.2

Operational modal analysis

Vibration tests of the Boirs viaduct were performed by using either operational modal analysis (OMA) or OMA with eXogenous inputs (OMAX) [18, 19]. Both traditional cabled sensors
and latest wireless acquisition system were used to measure the acceleration responses of the
deck, while the bridge was under the ambient excitation (e.g., wind and vehicles passing by
on the neighbouring viaduct). See, for instance, Fig. 1. Highly reliable experimental modal
results were obtained for the Span X, with the very dense sensor grid (9 by 14, equals to 126
nodes) [20]. In detail, nine cross sections of bridge, including those over the supports, were
instrumented with fourteen measurement nodes on each. On the adjacent Span XI, operational
modal analysis was performed with the less dense sensor grid (5 by 8, equals to 40 nodes) [21].
In detail, ﬁve cross sections were instrumented with eight measurement nodes of each. See Fig.
3 for the measurement plan. Both Span X and Span XI were of identical structure. No evident
damage was found of Span XI by visual inspection, which was therefore considered almost undamaged. Accordingly, the operational modal data of Span XI could serve as the baseline data
for the undamaged state of one span of the viaduct.
The experimental natural frequencies of Span X and Span XI are presented in Table 1. In
total, ﬁve modes are identiﬁed. The corresponding mode shapes are plotted in Fig. 4 for Span
X. And those of Span XI were however similar in appearance. Especially, m1 and m5 are not
identiﬁed for Span XI. It was believed to related to the differences in the testing scheme. Since
the number of the measurement nodes exceeds the number of the acquisition channels, the vibration tests had to be divided into several experimental setups concerning the measurement
nodes. The incomplete mode shapes identiﬁed from each setups were combined lately by considering the predeﬁned reference nodes or the ﬁxed nodes as the basis for linear combination of
vectors. For Span X, there were four reference nodes, which were located both at the south side
and the middle of the deck, whereas for Span XI there was only one reference node located at

1112

L. He, E. Reynders, C. Deng, G.C. Marano, B. Briseghella and G. De Roeck

the north edge of the deck. As a result, the experimental modes with the modal displacements
mainly on the south side of the deck could not be obtained by the latter scheme, including m1
and m5.
Mode
m1
m2
m3
m4
m5

Span X
5.13
5.53
7.83
12.76
15.52

Span XI
n/a
5.64
7.99
12.99
n/a

Vol.(0)
5.40
5.64
7.69
13.38
16.99

Vol.(d1)
5.22
5.64
7.65
13.34
16.33

Vol.(d2)
5.13
5.51
7.59
13.32
16.33

Plate(0)
5.38
5.65
7.67
13.39
17.04

Plate(d1)
5.23
5.64
7.62
13.32
16.28

Plate(d2)
5.16
5.49
7.56
13.25
16.22

Table 1: Identiﬁed natural frequencies fi of the Boirs viaduct and those predicted by the reﬁned FE volume model
and the simpliﬁed FE plate model (units in Hz). Note: 0 for undamaged state, d1 and d2 for the simulated damage
scenarios.

Figure 4: Experimental mode shapes φi identiﬁed from the damaged Span X: m1 to m5.

3
3.1

NUMERICAL MODEL OF THE BOIRS VIADUCT
The reﬁned FE volume model

A reﬁned FE volume model of the viaduct was built in ANSYS mainly with eight-node solid
elements, known as Solid45. The geometry of the model strictly follows the design drawings.
Even the cantilever part of the deck that served as the side walk had been carefully modelled.
See Fig. 5. The rubber bearing supports were modelled with 3-D spring elements, known as
Link180. The stiffness of the elements was calculated according to the size of the bearing and
its material. Linear elastic properties of the materials are assumed in the FE model. See Table
2. There are in total 91,647 nodes, 71,240 elements and 274,899 DoFs in the reﬁned model.
The intention to build the reﬁned FE volume model is to create an accurate baseline model
of the structure, in addition to generate simulated damage scenarios. Operational modal data
of the undamaged Span XI were taken as the reference for calibration of the reﬁned FE model.
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(a)

(b)

Figure 5: The reﬁned FE volume model: a) single damage scenario; b) multiple damage scenario. Note: the sensor
locations for the measurements on Span X are denoted with symbols on the deck.

Components
Main girder/ Slab
Transverse truss
Boundary spring

E0 (MPa)
E(MPa)
35,000
45,284
35,000
26,723
kx (kN/m) ky (kN/m)
5,733
700,000

ν
0.33
0.33
kz (kN/m)
4,410

G(MPa)
17,024
10,046

q(kg/m3 )
2,400
2,400

Table 2: Material properties of the reﬁned FE volume model. Note: E for modulus of elasticity, ν for Poisson’s
ratio, G for shear modulus, q for density and k for equivalent stiffness of springs.

By engineering judgement, the main uncertainties of the FE volume model were the stiffness
of the main girders and the transverse trusses. FE model updating was conducted with the
Young’s modulus E1 and E2 of the main girders (including the slab), and the transverse trusses,
respectively, as the updating parameters. Both the residuals of the eigenfrequencies and the
mode shapes were included to build the objective function (see the equations below). The three
modes, i.e., m2, m3 and m4, identiﬁed from Span XI were considered. In a greater detail, the
residuals were deﬁned by:
ελ,i = (λi − λ̃i )/λ̃i , for i ∈ {1, 2, ..., nλ }

(1)

εφ ,i = (φi − φ̃i )/φ̃i 1 , for i ∈ {1, 2, ..., nφ }
with λi = (2πfi )2 , φi the mode shape vectors, nλ the number of eigenfrequencies to be considered and nφ the number of mode shape vectors to be considered. Herein, the upper tilde denotes
the experimental results and the bold Greek letter denotes a vector. The mode shapes are normalized to the maximum unity with only the real parts being considered. In order to obtain the
equivalent magnitude between ελ,i and εφ ,i , the 1-norm, i.e., the sum of the absolute values of
φ̃i , had been introduced into the residuals of mode shape. On the basis of the residuals deﬁned
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by Eq.(1), the following nonlinear least-squares problem was solved.
min



θ

wεi (εi )2 = min εT Wε ε
θ

(2)

The initial values of E1 and E2 were taken as 35 GPa and wεi = 1. . The problem was solved
by the Trust-Region-Reﬂective Algorithm (lsqnonlin) in MATLAB. The updated values were
45.3 GPa for E1 and 26.7 GPa for E2. Since the trusses were assembled by components with
post-tensioning, the updating results were considered to be physically acceptable. The natural
frequencies of the updated model Vol.(0) were listed in Table 1.
A single-damage scenario and a multiple-damage scenario were simulated with the calibrated
FE volume model. For the single damage scenario, 25% reduction of the Young’s modulus was
applied to the part of the side main girder at the south edge (Fig. 5(a)). For the multiple damage
scenario, the reduction of the Young’s modulus was applied to both the middle parts of the
side main girders at the north and south edge, but with different amplitudes. In particular, 15%
reduction of the north and 25% reduction of the south. See Fig. 5(b). Natural frequencies of the
damaged volume models Vol.(d1) and Vol.(d2) are listed in Table 1. The simulated modal data,
including also the mode shapes will be used for damage assessment in the later section.
3.2

The simpliﬁed FE plate model

A simpliﬁed FE plate model of the viaduct was also built by ANSYS mainly with eightnode shell elements (Shell281). The plate model had the same geometry as the bridge deck on
the horizontal plane. Each main girder and the adjacent slab was represented with 4 by 19, in
total 76 shell elements. See Fig. 6. It was assumed that the plate model had a ﬁxed boundary
condition in translational DoFs at the supports. In addition, rotational springs were introduced
at the supports to simulate the real constraints of the rubber bearings. Moreover, linear elastic
properties were assumed for all the materials in the model.
As the reference model to be updated for damage assessment, the simpliﬁed FE plate model
should be updated ﬁrst in order to closely represent the real structure. Since the damage scenarios to be analysed were simulated by the FE volume model, the updating of the plate model
took the modal data of Vol.(0) as the target. The model updating procedure followed the same
rules as deﬁned in the previous section, except that the dense measurement grid of the ﬁve mode
shapes as was identiﬁed on Span X was considered. In detail, nλ = 5, nφ = 5 in Eq.(1) and
wεi = 1 in Eq.(2), for which the ﬁve modes m1 to m5 as listed in Table 1 were considered. The
updating parameters included ﬂexural rigidities D11 and D22, the twisting rigidity D33 and the
Poisson’s ratio ν of the shell elements. For the cantilever parts of the slab at the north and the
south edge, different values of elemental rigidities D should respectively be applied, since the
corresponding elements were obviously much more ﬂexible than the others. They were indicated as substructure 1a and 7b in Fig. 6. In addition, the rotational stiffness of the boundary
springs was chosen to be updated. In summary, seven parameters were updated for the plate
model. The natural frequencies of the updated plate model, which is denoted by Plate(0), can
be found in Table 1.
4

ITERATIVE MULTILEVEL UPDATING SCHEME FOR DAMAGE ASSESSMENT

Assessment of the simulated damage scenarios was performed by updating the Plate(0)
model as the reference model. As a linear elastic problem to be solved, the structural damage was considered as the reduction of the Young’s modulus E in the plate model for the shell
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Figure 6: The simpliﬁed FE plate model. Note: substructures nr. 1 to 7 correspond to the seven main girders of the
bridge.

elements where the damage occurred. The optimization problem as stated in Eq.(2) was solved
in order to match the modal data of the plate model as closely as possible to those of the damage
scenarios simulated by the volume model.
Modelling errors of the reference model must be addressed carefully, because the optimization method itself could not distinguish the effects of inadequate modelling and the changes of
the modal characteristics due to damage. Two approaches have been proposed by the precedent
researchers: 1) to update the reference model with respect to the baseline measurement, in order
to produce a reliable model (see the previous section); 2) to use the difference between the damage and undamaged modal data in the formulation of the residuals [5]. Herein, the following
residuals were considered in FE updating for the damage assessment:

ελ,i =
εφ ,i =

λi
λ̃i
−
, for i ∈ {1, 2, ..., nλ }
λ0,i λ̃0,i

(φi − φ0,i ) − (φ̃i − φ̃0,i )
φ̃0,i 1

(3)

, for i ∈ {1, 2, ..., nφ }

where the subscript 0 denotes the undamaged state and again tilde denotes the experimental
values or those simulated by the volume model. In order to have the equal amplitude between
ελ,i and εφ ,i , the weighting factors were introduced according to:
wελ ,i = 1/
wεφ ,i = 1/





(ε0λ,i )2 , for i ∈ {1, 2, ..., nλ }

(4)

i

(ε0φ,j )2 , for i ∈ {1, 2, ..., nφ }, j ∈ {1, 2, ..., nφ × nDoF }

j

where ε0λ,i and ε0φ,j were obtained from Eq.(3) by replacing λi and φi with λ0,i and φ0,i , respectively. And nDoF denotes the length of the mode shape vector.
Parametrization of the potential damage was another key issues to be addressed. As an
inverse problem, solution of the unknown parameters, e.g., the Young’s modulus of the shell elements, through the FE updating procedure was prone to be ill-posed. Modiﬁcation in stiffness
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of two adjacent elements in a FE model has nearly the same inﬂuence on the modal characteristics of the structure. As a result, the sensitivity matrix that was calculated between the residuals
and the updating parameters was likely to be ill-conditioned, especially when a large number of
updating parameters was involved. As a solution, the number of candidate parameters should
be reduced by including only those that were more likely to be changed due to damage. Mathematically, it suggests to introduce extract constraints to the optimization problem in order to
guarantee an unique, stable and physically acceptable solution. Understanding of the damage
mechanism and engineering judgement will play a very important role in this regard.
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Figure 7: Damage parameterization: the global parameters αi , and the local parameters β, γ and n for the damaged
main girder.

For the current problem, damage parametrization was considered as shown in Fig.7. The
reference plate model was divided into seven substructures, labelled from nr. 1 to 7. Each
substructure corresponds to one of the main girders. An unique reduction factor αi of the
substructural stiffness, i.e., of the Young’s modulus E was applied. This deﬁned the ﬁrst-level
problem, or the global problem to be addressed. Damage localization and quantiﬁcation of the
possibly damaged main girder was the second problem to be solved. Three local parameters β,
γ and n were used by following the damage function deﬁned in [6], which helps to characterize
a typical damage pattern of a concrete beam. Fig 7 permits the partitioning of the updating
parameters into two sets: the global parameters αi , associated with the global structure and
the local parameters βj , γj and nj , associated with the jth substructure with damage. The
optimization problem to be solved however remains unchanged. In detail, the following twolevel approach is applied.
First-level (global) Problem. Assuming that the damage area spans across the whole substructure, Eq.(2) is to be solved with the global parameters αi . It is somehow equivalent to set
the local parameters β = 1, γ = 0.5 and n = 100, or a relatively large number. The damaged
main girder is identiﬁed by checking αi∗ > Δd . Herein, the superscript * denotes the solution
and Δd is the threshold value.
Second-level (local) Problem. In this stage, Eq.(2) is solved with the local parameters βj ,
γj and nj , together with αj for j = 1, 2, ..., nd , if there were totally nd substructures identiﬁed
with damage. Meanwhile, the global parameters αi , except of αj for the damaged main girders,
remain unchanged. Once the local parameters are found, one proceeds to solve the ﬁrst-level
problem. This process is to be continued until convergence is reached. The iteration can be
summarized as follows:
1. Start with an initial local parameter sets such as β = 1, γ = 0.5 and n = 100 for all the
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substructures.
2. Solve the ﬁrst-level optimization problem by Eq.(2) for the global parameters αi and ﬁnd
αi∗ and nd .
3. Solve the second-level optimization problem for αj and the local parameters βj , γj and
nj , for j = 1, 2, ..., nd by Eq.(2).
4. Check for the convergence on αi by |αi,n+1 − αi,n | < Δα (1 + |αi,n |) (n for the iteration
steps and Δα for the step size tolerance).
5. If the process has not converged, go to step 2 but with the newly updated βj , γj and nj
(j = 1, 2, ..., nd ) and repeat the process until convergence.
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Figure 8: Final solution of the global problem and the identiﬁed damage function (the local problem) for the single
damage scenario.

The aforementioned multilevel updating scheme was applied to the simulated damage scenario Vol.(d1). The numerical optimization of both the First- and Second-level problems was
solved by using the Trust-Region-Reﬂective Algorithm (lsqnonlin) in MATLAB. Generally,
multiple initial points shall be considered in order to obtain the global minimum, instead of the
local minimum. Nevertheless, multiple runs could be avoided or at least reduced by choosing
appropriate initial points, which should be located in a physically feasible region. In the current
case study, use of αi,0 = 0.01 for the First-level problem leads to the satisfactory result without
multiple runs. Similarly, βj,0 = 1.0, γj,0 = 0.5 and n0 = 10 were considered as the initial
values for the Second-level problem. For the substructure identiﬁed with damage (Δd = 1%),
αj,0 took the corresponding solution of αi∗ of the First-level problem. The convergence criteria
is on the relative step size with the tolerance Δ = 0.1% for lsqnonlin and Δα = 1% for the
multilevel scheme. The modal data of the ﬁve modes, m1 to m5 (see Table 1) were used to formulate the objective function of Eq.(2) with the residuals of Eq.(3) and the weighting factors of
Eq.(4). Their mode shapes are similar in appearance to the experimental results in Fig. 4. The
dense measurement gird of Span X was considered. The updating scheme stopped after three
iterations, i.e., First-level, Second-level and then First-level. The respective iteration numbers
of the individual problems were 10, 8 and 5. The natural frequencies of the updated plate model
are listed in Table 1, denoted by Plate(d1). The ﬁnal solution of the problem is shown in Fig. 8.
The damage function for the south side girder was plotted with the simulated damage area and

1118

L. He, E. Reynders, C. Deng, G.C. Marano, B. Briseghella and G. De Roeck

Di

E d / E0
1

1

0.8

0.8

0.6

0.6

0.4
0.2

0.29
0.17



/JKTZOLOKJJGSGMKL[TIZOUT

0.2
0.00



9OS[RGZKJJGSGMKGXKGGTJJGSGMKRK\KR

0.4

0.00





0.00


0.00


0.02


4 4[SHKXOTMULZNKY[HYZX[IZ[XKY

0


w 

lg 6
i

LXKWXKYOJ[GRY
SUJKYNGVKXKYOJ[GRY

E d / E0

5

10

15

20

*OYZGTIKGRUTMZNKYVGT[TOZYOTSKZKX
LUXZNKTUXZNYOJKMOXJKX

25

+

1
0.8
0.6

i



=

9

ZUZGRXKYOJ[GRY

)KTZKXULKRKSKTZY

0

9OS[RGZKJJGSGMKGXKGGTJJGSGMKRK\KR

0.4

/JKTZOLOKJJGSGMKL[TIZOUT

0.2
0

OZKXGZOUT

)KTZKXULKRKSKTZY

0

=

5

10

15

20

*OYZGTIKGRUTMZNKYVGT[TOZYOTSKZKX
LUXZNKYU[ZNYOJKMOXJKX

25

+

Figure 9: Final solution of the global problem and the identiﬁed damage function (the local problem) for the
multiple damage scenario, with the convergence plot of the squared norm of the residuals (left below).

damage level. Evidently, the damage location has been identiﬁed almost correctly, even though
the damage level was a little underestimated.
While applied to the multiple damage scenario Vol.(d2), the multilevel updating scheme used
the same settings as previously, except that the threshold of damage Δd = 2%. The natural frequencies of the updated plate model can be found in Table 1, denoted by Plate(d2). The solution
of the global and local problems are shown in Fig. 9. The two side girders were correctly identiﬁed as the damaged ones. On the south side girder, the damage location was almost properly
characterized by the damage function. In comparison, on the north side girder the damage location was overestimated. On both sides, the damage levels were slightly overestimated. It may
be explained by the inadequacy of the measurement nodes and the inaccuracy of the reference
model. As shown in Fig. 5, the additional sensor array was placed on the cantilever part of the
south side (on the side walk). Accordingly, more information about mode shape changes were
available on the south side girder, as the objective function was more sensitive to damage on
the south side than the north side. In Fig. 9, the convergence plot was also presented. The ﬁnal
solution was achieved after the First-level problem with 10 iterations, the Second-level problem
with 10 iterations and the First-level problem with 5 iterations. Both the frequency residuals and
the mode shape residuals were mostly smoothly reduced by iterations before the ﬁnal solution.
5

DISCUSSION

On the basis of the presented case study, several issues related to FE model updating for
vibration-based damage assessment of the bridge could be addressed. First, evaluation of the
objective function was the most time consuming part during the computation. Since the solution
used a gradient-based method, numerical modal calculation by ANSYS had to be repeated with
multiple times in order to return the Jacobian matrix. It was found that use of the simpliﬁed
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plate model greatly improved the computational efﬁciency. For instance, for each iteration the
time consumed for modal analysis of the plate model was around 11 seconds from a Laptop
with Intel-Core i5 and 4G Ram. In comparison, that of the volume model was more than ten
times on the same device.
Secondly, to formulate the residuals directly on the mode shapes as Eq.(3) rather than the calculated MAC values signiﬁcantly improved the sensitivity of the objective function to damage.
In the current case study, the mode shape residuals have the length of 126 × 5 = 625, equals the
number of the measurement nodes multiplied by the number of the modes. It is found that the
MAC values calculated between the Vol.(d2) and Plate(0) were mostly greater than 0.95 for the
ﬁve modes. After the updating, they were slightly improved by only around 0.01.
Thirdly, the condition numbers were calculated for the Jacobian matrix J at the solution
points for both the First- and Second-level problems. It is deﬁned as the ratio of the maximum
singular value to the minimum singular value of the matrix. For the multiple damage scenario,
in the global problem the maximum and the minimum singular values were, respectively, 11.58
and 2.05, of which the ratio was 5.64. In comparison, in the local problem the maximum and
the minimum singular value were, respectively, 9.45 and 0.10, of which the ratio was 90.77.
The lower the value, the better the conditioning of the Jacobian matrix. Therefore, the local
problem is much poorly conditioned than the global problem. It suggests the beneﬁts of the
multilevel scheme. By considering the speciﬁc structure of the current optimization problem,
the division of the variables into global and local variables will improve the robustness of the
numerical optimization by solving them separately.
6

CONCLUSIONS AND FUTURE PERSPECTIVES

Based on extensive vibration measurements of the Boirs viaduct, a realistic case study for
vibration-based damage assessment using FE model updating is presented. Two damage scenarios were simulated by a reﬁned FE volume model which had been calibrated according to
the baseline measurement of an undamaged span. A simpliﬁed plate model was taken as the
reference model for updating. The multilevel updating scheme leads to the satisfactory results
for both the single-damage and multiple-damage scenarios. Further improvement and future
work however remain to be done. The inﬂuence of the measurement errors has not been investigated in the case study. Moreover, application of the algorithms has to be extended for the real
damage on Span X of the Boirs viaduct.
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REAL-TIME STRUCTURAL HEALTH MONITORING OF CRITICAL
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Abstract. Structural health monitoring is a vastly manual process that is both costly and time intensive.
Implementation of distributed Internet of Things (IoT) sensor networks posits a robust alternative to
current discrete-time monitoring techniques. Furthermore, IoT systems allow for long-term analysis to
occur in real-time. However, existing IoT solutions for structural health monitoring do not account for
remote sensing and often operate under the constraint of a readily available wireless connection. Thus,
Wi-Fi-based solutions may not be conducive to remote applications. This study proposes an OpenThread mobile LTE Mesh Network using the Particle IoT development environment. The proposed development platform, in combination with a suite of distributed sensors, allows for the identification of
structural degradation in critical infrastructure. In the study carried out herein, piezoelectric sensors
are used to determine key salient factors contributing to the decline of overall structural health, particularly that of Canadian bridges and can be adapted for use with MEMS accelerometers or embedded
Fiber Bragg gratings. The presented framework is validated through experiments on elastomeric bridge
bearings, and is expected to demonstrate real-time, high-fidelity monitoring of critical structural components through a robust mesh network, especially for infrastructure located in remote areas.
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1

INTRODUCTION

2YHUWKHSDVWVHYHUDOGHFDGHV&DQDGDKDVH[SHULHQFHG DFFHOHUDWHGDJLQJRISXEOLFLQIUD
VWUXFWXUHSDUWLFXODUO\RIFUXFLDOWUDQVSRUWDWLRQDUWHULHVEULGJHVDQGWUDGHURXWHV2IWKHVHWUDQV
SRUWDWLRQDVVHWVKDYHEHHQHVWLPDWHGWREHLQSRRUFRQGLWLRQLQFRPSDULVRQWR&DQDGLDQ
LQIUDVWUXFWXUHGHYHORSHGRYHUWKHODVW\HDUV>@6SHFLILFDOO\WKH*DUGLQHU([SUHVVZD\±D
ODUJHFRPPXWHUURDGFRQQHFWLQJWKH*UHDWHU7RURQWR$UHD *7$ ZLWK0HWURSROLWDQ7RURQWR±
LVUHVSRQVLEOHIRULPPHDVXUDEOHGLVUXSWLRQVWRFRPPXWHUYHKLFOHVGXHWRSHUVLVWHQWUHWURILWWLQJ
DQGUHSDLUV>@$V&DQDGLDQWUDQVSRUWDWLRQLQIUDVWUXFWXUHFRQWLQXHVWRDJHDQGEHFRPHDKD]DUG
RQWKH&DQDGLDQSXEOLFRQJRLQJPRQLWRULQJDQGLQVSHFWLRQUHTXLUHPHQWVDUHH[SHFWHGWREH
FRPHPRUHVXEVWDQWLDODQGVWULQJHQW
5REXVWDQDO\VLVRI&DQDGLDQLQIUDVWUXFWXUHLV±DWSUHVHQW±FRQVWUDLQHGE\WKHSHULRGLFLW\RI
RQVLWHLQVSHFWLRQVDQGWKHTXDQWLW\RIDJJUHJDWHVHQVRUGDWD)XUWKHUPRUHWKHKLQGUDQFHRQ
WKH&DQDGLDQSXEOLFLVWZRIROGDV&DQDGLDQEULGJHVFRQWLQXHWRDJHWKHPDWHULDOFRQVHTXHQFHV
PDQLIHVWDVILQDQFLDODQGVHUYLFHGLVUXSWLRQVWR&DQDGLDQV2YHUWKHQH[WWR\HDUVWKH
&DQDGLDQJRYHUQPHQWHQGHDYRXUVWRPLWLJDWHWKHULVNDVVRFLDWHGZLWKWKHGHFOLQHLQWKHFRQGL
WLRQRILWVURDGVDQGEULGJHVWKURXJKWKHLQYHVWPHQWRIRYHUELOOLRQGROODUVWRZDUGVDG
YDQFLQJ&DQDGLDQWUDQVSRUWDWLRQLQIUDVWUXFWXUH>@
,QQRYDWLRQLQUHDOWLPH6WUXFWXUDO+HDOWK0RQLWRULQJWHFKQRORJLHVLQ&DQDGDLVVWDJQDQWGXH
WR FRQVWUDLQWV SHUWDLQLQJ WR FRVW VFDODELOLW\ DQG FRPPXQLFDWLRQ SURWRFROV LH :L)L 5)
:/$1RU%OXHWRRWK >@>@>@>@)XUWKHUPRUHLQQRYDWLRQVLQ6WUXFWXUDO+HDOWK0RQLWRULQJ
PD\EHQHILWIURPDKROLVWLFDSSURDFKWRLWVGHVLJQDVVXFKPDQ\H[LVWLQJ6+0V\VWHPVDUH
VXLWHG IRU VSHFLILFDSSOLFDWLRQVDQGDUH VHOGRP XQLYHUVDOO\ DSSOLFDEOH 7KH VWXG\ FDUULHGRXW
KHUHLQSURYLGHVDKLJKOHYHOIUDPHZRUNIRUDXWRQRPRXVUHDOWLPHPRQLWRULQJRIFULWLFDOEULGJH
FRPSRQHQWV LH HODVWRPHULF EHDULQJV  7KH V\VWHP DUFKLWHFWXUH LV YDOLGDWHG H[SHULPHQWDOO\
WKURXJKWKHLQVWUXPHQWDWLRQRIHODVWRPHULFEULGJHEHDULQJVEXWFDQEHDGDSWHGWRVXLWWKHQHHGV
RIDOWHUQDWLYHDSSOLFDWLRQV7KH6+0V\VWHPLGHQWLILHGLQWKLVVWXG\HQGHDYRXUVWRDGGUHVVWKH
IROORZLQJREMHFWLYHVWKURXJKLWVGHYHORSPHQW
 $XWRQRPRXVUHDOWLPHPRQLWRULQJRIFULWLFDOEULGJHFRPSRQHQWVWKURXJKDQ/7(
EDVHG2SHQ7KUHDG0HVK1HWZRUN
 ,PSOHPHQWDWLRQRIUHDOWLPH&RQYROXWLRQDO1HXUDO1HWZRUNVIRUUREXVWFODVVLILFD
WLRQDQGIHDWXUHLGHQWLILFDWLRQRIVHQVRUGDWD
 'HVLJQRIDUHDOWLPH+XPDQ0DFKLQH,QWHUIDFH +0, IRUGDWDYLVXDOL]DWLRQDWDQ
HQGXVHUOHYHO
7KLVVWXG\DGGUHVVHVWKHILUVWREMHFWLYHDQGSURYLGHVDIUDPHZRUNIRUWKHRYHUDOODSSURDFK
HPSOR\HGLQWKLVSURMHFWDSDWKIRUZKLFKIXWXUHGHYHORSPHQWVFDQEHPDGH
2

THE INTERNET OF THINGS

2.1 Overview
7KH,QWHUQHWRI7KLQJV ,R7 FRPSULVHVDOOV\VWHPVFRPSRVHGRIDXWRQRPRXVLQWHUUHODWHG
GHYLFHVWKDWFRPPXQLFDWHYLDDZLUHOHVVQHWZRUN,R7GHYLFHVVHOGRPUHTXLUHPXFKKXPDQRU
WKLUGSDUW\LQSXWDQGKHQFHSRVHSURPLVLQJLPSOLFDWLRQVIRUGHYHORSPHQWVLQUHDOWLPH6+0
WHFKQRORJLHV$WDKLJKOHYHO,R7V\VWHPVDUHGHILQHGDVWKHLQWHUFRQQHFWLRQRIZLUHOHVVVHQVRU
QRGHVZLWKDQHWZRUNJDWHZD\ LH:L)L5):/$1%OXHWRRWK*/7(/7(0*HWF 
DQGDQHWZRUNJDWHZD\ZLWKDFORXGVHUYLFH )LJXUH >@,R7V\VWHPVDUHW\SLFDOO\GHVLJQHG
WRFDUU\RXWWDVNVWKDWPD\RWKHUZLVHnotRFFXULQUHDOWLPH&XUUHQWPRQLWRULQJDQGLQVSHFWLRQ
SURFHVVHVRIFULWLFDOWUDQVSRUWDWLRQLQIUDVWUXFWXUHLVYDVWO\PDQXDOWLPHLQWHQVLYHDQGH[SHQ
VLYH7KHLPSOHPHQWDWLRQRI,R7V\VWHPV LQ WKH FRQWH[W RI 6+0 PD\ DOOHYLDWH WKH ILQDQFLDO
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EXUGHQDVVRFLDWHGZLWKRXWGDWHGDSSURDFKHVLQLQIUDVWUXFWXUHPRQLWRULQJDQGLVDUREXVWWRROIRU
XVHLQULVNDQGKD]DUGPLWLJDWLRQ

)LJXUH*HQHUDO,R7$UFKLWHFWXUH

2.2 Shortcomings in Existing SHM Systems
7KHUHH[LVWVDSDUDGLJPVKLIWLQWKHGHYHORSPHQWRI6WUXFWXUDO+HDOWK0RQLWRULQJWHFKQRO
RJLHVWKDWLVODUJHO\GULYHQE\WKHHPHUJHQFHRIUREXVW,R7V\VWHPV0RGHUQ6+0VXEVFULEHV
WRDGLYHUJHQFHIURPPDQXDOPRQLWRULQJDQGLQVSHFWLRQSURFHVVHVDQGSODFHVHPSKDVLVRQDQ
LQYHVWPHQWLQDXWRQRPRXVUHDOWLPHDQGZLUHOHVVUHSODFHPHQWV
Network Type
7RWKHLUGHWULPHQWH[LVWLQJVROXWLRQVLQUHDOWLPH6+0DUHZLGHO\GHSHQGHQWRQ:L)LRU
:/$1FRPPXQLFDWLRQSURWRFROV7KHVHQHWZRUNVUHTXLUHVXEVWDQWLDOO\PRUHSRZHUWKDQWKHLU
PRGHUQFRXQWHUSDUWVDQGFDQSURYLGHIDUOHVVFRYHUDJHLQUHPRWHORFDWLRQVZKHUHDKLJKILGHOLW\
QHWZRUNPD\QRWEHUHDGLO\DYDLODEOH:LWKEDQGZLGWKGLVFUHSDQFLHVEHFRPLQJQDUURZHUEH
WZHHQFRPPXQLFDWLRQSURWRFROV:L)LLVQRORQJHUDVDGYDQWDJHRXVIRUXVHLQ6+0V\VWHPV
DVLWPD\KDYHEHHQLQSUHYLRXVGHFDGHV/7(QHWZRUNVSURYLGHDORZSRZHUDOWHUQDWLYHWR:L
)L:/$1ZLWKVLPLODUEDQGZLGWKFDSDELOLWLHVDQGWKXVDUHDFRPSHOOLQJDOWHUQDWLYHIRUXVHLQ
6+0V\VWHPV>@
Sensor Node Communication
,QWHUFRPPXQLFDWLRQEHWZHHQZLUHOHVVVHQVRUQRGHVLVnotXELTXLWRXVDPRQJH[LVWLQJ,R7
V\VWHPVGXHWRWKHQDWXUHRIWKHLUQHWZRUNWRSRORJLHV6WDUQHWZRUNWRSRORJLHVKDYHVXEVWDQWLDO
SHQHWUDWLRQLQWKHILHOGRI6+0GXHWRWKHLUHDVHRILPSOHPHQWDWLRQEXWDUHOLPLWHGE\WKHLU
UDQJHRIRSHUDELOLW\DQGSRZHUUHTXLUHPHQWV)XUWKHUPRUHLQPDQ\ DSSOLFDWLRQVZKHUHVWDU
WRSRORJLHVDUHXVHGWKHUHH[LVWVDVLQJOHSRLQWRIFRPPXQLFDWLRQEHWZHHQVHQVRUQRGHVDQGWKH
QHWZRUNJDWHZD\7KLVSRVHVOLPLWDWLRQVQRWRQO\RQWKHRSHUDWLQJUDQJHRIWKH6+0V\VWHP
EXWRQDSSOLFDWLRQVZKHUHUHGXQGDQF\EHWZHHQVHQVRUQRGHVLVUHTXLUHG>@
8QWLOUHFHQWO\PHVKWRSRORJLHVUHPDLQHGVRPHZKDWHVRWHULFLQWKHLUGHVLJQDQGLPSOHPHQ
WDWLRQLQ6+0DSSOLFDWLRQV0HVKQHWZRUNVDUHDQHPHUJLQJWRSRORJ\LQWKHUHDOPRI,R7WKDW
KDYH\HWWRVHHH[WHQVLYHDSSOLFDWLRQGULYHQUHDOL]DWLRQVLQVWUXFWXUDOKHDOWKPRQLWRULQJ0HVK
WRSRORJLHVSURYLGHDIDYRUDEOHDOWHUQDWLYHWRWUDGLWLRQDO6+0V\VWHPVPRVWRIZKLFKDUHFRQ
VWUDLQHG E\ WKHLU VHFXULW\ RSHUDWLQJ UDQJH DQG VFDODELOLW\ 7KH PHVK QHWZRUN IUDPHZRUN
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LGHQWLILHGKHUHLQSURYLGHVDVFDODEOHDOWHUQDWLYHWRH[LVWLQJ6+0WHFKQRORJLHVDQGDLPVWRDG
GUHVVHPHUJLQJQXDQFHVLQWKHILHOGRIUHDOWLPHLQIUDVWUXFWXUHPRQLWRULQJ
3

MESH NETWORK ARCHITECTURE

3.1 Advantages of a Mesh Network
0HVKQHWZRUNWRSRORJLHVKDYHFRPSDUDWLYHO\OHVVPDUNHWSHQHWUDWLRQLQWKHUHDOPRIVWUXF
WXUDOKHDOWKPRQLWRULQJRQDFFRXQWRIWKHLURQFHQHEXORXVLPSOHPHQWDWLRQ7KHHPHUJHQFHRI
FRVWHIILFLHQWKLJKILGHOLW\PHVKGHYHORSPHQWSODWIRUPVLVSDUWLFXODUO\DGYDQWDJHRXVIRUXVHLQ
LQGXVWULDOVWUXFWXUDOKHDOWKPRQLWRULQJV\VWHPV$QLQGXVWULDOPHVKQHWZRUNSRVHVSURPLVLQJ
VROXWLRQVWRQXDQFHVDULVLQJLQUHDOWLPH6+0SDUWLFXODUO\LQWKHFRQWH[WRIQHWZRUNVHFXULW\
UDQJHRIRSHUDELOLW\DQGVFDODELOLW\7KHIUDPHZRUNLGHQWLILHGKHUHLQZDVYDOLGDWHGWKURXJK
LQVWUXPHQWDWLRQRIHODVWRPHULFEULGJHEHDULQJV
Network Resilience: Self-Healing and Self-Formation
,QWUDGLWLRQDOZLUHOHVVVHQVRUQHWZRUNWRSRORJLHVDVLQJOHSRLQWRIFRPPXQLFDWLRQLVHVWDE
OLVKHGEHWZHHQDVHQVRUQRGHDQGDQHWZRUN URXWHURUJDWHZD\ ,IWKHFRQQHFWLRQEHWZHHQD
VHQVRUQRGHDQGWKHQHWZRUNJDWHZD\RUURXWHULVLQWHUUXSWHGWKHQRGHPD\UHPDLQRIIOLQHXQWLO
KXPDQLQWHUYHQWLRQLVHVWDEOLVKHG6HOIKHDOLQJFDSDELOLWLHVRIPHVKWRSRORJLHVDUHWZRIROG  
WKHQHWZRUNPD\UHHVWDEOLVKWKHFRQQHFWLRQWRRIIOLQHQRGHVDQG  WKHQHWZRUNPD\UHURXWH
RUUHFRQILJXUHLWVHOIWKURXJKDQRWKHUURXWHURUQRGHLQWKHQHWZRUNVRDVWRHVWDEOLVKWKHPRVW
UHOLDEOHFRQQHFWLRQ>@>@7KHDELOLW\RIDPHVKWRSRORJ\WRUHGLUHFWQHWZRUNWUDIILFDQGGDWD
VWUHDPVLVFUXFLDOIRUUHPRWH6+0DSSOLFDWLRQV ZKHUH URXWLQH PDLQWHQDQFH LV LQIHDVLEOH ,Q
JHQHUDOVHOIKHDOLQJDOJRULWKPVDUHFRPSULVHGRIWKUHHVWDJHV
 'LVFRQQHFWLRQ ± D QRGH LV GLVFRQQHFWHG RU UHPRYHG IURP WKH QHWZRUN GXH WR DQ
LQWHUUXSWHGFRQQHFWLRQ
 'HWHFWLRQ±QHLJKERXULQJQRGHVLQWKHPHVKGHWHFWWKHUHPRYDORIWKHQRGHIURPWKH
QHWZRUN
 5HFRQQHFWLRQ ± QHLJKERXULQJ QRGHV UHFRQQHFW WR WKH QHDUHVW VWDEOH QRGHV LQ WKH
PHVK
,IDQRGHLVLQVHUWHGLQWRWKHPHVKWKHQHWZRUNPD\UHHVWDEOLVKLWVFRQQHFWLRQVLQDVLPLODU
IDVKLRQNQRZQDVVHOIIRUPDWLRQ
Range of Operability and Signal Strength
,QPHVKWRSRORJLHVVHQVRUQRGHVPD\EHFRQILJXUHGWREHKDYHDVUHSHDWHUVIXUWKHUPRUH
VHQVRUQRGHVPD\HVWDEOLVKDQGVKDUHDFRQQHFWLRQEHWZHHQHDFKRWKHUWRLPSURYHWKHUDQJHRI
RSHUDELOLW\ZLWKLQDQHWZRUN,QIUDVWUXFWXUHPRQLWRULQJV\VWHPVKDYHDWHQGHQF\WRVSDQODUJH
GLVWDQFHV6SHFLILFDOO\VWUXFWXUDOKHDOWKPRQLWRULQJLQWKHFRQWH[WRIEULGJHVQHFHVVLWDWHVDV\V
WHPZLWKDEURDGUDQJHRIRSHUDELOLW\KHQFHVXFKV\VWHPVPD\EHQHILWIURPDQHWZRUNWKDWFDQ
RSHUDWHUHOLDEO\DFURVVORQJGLVWDQFHV)LJXUHLGHQWLILHVDIRXUQRGHRQHJDWHZD\PHVKQHW
ZRUN7KHIRXUVHQVRUQRGHVUHVLGHZLWKLQWKHVLJQDOUDQJHRIWKHQHWZRUNJDWHZD\,QWUDGL
WLRQDOQRQPHVKZLUHOHVVVHQVRUQHWZRUNVLIDQRGHLVLQVHUWHGRXWVLGHRIWKHJDWHZD\¶VUDQJH
RIRSHUDELOLW\DFRQQHFWLRQZLOOQRWEHHVWDEOLVKHG,QWKHFDVHRIDPHVKQHWZRUNDQLQVHUWHG
QRGHPD\HVWDEOLVKDFRQQHFWLRQZLWKRWKHUVHQVRUQRGHVVRORQJDVLWLVLQUDQJHRIDVHQVRU
QRGH¶VVKDUHGFRQQHFWLRQ7KHLQVHUWHGQRGHPD\MRLQWKHPHVKDQGH[WHQGWKHVLJQDOUDQJHIRU
VXEVHTXHQWQRGHVWRMRLQWKHQHWZRUN>@>@
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)LJXUH6LJQDO5HSHDWLQJLQ0HVK7RSRORJLHV

3.2 Mesh Framework
7KHPHVKIUDPHZRUNLGHQWLILHGLQWKLVVWXG\ZDVIRXQGHGRQWKHRSHQVRXUFHLPSOHPHQWD
WLRQRI7KUHDGDPHVKSURWRFROWKDWIDFLOLWDWHVLQWHUFRPPXQLFDWLRQEHWZHHQ,R7HQDEOHGGH
YLFHV2SHQ7KUHDGLPSOHPHQWVDOOQHWZRUNOD\HUVRIWKH7KUHDGSURWRFRO LGHQWLILHGLQ)LJXUH
  DQG SURYLGHV D SRUWDEOH ORZSRZHU DOWHUQDWLYH WR WUDGLWLRQDO QRQPHVK V\VWHPV 2SHQ
7KUHDGPHVKQHWZRUNVVXSSRUW0$&VHFXUH,(((DUDGLRIUHTXHQF\FRPPXQLFDWLRQ
SURWRFROWKDWHQDEOHVORZSRZHUVKRUWUDQJHLQWHUDFWLRQVEHWZHHQGHYLFHV7KH,(((
SURWRFROIRUPVWKHEDVLVIRUFRPPXQLFDWLRQEHWZHHQVHQVRUQRGHVLQWKHRYHUDOOPHVKIUDPH
ZRUNLOOXVWUDWHGLQ)LJXUH>@>@

)LJXUH7KUHDG0HVK)UDPHZRUN

7KHV\VWHPLGHQWLILHGLQWKLVVWXG\ZDVGHYHORSHGRQWKH/7(0HQDEOHG3DUWLFOHGHYHORS
PHQWSODWIRUP 7KHQHWZRUNJDWHZD\GHYLFH XWLOL]HV D PXOWLEDQG /7( &DW 0 PRGHP WKDW
HQDEOHV WKH PHVK WR FRPPXQLFDWH GDWD VWUHDPV RQ WKH QHDUHVW FHOOXODU QHWZRUN 7KLV LV
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SDUWLFXODUO\DGYDQWDJHRXVLQUHPRWHDSSOLFDWLRQVZKHUHDFFHVVWRDUHOLDEOHZLUHOHVVFRQQHFWLRQ
PD\QRWEHUHDGLO\DYDLODEOH7KHSDUWLFOHGHYHORSPHQWSODWIRUPFRPSULVHVDVXLWHRIQRGHV
URXWHUV DQG JDWHZD\V WKDW HVWDEOLVK FRQQHFWLRQV ZLWK HDFK RWKHU YLD 6\VWHPRQ&KLS 6R& 
%OXHWRRWKDQGSURSULHWDU\5)FRPPXQLFDWLRQSURWRFROV7KHV\VWHPGHVLJQHGIRUXVHLQWKLV
VWXG\LVLOOXVWUDWHG±LQLWVWRWDOLW\±LQ)LJXUH

)LJXUH6\VWHP$UFKLWHFWXUH

4

EXPERIMENTAL VALIDATION

4.1 Experimental Setup
)RUGHPRQVWUDWLYHSXUSRVHVDVLQJOHQRGHVLQJOHJDWHZD\PHVKQHWZRUNZDVHVWDEOLVKHG
$QHODVWRPHULFEULGJHEHDULQJZDVLQVWUXPHQWHG ZLWK IRXU 3RO\YLQ\OLGHQH )OXRULGH 39') 
PHPEUDQHSLH]RHOHFWULF 3=7 VHQVRUV:KHQFRPSUHVVHGWKH3=7VHQVRUVSURGXFHDVPDOO
YROWDJH7REHSURYLGHGDVDQDORJLQSXWWRWKHVHQVRUQRGHDFRQGLWLRQLQJDQGOHYHOVKLIWLQJ
FLUFXLWZDVUHTXLUHG7KHWRSOHYHOLQWHUFRQQHFWLRQEHWZHHQ3=7VHQVRUVFRQGLWLRQLQJFLUFXLWU\
DQGVHQVRUQRGHLVLGHQWLILHGLQ)LJXUH3HUWKHVHWXSLGHQWLILHGLQ)LJXUHIRXUSLH]RHOHFWULF
VHQVRUVZHUHSODFHGDORQJWKHVXUIDFHRIWKHHODVWRPHULFEULGJHEHDULQJWRPHDVXUHWKHIRUFH
LQN1 DSSOLHG)RUGHPRQVWUDWLYHSXUSRVHVDOLQHDUO\LQFUHDVLQJIRUFHRIXSWRN1ZDV
DSSOLHGWRWKHHODVWRPHULFEHDULQJ,WVKRXOGEHQRWHGWKDWWKHVHIRUFHVDUHnot UHSUHVHQWDWLYH
WKHIRUFHDSSOLHGZDVOLPLWHGVRDVWRQRWLQIOLFWGHOLEHUDWHGDPDJHRQWKHEHDULQJ
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)LJXUH7RSOHYHO6HQVRU&RQGLWLRQLQJ%ORFN'LDJUDP

$
$

$
$

)LJXUH([SHULPHQWDO6HWXS

4.2 Analysis Methodology
Calibration and Level Shifting
(DFKVHQVRUZDVVXEMHFWHGWRDSRLQWFDOLEUDWLRQSULRUWRWHVWLQJ$OLQHDUUHJUHVVLRQZDV
SHUIRUPHGWRLGHQWLI\WKHUHODWLRQVKLSEHWZHHQWKHUHVSRQVHRIWKHVHQVRUV SRVWDQDORJWRGLJ
LWDOFRQYHUVLRQ DQGWKHDSSOLHGIRUFHLQQHZWRQV'XHWRXQHYHQFRPSUHVVLRQRIWKHVHQVRUV
IURPLQDFFXUDFLHVLQWKHGLVWULEXWLRQRIWKHIRUFHDSSOLHGVHQVRUSDLUV$ DQG$DQG$DQG
$ZHUHDYHUDJHG$QDQDO\VLVRIWKHKLJKIUHTXHQF\QRLVHLQWULQVLFWRWKHUDZVLJQDOZDVSHU
IRUPHGDVDPHDQVWRLGHQWLI\DPRGHOIRUUHDOWLPHILOWHULQJ
'XHWRWKHQDWXUHRIWKH6+0V\VWHPGHVFULEHGKHUHLQWKHFRQYROXWLRQRIDOLQHDUWLPH
LQYDULDQW /7, ILOWHUZDVQRWVXIILFLHQW'DWDVKDOOQRWEHVXEMHFWHGWRDQDO\VLVDWGLVFUHWHLQWHU
YDOVUDWKHUWKHGDWDVKDOOXQGHUJRUHDOWLPHDQDO\VLV7KHDQDO\VLVGHVFULEHGKHUHLQSURYLGHV
WKHIUDPHZRUNIRUWKHGHVLJQRIDOLQHDUWLPHYDU\LQJILOWHULQJPRGHOIRUXVHLQSUHSURFHVVLQJ
VHQVRUGDWD
Outlier Identification
2XWOLHUVZHUHLGHQWLILHGDQGUHSODFHGLQWKHUDZGDWDWRLPSURYHOLQHDULW\LQWKHUHVSRQVHRI
WKHVHQVRUGDWD2XWOLHUVZHUHGHWHUPLQHGWKURXJKDSSOLFDWLRQRIDSRLQWPRYLQJZLQGRZ
'DWDSRLQWVWKDWZHUHRXWVLGHVWDQGDUGGHYLDWLRQVRIWKHSRLQWPRYLQJDYHUDJHZHUHLGHQ
WLILHGDVRXWOLHUV LHGDWDSRLQWVWKDWGRQRWUHVLGHZLWKLQDFRQILGHQFHLQWHUYDO 
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3UHOLPLQDU\RXWOLHULGHQWLILFDWLRQZDVYDOLGDWHGWKURXJKFRPSDULVRQRIWKH0DKDODQRELVGLV
WDQFHZLWKDFULWLFDOYDOXHGHWHUPLQHGE\WKHFKLVTXDUHGLVWULEXWLRQZLWKVLJQLILFDQFH
7KH0DKDODQRELVGLVWDQFHLVGHILQHGDV
ܦெ ( = )ݔඥ( ݔെ ߤ)் ܵ ିଵ ( ݔെ ߤ)



:KHUHDM LVWKHFRPSXWHGGLVWDQFHIRUREVHUYDWLRQVLQWKHGDWDVHWxLVWKHDUUD\RIREVHUYDWLRQV
μLVWKHVDPSOHPHDQZLWKLQWKHVHWRIREVHUYDWLRQVDQGS-1 LVWKHLQYHUVHRIWKHFRYDULDQFH
PDWUL[2XWOLHUVZHUHVXEVHTXHQWO\GHWHUPLQHGE\FRPSXWLQJWKHFXPXODWLYHSUREDELOLWLHVRI
WKH0DKDODQRELVGLVWDQFHVXVLQJWKHFKLVTXDUHGLVWULEXWLRQ
1 െ ߮(ܦெ ()ݔ, ݇)  0.03



:KHUHĳLVWKHFXPXODWLYHGLVWULEXWLRQIXQFWLRQRIWKHFKLVTXDUHGLVWULEXWLRQHYDOXDWHGIRUWKH
0DKDORELVGLVWDQFHVZLWKkGHJUHHVRIIUHHGRP HTXDOWRWKHQXPEHURIYDULDWHVH[DPLQHGLQ
WKHGDWDVHW >@
Pre-filtering
$QSRLQWPRYLQJDYHUDJHILOWHUZDVDSSOLHGWRWKHGDWDVHWWRVHSDUDWHWKHKLJKIUHTXHQF\
QRLVHFRPSRQHQWVIURPWKHVLJQDO7KHPRYLQJDYHUDJHILOWHUZDVGHILQHGE\
ଵ

ܵ௨௧ [݊] = ே σே
ୀ ܵ [݊ െ ݅]



:KHUH1LVWKHVL]HRIWKHILOWHU¶VZLQGRZnLVVDPSOHVL]HDQGi LVWKHFXUUHQWGDWDSRLQWZLWKLQ
WKHPRYLQJZLQGRZ>@1RWHWKDWDVWKHPDJQLWXGHRIWKHQRLVHLQWULQVLFWRWKHSLH]RHOHFWULF
VHQVRUUHVSRQVHLVLQFUHDVHGWKHVL]HRIWKHZLQGRZDSSOLHGPD\YDU\IXUWKHUPRUHWKLVPHWKRG
LVHPSOR\HGIRUSUHOLPLQDU\QRLVHVHSDUDWLRQRQO\
High-Frequency Noise Separation
+LJKIUHTXHQF\QRLVHFRPSRQHQWVRIWKHLQSXWVLJQDOZHUHVHSDUDWHGIURPWKHILOWHUHGGDWD
E\VXEWUDFWLQJWKHILOWHUHGGDWDIURPWKHUDZVLJQDOLH
ܰܵ = ]݊[݁ݏ݅ [݊] െ ܵ௨௧ [݊]



Distribution of Noise
3UREDELOLW\SORWVZHUHJHQHUDWHGWRHVWLPDWHWKHGLVWULEXWLRQRIKLJKIUHTXHQF\QRLVHSUHVHQW
LQWKHUDZVHQVRUGDWDDQGJRRGQHVVRIILWVWDWLVWLFVZHUHGHWHUPLQHGWKURXJKDSSOLFDWLRQRID
FKLVTXDUHWHVWLH
σୀଵ

( ି )మ


< ܥଵିן, 



kLVWKHQXPEHURILQWHUYDOVLQWKHGDWD n LV WKH REVHUYHG IUHTXHQF\ IRU k LQWHUYDOVe LV WKH
WKHRUHWLFDOIUHTXHQF\RIWKHDVVXPHGGLVWULEXWLRQDQGCLVWKHFULWLFDOYDOXHLQWKHFKLVTXDUH
GLVWULEXWLRQ>@
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4.3 Results
Descriptive Statistics
$QREVHUYDWLRQRIGDWDSRLQWVZHUHVDPSOHGIURPWKHSLH]RHOHFWULFVHQVRUVDQGZHUH
FRPSLOHGIRUDQDO\VLV1RVWDWLVWLFDORXWOLHUVZHUHGHWHUPLQHGDQGWKXVDOOGDWDSRLQWVZHUHUH
WDLQHG'HVFULSWLYHVWDWLVWLFVZHUHJHQHUDWHGIRUHDFKRIWKHVHQVRUVDQGDUHLGHQWLILHGLQ7DEOH

6HQVRU
$YJ $$ 
$YJ $$ 

6DPSOH0HDQ 1
[
[

6WDQGDUG'HYLDWLRQ 1
[
[

6NHZQHVV .XUWRVLV
 



7DEOH5DZ'DWD'HVFULSWLYH6WDWLVWLFV

)LJXUH5DZ3LH]RHOHFWULF6HQVRU'DWD

Moving Average Filter
3RVWDSSOLFDWLRQRIWKHPRYLQJDYHUDJHILOWHUGHVFULSWLYHVWDWLVWLFVRIWKHILOWHUHGGDWDUH
PDLQHGZLWKLQDPDUJLQRIHUURURIWKHUDZGDWD7KHQRLVHILOWHUHGGDWDLVLGHQWLILHGLQ)LJXUH

6HQVRU
$YJ $$ 
$YJ $$ 

6DPSOH0HDQ 1  6WDQGDUG'HYLDWLRQ 1  6NHZQHVV .XUWRVLV
[
[
 

[ 
[


7DEOH)LOWHUHG'DWD'HVFULSWLYH6WDWLVWLFV
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)LJXUH)LOWHUHG3LH]RHOHFWULF6HQVRU'DWD

Distribution of Noise
3HUWKHFKLVTXDUHJRRGQHVVRIILW VWDWLVWLFV WKH QXOO K\SRWKHVLV LV DFFHSWHG IRU QRUPDOO\
GLVWULEXWHGQRLVHZLWKDVLJQLILFDQFHOHYHORIĮ 9DOXHVZLWKLQWKHGLVWULEXWLRQRIKLJK
IUHTXHQF\QRLVHDUHERWKSRVLWLYHDQGQHJDWLYH)RUWKLVUHDVRQ5D\OHLJKDQGORJQRUPDOGLVWUL
EXWLRQVZHUHQRWWHVWHGDVWKHFKDUDFWHULVWLFVRIWKHQRLVHLQWULQVLFWRWKH3=7VHQVRUVYLRODWHV
WKHQRQ]HURSRVLWLYHQDWXUHRIWKHVHGLVWULEXWLRQW\SHV7KHQXOOK\SRWKHVLVLVDFFHSWHGWKH
GLVWULEXWLRQRIKLJKIUHTXHQF\QRLVHLVFRQVLVWHQWZLWKWKDWRIDQRUPDOGLVWULEXWLRQZLWK
FHUWDLQW\7KHUHVXOWVRIWKHFKLVTXDUHJRRGQHVVRIILWWHVWIRUDQDVVXPHGQRUPDOGLVWULEXWLRQ
DUHVKRZQLQ7DEOH
6HQVRU
$YJ $$ 
$YJ $$ 

'2)



&ĮI



Į



X2



7DEOHX2*RRGQHVVRI)LW6WDWLVWLFV

7KHFKLVTXDUHJRRGQHVVRIILWVWDWLVWLFVIRUHDFKVHQVRUDUHEHORZWKHWKUHVKROGSRLQWLQGL
FDWHGE\&ĮIDQGKHQFHWKHQXOOK\SRWKHVLVLVDFFHSWHG
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)LJXUH1RUPDO'LVWULEXWLRQ3UREDELOLW\3ORWV

Wiener Filtering
'XH WR WKH *DXVVLDQ QDWXUH RI WKH KLJKIUHTXHQF\ QRLVH SUHVHQW LQ WKH UDZ SLH]RHOHFWULF
VHQVRUVLJQDOD'OLQHDUWLPHYDU\LQJ:LHQHUILOWHUZDVVHOHFWHGIRUXVHLQWKLVDSSOLFDWLRQ
>@7KHGHVFULSWLYHVWDWLVWLFVRIWKHUHVXOWLQJVLJQDODUHVLPLODUWRWKRVHFRPSXWHGIRUWKHPRY
LQJDYHUDJHILOWHUIXUWKHUPRUHWKHGLIIHUHQFHLQVLJQDOTXDOLW\LVLQGLVFHUQLEOH)RUWKHSXUSRVHV
RIUHDOWLPHDQDO\VLVD:LHQHURUPRYLQJDYHUDJHILOWHUFDQEHDSSOLHGLQGDWDSUHSURFHVVLQJ
6HQVRU
$YJ $$ 
$YJ $$ 

6DPSOH0HDQ 1  6WDQGDUG'HYLDWLRQ 1  6NHZQHVV .XUWRVLV
[
[
 


[ 
[ 


7DEOH:LHQHUILOWHUHG'DWD'HVFULSWLYH6WDWLVWLFV

)LJXUH:LHQHUILOWHUHG3LH]RHOHFWULF6HQVRU'DWD
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Monte Carlo Simulations
7KHVLJQDOFRQGLWLRQLQJPHWKRGRORJ\GHVFULEHGLQWKLVVWXG\ZDVYDOLGDWHGWKURXJKWKHLW
HUDWLRQRIWHQWKRXVDQG0RQWH&DUOR6LPXODWLRQV7KHVHVLPXODWLRQVZHUHSHUIRUPHGIRUWKH
DGGLWLRQRISURJUDPPDWLFDOO\JHQHUDWHG*DXVVLDQQRLVHWRWKHRULJLQDO:LHQHUILOWHUHGVLJQDO
$VDPSOHRIDVLQJOHLWHUDWLRQRIWKH0RQWH&DUORVLPXODWLRQZLWKSURJUDPPDWLFDOO\JHQHU
DWHGQRLVHDGGHGWRWKHRULJLQDO:LHQHUILOWHUHGGDWDLVVKRZQLQ)LJXUH7KHVLJQDOZDV
VXEVHTXHQWO\VXEMHFWHGWR:LHQHUILOWHULQJWKHUHVXOWVRIZKLFKDUHLGHQWLILHGLQ)LJXUH,W
ZDVQRWHGWKDWWKH:LHQHUILOWHULQJDOJRULWKPLVFRQVLVWHQWIRUJDXVVLDQDGGLWLYHQRLVHDFURVV
DOOLWHUDWLRQVRIWKH0RQWH&DUORVLPXODWLRQWKXVWKHFKRVHQILOWUDWLRQPHWKRGRORJ\LVHIIL
FLHQWLQWKHUHPRYDORIJDXVVLDQLQWULQVLFWRWKHSLH]RHOHFWULFVHQVRUVDQGLVVXLWDEOHIRUXVHLQ
GDWDSUHSURFHVVLQJLQSUHSDUDWLRQIRUGHHSOHDUQLQJ7KHPHDQHUURUDFURVVDOOVLPXODWLRQV
ZDV1HZWRQVRURIWKHPD[LPXPYDOXHLQWKHWDUJHWVLJQDO

)LJXUH3URJUDPPDWLFDOO\*HQHUDWHG6LJQDOZLWK*DXVVLDQ1RLVH

)LJXUH:LHQHUILOWHUHG6LJQDO
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6HQVRU
$YJ $$ 
$YJ $$

6DPSOH0HDQ 1  6WDQGDUG'HYLDWLRQ 1  6NHZQHVV .XUWRVLV
[
[
 


[
[


7DEOH:LHQHUILOWHUHG'DWD'HVFULSWLYH6WDWLVWLFV

Frequency Spectra Analysis
7KHHIILFDF\RIWKHFKRVHQILOWUDWLRQPHWKRGRORJ\ZDVIXUWKHUYDOLGDWHGWKURXJKDQDO\VLV
RIWKHSRZHUVSHFWUDOGHQVLW\ 36' RIHDFKVHQVRUVLJQDO$FRPSDULVRQRIHDFKVLJQDO¶V36'
LVSHUIRUPHGSUHDQGSRVWILOWUDWLRQWRGHWHUPLQHWKHH[WHQWE\ZKLFKWKHFKRVHQPHWKRGRORJ\
HOLPLQDWHVKLJKIUHTXHQF\FRPSRQHQWVIURPWKHWDUJHWVLJQDO,WLVQRWHGLQ)LJXUHDQG)LJ
XUHWKHKLJKIUHTXHQF\QWKRUGHUKDUPRQLFVDUHVXFFHVVIXOO\HOLPLQDWHGIURPWKHWDUJHWVLJ
QDO

)LJXUH6HQVRU36'

)LJXUH6HQVRU36'
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5

CONCLUSION AND FUTURE WORKS

7KHVWXG\GHVFULEHGKHUHLQH[SORUHVWKHFDSDELOLWLHVDQGHIILFDF\RI2SHQ7KUHDGPHVKQHW
ZRUNVIRUUHDOWLPH6WUXFWXUDO+HDOWK0RQLWRULQJ 6+0 7KURXJKH[SHULPHQWDOYDOLGDWLRQRQ
HODVWRPHULFEULGJHEHDULQJVLWSURSRVHVDOLQHDUWLPHYDU\LQJILOWUDWLRQPRGHOWKDWLVDSSOLHG
IRUSUHSURFHVVLQJGDWDIRUGHHSOHDUQLQJ7KHDSSOLFDELOLW\RIWKHSURSRVHGDSSURDFKLVLQYHV
WLJDWHGH[SHULPHQWDOO\WKURXJKWKHLQVWUXPHQWDWLRQRIHODVWRPHULFEULGJHEHDULQJVVXEMHFWHGWR
FRPSUHVVLYHORDGV3UREDELOLW\SORWVDQGFKLVTXDUHJRRGQHVVRIILWVWDWLVWLFVZHUHJHQHUDWHG
IRUUDZSLH]RHOHFWULFVHQVRUGDWDWRHVWLPDWHWKHGLVWULEXWLRQRIKLJKIUHTXHQF\QRLVHLQWULQVLF
WRWKHVLJQDORILQWHUHVW7KHFKRVHQILOWUDWLRQDQGVLJQDOFRQGLWLRQLQJPHWKRGRORJ\ZDVYDOL
GDWHGWKURXJK0RQWH&DUOR6LPXODWLRQV7KHVLPXODWLRQVZHUHXVHGWRLGHQWLI\WKHHIIL
FDF\RIWKHFKRVHQILOWHUGHVLJQIRUVLJQDOVZLWKUDQGRPVDPSOHVRIJDXVVLDQQRLVHVXSHULPSRVHG
RQWKHVLJQDORILQWHUHVW7KHUHVXOWVVXJJHVWWKDWWKH/7(0PHVKQHWZRUNLGHQWLILHGLQWKLV
VWXG\LVDUREXVWWRROIRUORQJWHUPDQGUHDOWLPHPRQLWRULQJRIHODVWRPHULFEULGJHEHDULQJVDQG
SURYLGHVDQDOWHUQDWLYHIRUEULGJHLQIUDVWUXFWXUHORFDWHGLQUHPRWHDUHDVZKHUHWKHXVHRI:L
)L:/$1QHWZRUNVLVLQIHDVLEOH
7KHSURSRVHGQHWZRUNGHVLJQLGHQWLILHGLQWKLVVWXG\SURYLGHVDIRXQGDWLRQIRUIXWXUHGHYHO
RSPHQWVLQFOXGLQJWKHGHYHORSPHQWRIGHHSOHDUQLQJPRGHOVIRUIHDWXUHLGHQWLILFDWLRQDQGFODV
VLILFDWLRQ RI UHDOWLPH GDWD )XWXUH ZRUN ZLOO H[DPLQH WKH HIILFDF\ RI &RQYROXWLRQDO 1HXUDO
1HWZRUNV±DQHPHUJLQJGHHSOHDUQLQJDUFKLWHFWXUHLQWKHILHOGRI6+0±IRUXVHLQSDWWHUQ
UHFRJQLWLRQIHDWXUHLGHQWLILFDWLRQDQGSUHGLFWLYHPRGHOOLQJZLWKWKHDLPWRDGYDQFHLQIUDVWUXF
WXUHPRQLWRULQJFDSDELOLWLHVLQ&DQDGD)XUWKHUPRUHZLWK&DQDGD¶VLQFUHDVLQJLQWHUHVWLQVWUXF
WXUDO KHDOWK PRQLWRULQJ DQG WKH UHYLWDOL]DWLRQ RI LWV DJLQJ LQIUDVWUXFWXUH WKH IUDPHZRUN
LGHQWLILHGLQWKLVVWXG\SRVHVDFRPSHOOLQJVROXWLRQWRLQWHUPLWWHQWPDQXDODQGWLPHLQWHQVLYH
LQVSHFWLRQSURFHVVHVWKDWDUHFXUUHQWO\DYDLODEOH
ACKNOWLEDGEMENTS
7KHDXWKRUVJUDWHIXOO\DFNQRZOHGJHWKHVXSSRUWRIWKLVUHVHDUFKE\D6WDUWXSIXQGLQJSURYLGHG
E\WKH)DFXOW\RI(QJLQHHULQJDW0F0DVWHU8QLYHUVLW\$Q\RSLQLRQVILQGLQJVDQGFRQFOXVLRQV
RUUHFRPPHQGDWLRQVH[SUHVVHGLQWKLVPDWHULDODUHWKRVHRIWKHDXWKRUVDQGGRQRWQHFHVVDULO\
UHIOHFWWKHYLHZVRIWKHVSRQVRU
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5HWULHYHG
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(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

DRIVE-BY RESONANT BRIDGE DETECTION METHOD USING TWO
TRACK IRREGULARITIES MEASURED ON THE FIRST AND LAST
VEHICLES OF A TRAIN
Kodai Matsuoka, Hirofumi Tanaka, Kyohei Kawasaki, and Kazuhiro Kajihara


5DLOZD\7HFKQLFDO5HVHDUFK,QVWLWXWH5DLOZD\G\QDPLFVGLYLVLRQ
+LNDULFKR.RNXEXQMLVKL7RN\R-DSDQ
PDWVXRNDNRGDL#UWULRUMS



5DLOZD\7HFKQLFDO5HVHDUFK,QVWLWXWH7UDFNWHFKQRORJ\GLYLVLRQ
+LNDULFKR.RNXEXQMLVKL7RN\R-DSDQ
WDQDNDKLURIXPL#UWULRUMS



5DLOZD\7HFKQLFDO5HVHDUFK,QVWLWXWH7UDFNWHFKQRORJ\GLYLVLRQ
+LNDULFKR.RNXEXQMLVKL7RN\R-DSDQ
NDZDVDNLN\RKHL#UWULRUMS



5DLOZD\7HFKQLFDO5HVHDUFK,QVWLWXWH7UDFNWHFKQRORJ\GLYLVLRQ
+LNDULFKR.RNXEXQMLVKL7RN\R-DSDQ
NDMLKDUDND]XKLUR#UWULRUMS

Keywords:2QERDUGPHDVXUHPHQW+LJKVSHHGUDLOZD\EULGJHUHVRQDQFHWUDFNLUUHJXODULW\
Abstract. The resonance occurring when the excitation frequency of a running train coincides
with the frequency of a bridge may considerably affect the safety and comfort of high-speed
railway bridges. In Japan, train speed limits have been introduced in bridges operating for over
20 years because the resonance with their frequency has deteriorated. Their detection and monitoring by comprehensive and high-frequency measurements without the need to install sensors
are important on many railway bridges. This study proposes a novel and efficient drive-by resonant bridge detection method using two track irregularity measurement devices that are already installed on some commercial high-speed trains. The proposed method enables the
estimation of the resonance-induced bridge amplified response by comparing the two track
irregularities measured on the first and last train vehicles. The simulation results confirm that
the amplified bridge vibration between the passage of the last and first vehicles is accurately
detected by the proposed method. In the field tests, the proposed method is applied to two track
irregularities measured on the first and last vehicles of a train. The amplified bridge vibration
of the resonant bridges validated by in-situ measurements is then detected using the proposed
drive-by method.
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1

INTRODUCTION

5HVRQDQFHLQGXFLQJDODUJHDPSOLWXGHYLEUDWLRQRIDUDLOZD\EULGJHLVDQLQHYLWDEOHLVVXHLQ
PRGHUQKLJKVSHHGUDLOZD\V>@5HVRQDQFHRFFXUVZKHQWKHH[FLWDWLRQIUHTXHQF\RIDUXQQLQJ
WUDLQPDWFKHVWKHEULGJHIUHTXHQF\>@7KHH[FLWDWLRQIUHTXHQF\RI DUXQQLQJWUDLQLVGHWHU
PLQHGE\WKHUHJXODUZKHHOVHWDUUDQJHPHQWRILWVYHKLFOHVDQGWKHWUDYHOLQJVSHHG7KHUHIRUH
UHVRQDQFHLVDQLPSRUWDQWLVVXHZKHQWKHLQFUHDVHRIH[FLWDWLRQIUHTXHQF\ZLWKWKHDFFHOHUDWLRQ
RIDKLJKVSHHGWUDLQFRLQFLGHVZLWKWKHEULGJHIUHTXHQF\>@0RUHRYHUUHVRQDQFHPD\EHFRPH
DQ LPSRUWDQW LVVXH ZKHQ WKH EULGJH IUHTXHQF\ GHFUHDVHV EHFDXVH RI GHWHULRUDWLRQ DQG FUDFN
SURSDJDWLRQDVVRFLDWHGZLWKDJLQJ>@
'HWHFWLQJWKHUHVRQDQWEULGJHDQGPHDVXULQJWKHGLVSODFHPHQWDQGRUDFFHOHUDWLRQIURPWKH
JURXQG DUH LPSRUWDQW WR FRQILUP WKH EULGJH VDIHW\ DQG XVDELOLW\ DW UHVRQDQFH >@ +RZHYHU
EULGJHVUHTXLULQJLQVSHFWLRQDUHQXPHURXVDQGLQYROYHKLJKKXPDQDQGHFRQRPLFEXUGHQIRU
LQGLYLGXDOJURXQGPHDVXUHPHQWV
7KHUHIRUHHIILFLHQWO\DQGFRPSUHKHQVLYHO\LQVSHFWLQJPDQ\UDLOZD\EULGJHVLQRQHUXQEH
FRPHVSRVVLEOHLIWKHFRQGLWLRQ RI KLJKVSHHG UDLOZD\EULGJHV FDQEH HVWLPDWHG WKURXJK RQ
ERDUGGDWDPHDVXUHGE\UXQQLQJWUDLQV0RUHRYHULPSOHPHQWLQJLQVSHFWLRQVDWDKLJKIUHTXHQF\
LVDFKLHYDEOHLIXVLQJDFRPPHUFLDOWUDLQLVIHDVLEOH7KHUHIRUHGHYHORSLQJDPHWKRGIRUHYDO
XDWLQJWKHUHVRQDQWVWDWHRIEULGJHVXVLQJRQERDUGPHDVXUHPHQWGDWDIRUHIILFLHQWGHWHFWLRQDQG
PDQDJHPHQWRIUHVRQDQWEULGJHVLVLPSRUWDQW
7KLVVWXG\LQWURGXFHVDQRYHOGULYHE\GHWHFWLRQPHWKRGIRUUHVRQDQWEULGJHVXVLQJWKHWUDFN
LUUHJXODULW\GDWDPHDVXUHGRQWKHILUVWDQGODVWYHKLFOHVLQDFRPPHUFLDOWUDLQRQDKLJKVSHHG
UDLOZD\
+HVWHUDQG*RQ]DOHV>@LQGLFDWHGWKDWDOPRVWQRGULYHE\EULGJHSHUIRUPDQFHHYDOXDWLRQ
PHWKRGLVDYDLODEOHIRUKLJKVSHHGUDLOZD\VZLWKWKHWUDLQSDVVLQJWKURXJKEULGJHVDWVWDJHV
7KHIDFWWKDWDUHVRQDQWEULGJH>±@LQDKLJKVSHHGUDLOZD\ZKLFKLVLQGLUHFWO\EXWFORVHO\
UHODWHGWRWKHEULGJHSHUIRUPDQFHLVGHWHFWHGE\RQERDUGPHDVXUHPHQWVUHSUHVHQWVWKHQRYHO
DQGXQLTXHHQJLQHHULQJFRQWULEXWLRQRIWKLVVWXG\$OWKRXJKPDQ\VWXGLHVLQYROYHGQXPHULFDO
VLPXODWLRQVRQO\WKHHIIHFWLYHQHVVRIWKHSURSRVHGPHWKRGLVGHPRQVWUDWHGKHUHLQE\GHWHFWLQJ
DUHVRQDQWEULGJHEDVHGRQWKHPHDVXUHGWUDFNGLVSODFHPHQWRIDKLJKVSHHGUDLOZD\DQGRQ
VLWHEULGJHPHDVXUHPHQWV7KLVDOVRLVDQRWKHURULJLQDOFRQWULEXWLRQRIWKLVVWXG\
2

DETECTION METHOD

:HSURSRVHDPHWKRGIRUGHWHFWLQJUHVRQDQWEULGJHVEDVHGRQWKHWUDFNLUUHJXODULWLHVPHDV
XUHGRQWKHILUVWDQGODVWYHKLFOHVRIDUXQQLQJWUDLQ7KLVPHWKRGDVVXPHVWKDWDWUDFNLUUHJX
ODULW\PHDVXUHPHQWV\VWHP>@IRUFRPPHUFLDOWUDLQVLVSUHVHQWLQVRPHKLJKVSHHGUDLOZD\VLQ
-DSDQ'HWDLOVRIWKHLQVWUXPHQWDQGWKHPHDVXUHPHQWDFFXUDF\DUHSURYLGHGLQ>@7KHWUDFN
LUUHJXODULW\PHQWLRQHGKHUHLQUHIHUVWRWKHWUDFNGLVSODFHPHQWRUUDLOSURILOHLQFOXGLQJWKH
EULGJH¶VVWDWLFDQGG\QDPLFGLVSODFHPHQWUHVSRQVH
7KHWUDFNLUUHJXODULW\PHDVXUHGDWGLIIHUHQWSRLQWVLQWLPH WZRSRLQWVLQDWUDLQ LQFOXGHV
WKHEULGJH¶VG\QDPLFUHVSRQVHUDLOLUUHJXODULWLHVRWKHUWKDQWKHEULGJH¶VUHVSRQVHDQGWUDFN
VWUXFWXUHGLVSODFHPHQW$VVXPLQJWKDWWKHWUDFNLUUHJXODULWLHVDUHXQFKDQJHGZKHQPHDVXUHG
DWWZRSRLQWVLQWLPHWKHVHFRPSRQHQWVDUHRIIVHWE\WKHGLIIHUHQFHLQWKHWZRWUDFNLUUHJXODUL
WLHVPHDVXUHGDWGLIIHUHQWSRVLWLRQVZLWKWKHVHFRQYHUWHGLQWRIXQFWLRQVRIWKHSRVLWLRQV&RQ
YHUVHO\ZKHQWKHG\QDPLFUHVSRQVHFRPSRQHQWRIDEULGJHFKDQJHV DPSOLILHV DVWKHWUDLQ
SDVVHVRQO\WKHG\QDPLFUHVSRQVHFRPSRQHQWRIWKHEULGJHLVH[WUDFWHGE\WKHSURFHVVLQJGLI
IHUHQFHHYHQLIWKHWUDFNLUUHJXODULW\LVDWWKHVDPHSRVLWLRQ
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2.1 Dynamic response of a resonant bridge observed from a moving point
1RZOHWXVFRQVLGHUDFDVHZKHUHDFRQFHQWUDWHGORDGVHULHVDWDIL[HGLQWHUYDOFRUUHVSRQGLQJ
WRDYHKLFOHOHQJWKܮ UXQVRQDEULGJHZLWKDVSDQOHQJWKܮ DWDUHVRQDQFHVSHHGݒ௦ 6XIIL
FLHQWFRQFHQWUDWHGORDGVDUHDVVXPHGWRKDYHSDVVHGDQGDVWHDG\VWDWHLVDVVXPHGWRKDYHEHHQ
DWWDLQHG+HUHLIWKHSRVLWLRQݔ LVDFRQFHQWUDWHGORDGDQGWKHIXQGDPHQWDOIUHTXHQF\RIWKH
EULGJHLV݂ଵ (T  LVVDWLVILHG
݂ଵ ൌ

௩ೝೞ


௫

ൌ  ௧





7KHG\QDPLFUHVSRQVHFRPSRQHQWݖǡௗ ሺݔǡ ݐሻRIWKHEULGJHDWDSRVLWLRQ Ͳ ݔ  ݔ ܮ ሻDQG
WLPHݐRQWKHEULGJHLVJLYHQE\(T  
గ௫



ݖǡௗ ሺݔǡ ݐሻ ൎ ߦଵǡௗ ሺݐሻ ቀ ቁ

್

%DVHGRQWKHVWHDG\VWDWHDVVXPSWLRQWKHPRGDOGLVSODFHPHQWߦଵǡௗ VDWLVILHV(T  


ߦଵǡௗ ሺݐሻ ൌ ܣ௦ ሺʹߨ݂ଵ  ݐ ߠ௦ ሻ

7KHWHUPܣ௦ UHSUHVHQWVWKHG\QDPLFUHVSRQVHDPSOLWXGHXQGHUWKHVWHDG\VWDWHRIWKHUHV
RQDQFH)URPWKHUHVRQDQFHFRQGLWLRQߠ௦ ൌ ߨሺͳ െ ܮ Ȁܮ ሻ(TXDWLRQ  LVREWDLQHGE\VXE
VWLWXWLQJ(T  LQ(T  DQGIRFXVLQJRQWKHG\QDPLFUHVSRQVHݖǡௗ ൫ݔ ൯RIWKHEULGJHDWWKH
PRYLQJFRQFHQWUDWHGORDG¶VSRVLWLRQݔ 
௫

௫

ݖǡௗ ሺݔሻ ൎ ܣ௦  ቀʹߨ   ߠ௦ ቁ  ቀʹߨ ଶ ቁ


್



(TXDWLRQ  VKRZVWKDWWKHWUDFNLUUHJXODULW\ZDYHIRUPFDXVHGE\WKHUHVRQDQWEULGJH¶VG\
QDPLFUHVSRQVHFRPSRQHQWREVHUYHGDWDPRYLQJORDGSRVLWLRQGXULQJWKHSDVVDJHRIWKHUHVR
QDQWEULGJHFDQEHH[SUHVVHGE\PXOWLSO\LQJWKHWZRZDYHVZLWKWKHZDYHOHQJWKVUHSUHVHQWLQJ
WKHYHKLFOHOHQJWKܮ DQGWZLFHWKHEULGJHOHQJWKʹܮ )LJXUHVKRZVDQH[DPSOHZKHQWKH
VSDQOHQJWKLVP1RWHWKDWܣ௦ ൌ ͳ


0DJQLWXGH




ܮ





 ʹߨ

ݔ
ʹ ܮ

 ʹߨ

ݔ
 ߠ௦
ܮ


ݖǡௗ
ݔ



ܮ










'LVWDQFH IURP EULGJH OHIW HGJH>P@



)LJXUH'\QDPLFUHVSRQVHFRPSRQHQWRIDEULGJHREVHUYHGDWDPRYLQJORDGSRVLWLRQGXULQJWKHEULGJHSDVVDJH
YHKLFOHOHQJWKPEULGJHOHQJWKP 

2.2 Extraction method for the resonant bridge response
)LUVW D YLEUDWLRQ FRPSRQHQW ZLWK D ZDYHOHQJWK FRUUHVSRQGLQJ WR D YHKLFOH OHQJWKܮ ZDV
H[WUDFWHG$EDQGSDVVILOWHUZLWKDSDVVLQJIUHTXHQF\EDQGHTXLYDOHQWWRWKHYHKLFOHOHQJWKܮ 
ZDV XVHG ZLWK EDQGSDVV ILOWHULQJ SHUIRUPHG RQ WKH PHDVXUHG WUDFN LUUHJXODULWLHV 7KH WUDFN
LUUHJXODULWLHVWKDWXQGHUZHQWWKLVSURFHVVLQJDUHWHUPHGKHUHLQDVYHKLFOHOHQJWKLUUHJXODULWLHV
&RQVHTXHQWO\WKHWUDFNLUUHJXODULW\FRPSRQHQWH[FOXGLQJWKHEULGJHYLEUDWLRQDQGWKHEULGJH
VWDWLFGHIOHFWLRQFRPSRQHQWZDVUHGXFHG
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1H[WHQYHORSHSURFHVVLQJWKDWLVHVWLPDWLQJሺߨݔȀܮ ሻLQ(T  ZDVSHUIRUPHGIRUWKH
YHKLFOHOHQJWKLUUHJXODULW\7KHDPSOLWXGHRIWKHYLEUDWLRQFRPSRQHQWZLWKDZDYHOHQJWKHTXDO
WRWKHYHKLFOHOHQJWKܮ ZDVHVWLPDWHGE\HQYHORSHSURFHVVLQJ7KHWUDFNLUUHJXODULW\DIWHUWKLV
SURFHVVLQJ LV UHIHUUHG WR KHUHLQ DV WKH YHKLFOH OHQJWK LUUHJXODULW\ DPSOLWXGH ,Q WKH UHVRQDQW
EULGJHDGRPLQDQWVLQXVRLGDOFRPSRQHQWFRUUHVSRQGLQJWRWKHEULGJHVSDQZDVIRUPHGEDVHG
RQWKHUHODWLRQVKLSLQ(T  %\FRQWUDVWQRG\QDPLFUHVSRQVHFDXVHGE\WKHUHVRQDQFHH[LVWHG
LQQRQUHVRQDQWEULGJHV7KHYHKLFOHOHQJWKLUUHJXODULW\DPSOLWXGHODFNHGDGRPLQDQWFRPSR
QHQW
)LQDOO\WKHGLIIHUHQFHEHWZHHQWKHYHKLFOHOHQJWKLUUHJXODULW\DPSOLWXGHVPHDVXUHGIRUWKH
ILUVW DQG ODVW YHKLFOHV ZDV FDOFXODWHG 7KH PHDVXUHG WUDFN LUUHJXODULWLHV ZHUH DVVXPHG WR EH
FRQYHUWHG IURP WLPH WR SRVLWLRQ IXQFWLRQV SULRU WR WKH SURFHVVLQJ 'HWHUPLQLQJ ZKHWKHU WKH
GRPLQDQWFDXVHRIWKHYHKLFOHOHQJWKLUUHJXODULW\LQWKHODVWYHKLFOHZDVUHVRQDQFHVWDWLFGH
IOHFWLRQFRPSRQHQWRIWKHEULGJHRULUUHJXODUFRPSRQHQWFRUUHVSRQGLQJWRWKHYHKLFOHOHQJWK
E\WKHEDQGSDVVILOWHUSURFHVVLQJDQGWKHHQYHORSHSURFHVVLQJDORQHZDVLPSRVVLEOH7KHG\
QDPLFUHVSRQVHRIWKHEULGJHDWUHVRQDQFHJUDGXDOO\LQFUHDVHGDVWKHWUDLQSDVVHVLQGLFDWLQJ
WKDWWKHEULGJH¶VG\QDPLFFRPSRQHQWZKLFKZDVFDXVHGE\WKHUHVRQDQFHSUHGRPLQDWLQJGXULQJ
WKHSDVVDJHRIWKHODVWYHKLFOHZDVKDUGO\JHQHUDWHGZKHQWKHILUVWYHKLFOHSDVVHG&RQYHUVHO\
WKHVWDWLFGHIOHFWLRQFRPSRQHQWRIWKHEULGJHDQGWKHWUDFNLUUHJXODULW\FRPSRQHQWFRUUHVSRQG
LQJWRWKHYHKLFOHOHQJWKZHUHDOPRVWLGHQWLFDOIRUWKHILUVWDQGODVWYHKLFOHV&RPPRQFRPSR
QHQWVVXFKDVVWDWLFGHIOHFWLRQDQGWUDFNLUUHJXODULW\FDQEHUHPRYHGE\VXEWUDFWLQJWKHYHKLFOH
OHQJWKLUUHJXODULW\DPSOLWXGHRIWKHILUVWYHKLFOHIURPWKDWRIWKHODVW7KHUHIRUHLIWKHSUHGRP
LQDQWFRPSRQHQWFRUUHVSRQGLQJWRWKHEULGJHOHQJWKLVREVHUYHGLQWKHLUUHJXODULWLHVVXEMHFWHG
WRGLIIHUHQFHSURFHVVLQJWKHEULGJHLVVDLGWREHUHVRQDWLQJ
3

VERIFICATION RESULTS ON THE NUMERICAL SIMULATION

7KHWUDLQVSHHGHIIHFWRQWKHSURSRVHGPHWKRGZDVYHULILHGE\DQXPHULFDOVLPXODWLRQIRUD
VLPSO\VXSSRUWHGEULGJH:HFDOFXODWHGWKHEULGJHGLVSODFHPHQWFRPSRQHQWE\XVLQJDJHQHUDO
VLPXODWLRQPRGHO>@LQYROYLQJDWZRGLPHQVLRQDOYHKLFOHZLWKVL[GHJUHHVRIIUHHGRP '2) 
DQGDEULGJHZLWKDWKUHH'2)V\VWHP9HKLFOHVDUHXVXDOO\EDVHGRQWKHPXOWLERG\V\VWHP
ZKHUHDVEULGJHVDUHEDVHGRQWKHEHDPWKHRU\7KHWUDLQZDVPRGHOHGKHUHLQE\FRQQHFWLQJ
YHKLFOHPRGHOV7KHYHKLFOHOHQJWKܮ ZDVPZLWKDERJLHFHQWHULQWHUYDORIPDQD[OH
LQWHUYDORIPDQGDQD[OHORDGRIN1)RURWKHUSDUDPHWHUVDQGGHWDLOVSOHDVHVHH5HI
>@
)RUWKHDFWXDOUHVRQDQWEULGJH>@WKHVSDQOHQJWKZDVPZLWKDXQLWOHQJWKPDVVRIW
DQDWXUDOIUHTXHQF\RI+]DWZKLFKWKHUHVRQDQFHVSHHGZDVDSSUR[LPDWHO\NPKDQG
DPRGDOGDPSLQJUDWLR
&RQVLGHULQJ WKH WUDFN LUUHJXODULW\ PHDVXUHPHQW V\VWHP WKH GLVSODFHPHQWV MXVW EHORZ WKH
ILUVWVHFRQGERJLHFHQWHUVRIWKHODVWILUVWYHKLFOHZHUHH[WUDFWHGIURPWKHVLPXODWLRQUHVXOWV
:KHQFRQYHUWLQJWKHWLPHVHULHVUHVSRQVHWRGLVWDQFHUHVDPSOLQJZDVSHUIRUPHGDWPP
LQWHUYDOVLQDFFRUGDQFHZLWKWKHDFWXDOWUDFNGLVSODFHPHQWPHDVXUHPHQW
7KHWUDLQVSHHGVZHUHDQGNPKZKLFKFRUUHVSRQGHGWRDQG
RIDUHVRQDQFHVSHHGRINPK)LJXUH D VKRZVWKHEULGJHGLVSODFHPHQWUHVSRQVH
DW HDFK WUDLQ VSHHG )LJXUH  E  GHSLFWV WKH EULGJH GLVSODFHPHQW UHVSRQVHV MXVW EHORZ WKH
ILUVWVHFRQGERJLHFHQWHUVDWWKHODVWILUVWYHKLFOHDWHDFKWUDLQVSHHG7KHVHGLVSODFHPHQWVZHUH
DVVXPHG WR RULJLQDWH IURP WKH LUUHJXODU WUDFN PHDVXUHPHQWV 7KH G\QDPLF UHVSRQVH RI WKH
EULGJHZDVJUHDWO\DPSOLILHGDWDUHVRQDQFHVSHHGRINPKDOWKRXJKWKHWUDFNLUUHJXODULW\
EULGJHGLVSODFHPHQW  ZKHQ WUDYHUVLQJWKHEULGJHDV PHDVXUHGE\WKH ILUVW YHKLFOH ZDV XQ
FKDQJHG
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)LJXUH D %ULGJHGLVSODFHPHQWUHVSRQVHDWHDFKWUDLQVSHHGDQG E EULGJHGLVSODFHPHQWUHVSRQVHMXVWEHORZ
WKHILUVWVHFRQGERJLHFHQWHUVDWWKHODVWILUVWYHKLFOHDWHDFKWUDLQVSHHG YHKLFOHOHQJWK PEULGJH
OHQJWK P 

)LJXUH D 7UDFNLUUHJXODULW\ ,UUHJ FRPSRVHGRIWKHEULGJHGLVSODFHPHQW E YHKLFOHOHQJWKLUUHJXODULWLHV F 
YHKLFOHOHQJWKLUUHJXODULW\DPSOLWXGHVDQG G UHVRQDQFHGHWHFWLRQLQGH[ $%&'DQG(DUH
DQGNPKUHVSHFWLYHO\ 
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)LJXUHLOOXVWUDWHVWKHUHVXOWVRIDSSO\LQJWKHSURSRVHGPHWKRGWRWKHEULGJHGLVSODFHPHQW
FRPSRQHQWVREVHUYHGE\WKHILUVWDQGODVWYHKLFOHV)LJXUH D SUHVHQWVWKHWUDFNGLVSODFHPHQW
FRQVLVWLQJRQO\RIWKHEULGJHGLVSODFHPHQWFRPSRQHQWREWDLQHGE\FRQYHUWLQJ)LJXUHLQWRD
GLVWDQFHVHTXHQFH)LJXUH E VKRZVWKHYHKLFOHOHQJWKLUUHJXODULWLHVDIWHUEDQGSDVVILOWHULQJ
)LJXUH F GLVSOD\VWKHYHKLFOHOHQJWKLUUHJXODUDPSOLWXGHVDIWHUWKHHQYHORSHSURFHVVLQJ)LJ
XUH G H[KLELWVWKHGHWHFWLRQLQGLFHVDIWHUWKHGLIIHUHQFHSURFHVVLQJ
)LJXUHV F DQG G GHQRWHWKDWLQWKHUHVRQDQFHVWDWHWKHYHKLFOHOHQJWKLUUHJXODULW\DPSOL
WXGHRIWKHODVWYHKLFOHLVKLJKHUWKDQWKDWRIWKHILUVWYHKLFOH7KHUHIRUHWKHGHWHFWLRQLQGH[
IRUPVDFRQYH[GRPLQDQWFRPSRQHQWLQWKHUHVRQDQWEULGJHVHFWLRQ
4

VALIDATION RESULTS ON ACTUAL VEHICLE AND BRIDGE

4.1 Target high-speed railway
$UHVRQDQWEULGJHZDVGHWHFWHGDQGWKHUHVRQDQFHVWDWHZDVYHULILHGE\DQRQVLWHPHDVXUH
PHQWE\DSSO\LQJWKHSURSRVHGPHWKRGWRDUHDOKLJKVSHHGUDLOZD\7KHPHWKRGZDVDSSOLHG
WR KLJKVSHHG UDLOZD\ OLQHV ZKHUH WKH ILUVW DQG ODVW YHKLFOHV KRVWLQJ WKH WUDFN GLVSODFHPHQW
PHDVXUHPHQWGHYLFHVLQFOXGLQJWKHLQHUWLDPHDVXUHPHQWPRXQWHGRQDERJLHZHUHUXQ7KH
WUDLQLQFOXGHVHLJKWFDUVPHDVXULQJPDERJLHFHQWHULQWHUYDORIPDQD[OHLQWHUYDORI
PDQGDQD[OHORDGRIDSSUR[LPDWHO\N1ZKHQHPSW\7KHUXQQLQJVSHHGRIWKHWDUJHW
VHFWLRQZDVDSSUR[LPDWHO\±NPK7KHWUDFNLUUHJXODULW\PHDVXULQJGHYLFHVZHUHLQ
VWDOOHGDWWKHVHFRQGDQGILUVWERJLHFHQWHUVRIWKHILUVWDQGODVWYHKLFOHVUHVSHFWLYHO\7KHSR
VLWLRQGHWHFWLRQGHYLFHVZHUHDOVRLQVWDOOHGRQWKHILUVWDQGODVWYHKLFOHVDQGFRQYHUWHGIURP
WLPHWRGLVWDQFHIXQFWLRQE\UHFRUGLQJWKHFRPPXQLFDWLRQZLWKWKHJURXQGWHUPLQDOHYHU\NP
)XUWKHUPRUHWKHUHODWLYHSRVLWLRQRIWKHODVWYHKLFOHZDVILQHO\FRUUHFWHGE\WKHFURVVFRUUHOD
WLRQEDVHGRQWKHPHDVXUHGGDWDRIWKHILUVWYHKLFOH>@,QWKLVVWXG\WKHWLPHVHULHVUHVSRQVH
RIWKHWUDFNLUUHJXODULW\PHDVXUHGIURPWKHYHKLFOHDWN+]VDPSOLQJZDVFRQYHUWHGWRDGLV
WDQFHVHULHVUHVSRQVHDWPPLQWHUYDOV
4.2 Detection results of the resonant bridge
)LJXUHVKRZVDQH[DPSOHRIWKHDSSOLFDWLRQUHVXOWRIWKHPHWKRG)URPWKHWRSWKLVLQ
YROYHVWKHVWUXFWXUHW\SHVWUXFWXUHVSDQWUDLQVSHHGWUDFNLUUHJXODULWLHVLQFOXGLQJWKHEULGJH
GLVSODFHPHQWPHDVXUHGDWWKHILUVWDQGODVWYHKLFOHVYHKLFOHOHQJWKLUUHJXODULWLHVYHKLFOHOHQJWK
LUUHJXODULW\ DPSOLWXGHV DQG UHVRQDQFH GHWHFWLRQ LQGH[ 5',  7KH WUDLQ VSHHG ZDV DSSUR[L
PDWHO\NPKZLWKVL[EULGJHVIURP$WR$LQWKHVHFWLRQ2WKHUVIUHTXHQWO\LQYROYHG
ULJLGIUDPHYLDGXFWVLQVWHDGRIWKHHPEDQNPHQWVRQ-DSDQHVHKLJKVSHHGUDLOZD\V
7KHGLIIHUHQFHEHWZHHQWKHILUVWDQGODVWYHKLFOHVIRUWKHPHDVXUHGWUDFNLUUHJXODULWLHVDQG
WKHYHKLFOHOHQJWKLUUHJXODULWLHVLVXVXDOO\YHU\VPDOO+RZHYHUWKHYHKLFOHOHQJWKLUUHJXODULW\
RIWKHODVWYHKLFOHZDVFRQILUPHGWRLQFUHDVHLQWKH$VHFWLRQRIWKHEULGJH&RQVHTXHQWO\WKH
YHKLFOH OHQJWK LUUHJXODULW\ DPSOLWXGH RI WKH ODVW YHKLFOH LQ WKH $ VHFWLRQ RI WKH EULGJH ZDV
KLJKHUWKDQWKDWRIWKHILUVWYHKLFOH7KH5',RIWKH$VHFWLRQRIWKHEULGJHGLVSOD\HGDGRPL
QDQWFRQYH[VKDSHZLWKDSULPDU\OHQJWKDOPRVWHTXDOWRWKHEULGJHVSDQOHQJWK7KLVLVFRQ
VLVWHQWZLWKWKHQXPHULFDOFDOFXODWLRQUHVXOWV7KHUHIRUHUHVRQDQFHZDVGHWHUPLQHGIRUEULGJH
$DWDWUDLQVSHHGRINPK7KH5',VRIWKHRWKHUEULGJHVHFWLRQVDQGWKHUDPHQYLDGXFW
VHFWLRQZHUHJHQHUDOO\OHVVWKDQPPDQGWKHWUDLQZDVQRWLQUHVRQDQFHZKHQUXQQLQJDWD
VSHHGRINPK
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)LJXUH([DPSOHRIWKHPHDVXUHGWUDFNGLVSODFHPHQWDQGDSSOLFDWLRQUHVXOWVRIWKHSURSRVHGPHWKRG

4.3 In-situ measurement result of the detected bridge
7KHYHUWLFDOGLVSODFHPHQWRIEULGJH$GXULQJWKHWUDLQSDVVDJHZDVPHDVXUHGE\XVLQJD
ODVHU'RSSOHUYHORFLPHWHUZLWKDVHOIYLEUDWLRQFRUUHFWLRQ 8'RSSOHU,,VDPSOLQJN+]>@ 
7KHGHWDLOVRI8'RSSOHU,,DUHSURYLGHGLQ5HI>@7KHPHDVXUHPHQWWDUJHWSRVLWLRQZDVWKH
EULGJH¶VPLGVSDQ)LJXUHGHSLFWVWKHILHOGPHDVXUHPHQWVDQGWKHHTXLSPHQWXVHG
)LJXUHVKRZVWKHWLPHVHULHVUHVSRQVHRIEULGJH$IURPWKHin-situILHOGPHDVXUHPHQWV
7KHG\QDPLFUHVSRQVHDPSOLWXGHRIEULGJH$LQFUHDVHGDVWKHWUDLQSDVVHVZLWKDODUJHIUHH
YLEUDWLRQFRQILUPHGHYHQDIWHUWKHWUDLQKDVSDVVHG7KHVHUHVSRQVHVDUHW\SLFDOSULPDU\UHVR
QDQFHZDYHIRUPVWKHUHIRUHWKHUHVRQDQFHRIWKHEULGJHGHWHFWHGE\WKHSURSRVHGPHWKRGZDV
SURYHQ


)LJXUH D )LHOGWHVWEULGJHDQGPHDVXUHPHQWHQYLURQPHQW E 8'RSSOHU,,DQGLWVVHWXS


)LJXUHIn-situPHDVXUHGWLPHVHULHVGLVSODFHPHQWUHVSRQVHRIEULGJH$GHWHFWHGE\RQERDUGPHDVXUHPHQW
WUDFNLUUHJXODULW\GDWD
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5

CONCLUSIONS

,QWKLVVWXG\ZHGHYHORSHGDGULYHE\V\VWHPIRUGHWHFWLQJUHVRQDQWEULGJHVIURPWKHGDWD
PHDVXUHGXVLQJKLJKVSHHGUDLOZD\YHKLFOHV:HSURSRVHGDQRYHOPHWKRGRORJ\IRUGHWHFWLQJ
DUHVRQDQWEULGJHE\IRFXVLQJRQWKHWUDFNLUUHJXODULW\GLIIHUHQFHVLQFOXGLQJWKHEULGJHGLV
SODFHPHQWFRPSRQHQWVPHDVXUHGXVLQJWKHILUVWDQGODVWYHKLFOHV$IWHUDQXPHULFDOYHULILFD
WLRQZHDSSOLHGWKHSURSRVHGPHWKRGWRWKHPHDVXUHPHQWGDWDIRUWKHWUDFNLUUHJXODULWLHVIURP
KLJKVSHHGUDLOZD\VRI-DSDQ:HSURYHGWKDWUHVRQDQWEULGJHVZHUHGHWHFWDEOHRQWKHWUDFN
PDLQWHQDQFHPDQDJHPHQWV\VWHPXVHGGDLO\E\-DSDQ¶VUDLOZD\FRPSDQLHV2XUILQGLQJVDUH
VXPPDUL]HGDVIROORZV
x :HSURSRVHGDEDQGSDVVILOWHUDQGDQHQYHORSHSURFHVVLQJPHWKRGIRUHVWLPDWLQJWKHYH
KLFOHWUDFNOHQJWKLUUHJXODULW\DPSOLWXGHVWKDWKLJKOLJKWHGXQLTXHFRPSRQHQWVRIWKHUHVR
QDQW EULGJH 7KH GLIIHUHQFH EHWZHHQ WKH ILOWHUHG DQG HQYHORSHG WUDFN LUUHJXODULWLHV
PHDVXUHGLQWKHILUVWDQGODVWYHKLFOHVZDVXVHGDVWKHUHVRQDQWEULGJHGHWHFWLRQLQGH[:H
DOVRSURSRVHGDPHWKRGRORJ\IRUGHWHFWLQJUHVRQDQWEULGJHVEDVHGRQWKHLUSHDNV
x 7KURXJKDQXPHULFDOVLPXODWLRQDWGLIIHUHQWWUDLQVSHHGVWKH5',ZDVFRQILUPHGWRIRUP
DFRQYH[GRPLQDQW FRPSRQHQWZLWK WKHGRPLQDQW OHQJWKDOPRVW LGHQWLFDO WR WKHEULGJH
VSDQOHQJWKRQO\DWUHVRQDQFH
x :HDSSOLHGWKHSURSRVHGPHWKRGWRWKHWUDFNLUUHJXODULWLHVDWWKHSRVLWLRQVRIWKHILUVWDQG
ODVWYHKLFOHVPHDVXUHGE\WKHERJLHPRXQWHGWUDFNLUUHJXODULW\GHYLFHVLQVWDOOHGLQ-DSDQ¶V
KLJKVSHHGUDLOZD\WUDLQV,QIDFWZHGHWHFWHGDUHVRQDQWEULGJHEDVHGRQWKH5',0RUH
RYHUWKHin-situEULGJHGLVSODFHPHQWPHDVXUHPHQWVIRUDGHWHFWHGEULGJHGHPRQVWUDWHGWKDW
WKHGHWHFWHGEULGJHVDFWXDOO\UHVRQDWHG
'HVSLWHWKHVHILQGLQJVSUREOHPVDVVRFLDWHGZLWKWKHFRQVWUXFWLRQRIDJHQHUDOL]HGRQERDUG
PHDVXUHPHQWDQGGLDJQRVLVV\VWHPVWLOOH[LVW:HSHUIRUPHGRQO\OLPLWHGQXPHULFDOVLPXOD
WLRQVDQGPLQLPDOYHULILFDWLRQ7KHUHIRUHWKHDSSOLFDWLRQVRIWKHSURSRVHGPHWKRGVXFKDVWKH
HIIHFWVRIWKHWUDFNLUUHJXODULWLHVH[FOXGLQJWKHEULGJHGLVSODFHPHQWFRPSRQHQWHIIHFWVRIWKH
SRVLWLRQV\QFKURQL]DWLRQHUURUVDQGHIIHFWVRIWKHPHDVXUHPHQWHUURUVUHTXLUHGHWDLOHGVWXGLHV
LQWKHIXWXUHHVSHFLDOO\LQWHUPVRIWKHHIIHFWVRIWKHEULGJHVSDQOHQJWK
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CHARACTERIZATION OF VIBRATIONS MEASURED IN THE
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Abstract.
A study was undertaken to define which set of signal characteristics can be used to differentiate
between various vibration sources in a built environment. Several datasets of vibration measurements on known sources are obtained and analyzed. A set of 11 signal characteristics were
determined for all signals. Based on the correlation between these characteristics, 6 signal
characteristics (amax, vmax, fd,f,a, Ds, Npeak) were selected for a detailed analysis. This analysis
showed that differentiation between vibration sources based on signal characteristics is feasible. Further research should investigate the possibilities and limitations of the dataset and determined whether identification of vibration sources based on the obtained signal
characteristics is attainable.
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1

INTRODUCTION

Since 2014, a large building vibration monitoring network is in place in the province of
Groningen in the North of the Netherlands [1]. The primary objective of this network is to
monitor vibrations caused by shallow earthquakes, induced by natural gas production in this
region. In approximately 350 buildings vibrations are measured in three orthogonal directions
at foundation level in a stiff point near the corner of the building.
After an earthquake with a magnitude M ı 2.5, building inspections are executed for those
buildings that experienced a trigger event, i.e. a vibration velocity exceeding a threshold of 1
mm/s [2]. These inspections are performed to obtain information on the occurrence and progression of damage. Besides earthquake vibrations, the threshold is frequently exceeded due to
vibrations from other internal and external causes (e.g. traffic, construction work, slamming
doors, jumping). To obtain information on the cause of these triggers, building owners are asked
to fill in a website-form and specify a reason for the threshold exceedance. The large amount
of data collected on all these different types of vibration sources provide for a unique opportunity to obtain a better understanding of their characteristics and the possible influence these
sources have on the occurrence of damage to buildings.
The ultimate aim of this research is to develop a method to identify vibration sources in the
monitoring network. The goal of this study is to establish a set of signal characteristics and
determine to what extent these characteristics can be used to differentiate between various vibration sources in a built environment. To that end, several datasets of vibration measurements
on known sources are obtained and analyzed. The following datasets are used to study the set
of vibration characteristics:
- Time traces measured in the monitoring network from verified events, i.e. the Garrelsweer earthquake of 9/6/2019 [3] and F16 sonic booms on 6/6/2016 [4].
- A test campaign in the monitoring network with various vibration sources, see report
TNO 2019 R11872 [5 for a detailed explanation.
- Data from measurement projects performed in the past by TNO on several external vibration sources (mass pile driving, vibratory pile driving, railway traffic and blasting).
This paper describes the setup of these datasets and discusses the findings of this research.
Chapter 2 gives some background information on the monitoring network and discusses the
state-of-the-art in vibration source analysis, with a focus on vibration research in the built environment. The datasets used in this research are detailed in Chapter 3; Chapter 4 explains the
applied analysis techniques and the determined vibration characteristics. Chapter 5 presents and
discusses the results and findings obtained from the various datasets. Chapter 6 gives the conclusions and recommendations of this research.
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2

BACKGROUND

2.1 Seismic monitoring networks and seismic noise
Seismic monitoring networks can roughly be grouped in country-scale, urban-scale, and
building-scale monitoring networks. Each network has different tasks, but all have a common
objective of earthquake risk reduction. According to D’Alessandro et al. [6] the different scale
monitoring networks generally have the following purposes:
- National seismic networks are intended for earthquake observation and seismological
studies.
- Urban networks are used to map the earthquake intensity and as early-warning system.
- Building networks are applied for structural health monitoring purposes and also as onsite warning systems.
An increasing trend is observed in urban seismic monitoring networks around the world,
which are mainly used to characterize the subsurface structure and improve seismic risk management in populated areas [6]. The introduction of low-cost MEMS sensor systems has further
contributed to this development [7-9]. Although the original intention of most of these networks
was for seismological purposes e.g. [10-13 (see [13] for an extensive reference overview), the
data measured for non-natural vibration sources is being studied more thoroughly over the last
decades.
Riahi and Gerstoft [14] studied the traffic-generated noise measured by 5200 geophones that
covered a 7x10 km area in Long Beach (California, USA). From the seismic noise they were
able to extract metro activity, departing and landing aircraft, and traffic movement along the
highway at night.
Boese et al. [15] have investigated anthropogenic and natural noise recorded by borehole
seismometers installed beneath the Eden Park stadium in Auckland, New Zealand. They observed elevated noise levels (10-15 dB) in records obtained during the 2011 Rugby World Cup
matches.
Green et al.[16] studied the recordings of five broadband seismometers, deployed in central
London during the summer of 2015. A comparison of power spectra with observatory stations
in much less populated areas showed most of the spectrum is dominated by anthropogenic noise.
For short periods (T < 0.4 s) road traffic was found to have the largest effect. In close proximity
to the tracks, railways also generated observable signals for T < 0.3 s. At very long periods (T >
20 s) the influence of trains was observed across the city. The air movement through the subway
also resulted in increased noise levels for periods T > 30 s.
Similar observations were made by Diaz et al. [17] through an analysis of the seismic records
obtained from a broad-band seismic station located near the center of Barcelona. A spectrogram
of the vertical seismic acceleration measured between 1/9/2016 and 13/9/2016 showed the frequency ranges dominated by traffic, ocean activity and subway activity. A decimated timeseries
of the same period clearly showed the night/day and working day/weekend variations. Diaz et
al. [17] could also relate some peaks in the time series to traffic increases before and after FC
Barcelona football games.
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Particular relevant for the current study is a statistical analysis performed by Groos and Ritter
[18] on 4 hr timeseries for classification purposes. Their classification scheme is based on deviations from the Gaussian distribution. The parameters used in the classification are different
ratios of percentile intervals of the vibration signal histogram. Based on these parameters Groos
and Ritter [18] defined 10 noise classes, which account for non-corrupt (NC1 – NC6) and corrupt (NC10 – NC13) time series.
The current study investigates the characteristics of signals from vibration sources with frequency content between 1 and 100 Hz (T between 0.01 and 1 second). The studies by for example Green et al. [16] and Diaz et al. [17] show that in this frequency range, the largest
contribution generally comes from man-made vibrations. Studies on man-made vibrations have
mainly researched the effects on damage, e.g. [19-22], and comfort, e.g. [23-26]. Characteristics
that have been extensively studied are the amplitude and frequency of the vibrations, mainly
with the purpose of predicting and assessing the risk on damage or nuisance. A detailed discussion of studies into man-made vibrations is provided in chapter 5, where a comparison is made
with the results of the current study.
2.2 The monitoring network building vibrations
The monitoring network building vibrations was designed and built with the goal to obtain
more insight into the effects of earthquakes on buildings in Groningen. This chapter gives general background on the sensor network; a more detailed description of the monitoring network
is provided in report TNO 2015 R10501 [1]. Figure 1 illustrates the approximately 350 locations
in the monitoring network where vibrations are measured.
The vibration measurement systems were supplied by GeoSig and consist of a recorder
(GMSplus measuring system) and a tri-axial sensor (AC-73 force balance accelerometer). The
GeoSig sensors are located near a stiff corner of a building (~0.5 m) on the inside or outside, as
illustrated in Figure 2(a) and (b). De X- and Y-direction of each sensor are respectively parallel
and perpendicular to the façade, the Z-direction is pointing upwards. The GeoSig sensors continuously sample accelerations at 250 Hz, which are automatically integrated to velocities.
The sensor transmits full resolution (250 Hz) data when a velocity threshold is exceeded.
After the exceedance of the threshold level of 1 mm/s in X, Y, or Z-direction, the trigger event
is logged with a pre-trigger time of 10 s until 20 s after the last threshold exceedance.
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Figure 1: (top) Sensor locations in the building sensor network in Groningen, (bottom left) Geosig sensor near a
stiff corner on the outside of a building, and (bottom right) a Geosig sensor near the stiff corner inside, the large
box to the left is the recorder, the small box to the right is the sensor.

3

DATA DESCRIPTION

3.1 Earthquake Garrelsweer
On June 9, 2019 an earthquake was measured near Garrelsweer with a magnitude M = 2.5,
located at 3 km depth. Figure 2 shows the location of the epicenter as defined by the KNMI
[27], and the locations of the triggered and non-triggered sensors.
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Figure 2: Triggered and non-triggered sensors in the monitoring network during the Garrelsweer earthquake (96-2019), taken from [3].

A detailed analysis of the data from the monitoring network can be found in [3]. A total of
257 signals were applied in the current study. The majority of these signals did not result in a
trigger, i.e. the maximum observed vibration velocity is lower than 1 mm/s.
3.2 Sonic booms of F16 aircrafts
On the 6th of June 2016 at 15.30 (local time), two F16’s crossed the sound barrier above the
province of Groningen. The vibrations due to the low-frequency pressure waves were recorded
by the monitoring network. Figure 3 shows two snapshots of a movie of the pressure waves due
to sonic booms by the F16 aircrafts. These pressure waves were derived from the vibration
signals measured by the monitoring network. A total of 271 signals measured in the monitoring
network are used in this study to determine the characteristics of building vibrations due to
sonic booms caused by supersonic aircrafts.

Figure 3: Two snapshots of a movie which shows the movement of the two pressure waves due to the two F16,
based on the vibration signals measured in the monitoring network. Taken from [4].
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Figure 4: Internal and external vibration sources applied in the test campaign in the monitoring network.

3.3 Test campaign in the building monitoring network
To develop a database with measured vibration signals of internal and external sources, a
test campaign was organized and executed, in which known vibrations sources were applied
near sensors in the monitoring network. In this campaign two tests were performed:
1. Various internal and external vibration sources were applied in a house in Groningen,
while vibrations were measured at various positions in the building.
2. A truck drove twice a predefined route along 17 sensors in the monitoring network.
Figure 4 shows some of the internal and external sources that were tested during this campaign. A detailed description of the tests and the results is given in [5].
3.4 Blasting
A measurement campaign was performed by TNO to assess the influence of blast induced
vibrations in buildings around a defense exercise area in the Netherlands. Exercises with 8 different types of explosions were performed in the exercise area, while vibrations were measured
at 4 different buildings in the surroundings at distances ranging between 3 and 7.5 km. Measurements were performed with Sundstrand QA-700. The sensors were sampled simultaneously
with 2000 Hz. The data of some of these sensors were applied in the current study.
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Figure 5: Sensor positions (black circles) and mass pile driving and vibratory sheet pile driving locations (blue
circles).

3.5 Mass pile driving and vibratory sheet pile driving
A series of tests were performed with mass pile driving and vibratory sheet pile driving near
an office building in the province of North-Holland. Locations of the pile driving and the sensore locations used are specified in Figure 5. Since the building was about to be replaced by a
new building, high vibration levels could be induced, and damage initiation was also monitored.
Measurements at these locations were performed with Sundstrand QA-700 sensors; the sensors were sampled at 2000 Hz. The data of the indicated sensors in Figure 5 were used in the
current study.
3.6 Railway traffic
Between September and November 2012 measurements were performed by TNO at 3 buildings along the HSL-south track between Amsterdam and Rotterdam. The buildings were located
at 125 m, 150 m, and 450 m from the railway track. Only the data of the buildings at 125 m and
150 m that exceeded the background noise were used in this study. The data from the building
at 450 m was not clearly distinguishable from background vibration levels.
Accelerations were measured at the foundation, the ground floor, the first floor and outside
near the building and 50 m from the track. The accelerations measured at the foundation are
used in the current study. The measurements were performed with Sundstrand QA-700 sensors.
The data were sampled with 500 Hz. Measurements were performed on Thalys and V250 trains
with passage speeds ranging between 160 and 300 km/h.
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4

ANALYSIS

Before computation of the various characteristics, some preprocessing is performed on the
measured acceleration signals. This preprocessing consists of the following steps:
i.
Offsets are removed, such that the acceleration signals have a zero mean value;
ii.
A 4th order Butterworth high-pass filter with cut-off frequency of 0.8 Hz is applied to
remove trends which might affect the integration to velocities;
iii. The acceleration signals are integrated to obtain velocity signals;
iv.
The absolute maximum velocity is determined for the X, Y, and Z-direction;
v. The acceleration and velocity signal of the direction with the largest absolute maximum
velocity is selected for further analysis, these are from here on referred to as a(t) and
v(t);
vi.
The time instance at which the absolute maximum or peak velocity occurs is determined
and used to trim the signal;
vii.
The acceleration and velocity signal a(t) and v(t) are trimmed from -10 s to +20 s of the
peak velocity.
The processed acceleration and velocity signals were analyzed with the Fast Fourier Transform (FFT) and the Short Time Fourier Transform (STFT), and the Arias intensity function of
all signals was determined. Finally, the number of peaks in the signals was analyzed through
the derivative of the Arias intensity function. The following signal characteristics were determined from the acceleration and velocity signals, a(t) and v(t):
- The absolute maximum acceleration and velocity levels, amax and vmax;
- The acceleration and velocity peak factor, ga and gv;
- The dominant frequencies of the acceleration and velocity FFT spectra, fd,f,a and fd,f,v;
- The dominant frequencies of the acceleration and velocity STFT spectra, fd,s,a and fd,s,v;
- The Arias intensity, Ia;
- The significant duration, Ds;
- The number of peaks, Npeak.
A detailed explanation of the performed analysis is provided in [28].
5

RESULTS AND DISCUSSION

This chapter presents the results of the analysis on the datasets described in chapter 3. Section 5.1 presents and discusses the correlation of the characteristics computed for all vibration
signals. Based on these results a set of characteristics is selected, for which detailed results are
shown in section 5.2 to 5.6.
5.1 Correlation between determined signal characteristics
Each of the computed characteristics provide some information on the features of the measured signals. However, some characteristics can provide similar information. To filter the characteristics that provide new information, the correlation between each of the characteristics has
been computed using the absolute value of the Pearson correlation coefficient, |ρx,y|. If 2 variables are highly correlated then |ρx,y| tends to 1; if they are poorly correlated, |ρx,y| tends to 0.
The complete correlation matrix for all the signal characteristics is shown in Figure 6 . This
figure shows that the characteristics determined with the acceleration timeseries are highly correlated with those obtained from the velocity timeseries.
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The interest of this study is on the signal characteristics that provide new information on a
vibration signal, i.e. those signal characteristics that have relatively little correlation with each
other (i.e. |ρx,y| < 0.6). The results of the following signal characteristics will be discussed in the
next paragraphs:
the maximum acceleration and maximum velocity, amax and vmax
the dominant frequency of the acceleration signal, fd,f,a
the acceleration peak factor, ga
the significant duration, Ds
the number of peaks, Npeak
Because a relatively large amount of literature can be found on the peak acceleration and
velocity these are both discussed in detail in the next paragraph. The results of the other signal
characteristics can be found in [28].

Figure 6: Correlation matrix of all computed signal characteristics. Note that the matrix is symmetric, i.e. the upper half gives the same information as the lower half
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5.2 Absolute maximum vibration levels, amax and vmax
Figure 6 and Figure 7 show box plots and individual samples of the absolute maximum acceleration and velocity determined per source type. The vibration sources are ranked in order
of increasing median value of the boxplots. The background vibration results are placed at the
top as reference.

Figure 6: Boxplots and samples for the absolute maximum acceleration amax obtained in all tests.
*(number of buildings/number of measured signals)
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Figure 7: Boxplots and samples for the absolute maximum velocity vmax obtained in all tests.
*(number of buildings/number of measured signals)

The smallest maximum vibration levels are observed for the train passages, the washing
machine and the car with running engine. In the tests with these sources the vibration levels
only just exceeded the measured background vibration levels. The main reason for the low values of the train passages is the large distance between the track and the buildings at which
measurements were performed.
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Connolly et al. [29] and Kouroussis et al. [30] found peak velocities of 0.1 mm/s and smaller
for measurements on vibrations induced by high-speed trains at a distance of 100 m.
This matches with the vibration velocities found here for high-speed train passages at distances
of 125 m and 150 m. For distances down to 2 m from the track, maximum velocities up to 4
mm/s were measured by Connolly et al. [29].
The vibration levels observed for road traffic, particularly the truck passage, also match well
with values found in literature for the range of distances studied here (i.e. between 10 and 30
m). Hao et al [26] observed maximum accelerations of 0.006 – 0.015 m/s2 for truck passages at
a distance of 20 m. Hajek et al. [31] specify that for clay soils the maximum vibration velocities
at 10 to 30 m are typically between 0.1 and 2 mm/s. For distances down to 3 m Hajek et al. [31]
specify maximum vibrations velocities up to 3 mm/s. Staalduinen and Smits [32] describe maximum velocities ranging between 0.3 and 3 mm/s, based on 12 experimental studies performed
by TNO (e.g. [33-36]).
The largest maximum vibration levels are determined for tapping the sensor and mass pile
driving. The range of vibration velocities determined for mass pile driving (~1 – 40 mm/s) are
similar to those specified by Staalduinen et al. [37] and Jongmans et al. [38]; these studies
determined vibration velocities between 3 and 20 mm/s. For the tests performed at 10 m distance, lower values (around 1 mm/s) were found in the current study than in [37] and [38].
For vibratory pile driving Staalduinen et al. [37] found vibrations velocities up to 10 mm/s
for distances between 10 and 20 m. Athanasopoulos and Pelekis [39] describe similar vibration
levels for these distances. For distances between 1 and 10 m they found vibration velocities up
to 25 mm/s. Lower vibration levels are observed for the vibratory pile driving data analyzed in
the current study. A possible reason is that these pile driving tests were performed to depths of
approximately 16 meter, while the stiff soil layer was at a larger depth.
The maximum accelerations and maximum velocities measured for the 2019 Garrelsweer
earthquake range between 5x10-4 and 0.4 m/s2 and 0.01 and 5 mm/s (see Figure 6.4 and Figure
6.5). During other earthquakes in the Groningen area (see [40]-[45]) vibration velocities up to
27 mm/s and accelerations up to 1.5 m/s2 were measured by the monitoring network.
The vibrations induced by the air overpressure due to the sonic boom and the blasting exercises had acceleration levels between 0.002 and 0.5 m/s2 and velocity levels between 0.03 and
4 mm/s. Much larger vibration levels (up to 500-600 mm/s) are described in other studies on
blasting induced vibrations [46-48]. The main reason is these data were obtained for much
shorter distances between the explosion and the sensor. Not only is the air overpressure larger
at shorter distance, but there is also a large contribution of vibrations through the ground.
Few studies describe results of normal household vibrations such as presented in Figure 6.4
and Figure 6.5. Some velocity levels measured of typical building activities are given by
Nicholls et al. [46], unfortunately it is not clear at which position in the building these levels
were measured. Vibration levels measured by Nicholls et al. [46] for a door closing ranged
between 0.1 and 1.4 mm/s. Considering the velocity levels measured in the slamming door tests
presented in the current study, a better description is probably closing door tests. For jumping,
Nicholls et al. [46] describe velocity levels between 1 and 125 mm/s. The large differences with
the levels observed in the current study are probably due to the sensor location, and maybe to
some extent due to the intensity of jumping.
In conclusion, the vibration levels observed for the various vibration sources in this dataset
fit well with the ranges mentioned in literature. However, they do not give a good representation
of the complete range of levels that can occur in the built environment. For most vibration
sources the dataset is at the low end of these ranges. Therefore the ranges for amax and vmax in
Figure 6.4 and Figure 6.5 might not be very useful for differentiation between the studied vibration sources.
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5.3 Acceleration dominant frequency, fd,f,a
Figure 7 shows the box plots for the dominant frequencies fd,f,a of the acceleration FFT per
studied vibration source. The vibration sources are ranked in order of increasing median dominant frequency. The dominant frequencies determined for the background vibrations are
placed at the top as reference for the vibration sources.
Figure 7 shows that most signals with dominant frequencies fd,f,a < 35 Hz are due to
sources producing (repeated) transient vibrations, such as a truck or train passage, mass pile
driving, or an earthquake. Sources which generate continuous vibrations, such as drilling, vibratory pile driving, a vibratory plate or a speaker set playing loud music typically have dominant frequencies fd,f,a > 25 Hz.
According to Muller [49] the dominant frequency of mass pile driving signals is between
5 and 25 Hz, which is also observed in Figure 7. The dominant frequency fd,f,a determined for
vibratory pile driving is concentrated around 37 Hz, which was the driving frequency of the
vibratory machine. This frequency is within the range (30 – 40 Hz) for high-frequency piledriving described by Deckner [22].
In Figure 7 dominant frequencies between 2 and 6 Hz are observed for the train passages.
These low values are most likely related to the relative large distances (125 and 150 m) between the buildings and the track. Similar low frequencies were found by Ditzel [50] in measurements at two locations in the Netherlands. Ditzel [50] attributes the relative low dominant
frequencies to a low-pass filter behavior of a ditch alongside the track. From measurements on
passages of various types of trains, Suhairy [51] found dominant frequencies between 5 and
12.5 Hz. Measurements performed by the Dutch Railways [52] show that the dominant frequencies are generally smaller than 10 Hz.
Based on the previously mentioned studies on the effects of road traffic by TNO, Staalduinen and Smits [32] conclude that the dominant frequency is typically observed around 10 Hz,
but can range between 5 and 15 Hz. The dominant frequencies for the car passages in Figure 7
are concentrated at 4-5 Hz, while the dominant frequencies observed for the truck passages
are mainly observed between 5 and 15 Hz.
The dominant frequencies for the Garrelsweer earthquake are between 1 and 20 Hz (with
one outlier at almost 30 Hz), this corresponds with the dominant frequencies determined for
other earthquakes measured in the monitoring network [40-45]. This range is also very similar
to that found for truck passages (see Figure 7).
The dominant frequencies for the sonic boom are generally observed between 1 and 25
Hz, which matches well with the range observed for earthquakes and truck passages. However, much larger dominant frequencies were also measured for the sonic boom (up to 95 Hz).
For blasting the dominant frequencies were observed between 10 and 25 Hz. Nicholls et al
[46] and New [47] found dominant frequencies mainly between 20 and 70 Hz, although they
encountered values up to 500 Hz. Aloui et al [48] measured dominant frequencies between
1.5 and 11 Hz. These differences are mainly related to the applied explosion charge and the
distances between the source and the sensor. The results of blasting in the current study were
obtained for similar distances as applied in Aloui et al [48].
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Figure 7: Boxplots and samples for the dominant frequency fd,f,a obtained in all tests.
*(number of buildings/number of measured signals)
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Figure 8: Acceleration spectrograms and spectra of several vibration sources: (a) truck passage, (b) earthquake,
(c) mass pile driving, (d) hammer, (e) washing machine, (f) vibratory pile driv-ing, and (g) speaker music.
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Figure 8 shows examples of the spectrograms (STFT) and spectra (FFT) of some of the
measured acceleration signals. The spectrum of an earthquake and truck passage, Figure 8(a)
and (b), are both concentrated in the low frequency range, with most energy content between
0 and 25 Hz. Similar spectra can be observed for a train passage, a sonic boom or blasting.
Similar to the earthquake and truck passage in Figure 8(a) and (b), mass pile driving shown
in Figure 8(c), also has a large energy content in the low frequency range. However, for mass
pile driving energy content is also found at higher frequencies. The spectral content of the
hammer example shown in Figure 8(d) is mainly found above 30 Hz. Another distinguishing
feature is the relatively broad spectrum compared to the earthquake, truck passage and mass
pile driving.
Figure 8(e), (f), and (g) show STFT and FFT spectra of continuous vibration sources. Both
the washing machine and vibratory pile driving have narrow band spectra with harmonic frequencies of the dominant frequency. Similar features are observed in the spectra of other
types of machinery, such as the vibratory plate or drilling. The spectrum of the speaker playing music is more broadband, with large peaks at some distinct frequencies.
Based on these FFT and STFT spectra, other spectral features that could prove useful to allow for more differentiation between vibration sources the bandwidth of the spectrum (e.g. the
3 dB bandwidth) or harmonic frequencies (cepstrum analysis).
5.4 Acceleration peak factor, ga
Figure 9 shows box plots of the acceleration peak factor ga per studied vibration source.
The vibration sources are ranked in order of increasing peak factor; the background vibration
results are placed at the top as reference. Figure 10 shows examples of the acceleration signals
of some of the tested vibration sources.
The smallest peak factors are observed for signals of sources which produce a (monotonic)
continuous vibration, such as a sanding machine or a vibratory hammer used in (sheet) pile
driving. The peak factors for these continuous signals are generally even smaller than the peak
factors determined for the background vibrations. Vibration signals with peak factors ga < 6
are likely to have been caused by a continuous vibration source, and are unlikely to contain
large pulses.
Examples of a monotonic continuous vibration signal from a sanding machine and a background vibration signal are shown in Figure 10(a) and (b). The signal of the sanding machine
is much denser due to the high-frequency continuous signal produced by this source, while no
large peaks are present. Due to the high-frequency content the standard deviation is larger,
which results in a smaller peak factor.
The largest peak factors are observed for signals with a single pulse or small number of
pulses or a single short-duration transient. These type of signals are for example caused by
hitting the sensor (e.g. by hand or hammer), dropping a hard heavy object (e.g. a stone) or an
air pressure wave (e.g. caused by a sonic boom or blasting).
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Figure 9: Boxplots and samples for the acceleration peak factor ga obtained in all tests.
*(number of buildings/number of measured signals)
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Figure 10: Acceleration signals of vibration sources with varying peak factors: (a) sandpaper machine, (b) background noise, (c) pile driving, (d) basketball against the wall, (e) truck passage, (f) sonic boom, (g) truck starting
engine, and (h) hitting the sensor (by hand).

Figure 10(f), (g) and (h) show examples of a single short-duration transient due to a sonic
boom, a starting truck engine near a sensor (~2 m) and a signal with several pulses due to hitting the sensor by hand. Signals with peak factors ga > 15 are probably caused by sources
which produce pulse-like or short-duration transient vibrations. These signals are unlikely to
be the result of a source producing a monotonic continuous vibration. The only exception is
the start-up or stopping of a source producing a monotonic continuous vibration, such as the
starting truck engine in Figure 10(g).
Signals with 6 < ga < 15 are likely to be the result of sources generating repeated transient
vibrations or a sustained transient vibration. Figure 10(c), (d) and (e) show examples of repeated transient vibrations (pile driving and throwing a basketball against the wall) and a sustained transient vibration (truck passage).
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Several sources (e.g. mass pile driving, jumping, earthquake, and sonic boom) have relatively large ranges for the peak factor. These large ranges are the result of (1) the number of
repeated transients over the 30 s period and (2) the distance between the sensor and the
source.
Examples of the influence of the number of repeated transients are shown in Figure 11(a)
and (b) for pile driving, and in Figure 11(c) and (d) for jumping. For a pile driving signal and
a jumping signal with continuous regular transients over the full 30 s period the peak factor is
low, whereas the signals with repeated transients over about 10 s has a relatively large peak
factor.
Figure 11(e) and (f) show the velocity and acceleration signal of an earthquake measured at
~1 km and ~20 km. The signal at large distance has small peak factors and looks like a sustained transient vibration. At short distance, however, the signal mainly consists of a large
pulse and has a large peak factor ga. A similar effect is seen in Figure 11(g) and (h) for sonic
boom signals.

Figure 11: Acceleration signals of various sources which have both small and large peak factors: (a) continuous
pile driving, (b) short-period pile driving, (c) continuous jumping, (d) short-period jumping, (e) sustained transient earthquake signal at ~20 km, (f) pulse signal earth-quake signal at ~1 km, (g) transient sonic boom, and (h)
pulse signal sonic boom.
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5.5 Significant duration, Ds
Figure 12 shows time traces of the acceleration signals and the normalized Arias intensity
function. The normalized Arias intensity function shows how the vibration energy is released
over the 30 second period. This energy release profile gives useful information about the characteristics of the signal.
Figure 13 shows box plots of the significant duration Ds per studied vibration source. The
vibration sources are ranked in order of increasing significant duration, the background vibration results are placed at the top as reference.
Figure 12(a) shows the acceleration signal and normalized Arias intensity function of a hit
on the sensor. A single pulse results in a very steep increase in the Arias intensity. The significant duration is therefore very short, i.e. less than 0.1 s. Figure 13 shows that similar short significant durations can occur for blasting, a sonic boom, an earthquake and a falling mass.
Although an earthquake can also have a large peak in the acceleration signal, see Figure
12(b), it is always preceded and followed by low-level vibrations. The resulting Arias intensity function is less steep, which generally gives a significant duration larger than 0.1 s, see
Figure 13.
The more sustained the transient vibration becomes, the more gradual is the increase in
Arias intensity and the larger the significant duration. Figure 12(c) shows the acceleration signal and Arias intensity function of a truck passage, the significant duration for this signal is
close to 4 s. This type of transient vibration signal is for example observed for large road vehicles, trains and earthquakes, and typically has a significant duration larger than 1 s. For
larger distance between the source and the sensor, the transient vibration becomes more prolonged and contains less significant peaks. This results in larger significant durations; Figure
13 shows significant durations up to 19 s for train passages. The main reason for these large
values are the low vibration levels induced by the train passage, because of the large distance
between railway and sensor (125 and 150 m).
A large significant duration can also be the result of a vibration signal consisting of repeated pulses or transients. Figure 12(d) shows a signal of a tennis ball hits against a wall.
The repeated pulses result in a stepwise Arias intensity function. Because there are several
seconds between each pulse the resulting significant duration is about 4 s, similar to what was
observed for the sustained transient signal for the truck passage. This is the main reason for
the large variation in significant duration seen in Figure 13 for several sources (e.g. sonic
boom, vibratory plate, falling mass, etc.). When a source produces a vibration signal several
times in the 30 s period, the significant duration will increase.
A regular repeating transient vibration signal, which can for example be observed for the
mass pile driving signal shown in Figure 12(e), results in a regular stepwise Arias intensity
function. The significant duration of this signal is ~19 s. A continuous vibration signal gives a
similar significant duration. Figure 12(f) shows an example of a continuous vibration signal of
a washing machine. The Arias intensity function of this signal increases linearly with time.
The sources that are likely to produce these continuous or regularly repeating vibrations typically have significant durations larger than 10 s (see Figure 13). The significant duration for
these type of signals is generally smaller than 21 s, i.e. the significant duration of a linearly
increasing Arias intensity is 21 s (70% of 30 s).
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Figure 12: Acceleration signals and the Arias intensity function of various signals: (a) tapping on sensor, (b)
earthquake, (c) truck passage, (d) tennis ball, (e) mass pile driving, (f) washing machine, and (g) drilling.
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The largest significant durations are found for vibration signals that consist of vibration
signals with most energy content at the beginning and end of the 30 s period. Figure 12(g)
shows an example of drilling, with two periods of drilling with in-between a 17-18 s period
without any significant vibrations. A significant duration larger than 70% of the reference period (in this case 30 s) is an indication that the vibration signal has this particular feature of
two separated vibrations at the beginning and end.

Figure 13: Boxplots and samples for the significant duration Ds obtained in all tests.
*(number of buildings/number of measured signals)
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5.6 Number of peaks, Npeak
Figure 14 shows the normalized Arias intensity function and the time derivative of the
Arias intensity function for some of the signals in Figure 12. Although the time derivative is
quite correlated with the Arias intensity function, i.e. |ρx,y| ~ 0.5, it does give some useful additional information on the characteristics of some signals.
Figure 14(a) and (b) show examples of a truck passage and a bouncing tennis ball. Both
signals have a significant duration of around 4 s, but the number of peaks of the transient vibration signal of the truck passage is much larger than that of the bouncing tennis ball. This
shows that the combination of the significant duration Ds and the number of peaks Npeak can in
some cases be used to distinguish between a signal with a single transient vibration and a signal with repeated pulses.
A similar difference can be seen for the regular repeated transient and continuous vibration
signals in Figure 14(c) and (d). The significant duration of both signals is close to 20 s, while
the washing machine vibration signal in Figure 14(d) has a much larger number of peaks than
the mass pile driving vibration signal in Figure 14(c).
The drilling vibration signal in Figure 14(e) has a number of peaks much smaller than the
washing machine in Figure 14(d). Combined with the large significant duration, the number
of peaks is an additional indicator that the vibration signal consists of two separated periods
of vibrations at the beginning and end.
The significant duration and the number of peaks are two signal characteristics that mainly
provide some quantification of the part of the signal record containing vibrations. Based on
the graphs in Figure 14, the periods without (significant) vibration content could also provide
useful information on the signal, e.g. the percentage of time the derivative of the Arias intensity function is (close to) zero.
Figure 15 shows box plots of the number of peaks Npeak per studied vibration source. The
vibration sources are ranked in order of increasing median value, the background vibration results are placed at the top as reference.
Figure 15 shows continuous vibration sources (e.g. a washing machine, drilling or vibratory pile driving) have numbers of peaks which are typically larger than 100.
Repeated or sustained transient vibrations have numbers of peaks which are mostly between 10 and 100. Typical examples are a bouncing ball, hammering, mass pile driving and
road or railway traffic.
Vibration signals with a single or small number of pulses have a number of peaks smaller
than 10. Sources which are likely to produce these type of vibration signals are tapping on the
sensor, blasting or a starting or stopping truck engine.
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Figure 14: The Arias intensity function and the time derivative of various signals: (a) truck passage, (b) tennis
ball, (c) mass pile driving, (d) washing machine, and (e) drilling.
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Figure 14: Boxplots and samples for the number of peaks Npeak obtained in all tests.
*(number of buildings/number of measured signals)
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6

CONCLUSION

This article presented a study on a large dataset of vibration signals from various internal
and external vibration sources. The goal of this study was to determine a set of signal characteristics that allow for differentiation between vibration sources in a built environment. The
study focused on vibration sources with the main energy content 1 and 100 Hz. The signals in
the dataset were trimmed to a period of 30 s. A set of 11 signal characteristics were obtained
for all signals in the dataset.
Based on the correlation between these characteristics, 6 signal characteristics were selected
for a detailed analysis. Three of these signal characteristics, i.e. amax, vmax and fd,f,a, are wellestablished in literature for various vibration sources. The other three characteristics, i.e. ga, Ds
and Npeak, have been studied very little for most vibration sources.
The maximum vibration levels amax and vmax determined for the various vibration sources fit
well with the ranges mentioned in literature. However, for most vibration sources the dataset
represents the low end of these ranges; they do not give a good representation of the complete
range of levels that can occur in the built environment. Therefore the determined ranges for amax
and vmax in this study might not be very useful for differentiation between vibration sources.
The results for the dominant frequency fd,f,a also correspond well with literature, and for
several sources (e.g. earthquakes, mass pile driving, road traffic) provide a reasonable representation of the mentioned ranges. The results show that vibration signals with dominant frequencies fd,f,a < 35 Hz are often due to sources producing (repeated) transient vibrations, such
as a truck or train passage, mass pile driving or an earthquake. Sources which generate continuous vibrations, such as drilling or vibratory pile driving typically have dominant frequencies
fd,f,a > 25 Hz. Other spectral features that could prove useful to allow for more differentiation
between vibration sources are the bandwidth of the spectrum (e.g. the 3 dB bandwidth) or harmonic frequencies (cepstrum analysis).
The peak factor ga provides information on the peakiness of a signal. The smallest peak
factors were found for sources with a (monotonic) continuous vibration signal (e.g. vibratory
pile driving); these type of signals typically have a peak factor ga < 6. Large peak factors were
observed for signals with a single or small number of pulses (e.g. hitting the sensor) or a single
short-duration transient (e.g. sonic boom). Signals with peak factors ga > 15 are likely to have
been caused by these type of sources. Several sources (e.g. mass pile driving, jumping, earthquake, and sonic boom) have relatively large ranges for the peak factor. These large ranges
were found to be the result of the number of repeated transients over the 30 s period or the
distance between the sensor and the source, resulting in a prolonged transient vibration.
The significant duration gives information about the length of the period over which a large
portion of the vibration energy is released. For a single pulse this gives a very short duration,
typically smaller than 0.1 s. This type of duration is typically observed for a (single) hit on the
sensor, but can also be observed for blasting, a sonic boom, an earthquake or a falling mass.
Large significant durations (> 10 s) are observed for a regular repeated pulse or transient or a
continuous vibration signal. The significant duration of these type of signals is generally not
larger than 21 s. Signals with Ds > 21 s typically have large vibration content at the beginning
and end of the 30 s period, with relatively little content in-between.
Although the significant duration Ds and the number of peaks Npeak are quite correlated, Npeak
does give useful additional information on some vibration sources. For example, a signal transient (e.g. truck passage) and a repeated pulse (e.g. tennis ball) a bouncing ball can have the
same significant duration, while the number of peaks are generally quite different. A similar
behavior was observed for a continuous signal and a repeated transient signal.
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The significant duration and the number of peaks are two signal characteristics that mainly
provide information on the part of the signal record with vibrations. The periods without (significant) vibration content could also provide useful information on the signal, e.g. the percentage of time the derivative of the Arias intensity function is (close to) zero.
This research presented in this paper indicates that differentiation between vibration sources
based on signal characteristics is feasible to a certain extent. Further research should investigate
the possibilities and limitations of the dataset and the obtained signal characteristics for identification of vibration sources in the monitoring network. The database with reasons provided by
building owners for trigger events is a valuable source to test a first version of an algorithm for
vibration source identification.
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Abstract. Fatigue monitoring and remaining fatigue life estimation of structures using output-only vibration measurements has recently garnered increasing attention, producing advances in theoretical, numerical and experimental studies of this phenomenon. The
methodology presented in this paper combines methods for estimating stress time histories at
the entire body of the structure with fatigue damage accumulation techniques for multiaxial
stress state. A novel sequential Bayesian method is employed to estimate both input and state
in the modal space and to reconstruct the full-field time-history response in the physical space
using output-only vibration measurements. Stress and strain time histories at the finite element level are obtained by using a linear relationship with nodal displacements. Estimated
stresses are then used to find the critical plane where the maximum fatigue damage is expected and the shear stress time histories are resolved on this plane. Shear stress cycles are
counted by means of the Rainflow Counting Method, and a Modified Wöhler Curve Method is
applied to estimate the fatigue damage, whereby normal and shear stress effects are accounted for. This procedure is capable of tackling inherent complexities found in real world applications, such as the multiaxiality of the applied loads and of the resulting stress state. A finite
element model of a wind turbine tower was constructed based on reference specifications
available from the National Renewable Energy Laboratory and used to illustrate the method
presented herein. The results obtained demonstrate the applicability of the methodology as an
efficient way to monitor fatigue damage accumulation in the entire body of a steel structure.
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1

INTRODUCTION

Fatigue damage accumulation in ductile materials does not always produce identifiable indicators of damage. Thus, it is important to develop monitoring methods that would enable to
diagnose the fatigue state of a metallic structure and to predict the location(s) where high fatigue damage is most likely to accumulate, as well as the remaining fatigue lifetime of the
structure, based on output only vibration measurements.
The work by Papadimitriou et al. [1] was the first to promote the use of output-only vibration measurements to estimate fatigue damage accumulation. It introduced the idea of using a
Kalman filter to estimate the stress responses of a metallic structure subjected to stationary
stochastic loads, thereby estimating the remaining fatigue lifetime. Nevertheless, this approach and subsequent ones [2]–[4] developed to handle non-stationary unknown excitations,
considered uniaxial fatigue damage. The present work expands on this idea and applies techniques capable of handling multiaxial stress states.
Thereupon model reduction techniques have been introduced and used in conjunction with
SHM methods, e.g., modal decomposition-expansion was employed by Maes et al. [5] to reconstruct the dynamic strain response of an offshore wind turbine tower; Tchemodanova et al.
demonstrated in [6] the use of a substructure approach to estimate remaining fatigue lifetime
of a section of a rollercoaster; Eftekhar Azam et al. proposed the use of a Dual Kalman in
modal space, allowing the use of a modally truncated model [7].
The purpose of this work is to propose a methodology to monitor fatigue damage accumulation on a structural system or its components when subjected to input or interface loads that
are unknown. The present work expands on ideas presented in [3], [8] for response reconstruction and fatigue estimation in linear components of structural systems and applies techniques capable of handling multiaxial stress fields. Moreover, it benefits from the latest
advances accomplished in the area of joint input-state estimation [7], [9]–[12], adopting a
novel sequential Bayesian approach to reconstruct the full-field dynamic responses using
sparse output-only measurements.
The organization of this work is as follows. In Section 2, we present pertinent mathematical formulations for the strain/stress response reconstruction of the entire structure by means
of the novel sequential Bayesian filtering technique presented in Section 3. In Section 4, we
outline the formulations for the full-field multiaxial fatigue damage accumulation. Section 5
shows an illustrative example of the application of the proposed methodology on a FE model
of a land-based wind turbine tower structure subjected to wind loads. Lastly, conclusions are
put forth in Section 6.
2

MATHEMATICAL FORMULATION FOR STRAIN/STRESS ESTIMATION

2.1 System and observation models
The dynamical response of a linear time-invariant system can be described through Newton’s second law of motion:
ࡹ࢞ሷ ሺݐሻ  ࢞ሶ ሺݐሻ  ࡷ࢞ሺݐሻ ൌ ࡿ ࢌሺݐሻ

ሺͳሻ

where ࡹ  אԹேൈே ǡ   אԹேൈே ǡ ࡷ  אԹேൈே , are the mass, damping and stiffness matrices, respectively; ܰ is the number of degrees-of-freedom; ࢌሺݐሻ   אԹேൈଵ , is the dynamic force vector comprised of ܰூ independent components; ࡿ ሺݐሻ  אԹேൈଵ is a matrix characterizing the
spatial distribution of external forces; ࢞ሷ ሺݐሻ  אԹேൈଵ , ࢞ሶ ሺݐሻ  אԹேൈଵ and ࢞ሺݐሻ  אԹேൈଵ are the
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acceleration, velocity, and displacement responses, respectively. When the vibration response
is transformed into a truncated modal space, the following equation of motion is obtained [9]:
ࣀሷሺݐሻ   ࢣࣀሶሺݐሻ  ࢹଶ ࣀሺݐሻ ൌ ࢶ் ࡿ ࢌሺݐሻ

ሺʹሻ

where   אԹேൈே is the truncated modal matrix whose columns are filled with ܰ massnormalized mode shape vectors; ࣀሺݐሻ  אԹே ൈଵ is the response in the reduced modal space;
ડ  אԹࡺ ൈࡺ and ષଶ  אԹேൈே are two diagonal matrices with ʹߦ ߱ and ߱ଶ entries, respectively; ߦ and ߱ are, correspondingly, the modal damping ratio and modal frequency of the
ith dynamical mode. This equation can be written in the state-space form as follows:
ࢠሶ ሺݐሻ ൌ  ࢠሺݐሻ   ࢌሺݐሻ

ሺ͵ሻ

்
where ࢠሺݐሻ ൌ ൣࣀሺݐሻ் ࣀሶሺݐሻ் ൧ is the state vector;  and  are the system and feedthrough
matrices, computed as:

 ൌ ቂ


െࢹଶ


ࡵ
ቃǡ ൌ ࢶ் ࡿ ൨
െࢣ


ሺͶሻ

When the responses are discretized in ߂ ݐintervals and the variation of input forces is considered to be constant over each interval, the following stochastic state-space model is obtained in the discrete-time:
ࢠ ൌ ࢠିଵ  ࢌିଵ  ࢜

ሺͷሻ

where  ൌ ݁  ௧ and  ൌ ሺ െ ࡵሻିଵ
  are the discrete-time system and feedthrough matrices; ࢠ is the state vector at ݐ ൌ ݇ȟݐǡ ݇ ൌ ሼͲǡͳǡʹǡ ǥ ǡ ݊ሽ; ࢜ is the process noise modeled
as a Gaussian White Noise (GWN) process.
In a similar manner, the observed output quantities of interest can be written as a function
of the state vector and the input forces leading to [7]:
ࢿ
࢟
ሺሻ
ࢊ  ൦࢟ሶ ൪ ൌ ࡳࢠ  ࡶࢌ  ࢝

࢟ሷ 

ࡿ ࢀ


ࡿௗ 

ሺሻ
൪
ǡࡶ
ൌ
൦
൪
ࡳൌ൦


ࡿ௩ 
ࡿ  ் ࡿ
െࡿ ષଶ െࡿ ડ
where ࢊ  אԹேబൈଵ is a vector containing the observed quantities at discrete time ݐ , comprised by strains ࢿ  אԹே ൈଵ, displacements ࢟  אԹே ൈଵ , velocities ࢟ሶ   אԹேሶ ൈଵ , and accelerations ࢟ሷ   אԹேሷ ൈଵ ; the matrices ࡿௗ ǡ ࡿ௩ ǡ ࡿ and ࡿ are selection matrices consisting of 0’s
and 1’s used to extract the observed DOF; ࢀ is a matrix returning local strains from nodal displacements; ࢝ is observation noise considered to be GWN.
3

BAYESIAN ESTIMATION OF INPUT AND STATE

We build our method upon the foregoing state-space formulations and the sequential
Bayesian method developed in [11], [13]. The reader is referred to [13] for detailed nomenclature and mathematical formulations. This implementation allows estimating the system state
and input in real-time based on a limited number of output-only measurements. Another advantage of this novel algorithm is its robust capability to update the process and observation
noise covariance matrices in an online manner. On the other hand, a caveat to this method is
that, similar to other Kalman-type filters, some initial parameters need to be fine-tuned to
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achieve best results; for the sequential Bayesian filter, these parameters are the initial covariance matrices. A good starting point to calibrate the filter is to set the initial state and input
covariance matrices equal to identity matrices scaled by a very small number. A more accurate, albeit laborious approach to selecting appropriate initial noise parameters, is to consider
different orders of magnitude for the elements the initial estimates for the covariance matrices,
in accordance to the modal response quantities (displacement, velocity, acceleration) to which
the element corresponds [14].
4

FATIGUE ASSESSMENT

4.1 Maximum Variance Method for locating the critical plane
The so-called critical plane approaches are based on the assumption that fatigue life is
mainly dependent on cracks developing along shear planes or tensile planes [15]. Thus, the
maximum fatigue damage experienced in an element can be expected to occur at such orientation. To find such orientation, we adopt the use of the Maximum Variance Method (MVM)
proposed by Susmel et al. [16]. This method assumes that the critical plane lies along the direction which is anticipated to have the maximum shear stress variation; the rationale stems
from the definition of the statistical variance, which measures how much the signal deviates
from the mean. Since fatigue damage is caused by cyclic loading, the variance can be an appropriate measure to identify the plane where the signal presents the largest variation range.
Therefore, the damage is expected to be the greatest at the aforementioned plane. The advantage of this method lies in that, once the critical plane is found, the shear stress signals can
be readily resolved along this orientation by a simple stress transformation.
Lastly, it should be noted that by applying the MVM, the critical plane and its corresponding shear stress are obtained. The latter is a unidimensional parameter, so a cycle counting
method, such as the Rainflow Counting Method (RCM), can be used directly with the resolved shear stress signal.
4.2 Modified Wöhler Curve Method for fatigue assessment
In addition to the MVM described above, Susmel et al. [17] formulated the so-called Modified Wöhler Curve Method (MWCM) to be used as a companion method. The motivation behind this method is that the MVM and subsequent cycle counting is based on shear stresses
resolved along the critical plane; however, this stress signal alone may fail to account for the
multiaxiality of the actual stress state. As such, a modification in the SN-Curve is introduced
to account for the level of multiaxiality by considering the stress normal to the critical plane.
Ultimately, a modified fatigue lifetime curve is obtained.
For brevity, the detailed formulations of the MWCM are omitted in this paper. The reader
is thus referred to [17], [18] for a comprehensive explanation of this method and an illustrative example.
4.3 Fatigue damage accumulation
The last step in the fatigue assessment framework is to use the data generated throughout
and to calculate the accumulated damage in the whole structure. The damage accumulation
model used herein is the linear Palmgren-Miner’s rule, which states that the linear fatigue accumulation damage  ܦis found by [19], [20]:
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ܦൌ
ୀଵ

݊
ܰǡ

ሺͺሻ

where j is the number of different amplitude levels found through RCM; ݊ is the number of
counted cycles at a given amplitude level, and ܰǡ is the number of cycles to failure at amplitude level i, found directly in the constructed MWC.
Once the appropriate SN-Curve has been obtained from the MWCM, and the RCM has
been applied to the time history of the shear stress relative to the critical plane, this information can then be used to compute the accumulated fatigue damage for each element in the
finite element model of the structure. The procedure is repeated for every finite element in the
discretized model. The final product is a full-field damage accumulation map.
5

NUMERICAL EXAMPLE

A reference land-based wind turbine tower model was used in this study. Physical and material specifications were obtained from the National Renewable Energy Laboratory (NREL)
[21], from which a finite element model (FEM) was constructed. For simplicity, the dynamic
response of the rotor nacelle assembly (RNA) was modelled by an equivalent system of forces
at the RNA-tower interface, as shown schematically in Figure 1. The model was constructed
using four-node shell elements, where at each node, 6 DOF are considered; the varying shell
thickness was modeled using the NREL specifications. This type of element was selected due
to the type of problem at hand: the structure is, geometrically, a hollow tube constructed by a
comparatively thin sheet of steel. The tower model was discretized into 2444 elements, with
2455 nodes, for a total 14,730 degrees of freedom. The elements can be assumed to be in
plane strain, which allows performing a reduced order analysis. This assumption also impacts
the cost of multiaxial fatigue computations, since the problem reduces to a biaxial problem.
Nevertheless, the principles applied still hold for triaxial fatigue computations.

Figure 1. Equivalent system of forces at the RNA-tower interface.
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The wind turbine simulation software FAST [22] was employed using the aforementioned
tower model specifications. A simulation of 8 s was conducted, recreating operational wind
conditions and loads on a tower model with the aforementioned specifications. The time history of the force transmitted through the RNA-tower interface was extracted. The obtained
signal time history was subsequently used in the numerical analysis as the system input.
Structural matrices were obtained from the FE model shown in Figure 2, and a modal analysis was performed to obtain the corresponding natural frequencies and mode shape vectors.
The dominating dynamic forces at the RNA interface pertaining to the wind loads and rotation
dynamics were recorded as 2 concentrated loads and 2 concentrated moments, and frequency
analysis was carried out on the input channels. Based on the frequency content of the input,
we realized that the first 3 modes predominantly contribute to the system dynamical responses.
The natural frequencies are reported in Table 1.

Figure 2: Finite element model of NREL's 5MW land-based wind turbine tower: a) base state, b) first mode,
c) second mode, d) third mode.

Mode
1
2
3

Frequency (Hz)
0.8761
4.1737
10.395

Table 1: Finite element model natural frequencies.

The observation model was constructed from a limited number of output measurements;
the discussion of stability of an Augmented Kalman Filter (AKF) presented by Lourens et al.
[10] pointed out that ill-conditioning in the joint input-state estimator might increase depending on the sensor placement. Additionally, Maes et al. [23] suggested that the number of sensors should at least be equal to the number of forces to be identified. Thus, 2 biaxial
acceleration and 4 strain responses were treated as the observed quantities. One set of collocated sensors, comprising 1 acceleration and 2 strain observations, was placed at a height of
86.9 m. from the ground, i.e. in the near-vicinity of the load application point; a similar second set of sensors was placed at a height of 63.5 m. from the ground. Figure 3 shows the locations of the response observations. Noise was introduced to the measurements as 1% of the
root-mean-square deviation found in the observed channels, i.e. strains and accelerations.
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A dynamic simulation of the first 8 s of operation was conducted. The structure is initially
at rest, and the equivalent force system is applied at the beginning of the simulation. The modally-reduced state was estimated using the sequential Bayesian filter, and the full-field system response was reconstructed from the state and input estimation. The stress state time
history at the finite element level is computed from a linear relationship between displacements and stresses under static loading cases. Consequently, accuracy in the estimation of
nodal displacements is prescribed. Figures 4-5 show the acceleration and displacement, and
stress responses, respectively, of an unmeasured near the base of the tower, i.e. a location far
from the observations. The response estimates show agreement between the real and estimated responses. Notably, the estimated displacement responses were highly accurate. The stress
and strain fields, however, do not display the same level of accuracy; thus, deviations from
the real response in the displacement field are amplified in the corresponding stress field.

Figure 3: Measurement locations: a) accelerations, b) strains.

Figure 4: Real vs. estimated acceleration and displacement at unmeasured location near the tower base.
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Figure 5: Real vs. estimated responses at unmeasured location near the tower base.

The next step is to identify the critical plane for each finite element by applying the MVM.
Figure 6 shows the real and estimated shear stresses resolved along the critical plane. Considering that the shear stress transformation is a function of the stress state, it is evident that the
error in the critical plane shear stress depends greatly on the accuracy of the stress tensor estimate. The normal stresses ߪ௫௫ and ߪ௬௬ are markedly influenced by the drift in the response
estimations. The critical plane shear stress time histories are used to compute the stress amplitude range and the number of cycles at each amplitude range by means of the RCM.

Figure 6: Shear stress resolved along the critical plane.

Lastly, a Modified Wöhler Curve and the linear Palmgren-Miner’s rule are applied to compute the accumulated fatigue damage at each finite element. A full-field damage accumulation
map and the resulting error are shown in Figures 7-8. The error in the fatigue damage estima-
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tion is caused by the deviations in the critical plane shear stress: the error is carried over to the
cycle counting, and thence to the damage accumulation computation.

Figure 7: Full-field fatigue damage accumulation.

Figure 8: Damage estimation error.

6

CONCLUSION

A framework for computing full-field fatigue damage accumulation from a limited number
of output-only measurements was presented. The proposed methodology promises real-world
applicability on a variety of structures under unknown excitations, provided the proper calibration of the estimation algorithm is exercised, and an optimal observation location configuration is implemented. Its capability to efficiently produce a full-field fatigue map from
limited measurements makes it a powerful tool for monitoring fatigue accumulation in wind
turbine tower structures.
7

ACKNOWLEDGEMENTS

Financial support from the Hong Kong Research Grants Council under project No.
16234816, 16212918, and 16211019 is gratefully acknowledged. The first author would like
to express his gratitude to the Mexican National Council for Science and Technology
CONACYT for its support.

REFERENCES
[1]
[2]

C. Papadimitriou, C.-P. Fritzen, P. Kraemer, and E. Ntotsios, “Fatigue predictions in
entire body of metallic structures from a limited number of vibration sensors using
Kalman filtering,” Struct. Control Heal. Monit., vol. 18, no. 5, pp. 554–573, Aug. 2011.
C. Papadimitriou, E. Lourens, G. Lombaert, G. De Roeck, and K. Liu, “Prediction of
fatigue damage accumulation in metallic structures by the estimation of strains from

1186

Victor Flores Terrazas, Omid Sedehi, Lambros S. Katafygiotis, Costas Papadimitriou

[3]
[4]

[5]

[6]

[7]
[8]
[9]

[10]
[11]

[12]
[13]
[14]
[15]
[16]

operational vibrations,” in Life-Cycle and Sustainability of Civil Infrastructure Systems:
Proceedings of the Third International Symposium on Life-Cycle Civil Engineering
(IALCCE’12), Vienna, Austria, October 3-6, 2012, 2012, p. 103.
K. Tatsis, V. Dertimanis, I. Abdallah, and E. Chatzi, “A substructure approach for
fatigue assessment on wind turbine support structures using output-only measurements,”
Procedia Eng., vol. 199, pp. 1044–1049, Jan. 2017.
N. Noppe, K. Tatsis, E. Chatzi, C. Devrient, and W. Weijtjens, “Fatigue stress
estimation of offshore wind turbine using a Kalman filter in combination with
accelerometers,” in Proceedings of International Conference on Noise and Vibration
Engineering (ISMA 2018), International Conference on Uncertainty in Structural
Dynamics (USD 2018), 2018, pp. 4693–6701.
K. Maes, A. Iliopoulos, W. Weijtjens, C. Devriendt, and G. Lombaert, “Dynamic strain
estimation for fatigue assessment of an offshore monopile wind turbine using filtering
and modal expansion algorithms,” Mech. Syst. Signal Process., vol. 76–77, pp. 592–
611, Aug. 2016.
S. P. Tchemodanova, K. Tatsis, V. Dertimanis, E. Chatzi, and M. Sanayei, “Remaining
Fatigue Life Prediction of a Roller Coaster Subjected to Multiaxial Nonproportional
Loading Using Limited Measured Strain Locations,” in Structures Congress 2019:
Bridges, Nonbuilding and Special Structures, and Nonstructural Components, 2019, pp.
112–121.
S. Eftekhar Azam, E. Chatzi, and C. Papadimitriou, “A dual Kalman filter approach for
state estimation via output-only acceleration measurements,” Mech. Syst. Signal
Process., vol. 60–61, pp. 866–886, Aug. 2015.
D.-C. Papadioti, “Management of uncertainties in structural response and reliability
simulations using measured data,” University of Thessaly (UTH), 2015.
E. Lourens, C. Papadimitriou, S. Gillijns, E. Reynders, G. De Roeck, and G. Lombaert,
“Joint input-response estimation for structural systems based on reduced-order models
and vibration data from a limited number of sensors,” Mech. Syst. Signal Process., vol.
29, pp. 310–327, May 2012.
E. Lourens, E. Reynders, G. De Roeck, G. Degrande, and G. Lombaert, “An
augmented Kalman filter for force identification in structural dynamics,” Mech. Syst.
Signal Process., vol. 27, no. 1, pp. 446–460, Feb. 2012.
D. Teymouri, O. Sedehi, L. S. Katafygiotis, and C. Papadimitriou, “A new online
Bayesian approach for the joint estimation of state and input forces using response-only
measurements,” in 13th International Conference on Applications of Statistics and
Probability in Civil Engineering, ICASP 2019, 2019.
V. K. Dertimanis, E. N. Chatzi, S. Eftekhar Azam, and C. Papadimitriou, “Input-stateparameter estimation of structural systems from limited output information,” Mech.
Syst. Signal Process., vol. 126, pp. 711–746, Jul. 2019.
O. Sedehi, C. Papadimitriou, D. Teymouri, and L. S. Katafygiotis, “Sequential
Bayesian estimation of state and input in dynamical systems using output-only
measurements,” Mech. Syst. Signal Process., vol. 131, pp. 659–688, Sep. 2019.
U. Lagerblad, H. Wentzel, and A. Kulachenko, “Dynamic response identification based
on state estimation and operational modal analysis,” Mech. Syst. Signal Process., vol.
129, pp. 37–53, Aug. 2019.
D. Socie and G. Marquis, Multiaxial fatigue. Warrendale, Pa.: Society of Automotive
Engineers, 2000.
L. Susmel, “A simple and efficient numerical algorithm to determine the orientation of
the critical plane in multiaxial fatigue problems,” Int. J. Fatigue, vol. 32, no. 11, pp.

1187

Victor Flores Terrazas, Omid Sedehi, Lambros S. Katafygiotis, Costas Papadimitriou

[17]
[18]
[19]
[20]
[21]
[22]
[23]

1875–1883, Nov. 2010.
L. Susmel and R. Tovo, “Estimating fatigue damage under variable amplitude
multiaxial fatigue loading,” Fatigue Fract. Eng. Mater. Struct., vol. 34, no. 12, pp.
1053–1077, Dec. 2011.
L. Susmel and P. Lazzarin, “A bi-parametric Wohler curve for high cycle multiaxial
fatigue assessment,” Fatigue Fract. Eng. Mater. Struct., vol. 25, no. 1, pp. 63–78, Jan.
2002.
A. Palmgren, “Die lebensdauer von kugellargern,” Zeitshrift des Vereines Duetsher
Ingenieure, vol. 68, no. 4, p. 339, 1924.
M. A. Miner, “Cumulative fatigue damage,” J. Appl. Mech., vol. 12, no. 3, pp. A159–
A164, 1945.
J. Jonkman, S. Butterfield, W. Musial, and G. Scott, “Definition of a 5-MW reference
wind turbine for offshore system development,” Golden, CO, 2009.
J. Jonkman and B. Jonkman, “NWTC Information Portal (FAST),” 2018. [Online].
Available: https://nwtc.nrel.gov/FAST.
K. Maes, E. Lourens, K. Van Nimmen, E. Reynders, G. De Roeck, and G. Lombaert,
“Design of sensor networks for instantaneous inversion of modally reduced order
models in structural dynamics,” Mech. Syst. Signal Process., vol. 52–53, no. 1, pp.
628–644, 2015.

1188

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU
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Abstract. The Building Research Institute (BRI) of Japan is a national institute engaged in
research and development in the fields of architecture, building engineering and urban planning. As one of its research activities, the BRI operates a strong motion network that covers
buildings in major cities across Japan. As one of the stations in the BRI strong motion network,
Miyako City Hall was instrumented in September 2018. More than 80 strong motion records
were obtained within 16 months after the installation of the monitoring system.
The daily natural frequencies and damping ratios in both the horizontal directions of the building were identified from the ambient vibration data recorded on the sixth floor. The natural
frequencies decrease slightly for three months after completion but then show stable values.
The damping ratios are distributed between 3% and 7%, which are larger than those obtained
from the strong motion records.
The fundamental dynamic characteristics of the building are discussed through the analysis of
the strong motion data. The natural frequencies in the X-direction vary between 1.6 Hz and 1.9
Hz. It was confirmed that the variation was caused by the amplitude dependence of the natural
frequency. The natural frequencies in the Y-direction are close to those in the X-direction and
show amplitude dependence as well. The damping ratios in both directions are 3% or less and
widely vary.
The seismic monitoring system of the new main building of Miyako City Hall revealed the fundamental dynamic characteristics of the building within 16 months after completion. These results will be useful for structural health assessments of the building in the future.
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1

INTRODUCTION

7KH%XLOGLQJ5HVHDUFK,QVWLWXWH %5, RI-DSDQLVDQDWLRQDOLQVWLWXWHHQJDJHGLQUHVHDUFK
DQGGHYHORSPHQWLQWKHILHOGVRIDUFKLWHFWXUHEXLOGLQJHQJLQHHULQJDQGXUEDQSODQQLQJ$VRQH
RILWVUHVHDUFKDFWLYLWLHV%5,RSHUDWHVDVWURQJPRWLRQQHWZRUNWKDWFRYHUVEXLOGLQJVLQPDMRU
FLWLHVDFURVV-DSDQ>@$JUHDWQXPEHURIVWURQJPRWLRQGDWDKDVEHHQDFFXPXODWHGLQWKHORQJ
KLVWRU\RIWKH%5,VWURQJPRWLRQQHWZRUN
$VRQHRIWKHVWDWLRQVLQWKH%5,VWURQJPRWLRQQHWZRUN0L\DNR&LW\+DOOZDVLQVWUXPHQWHG
LQ6HSWHPEHU7KHFLW\RI0L\DNRLVRQWKH3DFLILFVLGHRIQRUWKHUQ-DSDQDQGZDVKLWE\
DWVXQDPLGXULQJWKH*UHDW(DVW-DSDQ(DUWKTXDNH 7RKRNX(DUWKTXDNH 7KHPDLQEXLOG
LQJRIWKHFLW\KDOODWWKDWWLPHZDVLQXQGDWHGWRWKHVHFRQGIORRU7KHEXLOGLQJZDVUHVWRUHG
DQGXVHGIRUVHYHQ\HDUVDIWHUWKHGLVDVWHUDQGWKHQDQHZRIILFHEXLOGLQJZDVEXLOWDWDQRWKHU
ORFDWLRQLQ%5,KDGDVWURQJPRWLRQLQVWUXPHQWLQWKHROGFLW\KDOOEXLOGLQJDQGLQVWDOOHG
DQHZV\VWHPLQWKHQHZEXLOGLQJ
7KLVSDSHUGLVFXVVHVWKHIXQGDPHQWDOG\QDPLFFKDUDFWHULVWLFVRIWKHQHZFLW\KDOOEXLOGLQJ
XVLQJVWURQJPRWLRQGDWDDQGDPELHQWYLEUDWLRQGDWD
2

TARGET BUILDING

0L\DNR&LW\+DOOZDVEXLOWDVDFRUHIDFLOLW\IRUWKHFHQWUDOFLW\DUHDGHYHORSPHQWSURMHFWLQ
7KHFLW\KDOOEXLOGLQJLVDVL[VWRUH\VWHHOEXLOGLQJDQGLVDFRPSOH[WKDWFRPELQHVWKH
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3

SEISMIC MONITORING SYSTEM

7KHVHLVPLFPRQLWRULQJV\VWHPLQVWDOOHGLQWKHQHZEXLOGLQJKDVWKUHHWULD[LDODFFHOHUDWLRQ
VHQVRUVRQWKHJURXQGILUVWIORRUDQGVL[WKIORRU7KHVHQVRUFRQILJXUDWLRQLVLOOXVWUDWHGLQ)LJXUH
 7KHDFFHOHUDWLRQVHQVRUVDUHLQVWDOOHGDORQJWKHD[LVRIWKHEXLOGLQJDQGWKLVSDSHUWUHDWVWKH
GLUHFWLRQKHDGLQJQRUWKDV;DQGWKHGLUHFWLRQKHDGLQJZHVWDV<$OODFFHOHUDWLRQVLJQDOVDUH
FRQWLQXRXVO\UHFRUGHGZLWKWKHORJJLQJ V\VWHPSODFHG RQWKH ILUVWIORRU7KHV\VWHPFDQEH
DFFHVVHGYLDWKH,QWHUQHWXVLQJWKHPRELOHFRPPXQLFDWLRQQHWZRUNIURP%5,

$¶
))

<
;
$
1

*/





D *URXQGSODQ

P

)

*/

)

$

P

E &URVVVHFWLRQ
)LJXUH6HQVRUFRQILJXUDWLRQ

1191

$¶

P

7RVKLKLGH.DVKLPDDQG+LURWR1DNDJDZD

4

AMBIENT VIBRATION DATA

7KHVHLVPLFPRQLWRULQJV\VWHPVWRUHVFRQWLQXRXVGDWDDVRQHKRXUILOHV7KHGDWDILOHVIURP
PLGQLJKWHYHU\GD\DUHWUDQVIHUUHGWR%5,PDQXDOO\7KHQDWXUDOIUHTXHQFLHVDQGGDPSLQJUD
WLRVLQWKH;DQG<GLUHFWLRQVRIWKHEXLOGLQJDUHLGHQWLILHGE\WKHUDQGRPGHFUHPHQW 5' 
WHFKQLTXH>@XVLQJWKHDPELHQWYLEUDWLRQGDWDRQWKHVL[WKIORRU ³)´LQ)LJXUH 
,GHQWLILHGQDWXUDOIUHTXHQFLHVDQGGDPSLQJUDWLRVDUHSORWWHGLQ)LJXUHDVDUHODWLRQWRWLPH
5HGFLUFOHVDQGEOXHWULDQJOHVLQGLFDWHYDOXHVLQWKH;DQG<GLUHFWLRQVUHVSHFWLYHO\
7KH QDWXUDO IUHTXHQFLHV DSSHDU WR EH VWDEOH WKURXJKRXW WKH PRQLWRULQJ SHULRG DQG WKRVH
PHDQYDOXHVDUH+]DQG+]LQWKH;DQG<GLUHFWLRQVDVLQGLFDWHGE\UHGDQGEOXH
GDVKHGOLQHVUHVSHFWLYHO\$IWHUFDUHIXOO\FRPSDULQJWKHGDLO\QDWXUDOIUHTXHQFLHVDQGPHDQ
OLQHVLW ZDVREVHUYHG WKDWWKHQDWXUDOIUHTXHQFLHVKDYH EHHQJUDGXDOO\GHFUHDVLQJIRU DIHZ
PRQWKVDIWHUFRPSOHWLRQ
7KHGDPSLQJUDWLRVLQERWKGLUHFWLRQVZLGHO\YDU\7KHPHDQYDOXHVDUHDQG
LQWKH;DQG<GLUHFWLRQVUHVSHFWLYHO\
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5

STRONG MOTION RECORDS

%\WKHHQGRIPRUHWKDQVWURQJPRWLRQUHFRUGVZHUHREWDLQHGDIWHUWKHLQVWDOODWLRQ
RIWKHPRQLWRULQJV\VWHP7KHDPSOLWXGHVRIWKHJURXQGPRWLRQVZHUHVPDOOWRPHGLXPDQG
WKHPD[LPXP-0$ -DSDQ0HWHRURORJLFDO$JHQF\ VHLVPLFLQWHQVLW\ZDV
)URPHDFKVWURQJPRWLRQGDWDWKHIXQGDPHQWDOQDWXUDOIUHTXHQFLHVDQGGDPSLQJUDWLRVLQ
WZRKRUL]RQWDOGLUHFWLRQVRIWKHEXLOGLQJZHUHLGHQWLILHGXVLQJDSDUDPHWHURSWLPL]DWLRQWHFK
QLTXH>@:LWKDVLQJOHGHJUHHRIIUHHGRPV\VWHPWKHQDWXUDOIUHTXHQF\DQGGDPSLQJUDWLR
WKDWKDGWKHPRVWILWWHGUHVSRQVHGLVSODFHPHQWZHUHGHWHUPLQHGXVLQJWKHJULGVHDUFK6WURQJ
PRWLRQGDWDRQWKHILUVWDQGVL[WKIORRUVZHUHDGRSWHGDVWKHLQSXWDQGRXWSXWPRWLRQVUHVSHF
WLYHO\
)LJXUHLQGLFDWHVFKDQJHVLQWKHQDWXUDOIUHTXHQF\DQGGDPSLQJUDWLRRIWKHEXLOGLQJZLWK
WLPH5HGFLUFOHVDQGEOXHWULDQJOHVFRUUHVSRQGWRWKH;DQG<GLUHFWLRQVUHVSHFWLYHO\7KH
QDWXUDOIUHTXHQFLHVLQERWKGLUHFWLRQVDUHGLVWULEXWHGEHWZHHQ+]DQG+]7KHGDPSLQJ
UDWLRVYDU\VRPHZKDWEXWDUHOHVVWKDQZKLFKDUHVPDOOHUWKDQWKHYDOXHVREWDLQHGIURPWKH
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7KHUHODWLRQRIWKHQDWXUDOIUHTXHQF\DQGGDPSLQJUDWLRWRWKHPD[LPXPGLVSODFHPHQWDQJOH
ߠ୫ୟ୶LVSORWWHGLQ)LJXUH+ROORZUHGFLUFOHVDQGVROLGEOXHWULDQJOHVLQGLFDWHWKHYDOXHVLQWKH
;DQG<GLUHFWLRQVUHVSHFWLYHO\
7KHUHLVHYLGHQWDPSOLWXGHGHSHQGHQFHLQWKHQDWXUDOIUHTXHQF\'DVKHGOLQHVUHSUHVHQWWKH
UHVXOWVRIWKHUHJUHVVLRQDQDO\VLV:KHQWKHUHVSRQVHDPSOLWXGHLQFUHDVHVWHQWLPHVWKHQDWXUDO
IUHTXHQFLHVGHFUHDVHE\+]DQG+]LQWKH;DQG<GLUHFWLRQVUHVSHFWLYHO\7KHGDPS
LQJUDWLRVWHQGWRLQFUHDVHDVWKHUHVSRQVHDPSOLWXGHLQFUHDVHV)RUUHIHUHQFHWKHUHVXOWVRIWKH
UHJUHVVLRQDQDO\VLVDUHLQGLFDWHGE\EURNHQOLQHVLQWKHILJXUH
6

CONCLUSIONS

$VRQHRIWKHVWDWLRQVLQWKH%5,VWURQJPRWLRQQHWZRUN0L\DNR&LW\+DOOZKLFKLVDVL[
VWRUH\VWHHOEXLOGLQJZDVLQVWUXPHQWHGLQ6HSWHPEHU7KLVSDSHUGLVFXVVHGWKHG\QDPLF
FKDUDFWHULVWLFVRIWKHEXLOGLQJXVLQJVWURQJPRWLRQDQGDPELHQWYLEUDWLRQGDWD
7KHGDLO\QDWXUDOIUHTXHQFLHVLQWKHKRUL]RQWDOGLUHFWLRQVRIWKHEXLOGLQJLGHQWLILHGIURPWKH
DPELHQWYLEUDWLRQGDWDZHUHVWDEOHDQGGHFUHDVHGJUDGXDOO\IRUDIHZPRQWKVIURPFRPSOHWLRQ
7KHGDLO\GDPSLQJUDWLRVZLGHO\YDULHGDQGZHUHDQGLQWKH;DQG<GLUHFWLRQV
RQDYHUDJHUHVSHFWLYHO\
7KHQDWXUDOIUHTXHQFLHVDQGGDPSLQJUDWLRVRIWKHEXLOGLQJZHUHHVWLPDWHGIURPWKHVWURQJ
PRWLRQGDWDDVZHOO7KHQDWXUDOIUHTXHQFLHVLQERWKKRUL]RQWDOGLUHFWLRQVVKRZHGDSSDUHQWDP
SOLWXGHGHSHQGHQFHDQGGHFUHDVHGZLWKWKHLQFUHDVHRIWKHUHVSRQVHDPSOLWXGH,QWKHFDVHRI
WKLVEXLOGLQJWKHQDWXUDOIUHTXHQF\GHFUHDVHGE\QHDUO\+]ZKHQWKHUHVSRQVHDPSOLWXGH
LQFUHDVHGWHQIROG7KHGDPSLQJUDWLRVHVWLPDWHGXVLQJWKHVWURQJPRWLRQGDWDYDULHGVRPHZKDW
DQGVKRZHGVPDOOHUYDOXHVFRPSDUHGZLWKWKHYDOXHVREWDLQHGIURPWKHDPELHQWYLEUDWLRQGDWD
7KHGDPSLQJUDWLRVIURPVWURQJPRWLRQUHFRUGVDUHREWDLQHGE\WUHDWLQJUHFRUGVRIWKHILUVW
IORRUDVLQSXWVDQGUHFRUGVRIWKHVL[WKIORRUDVRXWSXWVDQGGRQRWLQFOXGHWKHHIIHFWRIWKHVRLO
VWUXFWXUHLQWHUDFWLRQ 66, 2QWKHRWKHUKDQGWKHGDPSLQJUDWLRVIURPDPELHQWYLEUDWLRQUHF
RUGVDUHREWDLQHGRQO\IURPWKHUHFRUGVRIWKHWKIORRURIWKHEXLOGLQJDQGDUHDIIHFWHGE\66,
7KLVFDQEHFRQVLGHUHGWREHRQHRIWKHFDXVHVRIWKHGLIIHUHQFHLQGDPSLQJUDWLRV7KHLQIOXHQFH
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Keywords: WHPSHUDWXUH FRPSHQVDWLRQ GDPDJH GHWHFWLRQ HLJHQIUHTXHQF\ EULGJH 3ULQFLSDO
&RPSRQHQW$QDO\VLV
Abstract. Structural health monitoring of concrete bridges can be achieved by tracking static
load-testing results or dynamic properties as for example eigenfrequencies. Deviations from a
healthy reference state can be used as damage indicators and even more, help to localize
zones of stiffness reduction, i.e. cracking. However, outdoor temperature effects also lead to
changes of monitored physical characteristics in the same order of magnitude as damage.
Hence, temperature effects need to be removed prior to any condition analysis. The present
paper presents a new two-step approach by applying physical compensation first, before using a statistical method based of Principal Component Analysis (PCA) or more exactly on
principal vectors and singular values. This technique is here applied to eigenfrequencies, first
of a new bridge without damage, but with extreme temperature variation due to thick asphalt
layer and special bearing constraints, thus showing strong sensitivity along seasonal temperatures in the intact state. The second object is the Z24 Bridge in Switzerland, which is well
documented in literature and where artificial damage was applied prior to demolition. The
proposed techniques allow removing noise and temperature effects in a coherent and efficient
way. The corrected measurement data can then be used in subsequent steps for its definite
purpose, i.e. detection and localization of damage for instance by updating a numerical finite
element model which allows assessing a stiffness loss.
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1

INTRODUCTION

'DPDJH GLDJQRVLV LQ FLYLO HQJLQHHULQJ V\VWHPV LV RIWHQ EDVHG RQ VWDWLF RUDQG G\QDPLF
PHDVXUHPHQWV ZKLFK DOORZ WR GHWHFW ORFDOL]H DQG TXDQWLI\ VWLIIQHVV UHGXFWLRQ JRLQJ DORQJ
ZLWKFRQFUHWHFUDFNLQJ)RULQVWDQFHIRUEULGJHVWUXFWXUHVVWDWLFGLVSODFHPHQWRUVWUDLQPHDV
XUHPHQWVDUHW\SLFDOO\GRQHDORQJWKHOHQJWKDWGHILQHGSRVLWLRQVIRUDNQRZQWHVWORDGLQJLQ
UHJXODU WLPH LQWHUYDOV $OWHUQDWLYHO\ PRGDO SURSHUWLHV OLNH HLJHQIUHTXHQFLHV PRGHVKDSHV
PRGDOPDVVHVRUGDPSLQJYDOXHVFDQEHPHDVXUHGDQGWUDFNHG+RZHYHUERWKVWDWLFDQGG\
QDPLF FKDUDFWHULVWLFV FDQ VKRZ KLJK VHQVLWLYLW\ WR WHPSHUDWXUH YDULDWLRQV ZKLFK VKRZ LP
SRUWDQW LQIOXHQFH RQ DVSKDOW VRLO DQG EHDULQJVWLIIQHVV 9DULDWLRQV RI WKH PHDVXUHG
FKDUDFWHULVWLFVGXHWRWHPSHUDWXUHFDQEHW\SLFDOO\LQWKHVDPHRUGHURIPDJQLWXGHWKDQWKRVH
FDXVHGE\ UHDO GDPDJH 7KHUHIRUHSULRUWR IXUWKHUDQDO\VLV FRPSHQVDWLRQRIPHDVXUHGGDWD
UHJDUGLQJWHPSHUDWXUHHIIHFWVLVPDQGDWRU\)XUWKHUPRUHWHVWVVKRXOGEHSHUIRUPHGLQVLPLODU
FRQGLWLRQVGXHWRRWKHUQRQOLQHDULWLHVRIFRQFUHWHEULGJHVHJWKHOHYHORIH[FLWDWLRQ IRUFH
ORDG HLWKHUZLWKRXWWHPSHUDWXUHJUDGLHQWVRUORFDOGLIIHUHQFHVLQWKHVWUXFWXUH,QUHDODSSOLFD
WLRQ EULGJH WHPSHUDWXUH FDQQRW EH IXOO\ FRQWUROOHG GXH WR GD\QLJKW DQG VHDVRQDO FKDQJHV
ZK\ FRPSHQVDWLRQ DOJRULWKPV DUH VR IXQGDPHQWDO SULRU WR IXUWKHU FRPSDULVRQ DQG GDPDJH
DQDO\VLV /OR\G HW DO >@ XVHG WKH ERRWVWUDS IRU WHPSHUDWXUH FRPSHQVDWLRQ RI PHDVXUHG IUH
TXHQFLHVDQGGLVSODFHPHQWVWRDVVHVVEHQGLQJDQGVKHDUVWLIIQHVVRIDFRQFUHWHEULGJH7HP
SHUDWXUHDQGRSHUDWLRQDOHIIHFWVZHUHUHPRYHGE\0DJDOKmHVHWDO>@WKURXJKPXOWLSOHOLQHDU
UHJUHVVLRQDQDO\VLVIRUGDPDJHGHWHFWLRQLQDQDUFKEULGJH&XU\HWDO>@QRUPDOL]HGGDWDRI
D36&ER[JLUGHUEULGJHE\DSUHGLFWLRQODZXVLQJQRQOLQHDUUHJUHVVLRQEDVHGRQQHXUDOQHW
ZRUNV
$IWHUWHPSHUDWXUHFRPSHQVDWLRQWKHPHDVXUHGGDWDFDQEHDQDO\]HGWRHYDOXDWHDEULGJH¶V
FXUUHQWFRQGLWLRQ)RUH[DPSOHUHSHDWLQJPHDVXUHGVWDWLFGLVSODFHPHQWVDWPDQ\SRLQWVDORQJ
WKHOHQJWKRIEULGJHFDQEHGLUHFWO\WDNHQWRGUDZWKHGHIOHFWLRQOLQHLQ>@6HYHUDOUHVHDUFK
HUVILWUHVSRQVHVRIDILQLWHHOHPHQWPRGHOWRUHDOPHDVXUHGGDWD>@7KHILWWLQJEHWZHHQ
QXPHULFDO DQG H[SHULPHQWDO FKDUDFWHULVWLFV JLYHV JRRG LQVLJKW WR D VWUXFWXUH¶V EHKDYLRU %XW
WHPSHUDWXUHHIIHFWVPXVWEHUHPRYHGIURPWKHUDZPHDVXUHPHQWVSULRUWR WKHLUXVHDVLQSXW
IRUPRGHOXSGDWLQJ6FKRPPHUHWDO>@FRPSHQVDWHGVWDWLFGLVSODFHPHQWPHDVXUHPHQWVZLWK
D ' ILQLWH HOHPHQW PRGHO RI D SUHVWUHVVHG FRQFUHWH EULGJH ,Q WKH SUHVHQW SDSHU WKH VDPH
FRPSHQVDWLRQZLWKVXEVHTXHQWQRLVHUHPRYDOE\3&$LVDSSOLHGIRUHLJHQIUHTXHQFLHVIRUWZR
UHDOEULGJHV&RQVLGHUDEOHUHGXFWLRQVRIWKHVFDWWHUDUHDFKLHYHGDQGFRUUHFWHGGDWDPD\ODWHU
HLWKHUEHXVHGIRUGLUHFWDQDO\VLVRUIRUIXUWKHUSURFHVVLQJOLNHWKHPHQWLRQHGPRGHOXSGDWLQJ
)LQDOO\D\HVQRLQGLFDWRUEDVHGRQQRYHOW\LQGH[LVSUHVHQWHGDQGDSSOLHGWRWKHWZREULGJHV
ZLWKYHU\JRRGUHVXOWV
2

TEMPERATURE COMPENSATION AND NOISE ELIMINATION

7ZRVXEVHTXHQWVWHSVDUHXVHGKHUHIRUUHPRYDORIWHPSHUDWXUHDQGQRLVHHIIHFWVWKHILUVW
FRQVLVWVLQVKLIWLQJWKHPHDVXUHGFKDUDFWHULVWLFVWRDUHIHUHQFHWHPSHUDWXUHDORQJDSUHYLRXVO\
LGHQWLILHGSK\VLFDOOLQHZKLOHWKHVHFRQGVWHSLVEDVHGRQDVWDWLVWLFDOPDWKHPDWLFVZLWK6LQ
JXODU9DOXH'HFRPSRVLWLRQ 69' IRUJHQHUDOQRLVHUHPRYDO
2.1

Physical temperature compensation

1JX\HQHWDO>@SURSRVHGDWHFKQLTXHIRUWHPSHUDWXUHFRPSHQVDWLRQDQGDSSOLHGLWWRVWDW
LFGLVSODFHPHQWGDWD,WLVEDVHGRQWKHSURMHFWLRQRIPHDVXUHGGDWDDORQJDPHDVXUHGUHJUHV
VLRQOLQHLGHQWLILHGZLWKLQGDWDIURPWKHLQWDFWVWDWH)LJXUHLOOXVWUDWHVKRZDVHWRIGDWD$
HJHLJHQIUHTXHQF\f IURPWKHKHDOWK\VWDWHRIWKHVWUXFWXUHFKDQJHVYHUVXVWHPSHUDWXUHt°
0HDVXUHPHQWVIRURWKHUVWDWHVSRVVLEO\LQGLIIHUHQWUDQJHVRIWHPSHUDWXUHFDQEHWUDFHGEDFN

1196

9+1JX\HQ7.HELJ-&*ROLQYDO60DDV

WRDUHIHUHQFHWHPSHUDWXUHDQGFRPSDUHGWRWKHLQWDFWVWDWH7KHFRPSDULVRQLVEDVHGRQOLQHDU
GHSHQGHQF\RIWKHPHDVXUHGTXDQWLW\fYHUVXVWHPSHUDWXUHZKLFKLVPRUHRUOHVVWUXHDVFDQ
EHVHHQLQWZRH[DPSOHVEHORZ+HQFHILUVWGDWDDUHPHDVXUHGDWGLIIHUHQWWHPSHUDWXUHVLQWKH
UHIHUHQFH VWDWH 7KHQ D OLQHDU UHJUHVVLRQ OLQH LV GHWHUPLQHG E\ LWV HTXDWLRQ¶V WHUPV D FRUUH
VSRQGLQJVWDQGDUGGHYLDWLRQσZLWKUHVSHFWWRWKLVOLQHLVDOVRDVVHVVHG2QFHWKH\DUHNQRZQ
GLIIHUHQWVHWVRIGDWD$%&FDQEHSURMHFWHGZLWKWKHVORSHRIWKHUHJUHVVLRQOLQHWRWKHUHI
HUHQFHWHPSHUDWXUH t1UHIHUUHGKHUHDV $%& 7KXVWHPSHUDWXUHHIIHFWV FDQEHUHGXFHG
EDVHGRQDSK\VLFDOPHDVXUHGOLQH











)LJXUH7HPSHUDWXUHFRPSHQVDWLRQE\GDWDSURMHFWLRQ

2.2

Principal Component Analysis and Novelty Index

,W LV NQRZQ IURP VWDWLVWLFV WKDW 3ULQFLSDO &RPSRQHQW $QDO\VLV 3&$  FDQ EH XVHG WR UH
PRYH HQYLURQPHQWDO HIIHFWV DQG QRLVH >@ 7KH6LQJXODU 9DOXH 'HFRPSRVLWLRQ 69'  RI DQ
REVHUYDWLRQPDWUL[XFRQWDLQLQJmUHFRUGVRINWLPHVDPSOHV HJGLVSODFHPHQWVRUHLJHQIUH
TXHQFLHVYHUVXVWLPH GHWHUPLQHVSULQFLSDOYHFWRUVDQGVLQJXODUYDOXHVRIXm×N 

ZKHUHPDWULFHV Um×m DQGVN×NDUHRUWKRJRQDOWKHGLDJRQDOPDWUL[Sm×NFRQWDLQVLQGHFUHDV
LQJRUGHUQRQQHJDWLYHVLQJXODUYDOXHVZKLOHUFRQWDLQVFROXPQZLVHFRUUHVSRQGLQJSULQFLSDO
YHFWRUV
:KHQWKHREVHUYDWLRQPDWUL[ XFRQWDLQV IRULQVWDQFH mHLJHQIUHTXHQFLHVDIWHUWHPSHUD
WXUHFRPSHQVDWLRQWKHILUVWVLQJXODUYDOXHLQSLVW\SLFDOO\E\IDUODUJHUWKDQVXEVHTXHQWVLQ
JXODU YDOXHV +HQFH WKHUH LV RQO\ D XQLTXH GRPLQDQW VLQJXODU YDOXH DQG RQO\ RQH SULQFLSDO
YHFWRUULQU KDVWREHFRQVLGHUHGIRUUHFRQVWUXFWLRQRIWKHGDWDLQRUGHUWRUHPRYHQRLVH

%\GRLQJVR3&$FDQEHXVHGDVDGGLWLRQDOILOWHUIRUGDWDSURFHVVLQJWRFOHDQLWIURPHQ
YLURQPHQWDOQRLVH
)XUWKHUPRUH1RYHOW\,QGH[ NI SURSRVHGE\<$1HWDOLQ>@FDQEHXVHGDVDGDPDJH
LQGH[LQIRUPRIDUHGJUHHQOLJKWLQGH[NIVL]HVXSWKHHUURURIWKHUHFRQVWUXFWHGGDWDIURP
WKHLQLWLDOREVHUYDWLRQGDWDWKURXJK(XFOLGHDQQRUP (T RU0DKDODQRELVQRUP (T 
  
  
ZKHUH

LVWKHFRYDULDQFHPDWUL[RIWKHIHDWXUHV
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7KHQDQDFWXDOVWDWHFDQEHDVVHVVHGE\WZRLQGLFDWRUV UDWLREHWZHHQWKHPHDQYDOXHV
RI WKLV DFWXDO VWDWH DQG WKH UHIHUHQFH VWDWH
   D VWDWLVWLFDO WKUHVKROG DV
WKDW LVWKHVWDQGDUGGHYLDWLRQRINI LQWKHUHIHUHQFH LQWDFW 
RXWOLHUOLPLWHJ
VWDWH$UDWLRFORVHWRXQLWWRJHWKHUDORZRXWOLHUOLPLWFDQEHDVVXPHGQRFKDQJHRUGDPDJH
LHJUHHQOLJKW RWKHUZLVHVWDWLVWLFDOUHOHYDQWFKDQJHVDUHYHU\SUREDEOH LHUHGOLJKW 
3

ANALYSIS

$Q DSSOLFDWLRQ RI WKH SK\VLFDO WHPSHUDWXUH FRPSHQVDWLRQ DOJRULWKP ZDV SUHVHQWHG LQ >@
ZLWKVWDWLFGLVSODFHPHQWVZKLFKUHTXLUHDVUHIHUHQFHORQJWHUPPRQLWRULQJZLWKRXWHQYLURQ
PHQWDO HIIHFWV DQG QRLVH 7KH SUHVHQW ZRUN H[DPLQHV HLJHQIUHTXHQFLHV DV FKDUDFWHULVWLF G\
QDPLFSURSHUWLHVRIVWUXFWXUH)RUEULGJHV\VWHPVWKHFRPELQDWLRQRISK\VLFDODQGVWDWLVWLFDO
3&$EDVHGWHPSHUDWXUHFRPSHQVDWLRQFDQEHEHQHILFLDODVVKRZQEHORZ
)LUVWDQHZFRPSRVLWHEULGJHZLWKRXWGDPDJHEXWZLWKH[WUHPHWHPSHUDWXUHVHQVLWLYLW\LV
DQDO\]HG6HFRQGDQROGHUEULGJHVXEMHFWHGWR PXOWLSOHDUWLILFLDOGDPDJHVWHSVZLOOEHGHDOW
ZLWK7KHGDWDPDWUL[XLVKHUHIUHTXHQFLHVYVWHPSHUDWXUHLVSURFHVVHGKHUHZLWKWKHPHQ
WLRQHGVWHSSURFHGXUH)URPWKHUHIHUHQFHLHLQLWLDOXQGDPDJHGVWDWHIXOOUDQJHRIWHPSHU
DWXUH YDULDWLRQ LV NQRZQ DQG D UHJUHVVLRQ OLQH LV FDOFXODWHG LH HLJHQIUHTXHQFLHV fi YHUVXV
FRQFUHWH WHPSHUDWXUH t° 'DWD IURP DFWXDO PHDVXUHPHQWV DUH SURMHFWHG ZLWK WKH LGHQWLILHG
VORSHRIWKHUHJUHVVLRQOLQHWRDFKRVHQUHIHUHQFHWHPSHUDWXUHZKLFKLVFORVHWRWKHDYHUDJH
WHPSHUDWXUH7KHVXEVHTXHQW3&$SURFHGXUH DFFRUGLQJWR(T  LVDOVR EDVHGRQWKHVDPH
UHIHUHQFHSHULRG)RUERWKEULGJHVWKHILUVWVLQJXODUYDOXHRIPDWUL[SLVE\IDUODUJHUWKDQWKH
RWKHUVDQGRFFXSLHVPRUHWKDQRIWKHWRWDOHQHUJ\6R RQO\WKHILUVWSULQFLSDOYHFWRURI
LVWDNHQLQWRDFFRXQWIRUGDWDUHFRQVWUXFWLRQ
WKHUHIHUHQFHSHULRG
3.1

Bridge in Useldange, Luxembourg

,QDQHZEULGJH ZDVEXLOW LQ 8VHOGDQJH /X[HPERXUJ DQG WKHQPRQLWRUHGGXULQJ 
\HDUV7KHVWHHOFRQFUHWHFRPSRVLWHEULGJHKDVDYHU\WKLFNDVSKDOWOD\HUWKDW¶VZK\LWVHLJHQ
IUHTXHQFLHVVWURQJO\GHSHQGRQWKHWHPSHUDWXUHHJXSWRÅSHU°CIRUf>@


)LJXUH  )LUVW HLJHQIUHTXHQF\ f1 YV FRQFUHWH t° IRU
8VHOGDQJHEULGJH /X[HPERXUJDPELHQWH[FLWDWLRQ 

)LJXUH(LJHQIUHTXHQFLHVPRQLWRUHGGXULQJ\HDUV
8VHOGDQJHEULGJH

)LJXUHVKRZWKHILUVWHLJHQIUHTXHQF\PHDVXUHGIURPDPELHQWH[FLWDWLRQZLWKLWVUHJUHV
VLRQ OLQH ,W KDV DQ LPSRUWDQW VORSH DQG D TXLWH ODUJH VFDWWHU RI  GHWHUPLQHG KHUH DV 
WLPHV RI VWDQGDUG GHYLDWLRQ  ,Q )LJXUH  WKH GDWDVHWV DUH VLPSO\ VXSHUSRVHG YHUVXV WLPH
WKUHHFODVVHVRIGDWDDUHRULJLQDO UDZ GDWDLQJUHHQGDWDDIWHUWKHSK\VLFDOFRPSHQVDWLRQLQ
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EOXHDQGVWDWLVWLFDOUHFRQVWUXFWHGGDWDE\3&$LQUHG7KHRULJLQDOGDWDLQJUHHQVKRZFOHDUO\
WKHVHDVRQDOEHKDYLRUORZVWLIIQHVVZLWKORZIUHTXHQFLHVLQVXPPHUDQGYLFHYHUVDLQZLQWHU
7KLV EHKDYLRU LV VLJQLILFDQWO\ DWWHQXDWHG DIWHU WKH SK\VLFDO WHPSHUDWXUH FRPSHQVDWLRQ DQG
HYHQPRUHDIWHU3&$ILOWHULQJ

)LJXUH&RPSDULVRQEHIRUHDQGDIWHU3&$ILOWHULQJIRU8VHOGDQJH%ULGJH

$VUHSRUWHGLQ)LJXUHHVSHFLDOO\IRUPRGHVDQG3&$ILOWHULQJUHGXFHVWKHVWDQGDUG
GHYLDWLRQσE\DSSUR[LPDWLYHO\LQDYHUDJHHYHQDIWHUSK\VLFDOWHPSHUDWXUHFRPSHQVDWLRQ
$OVRLQ)LJXUHWKHPHDQIUHTXHQFLHVDUHLQGLFDWHGLQOLJKWEOXHVROLGOLQHVZLWKPDUN³î´
UHIHUULQJWRWKHULJKWRUGLQDWHD[LV,WVKRXOGEHQRWHGWKDWIRUWKLVQHZEULGJHZLWKRXWGDPDJH
DOOHLJHQIUHTXHQFLHVVKRZVOLJKWUHGXFWLRQVRYHUWKHILUVW\HDUVZKLFKILWZHOOWRRWKHUVWXGLHV
DQGRWKHUEULGJHV>@WKXVFRQILUPLQJWKHTXDOLW\RIWKHVWHSFRPSHQVDWLRQ
3.2

Bridge Z24, Switzerland

7KH =EULGJH KDV EHHQ VWXGLHG LQ VHYHUDO ZRUNV E\ 3HHWHUV 7HXJKHOV 5H\QGHUV HW DO
>@7KHEULGJHZDVPRQLWRUHGGXULQJ\HDUDQGWKHQGHPROLVKHGDIWHUDERXWGD\VRI
WHVWLQJZLWKSURJUHVVLYHGDPDJH9LEUDWLRQDQDO\VLVZDVSHUIRUPHGE\3HHWHUVHWDO>@WR
JHWKHUZLWKWKHPHDVXUHPHQWRIWHPSHUDWXUH ,Q)LJXUHVDQGRQO\SRVLWLYHWHPSHUDWXUHV
ZHUHVHOHFWHGWRDYRLGIUHH]LQJSHULRGVZKHUHWKLV=%ULGJHVKRZHGTXLWHGLIIHUHQWEHKDY
LRU
,Q )LJXUHWKH PHDVXUHGHLJHQIUHTXHQFLHVRI PRGHV DUHSORWWHG DJDLQVWFRQFUHWHGHFN
WHPSHUDWXUH7HXJKHOVHWDO>@VWDWHGWKDWWKHILUVWPRGHLVSXUHEHQGLQJZKLOHWKHWKLUGDQG
WKHIRXUWKDUHFRXSOHGEHQGLQJWRUVLRQPRGHV7KH\DOOVKRZGHFUHDVLQJIUHTXHQFLHVZLWKLQ
FUHDVLQJWHPSHUDWXUHV,QFRQWUDVWWKHVHFRQGLVDWUDQVYHUVDOPRGHDQGLQFUHDVHVVOLJKWO\ZLWK
WHPSHUDWXUH6LJQLILFDQWGLIIHUHQFHVDUHQRWLFHDEOHHVSHFLDOO\IRUWKHGDPDJHGVWDWHZKLFKLV
VKRZQE\UHGGRWV
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)LJXUH,GHQWLILHGIUHTXHQFLHVYVVWUXFWXUDOWHPSHUDWXUH
R - reference state;- damaged state;
xxx - regression line of the reference data

)LJXUH6ORSHVRIWKHUHJUHVVLRQOLQHVIRU
WKHUHIHUHQFHDQGGDPDJHGVWDWHV

)LJXUH  KLJKOLJKWV WKH VORSHV RI WKH UHJUHVVLRQ OLQHV IRU WKH UHIHUHQFH DQG WKH GDPDJHG
VWDWHVIRUHDFKPRGH7KHIUHTXHQFLHVff fVKRZQHJDWLYHJUDGLHQWVZKRVHPDJQLWXGHGH
FUHDVHV ZLWK GDPDJH 2QO\ f KDV RSSRVLWH VLJQ DQG LQFUHDVHV FRQVLGHUDEO\ LQ WKH GDPDJHG
VWDWH7KHVHDUHLQGLYLGXDOFKDUDFWHULVWLFVDQGPXVWEHPHDVXUHGDWVLWHLHWRGD\FDQQRWEH
DGKRFVLPXODWHG

)LJXUH(YROYHPHQWRIHLJHQIUHTXHQFLHVGXULQJWKHPRQLWRUHGSHULRG

7RFDUU\RXWWKHSK\VLFDOWHPSHUDWXUHFRPSHQVDWLRQDOOGDWDDUHSURMHFWHGDFFRUGLQJWRWKH
VFKHPHLQ )LJXUHWR D UHIHUHQFHWHPSHUDWXUHZKLFKLV FKRVHQKHUH DW PHGLXP YDOXH tref 
C $ 3&$UHFRQVWUXFWLRQ VWHS LV DOVR SHUIRUPHG WKHQ WKH WKUHH IDPLOLHV RI GDWD DUH SUH
VHQWHG LQ )LJXUH  2QO\ VDPSOHV WKDW DOO WKH PRGHV FRXOG EH LGHQWLILHG DUH FROOHFWHG LQ WKH
REVHUYDWLRQPDWUL[LQWRWDODERXWVDPSOHV7KHGDVKHGYHUWLFDOOLQHVHSDUDWHVWKHLQWDFW
IURPWKHGDPDJHGVWDWHRIWKHEULGJH
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)RUEHWWHUFRPSDULVRQHLJHQIUHTXHQFLHVDUHDQDO\]HGLQVHYHUDOVPDOOEORFNVRIVDP
SOHV 7KH VFDWWHU RI GDWD GRHV QRW QRWDEO\ GLIIHU GXULQJ WKH SURFHVVLQJ DQG LV QRW SUHVHQWHG
KHUH7KHDYHUDJHGYDOXHVRIHLJHQIUHTXHQFLHVDUHVKRZQRQWKHOHIWRI)LJXUHZKLOHRQWKH
ULJKWWKHUHODWLYHGLIIHUHQFHE\PHDQYDOXHVRIHDFKEORFNIURPWKHUHIHUHQFHVWDWHZLWKLQDQ\
IDPLO\RIGDWDLVGHSOR\HG7KHVHUHVXOWVUHYHDOFOHDUO\WKDWLQWKHXQGDPDJHGUHIHUHQFHVWDWH
∆fiFDQYDU\XSWREXWOHVVWKDQDIWHUWKHSK\VLFDOWHPSHUDWXUHFRPSHQVDWLRQ3&$
KHOSVDGGLWLRQDOO\DOLWWOHELWWRGHFUHDVHYDULDWLRQ$IWHULQWURGXFWLRQRIDUWLILFLDOGDPDJHWKH
UHGXFWLRQRIHLJHQIUHTXHQFLHVLVPXFKEHWWHUREVHUYHGE\WKHSURSRVHGFRPSHQVDWLRQSURFH
GXUHV6XFKSURFHVVLQJHQVXUHVYLVLEO\UHOLDELOLW\DQGWKXVIDFLOLWDWHVFRPSDULVRQEHWZHHQGLI
IHUHQW PHDVXUHPHQWV 6FKRPPHU HW DO >@ XVHG VWDWLF GHIRUPDWLRQ GDWD DIWHU SK\VLFDO
WHPSHUDWXUHFRPSHQVDWLRQIRUPRGHOXSGDWLQJDQGVRDFKLHYHGYHU\JRRGUHVXOWV


)LJXUH$YHUDJHGfiDQG¨fiDVVHVVHGIRUHDFKRIWKHIDPLOLHVRIGDWD

7KHSURILFLHQF\RIWKHWHPSHUDWXUHFRPSHQVDWLRQ IRUGDPDJHGHWHFWLRQFDQDOVREHDVVHVVHG
E\1RYHOW\,QGH[NIDVSURSRVHGE\<DQHWDO>@%RWKLQLWLDOUDZGDWDXDQGFRPSHQVDWHG
DUH XVHG WR FRPSXWH NI )LJXUHV  VKRZV NI YHUVXV WLPH RU VDPSOH
GDWD 
QXPEHU DFFRUGLQJO\WR(XFOLGHDQDQG0DKDODQRELVQRUPV,QHDFKILJXUHWKHWRSLPDJHSUH
VHQWVWKHLQGH[HVIURPWKHRULJLQDORUUDZGDWDZKLOHWKHERWWRPLPDJHIROORZLQJWRWKHSK\VL
FDO DQG 3&$ FRPSHQVDWLRQ (YHU\ FKDUW LV VSOLW LQWR  SDUWV UHIHUHQFH DQG GDPDJH VWDWHV
(DFK
VHSDUDWHGDURXQGVDPSOHQ$QRXWOLHUOLPLWLVVHWIRULQVWDQFHDW
VWDWH LV FKDUDFWHUL]HG E\ LWV PHDQ YDOXH DQG RYHUVKRRW FRXQWLQJ WKH SHUFHQWDJH RI LQGH[HV
RYHUSDVVLQJWKHRXWOLHUOLPLW%\PHDQVRI(XFOLGHDQQRUPWKHUDWLREHWZHHQWKHPHDQYDOXHV
 ZHLJKV  E\ WKH UDZ GDWD DQG  E\ WKH
RI WKH GDPDJHG YV WKH UHIHUHQFH VWDWH
FRPSHQVDWHG GDWD ZLWK RYHUVKRRW RI  DQG  UHVSHFWLYHO\ $V IRU 0DKDODQRELV
QRUP WKH UDWLR LV  ZLWK WKH UDZ GDWD DQG GRXEOHG WR  DIWHU WKH VWHS FRPSHQVDWLRQ
ZKLOHRYHUVKRRWJURZVIURPWRUHVSHFWLYHO\6RLQWHUPRIRYHUVKRRWE\WKHUDZ
GDWD WKHUH LV D FOHDU GLVWLQFWLRQ EHWZHHQ WKH WZR QRUPV EXW WKH\ JLYH TXLWH HTXLYDOHQW RXW
FRPHEDVHGRQWKHFRPSHQVDWHGGDWD7KLVFRQILUPVWKHSHUIRUPDQFHDQGLWVVWDELOLW\ RIWKH
SURSRVHGFRPSHQVDWLRQWHFKQLTXH
4

CONCLUSIONS

'DPDJH OHDGV WR PLFURFUDFNLQJ RU FUDFNLQJ RI FRQFUHWH DQG WKHUHIRUH WR VWLIIQHVV ORVV
ZKLFKFDQEHGHWHFWHGIRULQVWDQFHE\UHGXFWLRQRIHLJHQIUHTXHQFLHV%XWWKHVWLIIQHVVRIDV
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SKDOW EHDULQJ SDGV DQG VXEVRLO FDQ DOVR EH DIIHFWHG E\ HQYLURQPHQWDO IDFWRUV ZKLFK FDXVH
DOVRLPSRUWDQWSHUWXUEDWLRQIRUHLJHQIUHTXHQFLHV+HQFHLIHLJHQIUHTXHQFLHVDUHXVHGDVLQSXW
IRUGHWHFWLRQLWLVQHFHVVDU\WRVHSDUDWHWHPSHUDWXUHIURPGDPDJHHIIHFWV

)LJXUH'DPDJHGHWHFWLRQE\1RYHOW\,QGH[±(XFOLGHDQQRUP=EULGJH

)LJXUH'DPDJHGHWHFWLRQE\1RYHOW\,QGH[±0DKDORQRELVQRUP=EULGJH

1202

9+1JX\HQ7.HELJ-&*ROLQYDO60DDV

7KHSUHVHQWSDSHUGRHVQRWSURSRVHDQHZGDPDJHLQGH[EXWIRFXVHVGLUHFWO\RQHLJHQIUH
TXHQFLHVLGHQWLILHGIURPYLEUDWLRQDOWHVWV$WZRVWHSSURFHGXUHLVSURSRVHGEDVHGRQPHDV
XUHG SK\VLFDO VHQVLWLYLW\ DQG RQ GHQRLVLQJ E\ 3&$ 7KH WHFKQLTXH¶V HIILFLHQF\ FRXOG EH
SURYHGE\LWVDSSOLFDWLRQWRWZRUHDOEULGJHV
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>@ 5H\QGHUV(:XUVWHQ*DQG'H5RHFN*  2XWSXWRQO\VWUXFWXUDOKHDOWKPRQL
WRULQJ LQ FKDQJLQJ HQYLURQPHQWDO FRQGLWLRQV E\ PHDQV RI QRQOLQHDU V\VWHP LGHQWLILFD
WLRQ6WUXFWXUDO+HDOWK0RQLWRULQJ  
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DISCUSSION ON ILL-POSED PROBLEM IN DRIVE-BY PAVEMENT
ROUGHNESS IDENTIFICATION
S. Hasegawa, C.W. Kim, K. C. Chang, and N. Toshi




'HSDUWPHQWRI&LYLODQG(DUWK5HVRXUFHV(QJLQHHULQJ.\RWR8QLYHUVLW\-DSDQ
HPDLO^KDVHJDZDVRLFKLURFWRVKLQDR\DQ`#VWN\RWRXDFMS

'HSDUWPHQWRI&LYLODQG(DUWK5HVRXUFHV(QJLQHHULQJ.\RWR8QLYHUVLW\-DSDQ
HPDLO^NLPFKXOZRRXFKDQJNDLFKXQ]`#N\RWRXDFMS

Keywords:,GHQWLILFDWLRQ3DYHPHQWURXJKQHVV,QYHUVHSUREOHP$FFHOHURPHWHU
Abstract. Pavement roughness profile is one of the important factors for bridge and road
health monitoring and there is a variety of methods to measure pavement roughness profile.
Laser displacement sensors have been commonly used for measuring pavement roughness profile and they are attached on a measurement vehicle. However, a laser displacement sensor is
relatively expensive than an accelerometer. Therefore, methods to identify pavement roughness
profile by using accelerometers attached on the measurement car have been developed and
relevant studies become more and more popular in recent years. The identification of pavement
roughness profile is a challenging task as an inverse problem, especially which is so-called illposed problem. In an ill-posed problem, a slight change in the measurement data has a great
effect on identification accuracy. In this paper, the accuracy of several methods for identification of pavement roughness profile using only accelerometers attached on the measurement car
is investigated utilizing both data from simulation and experiment.
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1

INTRODUCTION

3DYHPHQWURXJKQHVVSURILOHLVRQHRIWKHLPSRUWDQWLQGLFDWRUVZKLFKUHSUHVHQWVFRQGLWLRQV
RIURDGVRUEULGJHV,IDSDYHPHQWURXJKQHVVRQDURDGLVYHU\URXJKYHKLFOHVZKLFKUXQRQWKH
SDYHPHQWDUHPRUHHDVLO\YLEUDWHGWKDQRQDVPRRWKSDYHPHQWDQGZRXOGZRUVHQWKHSDYHPHQW
FRQGLWLRQ,WLVDYLFLRXVF\FOHDQGDSSURSULDWHPRQLWRULQJDQGUHSDLUPHQWDUHQHHGHGWRDYRLG
WKHYLFLRXVF\FOH%\NHHSLQJSDYHPHQWURXJKQHVVSURILOHDVVPRRWKDVSRVVLEOHQRWRQO\ULGLQJ
FRPIRUWDELOLW\RIFDUVEXWDOVRDOLIHVSDQRIURDGVDQGEULGJHVFDQEHLQFUHDVHG>@
7KHUHDUHVHYHUDOPHWKRGVWRPHDVXUHSDYHPHQWURXJKQHVVSURILOH7KHEDVLFRQHLVGLUHFW
DQGPDQXDOPHDVXUHPHQWVXFKDVDSURILORPHWHUZKLFKPHDVXUHVSDYHPHQWURXJKQHVVSURILOH
E\ODVHUGLVSODFHPHQWVHQVRUVDQGLWQHHGVWREHUXQPDQXDOO\,WLVDQDFFXUDWHPHWKRGEXWWDNHV
PXFKZRUN7KHUHIRUHDPHDVXUHPHQWFDUZKLFKFDQPHDVXUHSDYHPHQWURXJKQHVVSURILOHXWL
OL]LQJODVHUGLVSODFHPHQWVHQVRUVKDVEHHQGHYHORSHG7KHUHLVDQRWKHUPHWKRGWRPHDVXUHWKH
YHKLFOHD[OHIRUFHVGLUHFWO\DQGFRQYHUWWKHPWRSDYHPHQWURXJKQHVVSURILOH7KRVHGLUHFWPHDV
XUHPHQWPHWKRGVDUHUHYLHZHGLQ>@7KHGLUHFWPHWKRGXWLOL]LQJDPHDVXUHPHQWFDUKDVKLJK
DFFXUDF\DQGOHVVODERUWKRXJKWKHPHDVXUHPHQWFDULVDFRVWO\SDYHPHQWPHDVXULQJPHWKRG
,QUHFHQW \HDUVPHWKRGVWRHVWLPDWHSDYHPHQWURXJKQHVVSURILOHXWLOL]LQJDFFHOHUDWLRQVRQD
UXQQLQJ YHKLFOH KDYH EHHQ VWXGLHG WR UHGXFH ODERU DQG FRVW ZKLOH VDWLVI\LQJ DFFXUDF\ 7KH
PHWKRGXVLQJDFFHOHUDWLRQRIDUXQQLQJYHKLFOHZKLFKLVVRFDOOHGDGULYHE\PHWKRG>@KDV
EHHQVWXGLHGQRWRQO\WRHVWLPDWHSDYHPHQWURXJKQHVVSURILOHEXWDOVRWRGHWHFWFKDQJHLQG\
QDPLFSDUDPHWHUV>@RIEULGJHV+RZHYHULWLVKDUGWRVHFXUHKLJKHUDFFXUDF\LQLGHQWLIL
FDWLRQE\PHDQVRIWKHGULYHE\PHWKRGVLQFHWKHLQSXWGDWDLVRQO\DFFHOHUDWLRQGDWDZKLFK
OHDGVWRDQLOOSRVHGFRQGLWLRQLQWKHLQYHUVHSUREOHP
2QHRIWKHZD\VWRLGHQWLI\SDYHPHQWURXJKQHVVSURILOHLVWRHVWLPDWHWKHYHKLFOHG\QDPLF
IRUFHVILUVWDQGQH[WREWDLQWKHSDYHPHQWURXJKQHVVSURILOHE\VROYLQJDGLIIHUHQWLDOHTXDWLRQ
ZKLFKUHSUHVHQWVDUHODWLRQVKLSEHWZHHQWKHYHKLFOHG\QDPLFIRUFHVDQGWKHSDYHPHQWURXJK
QHVVSURILOH7KHHVWLPDWHGG\QDPLFYHKLFOHIRUFHVE\WKHILUVWVWHSDUHXVHIXOLQIRUPDWLRQQRW
RQO\IRUHVWLPDWLQJSDYHPHQWURXJKQHVVSURILOHEXWDOVRIRUEULGJHGDPDJHGHWHFWLRQLQWHUPV
RIWKHGULYHE\EULGJHLQVSHFWLRQ7KHUHDUHVHYHUDOUHVHDUFKHVUHOHYDQWWRLGHQWLILFDWLRQRIYH
KLFOH G\QDPLF IRUFHV 0RYLQJ )RUFH ,GHQWLILFDWLRQ DOJRULWKP 0),  >@ HVSHFLDOO\ DGDSWLQJ
7LNKRQRYUHJXODUL]DWLRQ>@LVRQHRIWKHHIIHFWLYHPHWKRGV6RPHQXPHULFDOVWXGLHVKDYHEHHQ
UHSRUWHGIRUWKH0),XVLQJPHDVXUHGDFFHOHUDWLRQGDWDRQDPRYLQJYHKLFOH>@>@+RZHYHU
RQO\OLPLWQXPEHURIVWXGLHVFRQVLGHUH[SHULPHQWDOGDWD>@.DOPDQILOWHUPHWKRG>@
IRUYHKLFOHG\QDPLFIRUFHLGHQWLILFDWLRQDOVRKDVEHHQGHYHORSHG>@ZKLFKLVDQHIIHFWLYH
ZD\HVSHFLDOO\LIDFFHOHUDWLRQDQGDQJXODUYHORFLW\RIYHKLFOHDUHPHDVXUHG>@



)LJXUH'2)YHKLFOHPRGHOVFKHPH
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$[OHVSDFLQJ
)URQWD[OHFHQWURLG
5HDUD[OH±FHQWURLG

*HRPHWU\ ݉ 
0DVVPRPHQWRILQHUWLD ݇݃ ή ݉ଶ 
0DVV ݇݃ 
6XVSHQVLRQVSULQJFRQVWDQW ܰȀ݉ 
6XVSHQVLRQGDPSLQJFRHIILFLHQW ܰ ή ݏȀ݉ 

7RWDO
)URQWD[OH
5HDUD[OH
)URQWD[OH
5HDUD[OH
)URQWD[OH
5HDUD[OH













7DEOH9HKLFOHSURSHUWLHV

7KLVVWXG\XWLOL]HVWKHPHWKRGWRHVWLPDWHG\QDPLFYHKLFOHIRUFHVLQLGHQWLILFDWLRQRISDYH
PHQWURXJKQHVVSURILOH6HYHUDOPHWKRGVDUHLQYHVWLJDWHGDQGFRPSDUHGIRFXVLQJRQHFRQRPLFV
RIWKHPHWKRGVZKLFKXWLOL]HRQO\DFFHOHURPHWHUVRQWKHWHVWYHKLFOH%RWKQXPHULFDODQGH[
SHULPHQWDODFFHOHUDWLRQVDUHFRQVLGHUHGLQWKHSDYHPHQWURXJKQHVVSURILOHLGHQWLILFDWLRQDQG
WKHDFFXUDF\RILGHQWLILFDWLRQUHVXOWVLVDVVHVVHGE\DQHUURUIXQFWLRQDQGSRZHUVSHFWUDOGHQVLW\
36' 7KLVSDSHUFRQVLVWVRIILYHVHFWLRQVLQFOXGLQJ,QWURGXFWLRQ,GHQWLILFDWLRQPHWKRGVDUH
H[SODLQHGLQ6HFWLRQLQGHWDLO6HFWLRQGHVFULEHVSDYHPHQWURXJKQHVVSURILOHLGHQWLILFDWLRQ
IURPVLPXODWHGDFFHOHUDWLRQVDQGUHOHYDQWGLVFXVVLRQV3DYHPHQWURXJKQHVVSURILOHLGHQWLILFD
WLRQXWLOL]LQJPHDVXUHGDFFHOHUDWLRQVIURPDILHOGH[SHULPHQWLVGLVFXVVHGLQ6HFWLRQ)LQDOO\
WKHVHFWLRQRI³&21&/86,216´VXPPDUL]HVREVHUYDWLRQV
2

IDENTIFICATION METHOD

2.1 Vehicle model
$YHKLFOHPRGHOXVHGLQWKLVSDSHULVDWZRGHJUHHRIIUHHGRPKDOIFDUPRGHODQGDVFKHPH
RIWKHYHKLFOHPRGHOLVVKRZQLQ)LJXUH3URSHUWLHVRIWKHYHKLFOHXWLOL]HGLQSDYHPHQWURXJK
QHVVSURILOHLGHQWLILFDWLRQLVVKRZQLQ7DEOH³;WUDLO´E\1LVVDQ0RWRU&R/WGLVXVHGGXULQJ
WKHILHOGH[SHULPHQWDVZHOODVLQWKHVLPXODWLRQ$IUHHYLEUDWLRQWHVWZDVDOVRFRQGXFWHGWR
GHWHUPLQHYHKLFOHSURSHUWLHV
2.2 Method
$SDYHPHQWURXJKQHVVSURILOHLVLGHQWLILHGXWLOL]LQJDFFHOHUDWLRQVRIERXQFHDQGSLWFKPR
WLRQVRIWKHPRYLQJYHKLFOH+HUHDFFHOHUDWLRQVRIERXQFHDQGSLWFKPRWLRQVDWWKHFHQWHURI
JUDYLW\RIWKHYHKLFOHERG\DUHHVWLPDWHGXWLOL]LQJERXQFHDFFHOHUDWLRQV PHDVXUHGDWYHKLFOH
IORRURQWKHIURQWDQGUHDUD[OHV7KLVVWXG\DGRSWVILYHPLQLPL]DWLRQVFKHPHVIRUWKHSDYHPHQW
URXJKQHVVSURILOHLGHQWLILFDWLRQDQGWKHLGHQWLILFDWLRQDFFXUDF\RIHDFKVFKHPHLVGLVFXVVHG
)HDWXUHVRIWKRVHILYHVFKHPHVDUHVXPPDUL]HGLQ7DEOH7KRVHILYHVFKHPHVDUHQDPHGDV
'3/&3,0/&3,0(03,0/& / DQG.)UHVSHFWLYHO\$OHDVWVTXDUHPLQLPL]DWLRQ
ZLWK/QRUPUHJXODUL]DWLRQZKLFKLVVRFDOOHG7LNKRQRYUHJXODUL]DWLRQLVDSSOLHGLQ'3/&
3,0/& DQG3,0 (0 $OHDVW VTXDUH PLQLPL]DWLRQ ZLWK / QRUPDV UHJXODUL]DWLRQWHUP
ZKLFKLVFDOOHGDVODVVRUHJUHVVLRQLVDSSOLHGLQ3,0/& / $GLIIHUHQFHEHWZHHQ'3DQG
3,0LVKRZWRVROYHWKHOHDVWVTXDUHPLQLPL]DWLRQ,QWKH'3WKHOHDVWVTXDUHPLQLPL]DWLRQLV
VROYHGE\G\QDPLFSURJUDPPLQJ>@DQGLQ3,0LWLVVROYHGE\XVLQJDSVHXGRLQYHUVHPDWUL[
>@,Q.).DOPDQILOWHULVDSSOLHG
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%DVLFPHWKRG

6ROXWLRQ

/HDVWVTXDUHPLQLPL
]DWLRQ
/HDVWVTXDUHPLQLPL
3,0/&
]DWLRQ
/HDVWVTXDUHPLQLPL
3,0(0
]DWLRQ
3,0/& /HDVWVTXDUHPLQLPL
/ 
]DWLRQ
.)
.DOPDQILOWHU
'3/&

5HJXODUL]DWLRQ
SDUDPHWHUGHWHUPL
QDWLRQ

5HJXODUL]D
WLRQWHUP

/FXUYH

/QRUP

/FXUYH

/QRUP

(0DOJRULWKP

/QRUP

/FXUYH

/QRUP





'\QDPLFSUR
JUDPPLQJ
3VHXGRLQYHUVH
PDWUL[
3VHXGRLQYHUVH
PDWUL[
,WHUDWLYHWKUHVK
ROGLQJDOJRULWKP


7DEOH)HDWXUHVRIILYHPLQLPL]DWLRQVFKHPHV

,QDOOVFKHPHVYHKLFOHG\QDPLFIRUFHVDUHLGHQWLILHGILUVWDQGLQWKHQH[WVWHSWKHSDYHPHQW
URXJKQHVV SURILOH LV REWDLQHGE\VROYLQJ D GLIIHUHQWLDO HTXDWLRQIRUWKHUHODWLRQVKLSEHWZHHQ
YHKLFOHG\QDPLFIRUFHVDQGSDYHPHQWURXJKQHVVSURILOH'LVSODFHPHQWVXQGHUWKHIURQWDQGUHDU
WLUHVRIWKHPRYLQJYHKLFOHDUHHVWLPDWHGE\WKRVHILYHVFKHPHV,IWKHYHKLFOHLVUXQQLQJRQD
URDGHVWLPDWHGGLVSODFHPHQWVXQGHUWKHWLUHVDUHHTXDOWRHVWLPDWHGSDYHPHQWURXJKQHVVSURILOH
'HWDLOVRIHDFKPHWKRGLQ7DEOHDUHH[SODLQHGLQWKHIROORZLQJVXEVHFWLRQV
2.3 DP+LC
'\QDPLFHTXDWLRQRIPRWLRQRIDYHKLFOHLVZULWWHQDV(TXDWLRQ  

ࡹ௩ ࢟ሷ ௩  ௩ ࢟ሶ ௩  ࡷ௩ ࢟௩ ൌ ࢌ௩





ZKHUHࡹ௩ ௩ DQGࡷ௩ DUH PDWULFHV RI PDVV GDPSLQJ DQG VWLIIQHVV RI '2) YHKLFOH UHVSHF
WLYHO\࢟௩ FRQWDLQV YHKLFOH GLVSODFHPHQWV UHOHYDQW WR ERXQFH DQG SLWFK PRWLRQV 'RWV DERYH
YDULDEOHVVWDQGIRUGHULYDWLYHࢌ௩ LVWKHIRUFHYHFWRUDSSOLHGWRYHKLFOHZKLFKLVJHQHUDWHGE\
SDYHPHQWURXJKQHVVSURILOHDQGLWVILUVWGHULYDWLYHDQGFDQEHZULWWHQDV(TXDWLRQ  
ଶ

ۓ


ࢌ௩ ൌ

ሺܭ ݓ  ܥ ݓሶ ሻ

ۗ

ୀଵ
ଶ

۔
ۘ
െ ሺെͳሻ ܦ ሺ ܭ ݓ  ܥ ݓሶ ሻ
 ەୀଵ
ۙ





ZKHUHݓ ܭ DQGܥ UHSUHVHQWSDYHPHQWURXJKQHVVSURILOHVSULQJFRQVWDQWDQGGDPSLQJFRHI
ILFLHQWUHVSHFWLYHO\7KHVXEVFULSWLRQi LVWKHRSHUDWRUWRGHQRWHIURQWDQGUHDUD[OHVLHi LV
WKHIURQWD[OHDQGi LVWKHUHDUD[OHܦ LVWKHGLVWDQFHIURPWKHFHQWURLGRIWKHYHKLFOHERG\
WRHDFKVXVSHQVLRQ7KHHTXDWLRQRIPRWLRQRIWKHYHKLFOHFDQEHUHZULWWHQLQWHUPVRIWKHVWDWH
VSDFHUHSUHVHQWDWLRQDV(TXDWLRQ  



ࢄሶ ൌ ࢄ  ࢌ࢜
ࢄ DQG ࢌ࢜ DUHGHILQHGDVVKRZQLQ(TXDWLRQ  

࢟࢜

ࡵ

ࢄ ൌ ቄ࢟ሶ ቅ ˈ ൌ 
൨ ˈ ࢌ࢜ ൌ  ି ൨
ି
ି
െࡹ࢜ ࡷ࢜ െࡹ࢜ ࢜
ࡹ࢜ ࢌ࢜
࢜
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(TXDWLRQ  LVFRQYHUWHGWRWLPHVHULHVUHSUHVHQWDWLRQDV(TXDWLRQV    DQG  E\VROYLQJ
WKHGLIIHUHQWLDOHTXDWLRQLQ(TXDWLRQ  h LVDWLPHVWHS7KHVXEVFULSWLRQ݆VWDQGVIRUDGLVFUH
WL]HGWLPHLQGH[
ࢄାଵ ൌ ࡹࢄ  ࡳࢍ Ǣ ݆ ൌ ͳˈ ǥ ˈܰ



ࡹ ൌ ݁ 



ࡳ ൌ ൫ିଵ ሺࡹ െ ࡵሻ൯ 



ࡹ௩ ିଵ ࡵ

൨



ZKHUHࢍ LVWKHYHKLFOHG\QDPLFIRUFHYHFWRUZKLFKLVLGHQWLILFDWLRQWDUJHW RIG\QDPLFSUR
JUDPPLQJ)XUWKHUPRUHDQHZVWDWHYHFWRUDQGVWDWHVSDFHPRGHODUHGHILQHGDV(TXDWLRQV  
DQG  UHVSHFWLYHO\
ାଵ ൌ ቂࡹ ࡳቃ ࢄ
  ቂቃ ࢍሶ  Ǣ ݆ ൌ ͳˈ ǥ ˈܰ
ࢄ
 ࡵ 
ࡵ
 ൌ ሾࢄ
ࢄ

ࢍ  ሿ்




 DQGࢍሶ  
$OHDVWVTXDUHPLQLPL]DWLRQSUREOHPLVIRUPXODWHGDV(TXDWLRQ  XVLQJࢄ


  ǡ ࢍሶ  ൯ ൌ ൛ሺሺࢊ െ ࡽࢄ
  ሻǡ ሺࢊ െ ࡽࢄ
  ሻሻ  ሺࢍሶ  ǡ ࢍሶ  ሻൟ
ݎݎܧ൫ࢄ



ୀଵ

 7KHVXEVFULS
+HUHࢊ LVPHDVXUHGDFFHOHUDWLRQGDWDࡽLVDVHOHFWLRQPDWUL[WRUHODWHࢊ DQGࢄ
WLRQ݉VWDQGVIRUERXQFHDQGSLWFKPRWLRQV xy PHDQVRXWHUSURGXFWRIxDQGyFRQWDLQV
WKHUHJXODUL]DWLRQSDUDPHWHUDV۰ ൌ ߣ۷ DQGߣLVWKHUHJXODUL]DWLRQSDUDPHWHUZKLFKNHHSVDEDO
DQFHEHWZHHQILUVWDQGVHFRQGWHUP¶VYROXPH7KHRSWLPDOYDOXHRIߣFDQEHREWDLQHGE\WKH
/FXUYHPHWKRG>@,QWKH/FXUYHPHWKRGFDQGLGDWHVRIߣDUHSUHSDUHGDWILUVW,QWKHQH[W
VWHS Enorm DQGFnorm DUHFDOFXODWHGIRUHDFKRISUHSDUHGߣ Enorm DQGFnormFDQEHZULWWHQDV
VKRZQLQ(TXDWLRQV  DQG  DQGWKH\DUHSORWWHGRQDORJORJJUDSKWKHQFXUYDWXUHRI/
FXUYHLVFDOFXODWHG$WWKHSRLQWZKLFKKDVWKHPD[LPXPFXUYDWXUHRSWLPDOUHJXODUL]DWLRQSD
UDPHWHUYDOXHLVREWDLQHG+HUHEnormDQGFnorm IRUHDFKߣDUHREWDLQHGE\VROYLQJ(TXDWLRQ  
E\PHDQVRIG\QDPLFSURJUDPPLQJ'HWDLOVRQWKHG\QDPLFSURJUDPPLQJDUHVKRZQLQ>
@


  ሻǡ ሺࢊ െ ࡽࢄ
  ሻሻ
ܧ ൌ ඩሺሺࢊ െ ࡽࢄ



ୀଵ



ܨ ൌ ඩሺࢍሶ  ǡ ࢍሶ  ሻ



ୀଵ

 DQGࢍሶ  DUHREWDLQHGࢍ LVDOVRHVWL
%\WKH/FXUYHPHWKRGWKHRSWLPDOߣYDOXHHVWLPDWHGࢄ
PDWHGXWLOL]LQJ ࢍሶ  . )LQDOO\SDYHPHQWURXJKQHVVSURILOHLVREWDLQHGE\VROYLQJWKHGLIIHUHQWLDO
(TXDWLRQ  E\PHDQVRIWKHWK5XQJH.XWWDPHWKRGVXEVWLWXWLQJHVWLPDWHGࢍ DV ࢌ࢜ 
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2.4 PIM+LC
,Q3,0/&XQNQRZQSDUDPHWHUVDUHGHILQHGDV(TXDWLRQ  DQGPHDVXUHGGDWDDUHGH
ILQHGDV(TXDWLRQ  +HUHܡ௩ǡଵ LVDʹ ൈ ͳPDWUL[DQGLQFOXGHVGLVSODFHPHQWVIRUWKHERXQFH
DQGSLWFKPRWLRQVRIWKHYHKLFOH

்
 
࢞ ൌ ൣࢍሶ ଵ ் ࢍሶ ଶ ் ࢍ ڮሶ ே ் ൧


࢟ ൌ ൣ࢟௩ǡଵ ்

࢟௩ǡଶ ்

ڮ

࢟௩ǡே ் ൧

்

$OHDVWVTXDUHPLQLPL]DWLRQSUREOHPLVIRUPXODWHGDV(TXDWLRQ  

ܮଶ ൌ ሼԡ࢟ െ ࡴ࢞ԡଶଶ  ߣԡ࢞ԡଶଶ ሽ
࢞









+HUHࡴ LVDPRGHOPDWUL[ZKLFKLVUHSUHVHQWHGE\(TXDWLRQ  ZKHUHܭDQGܶDUHGHILQHGDV

(TXDWLRQ  


ࡽࢀ

ࢀࡷࡽ ۍ
ࡽࢀ
ێ
ڭ
ڭ
ࡴൌێ
ேିଶ
ேିଷ
ࡽࡷ
ࢀ
ࡽࡷ
ࢀ
ێ
ேିଵ
ேିଶ
ࡷࡽۏ
ࢀ ࡽࡷ
ࢀ

ڮ
ڮ
ڰ
ڮ
ڮ




ې
ۑ
ڭ
ۑ ڭ
ࡽࢀ
ۑ
ࡽࡷࢀ ࡽࢀے







ࡹ ࡳ

 
ࡷൌቂ
ቃ ǡࢀ ൌ ቂ ቃ
 ࡵ
ࡵ
8QGHUWKHDVVXPSWLRQWKDWLQLWLDOFRQGLWLRQVDUHGHILQHGDV(TXDWLRQ  WKHVROXWLRQRIWKH
OHDVWVTXDUHPLQLPL]DWLRQLVREWDLQHGDV(TXDWLRQ  

 
ࢄ ൌ ሾ   ሿ் , ࢍ ൌ ሾ ሿ்


࢞௦௧ǡ ൌ ሺࡴ் ࡴ  ߣࡵሻିଵ ࡴ் ࢟





ZKHUH࢟LQGLFDWHVPHDVXUHGGDWD2SWLPDOYDOXHRIߣLVREWDLQHGE\WKH/FXUYHPHWKRGDQG
ILQDOO\ SDYHPHQWURXJKQHVVSURILOHLVREWDLQHGE\ VROYLQJ(TXDWLRQ   E\ PHDQV RIWKHWK
5XQJH.XWWDPHWKRG
2.5 PIM+EM
7KH3,0(0LVEDVLFDOO\VDPHZLWK3,0/&EXWWKHRQO\GLIIHUHQFHLVKRZWRGHWHUPLQH
WKHRSWLPDOYDOXHRIUHJXODUL]DWLRQSDUDPHWHUߣ,Q3,0(0WKHRSWLPDOߣLVGHWHUPLQHGE\WKH
(0DOJRULWKP>@ZKLOH/FXUYHPHWKRGLVXVHGLQ3,0/&,QWKH(0DOJRULWKPXQNQRZQ
DQGPHDVXUHGSDUDPHWHUVDUHWUHDWHGDVUDQGRPYDULDEOHVZKLFKIROORZDQRUPDOGLVWULEXWLRQ
$UHODWLRQVKLSEHWZHHQ࢞ DQG࢟ DUHPRGHOHGDV(TXDWLRQ  

 
࢟ ൌ ࡴ࢞  ࢿ
7KHPDWUL[ࡴ LVVDPHZLWK(TXDWLRQ  ࢿLQGLFDWHVDQRLVHZKLFKIROORZVDQRUPDOGLVWULEX
WLRQDV(TXDWLRQV  DQG  

 
ࢿ̱ܰሺࢿȁǡ ࢫି ሻ


ࢫ ൌ ߚࡵ





ࢫLVLQYHUVHFRYDULDQFHPDWUL[RIWKHQRLVH$SULRUGLVWULEXWLRQRI࢞ LVGHILQHGDV(TXDWLRQV
 DQG  ZKLFKIROORZVQRUPDOGLVWULEXWLRQ
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݂ሺ࢞ሻ̱ܰሺ࢞ȁࣆǡ ࣏ିଵ ሻ



࣏ ൌ ߙࡵ



7KHUHDUHWZRVWHSVLQWKH(0DOJRULWKPZKLFKDUHFDOOHG(VWHSDQG0VWHSDQGWKHVHWZR
VWHSVDUHFRQGXFWHGDOWHUQDWLYHO\XQWLOHVWLPDWHGSDUDPHWHUVFRQYHUJH,QWKH(VWHSHVWLPDWHG
XQNQRZQSDUDPHWHUVDUHFDOFXODWHGXWLOL]LQJߙDQGߚLQ(TXDWLRQ  
࢞௦௧ǡாெ

ߙ ିଵ ்
ൌ ൬ࡴ ࡴ  ࡵ൰ ࡴ ࢟
ߚ



்

$QLQYHUVHFRYDULDQFHPDWUL[RI࢞௦௧ǡாெ LVHVWLPDWHGE\(TXDWLRQ  
 
ࢣ ൌ ߙࡵ  ߚࡴ் ࡴ
,QWKHDOJRULWKPDQLQLWLDOYDOXHRIࢣVKRXOGEHGHILQHGEHIRUHLWHUDWLYHFDOFXODWLRQVWDUWV,Q
WKH0VWHSߙDQGߚYDOXHVDUHXSGDWHGE\XVLQJ࢞௦௧ǡாெ DQGࢣDV(TXDWLRQV  DQG  
ͳ
ଶ

ߙ ିଵ ൌ ቂฮ࢞௦௧ǡாெ ฮଶ  ݎݐሺࢣିଵ ሻቃ
ܰ
ͳ

ߚ ିଵ ൌ ሾԡ࢟ െ ࡴ࢞ԡଶଶ  ݎݐሺࡴ் ࡴࢣିଵ ሻሿ
ܯ
5HSHDWLQJWKH(VWHSDQG0VWHSDOWHUQDWLYHO\ZHFDQLGHQWLI\XQNQRZQSDUDPHWHUVE\(TXDWLRQ
 ZLWKFRQYHUJHGߙDQGߚ3DYHPHQWURXJKQHVVSURILOHLVREWDLQHGE\VROYLQJ(TXDWLRQ  
E\PHDQVRIWKHWK5XQJH.XWWDPHWKRGZLWKLGHQWLILHGYHKLFOHIRUFHV
2.6 PIM+LC(L1)
,Q 3,0/& /  XQNQRZQ SDUDPHWHU࢞ PHDVXUHG GDWD࢟ DQG LQLWLDO SDUDPHWHUV ܆ ǡ   DUH
GHILQHGDVZHOODV3,0/&+RZHYHUDUHJXODUL]DWLRQWHUPRIWKHOHDVWVTXDUHPLQLPL]DWLRQ
EHFRPHVGLIIHUHQW,Q3,0/& / DOHDVWVTXDUHPLQLPL]DWLRQSUREOHPLVIRUPXODWHGDV(TXD
WLRQ  
ܮଵ ൌ ሼԡ࢟ െ ࡴ࢞ԡଶଶ  ߣԡ࢞ԡଵ ሽ



࢞

,W LV GLIILFXOW WR REWDLQDQDQDO\WLFDO VROXWLRQ RI(TXDWLRQ   EHFDXVH DUHJXODUL]DWLRQWHUP
WDNHVDEVROXWHYDOXHRIXQNQRZQSDUDPHWHUV7KHUHIRUHDQLWHUDWLYHWKUHVKROGLQJDOJRULWKPLV
DGRSWHGLQRUGHUWRREWDLQDQDSSUR[LPDWHGVROXWLRQ,QWKHLWHUDWLYHWKUHVKROGLQJDOJRULWKPWKH
OHDVWVTXDUHPLQLPL]DWLRQZKLFKKDVDIRUPDVVKRZQLQ(TXDWLRQ  LVQHZO\GHILQHGLQRUGHU
WRPDNHWKHVROXWLRQREWDLQDEOH
ܮ௪ ൌ ሼԡ࢟௪ െ ࢞ԡଶଶ  ߣԡ࢞ԡଵ ሽ
࢞



(TXDWLRQ  LVDVXUURJDWHIXQFWLRQZKLFKUHPRYHVࡴIURP(TXDWLRQ  DQGKHOSFRQYHUW
LQJ(TXDWLRQ  WR(TXDWLRQ  (TXDWLRQ  FRQVLGHUVDQ\࢞௧ DVDQLQSXW
ே

ܩሺ࢞ǡ ࢞௧ ሻ ൌ  ܮଵ ሺ࢞௧ ሻ  
ୀଵ

݀ܮଵ ൫ݔ௧ǡ ൯
ߩ
൫ݔ െ ݔ௧ǡ ൯  ԡ࢞ െ ࢞௧ ԡଶଶ
݀ݔ
ʹ



ZKHUHߩLVDOHDUQLQJUDWHRIWKHLWHUDWLYHFDOFXODWLRQ(TXDWLRQ  FDQEHUHZULWWHQDV(TXD
WLRQ  
ே

ଶ

ͳ ݀ܮଵ ൫ݔ௧ǡ ൯
ߩ
ܩሺ࢞ǡ ࢞௧ ሻ ൌ  ቊቆݔ௧ǡ െ
ቇ െ ݔ ቋ  ܿݐݏ݊Ǥ
ߩ ݀ݔ
ʹ
ୀଵ
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7KH VXSSRUW IXQFWLRQܩሺ࢞ǡ ࢞௧ ሻKDV IROORZLQJ WZR FKDUDFWHULVWLFVܩሺ࢞ǡ ࢞௧ ሻ FURVVHV ZLWKܮଵ ሺ࢞ሻ
DW࢞ ൌ ࢞௧ ܮଵ ሺ࢞ሻ  ܩሺ࢞ǡ ࢞௧ ሻ IRUDQ\࢞
%\XVLQJܩሺ࢞ǡ ࢞௧ ሻ, DQHZOHDVWVTXDUHPLQLPL]DWLRQSUREOHPLVIRUPXODWHGDV(TXDWLRQ  

࢞௧௨ ൌ ሺܩሺ࢞ǡ ࢞௧ ሻ  ߣԡ࢞ԡଵ ሻ
 
࢞

࢞௧௨ LVDVROXWLRQRIWKHOHDVWVTXDUHPLQLPL]DWLRQ 7KHVROXWLRQRI(TXDWLRQ  LVVKRZQLQ
(TXDWLRQ  ZKLFKLVJLYHQE\DVRIWWKUHVKROGLQJIXQFWLRQܵఒ 

ͳ ݀ܮଵ ൫ݔ௧ǡ ൯
 
ݔ௧௨ǡ ൌ ܵఒ ቆݔ௧ǡ െ
ቇ
ߩ ݀ݔ
(TXDWLRQ  FDQEHH[SUHVVHGDV(TXDWLRQ  

ͳ
࢞௧௨ ൌ ܵఒ ൭࢞௧  ் ሺ࢟ െ ࡴ࢞ሻ൱
ߩ
7KHVRIWWKUHVKROGLQJIXQFWLRQܵఒ LVGHILQHGDV(TXDWLRQ  IRUDQ\

ߣ
ሺ ൏ െߣሻ
ሺെߣ    ߣሻ
ܵఒ ሺሻ ൌ ቐ Ͳ
 െ ߣ
ሺ  ߣሻ









$JDLQͳȀߩGHQRWHVDOHDUQLQJUDWHRIUHSHWLWLYHFDOFXODWLRQDQGWKHYDOXHRIͳȀߩLVGHILQHGDV
(TXDWLRQ  

ͳ
ͳ
ൌ
 
ߩ  σ หࡴ் ࡴ ห






8QWLOFRQYHUJHQFH(TXDWLRQ  LVUHSHWLWLYHO\FDOFXODWHGDQG࢞ LVXSGDWHG2QFHLWFRQYHUJHG
HVWLPDWHG࢞LV REWDLQHG 'HWDLOV DERXW DOO SURFHVV RI LWHUDWLYH WKUHVKROGLQJ DOJRULWKP FDQ EH
FRQILUPHGLQ>@7KHRSWLPDOYDOXHRIWKHUHJXODUL]DWLRQSDUDPHWHUߣLVREWDLQHGE\WKH/
FXUYHPHWKRGDVZHOODV'3/&)LQDOO\SDYHPHQWURXJKQHVVSURILOHLVREWDLQHGE\VROYLQJ
(TXDWLRQ  E\PHDQVRIWKHWK5XQJH.XWWDPHWKRG
2.7 KF
,Q.)XQNQRZQYHKLFOHG\QDPLFIRUFHVDUHHVWLPDWHGE\WKH.DOPDQILOWHU8QNQRZQSD
UDPHWHUVDQGVWDWHVSDFHPRGHODUHGHILQHGDV(TXDWLRQV  DQG  

்
 
ࢠ ൌ ൣ࢟௩ǡ ் ࢟ሶ ௩ǡ ் ࢟ሷ ௩ǡ ் ࢍ ் ൧


ࢠାଵ ൌ ࡿࢠ  ࢁઽݏǡ݆ Ǣ ݆ ൌ ͳˈ ǥ ˈܰ





ࡿ LVREWDLQHGE\DSSO\LQJ:LOVRQߠPHWKRGWR(TXDWLRQ  DQGKRZWRGHULYHࡿDQG ࢁ FDQEH
FRQILUPHGLQ>@7KHVWDWHVSDFHPRGHOLQFOXGHVV\VWHPQRLVHWHUPVLQFHXQNQRZQSDUDPHWHUV
DQGPHDVXUHPHQWGDWDDUHWUHDWHGDVUDQGRPSDUDPHWHUVLQWKH.DOPDQILOWHU6\VWHPQRLVHLV
DVVXPHGWRIROORZDQRUPDOGLVWULEXWLRQDV(TXDWLRQ  

 
ࢿ௦ ̱ܰሺࢿ௦ ȁǡ ࡼሻ
+HUHV\VWHPQRLVHLVRQO\DSSOLHGWRVWGHULYDWLYHRIYHKLFOHIRUFHVDQGLWLVWUHDWHGDVDGULYLQJ
QRLVHRIWKHZKROHV\VWHP0HDVXUHPHQWQRLVHLVDOVRLQWURGXFHGDQGDUHODWLRQVKLSEHWZHHQ
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XQNQRZQSDUDPHWHUVDQGPHDVXUHPHQWGDWDLVGHILQHGDV(TXDWLRQ  0HDVXUHPHQWQRLVH
IROORZVQRUPDOGLVWULEXWLRQDV(TXDWLRQ  
ࢊ ൌ ࡴࢠ  ࢿǡ



ࢿ ̱ܰሺࢿ ȁǡ ࡾሻ



$WILUVWLWLVQHHGHGWRVHWXSLQLWLDOYDOXHVRILQYHUVHFRYDULDQFHPDWULFHVࡼࡾDQGW+HUHW
LVDQFRYDULDQFHPDWUL[RIVWDWHYHFWRUࢠ 7KHPDLQSURFHVVRIWKH.DOPDQILOWHULQFOXGHVWZR
VWHSVDVIROORZV
(a) Prediction step
8WLOL]LQJࢠ HVWLPDWHDVWDWHYHFWRURIWKHQH[WVWHSࢠതାଵE\(TXDWLRQ   3ULRUSUHGLFWLRQ 
&DOFXODWHWKHLQYHUVHFRYDULDQFHPDWUL[RIࢠതାଵE\(TXDWLRQ   3ULRUGLVWULEXWLRQ 
(b) Modification step
&DOFXODWH.DOPDQJDLQࡷ E\(TXDWLRQ  
0RGLI\WKHHVWLPDWHGVWDWHYHFWRUE\(TXDWLRQ   3RVWHULRUSUHGLFWLRQ 
ାଵ DV(TXDWLRQ   3RVWHULRU
0RGLI\WKHLQYHUVHFRYDULDQFHPDWUL[RIWKHVWDWHYHFWRUࢃ
GLVWULEXWLRQ 
ࢠതାଵ ൌ ࡷࢠ



ࢃାଵ ൌ ࡿࢃ ࡿ்  ࢁࡼ ࢁ்



ࡷ ൌ ࢃାଵ ࡴ் ሺࡴ் ࢃାଵ ࡴ  ࡾሻିଵ



ࢠොାଵ ൌ ࢠതାଵ  ࡷ ൫܌ାଵ െ ࡴࢠതାଵ ൯



ାଵ ൌ ൫ࡵ െ ࡷ ࡴ൯ࢃାଵ
ࢃ



)RUHDFKVWHSIURPj WRj N D 3UHGLFWLRQVWHSDQG E 0RGLILFDWLRQVWHSDUHSURFHVVHGDQG
ࢠොାଵFDQEHREWDLQHGVWHSE\VWHS7KHQHVWLPDWHGࢍ LVH[WUDFWHGIURPࢠො )LQDOO\SDYHPHQW
URXJKQHVVSURILOHLVREWDLQHGE\VROYLQJ(TXDWLRQ  E\PHDQVRIWKHWK5XQJH.XWWDPHWKRG
ZLWKXVLQJREWDLQHGࢍ 
3

DISCUSSION FROM SIMULATION

3.1 Setting
$FFXUDF\RIHDFKPHWKRGLVFRPSDUHGXWLOL]LQJVLPXODWHGDFFHOHUDWLRQVNLQGVRISDYH
PHQW URXJKQHVV SURILOHV DUH JHQHUDWHG UDQGRPO\ DQG DOO RI WKHP DUH FDWHJRUL]HG DV UDQN $
IROORZLQJ ,62  )LUVW DFFHOHUDWLRQ GDWD DUH VLPXODWHG XWLOL]LQJ JHQHUDWHG  NLQGV RI
SDYHPHQW URXJKQHVV SURILOHV DQG WKH YHKLFOH ZKRVH SURSHUWLHV DUH VXPPDUL]HG LQ 7DEOH 
7KRVHVLPXODWHGDFFHOHUDWLRQVDUHDVVXPHGDVPHDVXUHGGDWD9HKLFOHUXQQLQJVSHHGLV
PVDQGVDPSOLQJIUHTXHQF\LV+]7KH:LOVRQߠPHWKRGZDVDGRSWHGWRVROYH(TXDWLRQ
 ZLWKߠ ൌ ͳǤͶʹͲͺͳͷ$FFHOHUDWLRQGDWDLVFRQWDPLQDWHGE\PHDVXUHPHQWQRLVHDQGWKHQRLVH
IROORZVDQRUPDOGLVWULEXWLRQZKRVHPHDQYDOXHLVDQGVWDQGDUGGHYLDWLRQLVRIRULJLQDO
PHDVXUHGGDWD¶VVWDQGDUGGHYLDWLRQ)RUHDFKRIVLPXODWHGDFFHOHUDWLRQGDWDSDYHPHQWURXJK
QHVVSURILOHLVLGHQWLILHGXWLOL]LQJPHWKRGVLQWURGXFHGLQVHFWLRQ7KHUDQJHDQGLQWHUYDORI
UHJXODUL]DWLRQSDUDPHWHUVLQWKH/FXUYHPHWKRGDUHVXPPDUL]HGLQ7DEOH&DQGLGDWHVRIUHJ
XODUL]DWLRQSDUDPHWHUVDUHH[SUHVVHGDVDIRUPRIͳͲ DQGE\FKDQJLQJWKHYDOXHRI݊DQDUUD\
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RIFDQGLGDWHVRIUHJXODUL]DWLRQSDUDPHWHUVLVVHWXS$QH[DPSOHRI/FXUYHLVVKRZQLQ)LJXUH

)RUWKH(0DOJRULWKPRI3,0(0LQLWLDOYDOXHVRIߙDQGߚDUHGHILQHGDVDQGUHVSHF
WLYHO\$QXPEHURILWHUDWLRQVRIWKH(0DOJRULWKPLV)RUWKH.)DVHWWLQJRIWKHSDUDPH
WHUVLVVKRZQLQ7DEOH7KRVHSDUDPHWHUVDUHGHWHUPLQHGE\WULDODQGHUURU,QRUGHUWRDVVHVV
LGHQWLILFDWLRQ DFFXUDF\ RI HDFK PHWKRG (IIHFWLYH (UURU )XQFWLRQ (()  GHILQHG DV HTXDWLRQ
 LVXVHG

ே

ͳ
ଶ
 ൌ  ඩ൫ݎ௧௨ǡ െ ݎ௦௧ǡ െ ܽ൯ 
 ܰ





ୀଵ

ZKHUHݎ௧௨ DQGݎ௦௧ DUHWUXHDQGHVWLPDWHGSDYHPHQWURXJKQHVVSURILOHUHVSHFWLYHO\7KHLGHQ
WLILHGSDYHPHQWURXJKQHVVSURILOHPHDQVWKHLGHQWLILHGGLVSODFHPHQWXQGHUWKHUHDUWLUHRIWKH
PRYLQJ YHKLFOH 6XEVFULSW ݈LQGLFDWHV D GLVFUHWH GLVWDQFH LQGH[ LQ YHKLFOH UXQQLQJ GLUHFWLRQ
6KLIWSDUDPHWHUܽLVLQWURGXFHGLQRUGHUWRPHDVXUHWKHLGHQWLILFDWLRQHUURUPRUHSUHFLVHO\WKDQ
WKHQRUPDO506( 5RRW0HDQ6TXDUH(UURU 7KHUDQJHRIVKLIWSDUDPHWHULVIURPെͳͲଶ WR
ͳͲଶ DQGWKHLQWHUYDOLVͳͲିହ 
3.2 Results and discussion
7DEOHVKRZVDYHUDJHDQGVWDQGDUGGHYLDWLRQRIWKH(()IRULGHQWLILFDWLRQUHVXOWVE\
HDFKLGHQWLILFDWLRQPHWKRG(()RISDYHPHQWURXJKQHVVSURILOHVDUHVKRZQLQ)LJXUH.)
VKRZVWKHPD[LPXPDYHUDJH(()DQG3,0/& / VKRZVWKHPLQLPXPDYHUDJH(()DPRQJ
DOOVFKHPHV$QH[DPSOHRIWKHLGHQWLILHGSDYHPHQWURXJKQHVVSURILOHVLVVKRZQLQ)LJXUH
:KHQFRPSDULQJ(()EHWZHHQ'3/&DQG3,0/&'3/&VKRZHGVPDOOHU(()YDOXH
ZKLOHWKHRUHWLFDOO\VDPHVROXWLRQVVKRXOGEHREWDLQHGE\WKHVHWZRPHWKRGV$SRVVLEOHUHDVRQ
LVWKDWWKHUHDUHHUURUVUHODWHGWRQXPHULFDOFDOFXODWLRQRILQYHUVHPDWULFHVDQGLWOHDGVWRGLIIHU
HQFHLQRSWLPDOUHJXODUL]DWLRQSDUDPHWHUYDOXHV(VSHFLDOO\3,0/&LQFOXGHVDFDOFXODWLRQRI
DODUJHLQYHUVHPDWUL[ZKLFKPD\OHDGWRDJUHDWHUHUURUWKDQ'3/&,Q'3/&DWRWDOFRVW
IXQFWLRQLVEURNHQGRZQLQWRVLPSOHUVXESUREOHPVLQDUHFXUVLYHPDQQHUDQGWKHSURFHVVGRHV
QRWLQFOXGHWKHODUJHVL]HLQYHUVHPDWUL[FDOFXODWLRQ,QWHUPVRIDFFXUDF\'3/&LVEHWWHUWKDQ
3,0/&ZKLOH3,0/&KDVDQDGYDQWDJHRQVLPSOLFLW\$VDOUHDG\VKRZQLQ(TXDWLRQ  
WKHVROXWLRQRI3,0/&LVPXFKVLPSOHUDQGHDVLHUWRXQGHUVWDQGWKDQWKDWRI'3/&7KHUH
IRUHLWFDQEHVDLGWKDW3,0KDVPXFKKLJKHUSRWHQWLDOWREHGHYHORSHGDQGLPSURYHGWKDQ'3


)LJXUH$QH[DPSOHRI/FXUYH
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0HWKRG
'3/&
3,0/&
3,0/& / 

/RZHUHGJHRI݊




8SSHUHGJHRI݊




'LYLVLRQLQWHUYDORI݊




7DEOH5DQJHRIUHJXODUL]DWLRQSDUDPHWHUFDQGLGDWHVLQ/FXUYHPHWKRGLQVLPXODWLRQGLVFXVVLRQ

,QLWLDOYDOXHRIVWDWHYHFWRU
&RYDULDQFHPDWUL[RIV\VWHPQRLVH
&RYDULDQFHPDWUL[RIPHDVXUHPHQWQRLVH
,QLWLDOYDOXHRIFRYDULDQFHPDWUL[RIVWDWHYHFWRU

ሾͲ

Ͳ Ͳ Ͳ Ͳ Ͳ Ͳ Ͳሿ் 
ͳͲିସ ൈ ࡵൈ 
ͳͲିଶ ൈ ࡵൈ 
ͳͲିଵସ ൈ ࡵૡൈૡ 

7DEOH,QLWLDOSDUDPHWHUVLQ.)

$YHUDJH
6WDQGDUG'HYLDWLRQ

'3/&



3,0/&



3,0(0 '3/& / 
.)







7DEOH$YHUDJHDQGGHYLDWLRQRI())RIHDFKPHWKRG

)LJXUH(()RIDOOPHWKRGVIRUSDYHPHQWURXJKQHVVSURILOHVLQVLPXODWLRQ

)LJXUH([DPSOHRILGHQWLILHGSDYHPHQWURXJKQHVVSURILOHVE\HDFKPHWKRG

:KHQFRPSDULQJ(()EHWZHHQ3,0/&DQG3,0(0OLWWOHGLIIHUHQFHRQ(()YDOXHZDV
REVHUYHG7KH/FXUYHPHWKRGQHHGVPXFKOHVVWLPHWKDQWKH(0DOJRULWKPWKHUHIRUHEDVLFDOO\
3,0/&LVEHWWHUWKDQ3,0(0FRQVLGHULQJFDOFXODWLRQWLPH,QFRPSDULVRQRI(()VEHWZHHQ
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'3/& DQG 3,0/& /  QR FOHDU GLIIHUHQFH ZDV REVHUYHG HYHQ WKRXJK 3,0/& / 
VKRZHGDOLWWOHVPDOOHU(()+RZHYHU3,0/& / QHHGVPRUHFDOFXODWLRQWLPHWKDQ'3/&
DV3,0/& / WDNHVDQLWHUDWLYHFDOFXODWLRQ:KHQFRPSDULQJ(()EHWZHHQ'3/&DQG.)
'3/&UHVXOWHGLQPXFKOHVV(()WKDQ.)6WDQGDUGGHYLDWLRQRI(()RI'3/&ZDVVPDOOHU
WKDQ.)7KHUHIRUH'3/&ZDVPRUHDFFXUDWHDQGVWDEOHPHWKRG
4

DISCUSSION FROM EXPERIMENT

4.1 Experimental setting
)RUIXUWKHUGLVFXVVLRQDERXWDFFXUDF\RIHDFKPHWKRGGDWDIURPDILHOGH[SHULPHQWZHUH
H[DPLQHG,QWKHILHOGH[SHULPHQWDFFHOHUDWLRQVRIWKHPRYLQJYHKLFOHDUHPHDVXUHGDQGWKHQ
SDYHPHQWURXJKQHVVSURILOHXQGHUWKHYHKLFOHSDVVDJHLVLGHQWLILHG$FFHOHURPHWHUVZHUHLQ
VWDOOHGDWWZRSRLQWVLQWKHOHIWVLGHRIWKHWHVWYHKLFOH7KHPHDVXUHGDFFHOHUDWLRQGDWDLQWKH
YHUWLFDOGLUHFWLRQDUHFRQYHUWHGWRDFFHOHUDWLRQIRUWKHERXQFHDQGSLWFKPRWLRQV4XDUW]VHQVRUV
0$$&[E\6HLNR(SVRQ&RUSRUDWLRQ  DUHXVHGLQ WKHH[SHULPHQW 7KH VDPSOLQJIUH
TXHQF\RIPHDVXUHPHQWZDV+]7KHWDUJHWURDGZDVORFDWHGRQDVWHHOSODWHJLUGHUEULGJH
ZKRVHVSDQOHQJWKLVP$QDFFXUDWHSDYHPHQWURXJKQHVVSURILOHLVPHDVXUHGE\DODVHU
SURILORPHWHU7KLVSDYHPHQWURXJKQHVVSURILOHPHDVXUHGE\WKHSURILORPHWHULVFDOOHGDV³7UXH´
SDYHPHQWURXJKQHVVSURILOHLQWKLVSDSHUDQGFRPSDUHGZLWKLGHQWLILHGUHVXOWV7KHSDYHPHQW
URXJKQHVVSURILOHZDVPHDVXUHGWKUHHWLPHVGXULQJWKHH[SHULPHQWDQGFDOOHGDV77DQG7
UHVSHFWLYHO\
,GHQWLILHGSDYHPHQWURXJKQHVVSURILOHVE\'3/&DQG.)DUHFRPSDUHGZLWKWKHWUXHSURILOH
7ZRPHWKRGVZHUHFKRVHQVLQFH'3/&VKRZHGKLJKHUDFFXUDF\DQGVKRUWHUFDOFXODWLRQWLPH
LQ VLPXODWLRQ EDVHG LQYHVWLJDWLRQV ZKLOH .) DGRSWV GLIIHUHQW FRQFHSWV FRPSDULQJ WR RWKHU
PHWKRGV7KHUDQJHDQGLQWHUYDORIUHJXODUL]DWLRQSDUDPHWHUVLQWKH/FXUYHPHWKRGDUHVKRZQ
LQ7DEOH7KRVHSDUDPHWHUVLQ.)WRGHWHUPLQHWKHH[SHULPHQWDOGDWDDUHVKRZQLQ7DEOH
9HKLFOHUXQQLQJVSHHGVIRU77DQG7ZHUHDERXWPVPVDQGPVUHVSHFWLYHO\
0HWKRG
'3/&

/RZHUHGJHRI݊


8SSHUHGJHRI݊


'LYLVLRQLQWHUYDORI݊


7DEOH5DQJHRIUHJXODUL]DWLRQSDUDPHWHUFDQGLGDWHVLQ/FXUYHPHWKRGLQH[SHULPHQWDOGLVFXVVLRQ

,QLWLDOYDOXHRIVWDWHYHFWRU
&RYDULDQFHPDWUL[RIV\VWHPQRLVH
&RYDULDQFHPDWUL[RIPHDVXUHPHQWQRLVH
,QLWLDOYDOXHRIFRYDULDQFHPDWUL[RIVWDWHYHFWRU

ሾͲ Ͳ Ͳ Ͳ Ͳ Ͳ Ͳ Ͳሿ் 
ͳͲିଶ ൈ ࡵଶൈଶ
ͳͲିଵଷ ൈ ࡵଶൈଶ 
ͳͲିଵସ ൈ ࡵ଼ൈ଼ 

7DEOH,QLWLDOSDUDPHWHUVRI.)LQH[SHULPHQWDOGLVFXVVLRQ

)LJXUH,GHQWLILHGSDYHPHQWURXJKQHVVSURILOHLQH[SHULPHQW 7 
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)LJXUH,GHQWLILHGSDYHPHQWURXJKQHVVSURILOHLQH[SHULPHQW 7 

)LJXUH,GHQWLILHGSDYHPHQWURXJKQHVVSURILOHLQH[SHULPHQW 7 

)LJXUH36'RILGHQWLILHGSDYHPHQWURXJKQHVVSURILOHLQH[SHULPHQW 7 

)LJXUH36'RILGHQWLILHGSDYHPHQWURXJKQHVVSURILOHLQH[SHULPHQW 7 

)LJXUH36'RILGHQWLILHGSDYHPHQWURXJKQHVVSURILOHLQH[SHULPHQW 7 
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4.2 Results and discussion
,GHQWLILHGSDYHPHQWURXJKQHVVSURILOHVE\'3/&DQG.)DUHVKRZQLQ)LJXUHVDQG
IRU77DQG7UHVSHFWLYHO\7KHSDYHPHQWURXJKQHVVSURILOHVDUHLGHQWLILHGLQJRRG
DFFXUDF\E\'3/&+RZHYHU.)UHVXOWHGLQSRRULGHQWLILFDWLRQRIWKHSDYHPHQWURXJKQHVV
SURILOH,WLVQRWHGWKDWUXQQLQJVSHHGVZHUHQRWFRQVWDQWGXULQJWKHH[SHULPHQWDQGDVDUHVXOW
WKHORFDWLRQRIWUXHDQGLGHQWLILHGSDYHPHQWURXJKQHVVSURILOHVGLGQRWFRLQFLGHZLWKHDFK
RWKHU7KHUHIRUHSRZHUVSHFWUDOGHQVLW\ 36' RIWKHLGHQWLILHGSDYHPHQWURXJKQHVVSURILOHV
DUHH[DPLQHG36'FXUYHVRILGHQWLILHGSDYHPHQWURXJKQHVVSURILOHVE\'3/&DQG.)DUH
VKRZQLQ)LJXUHVDQGIRU77DQG7UHVSHFWLYHO\36'FXUYHVVKRZWKDW'3/&
KDVFRPSDUDEOHUHVXOWVZLWKWKHWUXHRQH2QWKHRWKHUKDQGWKH36'RI.)LVFRPSOHWHO\
GLIIHUHQWOHYHOIURPWKHWUXHRQH,QWKHVLPXODWLRQE\.)DURXJKVKDSHRISDYHPHQWURXJK
QHVVSURILOHLVLGHQWLILHGHYHQLIWKHDFFXUDF\LVZRUVH
5

CONCLUSIONS
)URPWKHGLVFXVVLRQXWLOL]LQJVLPXODWLRQGDWDREVHUYHGUHVXOWVDUHVXPPDUL]HGDVIROORZV
x '\QDPLF 3URJUDPPLQJ '3  KDV D OHVV LGHQWLILFDWLRQ HUURU WKDQ 3VHXGR ,QYHUVH 0DWUL[
3,0 PHWKRGDVWKHODWWHUPHWKRGLQFOXGHVDFDOFXODWLRQRIODUJHVL]HLQYHUVHPDWUL[LQWKH
LGHQWLILFDWLRQSURFHVV
x /LWWOHGLIIHUHQFHEHWZHHQ/FXUYHPHWKRGDQG(0DOJRULWKPZDVREVHUYHGIRUGHWHUPLQLQJ
WKHRSWLPDOUHJXODUL]DWLRQSDUDPHWHUYDOXH,WZDVDOVRREVHUYHGWKDWWKH/FXUYHKDVOHVV
FDOFXODWLRQWLPHWKDQ(0DOJRULWKP
x 7KHOHDVWVTXDUHPLQLPL]DWLRQZLWK/QRUP '3/& / VKRZHGWKHPRVWDFFXUDWHLGHQ
WLILFDWLRQUHVXOW+RZHYHULWWDNHVPRUHFDOFXODWLRQWLPHWKDQ/QRUPUHJXODUL]DWLRQDVLW
QHHGVUHSHWLWLYHFDOFXODWLRQXQWLOWKHFRQYHUJHQFHRISDUDPHWHUV
)URPWKHGLVFXVVLRQXWLOL]LQJPHDVXUHGGDWDIURPWKHILHOGH[SHULPHQWREVHUYHGUHVXOWVDUH
VXPPDUL]HGDVIROORZV
x '3/&VKRZVWKHUHDVRQDEOHDFFXUDF\RISDYHPHQWURXJKQHVVSURILOHLGHQWLILFDWLRQ,GHQ
WLILHG36'LVDOVRFRPSDUDEOHZLWKWKHWUXH
x .)UHVXOWHGLQSRRULGHQWLILFDWLRQRIWKHSDYHPHQWURXJKQHVVSURILOHZKLFKZDVIDUIURP
H[SHFWDWLRQ7KHUHPDLQLQJWDVNLVWRLQYHVWLJDWHUHDVRQVIRUWKHSRRULGHQWLILFDWLRQUHVXOWV
E\PHDQVRIWKH.DOPDQILOWHU
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;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

   

   

!$&% ()##! %' ##'! #((%''!%!% "&*%!


'HSDUWPHQWRI(QJLQHHULQJDQG$SSOLHG6FLHQFHV8QLYHUVLW\RI%HUJDPR
'DOPLQH,WDO\
^VLPRQHFDVWHOOLDQGUHDEHOOHULDOHVVDQGUDPDULQL`#XQLEJLW



'HSDUWPHQWRI&LYLODQG(QYLURQPHQWDO(QJLQHHULQJ78)768QLYHUVLW\
0HGIRUV86$
EDEDNPRDYHQL#WXIWVHGX

,+&'(%HOOWRZHU20$)(0XSGDWHGDPDJHGGHWHFWLRQ
Abstract. This document presents the Operational Modal Analysis and finite element update
of the bell tower of the church of Castro (BG), in Italy. This procedure was adopted to identify the actual state of structural damage following the widespread carbonation and oxidation
of the surface concrete layer and the significant localized damage of the rebars detected by
visual inspections. The 39m high structure is a reinforced concrete tower with a hollow section with a double concavity and a tapered section in elevation. Four uniaxial piezoelectric
accelerometers were adopted to record environmental vibrations for dynamic identification
using the roving technique. After performing dynamic identification, two types of 3D structural models were compared, namely with shell elements and beam elements. Finally, a calibration of the shell finite element model was carried out to identify the boundary conditions and
the extension of the damage. The knowledge of the actual state of the structural damage enables the definition and the design of the retrofit strategy aimed at guaranteeing both static
and seismic safety, as well as the future preservation of the structure.

1221

6LPRQH&DVWHOOL$QGUHD%HOOHUL$OHVVDQGUD0DULQLDQG%DEDN0RDYHQL

   
7KHFKXUFKRI6DQ*LDFRPR )LJXUH ZLWKLWVDGMRLQLQJEHOOWRZHULVORFDWHGLQWKHPX
QLFLSDOLW\RI&DVWURLQWKHSURYLQFHRI%HUJDPRLQWKHXSSHUDUHDRI/DNH,VHRDWDQDOWLWXGHRI
DERXWP/RFDWHGLQWKHROGSDUWRIWKHYLOODJHQHDUWRWKHODNHLWZDVGHVLJQHGLQE\
WKHDUFKLWHFW9LWWRULR6RQ]RJQLDQGEXLOWLQWRUHSODFHWKHSUHH[LVWLQJFKXUFK7KHUHLQ
IRUFHGFRQFUHWH 5& EHOOWRZHULVPKLJKDQGKDVDVTXDUHFURVVVHFWLRQZLWKDFRQFDYLW\
RQWKHIRXUVLGHVWDSHUHGLQHOHYDWLRQ7KHUHDUHDOVRHORQJDWHGRSHQLQJVDOWHUQDWLQJRQWKH
VLGHVDQGKRUL]RQWDOMRLQWVZLWKDUHJXODUSDWWHUQ
7KHEHOOWRZHULVLQDSURQRXQFHGVWDWHRIGHWHULRUDWLRQZLWKWKHSUHVHQFHRIDVLJQLILFDQW
FUDFNDWWKHWKLUGOHYHOSUREDEO\GXHWRDQXPEHURIIDFWRUVWKHFRQFDYLW\RIWKHVHFWLRQVDQG
HOHYDWLRQVJHQHUDWHVDFOHDUZDVKRXWRIWKHFRQFUHWHLQWKHFHQWUDODUHDRIHDFKVLGHUHYHDOHG
E\WKHFKURPDWLFDOWHUDWLRQRIWKHVXUIDFHVWKHDUHDVRIGLVFRQWLQXLW\RIWKHVXUIDFHVXFKDV
WKHRSHQLQJVDQGWKHKRUL]RQWDOMRLQWVFROOHFWDJUHDWHUTXDQWLW\RIUDLQZDWHUSHUFRODWLQJIURP
WKHWRS,QWKHVHDUHDVWKHUHLVDJUHDWHUSUHVHQFHRIGHWHULRUDWLRQGXHWRWKHFRUURVLRQRIWKH
UHLQIRUFLQJEDUVDQGWKHVSDOOLQJRIWKHFRQFUHWHFRYHUDQGSRRUFDVWLQJRIWKHFRQJORPHUDWH
LVUHYHDOHGE\WKHJUDYHOQHVWVRQWKHZRUQRXWVXUIDFHV

)LJXUH9LHZRIWKHFKXUFKZLWKWKHDGMDFHQWEHOOWRZHU

)RUVXFKUHDVRQVG\QDPLFLGHQWLILFDWLRQZDVFDUULHGRXWWRHYDOXDWHWKHGDPDJHH[WHQVLRQ
DQGSURYLGHDUHIHUHQFHILQLWHHOHPHQWPRGHOWREHXVHGLQWKHFRQFHSWXDOGHVLJQRIWKHUHWURILW
LQWHUYHQWLRQ 7R UHFRUG WKH HQYLURQPHQWDO YLEUDWLRQV  KLJK VHQVLWLYLW\ SLH]RHOHFWULF DFFHO
HURPHWHUV :LOFR[RQ$ ZHUHXVHG7KHVHQVRUVZHUHSODFHGDWHDFKIORRUOHYHODFFRUGLQJ
WRWKHVFKHPHGHSLFWHGLQ)LJXUHVHQVRUVUHPDLQHGLQWKHVDPHSRVLWLRQIRUDOOWKHDFTXL
VLWLRQV UHIHUHQFH ZKLOHWKHRWKHUVZHUHPRYHGDWHDFKUHJLVWUDWLRQ URYLQJ DQGFKDQJHGLQ
GLUHFWLRQV DFFRUGLQJ WR WKH 7\SH $ DQG 7\SH % SRVLWLRQV 7KH FRQILJXUDWLRQ $ DOORZV WKH
LGHQWLILFDWLRQRIIOH[XUDODQGWRUVLRQDOPRGHVDWHDFKOHYHOZKLOHWKHFRQILJXUDWLRQ%HQDEOHV
WKHLGHQWLILFDWLRQRIWKHIOH[XUDOPRGHVLQWKHRUWKRJRQDOGLUHFWLRQ
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)RU WKH G\QDPLF PRGDO LGHQWLILFDWLRQ WKH )'' DOJRULWKP ZDV VHOHFWHG > @ )UHTXHQF\
'RPDLQDSSURDFKHVDUHEDVHGRQWKHSURFHVVLQJRIDWLPHFRUUHODWHGVLJQDOWKURXJKD'LVFUHWH
)RXULHU 7UDQVIRUP ')7  )UHTXHQF\ 'RPDLQ 'HFRPSRVLWLRQ PHWKRGV RSHUDWH D 6LQJXODU
9DOXH'HFRPSRVLWLRQ 69' DWHDFKOLQHRIWKHIUHTXHQF\VSHFWUXP7KLVSURFHGXUHVHSDUDWHV
QRLV\GDWDIURPGLVWXUEDQFHVRIYDULRXVVRXUFHVDQGDSSHDUVWREHDEOHWRFDSWXUHFORVHPRGHV
RI YLEUDWLRQ ZLWK JRRG DFFXUDF\ 7\SLFDO XQGHUO\LQJ K\SRWKHVHV RI )UHTXHQF\ 'RPDLQ 'H
FRPSRVLWLRQ )'' PHWKRGVDUHZKLWHQRLVHLQSXWORZVWUXFWXUDOPRGDOGDPSLQJUDWLRVDQG
JHRPHWULFDOO\RUWKRJRQDOPRGHVKDSHVRIFORVHPRGHV
7KH)''DOJRULWKPZDVXVHGIRUHDFKUHFRUGLQJLQRUGHUWRREWDLQWKHPRGDOIUHTXHQFLHV
DQGWKHUHVSHFWLYHPRGDOIRUPV$VWDWLVWLFDODQDO\VLVZDVFDUULHGRXWWRREWDLQPHDQDQGYDUL
DQFHPRGDOIUHTXHQFLHVDQGWKHPRGDOIRUPVKDYHEHHQUHFRQVWUXFWHGVWDUWLQJIURPWKHLQLWLDO
NQRZOHGJH RI WKH HLJHQYHFWRU IRU HDFK DFTXLVLWLRQ DQG WKH VXEVHTXHQW QRUPDOL]DWLRQ WR WKH
YDOXHV RI WKH UHIHUHQFH VHQVRUV >@ )LJXUH  VKRZV WKH HVWLPDWHG IUHTXHQFLHV LQ D ER[ DQG
ZKLVNHUVWKHFHQWUDOPDUNLQGLFDWHVWKHPHGLDQDQGWKHERWWRPDQGWRSHGJHVRIWKHER[LQ
GLFDWHWKHWKDQGWKSHUFHQWLOHVUHVSHFWLYHO\7KHZKLVNHUVH[WHQGWRWKHPLQLPXPDQGWR
WKH PD[LPXP YDOXHV H[FOXGLQJ WKH RXWOLHUV DQG WKH RXWOLHUV YDOXHV WKDW DUH PRUH WKDQ 
WLPHVWKHLQWHUTXDUWLOHUDQJHDZD\IURPWKHWRSRUERWWRPRIWKHER[DUHSORWWHGLQGLYLGXDOO\
XVLQJ WKH   V\PERO,Q )LJXUH  LW LV SRVVLEOH WR QRWLFH WKH VPDOO YDULDQFH RI WKH HVWLPDWHG
IUHTXHQFLHV
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$ILQLWHHOHPHQWPRGHOZDVEXLOWZLWK0LGDV*HQ>@VRIWZDUHXVLQJIRXUQRGHVKHOOHOH
PHQWV )LJXUH FRQQHFWHGDWWKHEDVHWRDJURXQGSRLQWE\PHDQVRIULJLGOLQNV7RFDSWXUH
WKH VRLOVWUXFWXUH LQWHUDFWLRQ WKH URWDWLRQDO GHJUHHV RI IUHHGRP RI WKH JURXQG OHYHO ZHUH UH
OHDVHGDQGWZRHODVWLFVSULQJVZHUHDGGHGWRVLPXODWHURWDWLRQDOVWLIIQHVVORQJWKHSULQFLSDO
GLUHFWLRQV7KHPRGHO QRGHVDQGHOHPHQWV ZDVYDOLGDWHGDJDLQVWDEULFNHOH
PHQWVPRGHOWRFKHFNWKHSUHVHQFHRIDQ\JHRPHWULFORFNLQJSUREOHP7KHPHFKDQLFDOSURS
HUWLHVRIWKHFRQFUHWHZHUHFDOLEUDWHGIURPFRPSUHVVLYHWHVWVRQWKHEHOOWRZHUFRQFUHWH

)LJXUH)(0PRGHOZLWKVKHOOHOHPHQWV



%(!)!*!),%#,(!(

$VHQVLWLYLW\DQDO\VLVZDVSHUIRUPHGRQWKHSDUDPHWHUVWKDWUHJXODWHWKHG\QDPLFEHKDYLRU
WKHVWLIIQHVVRIWKHVSULQJVDWWKHEDVHWKHSHUFHQWDJHDQGH[WHQVLRQRIWKHPDLQFUDFNORFDWHG
DW WKH UG OHYHO DQG WKH <RXQJ V PRGXOXV RI WKH FRQFUHWH 7KH SDUDPHWHUV ZHUH VWXGLHG DQG
YDULHG LQGHSHQGHQWO\ IURP HDFK RWKHU WR HOLPLQDWH WKRVH WKDW PDGH WKH PDWFKLQJ EHWZHHQ
20$ DQG )(0 EDGO\ FRQGLWLRQHG )RU H[DPSOH WKH VWLIIQHVV RI WKH VSULQJ DW WKH EDVH ZDV
IRXQGWRGRPLQDWHWKHFXUYDWXUHRIWKHPRGDOIRUPDWWKHEDVHVRVXFKVWLIIQHVVZDVVHOHFWHG
GLUHFWO\ORRNLQJWKHPRGDOFXUYDWXUHDWWKHEDVHDQGLWZDVQRWIXUWKHUFRQVLGHUHGLQWKHFDOL
EUDWLRQ SUREOHP )LJXUH   7KH HODVWLF PRGXOXV RI FRQFUHWH DIIHFWV PDLQO\ WKH PRGDO IUH
TXHQFLHVUDWKHUWKDQRWKHUG\QDPLFSURSHUWLHV )LJXUH )LQDOO\WKHH[WHQWRIWKHPDLQFUDFN
DWWKHUGOHYHODIIHFWVWKHPRGDOIRUPUDWKHUWKDQWKHIUHTXHQF\ )LJXUH 
$VIRUWKHSHUFHQWDJHRIGDPDJHLQWKHFUDFN HYDOXDWHGDVDUHGXFWLRQRIWKHHODVWLFPRGX
OXVRIWKHFRQFUHWH IURPDILUVWFDOLEUDWLRQLWUHVXOWHGLQDUHGXFWLRQRIWKH<RXQJPRGX
OXVDYHU\KLJKSHUFHQWDJHZKLFKZDVFRQILUPHGE\YLVXDOLQVSHFWLRQV)RUVXFKUHDVRQWKLV
SDUDPHWHUZDVNHSWFRQVWDQWLQWKHFDOLEUDWLRQSUREOHP
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VWUXFWXUHWKDWPD\EHXVHIXOIRUWKHIXWXUHUHWURILWSURMHFW,WLVDOVRLQWHUHVWLQJWRQRWHKRZWKH
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7KHSDSHUSUHVHQWHGWKHG\QDPLFLGHQWLILFDWLRQRIWKHEHOOWRZHURI6DQ*LDFRPRFKXUFKLQ
WKH PXQLFLSDOLW\ RI &DVWUR ,WDO\  7KH UHLQIRUFHG FRQFUHWH WRZHU VKRZHG YHU\ SRRU VWDWH RI
SUHVHUYDWLRQZLWKDQHYLGHQWFUDFNH[WHQGLQJRQWKHWKLUGOHYHO$G\QDPLFLGHQWLILFDWLRQZDV
SHUIRUPHGXVLQJWKHURYLQJWHFKQLTXH7KH)''DOJRULWKPZDVDSSOLHGRQHDFKUHFRUGVHWDQG
WKHQFRPELQHGWRREWDLQWKHIXOOPRGHOPRGHVKDSHV
$VHQVLWLYLW\DQDO\VLVZDVFRQGXFWHGWRKLJKOLJKWWKHLQIOXHQFHRIDVHULHVRISDUDPHWHUVRQ
WKHG\QDPLFSURSHUWLHV,QSDUWLFXODULWZDVIRXQGWKDWGDPDJHLQWKHFUDFNHGUHJLRQUHVXOWV
LQDSODQURWDWLRQRIWKHPRGDOVKDSHVFRPSDWLEOHZLWKWKH20$UHVXOWVWKHVWLIIQHVVRIWKH
URWDWLRQDOVSULQJVDWWKHEDVHFDQEHVHOHFWHGWRPDWFKWKHPRGDOFXUYDWXUHDWWKHEDVHRIWKH
WRZHU WKH FRQFUHWH PRGXOXV RI HODVWLFLW\ VLJQLILFDQWO\ LQIOXHQFHV WKH PRGDO IUHTXHQFLHV)L
QDOO\ DIWHU WXQLQJ HDFK SDUDPHWHU LW ZDV SRVVLEOH WR REWDLQ D JRRG PDWFK RI WKH )( PRGHO
ZLWKWKHLGHQWLILHG20$SURSHUWLHVDQGTXDQWLI\WKHH[WHQVLRQRIGDPDJHLQWKHFUDFNHGUH
JLRQ
"%&+# $%)(
7KHVXSSRUWRI(QJ*&RWWLQHOOL-=DQQLDQG'L0R5HVUOLQFDUU\LQJRXWWKHH[SHULPHQWDO
FDPSDLJQLVJUDWHIXOO\DFNQRZOHGJHG
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Abstract. Almost all offshore wind farms across the world are equipped with a Structural
Health Monitoring (SHM) system. Nevertheless, the beneﬁt of using data analysis results for
Operation and Maintenance (O&M) optimization is not yet effectively exploited. Reasons for
this are manifold but dominated by the fact that usually the development of the SHM system is
not integrated from the beginning as part of the project management process. Rather, in most
cases, it is mainly implemented to fulﬁll the minimum requirements by relevant authorities. In
addition to this, as the use of monitoring data for possible life time extension is well established, stakeholders miss the beneﬁts for young age wind turbines. However, current research
has shown that SHM results are also useful in the early life cycle range to determine healthy
state reference parameters and also to optimize the variation of the as-built structure from the
designed structure. The information obtained from an SHM system therefore is an added value,
which can be estimated before implementing it using value of information concept.
The main purpose of implementing an SHM system is to reduce uncertainty. This paper
makes use of SHM data analysis to reduce the uncertainty of stress ranges when performing
reliability analysis for Risk Based Inspection (RBI) planning. For this study, one year strain
time history data from four monitored wind turbines in an offshore wind farm in the North Sea
is used. The measured stress cycles are counted by Rain Flow Counting (RFC) and grouped
into stress range bins. Finally, the distribution of the counted stress cycles are used to ﬁt a
Weibull probability distribution function to estimate the parameters and compare them with
recommendations from literature and standards. This way, an individual RBI planning for the
monitored offshore wind turbines is enabled.
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1

INTRODUCTION

In offshore wind energy industry, design optimization and development of innovative construction methods have signiﬁcantly contributed to cost reduction and increased reliability of
wind turbines. However, recently, the focus has shifted towards optimization of Operation and
Maintenance (O&M) for further cost reduction. Especially for aging operating offshore wind
turbines, with high O&M costs reaching from 25-30% of the energy generation costs [1], [2],
[3], making use of this is economically attractive. Corrective maintenance activities are expensive in most cases, as the turbine is usually shutdown for maintenance resulting in loss
of revenue from power production. To minimize or avoid corrective maintenance, it becomes
necessary to detect faults or damages in their early stage. This can be achieved by having a continuous and reliable information about the performance and condition of the structures through
Structural Health Monitoring (SHM). In this paper, one year strain time history data from strain
gauges installed in four wind turbines in the North Sea are used. The distribution of the counted
stress cycles from the measured stress time history data is ﬁt into a Weibull distribution function to estimate individual Weibull shape parameters and compare them with the values obtained
from literature and relevant standards. It is shown that the estimated individual parameters are
signiﬁcantly different from the standard recommendations and using them as an input for RBI
planning will result in different inspection plans.
2

STRUCTURAL HEALTH MONITORING AND VALUE OF INFORMATION

The main purpose of implementing a Structural Health Monitoring (SHM) system is to decrease uncertainties and therefore being able to reduce risk. According to ISO 31000 [4], the
deﬁnition of risk is ’effect of uncertainty on objectives’. In many cases, the objective is the
continuous safety and functionality of structures or systems according to design. For the case
of offshore wind turbines, the objective is safe and continuous power production with minimum
possible unexpected costs.
Vibration-based SHM has been in practice for many decades to monitor bridge structures
[5]. The physical properties of a structure are affected by damage or deterioration. Changes in
these physical properties (mass, stiffness and damping) of a structure will change its vibration
behavior, which can be quantiﬁed in terms of the dynamic characteristics such as the Eigenmodes and modal damping or counted stress cycles. These damage and deterioration sensitive
performance indicators can be directly measured and/or calculated from the measured quantities
of an SHM system.
Earlier monitoring systems were implemented purely from structural engineering point of
view for damage detection without Value of Information (VoI) analysis. The term VoI was ﬁrst
used in 1961 by Raiffa and Schlaifer [6] as decision support for selecting the experiment with
maximum utility through Bayesian pre-posterior analysis of the experiments. Then, in 2004
VoI analysis was applied by Straub and Faber [7], [8] for inspection optimization of structural
systems. Recently, the VoI analysis was applied to SHM [9] and made signiﬁcant progress as
part of the cost action TU1402 project [10], in which pre-posterior decision analysis was used to
estimate the expected added value from implementing a monitoring system. Pre-posterior decision analysis is estimation of the VoI before doing the experiment or having any of the expected
data [11]. VoI estimates the expected gain from decisions made using the information obtained
from the SHM as compared to the decisions made without the SHM and after deducting the cost
of the SHM system (or experiment).
The pre-posterior analysis for VoI analysis and comparison is made by Bayesian decision
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tree to decide, whether it is beneﬁcial or not to implement a monitoring system. Furthermore,
different conﬁgurations can also be investigated to optimize for the maximum VOI [12].
V oImax = maxi,j {E[CT,O ] − E[CT,M,i (dj )]}

(1)

where E[CT,O ] is the expected total costs without monitoring and E[CT,M,i (dj )] is the expected
total cost for ith conﬁguration with corresponding j th decision. The beneﬁt from VoI is incorporated to the total cost as a negative component.
VoI also helps to decide when it is most beneﬁcial to start monitoring of a structure. Long
et al. [13] investigated the VoI analysis for a truss bridge girder structure by comparing several
sensor conﬁguration scenarios. The VoI concept is highly attractive for many industries, which
need incorporation of monitoring systems.
In the case of offshore wind industry, during its start the VoI concept was not a well established practice. Also, the pressure to reduce costs has forced the industry to deal with uncharted
waters of building bigger wind turbines at deeper waters and far away from the coasts for higher
power production. This results in higher uncertainty and made installation of monitoring systems a necessity. As an example, the implementation of a monitoring system on 10% of the
wind turbines in an offshore wind farm used to be a BSH (Federal Maritime and Hydrographic
Agency) requirement in Germany until 2015 [14]. In 2015, the BSH regulation was revised
[15], which gave the wind farm operators more ﬂexibility, concerning the number of monitored
turbines, as long as they can prove to the authorities that appropriate safety measures are being taken. After 2015, the operators had a chance to make VoI analysis before implementing a
monitoring system and to incorporate the development of a monitoring system as part of their
regular project life cycle management. However, still the majority of SHM systems are being
implemented based on the outdated BSH recommendation of installing a monitoring system on
10% of the wind turbines in an offshore wind farm. The lack of integrating SHM as part of
design and construction process resulted in less interest by the operators to integrate the SHM
data analysis results into the O&M decision-making procedures. As a result, the full potential
of SHM data analysis results for O&M cost reduction is not yet being effectively exploited.
3

RELIABILITY ANALYSIS AND RISK BASED INSPECTION PLANNING

The expected results of a reliability analysis is estimation of a system’s or component’s
probability of failure (or reliability index). For determination of a failure event it becomes
important to formulate a limit state, which can be ultimate, serviceability or fatigue. Violation
of the limit state is then considered as a failure event (Melchers and Beck) [16]. In a very
simpliﬁed form, for a component with a resistance R when exposed to a load S, the probability
of failure could be represented by:
Pf = P (R ≤ S) = P (R − S ≤ 0) = P [G(R, S) ≤ 0]

(2)

where G() is a limit state function, for which G() < 0 represents a violation. The reliability
index (β) can be calculated from the Probability of failure (Pf ) as:
β = −Φ−1 (Pf )
with Φ() assumed as a standard normal distribution function.
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Offshore structures are exposed to cyclic loads. As a result, fatigue is the most signiﬁcant
deterioration mechanism. In fatigue reliability analysis, structural failure occurs as a crack
growth and the limit state function is violated (failure occurs) when the crack size exceeds the
critical crack size. In most cases, failure is considered to occur when crack grows through the
steel thickness.
Fatigue analysis is usually done by using Palmgren-Miner rule and S-N curve to estimate fatigue damage. Also, the experiment based Paris law proposed by Paris and Erdogan [17] gives
the rate of fatigue crack growth. Fatigue reliability analysis is commonly done by calibrating
these both models, the S-N model and the Fracture Mechanics (FM) model [18], [19], [20] to
establish the limit state function for crack growth. Furthermore, the calibrated models are also
used for inspection planning, see e.g. [8] and [21]. The limit state function involves multiple
random variable and is usually solved by making use of First Order Reliability Method (FORM),
Second Order Reliability Order (SORM) and recently with the growth of computational capability Monte Carlo Simulation (MCS). The computational time of MCS can further be enhanced
using advanced sampling techniques, specially when estimating very low probabilities.
The next step, after reliability analysis (estimating the probability of failure or the reliability
index) is Risk Based Inspection Planning (RBIP), which starts by comparison of the estimated
reliability index with the acceptance criteria (target reliability index). The central idea of RBIP
is to assign the available inspection resources to the structure or component of a structure, where
it is mostly needed (with highest risk). For the reliability analysis, input load and structural
resistance deﬁning the limit state function need to be analyzed.
Reliability analysis is commonly done using random variables to represent the uncertainty
of the input variables to the limit state function. These variables are usually taken from design
assumptions. One of the most important inputs is the number and magnitude of stress cycles
the structure (hot spot) is exposed to. The probability density function of the stress ranges for
offshore structures are commonly represented with a two-parameter (scale and shape) Weibull
distribution [22], [23], [24]. The shape and scale parameters represent the distribution and
magnitude of the hot spot stress range respectively. ABS (2003) [23] recommends a value
which varies from 0.7 to 1.4 for the Weibull shape parameter, while Wirsching and Chen (1988)
[25] recommended a value from 0.5 to 1.5. Furthermore, ABS (2003) [23] states that similar
offshore ﬁxed platforms structures built in the Gulf of Mexico and the North Sea experience
stresses with shape parameter values of 0.7 and more than 1.4 respectively. Figure 1, an example
adopted from Straub (2005) [8], shows visualization of stress range (Δσ) Probability Density
Function (PDF) for varying shape parameters (γ) of 0.50, 0.75, 1.00, 1.25 and 1.50. A constant
scale parameter of 5 MPa is used for all cases.
The Weibull shape parameter is a function of geometry and loading. Generally, an increase
in slenderness and dynamic exposure will increase the shape parameter [8], [23]. DNVGL RPC-210 document [24] illustrates with a graph, that for all S-N curves of varying structure detail,
the allowable maximum stress range decreases with increasing Weibull shape parameter. This
is obvious from Figure 1, since with increasing of the scale parameter, the contribution of the
higher stress ranges become more signiﬁcant.
The above mentioned Weibull shape parameters recommended in standards are mainly estimated based on wave data [23]. These values are being used for design and reliability analysis of
offshore structures. DNVGL RP-C-210 [24] notes that the shape parameter signiﬁcantly affects
the estimated fatigue damage, therefore calibrating these parameter from long term measured
stress time history data becomes very important.
For offshore wind turbine structures, there is the beneﬁt of having permanent SHM systems,
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S. Tewolde, R. Höffer and I. Mueller

Figure 1: Weibull PDF for varying shape parameter with ﬁxed scale parameter equal to 5MPa

which provide continuous information about the number and magnitude of stresses the structures are exposed to. Moreover, the SHM system measure responses, which represent the collective impact of loads and load combinations on the structure. Comparison of these measured
responses against the capacity (resistance) of the structure helps in deﬁning a more realistic
limit state function. Experience from many monitored offshore wind turbines showed that most
of the offshore wind turbines are built stronger (stiffer) than the design [27].
4

METHODOLOGY

In this section, the analysis procedure of one year strain time history data from four wind
turbines in an offshore wind farm in the North Sea is discussed.
The monitoring system installed in all four wind turbines is identical, with eight strain gauges
installed at two measurement levels, four sensors at each level at identical positions, in cardinal
coordinates. The data is collected with a sampling rate of 100Hz. Before performing Rain
Flow Counting (RFC) according to ASTM E1049-85 [28], the raw strain time history data is
ﬁrst pre-processed by removing erroneous data using median ﬁlter. Furthermore, the strain data
is temperature compensated by removing the apparent strain calculated from the temperature
sensors’ data installed together with every strain gauge. For calculation of apparent strains
relevant manufacturer’s temperature compensation curves are used. Finally, the stress time
histories are calculated from the corrected strain data by using the relevant young’s modulus of
steel.
After that, RFC of the stress time history data is done and the counted stress cycles are
assigned to predetermined stress range bin sizes. DNVGL recommends a minimum of 20 stress
range bins. However, in this study two cases are considered. In case one, uniformly distributed
100 stress bins are used to classify the counted stress cycles. And in the second case, in order
to get higher resolution of the bins with very high number of cycles, non-uniform 143 stress
bins are used. Finally, for both cases, the counted stress cycles are ﬁtted to Weibull distribution
functions for estimation of the scale and shape Weibull parameters. The ﬁtting process is done
by using the least square method according to [23].
The estimated Weibull shape parameters are then compared with the values obtained from
standards. Furthermore, for the ﬁrst case, sensitivity analysis of removing the insigniﬁcant
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S. Tewolde, R. Höffer and I. Mueller

stress cycles (the ﬁrst and second stress range bins) is made. In addition, for both cases, the
effect of applying low-pass ﬁlters to remove the very small stress cycles before doing RFC is
investigated.
5
5.1

RESULT
For uniform sized 100 stress bins

In this subsection, the results obtained from the ﬁrst case are presented. The stress bins used
are 100 uniformly sized stress bins, each with a size of 0.51 MPa. Figure 2 shows the estimated
Weibull shape parameters for all four turbines. The x-axis of each subplot indicate the turbine
location, for example L-90◦ means lower level strain gauge at 90◦ N and U-180◦ means upper
level sensor at 180◦ N.

Figure 2: Estimated weibull scale parameter for the 8 sensors in each of the four turbines

The results are generally lower than the recommended value of 1.0 for the North Sea environment [23], [25], [26]. Although all turbines are from the same wind farm, differences between
the different wind turbines can be clearly identiﬁed, ultimately leading to different risks. The
turbines located in the interior of the wind farm (Turbines 02 and 04) have higher shape parameters than those located in the boundary of the wind farm (Turbines 01 and 03). The turbines
located in the interior of the wind farm are exposed to higher cyclic loads due to wake effects. In
addition, the results for sensors located opposite to each other are of equivalent magnitude and
consistent. For example, in every turbine at each measurement level the results for the sensors
located at 0◦ N and 180◦ N as well as for the sensors at 90◦ N and 270◦ N are comparable and
consistent.
Furthermore, as expected and shown in all four subplots, the low pass ﬁltering of the small
stress cycles before RFC resulted in an increased Weibull scale parameters in all cases. The unﬁltered data results in the lowest scale parameter estimation. With decreasing cut-off frequency
of the low-pass ﬁlter, the magnitude of the scale parameter increases.
To study the effect of removing small stress cycles on the accumulated fatigue damage, the
accumulated fatigue damage for every stress bin is calculated using Palmgren-Miner rule and
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Figure 3: Effect of data low-pass ﬁltering on the accumulated annual fatigue damage

relevant S-N curve. Figure 3 shows the effect of increasing cutoff frequency for the applied
low-pass ﬁlters. The accumulated annual fatigue damages are normalized to the maximum.
This shows that as the sampling frequency decreases the estimated fatigue damage will not
be drastically affected as the bigger stress cycles are mainly contributing to the accumulated
fatigue damages. For example, using a low-pass ﬁlter of 5 Hz will result in an error of 3.35% as
compared to the maximum estimate. Although with a very small amount of 0.05%, the fatigue
damage estimated from 45 Hz low-pass ﬁlter is higher than the estimation from the unﬁltered
data. This might have something to do with measurement artifact as it was observed in all
channels.

Figure 4: Percentage contribution of each stress bin to the total accumulated Fatigue damage

Furthermore, the fatigue results are used to observe the distribution of the total fatigue damage among the stress bins. Figure 4 show the percentage contribution of all 100 stress bins to
the total accumulated fatigue damage. Although the small magnitude stress bins contain a very
high number of cycles, they do not contribute to the accumulated fatigue damage. The 100
stress bins have each a size of 0.51 MPa. When the contribution of each stress bin is compared
as percentage to the total fatigue damage, the percentage contribution of the ﬁrst two bins for
all three cases are less than 0.004%. The maximum percentage contribution is from stress bin
number 20 with appr. 2.08% for all three cases. The third bin has a contribution of appr. 0.03%
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in all three cases. From this ﬁnding, it might be possible to neglect the ﬁrst two stress bins to
estimate the modiﬁed Weibull shape parameter. Also in Figure 4, although not included in order
to avoid congestion, the contribution for 45 Hz low-pass ﬁlter is higher than for the unﬁltered
data.

Figure 5: Estimated weibull scale parameter after removing the ﬁrst stress bin

The estimations in Figure 5 are made by removing only the ﬁrst stress bin of every sensor
in all four turbines. The results plotted in Figure 5 show that all the newly estimated Weibull
scale parameters increased, meaning the skewness of the distribution is shifting to the right as
the higher stresses are becoming more involved. Another observation is that, that the inﬂuence
of low pass ﬁltering on the estimated scale parameters is decreased, if the ﬁrst bin with smallest
magnitudes is already removed.

Figure 6: Estimated Weibull scale parameter after removing the ﬁrst two stress bins
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Furthermore, Figure 6 shows the estimated scale parameters after removing the ﬁrst two
stress bins. Again, the estimated scale parameters increased but not very signiﬁcantly. This
indicated that the ﬁrst stress bin has most effect on the estimated values. Although insigniﬁcant
on the fatigue damage the number of counted cycles with magnitude less than 0.51 MPa (in the
ﬁrst stress bin) are more than 95% of the total counted number of cycles for all 100 bins. The
second bin contains less than 1% number of cycles.
5.2

For non-uniformly sized 143 stress bins

After observing that more than 95% of the total counted cycles belong to the ﬁrst stress bin,
the analysis was repeated by breaking down the ﬁrst stress bin in to 10 classes. The bin sizes
used for the stress ranges between 0 and 0.50 MPa is 0.05, between 0.50 and 2.50 MPa is 0.10,
between 2.50 and 10.0 Mpa is 0.25, and for the rest is 0.50 MPa. In this case two, totally 143
non-uniformly sized stress bins are used.

Figure 7: Estimated Weibull scale parameter for 143 stress bins

Figure 7 shows the results for case two. Generally, the results are similar with Figure 2 indicating that increasing the resolution of the stress bins does not signiﬁcantly affect the estimated
Weibull shape parameters.
5.3

Summary of results

Generally, the results show that the Weibull scale parameters estimated from the measured
one year strain time history data are less than those recommended by design standards and used
for reliability analysis in the North Sea, even when the small value bin is neglected or small
cycles are removed by low-pass ﬁlters during scale parameter estimation.
The paper shows that, the presence of the lower stress bins does not signiﬁcantly contribute
to the accumulated fatigue damage but signiﬁcantly affect the estimation of the shape parameter.
In addition, removal of high frequency stress cycles with a low-pass ﬁlter does not very signiﬁcantly affect the accumulated fatigue damage and the shape parameter estimation. Furthermore,
the wind turbines in the same wind farm have varying shape parameters indicating that they are
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exposed to varying risks and can be used as an important input to RBI planning. An important
result is also that the wind turbines located in the interior of the wind farm (Turbines 02 and 04)
have higher Weibull shape parameters in all estimations than the turbines located at the exterior
(boundary) of the wind farm (Turbines 01 and 03). The reason can be that the interior wind
turbines are more exposed to cyclic loads from wake effects. This can be important information
for extrapolation of the estimated parameters to the unmonitored turbines.
The obtained results, even after removing the lower stress bins are still lower than the recommended values, therefore when used as an input for reliability analysis, more realistic inspection
plans can be made. The higher recommended values of scale parameter overestimates the stress
cycles the structure is actually exposed to. These results can be considered as one of the added
values obtained from incorporating SHM data analysis in the reliability analysis and Risk based
inspection planning.
6

CONCLUSION

The paper uses one year strain time history data from four wind turbines in an offshore wind
farm located in the North Sea. After pre-processing of the strain data, the corrected strain data
is used for calculating the stress time history. Then, Rain Flow Counting (RFC) analysis of
the stress time history was made to count the number and magnitude of the stress cycles, the
structure is exposed to during the one year monitoring period. The counted stress cycles are
ﬁrst binned in to uniformly sized 100 stress range classes and then for comparison purpose in
to a non-uniformly sized 143 classes. For each case, Weibull distribution function is ﬁtted to
the counted stress cycles using the least square method. Finally, the stress range Weibull scale
parameters are estimated from the ﬁtted Weibull distribution functions. The results obtained
from the sensors located opposite to each other (at 0◦ N - 180◦ N and at 90◦ N - 270◦ N) and at
the same measurement level showed good consistency. Furthermore, a sensitivity analysis is
made by removing the very small stress cycles which contributed very insigniﬁcantly to the
total accumulated fatigue damage. The modiﬁed scale parameters increased. However, when
compared to the stress range scale parameters recommended for North Sea, they are still lower.
It is shown that the reliability analysis made using the recommended Weibull shape parameter
value of 1.0 for the North Sea would overestimate the stresses the structures are exposed to. In
addition, the Weibull shape parameters calculated for the turbines located in the interior of the
wind farm are higher than those located in the boundary of the wind farm possibly due to wake
effect. This information can also be used for extrapolation of the parameters to the unmonitored
wind turbines.
The results contribute as one part of the added values from implementing and analyzing of
SHM data. When these results are used to update the scale parameters used for Risk Based
Inspection Planning, more realistic inspection plans can be achieved.
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[9] M. H. Faber and S. Thöns, On the Value of Structural Health Monitoring. European Safety
and Reliability Conference (ESREL) 2013. Amsterdam
[10] COST Action TU1402, Quantifying the Value of Structural Health Monitoring, EU Framework Program Horizon 2020. 2014 to 2019
[11] M. H. Faber, Statistics and Probability Theory: In Pursuit of Engineering Decision Support, Springer Netherlands, 2012. doi.org/10.1007/978-94-007-4056-3
[12] D. Diamantidis, M. Sykora an H. Sousa, Quantifying the Value of Structural Health Monitoring: Guide for practising Engineers, Cost Action TU1402, 2019
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[27] S. Tewolde, R. Höffer, H. Haardt and J. Krieger, Structural Health Monitoring results
as an input for asset management of offshore wind turbine support structures. 5th International Conference on Smart Monitoring, Assessment and Rehabilitation of Civil Structures
(SMAR2019), Potsdam, Germany
[28] ASTM E1049-85 (2017), Standard Practices for Cycle Counting in Fatigue Analysis. West
Conshohocken, ASTM International

1241

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

INVESTIGATION OF EFFICIENT MODAL IDENTIFICATION OF
BRIDGES USING BAYESIAN INFERENCE
Yoshinao Goi and Chul-Woo Kim


'HSDUWPHQWRI&LYLODQG(DUWK5HVRXUFHV(QJLQHHULQJ.\RWR8QLYHUVLW\
.\RWR-DSDQ
HPDLO^JRL\RVKLQDRUNLPFKXOZRRX`#N\RWRXDFMS

Keywords: 0RGDO LGHQWLILFDWLRQ %D\HVLDQ LQIHUHQFH 9HFWRU DXWRUHJUHVVLYH PRGHO 8QFHU
WDLQW\TXDQWLILFDWLRQ)HDWXUHH[WUDFWLRQ
Abstract. This study proposes an efficient modal identification method for bridges under operation. The noisy condition caused by the traffic loadings is one of the difficulties involved in
the operational modal identification. To cope with the problem, this study quantifies uncertainty
involved in the modal properties utilizing Bayesian statistics. The quantified uncertainty enables to determine the reasonable model order and to extract the stably estimated modal properties from the determined model. The proposed method is applied to traffic induced vibration
measured from an actual truss bridge. The extracted modal frequencies well correspond to
peaks in power spectral density curves. Twelve bending and torsional modes are efficiently
extracted by the proposed method. Six modes in the twelve is possibly newly observed modes.
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1

INTRODUCTION

9LEUDWLRQ EDVHG VWUXFWXUDO KHDOWK PRQLWRULQJ SURYLGHV D UHVHDUFK ILHOG IRU QRQGHVWUXFWLYH
HYDOXDWLRQEDVHGRQSK\VLFDOPHDVXUHPHQWVDQGFRPSXWHUDQDO\VHVWRFRPSOHPHQWH[LVWLQJYLV
XDO LQVSHFWLRQ PHWKRGV (VSHFLDOO\ IRU VKRUW WR PHGLXP VSDQ EULGJHV WKH WUDIILF H[FLWHV WKH
EULGJHVFRQWLQXRXVO\DQGWKXVYLEUDWLRQPRQLWRULQJLVDYDLODEOHZLWKRXWLQWHUUXSWLQJWKHWUDIILF
0RVWRIWKHH[LVWLQJVWXGLHVH[DPLQHGPRGDOSURSHUWLHVVXFKDVQDWXUDOIUHTXHQFLHVDQGPRGH
VKDSHVWRDVVHVVWKHEULGJHFRQGLWLRQ>@
,QDFWXDOEULGJHVKRZHYHUWKHQRLV\FRQGLWLRQFDXVHGE\WKHWUDIILFORDGLQJVLVRQHRIWKH
GLIILFXOWLHVLQYROYHGLQWKHRSHUDWLRQDOPRGDOLGHQWLILFDWLRQ7KDWLVEHFDXVHWKHQRLV\FRQGLWLRQ
LQGXFHVVSXULRXVHVWLPDWRUVRIPRGDOSURSHUWLHV,QH[LVWLQJPHWKRGVLWLVWURXEOHVRPHWRGLV
WLQJXLVKWKHSK\VLFDOO\PHDQLQJIXOHVWLPDWRUVIURPWKHVSXULRXVHVWLPDWRUV>@$LPLQJDW
DSSOLFDWLRQLQQRLV\FRQGLWLRQVHYHUDOVWXGLHVSURYLGHGPHWKRGRORJ\IRUXQFHUWDLQW\TXDQWLIL
FDWLRQ XVLQJ %D\HVLDQ VWDWLVWLFV )RU LQVWDQFH $X >@ SURSRVHG D %D\HVLDQ PRGDO DQDO\VLV
PHWKRGXVLQJ%D\HVLDQLQIHUHQFHRIPRGDOSURSHUWLHV6HYHUDOVWXGLHVLQYHVWLJDWHGWKHSRVWHULRU
GLVWULEXWLRQRISDUDPHWHUVWRDVVHVVWKHLUYDULDELOLW\>̢@)RUGLUHFWGHFLVLRQPDNLQJ']X
QLFHWDO>@SURSRVHGGDPDJHGHWHFWLRQDQGFODVVLILFDWLRQPHWKRGVDSSO\LQJ*LEEVVDPSOLQJ
$OWKRXJKWKHXQFHUWDLQW\LVVXFFHVVIXOO\TXDQWLILHGWKURXJKWKHSUHYLRXVVWXGLHVPRVWRIWKH
H[LVWLQJ%D\HVLDQPHWKRGVUHTXLUHFRPSXWDWLRQDOHIIRUWWRSURYLGHQXPHULFDORSWLPL]DWLRQRU
0RQWH&DUOR VDPSOLQJ $LPLQJ DW DSSOLFDWLRQ WR RQVLWH GDPDJH GHWHFWLRQ WKH GLIILFXOW\ LQ
FRPSXWDWLRQPD\ERWKHUHIILFLHQWGHFLVLRQPDNLQJ
7RFRSHZLWKWKHSUREOHPWKLVVWXG\VLPSOLILHVWKHXQFHUWDLQW\TXDQWLILFDWLRQSURFHVVXVLQJ
DYHFWRUDXWRUHJUHVVLYH 9$5 PRGHO$VSURSRVHGLQDQDXWKRUV¶SUHYLRXVVWXG\>@%D\HVLDQ
LQIHUHQFHSURGXFHWKHSRVWHULRUGLVWULEXWLRQRIUHJUHVVLYHSDUDPHWHUVRID9$5PRGHOZLWKRXW
QXPHULFDOLWHUDWLRQ7KHSRVWHULRUGLVWULEXWLRQLVFRQYHUWHGWRWKHGLVWULEXWLRQRISROHVRIWKH
OLQHDU V\VWHP ZKLFK UHODWHG WR WKH PRGDO SURSHUWLHV 8QFHUWDLQW\ RI WKH PRGDO SURSHUWLHV LV
TXDQWLILHGWKURXJKWKHGLVWULEXWLRQRIWKHSROHV7KHTXDQWLILHGXQFHUWDLQW\LQGLFDWHVWKHSK\VL
FDOO\PHDQLQJIXOPRGDOSURSHUWLHVDPRQJWKHHVWLPDWRUV7KHSURSRVHGPHWKRGLVDSSOLHGWR
WUDIILFLQGXFHGYLEUDWLRQPHDVXUHGIURPDQDFWXDOWUXVVEULGJH
2

METHODOLOGY

2.1 Bayesian inference
7RIRUPXODWHD9$5PRGHOILUVWZHDVVXPHWKDWDV\QFKURQL]HGGLVFUHWHWLPHVHULHVRIWKH
DFFHOHUDWLRQPHDVXUHGDWmPHDVXUHPHQWORFDWLRQVRQDEULGJHDQGDVVXPHWKDWWKHWLPHVHULHV
LQFOXGHV݊WLPHVWHSV$]HURPHDQWLPHVHULHVLVSURGXFHGE\VXEWUDFWLQJWKHPHDQYDOXHVIURP
WKH PHDVXUHG DFFHOHUDWLRQV /HWWLQJ࢟  אԹൈଵ  ݇ ൌ ͳ ǥ ݊  GHQRWH D FROXPQ YHFWRU RI WKH
PHDVXUHGDFFHOHUDWLRQVDWWKHk-WKWLPHVWHSRIWKHWLPHVHULHVZKRVHFRPSRQHQWVFRUUHVSRQGLQJ
WRWKHPHDVXUHPHQWORFDWLRQVWKHQWKHIROORZLQJ9$5PRGHOZLWKVXIILFLHQWPRGHORUGHUpLV
NQRZQWRDSSUR[LPDWHWKHWLPHVHULHVREWDLQHGIURPDOLQHDUVWUXFWXUDOV\VWHPH[FLWHGE\ZKLWH
QRLVH>@


࢟ ൌ σୀଵ હ ࢟ି  ࢋ 



+HUHહ  אԹൈ GHQRWHVWKHi-WK$5FRHIILFLHQWPDWUL[DQGࢋ  אԹൈଵ GHQRWHVD]HURPHDQ
*DXVVLDQZKLWHQRLVHYHFWRU/HWWLQJ GHQRWHWKHFRYDULDQFHPDWUL[RIࢋ WKH3')RIࢋ LV
JLYHQDV
ଵ

ሺࢋ ȁሻ ൌ ࣨሺࢋ ȁǡ ሻ ൌ ሺʹߨሻିȀଶ ȁȁିଵȀଶ  ቄെ ଶ ࢋ   ିଵ ࢋ ቅ
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ZKHUHࣨሺ࢞ȁࣆǡ ሻGHQRWHVWKH3')RIx IROORZLQJWKHPXOWLYDULDWH*DXVVLDQGLVWULEXWLRQZLWK
H[SHFWDWLRQࣆDQGFRYDULDQFHPDWUL[DQGZKHUHȁ  ڄȁGHQRWHVWKHGHWHUPLQDQWRIDPDWUL[
7KH9$5PRGHOJLYHQLQ(TLVDOLQHDUUHJUHVVLYHPRGHOFRPSRVHGRIWKHUHJUHVVLYHFR
HIILFLHQWV હଵ ǡ ǥ ǡ હ  LQSXW YDULDEOHV ࢟ିଵ ǥ ࢟ି  DQG RXWSXW YDULDEOHV ࢟  /HWWLQJ  ܅ൌ
ሾહଵ ǡ ǥ ǡ હ ሿ  אԹൈ DQGࣘ ൌ ሾ࢟ିଵ Ǣ ǥ Ǣ ࢟ି ሿ  אԹൈଵ IRUVLPSOLFLW\(TFDQEHUHZULW
WHQDV
࢟ ൌ ࣘ܅  ࢋ 



$FFRUGLQJWR(TVDQG࢟ IROORZVWKHIROORZLQJ*DXVVLDQGLVWULEXWLRQ


ሺ࢟ ȁࣘ ǡ ܅ǡ ሻ ൌ ࣨሺ࢟ ȁࣘ܅ ǡ ሻ
ሺሻ

7KLVVWXG\SUHVXPHVWKDWWKHWLPHVHULHVDUHLQGHSHQGHQWO\PHDVXUHGl WLPHV/HW࢟  ݅ ൌ
ͳ ǥ ݈ GHQRWHWKHPHDVXUHGDFFHOHUDWLRQDWk-WKWLPHVWHSLQiWKWLPHVHULHVDQG݊ GHQRWHLWV
ሺሻ
ሺሻ
ሺሻ
ሺሻ
GDWD OHQJWK /HW ܇ൌ ቂ࢟ାଵ ǡ ǥǡ ࢟ ቃ  אԹൈሺ ିሻ DQG ൌ ቂࣘାଵ ǡ ǥǡ ࣘ ቃ  אԹൈሺ ିሻ 
%HFDXVHWKHQRLVHWHUPࢋ LVZKLWHQRLVHWKHIROORZLQJ3')LVREWDLQHG
ሺ ܇ȁ ǡ ܅ǡ ሻ ൌ ςୀାଵ ࣨሺ࢟ ȁࣘ܅ ǡ ሻ



,QWKHSURSRVHGPHWKRGWKH3')LQ(TLVUHJDUGHGDVWKHOLNHOLKRRGIXQFWLRQIRUSDUDPHWHUV
܅DQG$FFRUGLQJO\WKH%D\HVLDQWKHRUHPSURYLGHVWKHIROORZLQJUHODWLRQVKLS
ሺ܅ǡ ȁ ܇ǡ  ሻ ൌ ሺ ܇ȁ ǡ ܅ǡ ሻሺ܅ǡ ሻሺ ܇ȁ ሻିଵ



)RU%D\HVLDQLQIHUHQFHWKLVVWXG\DGRSWVFRQMXJDWHSULRUV>@ZKLFKSURGXFHSRVWHULRUGLVWUL
EXWLRQVZLWKLQYDULDQWIXQFWLRQDOIRUPV$LPLQJDWIDVWFRPSXWDWLRQIRULQVHUYLFHGDPDJHGH
WHFWLRQ WKH FRQMXJDWH SULRUV DUH EHQHILFLDO EHFDXVH WKH\ SURGXFH WKH SRVWHULRU GLVWULEXWLRQV
ZLWKRXW0RQWH&DUORVDPSOLQJ)RUWKH9$5PRGHOWKHFRQMXJDWHSULRUIRU ܅DQG LVNQRZQ
WREHJLYHQDVWKHIROORZLQJPDWUL[QRUPDOLQYHUVH:LVKDUWGLVWULEXWLRQ>@
ሺ܅ǡ ሻ ൌ ࣧࣨሺ܅ȁۻǡ ǡ ିۺଵ ሻࣱࣣሺȁશǡ ߥሻ



,Q WKDW HTXDWLRQ א ۻԹൈ  א ۺԹൈ શ  אԹൈ DQGߥ  אԹDUH K\SHUSDUDPHWHUV LH
WKHSDUDPHWHUVFRPSRVLQJWKH3')IRU ܅DQGࣧࣨሺ܅ȁۻǡ ǡ ିۺଵ ሻDQGࣱࣣሺȁશǡ ߥሻUHVSHF
WLYHO\VWDQGIRUWKHIROORZLQJPDWUL[QRUPDODQGLQYHUVH:LVKDUWGLVWULEXWLRQVDV
ࣧࣨሺ܅ȁۻǡ ǡ ିۺଵ ሻ
ൌ ሺʹߨሻି

ൈ
మ




మ

ȁିۺଵ ȁି మ ȁȁି

ଵ

ൈ  ቄെ ଶ ሾۺሺ ܅െ ۻሻ  ିଵ ሺ ܅െ ۻሻሿቅ
ఔ

ഌ

ሺഌశశభሻ
మ

ࣱࣣሺȁશǡ ߥሻ ൌ ʹିఔΤଶ Ȟ ቀଶቁ ȁશȁమ ȁࢳȁି

ଵ

ൈ  ቄെ ଶ ሾશ ିଵ ሿቅ




ZKHUHȞ ሺڄሻLVWKHPXOWLYDULDWHJDPPDIXQFWLRQ
7KHOLNHOLKRRGIXQFWLRQLQ(TDQG%D\HVLDQWKHRUHPJLYHQLQ(TDUHNQRZQWRHQJHQGHU
WKHIROORZLQJSRVWHULRUGLVWULEXWLRQ>@
ሺ܅ǡ ȁ ܇ǡ  ሻ ൌ ࣧࣨ൫܅ȁۻԢǡ ǡ ۺᇱ

ିଵ

൯ࣱࣣሺȁશԢǡ ߥԢሻ

 

,QWKHHTXDWLRQDERYHWKHIROORZLQJYDULDEOHVDUHXVHG
ۺᇱ ൌ  ۺ   

 
ᇱ ିଵ

ۻᇱ ൌ ሺ ۺۻ  ܇  ሻۺ
ߥ ᇱ ൌ ߥ  ݊ െ 
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શᇱ ൌ શ   ܇ ܇  ۻۺۻ െ ۻᇱ ۺᇱ ۻᇱ

 

)RUVLPSOLFLW\WKLVVWXG\DGRSWVXQLIRUPSULRUGLVWULEXWLRQLHሺ܅ǡ ሻ ݐݏ݊ܥ ןWRUHSUH
VHQW QRQLQIRUPDWLYH SULRU 7KDW LV ZH DVVXPH WKH K\SHUSDUDPHWHUV DV ሾۺሿ ൌ Ͳሺ݅ǡ ݆ ൌ
ͳ ǥ ݉ሻǡߥ ൌ െሺ݉  ݉  ͳሻǡሾશሿ ൌ Ͳሺ݅ǡ ݆ ൌ ͳ ǥ ݉ሻ$GRSWLQJDOORIWKHPHDVXUHG
WLPHVHULHV(TVSURGXFHVIROORZLQJGLVWULEXWLRQ
ሺ܅ǡ ȁ܇ ǡ  ǡ ǥ ǡ  ܇ǡ  ሻ ൌ ࣧࣨ൫܅ȁۻԢԢǡ ǡ ۺᇱᇱ

ିଵ

൯ࣱࣣሺȁશԢԢǡ ߥԢԢሻ

 

ZKHUH

ۺᇱᇱ ൌ ȭୀଵ
 

ۻԢԢ ൌ ሺȭୀଵ
܇  ሻۺᇱᇱ

 
ିଵ

 


ߥ ᇱᇱ ൌ െሺ݉  ݉  ͳሻ  ȭୀଵ
ሺ݊ െ ሻ

 


܇ ܇ െ ۻᇱᇱ ۺᇱᇱ ۻᇱᇱ
શᇱᇱ ൌ ȭୀଵ

 

2.2 Model selection
7RILQGRSWLPDOPRGHORUGHUpWKLVVWXG\DGRSWVIROORZLQJ%D\HVLDQLQIRUPDWLRQFULWHULRQ
%,& >@
 ൯  ܰ  ܯ
 ܥܫܤൌ െʹ  ൫ࣞหࣂ

 

ZKHUHWKH3')ሺࣞȁࣂሻUHSUHVHQWVOLNHOLKRRGIXQFWLRQRISDUDPHWHUVࣂ ZLWKREVHUYHGGDWDࣞ
 UHSUHVHQWVLWVPRVWOLNHOLKRRGHVWLPDWRUVMGHQRWHVWKHQXPEHURISDUDPHWHUDQGN GH
DQGࣂ
QRWHVWRWDOGDWDOHQJWK

,QWKLVVWXG\WKHWRWDOGDWDOHQJWKRIWKHREVHUYHGGDWD܇ଵ ǡ ǥ ǡ ܇ LVJLYHQDVN˙ȭୀଵ
ሺ݊ െ
ሻ,WLVNQRZQWKDWWKHPRVWORJOLNHOLKRRGRI*DXVVLDQGLVWULEXWLRQLVJLYHQDV
ே

 ൯ ൌ െ ሺ݉  ʹߨ  ห
ห  ݉ሻ
 ൫܇ଵ ǡ ǥ ǡ ܇ หࣂ
ଶ

 

UHSUHVHQWVWKHPRVWOLNHOLKRRGHVWLPDWRURI$FFRUGLQJWR(TVDQGWKH
ZKHUH
PRVWOLNHOLKRRGHVWLPDWRULVJLYHQDV
 ൌ શᇱᇱ Ȁܰ


 

7KHUHIRUHWKH%,&JLYHQLQ(TLVFDOFXODWHGZLWKWKHIROORZLQJHTXDWLRQ
 ܥܫܤൌ ܰሺ݉  ʹߨ  ȁશᇱᇱ Ȁܰȁ  ݉ሻ  ቀ݉ଶ  

ሺାଵሻ

ቁ  ܰ

ଶ

 

,WLVVXSSRVHGWKDWWKHOHVV%,&SURYLGHVWKHEHWWHUVWDWLVWLFDOPRGHO
2.3 Uncertainty quantification
7KHXQFHUWDLQW\RIWKHHDFKLGHQWLILHGPRGHLVGHULYHGIURP(TDV IROORZV)LUVWWKLV
VWXG\DVVXPHV LVIL[HGWRWKHPRVWOLNHOLKRRGHVWLPDWRUIRUVLPSOLFLW\LQVWHDGRIWKHLQYHUVH
:LVKDUWGLVWULEXWLRQ7KHUHIRUHWKHSRVWHULRUGLVWULEXWLRQRI ܅LVJLYHQDVIROORZVLQVWHDGRI
(T
ǡ ۺᇱᇱ
ሺ܅ȁ܇ ǡ  ǡ ǥ ǡ  ܇ǡ  ሻ ൌ ࣧࣨ൫܅ȁۻԢԢǡ 

ିଵ

൯

 

,WLVNQRZQWKDWWKH9$5PRGHOLQ(TLVUHSURGXFHGWRWKHIROORZLQJVWDWHVSDFHPRGHO>@
ࣘାଵ ൌ ࣘۯ  ቂ
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࢟ ൌ ሾ۷

۽ሿࣘାଵ

 

ZKHUH۷ GHQRWHVWKHHLJHQPDWUL[RIVL]Hm ۽GHQRWHVWKH]HURPDWUL[ZLWKWKHDSSURSULDWHVL]H
DQG א ۯԹൈ UHSUHVHQWVWKHIROORZLQJPDWUL[
܅
 ۯൌ ۷തതതതതതതതതതതതതത
۽൨
ሺିଵሻ

 

7KHHLJHQYDOXHGHFRPSRVLWLRQRIWKHPDWUL[ ۯLVJLYHQDVIROORZV
 ۯൌ ۾ି ۾ଵ 

 

ZKHUH GHQRWHVWKHGLDJRQDOPDWUL[FRPSRVHGRIWKHHLJHQYDOXHVRIPDWUL[ۯDQG۾GHQRWHV
WKHPDWUL[FRPSRVHGRIWKHFRUUHVSRQGLQJHLJHQYHFWRUV,WLVZHOONQRZQWKDWWKHHLJHQYDOXHV
UHSUHVHQWWKHSROHVRIWKHWUDQVIHUIXQFWLRQRIWKHG\QDPLFPRGHOJLYHQLQ(TV7KDWLV
OHWWLQJ߱ DQGߞ UHVSHFWLYHO\ UHSUHVHQW WKHiWK QDWXUDO DQJXODUIUHTXHQF\DQG GDPSLQJUDWLR
DQGߣ GHQRWHWKHiWKHLJHQYDOXHRIWKHPDWUL[ۯWKHIROORZLQJUHODWLRQLVJLYHQ
ߣ ൌ  ቈቆെߞ ߱  ࣼටͳ െ ߞଶ ߱ ቇ ȟݐ

 

ZKHUHȟݐUHSUHVHQWVWKHVDPSOLQJLQWHUYDORIWKHWLPHVHULHVDQGࣼUHSUHVHQWVWKHLPDJLQDU\XQLW
%HFDXVHWKHPDWUL[܅LQ(TLVFRPSRVHGRIUDQGRPYDULDEOHVWKHUDQGRPGLVWULEXWLRQ
RI ܅LVWUDQVIRUPHGLQWRWKHWKHUDQGRPGLVWULEXWLRQRIߣ DFFRUGLQJWR(T$FFRUGLQJO\
XQFHUWDLQW\LQYROYHGLQߣ LVTXDQWLILHGWKURXJKWKHUHYDULDEOHV%HFDXVHߣ ZLOOEHDQLPDJL
QDU\QXPEHUWKLVVWXG\TXDQWLILHVWKHXQFHUWDLQW\ZLWKWKHIROORZLQJHTXDWLRQ
ሺߣ ሻ ൌ ሾሺȁߣ െ ሾߣ ሿȁଶ ሻሿ

 

ZKHUHሾڄሿGHQRWHVWKHH[SHFWDWLRQRIDUDQGRPYDULDEOHDQGȁڄȁUHSUHVHQWVDEVROXWHYDOXHRIDQ
LPDJLQDU\QXPEHU7KLVVWXG\UHIHUVሺߣ ሻLQ(TDV³YDULDQFHRISROH´
)RUHIILFDF\WKLVVWXG\SURGXFHVDSSUR[LPDWHGFORVHGIRUPVROXWLRQRIሺߣ ሻDVIROORZV
)LUVWDFFRUGLQJWR(TVDQGWKHH[SHFWDWLRQRIPDWUL[ ۯLVJLYHQDV
ۻԢԢ
ഥ ൌ തതതതതതതതതതതതതത
ۯ
۽൨
۷
ሺିଵሻ

 

ഥ UHSUHVHQWZLWKWKHIROORZLQJHTXDWLRQ
/HWWKHHLJHQYDOXHGHFRPSRVLWLRQRIۯ
ഥൌ۾
ഥ
ഥ۾
ഥ ିଵ
ۯ

 

෩ ൌۯെۯ
ഥ ۾
෩ൌ
$QGOHWWKHGHYLDWLRQRIPDWULFHV ۯP DQGUHVSHFWLYHO\EHUHSUHVHQWHGDVۯ
ഥ DQG
෩ ൌെ
ഥ $FFRUGLQJWR(TIROORZLQJHTXDWLRQLVSURGXFHG
۾െ۾
ഥۯ
෩ ሻሺ۾
ഥ۾
෩ሻ ൌ ሺ۾
ഥ۾
෩ሻሺ
ഥ
෩ሻ
ሺۯ

 

,JQRULQJWKHVTXDUHGGHYLDWLRQV(TVDSSUR[LPDWHO\SURGXFH
෩۾
ഥ
ഥ۾
ഥ ିଵ ۾
෩െ۾
ഥ ିଵ ۾
෩
ഥ 
෩ൌ۾
ഥ ିଵ ۯ


 

෩ሻ ൌ ሺ۾
ഥ ିଵ ۾
෩
ഥሻ
ഥ۾
ഥ ିଵ ۾
ሺ

 

ഥ LVDGLDJRQDOPDWUL[
6LQFH
ZKHUHሺڄሻUHSUHVHQWVDYHFWRUFRPSRVHGIURPWKHGLDJRQDOHOHPHQWVRIDPDWUL[$FFRUGLQJ
WR(TVWKHYDULDQFHRIHLJHQYDOXHVDUHDSSUR[LPDWHGDVIROORZV
෩۾
ഥሻ
෩ ሻ ൌ ሺ۾
ഥ ିଵ ۯ
ሺ
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෩ LVJLYHQDV
(TVDQGHQVXUHVWKDWPDWUL[ۯ
෩ ൌ ቂ ܅െ ۻԢԢቃ
ۯ
۽

 

෩ ൌ  ܅െ ۻԢԢDQG ܄ൌ ൫ሼ۾
ഥ ିଵ ሽሾǣǡଵǣሿ ൯ZKHUHሼڄሽሾǣǡଵǣሿ GHQRWHVDVXEPDWUL[FRQVLVWLQJ
/HWWLQJ܅
RIWKHILUVWmFROXPQV(TLVWUDQVIRUPHGDV
෩ ሻ ൌ ሺ܅ ܄
෪۾
ഥሻ
ሺ

 

෩  (T SURGXFHVߣሚ ൌ ࢜  
෩   ZKHUH
/HW WKHߣሚ UHSUHVHQW WKH iWK GLDJRQDO PHPEHU RI
ഥ$FFRUGLQJO\WKH
࢜ DQG DUHUHVSHFWLYHO\UHSUHVHQWWKHi-WKFROXPQRIWKHPDWULFHV܄DQG۾
IROORZLQJHTXDWLRQLVJLYHQ
෩  ൌ ሺ ٔ ࢜ ሻ ܿ݁ݒ൫܅
෩ ൯
ߣሚ ൌ ࢜  

 

ZKHUHٔGHQRWHVWKH.URQHFNHUSURGXFWDQGܿ݁ݒሺڄሻGHQRWHVDYHFWRUL]DWLRQRIDPDWUL[
෩ IROORZVWKHIROORZLQJPDWUL[QRUPDOGLVWULEXWLRQ
$FFRUGLQJWRWKHGHILQLWLRQWKHPDWUL[܅
෩ ȁ܇ ǡ  ǡ ǥ ǡ  ܇ǡ  ൯ ൌ ࣧࣨ൫܅ȁ۽ǡ 
ǡ ۺᇱᇱ ିଵ ൯
൫܅

 

,W LV NQRZQ WKDW WKH PDWUL[ QRUPDO GLVWULEXWLRQ LV HTXLYDOHQW WR WKH IROORZLQJ PXOWLYDULDEOH
*DXVVLDQGLVWULEXWLRQ
෩ ൯ȁ۽ǡ ۺᇱᇱ ିଵ ٔ 
൯
෩ ൯ห܇ ǡ  ǡ ǥ ǡ  ܇ǡ  ൯ ൌ ࣨ൫ܿ݁ݒ൫܅
൫ܿ݁ݒ൫܅

 

$FFRUGLQJWR(TVDQGሺߣ ሻGHILQHGLQ(TLVFDOFXODWHGDV
ʹ

ܶ



כ

෪ ൯ܿ݁ݒ൫
෪ ൯ ቃ ൫  ٔ ࢜ ൯ ቚ
ሺߣ݅ ሻ ൌ  ቂหߣ෩ప ห ቃ ൌ ቚ൫ ٔ ࢜ ൯  ቂܿ݁ݒ൫



ൌ ൫ ٔ ࢜ ൯ ൬ۺԢԢ

െͳ

כ

ିଵ

 ൰ ൫ ٔ ࢜ ൯ ൌ   ۺԢԢ  ࢜כ 
 ࢜כ
ٔ




 

ZKHUHሼڄሽ כUHSUHVHQWVWKHFRQMXJDWHSDLU7KHXQFHUWDLQW\RIWKHHDFKPRGHDUHTXDQWLILHGXVLQJ
(T7KLVVWXG\SUHVXPHVWKDWWKHSK\VLFDOO\PHDQLQJIXOPRGHSURGXFHVሺߣ ሻZLWKORZHU
YDOXHWKDQWKHRWKHUV7KXVSK\VLFDOO\PHDQLQJIXOPRGHVZLOOEHHIIHFWLYHO\H[WUDFWHGE\VRUW
LQJWKHFDOFXODWHGሺߣ ሻYDOXHV
3

CASE STUDY

3.1 Target bridge and preliminary investigation
7KLVVWXG\SURYLGHVDFDVHVWXG\IRUDVLPSO\VXSSRUWHGWUXVVEULGJHWRDVVHVVWKHIHDVLELOLW\
RIWKHSURSRVHGPHWKRGWKURXJKFRPSDULVRQWRDQHDUOLHULQYHVWLJDWLRQ>@)LHOGH[SHULPHQWV
ZHUHFRQGXFWHGWRWKHEULGJHZLWKDPRYLQJYHKLFOH7KHEULGJHLVDVLQJOHODQHWKURXJKW\SH

)LJXUH3KRWRRIWKHWDUJHWEULGJH
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)LJXUH6HQVRUGHSOR\PHQW

7DEOH9HKLFOHVSHHGDQGQXPEHURIPHDVXUHPHQW

)LJXUH$QH[DPSOHRIPHDVXUHGDFFHOHUDWLRQ

0RGHORUGHU
)LJXUH%,&ZLWKUHVSHFWWRWKHPRGHORUGHU

VWHHO:DUUHQWUXVVEULGJHZLWKPVSDQOHQJWKPPD[LPXPKHLJKWDQGPZLGWKDV
SUHVHQWHGLQ)LJ7KHYHKLFOHXVHGIRUWKHH[SHULPHQWLVDWZRD[OHUHFUHDWLRQDOYHKLFOHZLWK
WRWDOZHLJKWRIDERXWN1'XULQJWKHH[SHULPHQWDOOWUDIILFH[FHSWWKHORDGLQJYHKLFOHZDV
SURKLELWHG(LJKWXQLD[LDODFFHOHURPHWHUVZHUHLQVWDOOHGRQWKHGHFNRIWKHEULGJHWRPHDVXUH
YHUWLFDOYLEUDWLRQVDVSUHVHQWHGLQ)LJ7KHVDPSOLQJUDWHRIHDFKVHQVRUZDVVHWDV+]
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(DFKRIWKHVDPSOHGWLPHVHULHVLVGHWUHQGHGWKHOLQHDUWUHQGVLQWKHWLPHVHULHVDUHUHPRYHG
LQDGYDQFH7KHYHKLFOHZDVSDVVHGRYHUDWWKUHHVSHHGVNPKNPKDQGNPK7D
EOHSUHVHQWVWKHQXPEHURIYHKLFOHORDGLQJV
)LJVKRZVDPHDVXUHGWLPHVHULHVDW$DFFHOHURPHWHUZLWKYHKLFOHSDVVLQJE\NPK
IRULQVWDQFH7KLVFDVHVWXG\DGRSWVUDZWLPHVHULHVGDWDZLWKQRSUHSURFHVVLQJH[FHSWWKHGH
WUHQGLQJ %,& LQ (T LV FDOFXODWHG XVLQJ WKH PHDVXUHG  WLPH VHULHV DV VKRZQ LQ )LJ
)LJLQGLFDWHVWKDWWKHRSWLPDOPRGHORUGHUZKLFKSURGXFHVWKHPLQLPDO%,&LVp=7KLV
VWXG\DGRSWVWKHRSWLPL]HGPRGHORUGHU
3.2 Identified modes
$VPHQWLRQHGDERYHWKHSURSRVHGPHWKRGH[WUDFWSK\VLFDOO\PHDQLQJIXOPRGHVE\VRUWLQJ
WKHFDOFXODWHGYDULDQFHRISROHV7KHSURSRVHG%D\HVLDQLQIHUHQFHDSSOLHGWRWKHWLPHVHULHV
)LJVKRZVWKHVRUWHGYDULDQFHRISROHV,QWKHGLDJUDPWKHVPDOOHVWUHVXOWVDUHGLVSOD\HG
,WLVREVHUYHGWKDWSROHVKDYHVPDOOHUYDULDQFHLHOHVVXQFHUWDLQW\WKDQWKHRWKHUV7KLV
VWXG\H[WUDFWVWKHSROHVWRLGHQWLI\WKHSK\VLFDOO\PHDQLQJIXOPRGHV,Q)LJWKHYHUWLFDO
GDVKHGOLQHVKRZVWKHERXQGDU\EHWZHHQWKHH[WUDFWHGDQGWKHUHVWSROHV7DEOHVKRZVWKH
VPDOOHVWYDULDQFHVDQGFRUUHVSRQGLQJPRGDOIUHTXHQFLHV
)LJVKRZVFRPSDULVRQEHWZHHQWKHH[WUDFWHGPRGDOIUHTXHQFLHVDQGSRZHUVSHFWUDOGHQ
VLW\ 36' FXUYHVREWDLQHGIURPWKHDFFHOHURPHWHUV)LJDSURYLGHVWKH36'FXUYHVEHORZ

)LJXUH6RUWHGYDULDQFHRISROHV
Variance of Pole

Modal frequency (Hz)

î
î
î
î
î
î
î
î
î
î
î
î
î















7DEOHV9DULDQFHRISROHVDQGH[WUDFWHGPRGDOIUHTXHQFLHV
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D

E

)LJXUH&RPSDULVRQEHWZHHQWKHH[WUDFWHGPRGHVDQG36'D EHORZWKH1\TXLVWIUHTXHQF\E EHORZ+]

%H

WKH1\TXLVWIUHTXHQF\LH+]DQG)LJESURYLGHVWKHHQODUJHGGLDJUDPEHORZ+]LQ
)LJD7KH36'FXUYHVDUHHVWLPDWHGIURPWKHPHDVXUHGWLPHVHULHVDVWKHPRGLILHGSHUL
RGRJUDPVDGRSWLQJWKH+DPPLQJZLQGRZ>@7KHH[WUDFWHGIUHTXHQFLHVDUHGHSLFWHGDVWKH
YHUWLFDOGDVKHGOLQHVLQ)LJVDDQGE2QHRIWKHH[WUDFWHGPRGHFRUUHVSRQGWRWKHSHDNDW
+]LQ)LJD$SSDUHQWO\WKDWLVVLJQDOFRPLQJIURPWKHSRZHUVXSSO\LQZHVWHUQUHJLRQRI
-DSDQDQGWKXVWKHPRGHDW+]LVQRWDVWUXFWXUDOPRGH7KHRWKHUPRGHVRXWRIWKH
DUHEHORZ+]DVVKRZQLQ)LJD7KHH[WUDFWHGPRGHVEHORZ+]VHHPZHOOFRUUHVSRQG
WRWKHSHDNVLQWKH36'FXUYHV7KLVREVHUYDWLRQGHVFULEHVWKDWWKHSURSRVHGPHWKRGLVFRP
SDUDWLYHWRWKHFRQYHQWLRQDOSHDNSLFNLQJIRUGRPLQDQWPRGHV7KHPRGHVDW+]DQG+]
ZHUHQRWLGHQWLILHGLQWKHFRQYHQWLRQDOWLPHGRPDLQPRGDODQDO\VLV>@)LJEDOVRVKRZVWKDW
WKHPRGHVLGHQWLILHGDW+]DQG+]DUHQRWREVHUYHGDVSHDNVLQ36'GLDJUDP7KH
YDOLGLW\RIWKLVUHVXOWLVGLVFXVVHGODWHUFRQVLGHULQJWKHPRGHVKDSHV
,W LV ZHOONQRZQ WKDW WKH PRGH VKDSHV DUH HVWLPDWHG DV D UHDO SDUW RI YHFWRU࢜ >@ 7KH
PRGHVKDSHVFRUUHVSRQGLQJWR WKHH[WUDFWHGSROHVDUHDOVR GHWHUPLQHG)LJ VKRZVWKHH[
WUDFWHG PRGH VKDSHV ,Q WKH GLDJUDPV WKH KRUL]RQWDO D[LV UHSUHVHQWV UHODWLYH ORFDWLRQ RI WKH
VHQVRUVDORQJWKHORQJLWXGLQDOGLUHFWLRQRQWKHEULGJHDQGWKHYHUWLFDOD[LVUHSUHVHQWVUHODWLYH
PRGDOGHIRUPDWLRQ7KHPDUNHUVGHSLFWHGZLWKEOXHFLUFOHVUHSUHVHQWWKHPRGDOGHIRUPDWLRQ
IURP$WR$WKHPDUNHUVZLWKRUDQJHVTXDUHVUHSUHVHQWWKHGHIRUPDWLRQIURP$WR$
7KHPRGHVKDSHVLQ)LJE I J L DQGM VHHPWRFRUUHVSRQGWREHQGLQJPRGHVEHFDXVH
WKHPRGDOGHIRUPDWLRQVRQ$$HGJHDQG$$HGJHDUHGHIRUPVVLPXOWDQHRXVO\7KHVH
UHVXOWVFRUUHVSRQGWRWKHSUHYLRXVVWXG\E\&KDQJDQG.LP>@&RQWUDULO\LWLVUHDVRQDEOHWR
UHJDUGWKHPRGHVKDSHV LQ )LJG K N DQGO DV WRUVLRQDOPRGHVEHFDXVHWKHERWK HGJH
GHIRUPVDOWHUQDWHO\7KHPRGHLQ)LJG LVDOVRREVHUYHGLQWKHSUHYLRXVVWXG\7KHRWKHUWKUHH
WRUVLRQDOPRGHVDUHQHZO\LGHQWLILHGLQWKLVVWXG\(VSHFLDOO\WKHPRGHVLQ)LJN DQGO DUH
QRWREVHUYHGLQWKH36'FXUYHVDVPHQWLRQHGDERYH$OVRWKHPRGHLQ)LJK ZDVQRWREVHUYHG
LQWKHSUHYLRXVVWXG\HLWKHU7KDWLVSRVVLEO\EHFDXVHWKHPRGHLVFORVHWRWKHRWKHUVDQG6WDEL
OL]DWLRQGLDJUDP>@GLGQRWZRUNZHOOLQWKHWLPHGRPDLQDQDO\VLV7KHVHUHVXOWVVXJJHVWWKDW
WKHSURSRVHGPHWKRGKDVDGYDQWDJHWRH[WUDFWKLJKHUPRGHVZKLFKLVKDUGWRILQGIURPWKH36'
FXUYHV
7KHPRGHVKDSHVLQ)LJD F DQGH VHHPVOLNHWRUVLRQDOPRGHVDOVR+RZHYHUWKHHGJHV
RIWKHEULGJHGRQRWGHIRUPDOWHUQDWHO\WRHDFKRWKHU)XUWKHULQYHVWLJDWLRQLVGHVLUHGWRYDOLGDWH
WKHVHPRGHV$VPHQWLRQHGDERYHWKHPRGHVKDSHLQ)LJP LVGHULYHGIURPWKHSRZHUVXSSO\
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D

E

F

G

H

I

J 

K

L

M

N

O 

P
)LJXUH([WUDFWHGPRGHVKDSHV
D +]˗E +]˗F +]˗G +]˗H +]˗I +]˗
J +]˗K +]˗L +]˗M +]˗N +]O +]P +]

QRWIURPWKHVWUXFWXUDOGHIRUPDWLRQ7KDWLVZK\WKHPRGHVKDSHVDSSHDUQRWWRFRUUHVSRQGWR
EHQGLQJRUWRUVLRQDOPRGHV
4

CONCLUSIONS

$LPLQJ WR GHYHORS HIIHFWLYH PRGDO DQDO\VLV WKLV VWXG\ SURSRVHG PRGDO LGHQWLILFDWLRQ
PHWKRGDSSO\LQJ%D\HVLDQLQIHUHQFH8QFHUWDLQW\LQYROYHGPRGDOLGHQWLILFDWLRQZDVTXDQWLILHG
WRH[WUDFWSK\VLFDOO\PHDQLQJIXOPRGHV$YHFWRUDXWRUHJUHVVLYHPRGHOLVDSSOLHGWRSURGXFH
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SRVWHULRUGLVWULEXWLRQRISDUDPHWHUVLQ DG\QDPLFDO PRGHO %D\HVLDQLQIRUPDWLRQ FULWHULRQLV
DSSOLHGWRRSWLPL]HWKHPRGHORUGHU7KHXQFHUWDLQW\RIWKHLGHQWLILHGPRGHVLVTXDQWLILHGHYDO
XDWLQJYDULDWLRQRISROHVRIWKHWUDQVIHUIXQFWLRQRIWKHPRGHO
7LPHVHULHVRIDFFHOHUDWLRQZKLFKDUHDFWXDOO\PHDVXUHGRQDVLPSO\VXSSRUWHGWUXVVEULGJH
DUHDSSOLHGIRUWKHSURSRVHGPHWKRGSROHVSURGXFHGWKHYDULDWLRQZLWKORZHUYDOXHVWKDQ
WKHRWKHUV7KLVVWXG\LQYHVWLJDWHGWKHPRGDOSURSHUWLHVFRUUHVSRQGLQJWRWKHSROHV3RZHU
VSHFWUXPGHQVLW\FXUYHVZHUHFRPSDUHGWRWKHLGHQWLILHGPRGDOIUHTXHQFLHV$OVRPRGHVKDSHV
ZHUHH[DPLQHGWRYDOLGDWHWKHSURSRVHGPHWKRG2QHRIWKHLGHQWLILHGPRGHDSSHDUVWREHGH
ULYHGIURPSRZHUVXSSO\DQGQRWIURPVWUXFWXUDOGHIRUPDWLRQ([FHSWWKHRQHPRGHPRGHV
VHHPWRFRUUHVSRQGWRWKHEHQGLQJDQGWRUVLRQDOPRGHVPRGHVRXWIURPWKHPRGHVFRUUH
VSRQGWR EHQGLQJPRGHVPRGHVRXW IURP WKH PRGHVFRUUHVSRQG WRWRUVLRQDOPRGHV
EHQGLQJPRGHVDQGWRUVLRQDOPRGHZHUHDOVRREVHUYHGLQDSUHYLRXVVWXG\ >@WRUVLRQDO
PRGHV ZHUH QHZO\ REVHUYHG LQ WKLV VWXG\ 7KLV UHVXOW LQGLFDWHV DGYDQWDJH RI WKH SURSRVHG
PHWKRG7KHUHVWPRGHVVHHPOLNHWRUVLRQDOPRGHV)XUWKHULQYHVWLJDWLRQLVGHVLUHGIRUYDOL
GDWLRQRIWKHVHPRGHV
FUNDING
7KLV VWXG\ ZDV SDUWO\ VSRQVRUHG E\ D -DSDQHVH 6RFLHW\ IRU 3URPRWLRQ RI 6FLHQFH -636 
*UDQWLQ$LG IRU 6FLHQWLILF 5HVHDUFK %  XQGHU 3URMHFW 1R + DQG IRU (DUO\&DUHHU
6FLHQWLVWVXQGHU3URMHFW1R.7KDWILQDQFLDOVXSSRUWLVJUDWHIXOO\DFNQRZOHGJHG
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%XQGHVDQVWDOWIU0DWHULDOIRUVFKXQJXQGSUIXQJ %$0 
8QWHUGHQ(LFKHQ%HUOLQ*HUPDQ\
HPDLOSDWULFNVLPRQ#EDPGH FRUUHVSRQGLQJDXWKRU 

.H\ZRUGVVWUXFWXUDOKHDOWKPRQLWRULQJ%D\HVLDQPHWKRGVHQYLURQPHQWDOHIIHFWV
$EVWUDFW Inspection and maintenance contribute significantly to the lifetime cost of bridges.
There is significant potential in using information obtained through structural health monitoring to update predictive models of the condition and performance of such structures, and thus
enable an improved decision-making regarding inspection and maintenance activities. Within
the AISTEC project funded by the German Federal Ministry of Education and Research, we
develop vibration-based structural health monitoring systems aimed at continuously providing
information on the structural condition of bridges. Environmental variations such as changing
ambient temperatures can significantly influence the dynamic characteristics of bridges and
thus mask the effect of structural changes and damages. It remains a challenge to account for
such influences in structural health monitoring. To study the effect of ambient temperatures on
the dynamic characteristics of beam structures, we monitor the vibration response of a reinforced concrete beam in the uncracked and cracked state at varying temperatures in a climate
chamber. We postulate a set of competing parameterized probabilistic structural models, which
explicitly account for the effect of varying ambient temperatures on the mechanical properties
of the system. We then combine the information provided by the structural models with the
information contained in the recorded vibration data to learn the parameters of the temperature-dependent structural models and infer the plausible state of the beam using Bayesian system identification and model class selection.
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 ,1752'8&7,21
$VWUDQVSRUWLQIUDVWUXFWXUHQHWZRUNVDUHDJLQJWKHHIIRUWVDQGWKXVWKHFRVWVIRULQVSHFWLRQ
DQGPDLQWHQDQFHRIWKHHQJLQHHULQJVWUXFWXUHVZLWKLQWKHQHWZRUNVVXFKDVEULGJHVDUHVWHDGLO\
JURZLQJ6WUXFWXUDOKHDOWKPRQLWRULQJ 6+0 KDVWKHSRWHQWLDORILPSURYLQJSUHGLFWLRQVRIWKH
FRQGLWLRQDQGSHUIRUPDQFHRIVXFKVWUXFWXUDOV\VWHPVDQGFDQWKXVHQKDQFHGHFLVLRQVRQLQ
VSHFWLRQDQGPDLQWHQDQFHDFWLYLWLHVDVZHOODVSRVVLEOHOLIHWLPHH[WHQVLRQV
7KHYDULDELOLW\LQHQYLURQPHQWDOIDFWRUVVXFKDVDPELHQWWHPSHUDWXUHVFDQVLJQLILFDQWO\LQ
IOXHQFHWKHUHVXOWVRIVWUXFWXUDOKHDOWKPRQLWRULQJ>@DQGFRQVHTXHQWO\LQFUHDVHWKHXQFHUWDLQW\
LQWKHSUHGLFWLRQRIWKHVWUXFWXUDOFRQGLWLRQDQGSHUIRUPDQFH7ZRVWUDWHJLHVKDYHHPHUJHGWR
DGGUHVVWKLVLVVXH>@PHWKRGVWKDWLQFOXGHDPRGHORIWKHVWUXFWXUH¶VPHFKDQLFV±KHUHWHUPHG
model-basedPHWKRGV±DQGPHWKRGVWKDWGRQ¶W±WHUPHGmodel-freePHWKRGV7KHODWWHUHOLP
LQDWHWKHHQYLURQPHQWDOHIIHFWVIURPWKHGDWDDQGRUDQDO\VLVUHVXOWV>@,QWKHVLPSOHVWFDVH
DOLQHDUUHJUHVVLRQRQWKHDLUWHPSHUDWXUHFDQEHSHUIRUPHG,QDQ\FDVHSUHGLFWLRQVRIDVWUXF
WXUH¶VFRQGLWLRQDQGSHUIRUPDQFHFDQRQO\EHPDGHXVLQJPRGHOEDVHGPHWKRGV
,QPRGHOEDVHGDSSURDFKHVPHFKDQLFDOPRGHOVRIWKHVWUXFWXUH±W\SLFDOO\ILQLWHHOHPHQW
)( PRGHOV±DUHXSGDWHGZLWKNQRZOHGJHJDLQHGIURPDQDO\]LQJVWDWLFRUG\QDPLFGDWD>@
7ZRDSSURDFKHVDUHSRVVLEOHWRGHDOZLWKWKHLVVXHRIHQYLURQPHQWDOHIIHFWV>@ D HOLPLQDWH
WKHVHHIIHFWVIURPWKHGDWDSULRUWRXSGDWLQJWKHPRGHORU E H[SOLFLWO\LQFOXGHWKHVHHIIHFWVLQ
WKH PRGHO 7KH IRUPHU EHDUV WKH ULVN RI LPSOLFLWO\ LQFRUSRUDWLQJ WKH WHPSHUDWXUHGHSHQGHQW
ORDGEHDULQJHIIHFWRIQRPLQDOO\QRQORDGEHDULQJPHPEHUVVXFKDVEDOODVWRUDVSKDOWOD\HUV,Q
WKHODWWHUDSSURDFKWKHWKHUPDODFWLRQVRQWKHVWUXFWXUHDQGLWVHIIHFWVDUHPRGHOOHGDQGDVD
UHVXOWIXUWKHUNQRZOHGJHRQWKHVWUXFWXUHFDQEHJDLQHG
3UHYLRXVVWXGLHVVKRZWKDWWKHHQYLURQPHQWDOHIIHFWVRQVWUXFWXUHVFDQEHRIFRPSOH[QDWXUH
7KHVHHIIHFWVLQFOXGH±ZLWKQRFODLPVRIFRPSUHKHQVLYHQHVV±HIIHFWVRIWHPSHUDWXUHJUDGLHQWV
>@GLIIHUHQFHVEHWZHHQIUHH]LQJDQGWKDZLQJSHULRGV>@DQGQRQOLQHDUEHKDYLRUDURXQGWKH
IUHH]LQJSRLQW>@
7KHXSGDWLQJRIPRGHOVFDQEHDFFRPSOLVKHGHLWKHUGHWHUPLQLVWLFDOO\RUSUREDELOLVWLFDOO\
7KHIRUPHUHPSOR\VRSWLPL]DWLRQDOJRULWKPVZKLFKPLQLPL]HWKHGLIIHUHQFHEHWZHHQPRGHO
SUHGLFWLRQVDQGWKHPHDVXUHGGDWD7KHVROXWLRQFRPSULVHVRIWKHRSWLPDOVHWRI GHWHUPLQLVWLF 
PRGHOSDUDPHWHUV3UREDELOLVWLFPRGHOXSGDWLQJFDQEHGRQHZLWKLQWKH%D\HVLDQIUDPHZRUN
DQGLVUHIHUUHGWRDV%D\HVLDQPRGHOXSGDWLQJRU%D\HVLDQV\VWHPLGHQWLILFDWLRQ>@7KLV
DSSURDFKSURYLGHVVHYHUDODGYDQWDJHV1RVLQJOHtrueVROXWLRQLVLGHQWLILHG,QVWHDGDUDQJHRI
SODXVLEOHVROXWLRQVDQGWKHLUUHODWLYHSODXVLELOLW\LQWKHIRUPRIWKHXSGDWHGMRLQWSUREDELOLW\
GLVWULEXWLRQRIWKHSDUDPHWHUVGHILQLQJWKHSUREOHP,QWKLVZD\LOOSRVHGSUREOHPVZLWKQRQ
XQLTXHVROXWLRQFDQEHDGGUHVVHG7KHDSSURDFKH[SOLFLWO\TXDQWLILHVWKHXQFHUWDLQWLHVLQWKH
PRGHOSDUDPHWHUVLQWKHPRGHOVWKHPVHOYHVDQGLQWKHGDWD'LIIHUHQWVRXUFHVDQGW\SHVRIGDWD
FDQEHLQFOXGHGFRQVLVWHQWO\LQWKHDQDO\VLV$Q\SULRUNQRZOHGJHRQWKHVWUXFWXUDOV\VWHPLQ
FOXGLQJH[SHUWMXGJHPHQWLVTXDQWLILHG±HYHQLQWKHFDVHZKHUHQRQHLVDYDLODEOH,WLVSRVVLEOH
WRSHUIRUPWKHDQDO\VLVZLWKOLPLWHGRULQFRPSOHWHGDWD
%D\HVLDQV\VWHPLGHQWLILFDWLRQKDVEHHQDSSOLHGWRVHYHUDOVWUXFWXUDOV\VWHPV1WRWVLRVHWDO
>@ XVHG YLEUDWLRQ GDWD IURP D EULGJH WR GHWHUPLQH WKH SODXVLEOH VWDWHV RI WKH VWUXFWXUH YLD
%D\HVLDQPRGHOFODVVVHOHFWLRQ>@=RQWDDQG3R]]L>@FRPSDUHGWZRSODXVLEOHVWDWHVRI
DOHDQLQJEHOOWRZHU3LRQHHULQJZRUNRQLQFOXGLQJWHPSHUDWXUHGHSHQGHQWPDWHULDOSURSHUWLHV
KDVEHHQFRQGXFWHGE\%HPDQHVKDQG0RDYHQL>@ZKRLGHQWLILHGWKHWHPSHUDWXUHGHSHQGHQW
HODVWLFPRGXOXVRIDFRQFUHWHGHFNRIDIRRWEULGJH5HFHQWPHWKRGRORJLFDODGYDQFHVLQFOXGH
KLHUDUFKLFDO%D\HVLDQIUDPHZRUNV>@DQGVSDUVH%D\HVLDQOHDUQLQJ>@
,QWKLVZRUNZHVXEMHFWDUHLQIRUFHGFRQFUHWH 5& EHDPWRGLIIHUHQWWHPSHUDWXUHVLQVLGHD
FOLPDWHFKDPEHULQDFUDFNHGDQGDQXQFUDFNHGVWDWH:HDSSO\%D\HVLDQV\VWHPLGHQWLILFDWLRQ
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DQGPRGHOFODVVVHOHFWLRQWRGHWHUPLQHWKHSODXVLEOHVWDWHVRIWKHV\VWHPEDVHGRQPRGDOSURS
HUWLHVH[WUDFWHGIURPYLEUDWLRQGDWD7KHXSGDWHGPRGHOLQFOXGHVDVXEPRGHORIWKHWHPSHUD
WXUHGHSHQGHQW PDWHULDO SURSHUWLHV DQG D VXEPRGHO RI WKH V\VWHP PHFKDQLFV )LQDOO\ D
VWUXFWXUDOKHDOWKPRQLWRULQJVFHQDULRLVFUHDWHGWRGHPRQVWUDWHWKHSRWHQWLDORIWKHSURSRVHG
PHWKRG
 %$<(6,$1)5$0(:25.
6\VWHPLGHQWLILFDWLRQ
7KHDLPRIV\VWHPLGHQWLILFDWLRQLVWRILQGDSDUDPHWULFPRGHOWKDWDGHTXDWHO\GHVFULEHVWKH
SK\VLFVRIDV\VWHP'LIIHUHQWPRGHOVPD\EHGHILQHGDQGWKHSDUDPHWHUVRIHDFKPRGHODUH
LGHQWLILHGEDVHGRQGDWDREWDLQHGIURPWKHUHDOV\VWHP7KHSODXVLELOLW\RIWKHGLIIHUHQWPRGHOV
LVVXEVHTXHQWO\FRPSDUHG,Q%D\HVLDQV\VWHPLGHQWLILFDWLRQWKHSDUDPHWHUVࣂRIDPRGHODUH
PRGHOOHGSUREDELOLVWLFDOO\DQGLQVWHDGRIidentifyingGHWHUPLQLVWLFYDOXHVRIWKHPRGHOSDUDP
HWHUVWKHLUSUREDELOLW\GLVWULEXWLRQVDUHlearnedIURPWKHPHDVXUHGGDWD
/HWሺ࢟ǡ ࣂሻEHWKHSUHGLFWLRQWKDWDGHWHUPLQLVWLFPRGHO\LHOGVIRUREVHUYDEOHTXDQWLWLHVࢠ
IRUJLYHQSDUDPHWHUVࣂDQGLQSXW࢟RIDV\VWHP7KHV\VWHPLQSXW࢟VXFKDVWKHREVHUYHGWHP
SHUDWXUHRIWKHVWUXFWXUDOV\VWHPLVKHUHGHILQHGGHWHUPLQLVWLFDOO\EXWWKHIUDPHZRUNFDQEH
H[WHQGHGWRDOVRFDSWXUHWKHXQFHUWDLQWLHVLQWKHV\VWHPLQSXW
7KHPRGHOSUHGLFWLRQDQGWKHREVHUYDEOHTXDQWLWLHVࢠPD\EHUHODWHGE\PHDQVRIDPXOWL
SOLFDWLYHSUHGLFWLRQHUURUሺࢋሻVXFKWKDW
ࢠ ൌ ሺ࢟ǡ ࣂሻ ٖ ሺࢋሻǤ



ZKHUHٖGHQRWHV WKH +DGDPDUG HOHPHQWE\HOHPHQW  SURGXFW DQG WKH UDQGRP YHFWRUࢋIRO
ORZVDPXOWLYDULDWH*DXVVLDQGLVWULEXWLRQZLWK]HURPHDQDQGFRYDULDQFHPDWUL[ ܍܍7KHSUH
GLFWLRQHUURUሺࢋሻMRLQWO\PRGHOVWKHXQFHUWDLQW\LQWKHGDWDDQGWKHSDUDPHWULFPRGHO
7KHSURFHVVRIOLQNLQJWKHRXWSXWRIDSDUDPHWULFV\VWHPPRGHOZLWKWKHREVHUYDEOHUHVSRQVH
RIWKHV\VWHPE\PHDQVRIDSUHGLFWLRQHUURULVNQRZQDVVWRFKDVWLFHPEHGGLQJ>@
$QDWXUDOORJDULWKPWUDQVIRUPDWLRQRIWKHTXDQWLWLHVLQ(TXDWLRQ  JLYHV
 ࢠ ൌ ሾሺ࢟ǡ ࣂሻሿ  ࢋǤ



ෝ DQG RXWSXWࢠො  LHࣞ ൌ ሺƸ࢟
ෝ ǡ ࢠො ሻ ,Q D
7KH݅WK GDWDVHWࣞ FRQVLVWV RI WKH REVHUYHG LQSXW࢟
%D\HVLDQVHWWLQJWKHREVHUYHGGDWDࣞ LVOLQNHGWRWKHPRGHOSDUDPHWHUVࣂE\WKHOLNHOLKRRG
IXQFWLRQܮሺࣂȁࣞ ሻZKLFKLVSURSRUWLRQDOWRWKHFRQGLWLRQDOSUREDELOLW\GHQVLW\RIWKHGDWDࣞ 
JLYHQWKDWWKHPRGHOSDUDPHWHUVWDNHDYDOXHࣂLH
ܮሺࣂȁࣞ ሻ  ןሺࣞ ȁࣂሻǤ



%DVHGRQWKHHUURUPRGHOLQWURGXFHGLQ(TXDWLRQV  DQG  WKHOLNHOLKRRGIXQFWLRQRIࣞ 
FDQEHIRUPXODWHGDV
ܮሺࣂȁࣞ ሻ ൌ

ͳ

ͳ
ෝ ǡ ࣂሻሿሿ் ࢳିଵ
ෝ ǡ ࣂሻሿሿǤ 
ො ୧ െ ሾሺ࢟
 ቈെ ሾ ࢠො െ ሾሺ࢟
ࢋࢋ ሾ ࢠ

ʹ
ඥሺʹߨሻ ሺࢳ ܍܍ሻ

ZKHUH݊FRUUHVSRQGVWRWKHQXPEHURIPHDVXUHPHQWVLH݊LVHTXDOWRWKHOHQJWKRIࢠො 
:KHQPXOWLSOHGDWDVHWVDUHDYDLODEOHDQGWKHGLIIHUHQWGDWDVHWVDUHFRQGLWLRQDOO\LQGHSHQGHQW
IRUJLYHQPRGHOSDUDPHWHUVࣂWKHOLNHOLKRRGIXQFWLRQܮሺࣂȁࣞሻGHVFULELQJDOODYDLODEOHGDWDVHWV
LVWKHSURGXFWRIWKHOLNHOLKRRGIXQFWLRQVRIWKHLQGLYLGXDOGDWDVHWVܮሺࣂȁࣞ ሻ
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ܮሺࣂȁࣞሻ ൌ ෑ ܮሺࣂȁࣞ ሻǤ





7KHSODXVLELOLW\RIGLIIHUHQWUHDOL]DWLRQVRIWKHSDUDPHWHUVࣂSULRUWRREWDLQLQJGDWDLVH[
SUHVVHGLQWHUPVRIWKHSULRUGLVWULEXWLRQሺࣂሻ)ROORZLQJ%D\HV¶UXOHWKHSRVWHULRUGLVWULEX
WLRQVRIWKHSDUDPHWHUVࣂFRQGLWLRQDORQWKHREVHUYHGGDWDࣞLVFRPSXWHGDV
ሺࣂȁࣞሻ ൌ ܿாିଵ ܮሺࣂȁࣞሻሺࣂሻ



ZKHUHE\WKHFRQVWDQWܿா LVUHIHUUHGWRDVWKHPRGHOHYLGHQFHZKLFKLVFDOFXODWHGE\LQWHJUDWLQJ
WKHOLNHOLKRRGIXQFWLRQDQGSULRUGLVWULEXWLRQRYHUWKHRXWFRPHVSDFHRIWKHSDUDPHWHUV
ܿா ൌ නܮሺࣂȁܦሻሺࣂሻࣂǤ
ࣂ



6DPSOHVIURPWKHSRVWHULRUGLVWULEXWLRQሺࣂȁࣞሻDQGDQHVWLPDWHRIWKHPRGHOHYLGHQFHܿா 
DUHKHUHREWDLQHGXVLQJ%86 %D\HVLDQXSGDWLQJZLWKVWUXFWXUDOUHOLDELOLW\PHWKRGV ZLWKVXEVHW
VLPXODWLRQLQWURGXFHGE\6WUDXEDQG3DSDLRDQQRX>@DQGLPSURYHGE\%HW]HWDO>@7KH
VLPXODWLRQVDUHSHUIRUPHGZLWKFRQGLWLRQDOSUREDELOLWLHVRIHDFKLQWHUPHGLDWHHYHQWRIͲǤͳDQG
͵ͲͲͲ0DUNRYFKDLQ0RQWH&DUORVDPSOHVSHUVXEVHWOHYHO
0RGHOFODVVVHOHFWLRQ
(DFKSDUDPHWULFV\VWHPPRGHODORQJZLWKWKHIRUPXODWLRQRIWKHOLNHOLKRRGIXQFWLRQDQGWKH
SULRUGLVWULEXWLRQRIWKHSDUDPHWHUVࣂIRUPDPRGHOFODVVࣧ 7KHHYLGHQFHRIHDFKPRGHOFODVV
LQDVHWRIPRGHOFODVVHVሼࣧ ሽ
ୀଵ LVSURSRUWLRQDOWRWKHSUREDELOLW\GHQVLW\RIWKHGDWDࣞFRQGL
WLRQDORQWKHPRGHOFODVVࣧ 
ܿாȁࣧ  ןሺࣞȁࣧ ሻǤ



)RUHDFKPRGHOFODVVࣧ DSULRUSUREDELOLW\ሺࣧ ሻFDQEHDVVLJQHG7KLVSUREDELOLW\GH
VFULEHVWKHUHODWLYHSODXVLELOLW\RIHDFKPRGHOFODVVZLWKLQWKHVHWSULRUWRREWDLQLQJDQ\GDWD
IURPWKHUHDOV\VWHP$SSO\LQJ%D\HV¶UXOHDQHZWKHSUREDELOLWLHVRIWKHPRGHOFODVVHVFDQEH
XSGDWHGEDVHGRQWKHDYDLODEOHGDWDࣞ
ሺࣧ ȁࣞሻ ൌ

ሺࣞȁࣧ ሻሺࣧ ሻ
Ǥ

σୀଵ ሺࣞȁࣧ ሻሺࣧ ሻ



 (;3(5,0(17
7RJHQHUDWHGDWDIURPDUHDOVWUXFWXUDOV\VWHPVXEMHFWWRYDU\LQJHQYLURQPHQWDOFRQGLWLRQV
WKHYLEUDWLRQUHVSRQVHRIDVLPSO\VXSSRUWHGUHLQIRUFHGFRQFUHWH 5& EHDPZDVPHDVXUHGLQ
VLGHDFOLPDWHFKDPEHUDWYDU\LQJDPELHQWWHPSHUDWXUHVDVVKRZQLQ)LJXUH

1257

36LPRQ56FKQHLGHU(9LHIKXHV66DLG5+HUUPDQQDQG0%DHOHU

)LJXUH5&EHDPLQVLGHWKHFOLPDWHFKDPEHUZLWKVXVSHQGHGVKDNHU

6HWXS
7KHGLPHQVLRQVRIWKHEHDPDUHPîPîP OHQJWKKHLJKWZLGWK %DVHGRQ
H[SHULPHQWVZLWKLGHQWLFDOEHDPVDQGVDPSOHVIURPWKHVDPHFRQFUHWHEDWFKWKHHODVWLFPRG
XOXVZDVGHWHUPLQHGDV ܧൌ ͵͵*3D>@7KHEHDPLVUHLQIRUFHGZLWKWZRPPEDUVZLWK
DQHIIHFWLYHGLVWDQFHRIPPIURPWKHERWWRPDQGPPIURPWKHVLGHVRIWKHEHDP1RVKHDU
VWLUUXSVZHUHXVHG
7KHLQWHQGHGDQDORJ\RIWKHH[SHULPHQWLVVWUXFWXUDOKHDOWKPRQLWRULQJE\PHDQVRIHVWDE
OLVKHGRSHUDWLRQDOPRGDODQDO\VLV 20$ PHWKRGV'XHWRLWVORZOHQJWKWRKHLJKWUDWLRDQG
KHQFHKLJKHLJHQIUHTXHQFLHVWKHEHDPLVQRWHDVLO\H[FLWHGE\WKHDPELHQWH[FLWDWLRQVSUHVHQW
LQWKHODERUDWRU\7RLQGXFHDPELHQWH[FLWDWLRQDQHOHFWURPDJQHWLFVKDNHUZDVVXVSHQGHGIURP
WKH EHDP DQG LQVXODWHG IURP WKH FOLPDWLF FRQGLWLRQV LQ WKH FKDPEHU 7KLV VKDNHU JHQHUDWHG
ZKLWHQRLVHH[FLWDWLRQVLQWKHIUHTXHQF\UDQJHIURP+]WR+]
6L[JHRSKRQHV±ZLWKDOD\RXWDVLOOXVWUDWHGLQ)LJXUH±ZHUHSODFHGRQWRSRIWKHEHDPWR
PHDVXUHYLEUDWLRQYHORFLWLHV7KHGDWDZHUHDFTXLUHGZLWKDVDPSOLQJUDWHRI+]DQGSRVW
SURFHVVHG ZLWK D ORZSDVV %XWWHUZRUWK ILOWHU ZLWK DQ RUGHU RI  DQG D FXWRII IUHTXHQF\ RI
+]
7KHH[SHULPHQWZDVFRQGXFWHGLQWKUHHVWDJHV)LUVWWKHYLEUDWLRQUHVSRQVHRIWKHuncracked
EHDP ZDV PHDVXUHG DW ILYH GLIIHUHQW WHPSHUDWXUHVሼെʹͷ&ǡ െͷ&ǡ ͷ&ǡ ʹͷ&ǡ ͶͲ&ሽ 6HF
RQGWKHEHDPZDVVXEMHFWWRDFHQWHUSRLQWORDGRI ܨൌ ʹͺN1WRLQWURGXFHFUDFNV7KLUGWKH
YLEUDWLRQUHVSRQVHRIWKHcrackedEHDPZDVPHDVXUHGDWWKHVDPHWHPSHUDWXUHVDVLQWKHILUVW
WHVWVHULHV7ZRWHPSHUDWXUHVHQVRUVZHUHSODFHGLQVLGHWKHEHDP7RHQVXUHWKDWDVWDWLRQDU\
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WHPSHUDWXUHILHOGKDVEHHQUHDFKHGZLWKLQWKHEHDPWKHWHVWVZHUHRQO\FRQGXFWHGZKHQWKH
UHDGLQJV RIWKH WHPSHUDWXUH VHQVRUVLQVLGHWKH EHDP ZHUH ZLWKLQD  . UDQJH RI WKH WDUJHW
WHPSHUDWXUH
7KHGDWDDFTXLUHGIRUWKHXQFUDFNHGEHDPLVUHIHUUHGWRDVGDWDVHWࣞଵ DQGWKHFRUUHVSRQGLQJ
GDWDVHWREWDLQHGIURPWKHFUDFNHGEHDPLVUHIHUUHGWRDVࣞଶ 

)LJXUH6HWXSRIWKHH[SHULPHQWZLWKVHQVRUORFDWLRQVDQGVKDNHU

0RGDOLGHQWLILFDWLRQ
)RUHDFKUXQRIWKHH[SHULPHQWPLQXWHVRIGDWDZHUHUHFRUGHGZKLOHWKHEHDPZDVH[FLWHG
E\WKHVKDNHUDQGDQDO\]HGZLWKWKHHVWDEOLVKHGIUHTXHQF\GRPDLQGHFRPSRVLWLRQ )'' WHFK
QLTXH>@,Q)LJXUHWKHVSHFWUXPRIWKHILUVWVLQJXODUYDOXHRIWKHGHFRPSRVLWLRQLVVKRZQ
ZLWKLQDUDQJHRI+]WR+]IRUWKHWHVWFRQGXFWHGLQWKHXQFUDFNHGVWDWHDW&7KH
WKLUGEHQGLQJPRGHZKLFKKDVEHHQHVWLPDWHGWRRFFXUDWa+]FRXOGQRWEHLGHQWLILHGIURP
WKHGDWD7KHVSHFWUXPRIWKHILUVWVLQJXODUYDOXHLVVPRRWKHGE\DSSO\LQJDJDXVVLDQZLQGRZ
IXQFWLRQZLWKDZLGWKRIVDPSOHVDQGDVWDQGDUGGHYLDWLRQRIVDPSOHV$WPLQXWHV
VHFRQGV RIGDWDWKHIUHTXHQF\UHVROXWLRQLV+]7KXVWKHZLQGRZIXQFWLRQKDVD
ZLGWKRI+]DQGDVWDQGDUGGHYLDWLRQRI+]LQWKHVSHFWUXP
7KHGLVWLQFWGRXEOHSHDNDWa+]DQGa+]ZLWKLGHQWLFDOPRGHVKDSHVFRUUHVSRQGVZHOO
WRDV\VWHPZLWKDWXQHGPDVVGDPSHU 70' 6XFKDV\VWHPFDQEHDSSUR[LPDWHGDVDWZR
GHJUHHRIIUHHGRP '2) V\VWHPZKHUHE\WKHWZRPDVVHVFRUUHVSRQGWRWKHPRGDOPDVVHVRI
WKHEHDPDQGVKDNHU,QWKHWZRFORVHO\VSDFHGPRGHVRIWKHGRXEOHSHDNWKHWZRPDVVHVPRYH
LQWKHVDPHDQGLQWKHRSSRVLWHGLUHFWLRQUHVSHFWLYHO\6LQFHRQO\WKHEHDPLVLQVWUXPHQWHGWKH
WZRLGHQWLILHGPRGHVKDSHVDUHLQGLVWLQJXLVKDEOH7KHPRGHVKDSHVRIWKHVHGRXEOHSHDNHGILUVW
EHQGLQJPRGHVDQGWKHVHFRQGEHQGLQJPRGHDWa+]RIWKHVDPHWHVWUXQDUHGLVSOD\HGLQ
)LJXUH
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)LJXUH6SHFWUXP +] RIWKHILUVW)''VLQJXODUYDOXHDORQJZLWKSHDNVIRUWKHXQFUDFNHGVWDWHDW&


)LJXUH,GHQWLILHGPRGHVKDSHV QRUPDOL]HGWRDPD[LPXPDPSOLWXGHRI DW+]+]DQG+]
RIWKHEHDPLQWKHXQFUDFNHGVWDWHDW&

 6<67(0,'(17,),&$7,21$1'02'(/&/$666(/(&7,21
6WUXFWXUDO KHDOWK PRQLWRULQJ RI D VWUXFWXUDO V\VWHP FDQ EH SHUIRUPHG EDVHG RQ %D\HVLDQ
PRGHOFODVVVHOHFWLRQLQWKHIROORZLQJVWHSV VHHDOVR>@ 
 $ VHW RI݉PRGHO FODVVHV LV SRVWXODWHG ZKHUH HDFK PRGHO FODVV UHSUHVHQWV D SRVVLEOH
VWDWHRIWKHVWUXFWXUDOV\VWHP(PEHGGHGZLWKLQWKHIRUPXODWLRQRIWKHOLNHOLKRRGIXQF
WLRQWKHVHPRGHOFODVVHV FRQWDLQ GHWHUPLQLVWLFSK\VLFVEDVHG PRGHOV RI WKHVWUXFWXUDO
V\VWHPDQGSUREDELOLVWLFPRGHOVRIWKHPRGHOPHDVXUHPHQWDQGVWDWLVWLFDOXQFHUWDLQW\
,Q DGGLWLRQ HDFK PRGHO FODVV LQFOXGHV WKH SULRU NQRZOHGJH RQ WKH PRGHO SDUDPHWHUV
PRGHOOHGE\WKHLUSULRUMRLQWSUREDELOLW\GLVWULEXWLRQ
 7KHSUREDELOLW\GLVWULEXWLRQVRIWKHPRGHOSDUDPHWHUVDUHWKHQXSGDWHGZLWKREVHUYHG
GDWDIURPWKHUHDOV\VWHPXVLQJ%D\HVLDQDQDO\VLV
 7KHUHODWLYHSODXVLELOLW\RIWKHPRGHOFODVVHVFRQGLWLRQDORQWKHREVHUYHGGDWDLVGHWHU
PLQHGE\PHDQVRI%D\HVLDQPRGHOFODVVVHOHFWLRQ
7HPSHUDWXUHGHSHQGHQWSURSHUWLHV
7KHSURSRVHGPRGHOFODVVHVFRQVLVWRIDVXEPRGHOIRUWKHWHPSHUDWXUHGHSHQGHQWPDWHULDO
SURSHUWLHVD PHFKDQLFDO VXEPRGHO WKH IRUPXODWLRQ RIWKHOLNHOLKRRG IXQFWLRQ EDVHG RQ WKH
SUHGLFWLRQHUURUPRGHODQGSULRUSUREDELOLW\GLVWULEXWLRQWKHSDUDPHWHUVRIWKHPRGHOFODVVHV
,QWKHOLWHUDWXUH>@WKHHODVWLFPRGXOXVRIFRQFUHWHLVPRGHOOHGDVOLQHDUO\GHFUHDVLQJ
IXQFWLRQRIWKHWHPSHUDWXUH%DVHGRQWKHVHPRGHOVDOLQHDUPRGHOIRUWKHWHPSHUDWXUHGHSHQG
HQWIOH[XUDOVWLIIQHVVLVDSSOLHG
ܫܧሺܶሻ ൌ ܫܧ  ߙ ൈ ܶ
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ZKHUHE\ܫܧ LVWKHIOH[XUDOVWLIIQHVVDW&LQ>01Pð@DQGߙLVWKHVORSHLQ>01Pð.@ZKLOH
ܶLVWKHWHPSHUDWXUHLQ&
0RGHOFODVVXQFUDFNHGEHDP
0RGHOFODVVࣧଵ UHSUHVHQWVWKHWHPSHUDWXUHGHSHQGHQWXQFUDFNHGEHDP$IWHUWKHWHPSHUD
WXUHGHSHQGHQWSURSHUWLHVRIWKHPDWHULDO±WKHHODVWLFPRGXOXV±KDYHEHHQGHWHUPLQHGWKH
REVHUYDEOHTXDQWLWLHVDUHFDOFXODWHGZLWKDPHFKDQLFDOVXEPRGHO7KLVPHFKDQLFDOVXEPRGHO
LVLPSOHPHQWHGYLDWKHILQLWHHOHPHQWPHWKRG )(0 ZLWKWKH2SHQ6((6IUDPHZRUN>@
7KHFRQFUHWHEHDPLVPRGHOOHGZLWKOLQHDUHODVWLF(XOHU%HUQRXOOLEHDPHOHPHQWVZLWKDYHU\
KLJKVSDWLDOUHVROXWLRQRIFP7KHIOH[XUDOVWLIIQHVVRIWKHVHHOHPHQWVLVDVVXPHGWREHFRQVWDQW
RYHUWKHOHQJWKRIWKHEHDPZLWKDYDOXHGHWHUPLQHGE\(TXDWLRQ  7RDFFRXQWIRUWKHGDPS
LQJHIIHFWRIWKHVXVSHQGHGVKDNHUDVLQJOHHOHPHQWZKLFKLVHIIHFWLYHO\DFWLQJDVVSULQJZLWK
DOLQHDUVSULQJVWLIIQHVV݇LVVXVSHQGHGIURPWKHEHDPDWWKHORFDWLRQRIWKHVXVSHQVLRQRIWKH
VKDNHU 7KH PDVV RI WKH VKDNHU LV DSSOLHG DV DSRLQW PDVV݉LQ WKH ORZHU QRGH RI WKH EHDP
HOHPHQWUHSUHVHQWLQJWKHVXVSHQVLRQRIWKHVKDNHU$QLOOXVWUDWLRQRIWKHPHFKDQLFDOPRGHOLV
JLYHQLQ)LJXUH
*HRPHWU\DQGPDVVRIWKHDFWXDOEHDPFDQEHGHWHUPLQHGZLWKKLJKFHUWDLQW\DQGDUHKHQFH
PRGHOHGDVGHWHUPLQLVWLFYDOXHVLQWKLVPRGHOFODVV7KHSDUDPHWHUVRIWKHWHPSHUDWXUHGHSHQG
HQF\DQGPHFKDQLFDOVXEPRGHODUHࣂǡ࢙࢛࢈ ൌ ሾܫܧ ߙ ݇ ݉ሿ் 

)LJXUH,OOXVWUDWLRQRIWKHPHFKDQLFDOPRGHOHPEHGGHGLQPRGHOFODVVࣧଵ 

,QWKHFXUUHQWDSSOLFDWLRQRQO\WKHHLJHQIUHTXHQFLHVFRUUHVSRQGLQJWRWKHWKUHHLGHQWLILHG
PRGHVDUHFKRVHQDVWKHREVHUYDEOHPRGDOSURSHUWLHVRIWKHVWUXFWXUDOV\VWHP7KXVDPRGDO
DQDO\VLVRIWKHILQLWHHOHPHQWPRGHOLVFRQGXFWHGDQGWKHHLJHQYDOXHVDUHH[SUHVVHGLQWHUPV
RIQDWXUDOIUHTXHQFLHV7KHPRGHOFDQEHSDUDPHWUL]HGLQWHUPVRIWKHNQRZQLQSXW ݕൌ ܶDQG
ZULWWHQDV
ሺݕǡ ીǡ࢙࢛࢈ ሻ ൌ ሺܶǡ ܫܧ ǡ ߙǡ ݇ǡ ݉ሻ



6LPLODUWRWKHPRGHOLQ(TXDWLRQ  DPXOWLSOLFDWLYHSUHGLFWLRQHUURULVFKRVHQWRUHODWHWKH
REVHUYDEOH IUHTXHQFLHVࢠ ൌ ሾ݂ଵ ݂ଶ ݂ଷ ሿ் ZLWK WKH IUHTXHQFLHVREWDLQHG IURP WKH PRGDO
DQDO\VLVRIWKHILQLWHHOHPHQWPRGHO
ࢠ ൌ ሺݕǡ ࣂǡ࢙࢛࢈ ሻ ٖ ሺࢋሻ



7KHSUHGLFWLRQHUURUMRLQWO\GHVFULEHVWKHXQFHUWDLQW\LQ D WKHYLEUDWLRQGDWD E WKHPHWKRG
XVHGWRH[WUDFWWKHPRGDOHLJHQIUHTXHQFLHVIURPWKHYLEUDWLRQGDWDDQG F WKHHLJHQYDOXHDQDO
\VLVEDVHGRQWKH)(PRGHO$OWHUQDWLYHIRUPXODWLRQVPD\DGRSWDQDGGLWLYHHUURUPRGHODQGRU
LQFOXGHLQIRUPDWLRQDERXWPRGHVKDSHV>@
7KHUDQGRPYHFWRUࢋLVD*DXVVLDQYHFWRUZLWK]HURPHDQEXWFRYDULDQFHPDWUL[ࢳࢋࢋ ,WIRO
ORZVWKDWWKHSUHGLFWLRQHUURUVሺࢋሻDUHDOVRFRUUHODWHG7KHSDLUZLVHFRUUHODWLRQFRHIILFLHQW
ߩ IRUWKHUDQGRPYDULDEOHVLQࢋLVDVVXPHGWREHLGHQWLFDO7KHFRUUHODWLRQPDWUL[RIࢋFDQWKXV
EHZULWWHQDV
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ͳ
ࡾࢋࢋ ൌ 

ߩ
ͳ

݉ݕݏǤ

ߩ
ߩ 
ͳ



,QDGGLWLRQDOOUDQGRPYDULDEOHVLQࢋDUHDVVXPHGWRKDYHDQLGHQWLFDOVWDQGDUGGHYLDWLRQߪ 
VRWKDWWKHYHFWRURIVWDQGDUGGHYLDWLRQVFDQEHZULWWHQDV࣌ࢋ ൌ ሾߪ ߪ ߪ ሿ் 7KLVDVVXPS
WLRQVLPSOLILHVWKHSUREOHPDQGFRQFHDOVDQ\SRVVLEOHGLIIHUHQFHVLQWKHSUHGLFWLRQHUURUVIRU
WKHGLIIHUHQWREVHUYDEOHRXWFRPHVEXWLWLVMXVWLILHGIRUPXOWLSOLFDWLYHHUURUVVLQFHKLJKHUKDU
PRQLFV RI HLJHQIUHTXHQFLHV DUH PXOWLSOHVRIWKHEDVHHLJHQIUHTXHQF\,IWKHGLVFUHSDQF\EH
WZHHQ PRGHO SUHGLFWLRQV DQG REVHUYDWLRQV LV GRPLQDWHG E\ PRGHO HUURUV WKH UDWLR RI WKLV
GLVFUHSDQF\ZLOOEHWKHVDPHIRUDOOKDUPRQLFVUHVXOWLQJLQLGHQWLFDOSUHGLFWLRQHUURUV
:LWKWKHVHDVVXPSWLRQVWKHFRYDULDQFHPDWUL[ࢳࢋࢋ FDQEHGHWHUPLQHGDV
ࢳࢋࢋ ൌ ࡰࢋࢋ ࡾࢋࢋ ࡰࢋࢋ 



ZKHUHࡰࢋࢋ ൌ ሺ࣌ࢋ ሻLVWKHPDWUL[RIVWDQGDUGGHYLDWLRQV7KLVDSSURDFKHIIHFWLYHO\SDUD
PHWUL]HV WKH FRYDULDQFH PDWUL[ 7KH SDUDPHWHUVߩ DQGߪ RI WKH SUHGLFWLRQ HUURU PRGHO WR
JHWKHUZLWKWKHSDUDPHWHUVࣂǡ࢙࢛࢈ RIWKHPRGHOVGHVFULELQJWKHWHPSHUDWXUHGHSHQGHQFHRIWKH
PDWHULDOSURSHUWLHVDQGWKHPHFKDQLFDOEHKDYLRUDUHWKHSDUDPHWHUVRIPRGHOFODVVࣧଵ GHQRWHG
E\ࣂଵ ൌ ሾܫܧ ߙ ݇ ݉ ߪ ߩ ሿ் :LWKWKHSDUDPHWUL]DWLRQRIWKHVXEPRGHOVH[SUHVVHG
DVሺݕǡ ࣂଵ ሻDQGWKHSDUDPHWUL]DWLRQRIWKHFRYDULDQFHPDWUL[DVࢳࢋࢋ ሺࣂଵ ሻWKHOLNHOLKRRGIXQF
WLRQܮଵ ሺࣂଵ ȁࣞǡ ሻGHVFULELQJ WKH UHODWLRQ EHWZHHQ WKH SDUDPHWHUVࣂଵ DQG D VLQJOH VXEGDWDVHW
ࣞǡ ൌ ሺݕොǡ ǡ ࢠොǡ ሻ݅ ൌ ͳሺXQFUDFNHGሻǡ ʹ FUDFNHG DQG݆ ൌ ͳǡ ǥ ǡͷFDQ EH IRUPXODWHG DFFRUGLQJ
WR(TXDWLRQ  
ܮଵ ሺࣂଵ ȁࣞǡ ሻ ൌ

ͳ

ൈ
ඥሺʹߨሻ ሾࢳ ܍܍ሺࣂଵ ሻሿ
ͳ
்
 ቈെ ൣ ࢠොǡ െ ൣሺݕොǡ ǡ ࣂଵ ሻ൧൧ ࢳࢋࢋ ሺࣂଵ ሻି ൣ ࢠොǡ െ ൣሺݕොǡ ǡ ࣂଵ ሻ൧൧Ǥ
ʹ

 

*LYHQWKDWDOOILYHVXEGDWDVHWVLQHDFKGDWDVHWࣞଵ ൌ ሺࣞଵǡ ሻହୀଵ RUࣞଶ ൌ ሺࣞଶǡ ሻହୀଵ DUHFRQ
GLWLRQDOO\LQGHSHQGHQWIRUJLYHQSDUDPHWHUVࣂଵ WKHOLNHOLKRRGIXQFWLRQܮଵ ሺࣂଵ ȁࣞ ሻGHVFULELQJ
WKHIXOOGDWDVHWࣞ ݅ ൌ ͳǡʹLVJLYHQE\ VHHDOVR(TXDWLRQ  
ܮଵ ሺࣂଵ ȁࣞ ሻ ൌ ෑ

ହ
ୀଵ

ܮሺࣂଵ ȁࣞǡ ሻ ZLWK ݅ ൌ ͳǡʹ

 

:LWKLQD%D\HVLDQIUDPHZRUNDQ\SULRUNQRZOHGJHRQWKHSDUDPHWHUVLVTXDQWLILHGE\WKH
GHILQLWLRQRIWKHSULRUSUREDELOLW\GLVWULEXWLRQVRIWKHSDUDPHWHUV&RQFHUQLQJWKHIOH[XUDOVWLII
QHVVܫܧ DW&WKHXQFHUWDLQW\LQWKHJHRPHWU\LVE\IDURXWZHLJKHGE\WKHXQFHUWDLQW\LQWKH
HODVWLFPRGXOXVRIWKHFRQFUHWH%DVHGRQWKH3UREDELOLVWLF0RGHO&RGH>@WKHSUREDELOLW\
GHQVLW\IXQFWLRQRIWKHHODVWLFPRGXOXVLVPRGHOOHGE\DORJQRUPDOGLVWULEXWLRQZLWKDFRHIIL
FLHQWRIYDULDWLRQ FRY :LWKDPHDQFURVVVHFWLRQDODUHDRIPîPDQGDPHDQ
RIWKHHODVWLFPRGXOXVRI*3D VHH6HFWLRQ WKHPHDQRIWKHSULRUGLVWULEXWLRQRIܫܧ LV
GHWHUPLQHGDV01Pð
,QWKHOLWHUDWXUH>@WKHVORSHRIWKHWHPSHUDWXUHGHSHQGHQWHODVWLFPRGXOXVDUHLQWKH
UDQJH RI  . WR  . )RU WKH SUHVHQW V\VWHP ZLWK D IOH[XUDO VWLIIQHVVܫܧ RI
01PðDQRUPDOGLVWULEXWLRQIRUWKHVORSHSDUDPHWHUߙZLWKDPHDQRI01Pð.DQG
DODUJHFRYRILVFKRVHQ

1262

36LPRQ56FKQHLGHU(9LHIKXHV66DLG5+HUUPDQQDQG0%DHOHU

7KHPDVVRIWKHVKDNHULQFOXGLQJWKHFRQVWUXFWLRQIRUVXVSHQGLQJWKHVKDNHULVHVWLPDWHGWR
EHDSSUR[LPDWHO\NJ+HQFHWKLVSDUDPHWHULVPRGHOOHGZLWKDQRUPDOGLVWULEXWLRQZLWKD
PHDQRINJDQGDFRYRI
6LQFHWKHVXVSHQVLRQWKHVKDNHUGRHVQRWFRQVLVWRIDVLQJOHPHPEHUEXWDVHULHVRIPHPEHUV
MRLQHGE\EROWHGFRQQHFWLRQVWKHUHLVDKLJKGHJUHHRIXQFHUWDLQW\LQWKHYDOXHRIWKHHTXLYDOHQW
VSULQJFRQVWDQW݇ZKLFKLVH[SUHVVHGWKURXJKDKLJKFRY3UHOLPLQDU\FDOFXODWLRQVLQGLFDWHD
UDQJHEHWZHHQ01PDQG01PIRUWKHYDOXHRIWKHVSULQJFRQVWDQW1HJDWLYHYDOXHV
DUHXQUHDVRQDEOHDQGWKXVDORJQRUPDOGLVWULEXWLRQZLWKDPHDQRI01PDQGDFRYRI
LVFKRVHQ
7KHVWDQGDUGGHYLDWLRQߪ RIWKHSUHGLFWLRQHUURUVLVDVVXPHGWRIROORZDORJQRUPDOGLVWUL
EXWLRQZLWKDPHDQRIDQGDFRYRI)RUWKHFRUUHODWLRQߩ RIWKHSUHGLFWLRQHUURUVD
EHWDGLVWULEXWLRQZLWKSDUDPHWHUVߙ ൌ ͷDQGߚ ൌ ʹLVDSSOLHG
$OOSDUDPHWHUVLQࣂଵ DUHDVVXPHGWREHVWDWLVWLFDOO\LQGHSHQGHQW$QRYHUYLHZRYHUWKHSULRU
GLVWULEXWLRQVRIWKHSDUDPHWHUVࣂଵ LVJLYHQLQ7DEOH

3DUDPHWHU 'LVWULEXWLRQ 0HDQ
FRY
/RJQRUPDO
01Pð

ܫܧ 
1RUPDO
01Pð.

ߙ
/RJQRUPDO 01P

݇
1RUPDO
NJ

݉
/RJQRUPDO 

ߪ 
%HWD   

ߩ 
7DEOH3ULRUSUREDELOLVWLFPRGHOVRIWKHSDUDPHWHUVࣂଵ RIPRGHOFODVVࣧଵ 

0RGHOFODVVFUDFNHGEHDP
0RGHOFODVVࣧଶ UHSUHVHQWVWKHWHPSHUDWXUHGHSHQGHQWFUDFNHGEHDP,WLVDQH[WHQVLRQRI
PRGHO FODVVࣧଵ ZKHUH WKH EHDP FRQVLVWV RI WZR UHJLRQV DQ XQFUDFNHG UHJLRQ ZLWK PDWHULDO
SURSHUWLHVܫܧǡଵ DQGߙଵ DQGDFUDFNHGUHJLRQZLWKSURSHUWLHVܫܧǡଶ DQGߙଶ 7KHWUDQVLWLRQIURP
WKHXQFUDFNHGWRWKHFUDFNHGUHJLRQRFFXUVDWV\PPHWULFORFDWLRQVRIݔ IURPWKHVXSSRUWV VHH
)LJXUH $SDUWIURPWKHVHDVVXPSWLRQVPRGHOFODVVࣧଶ LVDQDORJXHWRࣧଵ LQWKHPRGHOLQJ
SURFHVV DQG IRUPXODWLRQ RI WKH OLNHOLKRRG IXQFWLRQܮଶ ሺࣂଶ ȁࣞ ሻ݅ ൌ ͳǡʹ 7KH SDUDPHWHUV RI
PRGHO FODVVࣧଶ LVࣂଶ ൌ ሾܫܧǡଵ ߙଵ ܫܧǡଶ ߙଶ ݔ ݇ ݉ ߪ ߩ ሿ்  $Q LOOXVWUDWLRQ RI
WKHPHFKDQLFDOPRGHORIPRGHOFODVVࣧଶ LVVKRZQLQ)LJXUH


)LJXUH,OOXVWUDWLRQRIWKHPHFKDQLFDOPRGHOHPEHGGHGLQPRGHOFODVVࣧଶ 

7KH SULRU NQRZOHGJH RQ WKH FUDFNHG V\VWHP FRUUHVSRQGV WR WKH SULRU NQRZOHGJH RI WKH
XQFUDFNHGV\VWHP7KHUHIRUHWKHSULRUGLVWULEXWLRQVRIWKHSDUDPHWHUVDUHLGHQWLFDOH[FHSWIRU
ܫܧǡଶ ߙଶ DQGݔ ,WLVDVVXPHGWKDWWKHIOH[XUDOVWLIIQHVVܫܧǡଶ DW&RIWKHFUDFNHGUHJLRQ
IROORZVDORJQRUPDOGLVWULEXWLRQZLWKDPHDQRIRIWKHPHDQRIܫܧǡଵ 7KHSULRUGLVWULEXWLRQ
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RIWKHVORSHRIWKHOLQHDUPRGHORIWKHWHPSHUDWXUHGHSHQGHQWVWLIIQHVVLVDVVXPHGWREHDOLNH
IRUWKHXQFUDFNHGDQGFUDFNHGUHJLRQUHVXOWLQJLQLGHQWLFDOSULRUVIRUߙଵ DQGߙଶ 
$QRUPDOGLVWULEXWLRQLVDVVXPHGIRUWKHORFDWLRQRIWKHWUDQVLWLRQRIWKHXQFUDFNHGWRWKH
FUDFNHGUHJLRQݔ ZLWKDPHDQORFDWHGDWWKHTXDUWHUSRLQWVDQGDVWDQGDUGGHYLDWLRQRIFP
UHVXOWLQJLQDFRYRI$OOSDUDPHWHUVDUHDVVXPHGWREHVWDWLVWLFDOO\LQGHSHQGHQWZLWKWKH
H[FHSWLRQ RI WKH IOH[XUDO VWLIIQHVV DW  &ܫܧǡଵ DQGܫܧǡଶ DQG WKH VORSH RIWKH WHPSHUDWXUH
GHSHQGHQWVWLIIQHVVߙଵ DQGߙଶ ZKLFKDUHHDFKFRUUHODWHGZLWKDFRUUHODWLRQFRHIILFLHQWRI
$QRYHUYLHZRYHUWKHSULRUGLVWULEXWLRQVRIWKHSDUDPHWHUVࣂଶ LVJLYHQLQ7DEOH
3DUDPHWHU
ܫܧǡଵ 
ߙଵ 
ܫܧǡଶ 
ߙଶ 
ݔ 
݇
݉
ߪ 
ߩ 

'LVWULEXWLRQ
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/RJQRUPDO
1RUPDO
1RUPDO
/RJQRUPDO
1RUPDO
/RJQRUPDO
%HWD  

0HDQ
01Pð
01Pð.
î01Pð
01Pð.
 P
01P
NJ



FRY










7DEOH3ULRUSUREDELOLVWLFPRGHOVRIWKHSDUDPHWHUVࣂ RIPRGHOFODVVࣧଶ 

5HVXOWV
7KHGDWDJDWKHUHGLQWKHH[SHULPHQWDUHGLYLGHGLQWRWZRGDWDVHWV$GDWDVHWࣞଵ ZLWKGDWD
FROOHFWHG IURP WKH XQFUDFNHG EHDP DW DOO ILYH WHPSHUDWXUH OHYHOV
ሼെʹͷ&ǡ െͷ&ǡ ͷ&ǡ ʹͷ&ǡ ͶͲ&ሽDQG D GDWDVHWࣞଶ ZLWK GDWD FROOHFWHG IURP WKH FUDFNHG
EHDPDWWKHVDPHWHPSHUDWXUHOHYHOV
7KHSRVWHULRUPDUJLQDOGLVWULEXWLRQVRIWKHSDUDPHWHUVࣂଵ RIPRGHOFODVVࣧଵ FRQGLWLRQDORQ
WKHGDWDVHWࣞଵ DUHVKRZQLQ)LJXUHDORQJZLWKWKHLUSULRUGLVWULEXWLRQV'LVWLQFWSHDNVLQWKH
SRVWHULRUGLVWULEXWLRQVFDQEHVHHQIRUWKHPDVV݉RIWKHVKDNHUDQGWKHVWLIIQHVV݇RILWVVXV
SHQVLRQDVZHOODVܫܧ WKHIOH[XUDOVWLIIQHVVDW&7KHVHSHDNVVKRZDQLQIRUPDWLRQJDLQ
WKURXJKWKHGDWDZKLOHWKHPRGHVWFKDQJHRIWKHSRVWHULRUPDUJLQDOGLVWULEXWLRQVRIߙߪ DQG
ߩ FRPSDUHGWRWKHLUUHVSHFWLYHSULRUGLVWULEXWLRQVVLJQLI\RQO\OLPLWHGLQIRUPDWLRQJDLQWKURXJK
WKHGDWD
7KHSRVWHULRUPDUJLQDOGLVWULEXWLRQVRIWKHSDUDPHWHUVࣂଶ RIPRGHOFODVVࣧଶ FRQGLWLRQDORQ
WKHGDWDVHWࣞଶ DUHVKRZQLQ)LJXUHDORQJZLWKWKHLUSULRUGLVWULEXWLRQV+HUHWKHSHDNVLQWKH
SRVWHULRUPDUJLQDOGLVWULEXWLRQVRIWKHSDUDPHWHUVDUHLQJHQHUDOOHVVVKDUSWKDQLQWKHSUHYLRXV
FDVH7KLVLVSODXVLEOHVLQFHWKHPHFKDQLFDOVXEPRGHOZLWKWZRUHJLRQVFRQWDLQVPRUHSDUDP
HWHUVDQGWKXVWKHVSDFHRISRVVLEOHVROXWLRQVLVODUJHU7KHXQFHUWDLQW\LQDOOWKHSDUDPHWHUVRI
WKHPHFKDQLFDOVXEPRGHOGHFUHDVHV7KHDUHDZLWKWKHPRVWSODXVLEOHYDOXHVRIWKHSDUDPHWHU
ݔ ZKLFKGHILQHVWKHVWDUWDQGH[WHQGRIWKHUHJLRQZLWKUHGXFHGVWLIIQHVVLVEHWZHHQP
DQGP9LVXDOO\REVHUYHGFUDFNVVWDUWDWDURXQGPIURPWKHVXSSRUWVIURPERWKVLGHV
7KHREVHUYHGFUDFNVSDFLQJRIPFRUUHVSRQGVWRWKHHIIHFWLYHOHQJWKIRUWKHORDGWUDQVIHU
EHWZHHQUHLQIRUFHPHQWEDUVDQGFRQFUHWH7KHFKDQJHRIIOH[XUDOVWLIIQHVVLVWKXVH[SHFWHGWR
RFFXUDWP±P PZKLFKFRUUHVSRQGVWRWKHPRVWSODXVLEOHYDOXHVRIݔ 
7KH SRVWHULRU SUREDELOLWLHV RI WKH PRGHO FODVVHVࣧଵ DQGࣧଶ FRQGLWLRQDO RQ WKH GDWD DUH
VKRZQ LQ )LJXUH  $ SULRU SUREDELOLW\ RIሺࣧଵ ሻ ൌ ሺࣧଶ ሻ ൌ ͲǤͷZDV DVVXPHG IRU ERWK
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PRGHOFODVVHV7KHUHVXOWVVKRZWKDW±DVH[SHFWHG±PRGHOFODVVࣧଵ LVPRUHSODXVLEOHIRUGDWD
PHDVXUHGIURPRIWKHXQFUDFNHGEHDPDQGPRGHOFODVVࣧଶ LVPRUHSODXVLEOHIRUGDWDREWDLQHG
IURPWKHFUDFNHGEHDP

)LJXUH3RVWHULRUPDUJLQDOGLVWULEXWLRQVRIWKHPRGHOSDUDPHWHUVIRUPRGHOFODVVࣧଵ FRQGLWLRQDORQWKHGDWDVHW
ࣞଵ  GDWDREWDLQHGLQWKHXQFUDFNHGVWDWH 

)LJXUH3RVWHULRUPDUJLQDOGLVWULEXWLRQVRIWKHPRGHOSDUDPHWHUVIRUPRGHOFODVVࣧଶ FRQGLWLRQDORQWKHGDWDVHW
ࣞଶ  GDWDREWDLQHGLQWKHFUDFNHGVWDWH 
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)LJXUH  &RPSDULVRQ RI WKH SODXVLELOLW\ RI WKH PRGHO FODVVHVࣧଵ DQGࣧଶ FRQGLWLRQDO RQ GDWDVHWࣞଵ PHDVXUHG
IURPWKHXQFUDFNHGEHDP OHIW DQGFRQGLWLRQDORQGDWDVHWࣞଶ REWDLQHGIURPWKHFUDFNHGEHDP ULJKW 

 6758&785$/+($/7+021,725,1*6&+(0(
6WUDWHJ\
2QHRIWKHD[LRPVRIVWUXFWXUDOKHDOWKPRQLWRULQJVWDWHVWKDWGDPDJHGHWHFWLRQUHTXLUHVWKH
FRPSDULVRQRIWKHFXUUHQWVWDWHRIDV\VWHPWRDQXQGDPDJHGUHIHUHQFHVWDWH>@7RLPSOHPHQW
WKLVVLWXDWLRQZHILUVWVSOLWWKHDYDLODEOHGDWDࣞLQWRGDWDIURPWKHUHIHUHQFHVWDWHࣞ DQGGDWD
IURPWKHFXUUHQWVWDWHࣞ ZKLFKFRQWDLQVDOOGDWDDIWHUWKHUHIHUHQFHVWDWHࣞ ൌ ሺࣞ ࣞ ሻ
6XEVHTXHQWO\ WZR PRGHO FODVVHV DUH LQWURGXFHG )LUVW D PRGHO FODVV LV SURSRVHG ZKLFK
DVVXPHVWKDWIRUbothWKHGDWDIURPWKHFXUUHQWDQGUHIHUHQFHVWDWHVWKHEHDPLVLQWKHXQFUDFNHG
VWDWH7KHOLNHOLKRRGIXQFWLRQܮଵ LVDSSOLHGWRWKHZKROHGDWDVHWࣞDQGWKHSULRUVIRUࣂଵ DUHFKR
VHQWREHWKHVDPHDVDERYH7KLVPRGHOFODVVLVLGHQWLFDOZLWKPRGHOFODVVࣧଵ 
$VHFRQGPRGHOFODVVGHQRWHGDVࣧଷ LVSURSRVHGZKLFKDVVXPHVWKDWWKHEHDPLVXQFUDFNHG
LQWKHUHIHUHQFHVWDWHDQGFUDFNHGLQWKHFXUUHQWVWDWH7KLVLQHIIHFWDSSOLHVWKHOLNHOLKRRGIXQF
WLRQܮଵ WRWKHGDWDRIWKHUHIHUHQFHVWDWHDQGܮଶ WRWKHGDWDRIWKHFXUUHQWVWDWH7KHSDUDPHWHUV
RIPRGHOFODVVࣧଷ DQGWKHLUSULRUGLVWULEXWLRQVDUHLGHQWLFDOWRWKRVHRIPRGHOFODVVࣧଶ :LWK
ෝ ܫܧǡଵ DQGߙ ൌ
ෝ ߙǡଵ WKHSDUDPHWHUVࣂଵ DUHDVXEVHWRIWKHSDUDPHWHUVࣂଶ DQGWKHOLNHOL
ܫܧ ൌ
KRRGIXQFWLRQܮଵ FDQWKXVDOVREHZULWWHQDVDIXQFWLRQRIࣂଶ 
7KH OLNHOLKRRG IXQFWLRQV IRU WKH WZR PRGHO FODVVHV LQ WKLV VWUXFWXUDO KHDOWK PRQLWRULQJ
VFKHPHDUHIRUPXODWHGDV
ܮଵ ሺࣂଵ ȁࣞሻ ൌ  ܮଵ ሺࣂଵ ȁࣞ ሻ ൈ ܮଵ ሺࣂଵ ȁࣞ ሻ



ܮଷ ሺࣂଶ ȁࣞሻ ൌ  ܮଵ ሺࣂଶ ȁࣞ ሻ ൈ ܮଶ ሺࣂଶ ȁࣞ ሻ



'DWD
,QWKHFXUUHQWVWUXFWXUDOKHDOWKPRQLWRULQJVFHQDULRWKHGDWDVHWVDUHDVVHPEOHGDVIROORZV
7KH GDWDࣞ REWDLQHG LQ WKH UHIHUHQFH VWDWH FRPSULVHV GDWD PHDVXUHG IURP RI WKH XQFUDFNHG
EHDPDWILYHGLIIHUHQWWHPSHUDWXUHOHYHOVDVVXPPDUL]HGLQ7DEOH7KHGDWDࣞ PHDVXUHGLQ
WKHFXUUHQWVWDWHFRQVLVWVRIGDWDPHDVXUHGIURPWKHXQFUDFNHGEHDPDWWZRWHPSHUDWXUHOHYHOV
IROORZHGE\GDWDREWDLQHGIURPWKHFUDFNHGEHDPDWILYHGLIIHUHQWWHPSHUDWXUHOHYHOVDVDOVR
OLVWHGLQ7DEOH
$VWKHPRQLWRULQJRIDVWUXFWXUHSURJUHVVHVPRUHDQGPRUHGDWDDUHDFFXPXODWHG)RUWKLV
UHDVRQZHGHQRWHࣞଵǣ DVWKHGDWDVHWZKLFKLQFOXGHVWKHLQGLYLGXDOGDWDVHWVࣞଵ WRࣞ LHࣞଵǣ ൌ
ሺࣞଵ ǥ ࣞ ሻ
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5HIHUHQFHVWDWHࣞ  &XUUHQWVWDWHࣞ
%HDPVWDWH
XQFUDFNHG FUDFNHG
7HPSHUDWXUH>&@            
'DWDVHW
ࣞଵ  ࣞଶ  ࣞଷ  ࣞସ  ࣞହ  ࣞ  ࣞ  ଼ࣞ  ࣞଽ  ࣞଵ  ࣞଵଵ  ࣞଵଶ 
7DEOH'DWDVHWVIRUWKH6+0VFHQDULRDVDIXQFWLRQRIWKHEHDPVWDWHDQGWHPSHUDWXUH

5HVXOWV
,QWKHVDPHPDQQHUDVEHIRUHDPRGHOFODVVVHOHFWLRQ\LHOGVWKHUHODWLYHSODXVLELOLW\RIWKH
VWDWHV RI WKH V\VWHP FRQGLWLRQDO RQ WKH GDWD 0RGHO FODVV ࣧଵ DVVXPHV WKDW WKH EHDP LV
XQFUDFNHGIRUDOODYDLODEOHGDWDVHWVLHLWLVXQFUDFNHGLQWKHUHIHUHQFHVWDWHDVZHOODVLQWKH
FXUUHQWVWDWH$GLIIHUHQFHEHWZHHQUHIHUHQFHVWDWHDQGFXUUHQWVWDWHLVPDGHIRUPRGHOFODVV
ࣧଷ ZKHUHWKHEHDPLVDVVXPHGWREHXQFUDFNHGLQUHIHUHQFHVWDWHEXWFUDFNHGLQWKHFXUUHQW
VWDWH7KLVPHDQVWKDWZKHQ±FRQGLWLRQDORQWKHGDWDࣧଷ LVPRUHSODXVLEOHWKDQࣧଵ LWLV
PRUHSODXVLEOHWKDWWKHFXUUHQWVWDWHRIWKHEHDPLVFUDFNHGUDWKHUWKDQXQFUDFNHG
$VEHIRUHWKHSULRUSUREDELOLWLHVRIWKHPRGHOFODVVHVDUHDVVXPHGWREHXQLIRUPUHSUHVHQW
LQJQRSULRUSUHIHUHQFHIRUDVSHFLILFPRGHOFODVV
:LWKWKHVHSULRUVDQGWKHHYLGHQFHVREWDLQHGIURPWKHV\VWHPLGHQWLILFDWLRQIRUHDFKGDWDVHW
ࣞଵǣ DPRGHOFODVVFRPSDULVRQFDQEHFRQGXFWHGH[SUHVVLQJWKHSODXVLEOHVWDWHVRIWKHV\VWHP
IRUWKHGDWDDFTXLUHGDWGLIIHUHQWVWDJHVRIWKHPRQLWRULQJVFHQDULR7KHVHPRGHOFODVVFRPSDU
LVRQVDUHVKRZQLQ)LJXUH,WLVDSSDUHQWWKDWLQWKHUHIHUHQFHVWDWHIRUGDWDVHWVࣞଵǣଵ WRࣞଵǣହ 
WKHWZRPRGHOFODVVHVDUHDSSUR[LPDWHO\HTXDOO\SODXVLEOH
'DWDVHWVࣞଵǣ DQGࣞଵǣ LQFOXGHDGGLWLRQDOGDWDIURPWKHXQFUDFNHGEHDP,QWKLVFDVHPRGHO
FODVVࣧଵ ZKLFKDVVXPHVDQXQFUDFNHGEHDPIRUWKHUHIHUHQFHVWDWHDQGFXUUHQWVWDWHLVIDUPRUH
SODXVLEOHWKDQPRGHOFODVVࣧଷ ZKLFKDVVXPHVDFUDFNHGEHDPIRUWKHFXUUHQWVWDWH)RUWKH
VXEVHTXHQWGDWDVHWVࣞଵǣ଼ WRࣞଵǣଵଶ ZKLFKDOVRLQFOXGHGDWDIURPWKHFUDFNHGEHDPLQWKHFXUUHQW
VWDWHPRGHOFODVVࣧଷ JUDGXDOO\EHFRPHVPRUHSODXVLEOHWKDQPRGHOFODVVࣧଵ VLJQLI\LQJWKDW
DFUDFNHGFXUUHQWVWDWHLVPRUHOLNHO\WKDQDQXQFUDFNHGRQH

)LJXUH3ODXVLELOLW\RIPRGHOFODVVHVࣧଵ DQGࣧଷ FRQGLWLRQDORQGDWDVHWVࣞଵǣ 

:LWK WKH XSGDWHG SDUDPHWHUV RI PRGHO FODVVHVࣧଵ DQGࣧଷ FRQGLWLRQDO RQ GDWDVHWVࣞଵǣଵଶ 
ZKHQDOOREVHUYDWLRQVKDYHEHHQWDNHQLQWRDFFRXQWWKHUHVSRQVHVRIWKHPRGHOVFDQEHSUH
GLFWHGE\XVLQJWKHSRVWHULRUVDPSOHVRIWKHSDUDPHWHUVDVPRGHOLQSXW7KHVHSRVWHULRUSUHGLF
WLRQVDUHVKRZQLQ)LJXUHIRUࣧଵ FRQGLWLRQDORQGDWDVHWVࣞଵǣଵଶ DORQJZLWKWKHGDWD,Q)LJXUH
WKHSRVWHULRUSUHGLFWLRQVIRUࣧଷ FRQGLWLRQDORQGDWDVHWVࣞଵǣଵଶ DORQJZLWKWKHGDWD
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)LJXUH0HDQDQGFUHGLEOHLQWHUYDOIRUWKHSRVWHULRUHLJHQIUHTXHQFLHVRIWKHEHDPDVZHOODVWKHLGHQWLILHG
HLJHQIUHTXHQFLHV 7KH VWDWLVWLFV RI WKH SRVWHULRU HLJHQIUHTXHQFLHV DUH GHWHUPLQHG EDVHG RQ PRGHO FODVV ࣧଵ 
FRQGLWLRQDORQGDWDVHWࣞଵǣଵଶ


)LJXUH0HDQDQGFUHGLEOHLQWHUYDOIRUWKHSRVWHULRUHLJHQIUHTXHQFLHVRIWKHEHDPDVZHOODVWKHLGHQWLILHG
HLJHQIUHTXHQFLHV7KHVWDWLVWLFVRIWKHSRVWHULRUHLJHQIUHTXHQFLHVDUHGHWHUPLQHGEDVHGRQPRGHOFODVVࣧଷ FRQGL
WLRQDORQGDWDVHWࣞଵǣଵଶ

 &21&/8',1*5(0$5.6
,QWKHFXUUHQWSDSHUZHDGGUHVVWKHLVVXHRITXDQWLI\LQJVWUXFWXUDOFKDQJHVLQDUHLQIRUFHG
FRQFUHWHEHDPDPLGYDU\LQJHQYLURQPHQWDOFRQGLWLRQVEDVHGRQPRQLWRULQJGDWDE\SRVWXODWLQJ
FRPSHWLQJSUREDELOLVWLFPRGHOVZKLFKH[SOLFLWO\GHVFULEHWKHWHPSHUDWXUHGHSHQGHQF\RIWKH
VWUXFWXUDOSURSHUWLHV(DFKPRGHOUHSUHVHQWVDSRVVLEOHVWDWHRIWKHEHDP%D\HVLDQPRGHOXS
GDWLQJLVDSSOLHGEDVHGRQPRGDOLQIRUPDWLRQH[WUDFWHGIURPYLEUDWLRQGDWDPHDVXUHGIURPWKH
EHDPDWYDULRXVWHPSHUDWXUHOHYHOVLQVLGHDFOLPDWHFKDPEHU7KHVHXSGDWHGPRGHOVLQFOXGHD
PRGHORIWKHWHPSHUDWXUHGHSHQGHQWPDWHULDOSURSHUWLHVDQGDTXDQWLILFDWLRQRIWKHVWUXFWXUDO
FKDQJHVLQWKHEHDP7KHXSGDWHGPRGHOVHQDEOHUREXVWSUHGLFWLRQVRIWKHV\VWHPUHVSRQVHV
>@
%\DSSO\LQJ%D\HVLDQPRGHOFODVVVHOHFWLRQZHVXFFHVVIXOO\LGHQWLI\WKHSODXVLEOHVWDWHVRI
WKHEHDP,QDVLPSOLVWLFVWUXFWXUDOKHDOWKPRQLWRULQJVFHQDULRZKLFKVHSDUDWHVWKHGDWDLQWRD
UHIHUHQFHVWDWHDQGDFXUUHQWVWDWHDQGSRVWXODWHVGLIIHUHQWVWUXFWXUDOVWDWHVIRUWKHFXUUHQWVWDWH
VWUXFWXUDOFKDQJHVDUHGHWHFWHGDQGTXDQWLILHG
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,QWKHFXUUHQWSDSHUPRGDOHLJHQIUHTXHQFLHVZHUHXVHGDVGDWD$GGLWLRQDOPRGDOSURSHUWLHV
VXFKDVPRGHVVKDSHVFDQEHLQFOXGHGLQWKHDQDO\VLVDQGDUHH[SHFWHGWRSURYLGHDGGLWLRQDO
LQIRUPDWLRQ>@$OWHUQDWLYHO\DWZRVWDJHDSSURDFK>@RUWLPHGRPDLQ
RXWSXWRQO\DSSURDFKHV>@IRU%D\HVLDQV\VWHPLGHQWLILFDWLRQFDQEHDSSOLHG
7KHUHVXOWVSUHVHQWHGLQWKLVSDSHUDUHEDVHGRQOLPLWHGGDWDDQGDUHWKXVSURPLVLQJIRUUHDO
VWUXFWXUDOKHDOWKPRQLWRULQJDSSOLFDWLRQVZKHUHPRUHGDWDDUHW\SLFDOO\DYDLODEOH7KHDSSURDFK
RIH[SOLFLWO\PRGHOOLQJWKHWHPSHUDWXUHGHSHQGHQWSURSHUWLHVRIVWUXFWXUDOV\VWHPVLVHVSHFLDOO\
EHQHILFLDOZKHQSUHGLFWLQJWKHSHUIRUPDQFHDQGFRQGLWLRQRIVWUXFWXUHVZKLFKDUHVLJQLILFDQWO\
LQIOXHQFHG E\ WKH WHPSHUDWXUHGHSHQGHQW EHKDYLRU RI QRPLQDOO\ QRQORDGEHDULQJ VWUXFWXUDO
FRPSRQHQWVVXFKDVEDOODVWHGWUDFNVRUDVSKDOWOD\HUV2XUIXWXUHZRUNZLOOLQFOXGHVWUXFWXUHV
ZLWKQRPLQDOO\QRQORDGEHDULQJFRPSRQHQWVZKLFK D H[KLELWVXFKDVWURQJWHPSHUDWXUHGH
SHQGHQWEHKDYLRUDQG E LQIOXHQFHWKHVWDWLFDQGG\QDPLFUHVSRQVHRIWKHV\VWHP

$&.12:/('*(0(176
7KLV ZRUN ZDV VXSSRUWHG E\ WKH *HUPDQ )HGHUDO 0LQLVWU\ RI (GXFDWLRQ DQG 5HVHDUFK
%0%) WKURXJKJUDQW1

5()(5(&(1&(6
>@

+ 6RKQ (IIHFWV RI HQYLURQPHQWDO DQG RSHUDWLRQDO YDULDELOLW\ RQ VWUXFWXUDO KHDOWK
PRQLWRULQJPhilosophical Transactions of the Royal Society A: Mathematical, Physical
and Engineering Sciences,  
>@ 0%DHOHU)+LOOH$VWXG\RQGLYHUVHVWUDWHJLHVIRUGLVFULPLQDWLQJHQYLURQPHQWDOIURP
GDPDJHEDVHGYDULDWLRQVLQPRQLWRULQJGDWDMaintenance, Safety, Risk, Management and
Life-Cycle Performance of Bridges: Proceedings of the Ninth International Conference
on Bridge Maintenance, Safety and Management (IABMAS 2018)
>@ &5)DUUDU.:RUGHQStructural health monitoring: a machine learning perspective
-RKQ:LOH\ 6RQV
>@ : + +X È &XQKD ( &DHWDQR 5 * 5RKUPDQQ 6 6DLG - 7HQJ &RPSDULVRQ RI
GLIIHUHQW VWDWLVWLFDO DSSURDFKHV IRU UHPRYLQJ HQYLURQPHQWDORSHUDWLRQDO HIIHFWV IRU
PDVVLYH GDWD FRQWLQXRXVO\ FROOHFWHG IURP IRRWEULGJHV Structural Control and Health
Monitoring,  
>@ 0)ULVZHOO-(0RWWHUVKHDGFinite element model updating in structural dynamics
6SULQJHU6FLHQFH %XVLQHVV0HGLD
>@ -0DKRZDOG60DDV+1JX\HQ':DOGPDQQ$=UEHVSome conclusions from the
measurements of temperatures and their gradients on eigenfrequencies of bridges
>@ ,*RQ]DOHV0hONHU.DXVWHOO5.DURXPL6HDVRQDOHIIHFWVRQWKHVWLIIQHVVSURSHUWLHV
RIDEDOODVWHGUDLOZD\EULGJHEngineering Structures,
>@ % 3HHWHUV * 'H 5RHFN 2QHϋ\HDU PRQLWRULQJ RI WKH =ϋ%ULGJH HQYLURQPHQWDO
HIIHFWV YHUVXV GDPDJH HYHQWV Earthquake engineering & structural dynamics,   

>@ -/%HFN%D\HVLDQV\VWHPLGHQWLILFDWLRQEDVHGRQSUREDELOLW\ORJLFStructural Control
and Health Monitoring,  
>@ - / %HFN 6 . $X 0 9 9DQLN 0RQLWRULQJ VWUXFWXUDO KHDOWK XVLQJ D SUREDELOLVWLF
PHDVXUHComputer-Aided Civil and Infrastructure Engineering,  -DQ
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>@ - / %HFN / 6 .DWDI\JLRWLV 8SGDWLQJ PRGHOV DQG WKHLU XQFHUWDLQWLHV , %D\HVLDQ
VWDWLVWLFDOIUDPHZRUNJournal of Engineering Mechanics,  
>@ ( 1WRWVLRV & 3DSDGLPLWULRX 3 3DQHWVRV * .DUDLVNRV . 3HUURV 3 & 3HUGLNDULV
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Abstract. Current methods to infer the penetration of a steel monopile during an offshore
installation are rather inaccurate. Since a large number of foundation piles will be installed
offshore in the coming years, a reliable technique to infer the penetration depth is vital. This
paper proposes a non-contact method to monitor the pile progression into the seabed based
on measurements of the magnetic stray ﬁeld that permeates the air surrounding the structure,
eliminating the necessity of a predeﬁned pattern on the pile’s surface. A simple magnetisation
model for the monopile is proposed from which the relative motion between the moving pile
and a stationary magnetic ﬁeld sensor can be extracted. Comparison between the measured
and simulated stray ﬁeld data show a promising correlation, providing the basis for the new
non-contact monitoring technique that is applicable offshore.
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1

INTRODUCTION

In the coming years, a large number of offshore wind farms will be commissioned in the
North Sea. The most popular foundation type for wind turbines is the monopile [1], which is a
cylindrical shell structure consisting of multiple steel sheets that are welded together. Currently,
nearly all of these piles are gradually driven into the seabed by means of hydraulic impact
hammers. Real-time knowledge of the pile penetration resulting from each hammer blow is
vital to ensure safety during the installation process and to limit the amount of fatigue damage
inﬂicted to the pile, since the energy of the blows can be adjusted accordingly based on the
penetration speed. Moreover, after installation, the bearing capacity of the pile is estimated by
measuring the pile’s response to a single axial impact in a so-called restrike test [2].
Several techniques currently exist to monitor pile penetration. By registering the acceleration with a sensor mounted to the pile, the penetration is computed by integrating the signal
twice in time [3]. Disadvantages of this approach include the need to attach the sensor to
the surface of the pile, which is a delicate and time-consuming process, and the error in the
computed displacement that accumulates due to ﬁltering choices and the integration of the acceleration signal. Alternative techniques rely on optical signals. One such method is to deduce
the distance between the top of the pile and a reference level based on the time-of-ﬂight principle [4]. However, in an offshore environment, a steady reference level is not available, since
optical signals, instead of reﬂecting back to the detector, scatter as result of the surface waves
at the water level. A different optical approach is to use a camera to track a predeﬁned pattern
that is applied to the surface of the pile, e.g. a black and white banded pattern. Several patterns
have successfully been administered over the years, especially in the case of restrike tests [5–8].
These approaches share the necessity to prepare the surface of the pile with a distinct predeﬁned
visual pattern.
Ideally, a method to register pile penetration is based on a non-contact sensor, simplifying
the deployment signiﬁcantly. Furthermore, such an optimal method does not require any preparation of the pile’s surface to operate, i.e. no pattern has to be introduced. A method based on
the magnetic stray ﬁeld generated by a steel structure in the presence of the geomagnetic ﬁeld
could satisfy both of these criteria, since the stray ﬁeld permeates the space surrounding the
monopile. Hence, this paper investigates the feasibility to use the magnetic stray ﬁeld to monitor the pile’s penetration during installation. To this end, ﬁrst, stray ﬁeld data measured during
a full-scale onshore monopile installation are presented, examining change of the magnetic signature of the structure with increasing penetration depth. Second, the magnetic stray ﬁeld of the
structure is simulated by employing a simple model for the structure’s magnetic susceptibility
that includes the presence of circumferential welds. Third, the possibility to utilise stray ﬁeld
measurements to determine the relative motion between the pile and a magnetic ﬁeld sensor is
discussed. Finally, the main conclusions of this work are summarised.
2

FULL-SCALE MEASUREMENT CAMPAIGN

During the installation of a steel monopile, the magnetic stray ﬁeld has continuously been
measured by means of a stationary magnetometer, which is mounted on top of a ground-based
tripod. Since this concerns an onshore installation, a suitable reference level is available (ground
level), allowing for a time-of-ﬂight laser sensor to be employed to measure the pile’s penetration
in conjunction with the magnetic stray ﬁeld measurements.
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Figure 1: Set-up of the full-scale onshore monopile installation. (a) Schematic indicating the parameters of interest.
(b) Photograph of the installation site.

2.1

Description of the set-up

A schematic of the set-up of the pile installation is presented in Figure 1a, which deﬁnes
two coordinates systems: a cylindrical rθz-coordinate system—in which r, θ, and z denote
the radial, the circumferential, and the axial directions, respectively—and a Cartesian xyzcoordinate system. The coordinate systems share their origin, which is located at the top of
the pile. Table 1 lists the numerical values of the relevant parameters of the pile: the radius R,
length L, and wall thickness h. The installed pile is composed of cylindrical steel sections with
a height b each, which are stacked on top of each other using circumferential welds. Before
installation, the pile has been coated for corrosion protection, obscuring the exact locations of
the welds. Despite the lack of visible conﬁrmation, their positions relative to the pile top are
known a priori. The distance z0 reﬂects the shorter top segment of pile.
To determine the penetration, a time-of-ﬂight distance sensor is attached to the sleeve of the
hydraulic hammer, which is depicted in Figure 1b. The current penetration depth ζ is deﬁned
as the distance from lower end of the pile to the ground level, implying that the pile is fully
embedded into the soil when ζ = L. The initial penetration depth ζ0 is also listed in Table 1.
A biaxial magnetometer (type: HMC1022) registers the magnetic stray ﬁeld while the pile
gradually progresses into the soil with each hammer blow. It measures the two dominant components of the stray ﬁeld: the radial Br and the axial Bz . Figure 1b shows the magnetometer mounted on top of a tripod. Its position p relative to the ground is given by the offset
from the pile’s surface dm , the circumferential position θm and the height am as speciﬁed
in Table 1. A ﬁnal parameter of importance is the direction and intensity of the geomagnetic ﬁeld, of which the components expressed in the Cartesian xyz-coordinate system are
B0 = [B0x B0y B0z ]T = [15 10 − 40]T μT, signalling that it has a predominantly downward component. For the current purpose, the external ﬁeld is considered to be time and space
invariant.
2.2

Magnetic stray ﬁeld versus penetration depth

Figure 2 shows the magnetic stray ﬁeld components plotted against the measured penetration
depth ζ. Both components of B show a pattern that repeats every 3 m, which is caused by the
circumferential welds in the pile. Compared to the fairly homogeneous material in between
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Parameter
R
L
h
b
z0
ζ0
am
θm
dm

Value
0.6096 m
62.0 m
0.050 m
3.0 m
0.5 m
48.62 m
1.5 m
300◦
0.2 m

Table 1: Parameters of interest for the pile installed during the measurement campaign.

them, the welds have signiﬁcantly different magnetic properties, resulting in a local reduction
of the magnetic susceptibility, which in turn create distinct markings in the ﬁeld. Furthermore,
it is clear that the magnitude of the radial component Br increases when the pile penetrates
further into the soil, which can be attributed to the sensor approaching the top of the pile. Due
to the repeated impacts of the hammer, the pile has become magnetised in the direction of the
geomagnetic ﬁeld. Since that ﬁeld has a strong downwards component, the top of the pile
resembles a magnetic south pole, i.e. a region in space where magnetic ﬁeld lines appear to
converge to. These two observations indicate that the geometry of the pile and the presence of
the geomagnetic ﬁeld create a distinct pattern in the magnetic stray ﬁeld which might enable
one to track the penetration from stray ﬁeld measurements alone.
3

MODELLING OF THE STRAY FIELD

In this section, the magnetic signature of the pile is simulated to investigate whether the
measured data can be captured by a simple model, which would serve as a basis to infer the
current penetration depth of the pile from measured magnetic stray ﬁeld data. To this end,
an expression of the magnetic ﬁeld at an evaluation point B(p) generated by the structure’s
magnetisation M (r) is derived, in which r represents all points within the volume of the pile.
By applying the same expression to the internal points of the structure in conjunction with
a suitable magnetic constitutive equation, the magnetisation induced by the external ﬁeld is
determined. Subsequently, the measured magnetic stray ﬁeld is reproduced with a proposed
simple expression for the magnetic susceptibility.
3.1

The stray ﬁeld in the presence of an external ﬁeld

Even though the external ﬁeld is time and space invariant, the magnetisation of the pile will
not be uniform due to the geometry of the structure, which leads to a signiﬁcant demagnetising
ﬁeld [9]. To compute the magnetic ﬁeld generated by the structure’s magnetisation, a numerical
approach applicable to steel sheets is adopted [10], which assumes that the magnetisation component in the normal direction of the sheet (the radial component Mr in the current situation) is
negligible.
By evenly subdividing the pile’s volume into Nθ elements in the circumferential and Nz
elements in the axial direction, the structure is discretised, and the total number of elements
equals N = Nθ Nz . Under the assumption that the magnetisation is constant over each element
and is concentrated at the element’s barycentre ri , i.e. M (ri ), the magnetic ﬁeld at p is given
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Figure 2: Remanent magnetic stray ﬁeld versus the penetration depth.

by a summation of the contributions from all elements:
N @
μ0 
p − ri
B(p) =
M (ri ) · ni
dΓi ,
4π i=1 Γi
p − ri 3

(1)

in which μ0 denotes the magnetic constant, and ni is the outward normal to the element’s
boundary Γi . By evaluating the integrals, the expression above is rewritten:
B(p) = μ0

N


Gi M (ri ) = μ0 Gp M ,

(2)

i=1

in which Gi contains the values of the evaluated integrals for each element. In the latter part of
the expression, these contributions are condensed into a single matrix Gp , and M is a vector
incorporating the magnetisation components from all elements. Since the radial magnetisation
component is deemed insigniﬁcant, M contains 2N entries.
To express the magnetisation in terms of the prevailing magnetic ﬁeld, an appropriate constitutive equation is required. For a (locally) isotropic material, a scalar magnetic susceptibility
χ sufﬁces. Hence, the following implicit constitutive equation is employed:

B0
M =χ
+ Gr M ,
(3)
μ0
in which Gr is a 2N × 2N matrix representing the non-local interaction of the structure’s
magnetisation, which is obtained by substituting ri for each element in Equation (2). Assuming
that χ is not a function of the magnetisation itself, rearrangement of the former relation yields
M = χ (I − χGr )−1
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in which I is the 2N × 2N identity matrix and (·)−1 denotes a matrix inversion. When the
susceptibility in known, the structure’s magnetisation is computed by means of Equation (4);
subsequently, the stray ﬁeld at p is determined by employing Equation (2).
3.2

Model for the magnetic susceptibility

The experimental stray ﬁeld data implies that the magnetic properties differ in the vicinity of the circumferential welds. Therefore, the following axial distribution of the magnetic
susceptibility is proposed:
 
n
π (z − z0 ))
χ = χ0 − χw sin
,
(5)
b
where χ0 is the undisturbed susceptibility of the material, χw is the reduction of the susceptibility due to the presence of the weld, b is the distance between each weld, z0 is an offset to
correctly position the welds along the pile axis, and n is an even power to localise the reduced
susceptibility to a narrow range around the weld’s position. In this expression, b and z0 are determined by the geometry of the pile alone, see Table 1. The numerical values of the remaining
parameters have to be calibrated.
3.3

Simulated magnetic signature

To simulate the relative motion between the sensor and the pile, the stray ﬁeld is evaluated
along a line parallel to the axis of the pile, on which the evaluation points p are given in cylindrical rθz-coordinates by:
⎡
⎤
R + dm
⎦,
θm
p=⎣
(6)
ζ + am − L
where ζ = [ζ0 , ζ0 + 8.6] m, which coincides with the recorded penetration range. For these
parameters, the corresponding numerical values are presented in Table 1. The volume of pile
is discretised in Nθ = 25 and Nz = 300 elements. In this case, the penetration is measured
independently, and the unknown parameters in the susceptibility can easily be calibrated to
match the measured results: χ0 = 2100, χw = 1600, and n = 20. Figure 3a shows the
susceptibility distribution resulting from these values.
The two components of the simulated magnetic ﬁeld are presented in Figure 3b along side
the measured data. Please note that the modelled values are shifted with a constant to match
the measured signal; this shift represents the exact background ﬁeld at the sensor location.
From the ﬁgure, it is clear that the trend in the measured data is captured correctly by the
simulated data. Only Bz differs for lower values of ζ, which might be attributed to other material
inhomogeneities affecting the susceptibility which are not accounted for in the present model.
Nonetheless, the simple relation for the magnetic susceptibility that accounts for the presence
of circumferential welds is able to reproduce the measured magnetic signature of the pile.
4

DISCUSSION

The correspondence between the simulated magnetic signature and the measurements indicates that the simple susceptibility formulation given in Equation (5) is sufﬁcient to model
the magnetic state of the pile after a proper calibration is applied. In this case, the penetration
depth is measured, signiﬁcantly simplifying the calibration, since a ﬁxed reference is present.
Normally, however, this reference measurement of the penetration is obviously not available;
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(a)

(b)

Figure 3: Model results for the magnetic stray ﬁeld. (a) Modelled magnetic susceptibility along the pile’s axis.
(b) Modelled magnetic stray ﬁeld versus the pile penetration compared to the measured data.

only the initial penetration depth is known to some extend. Therefore, the calibration should
be founded solely on the measured magnetic ﬁeld data. Fortunately, the welds create a distinct
marking when they pass the sensor, e.g. a peak in the Bz value. Accordingly, as the weld positions are known at the start of the installation, the model can be calibrated based on the passage
of one of those ﬁxed markings, perhaps even constantly updating the model while new data is
collected.
Once the model is calibrated, the penetration depth can be inferred by comparing the measured stray ﬁeld to the modelled one. However, the mapping between some values of B and
ζ is not unique (Figure 3b). Fortunately, the pile penetrates gradually into the soil; therefore,
the penetration depth closest to the previous value should be selected. This additional step to
extract the penetration depth from the magnetic data has not been elaborated yet, and it is left
for future research.
The proposed method to monitor the pile’s penetration has two beneﬁts compared to currently used monitoring techniques; it relies on non-contact measurements, and it does not require an artiﬁcial tracking pattern applied to the pile’s surface. In its current state, it only
considers the magnetic stray ﬁeld while the pile is unstressed. During the propagation of stress
waves in the pile, reversible strain-induced magnetisation changes occur in conjunction to the
changes related to the relative motion between the sensor and the pile, complicating the analysis
considerably. Thus, the main application of the offered method is to monitor pile penetration
during a full installation and not during a single hammer blow, e.g. a restrike test.
5

CONCLUSIONS

Based on magnetic stray ﬁeld data collected during an onshore pile installation campaign,
this paper proposes a new method to monitor the penetration of a steel monopile into the soil
during pile driving. Contrary to state-of-the-art techniques, the proposed method is non-contact
and does not require the introduction of an artiﬁcial pattern onto the surface of the structure.
The latter is achieved by taking advantage of the naturally occurring pattern in the magnetic
stray ﬁeld as a result of circumferential welds in the pile. Furthermore, it is shown that this
magnetic signature can be simulated by applying simple model for the magnetic susceptibility
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proposed in this work. This modelled magnetic signature provides the basis for the method to
monitor the penetration of a monopile during installation in real-time.
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Abstract. Vibration-based structural health monitoring (VSHM) employs vibration signals as
observables from which inferences are made concerning the integrity of structural systems.
More speciﬁcally, the premise of this work is to detect damage through changes in a set of features extracted from the vibration signals. A major challenge in this regard is that false positives
may arise due to the inﬂuence of environmental and operational variabilities (EOVs). Environmental variabilities, e.g. shifts in temperature and humidity, introduce changes in mechanical
properties. These changes are reﬂected in the vibration response and can reduce the probability
of detecting damage in a structure. This paper conducts a comparative study between a novel
semi-supervised damage detection approach and a well known cointegration-based scheme to
deal with EOVs. The novel approach uses the pattern recognition capability of an artiﬁcial
neural network (ANN) to learn how EOVs affect a Mahalanobis distance-based damage index
in a reference state. The cointegration-based scheme seeks to mitigate the EOVs by computing stationary linear combinations of non-stationary output response signals. The merits of
the damage detection methods are examined in the context of a mass-spring system, which is
exposed to a simulated temperature ﬁeld that renders the output response non-stationary. The
system is analysed in a reference state and a perturbed state in which damage is emulated by
reducing a single spring stiffness by 2%. Both methods are evaluated with the area under the
curve (AUC) for receiver operating characteristic (ROC) and the false alarm rate. The results
show that the ANN-based damage detection approach outperforms the cointegration-based one
in this particular example.
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1

Introduction

In most applications, structural health monitoring (SHM) systems consist of a sensor network that continuously collects information from a structure in order to extract damage sensitive features (DSFs) which can be used to assess the structural integrity. The DSFs can be
evaluated by statistical or machine learning techniques to detect damage in the structure. Damage detection is a widely researched topic in the ﬁeld of SHM. Researchers have used both
numerical simulations and experimental setups to detect damage in different structures, see for
instance [1–4]. One of the prevailing challenges in damage detection is to discriminate between
structural damage and environmental and operational variabilities (EOVs) [5]. Environmental
parameters that vary over time is for instance the temperature, which causes changes in stiffness, thereby globally affecting the structural response as shown by Alampalli et al. [6]. Sohn
et al. [7] demonstrated that EOVs may camouﬂage the effects of structural damage and tend to
increase the false alarm rate in damage detection.
Several methods have been proposed to mitigate the inﬂuence of EOVs under the framework of semi-supervised learning. Cross et al. [8] adopted the concept of cointegration, which
is widely used in the ﬁeld of econometrics to identify statistical relationship between nonstationary variables [9]. Within the ﬁeld of SHM it operates on the premise that the EOVs
induce non-stationarities in the DSFs. The concept was tested on a ten degree of freedom
(DOF) mass-spring system where EOVs were introduced to render the output response nonstationary. Implementation of a cointegration scheme resulted in DSFs free from the effect of
EOVs, and these DSFs were used to detect damage. Qadri et al. [10] applied cointegration to
data from an operating Vestas V27 wind turbine blade. Artiﬁcial damages were introduced to
one of the blades. It was demonstrated that cointegration successfully removed the effects of
EOVs on DSFs. This led to detecting the smallest of the introduced artiﬁcial damages while the
wind turbine was operating. Shi et al. [11] used a four DOF mass-spring system where EOVs
were introduced on the stiffness. Additional stiffness variabilities were introduced by letting
one spring behave distinctly from the other springs. A regime switching cointegration concept
was proposed using the augmented Dickey-Fuller (ADF) test as a tool to detect damage.
Another method to mitigate the inﬂuence of EOVs consists of the use of machine learning techniques for vibration-based structural health monitoring (VSHM). Especially the use
of artiﬁcial neural networks (ANNs) has gained attention among researchers in the ﬁeld of
SHM in the past decade. Nevel et al. [12] highlighted the advantage of using ANNs in a semisupervised approach for damage detection in a railway bridge. A numerical experiment using
a three-dimensional ﬁnite element model was set up and two different damage scenarios were
simulated. ANNs were trained with acceleration response on the healthy bridge and used in
a prediction model. The prediction error was served as a damage index. The resulting indices were compared to a damage detection threshold to discriminate between different levels
of structural states.
This paper presents a comparative study between a novel ANN-based damage detection
method recently proposed by Movsessian et al. [13] and the cointegration-based damage detection concept proposed by Cross et al. [8]. The two methods are evaluated in the context of
a six DOF mass-spring system which is exposed to a stochastic temperature ﬁeld. Damage is
emulated by reducing the stiffness in one of the springs. Additional, random local variabilities
(i.e. to simulate discrepancies at different stiffness locations) in two of the six springs are introduced to the system. The paper is organized such that section 2 introduces the two damage
detection methods, followed by the case study in section 3. Concluding remarks are provided
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in section 4.
2

Methods

2.1

Artiﬁcial neural networks

ANN is a mathematical model widely used in the ﬁeld of artiﬁcial intelligence due to its
strong pattern recognition capability [14]. The structure is expressed in a mathematical model
as shown in Fig. 1. A neuron receives a set of inputs ϑj , j = 1, ..., n and this results in a
single output. The input values are scaled by weights wi and summed to be passed through the
activation function.
ϑ1

ϑ2

ϑn

w1
Output

w2

Σ

y

wn
Activation Function

Summation

Figure 1: Schematic of an artiﬁcial neuron.

The structure shown in Fig. 1 can be expanded to a multilayer ANN by applying Eq. (1)
to the next layer of an ANN. In such a system, each node i is connected to each node j in the
consecutive layers by a connection with weight wij . The signals travel through the nodes of
(k−1)
each layer in the following manner: in layer k, a weighted summation of all the signals ϑj
from the preceding layer k − 1 is calculated, the process is repeated for each node i and results
(k)
(k)
in excitation zi . A non-linear activation function f is applied to zi and the output of the node
(k)
ϑi is obtained. Finally, this output is transmitted to the next layer [15].
(k)

ϑi

(k)

= f (zi ) = f (



(k) (k−1)

wij ϑj

)

(1)

j

The training of an ANN is an adjustment of the connecting weights wij with the aim to minimize
the mean squared error (MSE) between the target and the prediction. The MSE is computed
from the output layer backwards. The learning algorithm to reduce the training error is the
Bayesian regularization backpropagation as presented by MacKay [16].
2.1.1

Artiﬁcial neural networks for mitigating EOVs in damage detection

In the context of continuous monitoring systems, the data from the past and the present is
available. To build a regression model by semi-supervised learning for continuous monitoring,
DSFs f t are gathered in a matrix F = [ff 1 , f 2 , ..., f t , ..., f M ], F ∈ RL×M , where L is the length
of the DSF vector and M is the number of observations. To provide the ANN regression model
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a learning target, the features are labeled by the Mahalanobis distance (MD) Eq. (2):

dt (ff t , S ) = (ff t − μS )T ΣS−1 (ff t − μS )

(2)

where dt (ff t , S ) is the MD between the observation f t and the DSF matrix S ∈ RL×E with
E ≤ M , μS ∈ RL is the mean of the observations in S and ΣS ∈ RL×L is the covariance
between observations in S . Using the labeled feature matrix, a regression model can be build
by training the ANN with the DSF vector f t and the target dt (ff t , S ). For the semi-supervised
framework, the ANN function fnn (·) is trained exclusively with observations from a healthy
system and their target (label). Let us deﬁne the prediction error dˆt as the new damage index
shown in Eq. 3:
f (ff t )
dˆt = nn
dt (ff t , S )

(3)

where the ANN mapping function fnn (·) is learning a unique relationship between the features
from the healthy system and its target calculated by the MD metric. If an unlearned relationship
between the features and the target occurs, due to e.g. damage in the system, an increased
prediction error is expected.
2.2

Cointegration for mitigating EOVs in damage detection

In this study, cointegration is used to compute a linear combination of non-stationary variables in which the EOVs are mitigated. As such, the operating premise is that the EOVs govern
the non-stationary behaviour. A brief introduction of cointegration is provided, for a detailed
explanation on the method the reader is referred to Cross et al. [8]
The premise of cointegration is to ﬁt a set of non-stationary variables to a p-order vector
auto-regressive (VAR) model described as:
ft =

p


 t ∼ NID(0, Σ  )

A if t−i +  t

(4)

i=1

where A i , i = 1, ..., p represents the coefﬁcient matrices and p is the number of lags. f t−i
is the DSFs that is sought to cointegrate and t is normally and identically distributed (NID)
white gaussian noise. The VAR model in Eq. (4) is re-written and formulated as a vector error
correction model (VECM) deﬁned by:
Δff t = Υf t−1 +

p−1


Γ i Δff t−i +  t

(5)

i=1

where Υ ∈ R

L×L

and Γ i ∈ R

L×L

are the matrices deﬁned as:

Υ = −II L − A 1 − A 2 − · · · − A p
Γ i = A i+1 + A i+2 + · · · + A p
i = 1...,p − 1
If the DSFs in f t are cointegrated, then matrix Υ is rank deﬁcient. In that case, the matrix can
be decomposed as the product of two matrices:
Υ = UV T
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V ∈ RL×R are matrices spanning the column and row spaces of Υ , respectively. The
where U ,V
cointegration vectors are found in V and can be used to project the non-stationary variables into
stationary residuals by a linear transformation:
zt = V Tf t

(7)

where the ADF test is carried out by testing a null hypothesis of the residuals in z t having a
unit-root [17]; if a unit-root is present, then the residual is a non-stationary process and will not
be suitable for damage detection. The process is carried out for each residual where the one that
constitutes stationarity are used for further examination.
3

Case study

The present section is intended to demonstrate the two aforementioned methods on the six
DOF mass-spring system presented Fig. 2. The system consists of six springs that are connected
to six masses and ﬁxed at one of the ends.
k1

k2
m1

k3
m2

k4
m3

k5
m4

k6
m5

m6

Figure 2: A six DOF mass-spring system.

In this case study, we consider the six√ natural frequencies of the system as the DSF vector
f t = [ss1 (t), s 2 (t), ..., s 6 (t)]T where s i = 2πλ i , with the λ being the eigenvalues in Eq. 8:
K α − λM )θθ = 0
(K

(8)

with a constant mass matrix where mi = 2. To simulate the effect of EOVs on DSFs, the
stiffness of the system is exposed to the temperature ﬁeld u (t) shown in Fig. 3a. Additionally,
stiffness k2 and k5 are exposed to random changes. The K α is the affected stiffness matrix
expressed as:
u(t) + C)K
K
K α = (−u

(9)

u(t) + C) to a positive value.
where C is a random constant value that maps the expression (−u
For this study C = 80. K is the stiffness matrix that holds the ki coefﬁcients deﬁned as:
k1 = k 3 = k 4 = k 6 = 2

(10)

k2 = 2r2 (t)

(11)

k5 = 2r5 (t)

(12)

where r2 (t) = r5 (t) are independent and uniformly distributed random values with r2,5 (t) :
[1 − α > r2,5 (t) < 1 + α] and 0 ≤ α ≤ 1. The eigenvalue problem is then solved M times,
where M is the total amount of observations.
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Figure 3: (a) Simulated temperature ﬁeld u (t) and (b) the six extracted natural frequencies s i .
The dashed vertical line indicates when damage is introduced.
In this case study, the eigenvalue problem is solved for a total of 5000 observations: The ﬁrst
4500 observations are from a system in a healthy state and the remaining 500 refer to a system
in a damaged state. The damage is emulated by decreasing k3 by 2%. The summary of the
number of observations used for semi-supervised learning is presented in table 1. To simulate
Table 1: Summary of observations used for training, testing and damage detection
Scenario
Healthy
Training
Testing
Damage

Stiffness reduction Stiffness parameter
k3

2%

Total

Number of observations
1 to 4000
4000 to 4500
4501 to 5000
5000

the measurement noise, white Gaussian noise with 90dB signal to noise ratio is added to the
natural frequencies. Observations 1 to 4000 were used for training. Both methods, ANN- and
cointegration-based damage detection are tested using observations 4001 to 5000; of which the
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ﬁrst 500 are from the healthy state and the remaining from the damaged state. The performance,
by means of area under the curve (AUC) of the receiver operating characteristic (ROC) and false
alarm rate, of the damage detection methods is evaluated based on observations 4501 to 5000
where the damage is present.
3.1

The effect of EOVs

To illustrate the effects of EOVs, the MD-based damage index dt (ff t , S ) is calculated, where
S ∈ R6×4000 and S is based on the ﬁrst 4000 observations from a healthy system, see Fig. 4. The
damage detection threshold is assigned based on 2% allowed outliers for the ﬁrst 4000 observations. Evidently, the MD-based damage index follows a trend which hinders the discrimination
between damage and EOVs.
102

10

1

d
Tren

100
0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

Figure 4: MD-based damage index for α = 0.15

3.2

Mitigating the effect of EOVs

To train the ANN the prediction target is calculated by the MD-based damage index with
S ∈ R6×500 representing the ﬁrst 500 observations. The ANN is trained with observations from
501 to 4000 which are randomly shufﬂed. The hyperparameters for the ANN can be found
in Appendix A. As shown in Fig. 5 the prediction deviates from the calculated MD once the
stiffness reduction is introduced. The prediction error is calculated as per Eq. (3) and used as a
new damage index shown in Fig. 6a.
In the cointegration-based approach, the ﬁrst cointegrating vector that is associated with the
highest singular value (i.e. the value that is associated with ‘most stationarity’) is used to project
the natural frequencies into one stationary residual. Evidently the trend is removed as can be
observed by comparing Fig. 4 to the cointegration results in Fig. 6b. Due to the additional
local variabilities in the stiffness matrix, damage is not clearly separated from observations of
the system in a healthy state.
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Figure 5: MD and predicted MD by ANN.
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Figure 6: (a) The prediction error dˆt using ANN calculated as per Eq. (3). (b) Cointegration
residuals z t . Both methods are evaluated for α = 0.15.
3.3

Evaluating scenarios with different local variabilities

Eight different scenarios are analysed with α ranging from 0 to 0.35 where α = 0 indicates
that no local random variabilities are added. By increasing the α value by 0.05 step-wise to 0.35
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different scenarios of random variabilities in spring k2 and k5 are introduced. The performances
of the methods are evaluated for their ability to ﬁrst detect healthy-test observations, and second
to detect damage. False alarm rates are calculated to evaluate the methods’ ability to identify
new healthy observations as healthy whilst the AUC of ROC is calculated to assess the performance rate of damage detection with respect to the healthy-test observations. The results are
presented in Fig. 7.
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Figure 7: (a) Evaluating performance of the two methods by AUC and (b) false alarm rate for
increased α values.
For α = 0 the methods perform similar when evaluated by the AUC and false alarm rate. As
the α increases, the results indicate a higher or equal performance rate in all cases for the ANNbased damage detection.
4

Discussion

The study demonstrates that both methods are capable of removing environmental trends.
Although local variabilities are added to the mass-spring system, the false alarm rate for test
observations does not exceed 5% for cointegration-based damage detection and 1% when applying ANN-based damage detection. These results are acceptable considering that 2% false
alarm rate is allowed. Nevertheless, the AUC is approaching 0.5 in the case of cointegration
when increasing the amount of local variabilities. Increasing the local variabilities does not
affect the damage detection performance rate when applying ANN and the AUC is close to 1 in
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all cases. The methods show similar results if no additional local variabilities are introduced.
For this case, the cointegration approach is preferred due to its interpretability. However, if the
mass-spring system is exposed to local variabilities in the stiffness, the ANN-based damage detection yield a higher performance rate by learning the pattern of EOVs for this particular case
study. Nevertheless, there is a trade-off with the loss of interpretability inherent in this type of
method.
Furthermore, this comparative study is limited to the six DOF mass-spring system deﬁned in
section 3 and requires further research. This ﬁeld could beneﬁt from two streams of research:
one where the amount and location of variabilities are further investigated on a simulated system, and another where the methods are tested in real applications.
5

Conclusion

The work presented in this paper compared a novel ANN-based damage detection method
in a semi-supervised framework to a well known cointegration approach for mitigating EOVs
in damage detection. The methods were tested on a six DOF mass-spring system. The global
stiffness of the system was exposed to a stochastic temperature ﬁeld and additional random
variabilities in two of the six springs. Both methods used the natural frequencies as DSFs
and were evaluated for their capability to identify healthy-test observations and the emulated
damage in the system. Comparing the performance of the two methods on a system exposed
to EOVs, the ANN-based damage detection yielded a higher performance rate in terms of AUC
and false alarm rate.
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A

Artiﬁcial neural networks hyperparameters
Table 2: Neural network hyperparameters
Hyperparameters
Training algorithm
Bayesian Regularization
Hidden layers
10
Neurons per hidden layer
10
Activation function hidden layers
Hyperbolic tangent sigmoid transfer function
Activation function output layer
Linear transfer function
Marquardt adjustment parameter mu
0.005
Increase factor for mu
10
Decrease factor for mu
0.1
Maximum number of epochs to train
3000
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WLRQ%,0
Abstract. At the Bundesanstalt für Materialforschung und -prüfung (BAM) full scale specimens
for nuclear transport and storage containers (casks) are tested for their structural integrity in
a series of drop tests on the Test Site Technical Safety in Horstwalde, 50 km south of Berlin.
These drop tests cause a major stress not only on the casks, but also on the steel tower structure
of the test facility, itself. The load pattern makes the structure very interesting for detailed investigation. The focus of the monitoring lies on the bolted joints of the flange connections that
are a typical connection for cylindrical elements if welding is technical or economical unfavorable. The definition of the monitoring takes was done by investigating the existing documents
and inspection results accompanied by building an initial digital representation of the structure,
consisting of two finite element (FE) models and a geometrical 3D point cloud representation.
As a first step the structures behavior during static and dynamic loading was analyzed using
measurement data and an updated numerical FE Model. The idea behind is to use models for
a digital planning and operation/evaluation of the structural health monitoring. A static FE
simulation and a dynamic FE simulation are generated, to investigate how the structure behaves under the load conditions.
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1

INTRODUCTION

$WWKH%XQGHVDQVWDOWIU0DWHULDOIRUVFKXQJXQGSUIXQJ %$0 IXOOVFDOHVSHFLPHQVIRU
QXFOHDUWUDQVSRUWDQGVWRUDJHFRQWDLQHUVDUHWHVWHGIRUWKHLUVWUXFWXUDOLQWHJULW\LQDVHULHVRI
GURSWHVWVRQWKH7HVW6LWH7HFKQLFDO6DIHW\LQ+RUVWZDOGHNPVRXWKRI%HUOLQ7KHVHWHVWV
DUHUHDOL]HGE\PHDQVRIWKHWGURSWHVWIDFLOLW\WKDWZDVSXWLQRSHUDWLRQLQ>@6LQFH
GURSWHVWVZHUHGRQHZLWKYDU\LQJGURSZHLJKWVXSWRW7KHVHGURSWHVWVFDXVHDPDMRU
VWUHVVQRWRQO\RQWKHFRQWDLQHUVWREHWHVWHGEXWDOVRRQWKHVWHHOWRZHUVWUXFWXUHRIWKHWHVW
IDFLOLW\LWVHOI'XULQJDGURSWHVWWKHWRZHUVWUXFWXUHLVDIIHFWHGE\WKUHHORDGFRQGLWLRQVTXDVL
VWDWLFLQFUHDVLQJORDGRIWKHVWUXFWXUHXQWLOWKHFRQWDLQHUOHIWWKHJURXQGWUDQVLHQWG\QDPLFUH
OHDVHRIWKHORDGDQGWKHLPSDFWRIWKHFRQWDLQHURQWKHWDUJHWFDXVLQJJURXQGYLEUDWLRQVZLWK
UHDFWLRQVLQWKHWRZHUIRXQGDWLRQVDVZHOO
7KHRSHUDWLRQDOORDGVDUHEHORZDQ\FULWLFDOOLPLWVIRUWKHVWUXFWXUHDFFRUGLQJWRWKHVWDQGDUGV
WKDWZHUHFRQVLGHUHGGXULQJWKHGHVLJQRIWKHVWUXFWXUH+RZHYHULWLVDPDWWHURIFRQFHUQLIWKH
XQLTXHORDGLQJRIWKHGURSWHVWVLVFRYHUHGDGHTXDWHO\E\WKHFRQVLGHUHGGHVLJQSURFHGXUHHV
SHFLDOO\IRUWHVWVZLWKORZGURSKHLJKWV7KHORDGUHJLPHRIWKHWRZHULVYHU\ZHOONQRZQIRU
HDFKGURSWHVW$IWHUDOPRVW\HDUVRIRSHUDWLRQDGHWDLOVLQVSHFWLRQRIWKHVWUXFWXUHUHYHDOHG
DORVVRIWKHWHQVLRQLQVRPHRIWKHSUHVWUHVVHGEROWHGMRLQWVWKDWDUHIDVWHQHGZLWKPRUHWKDQ
KLJKVWUHQJWKSUHVWUHVVHGEROWVRIWKHVWUHQJWKFODVV7KHUHTXLUHGVFKHGXOHGPDLQWH
QDQFHPDGHLWSRVVLEOHWRLQYHVWLJDWHWKHVWUXFWXUHVEHKDYLRUDQGWRVWDUWDFRQWLQXRXVPRQLWRU
LQJE\LQVWDOOLQJDVWUXFWXUDOKHDOWKPRQLWRULQJV\VWHP 6+0 IRUWKHLGHQWLILHGGHILFLHQFLHV
7KHJRDORIWKLVUHVHDUFKLVWRGHILQHDSURSHUZRUNIORZIRUWKHLPSOHPHQWDWLRQRIDGLJLWDOWZLQ
PRQLWRULQJWDVNIRUDZHOOGHILQHGDVSHFWRIDQH[LVWLQJVWUXFWXUH7KHIRFXVRIWKHPRQLWRULQJ
OLHVRQWKHEROWHGMRLQWVRIWKHIODQJHFRQQHFWLRQVWKDWDUHDW\SLFDOFRQQHFWLRQIRUF\OLQGULFDO
HOHPHQWVLIZHOGLQJLVWHFKQLFDORUHFRQRPLFDOXQIDYRUDEOH7KHGHILQLWLRQRIWKHPRQLWRULQJ
WDNHVZDVGRQHE\LQYHVWLJDWLQJWKHH[LVWLQJGRFXPHQWVDQGLQVSHFWLRQUHVXOWVDFFRPSDQLHGE\
EXLOGLQJDQLQLWLDOGLJLWDOUHSUHVHQWDWLRQRIWKHVWUXFWXUHFRQVLVWLQJRIWZRILQLWHHOHPHQW )( 
PRGHOVDQGDJHRPHWULFDO'SRLQWFORXGUHSUHVHQWDWLRQ7KHLGHDEHKLQGLVWRXVHPRGHOVIRU
DGLJLWDOSODQQLQJDQGRSHUDWLRQHYDOXDWLRQRIWKHVWUXFWXUDOKHDOWKPRQLWRULQJ$VWDWLF)(VLP
XODWLRQDQGDG\QDPLF)(VLPXODWLRQDUHJHQHUDWHGWRLQYHVWLJDWHKRZWKHVWUXFWXUHEHKDYHV
XQGHUWKHORDGFRQGLWLRQV
7KHFRQWULEXWLRQGHDOVZLWKWKHLQWURGXFWLRQRIWKLVKLJKO\LQWHUHVWLQJG\QDPLFDOO\ORDGHG
VWUXFWXUH D SUHVHQWDWLRQ RI WHVW UHVXOWV DQG UHODWHG QXPHULFDO VLPXODWLRQ DV ZHOO DV ZLWK WKH
FRQFHSWLRQDQGLPSOHPHQWDWLRQRID6+0V\VWHP
2

DROP TEST TOWER STRUCTURE AND OCCURRENCES

7KHODUJHGURSWHVWIDFLOLW\FRQVLVWVRIDPKLJKGURSWRZHURIVWHHOSLSHFRQVWUXFWLRQDWWKH
WRSRIWKLVWRZHULVDVPDOOFDELQ ZLWKDWKRLVWZLWKDPD[LPXPKRRNKHLJKWRIP
%HORZWKLVGURSWRZHULVDP[PLQWHJUDWHGWHVWKDOO VWHHOIUDPHFRQVWUXFWLRQLQGHSHQGHQW
IURPWKHGURSWRZHU ZLWKDQWSRUWDOFUDQHUROOLQJJDWHVDQGDURRIWKDWFDQEHUHPRYHGLID
FDVNLVFRQQHFWHGWRWKHKRLVW7KHLPSDFWSDGLVFRQVWUXFWHGDVDQXQ\LHOGLQJWDUJHWUHDOL]HGE\
UHLQIRUFHGFRQFUHWHEORFNZLWKGLPHQVLRQVP[P[PGHSWKZLWKDPDVVRIW
DQGZLWKDQLPSDFWSDGPDGHRIVWHHOSODWHVP[P[PFRQQHFWHGWRWKHWDUJHWZLWK
DQFKRUEROWV7KLVFRQVWUXFWLRQIXOILOOVWKHUHTXLUHPHQWVRIWKH,QWHUQDWLRQDO$WRPLFDQG(QHUJ\
$JHQF\ ,$($ >@)LJXUHVKRZVWKHFRPSOHWHGURSWHVWIDFLOLW\DQGWKHVSHFLDOFRQWDLQHU
GHWDFKPHQWGHYLFHWKDWZDVGHVLJQHGE\%$0WRHQVXUHDPRPHQWXPIUHHUHOHDVHRIWKHVSHF
LPHQ,WVFRQVWUXFWLRQLVEDVHGRQDK\GUDXOLFPHFKDQLVPUXSWXULQJDVWHHOEROW
7KHFRQVWUXFWLRQRIWKHIDFLOLW\ZDVILQLVKHGLQ$XJXVWZLWKWKHVWDWLFRYHUORDGWHVWRIWKH
ZKROHOLIWLQJHTXLSPHQWE\OLIWLQJZHLJKWRIW
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)LJXUH%$0'URS7RZHUDW7HVW6LWH7HFKQLFDO6DIHW\ OHIW FRQWDLQHUGHWDFKPHQWGHYLFH PLGGOH DQG
RYHUORDGWHVW ULJKW 

,QDIWHU\HDUVRIRSHUDWLRQDUHJXODULQVSHFWLRQRIWKHIDFLOLW\IRXQGORRVHEROWVDWWKH
FUDQHZD\)RUWKLVUHDVRQDGHWDLOHGLQVSHFWLRQRIWKHJOREDOVWUXFWXUHZLWKVSHFLILFLQYHVWLJD
WLRQVRIWKHKLJKVWUHQJWKSUHVWUHVVHGEROWVDWWKHWRZHUVWUXFWXUHZDVLQLWLDWHG$VHOHFWLRQRI
VHYHQKLJKVWUHQJWKSUHVWUHVVHGEROWVDWUHOHYDQWVWHHOFRQQHFWLRQVRIWKHVWUXFWXUHKDYHEHHQ
H[DPLQHG7KHEROWVKDYHEHHQXQVFUHZHGDQGWKHUHOHDVHWRUTXHKDVEHHQPHDVXUHG)RXURI
WKHVHYHQEROWVVKRZHGDUHGXFHGUHOHDVHGWRUTXH7KHUHDVRQVIRUWKHRFFXUUHQFHVZHUHQRW
YHU\FOHDUEXWG\QDPLFORDGVLQGXFHGE\PRUHWKDQGURSWHVWVSHUIRUPHGVHHPWRKDYHDQ
LPSRUWDQWHIIHFWRQWKHSUHVWUHVVHGMRLQWVRIWKHWRZHUFRQVWUXFWLRQ7KHW\SLFDOFRQQHFWLRQVDW
WKHVWUXFWXUHDUHIODQJHMRLQWVDQGJXVVHWSODWHMRLQWVVHH)LJXUH

IODQJHMRLQW
JXVVHWSODWHMRLQW

)LJXUH-RLQWVDWWKHWRZHUFRQVWUXFWLRQ OHIW DQGORRVHQEROWDWRQHMRLQW ULJKW 

7KH DFWLRQV GHULYHG IURP WKH LQVSHFWLRQ ZDV WR UHSODFH WKH ORRVHQHG EROWV DQG WR GHYHORS D
PRQLWRULQJVWUDWHJ\WKDWFRQWLQXRXVO\REVHUYHVWKHVWUXFWXUHGXULQJDOORSHUDWLQJFRQGLWLRQV
3

DEVELOPMENT OF A MONITORING STRATEGY

7KHJRDOIRUDVWUXFWXUDOKHDOWKPRQLWRULQJLVWRGHOLYHUSUHFLVHDQGXSGDWHGPHDVXUHPHQWVDQG
LQIRUPDWLRQRIWKHVWUXFWXUHWKDWFDQEHXVHGWRDVVHVDQGSUHGLFWWKHFXUUHQWVWUXFWXUDOFRQGLWLRQ
RIWKHPRQLWRUHGDVSHFWDQGVXSSRUWVWKHXSFRPLQJLQVSHFWLRQVZLWKDGGLWLRQDOLQVLJKWV7KH
W\SLFDOSURFHVVRIWKHGHVLJQRIDPRQLWRULQJV\VWHPOLNHLQ>@KDVEHHQDSSOLHGEXWH[SDQGHG
E\WKHLPSOHPHQWDWLRQRIGLJLWDOPRGHOVIURPWKHVWDUWRIWKHGHVLJQSURFHVVVHH)LJXUH
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)LJXUH6\VWHPDWLFSURFHVVRIWKHLPSOHPHQWDWLRQRIDVWUXFWXUDOKHDOWKPRQLWRULQJDFFRUGLQJWR>@ZLWKDQ
DGGLWLRQDOSURFHVVRIJHQHUDWLQJRUXSGDWLQJ'PRGHOV

,QSDUDOOHOWRWKHGHVLJQRIWKHPHDVXUHPHQWFRQFHSWVHYHUDOGLJLWDOPRGHOVRIWKHVWUXFWXUHKDYH
EHHQGHYHORSHG7KHPRGHOVZHUHVHYHUDOLPSOLFLWDQGH[SOLFLW)(PRGHOVDQG%,0PRGHOH[
WUDFWHGIURPD'SRLQWFORXG7KHVHPRGHOVZHUHXVHGWRRUJDQL]HWKHH[LVWLQJGDWDIURPWKH
YLVXDOLQVSHFWLRQDQGIURPWKHGUDZLQJVDQGWRGHYHORSDEHWWHUJHQHUDOXQGHUVWDQGRIWKHVWDWLF
DQGWKHG\QDPLFEHKDYLRURIWKHVWUXFWXUHDQGVXEVWDQWLDOKHOSHGWRSODQWKHPRQLWRULQJVHWXS
DQGSODFHVHQVRUV7KHPRGHOVZHUHXVHGGXULQJWKHLQVWDOODWLRQSKDVHDVSODQQLQJGRFXPHQWV
IRUWKHPRQLWRULQJDVZHOODVWKHLQVWDOODWLRQGRFXPHQWDWLRQ
7KHFRQFHSWRIWKHPRQLWRULQJFRYHUVWKHIROORZLQJREMHFWLYHVWRDVVHVVWKHVWUXFWXUHXQGHUWKH
WHVWLQJORDGVZLWKDORQJWHUPPRQLWRULQJV\VWHPVHH7RFRYHUDOOWKLVPRQLWRULQJREMHFWLYHV
VL[PRQLWRULQJWDVNVZLWKDVSHFLILFVHQVRUOD\RXWKDVEHHQSODQQHGDQGODWHUUHDOL]HGDWWKH
GURSWRZHURI%$0VHH7DEOH








JOREDOVWDWLFEHKDYLRU
D VWDWLFGHIOHFWLRQEHKDYLRURIWKHVWUXFWXUHXQGHUORDG
E LQIOXHQFHRIWKHWHPSHUDWXUHGLVWULEXWLRQRQWKHUPDOVWUHVV
SUHWHQVLRQORVVHVRIWKHEROWV
D ORQJWHUPSUHWHQVLRQORVVHV
E SUHWHQVLRQORVVHVGXHWRGURSWHVWV
F WUDQVLHQWEROWSUHVWUHVVIRUFHYDULDWLRQGXULQJDGURSWHVW
G\QDPLFYLEUDWLRQFKDUDFWHULVWLFV
D VWUXFWXUDOGDPDJHGHWHFWLRQEDVHGRQDPELHQWYLEUDWLRQEHKDYLRU
E WUDQVLHQWYLEUDWLRQSDWWHUQRIWRZHUDQGWRZHUIRXQGDWLRQGXULQJDGURSWHVW
FRPSDULVRQWR)(PRGHOV
7DEOH,GHQWLILHGREMHFWLYHVIRUWKH6+0RIWKH%$0GURSWRZHU

7KHPRQLWRULQJWDVN0FRYHUVWKHPHWURORJLFDOFRQGLWLRQVRIWKHGURSWRZHU7KHZLQGVSHHG
ZLQGGLUHFWLRQDQGWKHDLUWHPSHUDWXUHVDWWKHWRSDQGWKHPLGGOHRIWKHWRZHUDUHFRQWLQXRXVO\
PHDVXUHG2QWKHQRUWKIDFLQJ VLGH RIWKHWRZHU DORQJ WKHVRXWKHUQWRZHUOHJZKLFK LV IXOO
H[SRVHGWRWKHVXQOLJKWWKHVXUIDFHWHPSHUDWXUHRIWKHVWHHOLVPHDVXUHG,QDGGLWLRQKDOIZD\
XSRQDOOIRXUWRZHUOHJVWKHWHPSHUDWXUHLVPHDVXUHGWRR%\WKHFRPELQDWLRQRIERWKVHWXSV
DKRUL]RQWDO DQGDYHUWLFDO WHPSHUDWXUHJUDGLHQW FDQEHFDOFXODWHG 7KHGHWDLOHGWHPSHUDWXUH
PHDVXUHPHQWLVDOVRQHFHVVDU\IRUDQDGGLWLRQDOWHPSHUDWXUHFRPSHQVDWLRQRIWKHVWUDLQPHDV
XUHPHQWVRIPRQLWRULQJWDVN5)DQGDOOWHPSHUDWXUHUHODWHGHIIHFWRQWKHVWUXFWXUHWKHVHQVRUV
DQGWKHDOJRULWKPV 7KHPRQLWRULQJWDVN5)ZDQWV WRHYDOXDWHWKHWKHUPDO VWUDLQ DW WKHIRXU
FRUQHUEUDFNHWVZKHUHWKHYHUWLFDOWRZHUOHJVVQDSRIILQWRWKHS\UDPLGULGJH7KLVSRVLWLRQLV
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H[SHFWHGWREHPRVWLQIOXHQFHGE\WKHWKHUPDOVWUHVV$WHDFKWRZHUOHJIRXUVWUDLQJDXJHVDUH
LQVWDOOHGDORQJWKHFLUFXPIHUHQFHRIWKHVWHHOWXEHEHORZWKHFRUQHUEUDFNHWLQORQJLWXGLQDOGL
UHFWLRQ7KLVVHWXSDOORZVWRUHFRJQL]HORQJLWXGLQDOVWUDLQGXHWRWKHWHVWORDGVEXWDOVRWHPSHU
DWXUHLQGXFHGEHQGLQJVWUDLQ7KHPRQLWRULQJWDVN5)DOVRGHDOVZLWKWKHG\QDPLFUHVSRQVHRI
WKHWRZHU7RJHWKHUZLWKDGGLWLRQDOVWUDLQVJDXJHVDWWKHWRZHUOHJVQHDUWKHWRZHUIRXQGDWLRQV
WKHFRPSUHVVLRQZDYHVWKDWWUDYHOWKURXJKWKHVWUXFWXUHFDXVHGE\WKHFDVNUHOHDVHDQGWKHLP
SDFWRQWKHWHVWIRXQGDWLRQGXULQJWKHGURSWHVWVZLOOEHUHFRUGHGZLWKDKLJKVDPSOLQJUDWH
(VSHFLDOO\IRUORZGURSKHLJKWVWKHUHOHDVHLPSXOVHDQGWKHLPSDFWLPSXOVHFDQVXSHUSRVLWLRQ
DVWKHUHOHDVHLPSXOVHLQLQGHSHQGHQWIURPWKHGURSKHLJKW
PRQLWRULQJWDVN0
PHWHRURORJ\ 

WHPSHUDWXUHVHQVRU
ZLQGVSHHGGLUHFWLRQ
DEDD
PRQLWRULQJWDVN5)
WKHUPDOVWUHVV 

VWUDLQJDXJHVVHWXSRI
VLQJOHVWUDLQJDXJH
EDE

PRQLWRULQJWDVN*
JOREDOGHIRUPDWLRQ 

SRVLWLRQFDSWXUHGE\'SRLQW
FORXG
GLVSODFHPHQWVHQVRU
D

PRQLWRULQJWDVN69'
G\QDPLFEROWSUHWHQVLRQ 

IRUFHZDVKHU

DEF

PRQWDVN66'' %'
G\QDPLFV GDPDJHGHWHFWLRQ 

ELD[LDODFFHOHURPHWHU
XQLD[LDODFFHOHURPHWHU

XQLD[LDOJHRSKRQH
DE

PRQLWRULQJWDVN696
VWDWLFEROWSUHWHQVLRQ 

XOWUDVRQLFIRUFHWUDQVGXFHU

DE

7DEOH2YHUYLHZRIWKHVHQVRUVHWXSIRUHDFKPRQLWRULQJWDVNDQGWKHUHODWHGPRQLWRULQJREMHFWLYH
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7KHVWUXFWXUDOG\QDPLFVXQGHUDPELHQWH[FLWDWLRQ HJZLQG DUHSHULRGLFDOO\UHFRUGHGWRLGHQ
WLI\SRVVLEOHFKDQJHVLQWKHYLEUDWLRQFKDUDFWHULVWLFVWKDWLQGLFDWHDSRVVLEOHGDPDJHE\VWRFKDV
WLFVXEVSDFHGDPDJHGHWHFWLRQVHH>@DQGZLWKVSHFLDOUHJDUGWRDQXQFHUWDLQUHIHUHQFHVHH
>@7KHGDPDJHGHWHFWLRQRIPRQLWRULQJWDVN66''UHOLHVRQIRXUELD[LDODFFHOHURPHWHUVRQH
DWHDFKS\UDPLGULGJH'XULQJWKHGURSWHVWDGGLWLRQDODFFHOHUDWLRQVDUHPHDVXUHGLQWKHFUDQH
KRXVH WULD[LDO WKHWHVWIRXQGDWLRQ XQLD[LDO DQGYLEUDWLRQYHORFLWLHVDWWKHWRZHUIRXQGDWLRQV
ZLWKJHRSKRQHV PRQLWRULQJWDVN%' 7KLVGDWDFDQEHHYDOXDWHGE\SUREDELOLVWLFPHWKRGVOLNH
>@RUUREXVWPRGDODQDO\VLVDOJRULWKPVOLNH>@
7KHPDLQLQWHUHVWEDVHGRQWKHREVHUYDWLRQIURPWKHWRZHULQVSHFWLRQLVWKHORVVRISUHWHQVLRQ
LQWKHKLJKWHQVLOHSUHVWUHVVHGEROWV7KHORQJWHUPPRQLWRULQJLVFDUULHGRXWE\DQXOWUDVRQLF
PRQLWRULQJV\VWHPWKDWUHFRUGVWKHWHQVLRQRIHLJKWEROWVDWWKHIODQJHMRLQWDWWKHFRUQHUEUDFNHW
HYHU\PLQXWHV PRQLWRULQJWDVN696 6RLWLVSRVVLEOHWRFRPSDUHWKHEROWVFRQGLWLRQEHIRUH
DQGDIWHUDGURSWHVWDQGWKHORQJWHUPEHKDYLRU7KHIRUFHZDVKHUVRIPRQLWRULQJWDVN69'DUH
DQLQGHSHQGHQWV\VWHPIRUWKHSUHWHQVLRQPHDVXUHPHQWVZLWKDPXFKKLJKHUG\QDPLFDQGWLPH
UHVROXWLRQVRWKDWWKHWUDQVLHQWIRUFHVRIWKHGURSWHVWFDQEHUHFRUGHG7KLVFRQYHQWLRQDOIRUFH
PHDVXUHPHQWKDVWKHGUDZEDFNRIDTXLWHODUJHLQIOXHQFHRIWKHEROWFRQQHFWLRQEHFDXVHPXFK
ORQJHUEROWVDUHQHHGHGDQGLWDFNVOLNHDGGLWLRQDOZDVKHUVLQWKHFRQQHFWLRQ7KHXOWUDVRQLF
SUHWHQVLRQ PHDVXUHPHQW RI 696 SUHVHUYH WKH QDWLYH FRQQHFWLRQ WKDW¶V XVHG LQ DOO WKH IODQJH
MRLQWVDWWKHFRUQHUEUDFNHWV5HJDUGLQJWKHWHPSHUDWXUHHIIHFWVDQGWKHSUHVWUHVVGHYHORSPHQW
ERWKV\VWHPVFDQEHFRPSDUHGE\V\PPHWULFDOLQVWDOOHGPHDVXUHPHQWEROGVDWGLIIHUHQWWRZHU
OHJV
7KHPRQLWRULQJWDVN*REVHUYHVWKHJOREDOGHIRUPDWLRQEHKDYLRURIWKHVWUXFWXUHLQDVLQJOH
PHDVXUHPHQWFDPSDLJQZKHUHDODVHUVFDQQHUZDVXVHGWZRIROG)LUVWWRREWDLQSRLQWFORXGV
RIWKHZKROHVWUXFWXUHXQGHULQYHVWLJDWLRQWR\LHOGLQIRUPDWLRQWRFUHDWHDGLJLWDOWZLQ7KHUHIRUH
VHYHUDOVWDWLFSRVLWLRQVZHUHXVHGWRREWDLQ'SRLQWFORXGVZKLFKZHUHLQWKHDQDO\VLVUHIHU
HQFHGLQDXQLTXHFRRUGLQDWHV\VWHPE\PHDQVRIDUWLILFLDOWDUJHWV6HFRQGD'SRLQWFORXGE\
DVLQJOHSRVLWLRQZDVDFTXLUHGGXULQJDVSHFLILF ORDGVFHQDULR RIWKHVWUXFWXUH ,QGHWDLO '
SRLQWFORXGVIRUWZRHSRFKVZHUHDFTXLUHGWKH]HURHSRFKZLWKRXWDQ\ORDGDQGWKHHSRFKXQGHU
DVSHFLILFORDG7KLVDFTXLVLWLRQVHWXSVXSSRUWVWKHHVWLPDWLRQRIGHIOHFWLRQVZLWKDIRFXVRQWKH
YHUWLFDOFRPSRQHQWWROHDUQDERXWWKHLPSDFWRIWKHORDGRQWKHEHKDYLRURIWKHVWUXFWXUH,Q
OLWHUDWXUHFDQEHIRXQGVLPLODUH[SHULPHQWVIRUHJLQIUDVWUXFWXUHREMHFWVOLNHEULGJHVVHH>@
DQG>@$ORQJWHUPPHDVXUHPHQWRIWKHGHIOHFWLRQRIWKHWRZHUXQGHUWHVWORDGVDQGWHPSHUD
WXUHLQIOXHQFHVE\PHDQVRIDQRSWLFDOGLVWDQFHVHQVRUZLOOIROORZ
4

DIGITAL TWIN CALIBRATION AND MEASUREMENTS

7KHFRQFHSWRIDGLJLWDOWZLQLVPXOWLGLVFLSOLQDU\PHWKRGIRUDFRPSUHKHQVLYHSK\VLFDODQG
IXQFWLRQDO GHVFULSWLRQ RI DQ HQJLQHHULQJ FRPSRQHQW V\VWHP RU QHWZRUN LQ DOO SKDVHV RI WKH
OLIHF\FOHEHJLQQLQJIURPWKHGUDIWWRWKHGLVPDQWOLQJLQFOXGLQJDOOLQIRUPDWLRQWKDWFDQEHXVHIXO
LQHDFKOLIHF\FOHSKDVH6SHFLDOLQWHUHVWOLHVLQWKHRSHUDWLRQSKDVHZKHUHLQVSHFWLRQWDVNVFDQ
EHRSWLPL]HGE\IXVLQJVLPXODWHGV\VWHPEHKDYLRUDQGIDLOXUHSUHGLFWLRQVZLWKUHDOZRUOGLQSXW
SDUDPHWHUVDQGV\VWHPUHVSRQVHV)RUFLYLOHQJLQHHULQJWKHYHULILFDWLRQRIWKHUHDORSHUDWLRQ
FRQGLWLRQ HVSHFLDOO\ LQ D SUREDELOLVWLF ZD\ OLNH LQ >@ LV DQ HVVHQWLDO WDVN GXULQJ WKH ORQJ
VHUYLFHOLIHWLPHRIGHFDGHV
$QHIILFLHQW'REMHFWFDSWXULQJWR\LHOGDGLJLWDOUHSUHVHQWDWLRQRUGLJLWDOWZLQRIQHDUO\DUEL
WUDU\REMHFWVFDQEHUHDOL]HGE\XVLQJDODVHUVFDQQHU0LOOLRQVRIVLQJOHVSDWLDOFORVHO\GLVWULE
XWHG'SRLQWVUHSUHVHQWWKHREMHFWRILQWHUHVW7KHVHVRFDOOHG'SRLQWFORXGVFDUU\QH[WWR
WKHVSDWLDOLQIRUPDWLRQLQIRUPDWLRQDERXWWKHUHIOHFWLYLW\E\EDFNVFDWWHUHGLQWHQVLW\YDOXHVDQG
RSWLRQDOFRORUYDOXHVREWDLQHGE\DQRZDGD\VLQWHJUDWHGGLJLWDOFDPHUD
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7KHZRUNLQJ SULQFLSOHRIWKHODVHUVFDQQHULV DFFRUGLQJWR WKHSRODUPHDVXUHPHQWSULQFLSOH
7KLVLVFKDUDFWHUL]HGE\DQLPPHGLDWHO\'GLPHQVLRQDOGLUHFWFHQWULFGDWDDFTXLVLWLRQZLWKD
KLJKVSDWLDOUHVROXWLRQRIDIHZPLOOLPHWHUV7KHPRVWLPSRUWDQWFKDUDFWHULVWLFVRIODVHUVFDQQHU
LVWKHDUHDEDVHGREMHFWDFTXLVLWLRQE\DUHPRWHSRVLWLRQWKXVQRQHHGWRGLUHFWO\DFFHVVWKH
REMHFWXQGHULQYHVWLJDWLRQVLQFHWKHUDQJHPHDVXUHPHQWLVSHUIRUPHGUHIOHFWRUOHVV7KHUHLVQRW
VSHFLDOQHHGIRUDVSHFLILFVWUXFWXUHRQWKHREMHFWDVLILWLVPRVWO\QHFHVVDU\IRUDSKRWRJUDP
PHWULFGDWDDFTXLVLWLRQ6XSSRUWHGE\WKHDUHDEDVHGDFTXLVLWLRQDSURSHUGDWDDQDO\VLVLVDEOH
WRGHOLYHULQIRUPDWLRQDERXWGHIRUPDWLRQVUDQJLQJXSWRRQHGLJLWPLOOLPHWHUOHYHO
7KH'SRLQWFORXGRIDQH[LVWLQJVWUXFWXUHFDQEHFRQYHUWHGLQWRDUHGXFHGGLJLWDOPRGHOZKLFK
FDQEHD%,0PRGHOIRUDVSHFLILF%,0SODWIRUP$OWKRXJKPDLQO\XVHGIRUWKHGHVLJQSODQQLQJ
DQGFRQVWUXFWLRQLQWKH%,0FRQWH[WWKHFRPPRQGDWDHQYLURQPHQW &'( IXOILOVWKLVUHTXLUH
PHQWRIDVLQJOHVRXUFHRIWUXWK 66R7 DQGDOORZVWKHLQWHUFKDQJHDELOLW\RIWKHPRGHOLQIRU
PDWLRQDQGHQDEOHVFRQWLQXRXVXSGDWLQJRILQIRUPDWLRQEDVHGRQDFHQWUDOGDWDKXEEHWZHHQ
DOOLQYROYHGVSHFLDOLVWVHH>@7KH&'(VHHPVWREHWKHGDWDUHVRXUFHIRUWKH'LJLWDO7ZLQLQ
FLYLOHQJLQHHULQJDQGFDQEHH[WHQGHGWREHXVHGE\DUWLILFLDOLQWHOOLJHQFHIRUPDFKLQHOHDUQLQJ
WRJHQHUDWHWUDLQYDOLGDWHDQGHYDOXDWHPDFKLQHOHDUQLQJPRGHOVRQWKHSURYLGHGGDWD

)LJXUH *HRPHWULFDOUHSUHVHQWDWLRQDVD'SRLQWFORXGRIWKHGURSWRZHU OHIW XVHGIRUSODQQLQJRIWKH6+0
DQGWKHPRGHOOLQJRI)(0DQGWRSYLHZVLWXDWLRQRIWKHODVHUVFDQQHUVHWXS ULJKW 

)RUWKLVPRQLWRULQJSURMHFWWKH'SRLQWFORXGZDVSURWRW\SLFDOXVHGDVD&'(IRUWKHGURS
WRZHUVHH)LJXUHWRHYDOXDWHEHQHILWVDWWKHIROORZLQJSURMHFWSKDVHV$WWKHGHVLJQSKDVH
E  RI WKH PRQLWRULQJ VHWXS LW UHIOHFWHG WKH DVEXLOW VLWXDWLRQ RI WKH WRZHU DQG ZDV XVHG WR
FODULI\WKHJHRPHWU\IRUWKHGHYHORSPHQWRI)(PRGHOVDQG%,0PRGHOV7KHLQVSHFWLRQGRFX
PHQWDWLRQRIWKHEROWVZDVDGGHGWRWKHSRLQWFORXGWRJHWDEHWWHULQVLJKW'XULQJWKHLPSOH
PHQWDWLRQSODQQLQJ  DOOLQVWDOODWLRQSRVLWLRQVFDEOHOHQJWKVDQGJHRPHWULFDOFRQVWUDLQVZHUH
FURVVFKHFNHG,QWKHLQVWDOODWLRQSKDVH  WKHPRGHOVKHOSHGWRORFDWHFRUUHFWSRVLWLRQVDQG
NHHSLQVWDOODWLRQVSHFLILFGDWDZKLFKLVYHU\EHQHILFLDOWRFRQWULEXWHWRKLJKGDWDTXDOLW\VHH
>@7KLVHDVLO\DFFHVVLEOHGDWDLVUHOHYDQWIRUWKHFXUUHQWO\RQJRLQJGDWDSUHSDUDWLRQDQGDQD
O\WLFVSKDVH  ZKHUHWKHG\QDPLFUHVSRQVHRIWKHVWUXFWXUHLVVLPXODWHGE\WLPHLQWHJUDWLRQ
QXPHULFDODQDO\VLVLQDQRSWLPL]HGFRPSOH[LW\)XUWKHUPRWLYDWLRQIRUHVWDEOLVKLQJQXPHULFDO
DQDO\VLVOLHVLQWKHUHTXLUHPHQWWRLGHQWLI\WKHORFDWLRQVDVZHOODVWKHPDJQLWXGHRIWKHSHDN
VWUHVVYDOXHVGXULQJGURSWHVWVWRUHOLDEOHDVVHVVWKHVWUXFWXUDOVDIHW\RIWKHGURSWRZHU  
4.1 Model
7KHQXPHULFDODQDO\VLVRIWKHGURSWRZHUZDVSHUIRUPHGXVLQJDWKUHHGLPHQVLRQDOPRGHOGH
YHORSHGLQ$16<6VRIWZDUHLQLWVYHUVLRQ5)LJXUHOHIWVKRZVDJOREDOYLHZRIWKH
GURSWRZHUVPRGHO7KHVSDFHIUDPHHOHPHQWVRIWKHWRZHUZHUHPRGHOOHGZLWKEHDPHOHPHQWV
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WDNLQJWKHSLSHFURVVVHFWLRQDOSDUDPHWHUVLQWRDFFRXQW)RUWKHJXVVHWSODWHVDWWKHVWUXFWXUDO
FRQQHFWLRQV VKHOO HOHPHQWV ZHUH FKRVHQ WR VXVWDLQ UHDOLVWLF VWLIIQHVV UHODWLRQV $OO VWUXFWXUDO
GLPHQVLRQVDVZHOODVPDWHULDOSDUDPHWHUZHUHWDNHQIURPFRQVWUXFWLRQSODQV$OOVL[VXSSRUW
FRQGLWLRQVDWHDFKRIWKHIRXUIRXQGDWLRQVZHUHPRGHOOHGDVVSULQJV&RQFHQWUDWHGPDVVHVHV
SHFLDOO\WKHZLQFKRQWKHWRSRIWKHWRZHUZHUHPRGHOHGDVSRLQWPDVVHV7KHGHVFULEHGDS
SURDFK ZLWK DSSO\LQJ EHDPV IRU WKH IUDPHZRUN HQVXUHV D FRUUHVSRQGLQJ OLPLWHG QXPEHU RI
GHJUHHV RI IUHHGRP IRU D VXIILFLHQWO\ DFFXUDWH LPDJH RI WKH JOREDO G\QDPLF EHKDYLRU RI WKH
VWUXFWXUHDVZHOODVDOLPLWHGFRPSXWDWLRQDOHIIRUWH[HFXWLQJWLPHLQWHJUDWLRQDQDO\VLV
4.2 Model verification by static load test
3UHSDULQJQXPHULFDOVLPXODWLRQVWKHTXDOLW\RIWKHPRGHOVKRXOGEHYHULILHGLHE\DVVHVVLQJ
WKHDFFXUDF\RIVLPXODWLRQUHVXOWVFRPSDULQJWKHPZLWKPHDVXUHGFRXQWHUSDUWV,QWKHFDVHRI
WKHDQDO\]HGGURSWRZHUHVSHFLDOO\WKHVWLIIQHVVSDUDPHWHUVKRXOGKDYHEHHQXQGHULQYHVWLJDWLRQ
$VLPSOHEXWHIIHFWLYHPHWKRGIRUYHULI\LQJWKHJOREDOVWUXFWXUDOVWLIIQHVVLVDVWDWLFORDGWHVW
ZKHUHPHDVXUHGGHIOHFWLRQVZLWKWKHFRPSXWHGRQHV+HUHDVSDUWRIDSHULRGLFURXWLQHH[DP
LQDWLRQRIWKHZLQFKEUDNLQJV\VWHPDWQRPLQDOOLIWWHVWZDVH[HFXWHGDQGXVHGDVDORDG
WHVWVHH)LJXUH7KHGHIOHFWLRQRIWKHWRSRIWKHWRZHUMXVWEHQHDWKWKHZLQFKKRXVLQJZDV
PHDVXUHGXVLQJWDFK\PHWHU,Q)LJXUHULJKWWKHFRPSXWHGGHIOHFWLRQRIWKHVWUXFWXUHLVGLV
SOD\HG)RUWKHSRVLWLRQRIWKHWDFK\PHWHUUHIOHFWRUWKHFRPSXWHGGHIOHFWLRQLVG PP
ZKLFKLVYHU\VLPLODUWRWKHPHDVXUHPHQWVHH7DEOH7KLVVKRZVDYHU\JRRGFRQIRUPLW\RIWKH
PRGHO¶VJOREDOVWLIIQHVVZLWKWKRVHRIWKHUHDOVWUXFWXUH
d = 11.05 mm

)LJXUH1XPHULFDOVLPXODWLRQRIWKHGURSWRZHUOHIWVLGH$16<6PRGHOULJKWVLGHVLPXODWLRQUHVXOWRI
WKHWORDGWHVW

test
no.





lifted
deflection
mass [t]
[mm]









7DEOH'HIOHFWLRQRIWKHWRZHULQ\GLUHFWLRQPHDVXUHGZLWKDWDFK\PHWHUGXULQJWKHORDGWHVW



)RUWKHWDFK\PHWHUUHIOHFWRULVQRWDSSOLHGRQDVWUXFWXUDOPHPEHUWKHVLPXODWHGGHIOHFWLRQLVGHWHUPLQHGE\
LQWHUSRODWLRQ
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4.3 Model verification by modal values
%HVLGHVWKHVWLIIQHVVGLVWULEXWLRQIRUQXPHULFDOVLPXODWLRQVRIWKHG\QDPLFVWUXFWXUDOEHKDYLRU
LWLVHVVHQWLDOWRYHULI\WKHFRUUHFWQHVVRIWKHG\QDPLFPRGHOSDUDPHWHU7KHFODVVLFDSSURDFK
IRU DQDO\]LQJ WKH DFFXUDF\ RI WKH QXPHULFDO PRGHO FRQVLVWV LQ WKH FRPSDULVRQ RI WKH PRGDO
SDUDPHWHUVUHSUHVHQWLQJWKHG\QDPLFFKDUDFWHULVWLFRIWKHVWUXFWXUHDQGWKHPRGHODOLNH%H
VLGHVFRPSDULQJ PHDVXUHG ZLWK FRPSXWHG HLJHQIUHTXHQFLHV LWLV HVSHFLDOO\WKHPRGHVKDSHV
ZKLFKHPSKDVL]HVGLIIHUHQFHVEHWZHHQWKHPRGHODQGWKHUHDOVWUXFWXUH ,QWKHVFRSHRIWKLV
FRQWULEXWLRQE\QRZWKHH[WHQVLYHG\QDPLFPHDVXUHPHQWFDPSDLJQKDVQRWEHHQH[HFXWHG\HW
VRDGLVWLQJXLVKHGVHWRIPRGHVKDSHVFDQQRWEHSUHVHQWHGKHUH)RUWKDWUHDVRQWKHIRFXVRI
PRGDODQDO\VLVOLHVRQWKHFRPSDULVRQRIWKHHLJHQIUHTXHQFLHV1HYHUWKHOHVV)LJXUHVKRZVD
FRPSLODWLRQRIJOREDOPRGHVKDSHVDQGWKHFRUUHVSRQGLQJHLJHQIUHTXHQFLHVIRUPRGHVXSWR
+]

I[VLP +]
I[PHDV +]

I]VLP +]
I]PHDV +]

IURWVLP +]
IURWPHDV +]

I\VLP +]
I\PHDV +]

)LJXUH 6HOHFWLRQRIJOREDOPRGHV

4.4 Model validation by simulation of drop test
)RUQXPHULFDOVLPXODWLRQVRIWKHLPSXOVHLQGXFHGG\QDPLFDQVZHURIWKHGURSWRZHUHVSHFLDOO\
LQWKHFRQWH[WRIWKHKHUHGHVFULEHGLQYHVWLJDWLRQVRQLWVGDPDJHEHKDYLRULWLVHVVHQWLDOWRYDO
LGDWHWKHGDPSLQJDQGLQHUWLDOSDUDPHWHURIWKHPRGHO
7KHUHIRUHGURSWHVWZHUHVLPXODWHGXVLQJWUDQVLHQW WLPHLQWHJUDWLRQ DQDO\VLV)RUFRPSDULVRQ
WKHPHDVXUHGWLPHKLVWRULHVRIDFFHOHUDWLRQVYHORFLWLHVDQGGHIOHFWLRQGXULQJDGURSWHVWZHUH
XVHG
:LWKLQWKHYDOLGDWLRQDQDO\VLVRIWKHQXPHULFDOPRGHOVHYHUDOSDUDPHWHUVZKHUHDQDO\]HGIRU
WKHLULQIOXHQFHRQWKHG\QDPLFDQVZHURIWKHWRZHULPSXOVHORDGHGE\UHOHDVLQJWKHWHVWERG\
)RUFRPSDULVRQDSDVWGURSWHVWZLWKDWWHVWERG\ZDVFKRVHQ7KHVWXG\FRQILUPHGWKDW
EHVLGHGDPSLQJFRPSRQHQWVHVSHFLDOO\WKHGXUDWLRQRIWKHLPSXOVHKDVDPDMRULQIOXHQFHRQ
WKHDQDO\VLVUHVXOW7KHWHVWERG\UHOHDVLQJGHYLFHLVGHVLJQHGLQDZD\WKDWWKHLPSXOVHGXUDWLRQ
LVH[WUHPHO\VPDOO%XWWKHLPSXOVHWLPHLVDOVRVLJQLILFDQWO\DIIHFWHGE\WKHURSHHORQJDWLRQ
DQGVRE\WKHKHLJKWRIWKHGURSHYHQW6LQFHGHWDLOHGLQIRUPDWLRQDERXWWKHURSHZHUHQRWDW
KDQGDVLPSOHSURSRUWLRQDOUHODWLRQEHWZHHQGURSWHVWKHLJKWDQGLPSXOVHWLPHZDVGHSOR\HG
DQGXVHGIRUWKHPRGHOYDOLGDWLRQ
:LWKWKHGHVFULEHGVWUXFWXUDODQGORDGLQJSDUDPHWHUVDWGURSWHVWZDVVLPXODWHG7KHVDP
SOLQJ UHVSRQVHFRPSXWLQJ IUHTXHQF\ZDVVHWWR+])LJXUHVKRZVWKHVLPXODWHGDFFHO
HUDWLRQ DQG YHORFLW\ WLPH KLVWRU\ SORWV 7KH JUDSKV VKRZ DQ DGHTXDWH VLPLODULW\ RI WKH
PDJQLWXGHV )RU DFFHOHUDWLRQ WKH YDOXHV DUH VLPLODU IRU YHORFLW\ WKH VLPXODWHG YDOXHV DUH
VOLJKWO\KLJKHUWKDQWKHPHDVXUHGDQGIRUWKHGHIOHFWLRQPDJQLWXGHVRIERWKJUDSKVDUHVLPLODU
DJDLQ&RPSDUHGWRWKHPHDVXUHGDFFHOHUDWLRQVDQGWKHGHGXFHGYHORFLWLHVWKHVLPXODWLRQUHVXOW
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LV VDWLVI\LQJ 2EVHUYLQJ WKHGHFD\EHKDYLRURIWKHYLEUDWLRQDO DQVZHULWLV REYLRXVWKDWWKH
GDPSLQJLVVLJQLILFDQWO\KLJKHULQQDWXUHWKDQLQWKHVLPXODWLRQ+HUHDPRUHVRSKLVWLFDWHGFRQ
VLGHUDWLRQRIGDPSLQJSDUDPHWHULQWKHPRGHOZLOOLPSURYHWKHFDVH1RWLFHDEOHLVDVHFRQG
H[FLWDWLRQLQWKHUHDOPHDVXUHPHQWDIWHUDSSUR[LPDWHO\VHFRQGV7KLVLVGXHWRWKHLPSDFW
RIWKHWHVWERG\RQWKHJURXQGSODWHDQGWKHWUDQVPLVVLRQRIWKDWLPSDFWWRWKHWRZHUIRXQGDWLRQV
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)LJXUH7LPHKLVWRU\RIDFFHOHUDWLRQYHORFLW\DQGGHIOHFWLRQDIWHUDWGURSWHVWHYHQW
OHIWPHDVXUHGGDWDDQGULJKWVLPXODWHGGDWD
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5

CONCLUSIONS AND OUTLOOK

,QWKLVFRQWULEXWLRQWKHSODQQLQJDQGWKHLPSOHPHQWDWLRQRIDVWUXFWXUDOKHDOWKPRQLWRULQJIRU
WKHODUJHGURSWRZHURI%$0E\HQKDQFLQJWKHVWDQGDUGSURFHVVZLWKGLJLWDOPRGHOVLVSUHVHQWHG
7KHPRGHOVZHUHXVHGLQDOOSKDVHVRIWKHVWUXFWXUDOKHDOWKPRQLWRULQJSURFHVV7KHZRUNIORZV
DUHQ¶WQDWLYHO\LPSOHPHQWHGLQVRIWZDUH %,0)(GDWDDFTXLVLWLRQVRIWZDUH \HW7KHTXDOLW\
DQGWKHZRUNORDGFDQEHLPSURYHGXVLQJGLJLWDOPRGHOVHVSHFLDOO\WKHWUDFHDELOLW\DFFRXQWD
ELOLW\DQGUHSURGXFLELOLW\RIWKHUHVXOWVWKDWDUHYDOXDEOHIRUVFLHQWLILFDQGQRQVFLHQWLILFDSSOL
FDWLRQV&XUUHQWO\WKHORQJWHUPPRQLWRULQJRIWKHGURSWRZHUMXVWVWDUWHGDQGUHVXOWVIURPDQ
XSFRPLQJILUVWGURSWHVWDWWKHODUJHGURSWRZHUZLOOEHHYDOXDWHGVRRQ
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APPLICATION OF A CLASSIFICATION ALGORITHM TO THE
EARLY-STAGE DAMAGE DETECTION OF A MASONRY ARCH
Alberto Barontini, Maria Giovanna Masciotta, Paulo Amado Mendes, Luís F. Ramos,
and Paulo B. Lourenço


,6,6('HSDUWPHQWRI&LYLO(QJLQHHULQJ8QLYHUVLW\RI0LQKR*XLPDUmHV3RUWXJDO
&DPSXVGH$]XUpP*XLPDUmHV3RUWXJDO
HPDLODOEHEDURQWLQL#JPDLOFRP^OUDPRVSEO`#FLYLOXPLQKRSW



'HSDUWPHQWRI(QJLQHHULQJDQG*HRORJ\8QLYHUVLW\©*G¶$QQXQ]LRªRI&KLHWL3HVFDUD
9LDOH3LQGDUR3HVFDUD,WDO\
HPDLOJPDVFLRWWD#XQLFKLW


,6,6('HSDUWPHQWRI&LYLO(QJLQHHULQJ8QLYHUVLW\RI&RLPEUD&RLPEUD3RUWXJDO
5/XLV5HLVGRV6DQWRV&RLPEUD3RUWXJDO
HPDLOSDPHQGHV#GHFXFSW

Keywords:1HJDWLYH6HOHFWLRQ$OJRULWKP0DVRQU\$UFK'DPDJH'HWHFWLRQ
Abstract. The early-stage identification of structural damage still represents a relevant challenge in civil engineering. Localized damages if not readily detected can lead to disruption or
even collapse, involving hazard to people and economical losses. Although the final goal of
the identification is to localize and quantify the damage, a reliable discrimination between
normal and abnormal states of the structure in the very early stage of the damage onset is not
an easy task. In the field of Structural Health Monitoring (SHM) great attention has been paid
to the development of damage detection methods based on continuous and automatic registration of the system response to unknown ambient inputs. The numerical algorithms exploited
must be: (1) easy to implement and computationally inexpensive, eventually being embedded
in the sensors; (2) as much independent on human decision as possible; (3) robust to the
many sources of uncertainties affecting the monitoring; (4) able to detect small damage extents in order to provide an early warning; (5) suitable for the application in the case of few
and sparse measurements collected only in the normal condition. The performance of a novel
version of Negative Selection Algorithm, recently developed by the authors, is here analyzed
with attention to these issues. The algorithm is tested against data collected on a segmental
masonry arch built in the laboratory of the University of Minho and subject to progressive
lateral displacement of one support.
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1

INTRODUCTION

,QWKHFRQWH[WRI6WUXFWXUDO+HDOWK0RQLWRULQJ 6+0 WKH'DPDJH,GHQWLILFDWLRQ ', DQG
WKH HDUO\ ZDUQLQJ LQ FDVH RI GDPDJH RQVHW DUH HVVHQWLDO WR VXSSRUW DQ\ HQJLQHHUHG V\VWHP
PDQDJHPHQW )ROORZLQJ WKH 5\WWHU¶V KLHUDUFK\>@ WKH ', SURFHVV FDQ EH VXPPDUL]HG DF
FRUGLQJWRILYHPDLQJRDOVRILQFUHDVLQJFRPSOH[LW\  'HWHFWLRQRIH[LVWHQFH  /RFDOL]D
WLRQ   &ODVVLILFDWLRQ RI WKH W\SH   4XDQWLILFDWLRQ RI WKH H[WHQW   3URJQRVLV 6XFK D
KLHUDUFKLFDOVWUXFWXUHUHTXLUHVWKDWDOOWKHORZHUOHYHOVDUHDYDLODEOHEHIRUHDWWHPSWLQJDKLJKHU
OHYHORILQIRUPDWLRQ7KXVWKHGHWHFWLRQRIH[LVWHQFHLVWKHILUVWEDVLFVWHSWKDWDPRQLWRULQJ
VWUDWHJ\PXVWIXOILOEXWLQPDQ\FDVHVLWLVDFRPSOH[SUREOHPWRDGGUHVV
7KH6+0WKHRU\LVEDVHGRQWKHH[LVWHQFHRIDIXQFWLRQfVXFKWKDW

ZKHUHxXLVDYHFWRUZKRVHHOHPHQWVDUHDOOWKHIHDWXUHVRIWKHHQJLQHHUHGV\VWHP HJD
VWUXFWXUHRULQIUDVWUXFWXUH yLVDYHFWRUWKDWGHVFULEHVWKHFRQGLWLRQRIWKLVV\VWHPDQGvLVD
YHFWRUZKLFKDFFRXQWVIRUWKHHQYLURQPHQWDODQGRSHUDWLRQDOYDULDEOHVWKDWDIIHFWWKHV\VWHP
IHDWXUHV,QGDPDJHGHWHFWLRQWKHVWDWHYHFWRUyLVDELQDU\YDULDEOHQDPHO\y ^Nonself, Self`
RUy ^,`7KHJRDOLVWKHGLVFULPLQDWLRQEHWZHHQDQRUPDOµ¶DQGDQDEQRUPDOµ¶SRWHQ
WLDOO\ GDPDJHG VWDWH RI WKH V\VWHP (DFK IHDWXUH YHFWRU x LV D SRLQW RI D PXOWLGLPHQVLRQDO
GRPDLQFDOOHGLQSXWVSDFHQDPHO\WKHVSDFHRIWKHGRPDLQRIHDFKVLQJOHIHDWXUHRIWKHYHFWRU
7KH ', WDVNDLPVDW DVVHVVLQJ WKHV\VWHPVWDWHE\ DQDO\]LQJ WKHYDOXHVDVVXPHGE\WKHIHD
WXUHV2QHRIWKHPDLQLVVXHVWRWDFNOHFRQVLVWVRIWKHIHDWXUHVHOHFWLRQ,QGHHGRXWRIWKHSR
WHQWLDOO\LQILQLWHIHDWXUHVRIWKHHQJLQHHUHGV\VWHPZKRVHGRPDLQVPLJKWDOVREHLQILQLWHWKH
GHWHFWLRQ LV FDUULHG RXW RQ D VFDODU YDOXHG VSDFH FDOOHG IHDWXUH VSDFH F  X >@ 7KXV WKH
DUH WKH SURMHFWLRQ RI WKH SRLQWV xX IURP WKH RULJLQDO LQSXW VSDFH WR D VSDFH
SRLQWV 
ZLWKUHGXFHGGLPHQVLRQDOLW\7KLVSURFHVVUHGXFHVWKHWLPHUHTXLUHPHQWDQGWKHFRPSOH[LW\RI
WKHSUREOHPEXWDOVRUHGXFHVWKHLQIRUPDWLRQFRQWHQWRIWKHIHDWXUHYHFWRULQFOXGLQJLWVVHQVL
WLYLW\WRGDPDJH$SURSHUVHOHFWLRQVKRXOGDLPDWLGHQWLI\LQJIHDWXUHVVXFKWKDW

,QRWKHUZRUGVWKHVHOHFWHGIHDWXUHVPXVWKDYHDKLJKVHQVLWLYLW\WRWKHV\VWHPFRQGLWLRQy
DQGDQHJOLJLEOHVHQVLWLYLW\WRRSHUDWLRQDODQGHQYLURQPHQWDOYDULDEOHVv
0DWKHPDWLFDOO\ WKHGDPDJHGHWHFWLRQ FDQEH WUHDWHGDV DFODVVLILFDWLRQ SUREOHP JLYHQ D
SRLQWLQWKHIHDWXUHVSDFHUHODWHGWRDQHZDFTXLVLWLRQRIWKHPRQLWRULQJV\VWHPDVVHVVZKHWK
HUWKHV\VWHPFRQWLQXHVLQLWVQRUPDOVWDWHRUVKRZVDQDEQRUPDOEHKDYLRU7KXVWKHJRDOLVWR
GHILQHDFODVVLILHUQDPHO\DQDSSUR[LPDWLRQRIWKHLQYHUVHIXQFWLRQ

7KLVDSSUR[LPDWLRQLVEDVHGRQDVHWRINQRZQSDLUV¢x,y²LHDVHWRISUHPHDVXUHGVDP
SOHV7KHQDWXUHRIVXFKSDLUVIXUWKHUFRPSOLFDWHVWKHGDPDJHGHWHFWLRQSUREOHPDVQRUPDOO\
WKHRQO\LQIRUPDWLRQDYDLODEOHLVIRUWKHV\VWHPLQQRUPDOFRQGLWLRQQDPHO\DOOWKHSDLUVDUH
OLNH¢x,²7KLVLVDRQHFODVVFODVVLILFDWLRQSUREOHPZKLFKFDQEHDGGUHVVHGRQO\WKURXJKIHZ
PDFKLQHOHDUQLQJDOJRULWKPV7KHSUHVHQWVWXG\DLPVDWGLVFXVVLQJKRZDOHDUQLQJDOJRULWKP
FDQEHDSSOLHGWRUHDOILHOGWHVWLQJGDWD$GHWHUPLQLVWLFYHUVLRQRIWKH1HJDWLYH6HOHFWLRQ$O
JRULWKP 16$ GHYHORSHGE\WKHDXWKRUVRIWKLVZRUNDQGSUHOLPLQDULO\WHVWHGRQRWKHUFDVH
VWXGLHVZLWKVLPXODWHGGDWD>±@LVKHUHHPSOR\HGPDNLQJXVHRIWKHYLEUDWLRQVLJQDOVFRO
OHFWHG GXULQJ D ODERUDWRU\ H[SHULPHQWDO FDPSDLJQ 7KH PHWKRGRORJ\ LV DSSOLHG IRU WKH ILUVW
WLPHWRDUHDOFDVHVWXG\XQGHUSURJUHVVLYHGDPDJHVFHQDULRV$IWHUGHVFULELQJWKHIXQGDPHQ
WDOVRIWKHDOJRULWKPLQVHFWLRQWKHVWUXFWXUHREMHFWRILQYHVWLJDWLRQLVSUHVHQWHGLQVHFWLRQ
7KHQWKHPHWKRGRORJ\ WR WDLORUWKH DOJRULWKP WR WKHVSHFLILFFDVHVWXG\ LV GLVFXVVHGLQ
VHFWLRQIROORZHGE\WKHGHVFULSWLRQRIWKHQXPHULFDOWHVWVXVHGIRUWKHDOJRULWKPYDOLGDWLRQ
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%DVHGRQWKHUHVXOWVSRVVLEOHLPSURYHPHQWVWRWKHPHWKRGRORJ\DUHSURYLGHGLQVHFWLRQ
)LQDOO\WKHPDLQFRQFOXVLRQVGUDZQIURPWKHZRUNDUHVXPPDUL]HGLQVHFWLRQ
2

DETERMINISTICALLY GENERATED NEGATIVE SELECTION ALGORITHM

16$VDUHDIDPLO\RIDOJRULWKPVEDVHGRQDPLQLPDOFRPPRQIUDPHZRUNLQLWLDOO\GHYHO
RSHGE\)RUUHVWHWDO>@DQGODWHULPSURYHGZLWKDGGLWLRQDOFRQWULEXWLRQV>@7KHFRP
SOHWH IUDPHZRUN RI WKH SURFHVV XQGHUO\LQJ WKH 16$V LV FRPSRVHG RI VHYHUDO VWHSV WKDW DUH
FROOHFWHGLQWKUHHPDLQFRQVHFXWLYHVWDJHV  5HSUHVHQWDWLRQ  &HQVRULQJ  0RQLWRULQJ
7KHILUVWVWDJHLVDQRYHUKHDGRSHUDWLRQFRQVLVWLQJLQWKHGHILQLWLRQRIWKHIHDWXUHVSDFHDQG
WKH FRGLQJ RI WKH GDWD VHW ,Q WKLV VWDJH WKH n IHDWXUHV DUH SURMHFWHG RQWR D XQLWDU\ VSDFH
U >@Q7RWDNHLQWRDFFRXQWWKHHPHUJHQFHRIPHDVXUHPHQWVWKDWIDOORXWVLGHWKHUDQJHWKDW
LVNQRZQGXULQJWKHWUDLQLQJVXFKDUDQJHLVLQFUHDVHGE\)XWXUHVDPSOHVWKDWIDOORXW
VLGHWKLVHQODUJHGUDQJHDUHDXWRPDWLFDOO\ODEHOOHGDVGDPDJHG,WLVDOVRDVVXPHGWKDWWKHXQL
WDU\VSDFHLVGLYLGHGLQWRWZRFRPSOHPHQWDU\VXEVHWV6HOIDQG1RQVHOIVXFKWKDW

'XULQJWKHVRFDOOHGFHQVRULQJVWDJHWKH16$DQDO\VHVWKHWUDLQLQJGDWDVHWLQWKHIHDWXUH
VSDFHWRJHQHUDWHWKHGHWHFWRUV7KHGHWHFWRUVHWLVWKHWRROXVHGIRUDQRPDO\GHWHFWLRQEHLQJ
DVHWRIHOHPHQWVZKLFKFRYHUVDQGLGHQWLILHVWKHQRQVHOISRUWLRQRIWKHVSDFH)LQDOO\LQWKH
PRQLWRULQJ VWDJH WKH QHZ IHDWXUH YDOXHV H[WUDFWHG IURP WKH V\VWHP XQGHU DQDO\VLV DUH
PDWFKHGDJDLQVWWKHWUDLQHGGHWHFWRUVZKLFKELQGWRWKHRQHVWKDWDUHOLNHO\WREHORQJWRDQ
DQRPDORXVEHKDYLRURIWKHV\VWHP7KHYHUVLRQRI16$XVHGLQWKHSUHVHQWVWXG\LVFDOOHGGH
WHUPLQLVWLFDOO\JHQHUDWHG '16$ VLQFHWKHGHWHFWRUVDUHQRWUDQGRPO\LQLWLDOL]HGEHIRUHEH
LQJPDWFKHGDJDLQVWWKHWUDLQLQJVDPSOHVEXWWKH\DUHSODFHGRQWRWKHXQLWDU\VSDFHDFFRUGLQJ
WRDUHJXODUJULGRIJLYHQVL]H,QRUGHUWRUHGXFHWKHWLPHUHTXLUHPHQWDQGWKHFRPSOH[LW\WKH
GHWHFWLRQLVFDUULHGRXWLQDGLPHQVLRQDOIHDWXUHVSDFH,QGHHGLQ6WUXFWXUDO+HDOWK0RQLWRU
LQJIRUFLYLOHQJLQHHULQJV\VWHPVLWLVFRPPRQWRDQDO\]HWKHVWUXFWXUDOEHKDYLRULQWHUPVRI
FRUUHODWLRQ EHWZHHQ SDLUV RI YDULDEOHV IRU LQVWDQFH WHPSHUDWXUHILUVW IUHTXHQF\ WHPSHUD
WXUHVHFRQGIUHTXHQF\HWF >@
3
3.1

APPLICATION AND VALIDATION THROUGH REAL VIBRATION DATA
A masonry arch as case study

7KHFDVHVWXG\XVHGWRDSSO\DQGYDOLGDWHWKH'16$DOJRULWKPLVDVPDOOVFDOHVHJPHQWDO
PDVRQU\ DUFK )LJXUH   EXLOW DQG WHVWHG LQ WKH VWUXFWXUDO ODERUDWRU\ RI WKH ,QVWLWXWH RI %LR
6XVWDLQDELOLW\ RI WKH 8QLYHUVLW\ RI 0LQKR *XLPDUmHV 3RUWXJDO  LQ RUGHU WR LQYHVWLJDWH WKH
HIIHFWVWKDWVXSSRUWVHWWOHPHQWVPD\KDYHRQWKHG\QDPLFEHKDYLRURIPDVRQU\DUFKEULGJHV
7KHVSHFLPHQFRQVLVWVRIIRXUURZVRIEULFNXQLWV [[PP DVVHPEOHGZLWKVWDJ
JHUHGOLPHPRUWDUMRLQWV,WKDVDQRPLQDOVSDQRIPPDVSULQJLQJDQJOHRIDQRPL
QDO QHW ULVH RI  PP DQG UDGLDO WKLFNQHVV RI D  PP 7ZR OLPH EDJV RI  NJ HDFK DUH
V\PPHWULFDOO\SODFHGRQWKHH[WUDGRVWRVLPXODWHWKHHIIHFWRIEDFNILOOPDWHULDO>@
7KHVWUXFWXUHLVVXSSRUWHGE\WZRFRQFUHWHDEXWPHQWV7KHOHIWVXSSRUWLVIL[HGWRWKHIORRU
ZKHUHDVWKHRWKHURQHLVDOORZHGWRPRYHLQKRUL]RQWDOGLUHFWLRQWKURXJKDVLPSOHVOLGLQJV\V
WHP3URJUHVVLYHGDPDJHLVLQGXFHGE\DSSO\LQJLQVWHSVFRQWUROOHGDQGXQLIRUPLQFUHDVLQJ
GLVSODFHPHQWV WR WKH PRYDEOH VXSSRUW WKURXJK D K\GUDXOLF MDFN $IWHU HDFK VWHS D G\QDPLF
LGHQWLILFDWLRQWHVWLVFDUULHGRXWXVLQJWKHDPELHQWQRLVHDVVRXUFHRIH[FLWDWLRQ7KHYLEUDWLRQ
UHVSRQVHRIWKHDUFKLVDFTXLUHGWKURXJKDFFHOHURPHWHUV PRGHO3&%%WR
+]IUHTXHQF\UDQJHP9JVHQVLWLYLW\ȝJUHVROXWLRQ RIZKLFKIRXUDUHNHSWIL[HGDQG
IRXU DUH PRYHG DFFRUGLQJ WR  FRQVHFXWLYH VHWXSV DOORZLQJ WR UHFRUG WKH UHVSRQVH RI 
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PHDVXUHPHQWSRLQWVLQQRUPDOGLUHFWLRQDQGLQWDQJHQWLDOGLUHFWLRQ )LJXUHD 7KLVSUR
YLGHVDVHW RIDFTXLVLWLRQVIRUHDFK VFHQDULR IURP WKHPRYLQJ DFFHOHURPHWHUV DQG
IURPWKHUHIHUHQFHRQHV7KHVLJQDOVDUHVDPSOHGDW+]IRUDPLQLPXPGXUDWLRQRIV
UHVXOWLQJLQGDWDSRLQWVSHUFKDQQHO

)LJXUH&RQILJXUDWLRQRIWKHVSHFLPHQ

D

E

)LJXUH7HVWVHWXSDQGFUDFNSDWWHUQ D GLVWULEXWLRQRIPHDVXUHPHQWSRLQWVDQGDFFHOHURPHWHUV $WR$ 
E ORFDWLRQRIVHWWOHPHQWLQGXFHGFUDFNV

$LPLQJDWGHWHFWLQJWKHGDPDJHLQWKHYHU\HDUO\VWDJHRQO\WKHILUVWWZRGDPDJHVFHQDULRV
FRUUHVSRQGLQJWRDQGPPRILQFUHPHQWDOGLVSODFHPHQWUHVSHFWLYHO\ DUHFRQVLGHUHG
$IWHUWKHILUVWVWHSWKUHHFUDFNVVWDUWWRDSSHDU )LJXUHE c1DWWKHLQWUDGRVLQWKHOHIWUH
JLRQRIWKHNH\VWRQHc2DWWKHH[WUDGRVRIWKHOHIWVSULQJLQJ IL[HGVXSSRUW DQGc3DWWKHH[
WUDGRV RI WKH ULJKW VSULQJLQJ PRYLQJ VXSSRUW  7KH RXWVHW RI FUDFNV LQGXFHV D FRQVLGHUDEOH
GURSRIWKHVWUXFWXUDOVWLIIQHVVZKLFKLVFOHDUO\UHIOHFWHGE\WKHGRZQVKLIWRIWKHPDLQQDWXUDO
IUHTXHQFLHVRIWKHDUFK SDUWLFXODUO\IRUPRGHVDQG 
7DEOH  UHSRUWV WKH G\QDPLF LGHQWLILFDWLRQ UHVXOWV SURYLGHG E\ WKH 66,83&; HVWLPDWRU
>@LQWHUPVRIDYHUDJHGIUHTXHQF\YDOXHVIRUDOOPHDQLQJIXOYLEUDWLRQPRGHV,QRUGHUWRWHVW
WKHDOJRULWKPLQXQIDYRUDEOHFRQGLWLRQVWKHFODVVLILFDWLRQLVSHUIRUPHGE\DQDO\]LQJWKHYDO
XHV RI WKH VHFRQG DQG WKLUG QDWXUDO IUHTXHQFLHV ZKRVH YDULDWLRQ EHWZHHQ VFHQDULRV LV WKH
VPDOOHVW7KHWHVWLVFDUULHGRXWXQGHUFRQVWDQWHQYLURQPHQWDOFRQGLWLRQV)RUHDFKIUHTXHQF\
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WKHGDWDVHWLVFRPSRVHGRIYDOXHVH[WUDFWHGWKURXJKSHDNSLFNLQJGLUHFWO\IURPWKHSRZHU
VSHFWUDOGHQVLW\RIHDFKDFTXLVLWLRQ ,WLVZRUWKQRWLQJWKDWWKHDPELHQWYLEUDWLRQVDUHZHDN
DQGWKHUHVSRQVHVLJQDOVKDYHDORZVLJQDOWRQRLVHUDWLRPDNLQJWKHVHFRQGIUHTXHQF\SHDN
QRW FOHDUO\ GLVWLQJXLVKDEOH 1HYHUWKHOHVV LW LV LQWHUHVWLQJ DQG UHDVRQDEOH WR WHVW WKH GDPDJH
GHWHFWLRQVWUDWHJ\DJDLQVWDGDWDVHWDIIHFWHGE\VXFKRUGLQDU\VRXUFHVRIXQFHUWDLQWLHV
Scenario
5HIHUHQFH ' 
'DPDJH ' 
'DPDJH ' 

Mode 1




Frequencies [Hz]
Mode 2
Mode 3
Mode 4










Mode 5




7DEOH$UFKHLJHQIUHTXHQFLHVYDULDWLRQRYHUSURJUHVVLYHGDPDJHVFHQDULRV

3.2

Training, validation and monitoring

7KHFODVVLILHUGHVLJQDQGDSSOLFDWLRQDUHGLYLGHGLQWRWKUHHVWDJHV  WUDLQLQJ  YDOLGD
WLRQ  PRQLWRULQJ7KHODWWHUVWHSLVWKHDFWXDODVVHVVPHQWRIWKHV\VWHPWKURXJKWKHDQDO\VLV
RIQHZPHDVXUHPHQWV7KHILUVWWZRVWHSVLQVWHDGDUHRIIOLQHSUHOLPLQDU\WDVNVQHFHVVDU\WR
JHQHUDWH WKH FODVVLILHU DQG WDLORU LW WR WKH VSHFLILF FDVH VWXG\ 7KH WUDLQLQJ UHTXLUHV D VHW RI
VDPSOHVWKDWDUHIHGWRWKH'16$WRJHQHUDWHWKHGHWHFWRUV$VPHQWLRQHGEHIRUHLQRQHFODVV
FODVVLILFDWLRQ SUREOHPV WKH VDPSOHV EHORQJ RQO\ WR RQH FODVV HJ WKH VHOI VSDFH RU QRUPDO
VWDWH ,QRUGHUWRNHHSVRPHRIWKHFROOHFWHGVHOIGDWDIRUWKHYDOLGDWLRQDQGWKHPRQLWRULQJ
RXWRIWKHUHFRUGVSRLQWVDUHUDQGRPO\VHOHFWHGWRIRUPWKHWUDLQLQJVHW
(DFK DOJRULWKP YHUVLRQ UHTXLUHV WKH GHILQLWLRQ RI D VHW RI LQQHU SDUDPHWHUV WKH VRFDOOHG
SDUDPHWHUVHWWLQJ2QFHWKHVHSDUDPHWHUV¶YDOXHLVIL[HGDVSHFLILFDOJRULWKPLQVWDQFHLVGH
WHUPLQHG'LIIHUHQWVHWWLQJVOHDGWRGLIIHUHQWGHWHFWRUVVHWVDQGGLIIHUHQWSHUIRUPDQFHV7KXV
WKHSDUDPHWHUVHWWLQJFRQVLVWVLQFRPSDULQJGLIIHUHQWDOJRULWKPLQVWDQFHV7KHSDUDPHWHUVDUH
DQDO\]HGDVFRQWUROODEOHYDULDEOHVZKLFKDVVXPHLQWKHLUGRPDLQVGLIIHUHQWYDOXHVFDOOHGOHY
HOV>@7KHFRPSDULVRQPXVWEHFDVWLQWRDVWDWLVWLFDOGHVLJQRIWKHH[SHULPHQW '2( DQG
DQDO\]HG LQ WHUPV RI D UHOLDEOH SHUIRUPDQFH PHWULF &RQVLGHULQJ WKH SRVVLEOH RXWSXWV RI WKH
GHWHFWLRQRQO\WZRIDPLOLHVRIHUURUVDUHSRVVLEOHIDOVHSRVLWLYH )3 QDPHO\QRUPDOVDPSOHV
FODVVLILHGDVDEQRUPDODQGIDOVHQHJDWLYH )1 QDPHO\DEQRUPDOVDPSOHVFODVVLILHGDVQRU
PDO([SHULHQFHGHPRQVWUDWHGWKDWWKHWUHQGRI)3VDQG)1VIRUGLIIHUHQWSDUDPHWHUVHWWLQJVLV
LQYHUVH7KXVLWLVQRWSRVVLEOHWRUHGXFHRQHIDPLO\RIHUURUVZLWKRXWLQFUHDVLQJWKHRWKHUDQG
WKHSHUIRUPDQFHPHWULFVKRXOGWDNHERWKLQWRDFFRXQW:KHQGHDOLQJZLWKRQHFODVVFODVVLILFD
WLRQSUREOHPVWKLVLVVXHLVTXLWHFRPSOH[EHFDXVHRQO\RQHW\SHRIVDPSOHVLVNQRZQWKXVWKH
RQO\SRVVLEOHLQIHUHQFHLVRQWKHQXPEHURI)3V,Q>@WKHDXWKRUVGHYHORSHGDPHWKRGRORJ\
EDVHG RQ WKH DUWLILFLDO JHQHUDWLRQ RI RXWOLHUV RI WKH QRUPDO VDPSOHV¶ GLVWULEXWLRQ 7KH VDPH
PHWKRGRORJ\LVKHUHDSSOLHGVRWKHFODVVLILHUFDQEHYDOLGDWHGDJDLQVWNQRZQVHOIVDPSOHVDQG
DUWLILFLDOQRQVHOIVDPSOHV UHIHUUHGDV RXWOLHUV 7KUHH DUHWKH PDLQ SDUDPHWHUV WKDW DIIHFW WKH
'16$SHUIRUPDQFH  QXPEHURIGLYLVLRQVRIWKHVLGHRIWKHXQLWDU\VSDFHZKLFKLVGLUHFWO\
UHODWHGWRWKHGHWHFWRUUDGLXVrdet  VHOIUDGLXV rself  FHQVRULQJGLVWDQFHCens.dist7KH
ODWWHULVDTXDOLWDWLYHSDUDPHWHUWKDWGHSHQGVRQWKHYDOXHVRIWKHRWKHUWZR7KXVDWKUHHOHYHO
WZRIDFWRUIXOOIDFWRULDOGHVLJQ ))' LVXVHGIRUWKHH[SHULPHQWFRQVLGHULQJWKHWZRTXDQ
WLWDWLYH SDUDPHWHUV GHWHFWRU DQG VHOI UDGLL  UHSHDWHG IRU WKUHH SRVVLEOH IRUPXODWLRQV RI WKH
FHQVRULQJGLVWDQFH7KHYDOLGDWLQJVHOIVHWLVFRPSRVHGRIVDPSOHVRXWRIWKHUHPDLQLQJ
HJPLQXVWKHXVHGIRUWKHWUDLQLQJ 7KHYDOLGDWLQJQRQVHOIVHWLVFRPSRVHGRIDU
WLILFLDO RXWOLHUV )LJXUH  GLVSOD\V WKH VDPSOHV XVHG IRU ERWK WUDLQLQJ '7  DQG YDOLGDWLRQ
'92XWOLHUV LQWKHXQLWDU\IHDWXUHVSDFH
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)LJXUH1RUPDOL]HGVDPSOHVEHORQJLQJWRWKHWUDLQLQJDQGYDOLGDWLQJVHWV

7DEOHUHSRUWVWKHUHVXOWVRIWKHSDUDPHWHUVHWWLQJWRJHWKHUZLWKWKHSHUIRUPDQFHPHWULF,Q
WKHSUHVHQWZRUNWKHDUHDXQGHUWKH5HFHSWLRQ2SHUDWLQJ&KDUDFWHULVWLF 52& FXUYHFDOOHG
$8& LV XVHG IRU WKLV SXUSRVH 7KH 52& FXUYH SORWV IRU HDFK FODVVLILHU WKH )DOVH 3RVLWLYH
5DWH )35 DQGWKH7UXH3RVLWLYH5DWH 735 7KHEHVWFRPELQDWLRQRISDUDPHWHUOHYHOVFRU
UHVSRQGVWRWKHKLJKHVWYDOXHRIWKH$8&ZKLFKIRUWKLVFDVHVWXG\LVVPDOOrdetPHGLXP rself
DQGFHQVRULQJGLVWDQFHHTXDOWRrdet + rself
Cens.dist=rdet
divisions










rself









$YJ
'HYVW

Cens.dist=0.5 rdet+rself
AUC












divisions










rself









$YJ
'HYVW

AUC












Cens.dist= rdet+rself
divisions










rself









$YJ
'HYVW

AUC

0.776










7DEOH5HVXOWVRIWKHSDUDPHWHUVHWWLQJ,QEROGWKHEHVWFRPELQDWLRQRISDUDPHWHUOHYHOV

7KHRSWLPL]HGFODVVLILHULVXVHGWRVLPXODWHWKHPRQLWRULQJRIWKHDUFK7KLVPHDQVWHVWLQJ
WKHFODVVLILHUDJDLQVWWKHVDPSOHVWKDWLWKDVQRWPHWEHIRUH7KHWHVWLQJVHOIVHWLVFRPSRVHGRI
WKHUHPDLQLQJVDPSOHVZKHUHDVWKHWHVWLQJQRQVHOIVHWLVFRPSRVHGRIMXVW'VDPSOHV
DQG'VDPSOHVVLQFHWKHRWKHUVIDOORXWVLGHWKHXQLWDU\VSDFHDQGDUHDXWRPDWLFDOO\FODVVL
ILHGDVGDPDJHG7KHFODVVLILHUVKRZVDJRRGSHUIRUPDQFHDJDLQVWWKHGDPDJHGVDPSOHVZLWK
DVXFFHVVUDWHRIIRU'VDPSOHVDQGRIIRU'VDPSOHVLQWHUPVRIFRUUHFWODEHOOLQJ
+RZHYHURIWKHQHZKHDOWKVDPSOHVDUHZURQJO\FODVVLILHG
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D

E

 F 
)LJXUH&RPSDULVRQRIWKHRSWLPL]HGGHWHFWRUVHWDJDLQVWWKHWHVWLQJVHWV D VHOIVDPSOHV E 'VDPSOHVDQG
F 'VDPSOHV

3.3

Improved training

%DVHGRQWKHGHWHFWRUVHWGLVWULEXWLRQWKHTXLWH³DJJUHVVLYH´EHKDYLRUKLJKOLJKWHGLQ)LJ
XUHDLVOLNHO\GXHWRWKHVSDUVLW\RIWKHVHOIVDPSOHVXVHGIRUWKHWUDLQLQJ7KHVHZHUHPDLQO\
GLVWULEXWHG LQ WZR UHJLRQV +RZHYHU H[SHULHQFH VXSSRUWV WKH LGHD WKDW IUHTXHQF\ YDOXHV LQ
FRQGLWLRQVVLPLODUWRWKHRQHRIWKHFDVHVWXG\DUHFRQWLQXRXVO\GLVWULEXWHGRYHUDVLQJOHUH
JLRQ 7KXV QHZ HPHUJLQJ VDPSOHV DUH H[SHFWHG WR IDOO LQ EHWZHHQ WKH WZR LGHQWLILHG DUHDV
%DVHGRQ WKLVDVVXPSWLRQWKHFODVVLILHU LV LPSURYHGE\DUWLILFLDOO\ JHQHUDWLQJ VHOISRLQWV DF
FRUGLQJ WR D ELYDULDWH QRUPDO GLVWULEXWLRQ 7KH PHDQ DQG WKH FRYDULDQFH PDWULFHV RI WKH 
WUDLQLQJ VDPSOHV DUH XVHG WR GHILQH WKH GLVWULEXWLRQ %HIRUH UHSHDWLQJ WKH WUDLQLQJ WKH QHZ
SRLQWVZKLFKIDOORXWVLGHWKHDUHDZLWKLQWKHERXQGDU\WKDWHQYHORSHVWKHSULRUWUDLQLQJVDP
SOHVDUHUHMHFWHGDVVXPLQJWKDWWKLVERXQGDU\GHOLPLWVWKHNQRZQVHOIUHJLRQ)LJXUHVKRZV
WKHSULRUDQGWKHQHZWUDLQLQJVHWV7KHLPSURYHGFODVVLILHULVWKXVJHQHUDWHGNHHSLQJWKHVDPH
SDUDPHWHUVHWWLQJDQGWHVWHGDJDLQVWWKHVDPHVHWV)LJXUHVKRZVWKHQHZGHWHFWRUVHWFRP
SDUHGWRWKHWHVWLQJVHWVDQG7DEOHUHSRUWVWKHFRQIXVLRQPDWUL[IRUWKHWZRFODVVLILHUV7KH
LPSURYHGYHUVLRQRXWSHUIRUPVWKHSULRURQH
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)LJXUH1HZQRUPDOL]HGWUDLQLQJVDPSOHV 1'7 FRPSDUHWRWKHRULJLQDOWUDLQLQJVHW '7 

Prior classifier
New classifier

TN

FP







Tot. D0
TP1
samples





FN1



Tot. D1
TP2
samples





FN2



Tot. D2
samples



7DEOH&RQIXVLRQPDWUL[RIWKHSULRUDQGWKHLPSURYHGFODVVLILHURYHUWKHVDPHWHVWLQJVHWV

D

E

 F 
)LJXUH&RPSDULVRQRIWKHQHZGHWHFWRUVHWDJDLQVWWKHWHVWLQJVHWV
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4

CONCLUSIONS AND FUTURE SCOPE

7KHVLPSOHGLVFULPLQDWLRQEHWZHHQWKHQRUPDODQGWKHDEQRUPDOEHKDYLRURIDQHQJLQHHUHG
V\VWHPLVDFRPSOH[WDVNLQPDQ\UHDOZRUOGDSSOLFDWLRQV7KHODFNRINQRZOHGJHUHJDUGLQJ
SRVVLEOHDEQRUPDOFRQGLWLRQVDQGWKHOLPLWHGNQRZOHGJHDERXWWKHQRUPDOEHKDYLRULWVHOIUH
GXFHWKHQXPEHURIQRQPRGHOEDVHGQXPHULFDO PHWKRGVVXLWDEOHIRUGDPDJHGHWHFWLRQSXU
SRVHV HJRQHFODVVFODVVLILFDWLRQ  ,QWKHSUHVHQW ZRUN D FRPELQDWLRQRIUHDO DQGDUWLILFLDO
GDWDLVSURSRVHGWRLPSURYHWKHGHVLJQRIDWDLORUHGGDPDJHGHWHFWLRQVWUDWHJ\IRUUHDOZRUOG
DSSOLFDWLRQV7KHDQDO\]HGFDVHVWXG\FRQVLVWVRIDVHJPHQWDOPDVRQU\DUFKEXLOWDQGWHVWHGLQ
WKH ODERUDWRU\ RI WKH 8QLYHUVLW\ RI 0LQKR DQG WKH DSSOLHG GDPDJH GHWHFWLRQ DOJRULWKP LV D
FXVWRPL]HG YHUVLRQRIWKH 16$GHYHORSHGE\WKHDXWKRUVLQ DSUHYLRXV ZRUN +LWKHUWRWKH
IROORZLQJSUHOLPLQDU\FRQFOXVLRQVFDQEHGUDZQ
x WKHSHUIRUPDQFHLVUREXVWDJDLQVWWKHVRXUFHVRIXQFHUWDLQWLHVDVWKHQRLVHLQWKHVLJQDOV
RUWKHPRGDOIHDWXUHH[WUDFWLRQWKURXJKDVLPSOLILHGSHDNSLFNLQJVWUDWHJ\
x WKHFODVVLILFDWLRQLVVXFFHVVIXOIRUVPDOOGDPDJHH[WHQW±LQGHHGWKHIUHTXHQF\GRZQVKLIW
HVWLPDWHGIRUPRGHVDQGZDVRQWKHDYHUDJHDQGIRUWKHILUVWGDPDJHVFH
QDULR ' DQGDQGIRUWKHVHFRQGGDPDJHVFHQDULR ' 
x WKH DUWLILFLDO JHQHUDWLRQ RI QHZ VHOI DQG QRQVHOI VDPSOHV DFFRUGLQJ WR WKH WUDLQLQJ GDWD
GLVWULEXWLRQLPSURYHGWKHSHUIRUPDQFHIDFLQJWKHUHGXFHGDQGVSDUVHLQIRUPDWLRQDYDLOD
EOH
x WKHPHWKRGRORJ\PLJKWEHVXLWDEOHIRUVHQVRUHPEHGPHQWVLQFHWKHIHDWXUHVDUHH[WUDFWHG
IURPDVLQJOHVHQVRUDFTXLVLWLRQ
7RUHDOL]HWKHIXOOSRWHQWLDORIWKHDOJRULWKPPRUHUHVHDUFKLVQHHGHG,QGHHGDOWKRXJKWKH
FUDFNVDIWHUWKHILUVWGLVSODFHPHQWVWDJHDUHEDUHO\YLVLEOHLQWKHDUFKWKHGURSLQWKHILUVWIUH
TXHQF\YDOXHPLJKWVXJJHVWWKDWWKHGDPDJHLV QRWDVVPDOODVUHTXLUHGIRUDSURSHUDVVHVV
PHQWRIWKHDOJRULWKPVHQVLWLYLW\0RUHRYHUWKHVWUDWHJ\IRUDUWLILFLDOGDWDJHQHUDWLRQVKRXOG
EHWHVWHGRQDODUJHUGDWDVHWDQGWKHDQDO\VLVVKRXOGEHFDVWLQDVWDWLVWLFDOIUDPHZRUNWRLQIHU
WKHEHKDYLRURIWKHILQDOFODVVLILHULQGLIIHUHQWFRQGLWLRQV
ACKNOWLDGMENTS
7KLV ZRUN ZDV VXSSRUWHG E\ )&7 3RUWXJXHVH )RXQGDWLRQ IRU 6FLHQFH DQG 7HFKQRORJ\ 
ZLWKLQ ,6,6( VFKRODUVKLS 6)5+%' LW ZDV DOVR ILQDQFHG E\ )('(5 IXQGV
WKURXJK WKH &RPSHWLWLYLW\ )DFWRUV 2SHUDWLRQDO 3URJUDPPH  &203(7( DQG E\QDWLRQDO
IXQGVWKURXJK)&7±)RXQGDWLRQIRU6FLHQFHDQG7HFKQRORJ\ZLWKLQWKHVFRSHRIWKHSURMHFW
32&,)('(5
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VIBRATION-BASED DAMAGE DETECTION APPLIED TO A
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&RQVWUXFW9L%HVW)DFXOW\RI(QJLQHHULQJRIWKH8QLYHUVLW\RI3RUWR
5XD'U5REHUWR)ULDV3RUWR3RUWXJDO
HPDLO^VESILOLSHPDDFXQKD`#IHXSSW



&RQFUHWH'DPV'HSDUWPHQW1DWLRQDO/DERUDWRU\IRU&LYLO(QJLQHHULQJ
$YHQLGDGR%UDVLO/LVERD3RUWXJDO
^MJRPHVYOHPRV`#OQHFSW

Keywords:FRQFUHWHDUFKGDPFRQWLQXRXVG\QDPLFPRQLWRULQJRSHUDWLRQDODQGHQYLURQPHQ
WDOHIIHFWVGDWDQRUPDOL]DWLRQGDPDJHGHWHFWLRQ
Abstract. Vibration-based health monitoring systems have been successfully implemented in
many different large civil engineering structures such as bridges, wind turbines and belltowers, providing important data about their dynamic behaviour and allowing the establishment of damage detection methodologies based on the evolution of modal properties. Allying
this knowledge with the emergence of very sensitive low noise sensors and high-resolution
digitizers during the past few decades, an opportunity arose to implement continuously operating dynamic monitoring systems in dams and validate the suitability of these systems to
monitor such massive structures with the goal of detecting damage.
The detection of abnormal structural behaviour, that may indicate the occurrence of damage,
can be based on control charts and is associated with shifts in the modal parameters values
that are not explained by other physical phenomena but a change in the structure’s stiffness.
To test these statistical tools, modal parameters obtained from field measured time series may
be contaminated with simulated damages.
In this context, the ability of the control charts to identify the emergence of abnormal structural behaviour in dams is studied in this paper using data obtained from the continuous dynamic monitoring of Baixo Sabor arch dam, a concrete dam in Portugal that started
operating in late 2015. Since it was not expected to find damage in such a recent structure, a
set of plausible damage scenarios were simulated using a numerical model and their influence in the dam dynamic properties was used to contaminate the values of natural frequencies
obtained from continuous monitoring.

1315

6pUJLR3HUHLUD)LOLSH0DJDOKmHVÈOYDUR&XQKD-RUJH3*RPHV-RVp9/HPRV

1

INTRODUCTION

%DL[R6DERUK\GURHOHFWULFGHYHORSPHQWORFDWHGLQWKHQRUWKRI3RUWXJDOLVRQHRIWKHPRVW
UHFHQWSODQWVLQWKHFRXQWU\:LWKWKHDLPRIVWXG\LQJ%DL[R6DERUDUFKGDPG\QDPLFSURSHU
WLHVDQGWKHLUHYROXWLRQRYHUWLPHFRQWLQXRXVG\QDPLFPRQLWRULQJRIWKHGDPLVEHLQJFDUULHG
RXWWDNLQJLQWRDFFRXQWWKHYDULDWLRQRIDPELHQWDQGRSHUDWLRQDOFRQGLWLRQV>@
,QWHJUDWHGPRQLWRULQJV\VWHPVFRQVLGHULQJUHDOWLPHGDWDGLUHFWO\REWDLQHGIURPVWUXFWXUHV
VXFKDVWKHRQHLPSOHPHQWHGLQ%DL[R6DERUGDPDUHYHU\LPSRUWDQWIRUWKHORQJWHUPPDQ
DJHPHQWRIODUJHFLYLOLQIUDVWUXFWXUHV>@7KRXJKKHDOWKPRQLWRULQJV\VWHPVDUHKLVWRULFDOO\
DVVRFLDWHG ZLWK VWDWLF GDWD YLEUDWLRQEDVHG V\VWHPV KDYH DOUHDG\ EHHQ VXFFHVVIXOO\ LPSOH
PHQWHGLQGLIIHUHQWVWUXFWXUHVVXFKDVEULGJHV>@ZLQGWXUELQHV>@VWDGLDURRIV>@RUEHOO
WRZHUV>@6XFKYLEUDWLRQEDVHGKHDOWKPRQLWRULQJV\VWHPVUHO\RQRSHUDWLRQDOPRGDODQDO\
VLVWRFRQWLQXRXVO\LGHQWLI\WKHVWUXFWXUHVPRGDOSURSHUWLHVZKLFKFDQEHXVHGDVPRQLWRULQJ
IHDWXUHVWRHYDOXDWHWKHVWUXFWXUHVKHDOWKFRQGLWLRQHYROXWLRQRYHUWLPH6WDWLVWLFDOWRROVVXFK
DVFRQWUROFKDUWVFDQEHXVHGWRGHWHFWWKHRFFXUUHQFHRIGDPDJHDVVRFLDWHGZLWKVKLIWVLQWKH
PRGDOSDUDPHWHUVYDOXHVWKDWDUHQRWH[SODLQHGE\RWKHUSK\VLFDOSKHQRPHQDEXWDFKDQJHLQ
WKHVWUXFWXUH¶VVWLIIQHVV7RWHVWWKHVHVWDWLVWLFDOWRROVPRGDOSDUDPHWHUVREWDLQHGIURPILHOG
PHDVXUHGWLPHVHULHVPD\EHFRQWDPLQDWHGZLWKVLPXODWHGGDPDJHV
,QWKLVVHQVHWKLVSDSHUSUHVHQWVDEULHIGHVFULSWLRQRIWKHG\QDPLFPRQLWRULQJV\VWHPLQ
VWDOOHGLQ%DL[R6DERUDUFKGDPLQDQGWKHUHVXOWVREWDLQHGGXULQJPRUHWKDQWKUHH\HDUV
RIFRQWLQXRXVG\QDPLFPRQLWRULQJ7KHRSHUDWLRQDODQGHQYLURQPHQWDOHIIHFWVWKDWPRVWO\DI
IHFWWKHGDP¶VG\QDPLFEHKDYLRXUDUHVWXGLHGDQGWKHLUHIIHFWVRQWKHQDWXUDOIUHTXHQFLHVDUH
PLQLPL]HGXVLQJPXOWLSOHOLQHDUUHJUHVVLRQPRGHOVDQG3ULQFLSDO&RPSRQHQWV$QDO\VLV$GGL
WLRQDOO\DQXPHULFDOPRGHORIWKHGDP GHYHORSHGE\WKH3RUWXJXHVH1DWLRQDO/DERUDWRU\IRU
&LYLO(QJLQHHULQJ>/1(&@ LVSUHVHQWHGDQGXVHGWRVLPXODWHGDPDJHVVFHQDULRV)LQDOO\FRQ
WUROFKDUWVDUHXVHGWRGHWHFWWKHVKLIWVLQQDWXUDOIUHTXHQFLHVHYROXWLRQGXHWRWKHVLPXODWHG
GDPDJHVDQGWKXVHYDOXDWHWKHVXLWDELOLW\RIWKHVHVWDWLVWLFDOWRROVIRUWKHGHWHFWLRQRIGDPDJ
HVLQFRQFUHWHGDPV
1.1

Baixo Sabor arch dam and installed monitoring system

7KH%DL[R6DERUK\GURHOHFWULFGHYHORSPHQWLVORFDWHGLQ6DERUULYHUDWULEXWDU\RI'RXUR
ULYHULQWKHQRUWKHDVWRI3RUWXJDO7KLVPKLJKGRXEOHFXUYDWXUHFRQFUHWHDUFKGDPLV
PHWHUVORQJDQGLWVDUFKLVFRPSRVHGE\FRQFUHWHEORFNVVHSDUDWHGE\YHUWLFDOFRQWUDFWLRQ
MRLQWVDQGLWLQFOXGHVVL[KRUL]RQWDOYLVLWJDOOHULHV7KHUHVHUYRLUFUHDWHGE\WKHGDPVKRZQLQ
WKHDHULDOSLFWXUHRIWKHGDPSUHVHQWHGLQWKHOHIWSDUWRI)LJXUHKDVDFDSDFLW\RIKP
DWH[SORUDWLRQOHYHO PRIHOHYDWLRQ 
$YLEUDWLRQEDVHGKHDOWKPRQLWRULQJV\VWHPKDVEHHQZRUNLQJLQWKHGDPVLQFH'HFHPEHU
 LQ RUGHU WR LGHQWLI\ WKH GDP¶V G\QDPLF FKDUDFWHULVWLFV DQG WKHLU HYROXWLRQ RYHU WLPH
ZKLOH FRQVLGHULQJ WKH YDULDWLRQ RI DPELHQW DQG RSHUDWLRQDO FRQGLWLRQV 7KH FRQWLQXRXV G\
QDPLFPRQLWRULQJV\VWHPFRQVLVWVRIXQLD[LDODFFHOHURPHWHUVWKDWKDYHEHHQUDGLDOO\GLV
SRVHGLQWKHGDP¶VWKUHHXSSHUYLVLWJDOOHULHVZKRVHV\QFKURQL]DWLRQLVDFKLHYHGXVLQJ*36
DQWHQQDV7KHULJKWSDUWRI)LJXUHVKRZVWKHSRVLWLRQRIWKHDFFHOHURPHWHUVLQVWDOOHGLQWKH
GDP PDUNHGZLWK UHGGRWV LQ DVFKHPH RIWKHVWUXFWXUH 7KHG\QDPLFPRQLWRULQJV\VWHP LV
FRQILJXUHGWRFRQWLQXRXVO\UHFRUGDFFHOHUDWLRQWLPHVHULHVZLWKDVDPSOLQJUDWHRI+]DQGD
GXUDWLRQRIPLQXWHVDWDOOLQVWUXPHQWHGSRLQWVGDLO\SURGXFLQJJURXSVRIWLPHVHULHV
7RFRQWLQXRXVO\SURFHVVWKHGDWDFROOHFWHGE\WKHPRQLWRULQJV\VWHPDPRQLWRULQJVRIWZDUH
GHYHORSHGDW9L%HVW)(83FDOOHG'\QD0R>@LVEHLQJXVHG%HVLGHVEDFNLQJXSWKHRULJLQDO
GDWD VDPSOHV WKLV PRQLWRULQJ VRIWZDUH SHUIRUPV WKH SUHSURFHVVLQJ RI WKH DFFHOHUDWLRQ WLPH
VHULHV WKURXJK WUHQG HOLPLQDWLRQ ILOWHULQJ DQG UHVDPSOLQJ LW FKDUDFWHUL]HV YLEUDWLRQ OHYHOV
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DQGLWSHUIRUPVWKHLGHQWLILFDWLRQRIWKHGDPPRGDOSURSHUWLHVWKURXJKDXWRPDWLFRSHUDWLRQDO
PRGDODQDO\VLV

)LJXUH%DL[R6DERUDUFKGDP$HULDOYLHZ RQWKHOHIW SRVLWLRQRIDFFHOHURPHWHUVPDUNHGZLWKUHGGRWV RQ
WKHULJKW 

1.2

Modal Tracking

0RUHWKDQWKUHH\HDUVRIGDWDZHUHSURFHVVHGIROORZLQJWKHVWHSVGHVFULEHGLQWKHSUHYLRXV
VHFWLRQ7KHILUVWWHQPRGHVRIYLEUDWLRQDUHEHLQJLGHQWLILHGDQGQDWXUDOIUHTXHQFLHVPRGDO
GDPSLQJYDOXHVDQGPRGDOFRQILJXUDWLRQVWUDFNHGRYHUWLPH7KHUHSUHVHQWDWLRQVRIWKHLGHQWL
ILHGPRGDOFRQILJXUDWLRQVFDQEHIRXQGLQ>@7KLVZRUNLVIRFXVHGRQWKHHYROXWLRQRIQDWX
UDOIUHTXHQFLHVZKLFKDUHXVHGLQWKHQH[WVHFWLRQWRGHWHFWQRYHOVWUXFWXUDOEHKDYLRXU,QWKLV
VHQVHDYHUDJHQDWXUDOIUHTXHQFLHV IPHDQ DQGWKHLUVWDQGDUGGHYLDWLRQ IVWG GXULQJWKHVWXGLHG
SHULRGDUHUHVXPHGLQ7DEOHIRUWKHILUVWWHQYLEUDWLRQPRGHV ,WLVLPSRUWDQWWRQRWLFHWKH
VLJQLILFDQWVWDQGDUGGHYLDWLRQYDOXHVYHULILHGIRUDOOYLEUDWLRQPRGHVLQGLFDWLQJLPSRUWDQWRV
FLOODWLRQVGXULQJWKLVSHULRG
+RZHYHUVLQFHWKHHYROXWLRQRIPRGDOSURSHUWLHVLVHDVLHUWRXQGHUVWDQGZKHQJUDSKLFDOO\
GHSLFWHG WKH HYROXWLRQ RYHU WKUHH \HDUV RI WKH QDWXUDO IUHTXHQFLHV HVWLPDWHV RI WKH ILUVW WHQ
PRGHVRIYLEUDWLRQRIWKHVWUXFWXUHLVFKDUDFWHUL]HGLQ)LJXUHZKHUHHDFKSRLQWFRUUHVSRQGV
WRDKRXUDYHUDJH7KHUHIRUHWZRYDOXHVDUHSUHVHQWHGSHUGD\OHDGLQJWRDILJXUHYLVXDOO\
FOHDQ ZLWKRXW ORVLQJ DFFXUDF\ LQ WKH FKDUDFWHUL]DWLRQ RI WKH PRGDO SDUDPHWHUV IOXFWXDWLRQV
VLQFHWKHLUYDULDWLRQVDUHTXLWHVORZLQYHU\PDVVLYHVWUXFWXUHVVXFKDVWKLVRQH$IWHUDQLQLWLDO
IDVW GHFUHDVH LQ QDWXUDO IUHTXHQF\ YDOXHV GXULQJ WKH ILUVW ILOOLQJ RI WKH UHVHUYRLU VLJQLILFDQW
IUHTXHQF\ YDULDWLRQV GXH WR RSHUDWLRQDO DQG HQYLURQPHQWDO IDFWRUV DUH YHULILHG ZLWK VHDVRQ
VXFFHVVLRQ LQGLFDWLQJ WKH SRVVLELOLW\ RI ILQGLQJ FRUUHODWLRQ EHWZHHQ QDWXUDO IUHTXHQFLHV DQG
WKHVHIDFWRUV

)LJXUH7LPHHYROXWLRQRIKRXUDYHUDJHQDWXUDOIUHTXHQFLHV
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0RGH










IPHDQ>+]@          
IVWG>+]@          
7DEOH6WDWLVWLFDOFKDUDFWHUL]DWLRQRIWKHQDWXUDOIUHTXHQFLHVHVWLPDWHVIURPWR

1.3

Numerical Model

,QRUGHUWRVWXG\WKHVWDWLFDQGG\QDPLFEHKDYLRXURI%DL[R6DERUDUFKGDPWKH&RQFUHWH
'DPV 'HSDUWPHQW RI WKH 1DWLRQDO /DERUDWRU\ IRU &LYLO (QJLQHHULQJ GHYHORSHG D QXPHULFDO
PRGHORIWKHGDP7KLVPRGHOEDVHGRQGLVFUHWHDQGILQLWHHOHPHQWVWDNHVLQWRDFFRXQWWKH
GDP¶VFRQWUDFWLRQMRLQWVWKHGHIRUPDELOLW\RIWKHIRXQGDWLRQDQGWKHUHVHUYRLU>@7KHERG\
RIWKHGDPZDVPRGHOOHGZLWKYHUWLFDOEORFNVZKLFKZHUHGLVFUHWL]HGLQWRLVRSDUDPHWULF
QRGHEULFNILQLWHHOHPHQWVDQGDVLPSOLILHGUHSUHVHQWDWLRQRIWKHUHVHUYRLUDQGIRXQGDWLRQ
ZDVXVHG
7KH G\QDPLF GDPUHVHUYRLU LQWHUDFWLRQ ZDV VLPXODWHG ZLWK :HVWHUJDDUG¶V DGGHG PDVV
WHFKQLTXH 7KH PDVVHV KDG WR EH VFDOHG VLQFH LW LV NQRZQ WKDW LQ DUFK GDPV :HVWHUJDDUG¶V
PHWKRGRYHUHVWLPDWHVWKHK\GURG\QDPLF HIIHFWV >@7KHPRGHOZDV FDOLEUDWHGIRUVHYHUDO
ZDWHUOHYHOVYDU\LQJIURPWRPWKHUHIRUHDVHWRIGLIIHUHQWVFDOLQJIDFWRUVZHUHXVHG
WRPDWFKWKHILUVWQDWXUDOIUHTXHQF\HVWLPDWHGZLWKERWKWKHUHVXOWVIURPDIRUFHGYLEUDWLRQWHVW
SHUIRUPHGRQWKHGDP>@DQGIURPWKHFRQWLQXRXVG\QDPLFPRQLWRULQJ>@
7KH GHIRUPDELOLW\ RI WKH IRXQGDWLRQ ZDV DFKLHYHG WKURXJK DQ HODVWLF MRLQW RQ WKH GDP¶V
VXUIDFHRILQVHUWLRQZLWKVWLIIQHVVSDUDPHWHUVFDOLEUDWHGWRSURYLGHDQDSSUR[LPDWHGHIRUPD
ELOLW\RIDURFNPDVVZLWKD<RXQJ VPRGXOXVRI*3DREWDLQHGIURPILHOGWHVWV$YLHZRI
WKHQXPHULFDOPRGHOLVSUHVHQWHGLQ)LJXUH

)LJXUH1XPHULFDOPRGHORI%DL[R6DERUDUFKGDP

2

REMOVING THE EFFECTS OF ENVIRONMENTAL AND OPERATIONAL
CONDITIONS

,QRUGHUWRGHWHFWVPDOOYDULDWLRQVRIWKHQDWXUDOIUHTXHQFLHVRIWKHVWUXFWXUHPRWLYDWHGE\
VWUXFWXUDOFKDQJHVZKLFKPD\EHDVVRFLDWHGZLWKWKHRFFXUUHQFHRIGDPDJHVLWLVLPSRUWDQW
WRPLQLPL]HWKHHIIHFWVRIHQYLURQPHQWDODQGRSHUDWLRQDOIDFWRUVVXFKDVUHVHUYRLUZDWHUOHYHO
DQGWHPSHUDWXUH
6LQFHWKHIDFWRUWKDWPRUHVWURQJO\DIIHFWVQDWXUDOIUHTXHQFLHVLVWKHZDWHUOHYHOLQWKHUHV
HUYRLU>@VWDWLVWLFDOUHODWLRQVKLSVEHWZHHQDOOWKHYLEUDWLRQIUHTXHQFLHVRIWKHVWUXFWXUHDQG
WKH ZDWHU OHYHO LQ WKH UHVHUYRLU ZHUH GHYHORSHG 7KH UHSUHVHQWDWLRQ RI WKH UHODWLRQ EHWZHHQ
WKHVHWZRYDULDEOHVLVSUHVHQWHGLQ)LJXUH OHIWSDUWRIWKHILJXUH XVLQJWKHILUVWYLEUDWLRQ
PRGH7KHDGRSWHGTXDGUDWLFUHJUHVVLRQVJHQHUDOO\SURYLGHDJRRGILWWLQJSUHVHQWLQJYDOXHV
IRUWKHGHWHUPLQDWLRQFRHIILFLHQWRIWKHRUGHURI
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7KHREWDLQHGVWDWLVWLFDOUHODWLRQVZHUHWKHQXVHGWRPLWLJDWHWKHHIIHFWRIZDWHUOHYHOLQWKH
YDOXHV RI QDWXUDO IUHTXHQFLHV DQG WKHQ WKH SURFHVV SUHYLRXVO\ GHVFULEHG ZDV UHSHDWHG QRZ
XVLQJWKHYDOXHVRIQDWXUDOIUHTXHQFLHVFRUUHFWHGIURPWKHHIIHFWRIZDWHUOHYHODQGWKHHYROX
WLRQRIDPELHQW WHPSHUDWXUH ,QWKLVFDVHOLQHDUUHJUHVVLRQV ZHUHREWDLQHGEHWZHHQ DPELHQW
WHPSHUDWXUH DQG QDWXUDO IUHTXHQFLHV LQGLFDWLQJ IUHTXHQF\ YDOXHV LQFUHDVH ZLWK WKH ULVLQJ RI
WHPSHUDWXUH /RZHU GHWHUPLQDWLRQ FRHIILFLHQWV ZHUH REWDLQHG ZLWK YDOXHV EHWZHHQ  DQG
GHSHQGLQJRQWKHVWXGLHGYLEUDWLRQPRGH7KHUHODWLRQEHWZHHQDPELHQWWHPSHUDWXUHDQG
WKHIUHTXHQF\RIWKHILUVWYLEUDWLRQPRGHFRUUHFWHGE\WKHHIIHFWRIZDWHUOHYHOLVSUHVHQWHGLQ
WKHULJKWSDUWRI)LJXUH

)LJXUH&RUUHODWLRQEHWZHHQWKHILUVWQDWXUDOIUHTXHQF\DQGUHVHUYRLUZDWHUOHYHO RQWKHOHIW FRUUHODWLRQEH
WZHHQWKHFRUUHFWHGILUVWQDWXUDOIUHTXHQF\DQGDPELHQWWHPSHUDWXUH

$IWHUZDUGV PXOWLSOH OLQHDU UHJUHVVLRQ PRGHOV 0/5  ZHUH EXLOW XVLQJ DV SUHGLFWRUV WKH
HYROXWLRQRIUHVHUYRLUZDWHUOHYHODPELHQWWHPSHUDWXUHFRQFUHWHWHPSHUDWXUHDQGDYDULDEOH
VLPXODWLQJ WKH KDUGHQLQJ RI FRQFUHWH RYHU WLPH 2QO\ WKH ILUVW VHYHQ YLEUDWLRQ PRGHV ZHUH
FRQVLGHUHGLQWKLVDQDO\VLVVLQFHPRGHVWRSUHVHQWHGORZHUVXFFHVVIXOLGHQWLILFDWLRQUDWHV
EHWZHHQDQG WKDWSUHFOXGHWKHLUXVHLQWKHGDPDJHGHWHFWLRQSURFHVVZLWKDGHTXDWH
UHVXOWV
7KHH[SHULPHQWDOQDWXUDOIUHTXHQFLHVZHUHFRPSDUHGWRWKHRQHVUHVXOWLQJIURPWKHUHJUHV
VLRQPRGHOVDQGKLJKFRUUHODWLRQVZHUHYHULILHGEHWZHHQWKHP7KHYDOXHVRISUHGLFWHGQDWX
UDO IUHTXHQFLHV ZHUH VXEWUDFWHG WR WKH YDOXHV RI H[SHULPHQWDO QDWXUDO IUHTXHQFLHV DQG WKH
REWDLQHGUHVLGXDOVZHUHDGGHGWRWKHPHDQIUHTXHQF\RIHDFKPRGHWRREWDLQDQHZVHWRIQDW
XUDOIUHTXHQFLHVFRUUHFWHGIURPWKHHIIHFWVRIRSHUDWLRQDODQGHQYLURQPHQWDOIDFWRUV
7KHHYROXWLRQRIWKHQDWXUDOIUHTXHQF\RIWKHILUVWWZRYLEUDWLRQPRGHVDIWHUWKHPLQLPL]D
WLRQRIRSHUDWLRQDODQGHQYLURQPHQWDOHIIHFWVZLWKWKHEXLOWUHJUHVVLRQPRGHOLVSUHVHQWHGLQ
)LJXUH  $ PXFK PRUH VWDEOH HYROXWLRQ RI QDWXUDO IUHTXHQFLHV DURXQG WKHLU PHDQV ZDV
DFKLHYHGDQGWKHVSRUDGLFJDSVSUHVHQWHGDUHGXHWRPLVVLQJUHDGLQJVLQWKHSUHGLFWRUYDULD
EOHV PDLQO\DPELHQWWHPSHUDWXUH 
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)LJXUH1DWXUDOIUHTXHQF\HYROXWLRQRIWKHILUVWWZRPRGHVDIWHUDSSOLFDWLRQRIWKHUHJUHVVLRQPRGHO

7RFRPSOHPHQWWKHPLQLPL]DWLRQRIRSHUDWLRQDODQGHQYLURQPHQWDOHIIHFWVRQQDWXUDOIUH
TXHQFLHV DFKLHYHG ZLWK WKH PXOWLSOH OLQHDU UHJUHVVLRQ PRGHO SULQFLSDO FRPSRQHQWV DQDO\VLV
ZDVDSSOLHGWRWKHUHVLGXDOVSUHYLRXVO\REWDLQHG
$IWHUZDUGVWVWDWLVWLFFRQWUROFKDUWVEDVHGRQWKHREWDLQHGUHVLGXDOVZHUHWHVWHGWRDVFHU
WDLQWKHTXDOLW\RIWKHPLQLPL]DWLRQRIWKHHIIHFWVRIH[WHUQDOFRQGLWLRQVDQGWRGHILQHDEDVH
OLQH IRU GDPDJH GHWHFWLRQ 'DWD IURP RQH HQWLUH \HDU ZDV XVHG DV UHIHUHQFH SHULRG
UHSUHVHQWHG LQ EOXH  ZKHUHDV REVHUYDWLRQV EHWZHHQ WKH WZR IROORZLQJ \HDUV UHSUHVHQWHG LQ
RUDQJH ZHUHXVHGWREXLOGWKHFRQWUROSDUWRIWKHFKDUWDQGYHULI\WKHTXDOLW\RIWKHFKDUWDV
VRFLDWHGZLWKWKHQRQGDPDJHGVLWXDWLRQ
7RREWDLQWKHXSSHUFRQWUROOLPLW 8&/ WKHGLVWULEXWLRQRIWKH7YDOXHVGXULQJWKHUHIHU
HQFHSHULRGZDVFRQVLGHUHGWKXVLWZDVGHILQHGDVWKHVXPRIWKHDYHUDJH7ZLWKWZRWLPHV
WKH7VWDQGDUGGHYLDWLRQ GXULQJWKHUHIHUHQFHSHULRG VRWKDWDSSUR[LPDWHO\RI7YDO
XHVZRXOGEHEHORZWKH8&/7KLVDSSURDFKLVRQO\SRVVLEOHDVORQJDVWKHUHIHUHQFHSHULRGLV
ODUJHHQRXJKWRFRQILGHQWO\GHILQHWKH8&/'LIIHUHQWFRQWUROFKDUWVZHUHWHVWHGFRQVLGHULQJ
JURXSVIURPWRHOHPHQWVDQGILQDOO\WKHRQHVUHVXOWLQJIURPWKHFRQVLGHUDWLRQRIJURXSV
ZLWKDQGSRLQWVFRUUHVSRQGLQJUHVSHFWLYHO\WRKRXUDQG±GD\GDWDDUHUHSUHVHQWHGLQ
)LJXUH

)LJXUH%DVHOLQHFRQWUROFKDUWV QRGDPDJH XVLQJSRLQWV RQWKHOHIW DQGSRLQWVJURXSV RQWKHULJKW 

3
3.1

DAMAGE DETECTION
Damage Simulation

,QWKHSUHYLRXVVHFWLRQLWZDVVKRZQWKDWLWLVSRVVLEOHWRODUJHO\UHGXFHWKHHIIHFWVRIRSHU
DWLRQDO DQG HQYLURQPHQWDO IDFWRUV RQ WKH LGHQWLILHG QDWXUDO IUHTXHQFLHV RI DQ DUFK GDP WR D
GHJUHH WKDW DOORZV WR EXLOG VWDEOH FRQWURO FKDUWV :LWK WKH DLP RI WHVWLQJ WKH DELOLW\ RI WKHVH
FRQWURO FKDUWV WR LGHQWLI\ UHDOLVWLF IUHTXHQF\ YDULDWLRQV VPDOO GDPDJHV ZHUH VLPXODWHG ZLWK
WKHSUHYLRXVO\SUHVHQWHGILQLWHPRGHORIWKHGDP
'DPDJH LQ GDPV PD\ VWHP IURP D GLYHUVLW\ RI RFFXUUHQFHV DQG WKH DFFXUDWH QXPHULFDO
PRGHOOLQJ RI GDPDJH VFHQDULRV ZRXOG UHTXLUH WKH GHYHORSPHQW RI YHU\ FRPSOH[ QRQOLQHDU
PRGHOVDQGDODUJHQXPEHURIDVVXPSWLRQVUHVXOWLQJRQO\LQDSSUR[LPDWHUHVXOWV7KHUHIRUHD
VLPSOHUDSSURDFKLVIROORZHGLQWKLVZRUNQDPHO\WKURXJKUHGXFWLRQVRILQHUWLDLQDIHZGDP
FRPSRQHQWVVXFKDVSDUWRIFRQFUHWHEORFNVRUUHGXFWLRQLQVWLIIQHVVRIFRQWUDFWLRQMRLQWV
,QWKLVPDQQHUIRXUGLIIHUHQWGDPDJHVFHQDULRVZHUHFRQVLGHUHG'''DQG'7KH
ORFDWLRQDQGH[WHQWRIHDFKGDPDJHFRQVLGHUHGLVSUHVHQWHGLQ)LJXUH7KHILUVWGDPDJHVFH
QDULR '  FRUUHVSRQGV WR WKHGHFUHDVHRIWKH <RXQJ¶VPRGXOXV YDOXHLQ DJURXSRIHOH
PHQWV LQ WKH FHQWUDO SDUW RI WKH GDP 2QO\ HOHPHQWV LQ WKH PRVW XSVWUHDP OD\HU ZHUH
FRQVLGHUHG ZKLFK FRUUHVSRQGV WR D SDUW RI WKH VWUXFWXUH WKDW LV KLJKO\ VWUHVVHG DQG PD\ EH
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VXEMHFWHG WR FUDFNLQJ 7KH VHFRQG GDPDJH VFHQDULR '  LV HTXLYDOHQW WR WKH ILUVW RQH ZLWK
VLPLODUH[WHQWWKRXJKRQO\HOHPHQWVZHUHGDPDJHGLQWKLVFDVHDQGLWLVORFDWHGEHWZHHQ
WKHDEXWPHQW DQGWKHFHQWUDOSDUWRIWKHGDP 7KHWKLUGVFHQDULR ' FRUUHVSRQGWRDPRUH
FRQILQHGGDPDJHLQWKHFHQWUDOSDUWRIWKHVWUXFWXUHEXWLWJRHVIURPXSVWUHDPWRGRZQVWUHDP
WKURXJKWKHWKUHHOD\HUVRIHOHPHQWVRIWKHGDPPRGHO)LQDOO\LQWKHIRXUWKGDPDJHVFHQDULR
' ERWKWKHQRUPDO DQGVKHDUVWLIIQHVVRIWKHVL[FHQWUDOFRQWUDFWLRQMRLQWV UHSUHVHQWHGLQ
UHGLQULJKWERWWRPRI)LJXUH ZHUHUHGXFHG
'DPDJH'

'DPDJH'

'DPDJH'

'DPDJH'

)LJXUH/RFDWLRQH[WHQWDQGW\SHRIVLPXODWHGGDPDJHVFHQDULRV

1DWXUDO IUHTXHQFLHV REWDLQHG DIWHU WKH LQWURGXFWLRQ RI HDFK GDPDJH ZHUH FRPSDUHG ZLWK
WKH KHDOWK\ PRGHO DQG UHVXOWV ZHUH REWDLQHG IRU VHYHUDO UHVHUYRLU ZDWHU OHYHOV EHWZHHQ 
DQGP0RUHRYHUILYHOHYHOVRIGDPDJHLQWHQVLW\ZHUHFRQVLGHUHGZKLFKFRQVLVWHGLQWKH
UHGXFWLRQRI<RXQJ¶VPRGXOXVRIVHOHFWHGHOHPHQWV RUQRUPDODQGVKHDUVWLIIQHVVLQWKHFDVH
RIMRLQWV LQDQG
7KHUHVXOWVREWDLQHGZLWKIXOOUHVHUYRLUDQGGDPDJHLQWHQVLWLHVRIMXVWZKLFKLVWKH
PRVW FKDOOHQJLQJ VFHQDULR WR WHVW WKH GDPDJH GHWHFWLRQ WRROV DUH SUHVHQWHG LQ 7DEOH  )UH
TXHQF\UHGXFWLRQVEHWZHHQDQGZHUHYHULILHG+RZHYHUIUHTXHQF\UHGXFWLRQV
LQFUHDVHWRYDOXHVEHWZHHQDQGZKHQGDPDJHLQWHQVLWLHVULVHWRDQGWRYDOXHV
EHWZHHQDQGZKHQGDPDJHLQWHQVLWLHVDUHFRQVLGHUHG)XUWKHUPRUHLQHDFKGDP
DJHVFHQDULRGLIIHUHQWIUHTXHQF\UHGXFWLRQVZHUHYHULILHGIRUHDFKYLEUDWLRQPRGHLQGLFDWLQJ
WKHSRVVLELOLW\RIORFDWLQJGDPDJHWKURXJKWKHVWXG\RIWKHUHODWLRQRIWKHHIIHFWRIGDPDJHV
EHWZHHQPRGHV
0RGH

)UHTXHQF\
>+]@

ǻIUHT>@

ǻIUHT>@

ǻIUHT>@

ǻIUHT>@





























































7DEOH1DWXUDOIUHTXHQF\UHGXFWLRQVDVVRFLDWHGZLWKGDPDJHVFHQDULRV'''DQG' RIGDPDJH
LQWHQVLW\ ZLWKIXOOUHVHUYRLU
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3.2

Application of damage detection tools

,QRUGHUWRREWDLQYHU\VHQVLWLYHFRQWUROFKDUWVFDSDEOHRIGHWHFWLQJVPDOOGDPDJHVDOWHU
QDWLYH SURFHGXUHV ZHUH WHVWHG WR PLQLPL]H WKH HIIHFWV RI H[WHUQDO FRQGLWLRQV RQ QDWXUDO IUH
TXHQFLHV EHVLGHV WKH SURFHGXUH SUHVHQWHG LQ VXEVHFWLRQ  EDVHG RQ WKH FRPELQDWLRQ RI WKH
0/5ZLWK3&$$OWKRXJKJRRGUHVXOWVZHUHDFKLHYHGZLWKWKLVSURFHGXUHLWZDVYHULILHGWKDW
HYHQEHWWHUUHVXOWVFRXOGEHDFKLHYHGFRQVLGHULQJMXVWWKHDSSOLFDWLRQRI3&$ZLWKWZRSULQFL
SDOFRPSRQHQWV7KHUHIRUHWKLVLVWKHSURFHGXUHFRQVLGHUHGLQWKLVVHFWLRQDQGWKHUHVXOWVWKDW
LWSURGXFHVDUHXVHGDVEDVHOLQHIRUGDPDJHGHWHFWLRQ
7KH GDPDJHV SUHVHQWHG LQ WKH SUHYLRXV VHFWLRQ ZHUH LQWURGXFHG LQ WKH HVWLPDWHG QDWXUDO
IUHTXHQFLHV REWDLQHG IURP WKH LPSOHPHQWHG FRQWLQXRXV PRQLWRULQJ SURFHVVLQJ WKURXJK WKH
DVVHVVHGIUHTXHQF\UHGXFWLRQVDIWHUZKLFKWKHDELOLW\RIFRQWUROFKDUWVWRGHWHFWWKHSUHVHQFH
RIVXFKGDPDJHVLVWHVWHG
6LQFHDYHUDJHVRIHOHPHQWVZHUHDGRSWHGQHZSRLQWV UHVXOWLQJ IURP WKHFROOHFWLRQRI
QHZGDWDDUHRQO\PDUNHGLQWKHFRQWUROFKDUWVHYHU\WZRGD\V$VDQH[DPSOH)LJXUHSUH
VHQWV WZR FRQWURO FKDUWV UHODWHG ZLWK WKH GHWHFWLRQ RI GDPDJH PRUH VSHFLILFDOO\ WKH FKDUWV
REWDLQHG FRQVLGHULQJ GDPDJH VFHQDULR ' ZLWK  DQG   RI VWLIIQHVV UHGXFWLRQ ,Q WKLV
FDVHWKHKHDOWK\VWDWHLVUHSUHVHQWHGLQEOXHDQGRUDQJHFRORULVXVHGWRUHSUHVHQWGDWDDIWHUKH
LQWURGXFWLRQ RI GDPDJHV 'DPDJHV FOHDUO\ OHDG WR KLJKHU YDOXHV RI 7 ZKLFK VXEVHTXHQWO\
LQFUHDVHZLWKWKHLQWHQVLW\RIWKHGDPDJHLQWURGXFHG,QWKHFDVHRIRIVWLIIQHVVUHGXF
WLRQ DOPRVW WKH HQWLUH VHW RI 7 YDOXHV REWDLQHG DIWHU WKH LQWURGXFWLRQ RI GDPDJH DUH IRXQG
DERYHWKH8&/WKXVGDPDJHZRXOGEHXQHTXLYRFDOO\GHWHFWHGRQO\DIHZGD\VDIWHULWVRFFXU
UHQFH$VLPLODUVLWXDWLRQRFFXUVZLWKWKHVFHQDULRRIRIVWLIIQHVVUHGXFWLRQZKLFKSUH
VHQWV WKH PDMRULW\ RI 7 YDOXHV FOHDUO\ DERYH WKH 8&/ WKXV RQFH DJDLQ GDPDJH ZRXOG EH
GHWHFWHGVRRQDIWHULWVRFFXUUHQFHLIGDPDJHH[LVWHQFHLVDVVXPHGRQO\DIWHUDIHZFRQVHFXWLYH
SRLQWV RUPRUH DUHIRXQGDERYHWKH8&/
7KRXJKQRWUHSUHVHQWHGWKHVDPHFRQFOXVLRQVZRXOGEHDFKLHYHGIRUKLJKHUGDPDJHLQWHQ
VLWLHV DQGRIVWLIIQHVVUHGXFWLRQ DVZRXOGEHH[SHFWHG2QWKHRWKHUKDQGZLWK
RIVWLIIQHVVUHGXFWLRQWKHPRVWFKDOOHQJLQJVFHQDULRIRUWKHGHWHFWLRQDOJRULWKPVMXVWDIHZ
SRLQWVDUH IRXQGDERYHWKH8&/WKHDYHUDJH7 YDOXHLQFUHDVHGRQO\ PDUJLQDOO\ DQGQHYHU
GXULQJWKHHQWLUHWHVWHGSHULRGLVLWSRVVLEOHWRILQGILYHFRQVHFXWLYHSRLQWVDERYHWKH8&/,Q
WKLVVHQVHLWZRXOGQRWEHSRVVLEOHWRGHWHFWGDPDJH'ZLWKVXFKORZLQWHQVLW\HYHQLIHYDO
XDWHGIRUVHYHUDOZHHNV
7KLVGDPDJHGHWHFWLRQDQDO\VLVZDVUHSHDWHGZLWKWKHRWKHUWKUHHVFHQDULRVDQGVLPLODUUH
VXOWVZHUHREWDLQHGZLWKWKHVWLIIQHVVUHGXFWLRQVFHQDULRVFRUUHVSRQGLQJWRWKHGHWHFWLRQ
WKUHVKROG)LQDOO\LWLVZRUWKQRWLQJWKDWGDPDJHVUHVXOWLQJIURPRIVWLIIQHVVUHGXFWLRQ
RUKLJKHUFRXOGEHGHWHFWHGMXVWRQHGD\DIWHULWVRFFXUUHQFHXVLQJDYHUDJHVZLWKMXVWSRLQWV
LQVWHDGRI

)LJXUH'DPDJHVFHQDULR'±WRRIVWLIIQHVVUHGXFWLRQ
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4

CONCLUSIONS

7KHG\QDPLFPRQLWRULQJV\VWHPLQVWDOOHGLQ%DL[R6DERUDUFKGDPKDVEHHQZRUNLQJDO
PRVWZLWKRXWIDLOXUHVVLQFHLWZDVLQVWDOOHGSURYLQJWREHDQLPSRUWDQWDVVHWWRWKHORQJWHUP
PRQLWRULQJDQGPDLQWHQDQFHRIWKHVWUXFWXUH
7KH WLPH VHULHV RI DFFHOHUDWLRQV UHFRUGHG E\ WKH PRQLWRULQJ V\VWHP GXULQJ WKH SDVW IHZ
\HDUVKDYHEHHQXVHGWRFKDUDFWHUL]HWKHVWUXFWXUHVG\QDPLFEHKDYLRXUDQGWRVWXG\WKHHYROX
WLRQRIQDWXUDOIUHTXHQFLHVRYHUWLPH,WZDVYHULILHGWKDWQDWXUDOIUHTXHQF\YDOXHVSUHVHQWHG
KLJKYDULDELOLW\GXULQJWKHPRQLWRUHGSHULRGPRVWO\GXHWRWKHHIIHFWVRIRSHUDWLRQDODQGHQYL
URQPHQWDOFRQGLWLRQV7KHDQDO\VLVRIWKHVHHIIHFWVXQYHLOHGDQLQYHUVHUHODWLRQEHWZHHQQDWX
UDO IUHTXHQFLHV DQG WKH OHYHO RI ZDWHU LQ WKH UHVHUYRLU DV ZHOO DV D GLUHFW SURSRUWLRQDOLW\
EHWZHHQDLUWHPSHUDWXUHDQGQDWXUDOIUHTXHQFLHV
$IWHUZDUGVDPXOWLSOHOLQHDUUHJUHVVLRQPRGHODLPLQJWRH[SODLQWKHREVHUYHGGDWDYDULD
ELOLW\ZDVEXLOWDQGXVHGWRPLQLPL]HWKHHIIHFWVRIH[WHUQDOFRQGLWLRQVRQQDWXUDOIUHTXHQFLHV
,Q WKLV SDUWLFXODU FDVH VWXG\ WKH DSSOLFDWLRQ RI SULQFLSDO FRPSRQHQWV DQDO\VLV SURYHG WR EH
PRUHHIILFLHQWLQWKHGHOLYHU\RIIHDWXUHVVXLWDEOHIRUGDPDJHGHWHFWLRQ
7KHQXPHULFDOPRGHORIWKHGDPGHYHORSHGE\/1(&ZDVXVHGWRVLPXODWHUHDOLVWLFGDP
DJHVWKDWPD\RFFXULQWKHGDPDIWHUVWURQJHDUWKTXDNHVRUDVWKHUHVXOWRIORQJWHUPPDWHULDO
GHWHULRUDWLRQWKURXJKDJHLQJDQGFKHPLFDOSURFHVVHV7KHVHVLPXODWLRQVDOORZHGWRDVFHUWDLQ
WKH LQWHQVLW\ RI WKH IUHTXHQF\ VKLIWV WKDW ZRXOG EH YHULILHG LQ WKH GDP LI VXFK GDPDJHV RF
FXUUHGDIWHUZKLFKWKH\ZHUHXVHGWRPDQLSXODWHWKHGDWDREWDLQHGIURPWKHFRQWLQXRXVPRQL
WRULQJ
)LQDOO\LWZDVGHPRQVWUDWHGWKDWWKHFRQVWUXFWLRQRIFRQWUROFKDUWVZLWKUHVLGXDOVIURPWKH
DSSOLFDWLRQ RI SULQFLSDO FRPSRQHQWV DQDO\VLV DOORZV WKH GHWHFWLRQ RI VPDOO IUHTXHQF\ VKLIWV
GXHWRWKHQXPHULFDOO\VLPXODWHGGDPDJHVFHQDULRV
7RFRQFOXGHLWZDVYHULILHGWKDWDYLEUDWLRQEDVHGPRQLWRULQJV\VWHPOLNHWKHRQHLQVWDOOHG
DW%DL[R6DERUDUFKGDPDOORZVWREHWWHUXQGHUVWDQGWKHG\QDPLFEHKDYLRXURIFRQFUHWHDUFK
GDPV DV ZHOO DV WR SUHYHQW WKH SUROLIHUDWLRQ RI VPDOO GDPDJHVWKURXJK WKH GHWHFWLRQ RI DE
QRUPDOVWUXFWXUDOEHKDYLRXU
ACKNOWLEDGMENTS
7KLV ZRUN ZDV ILQDQFLDOO\ VXSSRUWHG E\ %DVH )XQGLQJ  8,'% RI WKH
&216758&7  ,QVWLWXWR GH , ' HP (VWUXWXUDV H &RQVWUXo}HV  IXQGHG E\ QDWLRQDO IXQGV
WKURXJK WKH )&70&7(6 3,''$&  37'&(&0(67_ ± '$0B$*( 
$GYDQFHG 2QOLQH '\QDPLF 6WUXFWXUDO +HDOWK 0RQLWRULQJ RI &RQFUHWH 'DPV IXQGHG E\
)('(5IXQGVWKURXJK&203(7(3URJUDPD2SHUDFLRQDO&RPSHWLWLYLGDGHH,QWHUQDF
LRQDOL]DomR 32&,  ± DQG E\ QDWLRQDO IXQGV WKURXJK )&7  )XQGDomR SDUD D &LrQFLD H D
7HFQRORJLD )&73K'6FKRODUVKLS6)5+%'SURYLGHGWRWKHILUVW DXWKRU7KH
DXWKRUV ZRXOG OLNH DOVR WR DFNQRZOHGJH DOO WKH FROODERUDWLRQ DQG VXSSRUW SURYLGHG E\ ('3
3URGXomR
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A FULLY AUTOMATED OMA PROCEDURE WITH ADAPTIVE
TRACKING OF LONG-TERM MONITORING DATA: AN
APPLICATION TO MASONRY TOWERS
G. Zini, M. Betti, and G. Bartoli
'HSDUWPHQWRI&LYLODQG(QYLURQPHQWDO(QJLQHHULQJ ',&($ 
8QLYHUVLW\RI)ORUHQFH
9LDGL6DQWD0DUWD)ORUHQFH,WDO\
HPDLOJLDFRPR]LQL#XQLILLW

Keywords: &RQWLQXRXV 6WUXFWXUDO +HDOWK 0RQLWRULQJ &6+0  $XWRPDWHG 2SHUDWLRQDO
0RGDO$QDO\VLV $20$ &XOWXUDO+HULWDJH0DVRQU\WRZHUV
Abstract. During the last decades, the Operational Modal Analysis (OMA) techniques for the
dynamic identification have reached a wide application in the large civil structures. Then the
focus has been moved on the introduction of the Automated OMA (AOMA) techniques as a
component of a wider Structural Health Monitoring (SHM) framework. On the one hand, the
automatization of the process is needed to extract the modal properties from huge database of
measurements. On the other hand, the methods should be able to minimize the model bias,
avoiding the spurious and mathematical modes. Moreover, all the fix thresholds defined apriori should be carefully set to avoid some tracking errors. This paper presents a new AOMA
for the extraction of the modal parameters from long-term monitoring data. The methodology
herein discussed aims to minimize the errors that can arise during the modal identification.
Moreover, the information obtained during an observation period have been used to define
suitable adaptive thresholds. For illustrative purposes, the methodology has been applied to
the data acquired from long-term monitoring systems installed on two masonry towers subjected to different operational conditions. The effectiveness of the proposed method has been
checked on the extracted modal parameters
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1

INTRODUCTION

6LQFHWKHEHJLQQLQJRIWKHQLQHWLHVWKHORQJWHUPPRQLWRULQJV\VWHP /706 IRUWKHGHWHF
WLRQRI WKH HDUO\VWDJHV RIGDPDJHLV DQHVWDEOLVKHGWHFKQLTXHGHYHORSHG IRU WKH FLYLO VWUXF
WXUHV7KHEDVLFLGHDZDVWKHLPSURYHPHQWRIWKHDGRSWHGWHFKQLTXHVIRUWKHLQVSHFWLRQRIWKH
H[LVWLQJEULGJHV:LWKWKHLQWURGXFWLRQ RI 9LEUDWLRQ %DVHG ,QVSHFWLRQ 9%,  FRUUHODWLQJ GLI
IHUHQWH[WHQWRIGDPDJHVRQDVWUXFWXUHZLWKWKHFKDQJHLQWKHG\QDPLFSURSHUWLHVDORWRIHI
IRUWV ZHUH VSHQW E\ WKH UHVHDUFKHUV )URP WKDW SLRQHHULQJ VWXGLHV WKH 6WUXFWXUDO +HDOWK
0RQLWRULQJIUDPHZRUNZDVIXOO\GHILQHGDQGVHYHUDOH[DPSOHVRIIXOOVFDOHWHVWVRQODUJHFLYLO
VWUXFWXUH KDYH EHHQ SHUIRUPHG >±@ 7KDQNV WR WKH GHYHORSPHQW RI WKH 2SHUDWLYH 0RGDO
$QDO\VLV 20$ WHFKQLTXHVDOORZLQJWKHH[WUDFWLRQRIWKHG\QDPLFSURSHUWLHVXQGHURSHUD
WLYHFRQGLWLRQVWKHDWWHQWLRQRQWKHWRSLFZDVUHQHZHG0RUHRYHUWKHWHFKQRORJ\DGYDQFHVLQ
WHUPVRIFRPSXWLQJDQGVWRULQJLQIRUPDWLRQERRVWVWKHHIIRUWVIRUWKHGHYHORSPHQWRIHIIHFWLYH
ORQJWHUP PRQLWRULQJ WHFKQLTXHV 7KXV WKH FKDOOHQJH KDV EHHQ PRYHG RQ WKH GHILQLWLRQ RI
DXWRPDWHGSURFHGXUHVFDSDEOHRISURFHVVLQJODUJHGDWDVHWRIPHDVXUHPHQWV&RQVHTXHQWO\LQ
WKHODVW\HDUVVHYHUDO$XWKRUVKDYHSURSRVHGIXOO\RUVHPLDXWRPDWHG20$SURFHGXUHV>±@
WRH[WUDFWWKHPRGDOSDUDPHWHUV
:KLOHGLIIHUHQWVWUDWHJLHVKDYHEHHQSURSRVHGIRUWKHDXWRPDWHGH[WUDFWLRQRIWKHG\QDPLF
SURSHUWLHVQRWVRPDQ\VWXGLHVKDYHLQYHVWLJDWHGWKHPRGDOWUDFNLQJSKDVH&RPPRQO\VRPH
IL[HGWKUHVKROGVDUHVHOHFWHGIRUDOOWKHPRGHVDQGHDFKPRGHLVWUDFNHGVHOHFWLQJDUHIHUHQFH
VHW RI PRGDO SDUDPHWHUV XVXDOO\ GHILQHG LQ D SUHOLPLQDU\ G\QDPLF WHVW (YHQ LI WKH PRGH
VKDSHVDUHQRWVHQVLWLYHWRWKHFKDQJHVLQWKHHQYLURQPHQW>@OLNHWHPSHUDWXUHKXPLGLW\HWF
VRPHFKDQJHVFDQRFFXUGXHWRVRPHRWKHUHIIHFWV$ORQJZLWKWKDWYDULDELOLW\LQVRPHFDVHV
QRW DOO WKH VHQVRUV FDQ EH RQOLQH HVSHFLDOO\ IRU GHQVH PHDVXUHPHQWV DORQJ WKH WLPH RU LI
GHQVH VSDWLDO JULGV DUH XVHG 0RUHRYHU WKH XVH RI FKHDS PRQLWRULQJ V\VWHP ZLWK D ORZ
UHVROXWLRQQHHGVDSURSHUVHOHFWLRQRIWKHWUDFNLQJWKUHVKROGVIRUHDFKPRGH2QWKHWRSRIDOO
WKDWUHFHQWO\VRPH$XWKRUVKDYHVKRZQKRZWKHGDPDJHFDQEHGHWHFWHGE\WKHDQDO\VLVRI
WKHRXWOLHUVRIWKHWUDFNHGIUHTXHQF\>±@DORQJWKHWLPH+HQFHWKHGHILQLWLRQRIVXLWDEOH
DXWRPDWHGSURFHGXUHVEHFRPHFUXFLDOSRLQWHVSHFLDOO\IRUWKHDSSOLFDWLRQWRWKHFXOWXUDOKHU
LWDJHEXLOGLQJV>@
,QWKHSUHVHQWSDSHULVLQWURGXFHGDQDOJRULWKPIRUWKHPRGDOWUDFNLQJRIWKHPRGDOSURSHU
WLHV RI WZR KLVWRULF PDVRQU\ WRZHUV ZLWK GLIIHUHQW RSHUDWLRQDO FRQGLWLRQV 7KH DFFHOHUDWLRQV
KDYHEHHQFROOHFWHGE\DFRQWLQXRXV ILIWHHQPLQXWHVRIUHFRUGHYHU\KRXU ZLUHOHVVPRQLWRU
LQJV\VWHPEDVHGRQWKH0(06WHFKQRORJ\
2

THE AOMA PROCEDURE

7KH $20$ DOJRULWKP KDV EHHQ GHYHORSHG FRQVLGHULQJ D &RQWLQXRXV 9LEUDWLRQ%DVHG
6WUXFWXUDO+HDOWK0RQLWRULQJ &9%6+0 DSSURDFK$VLWZDVVWDWHGE\3HFRUHOOL>@ZLWK
WKHDQDO\VLVRIWKHGDWDRIDFRQWLQXRXVPRQLWRULQJV\VWHPLQDFRPSOH[HOOLSWLFDOGRPHWKH
LQSXWVKRXOGEHVHOHFWHGDVWKRVHZLWKKLJKHU5RRW0HDQ6TXDUH 506 WRVXFFHVVIXOO\LGHQWL
I\DOOWKHPRGHV)XUWKHUPRUH0DUZLW]DQG=DEHO>@GHILQHGDUHODWLRQVKLSDPRQJWKHTXDO
LW\RIWKHLGHQWLILHGPRGHVDQGWKHLQWHQVLW\RIWKHLQSXWDQDO\]LQJWKHORQJWHUPPRQLWRULQJ
GDWDRIDKLJKULVHWHOHFRPPXQLFDWLRQ WRZHU +HQFH WKH SUHVHQWHGSURFHGXUH ZDV GHYHORSHG
E\LQWURGXFLQJVRPHWKUHVKROGVLQWKHLQSXWSDUDPHWHUVDQGLQWKHFRPSOH[LW\RIWKHLGHQWLILHG
PRGHV7KDWYDOXHVDUHGHILQHGVWDWLVWLFDOO\FRQVLGHULQJDVXLWDEOHREVHUYDWLRQSHULRGZKHUH
WKH FRPPRQ RSHUDWLRQDO FRQGLWLRQV DUH SUHVHQW 7KH IXOO SURFHGXUH IRU WKH H[WUDFWLRQ RI WKH
PRGDOSDUDPHWHUVKDVEHHQIXOO\GHVFULEHGLQ>@
+HUH WKH DOJRULWKP WR GHILQH WKH DGDSWLYH WKUHVKROGV IRU HDFK PRGH LV SUHVHQWHG DQG WKH
PRVWUHOHYDQWRSHUDWLRQDUHGHVFULEHG
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 6HOHFWLRQRIRQHRUPRUHFDOLEUDWLRQSHULRGV
 'HILQLWLRQ RI D VWDUWLQJ WKUHVKROGV UHVSHFWLYHO\ LQ WHUPV RI IUHTXHQF\ dflim DQG
PRGHdlimVKDSHVHTXDOIRUHDFKPRGH
 5DQGRPVHOHFWLRQRIWKHb-th HOHPHQWDVDVHHGRIWKHILUVWFOXVWHU
 &DOFXODWHWKHUHODWLYHGLVWDQFHdbiLQWHUPVRIIUHTXHQF\DQGPRGHVKDSHVIURPWKH
b-thVHHGWRDOOWKHRWKHUi-thHOHPHQWVRIWKHFDOLEUDWLRQSHULRG
 7KHHOHPHQWVZLWKLQWKHLQLWLDOGLVWDQFHdlim DUHFOXVWHUHGWRJHWKHUDQGWKHUHODWLYH
GLVWDQFHVDUHVDYHGLQWKHYHFWRU
 )RUHDFKPRGHWKHGLVWDQFHLVFDOFXODWHGDVWKHPHGLDQRIWKHFRPSRQHQWVRId
7KXVWKHGLVWDQFHVLQWHUPVRIIUHTXHQF\DQGPRGHVKDSHVDUHFDOFXODWHGDQDO\]LQJWKHUH
VXOWVRQWKHFDOLEUDWLRQSHULRGGXULQJWKHFRPPRQRSHUDWLRQDOFRQGLWLRQVRIWKHVWUXFWXUH2E
YLRXVO\WKHLQLWLDOWKUHVKROGVdlim VKRXOGEHFKRVHQDGHTXDWHO\)RULQVWDQFHUHIHUHQFHYDOXHV
IRUWKH0$&FDQEHIURPZKLOHWKHUHODWLYHGLVWDQFHLQWHUPVRIIUHTXHQF\GHSHQGV
RQWKHOHQJWKRIWKHFDOLEUDWLRQSHULRGV$Q\ZD\DVXLWDEOHLQWHUYDOFRXOGEHEHWZHHQWKH


)LJXUH7KHIORZFKDUWRIWKHSURSRVHGPHWKRG

3

APPLICATION TO TWO HISTORIC MASONRY TOWERS

7KHWZRFDVHVRIVWXG\DUHWKH³7RUUH*URVVD´ 7RZHU$ DQGWKH³0DVWLR0DWLOGH´ 7RZ
HU %  7KH WZR WRZHUV H[KLELW GLIIHUHQW VOHQGHUQHVV DQG GLIIHUHQW EXLOGLQJV PDWHULDOV WKH
7RZHU $ PDGH E\ WUDYHUWLQH VWRQHV DQG WKH 7RZHU % E\ PDVRQU\ EULFNV %RWK RI WKHP DUH
VRUURXQGHGE\ZDOOVRUSDODFHVXQWLODFHUWDLQOHYHODQGLQ DQDV\PHWWULFZD\ ,WLVZRUWKWR
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SRLQWRXWWKDWWKHWZRWRZHUVDUHVXEMHFWHGWRGLIIHUHQWOHYHORIH[FLWDWLRQV,QRQHKDQGWKH
7RZHU%DULVHVLQWKHFLW\FHQWHURI6DQ*LPLJQDQR 6, ZKHUHWKHYHLFXODUWUDIILFLVUHVWULFWHG
VRWKHPDLQH[WHUQDOG\QDPLFIRUFHVDUHGXHWRWKHZLQG2QWKHRWKHUKDQGWKH7RZHU%LV
ORFDWHG LQ WKH /LYRUQR KDUERXU ZKHUH WKH H[WHUQDO G\QDPLF H[FLWDWLRQ OHYHO LV KLJK DQG LQ
VRPHFDVHVLWLVDULVHQIURPVRPHFRORUHGQRLVH+HQFHWKHVHWZROLPLWVFDVHVIRUWKHKLVWRULF
PDVRQU\WRZHUVVHHPVWREHDJRRGWHVWIRUWKHSURSRVHGDXWRPDWHGSURFHGXUH

D

 E 

)LJXUH D 7KH³7RUUH*URVVD´LQ6DQ*LPLJQDQR 6,  E 7KH³0DVWLR0DWLOGH´LQ/LYRUQR /, 

7KHWZRWRZHUVKDYHEHHQVHOHFWHGDVFDVHVRIVWXG\IRUWKH³0RVFDUGR´SURMHFWDSURMHFW
IXQGHGE\WKH7XVFDQ\UHJLRQDLPLQJWRLQYHVWLJDWHWKHFDSDELOLW\RIPRQLWRULQJWKHFXOWXUDO
KHULWDJHXVLQJORZLQYDVLYHWHFKQLTXHV7KXVDZLUHOHVVQHWZRUNRI0LFUR(OHFWLF0HFKDQLF
6HQVRUV 0(06  DFFHOHURPHWHUV KDV EHHQ DGRSWHG DQG WHVWHG IRU WZR WRZHUV IRU ORQJWHUP
PRQLWRULQJSXUSRVHV,QWKHQH[WVHFWLRQVWKHWZRQHWZRUNVZLOOEHEULHIO\GHVFULEHGDQGWKH
UHVXOWVRIWKHSURSRVHGDGDSWLYHWHFKQLTXHIRUWKHPRGDOWUDFNLQJZLOOEHGLVFXVVHG
3.1

Tower A

7KH³7RUUH*URVVD´LVWKHWDOOHVWPHGLHYDOWRZHULQWKHFLW\FHQWHURI6DQ*LPLJQDQRZLWK
DKHLJKWRIPDQGDEDVHVTXDUHRIDERXW[PRQO\WZROHYHOVDWWKHWRSKDYHDFRQ
FUHWHVODEVZKLOHDQLURQVWDLUFDVHKDVEHHQIL[HGWRWKHZDOOVWRUHDFKWKHWRSOHYHO$WWKHWRS
WKHUH LV D EHOIU\ ZLWK WKUHH EHOOV WKDW KDYH QR ORQJHU EHHQ XVHG $ IXOO GHVFULSWLRQ RI WKH
JHRPHWU\DQGRIWKHDUFKLWHFWXUDOIHDWXUHVFDQEHIRXQGLQ>@
7KH LQVWDOOHG PRQLWRULQJ V\VWHP LV FRPSRVHG E\  DFFHOHURPHWHUV  VWUDLQ JDXJHV 
GLVSDFHPHQW WUDQVGXFHUV DQG  PHWHUHRORJLFDO VWDWLRQV RQH LQGRRU FROOHFWLQJ WHPSHUDWXUH
KXPLGLW\DQGWKHRWKHURXWGRRUFROOHFWLQJWHPSHUDWXUHKXPLGLW\DQGWKHDYHUDJHZLQGVSHHG
DQGGLUHFWLRQ
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)LJXUH D 7RZHU$WKHUPVRIWKHVLJQDOVFROOHFWHGRYHUWKHPRQLWRULQJSHULRGWKHDFWLYHFKDQQHOVDQGWKH
DYHUDJHZLQGVSHHGUHFRUGHGLQWKHPHWHRURORJLFDOVWDWLRQLQWKHODVWOHYHO

,QILJXUHWKHUHVXOWVRIWKHILUVW\HDURIPRQLWRULQJDUHUHSRUWHGLQWHUPVRISRZHULQWKH
VLJQDOVDQGRIWKHPHDVXUHGDYHUDJHZLQGVSHHG,QWKHWLPHZLQGRZIURPWKHPLGGOHRI6HS
WHPEHUWRWKHPLGGOHRI2FWREHUWKHV\VWHPZDVRIIOLQH:KLOHQRWDOOWKHVHQVRUVZHUHZRUN
LQJWRJHWKHUDORQJWKHWLPHEHFDXVHRIVRPHSUREOHPVLQWKHQHWZRUN

)LJXUH7RZHU$WKHORQJWHUPPRQLWRULQJV\VWHPLQVWDOOHG
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3.2

Tower B

7KH³0DVWLR0DWLOGH´LVDQLFRQLFWRZHURIWKHROGIRUWUHVVLQWKH/LYRUQRKDUERU7KHWRZ
HUKDVDURXQGSODQZLWKDGLDPHWHURIPDQGDWRWDOKHLJKWRIDERXWPZLWKIRXUYDXOWHG
OHYHOV WKDW ZHUH UHWURILWWHG LQ WKH SDVW ZLWK VWHHO EDUV IL[HG LQ WKH YDXOWV 6RPH PRUH LQIRU
PDWLRQDERXWWKHWRZHUFDQEHIRXQGLQ>@

)LJXUH7RZHU%WKHORQJWHUPPRQLWRULQJV\VWHPLQVWDOOHG

7ZRVHFWLRQVRIWKHWRZHUKDYHEHHQPRQLWRUHGWKHWRSZLWKWZRPRQRD[LDODFFHOHURPH
WHUVDQGRQHELD[LDODFFHOHURPHWHUWKHOHYHOZLWKRQHPRQRD[LDODQGDELD[LDODFFHOHURPH
WHU 7KH HQYLURQPHQWDO FRQGLWLRQV ZHUH PRQLWRUHG ZLWK WZR PHWHRURORJLFDO VWDWLRQV RQH
LQVLGHDQGRQHRXWVLGHWKHWRZHU%RWKPHDVXUHWKHWHPSHUDWXUHDQGWKHKXPLGLW\ZKLOHRXW
VLGHDQDQHPRPHWHUPHDVXULQJWKHDYHUDJHZLQGVSHHGDQGWKHGLUHFWLRQ
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)LJXUH D 7RZHU%WKHUPVRIWKHVLJQDOVFROOHFWHGRYHUWKHPRQLWRULQJSHULRGWKHDFWLYHFKDQQHOVDQGWKH
DYHUDJHZLQGVSHHGUHFRUGHGLQWKHPHWHRURORJLFDOVWDWLRQLQWKHODVWOHYHO

$OWKRXJK DOVR LQ WKDW FDVH VHYHUDO GLVFRQQHFWLRQV RI VRPH VHQVRUV D ODUJH GDWDEDVH KDV
EHHQFROOHFWHG 7DEOH 
3.3

Observations about the monitoring data

'HVSLWHWKHODFNVLQWKHWLPHKLVWRULHVRIWKHUHFRUGHGVLJQDOVGXHWRVRPHPDOIXQFWLRQLQJ
LQWKHQHWZRUNLVSRVVLEOHWRGHVFULEHWKHOHYHORIYLEUDWLRQRIWKHWZRFDVHVRIVWXG\

)LJXUH D 7KH³7RUUH*URVVD´LQ6DQ*LPLJQDQR 6,  E 7KH³0DVWLR0DWLOGH´LQ/LYRUQR /, 

,QILJXUHWKHUPVGLVWULEXWLRQRIWKHODVWIORRUVRIWKHWZRWRZHUVRYHUWKHPRQLWRULQJSH
ULRGVDUHVKRZQ7KHOHYHORIYLEUDWLRQVRIWKH7RZHU%LVKLJKHURIDERXWWKHWKDQWKH
7RZHU $FRQILUPLQJWKHGLIIHUHQWRSHUDWLRQDO FRQGLWLRQV )RU ERWK FDVHV WKH PDLQ G\QDPLF
ORDGLVWKHZLQGDQGWKHPD[LPXPYDOXHKDVEHHQUHDFKHGLQWKH7RZHU% )LJXUH 
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7DEOH7KHUPVGLVWULEXWLRQIRUWKHDFFHOHURPHWHUVLQWKHODVWIORRURIWKHWZRWRZHUV

4

RESULTS

7KHWZRPRQLWRULQJV\VWHPVDUHDFWLYHIURPWKHHQGRIWKHEXWVRPHVKXWGRZQRI
VRPHGHYLFHVRUVRPHHUURUVLQWKHWUDQVPLVVLRQRIWKHGDWDOHDGVWRDUHGXFHGJULGRIPHDVXU
LQJSRLQWV )LJXUHVEE +HQFHWKHDGDSWLYHPRGDOWUDFNLQJSURFHGXUHSURSRVHGKHUHLQ
FRQVLGHUVWKDWLVVXHVDQGWKH0$&LQGH[KDVEHHQFDOFXODWHGFRQVLGHULQJWKHFRPPRQFKDQ
QHOVWKDWZHUHUHFRUGLQJ7KHQWZRVXLWDEOHFDOLEUDWLRQSHULRGVKDYHEHHQFKRVHQDVOLPLWFDV
HVRIWKHRSHUDWLRQDOG\QDPLFEHKDYLRU
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D

E

F

G

)LJXUH D 7KH³7RUUH*URVVD´LQ6DQ*LPLJQDQR 6,  E 7KH³0DVWLR0DWLOGH´LQ/LYRUQR /,  F  G 

7KHSHULRGVIURP 00 DQGIURP 00 
DUHWKRVHZKHUHWKHKLJKHVWDYHUDJHZLQGVSHHGKDVEHHQUHFRUGHGUHVSHFWLYHO\IRUWKH7RZHU
$ DQG 7RZHU % 0HDQWLPH WKH SHULRGV IURP  7*  DQG IURP
 7* DUHWKRVHZKHUHWKHORZHVWDYHUDJHZLQGVSHHGKDVEHHQUHF
RUGHGUHVSHFWLYHO\IRUWKH7RZHU$DQG7RZHU%7KXVWKHGLVWDQFHVLQWHUPVRIIUHTXHQF\
DQGPRGHVKDSHVDUHFDOFXODWHGZLWKWKHFOXVWHULQJSURFHGXUHGHVFULEHGLQWKHSUHYLRXVVHF
WLRQV
/DVWO\VRPHVWDWLVWLFDOYDOXHVRIWKHPHDVXUHGGLVWDQFHVIRUHDFKSHULRGFDQEHFDOFXODWHG
DQGWKHPLQLPXPYDOXHVFDQEHFKRVHQWRWUDFNWKHPRGHV)RUWKDWFDVHVRIVWXG\WKHPHGLDQ
YDOXHRIWKHIUHTXHQF\DQGWKHWKLUGTXDUWLOHYDOXHIRUWKHPRGHVKDSHV
3HULRG
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00
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7DEOH([DPSOHRIWKHFRQVWUXFWLRQRIRQHWDEOH

$VDUHVXOWWKHWKUHVKROGVDUHQRWIL[HGEXWIRUHDFKPRGHDUHFDOFXODWHGIURPWKHREVHUYHG
UHVXOWV LQ D UHSUHVHQWDWLYH FDOLEUDWLRQ SHULRG 7KH VHOHFWLRQ RI WKH UHSUHVHQWDWLYH YDOXHV KDV
EHHQ SHUIRUPHG VWDWLVWLFDOO\ DQDO\]LQJ WZR H[WUHPH RSHUDWLYH FRQGLWLRQV UHODWHG WR WKH PRVW
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UHOHYDQWG\QDPLFH[FLWDWLRQ%XWWKHFDOLEUDWLRQSHULRGFDQEHDOVRVHOHFWHGZLWKGLIIHUHQWDS
SURDFKHVWKDWOHDGWRWKHREVHUYDWLRQRIWKHRSHUDWLRQDOFRQGLWLRQVRIWKHPRQLWRUHGVWUXFWXUH
5

CONCLUSIONS

7KHSDSHULQWURGXFHVDQRYHOSURFHGXUHIRUWKHDGDSWLYHPRGDOWUDFNLQJRIWKHPRGDOSD
UDPHWHUVH[WUDFWHGIURPORQJWHUPPRQLWRULQJGDWD7KDWLVVXHLVXVXDOO\XQGHUHVWLPDWHGDQG
LWKDVQRWEHHQZLGHO\GHHSHQHGE\WKH$XWKRUV7KLVEHFRPHFUXFLDOLIWKHDFFHOHUDWLRQVDUH
PHDVXUHGZLWKORZFRVWVHQVRUVWKDWH[KLELWDORZHUUHVROXWLRQ,QSDUWLFXODUWKHPRGHVKDSHV
VHHP WR EH PRUH VHQVLWLYH WR WKH EDFNJURXQG QRLVH WKDQ WKH IUHTXHQF\ 7KXV WKH FODVVLFDO
PRGDOWUDFNLQJDSSURDFKEDVHGRQIL[HGWKUHVKROGFDQEULQJWRPLVOHDGLQJUHVXOWV
,Q DGGLWLRQ WKH LGHQWLILHG PRGHV PLJKW EH QRW ZHOO H[FLWHG GXULQJ WKH PHDVXULQJ WLPH
ZLQGRZDQGVRPHFKDQQHOVPLJKWEHQRWDFWLYH
&RQVHTXHQWO\WKHUHVXOWVVKRZKRZWKHWUDFNHGPRGHVFDQH[KLELWGLIIHUHQWYDOXHVEDVHG
RQ WKH OHYHO RI WKH DPELHQW YLEUDWLRQV 7KHUHIRUH VRPH DGDSWLYH WKUHVKROG IRU WKH PRGDO
WUDFNLQJEDVHGRQWKHRSHUDWLRQDOFRQGLWLRQVVKRXOGEHFRQVLGHUHGWRDFKLHYHDGHTXDWHUHVXOWV
+HUHWKHSURSRVHGSURFHGXUHKDVEHHQDSSOLHGWRWZRKLVWRULFPDVRQU\WRZHUVPRQLWRUHG
ZLWKDZLUHOHVVQHWZRUNV\VWHPRI0(06GHYLFHV7KDWPHDVXULQJQHWZRUNDOORZVWKHXVHRI
FKHDSHUVHQVRUVZLWKDORZYLVXDOLPSDFWWKDWDUHKLJKO\UHFRPPHQGHGIRUWKHPRQLWRULQJRI
FXOWXUDOKHULWDJHVWUXFWXUHV(QVXULQJWKHXVHRIWKHVWUXFWXUHZLWKRXWFRPSURPLVLQJWKHDUFKL
WHFWRQLFDOIHDWXUHV
7KHSURSRVHGPHWKRGLVEDVHGRQWKHKLHUDUFKLFDOFOXVWHULQJRIWKHPRGHVLQDUHSUHVHQWD
WLYHREVHUYDWLRQSHULRG7KHQWKHWKUHVKROGVDUHVHOHFWHGE\DVWDWLVWLFDODQDO\VLVRIWKHUHVXOWV
REVHUYHGLQWKHFDOLEUDWLRQSHULRGV1HYHUWKHOHVVWKHPHWKRGFDQEHLPSOHPHQWHGLQDIXOO\
DXWRPDWHGSURFHGXUHIRUWKHPRGDOH[WUDFWLRQRIWKHPRGDOSURSHUWLHVHYHQLIORZFRVWGHYLFHV
DUHXVHG3KLORVRSKLFDO7UDQVDFWLRQVRIWKH5R\DO6RFLHW\$0DWKHPDWLFDO3K\VLFDODQG(Q
JLQHHULQJ6FLHQFHV
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Abstract. Several approaches can be found in the scientiﬁc literature when the subject is damage detection based on vibration signals. In the last few years, increasing attention has been
given to the application of Computational Intelligence algorithms in structural novelty identiﬁcation. In more details, the powerful data mapping capability of computational deep learning methods has been recently exploited to develop strategies of structural health monitoring
through appropriate characterization of dynamic responses. Therefore, the present work is
aimed at investigating the capability of a deep learning algorithm called Sparse Auto-Encoder
(SAE) to identify structural alterations of the Z24 bridge, a classical benchmark for integrity
assessment studies. The main idea is to characterize the Z24 dynamic responses via SAE models
and, subsequently, to detect the onset of abnormal behavior through the well-known Shewhart
T control chart (T 2 -statistic), calculated with SAE extracted features. An advantage of the
proposed methodology is that data are processed directly in the time domain, avoiding modal
parameters estimation and tracking analysis. Moreover, control charts are considered suitable
tools for continuous monitoring due to their relatively simple implementation. The obtained
results demonstrate that the proposed strategy based on SAE and Shewhart T control chart has
potential to be explored in structural damage detection problems, since it is able to distinguish
between the two investigated scenarios (i.e., undamaged and damaged) of Z24 bridge.
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1

INTRODUCTION

The proper functioning of structural systems and the safety of users are among the main
concerns of engineers throughout the life cycle of any civil engineering construction. In order to
avoid catastrophic failures, it is important to continuously monitor the structural condition and
detect any abnormal behavior at an early stage, especially when dealing with large structures,
such as bridges, viaducts, tall buildings, and towers.
Among the different methodologies available to identify the occurrence of structural anomalies, vibration-based damage detection has been extensively investigated in the scientiﬁc literature (see e.g. [1]). Starting from dynamic time histories obtained through Structural Health
Monitoring (SHM) systems, these approaches are applied to investigate novelties in terms of
structural behavior. In summary, essential features are extracted from measured data and are
successively compared to deduce if a structural change has occurred.
Typically, the structural integrity investigation is performed by employing modal analysis
[2, 3]. The degrading process alters the physical properties of the structure, such as mass and
stiffness, which inﬂuence its natural frequencies, mode shapes, and damping ratios. In the last
few years, due to the evolution of computer and information technologies, increasing attention
has been given to the application of Computational Intelligence (CI) in structural novelty identiﬁcation [4, 5, 6]. Among all possible CI algorithms, those based on deep learning appear as
promising alternatives to traditional techniques. In this paper, a special highlight is given to
the Sparse Auto-Encoder (SAE), a deep neural network algorithm that automatically extracts
features from data. The SAE reconstructs its inputs through an internal coding - modeled by
linear and nonlinear functions - that transforms them into a “new” group of variables (features)
[7]. Auto-encoders are known not only for the ability to deal with large volumes of data but
also for their capability to provide optimal solutions, particularly for nonlinear problems, such
as structural anomaly detection [8, 9]. Therefore, SAE may be an appropriate method for handling vibration signals. It is important to notice that deep learning algorithms are recent tools in
the SHM area, and studies focused on evaluating them to solve novelty detection problems are
ongoing.
In this context, the present work is aimed at investigating the performance of the SAE algorithm when applied to the identiﬁcation of structural alterations. The fundamental idea here is
to characterize the structural dynamic responses via SAE models and, subsequently, to detect
the onset of abnormal behavior through the well-known Shewhart T control chart (T 2 -statistic)
[10], calculated with SAE extracted features. The Shewhart chart is a sort of statistical process control technique frequently used in SHM strategies and applied to the residuals between
measured and predicted (via regression analysis) quantities. Due to the relatively simple implementation, control charts are considered suitable tools for continuous monitoring. The anomaly
detection approach is exempliﬁed using data collected on the Z24 bridge [11], before and after
damaging the structure.
An advantage of the proposed methodology is that data are processed directly in the time
domain, avoiding modal parameters estimation and tracking. Another interesting aspect of such
an approach is the unsupervised analysis, which means that it does not use previously labeled
observations or desired output variables. Although many methods in the literature are based on
the pre-establishment of different degradation levels (supervised analysis), it is difﬁcult to have
prior knowledge of the structure’s health condition in actual SHM systems.
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2
2.1

THEORETICAL BACKGROUND
Deep Learning and Sparse Auto-Encoder

Deep Learning encompasses a variety of machine learning techniques based on Artiﬁcial
Neural Network (ANN) theory (see e.g. [12]), mainly characterized by their multiple processing
layers. As already stated, the present work is focused on the deep learning algorithm called
Sparse Auto-Encoder (SAE). In general terms, an Auto-Encoder (AE) is an Artiﬁcial Neural
Network (ANN) built to return an approximation of its input. According to Goodfellow et al.
(2016) [7], this network consists of an internal coding layer described by the function h = f (x),
which learns the characteristics h of input data x, and a decoding layer deﬁned by y = g(h),
which rebuilds the vector x from the self-learned vector features h, as suggested by the network
architecture shown in Figure 1. Since the cost function evaluates the difference between x
and its own output y ≈ x (x reconstructed), the learning of an AE is unsupervised. It is worth
mentioning that an AE may have several layers between x and h, as well as between h and y
(the AE structure has to be symmetric). However, for didactic purposes, Figure 1 represents an
AE with only one encoder and decoder layer.

Figure 1: The basic structure of an Auto-Encoder [7].

Nevertheless, the main interest is not in the replicated output of the AE, but in exploring
its ability to extract characteristics from “raw data”. If the AE is used for data mapping only,
without feature reconstruction, it is designed to produce h with a smaller dimension than x and is
known as Undercomplete Auto-Encoder. The great advantage of reducing the data from x vector
dimension to h vector dimension is the identiﬁcation of relevant parameters at a high-level of
abstraction, helpful for recognizing patterns in datasets. In this context, the learning of the AE
network is accomplished by minimizing a function Z(x, g(f (x))) that penalizes the differences
between x and g(f (x)). In cases where the coding function is linear, and Z is the mean quadratic
error, the Undercomplete Auto-Encoder behaves like the Principal Component Analysis (PCA)
[13]. Conversely, when employing nonlinear functions for f and g, the Undercomplete AutoEncoder may be more powerful than PCA to reduce the dimensionality of a problem [14].
Despite their efﬁciency in characterizing data, the encoders and decoders may acquire an
excessive ability to approximate y ≈ x, resulting in a vector h with high dimensionality, which
many times is not able to provide interesting parameters for modeling the problem. In order to
improve the performance of this deep machine learning technique, the Sparse Auto-Encoder
(SAE) was proposed. The SAE is an undercomplete auto-encoder where a sparse penalty
Γ(f (x)) is incorporated into the function Z in the training process. In summary, this penalty
allows the AE model to represent large datasets with a small number of h components, controlling the amount of active neurons in the layers (most weights equal to zero). Consequently, the
addition of sparsity-inducing term to auto-encoders usually leads to an increase in the model
performance and to a reduction of processing time.
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2.2

Shewhart T Control Chart

The Control Chart is a graphical statistical tool used to monitor the variability of a problem’s
parameters over time. The charts usually depict several data points, which are formed by a
speciﬁc statistical characteristic and horizontal lines (control limits) responsible for indicating
the extreme values of such characteristic when the problem is in-control state. Any point that
is beyond these predetermined limits, on the other hand, reveals unusual sources of variability,
suggesting an out-of-control situation. [10].
Due to their relatively simple implementation, intuitive interpretation, and effective results,
control charts are considered suitable tools for structural on-line monitoring and anomaly detection. The multivariate control technique used herein is the Shewhart T Control Chart. The
characteristic plotted in this chart is the Hotelling’s T 2 -statistic. The T 2 -statistic represents the
distance between a new data observation and the corresponding sample mean vector - the higher
T 2 value, the greater the distance of the new data from the mean. This metric is based on the
relationship among the variables and on the scatter of data (covariance matrix). By assuming
that matrix Hn×m represents a dataset during a certain time period (which in this paper are the
SAE extracted features), the T 2 -statistic may be calculated as follows:
T 2 = r(h − h)T S−1 (h − h)

(1)

where h is the sample mean vector of the m available features, obtained from a submatrix of H
with r observations (Hr×m , r < n); h and S are the vector of reference averages and the mean of
the reference covariance matrices, respectively, both estimated using s preliminary submatrices
collected during the in-control state of the problem. In this work, the Upper Control Limit
(UCL) is deﬁned as the 95th percentile of the T 2 values of the training data (values greater than
UCL may be observed only 5% of the time by chance). The Lower Control Limit (LCL) is zero.
3

THE VIBRATION-BASED ANOMALY DETECTION APPROACH

The present work proposes a structural assessment framework based on SAE models for automatic vibration-data feature learning. Such a framework includes the use of the Hotelling’s T 2
control chart applied to SAE extracted characteristics to investigate novelties in terms of structural behavior. Figure 2 shows a general scheme of the suggested anomaly detection methodology.
SHM systems usually comprise a number of accelerometers that record dynamic responses
over time. Therefore, it is initially necessary to rearrange the acceleration time histories collected in each measurement point by setting an appropriate window length (duration time) to
analyze each measured signal. The vibration measurements are organized in a matrix considering the structural responses of each accelerometer k (1 ≤ k ≤ K) separately, as illustrated in
Figure 3. The rows I indicate each rearranged signal, and the columns J represent the respective dynamic response sampled in time. The deﬁnition of the signal duration time should consider the measurements’ capacity to represent the current structural condition and the amount
of available data. Moreover, since the present approach is focused on continuous monitoring, it
is also important to keep the chronological order of the collected signals. In order to make the
detection model less sensitive to data scale, after the input matrix is assembled, all data values
are divided by the maximum absolute amplitude, leading to acceleration signals between [-1;1].
The developed strategy relies on creating a model with data from the system working in
normal conditions, which is named as SAE/T 2 -statistic reference model. At this point, the
reference matrix previously organized is divided into training and testing data, respecting their
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Figure 3: Input data organization for structural anomaly detection approach.

position in time. These two submatrices are used to construct and adjust the SAE/T 2 model
through an iterative procedure, described in the following steps:
1. Firstly, the training data are randomized, as usual in algorithms based on ANN theory.
This shufﬂing has the objective of reducing data variance, guaranteeing a greater generalization power for the artiﬁcial intelligence model. It is important to emphasize that the
randomization is herein performed only on data used to create the artiﬁcial intelligence
model. After the training task, the data, or rather the SAE extracted features, must be
placed in chronological order again;
2. Initial training parameters for the SAE model are deﬁned. These parameters are number
of processing layers, number of features to be extracted from time domain responses
(number of neurons), optimization method, activation and error functions, maximum
number of training iterations (epochs), sparsity proportion ρ and the coefﬁcients β and
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λ, related to the sparsity and weights regularization terms of the cost function, respectively. The parameters ρ, β, and λ are related to the sparse penalty function Γ (deﬁned
in section 2.1) and assist in the determination of the best solution by the SAE (see e.g.
[15]);
3. By using the training data, the SAE model is generated. In the proposed approach, the
SAE model is applied to transform the structural signals into a few representative characteristics;
4. The m extracted SAE features are reorganized in chronological sequence (as mentioned
in step 1) and used to calculate the T 2 -statistic points and the UCL, as shown in Figure 4;
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Figure 4: Graphical representation of the T 2 -statistic calculation procedure.

5. In order to evaluate the training performance, the SAE/T 2 model is fed with testing data.
Since the SAE features are also derived from time measurements collected when the
structural system is assumed to be under normal conditions, it is expected that the corresponding T 2 -statistic points are below the UCL value. If this statement is not veriﬁed,
the SAE training parameters are readjusted (empirically), and a new model is created by
returning to step 1.
The reference model deﬁnition is complete when the SAE/T 2 model developed with the
training data is able to correctly represent the current structural behavior by using the testing
data. It means that the steps above shall be repeated until all or practically all reference data
produce T 2 -statistic values bellow the UCL.
Finally, once the SAE/T 2 reference model is properly established, newly acquired data may
be classiﬁed as being from the normal or abnormal structural condition. SAE features and their
T 2 -statistics are calculated from monitoring data and plotted in the control chart for comparing
the reference structural responses with the newly collected ones. The entire anomaly-detection
R
approach was developed using toolboxes and built-in functions available in Matlab
R2017a.
4

APPLICATION I: Z24 BRIDGE

The Z24 bridge was a highway overpass located at Canton Bern near Solothurn, in Switzerland, built in the early 1960s to connect Koppigen and Utzenstorf. This post-tensioned structure
was 58m long composed of three continuous spans with 14m, 30m and 14m, supported on four
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piers, as it can be seen in Figure 5. Due to the construction project of a new railway line underneath the highway, the bridge had to be demolished. Therefore, before the structure was
completely knocked down, it was instrumented and gradually damaged [11].

Figure 5: The Z24 bridge - Top view and experimental setup.

The present study evaluates the proposed SHM approach through dynamic signals of forced
vibration tests conducted within two structural conditions: undamaged and damaged (settlement
of pier - 40mm). Two vertical shakers were used to generate a ﬂat force spectrum excitation
with 3-30Hz bandwidth. In each damage scenario, nine dynamic tests were performed considering ﬁve accelerometers installed at three measurement points, R1, R2 and R3, as described
in Figure 5. Vibration responses have 65535 data points, acquired at a frequency sampling of
100Hz for approximately 11 minutes. The structure’s natural frequencies and the temperature
variation - before and after the damage - are given in Table 1 for information purposes. The
evolution of the eigenfrequencies, as well as the structural modes (see Figure 6), are derived
from data of ambient vibration tests by the stochastic subspace identiﬁcation method [11].
Structural
condition

Temperature

Undamaged
Damaged

17o C
29o C

1st
natural
frequency
3.92Hz
3.86Hz

2nd
natural
frequency
5.12Hz
4.93Hz

3rd
natural
frequency
9.93Hz
9.74Hz

4th
natural
frequency
10.52Hz
10.25Hz

5th
natural
frequency
12.69Hz
12.48Hz

Table 1: Variation of the Z24 eigenfrequencies (values extracted from the work of De Roeck et al. (2000) [11]).

For this application, each accelerometer measurement is rearranged into 10-second signals, providing an input matrix [1070×1000]: 1070 dynamic time histories (65 signals per
accelerometer × 9 dynamic tests × 2 structural conditions = 1070 ) composed of 1000 data
points (100Hz × 10s = 1000). Henceforth, maintaining its chronological order, the input matrix
is subdivided as follows:
• Reference data (undamaged state):
Training data → matrix [450×1000]
Testing data → matrix [135×1000]
• Monitoring data (damaged state) → matrix [585×1000]
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(a)

(c)

(b)

(d)

(e)

Figure 6: Reference mode shapes of the Z24 bridge - undamaged condition (draws extracted from the work of De
Roeck et al. (2000) [11]). (a) 1st mode - symmetrical bending mode. (b) 2nd mode - transversal mode. (c) 3rd
mode - combined torsional/antisymmetrical bending mode. (d) 4th mode - combined torsional/antisymmetrical
bending mode. (e) 5th mode - symmetrical bending mode.

The anomaly detection approach is investigated for each accelerometer channel separately.
For all analyses, the achieved SAE model was implemented employing one encoder and decoder layer constituted by 100 neurons (vector h with 100 components), which reduces the
dimensionality of the problem from 1000 data points to 100 features. The other parameters
were set to: the sparsity proportion (ρ) = 0.050; the sparsity regularization (β) = 4.000; the
weight regularization (λ) = 0.001; the training function = Scaled Conjugate Gradient (SCG)
optimization method [16] with gradient maximum value of 1.00 × 10−6 ; the encoder and decoder activation functions = logarithmic sigmoid and linear function, respectively; the error
metric = mean square; and the maximum number of training epochs = 1000. The Hotelling’s
T 2 -statistic was calculated using data subgroups composed of 15 observations (r = 15) with
the 100 SAE characteristics (m = 100). The UCL was estimated considering 30 subgroups of
data (s = 30 = 450 training examples / 15 observations).
4.1

Results

The results of the proposed approach for the Z24 bridge are shown from Figure 7 to Figure 11. In total, 78 data subgroups were evaluated for each accelerometer channel, considering
training (30 subgroups - blue points), testing (9 subgroups - green points), and monitoring data
(39 subgroups - red points). In addition to the control chart plotted for one SAE/T 2 model,
another control chart was also constructed representing the T 2 -statistic for 30 different SAE
models. In this case, the UCL is calculated considering the UCL’s mean from the 30 models.
This practice of examining the performance of various models is usual in ANN-based algorithms. It aims to identify that a speciﬁc data ordering (possible correlated samples) is not
inﬂuencing the model performance.
By analyzing the results, a good performance was achieved for dynamic responses from
accelerometers 1 (Figure 7) and 5 (Figure 11). In both cases, during the training and testing
periods (undamaged condition), most T 2 -statistic values are below the limit line (a small number of false alarms). In the monitoring period (damaged condition), the T 2 -statistic abruptly
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Figure 7: Anomaly detection approach - Output for the accelerometer 1. (a) Control chart for one SAE/T 2 model.
(b) Control for 30 SAE/T 2 models.
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Figure 8: Anomaly detection approach - Output for the accelerometer 2. (a) Control chart for one SAE/T 2 model.
(b) Control for 30 SAE/T 2 models.
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Figure 9: Anomaly detection approach - Output for the accelerometer 3. (a) Control chart for one SAE/T 2 model.
(b) Control for 30 SAE/T 2 models.

exceeds the UCL value, laying outside of the in-control region and correctly indicating the
presence of the structural anomaly. These outcomes may be attributed to the relation between
the position of sensors and the structure’s mode shapes. In general, higher natural frequencies
are more affected in absolute terms by damage, as seen in Table 1. For this reason, since ac-
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Figure 10: Anomaly detection approach - Output for the accelerometer 4. (a) Control chart for one SAE/T 2 model.
(b) Control for 30 SAE/T 2 models.
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Figure 11: Anomaly detection approach - Output for the accelerometer 5. (a) Control chart for one SAE/T 2 model.
(b) Control for 30 SAE/T 2 models.

celerometers 1 and 5 are in positions where the amplitudes related to higher magnitude modes
are more signiﬁcant (absolute difference of 0.27Hz for the 4th frequency and of 0.21Hz for the
5th frequency), they may have had better performance.
The same idea can be used to justify the T 2 -statistic of data collected by the accelerometer 2.
Even though this channel is more affected by the ﬁrst vibration mode, due to its location at the
midspan, the absolute difference between the natural frequencies is small (0.06Hz), maybe not
sufﬁcient for the SAE/T 2 model detects the damage occurrence. Regarding the sensors 3 and 4,
they were positioned to capture transversal and longitudinal movements, respectively. Therefore, since the shakers generated components predominantly in the vertical direction and, the
structure was considerably rigid on the longitudinal direction, it was expected that the control
charts related to these measurement positions would have inconclusive results.
The Mean Square Error (MSE) between original and reconstructed dynamic signals for the
30 SAE models are exhibited in Table 2. It should be noted that the MSE values of training data
are smaller than the MSE values of testing and monitoring data, as expected, since the ﬁrst group
of data was used to train the SAE, and the second and third ones were unknown by the created
models. Figure 12 displays an example of the SAE reconstructed response in comparison with
its respective original signal. Instead of perfectly reconstructs signals, the idea behind the SAE
consists of modeling key features of data that are sensitive to structural novelties. Based on
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the assumption that lower MSEs are evidence of better signal reconstruction, the slight upward
trend in the T 2 -statistic veriﬁed for testing data of accelerometer 1 may be associated with these
values. Table 2 reveals that the responses related to accelerometer 1 have a reconstruction error
almost twice as large as the error found for the responses of accelerometer 5, the other channel
with good results, where this trend does not appear.
Accelerometer
Training
data
Testing and
monitoring data

1

2

3

4

5

0.0129

0.0074

0.0057

0.0021

0.0076

0.0222

0.0120

0.0092

0.0026

0.0138

Table 2: MSE values between original structural responses and corresponding reconstructed signals for the 30 SAE
models (units: m2 /s4 ).
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Figure 12: An original response of the Z24 bridge and its respective signal reconstructed by SAE.

5

CONCLUSIONS

The paper presented a structural anomaly detection approach based on Sparse Auto-Encoder
and Shewhart T control chart. Features extracted by SAE models, directly from time-domain
accelerations, were passed along as input variables of the control chart to detect the onset of
abnormal behavior in structures. The developed method was exempliﬁed using experimental
data from dynamic tests performed on the Z24 bridge.
According to the obtained control charts, the T 2 -statistic calculated with the SAE extracted
characteristics were efﬁcient in detecting the two different structural states of the Z24 bridge.
The results are in agreement with the respective structural scenarios since the damage imposed
on the bridge was clearly identiﬁed. Nevertheless, more investigation is required to validate
the proposed anomaly detection strategy. In particular, the next steps in this work include
analyzing the temperature inﬂuence on SAE characteristics and applying the methodology in
other structures.
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Abstract. The design of systems for structural health monitoring is an exercise that requires
careful planning of optimal sensor locations. The number of possible locations usually outnumbers the number of available sensors, which means that solving the problem of optimal sensor
placement (OSP) is necessary for a cost-effective network. This paper addresses the design
of OSP for a new monitoring system on a long-span suspension bridge. The foremost interest
is the response effect of wind loading on the bridge. A ﬁnite element model of the bridge is
created based on blueprint drawings, and the system model consists of 18 target modes (with
frequencies in the range [0.05, 0.6] Hz). 22 triaxial force-balance MEMS accelerometers are
planned to be deployed. In the design, the sensors are designated into local groups consisting
of two or four accelerometers, which are wired to the same data acquisition unit. Two optimization approaches are tried: backward sequential sensor placement and genetic algorithms. The
objective metric is the maximization of the determinant of the Fisher information matrix. Six
different types of models for the prediction error covariance are tested; one with no correlation
and ﬁve with varying degrees of error correlation, which is dictated by the sensor distance and
a characteristic correlation length. The resulting conﬁgurations are compared and discussed.
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1

INTRODUCTION

Structural health monitoring (SHM) of bridges and other civil structures has become a popular method to study the response behavior of structures during the service life. The design of
such systems is often subject to cost constraints; thus, it is desired to maximize the information
value of the data acquired from the limited available sensors. The problem of optimal sensor
placement (OSP) in SHM have been studied widely in the literature, for instance in the in the
light of damage detection [1, 2], parameter identiﬁcation [3, 4], and load reconstruction [5, 6].
The distribution of a small number of sensors in a high number of candidate locations is an
OSP problem that cannot be solved by exhaustive searches. Instead, various of optimization
methods have been proposed, for instance, backward and forward sequential sensor placement
algorithms (FSSP/BSSP) [4], relaxation sequential algorithms [7], genetic algorithms [8], and
particle swarm optimization [9]. A review of different methods can be found in [10].
This contribution presents the OSP for a recently opened suspension bridge in the north
part of Norway, the Hålogaland bridge. This is a long-span bridge were the wind-induced
response is of great importance in both structural reliability and serviceability assessments;
thus a SHM system focusing on wind engineering is planned to be deployed to the bridge. The
presented OSP design considers the placement of 22 accelerometers. Besides these sensors, it
is also planned to install strain gauges, temperature sensors, and several anemometers for wind
measurements.
2

OPTIMAL SENSOR PLACEMENT THEORY

This section gives a brief overview of the theory applied in the OSP design. We consider a
linear model of the structural vibrations:
M0 r̈(t) + C0 ṙ(t) + K0 r(t) = f (t)

(1)

Here, the subscript 0 denotes still-air structural properties. This system is modally truncated
(r(t) = Φz(t)) using a set of Nm modes:
M̃z̈(t) + C̃ż(t) + K̃z(t) = ΦT f (t)

(2)

In this case, the alterations from aeroelastic effects on the mode shapes are not considered,
i.e. the modal analysis is performed using still-air vibration modes. We expect that this is
reasonable for non-extreme wind conditions. The following linear output model is assumed:
y(t) = SΦz(t) + S (t)

(3)

where the binary matrix S selects the output DOFs of the sensors out of all possible DOFs. It
is common to assume that the prediction error (t) is a Gaussian stochastic process. This error
can be thought to have two independent sources (model errors and measurement noise):
(t) =

mod (t)

+

meas (t)

(4)

These components are associated with their respective covariance matrices:
Σ = E[ (t) (t)T ] = Σmod + Σmeas

(5)

For the case study presented in Section 3, we expect that errors from the model generally are
greater than the measurement noise in Eq. 3-4. This is partly motivated by the fact that currently
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available high-quality force-balance MEMS accelerometers have very good noise performance.
Previous studies of suspension bridges also indicate that errors from ﬁnite element (FE) models
are prevailing [11].
When all sensors are of equal type, it is sensible to assume that the latent measurement noise
has equal magnitude and is uncorrelated among all outputs, i.e. Σmeas ∝ I. Characterizing the
model errors, however, is generally more complicated since these usually are propagated from
errors on the different physical parameters of the model (stiffness, mass, geometry, etc.). The
authors of [12] proposed a correlation structure on the following form:
Σij = exp(−δij /δ̄)

(6)

which penalizes the proximity of two sensors: δij is the distance between model DOF i and j,
and δ̄ is a characteristic correlation length. Although this model is not physically motivated, it
can help avoid problems with sensors clustering close to each other, which can lead to redundant
information. An expansion of this model was proposed in [13]:
Ψi ΨTj
Σij =
exp(−δij /δ̄)
Nm
where Ψi and Ψj are scaled rows of the mode shape matrix:
#
" # "
Ψi
|φi 1 |/ max(|φi 1 |, |φj 1 |) . . . |φi Nm |/ max(|φi Nm |, |φj Nm |)
=
|φj 1 |/ max(|φi 1 |, |φj 1 |) . . . |φj Nm |/ max(|φi Nm |, |φj Nm |)
Ψj

(7)

(8)

In essence, the fraction in front of the exponential weighs the similarity in the modal values at
model DOF i and j, and assumes a value between zero and one. For instance, if the majority
of modes are in orthogonal directions, as often is the case with regular structures that has lateral and vertical bending modes, this weight assigns a low correlation for two DOFs that are
orthogonal.
A more advanced idea was proposed in [14], considering the uncertainties in the stiffness
matrix K as the source of the prediction errors. In that case, a ﬁrst-order perturbation of the
mode shapes with respect to uncertain stiffness parameters enters the calculations. A similar
approach was proposed in [15], where the robustness of optimal sensor placement under parametric uncertainty was studied. Intervals for parameters were studied in [16].
The present study uses a quite comprehensive FE model of a bridge where the stiffness (or
mass) matrix and its derivative are not readily available in a suitable numerical form unless
multiple perturbation analysis are performed. For this reason, this contribution mainly uses
Eq. 7 as the basis for the error covariance matrix.
Formally, the OSP problem can be cast in a Bayesian framework, see e.g. [3, 4, 8, 17] for
details on the theoretical background. In this contribution, we limit the discussion on this topic
to deﬁning the Fisher information matrix (FIM) as follows:
Q(S, Σ) = (SΦ)(SΣST )−1 (SΦ)T

(9)

It can be shown that maximizing the determinant of the FIM (or equivalently, minimizing
the information entropy) leads to the least uncertainty in the estimate of the modal coordinate
vector [12]. Thus, among all possible sensor conﬁgurations, the optimal solution is selected as
the one that minimizes the following normalized objective function [4]:

det(Q(Sref , Σ))
Obj(S, Σ) =
(10)
det(Q(S, Σ))
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Figure 1: The Hålogaland bridge (Rendering by Statens Vegvesen).

which is also referred to information entropy index (IEI). Here, Sref represents a reference
conﬁguration where all sensor candidates are included.
3
3.1

APPLICATION CASE
The Hålogaland Bridge

The structure under consideration is the Hålogaland Bridge (Fig. 1), which opened for trafﬁc
in March 2019. This suspension bridge has a main span of 1145 m in addition to two side-spans
of 240 m and 149 m. The towers are 180 m tall, and the main cable is anchored in bedrock
on both sides of the fjord. A cable-supported bridge was chosen for this location due to the
high water depths (ca. 340 m) that prohibits short-span bridges with intermediate supports. The
main span has a single-box steel girder, which is slenderly designed with two driving lanes and
one pedestrian lane. The long span inevitably leads to low natural frequencies, meaning that the
structure will be susceptible to excitation from natural wind.
A FE model of the bridge (Fig. 2) is created in the modeling software ABAQUS based on
the geometry from technical design drawings. Beam elements are for all structural components.
The side-span access roads are discarded from this model as their inﬂuence on the dynamic
behavior of the main span is deemed negligible.
Typical nominal values are assigned for the structural properties (mass, stiffness, bearing
behavior, boundary conditions, etc.). Although there inevitably are uncertainties related to these
quantities, the assigned parameter values could later be calibrated in through model updating
procedures.
The linearized vibration modes are calculated for the ﬁnished state where the structure is
in equilibrium under dead loads. The set of selected target modes is chosen as the Nm =18
lowermost vibration modes from the FE model, with natural frequencies ranging from 0.05 Hz
and 0.6 Hz. Capturing a higher number of modes would ultimately require a higher number of
accelerometers.
As seen from Fig. 3, the different modes can roughly be classiﬁed into ﬁve types: i) lateral
and vertical bending modes, which typically have a sin(nπx/L)-type deﬂection of the bridge
deck; ii) torsion modes; iii) cable modes, which mostly have deﬂects the main cable and hangers; iv) tower modes; v) other combination modes which to some extent excite both the bridge
deck and cables. All the mode shapes are normalized so that the maximum amplitude is equal
to unity.
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Figure 2: Finite element model of the bridge.

Figure 3: Vibration modes 1-18 from the FE model.

3.2

Strategy of optimal sensor placement

In the OSP, the following strategical points are adopted:
• The sensors are designated into groups of two or four accelerometers in a slice of the
box girder, see Fig. 4. The optimization considers the addition or removal of a group of
sensors, not individual sensors. This design constraint is adopted for proximity reasons;
the sensors in a group must be wired to the same local data acquisition unit (DAU).
• Some output channels are discarded, mainly because the modal deﬂection is insigniﬁcant.
Although triaxial accelerometers are used in reality, only the lateral (y) and vertical (z)
directions are considered in the for sensors in the main span. For the sensors in the towers,
the longitudinal (x) and the lateral (y) directions are included.
• For engineering reasons, some sensors are a priori distributed on the bridge. Two accelerometers are chosen to be placed in the mid-span of the bridge since it is desired to
have statistics from this location. In addition, one accelerometer is placed in each of the
towers.
Two OSP search methods are used in the design: a backward sequential sensor placement
(BSSP) algorithm and a genetic algorithm (GA). The BSSP is initiated with sensors in all candi-
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Figure 4: Mounting locations of accelerometers in the box girder (blue circle) and on the hangers (pink cross).

date locations. Then one sensor group is iteratively removed by simply by discarding the group
that contributes the least to the objective function in a perturbation analysis. The iterations
are stopped when the number of remaining sensors equals the set target of 22 accelerometers.
BSSP algorithms are heuristic, and convergence to the optimal conﬁguration (among all possible) is not guaranteed. Therefore, the GA is used to improve the BSSP search, and is given the
following rules:
• The population is set to 30 individuals, each corresponding to a sensor conﬁguration.
The initial population is chosen to consist of both the obtained BSSP solution and other
randomly picked conﬁgurations.
• Every iteration, 5 children are generated from 2 parents selected randomly from the population. The sensor locations of a child are a random mix of its parents’ locations, with a
probability weight of 0.8 and 0.2 assigned to the ﬁttest and least ﬁt parent.
• A child can have random mutations as follows: i) a sensor group can move one or two
increments (20 or 40 m) to the left or right with a probability of 0.1; ii) all sensor groups
can simultaneously be mirrored about the mid-point of the bridge with a probability of
0.1.
• The next generation is selected as the 30 best conﬁgurations among the 35 candidates (30
individuals + 5 children) with respect to the ﬁtness (i.e. the objective function in Eq. 10).
• The iterations are continued for a maximum of 500 generations or until the population is
fully homogeneous.
3.3

Optimization resulting

In total, six different optimization cases is performed. The ﬁrst targets purely measurement errors, where the case of no correlation (Σ = I) is tested. The next ﬁve cases focuses on model errors using several versions of the covariance model Σ(δ̄) from Eq. 7 with
δ̄ = {10, 100, 250, 500, 1000} m.
For each of these six cases, the BSSP is run ﬁrst and is next followed by the GA. Compared
to the BSSP, the GA is generally found to improve the objective function by 10-20% and only
minorly alter the sensor conﬁguration. The resulting sensor locations are shown in Fig. 5. All
conﬁgurations have 22 accelerometers, and also require 10 local DAUs (8 in the box girder and
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Figure 5: Optimal sensor locations for different covariance models. The black dotted lines indicate the coordinates
of the 55 hangers. Blue circles: accelerometer in box girder; pink cross: accelerometer on hanger cable; red circles:
apriori chosen locations in the midspan and the towers.

2 in the towers). Notably, all cases (arguably except for the uncorrelated case) display a similar pattern of sensor distribution along the bridge span. Although not shown here, this is only
occurring to a lesser extent when instead a lower number of target modes is set (Nm = 3 or
Nm = 6). A plausible explanation for this is that the full target mode selection (Nm = 18) contains modes with wavelengths both in the order of 100 and 1000 m, and so a single correlation
length variable δ̄ does not highly inﬂuence both the higher and lower modes simultaneously.
Since no speciﬁc value for δ̄ could be said to be ”correct”, one can perform a simple robustness check by considering how well the optimal solution from case i performs when evaluated
with respect to the objective function from case j. Fig. 6 shows values of the comparative
expression:
Obj(Si , Σj )
Ratio =
(11)
Obj(Sj , Σj )
In Fig. 6, the values on the diagonal (i = j) are by deﬁnition equal to one, and the others (i = j)
indicate a ”cross-performance ratio” larger than one. Not surprisingly, most values in Fig. 6 are
close to one. For instance, it could be argued that the optimal solution S(δ̄ = 500) is attractive
since it performs well for all covariance models (1.53 for the uncorrelated case and ≤ 1.05 for
the other cases). On the other hand, the sensor conﬁguration for the uncorrelated case does not
perform well when it is evaluated using the correlated covariance matrices (ratios ≥ 5).
Besides the FIM and the IEI, the condition number of the matrix SΦ has an interest in
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Optimal sensor location

Figure 6: Normalized evaluation of objective functions for different optimal sensor locations (Eq. 11).

applications such as force identiﬁcation from acceleration data, which is one of the aspirations
of this SHM project. Speciﬁcally, the matrix rank of SΦ plays an important role [5], since
this matrix designates the direct inﬂuence from the modal loads on acceleration measurements.
Generally, it is desired that this matrix has a low condition number, as high condition numbers
could lead to numerical rank loss or ill-conditioned pseudo-inversion. Here, it is found that
cond(SΦ) ≈ 5.5 ± 0.5 for all six cases, which is low and thus very acceptable.
Also the modal assurance criterion (MAC) is a common metric in optimal sensor placement
studies [13, 16, 18, 19]. The MAC between mode φi and φj is deﬁned as follows:
MACij =

|(Sφi )T (Sφj )|2
,
(Sφi )T (Sφi )(Sφj )T (Sφj )

0 ≤ MACij ≤ 1

(12)

As this metric typically is used to distinguish a set of modes, it is desired to have MACij
close to zero when i = j. This is particularly important in system identiﬁcation for structures
with close natural frequencies so that that also mode shape information can be effectively utilized for mode matching with FE models. Fig. 7 shows the auto-MAC values for the optimal
conﬁguration S(δ̄ = 500). Although the MAC is not included in the OSP objective, it is reassuring that very low off-diagonal values generally are obtained, except for the single instance
MAC10,13 = 0.59.
4

SUMMARY

This paper has presented a case study of the OSP with application to the Hålogaland bridge,
a long-span suspension bridge. The optimal locations for 22 triaxial accelerometers were designed by maximizing the determinant of the FIM when considering 18 target vibration modes
from a FE model. The design was performed by testing several covariance models for the
prediction error with different correlation lengths. In this study, it is found the optimal sensor conﬁguration is not very sensitive to the correlation length parameter. This result could
be explained by the diversity of characteristic wavelengths in the target modes. In addition,
the optimal sensor conﬁgurations are found to have low condition numbers (of the mode shape
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Figure 7: Auto-MAC values for the optimal conﬁguration S(δ̄ = 500).

matrix), and generally low values for off-diagonal elements in the MAC matrix.
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COMPARISON OF ALTERNATIVE DYNAMIC VIBRATION
MITIGATION APPROACHES FOR WIND TURBINE TOWERS
K. A. Kapasakalis1, P.O.N. Bollano1, E. J. Sapountzakis1, and I. A. Antoniadis2


,QVWLWXWHRI6WUXFWXUDO$QDO\VLVDQG$QWLVHLVPLF5HVHDUFK6FKRRORI&LYLO(QJLQHHULQJ1DWLRQDO
7HFKQLFDO8QLYHUVLW\RI$WKHQV
=RJUDIRX&DPSXV*5$WKHQV*UHHFH
NRVWLVNDSDVDNDOLV#KRWPDLOFRPRUIHDEROODQR#KRWPDLOFRPFYVDSRXQ#FHQWUDOQWXDJU


'\QDPLFVDQG6WUXFWXUHV/DERUDWRU\6FKRRORI0HFKDQLFDO(QJLQHHULQJ1DWLRQDO7HFKQLFDO
8QLYHUVLW\RI$WKHQV
=RJUDIRX&DPSXV*5$WKHQV*UHHFH
DQWRJLDQ#FHQWUDOQWXDJU

Keywords::LQGWXUELQHV1HJDWLYHVWLIIQHVV9LEUDWLRQDEVRUSWLRQ.'DPSHUGDPSLQJ
Abstract.The application of vibration absorbers to Wind Turbine (WT) towers has the potential to significantly improve the damping of the tower and the nacelle dynamic response,
increasing thus the reliability of WTs. The Tuned Mass Damper (TMD) is considered as a
benchmark design option for vibration absorption in Wind Turbine towers. However, its effectiveness is limited by the requirement of large masses, in association with its installation location (top of the WT tower). For this reason, two alternative concepts are considered. First, the
nacelle is released from the Wind Turbine tower (nacelle isolation concept), using a low stiffness connection. This option is based on the seismic isolation concept of structures with the use
of seismic isolation bearings. Alternatively, a novel passive vibration absorption concept is
implemented, based on the KDamper concept. The KDamper is essentially based on the TMD,
including however an additional negative stiffness element. Instead of increasing the additional
mass, the vibration absorption capability of the KDamper can be increased by increasing the
value of the negative stiffness element. Thus, the KDamper always indicates better isolation
properties than a TMD damper with the same additional mass. In this paper, the performance
of these three vibration absorption concepts is examined for increasing the damping of Wind
Turbine towers and for the improvement of their dynamic response. Although all methods present a good behavior, the proposed vibration absorption systems present a significant increase
of the damping ratio with a minimal value of added mass at the top of the tower.
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1

INTRODUCTION

$VZLQGSRZHUFRQWLQXHVLWVUDSLGJURZWKZRUOGZLGHZLQGIDUPVKDYHDKLJKSUREDELOLW\WR
FRPSULVHDVLJQLILFDQWSRUWLRQRIWKHWRWDOSURGXFWLRQRIZLQGHQHUJ\DQGFDQHYHQEHFRPHD
KHIW\FRQWULEXWRUWRWKHWRWDOHOHFWULFLW\SURGXFWLRQLQVRPHFRXQWULHV 7KHKLJKTXDOLW\ZLQG
UHVRXUFHDQGWKH FORVHQHVVWR ORDGFHQWHUV PDNH ZLQGHQHUJ\ D IDVFLQDWLQJ SURSRVLWLRQ 7KH
:LQG7XUELQH :7 LVVXSSRUWHGE\DWRZHUWKDWFDQH[SHULHQFHH[WUHPHYLEUDWLRQVFDXVHGE\
ERWKWKHZLQGWXUELQHDQGWKHZLQGIRUFHVGXHWRLWVJHRPHWU\DQGJUHDWKHLJKW$QDFFXUDWH
DQDO\VLVRIWKHVWUXFWXUDOEHKDYLRURIWKHWRZHULVRIKLJKLPSRUWDQFHGXHWRLWVFRVWZKLFKFDQ
UHSUHVHQWURXJKO\RIWKHWRWDOFRVWRIWKHV\VWHP>@$ORWRIUHVHDUFKHUVKDYHEHHQVWXG\
LQJWKHXVHRIVWUXFWXUDOFRQWUROWRKHOSRYHUFRPHWKHZLQGLQGXFHGYLEUDWLRQVH[SHULHQFHGE\
:LQG7XUELQHWRZHUV>@±>@7KHSDVVLYHFRQWUROPHWKRGVDUHSODLQDQGWUXVWZRUWK\7KH\GR
QRWUHTXLUHDQH[WHUQDOIRUFHDUHHDV\WRLPSOHPHQWWRUHGXFHWKHVWUXFWXUDOYLEUDWLRQDQGDUH
ZLGHO\XVHGLQ:LQG7XUELQHWHFKQRORJ\IRUWKHLPSURYHPHQWRIWKHLUGDPSLQJ7KH\LQFRUSR
UDWHRQHRUPRUHGHYLFHVWRWKHPDLQVWUXFWXUHWRDEVRUERUWUDQVIHUSDUWRILWVHQHUJ\
7KHLQWHQWLRQZLWKWKHLQVWDOODWLRQRIVXFKGHYLFHVIRUWKHFRQWURORI:LQG7XUELQHWRZHUV
LVWKHPLWLJDWLRQRIWKHLUG\QDPLFUHVSRQVH EHFDXVHRIWKHIDFWWKDWWKHYLEUDWLRQVFDXVHGE\
DHURG\QDPLFORDGVDUHORQJVWDQGLQJDQGFDXVHIDWLJXHSUREOHPVWRWKHERG\RIWKHWRZHUDQG
WKHLUIRXQGDWLRQ
7KHLQVWDOODWLRQRIDUHVRQDQW GDPSHUOLNHD7XQHG0DVV 'DPSHU 70' LV WKHGDPSLQJ
FRQFHSWWKDWKDVREWDLQHGWKHPRVWFRQVLGHUDWLRQLQWKHOLWHUDWXUH$7XQHG0DVV'DPSHU 70' 
LVDFRQWUROGHYLFHWKDWFRQVLVWVRIDPDVVVSULQJGDVKSRWDWWDFKHGWRWKHVWUXFWXUHLQWHQGLQJWR
UHGXFHVWUXFWXUDOYLEUDWLRQUHVSRQVH>@>@7KH70'FRQFHSWZDVILUVWDSSOLHGE\ )UDKP
>@ $WKHRU\IRUWKH70'ZDVLQWURGXFHGLQWKHSDSHUE\ 2UPRQGUR\GDQG'HQ+DUWRJ
>@ $GHWDLOHGGLVFXVVLRQRIRSWLPDOWXQLQJDQGGDPSLQJSDUDPHWHUVDSSHDUVLQ 'HQ
+DUWRJ>@ 6LQFHWKHQDJUHDWQXPEHURIDSSOLFDWLRQVRIYDULRXVIRUPVRI70'VKDYH
EHHQUHSRUWHG6RPHQHZH[DPSOHVLQFOXGHYLEUDWLRQDEVRUSWLRQLQVHLVPLFRURWKHUIRUPVRI
H[FLWDWLRQ RI VWUXFWXUHV 'HEQDWK HW DO  >@  70'V DUH DYDLODEOH LQ YDULRXV SK\VLFDO
IRUPV LQFOXGLQJ VROLGV OLTXLGV RU DFWLYH LPSOHPHQWDWLRQV <RXQHVSRXU DQG *KDIIDU]DGHK
>@ 7KH$FWLYH7XQHG0DVV'DPSHU $70' LVDK\EULGGHYLFHFRPSULVLQJRIDSDV
VLYH70'VXSSOHPHQWHGE\DQDFWXDWRUSDUDOOHOWRWKHVSULQJDQGGDPSHU,WLVDZHOONQRZQ
FRQFHSWLQVWUXFWXUDOFRQWURODQGKDVGHPRQVWUDWHGHQKDQFHGGDPSLQJSHUIRUPDQFHFRPSDUHG
WRWKHSDVVLYH70'>@>@7KHGUDZEDFNRIVXFKGHVLJQVLVWKDWWKHLUSHUIRUPDQFHLVGL
UHFWO\GHSHQGHQWRQWKHDFFXUDF\RIWKHDFWXDWRU VRXWSXWZKLFKRYHUWLPHFDQKDYHDOWHUDWLRQV
LQLWVSHUIRUPDQFHE\IDOVHHVWLPDWLRQRIWKHGHVLUHGIXQFWLRQRIWKHYLEUDWLRQDEVRUSWLRQFRQFHSW
9DULRXVIRUPVRI'\QDPLF9LEUDWLRQ$EVRUEHUV '9$ KDYHEHHQXVHGVXFKDV7XQHG/LTXLG
&ROXPQ'DPSHU 7&/' RUD7XQHG0DVV'DPSHU 70' 6RPHRIWKHSLRQHHULQJZRUNUH
JDUGLQJDSSOLFDWLRQVLQZLQGWXUELQHVLQFOXGHWKHZRUNE\&ROZHOODQG%DVX>@LQZKLFKWKH
GDPSLQJHIIHFWRID7/&'LQVWDOOHGLQDQRIIVKRUHZLQGWXUELQHKDVEHHQH[DPLQHGE\DVVXPLQJ
FRUUHODWHGZLQGDQGZDYHORDGFRQGLWLRQV$GLIIHUHQWJHRPHWU\RIWKH70'LVWKHSHQGXOXP
GHYLFH>@7KHPDLQVWUXFWXUHH[FLWHVWKHGHYLFHDQGSDUWRILWVHQHUJ\LVWUDQVIHUUHGE\LWV
PRYHPHQWDQGWKHQLWLVGLVVLSDWHGE\WKHSHQGXOXPGDPSHU
,QRUGHUWREHSRWHQWDUHVRQDQWGDPSHUOLNHD70'VKRXOGEHLQVWDOOHGZKHUHWKHDEVROXWH
PRWLRQRIWKHWDUJHWHGYLEUDWLRQPRGHLVODUJHVWZKLFKLVDWWKHWRSRIWKHWRZHURULQVLGHWKH
QDFHOOH(IIHFWLYHGDPSLQJE\D70'LVFRUUHODWHGZLWKDODUJHGDPSHUPDVVZKLFKIRUPVD
PDMRUOLPLWDWLRQVLQFHDGGLWLRQDOPDVVLVXQGHVLUDEOHDWWKHWRSRIWKHZLQGWXUELQH
)RUWKLVUHDVRQWZRDOWHUQDWLYHYLEUDWLRQPLWLJDWLRQFRQFHSWVDUH H[DPLQHG LQ WKLV SDSHU
)LUVWWKHQDFHOOHLVUHOHDVHGIURPWKH:LQG7XUELQHWRZHU QDFHOOHLVRODWLRQFRQFHSW XVLQJD
ORZVWLIIQHVVFRQQHFWLRQ7KLVLVWKHPRVWZHOONQRZQSDWKWRHDUWKTXDNHUHVLVWDQFHGHVLJQVDV
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LWLVEDVHGRQWKHFRQFHSWRIUHGXFLQJWKHVHLVPLFGHPDQGLQVWHDGRILQFUHDVLQJWKHVWUXFWXUH¶V
UHVLVWDQWFDSDFLW\0RGHUQVHLVPLFLVRODWLRQV\VWHPV IRUVWUXFWXUHV JUDQW KRUL]RQWDOLVRODWLRQ
IURP WKHVHLVPLFHIIHFWV E\GHFRXSOLQJ WKHVWUXFWXUHIURPLWVIRXQGDWLRQ >@±>@$PRQJ
RWKHUVWKLVFRQFHSWKDVEHHQVKRZQWREHKDYHHIIHFWLYHO\LQEULGJHGHFNVVXSSRUWHGRQIOH[LEOH
SLHUV>@>@
$OWHUQDWLYHO\WKH.'DPSHUFRQFHSWSURSRVHGLQ$QWRQLDGLVHWDO>@LVVWXGLHG7KH
.'DPSHUH[WHQGVWKHFODVVLFDO7XQHG0DVV'DPSHUE\LQWHJUDWLQJDSSURSULDWHQHJDWLYHVWLII
QHVVHOHPHQWVUDWKHUWKDQLQFUHDVLQJWKHDGGLWLRQDOPDVVZKLFKHQKDQFHVWKHFDSDELOLW\RIWKH
.'DPSHURYHUFRPLQJWKHVHQVLWLYLW\SUREOHPVRI70'VDVWKHWXQLQJLVSULPDULO\FRQWUROOHG
E\WKHQHJDWLYHVWLIIQHVVHOHPHQW¶VSDUDPHWHUV$OWKRXJKWKH.'DPSHULQFRUSRUDWHVDQHJDWLYH
VWLIIQHVVHOHPHQWLWLV GUDIWHGWREHERWKVWDWLFDOO\DQGG\QDPLFDOO\VWDEOH 7KH.'DPSHULV
H[DPLQHGIRUWKHSURWHFWLRQRIEULGJHVWUXFWXUHV>@±>@:LQG7XUELQHV>@>@DQGVWUXF
WXUDO V\VWHPV >@ >@ ,Q DGGLWLRQ WKH .'DPSHU LV LPSOHPHQWHG DV DQ $EVRUSWLRQ %DVH
.'$% LQWKHEDVHVRIVWUXFWXUHV>@±>@
6HFWLRQRIWKHSDSHUGHPRQVWUDWHVWKHPHWKRGRORJ\DQGWKHPRGHOLQJSURFHGXUHIRUWKH
WKUHHDSSURDFKHV6HFWLRQSUHVHQWVWKHPHWKRGRIWKHRSWLPDOVHOHFWLRQRIWKHSDUDPHWHUVRI
WKHWKUHHDSSURDFKHV6HFWLRQSUHVHQWV DFRPSDULVRQRIWKHDSSURDFKHVZLWKUHVSHFWWRWKH
LPSURYHPHQWRIWKHG\QDPLFSHUIRUPDQFHRIWKH:LQG7XUELQH7RZHUDQGRIWKHQDFHOOH
2

METHODOLOGY AND MODELING

7KHFRQWHPSRUDU\GHVLJQRIZLQGWXUELQHVUHTXLUHVSRZHUUDWHVRIPRUHWKDQ0:ZKLFK
FDQEHDFFRPSOLVKHGE\ZLGHUURWRUV GLDPHWHUVRIPRUHWKDQP IRUWKDWUHDVRQDSURSRU
WLRQDWHLQFUHDVHRIWKHWRZHUKHLJKWLVUHTXLUHG+RZHYHUWKLVKHLJKWLQFUHDVHKDVLPPHGLDWH
HIIHFWVRQWKHVWUXFWXUDOEHKDYLRURIWKHZLQGWXUELQHEHFDXVHRIWKHDXJPHQWHGZLQGSUHVVXUH
DUHDDQGWKHVOHQGHUQHVVRIWKHWRZHU0RUHRYHUFRQVLGHULQJWKDWERWKWKHWRZHUDQGWKHIRXQ
GDWLRQDUHYLWDOFRPSRQHQWVRIWKHZLQGWXUELQHUHDFKLQJDUDWKHUODUJHSHUFHQWDJHRIWKHRYHUDOO
WXUELQH EXGJHW RYHU  LQFOXGLQJ WKH LQVWDOODWLRQ FRVW  >@ >@ WKH LPSURYHPHQW RI WKH
G\QDPLFUHVSRQVHRIWKHZLQGWXUELQHWRZHULVRIKLJKLPSRUWDQFH,QWKLVZRUNDVWHHOWRZHU
RIPKHLJKWWKDWVXSSRUWVWKH15(/EDVHOLQH0:QDFHOOHDQGURWRULVXVHG7KHNH\
SURSHUWLHVRIWKHZLQGWXUELQHDQGWKHVWHHOWRZHUDUHOLVWHGLQ7DEOHDQG7DEOHUHVSHFWLYHO\
Property
Rating
Rotor diameter
Hub diameter
Cut-in wind speed
Rated wind speed
Cut-out wind speed
Cut-in rotor speed
Rated rotor speed
Nacelle mass
Rotor mass
Blade material
Blade length
Blade mass
Blade CM (from blade root)
Blade damping ratio (all modes)

Value
0:
P
P
PVHF
PVHF
PVHF
USP
USP
NJ
NJ
*ODVVILEUH
P
NJ
P


7DEOH.H\SURSHUWLHVRI15(/EDVHOLQH0:ZLQGWXUELQH
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Property
Height
Base diameter
Base steel thickness
Top diameter
Top steel thickness
Young’s modulus
Steel density
Total mass
Location of CM (above base)
Tower damping ratio (all modes)

Value
P
P
P
P
P
*3D
NJP
NJ
P


7DEOH.H\SURSHUWLHVRIWKHFRQVLGHUHGVWHHOWRZHU

2.1 Vibration mitigation concepts considered
)LJGLVSOD\VWKHG\QDPLFYLEUDWLRQDEVRUEHUGHVLJQRSWLRQVWKDWZLOOEHDQDO\]HGLQWKLV
SDSHU 7KH ILUVW YLEUDWLRQ DEVRUSWLRQ FRQFHSW LV EDVHG RQ WKH FODVVLFDO WXQHG PDVV GDPSHU
70' )LJXUHLSUHVHQWVWKHVFKHPDWLFLPDJHRIWKH70'FRQFHSW$QDGGLWLRQDOPDVVLV
DWWDFKHGWRWKHWRSRIWKHZLQGWXUELQHWRZHURULQVLGHWKHQDFHOOH XVLQJDSRVLWLYHVWLIIQHVV
HOHPHQWDQGDOLQHDUGDPSHU7KHPDLQGLVDGYDQWDJHLVWKHQHHGIRUDODUJHDGGLWLRQDOPDVVLQ
RUGHUIRU70'WRDWWDLQHIIHFWLYHGDPSLQJ)LJXUHLLSUHVHQWVWKHQDFHOOHLVRODWLRQYLEUDWLRQ
DEVRUSWLRQFRQFHSWZKHUHWKHPDVVWKDWFRUUHODWHVWRWKHPHFKDQLFDOSDUWV QDFHOOHURWRUDQG
EODGHV LV XVHGDVDQDGGLWLRQDOPDVVRID70' 7KHDGGLWLRQDOPDVVLVQR PRUH FRQQHFWHG
ULJLGO\WRWKHVWHHOWRZHUEXWLVDFFRPSOLVKHGZLWKDVWLIIQHVVFRQQHFWLRQDQGDOLQHDUGDPSHU
DVLQWKHFDVHRIWKHFODVVLFDO70'FRQFHSWV)LJXUHLLLSUHVHQWVWKHUHDOL]DWLRQRIWKH.'DPSHU
FRQFHSW>@LQDZLQGWXUELQHWRZHU$JDLQDVLQWKHQDFHOOHLVRODWLRQFRQFHSWWKHDGGLWLRQDO
PDVVRIWKHQDFHOOHURWRUDQGEODGHVLVQRORQJHUULJLGO\DWWDFKHGWRWKHZLQGWXUELQHWRZHUEXW
WKURXJKWKHLQWHUIHUHQFHRID.'DPSHUGHYLFH7KLVWLPHWKHDGGLWLRQDOPDVVRIWKHYLEUDWLRQ
DEVRUSWLRQFRQFHSWLVFRQQHFWHGZLWKWKHPDVVWKDWFRUUHVSRQGVWRWKHQDFHOOHURWRUDQGEODGHV
ZLWKDSRVLWLYHVWLIIQHVVHOHPHQWDQGDOLQHDUGDPSHUDQGZLWKWKHWRSRIWKHZLQGWXUELQHWRZHU
ZLWKDQHJDWLYHVWLIIQHVVHOHPHQW

L

LL 

LLL 

)LJ6FKHPDWLFUHSUHVHQWDWLRQRIWKHFRQVLGHUHGYLEUDWLRQDEVRUSWLRQFRQFHSWV L 70'FRQFHSW LL 1D
FHOOHLVRODWLRQFRQFHSWDQG LLL .'DPSHUFRQFHSW
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2.2 Dynamic model of the wind turbine
$ZLQGWXUELQHWRZHU 7DEOH RIYDULDEOHWXEXODUFURVVVHFWLRQVXSSRUWLQJWKH15(/EDVH
OLQH0:QDFHOOHDQGURWRU>@LVH[DPLQHG,QRUGHUWRFRQVLGHUWKHLQHUWLDOIRUFHVDSSOLHG
E\WKHPHFKDQLFDOSDUWV QDFHOOHURWRUDQGEODGHV DQDGGLWLRQDOPDVVFRQFHQWUDWHGDWWKHWRS
mtop WQ>@LVDGGHGDWWKHWRSRIWKHWRZHU
7KHHTXDWLRQVRIPRWLRQRIWKHZLQGWXUELQHLQFOXGLQJWKHUHVSHFWLYHYLEUDWLRQPLWLJDWLRQ
FRQFHSWWREHFRQVLGHUHGDUHREWDLQHGE\DQDO\]LQJWKHHTXLOLEULXPRIIRUFHVDWWKHORFDWLRQRI
HDFKGHJUHHRIIUHHGRPDVIROORZV

>M S @

^` ^` ^`




xS  >CS @ xS  > K S @ xS

> P@



:KHUH>MS@>CS@DQG>KS@DUHWKHPDVVGDPSLQJDQGVWLIIQHVVPDWULFHVRIWKHFRQWUROOHG
ZLQGWXUELQHWRZHUUHVSHFWLYHO\RIRUGHU N+n x N+n +HUHNVXJJHVWVWKHGHJUHHVRIIUHH
GRP 'R) IRUWKHZLQGWXUELQHWRZHUDQGn LQGLFDWHVWKH'R)RIHDFKRIWKHYLEUDWLRQLVRODWLRQ
RSWLRQVWREHFRQVLGHUHG,QWKLVSDSHUWKHGHJUHHVRIIUHHGRPIRUWKHZLQGWXUELQHWRZHU LV
N 7KHPDVVPDWUL[LVRIRUGHU N+n x N+n DVIROORZV
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:KHUH>MN@NxNLVWKHPDVVPDWUL[RIWKHXQFRQWUROOHGZLQGWXUELQHWRZHUDQG>Mn@nxnLQGL
FDWHVWKHPDVVPDWUL[RIWKHYLEUDWLRQLVRODWLRQFRQFHSW7KHFRQGHQVHGVWLIIQHVVPDWUL[>KN@NxN
RIWKHXQFRQWUROOHGZLQGWXUELQHWRZHULVFRUUHODWLQJWRWKHVZD\GHJUHHVRIIUHHGRPWDNHQDV
WKHG\QDPLF'R)7KHGDPSLQJPDWUL[>CN@NxNLVQRWSUHFLVHO\NQRZQEXWLVREWDLQHGZLWKWKH
KHOSRIWKH5D\OHLJK¶VDSSURDFKXVLQJWKHVDPHGDPSLQJUDWLRLQDOOPRGHV7KHVWLIIQHVV
PDWUL[>KN@NxNDQGWKHGDPSLQJPDWUL[>CN@NxNDUHH[SUHVVHGLQDJUHHPHQWWRWKHGHJUHHVRI
IUHHGRPDVVRFLDWHGZLWKWKHUHVSHFWLYHYLEUDWLRQLVRODWLRQV\VWHPWREHFRQVLGHUHG
7KHVWLIIQHVVDQGGDPSLQJPDWUL[RIWKHFRQWUROOHGV\VWHPDUHIRUPHGDVIROORZV
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7KHFRXSOHGGLIIHUHQWLDOHTXDWLRQVRIPRWLRQ (T IRUWKHLVRODWHGZLQGWXUELQH
WRZHUDUHWKXVGHULYHGDQGVROYHGXVLQJ1HZPDUN¶VLQWHJUDWLRQPHWKRG
7KHZLQGWXUELQHWRZHULVPRGHOHGDVD*HQHUDOL]HG6LQJOH'HJUHHRI)UHHGRP6\VWHPZLWK
DVKDSHIXQFWLRQEDVHGRQWKHILUVWPRGDOHLJHQIRUPRIWKHQRQLVRODWHGZLQGWXUELQHWRZHU
7KHDGGLWLRQDOFRQFHQWUDWHGPDVVRIWQLVSODFHGWRJHWKHUZLWKWKHWRZHU¶VPDVV݉ 
7KHUHIRUHWKHV\VWHP VSDUDPHWHUVDUHmB = WQ, kB = N1P, cB = N1 VP$G
GLWLRQDODVVXPSWLRQVPDGHIRUWKHGHWDLOHGIRUPXODWLRQDUH L WKHZLQGWXUELQHWRZHULVFRQ
VLGHUHGWRUHPDLQZLWKLQWKHHODVWLFOLPLWXQGHUWKHDHURG\QDPLFORDGVDQG LL WKHHIIHFWVRI
VRLOVWUXFWXUHLQWHUDFWLRQ 66, DUHQRWWDNHQLQWRDFFRXQW
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2.3 Aerodynamic load
7KHORDGLQJGXHWRWKHZLQGLVWDNHQLQWRFRQVLGHUDWLRQDVIROORZV7KHWRZHULVGHHPHGWR
EHVXEMHFWHGWRWKHKRUL]RQWDOIRUFH ܨN (t)GXHWRWKHZLQGDWLWVWRS0RUHRYHUWKHKRUL]RQWDO
IRUFHFNr (r, t)DFWLQJDVDSRVLWLRQrDORQJWKHZLQGWXUELQHEODGHFDQEHDFTXLUHGE\WKHIRO
ORZLQJUHODWLRQ>@

FNr U W


Uair CN r cbl r V t






:KHUHρair = [WQPLVWKHDLUGHQVLW\DQGCN r LVWKHFRHIILFLHQWFDOFXODWHGE\
WKHFRUUHVSRQGLQJOLIWCL r DQGGUDJCD r FRHIILFLHQWV7KHYDOXHVRIWKHODWWHUFRHIILFLHQWV
GHSHQGRQWKHDLUIRLOFKDUDFWHULVWLFVRIWKHEODGHVDQGWKHLUGLVWULEXWLRQZLWKFRQVLGHUDWLRQWR
WKH³DQJOHRIDWWDFN´RIWKHZLQGYHORFLW\ܸ(t)YHFWRUSDVVLQJWKURXJKWKHEODGHSURILOHFDQEH
UHWULHYHGIURP,WLVQRWHGWKDWܸ(t)LVSUHVXPHGWRKDYHDXQLIRUPVSDWLDOGLVWULEXWLRQRYHUWKH
DFWXDWRUGLVFcbl r β r LVWKHFKRUGDQGWKHSLWFKDQJOHRIWKHEODGHSURILOHIOXFWXDWLQJDORQJ
WKHEODGHOHQJWKrWKHGLVWULEXWLRQVRIZKLFKDUHDFTXLUHGDFFRUGLQJWRWKHEODGHW\SHHPSOR\HG
WRHTXLSWKHWXUELQHCN r LVJLYHQDV

CN U

CL r FRV M U  CD r VLQ M r



:KHUHφ r LVWKHZLQGIORZDQJOH>@,QRUGHUWRFDOFXODWHφ r DQGFRQVHTXHQWO\CN r 
WKHEODGHHOHPHQWPRPHQWXPWKHRU\LQFRUSRUDWLQJ3UDQGWO¶VWLSORVVIDFWRUDQG*ODXHUW¶VFRU
UHFWLRQ>@LVXWLOL]HGZLWKDK\SRWKHVLVRIFRQVWDQWDQJXODUYHORFLW\RIWKHEODGHVΩbl6XEVH
TXHQWO\EUHDNLQJܸ(t)GRZQLQWRDPHDQFRPSRQHQWVPDQGDIOXFWXDWLQJFRPSRQHQWV t WKH
FRUUHVSRQGLQJPHDQDQGIOXFWXDWLQJFRPSRQHQWVRIFNr (r, t)FDQEHREWDLQHGDV

FNm
FN r  t


Uair CN r cbl r Vm



Uair CN r cbl r VmV t  V t







,QWKLVZRUNWKHPHDQYHORFLW\LVJDLQHGE\XVLQJDEDVLFYHORFLW\DWDQDOWLWXGHRIPVE
DQGDSSO\LQJWKHFRUUHVSRQGLQJUHJXODWLRQVRI(&3DUW>@0RUHRYHULQRUGHUWRWDNH
LQWRFRQVLGHUDWLRQWKHZLQGYHORFLW\IOXFWXDWLRQDWWKHDOWLWXGHRIlWDQDUWLILFLDOYHORFLW\WLPH
KLVWRU\LVSURGXFHGDSSO\LQJWKHSURFHGXUHVSUHVHQWHGLQ5HIHUHQFHV>@±>@DVVXPLQJDYDOXH
RIVWDQGDUGGHYLDWLRQσ$IWHUKDYLQJHVWDEOLVKHGFNr rt WKHWRWDOFRQFHQWUDWHGIRUFHH[HUWHG
RQWKHWRSRIWKHWRZHUFDQEHFRPSXWHGDV

FN t

rbl BB

³ F N r t dr




%HVLGHVWKHFRQFHQWUDWHGIRUFHDSSOLHGRQWKHWRSRIWKHWRZHUEHFDXVHRIWKHRSHUDWLRQRI
WKHWXUELQHWKHGLVWULEXWHGORDGLQJDORQJWKHWRZHUKHLJKWLVQRWWDNHQLQWRDFFRXQWGXHWRWKH
IDFWWKDWLWKDVDPLQLPDOLQIOXHQFHRQWKHG\QDPLFUHVSRQVHRIWKHWRZHU7KHEDVLFZLQGYH
ORFLW\ WKDWLV HPSOR\HG KDV HTXLYDOHQWVWDQGDUG GHYLDWLRQVVE  PV ZLWK σ  PV
VP   PV 7KHURWRULVSUHVXPHGWRGHYHORSDFRQVWDQWDQJXODUYHORFLW\Ωbl 
USPZKLOHDOOWKHQHFHVVDU\EODGHSURILOHFKDUDFWHULVWLFVDUHUHWULHYHGIURP5HIHUHQFHV>@DQG
>@ )LJ L 
$OVR D GLIIHUHQW W\SH RI ORDG )LJ  LL  LV HPSOR\HG IRU WKH VLPXODWLRQ DV GHVFULEHG LQ
6KNDUDHWDO>@VRWKDWDSURSHUWLPHKLVWRU\RIWKHDHURG\QDPLFORDGVLQGXFHGWRWKHWRZHULV
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REWDLQHGWKDWDFFXUDWHO\ GHSLFWVWKHDOWHUDWLRQV RIWKHDHURG\QDPLFORDGLQ UHODWLRQ ZLWK WKH
PRWLRQRIWKHZLQGWXUELQHEODGHV7KHEDVLFZLQGYHORFLW\WKDWLVDIRUHPHQWLRQHGLVVWLOOHP
SOR\HGLQDFFRUGDQFHZLWKWKHUHVSRQVHGHVFULEHGLQ>@7KHILJXUHUHSUHVHQWVWKHWLPHKLVWRU\
RIWKHORDGIRUWHQVHFRQGVEXWWKHVLPXODWLRQLVSHUIRUPHGIRUDKXQGUHGVHFRQGV
7KHWRWDOIRUFH ܨN (t)DSSOLHGDWWKHWRSRIWKHZLQGWXUELQHWRZHULVDQLQVWDQWDQHRXVO\LP
SRVHGORDGWKDWLVVORZO\FKDQJLQJRYHUWLPH7KHUHIRUHIRUHDFKFDVHVHSDUDWHO\LQRUGHUWR
SURSHUO\FDOFXODWHWKHPD[LPXPSHUPDQHQW GLVSODFHPHQWRIWKHRVFLOODWLRQRIWKHWRZHUWKH
ILUVWYDOXHRIWKHWRWDOIRUFH ܨN (t) LVGHGXFWHGIURPDOOWKHYDOXHVRIWKHWRWDOIRUFHVRWKDWWKH
IDWLJXHVLPXODWLRQLVFRQGXFWHGZLWKRXWWKHLQVWDQWDQHRXVLPSRVLQJRIWKHORDGLQWHUIHULQJZLWK
WKHUHVSRQVHRIWKHWRZHU

L

LL 

)LJ7KHWZRGLIIHUHQWW\SHVRIORDGV L $HURG\QDPLFORDGEDVHGRQ(&>@ LL $HURG\QDPLFORDG
EDVHGRQ6KNDUDHWDO>@

3

OPTIMIZATION OF THE VIBRATION MITIGATION CONCEPTS

3.1 Harmony search algorithm and optimization process
,QWKLVVHFWLRQWKH+6PHWDKHXULVWLFDOJRULWKPLVVKRUWO\GHVFULEHGDQGLVDOVRSUHVHQWHGZLWK
DFRPSUHKHQVLYHH[DPSOHRIWKHUHFRPPHQGHGRSWLPL]DWLRQSURFHGXUH7KHIRXUNH\VWHSVRI
WKHDOJRULWKPDUHSUHVHQWHGEHORZ
6WHS,QLWLDOL]DWLRQRIWKH+60HPRU\PDWUL[ +0 +0PDWUL[FRQVLVWVRIYHFWRUVUHSUH
VHQWLQJSRWHQWLDOVROXWLRQVWRWKHH[DPLQHGRSWLPL]DWLRQSUREOHP7KHRULJLQDO+0PDWUL[LV
IRUPHGXVLQJUDQGRPO\JHQHUDWHGUHVXOWV)RUDQQGLPHQVLRQSUREOHP+0KDVWKHIRUP

HM

ª
º
x  x  xn
«
»



x  x  xn
«
»
«
»

«
»

«
»
«
»

« HMS HMS
»
HMS
¬« x  x  xn ¼»

 

ZKHUH>x11, x12,…, x1n@ i=1, 2,…, HMS LVDUHVXOWFDQGLGDWH+06LVJHQHUDOO\VHWWRYDOXHV
EHWZHHQDQG7KHYDOXHRIWKHREMHFWLYHIXQFWLRQLVGHWHUPLQHGIRUHYHU\VROXWLRQYHFWRU
RIWKH+0PDWUL[
6WHS,PSURYLVDWLRQRID>x’1, x’1,…, x’1@QHZUHVXOWIURPWKH+0(DFKRQHRIWKHFRPSR
QHQWV RI WKLV QHZ UHVXOW x’j LV JDLQHG EDVHG RQ WKH +DUPRQ\ 0HPRU\ &RQVLGHULQJ 5DWH
+0&5 ZKLFKLVGHVFULEHGDVWKHSUREDELOLW\RIVHOHFWLQJDFRPSRQHQWIURPWKH+0PHPEHUV
±+0&5LVWKXVWKHSUREDELOLW\RIFUHDWLQJDQHZFRPSRQHQWDWUDQGRP,Ix’jLVHOHFWHGIURP
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WKH +0 PDWUL[ LW LV IXUWKHU DOWHUHG DFFRUGLQJ WR WKH 3LWFKLQJ $GMXVWLQJ 5DWH 3$5  ZKLFK
UHJXODWHVWKHSUREDELOLW\RIDFDQGLGDWHIURPWKH+0WREHDOWHUHG
6WHS 8SGDWHRIWKH +0PDWUL[ 7KHYDOXHRI WKHREMHFWLYHIXQFWLRQRIWKHQHZ UHVXOW
JDLQHG LQ 6WHS  LV GHWHUPLQHG DQG PHDVXUHG WR WKH RQHV WKDW FRUUHODWH WR WKH RULJLQDO +0
PDWUL[YHFWRUV,IWKHRXWFRPHLVDEHWWHUILWQHVVWKDQWKDWRIWKHZRUVWPHPEHULQWKH+0LW
ZLOOWDNHRYHUWKDWRQH,IWKHUHLVPRUHWKDQRQHPHPEHULQWKH+0ZLWKELJJHUYDOXHVRIWKH
REMHFWLYHIXQFWLRQWKDWWKHQHZVROXWLRQWKHUHVXOWZLWKWKHKLJKHUYDOXHLVUHSODFHG2WKHUZLVH
WKHQHZVROXWLRQLVHUDVHGDQGWKH+0PDWUL[UHPDLQVXQWRXFKHG
6WHS5HSHWLWLRQRI6WHSVDQGXQWLODSUHVHWWHUPLQDWLRQEHQFKPDUNLVVDWLVILHG$IUH
TXHQWO\XVHGWHUPLQDWLRQEHQFKPDUNLVWKHPD[LPXPQXPEHURIWRWDOLWHUDWLRQV
7KHIORZFKDUWRIWKHVXJJHVWHG+6DOJRULWKPLVVKRZQLQ)LJ

)LJ)ORZFKDUWRIWKHSURSRVHG+6DOJRULWKP

3.2 Vibration mitigation concepts optimization process
6XFFHHGLQJWKHPHWKRGDQGIORZFKDUWSUHVHQWHGDERYHWKHIHDWXUHVRIWKHLQVSHFWHGRSWLPL
]DWLRQSUREOHPVFDQEHFDOFXODWHG
)LUVWRIDOOWKHSDUDPHWHUVDUHVHOHFWHGZKRVHYDOXHVVKDOOEHRSWLPL]HGIRUHDFKFRQFHSW
7KH.'DPSHUFRQFHSWKDVILYHSDUDPHWHUVWKDWFRQWUROWKHGHYLFH¶VSHUIRUPDQFHDQGWKRVHDUH
kR. kD, kN, cN, cp7KHDGGLWLRQDOPDVVUDWLRRIWKH.'DPSHUGHYLFHLVVHOHFWHGHTXDOWR7KH
70'FRQFHSWKDVDVLQJOHSDUDPHWHUζDVLQFHWKHPDVVUDWLRLVVHOHFWHGHTXDOWRDQGkDLV
VHOHFWHGVRWKDW WKHQDWXUDO SHULRGTRIWKH70'LV HTXDO WR WKDWRIWKHWRZHUPRGHOHG DVD
*HQHUDOL]HG6'2)7KH70'1DFHOOHFRQFHSWKDVWZRSDUDPHWHUVWKDWFRQWUROWKHGHYLFH¶V
SHUIRUPDQFHkDDQGζD)XUWKHUPRUHWKHUHVWUDLQVRIWKHGHVLJQYDULDEOHVDUHGHFLGHG7KHLU
FKRLFHUHOLHVRQVDIHW\VWDELOLW\DQGPDQXIDFWXULQJSDUDPHWHUVWKDWQHHGWREHFRQVLGHUHG$OW
KRXJKWKHVHSDUDPHWHUV PD\DOWHU IURP VWUXFWXUHWR VWUXFWXUH WKHUHVWUDLQWV SUHVHQWHGEHORZ
SURGXFHVDWLVI\LQJUHVXOWVLQPRVWFDVHV
݇ோ 
PLQ

PD[ 

݇ .'DPSHU 



݇ே 

ܿே 

ܿ 

ߞ 70' 

 


 
7DEOH9DULDEOHGHVLJQOLPLWV
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$VIDUDVWKHSDUDPHWHUVLQKHUHQWO\LQYROYHGLQWKH+6DOJRULWKPDUHFRQFHUQHGDFRPPRQ
SUDFWLFHLVWRDGRSWFRPPRQO\IRXQGYDOXHVIRXQGLQUHODWLYHOLWHUDWXUH 7DEOH 7KHVDPHLV
WUXHIRUWKHWHUPLQDWLRQFULWHULRQDVWKHPD[LPXPQXPEHURIUHSHWLWLRQVLVSUHGHWHUPLQHG
+06


+0&5


3$5


7DEOH9DOXHVRIWKH+6DOJRULWKPSDUDPHWHUV

:LWKWKHLQWHQWLRQRIILQGLQJWKHRSWLPXPVROXWLRQIRUWKH(&>@DHURG\QDPLFORDGWKH
WRSRIWKHWRZHU¶VGLVSODFHPHQWLVGHWHUPLQHGDVWKHREMHFWLYHIXQFWLRQWKDWQHHGVWREHPLQL
PL]HGLQHDFKFDVH
)LQDOO\WKHFRQVWUDLQWVDQGOLPLWDWLRQVRIWKHLQVSHFWHGRSWLPL]DWLRQSUREOHPDUHVSHFLILHG
6SHFLILFDOO\IRUWKH.'DPSHUFRQFHSWWKHUHDUHWKUHHFRQVWUDLQWVWKHILUVWRQHGHPDQGLQJWKDW
WKHUHODWLYHGLVSODFHPHQWRIWKHDGGLWLRQDOPDVVRIWKH.'DPSHUEHORZHUWKDQmWKHVHFRQG
RQHGHPDQGLQJWKDWWKHDEVROXWHYHORFLW\RIWKHQDFHOOHPXVWEHORZHUWKDQm/secDQGWKHWKLUG
RQHGHPDQGLQJWKDWWKHUHODWLYHGLVSODFHPHQWRIWKHQDFHOOHWRWKHWRSRIWKHWRZHUEHORZHU
WKDQm7KHODVWWZRFRQVWUDLQWVDOVRDSSO\WRWKHRWKHUWZRFRQFHSWV
4

COMPARISON OF THE PROPOSED CONCEPTS

7KHGHVLJQFULWHULRQRIWKH7XQHG0DVV'DPSHUDQG.'DPSHUYLEUDWLRQDEVRUSWLRQFRQFHSWV
LVWKHLUPDVVUDWLRZKLFKFRUUHVSRQGVWRWKHDGGLWLRQDOPDVVDGGHGWRWKHV\VWHPDQGIRUWKH
QDFHOOHLVRODWLRQFRQFHSWLVWKDWWKHPD[LPXPUHODWLYHGLVSODFHPHQWEHWZHHQWKHQDFHOOHDQG
WKHWRZHUPXVWEHXQGHUP7KHPDVVUDWLRRIWKH70'LVVHOHFWHG DVDPD[LPXP
YDOXHIRUFRQVWUXFWLRQDOUHDVRQV WKHPDVVUDWLRRIWKH.'DPSHUDQGWKHUHODWLYHGLVSODFH
PHQWEHWZHHQWKHQDFHOOHDQGWKHWRZHUIRUWKHQDFHOOHLVRODWLRQFRQFHSWLVm7KHH[DFW
YDOXHVGHULYHG IURP WKH RSWLPL]DWLRQSURFHVV IRUHDFKRIWKHHPSOR\HGYLEUDWLRQDEVRUSWLRQ
FRQFHSWVDUHWKHIROORZLQJ L .'DPSHUkR = kN/m, kD = kN/m, kN kN/m,
cN kNs/m, cp kNs/m LL 70' ζD  LLL 70'1DFHOOHkD kN/m, ζD 

,Q7DEOH DQG7DEOH  DUHWKH UHVXOWV PD[LPXP YDOXHV RIWKH FRQWUROOHGZLQGWXUELQH
FRQFHUQLQJWKHG\QDPLFSHUIRUPDQFHRIWKHZLQGWXUELQHWRZHUIRUERWKORDGFDVHV,Q7DEOH
DUHWKHUHVXOWV PHDQYDOXHV RIWKHHQHUJ\GLVVLSDWHGE\WKHGDPSHUVRIHDFKRIWKHSURSRVHG
FRQFHSWV
,QLWLDO
.'DPSHU
70'
70'1DFHOOH

8DEVWRS P 





9DEVQDFHOOH PV 





7DEOH0D[LPXPYDOXHVRIWKHFRQWUROOHGZLQGWXUELQH¶VWRZHUG\QDPLFSHUIRUPDQFHIRU$HURG\QDPLF
ORDG

,QLWLDO
.'DPSHU
70'
70'1DFHOOH

8DEVWRS P 





9DEVQDFHOOH PV 
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7DEOH0D[LPXPYDOXHVRIWKHFRQWUROOHGZLQGWXUELQH¶VWRZHUG\QDPLFSHUIRUPDQFHIRU$HURG\QDPLF
ORDG

:G N: 
.'DPSHU
70'
70'1DFHOOH

$HURG\QDPLFORDG




$HURG\QDPLFORDG




7DEOH0HDQYDOXHRIWKHHQHUJ\GLVVLSDWHGSHUF\FOHE\WKHSURSRVHGYLEUDWLRQDEVRUSWLRQFRQFHSWVIRU
HDFKDHURG\QDPLFORDG

,Q WKH IROORZLQJ ILJXUHV )LJ )LJ )LJ )LJ   DUH GHSLFWHG WKH WLPHKLVWRULHV RI WKH
WRZHUWRSGLVSODFHPHQWDQGWKHQDFHOOH¶VYHORFLW\IRUERWKWKHDHURG\QDPLFORDGVDQGIRUDOOWKH
YLEUDWLRQ DEVRUSWLRQ FRQFHSWV VR WKDW D PRUH LPPHGLDWH DQG FOHDU FRPSDULVRQ FDQ EH PDGH
EHWZHHQWKHSURSRVHG FRQFHSWV$OVRLQ )LJ  DQG )LJ  WKH GLVVLSDWHG HQHUJ\WKURXJK WKH
RVFLOODWLRQGXUDWLRQLVGHSLFWHGVRWKDWDFOHDUSLFWXUHFDQEHREWDLQHGRQZKHWKHUWKLVHQHUJ\
FDQEHH[SORLWHG

)LJ7LPHKLVWRU\RIWRZHUWRSGLVSODFHPHQWIRUDHURG\QDPLFORDG
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)LJ7LPHKLVWRU\RIWRZHUWRSGLVSODFHPHQWIRUDHURG\QDPLFORDG

)LJ7LPHKLVWRU\RIQDFHOOH¶VDEVROXWHYHORFLW\IRUDHURG\QDPLFORDG
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)LJ7LPHKLVWRU\RIQDFHOOH¶VDEVROXWHYHORFLW\IRUDHURG\QDPLFORDG

)LJ(QHUJ\GLVVLSDWLRQIRU$HURG\QDPLFORDG

)LJ(QHUJ\GLVVLSDWLRQIRU$HURG\QDPLFORDG
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5

CONCLUSIONS

,QWKLVSDSHUWKUHHG\QDPLFYLEUDWLRQDEVRUEHURSWLRQVDUHH[DPLQHGIRULPSURYLQJWKHZLQG
WXUELQH¶VG\QDPLFEHKDYLRUZKLOHDOVRVDWLVI\LQJVRPHFHUWDLQFRQVWUDLQWVWKH70'.'DPSHU
DQG1DFHOOHLVRODWLRQFRQFHSWV$ZLQGWXUELQHRI0:VXSSRUWHGE\DVWHHOWRZHURIP
ZDVDQDO\]HGXQGHUWZRGLIIHUHQWKRUL]RQWDODHURG\QDPLFORDGVGXHWRWKHZLQG%DVHGRQWKH
G\QDPLFDQDO\VLVDQGWKHUHVXOWVFROOHFWHGWKHIROORZLQJFRQFOXVLYHREVHUYDWLRQVFDQEHPDGH
x &RQFHUQLQJWKHG\QDPLFEHKDYLRURIWKHZLQGWXUELQHWRZHUWKHQDFHOOHLVRODWLRQFRQFHSW
\LHOGHGWKHEHVWUHVXOWVDORQJZLWKWKH.'DPSHUFRQFHSWZLWKZKLFKWKHGLIIHUHQFHVDUH
PLQLPDOIROORZHGE\WKH70'FRQFHSW
x &RQFHUQLQJWKHQDFHOOH¶VYHORFLW\DOOWKUHHFRQFHSWV\LHOGHGWKHGHVLUDEOHUHVXOWVUHGXF
LQJWKHPD[LPXPYHORFLW\IRUWKHDHURG\QDPLFORDGE\URXJKO\%)RUWKHDHURG\
QDPLFORDGWKHUHVXOWVFDQVWLOOEHFRQVLGHUHGVDWLVIDFWRU\DVQHLWKHURIWKHSURSRVHG
FRQFHSWVSURGXFHGUHVXOWVFORVHWRWKHm/sFRQVWUDLQWWKDWZDVVHWEHIRUHKDQG
x 7KH.'DPSHUFRQFHSW DFKLHYHV EHWWHUUHVXOWV WKDQWKH70'FRQFHSWV DQGURXJKO\ WKH
VDPHDVWKHQDFHOOHLVRODWLRQFRQFHSWZLWKRQO\RIWKH70'¶VDGGLWLRQDOPDVV
x 7KH.'DPSHUVKRZVSURPLVLQJEHKDYLRULQGLVVLSDWLQJWKHHQHUJ\RIWKHDHURG\QDPLF
ORDGVDQGWKLVHQHUJ\FDQEHJDWKHUHGIXUWKHULQFUHDVLQJWKHHIILFLHQF\RIWKHV\VWHP
$FFRUGLQJWRWKHREVHUYDWLRQVPDGHDERYHWKH.'DPSHUGHYLFHFDQEULQJDUHDOLVWLFDOWHU
QDWLYHWRWKHH[LVWLQJYLEUDWLRQDEVRUSWLRQGHVLJQRSWLRQVLQZLQGWXUELQHWRZHUVHQKDQFLQJWKH
G\QDPLFSHUIRUPDQFHERWKRIWKHQDFHOOHDQGWKHWRZHU7KHUHOLDELOLW\DQGVLPSOLFLW\RIWKH
V\VWHPDUHDOVREHQHILWVWKDWUHQGHUWKHGHYLFHDSSURSULDWHIRUYDULRXVWHFKQRORJLFDOLPSOHPHQ
WDWLRQVDQGFRPSHWLWLYHDJDLQVWRWKHUYLEUDWLRQDEVRUSWLRQGHVLJQV
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Abstract. Nowadays, the need for effective Structural Health Monitoring (SHM) strategies,
aiming at preserving the integrity and safety of strategic and historic infrastructures, is increasingly urgent. Within SHM, several vibration-based methodologies have been developed,
including those exploiting Heterogeneous Data Fusion (HDF) procedures, as well as Denoising
techniques for the treatment of response signals detected through appropriate sensor technologies. In this paper, these two approaches are reconsidered and rejoined, toward developing an
innovative signal processing methodology for current condition assessment, speciﬁcally referring to historic bridges. In particular, a HDF approach, i.e. the process of combining information from multiple sources, in an effort to enhance the reliability of the monitoring process, and
a denoising approach, devoted to the cleaning of spurious noise from the acquired signals, are
combined all together, in an integrated strategy. The effectiveness of the proposed platform is
tested on data from a real structure (historic bridges). Both dynamic acceleration and displacement response signals, directly detected under operational conditions, can be processed within
the proposed methodology, and subsequently employed toward modal dynamic identiﬁcation
purposes and possible model updating of the structure at hand.

1373

Gabriele Ravizza, Rosalba Ferrari, Egidio Rizzi, Vasilis Dertimanis and Eleni N. Chatzi

1

INTRODUCTION

This study is motivated by the awareness quest on the critical health conditions that may
characterize existing and historical infrastructures, especially those nearing the end of their
life cycle. Despite their age, these structures often continue to play a critical role in everyday
life, constituting essential connections within the transportation network of several territories
and communities. Consequently, a prompt and effective adoption of appropriate and modern
strategies and action models toward their conservation and protection shall be set in place.
In this scenario, the development of monitoring-based strategies toward structural condition
assessment of such important infrastructures, shall constitute a fundamental tool toward the
competent analysis.
Accordingly, within the civil engineering context, the Structural Health Monitoring (SHM)
research ﬁeld is becoming increasingly important, since the goal of achieving structural safety is
only possible through the possibility to extract more abundant and precise information about the
health conditions of a structure to be monitored, for instance by analyzing its current structural
dynamic response. As a consequence, within SHM applications, after the signal acquisition
stage, to be acquired directly on the structure by predisposing appropriate sensor networks, the
subsequent phase of signal processing displays a determinant role, toward the success of the
whole monitoring procedure.
In this paper, two complementary and possibly interacting approaches for the post-processing
of structural response signals are considered, i.e. a denoising approach, as well as a Heterogeneous Data Fusion (HDF) procedure, aiming at achieving a better screening of real structural
response signals, which may be corrupted by some amount of noise, especially in case of a
low-cost instrumentation.
In particular, denoising techniques aim at clarifying the signal content, by directly acting on
the contaminating noise, reducing its amount, while preserving the useful information embedded in the signal itself. Several denosing-based techniques may be employed for this purpose,
including those exploiting Singular Value Decomposition (SVD) or Discrete Wavelet Transform (DWT), as recently investigated in Ravizza et al. [18, 19], where the effectiveness of these
approaches has been inspected for both stationary (ambient vibration) and non stationary (seismic excitation) synthetic response signals, and for instances of real vibration signals.
Instead, Heterogeneous Data Fusion (HDF)-based approaches are procedures through which
heterogeneous measurements may be combined all together, with the analogous purpose to
enhance their quality, by alleviating the amount of noise on the signals and, consequently, reducing the induced uncertainties affecting the monitoring results. Several virtuous examples
of HDF applications within the civil engineering ﬁeld may be found in the literature, as for
instance in Chatzi and Fuggini [2, 3], Ferrari et al. [4–6] and in Ravizza et al. [17], where a
Kalman Filter (KF) has been involved in a HDF scheme between artiﬁcially generated acceleration and displacement response signals, aiming at obtaining enhanced displacement response
measurements, for a 3-DOFs numerical dynamic system.
In the present investigation, a denoising-based approach, and a HDF procedure are considered all together and possibly coupled within an integrated monitoring methodology for the
puriﬁcation of real response signals, speciﬁcally displacement signals, which usually appear to
be affected by higher levels of noise, if compared to accelerations. The obtained post-processed
enhanced displacement measurements may then be employed toward modal dynamic identiﬁcation purposes (see e.g. Pioldi et al. [10–12] and Pioldi and Rizzi [13–16]), and this might
result of a crucial interest for real applications related to the SHM context.
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Although the proposed methodology aims at a general formulation, as to be suitable for the
monitoring of different structural systems, here, a speciﬁc real test structure is assumed as a case
study for the analysis, in order to highlight the feasibility of the proposed monitoring strategy
and show its effectiveness. For this purpose, the historic reinforced concrete (RC) bridge at
Brivio (1917), i.e. a strategic infrastructure for some local connections within the northern Italy
automotive road notwork, has been considered (Santarella and Miozzi [20], Ferrari et al. [7]).
The multiple goals that this study aims at achieving are:
• to pursue an effective denoising of real acceleration response data, detected on the monitored structure, through appropriate (wireless) acceleration sensors. In fact, although accelerations usually display a good resolution, when the sensor instrumentation employed
during the signal acquisition stage is somehow poor, this may become necessary;
• to successfully perform a denoising-based approach on the original (raw) displacement
signals, aiming at clarifying their content in the time domain, then resulting in a better
representation and reading of the time domain signal features;
• to perform a successful HDF, by involving a KF within the fusion procedure between
denoised acceleration and denoised displacement response signals, in order to obtain a
further enhancement of the displacement data in the time domain;
• to employ the enhanced displacements, downstream from the HDF processing, toward
possible modal dynamic identiﬁcation purposes within the frequency domain, aiming at
estimating the modal characteristics of the considered infrastructure.
To prove that the proposed monitoring methodology is competitive, leading to visible beneﬁts to the structural identiﬁcation process, the modal natural frequencies identiﬁed from postprocessed displacements are then compared with the frequencies identiﬁed from raw data. The
effectiveness of the method is proven, as well as its possible generalization to different typologies of structures.
The paper is organized as follows. In Section 2, a brief description of the structure of interest
is outlined, with the reasons behind the choice of taking the Brivio bridge as a benchmark
structure for the present analysis. In Section 3, the proposed monitoring strategy is formulated
and presented. Then, the obtained results are reported and discussed in Section 4. Finally, last
remarks and summary comments are provided within the conclusions reported in Section 5.

2

PRESENTATION OF THE MONITORED STRUCTURE

The peculiar class of structural systems to which this study is addressed to, aims at covering
civil engineering structures characterized by a signiﬁcant and strategic importance, possibly
combined with a historical-architectural value. In particular, the monitored structure considered
as a case study within the current analysis, is the RC Brivio bridge (1917) (Santarella and
Miozzi [20], Ferrari et al. [6]), represented in following Fig. 1.
The bridge, located in northern Italy (Lombardia region), constitutes an important automotive connection between the provinces of Lecco and Bergamo, linking the banks of the Adda
river (Brivio (LC) and Cisano Bergamasco (BG)), at an approximate height of 8 m from water.
About its description, the Brivio bridge consists of three spans, each characterized by a
couple of parabolic arches, symmetrically located to the mid-longitudinal plane. The two spans
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Figure 1: RC three-span arched Brivio bridge (1917) over the Adda river.

aside the river banks are 43.4 m long; the central span is 44 m long, for a total length of 130.8 m.
The deck is 9.2 m wide and hosts two roadway lanes and two cantilever sidewalks, of a 0.8 m
width each. The deck structural frame of each span is constituted by a grid supporting a RC slab
of a thickness of 0.15 m. The peculiar parabolic arches of the bridge display a span of 42.80 m
and a rise of 8.00 m. The symmetric arches show a cross section that is 0.60 m wide, with a
height varying from 1.25 m (at the middle) to 1.37 m (at the ends). Sixteen vertical RC hangers,
characterized by a rectangular cross section of sides of 0.32 m and 0.60 m, connect the deck to
each arch. The bridge is supported on the river bed through two tapered concrete piers, each one
presenting maximum dimensions at the basis equal to 12.8 m (transverse direction) and 3.8 m
(longitudinal direction). The piers rest on foundation RC piles driven into the riverbed for a
depth of 13 m to 16 m (Froio and Zanchi [9]).
The choice of Brivio bridge being taken as a benchmark structure for this study is motivated
by the fact that, despite its age of more than one hundred years, the bridge is still subjected to
continuous trafﬁc loading, likely much heavier than that for which it was originally designed
way back in 1917. Present use includes daily transit of heavy-duty and various vehicles in both
rush hours and all day long. Indeed, similarly to other bridges located in the nearby territories
(see e.g. the Paderno d’Adda bridge, Ferrari et al. [8], placed south downstream for just a few
kilometers), the Brivio bridge still plays a crucial role in the local transportation network and,
for this reason, it may largely beneﬁt from a condition monitoring under operational conditions.
It is worth noting that all signals processed in the present analysis have been acquired during a three-day measurement campaign, performed directly on the Brivio bridge, in June 2014.
Further details about such a measurement campaign, as for instance information about the employed measurement instrumentation, as well as on the sensor location, may be found in Ferrari et al. [4–7].

3

MONITORING METHODOLOGY DESCRIPTION

In this section, a comprehensive monitoring strategy for the health condition assessment
of historic bridges is presented, by speciﬁcally assuming for illustration the case study of the
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RC Brivio bridge under operational loading conditions. Both acceleration and displacement
response signals, directly detected on the structure as an integrated sensor network are involved
within the proposed scheme. In fact, acceleration-based and displacement-based recordings
are commonly exploited towards vibration-based monitoring purposes, and the choice of which
approach should be preferred, usually depends on the speciﬁc monitoring goals to be pursued,
as well as on the physical conﬁguration of the analyzed structure.
In particular, acceleration-based monitoring allows to detect changes in the structural health
conditions, which may be revealed by identifying variations in the structural modal properties,
such as natural frequencies, mode shapes or modal damping ratios, since these quantities may
then be employed within damage detection strategies for the current condition assessment of
the monitored structure. Displacement-based monitoring, on the other hand, is often exploited
both for evaluating the presence of excessive loads under standard service conditions, and for
quantifying regular operational loads (e.g. trafﬁc), to serve as reference in bridge design practice.
In this sense, acceleration- and displacement-based monitoring approaches may be considered as complementary, in providing useful tools toward an effective global assessment of historic and strategic infrastructural systems. However, especially due to the increasing demand for
the adoption of low-cost monitoring instrumentation during the signal acquisition stage, these
measurements may typically be accompanied by a signiﬁcant amount of noise, which contaminates the structural response itself, by increasing the induced uncertainties and rendering more
difﬁcult their employment for SHM purposes. Such a deleterious noise effect is generally more
evident on displacement data rather than on acceleration data, due to the intrinsic limits characterizing the present displacement sensor technology.
To address this issue, in the proposed monitoring methodology, a denoising-based approach
is possibly integrated with a HDF-based procedure, aiming at exploiting the (more reliable) acceleration measurements for clarifying the dynamic displacement response signal of the bridge,
acquired by means of a non-contact QDaedalus system (Bürki et al. [1]). The so obtained puriﬁed displacement data may then be employed toward modal identiﬁcation purposes, e.g. for
extracting the natural frequencies and the mode shapes of the monitored structure, and assessing
its current structural conditions.
The present methodology combines a time domain analysis and a frequency domain analysis,
as illustrated in the ﬂowchart of Fig. 2, representing a global conceptual view of the considered
monitoring scheme.
The time domain analysis aims at a better appreciation of the raw displacement recordings,
to be later exploited for modal identiﬁcation purposes. In doing so, the additional availability of
acceleration response data, collected by means of wireless MEMS accelerometers, can be taken
at a disposal.
Differently from data acquired through wired piezoelectric accelerometers, which may be
considered as a rather reliable recording devices, even such raw acceleration data may ﬁrst need
to be puriﬁed, by applying appropriate denosing techniques, for reducing the noise level affecting the signal, while preserving the useful information within the recorded signal. To this purpose, a Discrete Wavelet Transform (DWT)-based denoising technique is implemented within
the monitoring platform, resulting in the clariﬁcation of the detected acceleration response signal. Details about the calibration of the DWT-based denoising settings, adopted within this
study, are provided in the next section. It is worth mentioning that also a Singular Value Decomposition (SVD)-based approach might be employed for the denoising of dynamic response
signals; however, dealing with non stationary signals, such as those involved in this analysis,
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Figure 2: Flowchart of the proposed monitoring methodology, integrating a denoising-based and a
HDF-based approach for the enhancement of response data collected on the structure, and a subsequent
structural dynamic identiﬁcation.

the DWT-based denoising approach should be preferred, as deeply shown and discussed in Ravizza et al. [18, 19].
In parallel to the (optional) acceleration denoising, a more frequently needed denoising of
QDaedalus displacements is also foreseen. The same DWT-based technique is adopted, for the
aforementioned reasons, and a preliminary cleaning effect on the signal is made achievable.
The core of the current implementation is now represented by the involvement of a Kalman
ﬁlter (Chatzi and Fuggini [2]) within the HDF process, resulting in the merge of denoised
QDaedalus displacements with acquired denoised accelerations, and an enhanced displacement
response signal may be obtained.
A subsequent analysis within the frequency1 domain is also performed, in which the ambitious goal of successfully performing the modal dynamic identiﬁcation on displacement data
is inspected. In particular, the enhanced displacement response signal is employed for pursuing this purpose and, through an automatic peak-picking procedure performed on the Welch
periodogram, the modal natural frequencies of the Brivio bridge may be identiﬁed.

1378

Gabriele Ravizza, Rosalba Ferrari, Egidio Rizzi, Vasilis Dertimanis and Eleni N. Chatzi

It is worth noting that, as it can be appreciated from the ﬂowchart in Fig. 2, the monitoring platform also contemplates the possibility to perform the modal dynamic identiﬁcation of
the structure by solely using either the denoised accelerations or the denoised displacements
(dashed arrows in Fig. 2), but the results may be less reliable, especially considering just the displacements. However, they can be exploited for comparative purposes, aiming at highlighting
the beneﬁts deriving from a HDF-based methodology in assessing the current health conditions
of the speciﬁc analyzed bridge, although such a monitoring platform also aims at assuming a
more general connotation, being useful for the structural monitoring of any characteristic infrastructure.

4

RESULTS

In this section, some ﬁrst outcomes obtained by applying the proposed monitoring methodology to the real case of the RC Brivio bridge, are shown. Time domain analysis results are
ﬁrstly presented, followed by outcomes derived from a subsequent analysis within the frequency domain. Signals are taken from a measurement campaign as acquired and reported
in Ferrari et al. [6].
4.1

Time domain analysis

The present analysis (upper box in Fig. 2) aims at purifying a raw displacement signal, making its features to emerge more clearly in the time domain, through an effective HDF with
recorded accelerations, supposed to be more reliable. However, in some cases, a preliminary
denoising of such acceleration data may also become necessary, e.g. when the sensor instrumentation employed in the signal acquisition phase is not so performing. Therefore, a DWT-based
denoising technique is implemented on the detected (original) accelerations (from wireless sensors), and the obtained denoised signal is reported in Fig. 3, as compared with the original
one.
Given the non-stationary nature of the response data, a 60 seconds length acceleration response signal from a wireless sensor is denoised, by applying a DWT-based denoising technique, which shall best ﬁt with this signal typology, as shown in Ravizza et al. [18, 19]. In the
same study, the optimal calibration of the parameters involved within this technique to deal with
non-stationary signals is also inspected, resulting in the adoption of a Smylet2 mother wavelet,
combined with a Heursure hard thresholding rule, at decomposition level 2. Thus, the same
setting is here assumed.
The effect of the denoising application is visible especially in the time window between 25 s
and 40 s, as it may be appreciated in Fig. 3, leading to a signal reduction of 6.58%, in terms of
Root Mean Square (RMS). The acceleration peak value is also considered, as it represents one
most peculiar time domain signal feature, and a reduction of 9.11% is recorded. Such values
are reported in following Table 1, for both the original and the denoised acceleration response
signals.
An analogous DWT-based denoising approach is now implemented, for the preliminary clariﬁcation of the 60 seconds length QDaedalus displacement response signal, acquired on the
Brivio bridge. Despite the very small amplitude of such recordings, which might affect the
success of the denoising technique, the denoised estimates appear to be considerably clearer, if
compared to the original (raw) data, as represented in Fig. 4.
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Figure 3: Brivio bridge (wireless) acceleration response signal, pre and post DWT-based denoising.

Acceleration signal

RMS [m/s2 ]

Original (raw) signal

0.0319

DWT denoised signal

0.0298

Δ [%]

Peak [m/s2 ]

Δ [%]

0.2742
−6.58

0.2492

−9.11

Table 1: Characteristic values of the analyzed acceleration response signals in the time domain and
their variation with respect to the original (noise-affected) signal: RMS and peak acceleration values.

After this preliminary phase, devoted to the pre-treatment of the acquired data, the obtained
denoised acceleration and displacement response signals are then processed within a HDFbased implementation, aiming at further enhancing the measured displacements, by enriching them through the information embedded within the denoised accelerations. To this end, a
Kalman Filter algorithm is exploited, allowing for the effective merge of the two heterogeneous
source signals (Chatzi and Fuggini [2], Ferrari et al. [6], Ravizza et al. [17]). The result is represented by a new enhanced displacement signal, as shown in Fig. 5, which more reliably reﬂects
the response of the monitored bridge.
To complete the time domain analysis, RMS and peak deﬂection values of the displacement
signals are also computed, and summarized in Table 2. A reduction of both values, although
lighter than that recorded in the previous acceleration case, is still observable, conﬁguring itself
as a peculiar feature of such techniques, as shown for synthetic signals in Ravizza et al. [19].
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Figure 4: Brivio bridge (total station) displacement response signal, pre and post DWT-based denoising.
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Figure 5: Enhanced Brivio bridge displacement response signal, obtained by HDF via KF with the
denoised acceleration response signal.
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Displacement signal

RMS [mm]

Δ [%]

Peak [mm]

Δ [%]

Original (raw) signal

0.4039

DWT denoised signal

0.4001

−0.94

3.015

−1.34

HDF enhanced signal

0.3972

−1.66

2.833

−7.30

3.056

Table 2: Characteristic values of the analyzed displacement response signals in the time domain and
their variation with respect to the original (noise-affected) signal: RMS and peak deﬂection values.

4.2

Frequency domain analysis

The enhanced displacement data, downstream obtained from the HDF procedure with the
denoised accelerations, are now employed for performing a modal dynamic identiﬁcation analysis in the frequency domain. In particular, by applying a Welch method on such displacements,
the Power Spectral Density (PSD) function of the signal may be obtained. In following Fig. 6,
the response spectrum derived from the HDF displacement signal and from the original (raw)
displacement signal are represented and compared.
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Figure 6: Brivio Bridge displacement (PSD) response spectrum: original (raw) displacement signal vs.
HDF (enhanced) displacement signal.
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The effect of the previously applied time domain ﬁltering techniques (i.e. DWT-based denoising and KF application) is evident, resulting in smoother curves, as well as in the reduction
of the signal magnitude, especially within the medium-high frequency region (approximately
greater than 6 Hz), where the embedded noise mainly affects the data.
The beneﬁts that the proposed methodology has brought to the identiﬁcation process emerge
by the comparison between the frequency content of the two signals. In fact, whether the original signal allows for the detection of just one frequency peak, corresponding to the ﬁrst natural
frequency of the bridge, the post-processed displacement signal reveals a greater number of frequency response peaks, which were previously indistinguishable, due to the deleterious effect
of spurious noise. Consequently, a greater number of natural frequencies may be extracted.
However, due to the limited length of the time window, even the peaks associated to the
external loading acting on the bridge (i.e. trafﬁc load) might appear in the response spectrum,
making the identiﬁcation process harder. Thus, to distinguish such peaks from structural modes,
an automatic peak-picking procedure is performed on the Welch periodogram, and the ﬁrst eight
natural frequencies of the monitored structure may be identiﬁed. To emphasize the beneﬁts
that the proposed methodology may bring to the identiﬁcation process, the same peak-picking
technique is performed on the PSD of the original (raw) displacement signal, leading to the
identiﬁcation of the ﬁrst natural frequency only. Such a comparison is represented in Fig. 7,
where the modal natural frequencies are marked by vertical red lines and, then, further reported
in Table 3, which coherently compare to analogous results provided in Ferrari et al. [6], namely
frequencies identiﬁed through a classical FDD method on acceleration signals acquired out of
standard wired accelerometer sensors.
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Figure 7: Brivio bridge identiﬁed natural frequencies from displacement signals. Peak-picking procedure on Welch periodogram: original (raw) displacement signal vs. HDF (enhanced) displacement
signal.

Except for the ﬁrst two and the sixth natural frequencies, which display a not negligible
discrepancy with the respective outcomes deriving from a FDD-based inverse analysis on wired
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Modes

I

II

III

IV

V

VI

VII

VIII

fid,W D [Hz]

3.247

4.211

6.016

7.280

7.815

9.378

11.406

13.140

fid,AC [Hz]

3.564

3.857

6.018

7.178

7.690

9.009

11.377

13.086

Δ [%]

−8.89

9.18

−0.03

1.42

1.63

4.10

0.25

0.41

Table 3: Brivio bridge natural frequencies fid,W D identiﬁed from a HDF displacement response signal
(wireless sensor), compared to frequencies fid,AC (Ferrari et al. [6]) identiﬁed from an acceleration
response signal (wired sensor), and their variation.

accelerations, assumed here as reference, the results show a good agreement, as the percentage
variation is in any case below 2%.
Finally, from a FDD analysis (Pioldi et al. [10–12]) on displacement signals (corroborated
as above by acceleration data), the bridge ﬁrst span mode shapes, corresponding to the previously identiﬁed frequencies, are obtained and represented in following Fig. 8. In particular, the
QDaedalus displacement data, enriched by reliable accelerations, as those acquired through a
wireless detection system, represent the selected 8-channel input considered within the current
analysis, for the representation of the mode shapes of the monitored structure.

(a) Mode 1

(b) Mode 2

(c) Mode 3

(d) Mode 4

(e) Mode 5

(f) Mode 6

(g) Mode 7

(h) Mode 8

Figure 8: FDD vibration mode shapes of Brivio bridge ﬁrst span.

1384

Gabriele Ravizza, Rosalba Ferrari, Egidio Rizzi, Vasilis Dertimanis and Eleni N. Chatzi

Even concerning the vibration mode shapes, many analogies with the respective results reported in Ferrari et al. [6] may be observed. In particular, mode 1 and mode 2 show a very
similar behaviour, although they are related to different natural frequencies. Moreover, most of
the modes seem to be regular, characterized by bending or torsion, except for mode 7, in which
bending and torsion appear to be coupled.
These similarities between the results may be considered as a further proof of the reliability
of the proposed monitoring strategy, which provides an alternative approach aiming at evaluating the structural health condition of a generic civil structural system.
5

CONCLUSIONS

In this paper, an innovative monitoring methodology that integrates a denoising-based approach with a HDF-based strategy is proposed, for the structural health condition assessment
of historic and strategic bridges. In particular, the main achievements that the present study has
highlighted may be summarized as follows:
• the beneﬁcial effect of the analyzed denoising technique is more pronounced within the
time domain, where, after the DWT-based denoising application, the main signal features
(i.e. peak value and RMS) may more clearly emerge;
• the acquired Brivio bridge acceleration and displacement response signals have been successfully denoised and, subsequently, involved within a HDF-based implementation, and
an enhanced displacement response signal has been obtained;
• the output-only modal identiﬁcation analysis performed on the enhanced displacement
signal reveals the natural frequencies of the investigated structure, proving the effectiveness of the proposed methodology;
• by comparing the obtained results, by effective post-processing of response signals detected through wireless sensors, with those derived from signals acquired through standard wired sensors, no substantial differences emerge: this reinforces the belief that modern wireless sensor technology may become competitive at the signal acquisition stage, if
adequately treated as here described, leading to reliable estimates.
In conclusion, the possibility of setting a monitoring platform that integrates a denoisingbased approach with a HDF-based strategy may allow the user to achieve a more complete and
reliable description of speciﬁc response signals, bringing to light their more peculiar characteristics, in both time and frequency domains. In this sense, the post-processing methodology
presented in this study, may constitute a useful tool within structural monitoring applications.
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APPLICATION OF WAVELET SYNCHRO-SQUEEZED TRANSFORM
(WSST) METHOD TO RAILWAY BRIDGE HEALTH MONITORING
N. Mostafa, R. Loendersloot, D. Di Maio and T. Tinga


8QLYHUVLW\7ZHQWH'ULHQHUORODDQ1%(QVFKHGH7KH1HWKHUODQGV
HPDLOQPRVWDID#XWZHQWHQO

Keywords:+HDOWKPRQLWRULQJ:6679HKLFOH%ULGJHLQWHUDFWLRQ
Abstract. Typically, the identification of resonant frequencies in railway bridges is carried out
from free-decay stationary signals as a train leaves the bridge. The same identification proves
very challenging when nonstationary vibrations are measured as a train traverses the bridge.
Despite the numerous attempts, nonstationary signals with low modulating frequencies are still
difficult to be processed. This paper attempts to evaluate the bridge-vehicle first bending resonance by a method known as Wavelet Synchro-Squeezed Transform (WSST). The significant
advantage of this signal processing method is to deal with low-frequency modulations, which
are typical of long bridges. This research focusses on a Finite Element Model (FEM) of a bridge
simulating the nonstationary vibration responses exerted by a spring-mass model traversing
the bridge. The paper sets two objectives, and the first one is to investigate how the WSST
analyses nonstationary signals generated by the FE model. The instantaneous frequency trace
of the bridge-vehicle system will be compared to a similar frequency trace, that is created by
performing several modal analyses at different locations of the bridge. The second objective of
the paper is to investigate if the instantaneous frequency obtained from WSST is suitable for
damage detection, as the FE model is fitted with damages. Both objectives are met, and the
results will be presented. The trace of the first natural frequency matches well the one calculated by the WSST, and the instantaneous frequency shows to be capable of detecting damages
included in the model.
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1

INTRODUCTION

8QGHUVWDQGLQJWKHYLEUDWLRQUHVSRQVHLQ9HKLFOH%ULGJHLQWHUDFWLRQLVFKDOOHQJLQJEHFDXVH
WKHDFWXDOLQVWDQWDQHRXVIUHTXHQF\ZLOOGHSHQGRQWKHLQVWDQWDQHRXVORFDWLRQRIDPRYLQJORDG
,WLVWKHUHIRUHXQGHUVWDQGDEOHWKDW6WUXFWXUDO+HDOWK0RQLWRULQJ 6+0 PHWKRGVDLPHGDWLGHQ
WLI\LQJ GDPDJH WR DVVHVV WKH VWUXFWXUDO LQWHJULW\ DQG VDIHW\ RI D VWUXFWXUH KDYH FRPSOLFDWHG
SUREOHPVWRVROYH1HYHUWKHOHVVGDPDJHGHWHFWLRQWHFKQLTXHVKDYHEHHQGHYHORSHG
,QJHQHUDOWKHPDMRULW\RIYLEUDWLRQEDVHGGDPDJHGHWHFWLRQWHFKQLTXHVFDQEHJURXSHGLQWR
IRXU FDWHJRULHV 7KH ILUVW JURXS WKH WUDGLWLRQDO DSSURDFK FRQWDLQV WKH PRGDOEDVHG GDPDJH
GHWHFWLRQWHFKQLTXHV>@7KHVHWHFKQLTXHVDUHEDVHGRQH[WUDFWLQJDQGPRQLWRULQJWKHPRGDO
SURSHUWLHVZKLFKFDQYDU\GXHWRWKHSUHVHQFHRIGDPDJH7KHVHFRQGJURXSFRQWDLQVVWUXFWXUDO
KHDOWKPRQLWRULQJEDVHGRQ9HKLFOH%ULGJHLQWHUDFWLRQ 9%, UHVSRQVH>@7KHWKLUGRQHLQ
YROYHVPRGHOEDVHGWHFKQLTXHVZKLFKDUHEDVHGRQXSGDWLQJWKHSDUDPHWHUVRIDQDQDO\WLFDORU
QXPHULFDOPRGHOVXFKWKDWWKHPRGHOPDWFKHVWKHUHDOPHDVXUHPHQWV>@7KHIRXUWKJURXS
FRQWDLQVGDWDGULYHQPHWKRGV ''0V 6LOYDHWDO>@EHOLHYHWKDW6+0DSSURDFKHVDUHLQ
WKHVWDWLVWLFDOSDWWHUQUHFRJQLWLRQSDUDGLJP
0RVWGDPDJHGHWHFWLRQUHVHDUFKHVKDYHVKRZQWKDWDVLQJXODULW\DSSHDUVLQWKHIRUFHGYLEUD
WLRQVLJQDORQFHGDPDJHRFFXUV>@<DQJHWDO>@VWDWHGWKDWDGLVFRQWLQXLW\DSSHDUVLQWKH
DFFHOHUDWLRQVLJQDOZKHQWKHPRYLQJORDGLVLQWKHYLFLQLW\RIGDPDJH7KHVWUXFWXUHDOVRH[
KLELWVQRQOLQHDUEHKDYLRXURQFHWKHPRYLQJORDGFURVVHVWKHGDPDJH>@7KHUHIRUHWKHIRUFHG
YLEUDWLRQ UHVSRQVH FRQWDLQV D µGDPDJH HYHQW¶ WULJJHUHG E\ WKH PRYLQJ ORDG PDNLQJ LW PRUH
VHQVLWLYHWKDQWKHIUHHYLEUDWLRQUHVSRQVH)RUWKLVUHDVRQDODUJHQXPEHURIUHVHDUFKVWXGLHV
KDVEHHQGHYRWHGWRWKHVHFRQGJURXSWKHYHKLFOHEULGJHLQWHUDFWLRQUHVSRQVH
9%,UHIHUVWRWKHG\QDPLFFRXSOLQJEHWZHHQDEULGJHDQGDPRYLQJYHKLFOH9%,KDVEHHQ
ZLGHO\VWXGLHGLQWKHOLWHUDWXUHIRUGHWHFWLQJGDPDJHLQEULGJHVE\DQDO\]LQJWKHEULGJHUHVSRQVH
GLUHFWPHWKRGV RUWKHYHKLFOHUHVSRQVH LQGLUHFWPHWKRGV 7KHIRFXVRIWKHFXUUHQWVWXG\LV
RQWKHGDPDJHGHWHFWLRQWHFKQLTXHVRIEULGJHVE\DQDO\]LQJWKH9%,UHVSRQVHPHDVXUHGRQWKH
EULGJH GLUHFWPHWKRGV /LWHUDWXUH>@LQGLFDWHVWKDWWKHWDUJHWVLJQDOIRUWKHPDMRULW\RI
WKHWHFKQLTXHVLVWKHEULGJHPLGVSDQWLPHGHIOHFWLRQUHVSRQVH)URPDSUDFWLFDOSRLQWRIYLHZ
WKHUHDUHPRWLYDWLRQVWRVWXG\WKHEULGJHDFFHOHUDWLRQUDWKHUWKDQWKHGHIOHFWLRQVLJQDO)LUVWO\
LWPLJKWQRWEHSRVVLEOHWRPHDVXUHWKHEULGJHGHIOHFWLRQVLJQDODWPLGVSDQGLUHFWO\6HFRQGO\
LQ FRPSDULVRQ ZLWK WKH GHIOHFWLRQ VLJQDO WKH EULGJH DFFHOHUDWLRQ VLJQDO LV PRUH VHQVLWLYH WR
GDPDJH>@+RZHYHUWKHDFFHOHUDWLRQVLJQDODOVRFRQWDLQVPRUHQRLVHPDNLQJLWFKDOOHQJLQJ
WRDQDO\]H&RQWLQXRXV:DYHOHW7UDQVIRUP &:7 'LVFUHWH:DYHOHW7UDQVIRUP ':7 >@
+LOEHUW+XDQJ7UDQVIRUP ++7 >@(PSLULFDO0RGH'HFRPSRVLWLRQ (0' >@DQG(QVHPEOH
(PSLULFDO 0RGHO 'HFRPSRVLWLRQ ((0'  >@ KDYH EHHQ PRVWO\ DSSOLHG WR LGHQWLI\ GDPDJH
>@
5HJDUGOHVVRIWKHDSSOLHGPHWKRGWKHGDPDJHLQGLFDWRUVDUHDVVRFLDWHGZLWKDVLQJXODULW\
7KLVRQHGRHVQRWH[LVWLQWKHKHDOWK\EULGJHDQGDSSHDUVLQWKHUHVSRQVHRIWKHGDPDJHGVWUXF
WXUHV>@ )XUWKHUPRUH WKH VLQJXODULWLHV DUH FDXVHG E\ D VWLIIQHVV FKDQJH DQG WKHUHIRUH WKH
WLPHGHSHQGHQW VWLIIQHVV VKRXOG EH YLVLEOH LQ WLPHGHSHQGHQW UHVRQDQFHV WKH ,QVWDQWDQHRXV
)UHTXHQF\,) +RZHYHU,)KDVRQO\EHHQLQYHVWLJDWHGIRUWKHEULGJHPLGVSDQGLVSODFHPHQW
VLJQDO5RYHULHWDO>@DSSOLHG++7RQWKHPLGVSDQGHIOHFWLRQRIDPRGHOOHGEULGJH,QWKH
ILUVW,)RIWKHV\VWHPDFUHVWDSSHDUHGDWWKHLQVWDQWRIGDPDJHRFFXUUHQFH7KHFXUUHQWSDSHU
SURSRVHVDQDSSURDFKE\DSSO\LQJ6\QFKURVTXHH]HG:DYHOHW7UDQVIRUP :667 RQWKH9%,
DFFHOHUDWLRQUHVSRQVHWRH[WUDFWWKH,QVWDQWDQHRXV)UHTXHQF\ ,) RIWKHV\VWHPWRGHWHFWDOR
FDOL]HGVWLIIQHVVFKDQJH7KHUHVHDUFKZRUNLVEDVHGRQQXPHULFDOVLPXODWLRQVREWDLQHGIURPD
)LQLWH(OHPHQW0RGHORIDUHDOEULGJH %R\QH9LDGXFW ORFDWHGLQ,UHODQG7KHEULGJHZDVUH
IXUELVKHGDQGLQVWUXPHQWHGZLWKDYLEUDWLRQUHVSRQVHPRQLWRULQJV\VWHPZKLFKSURYLGHVPDQ\
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WHVWGDWD&RQVLGHULQJWKHKHDOWK\FRQGLWLRQVRIWKHEULGJHWKHDXWKRUVGHFLGHGWRLQYHVWLJDWH
WKHPDWWHUQXPHULFDOO\DQGHYDOXDWHWKH:667WHFKQLTXHDVSURYLGHGLQWKH0$7/$%IXQFWLRQ
WRROER[
2

NUMERICAL MODEL AND MODAL SIMULATIONS

$OWKRXJKDODUJHDPRXQWRIYLEUDWLRQGDWDLVDYDLODEOHIRUWKH%R\QHEULGJHWKHPHDVXUH
PHQWVDUHQRWDSSOLFDEOHIRUWKHYDOLGDWLRQRIWKHSURSRVHGGDPDJHGHWHFWLRQDSSURDFKEHFDXVH
RIWKHUHFHQWUHIXUELVKPHQWV+HQFHWRYHULI\WKHSURSRVHGDSSURDFKDEULGJHLVPRGHOOHGQX
PHULFDOO\
0
YHORFLW\

P

P

P

)LJXUH7KHVFKHPDWLFRIWKHQXPHULFDOPRGHO

$OOILQLWHHOHPHQWVLPXODWLRQVDUHFRQGXFWHGLQDWZRGLPHQVLRQDOVSDFHLQ$%$486ZKHUH
WKHDQDO\VLVVFKHPHLVFKRVHQWREHWKHLPSOLFLWWLPHLQWHJUDWLRQ$EHDPZLWKPRIOHQJWK
PRIWKLFNQHVVDQGPRIZLGWKZLWK<RXQJ¶VPRGXOXVRIE *3DDQGGHQVLW\RIȡ 
 NJP LV LPSOHPHQWHG DV D EULGJH PRGHO 7KH VDPH JHRPHWU\ KDV EHHQ DOUHDG\ XVHG
LQ>@IRUGDPDJHGHWHFWLRQ+RZHYHUWKHPRGHOLVPRGLILHGIRUWKHFXUUHQWVWXG\GXHWR
WKHPRYLQJPDVV7KHIRUFHGUHVSRQVHRIWKHEULGJHFRUUHVSRQGVWRWKHSHULRGGXULQJZKLFKWKH
PDVV LV PRYLQJ RQ WKH EULGJH $FKLHYLQJ IUHH YLEUDWLRQV IURP WKH EULGJH UHTXLUHV WKH PDVV
VKRXOGEHUHPRYHGIURPWKHEULGJH+RZHYHUWKHPRYLQJPDVVJHQHUDWHVNLQHWLFHQHUJ\GXULQJ
WKH IRUFHG UHVSRQVH DQDO\VLV ZKLFK FDQQRW EH UHPRYHG LQVWDQWDQHRXVO\ WR VLPXODWH WKH IUHH
YLEUDWLRQ +HQFH DSSURDFKLQJ DQG OHDYLQJ OHQJWK DUH DGGHG EHIRUH DQG DIWHU WKH EULGJH WR
SURSHUO\ORFDWHWKHPDVVGXULQJWKHIRUFHGDQGIUHHYLEUDWLRQV VHH)LJXUH 
7KUHHG\QDPLFDQDO\VLVVWHSVDUHLPSOHPHQWHGWRFDOFXODWHWKHEULGJHDFFHOHUDWLRQFRUUH
VSRQGLQJWRWKHPDVVDSSURDFKLQJFURVVLQJDQGOHDYLQJWKHEULGJHDVVKRZQLQ)LJXUH%RWK
DSSURDFKDQGOHDYHSKDVHVDUHPRGHOOHGZLWKEHDPHOHPHQWVWKDWDUHFODPSHGLQDOOWKHLUQRGHV
7KHDSSURDFKLQJSDUWLVQRWVWULFWO\QHFHVVDU\EXWLVXVHGWRSURYLGHV\PPHWU\WRWKHVWUXFWXUH
7KHEULGJHPRGHO WKHFHQWUHSDUWRIP KDVHOHPHQWVDQGWKHEHQFKPDUNVLPXODWLRQ
FRUUHVSRQGVWRDSRLQWPDVVHTXDOWRRIWKHEULGJHPDVVZKLFKVOLGHVZLWKDVSHHGRIPV
RYHUWKHEULGJH7KHFRQWDFWRIWKHPDVVZLWKWKHEULGJHLVPRGHOOHGXVLQJDKDUGQRGHWRVXUIDFH
LQWHUDFWLRQ>@,QWKH)(0PRGHOWKHYHKLFOHLVFRQVLGHUHGWREHDPRYLQJSRLQWPDVV M  L 
WRLQGXFHDQRQVWDWLRQDULW\WRWKHVLPXODWHGVLJQDO>@DQG LL WRLQYHVWLJDWHWKHWLPHYDU\LQJ
UHVRQDQFHRIWKHV\VWHPGXHWRWKHPRYLQJPDVV
7RLPSOHPHQWWKHGDPDJHLQWKHPRGHOWKHVWLIIQHVV RUHTXLYDOHQWO\WKHHODVWLFPRGXOXVE 
RIDVLQJOHHOHPHQWDWWKHGDPDJHORFDWLRQ PLGVSDQ LVUHGXFHG>@WRVLPXODWHSLWWLQJFRU
URVLRQRUDORRVHFRQQHFWLRQ,QDGGLWLRQWRWKHEHQFKPDUNVLPXODWLRQIRXUJURXSVRIVLPXOD
WLRQVDUHH[HFXWHGWRYHULI\WKHSURSRVHGDSSURDFKIRUYDULRXVRSHUDWLRQDOFRQGLWLRQVDQGKHDOWK
VWDWHV,QWKHILUVWJURXSPRYLQJPDVVHVHTXDOWRDQGRIWKHEULGJHPDVVDUHVLPXODWHG
DQGWKHEULGJHLVFRQVLGHUHGKHDOWK\
0RGDODQDO\VLVVROXWLRQVZHUHLQLWLDOO\FDUULHGRXWZLWKWKHPDVVSRVLWLRQHGDWVSHFLILFORFD
WLRQVRIWKHEULGJH)LJXUHVKRZVWKHILUVWDQGVHFRQGUHVRQDQFHVRIWKHEULGJHDVDFROOHFWLRQ
RIDOOWKHQDWXUDOIUHTXHQFLHVFDOFXODWHGDWVHYHUDOORFDWLRQV,QWHUHVWLQJO\WKHORFDWLRQRIWKH
PDVVRQWKHEULGJHKDVDUHOHYDQWHIIHFWRQWKHQDWXUDOIUHTXHQFLHVZKLFKIRUWKHILUVWUHVRQDQFH
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LVYHU\PDUJLQDODWWKHH[WUHPHORFDWLRQVEXWPRUHUHOHYDQWDVLWLVPRYHGWRZDUGVWKHPLGVSDQ
RIWKHEULGJH6LPLODUO\WRWKHILUVWRQHWKHVHFRQGVKRZVDQHTXLYDOHQWEHKDYLRXU7KHVHFRQG
UHVRQDQFHIUHTXHQF\LVXQDIIHFWHGZKHQWKHPDVVLVSRVLWLRQHGPLGVSDQZKLFKDVH[SHFWHGDV
WKLVLVDQRGDOSRLQWRIWKHVHFRQGUHVRQDQFH7KLVEDVLFPRGDODQDO\VLVDSSURDFKSURYLGHVD
XVHIXOLQVLJKWRQZKDWRQHVKRXOGH[SHFWIURPWKH,)UHFRYHUHGE\WKH:667PHWKRGLQSDU
WLFXODUUHJDUGLQJWKHILUVWEHQGLQJUHVRQDQWPRGH

)LJXUH)LUVWDQG6HFRQGPRGDOIUHTXHQFLHVRIWKHEULGJHZLWKWKHPDVVPRYHGDWYDULRXVORFDWLRQV

3

TIME RESPONSE SIMULATIONS AND RESULTS

$ WLPH UHVSRQVH VLPXODWLRQ RI WKH PRYLQJ ORDG LV FDUULHG RXW LQ $EDTXV ZLWK WKH PRGHO
HDUOLHULQWURGXFHG7KLVSDSHUZLOOQRWIRFXVRQDQ\XQFHUWDLQW\GHULYLQJIURPWKHQRQXQLIRUP
VWLIIQHVVGLVWULEXWLRQRIWKHEULGJHRUWKHQRQXQLIRUPFURVVLQJYHORFLW\RUWKH6LJQDOWR1RLVH
5DWLRRIW\SLFDOUHDODFTXLVLWLRQV
)LJXUHVKRZVWKHVLPXODWHGDFFHOHUDWLRQVLJQDOIRUWKHXQGDPDJHGEULGJHDWWKHEULGJH
PLGVSDQZKHUHERWKWKHIRUFHGDQGWKHIUHHGHFD\YLEUDWLRQFDQEHDSSUHFLDWHG'HVSLWHWKH
VLPSOHDSSURDFKLWZDVLPPHGLDWHO\QRWLFHGWKDWWKHYHU\ILUVWVDPSOHRIWKHYLEUDWLRQYHFWRU
FRQWDLQHGKLJKVSLNHVDVWKHPDVVVOLGHIURPDQLQILQLWHO\ULJLGVXUIDFHWRDIOH[LEOHRQH7KRVH
ZHUHUHPRYHGDQGQRWWDNHQLQWRDFFRXQWVLQFHPRVWRIWKHYLEUDWLRQHQHUJ\RIWKRVHVSLNHV
ZRXOG DIIHFW KLJKIUHTXHQF\ PRGHV QRW UHOHYDQW LQ WKLV SDSHU 7KHUHIRUH WKH VLJQDO IRU WKH
(QWUDQFH3KDVHLVDKRUL]RQWDOOLQHDW]HURDFFHOHUDWLRQZKLFKLVQRWSORWWHGDQGQRWXVHGIRU
WKLVVWXG\7KH7UDYHUVH3KDVHDQGWKH/HDYLQJ3KDVHZLOOEHDQDO\]HGLQWZRVWHSVVXFKDV L 
WLPHVHULHVVHSDUDWLRQDQG LL DSSOLFDWLRQRIWKH:667WRHDFKRIWKHWLPHVHULHV
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)LJXUH$FFHOHUDWLRQVLPXODWHGGXULQJWKHWUDYHUVLQJDQGOHDYLQJSKDVH

*LYHQWKHYHORFLW\RIWKHPRYLQJPDVVPVDQGWKHOHQJWKRIWKHEULGJHPWKHPDVV
OHDYHVWKHEULGJHDWt V7KHVHFRQGVWHSLVWRH[WUDFWWKHEULGJHIUHTXHQFLHVE\DSSO\LQJ
:667WRWKHVLJQDORIWKH/HDYLQJ3KDVH)LJXUHD ESUHVHQWVWKH,QVWDQWDQHRXV)UHTXHQF\
RIWKHWUDYHUVLQJDQGOHDYLQJ EULGJHIUHHYLEUDWLRQVLJQDO SKDVHV,WFDQEHVHHQWKDWWKH/HDY
LQJ3KDVHVLJQDORQO\FRQWDLQVWKHEULGJHILUVWIUHTXHQF\ +] ZKLFKLVFRQVWDQWLQWLPHDV
H[SHFWHGIRUDVWDWLRQDU\VLJQDO7KHQWKLVIUHTXHQF\FRPSRQHQWVKRXOGEHWUDFNHGLQWKH7UDY
HUVH3KDVHE\DJDLQDSSO\LQJ:6677KHUHVXOWLVWKH6\QFKURVTXHH]HGWUDQVIRUP 667 PDWUL[
ZLWKWKHURZVDQGFROXPQVFRUUHVSRQGLQJWRIUHTXHQF\DQGWLPHUHVSHFWLYHO\7KH'GHQVLW\
SORWRIWKH667PDWUL[LVVKRZQLQ)LJXUHDLQZKLFKWKH,)LVGLVSOD\HGDVDIUHTXHQF\ULGJH
7KLVULGJHFDQEHH[WUDFWHGDVDWLPHIUHTXHQF\YHFWRUE\ILQGLQJWKHFRUUHVSRQGLQJIUHTXHQF\
RIWKHORFDOPD[LPDDWHDFKWLPHLQVWDQW,WLVVWUDLJKWIRUZDUGWRREVHUYHWKHVLPLODULW\EHWZHHQ
WKHIUHTXHQF\WUDFHVGHVFULEHGE\WKHPRGDOVROXWLRQIRUWKHILUVWQDWXUDOIUHTXHQF\DQGWKHRQH
UHWULHYHGE\SURFHVVLQJWKHWLPHVHULHVZLWKWKH:667PHWKRG)XUWKHUPRUH)LJXUHVKRZV
KRZWKHUHVRQDQFHFRQGLWLRQVDUHWLPHGHSHQGHQWEHFDXVHRIWKHLQVWDQWDQHRXVORFDWLRQRIWKH
PRYLQJORDG

a: Traverse phase
b: Leaving phase
)LJXUH,IVRIWKHILUVWUHVRQDQFHIUHTXHQF\LQWKHWUDYHUVLQJDQGOHDYLQJSKDVH

3.1 Simulation results
$VHWRIWLPHUHVSRQVHVLPXODWLRQVZHUHFDUULHGRXWWRREVHUYHKRZWKH,)FKDQJHVZKHQWKH
PDVVUDWLRLVFKDQJHGWRVLPXODWHGLIIHUHQWRSHUDWLQJFRQGLWLRQVDVGLIIHUHQWWUDLQZHLJKWWUDY
HUVLQJWKHEULGJH)LJXUHGLVSOD\VWKHEULGJHILUVWUHVRQDQFHIUHTXHQF\ZKLFKYDULHVLQWLPH
GHSHQGLQJRQWKHPDJQLWXGHDQGWKHORFDWLRQRIWKHPRYLQJPDVV)RUWKHEHQFKPDUNVLPXODWLRQ
WKHEULGJHIUHTXHQF\UHGXFHVWR+]GXHWRWKHDGGHGPDVVRIWKHYHKLFOHZKHQLWLVORFDWHG
DWPLGVSDQ t V $VH[SHFWHG,)GHSHQGVRQWKHGLIIHUHQWPDVVUDWLRWKHKLJKHVWWKHORZHVW
WKH UHVRQDQW IUHTXHQF\ 6HYHUDO SDSHUV LQYHVWLJDWHG WKH G\QDPLF EHKDYLRXU RI D EULGJH VXE
MHFWHGWRGDPDJHVRPHRIWKRVHDUHUHIHUHQFHGLQKHUH>@
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)LJXUH&KDQJHRI,)FDXVHGE\YDULRXV0DVV5DWLRV

7KHVLPXODWLRQVZHUHFDUULHGRXWE\FKDQJLQJWKHPLGVSDQHOHPHQW<RXQJ¶VPRGXOXVE\
DQGUHVSHFWLYHO\E\XVLQJWKHEDVHOLQHPRGHOZLWKPDVVUDWLR%RWK
DQGDUHVRPHZKDWXQUHDOLVWLFGDPDJHFRQGLWLRQVIRUDEULGJH+RZHYHUWKHSXUSRVHLVWR
LQYHVWLJDWHWKHVHQVLWLYLW\RIWKH,)WRWKHDSSHDUDQFHRIGDPDJH)LJXUHVKRZVKRZWKHLQ
VWDQWDQHRXV UHVRQDQW IUHTXHQFLHV FKDQJH DV WKH PRYLQJ ORDG WUDYHUVHV WKH UHJLRQ ZKHUH WKH
GDPDJHGHOHPHQWZDVVHWXS7KLVVWDWHPHQWLVQRWGLIILFXOWWRFRPSUHKHQGEHFDXVHWKH:667
UHVROYHVIRUWKHKLJKHVWYLEUDWLRQHQHUJ\DWHYHU\SRLQWDQGIUHTXHQF\DQGWKHUHIRUHWKHLQVWDQ
WDQHRXVUHVRQDQWIUHTXHQF\EHFRPHVHYHQORZHUDVWKHORDGLVQHDUWRWKHZHDNVSRW

)LJXUH&KDQJHRI,)FDXVHGE\HOHPHQWVWLIIQHVVUHGXFWLRQDWWKHPLGVSDQ

$VDFORVLQJUHPDUNRIWKLVVHFWLRQRQHFDQDSSUHFLDWHWKDWSRWHQWLDORIWKH:667DVSUR
YLGHGE\WKHIXQFWLRQWRROER[RI0DWODE+HQFHDPXFKWKRURXJKLQYHVWLJDWLRQRIWKHV\VWHP
SDUDPHWHUVJRYHUQLQJWKHVLJQDOSURFHVVLQJRIWKH:667PHWKRGPD\LQFUHDVHLWVFDSDFLW\EH
\RQGWKLVVLPSOHVLPXODWHGFDVHVWXG\
4

CONCLUSIONS

7KLVSDSHUSUHVHQWVIRUWKHILUVWWLPHDQRYHODSSOLFDWLRQRIWKH:667VLJQDOSURFHVVLQJWR
WKHFDOFXODWLRQRIWKHLQVWDQWDQHRXVILUVWUHVRQDQWIUHTXHQF\RIDEULGJHWUDYHUVHGE\DPRYLQJ
PDVV7KH:667FDQEHSRWHQWLDOO\H[SORLWHGLQKHDOWKPRQLWRULQJZKHUHWKHYLEUDWLRQVLJQDOV
FRXOGEHSURFHVVHGLQDquasiUHDOWLPHDVWKHWUDLQKDVFURVVHGDEULGJH,WZDVGHPRQVWUDWHG
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WKDWWKH:667LGHQWLILHVWKHLQVWDQWDQHRXVUHVRQDQWIUHTXHQF\DQGZKLFKZDVYHULILHGDJDLQVW
PRGDODQDO\VLVUHVXOWV)XUWKHUPRUHLWZDVVKRZHGWKDWWKH,)LVVHQVLWLYHWRWKHSUHVHQFHRI
GDPDJH7KLVEHKDYLRXUZDVGHPRQVWUDWHGE\ILWWLQJWKHPRGHOZLWKGDPDJHVDWWKHPLGVSDQ
RIWKHEULGJH7KH,)SUHVHQWHGDVXGGHQGLVFRQWLQXLW\ZKHUHWKHGDPDJHZDVVHWXSIRUDOOWKUHH
VHYHULW\VHOHFWHGIRUWKHVHDWWHPSWV
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DETECTION OF CLAMPING FORCE LOSS IN BOLTED JOINTS OF
RAIL SUPPORTS IN CONSIDERATION OF CHANGING AMBIENT
TEMPERATURE
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Keywords: Rail support, bolted joint, clamping force, electro-mechanical impedance, SHM.
Abstract. Rail supports are important components of rail construction as their task is to attach
rail tracks and transfer occurring loads to the ground. Failure e.g. caused by fatigue cracking
or loss of clamping force can cause catastrophic consequences up to derailment. In this work
a possible approach for feature detection in order to detect a loss of clamping forces is investigated by applying the electro-mechanical impedance (EMI) method. The EMI method is a high
frequency vibration-based structural health monitoring technique which is carried out by piezoelectric wafer active sensors (PWAS) attached to the mechanical structure to be monitored. In
order to detect a loss of clamping force in this work two PWAS where attached to the bolted
joint of a rail support and the imaginary part of the complex electro-mechanical admittance
spectrum (reciprocal of the impedance) was evaluated. As it is known that PWAS measurements
are sensitive to variations of ambient temperature a strategy to reduce temperature effects in a
range of 0 ◦ C-50 ◦ C is also considered. First experiments show that the investigated technique
is promising to distinguish variations of the measured signals which are caused by variations
of clamping force from variations caused by changing ambient temperature.
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1

Introduction

The task of Structural Health Monitoring (SHM) is to observe structural properties to ensure
the structure’s integrity. Its ﬁeld of application is wide; typical structures to be monitored
are aerospace, civil structures or wind energy plants. The monitoring process entails several
advantages e.g. the prolongation of service life due to condition-based maintenance and the
reduction of inspection time as a consequence of the automated monitoring process [1]. In
this study the structures to be monitored are rail supports. These components are an important
part of rail construction as their task is to attach rail tracks and transfer occurring loads to the
ground. Failure due to the loss of clamping force can cause catastrophic consequences. As
real structures like rail supports exist in an environment they are affected by environmental
inﬂuences like vibrations, humidity, ambient induced noises, etc.. To take changing ambient
temperature into account a strategy to reduce temperature effects is investigated. The purpose is
to detect variations of clamping forces in the presence of changing temperature by application of
the electromechanical impedance method (EMI). As the temperature effects alter the measured
signals and can cause ’false alarm’ [2, 3] they have to be compensated. There are different
methods to remove temperature inﬂuences. In [2] it is presented that temperature variations lead
to horizontal and vertical shifts of impedance signatures. The efﬁcient frequency shift (EFS)
concept based on minimization of the root mean square deviation (RMSD) was introduced in
order to shift the signals horizontally for removing the temperature induced shifts. In [4, 5] the
authors also utilize EFS based on the maximization of the correlation coefﬁcient (CC).
Table 1: Studies utilized EMI under varying temperatures

Analysed
quantity

Load

Damage

Publication

real(Z)

-

X
(added mass, hole,
cut,..)

[5, 2, 6]

real(Z)

-

X
(bolt loosening)

[9]

real(Z)

X

X
(bolt loosening)

[10]

real(Z)

X

-

[8]

real(Z),
imag(Z)

-

X

[7]

imag(Y)

-

-

[3]

imag(Y)

-

X
(detection of clamping
force)

this study

The EFS was applied in further studies [6, 7, 2] in order to compensate the temperature
effects on the real part of the impedance (real(Z)). In [8] the EFS was used to monitor prestressloss in prestressed concrete (PSC)-girders and it was found that in presence of varying temperature as well as varying prestress the resonances of the real part of the impedance spectra shift
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horizontally. Whereas temperature changes cause approximately the same frequency shifts of
a)
UHVRQDQFHRI3:$6

UHVRQDQFHRI3:$6

UHVRQDQFHRIVWUXFWXUH

UHVRQDQFHRIVWUXFWXUH

b)
UHVRQDQFHRI3:$6

UHVRQDQFHRI3:$6

UHVRQDQFHRIVWUXFWXUH

UHVRQDQFHRIVWUXFWXUH

Figure 1: Temperature compensation a) Effects of changing clamping force on conductance and susceptance in
a frequency range of 125-185 kHz and 125-345 kHz, respectively b) effects of changing ambient temperature on
conductance and susceptance in a frequency range of 125-185 kHz and 125-345 kHz, respectively

the resonant peaks but damage generates different frequency shifts of the resonances. In [9] a
bolted steel girder connection was monitored in the presence of varying temperatures. In the
damaged cases one or more bolts were loosened from reference torque to a torque of 35 Nm.
In [10] also bolt loosening was monitored under varying temperature but also under varying
loading. The damage was introduced by loosening one of ten bolts with a half turn. The object
to monitor was an aircraft composite wing segment model. An overview of works that applied
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the EMI method under varying temperature conditions can be found in table 1. Instead of the
real part of the impedance which was used to identify the structural’s state in the studys mentioned before, in this work the imaginary part of the admittance Y (reciprocal of impedance),
the susceptance (Im(Y)), was used to monitor the loss of clamping force in the presence of temperature variations. As the susceptance also includes resonances of the structure and therefore
reﬂects the structure’s state. In [3] it was found that a great effect of temperature inﬂuence
on the susceptance spectra is the changing signal’s slope. At increasing temperature the slope
also increases. Furthermore the resonance frequencies move into direction of lower frequencies. These properties and also the EFS concept have been used in this work for reducing the
temperature effects on the signals. The purpose of this study is to ﬁnd an approach for a possible indicator which detects a loss of the clamping force at an incipient state under varying
temperature to adjust this defect before failure of the joint occurs.
2

Methodology

In own preliminary studies the effects of temperature and clamping force on conductance
and susceptance have been investigated. Exemplary results of these studies are shown in ﬁgure 1 which represent the effects of temperature and varying clamping force on the conductance (Re(Y)) and the susceptance (Im(Y)) spectra in the investigated frequency range of 125185 kHz and additionally 125-345 kHz. The broad frequency range between 125 kHz-345 kHz
contains the structural resonances as well as the resonance of the PWAS. In contrast to that
the narrow frequency range of 125 kHz-185 kHz only contains the structural resonances but
with higher resolution. This is justiﬁed by the utilized measurement device which provides a
maximum resolution of 1024 points in the deﬁned frequency range. In ﬁgure 1 a) the inﬂuence
of changing clamping force is visible by observing the conductance as well as the susceptance
spectra. Whereas in relation to the susceptance this effect is mainly visible in the frequency
range very close to the structural resonance. In ﬁgure 1 b) the effect of varying temperature is
shown. The narrow frequency plot of the conductance shows large changes over the complete
displayed frequency range. In contrast to that the susceptance mainly shows a shifting and a
changing of the slope. Additionally the height of the peaks at the resonance frequency changes
and the signals ﬂuctuate more with rising temperatures (see blue graph at ≈ 170 kHz). But apart
from that the curve almost remains invariant in the presence of changing ambient temperature.
As the temperature effects are easier adjustable it has been As a result of these observations
it has been decided to evaluate the susceptance in order to develop a strategy to reduce temperature effects on the signals. The aim of this strategy is to remove the slope as well as the
horizontal and vertical shift of the temperature affected signals. The reduction of the temperature effects of the recorded signals was conducted in four steps: First the signal’s slopes were
determined by means of the linear least squares method. Second the slope and the difference
between the offset of the baseline and the x-axis were removed. As a result the signals have
horizontal orientation and zero offset. Therefore the peaks at the resonance frequency as well
as the surrounding peaks can be easier identiﬁed and EFS can be applied. The EFS was carried
out by ﬁnding the frequency shift δ fˆ were correlation is highest in the third step and shifting
the signals horizontally about this distance in the fourth step. In order to detect the differences
of clamping forces the RMSD-metric shown in equation 7 was used. For removing the slope of
the signals a rotation matrix according to equation 1 was applied in order to rotate the signals
about the origin (0 | 0):
X̂j

(k)

(k)

(k)

= R⊥ (αk )Xj
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(k)

where X̂j

(k)

contains the rotated data vectors and Xj

the original data of the k’th state.

(k)

R⊥ (αk ) is the rotation matrix for computing rotations by the angle αk about the normal
(k)
axis. The rotated data matrix X̂j is given in equation 2:


(k)T
(k)
—— fˆj
——
X̂j =
(2)
(k)T
—— B̂j
——
(k)

(k)

where fˆj and B̂j are the rotated data vectors of the frequency and the susceptance of the
(k)
k’th state. The original data matrix Xj is given in equation 3:


(k)

Xj
(k)


(k)T
—— fj
——
=
(k)T
——
—— Bj

(3)

(k)

where fj and Bj are the original data vectors of the frequency and the susceptance of the
k’th state. The rotation matrix is deﬁned as follows:
#
"
cos(αk ) −sin(αk )
(k)
(4)
R⊥ (αk ) =
sin(αk ) cos(αk )
where αk is the slope angle of the k’th state signal. Its connection to the slope mk of a linear
function is deﬁned in equation 5:
mk = tan(αk )

(5)

Afterwards the converted signals are shifted by the EFS horizontally and vertically by removal
of the mean value according to equation 6.
(k)

B̃j

(k)
= B̂j (fˆ − δ fˆ) − μk

(6)

where δ fˆ is the EFS and μk the mean value of the signal’s k’th state. By this operation the
signal’s offset is 0 and the signals have a comparable range. Which also leads to an approach of
the heights of the susceptance peaks of the temperature affected signals. For evaluation the root
mean square deviation (RMSD) was applied as follows:
<2
AN ; (k)
(0)
j=1 B̃j − B̃j
RM SD(k) =
(7)
AN ; (0) <2
B̃
j
j=1
(0)

(k)

Where B̃j is the susceptance signal of the baseline’s state and B̃j the k’th state. For showing
the efﬁciency of the temperature compensation strategy introduced before the temperature affected original data is compared with the temperature compensated data. The RMSD-algorithm
shown in equation 7 is normalized by the baseline. As the baseline is converted by the temperature compensation strategy, too, the RMSD is not suitable for comparing the original and
converted data. Therefore only residuals are computed according to equation 8 and 9.
N ;
<2

(k)
(0)
(k)
R (Bj ) =
B j − Bj
(8)
j=1

(k)

R (B̃j ) =

N ;


(k)
B̃j

j=1
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3

Experimental Setup and Test

In this section the analysed specimen, the experimental setup and data acquisition for performing EMI measurements are brieﬂy described. The experiments were carried out on three
specimen.
a)

b)

Figure 2: Experiments a) specimen with attached PWAS b) experimental setup

3.1

Specimen and Sensor Technology

The specimen consist of threaded M22-bolts which are welded onto base plates. The welding
process is a fusion welding process without ﬁller material. Both parts are composed of structural
steel S355. For the experiments the bolts with a length of 85 mm have been welded onto squared
150 × 150 mm base plates having a thickness of 40 mm. The specimen including the sensors
and actors, respectively, is depicted in ﬁgure 2a). For EMI measurements two piezoelectric
wafer active sensors (PWAS) PI (type PIC) with a diameter of 10 mm and a thickness of 0.5 mm
were installed according to ﬁgure 2. One transducer is positioned at the face side of the bolt
(PWAS1). The second one (PWAS2) is arranged laterally at the circumferential surface of the
bolt.
3.2

Experiments

For investigating temperature effects under varying clamping force the bolted connection
was preloaded in steps of 10 kN starting at 30 kN until the maximum of 60 kN. The clamping
force was increased at a temperature of 0◦ C. At every load step the specimen was heated in steps
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of 10◦ C starting at 0◦ C until the maximum of 50◦ C. The EMI measurements were carried out at
every temperature step with PWAS 1 and PWAS 2 in the frequency range 125-185 kHz. During
the experiments the specimen were placed in a ACS climatic chamber. The temperature was
regulated by the temperature of the specimen with a PT100 temperature sensor coming along
with the ACS climatic chamber.
3.3

Measuremental Setup

In ﬁgure 2b) the measurement setup is shown. The clamping force was measured by a force
washer KMR400 coming along with two protection rings per ﬂange which was clamped by
a nut. Additionally a spherical washer was mounted between the nut and the force washer
for compensation of misalignment of the bolt and to transfer the load orthogonal to the force
washer. Beneath the bottom of the force washer a spacer ring having a bigger inner diameter
than the other parts was mounted because the weld seam at the bottom of the bolt has also a
bigger diameter than the bolt itself. The impedance analyser, Cypher C60, was used to supply an alternating voltage in the speciﬁed frequency range and to measure the corresponding
admittance signatures across the two PZT transducers one by one. A notebook computer with
Cypher software coming along with the C60 was used for conﬁguring the measurement settings
and recording the admittance spectra. For excitation via Cypher C60 the set frequency range is
divided into 1024 discrete frequencies fi in order to excite the structure at every single frequency
sequentially and to measure the corresponding electro-mechanical impedance and admittance
signatures, respectively. The structural response of one state is measured as the impedances Zi
at the single frequencies fi . The signals of the KMR400 as well as signals of the PT100 sensor
were measured with the ampliﬁer Quantum MX840 B from HBM.
4

Results and Discussion

In order to show the efﬁciency of the temperature compensation strategy described previously in ﬁgure 3 the compensation of the temperatures for maximum clamping force are shown.

ﬁrst sample
second sample
third sample

frequency
with evaluated
frehighest amplitudes quency range
138,3 kHz
142 - 147 kHz
136,6 kHz
140 - 145 kHz
136,2 kHz
140 - 145 kHz

Table 2: Overview of frequency with highest amplitudes at 20◦ C and 60 kN clamping force and evaluated frequency ranges for all samples

The original susceptance signals shown in ﬁgure 3a) have been measured by PWAS1. The
increasing slope and the horizontal shift of the resonance with increasing temperature are apparent. There are two clearly visible resonances. The resonance in the lower frequency range
has higher amplitudes than the resonance in the higher frequency range. In ﬁgure 3b) the minimization of the temperature effects described previously are visible. This is conﬁrmed by the
residuals computed in the diagrams of ﬁgure 3c) and d). Note that in both cases the third measurement at 20◦ C was used as baseline and therefore is zero valued. In case of the maximum
clamping force the residuals’s of the temperature compensated data decreased between 85%
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a)

b)

c)

d)

e)

f)

Figure 3: Temperature compensation a) original susceptance signals of 60 kN clamping force and varying temperatures b) temperature compensated signals for 60 kN clamping force c) residuals of original signals for 60 kN
clamping force d) residuals for temperature compensated signals for 60 kN clamping force e) original susceptance signals measured at 20◦ C and variable load states f) temperature compensated signals measured at 20◦ C and
variable load states

and 80% in comparison to the original data. In ﬁgure 3e) the original signals measured at 20◦ C
and under variable load states from 30 kN to 60 kN are plotted. The corresponding temperature
compensated signals are shown in ﬁgure 3f). Because the temperature compensation algorithm
is based on maximum correlation, the signals are shifted until the resonances with higher amplitudes coincide. Temperature variation causes approximately the same frequency shift for the
two resonances (see ﬁgure 3b)) and load variation causes different frequency shifts of the two
resonances. Therefore the variation of the load state can be detected by evaluating the frequency
range where the second resonances of the four load states are located. This frequency range is
labelled in ﬁgure 3f). As the several resonance frequencies vary for the three specimen the
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evaluated frequency range varies, too. The evaluated ranges are shown in table 2. In ﬁgure 4
the RMSD’s for three specimen are depicted.
a)

b)

c)

Figure 4: RMSD index for three specimen and seven load states under varying temperatures between 0◦ C and
50◦ C in comparison to the baseline at 60 kN load state and 20◦ C a) evaluated at 142-147 kHz b) evaluated at
142-147 kHz b) evaluated at 140-145 kHz b) evaluated at 140-145 kHz
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The diagrams show four load states under varying temperature between 0◦ C and 50◦ C. The
state of 60 kN at a temperature of 20◦ C was used as baseline state. The load states of 30 kN,
40 kN, 50 kN and 60 kN are separable for each specimen. But the RMSD values for the several load states move in different ranges and ﬂuctuate. A possible explanation regarding the
ﬂuctuations for constant load stages and varying temperatures can be made: Due to thermal
expansion of the material the contact and tensioning, respectively, between the several components changes. But in total these changes can cancel each other out and as a result they may not
be measurable by the force washer. Changing of the clamping force due to thermal expansion
or setting behaviour can be precluded because the force washer itself has only shown negligible changes with varying temperatures. For the different behaviour of the indicator in case
of the three samples two explanations are possible: As the specimen are manually welded and
manual processes are often imprecise the specimen may differ from each other signiﬁcantly. A
further reason can be attributed to the tensioning and contact conditions between the clamped
components of the bolted joints which can differ from each other.
5

Summary and Conclusions

In this work a possible feature for detection of the clamping force loss in the presence of
varying temperatures in a range of 0◦ C to 50◦ C and a load range of 30 kN to 60 kN has been
investigated. The susceptance as the imaginary part of the electromechanical admittance was
used to detect changes of the pretension. In order to avoid ’false alarm’ caused by temperature effects a temperature compensation strategy had to be applied. Temperature effects on
the susceptance have been identiﬁed and minimized. First the technique was applied to measurements of one load state at varying temperature. The deﬁned indicator for the assessment
of the temperature compensation technique has shown a signiﬁcant reduction of the discrepancies between the temperature affected signals within 80% and 85%. Afterwards the technique
was applied to measurements of varying clamping force and varying temperature. The baseline was deﬁned at the maximum clamping force and a temperature of 20◦ C. Fluctuations of
the indicator for constant load and under varying temperatures were observed. This behaviour
was attributed to changing restraints of the individual clamped components caused by varying
temperatures which in total may cancel out each other and therefore can not be registered by
the force washer. By application of the proposed technique it may not be possible to detect the
exact current load state but it could be used as a possible technique for detection of a signiﬁcant
loss of the clamping force.
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Abstract. Base isolation systems (BISs) are devices that mitigate the harmful effects of earthquakes on structures. Nowadays, designers are implementing this technology to bridge and
building special projects located in areas of high seismic risk to improve their performance under earthquake excitations. However, high cost, uncertainty and lack of knowledge in the design
have limited its massive use, specially in developing countries. According to the mechanical behavior, BISs are clasifﬁed in elastomeric bearings, sliding bearings and roller bearings. In this
work, the performance of a bi-directional roller bearings system was evaluated; thus, the main
objective of this publication is to show the efﬁciency of a bi-directional roller bearing in improving the structural seismic response of multicolumn systems by means of reducing accelerations
and displacements. A numerical code in Matlab was written to simulate the response of the
structures under base excitations, the ﬁnite element method (FEM) in conjunction with frame
elements was used to solve the governing equations. The validation of the numerical model was
done by direct comparisons between experimental and numerical data.
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1

INTRODUCTION

Various seismic isolation systems have been developed to protect buildings and reduce the
potentially harmful effects produced by earthquakes. Isolations systems are commonly grouped
into three types: (1) elastomeric bearings, (2) sliding bearings and (3) roller bearings. Jangid
and Datta [1], Naeim and Kelly [2], Kunde and Jangid [3] and Harvey and Kelly [4] presented
a comprehensive review of the study and use of these systems over the past three decades.
Seismic isolation systems, regardless of their type, partially decouple the horizontal motion
between the structure and its base by incorporating a ﬂexible interface with low lateral stiffness
at the foundation level. This ﬂexible interface corresponds to the isolation devices or seismic
isolators, which allow to avoid that the natural frequencies of the structure coincide with the
predominant frequencies contained in the seismic excitation; thus, reducing acceleration and
horizontal displacements of the structure [1, 5]. Likewise, it is important to highlight that all
types of seismic isolation systems have to return to their initial position, self-centering, after the
excitation occurred; in addition, isolation systems should have the capacity of dissipate energy
through different mechanisms, typical of each type of system.
Isolation systems have been successfully used since 1969 in 12.720 projects around the world
[6]. New construction projects, the retroﬁtting of structures with insufﬁcient resistance to withstand earthquakes and the updating of structures to current regulations are some examples in
which this technology have been implemented [e.g. 2, 7–11]. Spencer Jr. and Nagarajaiah [12]
attributed the success of seismic isolation to its reliability, stability, simplicity of design and low
cost compared to other seismic protection techniques.
The main objective of this publication is to show the efﬁciency of a bi-directional roller bearings in improving the structural seismic response of multicolumn systems. This type of isolator
was developed by Lee et al. [13] and it is composed of a cylindrical bearing system supported
by an inclined V-shaped surface. Initially, this system was studied and implemented in bridges
and subsequently studied by Ortiz-Cano et al. [14] to be used in multicolumn structural systems.
Following the work done by Ortiz-Cano et al. [14], in this work a numerical code in Matlab
was written to simulate the response of the structures under base excitations, the ﬁnite element method (FEM) in conjunction with frame elements was used to solve both the governing
equations and boundary conditions. The validation of the numerical model was done by direct
comparisons between experimental and numerical data. Finally, a parametric study allowed to
verify the efﬁciency of the isolation system in the control of vibrations under conditions of real
earthquake records.
2

MOTION EQUATIONS OF ISOLATED BUILDINGS WITH RB SYSTEM

The equation of motion, in the time domain, that represents the dynamic bahavior of isolated
buildings with RB systems under base excitations in a multiple degrees of freedom (MDoF)
system is given in Eq.(1),
M ü + C u̇ + Ku + R (fs + fdr + fds ) = −M Γüg

(1)

Where M , C and K are the mass, damping and stiffness matrices of the MDoF system,
respectively. ü, u̇ and u are the acceleration, velocity and displacement vectors.
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On the other side, in Eq.(1), üg is the seismic excitation vector that contains the base accelerations for each direction in which the building can be excited; i.e., 3 translational and 3
rotational DoF’s in the Cartesian space. The term Γ is an inﬂuence matrix that relates the excited DoF’s i with the direction of the seismic excitation j. The elements of the Γ matrix take
values of 0 or 1 according to the following expression:

0 if the DoF i isn’t excited in the direction j
Γij =
(2)
1 if the DoF i is excited in the direction j
where, R is a matrix that allocates the forces of restoration fs , rolling friction fdr and sliding
friction fds developed by the RB system in j direction into a matrix that contains the forces in
the DoF’s system in i direction. The elements that make up the R vector take values of 0 or 1
as follows.

Rij =

0 if in the DoF i the forces fs , fdr and fds aren’t developed in the direction j
1 if in the DoF i the forces fs , fdr and fds are developed in the direction j

(3)

The forces fs , fdr and fds , which characterize the RB system, are deﬁned through Equation (4), (5), (6) and (7) as follows,
fs T = { 12 m1 g sin (θ1 ) fH1 (u)

1
mg
2 2

sin (θ2 ) fH2 (u) }

(4)

fdr T = { μr1 m1 gfH1 (u̇) μr2 m2 gfH2 (u̇) }

(5)

fds T = { μs1 N1 fH1 (u̇) μs2 N2 fH2 (u̇) }

(6)

⎧
⎨ 1
1
x
fH (x) =
⎩ d
−1

if
if
if

x≥d
−d < x < d
x≤d

(7)

where m is the mass supported by the isolator, g is the gravitational acceleration, μr is the
rolling friction coefﬁcient, μs is the sliding friction coefﬁcient, N is the normal force applied
on the sliding interface, θ is the angle of the inclined V-shape surfaces and fH is a function governed by a parameter called yield displacement d and a variable auxiliary x associated with the
displacement and speed of the base of system (7). Additionally, the subscripts 1 and 2 denote
the proper direction of each parameter in the horizontal plane.
In order to solve Eq.(1), the numerical solver of ordinary differential equations (ODE’s)
ode23t implemented by MATLAB was used; it showed greater efﬁciency and numerical stability compared to others methods offered by MATLAB ODE pack. In general, the algorithm
of this solver is an implementation of the trapezoidal rule with an adaptive step-size associated
with the use of a “free” interpolant [15]. The use of this solver requires that Eq. (1), which is a
second order equation, be rewritten as a two ﬁrst-order ODE system, as shown in the following
expression:
v̇ = A1 v (t) + A2 H (u, u̇) + A3 üg
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with
"
A1 =

0
I
−1
−M K −M −1 C

#

"
;

A2 =

0
−M −1 R

#

"
;

A3 =

0
−Γ

#
(9)

where, A1 and v (t)T (= {u u̇}) represent the state matrix and state vector of the system.
The non-linearity of the system is represented by H (u, u̇) function, which includes the effects
of the RB system previously described.
3

VALIDATION OF THE NUMERICAL SIMULATION ROUTINE

To validate the numerical simulation routine, the results of an experimental evaluation [14]
and a numerical simulation of a building with and without RB isolation were compared.
The characteristics of the building model and the numerical simulations that validate the
routine are presented in the next subsections.
3.1

BUILDING MODEL

3.1.1 Description of the physical model
The physical model consists of 4 storys supported by columns of polymeric material with
rectangular section of 20.0 × 2.9 mm. The model has a total height of 803.4 mm and a rectangular plant with dimensions of 150 × 200 mm. The slabs that make up each story and the
story-column connections are constructed of aluminum plates. The base of the building has a
thickness of 8.0 mm, storys and story-column connections a thickness of 4.0 mm. On the other
hand, the building supports superimposed masses of 0.50 kg on the second and third storys. A
detailed outline of the geometry of the physical model is presented in Figure 1.

(a) Picture of physical model.

(b) Scheme of physical model, measures in mm.

Figure 1: Physical model.
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3.1.2

Modal parameters identiﬁed

According to the experimental tests carried out and the analysis methodologies adopted by
the author, the modal parameters identiﬁed for the ﬁxed-base building model are summarized
in Table 1.
Mode
fexp (Hz)
ξexp (%)
1 ﬂexural (weak direction) 6.82±0.02 0.59±0.03
2nd ﬂexural (weak direction) 20.44±0.03 0.51±0.01
1st torsional
21.55±0.02 2.88±0.03
rd
3 ﬂexural (weak direction) 31.70±0.02 0.30±0.01
4th ﬂexural (weak direction) 36.65±0.03 0.34±0.02
2nd torsional
77.44±0.02 3.92±0.01
st

Table 1: Modal parameters identiﬁed in the building.
In addition, considering the Rayleigh damping, values of the damping constants α = 4.03 ×
10−1 and β = 5.58 × 10−5 were determined for the ﬁrst two modes of vibration, which add up
to 95% modal participation of the total mass of the building.
3.2

NUMERICAL MODELING

The structural system that makes up the physical model of the building was modelled using
three-dimensional frame elements, 68 elements were deﬁned with 56 nodes as presented in
Figure 2.

0.8

Y (m)

0.6

0.4

0.2

0
0.4
0.2

0.2
0

Z (m)

0
-0.2

-0.2

X (m)

Figure 2: Numerical model raised.
In the numerical model, 3 types of frame elements were used, which are characterized by an
elasticity modulus E, a Poisson ratio ν that deﬁnes the shear modulus G, a density ρ, a area A,
a polar moment of inertia Jx and a moments of inertia Iy and Iz . Table 2 lists the characteristics
of the elements used in the numerical representation of the physical model.
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Element
E
type
(GP a)
1
28
2
70
3
70

ν

ρ
(Kg/m3 )
0.325
1800
0.331
2700
0.331
0

A
(m2 )
5.9 × 10−5
4.0 × 10−4
4.0 × 10−4

Jx
(m4 )
1.5 × 10−10
7.7 × 10−9
7.7 × 10−9

Iy
(m4 )
2.0 × 10−9
1.3 × 10−7
1.3 × 10−7

Iz
(m4 )
4.1 × 10−11
2.5 × 10−9
2.5 × 10−9

Table 2: Mechanical and geometric characteristics of the elements.
The elements type 1 represent the columns constructed in polymeric material, while the
elements type 2 and 3 represent the aluminum connections and slabs deﬁned as beams in the
numerical model. It is important to highlight that the density of the elements type 3 takes the
value of 0 because the slab masses, and other elements that provide mass on each story, were
modelled as masses concentrated on the nodes of each story. In this way, concentrated masses
of 539.3 g, 196.6 g, 321.2 g, 321.1 g and 196.6 g were incorporated into each of the nodes of
the base, 1st , 2nd , 3rd and 4th story.
3.2.1

Building with ﬁxed base

The validation of the numerical model corresponding to the ﬁxed-base building was performed taking in to account both the domain of frequencies and the domain of time; in addition,
the frequency response functions (FRFs) and the acceleration response of the model storys were
used.
Firstly, the validation in the frequency domain was carried out by direct comparison between
the natural frequencies and the FRFs obtained experimentally and numerically.
In Figure 3 the natural frequencies obtained numerically and the vibration modes associated
with each frequency are presented, while Figures 4 and 5 show a comparison of the experimental and numerical FRFs of the structure. Accordingly, it is observed that the numerical vibration
frequencies are in agreement with the experimental vibration frequencies with a relative difference less than 0.6% in the ﬁrst four vibration modes (Fig. 3a, b, c, d).
Likewise, using the damping ratios presented in Table 1 the FRF’s were computed and then
compared with the experimental ones; there is an excellent correlation between experimental
and numerical FRFs as shown in Figures 4 and 5. However, it is noteworthy that if the damping
ratios given by Rayleigh damping model are used (instead of those obtained experimentally)
there is a signiﬁcant difference for high vibration modes.
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Ricardo González, Nelson Ortiz-Cano, Andrés Nieto-Leal and Carlos Gaviria-Mendoza

(a) 1st mode, 6.83 Hz.

(b) 2nd mode, 20.44 Hz.

(c) 3rd mode, 21.55 Hz.

(d) 4th mode, 29.92 Hz.

(e) 5th mode, 31.55 Hz.

(f) 6th mode, 36.86 Hz.

(g) 7th mode, 67.97 Hz.

(h) 8th mode, 97.49 Hz.

(i) 9th mode, 116.10 Hz.

Figure 3: Vibration modes and vibration frequencies.
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Figure 4: FRFs comparison of the 2nd story with base excitation.
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Figure 5: FRFs comparison of the 4th story with impact excitation in the 1st story.
Secondly, in the time domain, the validation of the numerical model was carried out by
comparing the numerical and experimental response of the structure when subjected to random
base excitation. The comparison of the responses is shown in Figure 6, it is evident that the
numerical model represent the response of the ﬁxed-base building.
0.4

Acceleration (g)

Experimental

Numerical

0.2

0

-0.2

-0.4

0

0.5

1

1.5

2

2.5

Time (s)

Figure 6: Time series of acceleration response of the 3rd story.

3.2.2

Building with RB system

Turning the attention to the use of roller bearings, the numerical model representing the
building with RB was validated by comparing the numerical and experimental response of the
structure in both free vibration and base excitation conditions.
To model the building + RB system, the characteristics of the ﬁxed base structure and the
RB system parameters μr = 0.0054, d = 1.2 × 10−3 m and θ = 5◦ were used. In the free
vibration simulations the initial lateral displacement condition u0 = 0.025 m and initial velocity u̇0 = 0 m/s were considered, while in the simulations of the building + RB under base
excitation initial conditions u0 = 0 m and u̇0 = 0 m/s were considered in conjunction with a
random base excitation record that contained predominant frequencies between 0 and 6 Hz.
In Figures 7 and 8 are shown the comparisons between numerical simulations and experimental responses of the building + RB system in both conditions free vibration and base excitation. In both ﬁgures certain degree of dispersion between the responses is noticeable; this
dispersion could be related to deﬁciencies in the isolation system since it is not possible to completely restrict motion in the different directions in which the RB system operates Ortiz-Cano
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et al. [14]. However, despite some dispersion, there is a very good agreement between the measured and numerically responses, which prove that the numerical model is able to adequately
represent the dynamic behavior of a building + RB system.
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Figure 7: Time series of acceleration response of the 1st story with RB in free vibration.
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Figure 8: Time series of acceleration response of the 1st story with RB under base excitation.
4

RB SYSTEM PERFORMANCE UNDER BI-DIRECTIONAL SEISMIC EXCITATION

To evaluate the performance of the RB system in structures under base excitations, simulations using the numerical model previously described were carried out employing three earthquake records and four different RB conﬁgurations; thus, comparing the response of the ﬁxedbase building with the response of the system when employing the RB system with different
conﬁgurations. Accordingly, these results let us conclude about the performance of RB systems
as seismic isolators in multicolumn structures.
Earthquake records were selected in order to have: I) excitations that produce high velocities
at soil surface, II) excitations with both high frequency and high acceleration and III) moderate
excitations [2]; in Table 3 are shown the seismic excitations selected for this work.
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Earthquake

Station

Component

Imperial Valley (1979)

El Centro Array # 6

Loma Prieta (1989)

Corralitos

Northridge (1994)

Century City

140
230
90
0
90
360

PGA PGV PGD
(g)
(m/s) (m)
0.339 0.665 0.287
0.437 1.131 0.720
0.478 0.475 0.115
0.630 0.552 0.095
0.256 0.214 0.060
0.222 0.251 0.060

Table 3: Seismic excitations.
It is timely to mention that each of the RB system conﬁguration is determined by a different
inclination angle θ and a different dissipation force fds ; i.e., ﬁrst RB conﬁguration corresponds
to θ = 2.0◦ , second one corresponds to θ = 3.5◦ , third one is given by θ = 5.0◦ and the fourth
one is deﬁned by θ = 5.0◦ + fds = 1.14 N .
To continue, time series responses of displacement, speed and accelerations were obtained,
however, only the responses in displacements will be presented. In Figures 9, 10 and 11 are
shown the time series of displacement response at the fourth story obtained in the numerical
simulations obtained for each of the earthquake records employing the four different RB conﬁgurations. Displacements were normalized by the maximum displacement obtained in the
simulation of the ﬁxed-based building umax . Due to the fact that only in the weaker direction of
the structure the seismic excitation produced noticeable displacements, the parametric analysis
was performed only in that direction. By contrast, the seismic excitation, by means of amplitude and frequencies, did not produced noticeable displacements in the stronger direction of the
structure.
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Figure 9: Performance of RB system: Time series of displacement response of the 4st story
under base excitation Imperial Valley Earthquake (1979), umax = 0.0109 m.
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Figure 10: Performance of RB system: Time series of displacement response of the 4st story
under base excitation Loma Prieta Earthquake (1989), umax = 0.0075 m.
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Figure 11: Performance of RB system: Time series of displacement response of the 4st story
under base excitation Northridge Earthquake (1994), umax = 0.0068 m.
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Figure 12: Hysteresis diagrams of isolation devices under base excitation Imperial Valley Earthquake (1979).
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Figure 13: Hysteresis diagrams of isolation devices under base excitation Loma Prieta Earthquake (1989).
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Figure 14: Hysteresis diagrams of isolation devices under base excitation Northridge Earthquake (1994).
Based on the obtained results, it is noticeable that the use of RB system reduce building
displacements between 60% to 80% for all three seismic excitations compared with the same
results obtained in the simulations without RB systems. The seismic building response improve
as θ decreases; however, as θ decreases, large horizontal displacements result at the base of
the structure thus limiting the use of RB systems. To avoid this problem, energy dissipation
systems must be implemented to control those large displacements at the base of the structure;
thus, improving the performance of the whole seismic isolation system (Fig. 12, 13, 14). It is
important to mention that the energy dissipation system have to maintain both the decoupling
between the structure and the base and the self-centering capability of the isolator device.
5

CONCLUSIONS

The response of a multicolumn structural model employing a Roller Bearing seismic isolation system and the performance of the RB system have been presented. Its performance
has been assessed through the simulation of the structural model subjected to seismic excitations. The structural model’s response was evaluated by direct comparison between the results
of the simulation under ﬁxed-base structure conditions and employing the RB system. It was
found that the RB isolation system considerable reduces horizontal displacements relative to the
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base for all earthquake records reviewed in this work. Maximum accelerations also decrease
by means of the RB systems compared with those ones computed in the ﬁxed-base structure
simulations. In addition, it is important to mention that an energy dissipation system reduced
the maximum horizontal displacement at the base of the structure improving the overall performance of the seismic isolation system. Finally, a proper relation between parameters θ y fds
will give the best performance to the RB system in different seismic excitations.
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Abstract. This paper considers different vibration control options for a real high-rise tower
subjected to real wind loading. To mitigate excessive responses, the tower utilizes a hybrid
passive - active control system with a relatively small actuator capacity. Firstly, the methodology for establishing a reduced order numerical model of the tower from a finite element realization is presented. Subsequently, to deal with physical constraints, a Model Predictive Control
(MPC) algorithm is employed and compared to a more conventional Linear Quadratic Regulator (LQR). In both cases, the algorithms managed to keep the dynamic displacements within
the set desired limit. It was concluded that, the MPC had a better performance when compared
to the LQR in terms of peak amplitudes at the expense though of energy.
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1

INTRODUCTION

The technological advancement and increase of cost-efficient computational power , create
the ideal conditions for the broader implementation of active control systems. Traditionally,
disciplines such as aerospace and automotive, have been utilizing active control schemes in
order to enhance performance for a range of applications[1, 2]. Yet, active control is now also
growing in disciplines that, it was not popular, or even viable, in the near past. More specifically,
the recent trend of building tall and slender structures led to the development of structural control systems that utilize active components for vibration mitigation under extreme loads.
Generally speaking, active and semi-active structural control systems can achieve enhanced
control performance when compared to passive equivalents. However, the performance of active control systems may be limited due to various practical and operating constraints. For the
case of a mass damper such can be the actuator dynamics, mass stroke, and energy consumption.
To this goal, extensive efforts have been made by the structural control research community
and smart methods have been developed to minimize, if not eliminate, any performance compromising effects of constraints.
This paper will investigate the application of an active hybrid mass damper system on a real
245m tower subjected to wind loading, without accounting for any aeroelastic effects. For the
control of the hybrid system, Model Predictive Control (MPC) algorithm will be used and compared to a more conventional Linear Quadratic Regulator (LQR). Previously, the MPC algorithm was investigated by Mei et al. [3, 4] for the control of the famous 76-storey benchmark
building. Moreover, applications of the MPC on different control systems were practiced by
Mei et al. [5, 6] for the case of a single and a three-storey structure, by Chen et al. [7] for a tenstorey structure, explaining additionally a more practical implementation of the algorithm, by
Peng et al. [8] for two adjacent 20-storey buildings and by Lopez et al. [9] for a six-storey
experimental structure.
Herein, the constraint effect of the actuator maximum capacity on the overall performance
of the hybrid control system will be examined, and methodologies for minimizing it will be
reviewed. More specifically, the actuator that was utilized on the hybrid control system of the
245m tower has a maximum force rating of 35kN, which is relatively low compared to the
180,000t tower mass. For reference and comparison, the actuators deployed for the control of
the Nanjing TV tower had a capacity of 100kN [10], for the Shanghai World Financial Center
Tower 142.5kN [11], for a 36-storey building reported in [12] 25.4kN, and for a benchmark
cable-stayed bridge (Cape Girardeau Bridge, Missouri, USA) up to 7000kN [13] with typical
values around reaching 1000kN [14]. For the 76-storey benchmark building, which is of significance to this study, the actuator capacity was limited to lower than 300kN [15], while Mei
et al. [3] using the MPC algorithm, found that the maximum actuator force needed was 118kN.
2

APPLICATION DEFINITION

The 245m tower is the Rottweil Tower in Germany and was commissioned with specific
requirements for experiencing limited wind-induced vibrations within certain bounds. According to wind tunnel tests, it was expected that wind speeds of the order of 15.3 – 16.7 m/s,
referring to ground values at a height of 10m, could excite top floor dynamic response with
amplitude of up to 750mm when no added control measure is provisioned. Such vibrations are
primarily of vortex shedding type. Associated sway disturbance is anticipated to cause discomfort to the occupants and also impact the structural integrity of the tower particularly in terms
of long term fatigue [16].
For ensuring comfort and safety, a limit displacement of up to 200mm was implemented
and a hybrid structural control system was designed. The proposed hybrid system combines a
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passive Tuned Mass Damper (TMD) with one actuator for each of the two principal directions.
In reality, the passive TMD has adjustable stiffness that renders it semi-active; for simplification purposes this adaptiveness will not be considered any further in this study. Based on closed
form formulas [17], a mass of 240t was opted for the TMD element of the system; this corresponds to a mass ratio of μ =1.3%. On the sensing side, the system consists of four uniaxial
MEMS accelerometers which are able to capture horizontal accelerations at the top of the structure and the TMD mass. The displacements of the actuators are monitored by string pot transducers and an inductive length measuring system integrated within the linear motors [18].
3

PAPER CONTRIBUTIONS
1) Application of the MPC algorithm for the active hybrid control of a real structure
and assessment of its performance by comparing it to an LQR controller
2) Optimization of the hybrid control system performance when acting in a passiveactive mode of operation, taking into account its limited actuation capacity
3) Presentation of a real case-study that can become a benchmark for subsequent vibration control studies

4

SIMPLIFIED NUMERICAL MODEL DERIVATION

A detailed 3D Finite Element (FE) model of the tower, seen
in Figure 1 (b), which falls very close in terms of observed and
modelled frequencies, was used as the base for acquiring the
reduced 2D lumped mass model shown in Figure 1 (c). In the
reduction process, the entire mass of the tower, including the
structural and non-structural components, was distributed
evenly at the floors of the structure. This method results a diagonal mass matrix M of size n x n where, n=34 is the considered
number of lumped masses in the reduced model.
To derive the n x n stiffness matrix K, the methodology described by Qu et al., (2001) [19] was followed. Based on their
methodology, the flexibility coefficients δij of each floor were
determined by evaluating the static responses of the ith floor of
the original FE model to unit horizontal forces at each node of
the jth floor, with i,j= 1, 2, 3, . . . ,n. Thus, the flexibility matrix
was constructed, and the stiffness matrix K was obtained by inverting it.
The damping matrix Ĉ of size n x n for the lumped mass
model was determined using the Rayleigh approximation
whereby Ĉ is described by Eq. 1. Parameters α and β are the
mass and stiffness proportional damping coefficients, respectively and were obtained based on critical damping ratio of 1%
for modes 1 and 5. For this assumption, α and β are becoming
2.11x10-2 and 5.26x10-4, respectively.

ˆ DM  EK
C

(1)
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(b)

(c)

Figure 1: Three models of the
tower: (a) architectural model, (b)
original 3D FE model, (c) lumped
mass model with equivalent masses
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5

EQUATIONS OF MOTION FOR THE SYSTEM

The matrix equation of motion for the system in-hand can be expressed by Eq. 2. The nominal properties of the TMD were added to the mass M, stiffness K, and damping Ĉ , matrices
derived in section 4, resulting to matrix sizes ntmd x ntmd where, ntmd = 35. f(k) is an r-size vector
which contains the external excitations applied on the structure, u(k) is the active m-size control
force vector and s(k) is the ntmd -size displacement vector, all at discrete time k. D̂ is the ntmd x
m matrix that describes how the control force is acting on the system, and H is the ntmd x r
matrix that describes how the excitation inputs are exciting the system.
ˆ (k )  Ks( k )
Ms((k )  Cs
Ms

ˆ ( k )  Hf ( k )
Du

(2)

The equivalent spate-space equations are formulated as follows,

x(
x(k ) = Ax(k ) + Bu(k ) + Gf (k ),

x(0)

x0 ,

(3)

y(k ) Cx(k )  Du(k )

(4)

where y(k) represents the measured outputs, C is the output matrix, D is the feedthrough matrix,
x0 is the initial point and,

x( k )
6

ªs( k ) º
«s( k ) » , A
¬
¼

I º
ª 0
, B
«
1
1 ˆ »


M
K
M
C
¬
¼

ª0
º
« 1 ˆ » , G
¬M D¼

ª0
º
« 1 »
¬M H ¼

(5)

MPC STATE SPACE FORMULATION

This section includes the general formulation of MPC in state-space form. It is noted that
derivation of the LQR controller, used only for comparisons, can be found in [20] and is not
shown here for brevity. The MPC is based on an iterative, finite-horizon optimization of a plant.
It receives a reference trajectory as the target output of the process. The overview of the algorithm is seen in Figure 2 [21]. The MPC computes a sequence of control actions u over a control
horizon q, that will achieve the optimal behavior of the dependent variables x of the system,
over a prediction horizon p (p≥q). It then implements only the first computed action u(k),
measures the response of the system y(k), and repeats the previous process.

Figure 2: Basic concept for Model Predictive Control with q=p [22]
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Since there might be inaccuracies and statistical noise in the measurements received and
model used, a Kalman estimator is employed both for estimating the current state x(k) but also
for the predictions needed for the MPC [21]. Eq. 6 describes how the estimates of the current
state, x̂(k|k – 1), is generated by the Kalman estimator.
xˆ (k | k 1) )xˆ (k 1| k  2)  Γu(k 1)  Le(k 1)

(6)

where, L the estimator gain matrix, and C the output matrix. Φ, Γ, and e(k) are defined in Eq.7
for the control interval T.
T

)

e AT ,

* e AT ³ e  Ax dx,

e(k ) y(k )  Cxˆ (k | k 1)  Du(k | k )

(7)

0

The future state predictions ẑ(k|k + j) for j=1,2,…p, are similarly determined by:

zˆ (k | k  j ) )zˆ (k  j  1)  Γu(k  j  1| k )  Le f ( k )

(8)

where,

zˆ (k ) xˆ (k | k 1)

(9)

Unlike the LQR, the constrained MPC is able to take into account bounds on the control
actions u and future states ẑ. With the target states and inputs defined by zs and us, respectively,
the MPC objective for time instance k becomes:
Min
u

J (k )

(10)

where,
p

J (k ) [zˆ (k  p)  z s (k )]T w f [zˆ (k  p)  z s (k )]  ¦ [zˆ (k  j )  z s (k )]T w x [zˆ (k  j )  z s (k )] 
j 1

q 1

¦ [u(k  j | k )  u (k )]

T

s

(11)

w u [u(k  j | k )  u s (k )]

j 0

In Eq. 11, wx and wu are positive definite matrices representing the state error and the input
weighting, respectively. w∞ represents the terminal state matrix and can be found by solving
the discrete Lyapunov equation [21]. The minimization problem is subject to constraints from
Eqs. 6-9 (state estimation and predictions), alongside with the control input constraints shown
in Eqs. 12-14.

u(k  q | k ) u(k  q  1| k ) ... u(k  p 1| k ) u(k  q 1| k )
umin d u(k  j | k ) d umax
'umin d 'u(k  j | k ) d 'umax
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7

PRELIMINARY RESULTS

An MPC and an LQR controller have been designed for the dynamic (response) control of
the Rottweil tower, when subjected to real wind loading, using a hybrid mass damper. The
passive-active mode of operation implies that, the hybrid mass damper is acting passively, and
the actuators are constantly adding forces on top. A Kalman filter was used in both control cases
for the state estimation using the four actual sensors located on the structure. Both controllers
were designed in Matlab®. The MPC controller was realised based on the YALMIP toolbox,
which is mainly used for treating prototype optimization problems [23]. The toolbox can utilize
several solvers to carry out the optimization. In this study, the Gurobi optimizer was used [24].
Moreover, a hard constraint was introduced in the optimization procedure for the control input
(uk) where, umin and umax were set to -35kN and 35kN respectively, T was set to 100ms and zs,
us and w∞ were set to 0. It is noted that the limit for the actuator capacity in the case of the LQR
was introduced artificially in the simulation.
To simulate the dynamics of wind loading, a stochastic gust loading based on the Davenport
spectrum with a linearly superimposed resonant, vortex shedding-type contribution were used
[16]. The wind excitation caused a peak displacement of 248.2mm at the top floor in the case
of no TMD installation.
Table 1 summarizes the maximum displacements of the floors of the structure in the uncontrolled and controlled cases. As it can be seen, both algorithms managed to reduce the structural
responses at the top of the tower within the desired limit (200mm). However, the MPC had
better performance than the LQR in controlling floor displacements throughout.
No control
s(mm)

TMD
s(mm)

LQR
s(mm)

MPC
s(mm)

1

1.8

1.6

1.4

1.35

10

53.2

48.3

42.4

40.6

20

160.7

146.1

128.1

122.6

34

248.2

225.7

197.9

189.4

Floor No.

Table 1: Maximum responses for the uncontrolled, TMD, LQR and MPC schemes

Based on the analysis, the maximum force exerted by the TMD without and with the active
control component was 135.5kN and 170.5kN, respectively. Figures 3, 4 and 5 show displacement time series of the top floor of the structure with and without control, for the different
control variants.
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Figure 3: Displacement – Time graph for the uncontrolled case and the structure with a TMD

Figure 4: Displacement – Time graph for the uncontrolled case and the structure with active (LQR) control

Figure 5: Displacement – Time graph for the uncontrolled case and the structure with active (MPC) control

It is observed that the active control algorithms can limit displacements even when, the actuator capacity is constrained to a fraction of the TMD passive force, as seen in Figures 6. To
further asses the relative performance of the two controllers, while on a mixed passive-active
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mode of operation, the actuator power, or else the product of actuator force and velocity was
considered. It was found that the maximum power needed when using the LQR controller was
lower than the equivalent needed for the MPC controller, as seen in Figure 7. When considering
the average power the same relation pertains is with differences also in terms of extreme values
and positive to negative value balance.
As such, when the hybrid system is acting in the considered passive-active mode, the MPC
algorithm had the best performance on limiting dynamic displacements but in the expense of
having higher energy demands than the LQR. This makes the consideration of also other modes
of operation, (e.g. revised passive-active mode, having the active forces acting only when the
passive forces are not sufficient and semi-active – active mode where performance can be
gained at lower energy consumption) vital prior to holistically optimising the hybrid mass
damper’s performance, through control law considerations alone.

Figure 6: Active control forces when using the LQR (top) and the MPC (bottom) algorithms
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Figure 7: Actuator power when using the LQR (top) and the MPC (bottom) algorithms

8

CONCLUSIONS AND FUTURE RECOMMENDATIONS

This paper presented a real case-study which can introduce a new benchmark problem for
structural control purposes. After deriving a reduced order model based on a detailed finite
element model of the Rottweil tower, two control laws, namely the LQR and MPC, were applied and their performance was compared, for a passive-active mode of operation of a hybrid
mass damper installation.
Based on the analysis it was found that the uncontrolled case-study building, under strong
wind excitation developed dynamic displacements with maximum amplitude of 248.2mm at
the top floor. When adding a perfectly tuned passive TMD the same displacement reduced to
225.7mm. In both cases, the displacements exceeded a notional serviceability limit that was set
at 200mm. When considering active contribution in the control, the LQR algorithm reduced
response to 197.9mm whereas, the MPC achieved 189.4mm. It was concluded that, in both
cases, the algorithms managed to keep the dynamic displacements within the desired limit however, the MPC had a better dynamic reduction performance than the LQR. Still, the average
energy needed for the two controllers was lower for the LQR, leading to the need for holistically
optimising performance on mixed objectives.
Future work would involve semi-active – active mass damper devices, consideration of actuator dynamics and different modes-of-operation for the hybrid setup towards achieving a low
energy-consumption scheme. Lastly, state-of-the-art data driven controllers, based on Artificial
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Intelligence, should also enter the comparison against the presented conventional controllers in
order to evaluate any performance gains.
9
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Abstract. The introduction of improved structural control systems is an efficacious solution
for reducing the seismic damage induced to structures. Due to the high development in control systems and the growing interest for this research area, multiple control devices were developed, tested and used with a remarkable efficiency. During the last few years, a novel
passive damper, called inerter has been introduced, mainly known for its ability to develop a
large fictive mass and largely used in combination with tuned mass damper TMD resulting in
a TMD-Inerter device. This research work presents a double tuned mass damper inerter
DTMDI, which consists of two masses connected with an inerter, this configuration will result
in large fictive mass ratio without any retroaction force on the structure. The effectiveness of
the double tuned mass damper inerter DTMDI has been demonstrated using a multi-degree of
freedom structure submitted to seismic excitations. The results obtained show a significant
response reduction compared to simple tuned mass damper inerter TMDI and classical tuned
mass damper TMD. The dynamical parameters investigated in this study are the top floor displacement, top floor acceleration, inter-story drift and base shear. The study also underlines
optimal parameters for the double tuned mass damper inerter DTMDI.
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1

INTRODUCTION

During the last century earthquakes have been one of the most observed natural phenomena, due to their destructive nature they constituted a main cause of live and economical losses.
Hence, earthquakes represent a constant challenge for structural and civil engineers. Aseismic
design of structure caught the attention many researchers around the word.
Research, test and experiment of new seismic vibration control strategies lead to the development of many control devices that can be regrouped into three sets, passive, active and
semi-active, any combination of two or more control strategies in known as hybrid control [13]. Due to their simplicity and efficiency passive devices are the most used around the word,
such as base-isolation, viscous dampers and tuned mass damper TMD.
Tuned mass damper (TMD) is a passive device. It is constituted of a moving mass attached
to the structure through a spring and a dashpot, the frequency of the TMD as a single degree
of freedom system is tuned to the frequency of the main structure, with the participation of it
mass inertia the TMD acts as a restoring force to prevent large displacement of the main
structure during dynamical loading (wind, earthquake) [4, 5]. Hence, it is obvious that TMD
requires relatively a large mass to achieve a response reduction, which may constitute a structural problem in terms of space, vertical load and even cost [6].
During the last year, a new control device was introduced to the civil engineering domain,
known as the “inerter” this device uses rotational inertia to produce a force relative to the acceleration between its extremities [7]. The force produced is depending on a factor known as
the “inertance” or fictive mass. Therefore, the inerter may produce a large fictive mass if his
high inertance is combined with a large relative acceleration [8]. The main use of the inerter
in civil engineering is it combination with conventional tuned mass dampers (TMD) to form a
new device known as TMDI, this new device attracted the attention of many researchers during the last years. Hence, The performances of these systems were studied by Lazar, Neild [9]
for multi-degrees of freedom system subjected to both, sinusoidal and seismic excitations. It
was concluded that the optimal location for an inerter based tuned mass damper (TMDI) or a
tuned inerter damper (TID) is at the bottom of the structure, where the inerter second terminal
can be grounded also known as single terminal inerter. Marian and Giaralis [10] presented an
optimal design for inerter based tuned mass damper (TMDI), this design aims to suppress the
oscillatory motion of stochastically excited support, hence it was derived from classical tuning
methods presented by Den Hartog [11] and Warburton [12]. The damping system was designed for a single degree of freedom undamped system equipped with a TMDI.
De Domenico and Ricciardi [13] proposed an optimization procedure for a TMDI tuning, this
optimization aims to protect a multi-degree base-isolated system equipped with a grounded
TMDI under different seismic records, the optimization was applied on a simple three degree
of freedom system composed of a TMDI, a base-isolation level and a superstructure. Further,
the procedure was generalized to a five-story model proposed by Xiang and Nishitani [14]. It
can be seen that most of the research on the TMDI concluded to the necessity of grounded
inerter used (i.e. the second end of the inerter to be fixed to the ground). This is mainly motivated by the retro-action nature of the inerter as a passive device. Hence, if the force of the
inerter is to be returned to the structure this will reduce the effect of the TMDI or even increase the response of the structure. This resulted in the limitation of the TMDI for baseisolated and low to mid rise buildings.
In this work, a novel tuned mass damper is proposed and simulated with the aim of using
such device into high-rise building, the main idea of this device is to return the force of the
inerter two a second mass, this can be achieved by connecting the TMDI mass and the second
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mass with the inerter. This structural configuration is herein defined as double tuned mass
damper inerter (DTMDI).
2

MATHEMATHICAL FORMULATION

In this study a 10-story fixed base building is equipped with a double tuned mass damper
inerter. The system consists of a classical tuned mass damper located at the top floor. The
TMD is attached to an adjacent movable mass through an inerter as it can be shown in figure
1. This configuration is denoted double tuned mass damper inerter (DTMDI).

Figure 1. Structural configuration of a double tuned mass damper inerter.

The main motivation behind this configuration is to avoid returning a large amount of force
from the second end of the inerter to the main structure. Usually, increasing the inerter fictive
mass results in a large force, when returned to the main structure this force may increase the
system response, despite the fact that it enhances the total mass of the TMD, thus enhancing it
performance. Due to this inconvenience the efficiency of the TMDI remains limited and the
amount of fictive mass reached remains low, except for the cases where the second end of the
inerter is grounded (fixed to the ground) or connected to lower floors which represents a
structural challenge especially for tall buildings .
The general equation of motion of the system shown in figure 1 can be written as follow
according to d’Alembert’s principle:

> M @^ x`  >C @^ x`  > K @^ x`

 ª¬ M º¼ ^r`^ xg `

(1)

The detailed form of the > M @ , >C @ and > K @ matrices can be given as follow
ª m1
«0
«
«
«
«
«
«
¬« 0

0

º
»
»
»
»
»
b »
mtmdi 1  b
»
b
mtmdi 2  b ¼» ( n  2)u( n  2)
0

m2
mn
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cn

cn  ctmdi 1
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ctmdi 1

ctmdi 1
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kn  ktmdi 1

ktmdi 1

ktmdi 1
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»
»
»
»
»
»
»
0¼ ( n  2)u( n  2)

(3)

0º
»
»
»
»
»
»
»
0¼ ( n 2)u( n 2)

(4)

Where b denotes the additional inerter fictive mass, mtmdi 1 , ctmdi 1 and ktmdi 1 denotes the
mass, damping and stiffness of the DTMDI, mtmdi 2 denotes the second mass connected to the
first mass through the inerter. ª¬ M º¼ denotes the real mass matrix (b
degrees of freedom of the structure.

0) and n denoted the

2.1 Governing equations of the inerter
A basic model of the inerter is represented with the scheme shown in the Fig. 2. The inerter
comprises of a rack and pinion arrangement rotating about a shaft, represented by the point O .
The two extremities of the inerter, represented by a and b in Fig. 2, are connected to the pinion (of radius ρ) through racks and are responsible for reversing the direction of retro-action
(represented by F(t)) at both ends. A flywheel having a radius R and mass mi is mounted on
the other end of the shaft, to reduce the impact through its higher inertia.
The rotation of the flywheel can be written as:
xa (t )  xb (t )

T (t )

(5)

U

The displacements at the extremities of the inerter element are expressed by ݔ andݔ . The
dynamic moment equilibrium about the point O can be represented by:
I OT t

F t U

(6)

Thus, the moment of inertia of the flywheel rotating about point O will be I O (1/ 2).m.R 2
Substitution of Eq. (5) and Eq. (6) results in the mechanical linear equation of the inerter
F t

1
2

m

R

2

U2

> xa

t  xb t

@

(7)

It can be seen from Eq. (7) that the force generated by the inerter is related to the relative
acceleration between it extremities. The term multiplied by the relative acceleration is denoted
as the inertance b of the device, and is expressed in unit of mass (kg). The inertance of the

1436

Mahdi Abdeddaim, Salah Djerouni, Nassim Djedoui and Abdelhafid Ounis

device can be enhanced by serially increasing the number of pinions. Hence, the general equation of inerter become
F (t )

b > xa t  xb t

@

(8)

For instance, if a single pinion inerter can produce an inertance of 1440 kg for a device that
weights 10 kg [15].

ܴ
ߩ
ܱ

Pinion
Flywheel
Figure 2. Rheological model of a single flywheel inerter [8].

2.2 Device tuning approach
In order to ensure a maximum efficiency, the DTMDI control strategy formulated in this
paper needs a proper tuning, this involves the choice of a proper frequency, stiffness, damping
and mass ratio. Hence, a tuning approach proposed by Marian and Giaralis [15] is adopted in
this study.
Following the formulation originally proposed by Den Hartog [11] for a classical TMD,
Marian and Giaralis [15] proposed an equivalent tuning for TMDI systems. Consider the class
of dynamically excited structures amenable to be modelled as single-degree-of-freedom
(SDOF) systems equipped with a tuned mass damper inerter as shown in figure 3.

Figure 3. Primary SDOF structure equipped with a TMDI subjected to force excitations

The motion equation of the represented system is figure 3 is given as follow:
ªms
«0
¬

º  xs ½ ª ctmdi
®
¾
mtmdi  b»¼ ¯ xtmdi ¿ «¬ ctmdi
0

ctmdi º  xs ½ ª ks  ktmd
tmdi
t d
®
¾«
»
ctmdi ¼ ¯ xtmdi ¿ ¬ ktmdi

ktmdi º  xs ½
®
¾
ktmdi »¼ ¯ xtmdi ¿

 m ½
 ® s ¾ F (t )
¯mtmdi ¿

(9)

Equation (9) is elaborated and derived in close form, out of this procedure a TMDI tuning
is obtained representing optimal frequency ratio X tmdi and damping ratio ] tmdi given in Eq. 10
and 11 respectively.
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Xtmdi
] tmdi

1

(10)

1 E  P
3( P  E )
8(1  P  E )

Where: E is the inertance ratio defined by E

(11)

b
.
ms

P : is the TMDI mass ratio, it can be written as P

mtmdi
, mtmdi and ms are the masses of
ms

the TMDI and the primary structure, respectively.
Regarding the DTMDI tuning, the 2nd mass connected to the inerter can be considered as a
floor mass or any other structural part of the structure, hence there will be no difference in the
tuning of a classical TMDI or a DTMDI using the approach proposed above. Which will be
used during this study.
3

NUMERICAL STUDY AND RESULTS

In order to study the performance of the proposed system four structural configurations are
submitted to a set of earthquakes as shown in table 1, the structural configurations can be
listed as follow:
- Uncontrolled structure, the structure without any device,
- Structure with a tuned mass damper (TMD) at the top floor,
- Structure with a tuned mass damper Inerter (TMDI) at the top floor, the 2nd extremity
of the inerter is fixed to the last floor,
- Structure with a double tuned mass damper inerter (DTMDI) at the top floor (as shown
in figure 1).
The mass ratios of the three control devices (i.e. TMD, TMDI and DTMDI) are kept equal
in order to keep the control devices performance comparable.
The performances of the DTMDI are compared to a classical TMD and a conventional
TMDI. In order to achieve the comparison, the structure is submitted to a set of earthquakes.
The structure used in study was presented by Özsarıyıldız and Bozer [16]
N°

Name

1
2
3
4

Northridge
Duzce
Landers
Kobe

Record serial number
(RSN)
1048
1605
848
1111

Component

Fault type

PGA (m/s2)

180
270
CLW-LN
000

Near
Near
Far
Far

4.50
5.05
3.09
4.74

Table 1. Earthquake records used in this study

3.1 Inertance effect on response reduction
In this part the effect of the inertance (ratio of fictive mass to total mass of the structure) is
studied for both TMDI and DTMDI. Hence, the inertance will be varied from 0 to 0.1. It is
worth noticing that a null inertance is equivalent to a classical TMD. The mass ratio (ratio of
the real mass to total mass of the structure) P is equal to 5% for both TMDI and DTMDI.
However, for the DTMDI it will be equally partitioned between the two masses.
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TMDI
DTMDI

32

Reduction in top floor displacement (%)

Reduction in top floor displacement (%)

34

30
28
26
24
22
20
18
16
0,00

TMDI
DTMDI

38
36
34
32
30
28
26
24
22
20
18

Northridge RSN1048
0,02

0,04

16
0,06

0,08

0,10

0,00

Duzce RSN1605
0,02

Inertance (%)

Reduction in top floor displacement (%)

Reduction in top floor displacement (%)

0,08

0,10

Inertance (%)
TMDI
DTMDI

32
30
28
26
24
22
20
18
16
14

10
0,00

0,06

22

34

12

0,04

Landers RSN848
0,02

0,04

18
16
14
12
10
8
6

0,06

0,08

0,10

0,00

Inertance (%)

TMDI
DTMDI

20

Kobe RSN1111
0,02

0,04

0,06

0,08

0,10

Inertance (%)

Figure 4. The inertance ( E ) effect on top floor displacement for both TMDI and DTMDI

From figure 4 it can be clearly seen that the inertance has an important and considerable effect on the response reduction for both TMDI and DTMDI. However, higher inertance involves less response reduction for TMDI; this is mainly due to retro-action force of the inerter
being returned to the structure (i.e. the second extremity of the inerter is fixed to the last floor
in this case). On the other hand, higher inertance results in more response reduction for the
DTMDI, this is mainly motivated by the fact that the retro-action of the inerter is returned to
the second mass of the DTMDI. It is also observed that for each earthquake there exists an
optimal inertance value for both TMDI and DTMDI. In overall, the performance of DTMDI
surpasses the performance of TMDI for the studied earthquakes.
With this in background, an average optimal inertance is defined for both TMDI and
DTMDI. The inertance will be set to 1% and 3% of the total mass of the building for both the
TMDI and the DTMDI, respectively
3.2 Time history analysis
In order to assess the performances of the proposed DTMDI a time history analysis is performed, for top floor displacement using three control strategies namely, TMD, TMDI and
DTMDI, results obtained are shown in figure 5.
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Figure 5. Time history analysis of top floor displacement under three control strategies
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As it can be seen from figure 5 the performance of DTMDI is better than both TMDI and
TMD, the reduction is clearly visible in peak displacement. The response reduction is
achieved for all studied earthquakes. Table 2 shows the top floor maximum displacement for
all control devices and also the percentage reduction in brackets.
Earthquake
Northridge
(RSN1048)
Duzce
(RSN1605)
Landers
(RSN848)
Kobe
(RSN1111)

Uncontrolled
0.3131
-0.2888
-0.0837
-0.1132
--

TMD
0.2288
(26.95)
0.2142
(25.83)
0.0734
(12.32)
0.1042
(07.93)

TMDI
0.2294
(26.75)
0.2010
(30.40)
0.0716
(14.43)
0.1037
(08.40)

DTMDI
0.2106
(32.73)
0.1798
(37.72)
0.0634
(24.26)
0.0904
(20.09)

Table 2. Top floor displacement in [m] and percentage reduction in (%) under different control strategies

From table 2 it can be seen that performance of TMD and TMDI remain close in terms of
top maximum floor displacement reduction. On the other hand, the DTMDI surpasses both
the devices in terms of maximum top floor reduction using the same mass ratio P (which is
equal to 5% of the total mass of the structure). The percentage reduction varies from 20 to 32%
depending on the earthquake. It is worth noticing that for far-fault earthquake less reduction is
obtained due to the small displacements of the building.
3.3 Stroke displacement
One of the performance indexes of the tuned mass damper in the stroke displacement of
the damper mass. Hence, in this part of the paper the stroke displacement of the three studied
systems will be compared.
Earthquake
Northridge
(RSN1048)
Duzce
(RSN1605)
Landers
(RSN848)
Kobe
(RSN1111)

Mass 1

DTMDI
Mass 2

Sum

0.4665

0.4223

0.2357

0.6580

0.5284

0.4476

0.4352

0.3259

0.7611

0.1381

0.1238

0.1394

0.1516

0.2910

0.2087

0.1992

0.2053

0.1211

0.3264

TMD

TMDI

0.6252

Table 3. Stroke displacement in [m] under different control devices

From table 3 it can be seen that the TMDI achieved the lesser stroke displacement compared to the other devices this is mainly due to the inerter configuration connecting the TMDI
mass to the last floor of the structure. Hence limiting the mass displacements. The performance of each mass of the DTMDI remains comparable the TMDI. However, if summed up
the total displacement remains high and comparable to a classical TMD. This is directly related to the configuration of the DTMDI device. These large displacements may be reduced by
adding a low damping and stiffness devices to the right side of the 2nd mass of the DTMDI.
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3.4 Inertance effect on control the control force
In this part the inertance effect on the control force generated by the inerter is examined, for
this purpose the inertance E is varied from 0 to 10 percent and the control force generated by
the inerter is evaluated for both the TMDI and DTMDI. This can be achieved by multiplying
the relative acceleration between the two extremities of the inerter by the inerter parameter b .
3000

TMDI
DTMDI

TMDI
DTMDI
2000

Inerter Force (kN)

Inerter Force (kN)

2500

2500

2000

1500

1500

1000

1000
500

500

Northridge RSN1048
0
0,00

0,02

0,04

Duzce RSN1605
0,06

0,08

0
0,00

0,10

0,02

0,04

Inertance (%)

0,06

0,08

0,10

0,08

0,10

Inertance (%)
2000

1000

TMDI
DTMDI

TMDI
DTMDI
800

Inerter Force (kN)

Inerter Force (kN)

1500

600

400

1000

500
200

Landers RSN848
0
0,00

0,02

0,04

Kobe RSN1111
0,06

0,08

0
0,00

0,10

Inertance (%)

Figure 6. The inertance
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( E ) effect on the inerter force

In figure 6, it can be seen that the inerter force is relative to the inertance. Hence, increasing the inertance results in the augmentation of the inerter force generated. This can be observed for all the studied earthquakes for both TMDI and DTMDI. The force generated by the
classical TMDI increases at a higher rate inducing large force to the floor to which the inerter
is connected which affects it efficiency at higher inertance values as shown in figure 4. Regarding the DTMDI the curve tends to saturate at high values of inertance, the force generated
by the inerter is lower than the classical TMDI case involving less force applied to the secondary mass. It is worth noticing that the DTMDI results in better reduction with less generated force. It can be observed that the force generated by the inerter is relative to the earthquake
PGA and fault type.
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4

CONCLUSIONS

In this work, a new configuration for tuned mass damper inerter was proposed, the configuration is based on the use of a second mass. This mass will be coupled to the conventional
TMDI through an inerter. This disposition will result in a so called double tuned mass damper
inerter DTDMI, this later will enhance the performance of the structure by reducing it response to earthquakes compared TMD and TMDI. The main advantage of this configuration
is the suppression of the inerter force returned to the structure. Based on the obtained results
the following conclusions can be draw:
x Using a second mass connected to a TMDI by an inerter will prevent the application of
the inerter retro-action force to the structure. Hence the performance of the DTMDI will
reduce the response of the structure to dynamical loading such as earthquakes.
x There exists an optimal inertance parameter for both TMDI and DTMDI for each earthquake. However, the TMDI performs better at low values of inertance while the DTMDI
requires higher inertance values to accomplish optimal reduction.
x The response reduction is obtained under four different earthquakes with different fault
types.
x The DTMDI performances surpasses both TMD and TMDI despite using the same total
mass ratio P
x The stroke displacement of the TMDI mass is the lesser compared to classical TMD and
DTMDI. However, the performance of the DTMDI regarding stroke displacement remains acceptable and comparable to a classical TMD.
x The large stroke displacement of the DTMDI can be limited by adding additional damping and stiffness to the right side of the 2nd mass of the system.
x The DTMDI achieves better reduction with less inerter force generated compared to the
TMDI.
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Abstract. Viscoelastic materials have excellent properties of absorbing vibrational energy
which makes their use very attractive in structural, aerospace and biomechanics engineering
applications. The macroscopic dynamical behaviour of such materials depends on the time history, or memory, of the strain. The stress-strain viscoelastic relation can be described by a
convolution integral with a memory kernel, according to Boltzmann’s formulation of hereditary
elasticity, or by using Caputo or Riemann-Liouville fractional derivatives. In order to emphasize the vibrations damping attitude of these materials, by actively controlling their stress-strain
behaviour, novel optimal control logics are required which involve memory effects. This paper
deals with a feedback control strategy applied to a structural-dynamic problem described by
integral-differential equations. It is shown how to obtain a feedback control, called PD(N), i.e.
Proportional-Nth-order-Derivatives control, by using a variational approach. Numerical simulations show how the PD(N) controller is an effective tool to improve the viscoelastic materials
performance.
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1

INTRODUCTION

The use of viscoelastic materials is crucially important in many engineering disciplines and
there are applications in a wide variety of areas such as aerospace, transport components, biomechanics and civil infrastructures [1-5]. These materials have excellent properties of absorbing vibrational energy which makes their use in engineering applications very attractive, such
as the dynamic instabilities and the fluid-structures interaction control.
Often, the macroscopic dynamical behaviour of such materials depends on the time history
or memory effects, of the strain response. According to Boltzmann’s formulation of hereditary
elasticity [6], the stress-strain relation in linear viscoelasticity can be described by a convolution
integral with a memory kernel. However, the mathematical form of this kernel is not easily
predictable by theoretical tools, but it rather relies on experimental identification.
In the past, combinations of elemental rheological components such as the spring and dashpot, were used to generate a whole family of rheological models, such as Maxwell and Kelvin–
Voigt, or the four-parameters Burger’s model, generalizing the viscoelastic response, but without including memory effects [7]. Moreover, experimental tests have shown some inconsistencies of viscoelastic materials, especially when the effects of relaxation and creep would be kept
into the model [8]. For these reasons in the second part of the last century, many researches
have been carried out a more realistic description of creep and/or relaxation given by the use of
power law functions with real order exponent [9]. Such formulation captures the creep behaviour and generates the fractional hereditary model. In fact, the constitutive law of viscoelastic
materials makes use of the Riemann-Liouville and Caputo’s fractional derivative [10, 11]. Due
to the high mathematical complexity of such models, which imply integral-differential equations (IDEs), difficulties arise in the formulation of optimal control algorithm.
In recent years the interest in model-based control of mechanical systems incorporating active controlled viscoelastic dampers has been increased in order to improve the mechanical
system efficiency. Systems with viscoelastic dampers has been investigated by [12] where the
viscoelastic term is approximated by damping terms which are converted into stochastic differential equations solved by a dynamic programming method; meanwhile multi-input and multioutput mechanical systems incorporating viscoelastic dampers are controlled with discrete-time
sliding mode control algorithm [13]. Fractal-fractional model are used by [14] where the nonlinear algebraic system is solving by the Gauss-Legendre quadrature rule. Moreover, active
control for standard Kelvin-Maxwell viscoelastic structures can be designed accurately with
poles and zeros assignment defining an ad-hoc receptance transfer function [15]. Numerical
scheme for solving fractional differential equations are proposed by [16] using the approximation of Laguerre integral formula.
In general, the optimal control strategies, applied to viscoelastic model, make use of direct
methods. This paper introduces an indirect optimal feedback control algorithm, which is still
missing in the literature panorama. Starting from the prototype integral-differential beam equation, the authors show how it is possible to obtain a Proportional-Nth-order-Derivatives control,
called PD(N), by using the variational approach. PD(N) algorithm depends on the structure of
the kernel and is a sort of hyper-derivative proportional control. The PD(N) control belongs to
the category of Variational Feedback Controls-VFC, in the context of which the authors are
developing different control architectures [17-19].
The paper consists of three main sections. The first presents the viscoelastic mathematical
beam model, using the Caputo’s fractional derivatives. The PD(N) feedback optimal control
algorithm is derived in the second section, and in the third, numerical results show the effective
performance of the proposed control for a bridge deflection control when it is subject to earth-
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quake excitation and impulsive disturbances, still maintaining low the cost function in comparison with the LQR method and the implicit Pontryagin solution for IDEs already formulated by
authors [20-22].
2

VISCOELASTIC BEAM MODEL

A brief description of the viscoelasticity fractional Kelvin–Voigt model is the premise to
obtain the partial differential equations (PDE) of an Euler–Bernoulli viscoelastic beam, of
length L and subjected to a basement seismic motion ݖ (see Figure 1).
ݖ

ݓሺݔǡ ݐሻ

ݑሺݔොǡ ݐሻ
ܸܾ݅݉ܽ݁ܿ݅ݐݏ݈ܽ݁ܿݏ

ݔ

ݖ
ݖ
ݐ݊݁݉݁ݏܽܤ

ܮ

Figure 1: Viscoelastic beam.

The classical Kelvin–Voigt model, using one spring and one viscous pot in parallel, presents
a time-varying linear stress-strain relationship ߪሺߝሻwhich can be expressed by the Caputo’s
fractional derivative ܦఉ :
ߪ ൌ  ߝܧ ܧఉ ܦఉ ሾߝሿ
(1)
with E the Young’s modulus, ܧఉ the damping modulus and the time varying operator ܦఉ ሾ ሿ,
with 0 İߚ İ 1 depending on material proprieties, defined as:
௧
ͳ
ߝሶሺ߬ሻ
ఉ
(2)
 ܦሾߝሿ ൌ
න
݀߬
Ȟሺͳ െ ߚሻ  ሺ ݐെ ߬ሻఉ
with Ȟ(·) the Gamma function.
Considering constantߩ density,  ܣcross-section area and  ܫinertial moment the PDE is derived by defining the conservation of momentum and of moment of momentum:
߲ ଶ ݓ ሺݔǡ ݐሻ
߲ܶ௭ ሺݔǡ ݐሻ
ൌ ߩܣ
െ ݑሺݔොǡ ݐሻ െ ߩݖܣሷ ሺݐሻ
߲ ݐଶ
߲ݔ
(3)
߲ܯ௬ ሺݔǡ ݐሻ
ൌ ܶ௭ ሺݔǡ ݐሻ
߲ݔ
whereݓ ሺݔǡ ݐሻ, ܶ௭ ሺݔǡ ݐሻ, ܯ௬ ሺݔǡ ݐሻ and ݑሺݔොǡ ݐሻ are the vertical displacement along the z-axis,
the shear, the bending moment and the punctual actuation acting on ݔො, respectively.
The introduction of the kinematic Euler-Bernoulli and the ߪ stress and bending moment ܯ௬
relations
߲ ଶ ݓ ሺݔǡ ݐሻ
ߝሺݔǡ ݐሻ ൌ െݖ
߲ ݔଶ
(4)
ܯ௬ ሺݔǡ ݐሻ
ߪሺݔǡ ݐሻ ൌ ݖ
ܫ
leads to the definition of the viscoelastic beam equation as formulated by [23]:
߲ ଶ ݓ ሺݔǡ ݐሻ
߲ ସ ݓ ሺݔǡ ݐሻ
߲ ସ ݓ ሺݔǡ ݐሻ
ఉ
(5)
ߩܣ

ܫܧ

ܧ
ܦܫ
ቈ
 ൌ ݑሺݔොǡ ݐሻ  ߩݖܣሷ ሺݐሻ
ఉ
߲ ݐଶ
߲ ݔସ
߲ ݔସ
Finally, equation (5) can be expressed in a compact form with the convolution integral term
݇ ݓ כሶூ instead of the fractional operator ܧఉ ܦఉ ሾݓூ ሿ as formulated by Nutting [24]. By using
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the derivative convolution properties and considering the supported beam case, the final equation with the associated boundary conditions is:
ߩݓܣሷ ሺݔǡ ݐሻ  ݓܫܧூ ሺݔǡ ݐሻ  ݇ܫሶ ݓ כூ ሺݔǡ ݐሻ ൌ ߜሺ ݔെ ݔොሻݑሺݐሻ  ߩݖܣሷ ሺݐሻ
ݓᇱᇱ ȁ ൌ Ͳ
(6)

ݓ ȁ ൌ Ͳ
where ߜሺ ሻ is the Dirac function. In the case of translational base motion, the final transverse
displacement  ݓis given by the summation of two contributions:
(7)
ݓሺݔǡ ݐሻ ൌ ݓ ሺݔǡ ݐሻ  ݖ ሺݐሻ
Decoupling equation (6) by the modal decomposition:
ஶ

ݓ ሺݔǡ ݐሻ ൌ   ݍ ሺݐሻ߶ ሺݔሻ

(8)



with ߶ the eigenfunction of the r-th vibration mode, one obtains:
ߩ߶ܣ ݍሷ   ߶ܫܧ ூ ݍ  ߶ܫ ூ ݇ሶ ݍ כ ൌ ߜሺ ݔെ ݔොሻݑሺݐሻ  ߩݖܣሷ ሺݐሻ
With the following normalization:


߱ଶ
න ߶ ߩ߶ܣ ൌ ߜ ǡ
න ߶ ߶ܫܧூ ൌ ߱ଶ ߜ
ǡ߱
ෝଶ ൌ
ܧ




(9)

(10)

ߛ ൌ න ߶ ߩܣ


equation (9) becomes:
(11)
ݍሷ   ߱ଶ ݍ  ߱
ෝଶ ݇ሶ ݍ כ ൌ ߶ ሺݔොሻݑሺݐሻ  ߛ ݖሷ ሺݐሻ
Finally, equation (11) is a second order integral-differential equation which represents the
decoupled dynamic of the controlled viscoelastic Euler-Bernoulli beam when an external basement disturbance is acting on it. In the following section, is investigated a novel optimal control
approach to equation (11).
3

THE VISCOELASTIC OPTIMAL CONTROL

For equation (11), it is possible to introduce an optimal feedback control law by using the
variational calculus. The control solution is a sort of hyper-derivative proportional control
called Proportional-Nth-order-Derivatives, i.e. PD(N) controller, depending on the structure of
the kernel [25]. Introducing the new state variable ࢞ ൌ ሾǡ ሶ ሿ் and  ൌ ሾݍଵ ǡ ǥ ǡ ݍ ǡ ǥ ݍே ሿ்
equation (11) takes the space state form:
(12)
࢞ሶ ൌ ࢞  ࡷ  ࢞ כ ࢛  ࢊ
ேǡே
ேǡଵ
where   אԹ
and   אԹ are constant matrixes, ࢛ in this example is a scalar control variable, ࢊ  אԹேǡଵ the external disturbances vector and ࡷ  אԹேǡே include the Caputo’s fractional
derivative.
The optimal control law is based on the minimization of a generic quadratic cost function ܬ
which depends on the state and the control variables together with the Lagrange multiplier vector ࣅ, introduced to account for the system’s dynamics expressed by equation (12):
்
ͳ
ͳ
(13)
ܬሺ࢞ǡ ࢛ǡ ࣅሻ ൌ න ்࢞ ࡽ࢞  ்࢛ ࡾ࢛  ࣅ் ሾ࢞ሶ െ ࢞ െ ࡷ  ࢞ כെ ࢛ െ ࢊሿ݀ݐ
ʹ
 ʹ
The variational calculus finds a solution to the stated problem by using the stationary condition ߜܬሺ࢞ǡ ࢛ǡ ࣅሻ ൌ Ͳ. The variations of the term ࡷ  ࢞ כpresent some nontrivial problems, and a
technique to deal with this term is considered in details in [21, 25]. Considering a scalar term
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݇ ݔ כ, the kernel causality proprieties ݇ሺ ݐെ ߬ሻ ൌ Ͳ for  ݐ൏ Ͳ and ߬  ݐ, produces its variation
in the form:
ఁ

௧

ఁ

்

ఁ

ߜ න ݔሺݐሻ න ݇ሺ ݐെ ߬ሻݔሺ߬ሻ݀߬ ݀ ݐൌ න න ݇ሺ߬ െ ݐሻݔሺ߬ሻ݀߬ ߜ݂݀ ݐൌ න ݇ ݐ݀ݔߜݔ ڃ






௧

(14)



Proceeding with standard variational calculus rules, and using equation (14), the associated
extremal conditions are found:
ࣅሶ ൌ ࡽ࢞ െ ் ࣅ െ ࡷ் ࣅ ڃ
࢞ሶ ൌ ࢞  ࢛  ࡷ  ࢞ כ ࢊ
(15)
࢛ ൌ ࡾିଵ ் ࣅ
ࣅሺܶሻ ൌ ǡ ࢞ሺͲሻ ൌ ࢞
Eq. (15) gives the optimal open loop solution to problem (13) and it can be solved with
several direct control methods [26]. However, our goal is to obtain an explicit feedback formulation of the control ࢛ሺ࢞ሻ, that has tremendous advantages under the engineering application
point of view. To this aim, we replace the fractional operator (2) by its approximation by a
truncated exponential series. Therefore, the Nutting’s kernel ݇ሺݐሻ in (11), can be reformulated
as:
ே

௧
௧
ܧఉ
ܧఉ
ݔሺ߬ሻ
݇ ݔכൌ
න
݀߬ ൎ
න  ߙ ݁ ି ሺ௧ିఛሻ ݔሺ߬ሻ݀߬ ൌ ݇ ݔ כ
߁ሺͳ െ ߚሻ  ሺ ݐെ ߬ሻఉ
߁ሺͳ െ ߚሻ 

(16)



where ߙ and ܿ are the ܰ-constants of the exponential series approximation and ݇ is introduced to indicate the approximated kernel. In this way, eq. (16) leads to transform the integraldifferential equations (15) into the Laplace domain. In fact, both the terms, ݇  ݔ כand ݇  ݔ ڃhave
the corresponding Laplace transform ࣦሼ ሽ in  ݏas sum of polynomials:
ߙ
ܲሺܰ െ ͳሻሺݏሻ
ࣦ൛݇ ݔ כൟ ൌ ܺሺݏሻ 
ൌ ܺሺݏሻ
ܦሺܰሻሺݏሻ
 ݏ ܿ 
(17)
ߙ
ܲሺܰ െ ͳሻሺെݏሻ
ࣦ൛݇ ݔ ڃൟ ൌ ܺሺݏሻ 
ൌ െܺሺݏሻ
ܦሺܰሻሺെݏሻ
 ݏെ ܿ 
where ܲ and  ܦare used to indicate the N-order polynomials.
Then, using the equations (16) and (17) to express the integral terms in the first two of equations (15), setting ࢊ ൌ  and eliminating the control ࢛ in the equation ࢞ሶ ൌ ࢞  ࢛  ࡷ ࢞ כ,
using ࢞ሶ ൌ ࢞  ࡾିଵ ் ࣅ  ࡷ  ࢞ כ, we can produce the Laplace transform of the obtained
equations in terms of ࢄሺݏሻ and ሺݏሻ only. Rearranging these equations, and transforming back
to time domain, we finally obtain:
ேାଵ

  ࢞
ୀ
ேାଵ

ே
ሺሻ

  ࡰ ࣅሺሻ ൌ 
ୀ
ே

(18)

 ࡲ ࣅሺሻ   ࡱ ࢞ሺሻ ൌ 
ୀ

where࢞

ሺሻ

ୀ

ௗ ࢞

ൌ ௗ௧  , and the problem is reduced to a pure differential equation set, linear and time-

invariant. Collecting the variables into ࣈ ൌ ൣ࢞ሺேሻ ǥ ࢞ሺሻ ǥ ࢞൧ and ࣁ ൌ ൣࣅሺேሻ ǥ ࣅሺሻ ǥ ࣅ൧, equations (18) can be reduced to a first order normal form differential problem:
ࣈሶ ൌ  ࡴࣈࣈ ࣈ  ࡴࣈࣁ ࣁ
ቊ
(19)
ࣁሶ ൌ  ࡴࣁࣈ ࣈ  ࡴࣁࣁ ࣁ
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Equation (19) is characterized by the matrix ࡴ ൌ ሾࡴࣈࣈ ǡ ࡴࣈࣁ Ǣ ࡴࣁࣈ ǡ ࡴࣁࣁ ሿ  אԹଶேǡଶே that is not
in general of Hamiltonian type. For this reason, it is not possible to solve the optimal problem
by satisfying the Riccati’s stationary equation, but a direct solution through the 2N-eigenvalues
and 2N-eigenvectors is used. By assuring at least ܰ negative real part eigenvalues of matrix ࡴ,
one obtains:
ࣁ ൌ ࡳࣈ ࡳ݄ݐ݅ݓൌ ࢨࢸିଵ  אԹேǡே

(20)
ࢸ ൌ ሾ࣒ଵ ǡ ǥ ǡ ࣒ே ሿ
ሿ
ሾࣂ
ࢨ ൌ ଵ ǡ ǥ ǡ ࣂே
where ࣒ and ࣂ are half of the 2N eigenvectors of H, those associated to negative real part
eigenvalues. Finally, since ൌ ࡾିଵ ் ࣅ , extracting fromࣁ the last sub-vector ࣁே ൌ ࣅǡ the optimal feedback control variable ࢛ is:
ேାଵ

࢛ ൌ ࡾ   ࡳ ࢞ሺିଵሻ ൌ ࡷࢊ ࣈ
ିଵ

(21)

்

ୀଵ

The structure of the solution (21) shows that the optimal control of an integraldifferential system is strongly related to the structure of the kernel ݇ሺݐሻ and contains a
combination of state derivatives of order equal to the number of exponential terms of ݇ሺݐሻ. For
this reason, (21) is called hyper-derivative proportional control, PD(N). The (21) can also be
expressed through a ࡷࢊ gain matrix multiplied by the vector ࣈ. The initial state derivatives
ௗ ࢞ሺሻ

ሺሻ

ൌ ࢞ for ݅  ʹ can be evaluated from the Laplace transformation of (12) in the case of
uncontrolled and undisturbed system and replacing the approximated ݇ exponential kernel
function.
ௗ௧ 

4

NUMERICAL RESULTS

In the following section the numerical results are shown for the deflection control of a bridge
when external excitations are acting on it. The bridge has been considered as a three-mode
decomposition model. Two different simulations have been performed, considering an impulsive and an earthquake disturbance on the bridge basement. For both cases, we assume the
actuator is placed at ݔො ൌ ܮȀʹ  ͲǤʹܮȀͶ in order to control not only the first and third vibrational
modes but also the 20% of the second mode. To measure the vibrations of the bridge, three
sensors ͳݏ, ʹݏ, ͵ݏ, for example accelerometers, have been placed on the structure at ݔ௦ଵ ൌ ܮȀʹ,
ݔ௦ଶ ൌ ܮȀͶ and ݔ௦ଷ ൌ ܮȀ͵, in such a way that it can be easily reconstruct the modal displacements . Table 1 shows the geometrical parameters describing the simulated bridge which has
been chosen with a H-beam cross-section.
Description
Density [kg/m3]
Young modulus [N/m2]
Length [m]
Thickness [m]
Height [m]
Momentum of inertia [m4]
Cross-sectional area [m2]

Parameters
ߩ
ܧ
ܮ
ܾ
݄
ܣ

Table 1: H-beam parameters.
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Value
7500
ʹͲͲ ή ͳͲଽ
24
ͲǤͳͺ
ͲǤͶ
ʹ͵ͳ͵Ͳ ή ͳͲି଼
ͺͶǤͶ ή ͳͲିସ
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In Table 2 are listed the main dynamic parameters and control settings used to develop numerical simulations in which a kernel function composed by two exponential terms has been considered.
Description
Beam eigenfunctions in ݔ௦ଵ
Beam eigenfunctions in ݔ௦ଶ
Beam eigenfunctions in ݔ௦ଷ
Beam eigenfunctions in ݔො
Natural frequencies [rad/s]
Modal kernel frequencies
Kernel coefficients

Parameters
ܮ
ሾ߶ଵ ൫ ൗʹ൯Ǣ ߶ଶ ൫ܮൗʹ൯Ǣ ߶ଷ ൫ܮൗʹ൯ሿ
ሾ߶ଵ ൫ܮൗͶ൯Ǣ ߶ଶ ൫ܮൗͶ൯Ǣ ߶ଷ ൫ܮൗͶ൯ሿ
ሾ߶ଵ ൫ܮൗ͵൯Ǣ ߶ଶ ൫ܮൗ͵൯Ǣ ߶ଷ ൫ܮൗ͵൯ሿ
ሾ߶ଵ ሺݔොሻǢ ߶ଶ ሺݔොሻǢ ߶ଷ ሺݔොሻሿ
ሾ߱ଵ Ǣ ߱ଶ Ǣ ߱ଷ ሿ
ሾ߱
ෝଵ Ǣ ߱
ෝଶ Ǣ ߱
ෝଷ ሿ
ߙଵ ܧఉ
ߙଶ ܧఉ
Ǣܿ Ǣ
Ǣ ܿ ൨

߁ሺͳ െ ߚሻ ଵ ߁ሺͳ െ ߚሻ ଶ

Control gain

ۿǢR

Control gain PDN

ࡷࢊ

Initial displacement [m]
Initial velocity [m/s]


ሶ

Value
ȏͲǤͲ͵ǢͲǢǦͲǤͲ͵͵Ȑ
ȏͲǤͲʹͷǢͲǤͲ͵͵ǢͲǤͲʹͷȐ
ȏͲǤͲ͵ͳͶǢͲǤͲ͵ͳͶǢͲȐ
ȏͲǤͲ͵ͷͺǢǦͲǤͲͳͳʹǢǦͲǤͲ͵ʹ͵Ȑ
ȏͳͶǤͶ͵ͶǢͷͺǤͲ͵ʹǢͳ͵ͳǤͺͻͶ͵Ȑ
ȏͲǤͲ͵ʹǢͲǤͳ͵ǢͲǤʹͻȐή ͳͲିଷ
ሾͺ ή ͳͲଵ Ǣ ͳͲͲǢ ʹ ή ͳͲଵ Ǣ ͳͲሿ
ͳͲ Ͳ
Ͳ
Ͳ
Ͳ ͳͲ Ͳ
Ͳ
൦
൪ǢͲǤͲͳ
Ͳ
Ͳ ͺͲ Ͳ
Ͳ
Ͳ
Ͳ ͺͲ
ሾെͳͲʹǤǢ ͵ǤǢ ͶǤͳǢ െ͵Ǣ ͳǤʹǢ ǥ
െͲǤͲͳͳǢ െͲǤͲͺ͵͵Ǣ ͲǤͲͲͲͻሿ
ሾͲǢ ͲǢ Ͳሿ
ሾͲǤͳǢ ͲǤͳǢ ͲǤͳሿ

Table 2: Parameters and control settings used for the simulations.

Regarding the first simulation, the impulsive basement disturbance is simulated by considering
an initial condition on the modal velocity ሶ  different from zero taking into account the first
three vibrational modes  ݎൌ ͳǡʹǡ͵ of eq. (11). The performances of the PD(N) controller are
compared with the Pontryagin implicit solution, recently proposed by the authors [20, 21], and
the benchmarking LQR method by solving eq. (12) neglecting the convolution term.
From Figure 2 to Figure 6 the time evolution of the beam displacement ݓሺݔǡ ݐሻ, cost function
ܬ, power and force actuation, are shown respectively. The bridge deflection has been computed
in two different positions ݔ௦ଵ and ݔ௦ଶ in order to be able to catch the contributions of all the
three vibrational modes.

Figure 2: Beam vertical displacement at ݔ௦ଵ under impulsive load.
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Figure 3: Beam vertical displacement at ݔ௦ଶ under impulsive load.

Figure 4: Comparisons of cost functions under impulsive load.

Figure 5: Comparisons of power actuation under impulsive load.
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Figure 6: Comparisons of force actuation under impulsive load.

The numerical results show very good performances of the PD(N) algorithm in comparison
with the standard LQR method in terms of vibrations minimization. In fact, the LQR, which
cannot take into account the viscoelastic memory effects, shows higher values of the actuation
force and power in comparison with the PD(N) controller. In fact, the PD(N) algorithm reach
half of the actuation power and the 80% of the maximum force reached by LQR, respectively.
Moreover, observing Figure 2 and Figure 3 the proposed controller presents lower beam deflection (higher in ݔ௦ଶ ) and a lower cost function value (Figure 4), stretching its convenience in
comparison to the LQR method. The PD(N) performance are at the same level of the Pontryagin
implicit solution. Of course, the implicit solution, which is the best optimal solution, presents
the lower values of cost function and arrival time.
In the second tested case, the bridge is excited by an earthquake disturb. The Class A earthquake
load has been formulated by [27] according to the Eurocode 8 which introduce the possibility
to use the stochastic analysis in the design of structures in seismic zone. Figure 7 and Figure 8
describe the earthquake disturbance in term of PSD and acceleration, respectively.

Figure 7: Earthquake PSD
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Figure 8: Earthquake acceleration

The class A earthquake PSD amplified the first vibrational mode of the bridge showing a maximum value corresponding to the bridge first natural frequency (̱ʹ )ݖܪand on the contrary it
does not excite the third mode, because is very far from the spectrum. Moreover, given the
symmetry of the noise, even modes are not excited. For all these reasons, the results will be
shown only for the position ݔ௦ଵ . The earthquake acceleration, ݖሷ ሺݐሻ, in Figure 8 has been generated from the PSD in Figure 7, acting for 10s and in the final 5s the bridge system is free to
extinguish its residual vibrations.
In this simulation the performance of the proposed PD(N) controller are only compared with
the benchmarking LQR method. In fact, the external disturbance considered in this case is stochastic one, which is impossible to predict and to include in the Pontryagin solution.
From Figure 9 to Figure 12 the time evolution of the bridge deflection in ݔ௦ଵ , the cost function
ܬ, the power and the force actuation, are illustrated respectively. It is possible to notice that,
even when an external random disturbance is acting on the bridge, the proposed PD(N)
controller presents better performance respect to the LQR method. The PD(N) algorithm shows
a minimization of the bridge deflection requiring a lower force and power of actuation and for
these reasons, it is also presenting a lower cost function ܬ.

Figure 9: Comparisons of deflection under earthquake load.
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Figure 10: Comparisons of cost function under earthquake load.

Figure 11: Comparisons of power under earthquake load.

Figure 12: Comparisons of force actuation under earthquake load.

5

CONCLUSIONS

In this paper the authors propose an optimal control algorithm to actively control viscoelastic
materials for the structural vibration’s minimization.
The proposed algorithm applies to a viscoelastic Euler-Bernoulli beam including Boltzmann
hereditary effects by using a Nutting’s memory kernel function. The prototype equation is of
integro-differential type and requires a non-conventional optimal control strategy, which considers convolution terms (memory effects). In general, the optimal control strategies, applied to
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this viscoelastic model, make use of direct methods, while in this paper the authors offer an
indirect optimal feedback control algorithm, which is still missing in the literature panorama.
The authors show how it is possible to obtain a Proportional-Nth-order-Derivatives control,
called PD(N), by using the variational approach. Numerical simulations show very good result
of the PD(N) solution compared to the benchmarking LQR and the implicit Pontryagin solution
for IDEs, already formulated by the authors in recent works.
Thanks to the hyper derivative properties, the PD(N) controller shows a capability of minimization of beam deflection, in term of force and power of actuation and cost both for different
external disturbances acting on the model and also for multiple kernel function compared to the
benchmarking optimal control algorithm.
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Abstract. When there is an optimal damper application issue, superstructure models are installed and strongly connected to the ground. However; there is no consideration of the
ground influences. Within this current research, the influence of sandy soil relative density
upon damper issues has been analysed. Assessment has been carried out upon the optimal
distribution of viscous dampers along with the influence of sandy soil relative density on the
structural dynamic response for the n-storey shear building model. The soil-structure model
governing equation has also been derived and the Fourier Transformation is used to present
the frequency domain equations. An optimized procedure, which is the Steepest Direction
Search Algorithm (SDSA), is applied. Minimization of the objective function, which is the
base moment behaviour of structure stated within the frequency domain, is done. The fundamental mode response of structural model has been considered and the El Centro (NS) earthquake ground acceleration record is used to conduct the time history analyses. Investigation
has been carried out for the sandy soil relative density influence upon the optimal design of
structure responses along with the total damper capacity variation influence applied within
the optimization level. Since the optimal design alters due to the base moment, the sandy soil
influences have been assessed thoroughly. As compared to no damper at all case, the damped
system has taken place with low base moment. At a rigid level, the structural response is lower as compared to a different sandy soil relative density. The structural response is enhanced
after dampers are added based on proposed objective function. Furthermore, the damaging
influence created by the poor ground conditions has also been reduced.

1459

Ersin Aydin, Baki Ozturk and Osman Sivrikaya

1

INTRODUCTION

Since the past few years, the conventional devices have been replaced with passive control devices to reduce vibration and dynamic influences. To attain efficient performance of
damping, the regulations have been set to manage the structure design for earthquake resistance through various processes. Recently, many research studies have been carried out upon the tuning of mass dampers applied for the wind and seismic reactions soil-structure
collaboration [1-4]. A two-phase soil model has been applied to assess the soil stiffness variations along with the monopile wind turbine foundations offshore damping that is affected by
lateral dynamic loads [5]. Two kinds of polypod foundations, ground surface that includes
two rigid footings and two flexible embedded piles, have been assessed through the dynamic
structure–soil–structure interaction (SSSI) [6].
Civil engineering applications, aerospace, military and other fields make use of a recognized passive damper which is the fluid viscous damper. Building applications have also
started making use of this device. Recently, due to globalization, there has been an enhancement in the damper construction and application, specifically for the earthquake-resistant construction design. Keeping these technological aspects in mind, the construction is being
carried out within the elastic limits within the seismic and wind loads where they are able to
captivate vigorous external consequences. Structural behaviours are enhanced through damping elements. Furthermore, various studies have tried to recognize the optimal damping element placements.
There are various research studies present in the literature upon the structure dynamic response and optimal damper design [7-16]. However, these do not take into account the soil
influence. Usually, it is believed that a rigid structure is present within the ground. Hence, the
soil influences must be observed to understand how earthquakes affect these structures. Recently, Aydin et al. [17] investigated comparison of optimal damper distributions in shear
frames in terms of soil conditions.
The optimal passive structural control has been researched upon in a limited manner even
though the literature stated soil structure interaction influences. The objective is upon the optimal control using the tuned mass damper [18-25]. Yet, there are some research studies upon
structures that have viscoelastic dampers keeping in mind the soil-structure interaction influence [26, 27]. For the soil structure interaction model, there are research studies which include
the tuned mass damper and the viscous damper [28].
Within this current research, the optimal placement of the viscous damper and the structural response would be analysed. This aspect has not been focused upon in earlier research studies. This is why the analysis would be carried out with the help of base moment transfer
function as part of the soil structure interaction. For the modelling structural response, the soil
influence is taken into account and the optimization procedure is used for the viscous damper
placement where no soil influence is present [29]. Furthermore, the viscous damper optimal
design for the sandy soil conditions (loose, medium dense and dense) would be analysed and
comparison of the results would be made.

2

FORMULATION OF PROBLEM

Figure 1 indicates the model for soil structure interaction and n-storey shear building.
Horizontal ground acceleration occurs within the system. The assumption present is that the
generalized displacement vector is u, the system mass matrix is M, system stiffness matrix is
K, structural damping matrix is C, and the influence vector is r which is defined as
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. Ground acceleration has been presented using
parameter. There are
known M and K matrix elements. The stiffness and structural damping matrices are proportional as C = DM where D = 2]1Z1. There are known first damping ratio ]1 and undamped
fundamental natural circular frequency Z1.
The differential equation of motion within the context of time is presented as follows.
(1)

Figure 1: Shear-building soil-structure model and its deformation
The generalized displacements vector is the set u = {u1, …..un uS TR}T in which the uS and
TR parameters sway with rocking rotation and displacement. The rocking springs and swaying
stiffness are indicated using kS and kR. The rocking and swaying dashpots damping coefficients are shown through cS and cR.
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Hence, the system mass matrix is indicated as following.
(2)

The soil-structure interaction system mass matrix is M and building mass matrix is MB.
MB, MBS and MBR matrices are shown below.

(3)

From the ground level, the ith floor height is indicated using Hi (i=1,…,n). Considering
Equation (2), E1, E2 and E3 are calculated using:
(4)
(5)
(6)
If Equations (3), (4), (5) and (6) are included in Equation (2), it would become Equation
(7) as mentioned below.

(7)

The following is the system stiffness matrix.
(8)
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In which,

(9)

(10)

In this case, the total system stiffness matrix is denoted by K, superstructure stiffness matrix by KB and the stiffness matrices including only swaying (ks) and rocking (kR) springs are
KS and KR, respectively. The following are the system stiffness matrix and the ground stiffness parameters.

(11)

(12)
The soil shear modulus is denoted by G, Poisson’s ratio through P and equivalent circular
footing plate radius through r. The structural and ground damping parameters are used for the
description of the system damping matrix C.
(13)

(14)
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(15)
In this case, the system damping matrix is C, the structural damping matrix of superstructure is CB and the ground linear damping matrices including only swaying (cs) and rocking
(cR) damping coefficients are CR. The shear wave velocity is vS and mass density of soil is U.
Takewaki [30] has stated the mass construction, stiffness and damping matrices. The additional damper parameters are not integrated within matrix C. If Equation (1) includes the Fourier Transform, then it would be converted to Equation (16).
(16)
The excitation circular frequency is denoted by , i,
,
and
, the Fourier
Transform of
and
. Equation (16) is written as follows, after the structure includes
the dampers.
(17)
and it includes the viscous dampThe displacement vector Fourier Transform is
ers. The unknown damping matrix is Cd and it is associated with the added damper damping
coefficient.
Hence, Cd is stated as:

(18)

In Equation (19), it is stated as the new parameter.
(19)
Hence, Equation (17) is written as:
(20)
In this case, the displacement transfer function vector is
stated as:

along with the

matrix and is
(21)

There exists prescription of K, M and C.
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If subtraction is made from Equation (20) for the displacement vector associated with the
transfer function, then it would be stated as.
(22)
Matrix represents the unknown cdi damping parameters. The vector includes the top
displacement transfer function value. Takewaki [29] includes the governing equations and is
applied within the planar building frame which does not have soil influences. Aydin et al. [11]
has helped to derive the elastic forces transfer function. Equation (22) includes the displacement transfer vector which would be multiplied by stiffness matrix to attain the elastic forces
transfer function vector.
(23)
3

OPTIMAL DAMPER PROBLEM

The optimal damper issues can be resolved using the various objective functions. Hence,
the several objective functions hold importance in terms of the various kinds of structures.
Within the current research, the objective function is the base moment transfer function amplitude that includes the rocking displacement, forces and swaying.
The following is the objective function within the context of the transfer function amplitude for the elastic base moment.
(Min)

(24)

The base moment transfer function amplitude is the following.
(25)
For the ith storey elastic shear force, the transfer function amplitude is denoted as
which has been assessed as the undamped
p fundamental natural frequency. The rocking spring
and the height of the ith storey is hi (i=1,…,n) as
moment transfer function amplitude is
per the base.
The following are the active and passive constraints performed at the sum of the damping
coefficients of the added dampers.
(26)
(j = 1,...,n)

(27)

p (total damper capacity)
In this case, the damping coefficients sum for the added dampers
is . For each damper, the damping coefficient upper bound is . The Lagrangian L within
the context of objective functions and constraints is indicated by:
(28)
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In this case, the Lagrange Multipliers are , = { } and ={ }; the objective function
is f . For objective function minimization, without the damping coefficient upper and lower
bound constraints, the Lagrangian L ( = 0, = 0) derivatives would be considered within the
context of cdj and . Then, the following would be Equations (29) and (30).
(j = 1,...,n)

(29)
(30)

The objective function partial differentiation is denoted by f,j keeping in mind the design
variable cdj. It is necessary to make sure that there are no negative damping coefficients for
the additional dampers. A physical importance does not hold that there are negative damping
coefficients. If there are active damping coefficient upper and lower bound constraints, then
modification of Equation (29) occurs as follows.
(31)
(32)
With the help of the Steepest Direction Search Algorithm (SDSA), the optimality criteria
have been extracted and the nonlinear Equations (29-32) have been solved [29].
4

DERIVATION OF SENSITIVITIES AND SOLUTION ALGORITHM

Derivation of the first order sensitivities of transfer function vector of displacements [29]
and elastic forces [11] are mentioned.
(33)
(34)
Equation (23) quantities of Fi are stated as
(35)
The transfer function values are Fi with ith storey elastic forces within a complex form.
The quantities of first order sensitivities of Fi are stated as:
(36)
The absolute value of Fi is stated as:
(37)
p
The transfer function amplitude
first order sensitivity of the absolute value for the ith elastic force is extracted, if the
are differentiated with respect to the jth damping coefficient cj.
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(38)
The transfer function amplitude for the first order derivative of the base moment is stated
as the transfer function sensitivities sum for the story shear forces multiplied with the storey
height from the base and rocking moment.
(39)
The equation for partial differentiations of Equation (38) within the context of other design parameter cl

(40)
With the help of Equation (41), it has been possible to calculate

and

in

Equation (40), and this is the second derivative of F. For elastic forces, the equations have
been integrated with the storey forces by Aydin et al. [11] within Equation (34). The following equation is present for the differentiation of Equation (34) with respect to cl
(41)
The second order sensitivities of base shear and base moment objective functions have
been stated in the form of second derivatives of the transfer function of the storey shear forces
in the following manner.
(42)
for each design step [29]. ReducThere is satisfaction of the constraint
tion in objective function and direction updates based on index k is observed. Takewaki [29]
brought forward this algorithm. Keeping in mind the new objective functions presented in [11]
and [13], the algorithm was modified. Within this damper optimization algorithm, the location
of additional dampers can be attained through first order sensitivities. Within step 4, if index k
and the dampers current
is available, and it is corresponding to the design variable, then
damping coefficient is added. Within the next step, there should be an update of the first order
sensitivity through the use of second order sensitivity coefficients. If various indices are
within
available k1…km as stated within the flowchart, there should be a distribution of
the structure. To satisfy the mentioned formula, it is necessary to attain the ratio within the
(k=1,…m).
magnitudes of
(43)
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In Equation (43), the ratio presented within the magnitudes of
along with the conhelps to attain the value of
. If various indices are present,
straint
k1…km, update should be carried out for the objective function along with the first derivative.
(44)
(45)
5

NUMERICAL EXAMPLE

As an example, a building model with 20 stories would be used. A 20 story structure is
observed in Figure 1. For each floor, the masses (m) and mass moment of inertia (IR) are
mi=30x103 kg and IRi=1.6x105 kg.m2 (i=1,..,20) , respectively. For the ground floor, it is
m0=90x103 kg (masses) and IR0=4.8x105 kg.m2 (mass moment of inertia) [30]. Height (h) for
each storey is 3.0 m. The structure-ground interaction horizontal motion and angular motion
stiffness coefficients (kS, kR) and damping coefficients (cS, cR) would be extracted using Equations (12) and (15) which have been presented [31]. The uniform selection of structural damping is 2% and story stiffness is 2.5x107 N/m. The equivalent circular footing plate radius is
4m and is denoted as r. The total damper capacity (W) of 1x107 Ns/m has been taken into account to analyse the damping optimization issue within the context of various sandy soil relative densities. These capacities are within the ranges mentioned in literature [14]. There are
three kinds of soil conditions taken into account. Table 1 shows the soil properties that are
used for analysis.
Table 1: Soil properties used in analyses [32-34]
vs (m/s)

P

Loose sand

150

Medium dense sand
Dense sand

Soil type

G (MPa)

U (kg/m3)

Static

Dynamic

0.25

8

33

1450

300

0.30

15

151

1650

550

0.35

24

570

1850

The optimal damper algorithm, mentioned earlier, has been applied to extract the optimal
placement of the damper within the soil-structure interaction model. For the analysis, one kind
of damper capacity is applied. At the time of optimization, the objective function (f) within
the context of step number in case of W=1x107 Ns/m and ground conditions (three kinds of
soil conditions and rigid case) have been analysed and Figure 2 mentions the variations. The
transfer function amplitude is negatively influenced when there are poor soil conditions.
There is a general trend for the soil conditions to alter the transfer function amplitude from
loose towards medium dense and then dense sand to rigid eventually. As compared to other
soil conditions, the loose sand condition has a stronger influence. The dense and medium
dense sands maintain similar transfer function amplitudes that are also close to the rigid case.
Therefore, when dampers are added at an optimum level to a structure with poor ground condition, the structure behaviour would be close to that of the rigid ground condition. In this
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case, when there is an increase in step number, there will be a decrease in the transfer function
amplitude, and there is lowest level of response for the rigid case as expected.

Figure 2: The variations of objective function in terms of ground conditions
Table 2 shows the optimum damper designs that have been extracted using the earlier
mentioned optimization method. The objective function found for the optimum design at base
moment is also mentioned in Table 2. Force-based designs are extracted through procedures
where the base moment is used as the objective function. The table also indicates that the
poorness in the ground causes a little change in the floors where the dampers are placed.
Table 2: Optimal damper designs for base shear and base moment
Soil Type
Rigid
Dense Sand
Medium Dense Sand
Loose Sand

c1
2.2
2.5
2.5
2.8

c2
2.1
2.3
2.4
2.6

Optimal Damper Coefficient (Ns/m)*106
c3
c4
c5
c6
c7
c8
1.8
1.5
1.1
0.7
0.4
0.1
2.0
1.6
1.0
0.5
0.1
2.0
1.6
1.0
0.4
1.0
2.2
1.5
0.7
0.2
-

c9 - c20
-

Additionally, the base moment objective function (f,j) sensitivities within the context of
damping coefficients for additional dampers have been assessed for the various sandy soil
conditions. Figure 3 indicates the sensitivity of objective function (f,j) variations within the
context of step number stated for the objective function and four soil conditions. The objective function first order derivation is denoted by f,j within the context of jth storey damper. In
all cases, convergence has taken place. When the negative region is taken into account for
their sensitivity values, the objective function first order derivatives indicates the design direction at the initiation of the algorithm. Since the initial stages, derivatives at each step are compared and checking is done for the maximum derivative value. The gradient based procedure
is observed and procedure details have already been mentioned. The sensitivity values enhance when soil conditions are subjected to variations from rigid to loose sand case (Figure
3). The total damper capacity is taken as W=1x107 Ns/m and comparison is made for rigid
and loose sandy ground condition. There is difference in the sensitivity of the numerical values but there is similarity in the design step trends. It is essential to indicate the sensitivity
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presentation where the optimal design issue is integrated within the gradient based procedures.

Rigid

W

Dense Sand

1.107 Ns m

0

50

MB, 1
MB, 2
MB, 3
MB, 4
MB, 5
MB, 6
MB, 7
MB, 8
MB, 9
MB, 10
MB, 11
MB, 12
MB, 13
MB, 14
MB, 15
MB, 16
MB, 17
MB, 18
MB, 19
MB, 20

40
60
80
100
0

50

100
150
200
Design Step Number

Medium Dense Sand

250

MB,j

MB,j

20

MB,1
MB,2
MB,3
MB,4
MB,5
MB,6
MB,7
MB,8
MB,9
MB,10
MB,11
MB,12
MB,13
MB,14
MB,15
MB,16
MB,17
MB,18
MB,19
MB,20

100
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200

300

0

50

W 1.107 Ns m

100
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200
Design Step Number
Loose Sand

0

250

300

W 1.107 Ns m

0

50

100

MB,1
MB,2
MB,3
MB,4
MB,5
MB,6
MB,7
MB,8
MB,9
MB,10
MB,11
MB,12
MB,13
MB,14
MB,15
MB,16
MB,17
MB,18
MB,19
MB,20

150
200
250
0

50

100
150
200
Design Step Number

250

MB,1
MB,2
MB,3
MB,4
MB,5
MB,6
MB,7
MB,8
MB,9
MB,10
MB,11
MB,12
MB,13
MB,14
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MB,18
MB,19
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200

MB,j

100

MB,j

W 1.107 Ns m

0

300
400
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0

300

50

100
150
200
Design Step Number

250

300

Figure 3: The sensitivities of objective function with respect to ground conditions
For rigid soil and various sandy soil conditions, plotting is carried out through the frequency response of the base moment transfer function amplitude variations in Figure 4. Analysis for frequency behaviours is conducted for W=1x107 Ns/m. Yet, the structural response is
negatively influenced by the soil density conditions. From the rigid to loose sand case, there is
an enhancement in the response. Within the context of the transfer function amplitudes, there
is a similar behaviour of the medium dense, dense and rigid sand cases. When four kinds of
behaviour parameters are applied to assess the frequency behaviour, it is observed that for
amplitude, the rigid ground performance is most suitable and worst performance is indicated
by loose sand. For ground conditions, the frequency behaviours have been analysed with and
without dampers. The amplitudes have also been reduced significantly. When the dampers are
added, the rigid and loose sandy soil difference reduces significantly. If optimal dampers are
added, the negative influence can be managed. For the current research, this is considered as a
significant outcome. The current research also calculates structural behaviours where the
structure first mode behaviour indicates that there is minimization of behaviour. Figure 4 indicates that frequency behaviour would be significantly reduced within other higher modes
through the first mode optimal dampers. The rigid case can not indicate a structural response,
even though there is presence of a comparable optimal damper placement for altered relative
sandy soil densities.
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Figure 4: The variations of transfer function amplitude of base moment according to excitation frequency in terms of ground conditions
Within the current research, analysis has been made upon the influence of earthquakes
over the structures base moment within the presence of optimal dampers and ground conditions. For the time history analysis, the El Centro earthquake acceleration (NS) record has
5. The variations
function
amplitude5 ofthat
baseforces
momentare
according
to excitation
frequencydue
in terms
beenFig.
implemented.
It ofistransfer
observed
in Figure
enhanced
significantly
to
ground weakness within the context of theofbase
moment
without damper cases. If dampers are
ground
conditions
added, the base moment behaviour enhances significantly.
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Fig. 9. Time history response of base moment under El Centro earthquake ground motion
Figure 5: Time
history response of base moment under El Centro earthquake ground motion
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The structure behaviour upon poor ground indicated significant enhancement, when
dampers are added. For instance, the loose sand is dependent upon the location and capacity
of the damper. The structure can be enhanced using optimal dampers, when there is an issue
with the ground conditions keeping in mind the soil-structure interaction issue. For the engineering design, there would be a development, if the adverse situations are prevented through
the addition of dampers on the superstructure and the ground conditions are not improved.
6

CONCLUSIONS

Within this current research, the base moment objective function in the case of different
sandy soils is studied to investigate the optimal damper distributions and the structural response. Analysis has been carried out upon the objective function sensitivities keeping in
mind the design variables of soil structure model frequency and time behaviour. Various
sandy soil densities have been investigated within this context. Hence, keeping in mind the
above mentioned aspects, the following conclusions are made.
The optimal damper distributions on the floor are influenced by the sandy soil relative
densities which are observed through minimization of the structure base moment transfer
function amplitude. The analyses of the 20-storey structure showed that dampers are placed
on more floors for the rigid state, compared to the sandy ground conditions. As the looseness
of the sandy ground increases, the dampers concentrate towards the lower floors. This reveals
that if the weakness of the ground increases, the distribution of the dampers concentrates
downwards in order to improve the behavior. According to the assessment, the structure behaviour of sandy soils is associated with the rigid ground structure response level at the time
when there is optimal addition of the dampers to the poor ground structures.
On the other hand, the sandy soil relative density maintains a large influence upon the
structural behaviour parameters that are the transfer function amplitude of four kinds of structural response, its sensitivities, frequencies and time behaviours. For the design steps, within
the transfer function amplitude context, there is similar behaviour of the rigid, dense sand and
medium dense sand conditions. The highest is of the loose sand which is also different from
the rest. When the time domain and frequency were assessed, the relative density influence
for sandy soil upon structural response was found. For loose sand, the response structure is
not associated with the rigid, dense sand and medium dense sand conditions when the damper
is not present. The behaviours for all cases are considered with the addition of the dampers.
Within the current research, it is observed that the structural behaviours presented within the
poor soil conditions decreased, when the dampers are added without making any soil improvements.
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Abstract. Active noise control (ANC) is an important subject that plays a central role in many
practical problems. In essence, the ANC technique is based on the principle that a noise can
be cancelled by another noise with the same amplitude but an opposite phase. Compared with
the passive noise control technique, the ANC method is efficient to suppress noise with lower
frequency. As an adaptive controller, the filtered-x least mean square (FxLMS) algorithm has
gained substantial popularity owing to its simplicity. Unfortunately, in the physical world,
many ANC systems exhibit certain degrees of nonlinearity in the primary or secondary path.
In such situations, nonlinear ANC (NANC) algorithm is necessary for further implementation.
A novel nonlinear filter, which incorporates the concept of exponential sinusoidal models into
nonlinear filters based on functional link networks (FLNs) has been applied in this paper. The
proposed filter is designed to provide improved convergence characteristics over traditional
FLN filters. The conventional trigonometric FLN (TFLN) may be considered as a special case
of the proposed adaptive exponential FLN (AEFLN). An adaptive exponential least mean
square (AELMS) algorithm has been derived and the same has been successfully applied for
identification of a couple of nonlinear plants. This paper investigates the application of active
noise control to the attenuation of the noise produced by two asynchronous generators in a
luxury yacht, with the specific aim of creating a quiet region in a twin cabin around the sleeping area.
1

INTRODUCTION

Passive noise control treatments are an effective means of reducing the levels of noise and
vibration experienced by humans in a variety of applications. However, due to both weight
and size restrictions their performance in practice is generally limited to the control of higher
frequency noise and vibration. To overcome this limitation and achieve significant levels of
low frequency noise attenuation, active control methods have been widely investigated. Ac-
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tive control systems reduce the unwanted primary disturbance by the introduction of secondary sources, which produce either additional noise or vibration to control the original source.
Active control has been successfully demonstrated in a variety of engineering applications
where the perception of the acoustic environment is particularly important. For example, in
the aircraft environment the low frequency tonal noise induced by the propellers has been
successfully controlled using a feedforward active noise control system [1]. In the automotive
environment a variety of active control systems have been proposed for both engine [2] and
road noise control [3]. More broadly, active control technology has been applied to fan noise
[4], active earmuffs [5], noise transmission through windows [6], sound radiation from a helicopter transmission [7] and diesel generator noise in the master cabin of a luxury yacht [8].
Active noise control (ANC) system is an electro-acoustic device based on the principle of
destructive interference by generating the signal which has the same amplitude and opposite
phase with the undesired noise. Because of the potential industrial applications and digital
signal processing advantages, many different kinds of ANC algorithms are developed quickly
in recent years [9, 10]. More widely used of them is filtered-x least mean square (FXLMS)
algorithm based on linear finite impulse response (FIR) filter [11], which works well in most
cases. However, these superiorities are only applied in linear control problem. In other words,
when the reference signal measured by the acoustic sensor or the transfer functions of the
primary path and secondary path are nonlinear, the ANC system based on FXLMS algorithm
performs poorly and even fails to work [12].
In order to solve the nonlinear distortions in ANC system, a variety of nonlinear structures
and algorithms are proposed over past fifteen years [13, 14].
Nonlinear filters based on functional link networks (FLNs) have received significant attention owing to its single layer structure, which offers lesser computational complexity and due
to the simple learning rule [15]. FLN-based nonlinear system identification by using FLNbased filters has been attempted in [16] and FLN filters have found applications in other areas
of nonlinear filtering including channel equalization [17] and echo cancellation [18]. In a traditional trigonometric FLN (TFLN), the input signal is functionally expanded using a set of
trigonometric functions, before applying to an adaptive weight matrix. FLNs which employ
other functional expansions than trigonometric functions have also been proposed recently. A
Chebyshev FLN was presented in [19] for identification of dynamic systems. A Legendre
neural network (LeNN), which employs a Legendre functional expansion, has been successfully applied for nonlinear channel equalization in wireless communication systems [20]. The
lower computational load offered by TFLN-based nonlinear filters has made TFLN a popular
candidate for nonlinear controllers in an ANC scenario also.
Thus, in this work, a nonlinear filter, which is based on an exponentially decaying trigonometric functional expansion has been applied in a yacht environment [21]. The performance
of the filter has been enhanced by incorporating an adaptive exponential factor [21]. The effectiveness of the proposed filter has been tested using an extensive real world study. In this
work, the filter has been shown to provide an improved noise cancellation in an ANC scenario.
2

DIESEL GENERATOR NOISE CONTROL

The acoustic environment in luxury yachts has become an important consideration for
yacht manufacturers. High levels of noise and vibration can result in an uncomfortable environment and, therefore, there is a desire to achieve low levels of noise and vibration. At mid
to high frequencies passive noise and vibration control treatments can be employed to achieve
a quiet living space on-board. At low frequencies, however, the size and weight of passive
treatments becomes too large and is often either impractical or significantly increases the
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weight of the yacht, which in turn limits its efficiency. Thus, the occupants are sensitive to the
noise produced by the electrical generators whilst moored.
Therefore, focus has been made on controlling the noise produced by the generators in a
twin cabin, and especially when the generators are asynchronous.
Fig. 1 shows the yacht and the twin cabin considered in this work. The yacht specification
are presented in the Table 1. In order to characterise the noise produced by the asynchronous
generators, the sound pressure level has been measured at the head of the bed in the twin cabin using a microphone B&K model 4189 when the diesel generators are running on the mooring. The spectrum of the A-weighted sound pressure level measured by the microphone has
been calculated. From the results illustrated in Figs. 6 and 7 it can be seen that the noise signal
and its spectrum are characterised by an interference pattern between two sounds of slightly
different frequencies, which comprise a series of harmonics of the fundamental engines orders
at the mains frequencies of fo=52 and f1=55 Hz due to the asynchronous disturbance.

(a)

(b)

Figure 1: The ANC has been applied to (a) a luxury yacht and (b) in a twin cabin.

Length (FT)
Beam (FT)
Draft (FT)
Engines
Generators
Fuel (LTRS/HR)
Cruising Speed (KNOT/HR)

70
24
7.3
MAN 1300 X2
2X ONAN 21 KW-17 KW
400
23

Table 1: Yacht specifications.

3

TFLN AND AEFLN BASED NONLINEAR FILTERS

In an FLN, the functionally expanded input signal is multiplied with a set of adaptive
weights and then added together to obtain the output signal. Assuming x(n) as the input signal, in a TFLN, the functionally expanded signal vector may be written as:

(1)
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where B is the order of the functional expansion. The output of the TFLN may be written
as:

(2)
with wf(n)=[ wfo(n), wf1(n), …, wf(M-1)(n)] T as the adaptive weight vector of the TFLN. The
weights of the TFLN are usually updated using a gradient descent approach as
(3)
where e(n) is the error signal and μt is the learning rate.
It may be noted that TFLN attempts to model the nonlinearities in a system using sinusoids. Many of the natural signal-like speech which has fast amplitude variations cannot be effectively modeled using nonlinear filters based on pure sinusoids [22]. It has also been
reported that the modeling of such signals can be achieved with better accuracy using sinusoids with exponentially varying amplitudes [23]. In order to overcome this limitation of pure
sinusoids-based nonlinear filter like TFLN, we attempt to design a new nonlinear filter, which
incorporates exponentially varying sinusoids in the modeling process. The new filter, which is
hereafter referred to as AEFLN, is also designed to handle both growing as well as decaying
exponential nonlinearities.
Similar to that in a TFLN, in an AEFLN, the tap delayed input signal
(4)
of length N is functionally expanded to M=N(2B+1)+1 terms. The expanded input signal vector is given by

(5)
where a(n) is an adaptive exponential parameter. The expanded input signal vector g(n) is
multiplied by the adaptive weight vector

(6)
to obtain the filter output, which is given by
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(7)
(7) may be written in a compact form as
(8)
The weight vector is updated as
(9)
where μw is the step size. In a similar fashion, the adaptive exponential factor a(n) is updated as:
(10)
where μa is the learning rate of a(n) and z(n) is an M×1 vector

(11)
(9) and (10) together forms the adaptive exponential least mean square (AELMS) algorithm. Fig. 2 shows the block diagram of AEFLN updated using an AELMS algorithm.
4

PERFORMANCE ASSESSMENT

The effectiveness of the proposed nonlinear filter has been evaluated through an experimental study a twin cabin of a yacht (Fig. 1). The performance of AEFLN has been compared
with that obtained using TFLN.
The mean square error (MSE) has been used as the metric of comparison

(12)

(13)
where d(n) is the output of the system and y(n) is the anti-noise signal (Fig. 2).
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Figure 2: Block diagram of an AEFLN updated using an AELMS algorithm [21].

Initially, an attempt has been made to study the effect of the buffer size BS on the performance and the convergence behavior of the AEFLN-based model.
Fig. 3, shows the variations of MSE with respect to the iterations for fixed values of order
ORD=2, learning rates μw=0.01 and μa=0.05, and initial value of a=10. As illustrated in Fig. 3,
the MSEs computed over the last 3000 iterations are about -36, -28 and -18 dBs for BS 30, 20
and 10, respectively. Thus, the AEFLN-based ANC system has been shown to provide a better performance for buffer size greater than 30. The enhanced noise cancellation performance
of AEFLN controller with respect to BS is confirmed in the Figs. 4 and 5. The error signal
e(n) measured at the point of interest is presented in Fig. 6, while its spectrum is shown in
Fig. 5. From those plots it can been seen that significant levels of narrowband attenuation
achieved around the ‘beat’ components and their harmonics for BS greater than 30 samples. In
addition to the noise attenuation performance shown in the waveforms of the Fig. 4, it is also
interesting to observe the enhanced convergence behavior of the AEFLN controller.

Figure 3: Comparison of convergence characteristics (MSE) obtained for different buffer sizes BS and AEFLN
order ORD=2, a=10, μw=0.01 and μa=0.05.
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Figure 4: Error (black) and desired (gray) signals for buffer size BS (a) 10, (b) 20 and (c) 30 (ORD=2, a=10,
μw=0.01 and μa=0.05).

Figure 5: Spectrum of the error (black) and desired (gray) signals for buffer size BS (a) 10, (b) 20 and (c) 30
(ORD=2, a=10, μw=0.01 and μa=0.05).

Moreover, it may be noted, as shown in Table 2, that the ANCS using BS=30 achieved up
to 40 dB noise reduction at the desired ‘beat’ components fo and f1.

Freq. (Hz)
fo=52
f1=55

ANC ON/SPL (dB)
ANC OFF
SPL (dB) BS=10
BS=20
BS=30
73.33
64.98
51.77
39.32
75.48
66.32
50.74
34.26

Table 2: AEFLN controller performance in accordance to the buffer size BS.
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Then, the effect of the step size μw on the performance and the convergence behavior of the
AEFLN controller is studied with respect to the iterations for fixed values of order ORD=2,
buffer size BS=30 and μa=0.05, and initial condition of a=10.
Thus, as it is observed in Fig. 6, the MSEs computed over the last 6000 iterations are about
-50, -35 and -23 dBs for μw 0.01, 0.001 and 0.0001, respectively. This means that the AEFLN
approach achieves an improved steady state MSE for μw close to 0.01. Thus, the AEFLNbased ANC system has been shown to provide a better performance for step size μw greater
than 0.01 and smaller than 0.1. Also, the noise cancellation performance of AEFLN controller
with respect to step size μw is confirmed in the Figs. 7 and 8, and the Table 3.
The measured error signal e(n) and its spectrum are shown in Figs. 7 and 8. Again, a high
narrowband attenuation and an enhanced convergence behavior of the AEFLN controller is
achieved around the ‘beat’ components and their harmonics for step size μw close to 0.01. As
shown in Table 3, that the ANCS using μw =0.01 achieved up to 37 dB noise reduction at the
desired ‘beat’ components fo and f1.

Figure 6: Comparison of convergence characteristics (MSE) obtained for different step sizes μw (ORD=2, BS=30,
a=10 and μa=0.05.

Figure 7: Error (black) and desired (gray) signals for step size μw (a) 0.0001, (b) 0.001 and (c) 0.01 (ORD=2,
BS=30, a=10, μa=0.05).
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Figure 8: Spectrum of error (black) and desired (gray) signals for step size μw (a) 0.0001, (b) 0.001 and (c) 0.01
(ORD=2, BS=30, a=10, μa=0.05).

Freq. (Hz)
fo=52
f1=55

ANC ON/SPL (dB)
ANC OFF
SPL (dB) μw=0.0001 μw=0.001 μw=0.01
73.33
69.38
55.94
39.32
75.48
71.41
56.02
34.26

Table 3: AEFLN controller performance in accordance to the step size μw.

In addition, as presented in Fig. 9, the step size μw affects the steady state and the convergence of the exponential factor a. The attempt to study the convergence behavior of a has
been achieved considering fixed values of order ORD=2, buffer size BS=30 and μa=0.05, and
initial condition of a=10. Thus, a fast and steady convergence speed and behavior of a can be
expected increasing the value of μw close to 0.01.

Figure 9: Exponential factor a(n) convergence for different step sizes μw (ORD=2, BS=30, a=10, μa=0.05).
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Moreover, a study of the AEFLN convergence behavior in respect of the initial condition
of a has been achieved considering fixed values of order ORD=2, buffer size BS=30, μw=0.01
and μa=0.05.
As it is observed in Fig. 10, the MSEs computed over the last 3000 iterations are about -60,
-52, -45, -50 and -55 dBs for a equal to -1, 0, 2, 10 and 20, respectively. Thus, the convergence speed and AEFLN performance are slightly affected by the initial condition of a.

Figure 10: Comparison of convergence characteristics (MSE) obtained for different adaptive exponential parameters a(n) (ORD=2, BS=30, μw=0.01 and μa=0.05).

In contrast to the buffer size and the step size μw, the order of the AEFLN controller in this
case does not affect the convergence speed and performance of AEFLN and exponential factor a. The following results illustrated in Figs. 11 and 12 confirm the above conclusion.

Figure 11: Comparison of convergence characteristics (MSE) obtained for different AEFLN orders (a=10,
μw=0.01 and μa=0.05).
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Figure 12: Exponential factor a(n) convergence for different AEFLN orders ORD (a=10, μw=0.01 and μa=0.05).

Next, another attempt has been made to study the effect of the buffer size BS on the performance and the convergence behavior of the TFLN-based controller.
Fig. 13, shows the variations of MSE with respect to the iterations for fixed values of order
ORD=2 and learning rate μt=0.001. As illustrated in Fig. 13, the MSEs computed over the last
12000 iterations are about -45, -34, -23 and -20 dBs for BS 30, 20, 10 and 5, respectively. It is
obvious that the TFLN controller provides a better performance for buffer size close to 30.
Also, the Figs. 14 and 15 confirm the enhanced noise cancellation performance of TFLN controller with respect to BS. Figs. 14 and 15 present the error signal e(n) and its spectrum, respectively. The plots of Figs. 14 and 15 confirm that significant levels of narrowband
attenuation achieved around the ‘beat’ components and their harmonics for BS greater than 30
samples. In the Fig. 14, it is also interesting to observe the enhanced convergence behavior of
the TFLN controller.
Moreover, as shown in Table 4, the ANC system using BS=30 can achieve up to 45 dB
noise reduction at the desired ‘beat’ components fo and f1.

Figure 13: Comparison of convergence characteristics (MSE) obtained for different buffer sizes BS and TFLN
order ORD=2, and μt=0.001.
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Figure 14: Error (black) and desired (gray) signals for buffer size BS (a) 5, (b) 10 and (c) 30 (ORD=2 and
μt=0.001).

Figure 15: Spectrums of error (black) and desired (gray) signals for TFLN buffer size BS (a) 5, (b) 20 and (c) 30
(ORD=2 and μt=0.001).

Freq. (Hz)
fo=52
f1=55

ANC ON/SPL (dB)
ANC OFF
SPL (dB) BS=5
BS=20
BS=30
73.33
68.41
48.81
35.98
75.48
68.92
44.31
25.93

Table 4: TFLN controller performance in accordance to the buffer size BS.

Similarly to the AEFLN controller, the order of the TFLN controller does not affect the
convergence speed and performance. The following results illustrated in Figs. 11 and 12 confirm the above conclusion.
Fig. 16, shows the variations of MSE with respect to the iterations for fixed values of buffer size BS=2 and learning rate μt=0.001. As illustrated in Fig. 16, the TFLN controller performance has slight variations in accordance to the order. Also, the Figs. 17 and 18, and the
Table 5 confirm the performance and convergence speed of TFLN controller with respect to
ORD.
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Figure 16: Comparison of convergence characteristics (MSE) obtained for different TFLN orders (μt=0.001 and
buffer size BS=30).

Figure 17: Error (black) and desired (gray) signals for TFLN order size (a) 1, (b) 2, (c) 3 and (d) 4 (μt=0.001 and
BS=30).

Figure 18: Spectrums of error (black) and desired (gray) signals for TFLN order size (a) 1, (b) 2 and (c) 3
(μt=0.001 and BS=30).

1487

Freq. (Hz)
fo=52
f1=55

ANC ON/SPL (dB)
ANC OFF
SPL (dB) ORD=1
ORD=2 ORD=3
73.33
37.51
35.98
28.96
75.48
38.47
25.93
27.00

Table 5: TFLN controller performance in accordance to the order ORD.

Finally, the effect of the step size μt on the performance and the convergence behavior of
the TFLN approach is studied for fixed values of order ORD=2 and buffer size BS=30.
Thus, as it is observed in Fig. 19, the MSEs computed over the last 15000 iterations are
about -50, -48 and -40 dBs for μt 0.01, 0.001 and 0.0001, respectively. This means that the
TFLN approach achieves an improved steady state MSE for μw close to 0.01. Also, the noise
cancellation performance of TFLN controller with respect to step size μw is confirmed in the
Table 6. As shown in Table 6, that the ANCS using μw =0.01 achieved up to 23 dB noise reduction at the desired ‘beat’ components fo and f1.

Figure 19: Comparison of convergence characteristics (MSE) obtained for different step sizes μt (ORD=2, and
BS=30).

Freq. (Hz)
fo=52
f1=55

ANC ON/SPL (dB)
ANC OFF
SPL (dB) μt=0.0001 μt=0.001 μt=0.01
73.33
46.66
35.98
24.30
75.48
43.83
30.34
19.25

Table 6: TFLN controller performance in accordance to the step size μt.

5

CONCLUSIONS

In this paper the potential of applying a nonlinear active noise control system to reduce the
levels of noise produced by two asynchronous diesel generators in the twin cabin of a luxury
yacht has been investigated. It is difficult to control this using passive control treatments due
to both weight and size limitations. Global active noise control is also not feasible due to the
relatively wideband frequency content and the modally dense nature of the master cabin.
Therefore, a practical active control system has been implemented which focuses a zone of
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control at the head of the bed, where the generator noise is most disturbing when occupants
are trying to sleep.
It has been shown that, due to the ‘beat’ components and their harmonics present in the
disturbance noise spectrum, it is necessary to control multiple tones in order to achieve a significant level of narrowband attenuation. Therefore, a feedforward nonlinear control system
has been investigated. It has been shown that this controller achieves significant narrowband
attenuation in the sound pressure level at the error microphone located at the head of the bed.
The performance, the stability as well as convergence of AEFLN and TFLN algorithms are
dependent on the proper selection of the buffer size (BS) and the learning rates.
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TUNING STRATEGIES AND PLACEMENTS FOR DISTRIBUTED
MULTIPLE TUNED MASS DAMPERS FOR WIND-INDUCED
VIBRATION CONTROL IN HIGH-RISE BUILDINGS
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Abstract. Tuning frequency and TMD placement have a great impact of the effectiveness of
a control device. A comparative study between three tuning and placement strategies for distributed multiple tuned mass dampers for vibration control in high-rise buildings was conducted. A new design approach based on Differential Evolution was introduced and used to
optimize damping, stiffness and placement for a controller with known mass. The proposed approach implemented an iterative optimization of the MTMD by updating structural parameters
and the tuning frequency after every iteration. The Designs produced by the three methods were
evaluated. A frequency response analysis was performed, and the effectiveness of the control
systems was measured through their ability to reduce average and maximum RMS and peak
displacement and acceleration time responses.
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1

INTRODUCTION

With the recent advancements in construction technologies and materials, buildings are becoming taller and lighter. As such, multiple systems for mitigating the effects of earthquakes
and wind induced loads were invented and developed. Since then, Tuned Mass Damper (TMD),
a relatively easy to implement vibration absorber, has known a huge success and was adopted in
multiple real world situations. In fact, Soong and Dargush [1] concluded that a TMD is very effective in controlling buildings with a dominant ﬁrst vibration mode, which is typically the case
for high-rise buildings. In a research conducted by Tsai and Lin [2], they showed that the TMD
was able to reduce the effects of resonance, however, in some cases, they noticed response ampliﬁcation under low frequency excitations. Furthermore, while a single TMD is able to control
structural vibration, it is very sensitive to changes and identiﬁcation errors in structural parameters, which can reduce its effectiveness. As a solution, Xu and Igusa [3] showed that using
Mutiple TMDs (MTMD) improves the robustness of the control system, and its effectiveness in
reducing structural response.
MTMD tuning and placement greatly affect their ability to control vibrations. In this regard,
multiple researchers studied the effects of tuning and placement strategies of MTMDs on their
effectiveness. Xu and Igusa [3] researched equally spaced MTMDs under wide-band random
excitation. Bakre and Jangid [4] looked for optimal parameters of MTMD under harmonic base
excitation .Elias and Matsagar [5] showed that distributed absorbers are more effective than
non-distributed absorbers placed at the top ﬂoor. Moreover, they concluded that as the number
of controllers increases, the difference in effectiveness increases. Moon [6] stated that the loss
of effectiveness is minimal if placement is based on modal shape. As for tuning, Han and Li [7]
concluded that uniformly distributed tuning frequencies produce an effective control system.
In this paper, we studied three different tuning and placement strategies for distributed MTMDs. The ﬁrst strategy consisted of tuning and placing the absorbers according to natural frequencies and modal shapes. The second, used natural frequencies for tuning, and an algorithm
based on differential evolution to ﬁnd the optimal placement. The third and proposed strategy,
relied on differential evolution [8] to tune and place the controllers. We also considered the
maximum gain of the controlled building, calculated using the transfer matrix of the structure,
as the cost function that is subject to minimization. We conducted a comparison between the
resulting frequency response curves, and evaluated the performance of every control system
using 8 different criteria.
2

FORMULATION

In this study, we considered a 76-story benchmark building with a total mass of 150,000t.
The structure is sensitive to wind load since it presents an aspect ratio of height to base width
of 7.3. A detailed description of the building’s model was given by Yang et al. [9], where they
removed rotational degrees of freedom by the means of static condensation. All data about the
structure and across-wind load is available at the website [10]. The results of wind tunnel tests
can be found in the paper by Samali et al. [11].
The equations of motion for the controlled structure using p controllers is written as
MẌ + CẊ + kX = F

(1)

where M, C and K are the mass, damping and stiffness matrices for the controlled structure,
respectively. Ẍ, Ẋ, X are the acceleration, velocity and displacement vectors, respectively. F
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is the wind load vector.
# 
"
p
Ms 0
+
M=
md,i ri ri T ,
0 0
i=1

#
Cs 0
,
C=
0 cd
"

"

Ks 0
K=
0 kd

#
(2)

where Ms , Cs and Ks are the mass, damping and stiffness matrices of the uncontrolled structure, respectively. For i ∈ {1, 2, . . . , p}, md,i is the mass of the controller and ri is the controller
location column vector. cd and kd are diagonal matrices containing the dampings and stiffnesses of the controllers.
The transfer matrices for displacement GX and acceleration GẌ of the controlled system at
input frequency ω can be extracted from Eq. (1) and are expressed as
GX (ω) = (−ω 2 M + jωC + K)−1

(3)


−1
GẌ (ω) = −ω 2 −ω 2 M + jωC + K

(4)

where j 2 = −1.
The gain of the system at frequency ω is deﬁned as the ratio of output over input, and is
represented by the maximum singular value σ of the transfer matrix. The proposed approach
aims to reduce the maximum system gain for all input frequencies, thus, reducing dynamical
effects and structural response. Hence, the cost function fc of the considered optimisation
problem is subject to minimization and is deﬁned as
max {σX / ω ≥ 0} max {σẌ / ω ≥ 0}
+
(5)
σXo
σXo
¨
=
>
=
>
GẌ (ω)u
/
u
=
0
. σXo and
where σX = max GXu(ω)u / u= 0 and σẌ = max
u
σXo
¨ are the maximum displacement and acceleration frequency responses for the uncontrolled
structure.
fc =

3
3.1

METHODS
Five modes control strategy

Elias and Matsagar [5] considered the ﬁrst ﬁve modes of vibrations to design the controllers,
since the total modal mass contribution of the ﬁrst ﬁve modes is more than 90% of the mass
of the building. The ﬁrst ﬁve natural frequencies of the building are 0.16, 0.77, 1.99, 3.79 and
6.40 Hz. The mass ratio of the whole control system is 0.82%, which is the optimal mass ratio
for the considered structure as suggested by Patil and Jangid [12]. Elias and Matsagar used ﬁve
TMDs to mitigate the effects of wind on the benchmark building, such that
fi =

ωi
= 1,
Ωi

m
2
j=1 (1/ωj )

ki = A5

for i ∈ {1, 2, 3, 4, 5}

(6)

where fi , ωi and ki are the frequency ratio, natural frequency and stiffness of the i-th controller.
Ωi is the i-th natural frequency of the uncontrolled structure. m is the total mass of the control
system.
mi =

ki
,
ωi2

ξi = 0.05,

ci = 2ξi mi ωi
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for i ∈ {1, 2, 3, 4, 5}

(7)
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where mi , ξi and ci are the mass, damping ratio and damping of the i-th controller.
The controllers’ placement was decided as follows: the i-th controller is placed at the ﬂoor
which exhibits the highest modal shape amplitude for the i-th vibration mode without taking
into account the ﬂoors where a controller is already installed. Using this rule, the ﬁrst TMD
was placed at the 76th ﬂoor, the second at the 75th ﬂoor, the third at the 74th ﬂoor, the fourth at
the 61st ﬂoor and the ﬁfth at the 65th ﬂoor.
3.2

Proposed approach

The proposed approach uses an evolutionary meta-heuristic search algorithm, called Differential Evolution, to optimize damping, stiffness and placement for a TMD with known mass.
Differential Evolution (DE) is a meta-heuristic evolutionary algorithm for global optimization
over continuous spaces proposed by Storn and Price [13]. Unlike other evolutionary algorithms,
DE uses mutation as the main search mechanism and a greedy selection process to direct the
search. Moreover, it employs a non-uniform crossover operation. Therefore, it can successfully
ﬁnd the true global optimal solution regardless of initial values [8]. DE is fast, easy to implement
and uses few control parameters. Additionally, it is self-adaptive and can be used in constrained,
multi-objective, continuous or discrete optimization problems [8]. With its superiority to other
search algorithms, it has been successfully and widely applied in multiple engineering ﬁelds.
DE has three control parameters, the population size NP , differential weight F and crossover
probability CR. The population size greatly affects the search efﬁciency. A higher NP is recommended and should be proportional to the number of parameters to optimize. F controls new
solutions generation which is based on weighted differences between two randomly selected
solutions and the updated best solution. Randomizing F every iteration accelerates the convergence. CR determines, at recombination (crossover), which solution’s components are more
favoured, (i.e., whether more of the components of old or new solutions are kept). DE consists
of three operations: mutation, recombination and selection, that are performed in succession
until the stop condition is met.
The population of solutions can be represented by a set of NP vectors of size 2.
population = {x1 , x2 , · · · , xNP }

(8)

where xk = {ξk , fk } is the state of solution k, ξk and fk are the damping and frequency ratios.
For every parent vector xk , a solution vector xi is chosen, and a mutant vector vi is created
by
vi = xbest + F (xr1 − xi )
(9)
where i, r1 ∈ {1, 2, · · · , NP } are randomly selected and different form each other, and xbest is
the best solution found so far.
Next, a trial vector uk is produced. The j-th component uk,j of the trial vector is selected
randomly based on
3
vi,j , if rndj ≤ CR or j = rni
uk,j =
for j ∈ {1, 2}
(10)
xk,j , if rndj > CR and j = rni
where rndj ∈ [0, 1] is a random number and rni ∈ {1, 2} is a randomly selected.
The best possible placement for the trial vector is determined by trying all possible placement
whithin the search domain. The trial vector uk is then evaluated using the cost function and
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compared to the parent xk , the best of the two is retained as an individual for the next generation,
the state of the parent vector is updated.
xk = best(xk , uk )

(11)

The best solution is compared to the new produced vector and both optimal placement and
optimal solution are updated if necessary. This process is repeated NP times. Afterwards, the
convergence condition in Eq. (12) is checked, in case it is veriﬁed, the algorithm returns xbest
and optimal placement, otherwise the process is run again for the new population of solutions.
After every generation, the population of solutions converges to an optimal solution, as a
result, the variation and diversity in the population decreases. Therefore, the condition for
convergence can be expressed as a function of the standard deviation (std) of the population,
and is written
tol
≥1
(12)
std(population)
where tol is the maximum acceptable standard deviation for the population.
The proposed approach consists of using the described algorithm to optimize a single TMD.
Structural matrices are then updated to take into account the new TMD. The new tuning frequency which corresponds to the new fundamental frequency is calculated. The ﬂoor which
contains the new controller is removed form the placement search domain. Afterwards, the algorithm is used again to design the next TMD, but this time to control the system composed of
the structure and the previous TMD. This process is repeated p times, until all controllers are
optimized. The proposed method is illustrated in Figure 1.

begin

Differential Evolution
Optimize i-th controller

No
Return optimized controllers

i>p
i=1

Install optimized controller
Update structural matrices

Yes

End
i=i+1

Figure 1: Proposed approach ﬂow chart

4

RESULTS

Three tuning and placement strategies were compared. The ﬁrst is the one proposed by
Elias and Matsagar. The second used the controllers proposed by the ﬁrst strategy, however,
optimal placement was decided using the proposed algorithm. The third strategy employed
our approach to optimize ﬁve controllers with equal mass considering the updated natural frequency of the building. After optimizing and installing a controller, the tuning frequency for
the next controller is chosen to be the new fundamental frequency of the controlled structure
using the already designed TMDs. For the second strategy, the algorithm proposed installing
the controllers on the 76th, 75th, 74th, 73rd and 72nd ﬂoors. The optimized TMDs for the third
strategy are shown in Table 1.
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TMD
1
2
3
4
5

μ (%)
0.164
0.164
0.164
0.164
0.164

ξ
0.066
0.100
0.111
0.324
0.177

f
ﬂoor ωtuning (rad/s)
0.996 76
1.01
1.039 75
0.96
1.072 74
0.95
1.070 73
0.94
1.055 72
0.93

Table 1: Optimization results for the third strategy

Given the three proposed systems of controllers, we performed a frequency response analysis. Figures 2 and 3 show the displacement and acceleration response curves. Where ωs is the
fundamental frequency of the building.

Figure 2: Displacement frequency response

For both displacement and acceleration frequency responses, the third strategy, which used
our approach, was successful in reducing peak gain and also in reducing response ampliﬁcation
that usually occurs for low input frequencies. For the ﬁrst and second strategies, although the
controllers placements aren’t the same, they produced the same frequency response.
In order to evaluate the performance of the proposed TMDs, Yang et al. [9] introduced 8
performance indices. The ﬁrst four indices describe the controllers’ ability to reduce Root Mean
Square (RMS) displacement and acceleration, while the last indices four measure the reduction
in peak ﬂoor displacement and acceleration.
The ﬁrst index measures the reduction in maximum ﬂoor RMS acceleration and is written as
J1 =

max (σẌ1 , σẌ30 , σẌ50 , σẌ55 , σẌ60 , σẌ65 , σẌ70 , σẌ75 )
σẌ75o

(13)

where σẌi is the RMS acceleration of the i-th ﬂoor and σẌ75o is the RMS acceleration of the
75th without control.
The second index measures the average reduction in RMS acceleration and is deﬁned as
1  σẌi
J2 =
for i = 50, 55, 60, 65, 70, 75
(14)
6 i σẌio
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Figure 3: Acceleration frequency response

where σẌio is the RMS acceleration of the i-th in absence of control.
The third and fourth indices describe the reduction in maximum and average RMS ﬂoor
displacement and are expressed as
σX76
σX76o

(15)

1  σXi
for i = 50, 55, 60, 65, 70, 75, 76
7 i σXio

(16)

J3 =

J4 =

where σXi and σXio are the RMS displacement of the i-th ﬂoor with and without control, respectively.
The last four indices are deﬁned the same as the ﬁrst ones while replacing RMS values with
peak values.

max Ẍp1 , Ẍp30 , Ẍp50 , Ẍp55 , Ẍp60 , Ẍp65 , Ẍp70 , Ẍp75
J7 =
(17)
Ẍp75o
1  Ẍpi
for i = 50, 55, 60, 65, 70, 75
6 i Ẍpio

(18)

Xp76
Xp76o

(19)

1  Xpi
for i = 50, 55, 60, 65, 70, 75, 76
7 i Xpio

(20)

J8 =

J9 =

J10 =

where Ẍpi and Ẍpio are the peak acceleration of the i-th ﬂoor with and without control, respectively. Xpi and Xpio are the peak displacement of the i-th ﬂoor with and without control,
respectively.
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Figure 4: Performance indices

Using the generalized-α method and a time step of 1ms, a forced time response under acrosswind load was performed, and the performance indices were calculated for the three strategies.
The results are shown in Figure 4.
Considering displacement and acceleration RMS reduction, indicated by the ﬁrst four indices, all three strategies were able to reduce RMS response and performed equally. Looking
at peak displacement and acceleration reduction, indicated by the last four indices, all three
strategies succeeded in mitigating the effects of wind on the benchmark building, however, our
approach produced a better reduction, especially for average and peak displacement, we noticed
a bigger improvement.
5

CONCLUSION

A comparative study between tuning and placement strategies for MTMDs for the benchmark building was conducted. Tuning based on the ﬁrst ﬁve vibration modes and on the updated
fundamental frequency were both considered. In the ﬁrst method, frequency ratio was similar
between the TMDs, while in the second, TMDs shared the same mass ratio. For placements, a
distributed TMD scheme was adopted. Optimal placement based on maximal modal shape was
considered for the ﬁrst tuning strategy. The proposed algorithm based on DE, which minimized
peak displacement and acceleration frequency responses, was employed, ﬁrst to ﬁnd optimal
placements for the previously tuned DTMDs, and second to tuned and place controllers for the
second tuning strategy. Frequency response and time history analyses were conducted and the
effectiveness of the designed MTMDs were compared.
First, all strategies were successful in producing an MTMD design that was effective in
controlling the wind-induced vibration in the benchmark building. We observed a noticeable
reduction in peak and mean RMS displacement and acceleration, and in mean and peak acceleration.
Second, while the ﬁrst two strategies were different in terms of placement, the performance
of the control systems were similar. This suggests that, for the ﬁrst tuning strategy, MTMD
placement based on modal shape is a good approximation for optimal placement for the considered cost function.
Finally, the proposed strategy improved the effectiveness of the control. Both displacement
and acceleration peak frequency responses were reduced. Furthermore, while peak and mean
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RMS responses were similar to the other strategies, the proposed design improved peak and
mean displacement and acceleration reduction for the benchmark building. This shows that the
proposed method enhanced the control effectiveness with no cost in terms of RMS response.
While the present paper compared the three control systems in terms of effectiveness in
structural response reduction, it could be interesting to consider analyzing the robustness of the
proposed MTMDs in comparison to other approaches.
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Abstract. This paper discusses optimum design approaches for a novel tuned-inerter-hystereticdamper (TIhD) which is a passive vibration suppression device for building structures subject
to earthquake base excitations. The TIhD has a linear hysteretic damping element connected
in series with an inerter. This device exploits the advantage of linear hysteretic damping which
can reduce the structural response ampliﬁcation at frequencies above resonance, due to the
frequency dependent damping. In the present study, the effectiveness of this device in reducing
seismic response of building structures is assessed and the optimum tuning of the device parameters is explored. In particular, eight different earthquakes are selected for a case study. The
optimum parameters of the TIhD are obtained numerically by using the Self-Adaptive Differential Evolution (SADE) algorithm. The optimisation criterion is the minimum root-mean-square
(RMS) value of the top-storey displacement response of the structure. The performance of this
tuning conﬁguration is then compared to that of a classically tuned device. The tuning performance is also compared across a range of simulated earthquakes, giving new insight into the
challenges of optimising inerter designs that involve hysteretic damping.
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1

INTRODUCTION

In earthquake engineering practice, the use of inerters for suppressing structural vibration
due to earthquakes has received a signiﬁcant attention recently. An inerter is a two terminal
mechanical device that generates forces proportional to the relative acceleration between its
two terminals. In most studies, the inerter is combined with a spring and dashpot to form an
inerter-based-damper (IBD). Several IBD concepts have been proposed in literature. Three of
the most popular ones are the tuned-inerter-damper (TID), tuned-mass-damper-inerter (TMDI)
and tuned-viscous-mass-damper (TVMD).
The TID was ﬁrst introduced by Lazar et al. [1] in 2014. The layout of the TID is very similar
to a classical tuned mass damper (TMD), but the mass md is replaced by an inerter element with
inertance constant bd . It has been shown to have a similar behavior with TMD. For example,
the optimum tuning of the TID shows two equal peaks in the host structure frequency response
assuming harmonic case. However, the presence of an inerter makes it possible to achieve a
large mass ratio with a small physical mass. Furthermore it has been proven that the optimum
location of the TID in a multi-storey building structure is on the base [1]. This is another beneﬁt
of the TID compared to the TMD, whose optimum location is on the top storey of a structure.
A study to enhance the TMD performance by employing an inerter led to a concept called
tuned-mass-damper-inerter (TMDI) [2]. It is basically a TMD with an inerter connected in
series. The TMDI can be considered as an ideal TID with the TMDI mass element md representing the physical mass of the inerter. When the inerter mass is zero (md = 0), the TMDI
becomes a TID.
The ﬁrst IBD introduced in the literature was the TVMD [3]. It consists of a parallel connected inerter and dashpot in series with a spring. A simple design method of the TVMD for
MDOF structures can be found in [4]. The TVMD proposed in [4] combines a device called
viscous-mass-damper (VMD) with a chevron bracing. The VMD is a combined inerter and
dashpot in parallel. The inerter is given by a ﬂywheel driven by a ball-screw mechanism and
the dashpot is given by ﬂuid ﬂow. Another reaslisation of the TVMD can be found in [5], where
a rack-and-pinion type of inerter was combined with an viscous damper in parallel. The spring
element is given by a chevron bracing.
Recently, research on the IBD has been focused on three main areas: (1) The application and
optimisation of IBD for different systems and condition, for examples see [6–8]; (2) Experimental validation, for examples see [9–11]; (3) studies of the IBD considering different layout
or different type of inerter, stiffness and damping, for examples see [12–15]. From these three
areas of research, one common discussion is about the IBD optimisation. Mostly, the optimisations of the IBD are based on the ﬁxed-point theory (FPT) of Den Hartog [16]. However
this is limited to the harmonic excitation case. For random and nonstationary signals such as
earthquakes, often numerical approaches are used, for example see [8].
In this paper, an optimisation of a novel tuned-inerter-hysteretic-damper (TIhD) is discussed.
The TIhD is the case when a material damper is connected in series with an inerter. In this case
the material damper is represented by a linear hysteretic damping or complex stiffness. An extensive discussion about this concept has been discussed by the authors in a separate paper [17].
In the present work, a particular emphasis is given to the TIhD optimisation for building structures subject to earthquake base excitations. Speciﬁcally, a self-adaptive-differential-evolution
(SADE) algorithm [18] is used to obtain the TIhD optimum parameters.
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2

STRUCTURAL SYSTEM

To assess the structural performance with an optimized TIhD, a SDOF structure is selected as
shown in Figure 1. Here m and k are the structural mass and stiffness respectively, and bd is the

m
k

x
kd
sh

bd
y

r
Figure 1: SDOF structure with a TIhD

TIhD inertance. For a numerical example in this paper, m and k are assumed to be 1tonne and
10kN/m. The
√ hysteretic damping of the TIhD is represented by a complex stiffness kd (1 + jη),
where j = −1. kd and sh are the real and imaginary stiffness terms so that the loss factor is
η = sh /kd . The structure is subjected to earthquake base displacement r(t). The equation of
motion of the structure is given by
3
mẍ(t) + k(x(t) − r(t)) + bd (ẍ(t) − ÿ(t)) = 0
(1)
bd (ẍ(t) − ÿ(t)) = kd (1 + jη)(y(t) − r(t))
where x(t) and y(t) are the displacement response of the lumped mass, m, and the TIhD displacement repectively.
It is important to note that the complex stiffness kd (1 + jη) is a noncausal model meaning
physically it is not realisable. However, this model has been widely accepted in analysis [19]
to accurately represent a class of nonlinear damping [20], as well as the phenomena of energy
dissipation in a variety of materials such as rubber and viscoelastic polymers [21–24]. Due to
its noncausality, it is common in practice to simplify the damping as a viscous damping via an
equivalent viscous damping. This is in fact not accurate, especially at frequencies away from
the resonance. Therefore a special time domain method is required to analyze such structure in
the time domain as has been extensively discussed by the authors in [17].
3

OPTIMISATION PROCEDURE

In this paper, the time domain technique was adopted to optimize the TIhD parameters for a
seismic application. Firstly, the TIhD was optimized based on an extended FPT adopted from
Hu et al. [25] with an additional ﬁne tuning procedure as discussed in [17]. For a given mass
ratio, μ = bmd = 0.9, the result is shown in Figure 2. In earthquake engineering practice this
approach is not appropriate due to the broad band nature of the earthquakes, but it is often used
for a preliminary design due to its simplicity.
Secondly, a SADE algorithm [18] was adopted to ﬁnd the TIhD optimum parameters for
some different earthquakes. The objective function is the minimum root-mean-square (RMS)
value of the structural response x(t). For one speciﬁc earthquake it is expressed by
bdmin ≤ bd ≤ bdmax ; kdmin ≤ kd ≤ kdmax ; ηmin ≤ η ≤ ηmax
min|RMS(x(t))|
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It is important to set a feasible limitation for bd , kd and η as shown in Eq.2 to reduce the
computational cost. In this study, the limitations are 0.1 ≤ bd ≤ 0.9; 0.1 ≤ kd ≤ 10; 0.1 ≤ η ≤
2. Another important note is that the use of the SADE algorithm to obtain the RMS value of
the structural response requires a time domain analysis. In this case, it has been made possible
because of the time domain analysis proposed by the authors [17] for structures with linear
hysteretic damping.

Figure 2: Maximum absolute displacement for μ = 0.9, kd = 3.47kN/m and η = 1.26

4

RESULTS AND DISCUSSION

In order to asses the effectiveness of the SADE algorithm against the FPT for minimizing a
structural response subject to seismic excitations, eight different earthquakes were selected as
shown in Figure 3.
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Figure 3: Fourier spectrum of the considered earthquakes ground motion

Figure 4 shows the RMS of the structural displacement response comparison between the
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Normalized
top displacement RMS (%)

optimised TIhD obtained by the FPT and by the SADE algorithm given by the Eq. 2. In this
Figure, the RMS value of each earthquake is normalised against the RMS value from the FPT
which is set to 100%. It is obvious that the SADE algorithm gives better reduction of the RMS
value for all of the selected earthquakes. This is however not a practical solution because it
leads to many inertance-stiffness-loss factor (ISL) conﬁgurations as shown in Table 1. For a
realistic implementation, one conﬁguration must be chosen, without prior knowledge of the
speciﬁc earthquake excitation.

Normalized
top displacement RMS (%)

Figure 4: Normalised root mean square of the structural displacement response, SADE - Eq. 2

Figure 5: Cross-optimisation, SADE - Eq. 2

Figure 5 shows a cross-optimisation, meaning one conﬁguration was selected from one particular earthquake to be used for simulation of other earthquake cases. For example, the ﬁrst
group of bars shows the structural response subjected to the eight considered earthquakes using
one ISL conﬁguration optimized for Chi Chi earthquake. The structural performance is being
compared with the FPT which is set to 0%. Hence any negative values means a reduction on the
structural response, on the other hand, any positive values means an ampliﬁcation on the structural response relative to the FPT. For example, the group of bars for Landers implies that using
one ISL conﬁguration optimised for Landers earthquake for all other considered earthquakes
makes the structural performance better than the one obtained via the FPT.
The group of bars for L’Aquila and Landers in Figure 5 in this case are the best result of this
cross-optimisation since all other groups of bars show both positive and negative values. This
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simulation also implies that a correct formulation to chose or obtain the best ISL conﬁguration
is required. For this reason, a method that is based on the SADE algorithm was developed
to ﬁnd the best ISL conﬁguration that gives minimum average RMS values of the structural
performance subjected to a number of ground motions. It is expressed as
bdmin ≤ bd ≤ bdmax ; kdmin ≤ kd ≤ kdmax ; ηmin ≤ η ≤ ηmax
2
2A
2 n RMS(x (t)) 2
2
2 i=1
i
min2
2
2
2
n

(3)

Normalized
top displacement RMS (%)

where n is the number of considered earthquake input signals.
Figure 6 shows the structural performance comparison between the two approaches against
the FPT. The second approach is (although not strictly better than the ﬁrst approach) almost as
good and clearly still superior than the FPT. It is in fact is more practical than the ﬁrst approach
because, as shown in Table 1, it has only one ISL conﬁguration as in the case of the FPT. Two

Figure 6: Normalised root mean square of the structural displacement response, SADE - Eq. 2 and 3

.
examples of the displacement response time history of the considered structure are given in
Figure 7.
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Figure 7: Examples of time history displacement response of the considered structure subjected to displacement
ground motions (a) Kobe (b) Mexico
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Table 1: TIhD optimum parameters

Earthquake

Fixed-point-theory (FPT)
bd
kd
η
(Tonne) (kN/m)

Chi Chi
El-Centro
Kobe
Kern County
Landers
L’Aquila
Northridge
Mexico

5

0.9

3.47

1.26

SADE - Eq. 2
bd
kd
(Tonne) (kN/m)
0.9
6.58
0.9
5.66
0.9
8.01
0.9
4.22
0.9
3.71
0.9
4.30
0.9
7.68
0.9
8.16

η
0.71
0.42
0.50
0.80
1.14
1.06
0.54
0.39

SADE - Eq. 3
bd
kd
η
(Tonne) (kN/m)

0.9

6.88

0.63

CONCLUSION

This paper presents the optimum design of the TIhD for long-period structures subjected to
seismic ground motions. The optimisation method is based on the combined SADE algorithm
and the time domain method for the TIhD to obtain the best ISL conﬁguration of the TIhD.
There are two approaches presented in this study. The ﬁrst approach is to ﬁnd the minimum
RMS value of the structural response for each of the considered earthquakes. Although the
results show a superior beneﬁt compared to the ﬁxed point theory, it is however not practical
because there is one ISL conﬁguration obtained for one speciﬁc earthquake. As a result, there
are many ISL conﬁgurations obtained depending on the number of the considered earthquake.
The second approach is to ﬁnd the best ISL conﬁguration that gives minimum average RMS
value of the structural response for all of the considered earthquakes. The second approach
is considered to be a more practical solution and can be directly compared to the ﬁxed point
theory.
It has been shown that numerically optimised designs of TIhD can outperform those design
using the classical ﬁxed point theory. This is because the numerical method accommodates
frequency independency, relying on a recently developed time-domain solution algorithm for
hysteretic damping [17]. However this obviously requires a priori knowledge of the seismic
excitation. Consequently further work should extend this approach to consider more formal
earthquake design methodologies as part of the time-domain optimisation.
6
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Abstract. The objective of this article is to investigate vibration mitigation technique of a reinforced concrete (RC) building subjected to wind or earthquake ground motion. Numerical
analysis of a RC building controlled by inerter tuned mass damper (TMDi) is conducted under
independent action of wind forces and earthquake ground motion. The performance of the
control devices is evaluated in terms of reduction in response parameters such as floor acceleration and displacements. The results show that vibration mitigation achieved from the
TMDi system employed in the RC building varies significantly with the type of excitation.
Nevertheless, the TMDi system is found to be more reliable than a TMD system.
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1

INTRODUCTION

Tall buildings are exposed to natural hazards such as wind and earthquakes during their
lifetime. Tuned mass damper (TMD) is commonly recommended for vibration control of tall
structures [1-8]. A detailed literature survey is presented by Elias and Matsagar [9]. It is wellestablished that heavier TMDs are more effective than lighter ones. However, heavier TMDs
are not practically efficient as they exert additional loads on the floors they are placed on. Dividing the total mass of the TMD and distributing over different floors is an option to reduce
excessive loads on a single floor [10-16]. The other attractive solution is use of inerters combined with a TMD (TMDi) [17-22]. Inerters can generate very large inertial force with very
small physical mass. The application of TMD and TMDi on base-isolated (BI) structures have
been reported in the literature [23-29]. Such control strategies often consider a single type of
hazard, often seismic ground motion or wind action, and studies covering multiple hazards are
limited in the literature. Some studies have addressed multi hazard issues in structural vibration control [30-35]. Recently, Elias et al. [36] reported the performance of TMDs in response
control of a tall building subjected to wind and earthquakes. They showed that a system designed for earthquakes may not be as effective for wind forces. They also proposed a solution
that is optimal considering both the hazards. This study extends the work of Elias et al. [36] to
TMDi devices.
2

MATHIMATICAL MODELLING

The building considered in this study is a 76-story benchmark building, which is very sensitive to wind [36-38]. Detailed information of the building can be found elsewhere [38]. Figure 1 shows the schematic models of the benchmark building equipped by a) TMD and b)
TMDi. The optimum frequency and damping ratio of the TMD is calculated from the formulation given in Sadek et al. [39], whereas the optimal frequency and damping ratio of TMDi is
based on formulations given in Giaralis and Petrini [18]. By assuming a mass (m1) for TMD,
its stiffness (k1) and damping (c1) are calculated from the optimal frequency of the TMD
which is tuned to the first mode of vibration of the building. The physical mass of the TMDi
is the same as that of the TMD. The TMDi contains an additional inertial device, an inerter,
whose inertance is denoted by b. The stiffness (kTMDi) and damping (cTMDi) are estimated from
the optimal tuning frequency. The position of the inerter is varied in different floors to find its
optimal location. Many studies report benefits of attaching the inerters to the lower floors,
however, a thorough study about the optimal placement of inerters is lacking in the literature.
Three different models are created: uncontrolled (NC), controlled with TMD (TMD), and
controlled with TMDi (TMDi). The models are subjected to wind and earthquake forces. I
3

NEWMERICAL STUDY

The building in this study has a height of 306.1 m and width of 40 m, and this ratio is
7.6525>5. This confirms that the building is wind sensitive. It is assumed that the building lies
in a seismic area and might experience strong ground shaking. Wind forces are by varied by
using mean velocity at the top of the building from 14 m/sec to 66 m/sec by an incremental
value of 1 m/sec. A set of 100 ground motions used by Saha et al. [40] are used as seismic
action.
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Figure 1: Schematic models of benchmark building equipped by a) TMD, b) TMDi.

In this study mass (m1) is assumed to be 0.0082 times the total mass of the building. The
corresponding value of generalized mass used in the formulation of Sadek et al. [39] is
0.01123. The b value of the inerter is assumed to be 0.3.
3.1

Optimal Placement of Inerter

Figures 2 and 3 show the response of the building equipped by a TMDi while subjected to
wind and ground motions. The location of inerter is varied from first floor to the top floor under both hazards. Optimal location is identified based on displacement response. Figure 2
shows lower floors are not necessarily the optimal location for the inerter. While the response
to wind forces seems relatively independent of the inerter location for low wind velocity, floor
65 seems to be the best location when the wind velocity is high.
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Figure 2: Response of the building equipped by a TMDi with inerter connected at different floors under wind
forces.
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Figure 3: Response of the building equipped by a TMDi, inerter connected at different floors under earthquakes.
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Inter-Story
Top Floor
Drift
Displacement (m)

Optimal response in terms of interstory is attained by placing the inerter at floor number 63
and. These locations are, however, not optimal for controlling floor acceleration. Selection of
the inerter floor for optimal control of floor acceleration results in poor performance in controlling displacement and interstory drift. It therefore seems that the optimal location depends
on the response parameter being controlled. In this study, floor number 65 is selected as the
best location. Figure 3 shows that the performance of the device is greatly variable depending
on the frequency content of ground motion (measured by its dominant period) and the location of the inerter. For a given ground motion, the response is fairly independent of the location of the inerter. However, the optimal location of the inerter is highly dependent on the
ground motion. By maximizing the average displacement reduction across all the ground motions, floor 45 is selected as the optimal position in this study. It is, however, important to
note that the designer/analyst might choose other criteria for such optimization. Other options
such as optimization for the worst-case ground motion, or scenario hazard at a given site
might be selected based on the performance requirements of the building. Comparative study
between TMD and TMDi
In this section the performance of the TMD and TMDi are compared. Figure 4 shows the
response of the NC and building equipped with a TMD and TMDi to winds of different velocities. The peak response corresponding to the largest wind velocity and different locations of
the inerters is shown in the inset plots. The response shown in the main plots correspond to
the inerter device connected at floor 65. It is observed that the TMDIs provide slightly better
response reduction that the TMDs. For the largest wind velocity considered here, which is 66
m/s, displacement response at the top of the building is reduced by 32% and 42%, respectively by the TMD and TMDI.
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Figure 4: Response of the NC and building equipped by a TMD and TMDi, inerter connected at different floors
under wind forces.
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Reduction in
Top Floor
Displacement (%)

In case of earthquakes the response reduction is highly dependent on earthquake ground
motion. The plots in the left panel show response reduction as a function of the ratio dominant
period of ground motion to the fundamental period of the building. For each ground motion,
the maximum reduction achieved by varying the location of the inerter is shown with the grey
line while the blue line corresponds to the inerter placed at floor 45. The results show that the
maximum reduction is not very different from the reduction obtained by placing the inerter at
floor 45. It is also noticed that the TMDi provides very good response reduction while the
TMDs are mostly ineffective. It is also interesting to note that the performance of the TMDi is
highly dependent on the frequency content of the ground motion. The plots in the right panel
of Figure 5 show the variation in response reduction with the location of inerter when subjected to the ground motion against which the TMDi is the most effective. The results show that
response reduction is fairly independent of the inerter location up to floor number 55-60, but
installing the inerter at higher floors reduces the effectiveness significantly. The overall results show that placement of the inerter is more critical for wind forces than seismic excitation
for this building. Some practical issues for connection of inerter is provided by Giaralis and
Petrini [18]. However, optimal location of the inerter and the practical difficulties associated
in their installation requires further investigation.
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Figure 5: Response of the NC and building equipped by a TMD and TMDi, inerter connected at different floors
under earthquakes.

4

CONCLUSIONS
The following conclusions can be made from the results presented in this study.
x Lower floors are not necessarily better for the location of inerter devices used to control
wind-induced response of tall buildings like the one studied here. The optimal floor for
the inerter depends on the response parameter to be controlled, especially when the wind
velocity is high. Therefore, optimal location is expected to be structure and excitation
dependent.
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x The performance of TMDi when subjected to ground motion is highly dependent on the
frequency content of ground motion. An optimal inerter location for one ground motion
might be adverse for another ground motion. In this sense, the optimal location for seismic excitation is more critical than that for wind excitation. However, for a given ground
motion, the optimal location is not very variable across the height of the building, as long
as it is not near the top of the building. In this respect, optimal location of the inerter
needs to consider frequency content of expected ground motion based on the site-specific
seismic hazard. As the frequency content of ground motion changes with earthquake
magnitude, a performance-based framework seems essential for optimizing TMDi devices for seismic response control.
x TMDIs provide much better response control seismic response of this building than TMD.
x Optimal parameters and locations of inerters for controlling response to different types of
environmental actions might be different, and a more rigorous procedure for multi-hazard
scenarios needs to be developed.

REFERENCES
[1] Gaur, S., Elias, S., Höbbel, T., Matsagar, V. A., & Thiele, K. (2020). Tuned mass
dampers in wind response control of wind turbine with soil-structure interaction. Soil
Dynamics and Earthquake Engineering, 132, 106071.
[2] Elias, S., & Matsagar, V. (2019). Seismic response control of steel benchmark building
with a tuned mass damper. Asian Journal of Civil Engineering, 1-14.
[3] Taha, A. E., Elias, S., Matsagar, V., & Jain, A. K. (2019). Seismic response control of
asymmetric buildings using tuned mass dampers. The Structural Design of Tall and
Special Buildings, 28(18), e1673.
[4] Elias, S. (2019). Effect of SSI on vibration control of structures with tuned vibration absorbers. Shock and Vibration, 2019.
[5] Elias, S., Matsagar, V., & Datta, T. K. (2019). Alongϋwind response control of chimneys with distributed multiple tuned mass dampers. Structural Control and Health
Monitoring, 26(1), e2275.
[6] Elias, S., & Matsagar, V. (2018). Wind response control of tall buildings with flexible
foundation using tuned mass dampers. In Wind Engineering for Natural Hazards: Modeling, Simulation, and Mitigation of Windstorm Impact on Critical Infrastructure (pp.
55-78).
[7] Elias, S., Matsagar, V., & Datta, T. K. (2017). Distributed multiple tuned mass dampers
for wind response control of chimney with flexible foundation. Procedia engineering,
199, 1641-1646.
[8] Elias, S., Matsagar, V., & Datta, T. K. (2016). Effectiveness of distributed tuned mass
dampers for multi-mode control of chimney under earthquakes. Engineering Structures,
124, 1-16.
[9] Elias, S., & Matsagar, V. (2017). Research developments in vibration control of structures using passive tuned mass dampers. Annual Reviews in Control, 44, 129-156.

1517

S. Elias, R. Rupakhety and S. Olafsson

[10] Elias, S., Matsagar, V., & Datta, T. K. (2019). Distributed tuned mass dampers for multi-mode control of benchmark building under seismic excitations. Journal of Earthquake
Engineering, 23(7), 1137-1172.
[11] Gill, D., Elias, S., Steinbrecher, A., Schröder, C., & Matsagar, V. (2017). Robustness of
multi-mode control using tuned mass dampers for seismically excited structures. Bulletin of Earthquake Engineering, 15(12), 5579-5603.
[12] Elias, S., & Matsagar, V. (2019). Seismic vulnerability of a non-linear building with
distributed multiple tuned vibration absorbers. Structure and Infrastructure Engineering,
15(8), 1103-1118.
[13] Elias, S., & Matsagar, V. (2014). Distributed multiple tuned mass dampers for wind vibration response control of high-rise building. Journal of Engineering, 2014.
[14] Elias, S., Matsagar, V., & Datta, T. K. (2019). Dynamic response control of a windexcited tall building with distributed multiple tuned mass dampers. International Journal
of Structural Stability and Dynamics, 19(06), 1950059.
[15] Elias, S. (2018). Seismic energy assessment of buildings with tuned vibration absorbers.
Shock and Vibration, 2018.
[16] Elias, S., & Matsagar, V. (2014). Wind response control of 76-storey benchmark building with distributed multiple tuned mass dampers. Journal of Wind and Engineering,
11(2), 37-49.
[17] Marian, L., & Giaralis, A. (2014). Optimal design of a novel tuned mass-damper–inerter
(TMDI) passive vibration control configuration for stochastically support-excited structural systems. Probabilistic Engineering Mechanics, 38, 156-164.
[18] Giaralis, A., & Petrini, F. (2017). Wind-induced vibration mitigation in tall buildings
using the tuned mass-damper-inerter. Journal of Structural Engineering, 143(9),
04017127.
[19] Giaralis, A., & Taflanidis, A. A. (2018). Optimal tuned massϋdamperϋinerter (TMDI)
design for seismically excited MDOF structures with model uncertainties based on reliability criteria. Structural Control and Health Monitoring, 25(2), e2082.
[20] Marian, L., & Giaralis, A. (2017). The tuned mass-damper-inerter for harmonic vibrations suppression, attached mass reduction, and energy harvesting. Smart structures and
systems, 19(6), 665-678.
[21] Giaralis, A., & Petrini, F. (2017). Optimum design of the tuned mass-damper-inerter for
serviceability limit state performance in wind-excited tall buildings. Procedia engineering, 199, 1773-1778.
[22] Cao, L., & Li, C. (2019). Tuned tandem mass dampersϋinerters with broadband high
effectiveness for structures under white noise base excitations. Structural Control and
Health Monitoring, 26(4), e2319.
[23] Stanikzai, M. H., Elias, S., Matsagar, V. A., & Jain, A. K. (2019). Seismic response
control of base-isolated buildings using tuned mass damper. Australian Journal of Structural Engineering, 1-12.

1518

S. Elias, R. Rupakhety and S. Olafsson

[24] Stanikzai, M. H., Elias, S., Matsagar, V. A., & Jain, A. K. (2019). Seismic response
control of baseϋisolated buildings using multiple tuned mass dampers. The Structural
Design of Tall and Special Buildings, 28(3), e1576.
[25] Stanikzai, M. H., Elias, S., & Rupakhety, R. (2020). Seismic Response Mitigation of
Base-Isolated Buildings. Applied Sciences, 10(4), 1230.
[26] De Domenico, D., & Ricciardi, G. (2018). An enhanced base isolation system equipped
with optimal tuned mass damper inerter (TMDI). Earthquake engineering & structural
dynamics, 47(5), 1169-1192.
[27] De Domenico, D., & Ricciardi, G. (2018). Earthquake-resilient design of base isolated
buildings with TMD at basement: application to a case study. Soil Dynamics and Earthquake Engineering, 113, 503-521.
[28] De Domenico, D., & Ricciardi, G. (2018). Improving the dynamic performance of base
ϋisolated structures via tuned mass damper and inerter devices: A comparative study.
Structural Control and Health Monitoring, 25(10), e2234.
[29] De Domenico, D., & Ricciardi, G. (2018). Optimal design and seismic performance of
tuned mass damper inerter (TMDI) for structures with nonlinear base isolation systems.
Earthquake engineering & structural dynamics, 47(12), 2539-2560.
[30] Chulahwat, A., & Mahmoud, H. (2017). A combinatorial optimization approach for
multi-hazard design of building systems with suspended floor slabs under wind and
seismic hazards. Engineering Structures, 137, 268-284.
[31] Aly, A. M., & Abburu, S. (2015). On the design of high-rise buildings for multihazard:
fundamental differences between wind and earthquake demand. Shock and Vibration,
2015.
[32] Chapain, S., & Aly, A. M. (2019). Vibration attenuation in high-rise buildings to
achieve system-level performance under multiple hazards. Engineering Structures, 197,
109352.
[33] Roy, T., & Matsagar, V. (2019). Effectiveness of passive response control devices in
buildings under earthquake and wind during design life. Structure and Infrastructure
Engineering, 15(2), 252-268.
[34] Rezaee, M., & Aly, A. M. (2018). Vibration control in wind turbines to achieve desired
systemϋlevel performance under single and multiple hazard loadings. Structural Control and Health Monitoring, 25(12), e2261.
[35] Nikellis, A., Sett, K., & Whittaker, A. S. (2019). Multihazard Design and Cost-Benefit
Analysis of Buildings with Special Moment–Resisting Steel Frames. Journal of Structural Engineering, 145(5), 04019031.
[36] Elias, S., Rupakhety, R., & Olafsson, S. (2019). Analysis of a Benchmark Building Installed with Tuned Mass Dampers under Wind and Earthquake Loads. Shock and Vibration, 2019.
[37] Patil, V. B., & Jangid, R. S. (2011). Optimum multiple tuned mass dampers for the wind
excited benchmark building. Journal of Civil Engineering and Management, 17(4), 540557.

1519

S. Elias, R. Rupakhety and S. Olafsson

[38] Yang, J. N., Agrawal, A. K., Samali, B., & Wu, J. C. (2004). Benchmark problem for
response control of wind-excited tall buildings. Journal of engineering mechanics,
130(4), 437-446.
[39] Sadek, F., Mohraz, B., Taylor, A. W., & Chung, R. M. (1997). A method of estimating
the parameters of tuned mass dampers for seismic applications. Earthquake Engineering
& Structural Dynamics, 26(6), 617-635.
[40] Saha, S. K., Matsagar, V., & Chakraborty, S. (2016). Uncertainty quantification and
seismic fragility of base-isolated liquid storage tanks using response surface models.
Probabilistic Engineering Mechanics, 43, 20-35.

1520

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

SUPPRESSION OF VIBRATION TRANSMISSION BETWEEN
OSCILLATORS COUPLED WITH AN INERTER-BASED JOINT
Zhuang Dong1, Jian Yang1*, Han Meng2 and Dimitrios Chronopoulos2
1

Department of Mechanical, Materials and Manufacturing Engineering, University of Nottingham
Ningbo China, Ningbo 315100, PR China.
Zhuang.Dong@nottingham.edu.cn
Jian.Yang@nottingham.edu.cn
2

Institute for Aerospace Technology & The Composites Group, University of Nottingham,
Nottingham, NG8 1BB, UK.
Han.Meng@nottingham.ac.uk
Dimitrios.Chronopoulos@nottingham.ac.uk

Keywords: Vibration transmission, Inerter, Vibration power flow, Force transmissibility
Abstract. This paper investigates the dynamic characteristics and vibration transmission behaviour of harmonically forced oscillators coupled via an inerter-based joint. The inerter is a
recently proposed passive mechanical element that can be used for vibration suppression purpose. The coupled oscillators represent simplified models for the dominant modes of engineering structures such as beams and plates, while the inerter-based joint serves as the vibration
transmission path between the two subsystems. The effects of the inerter on the level of vibration
transmission are examined for enhanced design of suppression devices. The steady-state dynamic responses of the oscillators and vibration power flow between them are derived analytically. Vibration transmission between the two subsystems is evaluated by both the force
transmissibility and time-averaged vibration power flow transmission. It is shown that the use
of the inerter in the joint can reduce force and vibration power flow transmission over a large
band of excitation frequencies. It is found that the addition of the inerter can also introduce
anti-resonances in the frequency-response curves and in the curves of the force transmissibility,
where the vibration transmission can be suppressed at specific excitation frequencies. It is
shown that force transmissibility reduces at low frequencies and tends to an asymptotic value
as the excitation frequency decreases. These findings provide a better understanding of the
effects of inerters in the joint on vibration transmission and benefit future designs of mechanical
joints of coupled structures for vibration mitigation purpose.
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1

INTRODUCTION

There has been a growing demand for high performance vibration control devices that
change the vibration transmission behaviour of dynamical systems to meet specific requirements [1]. Some work considers the use of metamaterials for vibration suppression purpose [26]. Recently, a passive mechanical element, the inerter, which can be used to provide inertial
coupling such as to modify the dynamic behaviour was proposed [7]. The forces applied to the
two terminals of the inerter are proportional to the relative accelerations of the two ends, i.e.,
ܨ ൌ ܾ൫ܸଵሶ െ ܸଶሶ ൯, where ܨ is the coupling inertial force, ܾ is an intrinsic parameter of the inerter named inertance, ܸଵሶ and ܸଶሶ are the accelerations of the two terminals. Since the introduction of the inerter concept, it has been applied to aircraft landing gear shimmy suppression [8],
vehicle suspension systems [9] and building vibration control system [10]. Some studies have
also been reported on the performance of inerter-based single degree-of-freedom (DOF) vibration isolators [11], dual-stage isolator [12] and nonlinear inerter-based isolator [13].
In many mechanical systems and engineering structures, subsystems are connected via mechanical or structural joints, the design of which is important to reduce vibration transmission
between different parts of the integrated system. For the evaluation of vibration transmission
level, the force transmissibility and time-averaged vibration power flow quantities may be used.
Vibration power flow analysis (PFA) method is a widely accepted tool to characterize the dynamic behaviour of coupled systems and complex structures [14]. Various PFA approaches
have been developed to investigate linear vibration control systems. The power flow characteristics of single-DOF inerter-based isolators [11] and two-DOF inerter-based isolators [12] were
also investigated. In recent years, this dynamic analysis approach has been developed to investigate vibration power flow in nonlinear vibration isolation systems [15], in oscillators coupled
with a nonlinear interface[16], in coupled nonlinear oscillators [17], nonlinear systems with
bilinear stiffness and bilinear damping [18] and in impact oscillator systems [19]. It is accordingly beneficial to examine the effects of inerters from a vibration power flow viewpoint for
enhanced designs of inerter-based vibration suppression systems.
This paper investigates the influence of introducing the inerter to a mechanical joint on vibration transmission between coupled oscillators. The steady-state response amplitude, force
transmissibility and vibration power flow quantities are obtained. The remaining content of the
paper is organized as follows. In Section 2, the coupled oscillator system will be briefly introduced and modelled. Then the force transmissibility of the system will be derived in Section 3.
The vibration power flow variables and maximum kinetic energies of the system will be formulated in Section 4. Conclusions are drawn in at the end of the paper.
2

THE COUPLING OSCILLATORS MODEL

In this section, the effects of including an inerter in the joint of coupled oscillators on the
dynamics and vibration transmission behaviour are investigated. Figure 1 provides a schematic
presentation of the model comprising two subsystems coupled with a mechanical joint characterized by an inerter with inertance ܾ and a spring with stiffness coefficient ݇ . Subsystem one
is a single-DOF system consisting of a mass ݉ଵ subject to an external harmonic excitation of
amplitude ݂ with frequency ߱, a viscous damper of damping coefficient ܿଵ , and a linear spring
with stiffness coefficient ݇ଵ . Subsystem two is another single-DOF system having mass ݉ଶ , a
viscous damper with damping coefficient ܿଶ , and a linear spring with stiffness coefficient ݇ଶ . It
is assumed that the masses both move horizontally without frictions and their static equilibrium
positions, where ݔଵ ൌ ݔଶ ൌ Ͳ and the springs are unstretched, are taking as the reference. The
dynamic governing equations of the system could be written as
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݉ଵ ݔଵሷ  ܿଵ ݔଵሶ  ݇ଵ ݔଵ  ݂  ݇ ሺݔଵ െ ݔଶ ሻ ൌ ݂ ݁ ୧ఠ௧ ǡ

(1a)

݉ଶ ݔଶሷ  ܿଶ ݔଶሶ  ݇ଶ ݔଶ െ ݂ െ ݇ ሺݔଵ െ ݔଶ ሻ ൌ Ͳǡ

(1b)

݂Ͳ ݁ ߱ݐ
x1
b

k1

x2

m1

k2

m2

c1

k0

c2

Subsystem one

Inerter-based joint

Subsystem two

Figure 1: A schematic representation of the coupled oscillator coupled with an inerter-based joint.

where ݂ ൌ ܾሺݔଵሷ െ ݔଶሷ ሻ , ݉ ǡ ܿ and ݇ ሺ݅ ൌ ͳǡ ʹሻ are the masses, damping coefficients and
spring stiffness coefficients respectively. ݔ ǡ ݔపሶ and ݔపሷ ሺ݅ ൌ ͳǡ ʹሻ represent the displacements,
velocities and accelerations respectively. To facilitate later derivations of the response and vibration transmission, the following parameters are introduced
߱ଵ ൌ ඨ

݇ଵ
݇ଶ
݉ଶ
݉ଵ ݃
ݔଵ
ݔଶ
݇ଶ
݇
ǡ ߱ଶ ൌ ඨ ǡ ߤ ൌ
ǡ ݈ ൌ
ǡ ܺଵ ൌ ǡ ܺଶ ൌ ǡ ߛ ൌ ǡ ߜ ൌ ǡ
݇ଵ
݉ଵ
݉ଶ
݉ଵ
݈
݈
݇ଵ
݇ଵ

ߦଵ ൌ

ܿଵ
ܿଶ
ܾ
݂
߱
ǡ ߦଶ ൌ
ǡߣ ൌ
ǡ ܨ ൌ
ǡߗ ൌ
ǡ ߬ ൌ ߱ଵ ݐǡ
݉ଵ
߱ଵ
ʹ݉ଵ ߱ଵ
ʹ݉ଶ ߱ଶ
݇ଵ ݈

where ߱ଵ and ߱ଶ are the undamped natural frequencies of thee subsystems one and two, ߤ is
the mass ratio, ݈ is the characteristic length, ܺଵ and ܺଶ are the nondimensional displacements
of ݉ଵ ݉ଶ , ߛ is stiffness ratio of the springs, ߦଵ and ߦଶ are damping ratios, ߣ is nondimensional inertance ratio, ܨ is nondimensional force amplitude, ߗ is the dimensionless excitation
frequency and ߬ is the dimensionless time. Thus, Eq. (1a) and (1b) can be rearranged into the
following nondimensional form
ܺଵᇱᇱ  ʹߦଵ ܺଵᇱ  ܺଵ  ܨ  ߜሺܺଵ െ ܺଶ ሻ ൌ ܨ ݁ ୧ఆఛ ǡ
ଵ

ఋ

ܺଶᇱᇱ  ʹߦଶ ܺଶᇱ  ܺଶ െ ఊ ܨ െ ఊ ሺܺଵ െ ܺଶ ሻ ൌ Ͳǡ

(2a)
(2b)

where ܨ ൌ ߣሺܺଵᇱᇱ െ ܺଶᇱᇱ ሻ . By introducing ܺଵ ൌ ܺ ݁ ୧πఛ ǡ ܺଶ ൌ ܻ ݁ ୧πఛ , Eq. (2) can be transformed as
െߗ ଶ ܺ  ʹߦଵ ܺ π  ܺ  ߣሺߗ ଶ ܻ െ ߗ ଶ ܺ ሻ  ߜሺܺ െ ܻ ሻ ൌ ܨ ǡ

(3a)

െߗ ଶ ߛܻ  ʹߦଶ ߛܻ π  ߛܻ െ ߣሺߗ ଶ ܻ െ ߗ ଶ ܺ ሻ െ ߜሺܺ െ ܻ ሻ ൌ ͲǤ

(3b)

The response amplitudes may be written in the non-dimensional form
ܻ ൌ

ഃ ഊ మ
ି ఆ
ം ം
ഊ
ം

ଵାଶకమ ୧πିఆమ ି ఆమ ା
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ܺ ൌ

ிబ
మ
భశమ
మ πష
ሺఒఆమ ିఋሻ
ଵାଶకభ ୧πିఆమ ି
ഃ
ഊ
భశమమ πషమ ష మశ
ം
ം

Ǥ

(4b)

Figure 2 shows the influence of adding the inerter to the mechanical joint on the the response
amplitudes of the oscillator masses. Four different values of inertance ratio with ߣ ൌ Ͳǡ ͲǤͷǡ ͳ
and ʹ are selected and the corresponding results are shown by solid, dashed, dash-dot and dotted lines. The other parameters are set as ߦଵ ൌ ߦଶ ൌ ͲǤͲʹǡ ߛ ൌ ͳǡ ߜ ൌ ͳǡ ܨ ൌ ͳǤ In the figure,
ܺ ൌ ȁܺ ȁ and ܻ ൌ ȁܻ ȁǡdenoting the response amplitudes of masses ݉ଵ and ݉ଶ , respectively.
When the inerter is not included in the joint, two resonant peaks are observed in each curve of
ܺ and ܻ, one of which moves to the lower frequency range with the increase of inertance ratio
ߣ. However, the other peak remains at the same frequency when the inertance ratio ߣ changes.
The anti-peak in Figure 2(a) also moves to low frequency range with the increase of inertance
ratio ߣ. When ߣ ൌ ͳ, two peaks in Figure 2(a) become close with an anti-peak at ߗ ൎ ͳ, which
indicates the benefit of using inerter for vibration suppression at high frequencies. In Figure
2(b), the addition of inerter introduces an anti-peak in each curve, which can be used to reduce
vibration level of mass ݉ଶ at a prescribed excitation frequency.

Figure 2: Response amplitude of (a) mass ݉ଵ and (b) mass ݉ଶ (ߦଵ ൌ ߦଶ ൌ ͲǤͲʹǡ ߛ ൌ ߜ ൌ ܨ ൌ ͳ).

3

FORCE TRANSMISSIBILITY

The force transmissibility has been widely used to evaluate the level of vibration transmission between different subsystems of an integrated structure. It is used here to access the performance of inerter-based mechanical joint in reducing the force transmission. For the current
system, the force transmitted to the second mass can be expressed as
ܨ௧ ൌ ܨ  ߜሺܺଵ െ ܺଶ ሻ ൌ ߣሺܺଵᇱᇱ െ ܺଶᇱᇱ ሻ  ߜሺܺଵ െ ܺଶ ሻ ൌ ܨ௧ ݁ ୧ఆఛ Ǥ

(5)

As the fore transmissibility is defined as the ratio between the amplitude of the transmitted force
and that of the external force, we have
ఋିఒఆమ

ி

ܴܶ ൌ ቚ ிబ ቚ ൌ ቚ
బ

ிబ

ሺܺ െ ܻ ሻቚǤ

(6)

Figure 3 shows the force transmissibility characteristics of the system with parameters set as
ߦଵ ൌ ߦଶ ൌ ͲǤͲʹǡ ߛ ൌ ߜ ൌ ܨ ൌ ͳ. The figure shows that the use of inerter introduces an antipeak in each curve, which moves to lower frequency range with the increase of the inertance
ratio ߣ. Figure 3 shows that with the use of inerter in the joint, the force transmissibility ܴܶ
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remains smaller than 1 in a large range of excitation frequencies. This characteristic can be used
to reduce the transmitted force at low excitation frequencies.

Figure 3: Force transmissibility between oscillators coupled with an inerter-based joint (ߦଵ ൌ ߦଶ ൌ ͲǤͲʹǡ ߛ ൌ
ߜ ൌ ܨ ൌ ͳ).

4

VIBRATION POWER FLOW ANALYSIS

In this section, the vibration transmission behaviour of the inerter-based coupled oscillator
system is examined from the perspective of vibration power and energy. The non-dimensional
instantaneous input power of the system is the product of the excitation force and the corresponding velocity of the mass
(7)

ܲ ൌ ܨ ݁ ୧ఆఛ ܺଵᇱ ǡ
where ܺଵᇱ is the non-dimensional velocity of the mass ݉ଵ , which can be expressed as

(8)

ܺଵᇱ ൌ πܺ ݁ ୧πఛ Ǥ

Thus, the non-dimensional steady-state time-averaged input power over an excitation cycle is
ଵ ఛ ା்
ଵ
ܲത ൌ ் ఛ బ ܲ ߬ ൌ ଶ ሼܨ ܺ כ ߗሽǡ

(9)

బ

where Re indicates the real part of a complex value and * denotes the complex conjugate. Based
on Eq. (4b), the input power for the system can be expressed as
ଵ
ܲത ൌ ଶ ȁܨଶ ȁ ൞

୧π
ଵାଶకభ

୧πିఆమ ି

భశమమ πషమ
ሺఒఆమ ିఋሻ
ഃ
ഊ
భశమమ πషమ ష మశ
ം
ം

ൢǤ

(10)

The corresponding time-averaged transmitted power ܲത௧ to mass ݉ଶ is
ଵ ఛ ା்
ଵ
ܲത௧ ൌ ் ఛ బ ܲ௧ ߬ ൌ ଶ ሼܨ௧ ܻ כ ߗሽǡ
బ

(11)

The power transmission ratio ܴ௧ to mass ݉ଶ may be defined as the ratio between the time-averaged transmitted power ܲത௧ and the time-averaged input power ܲത
ܴ௧ ൌ

ത
Ǥ
ത

(12)

As the velocity amplitude of mass ݉ଵ in the steady-state motion is ܺߗ, the non-dimensional
maximum kinetic energy of mass ݉ଵ in the steady-state motion is
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ଵ

ܭ௫ ൌ ଶ ܺ ଶ ߗ ଶ Ǥ

(13)

Based on those formulas, Figure 4 investigates the effects of introducing an inerter-based
coupled oscillator on the power flow behaviour. The system parameter values are set as ߦଵ ൌ
ߦଶ ൌ ͲǤͲʹǡ ߛ ൌ ߜ ൌ ܨ ൌ ͳ, the same as those used in Figure 2. Two peaks can be observed in
each curve of ܲത and ܲത௧ , Figure 4(a) shows that the use of inerter moves the second peak of
ܲത to the low-frequency range with the increase of inertance ratio ߣ, but corresponding peak
value changes little. The first peak frequency and value of ܲത remain almost the same despite
of the variations of the inertance ratio ߣ. The effect of inerter on the time-averaged input power
ܲത is relatively small at low and high excitation frequencies. Figure 4(b) shows that the addition of inerter introduces an anti-peak in the curve of time-averaged transmitted power ܲത௧ . The
first peak in ܲത௧ is little affected by the changes of ߣ. The second peak of ܲത௧ moves to low frequency range with the increase of inertance ratio ߣ, but the corresponding peak value remains
almost the same. Figure 4(c) plots the variations of the maximum kinetic energy of mass ݉ଵ . It
shows that for the mechanical joint with inerter, the anti-peak as well as the second peak in the
curve without inerter move to the low-frequency range. When ߣ ൌ ͳ, two peaks and one antipeak merge together as one peak with a higher peak value. This indicates the system in this case
is beneficial at high frequencies. The effect of the inerter is little when the frequency is low.

Figure 4: Power flow behaviour of oscillators coupled with an inerter. (a) Time-averaged input power (b) timeaveraged transmitted power (c) maximum kinetic energy and (d) power transmission ratio
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Figure 4(d) illustrates the influence of inerter in the joint on vibration transmission in terms of
the power transmission ratio ܴ௧ . An anti-peak is introduced in the curve of ܴ௧ , and the peak of
the curve moves to the low-frequency range with the increase of inertance ratio ߣ. When ߣ ൌ ͳ,
there is a local minimum point. This characteristic shows the benefits of adding the inerter to
the joint at specific excitation frequencies. When ߗ is small, the effect of inerter is little, and
there is an increase of power transmission ratio ܴ௧ with the increase of inertance ratio ߣ in high
frequency range.
5

CONCLUSIONS

The dynamics and performance of an inerter-based mechanical joint between coupled oscillators were investigated in this paper. The force transmissibility and vibration power flow characteristics of the system were examined to evaluate the effects of the inclusion of inerter on the
suppression of vibration transmission. It was shown that a larger inertance value leads to a shift
of response peaks of the two masses to the low-frequency range. Adding the inerter to the joint
results in increases in the force transmission at high excitation frequencies but less time-averaged input power and lower maximum kinetic energy of one of the subsystems. It was found
that the inclusion of inerters can provide benefits to vibration mitigation by creating a large
frequency band where the force transmissibility and power transmission ratio are relatively low.
By properly setting the inertance value, anti-peaks may be created in curves of force transmissibility and power transmission ratio so that their values can be substantially reduced. Based on
this property, vibration transmission between the two coupled oscillators can be greatly suppressed at pre-determined excitation frequencies. Asymptotic behaviour of force transmission
and power transmission was found when the excitation frequency extends to high frequencies.
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Abstract. Recent studies on seismic control of rocking structures have proposed the use of
inerters, mechanical devices that develop resisting forces proportional to the relative acceleration between their terminals. Analytical analyses have shown that these devices effectively
reduce the frequency parameter of a rocking block resulting in lower seismic demands and enhanced stability due to the well-known size effect of the rocking behaviour. As with most of such
strategies, the efﬁciency of the inerter has been assessed for perfectly rigid bodies in the ﬁrst
place. However, in real practical applications, rocking structures will exhibit some degree of
ﬂexibility. Moreover, some of the underlying assumptions of the analytical models used to study
rigid bodies imply that the structures are slender, and therefore more likely to deform during
the rocking motion. In this paper, the dynamic response of multi-mass ﬂexible rocking bodies
equipped with inerters is examined. Firstly, a numerical model is formulated and implemented
in OpenSees. This model is then validated against analytical analyses of single-mass ﬂexible
structures. Subsequently, the responses of buildings ranging from 3 to 9 stories are studied and
compared in terms of elastic deformations, base rotations and ﬂoor accelerations. The effect of
increasing levels of ﬂexibility in the efﬁciency of the inerter is also assessed.
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1

INTRODUCTION

The uplifting and rocking of free-standing structures can signiﬁcantly reduce the seismic
shear and moment demands at their base [1]. During the last decades, this concept has been
widely studied and applied to the protection of earthquake resistant structures [2, 3]. While
allowing the base to rock can help to control structural damage by reducing deformations, previous studies suggest that it can also induce higher inter-storey drifts that may be associated
with unacceptable non-structural damage [4].
Seismic control systems for rocking structures have been mainly oriented to the protection
of museum artefacts and non-structural equipment. Early strategies were based on simple measures, such as lowering the centre of mass or anchoring the object to a ﬁxed support, and are
usually not practical [5]. On the other hand, traditional strategies used in building structures,
such as base isolation, have been shown not to be effective for a wide range of rocking structures
[6]. In this context, recent studies have proposed the use of inerters, mechanical devices that
develop resisting forces proportional to the relative acceleration between their terminals. This
strategy effectively reduces the frequency parameter of a rocking block leading to lower seismic
demands and enhanced stability due to the well-known size effect of the rocking behaviour [7].
As with most of such strategies, the efﬁciency of the inerter has only been assessed for perfectly
rigid bodies. However, in real building applications, rocking structures will exhibit some degree
of ﬂexibility. Moreover, some of the underlying assumptions of the analytical models used to
study rigid bodies imply that the structures are slender, and therefore more likely to deform
during the rocking motion.
In this paper, the dynamic response of multi-mass ﬂexible rocking bodies equipped with
inerters is studied considering conﬁgurations representative of real building structures. Firstly,
a numerical model for the rocking structure-inerter system is formulated and implemented in
OpenSees [8]. This model is then validated against analytical responses of single-mass ﬂexible
structures. Subsequently, the dynamic response of three buildings ranging from 2 to 9 stories
subjected to acceleration pulses is studied and compared in terms of elastic deformations, base
rotations and ﬂoor accelerations. The effect of increasing levels of ﬂexibility on the efﬁciency
of the protective system is also assessed.
2

DEFINITION OF THE NUMERICAL MODELS

2.1

Model parameters

The dynamic response of multi-mass rocking structures equipped with inerters can be studied
considering the system illustrated in Figure 1a. In this model, the rocking body is represented by
n lumped masses, mi , connected by elastic beam-column elements of ﬂexural stiffness EIi , and
supported by a rigid base allowed to uplift. Two degrees of freedom per level are considered,
namely, lateral displacement and rotation. The geometry of the structure is characterized by the
radial distance between the pivot points and the masses, Ri , and the corresponding slenderness,
αi . Accordingly, the frequency parameter of the multi-mass structure can be deﬁned as [9]:

1t [M ]H g
pn =
(1)
Jp
where [M] corresponds to the mass matrix, H to the heights vector and Jp is the rotational
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inertia of the system obtained as:
Jp = Rt [M ] R

(2)

where R is the radial distances vector. Finally, a grounded inerter of inertance mr,1 is connected to theA
horizontal displacement of the ﬁrst level mass. The apparent mass ratio is deﬁned
levels
as σ = mr / nn=1
mi .

Figure 1: Schematic diagram of the numerical model of the rocking structure-inerter system.

2.2

Numerical model of the rocking structure

The modelling strategy adopted in this study is based on the ﬁnite element model for ﬂexible rocking structures proposed by Vassiliou et al. [10]. The model, illustrated in Figure 1b,
consists of 3 components: The deformable body, the rocking surface and the underlying soil.
Linear-elastic beam-column elements are used to represent the ﬂexible structure, whereas a
zero-length element with 2048 sectional ﬁbres is considered for the rocking surface. A nondissipative compression-only material is assigned to the rocking section, so the system is free
to rotate about the pivot points. Unless otherwise stated, the stiffness of the ﬁbres is set at very
high values in order to represent a rigid rocking surface. Energy loss during impact is incorporated by taking into account the energy radiated into the underlying ground. Accordingly,
the soil underneath the rigid foundation is represented by a set of vertical, horizontal and rotational springs and dashpots whose mechanical properties are determined according to machine
vibration theory [11]:
K = k Kst
Rf
C = c Kst
Vs
with
Kst,v

4 ρ Vs2 Rf
=
1−ν

Kst,h

8 ρ Vs2 Rf
=
2−ν
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(3)

Kst,r

8 ρ Vs2 Rf3
=
3(1 − ν)

(4)
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where Kst is the static stiffness, ρ, ν and Vs are the density, Poisson’s ratio and shear wave
velocity of the supporting soil, k and c are dynamic ampliﬁcation factors given in [11], and Rf
is the foundation’s radius. The values of the dynamic ampliﬁcation factors kv = kh = kr = 1,
cv = 0.75, ch = 0.6 and cr = 0 are obtained considering a stiff soil of Vs = 1000 [m/s],
ρ = 2 [ton/m3 ] and ν = 0.3. The foundation, on the other hand, is assumed to be circular with
a radius of Rf = 2B.
2.2.1

Energy dissipation in the deformable structure

Several analytical and experimental studies have suggested that the addition of viscous damping to rocking models may lead to a signiﬁcant overestimation of the energy dissipated in the
uplifted state [1, 12, 13]. In order to address this shortcoming, a variable damping ratio is introduced to the model presented in the pevious section. Inherent structural damping during the full
contact phase is modelled using Rayleigh’s classical damping, assigning a prescribed damping
ratio, ξf c , to the ﬁrst and third vibration modes of the ﬁxed base structure [14]. Once the base
uplifts, the analysis is halted and the damping ratio is adjusted before continuing, so that the
resultant uplifted damping agrees with experimental observations [13]. The effect of considering different levels of uplifted damping ratios in single-mass rocking oscillators is illustrated
in Figure 2. For the ﬁrst structure (black line), a constant damping ratio of ξf c = ξup = 0.01
is considered. In the second case (red line), the uplifted damping ratio is modiﬁed as outlined
above so that the resultant damping corresponds to that of a 1% damped oscillator. In the ﬁnal
case (blue line), no damping is considered during the rocking phase (numerically very small).

(a) Rotation and deformation responses for different levels of damping ratio.

(b) Detailed view of the rotation and deformation responses during a rocking cycle.

Figure 2: Response of a single-mass rocking structure of ωn /p = 5, α = 0.1, and different
values of damping ratio, subjected to a single Ricker pulse of ωg /p = 5 and ag = 1.5 g tan α.
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The results presented in Figure 2 conﬁrm that the use of a constant damping ratio (black line)
results in signiﬁcantly higher dissipative forces which quickly attenuate the oscillations in the
uplifted state. This, in turn, leads to a smother and slightly lower rotation response, as it can
be observed in the detailed view of Figure 2b. On the other hand, the difference between the
maximum responses of the small damping (ξup = 0.01B/R0 ) and no damping cases (ξup = 0)
is not signiﬁcant. Consequently, a conservative assumption of no damping during the rocking
phase is adopted in this study, unless otherwise stated.
2.2.2

Validation of the structural model

The structural model described in the previous section is implemented in the open-source
ﬁnite element framework OpenSees [8] and validated against experimental data published in
[13]. Based on this experimental evidence, a variable damping ratio is consider for the models,
so that the resultant uplifted damping matches the one of the full contact phase (red line case
in Figure 2). Four single-mass rocking oscillators of natural frequencies ranging from 1[Hz] to
4[Hz] are selected for the validation process. The properties of the structures are summarized
in Table 1. For further details about the specimens and the experimental program, the reader is
referred to [13].

ff ix

ξ

α

p

[Hz]

[%]

[rad]

[Hz]

1 Hz Long Base

0.94

0.26

0.159

3.22

2 Hz Long Base

2.07

0.28

0.160

3.23

3 Hz Short Base

3.12

0.35

0.081

3.25

4 Hz Long Base

3.84

1.32

0.081

3.24

Specimen

Table 1: Description of the single-mass rocking specimens selected for the validation process
(Truniger et al. [13]).
Figure 3 compares the predicted and measured rotation and elastic deformation responses of
the specimens when subjected to single-pulse ground motions. One of the main difﬁculties in
the prediction of rocking time history responses is related to the fact that small errors in the rotation amplitude lead to accumulative errors in the phase. This situation can be clearly observed
in the 1[Hz], 2[Hz] and 4[Hz] specimens. Nevertheless, very good agreement is observed in
the amplitude of the base rotation for the whole range of ﬂexibilities under consideration. On
the other hand, accurate predictions of the maximum elastic deformation response are also obtained for the more ﬂexible oscillators, however, results show that the numerical model tends to
overestimate the deformation as the structures become more rigid.
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(a) 1 [Hz] Long Base (Test 3)

(b) 2 [Hz] Long Base (Test 14)

(c) 3 [Hz] Short Base (Test 47)

(d) 4 [Hz] Long Base (Test 52)

Figure 3: Comparison of the OpenSees numerical model with experimental results from
Truniger et al. [13]
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2.3

Numerical model of the inerter

In this section, a numerical model for the inerter is presented and validated against theoretical
results. The proposed model, schematized in Figure 4, consists of two nodes connected through
a rigid link, and an angular mass, J, assigned to the rotational degree of freedom of the system.

Figure 4: Schematic diagram of the numerical model of the inerter

The relative lateral displacement between the nodes is transformed into a rotation in Node 1
through a rigid link. Since a linear geometric transformation is considered for the link element,
the relative displacement and rotation of the system are related according to:
dr = d2,1 (t) − d1,1 (t) = −ρθ

(5)

The force couple required to impose this relative displacement, FR (t), can then be obtained
evaluating the rotational equilibrium about Node 1:
FR (t) =

J d¨r (t)
= mr d¨r (t)
ρ2

(6)

Therefore the reactive force developed by the model is proportional to the horizontal relative
acceleration between Node 1 and Node 2. The parameters of the model, J and ρ, are then
deﬁned in terms of the inertance, mr , according to Equation 6.
When the structure-inerter system is subjected to a ground excitation, part of the energy is
transferred to the inerter and accumulated as angular momentum. As the translating mass of
the structure tends to move slower, the rotating ﬂywheels might drive the mass and induce undesirable deformations. Makris et al. [15] proposed the use of a clutch mechanism in order to
ensure the system can only resist the motion of the structure. As a clutch-inerter device can only
oppose one sense of motion, a parallel pair of inerters is necessary for this conﬁguration. Additionally, a dissipative mechanism is needed to decelerate the ﬂywheels once disengaged. The
sequential engagement of the two parallel inerters that can only resist the motion is modelled
redeﬁning the rotational mass, J, after each time step according to:
; <
⎧
d¨r
¨
⎪
>0
,
m
d
⎪
d˙r
⎨ r r
FR (t) =
(7)
; <
⎪
⎪
¨
dr
⎩0,
<0
d˙r
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2.3.1

Validation of the inerter model

The proposed numerical model was implemented in OpenSees [8] and validated against the
analytical model developed by Makris et al [15]. The responses obtained with the numerical
model and the corresponding solution of the equation of motion for a SDOF structure of period
T = 1[s] and σ = 0.5, subjected to a single sinusoidal pulse, are presented in Figure 5.

(a) Displacement response.

(b) Velocity response.

(c) Absolute acceleration response.

Figure 5: Comparison of the inerter numerical model and the solution of the equation of motion
for a SDOF structure equipped with inerters of σ = 0.5, subjected to a single sine pulse of
T0 /Tg = 2 and acceleration amplitue ag = 0.5[g].
2.4

Validation of the rocking structure-inerter model

As a ﬁnal validation, the numerical models described in the previous sections are combined
and compared with the analytical model for single-mass rocking structures equipped with inerters developed by Thiers-Moggia and Málaga-Chuquitaype [4]. This formulation, referred
as VVEL, considers large rotations for the base and small deformations for the oscillator. The
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numerical model, on the other hand, considers a corrotational transformation for the rocking
body. In order to make both formulations comparable, the natural frequency of the OpenSees
model is obtained considering P-Δ effects in the lateral stiffness of the system.

3EI/h3 − N/h
ωn,OS =
(8)
m
Figure 6 compares the responses obtained for three structures of different levels of ﬂexibilities and apparent mass ratios, subjected to single Ricker pulses of frequency ωg and acceleration
amplitude ag .

(a) ωn /p = 10, ωg /p = 5, ag = 1.5 g tan α, α = 0.1, ξf c = 0.01, ξup = 0.01 B/R0 and σ = 1.

(b) ωn /p = 5, ωg /p = 5, ag = 1.5 g tan α, α = 0.1, ξf c = 0.01, ξup = 0.01 B/R0 and σ = 0.5.

(c) ωn /p = 2, ωg /p = 3, ag = 1.5 g tan α, α = 0.1, ξf c = 0.01, ξup = 0.01 B/R0 and σ = 0.5.

Figure 6: Comparison of the OpenSees numerical model and VVEL analytical model for rocking structures equipped with single inerters.
Excelent agreement between the two models is observed for the stiffer structures. However,
small differences emerge in the amplitude of the rotation and elastic deformation responses as
the oscillators become more ﬂexible. This difference is partially explained by the variation of
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the axial load, N , during the rocking motion which alters the lateral stiffness of the oscillator in
the numerical model, an effect that becomes more signiﬁcant in more ﬂexible structures.
3

RESPONSE UNDER PULSE GROUND MOTIONS

Assuming a uniform distribution of stiffness and masses along the height of the structure,
the rotation and deformation responses of the system shown in Figure 1a are a function of 10
parameters involving three fundamental dimensions:


θ, u] = φ EI , m , mr , ξ , nlevels , αcg , Rcg , ωg , ag , g , t
(9)
where αcg and Rcg are the slenderness and radial distance of the centre of gravity, and ωg and
ag are the excitation’s frequency and acceleration amplitude, respectively. According to VaschyBuckingham’s Π-theorem [16, 17], the response of the system can be described by 10 − 3 = 7
dimensionless parameters:
"
#

2
θ
ωn1
u ωn1
ωg
ag
=φ
,
, σ , ξ , nlevels , αcg ,
,
, pn t
(10)
αcg g tan αcg
pn
pn g tan αcg
2
where ωn1 is the ﬁrst frequency of the MDOF oscillator, and ωn1
/g tan αcg represents the
critical displacement of an equivalent SDOF oscillator of frequency ωn1 and slenderness αcg .
Figure 7 compares the dimensionless response of a 3-storey rocking structure of ωn1 /pn = 35,
αcg = 0.165, ξ = 0.01, with and without inerters, subjected to a single Ricker pulse of frequency
ωg /pn = 10 and acceleration amplitude ag = 2 g tan αcg .

(a) Base rotation.

(b) Elastic deformation level 1.

(c) Elastic deformation level 2.

(d) Elastic deformation level 3.

Figure 7: Response of a 3-storey rocking structure of ωn1 /pn = 35, ωg /pn = 10, αcg = 0.165,
ξ = 0.01 and ag = 2 g tan αcg with and without inerters.
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While the inclusion of the inerters considerably reduced the maximum base rotation, little
effect is observed on the amplitude of the elastic deformations. This observation agrees with
conclusions obtained in previous studies involving single-mass rocking oscillators [4]. Importantly, the introduction of the clutch signiﬁcantly improves the efﬁciency of the inerter in
reducing the rotation response. The effect of the clutch can be better examined by inspecting
the total energy of the structure-inerter system, given by:
nlevels
n
levels
1 
2
2
ET =
m(ẋi + ẏi ) +
mg(yi − hi ) +
2 n=1
n=1

H
0

1
M (y)2
dy + mr ẋi 2
2EI
2

(11)

where ẋi and ẏi are the horizontal and vertical velocities of the mass at the ith-level, and
M (y) corresponds to the bending moment at a height equal to y. Figure 8 shows the total
energy of the same structure with different conﬁgurations of inerter devices normalized by
Eref = mgRcg (1 − cosαcg ), where Eref represents the difference in potential energy of a rigid
rocking structure between its unstable (θ = αcg ) and stable (θ = 0)) equilibrium positions.
Impact in each case is indicated with a solid circle.

Figure 8: Total Energy of the structure-inerter systems.
It is clear from Figure 8 that the inclusion of the inerter limits the total energy absorbed
by the system, while at the same time it reduces the amount of energy dissipated during each
impact. This results in the lower peak rotation observed in Figure 7, with similar amplitudes
in the later cycles of the rocking response. Such increase in the restitution coefﬁcient is also
predicted by conservation of moment of angular momentum equations [7].
Part of the total energy absorbed by the system is stored in the inerter device, as shown in
the close-up view of Figure 9a. As the structure rocks and oscillates this energy is transferred
back and forth, with the inerter alternately opposing and driving the motion. When the clutch
is introduced, the inerter disengages from the structure and the energy stored in it is not transferred back to the oscillator. Assuming that the disconnected inerter is then able to dissipate this
energy, every engagement-disengagement cycle removes energy from the structural system, increasing the speed at which the rotation and deformation responses are attenuated. Experimental
analyses conducted by Málaga-Chuquitaype et al. [18] suggest that friction within the inerter
can effectively dissipate part of the energy, while other researchers have suggested the addition
of viscous ﬂuids [15, 19]. This behaviour is illustrated in Figure 9b., where the engagement and
disengagement of the inerter is indicated with blue and white backgrounds respectively.
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(a) Single inerter.

(b) Pair of clutched inerters.

Figure 9: Energy transfer between the inerter and the structure.
3.1

Response spectra

This section examines the response of multi-mass rocking structures equipped with inerters
under a wider range of Ricker pulse ground motions. Figure 10, 11 and 12 summarize the
response of a set of 3, 5 and 9-storey structures representative of walled buildings of 2B = 2 [m]
by H = 9 [m], 2B = 3 [m] by H = 15 [m] and 2B = 3 [m] by H = 27 [m], respectively.

(a) Base rotation.

(b) Elastic deformation

(c) Drift

(d) Floor acceleration

Figure 10: Response of a 3-storey rocking structure of ωn1 /pn = 35, αcg = 0.165, ξ = 0.01,
with and without inerters, under Ricker pulses of ag = 2 g tan αcg .
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(a) Base rotation.

(b) Elastic deformation.

(c) Drift.

(d) Floor acceleration.

Figure 11: Response of a 5-storey rocking structure of ωn1 /pn = 25, αcg = 0.12, ξ = 0.01,
with and without inerters, under Ricker pulses of ag = 2 g tan αcg .

(a) Base rotation.

(b) Elastic deformation.

(c) Drift.

(d) Floor acceleration.

Figure 12: Response of a 9-storey rocking structure of ωn1 /pn = 20, αcg = 0.1, ξ = 0.01, with
and without inerters, under Ricker pulses of ag = 2 g tan αcg .
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In all three cases, the addition of the inerter has very little effect on the rotation and elastic
deformation responses for high frequency excitations (ωn1 /ωg < 1). As the duration of the
pulses increases, the rotation demands grow and the effect of the inerter becomes more significant, reaching reductions between 15% and 20% for ωn1 /ωg = 4. Although this improvement
happens at the expense of inducing slightly higher elastic deformations, this drawback does not
translate into higher drifts, since the total lateral deformation is mainly controlled by the base
rotation. On the other hand, the introduction of the clutch signiﬁcantly improves the performance of the inerter, reducing also the elastic deformation response for the cases where uplift
and rocking occurs. It is also important to note that, as the structure becomes taller, higher
levels of inertances are required to obtain similar levels of response suppression. However, the
actual mass of the inerter can be reduced thousands of times using ampliﬁcation mechanisms
such as ball-screws [20] or gear systems [21].
The maximum acceleration response in rocking structures is often controlled by impact
forces. When a rigid elastic rocking surface is considered, these forces can cause signiﬁcant
spikes in the acceleration history. This behaviour can be clearly identiﬁed in Figure 10d, 11d
and 12d, where considerably higher acceleration ampliﬁcation ratios are registered once the
rocking motion is triggered (ωn1 /ωg > 0.65). The inclusion of the inerter consistently reduces
these spikes, with further improvements when the clutch is added. Nevertheless, in very limited
cases the protected structures may experience peak accelerations of slightly higher magnitude.
A sensitivity analysis is carried out in order to evaluate the effect of the rocking surface
stiffness on the peak ﬂoor accelerations and the efﬁciency of the inerter in reducing them. Four
stiffness values are considered: Rigid (1010 [GPa]), Steel (200[GPa]), Concrete (25[GPa]) and
Timber (10[GPa]), while a depth of 0.3[m] is assumed for the rocking element.

(a) Single inerter.

(b) Pair of clutched inerters.

Figure 13: Effect of the rocking base stiffness on the peak ﬂoor accelerations in a 3-storey
building of ωn1 /pn = 35, αcg = 0.12, ξ = 0.01 and ag = 2g tan αcg with and without inerters
(dashed and continue lines respectively).
The results summarized in Figure 13 show that more rigid rocking surfaces are associated to
larger ﬂoor accelerations . On the other hand, the efﬁciency of the inerter in reducing peak ﬂoor
accelerations is not signiﬁcantly affected by the ﬂexibility of the rocking surface.
4

CONCLUSIONS

This paper investigated the alternative of using inerters to improve the seismic response of
multi-mass rocking structures. Firstly, the numerical model proposed by Vassiliou et al. [10]
was modiﬁed in order to account for experimental evidence related to the energy dissipated by
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the rocking oscillator during the uplifted phase. Additionally, the study presented a numerical
strategy to represent the inerter in ﬁnite element frameworks, such as OpenSees. The model
of the full structure-inerter system was then validated against an analytical model of a singlemass rocking oscillator. Both formulations showed very good agreement for different levels of
ﬂexibility and excitation frequencies.
The proposed model was subsequently used to assess the dynamic response of a set of 3, 5
and 9-level structures subjected to analytical pulse excitations. Two inerter conﬁgurations were
considered; a single inerter connected to the ﬁrst level diaphragm, and a pair of clutched inerters
that can only oppose the motion of the mass. The analyses showed that the inerter increasingly
reduces the amplitude of the base rotation as the demands grow, with very little effect for high
frequency excitations. Although this improvement happened at the expense of inducing slightly
higher elastic deformations, this was not reﬂected on the total drift, as the lateral deformation
of the system is mainly controlled by the base rotation. On the other hand, the introduction
of the clutch consistently reduced both the rotation and elastic deformations demands. It was
shown that this improvement is caused by the disengagement of the inerter which prevents the
transference of the energy stored in it back into the structure. Finally, a sensitivity analysis was
conducted in order to examine the inﬂuence of the rocking surface stiffness on the acceleration
demands. The analyses showed that the efﬁciency of the inerter in reducing ﬂoor accelerations
is not affected by the level of ﬂexibility of the rocking interface.
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Abstract. This study investigates the effects of parasitic mass on the performance of inerterbased dynamic vibration absorbers (IDVAs). IDVAs have been increasingly employed to suppress vibrations in applications of civil engineering structures and vehicle suspension systems.
While the masses of the components in a traditional dynamic vibration absorber can be easily
compensated for due to its simple layout, the masses of the components in an IDVA can act as
parasitic mass and might affect the performance of IDVAs. This can lead to the loss of beneﬁts
which is provided by the IDVAs. The negative effect of a parasitic mass in an IDVA can be
observed in applications which have smaller inertance values. In such cases, it is important
to consider masses of the components while selecting optimal parameters to maximize the performance improvement which can be obtained by an IDVA. In this study, a milling operation is
modelled and its machining stability is increased by utilizing an IDVA. The negative effect of a
parasitic mass on the performance is shown, and the performance improvement is regained by
considering the parasitic mass in the tuning strategy.
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1

INTRODUCTION

Tuned mass dampers (TMDs) have been successfully employed to suppress vibration since
the concept was introduced by Frahm [1] in the early 20th century. The device which was proposed by Frahm, the so-called dynamic vibration absorber (DVA), consists of an auxiliary mass
and a spring. It targets the natural frequency of the system that is required to be controlled.
Although it can successfully suppress vibrations at the resonance frequency, it allows high amplitude vibrations near the resonance frequency. This drawback of the DVA was modiﬁed by
adding a viscous damper in the work of Den Hartog [2]. The resulting tuned mass damper
(TMD) has the capability to suppress vibration at a wider range of frequencies. The tuning
methodology was also developed by Den Hartog [2] using the ﬁxed-points-theory.
To increase the performance of the TMD, a relative-acceleration-dependent-inertial element
in conjunction with a spring and a damper, was studied by Kuroda [3]. This concept was
analysed by many authors, for example Saito [4] investigated how it could be used to control
seismic response of the structures. Similarly, the inerter, which was ﬁrst introduced by Smith [5]
by using the force-current analogy between mechanical and electrical networks, applies forces
proportional to the relative acceleration between the two terminals. There are three types of
inerter which have been mostly studied in the literature: the ball-screw inerter [6], the rack and
pinion inerter [5, 6], and the ﬂuid inerter [7]. Recently, the frictionless mechanical inerter that
consists of a disc as ﬂywheel and the living-hinges was presented to eliminate the friction that
is caused by gears or ball-screw interaction [8]. Inerter-based vibration absorbers have been
studied to improve the vibration performance of the system in vehicle suspensions [9, 10], civil
engineering applications [11, 12, 13], landing-gear systems [14] and machining applications
[15, 16].
Tuning parameters of the components of the inerter-based device plays an important role
in the their vibration suppression performance. Lazar et al. [11] proposed a tuning strategy
based on Den Hartog’s ﬁxed-points-theory for a tuned inerter damper (TID). Hu and Chen [17]
used a direct search method to obtain design parameters of inerter-based dynamic vibration
absorbers (IDVAs) for H2 and H∞ optimisations. Shen et al. [18] utilized a genetic algorithm
to ﬁnd the optimal parameters for the vibration suppression of the vehicle body controlled by an
IDVA. Barredo et al. [19] presented an analytical methodology to obtain close-form solutions
of three inerter-based conﬁgurations for an undamped primary system. Generally, the mass of
the inerter is neglected in the mathematical model of the system during the process of ﬁnding
the optimal parameters. This is because the inertance value of the inerter is generally very
large compared to the mass of the inerter. However, for instance, the optimal inertance value
for a small-primary-mass application can be small so that the mass of the inerter cannot be
constructed small enough to neglect. In such cases, the mass of the inerter can act as a parasitic
mass and lower the vibration suppression performance of the system being controlled.
This study investigates the effect of the parasitic mass caused by the mass of the components
of the inerter. The novelty is that this parasitic mass is considered in the mathematical model
and included in the evaluation of the performance of an IDVA. The effect of the parasitic mass
is shown with two scenarios: the vibration suppression of a structure and the chatter stability of
a milling operation. The effects of the parasitic mass are evaluated in the discussion section and
ﬁnally the conclusions are presented.
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2

PARASITIC MASS DUE TO AN INERTER

The inerter is a mechanical device which generates equal and opposite inertial forces proportional to the relative acceleration applied at the two nodes [5]. An ideal inerter can be represented as shown in Figure 1(a) and the schematic view of a physical realisation of the inerter [8]
can be seen in Figure 1(b). The inerter in Figure 1(b) consists of a disc, which is the ﬂywheel,
in the middle and two legs that are the nodes of the inerter. The connections between the legs
and the ﬂywheel can be established by living-hinges to eliminate the friction and the backlash
or by simple pin joints. The inertance of the inerter can be calculated as [8]
b=

Idisc
la2

(1)

where Idisc is the moment of inertia of the disc and la2 is the distance between the points where
the two legs are connected to the ﬂywheel disc. Hence the inertial force generated by the inerter
is
Finerter = b(ẍ2 − ẍ1 )
(2)
Equation 1 gives the inertance of an ideal inerter using a disc as a ﬂywheel in Figure 1(b). The
inertance values for the different types of inerters are calculated in a similar manner [5, 7, 20].
Once again, these inertance values are for an ideal inerter so the masses of the components of
the inerter (e.g. the mass of the housing in a ballscrew inerter, the mass of the rack in a rack and
pinion inerter or the mass of the legs in an inerter as shown in Figure 1(b)) are neglected. This
is because the inertia of these parts is typically small compared with the inertance of the inerter
device. Intrinsically, an inerter works as a kind of an inertia ampliﬁer in most cases. Thus, it
has higher inertance and the inertial increment in the device allows one to neglect the inertia of
those which do not contribute this increment.

Figure 1: (a) Mathematical model of an ideal inerter, (b) schematic view of a small-scale mechanical inerter, (c)
mathematical model of the inerter including the masses of legs and disc (the inertance value of the inerter involves
only the rotational inertia of the disc.), (d) free body diagram of the inerter.

If the inertia of all components is considered, the mathematical model of an inerter becomes
as shown in Figure 1(c) rather than in Figure 1(a). Leg 2 in Figure 1(b) is connected to the
centre of the mass of the disc. The living-hinges or the pin joints, which are considered in the
realisation, allow only rotational motion so that the disc and Leg 2 can be considered as rigidly
connected in the translation motion. Hence, m2 is the sum of the mass of the disc and the mass
of Leg 2 while m1 is equal to the mass of the Leg 1. The inertia of the inerter in Figure 1(c)
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involves only the rotational inertia of the disc as expressed in Equation 1. Two inertial elements
(m1 and m2 ) appear on the two nodes of the inerter in Figure 1(d) and induce the forces m1 ẍ1
and m2 ẍ2 .
If the node with the inertial element is mounted on a spring or a damper, the inertial element
(mass) acts as a parasitic mass between the inerter and the spring or the damper. The parasitic
mass can be neglected in two cases where (1) the node with the inertial element has a ground
connection or is mounted to another mass, and (2) the inertance value of the inerter is too large
compared with the inertial element. Otherwise, the parasitic mass must be considered in the
calculations.
3

MATHEMATICAL MODEL WITH A PARASITIC MASS

A tuned inerter damper consists of a spring which is connected to a damper in parallel, and
an inerter which is in a series connection with the spring and the damper. Since one of the
terminals of the inerter is connected to the spring and the damper, the parasitic mass can be
observed in this conﬁguration. The mathematical model of the TID with an ideal inerter is
represented in Figure 2.

Figure 2: Mathematical model of a tuned mass damper with an ideal inerter, where the masses of the body of the
inerter and the legs are neglected.

The TID can be employed to suppress a single-degree-of-freedom system which is under an
excitation. The TID in a series connection with a spring, which is an IDVA, can be mounted
to the primary system with a spring in series connection as shown in Figure 3(a). In reality,
depending on the location of the inerter, either of the mathematical models in Figures 3(b) and
3(c) is a better representation than the model in Figure 2 due to the parasitic mass as discussed
in the previous section. The upper nodes in Figures 3(b) and 3(c) are connected to the primary
mass in Figure 3(a), and the bottom nodes are ﬁxed to the auxiliary mass. Therefore, the inertial
elements on these nodes can be neglected as the inertial element can be simply added to the mass
which the nodes are connected to. Both of the mathematical models in Figure 3(b) and Figure
3(c) involve the parasitic mass mp owing to the mass of the inerter as well as the masses of the
spring and damper.
The location of the inerter, whether it is located in the bottom or the upper side, is not
important if there is no parasitic mass between the inerter, and the spring and the damper. It
matters if there is a parasitic mass since the equations of motion of the whole system will differ.
The equations of motion for Figure 3(b), where the inerter is connected to the auxiliary mass
(This layout is named in this paper as icma), can be written as
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Figure 3: (a) Mathematical model of a structure controlled by an IDVA. Y(s) represents the impedance of the
conﬁguration in series connection with a spring. (b) Mathematical model of the case where the inerter is connected
to the auxiliary mass,m (the icma). (c) Mathematical model of the case where the inerter is connected to the
primary mass,M (the icmp).

M ẍ + (C + c)ẋ + (K + k1 )x − cx˙p − k1 xp = F
−cẋ − k1 x + (mp + b)x¨p + cx˙p + k1 xp − bx¨a = 0
−bx¨p + (ma + b)x¨a = 0

(3)

where x, xp and xa are the displacements of the primary, parasitic and auxiliary masses, respectively. The equations of motion for Figure 3(c), where the inerter is connected to the primary
mass (this layout is named in this paper as icmp), can be written as
(M + b)ẍ + C ẋ + Kx − bx¨p = F
−bẍ + (mp + b)x¨p + cx˙p + k1 xp − cx˙a − k1 xa = 0
−cx˙p − k1 xp + ma x¨a + cx˙a + kxa = 0

(4)

The inertia of the parasitic mass is always added to the inertance of the inerter as seen Equations 3 and 4. Hence, the mass of the inerter is neglected if the inertance is too high.
4

THE EFFECT OF THE PARASITIC MASS

The system considered in this study to investigate the effect of the parasitic mass on the performance of a tuned inerter damper is depicted in Figure 3(a). A TID in series with a spring
is mounted to the primary mass in a single-degree-of-freedom system to examine three mathematical models: No parasitic mass, the icma, and the icmp cases. The effect of the parasitic
mass on the vibration and chatter suppression performances is analysed.
4.1

Vibration Suppression Case

The study of Hu and Chen [17] has already shown that the inerter-based conﬁguration which
is presented in this work improved the vibration suppression performance of an undamped system. Therefore, a parasitic mass in this conﬁguration can be considered to observe the effect
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of the parasitic mass. The system with a parasitic mass is governed by either Equations 3 or 4,
depending on the position of the inerter. The frequency response function (FRF) is given in the
form as
Hi (jω) =

RN i + jIN i
X(jw)
=
,
F (jw)
RDi + jIDi

i = 1, 2, 3

(5)

where i = 1, i = 2 and i = 3 represent for three mathematical models: No parasitic mass, the
icma and the icmp cases, respectively.
The primary mass and the natural frequency of the primary system were taken as M = 5 kg
and fn = 200 Hz. The primary system considered an undamped system and thus, ζprimary = 0.
In order to obtain optimal design parameters (k, k1 , c and b), Self-adaptive Differential Evolution (SaDE) algorithm [21] can be utilized as a numerical optimisation method. The objective
function for a constant mass ratio (μ = m/M ) can be written as



mink,k1 ,c,b maxω |Hi (jω)| , i = 1, 2, 3
(6)
since the minimisation of the maximum absolute value of the FRF is desired.
The optimal design parameters were found for mass ratio μ = 0.1 and the case with no
parasitic mass. The optimal inertance value for the case with no parasitic mass was found
b = 0.0965 kg. 5% and 10% of the inertance value, which are 4.8 g and 9.6 g, were added as the
parasitic mass to examine the two cases. For 5% parasitic mass, the optimal design parameters
was obtained. The optimal parameters are given in Table 1 and the results are demonstrated in
Figures 4 and 5.
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Figure 4: The magnitude of the FRF obtained from three
cases: No parasitic mass, the icma and the icmp for
parasitic masses of 5% and 10% of the optimal inertance
value.
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Figure 5: The magnitude of the FRF after retuning the
optimal parameters considering a parasitic mass of 5%
of the optimal inertance value.

The results show that both of the parasitic masses increased the amplitude of the vibration.
The higher parasitic mass added caused the higher amplitude as shown in Figure 4. The 4.8 g
parasitic masses increased the amplitude of the displacement by 4.84% for the icma and 5.39%
for the icmp After retuning the parameters for 4.82 g parasitic mass, Figure 5 shows that the
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Conﬁgurations
mp [g]
No parasitic mass 0
icma
4.8
icmp
4.8

k [kN/m] k1 [kN/m]
712.4
11.7
709.0
121.5
721.5
115.2

b [kg]
0.0965
0.0999
0.0950

c [N s/m]
60.3
64.5
63.6

Table 1: Optimal design parameters obtained to suppress the vibrations in Figure 3(a) for μ = 0.1.

same level of vibration suppression was provided again. Furthermore, the amplitude of the
displacement was decreased by 0.2% compared to the case with no parasitic mass.
5

CASE STUDY ON MACHINING STABILITY

One potential application of inerters is in the suppression of vibrations during machining
[15, 16]. Here, alternative methods for passive vibration control have already been proposed
[22], and it has been shown that such approaches can improve the productivity by avoiding the
onset of unstable self-excited vibrations known as chatter.
Consequently, this section provides a brief numerical case study to demonstrate how inerter
systems can be used to suppress chatter. For simplicity, a turning conﬁguration is chosen in
order to demonstrate the concept without recourse to detailed theoretical analysis.
The mechanism which leads to regenerative chatter for a turning operation is brieﬂy given
here and explained comprehensively in [23, 24]. The cutting force which is applied to a ﬂexible
cutting tool leads to the waviness on the surface of the workpiece as shown in Figure 6. The
phase difference (ε) between the waviness of the previous and the current cuts which are induced
by the previous and the current displacements of the cutting tool, y(t) and y(t − T ), causes a
change in the instantaneous chip thickness. This variation in the instantaneous chip thickness
induces a variation in the cutting force as the cutting force is proportional to the cross-sectional
area of the chip and thus, the chip thickness. The variation in the cutting force leads to the waviness on the surface of the workpiece again. This regenerative mechanism can cause instability
in the cutting operation.
The delay term T in the displacement in the previous cut y(t − T ) is introduced by the
spindle rotation. Hence, for a machinist, two parameters which deﬁne the cutting force and
accordingly a stable cut in a machining operation are the depth of cut and the spindle speed.
The chatter stability of a machining process is generally evaluated over stability lobe diagrams
(SLDs), which give the stability boundary in terms of the depth of cut for each spindle speed.
The results for this study case will be presented as SLDs.

Figure 6: Depiction of a regenerative chatter mechanism

A chatter stability condition can be deﬁned as the limiting depth of cut blim , which can be
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simply expressed as [23]
1
(7)
2Ks {H(jω)}
where Ks is speciﬁc cutting coefﬁcient, which can be accepted as a constant term in this case
and Re{H(jω)} is the real part of the FRF of the system. The limiting depth of cut blim gives
the stability boundary so the system becomes unstable beyond this value. The stability boundary
can be increased by maximising the negative real part of the FRF when considering the depth
of cut as a positive real number. Although Equation 6 is derived basing on a turning operation,
it is approximately valid for a milling operation [22].
A milling operation can be reduced in a single-degree-of-freedom system so that Figure 3(a)
can be used as the mathematical model of a machining operation controlled by a passive control
device. Similar to the previous analysis, a parasitic mass can be added to the structure and the
effects of the parasitic mass can be evaluated.
A similar analysis to the previous section was conducted. The primary mass, the natural
frequency of the primary system and the damping ratio were taken as M = 5 kg, fn = 200
Hz and ζprimary = 0.0035. The milling operation parameters are presented in Table 2. The
objective function for this case can be deﬁned to maximise the negative minimum real part of
the FRF of the system. Therefore, the objective function can be written as



maxk,k1 ,c,b minω {Hi (jω)} , i = 1, 2
(8)
blim = −

subject to {Hi (jω)} > 0 and where i = 1, i = 2 and i = 3 represent for three mathematical
models of no parasitic mass, the icma, and the icmp cases, respectively.
Tool diameter
16 mm
Number of teeth
4
Radial immersion
4 mm
Tangential cutting stiffness 796.1 N/mm2
Radial cutting stiffness
168.8 N/mm2
Table 2: Milling simulation parameters

The optimal design parameters were found for mass ratio μ = 0.1 and the case with no
parasitic mass. The optimal inertance value for the case with no parasitic mass was almost the
same as the previous case. Only 10% of the inertance value was added as the parasitic mass in
the other two cases and the optimal design parameters were retuned. The optimal parameters
are presented in Table 3. The stability boundaries are presented in Figures 7 and 8. The region
under the stability boundary/curve represents a stable cutting condition. Thus, the higher curve
means higher stability and hence improved productivity from the machining operation.
The stability lobe diagrams were compared with the stability diagram of the one controlled
with a TMD whose optimal design parameters were obtained by Sims’ tuning methodology
[22]. It can be seen that the parasitic mass added into the conﬁguration, whether the icma or
the icmp, removed the beneﬁt of using an inerter as the stability boundary lowered to the level
of one obtained with the TMD. The parasitic mass of 9.6 g decreased the limiting depth of cut
(the stability boundary) by 34.4% for the icma and 17.6% for the icmp conﬁguration. After
retuning the parameters considering the parasitic mass, the improvement obtained by using an
inerter was regained as shown in Figure 8.
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Conﬁgurations
mp
No parasitic mass 0
icma
9.6 g
icmp
9.6 g

k [kN/m]
974.1
970.2
996.6

k1 [kN/m]
152.3
181.5
157.6

b [kg]
0.0956
0.1048
0.0893

c [N s/m]
69.2
82.7
72.3

Table 3: Optimal design parameters obtained to increase machining chatter stability for μ = 0.1.
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Figure 7: Stability lobe diagram obtained for three cases: No parasitic mass, the icma and the icmp by
considering a parasitic mass of 10% of the optimal inertance value.
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Figure 8: Stability lobe diagram after retuning the optimal parameters considering a parasitic mass of 10%
of the inertance value.

6

Discussion

The results have shown that neglecting the mass of the inerter leads to a decrease in the
vibration suppression and machining chatter stability performances since the optimal design
parameters were obtained for the ideal condition, where the mass of the inerter is assumed as
zero. For high ratios of the mass of the inerter to the inertance, the inertial effect of the mass of
the inerter becomes insigniﬁcant as it is always coupled to the inertance (mp +b) in the equations
of motion. The structural mass of the inerter is generally designed to be small compared to the
inertance but this cannot be always the case, especially for the applications where the modal
mass of the primary system is small. It can be noted that the two cases for the location of the
inerter the icma and the icmp, had different behaviours. This should be considered in the design
of the control device if the parasitic effect is inevitable.
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Finally, it has seen that the improvement which is provided by using an inerter can be gained
again by retuning the optimal parameters considering the parasitic mass. After the retuning the
parameters, the results were slightly better than the result for an ideal inerter. The reason for
this can be commented that the overall mass of the control device is increased by the parasitic
mass. This can be seen as equal to the increase in the mass ratio. Therefore, it demonstrates
slightly better performance.
7

Conclusion

The effects of the mass of the inerter on the performance of a system controlled by a inerterbased device was investigated for a generic vibration suppression scenario and also for the
speciﬁc case of a machining dynamics problem. The mass of the inerter was assumed to be
a lumped mass in the mathematical model and the FRFs were derived. Using the FRFs, the
vibration suppression and machining stability performances of the system were examined. The
result showed that if the ratio of the mass of the inertance to the inertance is not small enough,
the mass of the inerter reduces the vibration performance of the system. However, the vibration
performance was regained by retuning the optimal design parameters considering the parasitic
mass.
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Abstract. Base isolation represents a very widely used strategy to mitigate the effects of earthquake excitation on structures. However, it can induce high displacements between the isolation
layer and the ground, which may cause serious damage, and even heavy and dangerous consequences in case of industrial components. Among them, big steel tanks for storage of petroleum
or other chemical products, should be considered very carefully. Moreover, isolation technique
doesn’t seem to be effective in the control of the sloshing modes, due to the length of their periods of vibration. This fact can imply severe negative effects on the free surface of the storage
tank, where the sloshing wave can exceed the upper limit of the tank, overtopping it, or inducing
breaking on the ﬂoating roof.
Moving from the results available in the Literature, in which the introduction in civil applications of a two terminal device, named inerter, able to generate an inertial mass much greater
than its gravitational mass, is proposed; the force produced by the inerter is proportional to the
difference of acceleration between its terminals. This work concerns the evaluation, through
numerical models, of the seismic performance of a passive base isolation system involving a
ground inerter system, called IBIS in the following, connecting the isolation layer of a steel
liquid storage tank to the ground. The model considered in the numerical analysis consists in
a reduced 2DOF linear system. The ﬁrst degree of freedom is represented by the ﬁrst sloshing
mode; the second is relative to the base isolation system, whose mass includes the basement,
the tank and the impulsive component of liquid mass.
The aim is to gain a reduction of the response in terms both of isolation layer displacement
and of sloshing height.
The effectiveness of the control strategy proposed has been evaluated considering both a
random white noise process and earthquakes (near-fault and far-ﬁeld) as base input, achieving
strong reduction of the response, in terms of sloshing height and isolation displacement.
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1

INTRODUCTION

The seismic response of liquid storage tanks has been extensively studied by authors in the
past decades [5, 6, 11]. The growth of interest in the engineering ﬁeld is essentially due to the
extremely severe consequences of accidents involving tanks, often occurring in petrochemical
plants.
The seismic traditional base isolation has been the topic of both theoretical and experimental
works, and its employment in the mitigation of the response of storage tanks has been already
proposed, both in passive and semi-active control [7, 16]. Base isolation represents, in fact, a
consolidated strategy, commonly used in passive structural control, as it is founded on modifying the structural stiffness of a structure, connecting the basement to the ground by deformable
layer of isolators, able to create a ﬂexible level in which the deformation is concentrated, uncoupling the structural displacement from the shaking ground. Therefore, the isolation technique
typically acts on the structural stiffness, increasing the fundamental period of the structure, with
the result of reducing both the base shear and the overturning moment of the tank, cutting the
transfer of the earthquake-induced forces to the superstructure [1].
The employment of this technique presents two main drawbacks. One is related to the onset
of the deformable layer, which can experience high displacements. The second one is due to the
fact that the isolation period may draw a value comparable to the period of the sloshing modes,
implying the incapability of controlling the convective response, or even increasing it.
This paper concerns the optimal design and effectiveness investigation of an isolation system
arranged in parallel with a two-terminal device named inerter.
This device has been proposed by Smith and developed in the past years in mechanical engineering with the aim to suppress vibrations in vehicles. In fact, it is able to establish a difference
in acceleration between its two terminals, so to produce an ampliﬁcation mass effect, making
the inertial mass much greater than the gravitational mass. This feature makes its use particularly interesting in passive vibration control. The constant of proportionality between the force
produced by this device and the relative acceleration takes the name of inertance and has the
dimensions of a mass.
The introduction of this device in Civil Engineering has been object of a series of theoretical
[3, 4, 9, 10, 12] and experimental [13, 14] research studies. In fact, adding to a conventional
TMD -small auxiliary mass- an inerter device- small gravitational mass but large inertial massit is possible to obtain a new system, named in literature TMDI, with high inertial mass ratio.
This new system manages to combine positive features of a conventional TMD- small mass
ratios- with those of an unconventional TMD- high mass ratio: lightness, due to a small auxiliary gravitational mass, and high efﬁcacy and robustness, due to a high inertial mass ratio.
The introduction of inerter-based systems for the mitigation of the response of storage tanks
has been already proposed in studies available in the Literature [8, 17]. For instance, Luo et al.
proposed to introduce, in parallel with the isolation system, modeled as a linear visco-elastic, a
system, called VMD, through which reductions of the sloshing response are achieved. Zhang
et al. compared the performances of two different auxiliary control systems, which they plan to
place in parallel, with respect to the linear visco-elastic isolation system, respectively a series
or a parallel of an inerter and a linear viscous damper.
This work aims at proposing an optimization procedure used for the design of a novel nonconventional isolation system, based on a multi-objective approach, in order to achieve, concurrently, an effective control of the behaviour of both the convective and the impulsive part. Each
of them represents a SDOF system, according to the model with lumped masses available in
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literature. It is worth noticing that the problem the authors dealt with in this paper is similar to a
procedure for the optimal tuning of a Tuned Mass Damper system [2, 7, 15], with the difference
that the superstructure is here assigned and the aim of the design procedure is the identiﬁcation
of the optimal substructure, whose dissipative capacity, stiffness and inertance have to be found
through the multi-objective optimization procedure.
The focus is mainly represented by broad tanks with a large radius, which are widespread
throughout the country and typically characterized by a little ratio between the impulsive and
the convective masses and by a great ﬁrst sloshing period.
The paper is organized as follows. The mechanical model is illustrated and the governing
equations of motion are derived in the next section. A multi-objective optimization problem is
then set in section 3. The main results, in terms of Pareto fronts, frequency response functions
and time-history analyses, are discussed in section 4.
2
2.1

MECHANICAL MODEL AND EQUATIONS OF MOTION
Mechanical model

Due to the complexity of the exact mathematical procedure to describe the complete model,
an equivalent model, based on lumped masses and stiffnesses, can be introduced, assuming the
ﬂuid stored in the tank to be non viscous, incompressible and homogeneous and the ﬂow ﬁeld
to be irrotational. Introducing hypotheses on the distribution of the hydrodynamic pressures,
according to the model proposed by Housner for cylindrical tanks and developed by others, the
liquid can be considered constituted by three components. The ﬁrst one, known as impulsive,
moves rigidly with the tank walls; the second one represents the interaction between the liquid
stored in the tank and the walls; the last one experiences the sloshing motion.
Considering a cylindrical broad tank with circular shape, radius R, ﬁlled with a liquid of
density ρL till a height H, the mass of the i−th convective mode can be expressed as:
miU = m

2
tanh(sλi )
sλi (λ2i − 1)

(1)

is the aspect ratio and λi
where m is the total liquid mass, calculated as m = πρL HR2 , s = H
R
th
is the i− zero of the ﬁrst derivative of the Bessel function of the ﬁrst kind. The i−th circular
frequency is represented by:

λi gtanh(sλi )
(2)
ωUi =
R
The mass and the circular frequency of the ﬁrst sloshing mode can be obtained substituting λ1
= 1.8412 in Eqs.1-2. The component related to the liquid-walls interaction has been neglected.
Furthermore, only the ﬁrst sloshing mode is taken into account. The impulsive mass mL can be
derived as:
mL = m − m1U
(3)
The mechanical model of the proposed isolated reduced order 2DOF system is sketched in
Fig.1. A traditional linear base isolation system, called BIS in the following, represented by a
SDOF system, whose mass, stiffness and viscous damping coefﬁcients are denoted by mL , kL
and cL , is combined with an inerter. Therefore, the connection between the basement and the
ground is modeled as a parallel of a Kelvin-Voigt viscoelastic element and a linear inerter.

1558

Daniele Zahedin Labaf, Maurizio De Angelis and Daniele Pietrosanti

Figure 1: Mechanical model of the 2DOF system.

Table 1: Dimensionless parameters involved in the proposed model.

Description
Symbol Deﬁnition
√ cL
Isolation damping ratio
ξL
2 kL m L
√ cU
Convective damping ratio
ξU
2 kU m U
mU
Mass ratio
μ
mL
ωL
Frequency ratio
δ
ωU
bL
Inertial mass ratio
β
mL
2.2

Equations of motion

The equations of motion of the reduced 2 DOFs for the Inerter Base Isolated System (IBIS),
written in terms of the dimensionless parameters listed in Tab.1, result:
fc (t)
= −üg (t)
mL
μüU (t) + 2μξU ωU (u̇U (t) − u̇L (t)) + μωU2 (uU (t) − uL (t)) = −μüg (t)
fc (t)
= [β üL (t) + 2ξL δωU u̇L (t) + δ 2 ωU2 uL (t)]
mL

üL (t) + 2μξU ωU (u̇L (t) − u̇U (t)) + μωU2 (uL (t) − uU (t)) +

(4)

where uL (t) and uU (t), collected in u(t), respectively represent the displacement of the lower
(L) and upper (U ) oscillators with respect
 to the ground,
 the overdot indicates differentiation
kU
with respect to time t and where ωU = mU and ωL = mkLL . Then, the dimensionless sloshing
height, with respect to R, can be calculated as:
h(t) =

2(u¨U (t) + u¨g (t))
g(λ21 − 1)

(5)

The Equations which govern the problem of a base isolated system without involving the
linear inerter can be obtained from the Eq.4 equaling to zero the inertance contribution. In fact,
if the inertance is null, the control system falls back in a base isolation system.
Taking into account the probabilistic nature of the earthquake excitation, neglecting instead
the dependence on the excitation frequency, the ground acceleration u¨g (t) is ﬁrstly modeled
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as a Gaussian zero mean white noise random process with power spectral density Su¨g = S0 .
Therefore the stochastic properties are assumed to describe the system response. Rewriting the
governing equations of motion in the ﬁrst-order state space form:
ż(t) = Az(t) + Ba(t)

(6)

where
z(t) =

;

u(t)

u̇(t)

<T

(7)

is the state vector, a(t) is the applied input process, the matrices A and B are the state matrix
and the input vector, respectively. Since the stationary input process has zero mean and the
initial conditions are zero, the response is fully represented by the covariance matrix Gzz , that
satisﬁes, by virtue of the stationarity of z(t), the Lyapunov Equation:
AGzz + Gzz AT + 2πS0 BBT = O

(8)

The variances of the displacements of the two oscillators in the controlled conﬁguration,
found solving numerically the Eq.8, respectively σL2 and σU2 , have been normalized by dividing
each of them by σU2 0 , which represents the variance of the displacement of the upper mass with
respect to the ground in absence of control, obtaining:
IU
3

B
C 2
Cσ
= D 2U

σU 0

and

B
C 2
Cσ
IL = D 2L

σU 0

(9)

MULTI-OBJECTIVE OPTIMIZATION OF THE IBIS

In this section the optimal design of the control system is discussed.
Not all the dimensionless parameters listed in Tab.1 get involved in the optimization procedure as design parameters. In fact, in this work, the sloshing damping factor ξU and the mass
ratio μ have been supposed known; whereas the three dimensionless parameters referred to the
IBIS, i.e. the frequency ratio δ, the damping factor ξL and the inertial ratio β, assume the role
of design parameters to be optimized. Therefore the proposed procedure aims at designing the
optimal connection between the basement of the tank and the ground.
Aiming at achieving the overall protection of both the sub-structures, preserving both the
primary and the secondary structures, a multi-objective design criterion has been adopted. Two
objective functions have been selected to be minimized: these are the displacement of the upper
system relative to the basement- the sloshing displacement- and the lower system displacement
relative to the ground- basement displacement. These two functions are in conﬂict. It is in fact
worth noticing that a more effective reduction of the secondary system displacement inevitably
corresponds to a worse control of the response of the impulsive displacement. The identiﬁcation
of a solution which corresponds to a minimum- optimal value- for all the objective functions is
allowed if they do not conﬂict with each other.
Therefore, in this case, none of the objective functions can be improved without negative
consequences on the other one. Thus, the problem can be stated in the form:
ﬁnd

min

[F(x)]

subjected to xmin ≤ x ≤ xmax

(10)

In other terms, the multi-objective optimization procedure consists in ﬁnding the design
vector x, which components vary in a space, capable to minimize the vector of the objective
functions F(x). As a consequence the identiﬁcation of a unique solution is no longer possible,
instead a set of solutions which constitute the Pareto front can be detected.
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Table 2: Geometrical and mechanical tank properties [1].

Radius
Maximum ﬁlling level
Elastic modulus of the tank
Steel density
Liquid density
Total liquid mass
Convective mass
Impulsive mass

R [m]
27.43
H [m]
13.71
E [M P a] 210000
kg
ρs [ m
7900
3]
kg
ρL [ m 3 ]
1000
m [kg]
3.24e+07
mU [kg] 2.14e+07
mL [kg] 1.10e+07

Figure 2: Optimal design of the control system by the Pareto Front.

4

NUMERICAL INVESTIGATIONS

The procedure explained in the previous section has been adopted assuming a case study,
whose geometrical and mechanical properties are collected in Tab.2. The results are discussed
in this section.
The sloshing damping factor ξU = 0.005 and the mass ratio μ = 2.0 have been ﬁxed (see Tab.
1-2) .The three dimensionless design parameters vary in the ranges shown in Tab.3.
4.1

Multi-objective optimization

The problem stated in the previous section can be ﬁtted to the case under consideration
substituting in x the vector containing the three design parameters:
x=

;

ξL

δ

β

<T

(11)

and considering the following vector of the objective functions:
F(x) =

;

IU (x)

IL (x)

<T

(12)

The results obtained applying to the system a base motion, modeled as a white noise random
input, are illustrated in this section. Both the Pareto front and the performance of the proposed
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Table 3: Space of the dimensionless design parameters.

Description
Symbol
Isolation damping ratio
ξL
Frequency ratio
δ
Inertial mass ratio
β

xmin
0.01
0.10
0

xmax
0.50
10.0
10.00

Table 4: Optimal dimensionless parameters found through the multi-objective procedure.

Description
Symbol Optimal value
Isolation damping ratio
ξL
0.50
Frequency ratio
δ
2.24
Inertial mass ratio
β
5.10
IBIS are shown in Fig.2, from which the achievement of a meaningful reduction of the structural
response in a large portion of the plan can be deduced.
Moreover the existence of a limit curve, the Pareto front, which delimits a region to whom
the access is denied, is highlighted. Among all the points belonging to the Pareto front, the
point of minimum distance- blue line in Fig.2- from the origin of the axes has been chosen as
the point of the optimality.
At least a triplet of speciﬁc values of the dimensionless parameters ξL , δ, β can be associated
to each point on the plan in Fig.2. Depending on both the ranges of variation of parameters
and the number of steps assumed in the analysis, a complete ﬁlling of the plan (IU , IL ) can be
achieved, except for the forbidden area.
The triplet of dimensionless parameters associated to the point of optimal performance is
listed in Tab.4. Some comments on the optimal values obtained should be done. It is, in fact,
worth noticing that ξL attains the maximum value ξLmax , β opt falls in the middle of the range of
variation, taking a fairly high value, attesting the inertance beneﬁcial contribution, and δ opt is
greater than one, which implies that the period of the control isolation system is lower than the
convective period. Instead, values of δ lower than one stand for sloshing mode period stiffer
than the isolation system. With the aim of avoiding the onset of crises due to static actions, the
adoption of a too ﬂexible isolation system, i.e. the assumption of small values of δ, should be
also excluded.
4.2

Sensitivity analyses

Dealing with the issue of establishing the robustness of the proposed seismic mitigation
strategy, sensitivity analyses have been performed in order to evaluate the inﬂuence of each
dimensionless parameter pertinent to the control system on the reduction of the response, paying
attention to the system behaviour in a neighborhood of the optimal point.
Denoting with I the ratio between the distance of the current point on the plan (IU , IL ) from
the origin of the axes and the distance of the point of optimal performance, the contour plots
obtained ﬁxing δ = δ opt and varying the other two parameters around the optimal values are
illustrated in Fig.3. The values of the dimensionless parameters divided by the corresponding
values in Tab.4 take the superscript N.
The red point in the middle of Fig.3 (B) represents the point of optimality ( see Tab.4). It
can be noticed that a better control of the response can be achieved increasing ξL , suggesting
that ξL increments induce an advancement of the Pareto Front towards the origin of the axes.
Refer, e.g., to the green (D) and red (B) points in Fig.3, which are associated to the same value
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Figure 3: Contour plots of I, assuming δ opt .

Table 5: Optimal dimensionless parameters found through the multi-objective procedure selected for the analyses
performed in time and frequency domain.

Description
Symbol
Isolation damping ratio
ξL
Frequency ratio
δ
Inertial mass ratio
β

A
B
C
0.15 0.50 0.50
2.56 2.24 1.55
6.8 5.1
0

of β but to different values of ξL . Moving on a vertical line, it is also shown in Fig.3 that
further increasing ξL beyond the optimal value does not lead to a meaningful improvement of
the performance. Furthermore, the existence of a minimum for β is well stressed, implying that
the selection of a β value should be done carefully.
Fig.3 can be used in order to compare the performance of a IBIS - red point- with respect to
a BIS- blue point (E), characterized by the same ξL , highlighting the achievement of a reduction
of I thanks to the employment of the inertance.
4.3

Evaluation of the IBIS seismic performance

The frequency transfer function curves of sloshing displacement and isolation displacement
are represented. The values of the parameters are listed in (Tab.5).
In (Fig.4) the effectiveness of the optimally designed IBIS is shown, through the representation of the frequencydomain transfer function curves, from which an effective response mitigation for both sloshing height and isolation displacement can be deduced. For comparative
purposes, the responses of an optimized system characterized by a lower xiL value (A) and of
an optimized BIS (C) are shown.
In order to evaluate and assess the seismic effectiveness of the designed control system object of this work, numerical simulations have been carried out, assuming different base motion
histories. Time-history analyses have been carried out on the 2DOF system both in the ﬁxed
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Figure 4: Frequency transfer functions of a) sloshing height and b) isolation displacement.

base tank conﬁguration and in the IBIS.
Two quantities have been monitored in order to evaluate the response, i.e. sloshing heights
and basement displacements relative to the ground. The responses in time domain in terms of
sloshing heights and isolation displacement are illustrated. The values are normalized by dividing the sloshing height and the basement displacement by the peak value of the sloshing height
in the uncontrolled conﬁguration. The dimensionless indices obtained make the interpretation
of the results easier, in the sense that a value smaller than one means an effective reduction of the
response quantities, whereas a value greater than one implies an ampliﬁcation of the response
with respect to the reference conﬁguration. The results shown refer to a system involving the
optimal set of parameters.
5

CONCLUSIONS

A novel strategy for controlling the sloshing response of seismically excited liquid storage
tanks with rigid walls based on an inerter- based isolation system has been developed in this
paper. The studies are carried on a reduced 2DOF system. With the aim of controlling at the
same time the displacements of the two coupled oscillators- one pertinent to the sloshing part
of liquid mass, the second one comprehensive of the impulsive part of the total liquid massthe design parameters of the inerter- based isolation system, that is, its damping coefﬁcient, its
stiffness and its inertial mass, called inertance, are optimized by stating a Pareto multi-objective
optimization problem, minimizing the two objective functions related to the displacements of
the two oscillators, assuming as a base input a ground acceleration modeled as a Gaussian
stochastic process with white noise power spectral density. On the basis of the deﬁned design
method an optimized system, able to effectively control both the sloshing and the isolation response, has been obtained.
Sensitivity analyses, in which the inﬂuence of the dimensionless parameters selected as representative of the added vibration control system is investigated, have been conducted. Thus,
the role of the design parameters in the deployment of points in the plan depicted has been extensively investigated.
Results obtained by subjecting the system to a series of near fault and far ﬁeld earthquakes
as well as synthetic accelerograms were subsequently reported, showing the gaining of mean-
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ingful reductions of the response.
Further developments will involve a TMDI system in order to study any beneﬁcial effects of
its employment in such kind of problems.
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Abstract. Rotating wind turbine blade is lightly damped in the edgewise mode due to low aerodynamic damping. Adding damping into edgewise mode becomes an important design consideration for protecting the wind turbine blades from damage during the design period. This
paper proposes the use of two novel inerter-based vibration absorbers, the tuned mass-damperinerter (TMDI) and the rotational inertia double tuned mass damper (RIDTMD), for mitigation
of edgewise blade vibrations. A 2-DOF model is established for the rotating blade-TMID system, and a 3-DOF model is established for the blade-RIDTMD system. Closed-form expressions
for the optimal tuning and damping ratios of the blade-mounted TMDI and RIDTMD are derived, as well as for a classic tuned mass damper (TMD). Performance of the TMD, TMDI and
RIDTMD are compared in terms of the blade vibration mitigation and the damper stroke, in
both frequency domain and time domain. Results indicate that comparing with TMD, TMDI
has the advantage of significantly less damper stroke at the cost of slight degradation in blade
vibration control performance. On the other hand, RIDTMD achieves better vibration control
performance comparing with an optimal TMD, with slightly increased stroke. The results indicate encouraging prospects for the use of TMDI and RIDTMD in the control of vibrations of
wind turbine blades.
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1 INTRODUCTION
The increased size of wind turbines results in more ﬂexible blades and tower that are more
susceptive to dynamic loads due to turbulent winds and irregular sea waves. Structural vibrations of the wind turbine tower and blades negatively affect both the fatigue life of the structure
and the power production.
The modes of vibrations in wind turbine blades are classiﬁed as ﬂapwise and edgewise
modes, representing vibrations out of the rotor plane and in the rotor plane, respectively. The
ﬂapwise vibration is highly damped under normal operational conditions because of the very
high aerodynamic damping [1, 2], and thus is mainly quasi-static. On the other hand, edgewise vibration is associated with negligible aerodynamic damping [1, 2], and is dominated by
dynamic response instead of quasi-static. There is also risk of aeroelastic instability in the
edgewise mode for some combinations of blade properties and operational conditions, where
the sum of structural damping and aerodynamic damping becomes negative. Therefore, adding
damping into edgewise mode becomes an important design consideration for protecting the
wind turbine blades from damage during the design period.
Structural control of wind turbine blades has received much attention in the literature in recent years. Comparing with active control [3, 4], passive and semi-active control technologies
are more cost-effective and simple to implement, thus more applicable for applications in wind
industry. Various types of pendulum-like passive vibration absorbers have been proposed for
damping edgewise vibrations [5, 6, 7, 8], where nonlinear equations of motion have been derived for these devices (coupled to the rotating blade). Due to the inherent nonlinearities of
these devices, the dampers can only be optimized through numerical optimization. On the other
hand, the classic tuned mass damper (TMD) and the inerter-based vibration absorbers [9, 10, 11]
provide the possibility for optimal design using closed-form formulas, since their behavior is
rather linear. Furthermore, using the inerter in a smart way can improve the performance of
the inerter-based vibration absorbers, thus resulting in devices that are more promising to be
employed for wind turbine blades.
This paper proposes the use of two novel inerter-based vibration absorbers, the tuned massdamper-inerter (TMDI) [10] and the rotational inertia double tuned mass damper (RIDTMD)
[11], for mitigation of edgewise blade vibrations. A 2-DOF model is established for the rotating
blade-TMID system, and a 3-DOF model is established for the blade-RIDTMD system. Closedform expressions for the optimal frequency tuning and damping ratios of the blade-mounted
TMDI and RIDTMD are derived, as well as for a classic TMD. Results indicate that comparing
with TMD, TMDI has the advantage of signiﬁcantly less damper stroke at the cost of slight
degradation in blade vibration control performance. On the other hand, RIDTMD achieves
better vibration control performance comparing with an optimal TMD, with slightly increased
damper stroke.
2 FORMULATION OF EQUATIONS OF MOTION
2.1 Problem deﬁnition
The model of a rotating blade equipped with a vibration absorber (TMD or TMDI or RIDTMD)
is shown in Figure 1. The blade is modelled as a rotating Euler-Bernoulli beam in the rotating
(x1 , x2 , x3 )-coordinate system, with a rotational speed Ω. So the azimuthal angle Ψ(t) of the
blade becomes Ψ(t) = Ωt. The blade edgewise vibration is described by the local degree of
freedom (DOF) q(t), representing the tip displacement in the negative x2 − direction. Assuming
the blade vibration to be dominated by its fundamental mode, the local edgewise displacement
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Figure 1: Deﬁnition of coordinate systems, layout of the three vibration absorbers, and degrees of freedom.

ﬁeld u2 (x3 , t) of the blade can be written as u2(x3 , t) = −Φ(x3 )q(t), where Φ(x3 ) is the fundamental edgewise eigenmode that is normalized to unit at the blade tip.
The vibration absorbers are assumed to be installed at the coordinate x3 = x0 . So the local
displacement of blade at the damper location becomes u2 (x0 , t) = −aq(t), with a = Φ(x0 )
being a design parameter representing the damper location. For TMD or TMDI, only one DOF,
y1 (t), is needed to model the device. y1 (t) indicates the displacement of the TMD block mass m
relative to the deformed blade. On the other hand, for RIDTMD, two DOFs, y1 (t) and y2 (t), are
needed to model the device. y1 (t) again indicates the displacement of the TMD absorber mass
m relative to the deformed blade, while y2 (t) indicates the displacement of the inerter b with
respect to the deformed blade. Therefore, q(t) and y1 (t) make up the 2 DOFs of the rotating
blade-TMDI (or blade-TMD) system, while q(t), y1 (t) and y2 (t) make up the 3 DOFs of the
rotating blade-RIDTMD system.
2.2 Equations of motion based on analytical dynamics
Take the blade-TMDI system as an example, the velocity components of the vibrating blade
described in the local (x2 , x3 )-coordinate system are:
v2 (x3 , t) = −Ωx3 − Φ(x3 )q̇(t)
v3 (x3 , t) = −ΩΦ(x3 )q(t)

(1)

Described in the ﬁxed global (X2 , X3 )-coordinate system, the components of the velocity
vector of the TMDI absorber mass become:
V2,d (t) = − (x0 Ω + aq̇ + ẏ1 ) cos Ψ + (aq + y1 ) Ω sin Ψ v3 (x3 , t)
V3,d (t) = − (x0 Ω + aq̇ + ẏ1 ) sin Ψ − (aq + y1 ) Ω cos Ψ
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The total kinetic energy of the system (i.e. one blade and one TMDI including the absorber
mass and the inerter) becomes:


1 L
1
1
2
2
T (t) =
(t) + bẏ12
μ(x3 ) v22 (x3 , t) + v32 (x3 , t) dx3 + m V2,d
(t) + V3,d
(3)
2 0
2
2
where μ(x3 ) is the mass per unit length of the blade. The total potential energy of the system is:
1
1
U(t) = mg (x0 cos Ψ − aq sin Ψ − y1 sin Ψ) + k0 q 2 + ky12
(4)
2
2
where k0 (Ω) is the modal stiffness of the blade including the geometric stiffness effect from
centrifugal acceleration [12].
Inserting Eqs. (3) and (4) into Lagrange’s equation, the equations of motion of the bladeTMDI system becomes:
#" # "
#" # "
"
#" #
q̈
m0 + a2 m am
0 0 q̇
k0 − (m0 + a2 m) Ω2 −amΩ2
q
+
+
2
2
0 c ẏ1
y1
am
m + b ÿ1
−amΩ
k − mΩ
#
f (t) + amg sin Ψ
=
mg sin Ψ
"

(5)

where structural damping
has been neglected for the following derivation of closed-form
 exL
2
pressions. m0 = 0 μ(x3 ) Φ (x3 )dx3 is the modal mass of the blade. Hence, ω0 = k0 /m0
is the angular eigenfrequency of the blade. Further, f (t) is the modal load on the blade from
turbulence and gravity.
By setting b = 0 in the above equation, the equations of motion for the blade-TMD system
[12] is recovered.
Using a similar analytical dynamics approach, the equations of motion of the 3-DOF bladeRIDTMD become:
⎤⎡ ⎤
⎤⎡ ⎤ ⎡
⎡
0 0
0
q̇
0
q̈
m0 + a2 m am
⎦
⎣
⎦
⎣
⎦
⎣
⎣ am
ẏ1 ⎦ +
m + b −b
ÿ1 + 0 cb −cb
0
−b
b
ÿ2
0 −cb cb
ẏ2
⎤
⎤⎡ ⎤ ⎡
⎡
q
f (t) + amg sin Ψ
k0 − (m0 + a2 m) Ω2 −amΩ2 0
⎦
⎣
−amΩ2
mg sin Ψ
k − mΩ2 0 ⎦ ⎣y1 ⎦ = ⎣
0
0
0
kb
y2

(6)

3 Closed-form expressions for optimal tuning
Based on Eq. (5) or Eq. (6), closed-form expressions for optimal parameter tuning can be
performed. The ﬁxed-point method [13] has been used for blade-mounted TMDI (also TMD),
while the pole placement method [14] has been used for the blade-mounted RIDTMD.
3.1 Optimal tuning of the bladed-mounted TMDI
Representing the responses q(t) and y1 (t) and the load f (t) to be harmonic varying with
angular frequency ω, the normalized (by the static response f0 /k0 with f0 being the amplitude
0
of the load) complex structural response q0 can be obtained. f0q/k
is a function of ω and the
0
following normalized parameters:

β
b
b
c
m
k
= , ωTMDI =
, ζTMDI = 
, β=
, γ=
(7)
μ=
m0
m0
m
μ
m+b
2 k (m + b)
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where μ and β are the mass ratio and inertance ratio, respectively. ωTMDI and ζTMDI are the
angular eigenfrequency and damping ratio of the TMDI, respectively.
It turns out that the two ﬁxed points also exit in the present case, i.e. rotating blade with a
TMDI. Following the similar procedure in [13], by equalizing the dynamic ampliﬁcation (absolute value of the normalized complex amplitude) at these two ﬁxed frequencies, the optimal
frequency tuning formula becomes:

(1 + γ + a2 β) ω02 − (1 + a2 μ) (γ + a2 β) Ω2
(ωTMDI )opt =
(8)
(1 + γ) (1 + a2 μ)2
which not only depends on the mass ratio and inertance ratio, but also is dependent on the
rotational speed Ω.
The optimal TMDI damping ratio is chosen to ensure that the dynamic ampliﬁcations are
equal at the two ﬁxed-frequencies and ω∞ (the natural frequency of the blade with a locked
TMDI) [13]. The closed-form formula for the optimal TMDI damping ratio tuning becomes:

(ζTMDI )opt =

ω04
1 (a2 μ + a2 β + a4 μβ)
2 (1 + γ) (1 + a2 μ) (1 + γ + a2 β) ω04 − (1 + a2 μ) (1 + 2γ + 2a2 β) ω02 Ω2 + (1 + a2 μ)2 (γ + a2 β) Ω4

(9)

By setting β = 0 (and thus γ = 0) in Eqs. (8) and (9), the optimal tuning formulas for the
blade-mounted TMD [12] are recovered:
(ωTMD )opt =

(ζTMD )opt =

1 a2 μ
2 1 + a2 μ

ω0
1 + a2 μ



ω02
ω02 − (1 + a2 μ) Ω2

(10)

(11)

3.2 Optimal tuning of the bladed-mounted RIDTMD
Again, the normalized complex structural amplitude q0 can be obtained by assuming all
responses and the load to be harmonically varying. The expression becomes much more lengthy
because the system has 3 DOFs now. For the RIDTMD, four parameters (instead of two for the
TMDI) need to be optimized, i.e. k, kb , b and cb .
The idea is to optimally place the poles of the system [14], i.e. the complex roots of the
sextic characteristic equation (the denominator of the complex structural amplitude), in order
to obtain the optimal damper parameters. The mathematical derivations are rather exhaustive,
and will be detailed in a separate publication. The general steps are: 1) Choose the mass ratio
μ. 2) The two springs k and kb are optimally tuned so that two of the three poles are inverse
points with respect to a quarter circle (resulting in equal modal damping ratio), while the other
pole is placed on this circle. 3) The inertance b and the damping coefﬁcient cb are optimally
calibrated based on the triple-root bifurcation point together with two scaling parameters. The
closed-form expressions indicate that the optimal parameters all depend on the rotational speed.
4 Results
Data from the NREL 5 MW reference turbine [15] were employed to calibrate the structural
model of the wind turbine blade. Each blade has a length of 61.5 m and an overall mass of
17740 kg, with the edgewise bending stiffness, the mass per unit length and the fundamental
edgewise mode shape given by [15]. The rated rotational speed of the rotor is Ω0 =1.27 rad/s.
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Figure 2: Dynamic ampliﬁcation of the structural response, x0 = 45 m and μ = 0.05 for all three dampers.
β = 0.03 has been chosen for TMDI. Asterisk: the ﬁxed-point frequencies. Circle: ω∞ . (a) Ω = 0 (non-rotating
blade). (b) Ω = Ω0 (1.27 rad/s).

Figure 2 shows the dynamic ampliﬁcation of the structural response, with the three optimallytuned dampers attached. Both cases of Ω = 0 (non-rotating blade) and Ω = Ω0 have been
considered. The dampers are located at the location of x0 = 45 m, and the mass ratio of the
TMD absorber for all of them is kept at μ = 0.05. For TMDI, the inertance ratio should also be
chosen in advance, here β is chosen to be β = 0.03. It is seen that the optimal RIDTMD has
the best performance in reducing the blade response comparing with the optimal TMD and the
optimal TMDI. The TMDI has the least reduction effect. Furthermore, for the optimal TMDI or
optimal TMD, the dynamic ampliﬁcations at the two ﬁxed frequencies and ω∞ are on the same
horizontal line. This is as expected since the optimal tuning formulas for TMDI or TMD have
been derived exactly based on this criterion. It is also seen that for the optimal RIDTMD, the
dynamic ampliﬁcation curve is skewed, which is in agreement with the ﬁnding in [14] and is
due to the fact that equal modal damping ratio does not guarantee the equal height of dynamic
ampliﬁcations.
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Figure 3: Dynamic ampliﬁcation of the damper stroke, x0 = 45 m and μ = 0.05 for all three dampers. β = 0.03
has been chosen for TMDI. (a) Ω = 0 (non-rotating blade). (b) Ω = Ω0 (1.27 rad/s).

Correspondingly, Figure 3 shows the dynamic ampliﬁcation of the relative absorber motion
(the damper stroke). Even though the peak heights of the three curves are similar, the curve
corresponding to optimal RIDTMD is the most broad-banded, while the optimal TMDI is the
most narrow-banded. This implies that the optimal TMDI performs best in terms of the smallest
damper stroke, while the optimal RIDTMD has the largest stroke. The ﬁnding from Figure 3 is
in contrary to that from Figure 2, which makes sense because the improvement of one performance indicator is normally at the cost of worsening another indicator. Comparing with TMD,
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both TMDI and RIDTMD improve one certain type of the damper performance. It is up to the
designer to decide which performance indicator is more important.
5 CONCLUSIONS
Closed-form expressions have been derived for optimal tuning of the blade-mounted TMDI
and the blade-mounted RIDTMD, the former based on ﬁxed-point method and the latter based
on pole-placement method. Using the NREL 5-MW wind turbine as the numerical example, it
is observed that comparing with the optimal TMD, the optimal TMDI has the advantage of less
damper stroke at the cost of slight degradation in blade vibration control performance. On the
other hand, the optimal RIDTMD is superior in damping blade vibrations comparing with the
optimal TMD, with slightly increased stroke. This work provides rigourous theoretical formulations as well useful design formulas for the blade-mounted inerter-based vibration absorbers.
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Abstract. The tuned mass‐damper‐inerter (TMDI) is a linear passive dynamic vibration absorber for motion control of dynamically excited building (primary) structures. It couples the
classical tuned mass damper (TMD), comprising a secondary mass attached to the top building
floor via a spring and dashpot, with an inerter, a mechanical element resisting relative acceleration, which links the secondary mass to a lower floor. Recent studies demonstrate that TMDI
motion control effectiveness is influenced by the vibration modes of the uncontrolled primary
structure. Herein, this influence is quantified through a parametric investigation considering a
wide range of white-noise excited primary structures modelled as cantilevered continuous
beams with various shapes and, therefore, different vibration modes. This quantification is facilitated by considering a low-order model of TMDI-equipped flexural cantilever which accounts for the effect of flexural rigidity and mass distribution of the primary structure as well
as the influence of the fundamental mode shape to the location that the inerter connects the
secondary mass to the primary structure. The investigation is further supported by optimal H2
tuning of TMDI aiming to minimize the free-end primary structure displacement under white
noise excitation. It is shown that the TMDI achieves enhanced structural performance as the
inerter links the secondary mass further away from the top of the primary structure where the
mass is attached to for all primary structure shapes. Moreover, it is found that improved TMDI
performance and reduced stroke (relative secondary mass displacement with respect to the primary structure) are achieved for primary structure shapes with stiffness and mass distribution
weighted heavier towards the base of the structure (i.e., when most of material is concentrated
towards the bottom end of the structure) either through appropriate shaping or through increase
of base to free-end depth ratio for fixed non-uniform shapes.
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1

INTRODUCTION

In recent years the use of the inerter, defined in [1] as a mechanical element that resists
relative acceleration through the inertance constant, has been widely considered in various linear passive dynamic vibration absorber configurations for enhanced motion control in dynamically excited structures [2]. Among these absorbers, the tuned mass damper inerter (TMDI)
introduced in [3] attracted significant attention in the literature and its potential to achieve improved vibration suppression compared to the standard tuned mass damper (TMD) has been
verified in various applications including for the seismic protection of building structures [3-5]
as well as for safeguarding occupants’ comfort in wind excited slender tall buildings [6-8]. In
the TMDI configuration for building (primary) structures, an inerter is used to link a secondary
mass attached to one building floor (commonly the top floor) through a spring in parallel with
a viscous damper (dashpot) to a different (lower) floor.
Giaralis and Taflanidis [9] were the first to demonstrate for a seismically excited TMDIequipped 10-storey shear frame structure that the more floors the inerter spans (i.e., the further
lower the floor that the inerter connects the secondary mass) the more improved vibration suppression is furnished by an optimally tuned TMDI. This observation was more recently confirmed for seismically and wind excited real-life benchmark multi-storey structures [5,7].
Further, recognizing that spanning several floors may not be economically feasible in routine
practical applications, Wang and Giaralis [8] proposed a local primary structure modification
namely top-floor softening, which leads to an increased local difference in the primary structure
mode shapes and was shown to have a similar beneficial effect with spanning more floors in
wind-excited buildings equipped with a top-floor TMDI. This result suggests that the mode
shapes of the uncontrolled primary structure and, hence, the mass and stiffness distribution of
the primary structure influences the motion control potential of the TMDI. To this end, this
paper aims to quantify this influence through a parametric investigation considering a wide
range of white-noise excited primary structures modelled as cantilevered continuous beams
with various shapes and, therefore, different vibration modes. This quantification is facilitated
by considering a low-order model of TMDI-equipped flexural cantilever which accounts for
the effect of flexural rigidity and mass distribution of the primary structure as well as the influence of the fundamental mode shape to the location that the inerter connects the secondary mass
to the primary structure. The investigation is further supported by optimal H2 tuning of TMDI
aiming to minimize the free-end primary structure displacement under white noise excitation.
The presentation starts from the definition of the simplified model and the derivation of frequency response functions used in random vibration analyses.
2

SIMPLIFIED 2-DOF DYNAMIC MODELLING AND ANALYSIS OF TMDIEQUIPPED CONTINUOUS FLEXURAL CANTILEVERED BEAMS

2.1 Model description and equations of motion
Consider the TMDI-equipped continuous flexural cantilever beam (primary structure) depicted in Figure 1(a). The beam height is H and has distributed flexural rigidity EI(x) and distributed mass m(x), with 0 ≤ x ≤ H, while it is taken as undamped. A TMDI is attached to the
free-end of the primary structure to control its lateral motion due to horizontal distributed dynamic load p(x,t). Specifically, the TMDI consists of a secondary mass, mTMDI , attached to the
free-end of the primary structure through a linear spring with stiffness kTMDI in parallel with
dashpot with damping coefficient cTMDI and further connected to the primary structure at height
x=χ through an inerter with inertance b.
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Figure 1 (a) Primary structure (cantilevered beam) equipped with TMDI and assumed mode shape, (b) Parametric variation of the primary structure, and (c) Considered primary structure geometrical shapes.

Let the lateral motion of the uncontrolled primary structure be governed by a single timeinvariant shape function ψ(x) which complies to the fixed support conditions at x=0 and, without loss of generality, is normalised such that ψ(H)=1 as shown in Figure 1(a). Under this assumption, the primary structure can be modelled as a generalized single degree of freedom
(SDOF) system [10] and its lateral deflection can be written as u ( x, t ) \ ( x) z (t ) where z(t) is the
tip displacement of the primary structure. In this setting, a simplified two degree of freedom (2DOF) model is herein employed to approximate the lateral deflection of the TMDI-equipped
cantilever beam in terms of its tip displacement z(t) and the TMDI mass displacement y(t) written in matrix form as

Mqq + Cq + Kq p .

(1)

In the above equation, the displacement and forcing vectors are defined as
q

 z (t ) ½
®
¾ and p
¯ y (t ) ¿

 p* (t ) ½
®
¾,
¯ 0 ¿

(2)

respectively, while the mass, damping, and stiffness matrix are
M

ª m*  b\ ( F ) 2
«
¬ b\ ( F )

b\ ( F ) º
», C
mTMDI  b ¼

ª cTMDI
«
¬ cTMDI

cTMDI º
, and K
cTMDI ¼»

ª k *  kTMDI
«
«¬ kTMDI

kTMDI º
»,
kTMDI »¼

(3)

respectively and a dot over a symbol signifies differentiation with respect to time. Further, in
*
*
the above expressions, p* t , m , and k are the generalized load, mass, and stiffness of the
generalized SDOF representation of the primary structure defined as [Clough and Penzien 1993]
p* (t )

³

H

0

p ( x, t )\ ( x) dx,

m*

³

H

0

m( x)\ ( x) 2 dx,

and

k*

³

H

0

EI ( x)\ ''( x) 2 dx ,

(4)

where a prime over a symbol denotes differentiation with respect to x.
Notably, in the herein considered 2-DOF model the assumed (single) mode shape of the
primary structure, ψ(x), is explicitly accounted for in defining the primary structure generalized
properties in Eq.(4) as well as the inerter force through the expression
Fb t

b \ ( F ) z (t )  y(
y (t ) .

(5)

In the above equation, it is clearly seen that the inerter force depends on the mode shape
coordinate at location x=χ (i.e., where the inerter links the attached mass to the primary structure), including the limiting case of ψ(χ=0)=0 for which the inerter is grounded and the mass
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matrix in Eq.(3) becomes diagonal [11]. Moreover, the 2-DOF model can also treat TMDequipped primary structures as a special case for which b=0. In this regard, the 2-DOF model
in Eq.(1) can be effectively used as a vehicle to study the response of TMD(I)-equipped cantilevered beams with different assumed uncontrolled dominant vibration modes as well as different inerter connecting location to the primary structure.
2.2 Frequency domain random vibration analysis for white noise excitation
In the ensuing numerical part of this work, three dynamic response quantities of practical
interest are monitored under the assumption of uniformly distributed zero-mean spatially uncorrelated white noise excitation. These are the root mean square (RMS) values of the free-end
primary structure displacement, z(t), of the TMDI stroke, z(t)-y(t) (i.e., relative displacement of
the secondary mass with respect to the free-end of the primary structure), and of the inerter
force in Eq.(5). These quantities are readily determined using frequency domain analysis via
the expressions
Zmax

2

³

Vz

po* H (Z ) Wo dZ ,

0

Zmax

³

V yz

2

po*G (Z ) Wo dZ , and

(6)

0

VF

b

Zmax

b

³

2

po* B(Z ) Wo dZ .

0

In the above expressions, ω is angular frequency, ωmax is a cut-off frequency above which the
frequency response functions in the arguments of the integrals attain negligible values, Wo is
the amplitude of the white noise power spectral density function and po*

³

H

0

\ ( x)dx . Further,

H(ω), G(ω), and B(ω) are given as

H (Z )

Z (Z )
=
P* (Z )

k22  Z 2 m22  iZc22
,
(k11  Z 2 m11  iZc11 )(k22  Z 2 m22  iZc22 )  (k12  Z 2 m12  iZc12 )(k21  Z 2 m21  iZc21 )
G (Z )

Z (Z )  Y (Z ) § k21  Z 2 m21  iZc21 ·
¨1 
¸ H (Z ), and
2
P* (Z )
© k22  Z m22  iZ c22 ¹

B(Z )

Z 2 >\ ( F ) Z (Z )  Y (Z )@
k21  Z 2 m21  iZc21 º
2ª
Z
\
(
F
)

«
» H (Z ),
P* (Z )
k22  Z 2 m22  iZc22 ¼
¬

respectively, where i
trices in Eq. (3).

(7)

1 , and mmn, cmn and kmn, with m,n=1,2 are the elements of the ma-
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3

OPTIMAL TMDI DESIGN USING THE SIMPLIFIED 2-DOF MODEL

To support meaningful discussion on motion control performance of TMDI-equipped structures, it is deemed essential to optimally design/tune the TMDI to minimize primary structure
response. To this aim, an optimization problem is formulated to tune TMDI stiffness and damping properties such that the RMS displacement of the primary structure free-end under white
noise excitation, taken as the objective function (OF), is minimized. That is,
OF=V z .

(8)

The design problem has 5 non-dimensional design variables (DVs), namely the inerter connectivity ratio CR, the mass ratio μ, the inertance ratio β, the TMDI frequency ratio XTMDI , and the
TMDI damping ratio [TMDI defined as

CR

HF
, P
H

mTMDI
, E
m*

b
, XTMDI
m*

kTMDI
(mTMDI  b)

Z1

, and [TMDI

cTMDI
2 (mTMDI  b)kTMDI

, (9)

where ω1 is the first natural frequency of the uncontrolled primary structure. Then, optimal
primary DVs, XTMDI and [TMDI , are sought that minimize the OF given values of the secondary
DVs: CR, μ, and β. The optimization problem is numerically solved in the ensuing numerical
work using a pattern search algorithm [12] with iteratively updated search range of the primary
variables hard-coded in MATLAB®.
4

PERFORMANCE ASSESSMENT OF TMDI-EQUIPPED CANTILEVERED
BEAMS WITH DIFFERENT GEOMETRIC SHAPES

4.1 Parametric variation of primary structure geometric shape
As seen in section 2, the dominant vibration mode of the uncontrolled primary structure ψ(x)
enters explicitly in the definition the generalized primary structure properties as well as in the
mass matrix of the simplified 2-DOF model used to capture the response of TMDI-equipped
cantilevered beams. Given that in many practical applications the first mode, φ1(x), of the primary structure dominates its dynamic response, the choice of ψ(x)= φ1(x) is meaningful. However, φ1(x) depends heavily on the stiffness (flexural rigidity) and mass distribution along the
height of the primary structure. To this end, the influence of the dominant vibration mode to
the motion control potential of the TMDI is herein studied by varying parametrically the geometric shape (profile) of the primary structure as shown in Figure 1(b). Specifically, primary
structures with fixed width B along the height of the structure but varying depth D(x) within the
direction of the lateral load are considered which further influence the flexural rigidity and mass
distribution as specified in Figure 1(b). The five different primary structure shapes plotted in
Figure 1(c) are considered. Shape I (uniform) has constant cross-section along the primary
structure height and slenderness ratio H/D= 20, whereas two different depth ratios defined as
R=D(0)/D(H), i.e., R=2 and R=5, are considered for the remaining four non-uniform shapes.
Importantly, all 9 considered primary structures have the same total area/volume and, thus, total
mass which is taken as a practical reference criterion in the herein undertaken comparative
study.
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4.2 Numerical derivation of fundamental mode shapes and optimal TMDI tuning
The fundamental mode shape of each of the 9 in total different uncontrolled primary structures herein considered is obtained numerically using finite element (FE) discretization. Specifically, each primary structure is discretized using 40 tapered equal-length beam elements. A
41-DOF planar dynamic system is then derived involving only one lateral translational DOF
per FE node grid along the horizontal load direction in terms of a diagonal mass matrix and a
full stiffness matrix. The mass matrix is formed by lumping the own-mass of the elements at
the nodes while the stiffness is constructed using standard static condensation to eliminate vertical and rotational DOFs at each FE node. Next, standard modal analysis is conducted to obtain
the first mode shape vector with 41 elements. The central difference method is used to obtain
the second derivative of the fundamental mode shapes. Next, the standard trapezoid quadrature
rule is used to calculate the integrals defining the generalized primary structure properties in
Eq.(4) for each of the 9 primary structures. Finally, the optimization problem described in section 3 is solved to find optimal kTMDI and cTMDI from the non-dimensional frequency and damping ratios in Eq.(9) for each primary structure. Given that the focus of this paper is to investigate
the influence of mode shapes to TMDI performance, fixed values for the mass ratio and inertance ratio are herein assumed taken equal to μ= 0.1% and β=16% and the average generalised
mass from all 13 primary structures is used in the numerator of these ratios in Eq.(9). However,
the CR in Eq.(9) is parametrically investigated as its influence is coupled with the influence of
the fundamental mode shape through the modal coordinate ψ(χ)= φ1(χ) affecting the mass matrix of the mode in Eq. (3). In this regard, CR is let to vary within the range [0 1], where CR=1
corresponds to grounded inerter (χ=0).
4.3 Influence of depth ratio R
The influence of fundamental mode shape variation due to different depth ratio R=D(0)/D(H)
values of the primary structure to the TMDI motion control potential is firstly investigated. This
is facilitated by plotting the RMS free-end displacement of optimal TMDI-equipped primary
structures against CR for fixed R separately for each of the geometric shapes II-V of Figure
1(c). These plots are presented in Figure 2 where the free-end TMDI-equipped primary structure displacement is normalized by the corresponding TMD-equipped primary structure obtained by solving the optimization problem in section 3 for b=0. In all plots the same R=1 curve
corresponding to the uniform section shape (I) is included as a base-line.
It is evidenced that improved vibration suppression is achieved, though at a decreasing rate,
as CR increases (i.e., as the further away from the free-end the inerter links the secondary mass
to the primary structure) irrespective of the geometric shape and, thus, the mode shape of the
primary structure. Further, for relatively small CR values the TMD outperforms the TMDI.
These results agree with previous numerical studies addressing different structures and dynamic
loads [4,5,7] which confirms the validity of the herein considered simplified 2-DOF model for
optimal TMDI design. More interestingly, it is seen that for all the considered primary structure
shapes TMDI performance improves as the depth ratio increases for any fixed CR and this
improvement is more substantial for lower CR values. This observation suggests that the TMDI
becomes more effective in mitigating lateral vibrations in cantilevered beam-like primary structures (such as tall buildings, and chimneys) as their upper part becomes more flexible through
upwards tapering. In this regard, the critical CR value for given host structure geometric shape
and inertial TMDI parameters (i.e., mass mTMD and inertance b), that needs to be exceeded for
TMDI to outperform TMD depends heavily on the depth ratio R. For instance, for double curvature shape (IV) shown in Figure 2(c), the critical CR values are 7.4%, 5.1%, and 2.75% for
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depth ratios R 1, 2, and 5, respectively. Hence, the requirement to the inerter span reduces as
the primary structure tapering rate towards reduced cross-section with height increases.

Figure 2. Free-end RMS displacement performance of optimal TMDI-equipped primary structures as function of
the inerter connectivity ratio (CR) for various depth ratios R=D(0)/D(H).

4.4 Influence of depth profile D (primary structure shape)
Here, attention is firstly focused on exploring the influence of fundamental mode shape variation due to different primary structure shaping (see Figure 1(c)) to the TMDI motion control
potential. This is facilitated by bar-plotting the RMS free-end displacement of TMDI-equipped
primary structures with different shapes for CR=2.5%, 5.0%, and 7.5%, and for all different
depth ratios in the upper row of panels in Figure 3. The same normalization of the RMS displacement as in Figure 2 applies. A consistent trend in these plots appears: the TMDI motion
control potential increases for fixed CR and R as the primary structure shape changes from type
“II” towards type “V”. With reference to the shapes in Figure 1(c), this trend ultimately confirms again that better TMDI motion control is achieved as mass and stiffness distribution is
heavier weighted towards the fixed-end of the primary structure. Interestingly, worst performance is noted for uniformly distributed mass and stiffness. For example, for depth ratio R=2
and CR= 5.0%, the TMDI with β=16% achieves gradually improved performance compared to
the TMD by 0.5%, 2.7%, 4.7%, and 5.3% for primary structure shapes II, III, IV, and V respectively. As discussed before, for the relatively low CR=2.5% value in Figure 3(a), the TMD
always outperforms the TMDI, but as CR increases (compare e.g. Figure 3(b) with 3(c) and
note the difference in the y-axis scale) improvement of TMDI versus TMD become more substantial. The improved TMDI performance as the upper part of primary structure becomes more
flexible is readily attributed to smaller values of ψ(χ) as the mode shape curvature increases
(i.e., as the difference of ψ(H)- ψ(χ) increases). Nevertheless, the improvement achieved
through increase of R is less significant for shapes II and III compared to shapes IV and V. This

1582

result demonstrates that careful design/shaping of the primary structure is required to achieve
increased TMDI control performance.
Moreover, the second row of panels in Figure 3 furnishes bar-plots of RMS stroke values
V y  z computed from Eq.(6) for the same cases as the first row of panels of Figure 3 and normalized by the RMS stroke for the TMD. As has been reported in several previous studies [6,7],
the inclusion of the inerter to the TMD reduces dramatically the secondary mass stroke (relative
displacement of secondary mass with the primary structure free-end) with higher reductions
achieved as CR increases. For all the herein considered primary structures and CRs, the reduction is more than 80%. Here, a novel observation is that mode shape differences due to either
the shape of the primary structure or its depth ratio do not influence as much the stroke as they
influence the free-end displacement. Still, it is important to note that stroke demands follow
consistently the same reduction trend as free-end displacement demand with mode shape variation: as R increases for the same primary structure shape or as shapes go from type II to type
V for fixed R the normalized stroke reduces by about 1% irrespective of the CR. This is a quite
welcoming result as stroke is proportional to TMDI cost in several practical applications [5,6].

Figure 3. Free-end RMS displacement performance (upper panels), RMS TMDI stroke performance (middle
panels) and RMS inerter force (lower panels) for different primary structure shape, depth ratio R and connectivity ratio CR. Values in the first two rows of panels are normalized with respect to TMD case (b=0) and values in
the last row of panels are normalized with the respect to R=1, CR=2.5% TMDI case.

Lastly, considering that modal information affects explicitly the magnitude of the inerter
force exerted to the primary structure at x=χ location, it is deemed practically important to gauge
the influence of mode shapes variation to the inerter force in the last row of panels of Figure 3.
In these plots, inerter force values are normalized by the inerter force developing at the uniform
cantilever with CR=2.5%. Interestingly, it is seen that lower force develops at the uniform
shaped primary structure compared to all the other shapes for the relatively large depth ratio

1583

Zixiao Wang and Agathoklis Giaralis

R=5. On the other hand, inerter force decreases for R=2 and 5 as shapes vary from type II to
type V for relatively large CRs, e.g., CR=5.0% and 7.5%. One may be tempted to interpret this
decrease of inerter force as the cause of TMDI achieving improved vibration suppression with
primary structure shape variation seen in the first row of panels in Figure 3. However, this trend
changes for a given primary structure shape with increasing depth ratio R: inerter force increases significantly as R increases from 2 to 5 for all primary structure shapes considered.
Thus, the inerter force is not necessarily consistent with TMDI performance in terms of freeend displacement which, ultimately, is mostly related to the control force exerted at the freeend of the cantilever through the spring and dashpot. However, with reference to the upper row
of panels in Figure 3, the increase in inerter force is accompanied with enhanced TMDI performance through increasing the depth ratio R. In this respect, it can be concluded that modifying
the primary structure fundamental mode shape through more elaborate primary structure shaping rather than through increasing the depth ratio R is more advantageous in enhancing TMDI
performance as it does not lead to increased inerter force exerted at the primary structure.
5

CONCLUDING REMARKS

The influence of the geometric shape of cantilevered primary structures to the TMDI performance for suppressing vibrations due to white noise external loading has been parametrically
investigated. Five different shapes of primary structure have been considered with different
base to free-end depth ratio with a TMDI attached to their free-end. Parametric analysis has
been facilitated by a simplified 2-DOF in which the primary structure is represented by a generalized SDOF system whose properties account for the geometric shape of the structure
through the mass and stiffness distribution along the structure height as well as through the
fundamental mode shape of the structure. Further, the adopted 2-DOF model explicitly accounts
for the location of the primary structure to which the inerter links the secondary mass. Since the
primary structure modal coordinate at this location multiplies the inertance and depends on the
shape on the shape of the primary, the inerter connection location was also varied in the parametric investigation. TMDI performance has been evaluated in terms of RMS free-end displacement for which the TMDI was optimally tuned. It is found that TMDI performance
improves monotonically but at a reduced rate as the inerter connecting location to the primary
structure moves away from the free end for all nine different primary structure shapes. Moreover, it was shown that improved TMDI performance as well as stroke are achieved for primary
structure shapes with stiffness and mass distribution weighted heavier towards the base of the
structure (i.e., when most of material is concentrated towards the bottom end of the structure)
either through appropriate shaping or through increase of base to free-end depth ratio for fixed
shape. Lastly, numerical data suggest that the primary structure shaping (i.e., considering more
“pointy” primary structure geometry/shape) is practically most beneficial as it does not create
increased inerter force exerted to the primary structure. Overall, the herein investigation point
to the importance of primary structure design to enhance the dynamic performance of optimal
TMDI-equipped structures.
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Abstract. Corrugated steel culverts are sometimes used as an alternative to portal frame
bridges for small and medium crossings under railway lines. From a static point of view, the
corrugated steel culverts are rather ﬂexible structures and the load capacity relies on the conﬁnement from the surrounding soil. From a dynamic point of view, especially for potential use
on high-speed lines, the structural manner of action is not yet fully explored.
This paper presents the result from full-scale experimental testing of a corrugated steel culvert, including both forced vibration tests and response from passing trains. The aim is to
estimate the dynamic characteristics of the bridge, especially the interaction with the surrounding soil and how that will inﬂuence the response at the track level. From the forced vibration
tests, the results show that the structure has a high inherent damping owing to the surrounding soil and that both the natural frequency and damping change with load amplitude. The
experimental frequency response functions are used for updating numerical models to further
understand the dynamic behaviour of these structures.
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1

INTRODUCTION

Corrugated steel culverts consist of corrugated pipes or aches, often assembled by bolted
curved sheets. The corrugation itself is rather weak but can withstand signiﬁcant loads when
properly conﬁned by backﬁlling, therefore often denoted soil-steel composite bridges, SSCB.
They are built for both road and railway applications and can reach spans up to 20 m. A typical
cross-section of a SSCB is illustrated in Figure 1 and a typical corrugation is shown in Figure 2.
D

L1
hc
h

Figure 1: Typical cross-section of a SSCB.

c
t
hcorr
Figure 2: Basic proﬁle of the corrugated plate.

As an example, the Swedish railway network contains about 4200 railway bridges whereof
75 are SSCB. The rate of construction has been relatively constant since the 1960ies. Most
bridges have a closed elliptic culvert proﬁle and the average diameter D = 3.3 m. The height
of cover hc is usually not less than 1.1 m. The data from the Swedish bridges is presented in
Figure 3. More detailed description of different culvert proﬁles and corrugation sections can be
found in [1] and [2].
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Figure 3: Geometrical data for soil-steel composite bridges in Sweden.
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1.1

Previous studies

There is a relatively vast amount of literature on the topic of soil-steel composite bridges,
mostly devoted to different aspects of static design and construction methods. Several experimental campaigns are also published, comprising static load tests to failure, fatigue tests and
dynamic tests. In this paper however, only work related to dynamic analysis and tests on soilsteel composite bridges for railway trafﬁc is included.
Skivarpsån, Sweden
One of the earlier work the dynamic performance of SSCB for railways is the bridge over
Skivarpsån in South of Sweden. It consists of a semi-circular corrugated arch with D = 11 m,
h = 4.3 m and hc = 1.8 m that was installed outside of an existing concrete arch bridge in 2003.
The new bridge is founded on separate supports and does not transfer any load to the old bridge
that is still in place. A SuperCor S37 corrugation with c = 380 mm, hcorr = 140 mm and t =
7.0 mm was used.
The ﬁrst experimental campaign is reported in [3], comprising the construction stage followed by static and dynamic load tests with trains. Strain gauges were installed on the intrados
of the corrugation, at quarter point and the crown. An LVDT was installed at the crown, measuring the relative displacement between the new and the old bridge. The result from a passing
freight train showed about 1 mm vertical crown displacement and about 13 MPa stress in the
corrugation. The same tests were later published in [4].
More comprehensive dynamic tests were performed in two following campaigns, reported
in [5] and [6]. A 78 tonne RC4 locomotive was used, running at different speeds from 10 to
125 km/h. The measured response showed a crown displacement from 0.7 to 0.9 mm and about
11-15 MPa stress in the culvert. Both tests were performed with similar test schedule, in May
and October 2004.
The results was later published in [7] and [8]. It was concluded that there was no signiﬁcant
difference between the two tests and that the ballast acceleration was less than 0.5 m/s2 . The
work on the bridge over Skivarpsån is also compiled in [9].
Märsta, Sweden
In 2009 and 2010, experimental testing was performed on a double track closed arch culvert
in Märsta outside of Stockholm, Sweden, ﬁrst reported in [10]. The geometry is D = 3.7 m, h
= 4.1 m and hc = 1.9 m and a VE-proﬁle with c = 150 mm, hcorr = 50 mm and t = 5.5 mm.
The culvert was instrumented with strain gauges, accelerometers and LVDTs and the response from passing trains was recorded with a top speed of 175 km/h. The results showed a
peak displacement of about 0.5 mm, acceleration of 0.8-1.4 m/s2 and 6 MPa stress in the culvert. Accelerometers were also installed in the track area before, on and after the bridge. The
peak ballast acceleration was in the range of 0.5-3.5 m/s2 .
2D and 3D models were developed with relatively good agreement compared to experimental
results, reported in [11]. The load distribution from the track to the culvert was found to have
a signiﬁcant importance and the 2D-models were partly based on a best-ﬁt 3D-model in that
aspect. Simulations of high-speed trains indicated potential exceedance of the accelerations for
train speeds above 250 km/h. It was pointed out however that the models were afﬂicted with
great uncertainties. In [12] a best ﬁt 3D model was found for a soil E-modulus of 120 MPa and
simulations indicated that the acceleration limit was reached at about 300 km/h.
A hydraulic system for forced vibration tests on railway bridges was later developed and ﬁrst
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tested in [13]. This equipment was used when performing new tests on the culvert in 2017 and
on two additional bridges in 2018.
Culverts in Poland
Experimental testing of a double track twin culvert is reported in [14]. The closed arch
culvert has the geometry D = 4.4 m, h = 2.8 m and hc = 2.4 m and the centre distance between
the two culverts is 5.9 m. The corrugation has a geometry with c = 150 mm, hcorr = 50 mm and
t = 3.0 mm.
The vertical crown displacement was measured using an interferometric radar sensor and a
total of 40 trains with speed from 20 to 120 km/h was recorded. The results showed a vertical
peak displacement of about 0.6 mm. Based on the same data, further analysis reported in [15]
showed a dynamic ampliﬁcation factor ranging from 1.1 to 1.4. It should be noted however that
the resolution and accuracy of the measurement system was rather limited. The same bridge
was later instrumented with strain gauges, accelerometers and LVDTs, reported in [16]. The
results conﬁrmed previous displacements of about 0.6 mm. In addition, a peak stress of 11 MPa
was recorded. From a passing train at 120 km/h the peak acceleration was 0.7 m/s2 in the culvert
and 1.2 m/s2 in the ballast.
Experimental testing of a similar bridge but with a single span is reported in [17]. The
geometry was D = 4.7 m, h = 2.9 m and hc = 2.4 m and with the same corrugation as the
previous bridge. Trains passing at 40 to 130 km/h was recoded during 24h and relatively similar
results were obtained as the previous tests; 0.65 mm vertical crown displacement, a peak stress
of 13 MPa and 0.7 and 1.3 m/s2 in the culvert and the track respectively.
1.2

Aim and scope

The aim of this paper is to estimate the dynamic characteristics of an existing SSCB, by
means of experimental testing and numerical simulation. Of special interest is the interaction
with the surrounding soil and how that inﬂuence the response at the track level. By using forced
vibration testing, amplitude dependent properties are explored.
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2
2.1

EXPERIMENTAL TESTING
The bridge

The experimental testing was performed on a single track close arch bridge at Hårestorp,
about 400 km South of Stockholm, Sweden. The geometry is D = 4.9 m, h = 3.9 m and hc =
1.2 m and an MP 150 proﬁle with c = 150 mm, hcorr = 50 mm and t = 5.0 mm. A photo of the
bridge is shown in Figure 4. Experimental tests were performed in September 2018.

Figure 4: View of the Hårestorp bridge, during ﬁeld tests in 2018. Passage of an X14 passenger train.

2.2

Instrumentation

The bridge was instrumented with 16 uniaxial accelerometers (SiFlex SF1500S), two strain
gauges (120Ω from HBM) and two displacement transducers (HBM WA10 LVDT). The instrumentation is illustrated in Figure 5 and Figure 6, accelerometers are denoted a1-a16, strain
gauges e1-e2 and displacement transducers d2-d3.
Rydaholm

0.4
e2
3.5

e1

4.2

Figure 5: Instrumentation of the bridge at Hårestorp in 2018, section and detail of corrugation.
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Figure 6: Instrumentation of the bridge at Hårestorp in 2018, plan and elevation.

2.3

The actuator system

The main part of the experimental equipment consists of the actuator system for forced vibration tests. The schematics is illustrated in Figure 7. It consists of a 50 kN MTS load actuator
that is powered by an oil pump with a peak pressure of 210 bar and ﬂow rate of 120 litre/min,
powered by an integrated 40 hp diesel engine. The total mass of the oil pump is about 1000 kg.
The actuator is placed inside the bridge and the load is transmitted to the crown by an aluminium
truss system that can be rebuilt to adjustable heights. A load cell is placed on top of the truss
and both the lower and upper points of the system is hinged. Load controlled harmonic sweeps
are performed by using an MTS FlexTest SE controller. The data is collected by an MGCPlus
data acquisition system, consisting of the input force, actuator displacement and the sensors on
the bridge.
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bridge
load cell
F(t)

F(t), d(t)

signal

PC

controller MGC Plus
d(t+Δt)

load frame
d(t)
piston

hydraulic oil pump

oil

load cylinder
(MTS)

Figure 7: Illustration of the actuator system used during the experimental testing.

2.4

Train passages

A total of 8 train passages were recorded, running at a speed ranging from 120 to 150 km/h.
The allowable speed at the location is 160 km/h. The peak vertical displacement during train
passage is about 0.8 mm. By integrating the accelerometer a1 to a5, the displacement along the
culvert is presented in Figure 8.
The peak acceleration from the culvert and the track during train passages is presented in
Figure 9. The results highly depends on the frequency content and a comparison is made between a 30 Hz and 100 Hz LP-ﬁlter. The relatively large scatter in results become less when
comparing individual sensors for the same type of trains at similar speed.
An example of the stress in the crown during train passage is shown in Figure 10. The largest
bending stress is about 7 MPa. The combination of axial and bending stress results in a peak
stress of about 4 MPa in tension at e1 and 12 MPa in compression at e2.
0

-0.5

-1
-5

-4

-3

-2

-1

0

1

2

3

4

5

Figure 8: Vertical peak displacement of the culvert estimated from accelerometer a1-a5, X14 train passage.
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Figure 9: Peak acceleration with 30 Hz and 100 Hz ﬁlter, all trains.
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Figure 10: Stress in the crown of the culvert, X14 train passage.

2.5

Forced vibration tests

Forced vibration tests were performed with the actuator in the centre of the bridge near sensor
a3. Harmonic frequency sweeps were performed from 1-40 Hz with a rate of Δf = 0.05 Hz/s.
Test were performed with load amplitudes from 1-20 kN. The complex-values transfer function
H(ω) is calculated based on the Fourier transform of the output acceleration a(t) and input
force F (t) according to Equation 1. Further in this paper the FRF will have the unit kN/m/s2 .
H(ω) = A(ω)/F(ω)

(1)

The results show that the vibration of the culvert and the track seems to be in phase up to
about 30 Hz, as illustrated in Figure 11 for accelerometer a3 and a9. When comparing the
FRFs for different load amplitudes, Figure 12, increasing the load amplitude results in a clear
decrease in natural frequency, ranging from 16.4 Hz to 14.4 Hz. At the same time the estimated
damping increase from 3.8% to 6.5%, using the half-Power Bandwitdh method.
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Figure 11: FRF, compare response in culvert and track, Famp = 1 kN.
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Figure 12: FRF, compare response in culvert and track for different load amplitudes.

1621

20

A. Andersson and R. Karoumi

3

NUMERICAL SIMULATIONS

A 3D ﬁnite element model of the SSCB has been developed, illustrated in Figure 13. The
rails are modelled with beam elements but the rail pads, sleepers, ballast and subgrade are modelled with 20-noded quadratic brick elements (C3D20R). The total length of the model is 20 m
and each end is modelled with inﬁnite elements (CIN3D12R), h = 4 m. The corrugated steel
culvert is modelled with orthotropic shell elements to represent the stiffness of the corrugation
in the tangential and radial direction.
An example of calculated FRF is presented in Figure 14. The input is Eb = 160 MPa, Es =
300 MPa, νb = 0.20, νs = 0.25, ρb = 1800 kg/m3 , ρs = 1800 kg/m3 and ζ = 5%.
2.35
1.65
ballast
sub-ballast

0.6
0.6

1:2
h

3.55
[m]

subgrade

y
z

x

Figure 13: 3D model of the SSCB.
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Figure 14: FRF, comparison between experiments and the 3D-model.
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4

CONCLUSIONS
From the results presented in this paper the following is concluded.
• The experimental results with forced vibration response shows a signiﬁcant inﬂuence of
the load amplitude; higher loads results in lower natural frequency and higher damping.
• The recorded train passages show a vertical crown displacement of about 1 mm and a
peak stress of about 6 MPa. The peak acceleration depends on the cut-off frequency, at
30 Hz the peak acceleration is in the order of 2 m/s2 .
• A preliminary FE-model shows a frequency response in the same order of magnitude as
the experiments, but may need to be reﬁned for increased performance.
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PHQWV5HVRQDQWUHVSRQVH6LPSOLILHGPHWKRG
Abstract.
In this work, the effect of the surrounding soil condition on the fundamental modal characteristics and dynamic response of railway bridges with integral abutments is studied. Due to the
computational cost of the full FE models and the lack of reliable simplified models, the effect
of the soil-structure interaction is usually neglected in the vibration analysis of the high-speed
railway bridges. In the present study, an efficient simplified numerical model is employed
to evaluate the modal characteristics of the railway bridge–soil systems. After verifying the
accuracy of the simplified numerical model against rigorous models, the effect of the span
length and abutment/soil stiffness on the dynamic response of the studied bridges is investigated through a comprehensive parametric study. Several case studies which covers different
span lengths and abutment conditions are chosen. It is shown that the SSI has substantial effect on the dynamic response of the short and stiff bridges while its effect decreases as the ratio between the deck stiffness and the abutment/soil stiffness decreases. The results may lead
to review the recommended modal damping ratios for this type of bridges in the code provisions and design manuals.
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1

INTRODUCTION
2B

7KHIUHTXHQF\FRQWHQWDQGDPSOLWXGHRIWKHYLEUDWLRQVLQWKHUHVRQDQWUHVSRQVHRIUDLOZD\
EULGJHVLVJRYHUQHGE\WKHIXQGDPHQWDOPRGDOFKDUDFWHULVWLFV QDWXUDOIUHTXHQF\DQGGDPSLQJ
UDWLR RIWKHVWUXFWXUDOV\VWHP>@+HQFHWRSUHGLFWWKHUHVRQDQWUHVSRQVHZLWKUHDVRQDEOH
DFFXUDF\LWLVLPSRUWDQWWRSURSHUO\HVWLPDWHWKHPRGDOFKDUDFWHULVWLFVRIWKHVWUXFWXUDOV\VWHP
FRQVLGHULQJ WKH HIIHFW RI WKH IOH[LELOLW\ DQG GLVVLSDWLRQ FDSDFLW\ RI WKH VXUURXQGLQJ VRLO >@
%ULGJHVZLWKLQWHJUDODEXWPHQWVDQGFXOYHUWVDUHRQHRIWKHPRVWFRPPRQW\SHRIXQGHUSDVVHV
DORQJ PRGHUQ UDLOZD\ OLQHV 7KLV W\SH RI EULGJH LV GHVLJQHG DV D UHLQIRUFHG FRQFUHWH ULJLG
IUDPHDQGLVVXUURXQGHGE\EDFNILOOVRLO3UHVHQFHRIEDFNILOOVRLOPD\SURYLGHDQDGGLWLRQDO
VWLIIQHVV WR WKH V\VWHP ZKLFK OHDGV WR DQ LQFUHDVH LQ WKH IXQGDPHQWDO QDWXUDO IUHTXHQF\ DQG
WKXVVKLIWVWKHFULWLFDOUHVRQDQWVSHHGWRDKLJKHUYDOXH>@7KHGLVVLSDWLRQFDSDFLW\RIWKH
EDFNILOO VRLO FRXOG DOVR OHDG WR DQ LQFUHDVH LQ WKH JOREDO GDPSLQJ RI WKH V\VWHP DQG FRQVH
TXHQWO\UHGXFHWKHDPSOLWXGHRIWKHUHVRQDQWUHVSRQVHRIWKHEULGJH>@,QWKHILHOGRIWUDLQ
LQGXFHG YLEUDWLRQ DQDO\VLV RI UDLOZD\ EULGJHV OLPLWHG UHVXOWV KDYH EHHQ SXEOLVKHG RQ WKH
EULGJH ZLWK LQWHJUDO DEXWPHQWV FRQVLGHULQJ WKH HIIHFW RI VRLOVWUXFWXUH LQWHUDFWLRQ >@ 7R
VWXG\ WKH LQIOXHQFH RI VRLOVWUXFWXUH LQWHUDFWLRQ RQ WKH PRGDO SURSHUWLHV RI UDLOZD\ EULGJHV
ZLWKLQWHJUDODEXWPHQWLQDV\VWHPDWLFPDQQHULPSOHPHQWLQJVLPSOHDQGDFFXUDWHPRGHOVWR
FDOFXODWHWKHQDWXUDOIUHTXHQF\DQGPRGDOGDPSLQJUDWLRRIWKHEULGJHVRLOV\VWHPLVKHOSIXO
,QWKLVSDSHUDQHIILFLHQWDQGVLPSOHDSSURDFKWRPRGHOWKHHIIHFWRIWKHVXUURXQGLQJVRLORQ
WKHPRGDOFKDUDFWHULVWLFVDQGUHVRQDQWUHVSRQVHRIWKHUDLOZD\EULGJHVZLWKLQWHJUDODEXWPHQW
LVSURSRVHG7KHG\QDPLFVRLOVWUXFWXUHLQWHUDFWLRQSUREOHPLVPRGHOOHGWKURXJKD'I QLWH
HOHPHQW )( RIWKHSRUWDOIUDPHEULGJHLQZKLFKWKHVLGHZDOOVDUHVXUURXQGHGE\VHULHVRI
VSULQJGDVKSRWVHWV7KHPHULWRIXVLQJHIILFLHQWVLPSOLILHGPRGHOVLVWKDWWKHNH\IDFWRUVJRY
HUQLQJWKHG\QDPLFUHVSRQVHRIWKHVWXGLHGV\VWHPFDQEHLGHQWLILHG7KHDFFXUDF\RIWKHSUR
SRVHG DQDO\WLFDO H[SUHVVLRQV ZLOO EH YHULILHG WKURXJK FRPSDULVRQ ZLWK WKH ILQLWH HOHPHQW
VROXWLRQV 7KHQ WKH YDULDWLRQ RI WKH IXQGDPHQWDO IUHTXHQF\ DQG PRGDO GDPSLQJ UDWLR RI
EULGJHVRLOV\VWHPVDUHDQDO\]HGWKURXJKDFRPSUHKHQVLYHSDUDPHWULFVWXG\7KLVJLYHVYDOX
DEOHLQIRUPDWLRQRQKRZ66,FDQDIIHFWG\QDPLFFKDUDFWHULVWLFVRIUDLOZD\EULGJHVZLWKLQWH
JUDODEXWPHQWDQGZKHQWKHHIIHFWRI66,LVQHJOLJLEOH
2

NUMERICAL MODEL
19B

7KHJHQHUDOFRQILJXUDWLRQRIWKHSURSRVHG'PRGHOIRUDEULGJHZLWKLQWHJUDODEXWPHQWV
ZKLFK LV VXUURXQGHG E\ EDFNILOO VRLO LV VKRZQ LQ )LJXUH D ,Q RUGHU WR LQYHVWLJDWH WKH LP
SRUWDQFHRIWKHEDFNILOOVRLODQGWRXQGHUVWDQGWKHHIIHFWRIDEXWPHQWEDFNILOOLQWHUDFWLRQWKH
HIIHFWRIWKHVXSSRUWLQJVXEVRLOLVQHJOHFWHG7KXVLWLVDVVXPHGWKDWWKHVXSSRUWLQJVXEVRLOLV
ULJLGDQGFRQVHTXHQWO\WKHERWWRPQRGHVRIWKHPRGHODUHIL[HG
7KHVWUXFWXUDOGRPDLQELVPRGHOOHGZLWK(XOHU%HUQRXOOLEHDPHOHPHQWVZKLOHWKHVXU
URXQGLQJVRLOGRPDLQVLVUHSODFHGE\LWVG\QDPLFLPSHGDQFHDWWKHLQWHUIDFHQRGHV7DNLQJ
G\QDPLF VRLOVWUXFWXUH LQWHUDFWLRQ LQWRDFFRXQWWKH HTXDWLRQ RI PRWLRQ IRU WKH FRXSOHG VRLO
VWUXFWXUHV\VWHPLQWKHIUHTXHQF\GRPDLQFDQEHH[SUHVVHGDVIROORZV

ª¬K b  OCb  O  M b  K s O  OCs O º¼ u O ) p O ) 



ZKHUHO iZ LVWKHFRPSOH[IUHTXHQF\ u Ȝ LVWKHQRGDOGLVSODFHPHQWYHFWRUp Ȝ LVWKHQRG
DOIRUFHYHFWRUDQG KECEDQGMEDUHUHVSHFWLYHO\WKHVWLIIQHVVGDPSLQJDQGPDVVPDWULFHV
RIWKHYLVFRHODVWLFEULGJHVWUXFWXUH)LQDOO\KV Ȝ DQGCV Ȝ UHSUHVHQWVWKHIUHTXHQF\GHSHQG
HQWG\QDPLFVWLIIQHVVDQGGDPSLQJFRQWULEXWLRQRIWKHVXUURXQGLQJVRLODWLQWHUIDFHQRGHV
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2.1

Proposed model for backfill-wall interaction
23B

7KHZDOO±EDFNILOOLQWHUDFWLRQEHKDYLRXULQWKHQRUPDOGLUHFWLRQLVPRGHOOHGE\XVLQJGLV
WULEXWHGVSULQJGDVKSRWVkVDQGcVRYHUWKHZKROHDUHDRIWKHZDOOVHYDOXDWHGXVLQJ(T  DQG
 >@ VHH )LJXUH D  7KH VSULQJ DQG GDVKSRW FRHIILFLHQWV DUH FKRVHQ EDVHG RQ WKH UHFRP
PHQGHGYDOXHVE\9HOHWVRVDQG<RQDQ>@,WLVZHOONQRZQWKDWDWIUHTXHQFLHVEHORZWKHFXW
RIIIUHTXHQF\RIWKHVRLOOD\HU fV  VVH>@WKHUDGLDWLRQGDPSLQJLVQHJOLJLEOHDQGFRQVH
TXHQWO\WKHGDPSLQJRULJLQDWHVRQO\IURPWKHK\VWHUHWLFGDPSLQJRIWKHVRLOPHGLXP+RZHY
HUDWIUHTXHQFLHVKLJKHUWKDQWKHfVWKHUDGLDWLRQGDPSLQJFDSDFLW\RIWKHVWUDWXPLVJUDGXDOO\
DSSURDFKHVWKHPD[LPXPYDOXHDVVKRZQLQ)LJXUHF>@,WVKRXOGEHQRWHGWKDWWKHIUH
TXHQF\GHSHQGHQF\RIWKHVSULQJVWLIIQHVVLVGLVUHJDUGHGDQGWKHDYHUDJHYDOXHRIWKHUHFRP
PHQGHGVWDWLFVWLIIQHVVE\9HOHWVRVDQG<RQDQ>@IRUWKHVWWZRYLEUDWLRQPRGHVRIZDOOVRLO
V\VWHP LV FRQVLGHUHG $V LW ZLOO EH VKRZQ LQ VHFWLRQ  WKLV DVVXPSWLRQ UHVXOWV LQ D JRRG
DJUHHPHQWEHWZHHQWKHSURSRVHGPRGHODQGWKHUHIHUHQFHVROXWLRQ
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Complex eigenvalue analysis

7KHFRPSOH[PRGDOFKDUDFWHULVWLFVRIWKHFRXSOHGVRLOVWUXFWXUHV\VWHPFDQEHIRXQGDVWKH
VROXWLRQRIWKHIROORZLQJTXDGUDWLFHLJHQSUREOHP
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m m «n DQG nGHQRWHVWKHQXPEHURIGHJUHHVRIIUHHGRP 3URYLGHGWKDWWKHV\VWHPLV
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7KHQWKHHLJHQSDLUVRIWKHOLQHDUPDWUL[SHQFLOLQ(T  FDQEHFRPSXWHGE\DSSO\LQJD
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TXHQF\GHSHQGHQWDQLWHUDWLYHSURFHGXUHLVXVHGWRFRPSXWHWKHPRGDOSURSHUWLHVRIWKHV\V
WHPFRQVLGHULQJWKHQDWXUDOIUHTXHQF\RIWKHEULGJHZLWKRXW66,ZPDVWKHLQLWLDOJXHVV
,Q QRQSURSRUWLRQDOO\ GDPSHG V\VWHPV DV LV WKH FDVH KHUH WKH FRPSXWHG HLJHQYHFWRUV Mm
DUH FRPSOH[YDOXHG LPSO\LQJ WKDW WKH PRGH VKDSH FRPSRQHQWV ZLOO PRYH ZLWK GLIIHUHQW
SKDVHDQJOHV>@7KHRYHUDOOSKDVHFRKHUHQFHEHWZHHQWKH nHOHPHQWVRIDFRPSOH[HLJHQ
YHFWRUMmFDQEHPHDVXUHGE\XVLQJWKHPRGDOFROOLQHDULW\IDFWRU 0&) >@GHILQHGDV


0&)  AS AF

ZKHUH ASLVWKHFRQYH[SRO\JRQLQWKHFRPSOH[SODQHGHILQHGE\WKHH[WUHPLWLHVRIHDFKHOH
PHQWLQWKHHLJHQYHFWRUDQG AFLVWKHDUHDRIDFLUFOHZKRVHUDGLXVFRUUHVSRQGVWRWKHODUJHVW
PDJQLWXGHRIWKHHLJHQYHFWRUDVVKRZQLQ)LJXUHD7KH0&)WDNHVYDOXHVIURPWRZLWKD
YDOXHHTXDOWRLQGLFDWLQJDUHDOYDOXHGPRGHFRUUHVSRQGLQJWRDVWDQGLQJZDYH
kT + iZ
 cT 

 D 

 E 

 F 

)LJXUH D &RQILJXUDWLRQRIWKH'VLPSOLILHGPRGHORIWKHIUDPH E FRPSXWDWLRQDO'PRGHOIRUURWDWLRQDO
LPSHGDQFHIXQFWLRQRIDEXWPHQWEDFNILOOV\VWHP F 5DGLDWLRQGDPSLQJFRHIILFLHQWcVUDG

3

PARAMETRIC STUDY

3.1

Definition of case studies
29B

7KHSDUDPHWULFVWXG\IRFXVHVRQVKRUWWRPHGLXPVL]HSRUWDOIUDPHEULGJHV5HIHUULQJWR
)LJXUHDWKHSDUDPHWULFYDULDEOHVRIIRXUFDVHVWXG\EULGJHVDUHVXPPDUL]HGLQ7DEOH7KH
WKLFNQHVVRIWKHIUDPHEULGJH t tf tw LVDVVXPHGWRYDU\ZLWKWKHVSDQOHQJWK LDQGHVWL
PDWHGEDVHGRQFROOHFWHGGDWDIURPH[LVWLQJVLQJOHWUDFNEDOODVWHGFRQFUHWHEULGJHVLQ6ZHGHQ
>@7KHKHLJKWZLGWKPDVVGHQVLW\DQGPRGXOXVRIHODVWLFLW\RIDOOIRXUFDVHVWXG\EULGJHV
DUHDVVXPHGFRQVWDQWDW H P B P UE NJPDQG EE *3DUHVSHFWLYHO\
1RVWUXFWXUDOGDPSLQJLVDVVLJQHGWRWKHEULGJHLWVHOI(OLPLQDWLQJWKHLQWHUQDOGDPSLQJRIWKH
VWUXFWXUHDOORZVDEHWWHUXQGHUVWDQGLQJRIWKHHIIHFWRI66,RQWKHJOREDOGDPSLQJRIWKHFRX
SOHG V\VWHP ,Q WKLV VLPXODWLRQV PDVV RI WKH EDOODVW OD\HU LV DVVXPHG WR EH  NJP DQG
DGGHGWRWKHGHFNQRGHV7DEOHVXPPDUL]HWKHSDUDPHWHUVRIWKHVXUURXQGLQJVRLO7KHVHQ
VLWLYLW\RIWKHIXQGDPHQWDOPRGDOFKDUDFWHULVWLFVRIWKHEULGJHVZLWKUHVSHFWWRWKHVKHDUZDYH
YHORFLW\RIWKHEDFNILOOVRLOLVLQYHVWLJDWHG
7DEOH*HRPHWULFDOSURSHUWLHVRIEULGJHV
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$VWKHUHVSRQVHRIWKHEULGJHVRLOV\VWHPLVJRYHUQHGE\WKHYLVFRHODVWLFSURSHUWLHVRIWKH
EULGJHDQGVXUURXQGLQJVRLOWKHIROORZLQJGLPHQVLRQOHVVSDUDPHWHUVDUHGHILQHGWRVWXG\WKH
VHQVLWLYLW\RIWKHPRGDOSURSHUWLHVRIWKHFRXSOHGV\VWHPV
D 7KHUHODWLYHIUHTXHQF\SDUDPHWHU ԄGHILQHGE\(T  ZKLFKUHSUHVHQWVWKHUDWLRRI
WKHFRXSOHGVRLOVWUXFWXUHHLJHQIUHTXHQF\WRWKHUHVRQDQWIUHTXHQF\RIWKHEDFNILOOVWUD
WXP7KLVSDUDPHWHULVXVHGWRVWXG\WKHVHQVLWLYLW\RIWKHPRGDOSURSHUWLHVRIWKHV\V
WHPWRWKHFXWRIIIUHTXHQF\RIWKHVWUDWXP
E 7KH UHODWLYH VWLIIQHVV SDUDPHWHU Ɉǡ GHILQHG DV WKH UDWLR RI WKH IOH[XUDO ULJLGLW\ RI WKH
IUDPHVWUXFWXUHWRWKHVWDWLFVWLIIQHVVRIWKHEDFNILOOVRLO

N|

EI H  L    L H
UVVV  B



F 7KHDEXWPHQWLPSHGDQFHUDWLR FGHILQHGDVWKHUDWLREHWZHHQWKHUHDODQGLPDJLQDU\
SDUWVRIWKHURWDWLRQDOG\QDPLFVWLIIQHVVDWWKHWRSQRGHRIWKHDEXWPHQW VHH)LJXUHE 

F
3.2

kT f

fcT f 

 

Verification

,QWKLVVHFWLRQWKHDFFXUDF\RIWKHSURSRVHGVLPSOLILHGPRGHOLVYHULILHGWKURXJKFRPSDUL
VRQ ZLWK WKH UHVXOWV RI D IXOO ' )(30/ PRGHO 7KH FRPSXWHG PRGDO SURSHUWLHV RI VRPH
FDVH VWXGLHV XVLQJ SURSRVHG VLPSOLILHG PRGHO DUH FRPSDUHG WR UHVXOWV RI IXOO ' )(30/
PRGHO7KHFRQILJXUDWLRQRIWKH')(PRGHOLVVKRZQLQ)LJXUHE)RUWKLVFRPSDULVRQWKH
VKHDU ZDYH YHORFLW\ RI WKH EDFNILOO VRLO LV DVVXPHG FRQVWDQW DW VV  PV DQG WKH PRGDO
SURSHUWLHVRIWKHIUDPHVRLOV\VWHPIRUWKHVWYHUWLFDOEHQGLQJDUHFDOFXODWHGIRUWZRGLIIHUHQW
VSDQ OHQJWKV ,Q HDFK FDVH WKH WKLFNQHVV RI WKH ZDOO DQG GHFN LV DVVXPHG WR EH VLPLODU DQG
YDULHGEHWZHHQWRPLQLQFUHPHQWVRIPP7KH')(PRGHORIWKHZDOODQGEDFN
ILOOVRLOLVGLVFUHWL]HGXVLQJQRGHGVKHOODQGQRGHGKH[DKHGUDOVROLGHOHPHQWVUHVSHFWLYH
O\$FFRUGLQJWRWKHVKHDUZDYHYHORFLW\RIWKHEDFNILOOVRLOOD\HUWKHHOHPHQWVL]HLQWKHVRLO
PHGLXPLVFKRVHQLQVXFKDZD\WKDWWKHUHDUHDWOHDVWTXDGUDWLFHOHPHQWVSHUZDYHOHQJWKDW
+]>@)RUWKHILQLWHHOHPHQWPHVKFRQILJXUDWLRQRI)LJXUHEWKH30/SDUDPHWHUVDUH
WXQHGWRSURSHUO\DEVRUEHYDQHVFHQWDQGSURSDJDWLQJZDYHV>@
 Mm 
AS
AF

 Mm 

D
E
)LJXUH D 'HILQLWLRQRIPRGDOFROOLQHDULW\IDFWRU 0&)  E &RQILJXUDWLRQRI')(30/PRGHO XQLWVLQP 
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20B

7KHFRPSDULVRQEHWZHHQWKHFDOFXODWHGFRPSOH[PRGDOSDUDPHWHUVRIWKHVWYHUWLFDOEHQG
LQJPRGHRIWKHVWXGLHGFDVHVDUHSUHVHQWHGLQ)LJXUH$VFDQEHVHHQWKHFDOFXODWHGQDWXUDO
IUHTXHQFLHVDQGPRGDOGDPSLQJUDWLRVXVLQJWKHSURSRVHGVLPSOLILHGPRGHODUHLQDYHU\JRRG
DJUHHPHQWZLWKWKHUHVXOWVRIWKH')(30/DQDO\VHV,WVKRXOGEHQRWHGWKDWPRGDOFKDUDF
WHULVWLFVRIWKHUHIHUHQFH')(30/PRGHOKDYHEHHQFRPSXWHGXVLQJWKHSURFHGXUHLQ>@
D L P

E L P

)LJXUH&RPSDULVRQEHWZHHQFRPSXWHGPRGDOFKDUDFWHULVWLFVXVLQJ'VLPSOLILHGPRGHO EODFNR DQG')(
30/PRGHO UHGu  D L P E L P

3.3

Results of parametric studies

7KH YDULDWLRQ RI WKH IUHTXHQF\ OHQJWKHQLQJ ffQ PRGDO GDPSLQJ UDWLR [ 0$& DQG
0&) YDOXHV IRU WKH VW YHUWLFDO EHQGLQJ PRGH RI WKH VWXGLHG FDVHV D IXQFWLRQ RI WKH VKHDU
ZDYHYHORFLW\DUHSUHVHQWHGLQ)LJXUHDGUHVSHFWLYHO\$VWKHVWUXFWXUHLVPRGHOHGZLWKRXW
DQ\ PDWHULDO GDPSLQJ WKH LQFUHDVH LQ PRGDO GDPSLQJ UDWLRV LV VROHO\ DWWULEXWHG WR UDGLDWLRQ
DQGPDWHULDOGDPSLQJRIWKHVXUURXQGLQJVRLO
7KHG\QDPLFVWLIIQHVVRIWKHEDFNILOOOHDGVWRDQLQFUHDVHLQWKHIXQGDPHQWDOIUHTXHQF\RI
WKHFRXSOHGV\VWHPDQGWKHIUHTXHQF\OHQJWKHQLQJGXHWR66,EHFRPHVKLJKHUDVWKHEDFNILOO
VRLOEHFRPHVVWLIIHU VHH)LJXUHD 7KHGLVVLSDWLRQFDSDFLW\RIWKHEDFNILOOVRLOJHQHUDOO\UH
VXOWVLQKLJKHUPRGDOGDPSLQJUDWLRVIRUWKHFRXSOHGVRLOVWUXFWXUHV\VWHP7KHUHVXOWVLQ)LJ
XUHELQGLFDWHVWKDWWKHUHH[LVWVDFULWLFDOYDOXH VVLQZKLFKWKHIXQGDPHQWDOGDPSLQJUDWLR
UHDFKHVLWVPD[LPXPYDOXH7KHYDOXHRIVVFULWLVIRXQGWRRFFXUZKHQ0&) )LJXUHG DQG
WKH DEXWPHQW LPSHGDQFH UDWLR F )LJXUH H  UHDFK WKHLU PLQLPXP YDOXHV ,Q WKLV FDVH WKH
PD[LPXP PRGDO FRPSOH[LW\ RFFXUV DQG WKH PRGH VKDSH LV PRVW GLIIHUHQW IURP D VWDQGLQJ
ZDYH&OHDUO\E\LQFUHDVLQJWKHVKHDUZDYHYHORFLW\WRZDUGLQILQLW\WKHQDWXUDOIUHTXHQF\RI
WKHVWXGLHGV\VWHPJUDGXDOO\FRQYHUJHVWRWKHIXQGDPHQWDOIUHTXHQF\RIDFODPSHGFODPSHG
EHDPDQGFRQVHTXHQWO\WKHPRGDOGDPSLQJUDWLRDSSURDFKHV]HUR
7KH YDULDWLRQ RI WKH PRGDO GDPSLQJ UDWLR [ IRU WKH VWXGLHG V\VWHP DV D IXQFWLRQ RI WKH
UHODWLYHIUHTXHQF\SDUDPHWHU IDQGWKHUHODWLYHVWLIIQHVVSDUDPHWHU Ɉ DUHSUHVHQWHGLQ)LJXUH
DDQGEUHVSHFWLYHO\,QWKLV)LJXUHWKHYDULDWLRQRIWKHVKHDUZDYHYHORFLW\LVOLPLWHGWR
WKHUDQJHRIUHDVRQDEOHYDOXHVLQSUDFWLFH HJVV WRPV 7KHUHVXOWVVKRZWKDWWKH
DPRXQWRIDGGLWLRQDOGDPSLQJGXHWR66,LVSULQFLSDOO\JRYHUQHGE\WKHIROORZLQJWZRIDFWRUV
x 7KHUHODWLYHIUHTXHQF\SDUDPHWHUZKLFKLVWKHUDWLREHWZHHQWKHIXQGDPHQWDOIUHTXHQ
F\RIWKHEULGJHVRLOV\VWHPDQGWKHFXWRIIIUHTXHQF\RIWKHEDFNILOOOD\HU7KHRUHWL
FDOO\DWIUHTXHQFLHVORZHUWKDQWKHFXWRIIIUHTXHQF\RIWKHEDFNILOOOD\HU I WKH
UDGLDWLRQGDPSLQJFDSDFLW\RIWKHEDFNILOOVRLOLV]HUR+RZHYHUDWIUHTXHQFLHVKLJKHU
WKDQWKHFXWRIIIUHTXHQF\RIWKHEDFNILOOOD\HU I! WKHUDGLDWLRQGDPSLQJFDSDFLW\
RIWKHEDFNILOOOD\HULVUHVWRUHGDQGDSSURDFKHVLWVPD[LPXPFDSDFLW\ZLWKDORJDULWK
PLFJURZWK VHHDOVR)LJXUHF 
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F

)LJXUH D IUHTXHQF\OHQJWKHQLQJ E PRGDOGDPS
LQJUDWLR F 0$&YDOXH G 0&)YDOXHDQG H DEXW
PHQWLPSHGDQFHUDWLRDVDIXQFWLRQRIVKHDUZDYH
YHORFLW\6KDGHGDUHDUHSUHVHQWVDUHDOLVWLFUDQJHIRU
WKHVKHDUZDYHYHORFLW\RIWKHEDFNILOOVRLO
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)LJXUH D 9DULDWLRQRIPRGDOGDPSLQJUDWLRDVDIXQFWLRQRIUHODWLYHIUHTXHQF\SDUDPHWHU E 9DULDWLRQRI
PRGDOGDPSLQJUDWLRDVDIXQFWLRQRIUHODWLYHVWLIIQHVVSDUDPHWHU5HVXOWVZHUHSUHVHQWHGIRUVV PV
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x 7KHUHODWLYHVWLIIQHVVSDUDPHWHUZKLFKLVGHILQHGDVWKHUDWLREHWZHHQWKHVWLIIQHVVRI
WKHVWUXFWXUHDQGWKHEDFNILOOVRLO7KHGLVVLSDWLRQFDSDFLW\RIWKHEDFNILOOVRLOLVQHJOL
JLEOHIRUDIOH[LEOHVWUXFWXUHVXUURXQGHGE\YHU\VWLIIVRLO*HQHUDOO\WKHUHLVDFULWLFDO
YDOXHIRUWKHUHODWLYHVWLIIQHVVSDUDPHWHULQZKLFKWKHDGGLWLRQDOGDPSLQJRIWKHV\VWHP
GXH WR 66, EHFRPHV PD[LPXP 7KLV LV WKH FDVH ZKHQ WKH UDWLR EHWZHHQ WKH UHDO DQG
LPDJLQDU\ SDUWV RI WKH DEXWPHQW LPSHGDQFH UHDFKHV LWV PLQLPXP YDOXH DV VKRZQ LQ
)LJXUHH$IWHUWKLVWXUQLQJSRLQWWKHDGGLWLRQDOGDPSLQJGXHWR66,LVJUDGXDOO\GH
FUHDVHGDVWKHUHODWLYHVWLIIQHVVSDUDPHWHULQFUHDVHV
4

CONCLUSIONS
21B

,Q WKLV SDSHU D VLPSOLILHG :LQNOHUEDVHG PRGHO LV SURSRVHG IRU PRGHOLQJ WKH DEXWPHQW
EDFNILOOVRLOLQWHUDFWLRQ8VLQJWKLVPRGHOWKHHIIHFWRIG\QDPLFVRLOVWUXFWXUHLQWHUDFWLRQRQ
WKHUHVRQDQWUHVSRQVHRISRUWDOIUDPHEULGJHVIRXQGHGRQDULJLGEDVHLVVWXGLHG7KHIXQGD
PHQWDOPRGDOFKDUDFWHULVWLFVRIWKHVKRUWWRPHGLXPVSDQFDVHVWXG\EULGJHVDUHFRPSXWHGIRU
DZLGHUDQJHRIVKHDUZDYHYHORFLWLHVRIWKHEDFNILOOVRLO7KHIROORZLQJUHPDUNVFDQEHFRQ
FOXGHGIURPWKHSUHVHQWHGUHVXOWV
x *HQHUDOO\ G\QDPLF VRLOVWUXFWXUH LQWHUDFWLRQ UHVXOWV LQ KLJKHU HLJHQIUHTXHQFLHV PRGDO
GDPSLQJUDWLRVDQGPRGDOFRPSOH[LWLHVIRUWKHVWXGLHGFRXSOHGVRLOVWUXFWXUHV\VWHPZLWK
WKHLQI XHQFHJHWWLQJPRUHLQWHQVHIRUVKRUWHU VWLIIHU EULGJHV7KHSUHVHQFHRIEDFNILOO
VRLOSURYLGHDQDGGLWLRQDOVWLIIQHVVDQGGDPSLQJWRWKHVWUXFWXUDOV\VWHP
x 7KHG\QDPLFVWLIIQHVVRIWKHEDFNILOOOHDGVWRDQLQFUHDVHLQWKHIXQGDPHQWDOIUHTXHQF\RI
WKH V\VWHP DQG WKXV VKLIWV WKH FULWLFDO UHVRQDQW VSHHG WR D KLJKHU YDOXH 7KH IUHTXHQF\
OHQJWKHQLQJGXHWR66,LVHVVHQWLDOO\FRQWUROOHGE\WKHUDWLREHWZHHQWKHVWLIIQHVVRIWKH
IUDPHEULGJHDQGWKHEDFNILOOVRLO
x 7KHDPRXQWRIDGGLWLRQDOGDPSLQJGXHWR66, IRXQGDWLRQGDPSLQJ LVSULQFLSDOO\JRY
HUQHGE\WKHIROORZLQJIDFWRUV D UDWLREHWZHHQWKHIXQGDPHQWDOIUHTXHQF\RIWKHFRX
SOHG V\VWHP DQG WKH FXWRII IUHTXHQF\ RI WKH EDFNILOO OD\HU DQG E  UDWLR EHWZHHQ WKH
VWLIIQHVVRIWKHIUDPHEULGJHDQGWKHEDFNILOOVRLO7KHDGGLWLRQDOGDPSLQJPD\OHDGWRD
FRQVLGHUDEOHLQFUHDVHLQWKHJOREDOGDPSLQJRIWKHV\VWHPDQGFRQVHTXHQWO\UHGXFHWKH
DPSOLWXGHRIWKHUHVRQDQWUHVSRQVHRIWKHEULGJH
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Abstract. Application of post-tensioned segmental columns are increasing in accelerated
bridge construction, where rocking motion of the segments results in lateral displacement of
the column and the post-tensioning tendon provides self-centering capacity of the system. Analytical solution of such system is very complex as the equations of rocking motion are highly
nonlinear, and it is almost impossible to solve such systems for seismic excitations. Furthermore, using finite element-based software such as ABAQUS and ANSYS make the dynamic
analysis very time consuming and, so computationally inefficient. Therefore, this paper introduces a new technique for modelling of post-tensioned segmental columns in OpenSees program, which is computationally efficient, and exhibits a good agreement with analytical
approaches and experimental results. Using the developed model, the frequency response
function and seismic response of an exemplary column are extracted which exhibits a lower
and an upper branch around the resonance.
1

INTRODUCTION

Bridges are crucial parts of any transportation system, and any disruption in their functionality can result in tremendous economic and life losses. In particular, lateral seismic effects
can cause permanent structural damage. Traditional reinforced concrete (RC) columns are integrally connected to the underlying foundation. Thus, plastic hinges, and consequently permanent plastic deformations are generated in RC columns under lateral seismic loadings. As
an excellent alternative to RC columns, precast post-tensioned segmental (PPS) columns are
recently used in accelerated bridge construction. The PPS columns are manufactured offsite,
which improves concrete quality and shortens construction time. Furthermore, the rocking
mechanism of the segments and self-centering property of the post-tensioned tendon substantially decrease the residual drift of the column after the lateral loading events. However, the
segments might still be prone to local damages at their contact interfaces.

1634

Ehsan Ahmadi and Mohammad M. Kashani

Many experimental works have been conducted to investigate performance of the PPS columns subject to static cyclic and dynamic loading testing protocols [1].To increase energydissipating capacity of the PPS columns, different strategies were recommended ([2-6]). In a
series of different studies, high-damping material layers were placed between the segments in
small-scale columns inspired by mechanics of the human spine, and damping level of the system was highly increases ([7-10]).
Many numerical studies have been also done to model static and dynamic behavior of the
PPS columns. 3D continuum finite element (FE) models ([2, 11]) and fibre-based FE models
([12, 13]) have been employed to capture seismic response of the PPS columns. Complex
continuum FE models can capture local damages generated in contact surfaces at the compression zones. However, such models have low calculation efficiency particularly in case of
parametric studies when a large number of simulations are required. Fibre-based FE models
have been extensively used in seismic response evaluation of RC columns ([14-16]). Unlike
continuum FE models, fibre-based FE models are computationally efficient. However, they
cannot model the contact surface between segments of PPS columns, i.e. rocking joints and
compression zones, as good as continuum FE models. Simplified analytical models ([1, 2])
were also proposed to predict lateral force-displacement behavior of the PPS columns. Therefore, this paper summarizes a computationally efficient approach for modelling the rocking
motion of the PPS columns already published in [17]. A new modelling in OpenSees program
[18] is developed, and both experimental and analytical results are used to validate the proposed model. Finally, frequency response function of an exemplary column is generated and
discussed using the proposed modelling method.
2

THE MODELLING DESCRIPTION

The finite element program OpenSees [18] is adopted to create a model for simulation of
rocking motion of the PPS columns shown in Figure 1. A generic two-dimensional (2D) column model is developed with three degrees-of-freedom per node consisting of horizontal and
vertical translations as well as a rotational displacement (see Figure 1b).

Figure 1: (a) the PPS column, (b) the segments and tendon modelling, (c) detailed modeling of base surface, (d)
detailed modelling of the intermediate surfaces, and (c) weighting and positioning of the gap elements.
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Uniaxial Elastic Beam-Column elements are used to simulate the segments. The posttensioning tendon is simulated with a Truss Element with an Elastic Perfectly Plastic uniaxial
material. The axial shortening of the post-tensioning tendon is taken into account using an initial strain in the material model. Geometric nonlinearities of the segments and the tendon are
accounted for using the Corotational geometric transformation. The axial load at the top of the
column is modelled as a vertical force on the topmost node of the column. Further, inertial
effects of the bridge deck is incorporated in to the model assigning lumped horizontal and vertical masses to the top node of the column. The modelling details of the compression zones
between the segments of the PPS column are shown in Figures 1c and 1d. Given the experimental testing results reported [19], the contact surface between the segments segments are
not completely rigid, and thus, it is best modelled with a flexible contact surface with an appropriate stiffness distribution. The Lobatto Quadrature integration scheme [20] is used to
spread the normal stiffness of the contact surfaces over the width of each surface. Each surface is modelled as a number of vertical zero-length gap elements. An elastic zero-tension
uniaxial material model is used to model flexibility at the contact surfaces. The weight of the
stiffness (wi) and position of each gap element (xi) determined from Lobatto Quadrature integration scheme.
12 number of gap elements was found to be sufficient to model the contact surfaces. Rigid
links are used between adjacent top and bottom nodes of each rocking surface. Linear geometric transformation is used for rigid links. All degrees-of-freedom of the bottom node of the
gap elements at the base surface are restrained to simulate a fixed base under the base segment. The horizontal degree-of-freedom of top node of the end gap element is also restrained
to avoid sliding at the base (Figure 1c). A horizontal zero-length gap element between top and
bottom nodes of the end vertical gap element with an elastic uniaxial material of very large
stiffness is used to allow for shear transfer at the intermediate rocking surfaces (shown by red
in Figure 1d). Furthermore, to allow for shear transfer between rigid links and adjacent segments, equal degree-of-freedom constraints were adopted.
3
3.1

MODELLING VALIDATION
Analytical approach

Analytical moment-rotation relationship of a single post-tensioned rigid rocking block is
used to validate the OpenSees model of the PPS columns. Consider a single post-tensioned
rigid block of width b and height h rocking on a rigid surface around its edges. Taking a moment around the pivot point, using kinematic of rigid bodies, and applying the equilibrium
rule, the static moment-rotation relationship for a single post-tensioned rigid block is obtained
[21]:
M T

O kB cos T / 2 ª¬ 2O B sin T / 2  F0 / k º¼  WR sin E  T

(1)

where λ is 0.5 and -0.5 respectively for positive and rocking motions; k is the elastic stiffness
of the post-tensioning tendon; F0 is the initial post-tensioning force of the tendon, and W is
the weight of the block. The clockwise rocking is taken positive, and the block angle, β, and
rocking radius, R, are defined as follows:

E

 tan 1 2O b / h ; R

O 2b 2  h 2 / 4

(2)

To reach a rigid segment and a rigid surface at the base, large values are assigned to the bending stiffness of the segment and axial stiffness of the gap elements. Figure 2 shows the static
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moment-rotation graphs of a single post-tensioned rigid block obtained from the OpenSees
model and the analytical approach. The moment is normalised to the moment due to the gravitational force, i.e. weight of the segment times the width of the segment, bW. As illustrated in
Figure 2, the graphs are very similar, which numerically validates the static behavior of the
OpenSees model. Note that in Figure 2b, the result of OpenSees model is different from the
analytical solution at high base rotation values, which is because of the yielding of the posttensioning tendon.

Figure 2: Analytical validation of the PPS model, normalised static moment-rotation relationship for a posttensioned rigid block on a rigid surface: (a) h/b = 6, and (b) h/b = 2.

3.2

Experimental approach

In this section, the results of an experimental testing and a reduced-order analytical model
already reported in [8] are used to verify the PPS model. The experimental column is a posttensioned segmental column consisting of 50 mm square wooden segments. The segments
are tied together by a 1 mm high-strength stainless steel cable. The elastic modulus of the
wooden blocks and stainless steel cable are 12.5 GPa and 118 GPa respectively. To simulate
the inertia force of the top deck, a 2.5 kg lump mass is installed at the top of the column. The
self-centring mechanism is provided by the cable with a 300N post-tensioning force. Moreover, a reduced-order mode with detailed description in [8], simulates the column as a singledegree-of-freedom (SDOF) systems based only on the base rotation. Figure 3 shows base
moment-rotation of the PPS model, the experimental column as well the analytical SDOF
model for both static and dynamic tests. For the dynamic analysis of the OpenSees model, a
constant stiffness-proportional Rayleigh damping is used for all elements of the model. As
seen in Figure 3, the proposed PPS model can reliably simulate both nonlinear static and dynamic behaviors of the PPS columns. For the dynamic modelling, a constant stiffness-
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proportional Rayleigh damping well duplicates the damping of the PPS columns (Figure 3b).
Note that the damping of the PPS columns mostly come from the behavior of the contact surfaces between the segments, and is dependent on the ground motion amplitude [8],]. Thus, a
combination of viscous and Coulomb damping is more appropriate, and this may cause the
difference between the PPS model and the experiment results.
(a)
8
The OpenSees Model
Experimental Specimen
Analytical Model

6
4
2
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-0.02
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Figure 3: Normalised base moment-rotation from the OpenSees model, experimental specimen, and analytical
model: (a) 9 blocks and static behavior, and (b) 6 blocks and dynamic behavior.

4

FREQUENCY RESPONSE FUNCTION
EXEMPLARY COLUMN

AND SEISMIC RESPONSE OF AN

In this section, an exemplary column of height 3 m and width 0.5 m is presented. To extract frequency response function (FRF) of this column, increasing and decreasing frequency
sine-sweep base excitations with varying amplitudes are used to capture possible lower and
upper branches due to instability of the dynamic behavior of the column around the resonance.
Figure 4 shows frequency response functions of the column. The horizontal axis is the excitation frequency normalised by the first natural frequency of the column at very small vibration
amplitudes. For very small excitation amplitudes, the column has not started its rocking motion yet and hence, the resonance occurs at the same frequency as the natural frequency, i.e.
normalized excitation frequency of 1. For higher vibration amplitudes, the rocking motion of
the column is started, and thus, the FRF curve exhibits a lower and an upper branch. In addition, after the rocking initiation, the natural frequency of the column drops, and is dependent
on the excitation amplitude.
The backbone curve clearly shows dynamic softening of the column. The column’s frequency drop with the increase in the excitation amplitude demonstrates the reduction in the
column’s stiffness after initiation of the columns rocking. Further, some subharmonic compo-
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nents are seen at low excitation frequencies for high excitation amplitudes. The FRFs also
show that the model faces dynamic instability around the resonance frequency of the column.
Excitation
Amplitude
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Acceleration Response [g]

1

0.8

0.6

0.2g

0.4
0.1g

0.2

0

0

0.5

1

1.5

0.001g

Normalized Excitation Frequency

Figure 4: Frequency response function and backbone curve of an exemplary column.

Figure 5 shows hysteretic base shear, V, versus displacement, Δ, of the top of the exemplary column subject to an earthquake ground motion. The base shear is normalised by the total
weight of the pier, W, (i.e. weight of the segments and the deck), and the top displacement is
normalised by the height, H, of the column, i.e. top drift. The figure highlights the selfcentering property and low-damping capacity of the post-tensioned segmental columns.

Figure 5: Normalised base shear versus top drift of the column subject to an earthquake ground motion.
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5

CONCLUSIONS
In this paper, a new approach is developed in OpenSees program to simulate nonlinear
static and dynamic behaviors of post-tensioned segmental columns. In this approach, the
segments are modeled as elastic Beam-Column elements, and the post-tensioning tendon is
modeled using an elastic-plastic Truss element. More importantly, the contact surfaces at
the rocking joints are simulated using elastic zero-tension segments.
The proposed modelled is validated using two approached. First, the analytical static
moment-rotation relationship of a post-tensioned rigid block on a rigid base is used and
compared with the results of the model. Afterwards, the static and dynamic results of an
experimental specimen as well as a reduced-order SDOF model of post-tensioned multi
blocks are employed to validate the proposed model. The comparison between the results of
the proposed model with those from the analytical and experimental approaches demonstrates the reliability of the proposed model to predict nonlinear static and dynamic behavior of the PPS columns. Frequency response function curve of an exemplary column is also
presented using the developed modelling strategy where it shows a two-branch behavior
around the resonance. The seismic response of the column also demonstrates low damping
capacity of such columns.
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STOCHASTIC DYNAMIC ANALYSIS OF HIGH-SPEED MAGLEV
GUIDEWAY COUPLED SYSTEM CONSIDERING VEHICLE
PARAMETER
Peng zhang, Zhi-wu Yu, and Jian-feng Mao


6FKRRORI&LYLO(QJLQHHULQJ&HQWUDO6RXWK8QLYHUVLW\
DGGUHVV

1DWLRQDO(QJLQHHULQJ/DERUDWRU\IRU+LJK6SHHG5DLOZD\&RQVWUXFWLRQ
DGGUHVV
S]KDQJ#FVXHGXFQ]KZ\X#FVXHGXFQFVXPMI#FVXHGXFQ

Keywords:0DJOHY6WRFKDVWLF9LEUDWLRQ3UREDELOLW\'HQVLW\(YROXWLRQ0RQWH&DUOR0HWKRG
Abstract. The maglev guideway coupling system is a complex random system, it is worth clarifying the stochastic dynamic vibration of maglev system caused by random vehicle parameters.
In this paper, a stochastic vibration analytical approach based on probability density evolution
method (PDEM), which can consider multiple stochastic structure parameters, is employed to
calculate stochastic vibration. The maglev-guideway coupling stochastic time-dependent equation is established, considering the stochastic vehicle load, the stiffness and damping of second
suspension. Then, the Wilson-θ method and the finite deference method with Total Variation
Diminishing (TVD) schemes are used to calculate the stochastic dynamic responses. Meanwhile,
the validity of proposed method is compared with Monte Carlo Method (MCM). The results
show, the proposed random dynamic model is available for dynamic vibration analysis of maglev system with good calculation efficiency. When the same integral step is adopted, the PDEM
reduce computing time by 1-2 order of magnitudes compared with MCM. The stochastic vehicle
loads have a significant effect on the dynamic deflection of guideway, while both the random
damping and stiffness of second suspension have a little effect on deflection of guideway. The
stochastic vehicle loads act a more sensitive effect on the car body acceleration than the other
two parameters.
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1

INTRODUCTION

0DJOHYWUDLQLVDPRGHUQDGYDQFHGWHFKQRORJLFDOJURXQGWUDQVSRUWWRROZKLFKUHDOL]HVWKH
VXVSHQVLRQDQGJXLGDQFHEHWZHHQWKHWUDLQDQGWKHJXLGHZD\WKURXJKQRQFRQWDFWHOHFWURPDJ
QHWLF IRUFH 7KHUH DUH WZR W\SHV PDJOHY V\VWHP DFFRUGLQJ WR WKH UXQQLQJ VSHHG KLJKVSHHG
PDJOHYWUDIILF>@DQGPHGLXPORZVSHHGPDJOHYWUDIILF>@7KHKLJKVSHHGPDJOHYWUDLQLV
VXLWDEOHIRUORQJGLVWDQFHLQWHUFLW\WUDQVSRUWDWLRQDQGKDVEURDGDSSOLFDWLRQSURVSHFWV
7KHYLEUDWLRQRIPDJOHYJXLGHZD\V\VWHPKDVGUDZQDJUHDWDWWHQWLRQRIUHVHDUFKHUVRYHU
WKHSDVWIHZGHFDGHV>@,QWKHHDUO\UHVHDUFKRIPDJOHYJXLGHZD\V\VWHPG\QDPLFV+XOOHQ
GHU>@EHJDQWRSD\DWWHQWLRQWRWKHLQIOXHQFHRIWUDFNLUUHJXODULW\RQJXLGHZD\:DQJ>@VLP
SOLILHGWKHPDJOHYYHKLFOHDVPRYLQJXQLIRUPIRUFHDQGVLPSOLILHGWKHJXLGHZD\VWUXFWXUHDV
(XOHU%HUQRXOOL EHDPXQLIRUP VSULQJ(XOHU%HUQRXOOL EHDP +H DQDO\]HG WKH LQIOXHQFH RI
VWUXFWXUH SDUDPHWHU WR WKH QDWXUDO IUHTXHQF\ RI JXLGHZD\ :LWK WKH GHYHORSPHQW RI PDJOHY
YHKLFOHPDQXIDFWXULQJWHFKQRORJ\WKHYHKLFOHPRGHOLVEHFRPHPRUHFRPSOH[>@7RVWXG\
WKHKLJKVSHHGPDJOHYYHKLFOHJXLGHZD\FRXSOHGYLEUDWLRQ=KDRDQG=KDL>@HVWDEOLVKHGD
GHJUHHRIIUHHGRPYHKLFOHPRGHOE\ULJLGERG\G\QDPLFVDQGWKUHHW\SHVJXLGHZD\PRGHOE\
PRGDOVXSHUSRVLWLRQPHWKRG7KH\DQDO\]HGWKH UHVSRQVHVRIYHKLFOH DQGJXLGHZD\ DQGWKH
YHKLFOHULGHTXDOLW\LQGH[XQGHUGLIIHUHQWGHWHUPLQLVWLFLUUHJXODULW\6KL>@SUHVHQWD(06PDJ
OHYYHKLFOHFRQWUROOHUJXLGHZD\PRGHODQGGHYHORSHGDVLPXODWLRQSURJUDP+HYHULILHGWKH
PRGHOE\PHDVXUHPHQWGDWDDQGLQYHVWLJDWHGWKHUHVSRQVHVRIPDJOHYV\VWHPXQGHULUUHJXODULW\
<DQJDQG<DX>@SUHVHQWHGDLWHUDWLYHPHWKRGDQGHVWDEOLVKHGDWZRGLPHQVLRQYHKLFOHJXLGH
ZD\SLHUVRLOFRXSOHGPRGHOLQZKLFKWKH3,'FRQWUROOHULVXVHGWRFRQWUROWKHPDJOHYIRUFH
7KH\DQDO\]HGWKHHIIHFWRIJURXQGZDYHSURSDJDWLRQRQV\VWHPG\QDPLF7RVWXG\WKHPH
GLXPORZVSHHGPDJOHYYHKLFOHJXLGHZD\YLEUDWLRQ+DQ>@SUHVHQWD870PDJOHYYHKL
FOH PRGHO ZLWK FRQWUROOHU +H DQDO\]HG WKH VRPH IDFWRU WKDW DIIHFW WKH QDWXUDO IUHTXHQF\ RI
JXLGHZD\/HH>@GHYHORSHGDPHGLXPORZVSHHGQXPHULFDOPDJOHYYHKLFOHPRGHOZLWKD
/4*FRQWUROOHUDQGLQYHVWLJDWHGWKHHIIHFWRIVRPHSDUDPHWHUVRQWKHYLEUDWLRQRIPDJOHYV\V
WHP
)URPWKHDERYHUHVHDUFKUHVXOWVWKHUHDUHOLWWOHUHVHDUFKDERXWWKHVWRFKDVWLFYLEUDWLRQRI
PDJOHYV\VWHPWKHVWRFKDVWLFYLEUDWLRQUHVHDUFKIUDPHZRUNRIPDJOHYYHKLFOHJXLGHZD\V\V
WHP KDV QRW EHHQ HVWDEOLVKHG9HKLFOH SDUDPHWHUV LV DQ LPSRUWDQW UDQGRP VRXUFH RI PDJOHY
V\VWHPGXHWRWKHERDUGLQJDQGDOLJKWLQJRISDVVHQJHUVDQGPDQXIDFWXULQJHUURU>@ZKLFK
PD\KDYHDJUHDWLPSDFWRQUXQQLQJVDIHW\DQGVPRRWKQHVVLWLVZRUWKFODULI\LQJWKHVWRFKDVWLF
G\QDPLFYLEUDWLRQRIPDJOHYV\VWHPFDXVHGE\UDQGRPYHKLFOHSDUDPHWHUVKRZHYHUUHOHYDQW
UHVHDUFKKDVQRWEHHQGRQH\HW
,QWKLVSDSHUDVWRFKDVWLFYLEUDWLRQDQDO\WLFDODSSURDFKEDVHGRQSUREDELOLW\GHQVLW\HYR
OXWLRQ PHWKRGLV HPSOR\HGWR FDOFXODWHVWRFKDVWLFYLEUDWLRQ7KHPDJOHYJXLGHZD\FRXSOLQJ
VWRFKDVWLFWLPHGHSHQGHQWHTXDWLRQLVHVWDEOLVKHGFRQVLGHULQJWKHVWRFKDVWLFYHKLFOHORDGVWLII
QHVVDQGGDPSLQJRIVHFRQGVXVSHQVLRQVWLIIQHVVDQGGDPSLQJRISULPDU\VXVSHQVLRQ7KHQ
WKH:LOVRQșPHWKRGDQGILQLWHGLIIHUHQFHPHWKRGZLWK79'VFKHPHVDUHXVHGWRFDOFXODWHWKH
VWRFKDVWLFG\QDPLFUHVSRQVHV0HDQZKLOHWKHYDOLGLW\RISURSRVHGPHWKRGLVFRPSDUHGZLWK
0&0
2

N-DIMENSIONAL REPRESENTATIVE POINT SELECTION OF STOCHASTIC
VEHICLE PARAMETER

'XHWRWKHERDUGLQJDQGDOLJKWLQJRISDVVHQJHUVWKHFKDQJHZHLJKWRIOXJJDJHDQGEDFN
SDFNHWFWKHPDVVRIFDUERG\LVDVWRFKDVWLFSDUDPHWHUZKLFKPD\KDVDJUHDWLQIOXHQFHRI
G\QDPLFUHVSRQVHV'XHWRWKHPLFURVWUXFWXUHRIWKHPDWHULDODQGWKHPDQXIDFWXULQJHUURUHWF
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WKHVWLIIQHVVDQGGDPSLQJRIVHFRQGDU\VXVSHQVLRQDOVRVWRFKDVWLFSDUDPHWHU6HOHFWLRQRIUHS
UHVHQWDWLYHSDUDPHWHUVLVDQLPSRUWDQWSDUWRISUREDELOLW\GHQVLW\HYROXWLRQDQDO\VLV7KHQXP
EHUWKHRU\PHWKRG 170 LVHPSOR\HGWRVHOHFWWKHPXOWLGLPHQVLRQDOUHSUHVHQWDWLYHSRLQWRI
V\VWHPSDUDPHWHUV&RQVLGHULQJWKHUDQGRPQHVVRIWKHPDVVRIFDUERG\ WKHVWLIIQHVVRI
VHFRQGVXVSHQVLRQ ௦ WKHGDPSLQJRIVHFRQGVXVSHQVLRQ ௦ 7KHVWRFKDVWLFYDULDEOHVSDFHࣘ
FDQEHH[SUHVVHGDVWKHIXQFWLRQRIUDQGRPYHKLFOHSDUDPHWHU
ࣘ ൌ ݂ሺଵ ǡ ଶ ǡ ǥ ǡ ே ǡ  ௦ଵ ǡ  ௦ଶ ǡ ǥ  ௦ே ǡ

௦ଵ ǡ ௦ଶ ǡ ǥ ǡ ௦ே ሻሺ݅

ൌ ͳǡʹǡ ǥ ǡ ሻ



݂ሺήሻLVWKHWUDQVIRUPIXQFWLRQRIPDJOHYYHKLFOHUDQGRPSDUDPHWHUVLVWKHWRWDOQXPEHU
RIUDQGRPPXOWLGLPHQVLRQDOSRLQWV
$FFRUGLQJWRUHVHDUFKUHVXOWRI170澳>@DSRLQWVHWFDQEHJHQHUDWHE\DSSO\LQJWKH1
GLPHQVLRQDOK\SHUFXEHGLVWULEXWHே 7KHUDQGRPYDULDEOHVRIWKHQRUPDOGLVWULEXWLRQDUHXVX
DOO\V\PPHWULFWRJHQHUDWHWKHUHSUHVHQWDWLYHSRLQWVHWWKHEDOOVFUHHQLQJK\SHUFXEHPHWKRGLV
XVHGWR ILOWHUWKHSRLQWWKHQDQDIILQHWUDQVIRUPDWLRQLV HPSOR\HGWR PDSWKHUHSUHVHQWDWLYH
SRLQWVHWLQSUREDELOLW\GLVWULEXWLRQVSDFHLWFDQEHH[SUHVVHGDV
દ ൌ ൛ߠǡଵ ǡ ߠǡଶ ǡ ǥ ǡ ߠǡ ൟǡ ݇ ൌ ͳǡʹǡ ǥ ǡ ݊௦ 



7KH SUREDELOLW\ VXEGLYLVLRQ RI UHSUHVHQWDWLYH SRLQW VHW DUH GLYLGHG ZLWK 9RURQRL &HOOV
ೞ
ೞ
൫દ ൯ ൌ ܸ ڂୀଵ
൫દ ൯ ൌ ڂୀଵ
ܸ DQGܸ ܸ ת ൌ Ͳǡ ݅ ് ݆ 7KH MRLQW SUREDELOLW\ GHQVLW\ RI
WKHWRWDOVXEGLYLVLRQVSDFHPHHWVWKHUHTXLUHPHQWV
ೞ

ೞ

 ܲ ൌ  න ܲદ ሺߠሻ ݀ߠ ൌ න 
ୀଵ

ୀଵ 

ೞ 
ڂసభ


ܲ ሺߠሻ ݀ߠ ൌ ͳ



ܲ LVWKHSUREDELOLW\YDOXHRIUHSUHVHQWDWLYHSRLQW
3

MAGLEV VEHICLE GUIDEWAY COUPLED MODEL

$PDJOHYYHKLFOHJXLGHZD\FRXSOHGPRGHOLVSURSRVHG7KHYHKLFOHPRGHOLVHVWDEOLVKHGE\
PXOWLULJLGERG\G\QDPLFVZKLFKFRQWDLQVRQHFDUERG\IRXUPDJQHWERJLHDQGVHFRQGVXV
SHQVLRQWKHYHKLFOHPRGHOLVVKRZQLQ)LJ7KHPRGHOFRQWDLQVLQGHSHQGHQWGHJUHHRI
IUHHGRP '2) WKHYHUWLFDOGLVSODFHPHQW ݖ DQGYHUWLFDOSLWFKLQJ ߚ RIFDUERG\WKHYHUWL
FDOGLVSODFHPHQW ݖ ሺ݅ ൌ ͳǡʹǡ͵ǡͶሻ DQGYHUWLFDOSLWFKLQJRIPDJQHWERJLH ߚ ሺ݅ ൌ ͳǡʹǡ͵ǡͶሻ 
7KHG\QDPLFYLEUDWLRQHTXDWLRQRIWKHPDJOHYV\VWHPFDQEHHVWDEOLVKHGE\DSSO\LQJWKHSULQ
FLSOHWKDWWKHWRWDOSRWHQWLDOHQHUJ\RIWKHHODVWLFV\VWHPLVFRQVWDQWDQG³VHWLQULJKWVHDW´UXOH
7KHG\QDPLFPRWLRQRIYHKLFOHFDQEHZULWWHQDV
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:KHUHWKHVXEVFULSWFFEEUHSUHVHQWWKHFDUERG\PDJQHWERJLHUHVSHFWLYHO\ۻ۱۹܃DUH
WKHPDVVPDWUL[GDPSLQJPDWUL[VWLIIQHVVPDWUL[DQGGLVSODFHPHQWYHFWRUYHKLFOHV\VWHPUH
VSHFWLYHO\>@7KHIRUFHYHFWRU۴ ሺሻFDQEHZULWWHQDV
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ேమ

,QZKLFK బ ସ LVWKHHOHFWURPDJQHWLFVSDUDPHWHURIOHYLWDWLRQPDJQHWߤ LVWKHSHUPHDELO
LW\ܰLVQXPEHURIWXUQVLQWKHPDJQHWZLQGLQJܣLVSROHDUHDRILURQFRUH݅ LVWKHUDWHGFXU
UHQWܿ LVWKHLQLWLDODLUJDSο݅ሺݐሻLVLQFUHPHQWRIFXUUHQWοܿ ሺݐሻLVWKHLQFUHPHQWRIDLUJDSLQ
WKHkWKPDJQHWZKHHORImWKPDJQHWERJLH%RWKRIο݅DQGοܿDUHWLPHGHSHQGHQWDQGWKH\ZLOO
FKDQJHZLWKWKHFKDQJHRIYHKLFOHUXQQLQJSRVLWLRQࡾ LVDWUDQVIRUPYHFWRUZKLFKFDQGLV
WULEXWHWKHIRUFHWRWKHYHUWLFDODQGSLWFKLQJRIWKHPDJQHWLFERJLH
7KHJXLGHZD\LVUHFRJQL]HGDVDQ(XOHU%HUQRXOOLEHDPWKHILQLWHHOHPHQWPHWKRGLVDSSOLHG
WRHVWDEOLVKWKHYLEUDWLRQHTXDWLRQRIJXLGHZD\VRWKDWORFDOYLEUDWLRQRIWKHJXLGHZD\FRXOGEH
FRQVLGHUHGDFFXUDWHO\7KHG\QDPLFPRWLRQRIJXLGHZD\FDQEHH[SUHVVHGDV
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:KHUH WKH VXEVFULSW݃݃UHSUHVHQW JXLGHZD\ DQG SLHU UHVSHFWLYHO\ۻ۱۹܃DUH WKH
PDVV PDWUL[ GDPSLQJ PDWUL[ VWLIIQHVV PDWUL[ DQG GLVSODFHPHQW YHFWRU RI JXLGHZD\ V\VWHP
UHVSHFWLYHO\۴ሺ୲ሻ LVWKHIRUFHYHFWRURIJXLGHZD\
4

PROBABILITY DENSITY EVOLUTION METHOD

%DVHGRQ(T  DQG(T  ZHFDQHVWDEOLVKHGWKHFRXSOHGG\QDPLFHTXDWLRQRIYHKLFOH
DQGJXLGHZD\V\VWHP&RQVLGHULQJWKHUDQGRPQHVVRIYHKLFOHSDUDPHWHUVWKHFRXSOHGHTXDWLRQ
FDQEHVLPSOLILHGDV
ۻሺદሻ൛܃ሷൟ  ۱ሺદሻ൛܃ሶൟ  ۹ሺદሻሼ܃ሽ ൌ ۴ሺદǡ ݐሻ
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:KHQFRQVLGHULQJWKHUDQGRPQHVVRIYHKLFOHSDUDPHWHUVWKHPDVVPDWUL[GDPSLQJPDWUL[
VWLIIQHVVPDWUL[DQGIRUFHYHFWRUDUHDOOUDQGRPZKLFKFDQEHXQLIRUPO\GHVFULEHGE\UDQGRP
YDULDEOHVદ
7KHVWHSE\VWHSLQWHJUDOPHWKRG:LOVRQθPHWKRGLVXVHGWRFDOFXODWHWKHVWRFKDVWLFG\QDPLF
UHVSRQVHV)RUWKHPDJOHYV\VWHPWKHG\QDPLFUHVSRQVHVFDQEHGHWHUPLQHGE\GLVSODFHPHQW
்
DQGYHORFLW\UHVSRQVHV7DNLQJȲ ൌ ൛Ȳ௩ ǡ Ȳ ൟ WRXQLILHGFKDUDFWHUL]HWKHVWRFKDVWLFUHVSRQVHV
RIVWUXFWXUHWKH\FDQEHH[SUHVVHGDV
Ȳ ൌ ܪஏ ሺࢨǡ ሻ



்

݀ሺ൛Ȳ௩ ǡ Ȳ ൟ ሻ
்
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ൌ ൛Ȳሶ௩ ǡ Ȳሶ ൟ ൌ ݄ஏ ሺࢨǡ ሻ
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,QZKLFKWKHVXEVFULSWݒDQG݃UHSUHVHQWWKHYHKLFOHDQGJXLGHZD\UHVSHFWLYHO\ܪஏ ሺࢨǡ ሻ
DQG݄ஏ ሺࢨǡ ሻUHSODFHWKHV\VWHPGLVSODFHPHQWUHVSRQVHVDQGYHORFLW\UHVSRQVHV$VVXPLQJ܃
DVWKHUHVSRQVHWREHFDOFXODWHGDQGLWVILUVWRUGHUGLIIHUHQWLDOFDQEHZULWWHQDV
ܷሶ ൌ ሺȲǡ Ȳሶሻ ൌ ሺܪஏ ሺદǡ ሻ݄ஏ ሺદǡ ሻሻ் 

 

ܩሺήሻLVWKHWUDQVIRUPHTXDWLRQ
7DNLQJࢨ ሺݑǡ ߠǡ ݐሻDVWKHMRLQWSUREDELOLW\GHQVLW\IXQFWLRQRIሺࢁǡ ࣂሻ(T  VDWLVILHGWKH
JHQHUDOSUREDELOLW\GHQVLW\HYROXWLRQHTXDWLRQ>@
߲ࢨ ሺݑǡ ࣂǡ ݐሻ
߲ࢨ ሺݑǡ ࣂǡ ݐሻ
 
 ܷሶሺࣂǡ ݐሻ
ൌͲ
߲ݑ
߲ݐ
7KHLQLWLDOUHVSRQVHVLVܷሺ  ሻ ൌ ݑ દ ൌ ߠ ǡ ሺ ݍൌ ͳǡʹǡ͵ǡ ǥ ǡ ݊ሻFRQVLGHULQJWKHLQLWLDOSURE
DELOLW\ FRQGLWLRQ RI (T   WZR VLGH GLIIHUHQFH PHWKRG ZLWK 7RWDO 9DULDWLRQ 'LPLQLVKLQJ
79'  VFKHPH DUH XVHG WR VROYH WKH SDUWLDO GLIIHUHQWLDO HTXDWLRQ   WKHQ ZH FDQ JHW WKH
SUREDELOLW\VROXWLRQࢨ ሺݑǡ ࣂǡ ݐሻǡWKHSUREDELOLW\GHQVLW\IXQFWLRQFDQEHH[SUHVVHGDV
 ሺݑǡ ݐሻ ൌ න  ሺݑǡ ߠǡ ݐሻ݀ߠ

 

౸

5

CASE STUDY

5.1 Verification of Accuracy and efficiency
7RFRQVLGHUWKHVWRFKDVWLFYHKLFOHSDUDPHWHUVHDFKYHKLFOHKDVLQGHSHQGHQWUDQGRPYDUL
DEOHV݉
ഥ  ݇ത௦ DQGܿҧ௦  ݅ ൌ ͳǡʹǡ ǥ ǡͳͲሻ 7KH SRLQW VHOHFWLRQ PHWKRG LQWURGXFHG LQ VHFWLRQ  LV
XVHGWRVHOHFWUHSUHVHQWDWLYHSRLQWV,QWKLVDUWLFOHWKHUHDUHGLVFUHWHUHSUHVHQWDWLYHSRLQW
VHWKDYHEHHQWDNHQLQWRFRQVLGHUHG7KHWKUHHGLPHQVLRQRI3')DQGPDWFKLQJFRQWRXURIDF
FHOHUDWLRQRIILUVWFDUERG\DWFHQWHURIPDVVXQGHUVWRFKDVWLFYHKLFOHORDGVDUHVKRZQLQ)LJ
ZKHUHLWLVVHHQWKDWWKHUHDOWLPHSUREDELOLW\GHQVLW\IXQFWLRQVHHPVOLNHWKHVKDSHRIPRXQWDLQV
7RDVVHVVWKHDFFXUDF\DQGHIILFLHQF\RIWKHSURSRVHGPHWKRGWKHUHVXOWRI3'(0UXQQLQJ
VDPSOHVDUHFRPSDUHGWRWKRVHRI0&0UXQQLQJVDPSOHVWKHFRPSDULVRQRI3'(0
DQG 0&0 DUH VKRZQ LQ )LJ  ZKHUH LW LV VHHQ WKDW WKH ERWK WKH PHDQ YDOXH DQG VWDQGDUG
GHYLDWLRQRIDFFHOHUDWLRQREWDLQHGE\3'(0DUHDFFRUGZHOOZLWK0&0)XUWKHUWRFRPSOHWH
WKRVHFDOFXODWLRQWKH3'(0WRRNRQO\PLQZKLOHWKH0&0QHHGVPLQ7KHUHIRUHLW
FRXOGEHFRQFOXGHGWKHSURSRVHGPHWKRGLPSURYHVaRUGHUVRIPDJQLWXGHVDQGLV RIKLJK
DFFXUDF\DQGHIILFLHQF\
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)LJ0HDQYDOXHDQGVWDQGDUGGHYLDWLRQRIDFFHOHUDWLRQRIWKHILUVWFDUERG\DWFHQWHURIPDVVXQGHUVWRFKDVWLF
YHKLFOHORDG &9   D PHDQYDOXH E VWDQGDUGGHYLDWLRQ

5.2 Effect of the level of different vehicle parameters
5.2.1. Dynamic responses analysis of vehicle
$FFHOHUDWLRQRIFDUERG\LVLPSRUWDQWIRUUXQQLQJVDIHW\DQGULGLQJTXDOLW\7RVWXG\WKH
LQIOXHQFHRIGLIIHUHQWYHKLFOHSDUDPHWHUVRQG\QDPLFUHVSRQVHVRIWKHFRXSOHGV\VWHPWKHFR
HIILFLHQWRIYDULDWLRQ &29 DUHGLYLGHGLQWRVHWVZKLFKUDQJLQJIURPWRZLWKDQ
LQWHUYDORI$VVXPLQJWKHPHDQRIYHKLFOHPDVV݉
ഥ  ൌ ͷͲͲͲ݇݃WKHVWLIIQHVVRIVHFRQG
VXVSHQVLRQ݇ത௦ ൌ ͷΨ݇ത௦ ǢWKHGDPSLQJRIVHFRQGVXVSHQVLRQܿҧ௦ ൌ ͷΨܿҧ௦ $ODUJHUYHU
WLFDOFRRUGLQDWH&29YDOXHLQGLFDWHDJUHDWHULQIOXHQFHRQWKHG\QDPLFVRIWKHFRUUHVSRQGLQJ
G\QDPLFLQGH[VXFKDVDFFHOHUDWLRQRIFDUERG\GHIOHFWLRQRIJXLGHZD\HWF)LJVKRZVWKH
YHUWLFDODFFHOHUDWLRQRIWKHILUVWYHKLFOHXQGHUWKHVWRFKDVWLFVHFRQGVXVSHQVLRQVWLIIQHVVZLWK
WKH&29RI&OHDUO\LWFDQEHVHHQWKDWWKHPD[LPXPPHDQYDOXHLVǤͺͺ ൈ ͳͲିଶ Ȁ ଶ
DQGWKHPD[LPXPYDOXHRIVWDQGDUGGHYLDWLRQLVͶǤͺͳ ൈ ͳͲିଷ Ȁ ଶ )LJVKRZVWKH&29RI
DFFHOHUDWLRQRIWKHILUVWFDUERG\XQGHUGLIIHUHQWYHKLFOHSDUDPHWHUV,WFDQEHVHHQWKDWWKH&29
RIDFFHOHUDWLRQRIWKHFDUERG\LQFUHDVHLQYDU\LQJGHJUHHZLWKWKHLQFUHDVHVRI&297KHPD[
LPXPYDOXHRI&29FDUERG\DFFHOHUDWLRQUHDFKHVDERXWDIIHFWHGE\VWR
FKDVWLF YHKLFOH ORDGV VWLIIQHVV RI VHFRQG VXVSHQVLRQ GDPSLQJ RI VHFRQG VXVSHQVLRQ
UHVSHFWLYHO\$PRQJWKHVWRFKDVWLFYHKLFOHORDGVVWLIIQHVVRIVHFRQGVXVSHQVLRQGDPSLQJRI
VHFRQGVXVSHQVLRQWKH&29FXUYHVDIIHFWHGE\VWRFKDVWLFYHKLFOHORDGVWKHLQFUHDVHVVWHHSHU
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EXWLVQRWOLQHDULQFUHDVHZKLOHWKRVHLQFUHDVHVORZO\DIIHFWHGE\VWRFKDVWLFVWLIIQHVVDQGGDPS
LQJRIVHFRQGVXVSHQVLRQ,WPHDQVWKDWWKHVWRFKDVWLFYHKLFOHORDGVDFWDPRUHVHQVLWLYHHIIHFW
RQWKHFDUERG\DFFHOHUDWLRQWKDQWKHRWKHUWZRSDUDPHWHUV
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)LJ$FFHOHUDWLRQRIWKHILUVWYHKLFOHXQGHUVWRFKDVWLFVWLIIQHVVRIVHFRQGVXVSHQVLRQ D PHDQYDOXH E VWDQG
DUGGHYLDWLRQ


&29RIUHVSRQVHV



9HKLFOHORDG




6WLIIQHVV





GDPSLQJ
'DPSLQJ











&29RISDUDPHWHUV

)LJ9DULDEOHVRIFRHIILFLHQWIRUDFFHOHUDWLRQRIWKHILUVWFDUERG\XQGHUGLIIHUHQWYHKLFOHSDUDPHWHUV

5.2.2. Dynamic responses analysis of guideway
7KHG\QDPLFGHIOHFWLRQLVDQLPSRUWDQWLQGH[RIJXLGHZD\)RUWKHVDPHZD\)LJVKRZV
WKHYHUWLFDOGHIOHFWLRQRIJXLGHZD\LQWKHPLGSRLQWRIWKHILUVWVSDQXQGHUWKHVWRFKDVWLFVHFRQG
VXVSHQVLRQVWLIIQHVVZLWKWKH&29 &OHDUO\LWFDQEHVHHQWKDWWKHPD[LPXPPHDQYDOXH
LVDSSUR[LPDWHͳǤͷDQGWKHPD[LPXPYDOXHRIVWDQGDUGGHYLDWLRQLVDSSUR[LPDWHͶǤͺͻ ൈ
ͳͲିଶ 7KH&29RIG\QDPLFUHVSRQVHVRIWKHGHIOHFWLRQLVZKLFKLVOHVVWKDQWKH
&29RIVHFRQGVXVSHQVLRQVWLIIQHVV




'HIOHFWLRQ PP

'HIOHFWLRQ PP
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)LJ'HIOHFWLRQRIJXLGHZD\LQWKHPLGSRLQWRIWKHILUVWVSDQ D PHDQYDOXH E VWDQGDUGGHIOHFWLRQ
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&29RIUHVSRQVHV





9HKLFOHORDG







'DPSLQJ
GDPSLQJ 6WLIIQHVV











&29RISDUDPHWHUV

)LJ9DULDEOHVRIFRHIILFLHQWRIGHIOHFWLRQRIILUVWVSDQPLGSRLQWXQGHUGLIIHUHQWYHKLFOHSDUDPHWHUV

)LJVKRZVWKH&29RIG\QDPLFGHIOHFWLRQRIILUVWVSDQPLGSRLQWXQGHUGLIIHUHQWYHKLFOH
SDUDPHWHUV,WFDQEHVHHQWKDWWKH&29FXUYHVRIJXLGHZD\GHIOHFWLRQULVHUDSLGO\ZLWKWKH
LQFUHDVHVRI&29RIVWRFKDVWLFYHKLFOHORDGVZKLOHWKH&29FXUYHVDIIHFWHGE\VWRFKDVWLFVWLII
QHVVDQGGDPSLQJRIVHFRQGVXVSHQVLRQDOPRVWGRQRWFKDQJHV:KHQWKHVWRFKDVWLFYHKLFOH
ORDGV FRQVLGHUHG WKH PD[LPXP YDOXH RI &29 RI JXLGHZD\ GHIOHFWLRQ UHDFKHV DERXW 
ZKLOHWKHPD[LPXPYDOXHRI&29LVDQGZKHQWKHVWRFKDVWLFGDPSLQJDQGVWLIIQHVV
RIVHFRQGVXVSHQVLRQDUHFRQVLGHUHGUHVSHFWLYHO\7KLVPHDQVWKDWWKHVWRFKDVWLFYHKLFOHORDGV
KDVDJUHDWLQIOXHQFHRIWKHGHIOHFWLRQRIJXLGHZD\DQGWKHVWRFKDVWLFVWLIIQHVVRIVHFRQGVXV
SHQVLRQDQGWKHVWRFKDVWLFGDPSLQJRIVHFRQGVXVSHQVLRQKDYHDOLWWOHLQIOXHQFHRQWKHGHIOHF
WLRQRIJXLGHZD\
6

CONCLUSIONS

7KLV SDSHU SURSRVHG D VWRFKDVWLF YLEUDWLRQ DQDO\WLFDO DSSURDFK WR FDOFXODWH PDJOHY YHKLFOH
JXLGHZD\V\VWHPYHUWLFDOVWRFKDVWLFYLEUDWLRQ7KHPDJOHYJXLGHZD\FRXSOHGVWRFKDVWLFWLPH
GHSHQGHQW HTXDWLRQ LV HVWDEOLVKHG:LOVRQș PHWKRG DQG ILQLWH GHIHUHQFH PHWKRG ZLWK79'
VFKHPHVDUHXVHGWRFDOFXODWHWKHVWRFKDVWLFG\QDPLFUHVSRQVHV7KHUHVXOWVFDOFXODWHGE\0&0
DUHFRPSDUHGZLWKWKHSURSRVHGPHWKRG0HDQZKLOHWKHHIIHFWVRIWKHVWRFKDVWLFYHKLFOHORDG
WKHVWLIIQHVVDQGGDPSLQJRIVHFRQGVXVSHQVLRQRQPDJOHYYHKLFOHDQGJXLGHZD\DUHLQYHVWL
JDWHGDQGGLVFXVVHG7KHFRQFOXVLRQRIIROORZLQJFDQEHVXPPDUL]HG
 7KHSURSRVHGUDQGRPG\QDPLFPRGHOLVDYDLODEOHIRUG\QDPLFYLEUDWLRQDQDO\VLVRIPDJOHY
V\VWHP ZLWK JRRG DFFXUDWH DQG HIILFLHQW ,W FDQ UHGXFH FRPSXWLQJ WLPH E\  RUGHU RI
PDJQLWXGHVFRPSDUHGZLWK0&0
 )RUWKHYHKLFOHSDUDPHWHUVVWRFKDVWLFYHKLFOHORDGKDVDVLJQLILFDQWHIIHFWRQWKHG\QDPLF
GHIOHFWLRQRIJXLGHZD\ZKLOHERWKWKHUDQGRPGDPSLQJDQGVWLIIQHVVRIVHFRQGVXVSHQVLRQ
KDYHDOLWWOHHIIHFWRQGHIOHFWLRQRIJXLGHZD\
 7KHDFFHOHUDWLRQRIFDUERG\VHHPVWREHDIIHFWHGE\PDQ\IDFWRUWKHPD[LPXPYDOXHRI
&29FDUERG\DFFHOHUDWLRQUHDFKHVDERXWDIIHFWHGE\VWRFKDVWLFYHKLFOH
ORDGVVWLIIQHVVRIVHFRQGVXVSHQVLRQGDPSLQJRIVHFRQGVXVSHQVLRQUHVSHFWLYHO\7KHVWR
FKDVWLFYHKLFOHORDGVDFWDPRUHVHQVLWLYHHIIHFWRQWKHFDUERG\DFFHOHUDWLRQWKDQWKHRWKHU
WZRSDUDPHWHUV
7
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8QLYHUVLWDW-DXPH,0HFKDQLFDO(QJLQHHULQJDQG&RQVWUXFWLRQ'HSDUWPHQW
$YGD6RV%D\QDWVQ&DVWHOOyQ6SDLQ
HPDLO^PURGULJRPROLQHUH`#XMLHV


8QLYHUVLGDGGH6HYLOOD(VFXHOD7pFQLFD6XSHULRUGH,QJHQLHUtD
&DPLQRGHORV'HVFXEULPLHQWRVVQ6HYLOOD6SDLQ
^SHGURJDOYLQDUR`#XVHV

.H\ZRUGV5DLOZD\EULGJHVUDLOEULGJHLQWHUDFWLRQH[SHULPHQWDOPHDVXUHPHQWV
$EVWUDFW This paper is devoted to the analysis of rail-bridge interaction effects in railway
bridges under the circulation of moving trains. In a first approach, a bidimensional Finite Element model is implemented. The rail and the bridge are represented as Bernouilli-Euler beams,
and a three-layer discrete track model accounting for the damping and flexibility of rail pads,
ballast and subgrade is considered. In the model, several elastically supported spans are included, coupled by the presence of the track. First a sensitivity analysis is performed on the
track parameters. A numerical receptance test is simulated on the rails showing that the track
damping parameters influence the response only in the vicinity of the track natural frequencies,
which are much higher than the bridge’s. Then, the maximum acceleration of the bridge is
evaluated under equidistant trains and consistent conclusions are extracted regarding the track
parameters. Last, the number of spans included in the model is evaluated showing that limiting
the model to one span does not necessarily lead to the highest response in terms of the bridge
acceleration. Finally, the response of an existing two-span single-track bridge belonging to a
conventional Spanish line is evaluated under the circulation of the Altaria Talgo train. Numerical predictions are compared to experimental results obtained in a recent campaign. The prediction of the vertical acceleration at the sensors located along the longitudinal symmetry axis
is adequate. From the experimental results the coupling effect between the adjacent decks in
each span is evident suggesting the need of analyzing this phenomenon with more sophisticated
models.
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 ,1752'8&7,21
5DLOZD\LQGXFHGYLEUDWLRQVDUHDPDWWHURIFRQFHUQIRUHQJLQHHUVDQGDXWKRULWLHVLQUHFHQW
VRFLHWLHV,QPDQ\FRXQWULHVQRZDGD\V+LJK6SHHGVHUYLFHVDOORZLQWHQVHPRELOLW\EHWZHHQ
GLVWDQWKLJKO\SRSXODWHGXUEDQDUHDV7KHFUHVFHQWGHQVLW\RIWUDIILFDQGWKHWUDLQRSHUDWLRQDO
VSHHGVUHTXLUHQRQHWKHOHVVDQRXWVWDQGLQJUHVSRQVHRIUDLOZD\LQIUDVWUXFWXUHVLQRUGHUWRHQ
VXUHWUDIILFVDIHW\SDVVHQJHUFRPIRUWDQGDGHTXDWHHQYLURQPHQWDOFRQGLWLRQVLQWKHVXUURXQGLQJ
DUHDV
&RPSULVLQJDQLPSRUWDQWSURSRUWLRQRIWKHUDLOZD\LQIUDVWUXFWXUHUDLOZD\EULGJHVKDYHUH
FHLYHGFRQVLGHUDEOHDWWHQWLRQLQWKHODVW\HDUVDQGWRHQVXUHWUDIILFVDIHW\DQGSDVVHQJHUFRPIRUW
WKHLU GHVLJQ PXVW DFFRPSOLVK VWULFW UHTXLUHPHQWV >@ ,Q SDUWLFXODU VKRUWWRPHGLXP VSDQ
VLPSO\VXSSRUWHG 66 EULGJHVZLWKEDOODVWHGWUDFNVDUHSURQHWRH[SHULHQFHKLJKGHFNYHUWLFDO
DFFHOHUDWLRQVZKLFKPD\OHDGWREDOODVWGHFRQVROLGDWLRQUDLOPLVDOLJQPHQWDQGRWKHUUHODWHG
SUREOHPV>@>@,QWKLVFRQWH[WDGHHSXQGHUVWDQGLQJRIWUDLQWUDFNEULGJHLQWHUDFWLRQPHFK
DQLVPVLVHVVHQWLDOLQRUGHUWREHDEOHWRSUHGLFWDQGDVVHVVWKHG\QDPLFUHVSRQVHRIVXFKVWUXF
WXUHV$VWDWHRIWKHDUWUHYLHZRQWKHHYROXWLRQRIQXPHULFDOPRGHOVDQGH[SHULPHQWDOWHVWV
IRFXVLQJ RQ YDOLGDWLRQ VDIHW\ DVVHVVPHQW DQG ORQJWHUP SHUIRUPDQFH LQYHVWLJDWLRQ RI WUDLQ
WUDFNEULGJHV\VWHPVZDVUHFHQWO\SUHVHQWHGE\=KDLHWDO>@
5DLOZD\D[OHORDGVDQGEULGJHVLQWHUDFWWKURXJKWKHWUDFNLQIUDVWUXFWXUH7KHWUDFNGLVWULEXWHV
WKHD[OHORDGVDQGPD\H[HUWDUHVWUDLQLQJHIIHFWRQWKHEULGJHV¶ERXQGDU\FRQGLWLRQV>@DQGD
FRXSOLQJHIIHFWDPRQJFRQVHFXWLYHVSDQVRIWKHVDPHYLDGXFW>@RUEHWZHHQDGMDFHQWVLQJOH
WUDFNGHFNV>@1HYHUWKHOHVVLQPDQ\SXEOLFDWLRQVWKHVHHIIHFWVDUHGLVUHJDUGHGDQGWKHLQIOX
HQFHRIWKHVXSHUVWUXFWXUHFRPSRVHGE\WKHUDLOVVOHHSHUVDQGEDOODVWLQEDOODVWHGWUDFNVLV
VWLOOQRWZHOONQRZQ
,QWKLVFRQWULEXWLRQWKHG\QDPLFEHKDYLRURIPXOWLVSDQVLQJOHWUDFNEULGJHVLVLQYHVWLJDWHG
ZLWKWKHDLPRIHYDOXDWLQJWKHHIIHFWRIWKHFRQWLQXLW\RIWKHWUDFNRQWKHEULGJHYHUWLFDOUHVSRQVH
,QVHFWLRQDQH[LVWLQJEULGJHREMHFWRIVWXG\LVGHVFULEHGDORQJZLWKWKHQXPHULFDOPRGHO,Q
VHFWLRQWKHUHVXOWVRIDSUHOLPLQDU\VHQVLWLYLW\DQDO\VLVRQDIHZWUDFNSDUDPHWHUVLVSUHVHQWHG
,QVHFWLRQWKHUHVXOWVRIDQH[SHULPHQWDOFDPSDLJQUHFHQWO\SHUIRUPHGRQWKHEULGJHDUHFRP
SDUHGZLWKQXPHULFDOSUHGLFWLRQV)LQDOO\VRPHFRQFOXVLRQVDUHH[WUDFWHGUHJDUGLQJWKHHIIHFW
RIWKHWUDFNVXSHUVWUXFWXUHRQWKHEULGJHDFFHOHUDWLRQUHVSRQVH
 %5,'*('(6&5,37,21$1'180(5,&$/02'(/
%ULGJHGHVFULSWLRQ
7KH EULGJH XQGHU VWXG\ LV D EULGJH FURVVLQJ WKH 2OG *XDGLDQD 5LYHU LQ WKH FRQYHQWLRQDO
UDLOZD\OLQH0DGULG$OFi]DUGH6DQ-XDQ-DpQLQWKH$OFi]DUGH6DQ-XDQ0DQ]DQDUHVVHFWLRQ
VHH)LJ ,WLVDGRXEOHWUDFNFRQFUHWHEULGJHFRPSRVHGE\WZRLGHQWLFDO66ED\V,QHDFK
VSDQWKHKRUL]RQWDOVWUXFWXUHLVIRUPHGE\WZRVWUXFWXUDOO\LQGHSHQGHQWGHFNVRQHIRUHDFK
WUDFN(DFKGHFNLVFRPSRVHGE\DFRQFUHWHVODEUHVWLQJRQILYHSUHVWUHVVHGFRQFUHWHUHFWDQJX
ODUJLUGHUVZLWKQRWUDQVYHUVHVWLIIHQLQJHOHPHQWV VHH)LJ 7KHORQJLWXGLQDOJLUGHUVUHVWRQ
WKHWZRDEXWPHQWVDQGRQDFHQWUDOVXSSRUWWKURXJKQHRSUHQHEHDULQJV(DFKGHFNDFFRPPR
GDWHVDEDOODVWHGWUDFNZLWK,EHULDQJDXJH8,&UDLOVDQGPRQREORFNFRQFUHWHVOHHSHUVZLWK
DVSDFLQJRIP
1XPHULFDOPRGHO
,QDILUVWDSSURDFKWKHQXPHULFDOPRGHOGHVFULEHGLQZKDWIROORZVLVXVHG2QO\RQHVLQJOH
WUDFNGHFNLVUHSUHVHQWHGLQERWKED\VDVWZRVXFFHVVLYH%HUQRXOOL(XOHU %( EHDPVUHVWLQJ
RQHODVWLFVXSSRUWVDFFRXQWLQJIRUWKHQHRSUHQHEHDULQJVHODVWLFYHUWLFDOVWLIIQHVV7KHWZRUDLOV
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DUHWUHDWHGDVDQHTXLYDOHQWVLQJOH%(EHDPDVZHOO$WKUHHOD\HUGLVFUHWHWUDFNPRGHO VHH
)LJ DVWKHRQHSURSRVHGE\=KDL>@LVLPSOHPHQWHGZKHUHWKHGDPSLQJDQGVWLIIQHVVRIUDLO
SDGVEDOODVWDQGVXEJUDGHDUHLQFOXGHGDWWKHVOHHSHUVSRVLWLRQV

)LJXUH2OG*XDGLDQD%ULGJHSKRWRJUDSKV

)LJXUH2OG*XDGLDQD%ULGJHFURVVVHFWLRQ

)LJXUH1XPHULFDOWUDFNEULGJHLQWHUDFWLRQPRGHO

,QRUGHUWRVLPXODWHWKHD[OHYHUWLFDOIRUFHVDFRQVWDQWPRYLQJORDGPRGHOLVVHOHFWHGWKHUH
IRUHQHJOHFWLQJYHKLFOHVWUXFWXUHLQWHUDFWLRQHIIHFWV7KHPRGHODVGHVFULEHGDERYHLVJHQHU
DWHGXVLQJ)LQLWH(OHPHQWVLQ$QV\VVRIWZDUH7KHQWKHHTXDWLRQVRIPRWLRQRIWKHFRPSOHWH
V\VWHPDUHLQWHJUDWHGLQWKHWLPHGRPDLQDSSO\LQJ1HZPDUN%HWWDFRQVWDQWDFFHOHUDWLRQDOJR
ULWKPSURJUDPPHGLQ0DWODE
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3DUDPHWHUVHOHFWLRQDQGPRGHOXSGDWLQJ
,QWKHODVW\HDUVGLIIHUHQWDXWKRUVKDYHSURSRVHGGLVFUHWHWUDFNPRGHOVIRUWKHDQDO\VLVRI
UDLOZD\LQGXFHGYLEUDWLRQV)LJVKRZVWKHHYLGHQWGLVSHUVLW\LQWKHYDOXHVRIIRXUSDUDPHWHUV
DGPLWWHGLQSUHYLRXVSXEOLFDWLRQVWKHUDLOSDGVDQGEDOODVWYHUWLFDOVWLIIQHVVDQGGDPSLQJKp
CpKbDQGCb)LUVWDVHWRIQRPLQDORUUHIHUHQFHYDOXHVIRUDOOWKHWUDFNSDUDPHWHUVLVVHOHFWHG
RQWKHEDVLVRIWKHOLWHUDWXUHUHYLHZ7KHQWKHEULGJHSDUDPHWHUVDVVXPHGLGHQWLFDOLQERWK
ED\V 0RGXOXVRI(ODVWLFLW\EbiPRPHQWRILQHUWLDIzbiDQGOLQHDUPDVVmbi DUHDGMXVWHGLQRUGHU
WRUHSURGXFHVWDWLFDQGG\QDPLFWHVWVSHUIRUPHGRQWKHVWUXFWXUHULJKWEHIRUHLWVRSHQLQJ>@
,Q7DEOHWKHEULGJHDQGWUDFNUHIHUHQFHSDUDPHWHUVDUHLQFOXGHG7KHVHZLOOEHWKHRQHVXVHG
LQWKHH[SHULPHQWDOYDOLGDWLRQ VHFWLRQ 7KHIXQGDPHQWDOIUHTXHQF\RIWKHWUDFNEULGJHV\V
WHPIRUWKHVHSDUDPHWHUVHTXDOV+]$GDPSLQJUDWLRRILVDVVLJQHGWRDQ\PRGH
DVSHU>@IRUSUHVWUHVVHGFRQFUHWHEULGJHVRIWKHSDUWLFXODUVSDQOHQJWK
K
p 01P

Cp 01VP

K
b 01P

C
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.RXURXVVLV 

)LJXUH5DLOSDGDQGEDOODVWOD\HUVWLIIQHVVDQGGDPSLQJYDOXHVDGPLWWHGE\GLIIHUHQWDXWKRUVLQWKHSDVWIRU
FRPSDUDEOHEDOODVWOD\HUVWKLFNQHVVHVDQGVOHHSHUVGLVWDQFHV>@>@>@
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$VSHUWKHVXEJUDGHVWLIIQHVVDQGGDPSLQJFRHIILFLHQWVLQVLGHWKHEULGJHKfDQG1VP
KDYHEHHQDVVLJQHGDVLWLVDVVXPHGWKDWWKHEDOODVWOD\HUUHVWVGLUHFWO\RQWKHFRQFUHWHVODE
$WUDFNOHQJWKRIPLVLQFOXGHGEHIRUHDQGDIWHUWKHWZRVSDQEULGJHHTXLYDOHQWWRPRUH
WKDQWLPHVWKHVOHHSHUGLVWDQFHZKLFKLVFRQVLGHUHGDGHTXDWHDWWHQGLQJWRSUHYLRXVSXEOLFD
WLRQV>@>@$FRQYHUJHQFHDQDO\VLVLVSHUIRUPHGRQWKLVOHQJWKHQVXULQJWKHDGHTXDF\RI
WKLVYDOXH
 6(16,7,9,7<$1$/<6,6
7UDFNUHFHSWDQFH

ymax
#x L P

ymax
#x L P

)LVW WKHWUDFN G\QDPLFUHVSRQVHLVHYDOXDWHGQXPHULFDOO\7RWKLVHQGDKDUPRQLFWHVWLV
SHUIRUPHGRQDSSUR[LPDWHO\PRIWUDFN LQWKHDEVHQFHRIEULGJH $YHUWLFDOKDUPRQLFORDG
RIN1LVDSSOLHGDWWKHFHQWUDOVHFWLRQRIWKHGRXEOHUDLODQGWKHYHUWLFDOGLVSODFHPHQWDP
SOLWXGHLVGHWHUPLQHGLQWKHVDPHORFDWLRQ7KHIRUFLQJIUHTXHQF\YDULHVEHWZHHQDQG
+]LQLQFUHPHQWVRI+])LJVKRZVWKHUHVXOWVIRULQGLYLGXDOYDULDWLRQVRICpCbCfDQG
CwZLWKUHVSHFWWRWKHUHIHUHQFHYDOXHVLQFOXGHGLQ7DEOH
7ZRUHVRQDQFHIUHTXHQFLHVDUHFOHDUO\GHWHFWHGLQWKHSUR[LPLWLHVRIDQG+]7KH
YDULDWLRQVLQWKHGDPSLQJSDUDPHWHUVDIIHFWWKHUHVSRQVHRQO\FORVHWRUHVRQDQFH$VWKHPD[L
PXPIUHTXHQF\RILQWHUHVWLQWKHEULGJHDFFHOHUDWLRQUHVSRQVHLV+]WKHHIIHFWRIWKHVHSD
UDPHWHUVRQWKHEULGJHUHVSRQVHVKRXOGEHYHU\VPDOO,QWKHIROORZLQJVHFWLRQWKLVSDUWLFXODU
LVVXHLVFKHFNHG

Cp
Cp
Cp
Cp

Cf
Cf
Cf
Cf

D

Cb
Cb
Cb
Cb

F

Cw
Cw
Cw
Cw

f +]

E

G

f +]

)LJXUH5HFHSWDQFHQXPHULFDOWHVWSHUIRUPHGRQWKHWUDFNPRGHOIRULQGHSHQGHQWYDULDWLRQVRICpCbCfDQG
Cw
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%ULGJHPD[LPXPDFFHOHUDWLRQXQGHUWUDLQRIHTXLGLVWDQWORDGV
6HFRQGWKHHIIHFWRIWKHYDULDWLRQVRQIRXUWUDFNSDUDPHWHUVWKHVWLIIQHVVDQGGDPSLQJFR
HIILFLHQWV RI WKHUDLO SDGVKp DQGCp DQGRIWKHEDOODVW KbDQGCbRQWKHEULGJHPD[LPXP
DFFHOHUDWLRQUHVSRQVHLVLQYHVWLJDWHG7RWKLVHQGWKHUHVSRQVHRIWKHEULGJHLVREWDLQHGXQGHU
WKHFLUFXODWLRQRIDQDUWLILFLDOWUDLQRIHTXLGLVWDQWORDGVRIN1VHSDUDWHGPZLWKWKH
DLPRILQGXFLQJWZRFOHDUUHVRQDQFHVRQWKHVWUXFWXUH7KHEULGJHWLPHKLVWRU\UHVSRQVHLQWHUPV
RI GLVSODFHPHQWV DQG DFFHOHUDWLRQV LV REWDLQHG IRU  YHORFLWLHV RI FLUFXODWLRQ LQ WKH UDQJH
>@PV$&KHE\VKHYRUGHUILOWHULVDSSOLHGWRWKHDFFHOHUDWLRQUHVSRQVHILOWHULQJFRQ
WULEXWLRQVEHORZ+]DQGDERYH+]$IWHUILOWHULQJPD[LPXPUHVSRQVHHQYHORSHVDUHRE
WDLQHGIRUYDOXHVRIWKHWUDFNSDUDPHWHUV
>@āKp>@āCp>@āKb>@āCb





a#
x L  PV
max



a#
x L  PV
max

ZKHUHWKHYDOXHVRIKpCpKbDQGCbDUHWKRVHLQ7DEOH)LJVKRZVWKHHYROXWLRQRIWKH
PD[LPXPDFFHOHUDWLRQZKLFKDOZD\VWDNHVSODFHLQWKHFHQWHURIWKHVHFRQGVSDQLQDEVROXWH
YDOXHLQWHUPVRIWKHYHORFLW\IRULQGLYLGXDOYDULDWLRQVRIHDFKWUDFNSDUDPHWHU
 K p
 K p
 K p
 K p

D

 K b
 K b
 K b
 K b
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E
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Cb
Cb
Cb
Cb

V NPK

V NPK

)LJXUH0D[LPXPDFFHOHUDWLRQYVYHORFLW\IRULQGLYLGXDOYDULDWLRQVRIKpKbCpDQGCb

,QDOOWKHSORWVVKRZQLQ)LJWKUHHUHVRQDQWSHDNVFDQEHGHWHFWHGFRUUHVSRQGLQJWRVHFRQG
WKLUGDQGIRXUWKUHVRQDQFHVRIWKHIXQGDPHQWDOPRGHRIWKHEULGJHZKLFKLQWKHUHIHUHQFHFDVH
SUHVHQWVDIUHTXHQF\f +]7KHVHWKHRUHWLFDOUHVRQDQWVSHHGVFDQEHFDOFXODWHGDV
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ଵ

ൌ
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୦
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7KH LQGLYLGXDO YDULDWLRQV FRQVLGHUHG LQWKHWUDFN GR QRW DIIHFW VLJQLILFDQWO\WKHUHIHUHQFH
IXQGDPHQWDO IUHTXHQF\)URP WKH REVHUYDWLRQRI)LJ F  G LWPD\EHFRQFOXGHGWKDWWKH
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LQIOXHQFHRIWKHYDULDWLRQVLQWKHUDLOSDGVDQGEDOODVWGDPSLQJFRQVWDQWVLVQHJOLJLEOHRQWKH
PD[LPXPDFFHOHUDWLRQUHVSRQVHRIWKHEULGJHIRUWKHUHIHUHQFHYDOXHVRIWKHUHPDLQLQJSDUDP
HWHUVDVH[SHFWHGIURPWKHUHVXOWVRIWKHUHFHSWDQFHVWXG\7KHSDUDPHWHUWKDWVHHPVWRDIIHFW
WKHPRVWWKHDFFHOHUDWLRQHQYHORSHDWWKHPRVWFULWLFDOVHFWLRQLVWKHUDLOSDGVWLIIQHVVKpOHDGLQJ
WRDGHFUHDVHLQWKHPD[LPXPDFFHOHUDWLRQDWUHVRQDQFHDVKpUHGXFHV IRUPRUHIOH[LEOHUDLO
SDGV 7KLVHIIHFWLVPRUHYLVLEOHIRUKLJKHUUHVRQDQFHRUGHUV7KHVDPHWHQGHQFLHVDOWKRXJK
LQDOHVVSURQRXQFHGPDQQHUDUHREVHUYHGLQWHUPVRIWKHYDULDWLRQVFRQVLGHUHGLQWKHEDOODVW
VWLIIQHVVKb
,QIOXHQFHRIWKHQXPEHURIVSDQV
/DVWLQWKHVHQVLWLYLW\DQDO\VLVWKHHIIHFWRILQFOXGLQJDGLIIHUHQWQXPEHURIVSDQVLQWKH
QXPHULFDOPRGHORQWKHPD[LPXPEULGJHUHVSRQVHLVLQYHVWLJDWHG'XHWRWKHORQJLWXGLQDOFRX
SOLQJH[HUWHGE\WKHWUDFNRQWKHVWUXFWXUDOO\LQGHSHQGHQWGHFNVWKHPD[LPXPUHVSRQVHFRXOG
GLIIHUGHSHQGLQJRQWKHQXPEHURIVSDQV7KHDQDO\VLVLVSHUIRUPHGLQWZRFDVHVLQFOXGLQJDQG
QHJOHFWLQJ WKH GHFNV QHRSUHQH EHDULQJV ,Q )LJ  WKH PD[LPXP DFFHOHUDWLRQ DW PLGVSDQ LV
UHSUHVHQWHG IRU WKH VDPH WUDLQ RI HTXLGLVWDQW ORDGV XVHG LQ WKH SUHYLRXV VXEVHFWLRQ $OO WKH
EULGJHDQGWUDFNSDUDPHWHUVDGRSWWKHUHIHUHQFHYDOXHV)LJ D FRUUHVSRQGVWRWKHVLPSO\
VXSSRUWHG 66 FDVHLHQRQHRSUHQHEHDULQJVZKLOH)LJ E UHSUHVHQWVWKHHODVWLFDOO\VXS
SRUWHGFDVHLHFRQVLGHULQJWKHQHRSUHQHEHDULQJVYHUWLFDOIOH[LELOLW\&RORUVUHGEODFNDQG
JUH\ DUH VHOHFWHG WR UHSUHVHQW UHVXOWV FRPSXWHGZLWK RQH WZR DQG WKUHH VSDQV UHVSHFWLYHO\
7KHQVROLGGDVKHGDQGGRWWHGOLQHVFRUUHVSRQGWRWKHUHVSRQVHDWPLGVSDQRIWKHILUVWVHFRQG
DQGWKLUGVSDQVUHVSHFWLYHO\
E

66

(6

a
PV
max

D

V NPK

V NPK

)LJXUH0D[LPXPDFFHOHUDWLRQYVYHORFLW\IRUPRGHOVZLWKRQHWZRDQGWKUHHVSDQV D 6LPSO\VXSSRUWHG
DQG E HODVWLFDOO\VXSSRUWHGGHFNV

)URPWKHDQDO\VLVRI)LJRQHPD\FRQFOXGHWKDW L WKHPRGHOOHDGLQJWRWKHPD[LPXP
SUHGLFWHGDFFHOHUDWLRQDQGWKHPRVWFULWLFDOVHFWLRQGHSHQGRQWKHPD[LPXPYHORFLW\FRQVLGHUHG
LL WKHGLIIHUHQFHEHWZHHQWKHWKUHHPRGHOVLVPRUHUHOHYDQWDWUHVRQDQFH LLL LQWKHSDUWLFXODU
FDVHXQGHUVWXG\FRQVLGHULQJMXVWRQHVSDQGRHVQRWSUHGLFWWKHPD[LPXPUHVSRQVHDWDQ\UHV
RQDQWSHDN)URPWKHSUHYLRXVO\VDLGLIWKHUDLOLVLQFOXGHGLQWKHPRGHODQGFRPSXWDWLRQDO
WLPHLVQRWDQLVVXHLQFOXGLQJDOOWKHVSDQVLQWKHPRGHOPD\EHRQWKHVDIHW\VLGHZKHQLW
FRPHVWRSUHGLFWLQJWKHPD[LPXPYHUWLFDODFFHOHUDWLRQUHVSRQVH
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 (;3(5,0(17$/9$/,'$7,21
'HVFULSWLRQRIH[SHULPHQWDOFDPSDLJQ
,Q0D\WKHDXWKRUVSHUIRUPHGDQH[SHULPHQWDOFDPSDLJQRQ2OG*XDGLDQD%ULGJHZLWK
WKHSXUSRVHRIFKDUDFWHUL]LQJWKHVWUXFWXUHDQGVRLOG\QDPLFSURSHUWLHVDORQJZLWKWKHEULGJH
G\QDPLFUHVSRQVHXQGHUUDLOZD\WUDIILF VHH)LJ $VSHUWKHDFTXLVLWLRQHTXLSPHQWDSRUWDEOH
DFTXLVLWLRQV\VWHP/$1;,RI%UHO .MDHUZDVXVHG7KHDFTXLVLWLRQV\VWHPIHGWKHVHQVRUV
DFFHOHURPHWHUV DQGDQLQVWUXPHQWHGLPSDFWKDPPHULQWKHFDVHRIWKHVRLOWHVWV,WDOVRSHU
IRUPHGWKH$QDORJ'LJLWDOFRQYHUVLRQ $' 7KH$'ZDVFDUULHGRXWDWDKLJKVDPSOLQJIUH
TXHQF\WKDWDYRLGHGDOLDVLQJHIIHFWVXVLQJDORZSDVVILOWHUZLWKDFRQVWDQWFXWRIIIUHTXHQF\
7KHVDPSOLQJIUHTXHQF\ZDVfs +]7KHDFTXLVLWLRQHTXLSPHQWZDVFRQQHFWHGWRDODSWRS
IRU GDWD VWRUDJH (QGHYFR PRGHO  SLH]RHOHFWULF DFFHOHURPHWHUV ZHUH XVHG ZLWK D QRPLQDO
VHQVLWLYLW\ RI  9J DQG D ORZHU IUHTXHQF\ OLPLW RI DSSUR[LPDWHO\  +] 7KH DFTXLVLWLRQ
V\VWHPZDVFRQILJXUHGWRDYRLGWKHVHQVRUV¶RYHUORDG

)LJXUH([SHULPHQWDOFDPSDLJQSKRWRJUDSKV

)URP WKH G\QDPLF FKDUDFWHUL]DWLRQ RI WKH VRLO ZKLFK ZDV FDUULHG RXW E\ WKH E\ 6SHFWUDO
$QDO\VLV RI 6XUIDFH :DYHV WHVW D UDWKHU VWLII VRLO ZDV LGHQWLILHG ZLWK D VKHDU ZDYH YHORFLW\
KLJKHUWKDQPVLQWKHXSSHUVRLOOD\HU7KHEULGJHUHVSRQVHGHSHQGVRQVRLOVWUXFWXUHLQ
WHUDFWLRQ 66, DQGVRLOVWUDWLJUDSK\+RZHYHUGXHWRWKHKLJKVRLOVWLIIQHVVLGHQWLILHGLQDILUVW
DSSURDFKWKHVHHIIHFWVDUHGLVUHJDUGHG
$VSHUWKHEULGJHVWUXFWXUHHLJKWHHQDFFHOHURPHWHUVZHUHFRQQHFWHGWRWKHORZHUKRUL]RQWDO
VXUIDFHRIWKHGHFNVORQJLWXGLQDOJLUGHUVLQWKHORFDWLRQVLQGLFDWHGLQ)LJ
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1XPHULFDOSUHGLFWLRQVYVH[SHULPHQWDOPHDVXUHPHQWV
'XULQJ WKH FDPSDLJQ WKH UHVSRQVH RI WKH VWUXFWXUH ZDV UHFRUGHG XQGHU WKH FLUFXODWLRQ RI
GLIIHUHQWWUDLQV7ZRRIWKHVHFLUFXODWLRQVDUHLQFOXGHGLQWKLVVHFWLRQ%RWKFRUUHVSRQGWRWKH
PHGLXPGLVWDQFH5HQIH$OWDULD7DOJR9,WUDLQWUDYHOOLQJDORQJWUDFNVDQG VHH)LJ LQWKH
GLUHFWLRQV6RXWK1RUWK 0DQ]DQDUHV$OFi]DUGH6DQ-XDQ DQG1RUWK6RXWKUHVSHFWLYHO\)LJ
DQG)LJVKRZSKRWRJUDSKVRIWKHWUDLQVDQGDVFKHPHRIWKHD[OHVGLVWDQFHV$OVR7DEOH
LQFOXGHVWKHWUDLQD[OHVDUUDQJHPHQWDQGORDGV
)LUVWWKHVSHHGVZHUHLGHQWLILHGIURPWKHIUHTXHQF\DVVRFLDWHGWRWKHERJLHGLVWDQFHOHDGLQJ
WRDSSUR[LPDWHO\NPKLQERWKFDVHV7KHQWKHUHVSRQVHRIWKHEULGJHZDVFDOFXODWHGXVLQJ
WKHQXPHULFDOPRGHOGHVFULEHGLQVHFWLRQZLWKWKHSURSHUWLHVLQFOXGHGLQ7DEOHZLWKWKH
H[FHSWLRQRIVWUXFWXUDOGDPSLQJZKLFKZDVDVVXPHGDVIRUWKHIXQGDPHQWDOIUHTXHQF\
+]DQGIRU+] (XURFRGHYDOXH 7KHILUVWYDOXHZDVLGHQWLILHGGXULQJWKH
SURRIORDGWHVW7KHQXPHULFDOUHVSRQVHLQWHJUDWHGLQWKHWLPHGRPDLQXVLQJWKHIXOO)(PRGHO
LVDOVRILOWHUHGEHWZHHQDQG+]DSSO\LQJWKHVDPHSURFHGXUHDVZLWKWKHH[SHULPHQWDO
UHFRUGV*LYHQWKHELGLPHQVLRQDOQDWXUHRIWKHQXPHULFDOPRGHORQO\WKHUHVSRQVHDWVHQVRUV
LQVWDOOHGXQGHUQHDWKEHDPVDQGLVFRPSDUHGZLWKWKHQXPHULFDOSUHGLFWLRQV

)LJXUH5HQIH$OWDULD7DOJR9,WUDLQVFURVVLQJ2OG*XDGLDQD%ULGJH

,WKDVEHHQYHULILHGWKDWWKHEULGJHPD[LPXPDFFHOHUDWLRQGLGQRWH[FHHGWKHOLPLWHVWDE
OLVKHGE\WKH6HUYLFHDELOLW\/LPLW6WDWHIRUWUDIILFVDIHW\LQWKHFDVHRIEDOODVWHGWUDFNV>@DF
FRUGLQJWRWKHPHDVXUHPHQWVLQDOOWKHVHQVRUV

)LJXUH5HQIHPHGLXPGLVWDQFH$OWDULD7DOJR9,WUDLQD[OHVFKHPH
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7DEOH5(1)($OWDULD7DOJR9,IHDWXUHV

)LJVKRZVDQH[SHULPHQWDOYVQXPHULFDOFRPSDULVRQRIWKHYHUWLFDODFFHOHUDWLRQDWVHQ
VRUVDQGXQGHUWKHFLUFXODWLRQRIWKHQRUWKERXQGWUDLQLQWKHWLPH D  E DQGIUHTXHQF\ F 
G GRPDLQV7KH7DOJRSDVVHQJHUFRDFKHVSUHVHQWDGLVWDQFHEHWZHHQVKDUHGD[OHVRIP
7KH WKHRUHWLFDO UHVRQDQW VSHHG DVVRFLDWHG WR WKLV OHQJWK IRU WKH WKLUG UHVRQDQFH RI WKH
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IXQGDPHQWDOPRGHLVDSSUR[LPDWHO\NPKZKLFKLVFORVHWRWKHUHDOVSHHG7KLVFDQEH
GHWHFWHG LQ WKH WLPHKLVWRU\ SORWV ZKHUH WZR RVFLOODWLRQV RI GHFUHDVLQJ DPSOLWXGH WDNH SODFH
EHWZHHQWKHSDVVDJHRIFRQVHFXWLYHD[OHV
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)LJXUH D  E 7LPHKLVWRU\DQG F  G IUHTXHQF\FRQWHQWRIWKHDFFHOHUDWLRQUHVSRQVHDWVHQVRUVDQGLQ
GXFHGE\$OWDULD7DOJR9,WUDLQ1XPHULFDOSUHGLFWLRQ EODFNWUDFH YVH[SHULPHQWDOPHDVXUHPHQWV UHGWUDFH 
1RUWKERXQGWUDLQ WUDFN 

7KHDFFXUDF\RIWKHQXPHULFDOPRGHOLVIRXQGUHDVRQDEOHXSWR+]ERWKDWLDQGL
RIWKHILUVWVSDQDOWKRXJKWKHQXPHULFDOPRGHORYHUSUHGLFWVWKHDFFHOHUDWLRQIRUFRQWULEXWLRQV
FORVHWRWKHEULGJHIXQGDPHQWDOIUHTXHQF\7KLVFDQEHDVVRFLDWHGWRYHKLFOHVWUXFWXUHLQWHUDF
WLRQZKLFKLVQRWWDNHQLQWRDFFRXQWDQGFDQEHRILPSRUWDQFHVSHFLDOO\DWUHVRQDQFHRUWR
RWKHUHQHUJ\GLVVLSDWLRQPHFKDQLVPVDPSOLWXGHGHSHQGHQWVXFKDVWKHLQWHUDFWLRQEHWZHHQWKH
DGMDFHQWGHFNVHWF
)LJVKRZVWKHVDPHW\SHRIFRPSDUDWLYHIRUWKHVRXWKERXQGWUDLQ,QWKLVFDVHWKHDFFHO
HUDWLRQLVFRPSDUHGDWVHQVRUVDQGORFDWHGDWPLGVSDQRIWKHVHFRQGDQGILUVWVSDQV
UHVSHFWLYHO\$JDLQWKHWLPHKLVWRU\UHVSRQVHLVZHOOUHSURGXFHGHVSHFLDOO\DIWHUWKHSDVVDJH
RIWKHORFRPRWLYH,QWKHIUHTXHQF\GRPDLQDJDLQDSUHGRPLQDQWSHDNLVGHWHFWHGVKRZLQJWKH
LPSRUWDQWFRQWULEXWLRQRIWKHIXQGDPHQWDOPRGHZLWKDFHUWDLQRYHUSUHGLFWLRQRIWKHDFFHOHUD
WLRQLQWKHQXPHULFDOFDVH
&RXSOLQJHIIHFWEHWZHHQDGMRLQLQJGHFNV
)LQDOO\WKHFRXSOLQJHIIHFWEHWZHHQWKHDGMDFHQWGHFNVLQHDFKVSDQLVHYDOXDWHGLQIRUFHG
YLEUDWLRQ)LJV D  F UHSUHVHQWIRUWKHQRUWKERXQGWUDLQWUDYHOOLQJDORQJWUDFNWKHH[SHU
LPHQWDOUHVSRQVHPHDVXUHGDWVHQVRU DWPLGVSDQXQGHUWKHORDGHGWUDFN DQGVLPXOWDQHRXVO\
DWVHQVRU DWPLGVSDQXQGHUWKHDGMDFHQWXQORDGHGWUDFN 
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7KHWUDQVPLVVLRQRIYLEUDWLRQVEHWZHHQWKHWZRGHFNVLVHYLGHQWHYHQWKRXJKWKHVHDUHRQO\
FRQQHFWHGE\WKHFRQWLQXRXVEDOODVWOD\HU$WWKHXQORDGHGVHQVRUWKHIUHTXHQF\SHDNVDVVRFL
DWHGWRWKHH[FLWDWLRQ HJERJLHGLVWDQFH ZKLFKDUHYLVLEOHLQWKHORZIUHTXHQF\UDQJHLQWKH
ORDGHGVHQVRU DUH DOPRVW QRW SHUFHSWLEOHEXWWKHDFFHOHUDWLRQDWWKHIXQGDPHQWDOIUHTXHQF\
UHDFKHVGHYDOXHLQWKHORDGHGVHQVRU7KHVDPHHIIHFWPD\EHREVHUYHGXQGHUWKHFLU
FXODWLRQRIWKHVRXWKERXQGWUDLQZKHQRQHFRPSDUHVWKHUHVSRQVHEHWZHHQVHQVRUV XQGHU
ORDGHGWUDFN DQG DGMDFHQWGHFNDWV\PPHWULFDOSRVLWLRQ ,QWKLVFDVHWKHPD[LPXPDFFHO
HUDWLRQLQWKHXQORDGHGVHQVRUDWWKHIXQGDPHQWDOIUHTXHQF\LQWKHIUHTXHQF\GRPDLQDWWDLQV
WKHVDPHPD[LPXPPHDVXUHGDWVHQVRU7KLVYLEUDWLRQWUDQVPLVVLRQFDQEHFDXVHG
ERWKE\WKHFRQWLQXRXVEDOODVWOD\HUDQGE\WKHFRPPRQIRXQGDWLRQVVKDUHGE\WKHGHFNV,QWKH
RSLQLRQ RI WKH DXWKRUV WKLV SKHQRPHQRQ GHVHUYHV IXUWKHU LQYHVWLJDWLRQ ,PSOHPHQWLQJ D '
PRGHORIWKHEULGJHWUDFNV\VWHPZRXOGSHUPLWWRHYDOXDWHWKHYLEUDWLRQWUDQVPLWWHGEHWZHHQ
WKHGHFNVFORVHWRWKHVKDUHGERUGHULQWKHIUHTXHQF\UDQJHRILQWHUHVW
 &21&/86,216
7KHSUHVHQWDUWLFOHFRQVWLWXWHVDSUHOLPLQDU\DQDO\VLVRQWKHORQJLWXGLQDODQGWUDQVYHUVHFRX
SOLQJHIIHFWVH[HUWHGE\WKHWUDFNRQVLPSO\VXSSRUWHGEULGJHVZLWKLQGHSHQGHQWVLQJOHWUDFN
GHFNV)URPWKLVVWXG\WKHIROORZLQJFDQEHFRQFOXGHG
x 7KHUHLVDYHU\KLJKGLVSHUVLRQLQWKHWUDFNSDUDPHWHUVDGPLWWHGE\GLIIHUHQWDXWKRUVIRU
VLPLODUWUDFNLQIUDVWUXFWXUHV7KHUDLOSDGVWLIIQHVVVHHPVWRDIIHFWWKHPRVWWKHEULGJHPD[
LPXP DFFHOHUDWLRQ VSHFLDOO\ DW KLJKRUGHU UHVRQDQFHV OHDGLQJ WR ORZHU DPSOLWXGHV IRU
KLJKHUIOH[LELOLWLHVRIWKLVSDUDPHWHU7KHEDOODVWVWLIIQHVVDIIHFWVLQDVLPLODUZD\DOWKRXJK
WRDORZHUH[WHQW7KHGDPSLQJSDUDPHWHUVRIWKHWUDFNGRQRWVHHPWRDIIHFWWKHEULGJH
PD[LPXP UHVSRQVH EHORZ  +] 7KHVH SDUDPHWHUV GR DIIHFW WKH WUDFN UHVSRQVH EXW DW
PXFKKLJKHUIUHTXHQFLHV
x &RQVLGHULQJRQHVSDQLQPXOWLVSDQEULGJHVPD\QRWOHDGWRWKHPD[LPXPSUHGLFWHGDFFHO
HUDWLRQZKHQWKHWUDFNLVLQFOXGHGLQWKHQXPHULFDOPRGHO7KHHIIHFWRIWKHQXPEHURI
VSDQV JDLQV LPSRUWDQFH DW UHVRQDQFH 7KH PRGHO OHDGLQJ WR WKH PD[LPXP G\QDPLF UH
VSRQVHDVZHOODVWKHPRVWFULWLFDOVHFWLRQGHSHQGRQWKHPD[LPXPYHORFLW\RILQWHUHVW
x 7KHH[SHULPHQWDOYVQXPHULFDOSUHGLFWLRQVLQWKHFDVHRI2OG*XDGLDQDEULGJHDUHUHDVRQ
DEOHLQWKHVHQVRUVORFDWHGDORQJWKHORQJLWXGLQDOD[LVRIWKHGHFNVDVWKHUHLVQRFRQWULEX
WLRQRIWKHWRUVLRQPRGHDWWKRVHORFDWLRQV7KHQXPHULFDOPRGHOWHQGVWRRYHUHVWLPDWHWKH
UHDOUHVSRQVHFORVHWRWKHEULGJHQDWXUDOIUHTXHQF\
x 7KHWUDQVPLVVLRQRIYLEUDWLRQVIURPWKHORDGHGGHFNWRWKHXQORDGHGGHFNLVUHOHYDQW7KLV
PD\EHFDXVHGE\WKHFRQWLQXRXVEDOODVWOD\HUEXWDOVRE\WKHVKDUHGIRXQGDWLRQVRIWKH
WZRGHFNV,QWKHDXWKRUV¶RSLQLRQWKLVHIIHFWLVQRWZHOONQRZQDQGVKRXOGEHLQYHVWLJDWHG
XVLQJD'PRGHORIWKHFRPSOHWHEULGJH

$&.12:/('*(0(176
7KHDXWKRUVZRXOGOLNHWRDFNQRZOHGJHWKHILQDQFLDOVXSSRUWSURYLGHGE\ L *HQHUDOLWDW
9DOHQFLDQDXQGHU$,&2UHVHDUFKSURMHFW LL WKH6SDQLVK0LQLVWU\RI(FRQRP\
DQG&RPSHWLWLYHQHVVXQGHUUHVHDUFKSURMHFW>%,$&@DQG8QLYHUVLWDW-DXPH,DQ
QXDOUHVHDUFKSODQXQGHUDFWLRQ>8-,$@
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Abstract. In the present contribution the effect of the continuity of the ballasted track on the
dynamic response of simply-supported railway bridges composed by structurally independent
adjacent slabs at each span is addressed. Previous research works and experimental campaigns
performed on simply-supported structures have shown that the presence of the ballast layer
and other track components (rails, sleepers) may induce a dynamic coupling effect between the
bridge spans or adjacent decks. In this study the influence of this effect on the train-induced
vibrations is assessed. With this purpose a preliminary three-dimensional finite element (FE)
model that includes the track components as a set of discrete mass, stiffness and damping elements has been implemented to numerically evaluate the influence of the continuity of the
track components on the prediction of the bridge acceleration response under the passage of
railway vehicles. The numerical model is calibrated with the load test results performed on
a simply-supported railway bridge composed by several adjacent slabs. Finally the measured
structural response of the bridge under train induced vibrations is compared with the numerical
predictions. Preliminary conclusions regarding the importance of considering the continuity of
the track components for the prediction and the assessment of the Serviceability Limit State of
vertical acceleration in ballasted simply-supported railway bridges are presented.
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1 INTRODUCTION
The evaluation of the dynamic performance of railway bridges under the passage of the
modern railway transportation systems is an issue of main concern to guarantee structural integrity and traveling comfort. In particular, for short-to-medium simply-supported (SS) bridges
the Serviceability Limit State of vertical acceleration, limited to 3.5 m/s2 for ballasted tracks
according to Eurocode (EC) [1], is one of the most demanding requirements for their design
or upgrading to new trafﬁc requirements, since they are especially susceptible of experiencing
considerably high vibration levels at circulating speeds above 200 km/h due to their low associated structural damping and mass [2, 3]. Therefore, the development of reasonably accurate
numerical models becomes crucial in practical applications.
However, the dynamic response of these structures can be difﬁcult to predict during the
design or upgrading stages, since there is a main source of uncertainty in what concerns the
modeling of the super-structure components, formed by ballast, sleepers and rails in ballasted
tracks. In many publications and practical applications the effect of the track is disregarded,
and the coupling effect exerted by its continuity along SS spans of the same bridge, and also
by the shared ballast layer between structurally independent decks that form one span in certain
bridges, can be signiﬁcant. Also the track distributes the axle loads and may exert a restraining
effect on the boundary conditions at the end supports of the bridge. Previous studies have
already suggested the importance of the coupling and restraining effect induced by the ballasted
track [4, 5, 6, 7], but this effect is not yet well known and requires further research.
In this regard a preliminary study of the inﬂuence of the track components and its continuity
on the bridge acceleration response under the passage of railway convoys, was performed by the
authors in a previous work [8]. In this study, the bridge spans were represented by BernouilliEuler (B-E) beams resting on elastic supports, and a three layer discrete track model consisting
of a set of springs and dampers representing the track components (sleepers, railpads, etc.) as
the one proposed by Zhai was used [9]. With this preliminar model a sensitivity analysis over
the stifness and damping coefﬁcients of the track parameters was performed, showing that the
variation of track damping constants has a negligible effect on the maximum vertical acceleration response induced by train passage. This prelimilar observation is also in accordance with
previous works which consider that the dynamic response of the track structure occurs only for
frequencies considerably higher that those of the vehicle and the bridge deck, of the order of
100 Hz or above [10]. For this reason, the use of Mode Superposition analysis for solving the
dynamic equilibrium equatios of the bridge is a reasonable strategy to reduce computational
cost in the prediction of train-induced vibrations. Previous studies apply this technique, therefore neglecting the damping introduced by the track elements at discrete positions but including
global damping ratios instead. [5, 11, 12]
In this contribution, the dynamic behavior of multi-span SS bridges formed by structurally
independent single-track decks at each span is investigated, in order to evaluate the effect of
the continuity of the ballasted track on the vertical acceleration response under train-induced
vibrations. As the object of study, a bridge belonging to the spanish railway network is used,
which is described in Section 2. The results of an experimental campaign performed by the
authors in this bridge are used to calibrate the thtree-dimensional ﬁnite element model described
in Section 3. In Section 4 the results of the comparison between numerical predictions and
experimental measurements are shown, in terms of both natural frequencies and mode shapes
and railway-induced vibrations. Finally, some conclusions are extracted regarding the effect of
the track superstructure on the dynamic response of the bridge.
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2 CASE STUDY: OLD GUADIANA RIVER BRIDGE
2.1 Bridge description
In a view to evaluate the vertical coupling effect of the ballasted track on the bridge dynamic
response, an existing double-track bridge composed by two simply-supported (SS) identical
bays (span length L=11.9 m) with separated single-track decks is used as the object of study.
This bridge belongs to the conventional railway line Madrid-Alcázar de San Juan-Jaén, in Spain
(Fig.1).

Figure 1: Old Guadiana river bridge.

As can be seen in Fig.1 the two structurally independent decks that form each span are
composed by a reinforced concrete slab resting on ﬁve pre-stressed concrete rectangular girders.
Each deck accommodates a ballasted track with Iberian gauge UIC60 rails and mono-block
concrete sleepers at regular distances of 0.60 m. The longitudinal girders of the decks rest on
the two abutments and on a central support through laminated rubber bearings. A cross-section
of the bridge is shown in Fig.2.

Figure 2: Cross section of the bridge.

2.2 Experimental campaign
In May 2019 the authors performed an experimental campaign on the bridge which included
a dynamic characterisation of the soil and of the structure. As per the acquisition equipment, a
portable acquisition system LAN-XI of Brüel & Kjaer was used. The Analog/Digital conversion
(A/D) was carried out at a high sampling frequency that avoided aliasing effects using a lowpass ﬁlter with a constant cut-off frequency. The sampling frequency was fs = 4096 Hz. As
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regards the soil characterisation, which was carried out by the by Spectral Analysis of Surface
Waves test, a rather stiff soil was identiﬁed with a shear wave velocity higher than 250 m/s in
the upper soil layer.
For the characterisation of the structure the acceleration response was measured under ambient and train-induced vibrations at 18 points of the lower ﬂange of the pre stressed concrete
girders (points 1-18 in Fig.3). Endevco model 86 piezoelectric accelerometers with a nominal
sensitivity of 10 V/g and a low frequency limit of 0.1 Hz were installed in the aforementioned
locations.

Figure 3: Location of the sensors at Old Guadiana river Bridge.

The ambient vibration data recorded during 3600 s was used for the identiﬁcation of the
modal parameters of the bridge by state-space models, using MACEC software [13]. Table 2
(top) shows the damping ratios and natural frequencies of the ﬁrst 6 identiﬁed modes (fexp)
and their mode shapes are shown in Fig.4 in solid black trace. As can be seen the lowest one
in frequency order corresponds to the ﬁrst longitudinal bending of each bay where the two adjacent decks vibrate in phase. The second mode corresponds to the typical ﬁrst torsion mode
of a continuous deck in each span, where the two independent slabs that share the ballast layer
deform accordingly. In the third mode, the two adjacent decks in a span deform under independent torsion but out of phase such that they conform a typical ﬁrst transverse bending mode of a
continuous slab. In the aforementioned modes, the deck coupling caused by the ballast layer is
very evident. In the higher frequency modes the decks deform under combinations of torsion,
longitudinal and transverse bending.
3 NUMERICAL ANALYSIS
3.1 Finite element model
The ﬁnite element (FE) model shown in Fig.5 has been implemented in the commercial code
ANSYS to obtain preliminary conclusions about the vertical coupling effect of the ballast layer
on the dynamic behaviour of Old Guadiana bridge. The main features of the model are:
• The reinforced concrete slabs that form each span are simulated by means of isotropic
thin plates discretised with shell elements with 6 degrees of freedom (dof) per node.
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Figure 4: Experimental (black solid line) vs. numerical with coupled spans and decks (red solid line) ﬁrst six
identiﬁed mode shapes. Undeformed shape (dashed grey line).

The element size is chosen to adequately reproduce the wavelengths of the modes with
frequencies up to 30 Hz as per EC [1].
• For each slab, different mass density elements are deﬁned in order to concentrate the
weight of the handrails, sidewalks and concrete slab selfweigth in its corresponding position over the plattform area.
• The vertical interaction effect induced by the ballast layer on the two separated decks
at each span is simulated in a ﬁrst approach by discrete longitudinal springs with vertical constant stiffness KwL , that are distributed along the free longitudinal border of the
adjacent slabs.
• A three layer two-dimensional (2D) discrete track model as the one proposed by Zhai [9]
is implemented to include the distributive effect of the train axle loads exerted by each
rail, as well as the vertical coupling effect among the bridge spans. In this model, the rails
are simulated as Bernoulli-Euler beam elements with 6 dof per node, and the damping
and stiffness of rail pads, ballast and subgrade are included at the sleepers positions as
seen in Fig.5.
• The longitudinal girders are included in the model as beam elements with 6 dof per node.
These nodes are connected to those of the upper plate right above them by means of rigid
kinematic constraints. The distance between the plate and the beams nodes equals the
real separation between the slab neutral plane and the center of mass of the girders.
• The laminated rubber bearings of the bridge are introduced in discrete positions by means
of longitudinal springs with vertical constant stiffness Kv,dyn .
• A point load model is adopted for the railway excitation, therefore neglecting vehiclestructure interaction effects according to Eurocode 1 [14]. In this regard, some previous
works also reveal that the incorporation of interaction effects in the design of new highspeed simply supported bridges or in the assessment of existing ones is not well justiﬁed,

1670

E. Moliner, A. Romero, J.C. Sánchez-Quesada, M.D. Martı́nez-Rodrigo and P. Galvı́n

Figure 5: FE model.

since they can be very low due to the marked variability of the vehicle suspension characteristics, the mass and frequency ratios between the bridge and the vehicles suspension
systems parameters and coaches masses [15, 16, 17, 18, 19]. Therefore, the use of a point
load model in this study seems a reasonable approach to provide essential information
concerning the track coupling effect.
• The dynamic equations of motion are transformed into modal space and numerically integrated by the Newmark-Linear Acceleration algorithm. Therefore, in a ﬁrst approach the
additional damping introduced by the track components is neglected for the calculation
of the deck acceleration response under train induced vibrations and the modal damping
ratios identiﬁed in the experimental campaign are used instead. This is in accordance
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with the conclusions derived from a sensitivity analysis performed by the authors in a
previous work, showing a negligible inﬂuence of this parameter on the vertical acceleration response of the deck [8]. The time-step is deﬁned as 1/25 times the smallest period
used in the analysis (mode contributions up to 30 Hz as per European Standards [1]).This
value avoids period elongation errors and enables to capture properly the oscillations of
the modal loading functions and the peak responses obtained by the summation of all
modal contributions.
3.2 Description of the analysis procedure
The effect of the continuity of the ballasted track on the dynamic behaviour of railway
bridges formed by SS decks is evaluated in this work by comparison with the test results of
Old Guadiana bridge.
In a ﬁrst step, the numerical model described in section 3.1 is calibrated in order to reproduce
the static tests performed on the structure right before its opening and also the dynamic results
obtained in the experimental campaign performed by the authors in May 2019. The calibration
of the model is made considering three different approaches, which are:
(i) Single-deck single-span (SDSS): the 2D discrete track model is not included. Therefore,
the four structurally independent decks that form Guadiana Old bridge are not coupled,
and the axle railway loads move along the discretised slab following the loaded track position. In order to consider the weight of the track components (rails, ballast, sleepers),
the density of the FE located at the position of the track plattform is modiﬁed accordingly.
Since the track is not included in the model, when a load enters or exits the bridge a transient phenomenon takes place which leads to unrealistic high-frequency modal contributions of the plate. This numerical problem is solved in the model including the distributive
effect of rails, sleepers and ballast during the application process of the wheel loads when
they are close to the abutments. To this end, the value of each axle load is modulated
throughout a load-print distributive function based on the Zimmerman-Timoshenko solution for an inﬁnite beam on Winkler foundation, as described in [20].
(ii) Single-deck double-span (SDDS): in this approach the 2D track model is included but
the effect of the transverse continuity of the ballast is neglected by setting the vertical
constant stiffness between adjacent decks, KwL , to zero.
(iii) Double-deck double-span (DDDS): the model shown in Fig.5 is fully implemented to
simulate the dynamic behaviour of old Guadiana bridge.
For the calibration of the FE model assuming the previously mentioned approaches, a set of
nominal or reference values for the track parameters Kp , Cp , Kb , Cb , Kf , Cf , Kbf , Cbf and Ms ,
is deﬁned on the basis of the literature review. These parameters remain constant while the main
track parameters affecting deck coupling, which are Kw and KwL , and other bridge parameters,
such as the deck and girders elastic modulus, vertical stiffness of the rubber bearings Kv,dyn ,
thickness of the ballast layer (which affects directly to the ballast mass) are varied in a realistic
range until a satisfactory correspondence between numerical and experimental results in terms
of natural frequencies and mode shapes is achieved. Table 1 shows the calibrated properties
of the three different approaches considered in the numerical model of Guadiana bridge. As
regards the ballast shear stiffness between adjacent decks, KwL , it is provided per unit of span
length. As per the subgrade stiffness Kfb and damping coefﬁcients inside the bridge Cfb , the
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values 100Kf and 0 Ns/m have been assigned as it is assumed that the ballast layer rests directly
on the concrete slab inside the bridge. All these values will be the ones used in Section 4.
SDSS
3

ρ [kg/m ]
Eslab [MPa]
Ih [m4 ]
J[m4 ]
Girders
ρ [kg/m3]
Egirder [MPa]
Kp [N/m]
Cp [Ns/m]
Ms [kg]
Kb [N/m]
Cb [Ns/m]
Track parameters Mb [kg]
Kf [N/m]
Cf [Ns/m]
Kw [N/m]
Cw [N/m]
kwL [N/m2]
Supports
Kv,dyn [N/m]
Slabs

–
–
–
–
–
–
–
–
–

SDDS
DDDS
2500
25200
0.011
0.00505
2500
28800
1E8
1E8
7.5E4
7.5E4
300
1.933E8 1.933E8
5.88E4
5.88E4
672.2
7.9387E7 7.9387E7
7.5E4
7.5E4
7.84E5
7.84E5
8E4
8E4
–
4.07E6
1.95E8

Table 1: Calibrated properties of the FE model.

Secondly, a sensitivity analysis is performed to evaluate the inﬂuence of the ballast shear
stiffness parameters for longitudinal and transverse coupling between the bridge decks (Kw and
KwL ), on the natural frequencies and mode shapes of the structure. And ﬁnally, the vertical
acceleration response of the deck predicted with the calibrated numerical model assuming the
three different approaches is compared with the experimental measurements at several sensor
locations under the passage of real trains at resonant and non resonant speeds.
4 RESULTS
4.1 Ballasted track coupling effect on the natural frequencies and mode shapes
Table 2 (bottom) shows the numerical natural frequencies and the Modal Assurance Criterion
(MAC) values [21] of the paired mode shapes obtained with the calibrated FE models. In this
table, only the numerical modes that exhibit MAC values higher than 0.7 with a frequency
difference with respect to the experimental value below 10% are shown. For a better comparison
between the numerical models, the MAC values provided in the table have been calculated with
the measurements of the same number of sensors (sensors A1 to A10 of Fig.3).
As can be seen the total number of paired modes that meet this criterion is scarce. However,
it should be mentioned that in the remaining identiﬁed modes above the third one not all of
them could be fully described due to the limited number and spatial distribution of sensors
installed. Therefore, a satisfactory correspondence of these mode shapes with the experimental
measurements was not expected.
Among the three different modeling approaches used in this work, the better correspondence
with the experimental values is achieved with the model that considers the coupling effect be-
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Mode
fexp [Hz]
ςexp [Hz]
Numerical approach
fnum [Hz]
SDSS
MAC [-]
fnum [Hz]
SDDS
MAC [-]
fnum [Hz]
DDDS
MAC [-]

1
2
3
4
5
6
9.82 11.05 12.86 16.53 17.93 21.05
2.3
0.9
1.0
0.3
0.1
1.0
9.98
–
12.21
0.98
–
0.99
9.97
–
12.75
0.98
–
0.99
9.97 11.05 12.75
0.98 0.97 0.99

–
–
–
–
–
–

–
–
–
–
–
–

–
–
–
–
–
–

Table 2: (top) First six experimental frequencies, their corresponding modal damping ratios and (bottom) frequencies and AutoMAC of the paired numerical modes.

tween both the bridge spans and the adjacent decks induced by the continuity of the ballasted
track. The prediction of the fundamental mode is less affected by the coupling and the restraining effect on the bridges’ boundary conditions exerted by the ballasted track, since the three
approaches reach a satisfactory correspondence with the measurements. In the third mode, the
consideration of the span coupling with the introduction of the track in the numerical model improves the prediction of the natural frequency, while the MAC value remains unaffected when
compared to the other numerical approaches. And ﬁnally, the second mode corresponding to a
ﬁrst torsion mode of the double track deck in each span, is only predicted when the coupling
caused by the ballast layer that is shared between the two adjacent decks is considered.
Fig. 4 shows, in solid red trace, the paired numerical modes predicted with the DDDS FE
model. When the MAC values are calculated considering all the measurement points (A1 to
A18) the values change to 0.95, 0.74 and 0.99 for the ﬁrst three modes, respectively. The MAC
of the second mode worsens signiﬁcantly, and it is caused by the measurements of the sensors
A12 and A13 located in the other span.
For a better understanding of the effect of the ballasted track coupling parameters, Kw and
KwL , on the natural frequencies and MAC values of the ﬁrst three experimental modes, a sensitivity analysis has been performed considering variations of each of the cited parameters while
the others remain constant according to the values provided in table 1. The proposed variations
are: [1/100 1/50 1/10 1/5 1/2 1 10 50 100 10000]·Kw and [1/100 1/50 1/10 1/5 1/2 1 10 50 100
100]·KwL .
The results in terms of frequency difference, calculated as (fnum − fexp )/fexp ×100 and MAC
values are shown in Fig.6. The results corresponding to variations of the coupling between
spans Kw are shown in black trace, while the coupling between adjacent spans KwL is shown
in red trace. As can be seen, there exists an optimum value that ensures the best ﬁtting with the
experimental measurements .
4.2 Bridge response under railway trafﬁc
During the experimental campaign performed by the authors in In May 2019 a number of
trains crossed the bridge at different speeds. The forced bridge vibrations were recorded showing that the maximum acceleration levels did not exceed the Serviceability Limit State for trafﬁc
safety in ballasted tracks, limited to 3.5 m/s2 as per European Standards [1]. The circulation of
one of these trains, the medium distance Renfe Altaria Talgo VI train, is included in this section.
It is a regular train with a characteristic distance between axles of the passenger cars of 13.14 m.
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Figure 6: Sensitivity analysis of the inﬂuence of Kw (black) and KwL (red trace) on the natural frequencies and
MAC values

Figure 7 and Table 3 show the axle scheme and loads. More information about the train can be
found in [22]. It travels along track 2 in the direction South-North (Manzanares-Alcázar de San
Juan). Its circulation speed was identiﬁed from the frequency associated to the bogie distance
leading to approximately 155 km/h, which is very close to the theoretical speed associated to a
third resonance of the fundamental mode (159 km/h, approximately).

Figure 7: RENFE Altaria Talgo VI axle scheme

Train N d [m] l1 [m]
Altaria 7 13.14 3.44

l1 [m]
3.3

P1 [kN]
225

P2 [kN]
70

P3 [kN]
140

Table 3: RENFE Altaria Talgo VI features.

The response of the bridge was calculated using the numerical model described in section 3.1
with the properties included in table 1 by Mode Superposition, including modal contributions
up to 30 Hz as per European Standards [1]. A track length of 20 m is included before and after
the two-span bridge, a sensitivity analysis of this length was previously performed to guarantee
the convergence of the dynamic results.
In a ﬁrst approach the additional damping introduced by the track elements is therefore
neglected, which is also in accordance with previous works [5, 11, 12]. The modal damping
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obtained in the experimental campaign was assigned to the paired numerical modes, for the
other modes of frequencies up to 30 Hz a value of 1.56% is assumed (Eurocode value [1]).
Fig.8 shows the vertical acceleration response under the passage of the train at different
points of the deck, in particular points 2, 5 and 18. The sensors 2 and 5 are located under
the loaded decks and the other one under the unloaded deck. The response is plotted in the
time domain (ﬁrst row of the ﬁgure) and frequency domain (last row of the ﬁgure). In all the
plots the experimental signal, plotted in solid black trace, is ﬁltered applying a two third-order
Chebyshev ﬁlter with high-pass and low-pass frequencies of 1 Hz and 30 Hz. The numerical
predictions are plotted with different colours: red line is used for the SDSS model, blue for
the SDDS model and green for the DDDS model. Concerning numerical predictions, results
at point 18 are only available in the DDDS model, since decks 1 are 2 are uncoupled in the
remaining ones and therefore, the acceleration results are zero in the unloaded deck.
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Figure 8: Time history (top) and frequency content (bottom) of the acceleration at point 2 (left), point 5 (center)
and point 18 (right) induced by Renfe Altaria: experimental (black line), SDSS model (red line), SDDS model
(blue line) and DDDS model (green line)

As can be seen from the frequency domain plots the vertical acceleration response of the
bridge is caused by several mode contributions apart from the longitudinal bending one. However, the peak amplitude associated to the fundamental mode predominates when compared to
the other frequency contributions, as expected in a resonance situation. This is especially clear
at point 5, and is in accordance with the sensor location (at mid-span under the loaded track).
The response also presents peaks at low frequencies (in the vicinity of 3 Hz and 6 Hz) associated to the excitation and corresponding to the axle passing frequency (i.e. ratio of train speed
v to axle distances v/daxle , respectively, and corresponding multiples). For sensor 18, located
in the unloaded deck, the response is still relevant, showing an important coupling between adjacent decks of the same span through the ballast. This effect was also detected under ambient
vibration in the mode shapes and seems to be also important under forced vibrations, despite
the higher level of vertical vibrations in this case. This coupling effect could be also associated
to the shared foundation between both decks.
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Regarding the comparison between the response predicted by the three numerical approaches,
it is noticeable that the model that considers both the longitudinal and transverse coupling between decks (DDDS model) predicts the frequency contributions in the range [10-15] Hz with
higher accuracy, but the three of them overestimate the contribution of the fundamental mode in
the response. The authors consider that the additional damping induced by the track elements,
that is neglected in this preliminary study and also the effect of the train-bridge interaction,
could be responsible of the differences and needs to be investigated in a future work. At frequencies above 15 Hz the predictions worsen, which is in accordance with the model updating, since
only the ﬁrst three experimental modes were successfully identiﬁed in the numerical models.
In the time domain response, the models tend to underestimate the amplitude of the vibration at
points 2 and 18, where the contribution of modes above 15 Hz play a more signiﬁcant role than
at point 5 due to the sensor location. The damping associated to the high frequency modes in
the numerical calculations and also the unsuccessful mode pairing with the ones predicted by
the numerical models, can be an issue and require further research.
5 CONCLUSIONS
In this work a preliminary evaluation of the effect of the ballasted track continuity on the
dynamic response of railway bridges formed by simply-supported spans with structurally independent adjacent decks at each span, is addressed. First, a preliminary FE model that considers
the track and therefore, the coupling between adjacent decks and spans has been implemented.
The numerical results are compared with the experimental measurements performed on a real
bridge formed by several independent decks, and the following conclusions can be extracted:
• The coupling effect exerted by the ballasted track between consecutive spans and adjacent
decks that form the same span in railway bridges is clear. In the particular bridge of
study, the coupling effect between adjacent decks of the same span predominates over
the coupling between different spans. This issue can be detected under both ambient
and train-induced vibrations despite the different level of vibration amplitude induced by
these excitations. In this regard, the shared foundations of the two decks may also have
an important role on this coupling.
• The transmission of vibrations from the loaded deck to the unloaded deck is relevant. The
numerical predictions reveal that a more accurate model updating can be achieved if both
coupling effects are considered. In terms of natural frequencies and mode shapes, the sole
introduction of the coupling between SS spans in the numerical model does not improve
the predictions when compared to the ones obtained when the track is neglected for this
particular bridge.
• The three implemented numerical approaches overestimate the contribution of the fundamental mode in the response, thus the prediction is more accurate when both couplings
effects are considered. The additional damping induced by the track elements, that is neglected in this preliminary study and also the effect of the train-bridge interaction require
further research. Also the shared foundation between decks belonging to the same span
can have an inﬂuence on the deck coupling that is not well known up to date.
• The three implemented numerical approaches overestimate the contribution of the fundamental mode in the response, thus the prediction is more accurate when both couplings
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effects are considered. The additional damping induced by the track elements, that is neglected in this preliminary study and also the effect of the train-bridge interaction, could
be responsible of the differences and require further research. Also the shared foundation
between decks belonging to the same span can have an inﬂuence on the deck coupling
that is not well known up to date.
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Keywords:URFNLQJXSOLIWLQJVWUXFWXUHVGLPHQVLRQDODQDO\VLVGLPHQVLRQDOLW\UHGXFWLRQGLV
SODFHPHQWEDVHGGHVLJQ
Abstract.The response of a rigid rocking block is traditionally described by its tilt angle. This
is a correct description, but this paper suggests that describing rocking via displacements is
more meaningful, because it uncovers that two geometrically similar blocks of different size
will experience the same top displacement, provided that they are not close to overturn. The
above is illustrated for both analytical pulse excitations and for recorded ground motions.
Thus the displacement demand of a ground motion on a rocking block is only a function of its
slenderness; not of its size. This reduces the dimensionality of the problem and allows for the
construction of size-independent rocking demand spectra.
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1

INTRODUCTION

7KH V\VWHPDWLF VWXG\ RI WKH URFNLQJ RVFLOODWRU VWDUWHG ZLWK +RXVQHU¶V VHPLQDO SDSHU LQ
>@0RWLYDWHGE\WKHVXUSULVLQJVWDELOLW\WKDWWDOOVOHQGHU³JROIǦEDOOǦRQǦDǦWHH´VWUXFWXUHV
SUHVHQWHGLQWKH&KLOHDQHDUWKTXDNHKHVKRZHGWKDW D RXWRIJHRPHWULFDOO\VLPLODU
SODQDUULJLGREMHFWVWKHODUJHURQHLVKDUGHUWRRYHUWXUQG\QDPLFDOO\DQG E WKHRYHUWXUQLQJ
SRWHQWLDORIDJURXQGPRWLRQLQFUHDVHVZLWKLWVGRPLQDQWSHULRG
7KHLQWHUHVWRQWKHURFNLQJRVFLOODWRU>@VRXUFHVIURPLWVDELOLW\WRGHVFULEHV\VWHPVWKDW
FDQQRWEHGHVFULEHGDGHTXDWHO\E\WKHFODVVLFDOHODVWLFRVFLOODWRU>@,QGHHGWKHURFNLQJRVFLO
ODWRUFDQEHXVHGWRXQGHUVWDQGWKHEHKDYLRURIPDVRQU\VWUXFWXUHV>@WKHVHLVPLFEHKDY
LRURIQRQDQFKRUHGHTXLSPHQW >@DV ZHOODV WR H[SODLQWKHVWDELOLW\RIDQFLHQW*UHFR
5RPDQDQG&KLQHVHWHPSOHVWKDWKDYHEHHQVWDQGLQJIRUPRUHWKDQ\HDUVLQHDUWKTXDNH
SURQHUHJLRQV>@5RFNLQJPRWLRQKDVDOVRLQVSLUHGUHVHDUFKHUVWRXVHLQHUWHUVDVVHLVPLF
SURWHFWLRQ GHYLFHV >@ :KDW LV QRW ZLGHO\ NQRZQ LQ WKH ZHVWHUQ ZRUOG LV WKDW URFNLQJ
KDVEHHQXVHGVLQFHPRUHWKDQ\HDUVDVDVHLVPLFLVRODWLRQPHWKRGLQWKH8665 DQGQRZ
LQIRUPHU8665FRXQWULHV >@7KH6RYLHWV\VWHPFRPSULVHVDQLQWHQWLRQDOO\GHVLJQHG
VRIWURFNLQJVWRU\7KHXSOLIWRIWKHURFNLQJFROXPQVZRUNVDVDPHFKDQLFDOIXVHDQGOLPLWV
WKHIRUFHVWUDQVPLWWHGWRWKHVXSHUVWUXFWXUH
5RFNLQJZDOOVKDYHEHHQVXJJHVWHGDVDUHVLOLHQWGHVLJQDSSURDFKIRUEXLOGLQJV>DQG
UHIHUHQFHVWKHUHLQ@
0RUHRYHUDPWDOOFKLPQH\DWWKH&KULVWFKXUFKDLUSRUWKDVEHHQGHVLJQHGWRXSOLIW>@
DQGWKUHHWRPWDOOFKLPQH\VLQ3LUDHXV*UHHFHKDYHEHHQUHWURILWWHGE\DOORZLQJWKHP
WRXSOLIWLQFDVHRIDQHDUWKTXDNH
5RFNLQJ V\VWHPV DUH SHUIHFWO\ FRPSDWLEOH ZLWK $FFHOHUDWHG %ULGJH &RQVWUXFWLRQ DV WKH\
FRPSULVHSUHIDEULFDWHGHOHPHQWVZLWKGU\FRQQHFWLRQV,QIDFWUHVWUDLQHGURFNLQJV\VWHPV>
@ KDYH DOUHDG\ IRXQG WKHLU ZD\ WR SUDFWLFH ZLWK WKH :LJUDP0DJGDOD UHVWUDLQHG URFNLQJ
EULGJHLQ1HZ=HDODQG>@EHLQJWKHILUVWUHVWUDLQHGURFNLQJEULGJHFRQVWUXFWHG
+RZHYHUVHYHUDOUHVHDUFKHUVKDYHVXJJHVWHGWKDWWKHUHVWUDLQLQJWHQGRQLQURFNLQJEULGJHV
LV QRW RQO\ REVROHWH EXW PLJKW XQQHFHVVDULO\ GHFUHDVH WKH GHVLJQ IRUFHV RI ERWK WKH VXSHU
VWUXFWXUH DQG WKH IRXQGDWLRQ PD\EH UHTXLULQJ D SLOH IRXQGDWLRQ ZKHQ LW FRXOG KDYH EHHQ
DYRLGHG >@ 0DNULV DQG 9DVVLOLRX >@ DQG 9DVVLOLRX DQG 0DNULV >@ KDYH VXJJHVWHG
WKDWDVWKHVL]HRIDURFNLQJEULGJHLQFUHDVHVWKHUHVWUDLQLQJV\VWHPFDQEHFRPHREVROHWHDQG
PHUHO\LQFUHDVHVWKHGHVLJQIRUFHVRIERWKWKHVXSHUVWUXFWXUHDQGWKHIRXQGDWLRQ
$ PDLQ GUDZEDFN RI XQUHVWUDLQHG URFNLQJ EULGJHV VWHPV IURP WKHLU UHVSRQVH EHLQJ DEVR
OXWHO\XQFRUUHODWHGWRDQ\HODVWLFV\VWHP7KHUHIRUHWKHHODVWLFEDVHGUHVHDUFKUHVXOWVDUHQRW
DSSOLFDEOH HJ LQWHQVLW\ PHDVXUHV UHVSRQVH VSHFWUD PRWLRQWRPRWLRQ YDULDELOLW\ GHVLJQ
JURXQG PRWLRQV QHHG WR EH UHGHWHUPLQHG 7R WKLV HQG WKH URFNLQJ RVFLOODWRU VKRXOG EH GH
VFULEHGZLWKWKHPLQLPXPSDUDPHWHUVQHHGHG
7KLVSDSHUVXJJHVWVWKDWWKHFXUUHQWVWDWHRIWKHDUWRIXVLQJWKHWLOWDQJOHθDVWKH'2)RID
URFNLQJV\VWHPLVRIFRXUVHFRUUHFWEXWLWLVQRWWKHRSWLPDO8VLQJWKHWRSGLVSODFHPHQWRI
WKHRVFLOODWRUuUHGXFHVWKHGLPHQVLRQDOLW\RIWKHSUREOHP7KHQWKHGLVSODFHPHQW demand
RQDURFNLQJEORFNEHFRPHVRQO\VOLJKWO\GHSHQGHQWRQLWVVL]HDQGLVDIXQFWLRQRQO\RILWV
VOHQGHUQHVV>@
2

ROTATION BASED
OSCILLATOR

DIMENSIONAL

ANALYSIS

OF

THE

ROCKING

7KH HTXDWLRQ RI LQSODQH PRWLRQ IRU D ULJLG UHFWDQJXODU URFNLQJ FROXPQ )LJXUH   ZLWK
VOHQGHUQHVVαDQGDVHPLGLDJRQDORIOHQJWKR )LJXUH LV
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ZKHUH
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LVWKHIUHTXHQF\SDUDPHWHURIWKHURFNLQJFROXPQ7KHXSSHUVLJQLQIURQWRIαFRUUHVSRQGVWR
DSRVLWLYHDQGWKHORZHUWRDQHJDWLYHURFNLQJDQJOHθZLWKUHVSHFWWRWKHGHILQHGFRRUGLQDWH
V\VWHP )LJXUH 
,WLVDVVXPHGWKDWHQHUJ\LVRQO\GLVVLSDWHGGXULQJLPSDFW+RXVQHU>@DVVXPHGWKDW D WKH
LPSDFWLVLQVWDQWDQHRXVDQG E WKDWWKHLPSDFWIRUFHVDUHFRQFHQWUDWHGRQWKHLPSDFWLQJFRU
QHU8QGHUWKHVHDVVXPSWLRQVWKHUDWLRRISRVWWRSUHLPSDFWURWDWLRQDOYHORFLWLHVLV

r

T after
ft
Tbefore
b f


  VLQ  D




)LJXUH*HRPHWULFFKDUDFWHULVWLFVRIWKHULJLGURFNLQJEORFN

5HVHDUFKHUV LQFOXGLQJWKHVHQLRUDXWKRURIWKLVSDSHU KDYHFULWLFDOO\HYDOXDWHGWKH+RXV
QHUPRGHOHVSHFLDOO\LWVGDPSLQJDVVXPSWLRQV>@,QGHHGZKLOHDVVXPLQJWKHLPSDFWWR
EHLQVWDQWDQHRXVVHHPVDUHDVRQDEOHDVVXPSWLRQWKHUHLVQRHYLGHQWUHDVRQWRDVVXPHWKDWWKH
LPSDFWIRUFHVDFWRQWKHLPSDFWLQJFRUQHU*LYHQWKHODUJHVHQVLWLYLW\RIWKHWLPHKLVWRU\UH
VSRQVH RI WKH URFNLQJ RVFLOODWRU WR DOO WKH SDUDPHWHUV WKDW GHILQH LW +RXVQHU¶V PRGHO PLJKW
VHHPVLPSOLVWLF+RZHYHUH[SHULPHQWDOWHVWLQJVKRZVWKDWHYHQWKRXJKLWFDQQRWSUHGLFWWKH
UHVSRQVHWRDQLQGLYLGXDOJURXQGPRWLRQLWFDQSUHGLFWWKHVWDWLVWLFVRIWKHUHVSRQVHWRDVHWRI
JURXQGPRWLRQV>@7KHUHIRUHZHFRQVLGHULWDGHTXDWHZLWKLQWKHVFRSHRIHDUWKTXDNHHQJL
QHHULQJ>@
%\LQVSHFWLQJ(TXDWLRQ  DQG  RQHFDQFRQFOXGHWKDWWKHURWDWLRQDOUHVSRQVHRIDURFN
LQJEORFNWRDJURXQGPRWLRQLVDIXQFWLRQRI

T PD[

f R D  g  üg t 



$VWKHJUDYLW\DFFHOHUDWLRQgLVFRQVWDQWWKHURWDWLRQDOUHVSRQVHWRDJLYHQJURXQGPRWLRQ
LVDIXQFWLRQRISDUDPHWHUVαDQGRVLPLODUO\WRWKHHODVWLFRVFLOODWRULQZKLFKWKHUHVSRQVH
LVDIXQFWLRQRIWKHHLJHQSHULRGTDQGGDPSLQJUDWLRζ7KHUHIRUHE\NHHSLQJRQHSDUDPHWHU
FRQVWDQW RRUα RQHFDQFRQVWUXFWURWDWLRQDOVSHFWUDIRUURFNLQJVWUXFWXUHV+RZHYHUXQOLNH
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WKHHODVWLFRVFLOODWRUZKHUHIRUXVXDOVWUXFWXUHVRQHSDUDPHWHU T LVPRUHLQIOXHQWLDOWKDQWKH
RWKHU ζ LQWKHFDVHRIURFNLQJVWUXFWXUHVERWKRDQGαVWURQJO\LQIOXHQFHWKHURWDWLRQDOUH
VSRQVH
6LQFH JURXQG PRWLRQV FRQWDLQLQJ GLVWLQJXLVKDEOH DFFHOHUDWLRQ DQGRU YHORFLW\ SXOVHV DUH
SDUWLFXODUO\GHVWUXFWLYH>DQGUHIHUHQFHVWKHUHLQ@=KDQJDQG0DNULV>@KDYHVWXGLHGWKH
UHVSRQVHRIDSODQDUURFNLQJEORFNWRDFFHOHUDWLRQSXOVHVJLYHQE\DQDO\WLFDOH[SUHVVLRQV$
SXOVHRIDJLYHQZDYHIRUPFDQEHGHVFULEHGE\WZRSDUDPHWHUV=KDQJDQG0DNULV>@FKRVH
WKHDFFHOHUDWLRQDPSOLWXGHapDQGWKHGRPLQDQWF\FOLFIUHTXHQF\ωp7KHQWKHUHVSRQVHZLOO
EHDIXQFWLRQRI

T PD[

f  R D  g  a p  Z p



(TXDWLRQ   LQYROYHV  TXDQWLWLHV ZLWK  UHIHUHQFH GLPHQVLRQV 7LPH DQG /HQJWK 
7KHUHIRUH DFFRUGLQJ WR 9DVFK\  %XFNLQJKDP¶V Ȇ7KHRUHP RI 'LPHQVLRQDO $QDO\VLV >
@ WKHQXPEHURIGLPHQVLRQOHVVSDUDPHWHUVGHVFULELQJWKHSUREOHPLV  ± 7KHUHLV
QRW DXQLTXHVROXWLRQ IRUFKRRVLQJWKHVHIRXUSDUDPHWHUV=KDQJDQG0DNULV >@VXJJHVWHG
GHVFULELQJWKHSUREOHPDV

§

T PD[ M ¨ D 

Zp

©

·
¸
p g WDQ D ¹


ap



Z p p LV RIWHQ FDOOHG VL]HIUHTXHQF\ SDUDPHWHU DQG GHSHQGV RQ WKH IUHTXHQF\ RI WKH
g WDQ D LV XVXDOO\ FDOOHG QRQGLPHQVLRQDO
DFFHOHUDWLRQ EXW LW FDQ DOVR EH SHUFHLYHG DV D QRQGLPHQVLRQDO VWUHQJWK SDUDPHWHU VLQFH
mgR VLQ D LV WKH PRPHQW WKDW ZLWKVWDQGV XSOLIW ³VWUHQJWK´  DQG LV ma p R FRV D WKH
RYHUWXUQLQJPRPHQW
7KHUHIRUH GLPHQVLRQDO DQDO\VLV UHGXFHV WKH GLPHQVLRQDOLW\ RI WKH SUREOHP IURP  WR 
+HQFHE\NHHSLQJWKHVOHQGHUQHVVSDUDPHWHUαFRQVWDQWRQHFDQSURGXFHFRQWRXUSORWVRIWKH
PD[LPXP WLOW DQJOH θ DV D IXQFWLRQ RI Z p p DQG a p g WDQ D , WKH VR FDOOHG ³URFNLQJ
VSHFWUD´,W LV ZRUWK PHQWLRQLQJWKDW'LPLWUDNRSRXORVDQG'H-RQJ >@KDYHVKRZQWKDWIRU
VPDOOYDOXHVRIαRQHFDQGURSLWDVDQLQGHSHQGHQWSDUDPHWHUIURP(TXDWLRQ  DVORQJDV
WKHFRHIILFLHQWRIUHVWLWXWLRQrLVWUHDWHGDVDQH[WUDLQGHSHQGHQWSDUDPHWHU±KRZHYHULQWKLV
VHFWLRQrLVQRWWUHDWHGLQGHSHQGHQWO\
)LJXUH  VKRZV WKH URFNLQJ VSHFWUD RI V\PPHWULF DQG DQWLV\PPHWULF 5LFNHU ZDYHOHWV
5LFNHUZDYHOHWVDUHGHILQHGDVWKHQGDQGUGGHULYDWLYHRIWKH*DXVVLDQ

H[FLWDWLRQ DQG RQ WKH VL]H RI WKH EORFN a p
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DQGβr=WRHQIRUFHWKDWWKHIXQFWLRQPD[LPXPLVHTXDOWRap
7KHVSHFWUDFRQILUPWKHUHPDUNDEOHREVHUYDWLRQWKDWODUJHUVWUXFWXUHVDUHKDUGHUWRRYHUWXUQ
G\QDPLFDOO\DQGWKDWKLJKHUIUHTXHQF\SXOVHVKDYHDORZHURYHUWXUQLQJSRWHQWLDO,QWHUHVWLQJO\
WKH\VKRZDKHDY\GHSHQGHQFHRIWKHUHVSRQVHRQERWKωppDQGapgWDQα

)LJXUH1RQGLPHQVLRQDOURFNLQJVSHFWUDEDVHGRQURWDWLRQVĮ 

3
3.1

DISPLACEMENT BASED DIMENSIONAL ANALYSIS OF A ROCKING
OSCILLATOR EXCITED BY ANALYTICAL PULSES
Analysis based on the frequency parameter of the block p

7KH GLPHQVLRQDO DQDO\VLV RI WKH SUHYLRXV VHFWLRQ LV RQH RI WKH PDQ\ FRUUHFW VROXWLRQV WR
GHVFULEHWKHSUREOHP,WLVEDVHGRQURWDWLRQV7KLVVHFWLRQKRZHYHUVXJJHVWVWKDWWKHUHLVDQ
RWKHUGLVSODFHPHQWEDVHGEDVLVRIGHVFULELQJWKHSUREOHPZKLFKLVDOVRPDWKHPDWLFDOO\FRU
UHFW DQG PRUH FRQYHQLHQW 7KH FRQYHQLHQFH GRHV QRW OLH RQO\ RQ WKH IDFW WKDW HDUWKTXDNH
HQJLQHHUVDUHPRUHXVHGWRGLVSODFHPHQWVWKDQURWDWLRQV$GLVSODFHPHQWEDVHGDQDO\VLVIXU
WKHUUHGXFHVWKHGLPHQVLRQDOLW\RIWKHSUREOHPDOORZLQJWKHFRQVWUXFWLRQRI'URFNLQJVSHF
WUD
,QGHHG WKH URWDWLRQ EDVHG DQDO\VLV RI WKH SUREOHP LV EDVHG RQ WKH ³UHFLSH IRU VLPLODULW\
DQDO\VLV´GHVFULEHGLQ&KDSWHURIWKHZHOONQRZQ'LPHQVLRQDO$QDO\VLVWH[WERRNRI%DUHQ
EODWW >@³If the problem has an explicit mathematical formulation, the independent variables in the problem and the constant parameters that appear in the equations, boundary
conditions and initial conditions, etc., are adopted as the governing parameters.´$VWKLVVHF
WLRQ VKRZV FKRRVLQJ WKH SDUDPHWHUV WKDW DSSHDU LQ WKH DQDO\WLFDO HTXDWLRQ PLJKW QRW EH WKH
PRVWFRQYHQLHQWZD\RIGHVFULELQJWKLVSDUWLFXODUSUREOHP
7KHWRSGLVSODFHPHQWRIWKHURFNLQJEORFNFDQEHREWDLQHGE\DRQHWRRQHPDSSLQJRQWKH
URWDWLRQV
u

 R VLQ rD   R VLQ rD  T 

 

7KHXSSHUVLJQLQIURQWRIαFRUUHVSRQGVWRDSRVLWLYHDQGWKHORZHUVLJQWRDQHJDWLYHWLOW
DQJOHθZLWKUHVSHFWWRWKHGHILQHGFRRUGLQDWHV\VWHP,IZHXVHWKHWRSGLVSODFHPHQWDVWKH
VLQJOH'2)RIWKHSUREOHPWKHQWKHPD[LPXPUHVSRQVHFDQEHGHVFULEHGDV
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f  R D  g  a p  Z p 

uPD[

 

7RQXPHULFDOO\FRPSXWHWKHUHVSRQVHRIWKHEORFNZHZLOOUHVRUWWR(TXDWLRQ  ZKLFKLV
JLYHQLQWHUPVRIURWDWLRQθ7KHQXVLQJ(TXDWLRQ  ZHFRPSXWHWKHGLVSODFHPHQWUHVSRQVH
$SSO\LQJ %XFNLQJKDP¶V ȆWKHRUHP RQ (TXDWLRQ   RQH SRVVLEOH QRQ
GLPHQVLRQDOL]DWLRQLV

uPD[Z p 



§

M ¨ D 
©

ap

Zp

·
¸
p g WDQ D ¹


ap

 

uPD[Z p 

DVDIXQFWLRQRI Z p p DQG a p g WDQ D IRU
ap
D JLYHQ  α =  7KH UHPDUNDEOH REVHUYDWLRQ LV WKDW ZLWKLQ WKH QRQRYHUWXUQLQJ UHJLRQ WKH
QRQGLPHQVLRQDO GLVSODFHPHQW GHSHQGV KHDYLO\ DQG VWURQJO\ QRQOLQHDU  RQ WKH QRQ
GLPHQVLRQDO VWUHQJWK SDUDPHWHU a p g WDQ D EXW RQO\ ORRVHO\ RQ WKH VL]HIUHTXHQF\
)LJXUHVKRZVWKHFRQWRXUSORWVRI

SDUDPHWHU Z p p  :KHQ WKH EORFN LV QRW FORVH WR RYHUWXUQLQJ WKH LQIOXHQFH RI Z p p LV
SUDFWLFDOO\QHJOLJLEOH
uPD[Z p 
)LJXUH  SORWV
DV D IXQFWLRQ RI a p
ap

g WDQ D IRU GLIIHUHQW YDOXHV RI Z p p  DQG D

FRQVWDQW VOHQGHUQHVV α =   )RU UHDVRQV RI ILJXUH FODULW\ RQO\ QRQRYHUWXUQLQJ YDOXHV RI

uPD[Z p 
ap

DUH SORW LH QRW SORWWLQJ

uPD[Z p 
ap

PHDQV WKDW WKH EORFN KDV RYHUWXUQHG )LJXUH 

uPD[Z p 

DV D IXQFWLRQ RI Z p p IRU GLIIHUHQW YDOXHV RI a p g WDQ D  DQG α =  
ap
$JDLQLWLVREVHUYHGWKDWDVORQJDVWKHV\VWHPLVDZD\IURPRYHUWXUQLQJWKHGRPLQDQWIDFWRU
uPD[Z p 
LV a p g WDQ D  QRW Z p p  ,Q IDFW IRU VPDOO YDOXHV RI QRQ
WKDW LQIOXHQFHV
ap

SORWV

GLPHQVLRQDO DFFHOHUDWLRQ a p

g WDQ D  WKH UHVSRQVH IRU DOO YDOXHV RI VL]HIUHTXHQF\

SDUDPHWHU Z p p LVSUDFWLFDOO\WKHVDPH7KHUHVSRQVHVWDUWVWRGHYLDWHRQO\ZKHQWKHV\VWHP
LVFORVHWRRYHUWXUQLQJ±RUKDVRYHUWXUQHG
,QRWKHUZRUGVDVPDOODQGDODUJHEORFNJHRPHWULFDOO\VLPLODUWRHDFKRWKHUDQGH[FLWHG
E\DQDO\WLFDOSXOVHVZLOOKDYHURXJKO\HTXDOWRSGLVSODFHPHQWSURYLGHGWKDWWKHGLVSODFHPHQW
LV QRW HQRXJK WR EULQJ WKHP FORVH WR RYHUWXUQ $ JLYHQ SXOVH ZLOO LQGXFH WKH VDPH
displacement demand 7KH ODUJHU EORFN LV PRUH VWDEOH VLPSO\ EHFDXVH LWV GLVSODFHPHQW
FDSDFLW\ LHWKHGLVSODFHPHQWQHHGHGWRFDXVHRYHUWXUQLHLWVZLGWK LVODUJHU
7KHUHIRUHXVLQJDGLVSODFHPHQWEDVLVWRGHVFULEHWKHSUREOHPIXUWKHUGHFUHDVHVWKHQXPEHU
RISDUDPHWHUVQHHGHGWRGHILQHLW3UDFWLFDOO\WKHGLVSODFHPHQWGHPDQGRQDURFNLQJRVFLOODWRU
H[FLWHGE\DSXOVHLVRQO\DIXQFWLRQRILWVQRQGLPHQVLRQDOVWUHQJWKSDUDPHWHU a p g WDQ D 
QRWRILWVVL]H
7KH VWURQJO\ QRQOLQHDU QDWXUH RI URFNLQJ PRWLRQ LV DOVR HYLGHQW LQ )LJXUHV  DQG 

uPD[Z p 
ap

ZKLFKH[SUHVVHVWKHUHODWLRQRIWKHURFNLQJGLVSODFHPHQWWRWKHJURXQGPRWLRQ
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)LJXUH1RQGLPHQVLRQDOURFNLQJVSHFWUDEDVHGRQGLVSODFHPHQWV

)LJXUH

uPD[ Z p 
ap

YV a p

g WDQ D SORWVIRUFRQVWDQW Z p p α 
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)LJXUH

uPD[ Z p 
ap

YV Z p p SORWVIRUFRQVWDQW a p

g WDQ D DQGα 

GLVSODFHPHQWGRHVQRWGHSHQGPRQRWRQLFDOO\RQWKHVWUHQJWKSDUDPHWHU a p
WKH GLVFRQWLQXLWLHV RI WKH Z p p

g WDQ D ,QIDFW

 OLQH RI )LJXUH  FRQYH\ WKDW D EORFN FDQ VXUYLYH D

VWURQJHUSXOVHDQGRYHUWXUQLQDZHDNHURQH
*RLQJ EDFN WR GLPHQVLRQDO TXDQWLWLHV )LJXUH  SORWV WKH GLVSODFHPHQW UHVSRQVH WR D
V\PPHWULF5LFNHUSXOVHZLWKap JDQGTp VDQGWRDQDQWLV\PPHWULF5LFNHUSXOVHZLWK
ap JDQGTp V7KHSORWVFRQILUPWKDWWKHGLVSODFHPHQWGHPDQGRQO\ORRVHO\GHSHQGVRQ
WKH VL]H LI WKH EORFN LV QRW FORVH WR RYHUWXUQLQJ 7KH GRPLQDQW IDFWRU LV WKH VOHQGHUQHVV
7KHUHIRUHZHFDQGHILQHWKHGLVSODFHPHQWGHPDQGURFNLQJVSHFWUXPRIDJURXQGPRWLRQDVD
XQDU\IXQFWLRQ
udemand

f D LIudemand

b

 

WKDW LV FRPSXWHG YLD (TXDWLRQV   DQG   IRU D ODUJH HQRXJK EORFN VL]H 7R FKHFN WKH
VWDELOLW\RIDEORFNRQHKDVWRFRPSXWHWKHPD[LPXPGLVSODFHPHQWGHPDQGYLD(TXDWLRQ  
DQGFRPSDUHLWZLWKWKHGLVSODFHPHQWFDSDFLW\ LHWKHEORFNZLGWK 
7KHUHIRUH WKH UHGXFWLRQ RI WKH GLPHQVLRQ RI WKH SUREOHP IROORZV WZR VWHSV D  $SSO\LQJ
%XFNLQJKDP¶V WKHRUHP DQG E  2EVHUYLQJ WKDW WKH GLVSODFHPHQW GHPDQG LV URXJKO\
LQGHSHQGHQW RI WKH VL]H 7KH ILUVW VWHS LV H[DFW DQG IROORZV IURP GLPHQVLRQDO DQDO\VLV 7KH
VHFRQGVWHSLVDSSUR[LPDWHDQGLQWKLVVHFWLRQLOOXVWUDWHGIRUDQDO\WLFDOSXOVHV%O|FKOLQJHU>@
JDYHDILUVWLQGLFDWLRQWKDWWKHDSSUR[LPDWLRQDOVRZRUNVIRUUHFRUGHGJURXQGPRWLRQV)XUWKHU
HYLGHQFH VXSSRUWLQJ WKLV DSSUR[LPDWLRQ DQG KLJKOLJKWLQJ LWV OLPLWDWLRQV DUH JLYHQ LQ D QH[W
VHFWLRQRIWKLVSDSHU
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)LJXUH0D[LPXPEORFNGLVSODFHPHQWDVDIXQFWLRQRIEORFNVL]HIRU6\PPHWULFDQG$QWL6\PPHWULF5LFNHU
H[FLWDWLRQ

3.2

Analysis based on the base width of the block b

7KHSUHYLRXVVHFWLRQFKRRVHVWKHIUHTXHQF\SDUDPHWHUpDQGWKHVOHQGHUQHVVRIWKHEORFNα
DVWKHWZRSDUDPHWHUVWRGHILQHLW+RZHYHUpKDVDSK\VLFDOPHDQLQJWKDWLVWRWDOO\XQUHODWHG
WRURFNLQJ,WLVWKHQDWXUDOIUHTXHQF\WKDWWKHEORFNZRXOGKDYHKDGifLWZDVKDQJLQJIURPLWV
FRUQHU>@%XWWKLVLVPHUHO\DFRLQFLGHQFHURFNLQJEORFNVKDYHQRQDWXUDOIUHTXHQF\ >@
DQGWKHXVHRIpRIWHQFUHDWHVPLVXQGHUVWDQGLQJV,QWKLVVHFWLRQZHSURSRVHWRGHVFULEHWKH
EORFNZLWKWZRSK\VLFDOSDUDPHWHUVWKDWKDYHDFOHDUSK\VLFDOPHDQLQJGLUHFWO\UHODWHGWRWKH
URFNLQJSUREOHP7KHVOHQGHUQHVVαLVUHWDLQHGDVLWFRQWUROVWKHXSOLIWRIWKHVWUXFWXUH DQG
FRXOGEHSDUDOOHOL]HGZLWKWKHVWUHQJWKRIDV\VWHP EXWpLVUHSODFHGE\bZKLFKLVWKHKDOI
ZLGWK RI WKH EDVH DQG H[DFWO\ HTXDO WR RQH KDOI RI LWV GLVSODFHPHQW FDSDFLW\ 7KHQ WKH GLV
SODFHPHQWUHVSRQVHZLOOEH
uPD[

f  b D  g  a p  Z p 

 

8VLQJ%XFNLQJKDP¶VȆWKHRUHPZHJHW

uPD[Z p 

Dp
7KH WHUP a p

bZ p 

§ ap
bZ p  ·

D ¸ 
M ¨
¨ g WDQ D a
¸
p
©
¹

 

g WDQ D ZRXOG EH WKH UHFLSURFDO RI WKH QRQGLPHQVLRQDO VWUHQJWK

a p ZRXOG EH WKH QRQGLPHQVLRQDO GLVSODFHPHQW FDSDFLW\ DQG α WDNHQ DV DQ

LQGHSHQGHQWSDUDPHWHU FRQWUROVGDPSLQJEHFDXVHLWFRQWUROVWKHFRHIILFLHQWRIUHVWLWXWLRQ
)LJXUH  SORWV GLVSODFHPHQW VSHFWUD DFFRUGLQJ WR WKH VXJJHVWHG QRQGLPHQVLRQDOL]DWLRQ
2QHFDQREVHUYHWKDWIRUERWKSXOVHVDEDVH LHDGLVSODFHPHQWFDSDFLW\ b RIURXJKO\
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)LJXUH'LVSODFHPHQWEDVHGQRQGLPHQVLRQDOURFNLQJVSHFWUDXVLQJWKHZLGWKRIWKHEORFNWRFKDUDFWHUL]HLWV
VL]H

WLPHVWKHOHQJWKVFDOHRIWKHSXOVH Le

a p Z p  LVHQRXJKWRNHHSWKHEORFNVWDEOHQRPDWWHU

ZKDWWKHQRQGLPHQVLRQDOVWUHQJWKSDUDPHWHULV
4

DISPLACEMENT BASED ANALYSIS OF A ROCKING
EXCITED BY RECORDED GROUND MOTIONS

OSCILLATOR

$QDO\WLFDOSXOVHVFDQEHXVHGWRTXDOLWDWLYHO\VWXG\WKHURFNLQJRVFLOODWRU+RZHYHUDVWKH
URFNLQJ SUREOHP LV YHU\VHQVLWLYHWR DOORILWV SDUDPHWHUVSXOVHVZRXOGQRW VXIILFHWR SURYH
WKDWWKHGLVSODFHPHQWGHPDQGRQDURFNLQJVWUXFWXUHGHSHQGVRQO\RQLWVVOHQGHUQHVVDQGQRW
RQLWVVL]H7KHUHIRUHWKLVVHFWLRQH[DPLQHVWKHGLVSODFHPHQWUHVSRQVHRIDURFNLQJEORFNH[
FLWHGE\UHFRUGHGJURXQGPRWLRQV
4.1

FEMA P695 Ground motions

7KHUH LV QR FRQVHQVXV LQ WKH HQJLQHHULQJ FRPPXQLW\ RQ ZKDW JURXQG PRWLRQV VKRXOG EH
XVHG LQ WLPH KLVWRU\ DQDO\VLV 6HYHUDO DSSURDFKHV H[LVW LQFOXGLQJ XVLQJ UHFRUGHG VFDOHG RU
XQVFDOHG DUWLILFLDORUV\QWKHWLFJURXQGPRWLRQV,QWKLVSDSHUZHFKRRVHWRXVHWKHVHWVRI
JURXQGPRWLRQVSURSRVHGE\)(0$3>@ IDUILHOGQHDUILHOGSXOVHOLNHDQGQHDUILHOG
QRQSXOVHOLNH  RQO\ DV D PHDQV WR LOOXVWUDWH RXU URFNLQJUHODWHG DUJXPHQW ZLWKRXW WDNLQJ
VWDQFH RQ WKH GHEDWH DURXQG JURXQG PRWLRQV ,W LV HYLGHQW WKDW DQ\ JURXQG PRWLRQ VHOHFWLRQ
PHWKRGEDVHGRQWKHUHVSRQVHRIDQHODVWLFV\VWHPLVLQSULQFLSOHQRWDSSOLFDEOHLQWKHFDVHRI
WKHURFNLQJRVFLOODWRUDVWKHHODVWLFDQGURFNLQJRVFLOODWRUDUHXQFRUUHODWHG0RUHLQIRUPDWLRQ
RQWKH)(0$3JURXQGPRWLRQVFDQEHIRXQGLQ)(0$>@
4.2

Equal displacement rule for rocking structures and displacements demand spectra

9DVVLOLRXHWDO>@KDYHSURYHQWKDWULJLGURFNLQJRVFLOODWRUVRIHTXDOKHLJKWDWWDFKHGWR
PDVVOHVVIRXQGDWLRQVRIWKHVDPHVL]HEHKDYHLGHQWLFDOO\QRPDWWHUZKDWWKHLUDFWXDOFROXPQ
ZLGWKLV )LJXUH 7KHUHIRUHWKHGHVLJQTXHVWLRQRIDURFNLQJVWUXFWXUHZRXOGEH)LQGWKH
VL]H2B’RIWKHIRXQGDWLRQIRUDJLYHQRVFLOODWRUKHLJKWH+HQFHLWLVPRUHPHDQLQJIXOWR
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)LJXUH5RFNLQJRVFLOODWRUVRIHTXDOKHLJKW

XVH H DV D VL]H SDUDPHWHU LQVWHDG RI R, HYHQ LI WKH IRUPHU GRHV QRW H[SOLFLWO\ DSSHDU LQ WKH
HTXDWLRQRIPRWLRQ
)LJXUHRIIHUVWKHGLVSODFHPHQWRIDURFNLQJRVFLOODWRUDVIXQFWLRQRILWVVOHQGHUQHVVαDQG
IRUH=2, 4, 10, 20, 80,DQG 1000mIRUDVHOHFWLRQRIWKH)(0$3JURXQGPRWLRQV7KH
H PLVRIIHUHGRQO\IRUUHDVRQVRIPDWKHPDWLFDOFRPSOHWHQHVVWRVWXG\WKHOLPLWFDVH
RI H o f )RUUHDVRQVRISORWFODULW\HDFKOLQHLVSORWWHGRQO\IRUα !αFULWZKHUHαcritLVWKH
PLQLPXPVOHQGHUQHVVDQJOHIRUZKLFKWKHEORFNRYHUWXUQV:HREVHUYHWKDWDOOEORFNVRIVDPH
VOHQGHUQHVV DQJOH SUHVHQW URXJKO\ WKH VDPH GLVSODFHPHQW DV ORQJ DV WKH\ DUH QRW FORVH WR
RYHUWXUQLQJ7KHVDPHREVHUYDWLRQKROGVIRUDOOWKHJURXQGPRWLRQVWHVWHG
$VDQDO\VLVDQGGHVLJQ RIDURFNLQJ VWUXFWXUHZRXOG QRW LQYROYHDVLQJOHJURXQGPRWLRQ
EXWDVHWRIGHVLJQPRWLRQVLWPDNHVVHQVHWRVWXG\WKHSUREOHPE\DSSO\LQJVHWVRIPXOWLSOH
H[FLWDWLRQVDQGFRPSDULQJWKHVWDWLVWLFVRIWKHUHVXOWV HJWKHPHGLDQGLVSODFHPHQWDPRQJDOO
WKHJURXQGPRWLRQVRIWKHH[FLWDWLRQVHW )LJXUHSORWVGLVSODFHPHQWVSHFWUDRIWKHPHGLDQ
RIWKHGLVSODFHPHQWIRUYDULDWLRQVRIWKHQHDUILHOGSXOVHOLNH)(0$3VHWD 8QVFDOHG
JURXQG PRWLRQV E  VFDOHG VR WKDW WKHLU 3*$ LV HTXDO WR PGA  RU PGA  RU PGA  F 
VFDOHGVR WKDWWKHLU3*9LV HTXDO WR PGV RU PGV RU PGV ZKHUH PGA  PGV DUH
GHILQHGDV


PGA median
i  N

PGAix u PGAiy 

 



PGV

median

PGVix u PGViy 

 

i  N

ZKHUH N LV WKH QXPEHU RI WKH JURXQG PRWLRQV DQG x DQG y DUH WKH WZR FRPSRQHQWV RI HDFK
JURXQGPRWLRQ1RWHWKDWHDFKKRUL]RQWDOFRPSRQHQWRIHDFKJURXQGPRWLRQLVWUHDWHGDVDQ
LQGHSHQGHQWPRWLRQ)LJXUHVDQGSORWWKHVDPHVSHFWUDIRUWKHIDUILHOGDQGQHDUILHOG
QRQSXOVHOLNHJURXQGPRWLRQV
7KHIROORZLQJREVHUYDWLRQVFDQEHPDGH
D 7KHPHGLDQVSHFWUDDUHVPRRWKHUOLNHZLVHGHVLJQ HODVWLFVSHFWUDWKDWZHUHGHULYHGE\
VWDWLVWLFDO SURFHVVLQJ RI HODVWLF VSHFWUD RI VLQJOH JURXQG PRWLRQV DUH VPRRWKHU WKDQ
VLQJOHJURXQGPRWLRQVSHFWUD
E $VORQJDVWKHV\VWHPLVQRWFORVHWRRYHUWXUQLQJWKHGLVSODFHPHQWGRHVQRWGHSHQGRQ
WKH VL]H RI WKH EORFN )RU WKLV SDUW RI WKH VSHFWUXP LQVWHDG RI FRPSXWLQJ D GLIIHUHQW
VSHFWUXPIRUHDFKEORFNVL]HRQHFDQFRPSXWHWKHGHVLJQVSHFWUXPIRU H o f  H 

1690

0LFKDOLV)9DVVLOLRXDQG1DWDOLD5HJJLDQL0DQ]R

)LJXUH'LVSODFHPHQWRIDURFNLQJRVFLOODWRUDVIXQFWLRQRILWVVOHQGHUQHVVα.
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P VHHPV DQ DGHTXDWH YDOXH  DQG XVH LW WR FDOFXODWH WKH GLVSODFHPHQW demand RQ
DQ\URFNLQJVWUXFWXUH LHuPD[ f α :HQDPHWKHDERYHILQGLQJ³HTXDOGLVSODFHPHQW
UXOH´IRUURFNLQJVWUXFWXUHV
F $V WKH V\VWHP JHWV FORVHU WR RYHUWXUQLQJ WKH HTXDO GLVSODFHPHQW UXOH GRHV QRW DSSO\
VPDOOHUV\VWHPVSUHVHQWODUJHUGLVSODFHPHQWVWKDQODUJHURQHV0RUHRYHUDVWKHV\VWHP
DSSURDFKHV RYHUWXUQLQJ WKH VORSH RI WKH VSHFWUXP LQFUHDVHV GUDPDWLFDOO\ LH D VPDOO
GHFUHDVHLQWDQαOHDGVWRYHU\ODUJHLQFUHDVHLQGLVSODFHPHQW7KLVWUHQGGLFWDWHVWKDWD
UDWLRQDOGHVLJQRIDURFNLQJVWUXFWXUHZRXOGUHTXLUHWKDWWKLVVWHHSSDUWRIWKHVSHFWUXP
EHDYRLGHGEHFDXVHDQHDUWKTXDNHVOLJKWO\VWURQJHUWKDQWKHGHVLJQRQHZRXOGFDXVHD
WUHPHQGRXVLQFUHDVHLQGLVSODFHPHQW7KHUHIRUHWKHHTXDOGLVSODFHPHQWUXOHDSSOLHVWR
WKHUDWLRQDOGHVLJQUHJLRQ
G 7KH IRUP RI WKH VSHFWUXP IRU DOO  VHWV RI JURXQG PRWLRQV SUHVHQWV VRPH UHSHWLWLYH
SDWWHUQ
L $V α WHQGV WR ]HUR uPD[ WHQGV WR D ILQLWH YDOXH )RU VSHFWUD RI LQGLYLGXDO JURXQG

PRWLRQV WKLV YDOXH LV PGD  $Q H[SODQDWLRQ IRU WKLV LV RIIHUHG LQ WKH QH[W

VHFWLRQ
LL $V α LQFUHDVHV IURP ]HUR WKH GLVSODFHPHQW GHPDQG DPSOLILHV  WLPHV DQG
UHDFKHVDSODWHDX
LLL )XUWKHULQFUHDVHRIαOHDGVWRDPRQRWRQLFGHFUHDVHRIWKHGLVSODFHPHQWGHPDQG
LY 1DWXUDOO\ ZKHQ WDQĮ UHDFKHV 3*$J WKH GLVSODFHPHQW GHPDQG EHFRPHV ]HUR DV
WKHUHLVQRXSOLIW
4.3

Preliminary design based on the equal displacement rule

,IQRWIRUDILQDOGHVLJQWKHHTXDOGLVSODFHPHQWUXOHFDQEHXVHGIRUSUHOLPLQDU\FDOFXODWLRQV
,QGHHGLWLVQRWDQH[DFWPHWKRGEXWDSUHOLPLQDU\GHVLJQPHWKRGWKDWGRHVQRWDLPDWEHLQJ
H[DFWEXWDWSURYLGLQJDWRROIRULQLWLDOFDOFXODWLRQVWKDWIRUFHUWDLQFDVHVDQGUHTXLUHGGHJUHH
RI DFFXUDF\ FDQ EH HQRXJK 7KH VDPH KROGV IRU \LHOGLQJ VWUXFWXUHV ZKHUH WKH ³HTXDO
GLVSODFHPHQWUXOH´LVXVHGIRUPDQ\VWUXFWXUDOV\VWHPVZKLOHIRUPRUHFRPSOLFDWHGV\VWHPVLW
LV XVHG RQO\ IRU SUHOLPLQDU\ GHVLJQ DQG WKHQ PRUH UHILQHG PHWKRGV DUH DSSOLHG ,W FRXOG EH
VWDWHGWKDWWKHILQGLQJVRIWKLVSDSHUFRQVWLWXWHWKHJHQHUDOL]DWLRQRIHTXDOGLVSODFHPHQWUXOH
IURP \LHOGLQJ WR URFNLQJ V\VWHPV 7KLV VHFWLRQSURSRVHV DPHWKRGRORJ\ WRGHVLJQ DURFNLQJ
VWUXFWXUHEDVHGRQWKHHTXDOGLVSODFHPHQWUXOH
D 2QWKHXPD[±WDQαFXUYHZHSORWWKHFDSDFLW\OLQHX& HWDQα
E :HGHWHUPLQHWKHLQWHUVHFWLRQRIWKHFDSDFLW\OLQHDQGWKH+ OLQH:HGHILQHWKH
DEVFLVVDRIWKLVSRLQWDVWDQαN
F :H XVH D PXOWLSOLHU RI  WR GHWHUPLQH WKH GHVLJQ VOHQGHUQHVV WDQα' WDQαN 7KH
PXOWLSOLHUVHUYHVDVDVDIHW\IDFWRUWRPRYHWKHGHVLJQSRLQWDZD\IURPWKHVWHHSSDUWRI
WKHVSHFWUXP
)LJXUH  RXWOLQHV WKH GHVLJQ SURFHGXUH DSSOLHG IRU D URFNLQJ EULGJH ZLWK FROXPQV RI P
KHLJKW H P %DVHGRQ0DNULVDQG9DVVLOLRX>@WKHUHVSRQVHRIWKHIUDPHLVHTXDOWR
WKHUHVSRQVHRIDVROLWDU\EORFNRIH P)RUWKLVEULGJHWZHQW\RQHGHVLJQVFHQDULRVDUH
H[SORUHG FRUUHVSRQGLQJ WR WKH  VSHFWUD RI )LJXUHV  7DEOHV  DQG )LJXUH 
VXPPDUL]HWKHILQGLQJVIRUWKHGHVLJQVFHQDULRVDQGFRPSDUHWKHGLVSODFHPHQWSUHGLFWHG
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)LJXUH0HGLDQ'LVSODFHPHQW6SHFWUDIRU)DU)LHOG5HFRUG6HW
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E\ WKH GHPDQG VSHFWUXP H  P  WR WKH GLVSODFHPHQW SUHGLFWHG E\ WKH H P
VSHFWUXP :H REVHUYH WKDW LQ DOO EXW WZR FDVHV QHDU IDXOW SXOVHOLNH VFDOHG WR PGA DQG
QHDUIDXOWQRQSXOVHOLNHVFDOHGWR PGA WKHHUURULQSUHGLFWLQJWKHPHGLDQGLVSODFHPHQWLV
OHVVWKDQ,QDOOFDVHVWKHHUURULVVPDOOHUWKDQDQGQRV\VWHPRYHUWXUQHG
8QVFDOHG PGA  PGA
PGA  PGV  PGV
PGV
WDQ αD 
+ P
+ P





























7DEOH1HDUILHOGSXOVHOLNH)6 

WDQ αD 
+ P
+ P

8QVFDOHG PGA  PGA










PGA 

PGV  PGV

PGV

















7DEOH1HDUILHOGQRQSXOVHOLNH)6 

WDQ αD 
+ P
+ P

8QVFDOHG

PGA 

PGA 













PGA  PGV




7DEOH)DUILHOG)6 

)LJXUH'HVLJQSURFHGXUH
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DQGRQWKHH PVSHFWUD

5

INTERPRETATION OF THE EQUAL DISPLACEMENT RULE BASED ON THE
EQUATION OF MOTION

7KHHTXDO GLVSODFHPHQW UXOHFDQEHLQWHUSUHWHGE\SURSHUO\PDQLSXODWLQJWKHHTXDWLRQRI
PRWLRQ$VVXPLQJVPDOOURWDWLRQDQJOHV VLQx xDQGFRVx  (TXDWLRQ  JLYHV

T
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)RUVPDOODQJOHVu Hθ. 7KHQ
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 ©
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:KHQubLVVPDOO LHWKHEORFNLVQRWFORVHWRRYHUWXUQLQJWKHRWKHUWHUPVGRPLQDWHWKH
  WKHQ
UHVSRQVH DQG u EHFRPHV D IXQFWLRQ RQO\ RI α )XUWKHUPRUH ZKHQ u g gD
u

 u g  7KHUHIRUHDVα ĺ ZKLFKFDQRQO\KDSSHQIRUEORFNVZLWKH ĺ uPD[ ĺ

3*'
6

CONCLUSIONS

7KHZLGHO\XVHGGHVFULSWLRQRIWKHURFNLQJEORFNYLDLWVURWDWLRQLVFRUUHFWEXWQRWRSWLPDO
,WUHYHDOVWKDWODUJHUEORFNVDUHPRUHVWDEOHDQGWKDWKLJKHUIUHTXHQF\SXOVHVSUHVHQWOHVVRYHU
WXUQLQJSRWHQWLDO+RZHYHULWGRHVQRWUHYHDOWKH³HTXDOGLVSODFHPHQWUXOHRIURFNLQJVWUXF
WXUHV´QDPHO\WKDWDODUJHDQGDVPDOOEORFNRIWKHVDPHDVSHFWUDWLRZLOOSUHVHQWWKHVDPHWRS
GLVSODFHPHQWLIWKH\ERWKDUHQRWFORVHWRRYHUWXUQLQJ1RWEHLQJFORVHWRRYHUWXUQLQJLVDGH
VLJQQHFHVVLW\DQ\ZD\WKHUHIRUHIRUWKHVFRSHRIGHVLJQZHFDQFODLPWKDWWKHGLVSODFHPHQW
GHPDQGLVWKHVDPHDQGLWRQO\GHSHQGVRQWKHVOHQGHUQHVVQRWRQWKHVL]HRIWKHEORFN7KH
DERYHLVLOOXVWUDWHGIRUERWKDQDO\WLFDOSXOVHH[FLWDWLRQVDQGIRUVHWVRIUHFRUGHGJURXQGPR
WLRQV$VWKHUHVSRQVHRIDURFNLQJEORFNDZD\IURPRYHUWXUQLQJHVVHQWLDOO\EHFRPHVDXQDU\
IXQFWLRQURFNLQJVSHFWUDWKDWSORWWKHGLVSODFHPHQWGHPDQGDVDIXQFWLRQRIWKHVOHQGHUQHVVRI
WKH EORFN FDQ EH GHYHORSHG 7KH VKDSH RI WKHVH VSHFWUD VHHP WR IROORZ D UHSHWLWLYH SDWWHUQ
VWDUWLQJIRUWDQĮ IURPX î3*'UHDFKLQJDSODWHDXRIîî3*'DQGWKHQJUDGX
DOO\GHFUHDVLQJWR]HUR0RUHUHVHDUFKZLWKPRUHJURXQGPRWLRQVLQQHHGHGWREHWWHUXQGHU
VWDQG WKH VKDSH RI WKH VSHFWUD %DVHG RQ WKH DERYH D GHVLJQ PHWKRG WKDW XVHV D VL]H
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LQGHSHQGHQWURFNLQJVSHFWUXPLVVXJJHVWHG7KLVVKRXOGEHWDNHQLQWRDFFRXQWZKHQLQWHQVLW\
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SEISMIC PERFORMANCE OF BRIDGES ISOLATED WITH DCFP
DEVICES
P. Castaldo, G. Amendola, D. Gino, E. Miceli
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Keywords: VHLVPLF LVRODWLRQ GRXEOH FRQFDYH IULFWLRQ SHQGXOXP '&)3  LVRODWRU EULGJH
SLHUDEXWPHQWGHFNLQWHUDFWLRQQRQGLPHQVLRQDOIRUPRSWLPDOIULFWLRQFRHIILFLHQW
Abstract. The paper analyzes the influence of double concave friction pendulum (DCFP) isolator properties on the seismic performance of isolated bridges. The behavior of these systems
is analyzed by employing an eight-degree-of-freedom model accounting for the first five vibrational modes of the pier and the presence of a rigid abutment, whereas the DCFP isolator
behaviour is described combining two single FPSs in series. The uncertainty in the seismic
input is taken into account by considering a set of natural records with different characteristics. The variation of the statistics of the response parameters relevant to the seismic performance is investigated through an extensive parametric study carried out for different system
properties.
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1

INTRODUCTION

6HLVPLFLVRODWLRQKDVHPHUJHGDVRQHRIWKHPRVWSRZHUIXOWHFKQLTXHVLQWKHHQVHPEOHRI
UHWURILWWLQJ PHWKRGRORJLHV >@>@ WR LPSURYH WKH VDIHW\ DQG UHVLOLHQFH RI LQIUDVWUXFWXUH V\V
WHPV>@>@,QWKHPRUHJHQHUDOVHLVPLFDSSURDFKVHLVPLFLVRODWLRQRIEULGJHVSHUPLWVWRRE
WDLQ WKH XQFRXSOLQJ RI WKH GHFN IURP WKH KRUL]RQWDO HDUWKTXDNH¶V FRPSRQHQWV OHDGLQJ WR D
VLJQLILFDQWUHGXFWLRQRIWKHGHFNDFFHOHUDWLRQDQGDVFRQVHTXHQFHRIWKHIRUFHVWUDQVPLWWHGWR
WKHSLHU
6HYHUDOVWXGLHV>@>@KDYHEHHQFDUULHGRXWLQWKHODVWGHFDGHVLQYHVWLJDWLQJWKHHIIHFWLYH
QHVVRIWKHLVRODWLRQGHYLFHVDQGFDUU\LQJRXWH[SHULPHQWDODQGDQDO\WLFDOVWXGLHVRQWKHVHLV
PLF UHVSRQVH RI EULGJHV LVRODWHG E\ VOLGLQJ LVRODWLRQ V\VWHPV ILQGLQJ RXW DV WKHVH NLQG RI
GHYLFHVDUHTXLWHHIIHFWLYHDQGHIILFLHQF\LQWKHDVHLVPLFEULGJHV¶GHVLJQ*KREDUDKDQG$OL>@
DQG 7XUNLQJWRQ HW DO >@ VKRZHG WKDW WKH SUHVHQFH RI OHDGUXEEHU EHDULQJV VKLIW WKH QDWXUDO
SHULRGRIWKHVWUXFWXUHDQGLQFUHDVHVWKHDPRXQWRIGDPSLQJPRUHRYHUWKH\SHUPLWWRGLVWULE
XWHWKHVHLVPLFIRUFHVDSSUR[LPDWHO\HYHQO\EHWZHHQSLHUDQGDEXWPHQW-DQJLG>@VWXGLHGWKH
VHLVPLF UHVSRQVH RI EULGJHV VHLVPLFDOO\ LVRODWHG E\ OHDGUXEEHU EHDULQJV /5%  WR ELGLUHF
WLRQDOHDUWKTXDNHVRXWOLQLQJWKDWWKHELGLUHFWLRQDOLQWHUDFWLRQRIWKHUHVWRULQJIRUFHVRIWKH/
5%KDVQRWQHJOLJLEOHHIIHFWVRQWKHVHLVPLFUHVSRQVHRIWKHLVRODWHGEULGJHV,Q>@>@WKH
VHLVPLFEHKDYLRXURIEULGJHVVHLVPLFDOO\LVRODWHGE\DGRSWLQJIULFWLRQSHQGXOXPV\VWHP )36 
ZDVVWXGLHG:KHQ)36EHDULQJVDUHXVHGWKHQDWXUDOSHULRGRIWKHLVRODWHGVWUXFWXUHEHFRPHV
LQGHSHQGHQW RI WKH PDVV RI WKH VXSHUVWUXFWXUH DQG LW MXVW KDV D GHSHQGHQFH RQ WKH UDGLXV RI
FXUYDWXUHRIWKHVOLGLQJVXUIDFH>@
$QRWKHULPSRUWDQWIHDWXUHRIWKLVLVRODWLRQV\VWHPLVPDLQO\UHODWHGWRWKHHQHUJ\GLVVLSD
WLRQPHFKDQLVPWKDWEHFRPHVSRVVLEOHWKDQNVWRWKHYHORFLW\GHSHQGHQWIULFWLRQEHWZHHQWKH
VOLGLQJ VXUIDFHV DQG WKH FRPSRVLWH PDWHULDO RQ WKH VOLGHU >@>@ ,Q DGGLWLRQ LW KDV EHHQ
GHPRQVWUDWHGLQ>@>@WKDWWKHFKDUDFWHULVWLFVRIDQ)36EHFRPHPRUHHIIHFWLYHE\LQWUR
GXFLQJ D VHFRQG VOLGLQJ VXUIDFH REWDLQLQJ WKH VR FDOOHG GRXEOH FRQFDYH IULFWLRQ SHQGXOXP
'&)3 ,QSDUWLFXODU.LPDQG<XQ>@VWXGLHGWKHSRVLWLYHHIIHFWVRIDGRXEOHFRQFDYHIULF
WLRQ SHQGXOXP V\VWHP RQ D EULGJH UHVSRQVH FRQVLGHULQJ GLIIHUHQW FRPELQDWLRQV RI UDGLL RI
FXUYDWXUHDQGRIIULFWLRQFRHIILFLHQWV
2WKHUVWXGLHV>@>@KDYHEHHQPRUHRULHQWHGWRGHILQHGHVLJQDSSURDFKHVE\PHDQVRI
WKH VHLVPLF UHOLDELOLW\EDVHG GHVLJQ 65%'  LQ ZKLFK WKH PDLQ XQFHUWDLQWLHV VXFK DV WKH
VHLVPLF LQSXW DQG WKH V\VWHP SURSHUWLHV KDYH EHHQ WDNHQ LQWR DFFRXQW ,Q >@ WKH RSWLPDO
SURSHUWLHV RI)36DEOHWR PLQLPL]HWKHVHLVPLF UHVSRQVHRIEULGJHXQGHUHDUWKTXDNHKDYLQJ
GLIIHUHQWIUHTXHQF\FRQWHQWVUHSUHVHQWDWLYHRIGLIIHUHQWVRLOFRQGLWLRQVKDVEHHQHYDOXDWHG
7KLVVWXG\DQDO\]HVWKHLQIOXHQFHRIWKHGRXEOHFRQFDYHIULFWLRQSHQGXOXP '&)3 LVRODWRU
SURSHUWLHV RQ WKH VHLVPLF SHUIRUPDQFH RI LVRODWHG EULGJHV WDNLQJ LQWR DFFRXQW WKH SLHU
DEXWPHQWGHFN LQWHUDFWLRQ 7KH EHKDYLRU RI WKHVH V\VWHPV DV DOVR GHVFULEHG LQ >@>@ LV
DQDO\]HG E\ HPSOR\LQJ DQ HLJKWGHJUHHRIIUHHGRP GRI  PRGHO UHSUHVHQWDWLYH RI WKH UHLQ
IRUFHGFRQFUHWH SLHU IOH[LELOLW\ LQ DGGLWLRQ WR WKH SUHVHQFH RI D ULJLG DEXWPHQW DQG GHFN
ZKHUHDVWKH'&)3LVRODWRUEHKDYLRXULVGHVFULEHGFRPELQLQJWZRVLQJOH)36VLQVHULHV>@
>@)RUHDFKVOLGLQJVXUIDFHDZLGHVSUHDGPRGHOZKLFKFRQVLGHUVWKHYDULDWLRQRIWKHIULF
WLRQFRHIILFLHQWZLWKWKHVOLGLQJYHORFLW\LVDGRSWHG>@>@7KHXQFHUWDLQW\LQWKHVHLVPLF
LQSXWLVWDNHQLQWRDFFRXQWE\PHDQVRIDVHWRIQDWXUDOUHFRUGVZLWKGLIIHUHQWFKDUDFWHULVWLFV
7KHYDULDWLRQRIWKHVWDWLVWLFVRIWKHUHVSRQVHSDUDPHWHUVUHOHYDQWWRWKHVHLVPLFSHUIRUPDQFH
RI WKH LVRODWHG EULGJHV LV LQYHVWLJDWHG WKURXJK D QRQGLPHQVLRQDOL]DWLRQ RI WKH PRWLRQ HTXD
WLRQVDVDOVRLPSOHPHQWHGLQ>@>@GHYHORSLQJDQH[WHQVLYHSDUDPHWULFVWXG\
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2

EQUATIONS OF MOTION

$QGHJUHHRIIUHHGRP GRI V\VWHPLVHPSOR\HGWRPRGHOWKHLVRODWHGEULGJHFRQILJXUD
WLRQRI)LJXUH6SHFLILFDOO\GRIDUHJLYHQE\WKHOXPSHGPDVVHVRIWKHSLHUGRIFRUUH
VSRQGWRWKHWZRVOLGHUPDVVHVRIWKH'&)3LVRODWRUVORFDWHGUHVSHFWLYHO\RQWKHSLHUDQGRQ
WKHDEXWPHQWDQGGRILVUHODWHGWRWKHULJLGGHFNPDVV>@
ud

a)
md

us,a
Surface 1

msa

DCFPa

Surface 2

b)
md

us,p
Surface 1
msp
Surface 2

msa
up,5

DCFPp

DCFPa

mp5

x7
ud = vd + vp,5 + vp,4 + vp,3 + vp,2 + vp,1
Surface
up,5 = 1vp,5 + vSurface
+ vp,2 + vp,1
p,4 + vp,3 1
up,4x8= vp,4 + vp,3 + vp,2m+sp vp,1
Surface
2
Surface
2
up,3 = vp,3 + vp,2 + vp,1
up,2 = vp,2 + vp,1 DCFPp
up,1 = vp,1
mp5

up,4

x6

xp,5
xp,4

mp4

mp4
up,3

mp3

xp,3

mp3
up,2

mp2

xp,2

mp2
up,1

mp1

mp1

xp,1

)LJXUHGRIPRGHORIEULGJHLVRODWHGZLWK'&)3EHDULQJVUHODWLYHGLVSODFHPHQWVZLWKUHVSHFWWRWKHJURXQGD 


DQGGULIWVEHWZHHQPDVVHVE


7KH HTXDWLRQV RI PRWLRQ JRYHUQLQJ WKH UHVSRQVH RI WKH PRGHO UHSUHVHQWLQJ D EULGJH RQ
'&)3LVRODWRUVLQWHUPVRIUHODWLYHGLVSODFHPHQWZLWKUHVSHFWWRWKHJURXQG )LJXUHD VXE
MHFWHGWRWKHVHLVPLFLQSXW u g t LV
mG ª¬ud t + u g t º¼  Fa t + F p t = 
msa ª¬usa t + u g t º¼  Fa t + F a t = 
msp ª¬us S t + u g t º¼  F p t + F p t = 

DEFGH 

m p  ª¬u p  t + u g t º¼  c p  ª¬u p  t  u p  t º¼  k p  ª¬u p  t  u p  t º¼  F p t



m pi ª¬u pi t + u g t º¼  c pi ª¬u pi t  u pi  t ¼º  k pi ¬ªu pi t  u pi  t ¼º 
 c pi  ª¬u pi  t  u ppi t º¼  k pi  ª¬u pi  t  u pi t º¼ 

for i  

ZKHUH ud GHQRWHV WKH GLVSODFHPHQW RI WKH VXSHUVWUXFWXUH UHODWLYH WR WKH JURXQG u sp WKH GLV
SODFHPHQWRIWKHVOLGHURIWKH'&)3GHYLFHRQWKHSLHUZLWKUHVSHFWWRWKHJURXQG usa WKHGLV
SODFHPHQWRIWKHVOLGHURIWKH'&)3GHYLFHRQWKHDEXWPHQWZLWKUHVSHFWWRWKHJURXQG u pi
i  WKHGLVSODFHPHQWRISLHUiWKPDVVUHODWLYHWRWKHJURXQG md  msp DQG msa UHVSHF
WLYHO\WKHPDVVRIWKHGHFNDQGRIWKHWZR'&)3GHYLFHVUHVSHFWLYHO\RQWKHSLHUDQGRQWKH
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DEXWPHQW m pi  i   WKH PDVV WKH iWK OXPSHG PDVV RI WKH SLHU k pi DQG c pi  i  
UHVSHFWLYHO\WKHVWLIIQHVVDQGLQKHUHQWYLVFRXVGDPSLQJFRQVWDQWIRUHDFKGRIRIWKHSLHU t WKH
WLPH LQVWDQW WKH GRW GLIIHUHQWLDWLRQ RYHU WLPH Fja t DQG Fjp t GHQRWH WKH UHDFWLRQ RI WKH
'&)3 EHDULQJV RQ WKH DEXWPHQW DQG RQ WKH SLHU UHVSHFWLYHO\ IRU WKH XSSHU
j = 1 DQGORZHUVXUIDFH j = 2 7KHGHFNLVRODWHGE\'&)3LVRODWRUVLVKHUHLQFRQVLGHUHG
ZLWKRXWDQ\YLVFRXVFDSDFLWLHV>@
$ '&)3 FDQ EH PRGHOHG DV D VHULDO FRPELQDWLRQ RI WZR VLQJOH )36 7KXV DFFRUGLQJ ZLWK
>@>@ ZKHQ WKH LQHUWLDO IRUFH DVVRFLDWHG ZLWK WKH PRYHPHQW RI WKH VPDOO VOLGHU PDVV LV
QHJOHFWHGWKHUHDFWLRQIRUFHV F2DQGF1 DWWKHORZHUDQGXSSHUVXUIDFHEHFRPHWKHVDPHDQG
FDQEHUHDGLO\REWDLQHGDVIROORZV

F

F

F

md g RP u VJQ u  R P u VJQ u
md g
u 
R  R
R  R



ZKHUH u LVUHODWHGWRWKHWRWDOGHIRUPDWLRQRIWKHGRXEOHFRQFDYHIULFWLRQSHQGXOXP u WRWKH
GHIRUPDWLRQRIWKHXSSHUVXUIDFHDQG u WRWKHORZHURQH7KHILUVWSDUWRIWKHULJKWKDQGVLGH
RI(TV  UHSUHVHQWVWKHUHVWRULQJVWLIIQHVV kcomb  RIWKHFRPELQHG'&)3IURPZKLFKWKH
UHVWRULQJQDWXUDOSHULRGFDQEHREWDLQHGDVIROORZV
kcomb

Td

S

md g
R  R



R  R  g



ZKHUH g LVWKHJUDYLW\FRQVWDQWR1DQGR2DUHWKHUDGLLRIFXUYDWXUHRIWKH'&)3
,Q(T   f j u j t

 j=1,2 LVWKHFRHIILFLHQWRIVOLGLQJIULFWLRQZKLFKGHSHQGVRQWKHVOLGHU

VOLS YHORFLW\ DORQJ RQH RI WKH WZR EHDULQJ LQWHUQDO VXUIDFHV LQGLFDWHG ZLWK u j t  DQG
VJQ u j  j=1,2 ZLWKsgn Â GHQRWLQJWKHVLJQIXQFWLRQ1RWHWKDWWKHVXEVFULSWUHIHUVWRWKH

XSSHUVXUIDFHZKHUHDVWKHVXEVFULSWUHIHUVWRWKHORZHUVXUIDFH2QWKHRWKHUKDQGWKHVHF
RQGSDUWRIWKH(TV DE XQGHUWKHK\SRWKHVLV WKDWVOLGLQJRFFXUVRQERWKVXUIDFHVDQG LQ
WKHVDPHGLUHFWLRQUHSUHVHQWVWKHHTXLYDOHQWIULFWLRQFRHIILFLHQWRIWKH'&)3>@

Peqv

P R  P R



R  R

,QWKHDERYHGLVFXVVLRQLWLVDOVRDVVXPHGWKDWWKH'&)3EHDULQJVXVHGWRLVRODWHWKHGHFNDQG
SODFHGUHVSHFWLYHO\RQWKHSLHUDQGRQWKHDEXWPHQWKDYHWKHVDPHFKDUDFWHULVWLFVVRWKDWLW¶V
REYLRXVWKH\PRYHVLPXOWDQHRXVO\
0RUHRYHUH[SHULPHQWDOUHVXOWV>@>@VXJJHVWWKDWIRUHDFKVOLGLQJVXUIDFHWKHFRHIILFLHQW
RIVOLGLQJIULFWLRQRI7HIORQVWHHOLQWHUIDFHVREH\VWRWKHIROORZLQJHTXDWLRQ

Pj uj

P j PD[  P j PD[  P j PLQL  H[S D u j

for j   



LQZKLFK P j PD[ UHSUHVHQWVWKHPD[LPXPYDOXHRIIULFWLRQFRHIILFLHQWDWWDLQHGDWODUJHYHORFL
WLHVRIVOLGLQJDQG P j PLQ UHSUHVHQWVWKHYDOXHDW]HURYHORFLW\7RIXUWKHUVLPSOLI\WKHSUREOHP
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LQWKHIROORZLQJDQDO\VHVLWLVDVVXPHGWKDW P j PD[

P j PLQ EDVHGRQDUHJUHVVLRQRIWKHH[SHU

LPHQWDOUHVXOWVZKHUHDVWKHH[SRQHQW D LVDVVXPHGHTXDOWR>@>@
3

NON-DIMENSIONALIZATION OF THE EQUATIONS OF MOTION

,QRUGHUWRDQDO\]HWKHUROHRIHDFKFKDUDFWHULVWLFSDUDPHWHUFRQWUROOLQJWKHVHLVPLFEHKDY
LRXU RI WKH V\VWHP XQGHU LQYHVWLJDWLRQ WKH UHVXOWV REWDLQHG VROYLQJ WKH HTXDWLRQV RI PRWLRQ
DUHUHGXFHGWRDQRQGLPHQVLRQDOIRUPDVGLVFXVVHGLQ>@>@
7RHDVLO\REWDLQWKHGHIRUPDWLRQRIWKHLVRODWRUVDORQJHDFKVOLGLQJVXUIDFH(T  FDQEHUH
ZULWWHQLQWHUPVRIGULIWVEHWZHHQWKHPDVVHVRIWKHV\VWHPLQVWHDGRIGLVSODFHPHQWUHVSHFWWR
WKHJURXQG
md x t  md x t  md x p  t  md x p  t  md x p  t  md x p  t 
 md x p t  cd xd t + Fa t  F p t = md u g t
msp x t  mspp x p  t  mspp x p  t  mspp x p  t  mspp x p  t 
 msp x p t  F p t  F p t
msa x t  Fa t  F a t

msppu g t
msau g t

m p  x p  t  m p  x p  t  m p  x p  t  m p  x p  t  m p  x p t  cd xd t 
c p  x p  t  k p  x p  t  F p t = m p u g t
m p  x p  t  m p  x p  t  m p  x p  t  m p  x p t  c p  x p  t  k p  x p  t 
 c p  x p  t  k p  x p  t =  m p u g t
m p  x p  t  m p  x p  t  m p  x p t  c p  x p  t  k p  x p  t 
c p  x p  t  k p  x p  t = m p u g t



DEFGHIJK 

m p  x p  t  m p  x p t  c p  x p  t  k p  x p  t  c p  x p  t  k p  x p  t = m p u g t
m p x p t  c p  x p  t  k p  x p  t  c p x p t  k p x p t = m pu g t

ZKHUH



Fa

§
md g ª  § 
·
§ 
· ·º
x pi +x + x  x ¸  Pa ¨ VJQ ¨ ¦ x pip  x + x  x ¸ ¸ »
«
¦
¨
 ¬ Ra © i 
¹ ¹¼
¹
©i
©

F a

§ md
· ª 
 msa ¸ g «
x  P a x
¨
© 
¹ ¬ R a

F p

§ md g · ª 
x  P p x
¨
¸«
©  ¹ ¬« R p

F p

§ md
· ª 
 msp ¸ g «
x  P p x
¨
© 
¹ «¬ R p

º
VJQ x »
¼
º
VJQ x »
¼»
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»¼
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$IWHUWKDWGLYLGLQJDOOWKHHTXDWLRQVE\ md (T  DSSOLHV
x t  x t  x p  t  x p  t  x p  t  x p  t  x p t  [ d Zd xd t +


§
gª  § 
·
§ 
x pi +x + x  x ¸  Pa v ¨ VJQ ¨ ¦ x pip  x + x  x
«
¦
¨
 ¬ Ra © i 
¹
©i
©



gª 
x  P p x
«
 ¬« R p

· ·º
v ¸ ¸» 
¹ ¹¼

º
VJQ x » = u g t
»¼

Osp x t  x p  t  x p  t  x p  t  x p  t  x p t 


gª 
x  P p x
«
 «¬ R p

Osa x t 

º §
· ª 
VJQ x »  ¨  Ospp ¸ g «
x  P p x
¹ «¬ R p
»¼ © 

º
VJQ x »
¼»

§
gª  § 
·
§ 
x pip +x + x  x ¸  Pa v ¨ VJQ
J ¨ ¦ x pip  x + x  x
«
¦
¨
 ¬ Ra © i 
¹
©i
©

§
· ª 
 ¨  Osa ¸ g «
x  P a x

©
¹ ¬ R a

º
VJQ x »
¼

Ospu g t

· ·º
v ¸ ¸» 
¹ ¹¼

Osa u g t


O p  x p  t  x p  t  x p  t  x p  t  x p t  [ d Zd xd t  [ p
p Z p  O p  x p  t  Z p  O p  x p  t 

§
· ª 
 ¨  Osp ¸ g «
x  P p x
©
¹ «¬ R p

º
VJQ x » = O p u g t
»¼

O p  x p  t  x p  t  x p  t  x p t  [ p Z p O p  x p  t  Z p O p  x p  t 
[ p Z p  O p  x p  t  Z p  O p  x p  t = O p u g t

DEFGHIJK

O p  x p  t  x p  t  x p t  [ p Z p  O p  x p  t  Z O p  x p  t  [ p
p Z p O p  x p  t 

p

Z p O p  x p  t = O p u g t

O p  x p  t  x p t  [ p
p Z p O p  x p  t  Z p O p  x p  t  [ p Z p  O p  x p  t 

Z p  O p  x p  t = O p u g t

O p x p t  [ p Z p  O p  x p  t  Z p  O p  x p  t  [ p
pZ pO p x p t  Z pO p x p t = O pu g t

DQGWKHIROORZLQJUDWLRVDUHLQWURGXFHG

O pi
Zd

m pi
md

 Osa

kcomb
 Z pi
md

msa
 Osp
md
k pi
m pi

msp
md

 [ pi


c pi

DEFGHI 

m piZ pi

ZKHUHWKHILUVWWKUHHWHUPVDUHWKHPDVVUDWLRVWKHWKLUGDQGWKHIRXUWKWHUPVDUHWKHFLUFXODU
IUHTXHQF\RIYLEUDWLRQRIWKHLVRODWHGGHFNDQGRIWKHiWKGRIRIWKHSLHUDQGWKHRQHGHQRWHV
WKHGDPSLQJIDFWRURIWKHiWKGRIRIWKHSLHU
,QVSLUHGIURP>@>@OHWXVLQWURGXFHWKHWLPHVFDOH W tZd LQZKLFK Zd LVWKHIXQGDPHQ
WDOFLUFXODUIUHTXHQF\RIWKHLVRODWHGV\VWHPZLWKLQILQLWHO\ ULJLG VXSHUVWUXFWXUHFRQVLGHULQJ
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WKH HTXLYDOHQW VWLIIQHVV RI WKH '&)3 LVRODWRU kcomb  DQG WKH VHLVPLF LQWHQVLW\ VFDOH a  H[

a W ZKHUH W LV D QRQGLPHQVLRQDO IXQFWLRQ RI WLPH GHVFULELQJ WKH
VHLVPLFLQSXWWLPHKLVWRU\WKHIROORZLQJQRQGLPHQVLRQDOHTXDWLRQVFDQEHREWDLQHG
SUHVVHG DV ug t

\  W \  W +\ p  W +\ p  W +\ p  W +\ p  W +\ p W  [ d\  W +


º
P \
gª  
\  W   p  VJQ
J \ » 
«
 «¬ R p Zd 
a
»¼

gª   § 
·
¦\ pi W +\  W +\  W \  W ¸¹ 
«
 ¬ Ra Zd  ¨© i 

§P § 
··§
· ·º
§ 
 ¨ a ¨ ¦\ pip t  \  W +\  W \  W ¸ ¸ ¨ VJQ
J ¨ ¦\ pip W  \  W +\  W \  W ¸ ¸ » =  W
¹¹©
¹ ¹ ¼»
©i 
© a © i 
gª 



Osp ª¬\  W +\ p  W +\ p  W +\ p  W +\ p  W +\ p W º¼  «
\ W 
 «¬ R p Zd 
º
P \
§
· ª  
\  W   p  VJQ \  »
 ¨  Osp ¸ g «

a
©
¹ «¬ R p Zd
»¼

Osa\  W 

P p \ 
a

º
VJQ
J \ » 
»¼

Osp W

gª   § 
·
¦\ pi W +\  W +\  W \  W ¸¹ 
«
 ¬ Ra Zd  ¨© i 

·§
§P § 
· ·§
§ 
· ·º
J ¨ ¦\ pip W \  W +\  W \  W ¸ ¸ » 
 ¨ a ¨ ¦\ pip t  \  W +\  W \  W ¸ ¸¨
¸ ¨ VJQ
¹¹©
©i
¹ ¹ »¼
© a © i 

P \
º
§
· ª  
\  W   a  VJQ \  »
¨  Osa ¸ g «


R
a
Z
©
¹ ¬ a d

¼

W
Osa
s

Z
O Z
O p  ¬ª\ p  W  \ p  W  \ p  W  \ p  W  \ p W ¼º  [ d\ d W  [ pp O p  p  \ p  W  pp  p  \ p  W 
Zd
Zd
º
P \
§
· ª  
 ¨  Osp ¸ g «
\  W   p  VJQ \  » = O p  W

a
©
¹ «¬ R p Zd
»¼

Z p
Z
Z
O p  ª¬\ p  W  \ p  W \ p  W \ p W º¼  [ p
\ p  W  [ p  O p  p  \ p  W  O p  p \ p  W 
pO p
Zd
Zd
Zd
O p 

Z p 
\ p  W = O p  W
Zd

Z
Z
Z
O p  ª¬\ p  W \ p  W \ p W ¼º  [ p  O p  p  \ p  W  [ ppO p  p  \ p  W  O p  p \ p  W 
Zd
Zd
Zd
O p 

Z p 
\ p  W = O p  W
Zd

O p  ª¬\ p  W \ p W ¼º  [ p
p O p 
O p 

Z p
Z
Z
\ p  W  [ p  O p  p  \ p  W  O p  p \ p  W 
Zd
Zd
Zd

DEFGHIJK

Z p 
\ p  W = O p  W
Zd

O p\ p W  [ p  O p 

Zp
Z
Z
Z
\ p  W  [ ppO p p \ p W  O p  p \ p  W  O p p \ p W = O p W
Zd
Zd
Zd
Zd

)XUWKHUPRUHWKHIROORZLQJQRQGLPHQVLRQDOSDUDPHWHUVWKDWFRQWUROWKHEULGJHV\VWHPRI)LJ
XUHKDYHEHHQDGRSWHG
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3 Zi

Z pi
 3 Oi
Zd

3 Pa \ d

m pi

O pi

Pa \ d g
a

md

 3 O sa

 3P p \ d

Osa  3 O sp
Pp \ d g
a

Osp 
DEFGHIJ 

[ pi

 3[ pi

3 O  3 O sa  3 O sp  DUH WKH SUHYLRXVO\ GHILQHG PDVV UDWLRV 3 [ p GHVFULEHV WKH YLVFRXV GDPSLQJ
LQKHUHQWUHVSHFWLYHO\WRWKHSLHUGRI5HJDUGLQJWKHFRQWUROSDUDPHWHUVRIWKHSLHULQGHHGWKH
SDUDPHWHUV Z pi DUHUHODWHGWRWKHIXQGDPHQWDOYLEUDWLRQSXOVDWLRQ Z p  WKHILUVWYLEUDWLRQPRGH 
DVZHOODVWKHVXPRIWKHPDVVUDWLRVLVUHODWHGWRWKHRYHUDOOPDVVUDWLR 3 O

Op

¦m

i 

md

pi

DQG

[ p 

ILQDOO\DOOWKHGDPSLQJIDFWRUVDUHDVVXPHGHTXDOWR 3 [ p

7KH QRQGLPHQVLRQDO SDUDPHWHUV 3 P a  3 P p PHDVXUH WKH LVRODWRU VWUHQJWKV SURYLGHG E\ WKH
IULFWLRQFRHIILFLHQWVRIWKHWZRLVRODWRUVUHVSHFWLYHO\ 6LQFHWKHVH SDUDPHWHUV GHSHQG RQWKH
UHVSRQVHWKURXJKWKHYHORFLWLHVWKHIROORZLQJSDUDPHWHUVDUHXVHGLQWKHLUVWHDGV
3 Pa

PPD[D g
a

 3P p

PPD[S g
a

DE

,W LV LPSRUWDQW WR REVHUYH WKDW WKH QRUPDOL]HG UHVSRQVH RI WKH G\QDPLF V\VWHP GRHV QRW GH
SHQGRQWKHVHLVPLFLQWHQVLW\OHYHOa0&RQYHUVHO\WKHVHLVPLFUHVSRQVHGHSHQGVDOVRRQWKH
IXQFWLRQ O W DQGDOVRRQWKHLVRODWLRQFLUFXODUIUHTXHQF\ Zd  RUSHULRG Td S  Zd 
7KHQRQGLPHQVLRQDOUHVSRQVHSDUDPHWHUVWKDWGHVFULEHWKHG\QDPLFUHVSRQVHRIWKHGHFNDQG
RIWKHiWKGRIIRUWKHSLHUDQGWKHWZRVOLGHUVDUHUHVSHFWLYHO\

\ ud
\ up
4

ud SHDNZd
S A Td

 \ xd

xd SHDNZd
S A Td

u p SHDNZd

u p SHDNZd

S A Td

S A Td

 \ xi

x  x


SHDN Zd

S A Td
xi SHDNZd
S A Td



ZLWKi 
DEFG 

PARAMETRIC STUDY

7KLVVHFWLRQSUHVHQWVWKHUHVXOWVRIDQH[WHQVLYHSDUDPHWULFVWXG\FDUULHGRXWRQWKHEULGJH
V\VWHPRI)LJWRHYDOXDWHWKHSHUIRUPDQFHRIEULGJHVLVRODWHGZLWK'&)3EHDULQJV
Seismic input description
7KHHYDOXDWLRQRIWKHVHLVPLFSHUIRUPDQFHRIDQ\HQJLQHHUHGV\VWHPVVKRXOGDFFRXQWIRU
WKHYDULDELOLW\RIWKHLQWHQVLW\IUHTXHQF\FRQWHQWDQGGXUDWLRQRIWKHUHFRUGVDWWKHVLWH&R
KHUHQWO\ZLWKWKHSHUIRUPDQFHEDVHGHDUWKTXDNHHQJLQHHULQJ 3%(( DSSURDFK>@>@WKLV
VWXG\VHSDUDWHVWKHXQFHUWDLQWLHVUHODWHGWRWKHVHLVPLFLQSXWLQWHQVLW\IURPWKRVHUHODWHGWRWKH
FKDUDFWHULVWLFVRIWKHUHFRUG UHFRUGWRUHFRUGYDULDELOLW\ E\LQWURGXFLQJDVFDOHIDFWRU a LH
DQ LQWHQVLW\ PHDVXUH IM) %\ WKLV ZD\ WKH UDQGRPQHVV LQ WKH VHLVPLF LQWHQVLW\ FDQ EH GH
VFULEHGE\DKD]DUGFXUYHZKHUHDVWKHJURXQGPRWLRQUDQGRPQHVVIRUDIL[HGLQWHQVLW\OHYHO
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FDQEHGHVFULEHGE\VHOHFWLQJDVHWRIJURXQGPRWLRQUHDOL]DWLRQVFKDUDFWHUL]HGE\DGLIIHUHQW
GXUDWLRQDQGIUHTXHQF\FRQWHQWDQGE\VFDOLQJWKHVHUHFRUGVWRWKHFRPPRQ a YDOXH,QOLQH
ZLWKWKHFULWHULDRIHIILFLHQF\VXIILFLHQF\DQGKD]DUGFRPSXWDELOLW\>@>@LQWKLVVWXG\
WKHVSHFWUDOSVHXGRDFFHOHUDWLRQ S A Td DWWKHLVRODWHGSHULRGRIWKHV\VWHP Td S  Zd 
LVDVVXPHGDVLQWHQVLW\PHDVXUH7KLVIMLVUHODWHGWRWKHVSHFWUDOGLVSODFHPHQW S d E\WKHUH

Zd Sd Td 0DQ\VWXGLHV HJ>@>@ GHPRQVWUDWHGWKDW S A LVPRUHHIIL
FLHQWWKDQWKHSHDNJURXQGDFFHOHUDWLRQDQGLWVXVHSHUPLWVWRUHGXFHWKHUHVSRQVHGLVSHUVLRQ
IRUWKHVDPHQXPEHURIJURXQGPRWLRQFRQVLGHUHGDQGWRREWDLQPRUHFRQILGHQWUHVSRQVHHV
WLPDWHVIRUDJLYHQQXPEHURIUHFRUGVHPSOR\HG

ODWLRQ S A Td

#

Year

Earthquake Name

Recording Station
Name

Vs30
[m/sec]

Source
(Fault Type)

M
[-]

R
[km]

PGAmax
[g]































































1RUWKULGJH
1RUWKULGJH
1RUWKULGJH
'X]FH7XUNH\
+HFWRU0LQH
,PSHULDO9DOOH\
,PSHULDO9DOOH\
.REH-DSDQ
.REH-DSDQ
.RFDHOL7XUNH\
.RFDHOL7XUNH\
/DQGHUV
/DQGHUV
/RPD3ULHWD
/RPD3ULHWD
0DQMLO,UDQ
6XSHUVWLWLRQ+LOOV
6XSHUVWLWLRQ+LOOV
6XSHUVWLWLRQ+LOOV
&DSH0HQGRFLQR
&KL&KL7DLZDQ
&KL&KL7DLZDQ
6DQ)HUQDQGR
)ULXOL,WDO\
,USLQLD
0RQWHQHJUR
8PEULD0DUFKH
6RXWK,FHODQG
6RXWK,FHODQG DV 
%LQJRO

%HYHUO\+LOOV0XOKRO
&DQ\RQ&RXQWU\:/&
/$±+ROO\ZRRG6WRU
%ROX
+HFWRU
'HOWD
(O&HQWUR$UUD\
1LVKL$NDVKL
6KLQ2VDND
'X]FH
$UFHOLN
<HUPR)LUH6WDWLRQ
&RROZDWHU
&DSLWROD
*LOUR\$UUD\
$EEDU
(O&HQWUR,PS&R
3RH5RDG WHPS 
:HVWPRUODQG)LUH6WDW
5LR'HOO2YHUSDVV
&+<
7&8
/$+ROO\ZRRG6WRU
7ROPH]]R
%LVDFFLD
67
67
67
67
67



























QD
QD
QD


7KUXVW
7KUXVW
7KUXVW
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS
7KUXVW
7KUXVW
7KUXVW
7KUXVW
7KUXVW






























































































7KUXVW
1RUPDO
6WULNHVOLS
6WULNHVOLS
6WULNHVOLS

7DEOH6HOHFWHGJURXQGPRWLRQVIRUWLPHKLVWRU\DQDO\VLV

,QWKLVVSHFLILFVWXG\WKHFKRLFHRI S A Td DVIMLVPRWLYDWHGE\WKHIDFWWKDWLIDOOWKHUHF
RUGVDUHQRUPDOL]HGWR S A Td WKHQWKHQRUPDOL]HGGLVSODFHPHQWUHVSRQVHRIDV\VWHPZLWK
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SHULRG Td  ULJLG VXSHUVWUXFWXUH DQG PRXQWHG RQ D IULFWLRQOHVV LVRODWRU LV HTXDO WR  IRU HDFK
UHFRUGDQGLWLVQRWDIIHFWHGE\WKHUHFRUGWRUHFRUGYDULDELOLW\7KXVWKLVV\VWHPFDQEH DV
VXPHGDVUHIHUHQFHFDVHIRUHYDOXDWLQJWKHLQIOXHQFHRIWKHLVRODWRUIULFWLRQDQGRIWKHLVROD
WLRQSHULRGRQWKHUHVSRQVHVWDWLVWLFV7KHUHFRUGWRUHFRUGYDULDELOLW\LVGHVFULEHGWKURXJKD
VHWRIUHDOJURXQGPRWLRQUHFRUGVUHSRUWHGLQ7DEOH
Seismic performance description
7KLVVWXG\FRQVLGHUVWKHIROORZLQJVHWRIUHVSRQVHSDUDPHWHUVUHOHYDQWWRWKHSHUIRUPDQFH
RI WKH LVRODWHG V\VWHP (T   WKH SHDN LVRODWRU GHIRUPDWLRQ EHWZHHQ WKH WZR GHYLFHV
ud PD[ DQG xd PD[  WKH SHDN GLVSODFHPHQW RI SLHU¶V WRS UHODWLYH WR WKH JURXQG u p PD[ DQG WKH
SHDNUHODWLYHGLVSODFHPHQWDORQJWKHSLHU x pi PD[ 7KHVHSDUDPHWHUVKDYHEHH[SUHVVHGLQQRQ
GLPHQVLRQDOIRUPDFFRUGLQJWR(TV  DQG  
%\UHSHDWHGO\VROYLQJ(TQ  IRUWKHJURXQGPRWLRQV UHFRUGVUHSRUWHGLQ 7DEOHDVHW RI
VDPSOHVLVREWDLQHGIRUHDFKRXWSXWYDULDEOHXVHGWRPRQLWRUWKHVHLVPLFSHUIRUPDQFH
,QWKLVSDSHUWKHUHVSRQVHSDUDPHWHUVDUHDVVXPHGWRIROORZDORJQRUPDOGLVWULEXWLRQDVZLGH
O\HPSOR\HGLQ3%((>@>@DQGLQPDQ\SDUDPHWULFVWXGLHVFRQFHUQLQJWKHSHUIRUPDQFH
RIVWUXFWXUDOV\VWHPVDOVRVLQFHWKHORJQRUPDOLW\DVVXPSWLRQSHUPLWVWRHVWLPDWHZLWKDOLP
LWHG QXPEHU RI VDPSOHV WKH UHVSRQVH DW GLIIHUHQW SHUFHQWLOH OHYHOV ZKLFK LV YHU\ XVHIXO IRU
V\VWHPUHOLDELOLW\DVVHVVPHQW>@>@>@
$ORJQRUPDOGLVWULEXWLRQFDQEHILWWHGWRWKHJHQHULFUHVSRQVHSDUDPHWHUD LHWKHH[WUHPH
YDOXHV \ u d \ x d \ u p \ xi RI (TV   DQG   E\ HVWLPDWLQJ WKH VDPSOH JHRPHWULF PHDQ
GM D DQGWKHVDPSOHGLVSHUVLRQ E D GHILQHGDVIROORZV
GM D

E D

V OQ D

N

d    d N

OQ d  OQ ª¬GM D º¼



 

   OQ d N  OQ ª¬GM D º¼
N 



 

ZKHUH diGHQRWHVWKHiWKVDPSOHYDOXHRIDDQGNLVWKHWRWDOQXPEHURIVDPSOHV7KHVDPSOH
JHRPHWULFPHDQLVDQHVWLPDWRURIWKHPHGLDQRIWKHUHVSRQVHDQGLWVORJDULWKPFRLQFLGHVZLWK
WKHORJQRUPDOVDPSOHPHDQ POQ D >@
Parametric study results
7KLVVHFWLRQVKRZVWKHUHVXOWVRIWKHSDUDPHWULFVWXG\FDUULHGRXWWRHYDOXDWHWKHUHODWLRQ
EHWZHHQ WKH LVRODWLRQ DQG EULGJH SURSHUWLHV DQG WKH V\VWHP SHUIRUPDQFH IRU WKH UHIHUHQFH
VHLVPLFLQSXWGHVFULEHGWKURXJKWKHJURXQGPRWLRQUHFRUGVRI7DEOH
1RWHWKDWDQ\PRGHOXQFHUWDLQW\LVFRQVLGHUHGLQWKHQXPHULFDODQDO\VHV>@>@7KHFRQ
ILJXUDWLRQRI7DEOHKDVEHHQXVHGIRUWKH'&)3EHDULQJVSURSHUWLHV
7KH WZR '&)3 GHYLFHV RQ WKH DEXWPHQW DQG RQ WKH SLHU DUH LGHQWLFDO 6R LW IROORZV WKDW
3 P a 3 P p 3 P DV ZHOO DV 3 O sa 3 O sp 3 O s  7KH SDUDPHWHU 3 [ [ p LV DVVXPHG HTXDO WR
p

WKHLVRODWHGEULGJHSHULRGTdLVYDULHGLQWKHUDQJHEHWZHHQVVVVDQGVWKH
SLHUSHULRG Tp LQWKHUDQJHEHWZHHQVVVDQGV$VVXPLQJWKDWHDFKRIWKHSLHU
PDVVHVDUHHTXDO 3 O

O p KDVEHHQFRQVLGHUHGYDU\LQJLQWKHUDQJHEHWZHHQDQG

3 P LQWKHUDQJHEHWZHHQ QRIULFWLRQ DQG YHU\KLJKIULFWLRQ )RUQXPHULFDOUHDVRQVWKH
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UDWLR 3 O s LVDVVXPHGHTXDOWR7KHUHIRUHQXPHULFDOLQYHVWLJDWLRQVKDYHEHHQFDUULHGRXW
RQ VHYHUDO GLIIHUHQW V\VWHPV E\ YDU\LQJ WKH PDLQ G\QDPLF SDUDPHWHUV DQG IRU WZR GLIIHUHQW
'&)3EHDULQJFRQILJXUDWLRQVIRUGLIIHUHQWWLPHKLVWRU\VHLVPLFLQSXW
)RUHDFKYDOXHRIWKHSDUDPHWHUVRILQWHUHVWLQWKHSDUDPHWULFVWXG\WKHGLIIHUHQWLDOHTXDWLRQ
RIPRWLRQLH(TQ  KDVEHHQUHSHDWHGO\VROYHGIRUWKHGLIIHUHQWJURXQGPRWLRQFRQVLG
HUHG 7KH %RJDFNL6KDPSLQH LQWHJUDWLRQ DOJRULWKP DYDLODEOH LQ 0DWODE6LPXOLQN >@ KDV
EHHQHPSOR\HGFKRRVLQJDYDULDEOHVWHS WR LPSURYHWKHVROXWLRQDFFXUDF\7KHSUREDELOLVWLF
SURSHUWLHVRIWKHQRUPDOL]HGUHVSRQVHKDYHEHHQHYDOXDWHGE\HVWLPDWLQJWKHJHRPHWULFPHDQ
GMDQGWKHGLVSHUVLRQERIWKHSDUDPHWHUVRILQWHUHVWWKURXJK(TQV  DQG  


R1/R2
P1,max/P 2,max P eqv
&DVH


P
7DEOH'&)3EHDULQJVSURSHUWLHVZLWKLQWKHSDUDPHWULFDQDO\VLV 

)LJV  VKRZ WKH VWDWLVWLFV GM DQG E YDOXHV  RI WKH UHVSRQVH SDUDPHWHUV FRQVLGHUHG RE
WDLQHGIRUGLIIHUHQWYDOXHVRIWKHV\VWHPSDUDPHWHUVYDU\LQJLQWKHUDQJHRILQWHUHVW(DFKILJ
XUH FRQWDLQV WKUHH VXUIDFH SORWV FRUUHVSRQGLQJ WR GLIIHUHQW YDOXHV RI 3 O  2QO\ WKH UHVXOWV
FRUUHVSRQGLQJWRTp VDQGTp VDUHLOOXVWUDWHG

E

D

3 O

3 O




F

G
3 O

3 O







)LJXUH1RUPDOL]HGGLVSODFHPHQWRISLHUWRSYV3 PDQGTdPHGLDQYDOXHDQGGLVSHUVLRQIRUTp V DDQGE 
DQGTp V FDQGG IRUGLIIHUHQWYDOXHVRI3O7KHDUURZGHQRWHVWKHLQFUHDVLQJGLUHFWLRQRI3O
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)LJSORWVWKHUHVXOWVFRQFHUQLQJWKHQRUPDOL]HGGLVSODFHPHQWRISLHUWRS\ u p ZLWKUHVSHFWWR
WKHJURXQG,WLVQRWHZRUWK\WKDWIRUYHU\ORZ 3 P YDOXHV GM \ u p GHFUHDVHVE\LQFUHDVLQJ
3 P ZKHUHDVIRUKLJK 3 P YDOXHVLWLQFUHDVHVE\LQFUHDVLQJ 3 P 7KXVWKHUHH[LVWVDQRSWLPDO

YDOXHRI 3 P VXFKWKDWWKHGLVSODFHPHQWRISLHUWRSLVPLQLPL]HG7KLVFULWLFDOYDOXHLVLQWKH
UDQJH EHWZHHQ  DQG  GHSHQGLQJ RQ WKH YDOXHV RI Td  T p DQG 3 O  ,Q DGGLWLRQ WR WKDW

GM \ u p GHFUHDVHV VLJQLILFDQWO\ ZLWK LQFUHDVLQJ 3 O DQG GHFUHDVLQJ T p  ZKLFK FRQWURO GL
UHFWO\WKHPDLQPRGDOSHULRGRIWKHSLHU IRUKLJKHU Zd VPDOOHUZLOOEHWKHGLVSODFHPHQWRI
WKHSLHUWRS  Td KDVDQLQIOXHQFHRQ GM \ u p OHDGLQJWRDJHQHUDOGHFUHDVHIRULWVLQFUHDVH
7KH GLVSHUVLRQ E \ u p VKRZV D PD[LPXP YDOXH DSSUR[LPDWLYHO\ DW WKH VDPH YDOXH RI 3 P
WKDWJLYHVWKHPLQLPXPYDOXHRI GM \ u p 7KHUHVSRQVHGLVSHUVLRQLQFUHDVHVZLWKLQFUHDV
LQJ YLEUDWLRQ SHULRG T p DQG PDVV UDWLR 3 O  )URP ORZ WR KLJK YDOXHV RI Td  WKH GLVSHUVLRQ

E \ u WHQGVWRLQFUHDVH
p

E

D

3 O

3 O

F

G
3 O

3 O

)LJXUH1RUPDOL]HGGHFNGLVSODFHPHQWYV3 PDQGTdPHGLDQYDOXHDQGGLVSHUVLRQTp V DDQGE DQG
Tp V FDQGG IRUGLIIHUHQWYDOXHVRI3J7KHDUURZGHQRWHVWKHLQFUHDVLQJGLUHFWLRQRI3J
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D

E
3 O

3 O

G

F

3 O

3 O

)LJXUH1RUPDOL]HGSLHUEHDULQJGHIRUPDWLRQDORQJWKHORZHUVXUIDFHYV3 PDQGTdPHGLDQYDOXHDQGGLVSHU
VLRQIRUTp V DDQGE DQGTp V FDQGG IRUGLIIHUHQWYDOXHVRI3O7KHDUURZGHQRWHVWKHLQFUHDVLQJ
GLUHFWLRQRI3O

D

E
3 O

3 O

F

G
3 O

3 O

)LJXUH 1RUPDOL]HGSLHUEHDULQJGHIRUPDWLRQDORQJWKHXSSHUVXUIDFHYV3 PDQGTdPHGLDQYDOXHDQGGLVSHU
VLRQIRUTp V DDQGE DQGTp V FDQGG IRUGLIIHUHQWYDOXHVRI3O7KHDUURZGHQRWHVWKHLQFUHDVLQJ
GLUHFWLRQRI3O
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)LJ DF VKRZVWKHUHVSRQVHVWDWLVWLFVRIWKHQRUPDOL]HGGHFNGLVSODFHPHQW\ ud ZKLFKFRU
UHVSRQGVWRWKHRYHUDOOGHIRUPDWLRQRIWKHEHDULQJSODFHGRQWKHDEXWPHQWVLQFHWKLVODWWHULV
WKHSHDNYDOXHZLWKUHVSHFWWRWKHGLVSODFHPHQWUHODWLYHWRWKHSLHUWRSRIWKHRWKHUGHYLFHGXH
WRWKHIOH[LELOLW\RIWKHSLHU2EYLRXVO\ GM \ ud GHFUHDVHVVLJQLILFDQWO\DV 3 P LQFUHDVHV,Q
JHQHUDOWKHYDOXHVRI GM \ ud LQFUHDVHVOLJKWO\IRULQFUHDVLQJYDOXHVRI Td DQGRI 3 O DQG
WKH\DUHQRWDIIHFWHGVLJQLILFDQWO\E\ T p 7KHYDOXHVRIWKHGLVSHUVLRQ E \ ud SORWWHGLQ)LJV
 EG DUHYHU\ORZIRUORZ 3 P YDOXHVGXHWRWKHKLJKHIILFLHQF\RIWKHIMHPSOR\HGLQWKH
VWXG\ DQG DWWDLQ WKHLU SHDN IRU KLJK YDOXHV RI 3 P  7KH RWKHU V\VWHP SDUDPHWHUV KDYH D UH
GXFHGLQIOXHQFHRQ E \ ud FRPSDUHGWRWKHLQIOXHQFHRI 3 P 
)LJ D DQG F VKRZWKHYDULDWLRQZLWKWKHV\VWHPSDUDPHWHUVRIWKHJHRPHWULFPHDQRIWKH
QRUPDOL]HG SLHU EHDULQJ GHIRUPDWLRQ DORQJ WKH ORZHU VXUIDFH GM \ x  IRU Tp V DQG
Tp V7KLVSDUDPHWHUGHFUHDVHVDWILUVWTXLFNO\DQGWKHQVOLJKWO\LQFUHDVHVDIWHUYDOXHVRI
3 P FORVH WR  UHDFKLQJ D PD[LPXP IRU 3 P FORVH WR  7KH YDOXHV RI WKH GLVSHUVLRQ

E \ x SORWWHGLQ)LJV EG DUHYHU\ORZIRUORZ 3 P YDOXHVDQGLQFUHDVHPRQRWRQLFDOO\


ZLWK 3 P  7KH RWKHU V\VWHP SDUDPHWHUV KDYH D QHJOLJLEOH LQIOXHQFH RQ E \ x FRPSDUHG WR
WKHLQIOXHQFHRI 3 P 
)LJ D DQG F VKRZWKHYDULDWLRQZLWKWKHV\VWHPSDUDPHWHUVRIWKHJHRPHWULFPHDQRIWKH
QRUPDOL]HGSLHUEHDULQJGHIRUPDWLRQDORQJWKHXSSHUVXUIDFH GM \ x IRUTp VDQGTp 
V7KLVSDUDPHWHUGHFUHDVHVK\SHUEROLFDOO\ZLWKLQFUHDVLQJ 3

P

7KHYDOXHVRIWKHGLVSHU

VLRQ E \ x SORWWHGLQ)LJV EG DUHYHU\ORZIRUORZ 3 P YDOXHVDQGVKRZDPD[LPXP
IRU 3 P |  UHDFKLQJYHU\KLJKYDOXHVFORVHWR2QFHDJDLQWKHRWKHUV\VWHPSDUDPHWHUV
KDYHDQRVLJQLILFDQWLQIOXHQFHRQ E \ x FRPSDUHGWRWKHLQIOXHQFHRI 3 P 
7KHVH ODVW ILJXUHV GHPRQVWUDWH WKH KLJKHVW LQIOXHQFH RI WKH XSSHU VXUIDFH FKDUDFWHUL]HG E\
KLJKHU YDOXHV RI WKH VOLGLQJ IULFWLRQ FRHIILFLHQW DQG RI WKH UDGLXV RI FXUYDWXUH WR GHILQH WKH
JOREDOUHVSRQVHRIWKHVHLVPLF'&)3GHYLFHDVVKRZQE\WKHERWKVWDWLVWLFLQ)LJ,QIDFWLW
LVWKHXSSHUVXUIDFHWKDWSOD\VDFUXFLDOUROHIRUKLJKLQWHQVLW\WRHORQJDWHWKHLVRODWHGSHULRG
DQGWRGLVVLSDWHPRUHHQHUJ\
5

OPTIMAL VALUES

7KHH[LVWHQFHRIDQRSWLPDOYDOXHRIWKHIULFWLRQFRHIILFLHQWDEOHWRPLQLPL]HWKHGLVSODFH
PHQWRISLHUWRSLVWKHUHVXOWRIFRXQWHUDFWLQJHIIHFWVWKDWRFFXUIRULQFUHDVLQJYDOXHVRIWKH
IULFWLRQ FRHIILFLHQW DV DOUHDG\ KLJKOLJKWHG LQ >@ LQFUHDVH RI WKH LVRODWRU VWUHQJWK ZLWK LQ
FUHDVHRIWKHHTXLYDOHQWVWLIIQHVVDQGZLWKDUHGXFWLRQRIWKHFRUUHVSRQGLQJHTXLYDOHQWIXQGD
PHQWDOYLEUDWLRQSHULRGLQFUHDVHRISDUWLFLSDWLRQRIKLJKHUYLEUDWLRQPRGHVDVZHOODVWUDQVIHU
RIIRUFHVWRZDUGVWKHVXSHUVWUXFWXUHLQFUHDVHRIHQHUJ\GLVVLSDWLRQ HTXLYDOHQWGDPSLQJ 
)LJUHSRUWVWKHYDULDWLRQRI 3 P optimum ZLWK 3 O DQG Tp IRU Td  V )LJD DQG Td  V
)LJE REWDLQHGE\FRQVLGHULQJWKHPLQLPL]DWLRQRIWKHPHGLDQ LHWKSHUFHQWLOH RIWKH
QRUPDOL]HG GLVSODFHPHQW RI SLHU WRS\ u p LQ WKH UDQJH RI 3 P EHWZHHQ  DQG  ,W LV RE
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VHUYHGWKDW 3

P optimum JHQHUDOO\LQFUHDVHVDORQJZLWK 3 O

 Tp DQG Td $FFRUGLQJWR(TQ  

WKH RSWLPDO IULFWLRQ FRHIILFLHQW RI WKH XSSHU VXUIDFH FDQ EH HDVLO\ FDOFXODWHG DV
3 P RSW  S A Td
DQGRIORZHUVXUIDFHVLQFHWKHUDWLRLVDVVXPHGHTXDOWR 7DEOH 
fPD[RSW
g
7KXVLWLQFUHDVHVOLQHDUO\ZLWKWKHIMOHYHO

D

E
WK

WK

)LJXUH&ULWLFDOYDOXHVRIQRUPDOL]HGIULFWLRQYV3ODQGTpIRUTd V D DQGTd V E 

6

CONCLUSIONS

7KLV SDSHU LQYHVWLJDWHV WKH VHLVPLF SHUIRUPDQFH RI EULGJHV LVRODWHG ZLWK GRXEOH FRQFDYH
IULFWLRQSHQGXOXP '&)3 LVRODWRUVFRQVLGHULQJWKHSLHUDEXWPHQWGHFNLQWHUDFWLRQ7KH\DUH
LOOXVWUDWHGWKHUHVXOWVRIDSDUDPHWULFVWXG\IRUGLIIHUHQWLVRODWRUDQGEULGJHSURSHUWLHVDQGYDU
LRXVUHVSRQVHSDUDPHWHUVWKDWDUHRILQWHUHVWIRUPRQLWRULQJWKHVHLVPLFEHKDYLRU7KHEHKDY
LRURIWKHVHV\VWHPVLVDQDO\]HGE\HPSOR\LQJDQHLJKWGHJUHHRIIUHHGRPPRGHODFFRXQWLQJ
IRUWKHSLHUIOH[LELOLW\
$QHQVHPEOHRIJURXQGPRWLRQVLVFRQVLGHUHGWRVLPXODWHWKHUHFRUGWRUHFRUGYDULDELOLW\HI
IHFWVDQGDQRQGLPHQVLRQDOL]DWLRQRIWKHUHVXOWVRIWKHHTXDWLRQRIPRWLRQLVSURSRVHGWRXQ
YHLOWKHSDUDPHWHUVFRQWUROOLQJWKHSUREOHP
7KHLQIOXHQFHRIG\QDPLFDQG'&)3V\VWHPSURSHUWLHVDUHHYDOXDWHGE\FRQVLGHULQJWKHJHR
PHWULFPHDQ *0 DQGGLVSHUVLRQRIHDFKQRUPDOLVHGUHVSRQVHSDUDPHWHUDVVXPHGWRIROORZ
DORJQRUPDOGLVWULEXWLRQ
7KHUHVXOWVGHPRQVWUDWHWKDWWKHLQFUHDVHRIWKHQRUPDOL]HGIULFWLRQFRHIILFLHQWOHDGVWRDGH
FUHDVHRIWKHGHFNUHVSRQVHZKHUHDVWKHQRUPDOL]HGUHVSRQVHRIWKHSLHUSUHVHQWVDSDUWLFXODU
WUHQGVKRZLQJWKHH[LVWHQFHRIDQRSWLPDOYDOXHDEOHWRPLQLPL]HWKLVFXUYH7KHYDOXHRIWKH
RSWLPDOQRQQRUPDOLVHGIULFWLRQFRHIILFLHQWGHSHQGVRQWKHVWUXFWXUDOSURSHUWLHV6SHFLILFDOO\
KLJKHUYDOXHVDUHUHTXLUHGIRUKLJKSLHUSHULRGFRPELQHGWRKLJKLVRODWHGGHFNSHULRG

REFERENCES
>@ 0&&RQVWDQWLQRX$.DUWRXP$05HLQKRUQ3%UDGIRUG 6OLGLQJLVRODWLRQV\V
WHPIRUEULGJHV([SHULPHQWDOVWXG\Earthquake Spectra  
>@ $.DUWRXP0&&RQVWDQWLQRX$05HLQKRUQ6OLGLQJLVRODWLRQV\VWHPIRUEULGJHV

1718

3&DVWDOGR*$PHQGROD'*LQR(0LFHOL

$QDO\WLFDOVWXG\J. Struct. Eng.  
>@ 37VRSHODV0&&RQVWDQWLQRX <6.LP 6 2NDPRWD([SHULPHQWDO VWXG\RI)36
V\VWHPLQEULGJHVHLVPLFLVRODWLRQEarthquake Eng. Struct. Dyn. D  
>@ 37VRSHODV0&&RQVWDQWLQRX62NDPRWD6)XMLL'2]DNL([SHULPHQWDOVWXG\RI
EULGJHVHLVPLFVOLGLQJLVRODWLRQV\VWHPVEng. Struct. E  
>@ $*KREDUDK+0$OL 6HLVPLFSHUIRUPDQFHRIKLJKZD\EULGJHV Eng. Struct. 
  
>@ 7URLVL 5 $OIDQR *  7RZQV DV 6DIHW\ 2UJDQL]DWLRQDO )LHOGV $Q ,QVWLWXWLRQDO
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MEASUREMENTS OF AMBIENT VIBRATIONS FOR A CABLESTAYED BRIDGE INCLUDING THE SOIL-FOUNDATION SYSTEM
Vanni Nicoletti, Davide Arezzo, Sandro Carbonari
Francesca Deziand Fabrizio Gara


'HSWRI&RQVWUXFWLRQ&LYLO(QJLQHHULQJDQG$UFKLWHFWXUH',&($8QLY3ROLWHFQLFDGHOOH0DUFKH
9LD%UHFFH%LDQFKH$QFRQD,WDO\


'HSWRI(FRQRPLFV6FLHQFHDQG/DZ'(6'8QLYHUVLW\RIWKH5HSXEOLFRI6DQ0DULQR
9LD&RQVLJOLRGHL6HVVDQWD5HSXEOLFRI6DQ0DULQR
HPDLOVYQLFROHWWL#SPXQLYSPLWGDUH]]R#SPXQLYSPLWVFDUERQDUL#XQLYSPLW
IUDQFHVFDGH]L#XQLUVPVPIJDUD#XQLYSPLW

Keywords: EULGJH G\QDPLF WHVWLQJ EULGJH SURRI ORDG WHVW FDEOHVWD\HG VWHHO EULGJH PRGDO
LGHQWLILFDWLRQDPELHQWYLEUDWLRQWHVWVVRLOVWUXFWXUHLQWHUDFWLRQ
Abstract. This paper deals with the dynamic characterization of a cable-stayed steel-concrete
composite bridge located on the Saline river, close to Pescara in central Italy, carried out
during the static proof load test. The bridge is 189 m long and is composed by 4 inclined steel
pipe pylons that sustain a steel-concrete composite deck by means of 40 stay cables. During
the proof test, an extensive experimental campaign is carried out to check the overall structural performance before the bridge openings to traffic. In detail, the main girder deflections,
the axial loads on strands, the pylons displacements, and the bearings displacements were
monitored through conventional and non-conventional techniques, such as the laser scanner
technique. In addition, an accelerometer array is installed during the proof test to evaluate
the dynamic characteristics of the structure in its loaded and unloaded conditions through
ambient vibration measurements. Sensors are positioned on the deck, on two pylons and on
the foundation system, in order to characterize the whole structural dynamic behavior, including the contribution of the soil-foundation compliance. With reference to the unloaded
bridge, the latter issue is analyzed in this paper, focusing on the different restraint condition
exerted by the soil-foundation system of the pylons, because of the different embedment of the
reinforced concrete basements. It is shown that the soil-foundation compliance has greater
effects on higher modes for the bridge at hand and that possible non-symmetries due to the
different foundation degree of restraint can be suitably captured through ambient vibration
tests. Data from experimental tests are crucial not only to check consistency between the design and the real structure before the opening to traffic, but also to calibrate refined finite element models to be used for the structural health monitoring of the bridge. In this sense, a
reliable evaluation of the contribution of the soil-foundation system is mandatory, considering
that the bridge, having foundations located in the riverbed, is prone to the scour hazard.
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1

INTRODUCTION

6\VWHP PRGDO LGHQWLILFDWLRQ DQG VWUXFWXUDO KHDOWK PRQLWRULQJ RI VWUXFWXUHV KDYH UHFHQWO\
GUDZQDWWHQWLRQZLWKLQWKHFLYLOHQJLQHHULQJFRPPXQLW\IRUGHYHORSLQJUHDOWLPHDVVHVVPHQW
WRROVDQGIRUUHGXFLQJXQFHUWDLQWLHVLQWKHGHVLJQDQGPRGHOOLQJRIVWUXFWXUHV,QWKHVHILHOGV
WKHHVWLPDWLRQRIVWUXFWXUDOG\QDPLFSURSHUWLHVWKURXJKDPELHQWYLEUDWLRQPHDVXUHPHQWVSOD\
DQLPSRUWDQWUROHVLQFHVXFKWHVWVDUHIDVWDQGHDV\WRSHUIRUP>@,QWKHFDVHRIEULGJHVDP
ELHQWYLEUDWLRQWHVWVDUHXVXDOO\SHUIRUPHGIRFXVLQJWKHDWWHQWLRQRIWKHGHFNDFFHOHUDWLRQVE\
SRVLWLRQLQJVHQVRUVRYHUWKHVXSHUVWUXFWXUHLQFRUUHVSRQGHQFHRISLHUVDQGDWPLGVSDQV>@
7KLVDSSURDFKJHQHUDOO\DOORZVDVDWLVIDFWRU\LGHQWLILFDWLRQRIUHVRQDQFHIUHTXHQFLHVEXWSUR
YLGHVLQDFFXUDWHLQIRUPDWLRQDERXWPRGHVKDSHVVLQFHGLVSODFHPHQWVDWWKHGHFNOHYHOPD\EH
GXHWRERWKWKHSLHUGHIOHFWLRQWKHEHDULQJFRPSOLDQFH ZKLFKPD\EHLPSRUWDQWLQWKHFDVHRI
LVRODWHGEULGJHV DQGWKHGHIRUPDELOLW\RIWKHVRLOIRXQGDWLRQV\VWHP>@7KHODWWHUGHSHQG
LQJRQWKHJHRWHFKQLFDOFRQWH[WPD\EHUHOHYDQWHVSHFLDOO\LQFDVHRIVFRXUSKHQRPHQD
7KLV SDSHU GHDOV ZLWK WKH G\QDPLF PRQLWRULQJ RI D FDEOHVWD\HG VWHHO EULGJH SHUIRUPHG
GXULQJWKHSURRIORDGWHVWVUHTXLUHGIRUWKHEULGJHRSHQLQJWRWUDIILF)LUVWO\WKHRYHUDOOH[SHU
LPHQWDO FDPSDLJQ VFKHGXOHG GXULQJ WKH SURRI ORDG WHVW LV GHVFULEHG WKHQ UHVXOWV RI WKH SHU
IRUPHG G\QDPLF WHVWV DUH SUHVHQWHG 7KH EULGJH G\QDPLF LGHQWLILFDWLRQ DFKLHYHG WKURXJK
DPELHQWYLEUDWLRQWHVWVSHUIRUPHGRQWKHXQORDGHGEULGJHLVSUHVHQWHGDQGUHVXOWVDUHVKRZQ
LQ WHUPV RI PRGDO SDUDPHWHUV 7KH ODWWHU DUH FRPSDUHG ZLWK WKRVH REWDLQHG ZLWK QXPHULFDO
PRGHOGHYHORSHGIRUGHVLJQSXUSRVHV
)LQDOO\WKHFRQWULEXWLRQRIWKHVRLOIRXQGDWLRQFRPSOLDQFHRQWKHEULGJHG\QDPLFV LV LQ
YHVWLJDWHGH[WHQGLQJDPELHQWPHDVXUHPHQWVWRWKHIRXQGDWLRQV\VWHP
2

THE “FILOMENA DELLI CASTELLI” BRIDGE

7KH³)LORPHQD'HOOL&DVWHOOL´EULGJHLVDPORQJFDEOHVWD\HGVWHHOFRQFUHWHFRPSR
VLWH EULGJH QHZO\ EXLOW RYHU WKH 6DOLQH ULYHU LQ 3HVFDUD FHQWUDO ,WDO\ )LJ  ZKLFK DOORZV
URDGDQGF\FOHSHGHVWULDQFRQQHFWLRQVEHWZHHQWKH0XQLFLSDOLWLHVRI0RQWHVLOYDQRDQG&LWWj
6DQW¶$QJHOR
7KHEULGJHKDVVSDQVRIOHQJWKHPDQGLVFRPSRVHGE\DWZLQJLUGHUGL
UHFWO\VXSSRUWLQJFURVVEHDPFRPSRVLWHGHFNVXSSRUWHGE\VWD\FDEOHVDQFKRUHGLQVHPL
IDQV\VWHPWRWZRS\ORQVPDGHZLWKFRQFUHWHILOOHGVWHHOWXEHV$OOWKHVWD\FDEOHVFRPSRVHG
E\XSWR VHYHQZLUH SDUDOOHOVWUDQGV ZLWK DQ H[WUXGHG+'3( VKHDWK DUH DQFKRUHGWR WKH
XSSHUIODQJHRIWKHPDLQJLUGHUVH[FHSWLQJWKHIRXUH[WHUQDORQHVZKLFKDUHIL[HGWRWKHFRQ
FUHWHDEXWPHQWVWROLPLWGLVSODFHPHQWVRIS\ORQV2QHVWUDQGRIHDFKVWD\LVHTXLSSHGZLWKD
ORDGFHOO7KHGHFNKDVYDULDEOHZLGWKIURPWRPZKLFKLQFOXGHVDF\FOHSHGHVWULDQ
SDWKRQWKHGRZQVWUHDPVLGHDQGLVFRPSRVHGE\WZRPVSDFHGDQGPKLJK,VKDSHG
JLUGHUVDQGPVSDFHGFURVVEHDPVZLWKFDQWLOHYHUVERWKVXSSRUWLQJDFPWKLFNFRQ
FUHWHVODE
(DFKS\ORQKDVWZRLQFOLQHGVWHHOWXEHVRIGLIIHUHQWKHLJKWDQGGLDPHWHUPILOOHGZLWK
FRQFUHWHLQWKHORZHUSDUW P DQGFRQQHFWHGE\DER[VWHHOFURVVEHDPXQGHUWKHGHFNOHY
HOS\ORQVRQWKHXSVWUHDPVLGHDUHPKLJKZKLOHWKRVHRQWKHGRZQVWUHDPVLGHDUHP
KLJK(DFKS\ORQLVIL[HGRYHUDFRQLFDOWUXQNVKDSHUFEDVHPHQWE\PHDQVRI'\ZLGDJVWHHO
DQFKRUEROWVDQGVXSSRUWHGE\DSLOHGUDIWIRXQGDWLRQ7KH XSVWUHDP DQGGRZQVWUHDP S\ORQ
IRXQGDWLRQVDUHFRQQHFWHGWRHDFKRWKHUWKURXJKDUFWLHEHDP7KHVHLVPLFSURWHFWLRQRIWKH
EULGJHLVDFKLHYHGWKURXJK/HDG5XEEHU%HDULQJV /5% ORFDWHGDWWKHS\ORQFURVVEHDPV
LQWKHPLGGOHSRVLWLRQ7KHUHPDLQLQJVXSSRUWGHYLFHVDUHPXOWLGLUHFWLRQDOQHJDWLYHORDGSRW
EHDULQJV

1723

91LFROHWWL'$UH]]R6&DUERQDUL)'H]LDQG)*DUD

(a)

(b)

)LJXUH)LORPHQD'HOOL&DVWHOOLEULGJHLQ3HVFDUD D JHQHUDOYLHZV E WUDQVYHUVHVFKHPH

3

EXPERIMENTAL PROGRAMME

7KH ILQDO SURRI WHVW RI WKH EULGJH ZDV H[HFXWHG LQ 2FWREHU   IXOO\ ORDGHG WUXFNV
ZHUHXVHGDQGWZRORDGFRQILJXUDWLRQVZHUHFRQVLGHUHGWRJHWWKHGHVLJQEHQGLQJPRPHQWVDW
6HUYLFHDELOLW\/LPLW6WDWHLQWKHPRVWVWUHVVHGFURVVVHFWLRQVRIWKHGHFN7KHORDGWHVWDOORZV
FRPSDULVRQ EHWZHHQ WKHRUHWLFDO GLVSODFHPHQWV REWDLQHG IURP WKH GHVLJQ QXPHULFDO PRGHO 
DQGWKHH[SHULPHQWDORQHVDQGWKHHYDOXDWLRQRIWKHUHVLGXDOGHIOHFWLRQRIWKHGHFNDIWHUORDG
UHPRYDO 0RUHRYHU G\QDPLF WHVWV ZHUH H[HFXWHG WR FRPSDUH QXPHULFDO DQG H[SHULPHQWDO
PRGDOSDUDPHWHUVRIWKHEULGJHDWERWKXQORDGHGDQGORDGHGFRQGLWLRQV
7KHIROORZLQJUHVSRQVHSDUDPHWHUVZHUHPRQLWRUHGGXULQJWKHGLIIHUHQWSKDVHVRIWKHORDG
WHVWVWRHYDOXDWHWKHRYHUDOOVWDWLFDQGG\QDPLFEHKDYLRURIWKHEULGJH
L GHIOHFWLRQVRIWKHPDLQJLUGHUVWKURXJKDWRSRJUDSKLFPHDVXUHPHQWVWDWLRQ
LL D[LDOORDGRIVWUDQGVWKURXJKORDGFHOOV
LLL GHFNDQGS\ORQVGLVSODFHPHQWVWKURXJKD/DVHU6FDQQHU /6 WHFKQRORJ\
LY KRUL]RQWDOGLVSODFHPHQWVRIVRPHVXSSRUWGHYLFHVWKURXJKFHQWHVLPDOFRPSDUDWRUV
Y WUDFNLQJ RI WKH PRGDO SDUDPHWHUV IUHTXHQFLHV GDPSLQJ UDWLRV DQG PRGH VKDSHV  RI WKH
EULGJHGXULQJWHVWWKURXJK$PELHQW9LEUDWLRQ7HVWV $97V 
YL UHVRQDQW IUHTXHQFLHV IURP LPSDFW WHVWV REWDLQHG E\ D WUXFN SDVVLQJ RYHU DQ DUWLILFLDO
EXPS 
YLL UHVRQDQWIUHTXHQFLHVRIDW\SLFDOWUXFNWRH[FOXGHSRVVLEOHEULGJHWUXFNLQWHUDFWLRQV
YLLL FRQWLQXRXVPHDVXUHPHQWRIWKHDLUWHPSHUDWXUHDQGWKHWHPSHUDWXUHRIWKHURDGSDYHPHQW
7KLV SDSHU DGGUHVVHV UHVXOWV RI WKH G\QDPLF LGHQWLILFDWLRQ RI WKH RYHUDOO VWUXFWXUH DW XQ
ORDGHGFRQGLWLRQVIRFXVLQJRQWKHFRQWULEXWLRQRIWKHVRLOIRXQGDWLRQFRPSOLDQFHRQWKHLQ
WHUSUHWDWLRQRIWKHEULGJHG\QDPLFV
4

DYNAMIC IDENTIFICATION OF THE OVERALL BRIDGE

7KH EULGJH G\QDPLF LGHQWLILFDWLRQ LV REWDLQHG WKURXJK $97V SHUIRUPHG EHIRUH WKH SURRI
ORDGWHVW7KHYLEUDWLRQVDUHGXHWRHQYLURQPHQWHIIHFWVLHPLFURWUHPRUVZLQGULYHUZDYHV
DQGDQWKURSLFDFWLYLWLHVLHFDUDQGWUDLQWUDIILFFORVHWRWKHVWUXFWXUH7KHODWWHUDUHPHDVXUHG
WKURXJKORZQRLVHXQLD[LDOSLH]RHOHFWULFDFFHOHURPHWHUVFRQQHFWHGWRDGDWDDFTXLVLWLRQV\V
WHPE\PHDQVRIFRD[LDOFDEOHV$ODSWRSHTXLSSHGZLWKD/DE9,(:>@VRIWZDUHLVXVHGWR
FRQWURODQGVWRUHWKHGDWD6HQVRUVDUHORFDWHGRQWKHVWUXFWXUHDFFRUGLQJWRWKHDUUDQJHPHQW
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VKRZQLQ)LJ$VIRUWKHVXSHUVWUXFWXUH )LJD DFFHOHURPHWHUVDUHSODFHGRQWKHGHFN
LQUHSUHVHQWDWLYHFURVVVHFWLRQVWRLGHQWLI\WKHEHQGLQJWUDQVYHUVHDQGWRUVLRQDOGHFNPRGHV
ZKLOHDFFHOHURPHWHUVDUHSRVLWLRQHGRQWKHGRZQVWUHDPS\ORQV DWHDFKS\ORQ WRPHDVXUH
WKHORQJLWXGLQDO DQGWUDQVYHUVH DFFHOHUDWLRQV DQGWR FDSWXUHWKHLUFRQWULEXWLRQ RQWKHRYHUDOO
YLEUDWLRQPRGHVRIWKHEULGJH
$GGLWLRQDOO\VHQVRUVDUHORFDWHGRQWKHFRQLFDOUFEDVHPHQWVRIWKHWZRGRZQVWUHDP
VLGHS\ORQV )LJE IRUHDFKEDVHPHQWVHQVRUVDUHRULHQWHGWRPHDVXUHWKHYHUWLFDODFFHO
HUDWLRQVLQRUGHUWRLGHQWLI\WKHIRXQGDWLRQURFNLQJZKLOHWKHUHPDLQLQJVHQVRUVDUHRULHQWHG
WRPHDVXUHWKHWUDQVYHUVHDQGORQJLWXGLQDODFFHOHUDWLRQVUHVSHFWLYHO\WRFDSWXUHWKHWUDQVOD
WLRQDOFRPSRQHQWVRIWKHPRWLRQ'XULQJWKHWHVWPLQXWHVORQJUHFRUGVZLWK+]IUH
TXHQF\ VDPSOLQJ UDWH DUH DFTXLUHG 7KLV WLPH OHQJWK SURYLGHV HQRXJK GDWD WR REWDLQ PRGDO
SDUDPHWHUVZLWKDJRRGDFFXUDF\DVUHSRUWHGLQ>@ZKHUHDOHQJWKRIWKHDFTXLUHGWLPHZLQ
GRZRIDERXWWLPHVWKHSHULRGRIWKHIXQGDPHQWDOPRGHLVUHFRPPHQGHG,Q$97V
WKHLQSXWLVQHLWKHUFRQWUROOHGQRUNQRZQDQGLWLVDVVXPHGWRKDYHDIODWVSHFWUXPVXFKDVD
ZKLWH QRLVH WKHUHIRUH WR LGHQWLI\ WKH EULGJH PRGDO SDUDPHWHUV WKH RXWSXWRQO\ WHFKQLTXH
ZRUNLQJ LQ WKH WLPH GRPDLQ FDOOHG &RYDULDQFHGULYHQ 6WRFKDVWLF 6XEVSDFH ,GHQWLILFDWLRQ
66,&29 >@LVXVHG
7KHGDWDSRVWSURFHVVLQJSURYLGHVWKHQDWXUDOIUHTXHQFLHVGDPSLQJUDWLRVDQGPRGHVKDSHV
RIWKHLQYHVWLJDWHGVWUXFWXUHLQGHWDLO)LJVKRZVWKHILUVWEULGJHYLEUDWLRQPRGHVWRJHWKHU
ZLWKWKHUHOHYDQWUHVRQDQWIUHTXHQF\DQGGDPSLQJUDWLRRIWKHEULGJHDWXQORDGHGFRQGLWLRQV
7KH ILUVW WKUHH PRGHV UHSUHVHQW WKH ILUVW EHQGLQJ WKH ILUVW WRUVLRQDO DQG WKH VHFRQG EHQGLQJ
PRGHRIWKHGHFNUHVSHFWLYHO\WKHIRXUWKDQGILIWKPRGHVDUHERWKW\SLFDORIWKHVHFRQGGHFN
WRUVLRQDOPRGHKRZHYHUPRGHVKDSHVDUHDOVRFKDUDFWHUL]HGE\DVLJQLILFDQWEHQGLQJRIWKH
HGJHVSDQVWKDWLQWXUQJRYHUQVWKHUHVSRQVHRIWKHODWHUDOVSDQVPRUHWKDQWKHWRUVLRQ)LQDO
O\WKHVL[WKPRGHLVWKHW\SLFDOWKLUGEHQGLQJGHFNPRGH
)LJVKRZVWKHVWDELOL]DWLRQGLDJUDPWKURXJKZKLFKPRGHVKDYHEHHQLGHQWLILHGLQGHWDLO
DPRGHLVDVVXPHGWREHVWDEOHLIWKHIUHTXHQF\YDULDWLRQ'fWKHGDPSLQJUDWLRYDULDWLRQ'[
DQGWKH0RGDO$VVXUDQFH&ULWHULRQ 0$& EHWZHHQWZRVXEVHTXHQWPRGHORUGHUDUHOHVVWKDQ
DQGIRU'fDQG'[UHVSHFWLYHO\DQGKLJKHUWKDQIRUWKH0$&7KHILUVW6LQJXODU
9DOXH 69 OLQHLVDOVRUHSRUWHGIRUFRPSOHWHQHVV
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5

COMPARISON BETWEEN EXPERIMENTAL AND NUMERICAL RESULTS

7KHH[SHULPHQWDOPRGDOSDUDPHWHUVREWDLQHGIURP$97VDUHFRPSDUHGZLWKWKHQXPHULFDO
RQHVDFKLHYHGIURPWKHILQLWHHOHPHQW IH PRGHORIWKHZKROHEULGJHGHYHORSHGIRUGHVLJQ
SXUSRVHV )LJ $OOWKHVWUXFWXUDOFRPSRQHQWVDUHPRGHOOHGDVIUDPHHOHPHQWVDQGWKHFRQ
FUHWHGHFNVODELVLQFOXGHGFRQVLGHULQJWKHUHOHYDQWHIIHFWLYHZLGWKVDERYHWKHVWHHOPHPEHUV
ERWKJLUGHUVDQGFURVVEHDPV 7KHPRGHOZKLFKZDV DGRSWHG IRUWKH GHVLJQ RIWKHVXSHU
VWUXFWXUH QHJOHFWV WKH IRXQGDWLRQ V\VWHP DQG WKH S\ORQV DUH FODPSHG DW WKH EDVH 7KH WZR
JLUGHUVDUHVXSSRUWHGE\PXOWLGLUHFWLRQDOVXSSRUWVDQGOLQNVVLPXODWLQJWKHGLVVLSDWLYHGHYLFHV
FRQVLVWHQWO\ZLWKWKHUHDOUHVWUDLQWVFKHPHRIWKHEULGJH$QHLJHQYDOXHDQDO\VLVLVSHUIRUPHG
DQGWKHILUVWIRXUQXPHULFDOQDWXUDOIUHTXHQFLHVREWDLQHGDUHOLVWHGLQ7DEWRJHWKHUZLWKWKH
H[SHULPHQWDORQHVSUHYLRXVO\GHVFULEHG$VFDQEHVHHQWKHQXPHULFDOPRGHOSURYLGHVQDWXUDO
IUHTXHQF\YDOXHVORZHUWKDQWKHH[SHULPHQWDORQHV IURPIRUWKHVWPRGHWRDURXQG
IRUWKHWKPRGH PHDQLQJWKDWWKHJOREDOVWLIIQHVVRIWKHUHDOVWUXFWXUHLVKLJKHUWKDQWKHH[
SHFWHGRQHDVXVXDOO\H[SHFWHGIURPWKHRXWFRPHVRISURRIVWDWLFDQGG\QDPLFORDGWHVWV,Q
SDUWLFXODUWKHWRUVLRQDOVWLIIQHVVRIWKHUHDOGHFNLVKLJKHUWKDQWKHRQHFDSWXUHGE\WKHPRGHO
ZKLFKIRUHVHHVWKHXVHRIEHDPHOHPHQW,QGHHGIRUDPRUHUHOLDEOHSUHGLFWLRQRIWKHFRQWUL
EXWLRQRIWKHZDUSLQJWRUVLRQDPRUHDFFXUDWHPRGHOVKRXOGEHGHYHORSHGDGRSWLQJVKHOOHOH
PHQWVIRUWKHVWHHOPHPEHUV
7RFRPSDUHWKHPRGHVKDSHVWKH0RGDO $VVXUDQFH&ULWHULRQ 0$& LQGH[ LV FDOFXODWHG
DQGUHSRUWHGLQ)LJ,WFDQEHREVHUYHGWKDWWKHILUVWIRXUQXPHULFDOPRGHVKDSHVDUHYHU\
VLPLODUWRWKHILUVWIRXUH[SHULPHQWDORQHVDVFDQEHGHGXFHGIURPWKHPDWUL[GLDJRQDOHQWU\
YDOXHVZKLFKDUHFORVHWR 0$& SHUIHFWPDWFKLQJ0$& QRPDWFKLQJ 
+RZHYHU DOWKRXJK QXPHULFDO DQG H[SHULPHQWDO PRGH VKDSHV DUH YHU\ VLPLODU WKH H[SHUL
PHQWDODQGQXPHULFDOIUHTXHQF\YDOXHVDUHQRW YHU\FORVH$FFRUGLQJO\DEULGJHIHPRGHO
UHILQHPHQWDQGFDOLEUDWLRQLVVXJJHVWHGWRREWDLQDQXPHULFDOPRGHODEOHWRDFFXUDWHO\FDSWXUH
WKHG\QDPLFEHKDYLRURIWKHUHDOEULGJHQRWRQO\LQWHUPVRIPRGHVKDSHVEXWDOVRRIQDWXUDO
IUHTXHQF\YDOXHVWKLVFRXOGEHXVHIXOIRUH[DPSOHDVVWDUWLQJSRLQW IRUD6WUXFWXUDO+HDOWK
0RQLWRULQJ 6+0 V\VWHP5HVHDUFKLVPRYLQJLQWKLVGLUHFWLRQ

)LJXUH'HVLJQIHPRGHORIWKHEULGJH FRQFUHWHVODEH[FOXGHGIURPWKHYLHZ 
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1727

91LFROHWWL'$UH]]R6&DUERQDUL)'H]LDQG)*DUD

)LJXUH&RPSDULVRQEHWZHHQH[SHULPHQWDODQGQXPHULFDOPRGHVKDSHV 0$&LQGH[HV 

6

INVESTIGATION OF THE FOUNDATION DEFORMABILITY

,QRUGHUWRSURYLGHXVHIXOLQIRUPDWLRQIRUWKHPRGHOUHILQHPHQWDQGFDOLEUDWLRQWKHFRQWUL
EXWLRQRIWKHVRLOIRXQGDWLRQGHIRUPDELOLW\RQWKHRYHUDOOEULGJHG\QDPLFVLVLQYHVWLJDWHGH[
WHQGLQJPHDVXUHPHQWVRIYLEUDWLRQVWRWKHIRXQGDWLRQEDVHPHQWV$VSUHYLRXVO\VWDWHGS\ORQV
DUH IL[HGRQFRQLFDO UF EDVHPHQWVIRXQGHGRQSLOHGUDIW IRXQGDWLRQVZKLFKKDYHWKHVDPH
JHRPHWU\ )LJD 
+RZHYHUGXULQJWKHH[HFXWLRQRIWKH$97VWKHEDVHPHQWVZHUHGLIIHUHQWO\HPEHGGHGLQ
WKHVRLODVFDQEHREVHUYHGLQ)LJEIURPZKLFKLWLVHYLGHQWWKDWRQHRIWKHS\ORQIRXQGD
WLRQVLVORFDWHGZLWKLQWKHULYHUEHG7KHGLIIHUHQWIRXQGDWLRQHPEHGPHQWFDQSURYLGHGLIIHUHQW
UHVWUDLQWFRQGLWLRQVWRWKHEDVHPHQWVDVZLOOEHDQDO\]HGDQGGLVFXVVHGLQWKLVVHFWLRQ,QRU
GHUWRYHULI\WKLVDVVXPSWLRQWKHPRGDOGLVSODFHPHQWVREWDLQHGIURPDFFHOHURPHWHUVSODFHG
RQWKHS\ORQVDUHDQDO\]HG
$ILUVWFOXHWRWKHIDFWWKDWWKHUHVWUDLQWFRQGLWLRQVRIVRXWKS\ORQVPD\EHGLIIHUHQWLVSUR
YLGHGE\WKHDEVROXWHYDOXHVRI WKHS\ORQV PRGDOGLVSODFHPHQWVVKRZQLQ 7DE,QGHHGLW
FDQEHREVHUYHGWKDWGLVSODFHPHQWVUHOHYDQWWRS\ORQ3 ZLWKDORZHUEDVHPHQWHPEHGPHQW 
DUHJUHDWHUWKDQWKRVHUHOHYDQWWRS\ORQ3LQGLFDWLQJDQRYHUDOOKLJKHUGHIRUPDELOLW\RIWKH
HOHPHQW)RUPRGHVDQGZKLFKDUHVXSSRVHGWREHV\PPHWULFDFFRUGLQJWRWKHVWUXFWXU
DOJHRPHWU\WKHDYHUDJHPRGDOGLVSODFHPHQWVHYDOXDWHGH[SHULPHQWDOO\DW3DUHDERXW
KLJKHU WKDQ WKRVH DW 3 LQ WKH ORQJLWXGLQDO GLUHFWLRQ GDWD RI 3/  DQG DERXW  LQ WKH
WUDQVYHUVHGLUHFWLRQ GDWDRI37 3UHYLRXVSHUFHQWDJHVDUHODUJHO\GRPLQDWHGE\WKHFRQWUL
EXWLRQRIWKHWKPRGHIRUZKLFKDQHYLGHQWODUJHUGHIRUPDELOLW\RIWKHVRXWKHGJHVSDQLVHYL
GHQWLQ)LJ
7KHVRLOIRXQGDWLRQFRPSOLDQFHLVIXUWKHULQYHVWLJDWHGWKURXJKWKHDQDO\VLVRIVLJQDOVUHF
RUGHGE\VHQVRUVORFDWHGDWWKHIRXQGDWLRQEDVHPHQWV)LJVKRZVWKH3RZHU6SHFWUDO'HQVL
W\ 36' RIWKHVHQVRUVWRJHWKHUZLWKWKHILUVW69OLQHREWDLQHGIURPVHQVRUVORFDWHGRQWKH
GHFN WKH VXSHUSRVLWLRQ RI GDWD LV XVHIXO WR DGGUHVV WKH VLJQLILFDQFH RI WKH VRLOIRXQGDWLRQ
FRPSOLDQFH RQ WKH LGHQWLILHG UHVRQDQFH IUHTXHQFLHV DQG PRGH VKDSHV 8QIRUWXQDWHO\ VRPH
VLJQDOVDUHYHU\QRLV\ '/'='=  VR WKDW DFRPSOHWHDQG UHOLDEOH HYDOXDWLRQ RIPRGDO
GLVSODFHPHQWVDWWKHIRXQGDWLRQOHYHOLVGLIILFXOWWREHREWDLQHG
+RZHYHUVRPHLQWHUHVWLQJFRQVLGHUDWLRQVFDQEHGRQH)LUVWO\DVH[SHFWHGWKHVRLOIRXQ
GDWLRQFRPSOLDQFHSURGXFHVJUHDWHUHIIHFWVRQKLJKHUPRGHVDVGHPRQVWUDWHGE\KLJKSHDNVLQ
WKH36'RI VLJQDOV UHJLVWHUHGDW WKHIRXQGDWLRQEDVHPHQWV WKDWORFDWHPDLQO\ LQ FRUUHVSRQG
HQFHRIWKHWKWKDQGWKPRGHVRIWKHEULGJH)XUWKHUPRUHGDWDFRQILUPWKHK\SRWKHVLVRI
WKHODUJHUGHIRUPDELOLW\RIWKHVRLOIRXQGDWLRQV\VWHP3ZLWKUHVSHFWWR3LQGHHGDFFHOHUD
WLRQVUHJLVWHUHGDWWKHIRXQGDWLRQRI3DUHVHQVLEO\KLJKHUWKDQWKRVHUHJLVWHUHGDWWKHIRXQGD
WLRQRI3
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7

CONCLUSIONS

7KHG\QDPLFFKDUDFWHUL]DWLRQRIDFDEOHVWD\HGVWHHOFRQFUHWHFRPSRVLWHEULGJHLQFHQWUDO
,WDO\FDUULHGRXWGXULQJWKHVWDWLFSURRIORDGWHVWKDVEHHQSUHVHQWHGLQWKLVSDSHU7KHEULGJH
LV  P ORQJ DQGLV FRPSRVHG E\  LQFOLQHG VWHHO SLSH S\ORQV WKDW VXVWDLQ D VWHHOFRQFUHWH
FRPSRVLWHGHFNE\PHDQVRIVWD\FDEOHV6HQVRUVKDYHEHHQLQVWDOOHGRQWKHGHFNRQWZR
S\ORQV DQG RQ WKH IRXQGDWLRQ V\VWHP LQ RUGHU WR FKDUDFWHUL]H WKH ZKROH VWUXFWXUDO G\QDPLF
EHKDYLRULQFOXGLQJWKHFRQWULEXWLRQRIWKHVRLOIRXQGDWLRQFRPSOLDQFH:LWKUHIHUHQFHWRWKH
XQORDGHGEULGJHWKHODWWHULVVXHKDVEHHQDQDO\]HGIRFXVLQJRQWKHGLIIHUHQWUHVWUDLQWFRQGL
WLRQH[HUWHGE\WKHVRLOIRXQGDWLRQV\VWHPRIWKHS\ORQVEHFDXVHRIWKHGLIIHUHQWHPEHGPHQW
RIWKHUHLQIRUFHGFRQFUHWHEDVHPHQW
$OWKRXJKVRPHVLJQDOVDFTXLUHGDWWKHIRXQGDWLRQVUHVXOWHGWREHYHU\QRLV\PDNLQJLWGLI
ILFXOWWRREWDLQDUHOLDEOHDQGFRPSOHWHHYDOXDWLRQRIWKHHIIHFWVRIWKHVRLOIRXQGDWLRQFRPSOL
DQFHRQPRGHVKDSHVLPSRUWDQWFRQVLGHUDWLRQVDULVHIURPWKHVLJQDODQDO\VHVZKLFKPD\EH
FUXFLDO WR FDOLEUDWH UHILQHG IH PRGHOV IRU WKH 6+0 RI WKH EULGJH DW KDQG )LQDOO\ DPELHQW
YLEUDWLRQ WHVWV H[WHQGHG WR IRXQGDWLRQV UHYHDOHG FDSDEOH WR FDSWXUH DQG WR PRQLWRU WKH VRLO
IRXQGDWLRQ V\VWHP FRPSOLDQFH ZKLFK PD\ EH LPSRUWDQW IRU EULGJHV VXEMHFWHG WR SLHU VFRXU
KD]DUG
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PERFORMANCE OF INERTIAL MASS CONTROLLERS FOR
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Abstract. The increasing use of lightweight materials in construction, such as ﬁber reinforced
polymer (FRP) composites or aluminum, together with rising architectural tendencies towards
slender and stunning layouts are enabling to dramatically decrease the weight of contemporary
structures. This fact involves a positive reduction of the structural carbon footprint, but it poses
a challenge to complying with vibration serviceability limit state (VSLS) under human-induced
loading. Indeed, ultra-lightweight structures (with relatively low inherent mass and damping)
may undergo vertical vibration in a broader frequency band than those built in the past and be
prone to human-structure interaction (HSI), which should be considered when assessing VSLS
of these structures.
Instead of adding structural mass or performing expensive structural stiffening to rectify the
vibration problem, the integration of smart damping strategies could be an optimum solution
that has additional beneﬁts of preserving lightweight nature of these structures. This paper
presents a case study of vibration control of an ultra-lightweight FRP truss footbridge. This
work investigates the inﬂuence of three types of inertial mass controllers (passive, semi-active
and active) on the vibration control of the bridge in the presence, as well as in the absence, of
HSI. It was found that active vibration control was the less deteriorated when considering HSI
in comparison with passive and semi-active control strategies.
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1

INTRODUCTION

The contemporary structural design framework is evolving towards a state of greater creative freedom. Nowadays, designers can make use of a wide variety of tools in order to satisfy
the increasingly demanding requirements for new structures. The use of lightweight materials
such as ﬁber reinforced polymers (FRP) or aluminium, have enabled development of ”minimum
weight” structures. Sizing of structures types with moderate strength demands and strict vibration serviceability requirements (e.g. footbridges and composite ﬂoor systems) is now governed
by vibration criteria rather than ultimate limit state [1]. However, substantial reduction of structural self-weigh, is to be achieved, requires integration of vibration control measures in the
design stage in order to satisfy VSLS under Human-induced loading.
Up to now, human-induced vibrations of lightweight structures were mainly caused by resonant behaviours of certain vibration modes located within the high-energy frequency content of
dynamic loading generated by humans. For example, traditionally, lightweight steel footbridges
with vertical natural frequencies up to 5 Hz were considered prone to excessive vibration in resonance excitation by one of the ﬁrst two harmonics of dynamic force generated by humans. In
the case of lightweight steel ﬂoor systems, this resonant vibration has been usually related to
the third harmonic of the human loading [2].
Ultra-lightweight structures may additionally undergo undesired vibrations due to either
non-resonant responses excited by lower harmonics of the human loading, or resonant loading related to higher and less energetic harmonics of the human loading. Hence, for FRP or
aluminium structures even higher modes up to or above 10 Hz could respond considerably [3].
Furthermore, whilst the mass of a human in classic steel lightweight structures is much lower
than the structural modal mass, this is no longer the case in ultra-lightweight structures. Indeed,
human body mass cannot be simply modelled as equivalent dead load. Instead, their interaction
with the structural vibration have to be accounted for. Thus, to properly asses the VSLS in
ultra-lightweight structures, it is necessary to model humans as interactive dynamic systems. A
simple way to achieve this is to model the human as a Mass-Spring-Damper-Actuator system
connected to the structure [4].
Future structures will need to be sustainable in terms of material usage and maintenance,
and serviceable in terms of static deﬂection and dynamic comfort. Fortunately, there are many
strategies to minimize the dynamic response of a structural system. Among these strategies,
inertial controllers are the most widespread damping technology applied to “lively” civil engineering structures [5]. They consist of an inertial mass that applies counteract forces on the
structure. They have an advantage of not needing a reference support to react so they can be
simply placed on the structural point to be controlled. In practice, inertial controllers can be
implemented in three different ways according to the nature of the control: passive, semiactive
or active. The passive devices, most commonly known as Tuned Vibration Absorbers (TVAs),
are able to damp resonant vibrations when tuned to a single problematic natural frequency of
the structure [6]. The Semi-active Tuned Vibration Absorbers (STVAs) are able to adjust the
stiffness or damping properties of the controller in real time, by means of smart dampers (usually magneto-rheological dampers). They can control several closed vibration modes as well as
vibration modes with time-varying modal parameters [7]. Active Vibration Absorvers (AVAs)
make use of actuators for introducing counteract control forces to the lively structure in real
time, allowing to mitigate both resonant and non-resonant responses, even over a relatively
broad frequency range [8].
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These three control systems can be studied and designed as a feedback system, so the design
problem is set to be a closed-loop system. Up to now, many design strategies based on feedback
control have been proposed, however, from the authors knowledge, none of them have yet
considered the inﬂuence of the HSI as another element which also feeds back the structure to
be controlled. When considering HSI, the dynamic properties of the structure, change, an so,
the inertial controllers which were designed without taking into account this effect could be
degraded. This paper intends to asses the inﬂuence of the HSI on the performance of three
inertial controllers applied to an existing FRP laboratory footbridge, designed to be as lively as
possible under human-induced dynamic loading [3].
The remainder of the paper is organized as follows. First the structure will be described in
Section 2. Section 3 outlines the closed-loop system model that incorporates HSI. Section 4
provides selected results on the performance of the three inertial mass controllers in presence
and absence of HSI. Finally, Section 5 provides conclusions.
2

STRUCTURE

The main aims of designing the studied FRP bridge was to produce a laboratory facility exceptionally responsive to dynamic excitation by human walking and enable research in
pedestrian-structure dynamic interaction (Figure 1). To achieve this aim, it was set that the
bridge should withstand vibration amplitude of up to 100 mm, on top of the static deﬂection (of
47.5 mm for the adopted design solution) due to self-weight.

Figure 1: FRP Laboratory Footbridge.

The truss structure with 16.8 m span and 1.4 m overhangs at both ends, is made of three types
of FRP structural elements as depicted in Figure 2. The bottom chords are simply supported
using four steel bearings, including a roller at one end. All connections are executed using
stainless steel bolts. Total mass of the bridge is 1400 kg only. More detailed description of the
bridge is available in the paper by Russell et al. 2019 [3].
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Elevation view

16.80 [m]

Plan view

1.40 [m]

Safplank 24 (deck)
627 [mm]

Section

152x41x6.7 - EXTREN 525
Transverse beams and chords
50.8x50.8x6.7 - EXTREN 525
Vertical and diagonal struts

2270 [mm]

Figure 2: GFRP Laboratory Footbridge: geometrical layout.

(a) Flexural Mode at 2.5 Hz.

(b) Torsion Mode at 3.4 Hz

Figure 3: First two vibration modes of the structure.
The ﬁrst two vibration modes have natural frequencies at 2.5 Hz (ﬁrst vertical ﬂexural mode)
and at 3.4 Hz (ﬁrst torsion mode), as shown in Figure 3. It is expected this bridge can achieve
vertical acceleration up to around 10 m/s2 under a single pedestrian walking to excite resonance
in the ﬁrst vibration mode at 2.5 Hz. Indeed, the maximum permitted dynamic deﬂection of
100 mm (span/170) at 2.5 Hz would correspond to a peak acceleration of almost 25 m/s2 . In
practice, these vibrations are likely to be much lower due to vibration attenuation effects caused
by walker-footbridge interaction. Therefore, the primary aim of designing a bridge that can
resist the stress under single walker exciting the resonance and, at the same time, be lively was
executed successfully [10].
Note that the bridge has not been designed to fulﬁl the usual design requirement of satisfying
the Ultimate Limit State under a live load of 5 kN/m2 , as loading of about 500 kg/m2 by people
is not representative for this (and many other) footbridges. The bridge can accommodate several
people working on the deck to set up the tests. The deﬂection due to a single 75 kg person
standing at mid-span is 6.5 mm, and therefore deﬂection due to a few people walking on the
bridge at the same time is much less than the 100 mm limit.
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This laboratory facility employs much less material than a structure that would comply with
VSLS. For this study, an acceleration of 1 m/s2 has been considered the target value for the
control systems. To computationally test the implemented control measures, a single person
bouncing loading scenario is utilised.
3

INERTIAL MASS CONTROLLERS AND HUMAN-STRUCTURE INTERACTION

This paper focus on the control of the most responsive ﬁrst ﬂexural vibration mode at 2.5 Hz.
This simpliﬁcation means that this is only a ﬁrst step in our study known that ultra-lightweight
structures tend to display multi-mode dynamic responses excited by several resonant and nonresonant harmonics. The model for general control scheme considered can be divided in three
parts: the structure, the human and the inertial controller.
The human and the inertial controller can be modelled as two different elements feeding
back to the main structure and changing the system’s dynamic properties (and consequently the
dynamic response). In this section, the three parts of the dynamic model are described in detail.
3.1

The structural model

The case study footbridge has been modelled as an equivalent mass-spring-damper system,
which represents the vertical dynamic response of the ﬁrst ﬂexural mode at mid span, with a
mass of 650 kg, a natural frequency of 2.5 Hz, and a damping ratio of 0.94 % [10]. The transfer
function between the acceleration response and the excitation force is as follows:

Gs (s) =

s2 X(s)
1/ms s2
,
= 2
Fh (s)
s + 2 ωs ζs s + ωs2

(1)

where s = jω is the Laplace variable, ωs = 2f πfs is the circular natural frequency of the
structure (rad/s), fs is the responding natural frequency in Hz and ms and ζs are the mass (kg)
and damping ratio of the ﬁrst vibration mode at mid-span. Moreover, Fh (s) is the Laplace
transform of the external human force acting on the structure and s2 Xs (s) is the Laplace transform of the structural acceleration, Where Xs (s) denotes the Laplace transform of the structural
displacement. Figure 4 shows the structure block diagram.

Fh (t )

Structure


xs (t )

Gs ( s )

Figure 4: Block diagram of the structure without HSI.
3.2

The human model

First, a non-interactive human model is considered. Given the high accelerations expected
(as shown in Section 4), it is reasonable to think that the interaction between the human and the
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structure will have signiﬁcant inﬂuence on structural vibration. To account for this, the second
model is an interactive model that includes the dynamics of the human.
For the non-interactive model, a dynamic bouncing force measured using a laboratory force
plate is used to represent the human on the structure as depicted in Figure 4.
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(a) Non-interactive bouncing force at 2.5 Hz.

(b) Non-interactive bouncing force spectrum.

Figure 5: Dynamic component of non-interactive bouncing force Fh at 2.5 Hz measured in a
laboratory force plate.
Two force waveforms have been applied in the non-interactive simulations: one at resonance
conditions of 2.5 Hz (Figure 5) and the other, out of resonance at 2 Hz. Each force record is 20
s long.
The interactive model considers the dynamics of the human body using a Mass-SpringDamper-Actuator system attached to the structure [11]. Thus, the human is deﬁned by means
of its body’s natural frequency fh , damping ratio ζh and mass mh . In addition, a harmonic force
generated by the human muscles is also accounted for via a pair of action-reaction forces acting
simultaneously on both the footbridge and the human, here named as human interactive force
or Fhi .
When considering HSI, the dynamic analysis of the new system (structure + human) is performed assuming that this interaction can be modelled as a closed-loop in which the human
feeds back to the main structure. This feedback loop is easily deducted from the force balance
illustrated in Figure 6, which is governed by the following equations:
Ft = kh (xh − xs ) + ch (x˙h − x˙s )

(2)

−mh x¨h = (Ft − Fhi )

(3)

ms x¨s + cs x˙s + ks xs = (Ft − Fhi )

(4)

where xh is the human displacement, kh = ωh2 mh is the stifness of the human model, wh =
2πfh is the natural circular frequency of the human and ch = 2ωh mh ζh is the viscous damping
of the human. Additionally, xs is the structural displacement, ks = ωs2 ms is the structure’s
stiffness and cs = 2ωs ms ζs is the viscous damping of the structure. Ft is the transmitted
passive force between the structure and the human.
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xh

mh
kh

k h (xh-xs) ch (xh-xs) F hi

F hi

ch

k h (xh-xs) ch (xh-xs) F hi

xs

ms

ks

mh(xh)

ms(xs)

cs

k s (xs)

cs (xs)

Figure 6: Interactive human model and force equilibrium for each degree of freedom.
The human parameters considered are: mass mh of 66 kg, natural frequency fh of 2.3 Hz and
a damping ratio ζh of 25 %. Additionally, the muscle force generated by the human modeled as
an actuator force Fhi has a forcing frequency of either 2.5 Hz or 2.0 Hz while its amplitude is
25 % of the human weight:
Fhi (t) = Qα sin(2πf t),

(5)

where Q is the human weight taken of 660 N and α = 0.25.
Input

50
40

100

Amplitude (abs)

Input force walking with HSI (N)

200

0

-100

-200
2

30
20
10

2.5

3

3.5

4

4.5

5

Time (s)

0
0

1

2

3

4

5

6

7

8

9

Frequency (Hz)

(a) Dynamic interactive bouncing force at 2.5 Hz.

(b) Dynamic interactive bouncing force spectrum.

Figure 7: Human-actuator bouncing force model Fhi at 2.5 Hz.
Figure 7 shows the force exerted by the human actuator for bouncing at resonance when
accounting for HSI. Note that the amplitude of Fhi is lower than the amplitude of Fh used for the
non-interactive loading model (Figure 5). Finally, the block diagram for the described system
is shown in Figure 8. This diagram makes use of the structure’s transfer function described in
Equation 1 apart from two additional transfer functions used for modelling the interaction:
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Gh (s) =

GHSI (s) =

s2 Xhi (s)
1/mh s2
s2
=
=
Fhi (s)
m h s 2 + ch s + k h
s2 + 2 ωh ζh s + ωh2

ch s + k h
s2 Xh−HSI (s)
2 ωh ζh s + ωh2
=
=
s2 Xs (s)
m h s2 + ch s + k h
s2 + 2 ωh ζh s + ωh2


xh  HSI

Fhi (t )

(6)

Human

xhi

Gh ( s)

  xh

mh

(7)

HSI

GHSI ( s )
Structure


xs (t )

Gs ( s )

Figure 8: Closed-loop scheme for modelling HSI.
The main idea under this formulation is that the external force entering the structural system
is equal to the inverse of the inertial force experienced by the human in real time. Thus, the
human acceleration can be decomposed into two different components, one due to its motion
ẍhi , and a second human acceleration caused by the structural motion x¨h−HSI . The ﬁrst one
can be directly obtained from the human actuator force by using the transfer function Gh (s).
The second is obtained using the transfer function GHSI (s) from the structural acceleration.
By summing up the two components and multiplying them by the negative human mass, the
external force on the structural system is derived, and so, the interaction loop is closed.
3.3

Tuned Vibration Absorber

The TVA can also be modelled as a closed feedback loop. The same idea used to model the
HSI is now applied to the TVA. Hence, the external force entering the structural system due to
the TVA is equal to the inverse of the inertial force of the TVA. The following transfer function
similar to the one used for the HSI is deﬁned as:

GT VA (s) =

c T s + kT
s2 XT (s)
2 ωT ζT s + ωT2
=
=
s2 Xs (s)
m T s 2 + cT s + k T
s2 + 2 ωT ζT s + ωT2

(8)

where ωT = 2f πfT is the circular natural frequency of the TVA (rad/s), fT is the respective
natural frequency in Hz and mT , kT and ζT are the mass (kg), stiffness (N/m) and damping ratio
of the TVA and cT = 2ωT ζT mT .
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The dynamic system is now composed of a two-closed loops scheme, as shown in Figure 9.

xh  HSI

Fhi (t )

Human

Gh ( s )

xhi



xh



HSI

GHSI ( s )



mh

Structure


xs (t )

Gs ( s)


mT

xT

TVA

GTVA ( s )

Figure 9: Double closed-loop scheme to model the structure with a TVA and HSI.
The TVA parameters have been designed using the approximation provided by Asami and
Nishihara [12], based on the H∞ for primary structural systems with negligible damping. The
following expressions provide the optimal ωT and ζT which minimizes the structure acceleration
for a given mT :

η =

ζT =

1
1+μ
3μ
·
8(1 + μ)3

(9)

1+

27
μ,
32

(10)

where μ = mT /mS is the absorber-to-the-primary-system mass ratio. A mass ratio of 2 %
which corresponds to mT = 13kg has been selected. Parameter η = ωT /ωS is the absorber-tothe-primary-system frequency ratio, in this case 0.99. Finally, ζT is 8.7%. The TVA has been
designed following an optimum law which does not consider the inﬂuence of the HSI.
3.4

Semi-Active Tuned Vibration Absorber

The STVA has been designed using an on-off phase control-strategy [13]. This control strategy has been adopted due to its simplicity for implementing it in practical applications. Indeed,
the real-time parameters required for this phase control are easy to measure: the structure acceleration, instead of the displacement, and the inertial mass velocity. The structural response
is minimised when the velocity of the inertial mass ẋT and the structural acceleration ẍs have
opposite phases. Thus, the inertial controller objective is to facilitate a mass motion as close
as possible to this phase. The aforementioned behaviour is equivalent to a 90o phase lag between the structural acceleration and the control force. Thus, when the whole system behaves
as desired, the viscous damping of the STVA should be small (ideally zero), however when the
phase behaviour is not the correct one, the damper is blocked introducing a control force into
the system [14]. The following phase control is summed up as follows:

ẍS · ẋT ≤ 0
⇒
cT = cmin (normal functioning)
(11)
ẍS · ẋT > 0
⇒
cT = cmax (blocking functioning),
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where cmin is the minimum viscous damping given the minimum damper force when the STVA
is working properly. The lower cmin results in better performance of STVA. Parameter cmax is
the maximum viscous damping providing the maximum damper force which corresponds to the
state of damper blocked. The magnitude ẍS needs to be measured using an accelerometer and
ẋT might be estimated from the integration of an accelerometer signal installed on the inertial
mass. Both signals are low-pass ﬁltered in order to avoid control instabilities related to the onoff control law. Note that the design parameters of the STVA correspond to those calculated for
the TVA except for cmin and cmax that are equal to 0.1 and 50 times the value of the cT for the
TVA, respectively. Figure 10 illustrates the non-linear closed loop used to model the STVA, in
presence of HSI. Note that if cT is constant, then block diagrams of Figures 9 and 10 become
the same.


xh  HSI

HSI

GHSI ( s )

Fhi (t )

Human

Gh ( s )

xhi




xh



mh

Structure

Gs ( s )



FSTVA


xs (t )

ON  OFF Phase control


xs  xT d 0
FSTVA

kT ( xT  xs )  cmin ( xT  xs )

FSTVA

kT ( xT  xs )  cmax ( xT  xs )


xs  xT > 0

Figure 10: Double closed-loop scheme to model the structure with a STVA considering the HSI.
3.5

Active Vibration Absorber

Direct Velocity Feedback (DVF) control strategy has been used for the AVA. This means that
the control force introduced into the system using an actuator is in phase with structure’s velocity. Although DVF is, by its nature, unconditionally stable, when accounting for the actuator
dynamics, the closed-loop system becomes conditionally stable and the stability margin has to
be studied prior to the implementation [15]. The velocity estimated is multiplied by a control
gain KC producing a command signal in terms of voltage to the actuator. Firstly, the limit control gain for stability is derived by classical root locus techniques, KClim  70. Finally, a control
gain KC equal to KClim /2 has been chosen providing enough stability gain margin and leading
to a safe implementation [16]. The actuator transfer function between the transmitted control
force and the control voltage is considered as a second-order proof-mass actuator model:
GAV A (s) =

150 s2
s2 + 5.7 s + 8.22

(12)

where the circular natural frequency of the actuator is ωA = 8.2 rad/s (1.3 Hz) and 2ζa ωa = 5.7,
ζa being the actuator damping ratio. The chosen AVA has an inertial mass equal of 13 kg, the
same as the one used for the TVA and STVA. The natural frequency of the actuator is a critical
parameter when controlling low-frequency vibrations. The lower the natural frequency of the
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actuator is, the closer to linear the behaviour of the actuator is. A sufﬁciently small, but realistic,
value for the actuator passive behaviour in terms of natural frequency has been chosen. Note
that the shaker’s natural frequency can be changed by means of changing the passive stiffness
or by the use of more sophisticated control laws [17]. Figure 11 depicts the feedback scheme
for the AVA.


xh  HSI

Fhi (t )

Human

Gh ( s )

xhi




xh

mh

HSI

GHSI ( s )




xs (t )

Structure

Gs ( s )


FAVA
AVA

GAVA ( s )

Va

KC

xs

1
s

Figure 11: Double closed-loop scheme to model the structure with a AVA considering the HSI
4

RESULTS

Figures 12 and 13 provide the resonant response of the structural system under bouncing action without and with HSI, respectively. Three serviceability indicators are calculated: the Peak
acceleration value, the maximum value of the running 1 s root mean square acceleration (often refered to as Maximum Transient Vibration Value or MTVV) and the cumulative Vibration
Dose Value (VDV).
When assessing the structural response at resonance, the accelerations reached without considering HSI are not only excessive but also unlikely to be achieved. Once the HSI is taken into
account, the dynamic response decreases signiﬁcantly. In both cases, the structure exceeds the
vibration serviceability limit of 1 m/s2 for peak acceleration. Therefore there is a need to apply
inertial vibration controllers to reduce the structural vibration.
When including HSI into the dynamic analysis, the system to be controlled is no longer the
structure.The human is a new element to be considered as is inﬂuences the dynamic properties
of the system to be controlled. The inertial vibration controllers reduce their damping capacity
at resonance (especially the TVA and STVA), due to part of the energy introduced into the
structure is damped by the very human system which generates it. This fact can be observed
in Figure 14 where the VDV of all the dynamic loading cases are compared. The VDV is a
suitable vibration serviceability parameter to use for this comparison because of its cumulative
nature. To explain the controllers performance out of resonance is a bit more complicated and
would require an overall and deep comprehension of the interaction phenomena between all the
elements that compound the dynamic system.
The AVA is by far the most effective of the three inertial controllers considered, and it is
the only solution capable of reducing the peak acceleration at resonant bouncing below the
established threshold of 1 m/s2 (Figure 13d). Therefore, active control is the most promising
damping technique for controlling ultra-weight structures, as it is able to effectively cancel
complex dynamic responses compound of resonant and non-resonant harmonics.
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20

30

10

25
20

0

15
-10

10

-20

VDV(m/s 1. 75 )

Acceleration (m/s 2 )

Peak = 23.563 m/s2 , MTVV = 16.653 m/s 2 , VDV = 34.038 m/s 1.75

5
5

10

15

20

25

30

Time (s)

(a) Uncontrolled.
Peak = 5.709 m/s 2 , MTVV = 3.843 m/s2 , VDV = 7.691 m/s 1.75

8

4
6
2
0

4

-2
2

VDV(m/s 1. 75 )

Acceleration (m/s 2 )

6

-4
-6
0

5

10

15

20

25

30

0
35

Time (s)

(b) Passive.
Peak = 4.366 m/s 2 , MTVV = 2.901 m/s2 , VDV = 3.718 m/s 1.75

8

4
6
2
0

4

-2
2

VDV(m/s 1. 75 )

Acceleration (m/s 2 )

6

-4
-6
0

5

10

15

20

25

30

0
35

Time (s)

(c) Semi-active.
Peak = 1.339 m/s 2 , MTVV = 0.874 m/s2 , VDV = 1.768 m/s 1.75

8

4
6
2
0

4

-2
2

VDV(m/s 1. 75 )

Acceleration (m/s 2 )

6

-4
-6
0

5

10

15

20

25

30

0
35

Time (s)

(d) Active.

Figure 12: Resonance response of the structure without HSI under bouncing loading.
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Figure 13: Resonance response of the structure with HSI under bouncing loading.
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Figure 14: VDV of the structural response for all loading cases.
5

CONCLUSIONS

In this paper, three types of inertial controllers (Passive, Semi-active and Active) have been
applied to an ultra-lightweight FRP footbridge conceived as a unique laboratory facility to investigate the HSI. The dynamic response of the ﬁrst ﬂexural vibration mode of the structure and
the controllers’ performance have been numerically studied in the presence and absence of HSI.
The uncontrolled case without HSI leads to an unrealistic acceleration of 23.5 m/s2 . However, when the HSI is included the acceleration is reduced to a realistic value of 2.4 m/s2 .
Moreover, when HSI is included, the controllers reduce drastically their performance, mainly
due to the fact that they were designed without taking into account the HSI. The improvements
for the resonant case (with interaction) were 34%, 60% and 74% for passive, semi-active and
active, respectively in terms of VDV. However for non-resonant excitation, the only controller
able to mitigate vibration was the AVA with a 50 % of improvement.
This paper is a ﬁrst study on the performance of inertial controllers for human-induced excitation of structures prone to show HSI. Future works on the design of inertial controllers should
include the HSI and the resulting human-structure model should be carefully analyzed in order
to propose new controller design strategies for these unexplored systems.
6
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1

INTRODUCTION

Serviceability assessment of footbridges is commonly carried out, based on current guidelines (e.g., [1]), by comparing a deterministic value of the expected maximum acceleration
and suitable thresholds defining different comfort classes. Actually, the problem should be
tackled through a non-deterministic approach due to the uncertainties characterizing both pedestrian-induced loading (i.e. dynamic loading factor, pedestrian weight and step frequency)
and the structural dynamic properties (i.e. modal damping ratios, natural frequencies and modal masses). An approach accounting only for the errors connected with the estimate of structural parameters has been introduced through a fuzzy analysis [2]. Based on the
characterization of the coefficient of variation of both the loading and the structural uncertain
parameters, the propagation of uncertainties on the serviceability assessment of footbridges
has been studied adopting the Taylor series expansion technique [3]. Furthermore, Monte
Carlo simulations have been performed assuming plausible probability distributions of the
uncertain parameters, and the probability distribution of the mean value of the maximum acceleration has been estimated numerically [3].
Actually, probability distributions of the loading and structural parameters are not available,
but the literature analysis in [3] provides possible ranges of variation of these parameters.
Thus, a suitable tool for taking into account uncertainties in serviceability assessment of footbridges is interval analysis (e.g., [4], [5]). In this paper, starting from the analytical expression
for the spectral moments of the structural response [6], the improved interval analysis [4] is
applied together with an optimization strategy (see e.g., [7]) that allows us to obtain the
bounds of the maximum footbridge acceleration. Based on this approach, serviceability assessment is carried out within a non-probabilistic framework, and an interval level of comfort
is estimated.
2

ANALYTICAL FORMULATION

The force exerted on footbridges in multi-pedestrian traffic condition is commonly schematized in the time domain as the sum of moving harmonic loads with random amplitude,
frequency and velocity. Based on this force model, serviceability assessment has to be carried
out through Monte Carlo simulations.
According to the Equivalent Spectral Model (ESM) [6], multi-pedestrian loading can be
modelled as an equivalent Gaussian stationary random process. Considering the first mode
shape of a simply-supported beam of length L, ϕj(x)=sin(πx/L), the power spectral density
function (PSDF) of the modal force Fj(t) is given by:
S F j (ω ) =

Np
4

(α G )2 pΩ (ω )

(1)

where Np is the number of pedestrians, α is the mean value of the dynamic loading factor, G is
the mean value of the weight of pedestrians, pΩ(ω) is the probability density function (PDF)
of the circular step frequency of pedestrians, assumed as normally-distributed with mean value μωp and standard deviation σωp. The spectral moments of zero- and second-order of the acceleration of the j-th principal coordinate pj(t) can be approximated as follows:

λ0, p ≈
j

πω j S F (ω j )
j

4ξ j M 2j

=σ ;

λ2, p ≈

2

pj

j
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where Mj, ωj and ξj are, respectively, the j-th modal mass, natural circular frequency and
damping ratio of the structure. The maximum acceleration of the j-th principal coordinate in
the time interval T is then defined as the following random process:

p j ,max (T ) = max 
p j (t )

(3)

0≤t ≤T

where the time interval T can be conventionally defined as a multiple of the average crossing
time of pedestrians (T=NL/cm, N=10, cm=0.9 μωp/2π).
Under the Poisson’s assumption of independent up-crossings of a prescribed threshold, the
cumulative distribution function (CDF) of the maximum acceleration is defined as follows:
ª
§ b2
Lp j ,max (b, T ) = Pr ª¬ 
p j ,max (T ) ≤ b ¼º ≈ exp « −2 ν p j T exp ¨ − 2
¨ 2σ p
«¬
j
©

·º
¸»
¸
¹ »¼

(4)

where ν p j is the expected frequency of the acceleration of the j-th principal coordinate, given
by:

ν p =
j

1
2π

λ2, p

j

λ0, p

j

=

ωj
.
2π

(5)

The mean value of the maximum mid-span acceleration can be approximated according to
Davenport’s formulation ([8], [9]) as follows:
0.5772

qmax =E ª¬ 
p j ,max º¼ = g p j σ p j ; g p j = 2 ln(2ν p j T ) +

3

2 ln(2ν p j T )

(6)

INTERVAL SERVICEABILITY ASSESSMENT

Interval serviceability assessment is based on the assumption of uncertain loading and
structural parameters, represented as interval variables [10] according to the interval model of
uncertainty:
x I = {μωI p σ ωI p α I

GI

ω jI ξ jI

M Ij }

T

(7)

where the apex denotes interval variables. Each component of the vector xI, i.e. the k-th interval variable xkI , is defined as:
xkI = x0,k (1 + Δxk eˆkI )

(8)

where eˆkI = [−1,1] is the so-called extra unitary interval [4], x0,k and Δxk are the midpoint and
normalized deviation amplitude, defined as follows:
x0,k =

xk + xk
;
2

Δxk =

xk − xk
2 x0,k

(9)

being xk and xk the lower bound (LB) and upper bound (UB) of the interval variable xkI .
Based on the interval representation of the involved quantities, the PSDF of the modal
force is an interval function:
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S FI j (ω ) =

Np
4

(α I G I ) 2 pΩI (ω ).

(10)

As a consequence, also the spectral moments of zero- and second-order of the acceleration
of the j-th principal coordinate are interval variables:

λ

I
pj
0, 

=

πω Ij S FI (ω Ij )
j

4ξ j ( M
I

I
j

)

2

π (ω Ij ) S FI (ω Ij )
3

( );

= σ

2

pj

I

λ

I
pj
2, 

=

j

4ξ j ( M
I

I
j

)

2

.

(11)

The interval CDF is defined as:
I

p j ,max

L

ª
§
b2
«
I
I
(b, T ) = exp « −2 ν p j T exp ¨¨ −
¨ 2 σ p2 j
«¬
©

( )

I

·º
¸»
¸»
¸
¹ »¼

(12)

where the interval expected frequency is:

ν

I

pj

1
=
2π

λ2,I p

j

λ0,I p

j

ω Ij
=
.
2π

(13)

Finally, the interval mean value of the maximum acceleration process is defined as follows:
I
qmax
=g pI j σ pI j ;

0.5772

g pI j = 2 ln(2ν pI j T I ) +

2 ln(2ν pI j T I )

.

(14)

The LB and UB of the standard deviation of the acceleration are given by:

 πω S (ω ) ½
j Fj
j °
°
¾;
2
ξ
4
M
j
j
°¯
°¿

σ p = min ®
j

x∈x I

 πω S (ω ) ½
j Fj
j °
°
¾.
2
ξ
4
M
j
j
°¯
°¿

σ p = max ®
j

x∈x I

(15)

Analogously, the LB and UB of the CDF of the maximum acceleration are:


ª
§ b2
°
Lp j ,max (b, T ) = minI ®exp « −2 ν p j T exp ¨ − 2
x∈x
¨ 2σ p
«¬
°¯
j
©

· º ½°
¸» ¾ ;
¸
¹ »¼ °¿


ª
§ b2
°
Lp j ,max (b, T ) = maxI ®exp « −2 ν p j T exp ¨ − 2
x∈x
¨ 2σ p
«¬
°¯
j
©

· º ½°
¸» ¾ .
¸
¹ »¼ °¿

(16)

The LB and UB of the maximum mid-span acceleration are given by:
ª
½
º
0.5772
°
» σ p °¾ ;
qmax = minI ® « 2 ln(2ν p j T ) +
j
x∈x
2ln(2ν p j T ) »
°¯ «¬
°¿
¼
qmax

ª
½
º
0.5772
°
» σ p °¾ .
= maxI ® « 2 ln(2ν p j T ) +
j
x∈x
2 ln(2ν p j T ) »
°¯ «¬
°¿
¼
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Finally, the coefficients of interval uncertainty (c.i.u.) for the two response quantities of interest can be defined as the ratio between their deviation amplitude and their midpoint as follows:

c.i.u.[σ pI j ] =

σ p − σ p

j

σ p + σ p

j

j

j

4

I
c.i.u.[qmax
]=

;

qmax − qmax
.
qmax + qmax

(18)

NUMERICAL APPLICATION

Current guidelines require to perform serviceability assessment of footbridges by comparing a deterministic value of the expected maximum acceleration and suitable thresholds defining different comfort classes. Table 1 reports the threshold values as defined by SETRA [1].
Comfort class
Maximum
Medium
Minimum
Unacceptable

Min [m/s2]
0
0.5
1
2.5

Max [m/s2]
0.5
1
2.5

Table 1: Comfort classes (SETRA).

In this Section, serviceability assessment of an ideal footbridge is carried out. Results of a
conventional evaluation are compared with those deriving from interval analysis. In particular,
at first interval analysis is carried out assuming fixed normalized deviation amplitudes of the
parameters based on [3]. Then, an increasing degree of uncertainty is considered according to
the following definition of the interval variables:
xkI ( β ) = x0,k (1 + βΔxk eˆkI ) ,

0 ≤ β ≤ 1.

(19)

Furthermore, three different interval analyses are carried out: considering all the parameters as uncertain, i.e. full uncertainty analysis (FU), taking into account only the uncertainties
in the structural parameters (SU), and taking into account only uncertainties in the loading
parameters (LU).
An ideal, steel, simply-supported beam with span length L=50 m, a deck width b=2 m is
analyzed [3]. Considering load category III, sparse crowd [1], a pedestrian density ρ=0.5 pedestrians/m2 is assumed, i.e. Np=50, and the predicted maximum acceleration applying
SETRA procedure is qmax =2.15 m/s2, falling into a minimum comfort class according to Table 1. Interval analysis is carried out assuming the midpoint and the normalized deviation amplitude of the uncertain parameters in Table 2.
Parameter
μωp [rad/s]
σωp [rad/s]

α

G [N]
ωj [rad/s]
ξj [%]
Mj [kg]

x0,k
2 π 1.88
2 π 0.17
0.35
700
2 π 1.88
0.42
50000

Δxk
0.03
0.17
0.20
0.10
0.10
0.60
0.10

Table 2: Midpoint and normalized deviation amplitude of interval variables (Example 1).
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The nominal solutions for the standard deviation and the mean value of the maximum acceleration are σ p j = 0.50 m/s 2 (Eq.(2)), qmax = 1.94 m/s 2 (Eq. (6)). Table 3 reports the LB
I
and UB of σ pI j (see Eq.(15)) and qmax
(see Eq. (17)) together with their c.i.u. (see Eq. (18)),
obtained in the three analyses. The significant deviation amplitudes of the uncertain parameters (Table 2) lead to very large c.i.u., especially if all the parameters (structural and loading)
are considered as uncertain (FU). However, the uncertainty in the dynamic response is mainly
governed by the uncertainties in the structural parameters. When only loading parameters are
assumed as uncertain (LU), the deviation amplitude of the response is significantly reduced. It
should be remarked that the maximum acceleration obtained applying SETRA procedure is
higher than the nominal value and it is close to the UB provided by interval analysis if only
loading uncertainties are accounted for (LU). In all the other cases (FU and SU), SETRA prediction is well below the UB provided by interval analysis, and it can be non-conservative.

σ p

Analysis
FU
SU
LU

σ p

j

0.13
0.25
0.32

j

1.29
0.88
0.72

c.i.u.[σ pI j ]

qmax

qmax

I
c.i.u.[qmax
]

0.82
0.56
0.38

0.49
0.97
1.26

5.02
3.42
2.81

0.82
0.56
0.38

Table 3: LB, UB and c.i.u of the standard deviation of the response and of the maximum acceleration (Example
1).

Figure 1 provides the UB and LB of σ pI j (a) and its c.i.u. (b) versus the coefficient β which
measures the degree of uncertainty according to Eq. (19): results obtained for the three different analyses (FU, SU, LU) are reported. Fig. 1(a) shows that the interval of variation of the
standard deviation of the response is very wide, especially if both loading and structural uncertainties are taken into account (FU). From Fig. 1(b) it can be deduced that the c.i.u. is almost proportional to the degree of uncertainty β. Furthermore, the c.i.u. takes values lower
than 10% only if a small degree of uncertainty of the parameters is assumed, or at least structural parameters are assumed as deterministic. When all the parameters are assumed as uncertain, the c.i.u. is very large.
1

FU
SU
LU
Nominal

1

FU
SU
LU

0.75
UB

c.i.u.[VIp..j ]

V..pj [m/s2]

1.5

0.5

0.5

0.25
LB
0
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0

1

0

E

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

E

(a)

(b)

Figure 1: UB and LB of standard deviation of the acceleration (a) and its coefficient of the interval uncertainty (b)
for increasing degree of uncertainty (Example 1).
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Figure 2 provides the LB and UB of the CDF of the maximum acceleration for β =1, for
the full uncertainty analysis (FU), taking into account only the uncertainties in the structural
parameters (SU), and taking into account only uncertainties in the loading parameters (LU).
From Fig. 2, the LB and UB of the probability of falling within each comfort class can be estimated. It can be deduced that, if the nominal values of the parameters are assumed, the footbridge will surely fall within a minimum comfort class. When all the parameters are
considered as uncertain, the UB and LB of the CDF are extremely far from each other: considering the LB of the CDF, the maximum footbridge acceleration is surely higher than 4 m/s2,
and thus the comfort level is unacceptable, while considering the UB of the CDF, the maximum acceleration is almost surely lower than 0.5 m/s2 and the maximum comfort level is assured. When only the structural or the loading parameters are considered as uncertain, the
interval of variation of the CDF becomes narrower. For example, if only loading parameters
are considered as uncertain, the LB of the CDF falls within unacceptable comfort class and
the UB of the CDF falls within a minimum comfort class.
1
E=1

Lp..j (b)

0.75

UB
LB

0.5
FU
SU
LU
Nominal

0

0

min

max
mean

0.25

1

2

3

4

b [m/s2]

5

6

7

8

Figure 2 UB and LB of the CDF of the maximum acceleration (β=1) (Example 1).
I
Figure 3 provides the UB and LB of qmax
compared with the comfort limits provided by
SETRA (a) and its c.i.u. (b) for increasing degree of uncertainty. Figure 3(a) shows that, if all
the parameters are considered as uncertain and the maximum degree of uncertainty is assumed,
then the interval of variation of the response is so wide that the footbridge could fall in any
comfort class (from unacceptable to maximum comfort). If only the uncertainties of the loading are considered, the footbridge is almost surely in a minimum comfort class, as predicted
by SETRA guideline. As regards structural uncertainties, if the degree of uncertainty is small
then interval serviceability assessment provides a minimum comfort class, while for large degree of uncertainty a comfort level ranging from minimum to unacceptable can be obtained.
From Fig. 3(b), it can be deduced that the c.i.u. of the maximum acceleration has the same
trend as the one of the standard deviation of the response (Fig. 1(b)). Also from a quantitative
point of view, the two c.i.u. are almost coincident: the uncertainty in the maximum acceleration is then governed by the uncertainty in the standard deviation.
In order to assess the influence of uncertainties on serviceability assessment of footbridges
less sensitive to human-induced vibrations, a second footbridge is analyzed. The same parameters listed in Table 2 are considered, except for the natural circular frequency ωj: its
nominal value is not coincident with the nominal value of the mean step circular frequency,
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but it is assumed 2 π 2.17 rad/s. Figure 4 is analogous to Figure 3, but it is referred to this
second example. Results are similar to the ones obtained for Example 1 from a qualitative
point of view. From a quantitative point of view, Figure 4(a) shows that the comfort level of
this footbridge is surely higher than the one of Example 1. In particular, if the degree of uncertainty is small (β<0.25) the footbridge comfort class can range between mean and minimum. However, if all the parameters are considered as uncertain and the maximum degree of
uncertainty is assumed, then the interval of variation of the response is so wide that also this
footbridge could fall in any comfort class (from unacceptable to maximum comfort). Figure
4(b) shows that the coefficient of interval uncertainty is even larger than in Example 1. In particular, if all the uncertainties are taken into account, for high degree of uncertainty the c.i.u.
tends to an asymptotic value.
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1
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0.75
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4
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Figure 3: UB and LB of mean value of the maximum acceleration (a) and its coefficient of the interval uncertainty (b) for increasing degree of uncertainty (Example 1).
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Figure 4: Non resonant case: UB and LB of mean value of the maximum acceleration (a) and its coefficient of
the interval uncertainty (b) for increasing degree of uncertainty (Example 2).

5

CONCLUSIONS

Serviceability assessment of footbridges is studied through a non-deterministic approach,
modelling structural and loading parameters as interval variables. Based on this approach, the
standard deviation of the footbridge acceleration and the mean value of the maximum accel-
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eration are also interval variables, while the cumulative distribution function of the maximum
acceleration is an interval function.
The application to an ideal case study has shown that the high degree of uncertainty in the
loading and structural parameters leads to very large intervals of variation of the response. If
all the parameters are considered as uncertain and the maximum degree of uncertainty is assumed, then the interval of variation of the response is so wide that the footbridge could fall in
any comfort class (from unacceptable to maximum comfort). The separate analysis of the role
of the structural and loading parameters has shown that uncertainty in the structural parameters provides a determinant contribution to the variation of the response. In order to obtain
narrow intervals of variation of the response, a reliable characterization of the loading and of
the structural properties is mandatory.
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CLOSED—FORM SOLUTION OF THE RESPONSE OF SINGLE
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Abstract. This paper presents an analytical approximation to describe the vertical and horizontal vibrations of clamped-clamped beams subjected to a single pedestrian induced load. No
intra—person variability is considered and only a single crossing is taken into account. This
approximation is performed by choosing a suitable trigonometric function that well estimates
the dynamic properties and mode shape of the system. Moreover, the approximation enables to
ﬁnd the relationship between the loading parameters such as the step frequency and velocity
and, the dynamic properties of the system as the natural frequency and damping. Furthermore,
approximation formulas are presented for peak displacements, velocities and accelerations in
the damped, low damped and undamped cases. Finally, ampliﬁcations factors and minimum design mass curves are deﬁned using non dimensional parameters, aiming to contribute to a fast
pedestrian bridge dynamic assessment for systems whose mode shapes reassemble the mode
shape of a clamped—clamped beam, for both walking and running pedestrian load cases.
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1

INTRODUCTION

As high strength materials become more readily available, lightweight structures and slender structures are more commonly produced, having well aesthetic design whilst less material
is being used. Consequently, new lightweight and lively structural systems may exhibit larger
deformations than old heavy structures, making them susceptible to a dynamic excitation. This
is the case for many newly constructed footbridges.
The behaviour of footbridges are heavily dependent on the natural frequency of the structure
itself. In this way, the dynamic effects need to be considered due to the high levels of accelerations obtained when the frequencies associated with pedestrian loading are within the range
of the fundamental natural frequencies of the structural system. Additionally, the pedestrians
introduce both vertical and horizontal forces meaning that, structural systems may become vulnerable in different directions and serviceability criteria of lightweight structures of pedestrian
bridges can be easily exceeded.
Different load case scenarios are considered in the design stage and assessment of footbridges. Consider the Sétra design code for footbridges [1], in which by ﬁnding the equivalent
number of pedestrians synchronized in a footbridge, gives a procedure to address the walking
crowd scenario in order to assess serviceability levels of the system. However, no speciﬁc procedure is given for the running load event like marathons nor the cases in which a single or few
runners excite the structural system while walking or standing pedestrians are present, exceeding the serviceability levels required. This is the case of [2], in which a single runner was able
to surpass the acceleration limit. To this aim, fast and reliable tools for design and assessment
aiming to address the running load case in footbridges are necessary as well as more research
on the subject is required.
In the present work, the moving harmonic load problem is studied in the context of pedestrian bridge dynamics for a clamped—clamped beam system. The interest in this subject relies
on the fact that, the symmetric mode shape of vibration of tied arch bridges and frame type
bridges, which are typical structural topologies found in footbridges, can be approximated and
reassembled to the ﬁrst mode of vibration of a clamped—clamped beam. In this way, the aforementioned approximation is here presented focusing on the comparison between the inﬂuence
of walking and running in the response of footbridges.
2

PROBLEM FORMULATION

Consider a theoretical model of a clamped—clamped beam subjected to a single time varying force F (t), moving with a constant velocity v from the left side to the right-hand side of the
continuous system shown in Figure 1.
In this work, it is considered y(x, t) as the deﬂection of the beam along the vertical axis y,
evaluated at the horizontal position x in the time t, m is the linear density of the beam, E is
the elastic modulus of the beam, I the inertia of the system, ce the external damping coefﬁcient
and ci the internal damping coefﬁcient as considered in [3]. The span length L of the clamped–
clamped beam model is considered as the effective length of the typical symmetric mode shape
of a tied arch bridge. The equation of motion of the system is set as:
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F(t)
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y
L
Figure 1: Clamped–clamped beam

mÿ + ce ẏ + ci I ẏ  + EIy  = F (t)δ(x − vt), 0 ≤ vt ≤ L

(1)

In which dots (˙) represent a time derivative, primes (  ) indicate a spatial derivative respect
to the horizontal coordinate x of the system, δ is the Dirac function. For a clamped—clamped
beam, the boundary conditions are:
y(0, t) = 0
y(L, t) = 0
y  (0, t) = 0
y  (L, t) = 0

(2)

y(x, 0) = 0
ẏ(x, 0) = 0

(3)

Initial conditions considered as:

And the time varying force F (t) deﬁned as [1]:

F (t) = G0 +

3


Gi sin(2πfstep i t)

(4)

i=1

Where G0 denotes the weight of the pedestrian and Gi = DLFi · G0 , in which DLFi refers
to the dynamic load factor i of the pedestrian load in accordance to the activity performed by
the pedestrian.
Let us consider, as an approximation, the ﬁrst vibration mode φ1 of the beam as a linear
combination of assumed functions that satisfy boundary conditions as a ”shape function” that
well suits the problem as:
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φ1 (x) = 1 − cos2







πx
2πx
= 1/2 1 − cos
L
L

(5)

Considering the modal superposition method, the response of the beam can be approximated
by its ﬁrst mode of vibration as:
m


y(x, t) =

φn (x) qn (t) ∼
= φ1 (x) q1 (t)

n=1

(6)

ẏ(x, t) ∼
= φ1 (x) q˙1 (t)
ÿ(x, t) ∼
= φ1 (x) q¨1 (t)

Where qn represents the generalized coordinate of the nth mode. Equation (6) applies under the hypothesis that the ﬁrst mode of vibration very well suits and represents the system’s
behaviour under a moving harmonic load with an exciting frequency fstep closed to the natural
frequency of the system f1 . Substituting (6) in (1), multiplying the resulting equation by the
assumed mode shape function φ1 and integrating along the beam axis, one obtains:
⎡

L

L

(φ1 (x))2 dx + q̇1 (t) ⎣ce

mq̈1 (t)
0

(φ1 (x))2 dx + ci I
0

(φ1 (x))<4> φ1 (x)dx⎦ +
0

L

EIq1 (t)

⎤

L

L

(φ1 (x))

<4>

F (t)δ(x − vt)φ1 (x)dx

φ1 (x)dx =

0

(7)

0

In which the natural frequency of vibration of the system becomes:
L

ω12

(φ1 (x))<4> φ1 (x)dx

EI 0
=
m

(8)

L
0

(φ1

(x))2 dx

In this way, the numerator and the denominator of equation (8) denote the modal stiffness
and the modal mass of the ﬁrst mode of vibration, respectively. Solving the integrals one gets:
L

K1 = EI

(φ1 (x))
0

<4>

2π 4 EI
φ1 (x)dx =
L3

(9)

L

M1 = m
0

3
(φ1 (x))2 dx = mL
8
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And the natural frequency is then deﬁned as:
ω12 =

K1
16π 4 EI
=
M1
3L4 m

(11)

Under the hypothesis of Rayleigh’s damping in which ce = αe m and ci = αi E, the damping
coefﬁcient ξ1 is deﬁned as:


1 αe
ξ1 =
+ αi ω1
2 ω1

(12)

And, equation (7) is reduced to the equivalent dynamic equation in the modal coordinates
q1 (t) as:
F (t)φ1 (vt)

q̈1 (t) + 2ξ1 ω1 q̇1 (t) + ω12 q1 (t) =

L

m (φ1
0

q̈1 (t) + 2ξ1 ω1 q̇1 (t) + ω12 q1 (t) =

(13)

(x))2 dx

8F (t)φ1 (vt)
3mL

Substituting the assumed mode shape function ones gets:
q̈1 (t) + 2ξ1 ω1 q̇1 (t) +

ω12 q1 (t)





2πvt
1
8
F (t) 1 − cos
=
3mL
2
L

(14)

By neglecting G0 and considering a general harmonic component i in the load model presented in equation (4), it follows that:
q̈1,i (t) + 2ξ1 ω1 q̇1,i (t) + ω12 q1,i (t) =





2πvt
8
1
1 − cos
Gi sin(2πfstep i t)
3mL
2
L

(15)

And, using the principle of superposition and trigonometric identities the general problem
can be reduced to the summation of the threefold components:
q1,i (t) = z1,i (t) + z2,i (t) + z3,i (t)

(16)

In which z1,i (t), z2,i (t) and z3,i (t) correspond to the following threefold problems:
8 Gi
sin(2πfstep i t)
3mL
2

8 Gi
2πv
z̈1,i (t) + 2ξ1 ω1 ż1,i (t) + ω12 z1,i (t) = −
sin 2πfstep i −
t
3mL 4
L

8 Gi
2πv
z̈3,i (t) + 2ξ1 ω1 ż1,i (t) + ω12 z1,i (t) = −
t
sin 2πfstep i +
3mL 4
L
z̈1,i (t) + 2ξ1 ω1 ż1,i (t) + ω12 z1,i (t) =

1760

(17)

D. Colmenares, A. Andersson and R. Karoumi

From equations (17), a beating phenomena can be identiﬁed as a consequence of the deﬁnition of the load in terms of harmonic components and the spatial wave that deﬁnes the mode
shape of vibration. Finally, the solution of the aforementioned equations can be found in [3]
and it is here adapted:

z1,i (t) =

=
Gi L3
1
2
(1 − S1,i
) sin(Ω1,i t) − 2ξ1 S1,i cos(Ω1,i t) + (18)
2 2
4
2
4π EI (1 − S1,i ) + (2ξ1 S1,i )
⎡

S1,i

2
(2ξ12 + S1,i
e−ξ1 ω1 t ⎣2ξ1 S1,i cos(ωd1 t) + 
2
1 − ξ1

z2,i (t) = −

⎤⎫
⎬
− 1) sin(ωd1 t)⎦
⎭

=
Gi L3
1
2
(1 − S2,i
) sin(Ω2,i t) − 2ξ1 S2,i cos(Ω2,i t) +
2 2
4
2
8π EI (1 − S2,i ) + (2ξ1 S2,i )
⎡

S2,i

2
(2ξ12 + S2,i
e−ξ1 ω1 t ⎣2ξ1 S2,i cos(ωd1 t) + 
2
1 − ξ1

⎤⎫
⎬
− 1) sin(ωd1 t)⎦
⎭

=
Gi L3
1
2
z3,i (t) = − 4
(1 − S3,i
) sin(Ω3,i t) − 2ξ1 S3,i cos(Ω3,i t) +
2 2
2
8π EI (1 − S3,i ) + (2ξ1 S3,i )
⎡

S3,i

2
(2ξ12 + S3,i
e−ξ1 ω1 t ⎣2ξ1 S3,i cos(ωd1 t) + 
2
1 − ξ1

⎤⎫
⎬
− 1) sin(ωd1 t)⎦
⎭

Where Ω1,i , Ω2,i and Ω3,i are the loading frequencies deﬁned as:

Ω2,i
Ω3,i

Ω1,i = 2πfstep i
2πv
= 2πfstep i −
L
2πv
= 2πfstep i +
L

(19)

The factors S1,i , S2,i and S3,i are:
Ω1,i
ω1
Ω2,i
=
ω1
Ω3,i
=
ω1

S1,i =
S2,i
S3,i

(20)

And ωd1 represents the damped frequency of the system:


ωd1 = ω1 1 − ξ12
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Furthermore, magniﬁcation factors of the components of each solution in (18) can be deﬁned
as:

Φ1,i =

=
1
2
) sin(Ω1,i t) − 2ξ1 S1,i cos(Ω1,i t) +
(1 − S1,i
2 2
(1 − S1,i
) + (2ξ1 S1,i )2

⎤⎫
⎬
− 1) sin(ωd1 t)⎦
⎭

⎡

S1,i

Φ2,i

2
(2ξ12 + S1,i
e−ξ1 ω1 t ⎣2ξ1 S1,i cos(ωd1 t) + 
2
1 − ξ1
=
1
2
=
(1 − S2,i
) sin(Ω2,i t) − 2ξ1 S2,i cos(Ω2,i t) +
2 2
(1 − S2,i ) + (2ξ1 S2,i )2

⎤⎫
⎬
− 1) sin(ωd1 t)⎦
⎭

⎡

Φ3,i

(22)

S2,i
2
(2ξ12 + S2,i
e−ξ1 ω1 t ⎣2ξ1 S2,i cos(ωd1 t) + 
1 − ξ12
=
1
2
=
(1 − S3,i
) sin(Ω3,i t) − 2ξ1 S3,i cos(Ω3,i t) +
2 2
(1 − S3,i
) + (2ξ1 S3,i )2
⎡

S3,i

2
(2ξ12 + S3,i
e−ξ1 ω1 t ⎣2ξ1 S3,i cos(ωd1 t) + 
2
1 − ξ1

⎤⎫
⎬
− 1) sin(ωd1 t)⎦
⎭

Then, the solution of the modal coordinates for a given harmonic component i can be written
as follows:


Gi L3
Φ2,i Φ3,i
q1,i (t) = 4
−
Φ1,i −
4π EI
2
2


3
Gi L
Φ̇2,i Φ̇3,i
q̇1,i (t) = 4
−
Φ̇1,i −
4π EI
2
2
Gi L3
q̈1,i (t) = 4
4π EI



Φ̈2,i Φ̈3,i
−
Φ̈1,i −
2
2

(23)



And, the ﬁnal solution becomes:




L3
2πx
y(x, t) = 4
1 − cos
4π EI
L




i=1
3




i=1
3


2πx
L3
ẏ(x, t) = 4
1 − cos
4π EI
L


L3
2πx
ÿ(x, t) = 4
1 − cos
4π EI
L
3

3


i=1



Gi Φ1,i −


Gi


Gi

Φ2,i Φ3,i
−
2
2

Φ̇2,i Φ̇3,i
−
Φ̇1,i −
2
2
Φ̈2,i Φ̈3,i
−
Φ̈1,i −
2
2

(24)



ACCELERATION RESPONSE

This section considers the response at the mid point x = L/2 of the beam. In order to
evaluate the acceleration response of the system, the second derivative of equations (22) are
computed as the following:
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Φ̈j,i =

=
ω12
2
2
3
(1 − Sj,i
)Sj,i
sin(Ωj,i t) − 2ξ1 Sj,i
cos(Ωj,i t) +
2 2
(1 − Sj,i
) + (2ξ1 Sj,i )2
;

(25)

<

2
− 1) +
e−ξ1 ω1 t cos(ωd1 t) 2ξ1 Sj,i (2ξ12 − 1) − 2ξ1 Sj,i (2ξ12 + Sj,i
−ξ1 ω1 t

e

"

sin(ωd1 t)

4Sj,i ξ12



1−

ξ12

+

(2ξ12



− 1) Sj,i / 1 −

ξ12



(2ξ12

+

2
Sj,i

− 1)

#$

Where j = 1, 2, 3. If low damping is assumed, equation (25) can written as:

Φ̈j,i =

=
ω12
2
2
3
(1 − Sj,i
)Sj,i
sin(Ωj,i t) − 2ξ1 Sj,i
cos(Ωj,i t) +
2 2
(1 − Sj,i
) + (2ξ1 Sj,i )2
;

<

;

3
2
− e−ξ1 ω1 t sin(ω1 t) Sj,i (Sj,i
− 1)
−e−ξ1 ω1 t cos(ω1 t) 2ξ1 Sj,i

(26)

<>

And, if no damping is considered one gets:

Φ̈j,i =

=
>
ω12
2
2
2
(1
−
S
)S
sin(Ω
t)
−
sin(ω
t)
S
(S
−
1)
j,i
1
j,i
j,i
j,i
j,i
2 2
(1 − Sj,i
)

(27)

Considering a single harmonic i the response is approximated as:


L3
Φ̈2,i Φ̈3,i
−
ÿi (t) = 4 Gi Φ̈1,i −
4π EI
2
2



Finally, by taking in ω1 2 as a common factor from equation (25) and considering equation
(11), the response due to a single harmonic i component can be written as:
Gi /2
Θi (Sj,i , Ωj,i , ω1 , ξ1 , t)
3/8mL
Gi /2
Θi (Sj,i , Ωj,i , ω1 , ξ1 , t)
ÿi (t) =
M1

ÿi (t) =

(28)

Where Θi can be deﬁned as the magniﬁcation factor of the dynamic response, that is a
function dependent on the frequency ratio (Sj,i between the input frequency Ωj,i and the natural
frequency ω1 of the system, damping ratio ξ1 and the loading time t.
3.1

ESTIMATION OF MAXIMUM RESPONSE

In order to evaluate the importance of the position of the load, parameters Ω2,i and Ω3,i from
equation (19) can be written as the following:
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2πv
(i k − 1)
L
2πv
(i k + 1)
=
L

Ω2,i =
Ω3,i

(29)

Where k denotes the number of cycles or steps applied to the system by the pedestrian. The
aforementioned equation, when multiply by time t, it allows to evaluate the magniﬁcation factor
as function of the non-dimensional position vt/L in accordance with Sj,i , where j = 1, 2, 3.
Also, equations (29) can be written as follows:


1
k

1
= 2πfstep i +
k

Ω2,i = 2πfstep i −
Ω3,i

(30)

In this way, equations (30) indicate that, as the number of cycles increases the velocity term
can be neglected, approaching the steady state response. In this regard, it is important to mention that the equations here exposed, will correctly approximate the response when the step
frequency fstep is close to the natural frequency f1 rather than exactly the natural frequency of
the bridge. This is understood from the fact that, the differential equation (13) changes when
perfect resonance is addressed. Furthermore, the system will achieve its maximum response
when the Sj,i parameter is close to the unity, meaning that the step frequency fstep is at resonance with the natural frequency f1 . This is a consequence of the presence of the velocity term
that originates the beating of the system response components as shown in equations (17) and
(18). From equation (30), it can be seen that for very short span bridges the velocity term has a
greater inﬂuence on the Sj,i parameter. However, if the pedestrian bridge is short there will not
be enough cycles to achieve high ampliﬁcation in the system’s response. Finally, considering
the ﬁrst harmonic component, the envelope of the magniﬁcation factor Θ1 can be evaluated, as
shown in Figure 2. The envelop is made by evaluating the magniﬁcation factor as a function
of different frequency ratios Sj,i , respect to the non-dimensional position vt/L, given a number
of cycles k and damping ratio ξ1 . The maximum values of the magniﬁcation factor were taken
and plotted in Figure 2, which correspond to the case of a resonant loading case, i.e. Sj,i ∼
= 1.
This is a consequence of the presence of the velocity term. The obtained magniﬁcation factor
curves, are consistent with results published by [4, 5, 6, 7, 8], taking into account the modal
mass and modal stiffness of the clamped–clamped beam system. It can be seen from from Figure 2 that, the response is highly dependent of the damping ratio of the system; a small change
in the damping characteristics of the system has the effect of drastically reducing its dynamic
response, even reducing the order of magnitude of the expected accelerations. This exposes the
disproportional trade-off between the dissipation capacities of the system and its corresponding
response given a resonant input, in regards to a transient event.
Equation (26) has been validated since it produces the same magniﬁcation factor curves as
the complete solution in equation (25), for the presented damping levels. Then, the maximum
response due to the ith harmonic component of the pedestrian load can be estimated as:
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Figure 2: Magniﬁcation factor

ÿi =

Gi /2
Θi (k, ξ)
3/8mL

(31)

Finally, equation (31) can be normalized by taking into account the equivalent steady state
response of the prescribed single crossing pedestrian ÿ, i.e. the steady state response produced
by a harmonic load placed in the centre of the beam as:
ÿi
= Θi (k, ξ) ξ,
ÿ
ÿi = Λ ÿ

(32)

In which Λ is deﬁned as Λ = Θi (k, ξ) ξ. The parameter Λ represents the fraction of the
transient structural response respect to the equivalent steady state response, quantifying how
representative the transient event is in respect to the steady state. Results are shown in Figure 3,
in which normal walking and normal running deﬁned with a stride length of 0.75 m and 1.25 m
as in [9] have been taken into account. In Figure 3, normal running has plotted with a dash line
while normal walking with a continuous line. From the results it can be seen that, due to the
difference of the stride length and its immediately consequence in the number of cycles applied
to the system between the aforementioned activities, for a given bridge length L and a damping
ratio ξ, it is easier to achieve an steady state response for normal walking than normal running.
This effect is emphasized as damping increases.
3.2

MINIMUM MASS DESIGN CURVES

By the use of equation (31) , it is possible to generate design curves for minimum mass
needed for a single running and a single walking load cases in pedestrian bridges. Given a
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Figure 3: Λ (- - normal running — normal walking)

speciﬁc acceleration limit alimit one gets:

m=

Gi /2
Θi (k, ξ)
3/8 alimit L

(33)

By selecting a speciﬁc stride length ls as reference value and considering L = k ls , the
minimum linear mass needed can be deﬁned as:

m=

Gi /2
Gi /2
Θi (L/ls , ξ)
Θi (k, ξ) =
3/8 alimit k ls
3/8 alimit L
(34)

It is considered that normal walking and normal running are deﬁned with a stride length of
0.75 m and 1.25 m, respectively [9]. For a given alimit , a general minimum mass design curve
can be developed for any given value of alimit , as shown in Figure 4, in which normal running
has been plotted with a dash line and normal walking with continuous line. It can be seen in
equation (34) that the minimum linear mass is inversely proportionally to the length L of the
bridge system and proportional to the magniﬁcation factor Θi (k, ξ). In this way, by studying the
minimum linear mass m it is possible to appreciate which effect dominates in the veriﬁcation
of the serviceability limit state.
It can be seen from Figure 4 that, under the same levels of damping, running is always more
critical than walking, which exposes the need of addressing the running load case scenario
for pedestrian bridges. The high differences between normal running and normal walking are
explained by the combined effect of the differences in their corresponding dynamic load factors
DLFi and the different magniﬁcation factors Θi for a given bridge length L, i.e. the number load
cycles applied. The importance of the aforementioned results lies on its generality, solved for
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any prescribed acceleration limit alimit in regards to vertical vibrations. Finally, it is important
to remark that the equations developed can be used for any type of bridge that reassembles the
ﬁrst mode of a vibration of a clamped—clamped beam, as found in tied arch bridges, portal
frame bridges and frame type bridges.
4

CONCLUSIONS

This paper presents an analytical approximation to describe the vertical vibrations of clampedclamped beams subjected to a single pedestrian induced load, and the following can be concluded.
• A magniﬁcation factor is presented and quantiﬁed in a closed—form equation. And, the
low damping assumption has been introduced and validated for the single passing pedestrian load case scenario. The magniﬁcation factor exposes the disproportional trade-off
between the dissipation capacities of the system and its corresponding dynamic response
given a resonant input, which indicates how pedestrian bridges can be susceptible to experience a large acceleration response.
• It has been quantiﬁed how the number load cycles inﬂuence the transient response to
reach its equivalent steady state response for both normal running and normal walking, in
which due to the differences in the stride length, it is easier to achieve steady state under
a normal walking regime load than normal running.
• By studying the minimum linear mass parameter, it has been demonstrated that running
is more critical than walking for a given damping ratio, exposing the need to address its
corresponding load case scenario in the design codes. To this aim, a design chart is given
in the present paper in order to perform fast design and assessment of pedestrian bridges
for a single crossing pedestrian load case scenario.
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• The high differences between normal running and normal walking regarding the minimum mass parameter are explained by the combined effect of the differences in their
corresponding dynamic load factors DLFi and the different magniﬁcation factors Θi for
a given bridge length L, i.e. the number load cycles applied. The importance of this result
lies on its generality, since it has been solved for any prescribed acceleration limit alimit
in regards to vertical vibrations.
Finally, the moving harmonic load problem applied to clamped—clamped beams has been
addressed and it is explained how it can be used for structures that reassemble the mode shape
of the studied system such as frame-type bridges and tied arch bridges, exposing the utility and
generality of the present work.
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Abstract. This paper aims to provide a validation of the Generalized Equivalent Spectral
Model of pedestrian-induced loading through numerical simulations of crowd dynamics.
Pedestrian flows with varying density are numerically simulated based on the social force
model. The instantaneous step frequency of each pedestrian is obtained from his instantaneous
velocity. Results obtained from numerical simulations are statistically analyzed to obtain
probability density functions of the step frequency. Then, each pedestrian is modelled as a
moving harmonic load, whose trajectory and velocity are obtained from crowd simulations.
The power spectral density function of the modal force obtained from numerical simulations is
then compared with the analytical expression provided by the Generalized Equivalent Spectral
Model. Possible modifications of the original formulation are analyzed, in order to fit
numerical results.
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1

INTRODUCTION

Vibration serviceability assessment of footbridges under human-induced excitation requires
the availability of suitable and reliable load models. Several walking load models have been
proposed in the last decades, but so far none of them has been fully validated and recognized
as the most reliable. Recently, increasing attention has been devoted to stochastic load models,
which allow considering the inherent randomness of walking parameters, also known as intersubject variability. A possible approach is the modelling of pedestrian loading as a stationary
random process through the definition of a suitable spectral model (e.g. [1], [2]). Most spectral
models proposed so far refer to unrestricted pedestrian traffic, i.e. to very low pedestrian
density, so that pedestrians are free to walk at their desired speed. To the authors’ knowledge,
the only extension to crowded conditions has been proposed by Ferrarotti and Tubino [3]. In
the Generalized Equivalent Spectral Model (GESM), the effects of human-human interaction
are taken into account in two ways: (1) the mean step frequency of pedestrians is expressed as
a function of the crowd density; (2) a coherence function is introduced to model the increasing
correlation of the loading at different locations for increasing crowd density. Due to the lack of
experimental data, the coherence function has been defined in a qualitative physically-based
way. Thus, a numerical and/or experimental validation of the model is needed.
The aim of the proposed work is to numerically validate the GESM through crowd dynamics
simulations. These are carried out with the commercial software MassMotion [4], which is
based on a microscopic description of pedestrian dynamics, i.e. each pedestrian is modelled as
a single agent, whose velocity is determined by the interactions with the environment and the
surrounding pedestrians. The simulations are performed on an ideal footbridge, crossed by
unidirectional flow of pedestrians with crowd densities varying in the range 0.3-1.5 ped/m2.
The pedestrian trajectories and velocities obtained from crowd simulations are used to derive
the pedestrian-induced forces. The power spectral density function of the modal force obtained
from numerical simulations is then compared with the analytical expression provided by the
GESM to evaluate whether the proposed coherence function is suitable to correctly model
human-human interaction effects. A critical analysis is provided, and possible modifications of
the original formulation are proposed in order to fit numerical results.
2

PEDESTRIAN-INDUCED FORCES: ANALYTICAL FORMULATION

In this Section, the Generalized Equivalent Spectral Model (Section 2.1) and the timedomain force model (Section 2.2) are introduced.
2.1

Generalized Equivalent Spectral Model

The Generalized Equivalent Spectral Model (GESM) [3] of pedestrian-induced forces is
based on the definition of the cross-power spectral density function (cpsdf) of the force perunit-length Sff(x,x′,n), which, under the assumption of uniform equivalent loading, is given by:

S ff x, xc; n

S f n Coh ff x, xc; n

(1)

where Sf(n) is the power spectral density function (psdf) of the force per-unit-length, and
Cohff(x,x′,n) is its coherence function, given by:

Sf n

D mGm
HL
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In Eq. (2), Dm and Gm are, respectively, the mean value of the DLF and of pedestrian weight,
Np is the mean number of pedestrians on the footbridge, pN(n) is the probability density function
(pdf) of the step frequency n, H is interpreted as the separation distance that each pedestrian
interposes with others to avoid contact, assumed as H 4 m. The exponential decay coefficient
in Eq. (3), is expressed as a function of the mean step frequency nm, C = exp(C1nm+C2), (C1 =
22.7, C2=-41). The mean step frequency nm can be obtained as a function of the mean walking
velocity vm [5]:
nm

0.35vm3  1.59vm2  2.93vm

(4)

The mean step velocity vm is related to pedestrian density U through the fundamental law:
vm U

ª
§1
1 · º °½
°
vmax ®1  exp « JUmax ¨ 
¸» ¾
© U U max ¹ ¼ °¿
°¯
¬

(5)

with Umax=5.4 ped/m2, J=0.354, vmax=1.34 m/s according to Buchmueller and Weidmann [6].
Based on the GESM, the psdf of the modal force for a generic mode shape Mj(x) is given by:
Sf n Fj n

S Fj n

(6)

where Fj(n) is the admittance function, defined as follows:

Fj n

L L

³ ³ Coh

ff

x, xc; n M j x M j xc dxdxc

(7)

0 0

being L the length of the structure. Under the assumption of unrestricted traffic, and considering
the first mode shape of a simply-supported beam Mj(x)=sin(Sx/L), the psdf of the modal force is
given by [3]:
S Fj unr n

D mGm

2

Np
4

pN n

(8)

2.2 Time-domain force model
Pedestrian-induced force is commonly schematized as a moving load. The force per unit
length exerted by Np pedestrians can be expressed as the sum of the forces exerted by each
single pedestrian as follows:
Np

f x, t

¦f
i 1

i

t δ ª¬ x  xi t º¼

(9)

where t and x are the time and the abscissa along the structure, xi(t) and fi(t) are, respectively,
the instantaneous position and the force exerted by the i-th pedestrian, and G(●) is the Dirac
delta function.
If pedestrian traffic is simulated numerically in order to take into account interaction among
pedestrians, then the instantaneous position xi and velocity vi of the i-th pedestrian are the output
of the simulation, and the step frequency ni can be derived from the step velocity vi through a
suitable law (e.g. Eq. (4)). Since the pedestrian step frequency ni(t) is time variant during
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footbridge crossing, the pedestrian force exerted by the i-th pedestrian can be modelled as a
sinusoidal carrier signal, whose base frequency nm,i is modulated, as follows:

fi t

Ti
ª
º
D i Gi sin « 2S nm,i t  2S ³ ni t  nm,i dt »
«¬
»¼
0

(10)

where nm,i is the mean value of the instantaneous step frequency during footbridge crossing time
Ti. Furthermore, Di and Gi are the dynamic load factor (DLF) and the weight of the i-th
pedestrian, respectively.
Starting from Eq. (9), the modal force for a generic mode shape Mj(x) can be expressed as:
L

Fj t

³

f x, t M j x d x

¦f
i 1

0

3

Np

i

t M j ª¬ xi t º¼

(11)

CROWD DYNAMICS NUMERICAL SIMULATION

Numerical simulations of crowd dynamics are carried out on an ideal footbridge, whose
dimensions in plan recall the ones of the De Gasperi footbridge in Milan: length L=60 m, width
B=2.7 m [7]. Pedestrian initial positions are randomly distributed in a “starting area” before the
footbridge entrance, ten times longer than the footbridge length: this assures that pedestrians
are initially uniformly distributed with a crowd density U. Hence, the total number of generated
pedestrians N is set equal to 10UBL. Four values of crowd density, [0.3 0.7 1.1 1.5] ped/m2,
from unrestricted to extremely dense pedestrian traffic, are considered. For each crowd density,
100 simulations are performed to obtain statistical reliability.
For each simulation, mean values of the pedestrian density and velocity are calculated during
the period of full occupancy Tfull. The lower and upper boundaries of Tfull are determined as the
first and last time instant when the 95% of the mean number of pedestrians Np are on the
footbridge [8]. The obtained mean values are then averaged over 100 simulations.
Figure 1 plots the vm-U relation resulting from crowd simulations (MM), together with a
fitting law and the fundamental law in Eq. (5). It can be observed that for pedestrian densities
below around 1.7 ped/m2 the mean walking velocities obtained from numerical simulations are
lower than those estimated with the Weidmann law in Eq. (5).

Figure 1: Comparison between vm-U relation obtained with MM and proposed by Weidmann.
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Time histories of step frequencies are derived from walking velocities through Eq. (4).
Moreover, in order to account for the reaction time needed by pedestrians to adapt their step
frequency to variations of the walking velocity, the step frequency is estimated as the 5s-moving
average of the instantaneous values.
Table 1 reports the obtained mean value and standard deviation of step frequencies for the
four crowd densities.
U [ped/m2] 0.3
nm [Hz]
1.786
nstd [Hz] 0.1083

0.7
1.676
0.0962

1.1
1.588
0.0752

1.5
1.492
0.0598

Table 1: Mean and standard deviation of step frequencies obtained from numerical simulations.

Pdfs of the mean step frequencies during footbridge crossing are estimated from each
simulation. Figure 2 plots the obtained numerical mean pdfs and their Gaussian fitting, together
with the model adopted in [3]. The numerical pdf is well approximated by a Gaussian fitting,
especially for densities below 1.5 ped/m2, while the pdf in [3], assuming nstd=0.18 Hz, does not
fit the simulation results.

Figure 2: Numerical PDFs of the mean step frequencies and Gaussian fitting.

Figure 3 shows the mean and standard deviation (std) of step frequencies obtained from the
fitting of numerical pdfs for each crowd density, compared with the mean step frequencies
estimated through Eqs (4), (5). In line with the vm-U trend in Figure 1, numerical mean step
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frequencies decrease on increasing crowd density and numerical values are lower than those
estimated from Eqs. (4), (5). Standard deviation values also show a decreasing trend for
increasing crowd density, meaning that in crowded conditions pedestrians tend to walk at step
frequencies closer to the mean value.

Figure 3: Numerical mean and std of step frequencies in comparison with those estimated from Eqs (4), (5).

The forces induced by each pedestrian are then calculated according to Eq. (9), with each
contribution given by Eq. (10), and the modal force is calculated as in Eq. (11), assuming
DiGi=DmGm = 280 N. Figure 4 plots an example of the time history of the modal force obtained
from a simulation.

Figure 4: Time history modal force for a simulation with 0.7 ped/m2.

4

PSDF OF THE MODAL LOAD AND GESM VALIDATION

This section is devoted to the comparison between the numerical psdfs and the analytical
expressions provided by the GESM. For each value of the crowd density, the numerical psdfs
of the modal force are calculated for each simulation and then averaged over 100
simulations. Concerning GESM, three different psdfs are considered:
x the psdf obtained from Eq. (6), assuming pN(n) in Eq. (2) as a normal distribution,
with mean value from Eq. (4) and std corresponding to 0.18 Hz [3] (GESM);
x the psdf obtained from Eq. (6), assuming pN(n) as a normal distribution, with mean
value and std obtained from numerical simulations in Table 1 (GESMsim);
x the psdf obtained from Eq. (8), valid for unrestricted pedestrian traffic, assuming
pN(n) as a normal distribution, with mean value and std obtained from numerical
simulations in Table 1 (GESMunr).
Figure 5 plots the comparison between the modal psdfs obtained from numerical simulations
and the analytical estimates obtained from the GESM. From Figure 5, it can be deduced that
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the original formulation (GESM) provides a psdf of the modal force which is far from the one
obtained numerically from crowd simulations: the difference comes mainly from the significant
difference between the mean step frequency obtained from crowd numerical simulations and
the ones provided by Eq. (4), already remarked in Figure 4; furthermore, Table 1 shows that the
numerically obtained standard deviation of the step frequency is much smaller than the value
assumed in the GESM. The analytical prediction provided by the GESM with mean and std of
the step frequency obtained from numerical simulations (GESMsim) is in accordance with the
numerical result for low crowd density (unrestricted pedestrian traffic), while it greatly
overestimates the numerical results for higher crowd densities. The analytical solution that
provides results in better accordance with numerical simulations is the one obtained from
GESM with numerically estimated mean and std of the step frequency under the hypothesis of
unrestricted pedestrian traffic (GESMunr). Thus, it seems that interaction among pedestrians can
be globally modelled assuming a psdf of the modal load provided by the GESM for unrestricted
traffic, adopting a pdf of the step frequency coherent with simulations, i.e. taking into account
the reduction of its mean value and std on increasing crowd density.

Figure 5: Comparison between psdfs of the modal force obtained from numerical simulations and GESM
predictions.

5

CONCLUSIONS AND PROSPECTS

This paper has studied pedestrian-induced forces on footbridges in different traffic conditions.
Pedestrian flows have been simulated numerically with the commercial software MassMotion,
based on the social force model, and the instantaneous step frequency of pedestrians has been
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derived from their velocity. The probabilistic analysis of the step frequency has revealed that,
in accordance with the Weidmann law, the mean step frequency tends to decrease on increasing
crowd density but numerically obtained walking velocities are lower. Furthermore, also the
standard deviation of the step frequency tends to decrease in crowded conditions.
The comparison between the power spectral density function of the modal force obtained
from numerical simulations and the analytical expression provided by the GESM has shown
that the correlation among pedestrians can be modelled through the GESM including densitydependent values of the mean and standard deviation of the step frequency. The coherence
model originally proposed highly overestimates the correlation among pedestrians and provides
very large values of the modal force, if compared with numerical simulations. Assuming the
coherence model proposed by the GESM for unrestricted pedestrian traffic provides results in
accordance with numerical simulations.
The results here obtained are referred to a single deck geometry. Further analyses
investigating the influence of the deck width on the equivalent loading spectral properties are
necessary. Furthermore, the attention is here focused on the spectral properties of the modal
load: a strategy to directly characterize the coherence function of the equivalent distributed
loading is under investigation.
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Abstract. Pedestrian-pedestrian interaction (PPI) is one of the fundamental mechanisms
purported to influence the amplitudes of structural response under the action of a walking
crowd. This is because a pedestrian is likely to alter their gait due to the presence of other pedestrians, which in turns alters the magnitude of structural loading. However, little empirical
data are currently available to assess the effect of PPI in the context of vibration serviceability. This is mainly due to logistical challenges in assembling and instrumenting a crowd of
walking pedestrians, and the associated cost. To this end, a novel virtual reality platform is
developed for experimental investigation of pedestrian-pedestrian interaction. In comparison
to real-world crowd testing, the platform enables experimental protocols to be implemented
repeatedly in a highly controlled environment while collecting a rich set of data on pedestrian
behaviour. The platform incorporates state-of-the-art technology for motion capture, artificial intelligence and three-dimensional computer modelling, and comprises of three core
modules: (i) the environment, (ii) the crowd and (iii) the user interface enabling real walking
behaviour. To assess the validity of the platform for investigating PPI, tests were conducted to
quantify gait synchronisation between a pair of walking pedestrians. The pair of pedestrians
consisted of either two real humans or a real human and an avatar generated within a fully
immersive VR environment. The test subject was either not explicitly asked to or specifically
asked to synchronise their gait while walking side-by-side or front-to-back. It was found that
walking with an avatar yields qualitatively the same results as walking with a real person,
whether that is with or without the instruction to synchronise gait. However, the results differ
quantitatively in terms of the synchronisation strength and the directionality.
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1

INTRODUCTION

In recent years, the industry-wide trend of pushing boundaries in terms of sleek and slender
design using light materials often leads to reduced mass, stiffness and damping [1] of the
newly built structures. As a consequence, several footbridges failed to satisfy the vibration
serviceability criteria when occupied by a crowd of people [2–11]. A number of dynamic
force models were put forward to account for the adaptation of pedestrian’s stepping behaviour due to the presence other walkers [12–15], known as pedestrian-pedestrian interaction
(PPI). However, very few studies attempted to uncover the underlying network of complex
dynamic interactions present in a crowd of walking pedestrians and quantify the strength of
PPI in the context of structural dynamics [16–18]. This is predominantly due to many uncertainties associated with a full-scale crowd testing, but also low repeatability of experimental
conditions and a significant logistical challenge of gathering and instrumenting a group of
walkers together with the accompanying costs.
To alleviate these issues, a novel experimental platform is proposed to limit the logistical
efforts in investigating PPI whilst providing an accurate representation of real-life environment. This is achieved by employing the latest developments in motion capture, three-dimensional modelling and virtual reality (VR) technology, and by using artificial intelligence (AI) driven virtual pedestrians capable of simulating complex social interactions present in real
crowds.
This paper is structured as follows: Section 2 describes the development of the VR experimental platform for PPI investigation, Section 3 details the validation procedure of the platform, followed by the data analysis process, Section 4 presents the validation results together
with the discussion, and Section 5 provides the conclusions.
2

DEVELOPMENT OF THE VIRTUAL-REALITY PLATFORM

A construction of biomechanically representative, virtual reality-based experimental platform
for investigating PPI consisted of the following stages. Firstly, an optical motion capturing
system was employed to record multiple gait cycles of a real person walking with various
speeds along a straight line as well as along an arc of circles with various radiuses, with the
procedure repeated at multiple walking speeds. Secondly, the recorded motions were used to
create an animation controller which would drive the motion of a realistic humanoid character
in VR, referred to as an agent. Lastly, a novel AI system was employed to steer the agent in
the virtual setting.
2.1 Motion capture
A twenty-five years old male performer (height 182.5 cm, weight: 80 kg) was recruited from
the university cohort. He was outfitted with a motion capture equipped with thirty-seven reflective markers placed on body landmarks. The performer was asked to complete four different types of walks at pacing frequencies ranging from 1.3 Hz to 2.0 Hz at 0.1 Hz increments.
The walks consisted of walking along a straight line, and around small, medium and large circles with the radiuses of 63.5 cm, 27 cm and 254 cm (25 in, 50 in and 100 in) respectively. A
metronome was used to ensure the consistent pacing frequency of the performer throughout
the motion recording process.
The gait cycles were recorded using a set of eight OptiTrack Prime 13 cameras, which provided near real-time tracking data at the sampling rate of 120 Hz. The raw tracking data were
transferred over to the processing unit over the IEEE 802.3 compliant, gigabit network. The
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data were recorded and post-processed using OptiTrack's proprietary software, Motive:Body
2.0.
The initial post-processing consisted of interpolation of missing markers' trajectories due to
occlusions and light reflections. Based on the characteristics of the specific marker's trajectory, this was done by employing a first or third-degree polynomial interpolation algorithm.
Furthermore, any noise in the raw tracking data was removed by using a fourth-order two-way
Butterworth low-pass filter with the cut off frequency at 6 Hz. The primary noise source was
markers’ vibration, as they were not directly attached to the bones. Also, changes in air temperature and lighting conditions contributed to the decrease in the tracking quality.
The actual processing of the motion capture data was conducted in Autodesk MotionBuilder 2018. During this stage, the original data were down sampled to 30 frames per
second. Furthermore, details such as feet's floor contact and fingers positions were adjusted.
Finally, from multiple recordings of the same kind, gait cycles were extracted and stitched together to minimise the repeatability of the avatar's motions.
2.2 Avatars creation
Adobe Fuse CC 1.2 was used to create three-dimensional models of humanoid characters employed in VR. The software allowed physical and visual features of virtual avatars to be adjusted, i.e. dimensions of body parts, facial expression and clothing. In order to create the
bone structure of the virtual characters, the models were exported to Adobe Mixamo where
they were rigged. This created a puppet-like animation mechanism by tying the skeleton to the
skin mesh.
Rigged avatars were then exported to Unity 2018.4.0f1 – a game engine used throughout
this project. Unity was chosen predominantly due to its C# scripting API and a vast Asset
Store collection compared to other game engines.
The next step consisted of retargeting motion-captured gait cycle animations onto the avatars and creating an animation controller. The animation controller employed two-dimensional
linear animation blending to create smooth transitions between recorded animations based on
two input parameters: (i) selected pacing frequency and (ii) the desired direction of progression.
Footsteps sound effects were added to avatars to provide realistic auditory ques based on
the walking surface. The sound effects were programmed to be triggered by every heel strike.
2.3 Steering system
Polarith AI system was implemented to navigate the avatar around the virtual environment by
feeding input parameters into the animation controller. It is an artificial-intelligence navigation system which is fully programmable and operates based on a multi-objective optimisation
algorithm. The system works in two stages. Firstly, it samples the surrounding to detect the
position of the objective and any obstacles. Secondly, it uses an optimisation algorithm to find
the local solution to the optimisation problem [19]. The solution takes the form of the desired
direction of movement, which is then fed to the animation controller to move the avatar.
For the purpose of experimental platform validation, a path-follow behaviour was programmed without any obstacles present.
3

PLATFORM VALIDATION

To validate the virtual reality platform, one healthy male test subject (age: 30, height: 191.6
cm, weight: 80.1 kg) was recruited from the cohort of students at the University of Leicester.
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Prior to taking part in the experiment, he was asked to: (i) familiarise himself with the participant's information letter, (ii) complete the physical activity readiness questionnaire, and (iii)
sign the informed consent form. He was asked to wear flat sole shoes and casual clothing.
The study was approved by the University of Leicester Ethics of Research Committee.
3.1 Location
Due to the space requirement, the Charles Wilson Sports Hall was selected as a suitable location for the validation study. The sports hall is located within the main campus of the University of Leicester, UK. It is 16.7 m wide and 33.5 m long with the clear ceiling height of 5.6
metres at the highest point. To minimise the effect of light reflections on tracking quality, the
parquet floor was covered with a dark monotone carpet. This also eliminated visual reference
cues offered by the floor markings, which otherwise might have influenced the test subject’s
movements.
3.2 Experimental protocol
The test subject was provided with a habituation time to familiarise himself with the virtual
environment. He was asked to perform a total of sixteen walks around a path consisting of
two 10 m long straights and two turns 5 m in diameter. Each walk consisted of 8 laps, resulting in a total distance of 285 m travelled per walk. During each walk, the test subject walked
next to (side-by-side; SbS) or behind (front-to-back; FtB) a pacer. The walks were performed
in two settings: (i) in the virtual environment (VR), where the pacer was previously created,
virtual agent or (ii) in the real environment (RL), where the male performer employed to record virtual agent’s motion served as a pacer.
To avoid any directional bias in test subject's behaviour, each walk was performed twice,
in a clockwise and an anticlockwise direction around the path. During the first eight walks,
the test subject was only directed to maintain his assigned position relative to the pacer, hereafter referred to as uninstructed synchronisation experimental conditions (US). During the last
eight walks, the test subject was explicitly asked to walk in step with the pacer, in such manner that the timing of their ipsilateral footsteps was perfectly matched, hereafter referred to as
instructed synchronisation experimental conditions (IS).
In order to control real pacer's stepping behaviour, he was equipped with Pioneer SE-M521
over-ear headphones connected to KORG MA-1 metronome. The pacing frequency of the virtual pacer was controlled in the game engine through the animation controller.
The pacing frequency of pacers was based on test subject's height and calculated using the
following formula:
𝑣
𝐹𝑅 =
(1)
𝑔𝑙
where 𝑣 is the walking velocity, 𝑔 is the gravitational acceleration, 𝑙 is a leg length, and 𝐹𝑅 is
the Froude number which was set to 0.15. The leg length 𝑙 was estimated by using test subject's height, and gender relationship derived by Pheasant [20], and explicitly given by Bocian
et al. [21]:
𝑙 = 0.7028ℎ − 0.3091

(2)

where ℎ is the test subject’s height. The walking velocity v was converted to the pacing frequency 𝑓! using the Eq. 3, which was derived from experimental data in Soczawa-Stronczyk
et al. [22].
𝑓! = 0.66𝑣 + 0.99
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As a consequence, virtual pacer’s pacing frequency was set to 1.81 Hz and the metronome
beat for the real pacer was set to 108 BPM.
3.3 Instrumentation
A motion capture system (mocap system) made up of twenty-four OptiTrack Prime 17W and
ten OptiTrack Prime 13 cameras was set up in the sports hall. During walks performed in the
virtual environment, the test subject was equipped with Oculus Rift CV1 head-mounted display (HMD) together with the MSI VR One 7RE backpack PC used to generate the environment. The HMD had reflective markers affixed to it in order to track its position and rotation
using the mocap system. The positional data were wirelessly streamed to the backpack PC
from the dedicated mocap processing PC using the NatNet server broadcast protocol version
3.0, through IEEE 802.11n-2009 wireless network.
The virtual environment used during the validation experiment was created using building
information modelling (BIM) software - ARCHICAD 23. A high-detail, realistic representation of the Charles Wilson Sports Hall was created.
During all walks, the test subject was instrumented with two APDM Opal™ wireless attitude and heading reference systems (AHRS). One AHRS was attached to the lower back, at
the level of fifth lumbar vertebra (L5), whereas the other was strapped to the right ankle, using elastic straps. The data recorded by AHRSs were sampled at 128 Hz and time locked. For
the purpose of the subsequent analysis, three-dimensional acceleration signal recorded in the
local coordinate system (i.e. sensor) was extracted and resolved to the global coordinate system by means of the quaternion algebra. This allowed the vertical component of the acceleration vector (i.e. that aligned with the gravity vector) to be extracted for further analysis.
The real pacer was outfitted with a set of AHRS of the same type and positioned at the
same body locations as in the case of the test subject. This enabled synchronisation to be easily quantified based on a set of compatible signals.
Only the data from the sensor strapped to the ankle were used, as the data were sufficient
to describe a gait cycle fully.

Figure 1: A person wearing HMD (right) walking next to the pacer in the virtual environment (left).

As it was impossible to instrument the virtual pacer, the displacement of the right ankle
was recorded in the game engine, at a sampling frequency of circa 50 Hz. Considering that the
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displacement signal was not time-locked with the AHRS's data, the following time alignment
procedure was implemented. An AHRS was fastened to a rigid body with three reflective
markers, which were tracked by the motion capture system. The position of the rigid body
was isometrically mapped (i.e. preserving distances and rotation angles) onto an unrendered
virtual cube, of which displacement was recorded together with the displacement of the virtual pacer's ankle. Before and after each test, the AHRS-rigid body couple was slowly waved
using a sinusoidal motion to create a reference signal subsequently used to time-align the data
from the game engine and the AHRS.
3.4 Data analysis

(a)

15

0.2

7.5

Displacement [m]

Acceleration [m/s 2 ]

The subsequent quantification of the synchronisation strength was performed in MATLAB
R2019b and was based on vertical velocity signals from the ankle. This is due to the need to
reconcile the displacement signals from the game engine (expressed in m) with the acceleration signals from AHRS (expressed in m/s2) to a common physical quantity before further
processing. In order to minimise the impact of the data loss inherent to the numerical differentiation (high frequency noise), as well as to lessen the signal drift rising from the numerical
integration (low frequency noise), it was decided to differentiate game engine's displacement
signals and integrate the AHRS' acceleration signals to achieve compatible velocity signals
(expressed in m/s), as shown in Figure 2.
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Figure 2: Examples of (a) the raw AHRS acceleration signal and the resampled game engine displacement
signal from the ankle, (b) the corresponding velocity signals, (c) the corresponding phase difference signal and (d)
the relative probability distribution.
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At the start, the displacement signals were upsampled from the variable sampling rate of
circa 50 Hz to the uniform sampling rate of 128 Hz to match the sampling rate of AHRS acceleration signals. The upsampling was performed using shape-preserving piecewise cubic interpolation algorithm implemented in MATLAB's resample function [23].
In order to differentiate the game engine's displacement signals, a one-dimensional gradient of the vertical displacement vector was calculated and then divided by the numerical gradient of the corresponding time vector. The ensuing velocity vector was post-filtered using the
fourth-order two-way Butterworth band-pass filter with the frequency band set to preserve the
first three harmonics of the original signal.
The numerical integration of AHRS acceleration signal was proceeded by the pre-filtering
of original signals with the fourth-order two-way Butterworth band-pass filter with the same
frequency band as in the case of numerical differentiation. The integration was performed by
employing the cumulative trapezoidal numerical integration method [24] and post-filtering the
resulting velocity signals with the fourth-order two-way Butterworth high-pass filter with the
cut-off frequency equal to half of the frequency of the first harmonic.
Finally, with all signals representing the same physical quantity, the two velocity signals
derived from the AHRS-rigid body were used to find the delay between AHRS and the game
engine's signals for each walk. Using MATLAB's finddelay function [25], the cross-correlation between the two velocity signals was calculated at all viable lags. Subsequently, the
cross-correlation was normalised, and the estimated delay was given as the negative lag characterised by the largest absolute value of the normalised cross-correlation, which allowed
game engine's and AHRS signals to be time-aligned.
3.5 Synchronisation quantification
Before the quantification of pairwise gait synchronisation strength between the test subject
and the pacer, analytic representations of velocity signals had to be calculated first. For this
purpose, each pair of velocity signals (velocities of test subject's and pacer's right ankles from
each walk) was band-pass filtered by utilising the fourth-order two-way Butterworth bandpass filter with a frequency band ranging from 0.70 times the minimum signal (stride) frequency to 1.25 times the maximum stride frequency, as suggested in van Ulzen et al. [26].
For each of the velocity signals 𝑣" (𝑡), the Hilbert transform was then used to obtain the instantaneous phase information contained within the analytic signal 𝑣"# (𝑡), defined as [27]:
𝑣"# (𝑡) = 𝑣" (𝑡) +

$% (𝜏)
𝑖
𝑣"
𝑃. 𝑉. <
𝑑𝜏
𝜋
&% 𝑡 − 𝜏

(4)

where 𝑃. 𝑉. is the Cauchy principal value of the integral. The instantaneous phase angle of the
velocity signals 𝜙" (𝑡) was calculated by taking the four-quadrant inverse tangent of the imaginary, ℑ, and real, ℜ, parts of the analytical signal:
𝜙" (𝑡) = tan&'

ℑ[𝑣"# (𝑡)]
ℜ[𝑣"# (𝑡)]

(5)

The phase angle difference of the considered pair of signals 𝜙!,) (𝑡) was calculated by subtracting test subject's phase angle time series (denoted by subscript 𝑠) from the one of the
pacer (denoted by subscript 𝑝).
𝜙!,) (𝑡) = 𝜙! (𝑡) − 𝜙) (𝑡)

(6)

The synchronisation strength between test subject's and pacer's gait cycles was determined
based on the Shannon entropy 𝐸!,) of the phase difference distribution, defined as [28]:
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+
*
*
𝐸!,) = − J 𝑃!,)
ln 𝑃!,)

(7)

*,'
*
𝑃!,)

where
is the probability of the phase difference 𝜙!,) (𝑡) falling into a 𝑘-. bin of 𝜋⁄8 in
size, and 𝑁 is the total number of bins. In order to be able to compare the values of the synchronisation strength across different walks, the synchronisation strength index 𝜌!,) was then
calculated by normalising by the maximum achievable Shannon entropy in the case of the
perfect frequency synchrony:
ln 𝑁 − 𝐸!,)
(8)
ln 𝑁
The index takes values ranging from 0 to 1, with 0 corresponding to a complete lack of gait
synchronisation (i.e. a uniform distribution of phase difference) and 1 representing a perfect
gait synchronisation (i.e. a Dirac-like distribution of phase difference).
𝜌!,) =

4

RESULTS AND DISCUSSION

4.1 Stride frequency
In order to assess the influence of the experimental environment on the pacing rate, stride frequency of both pacers and the test subject was calculated using fast Fourier transform for each
of the walks. Subsequently, the difference between pacers’ and test subject’s stride frequencies was quantified. Under US experimental conditions, the mean (± standard deviation) dif̅ /0.23 = 0.060 ± 0.011 Hz and to f!&)
̅ 4/.23 = 0.037 ± 0.008 Hz during
ference was equal to f!&)
walks in the RL and VR environments, respectively. Similarly, the same comparison made for
̅ /0.53 = 0.004 ±
walks under IS experimental conditions showed an average difference of f!&)
̅ 4/.53 = 0.003 ± 0.002 Hz, respectively. Moreover, the overall increase of test
0.005 Hz and f!&)
subject’s stride frequency in the virtual environment was equal to 2.81% and 0.13%, under
US and IS experimental conditions, respectively. Those results show a high level of affinity
between the two tested environments and indicate that test subject’s stride frequency remained unaltered in the virtual environment, compared to the real equivalent.
4.2 Gait variability
To evaluate the compatibility of the walking stimulus between the real and virtual environments, the gait cycle variability of both pacers was quantified and assessed through the coefficient of variation (CoV) of the stride frequency.
XXXXX!/0 = 1.09 ± 0.09%, with the
The mean gait variability attained by the real pacer was CoV
maximum recorded value of CoV!/0 = 1.26%. The virtual pacer achieved the maximum gait
XXXXX!4/ = 0.52 ± 0.03%. Even though the
variability of CoV!4/ = 0.56% with the mean of CoV
average gait variability of the real pacer was double the value achieved by the virtual counterpart, the real pacer's variability was deemed acceptable to provide consistent visual and auditory cues to the test subject. A certain level of discrepancy between the two pacers' gait
variabilities was expected due to the inherent inability of the real human to replicate their
stepping behaviour perfectly, and the finite number of gait cycles available to drive the virtual
pacer.
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Under the US experimental conditions, the mean gait variability of the test subject was
XXXXX
CoV)/0.23 = 3.63 ± 1.44% and XXXXX
CoV)4/.23 = 3.32 ± 2.00% during walks in the real and virtual environments, respectively, with the corresponding maximum values CoV)/0.23 = 5.43%
and CoV)/0.23 = 5.75%.
The walks performed under IS experimental conditions were characterised by test subject's
lower gait variability. The maximum gait variability attained during walks performed in the
real and virtual environment, respectively, was CoV)/0.53 = 4.24% and CoV)4/.53 = 3.10%,
with the mean values of XXXXX
CoV)/0.53 = 3.01 ± 0.95% and XXXXX
CoV)4/.53 = 2.31 ± 0.58% respectively.
The instruction to synchronise steps with the pacer resulted in a decrease in the gait cycle
variability in both environments. A more considerable increase in the consistency of the gait
cycle was observed during the VR walks, which was pronounced under the IS experimental
conditions. This can be attributed to the more isolated conditions offered by the virtual environment. Although the virtual environment was constructed to mimic the sports hall's interior
where the tests took place, it secluded the test subject from some of the peripheral stimuli present in the real environment. As a consequence, the test subject's cognitive load was relieved,
which might have resulted in more cognitive resources being spent on the execution of gait
control. In addition, several studies have reported that the virtual environment alters the distance perception while walking [29–33], resulting in shorter strides [34] and more careful feet
placement.
4.3 Synchronisation strength
Synchronisation strength index values achieved during walks under US experimental conditions were comparably low, with the mean synchronisation strength index of ρX/0.23 =
0.005 ± 0.004 and ρX4/.23 = 0.015 ± 0.014 during walks performed in the real and virtual
environments, respectively, with the corresponding highest index values of ρ/0.23 =
0.012 and ρ4/.23 = 0.037.
The synchronisation strength index values recorded under US experimental conditions
were below the proposed synchronisation threshold of ρ = 0.2 [35]. These results are consistent with previous findings for a pair of walkers [26,36] and a group of pedestrians walking
on a rigid ground [22] and a bridge [16], and reflect the transient nature of the unprompted
gait adaptation mechanism.
The synchronisation strength index values achieved in IS experimental conditions are presented in Figure 3 (represented by the vector magnitude) and are accompanied by the mean
circular direction (represented by the corresponding vector angle) to indicate the directionality
of the synchronisation phenomenon. The mean circular direction 𝑟̅ was calculated by transforming all phase difference values into a two-dimensional vector 𝑟̅ = (cos 𝛼 , sin 𝛽) and averaging over the number of data points [37]. According to the adopted sign convention,
positive values represent test subject’s leading the pacer, and the negative values indicate the
test subject lagging the pacer.
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Figure 3: The synchronisation strength index values (magnitude) together with the corresponding mean circular
direction (angle) recorded during walks in (a) the real and (b) virtual environments under IS experimental conditions.

The instruction given to the test subject to synchronise his gait cycle with the pacer led to a
similar increase in the synchronisation strength values in both environments. The mean synchronisation strength index of ρX/0.53 = 0.605 ± 0.074 and ρX4/.53 = 0.650 ± 0.134 was attained during walks in the real and virtual environment, respectively. This was the result of
the test subject exhibiting increased control over the stepping behaviour in comparison to US
walks.
The mean circular direction of the walks performed in the real environment took near-zero
values with the front-to-back walks recording slightly negative values, and the side-by-side
walks slightly positive values. Negative values of the directionality during front-to-back
walks were the result of the test subject reaction to the pacer’s action. On the other hand, during side-by-side walks, the pacer was positioned within test subject’s horizontal far peripheral
vision [38], which might have prompted the emergence of test subject’s anticipatory stepping
behaviour.
The aforementioned mechanism responsible for the anticipatory behaviour was amplified
during the side-by-side walks performed in the virtual environment. This is because of the
head-mounted display limiting test subject’s horizontal field of view by circa. 110o [39,40],
and thus effectively eradicating far peripheral vision. The test subject attempted to compensate for this by falling slightly behind the pacer so that the pacer was within his field of view.
The virtual reality gave rise to an additional mechanism prompting the anticipatory behaviour, as the gait anticipation was also present during the front-to-back walks, where the pacer
was no longer positioned in the test subject's far horizontal peripheral but rather in the centre
of his gaze. In the front-to-back collocation, the rear walker would attempt to arrive at the
double stance phase of gait faster than the person positioned in front in order to allow for a
more natural collision avoidance corrections [41].
In the case of side-by-side and front-to-back collocations, the repetitiveness of virtual pacer's gait cycle might have laid grounds for greater predictability of its gait cycle, especially
given the more isolated conditions offered by the virtual environment.
5

CONCLUSIONS

This paper presents the development and validation of a novel virtual reality platform for investigating pedestrian-pedestrian interaction and crowd dynamics. The platform utilises the
most recent advancements in three-dimensional modelling, motion capturing and virtual reality technology. It comprises of a highly detailed representation of the real environment and an
AI-driven virtual pedestrian capable of exhibiting complex social interactions found in real
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crowds. The validation process involved a 30 years old male test subject covering the distance
in excess of 4 km in the real and virtual environments, walking next to or behind a pacer, that
being either a real person or an animated virtual agent. Sixteen walks were recorded in total,
including eight without and eight with the instruction to synchronise steps.
No disimilarities were found between test subject’s stride frequencies attained in the RL
and VR environments, as the stride frequency values increased by a total of 1.42% in the VR.
This subsequently resulted in the relationship between test subject’s and pacers’ stride frequencies being compatible across the two tested environments.
The assessment of the difference between test subject’s and pacers’ stride frequencies
yielded compatible results in both, the real and virtual environments. Furthermore, no significant differences in gait parameters of the tested subject were found between the two tested environments.
The analysis of pacers’ gait variability showed that the average difference between real and
virtual pacers’ gait variability is equal to 0.57%, which ensures the compatibility of the visual
and auditory cues provided by the walking stimulus across the two environments. The test
subject’s gait variability was lower in the virtual environment by 8.5% under US experimental
conditions, and by 23.3% under IS experimental conditions. The more consistent stepping behaviour was likely the result of a smaller number of peripheral stimuli offered by the virtual
environment, which subsequently allowed for a greater focus on pacer’s motion.
Under US experimental conditions, the synchronisation strength index achieved in the virtual reality platform was compatible with the real environment, yielding values not exceeding
0.04. This is consistent with previous results obtained for a pair of walkers [26,36] and during
walking in a group [16,22].
The instruction given to the test subject to synchronise his gait with that of the pacer resulted in an increase of the synchronisation strength index in both environments beyond 0.2.
The effect of the instruction was stronger in the virtual environment, where the synchronisation strength index was higher by 7.4%. The directionality of gait synchronisation revealed
that in the real environment, the test subject was reacting to pacer’s stepping behaviour during
walks in the front-to-back arrangement and anticipating pacer’s footsteps during side-by-side
walks. The anticipatory behaviour was further amplified in the virtual environment and also
emerged during front-to-back walks.
Overall, the preliminary results presented herein indicate that the developed experimental
platform has the potential to become a viable solution for investigating crowd dynamics,
within and beyond the context of vibration serviceability.
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DQVUHVRQDQWFRQGLWLRQV
$EVWUDFW The paper presents selected results of a first experimental campaign on a footbridge
over-passing the Lambro River near Milano (Italy). The 3-span footbridge, for a bicycle-pedestrian mixed use, has a reinforced concrete deck supported by a steel structure. The footbridge, 107 m long and with a constant width of 4.4m, is roughly symmetric about both midspan and the longitudinal axis. As a part of proof tests performed in March 2016, ambient
vibration tests identified the footbridge modal properties, detecting at 1.75 Hz the fundamental
bending mode with the maximum amplitude recorded at mid-span, a finding confirmed by an
ANSYS FE model of the footbridge. A series of forced vibration tests, performed in July 2017,
investigated the response of the bridge under different loading conditions. Groups of pedestrians, in number of 1, 2, 3, 4, 6, 8 and 12, crossed the bridge, walking with a step frequency as
close as possible to the first fundamental frequency. Different spatial configurations were explored for each number of pedestrians, investigating the spread in data related to different
walking people/groups and their formation. Pedestrians followed straight trajectories and their
spatial configuration was symmetric about the longitudinal axis of the bridge; single pedestrians walked along the footbridge axis. This paper focuses on a few results related to: (a) single
pedestrians; (b) groups of multiple pedestrians in the same configuration, a longitudinal row;
(c) 12 pedestrians in different spatial configurations. Experimental results highlight the effect
of both intra-subject and inter-subject variability and the influence of spatial configuration on
the maximum measured acceleration. The bridge performance is discussed by comparison between experimental results and limit values of the vertical acceleration according to HiVoSS
guideline.
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,1752'8&7,21
,QWKHODVWWZRGHFDGHVG\QDPLFWHVWLQJRIEULGJHVKDVEHHQZLGHO\DGRSWHGIRUVHYHUDOSXU
SRVHVDVLQLGHQWLILFDWLRQRIG\QDPLFSURSHUWLHVLQSURRIWHVWVYDOLGDWLRQRI)(PRGHOVDQG
GHWHFWLRQRIH[FHVVLYHYLEUDWLRQVIRUOLYHO\IRRWEULGJHV>@>@ 9HU\ RIWHQ DHVWKHWLF DVSHFWV
KDYH PRWLYDWHG WKH VWUXFWXUDO FRQFHSWLRQ RI UHFHQW IRRWEULGJHV FKDUDFWHUL]HG E\ VLJQLILFDQW
VOHQGHUQHVV )RU WKLV UHDVRQ D VLJQLILFDQW DPRXQW RI UHVHDUFK ZRUN KDV EHHQ GHYRWHG WR WKH
SUREOHPRIWKHLUVHUYLFHDELOLW\DVVHVVPHQW>@DOVREHFDXVHVOHQGHUVWUXFWXUHVDUHSURQHWRD
PRGLILFDWLRQRIPRGDOSURSHUWLHVGXHWRWKHLQFUHDVHRIPDVVZKHQSHGHVWULDQVDUHSUHVHQW>@
,QDGGLWLRQWKHSUREOHPRIKXPDQVWUXFWXUHLQWHUDFWLRQUHTXLUHVWKHGHULYDWLRQRISURSHUSHGHV
WULDQPRGHOVDQGSURFHGXUHVRIDQDO\VLV>@>@
7KLVSDSHUSUHVHQWVVHOHFWHGUHVXOWVRIDUHVHDUFKZRUNWKDWFRYHUVPDQ\RIWKHDERYHDVSHFWV
ZLWKUHIHUHQFHWRDIRRWEULGJHORFDWHGLQ1RUWKHUQ,WDO\$PELHQWYLEUDWLRQWHVWV $97V SHU
IRUPHG GXULQJ SURRI WHVWV SURYLGHG WKH IRRWEULGJH PRGDO SURSHUWLHV LQGLFDWLQJ WKDW WKH ILUVW
IOH[XUDOPRGHZDVDWDIUHTXHQF\RI+]ZHOOZLWKLQWKHFULWLFDOUDQJHRIH[FLWDWLRQGXHWR
ZDONLQJSHGHVWULDQV$)(PRGHOFRQILUPHGWKLVILQGLQJ6XEVHTXHQWO\WKHH[SHULPHQWDOUH
VSRQVHRIWKHIRRWEULGJHWRFURVVLQJSHGHVWULDQVZDVGHWHUPLQHGIRUGLIIHUHQWJURXSVRISHGHV
WULDQV ZDONLQJ DW WKH ILUVW PRGH IUHTXHQF\ 7KH RXWFRPH RI WKHVH WHVWV SURYLGHV ERWK DQ
H[SHULPHQWDO DVVHVVPHQW RI WKH VHUYLFHDELOLW\ FRQGLWLRQVDQG XVHIXO LQVLJKWV RQ WKH GLIIHUHQW
IRRWEULGJHUHVSRQVHGXHWRWKHLQWHUDQGLQWUDVXEMHFWYDULDELOLW\
,QWKHIROORZLQJ6HFWLRQGHVFULEHVWKHFDVHVWXG\6HFWLRQSUHVHQWVWKHUHVXOWVRIRSHUD
WLRQDOPRGDODQDO\VLVDQGVWUXFWXUDOLGHQWLILFDWLRQZKLOH6HFWLRQLVGHYRWHGWRWKHQXPHULFDO
ILQLWHHOHPHQW )( PRGHOOLQJ6HFWLRQSUHVHQWVDQGGLVFXVVHVWKHIRUFHGYLEUDWLRQWHVWVZLWK
ZDONLQJSHGHVWULDQV$IHZFRQFOXVLRQVDUHGUDZQLQ6HFWLRQ
 '(6&5,37,212)7+()227%5,'*(
7KHIRRWEULGJHVKRZQLQ)LJXUHRYHUSDVVHVWKH/DPEUR5LYHU &HUURDO/DPEUR,WDO\ 
DQGUXQVSDUDOOHOWRDDUFKPDVRQU\&DQDO%ULGJHEXLOWRQ7KHVWUDLJKWIRRWEULGJH
PORQJDQGPZLGHLVVXEGLYLGHGLQWRDFHQWUDOVSDQPORQJDQGWZRVLGHVSDQVHDFK
PORQJ7ZRZHOGHGGRXEOH7ORQJLWXGLQDOEHDPVPKLJKDQGORFDWHGDWWKHWZRVLGHVRI
WKHIRRWEULGJHDUHLWVPDLQUHVLVWLQJHOHPHQWV

D

E
)LJXUH/DPEURIRRWEULGJH D DHULDOYLHZ E VLGHYLHZ

(DFKORQJLWXGLQDOEHDPLVVXEGLYLGHGLQWHQRQVLWHZHOGHGVHJPHQWVZKRVHJHRPHWU\LV
V\PPHWULFDERXWWKHORQJLWXGLQDOD[LVDQGWKHWUDQVYHUVHD[LVDWPLGVSDQ$YLHZIURPEHORZ
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RIWKHIRRWEULGJHDQGLWVW\SLFDOFURVVVHFWLRQDWDQLQWHUPHGLDWHVXSSRUWDUHVKRZQLQ)LJXUHD
DQGEUHVSHFWLYHO\7KHFURVVEUDFHV\VWHPLQ)LJXUHDLVPDGHRIVWHHO/uSURILOHVEROWHG
DWWKHERWWRPIODQJHRIWKHORQJLWXGLQDOEHDPV7KHVDPHILJXUHDOVRVKRZVWKHWUDQVYHUVHEHDPV
DQGWKHVHFRQGDU\EHDPDQ,3(FRQQHFWLQJWKHPLGVSDQRIWUDQVYHUVHEHDPV)LJXUHE
VKRZVWKHWUDQVYHUVHEHDPPDGHRIWKHVWHHOSURILOH,3(LQWKHPLGVSDQDQGRI+($
RQWKHSLOHVDQGDWWKHVLGHVSDQV7UDQVYHUVHEHDPVFRQQHFWWKHORQJLWXGLQDOEHDPVDQGVXSSRUW
WKHGHFNZKHUHDUHLQIRUFHGFRQFUHWH 5& VODEZLWKDQRYHUO\LQJELWXPLQRXVFRQJORPHUDWH
SDYHPHQWLVFDVWRQDPHWDOFRUUXJDWHGVKHHW7KHGHFNKDVDQLQFOLQDWLRQRI$VVKRZQLQ
)LJXUHEWZRFRXSOHVRIFLUFXODU5&FROXPQVSURYLGHWKHLQWHUPHGLDWHVXSSRUWVVXEGLYLGLQJ
WKHEULGJHLQWRWKUHHVSDQV)RXQGDWLRQRIFROXPQVLVRQSLOHV$WDOOVXSSRUWVWKHERWWRPIODQJH
RIORQJLWXGLQDOEHDPVUHVWRQHODVWRPHULFEHDULQJV6,+$WLQWHUPHGLDWHVXSSRUWVD5&
uFPSLOHFDSLVLQWHUSRVHGEHWZHHQFROXPQDQGEHDP )LJXUHE 

D

)LJXUH/DPEURIRRWEULGJH D YLHZIURPEHORZDQG E FURVVVHFWLRQ

:LWKWKHVDPHFRUUXJDWHGVKHHWSURILOH$3LQ)LJXUHD XQLWVPP WZRFURVVVHF
WLRQVRIWKHGHFNDUHSUHVHQW,QWKHFHQWUDOVSDQWKHVKHHWWKLFNQHVVLVPPDQGWKHFDVWLQ
VLWXVODELVPPWKLFNIRUDWRWDOGHFNWKLFNQHVVRIPP )LJXUHE $WWKHWZRHQGVIRU
DOHQJWKRIPVWDUWLQJIURPWKHDEXWPHQWVWKHVKHHWWKLFNQHVVLVPPDQGWKHFDVWLQ
VLWXVODELVPPWKLFNIRUDWRWDOWKLFNQHVVRIPP,QWKHVH]RQHVZKHUHWKHGHFNZRUNV
DVDEDOODVWIRUWKHFHQWUDOVSDQWKHPHWDOVKHHWLVGLUHFWO\FRQQHFWHGWRWKHORZHUIODQJHVRIWKH
GRXEOH7SURILOHV)XUWKHUGHWDLOVRQWKHIRRWEULGJHJHRPHWU\FDQEHIRXQGLQ>@
$OOVWHHOSURILOHVDUHPDGHRI6VWHHOZKLOHFRUUXJDWHGVKHHWLVPDGHRI6VWHHO'HFN
LVPDGHRIFRQFUHWHRIFODVVC30/37, KDYLQJ<RXQJ¶VPRGXOXV Ec *3D.7KHFODVVRIFRQFUHWH
IRUFROXPQVLVC32/40ZLWK<RXQJ¶VPRGXOXV Ec *3D.

D
E
)LJXUH&URVVVHFWLRQRIWKHGHFN D FRUUXJDWHGVKHHW$3 E FHQWUDOVSDQZLWKFDVWLQVLWXFRQFUHWH

 23(5$7,21$/02'$/$1$/<6,6$1'6758&785$/,'(17,),&$7,21
$PELHQW YLEUDWLRQ WHVWV ZHUH SHUIRUPHG RQ WKH IRRWEULGJH LQ 0DUFK  WR HYDOXDWH LWV
G\QDPLFFKDUDFWHULVWLFV7KHYHUWLFDOUHVSRQVHZDVPHDVXUHGLQVHOHFWHGSRLQWVLQVWDOOHGRQ
WKH PDLQ VLGH EHDPV )LJXUH   E\ XVLQJ KLJK VHQVLWLYLW\ SLH]RHOHFWULF DFFHOHURPHWHUV :5
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PRGHO$9JVHQVLWLYLW\DQGJRISHDNDFFHOHUDWLRQ $VKRUWFDEOH P FRQQHFWHG
HDFKVHQVRUWRDSRZHUXQLWDPSOLILHU :5PRGHO3 7ZRFRQGXFWRUFDEOHVFRQQHFWHGWKH
DPSOLILHUVWRDFKDQQHOGDWDDFTXLVLWLRQV\VWHP ELWUHVROXWLRQG%G\QDPLFUDQJH 
7KH DGRSWHG VDPSOLQJ IUHTXHQF\ LQ SUHVHQFH RI DQWLDOLDVLQJ ILOWHUV LV HTXDO WR  +]
ZKLFKLVIDLUO\ODUJHUWKDQWKDWUHTXLUHGIRUWKHLQYHVWLJDWHGIRRWEULGJHDVWKHVLJQLILFDQWIUH
TXHQF\FRQWHQWRIFROOHFWHGVLJQDOVLVEHORZ+] )LJXUH +HQFHDSDUWIURPWKHDOUHDG\
PHQWLRQHGDQWLDOLDVLQJILOWHUVWKHLGHQWLILFDWLRQWRROVDSSOLFDWLRQZDVSUHFHGHGE\DVHFRQG
GLJLWDOVWHSWKHWLPHVHULHVZHUHORZSDVVILOWHUHGXVLQJDWKRUGHU%XWWHUZRUWKILOWHUZLWKFXW
RIIIUHTXHQF\RI+]DQGGRZQVDPSOHGWR+]

)LJXUH$FFHOHURPHWHUSRVLWLRQVRQWKHGHFNDQGDVVRFLDWHGQXPEHUV

State Space Dimension

7KHPRGDOLGHQWLILFDWLRQZDVSHUIRUPHGXVLQJDWLPHZLQGRZRIVDQGDSSO\LQJZHOO
NQRZQRXWSXWRQO\DOJRULWKPVVXFKDVWKH)UHTXHQF\'RPDLQ'HFRPSRVLWLRQ )'' >@DQG
WKHGDWDGULYHQ6WRFKDVWLF6XEVSDFH,GHQWLILFDWLRQ 66,GDWD >@WHFKQLTXHVDYDLODEOHLQWKH
FRPPHUFLDO VRIWZDUH $57H0,6 >@ 7KH VWDELOL]DWLRQ GLDJUDP REWDLQHG DSSO\LQJ WKH 66,
GDWDDOJRULWKPLVVKRZQLQ)LJXUHDORQJZLWKWKHILUVW6LQJXODU9DOXH 69 OLQHVRIWKHVSHF
WUDOPDWUL[7KHDOLJQPHQWVRIWKHVWDEOHSROHVLQWKHVWDELOL]DWLRQGLDJUDP 66,GDWD WHFKQLTXH
SURYLGHDFOHDULQGLFDWLRQRIWKHVWUXFWXUDOPRGHV7DEOHFRPSDUHVWKHPRGDOHVWLPDWHVRE
WDLQHGE\DSSO\LQJWKH)''DQGWKH66,GDWDWHFKQLTXHVWKURXJK D WKHLGHQWLILHGQDWXUDOIUH
TXHQFLHV f)'' DQG f66, E  WKH PRGDO GDPSLQJ UDWLR DQG LWV VWDQGDUG GHYLDWLRQ ]66, V] 
LGHQWLILHGE\WKH66,PHWKRGDQG F WKH0$&>@RIWKHFRUUHVSRQGLQJPRGHVKDSHV

Frequency [Hz]

)LJXUH6WDELOL]DWLRQGLDJUDP 66,GDWD DQGDXWRPDWLF $ LGHQWLILFDWLRQRIQDWXUDOIUHTXHQFLHV

7KHLQVSHFWLRQRI7DEOHFRQILUPVWKDWWKHQDWXUDOIUHTXHQFLHVHVWLPDWHGE\WKHWZRGLIIHUHQW
PHWKRGVDUHSUDFWLFDOO\FRLQFLGHQW$VLPLODUFRUUHVSRQGHQFHZDVIRXQGIRUPRVWPRGHVKDSHV
0$&YDOXHODUJHUWKDQ H[FHSWIRUWKHWKPRGH WRUVLRQ IRUZKLFKWKH0$&LVDERXW
DQGWKH66,GDWDDOJRULWKPFRQFHLYDEO\SURYLGHVDEHWWHUHVWLPDWLRQRIWKHPRGHVKDSH
)LJXUHVKRZVWKHPHDVXUHPHQWEDVHGPRGHVKDSHVLGHQWLILHGXVLQJWKH66,GDWDWHFKQLTXH
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7DEOH6XPPDU\RIWKHPRGDOSDUDPHWHUVLGHQWLILHGE\)''DQG66,GDWDPHWKRGV % EHQGLQJ7 7RUVLRQ 

D 0RGHf +]

E 0RGHf +]

F 0RGHf +]

G 0RGHf +]

H 0RGHf +]

I 0RGHf +]

J 0RGHf +]

K 0RGHf +]

L 0RGHf +]

)LJXUH9LEUDWLRQPRGHVLGHQWLILHGIURPDPELHQWYLEUDWLRQPHDVXUHPHQWV 66,GDWD 

 ),1,7((/(0(1702'(/
7KHILQLWHHOHPHQW )( PRGHORIWKHEULGJH )LJXUH LVEDVHGRQWKHDVEXLOWGHVLJQGDWD
H[WUDFWHGIURPWKHEOXHSULQWV7KHRULJLQRIWKHUHIHUHQFHV\VWHPIRUWKHPHVKQRGHVLVRQWKH
H[WHULRU QRGH RI WKH ILUVW VHJPHQW RI WKHXSVWUHDPVLGHxDQGy-D[LVDUHWKHWUDQVYHUVHDQG
ORQJLWXGLQDOD[LVUHVSHFWLYHO\ZKLOHWKHzD[LVLVYHUWLFDOXSZDUGV:LWKLQWKH$16<6>@
IUDPHZRUN WKH VWHHO HOHPHQWV DUH PRGHOHG ZLWK WZRQRGH 7LPRVKHQNR HOHPHQWV QDPHG
%($06KHOOHOHPHQWVQDPHG6+(//GHVFULEHWKHGHFNZLWKDPHVKJULGRIPuP
&RQVLVWHQWPDVVRSWLRQLVDGRSWHGIRUDOOWKHVHHOHPHQWV$%($0HOHPHQWLVDGRSWHGDOVR
IRUHODVWRPHULFEHDULQJVIL[HGDWLWVORZHUHQGDQGIUHHWRURWDWHGLIIHUHQWO\IURPWKHORQJLWXGL
QDO EHDP QRGH LWLV FRQQHFWHGWR 6LQFHWKHGHFNLQWKHFHQWUDOVSDQLVVLPSO\VXSSRUWHGE\
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WUDQVYHUVHEHDPVQRGHVRIWKHVKHOOVDQGQRGHVRIWKHWUDQVYHUVHEHDPVVKDUHWKHVDPHWUDQV
ODWLRQDOGHJUHHVRIIUHHGRPEXWFDQKDYHGLIIHUHQWURWDWLRQV7KHVLWXDWLRQLVVOLJKWO\GLIIHUHQW
DW WKH HQG VSDQV ZKHUH WKHWUDQVYHUVH EHDP DUH LQFOXGHGZLWKLQWKH VODE WKLFNQHVV DQG DOVR
URWDWLRQVDUHFRQVWUDLQHG

E

D

)LJXUH)(PRGHO D JHQHUDOYLHZ E GHWDLORIFROXPQZLWKSHGHVWDODQGHODVWRPHULFEHDULQJ

7KHPHVKQRGHVDUHORFDWHGRQWKUHHGLIIHUHQWOD\HUVGXHWRWKHRIIVHWDPRQJWKHD[HVRI
ORQJLWXGLQDOEHDPVGHFNWUDQVYHUVHEHDPVDQGEUDFLQJ7KXVLQVSLWHRIWKHUHODWLYHO\VLPSOH
VWUXFWXUDOVFKHPHWKH)(PHVKLVPDGHFRPSOH[E\WKHQHHGWRDFFRXQWIRUERWKRIIVHWVDQG
LQWHUQDOUHOHDVHVEHWZHHQDGMDFHQWHOHPHQWV$IXUWKHUSUREOHPDULVHVIURPWKHRUWKRWURS\RI
WKHGHFNZLWKGLIIHUHQWYDOXHVRIPRPHQWVRILQHUWLDLQORQJLWXGLQDODQGWUDQVYHUVHGLUHFWLRQ
GXHWRWKHVKDSHRIWKHFRUUXJDWHGPHWDOVKHHW VHH)LJXUH 6+(//HOHPHQWVDUHFKDUDF
WHUL]HG E\ D UHFWDQJXODU FURVVVHFWLRQ ZLWK D XQLTXH YDOXH RI WKLFNQHVV GHQVLW\ DQG HODVWLF
PRGXOXVLQERWKGLUHFWLRQV+HQFHZLWKDSUHOLPLQDU\FDOLEUDWLRQRIWKHVHSDUDPHWHUVIRUWKH
WZRW\SLFDOFURVVVHFWLRQVDQHIIHFWLYHVKHOOWKLFNQHVVteZDVGHWHUPLQHGHTXDOWRPPLQ
WKHFHQWUDOVSDQDQGPPIRUWKHWZRVLGHVSDQVDVWKHRQHRIDUHFWDQJXODUFURVVVHFWLRQ
SURYLGLQJWKHVDPHPRPHQWRILQHUWLDRIWKHH[LVWLQJVHFWLRQDERXWWKHWUDQVYHUVHD[LV)URP
WKHteYDOXHDQHIIHFWLYHYDOXHRIGHQVLW\UeLVFRPSXWHGHTXDOWRNJPLQWKHFHQWUDO
VSDQDQGWRNJPIRUWKHWZRVLGHVSDQVDEOHWRUHSURGXFHWKHWRWDOPDVVRIHDFKHOH
PHQWDOVRDFFRXQWLQJIRUGHDGORDG0DWHULDOVSURSHUWLHVKDYHWKHYDOXHVGHILQHGLQ6HFWLRQ
0RGHOXSGDWLQJ
$SUHOLPLQDU\G\QDPLFDQDO\VLVRQWKH)(PRGHOMXVWSUHVHQWHGZDVSHUIRUPHGWRFKHFNWKH
VLPLODULW\EHWZHHQH[SHULPHQWDODQGQXPHULFDOPRGDOSDUDPHWHUV7KHFRUUHODWLRQEHWZHHQWKH
G\QDPLFFKDUDFWHULVWLFVRIWKHLQLWLDOPRGHODQGWKHH[SHULPHQWDOUHVXOWVLVVKRZQLQFROXPQ  
RI7DEOHYLDWKHIUHTXHQF\GLVFUHSDQF\ HI  f)(0f66,  f66,&ROXPQ  OLVWWKHQXPEHURI
RUGHURIWKHQXPHULFDOPRGHDQGDGHVFULSWRURIWKHPRGHVKDSHEHQGLQJLQWKHYHUWLFDOSODQH
% RUWRUVLRQDO 7 7DEOHVKRZVRQHWRRQHFRUUHVSRQGHQFHEHWZHHQWKHPRGHVKDSHVDQG
IDLUO\JRRGFRUUHODWLRQDOVRLQWHUPVRIIUHTXHQF\2QO\WKHIUHTXHQF\GLVFUHSDQF\RIWKHVHFRQG
PRGHLVZKHUHDVLWUDQJHVEHWZHHQDQGIRUWKHRWKHUPRGHV+HQFHWKH
FRUUHODWLRQEHWZHHQQXPHULFDODQGH[SHULPHQWDOEHKDYLRUVHHPVWRSURYLGHDVXIILFLHQWYHULIL
FDWLRQRIWKHPDLQDVVXPSWLRQVDGRSWHGLQWKHLQLWLDOPRGHO
$VSUHYLRXVO\SRLQWHGRXWWKHPDLQXQFHUWDLQWLHVLQWKHQXPHULFDOPRGHODUHUHODWHGWRWKH
IRRWEULGJH GHFN DQG PRUH VSHFLILFDOO\ WR WKH <RXQJ¶V PRGXOXV RI WKH FDVWLQVLWX FRQFUHWH
EGHFN  DQG WR WKH HIIHFWLYH WKLFNQHVV RI WKH VKHOO HOHPHQWV DORQJ WKH VSDQ tH  DQG QHDU WKH
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VXSSRUWV tH ,QRUGHUWRLPSURYHHVSHFLDOO\WKHPDLQGLIIHUHQFH RQWKHIUHTXHQF\RIVHFRQG
PRGH  WKH WKUHH XQFHUWDLQ SDUDPHWHUV RI WKH GHFN EGHFN tH DQG tH  ZHUH XSGDWHG DQG WKHLU
RSWLPDO YDOXHV ZHUH LGHQWLILHG E\ PLQLPL]LQJ WKH GLIIHUHQFH EHWZHHQ QXPHULFDO DQG H[SHUL
PHQWDOQDWXUDOIUHTXHQFLHV$IWHUWKHXSGDWLQJDFRPSOHWHFRUUHODWLRQDQDO\VLVZDVFDUULHGRXW
EHWZHHQQXPHULFDODQGH[SHULPHQWDOPRGDOSDUDPHWHUV7KH0$&LQGH[>@LQFROXPQ  RI
7DEOHVKRZVDQH[FHOOHQWFRUUHODWLRQIRUDOOWKHPRGHV'LVFUHSDQF\LQWHUPVRIIUHTXHQF\KDV
DGLIIHUHQWWUHQGIRUEHQGLQJYHUWLFDOPRGHVFRUUHFWO\UHSURGXFHGDQGIRUWRUVLRQDOPRGHVVWLOO
DIIHFWHGE\DQHUURUXSWRIRUWKHVHFRQGPRGH)LJXUHVKRZVWKHQXPHULFDOFRXQWHUSDUW
RI)LJXUHDIWHUXSGDWLQJ7KHILUVWWKUHHQXPHULFDOPRGHVDUH³TXDVLULJLG´PRGHVWUDQVYHUVDO
ORQJLWXGLQDODQGURWDWLRQDOUHVSHFWLYHO\LQYROYLQJWKHEHDULQJVGHIRUPDELOLW\0RGHVDQG
f DQG+] DUHODWHUDOWRUVLRQDOPRGHVDQGZHUHQRWLGHQWLILHGH[SHULPHQWDOO\
([S
f66, +] 
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7DEOH&RUUHODWLRQEHWZHHQH[SHULPHQWDODQGQXPHULFDO LQLWLDODQGXSGDWHGPRGHO G\QDPLFFKDUDFWHULVWLFV

D 0RGHf +]

E 0RGHf +]

F 0RGHf +]

G 0RGHf +]

H 0RGHf +]

I 0RGHf +]

J 0RGHf +]

K 0RGHf +]

L 0RGHf +]

)LJXUH1DWXUDOIUHTXHQFLHVDQGPRGHVKDSHVRIWKHXSGDWHG)(PRGHO
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 )25&('9,%5$7,217(676
$IWHUWKHSURRIWHVWVRIDQGWKHGHYHORSPHQWRIWKH)(PRGHODVHULHVRIIRUFHGYLEUD
WLRQWHVWVXQGHUZDONLQJSHGHVWULDQVZHUHSHUIRUPHGRQ-XO\7HVWVDLPHGWRDVVHVV
WKHH[WUHPHYDOXHVRIWKHEULGJHUHVSRQVHWRGLIIHUHQWSHGHVWULDQV¶FRQILJXUDWLRQVDQGWKHHIIHFW
RISHGHVWULDQV¶LQWHUVXEMHFWYDULDELOLW\7DEOHSUHVHQWVWKH,'VH[PDVVMDQGKHLJKWHRI
WKH WZHOYH YROXQWHHUVLQYROYHGLQWKHWHVWV LQFOXGLQJDOVRWZR$XWKRUV $OO76VDUH\RXQJ
SHRSOHZLWKDQDJHEHWZHHQDQGEXW76DQG76ZKRVHDJHLVLQWKHUDQJH
)LIW\WZRWHVWVZLWKGLIIHUHQWFRQILJXUDWLRQVZHUHSHUIRUPHGLQYROYLQJHLWKHUVLQJOHSHGHVWUL
DQVRUJURXSVZLWKGLIIHUHQWQXPEHUVRISHRSOHDVGHWDLOHGLQ7DEOH&RQILJXUDWLRQVGLIIHU
HLWKHULQVSDFHRULQWKH7HVW6XEMHFWV 76V LQYROYHGDVLWLVWKHFDVHIRUWKHWZHOYHFRQILJXUD
WLRQVZLWKDVLQJOHSHGHVWULDQ
ID
Sex
M [kg]
H [cm]

76 76

76 76 76 76 76 76 76 76 76 76
0 0
)
)
0
)
)
0 0
0
0
0
        



           
7DEOH*HQHUDOGDWDRIWHVWVXEMHFWV 76 LQYROYHGLQWKHZDONLQJWHVWV

Pedestrians #
Configurations























7DEOH1XPEHURIFRQILJXUDWLRQVDGRSWHGIRUHDFKRIWKHGLIIHUHQWQXPEHUVRISHGHVWULDQVFURVVLQJWKHEULGJH

7RGHWHFWWKHH[WUHPHYDOXHVRIWKHEULGJHUHVSRQVHWKHRYHUDOOOD\RXWRIWKHWHVWZDVGH
VLJQHGWRH[FLWHPDLQO\WKHIXQGDPHQWDOPRGH+HQFHIRUDOOWHVWVWKHWDUJHWZDONLQJIUHTXHQF\
RISHGHVWULDQVZDV+]DQGVSDWLDOFRQILJXUDWLRQVZHUHHLWKHUDOLJQHGDORQJRUV\PPHWULF
DERXWWKHORQJLWXGLQDOD[LVRIWKHEULGJH7KHILUVWWHVWVLQYROYHGVLQJOHSHGHVWULDQVZDONLQJRQ
WKHEULGJHWRLQYHVWLJDWHWKHXQFHUWDLQW\UHODWHGWRWKHH[FLWDWLRQSURYLGHGE\HDFKLQGLYLGXDO
ZDONLQJRQWKHEULGJH'LIIHUHQFHVFRQFHUQVFRRUGLQDWLRQFDSDELOLW\WRDGDSWDQGIROORZDSUH
GHILQHGUK\WKPRQWKHPGLVWDQFHRIWKHEULGJHOHQJWKDVZHOODVWKHFDSDELOLW\WRDGDSWWR
DORFNLQFRQGLWLRQZKHQWKHEULGJHLVYLEUDWLQJLQDSHUFHSWLEOHZD\,QWKHVXEVHTXHQWWHVWV
WKHPD[LPXPDFFHOHUDWLRQDPSOLWXGHVJLYHQE\JURXSVRIZDONLQJSHRSOHDUUDQJHGLQGLIIHUHQW
FRQILJXUDWLRQVZHUHLQYHVWLJDWHG3HGHVWULDQVLQJURXSVRIRUSHRSOHZHUHDOLJQHG
HLWKHUDORQJWKHEULGJHD[LVRULQDWUDQVYHUVHURZ ZLWKDPD[LPXPRISHRSOH RULQVWDJJHUHG
IRUPDWLRQVZLWKRQHRUPRUHWUDQVYHUVHURZVDQGDWOHDVWWZRSHRSOHLQHDFKURZ
7KHRXWSXWSURGXFHGE\WKHZDONLQJSHRSOHLQHDFKFRQILJXUDWLRQZDVGHWHFWHGLQWHUPVRI
YLEUDWLRQPHDVXUHPHQWVDWVHYHUDOSRLQWV)LJXUHVKRZVWKHDFFHOHURPHWHUOD\RXW,QDGGLWLRQ
WRWKHVHQVRUVXVHGIRUWKHPRGDODQDO\VLV VHH)LJXUH WKHUHDUHIRXUYHUWLFDOVHQVRUVORFDWHG
DWWKHLQWHUPHGLDWHVXSSRUWVDQGILYHKRUL]RQWDOVHQVRUVLQWKHFHQWUDOVSDQ7KHPHDVXUHPHQW
VHWXSDGRSWHGWKHKLJKVHQVLWLYLW\DFFHOHURPHWHUVDQGWKHGDWDDFTXLVLWLRQV\VWHPRIWKH$97V
,QGLYLGXDOVRUJURXSVRISHGHVWULDQVFURVVHGWKHZKROHEULGJHHQWHULQJIURPWKHOHIWVLGHLQ
)LJXUHDQGH[LWLQJRQWKHRSSRVLWHVLGH(DFKFURVVLQJFRUUHVSRQGHGWRDVLQJOHUHFRUGZLWK
PXOWLSOHFKDQQHOV5HFRUGLQJRIWKHEULGJHYLEUDWLRQVVWDUWHGDIHZLQVWDQWVEHIRUHWKHHQWUDQFH
RI SHGHVWULDQV RQ WKH EULGJH DQG VWRSSHGZKHQIUHHYLEUDWLRQVIROORZLQJWKHWUDQVLWGHFD\HG
VLJQLILFDQWO\7RGHWHFWWKHWLPHLQVWDQWDWZKLFKHDFKSHGHVWULDQVWDUWHGWRFURVVWKHEULGJHLQ
WKHUHFRUGVHDFKYROXQWHHUJDYHDKHHOVWULNHZKLOHHQWHULQJWKHEULGJH
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)LJXUH$FFHOHURPHWHUOD\RXWGXULQJWKHWHVWVZLWKZDONLQJSHRSOH

5HFRUGVRIWKHVHQVRUVIRUWKHWHVWVVKRZDJHQHUDOWUHQG7KHEULGJHUHVSRQVHLQWHUPV
RIYLEUDWLRQWLPHKLVWRU\UHIOHFWVWKHTXDVLV\PPHWU\RIWKHEULGJH5HFRUGVRQWKHILUVWKDOIRI
WKHEULGJHDOPRVWRYHUODSWKRVHRQWKHVHFRQGKDOIEXWWKHODWWHUVKRZODUJHUDFFHOHUDWLRQGH
QRWLQJDUHVRQDQWSKHQRPHQRQWKDWEXLOGVXSGXULQJWKHEULGJHFURVVLQJ'RZQVWUHDPUHFRUGV
DUHVLPLODUWREXWVOLJKWO\H[FHHGXSVWUHDPUHFRUGVSRVVLEO\GXHWRWKHHIIHFWRIWKHWRUVLRQDO
PRGH,QWKHIROORZLQJWKHSUHVHQWDWLRQRIDIHZUHVXOWVZLOOIRFXVRQEDVLFDVSHFWVSURYLGLQJ
DFOHDULQGLFDWLRQRIWKHH[WUHPHYDOXHVRIYHUWLFDODFFHOHUDWLRQ$PRUHGHWDLOHGDQDO\VLVZLOO
FRQFHUQWHVWVZLWKDVLQJOHSHGHVWULDQKLJKOLJKWLQJWKHHIIHFWRILQWUDDQGLQWHUYDULDELOLW\
6LQJOHSHGHVWULDQWHVWV
7KLVVHULHVRIWHVWVDLPHGDWHYDOXDWLQJGLIIHUHQFHVLQWKHH[FLWDWLRQSURGXFHGE\HDFK76
)LJXUH  GHSLFWV IRU HDFK SHGHVWULDQ WKH H[WUHPH YDOXHV UHFRUGHG E\ WKH YHUWLFDO VHQVRUV
DOLJQHGDORQJWKHGRZQVWUHDPHGJHGXULQJWKHEULGJHFURVVLQJLQWKHVHQVHIURP$WR$ VHH
)LJXUH 7KHVHWHVWVFRQILUPWKHJHQHUDOWUHQGRIWKHEULGJHUHVSRQVHWKHSHDNYDOXHVLQ
$DQG$DUHVLPLODUEXWQRWHTXDO9DOXHVLQ$WRZDUGVWKHHQGRIWKHEULGJHFURVVLQJ
H[FHHGWKRVHLQ$DWWKHEULGJHHQWUDQFHVKRZLQJWKDWWKHUHVRQDQFHSKHQRPHQRQEXLOGVXS
GXULQJ WKH EULGJH FURVVLQJ 6HQVRU $ DW PLGVSDQ GHWHFWV WKH RYHUDOO H[WUHPH YDOXH RI WKH
EULGJH UHVSRQVH UHDFKLQJ  PV D YDOXH ZLWKLQ WKH FRPIRUW UDQJH DFFRUGLQJ WR +\YRVV
*XLGHOLQH>@,QDGGLWLRQWKHPLQLPXPSHDNYDOXHLQ$DURXQGPVLQGLFDWHVDZLGH
VSUHDGLQH[WUHPHYDOXHVSURGXFHGE\GLIIHUHQW76VDOVRYLVLEOHLQWKHGLVSHUVLRQDERXWWKH
DYHUDJHYDOXH GRWWHGOLQHLQ)LJXUH 7KHVWDQGDUGGHYLDWLRQ VROLGOLQHVLQ)LJXUH KDV
WKHVDPHSDWWHUQRIWKHDYHUDJHYDOXHGHQRWLQJWKDWGLVSHUVLRQLQFUHDVHVDVWKHYLEUDWLRQOHYHOV

)LJXUH6LQJOHSHGHVWULDQWHVWVSHDNYDOXHVDQGVWDQGDUGGHYLDWLRQRIYHUWLFDOGRZQVWUHDPDFFHOHUDWLRQ
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)LJXUHVKRZVIRUWZRSHGHVWULDQVFURVVLQJWKHEULGJH 76DQG76 WKHWLPHKLVWRU\RI
DFFHOHUDWLRQ DW WKH VHYHQ GRZQVWUHDP YHUWLFDO VHQVRUV VXSHUSRVHG LQ D VLQJOH JUDSK (YHQ
WKRXJKZDONLQJDWWKHVDPHIUHTXHQF\HDFKSHUVRQKDVKLVKHURZQVWHSVSHHGDQGLQWKHWKUHH
JUDSKVHTXDOWLPHGRHVQRWQHFHVVDULO\LPSO\HTXDOSRVLWLRQRQWKHEULGJH,QHDFKJUDSKWKH
VLJQDOVRIWKHGLIIHUHQWVHQVRUVGLIIHULQDPSOLWXGHEXWDUHHPLQHQWO\LQSKDVH:KLOHJUDSKLQ
)LJXUHDDSSHDUVGRPLQDWHGE\WKHILUVWQDWXUDOPRGHPRUHIUHTXHQF\FRPSRQHQWVDUHYLVLEOH
LQ)LJXUHEZKHUHD³EHDWLQJ´SKHQRPHQRQLVDSSUHFLDWHG/DUJHVWYDOXHVDUHIRXQGLQWKH
ILUVWFDVH'LIIHUHQFHVFDQEHMXVWLILHGE\WKHSHUVRQ¶VFDSDELOLW\WRNHHSDFRQVWDQWUK\WKP DQG
SRVVLEO\DFHQWHUHGWUDMHFWRU\ DQGWKHUHIRUHWRH[FLWHUHVRQDQFHRQWKHILUVWPRGH7KHH[FLWD
WLRQXQGHUUHVRQDQWFRQGLWLRQVUHTXLUHVVRPHWLPHIRUWKHEULGJHYLEUDWLRQVWRUHDFKWKHPD[LPD
IROORZHGE\DFHUWDLQWLPHUHTXLUHGIRUDFRPSOHWHGHFD\DIWHUWKHSHUVRQOHIWWKHEULGJH

D

E

)LJXUH'RZQVWUHDPUHFRUGVIRUVLQJOHSHGHVWULDQV D 76 E 76

7KHWUHQGVVKRZQLQ)LJXUHDQG)LJXUHFDQEHDVVRFLDWHGZLWKWKHGLIIHUHQWFDSDELOLW\
RIWKH76VWRORFNWRWKHILUVWPRGHEULGJHYLEUDWLRQ7RLQYHVWLJDWHWKLVDVSHFWWKHWLPH PHDV
XUHGIURPWKHEHJLQQLQJRIWKHUHFRUGV RISHDNRFFXUUHQFHLQGRZQVWUHDPVHQVRUVLVGHSLFWHG
LQ)LJXUH7ZRGLIIHUHQWSDWWHUQVDUHDSSDUHQWDIHZSHGHVWULDQVH[FLWHWKHEULGJHWRKLJK
OHYHOVZKLOHZDONLQJRQWKHVKRUWHUVLGHVSDQVZKLOHRWKHUVSURGXFHWKHPD[LPXPYLEUDWLRQ
OHYHOLQDOOVHQVRUVRQO\ZKHQZDONLQJFORVHWRPLGVSDQZKHUHWKHPRGDOVKDSHDOORZVIRUWKH
PD[LPXPHQHUJ\LQSXW

)LJXUH7LPHDWZKLFKPD[LPDDUHUHDFKHGGXULQJHDFKWLPHUHFRUG GRZQVWUHDP 
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)LJXUHDQG)LJXUHSUHVHQWDWLPHIUHTXHQF\UHODWLRQIRUSHGHVWULDQV76DQG76DWVHQ
VRUV$ VLGHVSDQ DQG$ PLGVSDQ UHVSHFWLYHO\)RXULHUVSHFWUDDUHFRPSXWHGZLWKDPRY
LQJZLQGRZVORQJRYHUODSSHGE\RIWKHZLQGRZOHQJWK7KHILUVWQDWXUDOIUHTXHQF\RI
WKHEULGJHLVFOHDUO\YLVLEOHIRUERWKSHRSOHDQGIRUERWKVHQVRUV)RUERWKSHGHVWULDQVWKHVSHF
WUDOUHVSRQVHRIWKHVLGHVSDQLQFOXGHVPDQ\KLJKHURUGHUKDUPRQLFVFRKHUHQWO\ZLWKWKHPRGDO
VKDSHVDWWKHVLGHVSDQDQGZLWKWKHIDFWWKDWWKHEXLOGXSXQGHUUHVRQDQWFRQGLWLRQVQHHGVVRPH
WLPHWRGHYHORSIXOO\7KHHQHUJ\GLVSHUVLRQLQ76¶VUHVSRQVHOHDGVWRORZHUYDOXHVRIHQHUJ\
RQHDFKIUHTXHQF\DQGDOLPLWHGYDOXHRIYLEUDWLRQ )LJXUHE 
D

E


)LJXUH7LPHIUHTXHQF\UHSUHVHQWDWLRQDWVHQVRU$ D 76 E 76

D

E


)LJXUH7LPHIUHTXHQF\UHSUHVHQWDWLRQDWVHQVRU$ D 76 E 76

$VLPLODUSDWWHUQLVGHWHFWHGDWPLGVSDQ )LJXUH ZKHUHWKHHQHUJ\WUDQVPLWWHGE\76
LVSUDFWLFDOO\DOORQWKHILUVWPRGHIUHTXHQF\DQGLVDVVRFLDWHGWRVLJQLILFDQWOHYHOVRIYLEUDWLRQ
VHH)LJXUHD 76¶VUHVSRQVHVWLOOVKRZVDFHUWDLQGHJUHHRIGLVSHUVLRQHYHQWKRXJKPRUH
OLPLWHGWKDQWKDWYLVLEOHLQ)LJXUHE$JDLQGLVSHUVLRQLVDVVRFLDWHGWRORZHUYDOXHVRIERWK
HQHUJ\SHUIUHTXHQF\DQGOHYHOVRIYLEUDWLRQGRPLQDWHGE\WKHILUVWPRGH
*URXSV
)RUW\WHVWVFRQFHUQHGJURXSVRIWZRRUPRUHSHGHVWULDQVDVGHWDLOHGLQ7DEOH,QORQJLWX
GLQDOGLUHFWLRQSHGHVWULDQVZHUHVSDFHGDSDUWRIDWDUJHWGLVWDQFHRIFP,QWUDQVYHUVHGLUHF
WLRQ LQWHU GLVWDQFH ZDVQRW FRQVWDQW GHSHQGLQJRQWKHQXPEHURISHGHVWULDQVLQYROYHG)RU
HDFK VSDFH FRQILJXUDWLRQ RI D JLYHQ JURXS RI SHGHVWULDQV DW OHDVW WZR WHVWV ZHUH SHUIRUPHG
YDU\LQJWKH76VLQYROYHG7KHSUHVHQWDWLRQRIWKHVHWHVWVLVEH\RQGWKHVFRSHRIWKLVSDSHUDQG
RQO\WZRDVSHFWVDUHGLVFXVVHGKHUH)LUVWWKHDYHUDJHSHDNYDOXHRIYHUWLFDODFFHOHUDWLRQDW
PLGVSDQ VHQVRU$ LVLQYHVWLJDWHGLQ)LJXUHDVDIXQFWLRQRIWKHQXPEHURIFURVVLQJSH
GHVWULDQVLQWKHVDPHVSDFHFRQILJXUDWLRQDORQJLWXGLQDOURZDORQJWKHEULGJHD[LV7KHDYHUDJH

1801

$OIUHGR&LJDGD&DUPHOR*HQWLOH*LXOLD/DVWULFRDQG0DULD*0XODV

LVFRPSXWHGIRUHDFKJURXSRIWHVWVFRQFHUQLQJWKHVDPHQXPEHURISHGHVWULDQV9HUWLFDODFFHO
HUDWLRQLQFUHDVHVZKHQWKHQXPEHURISHGHVWULDQVYDULHVEHWZHHQRQHDQGHLJKWDQGVOLJKWO\
GHFUHDVHVZKHQSHGHVWULDQVDUH7KHYDOXHVLQ)LJXUHFDQEHDVVXPHGDVDPHDVXUHRIWKH
VHUYLFHDELOLW\FRQGLWLRQVRIWKHIRRWEULGJH

)LJXUH$YHUDJHDQGH[WUHPHYDOXHVRISHDNDFFHOHUDWLRQDQGDVDIXQFWLRQRIWKHQXPEHURISHGHVWULDQV

)LJXUH'RZQVWUHDPVHQVRUVSHDNYDOXHVIRUJURXSVRISHRSOHLQGLIIHUHQWVSDFHFRQILJXUDWLRQV

6HFRQGWKHRXWFRPHRIWKHWHVWVZLWKWZHOYHSHGHVWULDQVLQGLIIHUHQWVSDFHFRQILJXUDWLRQV
LV VKRZQ LQ )LJXUH  LQ WHUPV RI SHDNDFFHOHUDWLRQDWGRZQVWUHDPVHQVRUV7HVWDQG 
LQYROYHGDORQJLWXGLQDOURZRISHRSOH7HVWDQGLQYROYHGWZRWUDQVYHUVHURZVRI
SHRSOHZKLOH7HVWDQGKDGVL[WUDQVYHUVHURZVRISHRSOH7HVWDQGLQYROYHG
IRXUWUDQVYHUVHURZVRISHRSOHZKLOH7HVWDQGKDGWKUHHWUDQVYHUVHURZVRISHRSOH
7KHPRVWVHYHUHORDGFDVHZDVJHQHUDWHGE\7HVWZKRVHUHVXOWVKRZHYHUDUHTXLWHGLI
IHUHQWIURPWKRVHRI7HVWVKDULQJWKHVDPHVSDFHFRQILJXUDWLRQHYHQWKRXJKZLWKGLIIHUHQW
SRVLWLRQVRISHGHVWULDQV:KLOHWKHFRPSDFWVSDFHFRQILJXUDWLRQLVDEOHWRH[FLWHVLJQLILFDQWO\
WKHILUVWPRGHZKHQDOOWKHSHGHVWULDQVDUHDURXQGPLGVSDQZKHUHWKHPRGHVKDSHKDVLWVPD[
LPXPWKHODFN RUSUHVHQFH RIV\QFKURQL]DWLRQDPRQJSHGHVWULDQVLVDEOHWRH[SODLQERWKWKH
SHDNYDOXHVUHDFKHGDQGWKHGLIIHUHQFHEHWZHHQ7HVWVDQG
 &21&/86,216
$LPRIWKLVSDSHUZDVWKHSUHVHQWDWLRQRIVHOHFWHGUHVXOWVRQWKHG\QDPLFWHVWLQJRIDIRRW
EULGJHORFDWHGLQ1RUWKHUQ,WDO\([SHULPHQWDOWHVWVZHUHSHUIRUPHGZLWKGLIIHUHQWSXUSRVHVDW
GLIIHUHQWWLPHV)LUVW$97¶VZHUHFDUULHGRXWLQWRLGHQWLI\PRGDOSURSHUWLHVDVDSDUWRI
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SURRIWHVWVQHFHVVDU\WRWKHIRRWEULGJHRSHQLQJ6XEVHTXHQWO\DIWHUWKHGHULYDWLRQRID)(PRGHO
DEOH WR VLPXODWH ZLWK DFFXUDF\ WKH PRGDO SURSHUWLHV IRUFHG YLEUDWLRQ WHVWV ZHUH SHUIRUPHG
ZLWKLQDVSRQVRUHGUHVHDUFKSURJUDP7KHSRVLWLYHQRYHOW\RIWKLVZRUNLVWKHOLQNEHWZHHQWKH
WZRVHULHVRIWHVWVZKHUHWKHUHVXOWVRI$97VKDYHGULYHQWKHVXEVHTXHQW)(PRGHOLQJDQG
ZDONLQJWHVWV7KHDYDLODELOLW\RIDYDOLGDWHG)(PRGHORIWKHIRRWEULGJHLVWKHEDVHIRUDIXWXUH
QXPHULFDOVLPXODWLRQRIWKHZDONLQJWHVWVSURYLGLQJDUHOLDEOHQXPHULFDOPRGHORIDUHDOVWUXF
WXUHLQWKHFRXSOHGSUREOHPRIKXPDQVWUXFWXUHLQWHUDFWLRQ+HQFHWKHVHWHVWVFDQEHDGRSWHG
WR HYDOXDWH DQG YDOLGDWH PRGHOOLQJ VWUDWHJLHV IRU SHGHVWULDQV DV PHFKDQLFDO V\VWHPV PRYLQJ
ZLWKDJLYHQJDLW
7KH UHVXOWV RI QXPHULFDO PRGHOOLQJVKRZHG D SUREOHP LQ UHSURGXFLQJWKH H[SHULPHQWDOO\
GHWHFWHGEHKDYLRUUHOLHYHGEXWQRWVROYHGE\DQRSWLPL]DWLRQSURFHGXUH6LQFHYHUWLFDOEHQGLQJ
PRGHVDUHVLPXODWHGZLWKDQH[FHOOHQWDJUHHPHQWLWDSSHDUVWKDWWKHIRRWEULGJHSRVVHVVHVVHS
DUDWHGUHVLVWLQJPHFKDQLVPVLQEHQGLQJDQGWRUVLRQDQDVSHFWWKDWPXVWEHWDFNOHGLQIXWXUH
UHVHDUFKZRUNV)RXQGDWLRQVRQSLOHVQRWDFFRXQWHGIRULQWKLVZRUNFRXOGEHWKHFDXVHRIWKH
H[SHULPHQWDOIUHTXHQF\ORZHUWKDQWKHQXPHULFDORQH7KHLUHIIHFWLVFXUUHQWO\XQGHUVWXG\
7HVWVRQDOLPLWHGVDPSOHRIVLQJOHSHGHVWULDQXQGHUVLPLODUFRQGLWLRQVRXWOLQHGDPHDQLQJIXO
EXWODUJHVSUHDGLQWKHLUEHKDYLRUZKHQWU\LQJWRZDONXQGHUUHVRQDQWFRQGLWLRQV7KHGLIIHUHQW
UHVSRQVH JHQHUDWHG E\ 76 DQG 76 LQ WHUPV RI ERWK SHDN YDOXH DQG IUHTXHQF\ FRQWHQW RI
YHUWLFDODFFHOHUDWLRQHYLGHQFHVDGLVVLPLODUEHKDYLRURIWKHWZR76V 'LIIHUHQWO\IURP76
76ORFNVLQWRWKHIRRWEULGJHYLEUDWLRQDQDVSHFWWKDWVKRXOGEHWDNHQLQWRDFFRXQWZKHQPRG
HOLQJKXPDQVWUXFWXUHLQWHUDFWLRQ
$PRQJWKHWHVWVSHUIRUPHGZLWKJURXSVRISHGHVWULDQVLQWKLVZRUNRQO\WZRW\SHVRIWHVWV
DUHFRQVLGHUHG7HVWVZLWKSHGHVWULDQVRQDVLQJOHOLQHSURYLGHVDQLQGLUHFWVHUYLFHDELOLW\DV
VHVVPHQWVKRZLQJDQLQFUHDVLQJWUHQGZLWKDPD[LPXPYDOXHDVWKHQXPEHURISHGHVWULDQLQ
FUHDVHV(YHQWKRXJKLQWKHVHWHVWVDVLQVLQJOHSHGHVWULDQWHVWVDOOWKHSHDNYDOXHVDUHZLWKLQ
WKHUDQJHRIPD[LPXPRUPHGLXPFRPIRUWDFFRUGLQJWRWKH+\YRVV*XLGHOLQH>@LWLVQRWLFHG
WKDWDYHU\OLPLWHGQXPEHURISHGHVWULDQVLVDEOHWRSURGXFHKLJKYDOXHVRIDFFHOHUDWLRQ
)LQDOO\WKHUHVXOWVLQWHUPVRISHDNYDOXHVIRUWKHGLIIHUHQWVSDFHFRQILJXUDWLRQVRISHRSOH
DUHDQDO\]HGWDNLQJLQWRDFFRXQWWKDWPRUHWKDQRQHWHVWZDVSHUIRUPHGIRUHDFKFRQILJXUDWLRQ
E\YDU\LQJWKHSRVLWLRQRI76V$WPLGVSDQWKHVDPHFRQILJXUDWLRQ WKHPRVWFRPSDFWLQORQ
JLWXGLQDOGLUHFWLRQ EXWZLWKGLIIHUHQW76V¶SRVLWLRQSURGXFHGWKHRYHUDOOPD[LPXPSHDNDFFHO
HUDWLRQ RI WKH ZKROH WHVW VHW DQG WKH PLQLPXP ZLWK UHIHUHQFH WR WKH FRQILJXUDWLRQV RI 
SHGHVWULDQV+HQFHDOVRLQWKLVFDVHWZRGLIIHUHQWDVSHFWVDUHEURXJKWWRWKHOLJKW)LUVWWKH
LPSRUWDQFHRIWKHLQWHUVXEMHFWYDULDELOLW\DQGRIWKHFRUUHODWLRQH[LVWLQJDPRQJSHGHVWULDQV¶
PRWLRQ6HFRQGWKHQHHGIRUDQXPHULFDOVHUYLFHDELOLW\DVVHVVPHQWIROORZLQJ>@LVFRQILUPHG
DQGLVFXUUHQWO\XQGHUZD\
,WFDQEHFRQFOXGHGWKDWWKHH[SHULPHQWDOUHVHDUFKVWUDWHJ\DGRSWHGKHUHSURYLGHGLQWHUHVWLQJ
UHVXOWVRSHQLQJWKHZD\WRIXWXUHQXPHULFDODQGH[SHULPHQWDOVWXGLHV

$&.12:/('*(0(176
7KHILUVWDQGODVW$XWKRUVJUDWHIXOO\DFNQRZOHGJHWKHILQDQFLDOFRQWULEXWLRQRI0,85 ,WDOLDQ
0LQLVWU\RI+LJKHU(GXFDWLRQ XQGHUJUDQW35,13URMHFW77-1³,GHQWLIL
FDWLRQDQGPRQLWRULQJRIFRPSOH[VWUXFWXUDOV\VWHPV´IRUWKHIRUFHGYLEUDWLRQWHVWVRI-XO\
7KHZRUNSUHVHQWHGKHUHLVEDVHGRQWKH06WKHVLVRI*/DVWULFRXQGHUWKHJXLGDQFHRIWKH
RWKHU WKUHH $XWKRUV $97V ZHUH SHUIRUPHG E\ & *HQWLOH DQG IRUFHG YLEUDWLRQ WHVWV E\ $
&LJDGDZLWKWKHSDUWLFLSDWLRQRI*/DVWULFRDQG0*0XODV7KHFRQWULEXWLRQRI95DFLFLQ
GHYLVLQJWKHSHGHVWULDQV¶FRQILJXUDWLRQVLVJUDWHIXOO\DFNQRZOHGJHG
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5()(5(1&(6
>@ ( &DHWDQR È &XQKD ) 0DJDOKmHV & 0RXWLQKR 6WXGLHV IRU FRQWUROOLQJ KXPDQLQ
GXFHGYLEUDWLRQRIWKH3HGURH,QrVIRRWEULGJH3RUWXJDO3DUW$VVHVVPHQWRIG\QDPLF
EHKDYLRXUEngineering Structures  
>@ )%HQHGHWWLQL&*HQWLOH2SHUDWLRQDOPRGDOWHVWLQJDQG)(PRGHOWXQLQJRIDFDEOH
VWD\HGEULGJHEngineering Structures  
>@ $*KHLWDVL2(2]EXOXW68VPDQL0$OLSRXU'.+DUULV([SHULPHQWDODQGDQD
O\WLFDO YLEUDWLRQ VHUYLFHDELOLW\ DVVHVVPHQW RI DQ LQVHUYLFH IRRWEULGJH Case Studies in
Nondestructive Testing and Evaluation  
>@ (/DL&*HQWLOH0*0XODV([SHULPHQWDODQGQXPHULFDOVHUYLFHDELOLW\DVVHVVPHQWRI
DVWHHOVXVSHQVLRQIRRWEULGJHJ. of Constructional Steel Research  
>@ ,$5LEHLURGH6LOYD-*6DQWRVGH6LOYD([SHULPHQWDODQGQXPHULFDOG\QDPLFVWUXF
WXUDODQDO\VLVRIIRRWEULGJHVZKHQVXEMHFWHGWRSHGHVWULDQVZDONLQJORDGV Journal of Civil
Structural Health Monitoring
>@ .9DQ1LPPHQ*/RPEDHUW*'H5RHFN39DQGHQ%URHFN9LEUDWLRQVHUYLFHDELOLW\
RIIRRWEULGJHVHYDOXDWLRQRIFXUUHQWFRGHVRISUDFWLFHEngineering Structures  

>@ *%XVFD$&DSSHOOLQL60DQ]RQL07DUDELQL09DQDOL4XDQWLILFDWLRQRIFKDQJHV
LQPRGDOSDUDPHWHUVGXHWRWKHSUHVHQFHRISDVVLYHSHRSOHRQDVOHQGHUVWUXFWXUH J. of
Sound and Vibration  
>@ &&&DSUDQL($KPDGL)RUPXODWLRQRIKXPDQVWUXFWXUHLQWHUDFWLRQV\VWHPPRGHOVIRU
YHUWLFDOYLEUDWLRQ-RI6RXQGDQG9LEUDWLRQ  
>@ 0*0XODV(/DL*/DVWULFR³&RXSOHG$QDO\VLVRI)RRWEULGJH3HGHVWULDQ'\QDPLF
,QWHUDFWLRQ´Engineering Structures&  
>@ */DVWULFR6WXGLRQXPHULFRHVSHULPHQWDOHGHOODULVSRVWDGLQDPLFDGLXQDSDVVHUHOODSH
GRQDOH067KHVLVLQ&LYLO(QJLQHHULQJ3ROLWHFQLFRGL0LODQR LQ,WDOLDQ 
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Abstract. The dynamic properties of two pedestrian wooden bridges situated in the Stockholm area have been determined experimentally. The main purpose was to investigate if these
properties are season dependent. For that, tests were performed during the winter and the
spring. 17 accelerometers were used to measure both vertical and horizontal vibrations. An
impact hammer was used to excite the bridges. For the Vega bridge, a large variation for the
lowest natural frequencies was observed, both for the first vertical and for the first transversal mode. For the Hägernäs bridge, a large variation was observed for the first transversal
mode but not for the first vertical mode. With exception for the first transversal mode for the
Hägernäs bridge, no significant differences regarding the damping between winter and spring
were observed. Finite element models of the two bridges have also been implemented and a
good agreement with experimental results have been obtained. The numerical models have
shown that the connections between the different components of the bridges have a significant
influence on the dynamic properties. The models have also shown that the variation of the
stiffness for the asphalt layer may explain the differencies for the natural frequencies between
spring and winter. However, due to the incertainties in the modelling of the asphalt, this conclusion must be taken with caution.
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1

INTRODUCTION

Due to its ecological benefits wood is an attractive alternative for pedestrian bridges. However, the combination of a slender and a light wooden structure may result in uncomfortable
vibrations for crossing pedestrians and therefore accurate dynamic analyses are often required
in the design process.
Whereas simple finite element models can often be used for static analyses of wooden pedestrian bridges, for dynamic analyses more advanced models are often necessary. The main
reason is that the connections between the different structural elements must be modelled
carefully in dynamic analyses [1-3]. Another difficulty is related to the stiffness of the asphalt
layer, which is due to the stiffness of the asphalt itself but also to the degree of shear action
between the asphalt and the timber deck. These effects have been studied by several researchers through dynamic experiments both in laboratory [4,5] and on existing bridges [5-7]. All
these works show that the effect of the stiffness of the asphalt pavement on the natural frequencies is low in summer and high in winter. This is due to the viscoelastic properties of the
asphalt which change with the temperature but also to the shear action between the asphalt
and the deck which is low in summer and high in winter.
The purpose of this paper is to study experimentally and numerically the dynamic properties of two pedestrian wooden bridges. Experimental tests were performed both in winter and
in spring in order to investigate the influence of the temperature on the dynamic properties. A
finite element model was implemented for each bridges. Two key aspects are the modelisation
of the connections and the material parameters for the asphalt layer.
2
2.1

VEGA BRIDGE
Description

Figure 1 –Vega bridge: dimension, material and cross-sections
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The bridge, see Figure 1, is based on a 3-hinged arch. It was prefabricated and hoised in
place. The deck consists of Stress Laminated Timber Deck (SLTD), made of a number of glulam beams (each with a 142 u 315 mm2 cross-section) that are transversally prestressed by
steel rods every 60 cm. The deck is covered by an asphalt layer with a thickness of 85 mm.
The V-shaped disposition of the steel hangers has been chosen in order to increase the buckling capacity. The deck is supported by four steel cross beams. The two arches are connected
through six K-shaped braces. Both the arch and the braces are made of glulam.
2.2

Experimental setup

Experimental testing was performed during cold (March 11th, 2019: -6°C) and warm (May
15th, 2019: 15°C) weather. 17 accelerometers were placed on the deck and measured vertical
and transversal accelerations. An accelerometer was also attached to the lowest transverse
brace in order to measure the lateral acceleration of the arch. The bridge was excited by using
two methods: an impact hammer and a free falling from an 80 kg person from a height of 30
cm. The results were then processed using a low-pass Butterworth filter with a cut-off frequency of 20 Hz and Fast Fourier Transformations in order to identify the natural frequencies
and eigenmodes. The damping coefficients were obtained using the half power bandwidth
method.
2.3

Finite element model

The finite element model was implemented in Abaqus. It consists of the following parts:
arch, braces, hangers, cross beams, deck and asphalt layer.The arch and the bracings were
modelled using 3D beam elements. The dimension of the rectangular cross-sections are given
in Figure 1. The material parameters of the Glulam were taken as E = 13 GPa, Q = 0.2, U =
440 kg/m3. The hangers and the cross-beams, were also modelled using 3D beam elements.
The material parameters for steel were taken as E = 210 GPa, Q = 0.3, U = 7850 kg/m3. The
SLTD deck consists of timber beams of height 0.315 m that are prestressed transversally, thus
carrying load mainly through friction. It was modelled using 4 node orthotropic shell elements
with Ex = 13 GPa, Ey = 0.26 GPa, Gxy = Gxz = 0.78 GPa, Gyz = 0.078 GPa. The asphalt layer,
that has a height of 85 mm, was modelled with 4 node isotropic shell elements with Q = 0.3, U
= 2243 kg/m3. Two values for the elastic modulus was taken: 3 GPa in warm conditions and
25 GPa in cold conditions.
A hinge at the crown of the arch was introduced by allowing only the rotation around the
transversal axis. The interactions arch/bracing, arch/hanger and hanger/cross beams were
simulated by using tie constraints that permit rotations and by introducing offsets so that the
connections are modelled at the exact positions. The interaction between the cross beams and
the deck is performed through steel plates that are welded to the cross beams and inserted in
the timber deck. For each steel beams, coupling constraints were defined at three points, with
vertical and transversal translational restraints for the middle point and vertical and longitudinal translational restraints for the two other points. A full shear interaction between the asphalt layer and the timber was assumed by using offsets corresponding to half of the thickness
for both the deck and the asphalt and by using tie constraints between both surfaces.
The boundary conditions were introduced at the arch springings and at the deck abutments.
The arches are connected to a concrete block by a steel device that, ideally, only allows for
rotation around the y axis. However, rotational springs around x and z axes were introduced in
order to match the experimental results. The deck is supported continuously along the abut-
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ment length through steel plates which are embedded in the abutment’s concrete in one end
and inserted into the deck on the other. The outermost plates are oriented in a way to prevent
longitudinal displacement, whereas the one on the center prevents transversal displacement.
These boundary conditions were introduced in the deck by defining reference points with an
offset of half the deck height. Vertical translations were restrained along the width of the deck
and longitudinal or transverse translations, depending on the orientation of the respective plate,
were restrained at the location of the steel plates. Longitudinal restraints are present at only
one abutment.
2.4

Experimental and numerical results

The experimental and numerical results are presented in Tables 1 and 2 and Figure 2. The
experimental results show clearly that the temperature has a significant influence on the natural frequencies and that a decrease of the temperature leads to an increase of the stiffness.
Compared to warm conditions, the natural frequencies in cold conditions are 44% higher for
the first transversal mode and 22% higher for the first vertical mode. The high impact of the
temperature change for the first transversal mode was expected since the change in the stiffness of the asphalt with the temperature affects especially this mode. A change of the damping ratios due to the temperature cannot be identified. However, it can be observed that the
values of the damping were almost all higher than the one suggested by the Eurocode (1.5%
for structures with mechanical joints).
With exception for the torsional mode, good agreement between experimental and numerical natural frequencies are obtained. The differences for the natural frequencies between
Models 2 and 1, which differ only by the E value of asphalt, are 39% for the first transverse
mode and 17% for the first vertical mode, which is closed to the experimental values given
above. Therefore, it seems that the differences in the experimental frequencies between warm
and cold conditions can be explained to a large extent by the effect of the asphalt. However,
this conclusion must be taken with caution since both the adopted values for the asphalt stiffness and the adopted full shear connection between the deck and asphalt layers can be debated.
Vibration mode
1st vertical
2nd vertical
3rd vertical
1st transversal
1st torsional

Exp. freq.
(15qC)
2.88
3.51
5.13
4.53
4.57

Exp. freq.
( -6qC)
3.50
3.86
6.27
6.53
5.44

Model 1
(15qC)
2.80
3.69
5.26
4.62
5.68

Model 2
(-6qC)
3.27
4.03
6.17
6.41
6.43

Table 1: Vega bridge: experimental and numerical natural frequencies.

Vibration mode
1st vertical
2nd vertical
3rd vertical
1st transversal
1st torsional

Damping ratio
( 15qC)
3.2
1.5
2.8
4.0
2.4

Damping ratio
( -6qC)
3.4
3.1
3.0
4.5
2.0

Table 2: Vega bridge: experimental damping ratios.
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(a) 1st transversal mode (arch)

(b) 1st vertical mode

(c) 2nd vertical mode

(d) 1st transversal mode

(e) 3rd vertical mode

(f) 1st torsional mode

Figure 2 –Vega bridge: numerical mode shapes

3
3.1

HÄGERNÄS BRIDGE
Description

The bridge, see Figure 2, is based on a 3-hinged arch. The deck, 42 m long, consists of two
laminated veneer lumber (LVL) plates glued and screwed together. Below the deck lies a grid
consisting of 5 longitudinal and 13 transversal glued laminated timber beams. The 5 longitudinal beams support the deck. The longitudinal beams rest on concrete abutments at their ends
as well as on four steel beams. Two of the steel beams are attached to the glued laminated
timber arches. The other two steel beams are attached to steel hangers which in turn are attached to the arches. The two arches are laterally stabilized through 4 cross braces placed between the concrete abutment of the arches and the steel beams. The deck is covered by an
asphalt layer with a thickness of 75 mm.
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Figure 3 –Hägernäs bridge

3.2

Experimental setup

Experimental testing was performed during cold (March 5th, 2019: -10°C) and warm (May
17th, 2019: 17°C) weather. 16 accelerometers were placed on the deck and measured vertical
and transversal accelerations. 2 accelerometers were also attached to the vertical hangers in
order to measure the lateral acceleration of the arch. The same two sources of excitation as for
the Vega bridge and also the same processing of the measured signals were used.
3.3

Finite element model

The deck was modelled using 4 node orthotropic shell elements with a thickness of 126
mm. This approach is valid since a full interaction between the two (LVL) plates can be assumed. The material parameters are Ex = 10.5 GPa, Ey = 2.4 GPa, Gxy = 0.6 GPa, Gxz = 0.12
GPa, Gyz = 0.22 GPa, U = 550 kg/m3. The arches as well as the 5 longitudinal and 13 transversal beams were modelled using 3D beam elements. The material parameters were taken as E =
10.4 GPa, Q = 0.2, U = 440 kg/m3. The steel beams and the hangers were also modelled with
3D beam elements whereas the cross braces were modelled using 3D truss elements. The material parameters of steel were taken as E = 210 GPa, Q = 0.3, U = 7850 kg/m3. The asphalt
layer with a height of 75 mm was modelled in the same way as for the Vega bridge, with the
same material parameters.
The connections between the different parts were modelled as they are expected to work
for small amplitudes of vibration. A hinge at the crown of the arch was introduced by allowing only the rotation around a transversal axis. The interactions steel beam/hanger, steel
beam/arch, longitudinal beam/transverse beam and longitudinal beam/deck were simulated by
using tie constraints for both displacements and rotations. The bolted connection between the
hangers and the arches allows a certain rotation in two directions, around the vertical and
transversal axes. To model this behaviour a rigid body constraint with two connectors was
used.
The longitudinal timber beams are resting on the steel beams and are placed between two
steel plates welded to the steel beams. The steel plates have slotted holes to accomodate the
difference in thermal expansion between steel and timber. The two beams are connected with
steel rods that go through the elongated holes. These connections allow small rotations around
the three axes and also some vertical translation. Each connection is modelled using a rigid
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body constraint between the midsurface of both beams and the two connectors. A vertical
spring was placed at the connector situated at the steel beam.
The bridge rests on concrete foundations. The cross-bracings are fixed in all translations at
their ends. At the supports, the arches are connected with hinges that allow only for the rotation around the transversal axis. At the abutments, for each longitudinal beam two steel plates
with holes are cast into the concrete. The beam is placed between the plates and screwed to it.
At one abutment, the holes in the steel plates allow no movements whereas at the other abutment the holes permit the longitudinal displacement. In the model, reference points with an
offset of half the deck height were created at both ends of all the longitudinal beams. At one
end, only the rotations around the transversal axis was allowed whereas at the other end, the
rotation around the transversal axis and the longitudinal translation were allowed.
3.4

Experimental and numerical results

The experimental and numerical results are presented in Tables 3 and 4 and Figure 4. The
experimental results show that the temperature has a significant influence on the natural frequency for the first transversal mode (the difference between cold and warm conditions is
26%) but not for the first vertical mode (the difference between cold and warm condition is
5%). Except for the first transversal mode, no differences regarding the damping coefficients
were observed between warm and cold conditions. It can also be noted that almost all the values of the damping were slightly lower than the one suggested by the Eurocode.
The differences for the natural frequencies between Models 2 and 1 are 18% for the first
transverse mode and 4% for the first vertical mode, which is closed to the experimental values
given above. Therefore, and as for the Vega bridge, it seems that the differences in the experimental frequencies between warm and cold conditions can for a large part be explained by
the stiffness of the asphalt. However, as for the Vega bridge, this conclusion must be taken
with caution.

Vibration mode
1st vertical
2nd vertical
3rd vertical
1st transversal
1st torsional

Exp. freq.
(17qC)
5.13
5.71
6.18
4.36
6.71

Exp. freq.
( -10qC)
5.37
6.14
6.56
5.50
7.18

Model 1
(17qC)
5.46
5.79
6.97
5.13
7.28

Model 2
(-10qC)
5.66
6.08
7.11
6.04
7.59

Table 3: Hägernäs bridge: experimental and numerical natural frequencies.

Vibration mode
1st vertical
2nd vertical
3rd vertical
1st transversal
1st torsional

Damping ratio
( 17qC)
1.0
1.2
1.1
2.0
1.2

Damping ratio
( -10qC)
1.0
1.2
1.4
0.8
1.0

Table 4: Hägernäs bridge: experimental damping ratios.
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(a) 1st transversal mode f = 4.79 Hz

(b)
b 1st vertical mode f = 5.36 Hz
b)

(c) 2nd vertical mode f = 5.68 Hz

(d)
( ) 3rd vertical mode f = 6.94 Hz

(e) 1st torsional mode f = 7.13 Hz
Figure 4 –Hägernäs bridge: numerical mode shapes

4

CONCLUSIONS

In this paper experimental and numerical analyses of two timber pedestrian bridges have
been presented. Both bridges are about 40 m long and consist of a timber deck supported by
two timber arches. Experimental tests were performed in warm and cold conditions. The experimental results show that the temperature has a significant influence on the natural frequencies of the bridges, especially for the first transversal mode and that a decrease of the
temperature leads to an increase of the stiffness. For the Vega bridge, the natural frequencies
in cold conditions are 44% higher for the first transversal mode and 22% higher for the first
vertical one compared to warm conditions. For the Hägernäs bridge, the corresponding values
are 26% and 6%. For both bridges, no significant differences regarding the damping between
winter and spring were observed. However, and compared to the values suggested by the Eurocode, higher damping coefficients were measured for the Vega bridge and slightly lower
ones for the Hägernäs bridge.
A finite elements model was implemented for each bridge. These models show that the
connections between the different components of the bridge must be considered carefully in
order to obtain accurate results compared to the experimental natural frequencies. The numerical results tend to show that the differences in the experimental frequencies between warm
and cold conditions can for a large part be explained by the stiffness of the asphalt. However,
this conclusion must be taken with caution since both the adopted values for the asphalt stiffness and the adopted full shear connection between the deck and asphalt layers can be debated.
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Abstract. The users of the 132-meter-long Kjærra Bridge in Larvik, Norway, noticed severe
lateral vibrations due to pedestrian loading on the opening day in 2001. During the period
that the bridge was designed, there were no clear guidelines to minimize pedestrian induced
vibrations in footbridges. This article aims to explain severe vibrations induced by pedestrians
on the Kjærra Bridge, and to highlight the importance of clear guidelines to prevent similar
cases in the future. To this end, a series of vibration measurements, both free and forced, are
conducted on the Kjærra Bridge. The free- and forced-vibration tests are supplemented by
numerical analysis for several different loading scenarios. Field measurements and numerical
analysis results are compared with the current guidelines to evaluate the design of the bridge.
The analyses results show vibration levels in the unacceptable range put forth by current design
guidelines for several loading scenarios indicating that these guidelines can successfully predict
human-induced vibrations on footbridges.
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1

INTRODUCTION

The Kjærra Bridge is a 132m long timber footbridge with a free span of 92 metres across the
Numedalslågen river in Larvik, Norway. The structure is based on two concrete bridgeheads,
each supporting a triangular console. The consoles support a double, undertensioned structural
system with laminated timber compression members and steel wires taking the tensional forces.
The lateral load carrying system consists of a horizontal steel truss between the laminated timber
arches and was designed for wind loads. The width of the bridge is 2.4m and, architecturally,
it was designed to ﬁt in its environment which is surrounded by woods and waterfalls leading
to a very slender structure; see Figure 1. The bridge was opened to the public on the 5th of July
2001 [1] and the users of the bridge noticed severe lateral vibrations due to pedestrian loading
on the opening day of the bridge. The slender structure and the lateral vibrations observed in
the bridge were similar to those observed in the London Millenium Bridge, which had been
designed in the same period as the Kjærra Bridge.
During the design and construction of the Kjærra Bridge, there were no standards or guidelines available in Norway to minimize human-induced vibrations. Although some dynamic
analysis had been conducted during the design stage, these analysis had no effect on the ﬁnal
design mainly due to lack of such guidelines.
The aim of this article is two-folds: (1) to investigate the reasons of the human-induced vibrations observed in the Kjærra Bridge and (2) to investigate whether the current design guidelines
such as HIVOSS [2] and Sétra [3] can successfully predict the excessive vibrations observed. To
achieve these goals, free- and forced-vibration tests were carried out on the bridge and dynamic
analyses were conducted using a detailed numerical model in Autodesk Robot.

Figure 1: The Kjærra Bridge has a total span of 132m and a free span of 92m across the
Numedalslågen River in Lardal, Norway. Photo: Lisbeth Michelsen

2

DESIGN LAYOUT

The bridge was designed as part of a municipal effort to improve access to the public riverbanks. The bridge structure consists of two triangular consoles supported by concrete foundations on each riverbank. These consoles are made of three main components: Two 13 metre
long side spans with an elaborate truss brackets made of glulam, and a 92 metre long mid-span
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with a lower span cable construction system.
The main span is constructed as a truss, consisting of arched glulam girders, compression
members made of glulam cigar beams and steel cables to absorb tensile forces. The truss system
is jointed at the middle as a variant of the Polonceau system ﬁrst designed by French railway
engineer Jean-Barthélémy Camille Polonceau (1813 - 1859) [4].
The distance between the extremes of the console beams carrying the main span is 66 metres
resulting in a maximum free span of 92 meters. The cantilever console-structure is made of
beams and compression members in glulam timber, as well as diagonal steel cross-bracing in
the transverse direction leading the forces from the main span to triangular concrete foundations.
Furthermore, the two console-structures are anchored at reinforced concrete abutments on each
riverbank. Figure 2 shows the elevation view of the bridge.
A wind bracing made of steel L-beams are bolted to the primary beams along the bridge
main axis. Horizontal forces are obtained by the wind bracing and transferred down to the
foundations through cross bracing.
3

CHARACTERISTICS OF DYNAMIC PEDESTRIAN LOADING

The severe vibrations on the Kjærra Bridge normally occurs when relatively dense ﬂows of
people cross the bridge simultaneously. Pedestrian loadings are complex loadings that are challenging to carefully deﬁne. This dynamic loading is affected and modiﬁed by many parameters.
However, studies show that the average frequency of the loading, i.e. the number of steps per
second, for normal walking is somewhere between 1.6 and 2.4 Hz. For the same walk, the
transverse loading frequency is equal to half of the vertical loading, i.e. the transverse loading
frequency for normal walking is somewhere between 0.8 and 1.2 Hz [3].
The phenomenon of lock-in of a pedestrian crowd is deﬁned as “a pedestrian crowd, with
frequencies randomly distributed around an average value and with random phase shifts, will
gradually coordinate at a common frequency (that of the footbridge) and enters in phase with the
footbridge motion”. [3]. To compensate for the imbalance from the vibrational behaviour in the
structure, crowds tend to instinctively follow the footbridge motion frequency. As soon as the
amplitude of the movements are perceptible, crowd behaviour is no longer random and a motion
synchronized with the vibrations of the bridge is developed. Thus, the vibrations tend to amplify as crowd-motion synchronizes with the transverse vibrations in the footbridge, ultimately
leading to resonance to the accelerations. These vibrations may reach a critical acceleration if a
critical number of pedestrians provoke the vibrations [3].
4

GUIDELINES FOR HUMAN INDUCED VIBRATIONS IN FOOTBRIDGES

At the time of construction, there were no clear guidelines in Norway concerning design for
human-induced vibrations in footbridges. Currently, EN-1990:2002 [5] is the relevant standard
in Norway that sets the criteria for comfort of the pedestrians on footbridges. According to
EN-1990:2002, all footbridges that has a frequency lower than 5 Hz in the vertical direction and
2.5 Hz in the horizontal should be veriﬁed for comfort criteria. The comfort criteria is further
deﬁned in terms of the maximum acceleration created by groups of 8 to 15 walking normally
(persistent design situation). The maximum allowed accelerations are 0.7 m/s2 in the vertical
direction and 0.2 m/s2 in the horizontal direction. For exceptional crowd conditions, i.e. when
the number of pedestrians is signiﬁcantly over 15, the maximum allowed horizontal acceleration
is 0.4 m/s2 . Further, EN-1990:2002 also suggests that, due to uncertainty and complexity of the
calculations, it may be necessary to make provisions in the design such as use of dampers unless
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the comfort criteria is cleared by a substantial margin.
Although EN-1990:2002 [5] provides guidelines and criteria to avoid severe vibrations in
footbridges, these guidelines are not very detailed and can be regarded as imprecise. On the
other hand, two guidelines, Sétra [3] and HIVOSS (Human-Induced Vibrations of Steel Structures) [2] provide more detailed and precise requirements to minimize human-induced vibrations in footbridges. According to Sétra [3], the critical eigenfrequencies are 0.3-2.5 Hz and
1-5 Hz in horizontal and vertical directions, respectively. HIVOSS [2] sets these critical eigenfrequencies at 0.5-1.2 Hz and 1.25-2.3 Hz, respectively. According to these two documents,
the structures whose predominant vibration frequencies fall into these ranges must undergo a
more detailed evaluation. This evaluation requires the evaluation of the comfort level based
on the maximum expected acceleration in both vertical and horizontal directions computed via
dynamic analysis under pedestrial loading [2, 3]. Table 1 presents the range of accelerations in
vertical and horizontal directions for different comfort classes. It should be noted that the range
of accelerations given in Table 1 are valid for both Sétra and HIVOSS guidelines [2, 3].
Class

Degree of Comfort

CL1
CL2
CL3
CL4

Maximum
Medium
Minimum
Unacceptable

alimit -vertical

alimit -lateral

< 0.50 m/s2
0.50 - 1.00 m/s2
1.00 - 2.50 m/s2
> 2.50 m/s2

< 0.10 m/s2
0.10 - 0.30 m/s2
0.30 - 0.80 m/s2
> 0.80 m/s2

Table 1: Deﬁned comfort class with common acceleration ranges for Sétra and HIVOSS

5

FIELD MEASUREMENTS

Free-vibration and forced-vibration measurements were conducted on the bridge in the spring
of 2019 in order to understand the vibration characteristics of the bridge. The measurements
were done using a one triaxial accelerometer, Diciducer Model 333D01, at a rate of 800 Hz, on
various locations on the bridge. Figure 2 presents the elevation view of the bridge and the ﬁve
points where the measurements were taken. Point 3 in Figure 2 is the mid-point of the bridge
and points 1 and 5, and 2 and 4 are symmetric with respect to the mid-point. As expected, the
measurements at the symmetrical points gave very similar response. Therefore, results are only
presented for points 1 and 2 for brevity.

Figure 2: Elevation view: Kjærra Bridge with points of measurements (all dimensions in mm)
The measured acceleration time histories from the free-vibration analyses were converted to
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frequency domain using Fast Fourier Transformation (FFT) for the measurements at points 1, 2
and 3. The results plotted in Figure 3 shows that the predominant frequencies in the horizontal
and vertical directions are 0.88 Hz and 1.43 Hz, respectively. Measurements at points 1 and
2 also show the frequencies of the higher modes that are suppressed at point number 3. The
predominant frequencies fall into the critical range in EN-1990:2002 [5], Sétra and HIVOSS
[2, 3] guidelines.

(a) Point 1 - Vertical direction

(b) Point 1 - Horizontal direction

(c) Point 2 - Vertical direction

(d) Point 2 - Horizontal direction

(e) Point 3 - Vertical direction

(f) Point 3 - Horizontal direction

Figure 3: Frequency response function at the mid-span measured from free vibration analyses
In addition to the free vibration measurements, forced-vibration measurements induced by
up to three people were conducted to measure the level of accelerations. Around hundred measurements were made on different locations on the bridge to understand the characteristics of
the vibrations. However, in this article, we will only focus on the critical results, which are
the measurements made at the middle of the main span (point 3 in Figure 2). This area on the
bridge shows the highest response to the lowest vibration frequencies on the structure for both
horizontal- and vertical vibrations.
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The forced-vibration tests conducted on the bridge show that, as expected, the accelerations
increase linearly by the number of people inducing the vibrations. By ﬁrst introducing vibrations induced by one, and then two and three people to amplify the vibrations on the bridge, it is
measured that the accelerations (associated to the dominating frequencies) increase by approximately 0.11 m/s2 for vertical vibrations and 0.28 m/s2 for horizontal vibrations per person. As a
result, maximum horizontal and vertical accelerations were recorded as 0.34 m/s2 and 0.80 m/s2
in the vertical and horizontal directions, respectively when the forced-vibrations are introduced
by three people; Figure 4 and 5. This shows that, even for a load of three persons, the maximum
accelerations recorded on the bridge get fairly close to the Medium degree of comfort set forth
by Sétra and HIVOSS guidelines; Table 1.

Figure 4: Acceleration measurements for induced vibrations in vertical direction

Figure 5: Acceleration measurements for induced vibrations in horizontal direction
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6

NUMERICAL ANALYSIS

R
A detailed ﬁnite element model of the bridge was created in the Autodesk
RobotTM Structural Analysis environment to conduct a dynamic analysis of the bridge structure. Both modal
analysis and Footfall Harmonic Analysis (FHA) of the structure was performed to investigate
the free-vibration and forced-vibration behaviour of the bridge. When establishing the dynamic
model, the nodal stiffnesses were carefully assessed and modelled, among other things by deﬁning rigid links, master nodes and slave nodes. Furthermore, the hand railing was modelled as
imposed load, converted to structural mass prior to the modal analysis, assuming negligable
contribution to the overall stiffness of the structure.
A modal analysis of the structure was performed to investigate the dynamic behaviour. The
results from the modal analysis show low natural frequencies both in the vertical- and lateral directions. Table 2 presents these frequencies together with the percentage of total mass vibrating
in each mode in lateral (UY) and vertical (UZ) directions.

Mode shape Frequency
[-]
[Hz]
1
2
3

1.06
1.33
1.80

Period
[Sec]

Cur.mas.U Y
[%]

Cur.mas.U Z
[%]

0.94
0.75
0.56

31.4
24.9
0.0

0.0
0.0
42.4

Table 2: Results of the modal analysis for the ﬁrst ﬁve modes

The results of the modal analysis (Table 2) are in quite a good agreement with the freevibration tests (Figure 3) although the numerical model seems to slightly overestimate the frequencies of the structure. Figure 6 and 7 depict the mode shapes of the predominant lateral and
vertical modes obtained from modal analysis. The vibration frequencies in both the horizontal
and vertical directions (1.06 Hz and 1.80 Hz, respectively), similar to the frequencies from the
free-vibration measurements, fall into the critical range according to all three documents considered. As such, evaluation of maximum expected accelerations is necessary to assess the level
of human-induced vibrations in the bridge.

Figure 6: Mode shape of the ﬁrst lateral mode; f=1.06 Hz
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Figure 7: Mode shape of the ﬁrst vertical mode; f=1.80 Hz
For this, a footfall harmonic analysis (FHA) was performed, examining the effect of human
footsteps interpreted as a harmonic load at a speciﬁc range of frequency on the structure. Due
to the limitation of the software used, only vertical direction response was investigated through
the FHA. The frequency of movement of the harmonic load was set to be between 0.5 Hz - 5.0
Hz and the number of steps was set to 100. Furthermore, the damping ratio was modelled as
5% of the critical damping and the harmonic load was set to 70 kg based on the average weight
of a person.
The FHA has been repeated to simulate different number of people crossing the bridge simultaneously. Figure 8 shows the response of the bridge when the number of people crossing
the bridge is set to ten. As expected, the most severe response is observed at 1.80 Hz, which is
the predominant frequency in the vertical direction. The footfall analysis show that the maximum acceleration levels in the vertical direction can reach 1.6 m/s2 , which is much higher than
the comfort criteria set forth by EN-1990:2002 [5] for groups of 8 to 15 people; 0.7 m/s2 . This
level of acceleration also places the comfort level of the bridge at Minimum according to Sétra
and HIVOSS guidelines.

Figure 8: Results of Footfall Harmonic Analysis
Table 3 summarizes the results of the FHA for different number of pedestrians crossing the
bridge including the estimated maximum acceleration for all cases. The variation of maximum
acceleration with the number of pedestrians computed using FHA is also depicted in Figure 9
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together with the maximum accelerations obtained from forced-vibration measurements. Also
plotted in Figure 9 is the linear extrapolation of the maximum observed accelerations in the
forced-vibration tests. Although the measurements are limited to three people, linear extrapolation of the observed maximum accelerations up to 15 people can be regarded as realistic
considering that the behaviour of the bridge most likely remain elastic for a pedestrial load of
up to 15 persons.
The maximum acceleration levels presented in Table 3 and Figure 9 show that the humaninduced vibrations in the Kjærra Bridge exceeds the comfort criteria of EN-1990:2002 [5] already for ﬁve pedestrians. According to the Sétra and HIVOSS guidelines, the comfort level of
the bridge reduces from Maximum to Medium at four pedestrians and further down to Minimum
at seven pedestrians. Extrapolating the results of the FHA suggests that the threshold of Unacceptable vibrations will be exceeded when a group of 16 people cross the Kjærra Bridge at the
same time.
npedestrians
[-]

Fharmonic
[kg]

Accel.
[m/s2 ]

1
2
3
4
5
10
15

70
140
210
280
350
700
1050

0.16
0.31
0.47
0.63
0.79
1.60
2.40

Table 3: Dynamic response of Kjærra Bridge obtained from FHA

Figure 9: Measured and computed maximum accelerations for Kjærra Bridge
7

CONCLUSION

Kjærra Bridge had been designed and constructed at the beginning of the 21st century, when
there were no clear guidelines or standards that has focused on human-induced vibrations on
footbridges. As a result of the slender geometry of the bridge, the pedestrians crossing the

1822

Thomas T. Tenev, Ole A. Kristiansen and Emrah Erduran

bridge in groups have been experiencing severe vibrations. This paper has investigated the
dynamic behavior of the bridge through ﬁeld measurements and numerical analysis. The conclusions drawn from the results of free- and forced-vibration measurements conducted on the
Kjærra Bridge and the numerical analysis performed can be summarized as follows:
• The free-vibration measurements indicate that the predominant frequencies in both horizontal and vertical directions are in the critical range according to all three prominent
documents that focus on comfort criteria for vibrations in footbridges [2, 3, 5] .
• The forced-vibration measurements show that, even for three persons, the acceleration
levels get close to the comfort level Medium according to Sétra and HIVOSS guidelines.
• The modal analysis results can be deemed to be in good agreement with free-vibration
measurements although the former seems to slightly overestimate the vibration frequencies in both horizontal and vertical directions.
• The footfall harmonic analysis conducted for different number of pedestrians show that
the comfort level of the Kjærra Bridge is not acceptable according to EN-1990:2002 [5]
for pedestrian groups ﬁve or more people. The acceleration level falls into Minimum
comfort level when the number of pedestrians exceed seven and becomes Unacceptable
for 16 people according to Sétra and HIVOSS [3, 2] guidelines.
• The results of this study suggest that both EN-1990:2002 [5] and HIVOSS [2] and Sétra
[3] guidelines can effectively predict that the human-induced vibrations in Kjærra Bridge
can exceed acceptable levels for a relatively small group of pedestrians. As such, it can be
argued that any future design that follow the aforementioned guidelines can be expected
to have a satisfactory behavior as far as human-induced vibrations are concerned.
• On the other hand, the problems associated with human-induced vibrations for Kjærra
Bridge demonstrate the need for a theroetically-sound and precise standard to avoid such
problems in future designs.
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Abstract. The last two decades saw an increase in the number of studies investigating the
problem of excessive structural vibration due to pedestrian dynamic loads. Several models to
represent the pedestrian action on the structure have been developed. The simplest model
(used in most guidelines) consists of applying a moving force on the structure to predict its
dynamic behaviour. However, it is now well known that this model cannot accurately estimate
the dynamic response of the structure under human action. This is chiefly because the human
body has its own dynamic properties, depending on the activity and posture, and the simplest
model does not consider this when modelling a pedestrian. This way, single degree of freedom
(SDOF) models considering stiffness, mass and damping of an individual have been initially
presented. Such models have been compared with the simplest moving force model in terms of
accuracy of the structural response. However, challenges remain in terms of dealing with its
mathematical modelling, and validation with experimental measurements. In this context, this
paper presents a discussion about the formulations of such SDOF models, in order to clarify
conceptual and mathematical similarities and differences between such formulations. A basic
formulation was identified to compare values that have been proposed for the body
parameters, using as a reference experimental data obtained from tests carried out in
resonance condition on a lively footbridge. The SDOF model and, generally, the values of
body parameters proposed in the literature, performed well against experimental data. There
was evidence that lower natural frequencies of the pedestrian body adopted in one of the
formulations led to less accurate results, but further studies are needed to confirm this.
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1

INTRODUCTION

Structures have become increasingly lighter and slender, and consequently more
susceptible to excessive vibrations. Thereby, loads that generally did not cause structural
problems in the past, for example, human activity (running, walking, bouncing etc.), are now
of interest for serviceability limit states. This way, the last two decades has concentrated an
increased number of studies that aim to investigate the dynamic behaviour of structures under
human loads [1].
To deal with this, for design purposes, several ways of applying these loads on the
structure have been presented [2]. Focusing on the vertical direction and walking movement,
the simplest model consists in applying a moving periodic force (MF) over the structure,
mathematically expressed by a Fourier series [3].
Currently included in most standards and guidelines [e.g., 4-6], it is now well known that
the MF model cannot estimate precisely the dynamic properties of the system under human
action, and sometimes can result in overestimated responses, as shown by Caprani et al. [7].
This is because the dynamics of the pedestrian body is not considered in the MF model.
Indeed, Shahabpoor et al. [1] and Caprani & Ahmadi [2] emphasized that human-structure
interaction (HSI) is the key to understand and estimate the effect of human induced loads in
structures, particularly in resonance condition. Thus, biodynamic models have been
introduced to model pedestrians, the simplest one being a single degree of freedom springmass-damper (SMD model).
However, even among the SMD models, there are significant differences in the
formulations, ranging from the absence of an analytical formulation [8-10], to the adoption of
additional energy input that generates the pedestrian up and down movement by different
means (e.g., actuators [11-13], heel movement [14], additional velocity term [15]), or else
none of these additions [7,16,17].
Another aspect regarding the SMD models are the values adopted for the parameters mass,
stiffness and damping, and several proposals can be found [10,15,17-20], in which such
values were obtained in different ways. However, comparisons of performance of SMD
models and associated parameters among each other and against the same experimental data
are scarce or even non-existent.
In this context, the aim of this paper is twofold. First, an analysis is presented regarding the
formulations of SMD models, as a way of clarifying their similarities and differences in
conceptual and mathematical terms. The target is to identify a basic analytical formulation for
the SMD model and adopt it to compare different formulations. Then, and adopting this basic
formulation, parameters proposed in the literature for stiffness, mass and damping of the
SMD models were compared, employing experimental data from a pedestrian crossing of a
very lively footbridge that had the first vertical mode easily excited. It should be mentioned
that the test was carried out in resonance condition, so as to enhance differences in the
response between the MF and several SMD models.
2

ANALYSIS OF SMD MODELS

In this section, SMD models of the literature are critically analysed, and a basic analytical
formulation is identified and adopted for further comparison against experimental data.
Following this, values for the SMD parameters are presented.
2.1

Formulation of SMD models

The first model known to the authors that proposed the modelling of a moving pedestrian
as a dynamic system when calculating footbridge vibrations was proposed in Archbold [8],
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see also Fanning et al. [9]. Being called later on in the literature as a Moving Oscillator, this
model consists of applying a ground reaction force F(t) produced from walking on a rigid
surface, simultaneously with a SMD model, the latter representing the dynamics of the
pedestrian body.
The ground reaction force is usually assumed to be periodic and represented in terms of a
Fourier series. For a rigid surface, this time varying force F(t) is shown in Eq. (1), considering
only the first harmonic, as this usually suffices for analyses of typical footbridges in
resonance condition. In Eq. (1), W is the weight of the pedestrian (W = Mg, in which M is the
pedestrian total mass, and g is the acceleration due to gravity), fp is the pacing rate, and DLF
stands for dynamic load factor [3].
F(t) = W(1 + DLF sin (2πfp tሻሻ

(1)

It should be noted that there is no specific analytic formulation presented in Archbold [8]
and Fanning et al. [9] to represent the interaction between pedestrian and footbridge. This
proposal is, thus, just a procedure to include the dynamics of pedestrian. This same procedure
was adopted by Silva et al. [10].
A first analytical formulation to account explicitly for the interaction between pedestrian
and footbridge can be found in the work of Caprani et al. [7]. It is considered that the ground
reaction force produced by the pedestrian is the sum of elastic spring and dissipative forces,
that is, the force is transmitted to the mass of the pedestrian through the spring and damper,
while walking on a rigid or on a flexible surface.
The outcome of this formulation is that the ground reaction force is equal to the respective
inertia force in each case, as will be shown later. Venuti et al. [16] adopted the formulation of
Caprani et al. [7], but with a difference that the former opted to express the interaction force
as the sum of the elastic spring and damping forces instead of the inertia force, which led to a
different arrangement of terms in the formulation. Shahabpoor et al. [17] also adopted this
formulation, for investigating the action of a pedestrian flow, which was assumed as
continuous and stationary.
This formulation was employed with some modifications by Pfeil et al. [14]. First, a
function was introduced to represent the up and down movement of the heels. One can think
of this function as a conceptual cause of the up and down movement of the pedestrian.
However, in the development of the formulation, it can be inferred that this function could be
suppressed without affecting the equations of motion.
This way, by omitting this function for the sake of clarity, the model adopted by Pfeil et al.
[14] can be seen in Figure 1: a walking person represented as a SMD model, with respective
modal mass (mp), damping (cp) and stiffness (kp). By considering the equilibrium at the
pedestrian’s centre of mass (COM) and at contact point, the equation of motion of the
pedestrian can be expressed in Eqs. (2) and (3), while walking on rigid and flexible surfaces,
respectively.
F(t) = - cp uሶ pr - kp upr = mp uሷ pr

(2)

Fint (t) = - cp (uሶ pr + uሶ p - uሶ s ) - kp (upr + up - us ) = mp (uሷ pr + uሷ p )

(3)

In Eqs. (2) and (3), upr is the vertical displacement of the pedestrian’s COM while walking
on a rigid surface; up is the vertical displacement while walking on flexible surface which
takes into account the pedestrian-structure interaction; and us is the vertical displacement of
the structure at the contact point. It should be noted, as indicated in Figure 1, that the forces
F(t) and Fint(t) represented in these equations act on the pedestrian. Equal and opposite forces
are acting on the structure.
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Figure 1: The SMD model (a) on a rigid surface and (b) on a flexible surface, after [14].

Considering all this, Pfeil et al. [14] explicitly showed that the ground reaction force from
the rigid surface F(t) could be introduced into the expression of the interaction force Fint(t)
while walking on a flexible surface. This is directly obtained by manipulating Eqs. (2) and (3).
Then, by turning around F(t) and Fint(t), in order to apply them at the structure, Eq. (4) is
obtained:
Fint (t) = cp (uሶ p - uሶ s ) + kp (up - us ) + F(t)

(4)

The introduction into the formulation of the interaction displacement up as a part of the
total displacement of the pedestrian’s COM while walking on flexible surfaces, led to a
difference in this formulation when compared to the ones adopted by the aforementioned
authors [7,16,17]. Adoption of up is necessary if the ground reaction force from walking on
the rigid surface is to be employed into the formulation of walking on the flexible surface.
The outcome is that the total displacement of the COM of the pedestrian while walking on a
flexible surface (up + upr) differs from that adopted by Caprani et al. [7].
The equation of motion of the pedestrian body, in terms of the interaction displacement up,
can be obtained by combining Eqs. (2) and (3):
mp uሷ p + cp (uሶ p - uሶ s ) + kp (up - us )= 0

(5)

Now, by using the concept of modal superposition, a coupled system (pedestrian-structure)
with two degrees of freedom is formulated. For this purpose, the structure displacement (us) at
the contact point, assuming a single mode structural response, can be expressed as:
us (x) = ϕi (x) yi

(6)

where yi is the general coordinate corresponding to the ith mode with the respective mode
shape ϕi(x), and x stands for the pedestrian position at the structure.
Remembering that modal superposition equation is given by:
mi yሷ i + ci yሶ i + ki yi = Pi

(7)

where mi, ci and ki are the modal mass, damping and stiffness of the ith mode of the structure,
and Pi is the generalized force, given by:
Pi = ϕi (x) Fint (t)
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The equation of motion of the joint pedestrian-structure system (unknowns yi and up) can
be expressed by Eq. (9), obtained by substituting Eq. (8) into (7), and considering Eqs. (4) and
(6).
(9)

mi yሷ i + (ci + ϕi ² cp ) yሶ i + (ki + ϕi ² kp ) yi - ϕi cp uሶ p - ϕi kp up = ϕi F(t)

The coupled pedestrian-structure system can be also written in a matrix form, as stated by
Pfeil et al. [14]:
(10)

MUሷ +CUሶ +KU=F
where,
M = 

mi

0

0

mp

൩,

ci + ϕi ²cp
C = 
- ϕi cp

- ϕi cp
cp

ki + ϕi ² kp
, K = 
- ϕi kp

- ϕi kp

,

kp

yi
ϕi F(t)
ൡ and U = ൝ ൡ
F = ൝
up
0
Note that the equations are similar to the ones presented by Venuti et al. [16]. However,
the variable representing the displacement of the pedestrian’s COM herein consists only of the
interaction displacement up of the COM while walking on a flexible surface.
A slight modification of this formulation was introduced by Jiménez-Alonso & Sáez [19]
by placing a small part of the pedestrian mass at feet level and in permanent contact with the
structure. By doing this, the interaction force Fint(t) differs from the expression present in Eq.
(3). Nonetheless, bearing in mind that the fraction of the total mass M of the pedestrian that is
included in the SMD model (as a modal mass mp) varies among proposals found in the
literature (values will be discussed later), the modification introduced by Jiménez-Alonso &
Sáez [19] did not differ much from the previous formulations.
Finally, Gomez et al. [15] conceived the source of external energy that caused the
pedestrian up and down movement as an initial velocity condition applied to the SMD model,
when the heel hits the ground. By comparing their formulation with the one from Pfeil et al.
[14], this initial velocity condition replaced the use of the ground reaction force F(t) (applied
on a rigid surface) when formulating the equations for walking on flexible surfaces.
However, this is more a matter of preference about using or not the ground reaction force
from walking on a rigid surface into the formulation. It should be noted that using F(t) has
advantages since expressions for it are very deeply studied in the literature [1, 2].
The formulation from Pfeil et al. [14], slightly modified by the suppression of the function
representing the heel movement, was, thus, selected as a basic one in this paper, and is
adopted for the analysis of the values of the SMD parameters.
2.2

SMD parameters

There are studies that proposed values for the SMD parameters based on experimental tests
with walking subjects.
One of the first studies was conducted by Silva & Pimentel [18]. Values were determined
based on tests with twenty subjects walking on a rigid surface, in which acceleration was
measured at waist level only. Regression expressions were then proposed for the modal mass,
stiffness and damping, as a function of the total mass and pacing rate of the pedestrian. In a
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subsequent work, Silva et al. [10] presented additional linear expressions to obtain stiffness
and damping.
The study of Toso et al. [20] also obtained SMD parameters from walking subjects. In this
case, the ground reaction force from a rigid surface was measured simultaneously with the
body acceleration for thirty-five subjects and used as an input to determine a set of regression
expressions for the SMD parameters.
The main feature for obtaining the SMD parameters in these three studies was a
formulation in which the equation of motion of the pedestrian assumed that all forces were
applied at the pedestrian’s COM, including the ground reaction force.
Gomez et al. [15] applied the same test setup as Silva & Pimentel [18], but enrolling only
three subjects and employing a different formulation for the equation of motion (see Section
2.1), which led to values for stiffness and damping for each test subject. In addition, they also
considered the modal mass as the respective total mass of the test subject.
In all these aforementioned works, the SMD parameters were determined directly from
measurements on each individual, walking alone. However, a different approach is reported in
other studies, where the values of the SMD parameters were obtained indirectly through
measurements of the structural response. This line of reasoning was presented by JiménezAlonso & Sáez [19], and they obtained values for the SMD parameters based on experimental
results carried out by Geogarkis & Jorgensen [21], in which test subjects walked in group (in
varied density scenarios) across a simply supported beam.
By using a genetic algorithm, average values for the SMD parameters for each scenario
were obtained, and Jiménez-Alonso & Sáez [19] concluded that there was no significant
variability in the sprung mass, equivalent damping ratio and body natural frequency for
different scenarios.
Shahabpoor et al. [17] also employed tests with group of pedestrians. They assumed that
the modal mass was the total mass of the pedestrian and identified a range of values for the
body natural frequency and damping.
A synthesis of all of these findings is presented in Tables 1 and 2, where ξp and fnp are
respectively damping ratio and natural frequency of the pedestrian body.
mp (M, fp )
cp (mp )
kp (cp )
mp (M, fp )
cp (M, mp )
p (M, fp )

Silva & Pimentel [18]
97.082 + 0.275 M - 37.52 fp  (kg)

Silva et al. [10]
97.082 + 0.275 M - 37.52 fp  (kg)

107.455 + 16.208 mp (N.s/m)
29.041 mp 0.883 (N.s/m)
2
5758.441 + 11.103 cp (N/m)
30351.744 - 50.261cp + 0.035cp  (N/m)
Toso et al. [20]
- 231.34 + 3.69 M + 154.06 fp - 1.97 M fp + 0.005 M2 - 15.25 fp ² (kg)
- 1115.69 + 92.56 M - 108.94 mp + 2.91 M mp - 1.33 M2 - 1.30 mp ² (N.s/m)
75601.45 - 1295.32 M - 33786.75 fp + 506.44 M fp + 3.59 M2 + 539.39 fp ² (N/m)
Table 1: Proposed expressions for the SMD parameters

mp (kg)
ξp (%)
fnp (Hz)

Jiménez Alonso & Sáez [19]
83.97% of total mass
47.18
2.76

Gomez et al. [15]
total mass
12 – 18
2.29 – 2.52

Table 2: Proposed values for the SMD parameters
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total mass
27.5 – 30
2.75 – 3.00
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3

TEST STRUCTURE AND EXPERIMENTAL RESULTS

The test structure is the Aberfeldy glass reinforced plastic cable-stayed footbridge, in
Scotland (Figure 2a). More details about the test structure can be found elsewhere [14, 22].

(a) Aberfeldy Cable Stayed Footbridge [22]

(b) Bridge elevation and experimental 1st mode shape (after [22])

Figure 2: Test structure and mode shape of interest

The test result of interest is the filtered vertical acceleration response at mid span due to the
crossing of a pedestrian walking in resonance with the first vertical mode of the structure, in
which the maximum acceleration (amax) and root mean square acceleration (arms) was
respectively 2.14 m/s² and 0.89 m/s². The whole measured time response signal was available
for comparison with the numerical predictions.
As observed in Pfeil et al. [14], even with the control of the pedestrian gait with a help of a
metronome, the strong deck vibrations led to a pace losing, causing disturbances in the
response signal. This was taken into account in this work.
On the other hand, by analysing the experimental mode shape in Figure 2b, it is clear that
the relevant response occurs while walking between the towers and in order to be used in Eq.
(10), a mathematical expression for unity scaled ϕi(i=1) given in Eq. (11) was fit to the
experimental mode shape.
߶ଵ ሺݔሻ ൌ ͲǤͳͳͺ െ

ͳͺͶͷǤͶ

Ͷߨሺ ݔെ ͵ͳǤͺͺͳሻଶ  ͷͳ͵ǤͶͳ͵ߨ

(11)

Finally, the absence of some information from the experimental side led to a need of
adopting values from the literature. The step length of the pedestrian was assumed as 0.90 m
[13]. The DLF of the pedestrian was not experimentally determined; and an initial value of
0.25 was defined based on Young [23] and adjusted in the analysis, as will be shown later on.
All information gathered for the analysis is presented in Table 3.
Test structure (1st mode)
Modal mass (m) (calculated)
Damping ratio (ξ)
Natural frequency (fn)

2547 kg
0.84 %
1.59 Hz

Test Pedestrian
Total mass (M)
Pacing rate (fp)
Step length (assumed)

80 kg
Average of 1.56 Hz
0.90 m

Table 3: First mode dynamic parameters of the structure and pedestrian characteristics, based on experimental
data except where indicated.

4

RESULTS AND DISCUSSIONS

The performance of the SMD parameters was investigated by comparing numerical results
obtained adopting the interaction model of Pfeil et al. [14] against the experimental result (see
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Table 4). The results were compared in terms of the maximum (amax) and root mean square
(arms) acceleration, as well as the fit to the experimentally measured acceleration response
time history (see Figures 3 and 4). For conciseness, only the best results obtained for each of
the formulations are shown in these Figures. However, Table 4 contains the whole range of
results obtained for all formulations. It can be noted that a range of values was proposed in
some formulations for the pedestrian parameters [15,17], and this is the reason why some
combinations of these values (in particular, damping and natural frequency of the pedestrian
body) were performed (see sets (1) to (4) in Table 4). On the other hand, for the formulations
in which regression expressions or average values were proposed [10,18-20], the body
parameters were obtained by employing the body parameters of the test subject.
Gomez et al. [15]

Shahabpoor et al. [17]

Set
mp (kg)
ξp (%)
fnp (Hz)
DLF
amax (m/s²)

(1)
80
12
2.29
0.27
2.19

(2)
80
18
2.29
0.27
2.08

(3)
80
12
2.52
0.26
2.25

(4)*
80
18
2.52
0.26
2.17

(1)
80
27.5
2.75
0.26
2.18

(2)
80
30
2.75
0.26
2.17

(3)
80
27.5
3.00
0.25
2.16

(4)*
80
30
3.00
0.25
2.15

arms (m/s²)

0.93

0.90

0.95

0.93

0.94

0.93

0.93

0.92

mp (kg)
ξp (%)
fnp (Hz)
DLF
amax (m/s²)

0.26
2.40

Jiménez Alonso
& Sáez [19]
67.18
47.18
2.76
0.26
2.16

arms (m/s²)

1.03

0.94

MF model

Silva &
Pimentel [18]
60.18 - 61.68
53.11 - 53.58
2.67 - 2.69
0.27
2.15
0.94

Silva et al. [10]**

Toso et al. [20]

60.18 - 61.68
52.34 - 52.46
2.72 - 2.74
0.27
2.17

52.71 - 54.75
55.42 - 57.76
1.74 - 1.81
0.29
1.88

0.95

0.86

* Best result obtained for the range of the proposed values.
** Values from [10] were close to the ones from [18], and were not shown in Figure 4.
Obs.: The variation in the SMD parameters from [10, 18, 20] was due to the dependence of such parameters with the varied
pacing rate throughout the crossing.

Table 4: Results obtained employing different values for the pedestrian parameters

For each case, the unknown DLF of the test subject was adjusted to produce a best fit,
based on a trial and error process. However, it can be seen from Table 4 that this is not a
significant issue since the best value of the DLF obtained for each formulation varied very
little, around the value 0.27 stated in Pfeil et al. [14].
Regarding the values of the SMD parameters, it is noted that despite the wide range of
values of the parameters, no great difference was identified among the results (Figure 4).
However, some discrepancies were noted about the proposed values of the natural
frequency fnp of the pedestrian body. Toso et al. [20] values for this parameter are below all
the other works and the results with their parameters were the least accurate among the whole
set of SMD parameters investigated (Figure 3b). This requires further studies, with a larger
sample of experimental data, to confirm or not the relevance of this parameter, since the
natural frequency fnp may not be the sole cause of the discrepancy.
In general, despite the different ways of obtaining the SMD parameters, the results were in
very good agreement with the experimental one and presented a much better performance
against MF model (Figure 3a), which overestimated the bridge response. The difference in
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peak and RMS values between MF and biodynamic models might be small (see values in
Table 4), but this was for a single pedestrian crossing. Actual design cases consider group or
streams of pedestrians crossing the structure, which deserves further investigation.

Figure 3: Acceleration at the mid span of the footbridge - (a) Experimental x MF model; (b) Experimental x
Interaction Model using the set of parameters from Toso et al. [20]

Figure 4: Acceleration at the mid span of the footbridge - Experimental versus Interaction Model using the set of
parameters from (a) Silva & Pimentel [18]; (b) Jiménez-Alonso & Sáez [19]; (c) Gomez et al. [15]; (d)
Shahabpoor et al. [17]

5

CONCLUSIONS

A discussion of SDOF spring-mass-damper models proposed in the literature to model
pedestrians in HSI studies was presented. It was shown that the formulations proposed to
account for HSI were based on the same concept that the ground reaction force, either on a
rigid or on a flexible surface, is equal to the inertia force of the pedestrian body. In general,
this led to an analytical formulation to represent the coupled pedestrian-structure system.
The formulation presented by Pfeil et al. [14] made it clear that the ground reaction force
obtained from rigid surfaces (widely used in the literature) can be inserted into the equations
that consider the deformability of the structure. With a slight modification, this so called
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‘interaction model’ [14] was adopted to compare the performance of various SMD parameters
proposed in the literature and obtained through experimental measurements with walking
subjects, albeit each set of parameters was obtained in different and independent ways.
Despite of the different ways in obtaining the SMD parameters, the different proposals
generally resulted in quite good agreement with the experimental result obtained from a
pedestrian crossing a lively footbridge. However, a less accurate response was obtained from
one of the formulations, when the proposed value for the natural frequency of the pedestrian
body was lower, which requires attention and further studies.
In spite of the good performance of the simple SMD models and respective parameters in
this case, a more in-depth analysis is required with well instrumented pedestrians. This way,
the performance of the SMD models could also be compared against more elaborated
biodynamic models currently proposed in the literature. In addition, evaluations employing a
larger number of test subjects crossing simultaneously a structure are required, so as to
comply with the design cases of current standards.
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Abstract. The most often purported mechanism causing the lateral dynamic instability of the
London Millennium Footbridge is the synchronisation of footsteps to the lateral structural
motion. However, evidence from full-scale measurements and treadmill tests has challenged
this notion. Instead, an active control of foot placement is advocated to be the source of
destabilising forces to the structure, occurring even without synchronisation. This is to say
that, while walking on a laterally oscillating surface, pedestrians maintain their balance
primarily by controlling the position of their feet, rather than adjusting the timing. Similar
behaviour was previously observed in experimental tests measuring the response of
pedestrians to an impulsive perturbation of gait. The analysis of the collected data suggested
a simple linear foot placement control law, whereby the position of the foot at the instant of
foot placement immediately following the perturbation depends on the instantaneous lateral
velocity of the centre of mass and a constant offset. However, it is has been uncertain whether
the same foot placement control law applies while walking on laterally oscillating structures.
To test this proposition, an experimental campaign was conducted on a laterally oscillating
treadmill with a test subject monitored with an optical motion capture system. The motion of
the body centre of mass and the position of the feet were identified and analysed. It was found
that a simple linear foot placement control law applies. Further tests were conducted to test
the influence of the visual information on pedestrian stepping behaviour using virtual reality
delivered via a head mounted display. It was found that the identified foot placement control
law is very robust for different walking surface conditions and visual environments.
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1

INTRODUCTION

Lateral dynamic instability under the loading from a walking crowd has been observed on
many bridges around the world [1-8]. Despite intensive research in the last two decades to
uncover the nature of this phenomenon, a consensus has not yet been reached. The paradigm
still dominating in the field is that, in the presence of perceptible bridge motion, pedestrians
adjust their stride frequency to match the vibration frequency of the bridge, hence a direct
resonance will occur. This is supposedly amplified by a tendency of pedestrians to synchronise
their footsteps to one another. However, some measurements from full-scale structures [5, 6]
and laboratory environments [9, 10] have challenged the notion of prevalence of the direct
resonance, while the natural tendency of pedestrians to synchronise their footsteps with other
pedestrians has been found to be quite weak [11, 12]. Meanwhile, it has been shown that
destabilising forces to the bridge can arise from simple mechanics of walking, whereby
pedestrians adjust the lateral position of their stepping foot in response to perturbations from
the oscillating bridge, even in the absence of synchronisation [13]. This analysis was
accomplished by employing an inverted pendulum model (IPM) to idealise the dynamics of
pedestrian motion in the frontal plane, i.e. the vertical plane perpendicular to the direction of
progression. The IPM consists of a mass supported by a rigid massless leg. The transition
between steps is instantaneous and the position of foot placement for the stepping leg, u , is
assumed to follow the law proposed by Hof et al. [14]:
u

xCoP  xCoM

xCoM

:p

r bmin

(1)

where xCoP and xCoM is the lateral distance, measured from the same arbitrary reference point on
the surface, to the centre of pressure (CoP) and the vertical projection of the centre of mass
(CoM), respectively, a dot over the symbol represents differentiation with respect to time,
:p
g leq is the angular pendulum frequency in which g is the gravitational acceleration and
is the equivalent pendulum length, the ± sign accounts for the bipedal nature of human gait
(i.e. changing point of support from step to step) and bmin is a constant termed the margin of
stability. The IPM based on Eq. (1) has been shown to be capable of explaining the forces
generated by a pedestrian on a laterally oscillating bridge [13, 15], with good qualitative
agreement with experiments involving unimodal [16, 17] and multi-modal [18] bridge motion.
However, little direct experimental evidence has been presented to date to specifically support
the adopted foot placement control law [19, 20]. Moreover, it is currently unclear whether xCoM
rel
in Eq. (1) should be taken relative to the moving bridge, xCoM
, or some stationary point outside
abs
of the bridge relative to which the bridge is moving, xCoM [9].
Considering the gaps in the current state of knowledge, the aim of this study is to verify
whether a foot placement control law of the type proposed by Hof et al. [14] applies for walking
on an oscillating bridge. To this end, tests were conducted on a self-paced treadmill capable of
lateral oscillation. Gait kinematics of a test subjects were recorded using an optical motion
capture system to obtain an instantaneous position of the body centre of mass (CoM) and feet.
Motivated by the form of the Hof et al.’s [14] foot placement control law in Eq. (1), a simple
linear regression model was fitted to the data relating the step width and lateral velocity of the
CoM at the instant of foot placement. To tests the robustness of the pedestrian stepping
behaviour, three types of visual environment were provided to the test subject.
leq
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2

METHODOLOGY

A 21 year-old healthy female with body mass of 51kg and height 1.64m was recruited for
the tests. The test subject wore gym-type clothing and flat-sole shoes. Prior to participating in
the tests, the subject familiarised herself with the information letter for participants, completed
a physical readiness questionnaire and signed an informed consent form. The tests were
approved by the University of Bristol Ethics of Research Committee.
Six tests were conducted in total. The subject walked on the treadmill when stationary (i.e.
non-oscillating), denoted NLTM (no lateral treadmill motion), and on the treadmill with it
oscillating in the lateral direction with sinusoidal motion of amplitude 10mm and frequency
0.9Hz, denoted LTM (lateral treadmill motion). The test subject was subjected to three visual
conditions, including that of the laboratory environment, denoted RL (real life), and two virtual
reality environments delivered via a head mounted display, denoted VR1 and VR2. The details
of the instrumentation used during the tests and data analysis are given in this section.
2.1 Treadmill
A custom-built treadmill mounted on a shaking table capable of providing lateral motion
was used during the tests. A generous walking area of 2m by 1.5m was provided to facilitate
the operation of a treadmill speed feedback control mechanism, enabling automatic adjustment
of the treadmill speed to that of the user, and to facilitate adaptive pedestrian stepping
behaviour.
2.2 Virtual reality
An immersive and interactive virtual reality (VR) environment was delivered via an nVisor
SX111 head mounted display, offering a 76 degrees horizontal and 64 degrees vertical field of
view and 1280 by 1024 resolution per eye. The VR environment was developed in NetBeans
7.01 IDE using the Jogl platform providing 3D graphics based on the OpenGL® API for
applications written in JavaTM. It consisted of three main elements, (i) the bridge, (ii) the
substratum, i.e. stationary objects rendered below the bridge, providing height reference, and
(iii) the superstratum, i.e. objects rendered around the bridge, above the substratum. Two VR
scenes were built, differing in terms of the number and type of visual reference cues available
to the user. In both scenes, the virtual bridge was translating together with the treadmill belt
thus providing optical flow as for normal overground walking, i.e. motion of the objects
perceived due to self-motion – here realized by walking on a treadmill. In both scenes, the
lateral movement of the virtual bridge was enabled by coupling it with the lateral treadmill
motion. The first scene, hereafter referred to as VR1, presented in Figure 1 (a), contained visual
information enabling motion parallax, i.e. the perception of relative motion of objects against
the rest of the visual field caused by self-motion of the observer. This was achieved by inclusion
of stationary objects set in the scene, i.e. the substratum (water beneath the bridge) and red posts
positioned alongside the bridge, and also bridge railings moving with the bridge and the deck
being rendered in a pattern resembling wood. The second scene, hereafter referred to as VR2,
presented in Figure 1 (b), was built by stripping VR1 of most of the information facilitating the
perception of self-motion to the point that the only object left in the scene was the deck,
rendered in a low contrast pattern, surrounded by dense fog.
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(a)

(b)

Figure 1: Virtual reality environments projected onto the left-eye screen of head mounted display, (a) VR1, (b)
VR2.

2.3 Data capture and analysis
An optical motion capture system consisting of six Qualisys cameras was used to record, at
the sampling frequency of 128Hz, the motion of fourteen retroreflective markers attached to
the body landmarks of the test subject. This enabled the position of the CoM to be determined
using the linked-segments modelling procedure [21]. One marker was attached to the lateral
malleolus (i.e. ankle) of each foot to determine the pseudo step width, defined here as the lateral
distance between the projections of the position of the CoM and the ankle marker onto the
surface at the instant of foot placement. The term pseudo step width is used herein, since in the
original formulation of the IPM [14] the step width is defined using the centre of pressure (CoP)
and the transfer from one leg to the other is instantaneous. However, the CoP was not measured
during the tests and the double-support phase of gait is not negligibly short. Therefore, it was
assumed herein that (i) the ankle marker, due to anatomical constraints, gives a representative
point of reference for the step width in the spatial reference frame, and that (ii) the instant of
foot placement gives a representative point of reference for the step width in the temporal
reference frame. That instant was determined from the vertical velocity of the ankle markers
according to the procedure proposed in [22].
The following function was fitted to the pseudo step width data, compatible with the IPM
and lateral foot placement control law in Eq. (1):
u

xANKLE  xCoM

U1 xCoM
r U2
C

(2)

where u is the pseudo step width, xANKLE is the lateral position of the ankle marker attached to
the stepping foot, xCoM is the lateral velocity of CoM at the instant of heel strike, and U1 and U 2
are the coefficients of the fit. Note U1 and U 2 in Eq. (2) correspond to the inverse of the IPM
angular frequency, ߗ , and the margin of stability, bmin , respectively, from Eq. (1), and have
physical units of time and displacement, respectively. The outstanding problem is the definition
of the lateral velocity of the CoM, xCoM , for LTM tests. Note this ambiguity does not exist for
rel
NLTM tests, since xCoM
is then equal to xabs
CoM . This issue will be taken into consideration in the
discussion of the results in Section 3.
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The displacement signal of the CoM was differentiated to obtain lateral the CoM velocities
rel
and xCoM
. A fourth-order two-way Butterworth low-pass filter with cut off frequency of 6Hz
x
was applied to all the data.
abs
CoM

3

RESULTS AND DISCUSSION

The empirical data relating pseudo step width, u , with the absolute lateral velocity of the
CoM, xabs
CoM , for all the conducted tests are shown in Figure 2.
(a)

(b)

(c)

(d)

(e)

(f)

Figure 2: Relationship between the pseudo step width and the absolute lateral velocity of the CoM at the instant
of heel strike for (a) RL NLTM, (b) RL LTM, (c) VR1 NLTM, (d) VR1 LTM, (e) VR2 NLTM and (f) VR2
LTM. The data for the right and left leg are denoted by ● and ○ in the top and bottom parts of the plots,
respectively.
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The least spread of data can be seen in Figure 2 (a) & (b) for walking in the visual
environment of the laboratory (RL), without and with lateral treadmill oscillation (NLTM &
LTM), respectively. The greatest spread of data can be seen in Figure 2 (e) & (f) for walking in
VR2 in NLTM & LTM, respectively. Despite the differences in data variability, the gradients
and intercepts (with the vertical axes) of the best linear fits, found separately for the right and
left leg data, seem to be compatible.
During all the tests, except for NLTM RL, some steps were taken in which the CoM was
travelling towards the stance leg in the frontal plane at the instant of touchdown of the stepping
abs
is negative for the right leg or
leg. These steps are shown as points in Figure 2 for which xCoM
positive for the left leg. No excursion of the foot to the contralateral (i.e. abnormal) side of the
CoM can be directly observed from the data in Figure 2. This would be evident if u was
negative for the right leg or positive for the left leg. However, since the ankle markers were not
aligned with the CoP, it is possible that this situation occurred for some steps, when the
magnitude of u (on the vertical axes) was below 0.05m.
The results of fitting a linear function (i.e. simple linear regression) to the experimental data
according to Eq. (2), based on the absolute and relative lateral velocity of the CoM, xCoM , are
given in Table 1. Note U 2 takes positive and negative values depending on the stepping leg.
Goodness of fit statistics are quantified in terms of the root mean square (RMS) error, denoted
as standard error in Table 1, and degrees-of-freedom adjusted R-square, denoted as adjusted Rsquare in Table 1.
Experimental
condition
RL NLTM
RL NLTM
RL LTM
RL LTM
RL LTM
RL LTM
VR1 NLTM
VR1 NLTM
VR1 LTM
VR1 LTM
VR1 LTM
VR1 LTM
VR2 NLTM
VR2 NLTM
VR2 LTM
VR2 LTM
VR2 LTM
VR2 LTM

xCoM
[m/s]

abs
abs
abs
abs
rel
rel
abs
abs
abs
abs
rel
rel
abs
abs
abs
abs
rel
rel

Figure 2
reference
(a)
(a)
(b)
(b)
N/A
N/A
(c)
(c)
(d)
(d)
N/A
N/A
(e)
(e)
(f)
(f)
N/A
N/A

U1
[s]

Leg
right
left
right
left
right
left
right
left
right
left
right
left
right
left
right
left
right
left

0.2071
0.2003
0.1985
0.2229
0.1065
0.0964
0.1874
0.2217
0.2144
0.2044
0.1659
0.1252
0.1895
0.2058
0.1893
0.2215
0.1564
0.1646

U2
[m]

0.0787
–0.0748
0.0796
–0.0742
0.0858
–0.0828
0.0824
–0.0746
0.0819
–0.0762
0.0854
–0.0824
0.0811
–0.0728
0.0814
–0.0729
0.0771
–0.0692

Standard
error [m]
0.0052
0.0055
0.0064
0.0059
0.0096
0.0091
0.0086
0.0080
0.0090
0.0081
0.0139
0.0125
0.0094
0.0087
0.0099
0.0111
0.0138
0.0153

Adjusted
R-square
0.5381
0.4341
0.6654
0.6768
0.2386
0.2467
0.6532
0.7448
0.7444
0.7339
0.3903
0.3649
0.6525
0.7044
0.7217
0.6931
0.4955
0.4355

Table 1: Results of fitting a linear function to experimental data.

A simple linear regression based on the absolute velocity of the CoM, xabs
CoM , provides overall
rel
better fit to the data than using the relative velocity of the CoM, xCoM . The mean adjusted Rsquare obtained using xabs
CoM is 0.71 for LTM. In comparison, the mean adjusted R-square
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rel
abs
obtained using xCoM
for LTM is only 0.36. The values of adjusted R-square obtained using xCoM
show that a linear foot placement control law can explain 71% of pseudo step width variance
for LTM. In the world of biology, and considering the data come from testing a human, this
indicates a strong functional relationship between the variables. Therefore, all further
discussion is based on the results obtained using xabs
CoM only.
The mean gradients of the fit, U1 , for the right and left legs are 0.2s and 0.21s, respectively.
The mean intercepts of the fit, U 2 , for the right and left legs are 0.08m and –0.07m, respectively.
The difference in sign reflects the bipedal nature of human gait. The values are consistent
throughout all the tests, except RL NLTM, indicating a simple linear foot placement control
law is robust against surface oscillation and modifications to the visual field.
The higher variability of data for VR tests visible in Figure 2 is reflected in the higher values
of the standard error in Table 1, quantifying the dispersion of the pseudo step width around the
fit. This is the case for NLTM and LTM tests. The highest variability in data is observed for
VR2. The test subject was then provided the least amount of visual information which, it
appears, led to greater variation of the gait.
The values of U1 and U 2 differ from the values previously assumed in the use of the IPM
[13-15], as defined in Eq. (1). The gradient of the linear foot placement control law is in this
case the inverse of the pendulum angular frequency, which for the test subject employed for the
test would be 0.34s. This is greater than all of the values from the experiments in Table 1. The
intercept is the margin of stability, which for unperturbed walking was assumed to take a value
of 0.016m [13-15]. These discrepancies were expected considering the definition of the pseudo
step width, stated in Section 2, in particular the difference in the spatial and temporal reference
frames used in the formulation of the IPM compared with those used in the experiments.
Overall, it is concluded that the foot placement control law of the type proposed by Hof et
al. [14], based on lateral velocity of the CoM at heel strike, applies for walking on laterally
oscillating bridges. This gives supporting evidence for the assumptions made in the IPM
[13,15,19]. Further work will attempt to reconcile the discrepancies between IPM predictions
and the experimental data presented in this study.

4

CONCLUSIONS
x A foot placement control law of the form proposed by Hof et al. [14] applies for walking
on laterally oscillating structures.
x The step width depends on the absolute rather than relative lateral velocity of the centre of
mass at the instant of foot placement onto the walking surface.
x The foot placement control law is robust against modifications to the visual environment
as well as motion of the walking surface.
x The presented data can help in the calibration of the inverted pendulum pedestrian model
for walking on laterally oscillating structures.
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Abstract. Two key aspect must be considered for the design of modern footbridges: (i) their
sensitivity to human-induced vibrations; and (ii) the influence of the variation of the operational
and environmental conditions on their modal properties. One possible option, to guarantee an
adequate behavior of these structures under both conditioning factors, is the installation of a
control system. Among the different systems, active damping devices have shown a great effectiveness when they are used to control the dynamic response of civil engineering structures
under uncertainty conditions. Different design algorithms have been proposed to guarantee
that structures, controlled by these damping devices, meet the design requirements without
compromising the budget. Among these proposals, the motion-based design method has shown
a high performance when it has been implemented to design passive damping devices for footbridges under uncertainty conditions. Herein, this design method has been adapted and further
implemented for the robust optimum design of active tuned mass dampers when they are employed to control the human-induced vibrations in slender footbridges. According to this
method, the design problem can be transformed into two coupled sub-problems: (i) a multiobjective optimization sub-problem; and (ii) a reliability analysis sub-problem. Thus, the main
objective is to find the parameters of the active damping device which guarantee an adequate
comfort level without compromising its cost. The compliance of this vibration serviceability
limit state is computed via a reliability index (related to the probability of failure), which takes
into account the effect of the variation of the operational and environmental conditions on the
modal properties of the structure.
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1

INTRODUCTION

Modern footbridges have experienced an increase in their slenderness due to both the improvement of the strength of the construction materials and the aesthetic requirements of the
current societies [1]. Accordingly, this higher slenderness has enhanced the sensitivity of these
structures to two phenomena: (i) the human-structure interaction [2]; and (ii) the variability of
their modal properties due to the modification of the operational and environmental conditions
[3].
In order to overcome these limitations, external damping devices have been widely installed
on these structures to guarantee their robust structural behavior during their overall life cycle
[4]. Among these damping devices, active control systems have shown a high effectiveness
when they have been used to control the dynamic response of civil engineering structures under
stochastic conditions [5]. Different algorithms and control laws have been proposed to perform
successfully the design process of these damping devices [6]. Among the different approaches,
the motion-based design method [7] under a stochastic approach is presented and further implemented herein to design active tuned mass dampers (ATMD) when they are used to control
the human-induced vibrations in slender footbridges under uncertainty conditions. Thus, the
main contribution of this study is to adapt the abovementioned method, which has been previously implemented for the design of passive tuned mass dampers [8], for the design of ATMDs.
According to this method, the design problem may be transformed into two coupled subproblems: (i) a multiple-objective optimization sub-problem [9]; and (ii) a reliability analysis
sub-problem [10]. The multiple-objective function of the first sub-problem is defined in terms
of two different elements: (i) the parameters of the ATMD, which are needed to be determined;
and (ii) the design requirements of the structure which are needed to be met [2]. As the main
objective of this design process is to control the human-induced vibrations in footbridges, the
design requirements may be defined in terms of the comfort level of the structure. Thus, these
design requirements are met if the maximum acceleration of the structure is lower than an allowable acceleration established by the designer [2]. Additionally, the aforementioned design
requirements have been re-formulated based on a probabilistic approach due to the sensitivity
of the modal properties of the structure to the variation of the operational and environmental
conditions [11]. According to this approach, the design requirements are met if a reliability
index, ߚ, which reflects the probability of compliance of the mentioned vibration serviceability
limit state (VSLS), is greater than an allowable reliability index, ߚ [10]. Sampling techniques
are usually considered to compute this reliability index [10]. Herein a conventional Monte Carlo
simulation has been considered [10]. Finally, the performance of the proposed algorithm has
been validated via the analysis of a numerical case-study [2]. Concretely, the VSLS of a steel
footbridge under uncertainty conditions has been met via the installation of an ATMD designed
according to the proposed algorithm.
The paper is organized as follows. In section 2, the mathematical model of the ATMDfootbridge interaction system is formulated and its dynamic response under pedestrian action is
computed numerically in time domain. Subsequently, in section 3, the motion-based design
method under a stochastic approach is described in detail. Later, in section 4, a numerical casestudy is presented to assess the performance of the proposed method when it is implemented
for the design of an ATMD used to control the dynamic response of a steel footbridge under
pedestrian action. Finally, some concluding remarks are included in section 5 to finish the paper.
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2

ACTIVE TUNED MASS DAMPER-FOOTBRIDGE INTERACTION MODEL
UNDER PEDESTRIAN LOAD

In order to design an active damping device, according to the mentioned proposal, the dynamic response of an ATMD-footbridge interaction system under pedestrian action must be
computed numerically. Thus, four steps must be given: (i) the formulation of the ATMDfootbridge interaction model; (ii) the definition of the pedestrian load; (iii) the selection of the
control law which defines the driving force; and (iv) the numerical integration of the equations
of motion which governs the ATMD-footbridge interaction model.
For the formulation of the ATMD-footbridge interaction model, the following assumptions
have been considered herein: (i) the dynamic response of the structure may be approached
(modal coordinates) by a single vibration mode [6], since it is assumed that only a vibration
mode is prone to suffer from human-induced vibrations; (ii) the ATMD is modelled via a single
degree of freedom system (physical coordinates) [5]; (iii) the pedestrian load is simulated by an
equivalent harmonic load [2]; and (iv) the ATMD is located at the point with the maximum
modal displacement. Figure 1 shows a scheme of the ATMD-footbridge interaction model.

Inertial Mass

Footbridge

Figure 1: The ATMD-footbridge interaction model.

Thus, the equations of motion of the ATMD-footbridge interaction model can be obtained
via the implementation of the second Newton’s law to the two masses (ATMD and equivalent
modal mass). These equations may be expressed as follows:
݉ ݔሷ ሺݐሻ  ܿ ݔሶ ሺݐሻ  ݇ ݔ ሺݐሻ ൌ  כሺݐሻ  ݂ௗ ሺݐሻ
݉ ݔሷ  ሺݐሻ  ܿ ቀݔሶ  ሺݐሻ െ ݔሶ ሺݐሻቁ  ݇ ቀݔ ሺݐሻ െ ݔ ሺݐሻቁ ൌ ݂ ሺݐሻ

(1)
(2)

݂ௗ ሺݐሻ ൌ ܿ ቀݔሶ  ሺݐሻ െ ݔሶ ሺݐሻቁ  ݇  ݇ ቀݔ ሺݐሻ െ ݔ ሺݐሻቁ െ ݂ ሺݐሻ ൌ െ݉ ݔሷ  ሺݐሻ

(3)

where ݉ [kg], ܿ [sN/m] and ݇ [N/m] are respectively the mass, damping and stiffness of
the considered vibration mode of the footbridge;  כሺݐሻ ൌ ߶ ் ሺݐሻ [N] is the projection of the
pedestrian load on the considered vibration (being ሺݐሻ the pedestrian load [N], ࢥ the considered vibration mode and ் the transpose function); ݔሷ ሺݐሻ [m/s2], ݔሶ ሺݐሻ [m/s] and ݔ ሺݐሻ [m]
are respectively the acceleration, velocity and displacement of the footbridge; ݉ [kg], ܿ
[sN/m] and ݇ [N/m] are respectively the mass, damping and stiffness of the ATMD; ݔሷ  ሺݐሻ
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[m/s2], ݔሶ  ሺݐሻ [m/s] and ݔ ሺݐሻ [m] are respectively the acceleration, velocity and displacement
of the ATMD; ݂ ሺݐሻ [N] is the driving force generated by the actuator of the ATMD; and ݂ௗ ሺݐሻ
[N] is the control force generated by the ATMD.
These equations can be re-organized in matrix form as follows:


݉
Ͳ

݇  ݇ െ݇ ݔ ሺݐሻ
Ͳ ݔሷ ሺݐሻ
ܿ  ܿ െܿ ݔሶ ሺݐሻ
ሽ  ቂ െܿ  ܿ  ቃ ሼ
ሽ
ሽ
൨ሼ
൨ሼ
݉ ݔሷ  ሺݐሻ
െ݇
݇ ݔ ሺݐሻ
ݔሶ  ሺݐሻ


ͳ
െͳ
ൌ ቄ ቅ  כሺݐሻ  ቄ ቅ ݂ ሺݐሻ
Ͳ
ͳ
ሾܯሿሼݔሷ ሺݐሻሽ  ሾܥሿሼݔሶ ሺݐሻሽ  ሾܭሿሼݔሺݐሻሽ ൌ ሼܤ ሽ כሺݐሻ  ሼܤ ሽ݂ ሺݐሻ

(4)

(5)

݉ Ͳ
ܿ  ܿ െܿ
൨ is the mass matrix; ሾܥሿ ൌ ቂ െܿ  ܿ  ቃ is the damping matrix;
Ͳ ݉


݇  ݇ െ݇
ሾܭሿ ൌ 
൨ is the stiffness matrix; ሼܤ ሽ is the input vector associated with the peെ݇
݇
destrian load; ሼܤ ሽ is the input vector associated with the driving force; ሼݔሷ ሺݐሻሽ is the acceleration vector; ሼݔሶ ሺݐሻሽ is the velocity vector and ሼݔሺݐሻሽ is the displacement vector.
In order to integrate this equation system and make easier the determination of the driving
force, ݂ ሺݐሻ, the abovementioned equation system must be transformed into a state space formulation [6]. According to this formulation, the dynamic behavior of a linear invariant system
may be expressed by the following differential equation system with initial conditions
(ሼݖሺͲሻሽ ൌ ݖ ):
where ሾܯሿ ൌ 

ሼݖሶ ሺݐሻሽ ൌ ሾܣሿሼݖሺݐሻሽ  ሾܤሿሼ כሺݐሻሽ  ሾܤሿሼ݂ ሺݐሻሽ
ሼݕሺݐሻሽ ൌ ሾܧሿሼݖሺݐሻሽ  ሾܦሿሼ݂ ሺݐሻሽ

(6)
(7)

where ሼݖሺݐሻሽ is the state vector; ሼݕሺݐሻሽ is the output vector; ሾܣሿ is the system matrix; ሾܤሿ is
the input matrix; ሾܧሿ is the output matrix; and ሾܦሿ is the feedthrough matrix [6]. It is possible
via matrix transformations to convert the abovementioned equation system into its state space
formulation [6]. The state space matrices can be defined as:
Ͳ
ܫ
ሿ
ିଵ
െሾܯሿ ሾܭሿ െሾܯሿିଵ ሾܥሿ
ሼ ܤሽ   כሺݐሻ
Ͳ
ሾܤሿ ൌ 
൨ where ሼܤ ሽ ൌ ൜ 
ିଵ
െሾܯሿ ሼܤ ሽ
ሼܤ ሽ  ݂ ሺݐሻ
ሾܧሿ ൌ െሾܧ ሿሾሾܯሿିଵ ሾܭሿ ሾܯሿିଵ ሾܥሿሿ
ሾܦሿ ൌ ሾܧ ሿሾܯሿିଵ ሾܤሿ
ሾܣሿ ൌ ሾ

(8)
(9)
(10)
(11)

where the state vector ሼݖሺݐሻሽ ൌ ൛ݔ ሺݐሻ ݔ ሺݐሻ ݔሶ ሺݐሻ ݔሶ  ሺݐሻൟis defined in terms of the
displacements and velocities of both the footbridge and the ATMD; and the output vector,
ሼݕሺݐሻሽ, is defined in terms of the accelerations experienced by the footbridge (being ሾܧ ሿ the
acceleration matrix which indicates the elements in which the acceleration is computed).
In order to obtain the response of this state space equation system both the pedestrian force,
ሺݐሻ, and the driving force, ݂ ሺݐሻ, which simulates the behavior of the actuator of the ATMD,
must be defined.
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The pedestrian force, ሺݐሻ, has been simulated based on the recommendations of the French
guidelines [2]. Only the vertical contribution of the walking pedestrian action has been considered herein. According to these guidelines, the walking pedestrian action, ሺݐሻ, can be determined via an equivalent harmonic force defined as follows:
ሺݐሻ ൌ ʹͺͲ ή ሺʹߨ ή ݂ ή ݐሻ ή ݊ ή ߰

(12)

where ݂ [Hz] is the natural frequency of the considered vibration mode of the structure; ݊
[-] is the equivalent number of pedestrians; and ߰ is a reduction factor which takes into account
the probability that the natural frequency is within the range which characterizes the humanstructure interaction in vertical direction (ͳǤʹͷ  ݂  ʹǤ͵Hz) [2].
The driving force, ݂ ሺݐሻ, is determined via the implementation of a feedback controller to
the above mentioned system in the state space [6]. Figure 2 shows the general layout of the
feedback controller considered.

}

+

+

+

+

[

]
Figure 2: Design of a feedback controller in a state space formulation [6].

The implementation of this feedback controller allows modifying the system equation as
follows:
ሼݖሶ ሺݐሻሽ ൌ ሾܣሿሼݖሺݐሻሽ  ሾܤ ሿሼ כሺݐሻሽ  ሾܤ ሿሼ݂ ሺݐሻሽሿ

(13)

where ሾܤ ሿ and ሾܤ ሿ are obtained from equation (9) considering as pattern load vectors ሼܤ ሽ
and ሼܤ ሽrespectively.
Thus, according to the feedback controller (Figure 2), the driving force, ݂ ሺݐሻ, may be determined in terms of a gain matrix, െሾܩሿ, and the state vector, ሼݖሺݐሻሽ. Thus, the system equation
may be expressed as:
ሼݖሶ ሺݐሻሽ ൌ ሾܣሿሼݖሺݐሻሽ  ሾܤ ሿሼ כሺݐሻሽ െ ሾܤ ሿሾܩሿሼݖሺݐሻሽ
ሼݖሶ ሺݐሻሽ ൌ ሺሾܣሿ െ ሾܤ ሿሾܩሿሻሼݖሺݐሻሽ  ሾܤ ሿሼ כሺݐሻሽ

(14)
(15)

There are several algorithms [6] to determine the value of the gain matrix, െሾܩሿ. Among
these algorithms, the linear quadratic regular (LQR) method [6] has been considered herein due
to its extensive use for practical engineering applications [5]. According to this method, the
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value of the gain matrix, െሾܩሿ, is obtained via the minimization of the following performanceindex function, ܬ:
ஶ
(16)
 ܬൌ න ൣሼݖሺݐሻሽ் ሾܳሿሼݖሺݐሻሽ  ൛ሾܩሿሼݖሺݐሻሽൟ ் ሾܴሿ൛ሾܩሿሼݖሺݐሻሽൟ ൧݀ݐ


where ሾܳሿ and ሾܴሿare two weighting matrices which may be computed in terms of the mass,
ሾܯሿ, and stiffness, ሾܭሿ, matrices of the interaction model [6]. According to the recommendations of several authors [6], the weighting matrices may be determined as follows:
ሾܭሿ
Ͳ
൨
Ͳ ሾܯሿ
ሾܴሿ ൌ ߚௗ ሾܫሿ

ሾܳሿ ൌ ߙௗ 

(17)
(18)

where ߙௗ [-] and ߚௗ [-] are the weighting factors; and ሾܫሿ is the identity matrix. In this manner, once the value of these factors has been fixed, the value of the different element of the gain
matrix, െሾܩሿ, which minimizes the value of the performance-index function, ܬ, is obtained.
Subsequently, the response of the ATMD-footbridge interaction model has been obtained
via the integration of the abovementioned state space system using a Runge-Kutta method, as
it is implemented in the Matlab software [12].
Therefore, an adequate value of the driving force, ݂ ሺݐሻ, is obtained via the adjustment of
the value of the weighting factors, ߙௗ and ߚௗ . For this purpose, the following iterative process
must be addressed: (i) to develop a linear model of the ATMD-footbridge interaction model in
the state space domain (where the value of the mass and stiffness of the ATMD are fixed); (ii)
to adjust the value of the weighting matrices, ሾܳሿ and ሾܴሿ in terms of an original value of the
weighting factors, ߙௗ and ߚௗ ; (iii) to determine an optimum value of the driving force, ݂ ሺݐሻ,
via the minimization of the performance-index function, ( ;ܬiv) to simulate numerically the response of the linear system; and (v) to modify the values of the weighting factors, ߙௗ and ߚௗ ,
and repeat the steps (ii) to (iv) until the dynamic response of the footbridge meets the design
requirements established by the designer [2].
3

MOTION-BASED DESIGN UNDER UNCERTAINTY CONDITIONS

The aforementioned control algorithm has been hybridized with the motion-based design
method under uncertain conditions [8] to improve the performance of the design process of
active damping devices. The performance-based design method [13] transforms the design
problem into two coupled sub-problems: (i) a multi-objective optimization sub-problem; and
(ii) a reliability analysis sub-problem. Thus, the main objective of this design problem is to
determine the parameters of the ATMD that, minimizing its cost, ensures the compliance of the
design requirements [2]. As the design requirements, which need to be accomplished, are defined in terms of the accelerations of the structure, ݔሷ ሺݐሻ, this design process may be understood
as a motion-based design optimization method [7].
Therefore, the general formulation of the proposed method may be expressed as follows [13]:
Find ߠ ݅ ൌ ͳǡ Ǥ Ǥ ǡ ݊ௗ
ሻ
Minimizing ሺߠ ൌ ሾ݂ଵ ሺߠ ሻ ǥ ݂ ሺߠ ሻ ǥ ݂ ሺߠ ሻሿ
Subjected to ߠ  ߠ  ߠ௨
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where ሺߠ ሻis the multi-objective function; ݂ ሺߠ ሻis the jth terms of the multi-objective function; ݊ is the number of terms of multi-objective function; ߠ is the ith design variable;ߠ is
the lower bound of the ith design variable; ߠ௨ is the upper bound of the ith design variables,
and ݊ௗ is the total number of design variables.
For this case, the design of an ATMD, the above multi-objective function may be formulated
in terms of two aspects: (i) the different parameters of the ATMD; and (ii) the compliance of
the VSLS of the footbridge. According to the most advances guidelines [2], the VSLS is met if
the maximum acceleration of the structure, ݔሷ ሺݐሻ, is lower than an allowable value, ݔሷ  , established by the designer [2].
Additionally, in order to take into account the random character of the modal properties of
the footbridge, which are sensitive to the variation of the operational and environmental conditions [3], the VSLS is re-formulated via a probabilistic approach [10]. According to this approach, the modal properties of the footbridge are assumed to be random variables which follow
a normal probability distribution function. Hence, the response of the system is also a random
variable, and it is possible to determine the probability of failure associated with the compliance
of the different design requirements (in this case, the VSLS). According to this, the VSLS is
defined in terms of a reliability index, ߚ, which reflects the probability of failure associated
with the compliance of this limit state. Thus, the limit state is met if this reliability index, ߚ, is
greater than an allowable value, ߚ , established by the design guidelines [14]. In order to
compute the reliability index, ߚ, analytical and numerical method can be used [11]. Among
these methods, a Monte Carlo simulation has been considered herein [10].
In order to establish the formulation of this design problem, based on the motion-based design, the design parameters must be determined. For this particular case, five are the design
variables: (i) the mass ratio of the ATMD, ߤ ൌ ݉ Τ݉ [-]; (ii) the frequency ratio of the
ATMD, ߜ ൌ ݂ௗ Τ݂ [-] (where ݂ௗ [Hz] is the natural frequency of the ATMD); (iii) the damping
ratio of the ATMD, ߞ ; and (iv) the weighting factors, ߙௗ and ߚௗ (which characterize the driving force, ݂ ሺݐሻ). In order to reduce the number of design variables, simplifying the problem, a
hybrid strategy has been considered herein [2]. Thus, both the frequency, ߜ, and damping, ߞ ,
ratios of the ATMD have been established according to a conventional criterion for the design
of passive tuned mass dampers [2]. According to this, the frequency ratio of the ATMD is set
as, ߜ ൌ ͳΤሺͳ  ߤሻ; and the damping ratio of the ATMD is set as, ߞ ൌ ඥ͵ߤΤሺͺሺͳ  ߤሻሻ.
In this manner, the formulation of the motion-based design method under uncertainty conditions for this particular problem can be formulated as follows:
Find ߤ, ߙௗ , ߚௗ
Minimizing ሼሺɊǡ ߙௗ ǡ ߚௗ ሻሽ ൌ ሼ݂ଵ ሺɊሻ ݂ଶ ሺɊǡ ߙௗ ǡ ߚௗ ሻሽ ൌ ሼߤ

ఉ
ఉ
ି଼

ሽ

(20)

Subjected to ߤ  אሾͲǤͲͳͲǤͳͲሿ ߙௗ  אሾͳͲ ͳͲͲͲሿ ߚௗ  אሾͳͲିହ ͳͲ ሿ
Subsequently, in order to solve this optimization problem, global optimization algorithms
are normally employed due to their good efficiency to find optimum solutions in nonlinear
optimization problems [13]. Among these computational algorithms, a nature-inspired computational algorithm, genetic algorithms, has been considered herein [9]. As result of this optimization process, a set of non-dominated solutions is obtained [9]. This set of solutions may be
represented in a functional space, generating the so-called Pareto front [9]. Finally, a subsequent
decision-making problem must be addressed, the selection of the best solution among the dif-
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ferent elements of the Pareto front. Therefore, an additional condition, ߚ Τߚ, has been included herein to select the best element of the Pareto front. Figure 3 illustrates the additional
condition considered to solve the decision-making problem.

ParetoFront

OptimumDesign

Figure 3: Additional condition considered to solve the decision-making problem.

4

APPLICATION EXAMPLE: MOTION-BASED DESIGN OF AN ATMD FOR A
VIBRATING FOOTBRIDGE UNDER UNCERTAINTY CONDITIONS

In order to illustrate the performance of the motion-based design method, when it is implemented to design ATMDs for vibrating footbridges under uncertainty conditions, the following
numerical case-study is presented. Thus, the compliance of the VSLS of a numerical footbridge
is guaranteed via the installation of an ATMD. A detailed description of this numerical footbridge can be found in the French guidelines [2]. The structural behavior of the structure has
been simulated via the finite element (FE) method. The FE package Ansys [15] has been used
for this purpose. A numerical model using 646 beam elements and 540 shell elements
(BEAM188 and SHELL181 respectively) has been built (Figure 4). A structural damping ratio
of ߞ ൌ ͲǤ % has been considered [2]. The numerical modal parameters of the footbridge have
been obtained via a numerical modal analysis. As result of this analysis, it was checked that the
first vertical vibration mode (݂ ൌ ʹǤͳͶ Hz) is prone to vibrate under pedestrian action (Figure
4). The modal mass, ݉ , of this vertical vibration mode is about 34706 kg.

Figure 4: FE model of the benchmark footbridge and first vertical vibration mode.
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In order to check the VSLS of this footbridge, the recommendations of the French guidelines
[2] have been considered herein. Thus, one design scenario has been taken into account with
the following design parameters: (i) a pedestrian traffic of 1 P/m2 [2]; (ii) an allowable vertical
acceleration, ݔሷ  , of 1.00 m/s2 [2]; and (iii) an allowable reliability index, ߚ , of 1.5 [14]. If
this requirement is not met, an ATMD must be installed to reduce the amplitude of the humaninduced vibrations according to the mentioned thresholds. According to the results provided by
several researchers [3], a range of variation of േͳͲ% has been considered for both the first
vertical natural frequency of the footbridge and its associated damping ratio. Consequently, it
has been checked that the VSLS term of the multi-objective function is a random variable which
follows a log-normal probability distribution. In order to obtain the reliability index, ߚ, associated with the VSLS of the footbridge, a Monte Carlo simulation has been performed [10]. For
the selection of the sample size (50000 simulations), a convergence analysis has been carried
out. The mathematical package Matlab [12] has been employed for this study.
As result of this study, Table 1 shows the reliability index, ߚ, associated with the VSLS
without and with the ATMD. As Table 1 shows, the motion-based design method allows control
the dynamic response of the footbridge under uncertainty conditions without compromising the
cost of the control system. Additionally, the parameters of the ATMD designed according to
this method have been included in Table 1.
ATMD
No
Yes

ݔሷ
[m/s2]
--1.00

ߚ
[-]
-0.53
1.50

ߙௗ
ߚௗ  ͳͲି଼
[-]
[-]
----511.30 344.19

݉
[kg]
--625

ܿ
݇ x ͳͲହ
[sN/m]
[N/m]
----1343
1.09

݂
[N]
--286

Table 1: Reliability index, ߚ, of the VSLS of the footbridge (without and with ATMD)..

5

CONCLUSIONS

In this manuscript, the motion-based design method has been presented and further implemented for the design of ATMDs when they are used to mitigate the human-induced vibrations
in footbridges under uncertainty conditions. According to this method, the design problem may
be formulated via two coupled sub-problems: (i) a multi-objective optimization sub-problem;
and (ii) a reliability analysis sub-problem. Thus, the multi-objective function is defined in terms
of two aspects: (i) the parameters of the ATMD which are needed to be determined; and (ii) a
reliability index, which establishes the probability of compliance of the VSLS of the structure.
Sampling techniques, as the Monte Carlos simulation method, can be employed to estimate
numerically this reliability index. As application example, a steel footbridge, which is prone to
vibrate due to walking pedestrian action, has been selected. In order to mitigate the pedestrianinduced vibrations, an ATMD has been installed at its mid-span. The ATMD parameters have
been obtained via the implementation of the aforementioned method. As result of this study,
the performance of the proposed method has been shown up. In spite of its good performance,
further studies are needed, both to better characterize the probabilistic distribution function of
the different modal properties of the structure; and to assess experimentally the performance of
structures controlled by active damping devices designed according to this proposal.
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CONTACT FORCE RECONSTRUCTION ON VIBRATING SURFACES
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Abstract. Current load models describing the effect of crowd-induced loading require further development and validation. To this end, detailed full-scale operational loading data is
required. The Eeklo Footbridge Benchmark Dataset considers loading scenarios up to 0.50
pers./m2 (148 pers.). The data set comprises a digital twin of the structure and the simultaneous
registration of the trajectories of the pedestrians using a camera setup, the body acceleration
using low-cost accelerometers attached to the lower back and the structural acceleration using
a sensor network. The low-cost accelerometers are subject to higher measurement noise than
conventional techniques. The goal is to verify to what extent the low-cost sensors can be used
for the contact force reconstruction in vibrating-surface conditions and, more importantly, the
quantiﬁcation of human-structure interaction effects in case of the Eeklo Benchmark Dataset.
First, a data set is collected comprising the simultaneous registration of contact forces and
lower-back accelerations in rigid-surface conditions. The latter are obtained using the low-cost
sensors. The measurement noise characteristics of the low-cost sensors are determined. It is
found that the signal-to-noise ratio of the human body acceleration at the lower back during
walking in rigid-surface conditions is very high. Therefore, the employed sensors are suited for
force reconstruction based on the lower-back accelerations in rigid-surface conditions.
Second, the additional accelerations of the human body in case of walking on a vibrating
surface are examined by a numerical example. The quantities of the example are set to be representative for the loading scenarios of the Eeklo Benchmark Dataset. The signal-to-noise ratio
of the additional human body accelerations is low. As a consequence, it is inaccurate to use
the total human body accelerations for the total contact force reconstruction of the participant.
Instead, it is found that an inverse approach is more suited. The total human body accelerations
are a good approximation of the internally-driven ones. The conclusions of this numerical example are case-speciﬁc while the presented methodology is generic and can be readily extended
to virtually any other footbridge.
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1

Introduction

As a result of ever increasing lighter and stronger materials, footbridge design today is often
dominated by its vibrations serviceability [1]. On the other hand, the human-structure interaction (HSI) effects comprising the combined added mass and damping effect, are more prominent
for footbridges for increasing ratios of the crowd mass to the structural mass [2]. Normative
design codes neglect the effect of HSI [3, 4]. This is in turn a result of the absence of fullscale validation of this phenomenon [2]. Such a validation requires detailed information on the
loading data during realistic walking scenarios comprising the simultaneous registration of the
induced loads and the structural response [5]. The Eeklo Benchmark Dataset provides, for the
ﬁrst time ever, such a detailed dataset. The trajectories of each pedestrian are registered using
a camera setup. The induced loads of the crowd are characterized by the registered body acceleration of each individual. Given the scale of the application, low-cost sensors are employed
instead of the conventional measurement systems. Their measurement noise variance is higher
compared to their more expensive alternatives.
Multiple strategies exist for the experimental validation, analysis and calibration of HSI phenomena. A ﬁrst category directly analyzes the induced contact forces [6, 7, 8, 9, 10] or body
locomotion [11] during walking on vibrating conditions. A second category consists of inverse techniques. In this case, the governing parameters of the HSI models are determined such
that the discrepancy between the reconstructed and measured structural response is minimized
[12, 13, 14].
The goal of the present study is to verify that the employed low-cost sensors are suited for the
characterization of the human body motion. Furthermore, it is investigated which techniques
are suited for the validation and calibration of HSI models given the speciﬁc load-structure
conditions of the Eeklo Benchmark Dataset and the employed low-cost sensors.
This contribution starts with a discussion of the dynamics of the coupled crowd-structure system (Section 2). Next, the contact force reconstruction using low-cost sensors on rigid surface
conditions is veriﬁed (Section 3). Furthermore, the contact force reconstruction on vibration
surfaces is investigated (Section 4). The most important conclusions are summarized in Section 5.
2
2.1

Dynamics of the coupled crowd-structure system
Human body dynamics

The human body is in reality composed of a large number of body segments [15]. It is
common practice to lump all the activated masses in one single activated mass mH1 and all the
non-activated masses into a single non-activated mass mH0 [16, 17, 18]. Obviously, the sum
equals the body weight of the pedestrian: mped = mH0 + mH1 . The activated mass mH1 is driven
by an internal driving term G(t) while the connection between the non-activated mass mH0 and
activated mass mH1 is modeled by an internal reaction force G(t) (Fig. 1-a).
Expression of the force equilibrium at the contact plane and applying Newton’s second law
gives:
F (t) = mH0 üs (t) + mH1 üH1 (t) = (1 − μH1 )mped üs (t) + μH1 mped üH1 (t)

(1)

where F is called the contact force and μH1 = mH1 /mped the ratio of the activated mass to
the total mass of the pedestrian.
In case of walking on a rigid surface, the kinetics of the supporting surface are zero (us = 0)
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uH1(t)

mH1
G(t)

kH1 cH1

uH0(t) = us(t)

F (t)

uH1(t)

mH1

G(t)
mH0

1

G(t)
uH0(t) = us(t)

mH0
F (t)

us(t)

us(t)

Figure 1: Schematic representation of the human body dynamics modeled by a non-activated
(mH0 ) and activated mass (mH1 ). Connection with the supporting surface modeled (left) generically and (right) by a spring and viscous damper.

RS

RS

G
yielding the following simpliﬁcations: G = GRS , F = F G = F G and uH1 = uG
H1 = uH1
where the subscript RS denotes that it concerns rigid-surface conditions. The subscript GRS
denotes that the contact force and human body kinetics are purely a result of the internallydriven force GRS . The contact force in this case reads:
RS

RS

RS

G
F G (t) = mH1 üG
H1 (t) = μH1 mped üH1 (t)

(2)

For walking on vibrating surfaces, it is obvious that us = 0. In this study, it is assumed
that the internal driving term G is unaltered with respect to the rigid-surface conditions: G =
GRS . This corresponds to the assumption that there is no active human-structure interaction.
Moreover, in case of walking on vibrating surfaces the human body kinetics do not only consist
RS
int
of the internally-driven kinetics uG
H1 (t) but an additional mechanical interaction term uH1 (t),
resulting from the mechanical interaction of the human body with the vibrating surface. In
GRS
int
this study it is assumed that the superposition principle holds i.e. utot
H1 (t) = uH1 (t) + uH1 (t).
Combining the total human body kinetics with Eq. (1) allows to write the contact force in the
following form:
RS

F tot (t) = mH1 üG
(t) + mH0 üs (t) + mH1 üint
H1 (t)
. /0H1 1
.
/0
1
=F GRS (t), Eq. (2)

(3)

=F int (t)

and illustrates how the total contact force (F tot ) is the combination of the internally-driven
RS
contact force equal to the contact force on a rigid surface (F G ) and an additional mechanical
interaction contact force (F int ).
2.2

Equations of motion of the coupled crowd-structure system

The structural response to the walking excitation of a crowd composed of np pedestrian is
calculated using the well-known equations of motions in modal coordinates of the reduced-order
ﬁnite element (FE) model:
; RS
<
Z̈(t) + ΓŻ(t) + Ω2 Z(t) = ΦT Sp (t)Ftot (t) = ΦT Sp (t) FG (t) + Fint (t)
(4)
where Z(t) ∈ Rnm are the modal displacements of the nm retained modes, Ω2 ∈ Rnm ×nm
a diagonal matrix containing the squared circular eigenfrequencies in increasing order, Γ ∈
Rnm ×nm a diagonal matrix containing the modal damping ratios in corresponding order, Φ ∈
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RnDOF ×nm the matrix containing the corresponding mode shape values at each degree of freedom
(DOF) of the structure as columns, Sp (t) ∈ RnDOF ×np the force-selection matrix containing the
time-varying position of the np pedestrians and thus relating each position to a corresponding
degree of freedom of the system, Ftot (t) ∈ Rnp the matrix containing the total contact force of
RS
each pedestrian which is the combination of the internally-driven contact forces FG (t) ∈ Rnp
and the mechanical interaction contact forces Fint (t) ∈ Rnp .
As the interaction contact forces depend on the surface vibrations, it is convenient to place
Fint (t) at the left-hand side of Eq. (4), allowing for a closed-form solution of the structural
response. To this end, it is necessary to make an assumption on how the internal reaction force
G(t) is modeled. A popular approach is to model the connection of the activated mass mH1 with
the supporting surface by a linear spring and linear viscous damper (Fig. 1-b) [19, 20, 8, 10, 17].
The internal reaction force reads: G(t) = cH1 [u̇s (t)− u̇H1 (t)]+kH1 [us (t)−uH1 (t)] where kH1 and
cH1 respectively denote the spring and damping coefﬁcient. The operator is linear this case. The
spring-mass-damper is often characterized in terms of its natural frequency fH1 and damping
ratio ξH1 [2]. Eq. (4) is rewritten to:



# "
#
"
RS
Z̈(t)
Ż(t)
Z(t)
ΦT Sp (t)FG (t)
=
+ CHB (t) int
+ KHB (t) int
MHB (t) int
UH1 (t)
0
ÜH1 (t)
U̇H1 (t)


(5)

where MHB (t), CHB (t) and KHB (t) are the system matrices of the coupled crowd-structure
system. Their derivation and deﬁnition is given in [2]. For a certain loading scenario (Sp (t) and

T
RS
FG (t)) Eq. (5) is solved for the response of the coupled crowd-structure system ( Z(t) Uint
H1 (t) )
using a discrete-time state space approach [2].
3
3.1

Experimental study of the contact force reconstruction on rigid surfaces
Measurement protocol and experimental results

Fifteen healthy Belgian adults (age: 21-51 years, weight: 54-85 kg, height: 1.66-1.90 m,
females: 2, males: 13) participated in the experimental program in the Movement and posture Analysis Laboratory Leuven (MALL) at the Department of Kinesiology of KU Leuven
[21]. The participants provided informed consent in accordance with the ethical guidelines for
research involving human participants at the University of KU Leuven.
An instrumented treadmill with two separate belts (Forcelink) is used to register the tri-axial
contact forces with a sampling rate of 1 kHz. Three different speeds per pedestrian are considered (between 4 km/h and 6 km/h). The walking speeds were randomized to avoid a bias due
to fatigue or psychological adaptation of the walking gait. Each test duration is approximately
2 minutes. The ﬁrst 15 seconds are removed in the further analysis as this is considered to be
the time to adapt to the walking speed of the treadmill. The test results of pedestrian 7, trial
1 and pedestrian 12, trial 1 are discarded in the further analysis due to the presence of severe
measurement errors.
Besides the contact force, the human body acceleration is registered near the 5th lumbar
vertebrae using a low-cost tri-axial USB accelerometer of the type GCDC X-16D (range ±16 g,
LSB 4.8828 10−4 g [22]) with a sampling rate of 200 Hz. This sensor is identical to the one used
in the Eeklo Benchmark Dataset.
The force plate data is decimated to 200 Hz. To mitigate the effect of measurement noise,
all signals are low-pass ﬁltered using a 4th order Butterworth ﬁlter with a cutoff frequency of
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(a)

(b)

(c)

(d)

Figure 2: The reference pedestrian during the instrumented treadmill laboratory measurements.
Internally-driven contact force: measured (solid) versus reconstructed (dashed): (a) time series
and (b) PSD. Measured internally-driven human body acceleration: (c) time series and (d) PSD
with indication of the measurement noise of the low-cost sensors (dashed line).
12 Hz. As such, the relevant frequency content (0 Hz-10 Hz) for the vibration serviceability
assessment of footbridges (scope of application) is retained [23]. The force plate data and lowcost accelerometer data are synchronized ofﬂine using a common trigger event.
To characterize the measurement noise of the low-cost sensors, long-term duration measurements (> 20 hours) are performed on a rigid surface. It is found that the measurement noise
can be characterized as bandpass-limited white Gaussian noise comprised between 0 Hz and
70 Hz with a 95% percentile value of the variance of 0.0124 (m/s2 )2 .
A typical time series and amplitude spectrum of the reference pedestrian (pedestrian 2 during
trial 2) is shown in Fig. 2. The signal-to-noise ratio in the frequency range 0.5 Hz-10 Hz is very
high 3286 ≈ 35.17 dB and therefore it is concluded that the low-cost sensors are sufﬁciently
accurate compared to the conventional measurement methods.
3.2

Relating the lower-back acceleration and the contact force
RS

RS

The internally-driven contact force is reconstructed using Eq. (2): F̃ G (t) = mH1 üG
H1 (t).
The tilde denotes that it concerns a reconstructed quantity. The vertical acceleration measured
at the lower back is assumed to be a good approximation of the acceleration of the activated
human body mass [24]. Moreover, in [24] it is found that the fraction of the activated body
mass compared to the total body mass is μH1 = 0.76 which is adopted in the present work.
An example of the reconstructed internally-driven contact force is shown in Fig. 2. The reconstruction inevitably yields some reconstruction error. This is a combined result of the modeling
assumption of the human body dynamics (Section 2.1) and the fact that the measured acceleration at the lower back does not perfectly coincide with the acceleration of the actived human
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body mass. The latter stems from the measurement error of the sensors, but also the soft tissue
artifacts [25]. Moreover, the factor μH1 is subject to inter-person variability and depends on the
walking speed [24].
4

Contact force reconstruction on vibrating surfaces

4.1

Framework of the numerical-experimental example

The contact force reconstruction procedure on vibrating surfaces is illustrated by a numerical
example. The quantities of the example are chosen such that a representative scenario of the
Eeklo Benchmark Dataset is obtained.
The modal parameters of the Eeklo footbridge of the corresponding benchmark dataset are
considered and stored in Φ, Ω2 , Γ. The structure consists of 14 modes below 12 Hz and are
calculated with a detailed FE model which is calibrated using experimental operational modal
analysis data [26]. The digital twin describing the dynamic behavior of the footbridge, is part
of the open access benchmark dataset (See accompanying paper: ‘An open access benchmark
dataset on pedestrian-induced vibrations collected on the Eeklo footbridge’). A ﬂow Sp (t) consisting of 148 persons (≈ 0.50 pers./m2 ) is considered where the trajectories of the participants
correspond to those as registered in the Eeklo Benchmark Dataset (total duration of 20 minutes). The HSI is modeled by a moving spring-mass-damper at each location of the pedestrian
occupying the bridge (see also Fig. 1-b). The values are adopted from [17]: fH1 = 3.25 Hz
and ξH1 = 0.30.
The crowd-induced loading and related of response of the numerical study is established by
the following steps:
RS

1. The internally-driven contact forces FG (t) are selected from the registered trials during
the laboratory measurements on rigid surfaces (Section 3.1). As the total test duration
is longer than the typical trial duration, the contact force and lower-back acceleration
vector are repeated. As trials are selected multiple times, they are assigned a random
uniformly-distributed time shift (outer values ± the average step duration) to avoid an
artiﬁcial correlation between the pedestrians in the crowd.
2. The corresponding part of the lower-back acceleration as registered during the laboratory
GRS

experiments is selected and stored in the matrix ÜH1 (t). This quantity is later used for
the contact force reconstruction (Section 4.2) and to determine the total human body
accelerations (step 5).
3. The reference response is calculated by plugging in the internally-driven contact forces
RS
FG (t) in Eq. (5). The equation is solved for the modal accelerations Z̈(t) and the interint
action human body accelerations ÜH1 (t).
4. The modal accelerations Z̈(t) are used to calculate the vertical acceleration at the middle
of the central span ümidspan (t) (Fig. 3). This structural acceleration quantity is hereafter
referred to as the reference response.
5. The interaction human body accelerations are assumed to correspond to the additional
kinetics that a pedestrian registers in case of walking on a vibrating surface as a result of
tot

GRS

int

the HSI. The total acceleration registered at the lower back is: ÜH1 (t) = ÜH1 (t)+ ÜH1 (t).
This quantity is later used for the contact force reconstruction (Section 4.2).
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Figure 3: Structural accelerations at midspan of the reference response with (black) and without
(gray) consideration of HSI: time series (left) and PSD (right).
An example of the interaction contact force and interaction human-body acceleration (Fig. 4)
illustrates that the interaction components are very small compared to their internally-driven
counterparts (Fig. 2). The reference structural response is additionally calculated without considering HSI (Fig. 3). The comparison shows that the structural response is highly sensitive to
the presence of HSI, despite the low amplitudes of the interaction contact forces and related
interaction human body accelerations. This can be explained by the fact that a part of the frequency content of the interaction contact forces is near-resonant with modes 2 (f2 = 2.97 Hz)
and mode 5 (f5 = 5.68 Hz) which are characterized by a low modal mass (See also accompanying paper: ‘An open access benchmark dataset on pedestrian-induced vibrations collected on
the Eeklo footbridge’).
Compared to the measurement noise of the low-cost sensors (frequency band 0.5 Hz-10 Hz),
a signal-to-noise ratio of the mechanical interaction human body accelerations of 1.58 ≈ 1.99
dB is found, which is very low.
The difference in PSD of the structural response with and without the incorporation of HSI
is expressed in terms of the relative difference in power spectra density (PSD). The considered
frequency range is 0.5 Hz to 10 Hz. The relative difference in PSD of a time series üB (t) relative
to a the PSD of a time series üA (t) is deﬁned as:
f =10
 Hz

ΔSü =

f =0.5 Hz

|SüA (f ) − SüB (f )|df

f =10
 Hz
f =0.5 Hz

(6)
SüA (f )df

The relative difference of the reference response without incorporation of HSI to the reference response with HSI is 4.71. This value is a measure for the sensitivity of the reference
response to HSI. This high difference indicates that HSI has a prominent inﬂuence on the structural response. This indicates the potential of the Eeklo Benchmark Dataset for the identiﬁcation
and quantiﬁcation of HSI effects.
4.2

Contact force reconstruction from the human body accelerations

The reconstruction of the contact forces based on the lower-back accelerations yields some
reconstruction error, even in rigid-surface conditions (Section 3.2). It is ﬁrst investigated how
this reconstruction error propagates to the related reconstructed response. The internally-driven
RS
RS
contact forces of each pedestrian is reconstructed as F̃ G (t) = mH1 üG
H1 (t) (Section 3.2) and
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Figure 4: The interaction contact force (black) and interaction human body acceleration (gray)
of reference pedestrian during the numerical example: relevant zoom of the time series (left)
and PSD (right) with indication of the measurement noise of the low-cost sensors (dashed line).

GRS

stored in F̃ (t). This matrix is applied on the equations of motion of the coupled crowdstructure system (Eq. (5)). The results (Fig. 5) show that the reconstructed response has a relative difference in PSD with respect to the reference response of 0.51 (calculated with Eq. (6)).
This corresponds to 0.51/4.71 = 11% of the sensitivity of the reference response to HSI. It is
noteworthy that this is a purely theoretical situation as in reality one always registers the total human body accelerations in measurement campaigns which cannot be separated into the
internally-driven and interaction component.
Since the total human body accelerations are the ones that are registered during an experimental campaign, the most logical choice is to reconstruct the total contact forces as F̃ tot (t) =
mH0 üs (t) + mH1 ütot
H1 (t) where üs (t) are the structural vibrations at the position of the pedestrian.
The reconstructed total contact forces are substituted into Eq. (4) to reconstruct the structural
response. The results (Fig. 5) show that the relative difference in PSD increases from 0.51 to
2.13 (= 45% of the sensitivity). This can be explained by the low signal-to-noise ratio of the
interaction human body accelerations (Fig. 4) while their importance is high (Fig. 3). In this
theoretical example, the structural accelerations at the position of the pedestrian are easily obtained as üs (t) = SpT (t)ΦZ̈(t). In reality, however, the structural accelerations are measured
at a limited number of points. Estimates of the structural accelerations at the contact points of
pedestrians could be made using for instance techniques such as joint input-state estimation [27]
but will slightly deviate from the true accelerations. As such, an additional reconstruction error
is introduced leading to an even higher relative difference in PSD of the structural response.
Therefore, it is concluded that a direct total force reconstruction is not suited in case of the
Eeklo Benchmark Dataset.
Given the small power of the interaction human body acceleration compared to the internallydriven ones (Figs. 2 and 4), it could be opted to neglect the interaction accelerations. As such, it
is assumed that the total human body accelerations is as a good approximation of the internallyRS
tot
driven ones: üG
H1 (t) ≈ üH1 (t). As such, the internally-driven contact forces can be estimated
RS
as: F̃ G (t) = mH1 ütot
H1 (t). The reconstructed structural response is obtained by plugging in
the reconstructed internally-driven contact force into the equations of motion of the coupled
crowd-structure system (Eq. (5)). The results (Fig. 5) show that the response is more accurately
reconstructed compared to the previous case. The relative difference in PSD increases from 0.51
to 0.87. This is only a fraction of the sensitivity of the response to human-structure interaction
(0.87/4.71 = 18%). This difference can be exploited for the estimation of the parameters of the
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Figure 5: Assessment of the different reconstruction techniques based on the structural accelerations at midspan. Left: PSD of the reference response (black solid), the reconstructed response
using either the total human body accelerations (solid) to reconstruct the total (light gray) or
internally-driven (dark gray) contact forces or using the internally-driven human body accelerations to reconstruct the internally-driven contact forces (dashed). Right: relative difference
in PSD of the reconstructed response to the reference response for the different reconstruction
scenarios (bars) and sensitivity of the reference response to HSI (gray-patched plane).
governing HSI in an inverse way where the internally-driven contact forces are reconstructed
using the total human body accelerations.
5

Conclusions

The present contribution focuses on the human body dynamics and the HSI that occurs in
case a walking crowd occupies a vibration structure. It is shown how the registration of the
human body accelerations can be exploited to reconstruct the contact forces.
An experimental dataset using an instrumented treadmill and comprising 43 trials is collected. The internally-driven contact forces and internally-driven human body accelerations are
simultaneously registered. The human body accelerations are collected using sensors which are
identical to the ones used in the Eeklo Benchmark Dataset. It is found that the signal-to-noise
ratio of the internally-driven human body accelerations during walking is very high compared
to the noise characteristics of the low-cost sensors. Hence the employed sensors are competitive
with the sensor equipment conventionally used for the registration of the human body acceleration.
Next, a numerical study of the Eeklo footbridge is considered where the applied internallydriven contact forces are the ones as registered in the laboratory setup and the HSI is modeled
using a popular approach with parameter values established in the literature. The structural
response is sensitive to the presence of HSI. This conﬁrms the potential of the Eeklo Benchmark
Dataset for the quantiﬁcation of HSI effects. The signal-tot-noise ratio of the interaction human
body accelerations to the low-cost sensor’s noise characteristics is found to be low, suggesting
the inadequacy to directly reconstruct the total contact forces using the registered total human
body accelerations.
The ﬁrst approach reconstructs the total contact force using the total human body accelerations. Due to the low signal-to-noise ratio of the interaction human body accelerations, a large
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reconstruction error is found indeed conﬁrming the inadequacy for a direct total contact force
reconstruction. Instead, it is found that a more accurate reconstruction of the structural response
is found if the internally-driven contact forces are reconstructed by considering the total human
body accelerations as a good approximation of the internally-driven ones. This means that for
the speciﬁc case of the Eeklo footbridge, an inverse approach to estimate the governing HSI
parameters is advised.
While the obtained conclusions are case-speciﬁc and depend on the modeling strategy and
related parameters of the HSI model, the methodology to determine the optimal reconstruction
method is generic as it can be applied on virtually any structure in combination with any HSI
model.
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Abstract. This paper presents a new and publicly available full-scale dataset collected specifically for the further development and validation of models for crowd-induced loading. The
dataset is collected on a real footbridge, with multiple modes sensitive to pedestrian-induced
vibrations and with a digital twin available. Video cameras are used to capture the walking
trajectories of the pedestrians. The bridge and pedestrian motion are registered simultaneously
using wireless tri-axial accelerometers on the deck and the lower back of the pedestrians. Two
data blocks are collected involving pure ambient excitation. Four data blocks are collected
involving two pedestrian densities, 0.25 persons/m2 and 0.50 persons/m2 , representing a total
of more than one hour data for each pedestrian density. Analysis of the structural response
shows that the different data blocks can be considered representative for the involved load case.
The identiﬁed distribution of step frequencies in the crowd indicate a signiﬁcant contribution of
(near-)resonant loading with multiple modes of the footbridge. Furthermore, the dataset displays clear signs of human-structure interaction, suggesting a signiﬁcant increase in effective
modal damping ratios due to the presence of the crowd.
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1

INTRODUCTION

The vibration serviceability under crowd-induced loading has become a key design criterion
for footbridges. Although increased research efforts are put into the characterization of crowdinduced loading including related interaction phenomena, a major challenge lies in the further
development and validation of these load models. Full-scale benchmark datasets that simultaneously register the structural and crowd motion make an invaluable contribution to meeting this
need by providing detailed information on representative operational loading and response data.
Currently available datasets either (1) involve a (too) low number of pedestrians [1, 2, 3, 4, 5],
(2) do not involve the simultaneous registration of pedestrian and bridge motion [1, 2, 6, 7, 8, 9],
(3) do not involve a footbridge with multiple modes sensitive to walking excitation [3, 10, 11]
and/or (4) for which a suitable digital twin is available, or (5) are not open access. To the
knowledge of the authors, only the dataset collected by Živanović [10] and Gómez et al. [11]
are publicly available.
In this paper, a novel publicly-available full-scale dataset is introduced, documenting a comprehensive experimental study involving pedestrian-induced vibrations on the Eeklo footbridge.
The experimental study is unique and suitable for comprehensive validation purposes as it involves multiple pedestrian densities, the synchronous and detailed registration of the pedestrians’ body motion and footbridge vibrations, a duration of the tests sufﬁcient to be representative
for the involved load cases, and a structure for which a reliable digital twin is available.
2

EEKLO FOOTBRIDGE

The Eeklo footbridge has three spans, a main central span of 42 m and two side spans of
27 m. In total, 14 modes were identiﬁed with a frequency up to 12 Hz (Figure 1). An excellent
agreement is found between the experimentally identiﬁed modal characteristics and the ones
calculated by the calibrated FE model. For more information related to the footbridge and the
model calibration, the reader is referred to [12]. The corresponding digital twin describing the
dynamic behavior of the footbridge, is part of the open access benchmark dataset.
3

EXPERIMENTAL STUDY

The bridge deck accelerations were measured using 10 wireless tri-axial acceleration sensors
(GeoSIG GMS sensors [13]) with a sample rate of 200 Hz. The accelerations at the lower
back of each participant was registered by a wireless inertial sensor [14] with a sample rate
of 100 Hz. 21 cameras were used to capture the entire bridge deck at 30 frames per second.
The acceleration signals registered on the bridge deck and at the lower back of the pedestrians
are synchronized off-line using regular synchronization events. The cameras are synchronized
off-line based on common events captured in adjacent cameras.
The experimental study considered ambient excitation of the empty footbridge and multiple tests with a duration of about 10 up to 20 minutes involving the pedestrian densities
0.25 persons/m2 and 0.50 persons/m2 , and amounting to a total of more than one hour test
data for each pedestrian density.
4
4.1

OBSERVATIONS
Distribution of step frequencies

Based on the measurements of all USB sensors, the time-variant pacing rate for each pedestrian is determined, using the procedure detailed in [15]. Figure 2-a shows the histogram of the
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f1 =1.69Hz, ξ1 = 1.94%

f2 =2.97Hz, ξ2 = 0.19%

f3 =3.21Hz, ξ3 = 1.45%

f4 =3.44Hz, ξ4 = 2.97%

f5 =5.68Hz, ξ5 = 0.23%

f6 =5.74Hz, ξ6 = 0.16%

f7 =6.01Hz, ξ7 = 2.08%

f8 =6.42Hz, ξ8 = 0.60%

Figure 1: Top and side view of the ﬁrst eight modes of the Eeklo footbridge (cfr. digital twin).

(a)

(b)

Figure 2: Histogram with ﬁtted Gaussian distribution of the identiﬁed pacing rates (a) for a single pedestrian and
(b) the corresponding aggregated distribution for all 148 pedestrians for a pedestrian density of 0.50 persons/m2 .

identiﬁed pacing rates for pedestrian 1 during free walking. This ﬁgure shows that the distribution of steps can be well ﬁtted by a Gaussian distribution. A goodness of ﬁt (chi-squared or χ2
test) of 84% is found. Similar observations are made for the other pedestrians in the crowd.
Figure 2-b presents the histogram and ﬁtted Gaussian distribution of the experimentally identiﬁed pacing rates of all pedestrians for pedestrian density of 0.50 persons/m2 . These results
show that the distribution of step frequencies can again be well ﬁtted by a Gaussian distribution. The distribution of step frequencies is characterized by N (1.66, 0.19) Hz (χ2 test of 87%).
Similarly, for a pedestrian density of 0.25 persons/m2 , a good ﬁt is found with the distribution
N (1.77, 0.13) Hz (χ2 test of 94%). These results show that as the pedestrian density increases
from 0.25 persons/m2 to 0.50 persons/m2 , the mean walking speed slightly decreases [16, 17].
This, in turn, results in a decrease of the mean step frequency from 1.77 Hz to 1.66 Hz. It is
also observed that the standard deviation in step frequency increases with the pedestrian density,
from 0.13 Hz to 0.19 Hz. This phenomenon could be attributed to the impact of human-human
interaction that increases with the pedestrian density: as the number of interactions between
pedestrians increases, the pedestrians display more variations in their walking behavior, as also
observed in [18].
4.2

Pedestrian trajectories

The video footage is used to obtain the pedestrian trajectories by a sequence of pedestrian
detection and tracking, as comprehensively described in [19]. The time-averaged spatial dis-
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Figure 3: (Top) Heat map of the pedestrians during a test involving a pedestrian density of 0.50 persons/m2 and
(bottom) the corresponding color bar expressed in persons/m2 .

tribution of the pedestrians of a test involving a pedestrian destiny of 0.5 persons/m2 is shown
by means of a heat map in Figure 3. This ﬁgure shows that the spatial distribution is (slightly)
non-uniform. This is the case for both pedestrian densities. Further analysis also shows that the
spatial distribution (slightly) varies over consecutive time blocks, indicating that the spatial distribution is non-stationary. Also, during all tests the formation of 4 lanes over the width of the
bridge deck is observed. This so-called lane-formation is a natural phenomenon in pedestrian
ﬂows [20].
The average speed of the pedestrians is calculated, resulting in the following distributions
for the densities 0.25 and 0.50 persons/m2 : N (1.28, 0.02) m/s and N (1.10, 0.03) m/s.
4.3

Structural response

The structural response is low-pass ﬁltered with a cut-off frequency of 10 Hz. Figure 4
presents the full time series and a 10-second zoom of the structural accelerations induced by
ambient excitation and a pedestrian density of 0.50 pedestrians/m2 . The Power Spectral Density (PSD) of the structural response is calculated considering consecutive time windows of
length T = 25 s, with 50% overlap. Figure 5 presents the PSD of the structural accelerations
induced by ambient excitation and a pedestrian density of 0.50 pedestrians/m2 . It is noted
that ambient excitation is also present when pedestrian excitation is considered. The following
observations are made:
• When comparing the time series for ambient excitation to those involving pedestrian excitation, the vibration levels appear to be in the same order of magnitude.
• For ambient excitation, the PSD shows that the vertical structural accelerations are dominated by the contributions of the ﬁrst (1.69 Hz) and the second (2.97 Hz) mode of the
footbridge.
• For the entire frequency range up to 10 Hz, with the exception of a small interval around
2.97 Hz (structural mode 2), the PSD corresponding to pedestrian excitation is signiﬁcantly larger than the one corresponding to ambient excitation. This observation indicates that pedestrian excitation is the dominant source of vibrations for the tests involving
walking persons.
• The peak value of the PSD close to the fundamental mode of the footbridge (f1 =1.69 Hz)
is about 20 times larger when excited by a pedestrian density of 0.50 pedestrians/m2 ,
compared to the peak value for ambient excitation. This observation indicates that the
pedestrian excitation clearly prevails over the impact of ambient excitation. This observation is furthermore conﬁrmed by the identiﬁed distributions of step frequencies (Figure 2)
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Figure 4: Time series of the structural accelerations induced by (a) ambient excitation and (b) a pedestrian density
of 0.50 pedestrians/m2 , low-pass ﬁltered with a cut-off frequency of 10 Hz: the vertical (black) and lateral (gray)
component in the middle of the center span.

which shows that a considerable fraction of the pedestrians is walking at (near-)resonance
with the fundamental mode.
• The peak value of the PSD close to the second mode of the footbridge (2.97 Hz), is about
20 times smaller when excited by a pedestrian density of 0.50 pedestrians/m2 , with
respect to the peak value due to ambient excitation. Considering the second harmonic of
the walking load, it is clear that also in this case a considerable fraction of the pedestrians
is walking at (near-)resonance with the second mode of the footbridge (see Figure 2).
In addition, the second mode is highly sensitive to (near-)resonant excitation, much more
even than the fundamental mode, because of its very low modal damping ratio (0.2%) and
modal mass. Therefore, it can be assumed that also in this frequency range, pedestrian
excitation dominates the structural response. The fact that the peak value of the PSD
close to the second mode is considerably smaller than when only ambient excitation is
considered, can be assumed to be attributed to HSI. This is in line with recent studies [21,
22, 23, 24, 25] indicating that the effective damping ratio of the coupled crowd-structure
system increases considerably for increasing crowd to structure mass ratios and for natural
frequencies of the empty structure close to that of the human body of a pedestrian. This
presumed increase in effective damping ratio is also in line with the observation that the
peak in the PSD in ﬁgure 5 around the second mode (2.97 Hz) is considerably wider
for the tests involving pedestrian excitation in comparison to the peak due to ambient
excitation. Evidence of the increase in effective damping due to the presence of persons
on the Eeklo footbridge, in particular for the second mode, has also been reported in [12].
5

CONCLUSIONS

This paper presents the benchmark full-scale dataset on pedestrian-induced vibrations collected on the Eeklo footbridge, involving the simultaneous registration of pedestrian and bridge
motion. The Eeklo footbridge is a lightweight steel structure characterized by multiple lowfrequent modes that lie within the dominant spectrum of pedestrian excitation. The structural
vibrations are registered by wireless tri-axial accelerometers. The 3D body motion of each
pedestrian is registered using a wireless tri-axial accelerometer, securely ﬁxed close to the body
center of mass, and the position along the bridge deck is captured by video cameras. The experimental study considered multiple tests involving the pedestrian densities 0.25 persons/m2 and
0.50 persons/m2 , as well as two tests involving pure ambient excitation.
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Figure 5: The average PSD of the structural accelerations due to ambient (dashed) and pedestrian (solid) excitation
for a pedestrian density of 0.50 pedestrians/m2 , low-pass ﬁltered with a cut-off frequency of 10 Hz: the vertical
(black) and lateral (gray) component in the middle of the center span.

Analysis shows that the different tests involving the same load case, can be considered representative for that involved load case. It is shown that pedestrian excitation dominates over
ambient excitation when walking persons are involved. The dataset displays clear signs of HSI,
suggesting a signiﬁcant increase in effective modal damping ratio(s) due to the presence of the
crowd, in particular for modes with a natural frequency close to that of the human body.
6

Data availability

The Eeklo footbridge benchmark dataset is freely available upon request to the corresponding author(s) and at (www.kuleuven.be/structural-mechanics-ghent, Tools and
Downloads).
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[6] E. Caetano, A. Cunha, F. Magalhães, and C. Moutinho, “Studies for controlling humaninduced vibration of the Pedro e Inês footbridge, Portugal. Part 1: Assessment of dynamic
behaviour,” Engineering Structures, vol. 32, pp. 1069–1081, 2010.

1871

P. Van den Broeck, J. Van Hauwermeiren and K. Van Nimmen

[7] S. P. Carroll, J. S. Owen, and M. F. M. Hussein, “A coupled biomechanical discrete element crowd model of crowd-bridge dynamic interaction and application to the clifton
suspension bridge,” Engineering Structures, vol. 49, pp. 58–75, 2013.
[8] J. Brownjohn and C. Middleton, “Efﬁcient dynamic performance assessment of a footbridge,” Proceedings of the Institution of Civil Engineers, vol. 158, no. 4, 2005.
[9] A. Gheitasi, O. Ozbulut, S. Usmani, M. Alipour, and D. Harris, “Experimental and
analysitcal vibration serviceability assessment of an in-service footbridge,” Case Studies
in Nondestructive Testing and Evaluation, vol. 6, pp. 79–88, 2016.
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Abstract. The further development and improvement of prediction models for crowd-induced
vibrations of footbridges requires detailed information on representative operational loading
data. This paper uses an inverse method to estimate the parameters that govern humanstructure interaction from the resulting structural response. The parameters of interest concern
the dynamic characteristics of a single-degree-of-freedom (SDOF) system, applied to describe
the mechanical interaction between the pedestrian and the structure. The parameter estimation
procedure assumes that the dynamic behavior of the empty structure, the average pedestrian
weight and the distribution of step frequencies in the crowd are known. The dynamic characteristics of the mechanical interaction model are estimated by minimizing the discrepancy between
the observed and the simulated power spectral density of the structural response.
The approach is applied to the Eeklo Footbridge Benchmark Dataset where the pedestrian
and bridge motion are registered simultaneously using wireless tri-axial accelerometers, involving pedestrian densities up to 0.5 persons/m2. A digital twin of the Eeklo footbridge, the
average weight of the pedestrians and the distribution of step frequencies, identiﬁed from the
accelerations registered on the lower back of each pedestrian, are used as input for the proposed
parameter estimation procedure. The results show that an estimate of the natural frequency and
damping ratio of the mechanical interaction model is obtained that is in line with recent ﬁndings
in the literature. These estimates are, however, for the ﬁrst time ever based on a comprehensive
set of full-scale observations.
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1 INTRODUCTION
Footbridges are often sensitive to human excitation. Although the dynamic performance
under high crowd densities is often imperative for the design, these loading conditions have
virtually never been veriﬁed [1]. The need for the validation of load models for crowd-induced
loading is high, in particular due to the impact of human-structure interaction (HSI) that is
predicted to play a vital role in the vibration serviceability assessment [2, 3, 4, 5].
In-ﬁeld observations are the only way to obtain detailed and accurate information on representative operational loading data. As direct force measurements are in this case practically
infeasible, inverse methods, where the unknown input parameters are identiﬁed from the resulting vibration response and a dynamic model of the structure, constitutes a promising alternative.
This paper uses a parameter estimation procedure to estimate the parameters that govern
HSI from the resulting structural response. This procedure is applied to a dataset of in-ﬁeld
observations on a slender footbridge involving a pedestrian density of 0.5 persons/m2.
2 METHODOLOGY
2.1 Coupled crowd-structure model
The mathematical framework introduced in [4] is used. In this framework, each pedestrian
in the crowd is modeled as the superposition of an autonomous force term, corresponding to the
forces induced on a rigid surface, and a linear SDOF system used to simulate the mechanical
interaction with the supporting structure. This SDOF system is composed of a rigid and an
activated mass, representing respectively 5% and 95% of the total mass of the pedestrian. The
dynamic behavior of the supporting structure, which in this study is referring to a footbridge, is
represented by its modal parameters. The equations of motion of the coupled crowd-structure
model read:
ẋ(t) = Ac x(t) + Bc Sp (t)pF (t)
with



x(t) = z(t) uH (t) ż(t) u̇H (t)
#
"
0
I
Ac =
−M̄−1
−M̄−1
HS K̄ HS
HS C̄ HS
" #
0
Bc =
Tp

(1)
(2)
(3)
(4)

with x(t) ∈ Rns the state vector and ns = 2(nm + nH ), z(t) ∈ Rnm the modal coordinate
vector, nm the number of modes, uH ∈ Rn the vector of displacements of SDOF interaction
models, nH the number of pedestrians, pF (t) ∈ Rn is the force vector collecting the time
history of the autonomous force term pF,k (t) of each pedestrian k of the nH pedestrians as rows
and Sp (t) ∈ Rn ×n a selection matrix which transfers the forces to the corresponding n
DOFs of the model of the structure. M̄HS , K̄HS and C̄HS are the generalized mass-, stiffness
and damping matrices of the coupled crowd-structure system and Tp is the generalized input
transformation matrix, as deﬁned in [4]. The autonomous force term pF,k (t) depends on the
weight and the step frequency (fs,k ) of the pedestrian and is modeled using the probabilistic
single-person force model developed by Živanović et al. [6].
H

H

DOF

H

DOF

2.2 Parameter estimation problem
The parameter estimation problem is highly similar to the one introduced in [7]. The objective is to identify the parameters that determine the effect of HSI on the resulting structural
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response: the dynamic characteristics of the linear mechanical systems representing the pedestrians in the crowd. The following inputs are assumed to be known:
1. The dynamic behavior of the empty footbridge.
2. The structural response induced by the pedestrians at one or more locations on the footbridge.
3. The average (total) mass of the pedestrians.
4. The distribution of step frequencies in the crowd: fs = N (μfs , σfs ) [Hz].
The ﬁrst three items can be obtained using conventional techniques or tests. The fourth item
can, for example, be identiﬁed from acceleration measurements performed at the lower back of
each pedestrian (See accompanying paper: ‘An open access benchmark dataset on pedestrianinduced vibrations collected on the Eeklo footbridge’).
In [7] it is shown that when a sufﬁciently long duration of the structural response induced by
a pedestrian density d is considered, the statistical effect of the autonomous force term (resulting
from the random arrival times and the intra-person variabilities) on the power spectral density
(PSD) of the resulting structural response can be averaged out.
The optimization problem is now formulated where the objective function measures the
difference between the PSD of the experimentally observed (G̃ü ) and the numerically simulated (Gü ) structural response within a frequency range deﬁned by a lower (ωl [rad/s]) and
upper bound (ωu [rad/s]). The residuals are computed at discrete frequencies ωk [rad/s]: ωk =
ωl + kΔω for k = 0, ..., N, with N + 1 = (ωu − ωl )/Δω + 1 the number of samples and Δω
the selected frequency resolution. The parameters of the SDOF model are assumed identical
for the different persons on the structure. The average total mass of the pedestrians is a known
input, determining the rigid (5%) and activated mass (95%) of the SDOF model. The decision
variables in this optimization problem are the natural frequency fH 1 and the modal damping
ratio ξH 1 , and are subject to the following physical constraints: fH 1 > 0 and ξH 1 > 0. The
problem, subject to two inequality constraints, is formulated in standard form:
minimise
fH 1 , ξH 1

subject to

 G̃ü − Gü (fH 1 , ξH 1 ) 22
 G̃ü 22
fH 1 > 0
ξH 1 > 0

(5)
(6)
(7)

and can be categorized as a nonlinear programming problem due to the nature of the objective
function. The inequality constrained optimization problem is solved using the lsqnonlin-solver
(MATLAB®) by means of the trust-region-reﬂective algorithm.
3 EEKLO FOOTBRIDGE
The Eeklo footbridge has three spans, a main central span of 42 m and two side spans of 27 m.
The dynamic behavior of the footbridge is characterized by 14 modes with a frequency up to 12
Hz. The corresponding digital twin describing the dynamic behavior of the footbridge, is part
of the open access benchmark dataset (See accompanying paper: ‘An open access benchmark
dataset on pedestrian-induced vibrations collected on the Eeklo footbridge’).
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3.1 Numerical veriﬁcation
In this numerical veriﬁcation section, the objective is to verify the parameter optimization
procedure for the Eeklo footbridge. In addition, the impact of modeling errors on the solution
of the parameter estimation problem is investigated.
In this numerical veriﬁcation example, the pedestrian density is set to match the one considered in the in-ﬁeld tests (see next section): 148 persons (≈ 0.5 persons/m2). The distribution of
step frequencies is set to follow a Gaussian distribution: fs = N (1.89, 0.18) [Hz]. The weight
of the pedestrians is set to 70 kg. The corresponding PSD of the pedestrian load is deﬁned based
on the procedure detailed in [8], using the dynamic load factors for the main and sub-harmonics
of the walking load deﬁned in [6]. The PSD of the pedestrian load is presented in Figure 1.
The natural frequency (fH 1 ) and the modal damping ratio (ξH 1 ) of the interaction model are
set to respectively 3 Hz and 30%. Figure 2 visualizes the FRF of the Eeklo footbridge, empty
and with HSI. This ﬁgure shows that the impact of HSI is high for mode 2 (f2 = 2.97 Hz), mode
5 (f5 = 5.68 Hz) and mode 8 (f8 = 6.42 Hz). These modes are bending modes characterized
by a low modal mass (22 × 103 kg – 26 × 103 kg) and a low damping ratio (0.2% − 0.6%). The
highest impact is found for mode 2, as the natural frequency of the interaction model is in this
case close to the optimal tuning frequency for accelerations [9].
When no modeling errors are assumed, the parameter estimation procedure converges to the
true minimum. This was also illustrated for a hypothetical example in [7]. This contribution in
addition analyses the inﬂuence of modeling errors. These modeling errors ( ) are related to the
inputs that the parameter estimation procedure assumes to be known. Given the high accuracy
with which the structural response can be measured, and the ease with which the total mass of
the pedestrians can be determined, the impact of related errors is not investigated. Also, it is
assumed that the impact of (correlated) measurement noise, e.g. related to the sensor placement,
is negligible. The modeling errors considered in this study are related to:
• The dynamic behavior of the empty structure, or thus the structural modal parameters:
Given the uncertainty bounds on the modal parameters identiﬁed using state-of-the-art
system identiﬁcation techniques [10, 11], it is reasonable to assume errors of f =1%
and ξ =10% on respectively the experimentally identiﬁed natural frequencies and modal
damping ratios. The corresponding modal masses can be calculated using a (preferably
calibrated) FE model of the structure. For the calculated modal mass, an error of m =2%
is considered reasonable. Less satisfactory results may be characterized by errors of 5%,
30% and 5% (upper bound error) on respectively the natural frequencies, modal damping
ratios and modal masses.
• The distribution of step frequencies in the crowd: Assuming that the distribution of step
frequencies follows a Gaussian distribution, the impact of an error of 2% and 5% on the
mean value (μ ) and standard deviation (σ ) of the step frequencies is investigated.
The parameter estimation procedure now uses the PSD of the vertical and lateral acceleration
levels calculated at the center of the main and the side span of the footbridge (close to the parapet). Analysis shows that as little information on HSI is contained in the PSD of the lateral
acceleration levels, including these PSDs in the objective function (Eq. 5) has a negligible impact on the obtained optimal solution. These PSDs can therefore be excluded from the selected
input data.
For the sake of conciseness, this paper only reports the joint impact of the modeling errors
on the solution of the parameter estimation problem (estimation error). The estimation error
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Figure 1: PSD of the pedestrian load (SF ) for 148 persons.

(Δ ) is expressed in terms of the percentage of difference with the true optimal solution of the
parameter estimation problem (fH1 = 3 Hz, ξH 1 = 30 %). The following results are found:
• Δf 1 = 3% and Δξ 1 = 9% for f =1%, ξ =10%, m =2%, μ = σ = 2%.
H

H

• Δf 1 = 5% and Δξ 1 = 20% for f =2%, ξ =30%, m =5%, μ = σ = 5%.
H

H

These results show that the impact of the reasonable range of modeling errors that can be expected for the present case, have a small impact on the estimated natural frequency of the
interaction model (5%). The impact on the estimated damping ratio is higher (20%), but is still
reasonable given that the structural response is less sensitive to changes in this parameter. Further analysis shows that in this case, the errors on the distribution of step frequencies (μ and σ )
have the largest impact on the estimation error. The low impact of the relatively large modeling
errors assumed on the modal damping ratios, stems from the fact that the modal damping ratios
of the dominant modes are very low in relation to the damping added by HSI. By consequence,
the impact of these inherent structural modal damping ratios on the corresponding effective
damping of the coupled crowd-structure system is very low.
However, it is noted that the low impact of the modeling errors, in particular those related to
the modal parameters of the footbridge, on the estimated parameters is in this case due to the
high impact of HSI on multiple modes of the footbridge (mode 2, mode 5 and mode 8). This
is, in turn, due to the involved low modal masses, low damping ratios and natural frequencies
of these modes. These results are highly case-speciﬁc and should be investigated for each case
prior to the application of the parameter estimation procedure. Furthermore, this investigation
does not consider the impact of other modeling errors, such as for example lateral mechanical
HSI that is neglected here or errors in the load model that is used to describe the autonomous
force term.
3.2 Application to full-scale data
The inputs for the parameter estimation procedure are set to match the conditions of the
in-ﬁeld observations involving 148 pedestrians (See accompanying paper: ‘An open access
benchmark dataset on pedestrian-induced vibrations collected on the Eeklo footbridge’):
1. The digital twin of the Eeklo footbridge is used to describe the dynamic behavior of the
empty footbridge.
2. The structural response measured at the center of the main and the side span is used (close
to the parapet). As the numerical veriﬁcation section has shown that HSI is most relevant
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Figure 2: The FRF for a (black) vertical and (gray) lateral input and output acceleration at the center of the (a)
central and (b) side span of the Eeklo footbridge, (dashed) empty and (solid) with HSI, for a pedestrian density of
0.50 persons/m2 .

for the vertical output, only the acceleration levels registered in the vertical direction
are used. The Power Spectral Density (PSD) of the structural response is calculated
considering consecutive time windows of length T = 25 s, with 50% overlap.
3. The average body mass of the pedestrians is 73.2 kg.
4. The distribution of step frequencies in the crowd: fs = N (1.66, 0.19) [Hz].
Given that the highest impact of HSI is expected for mode 2, mode 5 and mode 8, the frequency
range [2.5, 8.0] Hz is taken into account for the parameter estimation procedure.
In Figure 3, the objective function deﬁned in Eq. 5 is evaluated for a realistic range of the
two decision variables: the natural frequency 1 ≤ fH ≤ 5 [Hz] and the modal damping ratio
0.2 ≤ ξH ≤ 0.6 [-]. This ﬁgure shows that the objective function, and thus the impact of HSI,
is mainly sensitive to changes in the natural frequency fH of the interaction model. Figure 3
illustrates a generally low sensitivity of the objective function to the modal damping ratio ξH of
the interaction model.
The following optimal solution is found for the interaction model:
• fH1 = 3.02 Hz
• ξH 1 = 46 %
Figure 4 compares the PSD of the measured output with the one calculated for the footbridge
with and without HSI, whereby HSI is modeled with the ﬁtted interaction model. In turn, Figures 5 and 5 present the measured and calculated (with and without HSI) vertical acceleration
levels at respectively the midspan and the sidespan. These ﬁgures show that when HSI is disregarded, the structural response is signiﬁcantly overestimated. More importantly, this ﬁgure
shows that the ﬁtted interaction model allows to arrive at a good ﬁt with the measurements.
Based on the insights gained in the numerical veriﬁcation section, an indicative uncertainty
bound of 5% and 20% on respectively the estimated natural frequency and modal damping ratio
is assumed, where this uncertainty in this case mainly stems from the modeling errors related to
the distribution of the step frequencies in the crowd. These uncertainty bounds are also indicated
on Figure 3.
Finally, it is noted that the identiﬁed natural frequency (fH 1 = 3.02 ± 0.15 Hz) and damping ratio (ξH 1 = 0.46 ± 0.10) of the interaction model are in line with recent ﬁndings in the
literature [3, 4].
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Figure 3: Evaluation of the objective function in terms of the natural frequency fH1 and the damping ratio ξH1 of
the interaction model, and the indicative uncertainty bounds (dashed lines) on the optimal solution (•).
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Figure 4: The PSD of the vertical acceleration levels at the center of the (a) central and (b) side span of the Eeklo
footbridge for a pedestrian density of 0.50 persons/m2: (black, solid) measurements, and numerically simulated
(gray, solid) without HSI and (black, dashed) with HSI based on the ﬁtted interaction model.

4 CONCLUSIONS
This paper estimates the natural frequency and damping ratio of an SDOF interaction model,
applied to describe the mechanical interaction between the pedestrian and the structure, by
minimizing the discrepancy between the observed and the simulated power spectral density of
the structural response. The approach is applied to the Eeklo Footbridge Benchmark Dataset
where the pedestrian and bridge motion are registered simultaneously using wireless tri-axial
accelerometers and video cameras, involving a pedestrian density of 0.5 persons/m². A digital
twin of the Eeklo footbridge, the average weight of the pedestrians and the distribution of step
frequencies, identiﬁed from the accelerations registered on the lower back of each pedestrian,
are used as input for the proposed parameter estimation procedure. A natural frequency of 3 Hz
and a damping ratio of 46% are identiﬁed for the mechanical interaction model. These results
are in line with recent ﬁndings in the literature and are, for the ﬁrst time ever, based on full-scale
observations.
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Figure 5: The vertical acceleration levels at the center of the central span of the Eeklo footbridge for a pedestrian
density of 0.50 persons/m2 : (a) measurements, (b) numerically simulated (gray) without HSI and (black) with HSI
based on the ﬁtted interaction model.
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Figure 6: The vertical acceleration levels at the center of the side span of the Eeklo footbridge for a pedestrian
density of 0.50 persons/m2 : (a) measurements, (b) numerically simulated (gray) without HSI and (black) with HSI
based on the ﬁtted interaction model.
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Abstract. This paper presents a novel method for the indirect determination of the ground
reaction forces (GRF) induced by a pedestrian during forward locomotion on a vibrating structure. It is based on the formulation of an inverse problem for the identiﬁcation of the unknown
time dependent moving load, which is solved by means of a gradient-based optimization algorithm. The force identiﬁcation is performed in the time domain using accelerations and/or
displacement time histories recorded at different locations on the structure as input data. The
practicability and accuracy of the method is evaluated using both simulated measurements and
real experimental data recorded on the HUMVIB experimental footbridge on the campus of the
Technical University of Darmstadt, Germany. For the validation of the reconstructed forces,
an array of biomechanical force plates as well as classical load cells at the supports of the
test structure were used. The results show that the proposed method allows a very accurate
estimation of the GRF induced by a subject during walking on the experimental structure.
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1

INTRODUCTION

Classical direct measurement methods of ground reaction forces (GRF) induced by pedestrians on rigid surfaces usually imply either force plates [1] or treadmills instrumented with
force sensors [2], which are commonly used in biomechanical studies of the human gait. The
GRFs can also be directly acquired by means of foot pressure insoles, i.e. instrumented shoes
[3, 4]. Their main advantage is that the subject does not have any locomotion constraints, such
as targeting the force plates [5], allowing thus the execution of a natural gait. Besides the direct
measurement methods, there are also indirect approaches, which try to reconstruct the GRF by
means of three dimensional recordings of the body motion and an assumed distribution of the
body mass under consideration of the second Newton’s law of motion [6, 7, 8, 9, 10]. Extensive
literature overviews on the measurement methods of GRFs are given in [5] and [11].
When it comes down to the direct GRF measurement during walking on vibrating structures,
only few methods are feasible with justiﬁable effort. The installation of classical force plates
on vibrating structures is possible, it implies however high costs and is rather only feasible for
laboratory experiments [12, 13]. In case of laboratory structures, it is also possible to install
conventional load cells at the supports [12, 13]. However, both in case of the force plates and
the the load cells, the measured forces are ”polluted” by a signiﬁcant component generated by
the inertia of the force plate or of the vibrating structure itself, which leads to additional analysis effort and to certain inaccuracies [13, 14]. A good alternative for GRF measurement on
vibrating structures are the in-shoe pressure sensors, which have already been used in civil engineering applications [13, 15]. However, they present a limited accuracy of the force amplitudes,
which are obtained by integrating the distributed pressure over the foot insole area [5].
In comparison to the drawbacks of the aforementioned direct measurement methods, the
time histories of the structural displacements and accelerations can be recorded with high accuracy and reasonable effort. In this sense, this paper addresses a novel method for the indirect
determination of the GRF induced by a pedestrian on a vibrating structure, which is based on
conventional measurements of structural responses, avoiding thus the use of costly and sensitive
biomechanical equipment. The method implies the formulation of an inverse problem for the
identiﬁcation of the unknown time dependent moving load, whose solution is addressed by means of a gradient-based optimization algorithm. The force reconstruction is executed in the time
domain using accelerations and/or displacement time histories recorded at different locations
on the structure as input data. The practicability and accuracy of the method is evaluated using
real experimental data recorded on the HUMVIB experimental footbridge at the Technical University of Darmstadt, Germany. For the validation purposes, an array of biomechanical force
plates as well as classical load cells at the supports were used. The method aims to facilitate the
analysis of the human-structure interaction effects on bridges in operation.
2
2.1

FORMULATION OF THE PROBLEM
The forward problem

The computation of the motion quantities for a damped linear system containing ndof degrees
of freedom can be performed by solving the differential equation of motion:
K · u(t) + D · u̇(t) + M · ü(t) = P (t)

(1)

where K ndof ×ndof , D ndof ×ndof and M ndof ×ndof are the stiffness, damping and mass matrix, respectively, while P ndof ×1 represents the vector of external forces at each time instant. u, u̇ and
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ü denote the vectors of motion quantities (displacement, velocity and acceleration, respectively). In order to achieve the solution of Eq. 1, it can either be directly integrated or it can be
solved by means of the modal superposition principle [16]. The force reconstruction method of
the present study is based on the latter one, whereas the modal equations are solved using the
time step integration method of Newmark [16].
2.2

The inverse problem

The inverse problem of GRF reconstruction on a vibrating structure formulated within this
work implies that the entries of the load vector P (t) are considered to be unknown, while the
system matrices K, D and M in Eq. 1 are given and assumed to be constant. In addition, it
is considered that a set of nmd displacement and nma acceleration time histories are acquired
over a ﬁnite number nt of discrete time points through experimental investigations. Basically,
the inverse problem seeks to ﬁnd an optimal time-dependent force vector P (t), which caused
the measured motion quantities. This can be expressed by means of an unconstrained and
unbounded optimization problem:
min F(s) =wd ·
s

nmd 
nt


(uh,i − ūh,i )2 + wa ·

h=1 i=1

nt
nma 


(üh,i − ü¯h,i )2 +

h=1 i=1

?2
?⎛
⎞
Qp1
?
?
?
? 0
1.
/
⎟
?⎜ nvar ×nvar
nvar ×nvar
nvar ×1 ?
− Qglo
wp1 · ?⎝Qloc
? +
⎠·s
?
?
?
?
/0
12
.

(2)

Penalty function 1

?2
?⎛
⎞
Qp2
?
?
?
? 0
1.
/
?
⎟
?⎜
wp2 · ?⎝I nvar ×nvar − Qnlocvar ×nvar ⎠ · snvar ×1 ?
?
?
?
?
.
/0
12
Penalty function 2

here, s ∈ Rnvar comprises the nvar load values sk , each of them denoting the value of the moving
force at a certain time step tk , while k represents the index of the nvar time steps, in which the
force is present on the bridge. ūh,i and ü¯h,i denote the measured displacement and acceleration
in the i-th time step for the h-th measurement point. uh,i and üh,i represent the corresponding
motion quantities resulting from the numerical analysis (forward problem). The formulation
of Eq. 2 implies that the force location is known for each time step. The weighing factors wd
and wa are introduced to control the importance of each term in the multiobjective optimization
problem described by Eq. 2. The objective function includes also two penalty functions, whose
weights are deﬁned by the factors wp1 and wp2 . They will be discussed in the following.
The ﬁrst penalty function accounts for a special feature of trafﬁc loads on bridges, which
states that their dynamic components vary around the static weight of the pedestrian or vehicle
passing the structure, denoted as discrete ﬁnite signal with a stable average value (DFS-SAV)
[17]. Practically, this means that the local (moving) average values of the force time history to be
identiﬁed lie not too far from their global average values. This can be expressed mathematically
by minimizing the squared differences between the vectors of local and global average values of
the force vector s. The local and global average values are obtained using a local and a global
average matrix Qloc and Qglo . They are constructed in such a way, that their multiplication by
the load vector s delivers the local or the global average value. It is to be mentioned that the

1885

Andrei Firus, Roman Kemmler, Hagen Berthold, Steven Lorenzen and Jens Schneider
ZLQnw
LQSXWIRUZLQnw
ZLQnw -1
LQSXWIRUZLQnw -1
ZLQi

ZLQ

ZLQ

ZLQ

ZLQi

PRWLRQTXDQWLW\

PRWLRQTXDQWLW\

ZLQnw -1

ZLQ

ZLQnw

WLPH>V@

2YHUODSSLQJLQWHUYDOV
H[FLWDWLRQSKDVH

LQSXWZLQi
LQSXWIRUZLQ

LQSXWIRUZLQ

WLPH>V@

2YHUODSSLQJLQWHUYDOV
H[FLWDWLRQSKDVH

GHFD\SKDVH

GHFD\SKDVH

Figure 1: Moving window: forward optimization (left) and backward optimization (right)
local averaging in this study is formulated using a moving window of ﬁve samples. The second
penalty function controls the smoothness of the solution by minimizing the distance between
each value in the solution vector s and the local average of the force. I is the identity matrix,
its multiplication with s delivers the unchanged vector s.
In order to allow the solution of large problems, the inverse problem in Eq. 2 is addressed
using a forward sliding window approach with a certain overlapping interval (Fig. 1 left). It
implies that an optimization problem acc. to Eq. 2 has to be formulated and solved for each
of the nw windows. By selecting a reasonable window length, the computational efﬁciency can
be signiﬁcantly increased in comparison to the direct solution for the whole time frame. After
terminating the forward optimization, a subsequent backward optimization problem is enabled
(Fig. 1 right). It allows the optimization of the load values in each window under consideration
of a more extensive set of input data, which stretches from the starting point of the time window
to the end of the decay phase (Fig. 1 right).
The solution the optimization problem elaborated above is obtained using a trust region
optimization algorithm, which achieves super-linear convergence when it is supplied with exact
sensitivity information (gradient and Hessian) [18].
2.3

Sensitivity analysis

The total derivative of the objective function with respect to a load value sk can be determined
using the the chain rule:
nmd
nma

dF
∂F ∂uh 
∂F ∂ üh
∂F
=
·
+
·
+
(3)
dsk
∂uh ∂sk
∂ üh ∂sk
∂sk
h=1
h=1
./01
.
/0
1
implicit

explicit

The implicit component of the sensitivity expression in Eq. 3 is determined by analytical
differentiation the ﬁrst two terms on the right side of Eq. 2, while the explicit dependencies
of the objective function on the load values are given solely by the analytical differentiation of
the penalty functions with respect to sk . The determination of the sensitivity of displacement
and accelerations of the h-th measured point with respect to the load value sk (∂uh /∂sk and
∂ üh /∂sk ) was also performed analytically. It implies the differentiation of Eq. 1 on both sides
with respect to sk . Considering constant (and thus load independent) system matrices K, D
and M , the differentiation yields:
∂u(t)
∂ u̇(t)
∂ ü(t)
∂P (t)
K·
+D·
+M ·
=
(4)
∂sk
∂sk
∂sk
∂sk
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Figure 2: HUMVIB experimental pedestrian bridge (the middle support was removed during
the experimental investigations)
where ∂u/∂sk , ∂ u̇/∂sk , ∂ ü/∂sk denote sensitivity vectors. Evidently, Eq. 4 has a similar form
as Eq. 1, if the term ∂P /∂sk on the right hand side is considered as an equivalent force vector.
Therefore, the unknown sensitivity vectors can be obtained through forward analysis using the
mode superposition principle and the time-stepping integration method of Newmark. ∂P /∂sk
represents the derivative of the vector of external forces with respect to one force in a certain
time step. It contains only one value of 1, corresponding to the entry sk , while all the other
values are zero. The entries of the analytical Hessian can be determined by differentiating Eq.
4 with respect to another load value si .
3
3.1

INVESTIGATIONS ON AN EXPERIMENTAL PEDESTRIAN BRIDGE
Investigation object

The experimental HUMVIB-Bridge (Fig. 2) is a simply supported pedestrian bridge with
a span of l = 13.24 m, consisting of two longitudinal steel beams (steel type S235JR) with
HEB240 cross section (Fig. 3). The deck plate is made of 13 precast reinforce concrete stripes
having the dimensions 250 × 100 × 12 cm. The concrete elements and the steel beams are
separated by an elastomeric interlayer with a thickness of 5 mm. The total mass of the experimental pedestrian bridge is about 12 tons, leading to a fundamental frequency of the structure
D
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Figure 3: Experimental pedestrian bridge HUMVIB: a) side view; b) cross section
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Figure 4: Measurement set-up used in the experimental investigation
of 2.04 Hz. The ﬁrst ﬁve mode shapes and their frequencies were determined experimentally
using the reference based combined deterministic-stochastic subspace identiﬁcation algorithm
[19, 20] (s. Fig. 7).
3.2

Measurement set-up

The measurement set-up used in the present investigation is shown in Fig. 4 and schematically illustrated in Fig. 5. The structural responses in vertical direction were recorded at 12
different measurement points (MP) disposed along the steel beams. MP1 to MP4 were instrumented with both acceleration and displacement sensors, while only accelerations were recorded at the locations of MP5 to MP12. Besides the measurement of the motion quantities, the
reaction forces at the four supports (MP13 to MP16) were acquired using a set of load cells. In
addition, a set of ﬁve force plates (FP1 to FP 5) of type KISTLER 9260AA6 (600×500×50 mm)
and two force plates (FP6 and FP7) of type KISTLER 9287CA (900 × 600 × 100 mm) were
installed on the bridge for recording the pedestrian induced GRFs. In order to ensure proper
conditions for a natural gait and to reduce the tripping hazard of the subjects, the walking path
was leveled using dummy plates with a thickness of 100 mm.
3.3

Structural model

The ﬁnite element software ANSYS 2020 R1 was used to generate a numerical model of
the experimental pedestrian bridge (Fig. 6a). The steel beams were modeled using beam
elements (BEAM188), while the concrete elements were represented through shell elements
(SHELL181). Typical (deterministic) material parameters were assigned to the steel beams
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Figure 5: Measurement set-up of the HUMVIB-Bridge
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Figure 6: a) Finite element model of the HUMVIB-Bridge; b) Idealized connection between
the steel beams and concrete plates
(density ρ = 7850 kg/m3 , Young’s modulus E = 2.1 · 108 kN/m2 and Poisson ratio ν = 0.3)
and the concrete plates (ρ = 2500 kg/m3 , E = 3 · 107 kN/m2 and ν = 0.2). The elastomeric
interlayer connecting the concrete elements and the steel structure was idealized using a group
of three translational springs (kt,2,x , kt,2,y and kt,2,z along the x, y and z axis, respectively) and
one rotational spring (kr,2,x around the longitudinal x-axis) (Fig. 6b). The beam supports were
disposed at the lower ﬂanges and are assumed to be rigid in vertical direction, while horizontal
displacements at the supports (in x and y directions) are permitted. In this sense, a set of two
translational springs, kt,1,x and kt,1,y , were deﬁned at each support (Fig. 6a).
The values of the rotational and translational springs were determined by solving an optimization problem, which seeks to minimize the sum of squared differences between the measured and computed natural frequencies for the ﬁrst three bending modes and ﬁrst two torsional modes. The optimization process delivered the following set of optimized stiffness coefﬁcients: kt,1,x = 12.64 · 103 kN/m, kt,1,y = 10.72 · 103 kN/m, kt,2,x = 11.14 · 103 kN/m,
kt,2,y = 2.52 · 103 kN/m, kt,2,z = 18.22 · 103 kN/m and kr,2,x = 11.95 · 103 kNm. The resulting mode shapes and their frequencies are shown in Fig. 7 together with the results obtained
from the experimental investigations. The MAC (Modal Assurance Criterion) values determined using the measured and computed values of the ﬁve considered mode shapes are 0.9998
(1st mode), 0.9981 (2nd mode), 0.9933 (3rd mode), 0.9959 (4th mode) and 0.9618 (5th mode).
Thus, a very good agreement of the results is achieved both on frequency and mode shape level.
3.4

Testing with simulated measurements

In order to generate simulated measurement data, the reference force time history shown
in Fig. 10 was applied to the ﬁnite element model presented in Section 3.3. The response was
evaluated by a forward analysis under consideration of the ﬁve modes of vibration shown in Fig.
7. The results of the forward analysis were subsequently polluted with an inconvenient (rather
unrealistic) amount of artiﬁcial noise, in order to obtain the simulated measurements used for
the inverse analysis. Fig. 8 shows exemplarily simulated measurements of displacement and
acceleration at the measurement location MP2.
A time step Δt = 0.00333 s, a window size of 400 samples and an overlapping interval of
1/3 of the window length (s. Fig. 10) were selected. The weighting factors wp1 and wp2 were
determined by means of a parametric study to wp1 = 5.5 · 10−8 and wp2 = 1.0 · 10−4 (s. Fig.
9). Its aim was to determine the optimal combination of weighting factors, which leads to the
lowest error between the reference and the identiﬁed forces with simulated measurement data:
Perr =

Pidentiﬁed − Preference 1
· 100 %
Preference 1
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Figure 7: Measured (left) and computed (right) mode shapes and the corresponding natural frequencies
Input data from eight accelerations (MP1 to MP8) and four displacements (MP1 to MP4)
was considered. The corresponding weighing factors are wa = 1 and wd = 5 · 105 . The latter
seeks to balance the order of magnitude of the displacement and acceleration measurements and
ensures a dominant contribution of the displacement term within the objective function.
The result of the optimization problem is shown in Fig. 10. The iteration in each window is
terminated when the relative drop of the value of the objective function between two subsequent
iterations is less than 10−8 . The relative error evaluated according to Eq. 5 at the end of the backward optimization is 4.72 %. This result indicates a very good global agreement between the
reference and the identiﬁed force time history. A slightly lower accuracy can be only observed
for the rather short intervals, in which the force is located in the proximity of the supports (at the
beginning and the end of the bridge). This effect occurs most likely due to the low sensitivities
of acceleration and displacement at the measurement points with respect to forces acting at the
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Figure 8: Simulated measurements at MP2: displacement (left) and acceleration (right)
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Figure 9: Parametric study for determination of the weighing factors wp1 and wp2
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Figure 10: Comparison of the reference force used to simulate the measurement data with the
result of the inverse computation
beginning and the end of the bridge. However, the penalty functions ensure stable results even
at these locations. A further computation with consideration of only four sensors as input data
(accelerations and displacements at MP3 and MP4) delivers an error of 7.16 %, conﬁrming thus
the robustness of the method also with a more practicable number of sensors.
3.5

Testing with real measured data

The validation procedure with real measurements implies the acquisition of the measurement
data during the passage of a subject weighting 747 N with a predeﬁned step frequency of 2 Hz.
Fig. 11 shows exemplarily the measured displacement and acceleration time histories at MP2.
The measured data was ﬁltered using a lowpass ﬁlter with a cut-off frequency of 18 Hz, in order
to adapt the frequency content of the measurement to the frequency content of the computation.
It is to be mentioned that all computational parameters (time step, weighting factors, window
size, convergence criteria etc.) were adopted from Section 3.4. In this sense a resampling of
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Figure 11: Measured and re-built responses at MP2: displacement (left) and acceleration (right)
the measured signals was carried out, because the measurements were recorded at a sample
frequency of 1200 Hz. Also in this case signals of eight acceleration (MP1 to MP8) and four
displacement (MP1 to MP4) sensors were used as input data.
In order to use the load cell and force plate signals as reference values for the validation
of the GRF reconstruction, the inertial effects of the bridge (in case of load cells) and of the
force plate masses had to be removed from the measured force signals [13]. The results after
the correction are shown in Fig. 12. Furthermore, in order to account for a possible imperfect
walking behavior (e.g. unequal step lengths), the time dependent location of the subject was
determined by means of static equilibrium, using the signals of the load cells signals (free of
dynamic components) at the two ends of the bridge.
Due to the system changes arising because of the additional mass of the biomechanics equipment, a new model adaptation was necessary for the validation process with real measurement
data. In this sense, an additional mass of about 60 kg/m was applied to the numerical model
described in Section 3.3. This leads to a ﬁrst natural frequency of 1.98 Hz (ﬁrst bending mode),
conﬁrmed also by Fourier analyses of the free decay phases measured during different trials.
The further computational natural frequencies are: 3.97 Hz (1st torsional mode), 7.56 Hz (2nd
bending mode), 11.02 Hz (2nd torsional mode) and 16.02 Hz (3rd bending mode).
The results of the optimization problem based on real measured data are shown in Fig. 12
together with the reference force time histories from the load cells and the force plates. The
relative error Perr,LC of the identiﬁed force with respect to the load cell signals (support forces)
is 10.18 %. Considering that there are still various uncertainties in the problem deﬁnition (e.g.
with respect to the modeling, subject velocity, measurement inaccuracies etc.), the result can be
interpreted as very satisfactory. However, the quantitative evaluation of the force reconstruction
method based on comparisons with the signals of the support forces has to be done with caution,
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Figure 12: Measured and identiﬁed GRF time historie of a subject walking over the HUMVIBBridge
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since Perr,LC is highly uncertain due to the inexact elimination of the inertial forces from the
measured load cell signals (s. interval between 9 and 10 s in Fig. 12). Nevertheless, the load
cell signals provide a valuable tool for the general comparison of the GRFs along the bridge.
A more reliable validation of the identiﬁed GRF is expected when analyzing the relative error
Perr,FP of the identiﬁed force with respect to the force plate signals for the time interval of
passing the force plate array (grey area in Fig. 12). The result is Perr,FP = 3.20 %, indicating
an excellent agreement of the two force signals.
In order to emphasize the efﬁciency of the method, a forward analysis was performed with
the identiﬁed force time history. The displacement and accelerations at MP2 (Fig. 11) revealed
a nearly perfect match between the real measured data and the re-built structural responses. A
further great achievement of the method is the successful qualitative and quantitative reconstruction of the imperfect GRF time history, which shows lower force amplitudes when the
pedestrian is located around the middle of the bridge than in case of a location towards the
supports. This effect is thought to occur because of the passive and active HSI effects, which
are expectedly higher at locations with higher amplitudes, i.e. towards the middle of the bridge.
The computation under consideration of accelerations and displacements measured and MP3
and MP4 (total of four sensors) resulted in Perr,LC = 10.13 % and Perr,FP = 3.48 %, indicating
a similar results quality as for the conﬁguration with 12 sensors.
4

CONCLUSIONS
• A novel method for an indirect determination of ground reaction forces on vibrating structures was presented. It implies the formulation of an inverse problem in time domain,
which is based on the minimization of the difference between a set of computed and a set
of measured displacement and acceleration time histories. An important boundary condition of the method is that the location of the force in each time step has to be provided.
• In order to enable the solution of large problems at reasonable computational cost, an
approach based on a forward and backward sliding window was developed. It implies
the splitting of the total time of analysis into different windows of given length with a
certain overlap. An optimization problem of pre-deﬁned dimensions has to be solved in
each window both during the forward and backward sliding.
• The tests with simulated measurements under consideration of a worst case noise level
indicated that the developed method achieved an accuracy of the identiﬁed GRFs of about
5 − 7 % with respect to the reference forces, indicating thus a very satisfactory agreement
of the results. A slightly lower accuracy was revealed solely for the time intervals, where
the force enters and leaves the bridge. This is an effect of the low sensitivities of the
measured quantities with respect to the forces acting at those locations.
• The method was subsequently tested using real measurement data recorded during walking trials on the experimental HUMVIB-Bridge on the campus of Technical University
of Darmstadt. The measurement set-up included load cells at the supports and an array
of biomechanical force plates, which were used as reference values for the validation
of the method. The reconstructed forces revealed a very good accuracy of about 10 %
with respect to the highly uncertain load cell measurements and 3 % related to the more
accurate force plates signals. These results were obtained for both a conﬁguration with
12 sensors and a conﬁguration with four sensors as input data, conﬁrming thus the robustness of the method for practical applications. Moreover, the experimentally recorded
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trend of decreasing force amplitudes towards the middle of the bridge (correlated with
higher response amplitudes) could be successfully reproduced by the developed method.
The re-built responses using the identiﬁed forces revealed a nearly perfect match with the
measured time-histories.
• The developed method can be used for the study of HSI effects by means of ground
reaction forces induced by a pedestrian during walking on a vibrating structure. So far, the
method was tested on a full-scale experimental structure. The promising results indicate
that the method is suitable also for the use within ﬁeld experiments on real footbridges,
as long as a relatively accurate structural model is available.
• The force identiﬁcation method presented in this paper can be adapted and used for different applications, e.g. the reconstruction of the dynamic axle loads of a complete railway
vehicle passing a bridge structure [21].
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Abstract. Timber ﬂoors are sensitive to vibrations because of their lightweight. Walking on
this type of ﬂoor could cause motion sickness for the walkers or the other people in the room.
Timber ﬂoors have to be designed correctly to ensure a good comfort, especially in countries
like France where people are used to the vibration comfort level of concrete ﬂoors. This paper
proposes new methods to assess the dynamical properties of timber ﬂoors, and the accelerations
due to the walk of an individual. Experimental and numerical tests are made to evaluate the
relevance of the method.
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1
1.1

Introduction
Problematic

Due to timber buildings lightweight, their dynamical properties must be studied carefully.
Vibration comfort level is an important aspect of the quality of a building. Discomfort is dependent of the sensitivity of each person, their activities and mainly of vibration physical values
(frequencies, accelerations, velocities and displacements). These physical quantities have to be
assessed to design correctly timber ﬂoors. This paper presents a methodology to predict the
frequency of the ﬁrst ﬂoor mode and assess the vibration level from walking of individual.
1.2

State of the art

The ISO-10137 norm [1] gives some clues to size ﬂoors and footbridges against vibrations.
The main point of this norm is to assess the vibration effects due to different sources on the
comfort of users. A criterion based on the root mean square (RMS) acceleration is proposed
which depends on the building use (ﬁgure 1).

Figure 1: Comfort criterion depending of the frequency and the acceleration of the ﬂoor

The Eurocode 5 [2] gives also criteria to assess the comfort of wooden ﬂoors. Those criteria are different from ISO ones. This norm focuses on only wooden ﬂoors with resonance
frequency higher than 8Hz. The other ones have to be evaluated differently. The criteria given
are based on the Ohlsson works [4] and depends on the ﬂoor velocity due to a theoretical impulsive shock and the ﬂoor stiffness. The next edition of the Eurocode will provide criteria
for each kind of ﬂoors and estimations of the ﬂoor acceleration due to the walking of a person. Beyond these norms, a large number of guides exist to design ﬂoors regarding vibrations
and comfort, including the guide from the American Institute of Steel [3]. This guide gives
a method to compute ﬂoor acceleration by considering a simpliﬁed theoretical model and the
average frequency content of load due to walking. This acceleration is confronted to the criteria
given by the ISO-10137 [1].
In Europe, HIVOSS guidelines [5] aims to assess the ﬂoor comfort with a method called
OS-RMS90 (one step, root mean square) [6] . The maximal RMS response of a ﬂoor is given
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for 90% of kind of walking. Some similar guidelines exist for footbridges, which are also very
sensitive to vibrations [7, 8].
Recently, speciﬁc studies on wooden ﬂoor show that every physical values (displacement, velocity, acceleration and frequency) can be used to judge the comfort of ﬂoors. Hu and Chui [9]
suggest a empiric criterion based on the ratio between the ﬂoor displacement and its frequency.
Several kinds of criteria have been reviewed and used on CLT (Cross Laminated Timber) by
Weckendorf [10]. Patricia Hamm [11] puts forward that the ﬂoor frequency is not a discriminatory factor to provide comfort because some high frequencies ﬂoor are evaluated uncomfortable.
Then, in 2018, a research group has summarized experimental tests on ﬂoors in order to determine an ISO criterion [12]. No consensus has actually been built up on a comfort threshold but
in order to be able to use a comfort criterion, the dynamic behavior of timber ﬂoors must be
well known. Few studies estimate accurately the resonance frequency of timber ﬂoors considering their boundaries conditions and orthotropy. Then, Eurocode 5 gives a formula to compute
acceleration of a low frequency ﬂoor. However, a formula for high frequency ﬂoor is missing.
1.3

Objectives and methodology

The purpose of this paper is to deﬁne a simpliﬁed methodology which can be used by professionals or design department to assess the vibration levels on ﬂoors due to human activities.
The physical values obtained will have to be compared to a comfort criterion. The assessment
of vibration levels requires to identify the ﬂoor dynamic properties. First, the frequency of the
ﬁrst ﬂoor mode is computed, taking into account wood speciﬁcities. Then, according to the
properties of the walker (weight, walking frequency), the ﬂoor acceleration is determine under
theoretical assumptions for low and high frequency ﬂoors.
2

Modal frequencies assessment

The knowledge of the ﬂoor dynamical properties is necessary to assess its dynamical response due to human activities, like resonance frequency and modal mass. The ﬁrst frequency
mode of wooden ﬂoors can be difﬁcult to estimate because of the wood orthotropy and boundary conditions. A method is suggested introducing some scalars deduced from analytical and
numerical studies in order to take into account speciﬁcities of wooden ﬂoors.
2.1

Basic formulas

Leissa has analyzed the vibrational response of rectangular plates with different boundary
conditions [13]. In civil engineering, two combinations of boundary conditions occur frequently
: two opposite simply supported sides and two free side (SS-F-SS-F) or four simply supported
sides (SS-SS-SS-SS). In situ experiments show that boundary conditions on the sides of ﬂoors
are more likely simply supported than clamped conditions, but it exists a rotational stiffness
which will be discussed further.
The formula for the (SS-SS-SS-SS) boundary conditions can be determined analytically [13]
:

f14SS

π
= 2
2a

D
a
(1 + ( )2 )
ρh
b

(1)

f14SS is the resonance frequency of the ﬁrst mode in the (SS-SS-SS-SS) condition. D =
Eh3 /12(1 − ν 2 ) is the ﬂexural rigidity, E is Young modulus, h is plate thickness, ν is Poisson’s
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ratio, ρ is mass density per volume, a and b are respectively the largest and smallest dimensions
of the studied rectangular ﬂoor.
For the (SS-F-SS-F) conditions, the solution has to be estimated from an analytical equation [13]:

f12SS−2F =

C
2πa2

D
ρh

(2)

a
a
C = 0.051( )2 − 0.28 + 9.86
b
b
The equations 1 and 2 are standard results for an isotropic plates with ideal boundary conditions. It is the reference frequency fref for the rest of the computation. The ﬁrst step is to
homogenize the wooden ﬂoor and ﬁnd the equivalent plate. In most cases, wooden ﬂoors are
strongly orthotropic. The mechanical parameters in the stiffest direction are the only ones considered in the previous formulas. The effect of orthotropy will be considered further.Then, three
coefﬁcients will be added to take into account the wood speciﬁcities :
f1 = Rc Rλ RF fref

(3)

f1 is the ’real’ frequency of the ﬂoor. Rc represents the effect of a continuous ﬂoor on several
supports on the resonance frequency. Rλ represents the effect of orthotropy. This coefﬁcient is
always inferior or equal to 1. RF describes the effect of the added torsional stiffness due to the
load at the extremities of the ﬂoor. This coefﬁcient is always superior or equal to 1.
2.2

Orthotropy

Several authors have worked on the vibration properties of orthotropic plates [14, 15]. The
Jayaraman results [16] have been used in this paper. For several set of boundary conditions
with at least two parallel sides simply supported, it is possible to ﬁnd complex relationship
between the resonance frequencies and the ﬂexural rigidity Dx and Dy (describing respectively
the ﬂexural rigidity on the strongest and the weakest direction).
A numerical resolution has been realized for several ratio of orthotropy Dx /Dy , and ratios
of ﬂoor dimensions a/b. The ﬁrst observation is that for a (SS-F-SS-F) conﬁguration, the orthotropy has a minor inﬂuence on the resonance frequency value : the frequency decreases just
by 2% for a/b = 2 and Dx /Dy = 20. Difference are larger for the following modes. For a (SSSS-SS-SS) conﬁguration, the impact of orthotropy is major. For the same conditions (a/b = 2
and Dx /Dy = 20), the frequency falls by 39%.
A statistical resolution has been made to establish the factor Rλ . For a (SS-F-SS-F) conﬁguration, it is possible to consider Rλ = 1 whereas for a (SS-SS-SS-SS) conﬁguration, Rλ is
expressed as followed
Rλ = 1 − (1 − e
2.3

x
−0.4 D
D
y

a
a
+ 0.4)(0.25 − 0.021( )2 )
b
b

(4)

Continuous ﬂoors

Floors are usually supported on more than two supports. The continuity of the ﬂoor can
inﬂuence its dynamic behavior. In short, the frequency of a span of continuous ﬂoor is higher
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than its isostatic equivalent if the neighboring span are shorter and inversely. Then, if one of the
support can not be considered as rigid (like a wood joist assembly), it has to be considered in
the computation by considering a spring instead of a rigid support. Two situations are presented
in this paper.
• One span ﬂoor supported by a rigid support and by a spring.

Figure 2: One span ﬂoor

The spring stiffness can be estimated with the average stiffness of a beam resting on two ﬂat
supports separated by a length of L.
k=

120EI
L3

(5)

Thanks to numerical computations, it is possible to compute the ratio Rc which linked the
frequency of the beam on rigid support and spring with the frequency of a beam on two rigid
supports (ﬁgure 3).

Figure 3: Impact of the spring stiffness on the reatio Rc for a one span ﬂoor supported by a rigid support and a
spring

The ratio Rc drops when the spring stiffness decreases and moves toward 1 when stiffness
increases.
• Two-spans ﬂoor supported on two rigid support and one spring
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Figure 4: Two spans ﬂoor

This conﬁguration is very usual when a ﬂoor is supported by two walls at its extremities and
a wood joist (ﬁgure 4). Considering the ﬁrst span of length L1 , the ratio Rc corresponds to the
resonance frequency of this span divided by the resonance frequency of a equivalent isostatic
span with the same length supported on two rigid support. Results are given in ﬁgure 5.

Figure 5: Impact of k and rL on the ratio Rc for a two spans ﬂoor with a spring support in the middle

The ratio Rc will be dependent of the stiffness of the joist, symbolized by a spring and the
ratio between the length of the span rL = L2 /L1 . When the stiffness of the spring is very high,
Rc > 1 for rL < 1 and Rc < 1 for rL > 1. It illustrates the fact that a short span next to a large
span increases the rigidity of the large span. Then, when spans have the same length, the ratio
Rc is equal to one. When the stiffness of the spring decreases, the ratio Rc drops regardless of
the rL value. When the spring stiffness is very low, the continuous ﬂoor can be considered as
an isostatic ﬂoor with a length L = L1 + L2 .
2.4

Wall effect

Loads are often applied on the sides of the ﬂoor which can increase its rotational stiffness,
and so increase its natural frequency. Experiments have been realized at the FCBA technological institute: natural ﬂoor frequency have been measured on CLT or joist-OSB ﬂoor while
applying an increasing force at their extremities. When the clamping force increases, the ﬂoor
resonance frequency increases until a threshold. This phenomenon is complex. When a clamped
force is imposed on the ﬂoor, a rotational stiffness is added but locally, the ﬂoor ’crushes’ a little
in the wall axis. (see ﬁgure 6).
This phenomenon depends on several parameters : the ratio a/b, the wall thickness of the
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Figure 6: Deﬂection of a CLT beam with a clamped force at its extremities. The deﬂection is ampliﬁed by 100

wall hw, the ﬂoor thickness h, the ﬂoor length L, the Young modulus in the direction of the
wall load Ez and the force F applied by the wall. A numerical statistical study with ﬁnite
elements has been made to determine the frequency of a (SS-SS-SS-SS) ﬂoor with wall load at
its extremity and leads to the following RF expression.

RF =

1
if RF <
αF.10−4

1
RF =
β



1
β

(6)

with
9.2x10− 2 5hw − 8.7x10−2
a
α = (0.87( )−0.7 (−0.44L + 3)
b
h
0.6
(7)
a −0.2 −0.5
−0.4 −0.09
β = 0.74(( ) L (2h + 0.2)hw
Ez
b
Several parameters are involved in this phenomenon. In pratical terms, it will be difﬁcult to
assess precisely these values. Furthermore, even if the wall load can affect the ﬂoor frequency,
this effect seems limited as illustrated by in situ measures in a building [17]. Our recommendation is to consider RF = 1. The real frequency should be a little be higher than the calculated
one.
2.5

Modal mass

The modal mass can be computed with the following formula [18] :
Mmod =

M
ab

δ 2 (x, y)dS

(8)

S

with M the ﬂoor total mass and δ the ﬂoor modal displacement. In case of isostatic ﬂoors
with rectangular shapes, it is possible to compute easily the modal mass of the ﬁrst mode :
M
in the SS-F-SS-F conﬁguration
2
a
M
(2 − ) in the SS-SS-SS-SS conﬁguration
=
4
b

Mmod =
Mmod
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In case of complex ﬂoor shapes, continuous ﬂoors or stiff partition, the modal mass can be
strongly altered and more often its value will be lower that the one predicted by equation 9.
3

Acceleration on ﬂoor due to walking

3.1

Footstep model

A simpliﬁed model is considered to represent the ﬂoor ﬁrst mode (ﬁgure 7). The mass M
is equal to the modal mass Mmod of the ﬁrst mode and the stiffness K = ω12 M with the ﬁrst
resonance pulse ω1 = 2πf1 .

Figure 7: Spring-dashpot system

The HIVOSS guide [5] proposes to model the force load due to a footstep as below:
F (t) 
=
Ki t i
Q
i=1
8

(10)

With F (t) the footstep load, Q the weight of the walker in Newton and Ki a parameter
deﬁned in [5]. With this formulation, the ratio F (t)/Q is given on the ﬁgure 8.
The AISC guide [3] formulates a series of footstep load with the following formula :

F (t) =

4


Qαi sin(iω1 t)

(11)

i=1

With αi a parameters different for the walking frequency and its harmonics. For the walk,
Murray gives the values of αi : α1 = 0.4, α2 = 0.07, α3 = 0.06, α4 = 0.05. The decrease of
the parameters αi broadly follows the function α(f ) = e−0.4f .
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Figure 8: Ratio F (t)/Q for different walking frequencies. The ﬁrst peak correspond to the load produced by the
heels and the second to the load induced by the toes

3.2

Low frequency ﬂoor

The next version of Eurocode 5 proposes a formula to compute the acceleration of a low
frequency ﬂoor subjected to walking loads. Several assumptions are made :
• Only the ﬁrst mode is considered, the ﬂoor is reduced to a simple spring-dashpot system
as presented on ﬁgure 7.
• The main acceleration is due to the ﬂoor solicitation at its resonance frequency. The effect
of the other frequencies are neglected.
Under these assumptions, the system acceleration for a walking load can be written :
aLf =

α(f1 )Q
√
2ξ 2Mmod

(12)

ξ is the ﬁrst modal damping of the ﬂoor. Q/(2ξMmod ) is the response of a spring damping
system to a harmonic oscillation with an amplitude Q at its resonance frequency. α is the
amplitude of the footsteps
√ signal at the ﬂoor resonance frequency and is equal to α(f1 ) =
−0.4f1
e
. The factor 1/ 2 takes into account the responsiveness of the walker to the effective
acceleration. The expression is multiplied by a factor 0.4 in Eurocode to take into account that
the walker is rarely in the center of the ﬂoor span. The factor has not be used here.
3.3

High frequency ﬂoor

For an high-frequency ﬂoor, the second EUROCODE 5 assumption which was previously
presented is invalid. The load at the resonance frequency of the ﬂoor is marginal, but the effect
of the other frequency of the load can not be neglected. In fact, the load can be considered
as quasi-static regarding to the ﬂoor resonance frequencies and the ﬂoor accelerations are then
induced by the ﬂoor free vibrations.
By using the formulation of the footstep load proposed by HIVOSS (equation 10), it is possible to determine the maximal load during a walk Fmax .
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Fmax = Q(0.5fstep + 1.5)

(13)

With fstep the frequency of the footstep load.
By considering the simpliﬁed spring-dashpot system and a quasi-static response of the system during the load increase, the displacement of the mass can be written :

Δu =

Fmax
K

(14)

Then, at the end of the load increase, the system freely oscillates and the mass acceleration
is equal to :
a=−

Fmax 2
Fmax
ω1 cos(ω1 t)e−ξω1 t = −
cos(ω1 t)e−ξω1 t
K
Mmod

(15)

Generally, persons have a walking frequency inferior to 2.3Hz. A conservative simpliﬁcation can be made by considering Fmax /Q = 2.4.
The ISO 2631-1 norm [20] proposes to compute the effective acceleration as the maximal
RMS value of 1s of the signal, to take into account the load variability. To obtain the effective
acceleration on 1s of a sinus which decreases exponentially, the maximal acceleration have to
be multiplied by a factor :

Vef f

1
=
2

((2ξ 2 + 1)e2ξω1 − 1)e−2ξω1
ω1 ξ 3 + ω1 ξ

(16)

By the way, the maximal effective acceleration for a high frequency ﬂoor can be written :

aHf = Fmax Vef f
3.4

Q
Mmod

(17)

Validation

The equations 12 and 17 can be used to determine the acceleration due to a walker whatever
the ﬂoor resonance frequencies. The expression 12 should be used when the frequency of the
ﬂoor is under 8Hz, otherwise the expression 17 is more appropriate.
The formula 10 has been used to create a representative load of ten footsteps with a footstep
frequency of 2Hz. The dynamic response of a spring-dashpot system to this load has been
computed for different values of system frequency and for a damping of 2%. The maximum of
acceleration computed during the test is confronted with formulas 12 and 17 (ﬁgure 9).
In this theoretical example, these formulas allow to conservatively predict system maximal
effective acceleration. They have also been confronted to experimental tests.
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Figure 9: Comparison between accelerations predicted by equations 12 and 17 and the maximal effective acceleration of a spring-dashpot systems with different resonance frequencies subjected to a sequel of ten footsteps with
fstep = 2Hz

Figure 10: Test ﬂoors : Joist-OSB ﬂoor (left) and CLT ﬂoor (right)

4
4.1

Experimental and numerical analysis
Presentation of the experiments

Two ﬂoors have been designed and tested, a squared joist-OSB ﬂoor and a squared CLT ﬂoor
of 4.5 metres in length (ﬁgure 10). They have been nailed to a piece of wood to ensure a simply
supported condition at two of their extremities in order to be in a (SS-F-SS-F) conﬁguration.
Experimental modal analysis have been done on test ﬂoors. With a grid of accelerometers
and a CMIF (complex mode indicator function), the mode shapes and the mode frequencies have
been identiﬁed. The most important modes have been discriminated by using an AutoMAC [19].
The two ﬂoors are high frequency ﬂoors with a resonance frequency of 17.5Hz for the joist-OSB
ﬂoor and 13.8Hz for the CLT ﬂoor.
Walking experiments have been done on each of the test ﬂoors. Around 30 persons have
walked along the center span of the ﬂoors with several accelerometers located on the displacements peaks of the ﬁrst ﬁve modes (ﬁgure 11).
The weights, the average step frequencies and the kind of shoes of each person participating
to the experiments have been recorded. The ﬂoor maximal effective acceleration during the test
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Figure 11: People walking on instrumented test ﬂoor

has been computed with the method recommended by ISO 2631-1 norm [20] for a transient
solicitation:

aRM S (t0 ) =

1
T

t0

a(t)2 dt

(18)

t0 −T

The effective acceleration is computed for short windows of width T = 1s.
4.2

Numerical model

A numerical model using shell or cubic ﬁnite elements has been created for each test ﬂoors
in order to understand phenomena occuring during the walk and to make a sensitivity analysis.
The measured parameters (Young’s modulus and density) of each joist have been considered. Its
accuracy has been estimated by confronting numerical modal analysis and experimental modal
analysis. An example is given on ﬁgure 12.
The numerical model and the experimental results have a very good correlation on a MAC
analysis for the ﬁrst six modes. Dynamical computations are realized using a footsteps load
along the center of the ﬂoors span. The system is reduced on the ﬁrst 30 modes to reduce computation times and then solved with an explicit integration scheme. The HIVOSS footstep load
(equation 10) is used with randomly generated mass and frequency chosen through a representative distribution law. The maximal effective acceleration is computed just as the experimental
tests, with the equation 18.
4.3

Campaign results and interpretation

The effective acceleration identiﬁed experimentally and computed numericaly can be plotted
according to different factors. The most relevant ones seem to be the weight of the walkers and
their walking frequencies (ﬁgure 13 and 14).
Results are similar for CLT ﬂoor. The numerical and the experimental results have the same
order of magnitude (ﬁgures 13 and 14). Numerical results are broadly superior to experimental
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Figure 12: First mode computed numerically and identiﬁed experimentally for the joist-OSB ﬂoor

ones. It can be explained by the fact that, in the numerical model, the footsteps are very regular
with a constant walking frequency whereas during experimental test, the walking frequency
varied slightly which induced a lower impact of the harmonics of walking frequency. With the
numerical model, the effective acceleration increases with the weight of the walker (ﬁgure 13).
The uncertainties are greater experimentally and it is difﬁcult to extract a tendency. The same
observation can be made by confronting the effective acceleration with the walking frequency
(ﬁgure 14).
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Figure 13: Maximal effective acceleration depending on the weights of the walkers on the joist-OSB ﬂoor

Figure 14: Maximal effective acceleration depending on the walking frequency of the walkers on the joist-OSB
ﬂoor
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4.4

Confrontation to simpliﬁed computation

The equation 17 enables a conservative estimation of the acceleration due to the walk of
an individual. This formula has been confronted to experimental results. Figure 15 gives an
example of results for a 80kg person walking on the joist-OSB ﬂoor.

Figure 15: Maximal acceleration measured during the walk by 3 accelerometer on each side of the ﬂoor. The
dashed line in red correspond to the maximal acceleration predicted by the formula 17

Note that in this ﬁgure, the peak of acceleration is considered, so the coefﬁcient Vef f of the
equation 17 has not been used. This equation gives an accurate value of the acceleration peak,
without overestimating it. Based on all the experiments, a margin coefﬁcient has been created,
which links the effective acceleration predicted by the formula 17 with the effective acceleration
measured experimentally. Results are given in the form of a boxplot on ﬁgure 16.

Figure 16: Boxplot of the margin coefﬁcients between simpliﬁed formulation and experimental results
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The results remain always conservative : the margin coefﬁcient is always superior or very
close to 1. On average, the simpliﬁed formulation overestimates the ﬂoor response, probably
because the theory used to build this formula considers an homogeneous ﬂoor and a constant
walking frequency. By the way, the average coefﬁcient is higher for a joist-OSB ﬂoor than for
a CLT ﬂoor. The joist-OSB ﬂoor is very heterogeneous, the joists have different densities and
stiffnesses. Moreover, the connections can dissipate some energy. It explains why the joist-OSB
ﬂoor has a better behavior regarding vibration than the one predicted with the theory.
5

Conclusion

This article presents a new simpliﬁed method to compute resonance frequency for a timber
ﬂoor and its acceleration during walking of an individual. This method is based under theoretical assumptions and numerical computations. The simpliﬁed method has been confronted to
experimental results on two kind of ﬂoors and gives conservative results with a moderate overestimation. This method has to be applied for in situ ﬂoors in order to validate its relevance.
Thereafter, the inﬂuence of a group of persons on the ﬂoor vibrations will be studied, depending on their activities. Then several ways to mitigate ﬂoor vibrations, with construction
method adjustment or passive system should be conceived. However, one of the most important
step is to deﬁne criteria to assess the comfort level of timber ﬂoors depending on the physical
values of the vibration.
6
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VLPXODWHDFDQWLOHYHUWLHURIDJUDQGVWDQGZLWKVLPLODUQDWXUDOIUHTXHQF\DQGGDPSLQJUDWLRWR
WKHIXOOVFDOHVWUXFWXUHDQGZLWKDVLPLODUPDVVUDWLRRIDVLQJOHKXPDQWRWKHEHDPDVIRUD
FURZGWRWKHIXOOVFDOHVWUXFWXUH0HDVXUHPHQWVRIDFFHOHUDWLRQVDQGGLVSODFHPHQWVRIERWKWKH
MXPSHUDQGEHDPDQGRIWKHFRQWDFWIRUFHEHWZHHQWKHPZHUHDFTXLUHG7HVWVIRUDUDQJHRI
WDUJHW MXPSLQJ IUHTXHQFLHV IURP EHORZ WR DERYH WKH VWUXFWXUH¶V QDWXUDO IUHTXHQF\ ZHUH
SHUIRUPHGWRLGHQWLI\WKHMXPSHU¶VG\QDPLFVDQGWKHLQGXFHGYLEUDWLRQVRIWKHVWUXFWXUHDQGWR
REVHUYHLQWHUDFWLRQV6\VWHPLGHQWLILFDWLRQWHFKQLTXHVZHUHSHUIRUPHGWRHYDOXDWHDQGPRGHO
WKHKXPDQOHJPHFKDQLFVRIDMXPSHURQDYHUWLFDOO\RVFLOODWLQJVXUIDFH)RUFHGLVSODFHPHQW
FXUYHVIRUERWKUHODWLYH MXPSHUWREHDP DQGDEVROXWHGLVSODFHPHQWVKDYHEHHQREWDLQHG7KH
FRUUHVSRQGLQJ OHJ VSULQJ VWLIIQHVV KDV EHHQ HYDOXDWHG XVLQJ D OLQHDU ILW 9DULDWLRQV LQ WKH
VWLIIQHVVIRUGLIIHUHQWMXPSLQJIUHTXHQFLHVLVGLVFXVVHG
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1

INTRODUCTION

3UHYLRXVH[SHULPHQWDWLRQLQWRKXPDQVWUXFWXUHLQWHUDFWLRQ +6, GXULQJUK\WKPLFMXPSLQJ
DQGEREELQJ RQDSHUFHSWLEO\ PRYLQJVXUIDFHKDVVKRZQWKDWSHULRGLFMXPSLQJ FORVHWR WKH
QDWXUDOIUHTXHQF\RIWKHVWUXFWXUHZDVQRWSRVVLEOH>@$VLPSOHUHGXFHGRUGHUPRGHO>@
ZDVSUHVHQWHGWRSURYLGHDQH[SODQDWLRQIRUWKLVSUREOHPDWLFMXPSLQJ7KHPRGHODVVXPHVDQ
DSSUR[LPDWHOLQHDUVSULQJPDVVGDPSHUDFWXDWRUV\VWHPDVDQDSSUR[LPDWLRQWKDWLVLQFOXGHG
LQ,6WUXFW(JXLGHOLQHV>@DQGRWKHUOLWHUDWXUH>@8QIRUWXQDWHO\WKHYDOXHVRIWKHSDUDPHWHUV
RI WKH V\VWHP DUH XQFHUWDLQ )XUWKHUPRUH D IUHTXHQF\LQYDULDQW OLQHDU PRGHO PD\ QRW EH
VXIILFLHQW,QWKLVSDSHUIRUFHGLVSODFHPHQWFXUYHVIRUDEVROXWHDQGUHODWLYHGLVSODFHPHQWDUH
SUHVHQWHGWRFKDUDFWHULVHWKHOHJVWLIIQHVVIURPGLUHFWPHDVXUHPHQWVRIIRUFHDQGGLVSODFHPHQW
7KLVLVSHUIRUPHGIRUORZDQGKLJKMXPSLQJIUHTXHQFLHVDERYHDQGEHORZDVWUXFWXUH¶VQDWXUDO
IUHTXHQF\$OLQHDUSRO\QRPLDOLVDSSOLHGXVLQJUHJUHVVLRQDQDO\VLVWRFDSWXUHDQGPRGHOWKH
OHJVWLIIQHVV7KHHYDOXDWHGFRHIILFLHQWVDUHREVHUYHGWREHIUHTXHQF\GHSHQGHQW
2

EXPERIMENTAL MODELLING

7RLQYHVWLJDWHWKHLQWHUDFWLRQVRIDKXPDQMXPSLQJUK\WKPLFDOO\RQDSHUFHSWLEO\PRYLQJ
VXUIDFHDVPDOOEHDPVHFWLRQZDVFRQVWUXFWHG7KLVZDVDVVHPEOHGWRVLPXODWHDQRVFLOODWLQJ
FDQWLOHYHUWLHURIDJUDQGVWDQGVWUXFWXUHGXHWRKXPDQMXPSLQJORDGV7KHVHKDYHEHHQNQRZQ
WRFRQWDLQORZIUHTXHQF\UHVRQDQWPRGHVLQWKHUHJLRQRI+]ZLWKORZGDPSLQJUDWLRVDVD
UHVXOWRIWKHORQJWKLQVOHQGHUVWUXFWXUHV>@7KLVPDNHVWKHPVXVFHSWLEOHWRVLJQLILFDQWYHUWLFDO
H[FLWDWLRQIURPKXPDQVMXPSLQJDWYDULRXVMXPSLQJIUHTXHQFLHV
2.1 Beam construction & instrumentation
7KHEHDPZDVGHVLJQHGWREHFRVWHIIHFWLYHDQGVLPSOHWRFRQVWUXFW7KHPDLQEHDPVSDQ
ZDV FRQVWUXFWHG IURP ILYH PP [ PP [ PP & VWUXFWXUDO WLPEHU EHDPV IL[HG
WRJHWKHU VLGHE\VLGH XVLQJ WKLUWHHQ PP [ PP [ PP SO\ZRRG VODWV HYHQO\ DQG
V\PPHWULFDOO\GLVWULEXWHG7KLVLVGLVSOD\HGLQ)LJXUH D DQG E 7KHEHDPZDVFODPSHGDW
ERWK VXSSRUWV PP IURP WKH HQGV 7KH FODPSV ZHUH IRUPHG IURP VFDIIROGLQJ SLSH WXEHV
PPFURVVVHFWLRQDOGLDPHWHUFXWDOHQJWKRIPP7KLVLVVKRZQLQ)LJXUH F PP
KROHVZHUHGULOOHGLQWRWKHWRSDQGERWWRPWRDOORZVHFXUHIDVWHQLQJRIWKHFODPSVWRWKHEHDP
XVLQJ 0 WKUHDGHG URGV 7KH EHDP ZDV EXLOW LQWR D VLPSOH VFDIIROGHG V\VWHP WR UDLVH LW WR
SURYLGHDFOHDUDQFHRIPPIURPWKHXQGHUVLGHRIWKHEHDPWRWKHILQLVKHGIORRUOHYHO7KLV
ZDVWRHQVXUHWKDWWKHEHDPZRXOGQRWPDNHFRQWDFWZLWKWKHIORRUGXULQJH[SHULPHQWDWLRQ$Q
$07,25IRUFHSODWHZDVPRXQWHGLQWKHFHQWUHRIWKHEHDP7KHWRWDOPDVVRIWKHEHDP
ZDVDSSUR[LPDWHO\NJ+DQGUDLOVZHUHFRQVWUXFWHGIRUVDIHW\RIWKHWHVWVXEMHFWV7KHOLQHDU
QDWXUDOIUHTXHQF\DQGGDPSLQJUDWLRRIWKHILUVWEHQGLQJPRGHZHUHPHDVXUHGDVf1=1.89Hz
DQG9 
'LUHFWPHDVXUHPHQWVRIGLVSODFHPHQWDQGDFFHOHUDWLRQRIWKHEHDPZHUHDFTXLUHGXVLQJWZR
6pWUDXQLD[LDODFFHOHURPHWHUVDQGUHIOHFWLYHPRWLRQFDSWXUHPDUNHUV7KHVHZHUHSRVLWLRQHG
HLWKHUVLGHRIWKHIRUFHSODWHDFURVVWKHZLGWKRIWKHEHDPVHFWLRQDWPLGVSDQ7KHJHQHUDOLVHG
EHDPG\QDPLFVZHUHHYDOXDWHGE\DYHUDJLQJWKHPHDVXUHPHQWVIURPHDFKSDLURIVHQVRUVWR
HYDOXDWHDVLQJOHPHDVXUHPHQWIRUDFFHOHUDWLRQDQGGLVSODFHPHQWUHVSHFWLYHO\
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)LJXUH%UHDNGRZQRIFRQVWUXFWHGEULGJH D &HQWUDOMXPSLQJ]RQH E /HQJWKRIEULGJH F %ULGJHEHDP
HQGIL[WXUHV

2.2 Procedure and human instrumentation
%LRPHFKDQLFDOMXPSLQJH[SHULPHQWVRQWKHEHDPZHUHSHUIRUPHGIRUDVLQJOHPDOHWHVWVXEMHFW
DJH  PDVV NJ KHLJKW FP OHJ OHQJWK FP 7KH WHVW VXEMHFW¶V ERG\ZHLJKW
FRUUHVSRQGHG WR D KXPDQVWUXFWXUH PDVV UDWLR RI  ([SHULPHQWDO WHVWV ZHUH SHUIRUPHG
DERYHDQGEHORZWKHEHDP¶VQDWXUDOIUHTXHQF\7KHWHVWVXEMHFWZDVJLYHQDWZRPLQXWHUHVW
EHWZHHQHDFKMXPSLQJWHVWWRHQVXUHWKDWIDWLJXHRUSK\VLFDOH[KDXVWLRQGLGQRWRFFXU(DFK
WHVW ZHUH SHUIRUPHG RYHU D V ZLQGRZ ZLWK D UK\WKPLF MXPSLQJ SHULRG RI V V ZDV
DOORZHGIRUWKHSHUVRQWRVWHSRQDQGRIIWKHEHDPFRPIRUWDEO\-XPSLQJWHVWVZHUHSHUIRUPHG
DWPXOWLSOHIUHTXHQFLHVDERYHDQGEHORZWKHEHDP¶VQDWXUDOIUHTXHQF\ f1 +] +]
+]+]DQG+]
$PDUNHUERG\V\VWHPZDVDGRSWHGIRUWKHWUDFNLQJRIWKHKXPDQMXPSLQJNLQHPDWLFV
XVLQJ4XDOLV\VPRWLRQFDSWXUHVRIWZDUH0DUNHUVZHUHIDVWHQHGXVLQJGRXEOHVLGHGPHGLFDO
K\SRDOOHUJHQLF  WDSH 7KH WHVW VXEMHFW ZRUH ILWWHG J\P DWWLUH WR PLQLPLVH DQ\ VRIW WLVVXH
DUWHIDFWV )URP WKH PDUNHU VHWXS D QLQH ± VHJPHQW ERG\ PRGHO ZDV GHILQHG IROORZLQJ WKH
SURFHGXUHLOOXVWUDWHGE\:LQWHU>@WRORFDWHWKHKXPDQERG\FHQWUHRIPDVV &20 GXULQJWKH
WHVWV7KLVLVFRPPRQSUDFWLFHZLWKLQWKHELRPHFKDQLFVUHVHDUFKILHOG
3

DATA PROCESSING

'XULQJ DFTXLVLWLRQ RI IRUFH SODWH DQG DFFHOHURPHWHU PHDVXUHPHQWV DQ DQWLDOLDVLQJ ORZ
SDVV %XWWHUZRUWK ILOWHU ZLWK D FXWRII IUHTXHQF\ RI +] ZDV XVHG 7KH IRUFH SODWH DQG
DFFHOHURPHWHUVHQVRUPHDVXUHPHQWVZHUHGRZQVDPSOHGDQGGHFLPDWHGWRWKHPRWLRQFDSWXUH
V\VWHP¶VVDPSOLQJIUHTXHQF\RI+]IRUGDWDSURFHVVLQJDQGDQDO\VLV$IRXUWKRUGHUORZ
SDVV%XWWHUZRUWKILOWHUZLWKDFXWRIIIUHTXHQF\RI+]ZDVDSSOLHGWRDOOPHDVXUHPHQWVWR
PLWLJDWHDQ\KLJKIUHTXHQF\QRLVHHIIHFWVZKLOVWVWLOOFDSWXULQJKLJKHUKDUPRQLFUHVSRQVHV
8VLQJ WKH V MXPSLQJ UHFRUG IRU HDFK WHVW D V UHFRUG ZDV H[WUDFWHG IRU DQDO\VLV RI
GLVSODFHPHQWDFFHOHUDWLRQDQGIRUFHGDWDPHDVXUHPHQWV
7KHIRUFHSODWHLQVWUXPHQWHGRQWKHEHDPPHDVXUHGWKHORDGLQJLQGXFHGE\DKXPDQMXPSHU
IRUHDFKWDUJHWMXPSLQJIUHTXHQF\WHVWSHUIRUPHG7RTXDQWLI\WKHFRQWDFWIRUFHWKHLQHUWLDO
IRUFHRIWKHIRUFHSODWHLWVHOIZDVILUVWHYDOXDWHGIURPDIUHHYLEUDWLRQWHVW7KLVSURYLGHGWKH
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µG\QDPLFPDVV¶RIWKHIRUFHSODWHZKLFKZDVIRXQGWREHNJ7KHFRQWDFWIRUFHRIWKHWHVW
VXEMHFWZDVHYDOXDWHGDVIROORZV
ܨୋୖ ൌ ܨ୫ୣୟୱ െ ݉ ݔሷ  

ሺͳሻ

ZKHUH F*5) LV WKH FRQWDFW IRUFH H[HUWHG EHWZHHQ WKH WHVW VXEMHFW DQG EHDP FPHDV LV WKH
GLUHFWO\PHDVXUHGIRUFHIURPWKHIRUFHSODWHmfpLVWKHG\QDPLFPDVVRIWKHIRUFHSODWHݔሷ  LV
WKHPHDVXUHGDFFHOHUDWLRQDWPLGVSDQRIWKHEHDP
7KHWKUHHGLPHQVLRQDOFRRUGLQDWHVRIWKHVXEMHFWERG\&20ZHUHFDOFXODWHGDVIROORZV
ேೞ
ݔୱୣǡ
ݔେ
ͳ
ݕ
ݕ
 ݉ୱୣǡ ൝ ୱୣǡ  ൡ
൝ େ ൡ ൌ
݉
ݖୱୣǡ
ݖେ
ୀଵ

ሺʹሻ

ZKHUHx&20y&20DQGz&20DUHWKUHHGLPHQVLRQDOFRRUGLQDWHVRIWKHSRVLWLRQRIWKH&20
RI WKH VXEMHFW¶V ERG\ mp LV WKH VXEMHFW¶V WRWDO ERG\ PDVV Ns LV WKH WRWDO QXPEHU RI ERG\
VHJPHQWV QLQHLQWKLVFDVH iLVWKHVHJPHQWLQGH[mVHJ,iLVWKHPDVVRIWKHiWKVHJPHQWDQG
[VHJi\VHJiDQG]VHJiDUHWKUHHGLPHQVLRQDOFRRUGLQDWHVRIWKHSRVLWLRQRIWKH&20RIWKHiWK
VHJPHQW
&RQVLGHUDEOHYDULDELOLW\LQORDGLQJGLVSODFHPHQWIURPF\FOHWRF\FOHZDVREVHUYHGLQWKHVH
MXPSLQJWHVWV7KLVLVDGLUHFWUHVXOWRIWKHRVFLOODWLQJVXUIDFHDIIHFWLQJWKHMXPSHUWREHVOLJKWO\
LQ RU RXWRISKDVH ZLWK WKH EHDP 2QH FRQVHTXHQFH ZDV D GLIILFXOW\ LQ GHILQLQJ EDVHG RQ
SHULRGWKHIOLJKWDQGFRQWDFWSKDVHV,QRUGHUWRGLVWLQJXLVKWKHIOLJKWDQGFRQWDFWSKDVHVRIWKH
MXPSF\FOHDQGWRDOORZIRUQRLVHRQWKHIRUFHPHDVXUHPHQWVWKHWLPHVRIWDNHRIIDQGODQGLQJ
ZHUHGHILQHGDVZKHQWKHFRQWDFWIRUFHHTXDOOHGRIWKHERG\ZHLJKW6PDOOHUYDOXHVZHUH
]HURHGDVWKH\ZHUHDVVXPHGWREHGXULQJWKHIOLJKWSKDVH
)LJXUHGHSLFWVDWLPHKLVWRU\EUHDNGRZQIRUWKHWHVWVXEMHFW¶VG\QDPLFVRIDWHVWDWWKHLU
SUHIHUUHGMXPSLQJIUHTXHQF\)LJXUH D LQGLFDWHVWKHMXPSHU¶VERG\VHJPHQWVDQGFHQWUHRI
PDVVWUDMHFWRULHVDVGHVFULEHGLQ(T7KLVLVGHWDLOHGDVJUH\DQGEODFNUHVSHFWLYHO\)LJXUH
 E  VKRZV WKH SURFHVVHG FRQWDFW IRUFH WR GLVWLQJXLVK FOHDU FRQWDFW DQG IOLJKW SKDVHV
QRUPDOLVHGWRWKHSHUVRQ¶VERG\ZHLJKW)LJXUH F GLVSOD\VWKHEHDPPLGVSDQGLVSODFHPHQW
7KHSRVLWLYHVLJQFRQYHQWLRQIRUWKHMXPSHU&20DQGEHDPGLVSODFHPHQWVDUHGHILQHGDVWKH
GRZQZDUGGLVSODFHPHQWFRUUHVSRQGLQJWRDSRVLWLYHFRQWDFWIRUFHLQGLFDWLQJFRPSUHVVLRQ7KH
UHIHUHQFH ]HUR GLVSODFHPHQWIRUWKHMXPSHULVGHILQHGDVWKHVWDWLF&20GLVSODFHPHQW7KHVH
PHDVXUHPHQWVDUHSURFHVVHGIXUWKHULQWRRYHUODLGF\FOHE\F\FOHWLPHKLVWRULHVWRVLJQLI\WKH
MXPSHU¶VYDULDELOLW\SHUIRUPLQJUK\WKPLFMXPSLQJRQWKHRVFLOODWLQJEHDPDVVKRZQLQ)LJXUH


1916

)LJXUH([DPSOHWLPHKLVWRULHVRIWHVWVXEMHFW¶VG\QDPLFVMXPSLQJDWWKHLUSUHIHUUHGIUHTXHQF\ D 
MXPSHU&20 JUH\LQGLFDWHVWKHGHILQHGERG\VHJPHQWWUDMHFWRULHVDQGEODFNLQGLFDWHVWKHHYDOXDWHG
FHQWUHRIPDVV  E &RQWDFWIRUFH F %HDPPLGVSDQGLVSODFHPHQW

)LJXUH  GLVSOD\V WKH WLPHKLVWRULHV RI WKH FRQWDFW IRUFH D  UHODWLYH GLVSODFHPHQW E 
MXPSHUWREULGJHMXPSHU&20GLVSODFHPHQW F DQGEHDPGLVSODFHPHQW G IRUDWHVWDWWKH
WHVWVXEMHFW¶VSUHIHUUHGMXPSLQJIUHTXHQF\7KHUHODWLYHGLVSODFHPHQWLVGHILQHGDVWKHMXPSHU
&20WREULGJHGLVSODFHPHQW7KHPHDQDFKLHYHGMXPSLQJIUHTXHQF\IRUWKLVWHVWZDVIRXQGWR
EHr+]$MXPSLQJF\FOHLVFKDUDFWHULVHGE\WKHFRQWDFWDQGIOLJKWSKDVHV7KHVHDUH
LQGLFDWHGLQ)LJXUHDVDFRPSDUDWLYHPHDVXUHRIWKHWLPHVSHQWDQGUHVSRQVHVKDSHIRUHDFK
SKDVH7KHGDVKHGJUH\OLQHVLQGLFDWHDSSUR[LPDWHFRQWDFWDQGIOLJKWSKDVHV)RUWKLVVSHFLILF
WHVWWKHFRQWDFWSKDVHLVREVHUYHGWREHWKHPDMRULW\RIWKHSHULRGRIRVFLOODWLRQDQGGLVSOD\V
VLJQLILFDQWGHIOHFWLRQRIERWKWKHMXPSHUDQGEHDPUHVXOWLQJLQDODUJHUHODWLYHGLVSODFHPHQW
OHJFRPSUHVVLRQ 
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&RQWDFW

)OLJKW

&RQWDFW

)OLJKW

&RQWDFW

)OLJKW

&RQWDFW

)OLJKW

)LJXUH([DPSOHWLPHKLVWRULHVRIWHVWVXEMHFWMXPSLQJDWWKHLUSUHIHUUHGIUHTXHQF\PHDQ+] D 
&RQWDFWIRUFH E 5HODWLYHGLVSODFHPHQW F -XPSHUFHQWUHRIPDVVGLVSODFHPHQW G %HDPFHQWUHRI

PDVVGLVSODFHPHQW

7DEOH  VXPPDULVHV WKH G\QDPLFV REVHUYHG GXULQJ MXPSLQJ WHVWV DERYH DQG EHORZ WKH
VWUXFWXUH¶VQDWXUDOIUHTXHQF\7KHVHDUHHYDOXDWHGDVWKHPHDQSHDNYDOXHVREVHUYHGIRUHDFK
WHVWFDVH7KHSHDNFRQWDFWIRUFHLVQRUPDOLVHGWRWKHWHVWVXEMHFW¶VERG\ZHLJKW%:
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7DEOH6XPPDU\RIPHDQSHDNYDOXHVRIG\QDPLFVPHDVXUHGIRUMXPSLQJIUHTXHQF\WHVWFDVHVDERYHDQG
EHORZWKHVWUXFWXUH VQDWXUDOIUHTXHQF\ I +] 

4

FORCE-DISPLACEMENT CURVES
)RUFHGLVSODFHPHQWFXUYHVIRUWKHFRXSOHGRVFLOODWLQJMXPSHUDQGEHDPV\VWHPKDYHEHHQ
SORWWHGIRUWKHDEVROXWH MXPSHU¶V&20 DQGUHODWLYHGLVSODFHPHQW MXPSHUWREULGJH 7KLVLV
SHUIRUPHGDVDFRPSDULVRQWRH[SORUHWKHOHJVWLIIQHVVHIIHFWVIRUHDFKFDVHWRXQGHUVWDQGWKH
XQGHUO\LQJLQWHUDFWLRQV
7KHFRPSUHVVLQJDQGH[WHQGLQJVWDJHVRIWKHFRQWDFWSKDVHZHUHLGHQWLILHGIRUHDFKMXPSLQJ
WHVWFDVHWRH[DPLQHWKHORDGLQJDQGXQORDGLQJUHODWLRQVKLSV7KHVHDUHRYHUODLGLQ)LJXUHV
DQG7KHUHGGRWVGHQRWHFRPSUHVVLQJZKLOVWEOXHLQGLFDWHVH[WHQGLQJ7KLVZDVLPSRUWDQW
WRXQGHUVWDQGDQ\VXEWOHFKDQJHVLQWKHOHJVWLIIQHVVGXULQJHDFKVWDJHRIWKHFRQWDFWSKDVH,Q
RUGHUWRGLVWLQJXLVKWKHFRPSUHVVLQJDQGH[WHQGLQJVWDJHVGXULQJWKHFRQWDFWSKDVHWKHYHORFLW\
ZDVHYDOXDWHGIRUHDFKGLVSODFHPHQWPHDVXUHPHQWWRLGHQWLI\WKHORDGLQJFRQGLWLRQV7REH
FRQVLVWHQWZLWKWKHSRVLWLYHVLJQFRQYHQWLRQRIGRZQZDUGGLVSODFHPHQWFRUUHVSRQGLQJWRD
SRVLWLYH FRQWDFW IRUFH FRPSUHVVLQJ ZDV GHILQHG DV SRVLWLYH YHORFLW\ ZKLOVW H[WHQGLQJ ZDV
GHILQHGDVQHJDWLYHYHORFLW\
$ VLPSOH OLQHDU UHODWLRQVKLS (T   ZDV DSSOLHG WR HDFK MXPSLQJ WHVW FDVH IRU ERWK
GLVSODFHPHQWVWRFKDUDFWHULVHWKHOHJVWLIIQHVVSURILOHGXULQJWKHFRPSUHVVLRQDQGH[WHQVLRQ
VWDJHVRIWKHFRQWDFWSKDVH
ீܨோி ൌ ܼ݇ሺ͵ሻ
:KHUHkLVWKHOLQHDUVWLIIQHVVFRHIILFLHQWRI(T  DQG ZLVWKHGLVSODFHPHQWRILQWHUHVW
DEVROXWHRUUHODWLYH 7KHVHZHUHIRXQGXVLQJUHJUHVVLRQDQDO\VLV
4.1 Relative displacement
)LJXUHGLVSOD\VWKHIRUFHGLVSODFHPHQWFXUYHVIRUMXPSLQJDW+]+]+]DQG
+] XVLQJ WKH PHDVXUHG UHODWLYH GLVSODFHPHQW %HORZ WKH VWUXFWXUH¶V QDWXUDO IUHTXHQF\
f1 +]  WKH +] DQG +] WHVW FDVHV LQGLFDWH ODUJH UHODWLYH GLVSODFHPHQWV ZLWK
VLPLODU FRQWDFW IRUFHV 7KH VKDSHV DUH REVHUYHG DV EHLQJ DSSUR[LPDWHO\ OLQHDU ZLWK WKH
FRPSUHVVLQJDQGH[WHQGLQJVWDJHVIROORZLQJYHU\VLPLODUSDWKVLQGLFDWLQJVLPLODUVWLIIQHVV)RU
WKH+]WHVWFDVHWKHFRPSUHVVLQJVWDJHRIWKHF\FOHLVVHHQWREHFRQVLGHUDEO\YDULDEOH
7DEOHLQGLFDWHVWKDWWKHEHDPGLVSODFHPHQWDPSOLWXGHLVODUJHVWDWWKH+]ZKLFKFRXOG
EHGXHWRDMXPSLQJIUHTXHQF\QHDUUHVRQDQFH
$ERYH WKH VWUXFWXUH¶V QDWXUDO IUHTXHQF\ WKH +] DQG +] FDVHV LQGLFDWH OHVV
GHIOHFWLRQ DSSUR[LPDWHO\PPPD[GLVSODFHPHQWFRUUHVSRQGLQJWRN1RIIRUFH2.36BW 
,QWHUHVWLQJO\ERWKFXUYHVRIWKHVHWHVWFDVHVGLVSOD\K\VWHUHVLVORRSVLQGLFDWLQJWKDWWKHHQHUJ\
H[FKDQJHGGXULQJWKHOHJFRPSUHVVLRQDQGH[WHQVLRQLVVLJQLILFDQWO\GLIIHUHQW 7KHVWLIIQHVV
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SURILOHVGXULQJHDFKVWDJHRI FRQWDFW DUHREVHUYHGWR EHFRQVLGHUDEO\ GLIIHUHQW VXJJHVWLQJD
ODUJHUVWLIIQHVVVSULQJGXULQJFRPSUHVVLRQLQFRPSDULVRQWRH[WHQVLRQ

Figure 4 Contact force - relative displacement relationships for jumping frequencies above and below the
structure's natural frequency (f1=1.89Hz). Red dots denote compression, whilst blue indicates extension.

4.2 Absolute displacement
)LJXUHGLVSOD\VWKHIRUFHGLVSODFHPHQWFXUYHVIRUMXPSLQJDW+]+]+]DQG
+] XVLQJ WKH PHDVXUHG MXPSHU¶V &20 GLVSODFHPHQW %HORZ WKH VWUXFWXUH¶V QDWXUDO
IUHTXHQF\ f1 +]  WKH MXPSHU¶V &20 REVHUYHV ODUJH GLVSODFHPHQWV DSSUR[LPDWHO\
PP PD[ GHIOHFWLRQV FRUUHVSRQGLQJ WR N1 RI IRUFH D ERG\ZHLJKW IDFWRU RI   7KH
+] WHVW FDVH VKRZV D FOHDU OLQHDU WUHQG ZLWK WKH FRPSUHVVLQJ DQG H[WHQGLQJ VWDJHV
IROORZLQJ YHU\ VLPLODU SDWKV 7KH +] MXPSLQJ LV UDWKHU YDULDEOH SDUWLFXODUO\ GXULQJ
FRPSUHVVLRQVXJJHVWLQJWKHWHVWVXEMHFWIRXQGWKLVIUHTXHQF\GLIILFXOWWRSHULRGLFDOO\MXPSDW
7KHH[WHQVLRQLVREVHUYHGWREHFOHDUO\OLQHDU
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7KHIRUFHGLVSODFHPHQWUHODWLRQVKLSIRUWKHDEVROXWHGLVSODFHPHQWDW+]MXPSLQJLV
REVHUYHGWREHOLQHDU7KHHYDOXDWLRQRIWKHFRPSUHVVLQJDQGH[WHQGLQJVWDJHVRIWKHFRQWDFW
SKDVH LQGLFDWHV VOLJKWO\ GLIIHUHQW OHJ VWLIIQHVVHV 7KLV VXJJHVWV WHQWDWLYH HYLGHQFH RI D
K\VWHUHVLVORRSOLNHWKHUHODWLYHGLVSODFHPHQWFDVH$W+]WKHIRUFHGLVSODFHPHQWFXUYH
REVHUYHVDVXEWOHK\VWHUHVLVORRSPLUURULQJWKHHIIHFWVRIWKHUHODWLYH GLVSODFHPHQWFDVH7KH
FRPSUHVVLQJDQGH[WHQGLQJVWDJHVIROORZGLVWLQFWO\GLIIHUHQWSDWKVFRUUHVSRQGLQJWRGLVWLQFWLYH
VWLIIQHVVSURILOHV7KHUHODWLRQVKLSGXULQJH[WHQVLRQLVREVHUYHGWREHOLQHDULQFRPSDULVRQWR
FRPSUHVVLRQZKLFKLVFOHDUO\FRPSOH[LQQDWXUH

Figure 5 Contact force - absolute displacement relationships for jumping frequencies above and below
the structure's natural frequency (f1=1.89Hz). Red dots denote compression, blue dots indicate extension.
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5

LEG STIFFNESS

)LJXUHGLVSOD\VWKH IUHTXHQF\GHSHQGHQF\RIWKH OLQHDU ILWV7KH FRPSUHVVLRQ VWLIIQHVV
FRHIILFLHQWVDUHLQGLFDWHGDVUHGFURVVHVZKLOVWWKHH[WHQVLRQVWLIIQHVVFRHIILFLHQWVDUHSUHVHQWHG
DVEOXHFLUFOHV7KHOHJVWLIIQHVVFRHIILFLHQWVGLVSOD\HGLQ)LJXUHDUHFRPSXWHGXVLQJWKH
FDOFXODWHGVWLIIQHVVFRHIILFLHQWVLQ)LJXUHVDQGGLYLGHGE\WKHWHVWVXEMHFW¶VERG\PDVV
7KH VWLIIQHVV FRHIILFLHQWV HYDOXDWHG IURP WKH UHODWLYH DQG DEVROXWH GLVSODFHPHQWV DUH
UHSUHVHQWHGLQ)LJXUH D DQG E UHVSHFWLYHO\,Q)LJXUH D WKHFRPSUHVVLQJDQGH[WHQGLQJ
VWLIIQHVVDUHVHHQWRLQFUHDVHDWKLJKIUHTXHQF\MXPSLQJZKLOVWWKHVWLIIQHVVLQGLFDWHVDGHFUHDVH
IURP+]WR+]7KHUDWHVRILQFUHDVHIRUWKHVWLIIQHVVFRHIILFLHQWVDUHVXJJHVWLYHRI
EHLQJQRQOLQHDU)LJXUH E GLVSOD\VDQLQFUHDVHLQVWLIIQHVVIURP+]WR+]IROORZHG
E\DQLQFUHDVHLQ+]WR+]7KHFRPSUHVVLQJVWLIIQHVVDWWKHVHIUHTXHQFLHVLQFUHDVH
VLJQLILFDQWO\LQFRPSDULVRQWRWKHH[WHQGLQJVWLIIQHVV$WORZMXPSLQJIUHTXHQFLHVWKHVWLIIQHVV
FRHIILFLHQWV IRU WKH WZR VWDJHV REWDLQHG IRU ERWK DEVROXWH DQG UHODWLYH GLVSODFHPHQW DUH
DSSUR[LPDWHO\ WKH VDPH LQ YDOXH $ERYH WKH VWUXFWXUH¶V QDWXUDO IUHTXHQF\ f1 +]  WKH
FRPSUHVVLQJDQGH[WHQGLQJVWLIIQHVVFRHIILFLHQWVDUHREVHUYHGWRGLIIHUFRQVLGHUDEO\LQGLFDWLQJ
D FRPSOH[ VWLIIQHVV PHFKDQLVP RI WKH OHJ 7KLV LV PRUH HYLGHQW LQ WKH FDVH RI WKH DEVROXWH
GLVSODFHPHQW)LJXUH E 

Figure 6 Frequency dependency of linear stiffness coefficients (a) relative displacement; (b) absolute
displacement

6

CONCLUSIONS
)RUFHGHIOHFWLRQ FXUYHV IRU DEVROXWH DQG UHODWLYH GLVSODFHPHQW PHDVXUHPHQWV KDYH EHHQ
SUHVHQWHGZLWKWKHFRUUHVSRQGLQJVWLIIQHVVSURILOHEHLQJH[SORUHG$WORZMXPSLQJIUHTXHQFLHV
WKHIRUFHGLVSODFHPHQWUHODWLRQVKLSV DUHREVHUYHGWR EH FORVHWR SVHXGROLQHDU+RZHYHUDW
KLJK MXPSLQJ IUHTXHQFLHV WKH UHODWLRQVKLSV DUH REVHUYHG WR EH PRUH FRPSOH[ 7KH UHODWLYH
GLVSODFHPHQW H[KLELWV K\VWHUHVLV ORRSV LQGLFDWLQJ D FRPSOH[ HQHUJ\ H[FKDQJH DW KLJK
IUHTXHQF\ MXPSLQJ +\VWHUHVLV LV VXEWO\ PLUURUHG LQ WKH DEVROXWH GLVSODFHPHQW FDVH IRU WKH
+]MXPSLQJFDVH7KHIUHTXHQF\GHSHQGHQFLHVRIWKHVWLIIQHVVFRHIILFLHQWVVXJJHVWWKDWDW
ORZMXPSLQJIUHTXHQFLHVWKHVWLIIQHVVSURILOHGXULQJFRPSUHVVLRQDQGH[WHQVLRQDUHH[WUHPHO\
VLPLODU$WKLJKMXPSLQJIUHTXHQFLHVWKHVWLIIQHVVLVREVHUYHGWREHODUJHUDQGFRPSOH[GXULQJ
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ENVIRONMENTAL IMPACT OF STRUCTURAL MODIFICATIONS IN
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Abstract. Modern office floors (featuring slender slabs, longer spans, open-plan spaces, less
furniture) are increasingly susceptible to walking-induced excessive vertical vibrations.
Therefore, vibration serviceability has become the governing design criterion for office floor
structures. Structural modifications are normally performed to tackle this problem, but they
considerably increase the amount of construction materials needed, which is directly linked to
the embodied energy (EE) and embodied carbon (EC) in floor design. In fact, reduction of EE
and EC is becoming a necessary feature in building construction due to urgent global
sustainability issues.
However, structural modifications are frequently carried out with no optimisation analysis,
resulting in reduced sustainability of office floor design. This paper investigates the
environmental impact of structural modifications to satisfy vibration serviceability, in terms of
embodied energy and carbon, for a finite element model of a steel-concrete composite office
floor, featuring a trapezoidal steel deck supported by downstanding steel beams. The original
floor design has minimal structural dimensions to comply with all design criteria (i.e. strength,
thermal comfort, acoustic insulation, fire protection, maximum deflection), except for vibration
serviceability under walking-induced loads.
The desktop study was performed by employing structural modifications in the slab depth and
beam profiles until the response factor of 4 was achieved over the whole floor area, for pacing
frequencies from 1.4 Hz to 2 Hz. Results showed that the compliant floor design nearly features
14 %, 27 % and 37 % extra EE, EC and structural weight (SW), respectively, compared with
their counterparts in the original design. This is one of very few studies in the public domain
demonstrating the huge financial and environmental costs of meeting current vibration
serviceability criteria for office floors.
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1

INTRODUCTION

The built environment is responsible for nearly 40% of CO 2-related energy globally
consumed and construction of the built environment accounts for 13% of the international gross
domestic product (GDP) [1]. Also, as rigorous goals for minimisation of the overall energy (i.e.
embodied and operational) consumption have been established for the near future [2] and the
operational energy of buildings has been successfully reduced, embodied energy (including
carbon footprint) is becoming crucial to minimise in the life cycle of modern buildings [1].
Related to this, vibration serviceability is well known as the floor design criterion that
frequently leads to structural modifications that is increasing embodied energy in modern office
floors.
Modern office floors are frequently long-span supporting open-plan paperless working
environments. This feature has led to lowering of the vertical fundamental natural frequency of
the floor to below 10 Hz [3], reduced modal damping ratios (lower than 2%) and lightweight
structure (lower than 150 kg/m2). These characteristics, in turn, have made modern office floors
more susceptible to excessive near-resonant walking-induced vibrations.
Structural modifications are commonly carried out to make office floors vibration
serviceable, especially steel-concrete composite slabs. Such modifications are normally carried
out by increasing the slab depth and placing heavier downstanding beam profiles. These
modifications can substantially increase the amount of embodied energy (EE), embodied
carbon (EC), and structural weight (SW) per unit area of the floor.
This paper, therefore, presents a parametric study of structural modifications in a modern
steel-concrete composite office floor design to meet vibration serviceability requirements. The
vibration performance of the floor design was assessed and compared with different potential
structural solutions. The EE, EC, and SW of each redesign were evaluated for their energy
consumption, carbon footprint, and material usage.
2

PROTOTYPE OFFICE FLOOR STRUCTURE

A steel-concrete composite office floor was sized to just about satisfy all floor design criteria
apart from vibrations (i.e. strength, thermal comfort, acoustic insulation, fire protection,
maximum deflection). The floor was then assessed against the criterion for vibration
serviceability under walking-induced loads.
The structure was a 30 m x 44.1 m floor composed of seven spans of 6.1 m length and three
bays of 10 m width (21 panels in total) supported by a composite slab (8 cm deep concrete deck
and an 1 mm thick 6 cm deep steel deck profile), as shown in Figure 1.
The floor was modelled using finite element (FE) software ANSYS [4]. Each panel was
supported by I-profiled universal steel beams: two secondary beams (UB 356 x 171 x 51) in the
x-direction, spaced by 2.1 m; two secondary beams, between columns, in the x-direction (UB
356 x 171 x 57); and two primary beams in the y-direction (UB 406 x 140 x 53). The primary
beams were connected to 3 m high I-profiled universal steel columns (UC 203 x 203 x 60).
The floor area was modelled using SHELL181 (isotropic, four-noded) elements. Beams and
columns were modelled using BEAM189 (three-noded) elements. Both shell and beam
elements featured six degrees of freedom (translations and rotations relative to X, Y, and Z
axes) in all nodes. The FE model featured 4,186 nodes, forming a 70 x 70 cm grid. For vibration
serviceability assessment purposes, the columns were modelled assuming fixed end supports
(Figure 1).
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Figure 1: Office floor FE model (top left) and floor slab cross section (bottom left). Floorplan dimensions (right)
with example secondary beams (solid blue) and primary beams (dashed red). Columns present at line
intersections.

Modal analysis was performed and 36 modes of vibration, up to 15 Hz, were calculated. The
first four unit-scaled modes of vibration are shown in Figure 2.

Figure 2: First four modes of vibration of the office floor Model 1 (floor dimensions in meters).
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3

ANALYSIS APPROACH

The goal was to design a modern steel-concrete composite office floor compliant with all
design criteria, including vibration serviceability, using as little steel and concrete as possible.
The vibration serviceability assessment procedure of the CCIP-016 design guide [5] was used
in this study.
The excitation was placed at each node of the floor area, and the response was calculated at
the same location. The R factor was then calculated and assessed over the whole floor area, for
walking frequencies from 1.4 Hz to 2 Hz, in steps of 0.005 Hz. A damping ratio of 2% was
assumed for all modes. The starting office floor configuration (Model 1), in turn, did not comply
with the assessment criterion (Figure 3).

Figure 3: Percentage of the floor area that exceeded R factor of 4 at different walking frequencies.

A contour plot of the response factors calculated over the floor area, for a walking frequency
of 1.85 Hz (that corresponds to the highest percentage in Figure 3), is shown in Figure 4.

Figure 4: Contour plot of R factors over the floor area at the walking frequency of 1.85 Hz. White circle
indicates the most responsive location.
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In Figure 4, an adequate floor vibration performance across the whole floor would be
represented by a flat line at 0% from 1.4 Hz to 2 Hz, which means that no floor area exceeds R
factor of 4. Nearly 20% of the floor area of Model 1 exceeded the R factor of 4, which meant
the need for redesign.
Different redesigns were carried out (generating FE models 2 to 10), by modifying the slab
depth and both primary and secondary steel beam profiles, until a response factor of less than
4 was achieved for the whole floor area. Table 1 shows all redesigns and their corresponding
structural modifications of primary beams (PUB), secondary universal beams (SUB), secondary
universal beams between columns (SUBC), relative to Model 1. All models feature the same
column profiles (UC 203x203x60).
Model
1
2
3
4
5
6
7
8
9
10

Slab depth [cm]
8
9
10
8
9
11
12
13
11
13

PUB
406x140x53
406x140x53
406x140x53
406x140x53
406x140x53
406x140x53
406x140x53
406x140x53
406x140x53
406x140x53

SUB
356x171x51
356x171x51
356x171x51
356x171x57
356x171x57
356x171x57
356x171x57
356x171x57
406x140x53
406x140x53

SUBC
356x171x57
356x171x57
356x171x57
356x171x57
356x171x57
356x171x57
356x171x57
356x171x57
406x140x53
406x140x53

Table 1: Structural dimensions of all office floor designs (Models 1 to 10).

Table 2 shows the first four natural frequencies of all floor designs.
Model
1
2
3
4
5
6
7
8
9
10

f1 (Hz)
7.41
7.26
7.13
7.59
7.58
7.16
7.06
6.97
7.62
7.38

f2 (Hz)
7.43
7.30
7.18
7.61
7.60
7.23
7.14
7.06
7.67
7.47

f3 (Hz)
7.49
7.38
7.29
7.67
7.66
7.36
7.30
7.26
7.80
7.65

f4 (Hz)
7.60
7.53
7.49
7.79
7.77
7.59
7.58
7.57
8.01
7.67

Table 2: First four natural frequencies of office floor redesigns (Models 2 to 10).

A comparison of the floor vibration performance of all designs is shown in Figure 5.
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Figure 5: Vibration serviceability assessment of all office floor designs.

It is important to mention here that structural modifications can make the office floor
susceptible to near-resonant vibrations at other walking frequencies without solving the
problem: Models 4 and 5 became more susceptible to frequencies close to 1.9 Hz (instead of
1.85 Hz, in Model 1) and still have nearly 20% and 15% of the floor area, respectively,
exceeding R factor of 4. Therefore, modifications of this kind should be carefully interpreted,
as increasing weight and stiffness will not always improve the vibration serviceability
performance of the floor.
Once the vibration serviceability was achieved in floor Model 10, the next stage was the
quantification of the structural weight of each floor design relative to Model 1 (Table 3).
Model
1
2
3
4
5
6
7
8
9
10

Concrete %,
floor SW
81 %
82 %
83 %
80 %
82 %
84 %
85 %
85 %
84 %
86 %

Steel %,
floor SW
19 %
18 %
17 %
20 %
18 %
16 %
15 %
14 %
16 %
14 %

Total SW [t]

SW relative to Model 1

341.1
366.2
391.4
343.6
368.6
419.0
444.2
469.3
416.6
466.9

+7 %
+15 %
+1 %
+8 %
+23 %
+30 %
+38 %
+23 %
+37 %

Table 3: Comparison of structural weight for office floor designs.

The embodied energy (EE) and embodied carbon (EC) were calculated based on the amount
of concrete (2 GJ per ton, 1 tCO2 per ton) and steel (20 GJ per ton, 3 tCO2 per ton) used [6].
Values, relative to Model 1, are also shown in Table 4.
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Model EE [GJ]
1
1858
2
1908
3
1959
4
1909
5
1955
6
2059
7
2110
8
2160
9
2059
10
2111

Relative EE
+3 %
+5 %
+3 %
+5 %
+11 %
+14 %
+16 %
+11 %
+14 %

EC [tCO2]
471.8
496.9
522.0
479.3
503.9
554.7
579.9
605.0
554.7
597.7

Relative EC
+5 %
+11 %
+2 %
+7 %
+18 %
+23 %
+28 %
+18 %
+27 %

Table 4: Comparison of embodied energy and embodied carbon among office floor designs.

The structural modifications converted the original office floor design (Model 1) into a
vibration serviceable floor (Model 10). However, the whole redesigning process was very timeconsuming: nine attempts were made to get the structural design needed. Relative to Model 1,
Model 10 had 14%, 27%, and 37% extra EE, EC, and SW, respectively, just to satisfy the
vibration serviceability criterion.
The structural weight also increased substantially and resizing of structural elements of
lower storeys, as well as building foundations, may be required, resulting in further structural
modifications. All these implications can indicate the need for a more efficient design process
for a sustainable vibration serviceable office floor.
4

CONCLUSIONS

Structural modifications were carried out in the design of a modern steel-concrete composite
office floor to make the structure vibration serviceable. The structure was initially sized to just
about satisfy all typical floor design criteria (i.e. strength, thermal comfort, acoustic insulation,
fire protection, maximum deflection), except for the vibration serviceability requirement.
Subsequently, structural redesigns were carried out through gradual structural modifications:
increase of slab depth and changes of primary and secondary steel beam profiles.
The fully compliant office floor design met vibration serviceability criteria but required 14%,
27%, and 37% extra embodied energy, embodied carbon and structural weight, respectively,
which is quite a lot just to satisfy vibration serviceability.
5
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Abstract. Excessive vibrations of temporary grandstand due to crowds who had rhythmic
motions can cause human in panic, which have been attracted increasing attention in recent
years. This paper based on an experiment that a temporary steel grandstand occupied 20 participants is oscillated by crowd with rhythmic swaying motions at lateral direction. And then
a series of vibration perception questionnaires about crowd reactions are obtained. Evaluation of annoying level derives from concept of degree of membership and annoying rate method is proposed, then the human comfort of vibration serviceability of temporary grandstand
is assessed with acceleration vibration dose value (VDV). The result shows that standing
crowds have more tolerant to vibration than seated crowds. The measured vibrations generated by crowd activities on temporary grandstand can cause panic in crowd. New relationship between the annoyance rate and structural acceleration VDV at logarithmic coordinate
is proposed. The findings of this study may be utilized to manage the vibration of temporary
grandstand and assess the human comfort when structure was oscillated at lateral excitations.
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1

INTRODUCTION

The problems of vibration serviceability of structure such as in long-span floor structures[1], footbridges[2] and grandstands[3,4], have become more prevalent in recent years,
because the structures can gather large crowd. It is different in the safety of structure due to
the failure of structural component; excessive vibration of structure can cause crowd discomfort or panic. Vibration serviceability of grandstand relates to the comfort of spectators, and
human perception is of primary importance with any tendency to panic or feeling of discomfort being related to the dynamic response of the structure[5]. This seems to be a common
problem in temporary demountable grandstands (TDGs), the lightweight structural components of TDG can be rapidly assembled, easily dismantled and reused that result in low stiffness of structure at lateral direction, so it can be susceptible to vibrations that caused by active
crowds.
It is a fact that human can feel the vibration from structure, the degrees of perception for
structural vibration but cannot be measured with any direction assessment methods or instruments. Studying the relationship between human perception and spur belongs to the branch of
psychophysics subject. Vibration environments, in terms of human sensation of vibration levels, need to be quantified by psychological research. Introspection is used to describe an experimental technique that was first developed by psychologist Wilhelm Wundt, in Wundt's lab,
there were two key components that make up the contents of the human mind: sensations and
feelings, and Wundt believed that researchers needed to do more than simply identify the
structure or elements of the mind, instead, it was essential to look at the processes and activities that occur as people experience the world around them[6]. Therefore, it is necessary to
conduct a psychophysical experiment survey by means of a category judgment method[7].
Although evaluation and assessment of vibration serviceability is a complicate task, it is a reasonable and available method that using experimental introspection with questionnaire to evaluate the reaction of human perception. So from the early years such as in 1931 Reiher and
Mesiter used a shaking platform[8], 1971 Khan and Parmelee used a rotating display table[9],
1972 Chen and Roberts experimented human at a wheeled windowless test room[10] and
1974 Wiss and Parmelee measured human at a rise floor[11], all of them used this method to
investigate the vibration serviceability of structure.
A number of research projects have, to date, largely focused on producing load models to
accurately represent the dynamic crowd load and the human-structure interaction, however,
the vibration response of grandstand structure is becoming better understood, the question
arises as to what level of dynamic response is acceptable to the users[12]. There have been
few findings on the subject of serviceability of grandstands, for example Kasperski has carried out full scale test on one bay of a permanent cantilevered stand[3]; Browning determined
the key factors of influencing human perception and acceptability of vibrations in permanent
grandstands through by synchronized crowd loading with 17 persons[12]. Meanwhile, a resemblance grandstand occupied 15 spectators that attached to a motion simulator located on
each corner has been experimented, in order to investigate human vibration perception and
comfort states[13]. In particular, Setareh proposed new relationships between the current vibration evaluation parameters along with guidance for the assessment of human exposure to
vibration owing to rhythmic activities[4]. What these reviews have highlighted is that vibrations were induced by human have vertical motions and few research analyzed the human vibration perception in the TDG. And what's more, lateral vibration is more likely to be induced
than vertical vibration happen in reality for TDG[14]. This remains an open problem in the
area, the aim here is to investigate the vibration serviceability of TDG.
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So with this aim in mind, this paper presents a new experiment that a TDG occupied 20
persons which vibrations derived from crowd motions, to investigate the human horizontal
vibrations perception with vibration questionnaires. Based on these experimental results, the
vibration acceptability of the TDG is analyzed by a annoyance rate method that the fuzzy logic method and the probability theory was combined with the signal detecting theory of psychophysics[15-17]. As alluded to earlier, this method has been available for appraising the
vibration comfort of vehicle suspension system[18,19], high-speed train[20], pedestrian
bridge[21], floor structure[22,23], and noise annoyance[24,25].
The next section presents the lateral oscillation experiment in this study. In Section 3, the
evaluation method is introduced and the relationships of evaluation parameters of structural
vibration are analyzed. New relationship between annoyance rate and structural acceleration
VDV is proposed, and the main findings and discussions are outlined in Section 4. The conclusions will be presented in the final chapter.
2

LATERAL VIBRATION EXPERIMENTS OF TEMPORARY GRANDSTAND

Experimenting was executed on the basis of a rigorous risk assessment and approval of the
experiment program by the University's research ethics committee, using its standard procedures for protect the safety of participants and acquired sensible data. For simulating the lateral vibration of temporary grandstand, structural vibration derived in the active crowd when
they have rhythmic movements on the test temporary grandstand, and it is considered as internal excitation to investigate the passive and/or active crowd annoying levels of vibration.
2.1

Ethics statement

This study was approved by the School of Civil Engineering and the Key Lab of Structures,
Dynamic Behavior and Control of the Ministry of Education at the Harbin Institute of Technology. All participants provided written informed consent, and agreed to put their photos
with no argument.
2.2

Test condition

The details of test structure and instruments can be found in the document[35]. For crowds
excitation, there are 11 experiment conditions that crowd has swaying activities at temporary
grandstand, the detail of swaying person's number, test conditions and crowd swaying frequencies are shown in the Table 1. For the first and second condition twenty persons finished
nine frequencies swaying movements, some of them finished six frequencies swaying movements in the rest conditions. In order to follow the tempo of swaying more better for participants, they were asked to sway the hips to the left on one beat and then to the right on the next
which guided by a constant metronome beat, just as the Fig.1 depicts crowd followed the one
beat at the time of t1 and next beat at the time of t3, so participants completed a sway cycle
that will need two beats, and the frequency fmetronome was inspired by metronome which is
twice the frequency of participant swaying fcrowd. All participants moved in a way that was
natural to him or her according to the frequency of metronome.
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Test condiTest conditions
tion number

fmetronome (Hz)

1

All standing persons swaying

2

All seated persons swaying

3
4
5
6
7
8
9
10
11

Number 6-20 person standing swaying, 1-5 person seated
Number 11-20 person standing swaying, 1-10 person seated
Number 16-20 person standing swaying, 1-15 person seated
Number 6-20 person standing swaying, 1-5 person standing
Number 11-20 person standing swaying, 1-10 person standing
Number 16-20 person standing swaying, 1-15 person standing
Number 6-20 person seated swaying, 1-5 person seated
Number 11-20 person seated swaying, 1-10 person seated
Number 16-20 person seated swaying, 1-15 person seated

0.5,0.75,1.0,1.1,1.25,1.4,1.
5,1.7,1.8
0.5,0.75,1.0,1.1,1.25,1.4,1.
5,1.7,1.8
0.5,0.75,1.0,1.1,1.25,1.4
0.5,0.75,1.0,1.1,1.25,1.4
0.5,0.75,1.0,1.1,1.25,1.4
0.5,0.75,1.0,1.1,1.25,1.4
0.5,0.75,1.0,1.1,1.25,1.4
0.5,0.75,1.0,1.1,1.25,1.4
0.5,0.75,1.0,1.1,1.25,1.4
0.5,0.75,1.0,1.1,1.25,1.4
0.5,0.75,1.0,1.1,1.25,1.4

Table 1: Details of crowd rhythmic activities
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tural responses

t2

t3

t3
t1

f crowd

1
T

1
2(t3  t1 )
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1
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t2

f metronome
2

f metronome

Figure 1: The relationship between metronome frequency and crowd swaying frequency
2.3

Vibration perception questionnaire

As mentioned previously, no standard or code can provide specific clause on the assessment of human vibration acceptability for TDG, even not to mention the vibration comfort
when the excitation main from lateral direction. But, a series of classic experiments about
human perception that participants rate their feeling of the vibration were carried
out[3,8,9,12,13]. All these researchers classed the human perception and vibration level three
to six categories, which based on the concept of equidistance followed human psychological
changes. Some achievements have been adopted by BS6472-1[27] and ISO2631-1[28] standards. So, according to these findings, the level of vibration perception (Six categories) and
comfort are provided with vibration perception questionnaires, which require participants to
select their subjective perception and/or levels of comfort during exposure to vibration are
used in this paper. The questionnaires contain the level of vibration perception with the level
comfort and shows in the Table 2.
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Ordinal
1
2
3
4
5
6

Perception Category
Imperceptible
Litter Perception
Clear Perception
Little Strong Perception
Strong Perception
Very Strong Vibration

Subjective Response
No response(Not uncomfortable)
Normal(A little uncomfortable)
Accept(Fairly uncomfortable)
Litter nervous(Uncomfortable)
Nervous(Very Uncomfortable)
Panic(Extreme Uncomfortable)

Table 2: Human perception and comfort category
3

EVALUATION METHOD

According to record the human sensation of vibration levels from participant's perception
and comfort, the basic evaluation methods for measuring vibration is calculated using three
forms of acceleration: peak acceleration limits(was cited in NBCC[29]); acceleration root
mean square (RMS) of weighted frequency; vibration dose value (VDV). The latter two are
acceptable by most standards (BS7085[30], BS6472[31] and ISO10137[32]) to quantify vibration levels. They are calculated by the Eq.(1).
aw (t ) W ( f )  a(t )
awp
awrms
awvdv

n

[ ³ aw2 (t )dt ]0.5 (lim ¦ aw2 (] i )  'ti )0.5
T

O o0

0

ª T a 4 (t )dt º
¬« ³0 w
¼»

0.25

i 1

n

(lim ¦ aw4 (] i )  'ti )0.25
O o0

i 1

max aw (t )
n

(¦[W ( f )a(ti )]2  f c)0.5 , O

max ^'x1 , 'x2 ,   , 'xn `

(1)

i 1

n

(¦[W ( f )a(ti )]4  f c)0.25 , O

max ^'x1 , 'x2 ,   , 'xn `

i 1

With aw(t)=frequency weighted acceleration in m∙s-2;
W(f)=the overall frequency weighting function from ISO2631-1[28];
awp(t)=frequency weighted peak acceleration in m∙s-2;
awrms(t)=frequency weighted RMS of acceleration in m∙s-2;
awvdv(t)=frequency weighted VDV of acceleration in m∙s-1.75;
fʹ=sample frequency in s;
T=vibration duration in s.
3.1

Annoyance rate method

Although the limit acceleration value was given in some standards like ISO2631-1[28], the
membership between the limit value and comfortable level was not reasonable extrapolated.
The result of questionnaires includes the ambiguity of seismesthesia and the sensitivity randomness existing in participants' response to vibration environment. All these uncertainties
need to be analyzed from a view psychophysics. So firstly the seismesthesia of membership
function and corresponding conditional probability distribution[14] is calculated by Eq.(2)
based on the Table 1 and questionnaires.
Qj

j 1
, j 1, 2,..., K
K 1

(2)

With vj=the seismesthesia of membership value of the jth type of the unacceptable range;
K=the class number of the subjective response, according to Table 2, K=6.
So the subjective response corresponding to the value of the membership value can be
shown in the Table 3.
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Subjective response
j=1 No response
j=2 Normal
j=3 Acceptable
j=4 Litter nervous
j=5 Nervous
j=6 Panic

Membership value
0.0
0.2
0.4
0.6
0.8
1.0

Table 3: Seismesthesia membership values
Secondly, a new evaluation index annoyance rate method is presented, which is a fuzzy
stochastic model for participant response to vibrations. The method considers these uncertainties with the fuzzy logic method and the probability theory, combined the objective experimental data statistics. So, annoyance rate is the proportion of some kind of subjective
response under certain external stimulus intensity, which considers synthetically response
ambiguity and randomness with fuzzy membership value. It is useful as a benchmark to determine the annoyance threshold for vibration serviceability criteria, that threshold indicates
the ration of people who cannot accept the vibration to the statistical that total number. Under
discrete distribution, the annoyance rate can be calculated by Eq.(3):
K

¦Q
R( x

i)

n

ij ij

j 1
K

¦n

(3)

ij

j 1

With R(x=i)=Annoyance rate of the ith vibration intensity;
vij=the membership of value is calculated by Eq. (2) at the ith vibration intensity;
nij=the number of subjective response of the jth type of the ith vibration intensity;
K=The class number of the subjective response, K=6 (see Table 3).
3.2

Relationship of structural vibration evaluation parameters

For human induced vibration experiment, the results are investigated. For example, Fig.2(a)
shows one of the time history of structural acceleration which was oscillated by twenty persons when they have rhythmic movements. Then the peak acceleration, RMS and VDV of
each test condition (Table 1) results are calculated, and the scatter plots the three measures
plotted against crowd swaying frequencies is shown in Fig.2(b). In this Figure, also the hollow dots stand for peak accelerations, square dots stand for RMS values and diamond dots
stand for VDV. It is found that RMS values are higher than peak value and VDV, the max
value is about 13.49m/s2, which is out of the limits were given by Kasperski[3], Setaerh[4],
Nhleko[13], BS6841[26], BS6472[27], and BRE[34]. According to these above results, when
enquired the vibration serviceability of these participant, they are in panic.
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(a) Structural acceleration curve of seated
crowd with 1.6Hz swaying

(b) Three measures acceleration against
crowd swaying frequencies

Fig.2 The structural acceleration peak accelerationǃRMS and VDV relationship with
crowd swaying frequencies
When the scatter awp, awrms plotted against awvdv respectively, as shown in Fig.3, both of
them have a linear relationship with awvdv and the fitting curve is Eq.(4):

100

awvdv

0.9995awp  0.1486

awvdv

0.6873awrms  0.0316
100

Test data
Fitting curve

10

(4)

Test data
Fitting curve

awvdv(m/s1.75)

awvdv(m/s1.75)

10

1

0.1

1

0.1

0.03
0.2

1 a (m/s2)
wp

0.03
0.25

10

1

awrms(m/s2)

10

15

Fig.3 awvdv plotted against awp and awrms from human induced measured data
Bearing all this in mind, the structure was oscillated by crowd have rhythmic activities
with linear increasing swaying frequencies, the structural acceleration VDV have a linear relationship with RMS and peak acceleration at Logarithmic coordinate system. And what's more,
crowd swaying movements can induce structure has more than 1g acceleration, which can
cause crowd have panic.
4
4.1

ASSESSMENT OF THE EXPERIMENT RESULTS
Acceptable VDV limits

Due to VDV is versatility than RMS that has been calculated to quantify human reaction to
numerous types of vibration, and VDV will be used for finding the relationship with annoyance ratio in this paper.
Active crowd induced structure vibration experiment results are also investigated to find
the relationship between annoyance rate and structural VDV. Due to when the VDV is high
than 2.8m/s1.75, the crowd have in panic, and the annoyance rate is 1.0, So only the corresponding value which the annoyance rate is lower than 1.0 are shown in Fig.4(a). It may indi-

1938

Suhui Yu, Jian Yuan and Wei Wang et al

cates standing crowd can tolerate more strong structural vibration than seated crowd when the
structural vibration was induced by swaying crowd, this finding consistent with Nhleko's research[13].In order to demonstrate the nonlinear relationship between VDV and annoyance
rate, the two kinds of data were fitted by a 3-rd degree polynomial formula respectively, and
shown in Eq.(5):
cc
Rseated

3
2
0.0777awvdv
 0.4280awvdv
 0.9642awvdv  0.0041

cc
Rstanding

(5)

3
2
0.0585awvdv
 0.3224awvdv
 0.7594awvdv  0.0430

With Rʹʹseated is the annoyance rate of seated crowd at human induced vibration experiments;
Rʹʹstanding is the annoyance rate of standing crowd at human induced vibration experiments.
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Fig.4 The distribution of crowd annoyance rate at human induced structural vibration
Also, a linear relationship between structural VDV and annoyance rate at Logarithmic
coordinate system is fitted by Eq.(6)when considered the seated crowd data and standing
crowd data as a whole sample, and the fitting curve is shown in Fig.4(b):
cc ) 0.67556log10 (awvdv )  0.25358
log10 ( Rcrowd

(6)

With Rʹʹcrowd is the annoyance rate of crowd at human induced vibration experiment.
In this paper, when R is lower than 0.4, which indicates crowd in comfort at structure; R
varies at 0.4 to 0.6 means some persons in crowd have uncomfortable feelings; R varies at 0.6
to 0.8 means most of them in crowd have uncomfortable feelings; and when R is larger than
0.8 that shows crowd in panic. Based on this annoyance levels of vibration and according to
the Eq.(6), the structural acceleration VDV 1.11m∙s-1.75 that corresponding to R=0.6 as the
serviceability limit, and 1.71m∙s -1.75 that corresponding to R=0.8 as the serviceability limit of
the upper boundary.
4.2

Discussion with other standards or guides and research

The obtained comfort levels data in this paper are compared with the limits recommended
in the provisions of BS6841[26], which are mainly for vibrations encountered in transportation and industrial activities. This standard used RMS as the limit and given five vibration levels. According to the annoyance rate with structural vibrations of the experiment data in this
paper, the VDV can be calculated by Eq.(6) at each value of annoyance rate R firstly, and then
the corresponding RMS can be calculated by Eq.(4). So on the basis of the conversion procedure, the level of comfortable corresponding to R=0.2 and RMS is 0.365m∙s-2; the level of little uncomfortable corresponding to R=0.4 and RMS is 0.936m∙s-2; the level of fairly
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uncomfortable corresponding to R=0.6 and RMS is 1.661 m∙s-2; the level of very uncomfortable corresponding to R=0.8 and RMS is 2.186m∙s-2; and the level of extremely uncomfortable
corresponding to R>0.8 and assumed RMS is greater than 2.186m∙s-2. It is found that the experiment data is slightly higher than the design criteria when the specified level under fairly
uncomfortable and the data 2.29-3.69m∙s-2 appear in the specified limits when the level is very
uncomfortable. This means that the limits for temporary grandstand appear upper the design
criteria for public facilities such as permanent concrete structure, that is reasonable for believe
temporary structures can allow to with big displacement or vibration.
The standard BS6472[31] has given some acceleration limit curves for labs, residential, office building and workshops. Nhleko[13] used 25 times the base curve and 50 times the base
curve specified in this standard as a basis and the upper boundary of acceleration limit for
grandstand design (shown as two purple broken lines), respectively. In addition,
NBCC2005[29] specifies serviceability acceleration limits at 0.4-0.7m∙s-2 for grandstand, and
IStructE2008[33] also recommends values of 0.3m∙s-2, 0.75m∙s-2 and 2.0m∙s-2 for grandstand
hosting predominantly seated crowd, pop music concerts and extreme events(crowd has
strong rhythmic activities)ˈrespectively. If the mean of the 'fairly uncomfortable' of comfortable obtained in this study is used to defined the serviceability limit state for temporary
grandstand, the value of limit is 2.18m∙s-2, which is higher than Nhleko's[13] research and
NBCC2005[29] limits, but it remains in the range of IStructE2008[33]specifies limits.
When the VDV as serviceability limit, the guide BRE[34] based on the standard
BS6841[26]and BS6472[31]given the limit with human perception of vibration, and Setaerh[4]based on Kasperski's[3] experiment results also gives the limits. It is noticeable that
the published standards and literatures have given the limits for permanent grandstand, and
the structure was induced by vertical human motions. So the serviceability limits are different
from the results in this paper. It may be possible that the vibration direction and more flexible
temporary grandstand have larger effects on crowd reactions than they occupied at stiffness
permanent grandstand when subjected to excitations which mainly derived from vertical vibration and using different frequency weighting value may also influence the results. Due to
the participants are just only young individuals, not including children and/or old persons, the
distribution of annoyance rate may be different when participants are a typical population
sample, and although the experiment environment is quiet, the vibration annoyance may be
influenced by the noise, it is need to focus on combined or interactive effect of noise and vibration exposures on annoyance for TDGs, so it will be researched in the future work. Also,
more research is needed to investigate different and bigger temporary grandstands with different crowds, along with better identification of human reactions.
5

CONCLUSION

This paper addresses the annoyance levels of lateral vibration on temporary grandstand. A
temporary grandstand occupied 20 participants was induced by crowd with rhythmic swaying
activities, meanwhile the vibration questionnaires of participants are obtained. Occupant comfort was evaluated by annoyance rate method and assessed by the RMS and VDV of structure.
There are some conclusions are obtained.
x Crowd annoyance rate has not a linear relationship with vibration, and indicated crowd
may adjust their reaction for comfort when they under a certain range of vibration intensity.
x Standing crowd may have more tolerant to vibration than seated crowd.
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x The serviceability limit of 1.11m∙s-1.75 and the upper boundary of 1.71m∙s-1.75suggested
by VDV are obtained.
x It may be useful for analyzing the vibration serviceability of temporary grandstand.
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Keywords:$HURHODVWLF:DOORI:LQG7UDQVPLVVLRQ/LQHV9LEUDWLRQV9RUWH[6KHGGLQJ
Abstract. An aeroelastic experimental study is ongoing at the NSF designated Experimental
Facility Wall of Wind (WOW) aiming at advancing the knowledge pertaining to the dynamic
behavior of power transmission infrastructure during strong windstorms including hurricanes.
The WOW is a large open jet wind testing facility capable of simulating hurricane winds at
different wind speeds and up to 70 m/s (Category 5 hurricane). The study is motivated by the
increasing storms including hurricanes which recently are reported to cause substantial losses to the U.S. energy infrastructure. A multi-spanned aeroelastic transmission line system is
designed and constructed at the WOW using a length scale of 1:50 for the tower and a distorted length scale of 1:150 for the conductors. The selected length scales enable considering
several test configurations including various wind directions ranging between 0° to 90°.
While adopting the Froude number scaling, the tests are conducted at speeds ranging between 5 m/s to 10 m/s, representing full-scale wind speeds ranging between 35 m/s to 70 m/s.
The aeroelastic test results are analyzed in order to assess the dynamic response of the
transmission towers during the simulated hurricane conditions. This includes an investigation
of the modal properties, the development of a new technique to estimate structural and aerodynamic damping, and comparison of the resulting drag coefficients with values specified in
ASCE 7-16.
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1

INTRODUCTION

(OHFWULFSRZHUJULGVLQWKH8QLWHG6WDWHVDUHFRQVWDQWO\WKUHDWHQHGE\ZLQGLQGXFHGORDGV
FDXVHGE\KXUULFDQHVWRUQDGRHVDQGGRZQEXUVWV*HQHUDWLRQVXSSO\DQGGHOLYHU\RISRZHUWR
VHYHUDO DUHDV RI WKH FRXQWU\ KDYH EHHQ VHYHUHO\ LPSDFWHG E\ WKHVH ZLQG KD]DUGV %HWZHHQ
 DQG   RI DOO SRZHU RXWDJHV ZHUH WULJJHUHG E\ VHYHUH ZHDWKHU PDNLQJ LW WKH
OHDGLQJ FDXVH RI EODFNRXWV LQ WKH 8QLWHG 6WDWHV >@ :HDWKHUUHODWHG SRZHU RXWDJHV H[DFWHG
KXJHORVVHVRQWKH86HFRQRP\ZLWKILJXUHVUDQJLQJEHWZHHQWRELOOLRQ>@7KHUH
IRUHLWLVRIWKHXWPRVWLPSRUWDQFHWRLPSURYHWKHUHVLOLHQF\RIWKHWUDQVPLVVLRQJULGDJDLQVW
WKUHDWVIURPVWURQJZLQGVLQFOXGLQJKXUULFDQHV
6XSSRUWWRZHUVFRQGXFWRUVJURXQGZLUHVDQGLQVXODWRUVDUHWKHPDLQFRPSRQHQWVRIRYHU
KHDGWUDQVPLVVLRQOLQHVV\VWHPV(OHFWULFLW\LVWUDQVSRUWHGIURPWKHJHQHUDWLRQVWDWLRQWRGLI
IHUHQW FLWLHV WKURXJK FRQGXFWRUV WKDW VSDQ IRU NLORPHWHUV  &RQGXFWRUV DUH DWWDFKHG WR WKH
WRZHUV XVLQJ SRUFHODLQ LQVXODWRUV 7KH IXQFWLRQ RI JURXQG ZLUHV LV WR SURWHFW WKH OLQH IURP
SRVVLEOHOLJKWQLQJVWULNHV>@,QJHQHUDOPDQ\VWUXFWXUHVDUHQRWGHVLJQHGWRZLWKVWDQGKXUUL
FDQH RU WRUQDGR ORDGV EHFDXVH RI WKH YHU\ ORZ SUREDELOLWLHV RI RFFXUUHQFH DQG H[SRVXUH WR
WKHP+RZHYHUWKDWLVQRWWKHFDVHIRUWUDQVPLVVLRQV\VWHPVGXHWRWKHIDFWWKDWWKH\DUHORQJ
VSDQVWUXFWXUHVDQGH[WHQGIRUNLORPHWHUV7KHUHIRUHLQWKHHYHQWRIRFFXUUHQFHRIKLJKLQWHQ
VLW\ZLQGVFRPLQJIURPDKXUULFDQHRUWRUQDGRWKHLUSUREDELOLW\WRKLWRQHRIWKHWRZHUVEH
FRPHVLJQLILFDQWO\ODUJHU6XEVHTXHQWO\WKHIDLOXUHRIRQHWRZHUFDQOHDGWRFDVFDGLQJIDLOXUHV
RIRWKHUWRZHUVGXHWRWKHXQEDODQFHGIRUFHVWULJJHUHGE\WKHVQDSSLQJ RIRQHRUPRUHFRQ
GXFWRUV>@7KHUHVSRQVHVRIWUDQVPLVVLRQOLQHVWRZLQGLQGXFHGG\QDPLFORDGLQJFDQ
EH GLYLGHG LQWR WKUHH SKHQRPHQD JDOORSLQJ YRUWH[ VKHGGLQJ DQG EXIIHWLQJ IURP LQFRPLQJ
WXUEXOHQFH>@2QWKHRQHKDQGWKHWRZHU¶VQDWXUDOIUHTXHQF\LVW\SLFDOO\KLJKHUWKDQ
+]OHDGLQJWRLQVLJQLILFDQWUHVRQDQWWRZHUUHVSRQVHV2QWKHRWKHUKDQGWKHWRZHU¶VFRQGXF
WRUVKDYHDIUHTXHQF\UDQJLQJEHWZHHQDQG+]7KLVUDQJHFRXOGEHYHU\FORVHWRWKH
QDWXUDO IUHTXHQF\ RI WKH WXUEXOHQW ZLQGV 9DULRXV VWXGLHV KDYH UHSRUWHG WKDW DW KLJK ZLQG
VSHHGVWKHFRQGXFWRU¶VEHKDYLRULQFUHDVHVWKHDHURG\QDPLFGDPSLQJWKXVUHQGHULQJWKHUHV
RQDQW HIIHFW DOPRVW QHJOLJLEOH >     @ ,Q JHQHUDO ZLQG WXQQHO H[SHULPHQWV RQ
WUDQVPLVVLRQ VWUXFWXUHV FDQ EH JURXSHG LQWR DHURG\QDPLF WHVWLQJ DQG KLJKIUHTXHQF\ IRUFH
EDODQFHWHVWLQJ)RUWKHODWWHUE\FDUHIXOO\HVWLPDWLQJDHURG\QDPLFFRHIILFLHQWVIURPWKHSUH
YLRXVPHWKRGVDQGFRPELQLQJWKHPZLWKDQDO\WLFDODSSURDFKHVRQHFDQHVWLPDWHWKHG\QDPLF
UHVSRQVHV RI D FHUWDLQ V\VWHP > @ +RZHYHU VXFK WHVWV GR QRW FRQVLGHU WKH DHURHODVWLF
IRUFHV LQGXFHG E\ PRWLRQV RI WKH VWUXFWXUH DQG LWV YDULRXV FRPSRQHQWV ,Q DGGLWLRQ WKH UH
VSRQVHRIWUDQVPLVVLRQWRZHUVDQGFRQGXFWRUVDVRQHV\VWHPZDVEDUHO\H[DPLQHGE\SUHYL
RXV ZLQG WXQQHO VWXGLHV GXH WR WKH FRPSOH[LW\ RI VDWLVI\LQJ EDVLF VFDOLQJ ODZV FRQFHUQLQJ
JHRPHWULFG\QDPLFDQGNLQHPDWLFVLPLOLWXGHV>@2WKHUH[SHULPHQWDOVWXGLHVRQWRZHU
FRQGXFWRU V\VWHPV RQO\ FRQVLGHUHG D VLQJOH VSDQ V\VWHP DQG GLG QRW SURSHUO\ PRGHO WKH
ERXQGDU\HIIHFWVFDXVHGE\WKHSUHVHQFHRIDGMDFHQWVSDQVZKHQDPXOWLVSDQV\VWHPLVVXE
MHFWHGWRWXUEXOHQWZLQGV>@
7KHDLPRIWKLVUHVHDUFKLVWRDGYDQFHWKHFXUUHQWNQRZOHGJHE\FRQGXFWLQJDQH[WHQVLYH
H[SHULPHQWDOSURJUDPWRVWXG\WKHDHURHODVWLFUHVSRQVHRIDPXOWLVSDQQHGWUDQVPLVVLRQOLQH
V\VWHPVXEMHFWHGWRKXUULFDQHZLQGV7KHVHWHVWVZLOOSURYLGHGHHSHULQVLJKWVLQWRWKHKLJKO\
FRPSOH[FRXSOHGG\QDPLFEHKDYLRUDWV\VWHPOHYHOV
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2
2.1

METHODOLOGY
Wall of Wind Experimental Facility

7KH DHURHODVWLF PRGHO ZDV GHVLJQHG FRQVWUXFWHG DQG WHVWHG DW WKH 16) 1DWXUDO +D]DUGV
(QJLQHHULQJ 5HVHDUFK ,QIUDVWUXFWXUH 1+(5,  :DOO RI :LQG ([SHULPHQWDO )DFLOLW\ :2:
()  7KH :2: () LV GHVLJQDWHG DV DQ RSHQMHW WHVWLQJ IDFLOLW\ FDSDEOH RI WHVWLQJ IXOO DQG
ODUJHVFDOHVWUXFWXUHVXVLQJDSRZHUIXOIDQV\VWHP7KHIDQVDUHDUUDQJHGLQWZRDUFHG
URZVZKLFKFDQJHQHUDWHZLQGVSHHGVXSWRPVDORQJZLWKVSHFLILHGWXUEXOHQFHFKDUDFWHU
LVWLFVRIWHUUDLQH[SRVXUHV>@)LJXUHGHSLFWVWKH:2:LQWDNHVLGHDORQJZLWKWKHIDQ
V\VWHP

)LJXUH:2:LQWDNHVLGHDQGIDQV\VWHP

2.2

Full-Scale Model

)RU WKLV SURMHFW WKH WUDQVPLVVLRQ WRZHU LOOXVWUDWHG LQ )LJXUH  LV VHOHFWHG 7KLV WRZHU LV
FODVVLILHGDVGRXEOHFLUFXLWYHUWLFDOVHOIVXSSRUWHGVWHHOODWWLFHWRZHUZLWKDKHLJKWRIP
DQGDUHFWDQJXODUEDVHKDYLQJDOHQJWKRIPDQGDZLGWKRIP7KHWRZHUKDVWKUHHGLI
IHUHQWOHYHOVRILGHQWLFDOFURVVDUPV6XFKDFRQILJXUDWLRQDOORZVWKHDWWDFKPHQWRIVL[EXQ
GOHVRIFRQGXFWRUVWZRDWHDFKYHUWLFDOOHYHO7KHFRQGXFWRUVVSDQDKRUL]RQWDOOHQJWKRI
P EHWZHHQ VXSSRUWLQJ WUDQVPLVVLRQ WRZHUV DQG KDYH D GLDPHWHU RI  P 0RUHRYHU WKH
FRQGXFWRUV DUH VDJJHG DW PLGVSDQ E\ DURXQG  P DQG WKH\ DUH DWWDFKHG WR WKH WRZHUV E\
SRUFHODLQLQVXODWRUVKDYLQJDOHQJWKRIPDQGGLDPHWHURIP

)LJXUH7KUHHGLPHQVLRQDOYLHZRIWKHWUDQVPLVVLRQWRZHU
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2.3

Aeroelastic Model Design and Construction

:KHQHYHUWKHJHRPHWU\DQGSK\VLFDOSURSHUWLHVRIDSURWRW\SHKDYHWREHUHSURGXFHGDVD
PRGHODWDVPDOOHUVFDOHJUHDWFDUHQHHGVWREHWDNHQLQRUGHUWRUHSURGXFHWKHVDPHG\QDPLF
EHKDYLRU)RUDHURHODVWLFPRGHOOLQJWKLVVFDOLQJH[HUFLVHEHFRPHVPRUHWHGLRXV7KLVPHDQV
WKDW WKH VFDOLQJ UHODWLRQVKLS EHWZHHQ HODVWLF LQHUWLD YLVFRXV JUDYLW\ DQG GDPSLQJ IRUFHV
QHHGVWREHPDLQWDLQHG:KLOHSUHVHUYLQJWKHJHRPHWU\LVHVVHQWLDOIRUWKHUHSURGXFWLRQRIWKH
DHURG\QDPLFORDGVPDLQWDLQLQJWKHPDVVDQGVWLIIQHVVLVYLWDOIRUWKHG\QDPLFORDGVDVVRFLDW
HGZLWKWKHUHVSRQVHRIWKHPRGHO>@6RPHRIWKHDGYDQWDJHVRIXVLQJDHURHODVWLFPRGHOV
LQFOXGH L WKHSURSHUVLPXODWLRQRIWXUEXOHQFHHIIHFWVDQGZLQGVWUXFWXUHLQWHUDFWLRQ LL WKH
VXEWOHLQWHUDFWLRQVEHWZHHQWKHFRXSOHGPRGHVRIYLEUDWLRQRIWKHV\VWHPDQG LLL ORFDOWRSR
JUDSKLFDO DV ZHOO DV WKUHHGLPHQVLRQDO HIIHFWV FDQ EH LQYHVWLJDWHG >@ *HQHUDOO\ IRU DQ\
TXDQWLW\QpPHDVXUHGRQWKHSURWRW\SH(TXDWLRQFDQEHXVHGWRFDOFXODWHLWVPRGHOFRXQWHU
SDUWQmZKHUHλQLVWKHVFDOLQJIDFWRU
Qm = Qp xλQ



1RUPDOO\ LW LV SUHIHUUHG WR XVH SURWRW\SH PDWHULDO LQ WKH FRQVWUXFWLRQ RI WKH DHURHODVWLF
PRGHO WR PDLQWDLQ WKH VWUXFWXUDO GDPSLQJ ZKLFK LV FUXFLDO LQ WKH G\QDPLF UHVSRQVHV RI WKH
V\VWHP>@+RZHYHUVLQFHODWWLFHWRZHUVDUHOLJKWZHLJKWVWUXFWXUHVLWLVFKDOOHQJLQJWRVDWLV
I\WKHPDVVVFDOLQJXVLQJSURWRW\SHVWHHOPDWHULDO7KHUHIRUHDGLIIHUHQWPHWDOVXFKDVDOXPL
QXPLVXVXDOO\VHOHFWHGWRVDWLVI\WKHPDVVVFDOLQJUHTXLUHPHQW,QDGGLWLRQLWLVZRUWKZKLOH
PHQWLRQLQJWKDWWKHGDPSLQJUDWLRRIDOXPLQXPLVFORVHWRWKDWRILWVVWHHOFRXQWHUSDUW
)RUWKLVSURMHFWDOHQJWKVFDOHλLRILVVHOHFWHG0RUHRYHU)URXGHQXPEHUVFDOLQJLV
PDLQWDLQHGLQWKHPRGHODVWKDWLQWKHSURWRW\SH7KLVPHDQVWKDWWKHUDWLREHWZHHQWKHLQHUWLDO
DQGJUDYLWDWLRQDOIRUFHVLVSUHVHUYHG7KLVLVVLPSO\DFKLHYHGE\OLQNLQJWKHYHORFLW\VFDOHλU
WRWKHVTXDUHURRWRIWKHOHQJWKVFDOHλLLHWKHYHORFLW\VFDOHLVHTXDOWR6RPHRIWKH
HVVHQWLDOSDUDPHWHUVUHTXLUHGWRFRUUHFWO\GHVLJQWKHDHURHODVWLFPRGHODORQJZLWKWKHLUVFDOLQJ
UDWLRVDUHSUHVHQWHGLQ7DEOH
4XDQWLW\Q
6FDOLQJIDFWRUλQ
/HQJWKL

9HORFLW\U

0DVVm

0DVVPRPHQWRILQHUWLDI

7LPHt

$FFHOHUDWLRQa

'DPSLQJζ

(ODVWLFVWLIIQHVVEI

(ODVWLFVWLIIQHVVEA

)RUFHF

%HQGLQJDQGWRUVLRQDOPRPHQWVMT 
7DEOH(VVHQWLDOVFDOLQJSDUDPHWHUVUHTXLUHGIRUDHURHODVWLFGHVLJQ

7KHV\VWHPRIWKLVH[SHULPHQWDOSURJUDPFRQVLVWVRIWKUHHWUDQVPLVVLRQWRZHUVWZRULJLG
HQGIUDPHVDQGVL[FRQGXFWRUVVSDQQLQJLQEHWZHHQ )LJXUH 7KLVPHDQVWKDWIRXUIXOOVSDQV
DUHFRQVLGHUHG7KLVLVDQLPSURYHPHQWRYHUSUHYLRXVV\QRSWLFZLQGWXQQHOWHVWLQJRQWUDQV
PLVVLRQOLQHVWKDWFRQVLGHUHGVLQJOHVSDQVDQGGLGQRWFRQVLGHUWKHERXQGDU\HIIHFWVFDXVHGE\
WKHSUHVHQFHRIDGMDFHQWVSDQV>@+RZHYHULQRUGHUWRDFFRPPRGDWHWKHHQWLUHV\VWHP
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RQWKH:2:WXUQWDEOHDGLVWRUWHGOHQJWKVFDOHRIZLOOEHXVHGIRUWKHVSDQOHQJWKRQO\
7KLVQHZDSSURDFKRIKRUL]RQWDOO\GLVWRUWLQJWKHFDEOHOHQJWKE\DIDFWRURIWKUHHZKLOHPDLQ
WDLQLQJWKHSURSHUWLHVRIWKHQRQGLVWRUWHGPRGHOLHIUHTXHQF\GUDJDQGPDVVDORQJZLWKWKH
FRQGXFWRUVDJGRHVQRWVLJQLILFDQWO\DOWHUWKHEHKDYLRURIWKHFRQGXFWRUV>@7KLVDSSURDFK
LVUHLQIRUFHGE\WKHLGHDWKDWFRQGXFWRUV¶QDWXUDOIUHTXHQFLHVDUHFRQWUROOHGE\WKHLUVDJVZKHQ
WKHWHQVLRQWKH\FDUU\LVQRWKLJKVXFKDVWKHFDVHRIWUDQVPLVVLRQOLQHV$OORWKHUSDUDPHWHUV
DUHNHSWWKHVDPHLHVFDOHGGRZQWRDOHQJWKVFDOHλLRILQFOXGLQJZLQGWXQQHOVLPXOD
WLRQ>@)LJXUHVKRZVD&$'GUDZLQJRIWKHHQWLUHV\VWHPWREHFRQVWUXFWHGDWWKH:2:

)LJXUH&$'GUDZLQJVKRZLQJWKHHQWLUHV\VWHP

,QRUGHUWRUHSOLFDWHWKHEHKDYLRURILWVIXOOVFDOHFRXQWHUSDUWWKHDHURHODVWLFWUDQVPLVVLRQ
WRZHULVGHVLJQHGDQGFRQVWUXFWHGLQWZRSDUWV L DQDOXPLQXPUHFWDQJXODUVSLQHWKDWHQFRP
SDVVHV WKH VWUXFWXUDO SURSHUWLHV RI WKH ODWWLFH VWUXFWXUH DQG LL  QRQVWUXFWXUDO FODGGLQJ HOH
PHQWVWKDWUHSOLFDWHWKHH[DFWVKDSHRIWKHWRZHUDQJOHPHPEHUVWRPDLQWDLQLWVJHRPHWU\DQG
DHURG\QDPLFV7KHVSLQHKDVDKHLJKWRIFPDQGLVHPEHGGHGLQVLGHDQDOXPLQXPEHDULQJ
SODWHDWWKHERWWRPWRFUHDWHDIL[LW\)XUWKHUPRUHWKHVSLQHKDVFURVVVHFWLRQDOGLPHQVLRQVRI
PPGHSWKDQGPPZLGWK7KHSUHYLRXVGLPHQVLRQVZHUHFDOFXODWHGXVLQJWKHIDFWRUV
VWDWHG LQ 7DEOH  7KLV HQVXUHG WKH UHSOLFDWLRQ RI WKH DORQJZLQG DFURVVZLQG DQG WRUVLRQDO
EHKDYLRURIWKHSURWRW\SH7KHQRQVWUXFWXUDOFODGGLQJHOHPHQWVDUH'SULQWHGXVLQJDSODVWLF
OLNHPDWHULDODQGDUHJOXHGWRWKHVSLQH)RUWKHFRQGXFWRUVDVWHHOZLUHKDYLQJDGLDPHWHURI
PPZDVXWLOL]HG/LNHZLVHQRQVWUXFWXUDOIRDPURGVZHUHDWWDFKHGRYHUWKHHQWLUHW\RI
WKHVSDQVWRPDLQWDLQWKHVDPHGUDJGLVWULEXWHGZHLJKWDQGDYHUDJHGLDPHWHURYHUWKHHQWLUH
OHQJWK DV WKH SURWRW\SH 7KH LQVXODWRUV DUH UHSUHVHQWHG E\ DOXPLQXP F\OLQGULFDO URGV ZLWK
OHQJWKVRIFPDQGGLDPHWHURIPP7KHLQVXODWRUVDUHFRQQHFWHGWRWKHFURVVDUPVDW
WKHLU WRS DQG FRQGXFWRUV DW WKHLU ERWWRP XVLQJ ' SULQWHG VHFWLRQV )LQDOO\ DOXPLQXP ULJLG
IUDPHV FRQVWUXFWHGIURPKROORZUHFWDQJXODUWXEHV DUHXVHGDV HQGVXSSRUWV WR WKHV\VWHPWR
FDUU\ XQEDODQFHG WHQVLOH IRUFHV LQ WKH FRQGXFWRUV )LJXUHV D E DQG F SRUWUD\ WKH VLQJOH
WRZHUWKHHQWLUHV\VWHPDQGWKHLQVXODWRUDORQJZLWKLWVFRQQHFWLRQVUHVSHFWLYHO\
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D

E

F

)LJXUH0RGHOVFRQVWUXFWHGDWWKH:2:D 7UDQVPLVVLRQWRZHUZLWKQRLQVXODWRUVE (QWLUHV\VWHPDQGF 
,QVXODWRUZLWKWRSDQGERWWRPFRQQHFWLRQV

2.4

Instrumentation and Testing Protocol

7RPHDVXUHWKHFRPSOH[DQGFRXSOHGUHVSRQVHRIWKHV\VWHPWRV\QRSWLFZLQGVWKHPRGHO
ZDV FDUHIXOO\ LQVWUXPHQWHG $W WKH EDVH RI HDFK WRZHU WRWDO RI WKUHH  RQH VL[GHJUHHVRI
IUHHGRP '2) ORDGFHOOZDVPRXQWHGWRFDSWXUHWKHEDVHVKHDUVDQGPRPHQWV,QDGGLWLRQ
WKUHH'2)DFFHOHURPHWHUVZHUHDWWDFKHGRQWKHPLGGOHWUDQVPLVVLRQWRZHUWRFROOHFWDFFHO
HUDWLRQV DQG VXEVHTXHQWO\ V\VWHP IUHTXHQFLHV /DVWO\ D WRWDO RI WZHQW\ VWUDLQ JDXJHV ZHUH
DSSOLHG DW GLIIHUHQW SDUWV RI WKH VSLQHV DQG FURVVDUPV WR UHFRUG IRUFHV DQG VWUHVVHV 6WUDLQ
JDXJHVPRXQWHGRQFURVVDUPVDOORZWKHFROOHFWLRQRIGUDJIRUFHVH[SHULHQFHGE\WKHFRQGXF
WRUV
7KHWHVWLQJSURWRFROFRQVLVWHGRIYDU\LQJZLQGVSHHGVUDQJLQJEHWZHHQPVDQGPVDW
PRGHOKHLJKW P UHSUHVHQWLQJIXOOVFDOHVSHHGVRIDSSUR[LPDWHO\PVDQGPVDW
SURWRW\SH KHLJKW  P  7KH PRGHO ZDV H[SRVHG WR YDULRXV ZLQG GLUHFWLRQV UDQJLQJ EH
WZHHQR ZLQGQRUPDOWRFRQGXFWRUV DQGR ZLQGSDUDOOHOWRFRQGXFWRUV DWRLQFUHPHQWV
7KHGXUDWLRQRIHDFKWHVWFDVHZDVDERXWPLQ HTXDOWRPLQIXOOVFDOH DQGWKHH[SRVXUH
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VLPXODWHGZDVRSHQWHUUDLQ)LJXUHVDDQGEGHSLFWVRPHRIWKHLQVWUXPHQWDWLRQXVHGLQWKH
WHVWLQJ
D

E

)LJXUH6RPHRIWKHLQVWUXPHQWDWLRQXVHGD $FFHOHURPHWHUVPRXQWHGRQWKHWRSFURVVDUPDQGE '2)
ORDGFHOOLQVWDOOHGDWWKHEDVHRIWKHVSLQH

3

VALIDATION OF THE AEROELASTIC MODEL

7ZROD\HUVRIYDOLGDWLRQDUHFRQGXFWHG)LUVWWKHJHQHUDWLRQRIWKHDHURHODVWLFPRGHORQD
)LQLWH(OHPHQW0HWKRG )(0 VRIWZDUHDOORZVWKHFKHFNLQJRIVHOHFWHGPDWHULDOVDQGVHFWLRQV
IRUGHVLJQSXUSRVHV6HFRQGDIUHHYLEUDWLRQWHVWLVFRQGXFWHGLQVLGHWKH:2:IDFLOLW\IRUWKH
WHVW PRGHO 6XFK WHVWLQJ ZLOO HQVXUH WKH DFFXUDF\ RI WKH FRQVWUXFWLRQ DQG PDWHULDO VHOHFWLRQ
VLQFHKXPDQHUURUVDUHLQKHUHQWLQDQ\H[SHULPHQWHVSHFLDOO\DWVXFKDVPDOOVFDOH)RUERWK
YDOLGDWLRQSURFHGXUHVWKHPRGHOQDWXUDOIUHTXHQFLHVRIWKHV\VWHPDUHFRPSDUHGZLWKWKHWDU
JHWRQHVZKLFKDUHREWDLQHGIURPWKHLUVFDOHGSURWRW\SHFRXQWHUSDUWV
3URWRW\SH 7DUJHW
0RGHOIUH
0RGHRIYLEUD IUHTXHQF\ IUHTXHQF\ TXHQF\fm
6\VWHP
WLRQ
+]  GH
fp +] 
f +] 
VLJQ 
6LQJOH /RQJLWXGLQDO 





WRZHU 7UDQVYHUVH
&RQGXFWRURQO\ 


/RQJLWXGLQDO 


)XOO
PRGHO 7RUVLRQDO



7UDQVYHUVH




0RGHOIUH
TXHQF\fm
+]  FRQ
VWUXFWLRQ 







3HUFHQWGLIIHU
HQFH   GH
VLJQ
FRQVWUXFWLRQ 







7DEOH7DUJHWDQGDHURHODVWLFPRGHOIUHTXHQFLHV

)RU WKH YDOLGDWLRQ RI WKH DHURHODVWLF PRGHO GHVLJQ D )(0 UHSOLFD LV JHQHUDWHG XVLQJ WKH
VFDOHGGRZQVHFWLRQVDQGPDWHULDOVVHOHFWHGLQVHFWLRQDERYH7KHVRIWZDUHXVHGIRUGH
VLJQYDOLGDWLRQLQWHUPVRIIUHTXHQF\FRPSDULVRQLV6$3>@&RQFHUQLQJWKHYDOLGDWLRQ
RI WKH FRQVWUXFWLRQ WKH DHURHODVWLF PRGHO LV FDUHIXOO\ DQG PHWLFXORXVO\ DVVHPEOHG WRJHWKHU
7KHWRZHULQVXODWRUDQGLQVXODWRUFRQGXFWRUFRQQHFWLRQVDUHUHSURGXFHGWRGHSLFWWKHUHDOLVWLF
ERXQGDU\ FRQGLWLRQV DQG EHKDYLRU LQ SURWRW\SH WUDQVPLVVLRQ OLQHV V\VWHPV 6XEVHTXHQWO\ D
IUHHYLEUDWLRQWHVWLVFRQGXFWHGWRHYDOXDWHWKHQDWXUDOIUHTXHQFLHVRIWKHPRGHO7KHODWWHUDUH
REWDLQHG IURP WKH SHDNV LQ WKH SRZHU VSHFWUDO GHQVLW\ 36'  RI WKH DFFHOHUDWLRQ UHVSRQVHV
ZKHQWKHV\VWHPLVH[FLWHGLQLWVQDWXUDOPRGHVRIYLEUDWLRQ7DEOHVKRZVWKHPRGHVRIYL
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EUDWLRQRILQWHUHVWIRUWZRPRGHOVDVLQJOHODWWLFHWRZHUZLWKQRLQVXODWRUVDQGWKHFRPSOHWH
DHURHODVWLF PRGHO SUHYLRXVO\ GHVFULEHG $V LQGLFDWHG LQ 7DEOH  WKH PRGHO IUHTXHQFLHV IRU
ERWKGHVLJQDQGFRQVWUXFWLRQSKDVHVDUHLQJRRGDJUHHPHQWZLWKWKHWDUJHWRQHVIRUWKHVLQJOH
WRZHUV\VWHP2EWDLQHGIUHTXHQFLHVIRUWKHGHVLJQRIWKHIXOOPRGHOV\VWHPDUHDOVR ZHOOLQ
DJUHHPHQWZLWKDPD[LPXPGLIIHUHQFHRIDURXQG+RZHYHUWKHIUHTXHQFLHV REWDLQHG
IURPWKHIUHHYLEUDWLRQWHVWV\LHOGHGDPD[LPXPGLIIHUHQFHRIDERXWZLWKWKHWDUJHW
RQHV 7KLV FRXOG EH GXH WR VRPH GLVFUHSDQFLHV LQ WKH GLVWULEXWLRQ RI WKH PDVVHV DORQJ WKH
PRGHOGXULQJFRQVWUXFWLRQ$QRWKHUUHDVRQIRUWKHPLQRUGLVFUHSDQFLHVFRXOGEHDWWULEXWHGWR
XQHTXDOVDJVLQWKHFRQGXFWRUVRIWKHWUDQVPLVVLRQOLQHVV\VWHPZKLFKFRXOGDOWHUWKHEHKDY
LRURIWKHPRGHOGXULQJG\QDPLFORDGLQJVLQFHWKHVDJVJUHDWO\FRQWULEXWHWRWKHIUHTXHQF\RI
WKHFRQGXFWRUV1HYHUWKHOHVVWKHREWDLQHGUHVXOWVDQGSHUFHQWGLIIHUHQFHVJDYHHQRXJKFRQIL
GHQFHIRUWKHWHDPWRFDUU\RQZLWKWKHZLQGWXQQHOWHVWLQJDQGVXEVHTXHQWGDWDDQDO\VLV
4

DAMPING ESTIMATION

7KH VHOIVXSSRUWHG WUDQVPLVVLRQ WRZHU FDQ EH FRPSDUHG WR D VLQJOHGHJUHHRIIUHHGRP
6'2) V\VWHP)RUDSSUR[LPDWLRQSXUSRVHWKHV\VWHPFRQVLVWVRIDSDUWLFOHRIPDVVMFRQ
FHQWUDWHGDWWKHWRSRIWKHWRZHU7KHWRZHUKDVDOLQHDUHODVWLFEHKDYLRUDQGQHJOLJLEOHPDVV
ZLWKWKHSDUWLFOHEHLQJVXEMHFWHGWRDQDHURHODVWLFIRUFHFae(t)7KHGLVSODFHPHQWDWWKHWRSRI
WKHWRZHUx(t)LVRSSRVHGE\ L DUHVWRULQJIRUFH-kxZKHUHkLVWKHVWLIIQHVVRIWKHWRZHUDQG
LL DGDPSLQJIRUFH-cẋZKHUHLVc LVWKHGDPSLQJFRHIILFLHQW>@(TXDWLRQVKRZV1HZ
WRQ¶VVHFRQGODZRIPRWLRQRIWKHV\VWHPZKLFKVWDWHVWKDWWKHSURGXFWRIWKHSDUWLFOH¶VPDVV
ME\LWVDFFHOHUDWLRQẍLVHTXDOWRWKHWRWDODHURHODVWLFIRUFHDSSOLHGWRWKHSDUWLFOHDERYH
Mẍ =  cẋ  kx + Fae(t)



$VVLJQLQJn √ kM  π DQGζeff c √ kM  DVWKHIUHTXHQF\RIYLEUDWLRQ DQGWKH
HIIHFWLYHGDPSLQJUDWLRLQWKHGLUHFWLRQRIWKHPRWLRQUHVSHFWLYHO\(TXDWLRQFDQWKHQEHUH
ZULWWHQDV(TXDWLRQ
ẍζeff πn ẋ πn x = Fae(t)M



,Q FDVH RI IUHH YLEUDWLRQV RI D 6'2) V\VWHP LQ RQH GLUHFWLRQ WKH GDPSLQJ UDWLR ζeff EH
FRPHVWKHVWUXFWXUDO GDPSLQJRIWKHV\VWHPζstDQG WKHWHUP RQWKHULJKW VLGHRI(TXDWLRQ
EHFRPHV]HUR&KRZGKXU\HWDO>@GHYHORSHGDQHZV\VWHPLGHQWLILFDWLRQWHFKQLTXHFDOOHG
WKH,WHUDWLYH/HDVW6TXDUHV ,/6 DSSURDFKLQRUGHUWRREWDLQDOOHLJKWHHQIOXWWHUGHULYDWLYHVIRU
DVWUHDPOLQHGEULGJHGHFNIURPIUHHYLEUDWLRQVGLVSODFHPHQWWLPHKLVWRULHV,QRUGHUWRREWDLQ
WKHIOXWWHUGHULYDWLYHVXVLQJWKH,/6DSSURDFKLWLVLPSHUDWLYHWRILUVWILQGWKHDHURHODVWLFDOO\
PRGLILHG HIIHFWLYH GDPSLQJ Ceff DQG VWLIIQHVV Keff PDWULFHV UHVSHFWLYHO\ ZKLFK LQFOXGH WKH
DHURHODVWLF YHFWRU FRPSRQHQW > @ ,Q WKLV FDVH WKH ODWWHU FRPSRQHQW LQ WKH DHURHODVWLF
GUDJIRUFHDae6XEVHTXHQWO\LIWKHIUHHYLEUDWLRQVWHVWVDUHGRQHWZLFHZLWKDQGZLWKRXWWKH
:2:IDQVWXUQHGRQWKHQRQHFDQREWDLQWKHVWUXFWXUDODQGHIIHFWLYHGDPSLQJUDWLRVζstDQG
ζeffFRUUHVSRQGLQJO\+HQFHWKHDHURHODVWLFGDPSLQJUDWLRζaeroFDQEHFDOFXODWHGE\VXEWUDFW
LQJζstIURPζeff+RZHYHU(TXDWLRQQHHGVWREHUHSUHVHQWHGDVWKHVWDWHVSDFHPRGHOVKRZQ
LQ(TXDWLRQ
X̲ ̇ = A̲ X̲ ZLWK



1951

=LDG$]]L$PDO(ODZDG\DQG$ULQGDP*&KRZGKXU\

7KHA̲ PDWUL[LVDnx nVTXDUHPDWUL[ZKHUHnLVWKHQXPEHURIGHJUHHVRIIUHHGRPIRU
WKHG\QDPLFV\VWHPDQGI̲ LVWKHLGHQWLW\PDWUL[RIVL]Hnx n&RQVHTXHQWO\WKHA̲ PDWUL[LQ
(TXDWLRQFDQEHGHWHUPLQHGLIWKHDFFHOHUDWLRQÿ ̲ WKHYHORFLW\ẏ ̲ DQGWKHGLVSODFHPHQWy̲ FDQ
EHUHFRUGHGIRUDOOnGHJUHHVRIIUHHGRP n LQWKHFDVHRIWKHWUDQVPLVVLRQWRZHU IRUDW
OHDVWnGLIIHUHQWLQVWDQWVRIWLPH>@
$PHFKDQLVPZDVFRQVWUXFWHGDWWKH:2:XVLQJVWHHOVXSSRUWVDQGHOHFWURPDJQHWVLQRU
GHUWRIUHHYLEUDWHWKHWUDQVPLVVLRQWRZHUE\JLYLQJLWDQLQLWLDOGLVSODFHPHQWLQERWKVWURQJ
DQG ZHDN D[HV R DQG R  7KH WKUHH DFFHOHURPHWHUV SUHYLRXVO\ XVHG LQ WKH ZLQG WHVWLQJ
ZHUHDOVRXWLOL]HGLQWKLVVHWRIH[SHULPHQWVLQRUGHUWRUHFRUGWKHDFFHOHUDWLRQWLPHKLVWRULHV
RIWKHWUDQVPLVVLRQWRZHUDWLWVWRSPRVWSRLQW6XEVHTXHQWO\D0$7/$%>@FRGHZDVGH
YHORSHGLQRUGHUWRLQWHJUDWHWKHDFFHOHUDWLRQGDWDDQGREWDLQWKHVXEVHTXHQWYHORFLW\DQGGLV
SODFHPHQWWLPHKLVWRULHVXVLQJWKH1HZPDUNLQWHJUDWLRQPHWKRG>@/DVWEXWQRWOHDVWWKH
,/6 PHWKRG ZDV DGRSWHG DORQJ ZLWK WKH REWDLQHG WLPH KLVWRULHV XQWLO WKH FRQYHUJHQFH RI A̲ 
PDWUL[ZDVGHWHUPLQHGWREHVXIILFLHQW+HQFHCeffDQGKeffDUHGHWHUPLQHGDQGWKHGDPSLQJ
UDWLRVERWKVWUXFWXUDODQGHIIHFWLYHFRXOGEHHVWLPDWHG
)RUWKHSXUSRVHRIWKLVSDSHUWKH,/6DOJRULWKPZLOOEHDSSOLHGWRDQRZLQGORDGLQJFDVH
LQRUGHUWRH[WUDFWWKHVWUXFWXUDOGDPSLQJζst&RQVHTXHQWO\WKHWUDQVPLVVLRQWRZHUZDVJLYHQ
DQLQLWLDOGLVSODFHPHQWRIFPWKHQWKHVWUXFWXUHZDVDOORZHGWRIUHHO\RVFLOODWHXQWLOUHDFK
LQJLWVUHVWSRVLWLRQZLWKWKH:2:IDQVWXUQHGRII7KHWLPHKLVWRULHVRIDFFHOHUDWLRQGDWDDW
WKHWRSRIWKHWRZHUZHUHUHFRUGHG7KLVH[HUFLVHZDVUHSHDWHGILYHWLPHVIRUHDFKGLUHFWLRQ
RDQGR DQGWKHYDOXHVZHUHDYHUDJHG7KLVSDSHUZLOORQO\WDFNOHWKHRGLUHFWLRQ GLV
SODFHPHQWDORQJWKHZHDND[LV 7KHQWKHREWDLQHGUHVXOWVRIWKHYDULDEOHZHUHWKHIROORZLQJ
Keff 1PDQGCeff 7KHPDVVRIWKHDHURHODVWLFWUDQVPLVVLRQWRZHULVDURXQG
NJV%\XVLQJWKHHTXDWLRQVRIWKHQDWXUDOIUHTXHQF\nDQGGDPSLQJUDWLRζSUHYLRXVO\VWDWHG
WKHREWDLQHGYDOXHVDUHn +]DQGζ IRUPRGHVKDSH)LJXUHVKRZVWKHDF
FHOHUDWLRQWLPHKLVWRU\RIWKHIUHHYLEUDWLRQWHVWFRQGXFWHGDORQJWKHZHDND[LV
ζ   πj))xln ẍ1ẍj+1 



)LJXUH$FFHOHUDWLRQWLPHKLVWRU\RIIUHHYLEUDWLRQWHVW

%\FRPSDULVRQZLWK7DEOHWKHREWDLQHGIUHTXHQF\IRUPRGHLVZHOOLQDJUHHPHQWZLWK
LWVGHVLJQFRXQWHUSDUW +]FRPSDUHGWR+] )XUWKHUPRUHDQGE\FRPSDULVRQZLWK
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WKHHVWLPDWLRQRIWKHGDPSLQJFRHIILFLHQWXVLQJWKHGHFD\RIPRWLRQ )LJXUH WKHREWDLQHG
VWUXFWXUDO GDPSLQJζstXVLQJ WKH,/6DSSURDFKLV DOVR ZHOOLQ DJUHHPHQW)URP)LJXUHWKH
HVWLPDWHG VWUXFWXUDO GDPSLQJ XVLQJ WKH GHFD\ RI PRWLRQ (TXDWLRQ   LV DURXQG  7KH
SUHYLRXV UHVXOWV VKRZ WKH DFFXUDF\ RI WKH ,/6 DSSURDFK LQ REWDLQLQJ WKH VWLIIQHVV DQG WKH
GDPSLQJUDWLRRIWKHV\VWHPLQDQ\GLUHFWLRQ7KLVDSSURDFKZLOOEHXVHGODWHUWRHVWLPDWHWKH
GDPSLQJ UDWLR LQ WKH VWURQJ D[LV 0RUHRYHU WKH ,/6 DSSURDFK ZLOO EH DGRSWHG WR REWDLQ WKH
HIIHFWLYH GDPSLQJ UDWLR H[SHULPHQW UHSHDWHG ZLWK WKH :2: IDQV WXUQHG RQ  DQG WKHUHIRUH
SURSRVH YDOXHV IRU WKH VXEVHTXHQW DHURG\QDPLF GDPSLQJ IRU DORQJ DQG DFURVVZLQG GLUHF
WLRQVDWGLIIHUHQWZLQGVSHHGV
5

DRAG COEFFICIENT COMPARISON

7KLV VHFWLRQWDFNOHVWKH GHWHUPLQDWLRQRIWKHGUDJFRHIILFLHQWV IURPWKH DHURHODVWLFWUDQV
PLVVLRQWRZHUPRGHODQGFRPSDUHVWKHYDOXHVWRWKHRQHVVXJJHVWHGLQWKH$6&(>@
VWDQGDUG1RWHWKDWGXULQJWKHGHVLJQ VWDJHRIWKHPRGHODQGPRUHVSHFLILFDOO\WKHFODGGLQJ
HOHPHQWVWKHWRZHUJHRPHWU\ZDVGLYLGHGLQWRVHYHQ]RQHV(DFK]RQHKDGLWVRZQGUDJFRHI
ILFLHQWEDVHGRQLWVVROLGLW\UDWLR)RUWKHVDNHRIWKLVSDSHUWKHGUDJFRHIILFLHQWVRIWKHHQWLUH
WRZHUDUHDVVHVVHGZLWKUHVSHFWWRERWKZLQGVSHHGVDQGGLUHFWLRQV7KHGUDJFRHIILFLHQWVDUH
FDOFXODWHGEDVHGRQWKHGDWDFROOHFWHGIURPWKHVWUDLQJDXJHVLQVWDOOHGRQGLIIHUHQWSDUWVRIWKH
VSLQHDQGFURVVDUPVDVVKRZQLQ(TXDWLRQ
CD εEIbM



,Q(TXDWLRQεLVWKHVWUDLQLQWKHGLUHFWLRQRIORDGLQJELVWKHPRGXOXVRIHODVWLFLW\RIWKH
PDWHULDOLQ1PILVWKHPRPHQWRILQHUWLDRIWKHVHFWLRQLQPbLVWKHGLVWDQFHWRWKHFHQ
WURLG DQG M LV WKH PHDVXUHG EHQGLQJ PRPHQW DW WKH SRLQW RI ORFDWLRQ RI WKH VWUDLQ JDXJH
/LNHZLVHMLVJLYHQLQ(TXDWLRQ
M ∑ FDidi ∑ ρAiCDU2di



,Q(TXDWLRQiUHSUHVHQWVWKH]RQHQXPEHU WRWDORIVHYHQ]RQHV ULVWKHZLQGVSHHGDW
WKHKHLJKWRIWKH]RQHVLQPVAiLVWKHDUHDRIWKHHOHPHQWVLQWKHSODQHSHUSHQGLFXODUWRWKH
ZLQGGLUHFWLRQLQ]RQHiLQPDQGdiLVWKHGLVWDQFHIURPWKHVWUDLQJDXJHWRWKHSRLQWRIDSSOL
FDWLRQRIWKHIRUFHRQ]RQHiLQP)LJXUHVKRZVDVFKHPDWLFRIWKHIRUFHVRQWKHVSLQH

)LJXUH6FKHPDWLFRIIRUFHVDSSOLHGRQWKHVHYHQ]RQHVRIWKHVSLQH

6LPLODUO\DQGIRUVTXDUHGWUXVVHGWRZHUVDVLQWKHFDVHRIWKHDHURHODVWLFWUDQVPLVVLRQWRZ
HU$6&(>@VXJJHVWV(TXDWLRQIRUWKHFDOFXODWLRQRIWKHIRUFHFRHIILFLHQWV RUGUDJ
FRHIILFLHQWVSHU]RQH (TXDWLRQSUHVHQWV CD DVDIXQFWLRQRIWKHVROLGLW\UDWLR ϕZKLFKLV
GHILQHGDV WKHUDWLRRIWKHVROLGDUHDWR WKHJURVV DUHDRIWKHWRZHU]RQHLQ WKHGLUHFWLRQRI
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ORDGLQJ)LJXUHVKRZFDVHVWKHFRPSDULVRQEHWZHHQYDOXHVRICDFDOFXODWHGXVLQJ(TXDWLRQ
XVLQJH[SHULPHQWDOGDWDDQG$6&(>@UHFRPPHQGHGRQHV (TXDWLRQ 
CD ϕ±ϕ



)LJXUH&RPSDULVRQEHWZHHQH[SHULPHQWDODQG$6&(CDYDOXHVIRURZLQGGLUHFWLRQ

%\LQVSHFWLQJ)LJXUHLWFDQEHQRWHGWKDWWKHH[SHULPHQWDOYDOXHVRICDREWDLQHGXVLQJ
VWUDLQJDXJHGDWDDUHZHOOLQDJUHHPHQWZLWKYDOXHVVXJJHVWHGLQ$6&(>@XVLQJ(TXD
WLRQ7KLVWUHQGLVVHHQIRUDOOH[SHULPHQWDOYDOXHVEHVLGHVRQH)RUDVROLGLW\UDWLRϕRI
DQGDWDZLQGGLUHFWLRQRIR DFURVVFRQGXFWRUV WKHGUDJFRHIILFLHQWCDREWDLQHGIURPWKH
H[SHULPHQW ZDV DOPRVW KDOI WKH YDOXH VXJJHVWHG LQ WKH VWDQGDUG 7KLV FRXOG SRVVLEO\ EH H[
SODLQHG E\ D ODUJH YLEUDWLRQ LQ WKH DFURVVZLQG GLUHFWLRQ OHDGLQJ WR EHQGLQJ PRPHQWV M
KLJKHUWKDQWKHH[SHFWHGRQHV (TXDWLRQ 7KLVZRXOGOHDGWRDGHFUHDVHLQWKHYDOXHRICD
1HYHUWKHOHVVIRUWKHUHVWRIWKHZLQGGLUHFWLRQVWKHCDYDOXHVZHUHZHOOLQUDQJHRIWKHWKHR
UHWLFDOO\VXJJHVWHGRQHV)XUWKHUGDWDDQDO\VLVLVUHTXLUHGLQRUGHUWRREWDLQIRUFHDQGPRPHQW
FRHIILFLHQWVCFDQGCMUHVSHFWLYHO\DQGFRPSDUHWKHPZLWKYDOXHVVXJJHVWHGLQ$6&(
>@IRUWUXVVVWUXFWXUHV
6

CONCLUSION

$QDHURHODVWLFPRGHOIRUDPXOWLVSDQQHGWUDQVPLVVLRQOLQHV\VWHPZDVGHVLJQHGDQGFRQ
VWUXFWHG DW WKH 16) 1+(5, :2: () 7KLV SDSHU RQO\ GLVFXVVHG WKH EHKDYLRU RI D VLQJOH
VHOIVXSSRUWHGODWWLFHWRZHUWRV\QRSWLFZLQGV 7KHJHRPHWULFVFDOHRIWKH WRZHUPRGHOZDV
VHOHFWHGWREH$GHWDLOHGGHVFULSWLRQRIWKHGHVLJQLQVWUXPHQWDWLRQDQGFRQVWUXFWLRQRI
WKHDHURHODVWLFPRGHOLVSUHVHQWHGLQWKLVSDSHU7KHVSHFLPHQZDVYDOLGDWHGIRUERWKGHVLJQ
DQGFRQVWUXFWLRQE\FRPSDULQJWKHVXEVHTXHQWQDWXUDOIUHTXHQFLHVWRWKHLUSURWRW\SHFRXQWHU
SDUWV7KHUHVXOWVZHUHZHOOLQDJUHHPHQW$Q,/6PHWKRGZDVLQWURGXFHGLQRUGHUWRVXJJHVW
YDOXHVIRUWKHDHURG\QDPLFGDPSLQJRIODWWLFHWRZHUVIRUERWKDORQJDQGDFURVVZLQGGLUHF
WLRQV/DVWEXWQRWOHDVWGUDJFRHIILFLHQWYDOXHVREWDLQHGIURPH[SHULPHQWDOGDWDZHUHLQJRRG
DJUHHPHQWZLWKWKHRQHVVXJJHVWHGLQWKH$6&(>@VWDQGDUG,QWKHIXWXUHPRUHGH
WDLOHGGDWDDQDO\VLVZLOOEHFRQGXFWHGWRREWDLQIRUFHDQGPRPHQWFRHIILFLHQWVIRUWKHWUDQV
PLVVLRQWRZHUDQGWKHHQWLUHV\VWHP
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^GDULRUIFDVWHOORQDNVHOIHQHUFLROHRLVHWK`#QWQXQR

Keywords:/RQJVSDQEULGJHV:LQG,QGXFHG9LEUDWLRQV0DFKLQH/HDUQLQJ
Abstract. The Hardanger bridge is a long span suspension bridge located in western Norway
and it is subjected to wind-induced-vibrations (WIV). Since the existing methods for WIV simulation demand high computational effort, it is appealing to use Machine Learning models to
perform faster analyses. Therefore, this study applies Artificial Neural Network (ANN) and
Support Vector Regression (SVR) algorithms to the analytical buffeting response predictions of
the Hardanger bridge. The aim is to develop a strategy for training Machine Learning models
that can be extended to real datasets. The samples of WIV features were analyzed with three
different models: the single hidden layer perceptron, the multilayer perceptron and the support
vector regression. Using the Normalized Root Mean Square Error as the performance metric,
it was possible to obtain similar results with the different models.
1

INTRODUCTION

7KH+DUGDQJHUEULGJHLVE\QRZWKHORQJHVWVXVSHQVLRQLQ1RUZD\DQGDPRQJWKHVOHQGHUHVW
EULGJHVLQWKHZRUOG,WKDVEHHQWKHVXEMHFWWRVHYHUDOUHVHDUFKFDPSDLJQVIRFXVLQJRQZLQG
LQGXFHGYLEUDWLRQV :,9 RQZKLFKKLJKFRPSXWDWLRQDOHIIRUWLQDQDO\WLFDOSUHGLFWLRQVZDVD
FRQVWDQW>@>@>@>@7KXVWKHGHSOR\PHQWRIDVXUURJDWHPRGHOIRUIDVWHU:,9DVVHVVPHQW
LQUHDOGDWDVHWVLVUHTXLUHGWRH[WHQGWKHH[SHULHQFHJDLQHGZLWKWKH+DUGDQJHUEULGJHQRWRQO\
IRUVWUXFWXUDOKHDOWKPRQLWRULQJDSSOLFDWLRQVEXWDOVRIRUGHVLJQRIVWUXFWXUHVZLWKVLPLODUFKDU
DFWHULVWLFV1HYHUWKHOHVVWKHDSSOLFDWLRQRI0DFKLQH/HDUQLQJWRGDWDVHWVRI:,9RQORQJVSDQ
EULGJHVKDVQRWEHHQZHOOGRFXPHQWHG\HWDQGWKHFRPSDUDEOHVWXGLHVGRQRWFRYHUWKHVSHFLILF
FDWHJRU\RIVWUXFWXUHDQGRUG\QDPLFHIIHFW>@>@7KHUHIRUHWKLVGRFXPHQWSUHVHQWVWKHDSSOL
FDWLRQRI0DFKLQH/HDUQLQJDOJRULWKPVVSHFLILFDOO\$UWLILFLDO1HXUDO1HWZRUN $11 DQG6XS
SRUW9HFWRU5HJUHVVLRQ 695 WRWKH+DUGDQJHU%ULGJH:,9VLPXODWLRQVZLWKWKHSXUSRVHRI
GHYHORSLQJDWUDLQLQJVWUDWHJ\WKDWFRXOG EH H[WHQGHG WR UHDO GDWDVHWV 7KLV GHYHORSPHQW LQ
YROYHGWKHFRQVWUXFWLRQRIDWUDLQLQJGDWDVHWZLWKVLPXODWHG:,9RIWKH+DUGDQJHUEULGJHZKLFK
ZDVIHGLQWRDJURXSRI0DFKLQH/HDUQLQJPRGHOV6XFFHVVLYHO\WKHPRGHOV¶SUHGLFWLRQVZHUH
WHVWHGXVLQJDQHZGDWDVHW7KHTXDOLW\RIWKHSUHGLFWLRQVZDVYHULILHGDQGFRPSDUHGXVLQJWKH
1RUPDOL]HG5RRW0HDQ6TXDUHG(UURU 1506( )LQDOO\WKHWUDLQLQJDQGWHVWLQJSURFHGXUH
ZHUHUHSHDWHGIRUGLIIHUHQWQRLVHFRQGLWLRQVDGGHGWRWKHVWUXFWXUDOUHVSRQVHILHOGV
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2

MATERIALS & METHODS

2.1 Artificial neural network
$Q$11LVDQDVVHPEO\RIFRQQHFWHGDQGOD\HUHGVHWVRIXQLWVZKHUHWKHXQLW DOVRNQRZQ
DVQHXURQRUQRGH LVDQRSHUDWLRQDOHQWLW\WKDWVWRUHVDQGGLVWULEXWHVLQIRUPDWLRQWKHOD\HUVDUH
WKHVHWRIQHXURQVDQGWKHFRQQHFWLRQVDUHWKHDUUD\VJRYHUQLQJWKHWUDQVIRUPDWLRQUXOHEHWZHHQ
QRGHVLQWKHFRQWLJXRXVOD\HUV7KHQHXURQVLQDJHQHULFOD\HUDUHVWLPXODWHGE\QXPHULFYDOXHV
RUVLJQDOVFRPLQJIURPWKRVHRIWKHSUHYLRXVOD\HU7KHQDQHXURQLVVDLGWREHDFWLYDWHGRU
³ILUHG´ZKHQHYHUWKHDOJHEUDLFVXPRIWKHLQFRPLQJVLJQDOVRYHUFRPHVDFHUWDLQWKUHVKROG>@
7RJHQHUDOL]HWKHFRQFHSWRIWKHOLQHDUGLVFULPLQDQWLQYROYHGLQWKHDOJHEUDLFVXP>@DQRQ
OLQHDUDFWLYDWLRQIXQFWLRQ݂()זLVDSSOLHGWRWKHUHVXOWDVVKRZQLQ(TXDWLRQ  
7KHW\SHRIQHXUDOQHWZRUNXVHGLQWKLVVWXG\ZDVWKHVRFDOOHG0XOWLOD\HU3HUFHSWURQVFKH
PDWLFDOO\VKRZQLQ)LJXUH7KLVW\SHRIPRGHORYHUFRPHVWKHOLPLWDWLRQVRIWKHVLQJOHOD\HUHG
QHWZRUNE\DOORZLQJWKHUHSUHVHQWDWLRQRIKLJKHUFRPSOH[LW\IXQFWLRQVZLWKWKHLUFRQVHFXWLYH
WUDQVIRUPDWLRQVRIWKHLQSXWVLJQDOV>@1HYHUWKHOHVVWRDYRLGIHHGEDFNORRSVWKH\PXVWEH
UHVWULFWHGWRDIHHGIRUZDUGLQIRUPDWLRQIORZRQO\
(TXDWLRQ  VKRZVWKHRXWSXWRIDj-thQRGHLQWKHDUELWUDU\ k-thOD\HURID0XOWLOD\HU3HU
ିଵ
DUHWKHFRQ
FHSWURQ 0/3 ZKHUH ݕ LVUHODWHGWRDQDFWLYDWLRQWKUHVKROGߴ DQGZLWKݓ,
ିଵ
QHFWLRQ ZHLJKW DQGݔ LV WKH LQFRPLQJ VWLPXOXV IURP WKH i-th QRGH RI WKH SUHYLRXV OD\HU
6XEVHTXHQWO\(TXDWLRQ  SUHVHQWVWKHRSHUDWLRQVLQPDWUL[QRWDWLRQ&RPELQLQJWKHVHRSHUD
WLRQVXQWLOWKHM-th OD\HUFRUUHVSRQGLQJWRWKHPRGHOSK\VLFDORXWSXWLWLVSRVVLEOHWRREWDLQDQ
ෝDVVKRZQLQ(TXDWLRQ  7KLVSURFHVVLVNQRZQDVIHHGIRUZDUG
HVWLPDWLRQRIWKHRIWKHVDPH࢟
PDSSLQJ
ே

ݕ

ିଵ ିଵ
= ݂ ቌ  ݓ,
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,QWKHWUDLQLQJVWHSRIWKHDQDO\VLVWKHDFWXDORXWSXWRIWKHQHWZRUNLVNQRZQ7KHUHIRUHD
PHDVXUHLQWKHDFFXUDF\RIWKHQHWZRUNFDQEHREWDLQHGDVVKRZQLQ(TXDWLRQ  
ߝ = ݕ (ܮො , ݕ )



)
:KHUHİGHQRWHVWKHDFWXDOHUURUDQG)ז ((ܮGHQRWHVWKH³ORVV´RU³FRVW´IXQFWLRQ

)LJXUH$UFKLWHFWXUHRI$11

7KHOHDUQLQJSURFHVVFRQVLVWVRIPLQLPL]LQJWKHORVVIXQFWLRQ)RUPXOWLOD\HUHGPRGHOVWKLV
LVDFKLHYHGE\WUDQVPLWWLQJWKHHUURUWKURXJKDOOWKHOD\HUVZLWKLQWKHQHWZRUNUHVXOWLQJLQDQ
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LWHUDWLYHRSWLPL]DWLRQSURFHGXUHZKLFKLVNQRZQDVEDFNSURSDJDWLRQ>@,WLVZRUWKQRWLQJ
WKDWWKHEDFNSURSDJDWLRQSURFHGXUHUHIHUVRQO\WRWKHHUURUIHHGLQJDQGLWLVLQGHSHQGHQWRIWKH
RSWLPL]DWLRQDOJRULWKPXVHG6LQFHWKHLQLWLDOLQSXWVLJQDORURULJLQLVIL[HGWRWKHGDWDVHWWKH
RQO\SDUDPHWHUVWREHXSGDWHGLQHDFKLWHUDWLRQDUHWKHQHWZRUNZHLJKWVDQGWKHQHXURQWKUHVK
ROGV7KXVWKHRSWLPL]DWLRQSUREOHPFDQEHZULWWHQDV(TXDWLRQ  
݂݅݊݀ (ܹ & ߠ ) ܮ ൫ ݕො , ݕ ൯ = min (ߝ)

2.2 Supporting vector regression
6XSSRUWLQJYHFWRUUHJUHVVLRQLVDPDFKLQHOHDUQLQJWRROGHYHORSHGE\9DSQLNHWDODQGLWV
KLVWRULFDOEDFNJURXQGFDQEHIRXQGLQ>@,WLVWKHDSSOLFDWLRQRIWKHVXSSRUWLQJYHFWRUDS
SUR[LPDWLRQWRDUHJUHVVLRQSUREOHPXVLQJDİLQVHQVLWLYHORVVIXQFWLRQ>@*LYHQDGDWDVHW
ZLWKFRUUHVSRQGLQJLQSXWDQGRXWSXWIHDWXUHV{ݔ , ݕ | … |ݔ , ݕ } WKHLGHDLVWRILQGDIXQFWLRQ
݂()ݔWKDWDSSUR[LPDWHVݕ ZLWKDFHUWDLQWROHUDQFHİ7KHUHJUHVVLRQHVWLPDWLRQFDQEHREWDLQHG
ZLWKWKHOLQHDUIXQFWLRQVKRZQLQ(TXDWLRQ  
݂( ݔ = )ݔᇱ  ݓ+ ߴ

,QWURGXFLQJ WKH İLQVHQVLWLYH ORVV IXQFWLRQ)ז(ܮHTXDO WR ]HUR ZKHQ WKH GLIIHUHQFH RI WKH
HVWLPDWLRQ݂()ݔDQGWKHWDUJHWLVOHVVWKDQİWKHFRQVWUDLQWVKRZQ(TXDWLRQ  LVDGGHG
݂݅|ݕ െ ݂(ݔ,  |)ݓ ɂ
0

ݕ(ܮ െ ݂(ݔ,  = )ݓ൜
|ݕ െ ݂(ݔ, |)ݓ
݁ݏ݅ݓݎ݄݁ݐ
7KHEHVWHVWLPDWLRQPLQLPL]HVWKHORVVIXQFWLRQDQGWKXVWKHSUREOHPFDQEHZULWWHQDVD
FRQYH[RSWLPL]DWLRQSUREOHPVKRZQLQ(TXDWLRQ  
1
ԡݓԡଶ
݉݅݊݅݉݅݁ݖ
2

ݏݐ݊݅ܽݎݐݏ݊ܿ ݄ݐ݅ݓ: ݕ െ ݂(ݔ,  )ݓ ɂ ݂(ݔ,  )ݓെ ݕ  ɂ
7RPDNHWKHVROXWLRQPRUHIHDVLEOHWKHWROHUDQFHPDUJLQLVVRIWHQHGE\DGGLQJDVHWRIVODFN
YDULDEOHVߦ , ߦ כ7KHRSWLPL]DWLRQWKHQEHFRPHVDVVKRZQLQ(TXDWLRQ  ZKHUH&LVWKHVR
FDOOHGER[FRQVWUDLQWDSRVLWLYHYDOXHGSDUDPHWHUWKDWEDODQFHVWKHDFFXUDF\RIWKHPRGHOE\
LPSRVLQJWKHSHQDOW\RIWKHHVWLPDWLRQVRXWVLGHWKHɂPDUJLQ
ே

݉݅݊݅݉݅݁ݖ

1
ԡݓԡଶ +  ܥ ߦ + ߦכ
2
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ݏݐ݊݅ܽݎݐݏ݊ܿ ݄ݐ݅ݓ: ቐ݂(ݔ,  )ݓെ ݕ  ɂ + ߦכ
ߦ , ߦ כ 0
6ROYLQJWKHSRVWHGRSWPL]DWLRQSUREOHPZLWKLQHTXDOLW\FRQVWUDLQWVLVHTXLYDOLHQWWRILQGLQJ
WKHVDGGOHSRLQWLQWKH/DJUDQJHIXQFWLRQDORI(TXDWLRQ  
ୀଵ

ே

ே

ே

ே

ୀଵ

ୀଵ

1
 = )ߙ(ܮ (ߙ െ ߙߙ() כ െ ߙݔ ) כ Ԣݔ + ߝ (ߙ + ߙ ) כ+  ݕ (ߙ כെ ߙ )
2
ୀଵ ୀଵ

 

:KHUHߙ DQGߙ כDUHWKH/DJUDQJHPXOWLSOLHUVZLWKIROORZLQJFRQVWUDLQWV
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ୀଵ

)LQDOO\WKHHVWLPDWHLVIRXQGE\WKHH[SDQVLRQRIWKHVXSSRUWLQJYHFWRUV
ே
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ୀଵ

7KHSDUDPHWHUVߴFDQEHREWDQLHGE\H[SORLWLQJWKH.DUXVK.XQ7XNHU ..7 FRQGLWLRQV>@
>@ZKLFKVWDWHWKDWWKHSURGXFWEHWZHHQGXDOYDULDEOHVDQGFRQVWUDLQWVYDQLVKHVDWWKHRSWLPDO
VROXWLRQ7KXVWKHFRQVWUDLQWVVKRZQLQ(TXDWLRQ  DUHDGGHGWRWKHSUREOHP
ߙ (ɂ + ߦ െ ݕ + ݔᇱ  ݓ+ ߴ) = 0
 
ߙ ( כɂ + ߦ כ+ ݕ െ ݔᇱ  ݓെ ߴ) = 0

ߦ ( ܥെ ߙ ) = 0
ߦ ܥ( כെ ߙ  = ) כ0
7RH[WHQGWKHIRUPXODWLRQWRQRQOLQHDUUHJUHVVLRQSUREOHPVLWLVUHTXLUHGWRUHSODFHWKHGRW
SURGXFW(ݔᇱ )ݔZLWKDQRQOLQHDUPDSSLQJIXQFWLRQNQRZQDVWKHNHUQHOIXQFWLRQݔ(ܭᇱ )ݔ
ே

݂( = )ݔ(ߙ െ ߙݔ(ܭ) כ Ԣ  )ݔ+ ߴ
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,QWKLVVWXG\DSRO\QRPLDONHUQHOIXQFWLRQRIGHJUHH݀LVFKRVHQDVVKRZQLQ(TXDWLRQ  
ݔ(ܭ Ԣ( = )ݔ1 + ݔ Ԣݔ )ௗ
 
2.3 Dataset simulations
7KHVLPXODWLRQVRIWKHVWUXFWXUDOUHVSRQVHZHUHFDUULHGRXWXVLQJWKHPXOWLPRGHWKHRU\LQ
WKH IUHTXHQF\ GRPDLQ PRUH GHWDLOV LQ >@7KH DORQJZLQG WXUEXOHQW VSHFWUXP(ܵ௨ )RQ WKH
EULGJHJLUGHUZDVREWDLQHGIURPD.DLPDOW\SHVSHFWUXP>@JLYHQLQ(TXDWLRQ  ZKHUH
WKHIUHTXHQF\D[LVLVUHSUHVHQWHGE\ ݂WKHZLQGILHOGLVFKDUDFWHUL]HGE\LWVPHDQDQGVWDQGDUG
GHYLDWLRQܸ ܽ݊݀ ߪ,UHVSHFWLYHO\ 7KH VXEVFULSWݑLQGLFDWHV WKH DORQJZLQG WXUEXOHQW FRPSR
QHQWVDQGWKHWHUP$UHSUHVHQWVWKHVSHFWUDOTXDQWLW\UHODWHGWRWKHWXUEXOHQFHOHQJWKVFDOHDWD
UHIHUHQFHKHLJKWݖ
ܵ௨ ݂
A୳ ݂௭
݂ݖ
=
, ݂௭ =
ଶ
ହ/ଷ
(1 + 1.5A୳ ݂௭ )
ܸ
ߪ௨

 

7KHLQSXWVIRUWKHGDWDVHWZHUHWKHILUVWWZRVWDWLVWLFDOPRPHQWVRIWKHUDQGRPZLQGILHOG
7KHUHIRUHVHYHUDOUHDOL]DWLRQVRIWKHFRXSOHV(ܸ, ߪ௨ ) ZHUHJHQHUDWHGDQGLQWURGXFHGLQ(TXD
WLRQ  WRREWDLQWKHZLQGWXUEXOHQFHVSHFWUD)XUWKHUWKH&36'RIWKHVWUXFWXUH¶VUHVSRQVH
IRU HDFK JHQHUDWLRQ ZDV FRPSXWHG )LQDOO\ E\ QXPHULFDO LQWHJUDWLRQ WKH RXWSXW IHDWXUHV
QDPHO\ WKH VWDQGDUGGHYLDWLRQRIWKHODWHUDO YHUWLFDO DQG WRUVLRQDO UHVSRQVHV DW WKH PLGVSDQ
ߪ௬ , ߪ௭ , ߪణ ZHUHREWDLQHG
$FFRUGLQJWRWKHREVHUYDWLRQVRIWKH+DUGDQJHUEULGJHPHDVXUHPHQWFDPSDLJQUHSRUWHGLQ
>@ )LJXUH PRVWRIWKHGDWDSRLQWVOD\LQDFHQWUDOUHJLRQ7KLVXQHYHQVSUHDGRIWKHVDPSOHV
RYHUWKHYDULDEOHVSDFHOHDGVWRDVWURQJFKDOOHQJHIRUWUDLQLQJWKHPDFKLQHOHDUQLQJPRGHOV
7KHUHIRUHWKHFRXSOHVRILQSXWIHDWXUHVLQWKHWUDLQLQJGDWDVHWZHUHJHQHUDWHGIURPDXQLIRUP
OLQHDUO\ VSDFHG IXQFWLRQ )LJXUH   ZKLFK HYHQO\ GLVWULEXWH WKH VDPSOHV 2Q WKH RWKHU KDQG
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WKRVHRIWKHWHVWLQJVHWZHUHUDQGRPQXPEHUVJHQHUDWHGIURPWZRLQGHSHQGHQWQRUPDOL]HGIXQF
WLRQV )LJXUH ZKLFKUHSUHVHQWDEHKDYLRUFORVHUWRWKHUHDOREVHUYDWLRQV7KHSDUDPHWHUVIRU
WKHQXPHULFJHQHUDWLRQDUHUHSRUWHGLQ7DEOH

)LJXUH6WUXFWXUDOUHVSRQVHDWPLGVSDQ

)LJXUH7UDLQLQJGDWDVHW

)LJXUH9DOLGDWLRQGDWDVHW

6HW
)XQFWLRQ
0HDQYHORFLW\ 7XUEXOHQFH,QWHQVLW\ 6L]H
7UDLQLQJVHW 8QLIRUP/LQHDU6SDFHG >ǻ @ >ǻ @ 
7HVWLQJVHW 5QG1RUPDO
ߤ = 20 ߪ = 5 ߤ = 0.15 ߪ = 0.05 
7DEOH'DWDVHWLQSXWJHQHUDWLRQ

2.4 Noise addition
:LWKWKHDLPRIUHSURGXFLQJWKHFKDOOHQJHVIRXQGRQWKHPHDVXUHPHQWFDPSDLJQWKHWUDLQ
LQJSURFHGXUHZDVPRGLILHGE\DGGLQJDZKLWHQRLVHWRWKHRXWSXW7KHPHDQQRLVHOHYHOVZHUH
RIDQGDGGHGWRWKHVWUXFWXUDOUHVSRQVHV1HYHUWKHOHVVVLQFHDGHFUHDVHLQWKHSUH
GLFWLRQ¶VDFFXUDF\LVH[SHFWHGZLWKWKHDGGLWLRQRIQRLVHDVWUDWHJ\IRULQFUHDVLQJWKHGDWDVHW
VL]H ZDV DGRSWHG )LUVW VHYHUDO VHWV RI UDQGRP QXPEHUV ZHUH JHQHUDWHG IURP D XQLIRUP
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GLVWULEXWLRQDFFRUGLQJWR(TXDWLRQ  7KHQWKHGLIIHUHQWN-termsZHUHDGGHGLQGHSHQGHQWO\
WRWKHRULJLQDORXWSXWDQGVWDFNHGWRJHWKHUWRFUHDWHDQHZODUJHUGDWDVHW(TXDWLRQ  7KH
RULJLQDOGDWDVHWLQSXWZDVVWDFNHGN-timesWRPDWFKWKHVL]HRIWKHQRLVHRXWSXW
݀݁݁ݏ = ܴܽ݊݀൛݉ܽ݃݊݅݁݀ݑݐ: [െ0.5 ÷ 0.5]ห݁ݖ݅ݏ: ܱݐ݁ܵݐݑݐݑ ൟ
݈ܰ݁ݒ݈݁ ݁ݏ݅
݀݁݁ݏ ൨
ݐݑݐݑ௦ (݀݁݁ݏ ) = ܱݐ݁ܵݐݑݐݑ ٔ 1 +
25
ܰ ݈݁ݒ݈݁ ݁ݏ݅؆ ݉݁ܽ݊(ݐݑݐݑ௦ െ ݐݑݐݑ )
݊݅ݐ݈ܽܿ݅݅ݐ݈ݑ݉ ݁ݏ݅ݓ ݐ݊݅ ݎ݂ ݏ݀݊ܽݐݏ ٔ ݁ݎ݄݁ݓ

ݐ݁ܵܽݐܽܦ௪

ݐ݁ܵݐݑ݊ܫ ܱݐ݁ܵݐݑݐݑ + ݐݑݐݑ௦ (݀݁݁ݏଵ )
ۍ
ې
ݐ݁ܵݐݑ݊ܫ ܱݐ݁ܵݐݑݐݑ + ݐݑݐݑ௦ (݀݁݁ݏଶ )
ێ
ۑ
=
ተተ
ڭ
ڭ
ێ
ۑ
ݐ݁ܵݐݑ݊ܫۏ ܱݐ݁ܵݐݑݐݑ + ݐݑݐݑ௦ (݀݁݁ݏ )ے

 

 

2.5 Models
7ZR$11PRGHOVZHUHWUDLQHGDQGYDOLGDWHG$6LQJOH+LGGHQ/D\HU 6+/ DQGD0XOWL
OD\HU3HUFHSWURQ 0/3 7KH0/3PRGHOLVDVLQWURGXFHGEHIRUHDQGWKH6+/SHUFHSWURQPRGHO
LVREWDLQHGZKHQWKHPD[LPXPOD\HULQGH[݇,LQ(TXDWLRQ  LVHTXDOWR7KHPDLQFKDOOHQJH
IDFLQJ $11WUDLQLQJLVWKHVRFDOOHGK\SHUSDUDPHWHU VHWWLQJ (TXDWLRQ   FDQ RQO\ ILQG WKH
RSWLPDOZHLJKWVDQGWKUHVKROGV SDUDPHWHUVRIWKHSUREOHP DVIXQFWLRQVRIWKHJLYHQQHWZRUN
VHWWLQJV7KHUHIRUHWKHVL]HRIWKHQHWZRUNV WKH QXPEHU RI QRGHV WKH OHDUQLQJ UDWH DQG WKH
VHOHFWLRQRIWKHQHWZRUNVIXQFWLRQV DFWLYDWLRQDQGORVV ZHUHWXQHGLQDGYDQFHDQGUHSRUWHGLQ
7DEOH
6HWWLQJ
6+/
0/3
$FWLYDWLRQIXQFWLRQ 6LJPRLG
5HOX
&RVWIXQFWLRQ
0HDQ6TXDUHGHUURU 0HDQ6TXDUHGHUURU
2SWLPL]DWLRQ
%D\HVLDQ
%D\HVLDQ$GDSWDWLYHPRPHQW
/D\HUV


6L]H


/HDUQLQJUDWH

0LQ H
1XPEHURIF\FOHV 

7DEOH1HWZRUNVVHWWLQJV

7KHPDLQFKDOOHQJHIRUWUDLQLQJ695PRGHOVLVWKDW(TXDWLRQ  PXVWEHVROYHGVHSD
UDWHO\IRUHDFKRXWSXWIHDWXUH7KHUHIRUHWKUHHGLIIHUHQWPRGHOVRQHIRUHDFKFRPSRQHQWRI
WKHVWUXFWXUDOUHVSRQVHZHUHWUDLQHGZLWKWKHVHWWLQJVSUHVHQWHGLQ7DEOH7KHQXPHULFDOYDO
XHVUHSRUWHGFRUUHVSRQGWRWKHK\SHUSDUDPHWHURSWLPL]DWLRQUHVXOW
695ߪ௭ 
695ߪణ 
695ߪ௬ 
6HWWLQJ
%R[FRQVWUDLQHG 


(SVLORQ



.HUQHO)XQFWLRQ3RO\QRPLDOGHJUHHVFDOH
6ROYHU
6HTXHQWLDO0LQLPDO2SWLPL]DWLRQ602
7DEOH695VHWWLQJV
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RESULTS

)RUHDFKVDPSOHSRLQWLQWKHWHVWLQJVHWDSUHGLFWLRQZDVREWDLQHG$FRPSDULVRQSORWRIWKH
VWDQGDUGGHYLDWLRQRIWKHODWHUDOUHVSRQVHFRPSRQHQWߪ௬ LVVKRZQLQ)LJXUHZKHUHWKHVWDUV
UHSUHVHQWWKHPRGHOSUHGLFWLRQVZKLOHWKHGRWVVKRZWKHVLPXODWHGGDWD7KHJOREDOSHUIRUPDQFH
RIWKHPRGHOVLQWHUPVRIWKHLU1506(DUHDVUHSRUWHGLQ7DEOH7KHUHVXOWVLQGLFDWHWKDWWKH
695DQG0/3PRGHOVVKRZHGEHWWHUSHUIRUPDQFHWKDQWKH6+/PRGHO
ߪ௭ 
ߪణ 
ߪ௬ 
(UURU
695 H H H
6+/ H H H
0/3H H H
7DEOH1506(

)LJXUH3UHGLFWLRQ6FDWWHUSORWIRUߪ௬ 

7KHSHUIRUPDQFHFRPSDULVRQZDVH[WHQGHGWRWKHH[SHULPHQWZLWKWKHQRLVHDGGLWLRQ7KH
GDWDVHWFUHDWLRQIROORZHG(TXDWLRQ  7DEOHUHSRUWVWKH0HDQ$YHUDJH3HUFHQWXDO(UURU
0$3( IRUWKHߪ௬ UHVSRQVHFRPSRQHQWHVWLPDWHGZLWK695DQG0/3PRGHOVDQGZLWKQRLVH
OHYHOVUDQJLQJIURPWR)XUWKHU)LJXUHVKRZVDJUDSKLFDOFRPSDULVRQRIWKHWDUJHWDQG
WKHHVWLPDWLRQRIWKHTXDQWLWLHVIRUQRLVHOHYHOVRI D DQG E 7KH0$3(ZDVXVHG
IRUWKHDFFXUDF\PHWULFVEHFDXVHLW KDVFRPSDUDEOH XQLWVZLWKWKHDGGHGQRLVHOHYHO
1RLVH ܸܴܵ ܲܮܯ

 

 

 
7DEOHߪ௬ 0$3(IRUGLIIHUHQWQRLVHOHYHOV
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)LJXUHߪ௬ IRUD 1/1RLVHOHYHOE 1RLVHOHYHO

7KHHUURUUHSRUWHGIRUDQRLVHOHYHORILQWKHFDVHRIWKH695PRGHOLVSDUWLFXODUO\
KLJK1HYHUWKHOHVVDIWHUDSSO\LQJWKHGDWDVHWVL]HLQFUHDVLQJVWUDWHJ\ )LJXUH WKHDFFXUDF\
LPSURYHVVLJQLILFDQWO\7DEOHUHSRUWVWKHHYROXWLRQRIWKH0$3(ߪ௬ IRUWKHGLIIHUHQWQRLVH
OHYHOVDVWKHGDWDVHWVL]HLVLQFUHDVHG

)LJXUHߪ௬ 0$3(HYROXWLRQZLWKGDWDVL]HLQFUHDVHIRUQRLVHOHYHO

Random Dataset Noise Level 2%
Terms
Size
ܸܴܵ ܲܮܯ
1
100 1.0246 1.1211
4
400 0.7315 1.6877
7
700 2.4348 1.7832
11
1100 3.2335 0.8224
13
1300 0.7284 1.5060

Noise Level 15%
ܸܴܵ
ܲܮܯ
10.9553 6.8677
8.4082 3.5602
3.6389 3.8424
3.4141 6.2085
3.4606 9.8955

Noise Level 20%
ܸܴܵ
ܲܮܯ
26.9745 6.9103
17.8352 5.4231
8.6487 4.9967
3.1915 2.4334
1.3829 4.9280

7DEOHߪ௬ 0$3(HYROXWLRQIRUGLIIHUHQW5DQGRPWHUPV
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DISCUSION

7KHVFDWWHUSORWVIURP)LJXUHVKRZWKDWWKHPHWKRGVFDQGHVFULEHWKHEHKDYLRURIWKHVWUXF
WXUDOUHVSRQVHLQWKHWHVWLQJVHWZLWKUHDVRQDEOH DFFXUDF\7KLVLVVXSSRUWHGE\WKH1506(
UHSRUWVLQ7DEOH7KHSUHGLFWLRQVRIWKH0XOWLOD\HUSHUFHSWURQPRGHOJDYHWKHORZHVWHUURUIRU
DOO WKUHH UHVSRQVH FRPSRQHQWVKRZHYHUWKH RWKHU WZR PHWKRGVDOVR GHVFULEHGWKH EHKDYLRU
UHDVRQDEO\ZHOO
:LWKWKHDGGLWLRQRIQRLVHWRWKHUHVSRQVHDQLQFUHDVHLQWKH0$3(RIWKHSUHGLFWLRQVZHUH
REVHUYHG,QSDUWLFXODU7DEOHUHSRUWHGWKDWIRUDQRLVHOHYHOWKHHUURULQWKH695PRGHO
ZDVZKLOHWKDWRIWKH0/3PRGHOZDVDURXQG7KHUHIRUHWKH0/3PRGHOVHHPVWREH
PRUHUHVLOLHQWWRQRLVHDGGLWLRQWKDQ695+RZHYHUE\LQFUHDVLQJWKHVL]HRIWKHGDWDVHWWKH
695PRGHOSHUIRUPDQFHEHFRPHVEHWWHUWKDQWKH0/3PRGHO$FFRUGLQJWR7DEOHDIWHUDGG
LQJUDQGRPWHUPVWRWKHGDWDVHWZLWKQRLVHOHYHOWKH695PRGHOVKRZHGUHGXFWLRQ
LQWKH0$3(FRPSDUHGWRDOPRVWIRUWKH0/3,WLVDOVRUHPDUNDEOHWKDWIRUWKHORZQRLVH
OHYHOLHQRDSSUHFLDEOHLPSURYHPHQWZDVREWDLQHGE\LQFUHDVLQJWKHGDWDVL]H$GGLWLRQ
DOO\WKH0$3(ZDVDOPRVWKDOIRIPDJQLWXGHRIWKHDGGHGQRLVH,WLVZRUWKQRWLQJWKDWWKH
0$3(GRHVQRWQHFHVVDULO\GHVFUHDVHVZLWKLQFUHDVLQJGDWDVL]H)RUWKH0/3PRGHODQLQ
FUHDVH LQ WKH HUURU ZDV REVHUYHG IRU DOO WKH QRLVH OHYHOV 7KLV EHKDYLRU LPSOLHV RYHUWUDLQLQJ
SKHQRPHQDLQWKLVW\SHRIPRGHO
5

CONCLUSION

7KHSDSHUVKRZHGWKDWLWLVSRVVLEOHWRWUDLQPDFKLQHOHDUQLQJPRGHOVZLWKWKHVLPXODWHG
ZLQGLQGXFHGYLEUDWLRQVRIWKH+DUGDQJHUEULGJHGDWDVHWDQGREWDLQDFFXUDWHUHVXOWV7KHWHVWLQJ
SURFHGXUHVKRZHGDJRRGPDWFKEHWZHHQWKHSUHGLFWLRQVDQGWKHVLPXODWLRQVFRQILUPHGE\WKH
ORZ1506(YDOXHV7KH0XOWLOD\HUSHUFHSWURQDOJRULWKPLPSOHPHQWHGLQWKHVWXG\JDYHEHWWHU
UHVXOWVPDLQO\EHFDXVHRIWKHWXQLQJRIWKHK\SHUSDUDPHWHUV+RZHYHUWRDSSO\WKHPHWKRGV
WRUHDOGDWDVHWVIXUWKHUDQDO\VLVPXVWEHSHUIRUPHGE\DGGLQJQRLVHWRWKHWUDLQLQJVDPSOHVDQG
FKHFNLQJWKHDFFXUDF\RIWKHSUHGLFWLRQV
7KH0/3PRGHOLVPRUHUHVLVWDQWWRQRLVHIRUUHGXFHGGDWDVL]HV 1HYHUWKHOHVVWKH695
PRGHOLPSURYHVZLWKLQFUHDVLQJGDWDVL]H$GGLWLRQDOO\WKH0/3PRGHOVKRZVDWHQGHQF\WR
RYHUWUDLQLQJDVWKHGDWDVL]HLQFUHDVHV7KHUHIRUHH[WHQGLQJWKLVH[SHULHQFHWRWKHPHDVXUHPHQW
FDPSDLJQVLWLVUHFRPPHQGHGWRXVH$11PRGHOVVSHFLILFDOO\0/3IRUVPDOOGDWDVHWVZLWK
KLJKQRLVHOHYHODQG695PRGHOVIRUODUJHUGDWDVHWV
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Abstract. Wind-induced vibrations are an issue not only for the structure safety, but also for
the comfort of its occupants, especially in residential buildings. This paper provides the setup,
methodology and results of wind tunnel aeroelastic model tests of twin high-rise (95 m high)
residential buildings located in Warsaw, Poland. The aim of the tests was to assess the degree
in which vibrations may be uncomfortable or harmful to the occupants of these buildings. The
evaluation of vibrational comfort was conducted according to the general rules provided in
ISO 6897. Measurements during both the tuning and the wind tunnel tests were performed with
a system of accelerometers which allowed for direct measurement of structure accelerations,
comparable with threshold values provided in the standard. The tests for each building were
performed for 12 different angles of wind attack. Main non-dimensional dynamic numbers considered in the analysis were the ratios of corresponding natural frequencies in model and reallife scales, Strouhal numbers, mass scales and logarithmic decrements of damping. A mathematical model was developed which allowed for addressing the problem of coupling between
the vibrations in the two main directions for angles of wind attack that are not perpendicular
to the main axes of the building. As the buildings are located in dense urban development with
many even taller neighbors, the influence of aerodynamic interference was crucial for the tests.
Moreover, performing the tests on two buildings with a similar shape allows for comparison
and assessment of the scale of influence of this interference. Besides the direct results which
could be applied by the designers, these tests show the practical aspects of scaling and dimensional analysis for model tests of complicated physical phenomena, which can be used for solving actual technical and engineering problems.
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1

INTRODUCTION

The aim of this paper is to present aeroelastic wind tunnel model tests of a complex of two
high-rise buildings connected with a lower link. The purpose of the tests was to assess the level
of wind-induced vibrations in the buildings and compare the results with thresholds for human
discomfort. This allowed to identify potential uncomfortable or unhealthy conditions at the
stage of construction design, when such problems can still be mitigated to great effect through
the inclusion of mechanical or mass dampers, or structural stiffening elements.
1.1 Subject of model tests
Subject of the model tests is a complex of two high-rise (95 m high) buildings connected
with a lower link. The buildings are located in the inner center of Warsaw, where they will be
surrounded by other buildings of similar height (or even higher), of which The Hub (complex
of three buildings of 86-130 m high) and Skyliner (195 m high) are the most notable. The visualization of the buildings can be seen in Figure 1, while their location in plan is shown in Figure
2.

A
B

Figure 1. Visualization of the twin high-rise buildings

Figure 2. Location in plan of the subject buildings
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1.2 Criteria of evaluation
Evaluation of perceptibility degree of horizontal vibrations by residents of high buildings
was conducted in accordance with ISO/6897 91983 [1]. This document only takes into account
the influence of horizontal vibrations of the building in the limited frequency range:

f  0,063; 1 Hz. The limit values of vibrations (criteria of vibrations perceptibility, levels of
vibrations perception) for residents are presented on the charts in logarithmic rectangular coordinate system: standard deviation of acceleration V a – frequency of vibrations f.
Criteria of vibrations perceptibility depends on buildings type (general buildings, special
buildings, maritime constructions) and on the nature of dynamic action (non-frequently repetitive, frequently repetitive). Charts of levels (thresholds) of vibrations perceptibility by residents
are presented in Figure 3.

Figure 3. Limit values of horizontal vibrations of general buildings 1 and maritime constructions 2 in the case of
non-frequently repetitive dynamic actions [1]

The criteria of vibrations perceptibility cannot be applied in the case of specific dynamic
actions, such as earthquakes, explosions, etc. or in the case of coastal floating buildings.
Level of vibrations perception by occupants concerns people of so-called normal, mature
population. No other correction factors considering age, sex, etc. were introduced.
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Moreover, the influence of the following factors on the level of vibrations perception
was not taken into account: body position (vertical, sitting, horizontal, aslant), visual
sensations during building movements (horizontal or torsional vibrations of the building,
minimal displacements of the objects inside the building). However, it should be mentioned that even minimal torsional vibrations of the building can reduce permissible
level of vibrations perception significantly [2].
Level of vibrations perceptibility in the case of non-frequently repetitive vibrations depends
on return period L of special intensity events and duration time of each of special intensity event;
the shorter return period L, the lower limit level of vibrations perceptibility.
Criterion of vibrations perception by occupants in general buildings can be characterised as
follows: vibrations causing complaints or unfavourable comments (concerning the influence of
vibrations on residents comfort) in no more than 2% of residents who are in these parts of
buildings where the highest vibrations appear, are considered as permissible. The considered
time of vibrations are the worst 10 minutes of strong wind (storm) with return period L = 5
years (or more).
Available data which is necessary to determine criterion of vibrations permissibility usually
concerns return periods shorter than 5 years. Regarding to this, the additional criterion of vibrations permissibility for return period of L = 1 year was introduced in ISO document [1]. It
should be mentioned that values of permissible acceleration in the case of frequently
repetitive loads (of everyday nature) are four times lower for special buildings (where
precision and routine work is performed) than for general buildings.
The highest values of acceleration for high buildings appear mostly in their higher parts
and usually refer to basic natural frequency of buildings vibrations f1. However, considering
the level of vibrations permissibility by the buildings occupants, it may happen that accelerations related to second (or higher) natural frequency of building vibrations are more dangerous/uncomfortable for people.
Investigations of the level of vibrations perceptibility by residents were conducted in wind
tunnel, where acoustic effects were not taken into account. It should be emphasised that air
flows in the nature can cause infrasounds effects or noise, which influence on the level of
vibrations perception by residents of buildings.
2

EXPERIMENTAL SETUP

2.1 Similarity criteria and their fulfilment
The most important similarity criteria for aeroelastic models of buildings and resulting similarity scales which were taken into account in wind tunnel model tests are presented below [3]:
Geometrical similarity scale
Wind tunnel tests were conducted using the models in scale of 1:300, hence geometrical
similarity scale:
݇ ൌ

ೝǡಾ
ೝǡು
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where indexes: „M” and „P” concern model and prototype, respectively. Moreover, external
surfaces of aeroelastic models were accurately simulated comparing with the prototype (real
life scale). Considering above, it can be concluded that geometrical similarity criteria were fulfilled in wind tunnel model tests.
Similarity criteria for inflowing air
Basic similarity criteria for inflowing air are the most commonly the following quantities:
x exponent ߙ of power-law profile of mean wind velocity;
x the level of turbulence intensity ܫ௩ and profile of turbulence intensity;
x direction of inflowing air defined by mean angle of wind attack ߐത;
x

Reynolds number ܴ݁ ൌ 

௩ೝ ೝ
ఔ

, where:ߥ – kinematic viscosity of air.

Profiles of mean wind velocity and turbulence intensity, obtained from wind tunnel tests, are
shown in Fig. 4. and Fig. 5., respectively. They correspond to the profiles in nature with sufficient accuracy. Discrete values of angle ߐത, with increment of 30°, were adopted during wind
tunnel tests to take into account the influence of mean wind direction. The analysed buildings
are low flow bodies, so the influence of Reynolds number is negligible in this case.

Figure 4. Vertical wind profile obtained in wind tunnel for the measurements
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Turbulence intensity profile
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Figure 5. Vertical turbulence intensity profile obtained in wind tunnel for the measurements

Summing up, it can be concluded that basic similarity criteria of inflowing air were almost
fully fulfilled in wind tunnel tests.
Mechanical similarity criteria
Similarity criterion of mass (inertia forces)
Similarity criterion of mass can be expressed by the formula:
ܯఘெ ൌ ܯఘ
or:
ெഐಾ
ெഐು

ൌ ݇ெఘ ൌ

ಹ
ේ൰
ಾೌ ಾ
ಾ
ಹ
మ
൬ఘೝ
൰
ේ
ಾೌ ಾ
ು

మ
൬ఘೝ

ு

ଷ ሺெ
ෙ ሻು
ೌ ெ
ෙ
ሺெೌ ெሻಾ
ು

ൌ ቀ ுಾ ቁ

(2)

ൌ ͳǤͲ

(3)

where:
ෙ–
ߩ – density of atmospheric air; ܯ௧௧ – total mass of aboveground part of the building; ܯ
dimensionless generalized mass, taking into account free vibrations modes of the building.
Assuming that free vibrations modes of the buildings and their models corresponding to
frequencies of free vibrations ݂ଵ and ݂ଵ are similar and that equivalent masses of aboveground part of the buildings and their models on the unit of height are distributed uniformly –
ෙ . Then:
ෙெ ؆ ܯ
it can be adopted that: ܯ
ଷ ெ
ೌǡು

ு

݇ெఘ ؆ ቀ ுಾ ቁ

ൌ ͳǤͲ

(4)

ൌ ቀு ು ቁ ൌ ͵ͲͲଷ ൌ ʹ ή ͳͲ

(5)

ು

ெೌǡಾ

which results in the following relationship:
ெೌǡಾ
ெೌǡು

ு

ଷ

ಾ
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Similarity criterion of vibrations damping (damping forces)
Mean logarithmic decrements of vibrations damping ߂ǡ ǡ ߂ǡ (or decrements of
critical damping ߛǡ ǡ ߛǡ ) for equivalent systems of one degree of freedom for directionsܺ and ܻ, respectively, can be defined as follows:
భǡ

ଵ

(6)

߂ǡ ൌ ே 

ಿశభǡ

భǡೊ

ଵ

(7)

߂ǡ ൌ ே 

ಿశభǡೊ

where: ܰ – number of the consecutive amplitudes of damped free vibrations adopted to determine mean values of ߂ .
Quantities ߂ǡ and ߂ǡ are dimensionless quantities constituting another similarity
criteria, hence:
൫௱ೌǡ ൯ಾ
൫௱ೌǡ ൯ು

ൌ ݇௱ೌǡ ൌ ͳ;

൫௱ೌǡೊ ൯ಾ

(8)

ൌ ݇௱ೌǡೊ ൌ ͳ

൫௱ೌǡೊ ൯ು

Similarity criteria of vibrations frequency (elastic forces)
Similarity criteria of vibrations frequency ݂ଵǡ and ݂ଵǡ result from respective kinematic
Strouhal numbers ܵݐ and ܵݐ :
(9)
ܵݐǡெ ൌ ܵݐǡ ; ܵݐǡெ ൌ ܵݐǡ
భǡ ೝ

൬

௩ೝ

భǡ ೝ
௩ೝ

ெ

భǡೊ ೝ

൬

൰ ൌ൬

௩ೝ

௩ೝ

ெ

(10)



భǡೊ ೝ

൰ ൌ൬

൰

(11)

൰


or:




൬ భǡೊ ൰ ൌ ൬ భǡೊ ൰
భǡ

భǡ

ெ

(12)



It results in the following similarity criteria:
݇ଵǡ ൌ

భǡǡಾ
భǡǡು

݇ଵǡǡ ൌ



ൌ  ೝǡು

భǡೊǡಾ
భǡೊǡು

௩ೝǡಾ

ೝǡಾ

ൌ

௩ೝǡು

భǡǡಾ
భǡǡು

(13)

(14)

Assessment of fulfilment of similarity criteria for aeroelastic models
Aeroelastic model for each of the buildings was created and calibrated taking into account
fulfilment of the most important mechanical similarity criteria with iterative method. The assessment of fulfilment of mechanical similarity criteria, considering the parameters of adopted
aeroelastic model, can be characterised as follows:
Total mass of aboveground part of model: ܯ௧௧ǡெ ൌ ͲǤͳͶͻ
Hence:
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כ
ெഐǡಾ

ெഐǡು

ଵ

ଷ ଶଽǤଵଵଷల 

ൌ ߵ ൌ ቀଷቁ

Ǥଵସଽ

ൌ Ǥʹͷ ് ͳ ൌ

ெഐǡಾ

(15)

ெഐǡು

According to above, it can be concluded that criterion of similarity of masses is not fulfilled.
Taking this into account, if other similarity criteria were fulfilled with enough approximation,
the results of measurements of the response of such aeroelastic model (eg. vibrations acceleration) should be decreased ߵ times (in this case, divided by 7.25).
Mean logarithmic decrements of vibrations damping
Time series of free vibrations along X and Y axes is presented in Fig. 6. and 7.
Building A, free vibrations, X axis
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Figure 6. Free vibrations of model of building A along X axis
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Building A, free vibrations, Y axis
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Figure 7. Free vibrations of model of building A along Y axis

Basing on above time series, mean decrements of damping vibrations were assessed:
߂ǡǡெ ൌ ͲǤͳͷ and ߂ǡǡெ ൌ ͲǤͲͻ. Taking into account real value of ߂ ൌ
ሺͲǤͲͺ ൊ ͲǤͳͷሻ, it can be concluded that similarity criteria of damping forces are fulfilled with
a good approximation.
Frequency of model free vibrations: ݂ଵ ൌ ͳͳǤ ; ݂ଵ ൌ ͳͺǡ͵Ͷ .
From criterion of kinematic Strouhal number (1.11) for first frequency of free vibrations in
X direction it results that:
݇ଵǡ ൌ

ଵଵǤ
Ǥଶ

ൌ ͵ͲͲ
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௩ೝǡಾ
ଵ଼Ǥ଼
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hence:
ݒ ൌ

ଵଵǤήଵ଼Ǥ଼

ൌ ʹǤͳ

Ǥଶήଷ

୫

(17)

ୱ

Wind tunnel tests should be conducted at mean wind velocity ݒ . However, this velocity
כ
ൌ ͵ǤͶ
was increased to value of ݒ

୫
ୱ

because of small vibrations amplitudes at lower velocity

(amplitudes were close to measurement range of measuring instruments). Because of this measurements results should be scaled with the use of respective factor.
When increasing ݒǡெ from 2.7 m/s to 3.4 m/s fluctuations of wind velocity are increased
כ
௩ೝǡಾ

ᇱ
ᇱכ
to ݒெ
as well. It can be assumed with a good approximation that ௩
from ݒெ

ೝǡಾ

௩ ᇲכ

؆ ௩ಾ
ᇲ . Thereಾ

fore, dimensionless dynamic component of wind action, appearing on the right side of the motion equation of models is almost unchanged. Nevertheless, kinematic Strouhal number changes
כ
ௌ௧ೝǡಾ

as follows: ௌ௧

ೝǡಾ

௩

ଶǤ

ൌ ௩ೝǡಾ
ൌ ଷǤସ ൌ ͲǤͻ. In turn, this change causes that model responses in
כ
ೝǡಾ

resonance zones increase by the factor resulting from the following relation:
ߤൌ

భ
כ
ೄೝǡಾ
భ
ೄೝǡಾ

כ
௩ೝǡಾ

ൌ௩

ೝǡಾ

ଷǤସ

(18)

ൌ ଶǤ ൌ ͳǤʹ

The second similarity criterion for vibrations frequency has the following form:
భǡೊǡಾ
భǡǡಾ
భǡೊǡು
భǡǡು

ଵ଼Ǥଷସ

(19)

Ǥସ

(20)

ൌ ଵଵǤ ൌ ͳǤͷ
ൌ Ǥଶ ൌ ͳǤͶ

Taking into account uncertainties given above (concerning real values of frequencies of
buildings free vibrations ݂ଵǡǡ and ݂ଵǡǡ ), it can be concluded that above similarity criterion
regarding ratio of frequency of free vibrations is fulfilled with a good approximation.
Relationships for other similarity scales
Assuming that:
x geometrical scale ݇ is:
݇ ൌ
x

ೝǡಾ
ೝǡು

ଵ

(21)

ൌ ଷ

frequency scale ݇ is:

݇ ൌ ݇ଵǡ ൌ

ଵଵǤ
Ǥଶ

ൌ Ͷ͵Ǥͳͺ,



כ
݇ଵǡ
ൌ  ೝǡು

כ
௩ೝǡಾ

ೝǡಾ ௩ೝǡು

ൌ

ଷ ଷǤସ
ଵ ଵ଼Ǥ଼

ൌ ͷͶǤʹͷ
(22)

x

time scale ݇௧ is:
ଵ

Ǥଶ

݇௧ ൌ  ൌ ଵଵǤ ൌ ͲǤͲʹ͵,


ଵ

ଵ

݇௧ כൌ  ൌ ହସǤଶହ ൌ ͲǤͲͳͺͶ͵


(23)

Then velocity scale ݇௩ is:
݇௩ ൌ

ವ


ൌ

భ
యబబ

Ǥଶଷ

ൌ ͲǤͳͶͷ,

݇௩ כൌ

ವ
כ

ൌ

and acceleration scale ݇ is:
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݇ ൌ

ವ
మ

ൌ

భ
యబబ

Ǥଶଷమ

ൌ Ǥ͵Ͳ,

݇כ

ൌ

ವ
כ

మ

ൌ

భ
యబబ

Ǥଵ଼ସଷమ

ൌ ͻǤͺͳͶ

(25)

Hence, due to unfulfilment of criterion of kinematic Strouhal number, relationships between
כ
and prototypes ܽ are as follows:
accelerations of building models ܽெ
כ
(26)
ܽெ ൌ ݇ܽ כ ൌ ߤ ή ݇ ή ܽ
Moreover, taking into account remarks about unfulfilment of similarity criteria of mass for
buildings models and their prototypes, relationships between accelerations measured on the
ככ
and on their prototypes ܽ can be defined as:
buildings models ܽெ
ככ
ൌ ߵ ή ߤ ή ݇ ή ܽ
(27)
ܽெ
or in another form:
ככ

ככ

ಾ
ಾ
ככ
ൌ ǤଶହήଵǤଶήଽǤ଼ଵସ
ൌ ͲǤͲͳͳʹ ή ܽெ
ܽ ൌ తήఓή
ೌ

(28)

2.2 Wind tunnel parameters and apparatus
Wind tunnel tests were conducted for 12 angles of wind inflow, with increment of 30°. The
accelerometers, placed in upper parts of the model, were used to register building accelerations
in X and Y direction. The measurement results were processed using narrow-band filter for first
frequencies of free vibrations for directions X and Y. Then, the results of this process were
multiplied by scale factors resulting from similarity criteria. Finally, they were compared with
limit accelerations.
Model tests were conducted at the boundary layer aerodynamic tunnel of Wind Engineering
Laboratory of Cracow University of Technology. The dimensions of the working section are
1.6 m height and 2.2 m width; however, with adjacent compensation chambers bordered by
slotted walls on both sides, the width is about 3.5 m. Such design allows for a significant reduction of boundary layer disturbances during partially blocked flow, enabling for investigations on larger model while minimizing the errors resulting from blockage effect. Details of the
wind tunnel are shown in Fig. 8 and Fig. 9.

Figure 8: Longitudinal cross section of Wind Engineering Laboratory of Cracow University of Technology wind
tunnel (all dimensions in [cm]).
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Figure 9: Top view of Wind Engineering Laboratory of Cracow University of Technology wind tunnel working
section (all dimensions in [cm]).

The working section is ended with a cascade of horizontal airfoil profiles that reduces the
influence of vortices generated by the fan on an air flow in the area of the rotational table. Guide
vanes, inlet, beehive frame, stabilization chamber, confusor are the elements designed to take
over the stream either returning through the return channel or taken from above the building
roof by external air scoop and direct it respectively, making the stream homogeneous and of a
very low turbulence before the inflow to the working section. The diffuser which is behind the
working section is of a rectangular shape at the beginning part and of a circular shape at the end
part (cross-section of the fan) and its length is equal to 5 m.
The axial fan, single-stage of efficiency 0.8 – 0.9, the outer diameter 2.72 m and the velocity
of the end of the fan blade up to 100 m/s, is located on the suction side of the wind tunnel. The
engine of the alternate current, shorted, driving the fan with a power of 200 kW, of nominal
revolutions 750 rpm and supply voltage 220 V, controlled by inverter. Maximum mean flow
velocity in the working section is 40 m/s.
The vibrations of aeroelastic model were measured with Brüel & Kjær Type 3050-B-060
module with DeltaTron Accelerometers Type 4507 B 002. This allowed for direct measurement
of amplitudes of model accelerations under the effect of strong wind.
2.3 Wind and dynamic characteristics adopted in model tests and in analysis of tests results for subject buildings
Wind characteristics of inflowing air according to [4] and dynamic characteristics of the
analysed buildings which were adopted in model tests and in analysis of tests results are as
follows:
x Category of terrain roughness: IV; exponent of power law wind profile: ߙ ൌ ͲǤʹͶǢ
x Basic wind velocity: ݒ ൌ ʹʹm/s;
x Reference height in the nature: ݖ ൌ ͳͲʹǤͷ݉Ǣ
x Mean wind velocity at the reference height:
ଵଶǤହ Ǥଶସ

ݒ ൌ ݒ ሺͳͲʹǤͷሻ ൌ ʹʹǤͲ Ͳ ڄǤʹ ቀ
x

Reference velocity for 5-years return period:
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The following denotations are used: ݒ – mean wind velocity with  ܮyears return period, ݒ
– characteristic wind velocity (i.e. mean wind velocity with  ܮൌ ܮ ൌ ͷͲ years return period).
Assuming Gumbel distribution and averaged values of the parameters of this distribution in
European conditions, the following relationships can be written [3]:
ଵ

ଵ

ଵ

ଵ

ݒ ൌ ܷ െ   ቂെ  ቀͳ െ ቁቃ;  ൎ ሺͲǤͳ ൊ ͲǤ͵ሻ; on average:  ൎ ͲǤͳ͵ܷ

(30)

భ
ಽ
భ
ଵିǤଵଷ ୪୬ି ୪୬൬ଵି ൰൨
ಽೖ

(31)

௩ಽ
௩ೖ

ൎ

ଵିǤଵଷ ୪୬ቂି ୪୬ቀଵି ቁቃ

Assuming ܮ ൌ ͷͲ years, values of

௩ಽ
௩ೖ

were calculated using different values of ܮ. This

value can be calculated for return period of  ܮൌ ͷ years:
ݒǡሺହ௬ ሻ ൌ ݒǡሺହ௬௦ሻ ሺͲǤͻሻ ൌ ʹ͵Ǥͺ Ͳ ڄǤͲǤͻ ൌ ͳͺǤͺ


௦

(32)

Above relationship concerns mean wind velocity in open agricultural area at the height of
10 m above ground. However, it can be assumed (due to lack of data) that this relationship can
also be adopted for mean wind velocity at any height z above terrain of other type and, in consequence, for dynamic component of wind action ݓሺݖǡ ݐሻ which linearly depends on mean wind
velocity ݒҧ ሺݖሻ and its fluctuations ݒԢሺݖǡ ݐሻ. Fluctuations ݒԢሺݖǡ ݐሻ depend on mean wind velocity
ݒҧ ሺݖሻ and decrease with decreasing of mean wind velocity ݒҧ ሺݖሻ. Then, it can be assumed that
dynamic component of wind action corresponding to ݒହ (ie.  ܮൌ ͷ years) is ሺͲǤͻሻଶ times
smaller than this component in the case if ݒ ൌ ݒହ .
x Building height: ܪ ൌ ܪ ൌ ͳͲʹǤͷ;
x Total mass of aboveground part of each building: ܯ௧௧ǡ ൌ ʹͻǤͳͳ͵ ή ͳͲ ;
x

Total mass of aboveground part of each model: ܯ௧௧ǡெ ൌ ͲǤͳͶͻ;

x

Basic frequencies of free vibrations of the buildings for direction X and Y, received from
the consulting engineers basing on the calculations of free vibrations of these buildings,
are as follows: ݂ଵ ൌ ͲǤʹ Ǣ݂ଵ ൌ ͲǤͶ . It is worth to mention that adopted frequencies ݂ଵ and ݂ଵ can differ from these for real objects because of the following reasons:
1. Stiffness of so called non-structural elements of the buildings are not taken into account;
2. Mass of the buildings resulting from variable payload of the buildings can be different;
3. Material and mechanical characteristics of structural elements of the buildings
adopted in dynamic calculations can differ from these for real objects;
x Basic frequencies of free vibrations of the buildings models in direction X and Y
are:݂ଵ ൌ ͳͳǤ Ǣ݂ଵ ൌ ͳͺǤ͵Ͷ 
x Logarithmic decrements of vibrations damping for each building relating to frequencies
݂ଵ and ݂ଵ should be in the range of: ߂  אሺͲǤͲͺ ൊ ͲǤͳͷሻ [5].
2.4 Models for the tests
The models for the aeroelastic tests were created in the scale of 1:300. Such scale allowed
for recreation of the surroundings of the subject buildings in a radius of 300 m. Due to its close
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proximity to the subject buildings and towering height, possibly impacting the results, also the
Warsaw Spire building (180 m) was added to the model, despite its location outside of the
surroundings radius. Fig. 10 shows the computer model of the buildings and their surroundings,
while the physical model in the working space of wind tunnel is presented in Fig. 11.

B

A

Figure 10: Computer model of the analyzed buildings (marked in red) and their surroundings.

Figure 11: Physical model of the analyzed buildings and their surroundings in the working space of wind tunnel.

On the contrary of the rest of the model which was made as rigid models from PVC, ABS
and HIPS plastics, the aeroelastic models of the two subject buildings were made from light
plywood (cover) and steel or aluminum core (depending on the variant of the model). Three
different variants were created with different structural design (see Fig. 12). For each of the
variants, dynamic characteristics were investigated, which allowed for the comparison and final
choice of the model which best corresponds to the real life characteristics of the buildings.
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Model shown in Fig. 12c was chosen. Subsequently, this model has been tuned and calibrated
to the real life dynamic characteristics of the buildings (mostly concerning the ratio of first two
natural frequencies and damping).

a)

b)

c)

Figure 12: Different variants of aeroelastic model of the subject buildings.

3

RESULTS AND ANALYSIS

3.1 Results of aeroelastic tests
Basing on the results of wind tunnel model tests conducted on aeroelastic models of buildings A and
B, RMS values of filtered signals of vibrations acceleration in natural scale were determined. The appropriate similarity scales were taken into account. Then, RMS values were compared with limit values
of vibrations acceleration ܴܵܯௗ in accordance with Fig. 3.
RMS values obtained for directions X and Y ( ܴܵܯ and ܴܵܯ ) and values of ܴܵܯ௫ ൌ
ඥܴܵܯଶ  ܴܵܯଶ as well as limit values of ܴܵܯ were summarised in Tab. 1, 2 and were presented
in Fig. 13 and 14.
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Building A, ݒǡሺହ௬௦ሻ ൌ ͳͺǤͺȀ
Filtration X1
Central frequency
Angle ߠҧ
ܴܵܯ ܴܵܯ ܴܵܯ௫ ܴܵܯ
[Hz]
0°
0.22
0.014 0.004
0.015
0.050
30°
0.22
0.005 0.003
0.006
0.050
60°
0.22
0.007 0.005
0.008
0.050
90°
0.22
0.004 0.003
0.005
0.050
120°
0.22
0.005 0.002
0.005
0.050
150°
0.22
0.009 0.001
0.009
0.050
180°
0.22
0.007 0.001
0.007
0.050
210°
0.22
0.005 0.001
0.005
0.050
240°
0.22
0.005 0.001
0.005
0.050
270°
0.22
0.008 0.001
0.008
0.050
300°
0.22
0.013 0.002
0.013
0.050
330°
0.22
0.010 0.002
0.010
0.050
Building A, ݒǡሺହ௬௦ሻ ൌ ͳͺǤͺȀ
Filtration Y1
Central frequency
Angle ߠҧ
ܴܵܯ ܴܵܯ ܴܵܯ௫ ܴܵܯ
[Hz]
0°
0.35
0.009 0.005
0.011
0.042
30°
0.35
0.004 0.004
0.006
0.042
60°
0.35
0.006 0.006
0.008
0.042
90°
0.35
0.004 0.004
0.006
0.042
120°
0.35
0.005 0.006
0.008
0.042
150°
0.35
0.007 0.004
0.008
0.042
180°
0.35
0.006 0.004
0.007
0.042
210°
0.35
0.004 0.003
0.005
0.042
240°
0.35
0.005 0.004
0.006
0.042
270°
0.35
0.007 0.004
0.008
0.042
300°
0.35
0.010 0.005
0.011
0.042
330°
0.35
0.008 0.004
0.008
0.042
Table 1: RMS values of vibrations acceleration due to vibration comfort of residents for building A, in [m/s2]
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Building B, ݒǡሺହ௬௦ሻ ൌ ͳͺǤͺȀ
Angle ߠҧ
0°
30°
60°
90°
120°
150°
180°
210°
240°
270°
300°
330°

Angle ߠҧ
0°
30°
60°
90°
120°
150°
180°
210°
240°
270°
300°
330°

Filtration X1
Central frequency
ܴܵܯ ܴܵܯ ܴܵܯ௫ ܴܵܯ
[Hz]
0.27
0.009 0.004 0.010
0.046
0.27
0.008 0.004 0.009
0.046
0.27
0.008 0.004 0.009
0.046
0.28
0.005 0.004 0.007
0.045
0.24
0.007 0.004 0.008
0.048
0.24
0.006 0.004 0.007
0.048
0.24
0.005 0.004 0.006
0.048
0.28
0.004 0.003 0.005
0.045
0.28
0.006 0.003 0.007
0.045
0.28
0.006 0.003 0.006
0.045
0.28
0.006 0.003 0.007
0.045
0.27
0.007 0.003 0.007
0.046
Building B, ݒǡሺହ௬௦ሻ ൌ ͳͺǤͺȀ
Filtration Y1
Central frequency
ܴܵܯ ܴܵܯ ܴܵܯ௫ ܴܵܯ
[Hz]
0.37
0.005 0.007 0.009
0.041
0.37
0.005 0.007 0.008
0.041
0.37
0.005 0.007 0.008
0.041
0.37
0.005 0.006 0.008
0.041
0.37
0.002 0.007 0.008
0.041
0.37
0.002 0.008 0.009
0.041
0.37
0.002 0.007 0.007
0.041
0.37
0.003 0.005 0.006
0.041
0.37
0.005 0.005 0.007
0.041
0.37
0.004 0.005 0.007
0.041
0.37
0.005 0.006 0.007
0.041
0.37
0.005 0.007 0.008
0.041

Table 2: RMS values of vibrations acceleration due to vibration comfort of residents for building B, in [m/s2]
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a)

RMS values of vibrations acceleration [m/s2] with respect to the angle of wind inflow ߠҧ; Filtration
X1, Building A, ݒǡሺହ௬௦ሻ = 18.8 m/s
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b)

RMS values of vibrations acceleration [m/s2] with respect to the angle of wind inflow ߠҧ; Filtration
Y1, Building A, ݒǡሺହ௬௦ሻ = 18.8 m/s
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Figure 13. RMS values of vibrations acceleration due to vibration comfort of residents of building A: a) filtration
X1, b) filtration Y1
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a)
2

ത; Filtration
RMS values of vibrations acceleration [m/s ] with respect to the angle of wind inflow ߠ
X1, Building B, ݂݁ݎݒǡܮሺͷݏݎܽ݁ݕሻ = 18.8 m/s
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b)

RMS values of vibrations acceleration [m/s2] with respect to the angle of wind inflow ߠ ;ҧ Filtration
Y1, Building B, ݒǡሺହ௬௦ሻ = 18.8 m/s
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Figure 14. RMS values of vibrations acceleration due to vibration comfort of residents of building B: a) filtration
X1, b) filtration Y1

3.2 Results analysis and evaluation of vibrational comfort
RMS values of vibrations acceleration meet the requirement of vibration comfort in all considered cases:
ܴܵܯ௫  ܴܵܯ
which proves there is sufficient stiffness of the analysed buildings.
It should be mentioned that one can observe unevenness of vibrations level with respect to
the angle of wind inflow in the Figure 5 and 6. It may be the result of significant aerodynamic
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interference appearing between the analysed buildings and the neighbouring buildings (mainly
from the east). However, the observed phenomena are not dangerous for the analysed buildings.
It can be concluded that the stiffness of the building is sufficient and the building meets
requirements of vibrational comfort.
4

CONCLUSIONS

The proposed method allowed for obtaining reliable results, which could be implemented in
practical engineering design. Combining the deeply developed mathematical model based on
similarity criteria with tests in wind tunnel on physical models proved to be a good solution of
the problem. The authors are planning to extend this approach in further works by also including
the torsional mode of vibrations along with two basic axial ones. In this case the torsional frequency was much higher, but in taller slender buildings it also plays an important role in the
evaluation of the vibrations as it can have values which are even below 1 Hz.
The obtained results are what can be expected for buildings of this height and massing. The
problems with vibrational comfort of building’s occupants occur mostly in taller buildings with
lower natural frequencies. In this case, there clearly should be no problem with harmful windinduced vibrations (in light of employed evaluation criteria) as the measured and calculated
values are much below the limit thresholds. However, the buildings – due to their regular shape
and similarity – provided to be a good way of validating the used method. Furthermore, the
differences of vibration acceleration RMS values, which can be noticed between Fig. 13 and
Fig. 14 for each of the buildings, highlight the significant role of aerodynamic interference of
surrounding buildings. The location between two other tall buildings (comp. Fig. 10) of building B seems to be having a significant impact on the values of its vibrations along X axis, which
are considerably smaller than what can be observed for building A.
5
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WIND TUNNEL TESTS ON MOTION-INDUCED VORTEX
VIBRATION
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HPDLONDWRNXVXRR#PDLON\XWHFKMS

HPDLOFDRQDGH#PDLON\XWHFKMS

Keywords:0RWLRQLQGXFHGYRUWH[YLEUDWLRQ:LQGWXQQHOWHVWV6HSDUDWHGYRUWH[IURPOHDG
LQJHGJH6HFRQGDU\YRUWH[DWWUDLOLQJHGJH6SULQJVXSSRUWHGWHVWV)ORZYLVXDOL]DWLRQWHVWV
Abstract. In 2009, a crack was discovered in the bracing member around the intermediate
pier of Ikitsuki Bridge, a truss bridge in Nagasaki Prefecture, Japan. As a result of a field oscillation measurement by Nagasaki University, the main cause of the crack was identified as
the Kármán vortex-induced vibration. However, aerodynamic vibrations were also observed
even in the wind speed range lower than the resonance wind speed of the Kármán vortexinduced vibration. Conventionally, according to the result of a wind tunnel test using side ratios of B/D=2.0-8.0 (B: along-wind length, D: cross-wind length), the motion-induced vortex
vibration caused by unification of the separated vortex from leading edge and the secondary
vortex at trailing edge was recognized. However, considering the fact that the side ratio of the
section of the bracing member of Ikitsuki Bridge is B/D=1.18, there has been a little past research on motion-induced vortex vibration on a rectangular cross section of B/D of less than
2. Therefore, the authors moved forward with a research of the motion-induced vortex vibration, focusing on the rectangular cross sections with small side ratios including B/D= 1.18. In
order to clarify the generation of motion-induced vortex vibration, a spring-supported test
and a smoke flow visualization test were conducted on the said cross sections. A possibility
was shown that without the formation of the secondary vortex at trailing edge, a motioninduced vortex vibration might occur. Based on the wind tunnel test results, this research
aimed to verify whether or not the secondary vortex at trailing edge is essential for the generation of motion-induced vortex vibration. As a result, it was found that it is considered that
the secondary vortex at trailing edge is not always necessary not only for rectangular crosssections with less than a side ratio of B/D=2, but also for a cross section similar to the rectangular cross section at both small amplitude range at the onset reduced wind speed of motion-induced vortex vibration and a comparatively large amplitude range where the maximum
response amplitude of motion-induced vortex vibration occurs.
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1

INTRODUCTION

7KHYRUWLFHVVHSDUDWHGIURPUHFWDQJXODUFURVVVHFWLRQVDUHEURDGO\FODVVLILHGLQWR.iUPiQ
YRUWLFHVDQGPRWLRQLQGXFHGYRUWLFHV VHSDUDWHG YRUWLFHVIURPOHDGLQJHGJH >@7KHIRU
PHUDUHWKRVHWKDWDUHDFFRPSDQLHGE\WKHLQWHUIHUHQFHVRIWZRVHSDUDWHGVKHDUOD\HUVDWERWK
WKHWRSDQGERWWRPVXUIDFHVRIWKHVWUXFWXUHV7KHODWWHUDUHWKHRQHVWKDWDUHVKHGGLQJVHSD
UDWHO\ IURP WKH OHDGLQJ HGJHV RI WKH WRS DQG ERWWRP VXUIDFHV FDXVHG E\ WKH VHSDUDWHG VKHDU
OD\HUVDWWKHWRSDQGERWWRPVXUIDFHVH[FLWHGDOWHUQDWHO\GXHWRWKHYLEUDWLRQRIWKHUHFWDQJXODU
FURVV VHFWLRQ 7KH YLEUDWLRQ FDXVHG E\ WKH ODWWHU YRUWLFHV ZDV IRXQG LQ WKH SDVW ZLQG WXQQHO
WHVWV>@7KHYLEUDWLRQLVNQRZQDVHLWKHUPRWLRQLQGXFHGYRUWH[YLEUDWLRQ>@RULPSLQJ
LQJVKHDUOD\HULQVWDELOLW\>@7KHRQVHW ZLQG VSHHG RIWKLV YLEUDWLRQGHSHQGV RQWKHVLGH
UDWLRRIWKHUHFWDQJXODUFURVVVHFWLRQDQGWKLVUHODWLRQZDVVFKHPDWLFDOO\FODULILHG>@7KH
PHFKDQLVPVRIWKHPRWLRQLQGXFHGYRUWH[YLEUDWLRQRIWKHUHFWDQJXODUVHFWLRQDQG+VKDSHG
VHFWLRQF\OLQGHUVZHUHDOVRUHYHDOHG>@7KLVUHVHDUFKLVLQYROYHGLQWKHPRWLRQLQGXFHG
YRUWH[YLEUDWLRQJHQHUDWHGLQDEUDFLQJPHPEHURIDUHDOWUXVVEULGJHLQ-DSDQ
,Q,NLWVXNL%ULGJHDWUXVVEULGJHLQ1DJDVDNL3UHIHFWXUHZLWKDFHQWHUVSDQOHQJWKRI
PZDVGLVFRYHUHGWRKDYHDFUDFNLQWKHEUDFLQJPHPEHURIWKHEULGJH>@$VDUHVXOW
RIWKHVXEVHTXHQWYLEUDWLRQPHDVXUHPHQWDWWKHVLWHWKHPDLQFDXVHRIWKHFUDFNZDVLGHQWL
ILHGDV.iUPiQYRUWH[LQGXFHGYLEUDWLRQ+RZHYHUYLEUDWLRQVZHUHDOVRREVHUYHGLQWKHZLQG
VSHHGUDQJHRIPVZKLFKZDVORZHUWKDQWKHUHVRQDQFHZLQGVSHHGRI.iUPiQYRUWH[
LQGXFHG YLEUDWLRQ &RQYHQWLRQDOO\ DFFRUGLQJ WR WKH UHVXOWV IURP D ZLQG WXQQHO WHVW XVLQJ D
VLGHUDWLRRIB/D WKHPRWLRQLQGXFHGYRUWH[YLEUDWLRQZDVFRQILUPHG>@+RZHYHUWKH
VLGHUDWLRRIWKHVHFWLRQRIWKHEUDFLQJPHPEHULVB/D DQGWKHUHKDVEHHQDOLWWOHSDVW
UHVHDUFKRQPRWLRQLQGXFHGYRUWH[YLEUDWLRQRQDUHFWDQJXODUFURVVVHFWLRQRIB/DRIOHVVWKDQ
 7KHUHIRUHLQWKHSDVWUHVHDUFKDVSULQJVXSSRUWHGWHVWZDVFDUULHGRXWWDUJHWLQJDUHFWDQJX
ODUFURVVVHFWLRQRIB/D )XUWKHUPRUHXQVWHDG\DHURG\QDPLFOLIWPHDVXUHPHQWDQGIORZ
ILHOGYLVXDOL]DWLRQZHUHSHUIRUPHGDQGWKHUHVXOWVRIWKHVSULQJVXSSRUWHGWHVWZHUHGLVFXVVHG
,WZDVIRXQGLQWKHSDVWUHVHDUFKWKDWLWLVFRQVLGHUHGWKDWWKHVHFRQGDU\YRUWH[DWWUDLOLQJHGJH
LVQRWDOZD\VHVVHQWLDOIRUWKHJHQHUDWLRQRIWKHPRWLRQLQGXFHGYRUWH[YLEUDWLRQIRUWKHFURVV㻌
VHFWLRQRIB/D DWWKHRQVHWUHGXFHGZLQGVSHHGUHJLRQ
7KHSXUSRVHRIWKLVUHVHDUFKLVWRIXUWKHUDVVXUHWKHFRQFOXVLRQVRISDVWUHVHDUFK6SHFLILFDO
O\LQWKLVUHVHDUFKWKHQHFHVVLW\RIDVHFRQGDU\YRUWH[DWWUDLOLQJHGJHQRWRQO\DWWKHRQVHW
UHGXFHG ZLQG VSHHG UHJLRQ EXW DOVR DW WKH UHGXFHG ZLQG VSHHG UHJLRQ ZKHUH WKH PD[LPXP
UHVSRQVHDPSOLWXGHRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQRFFXUVZHUHGLVFXVVHGWKURXJKVSULQJ
VXSSRUWHGWHVWVDQGIORZYLVXDOL]DWLRQWHVWVXVLQJWKHPRGHOVRIWKUHHNLQGVRIFURVVVHFWLRQDO
VKDSHVZKHUHDVHFRQGDU\YRUWH[DWWUDLOLQJHGJHLVFRQVLGHUHGOHVVOLNHO\WRRFFXU
2

PAST RESEARCH RESULTS

)LJXUHVKRZVWKHUHVXOWRIWKHVSULQJVXSSRUWHGWHVWRIWKHFURVVVHFWLRQRIB/D IRU
DQDQJOHRI DWWDFNRI  GHJUHHV >@9LEUDWLRQV ZHUHFRQILUPHG IURP WKHQHLJKERUKRRGV RI
UHGXFHGZLQGVSHHGVr DQG%HFDXVHWKH UHGXFHG ZLQG VSHHG DW PRWLRQLQGXFHG YRUWH[
YLEUDWLRQLVFDOFXODWHGDVVr B/D h >@YLEUDWLRQVDURXQG Vr ZHUHFRQ
VLGHUHGWREHPRWLRQLQGXFHGYRUWH[YLEUDWLRQV7KHHIIHFWVRIWKHH[LVWHQFHRUQRQH[LVWHQFH
RI IODQJH RQ WKH PD[LPXP UHVSRQVH DPSOLWXGH RI PRWLRQLQGXFHG YRUWH[ YLEUDWLRQ DUH H[
WUHPHO\VPDOO
7KH6WURXKDOQXPEHUPHDVXUHGRQWKHFURVVVHFWLRQZLWKIODQJHVZDVSt >@,WVLQ
YHUVH QXPEHU LV WKH FULWLFDO UHGXFHG ZLQG VSHHG RI WKH EHJLQQLQJ RI WKH .iUPiQ YRUWH[
LQGXFHGYLEUDWLRQ,QRWKHUZRUGVEHFDXVHVr /St  DYLEUDWLRQEHJLQQLQJLQWKH
QHLJKERUKRRGRIDUHGXFHGZLQGVSHHGRIFDQEHMXGJHGDV.iUPiQYRUWH[LQGXFHGYLEUD
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WLRQ+RZHYHUIURPWKHIDFWWKDWWKH6FUXWRQQXPEHULQWKLVH[SHULPHQW¶VFDVHZDVVPDOODW
Sc LWZDVIRXQGWKDW.iUPiQYRUWH[LQGXFHGYLEUDWLRQZDVFKDQJHGWRDJDOORSLQJDORQJ
ZLWKWKHLQFUHDVHLQZLQGVSHHG

Į GHJ

ZLQG
%' 

B/D

Į GHJ

ZLQG

%' 

B/D

)LJXUH6SULQJVXSSRUWHGWHVWUHVXOW B/D DQJOHRIDWWDFNȽൌͲǤሻሾͳͶሿ

)LJXUH  VKRZV XQVWHDG\ DHURG\QDPLF OLIW FRHIILFLHQWV CLηi LQ WKH ZLQG VSHHG UDQJH RI
Vr CLηiLQWKHUDQJHVRIWKHZLQGVSHHGRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQDUHSRVLWLYH
YDOXHVDQGWKH\FRUUHVSRQGWRWKHUHVSRQVHVLQ)LJXUH7KLVVKRZVWKHVDPHWHQGHQF\DVWKH
UHVXOWWKDWZDVFRQILUPHGE\<DJLHWDO>@WKDWXQVWHDG\DHURG\QDPLFIRUFHFRHIILFLHQWH1*
RIUHFWDQJXODUFURVVVHFWLRQZLWKDVLGHUDWLRRI B/D EHFRPHVDSRVLWLYHYDOXHLQWKHQHLJK
ERUKRRGV RI Vr B/D  DQG Vr St )XUWKHUPRUH 1DNDPXUD DQG 0L]RWD VXJJHVWHG
WKH H[LVWHQFH RI ORZ VSHHG LQVWDELOLW\ IURP WKH UHVXOWV RI PHDVXULQJ XQVWHDG\ DHURG\QDPLF
OLIWVXVLQJDUHFWDQJXODUFURVVVHFWLRQRIB/D >@
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)LJXUHV D VKRZVWKHUHODWLRQEHWZHHQWKHDPSOLWXGHRIIRUFHGRVFLOODWLRQDQGWKHJHQHUD
WLRQSUREDELOLW\RIWKHVHFRQGDU\YRUWH[DWWUDLOLQJHGJHUHJDUGLQJDPRGHORI B/D 7KH
JHQHUDWLRQ SUREDELOLW\ RI WKH VHFRQGDU\ YRUWH[ DW WUDLOLQJ HGJH LV GHILQHG DV WKH QXPEHU RI
VHFRQGDU\ YRUWH[ DW WUDLOLQJ HGJH  î   )LJXUHV  E  VKRZV WKH UHODWLRQ EHWZHHQ UH
GXFHG ZLQG VSHHG Vr DQG QRQGLPHQVLRQDO GRXEOH DPSOLWXGH η/D ZKLFK LV REWDLQHG RQ D
WLPHDYHUDJHG EDVLV )LJXUHV  F  VKRZV WKH UHVXOWV RI WKH IORZ YLVXDOL]DWLRQV $GGLWLRQDOO\
WKH JHQHUDWLRQ RI WKH VHFRQGDU\ YRUWH[ DW WUDLOLQJ HGJH IRU WKH PRGHO ZLWK D VLGH UDWLR RI
B/D  LV XVXDOO\ UHFRJQL]HG ZKHQ WKH DPSOLWXGH RI RVFLOODWLRQ LV PRUH WKDQ η/D 
VKRZQ LQ )LJXUH  D  +RZHYHU DFFRUGLQJ WR WKH UHVXOW RI WKH VSULQJVXSSRUWHG WHVW RI WKLV
PRGHOVKRZQLQ)LJXUH E WKHPRWLRQLQGXFHGYRUWH[YLEUDWLRQZDVREVHUYHGWRIRUPLQWKH
DPSOLWXGHEHORZη/D DWDUHGXFHGZLQGVSHHGRIVr 7KHUHZDVDK\VWHUHWLFEH
KDYLRUREVHUYHGLQEHWZHHQVr DQGVr 
B/D = 1.18 , Sc = 1.60
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)LJXUH
B/D  D *HQHUDWLRQSUREDELOLW\IRUVHFRQGDU\YRUWH[DWWUDLOLQJHGJHDW Vr  E 5HODWLRQ

EHWZHHQ VrDQGη/D F )ORZYLVXDOL]DWLRQWHVWUHVXOWVRIIRUFHGRVFLOODWLQJPRGHODWWKHWRSGLVSODFHPHQW
LQη/D DQGDWWKHERWWRPGLVSODFHPHQWLQη/D >@

3
3.1

EXPERIMENTAL SETUP
Section models

&URVVVHFWLRQDOVKDSHVZKHUHDVHFRQGDU\YRUWH[DWWUDLOLQJHGJHLVFRQVLGHUHGQRWWRRFFXU
RUWREHOHVVOLNHO\WRRFFXUGXULQJYLEUDWLRQZHUHVHOHFWHGDVVKRZQLQ)LJXUH7KHJUDGLHQW
θ ZDV SURYLGHG LQ D PDLQVWUHDP GLUHFWLRQ DW WKH GRZQVWUHDP VLGH RI D UHFWDQJXODU FURVV
VHFWLRQRIDVLGHUDWLRRI B/D DQGθ ZDV FKDQJHGWR θ  GHJUHHV  GHJUHHV DQGGH
JUHHV,QDGGLWLRQWRWKDWDUHFWDQJXODUFURVVVHFWLRQZLWKDVLGHUDWLRRIB/D ZDVDGGHGIRU
DVSULQJVXSSRUWHGWHVWIRUFRPSDULVRQDQGWKHZLQGWXQQHOWHVWVZHUHFRQGXFWHGLQDVPRRWK
IORZIRUIRXUFURVVVHFWLRQVLQWRWDO
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3.2

Spring-supported tests

7KH VSULQJVXSSRUWHG WHVW ZDV FRQGXFWHG LQ WKH PLGGOHVL]HG ZLQG WXQQHO FURVVVHFWLRQ
PKLJKîPZLGH DW.\XVKX,QVWLWXWHRI7HFKQRORJ\0DLQH[SHULPHQWDOFRQGLWLRQVIRU
WKH PRGHO ZHUH PDVV SHU XQLW OHQJWK  NJP QDWXUDO IUHTXHQF\ RI KHDYLQJ YLEUD
WLRQ  +] ORJDULWKPLF GHFUHPHQW RI VWUXFWXUDO GDPSLQJ  DQG 6FUXWRQ
QXPEHU  7DEOH  VKRZV WKH FRQGLWLRQV IRU WKH VSULQJVXSSRUWHG WHVWV )LJXUH  VKRZV D
SKRWRRIWKHVHFWLRQPRGHOLQVWDOOHGLQWKHZLQGWXQQHO
7DEOH6SULQJVXSSRUWHGWHVWFRQGLWLRQV
0DVVSHUXQLW
$LUGHQVLW\ 1DWXUDOIUHTXHQF\
/RJDULWKPLF
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)LJXUH6HFWLRQPRGHOIRUDVSULQJVXSSRUWHGWHVWPRXQWHGLQ.\XVKX,QVWLWXWH7HFKQRORJ\ZLQGWXQQHO

3.3

Flow visualization tests

)LJXUHVKRZVWKHH[SHULPHQWDOV\VWHPRIWKHIORZYLVXDOL]DWLRQWHVW7KHIORZILHOGYLVX
DOL]DWLRQV DURXQG WKH PRGHO GXULQJ IRUFHGRVFLOODWLQJ WLPHV ZHUH FRQGXFWHG XVLQJ D VPDOO
VL]HGZLQGWXQQHO PKLJKhPZLGH DW.\XVKX,QVWLWXWHRI7HFKQRORJ\,WZDVFRQVLG
HUHGWKDWWKHZLQGVSHHGVLQWKHZLQGWXQQHORIV PVDUHJRRGIRUYLVXDOL]DWLRQVR
WKDWHYHQWXDOO\V PVZDVVHOHFWHG$VIRUWKHIRUFHGRVFLOODWLQJDPSOLWXGH ηEHFDXVHWKH
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SHDNRIDHURG\QDPLF UHVSRQVHLQ WKHUDQJHRIORZZLQG VSHHGLV η/D  DSSUR[LPDWHO\
WKHQRQGLPHQVLRQDOGRXEOHDPSOLWXGHVZHUHVHWXSDVη/D LQDFFRUGDQFHZLWKWKH
VSULQJVXSSRUWHGWHVWUHVXOWV)LJXUHVDQGVKRZWKHIRUFHGRVFLOODWLRQV\VWHPDQGWKHLQ
VWDOODWLRQVWDWXVRIDPRGHOUHVSHFWLYHO\7DEOHVKRZVWKHFRQGLWLRQVIRUWKHIORZYLVXDOL]D
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EXPERIMENTAL RESULTS AND DISCUSSION

)LJXUHVKRZVWKHUHVXOWVRIWKHVSULQJVXSSRUWHGWHVWVRIWKHWKUHHNLQGVRIFURVVVHFWLRQV
DQGDUHFWDQJXODUFURVVVHFWLRQRI B/D 7KHRQVHWVRIYRUWH[LQGXFHGYLEUDWLRQVZHUHFRQ
ILUPHGDWWKHDSSUR[LPDWHUHGXFHGZLQGVSHHGVr LQDOOFURVVVHFWLRQV7KHVHYLEUDWLRQV
DUHFRQVLGHUHGWREHPRWLRQLQGXFHGYRUWH[YLEUDWLRQVEHFDXVHWKHRQVHWUHGXFHGZLQGVSHHG
RIWKHPRWLRQLQGXFHGYRUWH[YLEUDWLRQRIDUHFWDQJXODUFURVVVHFWLRQRIDVLGHUDWLRB/D 
LVDSSUR[LPDWHO\Vr B/D ZKLFKLVFORVHWRWKHYDOXHVRIWKHRQVHWZLQGVSHHGVRI
WKHVHYRUWH[LQGXFHGYLEUDWLRQV,QWKHIRXUNLQGVRIFURVVVHFWLRQVLWZDVFRQILUPHGWKDW.i
UPiQ YRUWH[ YLEUDWLRQV ZHUH JHQHUDWHG DW WKH DSSUR[LPDWH UHGXFHG ZLQG VSHHG Vr  DQG
VKLIWHGWRJDOORSLQJDORQJZLWKZLQGVSHHGLQFUHDVH,WZDVFRQILUPHGWKDWWKHPD[LPXPDP
SOLWXGHV RI WKH WKUHH NLQGV RI PRWLRQLQGXFHG YRUWH[ YLEUDWLRQV RQ WKH FURVV VHFWLRQV ZKLFK
KDYHWKHJUDGLHQWθDUHMXVWDERXWWKHVDPHHYHQLIWKHJUDGLHQWθRIWKHGRZQVWUHDPVLGHFURVV
VHFWLRQFKDQJHV,WZDVFRQILUPHGWKDWLQWKHFURVVVHFWLRQRIθ GHJUHHVFRPSDUHGZLWK
RWKHUFURVVVHFWLRQVWKHRQVHWZLQGVSHHGUDQJHRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQVKLIWVWR
WKHVLGHRIKLJKZLQGVSHHG

Non-dimensional double amplitude 2η/D

0.5

Rectangular cross section B/D=2
▴ᙧ᩿㠃䠄㻿㼏㻩㻠㻚㻣䠅
Д
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wind
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Reduced wind speed Vr=V/fD
)LJXUH6SULQJVXSSRUWHGWHVWUHVXOW DQJOHRIDWWDFN α GHJ6FUXWRQQXPEHUSc ሻǤ

4.1

Onset reduced wind speed region

)LJXUHVKRZVWKHPHDVXULQJUHVXOWVRIWKHJHQHUDWLRQSUREDELOLW\RIDVHFRQGDU\YRUWH[
DW WUDLOLQJ HGJH RI WKH WKUHH NLQGV RI FURVVVHFWLRQV KDYLQJ WKH JUDGLHQW θ DQG D UHFWDQJXODU
FURVVVHFWLRQ ZLWK D VLGH UDWLR RI B/D  >@ DW WKH RQVHW UHGXFHG ZLQG VSHHG RI PRWLRQ
LQGXFHGYRUWH[YLEUDWLRQ)LJXUHVKRZVWKHYLVXDOL]HGLPDJHVRIWKHIORZVDWWKHQHLJKERU
KRRGRIWKHRQVHWUHGXFHGZLQGVSHHGRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQ)URP)LJXUHLW
ZDVFRQILUPHGWKDWDVHFRQGDU\YRUWH[DWWUDLOLQJHGJHDWWKHRQVHWUHGXFHGZLQGVSHHGLQWKH
WKUHHFURVVVHFWLRQVFRPSDUHGZLWKDUHFWDQJXODUFURVVVHFWLRQRIB/D LVOHVVOLNHO\WRRF
FXULIWKHJUDGLHQWθ EHFRPHVODUJHU)XUWKHUPRUHLQWKHFURVVVHFWLRQRIθ GHJUHHVDOPRVW
QR JHQHUDWLRQ RI D VHFRQGDU\ YRUWH[ DW WUDLOLQJ HGJH ZDV FRQILUPHG XQWLO QRQGLPHQVLRQDO
GRXEOHDPSOLWXGHη/D $OWKRXJKIURP)LJXUHWKHJHQHUDWLRQRIDVHFRQGDU\YRUWH[
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Genaration probability of secondary vortex

DWWUDLOLQJHGJHZDVFRQILUPHGDWQRQGLPHQVLRQDOGRXEOHDPSOLWXGHη/D LQWKHFURVV
VHFWLRQVRIθ GHJUHHVDQGGHJUHHVQRJHQHUDWLRQRIDVHFRQGDU\YRUWH[DWWUDLOLQJHGJH
ZDVFRQILUPHGLQWKHFURVVVHFWLRQRIJUDGLHQWθ GHJUHHV7KHUHIRUHLWZDVFRQILUPHGWKDW
WKHODUJHUWKHJUDGLHQWθ LVWKHOHVVWKHVHFRQGDU\YRUWH[DWWUDLOLQJHGJHLVOLNHO\WRRFFXU%\
FRPSDULQJ WKH UHVXOWV RI WKH VSULQJVXSSRUWHG WHVWV RI )LJXUH  DQG WKRVH RI WKH JHQHUDWLRQ
SUREDELOLW\RIDVHFRQGDU\YRUWH[DWWUDLOLQJHGJHDWWKHDSSUR[LPDWHRQVHWUHGXFHGZLQGVSHHG
RIPRWLRQLQGXFHGYRUWH[YLEUDWLRQRI)LJXUHLWZDVFRQILUPHGWKDWQRVHFRQGDU\YRUWH[DW
WUDLOLQJ HGJH ZDV JHQHUDWHG LQ DOO WKUHH NLQGV RI FURVV VHFWLRQV KDYLQJ WKH JUDGLHQW θ DW WKH
VPDOODPSOLWXGHUDQJHRI2 η/DӌDWWKHRQVHWRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQ)URP
WKLVIDFWDVZLWKWKHFDVHRIWKHH[SHULPHQWDOUHVXOWRIDUHFWDQJXODUFURVVVHFWLRQRIDVLGHUD
WLRB/D RIWKHSDVWUHVHDUFK>@DVHFRQGDU\YRUWH[DWWUDLOLQJHGJHLVQRWDOZD\VQHFHV
VDU\ IRU WKH RQVHW RI PRWLRQLQGXFHG YRUWH[ YLEUDWLRQ UHODWLQJ WR WKH WKUHH NLQGV RI FURVV
VHFWLRQVKDYLQJWKHJUDGLHQWθ
1
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Non-dimensional double amplitude 2η/D
)LJXUH*HQHUDWLRQSUREDELOLW\IRUVHFRQGDU\YRUWH[DWWKHWUDLOLQJHGJHDW RQVHWUHGXFHGZLQGVSHHG
UHJLRQVr 

4.2

Reduced wind speed region where the maximum response amplitude of motioninduced vortex vibration occurs

)LJXUH VKRZVWKHUHVXOWVRIWKHPHDVXUHPHQWVRIWKHJHQHUDWLRQSUREDELOLW\RIDVHFRQG
DU\YRUWH[DWWUDLOLQJHGJHRIWKHWKUHHNLQGVRIFURVVVHFWLRQVKDYLQJWKHJUDGLHQWθ DQGDUHF
WDQJXODU FURVV VHFWLRQ ZLWK D VLGH UDWLR RI B/D  >@ DW WKH UHGXFHG ZLQG VSHHG RI Vr 
ZKHUHWKHPD[LPXPUHVSRQVHDPSOLWXGHRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQRFFXUV)LJXUH
VKRZVWKHYLVXDOL]HGLPDJHVRIWKHIORZVDWWKHUHGXFHGZLQGVSHHGZLWKPD[LPXPDPSOLWXGH
RIPRWLRQLQGXFHGYRUWH[YLEUDWLRQ$VVKRZQLQ)LJXUHLWZDVFRQILUPHGWKDWDVZLWKWKH
FDVH RI WKH JHQHUDWLRQ SUREDELOLW\ RI D VHFRQGDU\ YRUWH[ DW WUDLOLQJ HGJH DW WKH RQVHW ZLQG
VSHHGWKHJUHDWHUWKHJUDGLHQWθLVWKHOHVVWKHVHFRQGDU\YRUWH[DWWUDLOLQJHGJHLVOLNHO\WREH
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D

θ GHJUHHVVr JHQHUDWLRQSUREDELOLW\ 

E θ GHJUHHVVr JHQHUDWLRQSUREDELOLW\ 

F

θ GHJUHHVVr JHQHUDWLRQSUREDELOLW\ 

)LJXUH)ORZYLVXDOL]DWLRQWHVWUHVXOWVDWRQVHWUHGXFHGZLQGVSHHGUHJLRQ η/D DWWKHPD[LPXP
GRZQZDUGVSHHG 
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Genaration probability of secondary vortex

JHQHUDWHG)URPWKHYLVXDOL]HGLPDJHVRIWKHIORZVVKRZQLQ)LJXUHWKHJHQHUDWLRQRI D
VHFRQGDU\YRUWH[DWWUDLOLQJHGJHFRXOGEHFRQILUPHGDWWUDLOLQJHGJHRIDFURVVVHFWLRQLQHDFK
FURVVVHFWLRQRIJUDGLHQW θ GHJUHHVDQGGHJUHHVKRZHYHUWKDWFRXOGQRWEHFRQILUPHG
LQ WKH FDVH RI WKH FURVV VHFWLRQ RI JUDGLHQW θ  GHJUHHV ,Q WKH FURVV VHFWLRQV RI JUDGLHQW
θ GHJUHHVDQG θ  GHJUHHVWKH JHQHUDWLRQ SUREDELOLW\ RI D VHFRQGDU\YRUWH[DW WUDLOLQJ
HGJHZDVDWPD[LPXPDWWKHQRQGLPHQVLRQDOGRXEOHDPSOLWXGHUDQJHOHVVWKDQη/D 
ZKHUHPRWLRQLQGXFHGYRUWH[YLEUDWLRQRFFXUUHGLWZDVFRQILUPHGWKDWDVHFRQGDU\YRU
WH[DWWUDLOLQJHGJHLVQRWJHQHUDWHGVWURQJO\HQRXJK
)XUWKHUPRUHWKHPD[LPXPDPSOLWXGHRIHDFKPRWLRQLQGXFHGYRUWH[YLEUDWLRQLQWKHFURVV
VHFWLRQ RI JUDGLHQW θ  GHJUHHV ZKHUH WKH JHQHUDWLRQ SUREDELOLW\ RI D VHFRQGDU\ YRUWH[ DW
WUDLOLQJ HGJH DW WKH QRQGLPHQVLRQDO GRXEOH DPSOLWXGH η/D  LV  DQG LQ WKH FURVV
VHFWLRQ RI θ  GHJUHHV ZKHUH WKH JHQHUDWLRQ SUREDELOLW\ RI D VHFRQGDU\ YRUWH[ DW WUDLOLQJ
HGJHGDWWKHQRQGLPHQVLRQDOGRXEOHDPSOLWXGHη/D LVLVDSSUR[LPDWHO\WKHVDPH
)URPWKLVIDFWLWLVFRQVLGHUHGWKDWDIWHUWKHRQVHWRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQDVHF
RQGDU\ YRUWH[ DW WUDLOLQJ HGJH GRHV QRW FRQWULEXWH HQRXJK WR WKH H[FLWLQJ IRUFH RI PRWLRQ
LQGXFHG YRUWH[ YLEUDWLRQ DW WKH VWDJH ZKHUH WKH PD[LPXP UHVSRQVH DPSOLWXGH RI PRWLRQ
LQGXFHGYRUWH[YLEUDWLRQRFFXUV
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Non-dimensional double amplitude 2η/D
)LJXUH*HQHUDWLRQSUREDELOLW\IRUVHFRQGDU\YRUWH[DWWKHWUDLOLQJHGJHDWUHGXFHGZLQGVSHHGUHJLRQ
ZKHUHPD[LPXPUHVSRQVHDPSOLWXGHRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQRFFXUVVr 
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D

θ GHJUHHVVr JHQHUDWLRQSUREDELOLW\ 

E θ GHJUHHVVr JHQHUDWLRQSUREDELOLW\ 

F

θ GHJUHHVVr JHQHUDWLRQSUREDELOLW\ 

)LJXUH)ORZYLVXDOL]DWLRQWHVWUHVXOWVDWUHGXFHGZLQGVSHHGUHJLRQZKHUHPD[LPXPUHVSRQVHDPSOLWXGHRI
PRWLRQLQGXFHGYRUWH[YLEUDWLRQRFFXUV η/D DWWKHPD[LPXPGRZQZDUGVSHHG 

1998
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CONCLUSIONS

,W ZDV IRXQG WKDW LW LV FRQVLGHUHG WKDW WKH VHFRQGDU\ YRUWH[ DW WUDLOLQJ HGJH LV QRW DOZD\V
QHFHVVDU\ QRW RQO\ IRU UHFWDQJXODUFURVVVHFWLRQVZLWK OHVVWKDQ D VLGH UDWLR RI B/D EXW
DOVRIRUDFURVVVHFWLRQVLPLODUWRWKHUHFWDQJXODUFURVVVHFWLRQDWERWKVPDOODPSOLWXGHUDQJH
DWWKHRQVHWUHGXFHGZLQGVSHHGRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQDQGDFRPSDUDWLYHO\ODUJH
DPSOLWXGHUDQJHZKHUHWKHPD[LPXPUHVSRQVHDPSOLWXGHRIPRWLRQLQGXFHGYRUWH[YLEUDWLRQ
RFFXUV
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DYNAMIC STUDY OF PORT CRANES SUBJECTED TO STOCHASTIC
WIND ACTIONS
L. Solazzi
'HSDUWPHQWRI0HFKDQLFDODQG,QGXVWULDO(QJLQHHULQJ
8QLYHUVLW\RI%UHVFLD
9LD%UDQ]H%UHVFLD ,WDO\ 
OXLJLVROD]]L#XQLEVLW

Keywords:FRQWDLQHUFUDQHOLIWLQJHTXLSPHQWZLQGDFWLRQVVWRFKDVWLFZLQGILHOGGHVLJQG\
QDPLFEHKDYLRUG\QDPLFDQDO\VHVILQLWHHOHPHQWDQDO\VLV
Abstract. The focus of this research is to evaluate and compare the mechanical behaviour of
three different big cranes (low profile container crane, ship to shore container crane and derrick crane) subjected to wind actions, which are schematized in two different ways: the first
considering the constant actions over time and the second considering that changing over time.
Regarding this second point, it was assumed a Kaimal, Wingaarard, Izumi and Cotè [1] model,
and the actions were determined by developing a specific Mathcad program. After a preliminary analytical cranes design, the successive steps regards the solid model and the numerical
analyses performed by finite element method. The numerical results show that, if the wind actions were schematized like variable in time, the maximum displacement is greater respect the
one obtained with the constant actions. This gain is important and it is not constant, but changes
with the cranes type and the geometrical configurations. For low profile container crane, the
increment is approximatively three time while for the derrick crane with the arm at 5° position
this value is only about 20%. The research is still in progress primarily in order to extend this
methodology to other lifting equipment.
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1

INTRODUCTION

7KHVFRSHRIWKLV UHVHDUFKLVWR DQDO\]HWKHG\QDPLFDO EHKDYLRXURIWKUHHGLIIHUHQW FUDQH
W\SHVVXEMHFWHGWRZLQGDFWLRQV,QSDUWLFXODUWKHJRDORIWKLVVWXG\LVWRDQDO\]HWKHZLQGHIIHFWV
RQWKUHHGLIIHUHQWJHRPHWULFDOFUDQHFRQVLGHULQJGLIIHUHQWZLQGDFWLRQVVFKHPDWL]DWLRQV
7KHFUDQHVFDQEHVXEMHFWHGWRPDQ\GLIIHUHQWDFWLRQVGHDGORDGDQGLQHUWLDDFWLRQVGXHWR
PRYLQJ ORDGV RU FUDQH SDUWV >@ PRYLQJ WUROOH\ >@ LPSXOVH ORDGLQJ >@ ZLQG
>@HDUWKTXDNH>@(DUWKTXDNHDFWLRQVFDQEHYHU\GDQJHURXVLQIDFWIRUH[DPSOH
GXULQJ.REHHDUWKTXDNH  >@GLIIHUHQWFUDQHVFROODSVHGFDXVLQJFRQVLGHUDEOH
GDPDJHDOVRRQWKHHFRQRPLFSRLQWRIYLHZ,QWKLVFDVHWKHSULQFLSDOIDLOXUHPRGHVIRUWKHVH
VWUXFWXUHVDUHORFDORUJOREDOEXFNOLQJSKHQRPHQD
7KHZLQGDFWLRQVDUHRQHRIWKHPDLQORDGFRQGLWLRQVWKDWDFWRQOLIWLQJHTXLSPHQWOLNHFUDQH
7KHVH DFWLRQVFDQOHDGWKHVWUXFWXUHVWR FROODSVH IRUH[DPSOHGXHWKHRYHUWXUQLQJ PRPHQW
EXFNOLQJSKHQRPHQDORFDORUJOREDODQGVRRQ >@,QJHQHUDODQGDFFRUGLQJWR
WKHVHYHUDOVWDQGDUGV DVIRUH[DPSOH(1 WKHZLQGDFWLRQDQGWKHUHODWLYHORDGFDQEH
HVWLPDWHGDVVXPLQJDFRQVWDQWIRUFH
7KHPDJQLWXGHRIWKLVORDGLVFRUUHODWHGWRWKHZLQGYHORFLW\WKHDUHDLQWHUHVWHGE\WKHZLQG
DQGVRPHDHURG\QDPLFDOFRHIILFLHQWV+RZHYHULWLVLPSRUWDQWWRXQGHUOLQHWKDWFRPSDUHGWR
WKHFLYLOVWUXFWXUHVWKHPHFKDQLFDORQHVLQJHQHUDODUHPRUHIOH[LEOHDQGFRPSRVHGE\PDQ\
GLIIHUHQWHOHPHQWV OLNHEHDPRUWUXVVHOHPHQWV %DVHGRQWKLVSRLQWRIYLHZDVVXPLQJDFRQ
VWDQWORDGDFWLRQDSSOLHGWRWKHVWUXFWXUHFDQEHXQVDIHIRUWKHVWUXFWXUH)RUWKHFRPSRQHQWVLW
LVLPSRUWDQWWRVWXG\WKHLQWHUDFWLRQEHWZHHQZLQGDFWLRQDQGWKHG\QDPLFDOEHKDYLRXURIWKH
ZKROHFUDQHRULWVSDUWV
,QWKLVUHVHDUFKWKUHHGLIIHUHQWFUDQHW\SHV ORZSURILOHFRQWDLQHUFUDQHZLWKUHWUDFWDEOHERRP
FRQWDLQHUFUDQHZLWKOLIWDUPDQGGHUULFNFUDQH ZHUHDQDO\]HGLQRUGHUWRVWXG\WKHPHFKDQLFDO
EHKDYLRXURIWKHVWUXFWXUHVVXEMHFWHGWRVWRFKDVWLFZLQGORDGDFWLRQV
7KHUHDVRQRIWKLVUHVHDUFKLVWRVWXG\HYDOXDWHDQGFRPSDUHWKHUHVXOWVREWDLQHGE\QXPHU
LFDODQDO\VHVRQFUDQHVXEMHFWHGWRWZRGLIIHUHQWZLQGORDGVVFKHPDWL]DWLRQVLHFRQVWDQWDQG
YDULDEOHLQWLPH
2

WIND ACTIONS

7KHZLQGDFWLRQVDSSOLHGWRWKHFUDQHSURGXFHDIRUFHWKDWDFWVLQWZRGLUHFWLRQVRQHLQWKH
ZLQGGLUHFWLRQDQGRQHLQRUWKRJRQDOGLUHFWLRQ ILJXUH 7KHIRUFHVLQWHQVLW\FDQEHHYDOXDWHG
E\HTXDWLRQVDQG

)LJXUH$FWLRQVRQWKHVWUXFWXUHE\ZLQG
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:KHUH
ߩ DLUGHQVLW\
ܸሺݔǡ ݕǡ ݖǡ ݐሻ ILHOGYHORFLW\
ܿ DQGܿ OLIWDQGGUDJFRHIILFLHQWV
 ܣൌ ȁܣ௫ ߴ  כȁ  หܣ௬ ߴ  כหLVDUHDDQGߴLVWKH\DZDQJOH
7KHQXPHULFDODQDO\VHVZHUHFDUULHGRXWFRQVLGHUVWZRGLIIHUHQWZLQGDFWLRQVFKHPDWL]DWLRQV
7KHILUVWVFKHPDWL]DWLRQFRQVLGHULQJWKHZLQGDFWLRQYDU\LQJLQWLPHWKHVHFRQGRQHFRQVLGHU
LQJ WKH DFWLRQ FRQVWDQW RYHU WLPH ,Q JHQHUDO WKH ILUVW DSSURDFK ZDV VWXGLHG E\ VWRFKDVWLF
PHWKRG>@
2.1 Kaimal’s model [1.]
7KHZLQGILHOGYHORFLW\FDQEHH[SUHVVHGE\IRUPXOD  

ܸሺݔǡ ݕǡ ݖǡ ݐሻ ൌ ܸ ሺݖሻ  ݒሺݔǡ ݕǡ ݐሻ
:KHUH
ܸ ሺݖሻ LVWKHPHDQYHORFLW\LWLVLQGHSHQGHQWRIVSDFHDQGWLPHEXWRQO\YDULHVDORQJWKH
KHLJKWRIWKHVWUXFWXUH ] E\IRUPXOD  
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NUMERICAL PROCEDURE

)RUDOOWKHFUDQHVDQDO\]HGWKHPDLQSRLQWVGHYHORSHGDUHUHSRUWHGEHORZ
'HVLJQDFUDQHFRQVLGHULQJWKH³FODVVLFDO´DFWLRQVGHDGORDGZRUNLQJORDGRUSD\ORDGLQ
HUWLDORDGVDQGZLQGORDGV)RUWKLVSRLQWLWZDVDVVXPHGDFODVVLFDO VWUXFWXUDOKLJKVWUHQJWK
VWHHO 60RU60/DFFRUGLQJWR(XURSHDQVWDQGDUG(1 
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$IWHUDSUHOLPLQDU\DQDO\WLFDOGHVLJQDVROLGPRGHO 6ROLG:RUNVVRIWZDUH DQGILQLWHHO
HPHQWDQDO\VHVZHUHFDUULHGRXW $XWRGHVN6LPXODWLRQVRIWZDUH 
7KURXJK D VSHFLILF GHYHORSHG 0DWFKFDG  SURJUDP WKH ZLQG YHORFLW\ HTXDWLRQ   WKH
SRZHUVSHFWUXP HTXDWLRQV DQGWKHZLQGIRUFHV HTXDWLRQVDQG ZHUHHYDOXDWHG
(DFKFUDQHZDVGLYLGHGLQGLIIHUHQWVXEVWUXFWXUHVFKDUDFWHUL]HGE\DUHDSRVLWLRQ ] DQG
GUDJDQGOLIWFRHIILFLHQWVRQHDFKRQHWKHIRUFHVFDOFXODWHGDWSUHYLRXVSRLQWZHUHDSSOLHG,WLV
LPSRUWDQWWRXQGHUOLQHWKDWWKHQXPEHURIVXEVWUXFWXUHVZDVFKRVHQFRQVLGHULQJWZRSDUDPH
WHUVLHWKHFRQYHUJHQFHVROXWLRQWRWKHPD[LPXPFUDQHGLVSODFHPHQWDQGWKHFRPSXWDWLRQDO
FRVW,QJHQHUDOHDFKIHPPRGHOZDVFRPSRVHGE\TXDGUDWLFEHDPHOHPHQWVDQGE\
QRGHV7KHQXPHULFDOSURFHGXUHDGRSWHGIRUIHPDQDO\VHVLVGLUHFWLQWHJUDWLRQPHWKRG)RUWKLV
WHFKQLTXHWKHPRVWLPSRUWDQWSDUDPHWHULVWKHGHOD\WLPHEHWZHHQWZRVWHSV7KHYDOXHDV
VXPHG DIWHU VRPH LWHUDWLRQV LQ RUGHU WR HYDOXDWH WKH FRQYHUJHQFH VROXWLRQ RQ WKH PD[LPXP
GLVSODFHPHQWLVο ݐൌ ͲǤͲͷݏ
4

LOW PROFILE CONTAINER CRANE

)LJXUHVKRZVWKHVROLGFUDQHPRGHOWKHPDLQFUDQHSDUDPHWHUVDUHSD\ORDG WOLIWLQJ
YHORFLW\ ZLWKRXWORDG  PPLQOLIWLQJYHORFLW\ ZLWKORDG  PPLQPD[LPXPKHLJKW
XQGHUVSUHDGHU  PRYHUDOOKHLJKW PERRPOHQJWK P
3RLQW

3RLQW
3RLQW

)LJXUH6ROLGPRGHORIORZSURILOHFRQWDLQHUFUDQHZLWKVRPHVSHFLILFSRLQWVRQPDLQDUP

)LJXUHVDQGVKRZWKHWUHQGRIWKHZLQGYHORFLW\DQGWKHGUDJDQGOLIWIRUFHVDSSOLHGWR
GLIIHUHQWSRLQWVRIWKHFUDQH)LJXUHVKRZVWKHFUDQHGLVSODFHPHQW

3RLQW  

3RLQW 



3RLQW 



3RLQW 



7LPH>V@

7LPH>V@

)LJXUH:LQGYHORFLW\>PV@DQGGUDJDQGOLIWIRUFHV>1@LQGLIIHUHQWFUDQHSRLQWV>    @
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3RLQW 



3RLQW 

7LPH>V@



7LPH>V@

)LJXUH:LQGYHORFLW\>PV@DQGGUDJDQGOLIWIRUFHV>1@IRUWKHSRLQWRIFUDQHQ
'LVSODFHPHQW
PP

7LPH>V@



)LJXUH&UDQHGLVSODFHPHQW>PP@IRUORZSURILOHFRQWDLQHUFUDQH DUPDWVHDVLGHSRVLWLRQ VXEMHFWHGWR.DLPDO
ZLQGVSHFWUXPDFWLRQV

5

CONTAINER CRANE

7KHPDLQSDUDPHWHUVRIWKLVFUDQHDUHSD\ORDG WWRWDOOHQJWKRIWKHPDLQEHDP P
DQGKHLJKW P)LJXUHVKRZVWKHFUDQHVROLGPRGHODQGWKHIHPPRGHO

)LJXUH6ROLGPRGHODQGIHPPRGHOIRUFRQWDLQHUFUDQH

)LJXUHVKRZVWKHFUDQHGLVSODFHPHQWIRUGLIIHUHQWSRLQWV,WLVLPSRUWDQWWRXQGHUOLQHWKDWWKH
PD[LPXPGLVSODFHPHQWLVORFDWHGDWWKHDUPHQGDQGWKHPD[LPXPPDJQLWXGHLVLQWKHZLQG
GLUHFWLRQ \GLUHFWLRQ LHRUWKRJRQDOWRWKHPDLQEHDP WKHWUDQVODWLRQLQWKHRWKHUGLUHFWLRQ[
DQG]LVYHU\ORZLIFRPSDUWHGZLWKWKHYDOXHLQ\GLUHFWLRQ 
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'LVSODFHPHQW
<BPP



7LPH>V@
'LVSODFHPHQW
;BPP

'LVSODFHPHQW
=BPP

)LJXUH&UDQHGLVSODFHPHQWV

6

DERRICK CRANE

7KHFUDQHSDUDPHWHUVFRQVLGHUHGLQWKLVUHVHDUFKDUHDQPORQJDUPDQGDSD\ORDGHTXDO
WRWZKHQWKHLQFOLQDWLRQRIWKHDUPZLWKUHVSHFWWRWKHJURXQGLVEHWZHHQDQG
ZKLOHWKHSD\ORDGHTXDOWRWIRUDQLQFOLQDWLRQRIWKHDUPEHWZHHQDQG7KHKHLJKW
RIFHQWUDOWRZHULVP7KHORDGOLIWLQJVSHHGZDVDVVXPHGHTXDOWRYV PPLQZKLOH
WKHDUPOLIWLQJVSHHG VSHHGDWWKHKHLJKWRIWKHDUP ZDVDVVXPHGHTXDOWRYD PPLQ
)LJXUHUHSRUWVWKHIHPPRGHOIRUWKHWZRJHRPHWULFDOFRQILJXUDWLRQVLHDGDQDO\]HG
7KHILJXUHVDQGVKRZWKHGLVSODFHPHQWUHVXOWVIURPQXPHULFDODQDO\VHV

)LJXUH'HUULFNFUDQHIHPPRGHO
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'LVSODFHPHQW
PP



7LPH>V@

)LJXUH'HUULFNFUDQHGLVSODFHPHQWLQJHRPHWULFDOFRQILJXUDWLRQIRUGLIIHUHQWSRLQWVRQPDLQDUP

'LVSODFHPHQW
PP



7LPH>V@

)LJXUH'HUULFNFUDQHGLVSODFHPHQWLQJHRPHWULFDOFRQILJXUDWLRQIRUGLIIHUHQWSRLQWVRQPDLQDUP

7

RESULTS

7KHPDLQUHVXOWVRIWKLVUHVHDUFKLQ RUGHUWR HYDOXDWHWKH HIIHFW RIGLIIHUHQW ZLQGDFWLRQV
VFKHPDWL]DWLRQV FRQVWDQWDGYDULDEOHLQWLPH RQFUDQHGLVSODFHPHQWDUHVXPPDUL]HGLQWDEOH
 7KLVWDEOHUHSRVWVDOVRWKHSHUFHSWXDOYDULDWLRQZLWKUHVSHFWWRWKHGLVSODFHPHQWYDOXHVRE
WDLQHGFRQVLGHULQJFRQVWDQWZLQGDFWLRQ
&UDQHFRQILJXUD :LQGDFWLRQ FRQ :LQGDFWLRQ YDULD
WLRQ
VWDQW $ 
EOHLQWLPH % 
/RZSURILOH
&RQWDLQHUFUDQH
'HUULFNFUDQH
'HUULFNFUDQH


9DULDWLRQ
%$ $ 



















7DEOH0D[LPXPGLVSODFHPHQW>PP@IRUWKUHHGLIIHUHQWFUDQHVDQGZLWKGLIIHUHQWZLQGORDGVVFKHPDWL]DWLRQV
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7KHUHVXOWVVKRZWKDWIRUDOOQXPHULFDODQDO\VHVFDUULHGRXWWKHGLVSODFHPHQWVHYDOXDWHFRQ
VLGHULQJWKDWWKHIRUFHVYDULDEOHLQWLPHDUHJUHDWHUWKDQWKHRQHHYDOXDWHGZLWKFRQVWDQWIRUFHV
7KLVUHVXOWLVYHU\LPSRUWDQWEHFDXVHFRUUHODWHGWRWKHGLVSODFHPHQWYDOXHWKHUHDUHWKUHH
SKHQRPHQDWKDWPXVWEHWDNHQLQWRDFFRXQWLQRUGHUWRDYRLGWKHVWUXFWXUHVGDPDJHGXHWRWKH
ZLQGDFWLRQVDQGWKHVHDUHVWUHVVVWDWHIDWLJXHSKHQRPHQRQDQGWKHRYHUWXUQLQJPRPHQW
$QRWKHUREVHUYDWLRQLVLPSRUWDQWWKHLQFUHDVHGLVSODFHPHQWYDOXHFKDQJHVZLWKWKHFUDQH
W\SRORJLHVHQGWKHJHRPHWULFDOFRQILJXUDWLRQV7KHDVSHFWWKDWQHHGVIXUWKHULQYHVWLJDWLRQVPD\
EHFRUUHODWHWRWKHPHFKDQLFDOEHKDYLRURIWKHFUDQHDQGLQSDUWLFXODUWRWKHQDWXUDOIUHTXHQFLHV
DQGWKHPDVVSDUWLFLSDWLRQVIDFWRUVLQYROYHGLQWKHZLQGORDGGLUHFWLRQ
8

CONCLUSIONS

7KLVUHVHDUFKUHSRUWVWKHPDLQQXPHULFDOUHVXOWVIRUWKUHHGLIIHUHQWSRUWFUDQHVVXEMHFWHGWR
ZLQGDFWLRQV7KHVHDFWLRQVZHUHVFKHPDWL]HGLQWZRGLIIHUHQWZD\VRQHFRQVLGHULQJWKHYH
ORFLW\FRQVWDQWLQWLPHDQGWKHVHFRQGFRQVLGHULQJWKHYHORFLW\FKDQJLQJLQWLPH
$IWHUWKHGHVLJQSURFHVVIRUDOOFUDQHVDVSHFLILF0DWKFDGSURJUDPZDVGHYHORSHGLQRUGHU
WRHYDOXDWHWKHIRUFHVWUHQG OLIWDQGGUDJ 7KHVWUXFWXUHVZHUHGLYLGHGLQPDQ\GLIIHUHQWVXE
VWUXFWXUHVDQGRQHDFKRIWKHVHVSHFLILFDFWLRQVZHUHDSSOLHG7KHQXPHULFDOUHVXOWVVKRZWKDW
WKHPD[LPXPGLVSODFHPHQWVDUHTXLWHGLIIHUHQWDQGWKHVHVKLIWVLVQRWFRQVWDQWEXWGHSHQGVRQ
WKHFUDQHW\SHDQGJHRPHWULFDOFRQILJXUDWLRQ
7KHVHUHVXOWVQHHGPRUHLQYHVWLJDWLRQEHFDXVHFRUUHODWHGWRWKHGLVSODFHPHQWWKHUHDUHRWKHU
SKHQRPHQDOLNHVWUHVVVWDWH DQGIDWLJXH DQGRYHUWXUQLQJPRPHQWWKDWFDQLQGXFHWKHFUDQHWR
FROODSVH7KHQH[WVWHSRIWKLVUHVHDUFKUHJDUGVWZRSRLQWV
7KHILUVWSRLQWFRQFHUQVWKHLPSOHPHQWDWLRQRIWKLVPHWKRGRORJ\WRHYDOXDWHWKHVWUXFWXUH
PHFKDQLFDOEHKDYLRURQRWKHUFUDQHVW\SH7KHVHFRQGSRLQWUHODWHVWRWKHZLQGDFWLRQVVFKH
PDWL]DWLRQ DQG LQ SDUWLFXODU WKLV VHFRQG SRLQW ZDQW WR DQDO\]H WKH HIIHFW RI GLIIHUHQW ZLQG
VFKHPDWL]DWLRQRUPRGHODVVXPSWLRQVDVUHSRUWHGLQ>@RQWKHFUDQHUHVSRQVHHVSHFLDOO\LQ
WKHGLVSODFHPHQWYDOXHVDQGFRPSDUHLWWRWKHRQHREWDLQHGLQWKHVWDWLFORDGFRQGLWLRQV
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Abstract. Several factors are involved in estimating the lifetime of overhead lines. Focusing on
the mechanical part, conductor vibrations represent an important contribution to the creation
and propagation of cracks, which has led us to investigate the behavior of a suspended cable
subject to wind. Among the already available tools, there is either the simple energy balance
principle, which is physically less accurate, or a more complete mechanical modelling, which
is computationally expensive. In this paper, we present a model that ﬁlls this gap: we are
able to perform large parametric studies in a moderate amount of time without compromising
the physical accuracy of the results. Results from this model compare well with Code Aster
simulation results. We outline a steady state which can be characterized with a few parameters,
and demonstrate an example of a parametric study that can be performed.
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1

Introduction

Asset management is a major challenge for RTE (Réseau de Transport d’Electricité), the
French TSO (Transmission System Operator), because electrical grid component maintenance
and renewal represent important economic issues. Thus, improved lifetime assessment could
lead RTE to substantial savings while still assuring a high quality service. Overhead power
cables, or conductors, which are stranded wire assemblies, are one of RTE’s main assets. It is
well known in the overhead lines community that aeolian vibrations cause fretting fatigue in or
around the clamp/conductor system and lead to aging of the conductors [1, 2].
Aeolian vibrations are an aero-elastic phenomenon, where the wind induces vortex shedding that causes alternating lift and drag forces. If the structural damping is not sufﬁcient, the
conductor can vibrate under low-speed wind conditions (velocities ranging from about one to
seven m s−1 ). These vibrations can be quantiﬁed by studying the equation of motion of a conductor exposed to wind, where the model for the conductor can be represented as a suspended
cable. This system can be solved using the Code Aster ﬁnite-element solver, and the obtained
results are found to compare well with experiments [3]. Yet, running this type of simulation
for a signiﬁcant part of RTE’s network (300 000 spans) is prohibitively expensive. The Energy
Balance Principle (EBP) is a simple model that is widely used in the literature, and this can
be used to compute the vibration amplitude. The EBP is reliant on balancing the energy introduced by the wind and the energy dissipated by the conductor [4]. Yet, this method does not
adequately cover low wind speeds because it relies on experimental data which is difﬁcult to acquire. This is the motivation for the development of a simpler equivalent model (1D, nonlinear,
ﬁnite-difference method solution), which is based on the cable dynamics and thus is physically
more accurate than the EBP. Compared to Code Aster, the same vibration amplitudes are found,
while the computation is much faster.
Section 2 presents two models, one for the conductor and another for conductor-wind interaction; in section 3 the conductor model is validated before an example parametric study that
can be performed with the model is shown in section 4. Finally, in the discussion (section 5)
several improvements are outlined that can be made to both models to better capture aeolian
vibrations.
2
2.1

Models
Equation of Motion for a Suspended Cable

Let us consider an elastic cable suspended between two poles separated by a distance Ls .
We denote m as the cable mass per unit length, H is the equilibrium tension, EA is the axial
stiffness of its cross section and g is the standard gravity. At equilibrium, the cable has the shape
of a catenary due to its own weight, and its length is given by (1).

L = 2a sinh

Ls
2a

,

with a =

H
mg

(1)

The dynamic displacement of the cable from its equilibrium is given by U = UT eT +UN eN +
UB eB , where the unit vectors eT , eN and eB respectively represent the tangential, normal and
binormal directions of the Frenet triad deﬁned by the equilibrium position of the cable (see also
ﬁgure 1). All Ui components depend on time T and S, which is the curvilinear abscissa along
the cable.
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Figure 1: Vibration model notations.

Considering that H  mgL (which implies that the equilibrium curvature is small and that
the catenary is well approximated by a parabola), and that EA  H (such that we have EA/H >
H/mgL), the equations of motion when the cable is subject to an external force F = F e +F e
T T
N N
regarding the equilibrium are given by [5]
⎧
 2
 ∂ 2 uN
⎪
v2
∂ 2 uN
2
⎪
⎨
=
v
+
v
e
+
e + fN
t

∂t2
∂s2
vt2
,
(2)
2
⎪

 2
⎪
⎩ ∂ uB = v 2 + v 2 e ∂ u B + f B
t

∂t2
∂s2
where
1

e(t) =
0

3

uN 1
− 2 +
vt
2





2

∂uN
∂s

+

∂uB
∂s

2

4
ds .

(3)


All quantities in equations (2) and (3) are dimensionless: we have s = S/L, t = T / L/g, ui = Ui/L
and fi = Fi/mg; the coefﬁcients vt and v stand for the (non-dimensional) velocity of transverse
and longitudinal waves along the cable (4). Since the cable has ﬁxed ends, Dirichlet boundary
conditions are used for each component of the displacement.


H
EA
vt =
, v =
(4)
mgL
mgL
After solving this system, it is possible to retrieve the uT component by identifying a func1
tion h(s, t) such that e(t) = 0 h(s, t) ds; we then have
s

uT (s, t) = e(t) s −

h(s, t) ds .

(5)

0

The system (2) is solved using a ﬁnite difference approach with second order approximation
in space and a linearized Crank-Nicolson scheme (also second order) in time. The solver has
been implemented with Python for its ﬂexibility, but a C/C++ version could also be implemented
if performance improvements are necessary.

2013
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2.2

Wind Interaction

Aeolian vibrations are attributed to a ﬂuid dynamics phenomenon called vortex shedding. In
simple terms, this is when a ﬂuid (e.g. air) ﬂowing past a cylindrical body causes vortices to
be formed downstream of the cylinder, which then become unstable and detach. The vortices
detach periodically from either side of the body, creating a von Karman vortex street, and also
inducing an alternating lift force along with an oscillation in the drag force. The detachment
frequency is characterized by
fw =

U
St ,
d

(6)

where U is the ﬂuid speed, d the cylinder’s diameter and St a dimensionless number (called the
Strouhal number) which depends on the shape of the body and the Reynolds number (St ≈ 0.2
for Re ∈ [102 , 105 ] in the case of a ﬁxed, inﬁnite and smooth cylinder).
No theoretical prediction for vortex shedding exists in the literature, so empirical formulations from experiments in wind tunnels are used. Especially important is the work of Bishop
and Hassan [6], who ran experiments with a smooth cylinder subject to a uniform air ﬂowing
normal to the cylinder axis, and made detailed force measurements. The force per unit length
on the cylinder is given by
⎧
1
⎪
⎪
⎨ FL,D = /2 ρair d |U | U C̄L,D (t)
(7)
C̄L (t) = CL + CL0 sin ( ωw t) ,
⎪
⎪
⎩ C̄ (t) = C + C sin (2ω t)
D

D

D0

w

with ωw = 2πfw , ρair being the air volumic mass. Indices L and D correspond to lift and drag
directions: the drag direction is parallel to the air ﬂow, and L is normal to both the air ﬂow and
cylinder axis. The dimensionless coefﬁcients CD , CD0 , CL and CL0 are measured experimentally
or can be found with ﬂuid dynamics computations [7]. Bishop and Hassan give the following
values for a Reynolds number around 104 : CD = 1.1, CD0 = 0.075, CL = 0 and CL0 = 0.6.
When using the force formulation (7) as an input in (2), we consider the wind along the
binormal direction, hence fN ≡ FL/mg and fB ≡ FD/mg. A geometric correction is not added
because the curvature of the cable is assumed to be small. However, as our cylinder will be
moving, we do need to modify (7) to take the relative speed of the cable into account. Equation
(8) is obtained using projections, but it was chosen to keep the frequency in (6) unchanged.
⎧


⎪
⎪
U
ρair dL
⎪
2
⎪
u˙N + √ − u˙B
⎨ fN =
2m 
Lg

⎪
⎪
ρair dL
U
⎪
⎪
u˙N 2 + √ − u˙B
⎩ fB =
2m
Lg
3
3.1

2

"


−u˙N C¯D (t) +

2

"

U
√ − u˙B
Lg

U
√ − u˙B C¯L (t)
Lg
#
¯
¯
CD (t) + u˙N CL (t)

#
(8)

Validation
Utilization in Overhead Lines Context

The model in section 2.1 is to be applied to the case of electrical overhead lines, and thus it
is necessary to ensure that the conditions are representative. For this a dataset of about 82 000
spans from the RTE network is used in which all the required physical properties are well
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quantile

1/vt4

vt4/v 2

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0132
0.0192
0.0242
0.0291
0.0338
0.0390
0.0451
0.0531
0.0655

0.00253
0.00306
0.00348
0.00387
0.00428
0.00476
0.00533
0.00619
0.00791



Table 1: Quantiles for error terms computed on a sample of spans.

known. Lee’s model does not account for height difference, so we remove the spans that have a
height difference h larger than 20 m or such that h/Ls < 5%, which leaves about 65 000 spans.
To obtain (2), several Taylor expansions using k = 1/vt2 as a parameter were performed; the
error is O (1/vt4 ) when neglecting terms on the order of k 2 or smaller. The second hypothesis,
which compares longitudinal and transverse wave speeds (v2 > vt4 ), is easier to meet since
conductor materials often have high axial stiffness and relatively low tension. Both ratios have
been computed on the sample of spans. The results in table 1 show that the curvature error is
quite limited (below 7%) for 90% of the spans, and that the error in the wave-speeds is even
lower. This would not be the case if we had kept spans with higher height difference.
3.2

Comparison with Code Aster

Code Aster open source software is used to solve numerical problems in structural mechanics [8]. It is a continuum mechanics solver based on the ﬁnite element method that can be
employed for different types of mechanical, thermal or acoustic problems. In our case, we use
a three-dimensional large displacement model to compute a cable displacement when it is subject to wind. We performed our comparison using an ASTER570 conductor (m = 1.57 kg m−1 ,
EA = 37.6 MN, d = 31.1 mm) on a span of length Ls = 400 m and with tension H = 37 kN;
we used ρ = 1.20 kg m−3 for the air volumic mass and a wind speed of U = 3.00 m s−1 ; other
wind parameters are given in section 2.2. The cable is considered at rest at initial time. In this
comparison, we do not take into account the speed correction raised in section 2.2, since it requires deeper modiﬁcations in Code Aster’s source code; this is not important here as we only
want to compare the cable models. The simulation time is 45 s; discretization parameters are
respectively n = 257 and 250 elements for Code Aster and Lee’s model and we use the same
time step Δt = 1.0 × 10−3 s. Results in ﬁgure 2 show near identical vibrations. The comparison
between the two approaches remains good if the input parameters are changed, and the best
correspondence is observed far from the span ends.
Comparing execution times of a three-dimensional model, such as the one used here in
Code Aster, with a much simpler model is a bit unfair, but this is important when we want to
perform numerous simulations for a parametric study. On a standard desktop computer (using
an Intel i7-3770 processor and 12 GB of memory), a computation of two and a half hours was
necessary to complete a simulation using Code Aster and about 80 seconds for Lee’s model,
which gives a time ratio slightly above 100.
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Figure 2: Comparison of displacement with regard to equilibrium position for uN component obtained by solving
Lee and Code Aster models.

3.3

Observations

Let us consider the same cable at the mid-span and with the speed correction taken into
account (ﬁgures 3 and 4). Focusing on the binormal component (parallel to the wind), we
observe damped oscillations that seem to tend to a
stationary state. The oscillation frequency
matches the natural frequency of the cable f1 =
2m
.
ρair dU CD

1
2Ls

H
,
m

and the time constant can be estimated

with τ =
The limiting value for uB can be computed using a static version of (2), but
it can be well approximated by a catenary equation using an analogy with the gravity case


Ls
Hτ
Ls
∞
uB (s) = 2ã sinh
(1 − s) sinh
s , with ã ≡
,
(9)
2ã
2ã
mU
where s ∈ [0, 1] is the curvilinear abscissa along the span. By combining these observations, a
good analytical approximation can be written for the binormal component:
uB (s, t) ≈ [1 − exp (−t/τ ) cos (2πf1 t)] u∞
B (s) .

(10)

Focusing on the normal component, damped oscillations are also observed, but these are much
less regular than for the binormal component; a steady state is observed after approximately 200
seconds. The frequency of these oscillations is close to, but different to twice the cable natural
frequency. In fact, it exactly matches the ﬁrst out-of plane frequency f1 deﬁned in [9] using
a transcendental equation. The steady-state vibrations have a small amplitude (about 50 μm)
and their frequency is exaclty fw . Similar to the binormal component, the mean of the steady
state vibrations u∞
N (s) can be computed. However, a good analytical approximation for the
oscillation amplitude was not found.
4

Example of a parametric study

Typically, how vertical vibrations vary with span length, tension and wind speed are of interest. Since an expression for the normal component vibration amplitude has not been found, several simulations have been performed to cover the different cases. Considering an ASTER570
cable, most span lengths go from 100 to 800 m, and the tensions between 10 and 60 kN. Two
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Figure 3: Cable displacement (mm) at mid-span regarding equilibrium position for the binormal (top) and the
normal (bottom) component. The green line can be computed by solving a static problem and the orange line
outlines the damping in exp(−t/τ ).

sets of simulations have been performed; one with a small number of points for Ls and H, and
several wind speeds (15 lengths, 11 tensions and 11 wind speeds) to cover the wind speed dependency, and another with one wind speed but a greater number of points (56 lengths and 41
tensions) to obtain a more detailed map. The same parameters as in previous section are kept,
but only the steady state is considered when performing amplitude measurements.
Figure 5 shows the value of u∞
N in the span-length/tension plane for different wind speeds.
The same pattern is observed in all cases, with the amplitude increasing with the wind speed.
To investigate further, ﬁve length/tension points were selected and the variation of the vibration
amplitudes with wind speed for these points is shown in ﬁgure 6. It appears that all the curves
follow the same pattern, which leads us to assume that the expression for the vibration amplitude
(for a given type of conductor, i.e. a ﬁxed mass, diameter and axial stiffness) can be expressed
as the product of two functions; one that depends on span length and tension, and the other that
only depends on the wind speed (with other parameters, such as ρair , and CD , being ﬁxed). Thus,
we can omit the wind speed factor and only analyze one high-resolution map. This is what has
been done in ﬁgure 7, where it is observed that larger values of u∞
N are obtained for longer span
lengths and lower tension cables.
The amplitudes of the steady state vibrations (ﬁgure 8) are observed to have very small values
for all wind speeds. The amplitude is always below 2.5 mm at mid-span, whereas cable damage
would be expected at higher amplitudes [10].
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Figure 4: Mid-span vibration spectra for the binormal (top) and the normal (bottom) component. Red lines are
natural frequencies of the cable (solid for odd modes, dashed for even), the orange line is the frequency given in
[9] and the green one is the wind frequency.

5

Discussion

Several points in Lee’s model should be improved: there is currently no consideration of any
kind of damping. This explains why vibration amplitudes continue to increase with wind speed,
instead of reaching a peak value and then returning lower values, like with the EBP model. A
viscous damping term could be added to (2), but it is well known that damping is non-linear in
cables due to the friction between wires. Part of our future work consists of evaluating friction
in different conductors and its dependence on common parameters, such as span tension or local
curvature, before implementing a damping term in Lee’s model.
The model does not take height difference between suspension points of the cable into account. Even if the model is already able to perform simulation of a signiﬁcant fraction of the
RTE network, a model that includes this effect would be a improvement. This could be done
with [11] for instance.
The wind interaction model used here is also not satisfactory, as the computed amplitudes
are too low to explain fretting fatigue close to the suspension points. Several factors can explain
these results:
• Use of the Bishop and Hassan model assumes a ﬁxed cylinder, which is an assumption
that is not met; therefore, another wind interaction formulation should be used.
• Furthermore, the Bishop and Hassan model includes no inﬂuence of the vortex shedding
on the cable motion. In reality, the motion of the structure and the vortex shedding interact
to increase the possibility of resonance, which is referred to as lock in.
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Figure 5: Values of u∞
N (mm), ie the mean value of normal steady state vibrations, in the span-length/tension plane
for different wind speeds. Black points are a reminder of the points used in ﬁgure 6.

Figure 6: Mean value of normal steady state vibrations (mm) with wind speeds for selected span lengths and
tensions.

• A constant wind in space and time is unlikely to occur in the ﬁeld; the cable motion under
dynamic wind loading should be studied.
In order to address these questions, the Bishop and Hassan formulation will be compared with a
wake oscillator, like that in [12]. In such a model the vortex shedding is inﬂuenced by the cable
motion, while the tool is still simple and fast; simulations will also be performed using dynamic
wind ﬁelds. This appoach will allow conﬁrmation on whether aeolian vibrations are caused by
VIV.
6

Conclusion

A simple model is presented to investigate the interaction between a suspended cable and a
weak wind. The purpose is to have a model with more physics and parameters than the EBP,
but that is also less complicated and computationally demanding than a full three-dimensional
structural mechanics simulation. Ideally, computation of a large number of conﬁgurations in a
short period of time will allow parametric investigation of the RTE network, but without compromising the physical accuracy of the results. The model has been validated using Code Aster
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Figure 7: Mean value of normal steady state vibrations (mm) in the span-length/tension plane for a wind speed of
3 m s−1 (high resolution). Background points show the ASTER570 spans from the RTE network; black points are
the values used in ﬁgure 6.

as a reference, which showed little difference in the results from both models while having a
factor of 100 improvement in computational performance. A steady state has been outlined that
can be characterized by a few parameters (vibration mean, amplitude and frequency). The mean
can be recovered with static computations and formulations were obtained for the frequencies,
however it was not possible to ﬁnd a simple expression for the amplitude, which is why a parametric study was performed. Considering vertical vibrations, both mean value and amplitude
of the steady state are too small to explain aging of conductors; this will lead us to improve the
wind interaction model. Some limitations in the model itself and potential solutions to overcome them have been identiﬁed. In future, we intend to evaluate cumulative damage for a span
within the simulated vibration histories. This will be done by counting the number of cycles
and the related vibration amplitudes, and then combining these with results from simulations at
the microscopic scale. The end result will be a crack initiation risk function for the wires at the
contact location. This should allow ranking of all spans of the RTE network in order to help
and improve maintenance operations.
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Abstract. The paper presents free-vibration wind tunnel tests on the aeroelastic model of a
free-standing tower that shows vortex-induced vibrations in the lock-in range. Previous research by the authors focused on the investigation of the negative aerodynamic damping
through forced-vibration tests. This knowledge allowed a realistic prediction for the maxima of
the cross-wind oscillation amplitudes. In view of fatigue analysis, however, not only the maxima,
rather a proper characterization of the cross-wind response is needed to determine the actual
damage accumulation. Depending on the reduced wind velocity and the Scruton number of the
vibrating structure, the experiments on the aeroelastic model in free vibrations show evidence
of an intermittent – mathematically speaking quasi-periodic – behavior. It results from a beating effect between the natural oscillation frequency of the structure and the vortex shedding
load, which may lock-in and lock-out in consequence of low frequency turbulence fluctuations.
In addition, the frequency of the vortex shedding load along the height of the structure varies
due to the varying mean velocity according to the wind profile and the varying Strouhal number.
This exhibits smaller values close to the tip region. Outcomes of this investigation are the estimation of the negative aerodynamic damping through free-vibration wind tunnel tests and the
estimation of the fatigue lifetime considering the quasi-periodic aeroelastic response through
a rainflow fatigue load cycle counting.
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1

INTRODUCTION

Slender structures subjected to vortex-induced vibrations (VIV) experience an aeroelastic
interaction in the lock-in range. The negative aerodynamic damping, interpreted as energy
transferred from the flow into the structure, is the governing parameter for the onset of selfinduced vibrations. However, available literature models still lack of a unified behavior of the
aerodynamic damping as a function of the oscillation. This is also reflected in codified methods
to design slender structures in view of cross-wind actions. This evidence applies firstly for the
maxima of the oscillation amplitudes, i.e. the maxima of the structural stresses. Additionally,
concerning the modelling of load processes for the analysis of fatigue strength, theoretical deficiencies cause even larger deviations between the prediction of fatigue life and its actual value.
A deeper knowledge about the non-linear behavior of the negative aerodynamic damping for
a circular cylinder was gained by the authors from two-dimensional wind tunnel experiments
in forced vibrations. The experiments were performed at the WISt Boundary Layer Wind Tunnel at Ruhr-Universität Bochum, Germany [10]. The experimental model of the aerodynamic
damping developed in [10] was implemented in the spectral method originally proposed by
Vickery&Basu [14] and applied to 27 full-scale steel chimneys collected from literature. This
novel spectral method, known also as “Damping Modified Spectral Method” (DMSM), allows
the calculation of the largest oscillation of structures in the lock-in range [9]. Compared to other
codified methods for structural analysis (e.g. [12], [13], [14]), DMSM provides a safe but more
realistic prediction of the maxima of the cross-wind oscillation amplitudes. In view of fatigue
analysis, however, not just one amplitude determines the damage, rather a proper characterization of the cross-wind response is needed to determine the actual damage accumulation.
Wind tunnel experiments on an aeroelastic model of a full-scale tower immersed in uniform,
low-turbulent flow (Iv = 4,5%) are analyzed in this paper. The wind tunnel tests are performed
at WISt Boundary Layer Wind Tunnel at Ruhr-Universität Bochum, Germany. First, the concept of the negative aerodynamic damping developed in [10] with the support of forced-vibration tests is now assessed in case of free-vibration experiments. Furthermore, the experiments
on the aeroelastic model in free-vibrations demonstrate an intermittent – mathematically speaking quasi-periodic – behavior [11]. It results from a beating effect between the natural oscillation frequency of the structure and the vortex shedding load, which may lock-in and lock-out
in consequence of low frequency turbulence fluctuations. Additionally, the frequency of the
vortex shedding load along the height of the structure may vary due to varying mean velocity
and varying Strouhal number, which exhibits smaller values close to the tip region.
For the purpose of fatigue calculations, current design models usually assume that the resonant vibration always occurs in the lock-in range with its largest value (see [5], [13]). This may
lead, however, to an excessively conservative estimation of the fatigue damage.
In this paper, the contribution of the intermittent oscillations to fatigue life can be assessed
from the aeroelastic measurements with the help of a rainflow load cycle counting. The load
collectives that are determined from the time histories of the tower responses in the lock-in
range for different Scruton numbers are then applied to a full-scale chimney sample, thereby
allowing a realistic prediction of fatigue life. The result is then compared to the prediction of
fatigue life by applying the standard procedure of the Eurocode [5].
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2

WIND TUNNEL EXPERIMENTS

2.1 Setup of free-vibration wind tunnel tests
Free-vibration wind tunnel tests on a free-standing, aeroelastic model with circular crosssection are performed at WISt Boundary Layer Wind Tunnel at Ruhr-Universität Bochum, Germany. It is an open circuit wind tunnel with a test section of 1.8 m in width and 1.6 m in height
(Figure 1). The tests are performed in uniform flow, with turbulence intensity Iv = 4.5%.

Figure 1: WISt Wind tunnel at Ruhr-Universitaet Bochum, Germany (left) and wind tunnel model (right)

The aeroelastic model for the free-vibration wind tunnel tests is a cantilever beam with circular cross-section (Figure 1). The model is fabricated with a carbon tube (external diameter 32
mm and internal diameter 29 mm) that arises above the wind tunnel floor up to the height of
775 mm (measured from the wind tunnel floor). Below the wind tunnel, the carbon tube is
connected to a steel bar (length = 210 mm, diameter 15 mm). The steel bar provides the necessary stiffness to the model and benefits from small damping dissipation. The steel bar is fixed
to a force balance located at the model foot. Being the model surface smooth and the wind
velocity below ca. 10 m/s, the Reynolds number of the investigation is subcritical (Re < 2,1·104).
The structural characteristics of the model that are relevant for the dynamic investigation
such as the mode shape, the modal mass and the equivalent mass, are calculated through a finite
element model of the wind tunnel prototype. It results the modal mass M1 = 0.0630 kg and
equivalent mass meq = 0.2286 kg/m. The finite element model also serves for a preliminary
estimation of the natural frequencies and thus of the critical velocity of vortex resonance. The
actual natural frequency of the model is measured through wind tunnel experiments in still air
and in existence of wind. In addition, the snap-back tests in still air (free-decay tests) allow the
estimation of structural damping. The behavior of the model in still air is described in the next
section.
The reactions at the base of the model are measured by a 6-component force balance of the
type K6D154 (ME-Meßsysteme). The measuring range is up to 200N for the forces and up to
20Nm for moments. The force balance is composed by six independent sensors, which are
equipped with strain gauges. The three forces along the axes x, y and z (named Fx, Fy, Fz) and
the three bending moments around same axes (Mx, My, Mz, respectively) can be calculated in
time-domain through a calibration matrix applied to the volt signals measured by the sensors.
The sampling frequency is set to 2000 Hz. Every measurement lasts for 98,304 s.
The stiffness of the wind tunnel model is measured through static calibration tests with increasingly higher horizontal forces of known value applied at the top of the model. At the same
time, the static displacement of the tip of the model is measured by a laser sensor. The stiffness
of the model is linear. By means of the model flexibility, during dynamic tests the oscillation
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at the top of the model can be calculated from the forces or the bending moments measured at
the base.
2.2 Behavior of the model in still air
Snap back tests are performed in still air to test the natural frequency of the model and its
structural damping. The latter also includes the contribution of the still air damping. Figure 2
(left) shows a free-decay tests. The natural frequency in still air is about 22,3 Hz. The structural
damping is evaluated from the oscillation amplitudes as logarithmic decrement:
ଵ

ߜ௦ ؆  ݈݊ ቀ



శ

ቁ

(1)

The reversals considered for the evaluation of the structural damping are marked in blue in
Figure 2 (left). The overall value of the damping, calculated considering the first and the last
reversals in the free-decay time history, is δs = 0,018. Additionally, a sensitivity study has been
performed concerning the proper number m of cycles to be counted between two amplitudes in
equation (1), in order to capture the non-linear behavior of the structural damping. Figure 2
(right) shows the behavior of the structural damping in case m = 25. The structural damping
varies nonlinearly with the amplitude of oscillation between δs = 0,010 and δs = 0,030.

Figure 2: Snap back test and non-linear evaluation of the structural damping

2.3 Resonant vibrations in the lock-in range
The aeroelastic model of the tower is excited in the lock-in range for different wind velocities.
Figure 3 shows the spectrum of the base force in the lift direction in case VH/Vcr = 0,85. VH is
the wind velocity referred to the height of the model. The natural frequency of the model remains substantially unchanged with respect to still air tests: f1 = 22,22 Hz. The Strouhal number
is St = 0,203 and this follows: Vcr = 3,50 m/s.
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Figure 3: Spectrum of the base force in the lift direction, VH = 2,99 m/s, VH/Vcr = 0,85

Figure 4: Time history of the response y/D at VH/Vcr = 0,85

Figure 5: Time history of the response y/D at VH/Vcr = 1,13 (max)

Figure 6: Time history of the response y/D at VH/Vcr = 1,25

Figure 4, Figure 5 and Figure 6 show the time histories of the nondimensional response y/D
for different velocities in the lock-in range. Because of the intermittency of the response, a
question arises: is the response stationary, i.e. is the standard deviation a suitable parameter to
describe the VIV response in the lock-in range? This issue is particularly important especially
in view of the spectral analysis presented in the following sections, which considers the standard
deviation of the response as governing parameter for the structural design.

2026

F. Lupi, R. Höffer and H.-J. Niemann

Figure 7: Convergence of the standard deviation of the response at VH/Vcr = 1,13 (max)

First, the convergence of standard deviation of the response for increasingly higher time
intervals is investigated. Figure 7 shows that the recorded signal is long enough to ensure a
robust estimation of standard deviation of the response.
Second, the stationarity of the response is investigated by dividing the time history in blocks
of 10-min events in full-scale. The full-scale similarity considers a full-scale frequency f1,FS =
0,629 Hz, as it will be explained later in Table 2. Being the natural frequency in the wind tunnel
experiments f1,WT = 22,22 Hz, it follows that the frequency scale is λF = 35,33 and the time scale
is its inverse, i.e. λT = 1 / λF = 0,028. Therefore, 600 seconds in full-scale correspond to 16,98
seconds in the wind tunnel. Each of the recorded time histories includes five 10-min events in
full-scale. For each event, the maximum amplitude and the standard deviation of the oscillation
are calculated. Then, a statistical analysis of the maxima is performed to evaluate the mean
value of the peak amplitudes among different events and the mean value of the standard deviations among different events. These two last parameters represent the statistical maximum and
the statistical standard deviation, respectively, and they will be referred to in the following
analysis. Their ratio allows calculating a statistically representative peak factor for the time
history. Figure 8 shows the result for the case VH/Vcr = 1,13. In particular:
Mean value of maxima, ymax / D = 0,0932
Mean value of standard deviation, σy / D = 0.0536
kp = ymax / σy = 1.74

Figure 8: Analysis of peak amplitudes, standard deviations, peak factors kp for 10-min events and for the overall
time history (VH/Vcr = 1,13 (max))
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Figure 9: Time history of the response y/D in 10-min full-scale interval at VH/Vcr = 0,85

Figure 10: Time history of the response y/D in 10-min full-scale interval at VH/Vcr = 1,13 (max)

Figure 11: Time history of the response y/D at VH/Vcr = 1,25

Furthermore, Figure 9, Figure 10 and Figure 11 show the time history of the response in a
selected 10-min full-scale interval. For the sake of clarity, the y-axis is scaled 10 times in Figure
9 and Figure 11 with respect to Figure 10.
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Figure 12: Statistical maxima of the oscillation, standard deviations and peak factors in the lock-in range
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Figure 12 shows the lock-in phenomenon. As it often occurs, the largest oscillation occurs
for V > Vcr. The right-hand side of the figure shows, instead, the distribution of the peak factors
in the lock-in range. As expected, at the beginning and at the end of the lock-in range the stochastic behavior predominates and the peak factor increases. In full resonance, due to the predominant harmonic character, the peak factor is reduced. The ideal value √2 corresponds to the
peak factor of a pure harmonic signal.
3

ESTIMATION OF THE NEGATIVE AERODYNAMIC DAMPING FROM FREEVIBRATION WIND TUNNEL TESTS

Previous work of the authors allowed the measurement of negative aerodynamic damping
Ka in vortex-induced vibrations through forced vibration wind tunnel tests [10]. The behavior
of the negative aerodynamic damping as a function of rms oscillation is described by the following curve:


ఙ 
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(2)

with a = 0,3464, b = 5,808 and c = 0,3582.
With regard to Equation (2), the largest oscillation in the lock-in range can be predicted by
the following model, which originates from a modification of the Vickery&Basu model [14]:
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The background of equation (3) is explained in [9] and goes back to the evaluation of the
resonant response to stochastic load in the first mode shape. The stochastic load is the vortex
shedding load, which has a spectral density centered around the Strouhal frequency:
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By definition, the Vickery&Basu model considers the load on the non-vibrating structure
and includes all aeroelastic effects in the negative aerodynamic damping. Although this assumption may be questionable, it has little effect on the response prediction, as long as the
response is predominantly governed by the motion-induced forces. This condition happens in
the case of sufficiently small Scruton numbers, i.e. pronounced lock-in range. In this case, the
major role in the response prediction is played by the accurate estimation of both structural and
aerodynamic damping terms.
A further remark to equation (4), which follows from the assumption of the Vickery&Basu
model to consider load on the non-vibrating structure, is the absence of lock-in effect for V ≠
Vcr, i.e. fs = St·Vm/d ≠ f1. For example, the largest oscillation occurs for V / Vcr = 1,13 in the
present experiment (see Figure 12). This is a typical behavior particularly for sufficiently small
Scruton numbers. According to the equation (4), SL1(f1) calculated for Vm = 1,10·Vcr is smaller
than SL1(f1) calculated for Vm = Vcr, due to the negative exponential function. Since the Strouhal
law is violated in the lock-in range, it would be more reasonable not to apply any reduction to
SL1(f1) caused by the exponential term in the lock-in range, especially for y = ymax. However,
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no further correction to the Vickery model is applied in this paper. Additional experimental
evidence would be needed.
In present case, the nonlinear behavior of the structural damping needs to be considered, in
order to ensure the most accurate estimation of the Scruton number which corresponds to the
oscillation amplitude reached in lock-in. Referring to Figure 12 and considering the largest
oscillation ymax/D = 0,0932 (i.e. ymax = 2,98 mm), the corresponding structural damping is estimated as δs = 0,028. The air density during the experiments is 1,16 kg/m3. It follows Sc = 10,74,
being Sc defined as follows:
Sc =

ଶή ήఋೞ
దή మ

Table 1 lists all the model parameters that are applied in this work to solve the equation (3).
Unfortunately, some load parameters in equation (4), such as the rms value of the lift coefficient
σcL, the correlation length relative to the diameter λ and the spectral bandwidth B, could not be
measured during the experiments and therefore could only be estimated from literature and
comparison with the Standard Codes.
Parameter
Model diameter
Model height
Model natural frequency
Structural damping
Modal mass
Equivalent mass
H

0 Φn ሺzሻ2 ∙dz = M1 / meq

Scruton number
Rms lift coefficient
Correlation length related to diameter
Spectral bandwidth
Strouhal number
Critical velocity
Wind velocity at y = ymax (uniform profile)
Velocity ratio at y = ymax
Air density
Max amplitude of oscillation
Rms of the oscillation at max

Symbol
D
H
f1
δs
M1
meq
Sc
σcL
λ
B
St
Vcr

Unit
m
m
Hz
kg
kg/m
m/s

Vm

m/s

Vm / Vcr
ρ
y
σy

kg/m3
mm
mm

Value
0,032
1,016
22,22
0,028
0.0630
0.2286
0,276
10,74
0,7
1 (i.e. 1·d)
0,145
0,203
3,50
3,97

Reference
Wind tunnel model
Wind tunnel model
Measured
Measured
Calculated from FE model
Calculated from FE model
Calculated from FE model
Calculated
EN 1991-1-4 [5]
Estimated [2]
Estimated through 0,1 + Iv [2]
Measured
Calculated from Vcr = f1·D/St
Measured at y = ymax

1,13
1,16
2,98
1,72

Result
Measured
Measured (Figure 12)
Measured (Figure 12)

Table 1: List of model parameters

Considering all the parameters in Table 1, it is clear that the only unknown in equation (3)
is the aerodynamic damping parameter Ka, which could be calculated. The result is Ka = 0,82.
Considering the Ka-curve proposed in [10] (equation (2)), the agreement is satisfying, as shown
in Figure 13. On the other hand, the well-known Vickery curve
ߪ௬ ଶ
ܭ ൌ ܭ ቆͳ െ ൬
൰ ቇ
ܽ ή ܦ

(5)

would give Ka = 1,97 at σy/D = 0.054 by assuming Ka0 = 2 and aL = 0,4 in accordance with
[5] for the subcritical range of Reynolds number.
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Figure 13: Estimation of negative aerodynamic damping parameter Ka from free-vibration tests and comparison
with literature

4

PREDICTION OF FATIGUE LIFE

4.1 Case study
For the purpose of fatigue life prediction, wind stresses caused by vortex excitation need to
be calculated on a sample structure. For this purpose, the full-scale chimney in Skjern (Denmark), described in [8] and [3] and investigated by the authors in [9] is chosen as case study.
The governing parameter is the similar Scruton number used. In details, the structural parameters of the full-scale chimney applied for this work are reported in Table 2.
Parameter
Tower diameter (constant)
Tower height
Tower natural frequency
Structural damping
Modal mass
Equivalent mass
H

0 Φn ሺzሻ2 ∙dz = M1 / meq

Scruton number

Symbol
D(FS)
H(FS)
f1(FS)
δs(FS)
M1(FS)
meq(FS)
Sc(FS)

Unit
m
m
Hz
kg
kg/m
-

Value
1.1
45
0,629
0,034
2218 kg
246,4
9,00
11,078

Reference
[8]
[8]
[8]
[8]
Calculated from FE model
based on the mass distribution
in [8] considering a parabolic mode shape
Calculated

Table 2: Full-scale chimney in Skjern (Denmark) [3], [8]

4.2 Fatigue life estimation according to the Eurocode Method
The Eurocode EN 1991-1-4 [5] proposes a method to calculate the fatigue life of a structure
subjected to vortex excitation, which was originally developed in [13]. The method is based on
the calculation of the number of load cycles around V = Vcr according to the Weibull distribution of the wind velocity. It further assumes that the vibration in the lock-in range is harmonic
and its amplitude corresponds to the maximum resonant oscillation. The method is suitable for
practical applications and generally provides safe results. The procedure is briefly described
here and applied to the sample chimney in Table 2, in order to compare the results with a more
sophisticated rainflow analysis for cycle counting, which is later applied to the wind tunnel
measurements.
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The Weibull probability distribution of the wind velocity is characterized by two parameters,
the shape parameter k and the scale parameter A. The probability density function is:
݇ ܸ ିଵ ିቀቁೖ
݂ሺܸሻ ൌ ή ൬ ൰
ή݁ 
ܣ ܣ

(6)

The cumulative distribution function is the probability when the wind velocity V assumes a
value less than or equal to Vi:
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It follows that the probability when the wind velocity assumes values comprised between V1
and V2 is expressed as:
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In absence of wind statistics at the location of the structure, the Eurocode recommends:
x k = 2 (Rayleigh-Distribution)
x A = √2 · Vmod, being Vmod the modal value of the Weibull probability distribution.
The parameter “A” can be taken as 20% of the mean wind velocity at the height of
the cross-section where the vortex shedding occurs [5].
Assuming that the wind velocities V1 and V2 mark the beginning and the end of the lock-in
range, respectively, the equation (8) describes the probability when the wind velocity excites
the structure in the lock-in range. Considering the natural vibration frequency f1, the number of
load cycles in the lock-in range in the whole design lifetime of the structure (T = 50 years =
3,1536·107 · 50 seconds) amounts to:
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For the purpose of simplicity, [13] proposes:
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[13] recommends ε0 = 0,3, meaning that the lock-in range extends for 0,3·Vcr, (e.g. V1 =
0,9·Vcr and V2 = 1,2·Vcr), which is often the case.
For the case under investigation, considering the natural frequency f1 = 0,629 Hz (see Table
2), the scale parameter A as 0,2·Vm(H), assuming the second terrain category and vb = 25 m/s
(see [5] and [6]), it results:
ǡଵ
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The critical wind velocity Vcr is:
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Therefore:
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The Eurocode Method assumes that the resonant vibrations of the structure in the lock-in
range are harmonic with constant amplitude. Their amplitude corresponds to the maximum oscillation in the lock-in range. Using ymax/d value from the wind tunnel tests (Figure 12), it follows:
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The wind stresses result from the following distribution of inertial forces along the height of
the structure [5]:
(15)
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For the purpose of this investigation, the bending moment at the base of the chimney is
considered. Referring to the cross-section at the based described in [8] (diameter D = 1,1 m and
wall thickness t = 0,016 m), the maximum of the wind stress in resonance corresponds to σmax
= 13,91 N/mm2, i.e. stress range Δσmax = 27,82 N/mm2. The stress range corresponds to the
difference between two extremes. The relationship between the maximum oscillation on top
and the stress range at the base is as follows:
ு
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The cumulative damage and the fatigue lifetime follow from the assumption of a detail category. Let us consider, for instance, the detail category 45 according to [7]. In this case, according to the Wöhler line, the number of load cycles NR to cause failure amounts to 1,2019*107.
From the previously calculated total number of load cycles of stress range Δσmax during the
required design life (equation (13)), it results:
ܦௗ ൌ
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Being Dd > 1, the structure will be damaged by fatigue during its lifetime of 50 years, i.e.
after about 5 years. This result follows from the assumption that the vibration of the structure
occurs in the lock-in range with constant amplitude equal to its maximum value. This assumption is particularly convenient for Code applications and is on the safe side. However, a more
realistic fatigue lifetime may be estimated by considering the actual variability of the oscillation
amplitude in the lock-in range, e.g. through rainflow counting.

2033

F. Lupi, R. Höffer and H.-J. Niemann

4.3 Fatigue life estimation considering rainflow cycle counting
The rainflow analysis is a method to count the number of load cycles and produce a stress
range spectrum in case of time histories with varying amplitude. In this work, it is referred to
the algorithm for rainflow counting that is described in ASTM E1049-85 [1].

Figure 14: Time history of the stress response in 10-min full-scale interval at VH/Vcr = 0,85

Figure 15: Time history of the stress response in 10-min full-scale interval at VH/Vcr = 1,01

Figure 16: Time history of the stress response in 10-min full-scale interval at VH/Vcr = 1,13 (max). The dashed
line indicates the cut-off stress for the Detail Category 45.

Figure 14, Figure 15, Figure 16 show some typical time histories of the stresses at the foot
of the chimney in the lock-in range, which are calculated by integration of the inertial forces
along the height according to the equation (15). The figures also plot ΔσL, i.e. the cut-off limit
for the given detail category (in this case: DC = 45), i.e.:
భ
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For all stress ranges above the ΔσL stress range, damage is accumulated.
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(a)

(b)

(c)

Figure 17: Stress collectives in the lock-in range by rainflow counting

Figure 17 describes the collectives, i.e. the stress range spectra, which correspond to the time
histories in Figure 14, Figure 15, Figure 16, respectively. Figure 17 (a) shows a typical collective shortly before beginning of the lock-in range. In accordance with a stochastic signal, the
number of cycles that correspond to the maxima of the oscillation is small compared to the
number of cycles for smaller oscillation. A similar pattern is observed in Figure 17 (b). Figure
17 (c) - which corresponds to a fully resonant time history (see Figure 16), where the largest
oscillation in the lock-in range is reached - indicates another behavior. Due to the predominant
harmonic component, most of load cycles occur with the larger oscillations.
The calculation of the stress collectives from the experiments at different V/Vcr through rainflow cycle counting allows the calculation of actual cumulative damage in the structure. For
each ratio V/Vcr, a velocity class can be identified such that V1 ≤ V/Vcr < V2. For each velocity
class, depending on the Weibull distribution defined in equation (6), the probability when the
wind velocity assumes values within the velocity class can be calculated (equation (8)). In this
way, the number of load cycles for each velocity class can be calculated (Ni) according to the
equation (9).
Table 3 shows the calculation of the cumulative damage by considering largest stress range
Δσmax,i for each velocity class and attributing it to the number of cycles Ni. The calculation
assumes that the vibration in each velocity class is harmonic and its amplitude corresponds to
ymax,i/D in the lock-in curve shown in Figure 12. The rainflow counting is not considered in this
calculation. The cumulative damage then results:
Dd = 1,752 > 1 (considering the lock-in range but without rainflow counting)
It means a reduction of the fatigue lifetime to about 28,5 years. On the other hand, if the
intermittent behavior is considered through rainflow analysis and each stress collective such as
those in Figure 17 is considered for each velocity class, the cumulative damage results smaller
than 1, i.e. the structure will not be damaged by fatigue during the whole lifetime (50 years):
Dd = 0,659 < 1 (considering rainflow counting)
Finally, given the cumulative damage calculated through rainflow analysis, the equivalent
stress ranges which correspond to the cumulative damage can be calculated for each velocity
class (Table 5). From that, equivalent oscillation amplitudes and equivalent peak factors for
fatigue analysis in the lock-in range are developed. Figure 18 shows the peak factors for the
ultimate limit state (already shown in Figure 12), which provide the maxima in the lock-in range.
The peak factors for fatigue analysis, which provide equivalent stresses that give the same cumulative damage as the rainflow analysis, are also shown in the figure.
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VelocNi = Number
Va
Vb
Vi
ity clasVi / Vcr of load cycles
[m/s] [m/s] [m/s]
ses
(Weibull)
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
Sum

2.78
3.05
3.32
3.50
3.58
3.68
3.81
3.87
3.95
4.08
4.21
4.30
4.40
4.50
4.61

3.05
3.32
3.50
3.58
3.68
3.81
3.87
3.95
4.08
4.21
4.30
4.40
4.50
4.61
4.72

2.91
3.19
3.45
3.55
3.62
3.75
3.86
3.88
4.01
4.15
4.27
4.34
4.46
4.55
4.67

0.855
0.936
1.013
1.041
1.061
1.101
1.133
1.139
1.176
1.219
1.253
1.273
1.308
1.335
1.369

ymax,i /D
[-]

3.20E+07
3.27E+07
2.24E+07
1.04E+07
1.31E+07
1.59E+07
8.47E+06
9.63E+06
1.80E+07
1.74E+07
1.23E+07
1.25E+07
1.41E+07
1.39E+07
1.55E+07
2.485E+08

0.004
0.007
0.026
0.030
0.054
0.083
0.093
0.076
0.060
0.050
0.026
0.023
0.020
0.019
0.015

Δσmax,i =
stress
range
[N/mm2]
1.325
2.117
7.705
9.088
16.114
24.832
27.822
22.805
17.786
14.959
7.665
6.966
6.107
5.703
4.595

NRi = Number
of load cycles
to failure

Dd = Ni/NRi =
Cumulative
Damage

Inf
Inf
Inf
Inf
Inf
2.12E+07
1.20E+07
3.25E+07
Inf
Inf
Inf
Inf
Inf
Inf
Inf

0.000
0.000
0.000
0.000
0.000
0.751
0.705
0.296
0.000
0.000
0.000
0.000
0.000
0.000
0.000
1.752

Table 3: Cumulative damage in the lock-in range without rainflow counting
Velocity classes
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
Sum

Va
Vb
Vi
[m/s] [m/s] [m/s]
2.78
3.05
3.32
3.50
3.58
3.68
3.81
3.87
3.95
4.08
4.21
4.30
4.40
4.50
4.61

3.05
3.32
3.50
3.58
3.68
3.81
3.87
3.95
4.08
4.21
4.30
4.40
4.50
4.61
4.72

2.91
3.19
3.45
3.55
3.62
3.75
3.86
3.88
4.01
4.15
4.27
4.34
4.46
4.55
4.67

Vi / Vcr
0.855
0.936
1.013
1.041
1.061
1.101
1.133
1.139
1.176
1.219
1.253
1.273
1.308
1.335
1.369

Ni = Number of
NRi = Number of load Dd = Cumulative damload cycles
cycles to failure = Ni/Dd age through Rainflow
(Weibull)
3.20E+07
Inf
0.000
3.27E+07
Inf
0.000
2.24E+07
Inf
0.000
1.04E+07
Inf
0.000
1.31E+07
Inf
0.000
1.59E+07
6.80E+07
0.234
8.47E+06
3.03E+07
0.279
9.63E+06
6.64E+07
0.145
1.80E+07
Inf
0.000
1.74E+07
Inf
0.000
1.23E+07
Inf
0.000
1.25E+07
Inf
0.000
1.41E+07
Inf
0.000
1.39E+07
Inf
0.000
1.55E+07
Inf
0.000
2.48E+08
0.659

Table 4: Cumulative damage in the lock-in range by rainflow counting
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4.00
3.80
3.60
3.40
3.20
3.00
2.80
2.60
2.40
2.20
2.00
1.80
1.60
1.40
1.20
1.00
0.80
0.60
0.40
0.20
0.00
0.80

Peak factor (ULS)
Peak factor (Fatigue)
sigmay/D
ymax/D

0.10
0.09
0.08

yeq/D
0.07
0.06
0.05
0.04
0.03

Non-dimensional oscillation

Peak factor

F. Lupi, R. Höffer and H.-J. Niemann

0.02
0.01

0.90

1.00

1.10
V/Vcr

1.20

1.30

0.00
1.40

Figure 18: Peak factors for ultimate limit state (ULS) and equivalent peak factors in the lockin range for fatigue analysis

Velocity classes
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
Sum

Vi /
Vcr

ymax,i / D
(Figure
12a)

σ,i / D
(Figure 12a)

0.855
0.936
1.013
1.041
1.061
1.101
1.133
1.139
1.176
1.219
1.253
1.273
1.308
1.335
1.369

0.004
0.007
0.026
0.030
0.054
0.083
0.093
0.076
0.060
0.050
0.026
0.023
0.020
0.019
0.015

0.001
0.002
0.009
0.011
0.026
0.046
0.054
0.047
0.035
0.028
0.011
0.010
0.008
0.008
0.006

Dd = CumuΔσeq,i =
kpi = ymax,i /
lative dam- equivalent
σ,i
age through stress range
(Figure 12b)
Rainflow
[N/mm2]
3.995
3.696
2.985
2.838
2.042
1.792
1.737
1.627
1.720
1.795
2.357
2.300
2.566
2.466
2.554

0.000
0.000
0.000
0.000
0.000
0.234
0.279
0.145
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.659

≤ 18.212
≤ 18.212
≤ 18.212
≤ 18.212
≤ 18.212
19.675
23.123
19.765
≤ 18.212
≤ 18.212
≤ 18.212
≤ 18.212
≤ 18.212
≤ 18.212
≤ 18.212

Table 5: Equivalent peak factors for fatigue analysis
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yeq,i / D =
equivalent
amplitude
≤ 0.061
≤ 0.061
≤ 0.061
≤ 0.061
≤ 0.061
0.066
0.077
0.066
≤ 0.061
≤ 0.061
≤ 0.061
≤ 0.061
≤ 0.061
≤ 0.061
≤ 0.061

kpi,eq =
equivalent
peak factor
for fatigue
analysis
n/a
n/a
n/a
n/a
n/a
1.420
1.444
1.411
n/a
n/a
n/a
n/a
n/a
n/a
n/a

F. Lupi, R. Höffer and H.-J. Niemann

5

CONCLUSIONS

The paper analyzes the negative aerodynamic damping in vortex-induced vibrations through
free-vibration tests on an aeroelastic model. The result is compared with the curve previously
gained by the authors through forced-vibration tests and shows a good agreement. Then, fatigue
analysis through rainflow cycle counting is applied to the time histories measured in the wind
tunnel experiments, which show a quasi-periodic behavior in the lock-in range. In view of fatigue, not the maxima, but rather the stress distribution needs to be considered for the evaluation
of the fatigue lifetime. The rainflow analysis allows the calculation of equivalent stresses which
produce the same cumulative damage as the actual time histories with varying amplitude. In
this way, a peak factor for fatigue analysis can be defined. Similarly, using the ultimate limit
state peak factor that is applied to the standard deviation of the response, the largest oscillation
in the lock-in range is calculated.
6
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MODELING THE INTERACTION OF GALLOPING AND VORTEX
INDUCED VIBRATION OF STEEL-CONCRETE COMPOSITE
BRIDGES IN LAUNCHING PHASE
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Germany
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Abstract. Aeroelastic galloping instability and vortex induced vibration can be both relevant
during the launching phase of steel-concrete composite bridges, due to the light weight and
bluff shape of the normally first-launched steel box. A bridge deck sectional model with an
open cross section, which is typical during the construction phase of steel-concrete composite
bridges, was tested by means of wind tunnel techniques in smooth flow. Strong interaction
between galloping and vortex induced vibration was observed for this bridge deck at a wind
angle of attack of 4°ˈbeing the actual galloping onset fixed at the Kármán-vortex-resonance
wind speed up to a high value of the mass-damping parameter. Tamura’s wake-oscillator
model was selected to model the interaction phenomenon observed for this bridge deck, following a recently proposed parameter identification method. For a wide range of the massdamping parameter examined, satisfying agreements were found between the solutions of the
mathematical model and the wind tunnel aeroelastic test results. This mathematical model
was then applied to a full-scale case study, which is a 7-span continuous steel-concrete
bridge during the critical launching phase.
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1

INTRODUCTION

Slender structures with special cross sections, like square and D shapes, can be susceptive
to both galloping instability and vortex induced vibration (VIV) in the across wind direction.
Under certain circumstances, these two phenomena are supposed to interact with each other,
promoting a combined VIV-galloping instability [1]. The mass-damping parameter, namely
the well-known Scruton number (Sc), plays a key role in this complex behavior [2]. And a
high value of Sc, dependent on the cross section geometry, is usually needed to well separate
these two phenomena. Otherwise, the complex behavior of the VIV-galloping instability is
unable to be predicted by either the classical quasi-steady galloping theory or the VIV theory.
Two important mathematical models aiming at capturing the interaction mechanics of VIV
and galloping were proposed by Corless and Parkinson [3] and Tamura and Shimada [4], by
coupling an equation modelling the dynamics of the vortex-shedding force to the classical
nonlinear equation describing the transverse motion of the cylinder according to the quasisteady theory. In describing the self-excited and self-limited characteristics of the vortex
shedding force, the former adopted the lift-oscillator model which is a Rayleigh-type oscillator, while the latter adopted the wake-oscillator which is a Van der Pol-type oscillator. In particular, the model proposed by Tamura and Shimada [4] was deduced based on physical
considerations of the near-wake [5], rather than simply with an empirical approach. Recently,
the wake-oscillator model was slightly modified and applied to a 3:2 rectangular cylinder,
showing good agreements with the experimental results in a wide range of Scruton number
[6].
For engineering practice, this combined VIV-Galloping instability may occur when the
Scruton number of the structure is not high enough. In particular, this combined instability
seems very relevant for the modern launching of steel-concrete composite bridges, since the
steel box girder, which is normally launched first, could feature light weight, low damping
and bluff cross section. A typical case should be mentioned is the Aftetal Bridge (in Germany), since its 90-m steel box girder was totally modified during the construction phase with
temporary wind fairings to eliminate the risk of transverse galloping [7], as shwon in Figure 1.

(a)

(b)

(c)

Figure 1. Cross-section modification of the Aftetal bridge, Germany, during the launching phase: (a) complete
steel-concrete composite deck in service; (b) original steel box, and (c) modified steel box with temporary wind
fairings during the launching phase [7].

In our previous work [8], a bridge deck model with typical open cross section was experimentally tested in smooth flow, showing a strong VIV-galloping tendency at its mean wind
angle of attack of 4° (see the velocity-amplitude curve replotted in Figure 4). There, the actual
galloping onset is fixed at the Kármán-vortex-resonance reduced critical wind speed Vr for
Scruton number up to at least 70.
In this work, additional wind tunnel static tests were supplemented for the bridge deck
model particularly at its 4° flow incidence, aiming at clarifying the dependence of the vortex
shedding force coefficient CL0 on Reynolds number that reported in [8]. Mathematical modeling for the VIV-galloping instability of the bridge deck is firstly carried out on the wind tunnel sectional model. Then, the wake oscillator model with the parameters obtained from wind
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tunnel tests was applied to a full-scale case study, which is a 7-span continuous steelconcreted bridge during its critical launching phase.
2

WIND TUNNEL TESTS

The extra wind tunnel static tests were carried out with the same wind tunnel model in the
same wind tunnel facility as reported in [8], except that the static setup was re-mounted after
one year later. More measures were added for the 4° angle of attack at various Reynolds
number (Re = ȡUd/ȝ, being ȝ the dynamic viscosity of air). Details about the geometry of the
bridge deck model is given in Figure 2. The length of the bridge deck model between two
end-plates is le = 1300 mm.
b =120
90

15

d = 60

1.5

1

15

15°
(a)

(b)

Figure 2. (a) Geometry of the open cross section, and (b) photo of the bridge deck model mounted in the wind
tunnel (dimensions in mm).

The method of calculating the sinusoidal equivalent amplitude of the fluctuating lift coefficient CL0 was also improved. In [8], the CL0 coefficient was obtained by integrating the power
spectral density of the fluctuating lift with a narrow band around the Strouhal frequency nst,
then square-rooting, normalizing with 0.5ȡU2dle and finally timing . However, the CL0 obtained in this way is affected by the dynamic amplification effect, unless the first bending natural frequency of the model is very high compared to the vortex-shedding frequency. To
correct this bias, the classical dynamic amplification factor for a single-degree-of-freedom
system was employed. First, a sensitivity analysis showed that for damping ratios up to 5%
the amplification factor exhibits negligible variations, if the ratio of the vortex-shedding frequency to the model natural frequency is lower than 0.84 (this is the maximum frequency ratio encountered during the static tests). Consequently, since for an aluminum model rigidly
mounted in the static setup, the damping ratio of the first bending mode is unlikely to be higher than 5%, a null damping ratio was therefore considered to calculate the amplification factor
and to correct the CL0 values.
Finally, the main results in our previous work were given here again, which is supposed to
facilitate the mathematical modeling work that is to be presented in the following. Figure 3
shows the mean drag and lift coefficients for the bridge deck model, respectively defined as
CD = D/(0.5ȡU2dle) and CL = L/(0.5ȡU2dle), being D and L respectively the mean drag and lift
over records of 100 s. CD and CL will be used to calculate the CQS
Fy coefficient in the mathematical modeling work. Figure 4 shows the aeroelastic response of the bridge deck at its 4°
mean flow incidence, with various Scruton number considered. The natural frequency of the
model in still-air is n0 = 9.63 Hz and n0 = 9.53 Hz respectively for test case #a1-a6 and #a7-a9.
yrms represents the root mean square value of the across wind displacement y in the steady or
statistically steady oscillation state. Vr = 1/(2ʌSt) denotes the Kármán-vortex-resonance wind
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speed in reduced form. And for the bridge deck model at 4° flow incidence, the static test reports a Strouhal number St = 0.102. Finally, Scruton number is defined as Sc = 4ʌMȗ0/ȡd2le,
with ȗ0 the damping ratio and M the effective oscillation mass (3.6 kg for test case #a1-a6 and
3.67 kg for test case #a7-a9).

Figure 3. Mean drag and lift coefficient for various wind angle of attack of the bridge deck model at Re = 6.0ǜ104.

Figure 4. Effect of the Scruton number on the dynamic response of the bridge deck model at Į0 = 4°.

3
3.1

WAKE OSCILLATOR MODEL FOR SECTIONAL MODEL
The wake oscillator model

The wake-oscillator nonlinear model proposed by Tamura and Shimada [4] was selected to
simulate the VIV-galloping interaction for the bridge deck at 4° mean flow incidence. The
near-wake lamina is supposed to pivot about the centroid of the bridge deck (following the
modified form of wake oscillator in [6]), as schematized in Figure 5. The transverse motion of
the bridge deck y and the rotation of the wake lamina  ׇare respectively governed by the two
coupled equations in a dimensionless form:

Y ′′ + 2ζ 0Y ′ + Y =
§

ϑ ′′ − 2 β ȣϑ ′ ⋅ ¨ 1 −
©

V 2 § Y ′ · V 2 QS
f ⋅ ¨ϑ − ¸ + * CFy (α )
m* ©
V¹ m

(1)

4f2 2·
Y′
ϑ ¸ + ȣ 2ϑ = λ Y ′′ + ȣ 2
C L2 0
V
¹

(2)
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where Y = y/d is the normalized displacement, m* = M/(0.5ȡd2le) the mass ratio, CQS
Fy (Į) the
quasi-steady transverse force coefficient, ȣ = nst/n0 the frequency ratio. f is a parameter relating the rotation of the wake  ׇto the resulting unsteady lift coefficient. (·)' represents differentiation with respect to non-dimensional time Ĳ = 2ʌn0t. The expression of ȕ and Ȝ are:

β=

4 2

π

St 2 h* f

(3)

λ = 8π St 2 h*

(4)

The restoring force FL on the wake lamina is supposed to act at 1/4 of its chord, as suggested in [6], resulting in following relationship representing an additional restriction between
the St, h* and l*:
St =

nst d
1
=
8π l * h*
U

(5)

being h* = h/d and l* = l/d are the normalized wake width and semi-length.

l

l

h

l

G

U
.
y

O
Urel
FL
y

Figure 5. Schematic of the wake oscillator implemented for the bridge deck. G is the centroid of the equivalent
near-wake lamina, and O is the pivot position of the wake, which is assumed to coincide with the centroid of the
bridge deck.

3.2

Parameter setting

The parameters that need to be set in the equations are h*, f, CQS
Fy , CL0 and St. In particular,
the last three can be obtained from the static test results. Figure 6(a) shows the cubic spline
4
interpolation of the experimental CQS
Fy (Į) data measured at Re = 6.0ǜ10 , obtained by applying:
QS
CFy
(α ) = − sec (α ) ª¬CL (α ) + CD (α ) tan (α )º¼

(6)

The coefficient was shifted by resetting Į = 4° as a new null wind angle of attack and neglecting the part of CQS
Fy inducing only static deformation. A proper linear extrapolation of the
experimental data was necessary for large Į to ensure stable numerical solutions for largeamplitude oscillation. Given the extra static test results and the improved calculation method
of the CL0, the dependence of CL0 on Re is clearer for Re up to about 4.9ǜ104, as shown in Figure 6(b). The experimental CL0 was therefore interpreted by piecewise-linear approximation in
the range of Re between 1.6ǜ104 and 8.0ǜ104, corresponding to the wind speed range in which
the aeroelastic tests were conducted. For Re < 1.6ǜ104, CL0 was assumed constant due to the
accuracy problem of the instruments for very low wind speeds. Finally, a constant St = 0.102
was adopted.
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A constant h* = 1.8 was assumed for the bridge deck, kept the same as for a square cylinder
in [4] and for a 3:2 rectangular cylinder in [6], where it also shows the solution of the wakeoscillator model is not sensitive to the h*. To obtain the value of f parameter, the method recently proposed in [6] was adopted, calibrating the parameter f in the VIV range with a set of
experimental results for a high value of the Scruton number. The calibration process is shown
in Figure 7 with the experimental data of test case #a9, especially aiming at a good match of
the amplitude-velocity curve slope between the experimental results and the numerical solutions. A good match of the numerical solution and the experiment was obtained when the value of f is set about 15.

(a)

(b)
QS
Fy

Figure 6. (a) Cubic spline interpolation and linear extrapolation of the experimental C (Į) data (Re =6.0ǜ104)
after the shift of the coefficient for Į = 4°; (b) piecewise-linear approximation of the experimental CL0 (Re) data.

Figure 7. Calibration of the f parameter with experimental results for test case #a9, being the initial condition for
numerical integration set as [Y, Y ', ׇ, [ = ]'ׇ0.001, 0, 0, 0].

3.3

Numerical results for the wind tunnel sectional model

The equations were numerically solved by the ODE45 function of Matlab®. The relative
and absolute error tolerance of the solver were respectively set to 10-6 and 10-8, well balancing
computational cost and accuracy (several tests with lower tolerances were also carried out).
The performance of the mathematical model was examined by comparing the solution with
the experimental results for a wide range of Sc, in terms of the amplitude-velocity curves
shown in Figure 8. The QS galloping solutions are also reported as a reference.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 8. Numerical solution of wake-oscillator model equations for various Sc. Solid and dotted lines indicate
steady-state solutions respectively for initial conditions [Y, Y ', ׇ, [ = ]'ׇ0.001, 0, 0, 0] and [tan(15°)ǜV, 0, 0, 0].

For very low Sc values, such as in test case #a1, the mathematical model is able to
successfully predict the onset of galloping at Vr, as observed in the experiments. The
calculated amplitude is higher than the measured one, especially for V close to Vr. Even
considering the average of the 10% largest peaks in the time histories (y10), which represents a
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statistical maximum amplitude for the experimental results, the agreement with the solutions
of the mathematical model is not significantly improved. Increasing Sc up to 50.3 (test case
#a5), the numerical solution gradually approaches the experimental data, the galloping onset
remaining fixed at Vr. For a slightly higher Sc (test case #a6), the mathematical model starts to
show a “drop and recover” of the steady-state amplitude around V/Vr = 1.9, when the solution
is attained from a small initial condition. In contrast, a branch with higher amplitude can be
found when a much larger initial condition is imposed. The existence of the moderateamplitude branch around V/Vr = 1.9, which is not predicted by the quasi-steady theory, must
be related to the strong nonlinearity of the Van der Pol wake equation in the model [9].
During the experiments for test case #a6, the wind tunnel model was released from rest for
1.63  V/Vr  2.55, but no second branch was found. However, a careful inspection of the
time records shows that the amplitude build-up at V/Vr = 2.13 is different from those at
different reduced wind speeds. This amplitude build-up pattern is reported in Figure 8 (c).
Two inflection points can be seen in the build-up envelop, revealing the tendency of the
system to exhibit a lower-amplitude branch. This branch is unstable in the considered case but
may become stable for a slightly larger Scruton number. For Sc  83.0, the mathematical
model shows a classical VIV response when the solution is attained from a small initial
condition. The lock-in wind speed range, the maximum amplitude and the shape of amplitudevelocity curve are all well predicted (Figure 8 (d)-(f)). Nevertheless, a second branch with
larger amplitudes can also be found just after the end of the lock-in range. It represents the
extension of the VIV response branch and it tends to approach the QS solution, spanning a
wind speed range where no vibration is expected according to the QS theory. Interestingly,
such a branch was also found during the wind tunnel tests by releasing the wind tunnel model
from a large displaced position, though it does not extend down to the lock-in range.
In general, the mathematical model provides satisfying predictions on the VIV-galloping
behaviors of the bridge deck model at its 4° mean flow incidence.
3.4

Sensitivity study

Before applying the wake-oscillator model to full-scale structure, it is to check the sensitivity of the wake-oscillator model to the unmatched mass ratio m* between the wind tunnel tests
and the full-scale condition. The mass ratio is about m* = M/(0.5ȡd2le) = 1300 for the wind
tunnel model, while this is about 510 for bridge deck like the Aftetal bridge in full scale (510
is calculated according to the open cross section of Aftetal bridge [7], which has a similar side
ratio b/d = 2, a height about d = 5 m and a mass about 7.7 ton/m). Therefore, the mass ratio in
the full scale is about 40% of the wind tunnel model. In the wake oscillator model, this sensitivity study was implemented by manually setting the mass ratio of the bridge deck 40% of its
original value, and increasing the damping ratio to maintain an unchanged Scruton number for
each test case. The numerical solutions attained from small initial conditions are provided in
Figure 9, for test case #a1 and test case #a7. It is clear that the wake oscillator is not sensitive
to the mass ratio difference between the wind tunnel model and the full scale case.
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Figure 9. Checking the sensitivity of the wake oscillator model to mass ratio m* for two maintained Scruton
number (solution obtained from mall initial condition).

4
4.1

APPLICATION OF THE WAKE-OSCILLATOR MODEL FOR CONTINUOUS
BEAM BRIDGE
Extending the wake-oscillator model for slender continuous structures.

For slender structures in the natural wind field, the turbulence in incoming flow and many
three-dimensional conditions play important roles in the flow-structure interaction. To apply
the wake oscillator model to predict the VIV-galloping instability for continuous flexible
structure, at this stage, assumptions have to be made: (i) Two- dimensional flow is maintained
at each point along the axis of the continuous structure; (ii) Only the mean component of the
approaching air flow is considered, namely ignoring the turbulent parts.
In [10], Tamura’s wake oscillator was used for the vortex induced vibration of the continuous system with circular cross section. There, the wake rotation angle and the across wind
displacement are considered as a (ׇx, t) and y(x, t), which depends right now on the along-axis
position x. By considering a single mode shape for the continuous system, the controlling
equation for (ׇx, t) and y(x, t) were finally expressed by a single differential equation of order
of 4, with the normalized mode shape and the mean wind profile collected in several constants.
This method is not used here, because the quasit-steady force coefficient CQS
Fy for non-circular
cross section is much more complicated (for circular cross section this can be simply expressed as CDǜ (Y '/V) as in [10]).
As an alternative way, multiple discrete wake oscillators were considered here for the continuous system, and the dynamics of the continuous system is described by finite element
method. Figure 10 illustrates the idea, where wake oscillators were coupled on the continuous
system by every two nodes. As an example, the wake oscillator at node N2i will be only excited by the transverse motion y at N2i, and the reference length to calculate the aerodynamic
force on node N2i is the distance between node N2i-1 and N2i+1. Such a measure is just to facilitate the practical programming. The equations for the dynamics of the continuous system is
first written in matrix form, applying the classical 2-d beam element and considering only the
bending deformation. The discrete wake oscillators were expressed also in matrix form and
combined together with structural matrix to form new matrixes (including both the degree of
the freedom of nodes and the wake oscillators), with the coupled items expressed in submatrix of the new matrix. For brevity, these matrixes are not given here.
With this way, multiple mode shapes can be included in the calculation, and it is easy to
take into account when the cross section of the continuous system is changed, for example,
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the launching nose in the following case study. The disadvantage is that more computational
cost is needed, due to the increased number of wake oscillators.

Figure 10. Discrete wake oscillators on continuous system.

4.2

The case study

The Aftetal bridge [7] during its critical launching is considered here as a case study. The
span arrangement is shown in Figure 11. For the 5m high steel open box (assumed here the
same aerodynamic shape as our wind tunnel model), the mass per unit length is assumed 7.7
ton/m, the moment of inertia of the cross section Izz = 4.89 m4, Young’s-modulus 210ǜ109
N/m2 and Poisson’s ratio 0.3.
For the launching nose, due to the lack of the wind tunnel test results, we simply assumed
here a lattice structure with a solidity ratio of 0.334 as shown in Figure 12. The mass of this
launching nose is assumed half of the open cross section, and the bending stiffness is assumed
the same as the open cross section. The length of the launching nose is 30m.
785.5
94

119.5

119.5

119.5

119.5

119.5

94

Figure 11. Span arrangement of the Aftetal bridge [7] (during the critical launching phase, dimension in m).

Figure 12. Assumed lattice structures for the launching nose (dimension in m).

The continuous structural system is discrete into 92 elements and 93 nodes, shown in Figure 13. Fini. Depending on whether the launching nose is used or not during the launching
phase, the total number of implemented wake oscillators is 43 or 46. In the case of with the
launching nose, the quasi-steady aerodynamic force of the lattice structure is still taken into
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account, although no wake oscillator is applied. The structural damping matrix is calculated
using the classical Rayleigh damping, assuming the same damping ratio for the first mode and
second mode shape.

Figure 13. Finite element discrete of the structure and its first mode shape.

The natural wind is assumed to attack at a mean angle of 4° of the bridge deck, leading to
the oscillation of the structure not strictly in the across-wind direction. However, considering
the attack angle is still very small, this influence is ignored. Therefore, the aerodynamic parameters for the open cross section and the wake-oscillator are kept the same as in Chapter 3.
For the launching nose, the drag and lift coefficient is calculated according to [11], shown in
Figure 14. It is to note that the lattice launching nose is able to introduce positive aerodynamic damping into the structural system due to the drag force.

Figure 14. Drag and lift coefficients for the lattice launching nose (referred to the enclosed area A = 5m ǜ per
unit length).

Finally, the first bending frequency is 0.3671Hz or 0.3045 Hz depending on whether the
launching nose is used or not (corresponding mode shape shown in Figure 13. Fini). For both
cases, the second bending frequency is higher than 4 times the first one. Therefore, the VIVgalloping instability is only considered for the first mode. The critical wind speed for the vortex induced vibration is 18.0m/s or 14.9 m/s, taking St = 0.102 and the height of the bridge
deck d = 5 m.
4.3

Results

4.3.1. Effect of the mode shape
First of all, the effect of the mode shape is examined here without considering the launching nose. The numerical results for the wind tunnel sectional model are re-computed with the
same mass ratio as the full-scale one, CL0 was also set constant as 1.085 which is the value for
high Reynolds number. Therefore, the only difference between the sectional model and the
continuous system is the mode shape. The numerical results are shown in Figure 15, with the
amplitude at the tip of the cantilever (see Figure 13. Fini) representing the response of the
continuous system. According to the numerical results, the effect of the mode shape is mainly
reflected by the oscillation amplitude. The onset wind speed for galloping and the lock-in
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wind speed range for vortex induced vibration is not significantly influenced by the mode
shape. On the other hand, the ratio of the oscillation amplitude between the continuous system
and the sectional model seems dependent on the wind speed, rather than a constant value.
Taking the results of Sc =83 for example, the oscillation amplitude ratio is 1.59, 1.36 and 1.25
for V/Vr = 1.1, 1.6 and 5.0.

Figure 15. Effect of the mode shape: (a) for a low Scruton number; (b) for a high Scruton number. Solutions are
obtained with small initial conditions.

4.3.2. Effect of the launching nose
For bridge construction with launching method, the use of a light-weight launching nose
will not only increase the first bending frequency in the critical launching phase, but also
could contribute to stabilizing the possible wind induced vibration if the launching nose is
well-designed. Figure 17 shows the effect of launching nose considering a very low damping
ratio for the first mode. There, “TS” stands results of the wake oscillator model, “QS” the results according to quasi-steady theory and “L. N.” the launching nose. With or without
launching nose, the equivalent mass me is = 5.3 ton/m or 7.7 ton/m in the first mode. Quasisteady solution is also provided for comparison. From the quasi-steady solution, it is clear that
the one with launching nose features a much higher galloping onset though the Scruton number in this case is even lower (due to a lower equivalent mass). This is because the launching
nose locates at the tip of the cantilever. The positive aerodynamic damping due to a low value
of drag coefficient can still influence the dynamics of the structural system a lot. Nevertheless,
the wake-oscillator will still predict a galloping onset at the critical wind speed for vortex induced vibration.
The damping value is further increased, and the results from the wake-oscillator model
with or without launching nose are shown in Figure 17. The solutions of the wake-oscillator
model right now also show the benefits of the launching nose. At a damping ratio of 1.17%
(logarithmic damping į = 0.074), the response with launching nose turns into a VIV response
rather than a galloping starting at Vr. This is still not reached for the one without launching
nose up to a damping ratio of 1.54% (logarithmic damping į = 0.097). Finally, it is worth stating that, in Figure 17 (a), the quasi-steady theory predicted galloping onset for the damping
ratio 0.67% is already about 4 times the vortex resonance wind speed. However, the wakeoscillator model still predicts a galloping response starting at Vr.
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Figure 16. Effect of the launching nose for a very low damping ratio of 0.17% (logarithmic damping į = 0.011).
Solutions are obtained with small initial conditions.

Figure 17. Comparison of the response with or without launching nose by increasing damping ratio. Solutions
are obtained with small initial conditions.

5

CONCLUSIONS
• Tamura’s wake oscillator model was used to capture the VIV-galloping instability of a
bridge deck with open cross section. Compared with the wind tunnel test results, satisfying predictions were obtained with this wake oscillator model. In particular, the galloping
onset wind speed was well captured for a wide range of Scruton number.
• The wake oscillator model was then extended to continuous system, and a 7-span continuous bridge during its critical launching phase was considered as a case study. Due to the
effect of mode shape, the wake oscillator model predicts a larger amplitude response at
the cantilever tip, compared with the predictions for the wind tunnel sectional model. But
the critical wind speed seems not affected.
• The launching nose was found able to make an important contribution in stabilizing the
VIV-galloping instability if its aeroelastic effect is well taken into account. This also
implies that particular aerodynamic optimization made on the launching nose could be a
more efficient way in suppression the vibration, due to the special location of the launching nose.
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• Finally, the predictions provided by the wake oscillator model for the continuous system
need to be verified by future wind tunnel tests.
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Abstract. Structural cables have been commonly used as tension members for both high-rise
and long-span structures. Wind-induced vibrations along with the traffic loads are the main
factors causing fatigue damages of cables. Moreover, the vibration of these essential supporting elements can influence the response of the superstructure (and vice versa) in the form, e.g.,
of parametric vibration, damage, or the consequent destructive vibration of the superstructure itself. The most common cable types for guyed masts, roofs, cable stayed and suspension
bridges are: parallel wire strand, helical wire strand, locked-coil cable. Each of them has its
own advantages, such as: corrosion resistance, fatigue endurance, and low production cost.
Cables have a characteristic surface and roughness depending on the production technology
and design. The surface modifications have a major effect on aerodynamic properties. This
presented work aims at determining the functionality of the open wire helical strand cable
construction in various turbulence conditions via experimental investigation in a wind tunnel.
According to the results in moderately turbulent conditions, the surface roughness of helical
strand cables reduces the lock-in range compared to the reference smooth model. The hysteresis character of resulting amplitude at an increased/decreased flow velocity was observed
for all models. The most pronounced effect was for the case of a model with bigger surface
roughness and higher lay angle. This trend was observed also for the more turbulent flows.
Vibration also starts at the lower critical flow velocities indicating an increase of the Strouhal
number.
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1

INTRODUCTION

Wind related aerodynamic forces can be divided into the following groups: forces originating directly from the impact of wind on a cable (drag forces, buffeting), and so-called aeroelastic phenomena resulting from the interaction between a cable and air flow (vortex shedding,
galloping, rain-wind induced vibrations, etc.) that pose a particular risk due to a large number
of loading cycles.
Oscillations of cylindrical structural elements are in most cases induced by the wind, which
forms regions of disturbed flow around such structures. Usually, four regions are distinguished:
• a region of retarded flow upstream of the body,
• boundary layer regions attached to the cylinder,
• regions above and below the cylinder characterized by an accelerated flow,
• a wake with a separated flow, e.g., [1].
The flow conditions in each of the regions affect the vibration: fluctuating in-plane pressures called buffeting, vortices shed at the cable surface imposing the out-of-plane pressures,
and the oscillating wake flow, see, e.g. [2]. The vibration can affect the stability of the supported structure; it may also cause high stresses in the cables (or the individual strands of a
cable) and high internal forces in structural members. The fatigue damage caused by the cyclic loads, leading to normal stress in the cables or to fretting friction damage is significant [3].
This is one of the disadvantages of using steel cables with high tensile strength, as it is accompanied by a reduction in ductility and an increase in the susceptibility of cable wires to
brittle fatigue failure [4], [5]. During inspection of bridge suspension cables, defects of various types were observed, e.g., cracking, pitting, fretting, fatigue, etc., see [6], [7]. vortexinduced vibration (VIV) can occur at moderate wind speeds and produce a large number of
loading cycles, potentially causing serious problems.
VIV is a result of the fluid-structure interaction. It is due to alternating vortices shed at the
cylinder surface, which produce the periodic forcing. If the damping and structure-air mass
relations, expressed by the non-dimensional parameter called Scruton number (Sc) is low, the
structural motion influences the flow field. analysis of the cylinder response requires
knowledge of the vortex shedding frequency, which is commonly expressed as the nondimensional Strouhal number (St). This expression helps to transfer the results among different experiments and studies on vibrating bluff cross-sections with different geometries and
fluid properties. Knowledge of St is necessary for determination of the critical wind velocity
at which the resultant vibration of the cylinder is at, or near to, resonance. The St value depends on the shape (geometry) of the cylinder, surface roughness of the cylinder, turbulence
intensity, and on the Reynolds number (Re) which determines the flow regimes for structures
with both circular cross-sections and non-circular ones.
For both theoretical and computational investigations, structural cables are often assumed
to have perfectly circular cross-sections. In contrast to aerodynamic bodies (wings) and bodies
with sharp edges (rectangular profiles), cylinders, which may be classified as semiaerodynamic, can have their flow separation point at varying positions along the body surface.
The position of this point depends on the free-stream velocity, turbulence intensity, and
roughness of the body surface [8]. Not even dry, wrapped or coated bridge cables have ideally
smooth surfaces. Roughness on the surface commonly influences turbulence characteristics in
the proximity of the body surface.
The location of the flow separation point is important especially for cables manufactured
using individual steel wires with no coated protection as in the case of guy ropes. In the case
of steel strands covered with polyethylene (HDPE) tubing, local alterations of the inherent
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surface roughness, resulting from mechanical damage, manufacturing, creep, and exposure to
atmospheric pollution and solar activity, are expected. Such geometrical deviations, corrosion
and other types of surface changes can be defined as technological roughness. Such microscopic variations on the body surface can induce macroscopic changes in the flow around it
[9], and therefore they require analysis. The Reynolds number is closely related to the flow
separation on the cable surface, as it is the governing parameter of the transitions (critical
state) occurring in the disturbed regions, i.e. the wake, the free shear layers, and the boundary
layers [10]. This critical state in the boundary layer has attracted the most attention, as it is
within this range of the Reynolds numbers that one can expect significant variations in the
aerodynamic coefficients. They are provoked by changes in the flow and by the occurrence of
flow instabilities which are expressed as a drop in the drag coefficient and a simultaneous appearance of a steady lift. A theoretical and experimental work focused on the wind-induced
response of a full-scale yawed bridge cable section model for varying Reynolds numbers and
wind angles-of-attack was addressed in [11]. The study also demonstrated the influence of
cable surface roughness and wind incidence angle on the force coefficients. Roughness produced using sand paper, a wire mesh screen, and ribs were investigated in [12]. The drag coefficient for rough cylinders and the related change in the critical Reynolds number were
reported in [13], [14], [15]. In [16], two types of cylinder roughness were classified and tested.
In [17], alterations in surface roughness were observed to shift the vortex shedding to postcritical regimes.
A large number of television broadcasting and meteorological masts in the Czech Republic
were built in the 70-90s of the 20th century. At the moment, guys of these masts are at the end
of their life cycle and the problem of assessing their residual life and replacement is actual.
The idea to improve the aerodynamic and fatigue performance of cables by selecting the optimal surface parameters of cable for specific turbulence conditions at a construction site is
very attractive. This presented work aims at determining the functionality of the open wire
helical strand cable construction in various turbulence conditions via experimental investigation in a wind tunnel.
2

EXPERIMENTAL SETUP

Experiments were carried out in the climatic wind tunnel of the Institute of Theoretical and
Applied Mechanics in Czech Republic. The aerodynamic section equipped with the turntable
has a 1.9 m wide and 1.8 m high rectangular cross section. The total length of the test section
is 11.0 m.

Figure 1: Arrangement of the experiment in the aerodynamic test section of the climatic wind tunnel.
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2.1

Structural models for wind tunnel testing

Open wire helical strand cables were selected as the structural models for the experimental
study in the wind tunnel. In order to evaluate separately an impact of the lay angle and surface
roughness factors, the structural model with next parameters were manufactured:
• Model of helical strake cable (construction 1x61 according ISO 17893:2004) with relative surface roughness k/D = 5.6% and lay length l = 12·D;
• Model of helical strake cable (construction 1x61), k/D = 5.6%, l = 24·D;
• Model of helical strake cable (construction 1x91), k/D = 4.5%, l = 12·D;
• Circular cylinder as a reference model.
All models were made from polystyrene, polished and varnished. The length of the models
was 1.27 m with diameter D = 0.13 m. The length-to-diameter ratio was approximately equal
to 10. A rigid carbon fiber tube with the outer diameter of 13 mm and the wall thickness of
2 mm was used as an axis that can be fixed to the experimental stand, [18].

Figure 2: Model of 1x91 cable on the dynamic force balance stand.

The logarithmic decrement of structural damping obtained from the vibration decay is
δ = 0.035 and Sc = 6.4. The duration of each measurement was 120 seconds. The measurement of the response was carried out in the range of the reduced velocity U/(fn · D) = 2 ÷ 8
and Re = 1.12·104 ÷ 4.5·104. The lock-in range was measured in two directions. The flow velocity increased in steps from the value lower than the theoretically predicted critical flow velocity until the resonant (lock-in) vibrations were obtained. After the end of the lock-in range,
the flow velocity was changed in the opposite direction. The Plexiglas screens were installed
on both sides of the structural models to create two dimensional (2D) flow conditions.
2.2

Turbulence generation in the wind tunnel

All configurations were tested in the low turbulent flow at the free stream turbulence Iu =
0.75% and in turbulent flows generated by using the square mesh arrays of rectangular bars
placed upstream of the structural models.
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Figure 3: Wooden grid used for turbulent flow generation.

To obtain detailed characteristics of turbulence in the wind tunnel test section, the flow
profiles were measured at a step of 75 mm along the model axis using x-wire CTA probe. The
exponential autocorrelation method was used to obtain the integral length scales of turbulence,
see Figure 4.

Figure 4: Turbulence integral length scale (left) and turbulence intensity (right) dependency on the distance from
grid.

Distance from the grid Turbulence intensity Iu,x Turbulence length scale Lu,x
(%)
(m)
(m)
7.1

4.5

0.141

4.6

6.5

0.114

2.1

12.3

0.078

Table 1: Turbulence intensity and integral length scale of turbulence (obtained by exponential method) at the
location used in the mechanical response experiments.
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The same x-wire probe was installed to measure flow velocity during mechanical response
tests at 0.75 m upstream of the models and the sampling rate was 1000 Hz.
3

RESULTS

The experimental results obtained on the smooth circular cylinder are shown in graphs of
dimensionless amplitude vibration Ampred versus reduced wind velocity Ured in Figure 5, the
model of 1x61 cable with lay length l = 12·D in Figure 6, 1x61 cable with the lay length 24·D
in Figure 7, 1x91 cable with the lay length 12·D in Figure 8. The results taken during a stepwise increase of the flow velocity are indicated by the empty markers, and the results taken
during a stepwise decrease of the flow velocity by the filled markers.

Figure 5: Amplitude response plot of smooth surface cable model.

Figure 6: Amplitude response plot of helical cable 1x61-12.
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Figure 7: Amplitude response plot of helical cable 1x61-24

Figure 8: Amplitude response plot of helical cable 1x91-12 model.

Test results showed the hysteresis character of the increased/decreased velocity trend lines for the response of all the structural models and all turbulence intensities.
The trend obtained by reducing the flow velocity has a peak amplitude approximately equal to
or higher than for the case of the increasing velocity. The lock-in range for the cases of stepwise increasing of the flow velocity is wider. In low turbulent flow the helical surface roughness can lead to an increase in the peak amplitude and widening of the lock-in range for the
case of stepwise velocity increasing compared to the smooth reference model. Higher values
of surface roughness and turbulence intensity lead to a reduction of the lock-in range. The
most pronounced effect was observed for the case of the cable model characterized by larger
lay angle. This trend remains present in more turbulent flows where the vibrations start at
lower critical flow velocities. This yields an increase in St. For the helical cable models, no
vibrations at the dimensionless amplitude exceeding 2% in the lock-in range were observed in
turbulent flows at turbulence intensities 6.5% and 12.3%.
4

CONCLUSIONS

The rationality of using cables with a smooth or rough surface is determined by the turbulent wind conditions at the construction site and the arrangement of structural elements.
Smooth circular shape is optimal for single or widely spaced cable in open areas, where wind
turbulence is low. Cables with the helical shape are optimal for moderate to strong turbulence
wind conditions, while preference should be given to higher values of surface roughness and
lower lay lengths. The present work has practical results, which could improve the knowledge
of the complex wind loading of bridge cables, cables of the mast towers as well as the loading
on the broadcast towers with tubular structural elements.
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Abstract. Catenary pedestrian bridges are apparently spreading all over the world. These
structures are highly popular as they can form the landscape and provide the pedestrians with
excitement and adventure. Consequently, there is a strong need to increase the span length,
which might call for the reconsideration of the conventional approaches. A novel concept was
proposed with special focus on feasibility and proper static and dynamic performance of
slender catenary bridges. A dedicated physical model was built and measured in order to
demonstrate the advantages. A long span catenary bridge designed in the framework of a feasibility study was also considered as an ideal candidate for our proposed method.
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1
1.1

INTRODUCTION
Catenary bridge structures

The main elements of these bridges are the catenary cables that are fixed at both ends.
These cables carry the vertical loads, such as the self-weight or ice loading. When necessary,
wind cables and connecting cables are also involved in order to provide extra stiffness to the
whole structure, which was studied in detail in [1]. The problem with these bridges is that the
connecting cables are complicated to tension evenly due to their mutual interaction. There can
be loose cables that may vibrate, and the others can be overloaded. On top of all, the overall
structural behavior is strongly temperature dependent. The novel approach has been first introduced at the WIBE (World Innovation in Bridge Engineering) prize competition. In this
paper a more detailed introduction is addressed.
1.2

The proposed iso-tensioning system

To overcome the above mentioned problems, a novel concept is proposed shown in Figure
1. In contrast to conventional catenary bridges, the evenly distributed and temperature independent connecting cable forces can be conveniently ensured by adopting pulleys that are
used for railway overhead electric wires for instance. Post-tensioning cables on both sides of
the catenary with ballasts at their end points are used to adjust the desired pre-stressing to the
structure.

Figure 1: Structural setup of the proposed system.

2

PRELIMINARY PHYSICAL MODEL

The structural behavior was investigated by using physical models that are most common
in wind engineering [2]. A preliminary model was created in order to qualitatively demonstrate that the proposed system behaved according to our expectations; the connecting cables
were indeed evenly pre-stressed, no loose cables were observed. A horizontal load test was
also carried out. All the cables were modeled by using fishing line, with lead as weight. The
proposed configuration consists of three pulleys in a group belonging to each connecting cable; two of them are joined together and to the catenary, and the third one is fixed to the upper
end of the connecting cable. Two post-tensioning cables were driven through the corresponding pulleys with ballast weights at their end points providing the desired internal forces in the
connecting cables, resulting in a spatial pre-stressed structure. Although the results were in
line with the expectations as to the structural behavior, the unpredictable material of the applied fishing line hindered a precise comparison with numerical results. Therefore, a detailed
physical model was constructed based on the experiences gained on this preliminary model.
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3
3.1

DETAILED PHYSICAL MODEL
Model fabrication

In order to carry out quantitative validation, steel wire ropes were used for the main catenary cable as well as the wind cables. Despite the fact that fishing line found to be improper due
to its nonlinear material properties, it was still used for the post-tensioning and the connecting
cables with respect to the moderate cable forces in these elements; the strain remained in the
linear range. Besides, a multi-strand fishing line is advantageous due to its bending flexibility,
which reduces the overall friction of the pulley system. The structure is shown in Figure 2
with coloring the different cable types for better visibility, which will be used later where
necessary. The span of the main catenary cable is L=14 m. The diameter of the catenary cables is 3.0 mm (EA=560 kN), and that of the wind cables is 1.0 mm (EA=75 kN). The fishing
line diameter of the post-tensioning and the connecting cables is 0.40 mm (EA=2 kN). When
the bridge was ready and the ballasts were released, the spatial pre-stressed structure was
qualitatively studied; the connecting cable forces were indeed close together as desired, loose
cables were not found.
B D

+z

catenary
weight
(3.0 kg)

P

pulleys

+h

pulleys

A

C
–h

ballast
weight
m=0.8 kg
each

catenary cable
wind cable
vertical cable
connecting cable
post-tensioning cable

Figure 2. View of the 14 m long physical model with the monitored points and the colored cable types.

The projected schematic top view of the original and the proposed structural configuration
is shown in Figure 3. In case of the conventional structure, the connection between the main
catenary cable and the wind cables is made by using connecting cables. The desired internal
forces can be adjusted by pre-stressing the wind cables and the connecting cables, which is
tedious to carry out precisely due to the mutual interaction of the cables. The connecting cable
force distribution depends on the stiffness properties of the whole structure and the pre-stress
applied to the cables. The original system is referred to as model v1.
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Figure 3: Conventional (top) and the proposed structural system with the connecting cable forces (s).

The proposed system requires ballast weights in order to set the desired cable forces. In
contrast to model v1, the connecting cables do not connect the wind cables and the catenary
directly, but two post-tensioning cables are included in the whole system belonging to the two
wind cables on the two sides of the catenary.
The post-tensioning cables are referred to as A-B and C-D, according to the points on the
ballast weights (Figure 3). The whole system of a post-tensioning cable and the belonging
connecting cables are referred to as branches A-B and C-D. There are two versions of the
proposed system; in case of model v2 all the four ballast weights move independently from
each other. Model v3 is different, as the neighboring ballasts are connected together; the motion of ballasts A and C is not independent, instead a common upward or downward motion is
allowed only. The same applies to ballasts B and D. Model v2 and v3 both produce equal
connecting cable forces within a branch if the friction of the pulleys is neglected. For model
v2 the connecting cable forces of the two branches are equal, that is sA-B=sC-D.
The pulley system gives an additional flexibility to the system, which may reduce the horizontal stiffness of the main catenary. Therefore, it was of utmost importance to compare the
static and dynamic behavior of the proposed models v2 and v3 to the original one of v1. The
physical model was constructed with special attention to this need; the pulley system was
equipped with a constraint that was capable of fixing the post-tensioning cable, which made it
feasible to investigate and compare the behavior of model v1, v2 and v3. The structural details
of the physical model are shown in Figure 4.

B

D

Figure 4: Structural details of the physical model: catenary node, pulleys and ballast weights.
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3.2

Measurements

The slender catenary bridges are sensitive to wind loading; therefore the behavior due to
horizontal static loading was studied and compared. The catenary nodes were loaded horizontally at each node. The load test can be seen in Figure 5. All the three configurations were
tested. Model v1 was set by fixation of the post-tensioning cables around the pulleys. The
connecting cable forces are independent from each other in this case. For model v2 the above
mentioned fixation was released. Model v3 was set by joining the neighboring ballasts together. The pulley friction can be an important factor in the proposed system; therefore the initial
friction value was measured by applying force difference onto the two ends of a test cable
hanging on the two sides of a solo V-groove ball bearing. The force difference reached 5 % at
the boundary of stall and motion, but drops to 1-2 % when even moderate motion appears.
Time-dependent behavior was also observed, which was explained by the presence of grease
in the bearings. Due to the high friction and viscous properties of the pulleys, the whole structure was given slight vibration at each static measurement in order to help the pulleys and the
post-tensioning cables arrange and approach to the ideal frictionless state. This was particularly important for model v2. In case of model v1 the ballast weights do not move and there is no
pulley rotation either. In case of model v2, on the side the horizontal force pushes the structure toward, the ballasts move downwards as the distance between the catenary and the wind
cable decreases. The post-tensioning cable releases ballasts A and B down. On the opposite
side, the ballasts C and D are lifted upwards. The horizontal displacement of the catenary and
the corresponding vertical displacement of ballasts A and C can be seen in Figure 5. In case of
model v3 the neighboring ballasts are joined together, therefore no significant ballast motion
was observed.
B

D

Q=5N

C

P
A

A

C

Figure 5: Horizontal static deflection of the catenary and the vertical displacement of the ballasts for model v2.

The dynamic properties were studied by using an accelerometer attached to the middle catenary point P (see Figure 2 and 5). The first vibration mode of the bridge was considered only, which was excited simply by hand. The symmetrical sway mode was the same for every
model. In case of model v2, the sway motion of the catenary was accompanied by the vertical
motion of the ballasts with small amplitudes of 1-2 cm only, nevertheless. In case of model v1
and v3 there were no ballast motion amplitudes observed.
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4
4.1

STATIC NUMERICAL MODEL
Introduction of the numerical approach

The static behavior was studied on a 72 DOFs numerical model, which was written in Octave (Figure 6). The model consists of two-node spatial truss elements with tension capabilities only. The structural elements are the main catenary cable (blue), the wind cables on both
sides (red), the connecting cables (black) and the vertical elements (green). The posttensioning cables and the ballasts are not shown in this model, but their effect is included as
described below.

Figure 6: Geometry of the numerical model.

4.2

Static equations with geometrical non-linearity

The considered mechanical system involves geometrical non-linearity; therefore the (load
control) New-ton-Raphson iterative approach was applied to find static equilibrium. The key
step of the process is solving the Ki(xi)ǻxi=ǻqred,i matrix-equation for the ǻxi displacement
error vector due to the reduced force error vector of ǻqred,i =–GiF-1dti+ǻqi. The iterative process is to be continued until the ǻti=t–(li–l0–Fsi) and ǻqi=q–(–Gisi) unbalanced kinematic and
force vector norms are smaller than a tolerance. In the equations above xi = displacement vector of the 24 nodes (see Figure 6); li = stressed cable length vector; l0 = stress-free cable
length vector; t = kinematic load vector; q = external force vector; Gi = geometry matrix containing the direction unit vectors of each cable; Ki = tangential stiffness matrix; F = flexibility
matrix. All the matrices and vectors are to be updated at each ith iteration step. The above detailed Newton-Raphson iteration was carried out in two steps. At the first construction stage
the main catenary cable was activated with its vertical loading, which was complemented by
the wind cables and the connecting cables at the second stage. Therefore, the sizes of the matrices and vectors are different in these two construction stages. The results of the first stage
(e.g. cable length and forces, geometry and stiffness matrices) are used as initial condition for
the second one. The first stage is the same for the three models. In case of model v1 the prestressing is defined onto the wind cables and the connecting cables as kinematic loads, i.e.
cable shortening. The connecting cable force distribution strongly depends on how the kinematic loads are defined. In case of model v2 and v3, however, the connecting cable forces are
the same in every cable and depend on the ballast weight only. The additional horizontal forces are applied at stage two.
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4.3

Formulation of stiffness matrices

The key step during the Newton-Raphson process is the formulation of the tangential stiffness matrix that belongs to the actual state of the structure, which can be assembled from the
element stiffness matrices. Spatial truss elements were used with an element stiffness matrix:
sº
s
ª
K e = «k − » e ⋅ e T + I
L¼
L
¬

(1)

The spring stiffness is k = EA/L, with EA = normal stiffness; L = cable length; e = cable
orientation unit vector; s = cable force; I = identity matrix. The element matrix takes structural and geometrical stiffness into account. For model v1 the formulation of the element matrices is straightforward, the internal force variation of the jth connecting cable is ǻsj=f(ǻLj),
which is the function of the length variation. For model v2 and v3, however, special further
considerations have to be made. The force of the jth connecting cable depends not only on the
displacement of the nodes of its two end points, but of every connecting cable. Therefore, a
compatibility equation of the coupled system of the post-tensioning and connecting cables has
to be solved at each iteration step in order to obtain the cable force changes based on the displacement variation vector ǻxi. The arrangement of branch A-B can be seen in Figure 7.

Figure 7: Schematic projected arrangement of branch A-B (D and h are displacement, s is the cable force).

The forces in the connecting cables of a branch are equal, provided that pulley friction is
neglected, which leads to the analogy of serial coupling in electricity. By using this principle,
the system shown in Figure 7 was reduced into an inhomogeneous spring, which includes all
the connecting cables and the tensioning cable of branch A-B (see Figure 8). The points Mj
were merged into point M, and points A and B into A-B. The total displacement variation onto point M is calculated as ǻxA-B=ȈǻDj, where ǻDj = end points distance variation (see Figure
8 and 9) of the jth connecting cable of branch A-B. The linear reduced stiffness can be calculated by using a reciprocal formula for the serially coupled linear springs of a branch as:
kred , A − B =

1
Lj

L
¦ EA + 4 EAA− B
j
A− B

(2)

Lj = length of a connecting cable; EAj = normal stiffness of a connecting cable, LA-B =
length of the post-tensioning cable, EAA-B = normal stiffness of the post-tensioning cable.
Branch C-D can be handled likewise. Symmetrical horizontal loading was considered only.

Figure 8: Construction of the idealized spring (left) and its reduced model (right).
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Figure 9: Connecting cables of model v1 (left) and v2-v3 (right) with connecting and post-tensioning cables.

If there is no horizontal load, models v2 and v3 are the same as the force is s=2mg in every
connecting cable, where m = weight of one ballast and g=9.81 m/s. The behavior of these two
models, however, is different if horizontal load is also applied, which is illustrated in Figure
10. In case of model v2, branches A-B and C-D are independent; therefore the ballast weights
can move freely. Consequently the connecting cable forces do not change due to any structural displacement field, that is ǻsA-B=0 and ǻsC-D=0. This can be modeled by simply eliminating
term k in the element stiffness matrix of the connecting cables (1), which means that the geometrical stiffness belonging to the constant connecting cable forces exists only. It should be
noted, however, that instead of using zero value for k, a small nonzero value is better to use
for faster convergence. In case of model v3 points A-C and B-D are connected together; the
two inhomogeneous springs belonging to the branches A-B and C-D are now coupled in a
parallel way.

Figure 10: Difference between the behavior of model v2 (left) and v3 (right).

The internal force variation for branch A-B is ǻsA-B=f(ǻDj, j=1..2n) and that for the branch
C-D is ǻsC-D=g(ǻDj, j=1..2n), where n = number of the connecting cables on one side, namely
7 in our case. Unlike model v2, the connecting cable forces are not invariant of the reduced
displacement variation in case of model v3. If the reduced displacement variation of ǻxA-B
and ǻxC-D are not equal, a difference will appear between the connecting cable forces of the
two branches.
The reduced displacement variations for branch A-B is ǻxred,A-B=ǻxA-B–(ǻxA-B+ǻxC-D)/2
and for branch C-D is ǻxred,C-D=ǻxC-D–(ǻxA-B+ǻxC-D)/2. If symmetrical horizontal forces are
applied, the connecting cable force variations is be calculated as ǻsA-B=ǻxred,A-B·kred,A-B and
ǻsC-D=ǻxred,C-D·kred,C-D. Compared to model v2, stiffness k in the element stiffness matrix is
not zero. The normal stiffness k for each connecting cable of branch A-B and C-D were selected as n·kred,A-B and n·kred,C-D, respectively. This intuitive stiffness approximation of the
connecting cables gave fast convergence in case of symmetrical total horizontal loading.
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5

DYNAMIC NUMERICAL MODEL

The dynamic behavior of the three models was studied by extending the static equations
with the inertia and damping forces. A non-iterative incremental time advancement version of
leap-frog scheme was used. Also, a nested Newton-Raphson scheme can also be developed.
Model v1 required to solve Equation (3):
Mǻa t + Cǻv t + K t (x t )ǻx t = ǻQ t

(3)

In (3) M = mass matrix; C = damping matrix; a = acceleration vector; v = velocity vector; x =
displacement vector; Q = external load vector. As the structure is geometrically non-linear,
the stiffness matrix had to be updated at each time step based on the geometrical position of
the nodes (see Figure 6) and the cable forces. Although the explicit scheme was easy to implement, the time step for a stable and accurate solution was typically 10 times less than usual
in linear dynamics.
Model v2 required the modification of the equation (3) into (4):
Mǻa t + Cǻv t + K t (x t )ǻx t + ΔP(a t , v t ) = ǻQ t

(4)

The elements of vector ǻPt are determined by solving ǻPt=Gtǻst, where ǻst = internal
force vector increment belonging to the connecting cables. Unlike static behavior, the connecting cable forces do change due to inertia and damping forces accompanied by the ballast
weight motion, therefore ǻPt is the function of at and vt of the structural nodes. In Figure 11
the coupled system of the post-tensioning cable and the connecting cables is shown for model
v2, which was reduced into an idealized spring system. The two ballasts of a branch move
identically due to symmetrical horizontal loading. The spring representing branch A-B is excited at point M with displacement increment of ǻxA-B=ȈǻDj, where D is illustrated in Figure
9. The spring of branch C-D is derived likewise. In order to improve the performance of model v2, each ballast can be equipped with a linear hydraulic damper (c) and a nonlinear spring
that is inactive until a prescribed displacement (į) is reached. The dynamic equation of motion is solved for the vertical ballast displacement variation ǻh, from which the cable force
change in the reduced spring of a branch is ǻs=(ǻx–ǻh)·kred, which is equal to the connecting
cable force increments of the same branch. Based on the connecting cable force increments,
ǻPt can be compiled, and the displacement, velocity and acceleration increments of the 24
structural nodes and the four ballasts can be calculated at a time step.
Model v3 is simpler than v2 in case of horizontal loading, as the vertical motion of the ballast and the consequent dynamic forces can be neglected. Instead, the principles introduced at
the static numerical modeling apply here. The difference is that the internal forces of the connecting cables are taken into consideration in the ǻPt vector rather than in the term Ktǻxt,
which means that the internal forces are handled as external loadings. This is important with
respect to the explicit time advancement scheme as there is no internal iteration within a time
step. The nonlinear dynamic calculation was tested by applying quasi-static test loading; the
results were in good agreement with that of the nonlinear static calculations for all the three
models.

Figure 11: Dynamic model of the idealized spring for branch A-B (left) and its reduced model (right).
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6

VALIDATION

In the previous chapters the proposed structural system was investigated by means of physical and numerical approaches. The input for the numerical simulation was set in accordance
with the measured physical model; the normal stiffness of the steel wires and the multi-strand
fishing line were measured through tensional tests. The weight of each structural part was also
determined. Neither hydraulic damping, nor nonlinear springs were applied to the ballasts. A
horizontal static load of 5 N was applied to the catenary nodes. The horizontal displacement
showed linear tendency for every model for this load. In Table 1 the measured and calculated
horizontal displacement in mm of point P (see Figure 12) and vertical displacement of ballast
points A and C are compared. The measured and simulated displacement values are in good
agreement for model v1 and v3. The results of model v1 and v3 are close together, showing
that there is no significant loss in the overall stiffness due to the dominant horizontal loading
by applying the proposed post-tensioning system of model v3. Model v2, however, gave 2-3
times larger displacement, which can be explained by the unconstrained vertical displacement
of the ballasts and the consequently constant connecting cable forces. The connecting cables
with constant forces need to change spatial orientation in order to balance the horizontal load,
which is the source of the significantly larger horizontal displacement. The measured horizontal displacement is lower by 35 percent than the calculated one due to the friction of the pulleys. The ballast displacement shows the difference between models v2 and v3; points A and
C move in the opposite direction and so do points B and D in case of model v2. On the other
hand, in case of model v3, points A-C and B-D are connected together, resulting in a small
common displacement, which constrains the horizontal displacement of the catenary.
Models
v1
v2
v3

P_hor
21
50
28

Physical
A_vert
-190
3

C_vert
178
3

P_hor
22
67
29

Numerical
A_vert
-276
8

C_vert
276
8

Table 1: Horizontal displacement of point P and vertical displacement of points A and C [mm].

The developed dynamic numerical method was also validated. The natural frequencies
were determined by FFT analysis of the time series of the geometrically non-linear time stepping method. The simulation was started on the completed bridge structure as a result of the
nonlinear static calculation. The time dependent horizontal load was applied to each catenary
node; it was ramped up in a quasi-steady manner and then set to zero in one time step, obtaining a free decay oscillation to study.

Figure 12: Investigated points and displacement directions.
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The results are shown in Table 2 for the three models and with stage1 for the catenary
alone state. The measured and simulated natural frequencies of the sway mode are in good
agreement. According to expectations, model v1 has the highest frequency as it has the highest stiffness. Model v3 showed higher static deflection and the frequency is consequently
lower. Model v2 is interesting as the sway mode has a frequency close to that of models v1
and v3. On the other hand, the extra freedom of the ballasts provided a slow vibration mode
that belongs to the vertical motion of the ballasts and the horizontal motion of the catenary.
The frequency is around 0.30 Hz, which is shown in Table 2 in parentheses. This mode was
spotted numerically but did not show up in the measurements, which is explained by the behavior of the pulleys; the bearings of this size give relatively high friction and viscosity,
which might hinder the whole pulley system from accommodating this vibration mode.
Models
stage1
v1
v2
v3

Physical
0.68
1.50
1.37
1.38

Numerical
0.66
1.44
1.30(0.30)
1.28

Table 2: Natural frequencies of the symmetrical sway mode.

7

INDUSTRIAL APPLICATION

7.1

The considered long-span catenary bridge

In this chapter an L=700 m main span catenary is considered that has been designed by
Pont-TERV Ltd in the framework of a feasibility study in 2017 (see Figure 13). The bridge
geometry is similar to the physical model that was studied earlier. The proposed novel tensioning system and the adequate numerical approach were adopted to this bridge structure. It
is highlighted that this span length maximization is under research in case of road bridges [4].

Figure 13: The considered long span catenary structure (Feasibility study, courtesy of Pont-TERV Ltd, 2017).
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7.2

Application of the proposed iso-tensioning system

At first, the horizontal displacement of the structure due to horizontal loading on the catenary is illustrated in Figure 14. It can be seen that the catenary together with the wind cables
moves sideways.

Figure 14: Horizontal deflection of the catenary.

The selected ballast weight is 4 t each. The static test loading was horizontal Qtop=14 kN at
the nodes of the catenary, and Qbottom=31 kN at the nodes representing the bridge walkway.
The horizontal loading was ramped up within 20 seconds and then was kept constant. The
horizontal displacement of point P for models v1, v2 and v3 is shown in Figure 15. Both
models are common in reach a horizontal displacement around 60-80 cm when the ramped
load reaches its maximum value. This displacement belongs to the spatial deformation of the
whole bridge structure (see Figure 14).
The displacement values remain constant except for model v2, which shows increasing
tendency with time. This creep-like behavior is due to the ballast motion pulled by the posttensioning cables, which is explained in Figure 15 (right hand side); z0 is the deflection due to
short-term load, zt is the long-term deflection. The displacement growth speed can be decreased by involving dampers shown in Figure 11. In our calculations a value of c=10 kNs/m
was selected. The maximum displacement of model v2 was reached when the orientation of
the connecting cables changed in order to reach equilibrium. It is important to note that there
is a limit for the static horizontal loads to be balanced by the connecting cables, as the forces
in these cables are constant under any external load conditions. To overcome this problem, the
ballast motion was constrained by using supports that were activated after a prescribed vertical motion (h), which restricted the horizontal displacement of the catenary as well. At each
ballast, a spring with k=10000 kN/m was defined that was activated when the ballast vertical
displacement exceeded į=2.00 m. With this non-linear constraint the creep-like behavior
could be well controlled. In Figure 15 (left hand side), the results of model v2 both with and
without constraint are shown (red and green curves).
1.20
1.00
z [m]

0.80
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0.40
0.20
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Figure 15: Horizontal displacement due to static load (v1: black, v2-constrained: red, v2: green, v3: blue).
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In Figure 16 the dynamic performance of the three models are compared. The model v2 is
investigated with the above mentioned constraint, the no-constrain condition is not shown
now. The test load is the same as the quasi-static one, but when its maximum was reached, the
load was dropped to zero in one time step, leading to a free decay oscillation. The results of
model v1 and v3 are close together. Model v2 shows larger damping, which can be explained
by the damped motion of the ballasts; the horizontal displacement of the walkway are transferred by the post-tensioning cables to the ballasts that can move freely making the dampers
work. The neighboring ballasts are prevented from moving in the opposite direction in case of
model v3; therefore the hydraulic dampers do not increase the overall damping at all.
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Figure 16: Horizontal displacement due to sudden load (v1: black, v2-constrained: red, v3: blue).

Having studied the structural behavior of the three different models due to ideal loads, a
real test was also carried out. An along-wind time series was generated based on the turbulent
spectrum proposed by the Eurocode. By using the wind speed values at each time step, the
loading to the catenary and walkway nodes was determined. Unlike nonlinear aerodynamic
load models, a simplified along-wind loading of qx=0.5ȡU2cxA was chosen, where ȡ = air
density; U = wind velocity; cx= static force coefficient of the certain structural element; A =
reference area. The effect of the displacement and velocity of the bridge on the aerodynamic
forces is neglected. The structural logarithmic damping value of į=0.22 was selected as a sum
of the inherent structural damping (į=0.02) and the aero-dynamic damping.
All the parameters were chosen in accordance with Eurocode (terrain category: III, height
over ground: 80 m). Due to the high reduced wind speed, the simplified aerodynamic load
model is justified; therefore advanced three-dimensional fluid-structure interaction model [2]
can be omitted for this problem. The results are shown in Figure 17. For model v2 each ballast was equipped with a hydraulic damper and a non-linear spring that was introduced earlier.
The dynamic displacement values of model v1 and v3 show the same tendency, but that is apparently lower in case of model v2 due to the additional effect of the dampers of the ballasts.
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Figure 17: Horizontal displacement of point P due to buffeting (v1: black, v2-constrained: red, v3: blue).
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8

CONCLUSIONS

• In this paper a novel post-tensioning method was proposed for long span catenary bridges. The system involves pulleys that has a number of advantages. First of all, the prestressing is temperature-independent. Seconly, the connecting cable forces are evenly
distributed, therefore any vibration of a loose cable is unlikely. The proposed structural
configuration was tested on a physical model. The evenly distributed connecting cable
forces were indeed observed, which was our main goal to achieve. An adequate numerical model was also developed. Three configurations were investigated; a conventional
one named model v1, and the novel pulley based system with and without fixing the
neighboring ballasts together, which are models v3 and v2, respectively. The measured
and calculated results were in good agreement.
• The friction of the pulleys were not considered in the numerical models. Their effect will
be studied in our advanced models in the future.
• The validated numerical model was tested on a catenary bridge of real sizes as well. It
was found that model v2 and v3 worked properly due to buffeting forces, as the dynamic
responses did not exceed that of model v1, which indicated that the loss in the horizontal
stiffness of the proposed systems can be avoided. The novel configuration v2 and v3 are
basically different in nature; v3 is simpler as the neighboring ballasts are connected together, which results in a stiffness close to model v1 and a consequently similar static
and dynamic behavior. The more sophisticated v2, however, requires special treatment in
order to preserve stiffness; a constraint is necessary to the ballasts that controls the displacement. On the other hand, applying hydraulic dampers too, the overall damping of
the bridge can be increased. The choice between model v2 and v3 therefore requires profound design and economic considerations.
• To conclude, the main goal of a temperature-independent and evenly distributed connecting cable forces has been achieved by the proposed structural configuration(s) with at
least equivalent static and dynamic performance compared to the conventional catenary
bridges. The additional damping experienced in case of model v2 is beyond our expectations, which will be further investigated as it can be essential in span length maximization.
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PREDICTION OF THE WIND-INDUCED FATIGUE OF SLENDER
STRUCTURES
M. Damele, and M. P. Repetto


8QLYHUVLW\RI*HQRD±&LYLO&KHPLFDODQG(QYLURQPHQWDO(QJLQHHULQJ'HSDUWPHQW
9LD0RQWDOOHJUR*HQRYD
PLFKHODGDPHOH#HGXXQLJHLWUHSHWWR#GLFFDXQLJHLW

Keywords: )DWLJXH GDPDJH 6OHQGHU VWUXFWXUHV :LQGLQGXFHG IDWLJXH )DWLJXH VWDQGDUG
PHWKRGV$QWHQQDPDVWV
Abstract. A major shortcoming in the structural and wind engineering sectors concerns
wind-induced fatigue design and verification procedures. Despite wind-induced fatigue is a
critical phenomenon which may lead many slender structures to damage and collapses, suitable engineering and standards procedures are still fragmentary and almost lacking. Structural typologies sensitive to this problem are, for example, wind turbines, bridges, cranes, poles
and towers. A method was proposed by one of the authors, which allows to evaluate in closed
form the mean damage in the unit time induced by alongwind turbulence effect on steel slender structures or steel structural elements. The procedure is suitable for engineering calculations and code provisions. The present paper describes the more recent advance in
generalizing the procedure for determining the wind-induced fatigue damage of slender structures, taking into account simultaneous alongwind and crosswind structural responses due to
turbulence and discussing the main analytical features and the simplifying hypotheses adopted. The set of input parameters is coherent with standard format. An application of the proposed generalized procedure to a real case study is reported and discussed, showing the
capability of the proposed method to catch the main feature of the fatigue damage phenomenon with quite simple calculation procedure.
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1

INTRODUCTION

)DWLJXHLVDFULWLFDOSKHQRPHQRQSURGXFLQJORFDOL]HGDQGSURJUHVVLYHGDPDJHDQGVXEVHTXHQW
ZHDNVWUXFWXUDOFROODSVHVGXHWRPRGHUDWHEXWUHSHDWHGORDGLQJFRQGLWLRQV0HWDOOLFHOHPHQWV
RIWHQH[SHULHQFHWKLVSURFHVVLQWKHZHOGHGRUEROWHGMRLQWV6XFKSKHQRPHQRQPD\GHWHUPLQH
IDLOXUHV XQGHU F\FOLF DFWLRQV RI DPSOLWXGH ORZHU WKDQ GHVLJQ ORDGV WKXV ZLWKRXW H[FHHGLQJ
XOWLPDWHVWUHQJWKDQGZLWKRXWDSSUHFLDEOHSODVWLFGHIRUPDWLRQV8OWLPDWHYHULILFDWLRQPHWKRGV
SURYLGHGE\VWDQGDUGVDQGFRGHVDUHWKHUHIRUHQRWVXLWDEOHIRUIDWLJXHDQDO\VLV
7KHIDWLJXHDQDO\VLVXQGHUYDULDEOHDPSOLWXGHVWUHVVKLVWRULHVLPSOLHVWKHDSSOLFDWLRQRID
VXLWDEOHDFFXPXODWLRQUXOHEHFDXVHIDWLJXHGDPDJHLQFUHDVHVLQDFXPXODWLYHPDQQHU7KHID
WLJXHIDLOXUHRFFXUVZKHQWKHWRWDODFFXPXODWHGGDPDJHUHDFKHVDFULWLFDOYDOXH7KHFXPXOD
WLYHGDPDJHUDWHGHSHQGVERWKRQWKHDPSOLWXGHRIWKHF\FOHVDQGRQWKHLUVHTXHQFHDVZHOODV
PDQ\RWKHUDVSHFWV,QWKH3DOPJUHQ0LQHUOLQHDUDFFXPXODWLRQUXOHZDVSURSRVHGDF
FRUGLQJWRZKLFKRQHEORFNRIF\FOHVRInjFRQVWDQWDPSOLWXGHǻjSURGXFHVDIUDFWLRQRIGDP
DJHdj ǻj SURSRUWLRQDOWRWKHUDWLRnjNj7KHWRWDOFXPXODWLYHGDPDJHDLVH[SUHVVHGOLQHDUO\
DGGLQJ WKH IUDFWLRQDO GDPDJHV GXH WR GLIIHUHQW VWUHVV F\FOHV DPSOLWXGH >@ 7KH 3DOPJUHQ
0LQHU UXOH ZKLFK UHPDLQV WKH PRVW FRPPRQO\ DGRSWHG DFFXPXODWLRQ ODZ VR IDU EDVLFDOO\
GLVUHJDUGVWKHORDGLQJVHTXHQFH7KHFULWLFDOWRWDOGDPDJHYDOXHFRUUHVSRQGLQJWRIDLOXUHLV
FRQYHQWLRQDOO\ GHILQHG DV HTXDO WR RQH WKH IDWLJXH OLIH LV GHILQHG DV WKH WLPH LQ ZKLFK D
UHDFKHVWKHXQLW
([LVWLQJOLWHUDWXUHDQGFRGHVSURYLGHLQIRUPDWLRQRQVWUXFWXUDOIDWLJXHUHVLVWDQFHRIVWUXF
WXUHVWKURXJKSNH[SHULPHQWDOFXUYHVLQWKHELORJDULWKPLFGLDJUDPZKLFKDVVRFLDWHWRHYHU\
FRQVWDQW VWUHVV DPSOLWXGH ǻ WKH QXPEHU RI F\FOHV WKDW OHDGV WR FROODSVH N JLYLQJ GLIIHUHQW
VKDSHVRIFXUYHVGHSHQGLQJRQGLIIHUHQWPDWHULDOVDQGF\FOLFORDGLQJDSSOLFDWLRQV$GRSWLQJ
WKH FRPPRQO\ XVHG QRPLQDO VWUHVV DSSURDFK SN UHVLVWDQFH FXUYHV DUH JLYHQ IRU FODVVLILHG
VWUXFWXUDOGHWDLOVDQGWKHOHYHORIVWUHVVDQDO\VLVDGRSWHGFRUUHVSRQGVWRWKHJOREDOVWUHVVFDO
FXODWHG LQ WKH FURVVVHFWLRQ XQGHU FRQVLGHUDWLRQ DVVXPLQJ D OLQHDU HODVWLF EHKDYLRXU RI WKH
PDWHULDODQGGLVUHJDUGLQJWKHORFDOVWUHVVUDLVLQJHIIHFWVRIWKHZHOGHGMRLQW>@
:LQG DFWLRQV PD\ SURGXFH ODUJH YLEUDWLRQV RI H[SRVHG VOHQGHU VWUXFWXUHV DQG UHSHDWHG
VWUHVVF\FOHVLQFULWLFDOGHWDLOVGXULQJWKHZKROHVWUXFWXUDOOLIH7KHG\QDPLFUHVSRQVHRIVWUXF
WXUHWRWXUEXOHQFHDFWLRQVRUWRWKHYRUWH[VKHGGLQJSKHQRPHQRQFDQEHFULWLFDOIRUPRGHUDWH
DQGIUHTXHQWZLQGYHORFLWLHVLQGXFLQJWKHSURSDJDWLRQRIIDWLJXHFUDFN7KXVZLQGLQGXFHG
IDWLJXHLVDIUHTXHQW UHDVRQRIVWUXFWXUDOGDPDJHVDQGFROODSVHV> @6OHQGHUVWUXFWXUHVRU
VOHQGHU VWUXFWXUDO HOHPHQWV DUH SDUWLFXODUO\ VHQVLWLYH WR WKLV SKHQRPHQRQ 3ROHV PDVWV DQG
DQWHQQDV VXSSRUWV DUH W\SLFDO NLQGV RI VWUXFWXUHV VHQVLWLYH WR ZLQG LQGXFHG IDWLJXH VWURQJO\
DIIHFWHGE\G\QDPLFUHVSRQVHGXHWR WXUEXOHQFH DFWLRQ9RUWH[ VKHGGLQJDFWLRQVXVXDOO\DUH
QHJOLJLEOHIRUWKHVHNLQGVRIVWUXFWXUHVXQOHVVSDUWLFXODUVKDSHVDUHXVHG>@
'HVSLWHDZLGHUHVHDUFKOLWHUDWXUHDGGUHVVHGWRWKLVSUREOHPVWDQGDUGVDQGFRGHVUHODWHGWR
ZLQGLQGXFHGIDWLJXHDUHVWLOOIUDJPHQWDU\(XURFRGH>@SURYLGHVDFDOFXODWLRQSURFHGXUHIRU
DORQJZLQG IDWLJXH DVVHVVPHQW EDVHG RQ YHU\ VLPSOLILHG DVVXPSWLRQV >@ IXUQLVKLQJ UHVXOWV
WKDQFDQEHKLJKXQFHUWDLQ7KLVFRGHDOVRSURYLGHVPHWKRGVIRUHYDOXDWLQJYRUWH[VKHGGLQJ
LQGXFHGUHVSRQVHDQGIDWLJXH2WKHULQWHUQDWLRQDOVWDQGDUGVDUHDGGUHVVHGWRSDUWLFXODUNLQGV
RI VWUXFWXUHV VXFK DV VWHHO FKLPQH\V >@ SROHV DQG LQIUDVWUXFWXUDO VXSSRUWLQJ FRQVWUXFWLRQV
>@DQGZLQGWXUELQHV>@DGRSWLQJGLIIHUHQWDSSURDFKHV$ZLGHUHVHDUFKSURMHFWDLPHGDW
IRUPXODWLQJ DQGFDOLEUDWLQJ DSURFHGXUHIRUGHWHUPLQLQJZLQGLQGXFHGIDWLJXHKDV EHHQFDU
ULHGRXWE\WKHDXWKRUV7KLVSDSHUSUHVHQWVDQRYHUYLHZRIWKHSURSRVHGSURFHGXUHIRFXVLQJ
RQPRUHDGYDQFHGJHQHUDOL]DWLRQVWRDORQJZLQGDQGFURVVZLQGEXIIHWLQJDFWLRQVDQGGLIIHUHQW
UHVLVWDQFHFXUYHV7KHSURFHGXUHLVILQDOO\DSSOLHGWRDPRQRSROHDQWHQQDPDVW
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2

BASES OF THE PROPOSED METHOD

7LPHLVFRQYHQWLRQDOO\VXEGLYLGHGLQWRVXFFHVVLYHǻTWLPHLQWHUYDOVRIPLQXWHV±KRXU
IDOOLQJ LQ WKH VSHFWUDO JDS ZKLFK VHSDUDWHV WKH PDFURPHWHRURORJLFDO DQG WKH PLFUR
PHWHRURORJLFDOSHDNV:LQGYHORFLW\DWDUHIHUHQFHKHLJKWDERYHWKHJURXQGLVVFKHPDWL]HGLQ
HDFKǻTLQWHUYDOWKURXJKLWVPHDQYDOXH u LWVGLUHFWLRQDQGWKHWKUHH]HURPHDQIOXFWXDWLQJ
RUWKRJRQDOFRPSRQHQWVu’v’w’UHIHUUHGWRUHVSHFWLYHO\DVORQJLWXGLQDOODWHUDODQGYHUWL
FDO WXUEXOHQFH WKHVH DUH PRGHOOHG DV VWRFKDVWLF VWDWLRQDU\ *DXVVLDQ SURFHVVHV 7KH PHDQ
ZLQGYHORFLW\DWWKHVWUXFWXUDOVLWHLVOLQNHGZLWKWKHPHDQZLQGYHORFLW\DWDUHIHUHQFHVLWH
QDPHO\WKHPHDQZLQGYHORFLW\DWDUHIHUHQFHKHLJKWRQDUHIHUHQFHWHUUDLQSUREDELOLVWLFDOO\
FKDUDFWHUL]HGE\WKH:HLEXOOGLVWULEXWLRQSDUDPHWHUV
/HW XV FRQVLGHU D VOHQGHU VWUXFWXUH RU VWUXFWXUDO HOHPHQW ZKRVH OHQJWK l LV PXFK JUHDWHU
WKDQWKHUHIHUHQFHVL]HbRILWVFURVVVHFWLRQ/HWxyDQGzEHDORFDO&DUWHVLDQUHIHUHQFHV\V
WHPZLWKRULJLQDWozFRLQFLGHVZLWKWKHVWUXFWXUDOD[LVxLVDOLJQHGZLWKWKHPHDQZLQGGL
UHFWLRQoOLHVRQWKHIDFHRIWKHVWUXFWXUHZLWK z 7KHZLQGORDGLQJLVVFKHPDWL]HGDV D
WKUHHYDULDWHWZRGLPHQVLRQDOUDQGRPVWDWLRQDU\*DXVVLDQSURFHVVZKRVHiWKFRPSRQHQW i 
xyθ LVJLYHQE\

Fi z t

Fi z  F

i

z t



ZKHUH]Ot WLPHFxFyFθ DORQJZLQGIRUFHFURVVZLQGIRUFHDQGWRUVLRQDOPR
PHQWDURXQGzSHUXQLWOHQJWK Fi  PHDQYDOXHRI Fi DQG F i  QLOPHDQIOXFWXDWLRQRI Fi
DURXQG Fi 8VLQJDTXDVLVWHDG\WKHRU\DQGGHDOLQJZLWKWKHVWUXFWXUHDVDOLQHDUV\VWHPWKH
ZLQGLQGXFHGVWUHVVDWDFRRUGLQDWHzRIWKHVWUXFWXUHLQDǻTWLPHLQWHUYDOLVDVWRFKDVWLFVWD
WLRQDU\*DXVVLDQSURFHVVJLYHQE\WKHVXPRIWKHPHDQVWDWLFVWUHVVFDXVHGE\WKHPHDQZLQG
DFWLRQDQGWKHIOXFWXDWLQJVWUHVVFRPSRQHQWVFDXVHGE\WKHEXIIHWLQJDQGYRUWH[VKHGGLQJDF
WLRQV7KHUHIRUHWKHZLQGLQGXFHGVWUHVVDWDFRRUGLQDWHzRIWKHVWUXFWXUHLQDǻTWLPHLQWHU
YDOLVJLYHQE\

si z t

si z  s

i

z t



ZKHUH si LV WKH PHDQ VWDWLF VWUHVV DQG s i LV WKH IOXFWXDWLQJ VWUHVV 7KH IOXFWXDWLQJ VWUHVV
YDU\LQJRQWLPHPD\SURGXFHIDWLJXHSKHQRPHQRQ,QDORQJZLQGGLUHFWLRQWKHVWUHVVSURFHVV
LVFDXVHGE\WKHEXIIHWLQJDFWLRQVGXHWRWXUEXOHQFHDQGLWFDQEHVFKHPDWL]HGDVDELPRGDO
SURFHVV>@ZLWKDORZIUHTXHQF\TXDVLVWDWLFFRPSRQHQWDQGDKLJKIUHTXHQF\UHVRQDQW
FRPSRQHQW&URVVZLQGIOXFWXDWLQJSDUWRIWKHUHVSRQVHLVGXHWRWKHMRLQWDFWLRQRIWKHRQFRP
LQJ ZLQG WXUEXOHQFH DQG RI WKH YRUWH[ ZDNH 5HVRQDQW UHVSRQVH WR YRUWH[ VKHGGLQJ DFWLRQV
RFFXUDWFULWLFDOZLQGYHORFLW\FRUUHVSRQGLQJWRWKHFRQGLWLRQLQZKLFKWKHVKHGGLQJIUHTXHQ
F\LVHTXDOWRWKHIXQGDPHQWDOPRGHRIYLEUDWLRQRIWKHVWUXFWXUH
,QRUGHUWRYHULI\DVWUXFWXUDOFRPSRQHQWZLWKUHJDUGWRZLQGLQGXFHGIDWLJXHDF\FOHKLV
WRJUDP KDV WR EH GHWHUPLQHG ZKLFK SURYLGHV WKH QXPEHU RI F\FOHV DVVRFLDWHG ZLWK HYHU\
VWUHVVDPSOLWXGHRQYDU\LQJRIPHDQZLQGYHORFLW\7KHF\FOHKLVWRJUDPHYDOXDWLRQLVQRWWULY
LDO UHTXLULQJ WKH DSSOLFDWLRQ RI D VXLWDEOH F\FOHV FRXQWLQJ PHWKRG WR WKH ZLQGLQGXFHG UH
VSRQVHSURFHVVHVDVVRFLDWHGWRWKHZKROHUDQJHRIZLQGYHORFLW\ORDGLQJFRQGLWLRQV>
@$VWKHUHVSRQVHGXHWRZLQGLVGHDOWZLWKDVDUDQGRPVWDWLRQDU\SURFHVVLQIUHTXHQF\
GRPDLQ GHILQLWLRQ RI F\FOH FRXQWLQJ IRU UDQGRP ORDGV DQG GHILQLWLRQ RI WKH PHDQ IDWLJXH
GDPDJH RU PHDQ IDWLJXH OLIH DUH UHTXLUHG 7KH DQDO\VLV LV VWURQJO\ GHSHQGHQW IURP UDQGRP
SURFHVVFKDUDFWHULVWLFV>@
,Q RUGHU WR REWDLQ WKH F\FOH KLVWRJUDP VWUXFWXUDO UHVSRQVH PXVW EH HYDOXDWHG DW D ODUJH
QXPEHURIZLQGYHORFLW\YDOXHVXVXDOO\DWLQWHUYDOVRIPVXSWRWKHUHIHUHQFHPHDQYHORFL
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W\ZLWK\HDUVUHWXUQSHULRGWKHQWKHQXPEHURIF\FOHVWKDWVWUHVVHVWKHVWUXFWXUHLVLGHQWL
ILHG E\ WKH ELPRGDO FRXQWLQJ PHWKRG > @ )URP WKH F\FOH KLVWRJUDP LW LV SRVVLEOH WR
HYDOXDWHWKHGDPDJHKLVWRJUDPDQGWKHQWKHWRWDOFXPXODWLYHGDPDJHH[SUHVVHGE\PHDQVRI
WKH OLQHDU DFFXPXODWLRQ ODZ >@ )LQDOO\ WKH IDWLJXH OLIH LV GHILQHG E\ TF  D   ZKHUH
D  LVWKHFXPXODWHGPHDQGDPDJHLQWKHXQLWWLPH7KHQDUHILQHGFORVHGIRUPVROXWLRQRI

WKHDORQJZLQGWXUEXOHQFHLQGXFHGIDWLJXHKDVEHHQREWDLQHG>@H[SUHVVLQJ D  LQDQD
O\WLFDOIRUPDVWKHSURGXFWRIDEDVLF³OHYHO´VROXWLRQPXOWLSOLHGE\WKUHHFRUUHFWLYHIDFWRUV

D 

D  CBM CM CSN



ZKHUH WKH ³ OHYHO´ VROXWLRQ RI GDPDJH DGRSWV WKUHH FODVVLF VLPSOLILFDWLRQV   WKH VWUHVV
SURFHVV LV QDUURZ EDQG   WKH VWUHVV SURFHVV LV ]HUR PHDQ   WKH SN IDWLJXH FXUYH LV D
VWUDLJKWOLQHRQDELORJDULWKPLFGLDJUDPZLWKFRQVWDQWVORSHHTXDOWR7KHFRUUHFWLYHIDF
WRUVKDYHEHHQSURYLGHGDQDO\WLFDOO\E\UHPRYLQJLQGHSHQGHQWO\WKHWKUHHVLPSOLILFDWLRQVRQH
E\RQHWKHELPRGDOIDFWRUCBMFRQVLGHUVWKHSURFHVVDVELPRGDOZLWKDTXDVLVWDWLFDQGD
UHVRQDQW FRPSRQHQW WKH PHDQ VWUHVV IDFWRU CM WDNHV LQWR DFFRXQW WKH QRQQXOO YDOXH RI WKH
PHDQVWUHVVWKHIDWLJXHFXUYHIDFWRUCSNUHJDUGVWKHWULOLQHDUWUHQGDGRSWHGIRUVWHHOVWUXFWXU
DOGHWDLOVVXEMHFWHGWRQRUPDOVWUHVVHVDFFRUGLQJWRWKH(XURFRGH>@
7KLVDFKLHYHPHQWDOORZVWRHYDOXDWHWKHPHDQWRWDOIDWLJXHGDPDJHGXHWRDORQJZLQGWXU
EXOHQFHLQFORVHGIRUPFRPSXWLQJWKHVWUXFWXUDOUHVSRQVHMXVWIRUWZRYDOXHVRIZLQGYHORFLW\
,Q RUGHU WR UHDFK WKLV DLP WKUHH K\SRWKHVHV KDYH EHHQ DVVXPHG 7KH ILUVW PDLQ VLPSOLI\LQJ
K\SRWKHVLVLVWKDWEDVLFVWUHVVSDUDPHWHUVRIWKHUDQGRPSURFHVVDUHH[SUHVVHGDVIXQFWLRQVRI
WKH PHDQ ZLQG YHORFLW\ E\ WKH SRZHU ODZ DSSUR[LPDWLRQ 7KLV UXOH ZDV ILUVW LQWURGXFHG E\
+ROPHV>@OLPLWHGWRWKHVWDQGDUGGHYLDWLRQDQGODWHUJHQHUDOL]HGE\5HSHWWRDQG6RODUL>
@ WRDQ\VWUHVVSDUDPHWHUGXHWRDORQJZLQGORDGLQJV,WLVSRVVLEOHWRHVWLPDWHWKHH[SRQHQW
RIWKHSRZHUODZLQIXQFWLRQRIWZRGLIIHUHQWYDOXHVRIZLQGYHORFLW\FRQYHQWLRQDOO\WKH³UHI
HUHQFH´ PHDQ ZLQG YHORFLW\ WKDW LV WKH YHORFLW\ ZLWK  \HDUVUHWXUQ SHULRG LQ WKH VLWH DW D
IL[HG UHIHUHQFH KHLJKW DGRSWHG IRU 8/6 DQDO\VLV DQG D ³IDWLJXH´ YHORFLW\ ZKLFK UHSUHVHQWV
WKHZLQGYHORFLW\WKDWSURGXFHVWKHPD[LPXPIDWLJXHGDPDJH7KHVHFRQGK\SRWKHVLVLVWKDW
WKH GHQVLW\ IXQFWLRQ RI WKH PHDQ ZLQG YHORFLW\ LV UHSUHVHQWHG E\ WKH K\EULG :HLEXOO PRGHO
>@ 7KH WKLUG K\SRWKHVLV DVVXPHV WKDW WKH FRQVLGHUHG SN UHVLVWDQFH FXUYH IROORZV WKH WUL
OLQHDU WUHQG DGRSWHG LQ WKH PHFKDQLFDO DQG VWUXFWXUDO SUDFWLFH IRU VWHHO GHWDLOV VXEMHFWHG WR
QRUPDOVWUHVVHVDFFRUGLQJWRWKHQRPLQDODSSURDFK>@
7ZRFODVVHVRIIRUPXODVDW GLIIHUHQW OHYHO RIFDOFXODWLRQ VLPSOLILHGDQGGHWDLOHGFDOFXOD
WLRQVKDVEHHQGHILQHG>@7KHILUVWRQHSURYLGHVSUHYHQWLYHYDOXHVRIIDWLJXHGDPDJHDQG
IDWLJXHOLIHVWURQJO\RQWKHVDIHVLGHWRGHWHFWZKHWKHUWKHVWUXFWXUHLVVHQVLWLYHWRIDWLJXHRU
QRWWKHVHFRQGRQHJLYHVUHOLDEOHYDOXHVRIIDWLJXHHYDOXDWLRQ7KHDORQJZLQGLQGXFHGIDWLJXH
DVVHVVPHQW PHWKRG KDV EHHQ FRPSOHWHG GLVFXVVLQJ LQSXW SDUDPHWHUV DQG GHILQLQJ WKHLU H[
SUHVVLRQV LQ DFFRUGDQFH ZLWK (XURFRGH VWDQGDUGV IRUPDW IRU ZLQG LQGXFHG 8OWLPDWH /LPLW
6WDWH 8/6  DQDO\VLV >@ 7KLV SUHOLPLQDU\ ZRUN KDV DOORZHG WR LQWURGXFH WKH DORQJZLQG
PHWKRGLQQHZUHYLHZHG&15>@
3

THE GENERALIZED MODEL

6WDUWLQJIURPWKHPRGHORXWOLQHGLQ6HFWLRQWKHPHWKRGLVJHQHUDOL]HGFRQVLGHULQJDZLGH
UDQJHRISNIDWLJXHUHVLVWDQFHFXUYHVVKDSHVLQRUGHUWRHYDOXDWHGLIIHUHQWPDWHULDOVDIIHFWHG
E\IDWLJXHGDPDJHDQGWRHYDOXDWHVWUXFWXUHVVXVFHSWLEOHWRQRUPDORUVKHDUVWUHVVFRQGLWLRQV
7KHQ WKH JHQHUDOL]DWLRQ KDV WDNHQ LQWR DFFRXQW ERWK DORQJZLQG DQG FURVVZLQG EXIIHWLQJ
LQGXFHG IDWLJXH VLQFH YRUWH[ VKHGGLQJ LQGXFHG YLEUDWLRQV DUH JHQHUDOO\ QHJOLJLEOH LQ FURVV
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ZLQGUHVSRQVHRIVWUXFWXUHVOLNHVOHQGHUVXSSRUWVDQGDQWHQQDPDVWVLQWKLVSDSHUYRUWH[LQ
GXFHGIDWLJXHLVQRWFRQVLGHUHG7KHZKROHSURFHGXUHLVWKHUHIRUHUHIRUPXODWHGDOVRGHILQLQJ
LQSXWSDUDPHWHUVH[SUHVVLRQVWRWDOO\FRKHUHQWZLWKFXUUHQW(XURFRGHVWDQGDUGV
3.1

S-N fatigue resistance curves

2QHRIWKHPRVWHYLGHQWOLPLWRIWKHPRGHOGHVFULEHG6HFWLRQLVWKDWLVYDOLGRQO\IRUIDWLJXH
GXHWRQRUPDOVWUHVVHVLQVWHHOVWUXFWXUDOHOHPHQWVUHIHUULQJWRDSDUWLFXODUW\SHRIIDWLJXHUH
VLVWDQFHFXUYHSNFXUYHVLQVWDQGDUGVDQGUHFRPPHQGDWLRQVPD\DVVXPHVGLIIHUHQWVKDSHV
GHSHQGLQJ RQ WKH PDWHULDO WKH W\SH RI ORDGLQJ DSSOLFDWLRQ DQG WKH VWUHVV FRQGLWLRQ /LQHDU
FXUYHVLQWKHELORJDULWKPLFGLDJUDPDUHSURYLGHGIRUVRPHSDUWLFXODUPDWHULDOVVXFKDVVRPH
W\SHVRI JODVVHV FRPSRVLWHVDQG FRQFUHWHV %LOLQHDUFXUYHV PD\ EHGLVWLQFWLQ WZR IDPLOLHV
FKDUDFWHUL]HGE\DFXWRIIOLPLWDQGE\WZRGLIIHUHQWVORSHVUHVSHFWLYHO\([DPSOHVRIELOLQHDU
SN FXUYHV DUH UHODWHG WR VKHDU VWUHVVHV LQ VWHHO HOHPHQWV DQG WR DOXPLQLXP GHWDLOV )LQDOO\
WULOLQHDU FXUYHV HJ SN FXUYHV IRU QRUPDO VWUHVVHV LQ VWHHO HOHPHQWV  KDYH WZR GLIIHUHQW
VORSHVDQGDFXWRIIOLPLWEXWWKH\DUHJRLQJWREHDGDSWHGWRELOLQHDUVKDSH>@
,QWKHPHWKRGSURSRVHGLQ>@WKHWRWDODQQXDOPHDQGDPDJH  WDNHVDFFRXQWRIS
NFXUYHVWUHQGWKURXJKWKHIDWLJXHFXUYHIDFWRU CSNZKLFKUHGXFHVWKH³OHYHO´VROXWLRQRI
GDPDJHFRQVLGHULQJRQO\WKHSDUWLFXODUWULOLQHDUSNFXUYHVIRUQRUPDOVWUHVVHVLQVWHHOGHWDLOV
7KHJHQHUDOL]DWLRQRIWKHZKROHIRUPXODWLRQDQGLQSDUWLFXODURIIDWLJXHFXUYHIDFWRUCSNKDV
EHHQ FDUULHG RXW H[SUHVVLQJ WKLV FRUUHFWLYH IDFWRU LQ D PRUH JHQHUDO IRUPDW RQ YDU\LQJ WKH
FKDUDFWHULVWLFV RI WKH FRQFHUQHG ELOLQHDU SN FXUYH ,QGHHG GLIIHUHQW ELOLQHDU VKDSHV LQ EL
ORJDULWKPLFGLDJUDPPD\UHSUHVHQWIDWLJXHUHVLVWDQFHRIDZLGHUDQJHRIVWUXFWXUDOGHWDLOVRI
GLIIHUHQW PDWHULDOV DIIHFWHGE\QRUPDO RUVKHDUVWUHVV SURFHVVHV )XUWKHUPRUHWZRSDUWLFXODU
FDVHVKDYHEHHQDQDO\VHGLQDFFRUGDQFHZLWKWKHJHQHUDOL]HGIRUPXODWLRQ7KHVHDUHWKHFDVH
RIIDWLJXHGXHWRF\FOLFQRUPDOVWUHVVHVLQVWHHOGHWDLOVFRPSOHWHO\FRKHUHQWZLWKWKHRQHSUR
SRVHGLQ>@DQGWKHFDVHRIIDWLJXHGXHWRF\FOLFVKHDUVWUHVVHVLQVWHHOGHWDLOV7KHVLPSOL
ILHGDQGGHWDLOHGFDOFXODWLRQVKDYHEHHQDOVRGHILQHGIRUWKHODWWHUSDUWLFXODUFDVH
3.2

Alongwind and crosswind buffeting-induced fatigue

6LQFH WKH SRZHU ODZ DSSUR[LPDWLRQ IRU WKH EDVLF VWUHVV LQSXW SDUDPHWHUV LV HIIHFWLYH IRU
DORQJZLQGDQGFURVVZLQGWXUEXOHQFHLQGXFHGUHVSRQVHLIYRUWH[VKHGGLQJFRQWULEXWLRQLVQH
JOHFWHG WKH DQDO\WLFDO IRUPXODWLRQ LV IRUPDOO\ HTXDO IRU DORQJZLQG DQG FURVVZLQG EXIIHWLQJ
LQGXFHG IDWLJXH DQDO\VLV &RKHUHQWO\ WKH FORVHGIRUP VROXWLRQ RI ZLQGLQGXFHG FXPXODWHG
PHDQGDPDJHLQWKHXQLWWLPHFDQEHDJDLQH[SUHVVHGDVWKHSURGXFWRIWKH³OHYHO´VROXWLRQ
PXOWLSOLHGE\WKHFRUUHFWLYHIDFWRUV  7KHVWUHVVLQSXWSDUDPHWHUVKDYHEHHQGHILQHGDQDO\W
LFDOO\VWDUWLQJIURPWKHPHWKRGUHFHQWO\SURSRVHGE\6RODUL>@ZKLFKDOORZVWRGHWHUPLQH
WKHVLPXOWDQHRXVDORQJZLQGFURVVZLQGDQGWRUVLRQDOORDGLQJDQGUHVSRQVHRIVOHQGHUVWUXF
WXUHVE\PHDQVRIFDOFXODWLRQVVXLWDEOHIRUVWDQGDUGYHULILFDWLRQVZLWKLQWKHJXVWIDFWRUWHFK
QLTXHIUDPHZRUN>@7KHJHQHUDOL]HGIRUPXODWLRQRIWHUPVLQ  DUHWKHQJLYHQE\
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ZKHUH ³i´LV WKHGLUHFWLRQDO LQGH[ZLWK i  D L IRUDORQJZLQG DQGFURVVZLQG VWUXFWXUDO UH
VSRQVHSDUDPHWHUVUHVSHFWLYHO\mǻCDQGNLDUHSDUDPHWHUVRIWKHFRQVLGHUHGSNIDWLJXH
FXUYH a I  a II DUHFRQVWDQWYDOXHVGHSHQGLQJRQWKHVKDSHRIWKHFRQVLGHUHGSNIDWLJXHFXUYH
LQSDUWLFXODU a I  a II IRUELOLQHDUSNFXUYHVZLWKFXWRIIOLPLW a I  a II 
IRUELOLQHDUSNFXUYHV ZLWKRXWFXWRIIOLPLW ī  LV WKHJDPPDIXQFWLRQ k LV WKHVKDSHSD
UDPHWHU RI WKH :HLEXOO SUREDELOLW\ GLVWULEXWLRQ RI WKH FXUUHQW YDOXHV RI WKH ZLQG YHORFLW\ LQ
VLWX  >@ νi,Q,refLV WKH H[SHFWHG IUHTXHQF\ RI WKH iFRPSRQHQW RI WXUEXOHQFH >@ ni LV WKH
ILUVW PRGH RI YLEUDWLRQ IUHTXHQF\ LQ WKH iGLUHFWLRQ su LV WKH PDWHULDO IDLOXUH FKDUDFWHULVWLF
VWUHVV sP LVWKHSHUPDQHQWORDGLQJVLQGXFHGVWUHVVLQWKHH[DPLQHGVHFWLRQ FDOFXODWHGDWVHU
YLFHDELOLW\ SDUDPHWHUV RIWKHUHVSRQVHSURFHVV LQ iGLUHFWLRQDW UHIHUHQFHZLQGYHORFLW\ DUH
si ref σi,refνi,refλi,refZKLFKDUHWKHPHDQYDOXHVWDQGDUGGHYLDWLRQ H[SHFWHGIUHTXHQF\DQG
QRUPDOL]HGYDULDQFHRIWKHUHVRQDQWSDUWRIWKHSURFHVVLQWKHFULWLFDOVHFWLRQUHVSHFWLYHO\ασ,i
LVWKHH[SRQHQWRIWKHSRZHUODZH[SUHVVLQJWKHVWDQGDUGGHYLDWLRQRIWKHIOXFWXDWLQJVWUHVVσi
RQYDU\LQJZLQGYHORFLW\αλ,iLVWKHH[SRQHQWRIWKHSRZHUODZH[SUHVVLQJWKHQRUPDOL]HGYDU
LDQFHRIWKHVWUHVVUHVRQDQWSDUWλiRQYDU\LQJZLQGYHORFLW\>@2QO\WKHH[SRQHQWVRI
SRZHUODZVSDUDPHWHUVασ,iDQGαλ,iUHTXLUHWKHFDOFXODWLRQRIWKHVWUXFWXUDOUHVSRQVHDWUHIHU
HQFHDQGIDWLJXHZLQGYHORFLW\YDOXHV
4

ANTENNA MAST CASE STUDY

$QWHQQDPDVWVWUXFWXUHVDUHEXLOWLQVXFKDODUJHDQGJURZLQJQXPEHU7KH\DUHFKDUDFWHUL]HG
E\LQFUHDVLQJKHLJKWOLJKWQHVVVOHQGHUQHVVDQGFRPSOLFDWHGVKDSHWKDWPDNHWKHPH[WUHPHO\
VHQVLWLYH WR FRPSOH[ DHURHODVWLF SKHQRPHQD DQG ZLQGH[FLWHG YLEUDWLRQV VXFK DV WR UHTXLUH
UHILQHGDQDO\VHVLQRUGHUWRFDSWXUHWKHLUSK\VLFDOEHKDYLRXU$QLPSUHVVLYHQXPEHURIGDP
DJH DQG FROODSVHV WKDW LQFUHDVLQJO\ LQYROYHG WKHVH VWUXFWXUHV RIWHQ GXH WR ZLQGH[FLWHG ID
WLJXH EXW LQ PDQ\ FDVHV QRW VR ZHOO XQGHUVWRRG HPSKDVL]HV WKHLU VXVFHSWLELOLW\ WR ZLQG
DFWLRQVDQGWKHLUSRWHQWLDOO\GDQJHURXVUROHLQWKHDQWKURSRJHQLFWHUULWRU\
$ FDVH VWXG\ FRQFHUQLQJ D UHDO DQWHQQD PDVW WDNHQ IURP H[LVWLQJ OLWHUDWXUH >@ LV DQD
O\]HG7KLVVWUXFWXUHLVDWHOHFRPPXQLFDWLRQDQWHQQDPDVWFRPSRVHGE\WZRVWHHOVKDIWVZLWK
WXEXODUFLUFXODUVHFWLRQZKRVHWRWDOKHLJKWLVH P )LJ 7KHILUVWVKDIWLVPORQJ
WKHRXWHUGLDPHWHURILWVVHFWLRQZKRVHWKLFNQHVVLVFRQVWDQWDQGHTXDOWRPPYDULHVIURP
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PPDWWKHERWWRPWRPPDWWKHWRSWKHFDEOHVDWWDFKHGDORQJWKLVVKDIWKDYHDGLV
WULEXWHGPDVVSHUXQLWOHQJWKNJP7KHVHFRQGVKDIWSXWDERYHWKHILUVWRQHLVPORQJ
DQGFDUULHVDQWHQQDV,WVVHFWLRQKDVFRQVWDQWRXWHUGLDPHWHUPPDQGFRQVWDQWWKLFN
QHVVPPWKHWRWDOPDVVRIWKHVKDIWLVNJ$VWDLULVSODFHGDORQJWKHZKROHVWUXFWXUH
DQGKDVDPDVVSHUXQLWOHQJWKNJP7KHDGGLWLRQDOFRPSRQHQWVQDPHO\WKHVWDLUWKHFD
EOHVDQGWKHDQWHQQDVJLYHULVHWRDGLVWULEXWHGPDVVHFFHQWULFLW\KRZHYHUWKH\DUHDVVXPHG
WREHLQHIIHFWLYHZLWKUHJDUGWRWKHVWUXFWXUDOVWLIIQHVV7KHSROHLVORFDWHGLQDWHUUDLQFKDUDF
WHUL]HGE\DURXJKQHVVOHQJWKz PDQGDEDVLFUHIHUHQFHZLQGYHORFLW\uref PV LH
WKH PHDQ ZLQG YHORFLW\ DW  P KHLJKW DERYH JURXQG LQ D IODW KRPRJHQHRXV WHUUDLQ ZLWK
URXJKQHVVOHQJWKz PDQGUHWXUQSHULRG\HDUV WKHPHDQZLQGYHORFLW\SURILOHLV
ORJDULWKPLF$VVXPLQJWKDWWKHUHIHUHQFHKHLJKWLVze PLHWKHWRSRIWKHPDLQVKDIWWKH
GHVLJQPHDQZLQGYHORFLW\DWVXFKDKHLJKWLV u z  PV7KHDHURG\QDPLFFKDUDFWHULV
WLFV RI WKH VWUXFWXUH KDYH EHHQ GHWHUPLQHG E\ VWDWLF ZLQG WXQQHO H[SHULPHQWV >@ 7KH ILUVW
QDWXUDO IOH[XUDO IUHTXHQF\LQERWKDORQJZLQGDQGFURVVZLQGGLUHFWLRQVLVni +]7KH
WHVWFDVH FOHDUO\ SRLQWVRXW WKHLPSRUWDQFHRIPHFKDQLFDO DQGDHURG\QDPLFHFFHQWULFLWLHV LQ
IDFWWKHSUHVHQFHRIH[WHUQDOGHYLFHVVXFKDVFDEOHVDQGVWDLUVVXEVWDQWLDOO\FKDQJHVWKHGUDJ
FRHIILFLHQWZKLFKUHVXOWVGHHSO\GHSHQGHQWRQWKHGLUHFWLRQRIWKHRQFRPLQJIORZLQDGGLWLRQ
ODUJHOLIWIRUFHVDULVHWKDWUDSLGO\FKDQJHRQYDU\LQJWKHZLQGGLUHFWLRQ
7KHSURSRVHGSURFHGXUHWRHYDOXDWHDORQJZLQGDQGFURVVZLQGLQGXFHGIDWLJXHUHVXOWVHDV\
WRDSSO\IURPDQHQJLQHHULQJSRLQWRIYLHZ7KHFRQVLGHUHGSNIDWLJXHFXUYHFRUUHVSRQGVWR
VWHHOGHWDLOFDWHJRU\SURYLGHGE\,,:>@VRWKDWm ǻC DQGNL  a I  
DQG a II  7KHVKDSHSDUDPHWHURIWKH:HLEXOOSUREDELOLW\GLVWULEXWLRQRIZLQGYHORFL
WLHVkLVWDNHQHTXDOWRWKHH[SHFWHGIUHTXHQFLHVRIWXUEXOHQFHFRPSRQHQWVDUHνD,Q,ref 
+]DQGνL,Q,ref +]>@WKHVWHHOIDLOXUHFKDUDFWHULVWLFVWUHVVLVsu 03DWKH
SHUPDQHQWORDGLQJVLQGXFHGVWUHVVLQWKHH[DPLQHGVHFWLRQLVFDOFXODWHGDV sP  03D
SDUDPHWHUVRIWKHUHVSRQVHSURFHVVLQWKHFULWLFDOVHFWLRQDWUHIHUHQFHZLQGYHORFLW\DUHHYDOX
DWHGDV sD ref  03DσD,ref 03DνD,ref +]λD,ref LQDORQJZLQG
GLUHFWLRQ>@DQG sL ref  03DσL,ref 03DνL,ref +]λL,ref LQ
FURVVZLQGGLUHFWLRQ>@WKHH[SRQHQWVRISRZHUODZVSDUDPHWHUVDUHDVVHVVHGDVασ,D 
DQG αλ,D   LQ DORQJZLQG UHVSRQVH DQDO\VLV >@ DQG ασ,L   DQG αλ,L   LQ
FURVVZLQGUHVSRQVHDQDO\VLV>@
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)LJXUH6FKHPDWLFUHSUHVHQWDWLRQVRIWKHDQWHQQDPDVW D DQGRIFURVVVHFWLRQVDWGLIIHUHQWKHLJKWV E 

'HDOLQJ ZLWK DORQJZLQG IDWLJXH DQDO\VLV (TV     DUH DSSOLHG REWDLQLQJ YDOXHV LQ WKH
ILUVWFROXPQRI7DE,OHDGLQJWRDPHDQWRWDOGDPDJHLQWKHXQLWWLPHHTXDOWR D   
(T  WKHUHIRUHWKHIDWLJXHOLIHRIWKHVWUXFWXUHLVSUHGLFWHGDV\HDUV2QWKHRWKHUKDQG
GHDOLQJZLWKFURVVZLQGIDWLJXHDQDO\VLVYDOXHVLQWKHVHFRQGFROXPQRI7DE,DUHREWDLQHG
OHDGLQJWRDPHDQWRWDOGDPDJHLQWKHXQLWWLPHHTXDOWR D   WKHUHIRUHWKHIDWLJXH
OLIH RI WKH VWUXFWXUH LV SUHGLFWHG DV  \HDUV ,Q ERWK DQDO\VHV WKH  OHYHO VROXWLRQV UHVXOWV
FRPSDUDEOHZLWKDVOLJKWO\ODUJHUYDOXHLQFURVVZLQGGLUHFWLRQGXHWRODUJHUVWDQGDUGGHYLD
WLRQRIFURVVZLQGUHVSRQVH7KHELPRGDOIDFWRUCBMUHGXFHVWKHOHYHOGDPDJHWDNLQJLQWR
DFFRXQW WKH TXDVLVWDWLF SDUW RI WKH UHVSRQVH VSHFWUXP LQ DORQJZLQG DVVHVVPHQW WKH TXDVL
VWDWLFSDUWRIWKHUHVSRQVHKDVDKLJKUROHVWURQJO\UHGXFLQJWKHWRWDOGDPDJHRQWKHFRQWUDU\
LQFURVVZLQGDVVHVVPHQWWKHUROHRITXDVLVWDWLFSDUWRIWKHUHVSRQVHLVUHGXFHGSUHYDLOLQJWKH
UHVRQDQW FRQWULEXWLRQ WKXVDOVR WKHUHGXFWLRQRI WKHWRWDO GDPDJHLV ORZHU7KHPHDQVWUHVV
FRUUHFWLYH IDFWRU CM VOLJKWO\ LQFUHDVHV WKH WRWDO GDPDJH LQ ERWK DQDO\VLV PHDQLQJ WKDW WKH
PHDQUHVSRQVHWRZLQGORDGLQJLVQRWDOOWKDWLPSRUWDQW)LQDOO\WKHIDWLJXHFXUYHIDFWRUCSN
UHGXFHV WKHGDPDJHLQ ERWK FDVHVWR WKHDOPRVW VDPHH[WHQWWDNLQJLQWR DFFRXQW WKHFXWRII
OLPLW RI IDWLJXH UHVLVWDQFH LQ VWHHO GHWDLOV $OO WKHVH FRQVLGHUDWLRQV KLJKOLJKW WKDW GXHWR WKH
GLIIHUHQFHEHWZHHQDORQJZLQGDQGFURVVZLQGUHVSRQVHVSHFWUDOFKDUDFWHULVWLFVFURVVZLQGWXU
EXOHQFHLQGXFHG IDWLJXH LV ZLGHO\ PRUH FULWLFDO WKDQ DORQJZLQGLQGXFHG IDWLJXH ,Q JHQHUDO
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WKHSURFHGXUHRXWOLQHVRXWFRPHVLQDFFRUGDQFHZLWK>@DERXWWKHFULWLFDOLVVXHRIH[FHSWLRQ
DOODUJHOLIWIRUFHVRQWKLVVWUXFWXUHGXHWRPHFKDQLFDODQGDHURG\QDPLFHFFHQWULFLWLHVVKRZ
LQJWKDWWKLVDOVRSURSDJDWHVIDWLJXHGDPDJH
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CBM
C M
CSN
D 
)DWLJXHOLIH

$ORQJZLQGEXIIHWLQJ
LQGXFHGIDWLJXHDQDO\VLV





\HDUV

&URVVZLQGEXIIHWLQJ
LQGXFHGIDWLJXHDQDO\VLV





\HDUV

7DEOH2XWFRPHVRIWKHDSSOLFDWLRQRIWKHSURFHGXUHWRWKHDQWHQQDPDVW

5

CONCLUSIONS AND PERSPECTIVES

7KH UHVXOWLQJ PRGHO SURSRVHG LQ WKH SDSHU LV D JHQHUDO PHWKRG RI ZLQGLQGXFHG IDWLJXH DV
VHVVPHQWRIVOHQGHUVWUXFWXUHVVXLWDEOHIRUHQJLQHHULQJDSSOLFDWLRQV7KHSURSRVHGSURFHGXUH
FDQEHDSSOLHGLQJHQHUDOVLWXDWLRQVFRQFHUQLQJGLIIHUHQWNLQGVRIVOHQGHUVWUXFWXUHVRIGLIIHU
HQW PDWHULDOV ZLWK GLIIHUHQW SRVVLEOH ORDGLQJ FRQGLWLRQV 7KH PRGHO DOORZV WR HYDOXDWH ERWK
DORQJZLQGDQGFURVVZLQGWXUEXOHQFHLQGXFHGIDWLJXHRIVWUXFWXUHVOHDGLQJWRUHDVRQDEOHYDO
XHVRIIDWLJXHOLIH$FDVHVWXG\LVDQDO\]HGDGRSWLQJWKHSURSRVHGSURFHGXUHVKRZLQJLWVHDVH
RIXVHDQGHIIHFWLYHQHVVDQGKLJKOLJKWLQJWKHSRWHQWLDOVHQVLWLYLW\RIWKLVNLQGRIVWUXFWXUHVWR
ZLQG LQGXFHG IDWLJXH &URVVZLQG WXUEXOHQFHLQGXFHG UHVSRQVH DQG IDWLJXH LV DFWXDOO\ GLVUH
JDUGHG LQ DQWHQQD PDVW VWUXFWXUDO W\SRORJ\ (QJLQHHULQJ FDOFXODWLRQV LGHDOL]H DQWHQQD PDVWV
DVSRODUV\PPHWULFVWUXFWXUHVHYHQLIWKLVLVXVXDOO\QRWFRUUHFWGXHWRVHYHUDOSHFXOLDUIHD
WXUHVVXFKDVVWDLUVFDEOHEXQGOHVVRODUSDQHOV OLJKWLQJGHYLFHV WRS EDOFRQ\DQWHQQDV DQG
SDUDERODV DQG F\OLQGHU KXOOV FRYHULQJ WKH WUDQVPLVVLRQ GHYLFHV 2QH RU WKH ZKROH RI WKHVH
HOHPHQWV JLYHV ULVH WR PDVV DQG VKDSH HFFHQWULFLWLHV ZKLFK PDNH WKHVH VWUXFWXUHV FRPSOH[
ERWKLQPHFKDQLFDODQGDHURG\QDPLFWHUPV6XFKDQDVSHFWJUHDWO\FRQWULEXWHVWRPDNHDQWHQ
QDPDVWVVHQVLWLYHWRSRWHQWLDOLQVWDELOLWLHVFDXVHGE\DHURHODVWLFSKHQRPHQDDQGH[SRVHGWR
LQWHQVHDQGQRQFRQYHQWLRQDOZLQGH[FLWHGYLEUDWLRQV7KHSURSRVHGPHWKRGDOORZVWRFDWFK
WKHPDLQIHDWXUHRIWKHIDWLJXHGDPDJHSKHQRPHQRQDOVRLQQRQFRQYHQWLRQDOVLWXDWLRQVZLWK
TXLWHVLPSOHFDOFXODWLRQSURFHGXUH
)XWXUHSHUVSHFWLYHVDUHWRH[DPLQHWKHVLJQLILFDQFHRIGLIIHUHQWFRQWULEXWLRQVWRFURVVZLQG
LQGXFHG IDWLJXH GDPDJH DFFXPXODWLRQ GXH WR WKH MRLQW DFWLRQ RI WKH RQFRPLQJ ZLQG WXUEX
OHQFHDQGRIWKHYRUWH[ZDNH$VUHJDUGVFURVVZLQGUHVSRQVHRIVOHQGHUVWUXFWXUHVHQJLQHHU
LQJ SURFHGXUHV HVWLPDWHV VHSDUDWHO\ FURVVZLQG PD[LPXP UHVSRQVH WR JXVW EXIIHWLQJ DQG WR
FULWLFDOYRUWH[VKHGGLQJFRQGLWLRQV7KLVLVUHDVRQDEOHIRU8/6DQDO\VLVEXWWKHUH VQRJXDUDQ
WHHVXFKDVVXPSWLRQZRXOGSURYLGHUHOLDEOHRXWFRPHVLQIDWLJXHDQDO\VLV VXSHUSRVLWLRQSULQ
FLSOHGRHVQRWDSSO\GXHWRWKHVWURQJQRQOLQHDULW\RIWKHIDWLJXHGDPDJHSKHQRPHQRQ 7KH
SRVVLELOLW\RIVHSDUDWLQJWKHHIIHFWVRIWKHYRUWH[VKHGGLQJDOVRLQIDWLJXHDQDO\VLVQHHGVWREH
IXUWKHULQYHVWLJDWHGDVZHOODVWKHUROHRISDUDPHWHUVXQFHUWDLQWLHVLQUHVSRQVHDQGLQIDWLJXH
HYDOXDWLRQV
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Abstract. Suspended conductors and guard wires of overhead electrical transmission
lines (OHL) are prone to aeolian vibrations, resulting from the alternate shedding of vortices in the wake of the cable. These vibrations can occur under light to moderate wind
and, whenever not properly controlled, can induce wear damage and fatigue failures of the
cables. Nonlinear passive control devices such as Stockbridge dampers, hence, are often
installed along the line spans to reduce the vibration severity. The technical approach to
the assessment of aeolian vibrations is based on the Energy Balance Method (EBM) and
relies on the simplifying assumption of mono-modal oscillations. Typical aeolian vibration records, however, clearly show that several modes can be simultaneously excited due
to wind variations in time and along the span. Aiming at overcoming the mono-modal vibration assumption of the EBM, in the present paper wind forces are modeled as a narrow
band stochastic process, centered around the Strouhal frequency of the conductor and with
arbitrary cross-correlation in space. A new approach, based on the well-known smooth
endochronic Bouc-Wen model, is developed to describe the hysteretic dynamic response of
Stockbridge dampers. An iterative solution strategy based on a stochastically equivalent
linear damper model is then developed to investigate aeolian vibrations of a suspended
cable with a Stockbridge damper attached along its length.

2088
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1

INTRODUCTION

Suspended conductors and guard wires of overhead electrical transmission lines (OHL)
are prone to aeolian vibrations, resulting from the alternate shedding of vortices in the
wake of the cable. These vibrations can occur under light to moderate wind and are
characterized by small-amplitude (typically less than one diameter) transverse oscillations
in the cross-wind direction. Vibration frequencies can be in the broad range of 3-200 Hz,
depending on the geometry and axial load of the cable (see e.g. [3, 10, 11, 17]). Whenever
not properly controlled, aeolian vibrations can induce wear damage and fatigue failures
of the cables (e.g. [11]). Nonlinear passive control devices such as Stockbridge dampers,
hence, are often installed along the line spans to reduce the vibration severity (e.g. [9]).
The technical approach currently adopted to assess the aeolian vibration level is based
on the Energy Balance Method (EBM) and relies on the simplifying assumption of monomodal oscillations (see e.g. [13]). Typical aeolian vibration records, however, clearly
show that several modes can be simultaneously excited due to wind variations in time
and along the span [5]. Aiming at overcoming the mono-modal vibration assumption of
the EBM, Hagedorn and coworkers [15, 16] developed a promising analytical model to
evaluate aeolian vibrations of overhead electrical transmission lines within a probabilistic
framework. Wind forces were modeled as a narrow band stochastic process, centered
around the Strouhal frequency of the conductor and with arbitrary cross-correlation in
space. Aeolian vibrations of damped conductors, then, were rigorously studied under the
simplifying assumption of linear behavior of the attached passive control devices.
Stockbridge dampers, however, are characterized by a markedly hysteretic dynamic behavior [28, 27]. In the present paper, the formulation proposed by Hagedorn and coworkers is extended to fully account for the nonlinearities related to the damper mechanical
response. A new approach, based on the well-known smooth endochronic Bouc-Wen
model [23, 6], is ﬁrst developed to describe the hysteretic dynamic response of Stockbridge dampers. An iterative solution strategy based on a stochastically equivalent linear
damper model is then developed to investigate aeolian vibrations of a suspended cable
with a Stockbridge damper attached along its length. Finally, the main features and the
potential drawbacks of the proposed formulation are illustrated with reference to a simple
yet meaningful benchmark case.
2
2.1

FORMULATION OF THE PROBLEM
The cable model

Let us consider a cable suspended to horizontal supports and with a Stockbridge
damper attached at a distance xd from its left end-section (see Figure 1). The cable is
subject to the combined action of a constant axial force H and a dynamic load f = f (x, t),
where x is a coordinate spanning the free length l of the cable and t is the time. Consistently with classic approximate “externally forced models” for VIV of bluﬀ bodies (see
e.g. [25]), the force f is herein introduced to describe the ﬂuctuating lift force induced
by the alternate shedding of vortices in the wake of the cable. By neglecting both sagextensibility eﬀects and bending stiﬀness terms, small planar vibrations are governed by
the linear partial diﬀerential equation:
−H∂x2 w + β∂t w + γ∂t2 w = f − Fd δ (x − xd ) ,
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Figure 1: Schematic representation of a suspended cable with length l subject to a constant axial force
H and a ﬂuctuating lift force f (x, t). A passive vibration control device is attached at x = xd .

where w = w (x, t) is the transverse displacement of the cable centerline, γ is the mass per
unit of length, β is a viscous damping coeﬃcient, Fd is the force exerted by the damper on
the cable and the symbol δ (·) denotes the delta Dirac’s function. It is worth noting that
the herein adopted viscous damping model is frequently adopted in practical applications
and research works, in spite of not being fully compliant with experimental evidence and
theoretical arguments (see e.g. [7, 8]). This is felt as a possible drawback of the proposed
formulation that will be dealt with in the future.
By neglecting the ﬂexibility of the cable supports, Eq. (1) can be solved for prescribed
initial conditions under the homogeneous boundary conditions:
w (x = 0, t) = w (x = l, t) = 0,

∀t

(2)

Consistently with the previously stated modeling assumptions, the distributed external
force acting on the cable can be deﬁned as:
1
f (x, t) = ρdU 2 q (x, t)
(3)
2
where ρ is the air density, d is the cable diameter, U is the mean wind velocity and
q = q (x, t) can be regarded as a space- and time-variable lift coeﬃcient. The lift coeﬃcient
can be conveniently modeled (see e.g. [29, 15, 16]) as a stationary stochastic ﬁeld process
with correlation function:
R (x1 , x2 , t) = Ψ (x1 , x2 ) k (t)

(4)

where Ψ (x1 , x2 ) and k (t) are, respectively, a space correlation function and the autocorrelation function of a narrow-band process, centered around the Strouhal frequency
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Ωs , with uni-lateral power spectral density:
⎡

⎤



+∞
2
1 − Ωωs 2
CL,rms
1 
⎣
⎦,
√ exp −
Gq (ω) =
k (t) exp (−jωt) dt =
2π
BΩs π
B

ω ∈ R+

(5)

0

where CL,rms is the root mean square (r.m.s.) value of the lift coeﬃcient (cf. [29]), and
B is a parameter controlling the bandwidth of the spectral peak. By denoting as St the
Strouhal number of the cable, the frequency Ωs reads:
St U
(6)
d
The Strouhal number can be assumed equal to St = 0.185 for Reynolds numbers and
wind conditions typical of overhead electrical line (OHL) conductors [10, 3]. On the other
hand, reference values of the r.m.s. lift coeﬃcient CL,rms and the bandwidth parameter
B typical of OHL conductors, are site-dependent and have not been explicitly reported
in the literature, to the authors’ knowledge. They could be, however, obtained through
in-situ experimental campaigns (e.g. [5]) or wind tunnel tests on scaled models (e.g. [29]).
An aperçu of the expected order of magnitude of the model parameters CL,rms and B can
be obtained by looking at the values reported by Vickery and Clark [29] for a slightly
tapered cylindrical stack model: CL,rms = 0.2 and B = 0.08 − 0.32, where the smaller
value is associated to smooth ﬂow conditions and the larger one to a turbulence intensity
equal to about 10%.
Both Hagedorn and coworkers [15, 16] and Vickery and Clark [29] adopt an exponentially decaying space correlation function Ψ (x1 , x2 ) (see Eq. (4)). Hagedorn and coworkers
introduce the following deﬁnition:
Ωs = 2π

x1 − x2
δx

Ψ = ΨH (x1 , x2 ) = ψ (x1 ) ψ (x2 ) exp −

2

(7)

without providing, however, experimental information on both the function ψ (x) and the
space correlation coeﬃcient δx . Based on the ﬁtting of experimental measurements on a
tapered cylindrical stack model, Vickery and Clark [29] propose the following deﬁnition:




⎡



η2
r̄
Ψ = ΨV C (r̄ (x1 , x2 )) = cos
r̄ exp ⎣−
η1
η1

2 ⎤
⎦

(8)

where η1 = 3, η2 = 2 and r̄ is the non-dimensional distance between two points of the
cable identiﬁed by the coordinates x1 and x2 :
|x1 − x2 |
(9)
d
In the absence of experimental information explicitly referred to OHL conductors, the
space correlation function proposed by Vickery and Clark [29] will also be adopted in the
present work to model the lift forces acting on the suspended cable (Eq. (4)).
Figure 2(a) shows the uni-lateral power spectral density of the lift coeﬃcient, Gq (ω),
obtained through Eq. (5) under the assumption: CL,rms = 0.2. The results are shown for
two diﬀerent values of the bandwidth parameter B (i.e. B = 0.1, 0.3) and of the Strouhal
r̄ =
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Figure 2: (a) Uni-lateral power spectral density of the lift coeﬃcient, Gq (ω) (see Eq. (5)). The root
mean square value of the lift coeﬃcient is assumed equal to CL,rms = 0.2. The function Gq (ω) is shown
for diﬀerent values of the bandwidth parameter B (i.e. B = 0.1, 0.3) and of the Strouhal frequency
(i.e. Ωs = 2π, 10π rad/s). (b) Space coherence function Ψ (r̄) (see Eq. 8). Parameters η1 and η2 are
respectively set equal to η1 = 3 and η2 = 2.

frequency (i.e. Ωs = 2π, 10π rad/s). Increasing values of the bandwidth parameter B,
physically related to increasing values of wind turbulence [29], aﬀect the power spectral
density of the lift coeﬃcient yielding lower and broader peaks. It is however worth noting
that the total energy content of the function Gq (ω) is not aﬀected by the parameter B,
+∞
2
since −∞
Gq (ω) dω = CL,rms
.
It is also worth noting that, not only the total energy content is insensitive to the
intensity of turbulence, but also so is the space correlation function Ψ (r̄) (depicted in
Figure 2(b)) due to the deﬁnition herein adopted. These aspect do not appear fully
consistent with experimental evidences (e.g. [7, 8]). A thorough experimental testing
campaign would be necessary to further assess the validity of these assumptions.
2.2

The damper model

The most common type of Stockbridge dampers is made of a metallic clamp, a short
metallic strand, also known as “messenger cable,” with two inertial bodies attached at
its end-sections [10, 9]. The clamp is rigidly attached to the messenger cable and allows
connecting the damping device along the span of the OHL conductor. Whenever the clamp
undergoes a vertical translation, the two sides of the messenger cables behave as uncoupled
ﬂexible cantilevers with lumped translational and rotational masses attached at their
ends. Diﬀerently than classic linear tuned mass dampers [4], Stockbridge dampers are
characterized by a markedly hysteretic dynamic behavior due to the frictional dissipation
mechanisms activated by the bending of the messenger cable [28, 9].
In the present work, we will focus on the special, but practically meaningful case, of
symmetric Stockbridge dampers (see Figure 3) under the following simplifying assumptions: (i) the clamp can only undergo vertical translations wd (t) = w (x = xd , t), and (ii)
the rotational inertia of the rigid bodies attached to the end-sections of the messenger
cable is neglected. By denoting as v = v (t) the vertical displacement of the tip of the
messenger cable with respect to the clamp, the force Fd exerted by the damper on the
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Figure 3: Schematic representation of a symmetric Stockbridge damper. Symbols wd and v denote,
respectively, the vertical translation of the clamp and the relative displacement of the tip of the messenger
cable with respect to the clamp.

cable (also see Eq.(1)) can be expressed as [9]:
Fd = (2md + mc ) ẅd + 2md v̈

(10)

where md is the mass of each rigid body attached at the tips of the messenger cable, mc
is the mass of the clamp and a dot denotes derivation with respect to time t. The mass of
the clamp is often signiﬁcantly smaller than the total mass of the damper and Eq. (10)
can be approximately re-written as:
Fd = 2md (ẅd + v̈)

(11)

The relative motion of the tip of the messenger cable is governed by the nonlinear
ordinary diﬀerential equation:
md v̈ + FR = −md ẅd

(12)

where FR is the hysteretic restoring force exerted by the messenger cable on the damper
mass. Inspired by the work of Pivovarov and Vinogradov [26], a phenomenological modeling approach is adopted to characterize the restoring force FR based on an application
of the well known smooth endochronic Bouc-Wen hysteretic model [23, 6]. To this aim,
the ﬁve-parameter Bouc-Wen model summarized by Ikhouane and coworkers [20, 21, 22]
is herein re-stated in a slightly modiﬁed form:
⎧
⎨F

= αk
v + (1 − α) kd v0 z
 d

⎩ż = 1 v̇ − σ |v̇| |z|n−1 z + (σ − 1) v̇ |z|n
v0
R

(13)

where z (t) ∈ [−1, 1] is a non-dimensional hysteretic variable, kd > 0 is the initial stiﬀness
of the ﬁrst-loading branch of the load-displacement curve FR = FR (v(t), z (t)), α > 0 is
the ratio between the minimum theoretical value of the post-yielding tangent stiﬀness of
the of the ﬁrst-loading branch and kd , v0 is a non-negative parameters with the units of a
displacement. Finally, σ and n are non-dimensional parameters controlling the shape of
the hysteresis cycles. It is worth noting that, to ensure the stability and the thermodynamic admissibility of the Bouc-Wen model (13), the parameters σ and n should satisfy
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the following inequalities: σ ≥ 1/2 and n ≥ 1 [22]. In order to avoid cumbersome calculations and to keep the model as simple as possible, in the present work the parameters
σ and n are both set equal to the unity and the second Eq. in (13) is re-written as:
ż =
2.3

1
(v̇ − |v̇| z)
v0

(14)

Non-dimensional formulation

In the following, the governing equations of the problem introduced in Sections 2.1
and 2.2 will be re-stated in a more convenient non-dimensional form. To this aim, let us
introduce the non-dimensional space (ξ) and time (τ ) variables:
x
∈ [0, 1] , τ = Ωc t ∈ R+
l
where Ωc is the characteristic frequency of the cable:
ξ=



Ωc =

(15)

H
γl2

(16)

Substitution of Eqs. (15) and (16) in Eq. (1) yields the non-dimensional equation of
motion:
−∂ξ2 w̄ + 2ζc ∂τ w̄ + ∂τ2 w̄ = f¯ − F̄d δ (ξ − ξd ) ,

ξ, ξd ∈ (0, 1)

(17)

2 2
2Ω
))
l2
l
c
, ζc = l2H
β, f¯ = Hd
f (x (ξ) , t (τ )) = ρl2HU q (x (ξ) , t (τ )), F̄d = dH
Fd ,
where w̄ = w(x(ξ),t(τ
d
xd
and ξd = l . The non-dimensional counterpart of the homogeneous boundary conditions
(2) reads:

w̄ (ξ = 0, τ ) = w̄ (ξ = 1, τ ) = 0,

∀τ

(18)

Starting from Eq. (11), the non-dimensional force F̄d exerted by the damper on the
cable can be expressed as:


d2 w̄d d2 v̄
F̄d = μ
+ 2
dτ 2
dτ
where v̄ =

v(x(ξ),t(τ ))
,
d

w̄d =

wd
d



(19)

= w̄ (ξ = ξd , τ ) and μ is the mass ratio:
μ=

2md
γl

(20)

The relative motion of the tip of the messenger cable (see Eqs. (12), (13)-a and (14)),
then, is governed by the non-dimensional equations:
⎧ 2
⎨ d v̄ + αΘ2 v̄ + (1 − α) Θ2 v̄ z̄ = − d2 w̄d
0
dτ 2
dτ 2
  

⎩ dz̄ = 1 dv̄ −  dv̄  z̄

where Ωd =



dτ

kd
,
md

Θ=

Ωd
,
Ωc

v̄0

v̄0 =

v0
d

dτ

dτ

and z̄ = z (t (τ )).
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Francesco Foti, Vincent Denoël, Luca Martinelli, and Federico Perotti

3

PROPOSED SOLUTION STRATEGY

In this Section, the response of a bare suspended cable (i.e. a cable without attached
damper) to the stochastic wind model deﬁned in Section 2.1 is ﬁrst considered (Section
3.1). The solution is then extended to the case of a cable equipped with a linear passive
damping device (Section 3.2), by following the same approach proposed by Hagedorn
and coworkers [15, 16]. Finally, the solution strategy is generalized to deal with the
non-linearities that characterize the Stockbridge damper model presented in Section 2.2.
3.1

Response of a bare cable

Let us preliminary consider the response of a bare suspended cable subject to a concentrated force F1 = dH
exp (jωt) applied at the generic abscissa x = x1 . The nonl
dimensional equation of motion (see Section 2.3), hence, reads:
−∂ξ2 w̄ + 2ζc ∂τ w̄ + ∂τ2 w̄ = δ (ξ − ξ1 ) exp (j ω̄τ ) ,

ξ, ξ1 ∈ (0, 1) ,

ω̄ =

ω
Ωc

(22)

Stationary oscillatory solutions of Eq. (22) satisfying the homogeneous boundary conditions (18) can be expressed as w̄ (ξ, τ ) = φ (ξ) exp (j ω̄τ ), where φ is the solution of the
boundary value problem (“Green’s function”, see e.g. [18]):
⎧
⎨−φ + 2ζ j ω̄φ − ω̄ 2 φ = δ (ξ − ξ )
c
1
⎩φ (0) = φ (1) = 0

(23)

and an apex denotes derivation with respect to ξ.
Solution of (23) is straightforward and can be expressed, by explicitly highlighting its
dependence on both ξ1 and ω̄,as:
φ (ξ, ξ1 , ω̄) =

⎧
⎨ sin[ν(ω̄) ξ] sin[ν(ω̄) (1−ξ1 )]

ν(ω̄) sin[ν(ω̄)]
⎩ sin[ν(ω̄) (1−ξ)] sin[ν(ω̄) ξ1 ]
ν(ω̄) sin[ν(ω̄)]

0 ≤ ξ ≤ ξ1−
ξ1+ ≤ ξ ≤ 1

(24)

with the deﬁnition:


ν=

ω̄ 2 − 2ζc j ω̄

(25)

Let us consider now a bare cable subject to the the stochastic wind model fully detailed
in Section 2.1. Knowledge in closed form of the Green function φ = φ (ξ, ξ1 , ω̄) allows
one to easily evaluate (see e.g. [24]) the uni-lateral cross power spectral density function
Gw (x1 , x2 , ω) of the transverse displacements (w = w (x, t)) as:
Gw (x1 , x2 , ω) =

1
ρdU 2
2

2

l4
C̄ (ξ1 (x1 ) , ξ2 (x2 ) , ω̄ (ω)) Gq (ω)
H2

(26)

where Gq (ω) is deﬁned in Eq. (5) and C̄ is the two-dimensional integral:
1 1

C̄ (ξ1 , ξ2 , ω̄) =

φ∗ (ζ1 , ξ2 , ω̄) φ (ξ1 , ζ2 , ω̄) Ψ̄ (ζ1 , ζ2 ) dζ1 dζ2

0 0
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where an asterisk is adopted to denote complex conjugate values. Finally, the variance of
the displacement is a function of the arc-length coordinate x and reads:
σw2

+∞


(x) =

Gw (x, x, ω) dω

(28)

0

3.2

Response of a cable equipped with a linear damper

By following the same approach adopted in Section 3.2, let us preliminary consider
the response of a suspended cable with a damper attached at x = xd and subject to
a concentrated force F1 = dH
exp (jωt) applied at the generic abscissa x = x1 . The
l
non-dimensional equation of motion (see again Section 2.3), hence, reads:
−∂ξ2 w̄ + 2ζc ∂τ w̄ + ∂τ2 w̄ = −F̄d δ (ξ − ξd ) + δ (ξ − ξ1 ) exp (j ω̄τ ) ,
ω
ξ, ξd , ξ1 ∈ (0, 1) , ω̄ =
Ωc

(29)

where F̄d is the non-dimensional counterpart of the force exerted by the damper on the
cable.
Under the assumption of linear behavior of the attached damper, the non-dimensional
force of the damper and clamp displacement can be respectively expressed as:
F̄d (τ ) = F̂d exp (j ω̄τ )

and w̄d (τ ) = Ŵd exp (j ω̄τ )

(30)

Moreover, the following linear relation can always be introduced:
F̂d = Zd,F W (ω̄) Ŵd

(31)

where Zd,F W = Zd,F W (ω̄) is the non-dimensional frequency response function of the linear
damper. Substitution of Eqs. (30) and (31) in Eq. (29) yields:




−∂ξ2 w̄ + 2ζc ∂τ w̄ + ∂τ2 w̄ = −Zd,F W (ω̄) Ŵd δ (ξ − ξd ) + δ (ξ − ξ1 ) exp (j ω̄τ ) ,
ω
ξ, ξd , ξ1 ∈ (0, 1) , ω̄ =
Ωc

(32)

Stationary oscillatory solutions of Eq. (32) satisfying the homogeneous boundary conditions (18) can be expressed as w̄ (ξ, τ ) = φd (ξ) exp (j ω̄τ ), where φd is the solution of
the boundary value problem (“Green’s function”):
⎧
⎨−φ + 2ζ j ω̄φ − ω̄ 2 φ = −Z
c
d
d
d,F W (ω̄) Ŵd δ (ξ − ξd ) + δ (ξ − ξ1 )
d
⎩φd (0) = φd (1) = 0

(33)

and an apex denotes derivation with respect to ξ. By exploiting the deﬁnition of the
Green’s function φ = φ (ξ, ξ1 , ω̄) introduced in the previous Section (Section 3.1, Eq.
(23)) and the superposition principle, it can be easily shown that:
Ŵd =

φ (ξd , ξ1 , ω̄)
1 + φ (ξd , ξd , ω̄) Zd,F W (ω̄)
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Francesco Foti, Vincent Denoël, Luca Martinelli, and Federico Perotti

and
−Zd,F W (ω̄) φ (ξd , ξ1 , ω̄) φ (ξ, ξd , ω̄)
(35)
+ φ (ξ, ξ1 , ω̄)
1 + φ (ξd , ξd , ω̄) Zd,F W (ω̄)
The response of the suspended cable subject to the stochastic wind model, deﬁned in
Section 2.1, then, can be calculated through Eqs. (26)-(28) by simply replacing the Green
function φ with φd .
φd (ξ, ξ1 , ξd , ω̄) =

3.3

Response of a cable equipped with a Stockbridge damper

Let us now consider the case of a suspended cable with a Stockbridge damper attached
at x = xd . The dynamic behavior of the damper is described through the non-linear
model detailed in Section 2.2, based on an application of the Bouc-Wen hysteretic model.
The response of the coupled cable+damper system subject to the stochastic wind model
deﬁned in Section 2.1 can be sought through an iterative solution strategy based on: (i)
the deﬁnition of a stochastically equivalent damper model and (ii) the solution strategy
already developed in Section 3.2 under the simplifying assumption of linearity of the
damper behavior.
The motion of the Stockbridge damper subjected to a prescribed clamp displacement
wd (t) = w (x = xd , t) is governed by the non-dimensional system of Eqs. (21). Under a
stochastic loading, the motion of the clamp is a stochastic process with uni-lateral power
spectral density Gwd = Gwd (ω) = Gw (x1 = xd , x2 = xd , ω) (see Eq. (26)) and variance
2
σwd
= σw2 (x = xd ) (Eq. (28)). A stochastically equivalent linear system of equations
describing the motion of the Stockbridge damper, then, can be deﬁned by replacing the
second equation in (21) with a linear evolution law for the hysteretic variable z̄, i.e.:
⎧ 2
⎨ d v̄ + αΘ2 v̄ + (1 − α) Θ2 v̄ z̄ = − d2 w̄d
0
dτ 2
dτ 2


⎩ dz̄ = 1 ce dv̄ + ke z̄
dτ

v̄0

(36)

dτ

The linearization coeﬃcients ce and ke can
 be evaluated in2 order to minimize the
dv̄
dv̄
dv̄ 
2
expectation of the squared error  = dτ −  dτ
 z̄ − ce dτ
− ke z̄ . By assuming a joint




dv̄
gaussian probability density function for the variables v̄, dτ
, z̄ , the coeﬃcients ce and ke
can be evaluated as a special case of the more general expressions proposed by Hurtado
and Barbat [19] and read:
√
3
2 2
ce = 1 −
Γ
σz ρv̇z
(37)
π
2
√
2 2
3
Γ
σv̇
(38)
ke = −
π
2
where σz , σv̇ and ρv̇z denote the standard deviations and the correlation coeﬃcient of the
variables v̄ and z̄. The variables σz , σv̇ and ρv̇z can be evaluated, for a prescribed motion
of the clamp, by solving the linear system of equations (36). By following the approach
proposed by Giaralis ([14], Section 6.2.3, pp. 151-157) the following equations can be
easily derived:

σv̇2

+∞


A (ω̄) A∗ (ω̄) ω̄ 6

=
0
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σz2

+∞


B (ω̄) B ∗ (ω̄) ω̄ 4

=
0

ρv̇z = −

Ωc Gwd (ω (ω̄))
dω̄
d2

ke σz
·
ce σv̇

(40)
(41)

with the deﬁnitions:
A (ω̄) =
B (ω̄) =

(αΘ2 − ω̄ 2 )
(αΘ2 − ω̄ 2 )





−ke
v̄0
−ke
v̄0

+ j ω̄


+ j ω̄ + j ω̄ (1 − α) Θ2 ce
j ω̄ce

−ke
v̄0



+ j ω̄ + j ω̄ (1 − α) Θ2 ce

(42)
(43)

Finally, after some straightforward calculations, herein omitted for the sake of conciseness, the non-dimensional frequency response function of the stochastically equivalent
linear damper (see Eq. (31)) can be expressed as:
Zd,F W (ω̄) = −μω̄ 2 (1 + A (ω̄))

(44)

Once Zd,F W (ω̄) is known, a chain substitution into Eqs. (35), (27), (26) and(28) allows
2
one to ﬁnd a new uni-lateral power spectral density Gwd (ω) and variance σwd
. The process
2
is iterated until convergence on σw (x) is obtained within a prescribed tolerance. This ﬁxed
point algorithm is known to be less eﬃcient than a Newton-Raphson approach [2] but has
been suﬃciently eﬃcient to solve the problem at hand without any big convergence issues.
4

APPLICATION

In the following, the proposed modeling procedure is used to investigate the dynamic
response of a benchmark OHL span already studied elsewhere (see e.g. [12, 13]). The
length of the span is 450 m and the cable is a ACSR Bersfort 48/7 conductor (diameter
d = 35.6 mm, mass per unit of length γ = 2.375 kg/m, Rated Tensile Strength RT S =
180 kN) subject to an axial force H = 0.2 RT S = 36 kN. The non-dimensional viscous
damping coeﬃcient ζc , that approximately account for both the aerodynamic and internal
damping of the cable, is assumed equal to ζc = 0.001. It is worth noting that, although
the order of magnitude of this value seems to be consistent with some experimental data
reported in the literature (e.g. [1]), as already noticed in Section 2.1 the adopted viscous
damping model is not expected to be fully compliant with all experimental evidences and
theoretical arguments of the literature (see e.g. [7, 8]).
A symmetric Stockbridge damper that was experimentally tested by Sauter and Hagedorn [27, 28] is assumed to be applied at the 5% and 10% of the span (i.e. at the
non-dimensional arc-length coordinate ξd = 0.05 and ξd = 0.10). The mass attached at
the both tips of the messenger cable is equal to md = 0.856 kg, leading to a mass ratio
μ = 8 · 10−4 (Eq. (20)).
Sauter and Hagedorn [27, 28] tested the damper on a shaker with sweep tests in frequency at two diﬀerent constant values of the clamp velocity (ẇd ), namely 0.05m/s and
0.2 m/s. From these tests the parameter of the proposed Bouc-Wen model of the damper
(see Section 2.2) were identiﬁed to match the experimental data obtained for the clamp
velocity 0.2 m/s. The identiﬁed model parameters are: kd = 8 N/mm, α = 0.25 and
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Figure 4: Real part of the impedance curve of the Stockbridge damper tested on a shaker for sweep tests
in frequency with an imposed vertical translation of the clamp having a constant value of the clamp
velocity equal to ẇd = 0.05 m/s andẇd = 0.2 m/s. Comparison between the results of the proposed
non-linear damper model (see Section 2.2) and experimental data from [27].

v0 = 2 mm. The required numerical simulations were performed by applying a sinusoidal
motion of the clamp with a frequency undergoing a linear sweep from 0 to 50 Hz during
a total duration of 100 s. The non-linear equations of motion of the damper, then, were
numerically integrated at constant time step Δt = 10−5 s with a Newmark constant acceleration time-stepping strategy. Iterative corrections were performed through a standard
Newton-Raphson scheme at each step.
Figure 4 shows the comparison between experimental results and numerical results in
terms of the real part of the impedance function of the damper. It is worth noting that
the predictions of the proposed damper model match very well the experimental results
not only for the clamp velocity used in the BW identiﬁcation process (ẇd = 0.2 m/s), but
also for ẇd = 0.05m/s.
Based on the input data listed above, application of the proposed procedure leads to
the results depicted in Figure 5.
Figure 5(a) reports for a line without dampers the standard deviation of the displacement ad the line midspan, expressed as a fraction of the conductor diameter, as a function
of the mean wind velocity. Results are reported for two diﬀerent values of the bandwidth
parameter B. Figure 5(b) reports the same quantities for B = 0.1 and a line with a damper
located at 5% the span (grey broken line), 10% the span (grey solid line). The results
referred to the base cable (black solid line) are also reported to facilitate compartison.
From this ﬁgure some comments can be drawn. As it can be appreciated, (a) in spite the
damper was not optimized, it is nevertheless eﬀective over a wide range of wind velocities;
(b) at higher wind velocities, the damper is less eﬀective, as it was expected since the
proposed model does not account for the second resonance peak shown in Figure 4 (e.g.
at 37 Hz and 55 Hz for the 50 mm/s and 200 mm/s clamp velocity values, respectively).
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Figure 5: Standard deviation of the cable response at midspan, expressed as a fraction of the cable
diameter (a) without attached Stockbridge damper, (b) with attached Stockbridge damper. The curve
B = 0.1 is similar in both plots to facilitate comparison.

5

CONCLUSIONS

A stochastic and continuous model of aeolian vibrations of overhead electrical line
conductors equipped with Stockbridge dampers has been presented in this paper. Focusing
on small-amplitude planar transverse vibrations, suspended cables were modeled through
the classic taut-string model. Consistently with classic approximate “externally forced
models” for vortex induced vibrations (VIV) of bluﬀ bodies, the wind forces acting on
the continuous cable model were described as a narrow band stochastic process, centered
around the Strouhal frequency of the conductor and with arbitrary cross-correlation in
space. A new approach, based on the well-known smooth endochronic Bouc-Wen model,
was developed to describe the hysteretic dynamic response of Stockbridge dampers. An
iterative solution strategy based on a stochastically equivalent linear damper model, then,
was presented to investigate aeolian vibrations of a suspended cable with a Stockbridge
damper attached along its length. Finally, the main features and the potential drawbacks
of the proposed formulation were illustrated with reference to a simple yet meaningful
benchmark case.
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Abstract. A local structural modification, namely top-storey softening, is herein considered in
conjunction with optimally tuned top-floor tuned mass damper inerter (TMDI) for improved
serviceability performance in mid-to-high rise buildings (host structures). The focus is to reduce
floor accelerations on typical core-frame host structures with rectangular footprint due to windinduced vortex shedding (VS) effects causing occupants’ discomfort. This aim is achieved by
formulating an optimal TMDI tuning problem in which TMDI inertial and top-storey host structure properties (i.e., attached mass and inertance, and top-storey height) are treated as design
variables, to a case-study building aiming to minimize peak floor acceleration in the acrosswind direction. The optimal TMDI tuning problem is numerically solved for a wide range of
design variables for a 34-storey composite core-frame building subject to stochastic spatiallycorrelated wind-force field accounting for VS effects. A planar low-order dynamical model
capturing faithfully modal properties of the 34-storey building is developed to facilitate computational work and parametric investigation. It is found that top-storey stiffness reduction,
herein regulated through storey height, not only relaxes attached TMDI mass/weight requirements, but also reduces TMDI stroke, and inerter force for fixed performance and inertance. It
is concluded that by leveraging inertance and top-storey stiffness, the considered solution can
efficiently control VS-induced floor acceleration with small additional gravitational (added
weight) and horizontal damping forces to the satisfaction of standard code requirements for
occupants comfort.
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1

INTRODUCTION

Passive dynamic vibration absorbers, including tuned mass-dampers (TMDs), have been
widely used for mitigating wind-induced vibrations in tall buildings (e.g., [1,2]). A typical linear TMD comprises a mass attached towards the top of the building (host structure) via linear
stiffeners and dampers [3]. The TMD is tuned to the first natural frequency of the building
aiming to dampen the fundamental lateral mode shape which tends to be mostly excited due to
resonance with the frequency of wind-induced forces. Such forces typically develop in the
across-wind direction of tall buildings with rectangular foot-print due to vortex shedding (VS)
[4] and may induce large floor accelerations causing occupants’ discomfort [5] and, consequently, serviceability structural failure. This consideration becomes critical for slender tall
buildings and governs their design [6]. Meanwhile, the applicability of passive TMDs for windinduced vibration suppression is limited by structural and economical considerations. This is
because their motion control potential relies on the attached mass (i.e., the larger it is, the more
effective the TMD becomes [7]), but constraints apply to the TMD weight that can be safely
accommodated at the top floor of slender/tall buildings while TMD up-front cost increases proportionally with its mass [8].

Figure 1 (a) Schematic of a TMDI-equipped planar coupled core-frame building with soft top-storey, (b) casestudy 34-storey building, and (c) lumped floor mass distribution.

Recently, it has been shown [9,10] that the incorporation of an inerter to TMD-equipped tall
buildings in the so-called tuned mass damper inerter (TMDI) configuration enhances serviceability performance against VS-induced wind forces without increasing the required attached
weight, thus overcoming the above TMD limitations. Specifically, the inerter is defined as a
linear mechanical element that resists relative acceleration through the inertance constant assuming mass units (kg) [11]. In the TMDI, originally proposed for seismic protection of building structures [12-14], an inerter element is used to link the TMD attached mass to a different
floor from the one that the TMD is attached to. It is then found [9,10] that improved floor
acceleration mitigation is achieved in tall wind-excited TMDI-equipped buildings by increasing
the inertance, which scales-up independently of physical mass in prototyped inerter devices
[15,16], and, even more so, by letting the inerter span more than one storey. Nevertheless, for

2104

Zixiao Wang and Agathoklis Giaralis

routine slender mid-to-high-rise buildings with 20-40 storeys, TMDI configuration with inerter
spanning more than one floor is not as practical as in the case of tall landmark structures (e.g.,
[2]) since occupying high-premium space across several upper floors of such structures for accommodating a control device is not cost effective. To this end, this paper explores the potential
of a local structural modification, top-storey softening, in conjunction with top-storey TMDI
placement as shown in Figure 1(a), to mitigate floor accelerations in the across-wind direction
of VS-sensitive buildings with no more than 40 stories. Notably, the above vibration mitigation
solution is practically meritorious for such buildings in which standard coupled core-frame systems are used for lateral wind load resistance [17]. This is because: (1) the considered solution
does not utilize premium space since the TMDI is fully contained within a single (last) floor
which is commonly reserved for accommodating various building services, and (2) top-storey
softening can be readily achieved by simple local modifications such as discontinuation of the
core at the last floor as well as increasing the top-storey height as depicted in Figure 1(a).
Herein, the effectiveness of top-storey softening to improve TMDI motion control efficiency
is numerically illustrated with the aid of a 34-storey composite core-frame building structure
shown in Figure 1(b) subject to a parametrically defined stochastic across-wind force model
accounting for VS effects. An optimal TMDI design problem is formulated and numerically
solved to minimize floor acceleration (i.e., occupants’ comfort criterion) of the case-study
building in which top-floor height along with TMDI inertial properties (i.e., mass and inertance)
are explicitly taken into consideration. Optimal TMDI-equipped structure performance is assessed in terms of floor acceleration, TMDI stroke, and damping and inerter forces and attention
is focused to quantify gains in the required attached mass and to check for occupants’ comfort
criteria. The presentation begins with a brief description of the case-study building and its numerical modelling enabling efficient TMDI incorporation and dynamic analysis.
2

CASE-STUDY BUILDING STRUCTURE AND NUMERICAL MODELLING

The adopted structure is 110.6m high and has square 24m-by-24m footprint as shown in
Figure 2(b). The lateral load-resisting structural system is composite consisting of a perimetric
three-bay per side steel moment resisting frame (MRF) and a central reinforced concrete (r/c)
core. MRF members are rigidly connected and have hollow rectangular sections with varying
dimensions along the building height. The r/c core has 8m-by-8m plan-view dimensions and
consists of outer wall segments whose thickness reduces progressively with building height and
inner (stiffening) wall segments with same thickness along the building height. Hinged primary
beams are used to couple the MRF with the core at each floor level which do not participate in
resisting lateral loads and floor slabs behave as rigid diaphragms. The total mass of the structure
accounting for dead and live loads, Mtot, is 92830tons and is distributed at each floor level as
shown in Figure 1(c). To expedite computational work required in TMDI optimal design, a
planar dynamic model with 34 degrees of freedom (DOFs) corresponding to the uncoupled
lateral in-plane translations of rigid slabs along the across-wind direction of the case-study
building is defined in terms of a diagonal mass matrix, M s  \ 34u 34 , and full stiffness and damping matrices, K s  \ 34u34 and C s  \ 34u34 , respectively. The main diagonal of the Ms matrix is
populated with the lumped floor masses of Figure 1(c). Further, the stiffness matrix Ks is
obtained from a detailed linear finite element (FE) model of the lateral load-resisting structural
system of the building developed in SAP2000® software package. The accuracy of the modal
properties (mode shapes and natural frequencies) of the 34-DOF dynamic model is verified
against modal analysis results from the detailed FE model. Lastly, the inherent structural damping is incorporated in the modelling through a full damping matrix Cs obtained by assuming
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modal damping ratios ξj = 1% for j = 2,3,4; ξj = 2% for j = 5,6,7; ξj = 4% for j = 8,9,10; ξj = 8%
for j = 11,...,20; and ξj = 16% for j = 21,...,34.
3

WIND EXCITATION MODEL

The input wind action to the 34-DOF dynamic model capturing the across-wind dynamics
of the case-study building is herein represented by the stochastic across-wind force model developed in [2] for buildings with rectangular footprint. This wind forcing model is based on
wind tunnel testing data and accounts for both the turbulence and the VS components of the
wind force in the across-wind direction. It is defined by a zero-mean stationary Gaussian spatially correlated random field represented in frequency domain by a full power spectral density
(PSD) matrix. For the 34-DOF dynamic model, a S34FF  \34u34 wind force PSD matrix is determined upon spatial discretization of the wind random field at each building floor. The assumed
mean wind velocity profile is plotted in Figure 2(a). It follows the Eurocode-compliant logarithmic law [18] and terrain category IV (i.e., area in which at least 15% of the surface is covered with buildings and their average height exceeds 15 m) and is defined for basic wind
velocity of 22m/s (i.e., 10mins mean wind velocity at 10m height above open flat terrain). For
illustration, wind force PSDs computed by the model in [2] at four different floor slab heights
are plotted in Figure 2(b) following the assumed mean wind velocity profile.

Figure 2. Assumed wind excitation model: (a) mean wind velocity profile, (b) power spectral density functions
(PSDs) of across-wind forces acting at different floor levels of the case-study building.

4

TMDI-EQUIPPED STRUCTURE AND FREQUENCY DOMAIN ACROSS-WIND
RESPONSE ANALYSIS

Mathematically, a top-floor TMDI is added to the 34-DOF system model following [9,10]
to yield a 35-DOF augmented model with mass, M  \ 35u 35 , damping, C  \ 35u35 , and stiffness,
K  \ 35u 35 , matrices written as
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in which mk= Ms[k,k], ck,l= Cs[k,l], and kk,l= Ks[k,l] where k,l=1,2,…,34 are the elements of the
mass, damping, and stiffness matrices of the uncontrolled host structure, respectively, while the
35-th DOF corresponds to the lateral TMDI mass displacement. Further, in the previous expressions, mTMDI is the TMDI mass attached to the top (34th) floor via a spring with kTMDI stiffness in parallel with a linear dashpot with damping coefficient cTMDI, and b is the inertance of
the inerter element highlighted in red in Fig. 1(a), connecting the TMDI mass to the penultimate
(33rd) floor.
Response displacement, velocity, and acceleration PSD matrices of the TMDI-equipped
structure subject to the wind force PSD matrix defined in section 3 can be obtained as
Sxx Z

*

B Z SFF Z B Z , Sxx
 Z

Z 2Sxx Z ,

and S
xx Z

Z4Sxx Z

(2)

augmented by a botrespectively. In Eq. (2), S FF (Z )  \ 35u 35 is the wind force PSD matrix S 34
FF
tom zero row and a right-most zero column corresponding to the TMDI displacement DOF as
the TMDI is internally housed and not subjected to any wind load. Further, the “*” superscript
denotes complex matrix conjugation, and the transfer matrix B is given as
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1
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where, i
 1 , and the “-1” superscript denotes matrix inversion. Next, response displacement, velocity, and acceleration variance of the k-th floor are obtained as
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0

respectively, where ωmax is a cut-off frequency above which the energy of the underlying processes is negligible. Moreover, the variance of the relative response displacement, velocity, and
acceleration between floors/DOFs k and l are obtained by
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Ultimately, peak response quantities are estimated by multiplying the square root of the variances in Eqs. (4) and (5) with the peak factor g given by the empirical formula [18]
g

2ln KTwind 

2107

0.577
2ln KTwind

,

(6)

Zixiao Wang and Agathoklis Giaralis

where η=2π/ωn(1) and Twind is the time duration of exposure to the wind action. In the ensuing
numerical work, Twind is taken equal to 3600s (i.e., one hour of stationary wind excitation is
assumed).
5

OPTIMAL TMDI DESIGN WITH TOP-STOREY SOFTENING FOR
SERVICEABILITY PERFORMANCE

To investigate the potential of top-storey softening in TMDI-equipped buildings for enhanced serviceability performance under wind excitation, the properties of the TMDI in Fig.
1(a) are optimally designed to mitigate floor accelerations in the case-study building subject to
the wind forces defined in section 3. To this aim, an optimal TMDI tuning problem is formulated
taking as the objective function (OF) to be minimized the peak floor acceleration of the highest
occupied of the case-study building (i.e., the 32nd floor). That is,

OF=gV x32 .

(7)

The problem has 5 design variables (DVs), namely the top-storey height Htop, the mass ratio μ,
the inertance ratio β, the TMDI frequency ratio XTMDI , and the TMDI damping ratio [TMDI . The
last four DVs are defined as

P

mTMDI
,E
M tot

b
, XTMDI
M tot

kTMDI
(mTMDI  b)

Z1

and [TMDI

cTMDI
,
2 (mTMDI  b)kTMDI

(8)

where ω1 is the first natural frequency of the uncontrolled structure. Then, optimal primary DVs,
XTMDI and [TMDI , are sought that minimize the OF given values of the secondary DVs, Htop, μ,
and β. (secondary design parameters). The optimization problem is numerically solved for the
case-study structure using a pattern search algorithm [19] with iteratively updated search range
of the primary variables hard-coded in MATLAB®.
6

PERFORMANCE ASSESSMENT OF OPTIMAL TMDI-EQUIPPED STRUCTURE
WITH SOFTENED TOP-STOREY

In this section, numerical results are furnished to demonstrate the effectiveness of optimally
designed TMDI in containing VS induced vibrations in the case-study building exposed to the
PSD wind force matrix as top-floor lateral stiffness reduces. To this aim, TMDIs with different
inertance ratios (β = 0% (TMD), 2%, and 10%) are examined for fixed attached mass μ=0.1%
while the top-storey of the case-study building is softened laterally by discontinuing the r/c core
at the penultimate (33rd) storey (see Fig. 1(a)) and by varying its height within Htop= [4.0, 6.0]
(m) interval.
Figure 3(a) reports percentage reduction factor (RF) of peak floor acceleration at the 32nd
floor of optimal TMDI-equipped structure with respect to the uncontrolled case-study building
with coreless top-storey for three different inertance ratios as a function of top-storey lateral
stiffness. The latter is given as a percentage of the top-storey stiffness of the case-study structure
without r/c core at the 33rd storey and Htop=3.2m. It is observed that optimal TMDI capability
to suppress floor accelerations increases appreciably and monotonically as the top-storey stiffness reduces for fixed inertance. On the antipode, for the TMD case (i.e., no inerter and β = 0%)
acceleration RFs remain practically constant with top-storey flexibility. These results reveal
that the presence of the inerter enables improved TMDI vibration control potential as top-storey
stiffness reduces. This fact is attributed to the coupling of the acceleration of the attached mass
to the acceleration of the 33rd floor achieved by the inerter mathematically manifested through
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the non-diagonal terms in the mass matrix M in Eq. (1). And the herein advocated host-structure
modification (i.e., top-storey softening) leverages the positive effect of this coupling in reducing
floor accelerations below the top-storey. Nevertheless, when no such coupling exists (i.e., conventional TMD case), top-storey flexibility has no effect to the overall motion control level
achieved. In this regard, top-storey lateral stiffness becomes a critical TMDI design parameter.
Moreover, it is seen that for given β there is a limiting top-storey stiffness reduction defined by
the intersection of the TMD RF curves with the TMDI RF curves, above which the TMD outperforms TMDI. This limiting value increases as inertance increases. Thus, top-storey softening
reduces demands for large inertance.

Figure 3. (a) Peak acceleration percentage reduction of 32nd floor, (b) secondary mass stroke, (c) peak inerter
force, and (d) peak damping force in TMD(I)-equipped structure for attached mass ratio, μ=0.1%, and inertance
ratios, β, against lateral top-storey stiffness reduction.

Turning the attention to the peak stroke of the secondary mass, that is, the peak relative
displacement of the TMD(I) mass with respect to the floor that the mass is attached to, gV x ,
Figure 3(b) plots peak TMDI stroke versus top-storey stiffness reduction. It is seen that stroke
dramatically reduces with increasing inertance, which is a well-reported effect in the literature
[9,10]. Further, stroke demand is positively (though insignificantly) affected by top-storey stiffness reduction. This is quite welcoming result suggesting that the favourable effect of increasing top-storey flexibility to the TMDI effectiveness for suppressing floor accelerations does not
come with any increasing cost/demand related to the stroke of the damping device or to the
clearance of the secondary mass.
Peak inerter and damping forces developing at the inerter and at the dashpot of optimally
designed TMDIs are also deemed essential to check as they need to be economically accommodated locally by the host structure. In this respect, Figures 3(c) and (d) report peak inerter
and damping forces, respectively. It is seen that peak inerter force decreases as the top-storey
softens at an increasing rate. On the contrary, damping force increases exponentially as the topstorey stiffness reduces for β = 10%. These trends indicate that top-storey stiffness reduction
improves TMDI motion control performance through significant increase of the damping force
but not of the inerter force.
Numerical results reported in Figure 3(a) suggest that the same structural performance, in
terms of peak floor acceleration, can be achieved by using different sets of secondary design
35,33
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parameters. From practical viewpoint, this is an important consideration as it enables exchanging attached mass to inertance and/or to top-storey stiffness within a performance-oriented design context. To illustrate this point, Figures 4(a) and (b) plot optimal iso-performance curves
on the TMDI inertial μ-β plane for fixed top-storey stiffness and for fixed performance, respectively. It is seen that all iso-performance curves have negative slope on the μ-β plane establishing the direct mass reduction/substitution effect endowed by the inertance leading to overall
more lightweight inertial dampers. Furthermore, as suggested by Figure 4(b), the same performance can be achieved with reduced average required inertance by approximately 1.6% at
μ=0.1%, for every 2% reduction to the top-storey stiffness. As a final remark, top-storey softening further leads to attached mass reduction for fixed inertance to achieve/maintain a preset
performance: Figure 4(b) shows that 2% reduction of top-storey stiffness reduces the required
mass ratio by about 0.1%, which corresponds to a 20ton TMDI weight reduction for the considered building structure.

Figure 4. Quantification of mass-inertance-damping coefficient trade-off for (a) fixed normalized stiffness 38%,
and (b) fixed performance RF=50%.

Figure 5. Floor acceleration distribution along the building height and check for occupants’ comfort.

As a final check, Figure 5 plots peak and RMS floor accelerations along the building height
for the uncontrolled and for a TMDI controlled structure with about 28% top-storey stiffness
reduction. The benefit of TMDI is clearly seen and the rationale behind optimal TMDI tuning
for minimizing floor acceleration of the 32nd floor is justified as it leads to floor acceleration
reductions in all lower floors. More importantly, Figure 5(b) shows that the uncontrolled structure did not meet occupants’ comfort threshold according to ISO6897 [5] at floors 26 and above
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for the specific wind excitation, while the particular optimally tuned TMDI with top-storey
softening meets the ISO6897 criterion for all floors.
7

CONCLUDING REMARKS

The effectiveness of optimally tuned top-storey TMDIs in conjunction with local top-storey
softening has been numerically explored for mitigating floor accelerations in the across-wind
direction of slender core-frame buildings which become critical for serviceability design associated with occupants’ comfort. Numerical results for different TMDI inertance and top-storey
stiffness have shown that improved structural performance in terms of peak floor acceleration
and attached mass stroke are achieved by increasing inertance and/or by reducing top-storey
stiffness for fixed TMDI attached mass. Meanwhile no improved performance is achieved by
conventional TMD through top-storey softening. It was further demonstrated that the required
TMDI mass/weight can be reduced either by increasing inertance or by softening the top-storey
for a preset performance level. Therefore, top-storey softening facilitates practical implementation of TMDI as it relaxes requirements for large inertance.
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Abstract. Deployable sunscreens with tensegrity architecture have been recently proposed
for dynamic solar façades of buildings working on low energy consumption. Such structures
are aimed at ensuring well-being indoor conditions while using reduced electrical-grid energy.
The present paper studies the dynamical response of the tensegrity shading screens recently
appeared in the literature, by studying structures formed by modular panels suitably assembled
to form an origami pattern. The origami tensegrity façade is activated by stretching or releasing
selected cables. Its energy-harvesting ability arises from the action of piezoelectric effects under
the opening/closure motion of the origami panels, and wind-induced ﬂuctuations. The dynamic
response of the origami panels is simulated through a fully tensegrity model, with the aim of
estimating their energy harvesting ability. The given results show that the overall tensegrity
façade can daily produce a quantity of electric energy equivalent to the electric power produced
by more than 200 squared meters of photovoltaic panels, and about 90 squared meters of rooftop
wind turbines.
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1

INTRODUCTION

An energy-efﬁciency building (EEB) ensures well-being indoor conditions with the least
consumption of energy from fossil and non-renewable sources [1]. Design of new constructions to reach performances of so-called nearly zero-energy buildings (nZEB) is introduced by
the 2010 European Union Directive for the optimization of the energy performance of buildings [2], which enforces the EU states to provide the minimum requirements for the energy
performance of buildings and constructive elements. Indeed, buildings are responsible for approximately 40% of EU energy consumption, so that the challenge for the near future is to
drastically reduce energy dependency on fossil sources, while maintaining current living standards. In this direction, the building envelope is among the most important components to take
into consideration in design of a EEB [3, 4], since it can signiﬁcantly help in reducing energy
losses. For instance, the building envelope may be exploited to increase energy efﬁciency in the
summer by controlling the incident solar radiation through dynamic shading systems. In recent
studies, it has been proposed to exploit the deployment ability of tensegrity structures to design
dynamic envelopes [5, 6]. Tensegrity systems are composed of bars, generally under compression, assembled inside a net of strings undergoing tensile stresses, only [7]. Furthermore, it is
possible to take advantages from vibratory motion of such systems under environmental actions
to harvest energy. The present paper is devoted to a tensegrity-like module merging the function
of sunscreen to some harvesting ability.
2

THE LAYOUT OF THE TENSEGRITY SUNSCREEN MODEL

The present contribution brieﬂy details about an origami module based on tensegrity architecture equipped with piezoelectric strings. The module is designed to be mounted in front of or
to cover building façades and pursue the two-fold objective to serve both as screen and mechanical energy harvester and enriches a unit introduced in [5] and further studied in [6, 8, 9] named
as TABS, acronym of tensegrity Al Bahar screen, because of its shape resembling that of shading systems designed by Aedas architects to protect the external façades of the Al Bahar towers,
in Abu Dhabi [10, 11]. While Al Bahar screen are piston actuated, motion of TABS depends on
its tensegrity architecture. The enriched module, referred as WTABS [12], where ‘W’ stands
for wind, introduces as a novelty with respect TABS the addition of six D-bar systems. The
basic module of the WTABS system is shown in Fig.1, both through exploded and assembled
views. With reference to Fig.1, starting from the top (which indeed does mean from external,
i.e. away from the building), WTABS is composed by a macro-triangle, origami screen module,
subdivided into six micro-triangles made of PTFE (glass ﬁber), able to generate a rigid motion
in space, inﬁlling a tensegrity system formed by 12 bars and 3 external strings. Below, there
is a complex made of six D-bar, two elastic restraints (linear springs with stiffness K = 67
kN m−1 ) and a linear actuator (model Rolaram®R2501190 [13]). While three D-bars, the
springs and the actuator have axes which are and, during the morphing process, stay in a plane
parallel to the rear building, the remaining three D-bars are mounted inclined. The actuator
Rolaram®R2501190 (294 kN dynamic loading, 3500 mm maximum stroke [13]) stretches and
relaxes cables, thus activating the folding/unfolding mechanism of the system. Bars and strings
composing the module are respectively made with 6082-T5 Aluminum proﬁles and wire ropes
composed of a nylon core string with 8.9 mm diameter, wrapped by piezoelectric cables [14].

2114

Raffaele Miranda, Enrico Babilio, Narinder Singh, Diana P. Villamil, Filipe Santos and Fernando Fraternali

(a)

(b)

(c)

Figure 1: Three exploded (top panels) and assembled (bottom panels) views of TABS: (a) side view, parallel to the
axis of actuator; (b) side view, in front of the actuator; (c) axonometric view. Exploded views allow to recognize
the main components of TABS. From top: screen; D-bars inclined with respect to the rear building wall; D-bars
parallel to the rear building wall; elastic restraints and actuator.

3

WTABS MOTION EQUATIONS AND LOADS

This section introduce the WTABS equations of motion, in matrix form, and reports about
the evaluation of wind pressure to adopt in numerical simulations.
3.1

Matrix form of equation of motion

The WTABS module is a tensegrity network made up of nn nodes, modeled as frictionless
joints, nb bars, and ns elastic strings. The generic node i, with i ∈ [1, . . . , nn ] is located by the
vector ni ∈ R3 and is loaded by the external force wi . Hence the nodal matrix N ∈ R3×nn and
load matrix W ∈ R3×nn can be written as




N = n1 n2 · · · ni · · · nnn , W = w1 w2 · · · wi · · · wnn .
(1)
The vectors representing ith bar and string are bi ∈ R3 and si ∈ R3 , respectively, and can be
stacked in matrices B ∈ R3×nb and S ∈ R3×ns , as




B = b1 b2 · · · bi · · · bnb , S = s1 s2 · · · si · · · sns .
(2)
By introducing the connectivity matrices of bars CB ∈ Rnb ×nn and strings CS ∈ Rns ×nn ,
the matrices given by Eqn.(2) are written as
B = NCT
B,

S = NCT
S .

(3)

The generic (i, j)th entry of CB (or of CS ) takes value −1 if vector bi (or si ) is directed away
from node j th , 1 if vector bi (or si ) is directed toward node j and 0 if vector bi (or si ) does not
touch node j. On introducing the class number m of a tensegrity network, we may state that
a tensegrity is of class m if the maximum number of the compressive elements concurring in
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each node is equal to m [7, 15, 16]. In this case, the tensegrity sunscreen module that we are
considering is a tensegrity of class 6.
By introducing the matrices M ∈ Rnn ×nn and K ∈ Rnn ×nn , respectively deﬁned as
1
CB T m̂CB + CR T m̂CR ,
12
K = CS T γ̂CS − CB T λ̂CB ,

M=

(4)
(5)

we can write the equations of motion (of a class 1 tensegrity system) as [17]
N̈M + NK = W ,

(6)

where N has been already given by the ﬁrst of Eqns.(1) and N̈ stands for its second derivative
with respect to time.
Similarly to matrices CB and CS , CR ∈ Rnb ×nn in Eqn.(4) is a connectivity matrix. Its ith
row corresponds to the bar bi and its (i, j)th entry takes value 1/2 if vector bi touches node j,
or 0 otherwise [18]. Furthermore, m̂ ∈ Rnb ×nb , and γ̂ ∈ Rns ×ns in Eqns.(4)-(5) are diagonal
matrices, whose (i, i)th entries are, respectively, masses mi , i ∈ [1, . . . , nb ] and force densities
along strings γi , i ∈ [1, . . . , ns ] given by
#
"
⎧

T
⎨max 0, Esj Asj 1 − Li + c sk ṡ , if s ≥ L ,
i 2
i
i
si
Lj
si
γi =
(7)
⎩
0,
otherwise,
being Esi the Young’s modulus of the material, Asi the cross-sectional area and Lj the rest
length of the string, ci the damping coefﬁcient and sj = sj . Finally λ̂ ∈ Rnb ×nb denotes the
diagonal matrix of force densities in bars and is given by
H −2
1 E T F ˆ−2 1 G T
ˆ ,
−λ̂ =
Ḃ Ḃ m̂ +
B (W − Sγ̂CS ) CT
(8)
B 
12
2
−2

−2
where ˆ ∈ Rnb ×nb is a diagonal matrix of terms −2
and A is a matrix keeping
k = bk 
the diagonal terms of the square matrix A, while all the off-diagonal entries are set to zero.

3.2

Modeling of the wind forces

We model the action of wind on WTABS on assuming the wind speed as depending on time
and only one space variable, the height (took along the axis y in a three dimensional Cartesian
frame), and is given by
v(y, t) = vm (y) + v  (y, t) ,
(9)
where vm is averaged over a time interval of 10 min and v  accounts for high frequency ﬂuctuations. The latter is suitably represented as a single stationary Gaussian random process with
zero mean described by the spectral density [19]
SL (y, n) =

6.8 fL (y, n)
(1 + 10.2 fL (y, n))5/3

,

(10)

where fL (y, n) is a dimensionless frequency
fL (y, n) =
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L(y) being the turbulence scale, and n the natural frequency. By choosing a frequency step
Δn = 0.05 Hz, and a set of N = 100 frequencies nk = (k − 1/2)Δn, we obtain [20]


v (y, t) =

N



2SL (y, n)Δn cos (2πnk t + ϕk ) ,

(12)

k=1

ϕk denoting randomly generated phases (in radians) over the angle interval spanning from 0 up
to 2π.
Finally, we cast the peak value of the wind kinetic pressure, expressed in Pa, as
1
2
q(y, t) = ρ (vm (y) + v  (y, t)) ,
2

(13)

ρ = 1.25 kg m−3 being the density of air.
The effect of wind pressure on nodes of WTABS is then computed as follows.
On introducing two vectors ap and bp lying along the edges of the generic micro-triangle on
WTABS, the surface area Ap of such an element and its unit normal are given by
1
Ap = ||ap × bp || ,
2

np =

ap × bp
.
||ap × bp ||

(14)

The wind force acting over the panel p, along its normal vector, is computed through
ω p = q Ap (np ⊗ np )k ,

(15)

k and ⊗ denoting the unit vector along the axis z, towards the building, and the tensor product
symbol, respectively. Finally, the wind force acting on the generic node i is
i
1
wi =
ωp ,
3 p=1

n

(16)

ni being the number of panels attached to node i.
4

NUMERICAL APPLICATIONS

The present section is devoted to the dynamic analyses of the WTABS system undergoing the
wind forces and actuation motion. The numerical integration of Eqn.(6) is performed applying
fourth order Runge-Kutta theory with a time step of 0.025 s.
4.1

Actuation motion

The motion of WTABS is driven by the linear actuator Rolaram®R2501190 [6, 13]. We
consider a simulation in which the screen is deployed in 40 s, starting from the folded conﬁguration. Then, the force impressed on the node is held constant for 40 s more. Figure 2
graphically illustrates the simulation. In particular, it is shown how the position of the central
point of the module changes over time during the actuation motion. Four top views of deformed
conﬁgurations, from folded to deployed state, are reported.
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Figure 2: Deployment of WTABS driven by the actuator. Position of center node (top panel) and four top views of
selected conﬁgurations, namely after 1 (a), 15 (b), 30 (c), and 80 (d) s from actuation start.
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4.2

Fluctuations due to wind

The simulate wind pressure we consider environmental characteristics of the Al Bahar Towers and the height of the towers. By considering ??y ∗ = 120 m in a coastal area exposed to
wind, we get the turbulence scale value L(y ∗ ) = 40.1589 m [19]. As average speed we set
vm (y ∗ ) = 73.4 m s−1 , which produces a wind pressure of 3.5 kPa, that is the value considered for the real scale prototypes of the towers [11]. Relevant information and results of the
simulation are graphically shown in Figure 3.
5

MECHANICAL ENERGY HARVESTING

The WTABS module is equipped with PVDF-coated piezoelectric cables (see [12] for details
on the cable structure) that, by virtue of the electromechanical effect, allows energy conversion
described by
2
WE = k33
WM
(17)
where WE and WM stand for electric and mechanical energy and k33 is the electromechanical
coupling coefﬁcient along the longitudinal axis of the piezoelectric cable. By using the strain
history of the cables during the simulations brieﬂy reported in Sect. 4, mechanical energy can
be computed as
⎛
⎞
T
ns

1
⎝Ef Af Lis εs (t)2 dt⎠ ,
WM =
(18)
2T s=1
0

with reference to the two different implementation hypotheses we obtain [12]
WEwind = 5.749 × 10−4 kJ .

WEactuation = 321.3 kJ ,

(19)

In [12], it has been observed that, although the amount of energy harvested by a single
WTABS is low, the total energy that can be daily generated by a WTABS modules in reference
to the size of the towers (composed of over a thousand shading systems) m2 [10, 11], is considerable and can be employed to power microelectronic devices, WiFi repeaters, cellular phones,
and LED lighting systems [21].
6

CONCLUDING REMARKS

This work has dealt with the generalization of the TABS shading system proposed in [6]
from the energetic point of view, by integrating such a system with additional D-bar modules
equipped with piezoelectric cables for energy harvesting (WTABS design [12]). The dynamics
of the WTABS module has been numerically simulated, on accounting for the opening and
closure operations of the screens and the dynamic action of wind forces. The obtained results
have allowed us to calculate the amount of mechanical energy harvested by the shading system
under such loading conditions. Overall, the electric power that can be daily generated by the
WTABS modules is equivalent to the power produced by approximatively 200 photovoltaic
panels, and nearly 90 microeolic wind turbines with one squared meter surface area. We address
the generalization and the experimental identiﬁcation [22] of the WTABS concept to different
façade geometries and a variety of energy harvesting materials to future work.
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(a)

(b)

(c)

(d)
Figure 3: Turbulence scale (a), spectral density (b), wind pressure (c) and ﬂuctuations of height of the central node
of WTABS (d).

2120

Raffaele Miranda, Enrico Babilio, Narinder Singh, Diana P. Villamil, Filipe Santos and Fernando Fraternali

REFERENCES
[1] T. Herzog, I. Flagge, V. Herzog-Loibl, A. Meseure. Thomas Herzog: Architektur + Technologie. Prestel, 2001.
[2] Directive 2010/31/EU of the European Parliament and of the Council of 19 May 2010 on
the energy performance of buildings.
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TALL OFFSHORE STEEL WIND TURBINE TOWERS UNDER WIND,
CURRENT AND WAVE LOADING: AN EXPERIMENTAL AND
NUMERICAL STUDY
Yu Hu1,2, Jian Yang1,2, Charalampos Baniotopoulos2, Xinger Wang1, Xiaowei Deng1


6FKRRORI1DYDO$UFKLWHFWXUH2FHDQDQG&LYLO(QJLQHHULQJ6KDQJKDL-LDR7RQJ8QLYHUVLW\6KDQJKDL
&KLQD
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HPDLOKX\X#KRWPDLOFRP HPDLOM\DQJ#VMWXHGXFQ
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HPDLO G[Z#VMWXHGXFQ

Keywords: :LQG WXUELQH WRZHU 2IIVKRUH :LQG 7XUELQHV 0RQRSLOHV '\QDPLF DQDO\VLV
&XUUHQWZDYHZLQGLQWHUDFWLRQ

Abstract. In the present paper the dynamic response of tall offshore monopile steel wind
turbine towers under wind, wave and current during the erection stage is studied. In particular, in the present paper the effect of current-wave-wind interaction as dynamic loading on
the dynamic response of offshore wind turbine towers is for first time studied experimentally.
A statistical analysis of the dynamic displacements of the model is conducted to study the effect of various loading states on the respective dynamic response. As outcome of the present
study it was confirmed that the current field strongly affects the dynamic response of offshore
monopoles and in particular, more significantly than the wave field. In the final part, an advanced finite element model is proposed for the efficient study of the structural response of
the tower model during erection under current, wave and wind interaction.
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1

INTRODUCTION

,QPDULQHHQYLURQPHQWWKHUHDUHPRUHFRPSOLFDWHGHQYLURQPHQWDODFWLRQVRQRIIVKRUHZLQG
WXUELQHWRZHUV HJZLQGZDYHDQGFXUUHQWORDGLQJV WKDQRQWKHRQVKRUHRQHV,QHQJLQHHU
LQJSUDFWLFHWKHZLQGWXUELQHWRZHUVDVPRQRSLOHVQHHGWREHFRQVWUXFWHGGXULQJWKHHUHFWLRQ
VWDJH LQ PDULQH HQYLURQPHQWV ZKHUH FXUUHQW DQG ZDYHV LQWHUDFW 6HYHUDO UHVHDUFKHUV KDYH
VWXGLHGWKHVWUXFWXUDOFKDUDFWHULVWLFVRIZLQGWXUELQHWRZHUVGXULQJWKHHUHFWLRQVWDJHE\XVLQJ
QXPHULFDOVLPXODWLRQPHWKRGV7]LDYRVet al>@VWXGLHGFXUUHQWSUDFWLFHLQWHUPVRIHQJL
QHHULQJPHWKRGVXVHGIRUWKHGHWHUPLQDWLRQRIORDGVDFWLQJRQPRQRSLOHRIIVKRUHWRZHUVDQG
WKHQXPHULFDOPHWKRGVXVHGIRUWKHLQYHVWLJDWLRQRILWVVWUXFWXUDOEHKDYLRXU:LWKUHVSHFWWR
K\GURG\QDPLF ORDGV RQ PRQRSLOH ZLQG WXUELQHV WKH SRSXODU OLQHDU ZDYH WKHRU\ DORQJ ZLWK
WKH 0RULVRQ HTXDWLRQ FDQ EH XVHG WR PRGHO QRUPDO VHD VWDWHV ZKHUHDV KLJKHURUGHU ZDYH
PRGHOVDUHQHFHVVDU\WRLQYHVWLJDWHVHYHUHHYHQWVVXFKDVZDYHEUHDNLQJ2IIVKRUHPRQRSLOH
ZLQGWXUELQHWRZHUVGXULQJWKHFRQVWUXFWLRQVWDJHLQPDULQHHQYLURQPHQWKDYHWRUHVLVWZLQG
ZDYHVDQGFXUUHQWV,QWKLVSDSHUWKHHIIHFWRIWKHFXUUHQWDFWLRQRQWKHG\QDPLFEHKDYLRURI
RIIVKRUHPRQRSLOHZLQGWXUELQHWRZHUVLVILUVWFRQVLGHUHGH[SHULPHQWDOO\DQGWKHQDQDSSUR
SULDWH QXPHULFDO PRGHO WR VWXG\ WKH UHVSHFWLYH VWUXFWXUDO G\QDPLF UHVSRQVH RI WKH WRZHU LV
SURSRVHG
2

EXPERIMENTAL SETUP

2.1 Test facility
7KHH[SHULPHQWRIDPRQRSLOHVXEMHFWHGWRZLQGZDYHVDQGFXUUHQWZDVSHUIRUPHGDWWKH
:LQG7XQQHO DQG&LUFXODWLQJ:DWHU&KDQQHO/DE6KDQJKDL-LDR7RQJ8QLYHUVLW\LQ&KLQD
7KH/DEFRQVLVWVRIWZRODUJHVFDOHIDFLOLWLHVWKHPXOWLIXQFWLRQDOZLQGWXQQHODQGWKHFLUFXODW
LQJ ZDWHU FKDQQHO ZLWK WKH FDSDELOLW\ WR FUHDWH DQ HQYLURQPHQW RI FXUUHQWV ZDYHV DQG VHD
ZLQG,QSDUWLFXODUWKHFKDQQHOLVDEOHWRVLPXODWHYDULRXVPDULQHHQYLURQPHQWVLQFOXGLQJFXU
UHQWZDYHVVHDZLQGDQGVWUDWLILHGIORZ)RUWKHVSHFLILFH[SHULPHQWDOVHWXSZLQGILHOGDQG
FXUUHQWILHOGDWDXQLIRUPYHORFLW\DORQJWKHWRZHUKHLJKWDQGSHULRGLFUHJXODUZDYHZDVSUR
YLGHG

D $IXOOLPDJH
E $FWXDOWHVWVHFWLRQ
)LJXUH7KHIDFLOLWLHVDWWKH:LQG7XQQHODQG&LUFXODWLQJ:DWHU&KDQQHO/DE6-78

2.2 Description of the tower model
7KHSURWRW\SHPRQRSLOHVWUXFWXUHLV DPKHLJKWRIIVKRUHZLQGWXUELQHWRZHU GXULQJWKH
HUHFWLRQVWDJH)LJXUHGHSLFWHVWKDWH[SHULPHQWDOPHDVXUHPHQWVHWXSDQGWKHGLPHQVLRQVRI
WKHWRZHUPRGHO7KHH[SHULPHQWDOPRGHOLVLQVWDOOHGLQWKH:LQG7XQQHODQG&LUFXODWLQJ:D
WHU7DQNDVVKRZQLQ)LJXUH7KHSURWRW\SHLVORFDWHGDWDVLWHZLWKDZDWHUGHSWKRIPLWV
H[WHUQDOUDGLXVRQWKHEDVHLVPDQGWKDWRQWKHWRSLVP7KHPRQRSLOHLVIL[HGLQWKH
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VHDEHG ZKLOVW WKHPRGHOZDVPDQXIDFWXUHGZLWKDJHRPHWULFDO VFDOLQJRI 7KHGLPHQ
VLRQVRIWKHWRZHUPRGHODUHGLVSOD\HGLQ)LJXUHE7KHKHLJKWRIWKHVFDOHGGRZQWRZHULV
PPKHLJKWDERYHWKHZDWHUVXUIDFHOHYHO DQGPKHLJKWXQGHUZDWHUGHSWKUHVSHF
WLYHO\ 7KH GLDPHWHU RI WKH WRZHU PRGHO YDULHV OLQHDUO\ DORQJ LWV KHLJKW IURP PP DW WKH
ERWWRP WR PP DW WKH WRS DV VKRZQ LQ )LJXUH E 7KH WKLFNQHVV RI WKH WRZHU PRGHO LV
PPDQGWKHWRZHULVIL[HGE\IRXUĭEROWV$VLVZHOONQRZQLQDQDFWXDOZLQGWXQQHORU
ZDWHU WDQN WHVW WR EDODQFH )URXGH DQG 5H\QROGV QXPEHUV LV D KDUG WDVN DQG WR WKLV HQG WKH
)URXGHODZVRIVLPLOLWXGH KDGEHHQXVHGIRUWKH SK\VLFDO PRGHOOLQJRIWKHSURSHUWLHV RI WKH
WRZHUPRGHO
7KHPRQRSLOHUHVSRQVHZDVPHDVXUHGE\XVLQJRQHDFFHOHURPHWHUDWFPKHLJKWRISRLQW
%RQWKHOHHVLGHRIWKHWRZHUPRGHOLQ[D[LVGLUHFWLRQDQGRQHVHQVRUKHDGDWWKHFPKHLJKW
RI WKH SRLQW & LQ FURVV VHFWLRQ GLUHFWLRQ LQ ]D[LV GLUHFWLRQ DQG WKH RWKHU RQH DW WKH FP
KHLJKWRIWKHSRLQW$LQFURVVVHFWLRQGLUHFWLRQWRPHDVXUHWKHYHORFLW\YDOXHVLQ]D[LVGLUHF
WLRQ$OOWKHWUDQVGXFHUVZHUHFRQQHFWHGZLWKWKHLUFRUUHVSRQGLQJGDWDDFTXLVLWLRQLQVWUXPHQWV
7KHZDYHJDXJHLVHPSOR\HGWRPHDVXUHWKHZDYHHOHYDWLRQZKHQDSSO\LQJZDYHORDGVLQWKH
&LUFXODWLQJ:DWHU7DQN

D

$FWXDOH[SHULPHQWVHWXS
E 'LPHQVLRQVRIWKHWRZHUPRGHO LQPP
)LJXUH([SHULPHQWDOVHWXSDQGGLPHQVLRQRIWRZHUPRGHO

2.3 Loading states
,QWKHH[SHULPHQWYDULRXVORDGLQJFDVHVZHUHFRQVLGHUHGWRVWXG\WKHHIIHFWRIZLQGZDYHV
DQGFXUUHQWORDGLQJVRQWKHG\QDPLFUHVSRQVHRIRIIVKRUHZLQGWXUELQHWRZHUV)RUWKHZLQG
ORDGLQJWKHZLQGVSHHGZDVJUDGXDOO\LQFUHDVHGIURPPVWRPVLQWKHZLQGWXQQHO)RU
WKHFXUUHQWORDGLQJLWVYHORFLW\ZLWKDVWHSZLVHLQFUHDVHZDVSHUIRUPHGLQWKHUDQJHRIPV
WRPV)RUZDYHORDGLQJDVZDYHHOHYDWLRQZDVUDQJHGIURPPPWRPPIRUZDYHSHUL
RGVIURPVWRVLQWKHZDWHUWDQNWKHFRUUHVSRQGLQJZDYHKHLJKWVDWWKHZDYHSHULRGV
RI V V V DQG V EHLQJ UHVSHFWLYHO\ PP PP PP DQG PP 7KH ZDYH
VKDSHZDVWKHPRVWVWDEOHRQHZKHQZDYHPDNHUZDVLQLWLDOO\ODXQFKHGWKHQWKHQHZZDYH
ZDVWDNHQWREUHDNJUDGXDOO\GXHWRWKHUHIOHFWLRQRIWKHSUHYLRXVZDYHLQWKHZDWHUWDQNDQG
WKHUHIRUHWKHH[SHULPHQWDOUHVXOWVVKRXOGEHWHVWHGLQWKHEHJLQQLQJRIWKHVWHSRIZDYHJHQ
HUDWLRQIRUWKHORDGLQJVWDWHVWKDWLQYROYHZDYHV
$VWKHORZHUHGJH RIWKH DLURXWOHWRIWKHZLQGWXQQHO LV FPKLJKHUWKDQWKH VWLOOZDWHU
OHYHOLQWKHZDWHUWDQNFXUUHQWILHOGDQGZDYHILHOGFRXOGQRWEHDIIHFWHGLQGLYLGXDOO\E\ZLQG
ILHOGZKHQZLQGWXQQHOLVUXQQLQJVWDEO\ )LJXUHD )RUZLQGFXUUHQWZLQGZDYHDQGZDYH
FXUUHQWORDGLQJVWDWHVWKHWKUHHORDGLQJVWDWHVFDQEHSHUIRUPHGE\FRPELQLQJZLQGORDGLQJ
DQGFXUUHQWORDGLQJZLQGORDGLQJDQGZDYHORDGLQJZDYHDQGFXUUHQWORDGLQJ)RUWKHZLQG
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FXUUHQWZDYHORDGLQJVWDWHVWKHZLQGILHOGVKRXOGEHILUVWIORZLQWKHYHORFLW\UDQJHRIPV
WR PV XQWLO D VWDEOH VWDWH WKHQ FXUUHQW ILHOG LV DGMXVWHG LQ WKH VSHHG UDQJH RI PV WR
PVXSWRLWVVWHDG\VWDJHDQGILQDOO\ZDYHILHOGLVSURYLGHGLQWKHSHULRGVRIVV
DQGV
3

EXPERIMENTAL RESULTS

$LPLQJWRLQYHVWLJDWHWKHHIIHFWRIYDULRXVPDULQHORDGLQJVRQWKHG\QDPLFFKDUDFWHULVWLFV
RIRIIVKRUHZLQGWXUELQHWRZHUVGXULQJFRQVWUXFWLRQGXULQJWKHSUHVHQWH[SHULPHQWDOWHVWWKH
IROORZLQJORDGLQJVWDWHVKDGEHHQVHSDUDWHGLQWRIRXUJURXSVD ZLQGZDYHE ZLQGFXUUHQWF 
ZLQGZDYHFXUUHQWG ZDYHFXUUHQW
3.1

Wind, wave and current

)RUWKHORDGLQJVWDWHVRIZLQGRQO\ZLQGZDYHZLQGFXUUHQWDQGZLQGZDYHFXUUHQWWKH
ZLQGVSHHGZDVJUDGXDOO\LQFUHDVHGLQWKHUDQJHRIPVWRPV,QHDFKFDVHWKHYHORFLW\
DFFHOHUDWLRQDQGGLVSODFHPHQWDWSRLQWV$%DQG&ZHUHUHVSHFWLYHO\PHDVXUHGLQWKHVWHDG\
ZLQGILHOG)RUWKHFXUUHQWRQO\LWVVSHHGLVVHWLQDXQLIRUPVSHHGDWRQHORDGLQJVWDWHYDU\
LQJIURPPVWRPV)RUZDYHRQO\WKHVWLOOZDWHUOHYHOZDVFP)RUHDFKORDGLQJFDVH
WKHSHULRGRIZDYHPDNHULVILUVWGHWHUPLQHGDW VVVVDQGVDQGWKHQWKH
ZDYHKHLJKWKDGEHHQPRQLWRUHGE\ZDYHJDXJH)LJXUHVKRZVWLPHKLVWRULHVRIZDYHHOHYD
WLRQVDQGGLVSODFHPHQWUHVSRQVHVZKHQZDYHSHULRGLVVDQGZDYHKHLJKWLVPP濁澳 $F
FRUGLQJWR)LJXUHDIRUZDYHKHLJKWPPWKHZDYHSHULRGLVV$FFRUGLQJWR)LJXUHELW
FDQEHREVHUYHGWKDWDVWKHUHDUHWZRSHDNVDQGRQHYDOOH\ZLWKLQHDFKVHFRQGWKHWLPHKLVWR
ULHVRIGLVSODFHPHQWUHVSRQVHH[KLELW SHULRGLFLW\ DQGWKH UHVSHFWLYHSHULRGV DUHHTXDO WR WKH
LQSXWSHULRGRIWKHZDYHPDNHU

D 7LPHKLVWRULHVRIZDYHHOHYDWLRQV
E 7LPHKLVWRULHVRIGLVSODFHPHQWUHVSRQVHV
)LJXUH7LPHKLVWRULHVRIZDYHHOHYDWLRQVDQGGLVSODFHPHQWUHVSRQVHRIWKHPRGHOXQGHUZDYHRQO\DWSHULRG
RIVDQGDWZDYHKHLJKWRIPP

7KH GLVSODFHPHQW UHVSRQVH RI WKH WRZHU PRGHO DW SRLQW & XQGHU YDULRXV ORDGLQJ VWDWHV LV
GHSLFWHGLQ )LJXUH$FFRUGLQJWR)LJXUHWKHUHLVUHJXODUG\QDPLFUHVSRQVHRIWKHWRZHU
XQGHUZLQGVSHHGVRIPVLQWKHIRXUORDGLQJVWDWHV6SHFLILFDOO\IRUWKHORDGLQJVWDWHVRI
ZLQG RQO\ WKH UHJXODU G\QDPLF UHVSRQVH RI WKH WRZHU DW SRLQW & H[LVWV RQO\ DW ZLQG VSHHG
PV)RUWKHORDGLQJRIZLQGZDYHDQGZLQGFXUUHQWWKHUHJXODUG\QDPLFUHVSRQVHRIWKH
WRZHUXQGHUORZFXUUHQWVSHHGVDQGORZZDYHSHULRGVUHVSHFWLYHO\DUHGHSLFWHGLQ)LJXUHVE
DQGFZKHUHWKHG\QDPLFUHVSRQVHRIWKHWRZHUEHFRPHVLUUHJXODUJUDGXDOO\DVVRRQDVWKH
FXUUHQWVSHHGDQGWKHZDYHSHULRGLQFUHDVH)RUWKHORDGLQJVWDWHVRIZLQGZDYHFXUUHQWWKH
UHJXODUG\QDPLFUHVSRQVHRIWKHWRZHUXQGHUWKHFRPELQDWLRQRIORZFXUUHQWVSHHGDQGORZ
ZDYHSHULRGVWLOORFFXUWKH\KRZHYHUGLVDSSHDUDVVRRQDVFXUUHQWVSHHGDQGZDYHSHULRGLQ
FUHDVH )RU WKH ORDGLQJ VWDWHV RI ZDYH RQO\ DQG FXUUHQW RQO\ WKH G\QDPLF UHVSRQVHV RI WKH
WRZHUZHUHERWKLUUHJXODULQWKHSUHVHQWH[SHULPHQW
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D

:LQGRQO\

E

:LQGZDYH

F :LQGFXUUHQW
G :LQGZDYHFXUUHQW
)LJXUH'LVSODFHPHQWUHVSRQVHRIWKHWRZHUPRGHODWSRLQW&XQGHUYDULRXVORDGLQJVWDWHV

)RU WKH ZLQGZDYH ORDGLQJ FDVHV ZLQG ORDGLQJ ZDV FKRVHQ DW ZLQG VSHHGV RI PV
PVPVDQGPVDQGWKHZDYHPDNHUSURGXFHGZDYHORDGLQJVDWWKHSHULRGVRIV
VVDQGVZLWKZDYHKHLJKWVPPPPPPDQGPPUHVSHFWLYHO\)LJXUH
VKRZVWKHVWDQGDUGGHYLDWLRQRIWKHGLVSODFHPHQWRIWKHWRZHUPRGHODWYDULRXVZLQGVSHHGV
XQGHUZLQGRQO\ ZDYH RQO\ DQGZLQGZDYHDW YDULRXVSHULRGVRIV V V DQGV
$FFRUGLQJ WR )LJXUH D WKH VWDQGDUG GHYLDWLRQ RI WKH GLVSODFHPHQW RI WKH WRZHU PRGHO GH
FOLQHVZKHQZLQGVSHHGLQFUHDVHVIURPPVWRPVDQGWKHVWDQGDUGGHYLDWLRQVRIWKHGLV
SODFHPHQWRIWKHWRZHU PRGHODUHOHVVWKDQWKDW RIWRZHUPRGHOXQGHUZDYHRQO\ 7KHQWKH
VWDQGDUG GHYLDWLRQ RI GLVSODFHPHQW RI WRZHU PRGHO ULVHV ZLWK ZLQG VSHHG LQFUHDVLQJ EHLQJ
JUHDWHU WKDQ WKDW RI WKH WRZHU PRGHO XQGHU ZDYH RQO\ 7KHUHIRUH LW LV FRQFOXGHG WKDW ZDYH
ORDGLQJGRPLQDWHVWKHVWUXFWXUDOUHVSRQVHVRIWRZHUPRGHODWDORZZLQGVSHHGORDGLQJVWDWH
ZKLOVW ZLQG ORDGLQJ FRQWUROV WKH VWUXFWXUDO UHVSRQVHV RI WRZHU PRGHO DW D KLJK ZLQG VSHHG
)LJXUHESURYLGHVWKHVWDQGDUGGHYLDWLRQRIWKHGLVSODFHPHQWRIWKHWRZHUPRGHOXQGHUYDUL
RXVORDGLQJVWDWHVDWZLQGVSHHGVPVDQGPVDQGDWSHULRGVVVVDQGV
7KXV IRU WKH PV ZLQG ORDGLQJ FDVH ZDYH VLJQLILFDQWO\ DIIHFWV WKH G\QDPLF UHVSRQVHV
ZKLOVWIRUWKHPVZLQGORDGLQJFDVHZLQGSUHGRPLQDQWO\FRQWUROVWKHG\QDPLFUHVSRQVHRI
WKH PRQRSLOH ZLWK WKH ZDYH SHULRG YDU\LQJ )RU WKH ORDGLQJ FDVH RI ZLQGFXUUHQW D VLPLODU
WHQGHQF\FDQEHREVHUYHGZKHUHFXUUHQWRQO\DIIHFWVWKHG\QDPLFUHVSRQVHRIWKHWRZHUDWORZ
ZLQG VSHHG ZKLOVW ZLQG FRQWUROV WKH G\QDPLF UHVSRQVH RI WKH WRZHU LQ WKH FDVH WKDW ZLQG
VSHHGLQFUHDVHV
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D 67'GLVSODFHPHQWYHUVXVZLQGVSHHG
E 67'GLVSODFHPHQWYHUVXVSHULRGV
)LJXUH6WDQGDUGGHYLDWLRQRIWKHPRGHOGLVSODFHPHQWVXQGHUZLQGRQO\ZDYHRQO\DQGZLQGZDYH

)RU WKH ZLQGZDYHFXUUHQW ORDGLQJ VWDWH ZLQG ORDGLQJV FRUUHVSRQG WR ZLQG VSHHGV RI
PVPVDQGPVFXUUHQWORDGLQJVDUHVHWDWFXUUHQWYHORFLWLHVRIPVPVDQG
PVZDYHORDGLQJVDUHSURYLGHGDWZDYHSHULRGVRIVVDQGV7KHZLQGILHOGILUVW
UXQVDWDVWDEOHVWDWHDQGWKHQFXUUHQWILHOGLVVWDELOL]HGDQGDWDILQDOVWDJHWKHZDYHILHOGLV
PDGH E\ XVLQJ ZDYH PDNHU $FFHOHUDWLRQ UHVSRQVH RI PRGHO XQGHU ZLQGZDYHFXUUHQW DQG
ZDYHFXUUHQWORDGLQJVWDWHVDWZLQGVSHHGRIPVPVDQGPVZKHQFXUUHQWVSHHGLV
PVDQGZDYHSHULRGLVVLVGHSLFWHGLQ)LJXUH

D

E

F

)LJXUH$FFHOHUDWLRQVRIWKHWRZHUPRGHOXQGHUZLQGZDYHFXUUHQWDQGZDYHFXUUHQWORDGLQJVWDWHV
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,WZDVIRXQGWKDWWKHFRPELQDWLRQRIZDYHDQGFXUUHQWDFWLRQRQO\DIIHFWVWKHG\QDPLFUH
VSRQVHRIWKHPRGHOLQDORZDQGPHGLXPZLQGVSHHGIRUDVWURQJZLQGVSHHGZLQGVWLOOFRQ
WUROVWKHG\QDPLFUHVSRQVHVRIWKHWRZHU
3.2

Wave and current

:LWKUHIHUHQFHWRWKHORDGLQJVWDWHVRIZDYHDQGFXUUHQWORDGLQJVWDWHVLQFOXGLQJZDYHRQO\
FXUUHQWRQO\DQGZDYHFXUUHQWZHUHFRQVLGHUHGWRVWXG\WKHHIIHFWRIZDYHDQGFXUUHQWRQWKH
G\QDPLF UHVSRQVH RI WKH PRGHO ,Q WKLV ORDGLQJ FDVH WKH FXUUHQW VSHHG ZDV PV PV
PVDQGPVUHVSHFWLYHO\DQGZDYHSHULRGVZHUHVHWDWVVVDQGV

D

9HORFLW\ PV

E

9HORFLW\ PV

F 3HULRG V
G 3HULRG V
)LJXUH3UREDELOLW\FKDUDFWHULVWLFVRIWKHGLVSODFHPHQWVDWSRLQW&XQGHUFXUUHQWVSHHGVRI PVDQGPV
ZDYHSHULRG V DQGZDYHSHULRGVRIVDQGV FXUUHQWVSHHG PV 

7KH SUREDELOLW\ FKDUDFWHULVWLFV RI WKH GLVSODFHPHQWV DW SRLQW & XQGHU FXUUHQW VSHHGV RI
PV DQG PV DQGZDYH SHULRG RI V DQG V DSSHDU DW )LJXUH  7KH IUHTXHQF\ LQ
WKHVH ILJXUHV LV WKH QXPEHU RI DQ\ GLVSODFHPHQW YDOXH RI WKH WRZHU XQGHU YDULRXV ORDGLQJ
VWDWHV )RU WKH ORDGLQJ FDVH DW FXUUHQW VSHHG RI PV WKH SUREDELOLW\ IXQFWLRQ RI GLVSODFH
PHQWRIWKHPRGHOXQGHUZDYHFXUUHQWUDQJHVLQDZLGHUGLVSODFHPHQWDPSOLWXGHWKDQWKDWRI
WKHWRZHUPRGHOXQGHUFXUUHQWRQO\ VKRZQLQ)LJXUHD ZKLFKPHDQVWKDWWKHZDYHGRPL
QDWHVWKHVWUXFWXUDOUHVSRQVHRIWKHWRZHUDWWKLVORZFXUUHQWVSHHG
)RU WKH ORDGLQJ FDVH DW FXUUHQW VSHHG RI PV GLVSODFHPHQW DPSOLWXGHV XQGHU ZDYH
FXUUHQW DQG FXUUHQW RQO\ LQFUHDVH ZKLOVW SUREDELOLW\ IXQFWLRQV PRYH FORVHU LQ WKH VHQVH WKDW
FXUUHQW ILHOG SULQFLSDOO\ FRQWUROV WKH G\QDPLF UHVSRQVH RI WKH PRQRSLOH DW FXUUHQW VSHHG RI
PV$FFRUGLQJWR)LJXUHVFDQGGWKHYDOXHRIGLVSODFHPHQWVRIWKHWRZHUXQGHUZDYH
RQO\FDQDOZD\VVXUSDVVWKDWRIWKHWRZHUPRGHOXQGHUFXUUHQWZDYHZLWKWKHZDYHSHULRGLQ
FUHDVLQJIURPVWRVWKHWZR3')VRQO\PRYHVOLJKWO\HDFKRWKHUZKLFKLQGLFDWHWKDW
ZDYH SHULRG LQFUHDVH FRXOG QRW DIIHFW YHU\ VLJQLILFDQWO\ WKH G\QDPLF UHVSRQVH RI WKH WRZHU
PRGHOXQGHUZDYHFXUUHQWORDGLQJVWDWH
4
4.1

NUMERICAL SIMULATION
Loadings

,QPDULQHHQYLURQPHQWWKHRIIVKRUHPRQRSLOHZLQGWXUELQHWRZHUVGXULQJWKHHUHFWLRQVWDJH
DUHVXEMHFWHGWRZLQGFXUUHQWDQGZDYHORDGLQJV
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4.1.1 Wind and current loading
:LQGORDGLQJFDQEHDSSOLHGWRWKHWRZHUZDOODVSUHVVXUHDURXQGWKHWRZHUFURVVVHFWLRQ
7KHZLQGIORZFUHDWHGDWWKHZLQGWXQQHOLVDXQLIRUPZLQGILHOGDWGLIIHUHQWZLQGVSHHGVDQG
WKH ZLQG SUHVVXUH RQ WKH WRZHU PRGHO LV UHODWHG WR WKH ZLQG VSHHG EDVHG RQ WKH %HUQRXOOL
HTXDWLRQDVIROORZV


ZKHUHPw LVWKHZLQGSUHVVXUH煶濴澳LVWKHDLUGHQVLW\ NJP DQGvaLVWKHZLQGVSHHG
$FFRUGLQJWR(1>@WKHH[WHUQDOZLQGSUHVVXUHFRUUHVSRQGVWRGLIIHUHQWSURILOHV
ZLWKUHIHUHQFHWRWKHFLUFXODUF\OLQGHU5H\QROGVQXPEHUDUHUHVSHFWLYHO\JLYHQE\WKHHTXD
WLRQ
n

Re vDn
ZKHUHReLVWKH5H\QROGVQXPEHUvLVWKHIOXLGVSHHGDLVWKHGLDPHWHURIWKHWRZHUDQGn
LVWKHNLQHPDWLFYLVFRVLW\RIIOXLG
:LWKUHIHUHQFHWRWKHFXUUHQWORDGLQJWKLVLVWUDQVIHUUHGLQWRSUHVVXUHDFFRUGLQJWRWKH%HU
QRXOOLHTXDWLRQ

ZKHUHPc LVWKHFXUUHQWSUHVVXUH 煶瀊澳 LVWKHZDWHUGHQVLW\ NJP DQGvcLVWKHFXUUHQW
VSHHG
4.2.2 Wave loading
)RUWKHZDYHORDGLQJWKLVLVREWDLQHGE\WKH0RUULVRQ¶VHTXDWLRQDVWKHRIIVKRUHPRQRSLOH
LVDVOHQGHUF\OLQGULFDOVWUXFWXUHIL[HGLQWKHVHDEHG$FFRUGLQJWR0RUULVRQ¶VHTXDWLRQ>@

ZKHUHZDYHPRYHVDORQJWKH[GLUHFWLRQDVVKRZQLQ)LJXUHaDQGuLVWKHDFFHOHUDWLRQ
DQGWKHYHORFLW\RIXQGLVWXUEHGZDYHLQ[GLUHFWLRQUHVSHFWLYHO\CMDQGCDDUHUHVSHFWLYHO\
WKHPDVVDQGWKHGUDJFRHIILFLHQWIRUDVPRRWKWXEXODUVHFWLRQ UHVSHFWLYHO\DQGLQWKLV
H[SHULPHQW )RUWKHVLWXDWLRQRIILQLWHZDWHUGHSWKuDQGaFDQEHREWDLQHGDVWKHHTXDWLRQV
 DQG  >@



ZKHUHȦ ʌ7k=2π/λ7LVWKHSHULRGRIWKHZDYH煰LVWKHZDYHOHQJWKALVWKHDPSOLWXGH
RIWKHZDYHtLVWKHWLPHxLVWKHZDYHPRWLRQGLUHFWLRQyLVWKHYHUWLFDOFRRUGLQDWHDQGLWV
SRVLWLYHGLUHFWLRQLVXSZDUGVIURPZDWHUOHYHOWRWKHWRZHUWRShLVWKHZDWHUGHSWKLQWKHZD
WHUWDQNHTXDOWRPLQWKLVH[SHULPHQWDQGgLVWKHJUDYLWDWLRQDODFFHOHUDWLRQ
4.2

Validation of the numerical model

7KHZLQGWXUELQHWRZHUPRGHOZDVFUHDWHGE\WKHILQLWHHOHPHQWVRIWZDUH$%$486XVLQJ
WKH65VKHOOHOHPHQW>@7KHWRZHUZDVFRQVLGHUHGDVIL[HGDWLWVERWWRPDQGPDQXIDFWXUHG
E\4VWHHO,WVGHQVLW\DQGHODVWLFPRGXOXVZHUHUHVSHFWLYHO\JFPDQG*3DDQG
WKH3RLVVRQ¶VUDWHLV:LQGFXUUHQWDQGZDYHORDGLQJSURILOHVRIWKHRIIVKRUHZLQGWXUELQH
WRZHUDUHVKRZQLQ)LJXUH,QWKLVPRGHODVZLQGDQGFXUUHQWORDGLQJVDUHDSSOLHGDVXQL
IRUP YHORFLW\ RQ WKH VOHQGHU F\OLQGULFDO WRZHU VWUXFWXUH IRU HDFK ORDGLQJ VWDWH DFFRUGLQJ WR
WKHHTXDWLRQV  WKHZLQGORDGLQJFDQEHVLPSOLILHGLQDFFRUGDQFHWRWKHLQYHQWRU\GDWD>
@ DQGWKHFXUUHQWORDGLQJFDQEHVLPSOLILHGDVVKRZQLQ)LJXUH,QWKHWHVWVWKHZLQGVSHHG
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ZDVNHSWLQWKHUDQJHRIPVWRPVWKHUHIRUHWKH5H\QROGVQXPEHURIZLQGILHOGYDULHV
IURP 潟 WR 潟 EHLQJ OHVVWKDQ 潟 7KH FXUUHQW VSHHGV ZHUH YDU\LQJ IURP
PVWRPVLQWKH&LUFXODWLQJ:DWHU7DQNGXULQJWKHWHVW$FFRUGLQJWRHTXDWLRQ  WKH
5H\QROGVQXPEHUVRIFXUUHQWUDQJHIURP潟WR潟7KHUHIRUHDFFRUGLQJWRWKHLQ
YHQWRU\GDWD>@WKHGLVWULEXWLRQVRIZLQGDQGFXUUHQWORDGFRHIILFLHQWVDURXQGWKHFLU
FXPIHUHQFH FDQ EH GLYLGHG LQWR IRXU SDUWV 7KH DQJOHV RI WKH ZLQG SUHVVXUH DQG FXUUHQW
SUHVVXUHDURXQGWKHFLUFXPIHUHQFHRIWKHWRZHUFURVVVHFWLRQZHUHUHVSHFWLYHO\GHFLGHGWREH
DQGLQWKLVORDGLQJVWDWHVDVVKRZQLQ)LJXUH7KHZLQGSUHVVXUHKDGEHHQ
VLPSOLILHGLQWRXQLIRUPSUHVVXUHDORQJWKHWRZHUKHLJKWRYHUWKHZDWHUOHYHODVZLQGILHOGLV
DSSOLHGDVRQHFRQVWDQWYHORFLW\LQDVWHSZLVHZD\ZKLOVWWKHFXUUHQWSUHVVXUHZDVFRQVLGHUHG
DVXQLIRUPSUHVVXUHDORQJWKHWRZHUKHLJKWXQGHUWKHZDWHUOHYHO)RUWKHZDYHORDGLQJLWKDG
EHHQ FRQVLGHUHG DV D SHULRGLF FRPSUHVVLYH ORDGLQJ DSSOLHG RQ WKH KDOI VHFWLRQ RI WKH WRZHU
ZDOOXQGHUWKHZDWHUOHYHODVVKRZQLQ)LJXUH










;


:LQGORDGLQJ
&XUUHQWORDGLQJV

:DYHORDGLQJV
=

)LJXUH:LQGFXUUHQWDQGZDYHORDGLQJSURILOHRIRIIVKRUHZLQGWXUELQHWRZHU

)RUWKHORDGLQJVWDWHVRIZLQGVSHHGRIPVFXUUHQWVSHHGRIPVDQGZDYHSHULRGVRI
V DQG ZDYH HOHYDWLRQ RI PP WKH FRUUHVSRQGLQJ ZLQG SUHVVXUH FXUUHQW SUHVVXUH DQG
ZDYHIRUFHDUHFDOFXODWHGE\WKHHTXDWLRQV    DQGWKHUHIRUHWKHGLVSODFHPHQWUHVSRQVHDW
SRLQW&RIWKHWRZHUPRGHOXQGHUZLQGFXUUHQWDQGZDYHORDGLQJVFDQEHREWDLQHGIURPWKH
QXPHULFDOPRGHO)LJXUHGHSLFWVWKHODERUDWRU\WHVWDQGWKHQXPHULFDOUHVXOWVZLWKUHIHUHQFH
WRWKHGLVSODFHPHQWVDWSRLQW&RIWKHWRZHU,WLVQRWHGWKDWDJRRGDJUHHPHQWEHWZHHQQXPHU
LFDODQGH[SHULPHQWDOUHVXOWVKDGEHHQDFKLHYHG
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5

CONCLUSIONS

,QWKHSUHVHQWSDSHUD:LQG7XQQHODQG&LUFXODWLQJ:DWHU&KDQQHOZDVHPSOR\HGWRVWXG\
WKHG\QDPLFUHVSRQVHRIRIIVKRUHZLQGWXUELQHWRZHUGXULQJWKHHUHFWLRQVWDJHLQDPDULQHHQ
YLURQPHQW ,Q WKLV H[SHULPHQW WKH ORDGLQJ VWDWHV RI ZLQGZDYH ZLQGFXUUHQW ZDYHFXUUHQW
DQG ZLQGZDYHFXUUHQW ZHUH DSSOLHG WR H[SORUH WKHLU HIIHFW RQ WKH G\QDPLF UHVSRQVH RI WKH
RIIVKRUHWRZHUPRGHO7RWKLVHQGWKHODWHUZLWKDJHRPHWULFDOVFDOLQJRIZDVPDQXIDF
WXUHGDQGWHVWHGXQGHUZLQG ZDYHDQGFXUUHQW ORDGLQJV 7KUHHSRLQWV $%DQG&KDGEHHQ
FKRVHQ WR PHDVXUH WKH YHORFLW\ GLVSODFHPHQW DQG DFFHOHUDWLRQ UHVSHFWLYHO\ XQGHU WKH DIRUH
PHQWLRQHG VHOHFWHG ORDGLQJ FDVHV 7KH QXPHULFDO PRGHO RI WKH PRQRSLOH XQGHU ZLQG ZDYH
DQGFXUUHQWZDVYDOLGDWHGE\FRPSDULQJLWVUHVXOWVZLWKWKHH[SHULPHQWDORQHV
$FFRUGLQJ WR WKH ODERUDWRU\ WHVW UHVXOWV IRU WKH ZDYH ORDGLQJ DW ORZ SHULRGV DQG FXUUHQW
ORDGLQJDWORZVSHHGVWKHG\QDPLFUHVSRQVHRIWKHPRQRSLOHXQGHUZLQGZDYHZLQGFXUUHQW
VWLOORFFXUVUHJXODUO\DQGWKHG\QDPLFUHVSRQVHRIWKHWRZHULVRQO\VOLJKWO\DIIHFWHGE\WKH
ZDYH ORDGLQJ DW KLJK SHULRGV DQG FXUUHQW ORDGLQJ DW KLJK VSHHGV XQGHU WKH ZLQG VSHHG RI
PV)RUWKHZLQGZDYHFXUUHQWORDGLQJFDVHWKHHIIHFWRIFRPELQDWLRQRIZDYHDQGFXUUHQW
RQWKHG\QDPLFUHVSRQVHRIWKHWRZHULVVLJQLILFDQWDVGLVSODFHPHQWVRIWKHWRZHUKDSSHQLU
UHJXODUO\ZLWKWKHZDYHSHULRGDQGFXUUHQWVSHHGLQFUHDVH7KHORDGLQJVWDWHVRIZLQGZDYH
ZLQGFXUUHQWZLQGZDYHFXUUHQWDQGZLQGRQO\FRQWUROWKHG\QDPLFUHVSRQVHRIWKHWRZHUDV
VRRQDVWKHZLQGVSHHGLQFUHDVHV)RUWKHORDGLQJVWDWHVRIZDYHFXUUHQWWKHHIIHFWRIWKHFXU
UHQW ORDGLQJ LV PRUH VLJQLILFDQW WKDQ WKDW RI ZDYH ORDGLQJ RQ WKH G\QDPLF UHVSRQVH RI WKH
WRZHU 7KHUHIRUH FXUUHQW ORDGLQJ VKRXOG QRW EH LJQRUHG ZKHQ WKH G\QDPLF UHVSRQVH RI RII
VKRUHWRZHUVLQWKHPDULQHHQYLURQPHQWLVLQYHVWLJDWHG
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SPATIAL DISTRIBUTED CHARACTERISTICS OF DYNAMIC
RESPONSE OF JACKET SUPPORTED OFFSHORE WIND TURBINE
UNDER HURRICANE INDUCED ENVIRONMENTAL LOADS
Bowen Jiang, Qingshan Yang, Guoqing Huang and Min Liu


6FKRRORI&LYLO(QJLQHHULQJ&KRQJTLQJ8QLYHUVLW\
1R6KD]KHQJMLH6KDSLQJED&KRQJTLQJ&KLQD
MEZ#FRP

Keywords:2IIVKRUHZLQGWXUELQHV+XUULFDQH'\QDPLFUHVSRQVHV6SDWLDOGLVWULEXWLRQ
Abstract. During extreme tropical cyclones such as hurricanes and typhoons, although offshore wind turbines (OWTs) are parked and feathered to mitigate loads on the turbine blades,
failures may happen to OWTs due to hurricane induced environmental loads or errors of the
control systems. In this study, attempts are made to investigate the spatial distributed characteristics of hurricane induced response of OWTs considering the influence of the misalignment between local wind and wave. The dynamic responses of the jacket supported OWT are
computed via implementing coupled aero-servo-hydro elastic analysis based on the hurricane-related wind and wave fields. Parametric models are adopted to simulate the spatial dependent turbulent wind fields and uni-directional irregular wave fields induced by hurricanes.
Based on a series of coupled aero-servo-hydro elastic analyses, the spatial distributed characteristics of dynamic response such as tower-top and platform displacement, structural
stress in tower and substructure and axial force on cross-section of the legs are investigated
by comparing their maximum, mean and standard deviation values. In addition, focusing on
the points where maximum responses occur, the time history curves of response are obtained
and analyzed to illustrate their temporal characteristics.
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INTRODUCTION

$V D ZLGHO\ FRQFHUQHG UHQHZDEOH HQHUJ\ RIIVKRUH ZLQG HQHUJ\ XQGRXEWHGO\ SURYLGHV D
VROXWLRQ WR WKH HQYLURQPHQWDO SUREOHPV HQFRXQWHUHG LQ WKH SURFHVV RI HQHUJ\ XWLOL]DWLRQ
+RZHYHUWKHKDUYHVWRIZLQGUHVRXUFHLVFRPSDQLHGZLWKSRWHQWLDOULVNVGXHWRH[WUHPHWURSL
FDOF\FORQHVVXFKDVW\SKRRQVDQGKXUULFDQHV,QVRXWKHDVWFRDVWDODUHDRI&KLQDZKHUHPDQ\
RIIVKRUHZLQGIDUPVDUHORFDWHGWKHUHLVDKLJKULVNWKDW2:7VDUHH[SRVHGE\WURSLFDOF\
FORQHV )URP  WR  D QXPEHU RI ZLQG WXUELQH IDLOXUH FDVHV GXULQJ WURSLFDO F\FORQH
DFWLYLWLHVZHUHUHSRUWHGDQGDWWUDFWHGWKHDWWHQWLRQRIVRPHVFKRODUV>@7KHVHIDLOXUHHYHQWV
DOOKDSSHQHGWRRQVKRUH ZLQGWXUELQHV LQ WKH $VLD3DFLILF UHJLRQ DQG FDQ EH FKDUDFWHUL]HDV
VWUXFWXUDOIDLOXUHDQGEODGHIDLOXUH$FFRUGLQJWR/L¶VVWXG\>@WKHFDXVHRIWKHIDLOXUHVGXU
LQJKXUULFDQHHYHQWVDUHFRUUHODWHGZLWKH[WUHPHZLQGVSHHGGUDVWLFFKDQJHRIZLQGGLUHFWLRQ
LQWHQVHWXUEXOHQFHLQWKHLQIORZZLQGDQGIDLORIFRQWUROV\VWHP'XULQJKXUULFDQHHYHQWVH[
WUHPHZLQGDQGZDYHVDUHJHQHUDWHGFDXVLQJWKHEHDULQJORDGVPRUHFRPSOLFDWHGWKDQWKDWRQ
RQVKRUH ZLQG WXUELQHV ZKLFK PD\ OHDG WR IDLOXUHV RI 2:7V DOWKRXJK WKHUH LV QR UHFRUG RI
WKHVHHYHQWV
%DVHGRQWKHDERYHFRQVLGHUDWLRQVHQYLURQPHQWDOORDGVGXHWRKXUULFDQHVVKRXOGEHFRQ
VLGHUHGLQWKHGHVLJQIXWXUHWXUELQHV2QHRIWKHPDMRUSUREOHPVLQDQDO\]LQJWKHFKDUDFWHULV
WLFVRI2:7UHVSRQVHFDXVHGE\KXUULFDQHVLVPRGHOOLQJVSDWLRWHPSRUDOFRUUHODWHGZLQGDQG
ZDYH ILHOGV ,Q WKH SDVW IHZ GHFDGHV VRPH VRSKLVWLFDWHG QXPHULFDO PRGHOV VXFK DV
:$9(:$7&+,,,80&0DQG6:$1>@KDYHEHHQXVHGWRSUHGLFWWKHZLQGDQGZDYH
ZLWKLQKXUULFDQHVEDVHGRQWKHSK\VLFVRIZDYHJHQHUDWLRQ+RZHYHUGXHWRWKHKLJKFRPSX
WDWLRQDO FRVW DQG OLPLWHG UHVROXWLRQ WKHVH QXPHULFDO PRGHOV DUH QRW DSSUHFLDEOH IRU WKH G\
QDPLFDQDO\VLVRI2:7V7RWKLVHQGVRPHSDUDPHWULFPRGHOVZHUHSURSRVHGWRFKDUDFWHUL]H
KXUULFDQHJHQHUDWHGZLQGDQGZDYHV)RUKXUULFDQHZLQGILHOGPRGHO+ROODQGPRGHO>@KDV
EHHQ H[WHQVLYHO\ XVHG WR FKDUDFWHUL]H WKH KXUULFDQH UDGLDO SURILOHV GXH WR LWV VLPSOLFLW\ DQG
HIIHFWLYHQHVV6RPHRWKHUSDUDPHWULFPRGHOVIRUKXUULFDQHZLQGVKDYHEHHQSURSRVHGWDNLQJ
LQWR DFFRXQW WKH HIIHFW RI VXUIDFH IULFWLRQ DQG VWRUP WUDQVODWLRQ >@ $WWHPSWV KDYH DOVR
EHHQ PDGH WRSURYLGHSDUDPHWULFZDYH PRGHOV JHQHUDWHG E\ KXUULFDQHV >@ 7KH VSDWLDO
GLVWULEXWHGFKDUDFWHULVWLFRIVLJQLILFDQWZDYHKHLJKWDQGORFDOZDYHGLUHFWLRQVDUHLQYHVWLJDWHG
LQWKHVHZRUNV
,QVSLUHGE\WKHIDLOXUHFDVHVRIZLQGWXUELQHVUHSRUWHGEHIRUH DOWKRXJKWKHVHIDLOXUHHYHQWV
DOOKDSSHQHGWRRQVKRUHZLQGWXUELQHV WKHFRQWUROV\VWHPWXUELQHSDUNLQJVWUDWHJ\DQGEODGH
D]LPXWKDOFRQILJXUDWLRQKDYHYLWDOLQIOXHQFHRQWKHDHURG\QDPLFORDGRIDZLQGWXUELQH.LP
DQG 0DQXHO >@ LQYHVWLJDWHG WKH KXUULFDQH LQGXFHG ORDGV RQ D PRQRSROH VXSSRUWHG 0:
2:7ZLWKFRQVLGHUDWLRQVIRUQDFHOOH\DZDQGEODGHSLWFKFRQWURODQGYDOLGDWHGWKHPRVWXQ
IDYRUDEOH\DZDQJOHGXULQJKXUULFDQHV)RU2:7VVXSSRUWHGE\VXEVWUXFWXUHVVXFKDVMDFNHWV
DQGWULSRGVWKHVWUXFWXUDOEHDULQJFDSDFLWLHVDUHGLIIHUHQWZKHQEHLQJORDGHGLQGLIIHUHQWGL
UHFWLRQV:HLHWDO>@LQYHVWLJDWHGWKHEHDULQJFDSDFLWLHVRIDMDFNHWVXSSRUWHG2:7LQGLI
IHUHQW GLUHFWLRQV 7KH ORZHVW ORDGLQJ FDSDFLW\ DW D LV YHULILHG EDVHG RQ D VWDWLF QRQOLQHDU
SXVKRYHUDQDO\VLVRIWKHMDFNHWVWUXFWXUHXQGHUZLQGDQGZDYHORDGV)XUWKHUPRUHDWWHQWLRQV
KDYHEHHQSDLGWRKXUULFDQHULVNDVVHVVPHQWRI2:7VDQGGLUHFWLRQDOHIIHFWVRIHQYLURQPHQWDO
ORDGVRQ2:7V>@
,QVXPPDU\WKHZLQGILHOGVDQGZDYHILHOGVLQGXFHGE\KXUULFDQHVDUHVSDWLDOGLVWULEXWHG
GXH WR WKH FKDUDFWHULVWLFV RI KXUULFDQH ZLQG DQG SK\VLFDO PHFKDQLVP RI ZDYH JHQHUDWLRQ
7KHUHIRUHERWKWKHDPSOLWXGHDQG WKH GLUHFWLRQ RI HQYLURQPHQWDO ORDGV YDU\ ZLWK WKH VSDWLDO
ORFDWLRQ'HVSLWHWKHVWXGLHVDERYHOLPLWHGVWXGLHVKDYHEHHQFRQGXFWHGRQFKDUDFWHULVWLFVRI
KXUULFDQHLQGXFHGG\QDPLFUHVSRQVHRIMDFNHWVXSSRUWHG2:7VIRFXVLQJRQWKHVSDWLDOFRUUH
ODWHGZLQGDQGZDYHILHOGVJHQHUDWHGE\KXUULFDQHV
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MODELING OF WIND AND WAVE INDUCED BY HURRICANES

7KHG\QDPLFUHVSRQVHVRI2:7VGHSHQGRQWKHHQYLURQPHQWDOORDGLQJZKLFKLVUHPDUND
EO\FRUUHODWHGZLWKWKHZLQGILHOGVDQGZDYHILHOGVLQGXFHGE\KXUULFDQHV+RZHYHUGXHWR
WKH PRYHPHQW DQGLQWHQVLW\YDULDWLRQ RI VWRUP WKH KXUULFDQH LQGXFHG ZLQG ILHOGV DQG ZDYH
ILHOGVHYROYHRYHUWLPH7KHUHIRUHWKHZLQGVSHHGRUWKHZDYHHOHYDWLRQDWDQ\VSHFLILHGSRLQW
FDQ EH PRGHOHG DV QRQVWDWLRQDU\ SURFHVVHV 'HVSLWH WKH WLPHYDU\LQJ FKDUDFWHULVWLFV WKH
ZLQGVSHHGRUWKHZDYHHOHYDWLRQFDQEHFKDUDFWHUL]HGE\VWDWLRQDU\SURFHVVHVGXULQJDVKRUW
LQWHUYDO PLQ EDVHGRQWKHVORZFKDQJHFKDUDFWHULVWLFRIKXUULFDQHZLQGILHOGV7KXVSDU
DPHWULFPRGHOVDUHDGRSWHGWRVLPXODWHWKHVSDWLDOGHSHQGHQWZLQGILHOGDQGZDYHILHOGGXULQJ
KXUULFDQHV
2.1

Modeling of hurricane wind

7KHQHDUVXUIDFHKXUULFDQHZLQGILHOGQDPHO\WKHPHDQZLQGVSHHGDWKHLJKWRIPFDQ
EHGHFRPSRVHGLQWRDQD[LV\PPHWULFFRPSRQHQWRIWKHVWRUPYRUWH[DQGDQD[LDOO\DV\PPHW
ULFFRPSRQHQWRIWKHVXUIDFHEDFNJURXQGZLQG>@7KHVFKHPDWLFIRUFDOFXODWLRQRIWKHQHDU
VXUIDFHKXUULFDQHZLQGDWDQ\VSHFLILHGSRLQWLVVKRZQLQ)LJXUH$VLVGHILQHGLQ)LJXUH
VWRUPWUDFNLVDVVXPHGWREHDOLJQHGZLWKWKHKRUL]RQWDOD[LVDQGWKHVWRUPFHQWHULVIL[HGWR
WKH FRRUGLQDWH RULJLQ r DQG M DUH UDGLDO GLVWDQFH IURP VWRUP FHQWHU WR REVHUYDWLRQ SRLQW P
DQGD]LPXWKRIYHFWRU OP ZKLFKLVGHILQHGFRXQWHUFORFNZLVHIURPWKHKRUL]RQWDOD[LV7KH
FRRUGLQDWHRIWKHREVHUYDWLRQSRLQWPLV X P  YP ZKHUH YP UHSUHVHQWVWKHRIIVHWGLVWDQFHRI
SRLQWPIURPWKHVWRUPWUDFN X P UHSUHVHQWVWKHKRUL]RQWDOGLVWDQFHRISRLQWPIURPWKHVWRUP
FHQWHUO7KHQHDUVXUIDFHKXUULFDQHZLQGVSHHGHTXDOVWKHYHFWRUVXPRIWKHFRPSRQHQWRI
WKHVWRUPYRUWH[DQGWKHFRPSRQHQWRIWKHVXUIDFHEDFNJURXQGZLQG0HDQZKLOHDGHFHOHUD
WLRQHIIHFWDQGDURWDWLRQDOHIIHFWDUHFDXVHGE\WKHVXUIDFHIULFWLRQWKHUHIRUHWKHJUDGLHQWZLQG
DQGEDFNJURXQGZLQGVKRXOGEHPRGLILHGE\UHGXFWLRQIDFWRU D r DQG D t DQGURWDWLRQDQJOH
D DQG E 
G
G
G

U D rVr  D tVt 
G
:KHUHU LVWKHPHDQZLQGVSHHGDWKHLJKWRIP D r DQG D t DUHVXUIDFHZLQGUHGXFWLRQ
IDFWRU 6:5) RIJUDGLHQWZLQGVSHHG Vr DQGEDFNJURXQGZLQGVSHHG Vt 
,QWKHSUHVHQWVWXG\WKHJUDGLHQWZLQGDQGWKHEDFNJURXQGZLQGDUHFRQYHUWHGWRWKHVXU
IDFHOHYHOZLWK6:5) D r  DQG D t  7KHURWDWLRQDQJOHRIEDFNJURXQGZLQG E D 
ZKLOH WKH URWDWLRQDQJOHRIJUDGLHQWZLQG D LV JLYHQ E\ WKH 1DWLRQDO :HDWKHU 6HUYLFH¶V H[
SUHVVLRQ>@
D   r Rm   d r  Rm
°°
D ®D  D r Rm    Rm d r   Rm
° D
°̄  r t  Rm



:KHUH Rm LVUDGLXVWRPD[LPXPZLQG
7KHYDOXHRIWKHD[LV\PPHWULFFRPSRQHQWRIWKHVWRUPYRUWH[FDQEHFDOFXODWHGEDVHGRQ
WKH+ROODQGPRGHO>@
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:KHUH U LVDLUGHQVLW\ f c : VLQ ) LVWKH&RULROLVSDUDPHWHULQZKLFK :  u 
DQG ) LV ODWWLFH 'P LV FHQWUDO SUHVVXUH GHILFLW B LV WKH +ROODQG SDUDPHWHU ZKLFK LV GHWHU
PLQHGDV
B

Vm eU  f cVm Rm eU
'P



:KHUH e LVEDVHRIQDWXUDOORJDULWKPV Vm LVPD[LPXPPHDQZLQGVSHHG

)LJXUH6FKHPDWLFIRUFDOFXODWLRQRIWKHQHDUVXUIDFH
KXUULFDQHZLQGDWDQ\VSHFLILHGSRLQW

)LJXUH&RQWRXURIKXUULFDQHZLQGILHOGDWKHLJKWRI
P

3DUDPHWHUV

YDOXHV

/DWLWXGH

GHJ

6WRUPFHQWUDOSUHVVXUHGHILFLW

PE

5DGLXVWRPD[LPXPZLQGV

NP

)RUZDUGPRYHPHQWVSHHG

PV

$LUGHQVLW\

NJP

7DEOH3DUDPHWHUVRIDPHDVXUHGKXUULFDQH

8VLQJ WKH KXUULFDQH ZLQG PRGHO PHQWLRQHG DERYH WKH VSDWLDO GLVWULEXWLRQ RI PHDQ ZLQG
VSHHGDWKHLJKWRIPFDQEHVLPXODWHGDFFRUGLQJWRWKHSDUDPHWHUVRIDPHDVXUHGKXUULFDQH
OLVWHGLQ7DEOH7KHFRQWRXURIKXUULFDQHZLQGILHOGDWKHLJKWRIPLVVKRZQLQ)LJXUH
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$VLVVKRZQLQ)LJXUHGXHWRWKHEDFNJURXQGZLQGDSHDNRFFXUVDWWKHSRLQWZKHUH r
DQG M
2.2

Rm

D

 
Modeling of hurricane wave

,QHDUO\VWXGLHVZLQGJHQHUDWHGVHDVDUHFKDUDFWHUL]HGE\ZDYHVSHFWUDEDVHGRQPHDVXUHG
GDWDZKLFKDUHUHODWHGZLWKWKHVWHDG\ZLQGVSHHGRYHUWKHVHD>@+RZHYHUGXULQJPH
WHRURORJLFDO IRUFLQJ HYHQWV VXFK DV WURSLFDO FORQHV KXUULFDQHV DQG W\SKRRQV GHVWUXFWLYH
ZDYHVDUHJHQHUDWHGE\WLPHYDU\LQJZLQGILHOGVFRUUHODWHGZLWKWKHYRUWH[VWUXFWXUH7RWKLV
HQGWKHFRQFHSWRIDQH[WHQGHGIHWFKZDVSURSRVHGE\<RXQJ>@WRUHIOHFWWRWKHUHOD
WLRQVKLSEHWZHHQVLJQLILFDQWZDYHKHLJKWPD[LPXPZLQGYHORFLW\LQWKHVWRUPDQGYHORFLW\
RIWKHIRUZDUGPRYHPHQWRIWKHVWRUP0RUHUHFHQWO\IHWFKRUGXUDWLRQOLPLWHGZDYHJURZWK
IXQFWLRQV>@KDYHEHHQSURSRVHGDFFRUGLQJWRWKHGDWDVHWVIURPWKH1DWLRQDO$HURQDXWLFV
DQG 6SDFH $GPLQLVWUDWLRQ 1$6$  DQG 1DWLRQDO 2FHDQLF DQG $WPRVSKHULF $GPLQLVWUDWLRQ
12$$  FRPELQHG KXUULFDQH KXQWHU PLVVLRQV GXULQJ %RQQLH  > @ DQG ,YDQ 
>@7KHIHWFKOLPLWHGZDYHJURZWKIXQFWLRQFDQEHH[SUHVVHGDV

° H s  u U xK
®

 
°̄Tp  u U xZ



:KHUH H s LVVLJQLILFDQWZDYHKHLJKW Tp LVVSHFWUDOSHDNZDYHSHULRG U LVPHDQZLQG
VSHHG DW KHLJKW RI  P xK DQG xZ DUH HIIHFWLYH IHWFK FRUUHVSRQGLQJ WR H s DQG Tp UHVSHF
WLYHO\

)LJXUH6FKHPDWLFRID]LPXWKDOGHSHQGHQWZDYHGL
UHFWLRQ

)LJXUH&RQWRXURIVLJQLILFDQWZDYHKHLJKW

,QWKLVPRGHOWKHYDULDEOHV xK DQG xZ LQIHWFKOLPLWHGZDYHJURZWKIXQFWLRQDVZHOODVWKH
DQJOH EHWZHHQ ZDYH GLUHFWLRQ DQG WDQJHQWLDO GLUHFWLRQ M w DUH D]LPXWKDO GHSHQGHQW DV LV
VKRZQLQ)LJXUH,Q)LJXUHWKHVWRUPWUDFNLVDVVXPHGWREHDOLJQHGZLWKWKHKRUL]RQWDO
D[LVDQGWKHVWRUPFHQWHULVIL[HGWRWKHFRRUGLQDWHRULJLQ7KHGHWDLOHGPHWKRGWRGHWHUPLQH
WKHVH YDULDEOHV FDQEH IRXQGLQ+ZDQJ¶V VWXGLHV > @ ,Q SUHVHQW VWXG\ +ZDQJ¶V PRGHO
ZDVDGRSWHGWRVLPXODWHKXUULFDQHZDYHILHOGDFFRUGLQJWRWKHKXUULFDQHZLQGILHOGSUHVHQWHG

2138

%RZHQ-LDQJ4LQJVKDQ<DQJ*XRTLQJ+XDQJDQG0LQ/LX

LQ6HFWLRQ7KHVSDWLDOGLVWULEXWHGVLJQLILFDQWZDYHKHLJKWVSHFWUDOSHDNZDYHSHULRGDQG
GLUHFWLRQVRIZLQGDQGZDYHVDUHVKRZQLQ)LJXUHV

)LJXUH&RQWRXURIVSHFWUDOSHDNZDYHSHULRG

3
3.1

)LJXUH$]LPXWKDOGHSHQGHQWZLQGDQGZDYHGLUHF
WLRQV

NUMERICAL SIMULATION
Modeling of OC4-jacket OWT

,Q WKLV VWXG\ D MDFNHW GHVLJQ QDPHO\ 2&MDFNHW LV FRQVLGHUHG WR VXSSRUW WKH 15(/ 
0:EDVHOLQHWXUELQH>@7KHPDLQGLPHQVLRQVDQGSURSHUWLHVRI2&MDFNHWDQG15(/
0:EDVHOLQHWXUELQHDUHOLVWHGLQ7DEOH7KHVFKHPDWLFRIWKH2&MDFNHWVXSSRUWVWUXF
WXUH LV VKRZQ LQ )LJXUH  $V VKRZQ LQ )LJXUH  WKH VXSSRUWLQJ VWUXFWXUDO V\VWHP RI 2&
MDFNHWLVGHVLJQHGWREHGHSOR\HGLQWKHVLWHZLWKPZDWHUGHSWKZLWKWKHURWRUQDFHOOHDV
VHPEO\ 51$ EHLQJPRXQWHGPDERYHPHDQVHDOHYHO 06/ ,QRUGHUWRUHDOL]HWKHULJLG
FRQQHFWLRQEHWZHHQWRZHUDQGVXEVWUXFWXUHDULJLGSODWIRUPLVHPSOR\HG0RUHRYHUWKHHI
IHFWRIQRQOLQHDUVRLOSLOHLQWHUDFWLRQLVQHJOHFWHGLQRWKHUZRUGVWKHOHJVRIWKHMDFNHWDUH
DVVXPHGFODPSHGDWWKHVHDEHG
7RVLPXODWHWKHSDUNHGZLQGWXUELQHGXULQJKXUULFDQHVWKHWXUELQHEODGHVZHUHSLWFKHGWR
DQGWKH51$ZDV\DZHGWREHDOLJQHGZLWKWKHORFDOZLQGGLUHFWLRQ VKRZQLQ)LJXUH 
$VDFRPSURPLVHRIVDYHFRPSXWLQJFRVWWKHZLQGWXUELQHZDVDVVXPHGWREHORFDWHGZLWKLQ
WKHUDQJHRI  Rm   Rm IURPWKHVWRUPFHQWHU
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)LJXUH6FKHPDWLFRIDQ2&MDFNHW2:7

)LJXUH6FKHPDWLFRIQDFHOOH\DZDQJOH

3URSHUWLHV

YDOXHV

5DWHGSRZHU

0:

&XWLQZLQGVSHHGUDWHGZLQGVSHHGFXWRXWZLQGVSHHG

PVPVPV

5RWRUGLDPHWHUKXEGLDPHWHU

PP

+XEKHLJKWDERYH06/

P

'HFNKHLJKWDERYH06/

P

7RZHUOHQJWK

P

7UDQVLWLRQSLHFHOHQJWK

P

7RZHUEDVHRXWHUGLDPHWHU

P

7RZHUEDVHWKLFNQHVV

P

7RZHUWRSRXWHUGLDPHWHU

P

7RZHUWRSWKLFNQHVV

P

51$PDVV

NJ

-DFNHWPDVV

NJ

7UDQVLWLRQSLHFHPDVV

NJ

7RZHUPDVV

NJ

6WUXFWXUDOGDPSLQJUDWLR



7DEOH0DLQSURSHUWLHVRI2&MDFNHWDQG15(/0:EDVHOLQHWXUELQH
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3.2

Environmental loads

7KH LQIORZ ZLQG FDQ FDXVH DHURG\QDPLF ORDG RQ 2:7V LQFOXGLQJ GUDJ DQG OLIW IRUFH RQ
EODGHVDQGGUDJIRUFHRQWRZHUV:LWKWKHKXUULFDQHZLQGILHOGGHWHUPLQHGLQ6HFWLRQWKH
)U¡\DZLQGSURILOHDQGVSHFWUDOPRGHO>@ZHUHDGRSWHGWRFDOFXODWHWKHWLPHVHULHVRILQIORZ
ZLQGVSHHGDWGLIIHUHQWORFDWLRQV7KH)U¡\DZLQGSURILOHLVH[SUHVVHGDV
u z

U ref      U ref OQ z H ref



:KHUH u z LVPHDQZLQGVSHHGDWKHLJKW z  U ref LVWKHKRXUPHDQZLQGVSHHGDW H ref 
H ref  P 
7KH)U¡\DVSHFWUDOPRGHOZDVGHYHORSHGIRUQHXWUDOFRQGLWLRQVRYHUZDWHULQWKH1RUZH
JLDQ6HD,WFDQEHH[SUHVVHGDV


Su f

§U · § z ·
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©  ¹ ©  ¹
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:KHUH n  DQG
f


§ z · § U ref ·
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¸
©  ¹ ©  ¹





,QSUDFWLFHEODGHHOHPHQWPRPHQWXP %(0 WKHRU\LVRQHRIPRVWFRPPRQO\XVHGPHWK
RGVIRUFDOFXODWLQJDHURG\QDPLFORDGRQZLQGWXUELQHEODGHV$FFRUGLQJWRWKLVPHWKRGWZR
GLPHQVLRQDODLUIRLOWDEOHVRIOLIWDQGGUDJFRHIILFLHQWDUHLQFOXGHGDVDIXQFWLRQRIWKHDQJOHRI
DWWDFN WKXV D VHW RI HTXDWLRQV FDQ EH LWHUDWLYHO\ VROYHG IRU WKH LQGXFHG YHORFLWLHV RQ HDFK
EODGHHOHPHQW)RUSDUNHGWXUELQHVWKHURWRUZDNHLQGXFWLRQHIIHFWVFDQEHLJQRUHG7KXVWKH
DHURG\QDPLF ORDG RQ EODGHV DQG WRZHU FDQ EH GLUHFWO\ FDOFXODWHG EDVHG RQ WKH WDEOHV RI OLIW
DQGGUDJFRHIILFLHQWDQGLQVWDQWDQHRXVLQIORZZLQGVSHHG
7KH K\GURG\QDPLF ORDG RQ 2:7V LV UHODWHG WR ORFDO ZDYH NLQHPDWLFV 7KH OLQHDU $LU\
ZDYHWKHRU\>@LVXVHGWRSUHGLFWWKHNLQHPDWLFVRIWZRGLPHQVLRQDOZDYHVRIVPDOOKHLJKW
LQGHHSZDWHU,QRUGHUWRUHIOHFWWKHVWRFKDVWLFLW\RIVHDVWDWHVLUUHJXODUZDYHVFDQEHPRG
HOOHG DV WKH OLQHDU VXSHUSRVLWLRQ RI VLQXVRLGDO ZDYH FRPSRQHQWV 7KXV WKH GLVWULEXWLRQ RI
ZDYH HQHUJ\ DW GLIIHUHQW IUHTXHQFLHV LV FKDUDFWHUL]HG E\ VSHFLI\LQJ D ZDYH VSHFWUXP )RU D
GHYHORSLQJ VHD WKH -216:$3 WKH-RLQW 1RUWK 6HD :DYH 3URMHFW  VSHFWUXP ZDV SURSRVHG
DQGDGRSWHGE\,(&VWDQGDUG>@7KH,(&-216:$3VSHFWUXPLVH[SUHVVHGDV
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%DVHGRQWKHZDYHNLQHPDWLFVGHWHUPLQHGE\-216:$3VSHFWUXPDVDIXQFWLRQRIVLJQLIL
FDQWZDYHKHLJKW H s DQGVSHFWUDOSHDNZDYHSHULRG Tp WKHZDYHIRUFHRQVOHQGHUPHPEHUV
FDQEHFDOFXODWHGE\0RULVRQ¶VHTXDWLRQ>@
fH

fD  fI


S D  G ux
S D

CD U w D u x  x u x  x  CM U w
 CM   U w
x

 Gt


 

:KHUH f H LV K\GURG\QDPLF IRUFH RI D VPDOO VL]H F\OLQGHU SHU XQLW OHQJWK f I DQG f D DUH
WKH LQHUWLD IRUFH DQG GUDJ IRUFH SHU XQLW OHQJWK CM DQG CD DUH WKH LQHUWLD FRHIILFLHQW DQG
GUDJFRHIILFLHQW u x LVWKHKRUL]RQWDOYHORFLW\FRPSRQHQWRIZDWHUSDUWLFOH U w LVZDWHUGHQVL
W\ D LVWKHGLDPHWHURIF\OLQGHU G u x G t LVWKHKRUL]RQWDODFFHOHUDWLRQFRPSRQHQW RIZDWHU
SDUWLFOH x DQG x DUH WKH KRUL]RQWDO YHORFLW\ FRPSRQHQW DQG KRUL]RQWDO DFFHOHUDWLRQ FRPSR
QHQWRIWKHF\OLQGHU
3.3

Dynamic analysis

7KH VWUXFWXUDO UHVSRQVH RI 2:7V VXEMHFWHG WR VLPXOWDQHRXV ZLQG DQG ZDYH LV QRQOLQHDU
DQGLQIOXHQFHGE\WKHLQWHUDFWLRQRIDHURG\QDPLFK\GURG\QDPLFVWUXFWXUDORSHUDWLRQDODQG
JHRWHFKQLFDO HIIHFWV 7KH RSHQVRXUFH VRIWZDUH IRU WXUELQH G\QDPLF VLPXODWLRQ )$67 >@
GHYHORSHG DW 1DWLRQDO 5HQHZDEOH (QHUJ\ /DERUDWRU\ 15(/  DUH XVHG LQ FDOFXODWLQJ WKH
VWUXFWXUDOUHVSRQVHRI2:7VVXEMHFWHGWRVLPXOWDQHRXVZLQG DQGZDYH ZKHUHDHURG\QDPLF
ORDGDQGK\GURG\QDPLFORDGDUHREWDLQHGDVGHVFULEHGLQSUHYLRXVVWHSV,QWKLVFDVHVL[
VVLPXODWLRQVZHUHFRQGXFWHGDVVXPLQJWKDWWKH2:7LVORFDWHGLQGLIIHUHQWSRVLWLRQVZLWKLQ
WKHUDQJHRI  Rm   Rm IURPWKHVWRUPFHQWHUZLWKWKHILUVWVRIG\QDPLFUHVSRQVHV
UHPRYHG
7KURXJKQXPHULFDOFDOFXODWLRQWKHPD[LPXPPHDQDQGVWDQGDUGGHYLDWLRQYDOXHVRIG\
QDPLFUHVSRQVHVLQNH\FRPSRQHQWVZHUHH[WUDFWHG7RUHYHDOVSDWLDOGLVWULEXWHGFKDUDFWHULV
WLFV RI G\QDPLF UHVSRQVH WKH FRQWRXU RI PD[LPXP G\QDPLF UHVSRQVHV ZLWK UHVSHFW WR
QRUPDOL]HGVSDWLDOFRRUGLQDWHV X Rm DQG Y Rm ZHUHREWDLQHGDQGDQDO\]HG
$VVXPLQJWKDWWKHVWRUPLQWHQVLW\DQGWKHIRUZDUGPRYHPHQWVSHHGRIWKHVWRUPUHPDLQV
FRQVWDQWWKHVSDWLDOGLVWULEXWHGKXUULFDQHZLQGDQGZDYHILHOGFDQEHFRQYHUWHGWRWLPHYDU\
LQJKXUULFDQHZLQGDQGZDYHILHOG$VWKHVWRUPWUDFNLVDOLJQHGZLWKWKHKRUL]RQWDOD[LVDQG
WKHVWRUPFHQWHULVIL[HGWRWKHFRRUGLQDWHRULJLQWKHREVHUYDWLRQSRLQWPPRYHVLQWKHQHJD
WLYHGLUHFWLRQRIWKHKRUL]RQWDOD[LVZLWKDQRIIVHWGLVWDQFH YP 7KXVWKHWLPHVHULHVRIPHDQ
ZLQG VSHHG VLJQLILFDQW ZDYH KHLJKW DQG PD[LPXP YDOXH RI G\QDPLF UHVSRQVH FDQ EH RE
WDLQHGE\H[WUDFWLQJSRLQWVIURPFRQWRXUVRIG\QDPLFUHVSRQVHRQOLQH Y YP PD[ ,WVKRXOGEH
QRWLFHGWKDW YP PD[ LVRIIVHWGLVWDQFHRIWKHSRLQWZKHUHPD[LPXPUHVSRQVHRFFXUV )LJ D 
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4
4.1

RESULTS AND ANALYSIS
Tower-top and platform displacement

)LJXUH  VKRZV FRQWRXUV RI PD[LPXP PHDQ DQG VWDQGDUG GHYLDWLRQ YDOXH RI WRZHUWRS
GLVSODFHPHQW DQG SODWIRUP GLVSODFHPHQW ,Q )LJV  DI  dT PD[  dT PHDQ  dTSTD  d P PD[ 
d P PHDQ DQG d PSTD VWDQG IRU PD[LPXP WRZHUWRS GLVSODFHPHQW PHDQ WRZHUWRS GLVSODFHPHQW
VWDQGDUG GHYLDWLRQ RI WRZHUWRS GLVSODFHPHQW PD[LPXP SODWIRUP GLVSODFHPHQW PHDQ SODW
IRUPGLVSODFHPHQWDQGVWDQGDUGGHYLDWLRQRISODWIRUPGLVSODFHPHQWUHVSHFWLYHO\$VLVVKRZQ
LQ )LJXUH  FG EHLQJ WKHUHIOHFWLRQ RI KXUULFDQH ZLQG ILHOG dT PHDQ DQG d P PHDQ KDYH DOPRVW
WKHVDPHFKDUDFWHULVWLFLQVSDWLDOGLVWULEXWLRQ,QDGGLWLRQ dT PD[  dTSTD  d P PD[ DQG d PSTD KDYH
VLPLODU FKDUDFWHULVWLF LQ VSDWLDO GLVWULEXWLRQ WKH PD[LPXP YDOXH ORFDWHV DW WKH VDPH SRLQW
ZKHUH r Rm DQG M D  7KH SRLQW RI PD[LPXP GLVSODFHPHQW KDV DQ RIIVHW GLVWDQFH
YP PD[  7KLV LV PDLQO\ EHFDXVH DHURG\QDPLF ORDG KDV GRPLQDQW HIIHFW RQ WRZHUWRS
GLVSODFHPHQWDQGSODWIRUPGLVSODFHPHQW$SDUWIURPWKHPHDQUHVSRQVHGHWHUPLQHGE\PHDQ
ZLQG ORDG WKHD]LPXWKRIWKHPD[LPXP UHVSRQVH LV DIIHFWHG E\ G\QDPLF UHVSRQVH ZKLFKLV
UHODWHGWRG\QDPLFORDGVDQGVWUXFWXUDOUHVLVWDQFH
7KH WLPH KLVWRU\ RI QRUPDOL]HG PHDQ ZLQG VSHHG U  VLJQLILFDQW ZDYH KHLJKW H s DQG
PD[LPXPGLVSODFHPHQW d PD[ DWWKHSRLQWRIPD[LPXPGLVSODFHPHQWDUHVKRZQLQ)LJXUH
)URP )LJXUH  WKH PD[LPXP GLVSODFHPHQW RFFXUV QHDU WKH H\HZDOO DIWHU WKH ZLQG VSHHG
UHDFKHVWKHSHDNYDOXH,QDGGLWLRQVLPLODUWRWKHWLPHKLVWRU\FXUYHRIPHDQZLQGVSHHGWKH
WLPHKLVWRU\FXUYHRIPD[LPXPGLVSODFHPHQWVKRZVXQLPRGDOFKDUDFWHULVWLF+RZHYHUHYHQ
LI WKH DHURG\QDPLF ORDG KDV GRPLQDQW HIIHFW RQ WRZHUWRS GLVSODFHPHQW DQG SODWIRUP GLV
SODFHPHQW WKH WLPH KLVWRU\ FXUYH RI PD[LPXP GLVSODFHPHQW LV DV\PPHWULF ZKLOH WKH WLPH
KLVWRU\ FXUYH RI PHDQ ZLQG VSHHG LV RI KLJK V\PPHWU\ GXH WR WKH ORZ IRUZDUG PRYHPHQW
VSHHGRIWKHVWRUP7KLVSKHQRPHQRQLVFRUUHODWHGZLWKQRQD[LV\PPHWU\RIVXSSRUWLQJVXE
VWUXFWXUHDQGWHPSRUDOFRUUHODWHGZLQGZDYHPLVDOLJQPHQWDQJOH

E  d P PD[

D  dT PD[
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F  dT PHDQ

G  d P PHDQ

H  dTSTD 

I  d PSTD

)LJXUH&RQWRXUVRIPD[LPXPPHDQDQGVWDQGDUGGHYLDWLRQYDOXHRIWRZHUWRSGLVSODFHPHQWDQGSODWIRUP
GLVSODFHPHQW
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)LJXUH7LPHKLVWRU\RIQRUPDOL]HGPHDQZLQGVSHHGVLJQLILFDQWZDYHKHLJKWDQGPD[LPXPGLVSODFHPHQW

4.2

Stress in tower and substructure

&RQWRXUVRIPD[LPXPQRUPDOVWUHVVDQGPD[LPXPVKHDUVWUHVVLQWRZHUDQGVXEVWUXFWXUH
DUHVKRZQLQ)LJXUH DG ,Q)LJXUH DG  V NT PD[  V NJ PD[  V ST PD[ DQG V SJ PD[ VWDQGIRU
PD[LPXP WRZHU QRUPDO VWUHVV PD[LPXP QRUPDO VWUHVV LQ VXEVWUXFWXUH PD[LPXP WRZHU
VKHDUVWUHVVPD[LPXPVKHDUVWUHVVLQVXEVWUXFWXUHUHVSHFWLYHO\)URP)LJXUH  DG WKHGLV
WULEXWLRQ FKDUDFWHULVWLF RI V NT PD[ DQG V ST PD[ DUH VLPLODU WR WKRVH RI dT PD[  +RZHYHU V NJ PD[
DQG V SJ PD[ VKRZGLIIHUHQWFKDUDFWHULVWLFLQVSDWLDOGLVWULEXWLRQ7KHPD[LPXPYDOXHRI V NJ PD[
DQG V SJ PD[ FDQEHIRXQGDWWKHSRLQWZKHUH r Rm DQG M D 7KLVSRLQWLVDOPRVWFRLQFL
GHQWZLWKWKHSRLQWZKHUHPD[LPXPVLJQLILFDQWZDYHKHLJKWRFFXUV0HDQZKLOHDQRWKHUSHDN
RI V NJ PD[ DQG V SJ PD[ ORFDWHVQHDUWKHSRLQWZKHUHPD[LPXPYDOXHRI dT PD[ RFFXUV7KHUHIRUH
FRQFOXVLRQFDQEHPDGH WKDWWKHPD[LPXP YDOXHV RI V NJ PD[ DQG V SJ PD[ VKRXOG EH DWWULEXWHG
WR K\GURG\QDPLFORDGZKLOHWKHPD[LPXP YDOXHV RI V NT PD[ DQG V ST PD[ VKRXOG EH DWWULEXWHG
WRDHURG\QDPLFORDG

E  V NJ PD[

D  V NT PD[
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G  V SJ PD[

F  V ST PD[

)LJXUH&RQWRXUVRIPD[LPXPQRUPDOVWUHVVDQGPD[LPXPVKHDUVWUHVVLQWRZHUDQGVXEVWUXFWXUH

$FFRUGLQJWRWKHVDPHPHWKRGDERYHZHFDQREWDLQWKHWLPHKLVWRU\FXUYHVRIQRUPDOL]HG
PD[LPXP QRUPDO VWUHVV V N PD[ DQG QRUPDOL]HG PD[LPXP VKHDU VWUHVV V S PD[ DW WKH SRLQWV
ZKHUHPD[LPXPYDOXHVRFFXU VKRZQLQ)LJXUHV ,WVKRXOGEHQRWHGWKDWWKHPD[LPXP
QRUPDOVWUHVVDQGPD[LPXPVKHDUVWUHVVGRQRWORFDWHDWWKHVDPHSRLQW7KXVWKHWLPHKLVWR
U\FXUYHVRIQRUPDOL]HGPHDQZLQGVSHHG U DQGVLJQLILFDQWZDYHKHLJKW H s DWFRUUHVSRQG
LQJ SRLQWV DUH VKRZQ LQ )LJXUHV  $V )LJXUHV  VKRZ WKH WLPH KLVWRU\ FXUYHV RI
QRUPDOL]HG PD[LPXP QRUPDO VWUHVV V N PD[ DQG QRUPDOL]HG PD[LPXP VKHDU VWUHVV V S PD[ DUH
ELPRGDOZLWKWKHPD[LPXPYDOXHVRFFXUEHIRUHWKHDUULYDORIPLQLPXPGLVWDQFHWRVWRUPFHQ
WHU:LWKWKHLQWHQVLW\RIK\GURG\QDPLF ORDGV DW WKHLU PD[LPXPYDOXHV WKH SRLQWV RI PD[L
PXPUHVSRQVHFRLQFLGHZLWKWKHSRLQWVRIPD[LPXPVLJQLILFDQWZDYHKHLJKW

)LJXUH7LPHKLVWRU\RIQRUPDOL]HGPHDQZLQGVSHHGVLJQLILFDQWZDYHKHLJKWDQGPD[LPXPQRUPDOVWUHVV

2146

%RZHQ-LDQJ4LQJVKDQ<DQJ*XRTLQJ+XDQJDQG0LQ/LX

)LJXUH7LPHKLVWRU\RIQRUPDOL]HGPHDQZLQGVSHHGVLJQLILFDQWZDYHKHLJKWDQGPD[LPXPVKHDUVWUHVV

4.3

Uplift and downward axial force on legs

$SDUWIURPWKHIDLOXUHLQGXFHGE\H[FHVVLYHGLVSODFHPHQWDQGVWUXFWXUDOVWUHVVWKHXOWL
PDWHOLPLWVWDWHRIDQ2:7FDQDOVREHGHWHUPLQHGE\IRXQGDWLRQXSOLIWDQG\LHOGLQJRIXQ
GHUO\LQJVRLO7KHUHIRUHWKHFRQWRXUVRIPD[LPXPXSOLIWD[LDOIRUFH NU PD[ DQGGRZQZDUG
D[LDOIRUFH N D PD[ RQOHJVZHUHFKHFNHG VKRZQLQ)LJXUH )URP)LJXUH DE WKHGLV
WULEXWLRQFKDUDFWHULVWLFRI NU PD[ DQG N D PD[ DUHVDPHDVWKRVHRI V NJ PD[ DQG V SJ PD[ H[FHSW
WKDWWKHPD[LPXPYDOXHVRI NU PD[ DQG N D PD[ ORFDWHDWWKHVDPHSRLQW

E  N D PD[

D  NU PD[

)LJXUH&RQWRXUVRIPD[LPXPXSOLIWD[LDOIRUFHDQGGRZQZDUGD[LDOIRUFHRQOHJV

7KHWLPHKLVWRU\RIQRUPDOL]HGPD[LPXPXSOLIWD[LDOIRUFH NU PD[ DQGGRZQZDUGD[LDO
IRUFH N D PD[ DWWKHSRLQWVZKHUHPD[LPXPYDOXHVRFFXUDUHVKRZQLQ)LJXUH)URP)LJXUH
WKHWLPHKLVWRU\RIQRUPDOL]HGPD[LPXPXSOLIWD[LDOIRUFH NU PD[ DQGGRZQZDUGD[LDO
IRUFH N D PD[ DUHELPRGDOLQVKDSHZLWKWKHPD[LPXPYDOXHVRFFXUEHIRUHWKHDUULYDORIPLQL
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PXPGLVWDQFHWRVWRUPFHQWHU([FHSWIRUWKHVSHFLILFYDOXHWKHWLPHKLVWRU\FXUYHRI NU PD[
VKRZVWKHVDPHWUHQGDVWKDWRI NU PD[ 

)LJXUH7LPHKLVWRU\RIQRUPDOL]HGPHDQZLQGVSHHGVLJQLILFDQWZDYHKHLJKWPD[LPXPXSOLIWD[LDOIRUFH
DQGPD[LPXPGRZQZDUGD[LDOIRUFH

5

CONCLUSIONS

,QWKLVSDSHUDVHULHVRIFRXSOHGDHURVHUYRK\GURHODVWLFDQDO\VHVKDYHEHHQFRQGXFWHGWR
LQYHVWLJDWHWKHVSDWLDOGLVWULEXWHGFKDUDFWHULVWLFVRIKXUULFDQHLQGXFHGUHVSRQVHRI2:7VE\
FKHFNLQJWKHWRZHUWRSDQGWRZHUEDVHGLVSODFHPHQWQRUPDOVWUHVVDQGVKHDUVWUHVVLQWRZHU
DQGVXEVWUXFWXUHXSOLIWDQGGRZQZDUGD[LDOIRUFHRIOHJVHWF)URPWKLVVWXG\WKHIROORZLQJ
FRQFOXVLRQVFDQEHGUDZQ
 $VWRZHUWRSDQGSODWIRUPGLVSODFHPHQWDUHGRPLQDWHGE\DHURG\QDPLFORDGWKHVSD
WLDO GLVWULEXWLRQ DQG WLPH KLVWRU\ FXUYH RI PD[LPXP GLVSODFHPHQW VKRZ VLPLODU FKDUDFWHU
LVWLFV DV PHDQ ZLQG VSHHG 7KH PD[LPXP GLVSODFHPHQW RFFXUV QHDU WKH H\HZDOO ZKHUH WKH
WLPHKLVWRU\FXUYHRIPD[LPXPGLVSODFHPHQWVKRZVXQLPRGDOFKDUDFWHULVWLF0RUHRYHUWLPH
KLVWRU\ FXUYH VKRZV WKDW WKH PD[LPXP GLVSODFHPHQW RFFXUV EHIRUH WKH DUULYDO RI PLQLPXP
GLVWDQFHWRVWRUPFHQWHU
 )RUVWUXFWXUDOVWUHVVWKHVSDWLDOGLVWULEXWLRQVRIPD[LPXPQRUPDOVWUHVVDQGVKHDUVWUHVV
LQWRZHUVKRZGLIIHUHQWFKDUDFWHULVWLFVIURPWKRVHLQVXEVWUXFWXUH7KHVSDWLDOGLVWULEXWLRQVRI
PD[LPXPQRUPDOVWUHVVDQGVKHDUVWUHVVLQWRZHUDUHVLPLODUWRWKRVHRIPD[LPXPWRZHUWRS
GLVSODFHPHQWZKLOHWKHPD[LPXPQRUPDOVWUHVVDQGVKHDUVWUHVVLQVXEVWUXFWXUHFDQEHIRXQG
DWWKHSRLQWQHDUWKHSRLQWRIPD[LPXPVLJQLILFDQWZDYHKHLJKW%HVLGHVHYHQLIWKHWLPHKLV
WRU\FXUYHVRIPHDQZLQGVSHHGDQGVLJQLILFDQWZDYHKHLJKWDUHXQLPRGDOLQVKDSHWKHWLPH
KLVWRU\FXUYHVRIQRUPDOL]HGPD[LPXPQRUPDOVWUHVVDQGQRUPDOL]HGPD[LPXPVKHDUVWUHVV
DUHELPRGDOZLWKWKHPD[LPXPYDOXHVRFFXUEHIRUHWKHDUULYDORIPLQLPXPGLVWDQFHWRVWRUP
FHQWHU
  %HLQJ GRPLQDQWO\ DIIHFWHG E\ K\GURG\QDPLF ORDG WKH VSDWLDO GLVWULEXWLRQV RI PD[L
PXPXSOLIWD[LDOIRUFHDQGGRZQZDUGD[LDOIRUFHVKDUHWKHVDPHFKDUDFWHULVWLFZLWKWKRVHRI
PD[LPXPQRUPDOVWUHVVDQGVKHDUVWUHVVLQVXEVWUXFWXUH,QDGGLWLRQWKHWLPHKLVWRU\FXUYHV
RI QRUPDOL]HG PD[LPXP XSOLIW D[LDO IRUFH DQG GRZQZDUG D[LDO IRUFH DUH ELPRGDO LQ VKDSH
ZLWKWKHPD[LPXPYDOXHVRFFXUEHIRUHWKHDUULYDORIPLQLPXPGLVWDQFHWRVWRUPFHQWHU

2148

%RZHQ-LDQJ4LQJVKDQ<DQJ*XRTLQJ+XDQJDQG0LQ/LX

REFERENCES
>@ 7,VKLKDUDHWDOˈ$QDQDO\VLVRIGDPDJHGZLQGWXUELQHVE\7\SKRRQ0DHPLLQ
6L[WK$VLD3DFLILF&RQIHUHQFHRQ:LQG(QJLQHHULQJ $3&:(9, 
>@ -&KRX :7X)DLOXUHDQDO\VLVDQGULVNPDQDJHPHQWRIDFROODSVHGODUJHZLQGWXU
ELQHWRZHU(QJLQHHULQJ)DLOXUH$QDO\VLV  
>@ =/LHWDO'HVLJQGHIHFWRIZLQGWXUELQHRSHUDWLQJLQW\SKRRQDFWLYLW\]RQH(QJLQHHU
LQJ)DLOXUH$QDO\VLV
>@ 4/LXHWDO1XPHULFDOVLPXODWLRQVRIRFHDQVXUIDFHZDYHVXQGHUKXUULFDQHFRQGLWLRQV
$VVHVVPHQWRIH[LVWLQJPRGHOSHUIRUPDQFH2FHDQ0RGHOOLQJ
>@ (.LP /0DQXHO+XUULFDQHLQGXFHGORDGVRQRIIVKRUHZLQGWXUELQHVZLWKFRQVLG
HUDWLRQV IRU QDFHOOH \DZ DQG EODGH SLWFK FRQWURO :LQG (QJLQHHULQJ    

>@ -77D *6'ZDUDNLVK1XPHULFDOZDYHPRGHOOLQJ±$UHYLHZ$TXDWLFSURFHGLD

>@ * - +ROODQG $Q DQDO\WLF PRGHO RI WKH ZLQG DQG SUHVVXUH SURILOHV LQ KXUULFDQHV
0RQWKO\ZHDWKHUUHYLHZ  
>@ $&3KDGNHHWDO0RGHOLQJRIWURSLFDOF\FORQHZLQGVDQGZDYHVIRUHPHUJHQF\PDQ
DJHPHQW2FHDQ(QJLQHHULQJ  
>@ + ( :LOORXJKE\  0 ( 5DKQ 3DUDPHWULF UHSUHVHQWDWLRQ RI WKH SULPDU\ KXUULFDQH
YRUWH[ 3DUW , 2EVHUYDWLRQV DQG HYDOXDWLRQ RI WKH +ROODQG   PRGHO 0RQWKO\
:HDWKHU5HYLHZ  
>@ .(PDQXHOHWDO$VWDWLVWLFDOGHWHUPLQLVWLFDSSURDFKWRKXUULFDQHULVNDVVHVVPHQW%XO
OHWLQRIWKH$PHULFDQ0HWHRURORJLFDO6RFLHW\  
>@ 1 /LQ 1LQJ  ' &KDYDV 2Q KXUULFDQH SDUDPHWULF ZLQG DQG DSSOLFDWLRQV LQ VWRUP
VXUJHPRGHOLQJ-RXUQDORI*HRSK\VLFDO5HVHDUFK$WPRVSKHUHV ' 
>@ ,5<RXQJ -9LQRWK$Q³H[WHQGHGIHWFK´PRGHOIRUWKHVSDWLDOGLVWULEXWLRQRIWURSL
FDOF\FORQHZLQG±ZDYHVDVREVHUYHGE\DOWLPHWHU2FHDQ(QJLQHHULQJ
>@ ,5<RXQJ$UHYLHZRISDUDPHWULFGHVFULSWLRQVRIWURSLFDOF\FORQHZLQGZDYHJHQHUD
WLRQ$WPRVSKHUH  
>@ ,5<RXQJ -9LQRWK$SDUDPHWULFPRGHOIRUWURSLFDOF\FORQHZDYHV$60(
QG ,QWHUQDWLRQDO &RQIHUHQFH RQ 2FHDQ 2IIVKRUH DQG $UFWLF (QJLQHHULQJ $PHULFDQ
6RFLHW\RI0HFKDQLFDO(QJLQHHUV'LJLWDO&ROOHFWLRQ
>@ , - 0RRQ HW DO 1XPHULFDO VLPXODWLRQ RI VHD VXUIDFH GLUHFWLRQDO ZDYH VSHFWUD XQGHU
KXUULFDQHZLQGIRUFLQJ-RXUQDORISK\VLFDORFHDQRJUDSK\  
>@ 3$+ZDQJ)HWFKDQGGXUDWLRQOLPLWHGQDWXUHRIVXUIDFHZDYHJURZWKLQVLGHWURSLFDO
F\FORQHV:LWKDSSOLFDWLRQVWRDLU±VHDH[FKDQJHDQGUHPRWHVHQVLQJ-RXUQDORI3K\VLFDO
2FHDQRJUDSK\  
>@ 3$+ZDQJ (-:DOVK$]LPXWKDODQGUDGLDOYDULDWLRQRIZLQGJHQHUDWHGVXUIDFH
ZDYHV LQVLGH WURSLFDO F\FORQHV -RXUQDO RI 3K\VLFDO 2FHDQRJUDSK\    


2149

%RZHQ-LDQJ4LQJVKDQ<DQJ*XRTLQJ+XDQJDQG0LQ/LX

>@ 3$+ZDQJ <)DQ(IIHFWLYHIHWFKDQGGXUDWLRQRIWURSLFDOF\FORQHZLQGILHOGVHV
WLPDWHGIURPVLPXOWDQHRXVZLQGDQGZDYHPHDVXUHPHQWV6XUIDFHZDYHDQGDLU±VHDH[
FKDQJHFRPSXWDWLRQ-RXUQDORI3K\VLFDO2FHDQRJUDSK\  
>@ 3 $ +ZDQJ HW DO 2FHDQ VXUIDFH ZDYH VSHFWUD LQVLGH WURSLFDO F\FORQHV -RXUQDO RI
3K\VLFDO2FHDQRJUDSK\  
>@ .:HLHWDO 'LUHFWLRQDOHIIHFWV RQ WKH UHOLDELOLW\ RI QRQD[LV\PPHWULF VXSSRUW VWUXF
WXUHV IRU RIIVKRUH ZLQG WXUELQHV XQGHU H[WUHPH ZLQG DQG ZDYH ORDGLQJV (QJLQHHULQJ
6WUXFWXUHV
>@ ( .LP  / 0DQXHO $ IUDPHZRUN IRU KXUULFDQH ULVN DVVHVVPHQW RI RIIVKRUH ZLQG
IDUPV $60(  VW LQWHUQDWLRQDO FRQIHUHQFH RQ RFHDQ RIIVKRUH DQG DUFWLF HQJL
QHHULQJ$PHULFDQ6RFLHW\RI0HFKDQLFDO(QJLQHHUV'LJLWDO&ROOHFWLRQ
>@ .:HL65$UZDGH $70\HUV,QFUHPHQWDOZLQGZDYHDQDO\VLVRIWKHVWUXFWXUDO
FDSDFLW\RIRIIVKRUHZLQGWXUELQHVXSSRUWVWUXFWXUHVXQGHUH[WUHPHORDGLQJ(QJLQHHULQJ
6WUXFWXUHV
>@ 67+DOORZHOOHWDO+XUULFDQHULVNDVVHVVPHQWRIRIIVKRUHZLQGWXUELQHV5HQHZDEOH
HQHUJ\
>@ :-3LHUVRQ-U  /0RVNRZLW] $ SURSRVHG VSHFWUDO IRUP IRU IXOO\ GHYHORSHG ZLQG
VHDV EDVHG RQ WKH VLPLODULW\ WKHRU\ RI 6$ .LWDLJRURGVNLL -RXUQDO RI JHRSK\VLFDO UH
VHDUFK  
>@ .+DVVHOPDQQHWDO0HDVXUHPHQWVRIZLQGZDYHJURZWKDQGVZHOOGHFD\GXULQJWKH
-RLQW1RUWK6HD:DYH3URMHFW -216:$3 (UJlQ]XQJVKHIW
>@ &::ULJKWHWDO+XUULFDQHGLUHFWLRQDOZDYHVSHFWUXPVSDWLDOYDULDWLRQLQWKHRSHQ
RFHDQ-RXUQDORI3K\VLFDO2FHDQRJUDSK\  
>@ <)DQHWDO1XPHULFDOVLPXODWLRQVDQGREVHUYDWLRQVRIVXUIDFH ZDYH ILHOGVXQGHUDQ
H[WUHPHWURSLFDOF\FORQH-RXUQDORI3K\VLFDO2FHDQRJUDSK\  
>@ --RQNPDQHWDO'HILQLWLRQRID0:UHIHUHQFHZLQGWXUELQHIRURIIVKRUHV\VWHPGH
YHORSPHQW1R15(/731DWLRQDO5HQHZDEOH(QHUJ\/DE 15(/ *ROG
HQ&2 8QLWHG6WDWHV 
>@ 55'DPLDQLHWDO$VVHVVLQJWKHLPSRUWDQFHRIQRQOLQHDULWLHVLQWKHGHYHORSPHQWRID
VXEVWUXFWXUH PRGHO IRU WKH ZLQG WXUELQH &$( WRRO )$67 $60(  QG ,QWHUQD
WLRQDO &RQIHUHQFH RQ 2FHDQ 2IIVKRUH DQG $UFWLF (QJLQHHULQJ $PHULFDQ 6RFLHW\ RI
0HFKDQLFDO(QJLQHHUV'LJLWDO&ROOHFWLRQ
>@ %--RQNPDQ7XUE6LP8VHU¶V*XLGHY1DWO5HQHZ(QHUJ\/DE
>@ 0-7XFNHU (*3LWW:DYHVLQRFHDQHQJLQHHULQJ1R9ROXPH
>@ ,QWHUQDWLRQDO(OHFWURWHFKQLFDO&RPPLVVLRQ,(&:LQG7XUELQHV3DUW'HVLJQ
5HTXLUHPHQWVIRU2IIVKRUH:LQG7XUELQHV,QWHUQDWLRQDO(OHFWURWHFKQLFDO&RPPLVVLRQ
*HQHYD6ZLW]HUODQG
>@ -50RULVRQ-:-RKQVRQ 6$6FKDDI7KHIRUFHH[HUWHGE\VXUIDFHZDYHVRQ
SLOHV-RXUQDORI3HWUROHXP7HFKQRORJ\  
>@ -0-RQNPDQ 0 /%XKO-U)$67XVHU¶V JXLGH 1DWLRQDO 5HQHZDEOH (QHUJ\ /D
ERUDWRU\*ROGHQ&27HFKQLFDO5HSRUW1R15(/(/

2150

(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

SURROGATE MODEL FORMULATION FOR STOCHASTIC
FLUTTER ANALYSIS OF WIND TURBINE BLADES UNDER
UNCERTAIN AERODYNAMICS LOADS
Luca Caracoglia


'HSDUWPHQWRI&LYLODQG(QYLURQPHQWDO(QJLQHHULQJ1RUWKHDVWHUQ8QLYHUVLW\
+XQWLQJWRQ$YHQXH%RVWRQ0DVVDFKXVHWWV86$
HPDLOOXFDF#FRHQHXHGX

Keywords: :LQG HQHUJ\ +RUL]RQWDOD[LV ZLQG WXUELQH EODGHV 5DQGRP DHURG\QDPLFV
PRGHOLQJ6WRFKDVWLFIOXWWHU
Abstract. The problem of flow-induced stability of wind turbine blades has been recognized
by the literature for quite some time. Traditionally, the issue of flutter for a standard-size
wind turbine blade has been avoided either because the rotor’s operational angular speeds
are low, or the blades are appropriately parked during high-wind events. Nevertheless, it has
been recently shown that critical flutter rotor speed can still be an issue during operational
stages for very long blades, such as the ones typical of off-shore wind turbines [1]. In these
cases, the flutter probability, influenced by various sources of uncertainty, can be nonnegligible from the point of view of structural reliability. Consequently, it is of interest to
examine the non-deterministic flutter problem along with the prediction of the flutter
probability.
In contrast with previous work on the estimation of flutter probability of wind turbine
blades, this study proposes a new, theoretically-based and numerically-implemented model to
identify the conditions for stochastic stability of wind turbine blades. The model is based on
implementation of stochastic calculus methods. Dynamic stability in a non-deterministic
context depends on a specific definition. In the context of long-span bridge aerodynamics this
problem has been examined in the recent past through implementation of the theory of
(largest) Moment Lyapunov Exponent for dynamical systems, which may be used to test the
statistical moment stability. The same approach is utilized in this paper to formulate and
solve a suitable reduced-order model of the blade dynamics. The model is inspired by an
analogous model used for rotorcraft stability under inflow turbulence perturbations [2, 3].
Soil-structure interaction and its effects on the stability of the blades, for example simulated
through imperfect boundary conditions at the root, are not addressed in the manuscript but
may be included in future formulations.
Description of the model will be presented, followed by results and discussion. Numerical
results analyze the flutter of the reference NREL (National Renewable Research Laboratory)
5-MW wind turbine blade.
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INTRODUCTION

)ORZLQGXFHGVWDELOLW\RIZLQGWXUELQHEODGHVKDVEHHQH[DPLQHGE\UHVHDUFKHUVIRUVHYHUDO
\HDUV>@7KHLVVXHRIIOXWWHUIRUDVWDQGDUGVL]HZLQGWXUELQHEODGHKDVEHHQDYRLGHGHLWKHU
EHFDXVHWKHURWRU¶VRSHUDWLRQDODQJXODUVSHHGVDUHORZRUWKHEODGHVDUHDSSURSULDWHO\SDUNHG
ZKHQ KLJK ZLQG VSHHGV DUH REVHUYHG 7KLV DXWKRU KDV UHFHQWO\ GHPRQVWUDWHG WKDW FULWLFDO
IOXWWHUURWRUVSHHGFDQVWLOOEHDQLVVXHGXULQJRSHUDWLRQDOVWDJHVIRUYHU\ORQJEODGHVVXFKDV
WKHRQHVHPSOR\HGIRUODVWJHQHUDWLRQRIIVKRUHZLQGWXUELQHV>@,QIDFWIOXWWHUSUREDELOLW\
LQIOXHQFHG E\ YDULRXV VRXUFHV RI XQFHUWDLQW\ FDQ EH RI WKH RUGHU RI  WR  D QRQ
QHJOLJLEOHYDOXHIURPWKHSRLQWRIYLHZRIVWUXFWXUDOUHOLDELOLW\&RQVHTXHQWO\LWLVRILQWHUHVW
WRH[DPLQHWKHQRQGHWHUPLQLVWLFIOXWWHUSUREOHPDORQJZLWKSUHGLFWLRQRIIOXWWHUSUREDELOLW\
&RQWUDU\WRRQJRLQJZRUNRQWKHHVWLPDWLRQRIIOXWWHUSUREDELOLW\RIZLQGWXUELQHEODGHV>
@WKLVSDSHUH[DPLQHVDQHZPRGHOWRLGHQWLI\WKHFRQGLWLRQVIRUVWRFKDVWLFVWDELOLW\RIWKH
URWRU EODGHV 7KH PRGHO LV EDVHG RQ LPSOHPHQWDWLRQ RI VWRFKDVWLF FDOFXOXV PHWKRGV >@ DQG
VWRFKDVWLF G\QDPLF VWDELOLW\ ZKLFK GHSHQGV RQ LWV GHILQLWLRQ HJ DOPRVWVXUH VWDELOLW\ HWF
> @ ,QWKHFRQWH[W RI ORQJVSDQ EULGJH DHURG\QDPLFV WKLV SUREOHP KDV EHHQ H[DPLQHG
>@ WKURXJK LPSOHPHQWDWLRQ RI WKH WKHRU\ RI ODUJHVW  0RPHQW /\DSXQRY ([SRQHQW 0/( 
IRUG\QDPLFDOV\VWHPVZKLFKPD\EHHPSOR\HGWRVWXG\VWDWLVWLFDOPRPHQWVWDELOLW\>@7KH
VDPH DSSURDFK LV XWLOL]HG LQ WKLV SDSHU WR IRUPXODWH DQG VROYH D VXUURJDWH UHGXFHGRUGHU
PRGHOWKDWPLPLFVWKHEODGHG\QDPLFV7KHPRGHOLVGHULYHGIURPDQDQDORJRXVPRGHOXVHG
IRUURWRUFUDIWVWDELOLW\XQGHULQIORZWXUEXOHQFHSHUWXUEDWLRQV>@$VKRUWGHVFULSWLRQRIWKH
PRGHOLVSUHVHQWHGLQWKHQH[WVHFWLRQIROORZHGE\SUHOLPLQDU\UHVXOWVDQGEULHIGLVFXVVLRQ
7KH LVVXH RI VRLOVWUXFWXUH LQWHUDFWLRQ DQG LWV HIIHFWV RQ WKH VWDELOLW\ RI WKH EODGHV IRU
H[DPSOHVLPXODWHGWKURXJKLPSHUIHFWERXQGDU\FRQGLWLRQVDWWKHURRWLVQRWDGGUHVVHGLQWKH
PDQXVFULSW)RU H[DPSOH DQ LQGLFDWLYH VWXG\ WKDW FRQVLGHUV VRLOVWUXFWXUH LQWHUDFWLRQ HIIHFWV
RQWKHUHGXFWLRQRIRIIVKRUHZLQGWXUELQHVWRFKDVWLFUHVSRQVHGXHWRDVHULHVRIIODSVLQVWDOOHG
RQWKHURWRUEODGHVLVGLVFXVVHGIRUH[DPSOHE\7KDNXUHWDO>@)RUPXODWLRQRIWKLVHIIHFW
LVQRWLQFOXGHGKHUHLQDQGZLOOSRVVLEO\EHFRQVLGHUHGLQIXWXUHVWXGLHV
2

THEORETICAL BACKGROUND

)LJXUHLOOXVWUDWHVDVFKHPDWLFRIDZLQGWXUELQHEODGHRIOHQJWKRLHLWVUDGLXVPHDVXUHG
IURPWKHURWRUSODQHFHQWHUURWDWLQJDWDQDQJXODUVSHHGȍ UDGV ,QIORZFRQGLWLRQVDUHDOVR
GLVSOD\HG 7KH JHQHULF FURVV VHFWLRQ RI WKH EODGH LV ORFDWHG DW D GLVWDQFH x IURP WKH URWRU
FHQWHU7KHILJXUHDOVRH[SODLQVWZRPDLQGLIIHUHQFHVFRPSDUHGWRVWDQGDUGDHURHODVWLFWKHRU\
RIWUDQVODWLQJDLUIRLOZLQJV>@WKHUHIHUHQFHLQIORZVSHHGLVQRWFRQVWDQWEXWOLQHDUO\YDULHV
DORQJWKHD[LVxWKHUHIHUHQFHFKRUGOHQJWKRIHDFKVHFWLRQRIWKHEODGHDOVRYDULHVGHSHQGLQJ
RQWKHFURVVVHFWLRQ¶VJHRPHWU\&RQVHTXHQWO\VWDQGDUGIOXWWHUWKHRU\FDQQRWEHXVHG

ȍ

x

$SSDUHQW
LQIORZ
VSHHG

U x ȍx
)LJXUH6FKHPDWLFRIURWDWLQJZLQGWXUELQHEODGHZLWKLQGLFDWLRQRIUHODWLYHLQIORZYHORFLW\U x ZLWKxR
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(TXDWLRQV RI PRWLRQ DUH EDVHG RQ D FRQWLQXRXV IRUPXODWLRQ RI ORDGV DQG UHVSRQVH DORQJ
EODGH¶V ORQJLWXGLQDO D[LV x 7KH PRGHO H[SORLWV WKH PRGHO E\ +RGJHV DQG 'RZHOO >@ DQG
SUHYLRXV UHVXOWV >@ 7KH UHIHUHQFH LQIORZ YHORFLW\ U x  LV GHILQHG XQGHU WKH FRQGLWLRQ RI
³VWLOODLU´ZLQGLHEODGHVURWDWHDWQRZLQGVSHHGDQG]HURLQLWLDOWZLVW7KLVK\SRWKHVLVLV
DFFHSWDEOH VLQFH LQIORZ YHORFLW\ LV PDLQO\ FRQWUROOHG E\ EODGH URWDWLRQ DQG DWWDFKHG IORZ
FRQGLWLRQVDUHQHHGHGWRHQVXUHWKDWVWDQGDUGDHURHODVWLFIRUPXODWLRQFDQEHDSSOLHG
7KHG\QDPLFUHVSRQVHRIWKHEODGHLVUHSUHVHQWHGE\PRGDOVXSHUSRVLWLRQRIWKHIODSZLVH
EHQGLQJGHIOHFWLRQVhDQGWRUVLRQDODQJOHVĮUHZULWWHQLQWHUPVRIGLPHQVLRQOHVVWLPHĲ tȦj
ZLWKȦj DUHIHUHQFHIUHTXHQF\ DQGVSDQZLVHFRRUGLQDWHȘ xRDV
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,QWKHSUHYLRXVHTXDWLRQPRGDOVXSHUSRVLWLRQLVHPSOR\HGZLWKcDUHIHUHQFHFKRUGOHQJWK
RIWKHEODGHDQGhq Ș Įq Ș GLPHQVLRQOHVVPRGHVKDSHIXQFWLRQVRIJHQHULFPRGHq,IIOXWWHU
DQDO\VLV LV UHVWULFWHG WUXQFDWHG  WR WKH FRPELQDWLRQ RI D UHIHUHQFH IODSZLVH PRGH EHQGLQJ
RQO\ jWK PRGH ZLWK QDWXUDO DQJXODU IUHTXHQF\ Ȧj  DQG WRUVLRQDO PRGH WRUVLRQDO RQO\ kWK
PRGHZLWKDQJXODUIUHTXHQF\ Ȧk WKHWZRPRGHUHGXFHGRUGHUPRGHOHTXDWLRQVRIWKHEODGH
URWDWLQJDWDQJXODUURWRUVSHHGȍDUHLQGLPHQVLRQOHVVIRUP
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,Q WKH SUHYLRXV HTXDWLRQV WKH IODSZLVH PRGH j LV WDNHQ DV WKH UHIHUHQFH DQG WKH IOXWWHU
IUHTXHQF\ UDWLR LV GHILQHG DV Ȥ ȍȦj ZKHUHDV WKH PRGDOIUHTXHQF\UDWLRLVǻ ȦkȦj7KH
GHULYDWLRQZLWKUHVSHFWWRGLPHQVLRQOHVVWLPHĲ tȦjLVGHVLJQDWHGE\WKHSULPHV\PEROWKH
WHUPVİjDQGİkLQGLUHFWO\PHDVXUHWKHHIIHFWVRIWKHFHQWULIXJDOIRUFHVRQWKHURWDWLQJEODGH
7KH JHQHUDOL]HG IRUFHV Qj DQG Qk DUH FRPSXWHG DFFRUGLQJ WR XQVWHDG\ DHURHODVWLF DLUIRLO
WKHRU\YLDLQGLFLDOIXQFWLRQV>@LHWKH:DJQHUIXQFWLRQGHVFULELQJWKH & FLUFXODWRU\IORZ
HIIHFWV>@DQGDFFRXQWLQJIRU 1& QRQFLUFXODWRU\HIIHFWV>@,WLVLQWHUHVWLQJWRQRWH
WKDWXVLQJWKHVWDQGDUGGLPHQVLRQOHVVWLPHs Utc ZLWKU WDQJHQWLDOLQIORZVSHHGDQGcFKRUG
OHQJWK )LJ   LV XQVXLWDEOH IRU WKH SXUSRVHV RI GHULYDWLRQ RI D FORVHGIRUP HTXDWLRQ VLQFH
WKLV TXDQWLW\ YDULHV ZLWK x DQG GHSHQGV RQ HDFK VSHFLILF EODGH FURVV VHFWLRQ )XUWKHUPRUH
VLQFH WKH UHODWLYH WDQJHQWLDO VSHHG U YDULHV DORQJ x WKH FRQYROXWLRQ LQWHJUDO QHHGHG E\ WKH
XQVWHDG\ DHURHODVWLF IRUFH IRUPXODWLRQ FDQQRW EH UHVROYHG LQ FORVHG IRUP 7KHUHIRUH WKH
H[SRQHQWLDOWHUPRIWKHLQGLFLDOIXQFWLRQLQWKH57-RQHV¶IRUPXOD>@EHORZ
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7D\ORUVHULHVWRHQDEOHPRGHOGHULYDWLRQ7KHRUGHURIWKH7D\ORUVHULHVH[SDQVLRQRIĭ Ĳ LVN
$IWHUVXLWDEOHPDQLSXODWLRQWKHJHQHUDOL]HGIRUFHRIWKHUHIHUHQFHIODSZLVHPRGHjLV
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,Q WKH SUHYLRXV HTXDWLRQ WKH ILUVW VHW RI EUDFHV LV UHODWHG WR WKH & WHUPV RI WKH OLIW IRUFH
ZKHUHDVWKHVHFRQGRQHWRWKH1&³DGGHGPDVV´HIIHFW7KHTXDQWLW\CL*LVWKHGHULYDWLYHRI
WKHOLIWFRHIILFLHQWZLWKUHVSHFWWRDQJOHRIDWWDFN DVVXPHGDVDFRQVWDQWDORQJWKHEODGH ījC
DQG ījNC DUH GLPHQVLRQOHVV PRGDO LQHUWLDV GhjĮk   DUH ³PRGDO LQWHJUDO´ WHUPV )LQDOO\ PÖ aen j
DQGQÖaen j DUH³SDUWLDO´DHURHODVWLFVWDWHV$VLPLODUH[SUHVVLRQFDQEHGHULYHGWRGHVFULEHWKH
JHQHUDOL]HGIRUFHRIWKHPRGHkLWLVQRWVKRZQIRUWKHVDNHRIFRQFLVHQHVV
)ROORZLQJSUHYLRXVZRUN>@SURSDJDWLRQRIDHURHODVWLFORDGXQFHUWDLQW\WKDWDFFRXQWVIRU
ZLQGWXQQHOHUURUVDQGPRGHOLQJVLPSOLILFDWLRQVLVHQIRUFHGE\SHUWXUELQJWKHWHUPdr ZLWK
r  RIĭ Ĳ DVd dmįZLWKdmEHLQJLWVPHDQYDOXHDQGįD]HURPHDQUDQGRPHUURU
SDUDPHWHU7KHSUHYLRXVHTXDWLRQVFDQEHUHFDVWLQWRDVWRFKDVWLFGLIIHUHQWLDOV\VWHP,W{W\SH
GHSHQGLQJRQDGLPHQVLRQOHVVVFDODU:LHQHUSURFHVVB Ĳ >@7KLVYHFWRUHTXDWLRQLQFOXGHV
WKHHIIHFWRIUDQGRPHUURUįE\VWDWHDXJPHQWDWLRQDVIROORZV
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,Q WKH SUHYLRXV HTXDWLRQ WKH GULIW IXQFWLRQ aNL LV QRQOLQHDU EHFDXVH RI į ZKHUHDV WKH
GLIIXVLRQYHFWRU duLV]HURVLQFHWKHIRUFLQJIXQFWLRQLVDHURHODVWLFLHWXUEXOHQFHHIIHFWVDUH
QHJOHFWHG LQ WKLV ILUVW LPSOHPHQWDWLRQ 7KH SUHYLRXV HTXDWLRQ LV VROYHG QXPHULFDOO\ WKURXJK
(XOHU0RQWH&DUORDOJRULWKPLHWKURXJKVDPSOLQJ>@7KHpWKRUGHU0/(LVDSSUR[LPDWHG
ZLWKWLPHĲlVXIILFLHQWO\ODUJHDV
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EXAMINATION OF TAYLOR SERIES REPRESENTATION OF AIRFOIL
INDICIAL FUNCTION

7KH GHULYDWLRQ RI WKH VXUURJDWH PRGHO UHTXLUHV WKH UHSUHVHQWDWLRQ RI WKH FLUFXODWRU\
DHURHODVWLFORDGLHLQGLFLDOIXQFWLRQ>(T  @E\7D\ORUVHULHVH[SDQVLRQ$SDUDPHWULFVWXG\
LV FDUULHG RXW WR H[DPLQH WKH LQIOXHQFH RI WKH H[SDQVLRQ RUGHU N RQ WKH DFFXUDF\ RI WKH
UHSUHVHQWDWLRQ$SDUWIURP(T   57-RQHV¶IRUPXOD>@ WKHXVHRIWKHUDWLRQDOIXQFWLRQ
EHORZDVDILUVWDSSUR[LPDWLRQWR(T  KDVDOVREHHQFRQVLGHUHG>@
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7KHJHQHUDOL]HGDHURHODVWLFIRUFH>(T  @LQWKHSURSRVHGIRUPXODWLRQVWULFWO\GHSHQGVRQ
WKHILUVWGHULYDWLYHRIĭ RUĭUI ZLWKUHVSHFWWRGLPHQVLRQOHVVWLPHs7KHGHULYDWLYHVRI(TV
 DQG  XVLQJWKH7D\ORUH[SDQVLRQWUXQFDWHGDWRUGHUNUHVSHFWLYHO\EHFRPH
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(T  LVREWDLQHGE\VXLWDEOHH[SDQVLRQRIWKHH[SUHVVLRQ s  y
)LJXUHSUHVHQWVWKHUHVXOWVRIWKLVSDUDPHWULFVWXG\,Q)LJXUHDWKHWZRH[SUHVVLRQVRI
WKHLQGLFLDOIXQFWLRQV(T  DQG(T  DUHGHSLFWHGWKHPDLQGLIIHUHQFHLVUHODWHGWRWKH
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UDQJH RI GLPHQVLRQOHVV WLPH ODUJHU WKDQ  )LJXUH E H[DPLQHV WKH DELOLW\ RI WKH 7D\ORU
H[SDQVLRQWRUHSOLFDWHWKHILUVWGHULYDWLYHRIWKHLQGLFLDOIXQFWLRQGĭGsRUGĭUIGs7KH7D\ORU
H[SDQVLRQLQ(T  LVWUXQFDWHGDWRUGHUN ZKHUHDVWKHRQHLQ(T  DWRUGHUN 
,QGLFLDOIXQFWLRQ
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)LJXUH7D\ORUVHULHVUHSUHVHQWDWLRQRIDLUIRLOLQGLFLDOIXQFWLRQDVDIXQFWLRQRIH[SDQVLRQRUGHUN57-RQHV¶
IRUPXODYVUDWLRQDOIXQFWLRQIRUPXOD D LQGLFLDOIXQFWLRQĭ s  E ILUVWGHULYDWLYHRILQGLFLDOIXQFWLRQGĭGs

(YHQWKRXJKWKH57-RQHV¶IRUPXODKDVEHHQFULWLFL]HGVLQFHLWPD\OHDGWROHVVDFFXUDWH
UHVXOWVIRUODUJHs >@)LJXUHEVXJJHVWVWKDWWKHDELOLW\RIUHSOLFDWLQJWKHGHULYDWLYHRIWKH
IXQFWLRQGĭGsLVDFKLHYHGZLWKDORZHURUGHUN7KLVIHDWXUHLVSUHIHUDEOHIURPWKHSRLQWRI
YLHZ RI WKH GHULYDWLRQ RI WKH VXUURJDWH PRGHO VLQFH N FRQWUROV WKH QXPEHU RI SDUWLDO
DHURHODVWLF VWDWHV PÖ aen j DQGQÖaen j  DQG FRQVHTXHQWO\ WKH FRPSOH[LW\ RI WKH PRGHO LQ (T  
7KHUHIRUH(T  LVHPSOR\HGDVWKHEDVLVIRUWKHH[SUHVVLRQLQ(T  

4

SIMULATION RESULTS

0RGDODPSOLWXGH

7KHVWRFKDVWLFFRXSOHGPRGHIOXWWHURIWKH15(/0:ZLQGWXUELQHEODGHLVH[DPLQHG
URWRUUDGLXVR P 7KHPDLQVWUXFWXUDODQGDHURG\QDPLFSURSHUWLHVDUHGHULYHGIURPWKH
OLWHUDWXUH>@7KHUHGXFHGRUGHUPRGHOLQ(T  LVEDVHGRQWKHWKLUGIODSZLVHPRGH PRGH
jQDWXUDOIUHTXHQF\+] DQGWKHILUVWWRUVLRQDOPRGH PRGHkQDWXUDOIUHTXHQF\+] 
> @ )LJXUH  LOOXVWUDWHV WKH PRGH VKDSHV RI WKH WZR IXQGDPHQWDO PRGHV HPSOR\HG IRU
IOXWWHU DQDO\VLV LQ WKH SDQHOV ERWK IODSZLVH h  DQG WRUVLRQDO PRGDO FRPSRQHQWV Į  DUH
GLVSOD\HGHGJHZLVHWHUPV p DUHQRWVKRZQ

D

 E

)LJXUH0RGHVKDSHVRIWKHWZRIXQGDPHQWDOPRGHVXVHGIRUIOXWWHUDQDO\VLV D WKLUGIODSZLVHPRGH PRGHj 
E ILUVWWRUVLRQDOPRGH PRGHk 'DWDDUHGHULYHGIURP>@
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7KHHGJHZLVHFRPSRQHQW p ZDVQHJOHFWHGLQWKHPRGHO0RGDOVLPLODULW\LVHYLGHQWIURP
WKH SDQHOV FRQILUPLQJ WKDW PRGDO LQWHJUDOV GhjĮk   DUH QRQ]HUR DQG DUH UHVSRQVLEOH IRU WKH
DHURHODVWLFFRXSOLQJ
7KHGHWHUPLQLVWLFIOXWWHUSUREOHPLVVROYHGE\VHWWLQJį WKHV\VWHPLQ(T  EHFRPHV
OLQHDU LQ WHUPV RI VWDWH YHFWRU Z DQG IOXWWHU LV H[DPLQHG E\ FRPSXWLQJ WKH V\VWHP¶V
HLJHQYDOXHVDVDIXQFWLRQRIȍRUȤDQGE\ORFDWLQJ]HURGDPSLQJFULWLFDOFRQGLWLRQ5HVXOWV
DUH LOOXVWUDWHG LQ )LJXUH  7KH FULWLFDO IOXWWHU URWRU VSHHG LV HVWLPDWHG DV  USP DJDLQVW
 USP IRXQG LQ SUHYLRXV ZRUN >@  7KH IOXWWHU IUHTXHQF\ LV  +] DJDLQVW  +] 
'LIIHUHQFHV DUH DWWULEXWHG WR WKH IDFW WKDW IOXWWHU VROXWLRQ RI WKH 15(/ 0: ZLQG WXUELQH
EODGHLVDOVRLQIOXHQFHGE\WKHQGIODSZLVHPRGHQHJOHFWHGLQWKLVIRUPXODWLRQ)XUWKHUPRUH
DFRQVWDQWCL*LVHPSOR\HGLQ(T  ZKHUHDVWKHOLIWVORSHYDULHVDORQJxDVWKHFURVVVHFWLRQ
RIWKHEODGHFKDQJHV>@5HVXOWVDUHKRZHYHUDFFHSWDEOHLQWKHFRQWH[WRIWKLVVLPXODWLRQ

'DPSLQJUW

)UHTXHQF\ +]

NREL 5-MW "equivalent" blade - evalues




























X: 16.7
Y: -0.001129









5RWRUVSHHG  530

)LJXUH(LJHQYDOXHDQDO\VLVRIWKH15(/0:ZLQGWXUELQHEODGHUGIODSZLVHPRGH VROLGOLQH DQGVW
WRUVLRQDOPRGH GDVKHGGRWWHGOLQH DVDIXQFWLRQRIDQJXODUURWRUVSHHGȍ USP )OXWWHUVROXWLRQLVKLJKOLJKWHG
DSRVLWLYHGDPSLQJUW UDWLR LQWKHILJXUHLVUHODWHGWRDVWDEOHV\VWHP

)LJXUHLOOXVWUDWHVWKHVWRFKDVWLFIOXWWHUDQDO\VLVRIWKHV\VWHPE\SUHVHQWLQJWKHHVWLPDWLRQ
RI(T  WKURXJKQXPHULFDOVROXWLRQRI(T  DWȍ USP7KHH[DPSOHLQFOXGHVQRQ
]HUR UDQGRP LQLWLDO FRQGLWLRQV DQG PRGHOLQJ HUURUį LQWKHDHURHODVWLF ORDGLQJ RIDERXW 
ZLWKUHVSHFWWRWKHQRPLQDOYDOXHdm

D

 E
)LJXUH6WRFKDVWLFIOXWWHUDQDO\VLVRIWKH15(/0:ZLQGWXUELQHEODGHZLWKUDQGRPdLQLWLDOUDQGRP
FRQGLWLRQVZLWK D PRGHUDWH]HURPHDQDPSOLWXGHV(>ȟj@ (>ȟk@  E ODUJHDPSOLWXGHV
(>ȟj@ (>ȟk@ 
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1RQ]HUR LQLWLDO FRQGLWLRQV DUH QHFHVVDU\ WR H[DPLQH WKH RQVHW RI VWRFKDVWLF IOXWWHU 7ZR
FDVHV DUH SUHVHQWHG VPDOO LQLWLDO GLPHQVLRQOHVV PRGDO DPSOLWXGHV ZLWK ]HUR PHDQ DQG
YDULDQFHV(>ȟj@ (>ȟk@ DQGPRGHUDWHDPSOLWXGHVZLWK(>ȟj@ (>ȟk@ 7KHILJXUH
FRQILUPV WKDW VLQFH WKH VWRFKDVWLF SUREOHP LV QRQOLQHDU LW LV DPSOLWXGH GHSHQGHQW ,Q
SDUWLFXODU IRU ERWK VPDOO DQG PRGHUDWH LQLWLDO DPSOLWXGHV DQ XQVWDEOH V\VWHP LV REWDLQHG DW
ȍ USP QHJDWLYH0/(DV\PSWRWLFDOO\ VXJJHVWLQJWKDWLQWURGXFWLRQRIPRGHOLQJHUURU
LQWKHORDGLQJOHDGVWRDGHVWDELOL]LQJHIIHFWLQFRPSDULVRQZLWK)LJXUH

5

DISCUSSION AND CONCLUSIONS

7KH VWXG\ KDV GHPRQVWUDWHG WKDW LW LV SRVVLEOH WR GHULYH DQ DQDO\WLFDO FORVHGIRUP
IRUPXODWLRQWR GHVFULEH WKH G\QDPLFV RIURWDWLQJ ZLQGWXUELQH EODGHVXQGHU WKH LQIOXHQFH RI
ZLQG ORDGV FRQWDPLQDWHG E\ PRGHOLQJ YDULDELOLW\ DQG VLPSOLILFDWLRQV 7KH SURSRVHG
IRUPXODWLRQZDVHPSOR\HGWRH[DPLQHVWRFKDVWLFIOXWWHURIDUHIHUHQFHRIIVKRUHZLQGWXUELQH
EODGH1XPHULFDOUHVXOWV )LJXUH DUHKRZHYHULQIOXHQFHGE\WKHVROXWLRQDOJRULWKPZKLFK
PD\QXPHULFDOO\LQWURGXFHDQXQVWDEOHEHKDYLRU7KLVDVSHFWUHTXLUHVDGGLWLRQDOLQYHVWLJDWLRQ
0RUHGLVFXVVLRQDQGDPRUHGHWDLOHGSDUDPHWULFLQYHVWLJDWLRQE\YDU\LQJWKHSURSHUWLHVRIWKH
LQSXWUDQGRPYDULDEOHVZLOOEHQHFHVVDU\LQWKHIXWXUHDORQJZLWKVRLOVWUXFWXUHLQWHUDFWLRQ

6
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Abstract. Within the context of the “SmartBlades2”-project, a wind turbine rotor blade was
designed and extensively tested. The rotor-blade uses a lightweight composite structure and
bend-twist coupling. The bend-twist coupling facilitates a passive load-reduction by changing
the angle of attack under load. Due to a high sensor-density of 265 accelerometers in the experimental modal test of the blade, the sophisticated structural dynamics of the model are captured.
Apart from the commonly measured ﬁrst ﬂapwise-, edgewise-bending and torsion mode, 35
modes up to a frequency of 60 Hz are identiﬁed. Unlike in many other wind turbine rotor blade
investigations, the Finite Element (FE) model uses shell elements instead of beam elements and
is directly based on production drawings. This experimental and simulative setup is particularly relevant, since a signiﬁcant number of mode shapes exhibit a distinct local behavior which
was in previous studies not accounted for. The differences between experimental and simulated
results are minimized using computational model updating procedures. In this case-study, two
formerly underrepresented aspects of the updating of large-scale FE models are examined. One
is the use of different parameterizations and the other is the possibility of insufﬁcient experimental data. The parametrizations are based on well-established criteria like error-localization
and sensitivity. Moreover, the updating is performed with different (i.e. reduced) subsets of the
modal data and the results are then compared to the model updating results achieved with the
entire dataset. This in-depth investigation of the model updating of a composite structure allows
the deduction of general guidelines in the model updating of industrial-sized FE models.
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1
1.1

INTRODUCTION
Model updating of rotor blades

In recent years a large number of wind-turbines were installed [14, 16, 19]. While the total
installed power increased signiﬁcantly, the output per wind turbine was also improved. This
was reached by a number of measures. Aside from higher towers and efﬁciency improvements
of the drivetrain, one important aspect is the aerodynamic improvement of the rotor blade [27].
Two closely related main trends govern this aerodynamic improvement. One is the aerodynamic optimization of the shape of the blade, and the other is the increasing length of the blades
[15, 17, 27].
In general the aerodynamic optimization of the blade leads to mechanically more complex behavior [26]. The mechanical behavior of optimized rotor blades can, unlike the behavior of
previously designed rotor blades not sufﬁciently be described with simple beam theory and requires more sophisticated models [25]. In addition to this, longer blades lead to higher loads
and therefore a more considerate mechanical approach becomes necessary.
The wind turbine rotor blade that will be investigated in the following was designed with the intention of a geometrical bend-twist coupling to passively reduce loads during operation. Modal
data from experimental vibration testing and ﬁnite element (FE) simulations usually lead to
different results. In order to get reliable experimental data, various measures were taken [18].
To get an overview of the structural behavior, broadband random excitation signals are used.
To check for speciﬁc properties, this is followed by tuned sine excitation. Different excitation
levels are chosen, to identify possible nonlinearities. The modal parameters from all excitation
runs (high force, low force, random, sine sweep - each in edge-wise as well as ﬂap-wise direction) are compared with each other to extract the ”best” modes for the experimental modal
model. Modeling errors in simulations can be classiﬁed in three main categories: idealization
errors, discretization errors and erroneous parameters assumptions [22]. Neither idealization
errors nor discretization errors are within the scope of conventional computational model updating [22]. Assuming these errors are negligible, a tuning (updating) of the parameters, so that
similar results are achieved is reasonable [5]. The model updating is relying on previously acquired high-ﬁdelity test-data described in [11, 13] and an existing FE model of the wind turbine
rotor blade [30, 31]. From Figure 1 an impression of the ﬁxed-free experimental set-up as well
as the corresponding FE model can be gained. The model updating in this study is achieved

Figure 1: Experimental setup and FE model

with FEMtools and MSC Nastran.
A simulation model that closer resembles reality will allow for better strain and deﬂection predictions and therefore offers several advantages. In operations, having better strain estimates
leads to better fatigue and life-cycle estimations. Furthermore structural improvements of the
mechanical behavior of new blades in the future can be based on a more precise predecessor
model. This allows for reduced security margins, as the certainty in the mechanical behavior
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of the precursor is higher. Increasing the validity of the deﬂection predictions enables better
assessment of loads on the blade as well as on the entire wind turbine. Finally having more
accurate deﬂection predictions also leads to better estimates of the output electrical power.
Numerous publications deal with iterative gradient-based model updating in the aerospace sector whereas only a few publications deal with the model updating of wind turbine blades. One
reason for that appears to be, that the security requirements in the aerospace industry are higher
than in the wind turbine industry. This is reﬂected in the certiﬁcation process. Ground Vibration
Tests are necessary for new aircraft prototypes, whereas they are not explicitly recommended
for new wind turbine blades [2]. In this context the following publication presents a case study
of the updating of a helicopter frame [22], [6] describes the updating of a full scale aircraft and
among many others [7, 12, 21, 28] deal with small scale model updating problems. M OGRAVE
and F RIBERG treat both a small scale and an industrial sized example [21]. Herein small refers
to the dimensions of the model and not necessarily to the number of elements in the FE model.
In recent years, some authors dealt with model updating of wind turbine blades. Amongst them
[8, 9, 29] focused on a few modes and static deﬂection data. L UCZAK et al. investigated a blade
section and chose a response surface based approach, that led to slightly improved correlation
between test and analysis [20]. G ROSS et al. updated a small scale wind turbine rotor blade
(i.e. small in terms of rotor length) iteratively and sensitivity based [10]. The wind turbine rotor
blade is tested under different boundary conditions. The exact improvements achieved with the
model updating in terms of correlation between measured and simulated mode shapes remain
unclear. In [5] the importance of having fewer parameters than responses and thus creating an
(over-) determined system of equations is underlined. While DASCOTTE acknowledges the advantages of such a parameterization, the beneﬁts of using more parameters than responses are
described [1].
1.2

Methodology and Structure

The aim of this work is to improve and validate an existing FE model which is directly based
on production drawings. In order to achieve this, high ﬁdelity experimental results are used. A
brief overview over the existing theoretical foundation for the techniques used in this work is
given in Section 2. After an initial comparison of experimental and simulated results, it becomes
apparent, that the compliance of the test-rig used during the experiments is non negligible, the
model is thus (successfully) manually adapted (Section 3). The global similarity between experimental and simulated results ought to be minimized by adapting material parameters, while
reﬂecting the true properties of the material as close as possible. This is ﬁrstly examined with the
full set of sensors. A particular focus is laid on minimizing differences between experimental
and simulated eigenfrequencies. Furthermore, two different parameterizations are investigated.
These parameterizations are used and compared with respect to their advantages and disadvantages (Section 4.1). The parameterization which yields better results is used in the following
computational model updating of the wind turbine rotor blade with subsets of sensors. The results of this are compared to the reference case that uses a full set of sensors (Section 4.2). Due
to the comprehensive previously acquired experimental data [11], the updated wind turbine rotor blade models can be validated by changing the respective boundary conditions to ”free-free”
and comparing the results to the respective experimental data set (Section 4.3). In Section 5 the
results are summarized and an outlook is given. Section 6 acknowledges the support of different
partners, without whom this study would not have been possible. The present work relies on a
previously created simulation-model [30] as well as experimental data [11, 13] and is directly
based on the study described in [18].
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2

Iterative gradient-based model updating

The exact relation between changes in physical quantities like mass and stiffness (i.e. parameters) and the resulting changes in modal properties (i.e. responses) is simple to derive
for very small systems but becomes increasingly difﬁcult and practically impossible for industrial sized models. In light of this, the functional relation between parameters and responses is
approximated with a TAYLOR series limited to the ﬁrst two terms
2
∂rfe 22
rfe (p) = rfe (pn ) +
(p − pn ) .
(1)
∂p 2p=pn
. /0 1
:=S

In this rfe is the response dependent on the parameters. Responses are chosen by the analyst and
comprise (in the context of this work) of mode shapes and derived metrics, eigenfrequencies,
mass and center of gravity resulting from the simulation model. p are the parameters (e.g mass
and stiffness) and pn are the parameter values at which the TAYLOR series is evaluated. S stands
for the sensitivity of the numerical model. Evaluating rfe at, yet to determine, new parameter
values pn+1 , the difference between experimental and numerical responses is
ε = rexp − rfe (pn+1 )

(2)

using the TAYLOR series for rfe (pn+1 ) leads to the error term
ε = rexp − rfe (pn ) −S (pn+1 − pn ) .
. /0 1
.
/0
1

(3)

:=Δp

:=Δr

The objective function is then deﬁned as
J(Δp) = εT Wr ε + ΔpT Wp Δp.

(4)

It is dependent on the parameter changes Δp = (pn+1 − pn ). By additionally introducing diagonal weighting matrices for the parameters (Wp ) and the responses (Wr ) conﬁdence in both experimental results and numerical model assumptions can be expressed [1]. The weighting matrices furthermore have a regularizing effect, which is comparable to a T IKHONOV-regularization
[5]. Minimizing (4) leads to the calculation formulae for the new parameter pn+1 as deﬁned in
[1] and given in the following. According to DASCOTTE [1], if the number of parameters is less
than or equal to the number of responses the new parameter values are calculated as

−1 T
pn+1 = pn + Wp + S T WR S
S WR Δr,
(5)
if the number of parameters is larger than the number of responses the new parameters are
calculated with the equation

−1
pn+1 = pn + (WP )−1 S T WR−1 + SWP−1 S T
Δr.
(6)
2.1

Uniﬁcation of measurements and simulations

In preparation of the updating, measurements and simulations have to be uniﬁed in many
respects, which will be described in the following. Within this work all mode shapes (i.e experimental mode shapes ψr and simulated mode shapes φr ) are scaled to largest component
one. In the following damping is not considered and therefore the numerically calculated mode
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shapes are entirely real valued. As the blade is lightly damped [18] using the magnitude and an
appropriate sign for the experimental results as described in [1] is reasonable. In order to compare measurements and numeric calculations a common set of measurement points and degrees
of freedom (DOFs) must be chosen. The numeric results can be reduced to the measurement
points and DOFs, or the measurements can be expanded to the numerical calculated points and
degrees of freedom. Expanding the measurement results implies interpolation between measurement points and can for example be achieved with the system equivalent reduction and
expansion process (SEREP as described in [24]). To reduce the simulation results, the measurement points of the structure are mapped to nearby FE nodes. This means, that the results at
DOFs, that are not close to a measurement point are omitted. As there are usually signiﬁcantly
more nodes than measurement points, the number of deleted results is large. The results (i.e.
mode shapes) will be reduced to the measurement points.
2.2

Metrics for comparison

After measurements and simulations are uniﬁed, the similarity of measurement and simulation results can be quantiﬁed. This similarity quantiﬁcation is helpful in the manual model
adaptation and necessary for the computational model updating procedure. In the computational
model updating select pairs are formed between experimental modes and simulated modes that
have a high initial congruence.
In the derivation of most metrics, model assumptions and mathematical properties, like mass
orthogonality or linear independence of eigenvectors are exploited. While the indicators described hereafter are rather similar, an important distinction is whether they refer to every DOF
or they are giving a value for all DOFs. The same normal mode shapes have to be collinear
and different mode shapes must be orthogonal with respect to the mass matrix [3]. This is supposed to be true for (normalized) experimental modes, numerical modes and between numerical
and (normalized) experimental modes. Due to inaccurate and incomplete measurements, this
relation is in practice not entirely fulﬁlled. Besides using Mass M as a weighting factor one
can also directly check the orthogonality of mode shapes. The Mass Matrix M can (like any
model of the real world) only be approximately correct. It is therefore reasonable to use no
weighting factor instead of using a potentially wrong weighting factor. One then calculates the
modal-assurance-criterion (MAC) for the simulated mode φk (with the numbering k) and the
experimental mode ψm (with the numbering m):
2
 T
φ k · ψm
.
(7)
MAC(φk , ψm ) = T
T ·ψ )
(φk · φk ) (ψm
m
The resulting value is 100 % for collinear modes and 0 % for orthogonal modes [1]. MAC
values between simulated mode shapes of the same simulation are, as MAC value between
experimental mode shapes of the same dataset, referred to as AUTOMAC values. As a measure
of orthogonality for every degree of freedom l, over N mode shapes (with the numbering k) the
coordinate-modal-assurance-criterion (COMAC) is introduced [1]
2
AN
l
l
(φ)
(ψ)
k=1
k
k
 A
.
COMAC(l) = A
(8)
N
l
l
N
l
l
(φ)
(φ)
(ψ)
(ψ)
k=1
k
k
k=1
k
k
The COMAC gives a sum (and therefore allows for fast checks) for multiple modes. The COMAC takes values between zero and one hundred percent. For brevity, the percentage signs are
oftentimes omitted in the following.
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3

Comparison of initial results and manual model adaptation

In Figure 2 the eight initially paired mode shapes are shown. In this ﬁgure, the experimental
results are shown in red, while the simulated results are shown in blue. Their medium MAC
value of 92 and medium frequency deviation of 8.8 % is detailed in Figure 6. It is noteworthy
that mode shape 2.) has a MAC value of 98 inspite of its dissimilar appearance in Figure 2
2.). This is due to the fact, that sensors in edge-wise direction are only installed on the leading
edge (Fig. 13 2.)), therefore the test-model (red) is not deformed in edge-wise direction at
the other positions. It becomes apparent, that for all mode shape pairs apart from the ﬁrst
one, the experimentally determined eigenfrequency is higher than the simulated eigenfrequency.
Furthermore the overall MAC values are high, but decrease slightly for modes with higher
frequency.

Figure 2: Initially paired mode shapes (numbered according to experimental mode shape number)

The blade is tested while being clamped to a test-rig
Figure 5 a). In a ﬁrst approach a ﬁxed-boundary condition is applied (i.e. displacement and rotations in all directions are suppressed) at the ﬁrst nodal line on the blade root. An inspection
of the COMAC values displayed in Fig. 4 a) and Fig. 4 b shows,
that the local correlation gets signiﬁcantly lower towards the root
of the blade. Herein the gray markers indicate COMAC values
below 50. In Figure 3 the ﬁrst (experimental) rig-mode is depicted. Since this is the ﬁfth experimental mode, it is concluded
Figure 3: rig-mode at 7.2 Hz
that the compliance of the test-rig is non negligible and therefore
an FE model of the test-rig is created. The FE model of the blade
is then rigidly attached to the FE model of the test-rig. The test-rig is made out of steel. The
exact sort of the steel is unknown to the authors, S335 with its properties given in e.g. [4] is used
in the model. To efﬁciently simulate the behavior of the test-rig, small features, like chamfers,
holes and bolts are removed from the model. The simpliﬁed geometry of the test-rig is shown
in Figure 5 b. Based on the simpliﬁed geometry, with unstructured meshing an FE model that
consists of 58398 CTETRA-elements is constructed. The test-rig is estimated to have total mass
of 23.5 tons. Removing holes, bolts and chamfers leads to an increase in mass of 1.5 tons and
an (not quantiﬁed) increase in stiffness. The test-rig is ﬁxed to the ground at four corner points
with threaded rods. Nonetheless, the test-rig is assumed to move in lateral direction. This assumption is backed by the width of the support surface of the H beam (as depicted in the bottom
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Figure 4: COMAC for 8 initially paired mode shapes

Figure 5: Test-rig: from reality to FE-model

of Fig. 5 a) and Fig. 5 b)) on which the test-rig stands (1 cm for each surface, therefore 4 cm in
total). This assumed lateral movement is described in the model, by attaching springs in lateral
direction at every node on the bottom surfaces of the H beams (as symbolized in Fig. 5 d). The
spring constants as well as the stiffness of the test-rig in areas of bolted connections shown in
blue in Figure 5 c) are adjusted to reproduce the ﬁrst rig-mode. With a stiffness reduction in
these areas to 10 % of the nominal stiffness, a MAC value of 85 % and a frequency deviation
of 1.64 % deviation is reached for the simulated mode and the experimental mode displayed in
Figure 3. Furthermore, signiﬁcantly higher COMAC values are reached for the initially paired
mode shapes in both ﬂap wise (Fig. 4 c)) and edge wise direction (Fig. 4 d)). Since the COMAC
is calculated over all initially paired mode shapes, the increased COMAC values indicate, that
the test-rig describes the reality more closely, than a fully ﬁxed boundary condition. In Figure
6, MAC values as well as frequency deviations between simulated and experimental results for
both the initial conﬁguration (i.e. fully ﬁxed) and the conﬁguration with the auxiliary test-rig
are shown. From this, it becomes clear, that the simulation model with the auxiliary test-rig
not only leads to increased MAC values (compared to the initial conﬁguration) but also three
mode shapes (5.) 18.) 19.)) that where previously not paired (n.p.) and are now paired. Despite the slightly increased deviations in eigenfrequency for the model with the auxiliary test-rig
(Fig. 6 c)), the overall similarity between experiment and simulation is increased with the above
described manual model adaptation.
4

Computational Model updating

In order to further improve the global similarity between simulated and experimental results
the model of the blade is computationally updated as described in the following. In this process
the above described auxiliary model of the test-rig is used but not further adapted.
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Figure 6: MAC and deviation in eigenfrequency for initial and manually adapted model

4.1
4.1.1

Updating based on full set of sensors - reference conﬁguration
Responses

The magnitude of the relative deviation in eigenfrequency |Δf| = |(ffe -fexp )/fexp | between a
simulated (fe) and an experimental mode (exp) is used as one measure for pairing respective
modes. This is due to the fact that, in conjunction with similar mode shapes, this deviation is
a good indicator of similarity and therefore helps in relating models in terms of their dynamic
behavior. In the following, experimental and simulated modes are considered to be paired, if
they have MAC value above 70 % and an absolute frequency deviation of less than 30 %.
As responses MAC values (11) and frequency deviations (11) of paired mode shapes as well as
the center of gravity (1) in spanwise direction (COG) and the mass (1) are used. This results in
a total number of 24 responses. The responses are weighed differently. The diagonal response
weighting matrices WR are built from the weights as given in the following. The frequency
responses are, as oppose to all other responses which are given a weighting of 1, given different
weights in the objective function (Tab. 4.1.1). Responses with higher weights are emphasized
in the objective function, while responses with a lower weight are not. The weighting is based
on the premise, that in the updating of this rotorblade, large initial discrepancies in frequency
(in particular for torsional modes) ought to be minimized, while mode shape correlation should
improve.
Table 1: response weighting

Experimental Mode Shape 1.)

2.) 4.)

5.) 7.)

9.) 11.) 13.)

18.) 19.)

20.)

frequency weighting

2

1

1

2

4

4.1.2

1

1

2

4

1

2

Initial sensitivities

To tune the global dynamic behavior of the simulation model, two types of parameters are
used. A scaling factor on the membrane stiffness as well as a scaling factor on the density.
In preparation of the parameterization, sensitivities are calculated for every shell element with
respect to each response. The summed normalized initial sensitivities are displayed in Figure
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7. Herein the scale is limited to allow the detection of relevant regions. For a small number
of elements the magnitude of the sensitivities is larger than shown in Figure 7. With this, it
becomes apparent that different regions are particularly sensitive. It is worth noting, that apart
from the areas marked in red and blue in Figure 7, the beginning of the spar (not visible in the
ﬁgure) is highly sensitive to changes in density as well as in membrane stiffness.

Figure 7: Initial summed normalized sensitivities (limited scale)

4.1.3

Parameterization

The model is parameterized in two different ways. In the ﬁrst approach 12 design ﬁelds
are used. Using one scaling factor on the membrane stiffness and one scaling factor on the
density as parameters for each design ﬁeld leads to 24 parameters in total. The design ﬁelds are
equally spaced from root to tip and numbered consecutively from left to right, beginning in the
upper left and ending in the lower right (Fig. 8 a)). The spar is included in the lower 6 design
ﬁelds (i.e. design ﬁeld number 7 to design ﬁeld number 12). In the second approach 40 design
ﬁelds as shown in Figure 8 b) are used and numbered according to the same scheme as in the
other parameterization. Additionally 19 design ﬁelds are equally spaced along the spar (from
root to tip) leading to a total number of 59 design ﬁelds and thus 118 parameters. The ﬁrst
parameterization has the advantage of using the same number of parameters (24) as responses
(24) and therefore leading to a determined system of equations. In spite of this drawback,
the parameterization with 118 parameters has the advantage of a ﬁner spatial resolution and
furthermore accounts for differences in sensitivities on the spar as oppose to the outer hull of the
blade. Since the second parameterization uses fewer responses than parameters, the parameter
changes are additionally constrained to their initial value in order to ensure a deterministic
updating procedure. Because the model is directly based on production drawings, the maximum

Figure 8: Design ﬁelds leading to parameterizations
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parameter change is set to 15%. While the exact number is based on engineering judgment, the
general limitation of parameter changes is due to the notion, that the updated model should not
just reproduce the experimental results but also reﬂect the true material properties as close as
possible [23]. The parameter change per iteration is limited to 0.5 % in order achieve a smooth
convergence of parameters. All parameters are weighed equally with a value of 1 (i.e. WP is
the identity matrix). This is due to the fact, that there is no indication of particular uncertainty
on select parameters.
4.1.4

Adaptations

The parameters are adjusted in 150 iteration steps. The ﬁnal parameter values are shown in
Figure 9. Both models are adapted similarly. This is particularly the case for the membrane
stiffness (Fig. 9 c), Fig. 9 d)) where the membrane stiffness in large regions is increased by the
set maximum of 15 %. Figure 9 b) shows, that the density at the tip of the blade is changed
signiﬁcantly differently in the two neighboring design ﬁelds 19 and 20. The discrepancy of
more than 20 % shows that using a ﬁner spatial resolution is particularly reasonable in this area.
Furthermore, the differences between the adaptations of the spar as oppose to the outer hull
of the blade (Figure 9 b) Figure 9 d)) indicates, that the sensitivities throughout the updating
process differed. Since, in the parameterization with 12 design ﬁelds, the spar is included in
the design ﬁelds towards the leading edge, the adaptations to the spar shown in Fig. 9 a) b)
are equal to the respective parameter changes for the outer hull of the blade. Figure 10 shows

Figure 9: Parameter adaptations after 150 iteration steps

the parameter evolution over 150 iteration steps. Numerous parameters are increased to the set
magnitude limit of 15% change after a comparatively small number of iterations. Besides this,
parameters do not visibly change slope of change (i.e. parameters that decrease in the beginning
continue to decrease and parameters that increase in the beginning continue to increase).
4.1.5

Results

Oposing Figure 6 and Figure 11 highlights, that updating the FE model (while using the
FE model of the test-rig) leads to increased MAC values and decreased frequency deviations.
Figure 11 a) and b) show that the MAC values are improved with both parameterizations. The
parameterization with 118 parameters leads to an (overall) higher similarity (i.e. increased MAC
values and decreased frequency deviations) than the parameterization with 24 parameters (Fig.
11) . From Figure 12 it becomes clear, that the parameter adaptations lead to an improvement
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Figure 10: Evolution of iteratively adapted parameters

Figure 11: MAC and deviation in eigenfrequency for updated models

in mean MAC value and decreasing discrepancy in frequency. Furthermore Figure 12 shows,
that these similarity indicators are better for the parameterization with 118 parameters than for
the parameterization with 24 parameters. It ought to be noted, that, while frequency deviations
are still decreasing after iteration 100 mean MAC values are slightly deteriorating.
4.2

Updating based on reduced set of sensors

The updating with the reduced set of sensors uses the sensor locations shown in Figure 13
and is performed with the second parameterization (i.e. 118 parameters), which yielded better
results in the reference case. The updating is performed with different sets of sensors selections.
While the number of sensors used in the updating is reduced, the modal model is not changed,
i.e. the modal identiﬁcation is not repeated with the reduced sensor sets. The full set of sensors
is displayed in green in the upper part of Figure 13. The total number of paired sensors on the
wind turbine rotor blade and the test-rig is 272, 237 sensors are in ﬂap wise direction while 35
are in edge wise direction (at the leading edge). The number of sensors is iteratively reduced. In
each step one sensor is removed based on the notion, that the sum over the off-diagonal values of
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Figure 12: Evolution of medium MAC value and frequency deviation

the AUTOMAC-matrix for the Finite-Element (FE) mode shapes 1 to 20 evaluated at the sensor
positions is minimized. Three conﬁgurations with reduced sensor sets will be investigated. The
number of sensors is reduced to 1/2 (red. sens (1/2)), 1/4 (red. sens. (1/4)) and 1/8 (red.
sens. (1/8)). The remaining sensors for these conﬁgurations are marked on the lower testmodel in Figure 13. In the ﬁrst conﬁguration, sensors are located at all color-marked positions
(red. sens (1/2)), the second conﬁguration uses only the sensors at the positions marked in
yellow and red (red. sens. (1/4). The third conﬁguration uses only sensors at the locations
marked in yellow (red. sens (1/8)). From Figure 14 it becomes clear, that potentially hard to
distinguish mode shapes e.g. 11 and 12 are hard to distinguish for all conﬁgurations. Overall
the AUTOMAC matrices lead to the impression, that most mode shapes up to the 20th mode
are well distinguishable for all conﬁgurations. The evolution of the mean similarity indicators

Figure 13: Full and reduced sensor selection

for the updating of these reduced conﬁgurations are displayed in Figure 15. It becomes clear,
that the frequency discrepancy for all reduced sensor conﬁgurations is minimized as well as
for the full sensor conﬁguration. In contrast to this, the MAC improvements for the reduced
conﬁgurations (red. sens. (1/4) and (red. sens. (1/8))) are smaller than for the full set of sensors
or nonexistent (red. sens. (1/2)).
4.3

Veriﬁcation

The boundary condition of the updated models is changed to ”free-free” and compared to
the experimental ”free-free” modal-data described in [11]. An overview of these veriﬁcation
results can be gained from Figure 16. In this, the similarity metrics are calculated for mode
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Figure 14: FE-AUTOMAC matrices in [%] evaluated for full and reduced sensor sets

shape pairs that occur in all conﬁgurations. It becomes clear, that the mean frequency deviation
is improved for all conﬁgurations and all mean MAC values are marginally aggravated. The
improvements are slightly better in terms of the MAC values for the parameterization with 24
parameters as oppose to the parameterization with 118 parameters. With respect to the mean
frequency deviation, the parameterization with 118 parameters leads to slightly better results.
5

Summary and Outlook

In the present work, several aspects of the model updating of an industrial-sized FE model of
a wind turbine rotor-blade were investigated. The more accurate representation of the boundary
condition by creation of an auxiliary FE model led to the largest improvement in MAC values
and slightly worsened the frequency deviation. In this case study, a parameterization with a
number of parameters that exceeds the number of responses led to better results, than a parameterization in which the number of parameters is equal to the number of responses (Fig. 11).
Furthermore it was shown, that with a reduced number of sensors, the frequency deviation can
be minimized well, while the correlation of the MAC values was not signiﬁcantly improved
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Figure 15: Evolution of similarity criteria for reduced sensor sets

Figure 16: Veriﬁcation of Updating results under altered boundary condition

(Fig. 15). The evolution of parameters showed no obvious ripple effects, which indicates, that
the step-size for the parameter adjustments was chosen to be small enough. A large number
of parameters was at the set global limit of 15%. Relevant parameter changes where observed
for almost all parameters. While the observed improvements are in line with the focus on decreasing frequency deviations, it becomes apparent, that the parameter adaptations do not fully
represent the true material characteristics. In light of this, future works should use different
parameterizations and judge the respective results. If mode shape correlation improvements are
of interest, a large number of sensors should be used. The effects of response-weighting are
assumed to be relevant and will be examined in future works.
6
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[23] H. Natke. Einführung in Theorie und Praxis der Zeitreihen- und Modalanalyse: Identiﬁkation schwingungsfähiger elastomechan. Systeme. Grundlagen der Ingenieurwissenschaften. Vieweg, Braunschweig, 2., verb. auﬂ edition, 1988. ISBN 978-3-528-181451. OCLC: 246837170.
[24] J. O’Callahan and P. Li. A non smoothing serep process for modal expansion. In Proceedings of the 12th International Modal Analysis, volume 2251, page 232, 1994.
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Abstract. The increasing demand of energy is leading to continue innovation in the renewable energy sector. Wind energy harvesting hit a milestone placing wind farm offshore, firstly
in shallow water, using fixed bottom supporting technologies and now moving to deep sea areas, where floating platforms are needed. With floating technologies, construction and service
costs exponentially grow; therefore, structural and mechanical optimizations have a primary
role in the design of a floating offshore wind turbine (FOWT). Optimizations may involve the
stabilizing principle, platform shape and size, mooring lines geometry and positioning. In the
present work, attention is focused on structural aspects and an optimization procedure for a
large wind turbine supported by semisubmersible-like platforms is proposed. In this study,
platform is optimized with the intent to enhance the structural performances of the whole system.

.
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1

INTRODUCTION

)ORDWLQJ2IIVKRUH:LQG7XUELQHV )2:7 DUHFRPSOH[VWUXFWXUDOV\VWHPVH[SRVHGWRPXO
WLSOH VWRFKDVWLF ORDGLQJ FRQGLWLRQV 2SWLPDO SODWIRUP GHVLJQ LV FUXFLDO WR HQVXUH DSSURSULDWH
UHOLDELOLW\OHYHOVDWWKHORZHVWSRVVLEOHFRVW3DVWVWXGLHVFRPSDUHGGLIIHUHQWSODWIRUPVWDELOLW\
FODVVHV:D\PDQDQG6FODYRXQRV>@LQYHVWLJDWHGVWDELOLW\DQGUHVSRQVHRIDEDUJHOLNHSODW
IRUPDQGD7HQVLRQ/HJ3ODWIRUP 7/3 7KH\GHYHORSHGDVLPSOLILHG)UHTXHQF\'RPDLQ )' 
PRGHOWRHYDOXDWHWKHFRXSOLQJLQWHUDFWLRQEHWZHHQWKHZLQGWXUELQHDQGWKHIORDWLQJV\VWHP
:LWKWKHLQFUHDVLQJRIURWRUVL]HDERYHPGLDPHWHUDQG0:UDWHGSRZHUUDWLRQDOXS
VFDOLQJ WHFKQLTXH >@ EDVHG RQ SRZHU UDWLRV ZHUH DGRSWHG WR GLUHFWO\ GHVLJQ SODWIRUPV IRU
ODUJHU WXUELQHV 1HZ W\SRORJLHV RI SODWIRUPV IRU H[DPSOH WKH WULVSDU IORDWHU >@ KDYH DOVR
EHHQ VWXGLHG +RZHYHU WKHUH LV VWLOO ODFN LQ GHVLJQ RSWLPL]DWLRQ IRU VXFK ODUJH WXUELQHV
%URPPXQGWHWDO>@SHUIRUPHGDGHVLJQRSWLPL]DWLRQRQPRRULQJOLQHVRID0:)2:7IRU
WZRWDUJHWHGHQYLURQPHQWDOFRQGLWLRQV.DULPLHW$O>@SHUIRUPHGDPXOWLREMHFWLYHGHVLJQ
RSWLPL]DWLRQRID0::7VXSSRUWHGE\DVHPLVXEPHUVLEOHSODWIRUPDQGD7/3%RWKFRVW
DQGVWUXFWXUDOSHUIRUPDQFHVZHUHFRQVLGHUHGDVWDUJHWV2SWLPL]DWLRQLVXVXDOO\SHUIRUPHGLQ
WKH IUHTXHQF\ GRPDLQ ZLWK WKH RYHUDOO REMHFWLYH RI UHGXFLQJ FRVW DQG LQFUHDVLQJ VWUXFWXUDO
SHUIRUPDQFHV'HVLJQYDULDEOHVDUHXVXDOO\WKHJHRPHWULFDOSURSHUWLHVRIWKHSODWIRUPZKHUH
DVDZLGHO\DGRSWHGREMHFWLYHIXQFWLRQLVWKHQDFHOOHDFFHOHUDWLRQ5HVSRQVH$PSOLWXGH2SHUD
WRUV 5$2 
,QWKHSUHVHQWZRUNWKHRSWLPDOGLPHQVLRQVRIDVHPLVXEPHUVLEOHOLNHSODWIRUPVLPLODUWR
WKH2&15(/SODWIRUP>@EXWVXLWDEOHIRUD0::7DUHLQYHVWLJDWHG7KHDQDO\VLVLV
SHUIRUPHGLQWKHIUHTXHQF\GRPDLQDGRSWLQJDYDOLGDWHGLQKRXVHGHYHORSHGPRGHO>@FRX
SOHGZLWK)$67Y>@7KHHIIHFWRIWKHPRRULQJOLQHVDQGWKHZLQGWXUELQHDUHDFFRXQWHGIRU
WKURXJK DGGLWLRQDO PDVV GDPSLQJ DQG VWLIIQHVV PDWULFHV FRPSXWHG WKURXJK D OLQHDUL]DWLRQ
DQDO\VLVSHUIRUPHGZLWK)$67
,QWKHIROORZLQJILUVWO\WKHDGRSWHG)'PRGHOLVEULHIO\GHVFULEHG7KHQUHVXOWVREWDLQHG
IURPDSDUDPHWULFVWXG\RIDVHPLVXEPHUVLEOHSODWIRUPVXLWDEOHIRUD0::7DUHSUHVHQW
HGDQGFRPSDUHGZLWKDQXSVFDOHG0::7PRGHO>@,QFRQFOXVLRQIXWXUHGHYHORSPHQWV
IRUDZLGHU)'EDVHGRSWLPL]DWLRQSURFHGXUHZLOOEHSUHVHQWHG
2

FREQUENCY DOMAIN MODEL

)2:7VFDQEHDQDO\VHGHLWKHULQWKHWLPHGRPDLQRULQWKHIUHTXHQF\GRPDLQ,QWKHILUVW
FDVHQRQOLQHDUG\QDPLFLQWHUDFWLRQRIWKHZKROHVWUXFWXUHZLWKZLQGZDYHVDQGFRQWUROV\V
WHP FDQ EH SRVVLEO\ FDSWXUHG 0RUHRYHU WKH WLPH GRPDLQ DSSURDFK DOORZV WR VLPXODWH H[
WUHPHORDGFRQGLWLRQVVXFKDVEUHDNLQJZDYHVLPSDFWV>@>@VKXWGRZQRUV\VWHPIDLOXUH
,QDQRSWLPL]DWLRQFRQWH[WZKHUHDODUJHQXPEHURIVLPXODWLRQVDUHUHTXLUHGWKHWLPHGRPDLQ
DSSURDFKPD\OHDGWRDQXQDIIRUGDEOHFRPSXWDWLRQDOFRVW)'PRGHOVQHJOHFWRUDSSUR[LPDWH
QRQOLQHDUHIIHFWVDQGDOORZWRFRQVLGHURQO\VWHDG\ORDGFRQGLWLRQV'HVSLWHWKHVHVLPSOLILFD
WLRQVWKHLUHIILFLHQF\PD\VWLOORIIHUYDOXDEOHJXLGDQFHLQWKHSUHVFUHHQLQJSKDVHRIDQRSWL
PL]DWLRQEDVHG GHVLJQ 0RVW RI WKH SURSRVHG )' DSSURDFKHV VXSHULPSRVH WKH WXUELQH
FRQWULEXWLRQLQWHUPVRIPDVVGDPSLQJDQGVWLIIQHVVPDWULFHVWRWKHK\GURG\QDPLFFRQWULEX
WLRQGXHWRWKHIORDWLQJSODWIRUP7KHGHVFULSWLRQRIWKH)'PRGHODGRSWHGLQWKLVZRUNWR
JHWKHU ZLWK D FRGHWRFRGH YHULILFDWLRQ XVLQJ EHQFKPDUNUHVXOWV REWDLQHG IURP WLPH GRPDLQ
VLPXODWLRQV>@>@LVDYDLODEOHLQ>@7KH$16<6$4:$SRWHQWLDOVROYHU>@LVDGRSWHG
WRHYDOXDWHUDGLDWLRQGLIIUDFWLRQK\GURG\QDPLFFRQWULEXWLRQVWRWKHHTXDWLRQRIPRWLRQRIWKH
IORDWLQJSODWIRUPZKLOH0RULVRQ¶VHTXDWLRQ>@LVXVHGIRUVOHQGHUHOHPHQWV7KHPRGHOFRQ
VLGHUVDSSUR[LPDWHGQRQOLQHDUYLVFRXVGUDJWHUPDQGKHDYHSODWHVGDPSLQJ
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0RRULQJ OLQHV DQG ZLQG WXUELQH FRQWULEXWLRQ WR WKH HTXDWLRQ RI PRWLRQ DUH HYDOXDWHG
WKURXJKDOLQHDUL]DWLRQDQDO\VLVDURXQGWKHRSHUDWLRQDOSRLQWSHUIRUPHG ZLWK)$67BY7KH
OLQHDUL]HG HTXDWLRQ RI PRWLRQ LV VROYHG IRU WKH VL[ ULJLG ERG\ SODWIRUP GHJUHHV RI IUHHGRP
'R)V )LQDOO\WKH5$2VDUHFDOFXODWHG
3

10MW FOWT OPTIMIZED SEMISUBMERISBLE PLATFORM

,QWKLVVHFWLRQDQHZVHPLVXEPHUVLEOHOLNHSODWIRUPVVXLWDEOHIRUWKH'78:7>@LV
VWXGLHG7KHHIIHFWRIWZRNH\GHVLJQYDULDEOHVQDPHO\WKHRXWHUFROXPQGLDPHWHUGDQGSODW
IRUPUDGLXVU )LJXUH RQWKHG\QDPLFUHVSRQVHRIWKHSODWIRUPLVLQYHVWLJDWHG

)LJXUH6HPLVXEPHUVLEOHOLNHSODWIRUPGHVLJQYLDULDEOHV

7KHUDWLREHWZHHQKHDYHSODWHVDQGVLGHFROXPQVGLDPHWHUVLVVHWWR+HDYHSODWHVOHQJWK
LVVHWWRP'UDIWLVNHSWFRQVWDQWWRPE\PRGLI\LQJWKHFRQFUHWHEDOODVW
7KHOHQJWKRIWKHPRRULQJOLQHVLVUHDUUDQJHGWRPDLQWDLQWKHVDPHVWLIIQHVVPDWUL[RQWKH
ZKROH VHW RI SRVVLEOH VROXWLRQV >@ (LJKW GLIIHUHQW FROXPQ GLDPHWHUV DQG SODWIRUP UDGLL DUH
FKRVHQLQRUGHUWRFUHDWHDJULGRIFRPELQDWLRQV7KHJULGVSDFLQJIRUGDQGUDUHPDQG
PUHVSHFWLYHO\7KHUHVXOWVIRUDOOFRPELQDWLRQVDUHWKHQLQWHUSRODWHGXVLQJVSOLQHVXUIDFHV
$OWKRXJKRQO\SDUNHGVWDWHFRQGLWLRQLVSUHVHQWHGLQWKLVSDSHUIRUHDFKFRPELQDWLRQ GU 
WKHPHDQSLWFKURWDWLRQDQJOHLVFKHFNHG DV WR ZKHWKHU LWLV VXLWDEOHIRUDSRZHUSURGXFWLRQ
VWDWH$URWDWLRQRILVFRQVLGHUHGWKHPD[LPXPDOORZDEOHSLWFKDQJOH>@
7ZR TXDQWLWLHV RI KHDYH DQG SLWFK PRWLRQV DUH FKRVHQ DV WDUJHW WR EH PLQLPL]HG 5$2
SHDNVDQGLQWHJUDO5$2LQWKHUDQJHRIIUHTXHQF\H[FLWHGE\WKHFRQVWDQWP+]ZKLWHQRLVH
WR+] %RWKKHDYHDQGSLWFKDUHDOVRLQGLFDWRUVRIWXUELQHSHUIRUPDQFHDVGLVFXVVHGLQ
>@ DQG >@ 5HVXOWV DUH SUHVHQWHG LQ )LJXUHV  DQG FRPSDUHG ZLWK WKRVH RI DQ XSVFDOHG
SODWIRUPIURPWKH0:'HHS:LQGVHPLVXEPHUVLEOH LGHQWLILHGE\DUHGGRWLQ)LJXUHVDQG
 +HDYHDQGSLWFK5$2SHDNVIRUWKHLQYHVWLJDWHGSODWIRUPVDUHSUHVHQWHGLQ)LJXUH)URP
)LJXUH D D PLQLPXP UHJLRQ RI KHDYH 5$2 SHDN SDUNHG FDVH  FDQ EH LGHQWLILHG IRU RXWHU
FROXPQV GLDPHWHU EHWZHHQ P DQG IRU DOPRVW DOO SODWIRUP UDGLL FRQVLGHUHG )LJXUH E
SUHVHQWVWKHSLWFK5$2SHDNV SDUNHGVWDWH 7KHPLQLPXPUHJLRQEHWZHHQPDQGP
IRUWKHFROXPQGLDPHWHUVDQGDSODWIRUPUDGLXVRIPKDVWREHGLVFDUGHGVLQFHWKHPD[L
PXPDOORZDEOHSLWFKDQJOHRILVYLRODWHG$PLQLPXPUHJLRQIRUDVPDOOHUDQGOLJKWHUVROX
WLRQZLWKUHVSHFWRIWKHXSVFDOHGRQH PDUNHGDVDUHGGRWLQWKHILJXUH FDQEHIRXQGEHWZHHQ
PDQGPIRUWKHFROXPQGLDPHWHUVDQGDSODWIRUPUDGLXVRIP3ODWIRUPVZLWK±
PFROXPQGLDPHWHUVDQGPUDGLLDSSHDUWREHWKHEHVWFKRLFHZKLFKPLQLPL]HVERWKKHDYH
DQGSLWFKSHDNV
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(a)

(b)

)LJXUH3DUNHGFRQGLWLRQ5$2SHDNVRIKHDYH PP  D DQGSLWFK GHJP  E 5HGGRWVUHIHUWRWKHXSVFDOHG
FRQILJXUDWLRQ

,Q)LJXUH5$2LQWHJUDOVRIKHDYH )LJXUHD DQGSLWFK )LJXUHE '2)VDUHSUHVHQWHG
)LJXUHDDQGEUHYHDODORZHUPLQLPXPUHJLRQEHWZHHQPDQGPIRUWKHRXWHUFRO
XPQGLDPHWHUV/RFDOPD[LPDLQWKHERWWRPDQGXSSHUSDUWRIWKHGRPDLQDUHFDXVHGE\DQ
LQFUHDVLQJRIWKHHLJHQIUHTXHQF\SHDNDQGE\KHDYH±SLWFKFRXSOLQJ

(a)

(b)

)LJXUH3DUNHGFRQGLWLRQ5$2LQWHJUDORIKHDYH D DQGSLWFK E 5HGGRWVUHIHUWRWKHXSVFDOHGFRQILJXUDWLRQ

&RQVLGHULQJ WKH SODWIRUPV DQDO\VHG DQG WKDW WKH SODWIRUP UHVSRQVH LQ SLWFK ZRXOG DIIHFW
PRUHWKHIDWLJXHEHKDYLRXURIERWKWXUELQHWRZHUDQGPRRULQJOLQHVWKDQWKHUHVSRQVHLQKHDYH
WKHFRQILJXUDWLRQZLWKDPFROXPQGLDPHWHUDQGPSODWIRUPUDGLXVLVSUHIHUUHGWRWKH
PP
,Q7DEOHWKHQXPHULFDOYDOXHVRIWKH5$2SHDNVRIWKHXSVFDOHGDQGWKHRSWLPL]HGSODW
IRUPDUHFRPSDUHG$VLWLVSRVVLEOHWRREVHUYHDORZUHGXFWLRQLVDFKLHYHGLQVXUJHEHFDXVH
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WKHG\QDPLFEHKDYLRXULVPDLQO\GRPLQDWHGE\PRRULQJOLQHVZKLFKDUHQRWRSWLPLVHGLQWKLV
VWXG\
8SVFDOHG
2SWLPLVHG
5HGXFWLRQ>@

6XUJH3HDN




+HDYH3HDN




3LWFK3HDN




7DEOH&RPSDULVRQVRI5$2SHDNYDOXHVEHWZHHQWKHXSVFDOHGDQGRSWLPLVHGSODWIRUPV

4

CONCLUSION AND FUTURE WORKS

,Q WKH SUHVHQW ZRUN D IUHTXHQF\ GRPDLQ RSWLPL]DWLRQ SURFHGXUH IRU D VHPLVXEPHUVLEOH
OLNHSODWIRUPLVGLVFXVVHG7KHRSWLPL]HGSURFHGXUHLVSHUIRUPHGE\FRQVLGHULQJYDULDEOHV
QDPHO\WKHRXWHUFROXPQVGLDPHWHUGDQGWKHSODWIRUPUDGLXVU$QRSWLPDOFRQILJXUDWLRQLV
DFKLHYHGIRUG PDQGU P)XWXUHZRUNVZLOOEHIRFXVHGRQFRQVLGHULQJPRUHYDULDEOHV
VXFKDVGUDIWDQGKHDYHSODWHVKHLJKW0RUHRYHUGLIIHUHQWWDUJHWVWREHPLQLPL]HGZLOOEHFRQ
VLGHUHG VXFK DV QDFHOOH DFFHOHUDWLRQ 5$2 DQG WKH GLIIHUHQFH EHWZHHQ WKH SODWIRUP GUDIW
ZLQGZDUGDQGWKHORFDOIUHHVXUIDFHZDYHHOHYDWLRQ>@7KLVLVDIXQGDPHQWDOTXDQWLW\WKDW
PXVW EH FRQVLGHUHG WR SUHYHQW ERWWRPVODPPLQJ DQG WKHUHIRUH WR UHGXFH IDWLJXH ORDGV RQ
PRRULQJOLQHVDQGWXUELQHWRZHU7RLQFUHDVHWKHHIILFLHQF\RIWKHRSWLPL]DWLRQSURFHGXUHWKH
QH[WVWHSZLOOEHWKHHYDOXDWLRQRIPXOWLGLPHQVLRQDOILWWHGIXQFWLRQVIRUWKHK\GURG\QDPLFSD
UDPHWHUV DGGHG PDVV UDGLDWLRQ GDPSLQJ DQG GLIIUDFWLRQ IRUFHV  7KLV SURFHGXUH ZLOO DOORZ
QRW WR FDOO WKH SRWHQWLDO IORZ VROYHU DW HYHU\UXQLQ WKH RSWLPL]DWLRQ DOJRULWKPOHDGLQJ WR D
GUDVWLFUHGXFWLRQRIWKHFRPSXWDWLRQDOWLPH7KHSURSRVHGSURFHGXUHLVDOVRHQIRUFHGE\WKH
IDFWWKDWWKHK\GURG\QDPLFSDUDPHWHUVDUHUHODWLYHO\VPRRWKIXQFWLRQVDVLWLVSRVVLEOHWRVHH
LQ)LJXUH

Figure 4: Added mass coefficients for a semisubmersible-like platform of 14 m side column diameter,
varying platform radius (y axis), frequency (x axis) and platform draft from 20 m to 32 m.
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1RUZHJLDQ*HRWHFKQLFDO,QVWLWXWH1*,2VOR1RUZD\
HPDLO.DULQ1RUHQ&RVJULII#QJLQR$PLU0.D\QLD#QJLQR

Keywords:RIIVKRUHZLQGHQHUJ\SLOHIRXQGDWLRQPHDVXUHPHQWVDFFHOHUDWLRQVWUDLQQDWXUDO
IUHTXHQFLHV
Abstract. The dynamic characteristics of offshore wind turbines are heavily affected by the
ambient excitations (e.g. wave excitations and wind excitations) and nonlinear soil behaviour.
For monopile structures, the fatigue design for the wind and wave loading is one of the most
important problems to consider. Since the fatigue damage is sensitive to the foundation stiffness and damping, increasing the accuracy of analysis tools used in the design and optimization process can improve the reliability of the design and reduce conservatism, thereby
leading to a more cost-efficient design. In this context, analysis of field data is important for
calibrating and verifying purposes.
This paper presents analysis of measured accelerations and strains in two offshore wind turbines in the North Sea with monopile foundations. One of the turbines is in a site that is dominated by sand and the other by clay. Field data during idling conditions, collected over long
periods of operation, are analysed and the natural frequencies and estimates of damping are
determined. Further, the effect of load (wave, wind and dynamic bending moment) on the natural frequencies is investigated and clear correlation between load level and natural frequency is demonstrated, which points to the importance of soil nonlinearity.
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1

INTRODUCTION

$FFRUGLQJ WR >@ VRLO VWUXFWXUH LQWHUDFWLRQ 66,  HIIHFWV FDQ UHGXFH WKH IL[HGEDVH IXQGD
PHQWDOIUHTXHQF\PRUHWKDQLQWKHIUHTXHQF\UDQJHDERYH!+]7KHUHIRUHDQDO\VLV
WRROVQHHGWRLQFOXGHDQDFFXUDWHGHVFULSWLRQRIWKHVRLO,QWKLVFRQWH[WDQDO\VLVRIILHOGGDWD
LVLPSRUWDQWIRUFDOLEUDWLQJDQGYHULI\LQJSXUSRVHV+RZHYHURQO\PHDVXUHPHQWVIURPDIHZ
LQVWDOODWLRQVDUHUHSRUWHGLQWKHOLWHUDWXUH6RPHRIWKHVHDUHPHQWLRQHGEHORZ
,Q>@DQDO\VHVRIPRUHWKDQ³URWRUVWRS´WHVWVSHUIRUPHGRQRIIVKRUHZLQGWXUELQHV
IRXQGHGRQPRQRSLOHVLQIRXUZLQGSDUNVDUHGHVFULEHG,Q>@DQDO\VHVRIPHDVXUHPHQWGDWD
IURP RQH RIIVKRUH ZLQG WXUELQH VWUXFWXUH RQ D PRQRSLOH IRXQGDWLRQ LQ +RUQV 5HHI ,, ZLQG
IDUPDUHSUHVHQWHG,Q>@UHVXOWVDUHSUHVHQWHGIURPDQDO\VHVRI URWRUVWRS WHVWVSHUIRUPHGRQ
RQHRIIVKRUHZLQGWXUELQHRQDPRQRSLOHLQ%XUER%DQNVZLQGIDUP5HVHDUFKLQ>@SUHVHQWV
UHVXOWVIURPDORDGPHDVXULQJFDPSDLJQRQRQHRIIVKRUHZLQGWXUELQHRQDPRQRSLOHLQ+RUQV
5HY  :LQG )DUP 6WXGLHV FDUULHG RXW LQ >@ UHSRUW PHDVXUHPHQWV RI RYHUDOO GDPSLQJ IURP
³URWRUVWRS´WHVWLQWKH+RUQV5HYDQGWKH%XUERRIIVKRUHZLQGIDUPV)LQDOO\>@DQG>@
SUHVHQW GDWD IURP D ORQJWHUP PRQLWRULQJ FDPSDLJQ DQG RYHUVSHHG VWRSV SHUIRUPHG DW WKH
%HOZLQGZLQGIDUP
,QWKHSUHVHQWVWXG\DQDO\VHVRIPHDVXUHPHQWGDWDIURPWZRZLQGIDUPVLQWKH1RUWK6HD
ZLWK PRQRSLOH IRXQGDWLRQV DUH SUHVHQWHG 0HDVXUHG DFFHOHUDWLRQ DQG VWUDLQ GDWD FROOHFWHG
RYHU VHYHUDO SHULRGV RI LGOLQJ FRQGLWLRQV DUH DQDO\VHG 7KH REMHFWLYHV RI WKHVH DQDO\VHV DUH
WZRIROG )LUVW WR GHWHUPLQH WKH QDWXUDO IUHTXHQFLHV WR EH XVHG LQ YDOLGDWLRQ RI GHYHORSHG
IRXQGDWLRQPRGHOVDQGVHFRQGWRREVHUYHDQ\VHQVLWLYLW\RIWKHPHDVXUHGQDWXUDOIUHTXHQFLHV
WRWKHLQWHQVLW\RIORDGLQJZKLFKLQWXUQZRXOGSRLQWWRWKHUROHRIVRLOQRQOLQHDULW\7KLVSD
SHUGHVFULEHVWKHDQDO\VHVSHUIRUPHGDWWKHVHVLWHVDQGWKHPDLQUHVXOWV
2

SITE CONDITIONS, TURBINE STRUCTURE AND INSTRUMENTATION

%RWK VLWHV DUH ORFDWHG LQ WKH 1RUWK 6HD 7KH JURXQG FRQGLWLRQV DW WKH ILUVW VLWH DUH VDQG
GRPLQDWHGZKLOHWKHVHFRQGVLWHLVSUHGRPLQDQWO\FOD\0HDVXUHPHQWGDWDIURPRQHWRZHUDW
HDFKVLWHDUHXVHGLQWKLVVWXG\7KHWRZHUDWWKHVDQG\VLWHLVHTXLSSHGZLWKVWUDLQJDXJHVDW
IRXUOHYHOVRQWKHLQQHUZDOORIWKHPRQRSLOH 03 DQGWKHLQQHUZDOORIWKHWUDQVLWLRQSLHFH
73 ,QWKLVVWXG\PHDVXUHGYHUWLFDOVWUDLQLQ73DUHDQDO\VHGDQGLQDGGLWLRQLQIRUPDWLRQ
DERXW ZLQG VSHHG IURP PHDVXUHPHQW DW WKH WRZHU LV XVHG 7KH WRZHU DW WKH FOD\H\ VLWH LV
HTXLSSHG ZLWK KRUL]RQWDO DQG YHUWLFDO DFFHOHURPHWHUV FORVH WR WKH WRZHU ERWWRP DQG VWUDLQ
JDXJHV DW VHYHUDO OHYHOV LQ WKH WRZHU WKH WUDQVLWLRQ SLHFH DQG WKH PRQRSLOH ,Q WKLV VWXG\
PHDVXUHGDFFHOHUDWLRQVLQWKHKRUL]RQWDO;DQG<GLUHFWLRQVDQGIRXQGDWLRQYHUWLFDOVWUDLQDUH
DQDO\VHG,QDGGLWLRQLQIRUPDWLRQDERXWZLQGVSHHGDQGZLQGGLUHFWLRQPHDVXUHGDWWKHWRZHU
DUH XVHG )RU ERWK VLWHV LQIRUPDWLRQ DERXW VLJQLILFDQW ZDYH KHLJKW +V  DQG ZDYH GLUHFWLRQ
DUHFROOHFWHGIURPQHDUE\PHWPDVWV)RUWKHVDQG\VLWHQRLQIRUPDWLRQDERXWQDFHOOHGLUHFWLRQ
ZDV DYDLODEOH IURP PHDVXUHPHQWV DW WKH WRZHU GXH WR VHQVRU HUURU 7KH QDFHOOH GLUHFWLRQ LV
WKHUHIRUH DVVXPHG WR EH DERXW HTXDO WRWKH ZLQG GLUHFWLRQ PHDVXUHG DW WKH QHDUE\ PHWPDVW
)LJXUHVKRZV WKH PRQRSLOHV DQGWKHORFDWLRQRIWKHLQVWUXPHQWV 7DEOH  JLYHV IXUWKHU LQ
IRUPDWLRQ DERXW WKH VLWHV WKH LQVWDOODWLRQV DQG WKH LQVWUXPHQWDWLRQ )RU WKH FOD\H\ VLWH IRU
ZKLFKERWKVWUDLQDQGDFFHOHURPHWHUGDWDDUHDYDLODEOHWKHGHWHUPLQDWLRQRIQDWXUDOIUHTXHQ
FLHV DQG GDPSLQJ DUH EDVHG RQ DFFHOHUDWLRQ VLQFH WKHVH GDWD KDYH WKH EHVW TXDOLW\ )RU WKH
VDQG\VLWHWKHGHWHUPLQDWLRQRIWKHQDWXUDOIUHTXHQFLHVDQGGDPSLQJDUHEDVHGRQPHDVXUHG
VWUDLQ$VVHVVPHQWRIORDGWKURXJKG\QDPLFEHQGLQJPRPHQWLVEDVHGRQPHDVXUHGVWUDLQIRU
ERWKVLWHV
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)LJXUH*URXQGFRQGLWLRQVPRQRSLOHOD\RXWDQGVHQVRUORFDWLRQOHIWVDQG\VLWHULJKWFOD\H\VLWH

*URXQGFRQGLWLRQV
:DWHUGHSWK
7XUELQHSRZHU
0RQRSLOHGLDPHWHU
,QVWUXPHQWDWLRQ

6LWH
6DQGGRPLQDWHG
P
0:
P
YHUWLFDOVWUDLQJDXJHVLQ
73(/

6DPSOLQJIUHTXHQF\

+]

6LWH
&OD\GRPLQDWHG
P
0:
P
YHUWLFDOVWUDLQJDXJHVLQ03
(/KRUL]RQWDO ;DQG< 
DFFHOHURPHWHULQWRZHU(O
+]

7DEOH*URXQGFRQGLWLRQV2:7DQGLQVWUXPHQWDWLRQ

3

WIND AND WAVE INFORMATION

7KHUHVSRQVHLQLGOLQJSHULRGVDUHPRUHDIIHFWHGE\WKHIRXQGDWLRQVWLIIQHVVDQGGDPSLQJ
WKDQWKHUHVSRQVHGXULQJSURGXFWLRQZKLFKLVSULPDULO\LQIOXHQFHGE\DHURG\QDPLFGDPSLQJ
DQG VWLIIQHVV 7KHUHIRUH WKH IRFXV LQ WKLV VWXG\ LV RQ LGOLQJ SHULRGV )RU WKH VDQG\ VLWH WKH
WXUELQH LV LGOLQJ WKURXJKRXW DOO WLPH SHULRGV IURP ZKLFK GDWD ZHUH UHFHLYHG ZKLOH IRU WKH
FOD\H\VLWHWKHWXUELQHLVLGOLQJLQEHWZHHQSHULRGVRISURGXFWLRQ6RPHRIWKHVHLGOLQJSHUL
RGVODVWHGRQO\DIHZPLQXWHVZKLOHRWKHUVODVWHGIRUVHYHUDOGD\V)RUGDWDXVHGLQWKLVVWXG\
D UHTXLUHPHQW LV VHW IRU D PLQLPXP LGOLQJ SHULRG RI  PLQXWHV ZLWK WKH ILUVW DQG ODVW WZR
PLQXWHV GLVFDUGHG WR DYRLG LQIOXHQFH IURP VWDUWXS DQG VKXWGRZQ RI WKH WXUELQH )LJXUH 
VKRZVWKHGLVWULEXWLRQRIWKHDQDO\VHGWLPHSHULRGVRYHUZLQGVSHHGVZDYHKHLJKWVDQGZLQG
DQGZDYHGLUHFWLRQVGHVFULEHGDVDYHUDJHVLQPLQXWHVSHULRGV7KHOHQJWKRIWKHUHGELQV
LQWKH5RVHGLDJUDPVFRUUHVSRQGVWRWKHQXPEHURIPLQXWHVSHULRGVZLWKWKLVREVHUYDWLRQ
HJDERXWKXQGUHGPLQXWHVSHULRGVZLWKZLQGGLUHFWLRQEHWZHHQDQGGHJUHHIRU
WKHVDQG\VLWH
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)LJXUH'LVWULEXWLRQRIDYHUDJH LQPLQXWHVSHULRGV ZLQGVSHHGZDYHKHLJKWDQGZLQGDQGZDYHGLUHFWLRQ
IRUWKHDQDO\VHGWLPHSHULRGVOHIWVDQG\VLWHULJKWFOD\H\VLWH

4

DETERMINATION OF NATURAL FREQUENCIES

7KHQDWXUDOIUHTXHQFLHVDUHGHWHUPLQHGXVLQJWKHIROORZLQJ))7EDVHGPHWKRGRORJ\
x 7KH LGOLQJ SHULRGV DUH GLYLGHG LQWR PLQXWHV VHJPHQWV DQG ))7 LV SHUIRUPHG RQ
HDFK VHJPHQW XVLQJ D PLQXWHVDQDO\VLVSHULRGDQGRYHUODSUHVXOWLQJLQRQH
3RZHU 6SHFWUXP 'HQVLW\ 36'  IRU HDFK VHJPHQW ZLWK D IUHTXHQF\ UHVROXWLRQ RI
+]
x 7R GHWHUPLQH WKH RYHUDOO QDWXUDO IUHTXHQFLHV DQ DYHUDJH 36' LV FDOFXODWHG IURP DOO
36'VIRUWKHLQGLYLGXDOWLPHSHULRGVDQGWKHQDWXUDOIUHTXHQFLHVDUHLGHQWLILHGIURP
WKHSHDNVLQWKHDYHUDJH36'
x 7RVWXG\DSRVVLEOHHIIHFWRIWKHORDGRQWKHQDWXUDOIUHTXHQFLHVWKHILUVWQDWXUDOIUH
TXHQFLHVDUHGHWHUPLQHGIURPWKH36'VIRUDOOLQGLYLGXDOPLQVHJPHQWVDQGSORWWHG
DJDLQVWDYHUDJHZLQGVSHHGZDYHKHLJKWDQGFDOFXODWHGG\QDPLFEHQGLQJPRPHQWLQ
WKHUHVSHFWLYHPLQSHULRG$YHUDJLQJE\XVHRIRYHUODSVKDYHWKHGLVDGYDQWDJHRI
UHGXFLQJ WKH IUHTXHQF\ UHVROXWLRQ 7KHUHIRUH HDFK GHWHUPLQDWLRQ RI WKH ILUVW QDWXUDO
IUHTXHQF\LQWKLVSDUWRIWKHVWXG\LVEDVHGRQUHVXOWVIURP))7DQDO\VLVRIPLQXWHV
VHJPHQWVZLWKRXWDYHUDJLQJ
7KHUHVSRQVHRIDQRIIVKRUHZLQGWXUELQHLVGLUHFWLRQDOGHSHQGHQWGXHWRWKHWKUXVWRQWKH
URWRU>@LHWKHUHPD\EHDVPDOOGLIIHUHQFHLQWKHQDWXUDOIUHTXHQFLHVLQWKH\DZGLUHFWLRQ
)RUHDIW DQGSHUSHQGLFXODUWR\DZGLUHFWLRQ 6LGHVLGH %HIRUHDSSO\LQJWKHDERYHPHWKRG
RORJ\WKHWZRGLUHFWLRQVDUHWKHUHIRUHDQDO\VHGVHSDUDWHO\E\WUDQVIRUPLQJWKHPHDVXUHGDF
FHOHUDWLRQVDQGVWUDLQVWRDORFDOFRRUGLQDWHV\VWHPGHWHUPLQHGE\WKHQDFHOOHGLUHFWLRQXVLQJ
WKHIROORZLQJHTXDWLRQ

ܵ݅݀݁ െ ݁݀݅ݏ
cos ߠ

൨= ቂ
 ݁ݎܨെ ݂ܽݐ
sin ߠ

െ sin ߠ ܺ
ቃ ቂ ቃ
cos ߠ ܻ



ZKHUHTLVWKHQDFHOOHGLUHFWLRQIURP1RUWK<
)LJXUHVKRZVWKHRYHUDOO36' DYHUDJHRI36'VIURPDOOPLQSHULRGV ZLWKWKHLGHQWL
ILHG QDWXUDO IUHTXHQFLHV EHORZ  +] 7KH ILUVW EHQGLQJ PRGHV FDQ EH VHHQ DW  +] DQG
+]DQGWKHVHFRQGEHQGLQJPRGHVDW+]DQG+]IRUWKHVDQG\DQGFOD\H\VLWHV
UHVSHFWLYHO\7KHSHDNVLQEHWZHHQWKHVWDQGVHFRQGEHQGLQJPRGHVDUHEHOLHYHGWRFRUUH
VSRQGWREODGHEHQGLQJPRGHV
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)LJXUH2YHUDOO36' DYHUDJHRIDOOPLQSHULRGV ZLWKLGHQWLILHGQDWXUDOIUHTXHQFLHVEHORZ+]OHIWVDQG
GRPLQDWHGVLWHULJKWFOD\GRPLQDWHGVLWH

)LJXUHVKRZVWKHILUVWQDWXUDOIUHTXHQFLHVLQIRUHDIWDQGVLGHVLGHGLUHFWLRQGHWHUPLQHG
IRUDOOLQGLYLGXDOPLQVHJPHQWVDQGSORWWHGYHUVXVORDGLHZLQGVSHHGVLJQLILFDQWZDYH
KHLJKWDQGWRWDOG\QDPLFEHQGLQJPRPHQW FDOFXODWHGIURPPHDVXUHGVWUDLQ IRUWKHWZRVLWHV
/LQHDUILWVWRGDWDDUHDOVRVKRZQLQWKHILJXUHV

)LJXUH)LUVWQDWXUDOIUHTXHQF\IURP))7LQVLGHVLGHGLUHFWLRQ UHG DQGIRUHDIWGLUHFWLRQ EODFN SORWWHG
DJDLQVWZLQGVSHHGZDYHKHLJKWDQGWRWDOG\QDPLFEHQGLQJPRPHQWOHIWVDQG\VLWHULJKWFOD\H\VLWH

7KH UHVXOWV VKRZ WKDW WKH ILUVW QDWXUDO IUHTXHQF\ GHFUHDVHV ZLWK LQFUHDVHG ORDG ZKLFK
SRLQWVWRLQIOXHQFHRIVRLOQRQOLQHDULW\7KLVLVPRVWHYLGHQWIRUILUVWQDWXUDOIUHTXHQF\SORWWHG
YHUVXV WKH EHQGLQJ PRPHQW ZKLFK GLUHFWO\ UHSUHVHQWV WKH ORDG DFWLQJ RQ WKH PRQRSLOH
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+RZHYHU)LJXUHDOVRVKRZVTXLWHDODUJHVSUHDGLQGDWDDWWKHVDPHWLPHDVWKHYDULDWLRQLQ
WKHQDWXUDOIUHTXHQFLHVZLWKORDGLVYHU\VPDOO7RUHGXFHWKHVSUHDGRIGDWDDQGJHWDFOHDUHU
WUHQGLWPD\EHFRQVLGHUHGWRLQFUHDVHWKHIUHTXHQF\UHVROXWLRQE\H[WHQGLQJWKHOHQJWKRIWKH
WLPHVHULHVXVHGLQWKH))71HYHUWKHOHVVWKHZLQGDQGZDYHORDGDUHFKDQJLQJZLWKWLPHDQG
WKHYDULDWLRQLQORDGIRUHDFKREVHUYDWLRQZLOOWKHUHIRUHLQFUHDVHLIWKHOHQJWKRIWKHWLPHVH
ULHV DUH LQFUHDVHG $V DQ DOWHUQDWLYH RWKHU PHWKRGV VXFK DV WKH WLPH GRPDLQ 0XOWLFKDQQHO
$XWR5HJUHVVLYH 0RYLQJ $YHUDJH 0$50$  PHWKRG PD\ EH XVHG WR \LHOG PRUH DFFXUDWH
VSHFWUDZLWKKLJKHUUHVROXWLRQFRPSDUHGWR))7)XUWKHU)LJXUHVKRZVWKDWWKHWZRPRGHV
IRUWKHVDQG\VLWHDUHQRWUHVROYHG0HWKRGVOLNH0$50$ZKLFKDUHEDVHGRQDQDO\VLVRIWKH
FRYDULDQFHIXQFWLRQDQGWDNHVDGYDQWDJHRIFURVVLQIRUPDWLRQEHWZHHQDOOFKDQQHOVZLOODOVR
EHPXFKEHWWHUDWLGHQWLI\LQJFORVHO\VSDFHGQDWXUDOIUHTXHQFLHVFRPSDUHGWRWKH))7PHWKRG
7KH0$50$PHWKRGZDVVXFFHVVIXOO\WULHGLQWKHFXUUHQWVWXG\DQGUHVXOWHGLQDFOHDUVHSD
UDWLRQEHWZHHQWKHWZRPRGHVDQGOHVVVSUHDGLQGDWDFRPSDUHGWR))7
5

ASSESSMENT OF DAMPING

'DPSLQJFDQEHDVVHVVHGIURPWKHPHDVXUHGGDWDERWKLQWKHIUHTXHQF\GRPDLQDQGLQWKH
WLPHGRPDLQ&RPPRQIRUDOOPHWKRGVLVWKDWWKH\HVWLPDWHWKHRYHUDOOGDPSLQJRIWKHV\VWHP
ZKLFKIRUWKH¿UVWEHQGLQJPRGHVFRQVLVWVRIDFRPELQDWLRQRIDHURG\QDPLFGDPSLQJGDPS
LQJGXHWRFRQVWUXFWLYHGHYLFHVVXFKDVDWXQHGPDVVGDPSHUVDQGDGGLWLRQDOGDPSLQJHJ
VWUXFWXUDO K\GURG\QDPLF DQG VRLO GDPSLQJ >@ :KHQ WKH WXUELQH LV SDUNHG RU LGOLQJ WKH
DHURHODVWLFGDPSLQJLVYHU\ORZDQGLWLVWKHUHIRUHGLVUHJDUGHGLQWKLVVWXG\
,Q WKH IUHTXHQF\ GRPDLQ WKH KDOISRZHU EDQGZLGWK PHWKRG FDQ EH XVHG WR HVWLPDWH WKH
GDPSLQJ UDWLR %\ DVVXPLQJ WKDW WKH GDPSLQJ UDWLR ] LV VPDOO OHVV WKDQ DERXW   WKH
GDPSLQJUDWLRLVHVWLPDWHGXVLQJWKHIROORZLQJHTXDWLRQ



]ൎ

݂2 െ ݂1
2݂݊ 




ZKHUHIDQGIDUHWKHXSSHUDQGORZHUKDOISRZHUIUHTXHQFLHVDQGIQLVWKHQDWXUDOIUHTXHQF\

)RUVWUXFWXUHVZLWKFORVHO\VSDFHGPRGHVSRVVLEOHPRGHFRXSOLQJPD\OHDGWRHUURUVLQWKH
GDPSLQJ HVWLPDWH >@ )RU 2IIVKRUH ZLQG WXUELQH 2:7  VWUXFWXUHV RQ PRQRSLOHV WKH ILUVW
PRGHVLQWKHIRUHDIWDQGVLGHVLGHGLUHFWLRQDUHYHU\FORVHO\VSDFHGDQGDPRGHFRXSOLQJLV
WKHUHIRUH SRVVLEOH ,I PRGH FRXSOLQJ RFFXUV YLEUDWLRQDO HQHUJ\ ZLOO EH WUDQVIHUUHG IURP WKH
KLJKHVWWRWKHORZHVWGDPSHGPRGH>@'DPSLQJGHWHUPLQHGZLWKWKHKDOISRZHUEDQGZLGWK
PHWKRGVKRXOGWKHUHIRUHRQO\EHFRQVLGHUHGDVHVWLPDWHVRIWKHUHDOGDPSLQJ)XUWKHUWRRE
WDLQUHDVRQDEO\JRRGHVWLPDWHRIWKHGDPSLQJLWLVLPSRUWDQWWKDWWKHIUHTXHQF\UHVROXWLRQLV
ILQH HQRXJK IRU WKH VKDSHV RI WKH SHDNV WR EH FRUUHFWO\ UHSUHVHQWHG LQ WKH 36' VLQFH D WRR
FRDUVHUHVROXWLRQZLOOPDNHWKHSHDNVZLGHUDQGORZHUDQGKHQFHRYHUHVWLPDWHWKHGDPSLQJ
2QWKHRWKHUKDQGDYHUDJLQJLVQHFHVVDU\WRREWDLQSHDNVVPRRWKHQRXJKVXFKWKDWWKHKDOI
SRZHU EDQGZLGWK PHWKRG FDQ EH DSSOLHG ,QWKLV VWXG\ WKHKDOI SRZHUEDQGZLGWKPHWKRG LV
DSSOLHGWRWKHRYHUDOO36'DVVKRZQLQ)LJXUH$VLQJOHGHJUHHRIIUHHGRP 6'2) V\VWHP
LVILWWHGWRWKHPHDVXUHG36'E\XVHRIOHDVWVTXDUHVHVWLPDWLRQLQWKHIUHTXHQF\UDQJHIURPI
WRI7KHGDPSLQJLVWKHUHDIWHUGHWHUPLQHGIURPWKHSDUDPHWHUVRIWKH6'2)V\VWHP7DEOH
WDEXODWHVWKHILUVWQDWXUDOIUHTXHQFLHVDQGRYHUDOOGDPSLQJUDWLRVLQIRUHDIWDQGVLGHVLGHGL
UHFWLRQ
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7KHPHDVXUHPHQWVDWWKHFOD\H\VLWHVKRZDODUJHURYHUDOOGDPSLQJWKDQDWWKHVDQG\VLWH
,WLVDVVXPHGWKDWWKHGLIIHUHQFHLQGDPSLQJUDWLREHWZHHQWKHWZRVLWHVLVGXHWRWKHGLIIHU
HQFHVLQVRLOSURSHUWLHV+RZHYHUWKHWRZHUDWWKHVDQG\VLWHLVHTXLSSHGZLWKDWXQHGPDVV
GDPSHUZKLFKFRQWULEXWHVWRWKHRYHUDOOGDPSLQJZKLOHWKHWRZHUDWWKHFOD\H\VLWHKDVQR
GDPSHU 7KHUHIRUH WKH UHDO GLIIHUHQFH LQ GDPSLQJ EHWZHHQ WKH WZR VLWHV LV SUREDEO\ ODUJHU
WKDQVKRZQLQ7DEOH7KHHVWLPDWHGGDPSLQJUDWLRVLQ7DEOHDUHVRPHZKDWORZHUWKDQUH
SRUWHGIURPURWRUVWRSWHVWVLQ>@DQG>@+RZHYHULQ>@HYHQORZHUGDPSLQJUDWLRVZDV
UHSRUWHGIURPDQRYHUVSHHGWHVWZKHQWKHWXQHGPDVVGDPSHULQWRSRIWKHWRZHUZDVWXUQHG
RII
6

CONCLUSIONS

,Q WKLV VWXG\ WKH ILUVW QDWXUDO IUHTXHQFLHV DQG DVVRFLDWHG GDPSLQJ DUH GHWHUPLQHG IURP
PHDVXUHGG\QDPLF ILHOGGDWDIURPWZRZLQGIDUPVLQWKH1RUWK6HDZLWKPRQRSLOHIRXQGD
WLRQV$WWKHILUVWVLWHWKHJURXQGFRQGLWLRQVDUHGRPLQDWHGE\VDQGDQGDWWKHVHFRQGE\FOD\
2QO\PHDVXUHPHQWGDWDIURPSHULRGVZKHQWKHWXUELQHVDUHLGOLQJDUHLQFOXGHGLQWKHDQDO\VHV
$FOHDUFRUUHODWLRQLVGHPRQVWUDWHGEHWZHHQORDGOHYHODQGIUHTXHQF\ZKLFKSRLQWVWRWKH
LPSRUWDQFHRIVRLOQRQOLQHDULW\7KHHVWLPDWHGGDPSLQJUDWLRIRUWLPHSHULRGVZKHQWKHWXU
ELQH LV LGOLQJ LV DERXW   ZLWK KLJKHU GDPSLQJ IRU WKH FOD\H\ VLWH FRPSDUHG WR WKH
VDQG\VLWH7KHHVWLPDWHGGDPSLQJUDWLRVDUHVRPHZKDWORZHUWKDQUHSRUWHGIURPRWKHUILHOG
WHVWV
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Abstract. During the single blade installation of offshore wind turbines, relative motion between the blade root and turbine hub can cause a delay in the progression of the installation.
This contribution presents the results of a monitoring campaign conducted during the installation of an offshore wind park in the North Sea. The campaign covered different states of the
turbines: without rotor blades, with rotor blades, without supplementary damping system and
with an installed, tuned mass damper system. The objective of the campaign was to determine
the dynamic behaviour of the turbines in correlation with wind and wave data and to determine
modal parameters. Accordingly, the turbines have been instrumented with sensors to record
accelerations at three different positions. The modal parameters were then obtained using
SSI/FDD algorithms. Structural damping is additionally determined with an RDM algorithm,
and the results are being compared. The analysis of the data will be presented, including the
different stages of the structural damping and the corresponding changes in movement patterns.
The results shall be used to verify the load models and the predicted response of the structure.
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1

INTRODUCTION

Offshore wind turbines are steadily increasing in size in order to meet the rising demand for
green electricity. This increase in accompanied with increasing water depths of offshore wind
farms. Additionally, monopiles have become the economic foundations of choice. This current
state of offshore wind farms results in eigenfrequencies between 0.2 Hz and 0.3 Hz, making
the offshore wind turbines more susceptible for wind and wave induced loads. The response
of these turbines is dependent on geometrical as well as structural parameters, among which
the structural damping is essential for fatigue loads. Therefore it is of paramount importance to
accurately predict the damping of a turbine in the design phase. Offshore wind turbines have
generally a low damping ratio, with typical values around 1 %. Different types of damping can
be distinguished in a offshore wind turbine: structural, soil, hydrodynamic and aerodynamic
damping. Additionally, for a fully operational turbine, a directional dependency of their structural behaviour due to the damping effect of aerodynamic thrust generated by the blades can be
observed. Hence, side-side deﬂection is in general more prone to large deﬂection amplitudes.
Damgaard et al. (2013) [1] and Guillaume et al. (2013) [2] used acceleration measurements
conducted on operational wind turbines to calculate structural damping for the different modes
of tower oscillations seen in offshore wind turbines. Both oscillations due to rotor stop tests
as well as oscillations under ambient conditions proved to be sufﬁcient to get accurate enough
estimates of damping ratios. As the different modes of a wind turbine are spaced very close
to each other, a coupling of the two lowest eigenmodes can be assumed and therefore pure
fore-aft and side-side modes are not to be expected as energy will be transformed from one
mode to another. This can results in a orbit like motion, where the turbines switches oscillation
directions. In order to reduce fatigue loads and subsequently increase reliability, different types
of damping systems have been proposed to reduce loads in offshore wind turbines, among which
are: passive, semi-active and active tuned mass dampers (TMD), tuned liquid column damper,
viscous ﬂuid dampers & magnetorheological dampers [3].
Brodersen et al. [4] investigated an active tuned mass damper implemented into HAWC2
simulations, exploring the inﬂuence of the damper on structural responses. They showed,
that fore-aft oscillations behave differently compared to lateral oscillations as the blades act
as ’aerodynamic dampers’. They concluded, that an active tuned mass damper needs less mass
to achieve high damping, however, the damper needs to be properly tuned in order to achieve
maximum efﬁciency. A limiting factor of the active mass damper is the displacement velocity of
the damper’s mass. The authors address the tuning problem, by presenting a tuning algorithm.
However, external loads in offshore wind turbines are complicated by wind-wave misalignment.
One mitigation might be a tuned mass damper. Steward and Lackner [5] used simulations to
demonstrate that an optimally tuned mass damper can reduce fore-aft and side-side fatigue loads
by 5 % and 40 % respectively for the 5 MW NREL Turbine. These results were obtained by
implementing a custom-written extension of FAST to include the modelling of TMDs. The
authors further investigated two different orientation patterns of the TMDs. They conclude,
that TMDs are cost-efﬁcient and simple and conclude, that due to reduced loads, an increase in
reliability can be expected.
Oscillations are not only critical regarding fatigue loads; relative motion between rotor hub
and blade root during single blade installation can cause severe delays and thus increase cost
signiﬁcantly. Relative motion can be cause by aerodynamically induced movement of the blade
dangling from the crane hook or by tower oscillations which in turn are caused by wind and
wave loading and are thus a stochastic processes by nature. Recent work has investigated the
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aerodynamic behaviour of turbine blades during craning operations in order to better understand
limitations imposed by external factors such as wind speed and direction. For wind speeds
between 8 - 12 m/s single blade installation was found to be feasible [6]–[9].
Jiang et al. [10] modelled the overall system consisting of a Tower-Nacelle-Hub assembly
subjected to metocean loads as well as a blade under wind loading during single blade installation using HAWC2. Adapting a custom, integral criteria to assess likelihood of an installation
attempt to succeed. The authors concluded, that during the ﬁnal mating process between blade
root and hub, tower oscillations are more dominant than blade root movements if signiﬁcant resonance responses of the structure due to wave loading are present. Subsequently Jiang (2018)
[3] proposed to use TMDs during the installation of offshore wind turbines at the tower top
of an offshore wind turbine to reduce relative motion between blade root and nacelle hub [3].
Adapting the simulations from the previous study, the author found a 50 % reduction in relative
motion when only considering the hub movement and an overall reduction of 30 % when considering both hub and blade root motion. First to demonstrate the theoretical application of an
TMD for single blade installation.
Within this work, we present ﬁrst measurements of a tuned mass damper used to reduce tower
oscillations during single blade installation in the North Sea. Different states of the turbine
undergoing installation were monitored: Tower (T), Tower, Nacelle and Hub (TNH) and Tower,
Nacelle and Hub with the blades added consecutively (TNHB1, TNHB2 and TNHB3, where
the number corresponds to the number of blades installed). The objective of the campaign was
to monitor overall dynamic system behaviour and to obtain modal parameters.
2
2.1

MATERIAL AND METHODS
Wind farm details

A wind farm consisting of 32 multi-megawatt offshore wind turbines was installed during
the time period of one year in the North Sea. The turbines have a hub height of approximately
110 m and were installed using a state of the art installation jack-up unit (IJU). The turbines are
of hard-soft type and were installed in water depths between 35 m and 40 m.
The general installation procedure is as follows: (1) the IJU reaches the installation site,
jacks up and connects to the previously installed transition piece atop the monopile with a
gangway. (2) Following preparation on the transition piece, the tower is lifted from the IJU and
placed on the transition piece. (3) The tower is followed by the nacelle-hub assembly. (4) If
the conditions are favourable the blades are then installed using a specialized yoke, henceforth
denoted as single blade installation tool (SBIT) with a net mass of approx. 70 t. (4.1) The SBIT
is hooked onto the crane and grabs a blade from the blade rack aboard the IJU. (4.2) The SBIT
and the blade are lifted to hub height and slowly manoeuvred such that the blade main axis and
the generator axis are perpendicular towards each other. (4.3) Using a guiding pin, the blade
root is then slowly mated with the hub ﬂange. This processes is then repeated for each blade. It
is within this phase of installation, where relative motions between blade root and hub must be
at a minimum.
As this process is highly sensitive to relative motions between blade root and rotor hub a
tuned mass damper was installed inside the nacelle. The TMD has two degrees of freedom and
a damping mass of 10 tonnes. Using spring elements and viscous damping, the TMD was tuned
to match the eigenfrequency of the turbines during single blade installation.
As the tuned mass damper was only available during the second half of the installation campaign, measurements of single blade installation with and without a TMD were conducted.
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Figure 1: Typical setup of a single blade installation. (A) Installation Jack Up Unit (IJU) next to
the Tower-Nacelle-Hub Assembly with the blade being attached to a Single Blade Installation
Tool (SBIT), typically a yoke-like structure. The red square indicated the helicopter hoisting
platform. S1 and S2 correspond to the sensors used within this study to determine dynamic
behaviour of the turbine. (B) Top view of the single blade installation process. The green structure represents the tuned mass damper, deployed during single blade installation. (C) Side view
of the installation process. Upper right ﬁgures: Sensors S1 and S2 mounted on the helicopter
hoisting platform and the tuned mass damper respectively.
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2.2

Measurements

In order to monitor the dynamic behaviour of the turbines during installation, custom build
sensor boxes were deployed at two different positions: one sensor box is placed on the topmost
position of the nacelle: the helicopter hoisting platform (short: helihoist). A second sensor
box is placed on the tuned mass damper during installations where a tuned mass damper was
present.
Sensor boxes contained a lead battery and electronics in a water proof containment (box) with
a weight of approximately 3 kg and the measurements of 0.2 m x 0.06 m x 0.1 m. A LSM9DS1
(SparkFun Electronics, Colorado, USA) 9-Degrees-of-Freedom inertial measurement sensor
capable of measuring linear acceleration, linear angular acceleration and the magnetic ﬁeld was
combined with a GPS-Sensor (GP-20U7; SparkFun Electronics, Colorado, USA), providing
accurate time stamps as well as altitude information to form the sensory core of the sensor
boxes. A real time clock (RS3231) provided back up temporal information in case of lack of
GPS signal. A 32 GiB micro-SD-Card was used to store measurements. As a microcontroller,
an ESP32 (Espressif Systems, Shanghai, China) was used. A sample frequency of 33 Hz was
used, yielding accurate temporal resolution while allowing for good battery run time.
A LiDAR aboard the IJU provided high spatial and temporal resolution wind ﬁeld information (measurement return period 1 s / 1 Hz). Additionally, a wave buoy in the vicinity of
the installation site provided wave data, including signiﬁcant wave height, peak period, zero
upcrossing period and wave direction. The measurement return period was 30 min. / 0.00055
Hz.
In total, 15 turbines without a TMD and 4 turbines with a TMD were monitored during
installation.
2.3

Data processing

All data post-processing has been implemented utilizing Python3 as well as it’s rich set
of scientiﬁc data analysis frameworks. As a fundamental data structure Pandas DataFrames
(version 0.24.2) [11] was used. Numerical calculations were carried out using NumPy version
1.16.4 [12] and SciPy, version 1.3.0 [13]. All ﬁgures were generated using Matplotlib version
3.1.0.
Post-processing of measurement data starts with the subtraction of the mean for each acceleration component. Accelerations were then resampled using a linear interpolation scheme to
a constant frequency of 30 Hz and ﬁltered using a Butterworth Bandpass ﬁlter of third order.
Lower and upper cut off frequencies were set to 0.1 and 1 Hz respectively. Accelerations were
then integrated twice to yield velocity and position of the sensors during installation. Integration was carried out by applying a second order trapezoid scheme utilizing SciPy’s integation
module.
Based upon the positional vector, the instantaneous tower deﬂection D was calculated:
D=

√

x2 + z 2

(1)

Where x and z are the instantaneous position vector components. The second component of
the positional vector has been omitted, as it is aligned parallel to the tower axis and therefore
it’s contribution to the tower top deﬂection can be neglected.
To obtain a measure for the current state of the turbine and to allow for correlations with
environmental data, 10 minute means of D were calculated, denoted as D10 . To maintain OEM
privacy, all data has been normalised by the turbine tower diameter dT , such that: d = D/DT
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and d10 = D10 /DT . To further enhance privacy all dates presented in this study have been reset
such that all measurements start at 01.01.1970 at 00:00 UTC. Temporal information is therefore
only relative.
Wind data was binned into 10 minute windows and the window average was calculated.
For wave measurements, data was ﬁrst upsampled to 10 minute periods utilizing a forward
interpolation scheme and subsequently merged with the wind data. Figure 2 depicts the data
processing steps.
Figure 2 shows the data processing pipeline. Raw data is resampled, ﬁltered and integrated
twice to yield both velocity and position of the sensor in space and time. Using the postion
vector, the deﬂection of the Nacelle can be calculated by employing Equation 1. Combining
these measurements with metocean data and applying temporal averaging allows for scatter
plots of mean deﬂection and metocean parameters such as signiﬁcant wave height.

Figure 2: Data acquisition and processing: (A) Fore-aft and side-side accelerations are recorded
by the sensors, resulting in a trajectory which can swiftly change direction. (B) GPS-Proﬁle of
the single blade installation process captured by another sensor mounted on the single blade
installation tool. This allowed accurate tracking of the process in both space and time. (C) Integration of accelerations yields the trajectory of the orbit, from which the absolute deﬂection,
a measure of how much the nacelle diverges from its base position can be obtained. (D) Applying a 60 s average of the deﬂection allows for the correlation of the deﬂection with external
parameters, such as sig. wave height or wind speed.
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2.4

Modal parameters

The monitoring campaign, which covered the states where the tuned mass damper system
was either disabled (blocked) or activated was also used to identify the effectiveness of the TMD
system by continuously determining the overall structural damping of the Tower-Nacelle-Hub
assembly. To determine the structural damping ratio from the accelerations with unknown input
(output only data), system identiﬁcation techniques are applied such as the Random Decrement
Method (RDM) as well as Stochastic Subspace Identiﬁcation (SSI) and Enhanced Frequency
Domain Decomposition (EFFD).
Random Decrement Method Figure 3a schematically shows the principle behind the random decrement method. Based on the assumption that the random excitation consists of a
deterministic component which corresponds to free vibration terms and a random component
which corresponds to forced vibrations, the random part can be eliminated by averaging a large
number of blocks extracted from the time domain signal with a length τ . The blocks are chosen
with the help of a threshold level. The Random Decrement Signature (RDS) (Figure 3b and Figure 3c) results the averaged time segments and the resulting damping ratio can be derived from
the logarithmic decrement whereas the quality of the RDS strongly depends on the selection of
the segment duration τ and the threshold yS .
The random decrement method has been approved for system identiﬁcation analyses of structures and buildings ([14]–[16]). Since the results of the damping are depending on the threshold
and the segment duration, these parameters were varied to gain stochastic certainty. A window
length of 2 and 3 periods (based on the determine natural frequency of the main structure) was
analysed as well as a threshold level of 30 %, 50 % and 60 % of the max value of the investigated
time history.
Figure 3b and Figure 3c show exemplary random decrement signatures from which the structural damping of the TNH was determined by analysing the decaying curve. This process was
automated and applied for the complete time series that were recorded.
Operational Modal Analysis The stochastic subspace identiﬁcation method is considered as
a robust output-only identiﬁcation technique compared to other available methodologies [17].
SSI algorithms identify a stochastic state-space model of the structure. The resulting model
can then be translated into a more convenient structural model form for engineering interpretation of the results. The state-space model can be related to both modal model and Finite
Element (FE) model formulations. The method works in the time domain and is based on a
state space description of the dynamic problem assuming a linear behavior of the structure and
a time-invariant dynamic response of the system due to a white-noise excitation. The system
identiﬁcation results at different model orders are compared to distinguish true structural modes
from spurious modes in so-called stabilization diagrams. The time domain based SSI technique
together with additional techniques such as the Enhanced Frequency Domain Decomposition
(EFDD) techniques are often combined in algorithms for commercial Operational Modal Analysis software packages. The EFDD method relies on computation of response spectra. Long
records are, therefore, required to keep low the error on spectrum estimation and to extract
modal parameters in a reliable way. The software ARTEMIS from SVIBS (Structural Vibration
Solutions) was used to identify the vibration modes of the TNH and to determine the structural
damping. The results are plotted as stabilization cards and the estimated modal parameters are
listed together with information about the probabilistic uncertainty.
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(a)

(b)

(c)

Figure 3: Principle of the Random Decrement Method (a). (b) Random Decrement Signature
(RDS) of a 10 minute time history segment with blocked TMD – (c) (RDS) of a 10 minute time
history segment with activated TMD
Identiﬁcation of TMD parameters A two-measuring point acquisition, for which the vibrations of the wind turbine tower structure and the vibrating mass of the TMD are recorded can
be used to determine the TMD parameters. But since this method will only provide the absolute
vibrations of main structure and TMD a certain post-processing effort is required. Direct information regarding the relative TMD displacements can be gained when the relative vibrations of
the TMD mass in addition to the vibrations of the main structure are getting obtained to derive
the TMD parameters directly.
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3
3.1

RESULTS
Nacelle deﬂections during single blade installation

Figure 4 shows exemplary two time series of nacelle deﬂection during the installation of two
offshore wind turn turbines during single blade installation, where one turbine was equipped
with a tuned mass damper. Both instantaneous deﬂection as well as the 10 min. mean of the
deﬂection is shown (white line). A black horizontal line indicates the limit for single blade
installation as learned during previous installations. For the installation without a TMD (Figure 4a), this limit is exceeded multiple times, Though the 10 min. average remains well below
the limit. The time series shown starts after the ﬁnalised nacelle installation, spans an intermediate time period of about two hours within which the single blade installation tool (yoke) is
picked up by the crane and then includes the three consecutive blade installations. Total blade
installation spanned approx. 62 h with installation attempts made at each window where the
deﬂection dropped below 3 % tower diameter. Six attempts at blade installation were made, for
each blade two, where each of the ﬁrst attempts failed.
During single blade installation with a TMD (Figure 4b) deﬂection was almost entirely above
the threshold. With the beginning of the blade installation, the TMD was activated. This is
indicated by the hatched area. An immediate response in nacelle deﬂection can be observed
with the instantaneous deﬂection dropping below the installation limit with the exception of
four spikes. The 10 min. mean of the nacelle deﬂection assumes a near constant value at when
compared to the prior time period. The total blade installation installation duration was approx.
13 h, a signiﬁcant reduction when compared to the previous installation duration without a
TMD. To compare the two installations and to correlate the observed behaviour with metocean
parameters, time series were divided into 10 min. segments and a temporal average was applied.
This is shown in Figure 4c, where the 10 min. mean nacelle deﬂection is shown for the two
previous installations as a function of the signiﬁcant wave height.
During the installation without a TMD, signiﬁcant wave height was between 0.75 m and 1.8
m. For the installation with a TMD, the wave range was between 1.25 m and 1.9 m. A clear
reduction in mean deﬂection can be observed. Furthermore, while for the installation without a
TMD mean deﬂection spread for a constant sig. wave height, spreading is signiﬁcantly reduced
with a TMD present.
Figure 5 shows 10 min. mean deﬂections for all captured installations with (red) and without
(blue) a TMD present. The 10 min. mean deﬂection as a function of the signiﬁcant wave height
(Figure 5a), the wave peak period (Figure 5b) and the 10 min. mean wind speed (Figure 5c) are
shown. Additionally, to give a simple model, a linear function is ﬁtted using linear regression
to both data sets.
The linear functions for both installations with and without TMD converge at a min. mean
deﬂection of 0.5 %. For the installations with the TMD activated, the slope of mean deﬂection
with signiﬁcant wave height and wind speed is greatly reduced compared to the installations
without a TMD present. As in Figure 4c, the spreading for a given wind speed Figure 5c or
wave height Figure 5a is reduced as well. No clear correlation between mean deﬂection and
wave peak period can be observed.
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(a)

(b)

(c)

Figure 4: Time series of the nacelle deﬂection during single blade installation without a tuned
mass damper (TMD) (a) and with TMD present (b). The white lines indicate the 10 min. mean
of the deﬂection. The black line represents the empirically determined single blade installation
limit of the deﬂection above which most installation attempts fail. (c) shows a scatter diagram
of the 10 min. mean deﬂections from the two installations as a function of signiﬁcant wave
height.
2198

Aljoscha Sander, Christian Meinhardt and Klaus-Dieter Thoben

(a)

(b)

(c)

Figure 5: Scatter diagrams for the 10 min. mean deﬂection as a function of signiﬁcant wave
height HS (a), wave peak period TP (b) and the 10 min. mean wind speed U (c). Red indicates
installations without a tuned mass damper (TMD), blue corresponds to installations with an
active TMD.
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3.2

Modal parameters

Figure 6 shows recorded time series of fore-aft and side-side accelerations of the wind turbine
in different conﬁgurations (TNH, THNB1, TNHB2 and TNHB3) as well as the corresponding
spectrograms (lower row, left and right hand side) which show the Auto Power Spectra of 10
minute - time segments plotted vs. the entire time of the monitoring campaign for the examined
structure. The spectrogram not only indicates the times of the rotor blade installation for which
a shift of the natural frequency can be detected but also the reduced acceleration values of the
Auto-Power-Spectra and the much wider peaks indicating the increase of structural damping.

Figure 6: Top: Measured acceleration time series (fore-aft and side-side direction) of the wind
turbine tower with Nacelle during single blade installation. The hatched area indicates the
TMD being unlocked, resulting in an immediate reduction in accelerations. Bottom: Spectrogram (APS for 10 min time segments vs. recorded time). With each installed blade, a shift in
frequency can be observed.
Figure 7 shows the determined damping ratios for time series with a length of 10 minutes,
obtained via RDM. The time periods for which the TMD has been activated can clearly be
identiﬁed. With the TMD deactivated, the damping ratio remains mostly below 1 %. With the
activation of the TMD, damping ratio increases to values between 2 % and 4 %.
Figure 8a and Figure 8b show the resulting stabilization diagrams for a time period with
blocked TMD and with activated TMD. It can be seen that for the state with blocked TMD
the identiﬁed modal parameters coincide with structural damping determined with the Random
Decrement Method. The damping estimation with the SSI algorithm revealed smaller structural
damping ratios than determined with the RDM (TMD active: 2,52 %, no TMD: 0.57 %).
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Figure 7: Above: Measured acceleration time histories of the wind turbine tower with Nacelle
during rotor blade installation (x: fore-aft and y: side-side). Below: Determined Structural
Damping ratio for time segments of 10 minutes using the Random Decrement Method

(a)

(b)

Figure 8: Resulting Stabilization Diagrams from the Operational Modal Analysis (SSI Method)
using the recorded ambient accelerations of TNH during single blade installation – (a): with
blocked TMD – (b): with TMD – tuning frequency higher than optimum
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3.3

Behaviour of the Tuned Mass Damper

Figure 9 shows the FFT spectra of 5 minute time segments of the accelerations measured
at he nacelle (left) and the TMD mass (right). Initially (Time ≤ 1h) the FFTs of the Nacelle
and the TMD mass show the same acceleration amplitudes and similar narrow peaks, which
indicates, that the TMD is blocked. Later the FFT spectra of the Nacelle shows much smaller
acceleration amplitudes with wider peaks, indicating that the TMD is active.

Figure 9: FFT Spectra of the acceleration time histories (5 minute segments) at Nacelle and
TMD mass plotted for the entire monitoring time
The transfer function (shown for the measured accelerations of the nacelle in Figure 10)
corresponds to a Frequency Response Function of the TMD system without the interaction with
the main structure. From this function the tuning frequency and TMD damping ratio can is
obtained by comparison with a single-degree of freedom approximation.The tuning frequency
is 0.227 Hz while the TMD damping ratio is determined to be 10 %.

Figure 10: Left: Recorded Time Histories of the accelerations at Nacelle and TMD – Center:
FTT Spectra of the entire time – Generated Transfer function and approximated signle degree
of freedom - frequency response function with a tuning frequency of 0.227 Hz and a TMD
damping ratio of 10 %.
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4

DISCUSSION

The results presented here indicate that a TMD might indeed be a cost-effective and robust
measure to improve single blade installation. However, much remains to be learned about
the correlations and causalities of observed effects during single blade installation. While the
measurements showed, that relative motions are indeed driven by wind and waves, the strong
correlation between wind and waves - at least in the North Sea - does not allow to discern
whether one of the two loads is the main driver.
While the TMD reduced deﬂections by more than 50 % compared to deﬂections observed
during installations without a TMD at similar sea states other factors may still have a signiﬁcant
inﬂuence on the success of the single blade installation process. Among these are wind loads
on the blade lifting device, wave loads on the ship and human inﬂuence as the installations are
carried out manually. Structural damping increased signiﬁcantly, independent on calculation
method. Nevertheless more measurement with a higher precision are needed to gain more
insight into the dynamic behaviour of offshore wind turbines in general and during installation
in particular.
Apart from a reduction in relative motion and an increase in structural damping, the tuned
mass damper increases the predictability of turbine behaviour during planning and execution of
single blade installation and thus leads to a signiﬁcant reduction in (ﬁnancial) project risk.
Furthermore, the reduction in relative motion also leads to a reduction in HSE risks as well
as a reduction in component damage. The unpredictable nacelle motions during the mating of
the blade root and the hub pose a signiﬁcant risk to technicians and can also lead to collisions
between the hub/nacelle and the blade/lifting device.
While intended as a cost-efﬁcient manner of measuring in dynamic behaviour of the turbines
during installation, it has become apparent, that the MEMS-based sensor devices are fully capable of measuring relevant parameters with the needed precision and therefore present a novelty
as well. In future studies the data obtained during this measurement campaign should be used
to verify design load models as well as structural responses obtain via numerical simulations.
With regards to the operational modal analysis: a trial to determine the frequency response
function for shorter time periods and detect variations of the TMD parameters with varying
excitation levels and characteristics was not possible, since the time periods have to be long
enough to generate the transfer function for TMD and Nacelle. While measuring the accelerations of the vibrating mass of a TMD system only provides an absolute vibration value, the
direct acquisition of the relative displacement between TMD mass and main structure enables
to determine the resulting TMD displacement directly but again not the TMD parameters such
as tuning frequency and damping. To assess these values a comparison with a calculation model
is still required.
We hypothesize, that the success rate of single blade installation is also dependent on the
direction of oscillations, e.g. the shape of the orbit. This has yet to be investigated in future
studies, where installation times should be correlated not only with nacelle deﬂection but also
deﬂection direction and changes thereof.
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EXPERIMENTAL EVALUATION OF BENDING MOMENTS AT THE
TOWER OF AN ONSHORE WIND TURBINE
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HPDLO^HFHFDFXQKDILOLSHPD`#IHXSSW

Keywords::LQGWXUELQH&RQWLQXRXVPRQLWRULQJV\VWHP)DWLJXHDVVHVVPHQW6WUDLQJDXJH
Abstract. The main goal of the WindFarmSHM research project is the development,
validation and optimization of a monitoring strategy to be applied at the level of the wind
farm, which should be able to evaluate the structural condition of a set of wind turbines and
their consumed fatigue life. The accomplishment of this goal implies the development of an
experimental campaign, the construction of numerical models and the implementation of new
data processing methodologies.
The experimental campaign is being performed at Tocha wind farm (an onshore wind farm
located in Portugal) and includes the monitoring of three wind turbines, loaded by winds with
different turbulence intensities motivated by the neighboring wind turbines, during a period of
about 2 years. The instrumentation includes strain gauges, clinometers and accelerometers
distributed in the tower and rotor.
As a first step in the development of tools to assess the fatigue condition of wind turbine
towers, this work describes the data processing needed to obtain an accurate experimental
estimation of the bending moments applied in the tower of the already fully instrumented wind
turbine (WT1) and the validation of the obtained results using complementary monitoring
components.
The experimental results reported in this contribution are also being used for calibration of
advanced numerical models developed in FAST, which are very relevant for a better
understating of the experimental data.
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1

INTRODUCTION

:LQGHQHUJ\KDVH[SHULHQFHGDWUXO\UHPDUNDEOHHYROXWLRQ GXULQJWKHODVWWZRGHFDGHVLQ
WHUPVRILQVWDOOHGFDSDFLW\DQGWHFKQRORJLFDOGHYHORSPHQWV ,QWKH(8ZLQGZDVWKHIDVWHVW
JURZLQJHQHUJ\VRXUFHEHWZHHQDQGVXUSDVVLQJFRDOLQDVWKHVHFRQGODUJHVW
WRWDOLQVWDOOHGSRZHUJHQHUDWLRQFDSDFLW\>@ZDVDUHFRUG\HDUIRURQVKRUHDQGRIIVKRUH
LQVWDOODWLRQVWKDWJUHZUHVSHFWLYHO\DQGFRPSDUHGWR,WLVH[SHFWHGWKDW
WKLVFDSDFLW\ZLOOFRQWLQXHWRJURZDQGWKDWLWZLOOHYHQGRXEOHLQDPLQLPXPLQWHUYDORI
\HDUV WDNLQJWKHPRVWRSWLPLVWLFIRUHFDVW >@
%DVHG RQ WKLV VFHQDULR LW LV SRVVLEOH WR LGHQWLI\ VRPH RI WKH SUHVHQW FKDOOHQJHV
KLJKOLJKWLQJWKHFRQFHUQVRIWKHZLQGRSHUDWRUVWKDWQHHGWRPDQDJHWKHH[LVWLQJLQIUDVWUXFWXUH
:LQGWXUELQHVZHUHGHVLJQHGWRRSHUDWH\HDUVVRLWLVHVWLPDWHGWKDWDERXWRQHKDOIRIWKH
DFFXPXODWHGFDSDFLW\FXUUHQWO\LQVWDOOHGLQWKH(8ZLOOUHDFKWKHHQGRIGHVLJQOLIHLQ
>@ ,W LV WKHUHIRUH HVVHQWLDO WR FUHDWH D UHJXODWRU\ IUDPHZRUN WKDW GHILQHV WKH UXOHV IRU WKH
DFWLRQVWREHWDNHQZKHQWKHH[SHFWHGGHVLJQOLIHRIWKHVWUXFWXUHVLVH[KDXVWHG
&RQVLGHULQJWKLVEDFNJURXQGWKHPDLQJRDORIWKH:LQG)DUP6+0UHVHDUFKSURMHFWLVWKH
GHYHORSPHQW YDOLGDWLRQ DQG RSWLPL]DWLRQ RI QHZ PHWKRGRORJLHV WR FRQWLQXRXVO\ DVVHVV WKH
VWUXFWXUDO HOHPHQWV RI ZLQG WXUELQHV WRZHU EODGHV DQG IRXQGDWLRQ 7KLV LPSOLHV WKH
GHYHORSPHQWRILQQRYDWLYHDOJRULWKPVIRUGDWDSURFHVVLQJLQRUGHUWR
L
(YDOXDWH WKH UHPDLQLQJ IDWLJXH OLIH RI WKH PDLQ VWUXFWXUDO FRPSRQHQWV EDVHG RQ WKH
GLUHFW PHDVXUHPHQW RI VWUDLQV ZLWK VWUDLQ JDJHV FXUYDWXUH PHDVXUHPHQWV XVLQJ
SDLUVRIFOLQRPHWHUVRUDQGDGRSWLQJDYLUWXDOVHQVRUVDSSURDFK>@
LL ([WUDSRODWHUHVXOWVREWDLQHGIRULQVWUXPHQWHGZLQGWXUELQHVWRQRQLQVWUXPHQWHGZLQG
WXUELQHVRIWKHVDPHZLQGIDUPXVLQJ6&$'$GDWD
$V D ILUVW VWHS WKLV ZRUN GHVFULEHV WKH PHWKRGRORJ\ DQG LWV YDOLGDWLRQ IRU H[SHULPHQWDO
HVWLPDWLRQRIWKHEHQGLQJPRPHQWVDSSOLHGLQWKHWRZHU
2

TOCHA WIND FARM

7RFKDZLQGIDUPLVORFDWHGLQWKHFHQWUDOUHJLRQRI3RUWXJDODSSUR[LPDWHO\NPIURPWKH
FRDVWOLQHLQVHUWHGLQDFRDVWDODUHDZLWKSODLQVDQG\WHUUDLQ,WFRQVLVWVRIILYH9(67$6ZLQG
WXUELQHVPRGHO9ZLWK0:RIUDWHGSRZHUWRWDOLQJ0:RILQVWDOOHGSRZHU7KLV
ZLQGIDUPLVRZQHGE\('35HQHZDEOHVDQGVWDUWHGLWVRSHUDWLRQLQ0D\
)LJXUHVKRZVWKHJHRJUDSKLFORFDWLRQRIWKHZLQGIDUPWKHGLVWULEXWLRQRIWKHILYHZLQG
WXUELQHV LGHQWLILHGZLWKQXPEHUVWKDWZLOOEHXVHGWKURXJKRXWWKLVZRUN 
1

2

4

3
5
D

E



F 

)LJXUH7RFKDZLQGIDUPD *HRJUDSKLFORFDWLRQLQ3RUWXJDO>@E ,PSODQWDWLRQDUHD>@F :LQGWXUELQHV>@

2207

-3DFKHFR)0DJDOKmHV$&XQKD

7KH 9HVWDV 9 0: LV D ZLQG WXUELQH GHVLJQHG IRU ORZ ZLQG RQVKRUH VLWHV VR LW
IHDWXUHVDODUJHUURWRUGLDPHWHUHQDEOLQJLWWRGHOLYHUKLJKHURXWSXWDWORZZLQGVSHHGV,WLVD
EODGHG XSZLQG WXUELQH ZLWK D URWRU GLDPHWHU RI  P VZHHS DQ DUHD RI  P  DQG D
JHQHUDWRUUDWHGDW0:7KHWXUELQHRSHUDWHVDWYDULDEOHVSHHGVIURPWRUSPZLWK
DSLWFKFRQWUROV\VWHP7KHKXELVSODFHGDWDKHLJKWRIPDQGLVVXSSRUWHGE\DVWHHOWRZHU
RIYDULDEOHGLDPHWHUFRPSRVHGRIIRXUVHJPHQWVWKDWDUHOLQNHGE\EROWHGFRQQHFWLRQV6LQFH
WKH VRLO LV VDQG WKH VWHHO WRZHU LV FRQQHFWHG WR D  E\  P FRQFUHWH VODE VXSSRUWHG E\
VL[WHHQFRQFUHWHSLOHVZLWKPGLDPHWHU
$VVKRZLQ)LJXUHWKHSRZHUSURGXFWLRQLQFUHDVHVJUDGXDOO\IURPFXWLQZLQGVSHHG 
PV WRUDWHGZLQGVSHHG PV DQGLVVWDEOHXSWRFXWRXWZLQGVSHHG PV 

)LJXUH:LQGWXUELQHVDW7RFKDZLQGIDUPDQGSRZHUFXUYHRI90: KWWSVHQZLQGWXUELQH
PRGHOVFRP 

3

MONITORING SYSTEMS

7KHH[SHULPHQWDOFDPSDLJQLQ7RFKDZLQGIDUPLQYROYHVWKHVLPXOWDQHRXVPRQLWRULQJRI
VHYHUDO ZLQG WXUELQHV GXULQJ D SHULRG RI DERXW WZR \HDUV ZKLFK LQFOXGHV WKUHH
LQVWUXPHQWDWLRQ OD\RXW +RZHYHU RQO\ WKH WRZHU PRQLWRULQJ V\VWHPV FRPSUHKHQGLQJ
DFFHOHUDWLRQDQGVWUDLQUHFRUGLQJLQVWDOOHGLQZLQGWXUELQHDUHEULHIO\GHVFULEHGLQWKLVSDSHU
$ GHWDLOHG GHVFULSWLRQ RI WKH 7RFKD ZLQG IDUP H[SHULPHQWDO FDPSDLJQ DV ZHOO DV VRPH
SUHOLPLQDU\UHVXOWVFDQEHIRXQGLQ>@
7KH DFFHOHUDWLRQV PHDVXUHPHQW V\VWHP LQVWDOOHG LQ WKH WRZHU LV EDVHG RQ D FHQWUDO
DFTXLVLWLRQ V\VWHP WR ZLWFK DOO VHQVRUV DUH FRQQHFWHG ,W LV FRPSRVHG E\ VL[ IRUFHEDODQFH
DFFHOHURPHWHUV GLVWULEXWHG DORQJ WKH WRZHU KHLJKW PHDVXULQJ DFFHOHUDWLRQV DORQJ WZR
RUWKRJRQDOKRUL]RQWDOGLUHFWLRQVDWWKUHHVHFWLRQVDFFRUGLQJWRWKHVFKHPHSUHVHQWHGLQ)LJXUH
 ,QRUGHUWROLPLWWKHOHQJWKRIWKH*36VLJQDOFDEOH *36DQWHQQDORFDWHGLQWKHQDFHOOH WKH
FHQWUDODFTXLVLWLRQV\VWHP .0, LVORFDWHGDWWKHWRSSODWIRUPDURXQGP
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)LJXUH6HFWLRQVLQVWUXPHQWHGZLWKIRUFHEDODQFHVHQVRUVDFFHOHURPHWHUV OHIW 3KRWRRIWKHIRUFHEDODQFH
VHQVRUV ULJKW 

,Q RUGHU WR HYDOXDWH DOWHUQDWLYH SURFHGXUHV IRU HVWLPDWLQJ VWDWLF DQG G\QDPLF EHQGLQJ
PRPHQWGLDJUDPVDORQJWKHWRZHUWZRDOWHUQDWLYHPRQLWRULQJV\VWHPVZHUHFRQVLGHUHGXVLQJ
VWUDLQDQGURWDWLRQPHDVXUHPHQWV QRWFRYHUHGLQWKLVZRUN FRPELQHGZLWKDFFHOHURPHWHUV
7KHVWUDLQVV\VWHPLVFRPSRVHGRIVL['URVHWWHVWUDLQJDJHVZKLFKPHDVXUHWKHVWUDLQLQ
WZRRUWKRJRQDOGLUHFWLRQVDQGIRXUWHPSHUDWXUHVHQVRUV3W
,Q RUGHU WR HVWLPDWH WKH VWDWLF EHQGLQJ PRPHQWV GLDJUDP DORQJ WKH HQWLUH OHQJWK RI WKH
WRZHUWKHVL[VWUDLQJDXJHVDUHGLVWULEXWHGLQWZRFURVVVHFWLRQVIRXUVHQVRUVDWPIURPWKH
EDVHRIWKHWRZHU ERWWRPVHFWLRQ DQGWZRVHQVRUVDWP WRSVHFWLRQ DVVKRZQLQ)LJXUH
7KHIRXUWHPSHUDWXUHVHQVRUVDUHORFDWHGLQWKHERWWRPVHFWLRQQH[WWRWKHVWUDLQJDXJHV
$V ZLOO EH GHPRQVWUDWHG LQ WKH QH[W VHFWLRQ PHDVXULQJ GHIRUPDWLRQ LQ WKH GLUHFWLRQ
SHUSHQGLFXODU WR WKH WRZHU D[LV DQG WHPSHUDWXUHV LV LPSRUWDQW WR DOORZ WKH HYDOXDWLRQ RI
DOWHUQDWLYHSURFHGXUHVWRPLQLPL]HWKHLQIOXHQFHRIWHPSHUDWXUHRQWKHPHDVXUHGORQJLWXGLQDO
GHIRUPDWLRQV

A

D

B

C
Door

= P ERWWRPVHFWLRQ 

F

E

Door

= P WRSVHFWLRQ 

)LJXUH/RFDWLRQVRIWKHVWUDLQJDJHV ¸ DQGWHPSHUDWXUHVHQVRUV
SKRWRRID'URVHWWHVWUDLQJDJHEHIRUH
SURWHFWLRQDQGSKRWRRIWKHVWUDLQURVHWWHDQGWHPSHUDWXUHVHQVRUDIWHUSURWHFWLRQDQGER[IRUVLJQDOFRQGLWLRQLQJ

7KHVH WZR PRQLWRULQJ FRPSRQHQWV DUH FRQQHFWHG WR D 1DWLRQDO ,QVWUXPHQWV GLJLWL]HU DQG
SURFHVVRULQVWDOOHGDWWKHEDVHRIWKHWRZHU7KHDFTXLVLWLRQIUHTXHQF\LV+]IRUWKHVWUDLQV
PHDVXUHPHQWVDQG+]IRUWHPSHUDWXUHPHDVXUHPHQWV$SURJUDPGHYHORSHGLQ/DE9LHZIRU
WKLVVSHFLILFDSSOLFDWLRQHQVXUHVGDWDDFTXLVLWLRQDQGUHFRUGLQJ
)LJXUH  VKRZV WKH SRVLWLRQ RI WKH VWUDLQ JDXJHV DQG FOLQRPHWHUV DORQJ WKH YHUWLFDO
DOLJQPHQWIRUPHGE\VWUDLQJDXJHV$DQG(
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&OLQRPHWHU

&OLQRPHWHU

6WUDLQJDJH(

6WUDLQJDJH(

6WUDLQJDJH$
6LJQDOFRQGLWLRQER[
6WUDLQJDJH$

&OLQRPHWHU

:HOGHGMRLQWQ PP

:HOGHGMRLQWQ

&OLQRPHWHU

)LJXUH6FKHPHDQGSKRWRRIWKHSRVLWLRQRIWKHFOLQRPHWHUVDQGVWUDLQJDXJHVDORQJWKHVDPHYHUWLFDO
DOLJQPHQW

,QRUGHUWRSURFHVVWKHGDWDFROOHFWHGIURPWKHGHVFULEHGPRQLWRULQJV\VWHPVLWLVHVVHQWLDO
WR KDYH 6&$'$ GDWD WKDW DFFXUDWHO\ FKDUDFWHUL]H WKH HQYLURQPHQWDO DQG RSHUDWLRQDO
FRQGLWLRQV RIWKHZLQG WXUELQH ,QWKLV VWXG\WKHRZQHURIWKHZLQGIDUPSURYLGHV 6&$'$
GDWD ZLWK WZR W\SHV RI VDPSOH UDWHV PHDQ PD[LPXP DQG PLQLPXP YDOXHV IURP  PLQ
SHULRGV 6&$'$  PLQ  DQG GDWD ZLWK D VDPSOLQJ LQWHUYDO RI  VHF 6&$'$ KLJK
UHVROXWLRQ RIVHYHUDORSHUDWLRQDODQGHQYLURQPHQWDOSDUDPHWHUV
7KHGDWDDFTXLUHGZLWKDKLJKHUVDPSOLQJIUHTXHQF\LVYHU\XVHIXODVLWDOORZVDFFXUDWHO\
PRQLWRULQJWKHUDSLGYDULDWLRQVRIVRPHSDUDPHWHUVVXFKDVZLQGVSHHG DQGGLUHFWLRQURWRU
VSHHG \DZ DQJOH DQG EODGHV SLWFK DQJOH ZKLFK LV QRW SRVVLEOH WR IROORZ IURP WKH DYHUDJH
YDOXHV
$VVKRZQLQ WKH7DEOH WKHPRQLWRULQJ RIWKH WRZHULV FRPSRVHGE\WKUHHLQGHSHQGHQW
PRQLWRULQJ V\VWHPV WKDW DGRSW GLIIHUHQW WLPLQJ SURWRFROV ,Q WKLV ZD\ LW LV QHFHVVDU\ WR
V\QFKURQL]H DOO WKHVH V\VWHPV LQ D FRPPRQ WLPH IUDPH WR SHUPLW WKH MRLQ SURFHVVLQJ RI
GLIIHUHQWVHQVRUVGDWDVHWV
$FTXLVLWLRQ
V\VWHP

6HQVRUV
W\SH
)RUFHEDODQFH
$FFHOHURPHWHUV

7LPLQJ
SURWRFROV
*OREDO3RVLWLRQLQJ
6\VWHPWLPH *36 

F5,2

6WUDLQJDXJHV
&OLQRPHWHUV
7HPSHUDWXUH

,QWHUQDOFORFN

6&$'$

6&$'$VHQVRUV

1HWZRUN7LPH
3URWRFRO 173 

.0,

7DEOH6XPPDU\RILQVWDOOHGPRQLWRULQJV\VWHPVDWWKHWRZHURI:7DQGFRUUHVSRQGLQJWLPLQJSURWRFROV

*OREDO3RVLWLRQLQJ6\VWHPWLPHSURWRFROZDVFKRVHQDVWKHUHIHUHQFHIURPZKLFKDOORWKHU
V\VWHPVZHUHV\QFKURQL]HGVRWKHIRUFHEDODQFHDFFHOHURPHWHUVV\VWHPLVWKHUHIHUHQFHWLPH
7KHV\QFKURQL]DWLRQRIWKHF5,2DFTXLVLWLRQV\VWHPZDVSHUIRUPHGE\FRPSDULQJWKHWLPH
VHULHV RI H[WHQVLRQV ZLWK WKH WLPH VHULHV RI DFFHOHUDWLRQV PHDVXUHG E\ WKH IRUFHEDODQFH
VHQVRUV )LJXUHOHIW 7KHGHOD\EHWZHHQWKHWZRV\VWHPVLGHQWLILHGRYHUWLPHLVYDULDEOHGXH
WRWKHOLPLWHGDFFXUDF\RIWKHLQWHUQDOFORFNRIWKHF5,2V\VWHPVRWKHWLPHVKLIWEHWZHHQWKH
WZRV\VWHPVLVFRQWLQXRXVO\XSGDWHG,QDVHFRQGSKDVHLQRUGHUWRPDNHWKLVV\QFKURQL]DWLRQ
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PRUDDFFXUDWHDUHHDV\WRDXWRPDWHDORZFRVWDFFHOHURPHWHUSODFHGQH[WWRRQHRIWKHIRUFH
EDODQFHVHQVRUVZDVFRQQHFWHGWRWKHF5,2
7KH V\QFKURQL]DWLRQ RI 6&$'$ GDWD ZDV SHUIRUPHG E\ FRPSDULQJ WKH HYROXWLRQ RI WKH
\DZ DQJOH 6&$'$ KLJK UHVROXWLRQ  ZLWK WKH WLPH VHULHV RI VWUDLQV RYHU D YDULDWLRQ RI \DZ
DQJOH RI WKH QDFHOOH WKH HFFHQWULFLW\ RI WKH QDFHOOH DQG URWRU PDVV JHQHUDWHV D VLQXVRLGDO
VLJQDOLQWKHVWUDLQVJDXJHVDVVKRZVLQ)LJXUHULJKW $FRQVWDQWGHOD\RIDSSUR[LPDWHO\
VHFRQGVZDVREVHUYHGEHWZHHQWKHWZRV\VWHPV

E

D

)LJXUH6\QFKURQL]DWLRQRIWKHPRQLWRULQJV\VWHPVD .0, IRUFHEDODQFH6 DQGF5,2 VWUDLQJDXJH% 
E F5,2 VWUDLQJDXJH$ DQG6&$'$ \DZDQJOH  WKHYHUWLFDOGDVKHGOLQHVFRUUHVSRQGWRWKHVLQJXODUSRLQWV
XVHGIRUV\QFKURQL]DWLRQ 

4

PROCESSING METHODOLOGY, CALIBRATION AND VALIDATION

6WUDLQ JDXJHV DUH YHU\ VHQVLWLYH VHQVRUV DQG PDQ\ IDFWRUV FDQ HDVLO\ SUHFOXGH DFFXUDWH
PHDVXUHPHQWV $OO SRWHQWLDO VRXUFHV RI HUURUV QHHG WR EH LGHQWLILHG DQG LW LV QHFHVVDU\ WR
LPSOHPHQWDPHWKRGRORJ\IRUWKHVLJQDOSURFHVVLQJDFFRUGLQJWRWKHSUHFLVLRQRIWKHLQWHQGHG
UHVXOWV
7KXV WKH H[SHULPHQWDO GHWHUPLQDWLRQ RI EHQGLQJ PRPHQWV LQ WKH WRZHU UHTXLUHV WKH
DFTXLUHG UDZ GDWD WR EH SUHSURFHVVHG WR REWDLQ WKH UHDO GHIRUPDWLRQ ,Q WKH SUHVHQW
DSSOLFDWLRQ DV D ILUVW WULDO WKH PHWKRGRORJ\ SUHVHQWHG LQ >@ ZLWK VRPH XSJUDGHV LV EHLQJ
IROORZHG ,Q D JHQHUDO ZD\ WKLV PHWKRGRORJ\ FRQVLVWV RI WKH IROORZLQJ WKUHH VWHSV L 
FRUUHFWLRQ RI WKH HIIHFW RI WHPSHUDWXUH RQ VWUDLQ JDXJHV LL  VLJQDO FRUUHFWLRQ EDVHG RQ WKH
DYHUDJH YDOXH RI WKH H[WHQVLRQV UHFRUGHG RQ GLDPHWULFDOO\ RSSRVHG VHQVRUV LLL  VLJQDO
FDOLEUDWLRQDFFRUGLQJWRJXLGHOLQH>@,QWKHIROORZLQJVHFWLRQVWKHVWHSVRIWKHLPSOHPHQWHG
PHWKRGRORJ\DUHSUHVHQWHGDQGYDOLGDWHG
4.1

Orientation Calibration

7KHILUVWVWHSLVWRGHWHUPLQHWKHH[DFWSRVLWLRQRIWKHVHQVRUVLQWKHLQVWUXPHQWHGVHFWLRQ
RIWKHWRZHU GHVSLWHWKHFDUHXVHGLQWKHVHQVRUJOXLQJWKHUHDUHDOZD\VLQDFFXUDFLHVLQVHQVRU
SRVLWLRQ WDNLQJLQWRDFFRXQW DORFDO FRRUGLQDWH V\VWHP ZKHUHWKH \D[LV FRLQFLGHV ZLWK WKH
SRVLWLRQ RI WKH HQWUDQFH GRRU 7KH QDFHOOH DQJOH GHILQHV WKH IRUHDIW DQG VLWHVLGH D[LV IRU
ZKLFKWKHEHQGLQJPRPHQWVZLOOEHHVWLPDWHG
$VVKRZQLQ)LJXUHWKHIXOOURWDWLRQRIWKHQDFHOOH JHQHUDWHVDVLQXVRLGDOVLJQDOLQWKH
VWUDLQVJDXJHVGXHWKHHFFHQWULFLW\RIWKHQDFHOOHDQGURWRUPDVV7KHYDOXHVRIWKH\DZDQJOH
IRUZKLFKWKHPLQLPXPYDOXHRIWKHVLJQDOVRFFXUVFRUUHVSRQGWRWKHUDGLDOSRVLWLRQRIHDFK
VHQVRU ,Q D JRRG LQVWDOODWLRQ WKH PD[LPD DQG PLQLPD RI GLDPHWULFDOO\ LQVWDOOHG VHQVRUV
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VKRXOGKDSSHQIRUWKHVDPHWLPHLQVWDQWDQGIRUWKDWVDPHWLPHLQVWDQWWKHRWKHUWZRVHQVRUV
VKRXOGEHFORVHWR]HUR3OHDVHQRWHWKDWWKHVWUDLQVSUHVHQWHGLQ)LJXUHZHUHSUHSURFHVVHG
WRKDYH]HURPHDQ

)LJXUH<DZDQJOHQDFHOOH OHIW DQGVWUDLQJDXJHVVLJQDOV ULJKW GXULQJQDFHOOHIXOOURWDWLRQDW$XJ
VHHVHQVRUSRVLWLRQVLQ)LJXUHDQG)LJXUH 

4.2

Correction of temperature effects

0DQ\IDFWRUVFDQHDVLO\GLVWRUWVWUDLQPHDVXUHPHQWVEXWWHPSHUDWXUHLVWKHPRVWIUHTXHQW
VRXUFHRIHUURUV7HPSHUDWXUHFDQLQIOXHQFHWKHPHDVXUHPHQWRIVWUDLQVLQWZRZD\VWKHUPDO
RXWSXWDQGQRQOLQHDUWHPSHUDWXUHJUDGLHQW
7KHUPDORXWSXWLVFDXVHGE\YDULDWLRQRIWKHHOHFWULFDOUHVLVWLYLW\RIWKHJULGFRQGXFWRUZLWK
WHPSHUDWXUHDQGWKHGLIIHUHQWLDOWKHUPDOH[SDQVLRQEHWZHHQWKHJULGFRQGXFWRUDQGWKHVWHHORI
WKHWRZHU7KLVHIIHFWLVPLQLPL]HGXVLQJWKHWKHUPDORXWSXWFRPSHQVDWLRQFXUYHSURYLGHGE\
WKHPDQXIDFWXUHUDQGWKHWHPSHUDWXUHPHDVXUHGRQWKHVWHHOVXUIDFH
7KH ORFDO KHDWLQJ RI WKH VXQ FDQ DOVR LQIOXHQFH WKH PHDVXUHG VWUDLQV DV WKH WHPSHUDWXUH
JUDGLHQW PD\ EHFRPH QRQOLQHDU 7KLV SDUDVLWH VWUDLQV DUH PLQLPL]HG E\ DYHUDJLQJ WKH WZR
VLJQDOVSURYLGHGE\WKHJDXJHFRXSOHLQVWDOOHGDW
6WUDLQJDXJHVDUHFRQQHFWHGWRWKHDFTXLVLWLRQV\VWHPXVLQJDóEULGJHFRQILJXUDWLRQZLWK
WKUHHZLUHVLQRUGHUWRDYRLGHIIHFWVRIWHPSHUDWXUHRQWKHFDEOHV
,Q RUGHU WR GHPRQVWUDWH LQ D SUDFWLFDO H[DPSOH WKH LQIOXHQFH RI WKH WHPSHUDWXUH RQ WKH
VWUDLQPHDVXUHPHQWV)LJXUHD UHSUHVHQWVIRXUVWUDLQVLJQDOVPHDVXUHGDWWKHERWWRPVHFWLRQ
DIWHU EHLQJ  ]HURHG GXULQJ WKH QDFHOOH IXOO URWDWLRQ SHUIRUPHG DW DURXQG  ZLWKRXW
FRPSHQVDWLRQ RI WKH WHPSHUDWXUH HIIHFWV  7KH VDPH VLJQDOV EXW ZLWK WHPSHUDWXUH HIIHFWV
PLQLPL]HGLVVKRZVDW)LJXUHE &RPSDULQJWKHVHILJXUHVLWLVREVHUYHGWKDWLQWKHILUVWRQH
WKH VLJQDOV SURYLGHG E\ WKH JDXJH FRXSOH LQVWDOOHG DW  DUH QRW SHUIHFWO\ V\PPHWULF
ZKHUHDVLQWKHVHFRQGWKHUHLVDSHUIHFWV\PPHWU\ZLWKUHVSHFWWRWKH[D[LV
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)LJXUH'DLO\WHPSHUDWXUHHIIHFWVRQVWUDLQVPHDVXUHPHQWVDWWKHERWWRPVHFWLRQD 6WUDLQVVLJQDOV]HURHG
GXULQJWKHQDFHOOHURWDWLRQE 6WUDLQVVLJQDOV]HURHGGXULQJWKHQDFHOOHURWDWLRQZLWKFRPSHQVDWLRQRIWKH
WHPSHUDWXUHHIIHFWVF 7HPSHUDWXUHPHDVXUHPHQWV
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4.3

Drift correction

$VLJQLILFDQWGULIWLVREVHUYHGRQWKHVWUDLQVVLJQDOVRYHUWLPH>@7KHFRUUHFWLRQRIWKLV
GULIWLVEDVHGRQWKHSURFHGXUHGHILQHGE\WKH,QWHUQDWLRQDO(OHFWURWHFKQLFDO&RPPLVVLRQ ,(& 
VWDQGDUGV FDOOHG FDOLEUDWLRQ FKHFN >@ 7KH PHDQ RI WKH VLJQDOV JHQHUDWHG E\ \DZLQJ WKH
QDFHOOHWKURXJKUHSUHVHQWVWKH]HURSRLQW )LJXUH 
$WRWDORIIXOOURWDWLRQRIWKHQDFHOOHWKDWPHWDOOWKHUHTXLUHPHQWVZHUHREVHUYHGLQWKH
SHULRGRI$XJWR'H]DQGZHUHXVHGWRWKHFDOLEUDWLRQSURFHVV )LJXUH  

)LJXUH0HDQYDOXHRIWKHIXOOURWDWLRQVLJQDOVREVHUYHGDW$XJXVWWR'HFHPEHU VHHVHQVRU
SRVLWLRQVLQ)LJXUHDQG)LJXUH 

,WDSSHDUVWKDWLQWKHILUVWPRQWKVWKHGULIWUHPDLQVFORVHWRİIRUFRXSOH$&)RUWKH
FRXSOH%'WKHUHLVDQLQLWLDOİGULIWZLWKDOLQHDUHYROXWLRQXSWRDERXWİRYHUWKH
ILUVWPRQWK,QWKHIROORZLQJPRQWKVWKHGULIWUHPDLQVDSSUR[LPDWHO\FRQVWDQW
4.4

Amplitude validation

7KH ODVW YDOLGDWLRQ FRQVLVWV RI FKHFNLQJ LI WKH YDOXHV RI WKH VWUDLQV PHDVXUHG LQ WKH
VWUXFWXUHDQGSURFHVVHGDFFRUGLQJWRWKHSURFHGXUHMXVWSUHVHQWHGFRUUHVSRQGWRUHDOYDOXHVRI
GHIRUPDWLRQRIWKHVWUXFWXUHGXHWRDSSOLHGORDGV
,QWKLVVHQVHWKHDYHUDJHYDOXHVRIVWUDLQVREVHUYHGLQDOOWKHUHFRUGHGPLQVHWXSV WRWDO
RIVHWXSV DUHVKRZQLQWKH)LJXUHDVDIXQFWLRQRIWKH\DZDQJOH7KHVHYDOXHVDUH
FRPSDUHG ZLWK WKH WKHRUHWLFDO VWUDLQ FXUYH WKDW ZRXOG EH REWDLQHG IRU WKH PD[LPXP WKUXVW
IRUFHDSSOLHGDWWKHURWRUOHYHO,WVKRXOGEHQRWHGWKDWWKHPD[LPXPGUDJIRUFHDSSOLHGDWWKH
KXEOHYHOLVDSSUR[LPDWHO\N1 FDOFXODWHGIURPWKHGUDJFRHIILFLHQWVSUHVHQWHGLQ>@ 
7KHUH LV D JRRG DJUHHPHQW EHWZHHQ WKHRUHWLFDO DQG H[SHULPHQWDO YDOXHV +RZHYHU LW
VKRXOG EH QRWHG WKDW PD[LPXP VWUDLQ YDOXHV DUH QRW REWDLQHG IRU DOO GLUHFWLRQV 7KLV LV
EHFDXVH SUHYDLOLQJ FRQGLWLRQV RI ZLQG DFWLRQ H[LVW 7KHVH UHVXOWV DOVR DOORZ YDOLGDWLQJ WKH
FDOLEUDWLRQRIWKHVHQVRURULHQWDWLRQLQVHFWLRQ
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)LJXUH$YHUDJHPHDVXUHGVWUDLQVRIVWUDLQJDXJHV$%&DQG' $XJXVWWR-DQXDU\ 

7KHEHQGLQJPRPHQWVHVWLPDWHGIURPWKHPHDVXUHPHQWRIVWUDLQVZHUHDOVRFRPSDUHGZLWK
WKRVH WKDW FDQ EH REWDLQHG IURP WKH PHDVXUHPHQW RI DFFHOHUDWLRQV &RQVLGHULQJ D URWRU VWRS
HYHQW LQZKLFKRQO\WKHILUVW YLEUDWLRQPRGHRIWKHWRZHU H[SODLQV WKHVWUXFWXUH V UHVSRQVH 
WKHGLVSODFHPHQWRIWKHWRZHUDWWKHOHYHORIWKHDFFHOHURPHWHU6ZDVGHWHUPLQHGE\GRXEOH
LQWHJUDWLRQRIWKHDFFHOHUDWLRQ )LJXUHOHIW 8VLQJDVWLIIQHVVPDWUL[SURYLGHGE\DVLPSOH
QXPHULFDOPRGHOGHYHORSHGLQ5RERW>@LWZDVSRVVLEOHWRGHWHUPLQHWKHHTXLYDOHQWPRGDO
IRUFH DSSOLHG DW WKH 6 VHQVRU OHYHO DQG WKH DVVRFLDWHG EHQGLQJ PRPHQW DW WKH VHFWLRQ
LQVWUXPHQWHGZLWKVWUDLQJDJHV7KHPHWKRGIROORZHGWRGHWHUPLQHWKHUHVSRQVHRIVWUXFWXUHV
LQGLVSODFHPHQWIURPWKHPHDVXUHPHQWRIDFFHOHUDWLRQVLVIXUWKHUGHYHORSHGLQ>@
)RU WKH VDPH URWRU VWRS HYHQW WKH VWUDLQ WLPH VHULHV PHDVXUHG DW VWUDLQV JDXJH ' LV
UHSUHVHQWHGLQ)LJXUHULJKW

)LJXUH5RWRUVWRSHYHQWRQ2FW7LPHVHULHVRIGLVSODFHPHQWVDWWKHWRSRIWKHWRZHUHVWLPDWHGIURP
DFFHOHUDWLRQVPHDVXUHGDWVHQVRU6 OHIW DQGVWUDLQVDWVWUDLQJDXJH' ULJKW 
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7KHEHQGLQJPRPHQWVDWWKHEDVHRIWKHWRZHUHVWLPDWHGIURPDFFHOHUDWLRQVDQGVWUDLQVDUH
VKRZQ LQ WKH )LJXUH  7KHUH LV DQ H[FHOOHQW VLPLODULW\ EHWZHHQ WKH EHQGLQJ PRPHQWV
HVWLPDWHG ZLWK WKH WZR PHWKRGV 7KH HUURU LV OHVV WKDQ  DQG FDQ EH H[SODLQHG E\ WKH
GLIILFXOW\LQDFFRXQWLQJIRUWKHH[DFWVWLIIQHVVRIWKHWRZHU

)LJXUH%HQGLQJPRPHQWVDWWKHEDVHRIWKHWRZHUHVWLPDWHGIURPDFFHOHUDWLRQVDQGVWUDLQVWLPHVHULHV

5

RESULTS

$IWHUWKHFDOLEUDWLRQDQGYDOLGDWLRQRIWKHPHWKRGRORJ\WRHVWLPDWHWKHEHQGLQJPRPHQWVDW
WKHEDVHRIWKHWRZHUVRPHILQDOUHVXOWVDUHSUHVHQWHG
$SSO\LQJ WKH GHVFULEHG GDWD SURFHVVLQJ WR WKH UHFRUGHG VHULHV LQ )LJXUH  WKH WHPSRUDO
HYROXWLRQVRIWKHEHQGLQJPRPHQWVREVHUYHGLQWKHERWWRPLQVWUXPHQWHGVHFWLRQDUHSUHVHQWHG
IRU WKH WZR PDLQ GLUHFWLRQV FRQVLGHULQJ WZR DOWHUQDWLYH WXUELQH RSHUDWLRQ VFHQDULRV 7KH
H[SHULPHQWDO UHVXOWV DUH FRPSDUHG ZLWK QXPHULFDO FRXQWHUSDUWV REWDLQHG IURP D PRGHO
GHYHORSHGLQ)$67>@DQGFDOLEUDWHGXVLQJWKHPHWKRGRORJ\GHVFULEHGLQ>@
,WLVSRVVLEOHWRYHULI\DJRRGDJUHHPHQWEHWZHHQWKHQXPHULFDODQGH[SHULPHQWDOUHVXOWV,W
VKRXOG EH QRWHG WKDW WKH VLPXODWHG ZLQG ORDGV UHVSHFW WKH PHDQ DQG VWDQGDUG GHYLDWLRQV
REVHUYHG LQ WKH ILHOG PHDVXUHPHQWV EXW WKH WLPH VHULHV DUH GLIIHUHQW ,Q ERWK DQDO\]HG
VLWXDWLRQVWKHPHDQYDOXHVDQGVFDWWHURIWKH)$EHQGLQJPRPHQWVDUHYHU\VLPLODU

5RWRUVSHHG USP:LQGVSHHG PV7, 
0)$VJ N10)$)DVW N1

5RWRUVSHHG USP:LQGVSHHG PV7, 
0)$6* N10)$)DVW N1

)LJXUH([SHULPHQWDODQGQXPHULFDOEHQGLQJPRPHQWVWLPHVHULHVIRU)$DQG66GLUHFWLRQVLQWKHERWWRP
LQVWUXPHQWHGVHFWLRQRIWKHWRZHUFRQVLGHULQJWZRRSHUDWLQJFRQGLWLRQV 7,WXUEXOHQFHLQWHQVLW\0[[EHQGLQJ
PRPHQWDYHUDJH 
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$ YHU\ LQWHUHVWLQJ LQ ZLQG WXUELQH WRZHUV LV WR H[SUHVV WKH HYROXWLRQ RI WKH VWUHVVHV DV D
IXQFWLRQ RI ZLQG VSHHG )LJXUH  VKRZV WKH  PLQ DYHUDJH EHQGLQJ PRPHQW DW WKH WRZHU
EDVHIRUWKHIRUHDIWGLUHFWLRQYHUVXVWKHPLQDYHUDJHZLQGVSHHGSURYLGHGE\WKH6&$'$
V\VWHPGXULQJQRUPDORSHUDWLRQFRQVLGHULQJGLIIHUHQWWXUEXOHQFHLQWHQVLWLHV
'HVSLWHWKHVKRUWSHULRGRIDQDO\VLVWKHUHVXOWVDUHTXLWHSURPLVLQJ7KHGUDJIRUFHWKDWLV
DFWLQJRQWKHURWRUDQGLVUHVSRQVLEOHIRUWKHWRZHUGHIOHFWLRQLVUHGXFHGDERYHPVGXHWKH
VWDUWLQJRIWKHSLWFKFRQWUROWRNHHSWKHOLIWIRUFHDQGURWRUVSHHGFRQVWDQW,WLVDOVRYHULILHG
WKDWIRUZLQGVSHHGVEHWZHHQDQGPVWKHEHQGLQJPRPHQWGHFUHDVHVDVWKHWXUEXOHQFH
LQWHQVLW\LQFUHDVHV

)LJXUHPLQDYHUDJHEHQGLQJPRPHQWDWWKHWRZHUEDVHIRUIRUHDIWGLUHFWLRQYHUVXVWKHPLQDYHUDJH
ZLQGVSHHGGXULQJQRUPDORSHUDWLRQFRQVLGHULQJGLIIHUHQWWXUEXOHQFHLQWHQVLWLHV $XJXVWWR-DQXDU\ 

6

CONCLUSIONS

7KLVSDSHUSUHVHQWVWKHPHWKRGRORJ\IROORZHGIRUWKHH[SHULPHQWDOHYDOXDWLRQRIEHQGLQJ
PRPHQWVDWWKHWRZHURIDZLQGWXUELQH7KHTXLWHH[WHQVLYHPRQLWRULQJFDPSLQJWKDWLVEHLQJ
FRQGXFWHG LQ 7RFKD ZLQG IDUP LV GHVFULEHG ZLWK SDUWLFXODU DWWHQWLRQ IRU WKH VWUDLQV
PRQLWRULQJV\VWHP
6SHFLDODWWHQWLRQLVJLYHQWRWKHVLJQDOSURFHVVLQJRIWKHVWUDLQJDXJHVWDNLQJLQWRDFFRXQW
WKDW WHPSHUDWXUH LV NQRZQ WR EH WKH PDMRU FDXVH RI VLJQDO SHUWXUEDWLRQ ,Q WKLV ZD\ LW LV
SUHVHQWHGDSURFHGXUHWRPLQLPL]HGHGDLO\WHPSHUDWXUHHIIHFWVDQGDOVRWKHORQJWHUPHIIHFWV
RQWKHVWUDLQJDXJHV7KHSRVWSURFHVVHGVWUDLQVLJQDODUHYDOLGDWHGZLWKWKHRUHWLFDODQGRWKHU
H[SHULPHQWDOUHVXOWV
$OWKRXJKWKHDPRXQWRI GDWDLV VWLOOVPDOO WKHUHVXOWV REWDLQHGDUHYHU\SURPLVLQJ7KH\
DUHWKHVWDUWLQJSRLQWIRUIDWLJXHFDOFXODWLRQXQGHUGHYHORSPHQW
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WIND TURBINE ROTOR BLADE VIBRATION – APPLICATION OF
TWO ALTERNATIVE MODAL DECOMPOSITION PROCEDURES
Evgueni Stanoev
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8QLYHUVLW\RI5RVWRFN$OEHUW(LQVWHLQ6WU5RVWRFN*HUPDQ\
HPDLOHYJXHQLVWDQRHY#XQLURVWRFNGH

Keywords: PRGDO GHFRPSRVLWLRQ FRPSOH[ HLJHQYDOXH SUREOHP YLEUDWLRQ RI ZLQG WXUELQH
URWRUEODGHQRQSURSRUWLRQDOGDPSLQJ

Abstract:Two alternative modal decomposition procedures are applied to the vibration of a
generic WT rotor blade, subjected to wind thrust loads. The first one, published first in [7]
and [16], is based on a state-space-formulation of the equations of motion with symmetric
damping matrix, which represents non-proportional damping. By use of the complex right eigenvectors of the associated quadratic eigenvalue problem a modal transformation matrix in
real space is assembled, combining two complex transformations. The proposed procedure
retains all common advantages of the classic modal decomposition of the equations of motion.
The second applied procedure, known as a “phase synchronisation method”, is presented in
[14], [15]. The equations of motion here are formulated in the Lancaster state space form.
Beside this the associated complex conjugated eigenvector and eigenvalue pairs are combined in separated modal resp. spectral matrices – this is another major difference to the first
procedure. The assembling of the final real-space transformation matrix is based on the notion of “phase synchronization”. The development of both procedures is described briefly,
differences and advantages are discussed and pointed out in details.
Both presented methods are demonstrated on numerical example - vibration of a wind turbine
rotor blade subjected to wind thrust loads. The presumed symmetric non-proportional damping matrix is derived by an aerodynamic damping approach, applied on the level of the differential equations of the beam element.
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1

INTRODUCTION

7KHVROXWLRQRIWKHFODVVLFOLQHDUHLJHQYDOXHSUREOHPDVVRFLDWHGWRWKHHTXDWLRQVRIPRWLRQRI
PXOWLGHJUHHRIIUHHGRPV\VWHPV 0'2)6 FRQVLVWVRIUHDOHLJHQYDOXHV QDWXUDOIUHTXHQFLHV 
DQGUHDOHLJHQYHFWRUV7KHLQFOXVLRQRIYLVFRXVGDPSLQJLQWKHHTXDWLRQVRI0'2)6OHDGVWR
D TXDGUDWLF HLJHQYDOXH SUREOHP ZLWK FRUUHVSRQGLQJ FRPSOH[ FRQMXJDWH SDLUV RI HLJHQYDOXHV
DQGHLJHQYHFWRUV
6WDUWLQJSRLQWRIRXUFRQVLGHUDWLRQVDUHWKHHTXDWLRQVRIPRWLRQRIDGDPSHG0'2)6LQFRQ
ILJXUDWLRQVSDFH
ࡹࢂሷ  ࡰࢂሶ  ࡷࢂ ൌ ܘሺݐሻ



ZKHUH ࡹǡ ࡰDQGࡷDUH UHVSHFWLYHO\ WKH Q [ Q  PDVV GDPSLQJ DQG VWLIIQHVV PDWUL[ DQG
ࢂǡ ࢂሶǡ ࢂሷDUHUHVSHFWLYHO\WKH Q[ GLVSODFHPHQWWKHYHORFLW\DQGWKHDFFHOHUDWLRQYHFWRUVDQG
p W LVWKH Q[ H[FLWDWLRQYHFWRU
,QVWUXFWXUDOPHFKDQLFVSUREOHPVWKHPDWULFHVࡹǡ ࡰDQGࡷDUHFRQVLGHUHGWREHUHDOV\PPHW
ULF DQG SRVLWLYH GHILQLWH H[FOXGLQJ WKH SUHVHQFH RI ULJLG ERG\ PRGHV ,Q WKH FODVVLF PRGDO
DQDO\VLVࡰ ൌ LQWKLVFDVH(T  FDQEHGHFRXSOHGE\XVHRIWKHUHDOULJKWHLJHQYHFWRUV
܆ RIWKHXQGDPSHGV\VWHP
൫ߣଶ ࡹ  ࡷ൯ۿ ൌ 



,QWKHFDVHRIFODVVLFDOO\GDPSHGV\VWHPZLWKࡰ ്  (T  FDQDOVREHGHFRXSOHGE\WKH
UHDOHLJHQYHFWRUVRIWKHXQGDPSHGV\VWHP$FFRUGLQJWR>@WKHQHFHVVDU\DQGVXIILFLHQWFRQ
GLWLRQIRUFODVVLFDOGDPSLQJLV
ࡰࡹିଵ ࡷ ൌ ࡷࡹିଵ ࡰ

 

7KHSURSRUWLRQDOGDPSLQJDVVXPSWLRQ
ࡰ ൌ ߙࡹ  ߚࡷ ,

 

WKHVRFDOOHGRayleigh dampingLVDSDUWLFXODUFDVHRIFODVVLFGDPSLQJ±(T  VDWLVILHVWKH
FRQGLWLRQ  
7KHDVVRFLDWHGTXDGUDWLFHLJHQYDOXHSUREOHPWR(T  LV
൫ࡹߣଶ  ࡰߣ  ࡷ൯ࡽ ൌ 

 

ZKHUH
ɉ ൌ ߙ  ݅߱  ՜  ࡽ  ɉ ൌ ߙ െ ݅߱  ՜ ࡽ
DUHFRPSOH[FRQMXJDWHHLJHQYDOXHVZLWKDVVRFLDWHGFRPSOH[HLJHQYHFWRUSDLUVࡽ ǡ ࡽ 
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7KLVSDSHUSUHVHQWVWKHVLPSOLHVWYDULDQWRIDJHQHUDOPRGDOGHFRPSRVLWLRQPHWKRGSUHVHQWHG
LQVRPHYDULDQWVLQ>@DQG>@>@7KHPHWKRGLVXVHGWRWUDQVIRUPLQUHDOVSDFHWKHHTXD
WLRQVRIPRWLRQRIPXOWLGHJUHHRIIUHHGRPV\VWHPV 0'2)6 ZLWKV\PPHWULFGDPSLQJPD
WUL[UHSUHVHQWLQJQRQSURSRUWLRQDOGDPSLQJ7KHHTXDWLRQVRIPRWLRQDUHVWDWHGLQVWDWHVSDFH
IRUPXODWLRQ 7KH YDULDQW SUHVHQWHG LQ 6HFWLRQ  LV GHVFULEHG LQ FRPSDULVRQ ZLWK D VLPLODU
WHFKQLTXH IRU GHFRXSOLQJ RI QRQFODVVLFDOO\ GDPSHG V\VWHP HTXDWLRQV UHIHUUHG WR DV phase
synchronizationSUHVHQWHGLQHDUOLHUSXEOLFDWLRQV>@>@>@7KLVDSSURDFKKDVEHHQGH
VFULEHGLQ>@DQG>@IRUIUHHDQGIRUFHGYLEUDWLRQVLQFRQILJXUDWLRQVSDFHIRUPXODWLRQ,Q
>@LWKDVEHHQVKRZQWKHLQWHUSUHWDWLRQRIWKHGHFRXSOLQJWUDQVIRUPDWLRQE\SKDVHV\QFKUR
QL]DWLRQRQWKHEDVLVRIVWDWHVSDFHIRUPXODWLRQ
7KHSUREOHPRIGHFRXSOLQJWKHKRPRJHQRXVSUREOHPLQ(T  FDQDOVREHDGGUHVVHGDVD
UHGXFWLRQRIWKHTXDGUDWLFSHQFLOܳሺߣሻ ൌ ࡹߣଶ  ࡰߣ  ࡷ,Q>@>@DQG>@>@KDYHEHHQ
SURSRVHGWKHQRWLRQRIstructure-preserving transformationsLQGLDJRQDOL]LQJܳሺߣሻ,Q>@LW
KDVEHHQVKRZQWKHLQWHUSUHWDWLRQRIWKHGHFRXSOLQJWUDQVIRUPDWLRQE\SKDVHV\QFKURQL]DWLRQ
RQWKHEDVLVRIVWDWHVSDFHIRUPXODWLRQXQGHUWKHDVVXPSWLRQWKDWDOOWKHHLJHQYDOXHVɉ ɉ 
DUHFRPSOH[DQGGLVWLQFW
,QRUGHUWRLQWURGXFHWRWKHPHWKRGSUHVHQWHGLQ6HFWLRQZHZLOOILUVWEULHIO\UHYLHZLQ6HF
WLRQWKHSKDVHV\QFKURQL]DWLRQSURFHGXUHRQWKHEDVLVRIVWDWHVSDFHIRUPXODWLRQDFFRUGLQJ
WR>@>@±IRUWKHFDVHRIIRUFHGYLEUDWLRQVZLWKQGLVWLQFWFRPSOH[FRQMXJDWHGHLJHQYDO
XHVߣ 
2

THE PHASE SYNCHRONIZATION PROCEDURE IN STATE SPACE

$OOHLJHQYDOXHVɉ ɉ LQ(T  DUHVXSSRVHGWREHFRPSOH[FRQMXJDWHGDQGGLVWLQFWLH
WKHTXDGUDWLFHLJHQYDOXHSUREOHPLVQRQGHIHFWLYH
)LUVW RI DOO (T   VKRXOG EH ZULWWHQ LQ VWDWH VSDFH LQ WKH symmetric Lancaster form VHH
>@
ቂ
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ࢂሷ
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7KHDVVRFLDWHGVWDWHVSDFHHLJHQYDOXHSUREOHPWDNHVWKHIRUP
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ࡰ ࡹ
ቃ ߣ  ቂ ࡷ
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՜  ቂࡷ
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ቃ

ࢄ
൨
ߣ ࢄ

7KHV\PPHWULFDOO\OLQHDUL]HGSHQFLOܮ൫ߣ ൯LVUHIHUUHGWRDVWKHLancaster structure
$ILUVWFRPSOH[PRGDOWUDQVIRUPDWLRQLVGHILQHGE\
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ࢂ
ࢄ ൨ ቂࢇቃ
ቂ ሶቃ ൌ  ࢄ
ࢂ
ࢄ ࢄ ࢈

 

ZKHUH
ࢇ ൌ ሾܽଵ

ܽଶ

ܽ ڮ ሿ் ǡ࢈ ൌ ሾܾଵ

ܾଶ

ܾ ሿ்

ڮ

 

DUHQHZFRPSOH[PRGDOFRRUGLQDWHV
ࢄ ൌ ሾࢄଵ

ࢄଶ

ڮ

ࢄ ሿ ࢄ ൌ ൣࢄଵ

ࢄଶ

ڮ

 

ࢄ ൧

DUHPRGDOPDWULFHVEXLOWE\WKHFRPSOH[ࢄ UHVSWKHFRQMXJDWHFRPSOH[HLJHQYHFWRUVࢄ DQG
 

 ൌ ሾߣଵ ǡ ߣଶ ǡ  ڮǡ ߣ ሿ ൌ ൣߣଵ ǡ ߣଶ ǡ  ڮǡ ߣ ൧

DUH WKH DVVRFLDWHG VSHFWUDO PDWULFHV 7KH WUDQVIRUPDWLRQ   LPSOLHV WKDW WKH MWK GDPSHG
PRGHRIYLEUDWLRQ࢙ ሺݐሻLVH[SUHVVHGDVDOLQHDUFRPELQDWLRQ
ఒೕ ௧
ఒೕ ௧
࢙ ሺݐሻ ൌ ࢄ ൫ܿ
൯  ࢄ ቀܿ
ቁ
݁
݁
ᇣᇧᇤᇧᇥ
ᇣᇧᇤᇧᇥ
ೕ

 

ೕ

7KHHLJHQYHFWRUV܆ ǡ ܆ PD\EHQRUPDOL]HGZLWKUHVSHFWWRWKHPDVVPDWUL[ࡹZKLFKOHDGVWR
WKHUHODWLRQVKLSV
ʹߣ ܆ ் ࡹ܆  ܆ ் ࡰ܆ ൌ ʹ݅߱ ൌ ߣ െ ߣ UHVS
்

்

ʹߣ ܆ ࡹ܆  ܆ ࡰ܆ ൌ െʹ݅߱ ൌ ߣ െ ߣ 

 

்

ࢄ ൨ WRREWDLQ
6XEVWLWXWH(T  LQWR  DQGSUHPXOWLSO\E\ ࢄ
ࢄ ࢄ
்
்
ࢄ் ܘሺݐሻ
ࢇ
ࢇሶ
ࡰ ࡹ ࢄ
ࡷ
ࢄ
ࢄ
ࢄ
ࢄ
ࢄ
ࢄ
ࢄ


൨ ቂ
ቃ
൨ ൨  
൨ ቂ
ቃ
൨ቂ ቃ ൌ ቈ ்
െࡹ ࢄ ࢄ ࢈
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ
ࢄ ࢄ ࡹ
ࢄ ࢄ ࢈ሶ
ࢄ ࢄ
ࢄ ܘሺݐሻ



ࢄ் ࡰࢄ  ʹሺࢄ் ࡹࢄሻ

ࢄ் ࡷࢄ  ሺࢄ் ࡹࢄሻ
ࢇሶ
൩ቂ ሶቃ  
ࢄ ࡰࢄ  ʹ ቀࢄ ࡹࢄቁ ࢈
்

்

ࢄ் ܘሺݐሻ
ࢇ
൩ቂ ቃ ൌ ቈ ்

ࢄ ࡷࢄ   ቀࢄ ࡹࢄቁ ࢈
ࢄ ܘሺݐሻ
்

்

 
$FFRXQWLQJIRUWKHQRUPDOL]DWLRQ  WKHOHIWVLGHRI(T  FDQEHUHIRUPXODWHG
 െ 

൫ െ ൯
ࢇሶ
൨ቂ ሶቃ  ቈ
െ ࢈
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7KH VWDWH VSDFH IRUP   LV QRZ GHFRXSOHG LQ WKH FRPSOH[ IRUP   1RWH WKDW DOW
ࢇ
KRXJK(T  KDVEHHQGHFRXSOHGLQVWDWHVSDFHWKHQHZLQWURGXFHGFRPSOH[YDULDEOHVቂ ቃ
࢈
VHH(T  FDQQRWEHFODVVLILHGDVGLVSODFHPHQWVDQGYHORFLWLHV
,QWKHQH[WVWHSDSXUHO\UHDOQGLPHQVLRQDOYHFWRUሾ்࢞ ்࢟ ሿ் LVGHILQHG
࢞
ࡵ
ቂ ࢟ቃ ൌ ቂ

ࡵ ࢇ
ቃ ቂ ቃ
  ࢈

  

7KHLQYHUVHUHODWLRQVKLSRI  LV
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൫ െ  ൯   ൫ െ  ൯
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ࡿ

7KHUHDVRQRIWKHGHILQLWLRQV  DQG  LVEHWWHUFODULILHGE\ORRNLQJDW6HF(T  
   
)LQDOO\ZHVXEVWLWXWH(T  LQWR  DQGWKHQSUHPXOWLSO\WKHUHVXOWLQJHTXDWLRQE\
ࡿ் WRREWDLQWKHUHDOVSDFHUHODWLRQVKLS 
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்
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ZKHUHࡰ , ષ , ࢀ DQG ࢀ DUHUHDOVSDFHPDWULFHV ZKDWFDQHDV\EHFKHFNHG 
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(T  LVWKHWUDQVIRUPHGXQFRXSOHGUHDOVSDFHIRUPRIWKHRULJLQDOHTXDWLRQVRIPRWLRQ
 WKHLQWURGXFHGQGLPHQVLRQDOYHFWRU࢞ FDQEHUHIHUUHGWRDVPRGDOFRRUGLQDWHV7KHPD
WUL[HTXDWLRQ  FDQEHVROYHGE\H[SUHVVLQJ࢟ IURPWKHVHFRQGHTXDWLRQVHH(T  
DQGUHSODFLQJLWLQWKHILUVWRQHWRJHW
࢞ሷ  ࡰ ࢞ሶ  ષ ࢞ ൌ ࢀ் ܘሺݐሻ  ࢀ் ܘሶ ሺݐሻ

  

(T  UHSUHVHQWV݊XQFRXSOHGVLQJOHPDVVRVFLOODWRUHTXDWLRQVZKLFKFDQEHVROYHG
QXPHULFDOO\E\DQ\WLPHVWHSLQWHJUDWLRQRSHUDWRU+DYLQJWKHWLPHVHULHV࢞ሺݐሻǡ࢞ሶ ሺݐሻDQG࢞ሷ ሺݐሻ
WKHPRGDOFRRUGLQDWHV࢟ሺݐሻ FDQEHH[SUHVVHGIURP(T  WR
࢟ ൌ ࢞ሶ െ ࢀ் ܘሺݐሻ
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࢞
7KHUHODWLRQVKLSEHWZHHQWKHPRGDOFRRUGLQDWHVቂ࢟ቃ DQGWKHRULJLQDOVWDWHVSDFHYDULDEOHV
ࢂ
ቂ ሶ ቃ IURP   FDQ EH GHULYHG E\ FRPELQLQJ WKH ILUVW FRPSOH[ WUDQVIRUPDWLRQ   ZLWK WKH
ࢂ
FRPSOH[WUDQVIRUPDWLRQLQWURGXFHGE\  
ିଵ
ࢂ
ࢄ ൨ ቂࢇቃ ൌ  ࢄ
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DQGDFFRXQWLQJIRU(T  
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%\XVHRI(T  WKHUHDOVSDFHVROXWLRQ  FDQEHUHZULWWHQLQVWDWHVSDFHIRUP
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7KHLQYHUVHWUDQVIRUPDWLRQRI  LV
࢞ሺݐሻ
ࡵ

൨ൌቂ
࢞ሶ ሺݐሻ
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MODAL ANALYSIS PROCEDURE BASED ON THE STIFFNESS
NORMALIZED RIGHT EIGENVECTORS

,Q WKLV VHFWLRQ LV GHVFULEHG D SURFHGXUH VLPLODU WR WKH SKDVH V\QFKURQL]DWLRQ PHWKRG LQ
VWDWH VSDFH IRUPXODWLRQ SUHVHQWHG LQ 6HF  :H ZLOO FRQVLGHU WKH FDVH RI IRUFHG YLEUDWLRQV
ZLWK QGLVWLQFWFRPSOH[FRQMXJDWHGHLJHQYDOXHVߣ ǡVHH (T  ZKDW LV WKHPRVWUHOHYDQW
FDVHLQVWUXFWXUDOPHFKDQLFVEDVHGRQILQLWHHOHPHQWIRUPXODWLRQ7KHGHWDLOHGGHYHORSPHQWRI
WKHSURFHGXUHGLIIHUVLQVRPHSRLQWVIURPWKHGHFRPSRVLWLRQPHWKRGEDVHGRQWKHLancaster
form  7KHGHVFULSWLRQRIWKHGLIIHUHQFHVLQGHWDLOVFRPSDUHGWRWKHGHYHORSPHQWVWHSVLQ
6HFWLRQDLPV WR RXWOLQHWKHVWUXFWXUDO PHFKDQLFV EDFNJURXQGRIWKHXWLOL]HGPDWKHPDWLFDO
WUDQVIRUPDWLRQV
,QRUGHUWRGHULYHWKHPRGDOWUDQVIRUPDWLRQIRUD0'2)6ZHZLOOILUVWFRQVLGHUWKHYLV
FRXVO\GDPSHGVLQJOHGHJUHHRIIUHHGRPV\VWHP 6'2)6 
3.1 The single mass oscillator
7KHHTXDWLRQRIPRWLRQRID6'2)6LVZULWWHQLQWKHH[WHQGHGIRUP

2224

(YJXHQL6WDQRHY

ݒሷ ሺݐሻ
ሺݐሻ
ʹߟ߱ ߱ଶ ݒሶ ሺݐሻ
ቂͳ
ቃ
൨ ଶ
൨
൨ൌ
൨
ଶ
ᇣᇧᇧᇤᇧ
ᇧᇥ ᇣᇤᇥ
ݒሶ ሺݐሻ
ݒሺݐሻ
ᇣᇤᇥ
െ߱
ᇣᇧᇧᇤᇧᇧᇥ
ᇣᇤᇥ
߱


ሶ







 

ሶ   ൌ 


± IUHHYLEUDWLRQ

ZKHUHݒሷ LVDFFHOHUDWLRQݒሶ  ±YHORFLW\ݒሺݐሻ±GLVSODFHPHQW߱ ൌ ට


IUHTXHQF\DQGߟ ൌ ଶఠ ± /HKU¶VGDPSLQJUDWLR
7KHFRUUHVSRQGLQJTXDGUDWLFHLJHQYDOXHSUREOHPOHDGVWRWZRFRPSOH[FRQMXJDWHULJKWHL
JHQYHFWRUV ǡ ሺ݆ ൌ ͳǡʹሻ
ሺିଵ ሻ  ൌ  ՜  ଵ ൌ ቂ
ሶ  ᇣᇧᇤᇧᇥ
ࢇ

ߣ  ݅ߣ
ߣ െ ݅ߣ
ቃ ǡ ଶ ൌ ቂ 
ቃ
ͳ
ͳ

 

ZKHUHߣ ൌ െߟ߱ ൌ ߙǡߣ ൌ ߱ඥͳ െ ߟଶ ൌ ߱ DUHWKHUHDOUHVSLPDJLQDU\SDUWRIWKH
DVVRFLDWHGFRPSOH[FRQMXJDWHHLJHQYDOXHV൫ߣ ൌ ߣ  ݅ߣ ǡߣ ൌ ߣ െ ݅ߣ ൯
7KHHLJHQYHFWRUV DUHQRUPDOL]HGZLWKUHVSHFWWRWKHVWLIIQHVVPDWUL[(T  DQGGH
QRWHGE\ 
ሾଵ

ଶ ሿ் ή  ή ሾଵ

ଶ ሿ ൌ 

݄ଵଵ
݄ଶଶ

൨

 ՜   ൌ

ೕ

  

ሺ݆ ൌ ͳǡʹሻ

ඥೕೕ

7KH [ PRGDOPDWUL[ DVVRFLDWHGWRWKHHLJHQYDOXHSUREOHP  LVFDVW
 ൌ ሾଵ

ଶ ሿ

  

7KHQRUPDOL]DWLRQ  OHDGVWRWKHRUWKRJRQDOLW\UHODWLRQVKLSV    
ଵ

்  ൌ ் ቂ ͳ

்  ൌ ் 

െ߱ଶ

ʹߟ߱
߱ଶ

ቃ ൌ 

߱ଶ

ଵ

െఒ

൨ ൌ ቂͳ

െ

் ିଵ

ଵ   ՞  ሺ ሻ

െఒ

ߣ

ͳ

ቃ  ՞  ሺ் ሻିଵ ቂ ͳ

െ

ͳ

ିଵ
ଵ 

ൌ ቂͳ

ߣ

ቃ ିଵ ൌ 

ʹߟ߱
߱ଶ

െ߱ଶ

ቃ   

߱ଶ

൨  

,Q6HFWKHUHZLOOEHXVHGWKHDQDO\WLFDOH[SUHVVLRQIRUWKHLQYHUVHRIWKHFRPSOH[PRGDO
PDWUL[ሺ߱ǡ ߟሻ
ܹ െ ܹ݅ଵ ܳ  ݅ܲ
ଵ
ିଵ ൌ
൨
 
 ଶ
మ
ଶඥଵିఎ ܹଶ  ܹ݅ଵ ܳ െ ݅ܲ
ZKHUH
ܹଵ ൌ ට߱ඥͳ െ ߟଶ ൫ͳ െ ʹߟඥͳ െ ߟଶ ൯ܹଶ ൌ ට߱ඥͳ െ ߟଶ ൫ͳ  ʹߟඥͳ െ ߟଶ ൯   
ܲ ൌ ߱൫ܹଶ ඥͳ െ ߟଶ െ ߟܹଵ ൯

ܳ ൌ ߱൫ܹଵ ඥͳ െ ߟଶ  ߟܹଶ ൯

3.2 Modal transformation of the MDOFS equations
$WILUVWWKHHTXDWLRQVRIPRWLRQ  DUHUHFDVWWRILUVWRUGHUHTXDWLRQVLQVWDWHVSDFH

2225

 

(YJXHQL6WDQRHY

ሷ
ሺݐሻ
ࡰ ࡷ ࢂሶ
ቂࡹ
ቃ ࢂ൨  ቂ
ቃ ൨ ൌ 
൨
ᇣᇧᇤᇧᇥ
ሶ
ᇣᇧᇧᇤᇧ
ᇧᇥ
ด
ด
ࡷ
ᇣᇤᇥ
െࡷ ࢂ
ࢂ
ࡷࡳ

ࡽሶ

ࡹࡳ

ࡽ

  

ࡼ

ZKHUHࡹࡳ DQGࡷࡳ DUHUHVSHFWLYHO\WKH Q[Q V\PPHWULFJHQHUDOL]HGPDVVDQGWKHJHQHU
DOL]HGVWLIIQHVVPDWULFHV7KHIRUPXODWLRQLQVWDWHVSDFH  GRHVQ¶WXVHWKH/DQFDVWHUIRUP
 EXWUHWDLQVWKHV\PPHWU\LQWKHJHQHUDOL]HGPDWULFHV
7KHDVVRFLDWHGTXDGUDWLFHLJHQYDOXHSUREOHPFDQEHZULWWHQLQWKHQGLPHQVLRQDOIRUP
൫ߣ ࡹࡳ  ࡷࡳ ൯ 

ߣ ࢄ
൨ൌ
ࢄ

  

ZKHUH
ߣ ൌ ߣ  ݅ߣ  ՜  

ߣ ࢄ
൨ǡ
ࢄ

ߣ ࢄ
ߣ ൌ ߣ െ ݅ߣ  ՜  
൩ǡሺ݆ ൌ ͳǡ ǥ ǡ ݊ሻ
ࢄ

  

DUHWKHFRUUHVSRQGLQJQFRPSOH[FRQMXJDWHHLJHQSDLUV(DFKMWKHLJHQYHFWRUSDLU൫ࢄ ǡ ࢄ ൯FDQ
EHQRUPDOL]HG LQGH[ M RPLWWHG ZLWKUHVSHFWWRWKHJHQHUDOVWLIIQHVVPDWUL[ࡷࡳ 
ࢄ
ߣࢄ ் ࡰ ࡷ ߣࢄ
ቃ ቂ ቃ ൌ  ܣ ݅ ܤ՜ ࢶ ൌ
ൌ ࢶ࢘  ݅ࢶ 
ቃ ቂ
ξା
ࡷ
ࢄ
ࢄ
்
ࢄ
ࡰ ࡷ ߣࢄ
ቃ  ൨ ൌ  ܣെ ݅ ܤ՜  ࢶ ൌ
ൌ ࢶ࢘ െ ݅ࢶ
ߣࢄ൨ ቂ
ξି
ࡷ
ࢄ
ࢄ

ቂ

 D
E 

'XHWRWKHQRUPDOL]DWLRQ DE WKHRUWKRJRQDOLW\UHODWLRQVKLSV    KROG±H[
SUHVVHGLQWHUPVRIWKHMWKHLJHQYHFWRUSDLU LQGH[ M RPLWWHG 
்

ߣࢶ ߣࢶ൨ ቂࡹ
ࢶ
ࢶ
்

ࡰ
ߣࢶ ߣࢶ൨ ቂ
ࡷ
ࢶ
ࢶ

ቃ ߣࢶ ߣࢶ൨ ൌ 
െࡷ ࢶ
ࢶ
ࡷ ߣࢶ
ቃ
ࢶ

െ

ߣࢶ൨ ൌ ቂ ͳ
ࢶ

ͳ
ߣ

െ

ͳ

ቃ

ͳ 

  

ఒ

  

7KHQWKH Q[Q FRPSOH[PRGDOPDWUL[ࡳ FDQEHEXLOWXS
ߣ ࢶ
ࡳ ൌ ቈ ଵ ଵ
ࢶଵ

ߣଵ ࢶଵ
ࢶଵ

ߣ ڮ ࢶ
ڮ
ࢶ

ߣ ࢶ 

ࢶ

 

1RWHWKHGLIIHUHQFHWRWKHIRUPRI(TV    ±WKHFRPSOH[HLJHQYHFWRUVࢄDQGWKHFRQ
MXJDWHGFRPSOH[ࢄDUHVSOLWEXWLQ  WKH\UHPDLQLQSDLUV
%\WKHDLGRIWKHPRGDOPDWUL[ࡳ DQGZLWKDFFRXQWIRU    WKHPRGDOGHFRPSRVL
WLRQRIWKHHTXDWLRQVRIPRWLRQV  LVSHUIRUPHGWR
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3.3 Comparison to the “phase synchronization” procedure
7KHWUDQVIRUPDWLRQLQ6HFDQDORJRXVO\WR  LVJLYHQE\(T  7KHDGYDQWDJH
RIWKH [ WUDQVIRUPDWLRQXVHGLQ  LVWKDWLWLVGRQHRQWKHOHYHO³6'2)6HTXDWLRQ´
HPSOR\LQJVWLIIQHVVQRUPDOL]DWLRQIRUWKHPRGDOPDWUL[±VHH(T  ,QFRQWUDVWWRWKLVLQ
ࡵ ࡵ
ቃKDVWREHLQYHUWHG%HVLGHVWKHDQDO\WLFDO
WKHUHODWLRQVKLS  D Q[Q PDWUL[ቂ
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LQYHUVLRQRIWKHVLPSOH [ PDWUL[ሺሻ LQ  WKHGHILQLWLRQ  VHHPVTXLWHQDWXUDOLQ
RUGHUWRWUDQVIRUPWKHFRPSOH[PRGDOHTXDWLRQV  EDFNWRWKHUHDOIRUPRIXQFRXSOHG
6'2)6±DVVHHQLQ  
7KHPHFKDQLFDOUHDVRQRIWKHUHODWLRQVKLS  DQGWKHLQYHUVHIRUP  LVFODULILHGE\
ORRNLQJDWWKHHLJHQYHFWRUV  RIWKH6'2)6'XHWRWKHLQYHUVHRUGHURIGLVSODFHPHQWVDQG
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YHORFLWLHVቂ ሶ ቃLQWKH/DQFDVWHUIRUP  LQFRPSDUHWRWKHIRUPXODWLRQ  WKHPHDQLQJ
ࢂ
RIWKHPRGDOFRRUGLQDWHV൫ݔ ǡ ݕ ൯KHUHLVLQWHUFKDQJHGFRPSDUH(T  DQG  
3.4 Solution of the modal equations and back transformation
(DFK6'2)6EORFNHTXDWLRQLQ  FDQEHVROYHGHOLPLQDWLQJWKHPRGDOFRRUGLQDWHݔ 
WRREWDLQWKHXVXDOIRUPRIWKH6'2)6HTXDWLRQRIPRWLRQ LQGH[ M RPLWWHG 
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XQFRXSOHGGLDJRQDOIRUP  IRUWKH0'2)6±QRWHWKDWݕሺݐሻLQ  FRUUHVSRQGVWR[ሺݐሻ
LQ  7KHULJKWVLGHVRIERWKHTXDWLRQVFOHDUO\FRUUHVSRQGWRHDFKRWKHU
4

NUMERICAL APPLICATION TO A ROTOR BLADE VIBRATION

7KHQXPHULFDOH[DPSOHFRQVLGHUVWKHYLEUDWLRQVRIDJHQHULFURWRUEODGHVXEMHFWHGWRZLQG
WKUXVWORDG7KHHTXDWLRQVRIPRWLRQLQWKH/DQFDVWHUIRUP  DQGLQWKHVWDWHVSDFHIRUP
 DUHVROYHGDSSO\LQJUHVSWKH³SKDVHV\QFKURQL]DWLRQ´WHFKQLTXHGHVFULEHGLQ6HF
DQGWKHSURSRVHGPRGDOGHFRPSRVLWLRQPHWKRGLQ6HF,QERWKFDVHVKDYHEHHQHPSOR\HG
RQO\WKHILUVWIRXUORZHVWQDWXUDOIUHTXHQFLHVDQGWKHDVVRFLDWHGIRXUFRPSOH[HLJHQPRGHV
4.1 Structural data, geometry and loads
$OOVWUXFWXUDOGDWDIRUWKHUHIHUHQFHURWRUEODGH±JHRPHWU\PDVVVWLIIQHVVGDWDHWFKDYH
EHHQWDNHQIURP>@7KHEODGHPRGHOZLWK'2)LVEXLOWE\EHDPHOHPHQWVWKHRYHU
DOOEODGHOHQJWKLVP7KHILQLWHHOHPHQWVWLIIQHVVDQGPDVVPDWULFHVDUHFDOFXODWHGRQWKH
EDVHRIQXPHULFDOLQWHJUDWLRQRIWKHV\VWHPRIGLIIHUHQWLDOHTXDWLRQVIRUWKH%HUQRXOOLEHDP
VHHGHWDLOHGGHVFULSWLRQRIWKHHPSOR\HGWUDQVIHUPDWUL[PHWKRGLQ>@
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4.2 Wind loads
7KHZLQGVSHHGWLPHVHULHVݑሺݐሻVHH)LJXVHGIRUFDOFXODWLRQRIWKHZLQGWKUXVWIRUFHLV
DQDUELWUDU\VHFFXWIURPDUHDOPLQZLQGVSHHGUHFRUGLQDQRIIVKRUHORFDWLRQLQ%DOWLF
VHD7KLVWLPHVHULHVLVXVHGWRFDOFXODWHLQDVLPSOHZD\UHDOLVWLFZLQGWKUXVWORDGV7KH\DUH
FDOFXODWHGRQWKHEDVLVRIWKHIRUPXODIRUWKHDHURG\QDPLFOLIWIRUFHSHUXQLWOHQJWKRIDQDHUR
IRLOVHH>@S
ଵ
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DLUYHORFLW\UHODWLYHWRWKHDHURIRLO
DLUGHQVLW\ >NJP@
FKRUGOHQJWKRIWKHDHURIRLO
గ
OLIWFRHIILFLHQWܥ ൌ ʹߨߙ ൌ ʹߨ ቀଵ଼ ǤͲቁ ൌ ͲǤͷͺ
ZLWKDQDVVXPHGFRQVWDQW$R$ߙ ൌ ǤͲ>GHJ@

7KHDLUYHORFLW\ܹLQ(T  LVWKHYHFWRUVXPRIWKHFLUFXPIHUHQWLDOVSHHGȳ ZLWKDV
VXPHGȳ ൌ ͳʹUSPDIWHUWKHLQLWLDOIRXUVHFRQGV DQGWKHZLQGVSHHGݑLQFLGHQWRQWKHURWRU
SODQHLQDFFRUGDQFHZLWKWKH%HW]WKHRU\
ଶ

ଶ

ܹ ൌ ටሺȳݎሻଶ   ቀ ݑቁ
ଷ

ଵଶ

ZKHUHȳ ൌ ቀଷ ߨቁLQ>UDGV@
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)LJ:LQGVSHHGWLPHVHULHV

)LJ:LQGWKUXVW7 W RQWKHURWRUEODGHWLSDWP

7KHUHVXOWLQJZLQGWKUXVWORDGV7ሺݐሻSHUXQLWOHQJWKDORQJWKH[D[LVRIWKHURWRUEODGHKDYH
EHHQGHWHUPLQHGDVIXQFWLRQRIWKHZLQGVSHHGݑሺݐሻVHH)LJ,QWKHVWUXFWXUDOPRGHOWKH
ZLQGWKUXVWORDGVDUHDFWLQJDVVXPPDUL]HGQRGDOIRUFHV±VHH)LJ
4.3 The non-proportional damping approach
)RUERWKSURFHGXUHVWKHRQHGHVFULEHGLQ6HFDQGWKHPRGDOGHFRPSRVLWLRQPHWKRGLQ
6HFZDVDSSOLHGWKHVDPHV\VWHPGDPSLQJPDWUL[7KHPDWUL[ࡰ, VHH(T  DQG  
ZKLFKUHSUHVHQWVQRQSURSRUWLRQDOGDPSLQJKDVEHHQDVVHPEOHGLQFOXGLQJDQVWLIIQHVVSUR
SRUWLRQDOGDPSLQJSDUWDQGDQDHURG\QDPLFGDPSLQJSDUW
,QRUGHUWRGHWHUPLQHWKHILUVWGDPSLQJSDUWWKHORZHVWIRXUIUHHYLEUDWLRQIUHTXHQFLHVDQG
DVVRFLDWHGSHULRGVIRUWKHXQGDPSHGV\VWHPDUHFDOFXODWHGILUVWWR
݂ଵ ൌ ͲǤʹʹሾି ݏଵ ሿ
݂ଶ ൌ ͳǤͲͻ͵Ͷሾି ݏଵ ሿ
݂ଷ ൌ ͳǤͻͳሾି ݏଵ ሿ
݂ସ ൌ ͵ǤͻͶሾି ݏଵ ሿ

ܶଵ ൌ ͳǤͶͺͺሾݏሿ
ܶଶ ൌ ͲǤͻͳͷሾݏሿ
ܶଷ ൌ ͲǤͷʹͳሾݏሿ
ܶସ ൌ ͲǤʹͷʹሾݏሿ
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:LWKDQDVVXPHGGDPSLQJUDWLRߟ ൌ ͲǤͲͲͺIRUWKHILUVWQDWXUDOSHULRG T VHH>@S
WKHVWLIIQHVVSURSRUWLRQDOGDPSLQJSDUWRIࡰVHH(T  KDVEHHQFDOFXODWHG
,
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7KHVHFRQGDHURG\QDPLFGDPSLQJSDUWࡰࢇ RIWKHV\VWHPGDPSLQJPDWUL[LVGHULYHGRQWKH
EDVLVRIDVLPSOHDSSURDFKIRUWKHDHURG\QDPLFGDPSLQJFRHIILFLHQWSHUXQLWOHQJWKJLYHQLQ
>@S
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7KHGDPSLQJFRHIILFLHQWVܿሺݎሻDORQJWKH[D[LVZKLFKUHSUHVHQWWKHDHURG\QDPLFGDPS
LQJDUHDFWLYHIRUYLEUDWLRQLQIODSZLVHGLUHFWLRQ ]GLUHFWLRQLQ)LJ ,Q(T  DUHSORW
WHGWKHFDOFXODWHGܿሺݎሻYDOXHVIRUWKHODVWSRLQWVDORQJWKHURWRUD[LV
U FK U  ܿሺݎሻ
>P@>P@ >NJVP@

 

8VLQJWKHUHODWLRQVKLS  WKHGDPSLQJPDWUL[ࡰࢇ IRUWKH%HUQRXOOLEHDPHOHPHQWLVGH
ULYHGE\DQDORJ\ZLWKWKHPHWKRGXVHGWRGHULYHWKHILQLWHHOHPHQWPDVVPDWUL[LQ>@7KH
ILQDO V\PPHWULF V\VWHP GDPSLQJ PDWUL[ ࡰ ൌ ࡰ  ࡰࢇ LV DVVHPEOHG LQ WKH XVXDO ILQLWH
HOHPHQWPDQQHU
4.4 Rotor blade vibration applying the phase synchronization procedure
7KHHTXDWLRQVRIPRWLRQLQWKHIRUP  ZLOOEHWUDQVIRUPHGHPSOR\LQJRQO\WKHILUVWIRXU
HLJHQYDOXHVDQGWKHDVVRFLDWHGHLJHQPRGHV7KHILUVWIRXUORZHVWDQJXODUHLJHQIUHTXHQFLHV
߱ RIWKHGDPSHGV\VWHPDQGWKHFRUUHVSRQGLQJGDPSLQJUDWLRVߟ DUHFDOFXODWHGWR
߱ ൌ

  

ߟ ൌ

7KHILUVWIRXUFRPSOH[FRQMXJDWHHLJHQYDOXHSDLUVIURP(T  DUHFRPELQHGLQWKHWZR
VSHFWUDOPDWULFHVVHH(T  
 D 

 ൌ
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7KH FRUUHVSRQGLQJ [  PDVV QRUPDOL]HG PRGDO PDWUL[ࢄ ൌ ሾࢄଵ ࢄଶ ࢄ ڮ ሿ± (T
 LVFRPSXWHGWR KHUHRQO\WKHILUVWWZHOYHURZVDUHSULQWHG 
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7KHWZR [ V\VWHPPDWULFHVLQWKHPRGDOXQFRXSOHGHTXDWLRQVRIPRWLRQ  DUH
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7KH³ULJKWVLGH´YHFWRULQWKHILQDOXQFRXSOHGPRGDOHTXDWLRQV  KDYHEHHQFDOFXODWHG
DVDIXQFWLRQRIWKHZLQGVSHHGWLPHVHULHVݑሺݐሻ

ࢀ் ܘሺݐሻ  ࢀ் ܘሶ ሺݐሻ ൌ
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7KHPRGDOYLEUDWLRQVݔ ሺݐሻǡ ݕ ሺݐሻǡ ሺ݆ ൌ ͳǡ Ǥ Ǥ ǡͶሻDQGWKHUHVXOWLQJWLPHVHULHVIRUWKHRULJL
QDO'2)LQWKHQH[WILJXUHVKDVEHHQGHWHUPLQHGLQWKHWLPH«>VHF@WKHWLPHVWHSOHQJWK
IRUWKHDSSOLHG1HZPDUNLQWHJUDWLRQPHWKRGLVV
7KHUHVXOWLQJWLPHVHULHVRIWKHPRGDOFRRUGLQDWHVDUHVKRZQH[HPSODULO\LQ)LJVDQG

)LJ7LPHUHVSRQVHVRIWKHPRGDOFRRUGLQDWHVݔଵ ሺݐሻǡ ݕଵ ሺݐሻ

)LJ7LPHUHVSRQVHVRIWKHPRGDOFRRUGLQDWHVݔଶ ሺݐሻǡ ݕଶ ሺݐሻ

)LJ7LPHUHVSRQVHVRIWKHPRGDOFRRUGLQDWHVݔଷ ሺݐሻǡ ݕଷ ሺݐሻ
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7KHEDFNWUDQVIRUPDWLRQRIWKHPRGDOYLEUDWLRQVWRWKHRULJLQDO'2)LQDFFRUGDQFHWR(T
 LVGRQHE\PHDQVRIWKH [ UHDOVSDFHWUDQVIRUPDWLRQPDWUL[VKRZQLQ(T  
RQO\WKHILUVWURZVDUHSULQWHGWKH\FRUUHVSRQGWRWKHGLVSODFHPHQWVࢂሺݐሻ 

ିଵ
ࢄ ൨ ቂ ࡵ ࡵ ቃ ൌ
 ࢄ
ࢄ ࢄ  

  
7KHWRWDOWLPHUHVSRQVHVIRUWKHRULJLQDOVWDWHYDULDEOHVࢂሺݐሻǡ ࢂሶሺݐሻREWDLQHGE\DEDFN
WUDQVIRUPDWLRQDFFRUGLQJWR(T  DUHSORWWHGLQ)LJVIRUWKHWZREHQGLQJGLUHFWLRQV
DWWKHURWRUEODGHWLS

)LJ7RWDOYLEUDWLRQݒଶ ሺݐሻሾ݉ሿ LQ\GLUHFWLRQVHHILJ DWWKHURWRUEODGHWLSQRGH
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)LJ7RWDOYLEUDWLRQݒଷ ሺݐሻሾ݉ሿ LQ]GLUHFWLRQVHHILJ DWWKHURWRUEODGHWLSQRGH

)LJ7RWDOEHQGLQJDQJOH߮ଶ ሺݐሻሾሿ DERXW\D[LVVHHILJ DWWKHURWRUEODGHWLSQRGH

4.5 Application of the proposed new modal procedure
,QWKLVVHFWLRQWKHPRGDOSURFHGXUHEDVHGRQWKHVWLIIQHVVQRUPDOL]HGHLJHQYHFWRUV6HF
LVDSSOLHGWRWKHHTXDWLRQVRIPRWLRQ  IRUDURWRUEODGH7KHJHRPHWU\VWUXFWXUDOGDWD
ZLQGWKUXVWORDGVDQGWKHDVVHPEO\RIWKHV\VWHPGDPSLQJPDWUL[IRUWKHURWRUEODGHDUHGH
VFULEHGLQ6HF
6WDUWLQJSRLQWIRUWKHFDOFXODWLRQVLVWKHHLJHQYDOXHSUREOHP  7KHILUVWIRXUFRPSOH[
FRQMXJDWHHLJHQYDOXHSDLUVRIWKHPDWUL[൫ࡹࡳ ିଵ ࡷࡳ ൯DUH
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7KHQXPEHURIPRGHVFRQVLGHUHGLQWKHPRGDOWUDQVIRUPDWLRQLVOLPLWHGWRWKHILUVWIRXUHL
JHQYHFWRU SDLUV ([HPSODULO\ WKH WK DQG WKH WK FRPSOH[ HLJHQYHFWRU SDLUV DUH SORWWHG LQ
)LJUHVS)LJ'XHWRWKH'2)RIWKHEHDPPRGHO)LJWKH [ PRGDOPDWUL[
ࢶࡳ ZLWK VWLIIQHVV QRUPDOL]HG HLJHQYHFWRUV ± (T   LV FRPSXWHG WR KHUH RQO\ WKH ILUVW
WZHOYHURZVDUHSULQWHG 

  

)LJ5HDO OHIW DQGLPDJLQDU\ ULJKW SDUWRIWKHWKFRPSOH[HLJHQYHFWRUSDLU
DVVRFLDWHGHLJHQYDOXHߣ ൌ െͲǤͺͶ േ ݅ͶǤͳͶͲ 
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)LJ5HDO OHIW DQGLPDJLQDU\ ULJKW SDUWRIWKHWKFRPSOH[HLJHQYHFWRUSDLU
DVVRFLDWHGHLJHQYDOXHߣ ൌ െͲǤͻͳͻ േ ݅ͳʹǤͲͲͳ 

7KHPDWUL[શିଵ LVFDOFXODWHGIRUWKHFDVHRIIRXULQYROYHGHLJHQPRGHVDFFRUGLQJWR(T
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)LQDOO\ DFFRUGLQJ WR (T   DQG   WKH [  UHDO WUDQVIRUPDWLRQ PDWUL[܇LV
FRPSXWHGVHH(T  +HUHDUHSORWWHGWKHILUVWURZVVWDUWLQJZLWKURZ±WKLVSDUW
RI܇FRUUHVSRQGVWRWKHࢂሺݐሻYHFWRURIGLVSODFHPHQWV

 

 ܇ൌ

7KHWLPHGHSHQGHQW³ORDG´YHFWRULQWKHILQDOXQFRXSOHGPRGDOHTXDWLRQV  LVFDOFX
ODWHGWREHDIXQFWLRQRIWKHZLQGVSHHGWLPHVHULHVVHH)LJ
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7KH [ PDVVGDPSLQJDQGVWLIIQHVVPDWULFHVRIWKHIRXUILQDOXQFRXSOHGPRGDOHTXD
WLRQVIURPW\SH  DUHUHVS
 
&RPSDUHWKHQXPHULFDOHYDOXDWLRQV    RIWKHILQDOPRGDOHTXDWLRQVIURPW\SH
 WRWKHILQDOHTXDWLRQV  QRZ±HYLGHQWO\ERWKPRGDOSURFHGXUHVOHDGVWRWKHVDPH
ILQDOXQFRXSOHGPRGDOHTXDWLRQV7KH6DPHDSSOLHVIRUWKH³ORDGYHFWRUV´LQ  UHVS
 
'XHWRWKHHTXDOILQDOPRGDOHTXDWLRQVDVVHHQDERYHWKHWLPHUHVSRQVHVRIWKHPRGDOFR
RUGLQDWHVݕ ሺݐሻǡ ݔ ሺݐሻǡ ሺ݆ ൌ ͳǡ ǥ ǡͶሻDUHH[DFWO\WKHVDPH([HPSODULO\WKHݕଵ ሺݐሻǡ ݔଵ ሺݐሻYLEUD
WLRQVDUHSORWWHGLQ)LJ&RPSDUHWR)LJWRQRWHWKHLQWHUFKDQJHGPHDQLQJRIݕଵ DQGݔଵ 
LQWKLVFDVHDVDOUHDG\PHQWLRQHGLQ6HF
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)LJ7LPHUHVSRQVHVRIWKHPRGDOFRRUGLQDWHVݕଵ ሺݐሻǡ ݔଵ ሺݐሻ

%\DEDFNWUDQVIRUPDWLRQDFFRUGLQJWR(T  WKHWRWDOUHVSRQVHVࢂሺݐሻ LVREWDLQHG$VD
PDWWHURIFRXUVHDOOYLEUDWLRQSORWVLQWKLVFDVHDUHH[DFWO\WKHVDPHOLNHLQ)LJV([HP
SODULO\WKHSORWVDQDORJRXVO\WR)LJVLVVKRZQLQ)LJ

)LJ7RWDOYLEUDWLRQVݒଶ ሺݐሻǡ ݒଷ ሺݐሻሾ݉ሿ \DQG]GLUHFWLRQVHHILJ DWWKHURWRUEODGHWLSQRGH

)RUWKHVDNHRIYDOLGDWLRQWKHFODVVLFHTXDWLRQVRIPRWLRQ  IRUWKHURWRUEODGHPRGHO
ZHUHFDOFXODWHGE\GLUHFWWLPHLQWHJUDWLRQ7KHSDUDPHWHUVXVHGIRUWKHDSSOLHGXQFRQGLWLRQDO
O\QXPHULFDOO\VWDEOH1HZPDUNLQWHJUDWLRQPHWKRGDUHߙ ൌ ͲǤͷǡ ߚ ൌ ͲǤʹͷ7KHUHVXOWLQJ
IODSDQGHGJHZLVHYLEUDWLRQVDUHSUDFWLFDOO\LGHQWLFDOWRWKHYLEUDWLRQVVKRZQLQ)LJ

5

CONCLUSIONS
x 7KHPRGDOGHFRPSRVLWLRQSURFHGXUHGHVFULEHGEULHIO\LQ6HFLVZHOONQRZQIURPWKH
OLWHUDWXUHVHH>@±>@:LWKRXWDQ\H[SODQDWLRQVRIWKHQRWLRQRI³SKDVHV\QFKURQL]D
WLRQ´ WKH SUHVHQWHG DOJRULWKP OHDGV VWDUWLQJ ZLWK D PRGDO WUDQVIRUPDWLRQ LQ FRPSOH[
VSDFHWRDQXQFRXSOHGUHDOVSDFHIRUPRIPRGDOHTXDWLRQV
x ,Q WKH SURSRVHG PRGDO SURFHGXUH SUHVHQWHG LQ 6HF  WKH WUDQVIRUPDWLRQ PDWUL[ LV DV
VHPEOHG HPSOR\LQJ WKH ULJKW FRPSOH[ FRQMXJDWH HLJHQYHFWRU SDLUV QRUPDOL]HG RQ WKH
6'2)6OHYHODQGRQ0'2)6OHYHOZLWKUHVSHFWWRWKHFRUUHVSRQGLQJVWLIIQHVVPDWULFHV
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7KH UHDOVSDFH PRGDO WUDQVIRUPDWLRQ PDWUL[( ܇T   DG  LV GHYHORSHG E\
FRPELQLQJRIWZRFRPSOH[WUDQVIRUPDWLRQVUHVXOWLQJIURPWKHHLJHQYDOXHSUREOHPRIWKH
6'2)6 DQG WKH 0'2)6 7KHUH DUH VKRZQ DQG GLVFXVVHG VRPH DGYDQWDJHV DQG GLIIHU
HQFHVLQFRPSDULVRQZLWK³SKDVHV\QFKURQL]DWLRQ´PHWKRG6HFZKLFKLVEDVHGRQWKH
³/DQFDVWHU´VWDWHVSDFHIRUPRIWKHHTXDWLRQVRIPRWLRQ7KHSURSRVHGSURFHGXUHLVGH
ULYHGLQDTXLWHQDWXUDOZD\EXWLWGRHVQ¶WEDVHRQWKHQRWLRQRI³SKDVHV\QFKURQL]DWLRQ´
%RWKSURFHGXUHVOHDGLQWKHILQDOIRUPWRVDPHXQFRXSOHGUHDOVSDFHPRGDOHTXDWLRQVDV
VKRZQLQWKHQXPHULFDOH[DPSOHLQ6HF
x 2QHUHVWULFWLYHFRQGLWLRQKDVWREHDFFRXQWHGIRUERWKFRQVLGHUHGPRGDOSURFHGXUHVLP
SOLHVWKHH[LVWHQFHRIGLVWLQFWFRPSOH[FRQMXJDWHGHLJHQYDOXHVDWOHDVWIRUWKHILUVWORZHVW
QDWXUDOIUHTXHQFLHV
x $SSOLFDWLRQRIWKH³SKDVHV\QFKURQL]DWLRQ´DQGWKHSURSRVHGPHWKRGLPSOLHVDYDLODELOLW\
RIUHOLDEOHSURIHVVLRQDOHLJHQVROYHUVRIWZDUHIRUFRPSOH[HLJHQYDOXHSUREOHPV1XPHUL
FDOSUREOHPVIRUERWKSURFHGXUHVLQHVSHFLDOO\WKLVILUVWEDVLFVWHSDUHWREHSUREDEO\H[
SHFWHG LQ UHDOOLIH VWUXFWXUDO PRGHOV ZLWK D KLJK QXPEHU RI '2)6 $QRWKHU LPSRUWDQW
DOJRULWKPLFDVSHFWWREHDFFRXQWHGIRULVWKHDVVXPHGRUGHURIWKHHLJHQYDOXHVDQGHLJHQ
YHFWRUVLQHDFKFRPSOH[FRQMXJDWHSDLU(T    $OOFRPSOH[HLJHQYHFWRUVLQWKH
ࢶࡳ PDWUL[VKRXOGEHRUGHUHGLQWKLVZD\VHH(T  
x 2QHLPSRUWDQWDGYDQWDJHRIWKHFODVVLFPRGDOGHFRPSRVLWLRQRIWKHHTXDWLRQVRIPRWLRQ
LVUHWDLQHGLQERWKFRQVLGHUHGSURFHGXUHVDQXQFRPSOHWHPRGDOWUDQVIRUPDWLRQPD\EH
SHUIRUPHGE\XVHRIDIHZ(k << n)HLJHQPRGHVWRJHWkXQFRXSOHG6'2)6EORFNHTXD
WLRQV LQ UHDO VSDFH 7KLV OHDGV ZLWK VXIILFLHQW QXPHULFDO DFFXUDF\ WR WKH WRWDO WLPH UH
VSRQVHRIDOORULJLQDOn'2)±DVVKRZQLQWKHQXPHULFDOH[DPSOHVLQ6HFHPSOR\LQJ
RQO\WKHILUVWIRXUFRPSOH[HLJHQYDOXHVDQGDVVRFLDWHGHLJHQPRGHV
x 7KH SUHVHQWHG URWRU EODGH YLEUDWLRQ VKRXOG RQO\ EH D TXDOLWDWLYH GHPRQVWUDWLRQ RI WKH
QXPHULFDOSHUIRUPDQFHRIERWKSUHVHQWHGPRGDOSURFHGXUH)RUDQ\TXDQWLWDWLYHFRQFOX
VLRQVDERXWSRVVLEOHQXPHULFDOOLPLWDWLRQVPRUHWHVWVDQGFDVHVWXGLHVVKRXOGEHGRQHLQ
IXWXUH
x ,QWKHQXPHULFDOH[DPSOHLQ6HFZDVDSSOLHGDVLPSOHDSSURDFKIRUWKHDHURG\QDPLF
GDPSLQJLQWKHEHDPHOHPHQWPRGHO,WZDVXVHGPDLQO\LQRUGHUWRFUHDWHDV\PPHWULF
GDPSLQJPDWUL[RQWKHILQLWHHOHPHQWOHYHOZKLFKOHDGVWRJHWKHUZLWKWKHDVVXPHGVWLII
QHVVSURSRUWLRQDOGDPSLQJWRWKHGDPSLQJPDWUL[LQFRUSRUDWLQJQRQSURSRUWLRQDOGDPS
LQJ
x 7KHUHDOVSDFHPRGDOWUDQVIRUPDWLRQ  FRXOGEHDSSOLHGIRUGHVFULSWLRQRIWKHHODVWLF
GHIRUPDWLRQ RI D URWRU EODGH EHDP PRGHO DV D SDUW RI WKH PXOWLERG\ VLPXODWLRQ RI D
ZLQGWXUELQH,QFRPSDUHWRWKHFODVVLFPRGDOVXSHUSRVLWLRQWKHSURSRVHGSURFHGXUHRS
HUDWHVE\GRXEOHQXPEHURIPRGDOFRRUGLQDWHV൫ݔ ǡ ݕ ൯DVVHPEOHGLQWKHPRGDOFRRUGL
QDWHVYHFWRUࢄ7KHIRUPXODWLRQRIWKHLQWHJUDOWHUPVRIWKHPDVVPDWUL[DQGWKHJHQHUDO
LQHUWLDIRUFHVIRUWKHIOH[LEOHURWRUEODGHERG\E\XVHRIWKLVPRGDOWUDQVIRUPDWLRQLVDQ
LQWHUHVWLQJWRSLFWREHLQYHVWLJDWHGLQIXUWKHUUHVHDUFK
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Abstract. This paper proposes a new semi-supervised two-class pattern classiﬁcation method
for early damage detection of structures. The proposed approach comprises ﬁve consecutive
steps, including the (i) collection of data samples representing the healthy condition of the
structure (training period); (ii) clustering analysis; (iii) outliers elimination; (iv) pattern recognition using local Principal Components Analysis; and (v) pattern classiﬁcation through control
charts. The effectiveness of the proposed approach is demonstrated through two different case
studies. These include a benchmark beam simulation model, and the Consoli Palace in Gubbio
(Italy). The latter has been monitored for two years using a long-term vibration-based monitoring system, and represents an extraordinary example of a stiff masonry building with complex
environmental effects. Analyses and discussion are presented covering the effects of differing
structural/environmental behaviour regimes, the presence of outliers in the training period, and
the effectiveness of different control charts.
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1

INTRODUCTION

The heightened awareness about the importance of the conservation of heritage structures
has fostered the implementation of numerous Structural Health Monitoring (SHM) systems in
recent years [14, 9, 5, 10]. In particular, ambient vibration-based SHM systems are becoming
particularly popular owing to their capability of performing a non-destructive assessment of
the structural integrity with minimum architectural impact and without affecting the normal
operating conditions of structures [2, 4, 15]. Through Automated Operational Modal Analysis
(A-OMA) techniques, such systems allow the tracking of the modal features of structures and,
in turn, it is possible to detect damage-induced anomalies and so enable the decision-making
of condition-based rehabilitation [17, 18]. Nevertheless, the development of efﬁcient SHM
methodologies for early damage detection still remains an open and active research area.
Speciﬁcally, the SHM of masonry structures is specially challenging due to the complex
dependence of their intrinsic stiffness on environmental factors (mainly temperature and humidity), often resulting in different behaviour regimes [7, 5, 10]. This is the case, for instance,
of masonry structures experiencing freezing conditions during the winter, when the icing of pore
water in masonry leads to a dramatic change in temperature/stiffness relationship. Such environmental effects induce both daily and seasonal ﬂuctuations in the modal features of structures,
which usually mask damage-induced anomalies. In this regard, the application of advanced
statistical process control procedures becomes imperative for early damage detection [3].
In this line, this paper presents a new semi-supervised two-class pattern classiﬁcation method
for early damage detection of structures. The proposed approach comprises ﬁve consecutive
steps, including the (i) collection of data samples representing the healthy condition of the
structure (training period); (ii) clustering analysis; (iii) outliers elimination; (iv) pattern recognition using local Principal Components Analysis; and (v) pattern classiﬁcation using control
charts. The effectiveness of the proposed approach is evaluated through two different case studies. These include a benchmark beam structure model, and the monumental Consoli Palace in
Gubbio (Italy). The palace has been continuously monitored since July 2017 with a low-cost
mixed static/dynamic/environmental long-term monitoring system [10]. In this work, the monitoring data of three high-sensitivity accelerometers and two thermocouples recording ambient
vibrations and environmental temperatures are exploited. On this basis, the resonant frequencies of the palace have been identiﬁed and tracked using an A-OMA technique based upon the
Covariance-based Stochastic Subspace Identiﬁcation method (COV-SSI). The experimentally
identiﬁed resonant frequencies are selected as damage-sensitive features, and the effectiveness
of the proposed damage detection approach is evaluated considering artiﬁcial damage in the
shape of frequency decays. The Consoli Palace represents an exceptional example of a stiff masonry building. Due to the low excitation levels in the building, the identiﬁed resonant frequencies present an elevated number of outliers that hinder the damage detection tasks. Additionally,
the complex geometry of the palace and its connection with the adjoining buildings originates
the existence of highly non-linear environmental effects, making it an outstanding benchmark
structure for testing the proposed damage detection approach.
2

TWO-CLASS PATTERN CLASSIFICATION METHOD FOR DAMAGE DETECTION

This paper proposes a ﬁve step pattern classiﬁcation algorithm for two-class damage detection as sketched in Fig. 1. The proposed approach comprises: (I) Characterization of the healthy
condition of the structure with an initial training period; (II) Clustering analysis to identify the
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I

Collect data from undamaged
structure (training period)

II

Clustering - Gaussian Mixture
Model (GMM)

III

Outliers elimination - Minimum
Covariance Determinant (MCD)

Pattern recognition - Local
IV Principal Components Analysis
(PCA)
V

Pattern classiﬁcation - Control
charts

Figure 1: Flow chart of proposed two-class pattern classiﬁcation algorithm for damage detection.

presence of multiple environmental regimes; (III) Outliers elimination; (IV) Pattern recognition
through local PCA; and (V) Patter classiﬁcation using control charts.
Let us consider that the SHM system performs an automated identiﬁcation of m resonant
frequencies fi , i = 1, . . . , m as damage sensitive features.
 For notational convenience, let us
denote the features at an instant n in vector form as xn = f(1,n) , . . . , f(m,n) . We assume that the
SHM system identiﬁes a total of N sets of modal features, so the observation matrix Y ∈ RN ×m
is constructed by collecting the features vectors by rows. In order to statistically characterize
the healthy condition of the structure, a subset of tp data samples are selected as the training
period. This must be long enough to cover the full range of environmental conditions (both
daily and seasonal ﬂuctuations), and typically a one-year period is assumed adequate. Note that
the observation matrix Y represents a multivariate data set which, in principle, is composed of
non-linear data.
2.1

CLUSTERING - GAUSSIAN MIXTURE MODEL

In order to take into account different environmental mechanisms, the damage sensitive features in the training period are clustered into different data sets using a GMM model. This
approach assumes that the probability density function p(x) of the data set in the training period X (in general, non-normally distributed) can be represented as a linear superposition of K
Gaussian components as [1]:
p(x) =

K


πk N (x |μk , Σk ) .

(1)

k=1

Each component of the mixture is deﬁned as a Gaussian distribution N (x |μk , Σk ) with
mean and covariance matrix denoted by μk and Σk , respectively. The parameters π = [π1 , . . . , πK ]T
in Eq. (1) areAcalled the mixing coefﬁcients, and they range between 0 and 1 (0 ≤ πk ≤ 1) and
sum to one ( K
k=1 πk = 1). The model parameters, μk ,Σk and πk , are ﬁtted by minimizing the
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log-likelihood function:
ln p(X |π, μ, Σ) =

tp


3
ln

K


n=1

4
πk N (xn |μk , Σk ) .

(2)

k=1

The maximum likelihood solution for the parameters (μ,Σ and π) is estimated using the
iterative Expectation-Maximization (EM) algorithm. In the expectation (E) step, the parameters
(initial guess at the beginning) are held ﬁxed and the posterior probability of assigning xn to the
k  s cluster is given by the so-called responsibilities γ(znk ) as:
πk N (xn |μk , Σk )
,
γ(znk ) = AK
j=1 πj N (xn |μj , Σj )

(3)

where znk is an element of a K-dimensional binary random variable z with a 1-of-K representation. Only one element in z is equal to 1 and all other elements are 0.
Then, in the maximization (M) step, the parameters are re-estimated using the posterior
probability calculated in the previous E step as follows:
tp
1 
=
γ(znk )xn ,
Nk n=1

(4)

tp
1 
new T
=
γ(znk ) (xn − μnew
k ) (xn − μk ) ,
Nk n=1

(5)

μnew
k
Σnew
k

πknew

= Nk /N,

Nk =

tp


γ(znk ).

(6)

n=1

The log-likelihood in Eq. (2) can then be evaluated. Convergence of either the parameters
of the log likelihood is checked, and if the criteria are not satisﬁed, the process is iterated using
the updated data values until the criteria are met. Once the K clusters have been deﬁned in
the training period, new data samples are assigned to the cluster with the least Mahalanobis
distance.
2.2

OUTLIERS ELIMINATION

The Minimum Covariance Determinant (MCD) method [8] is used to minimize the effect of
outlier measurements in the training population. The MCD method seeks a sample subset within
a multivariate dataset that minimizes the covariance matrix. Speciﬁcally, the MCD method is
applied in this work to every cluster identiﬁed in the training period. Consider an arbitrary
cluster C = {x1 , . . . , xd } containing d samples, and let H1 ⊂ {1, . . . , d} be an h-subset, that is
|H1 | = h. Being μ1 and Σ1 the empirical mean and covariance matrix of the data in H1 , the
Mahalobis distances of all the data samples in the cluster read (det(Σ1 ) = 0):

d1 (i) = (xi − μ1 )T Σ−1
for i = 1, . . . , d.
(7)
1 (xi − μ1 )
Now take H2 another h-subset such that {d1 (i); i ∈ H2 } := {(d1 )1:d , . . . , (d1 )h:d } where
(d1 )1:d ≤ (d1 )2:d ≤ . . . ≤ (d1 )d:d are the ordered distances, and compute μ2 and Σ2 based on
H2 . Then det(Σ2 ) ≤det(Σ1 ) with equality if and only if μ2 = μ1 and Σ2 = Σ1 . This process,
also known as C-step, can be iteratively repeated. If det(Σ2 ) = 0 or det(Σ2 ) =det(Σ1 ), the
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algorithm stops; otherwise, another C-step is run yielding det(Σ3 ), and so on. The sequence
det(Σ1 ) ≥det(Σ2 ) ≥det(Σ3 ) ≥ . . . is nonnegative and hence must converge, so there must be
an index s such that det(Σs ) = 0 or det(Σs ) =det(Σs−1 ). In this work, the fast implementation
of the MCD method proposed by Rousseeuw and Driessen [16] has been implemented. The
dimension h of the subsets has been selected as 0.8d. Once the algorithm converges, a certain
percentage of the samples with the largest Mahalanobis distances with respect to the converged
sample subset are considered as outliers and eliminated.
2.3

PRINCIPAL COMPONENTS ANALYSIS

Once the detected outliers have been eliminated from the clusters, pattern recognition using PCA is conducted for every cluster in the training period. Principal Component Analysis
consists of a double change of coordinates, where the original data are ﬁrst projected in the
vectorial space generated by the principal components (PCs) and then remapped back to the
original space by retaining only some of the PCs. Let us denote the matrix of observations
Xck ∈ Rnck ×m in an arbitrary cluster ck (k = 1, . . . , K) of size nck and X∗ck ∈ Rnck ×m a matrix
whose columns are the centred variables x∗j (i.e. x∗ij = xij − xj , where xj denotes the mean
value of the observations on variable j). Then, the eigendecomposition of the covariance matrix
Σ reads:
 T
Σ = X∗ck X∗ck = Uck S2 UTck ,

(8)

where Uck ∈ Rnck ×nck is the so-called loading matrix. The eigenvalues of the covariance
matrix contained in the diagonal matrix S2 represent the variance contributions of each PC.
Assuming that the PCs providing the largest contributions to the variance represent the effects
 ∗c isolating
of environmental and operational factors, it is possible to ﬁnd an approximation X
k
such factors through dimensionality reduction. This can be done by retaining only the ﬁrst
 c ∈ Rl×m .
l columns of matrix Uck in Eq. (8) into a rectangular reduced loading matrix, U
k
∗

Hence, matrix Xck is estimated as:
c U
 Tc ,
 ∗c = X∗c U
X
k
k
k
k

(9)

which represents the backward transformation of the original observations in X∗ck from a reduced space of the l PCs to the original one. Since the transformation in Eq. (9) provides a
 c allows to predict the resorepresentation of the environmental/operational effects, matrix U
k
nant frequencies of the structure beyond the training period.
2.4

CONTROL CHARTS

 c are obtained for all the identiﬁed clusters ck (k =
Once the transformation matrices U
k
1, . . . , K) in the training period, it is possible to compute a matrix of predicted resonant fre ∈ RN ×m throughout all the monitoring period. Since the statistical models used
quencies Y
 are ﬁtted using the training period representing a baseline in-control population
to construct Y
where the structure is assumed to remain healthy, the appearance of damage can be inferred
from the detection of anomalies in the residual error matrix E ∈ RN ×m computed as:

E = Y − Y.

(10)

 reproduces the part of the variance in the resonant frequencies related to
Assuming that Y
environmental/operational changes, E only contains the residual variance stemming from iden-
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tiﬁcation errors, un-modelled environmental/operational effects, and structural defects. Therefore, the presence of damage in the shape of anomalies in the time series of E can be revealed
through control charts. These furnish time series of certain statistical distances between the distribution of the residuals contained in E and the in-control data base. Speciﬁcally, two different
control charts are used in this work, including the Hotelling (T 2 ) and Multivariate Exponentially
Weighted Moving Average (MEWMA) control charts. The statistical distances handled by these
control charts are positive by deﬁnition, so an in-control region can be speciﬁed by an interval
[0,UCL]. The upper control limit (UCL) can be estimated as the statistical distance attaining a
certain conﬁdence (exceeding) level α in the training database. In this light, the appearance of
out-of-control processes violating the in-control region may indicate the appearance of damage.
• Hotelling’s T 2 : The Hotelling’s T 2 control chart [6] is deﬁned as:
T

Ti2 = r E − E


Σ−1
E
−
E
, i = 1, 2, . . . , N/r,
0

(11)

where r is an integer parameter referred to as subgroup size, E is the mean of the residuals
in the subgroup of the last r observations, while E and Σ0 are the mean values and the
covariance matrix of the residuals statistically estimated in the training period.
• Multivariate Exponentially Weighted Moving Average (MEWMA): Originally proposed
by Lowry et al. [12], the MEWMA control chart represents an intermediate solution between the T 2 and the MCUSUM control charts. Alike the MCUSUM control chart, the
MEWMA method also accounts for the information from past observations, although it
gives weights decreasing in a geometric progression from the most recent observation to
the ﬁrst one. The statistical distance used in the MEWMA control chart reads:

1/2
M EW M Ai = r zTi Σ−1
, i = 1, 2, . . . , N/r,
z i zi

(12)

with

zi = λ E − E + (1 − λ)zi−1 ,
1 − (1 − λ)2i
Σ0 ,
Σz i = λ
2−λ

(13)

where λ is a smoothing constant with 0 ≤ λ ≤ 1. Practically, the most often used value
of λ is 0.1.
3

CASE STUDIES

To illustrate the capabilities of the proposed approach for early-damage detection, two case
studies are examined in this section. The ﬁrst one is a numerical beam model which is subjected
to changing temperature conditions and varying mass distribution. The second one is a real-life
case study, the Consoli Palace in Gubbio (Italy), which was monitored for almost two years.
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Figure 2: Beam structure model (a) and variations of Young’s modulus with temperature for the beam structure
model (b).

3.1

Beam structure model

The ﬁrst case study is the benchmark beam model previously reported in references [11, 20]
and sketched in Fig. 2 (a). The model consists of a 10 m long simply supported beam deﬁned by
ten 2-nodes beam-bending elements of 1 m each. The beam has constant cross-section, inertia
and mass density of 0.08 m2 , 0.0006 m4 , and 7850 kg/m3 , respectively. The Young’s modulus of
the beam is assumed to be temperature dependent according to the bi-linear relationship shown
in Fig. 2 (b).
The ﬁrst four natural frequencies of the beam are used as damage sensitive features. In particular, seven consecutive set ups are analysed as summarised in Table 1. The training period
is deﬁned by the ﬁrst two data sets (UC-1 and UC-2). The ﬁrst one includes 800 and 420 observations with temperatures between 0◦ C and 40◦ C and between -20◦ C and 0◦ C, respectively.
In addition, a random variation of ±10% in the mass density of the beam is also considered in
order to include some randomness in the observations. The second data set has 400 observations for temperatures between 0◦ C and 40◦ C and 210 between -20◦ C and 0◦ C. In this case, a
larger variation in density of ±25% is considered as a way of simulating the presence of outlier
measurements. Afterwards, ﬁve damage cases with increasing severities (25%, 30%, 35%, 40%
and 45%), labelled from DC-1 to DC-5 in Table 1, are considered. Speciﬁcally, damages are
simulated through reductions in the bending stiffness of the 4th element. Data from each damaged case are obtained considering 200 samples with temperatures ranging between 0◦ C and
40◦ C, and 100 samples between -20◦ C and 0◦ C. Moreover, each element is assumed to have a
±10% random variation in density.
UC-1
UC-2
DC-1
DC-2
DC-3
DC-4
Samples
800 420 400 210 200 100 200 100 200 100 200 100
T1
T2
T1
T2
T1
T2
T1
T2
T1
T2
T1
T2
ΔT a
b
Δρ [±%]
10
10
25
25
10
10
10
10
10
10
10
10
Damagec [%]
0
0
0
0
25
25
30
30
35
35
40
40
a T : [0◦ C,40◦ C], T : [-20◦ C,0◦ C].
1
2
b Δρ denotes the relative variation of the mass density of the beam.
c Damage severity deﬁned as a reduction of the bending stiffness of the 4th element.

DC-5
200 100
T1
T2
10
10
45
45

Table 1: Data samples considered in the beam structure model.

Figure 3 depicts the plots of environmental temperature versus the four natural frequencies
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Figure 3: Plot of temperature versus (a) ﬁrst natural frequency, (b) second natural frequency, (c) third natural
frequency and (d) fourth natural frequency of the beam structure model.

of beam structure model. It is interesting to note that the damaged and undamaged observations
intermix and can be hardly distinguished from one another in the third resonant frequency. The
third mode is relatively insensitive to the presence of damage since the fourth element is located
near a node of this mode. In the rest of the modes, some of the damaged observations cluster
together with the undamaged cases, specially in the space containing the outlier measurements.
Therefore, these outliers need to be identiﬁed and removed from the database before applying
damage detection methods. To do so, the proposed approach sketched in Fig. 1 is applied herein.
Firstly, the GMM model is applied to differentiate the two different environmental regimes in
the time series of resonant frequencies. The result, shown in Fig. 4, shows that the GMM
model can accurately separate between resonant frequencies obtained with temperatures ranging between -20◦ C and 0◦ C (Cold observations) and between 0◦ C and 40◦ C (Hot observations).
Afterwards, the outliers detection algorithm previously overviewed in Section 2.2 can be applied independently to each cluster. In particular, a percentage of 30% of the data samples with
the largest Mahalanobis distances according to Eq. (7) are considered as outliers. The result of
the outliers elimination algorithm applied to the training period (UC-1 and UC-2) is shown in
Fig. 5. It can be seen that most of the detected outliers surround the clean measurements.
Then, a PCA model can be ﬁtted using the clean training database. In this case, one single PC
sufﬁced to explain more than 95% of the variance of the resonant frequencies in the two clusters.
The comparison between the predictions of the resonant frequencies by the PCA model and the
numerical ones is presented in Fig. 6. The low scatter of the points around the diagonal line
corroborates that the PCA model is formed with accuracy. This model can now be used to detect
the appearance of damage beyond the training period according to the approach previously
presented in Section 2.3. Speciﬁcally, Fig. 7 shows the Hotelling’s control charts obtained
without applying (a) and applying (b) the outliers elimination algorithm. The effect of the
presence of outliers in the training period is clearly exempliﬁed in Fig. 7 (a). In this graph,
the presence of outliers between the observation numbers 1020 and 1830 lead to a large UCL
(conﬁdence level 95%) and corrupts the estimation of the mean vector E and covariance matrix
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Figure 4: Cluster of the ﬁrst resonant frequency with temperature of the beam structure model using GMM.

(a)

(b)
Retained samples
Outliers

(c)

(d)

Figure 5: Plot of temperature versus (a) ﬁrst natural frequency, (b) second natural frequency, (c) third natural
frequency and (d) fourth natural frequency of clean undamaged observations, outlier undamaged observations and
damaged observations of the beam structure model.
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Figure 6: Plot of numerical estimates and predictions of the PCA model in terms of the (a) ﬁrst natural frequency,
(b) second natural frequency, (c) third natural frequency and (d) fourth natural frequency of the beam structure
model (r = 1)

of the residuals Σ0 in the training period. This hinders the detection of mild damage severities,
not being possible the identiﬁcation until the damage severity of 35%-40%. Conversely, the
control chart in 7 (b) shows that the outliers elimination algorithm effectively eliminates most
of the outliers in the observation numbers between 1020 and 1830. This leads to a considerably
smaller UCL and better estimation of E and Σ0 . This allows to accurately detect all the damaged
cases.
3.2

Consoli Palace

The Consoli Palace (Fig. 8 (a)), located in the city of Gubbio in Italy, was erected between
1332 and 1349 and currently hosts the Civic Museum of Gubbio. The palace is 60 m high,
including a bell-tower and a panoramic loggia, and has a rectangular plan of about 40 × 20
m. Within the framework of the Horizon 2020 European HERACLES project (2016-2018,
heracles-project.eu), a permanent SHM system has been installed in the Consoli Palace since
July 2017. Speciﬁcally, three PCB 393B12 accelerometers (A1, A2 and A3) were deployed on
the roof level of the palace, as well as two K-type thermocouples to monitor the environmental
temperature. The sensors are connected to a NI CompactDAQ-9132 data acquisition system
with NI 9234 and NI 9219 acquisition modules for accelerations and temperatures, respectively.
Ambient accelerations and temperatures were respectively sampled at 100 Hz and 0.1 Hz and
stored in consecutive separate ﬁles containing 30 min-long recordings. The data ﬁles were sent
online through the Internet to a remove server, where an in-house code for the management of
integrated SHM systems called MOSS was used for automated SHM of the palace.
Figure 9 shows the time series of identiﬁed resonant frequencies using an automated version
of the SSI-COV. Speciﬁcally, ﬁve modes corresponding to Fx1 (ﬁrst global bending mode in
the x−direction), Fy1 (ﬁrst global bending mode in the y−direction), L1 (ﬁrst order local mode
related to the interaction between the palace and the bell-tower), T1 (global torsional mode), and
L3 (third order local mode) were tracked in the Consoli Palace. For more speciﬁc information
on the adopted A-OMA technique and identiﬁcation results of the Consoli Palace, readers may
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(b)

UCL 95%

Figure 7: Comparison between the Hotelling’s control charts obtained without applying (a) and applying the
outliers elimination algorithm (b).
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Figure 8: View of the Consoli Palace (a), and sketch of the monitoring system (b).
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Figure 9: Frequency tracking results of the permanent SHM system installed in the Consoli Palace.

refer to references [13, 19, 10]. It is interesting to note that local sudden increases in the resonant
frequencies were found during the time period from February 25th to March 1st 2017. Freezing
air temperatures were registered during these days, thereby such increases are conceivably due
to the formation of ice in the micro porosity of the mortar joints and the consequent stiffening
effect.
Figure 10 plots the fundamental frequency versus environmental temperature throughout the
training period of one year. In this ﬁgure, the presence of freezing conditions is evident in
the shape of hasty frequency increases. Moreover, it is noted that the frequency-temperature
relationship is not linear, but describes a non-linear behaviour with certain hysteresis. Such a
behaviour may be due to the intricate geometry and distribution of volumes of the palace, which
presumably originate the presence of complex temperature/humidity gradients throughout the
building. In this case, the use of clustering approaches for the discrimination of different environmental regimes becomes imperatives. Speciﬁcally, two different GMM models have been
investigated, one using 5 clusters in Fig. 10 (a) and a second one only using 2 clusters in Fig. 10
(b). It is noted that the database corresponding to the frequencies under freezing conditions
is well captured by both modes. Additionally, it is interesting to note that the GMM model
with the largest number of clusters differentiate four clusters in the frequency-temperature hysteresis cycles. Two clusters (cyan and blue) collect the data samples with minimum/maximum
temperature values, while two other clusters (green and red) separate the two branches closing the hysteresis cycles. This fact may indicate the existence of distinct cooling and heating
mechanisms.
Once the tracked resonant frequencies have been classiﬁed into clusters, the outliers elimination algorithm is applied to the database of the training period. Speciﬁcally, a percentage of 5%
of the data samples with the largest Mahalanobis distances have been eliminated. Additionally,
since freezing conditions are only observed in a poorly populated cluster, all the samples corresponding to this cluster have been dismissed. The resulting clean training population has been
used to construct the statistical models and so eliminate the effects of environmental factors.
Speciﬁcally, the GMM model in Fig. 10 (a) has been used to build a four-member PCA model.
In all the the sub-models, only 2 PCs have been retained since they sufﬁced to explain more than
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Figure 10: Clustering results of the resonant frequencies of the Consoli Palace using the GMM model considering
ﬁve clusters (a) and two clusters (b).

95% of the variance of the resonant frequencies of the clusters. On the other hand, for comparison purposes, the GMM model in Fig. 10 (b) has been used to construct an AutoAssociative
Neural Network (AANN) [3]. This model is also known as non-linear PCA, and its architecture
consists of three hidden layers: mapping, bottleneck, and de-mapping. In this particular work,
the mapping, bottleneck, and de-mapping layers have been deﬁned with 5, 3, and 5 neurons,
respectively. Hyperbolic tangent sigmoid transfer functions have been selected, and the AANN
has been trained using the Levenberg-Marquardt back-propagation method. AANNs have been
reported to outperform standard PCA models when dealing with non-linear correlations, so their
ability to reproduce the non-linear behaviour observed in Fig. 10 is tested herein by considering
the two-cluster GMM model in Fig. 10 (b).
Figures 11 and 12 present the control charts obtained using the PCA and the AANN models,
respectively. In these ﬁgures, two different cases are analysed, namely the experimentally identiﬁed resonant frequencies (undamaged) and a test case including artiﬁcial damage. Speciﬁcally,
the remaining monitoring time after the training period has been divided into three segments,
and frequency decays have been applied to the fundamental frequency in the last two segments.
The artiﬁcial frequency decays have been selected as 0.4% (mild) and 1% (moderate). Additionally, the results obtained using the Hotelling and the MEWMA control charts are also reported. It is noted in all the undamaged cases using the Hotelling’s control chart that, although
the UCL has been estimated for a conﬁdence level of 95% (5% of outliers), the percentage of
outliers is consistently greater than 10% beyond the training period. This fact may indicate limitations of the regression models, frequency tracking errors, or an insufﬁcient training period.
Moreover, it is also noticeable that the MEWMA control chart is more sensitive to shifts in
the mean values of residuals. Let us focus ﬁrst on the results obtained with the PCA model in
Fig. 11. It is observed that the percentage of outliers in the damaged sections of the Hotelling’s
control chart goes from 10% and 15.6% (undamaged) to 16% (ΔF x1 = −0.4%) and 41.3%
(ΔF x1 = −1.0%). That is to say, frequency decays of ΔF x1 = −0.4% and ΔF x1 = −1.0%
lead to increases in the number of out-of-control samples of 16.0% and 164.74%, respectively.
On the other hand, the number of outliers in the damaged sections of the MEWMA control chart
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Figure 11: Control charts of the undamaged resonant frequencies of the Consoli Palace (a,b) and considering
artiﬁcial damages (c,d) using the PCA regression model. The results are obtained using the Hotelling (a,c) and the
MEWMA (b,d) control charts (r = 4).

goes from 10.0% and 14.7% to 20.4% (ΔF x1 = −0.4%) and 72.4% (ΔF x1 = −1.0%), that
is increases of 104% and 392.517%, respectively. With regard to the results obtained using the
AANN model in Fig. 12, it is observed that the number of outliers in the undamaged cases is
in general larger that those obtained by the PCA model. This fact may indicate that, despite the
superior capability of the AANN model to reproduce non-linear correlations, the consideration
of one single cluster for non-freezing conditions may be insufﬁcient. Furthermore, the incorporation of artiﬁcial damage in this case leads to increases of -1.89% (ΔF x1 = −0.4%) and
219.11% (ΔF x1 = −1.0%) in the Hotelling’s control chart, and 15.33% (ΔF x1 = −0.4%)
and 184.43% (ΔF x1 = −1.0%) in the MEWMA control chart. Note that even a decrease in the
number of outliers is found in the Hotelling’s control chart for a mild damage severity. Therefore, it can be concluded that this second model cannot be used to detect early-stage faults, and
a larger number of clusters would be necessary to improve its efﬁciency.
4

CONCLUSIONS

This paper has presented a new semi-supervised two-class pattern classiﬁcation method for
early damage detection of structures. The proposed approach comprises ﬁve consecutive steps,
including the (i) collection of data samples forming the training period; (ii) clustering analysis
using the GMM method; (iii) outliers elimination using the MCD method; (iv) pattern recognition using local Principal Components Analysis; and (v) pattern classiﬁcation using Hotelling
and MEWMA control charts. The effectiveness of the proposed approach has been demonstrated through two different case studies, including a benchmark numerical beam structure and
the Consoli Palace in Gubbio (Italy). The presented results and discussion have demonstrated
the importance of outliers elimination for the correct statistical analysis of the training population and the construction of statistical models for the elimination of environmental effects.
The complex relationships between the resonant frequencies and environmental temperature in
the Consoli Palace have highlighted the importance of performing clustering analysis, so that
local statistical models can be constructed for the different structural/environmental behaviour
regimes.
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Figure 12: Control charts of the undamaged resonant frequencies of the Consoli Palace (a,b) and considering
artiﬁcial damages (c,d) using the ANN regression model. The results are obtained using the Hotelling (a,c) and the
MEWMA (b,d) control charts (r = 4).
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EFFECT OF NOISE IN THE TIME-FREQUENCY ESTIMATE OF THE
PERIDYNAMIC BOND ELASTIC CONSTANT PARAMETER
G. Miraglia, R. Ceravolo, and G. Coletta


'HSDUWPHQWRI6WUXFWXUDO*HRWHFKQLFDODQG%XLOGLQJ(QJLQHHULQJ',6(*3ROLWHFQLFRGL7RULQR
7RULQR,WDO\ 5HVSRQVLEOH5LVN5HVLOLHQFHLQWHUGHSDUWPHQWDO&HQWUH 5& 3ROLWHFQLFRGL7RULQR
7RULQR,WDO\
HPDLOJDHWDQRPLUDJOLD#SROLWRLW
^URVDULRFHUDYRORJLRUJLDFROHWWD`#SROLWRLW

Keywords: 6WUXFWXUDO KHDOWK PRQLWRULQJ 0DVRQU\ VWUXFWXUHV 3HULG\QDPLFV 6WUXFWXUDO IHD
WXUHV*DXVVLDQQRLVH
Abstract. The Peridynamic (PD) theory is a modern nonlocal (nonlinear, elastic /inelastic,
without/with memory) theory able to deal with long-range forces and discontinuity in materials. For this reason the theory is suitable for the monitoring of masonry structures. Starting
from a special case of PD formulation, named Bond-Based Peridynamic (BBPD), a feature
obtained by the idealization of real systems with BBPD is used for SHM purposes: the bond
elastic constant parameter. To characterize the damage (i.e. permanent deterioration of material and/or geometric properties of the systems) occurring in systems idealized with PD
models, a joint time-frequency direct estimate of the parameter values is performed using a
Short Time Fourier Transform (STFF) of the systems response and the input acceleration at
the base of the systems. The method is applied numerically and the effect of noise in the timefrequency evaluation of the parameter values is analyzed. The study concludes that PD can
provides simply and strong information on the health of simulated systems, allowing at the
same time an easy and scalable parametrization of civil, especially masonry, structures, while
the bond elastic constant parameter can be used for the damage characterization, i.e. to detect, quantify and localize the damage in a generic system.
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1

INTRODUCTION

$PRGHUQQRQORFDOWKHRU\RIFRQWLQXXPHVWDEOLVKHGLQHDUO\E\6WHZDUW6LOOLQJ>@>@
DQG6LOOLQJHWDO>@QDPHGPeridynamic 3' LVUHFHQWO\DWWUDFWLQJDWWHQWLRQLQWKHILHOGRI
FRPSXWDWLRQDOPHFKDQLFV7KHWKHRU\UHSODFHVWKHSDUWLDOGLIIHUHQWLDOHTXDWLRQVRIWKHFODVVL
FDO FRQWLQXXP WKHRU\ZLWK LQWHJUDO VSDWLDO HTXDWLRQV 7KLV DOORZVWRHDVLO\RYHUFRPHSURE
OHPV UHODWHG WR WKH UHSUHVHQWDWLRQ RI GLVFRQWLQXLWLHV LQ WKH PDWWHU ZKLFK FDQ ULVH GXULQJ
GDPDJH HJ FUDFNV  ZKHUH WKH GLIIHUHQWLDO IRUPXODWLRQV DUH QRW GHILQHG $ FRPSUHKHQVLYH
OLWHUDWXUHUHYLHZRI3HULG\QDPLFDSSOLFDWLRQVDQGXVHVFDQEHIRXQGLQ>@%DVLFDOO\3'WKH
RU\IRXQGLWVSULQFLSOHLQWKHIRUFHVLQWHUDFWLRQ bonds RISRLQWV7KHPDWWHULVGLYLGHGLQLQ
ILQLWHVLPDOSRUWLRQVFKDUDFWHUL]HGE\WKHLUPDVVDQGYROXPH(DFKSRLQWk LVWKHQVXSSRVHGWR
LQWHUDFWZLWKLWVQHLJKERXUVLQVLGHDUHJLRQ7KHFROOHFWLRQRIDOOWKHSRLQWVLQVLGHWKLVUHJLRQ
LVQDPHGfamilyRIk7KHIDPLO\RIk LVLQWXUQFKDUDFWHUL]HGE\WKHhorizonLHWKHPD[LPXP
GLVWDQFHIRUZKLFKWKHLQWHUDFWLRQEHWZHHQkDQGWKHRWKHUSRLQWVRIDERG\RFFXUV7KHKRUL
]RQGHILQHWKHORFDOLW\RIWKHEHKDYLRXURIDV\VWHPWKHVPDOOHUWKHKRUL]RQWKHPRUHORFDOWKH
EHKDYLRXUZLOOEH)RUIXUWKHULQVLJKWRQ3'WKHRU\DQGLWVIXQGDPHQWDOOLWHUDWXUHRQHFDQUH
IHUWRWKHERRNRI0DGHQFLDQG2WHUNXV>@
'HVSLWHWKHKXJHDPRXQWRIOLWHUDWXUHRQ3'WKHRU\DQGLWVDSSOLFDWLRQVDQGWKHHPHUJLQJ
OLWHUDWXUHRQGDPDJHVLPXODWLRQLQ3'VWXGLHVRQWKHXVHRI3'WKHRU\DVDSDUDGLJPRI6+0
DUHVWLOOPLVVLQJ,QSDUWLFXODUDQLQWHUHVWLQJILHOGRIUHVHDUFKLQWKLVSHUVSHFWLYHLVWKHLGHQWLIL
FDWLRQRI3'PRGHOSDUDPHWHUVIRUWKHGDPDJHGHWHFWLRQRIVWUXFWXUDOV\VWHPVLQVXSSRUWWR
WKH6+0RIWKHEXLOWHQYLURQPHQW,QWKLVGLUHFWLRQDQLQWHUHVWLQJUHIHUHQFHZRUNLVWKHVWXG\
RI,EUDKLP>@RQIUDFWXUHPHFKDQLFVZKLFKDVVHVVHGWKHUHFHQW DGYDQFHVRI6WUXFWXUDO/LIH
$VVHVVPHQW 6/$ DQGH[SODLQHGWKHGLIIHUHQFHVEHWZHHQ6/$DQG6+0LQ3'>@
2QWKLVSHUVSHFWLYHWKHHTXDWLRQVRIPRWLRQZULWWHQZLWKDVSHFLDOFDVHRI3'IRUPXODWLRQ
WKH%RQG%DVHG3' %%3' >@UHYHDODQHZIHDWXUHWKDWFDQEHXVHGDVFRQWUROSDUDPHWHULQ
WKHPRQLWRULQJRIFLYLOVWUXFWXUHV7KHIHDWXUHFDQEHH[WUDFWHGWKDQNVWRWKH3'LQWHJUDOHTXD
WLRQVRIPRWLRQZKLFKGLUHFWO\UHODWHWKHLQWHUQDOPDWHULDOVWDWH HJLQWHUQDOIRUFHILHOGHWF 
ZLWKWKHVWUXFWXUDOUHVSRQVH HJGLVSODFHPHQWVHWF 7KLVIHDWXUHLVFDOOHGbond elastic constantDQGLWVYDOXHVKRXOGGHFUHDVHZLWKGDPDJH
,QWKHSDSHUWKHPHWKRGIRUDGLUHFWWLPHIUHTXHQF\HVWLPDWH>@>@>@RIWKHYDOXHVRI
WKHERQGHODVWLFFRQVWDQWRYHUWKHMRLQW7LPH)UHTXHQF\ 7) GRPDLQLV SURSRVHG>@IRUD
VLQJOHERQGXVLQJWLPHKLVWRU\YDULDEOHV HJGLVSODFHPHQWVDFFHOHUDWLRQVHWF  VHH6HFWLRQ
 7KHPHWKRGLVWKHQGHPRQVWUDWHGLQ6HFWLRQZLWKQXPHULFDOVLPXODWLRQVRQDFDVHVWXG\
D VLQJOH ERQG LV KHUH XVHG WR PRQLWRU WKH KHDOWK RI DQ LGHDOL]HG 6LQJOH 'HJUHH RI )UHHGRP
6'2) V\VWHPFRQQHFWHGWRWKHJURXQG&RQFOXVLRQVDUHILQDOO\GUDZQLQ6HFWLRQ
2

DIRECT TIME-FREQUENCY ESTIMATE OF BOND CONSTANT

7KHOLQHDUL]HGPLFUROLQHDUYLVFRHODVWLF%%3'HTXDWLRQRIPRWLRQFDQEHZULWWHQLQVWDQG
DUGIRUPDV EROGLVKHUHLQXVHGIRUYHFWRUVEROGFDSLWDOIRUPDWULFHVDQGLWDOLFIRUVFDODUV 
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ZKHUH



,QHTXDWLRQV  DQG  
DUHWKHFRRUGLQDWHVX YZRISRLQWk ckjLV
FDOOHGERQGHODVWLFFRQVWDQWDQGhLVWKHKRUL]RQVj DQGVkDUHWKHYROXPHVDVVRFLDWHGWRWKH
SRLQWVj DQGkUHVSHFWLYHO\ZKLOH LVDERQGGDPSLQJFRQVWDQWmkLVWKHPDVVDVVRFLDWHGWR
WKHSRLQWkILVD[LGHQWLW\PDWUL[DQGOLVD[]HURPDWUL[KLVWKHQXPEHURISRLQWV
XVHGWRGLVFUHWL]HWKHV\VWHP)LQDOO\u t DQGz t GHQRWHWKHGLVSODFHPHQWYHFWRUDQGWKHH[
WHUQDOIRUFHYHFWRUUHVSHFWLYHO\EHLQJt WKHWLPHYDULDEOH
7KHOLQHDUL]HGHTXDWLRQVRIPRWLRQVFDQEHZULWWHQLQH[SDQGHGIRUPIRUHDFKSRLQWkDV



ZKHUHuj t DQGuk t DUHWKHFRRUGLQDWHVX YZRIGLVSODFHPHQWDWSRLQWj DQGkZKLOHak t 
DUHWKHFRRUGLQDWHVX YZRIWKHH[WHUQDODFFHOHUDWLRQDWSRLQWk,IZHZULWHWKHHTXDWLRQV  
IRUWZRSRLQWV WKHILUVWUHSUHVHQWLQJWKHJURXQGDQGWKHVHFRQGUHSUHVHQWLQJD6'2) UHODWLY
L]HGZLWKUHVSHFWWKHUHVSRQVHRIWKHILUVWSRLQWZHKDYH



,QWKHDVVXPSWLRQRIDOOWKHJHRPHWULFDOTXDQWLWLHVNQRZQDQGVXSSRVLQJWRNQRZWKHPDVV
DQGGDPSLQJWHUPZHFDQHVWLPDWHWKHWLPHIUHTXHQF\YDOXHVRIWKHERQGHODVWLFFRQVWDQWDV
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LVWKHWLPHIUHTXHQF\HVWLPDWHRIWKHERQGHODVWLFFRQVWDQWREWDLQHGZLWK
WKHREVHUYDWLRQVDORQJWKHGLUHFWLRQd LHXYRUZ DQGWKHUHDODQGLPDJLQDU\SDUWVRIWKH
DVVXPHGOLQHDU7LPHIUHTXHQF\'LVWULEXWLRQ 7)' 7Re DQG7Im UHVSHFWLYHO\
3

NUMERICAL APPLICATION

,QRUGHUWRVWXG\WKHHIIHFWRIQRLVHRQWKHLGHQWLILFDWLRQRIWKHERQGHODVWLFFRQVWDQWWKLVVHF
WLRQ GHPRQVWUDWHV WKH LGHQWLILFDWLRQ SURFHGXUH UHSRUWHG LQ 6HFWLRQ  DSSOLHG RQ VLJQDOV FRU
UXSWHG E\ DGGLQJ WR WKH RULJLQDO VLJQDOV WKH  RI XQFRUUHODWHG UDQGRP WLPHKLVWRULHV
H[WUDFWHG IURP *DXVVLDQ GLVWULEXWLRQV KDYLQJ WKH VDPH YDULDQFH RI WKH XQFRUUXSWHG VLJQDOV
7KHHDVWZHVWUHFRUGRIWKH/RPD3ULHWDHDUWKTXDNHRIWKH2FWREHULQWKH6DQWD&UX]
0RXQWDLQV KWWSVLWPDWKZRUNVFRPKHOSPDWODEPDWODEBSURJORPDSULHWDHDUWKTXDNHKWPO
VDPSOHGDW+]KDVEHHQXVHGDVLQSXWDFFHOHUDWLRQDSSOLHGWRWKHDVVXPHG6'2)ZKLFK
ZDVVLPXODWHGQXPHULFDOO\LQWKLV VHFWLRQ)RUWKHVLPXODWLRQWKHIROORZLQJYDOXHVZHUHDV
VXPHG
x x1  7P
x x2  7P
x V1 V2 P
x m2 NJ
x
V
7KHQLQRUGHUWRVLPXODWHWKHRFFXUUHQFHRIDORZOHYHORIGDPDJHSRWHQWLDOO\PLVWDNHQIRU
QRLVH LQ VLJQDOV WKH ERQG HODVWLF FRQVWDQW KDV EHHQ UHGXFHG RI D  HDFK WLPH LQVWDQW
VWDUWLQJIURPVXSWRVEULQJLQJWRDWRWDOUHGXFWLRQRIDERXWLQVHFRQG
FRUUHVSRQGLQJWRDUHGXFWLRQLQWKHYDOXHRIWKHQDWXUDOIUHTXHQF\RI )LJXUHGHSLFWV
WKHLPSRVHGDFFHOHUDWLRQDWWKHEDVHRIWKH6'2)DQGWKHDFFHOHUDWLRQUHVSRQVHRIWKH6'2)
ZKLOH7DEOHUHSRUWVWKHUHIHUHQFHYDOXHVRIERQGHODVWLFFRQVWDQWEHIRUHDQGDIWHUWKHDSSOL
FDWLRQRIGDPDJH7KHH[SOLFLW IRUZDUGEDFNZDUG(XOHUWLPH LQWHJUDWLRQDOJRULWKP KDV EHHQ
XVHGWRVROYHWKHQRQOLQHDUG\QDPLFDQDO\VLVDVVXJJHVWHGE\>@

)LJXUH$FFHOHUDWLRQVREWDLQHGIURPWKHVLPXODWLRQ OHIW DQG]RRPRIWKHVLJQDOVEHWZHHQDQGV ULJKW 
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c21>1P@EHIRUHGDPDJH


c21>1P@DIWHUGDPDJH


7DEOH5HIHUHQFHYDOXHVRIERQGHODVWLFFRQVWDQWEHIRUHDQGDIWHUWKHDSSOLFDWLRQRIGDPDJH

$IWHUKDYLQJVLPXODWHGWKHV\VWHPWKHLGHQWLILFDWLRQSURFHGXUHGHVFULEHGLQ6HFWLRQKDV
EHHQDSSOLHG7KH7)'ZHUHFDOFXODWHGZLWKD67)7XVLQJDSHULRGLF+DQQLQJZLQGRZRYHU
SRLQWV7KHIROORZLQJSDJHIRFXVHVRQWKHGLVFXVVLRQRIWKHUHVXOWVRIWKHSURFHGXUH
)LJXUHGHSLFWVWKHHVWLPDWHGERQGHODVWLFFRQVWDQWLQWKHFDVHRIVLJQDOVFRUUXSWHGE\
RIXQFRUUHODWHG*DXVVLDQQRLVHIXQFWLRQV)URPWKHILJXUHLVSRVVLEOHWR FRQFOXGHDVWKHSD
UDPHWHU HVWLPDWH LV PRVWO\ FRUUXSWHG IRU MRLQW WLPHIUHTXHQF\ YDOXHV WKDW DUH QRW H[FLWHG
HQRXJK7KLVUHVXOWVLVTXLWHLQWHUHVWLQJEHFDXVHVKRZVDVWKHWLPHIUHTXHQF\HVWLPDWHPD\EH
XVHGDV DWRROWR LGHQWLI\DWLPHIUHTXHQF\VXEGRPDLQWKDW EULQJVWKHKLJKHUTXDQWLW\ RILQ
IRUPDWLRQ LQ WKH UHSURGXFWLRQ RI D VSHFLILF VLJQDO ,Q SDUWLFXODU WKH KLJK IUHTXHQF\ YDOXHV
EULQJWRRYHUHVWLPDWHWKHWUXHYDOXHVRIWKHSDUDPHWHUVZKLOHWKHORZIUHTXHQFLHVEULQJWRXQ
GHUHVWLPDWHWKHWUXHc217KHQLWLVZRUWKQRWLQJWKDWEHFDXVHYHU\KLJKDQGYHU\ORZYDOXHVRI
WKHERQGHODVWLFFRQVWDQWDUHDVVRFLDWHGWRORZYDOXHVRISUREDELOLW\WKHGHILQLWLRQRIWKHWLPH
IUHTXHQF\VXEGRPDLQFRQWDLQLQJWKHKLJKHUTXDQWLW\RILQIRUPDWLRQLVDOVRSRVVLEOHLQFDVHRI
ODFNRILQIRUPDWLRQRQWKHUHDOYDOXHVRIckj)URP)LJXUHLWLVDOVRSRVVLEOHWRQRWHDVWKH
HVWLPDWHGYDOXHVRIc21LQWKHDUHDRIKLJKLQIRUPDWLRQFRQWHQWDUHDOPRVWFORVHWRWKHUHIHU
HQFHYDOXHVUHSRUWHGLQ7DEOHDOVRLQFDVHRIFRUUXSWHGVLJQDOV

)LJXUH7LPHIUHTXHQF\HVWLPDWHRIWKHERQGHODVWLFFRQVWDQWYDOXH

4

CONCLUSIONS

3HULG\QDPLF FDQ SURYLGHV VLPSO\ DQG VWURQJ LQIRUPDWLRQ RQ WKH KHDOWK RI VLPXODWHG V\V
WHPV,QWKHSDSHUDPHWKRGWRLGHQWLI\WKHbond elastic constantSDUDPHWHURI3'RYHUWKH
WLPHIUHTXHQF\GRPDLQKDVEHHQSURSRVHG7KHPHWKRGKDVEHHQGHPRQVWUDWHGQXPHULFDOO\
RQDQRQOLQHDU6'2)ZKRVHVLPXODWHGUHFRUGVKDVEHHQFRUUXSWHGE\QRLVH7KHPDLQUHVXOWV
RIWKHDQDO\VLVDUHUHSRUWHGKHUHLQDIWHU
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x

7KHPHWKRGZDVDEOHWRHVWLPDWHDFRUUHFWSDUDPHWHUYDOXHDOVRLQSUHVHQFHRIFRU
UXSWHGVLJQDOV

x

7KH WLPHIUHTXHQF\ HVWLPDWH RI WKH SDUDPHWHU UHYHDOV WKH GHILQLWLRQ RI D WLPH
IUHTXHQF\VXEGRPDLQZKHUHWKHKLJKHUTXDQWLW\RILQIRUPDWLRQIRUDV\VWHPLVOR
FDWHGPDNLQJLWVXVHDSRWHQWLDOLQVWUXPHQWWRGHILQHIRUH[DPSOHWLPHIUHTXHQF\
ILOWHUVVSHFLILFIRUDJLYHQV\VWHP

)LQDOO\LWLVZRUWKPHQWLRQLQJWKDWJLYHQWKHRULJLQDODLPRI3'WKHRU\ HPXODWLQJGLVFRQ
WLQXLWLHV DQG ORQJUDQJH IRUFHV LQ PDWHULDOV  PDVRQU\ VWUXFWXUHV FRXOG JUHDWO\ EHQHILW IURP
WKLV3'LGHDOL]DWLRQDVWKH\DUHLQFOLQHWRFUDFNXQGHUVWURQJH[WHUQDODFWLRQVVXFKDVWKRVH
RQHVGXHWRHDUWKTXDNH
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Keywords: Traffic-induced vibration, Historical constructions, Non-stationary processes.
Abstract. The passage of trams in urban areas is a source of cyclic vibration which can induce
damages in buildings close to the track. This aspect is even more relevant in the case of historical buildings and monuments because of their intrinsic fragility and the importance of preserving them as unaltered as possible for the next generations. In this framework, the purpose
of this paper is the development of a mathematical modelling, based on experimental measurements, for the numerical simulation of vibration due to tram passages close to the so-called
temple of Minerva Medica in Rome. The vibration signals were recorded at some points on
ground level and on the structure by the use of GPS synchronized seismographs equipped with
triaxial velocimeters. By means of spectral analysis of the acquired data, time windows associated to each tram passage have been assumed as stochastic nonstationary processes characterized in terms of energy and dominant frequencies by an evolutionary power spectral density.
The signals acquired at different points due to the same passage define a multivariate process.
The model would like to allow the simulation of the input at the base of the monument and the
evaluation, through finite element analysis, of the exposure of the structure to cyclic stresses
under different amplitudes highlighting the probability and location of damages in time.
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1

INTRODUCTION

Existing monuments in urban areas are subjected to more and more vibration cycles related
to the increase in traffic of the last decades. Vibrations induce stresses which could lead to
accumulation of micro-damages in time. Therefore, the exposure for a long time of such structures to cyclic loads could be dangerous in the perspective of their conservation.
In this paper a method is presented for the simulation of vibration induced by tram passages
near a monument, in order to evaluate the load cycles on the structure, resorting to stochastic
dynamics and experimental measurements. In more detail, a relevant case study, the so-called
Temple of Minerva Medica in Rome, probably a nymphaeum of an extra-urban residence, was
chosen for its peculiarities, i.e. the closeness with tramways, as well as with the main Rome’s
railway station. The monument was the subject of many studies for its dynamic characterization,
before ([1],[2]) and after [3]-[7] the last major rehabilitation intervention that was carried out
in 2012-2013. In [7] it was found a much higher effect of the tram passages in the close road
with respect to that of the railway trains, whose vibration is more damped. In this context, the
recent vibration measures on soil and structure where used to define the model. At each tram
passage the acquired time histories in many points served to derive evolutionary spectral densities of the non-stationary processes. The method proposed in [8] is adopted, which in turn
integrates the theory of evolutionary processes due to Priestley [9]. In the proposed approach
the simulation procedure is particularized to multivariate processes, as was done for stationary
cases in [10].
2

THE TEMPLE OF MINERVA MEDICA IN ROME

The temple (Fig. 1) was erected in the 4th century and today is close to the main railway station
in Rome. The main chamber is decagonal with a diameter of 25 m and height of about 24 m
(originally 32 m, after partial collapse of the dome). Openings are present in the chamber walls
at the first level, whereas at the base there are nine apses and the main entrance.

Figure 1: View from South of the Temple of Minerva Medica. The two tramways can be seen (bottom left).

The structure was initially built in opus latericium, which was a common construction technique of that time, based on the use of Roman bricks and mortar. As the building started presenting structural problems, in the following centuries the construction was restored and
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reinforced. In this context, interventions in opus mixtum of tuff bricks and Roman bricks were
carried out. In particular, most niches were closed and some walls with the function of buttresses were added on the southeast side of the monument, which testify that a certain structural
weakness of this part already arose in ancient times. Also, some major restoration interventions
were carried out in the past. In 1846 first floor arcade of the southeast side was reconstructed,
while the upper floor arcade of the southeast side was reconstructed in the years 2012-2013.
Close to the building there is the main roman railway station. In addition, the tramways are
very close to the South-West side of the building and the effect of tram passages has been shown
to be more dangerous for the monument than that of the railway.
3

DYNAMIC MODELLING OF TRAM PASSAGES

3.1 Experimental measurements of vibrations
Several velocity time histories were acquired in different measurement campaigns, in many
points on soil and structure. Herein, only data acquired in July 2019 were used. Moreover, only
tri-axial signals in point P (Fig. 2) at the base are considered with the purpose of the procedure
set-up.

Figure 2: Acquisition points at the base of the structure.

3.2 Mean time arrivals of tram
The simulation of train arrivals in each direction can be obtained by means of a Poisson
distribution with parameter ߣ, defined as follows:
 షഊ ሺఒ௧ሻಿ

(1)
ሺܰǡ ݐሻ ൌ
ேǨ
By means of the data collected in about three hours of experimental measurements, the parameter ߣ =0.0029 s-1 was estimated during day.
3.3 Spectral representation of each passage event
Time histories acquired for 30 passages, 15 per each direction, were used for the definition of
evolutionary spectral densities. In more detail, in this initial study the three components recorded in only one point at the base of the structure have been used. In addition, only one direction of tram movement is considered.
Short-time Fourier Transform (SFT) with a window-squared function h(t) was adopted [8]:
ஶ

݂ሺݐǡ ߱ሻ ൌ ିஶ ݔሺ߬ሻ݄ሺ ݐെ ߬ሻ݁ ିఠఛ ݀߬

2268

(2)

Fernando Saitta, Sara Forliti, Alessandro Colucci, Angelo Tatì and Ivan Roselli

The evolutionary spectral densities have been estimated as follows:
ஶ

ஶ

ܵ௫ ௫ೕ ሺݐǡ ߱ሻ ൌ ܧሾିஶ ିஶ ݔ ሺ߬ଵ ሻݔ כሺ߬ଶ ሻ݄ሺ ݐെ ߬ଵ ሻ݄ሺ ݐെ ߬ଶ ሻ݁ ିఠఛభ ݁ ఠఛమ ݀߬ଵ ݀߬ଶ ሿ

(3)

in which xi(t) and xj(t) are two signals recorded in different points in space or simply two components at the same points. In this preliminary work only the three components at one point are
considered. Therefore spectral density matrix is defined as Sሺݐǡ ߱ሻ=ܵ௫ ௫ೕ ሺݐǡ ߱ሻ (i,j=1,..,3). The
cross spectra are complex quantities. However, S is Hermitian, so the eigenvalues are real.

(a)

(b)

(c)

(d)

(e)

(f)

Figure 3: Normalized evolutionary spectral densities, direct (a)-(c) and absolute value of the cross-spectra (d)-(f).
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Figs. 3a-f show the obtained spectra, normalized to have unitary maximum amplitude. In the
case of cross-spectra which are complex, the absolute value is reported. In addition, the frequency f=ω/2π is considered. Horizontal components present the major energy content at high
frequency values, in the range 20-45 Hz, whereas the vertical component has relevant amplitudes for frequencies lower than 5 Hz.
3.4 Simulation
The simulation is performed in the framework of stochastic multivariate processes. In analogy
with stationary cases [10], according to [8], with some modification to take into account that
eigenvectors are complex, the following simulation formula can be applied:
࢞ሺ࢚ሻ ൌ σୀ ࢄ ሺ࢚ሻ

(4)
ሺሻ

ሺሻ

ࢄ ሺ࢚ሻ ൌ  σࡺ
ୀ ܍܀ൣ࣒ ሺ࣓ ǡ ࢚ሻ൧ ඥࢫ ሺ࣓ ǡ ࢚ሻࢤ࣓ ቂ ܛܗ܋ቀࡾ ࣓ ࢚ቁ െ ܖܑܛቀࡵ ࣓ ࢚ቁቃ

(5)

Given that S is Hermitian, its eigenvalues are real and eigenvectors respect the following equations: ࢸ ࢸࡿ כൌ ࢫ and ࢸ ࢸ כൌ ࡵ. In the previous equations I denotes the identity matrix, the
asterisk denotes the transpose and conjugate of the matrix, ࢸ is the matrix whose columns are
the complex eigenvectors of S, and ࢫ is the diagonal matrix of real eigenvalues.

Figure 4: Time histories at one measurement point for one tram passage.
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Figure 5: Simulated three-component time history.

Figs. 4 show the time histories acquired at point P of Fig. 2 in one passage event. Figs. 5 show
the simulated time histories, which take into account the frequency content and time evolution
obtained from 15 tram passages.
4

FINITE ELEMENT MODEL AND STRESS SIMULATION

A finite element model has been developed in Midas Gen code (Fig. 6). The geometry of the
monument was largely deduced by laser scanning technique.

Figure 6: View of the model.

From the initial point cloud, horizontal sections of the monument were obtained and used as

2271

Fernando Saitta, Sara Forliti, Alessandro Colucci, Angelo Tatì and Ivan Roselli

reference to define the volume. 72980 solid elements were used for meshing. The material has
been modeled as homogeneous and isotropic with the following parameters: unit weight of 18
kN/m3, Poisson ratio of 0.2 and 744 MPa of Young modulus. The material properties were
calibrated through model updating according to the frequencies obtained through experimental
results of ambient vibration testing of the monument [3]. Figs. 7 show the first two modal shapes
(f1=2.070 Hz and f2=2.392 Hz).

Figure 7: First two modal shapes.

The model has been excited by means of base acceleration obtained by derivative of the simulated time histories of velocity. In order to reduce the order of the model, Ritz vectors were
used considering accelerations in three orthogonal directions. Modes up to frequency of about
70 Hz were retained to well describe the spectra content.

ù
Figure 8: Principal stresses under simulated time accelerations.
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Figs. 8 show the principal stresses evaluated on the structure. This preliminary model will
be improved considering more than one measurement point to capture the effect of the distance
from the tramway and evaluate stresses with a multi-point base input.
5

CONCLUSIONS

A procedure for modelling the vibration due to train passages in the proximity of monuments
is proposed in this paper. Resorting to stochastic dynamics, evolutionary spectral densities of
each passage event can be defined for each measurement point, as well as the mean time arrival
of trams. In this way, time histories of velocities are simulated reflecting time evolution and
frequency content of the measure data. In this work the method is applied for data recorded at
the base of the Temple of Minerva Medica in Rome. Only one tramway, the closest to the
monument, with trams passing in North-West direction, is considered as a preliminary study,
defining the mean time arrival of the trains, as well as the evolutionary spectra. Simulation of
triaxial velocities in one point is proposed as well as the stress evaluation on the structure. The
work would be completed considering more measurement points on the soil, so to have different
distances from the tramway and the possibility of simulating a multi-point input on the structure.
In this way, load cycles could be evaluated highlighting the portions of the structure much prone
to damages.
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Abstract. After recent seismic events in Italy (Umbria-Marche 1997, L’Aquila 2009, Emilia
2012, Central Italy seismic sequence 2016), there has been a growing scientiﬁc interest on
the preventive conservation of historic monumental buildings. In this regards, vibration-based
low-cost and non-destructive Structural Health Monitoring (SHM) systems provide very useful
information on the structural behavior. This information includes both global and local mechanisms and results in more accurate seismic assessments and effective retroﬁts, also allowing
detection of small structural damages developing after far-ﬁeld earthquakes.
This paper presents the ongoing research activities regarding the SHM of the Consoli Palace
in Gubbio, Italy. A simple and low-cost mixed static-dynamic long-term SHM system has been
active since July 2017 with the main purpose of detecting damage-induced anomalies in the
time series of the amplitudes of the two major cracks existing in the building and the variation
of natural frequencies of global and local vibration modes. The system comprised two crack
meters, two temperature sensors and three high sensitivity accelerometers, the latter ﬁnalized
at the continuous modal identiﬁcation and modal tracking of the building for damage detection
purposes through statistical process control tools. Recently, the SHM system has been integrated with additional sensors, and now comprises 12 accelerometers on three levels of the
palace that allow a more detailed detection of the possible vibration modes’ variations, 4 crack
meters to monitor the openings of two additional cracks and 4 thermocouples to more accurately remove thermal effects by accounting for the effects of the different solar radiation on the
buildings’ façades. The paper presents preliminary considerations about the ﬁrst results of the
new larger sensor network, including (i) a discussion on the role of an enriched identiﬁcation
of the mode shapes, (ii) a preliminary assessment of environmental effects on modal properties
of the structure, both the natural frequencies and mode shapes, and (iii) considerations on the
removal of such environmental effects and damage detection based on novelty analysis. The
differences between previous and new results and the advantages of the adoption of a larger
sensor network are highlighted.
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1

INTRODUCTION

Masonry structures, such as towers, palaces and churches, constitute an important part of
Cultural Heritage (CH) buildings in Europe, whose preventive conservation against material
degradation and natural hazards can be regarded as a societal priority, as well as a scientiﬁc and
technical challenge. Within the Italian context, most of these buildings are especially exposed
to seismic risk, as a consequence of the high seismic hazard of most of the Italian territory
and their high seismic vulnerability. This has also been dramatically testiﬁed by recent Italian
earthquakes, such as those occurred in Emilia in 2012 [1] and Central Italy in 2016-2017 [2],
just to mention the most recent ones.
Ambient Vibration Tests (AVT) and Operational Modal Analysis (OMA) [3, 4], as well as
long-term vibration-based SHM, are becoming especially popular in application to CH structures, owing to their fully non-destructive and non-invasive nature. Literature counts several applications of vibration-based SHM methods to slender masonry towers based on the continuous
identiﬁcation of natural frequencies from in-service response data collected by a few sensors
deployed on the upper part of the structure [5, 6, 7]. In this context, any damage or change
in the structural behavior is automatically detected in the form of anomalies in time series
of continuously identiﬁed natural frequencies, typically using multivariate statistical analysis
methods, while the damage localization task can be addressed by solving an inverse problem,
with the purpose to identify damage-induced local changes in equivalent elastic properties of
the masonry [6, 8]. While suited for slender structures, vibration-based SHM methods are not
directly applicable to stiffer masonry buildings, such as churches and palaces, where a mixed
static-dynamic monitoring approach is often more informative, using measurements of strains,
deformations, tilts and crack amplitudes to derive static signatures [9, 10, 11, 12, 13].
The Consoli Palace is the most representative monument of the medieval town of Gubbio,
Italy, and is located in the heart of its historical center. Several studies have been carried out
on the Consoli Palace in the framework of Horizon 2020 European HERACLES (HEritage Resilience Against CLimate Events on Site) project, devoted to enhancing the resilience of historic
buildings against harmful events [13, 14, 15, 16, 17]. The palace has been under continuous
monitoring since July 2017 using a simple mixed static and dynamic long-term SHM system.
To the best of the authors’ knowledge, the Consoli Palace can be regarded as the ﬁrst (or one
of the ﬁrst) example(s) in the scientiﬁc literature, in which continuous long-term modal identiﬁcation and SHM based on frequency tracking has been applied to the case of a stiff masonry
palace, with the purpose of early detecting any damage or change in its structural behavior following an earthquake, whereby the existing literature limits to slender structures such as towers
[5, 6, 7, 18, 19], churches and/or cathedrals [20, 21].
2

THE SHM DAMAGE-DETECTION ALGORITHM

The adopted vibration-based SHM method consists of a Multiple Linear Regression (MLR)
model to remove the effects of changes in environmental and operational conditions from time
series of natural frequencies and of a control chart based on T 2 -statistic to detect deviations
from normal conditions possibly related to a structural damage. Tracked modal frequencies
are collected in an observation matrix, Y ∈ Rn×N , where n is the number of identiﬁed frequencies and N is the number of observations. Quantities contained in matrix Y are affected by
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changes in environmental conditions and cannot be directly used as damage sensitive features.
Instead, quantities contained in a residual error matrix, E ∈ Rn×N , are used for this purpose and
computed as
E = Y − Ŷ

(1)

where Ŷ are modal frequencies independently estimated through a proper statistical model.
Under the assumption that such a model can reproduce the part of the variance in frequency
estimates that is associated with changes in environmental and operational conditions, the error matrix only contains the residual variance in the data associated with errors in output-only
modal identiﬁcation and with un-modeled environmental and operational effects on modal frequencies. If a damage pattern develops, this affects data contained in Y but not those in Ŷ. It
follows that E contains quantities that are feasible for damage detection purposes. After computing matrix E in Eq. (1), a damage condition is identiﬁed as an anomaly in the residual errors,
under the assumption that damage induces a change in the distribution of E. To this aim, the
classic statistical process control tool named Novelty Analysis is adopted. It consists of the use
of control charts based on properly deﬁned statistical distances or, in other words, on an index
able to ﬂag relevant natural frequency shifts (see Fig.1). A well known quantity used for this
purpose in SHM is the Hotelling or Shewhart T 2 -statistical distance [22], deﬁned as
T 2 = r · (E − E)T · Σ−1 · (E − E)

(2)

where r is an integer parameter, referred to as group averaging size, E is the mean of the
residuals in the subgroup of the last r observations, while E and Σ are the mean values and the
covariance matrix of the residuals, respectively. Both E and Σ are statistically estimated in a
reference period, called the training period (denoted as tt ), during which the structure is in the
healthy state, i.e. it can be considered undamaged and experiences the normal environmental
and operational conditions. An anomaly in the data is identiﬁed in the form of an outlier in
the observed values of the residual errors, which is a value of the statistical distance which lies
outside ﬁxed control limits. Changes in T 2 are therefore likely to occur after a seismic event,
evidencing the development of a damage pattern in the structure.

Figure 1: A typical example of control chart.
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3

THE CONSOLI PALACE

The Consoli Palace is a very iconic masonry building in the medieval town of Gubbio, Italy.
Built in gothic style between 1332 and 1349, it hosted the Consuls who were elected to control
both legislative and executive branches of the government of the City. Since 1909 the building
has been functioning as the Civic Museum, with a rich collection of art masterpieces, including
the Iguvine Tablets dating back to the ancient Umbrian civilization.
AVTs have been carried out in May 2017 allowing identiﬁcation of the ﬁrst six modes of
vibration within the range from 0 to 10 Hz: three involve vibration of the overall building,
being two global ﬂexural modes and one torsional mode, whereas the remaining three modes
consist of mixed and/or local modes related to the dynamic interaction between the Palace and
the small bell-tower placed on its top.
Signiﬁcant thermal effects on both crack amplitudes and natural frequencies of the Consoli
Palace have been investigated during the ﬁrst year of monitoring. Negative linear correlations
between crack amplitudes and temperature have been observed, while correlations between
natural frequencies and temperature are also negative but sometimes non-linear. Also, the simultaneous recordings of static and dynamic data have allowed improving the statistical model
used for the prediction of natural frequencies, by including the crack data as predictors, in addition to temperature data as generally found in the literature. More information can be found
in [13].
3.1

The monitoring system

A mixed static-dynamic monitoring system has been active since July 2017. It is composed
of:
• Three high sensitivity uni-axial piezoelectric accelerometers model PCB 393B12 (10 V/g
sensitivity and ± 0.5 g measuring range) deployed on the roof of the Palace.
• Two crack meters (Linear Variable Displacement Transducers-LVDTs S-Series model
with measurement range from 0 to 50 mm and resolution <0.3μm) permanently installed
across two major cracks in the upper portion of the structure and related to possibly activating failure mechanisms, aimed at monitoring their possible opening and closing.
• Two temperature sensors (K-type thermocouples) installed close to each LVDT, in order
to measure the surface temperature of the wall aiming at observing its inﬂuence on the
evolution of the cracking pattern, as well as on global vibration modal properties.
• One data acquisition system (NI cDAQ-9132) with a remote connection to a data analysis
server located in the Laboratory of Structural Dynamics of the University of Perugia.
Further details on the monitoring system can be found in [13].
Considering a continuous monitoring period from July 2017 to February 2020, data analysis can be synthesized in Fig.2: (i) results of modal identiﬁcation and frequency tracking are
presented in Fig. 2a, (ii) the recorded time series of crack amplitudes and temperature data are
plotted in Figs. 2b, c. Plots versus the most correlated temperature are shown on the right side
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Figure 2: Time series of identiﬁed natural frequencies using automated SSI (a) and time evolution of the two
monitored crack amplitudes and temperature data of Consoli Palace during more than two years of continuous
monitoring (b-c). Their correlation with temperature data is also plotted.

of the ﬁgure. These results show that modal tracking is possible with an acceptable continuity
for all natural frequencies of the six vibration modes. Also, their seasonal variations and daily
ﬂuctuations are evident. However, there are some continuously tracking difﬁculties. Some natural frequencies are not consistently identiﬁed, e.g. Fy1 global and L2 local modes of vibration,
exhibiting lower identiﬁcation success ratios, which might be associated to a lower trafﬁc excitation during night hours, as well as to difﬁculties in modal tracking due to poor information on
the mode shapes which are essential to correctly classify identiﬁed poles as belonging to this or
that structural mode.
As an alternative solution, a denser sensor network could overcome many of the abovementioned shortcomings of the actual monitoring system.
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4

THE NEW PROPOSED MONITORING SYSTEM

The SHM system has been recently enlarged with additional sensors, as depicted in Fig. 3.
It now comprises a total of:
• Twelve accelerometers deployed on three levels of the palace that allow a more detailed
detection of the possible vibration modes’ variations: A1-A3 on the roof are the same sensors as in the previous system, A4-A6 in the Nobili hall, A7-A9 deployed in the Arengo
hall and A11, A12 located on the roof and monitoring the top movements of the East and
West façades, respectively.
• Four crack meters-LVDTs to monitor the openings of two previous (LVDT1 and LVDT2)
and two additional cracks (LVDT3 and LVDT4).
• Four temperature sensors (K-type thermocouples) installed close to each LVDT, allowing
a better thermal effects removal by accounting for the effect of the different solar radiation
on the North and South façades.
• The same data acquisition system (NI cDAQ-9132) with a remote connection to the laboratory server.
The higher number of accelerometers and their deployment in three levels along the height
contributes to improving modal tracking. For instance, natural frequencies of modes Fy1 and
L2 can be tracked more regularly. Most importantly, an enriched identiﬁcation of the mode
shapes is considered. In fact, mode shapes can be identiﬁed continuously in time and the evolution of Modal Assurance Criterion (MAC) values, calculated with respect to the mode shapes
of the calibrated numerical, is possible. On the other hand, considering the characterization
of environmental parameters, a more accurate investigation of their effects on modal properties of the structure can be carried out with additional temperature sensors, not limiting it to
the natural frequencies but also considering the mode shapes. Two additional crack meters are

Figure 3: Layout of the new larger sensor SHM network recently installed on the Consoli Palace: (i) 12 accelerometers, (ii) 4 LVDTs, (iii) 4 K-type thermocouples and (iv) the data acqusition system.
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installed, considering the main possibly activating failure mechanisms: (i) the overturning of
the loggia on the South side of the Palace and (ii) the overturning of the northern part of the
West façade. LVDT3 is located in correspondence of a new investigated crack pattern, related
to the ﬁrst mechanism, while LVDT4 is positioned in the medium-lower part of the crack of the
North façade, already monitored in the upper level by LVDT2, related to the second mechanism.
Finally, after the removal of the environmental effects, damage detection based on novelty analysis can be carried out using the information on variations of both natural frequencies and mode
shapes, as well as crack amplitudes. In this context, the purpose of this new larger SHM system
is a more accurate early detection of damage-induced anomalies in the time series of the natural
frequencies of global and local vibration modes, as well as in the time series of the amplitudes
of the major cracks existing in the building.
Based on the very ﬁrst monitoring days, the differences between previous and new results are
under speciﬁc attention, highlighting the advantages of the adoption of a larger sensor network.
The monitoring data analysis has been carried out using an ad hoc created software tool, called
MOSS, allowing continuous automated OMA and damage detection for SHM. The code allows
for automatically managing data recordings of ambient vibrations and environmental variables.
It also includes multiple regressive models for conducting damage identiﬁcation, as well as
a package of surrogate modeling. A user-friendly graphical interface of the MOSS software is
shown in Fig. 4. More information can be found at https://shmlab.weebly.com/ (Research area).

Figure 4: Graphical interface of the MOSS software.
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5

CONCLUSIONS

The ongoing research activities regarding the mixed SHM of a monumental palace, the Consoli Palace in Gubbio, Italy, have been presented. A simple and low-cost mixed static-dynamic
long-term SHM system has been active from July 2017 to February 2020. A new larger sensor
SHM network has been recently installed in the Consoli Palace.
The main advantages of the new system are summarized below:
• An improved natural frequencies tracking and continuous identiﬁcation of mode shapes.
• A more accurate characterization of environmental parameters and investigation of their
effects on the modal properties of the structure.
• A more in-depth investigation of the major crack patterns by using additional crack meters
and temperature sensors close to them.
• A more accurate earthquake-induced damage detection based on novelty analysis using
the information on variations of both natural frequencies and mode shapes, as well as
crack amplitudes.
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Abstract. The goal of this paper is to investigate the role of soil-structure interaction in modeling the dynamic behavior of masonry towers. The study, conducted on the bell tower of the
Basilica of San Frediano in Lucca (Italy), is based on both experimental and numerical results. The former were collected during an experimental campaign carried out on the tower
using seismometric stations, while the latter have been obtained via the modal analysis and
model updating procedures implemented in the finite element code NOSA-ITACA. Combining
experimental and numerical outcomes made it possible to assess the influence of the soil,
modeled as a system of elastic springs, on the natural frequencies of the tower. Finite element
models of the tower have been calibrated by taking the presence of the adjacent church into
account and choosing different unknown parameters, including the soil stiffness.
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1

INTRODUCTION

Finite element (FE) model updating techniques are based on solution of a constrained minimum problem, in which the objective function is generally expressed as the discrepancy between experimental and numerical natural frequencies and mode shapes [1]. Wide application
of these techniques to heritage structures is quite recent [2], [3], [4].
An efficient algorithm for model updating based on a modified Lanczos projection strategy
and a trust-region scheme has been implemented in NOSA-ITACA, free software developed
in house by ISTI-CNR and successfully applied to several case studies [5, 6]. Besides reducing the overall computation time of the numerical process and enabling accurate analysis of
large-scale models with little effort, the proposed algorithm allows for obtaining information
on both the reliability of the solution and its sensitivity to noisy experimental data.
Recent studies have shown that soil-structure interaction should be taken into account in
studying the dynamic behavior of masonry structures [7], [8], [9], [10], [11], [12]. Stemming
from the results of a continuous monitoring campaign conducted by the authors on the San
Frediano belfry in the historic center of Lucca [13], this paper is aimed at investigating how
this interaction influences the results of model updating.
In [13] FE model updating of the tower was conducted, by taking the presence of the adjacent church into account via suitable boundary conditions and considering the tower clamped
at the base. In the present paper, the soil-structure interaction is studied by applying at the
structure’s base a system of elastic springs whose stiffness is varied in order to represent different soil types [14]. Two models of the tower have been analyzed: in the former the tower is
free, and the influence of the church neglected, while in the latter the presence of the lateral
walls of the church is modelled via elastic springs. The influence of soil stiffness on the tower’s natural frequencies has been investigated and the model updating procedure implemented
in NOSA-ITACA [5], [6] has been applied to determine the optimal mechanical properties of
the tower-springs system.
2

FE MODEL UPDATING

Numerical modeling of a structure is usually characterized by several uncertainties regarding the properties of the constituent materials, the constraining effect of the adjacent buildings,
boundary conditions, local soil conditions, etc. Model updating is a procedure aimed at determining some unknown parameters of a FE model in order to match the experimental and
numerical dynamic properties of a structure (frequencies and mode shapes) [1]. Assuming that
the stiffness and mass matrices of a structure discretized into finite elements depends on a parameter vector x varying in a p-dimensional box Ω, we want to determine the optimal value of
x that minimizes, within the box Ω, the objective function

I (x)

q

¦w [ f
2
i

exp
i

 fi (x)]2 ,

(1)

i 1

where fi exp and fi(x) are the q experimental and numerical frequencies to match (with q not
less than p). In particular, numerical frequencies fi(x) are calculated by solving a generalized
eigenvalue problem involving the stiffness matrix K(x) and mass matrix M(x) depending on
the parameter vector x. Scalars wi are the weight that should be given to each frequency in the
optimization scheme; in order to obtain satisfactory accuracy on the frequencies, wi is usually
chosen as equal to the inverse of the experimental frequency.
The numerical procedure for model updating, described in detail in [5, 6], has been implemented in the NOSA-ITACA code, a finite element software package developed in house by
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ISTI-CNR [15], for performing modal analyses [16] and managing the large-scale problems
encountered in applications.
The algorithm implemented in the code is based on construction of local parametric reduced-order models embedded in a trust-region scheme for solving the constrained minimum
problem. In particular, the algorithm exploits the structure of the stiffness and mass matrices
and the fact that only a few of the smallest eigenvalues have to be calculated in order to solve
the problem.
3

THE SAN FREDIANO BELL TOWER

The bell tower of the Basilica of San Frediano (Figure 1), dating back to the 11th century, is
one of the best preserved in Lucca’s historic center. The tower, whose geometry is sketched in
Figure 2 and described thoroughly in [13], is 52 m high, with walls varying in thickness from
about 2.1 m at the base to 1.6 m at the top. The San Frediano Basilica adjoins the tower on
two sides for about 13 m of its height. The masonry constituting the tower appears to be made
of regular stone blocks at the base, while quite homogeneous brick masonry is visible in the
upper sections, apart from the central part of the walls, where the masonry between the windows is made up of stone blocks.
In the period 2015-2017 the tower was instrumented with four SARA tri-axial seismometric stations, each made up of a SL06 24-bit digitizer and a SS20 seismometer (electrodynamic
velocity transducer, 2.0 Hz eigenfrequency), made available by the Arezzo Seismology Observatory (INGV). The instruments were arranged on the San Frediano bell tower adopting
different sensors layouts and data recorded were analyzed via the Covariance Driven Stochastic Subspace Identification method (SSI/Cov) [17], [18] implemented in the MACEC code
[19].
Table 1 reports the mean values of the first five frequencies calculated using data recorded in
August 2016, with a sampling frequency of 100 Hz. The first and second frequencies correspond to flexural mode shapes along the X and Y direction, respectively. The third frequency
is likely related to a torsional mode shape. The last two frequencies correspond once again to
flexural model shapes. More details on mode shapes are given in [13].

Figure 1: The San Frediano bell tower.
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Frequency [Hz]
1.11
1.39
3.45
4.64
5.37

Mode 1 (Bending X)
Mode 2 (Bending Y)
Mode 3 (Torsional)
Mode 4 (Bending X)
Mode 5 (Bending Y)

Table 1: The first five frequencies of the San Frediano bell tower.

3.1 FE modeling, modal analysis and model updating
This section is devoted to the modal analysis of the bell tower. All numerical analyses presented in this paper have been conducted via the NOSA–ITACA code [5], [6], [16], [15].
The San Frediano bell tower has been discretized into 45935 brick and 673 beam and truss
elements (element n. 8, 9 and 35 in [15]) with 60228 nodes, as shown in Figure 2. Beams
have been used to model the steel tie rods and the wooden roof elements, while trusses are
used for the springs at the base, according to the Winkler model for the soil [14] and to model
the adjacent building. In particular, two models have been considered: in the former (Model
1) the presence of the church is neglected, while in the latter (Model 2) elastic spring have
been applied 12.50 m above the base to account for the church’s adjacent walls (red springs
along X and magenta springs along Y in Figure 2). In both cases horizontal displacements of
the base are prevented and vertical displacement is constrained by the presence of elastic
springs under the tower’s base (green in Figure 2).
The masonry has been modeled as an isotropic linear elastic material with Poisson’s ratio Q =
0.2, mass density U= 2000 kg/m3, and Young’s modulus Em varying from 2.0 GPa to 10.0
GPa. Figures 3 to 7 show the first five frequencies of Model 1 as functions of Em, with the soil
stiffness kw taking values between 4800 and 128000 kN/m3, corresponding respectively to
loose and dense sand [14]. As expected, for fixed kw, the frequencies are increasing functions
of Young’s modulus. The first and second frequencies remain strictly below the corresponding experimental frequencies, likely due to the fact that the real system is considerably stiffer
than its numerical model. For fixed Em, the frequencies increase as soil stiffness kw increases,
but this rise becomes less evident as Young’s modulus increases; for example, the first frequency increases by about 44% when Em=2 GPa and kw ranges from 4800 kN/m3 to 128000
kN/m3, while for Em=10 GPa the growth of the first frequency is on the order of 18.5%. Furthermore, there is visibly greater influence of the soil stiffness on the two first bending frequencies than on higher-order ones. With respect to the experimental mode shapes, the MAC
values [18] are consistently greater than 0.9, and their variation with soil stiffness is not appreciable.
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Figure 2: FE discretization of the San Frediano bell tower, model 1 (left) and model 2 (right). In model 1 and
model 2 the soil is modeled as vertical springs (green) and the displacements along X and Y are prevented at the
base (cyan). In model 2 the presence of the adjacent church is modeled as springs along X (red) and Y (magenta).

Figure 3: Model 1, first frequency as a function of Young’s modulus Em and soil stiffness kw.
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Figure 4: Model 1, second frequency as a function of Young’s modulus Em and soil stiffness kw.

Figure 5: Model 1, third frequency as a function of Young’s modulus Em and soil stiffness kw.
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Figure 6: Model 1, fourth frequency as a function of Young’s modulus Em and soil stiffness kw.

Figure 7: Model 1, fifth frequency as a function of Young’s modulus Em and soil stiffness kw.

2291

R.M. Azzara, M. Girardi, C. Padovani, D. Pellegrini and L. Robol

The model updating procedure described in [5] and [6] is conducted on Model 1 considering
the unknown parameters masonry’s Young’s modulus Em [GPa] and the soil stiffness kw
[kN/m3] ranging in the intervals
E m [1.0, 10.0] GPa,

k w  [4800.0, 128000.0] kN/m3.

(2)

The procedure provides the following values

E opt
m

6.61 GPa, k opt
w

1.28 105 kN/m3,

(3)

with k opt
w coinciding with the right end of the interval in (2). The corresponding numerical frequencies and the relative errors with respect to the experimental frequencies are summarized
in Table 2.

Mode 1
Mode 2
Mode 3
Mode 4
Mode 5

Exp. freq.
[Hz]
1.11
1.39
3.45
4.64
5.37

Num. freq.
[Hz]
0.87
1.04
3.99
4.78
5.51

Relative error
[%]
21.62
25.18
-15.65
-3.02
-2.61

Table 2: The first five numerical frequencies of Model 1 corresponding to the optimal values in (3) with the relative errors with respect to the experimental values.

The errors shown in the Table demonstrate that Model 1 is not able to capture the dynamic
response of the real system.
Model 2 differs from Model 1 in that elastic springs are now applied 12.50 m above the base
to account for the adjacent church walls. Let us fix the elastic constants of the springs: kX =
7.75 107 N/m for the springs along X (red in Figure 2) and kY = 1.5 108 N/m for the springs
along Y (magenta in Figure 2). These constants have been determined by considering the
presence of the adjacent church, whose walls have a shear stiffness of about 2.4 10 9 N/m in
the Y direction and 1.89 109 N/m in the X direction. As for the church’s constituent material,
a shear modulus of 1.25 GPa and a Poisson’s ratio of 0.2 have been assumed [20].
Figures 8 to 12 show the first five frequencies of Model 2 as functions of E m and soil stiffness
kw. Dashed lines represent the experimental frequency values.
As in Model 1, for fixed kw, the frequencies are increasing functions of Young’s modulus and
for fixed Em the frequencies increase with increasing soil stiffness kw. However, in this case
the growth is more or less steady; for example, the first frequency increases by about 6.45%
when Em=2 GPa and the value of kw is increased from e 4800 kN/m3 to 128000 kN/m3, while
for Em=10 GPa the corresponding increase is about of 5.84%.
In this case, unlike in Model 1, the five frequencies of the tower are less influenced by soil
stiffness. In fact, the tower’s bending stiffness is mainly influenced by the constraint of the
adjacent walls, while the vertical deformability of the soil under the base seems to make a
negligible contribution to the overall deformability of the system. In this case, also unlike in
Model 1, the experimental frequency values intercept the surfaces of the numerical frequencies, thus indicating that Model 2 can provide a good approximation of the actual dynamic
behavior of the tower.
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Figure 8: Model 2, first frequency as a function of Young’s modulus Em and soil stiffness kw.

Figure 9: Model 2, second frequency as a function of Young’s modulus Em and soil stiffness kw.
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Figure 10: Model 2, third frequency as a function of Young’s modulus Em and soil stiffness kw.

Figure 11: Model 2, fourth frequency as a function of Young’s modulus Em and soil stiffness kw.
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Figure 12: Model 2, fifth frequency as a function of Young’s modulus Em and soil stiffness kw.

The results of the model updating procedure conducted on Model 2, for Em [GPa] and kw
[kN/m3] varying in the intervals given in (2), as in the case of Model 1, are the following

E opt
m

5.327 GPa,

k opt
w

1.28 105 kN/m3,

(4)

with k opt
w coinciding with the right end of the interval in (2). The corresponding numerical frequencies and the relative errors with respect to the experimental frequencies are summarized
in Table 3.

Mode 1
Mode 2
Mode 3
Mode 4
Mode 5

Exp. freq.
[Hz]
1.11
1.39
3.45
4.64
5.37

Num. freq.
[Hz]
0.98
1.29
3.65
4.64
5.71

Relative error
[%]
11.71
7.19
-5.80
0.0
-6.33

Table 3: The first five numerical frequencies of Model 2 corresponding to the optimal values in (4) with the relative errors with respect to the experimental values.

The errors in this case are still consistent, but lower (about one half) than those shown in Table 2 for Model 1.
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Finally, if model updating is performed considering as unknown parameters Em, kw and the
elastic constants kX1, kX2 and kY of the lateral springs as well, for kX1, kX2 and kY [N/m] varying in the interval [1.0 108, 7.0 1021], then the optimal values are

E opt
m

4.53 GPa, k opt
w

0.69389 105 kN/m3, k opt
X1

k opt
X2

k opt
Y

3.5 1021 N/m.

(5)

The corresponding numerical frequencies and the relative errors with respect to the experimental frequencies are reported in Table 4.

Mode 1
Mode 2
Mode 3
Mode 4
Mode 5

Exp. freq.
[Hz]
1.11
1.39
3.45
4.64
5.37

Num. freq.
[Hz]
1.13
1.39
3.50
4.97
6.05

Relative error
[%]
-1.80
0.0
-1.45
-7.11
-12.66

Table 4: The first five numerical frequencies of Model 2 corresponding to the optimal values in (5) with the relative errors with respect to the experimental values.

For the sake of comparison, we recall the results obtained in [13] considering the tower
clamped at the base and assuming that the horizontal displacements of the points adjacent to
the church (magenta and red points in Figure 2) are prevented. The model updating conducted
in [13] with Em as the unknown parameter yielded the following optimal value

Eopt
m

4.20 GPa,

(6)

and the frequencies reported in Table 5.

Mode 1
Mode 2
Mode 3
Mode 4
Mode 5

Exp. freq.
[Hz]
1.11
1.39
3.45
4.64
5.37

Num. freq.
[Hz]
1.18
1.43
3.37
4.93
6.00

Relative error
[%]
-6.31
-2.88
-2.32
-6.25
-11.73

Table 5: The first five numerical frequencies of the tower clamped at the base with the horizontal displacements
prevented [13] corresponding to the optimal value in (6) with the relative errors with respect to the experimental
values.

Thus, a comparison of Table 4 to Table 5 shows that taking into account both the deformability of the adjacent constraints and the soil–structure interaction allows for appreciably finetuning the model and improving the simulation of the experimental results.
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4

CONCLUSIONS

This paper is devoted to studying the effects of soil deformability and adjacent buildings on
the dynamic behavior of masonry towers. The investigation relies on the use of some experimental results collected during a long-term dynamic monitoring campaign on the San Frediano bell tower in Lucca and an automated model updating procedure implemented in the
NOSA-ITACA code.
The paper shows that soil stiffness can significantly affect the dynamic behavior of isolated
towers, while in the case of towers connected to other buildings, the model’s global stiffness
is very sensitive to the kind of connection with the adjacent structures. The use of automated
model updating procedures can help fine-tune the FE model, and enables estimating the stiffness of both the soil and the lateral constraints.
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Abstract. This paper presents the preliminary results of an ongoing research on a masonry
arch bridge in the neighborhood of Todi (Umbria, Italy). Forced and ambient vibration tests
(AVTs) were carried out in year 2016 on the masonry arch bridge. High-sensitivity piezoelectric
accelerometers, a laser vibrometer and a radar interferometer were used to record the structural
response. The structure exhibited typical mechanical deterioration phenomena: longitudinal
cracks below the vault, material detachment in the voussoir as well in the spandrel wall and
damage of the abutments. The damage level of the masonry was even worsened by vegetation
grown between the cracks of the stones. The Enhanced Frequency Domain Decomposition
(EFDD) method was used to identify the experimental natural frequencies and mode shapes.
The experimental modal properties were ﬁnally used to calibrate an accurate Finite Element
(FE) numerical model developed using a photogrammetric survey based on high-resolution
images provided by UAV (Unmanned Aerial Vehicle) . In 2017 a restoration process was started
aimed to strengthen the tested structure. The experimental tests were repeated at the end of the
restoration process. In particular, AVTs were carried out using high-sensitivity accelerometers
located in the same positions used before the restoration process. In this paper, the comparison
of the natural frequencies and the vibration modes, obtained be-fore and after the restoration
process, is presented in order to discuss the effect of severe dam-age on the masonry arch bridge.
Furthermore, this comparison is used to gather information on the effect of the restoration
activities on the dynamic properties of the masonry arch bridge. The obtained results are crucial
for calibrating suitable numerical models in both the different stages using a multidisciplinary
approach, which uses UAV technology and photogrammetry techniques.
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Figure 1: Images of the historic masonry arch bridge before the strengthening: general view of the North (a) and
South (b) side.

1

INTRODUCTION

Masonry arch bridges are one of the most common structural typology present in the worldwide cultural heritage. Today many of these ancient constructions are characterized by severe
damage conditions due to natural hazards, foundation settlements and inherent degradation with
time resulting in loss of strength, stiffness and physical properties [1, 2, 3, 4]. All these factors
can affect negatively the structural performance of this kind of constructions often requiring
repair and/or strengthening. Over the past decades a large number of experimental studies have
been devoted to the investigation of the effectiveness of different strengthening works applied
to ancient masonry building but only limited studies used full-scale structures.
Finite element (FE) models can be considered as a predominant tool to investigate the structural performance of historic masonry structures and several contributions can be found in literature [5, 6]. In spite of this, the numerical modeling of historic masonry structures is still a
challenging task since they may be characterized by a signiﬁcant level of complexity in terms
of geometry, existing damage and mechanical properties [7, 8, 9, 10]. Modern survey technique
such as terrestrial laser scanning and photogrammetry can be suitably used for describing accurately the geometric complexity of the structural members and the irregularities consisting in
lacking material volumes due to a severe damage [11, 12, 13]. The proper estimation of the
mechanical properties can be performed by means of expensive and invasive procedures, often
impossible to be carried out [13]. For this reason, AVTs can be used to extract data on the modal
properties of the tested structures [14, 15, 16, 17] and the unknown numerical model parameters
can be estimated by solving optimization procedures aimed at minimizing the distance between
the model predicted and the measured modal parameters [18, 19, 20, 21, 22, 23, 24].
This work presents the results of an ongoing research on a masonry arch bridge in the neighborhood of Todi (Umbria, Italy). The bridge is characterized by an irregular segmental arch,
with a span and a rise higher than 10 m and 4 m, respectively. The structure exhibited typical
mechanical deterioration phenomena consisting in cracks below the vault, material detachment
in the side walls and the arches and damage of the West and east abutment. The damage level of
the masonry was even worsened by vegetation grown between the cracks of the stones (Figure
1(a-b)). In 2017 a restoration process was started mainly consisting in a conservative restoration
of the walls (cleaning, coating and grouting) and the planking level and a structural reinforcement of the vault and the masonry walls (Figure 2(a-b)).
The main purpose of this research is to determine the strengthening effects on the dynamic
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Figure 2: Images of the historic masonry arch bridge after the strengthening: general view of the South side (a)
and wall (b).

properties of this full-scale severely damaged masonry structure before and after strengthening.
AVTs were carried out on Case A (i.e. severely damaged bridge) and Case B (i.e. strengthened
bridge). Two FE models were developed starting from the digital geometric survey: one derived
from photogrammetric survey that accurately describes the damage state (lack of material) and
one regularizing the surfaces describing the post-strengthening state. The modal properties
identiﬁed from both numerical models and the experimental works are compared highlighting
the effect of important structural strengthening on the dynamic properties accounting for an
accurate geometric description of the geometric irregularities due to severe damage.
2

EXPERIMENTAL MEASUREMENTS

The dynamic characterization of the masonry arch bridge before and after strengthening
has been performed by Enhanced Frequency Domain Decomposition (EFDD) [25, 26] using
vibration response in operating conditions and classical contact measurements. For the sake of
clarity in the following the experimental results obtained before and after strengthening will be
referred to as ”Case A”and ”Case B”, respectively.
2.1

Case A: AVTs for severely damaged masonry bridge

AVTs were carried out on the severely damaged masonry arch bridge in 2016 [28]. The
dynamic response of the tested structure was measured using nine uni-axial accelerometers
(model PCB 3939B12, 10 V/g sensitivity) located in different positions in order to obtain three
different setups, to be used for the identiﬁcation of vertical, horizontal and torsional vibration
modes. The three sensor layouts are reported in Figure 3(a-b-c). Three sensors were installed
at the keystone section of the arch to be used as a reference system for the analysis: two sensors
were placed in the South side, giving measurements in both vertical and transversal directions
while the third sensor was placed in the North side giving measurements in the vertical direction
(red arrows in Figure 3(a-b-c)).
The testing methodology consisted in three different measurements, each recording 900 s
time series with a sampling frequency of 1653 Hz, which is the minimum sampling frequency
available for the used system, NI 9234 module with cDAQ 9188, due to inner anti aliasing ﬁlter.
Since the power spectral density matrix estimated from the raw acceleration data showed a sig-
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Figure 3: AVTs before strengthening: accelerometers arrangement used in Setup#1 (a), Setup#2 (b) and Setup#3
(c). Accelerometers arrangement for the AVTs after strengthening (d). Reference sensors are indicated in red.
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Figure 4: First four vibration modes of the masonry arch bridge before (a-d) and after (e-h) strengthening.

niﬁcant frequency content between zero and 20 Hertz, the recorded data were downsampled to
27.55 Hz, offsets and drifts were removed. A low pass ﬁlter of order 3 with a cut-off frequency
equal to 27.548 Hz was also applied.
The obtained natural frequencies are summarized in Table 1 and the corresponding vibration
modes are reported in Figure 4(a-d). The The ﬁrst four vibration modes are satisfactory identiﬁed from the AVTs. Two Out-of-Plane (OoP) modes (M1EXP,A , M3EXP,A ) and two In-Plane
(IP) modes (M2EXP,A , M4EXP,A ) can be distinguished. Some modes present nearly symmetric
conﬁguration (M1EXP,A , M4EXP,A ), while others are antisymmetric (M2EXP,A , M3EXP,A ).
Given a set of experimental modal vectors it is possible to estimate the auto-MAC matrix
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Table 1: Modal features obtained from experimental tests before strengthening.

f [Hz]
8.77
13.93
14.72
17.76

Mode
M1EXP,A
M2EXP,A
M3EXP,A
M4EXP,A

Mode’s type
1 OoP-Symmetric
1st IP-Antisymmetric
2nd OoP-Antisymmetric
2nd IP-Symmetric
st
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Figure 5: Components of the auto-MAC matrix evaluated on the identiﬁed natural mode shapes before (a) and after
(b) strengthening.

[27], whose components are the auto-MAC numbers. The auto-MAC numbers are able to measure the degree of correlation between pair of modal vectors, assuming values equal to 1 or 0 for
perfect correlation or no correlation, respectively. The auto-MAC numbers are very sensitive
to the load non-stationarities and to the noisy reference modal vector. For this reason the autoMAC is used in order measure the quality of the measurements. The optimal auto-MAC matrix
should be characterized by values equal to one on the diagonal and zero otherwise. In this case
study, the diagonal terms in diagonal auto-MAC matrix are equal to 1 since each modal vector
is paired with itself, while the out-of-diagonal components are not all equal to 0 (Figure 5(a)).
It should be noted that the auto-MAC number between the two OoP modes is higher than 0.4,
that can be due the low level of vibrations and the related noise in the reference modal vectors,
as well as to the combination process of three different setups.
2.2

Case B: AVT for strengthened masonry arch bridge

AVTs were carried out on the strengthened masonry arch bridge in 2017. The dynamic
response of the tested structure was measured using ﬁfteen uni-axial accelerometers (model
PCB 3939B12, 10 V/g sensitivity).
Accelerometers were placed on both sides of the deck giving measurements in both vertical
and transversal direction according to Figure 3(d). The testing methodologies consisted in two
different measurements, each recording 1800 s time series with a sampling frequency of 200
Hz. Since the power spectral density matrix estimated from the raw acceleration data showed a
signiﬁcant frequency content between zero and 40 Hertz, the recorded data were downsampled
to 50 Hz and offsets and drifts were removed.
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Table 2: Modal features obtained from experimental tests after strengthening.

Mode
M1EXP,B
M2EXP,B
M3EXP,B
M4EXP,B

f [Hz]
10.96
17.78
22.62
32.48

Mode’s type
1 OoP-Symmetric
nd
2 OoP-Antisymmetric
1st IP-Symmetric
2nd IP-Antisymmetric
st

The obtained natural frequencies are summarized in Table 2 and the corresponding vibration
modes are reported in Figure 4(e-h). The ﬁrst four vibration modes are satisfactory identiﬁed
from the AVTs. Two Out-of-Plane (OoP) modes (M1EXP,B , M2EXP,B ) and two In-Plane (IP)
modes (M3EXP,B , M4EXP,B ) can be distinguished. Some modes present nearly symmetric conﬁguration (M1EXP,B , M3EXP,B ), while others are clearly antisymmetric (M2EXP,B , M4EXP,B ).
Figure 5(b) show the auto-MAC matrix characterized by diagonal elements equal to 1 with the
out-of-diagonal components all lower than 0.20 indicating good quality measurement.
2.3

Comparison

Figure 6 (a) compares the vibration modes obtained from the AVTs before and after strengthening in terms of MAC matrix. The MAC matrix has a similar meaning of the auto-MAC: the
MAC matrix components are the MAC numbers estimated from each pair of vibration modes
obtained from the experimental measurements carried out before and after strengthening. The
diagonal MAC terms are equal to zero with the exception of the MAC value of the pair given
by the ﬁrst OoP symmetric mode M1EXP,A and M1EXP,B (equal to 0.6). The MAC value of the
pair given by M2EXP,A and M4EXP,B (IP-Antisymmetric) is equal to 0.83; the MAC value of the
pair given by M3EXP,A and M2EXP,B (OoP-Antisymmetric) is equal to 0.56 and ﬁnally the MAC
value of the pair given by M4EXP,A and M3EXP,B (IP-symmetric) is equal to 0.86. This indicates
a shift between the natural frequencies and the corresponding vibration modes caused by the
the mass and the stiffness change due to the important structural strengthening.
Figure 6 (b) compares the natural frequencies identiﬁed by the measurements before and after
strengthening in terms of percentage relative differences Δ = (fiEXP,B − fiEXP,A )/fiEXP,B ×
100. These percentage differences have been estimated reordering the natural frequencies such
that they correspond to the same mode shape using the maximum MAC number. It should be
noted that an increase of the natural frequencies higher than 15 % occur in all cases, with a
maximum percentage difference higher than 55 % occurring for the IP-Antisymmetric mode
shape (i.e. f2EXP,A and f4EXP,B ).
3

FINITE ELEMENT ANALYSIS

Two preliminary FE models have been set up in ABAQUS [29] environment in order to
numerically reproduce the modal behavior of the tested structure before and after strengthening.
The ﬁrst numerical model will be referred to as ”Model A” and it corresponds to the severely
damage state (Figure 7(a)). The geometry was carefully deﬁned based on a photogrammetric
survey provided by drones as an assembly of ﬁve main substructures, namely the arches, the
vault, the side walls, the ﬁlling and the gallery. It should be noted that the photogrammetric
based survey provided an accurate representation of the bridge geometry with respect to its external envelope, allowing to model some important details, such as the lack fo materials in the
spandrel, the abutments and the arches. All these volumes were modeled extruding the hole
proﬁle obtained from the survey with a constant depth. The initial mechanical characteristics
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Figure 6: Comparison between the experimental results obtained before and after strengthening: MAC matrix (a)
and percentage relative difference in terms of modal frequencies (b).
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Figure 7: 3D FE models before and after strengthening: Model A (a) and Model B (b).

of all the ﬁve substructures are selected according to the prescription of the recent Italian instructions [30, 31, 32]. Table 3 provides a summary of the of the main mechanical properties
of the chosen materials in terms of Young’s modulus E and mass density ρ. The Poisson’s ratio
was taken constant for all the materials with a value equal to 0.2. The second numerical model
will be referred to as ”Model B” and it corresponds to the strengthened state (Figure 7(b)). The
geometry was obtained regularizing the external surfaces of Model A. In this case the initial mechanical characteristics of all the ﬁve substructures are set according to the prescription of the
recent Italian instructions multiplied by a coefﬁcient α, able to account for the good condition
of the mortar (Table 3).
The ﬁrst four mode shapes of the masonry arch bridge in its severely damaged state are
shown in Figure 8(a-d). It is worth noting that the second and the third numerical mode shapes
(M2F EM,A and M3F EM,A ) are inverted with respect to the experimental modes. This is mainly
due to the geometric irregularities considered in the detailed FE model and to the severely damaged state of the vault with several cracks and lacking material. Table 4 compares the natural
frequencies identiﬁed by the Model A with the measured ones in terms of relative differences

2305

Chiara Pepi, Nicola Cavalagli, Massimiliano Gioffré and Vittorio Gusella

Table 3: Mechanical parameters of the materials used in the FE models: elastic moduli E, mass density ρ and
correction coefﬁcient α.

D

H

ρ[t/m3 ]
2.2
2.2
2.0
1.9
1.8

E[M P a]
2800
2400
1230
870
1500

Structural Part
Arches
Vault
Side walls
Filling
Gallery

0)(0$

E 0)(0$

0)(0%

I 0)(0%

F 0)(0$

J 0)(0%

α
1.2
1.2
1.4
1.5
1.5
G

K

0)(0$

0)(0%

Figure 8: First four numerical mode shapes of the masonry arch bridge estimated from the FE models before (a-d)
and after (e-h) strengthening .

Δ = (fiEXP,A − fiF EM,A )/fiEXP,A × 100. Also in this case the natural frequencies are reordered
such that that they correspond to the same mode shape accounting for the mode shape/natural
frequency switching. It can be seen that the maximum relative difference occur for the second
OoP-antisymmetric mode (i.e. M3EXP,A , M2F EM,A ).
The ﬁrst four mode shapes of the masonry arch bridge in its strengthened state are shown in
Figure 8(e-h). Figure shows that the mode shapes obtained are the same of those obtained experimentally. Comparison of the numerically and experimentally identiﬁed natural frequencies
are shown in Table 5 in terms of Δ = (fiEXP,B − fiF EM,B )/fiEXP,B × 100. The maximum error
between the natural frequencies is obtained for the second IP-antisymmetric mode, higher than
33 %.
Table 4: Comparison between experimental and initial numerical natural frequencies of Model A.

Mode
1st OoP-Symmetric
1st IP-Antisymmetric
2nd OoP-Antisymmetric
2nd IP-Symmetric

f EXP,A
8.77
13.93
14.72
15.76

f F EM,A
8.69
15.31
14.70
16.01
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0.82
9.90
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Table 5: Comparison between experimental and initial numerical natural frequencies of Model B.

Mode
1st OoP-Symmetric
2nd OoP-Antisymmetric
1st IP-Symmetric
2nd IP-Antisymmetric
4

f EXP,B
10.96
17.78
22.62
32.48

f F EM,B
10.86
18.47
20.20
21.69

Δ[%]
0.92
3.82
10.69
33.22

CONCLUSION

The objective of this study was to carry out AVTs on the damaged and the strengthened
full-scale masonry arch bridge in order to assess the effect of strengthening on the dynamic
properties using both measurements and numerical analyses.
From the experimental measurements four natural frequencies were identiﬁed within the
range [8.77 − 17.76] Hz and [10.96 − 32.48] Hz respectively for the severely damaged (Case A)
and the strengthened (Case B) masonry arch bridge; further two IP and two OoP ( symmetric
and antisymmetric) vibration modes were identiﬁed in both cases. When the dynamic properties
obtained from the measurements carried out in the two different cases are compared to each
others two majors conclusions can be drawn: ﬁrst, natural frequencies obtained in Case B were
signiﬁcantly higher than those obtained in Case A; second, after the strengthening the obtained
vibration modes were more distinctive and natural frequency/vibration mode switchings were
observed for the two IP modes and the second OoP antisymmetric mode.
The results obtained from the measurements were than compared to the results obtained from
the numerical analysis starting from two different preliminary FE models: one able to describe
the geometric irregularities due to the presence of existing damage and one describing the post
strengthened state. It turns out the the adopted simulations are in both cases able to reproduce
the modal behavior of the tested structure; natural frequencies and mode shapes match their experimental counterparts although in the post strengthened scenario the model predicted natural
frequencies relative to the two IP vibration modes were signiﬁcantly underestimated.
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case study of the Podestà palace in Montelupone (Italy), Journal of Civil Structural Health
Monitoring, 7, 703-717, 2017.
[10] N. Cavalagli and V. Gusella, Dome of the Basilica of Santa Maria degli Angeli in Assisi:
Static and Dynamic Assessment), International Journal of Architectural Heritage, 9, 157175, 2015.
[11] M. Korumaz, M. Betti, A. Conti, G. Tucci, G. Bartoli, V. Bonora, A.G. Korumaz and
L. Fiorini, An integrated Terrestrial Laser Scanner (TLS), Deviation Analysis (DA) and
Finite Element (FE) approach for health assessment of historical structures. A minaret
case study, Engineering Structures, 153, 224 - 238, 2017.
[12] E. Ridolﬁ, G. Bufﬁ, S. Venturi and P. Manciola, Accuracy Analysis of a Dam Model from
Drone Surveys, Sensors, 17, 1777, 2017.
[13] L.J. Sánchez-Aparicio, A. Bautista-De Castro, B. Conde, P. Carrasco and L. F. Ramos,
Non-destructive means and methods for structural diagnosis of masonry arch bridges, Automation in Construction, 104, 360-382, 2019.
[14] D.J. Ewins, Modal testing: theory and practice, Mechanical engineering research studies:
Engineering dynamics series,1984.
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Keywords:$UFKLWHFWXUDOKHULWDJHJHRPDWLFVDPELHQWYLEUDWLRQWHVWG\QDPLFLGHQWLILFDWLRQ
PRGHOXSGDWLQJQXPHULFDOVLPXODWLRQ
Abstract. The development of realistic numerical models able to replicate as closely as possible the actual structural behaviour of heritage buildings is crucial for a thorough assessment of their structural performance against exceptional scenarios. In this regard, higher
accuracy can be achieved by leveraging a multidisciplinary approach that integrates multiple
contributions from different fields, such as geomatics, dynamics and computational modelling.
In the present paper, this strategy is applied to the tower keep of the Guimarães castle, in
Portugal, a masonry fortified structure dating back to the X century. Starting from an accurate laser scanner survey, a detailed numerical model has been created resorting to efficient
algorithms able to represent complex situations. Furthermore, by exploiting the dynamic
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properties extracted from the processing of vibration data collected during field dynamic testing, the mechanical characteristics of the constituent materials of the tower have been estimated by means of a model updating technique embedded in a trust-region scheme
implemented in the NOSA-ITACA code. The results obtained so far allowed to establish valuable baseline information that will be of pivotal importance to catch possible changes in the
tower’s response and to perform more in-depth structural analyses.
1

INTRODUCTION

+HULWDJHVWUXFWXUHVUHSUHVHQWDVLJQLILFDQWSDUWRIRXUEXLOWHQYLURQPHQW%HVLGHVWKHLUFXO
WXUDODQGVRFLDOLPSRUWDQFHKLVWRULFDOEXLOGLQJVDQGVLWHVDUHWRXULVWLFDWWUDFWLRQVWKDWSRVLWLYH
O\ LPSDFW WKH HFRQRP\ RI WKH FLWLHV DQG FRXQWULHV LQ ZKLFK WKH\ DUH ORFDWHG 7KXV WKH
SUHVHUYDWLRQRIWKHEXLOWKHULWDJHLVRISULPDU\FRQFHUQDWWKHORFDODQGJOREDOVFDOHDQGJRHV
EH\RQGFXOWXUDOUHTXLUHPHQWV
6LQFHDQFLHQWFRQVWUXFWLRQVKDYHEHHQH[SRVHGWRDJLQJ DQGGHWHULRUDWLRQSKHQRPHQDIRU
FHQWXULHVWKH\DUHSDUWLFXODUO\YXOQHUDEOHWRQHZWKUHDWVDQGGDPDJHV0DWHULDODJLQJSROOX
WLRQ LPSDFW ORQJWHUP HIIHFWV RI JURXQG VXEVLGHQFH HQYLURQPHQWDO YLEUDWLRQV DQG H[WUHPH
HYHQWVDUHMXVWVRPHRIWKHPDLQFDXVHVRIGDPDJHLQKLVWRULFDOVWUXFWXUHV,IQRWGHWHFWHGLQ
GXHWLPHGDPDJHFDQLUUHYHUVLEO\LPSDLUWKHVWUXFWXUDOSHUIRUPDQFHRYHUWLPH+RZHYHUWKH
VWUXFWXUDODVVHVVPHQWRIEXLOWKHULWDJHGRHVFRQFHDOPDQ\FKDOOHQJHVRZLQJWRWKHJHRPHWULFDO
FRPSOH[LW\FKDUDFWHUL]LQJDJHROG FRQVWUXFWLRQV WKHKHWHURJHQHLW\RIPDWHULDOV DQGEXLOGLQJ
WHFKQLTXHVDGRSWHGDVZHOODVWKHOLPLWHGNQRZOHGJHDERXWSDVWHYHQWVDQGLQWHUYHQWLRQVWKDW
PLJKWKDYHDIIHFWHGWKHLUDFWXDOFRQVHUYDWLRQVWDWH>@
,Q WKLV FRQWH[W SUHYHQWLYH VWUDWHJLHV EDVHG RQ UHJXODU FRQGLWLRQ VXUYH\V DQG SHULRGLF RU
FRQWLQXRXVVWUXFWXUDOPRQLWRULQJDUHIXQGDPHQWDOWRREWDLQDJOREDOLQVLJKWLQWRWKHEHKDYLRXU
RI VXFK QRQFRQYHQWLRQDO V\VWHPV DQG SURPSWO\ LGHQWLI\ DQRPDOLHV LQ RUGHU WR SODQ LQ DG
YDQFHDGHTXDWHFRUUHFWLYHPHDVXUHVDQGHQVXUHWKHJRRGFRQVHUYDWLRQRIRXUEXLOWKHULWDJH>@
>@>@$WWKHVDPHWLPHWKHFRPSOH[LW\RIROG FRQVWUXFWLRQVUHTXLUHVWKHXVHRIDGYDQFHG
WRROV IRU WKHLU DFFXUDWH GRFXPHQWDWLRQ DQG DVVHVVPHQW WU\LQJ WR LPSURYH WKH OHYHO RI
NQRZOHGJHDERXWWKHVWUXFWXUHDQGWRREWDLQUHIHUHQFHLQIRUPDWLRQIRUSRVWHYHQWDQDO\VLVLQ
FDVH RI XQH[SHFWHG VFHQDULRV $ PXOWLGLVFLSOLQDU\ DSSURDFK LQWHJUDWLQJ KLJKUHVROXWLRQ VXU
YH\VILHOG G\QDPLFWHVWLQJDQGILQLWHHOHPHQW PRGHOOLQJ LV WKHUHIRUHQHFHVVDU\ WR DFKLHYH D
IXOOFRPSUHKHQVLRQRIKLVWRULFDOEXLOGLQJV>@
,QWKHSUHVHQWZRUNWKLVVWUDWHJ\LVDSSOLHGWRDQDQFLHQWPDVRQU\WRZHUNHHSORFDWHGLQWKH
KHDUWKRIWKHPHGLHYDOFDVWOHRI*XLPDUmHVLQ3RUWXJDO)LUVWDQDFFXUDWHVXUYH\LVSHUIRUPHG
XVLQJDWHUUHVWULDOODVHUVFDQQHULQRUGHUWRPDSWKHH[LVWLQJGDPDJHVDQGGHYHORSDQDFFXUDWH
'QXPHULFDOPRGHO7KHQDPELHQWYLEUDWLRQWHVWVDUHFDUULHGRXWWRH[WUDFWPHDQLQJIXOLQ
IRUPDWLRQ DERXW WKH PRVW VLJQLILFDQW G\QDPLF SDUDPHWHUV RI WKH NHHS QDPHO\ IUHTXHQFLHV
PRGH VKDSHV DQG GDPSLQJ UDWLRV )LQDOO\ WKH H[SHULPHQWDO UHVXOWV DUH XVHG WR FDOLEUDWH
WKURXJKDPRGHOXSGDWLQJSURFHGXUHEDVHGRQDWUXVWUHJLRQVFKHPH>@WZRUHILQHG)(PRG
HOVRIWKHWRZHULQRUGHUWRHVWLPDWHWKHPHFKDQLFDOFKDUDFWHULVWLFVRILWVFRQVWLWXHQWPDWHULDOV
5HVHDUFKLVVWLOOLQSURJUHVVWRDFKLHYHDYHU\DFFXUDWHVLPXODWLRQRIWKHG\QDPLFEHKDYLRXURI
WKHNHHSKRZHYHUWKHREWDLQHGUHVXOWVDOORZHGWRVHWEDVHOLQHLQIRUPDWLRQWKDWZLOOEHFUXFLDO
WRLGHQWLI\IXWXUHGHYLDWLRQVLQWKHWRZHU¶VUHVSRQVHDQGWRSHUIRUPPRUHDGYDQFHGVWUXFWXUDO
DQDO\VHV
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2

FROM REALITY TO “AS-BUILT” CAD MODELLING

2.1

Guimaraes castle´s tower keep

/RFDWHGLQWKHKLVWRULFDOFHQWHURIWKHKRPRQ\PRXVFLW\ 'LVWULFWRI%UDJD3RUWXJDO WKH
PHGLHYDO FDVWOH RI *XLPDUmHV LV D ILYHVLGHG SRO\JRQDO PLOLWDU\ IRUWLILFDWLRQ HUHFWHG GXULQJ
WKH;FHQWXU\ ODWH5RPDQHVTXHHDUO\*RWKLFSHULRG RQDVPDOOKLOOIRUPHGIURPJUDQLWH7KH
FDVWOHZDVSULPDULO\EXLOWWRGHIHQGWKH0RQDVWHU\RIWKHFLW\DQGLWVSRSXODWLRQIURPWKHDW
WDFNVRI9LNLQJVDQG0RRUVEHFRPLQJQRZDGD\VDV\PERORIWKH3RUWXJXHVHQDWLRQDOLGHQWLW\
7KHFRQVWUXFWLRQLVGHOLQHDWHGE\WKLFNSHULPHWUDOZDOOVZKLFKJLYHULVHWRDVKDSHVLPLODUWRD
VKLHOG(LJKWIODQNLQJWRZHUV WXUUHWV FDQEHIRXQGDORQJWKHZDOOVZLWKKHLJKWYDU\LQJIURP
WRP7XUUHWVDQGZDOOVVXUURXQGDQGSURWHFWWKHLQQHUPLOLWDU\VTXDUHWRJHWKHUZLWKWKH
PRVWSURPLQHQWWRZHUWKHUHLQORFDWHGWKHFHQWUDOWRZHUNHHS )LJXUHD 7KLVIUHHVWDQGLQJ
VWUXFWXUHPKLJKDQGFRPSRVHGRIIRXUVTXDUHGOHYHOVZLWKDQHVWLPDWHGDUHDRIP
HDFK IHDWXUHV PDVVLYH EHDULQJ ZDOOV PDGH RI WKUHHOHDI UHJXODU JUDQLWH PDVRQU\ YDU\LQJ LQ
WKLFNQHVVIURPDERXWPDWWKHVWIORRUWRPDWWKHWKRQHDQGLVWRSSHGE\EDWWOH
PHQWV &HQWUDOO\ WKH FRQVWUXFWLRQ KDV D VTXDUHG JUDQLWH SLOODU ZKLFK WDSHUV XSZDUGV IURP
DERXW[P EDVH WR[P WRS 7KHSLOODUDQGWKHZDOOVVXSSRUWWKHGRX
EOHZDUSHGZRRGHQIORRURIWKHGLIIHUHQWOHYHOVDVZHOODVWKHZRRGHQWUXVVHVDQGUDIWHUVRI
WKHWLOHGIRXUSLWFKHGURRI )LJXUHE 
D

E

)LJXUH*XLPDUDHVFDVWOHD RXWGRRUYLHZDQGE GHWDLOHGYLHZRIWKHFHQWUDOSLOODUDQGURRIWUXVVHV )LUVW
SKRWRVRXUFHKWWSZZZPRQXPHQWRVJRYSW 

&RQFHUQLQJWKHVWDWHRIFRQVHUYDWLRQWKHWRZHUNHHSH[KLELWVW\SLFDOGDPDJHVDQGGHWHULR
UDWLRQSURFHVVHVPRLVWDUHDVDORQJWKHZDOOVGXHWRZDWHULQILOWUDWLRQDQGGHILFLHQFLHVLQWKH
GUDLQDJHV\VWHPVSUHDGELRORJLFDOFRORQLHVHVSHFLDOO\LQWKHIRUPRIOLFKHQVZLWKKLJKFRQ
FHQWUDWLRQRQWKHPRVWH[SRVHGSDUWVORQJLWXGLQDOFUDFNVLQGXFHGE\WKHRXWRISODQHGHIRU
PDWLRQRIWKHPDLQIDoDGHOLNHO\GXHWRWKHKRUL]RQWDOWKUXVWRIWKHWLPEHUURRIVWUXFWXUH
2.2

3D digitalization via TLS technology

7KHJHRPHWULFDO FRQILJXUDWLRQRIWKH WRZHUZLWK QDUURZVSDFHVDQGXQIDYRUDEOHOLJKWLQJ
FRQGLWLRQVPDGHWKH7HUUHVWULDO/DVHU6FDQQHU 7/6 GHYLFHWKHEHVWVROXWLRQWRGLJLWDOL]HWKH
EXLOGLQJ7KHOLJKWZHLJKW7/6)DUR)RFXV[ZDVXVHGIRUWKLVSXUSRVH )LJXUH ,WV
PRVWUHOHYDQWIHDWXUHVDUHVXPPDUL]HGLQ7DEOH
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7KLUW\WZRVFDQVZHUHQHHGHGWRFDSWXUHWKHZKROHWRZHUNHHS )LJXUH L HLJKWVFDQVWD
WLRQVWRGLJLWDOL]HWKHIDoDGHVLL VL[WHHQVWDWLRQVWRFDSWXUHWKHLQGRRUVSDFHVDQGLLL HLJKW
VFDQVIRUWKHURRIRIWKHWRZHU,WLVZRUWKQRWLQJWKDWWKLVODUJHQXPEHURIVFDQVZDVGXHWR
WKH QHFHVVLW\ RI KDYLQJ D JRRG RYHUODS EHWZHHQ VFDQ VWDWLRQV LQ RUGHU WR FDUU\ RXW D SURSHU
FORXGWRFORXGDOLJQPHQW
6SHFLILFDWLRQ
9DOXH
3K\VLFDOSULQFLSOH
3KDVHVKLIW
:DYHOHQJWK QP 

0HDVXUHPHQWUDQJH P 
WR
)LHOGRIYLHZ GHJUHHV 
9[+
1RPLQDODFFXUDF\YDOXHDWP PP  PP
&DSWXUHUDJH SWVVHF 
WR
6SDWLDOUHVROXWLRQDWP PP 

7DEOH7HFKQLFDOVSHFLILFDWLRQVRIWKH7/6)DUR)RFXV

D

E

)LJXUH'GLJLWL]DWLRQRIWKHWRZHUNHHSWKURXJK7/6D RXWGRRUDQGE LQGRRU

2.3

Point cloud processing

$OOWKHVWDWLRQVZHUHDOLJQHGLQDVLQJOHFRRUGLQDWHV\VWHPE\PHDQVRIWKHFRDUVHWRILQH
UHJLVWUDWLRQ SURSRVHG LQ >@ 7KH DSSURDFK EHJLQV ZLWK D SDLUZLVH UHJLVWUDWLRQ WKURXJK WKH
,&3 ,WHUDWLYH&ORVHWV3RLQW DOJRULWKP>@IROORZHGE\WKH*HQHUDOL]HG3URFUXVWHV$QDO\VLV
*3$ >@ZLWKWKHDLPRIPLQLPL]LQJWKHHUURUDFFXPXODWLRQDPRQJWKHGLIIHUHQWVFDQV$VD
UHVXOWDFRPSOHWH'SRLQWFORXGRIWKHWRZHUZDVREWDLQHGZLWKDQHUURURIP
7KHKXJHDPRXQWRIFDSWXUHGGDWDFRXQWLQJDERXWSRLQWVGHPDQGHGWKHDSSOLFD
WLRQRIDGHFLPDWLRQILOWHUIRUWKHLUPDQLSXODWLRQWKXVDFXUYDWXUHEDVHGILOWHUZLWKDWKUHVK
ROGRIPZDVHPSOR\HG7KLVILOWHUDOORZVWRGHFLPDWHIODWDUHDVZKLOHPDLQWDLQLQJDOOWKH
GHWDLOVLQFXUYHGDUHDV HJHGJHVRUWLPEHUHOHPHQWV $WWKHHQGRIWKHGHFLPDWLRQSURFHVV
WKHILQDOSRLQWFORXGFRQWDLQHGSRLQWV±EDUHO\RIWKHRULJLQDORQH )LJXUH 

2313

/-6iQFKH]$SDULFLR0*0DVFLRWWD'3HOOHJULQL%&RQGH0*LUDUGL&3DGRYDQL
/)5DPRV%5LYHLUR

D

E

)LJXUH'SRLQWFORXGRIWKHWRZHUNHHSD H[WHULRUYLHZDQGE VHFWLRQFURVVLQJWKHFHQWHURIWKHWRZHU

2.4

As-built modelling

$VPHQWLRQHGLQ6XE6HFWLRQWKHPDLQIDoDGHRIWKHWRZHUNHHSVXIIHUVYLVLEOHRXWRI
SODQHGHIRUPDWLRQV:LWKWKHDLPRIFRQVLGHULQJWKLVRXWZDUGGLVSODFHPHQWLQWKHQXPHULFDO
DQDO\VLVRIWKHVWUXFWXUHDQDVEXLOW&$'PRGHOOLQJVWDJHZDVFDUULHGRXWXVLQJWKHUHYHUVH
HQJLQHHULQJZRUNIORZSURSRVHGE\>@7KHDSSURDFKFRQVLVWVRIWKHIROORZLQJVWHSVL '
'HODXQD\WULDQJXODWLRQLL KRUL]RQWDOVHFWLRQVDORQJWKH]D[LVHDFKPLLL EVSOLQHYHF
WRUL]DWLRQRIHDFKVHFWLRQLY FUHDWLRQRIVXUIDFHEHWZHHQEVSOLQHVE\PHDQVRI/RIWHGVXU
IDFHVDQGY UHILQHPHQWRIWKHPRGHOWKURXJKWKHXVHRI%RROHDQRSHUDWRUV )LJXUH 
,Q RUGHU WR IXUWKHU VLPSOLI\ WKH VXEVHTXHQW QXPHULFDO VLPXODWLRQ WKH WLPEHU VWUXFWXUH RI
IORRUV DQG URRI ZDV PRGHOOHG E\ PHDQV RI EVSOLQH FXUYHV 7R WKLV HQG VHYHUDO WUDQVYHUVDO
VHFWLRQV DORQJ WKH GLIIHUHQW WLPEHU HOHPHQWV ZHUH H[WUDFWHG WKHQ D EVSOLQH DSSUR[LPDWLRQ
ZDVFRPSXWHGXVLQJDVQRGHVWKHFHQWURLGRIHDFKVHFWLRQ7KLVDOORZHGWRREWDLQDQDFFXUDWH
DVEXLOW&$'PRGHORIWKHWRZHUWREHODWHUXVHGDVJHRPHWULFDOEDVHIRUGHILQLQJWKHQXPHUL
FDOPHVK VHH6XE6HFWLRQ 

)LJXUH)URPWKHSRLQWFORXGWRWKH&$'PRGHOJUDSKLFDOZRUNIORZ
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3
3.1

OPERATIONAL MODAL ANALYSIS
Dynamic testing procedure

'\QDPLFWHVWLQJFDQEHFRQVLGHUHGDVDJOREDOQRQGHVWUXFWLYHWRROVLQFHLWDOORZVWRREWDLQ
UHDOWLPHSXQFWXDOFKHFNXSVRIWKHVWUXFWXUDOILWQHVVMXVWE\GHSOR\LQJDQDUUD\RIVHQVRUVLQ
WKH VWUXFWXUH DQG UHFRUGLQJ WKH FRUUHVSRQGLQJ YLEUDWLRQ UHVSRQVH WR UDQGRP DPELHQW H[FLWD
WLRQVZLWKRXWUHVRUWLQJWRDQ\LQYDVLYHWHFKQLTXH>@7KLVDVSHFWUHSUHVHQWVRQHRIWKHPD
MRU VWUHQJWKV RI G\QDPLF WHVWLQJ PDNLQJ LW SOD\ D OHDGLQJ UROH LQ WKH FRQWH[W RI VWUXFWXUDO
KHDOWKPRQLWRULQJRIKLVWRULFDOFRQVWUXFWLRQV)URPWKHDQDO\VLVRIYLEUDWLRQVLJQDOVLWLVSRV
VLEOHWRHVWLPDWHWKHG\QDPLFSURSHUWLHVRIDVWUXFWXUDOV\VWHP IUHTXHQFLHVPRGHVKDSHVDQG
GDPSLQJUDWLRV DQGXVHWKLVLQIRUPDWLRQIRUGLIIHUHQWSXUSRVHVLQFOXGLQJWKHLGHQWLILFDWLRQRI
DQRPDOLHVDQGGDPDJHPHFKDQLVPVWKHDVVHVVPHQWRIVWUHQJWKHQLQJQHHGVRUWKHFDOLEUDWLRQ
RIUHDOLVWLFQXPHULFDOPRGHOVIRULQGHSWKVWUXFWXUDODQDO\VHV
$VIRUWKH*XLPDUmHVFDVWOHWKHG\QDPLFFKDUDFWHUL]DWLRQRIWKHWRZHUNHHSZDVSHUIRUPHG
E\ 2SHUDWLRQDO 0RGDO $QDO\VLV 20$  QDPHO\ XVLQJ RXWSXWRQO\ GDWD DFTXLUHG IURP WKH
VWUXFWXUHLQRSHUDWLQJFRQGLWLRQVWKURXJKFODVVLFDOFRQWDFWYLEUDWLRQVHQVRUV(OHYHQXQLD[LDO
SLH]RHOHFWULFDFFHOHURPHWHUV PRGHO3&%%9JVHQVLWLYLW\JG\QDPLFUDQJH
ȝJUHVROXWLRQ ZHUHGLVWULEXWHGDFURVVWKHWRZHULQRUGHUWRPHDVXUHLWVYLEUDWLRQUHVSRQVHDW
VWUDWHJLFORFDWLRQVERWKLQWKHEHDULQJZDOOVDQGWKHFHQWUDOSLOODU7KHWHVWLQJSURFHGXUHFRQ
VLVWHG RI WZR VHWXSV HDFK RQH UHFRUGLQJ  V DFFHOHUDWLRQ WLPH VHULHV VDPSOHG DW  +]
IURPHOHYHQPHDVXUHPHQWSRLQWVWZRDFFHOHURPHWHUVZHUHNHSWRQWKHWRSOHYHODVUHIHUHQFH
SRLQWV IRU WKH DQDO\VLV ,Q WRWDO UHFRUGV IURP WZHQW\ '2)V GHJUHHV RI IUHHGRP  ZHUH DF
TXLUHG7KHFRPSOHWHVHQVRUOD\RXWLVGLVSOD\HGLQ)LJXUH

)LJXUH6HQVRUOD\RXWIRUWKHG\QDPLFWHVWLQJ UHIHUHQFHVHQVRUVDUHLQGLFDWHGLQUHG 

3.2

Data processing and results

7KHG\QDPLFSURSHUWLHVRIWKHWRZHUNHHSZHUHHVWLPDWHGXVLQJWZRRXWSXWRQO\G\QDPLF
LGHQWLILFDWLRQ WHFKQLTXHV DYDLODEOH LQ WKH FRPPHUFLDO VRIWZDUH $57H0,6 >@ LH WKH (Q
KDQFHG )UHTXHQF\ 'RPDLQ 'HFRPSRVLWLRQ ()''  DQG WKH 6WRFKDVWLF 6XEVSDFH ,GHQWLILFD
WLRQZLWK([WHQGHG8QZHLJKWHG3ULQFLSDO&RPSRQHQW 66,83&; %HIRUHHODERUDWLRQGDWD
ZHUHSUHOLPLQDU\DQDO\]HGWRUHPRYHWUHQGVGRZQVDPSOHWKHVLJQDOVDQGUHGXFHOHDNDJHHU
URUV,QGHHGVLQFHWKHSRZHUVSHFWUDOGHQVLWLHVRIWKHUDZWLPHKLVWRULHV GLVSOD\HGDVLJQLIL
FDQWIUHTXHQF\FRQWHQWLQWKHUDQJH±+]DOOGDWDZHUHSUHSURFHVVHGZLWKDGHFLPDWLRQRI
RUGHU  SDVVLQJ IURP  WR  RI VSHFWUDO UHVROXWLRQ $IWHUZDUGV ERWK WKH DIRUH

2315

/-6iQFKH]$SDULFLR0*0DVFLRWWD'3HOOHJULQL%&RQGH0*LUDUGL&3DGRYDQL
/)5DPRV%5LYHLUR

PHQWLRQHGPRGDOHVWLPDWRUVZHUHDSSOLHGDOORZLQJWRFURVVYDOLGDWHWKHUHVXOWVRIHLJKWRXW
RIHOHYHQYLEUDWLRQPRGHVLQWKHIUHTXHQF\DQGWLPHGRPDLQV
7KHHVWLPDWHGQDWXUDOIUHTXHQFLHVDQGGDPSLQJUDWLRVDUHVXPPDUL]HGLQ7DEOHWRJHWKHU
ZLWKWKH0$&YDOXHVLQGLFDWLQJWKHGHJUHHRIVLPLODULW\EHWZHHQFRUUHVSRQGLQJPRGHVKDSHV
2YHUDOOHOHYHQYLEUDWLRQPRGHVZHUHLGHQWLILHGIRUWKHWRZHUNHHSWZRWUDQVODWLRQPRGHVDW
+] f DQG+] f IHDWXULQJLQSKDVH PRGDOFRPSRQHQWVRQHWUDQVODWLRQPRGHDW
 +] f  ZLWK RXWRISKDVH PRGDO FRPSRQHQWV RQH WRUVLRQ PRGH DW  +] f  WZR
EHQGLQJ PRGHV DW  +] f  DQG  +] f  DQG ILYH DGGLWLRQDO KLJKHURUGHU GRPLQDQW
EHQGLQJPRGHVDW f  f  f  f DQG+] f 
φ
φ
φ
φ
φ
φ
φ
φ
φ
φ
φ

f()''>+]@












f66,>+]@












_'f_>@ ȟ()''>@ ȟ66,>@
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7DEOH([SHULPHQWDOIUHTXHQFLHVGDPSLQJUDWLRVDQG0$&YDOXHV KLJKOLJKWHGLQJUH\WKHPRGDOYHFWRUV
IHDWXULQJDORZFRUUHODWLRQ 

9HU\ ORZ SHUFHQWDJH HUURUV LQ WHUPV RI IUHTXHQF\ YDOXHV DUH IRXQG FRPSDULQJ WKH WZR
PRGDO HVWLPDWRUV DQG FRQVLVWHQW UHVXOWV DUH REWDLQHG DV IDU DV WKH GDPSLQJ UDWLRV DUH FRQ
FHUQHG,WLVDOVRKLJKOLJKWHGWKDWGHVSLWHWKHLQKHUHQWGLIILFXOWLHVDVVRFLDWHGZLWKWKHSUHVHQFH
RIFORVHO\VSDFHGIUHTXHQFLHVDKLJKFRUUHODWLRQ 0$&! LVIRXQGEHWZHHQDOOFRPSD
UDEOHYLEUDWLRQPRGHVH[FHSWIRUPRGHVDQG)LJXUHVDQGVKRZUHVSHFWLYHO\WKH
VLQJXODU YDOXH GHFRPSRVLWLRQ 69'  RI WKH VSHFWUDO GHQVLW\ PDWULFHV DQG WKH ILUVW IRXU HVWL
PDWHGPRGHVKDSHV

)LJXUH6LQJXODUYDOXHGHFRPSRVLWLRQSHDNSLFNLQJRIGRPLQDQWIUHTXHQFLHV

2316

/-6iQFKH]$SDULFLR0*0DVFLRWWD'3HOOHJULQL%&RQGH0*LUDUGL&3DGRYDQL
/)5DPRV%5LYHLUR

φ f +]

φ f +]

φ f +]

φ f +]

)LJXUH([SHULPHQWDOPRGHVKDSHVRIWKHWRZHUNHHS XQGHIRUPHGVKDSHLQOLJKWJUH\ 

4
4.1

MODAL-BASED FINITE ELEMENT MODEL UPDATING
Model Updating

0RGHOXSGDWLQJLVDSURFHGXUHDLPHGDWFDOLEUDWLQJDQ)(PRGHOLQRUGHUWRPDWFKWKHH[
SHULPHQWDO DQG QXPHULFDO G\QDPLF SURSHUWLHV IUHTXHQFLHV DQG PRGH VKDSHV  RI D VWUXFWXUH
>@,WLVDQLQYHUVHSUREOHPEDVHGRQPRGDODQDO\VLVZKLFKLQWXUQUHOLHVRQWKHVROXWLRQRI
WKHJHQHUDOL]HGHLJHQYDOXHSUREOHP
Ku Z  Mu



ZKHUHKDQGM  5n[nDUHWKHVWLIIQHVVDQGWKHPDVVPDWULFHVRIWKHVWUXFWXUHGLVFUHWL]HG
LQWR ILQLWH HOHPHQWV u  5n LV WKH YHFWRU RI WKH GHJUHHV RI IUHHGRP ZLWK n EHLQJ WKH WRWDO
QXPEHURI'2)V7KHHLJHQYDOXH ZLLVOLQNHGWRWKHVWUXFWXUH VIUHTXHQF\fLE\WKHUHODWLRQfi
ZiʌDQGWKHHLJHQYHFWRUu i UHSUHVHQWVWKHFRUUHVSRQGLQJPRGHVKDSH
7KHPRGHOXSGDWLQJSUREOHPFDQEHUHIRUPXODWHGDVDQRSWLPL]DWLRQSUREOHPE\DVVXPLQJ
WKDWWKHVWLIIQHVVDQGPDVVPDWULFHVKDQGMDUHIXQFWLRQVRIDSDUDPHWHUYHFWRU[YDU\LQJ
LQ D pGLPHQVLRQDO ER[  7KH JRDO LV WR GHWHUPLQH WKH RSWLPDO YDOXH RI [ WKDW PLQLPL]HV
ZLWKLQWKHER[WKHREMHFWLYHIXQFWLRQI [ GHILQHGE\

I [

q

¦w > f

i

i

 fi [ @  wi q >  J i [ @   

i 

ZKHUH f i DQGfL [ DUHWKH qH[SHULPHQWDO DQGQXPHULFDO IUHTXHQFLHVWR PDWFK VFDODUV J i
DUHWKHVTXDUHURRWRIWKHPRGDODVVXUDQFHFULWHULRQ 0$& LQGLFDWRUV>@DQGPHDVXUHWKH
FRUUHODWLRQEHWZHHQWKHi-WKH[SHULPHQWDOPRGHVKDSHDQGWKHFRUUHVSRQGLQJQXPHULFDORQH
ZKLOHVFDODUVwLHQFRGHWKHZHLJKWWKDWVKRXOGEHJLYHQWRHDFKIUHTXHQF\DQGPRGHVKDSHLQ
WKHRSWLPL]DWLRQVFKHPH8VXDOO\WRREWDLQUHODWLYHDFFXUDF\RQWKHIUHTXHQFLHVwLLVFKRVHQ
HTXDOWRWKHLQYHUVHRIWKHH[SHULPHQWDOIUHTXHQF\$VIRUWKHHLJHQPRGHVZHLJKWVDUHW\SL
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FDOO\IL[HGWRWKLVYDOXHUHVSHFWVWKHDFFXUDF\RIWKHLQIRUPDWLRQUHWULHYHGIURPWKHLGHQWL
ILFDWLRQSKDVHZKHUHLQJHQHUDOHLJHQYHFWRUVDUHREWDLQHGZLWKRQHPDJQLWXGHORZHUDFFXUD
F\WKDQWKHFRUUHVSRQGLQJIUHTXHQFLHV
7KH QXPHULFDO SURFHGXUH IRU PRGHO XSGDWLQJ KHUHLQ XVHG WR REWDLQ WKH RSWLPDO YDOXHV RI
WKH SDUDPHWHU YHFWRU [ DQG GHVFULEHG LQ GHWDLO LQ >@ >@ LV LPSOHPHQWHG LQ WKH 126$
,7$&$ FRGH >@ D ILQLWH HOHPHQW VRIWZDUH GHYHORSHG LQ KRXVH E\ ,67,&15
ZZZQRVDLWDFDLW 7KH DOJRULWKP LV EDVHGRQWKHFRQVWUXFWLRQRIORFDO SDUDPHWULFUHGXFHG
RUGHUPRGHOVHPEHGGHGLQDWUXVWUHJLRQVFKHPHIRUVROYLQJWKHFRQVWUDLQHGPLQLPXPSURE
OHP,QSDUWLFXODULWH[SORLWVWKHVWUXFWXUHRIWKHVWLIIQHVVDQGPDVVPDWULFHVDQGWKHIDFWWKDW
RQO\ D IHZ RI WKH VPDOOHVW HLJHQYDOXHV KDYH WR EH FDOFXODWHG LQ RUGHU WR VROYH WKH SUREOHP
7KLV SURFHGXUH UHGXFHV ERWK WKH RYHUDOO FRPSXWDWLRQ WLPH RI WKH QXPHULFDO SURFHVV DQG WKH
XVHU¶VHIIRUW
4.2

FE Model Calibration

:LWKWKHDLPRIXQGHUVWDQGLQJWKHG\QDPLFEHKDYLRURIWKHWRZHUDQGWKHPXWXDOLQWHUDF
WLRQ EHWZHHQ ZRRGHQ HOHPHQWV DQG PDVRQU\ VWUXFWXUH WZR GHWDLOHG )( PRGHOV KHUHLQDIWHU
UHIHUUHGWRDV0RGHO$DQG0RGHO%ZHUHFUHDWHGYLDWKH126$,7$&$FRGHDQGFDOLEUDWHG
XVLQJWKHH[SHULPHQWDOUHVXOWVSUHVHQWHGLQ6HFWLRQ7KHPHVKRIHDFKPRGHOZDVREWDLQHG
IURPWKHDVEXLOW&$'PRGHOGHVFULEHGLQ6XE6HFWLRQ$LPLQJDWH[SORLWLQJDOOWKHGH
ILQHGJHRPHWULFDOIHDWXUHVDWHWUDKHGUDOPHVKDOJRULWKPZLWKKLJKRUGHUHOHPHQWVZDVDSSOLHG
PDNLQJVXUHWKDWWKHWKLFNQHVVRIWKHZDOOVZDVGHILQHGE\DWOHDVWWZRHOHPHQWVLQRUGHUWREH
DEOHWRFDSWXUHVWUHVVJUDGLHQWVFRUUHFWO\LQIXWXUHQRQOLQHDUDQDO\VHV
0RGHO$ )LJXUHD FRXQWHG'2)VDQGZDVFRPSRVHGRIQRGHLVR
SDUDPHWULF WHWUDKHGUDO HOHPHQWV HOHPHQW  RI WKH 126$,7$&$ OLEUDU\  ± XVHG WR PRGHO
WKHZDOOVDQGWKHFHQWUDOSLOODURIWKHWRZHUQRGHWKLFNVKHOOHOHPHQWV HOHPHQWRI
WKH 126$,7$&$ OLEUDU\  ± HPSOR\HG WR VLPXODWH WKH ZRRGHQ VODEV DQG  EHDP HOH
PHQWV HOHPHQWRIWKH126$,7$&$OLEUDU\ ±XVHGWRPRGHOWKHZRRGHQEHDPVRIIORRUV
DQGURRI0RGHO% )LJXUHE ZDVREWDLQHGIURP0RGHO$E\UHPRYLQJDOOVKHOODQGEHDP
HOHPHQWVDQGUHSODFLQJWKHPZLWKHTXLYDOHQWPDVVHV PPPP 
7KH PDVRQU\ ZDV PRGHOHG DV D KRPRJHQHRXV LVRWURSLF PDWHULDO ZLWK D 3RLVVRQ¶V UDWLR
Q DQGDPDVVGHQVLW\ȡP NJP>@>@ZKHUHDVD3RLVVRQ¶VUDWLRQ DQGD
PDVVGHQVLW\ȡZ NJPZHUHDGRSWHGIRUWKHZRRG7KHVWUXFWXUHZDVDVVXPHGWREH
FODPSHGDWWKHEDVH

)LJXUH)(PRGHOOLQJRIWKHWRZHUNHHS0RGHO$DQG0RGHO%
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$VUHJDUGV0RGHO $WKHQXPHULFDO SURFHGXUHUHFDOOHG LQ 6XE6HFWLRQ  ZDV HPSOR\HGWR
HVWLPDWHWKHRSWLPDOYDOXHVIRUWKH<RXQJ¶VPRGXOLRIPDVRQU\(PZRRGHQVODEDQGEHDPV
(Z(Z(ZDVVXPLQJIRUWKHER[WKHIROORZLQJSDUDPHWHUVERXQGV
03D(P03D
03D(Z(Z(Z03D
DQGWU\LQJWRPDWFKWKHILUVWIRXUH[SHULPHQWDOIUHTXHQFLHVDQGPRGHVKDSHVRIWKHWRZHU7KH
SDUDPHWHUUDQJHIRUWKHZRRGPDWHULDOZDVFKRVHQVXIILFLHQWO\ODUJHLQRUGHUWRWDNHLQWRDF
FRXQWQRWRQO\WKHXQFHUWDLQWLHVUHODWHGWRWKHNQRZOHGJHRIWKHPHFKDQLFDOFKDUDFWHULVWLFVRI
WKHPDWHULDOLWVHOIEXWDOVRWKHSRVVLEOHFRQVWUDLQWVEHWZHHQWKHZRRGHOHPHQWVDQGWKHPD
VRQU\ VWUXFWXUH 7KH RSWLPDO PHFKDQLFDO SDUDPHWHUV REWDLQHG WKURXJK WKH PRGHO XSGDWLQJ
SURFHVVDUHOLVWHGEHORZ
(P 03D(Z 03D(Z 03D(Z 03D
7DEOHVXPPDUL]HVWKHUHVXOWVRIWKHRSWLPL]DWLRQDOJRULWKPLQWHUPVRIIUHTXHQFLHVDEVROXWH
YDOXH RI UHODWLYH HUURUV ZLWK UHVSHFW WR WKH H[SHULPHQWDO IUHTXHQFLHV DQG 0$& YDOXHV 7KH
QXPHULFDO PRGHVKDSHV FRUUHVSRQGLQJWR WKHRSWLPDOYDOXHVRIWKHSDUDPHWHUV DUHVKRZQLQ
)LJXUH

f
f
f
f

([S>+]@ 1XP>+]@ _'_>@













0$&





7DEOH0RGHO$±H[SHULPHQWDOIUHTXHQFLHVQXPHULFDOIUHTXHQFLHVUHODWLYHSHUFHQWDJHHUURUV0$&YDOXHV

)LJXUH0RGHO$±QXPHULFDOPRGHVKDSHVDIWHUWKHXSGDWLQJSURFHVV XQGHIRUPHGVKDSHLQJUH\ 
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,QWKHDWWHPSWWRLPSURYHWKHWXQLQJZLWKWKHH[SHULPHQWDOUHVXOWVWKHVDPHSURFHGXUH
ZDV DSSOLHG WR 0RGHO % ,Q WKLV FDVH WKH JRDO ZDV WR HVWLPDWH WKH RSWLPDO YDOXHV IRU WKH
<RXQJ¶VPRGXOXV(PDQGWKHPDVVGHQVLW\UPRIWKHPDVRQU\DVVXPLQJWKHIROORZLQJER[
ERXQGVIRUWKHSDUDPHWHUV
03D(P03D
NJPUPNJP
7KHIROORZLQJSDUDPHWHUYDOXHVZHUHREWDLQHGWKURXJKWKHRSWLPL]DWLRQSURFHVV
(P 03DUP NJP
,WLVLQWHUHVWLQJWRQRWHWKDWWKHXSGDWHG<RXQJ¶VPRGXOXVDQGPDVVGHQVLW\REWDLQHGDUHFRQ
VLVWHQWZLWKWKHYDOXHVUHSRUWHGLQOLWHUDWXUH>@>@
7KHRYHUDOOUHVXOWVLQWHUPVRIIUHTXHQFLHVDEVROXWHYDOXHRIUHODWLYHHUURUVEHWZHHQH[SHUL
PHQWDO DQGQXPHULFDO IUHTXHQFLHVDQG0$& YDOXHV DUH SUHVHQWHGLQ 7DEOH ZKLOH WKHQX
PHULFDOPRGHVKDSHVFRUUHVSRQGLQJWRWKHRSWLPDOYDOXHVRIWKHSDUDPHWHUVDUHGLVSOD\HGLQ
)LJXUH

f
f
f
f

([S>+]@ 1XP>+]@ _'_>@













0$&





7DEOH0RGHO%±H[SHULPHQWDOIUHTXHQFLHVQXPHULFDOIUHTXHQFLHVUHODWLYHSHUFHQWDJHHUURUV0$&YDOXHV

)LJXUH0RGHO%±QXPHULFDOPRGHVKDSHVDIWHUWKHXSGDWLQJSURFHVV XQGHIRUPHGVKDSHLQJUH\ 
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'HVSLWHWKHVLPLODULWLHVEHWZHHQQXPHULFDODQGH[SHULPHQWDOPRGHFRQILJXUDWLRQVDKLJK
IUHTXHQF\SHUFHQWDJHHUURULVUHFRUGHGIRU0RGHO$7KHFRPSDULVRQRIWKHUHVXOWVZLWK0RG
HO%VKRZVWKDWLIWKHZRRGHQHOHPHQWVDUHQRWFRQVLGHUHGWKH<RXQJPRGXOXVRIWKHPDVRQ
U\ LQFUHDVHV RI DERXW  DQG WKH PDVV GHQVLW\ RI QHDUO\  IXUWKHUPRUH WKH PD[LPXP
UHODWLYHHUURUUHODWHGWRWKHWZRILUVWIUHTXHQFLHV GHFUHDVHVIURP 0RGHO$ WR
0RGHO% 5HJDUGLQJWKH0$&YDOXHVDJRRGPDWFKEHWZHHQWKHWZRILUVWH[SHULPHQWDODQG
QXPHULFDOPRGHVKDSHVLVREWDLQHGIRUERWKPRGHOVZKLOHWKHWKLUGDQGIRXUWKPRGDOYHFWRUV
DUHQRW YHU\ZHOO DSSUR[LPDWHG8VLQJ DQRUWKRWURSLFPDWHULDO DV GRQHLQ >@ GRHVQRW LP
SURYHWKHQXPHULFDOPRGHOVLQFHWKH0$&YDOXHUHODWHGWRWKHWKLUGDQGIRXUWKPRGHVKDSHV
UHPDLQXQFKDQJHG
5

CONCLUSIONS

7KHSUHVHQWSDSHUDLPVWRVKRZWKHFDSDELOLWLHVRIDQLQWHJUDWHGDQGPXOWLGLVFLSOLQDU\DS
SURDFK WR WKH FRPSOH[ SUREOHP RI VDIHJXDUGLQJ KHULWDJH VWUXFWXUHV 7KH DSSURDFK SURSRVHG
KHUHHQFRPSDVVLQJGLJLWDOL]DWLRQPRQLWRULQJQXPHULFDOPRGHOOLQJDQGVLPXODWLRQDQGUHO\
LQJRQWHFKQLTXHVDQGWRROV±HLWKHUFRPPHUFLDORUGHYHORSHGLQKRXVH±DWWKHGLVSRVDORIWKH
DXWKRUVLVWHVWHGRQWKHLFRQLFWRZHUNHHSRIWKH*XLPDUmHVFDVWOH7KH³ODVHUDFTXLVLWLRQ±
'GLJLWDOL]DWLRQ±SRLQWFORXGSURFHVVLQJ±&$'PRGHOOLQJ±G\QDPLFLGHQWLILFDWLRQ±ILQLWH
HOHPHQWPRGHOXSGDWLQJ´FKDLQLVGHVFULEHGLQDOOLWVVWHSVWKHXOWLPDWHJRDOEHLQJDQDFFXUDWH
ILQHWXQHG QXPHULFDO PRGHO RI WKH WRZHU 6XFK D GLJLWDO FRXQWHUSDUW RI WKH UHDO WRZHU LV RI
IXQGDPHQWDOLPSRUWDQFHVLQFHLWFRQVWLWXWHVWKHEDVLVRIDQ\HYHQWXDOILQLWHHOHPHQWVLPXOD
WLRQDLPHGWRSUHGLFWWKHVWUXFWXUDOEHKDYLRURIWKHWRZHUXQGHUFKDQJLQJRSHUDWLRQDODQGHQ
YLURQPHQWDOFRQGLWLRQV
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CHARACTERISTICS OF A HISTORIC CATHEDRAL
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3LD]]D/HRQDUGRGD9LQFL0LODQ,WDO\
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Keywords: $XWRPDWHG PRGDO LGHQWLILFDWLRQ &DWKHGUDO RI 0LODQ &RQGLWLRQEDVHG
PDLQWHQDQFH&RQWLQXRXVPRQLWRULQJ7HPSHUDWXUH
Abstract. The maintenance and preservation of the Milan Cathedral is traditionally
performed through well-established and time-scheduled programs of visual inspection and
architectural restoration of surfaces, decorations, and statues in Candoglia marble. On the
other hand, the structural condition assessment and preservation turns out to be a
challenging task due to the dimensions and complexity of the building, the usual uncertainties
on the material properties and also the difficulty in inspecting several structural elements.
Therefore, a structural monitoring system was recently designed and installed in the Milan
Cathedral to assist the condition-based structural maintenance of the monument. The
monitoring system includes different sensing technologies to allow appropriate tracking of
different long-term structural behavior. The dynamic monitoring of the horizontal response of
selected piers is complemented by the static monitoring of the tilt of the same piers and of the
strain in selected tie-rods. In addition, the indoor and outdoor environmental parameters are
extensively measured as well.
After a concise historic background on the historic monument and the description of the
dynamic monitoring system installed in the Milan Cathedral, the paper focuses on the
dynamic characteristics of the monument, that were identified in the first hours of continuous
monitoring, Subsequently, the results of the first year of dynamic monitoring are presented
and discussed, with special attention being given to the influence of environmental
parameters on the variations observed in the resonant frequencies and mode shapes. In more
details, the presented results highlight that: (a) 8 global vibration modes are automatically
detected in the frequency range 1.0-5.0 Hz; (b) the variations observed in the resonant
frequencies are mainly driven by temperature, with the effect of thermal changes being very
peculiar; (c) the mode shapes and the related mode complexity do not exhibit appreciable
fluctuations associated to the environmental changes, so that an appropriate strategy of SHM
should be based also on the time invariance of those parameters.
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1

INTRODUCTION

7KH 0LODQ &DWKHGUDO LV D ZRUOGZLGH NQRZQ +HULWDJH PRQXPHQW ZKRVH VWUXFWXUDO
FRQVWUXFWLRQ WRRN PRUH WKDQ  FHQWXULHV IURP WKH DSVH HUHFWLRQ LQ  XQWLO WKH IDoDGH
ILQDOL]DWLRQLQ>@6XEVHTXHQWO\WKHDUFKLWHFWXUDOZRUNVFRQWLQXHGXQWLOWKHLQVWDOODWLRQ
RIWKHODVWLURQJDWHLQDQGWKLV\HDULVXVXDOO\LQGLFDWHGDVWKHRIILFLDOFRPSOHWLRQRIWKH
EXLOGLQJ ZRUNV 6LQFH  DOO RSHUDWLRQDO DVSHFWV UHODWHG WR WKH FRQVWUXFWLRQ PDLQWHQDQFH
DQG UHVWRUDWLRQ RI WKH FDWKHGUDO DUH PDQDJHG E\ WKH KLVWRULF ,QVWLWXWLRQ QDPHG Veneranda
Fabbrica del Duomo di Milano >@ DQG GHQRWHG DV Fabbrica LQ WKH IROORZLQJ $IWHU WKH
FRQVWUXFWLRQ RI WKH PDLQ VWUXFWXUHV RI WKH FDWKHGUDO WKH Fabbrica PDLQ PLVVLRQ PRYHG WR
FRQWLQXRXV LQVSHFWLRQ PDLQWHQDQFH DQG SUHVHUYDWLRQ RI WKH PRQXPHQW ZLWK WKRVH DFWLYLWLHV
EHLQJHVSHFLDOO\UHODWHGWRVXUIDFHVGHFRUDWLRQVDQGVWDWXHVLQ&DQGRJOLDPDUEOH
$IWHUWKHUHFHQWDVVHVVPHQWRIWKHVWDWHRISUHVHUYDWLRQDQGWKHWHQVLOHIRUFHRIWKHPHWDOOLF
WLHURGVRIWKH0LODQ&DWKHGUDO>@WKHLGHDRIDGRSWLQJD6WUXFWXUDO+HDOWK0RQLWRULQJ 6+0 
VWUDWHJ\KDVEHHQWDNLQJVKDSHWRFRQWLQXRXVO\DVVLVWWKHVWUXFWXUDOFRQGLWLRQDVVHVVPHQWDQG
SUHVHUYDWLRQ RI WKH PRQXPHQW &RQVHTXHQWO\ D MRLQW UHVHDUFK VWDUWHG EHWZHHQ WKH Fabbrica
DQG3ROLWHFQLFRGL0LODQRDQGDVWUXFWXUDOPRQLWRULQJV\VWHP>@ZDVGHVLJQHGDQGLQVWDOOHG
LQ WKH FDWKHGUDO ZLWK WKH REMHFWLYHV RI SURYLGLQJ WKH LQIRUPDWLRQ QHHGHG IRU WKH FRQGLWLRQ
EDVHGVWUXFWXUDOPDLQWHQDQFHDQGWKHFUHDWLRQRIDODUJHDUFKLYHRIH[SHULPHQWDOGDWDXVHIXOWR
HQKDQFHWKHNQRZOHGJHRIWKHPRQXPHQW
7KHORQJWHUPPRQLWRULQJV\VWHP>@IXOO\FRPSXWHUEDVHGDQGZLWKHIILFLHQWWUDQVPLVVLRQ
RIWKHFROOHFWHGGDWDLQFOXGHVVWDWLFDQGG\QDPLFPHDVXUHPHQWV7KHG\QDPLFPRQLWRULQJLV
SHUIRUPHGWKURXJKVHLVPRPHWHUV HOHFWURG\QDPLFYHORFLW\VHQVRUV LQVWDOOHGDWWKHWRSRI
VHOHFWHGSLHUVDQGDWOHYHOVRIWKHPDLQVSLUH7KHVWDWLFPRQLWRULQJV\VWHPFRQVLVWVRI D 
ELD[LDOWLOWPHWHUVLQVWDOOHGDWWKHWRSRIVHOHFWHGSLHUVDQGDWOHYHOVRIWKHPDLQVSLUH E 
YLEUDWLQJZLUHH[WHQVRPHWHUVPRXQWHGRQWKHWLHURGVH[KLELWLQJWHQVLOHVWUHVVODUJHUWKDQ
03D >@ 6LQFH ERWK WKH ORQJWHUP VWDWLF EHKDYLRU DQG WKH WLPH HYROXWLRQ RI G\QDPLF
VLJQDWXUHVDUHH[SHFWHGWREHVHQVLWLYHDOVRWRHQYLURQPHQWDOFKDQJHV>@DQGHVSHFLDOO\WKH
WHPSHUDWXUHPLJKWDIIHFWWKHYDULDWLRQRIVWUXFWXUDOSDUDPHWHUVLQPDVRQU\VWUXFWXUHV>@
WKHLQGRRUDQGRXWGRRUHQYLURQPHQWDOSDUDPHWHUV WHPSHUDWXUHDQGKXPLGLW\ DUHH[WHQVLYHO\
PHDVXUHG WR HVWDEOLVKLQJ FRUUHODWLRQV ZLWK WKH FKDQJHV RI VWUXFWXUDO SDUDPHWHUV >@ DQG
HYDOXDWLQJWKHULVNVIRUWKHSUHVHUYDWLRQRIWKHPDLQDUWLIDFWVSUHVHQWLQWKHFDWKHGUDO>@
7KH SUHVHQW SDSHU LV PDLQO\ DLPHG DW GHVFULELQJ WKH PRQLWRULQJ V\VWHP LQVWDOOHG LQ WKH
FDWKHGUDO ZLWK HPSKDVLV RQ WKH G\QDPLF PHDVXUHPHQWV WKH SURFHVVLQJ RI WKH FRQWLQXRXVO\
FROOHFWHG WLPH VHULHV DQG WKH DXWRPDWHG H[WUDFWLRQ RI G\QDPLF VLJQDWXUHV LH UHVRQDQW
IUHTXHQFLHVPRGHVKDSHVDQGPRGHFRPSOH[LW\>@ 6LQFHWKHG\QDPLFUHVSRQVHRIWKH
FKXUFKLVFRQWLQXRXVO\FROOHFWHGLQDZHOOGLVWULEXWHGPHDVXUHPHQWJULG FKDQQHOVRIGDWD 
WKH IHDWXUHV UHSUHVHQWDWLYH RI VWUXFWXUDO FRQGLWLRQ VKRXOG LQFOXGH WKH PRGH VKDSHV DQG QRW
RQO\WKHUHVRQDQWIUHTXHQFLHV7KHXVHRIPRGHVKDSHVDQGPRGHFRPSOH[LW\ZLWKLQD6+0
VWUDWHJ\ FRQFHLYDEO\ H[KLELW DGYDQWDJHV EHFDXVH WKRVH PRGDO SDUDPHWHUV PLJKW EH OHVV
VHQVLWLYHWKDQUHVRQDQWIUHTXHQFLHVWRH[RJHQRXVIDFWRUVDQGFRQWDLQLQIRUPDWLRQDOVRRQWKH
ORFDOVWUXFWXUDOEHKDYLRU
,QPRUHGHWDLOWKHSDSHUVWDUWVZLWKDFRQFLVHKLVWRULFEDFNJURXQGRIWKH0LODQ&DWKHGUDO
DQG D EULHI GHVFULSWLRQ RI WKH G\QDPLF PRQLWRULQJ KDUGZDUH DQG RI WKH VRIWZDUH WRROV
GHYHORSHG WR SURFHVV WKH FRQWLQXRXVO\ DFTXLUHG WLPH VHULHV 6XEVHTXHQWO\ WKH G\QDPLF
UHIHUHQFH FKDUDFWHULVWLFV RI WKH FDWKHGUDO WKDW ZHUH LGHQWLILHG LQ WKH ILUVW KRXUV RI G\QDPLF
PRQLWRULQJDUHSUHVHQWHGDQGGLVFXVVHG$WODVWWKHHYROXWLRQLQWLPHRIWKHHQYLURQPHQWDO
DQG PRGDO SDUDPHWHUV GXULQJ WKH ILUVW \HDU RI PRQLWRULQJ LV DGGUHVVHG DQG FRPPHQWV DUH
JLYHQZLWKLQD6+0SHUVSHFWLYH
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D

E

)LJXUH3DVW D DQGSUHVHQW E YLHZRIWKH0LODQ&DWKHGUDO
FRXUWHV\RIVeneranda Fabbrica del Duomo di Milano 
D

E

)LJXUH,QQHUYLHZVRISLHUVDUFKHVYDXOWVDQGLURQWLHURGV

2

THE MILAN CATHEDRAL

7KH0LODQ&DWKHGUDO )LJV LVWKHPRVWUHSUHVHQWDWLYHODQGPDUNRIWKHFLW\RI0LODQ
DQG RQH RI WKH ODUJHVW PDVRQU\ PRQXPHQWV HYHU EXLOW WKH EXLOGLQJ VSUHDGV RYHU DQ DUHD RI
PRUHWKDQPZLWKDYROXPHRIDERXWPVRWKDWLWLVWKHVHFRQGODUJHVWJRWKLF
FDWKHGUDOLQWKHZRUOGE\YROXPHDQGDUHD
7KH FKXUFK H[KLELWV D XQLTXH VW\OH RI DUFKLWHFWXUH ZKLFK LV FKDUDFWHUL]HG E\ D IXVLRQ RI
(XURSHDQ *RWKLF VW\OH DQG /RPEDUG\ WUDGLWLRQ DOVR ZLWK WKH SUHVHQFH RI QHRFODVVLF QHR
JRWKLF DQG HYHQ UHQDLVVDQFH LQIOXHQFHV GXH WR WKH ORQJ SHULRG UHTXLUHG E\ WKH FRQVWUXFWLRQ
ZRUNV7KHFKXUFKFRQVWUXFWLRQVWDUWHGLQIURPWKHKDOIRFWDJRQDODSVHDQG(DVWFKRLU
DQGSURFHHGHGZLWKWKHWUDQVHSWWKHPDLQGRPHWKHtiburio LHWKHSULVPDWLFVWUXFWXUHZLWK
RFWDJRQDOEDVHZKLFKLVEXLOWDURXQGWKHPDLQGRPH DQGWKHPDLQVSLUHVXEVHTXHQWO\WKH
ILYHQDYHVWUXFWXUHRYHUHLJKWED\VZDVEXLOWDQGILQDOL]HGLQZLWKDQHR*RWKLFIDoDGH
$V SUHYLRXVO\ SRLQWHG RXW WKH LQDXJXUDWLRQ RI WKH ODVW JDWH -DQXDU\ K   LV JHQHUDOO\
DVVXPHGDVWKHRIILFLDOHQGLQJRIWKHPRQXPHQWEXLOGLQJ
:KHQ FRPSDUHG ZLWK RWKHU JRWKLF FDWKHGUDOV WKH 0LODQ &DWKHGUDO H[KLELWV D SHFXOLDU
VWUXFWXUDOV\VWHPZLWKPHWDOOLFWLHURGVEHLQJSHUPDQHQWO\LQVWDOOHGXQGHUHDFKYDXOW )LJ 
DQGGHVLJQHGWRH[HUWDQDFWLYHSDUWLQUHVLVWLQJWKHODWHUDOWKUXVWV>@+LVWRULFDOGRFXPHQWV>@
WHVWLI\WKDWWKHWHQVLRQEDUVLQWKHFDWKHGUDOZHUHSHUPDQHQWO\LQVWDOOHGRQWKHWRSRIWKHSLHUV
GXULQJ WKH FRQVWUXFWLRQ WR UHGXFH WKH KRUL]RQWDO WKUXVW RQ WKH ODWHUDO EXWWUHVVHV DV WKRVH
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EXWWUHVVHV ZHUH MXGJHG WRR VOHQGHU E\ WKH )UHQFK DUFKLWHFW -HDQ 0LJQRW $ WRWDO RI 
PHWDOOLF WLHURGV )LJ   LV QRZDGD\V SUHVHQW LQ WKH FDWKHGUDO DQG PRVW RI WKHP DUH WKH
RULJLQDOHOHPHQWVGDWLQJEDFNWRWKHDJHRIFRQVWUXFWLRQ
$ORQJLWXGLQDOVHFWLRQRIWKH0LODQ&DWKHGUDOLVVKRZQLQ)LJ7KHRYHUDOOGLPHQVLRQVRI
WKH/DWLQFURVVVKDSHGSODQDUHDERXWPîP )LJ ZLWKWKHDLVOHVDQGWKHFHQWUDO
QDYHVVSDQQLQJPDQGPUHVSHFWLYHO\

)LJXUH/RQJLWXGLQDOVHFWLRQRIWKH0LODQ&DWKHGUDO
GLPHQVLRQVLQPFRXUWHV\RIVeneranda Fabbrica del Duomo di Milano 

)LJXUH3ODQRIWKH0LODQ&DWKHGUDO GLPHQVLRQVLQP DQGOD\RXWRIWKHVHLVPRPHWHUVLQVWDOOHGLQWKHFKXUFK
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3

DYNAMIC MONITORING SYSTEM AND DATA ANALYSIS

,QRUGHUWRFKDUDFWHUL]HWKHKHDOWKVWDWHRIWKH0LODQ&DWKHGUDODQGWRDGGUHVVLWVFRQGLWLRQ
EDVHG VWUXFWXUDO PDLQWHQDQFH WKH IROORZLQJ NH\ SDUDPHWHUV DUH FRQWLQXRXVO\ PHDVXUHG RU
LGHQWLILHGIURPWKHPHDVXUHPHQWV
• %LD[LDOWLOWRIWKHFDSLWDORIVHOHFWHGSLHUV LHSLHUV
DQGLQ)LJ DQGPDLQVSLUH
• 6WUDLQRIWLHURGV
DQG )LJ 
• ,QGRRUDQGRXWGRRUHQYLURQPHQWDOSDUDPHWHUV7KHLQGRRUWHPSHUDWXUHLVPHDVXUHGLQWKH
VDPH FDSLWDOV ZKHUH WKH WLOWV DUH UHFRUGHG ZKHUHDV WKH KXPLGLW\ LV PHDVXUHG LQ WKH
QHLJKERUKRRG RI LQVWUXPHQWHG WLHV 7KH RXWGRRU SDUDPHWHUV DUH FROOHFWHG WKURXJK D
ZHDWKHUVWDWLRQLQVWDOOHGLQWKHPDLQVSLUH
• 5HVRQDQWIUHTXHQFLHVPRGHVKDSHVDQGGDPSLQJUDWLRV
'XHWRWKHGLIIHUHQWWHFKQLFDOFKDUDFWHULVWLFVRIWKHYDULRXVVHQVLQJGHYLFHVDQGVDPSOLQJ
UDWHVRIWKHGDWDDFTXLVLWLRQWZRVHSDUDWHGORQJWHUPPRQLWRULQJV\VWHPVRQHVWDWLFDQGRQH
G\QDPLFZHUHLQVWDOOHGLQWKHFKXUFK6WUDLQVWLOWVDQGHQYLURQPHQWDOGDWDDUHFROOHFWHGDWD
UDWHRIWZRVDPSOHVSHUKRXUZKHUHDVWKHG\QDPLFPRQLWRULQJLVSHUIRUPHGZLWKDVDPSOLQJ
IUHTXHQF\ RI  +] ,W LV IXUWKHU QRWLFHG WKDW WKH PRQLWRULQJ V\VWHPV DUH IXOO\ FRPSXWHU
EDVHGDQGWKHLUDUFKLWHFWXUHKDVEHHQHVWDEOLVKHGLQRUGHUWRPLQLPL]HZLULQJDVZHOODVWKH
YLVXDOLPSDFWRIWKHVHQVLQJGHYLFHVLQVLGHWKHFKXUFK
7KHG\QDPLFPRQLWRULQJV\VWHPLVEDVHGRQ6$5$66VHLVPRPHWHUV HOHFWURG\QDPLF
YHORFLW\WUDQVGXFHUV 6LQFHWKHHOHFWURG\QDPLFVHQVRUVDUHFKDUDFWHUL]HGE\KLJKVHQVLWLYLW\
RI  9 PV  XQQHFHVVLW\ RI SRZHULQJ DQG H[FHOOHQW SHUIRUPDQFH LQ WKH ORZ IUHTXHQF\
UDQJH f≤+] WKRVHWUDQVGXFHUVWXUQRXWWREHHVSHFLDOO\VXLWDEOHIRUWKHDSSOLFDWLRQLQ
YLEUDWLRQWHVWLQJRUPRQLWRULQJRIFLYLOHQJLQHHULQJDQGFXOWXUDOKHULWDJH>@VWUXFWXUHV7KH
G\QDPLFPRQLWRULQJV\VWHPFRQVLVWVRI
• ELD[LDOVHLVPRPHWHUVDQGPRQRD[LDOVHLVPRPHWHULQVWDOOHGDWWKHWRSRIVHOHFWHG
SLHUVLQVLGHWKH&DWKHGUDO )LJ DQGPHDVXULQJWKHYHORFLW\LQWKHWZRRUWKRJRQDO16
WUDQVYHUVDO  DQG (: ORQJLWXGLQDO  GLUHFWLRQV 7KH VHQVRUV LQVWDOOHG RQ SLHUV  
       DQG  DUHJURXSHGDQGZLUHGWRILYH
ELWGLJLWL]HUV6$5$6/(DFKGLJLWL]HULVHTXLSSHGZLWK$'FRQYHUVLRQV\VWHP*%
PHPRU\V\QFKURQL]DWLRQE\*36EDFNXSEDWWHU\DQG8076PRGHPIRUGDWDWUDQVIHU
• ×PRQRD[LDOVHLVPRPHWHUVLQVWDOOHGDWWKHVDPHOHYHOVRIWKHPDLQVSLUHKRVWLQJWKH
ELD[LDOWLOWPHWHUVEHORQJLQJWRWKHVWDWLFPRQLWRULQJ7KHWKUHHVHQVRUVLQVWDOOHGDWHDFK
OHYHODUHZLUHGWRELWGLJLWL]HUZLWKWKHGLJLWL]HUVEHLQJFRQQHFWHGWRDVZLWFKIRUGDWD
WUDQVIHU
7KH YHORFLW\ GDWD DUH WUDQVIHUUHG LQ UHDO WLPH WR WKH Fabbrica ZRUNVWDWLRQ DQG VWRUHG LQ
VHSDUDWH ILOHV LQ FRPSUHVVHG PLQLVHHG IRUPDW  RI  KRXU (YHU\ KRXU WKH DXWRPDWLF VLJQDO
SURFHVVLQJ LQYROYHV WKH IROORZLQJ WDVNV D  SUHSURFHVVLQJ WKH UDZ GDWD WR FRPSHQVDWH WKH
ORZIUHTXHQF\ DWWHQXDWLRQ RI WKH VHQVRU  XVLQJ WKH 6(,602:,1 FRPPHUFLDO VRIWZDUH
KWWSVZZZVDUDSJLW"ODQJ HQ DQGVXEVHTXHQWVDYLQJRIWKHWLPHVHULHVLQWH[WIRUPDW E 
GDWDDQDO\VLVWRH[WUDFWWKHPD[LPXPDQGWKHURRWPHDQVTXDUHYDOXHVDQGFUHDWLRQRIDILOHLQ
0DWODE PDW  IRUPDW F  ORZSDVV ILOWHULQJ DQG GRZQVDPSOLQJ WR UHGXFH WKH VDPSOLQJ
IUHTXHQF\IURP+]WR+] DQGFUHDWLRQRIDGDWDEDVHRIILOHVIRUWKHDSSOLFDWLRQRIWKH
PRGDOLGHQWLILFDWLRQWRROV G DXWRPDWHGPRGDOHVWLPDWLRQDQGWUDFNLQJ
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$IWHU WKH DXWRPDWHG PRGDO SDUDPHWHU HVWLPDWLRQ RQO\ WKH KRXUO\ HYDOXDWHG IHDWXUHV LH
WKHVWDWLVWLFDOFKDUDFWHULVWLFVRIHDFKGDWDVHWDQGWKHPRGDOSDUDPHWHUV DQGDIHZWLPHVHULHV
FRUUHVSRQGLQJWRPHDQLQJIXOHYHQWVDUHSHUPDQHQWO\VWRUHGLQWKHFabbricaDUFKLYHVDQGFDQ
EHDFFHVVHGWKURXJKJUDSKLFDODQGUHSRUWLQJWRROV,WVKRXOGEHQRWLFHGWKDWVLPLODUWRROVDOORZ
WKHPDQDJHPHQWDQGYLVXDOL]DWLRQRIWKHVWDWLFPRQLWRULQJUHVXOWV
7KHPRGDOSDUDPHWHUVRIWKHFDWKHGUDODQGRIWKHPDLQVSLUHDUHLQGHSHQGHQWO\LGHQWLILHG
XVLQJ D IXOO\ DXWRPDWHG SURFHGXUH EDVHG RQ WKH FRYDULDQFHGULYHQ 6WRFKDVWLF 6XEVSDFH
,GHQWLILFDWLRQ 66,&RY DOJRULWKP>@DQGGHYHORSHGLQSUHYLRXVUHVHDUFK>@7KHOHQJWK
RIWKHWLPHZLQGRZDGRSWHGLQWKHDXWRPDWHGLGHQWLILFDWLRQZDVVHWHTXDOWRK V 7KH
DXWRPDWHGSURFHGXUH>@LQYROYHVWKHWZRPDLQVWHSVRIPRGDOSDUDPHWHUVHVWLPDWLRQ 03( 
DQGPRGDOWUDFNLQJ 07 
7KH 03( LV SHUIRUPHG WKURXJK DQ DXWRPDWLF LQWHUSUHWDWLRQ RI WKH VWDELOL]DWLRQ GLDJUDP
EDVHGRQWKHVHQVLWLYLW\RIIUHTXHQF\DQGPRGHVKDSHWRWKHPRGHORUGHUYDULDWLRQ)RUHDFK
GDWDVHWDIWHUKDYLQJILOWHUHGWKHVSXULRXVSROHVE\FKHFNLQJWKHDVVRFLDWHGGDPSLQJUDWLRDQG
PRGH FRPSOH[LW\ YDOXH >@ WKH SROHV VKDULQJ VLPLODU IUHTXHQFLHV DQG PRGH VKDSHV DUH
FOXVWHUHG WRJHWKHU DQG D VHW RI UHSUHVHQWDWLYH PRGDO SDUDPHWHUV LH UHVRQDQW IUHTXHQF\
GDPSLQJDQGPRGHVKDSH LVHVWLPDWHGIRUHDFKFOXVWHU,WLVZRUWKPHQWLRQLQJWKDWWKHPRGH
FRPSOH[LW\ LV FKHFNHG E\ DYHUDJLQJ WKH LQIRUPDWLRQ SURYLGHG E\ ERWK WKH 0RGDO 3KDVH
&ROOLQHDULW\ 03&  >@ DQG 0HDQ 3KDVH 'HYLDWLRQ 03'  >@ WKURXJK WKH 0RGDO
&RPSOH[LW\,QGH[ 0&, î> í03&  03' @YDU\LQJEHWZHHQDQGZLWK
LQGLFDWLQJDPRQRSKDVHEHKDYLRURIWKHLGHQWLILHGPRGHVKDSH 
7KH07DLPHGDWSURYLGLQJWKHWLPHHYROXWLRQRIWKHSDUDPHWHUVRIHDFKPRGHLVEDVHG
RQIUHTXHQF\DQG0$&>@YDULDWLRQZLWKUHVSHFWWRDSUHVHOHFWHGOLVWRIEDVHOLQHPRGHV,W
LVZRUWKPHQWLRQLQJWKDWWKLVVWHSLVSHUIRUPHGLQDQDGDSWLYHZD\LHE\XSGDWLQJWKH0$&
DQGIUHTXHQF\YDULDWLRQWKUHVKROGRIHDFKPRGHDIWHUDQHZGDWDVHWKDVEHHQDQDO\]HG
,QWKHDXWRPDWHGLGHQWLILFDWLRQRIWKHG\QDPLFFKDUDFWHULVWLFVRIWKHFDWKHGUDO FKDQQHOV
RI GDWD )LJ   WKH WLPH ODJ SDUDPHWHU i ZDV VHW HTXDO WR  DQG WKH GDWD ZHUH ILWWHG XVLQJ
VWRFKDVWLFVXEVSDFHPRGHOVRIRUGHUnYDU\LQJEHWZHHQDQGIXUWKHUPRUHLQWKHQRLVH
PRGHVHOLPLQDWLRQVWHSWKHPD[LPXPDOORZDEOHGDPSLQJUDWLRDQG0&,ZDVVHWHTXDOWR
DQGUHVSHFWLYHO\
4

DYNAMIC CHARACTERISTICS OF THE CATHEDRAL

7KHJULGRIVHLVPRPHWHUVSHUPDQHQWO\LQVWDOOHGLQWKHFDWKHGUDODOORZHGWKHLGHQWLILFDWLRQ
DQG IDLUO\ JRRG VSDWLDO GHVFULSWLRQ RI D UHODWLYHO\ ODUJH QXPEHU RI NH\ YLEUDWLRQ PRGHV
7\SLFDO UHVXOWV REWDLQHG RQ WKH ILUVW GD\ RI FRQWLQXRXV PRQLWRULQJ LQ WHUPV RI UHVRQDQW
IUHTXHQFLHVDQGPRGHVKDSHVDUHVKRZQLQ)LJ ZKHUHWKHEOXHFRORUUHIHUVWRPRGHVZLWK
GRPLQDQW PRWLRQ LQ WKH 16 GLUHFWLRQ DQG WKH UHG FRORU UHIHUV WR PRGHV ZLWK GRPLQDQW
GHIOHFWLRQLQWKH(:GLUHFWLRQ 7KHLQVSHFWLRQRI)LJDOORZVWKHIROORZLQJFRPPHQWV
D 7KH ORZHU WZR PRGHV DV H[SHFWHG DUH JOREDO VZD\ PRGHV RI WKH FDWKHGUDO DORQJ WKH
WUDQVYHUVH 16 f&  +] )LJ E  DQG ORQJLWXGLQDO (: f&  +] )LJ F 
GLUHFWLRQ
E 7KHVXEVHTXHQWWZRPRGHV f& +])LJGDQGf& +]DQG)LJH LQYROYH
GRPLQDQW PRWLRQ LQ WKH 16 GLUHFWLRQ DQG EHQGLQJ RI WKH QDYHV ZLWK WKH GHIRUPHG
VKDSHV EHLQJ FKDUDFWHUL]HG E\ RQH DQG WZR FKDQJHV RI VLJQ IURP DSVH WR IDoDGH
UHVSHFWLYHO\
F 7KH KLJKHU PRGHV )LJV IL  DUH FKDUDFWHUL]HG E\ PRUH FRPSOH[ PRGH VKDSHV )RU
H[DPSOH WKH WK PRGH f&  +] )LJ I  LQYROYHV RXWRISKDVH EHQGLQJ RI WKH
1RUWK DQG 6RXWK QDYHVZKHUHDV WKH WK PRGH f&  +] )LJ J  LQYROYHV RXWRI
SKDVHPRWLRQRIWKHIDoDGHDQGDSVHLQWKH(:GLUHFWLRQ
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)LJXUH D $HULDOYLHZRIWKH0LODQ&DWKHGUDOIURPDSVHDQG E  L LGHQWLILHGYLEUDWLRQPRGHV
K± 

G 7KH 16 PRGHV H[KLELW GDPSLQJ UDWLRV YDU\LQJ IURP  &  WR  & 
ZKHUHDVWKHGDPSLQJRIWKH(:PRGHVUDQJHVEHWZHHQ & DQG & ,W
LV IXUWKHU QRWLFHG WKDW HVSHFLDOO\ WKH GDPSLQJ RI (: PRGHV VHHPV WR EH ODUJHU WKDQ
JHQHUDOO\REVHUYHGDWWKHORZOHYHORIDPELHQWH[FLWDWLRQH[LVWLQJRQKLVWRULFDOEXLOGLQJV
5

SELECTED RESULTS FROM THE CONTINUOUS DYNAMIC MONITORING

7KHG\QDPLFPRQLWRULQJLVDFWLYHLQWKH0LODQ&DWKHGUDOVLQFH2FWREHUWK7KLV
VHFWLRQ VXPPDUL]HV WKH PDLQ UHVXOWV REWDLQHG GXULQJ WKH ILUVW \HDU RI PRQLWRULQJ IURP
 WR   DQG IRU WKH VDNH RI FRQVLVWHQF\ RQO\ WKH H[SHULPHQWDO UHVXOWV
FROOHFWHGLQWKHFDWKHGUDODUHSUHVHQWHGDQGGLVFXVVHG ZLWKQRFRPPHQWVEHLQJSURYLGHGRQ
WKHGDWDPHDVXUHGRQWKHPDLQVSLUH 
$V XVXDO IRU PDVRQU\ EXLOGLQJV WKH HYROXWLRQ LQ WLPH RI HQYLURQPHQWDO SDUDPHWHUV LV
ILUVWO\SUHVHQWHGLQRUGHUWRXQGHUVWDQGWKHHIIHFWVRIFKDQJLQJHQYLURQPHQWRQWKHYDULDWLRQV
REVHUYHGLQWKHQDWXUDOIUHTXHQFLHVDQGPRGDOSDUDPHWHUV
5.1

Environmental parameters

$VSUHYLRXVO\SRLQWHGRXWDTXLWHH[WHQGHGJULGRIWHPSHUDWXUHVHQVRUVDQGK\JURPHWHUV
KDVEHHQLQVWDOOHGLQVLGHWKHFKXUFKWRVXSSRUWERWKWKH6+0SURJUDPDQGWKHSUHVHUYDWLRQRI

2329

&DUPHOR*HQWLOHDQG$QWRQHOOR5XFFROR

WKHDUWLIDFWVZKLFKDUHNHSWLQVLGHWKHPRQXPHQW7KHYDULDWLRQLQWLPHRIWKHDYHUDJHLQGRRU
WHPSHUDWXUHDQGWKHRXWGRRUWHPSHUDWXUH PHDVXUHGE\WKHZHDWKHUVWDWLRQ LVVKRZQLQ)LJ
DZKHUHDV)LJEUHIHUVWRWKHDYHUDJHLQGRRUKXPLGLW\7KHRUDQJHOLQHLQ)LJDSUHVHQWV
WKHHYROXWLRQRIWKHRXWGRRUWHPSHUDWXUHDQGKLJKOLJKWVFKDQJHVEHWZHHQ−&DQG&
ZLWK UHPDUNDEOH GDLO\ YDULDWLRQV LQ VXQQ\ GD\V 7KH FRUUHVSRQGLQJ YDULDWLRQ RI WKH DYHUDJH
LQGRRUWHPSHUDWXUHLVUHSUHVHQWHGE\WKHUHGOLQHLQ)LJDDQGUDQJHVEHWZHHQ&DQG
&LWLVIXUWKHUQRWLFHGWKDWWKHDYDLODELOLW\RIDODUJHQXPEHURIWHPSHUDWXUHVHQVRUVLQ
WKHFKXUFKKLJKOLJKWV>@DORZWHPSHUDWXUHJUDGLHQWLQVSDFHZLWKWKHGLIIHUHQFHEHWZHHQ
WKHH[WUHPHYDOXHVQRWH[FHHGLQJ&&RQVHTXHQWO\WKHORZWHPSHUDWXUHJUDGLHQWDQGWKH
FRUUHODWLRQFRHIILFLHQWV DOZD\VODUJHUWKDQ EHWZHHQWKHPHDVXUHGWHPSHUDWXUHVDOORZWR
DVVXPH WKH DYHUDJH LQGRRU WHPSHUDWXUH )LJ D  DV D UHSUHVHQWDWLYH TXDQWLW\ IRU WKH 6+0
FRUUHODWLRQV $ VLPLODU FRQFOXVLRQ LV GUDZQ IRU WKH UHODWLYH KXPLGLW\ ZKRVH WLPH VHULHV DUH
KLJKO\FRUUHODWHG>@DQGH[KLELWFRUUHODWLRQFRHIILFLHQWVRIWKHRUGHURIRUODUJHU
D

E

)LJXUH(YROXWLRQLQWLPHRI D DYHUDJHLQGRRUWHPSHUDWXUHDQGRXWGRRUWHPSHUDWXUH
E DYHUDJHLQGRRUUHODWLYHKXPLGLW\

5.2

Environmental effects on natural frequencies

7KHUHVXOWVRIDXWRPDWHGPRGDOLGHQWLILFDWLRQDQGIUHTXHQF\WUDFNLQJGXULQJWKHILUVW\HDU
RIPRQLWRULQJDUHH[HPSOLILHGLQ)LJIRUWKHORZHUPRGHVRIWKHFDWKHGUDOH[KLELWLQJWKH
KLJKHU LGHQWLILFDWLRQ UDWH 7KH FRPSOHWH UHVXOWV RI DXWRPDWHG 20$ LQ WHUPV RI QDWXUDO
IUHTXHQFLHVDQGGDPSLQJUDWLRVDUHVXPPDUL]HGLQ7DEOHZLWKVRPHVWDWLVWLFDOLQIRUPDWLRQ
,Q PRUH GHWDLOV 7DEOH  OLVWV WKH LGHQWLILFDWLRQ UDWH WKH PHDQ YDOXH fPHDQ  DQG WKH VWDQGDUG
GHYLDWLRQ σI RIWKHDXWRPDWLFDOO\LGHQWLILHGIUHTXHQFLHVDQGWKHLUH[WUHPHYDOXHV fPLQfPD[ 
DVZHOODVWKHPHDQYDOXH ζPHDQ DQGWKHVWDQGDUGGHYLDWLRQ σζ RIWKHGDPSLQJUDWLR
,WVKRXOGEHQRWLFHGWKDWWKHLGHQWLILFDWLRQUDWHRIWKHIUHTXHQFLHVLQ)LJUDQJHVEHWZHHQ
DQG 7DEOH ZKHUHDVWKHKLJKHUWZRIUHTXHQFLHVH[KLELWORZHULGHQWLILFDWLRQ
VXFFHVVUDWLRVVWLOODOORZLQJWKHWUDFNLQJZLWKDQDFFHSWDEOHFRQWLQXLW\
$VH[SHFWHG>@)LJUHYHDOVFOHDUORQJWHUPYDULDWLRQVDVZHOODVGDLO\IOXFWXDWLRQVRI
QDWXUDO IUHTXHQFLHV WKDW DUH FRQFHLYDEO\ DVVRFLDWHG ZLWK FKDQJLQJ WHPSHUDWXUH ,Q DGGLWLRQ
WKHHQYLURQPHQWDOHIIHFWVWXUQRXWWREHYHU\GLVWLQFWLYHDQGWKLVSHFXOLDULW\LVXQGHUVWRRGIRU
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H[DPSOH E\ FDUHIXOO\ LQVSHFWLQJ WKH WLPH HYROXWLRQ RI f& DQG f& LQ )LJ  7KRVH PRGHV
ZKRVHYDULDWLRQLVTXLWHHDV\WRLQVSHFWLQ)LJDUHFKDUDFWHUL]HGE\GRPLQDQWPRWLRQLQWKH
ORQJLWXGLQDO(: f& DQGWUDQVYHUVH16 f& GLUHFWLRQ )LJ 
0RGH
&
&
&
&
&
&
&
&
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)LJXUH9DULDWLRQLQWLPHRIWKHQDWXUDOIUHTXHQFLHVRIWKHORZHUPRGHVGXULQJWKHILUVW\HDURIPRQLWRULQJ

)LJXUHKLJKOLJKWVWKDWWKHIUHTXHQF\RIPRGH&FOHDUO\LQFUHDVHVZLWKGHFUHDVHGLQGRRU
DQGRXWGRRUWHPSHUDWXUH )LJD DQGGHFUHDVHVZLWKLQFUHDVHGWHPSHUDWXUHWKLVWUHQGZKLFK
LV H[DFWO\ WKH RSSRVLWH RI ZKDW H[SHFWHG IRU PDVRQU\ EXLOGLQJV >@ LV FRQILUPHG E\
SORWWLQJWKHIUHTXHQF\f&YHUVXVWKHRXWGRRUWHPSHUDWXUH )LJD DORQJZLWKWKHEHVWILWOLQH
HYHQLIIRUDJLYHQWHPSHUDWXUHDTXLWHUHPDUNDEOHIUHTXHQF\YDULDWLRQLVREVHUYHGQHJDWLYH
WHPSHUDWXUHFRUUHODWLRQLVH[KLELWHGE\IUHTXHQF\f&GXULQJWKHHQWLUHPRQLWRULQJSHULRG,WLV
ZRUWK PHQWLRQLQJ WKDW D  D QHJDWLYH IUHTXHQF\WHPSHUDWXUH FRUUHODWLRQ LV REWDLQHG ZLWK
LQGRRU DYHUDJH WHPSHUDWXUH DQG E  WKH WHPSHUDWXUH HIIHFW RQ (: PRGH f& LV UHPDUNDEO\
VLPLODUWRZKDWREVHUYHGIRUPRGHf&HVSHFLDOO\LQWKHFROGVHDVRQ )LJ 
(YHQPRUHFRPSOLFDWHGWHPSHUDWXUHGULYHQPHFKDQLVPVFKDUDFWHUL]HWKHYDULDWLRQRI16
PRGHVDVVKRZQLQ)LJWKHIUHTXHQF\f&WHQGVWRLQFUHDVHERWKLQWKHFROGDQGLQWKHKRW
VHDVRQDQGDVLPLODUWUHQGLVH[KLELWHGE\16PRGHVf&f&DQGf&7KHFRUUHODWLRQEHWZHHQ
f&DQGWKHRXWGRRUWHPSHUDWXUHLVH[HPSOLILHGLQ)LJEDQGDVLWKDVWREHH[SHFWHGDQRQ
OLQHDUEHVWILWOLQHLVREWDLQHG
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D

E

)LJXUH&RUUHODWLRQEHWZHHQRXWGRRUWHPSHUDWXUHDQGLGHQWLILHGQDWXUDOIUHTXHQFLHV D f&DQG E f&

,WLVIXUWKHUQRWLFHGWKDWGXULQJWKHFROGVHDVRQDJHQHUDOL]HG WHQVLOH VWUDLQLQFUHDVHZLWK
GHFUHDVHGWHPSHUDWXUHLVPHDVXUHGE\WKHH[WHQVRPHWHUVLQVWDOOHGLQWKHWLHURGV>@+HQFH
WKHFRUUHVSRQGLQJLQFUHDVHGIRUFHVLQWKHWHQVLRQEDUVFRQFHLYDEO\H[HUWDVWLIIHQLQJDFWLRQRQ
WKHRYHUDOOVWUXFWXUHVLQFHWKHPHWDOOLFWLHURGVIRUPDJULGRIVWLIIHQLQJHOHPHQWVVSUHDGRYHU
WKHHQWLUHFDWKHGUDO )LJ 
,QVXPPDU\DOOQDWXUDOIUHTXHQFLHVRIWKHFDWKHGUDOH[KLELWDQHJDWLYHGHSHQGHQFHRQERWK
LQGRRUDQGRXWGRRUWHPSHUDWXUHVLQWKHFROGVHDVRQZKHUHDVWKHFRUUHODWLRQFKDQJHVLQWKHKRW
VHDVRQ IRU WKH 16 PRGHV RQO\ 7KH QHJDWLYH GHSHQGHQFH RI QDWXUDO IUHTXHQFLHV RQ
WHPSHUDWXUH LV D GLVWLQFWLYH EHKDYLRU RI WKH 0LODQ &DWKHGUDO ZLWK WKLV WUHQG EHLQJ YHU\
GLIIHUHQWIURPZKDWJHQHUDOO\UHSRUWHGLQWKHORQJWHUPVWXGLHVRQPDVRQU\VWUXFWXUHVHLWKHU
WRZHUV>@RUFKXUFKHV>@,QGHHGDQHJDWLYHIUHTXHQF\WHPSHUDWXUHFRUUHODWLRQLV
RQO\UHSRUWHGLQWKHOLWHUDWXUHIRUDPRQXPHQWDOEXLOGLQJ>@ZKLFKLVFKDUDFWHUL]HGE\WKH
SUHVHQFHRIPHWDOOLFWLHURGVDVZHOO
,Q WKH DXWKRUV¶ RSLQLRQ WKH FRPSOH[ GHSHQGHQFH RI QDWXUDO IUHTXHQFLHV RQ WHPSHUDWXUH
REVHUYHG LQ WKH 0LODQ &DWKHGUDO UHVXOWV IURP WZR WHPSHUDWXUHGULYHQ RSSRQHQW HIIHFWV WKH
VWLIIHQLQJH[HUWHGGXULQJWKHFROGVHDVRQE\WKHLQFUHDVHGWHQVLOHIRUFHVLQWKHPHWDOOLFJULGRI
WLHURGVDQGWKHXVXDOWKHUPDOH[SDQVLRQRIWKHPDVRQU\PDWHULDOV7KHIRUPHUHIIHFWWXUQVRXW
WREHGRPLQDQWLQWKHFROGVHDVRQIRUDOOPRGHVZKHUHDVWKHODWWHUWHQGVWRRYHUFRPHLQWKH
KRWVHDVRQIRU16PRGHV
1RWZLWKVWDQGLQJ WKH FRPSOH[ WHPSHUDWXUHGULYHQ EHKDYLRU RI WKH FDWKHGUDO DQG WKH
GLIIHUHQFH RI WUHQG H[KLELWHG E\ 16 DQG (: PRGHVWKHUHPRYDORIHQYLURQPHQWDOHIIHFWV
FDQEHSHUIRUPHGIRUH[DPSOHE\DSSO\LQJWKHSULQFLSDOFRPSRQHQWDQDO\VLV 3&$ >@WR
WKHIUHTXHQF\GDWDFROOHFWHGGXULQJDQDSSURSULDWHWUDLQLQJSHULRG,QWKHSUHVHQWDSSOLFDWLRQ
WKHORZHUPRGHV )LJ ZHUHFRQVLGHUHGDQGWKHWUDLQLQJSHULRGLQFOXGHVWKHILUVW\HDURI
PRQLWRULQJ
6LQFH WZR ODWHQW VRXUFHV RI WHPSHUDWXUHGULYHQ YDULDELOLW\ KDYH EHHQ VXJJHVWHG E\ WKH
SUHYLRXVDQDO\VLVDQGWKRVHVRXUFHVDIIHFWGLIIHUHQWO\WKH16DQG(:PRGHVWKHILUVWIRXU
3&V DUH UHWDLQHG LQ RUGHU WR HVWDEOLVK WKH 3&$EDVHG PRGHO $V VKRZQ LQ )LJ  WKH 3&$
SURYLGHVDYHU\HIIHFWLYHUHPRYDORIWKHHQYLURQPHQWDOHIIHFWV
2QFHWKH3&$EDVHGSUHGLFWLRQPRGHOKDVEHHQHVWDEOLVKHGXVLQJWKHGDWDFROOHFWHGGXULQJ
DQ DSSURSULDWH WUDLQLQJ SHULRG WKH RFFXUUHQFH RI DEQRUPDO VWUXFWXUDO FKDQJHV QRW REVHUYHG
GXULQJ WKH WUDLQLQJ SHULRG LV RIWHQ GHWHFWHG E\ XVLQJ WKH UHVLGXDO HUURUV LH WKH GLIIHUHQFH
EHWZHHQ WKH LGHQWLILHG IUHTXHQF\ DQG LWV SUHGLFWLRQ  $QRPDO\ GHWHFWLRQ DSSURDFKHV PLJKW
LQYROYH D YHULI\LQJWKDWHDFKSUHGLFWLRQHUURUGRHVQRWH[FHHGFRQILGHQFHLQWHUYDO>@
RU E XVLQJWKHSUHGLFWLRQHUURUVZLWKLQWKHIUDPHZRUNRIVWDWLVWLFDOFRQWUROFKDUWV VXFKDVWKH
ZHOONQRZQ+RWHOOLQJ¶VTFRQWUROFKDUW>@ 
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)LJXUH9DULDWLRQLQWLPHRIWKHQDWXUDOIUHTXHQFLHVRIWKHORZHUPRGHVGXULQJWKHILUVW\HDURIPRQLWRULQJ
DIWHUWKH3&$EDVHGUHPRYDORIWKHHQYLURQPHQWDOHIIHFWV

)LJXUH9DULDWLRQLQWLPHRIWKH0$&RIWKHORZHUPRGHVGXULQJWKHILUVW\HDURIPRQLWRULQJ
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7DEOH6WDWLVWLFVRI0$&DQG03&RIPRGHVLGHQWLILHGLQWKHILUVW\HDURIPRQLWRULQJ

5.3

Mode shapes and mode complexity

$VSUHYLRXVO\SRLQWHGRXWDTXLWHGHQVHQHWZRUNRIKLJKTXDOLW\VHLVPRPHWHUVLVLQVWDOOHG
LQWKH0LODQ&DWKHGUDOVRWKDWWKHPRGHVKDSHYDULDWLRQVVKRXOGEHLQYHVWLJDWHGZLWK6+0
SXUSRVHV6LQFHWKHHQYLURQPHQWDOFKDQJHVDIIHFWDOPRVWXQLIRUPO\DQ\VWUXFWXUDOV\VWHPWKH
PRGHVKDSHVDUHVXSSRVHGWREHOHVVVHQVLWLYH>@WKDQQDWXUDOIUHTXHQFLHVWRWKRVHFKDQJHV
&RQVHTXHQWO\ LI WKH PRGH VKDSHV WXUQ RXW WR EH DSSUR[LPDWHO\ WLPHLQYDULDQW GXULQJ DQ
DSSURSULDWH REVHUYDWLRQ SHULRG LQFOXGLQJ D VWDWLVWLFDOO\ UHSUHVHQWDWLYH VDPSOH RI
HQYLURQPHQWDOFRQGLWLRQV DQ\VXEVHTXHQWYDULDWLRQLQWKHPRGHVKDSHVFRQFHLYDEO\SURYLGHV
WKHHYLGHQFHRIDVWUXFWXUDOFKDQJH>@2QWKHRWKHUKDQGHYHQLIPRGHVKDSHVFRQWDLQDOVR
ORFDO LQIRUPDWLRQ RQ WKH VWUXFWXUH WKRVH SDUDPHWHUV PLJKW H[KLELW ORZ VHQVLWLYLW\ WR ORFDO
VWUXFWXUDOFKDQJHV
7KH HYROXWLRQ GXULQJ WKH ILUVW \HDU RI PRQLWRULQJ RI WKH PRGH VKDSH YDULDWLRQ LQ WHUPV RI
0$&LVVKRZQLQ)LJIRUWKHORZHUPRGHV,WVKRXOGEHQRWLFHGWKDWWKH0$&LQGH[LV
FRPSXWHGEHWZHHQDSUHVHOHFWHGVHWRIUHIHUHQFHPRGHVKDSHV FRUUHVSRQGLQJWRWKHVDPHVHW
RI EDVHOLQH PRGHV XVHG LQ WKH DXWRPDWHG SURFHGXUH RI PRGDO LGHQWLILFDWLRQ )LJ   DQG WKH
FXUUHQWO\ LGHQWLILHG PRGH VKDSHV )LJXUH  KLJKOLJKWV WKDW WKH 0$& YDOXHV LH WKH PRGH
VKDSHV DUHDSSUR[LPDWHO\LQGHSHQGHQWRIWHPSHUDWXUHDQGWLPHLQYDULDQWHYHQLIWKHVWDQGDUG
GHYLDWLRQ RI WKH 0$& WHQGV WR LQFUHDVH ZLWK WKH LQFUHDVLQJ PRGH RUGHU LH ZLWK WKH
LQFUHDVLQJVSDWLDOFRPSOH[LW\RIWKHGLVWULEXWLRQRIPRGDOGHIRUPDWLRQV)LJ &ROXPQV
RI 7DEOH  VXPPDUL]H WKH VWDWLVWLFDO FKDUDFWHULVWLFV RI WKH 0$& LQ WHUPV RI DYHUDJH YDOXH
0$&PHDQ VWDQGDUGGHYLDWLRQ σ0$& DQGPLQLPXPYDOXH 0$&PLQ 
7KH LQYHVWLJDWLRQ RQ PRGH VKDSH FKDQJHV ZDV FDUULHG RXW DOVR E\ FRQVLGHULQJ WKH PRGH
FRPSOH[LW\ WKURXJK WKH 03& LH WKH FROOLQHDULW\ RI WKH PRGH VKDSH FRPSRQHQWV RI HDFK
VLQJOHPRGHRQDVWUDLJKWOLQHLQWKHFRPSOH[SODQH )LJXUHDQGFROXPQVRI7DEOH
GHPRQVWUDWH WKDW DOVR WKH 03& PHDVXUH RI PRGH FRPSOH[LW\ >@ LV DSSUR[LPDWHO\ WLPH
LQYDULDQW HYHQ LI WKH 03& YDOXHV WHQG WR GHSDUW IURP XQLW\ SHUIHFW FROOLQHDULW\  DQG WR
H[KLELWDQLQFUHDVHGGLVSHUVLRQIRUWKHKLJKHUPRGHV
6

CONCLUSIONS

7KH SDSHU IRFXVHV RQ WKH PRQLWRULQJ SURJUDP RI WKH 0LODQ &DWKHGUDO 6SHFLDO HPSKDVLV LV
JLYHQ RQ WKH G\QDPLF PHDVXUHPHQWV WKH DXWRPDWHG H[WUDFWLRQ RI PRGDO VLJQDWXUHV DQG WKH
LQIOXHQFHRIHQYLURQPHQWDOFKDQJHVRQWKHYDULDWLRQVREVHUYHGLQWKHG\QDPLFFKDUDFWHULVWLFV
RIWKHKLVWRULFPRQXPHQW%DVHGRQWKHUHVXOWVFROOHFWHGLQWKHILUVW\HDURIPRQLWRULQJ LH
EHWZHHQDQG WKHIROORZLQJPDLQFRQFOXVLRQVFDQEHGUDZQ
• 7KH DSSOLFDWLRQ RI VWDWHRIDUW WRROV IRU DXWRPDWHG RSHUDWLRQDO PRGDO DQDO\VLV DOORZV
DFFXUDWHHVWLPDWHDQGWUDFNLQJRIUHVRQDQWIUHTXHQFLHVLQWKHIUHTXHQF\LQWHUYDO+]
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)LJXUH9DULDWLRQLQWLPHRIWKH03&RIWKHORZHUPRGHVGXULQJWKHILUVW\HDURIPRQLWRULQJ

• 7KHDXWRPDWLFDOO\LGHQWLILHGPRGHVLQYROYHGRPLQDQWPRWLRQLQWKHPDLQWUDQVYHUVH 16
DQGORQJLWXGLQDO (: GLUHFWLRQRIWKHFDWKHGUDO
• 7KH RXWGRRUDQGLQGRRU WHPSHUDWXUHWXUQHGRXWWREHDGRPLQDQWGULYHURIWKHYDULDWLRQV
REVHUYHG LQ WKH IOXFWXDWLRQ RI WKH UHVRQDQW IUHTXHQFLHV RI DOO PRGHV 7KH UHODWLYH
KXPLGLW\VHHPVWRVOLJKWO\DIIHFWRQO\WKHIUHTXHQF\RIWKHILUVWPRGH>@
• 7KHIUHTXHQF\WHPSHUDWXUHFRUUHODWLRQVUHYHDODGLVWLQFWLYHWUHQGZKLFKLVYHU\GLIIHUHQW
IURP ZKDW UHSRUWHG LQ DOPRVW DOO ORQJWHUP VWXGLHV RQ KLVWRULF PDVRQU\ VWUXFWXUHV 7KH
QDWXUDOIUHTXHQFLHVRIWKHFDWKHGUDOH[KLELWDQHJDWLYHGHSHQGHQFHRQLQGRRUDQGRXWGRRU
WHPSHUDWXUH LQ WKH FROG VHDVRQ ZKHUHDV WKH FRUUHODWLRQ EHFRPHV SRVLWLYH LQ WKH KRW
VHDVRQIRUWKH16PRGHVRQO\
• 7KH FRPSOH[ GHSHQGHQFH RI QDWXUDO IUHTXHQFLHV RQ WHPSHUDWXUH REVHUYHG LQ WKH 0LODQ
&DWKHGUDO FRQFHLYDEO\ UHVXOWV IURP WZR WHPSHUDWXUHGULYHQ RSSRQHQW HIIHFWV WKH
VWLIIHQLQJ H[HUWHG GXULQJ WKH FROG VHDVRQ E\ WKH LQFUHDVHG WHQVLOH IRUFHV LQ WKH PHWDOOLF
WLHURGV DQG WKH XVXDO WKHUPDO H[SDQVLRQ RI WKH PDVRQU\ PDWHULDOV 7KH IRUPHU HIIHFW
WXUQVRXWWREHGRPLQDQWLQWKHFROGVHDVRQIRUDOOPRGHVZKHUHDVWKHODWWHUWHQGVWRUXOH
WKHIUHTXHQF\YDULDWLRQRI16PRGHVLQWKHKRWVHDVRQ
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• 3&$EDVHG UHJUHVVLRQ PRGHOV DUH VXLWDEOH WR UHPRYH WKH HQYLURQPHQWDO HIIHFWV IURP
QDWXUDOIUHTXHQFLHV
• 7KHPRGHVKDSHVRIWKHFDWKHGUDODQGWKHFRUUHVSRQGLQJPRGHFRPSOH[LW\ HYDOXDWHGYLD
03& GRQRWH[KLELWDSSUHFLDEOHIOXFWXDWLRQVDVVRFLDWHGZLWKWKHHQYLURQPHQWDOHIIHFWV
VR WKDW DQ DSSURSULDWH VWUDWHJ\ RI 6+0 VKRXOG EH EDVHG DOVR RQ WKH WLPH LQYDULDQFH RI
PRGDOGHIRUPDWLRQV
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A DAMAGE LOCALISATION PROCEDURE FOR MASONRY
TOWERS BASED ON FREQUENCY DATA
Paolo Borlenghi, Carmelo Gentile, and Antonella Saisi


'HSDUWPHQWRI$UFKLWHFWXUH%XLOWHQYLURQPHQWDQG&RQVWUXFWLRQHQJLQHHULQJ '$%& 
3ROLWHFQLFRGL0LODQR0LODQ,WDO\
3LD]]D/HRQDUGRGD9LQFL0LODQ,WDO\
HPDLO^SDRORERUOHQJKLFDUPHORJHQWLOHDQWRQHOODVDLVL`#SROLPLLW

Keywords: 0DVRQU\ WRZHU 'DPDJH ORFDOL]DWLRQ 0RGHO XSGDWLQJ 2SHUDWLRQDO 0RGDO
$QDO\VLV1RQGHVWUXFWLYHWHVW+LVWRULFDOFRQVWUXFWLRQV
Abstract. The structural health conditions of masonry towers can be monitored with a few
dynamic sensors (e.g. accelerometers or seismometers) placed at the top of the structure. This
cost-effective setup provides continuous and reliable information on the natural frequencies
of the structure; however, to move from anomaly detection to localisation with such a
simplified distribution of sensors, a calibrated numerical model is needed. The paper
summarises the development of a Structural Health Monitoring (SHM) procedure for the
model-based damage localisation in masonry towers using frequency data. The proposed
methodology involves the subsequent steps: (i) preliminary analysis including geometric
survey and Ambient Vibration Tests (AVTs); (ii) FE modelling and updating based on the
identified modal parameters; (iii) creation of a Damage Location Reference Matrix (DLRM)
from numerically simulated damage scenarios; (iv) detection of the onset of damage from the
continuous monitoring system performed with state-of-art techniques, and (v) localisation of
the anomalies through the comparison between the experimentally identified variations of
natural frequencies and the above-defined location matrix, called DLRM. The proposed SHM
methodology is exemplified on the ancient masonry tower of Zuccaro in Mantua, Italy.
Pseudo-experimental monitoring data were generated and employed to assess the reliability
of the adopted algorithm in identifying the damage location. The results show a promise
toward the practical applications of the proposed methodology in the monitoring of real
structures.
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1

INTRODUCTION

:LWKLQ WKH FRQWH[W RI 6WUXFWXUDO +HDOWK 0RQLWRULQJ 6+0  RI PDVRQU\ WRZHUV UHFHQW
H[SHULHQFHV >@ SURYLGHG WKH HYLGHQFH WKDW WKH LQVWDOODWLRQ RI IHZ KLJKVHQVLWLYH
DFFHOHURPHWHUVDWWKHWRSRIWKHVWUXFWXUHFRPELQHGZLWKDXWRPDWHGPRGDOLGHQWLILFDWLRQWRROV
FDQ UHYHDO WKH RQVHW RI GDPDJH XQGHU FKDQJLQJ HQYLURQPHQWV 7KLV FRVWHIIHFWLYH
PHDVXUHPHQWVHWXSSURYLGHVFRQWLQXRXVDQGUHOLDEOHLQIRUPDWLRQRQWKHQDWXUDOIUHTXHQFLHVRI
WKHVWUXFWXUHKRZHYHUWRPRYHIURPDQRPDO\GHWHFWLRQWRORFDOLVDWLRQZLWKVXFKDVLPSOLILHG
GLVWULEXWLRQRIVHQVRUVDFDOLEUDWHGQXPHULFDOPRGHOLVQHHGHG
2QH SRVVLELOLW\ IRU SHUIRUPLQJ GDPDJH ORFDOLVDWLRQ RI PDVRQU\ WRZHUV LV WKH XVH RI WKH
VXUURJDWHEDVHG)(PRGHOXSGDWLQJEDVHGRQFOHDQHGREVHUYDWLRQV>@2QFHWKHIOXFWXDWLRQV
IURP WKH HQYLURQPHQWDO HIIHFWV DUH UHPRYHG IURP WKH LGHQWLILHG QDWXUDO IUHTXHQFLHV WKH )(
PRGHO RI WKH VWUXFWXUH LV XSGDWHG HDFK WLPH D QHZ REVHUYDWLRQ LV DYDLODEOH &RQVHTXHQWO\
DEQRUPDOFKDQJHVLQVWUXFWXUDOSDUDPHWHUVDUHGHWHFWHGDQGFRUUHODWHGZLWKWKHLUORFDWLRQLQ
WKLVFDVHWKHORFDOLVDWLRQLVSHUIRUPHGDPRQJWKHDUHDVLQYROYHGLQWKHXSGDWLQJ$QRWKHUZD\
WR ORFDOLVH WKH GDPDJH EDVHG RQ QRQOLQHDU G\QDPLF DQDO\VLV LV VKRZQ LQ >@ RQFH DQ
DQRPDO\LVGHWHFWHGIURPWKHPRQLWRULQJV\VWHPDQRQOLQHDUG\QDPLFDQDO\VLVLVSHUIRUPHG
ZLWKWKHUHFRUGHGVHLVPLFVHTXHQFHWRLGHQWLI\WKHDUHDVSURQHWRGDPDJH6XEVHTXHQWO\WKH
IUHTXHQF\GHFD\VREWDLQHGIURPWKH)(DQDO\VLVDQGWKHRQHIURPWKHPRQLWRULQJV\VWHPDUH
FRPSDUHG 7KH PDLQ OLPLWDWLRQ RI WKH ILUVW DSSURDFK LV WKH GHWDLO RI WKH ORFDOLVDWLRQ $W WKH
VDPH WLPH LQ WKH ODWWHU WKH QRQOLQHDU G\QDPLF DQDO\VLV LV FRPSXWDWLRQDOO\ H[SHQVLYH DQG
EDVHGRQQXPHURXVDVVXPSWLRQVRQPDWHULDOSURSHUWLHV
,Q WKH SUHVHQW VWXG\ D PRGHOEDVHG GDPDJH ORFDOLVDWLRQ SURFHGXUH EDVHG RQ SUHYLRXVO\
FRPSXWHG GDPDJH VFHQDULRV LV GHYHORSHG WR LQFUHDVH WKH FDSDELOLW\ RI UHDOWLPH GDPDJH
HYDOXDWLRQ DIWHU D VHLVPLF HYHQW $ )( PRGHO RI WKH VWUXFWXUH LV HPSOR\HG WR VWXG\ KRZ
GDPDJH LQ D VSHFLILF ORFDWLRQ DIIHFWV WKH PXWXDO YDULDWLRQ EHWZHHQ WKH QDWXUDO IUHTXHQFLHV
DFFRUGLQJO\DGDPDJHORFDOLVDWLRQDOJRULWKPEDVHGRQQDWXUDOIUHTXHQF\FKDQJHVLVSURSRVHG
7KH SURFHGXUH RXWOLQHG LQ WKLV SDSHU LV VXPPDULVHG LQ )LJ  DQG LQYROYHV WKH IROORZLQJ
VWHSV L SUHOLPLQDU\DQDO\VLVLQFOXGLQJJHRPHWULFVXUYH\DQGDPELHQWYLEUDWLRQWHVWV $97V 
LL )(PRGHOOLQJDQGXSGDWLQJEDVHGRQWKHLGHQWLILHGPRGDOSDUDPHWHUV LLL  FUHDWLRQ RID
'DPDJH/RFDWLRQ5HIHUHQFH0DWUL[ '/50 IURPQXPHULFDOO\VLPXODWHGGDPDJHVFHQDULRV
LY GHWHFWLRQRIWKHRQVHWRIGDPDJHIURPWKHFRQWLQXRXVPRQLWRULQJV\VWHPSHUIRUPHGZLWK
VWDWHRIDUWWHFKQLTXHVDQG Y ORFDOLVDWLRQRIWKHDQRPDOLHVWKURXJKWKHFRPSDULVRQEHWZHHQ
WKHH[SHULPHQWDOO\LGHQWLILHGYDULDWLRQVRIQDWXUDOIUHTXHQFLHVDQGWKH'/50ORFDWLRQPDWUL[

)LJXUH'DPDJHORFDOLVDWLRQSURFHGXUHIRUPDVRQU\WRZHUVEDVHGRQWKH'DPDJH/RFDWLRQ5HIHUHQFH0DWUL[
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7KHSURSRVHG6+0PHWKRGRORJ\LVH[HPSOLILHGRQWKHDQFLHQWZuccaro¶VWRZHULQ0DQWXD
,WDO\)LUVWO\GRFXPHQWDU\UHVHDUFKGLUHFWRQVLWHLQVSHFWLRQV$97VDQG)(PRGHOOLQJDQG
XSGDWLQJ ZHUH SHUIRUPHG DQG DUH IXOO\ UHSRUWHG LQ >@ DQG >@ 6XEVHTXHQWO\ SVHXGR
H[SHULPHQWDOPRQLWRULQJGDWDDUHJHQHUDWHGIURPWKHFDOLEUDWHGPRGHODQGHPSOR\HGWRDVVHVV
WKH UHOLDELOLW\ RI WKH DGRSWHG DOJRULWKP LQ LGHQWLI\LQJ WKH GDPDJH ORFDWLRQ ,W LV ZRUWK
PHQWLRQLQJ WKDW WKH LQYHVWLJDWHG VWUXFWXUH LV RI LQWHUHVW GXH WR WKH TXLWH ODUJH QXPEHU RI
LGHQWLILHGQDWXUDOIUHTXHQFLHVZLWKRQO\IRXUVHLVPRPHWHUVDQGWKHSHFXOLDUVKDSHRIWKHODVW
WZRPRGHVUHSUHVHQWLQJDZDUSLQJGLVWRUWLRQRIWKHFURVVVHFWLRQ
2

THE DLRM APPROACH FOR DAMAGE LOCALIZATION

7KH GHYHORSHG '/50 DSSURDFK LV GHVLJQHG WR JLYH LQIRUPDWLRQ RQ WKH GDPDJH ORFDWLRQ
XVLQJRQO\WKHPHDVXUHGFKDQJHVLQQDWXUDOIUHTXHQFLHV
,W LV DVVXPHG WKDW D PRQLWRULQJ V\VWHP ZLWK IHZ VHQVRUV LV DYDLODEOH VR WKDW WKH QDWXUDO
IUHTXHQFLHV DUH FRQWLQXRXVO\ LGHQWLILHG WKH HQYLURQPHQWDO HIIHFWV DUH UHPRYHG DQG WKH
RFFXUUHQFH RI VWUXFWXUDO DQRPDOLHV LV GHWHFWHG WKURXJK VWDWLVWLFDO WRROV VXFK DV WKH FRQWURO
FKDUWV &RQWURO FKDUWV DUH JUDSKLFDO UHSUHVHQWDWLRQV RI WKH HYROXWLRQ RYHU WLPH RI D FHUWDLQ
SURFHVVZLWKGHVLJQHGFRQWUROOLPLWVWRGHWHFWDEQRUPDOREVHUYDWLRQV)RU6+0SXUSRVHVWKH
FRQWURO OLPLWV DUH EDVHG RQ DQ LQLWLDO WUDLQLQJ SHULRG ZKHQ WKH VWUXFWXUH LV DVVXPHG WR EH
XQGDPDJHG7KHVXFFHVVIXOXVHRIFRQWUROFKDUWVLQGDPDJHGHWHFWLRQRIDQFLHQWFRQVWUXFWLRQV
KDVEHHQUHSRUWHGE\GLIIHUHQWVFKRODUV>@,QWKLVSDSHUWKH+RWHOOLQJPXOWLYDULDWHFRQWURO
FKDUWEDVHGRQWKH7VWDWLVWLF>@LVDGRSWHG
)URP D FDOLEUDWHG QXPHULFDO PRGHO D VHULHV RI GDPDJH VFHQDULRV DUH VLPXODWHG DQG WKH
FRQVHTXHQWYDULDWLRQVRIQDWXUDOIUHTXHQFLHVDUHFROOHFWHGLQDPDWUL[FDOOHG'/507KURXJK
D FRPSDULVRQ RI VLPLODULW\ EHWZHHQ WKH IUHTXHQF\ YDULDWLRQV LQ WKH '/50 DQG WKH RQHV
GHWHFWHGIURPWKHFOHDQHGREVHUYDWLRQVRIWKHFRQWLQXRXVPRQLWRULQJV\VWHPLWLVSRVVLEOHWR
ORFDWHLQZKLFKDUHDWKHDQRPDO\DSSHDUHG
7R FODULI\ WKH ZRUNLQJ SULQFLSOHV RI WKH '/50 DSSURDFK WKH PRGHO RI DQ LGHDOLVHG
PDVRQU\ WRZHU LV HPSOR\HG )LJ  VKRZV WKH JHRPHWU\ DGRSWHG DQG WKH n YLEUDWLRQ PRGHV
LQYROYHG$VGHPRQVWUDWHGE\GLIIHUHQWUHVHDUFKHV>@WKHILUVWWRUVLRQPRGH 7 DQGIRXU
EHQGLQJPRGHV % DUHRIWHQLGHQWLILHGZLWKWKHORZFRVWPRQLWRULQJVHWXS
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)LJXUH D ,GHDOLVHGWRZHUJHRPHWU\ EI QXPHULFDOYLEUDWLRQPRGHVHPSOR\HGLQWKHGDPDJHORFDOLVDWLRQ
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2.1

Creation of the Damage Location Reference Matrix (DLRM)

7KH'/50FRQWDLQVWKHmSHUFHQWDJHRIYDULDWLRQRIWKHnFRQVLGHUHGQDWXUDOIUHTXHQFLHV
7KHFUHDWLRQRIWKH'/50LVSHUIRUPHGDVIROORZ
L
WKHSUHYLRXVO\FDOLEUDWHG)(PRGHOLVGLYLGHGLQWRmHOHPHQWV )LJD GLIIHUHQWLDWLQJ
FRUQHUVDQGZDOOVLQSODQDQGIORRUVLQKHLJKW
LL mHLJHQYDOXHDQDO\VHVDUHSHUIRUPHGUHGXFLQJWKHHODVWLFPRGXOXVRIHDFKHOHPHQWE\D
FHUWDLQTXDQWLW\ HJ 
LLL WKHFKDQJHVLQWKHnQDWXUDOIUHTXHQFLHVDUHFROOHFWHGLQDQnE\mPDWUL[FDOOHG'/50
7KHHIIHFWVRIWKHGLIIHUHQW'DPDJH6FHQDULRV '6V DUHPHDVXUHGWKURXJKWKHSHUFHQWDJH
RIIUHTXHQF\GLVFUHSDQF\GHILQHGDVIROORZ

DFi

fi u  fi d
 
fi u





ZKHUHWKHi-thQDWXUDOIUHTXHQFLHVRIWKHVWUXFWXUHEHIRUHDQGDIWHUWKHGDPDJHDUHUHSUHVHQWHG
E\fi uDQGfi dUHVSHFWLYHO\
7RJLYHDQH[DPSOHRQKRZWKHORFDWLRQRIGDPDJHLQIOXHQFHVWKHQDWXUDOIUHTXHQFLHV)LJ
LOOXVWUDWHVWKHFRPSDULVRQEHWZHHQWKHVLPXODWHG'6RIWKHLGHDOLVHGWRZHUIRUWKHHOHPHQWV
RIWZRFRQVHFXWLYHIORRUV7KH'6VDUHREWDLQHGUHGXFLQJWKHHODVWLFPRGXOXVRIHDFKHOHPHQW
E\WKH$VSUHVHQWHGLQ)LJWKH'6VDUHWKHURZVRIWKH'/50
)URP WKH DQDO\VLV RI WKLV VLPSOLILHG DSSOLFDWLRQ LW LV SRVVLEOH WR GUDZ WKH IROORZLQJ
REVHUYDWLRQVRQWKHHIIHFWLYHQHVVRIWKHORFDOLVDWLRQSURFHGXUHXVLQJWKHIUHTXHQF\YDULDWLRQV
D
7KH '6 EHORQJLQJ WR GLIIHUHQW IORRUV JLYHV LQ DOO FDVHV GLIIHUHQW SDWWHUQ RI IUHTXHQF\
YDULDWLRQV )LJ 
E
7KH'6RIWKHIRXUFRUQHUHOHPHQWVEHORQJLQJWRWKHVDPHOHYHO )LJVDEEDUVZLWK
WKHVDPHFRORXU JLYHVWKHVDPHIUHTXHQF\YDULDWLRQV
F
7KH'6RQWKHIRXUZDOOHOHPHQWVEHORQJLQJWRWKHVDPHIORRU )LJVFGEDUVZLWKWKH
VDPHFRORXU JLYHVWKHVDPHIUHTXHQF\YDULDWLRQVZKHQDOLJQHGRQWKHVDPHGLUHFWLRQ
2.2

Model-based Damage localisation

2QFH WKH RQVHW RI GDPDJH LV GHWHFWHG LW LV SRVVLEOH WR LGHQWLI\ LWV ORFDWLRQ DQDO\VLQJ WKH
YDULDWLRQRIQDWXUDOIUHTXHQFLHV&RPSDULQJWKHIUHTXHQF\VKLIWVREWDLQHGIURPWKHPRQLWRULQJ
V\VWHPZLWKWKHmVLPXODWHGGDPDJHVFHQDULRVLWLVSRVVLEOHWRORFDWHWKHGDPDJHDPRQJWKH
mHOHPHQWVSUHYLRXVO\LGHQWLILHG7KH&RVLQH6LPLODULW\LVDGRSWHGWRPHDVXUHWKHVLPLODULW\
EHWZHHQWKHYHFWRURIWKHLGHQWLILHGH[SHULPHQWDOIUHTXHQF\VKLIWV DSEXP DQGWKHmYHFWRUV
RIWKHVLPXODWHGGDPDJHVFHQDULRV DSj 
FRV T j

DS j  DS EXP



DS j  DS EXP



ZKHUHθMLVWKHjWKDQJOHEHWZHHQWKHWZRYHFWRUV,QWKHSUHVHQWSDSHUWKHDGRSWHG'DPDJH
,QGH[LVH[SUHVVHGDVIROORZ
Damage Index j

FRV T j









ZKHUHYDOXHVFORVHWRVXJJHVWDJRRGFRUUHODWLRQZLWKWKHLGHQWLILHGIUHTXHQF\VKLIWVZKLOH
YDOXHV ORZHU WKDQ  VXJJHVW D SRRU FRUUHODWLRQ 7KH jWK 'DPDJH ,QGH[ LV WKHQ SORWWHG
WRJHWKHU ZLWK WKH FRUUHVSRQGLQJ jWK '6 ± UHSUHVHQWLQJ WKH HOHPHQW ORFDWLRQ ± HJ )LJ  
7KH ORFDOLVDWLRQ LV WKHQ SHUIRUPHG FRQVLGHULQJ WKH ORFDWLRQ DVVRFLDWHG ZLWK WKH KLJKHU
'DPDJH,QGH[
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)LJXUH&RPSDULVRQEHWZHHQWKHVLPXODWHG'DPDJH6FHQDULRV '6 RIWKHILUVW DE DQGVHFRQG FG IORRULQ
WHUPVRIWKHGLVFUHSDQF\RIIUHTXHQF\ ')(T 
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G

)LJXUH/RFDOLVDWLRQRIVLPXODWHGIUHTXHQF\VKLIWVREWDLQHGE\GHFUHDVLQJWKHHODVWLFPRGXOLRIILUVWIORRUZDOOV
FG DQGFRUQHUV DE E\WKH WKHUHGGDVKHGOLQHUHSUHVHQWVWKHDFWXDOGDPDJHORFDWLRQ 
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7KHORFDOLVDWLRQSURFHGXUHLVH[HPSOLILHGRQWKHPRGHORIWKHLGHDOLVHGWRZHUIUHTXHQF\
VKLIWV DUH VLPXODWHG UHGXFLQJ WKH HODVWLF PRGXOXV RI WKH  HOHPHQWV RI WKH ILUVW IORRU E\ WKH
 )LJVDF 7KHVLPXODWHGDSEXPDUHWKHQFRPSDUHGZLWKWKHjWK'6RIWKH'/507KH
IROORZLQJREVHUYDWLRQVFDQEHGUDZQ
D
$V H[SHFWHG LW LV QRW SRVVLEOH WR GLVWLQJXLVK EHWZHHQ D '6 RQ D FRUQHU HOHPHQW
EHORQJLQJWRWKHVDPHIORRU
E
6LPLODUO\LWLVQRWSRVVLEOHWRGLIIHUHQWLDWHEHWZHHQWKH'6RQZDOOHOHPHQWVEHORQJLQJ
WRWKHVDPHOHYHODQGVDPHGLUHFWLRQ
,Q FRQFOXVLRQ D QXPHULFDO PRGHO RI DQ LGHDOLVHG WRZHU ZDV HPSOR\HG WR H[HPSOLI\ WKH
DSSOLFDWLRQ RI WKH '/50 DSSURDFK VKRZLQJ SURPLVLQJ UHVXOWV ,W VKRXOG EH QRWLFHG WKDW
LQFUHDVLQJ WKH QXPEHU DQG WKH W\SH HJ EHQGLQJ WRUVLRQ RU ORFDO  RI YLEUDWLRQ PRGHV FDQ
VXEVWDQWLDOO\LQFUHDVHWKHHIIHFWLYHQHVVRIWKHORFDOLVDWLRQFDSDELOLW\RIWKHSURSRVHGDSSURDFK
3

THE ZUCCARO’S TOWER: DESCRIPTION AND DYNAMIC TESTING

7KH Zuccaro¶V WRZHU RI 0DQWXD )LJ   DERXW  P KLJK LV D KLVWRULFDO GHIHQVLYH
VWUXFWXUHEXLOWLQWKH0LGGOH$JHV>@7KHILUVW UHFRUGUHJDUGLQJLWV H[LVWHQFHGDWHVEDFNWR
7KHIHZDQGVPDOORSHQLQJVDQGWKHWRZHUORFDWLRQDWWKHOLPLWVRIWKHFLW\0LGGOH$JHV
IRUWLILFDWLRQVVXJJHVW LWV RULJLQDO GHIHQVLYHUROH $VVKRZQLQ )LJ WKH WRZHULV QRZDGD\V
LQFOXGHGLQDEXLOGLQJDJJUHJDWHVXUURXQGHGRQWKUHHVLGHVE\ORZULVHFRQVWUXFWLRQV
7KH VWUXFWXUH KDV DQ DSSUR[LPDWH VTXDUHG SODQ ZLWK WKH VLGH HTXDO WR  P 7KH ORDG
EHDULQJZDOOVDUHEXLOWLQVROLGEULFNPDVRQU\ZLWKDWKLFNQHVVUDQJLQJIURPPDWWKHEDVH
WRPDWWKHWRS$EULFNPDVRQU\FURVVYDXOWLVFRYHULQJWKHJURXQGIORRUZKLOHDWLPEHU
VWDLUFDVHLVFRQQHFWLQJWKHWLPEHUIORRUVGLVWULEXWHGDORQJWKHKHLJKWRIWKHVWUXFWXUH )LJ 
,WLVZRUWKPHQWLRQLQJWKDWWKHURRIDQGWKHWLPEHUIORRUVZHUHVXEVWLWXWHGDIWHUDILUHRFFXUUHG
LQ  DQG WKH UHODWHG LQWHUYHQWLRQ ± FDUULHG RXW LQ WKH V ± LQYROYHG WKH LQMHFWLRQ RI
H[SDQGLQJPRUWDUVLQVHYHUDODUHDV
'XH WR D ODUJH QXPEHU RI XQFHUWDLQWLHV UHJDUGLQJ WKH HYROXWLRQ RI WKH EXLOGLQJ DQG WKH
HIIHFWLYHQHVV RI VWUHQJWKHQLQJ LQWHUYHQWLRQV DQ H[WHQVLYH LQYHVWLJDWLRQ VXUYH\ ZDV UHFHQWO\
FDUULHGRXWLQYROYLQJYLVXDOLQVSHFWLRQDQG$PELHQW9LEUDWLRQ7HVWLQJ $97 7KHUHVXOWVRI
WKHLQYHVWLJDWLRQVDUHUHSRUWHGLQ>@DQG>@7KHVXUYH\ZDVDLPHGDWSURYLGLQJGHWDLOVRQWKH
JHRPHWU\ RI WKH VWUXFWXUH GHWHFW FULWLFDO DUHDV DQG LUUHJXODULWLHV DQG LGHQWLI\ WKH G\QDPLF
FKDUDFWHULVWLFVRIWKHVWUXFWXUH LHQDWXUDOIUHTXHQFLHVDQGPRGHVKDSHV 
D

E

F

)LJXUH7KHZuccaro¶VWRZHUYLHZVIURPWKHZHVW D DQGVRXWKFRUQHUV E DQGJHRPHWULFVXUYH\RIWKH
H[WHUQDOIURQWV F 
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)LJXUH'HWDLOVRIPDVRQU\FUDFNVDQGGLVFRQWLQXLWLHV D JURXQGIORRU1(IURQW E VWIORRU6(IURQWDQG
F UGIORRU6:IURQW

1(IURQW

6(IURQW

6:IURQW

1:IURQW

)LJXUH6HFWLRQRIWKHWRZHUZLWKWKHVXUYH\RIWKHFUDFNSDWWHUQVDQGGLVFRQWLQXLWLHVGXHWRGLIIHUHQWEXLOGLQJ
SKDVHV

3.1

On-site inspections

7KHDFFXUDWHRQVLWHLQVSHFWLRQVRIWKHLQQHUIURQWVRIWKHWRZHUDUHVXPPDULVHGLQ)LJ
)URP WKH VWUDWLJUDSKLF VXUYH\ WKH GLVFRQWLQXLWLHV GXH WR GLIIHUHQW EXLOGLQJ SKDVHV RU ORFDO
PDVRQU\ UHFRQVWUXFWLRQV DUH LGHQWLILHG )XUWKHUPRUH WKH RQVLWH LQVSHFWLRQV KLJKOLJKWHG WKH
IROORZLQJDVSHFWV
D
6KDUSGLVFRQWLQXLWLHVDQGGHHSFUDFNV ZHUHIRXQG DURXQGWKHFRUQHUEHWZHHQWKH6:
DQG6(ZDOOV )LJF VWDUWLQJIURPWKHEDVHXSWRP
E
6RPHGHHSDQGWKLFNFUDFNVZHUHLGHQWLILHGRQWKHFURVVYDXOWDWWKHJURXQGOHYHO
F
7KH SUHVHQFH RI ODUJH DUHDV ZLWK IUDJPHQWDU\ DQG QRQKRPRJHQHRXV PDVRQU\ ZDV
LGHQWLILHGVWDUWLQJIURPWKHKHLJKWRIPRQWKH1(IURQW )LJ 
G
([WHQGHGGDUNDUHDVUHVXOWLQJIURPWKHILUHRIZHUHIRXQGLQWKHLQQHUZDOOV
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3.2

Dynamic characteristics of the tower

7ZRVHULHVRI$97VZHUHFRQGXFWHGRQWKHWRZHULQYROYLQJDGLIIHUHQWQXPEHURIVHQVRUV
7KHILUVWWHVW PHDVXULQJFKDQQHOV ZDVSHUIRUPHGEHWZHHQ2FWREHUUGDQGWK>@
ZLWKWKHWZRIROGREMHFWLYHRILGHQWLI\LQJWKHYLEUDWLRQPRGHVRIWKHVWUXFWXUHDQGHYDOXDWLQJ
WKH HIIHFWLYHQHVV RI D VHQVRU VHWXS IRU WKH IXWXUH LQVWDOODWLRQ RI D PRQLWRULQJ V\VWHP 7KH
VHFRQGWHVW PHDVXULQJFKDQQHOV ZDVSHUIRUPHGEHWZHHQ'HFHPEHUWKDQGWK>@
ZLWK WKH REMHFWLYHV RI REWDLQLQJ D FRPSOHWH UHSUHVHQWDWLRQ RI WKH PRGH VKDSHV DQG URXJKO\
DVVHVVLQJWKHLPSDFWRIWHPSHUDWXUHFKDQJHVRQQDWXUDOIUHTXHQFLHV
'XULQJWKHILUVWWHVWELD[LDOVHLVPRPHWHUV HOHFWURG\QDPLFYHORFLW\WUDQVGXFHUV6$5$
66  ZHUH SRVLWLRQHG DW WKH RSSRVLWH FRUQHUV RI WKH WRS IORRU WR PHDVXUH WKH G\QDPLF
UHVSRQVH RI WKH VWUXFWXUH XQGHU DPELHQW H[FLWDWLRQV 'XULQJ WKH VHFRQG WHVW KLJKVHQVLWLYLW\
DFFHOHURPHWHUV VHQVLWLYLW\RI9JSHDNDFFHOHUDWLRQRIJ ZHUHHPSOR\HGWRPHDVXUH
WKHUHVSRQVHRIWKHWRZHULQSRLQWVEHORQJLQJWRVHOHFWHGFURVVVHFWLRQV )LJD 
7KHH[WUDFWLRQRIWKHPRGDOSDUDPHWHUVZDVSHUIRUPHGZLWKWZRZHOONQRZQDOJRULWKPV
WKH )UHTXHQF\ 'RPDLQ 'HFRPSRVLWLRQ )'' >@  DQG WKH GDWDGULYHQ 6WRFKDVWLF 6XEVSDFH
,GHQWLILFDWLRQ 66,GDWD >@  %RWK DOJRULWKPV DUH DYDLODEOH LQ WKH FRPPHUFLDO VRIWZDUH
$57H0,6>@2YHUDOOEHQGLQJPRGHV % WRUVLRQPRGH 7 DQGZDUSLQJGLVWRUWLRQ
PRGHV : ZHUHLGHQWLILHGLQWKHIUHTXHQF\UDQJHRI+]
,QWKHSUHVHQWSDSHURQO\WKHUHVXOWVRIWKHVHFRQGWHVWDUHUHSRUWHGDQG)LJVXPPDULVHV
WKH PRGDO SDUDPHWHUV LGHQWLILHG 7KH VHTXHQFH RI WKH ILUVW  PRGHV LV FRQVLVWHQW ZLWK WKH
UHVXOWVREWDLQHGLQVLPLODUVWXGLHV>@ZKHUHDVWKHODVWWZRPRGHVDSSHDUWREHYHU\SHFXOLDU
RIWKHLQYHVWLJDWHGVWUXFWXUH)URPWKHDQDO\VLVRIWKHLGHQWLILHGG\QDPLFFKDUDFWHULVWLFVWKH
IROORZLQJREVHUYDWLRQVDUHGUDZQ
D
7ZR FORVHO\ VSDFHG EHQGLQJ PRGHV LQ RSSRVLWH GLUHFWLRQV %\ DQG %[  DUH LGHQWLILHG
EHWZHHQDQG+]
E
7KH WKLUG PRGH LV D JOREDO WRUVLRQ PRGH 7  IROORZHG E\ RWKHU WZR KLJKHURUGHU
EHQGLQJPRGHV %\DQG%[ 
F
7KHODVWWZRPRGHV :DQG: DUHDVVRFLDWHGZLWKFURVVVHFWLRQGLVWRUWLRQRIILUVWDQG
VHFRQGRUGHU7KHSHFXOLDUVKDSHRIWKHVHPRGHVLVNQRZQDVZDUSLQJ
G
5HJDUGOHVVRIWKHGLIIHUHQFHVLQWKHH[WHUQDOWHPSHUDWXUHVDQH[FHOOHQWFRUUHVSRQGHQFH
EHWZHHQ WKH ILUVW  YLEUDWLRQ PRGHV ZDV IRXQG ZKLOH : DQG : H[KLELW D VWURQJHU
VHQVLWLYLW\WRWKHHQYLURQPHQWDOFRQGLWLRQV
D

0RGHQR
f 66, +] 

E

%\


F

%[


G

7


H

I

J

K

%\


%[


:


:


)LJXUH D 6HQVRUVOD\RXWRIWKH$97VRI'HFHPEHU 7 &  E  K ,GHQWLILHGYLEUDWLRQPRGHV
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4

THE ZUCCARO’S TOWER: FE MODELLING AND UPDATING

7KH ' PRGHO RI WKH WRZHU ZDV GHYHORSHG ZLWK WKH )( FRGH $%$486 XVLQJ WKH HLJKW
QRGHEULFNHOHPHQWV &' $UHODWLYHO\ODUJHQXPEHURIHOHPHQWVZHUHHPSOR\HGWRREWDLQ
DUHJXODUGLVWULEXWLRQRIPDVVHVDJRRGGHVFULSWLRQRIWKHRSHQLQJGLVWULEXWLRQDQGWRDYRLG
IUHTXHQF\ VHQVLWLYLW\ WR PHVK VL]H 2YHUDOO WKH QXPHULFDO PRGHO FRQVLVWV RI  EULFN
HOHPHQWVZLWKGHJUHHVRIIUHHGRPDQGDQDYHUDJHPHVKVL]HRIP )LJD 
2QFH WKH JHRPHWU\ RI WKH QXPHULFDO PRGHO LV HVWDEOLVKHG WKH VHOHFWLRQ RI WKH VWUXFWXUDO
SDUDPHWHUVWREHXSGDWHGLVWKHQH[WNH\LVVXH7RSUHYHQWWKHLOOFRQGLWLRQLQJRIWKHLQYHUVH
SUREOHP DQG WR LPSURYH WKH UREXVWQHVV RI WKH XSGDWHG SDUDPHWHU HVWLPDWHV WKH QXPEHU RI
XSGDWLQJYDULDEOHVZDVNHSWVPDOOHUWKDQWKHH[SHULPHQWDOSDUDPHWHUVXVHGDVWDUJHWVDQGRQO\
WKH XQFHUWDLQ VWUXFWXUDO SDUDPHWHUV ZHUH XSGDWHG &RQVHTXHQWO\ WKH IROORZLQJ DVVXPSWLRQV
ZHUH DGRSWHG D  WKH HIIHFW RI VRLOVWUXFWXUH LQWHUDFWLRQ ZDV QHJOHFWHG DQG WKH WRZHU ZDV
DVVXPHGSLQQHGDWWKHEDVH E DOLQHDUHODVWLFRUWKRWURSLFPDWHULDOZDVDGRSWHGIRUWKHEULFN
PDVRQU\ ZLWK FRQVWDQW PDVV GHQVLW\ DQG 3RLVVRQ¶V UDWLR HTXDO WR  N1P DQG 
UHVSHFWLYHO\ F WKHVKHDUPRGXOXVZDVFRQVLGHUHGHTXDOWRG α·EZKHUHELVWKH<RXQJ¶V
PRGXOXVDQGαLVDFRQVWDQWPXOWLSOLHU
,Q DGGLWLRQ WR FDOLEUDWH DOO WKH LGHQWLILHG YLEUDWLRQV PRGHV WKH IROORZLQJ DVSHFWV ZHUH
FRQVLGHUHG
D
WKH SUHVHQFH RI WKH EXLOGLQJ DJJUHJDWH ZDV PRGHOOHG ZLWK D XQLIRUP GLVWULEXWLRQ RI
OLQHDUHODVWLFWUDQVODWLRQDOVSULQJVZLWKFRQVWDQWVkxDQGkyRQWKH6(VLGHDQG1(VLGH
UHVSHFWLYHO\
E
WKHPDVRQU\ZDOOVZHUHGLYLGHGLQWRUHJLRQVZLWKFRQVWDQWPDWHULDOSURSHUWLHVEDVHG
RQ VXFFHVVLYH PRGHOOLQJ UHILQHPHQW LQYROYLQJ GLIIHUHQW DVVXPSWLRQV RQ WKH PRGHO
XQFHUWDLQWLHV WKHIXOOSURFHVVLVGHVFULEHGLQ>@ 
F
WKHSUHVHQFHRIWLPEHUIORRUVZDV VLPXODWHG ZLWK DVHULHV RIULJLG EHDPV FRQQHFWHGWR
WKHYHUWLFDOZDOOVXVLQJOLQHDUHODVWLFVSULQJV FRQVWDQWkRS 
2YHUDOO WKH QXPEHU RI XSGDWLQJ SDUDPHWHUV ZDV HTXDO WR   <RXQJ¶V PRGXOL WKH UDWLR α
DQGWKHVSULQJVFRQVWDQWVkxkyDQGkRS
7KHDGRSWHG)(08SURFHGXUHZDVLPSOHPHQWHGLQ0$7/$%HQYLURQPHQWDQGLWLVEDVHG
RQWKH'RXJODV5HLGPHWKRG>@ZLWKWKH3DUWLFOH6ZDUP2SWLPLVDWLRQ 362 DOJRULWKP>@
WKH XSGDWLQJ SDUDPHWHUV DUH LWHUDWLYHO\ FRUUHFWHG LQ D FRQVWUDLQHG UDQJH XQWLO D VWDEOH
PLQLPXP VROXWLRQ IRU DQ REMHFWLYH IXQFWLRQ LV IRXQG 3DUWLFXODUO\ WKH IROORZLQJ REMHFWLYH
IXQFWLRQZDVDGRSWHG
J x

 n fi AVT  fi x
¦ f AVT 
n i
i





ZKHUH fL$97 LV WKH iWK H[SHULPHQWDOO\ LGHQWLILHG QDWXUDO IUHTXHQF\ DQG fL x  LV WKH iWK
SRO\QRPLDO DSSUR[LPDWLRQ >@ RI WKH QXPHULFDO QDWXUDO IUHTXHQFLHV H[SUHVVHG DV IXQFWLRQV
RIWKHxXSGDWLQJSDUDPHWHUV
7DEOLVWVWKHRSWLPDOHVWLPDWHVRIWKHXQFHUWDLQSDUDPHWHUVRIWKHPRGHO7KHGLIIHUHQFH
EHWZHHQ WKH HODVWLF PRGXOXV RI WKH XSSHU DQG ORZHU SDUW RI WKH WRZHU LV PRWLYDWHG E\ WKH
SUHVHQFH RI IUDJPHQWDU\ DQG QRQKRPRJHQHRXV PDVRQU\ VWDUWLQJ IURP WKH KHLJKW RI  P
)LJ 
,Q FRQFOXVLRQ DQ H[FHOOHQW FRUUHODWLRQ EHWZHHQ WKH QXPHULFDO DQG H[SHULPHQWDO PRGDO
SDUDPHWHUV LV REWDLQHG ZLWK WKH PD[LPXP IUHTXHQF\ GLVFUHSDQF\ ')PD[  EHLQJ HTXDO WR
 +HQFH WKH XSGDWHG PRGHO LV FDSDEOH RI DFFXUDWHO\ UHSUHVHQWLQJ WKH H[SHULPHQWDOO\
LGHQWLILHGPRGDOSDUDPHWHUV
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7DEOH&RPSDULVRQEHWZHHQRSWLPLVHGDQGH[SHULPHQWDO $977 & PRGDOIUHTXHQFLHV

6WUXFWXUDOSDUDPHWHUV
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kRS N1PÂ 









7DEOHORZHUERXQGRSWLPLVHGYDOXHVDQGXSSHUERXQGVRIWKHLGHQWLILHGVWUXFWXUDOSDUDPHWHUV
D
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)LJXUH D )(PRGHORIWKHZuccaro¶VWRZHUDQG EK YLEUDWLRQPRGHVRIWKHRSWLPDO XSGDWHG PRGHO
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5

THE ZUCCARO’S TOWER: APPLICATION OF THE DLRM APPROACH

7R WHVW WKH FDSDELOLW\ RI WKH SURSRVHG DSSURDFK IRU WKH GDPDJH ORFDOLVDWLRQ LQ PDVRQU\
WRZHUV WKUHH GDPDJH VFHQDULRV '6  ZHUH VLPXODWHG DQG SVHXGRH[SHULPHQWDO PRQLWRULQJ
GDWD ZHUH JHQHUDWHG IRU WKH Zuccaro¶V WRZHU 7KH SUHYLRXVO\ XSGDWHG QXPHULFDO PRGHO ZDV
GLYLGHGLQWRHOHPHQWV )LJVDE ±HOHPHQWVSHUIORRU±WRVLPXODWHWKHSRVVLEOHHIIHFW
RIORFDOGDPDJHV)LJVKRZVWKHVHOHFWHGHOHPHQWVZKLFKEHORQJVWRGLIIHUHQWUHJLRQVRI
WKHWRZHUORZHU '6 PHGLXP '6 DQGXSSHU '6 SDUWV
7KHGDPDJHVDUHVLPXODWHGLQDVLPSOLILHGZD\WKURXJKD<RXQJ¶VPRGXOXVUHGXFWLRQE\
)LJVKRZVWKHFKDQJHVLQQDWXUDOIUHTXHQFLHVJHQHUDWHGE\WKHWKUHHVLPXODWHG'6
7KH PD[LPXP YDULDWLRQ LV REWDLQHG IRU WKH '6 DQG LW LV HTXDO WR  RQ WKH ILUVW PRGH
%\ ZKLOHLQWKHRWKHUWZRFDVHVWKHPD[LPXPYDULDWLRQVDUHORZHUWKDQ
6LQFH WKH LQVWDOODWLRQ RI WKH PRQLWRULQJ V\VWHP LV RQJRLQJ WKH PRQLWRULQJ GDWD ZHUH
JHQHUDWHG IURP WKH H[SHULPHQWDOO\ LGHQWLILHG QDWXUDO IUHTXHQFLHV 7KH HQYLURQPHQWDO HIIHFWV
ZHUH QRW FRQVLGHUHG DW WKLV VWDJH VLQFH WKH SURFHGXUH LV VXSSRVHG WR XVH WKH FOHDQHG
REVHUYDWLRQV &RQVHTXHQWO\ D QRUPDO GLVWULEXWLRQ ZLWK D GHILQHG VWDQGDUG GHYLDWLRQ ZDV
DVVXPHGIRUHDFKIUHTXHQF\DFFRUGLQJWROLWHUDWXUHYDOXHV FOHDQVHGREVHUYDWLRQV >@
7DE  LOOXVWUDWHV WKH DGRSWHG PHDQ YDOXHV DQG VWDQGDUG GHYLDWLRQV IRU WKH SVHXGR
H[SHULPHQWDO PRQLWRULQJ GDWD DQG UHSRUWV WKH HIIHFWV RI WKH WKUHH '6 RQ WKH  QDWXUDO
IUHTXHQFLHVFRQVLGHUHG,WLVZRUWKQRWLQJWKDWWKH'6VKDYHFRPSDUDEOHIUHTXHQF\VKLIWVWKDQ
WKHVHOHFWHGVWDQGDUGGHYLDWLRQV 7DE 
D

E

F '6

G '6

H '6

)LJXUH DE )(PRGHORIWKHZuccaro¶VWRZHUGLYLGHGLQWRHOHPHQWV FH VLPXODWHGGDPDJHVFHQDULRV
D '6

E '6

F '6

)LJXUH&RPSDULVRQEHWZHHQWKHIUHTXHQF\VKLIWV ')(T RIWKHWKUHHLQWURGXFHGGDPDJHVFHQDULRV
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7DEOH6WDWLVWLFRIWKHSVHXGRH[SHULPHQWDOPRQLWRULQJGDWDZLWKVLPXODWHGGDPDJHVFHQDULRV
D '6

G f '6

E '6



H f '6

F '6



I f '6



)LJXUH DF 3VHXGRH[SHULPHQWDOPRQLWRULQJGDWD GI IRFXVRQWKHIUHTXHQFLHVZLWKWKHKLJKHUFKDQJHV
D '6

E '6

F '6

)LJXUH'DPDJHGHWHFWLRQWKURXJKFRQWUROFKDUWVIRUWKHGDPDJHVFHQDULRV
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2YHUDOO  REVHUYDWLRQV DUH JHQHUDWHG  REVHUYDWLRQ SHU KRXU  DQG WKH VLPXODWHG
IUHTXHQF\VKLIWVDUHLQWURGXFHGLQWKHPLGGOHRIWKHJHQHUDWHGWLPHKLVWRU\ T K)LJ 
7KHIUHTXHQF\VKLIWVDUHSDUWLFXODUO\YLVLEOHRQWKHILUVWPRGH %\)LJG IRUWKH'6DQG
RQWKHILIWKPRGH %[)LJH IRUWKH'6&RQYHUVHO\WKHHIIHFWVRIWKH'6RQf6 :
)LJI DUHOHVVHYLGHQWLQWKLVFDVHWKHVWDQGDUGGHYLDWLRQIRUWKHPRGH:LVHTXDOWR
+]ZKLOHWKHFRQVLGHUHGIUHTXHQF\VKLIWLVHTXDOWR+]
7R GHWHFW WKH SUHVHQFH RI VWUXFWXUDO DQRPDOLHV RQ WKH JHQHUDWHG PRQLWRULQJ GDWD WKH
FRQWUROFKDUWVEDVHGRQ7±VWDWLVWLFDUHDGRSWHG>@$WUDLQLQJSHULRGRIK GD\V ZDV
HPSOR\HG WR GHILQH WKH PHDQ YDOXHV RI IRU WKH  QDWXUDO IUHTXHQFLHV 7KH UHVLGXDO HUURUV
EHWZHHQWKHPHDQIUHTXHQFLHVRIWKHUHIHUHQFHSHULRGDQGWKHIUHTXHQFLHVRIHDFKREVHUYDWLRQ
DUHXVHGWRGHILQHDPXOWLYDULDWHFRQWUROFKDUW )LJ FRPSRVHGE\VXEJURXSVRIK7KH
VWUXFWXUDODQRPDOLHVDUHGHWHFWHGHDFKWLPHDQREVHUYDWLRQOD\VRXWVLGHWKHFRQWUROOLPLW7KH
EODFNGDVKHGOLQHLQ)LJUHSUHVHQWVWKHLQVWDQFHLQZKLFKWKH'6VZHUHLQWURGXFHG&OHDUO\
WKHWKUHH'6DUHDVVRFLDWHGZLWKGLIIHUHQW')V VHH)LJ DQGFRQVHTXHQWO\WKHRXWOLHUVRQ
WKHFRQWUROFKDUWVDUHPRUHHYLGHQWLQWKH'6 )LJD ZKHUHWKH')VDUHKLJKHUZKLOHDUH
OHVVHPSKDVLVHGLQWKH'6 )LJF ZKHUHWKH')VDUHORZHU
D '6 7 K 

E '6 7 K 

F '6 7 K 

)LJXUH'DPDJHORFDOLVDWLRQWKURXJKWKH'/50DWWKHWLPH7ZKHQWKHGDPDJHZDVLQWURGXFHG
D '6 7 K 

E '6 7 K 

F '6 7 K 

)LJXUH(OHPHQWVZLWKDGDPDJHLQGH[KLJKHUWKDQDWWKHWLPH7 K WKH',FRORXUHGLQUHGLQGLFDWHV
WKHFRUUHFWSRVLWLRQRIWKHVLPXODWHGGDPDJH 

2351

3DROR%RUOHQJKL&DUPHOR*HQWLOHDQG$QWRQHOOD6DLVL
D '6

E '6

F '6

)LJXUH&RPSDULVRQEHWZHHQWKH'DPDJH,QGH[HVRIWKUHHHOHPHQWVRYHUWKHHQWLUHPRQLWRULQJSHULRG

2QFHWKHRQVHWRIDGDPDJHLVYHULILHGWKHFRPSDULVRQEHWZHHQWKHSVHXGRH[SHULPHQWDO
IUHTXHQF\ VKLIWV DQG WKH FRPSXWHG '/50 LV SHUIRUPHG 7KH '/50 ZDV SUHYLRXVO\
JHQHUDWHGIURPWKHXSGDWHG)(PRGHO )LJD IROORZLQJWKHSURFHGXUHH[SODLQHGLQ6HFWLRQ
WKHDGRSWHGHODVWLFPRGXOXVUHGXFWLRQZDVHTXDOWRWKH
7KH FRPSDULVRQ EHWZHHQ WKH SVHXGRH[SHULPHQWDO IUHTXHQF\ VKLIWV DQG WKH FRPSXWHG
'/50LVSURYLGHGE\(TDQGWKHUHVXOWVDWWLPHT K±WKDWLVWKHWLPHZKHQWKHGDPDJH
LVGHWHFWHGIURPWKHFRQWUROFKDUWV±DUHGHSLFWHGLQ)LJ7KHUHGGDVKHGOLQHUHSUHVHQWVWKH
FRUUHFWGDPDJHORFDWLRQZKLOHWKHJUHHQGRWVDUHWKH'DPDJHLQGH[HV ',V RIHDFKHOHPHQW
7KHHOHPHQWVZLWKKLJKHU',VDUHPRUHOLNHO\WREHGDPDJHG$VLWZDVLQWKHGHWHFWLRQVWDJH
WKHORFDOLVDWLRQLVPRUHHYLGHQWIRU'6DQG'6VLQFHWKH')VDUHKLJKHU
)LJLOOXVWUDWHVWKHSRVLWLRQRIWKHHOHPHQWVZLWKD'DPDJHLQGH[KLJKHUWKDQ7KH
IROORZLQJREVHUYDWLRQVFDQEHGUDZQ D WKH'6LV FRUUHFWO\ORFDOLVHGLQ WKHORZHUSDUWRI
WKH WRZHU RQ WKH ZDOOV DORQJ WKH [GLUHFWLRQ E  VLPLODUO\ WKH '6 LV FRUUHFWO\ ORFDOLVHG
DPRQJ WKH WK DQG WK IORRUV RQ WKH ZDOOV DORQJ WKH \GLUHFWLRQ F  WKH '6 LV FRUUHFWO\
ORFDOLVHGLQ WKHWRS IORRURIWKHWRZHU EXW LWZDV QRW SRVVLEOHWRGLVWLQJXLVK RQZKLFKZDOO
3DUWLFXODUO\WKHORFDOLVDWLRQRIWKHODVW'6UHOLHVRQWKHLQGXFHGIUHTXHQF\VKLIWRQPRGH:
VHH )LJ F  ZKLFK LV DVVRFLDWHG ZLWK D FURVVVHFWLRQDO GLVWRUWLRQ &RQYHUVHO\ WKH RWKHU
ORFDOLVDWLRQV UHO\ DOVR RQ EHQGLQJ PRGHV VHH )LJV DE  ZKLFK DUH FKDUDFWHULVHG E\ D
GLUHFWLRQGRPLQDWHGFRPSRQHQWRIPRWLRQ
,Q FRQFOXVLRQ )LJ  LOOXVWUDWHV WKH HYROXWLRQ RYHU WLPH RI WKH ',V RI WKUHH VHOHFWHG
HOHPHQWV %HIRUH WKH LQWURGXFWLRQ RI WKH VWUXFWXUDO DQRPDO\ DW T K WKH ',V DUH
FKDUDFWHULVHG E\ UDQGRP YDULDWLRQV FRQYHUVHO\ ZKHQ WKH GDPDJH RFFXUV WKH ',V H[KLELW D
PXFKVWDEOHSDWWHUQ1RWDEO\WKHVWDELOLW\LVFRUUHODWHGZLWKWKHPDJQLWXGHRIWKHIUHTXHQF\
VKLIWELJJHUIRU'6DQGORZHURI'6
6

CONCLUSIONS

3ULRU UHVHDUFK KDV GHPRQVWUDWHG WKH HIIHFWLYHQHVV RI GDPDJH ORFDOLVDWLRQ IRU PDVRQU\
WRZHUV EDVHG RQ PRQLWRUHG IUHTXHQF\ GDWD DQG )( PRGHOOLQJ >@ ,Q WKLV VWXG\ IXUWKHU
LQYHVWLJDWLRQV DUH FDUULHG RXW WR LQFUHDVH WKH FDSDELOLW\ RI DQ DFFXUDWH UHDOWLPH GDPDJH
HYDOXDWLRQ $FFRUGLQJO\ D PRGHOEDVHG GDPDJH ORFDOLVDWLRQ SURFHGXUH XVLQJ SUHYLRXVO\
FRPSXWHGGDPDJHVFHQDULRVDQGFRQWLQXRXVO\LGHQWLILHGQDWXUDOIUHTXHQFLHVLVLOOXVWUDWHG7KH
SURSRVHGDSSURDFKLVH[HPSOLILHGRQWKHZuccaro¶VWRZHUDQDQFLHQWPDVRQU\VWUXFWXUHEXLOW
LQWKH0LGGOH$JHVLQWKHFLW\RI0DQWXD,WDO\
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7KHUHVXOWVIURPWKHLQYHVWLJDWHGVWUXFWXUHVXJJHVWWKHIROORZLQJFRQFOXVLRQV
,QPDVRQU\WRZHUV DQGJHQHUDOO\LQVOHQGHUVWUXFWXUHVWKHPXWXDO YDULDWLRQRIQDWXUDO
IUHTXHQFLHV FDXVHG E\ D VWUXFWXUDO GDPDJH LV GLUHFWO\ FRUUHODWHG ZLWK WKH GDPDJH
ORFDWLRQ

7KHVLPXODWHGIUHTXHQF\VKLIWVDGGHGWRWKHSVHXGRH[SHULPHQWDOPRQLWRULQJGDWDZHUH
GHWHFWHGDQGORFDOLVHGZLWKWKHSURSRVHGDSSURDFK

$ FRVWHIIHFWLYH PRQLWRULQJ VHWXS FRPSRVHG E\ IHZ VHQVRUV SODFHG DW WKH WRS RI WKH
VWUXFWXUH DQG FRPELQHG ZLWK DQ DXWRPDWHG PRGDO LGHQWLILFDWLRQ DOJRULWKP DQG D
UHJUHVVLRQPRGHOWRILOWHURXWWKHHQYLURQPHQWDOHIIHFWVFDQEHXVHGQRW RQO\WRGHWHFW
EXWDOVRWRORFDOLVHDVWUXFWXUDOGDPDJH
3URPLVLQJ UHVXOWV VXJJHVW IXWXUH DSSOLFDWLRQV RI WKH PHWKRGRORJ\ IRU PRQLWRULQJ UHDO
VWUXFWXUHV 7R H[SDQG WKH FDSDELOLW\ RI WKH SURSRVHG DSSURDFK IXUWKHU LQYHVWLJDWLRQV ZLWK
PXOWLSOHGDPDJHVFHQDULRVVKRXOGEHSHUIRUPHG
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(852'<1
;,,QWHUQDWLRQDO&RQIHUHQFHRQ6WUXFWXUDO'\QDPLFV
03DSDGUDNDNLV0)UDJLDGDNLV&3DSDGLPLWULRX HGV 
$WKHQV*UHHFH±1RYHPEHU

MODAL PARAMETERS IDENTIFICATION ON ENVIRONMENTAL
TESTD OF ANCIENT BELL TOWERS AND VALIDATION OF THEIR
NUMERICAL MODELS
F. Clementi1, G. Standoli1, E. Giordano1, A. Ferrante1 and S. Lenci1


'HSWRI&LYLODQG%XLOGLQJ(QJLQHHULQJDQG$UFKLWHFWXUH
3RO\WHFKQLF8QLYHUVLW\RI0DUFKH$QFRQD,WDO\
HPDLO^JVWDQGROLHJLRUGDQRDIHUUDQWH`#SPXQLYSPLW^IUDQFHVFRFOHPHQWLOHQFL`#XQLYSPLW

Keywords:6WUXFWXUDO+HDOWK0RQLWRULQJ2SHUDWLRQ0RGDO$QDO\VLV)LQLWH(OHPHQW0RGHO
7RZHU+LVWRULFDO%XLOGLQJ
Abstract. Masonry towers are quite widespread in Europe and represent an important portion
of the built heritage that must be preserved, especially in high-seismicity regions. Very often,
such masonry towers exhibit unique peculiar morphologic and typological characteristics,
which might affect their different structural behaviors under horizontal loads. For this reason,
accurate knowledge of their dynamical parameters is useful for seismic assessment and the
design of risk mitigation interventions.
In this work, the opportunities provided by dynamic identification techniques for the non-destructive evaluation of heritage structures are discussed with a focus on different bell towers,
located in the Marche region (Italy). All of them were stricken by a long seismic sequence
(Center Italy earthquakes between August and October 2016), and are investigated in detail in
order to have an insight into their dynamic behavior. Furthermore, the experimental investigations and the operational modal analysis results are presented, and they are useful for defining
the Finite Element (FE) model of the towers with a continuum approach.
The monitoring system consists of several elements adequately connected. Many operative
problems have conditioned the positioning of the instrumentation due to the limited accessibility of the structure, not only to the primary access but also to reach the top.
However, it has been possible to identify with certain confidence the first three frequencies of
the towers and their corresponding mode shapes. The results carried out after the updating
procedure may be considered very good. The material data values estimated in this way will
constitute an important reference for the evaluation of the state of the building.
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1 INTRODUCTION
(XURSHSUHVHUYHVDODUJHSDUWRIWKH(DUWK VKLVWRULFDODQGDUWLVWLFKHULWDJH,WDO\LVRQHRIWKH
(XURSHDQ FRXQWULHV WKDW RZQV WKH PDMRULW\ RI KLVWRULFDO EXLOGLQJV HVSHFLDOO\ SDODFHV DQG
FKXUFKHV%HFDXVHRILWVSDUWLFXODUSRVLWLRQWKHQDWLRQLVFURVVHGE\$IULFDQDQG(XUR$VLDWLF
WHFWRQLFSODWHVWKHVHLVPLFULVNLVYHU\KLJKDQGFRQWLQXRXVO\HQGDQJHUVWKHKLVWRULFDOVWUXFWXUHV
>±@ 2QH RI WKH ODVWH[DPSOHV LV WKH UHFHQWO\ &HQWUDO ,WDO\ (DUWKTXDNHV WKDW KLWWKH DUHDV
EHWZHHQ0DUFKH$EUX]]RDQG8PEULD5HJLRQVFDXVLQJZLGHVSUHDGGDPDJHVHVSHFLDOO\DWWKH
FRQVWUXFWLRQSDUWRIWKHFXOWXUDOKHULWDJHKLJKOLJKWLQJRQFHDJDLQWKHQHFHVVLW\WRILQGPHWK
RGRORJLHVWRWDNHXQGHUFRQWUROWKHLUKHDOWKLQRUGHUWRLQWHUYHQHEHIRUHLUUHSDUDEOHGDPDJHV
RFFXU&XUUHQWO\WKHPRVWDSSURSULDWHWHFKQLTXHWRDFKLHYHWKLVSXUSRVHLVWKH6WUXFWXUDO+HDOWK
0RQLWRULQJ 6+0  XVLQJ WKH YDULDWLRQ RI VWUXFWXUHV G\QDPLF FKDUDFWHULVWLFV DV IUHTXHQFLHV
GDPSLQJDQGPRGHVKDSHV7RREWDLQWKHVHGDWDDFFHOHURPHWULFVHQVRUVDUHSODFHGRQVSHFLILF
SRLQWVRIWKHVWUXFWXUHLQRUGHUWRUHFRUGDFFHOHURPHWULFWLPHKLVWRULHVRQO\IURPDPELHQWQRLVH
7KHGDWDDFTXLUHGDUHILOWHUHGDQGSURFHVVHGE\DSSURSULDWHWHFKQLTXHVDEOHWRH[WUDFWWKHG\
QDPLFLQIRUPDWLRQ7KHVHGDWDFDQEHXVHGIRUWZRGLIIHUHQWSXUSRVHVGHSHQGLQJRQWKHDFTXL
VLWLRQGXUDWLRQLIWKHUHDUHDFTXLUHGIRUDVKRUWSHULRG 6KRUWWHUPPRQLWRULQJ WKH\FDQEHXVHG
WRLGHQWLI\WKHFXUUHQWEXLOGLQJVWDWHDQGFDOLEHUDQXPHULFDOPRGHO>±@ZKHUHDVLIWKHUH
DUHDFTXLUHGIRUDORQJSHULRG /RQJWHUPPRQLWRULQJ VXFKDVPRUHWKDQRQH\HDUWKH\FDQEH
XVHGWRWKHGDPDJHLGHQWLILFDWLRQ>±@VLQFHWKHYDULDWLRQRIWKHG\QDPLFFKDUDFWHULVWLFV
DUHOLQNHGWRVWLIIQHVVRUPDVVYDULDWLRQV>@,QWKLVODVWFDVHSDUWLFXODUDWWHQWLRQPXVWEHSDLG
WRWKHDPELHQWFRQGLWLRQVEHFDXVHDVPDQ\VWXGLHVVKRZHGWKH\FDQSURYRNHYDULDWLRQLQIUH
TXHQFLHVVRPHDXWKRUVDUHORRNLQJIRUDOJRULWKPVWRGHOHWHWKHPIURPWKHVLJQDOV>@
,QWKLVSDSHUWKHPRQLWRULQJDQGWKH)LQLWH(OHPHQW0RGHO )(0 FDOLEUDWLRQDUHSUHVHQWHG
WDNLQJDVDFDVHVWXG\DFRPSOH[FRPSRVHGE\FLYLFWRZHUDSDODFHDQGDQDUFDGHLQ0DWHOLFD
DYLOODJHLQWKHKLQWHUODQGRI0DUFKHUHJLRQ )LJXUH7KLVVWXG\ZDQWVWREHDQH[DPSOHRI
DSSOLFDELOLW\WKHG\QDPLFPRQLWRULQJIRUSURWHFWLRQRIWKHKHULWDJHPDVRQU\FRQVWUXFWLRQV

)LJXUH*HRJUDSKLFDOORFDOL]DWLRQDQG(DVWDQG:HVWIDFDGHV
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2 CASE STUDY
2.1.

Historical development

$WWKHVWDUWWKH*RYHUQRU V3DODFHZDVDSRUWLFRHGVWUXFWXUHXVHGDVGHOLPLWDWLRQEHWZHHQ
WKHSOD]DDQGWKHRSHQDLUPDUNHW7KLVVWUXFWXUHZDVGHVWUR\HGGXULQJWKHJRWKLFZDU
7KH&LYLF7RZHUGDWHVWRWKH;,,FHQWXU\LWZDVEXLOWRQWKHUXLQVRID5RPDQHVTXHVWUXF
WXUHLQLWEHFDPHWKHLPSHULDOOLHXWHQDQW¶VUHVLGHQFH7KHDFWXDOFRQILJXUDWLRQRIWKH*RY
HUQDWRU V 3DODFH JRHV EDFN WR  E\ WKH ZRUN RI WKH %HQLQFDVD GD )LUHQ]H DQG %UXQR GD
)DEULDQR7KHJDOOHU\FRQVWUXFWLRQRQWKHWRZHUDQGWKHRJLYDOZLQGRZVFORVLQJRFFXUUHGLQWKH
;,9FHQWXU\,QVWDUWHGWKHDUFDGHFRQVWUXFWLRQRQWKHULJKWVLGHRIWKH3DODFHGHVLJQHG
E\&RVWDQWLQRDQG*LRYDQ%DWWLVWDGD/XJDQRDUFKLWHFWVDQGZDVLQLWLDOO\XVHGDVDWH[WLOHPDU
NHW )LJXUH 7KHVWUXFWXUHVZHUHPRGLILHGVHYHUDOWLPHVEHWZHHQZKHQWKH\ZHUH
VXEMHFWHGWRWKHILUVWUHVWRUDWLRQLQWHUYHQWLRQVKRZHYHUDWWKHLUHQGWKHSDODFHZDVGHFODUHG
XQVDIHIRUVWDWLFSUREOHPV7RLPSURYHWKHWRZHUVWDELOLW\LQLWVEDVHZDVH[WHQGHG6LPLODU
LQWHUYHQWLRQVDLPHGWRLPSURYHWKHVWDELOLW\RIDOOWKHFRPSRQHQWVRIWKHEXLOGLQJFRQWLQXHG
XQWLOZKHQDELJUHVWRUDWLRQZDVFDUULHGRXWDIWHUWKH8PEULD0DUFKHHDUWKTXDNH

)LJXUH+LVWRULFDOHYROXWLRQRIWKHFRPSOH[

2.2.

Geometric survey

7KHSDODFHKDVDUHFWDQJXODUSODQWRIGLPHQVLRQVP[PLWKDVWKUHHIORRUVDQGD
PH]]DQLQHEHWZHHQWKHJURXQGDQGILUVWIORRU2QWKH1RUWK:HVWVLGHWKHUHLVWKH&LYLF7RZHU
LWKDVDUHFWDQJXODUSODQWP[PDQGDKHLJKWRIPZLWKHLJKWOHYHOVGLYLGHGE\PD
VRQU\DQGZRRGIORRUV7KHRSHQJDOOHU\LVRQWKH1RUWKVLGHRIWKHSDODFH,WKDVDUHFWDQJXODU
SODQW FKDUDFWHUL]HG E\  SRO\JRQDO FROXPQV ZLWK LRQLF FDSLWDOV WKDW VXSSRUW URXQG DUFKHV
)LJXUH 7KHPDWHULDOVXVHGDUHYDULRXV7KHPRVWYLVLEOHIDoDGHVLQWKH6RXWKDQG(DVWDUH
FRYHUHGE\UHJXODUPDVRQU\ZKHUHDVRQWKHRWKHUVDUHYLVLEOHWKHLUUHJXODUPDVRQU\)LJXUH1
7KHPDVRQU\W\SHSUHVHQWDUHXQFXWVWRQHIRUWKHSDODFHXQFXWVWRQHDQGVROLGEORFNVIRUWKH
WRZHUDQGVROLGEULFNVIRUWKHDUFDGH7KHURRIVDUHPDGHRIZRRGWUXVVHV
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)LJXUH*HRPHWULFDOFRQILJXUDWLRQRIWKHFRPSOH[

3 DYNAMIC CHARACTERIZATION
3.1 Ambient Vibration Testing
7KHVWXG\RIKLVWRULFDOEXLOGLQJVVWUXFWXUDOEHKDYLRULVXVXDOO\FDUULHGRXWWKURXJKOLQHDURU
QRQOLQHDUDQDO\VLVRQ)(0V%HLQJWKHREMHFWLYHWRUHSUHVHQWWKHUHDOVWUXFWXUHEHKDYLRULQWKH
PRVWDFFXUDWHZD\WKHUHDOL]DWLRQRIWKHVH1XPHULFDO0RGHOV 10V UHTXLUHVDGHHSNQRZOHGJH
RIWKHVWUXFWXUDOSDUDPHWHUVVXFKDVPDWHULDOVSURSHUWLHVFRQQHFWLRQVDPRQJHOHPHQWVERXQG
DU\FRQGLWLRQVHWF$PRQJDOOWKHSRVVLEOHPHWKRGRORJLHVZKLFKDOORZVWRLQYHVWLJDWHVWUXFWXUDO
SURSHUWLHV WKHVHFDVHVWXG\KDVEHHQ DSSURDFKHGWKURXJKDPHWKRGZKLFKKDV EHFRPHYHU\
SRSXODULQWKHODVWIHZ\HDUVGXHWRLWVQRQLQYDVLYHQHVVDQGWKHVDWLVIDFWRU\UHVXOWVSURGXFHG
$PELHQW9LEUDWLRQ7HVWLQJ $97 7KLVPHWKRGLVEDVHGRQWKHPRQLWRULQJRIYLEUDWLRQVSUR
GXFHVRQWKHEXLOGLQJE\DPELHQWHIIHFWV OLNHZLQGWUDIILF« DQGRQWKHH[WUDFWLRQRIPRGDO
SURSHUWLHV QDWXUDOIUHTXHQFLHVPRGDOGDPSLQJDQGPRGHVKDSHV IURPWKHDQDO\VLVRIWKHVH
GDWDWKURXJKPRGDOLGHQWLILFDWLRQWHFKQLTXHV7KHQWKHVHSURSHUWLHVDUHXVHGWREXLOGDQ([SHU
LPHQWDO0RGHO (0 ZKRVHUHVSRQVHLVFRPSDUHGZLWKWKDWRIWKH10$QLWHUDWLYHSURFHVV
ZKLFKFRQVLVWVLQWKHYDULDWLRQRIWKHXQNQRZQSDUDPHWHUVLQWKHPRGHOOLNH<RXQJ(ODVWLF
0RGXOXV(DQGPDWHULDOGHQVLW\ȡLVDSSOLHGLQRUGHUWRREWDLQFRUUHVSRQGHQFHEHWZHHQERWK
QDWXUDOIUHTXHQFLHVDQGDVVRFLDWHGPRGHVKDSHVRIWKHWZRW\SHVRIPRGHOV>@
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3.2 Monitoring equipment, sensors layout and data
6WUXFWXUDOPRQLWRULQJRIWKHFDVHVWXG\KDVEHHQSHUIRUPHGXVLQJDZLUHGVHQVRUVQHWZRUN
FRPSRVHGRI
x IRXUWULD[LDODFFHOHURPHWHUVRI*($6\VWHPVHULHVZLWKDVHQVLWLYLW\RIP9JD
PHDVXUHPHQWUDQJHRIJDQG$'FRQYHUWHUZLWKDUHVROXWLRQRIELW
x KXEIRUV\QFKURQL]DWLRQ
x FRD[LDOFDEOHV
6HQVRUVOD\RXWKDVEHHQGHVLJQHGDSSO\LQJWKHFRQFHSWRI2SWLPDO6HQVRU3ODFHPHQW 263 
>@VRWKDWLQWKHGLIIHUHQWOD\RXWVFRQILJXUHGIRUWKHDFTXLVLWLRQVVHQVRUVKDYHEHHQSODFHG
LQWKHPRVWVHQVLWLYHSRLQWVRIWKHEXLOGLQJ LQDFFRUGDQFHZLWKWKHSRVVLELOLW\RIUHDFKLQJWKHP 
LQRUGHUWREHWWHUGHWHFWWKHWUDQVODWLRQDODQGWRUVLRQDOFRPSRQHQWVRIWKHWRZHUGLVSODFHPHQW
>@,QRUGHUWRDVVXUHDULJLGOLQNEHWZHHQWKHVHOHFWHGSRLQWDQGWKHVHQVRUHSR[\UHVLQKDV
EHHQXVHG
7KHPRQLWRULQJDFWLYLW\RIWKHWRZHUKDVEHHQFRQGXFWHGWKURXJKDFTXLVLWLRQVFRQVLGHULQJ
DVPDQ\VHQVRUVOD\RXWVZKLFKDUHVKRZQLQ)LJXUH'DWDKDYHEHHQFROOHFWHGZLWKDVDPSOH
UDWHRI+]IRUSHULRGVZKLFKYDU\EHWZHHQDQGPLQXWHVLQRUGHUWRVDWLVI\5RGULJXH]
FRQGLWLRQ>@

)LJXUH6HQVRUV/D\RXW
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3.3 Operational Modal Analysis
3.3.1 OMA identification technique
7KHDFTXLUHGGDWDDIWHUDILOWHULQJSURFHVVKDYHEHHQDQDO\]HGWKURXJKPRGDOLGHQWLILFDWLRQ
WHFKQLTXHV$PRQJWKHVHPHWKRGRORJLHVVRPHRSHUDWHVLQWLPHGRPDLQZKLOHRWKHUVRSHUDWHLQ
WKHIUHTXHQF\GRPDLQ)RUWKHFDVHVWXG\XQGHUH[DPLWZDVGHFLGHGWRDSSO\DWLPHGRPDLQ
WHFKQLTXHFDOOHG6WRFKDVWLF6XEVSDFH,GHQWLILFDWLRQ 66, PHWKRG>@7KLVPHWKRGRORJ\FRQ
VLVWV LQDFRQYHUVLRQRIWKHVHFRQGRUGHUGLIIHUHQWLDO HTXDWLRQRIPRWLRQLQWR WZRILUVW RUGHU
HTXDWLRQVGHILQHG³VWDWHHTXDWLRQ´DQG³REVHUYDWLRQHTXDWLRQ´ZKLFKIRUDJHQHULFGLVFUHWH
WLPHLQVWDQWW NǻW ZKHUHǻWLVWKHVDPSOLQJSHULRGDQGNࣅ1 FDQEHZULWWHQDV
ሼxොk+1 ሽ=ሾAሿሼxොk ሽ+ሾBሿሼuk ሽ



൛yk ൟ=ሾCሿሼxොk ሽ+ሾDሿሼuk ሽ

ZKHUH
x ሾܣሿLVWKHPDWUL[RILQSXWSK\VLFDOLQIRUPDWLRQ
x ሾܤሿLVWKHPDWUL[RILQSXWVWDWLVWLFDOSDUDPHWHUV
x ሾܥሿLVWKHGLVFUHWHRXWSXWPDWUL[
x ሾܦሿLVWKHGLUHFWRXWSXWWUDQVPLVVLRQPDWUL[
x ݔ ൌ ݔ ሺοݐሻLVWKHGLVFUHWHWLPHYHFWRUFRQWDLQLQJWKHVDPSOHGGLVSODFHPHQWDQGYH
ORFLWLHV
x ሼݕ ሽǡ ሼݑ ሽDUHWKHYHFWRUVRIVDPSOHGLQSXWDQGRXWSXW
2WKHUSDUDPHWHUVGHVFULELQJWKHG\QDPLFV\VWHPDUHFRQVLGHUHGDVGHWHUPLQLVWLFDQGVKRXOG
QRWEHVXEGXHGWRWKHYDULDWLRQVOLQNHGWRH[FLWDWLRQFKDQJHV
$WWKLVSRLQWDSSO\LQJD6LQJXODU9DOXH'HFRPSRVLWLRQ 69' RIWKH>$@PDWUL[WKH(LJHQ
YDOXHVFRUUHVSRQGLQJWRWKHQDWXUDOIUHTXHQFLHVDQGWKHFRUUHVSRQGHQW(LJHQYHFWRUVZKLFK
GHVFULEHWKHPRGHVKDSHVDUHH[WUDFWHG
)RUWKHH[DPLQHGFDVHVWXG\DFTXLUHGGDWDKDYHEHHQGHFLPDWHGLQWRDQLQWHUYDORI+]
LQRUGHUWRKLJKOLJKWWKHILUVWILYHPRGHVPDLQO\LQYROYLQJWKHWRZHUDQGWKHLUPRGDOSDUDPH
WHUV7KHYDOXHVRIQDWXUDOIUHTXHQFLHVDQGPRGDOGDPSLQJIRUHDFKPRGHDUHUHSRUWHGLQ7DEOH

0RGH






)UHTXHQF\>+]@






'DPSLQJ>@






7DEOH0RGDOSDUDPHWHUVRI([SHULPHQWDO0RGHO

3.3.2 Preliminary FE model
7KHUHVXOWVRIWKHLQYHVWLJDWLRQFDPSDLJQFDUULHGRXWWRDVVHVVWKHJHRPHWULFDOFKDUDFWHULV
WLFVRIWKHEXLOGLQJDQGWRHYDOXDWHVWDWXVRIWKHPDWHULDOVDOORZHGWRUHDOL]HDSUHOLPLQDU\QRQ
FDOLEUDWHG10FUHDWHGXVLQJ0LGDV)($VRIWZDUH
7KLVPRGHOHYHQLIWKHDQDO\VLVLVSULQFLSDOO\IRFXVHGRQWKHWRZHUEHKDYLRUUHSUHVHQWVWKH
FRPSOHWHVWUXFWXUHFRPSRVHGRIWKHPDLQEXLOGLQJWKHWRZHUDQGWKHRSHQJDOOHU\GXHWRWKH
LPSRUWDQFHRIFRQVLGHULQJWKHHIIHFWVRILQWHUDFWLRQEHWZHHQWKHWRZHUDQGWKHFRQQHFWHGEXLOG
LQJ >±@ 7KH LQWHUQDO HOHPHQWV OLNH IORRUV DQG VWDLUV KDYH EHHQ PRGHOHG LQ FDVH WKH\
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VLJQLILFDQWO\LQIOXHQFHWKHVWLIIQHVVRIWKHVWUXFWXUHOLNHLQFDVHRIWKHFRQFUHWHIORRUVEXLOWDIWHU
WKHUHVWRUDWLRQZRUNVZKLOHLQFDVHRIVHFRQGDU\HOHPHQWVWKH\KDYHEHHQFRQVLGHUHGRQO\DV
ORDGVGLVWULEXWHGRQWKHZDOOV $VFRQFHUQVWKH PRGHOLQJ SURFHVVWKHJHRPHWULHVKDYHEHHQ
GLVFUHWL]HGWKURXJKQRGHV WHWUDKHGUDO VROLGHOHPHQWV ZKLOHIRUWKHPDWHULDOSURSHUWLHV DV
VLJQHG WR WKH PHVKHV WKH\ KDYH EHHQ VHOHFWHG IURP WKH WDEOHV UHSRUWHG LQ WKH ,WDOLDQ &RGH
>@VFDOHGZLWKWKHDSSURSULDWHIDFWRUVWRWDNHLQWRDFFRXQWVWKHNQRZOHGJHOHYHO ./ 
7KHVHSUHOLPLQDU\SDUDPHWHUVDUHUHSRUWHGLQ7DEOH
3RVLWLRQ
2SHQ*DOOHU\%DVH
2SHQ*DOOHU\:DOOV
:RRG
%XLOGLQJLQWHULRU:DOOV
,QWHULRU$UFK:DOOV
%XLOGLQJ3HULPHWULF:DOOV
7RZHU:DOOV  
7RZHU:DOO  
7RZHU:DOOV  

:>N1P@










7\SHV
6RIWVWRQHPDVRQU\
6ROLGEULFNVPDVRQU\
:RRG
6ROLGEULFNVPDVRQU\
6ROLGEULFNVPDVRQU\
5RXJKKHZQPDVRQU\
5RXJKKHZQPDVRQU\
5RXJKKHZQPDVRQU\
6ROLGEULFNVPDVRQU\

(>1PP@










7DEOH0DWHULDOSDUDPHWHUVRISUHOLPLQDU\1XPHULFDO0RGHO

7KH10EXLOWZLWKWKHVHFKDUDFWHULVWLFVKDVEHHQDQDO\]HGXVLQJ/DQF]RVPHWKRGDQGKDV
VKRZQWKHUHVXOWVUHSRUWHGLQ7DEOHZKHUHWKHYDOXHVRIQDWXUDOIUHTXHQFLHVDVVRFLDWHGWRWKH
ILUVWILYHPRGHVDUHVKRZQ
0RGH






)UHTXHQF\>+]@






'DPSLQJ>@






7DEOH0RGDOSDUDPHWHUVRISUHOLPLQDU\1XPHULFDO0RGHO

3.3.3 NM calibration
7KHFDOLEUDWLRQSURFHVVRIWKH10PRGHOFRQVLVWVDVDOUHDG\VDLGLQDQLWHUDWLYHSURFHGXUH
LQZKLFKVRPHSDUDPHWHUVFRQVLGHUHGXQNQRZQLQSDUWLFXODU<RXQJ(ODVWLF0RGXOXVDQGGHQ
VLW\RIPDWHULDOVDUHPRGLILHGDWHDFKVWHSRIWKHSURFHGXUHLQRUGHUWRREWDLQDFRLQFLGHQFH
RUDWOHDVWDPD[LPXPGLIIHUHQFH ǻI RIEHWZHHQWKHPRGDOIUHTXHQFLHVRIWKHH[SHULPHQWDO
DQGQXPHULFDOPRGHOV7KHQDOVRWKHFRUUHVSRQGHQFHEHWZHHQWKHPRGHVKDSHDVVRFLDWHGWR
WKHVDPHPRGHLVFKHFNHGDQGYDOLGDWHGXVLQJWKH&URVV0$&FULWHULRQ>@7KLVWRROZKLFK
LVDSSOLHGLQFDVHRIFRPSOH[PRGHVSURYLGHVDQLQGLFDWLRQRIWKHFRQVLVWHQF\RIWKHPRGDO
YHFWRUVDVVRFLDWHGWRWKHPRGHVKDSHVREWDLQHGIURPGLIIHUHQWPRGHOV7KLVLQGLFDWRULVFDOFX
ODWHGDVWKHQRUPDOL]HGVFDODUSURGXFWRIWKHPRGDOYHFWRUIRUWKHUPRGHRIDQDO\WLFDOPRGHO
^ĳ$`DQGWKHDVVRFLDWHGPRGDOYHFWRUIRUWKHTPRGHRIWKHWHVWPRGHO^ĳ;`
ଶ

หሼ߮ ሽ் ሼ߮ ሽ ห
ܥܣܯሺݎǡ ݍሻ ൌ
ሺሼ߮ ሽ் ሼ߮ ሽ ሻሺሼ߮ ሽ் ሼ߮ ሽ ሻ



7KHVHVFDODUUHVXOWVDUHDVVHPEOHGLQWKH&URVV0$&PDWUL[ZKRVHRSWLPDOFRQILJXUDWLRQLV
WKDWRIDSULQFLSDOGLDJRQDOZLWKWHUPVZKLFKDUHQHDURUHTXDOWR ZKLFKLQGLFDWHJRRGRU
SHUIHFWFRUUHVSRQGHQFH DQGZLWKWHUPVRXWVLGHRIWKHGLDJRQDOZKLFKDUHQHDURUHTXDOWR
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7KHILUVWFRPSDULVRQLQWHUPVRIIUHTXHQFLHVEHWZHHQWKH(0DQG10LVVKRZQLQ7DEOH
ZKLFKVKRZVDWRRELJGLIIHUHQFHLQWKHYDOXHVRIIUHTXHQFLHVDVVRFLDWHGWRWKHILUVWWZRPRGHV
0RGH






)UHTXHQF\(0>+]@






)UHTXHQF\10>+]@






ǻI>@






7DEOH&RPSDULVRQRI(0DQGSUHOLPLQDU\10PRGDOIUHTXHQFLHV

%HWWHUFRUUHVSRQGHQFHLQVWHDGLVREWDLQHGFRPSDULQJWKHPRGHVKDSHVZKRVHGLUHFWLRQRI
GLVSODFHPHQWDUHFRLQFLGHQWEHWZHHQ(0DQG10EHLQJWKHILUVWWZRPRGHWUDQVODWLRQDOUH
VSHFWLYHO\LQ<DQG;GLUHFWLRQWKHWKLUGDQGWKHILIWKDUHIOH[LRQDOLQ<DQG;UHVSHFWLYHO\
ZKLOHWKHIRXUWKVKRZVDGLVWRUWLQJEHKDYLRU )LJXUH 

)LJXUH&RPSDULVRQRIPRGHVKDSHVRISUHOLPLQDU\10DQG(0

7KHILUVWVWHSRISDUDPHWHUXSGDWHKDVEHHQRSHUDWHGRQO\RQWKHHODVWLFPRGXOXVRIWKHPD
WHULDOVDWWULEXWHGWRWKHWRZHUHOHPHQWV7KHFULWHULRQZDVWRLQFUHDVHWKHVWLIIQHVVRIWKHHOHPHQW
VXEMHFWHGWRLQWHUYHQWLRQLQDQGGHFUHDVHWKHGHQVLW\RIVRPHRWKHUHOHPHQWVZKRVHFKDU
DFWHULVWLFV DUH LQIHULRU LQ UHVSHFW RI WKH SUHYLVLRQV 7KH UHVXOW RI WKLV RSHUDWLRQ FRPSRUWHG D
GHFUHPHQWRIWKHIUHTXHQFLHVYDOXHVGLIIHUHQFHXQGHUWKHZLWKWKHH[FHSWLRQRIWKHVHFRQG
PRGH
,QWKHVHFRQGVWHSDOVRWKHHODVWLFPRGXOXVRIHOHPHQWVZKLFKZHUHQRWVXEGXHGWRLQWHUYHQ
WLRQVKDVEHHQLQFUHDVHGDVVXPLQJWKDWWKHLUGHWHULRUDWLRQZDVQRWDVVHULRXVDVWKRXJKWDWILUVW
7KHUHVXOWFRPSRUWHGDOVRDGHFUHPHQWRIWKHGLIIHUHQFHLQWKHYDOXHVRIIUHTXHQF\IRUWKHVHF
RQGPRGHXQGHU
,QWKHODVWVWHSLWKDVEHHQGHFLGHGWRLQWHUYHQHRQWKHSDUDPHWHUVDVVRFLDWHGWRWKHEXLOGLQJ
GLYLGLQJWKHSHULPHWULFZDOOVLQWKUHHVHFWLRQVZKRVHVWLIIQHVVKDVEHHQLQFUHDVHGIRUWKHSRU
WLRQQHDUHUWKHWRZHUDQGGHFUHDVHGIRUWKHRWKHUWZRSDUWV7KHUHVXOWVLQWHUPVRIIUHTXHQFLHV
DUHUHSRUWHGLQ7DEOH
0RGH



)UHTXHQF\(0>+]@
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7DEOH&RPSDULVRQRIPRGDOIUHTXHQFLHVRI(0DQGFDOLEUDWHG10

7KLVPRGLILFDWLRQDOORZHGDEHWWHUFRUUHVSRQGHQFHEHWZHHQPRGHVKDSHVDVLWLVSRVVLEOHWR
VHHIURP)LJXUHDQGDVDWWHVWHGLQ7DEOHZKHUH&URVV0$&UHVXOWVDUHVKRZQ

)LJXUH0RGHVKDSHVFRPSDULVRQDIWHUFDOLEUDWLRQ
&URVV0$&

180(5,&$/
02'(/

02'(
>+]@
02'(
>+]@
02'(
>+]@
02'(
>+]@
02'(
>+]@
02'(
>+]@

(;3(5,0(17$/02'(/
02'(
02'(
02'(
>+]@
>+]@
>+]@

02'(
>+]@



















































7DEOH&URVV0$&DIWHUFDOLEUDWLRQ

7KHVHUHVXOWVKLJKOLJKWWKHORZOHYHORILQWHUDFWLRQEHWZHHQWKHWRZHUDQGWKHSDODFH
ZKRVHG\QDPLFEHKDYLRUVGRQRWLQIOXHQFHHDFKRWKHUVRPXFKSUREDEO\GXHWRWKHGLIIHUHQW
PDQXIDFWXULQJDQGDEVHQFHRIOLQNLQJHOHPHQWV,QSDUWLFXODUWKHGLVRUJDQLFPRYHPHQWRIWKH
WRZHUVKRZQIRUWKHKLJKHUPRGHVDQGHVSHFLDOO\WKHGLVWRUWLQJEHKDYLRURIWKHIRXUWKPRGH
FDQEHOLQNHGWRWKHVHFWLRQDOFKDQJHVDQGWRWKHYDULDWLRQRIPDWHULDOSURSHUWLHV$VFRQFHUQV
WKHGDPDJHSURSDJDWLRQWKHPRVWGDPDJHV]RQHVDUHWKHRQHVZLWKORZYDOXHVRI<RXQJ(ODV
WLF0RGXOXV
4 CONCLUSIONS
7KH PRGHO XSGDWLQJ SURFHVV RSHUDWHG IRU WKH WRZHU DQG WKH UHVW RI WKH *RYHUQRU 3DODFH
VWUXFWXUH SURGXFHG JRRG UHVXOWV LQ WHUPV RI FRUUHVSRQGHQFH ZLWK WKH PRGDO SDUDPHWHUV DQG
PRGH VKDSHV H[WUDFWHG IURP (0 0RUHRYHU LW DOORZHG WKH REVHUYDWLRQ RI DQ LQWHUHVWLQJ
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SKHQRPHQRQ LQ WKH WRZHU G\QDPLF EHKDYLRU VXFK DV WKH VHFWLRQDO GLVWRUWLRQ FDXVHG E\ WKH
IRXUWKPRGH
2QFHDJDLQG\QDPLFPRQLWRULQJDQGPRGDOLGHQWLILFDWLRQWHFKQLTXHVFRQILUPHGWKHLUHIIHF
WLYHQHVVLQWKHHYDOXDWLRQRIG\QDPLFEHKDYLRUDQGFRQVHTXHQWO\RQWKHKHDOWKVWDWXVRIKLVWRU
LFDO VWUXFWXUHV EHLQJ WKH PHWKRG QRQLQYDVLYH DQG DOORZLQJ WR SURGXFH DFFXUDWH QXPHULFDO
PRGHOVZKLFKFDQEHXVHGLPSOHPHQWUDSLGORFDOL]HGDQGHFRQRPLFDOO\VXVWDLQDEOHLQWHUYHQ
WLRQV

REFERENCES
>@

)&OHPHQWL$)HUUDQWH(*LRUGDQR)'XERLV6/HQFL'DPDJHDVVHVVPHQWRI
DQFLHQWPDVRQU\FKXUFKHVVWURNHGE\WKH&HQWUDO,WDO\HDUWKTXDNHVRIE\WKHQRQ
VPRRWKFRQWDFWG\QDPLFVPHWKRG%XOO(DUWKT(QJ  GRLV


>@

(*LRUGDQR)&OHPHQWL$1HVSHFD6/HQFL'DPDJH$VVHVVPHQWE\1XPHULFDO
0RGHOLQJRI6DQW¶$JRVWLQR¶V6DQFWXDU\LQ2IILGD'XULQJWKH&HQWUDO,WDO\±
6HLVPLF6HTXHQFH)URQW%XLOW(QYLURQ  GRLIEXLO

>@

*'H0DWWHLV0=L]L3UHOLPLQDU\$QDO\VLVRQWKH(IIHFWVRI&HQWUDO,WDO\
(DUWKTXDNHRQ2QH1DYH&KXUFKHVLQSS±GRL
B

>@

*0LODQL09DOHQWH)DLOXUHDQDO\VLVRIVHYHQPDVRQU\FKXUFKHVVHYHUHO\GDPDJHG
GXULQJWKH(PLOLD5RPDJQD ,WDO\ HDUWKTXDNH1RQOLQHDUG\QDPLFDQDO\VHVYV
FRQYHQWLRQDOVWDWLFDSSURDFKHV(QJ)DLO$QDO  ±
GRLMHQJIDLODQDO

>@

$)HUUDQWH)&OHPHQWL*0LODQL'\QDPLF%HKDYLRURIDQ,QFOLQHG([LVWLQJ
0DVRQU\7RZHULQ,WDO\)URQW%XLOW(QYLURQ  GRLIEXLO

>@

$)RUPLVDQR*9DLDQR))DEEURFLQR*0LODQL6HLVPLFYXOQHUDELOLW\RI,WDOLDQ
PDVRQU\FKXUFKHV7KHFDVHRIWKH1DWLYLW\RI%OHVVHG9LUJLQ0DU\LQ6WHOODWDRI
%RQGHQR-%XLOG(QJ  ±GRLMMREH

>@

(*LRUGDQR)&OHPHQWL$%DURQWLQL0*LRYDQQD(&KDW]L)/XtV'DPDJH
GHWHFWLRQDQGRSWLPDOVHQVRUSODFHPHQWLQKHDOWKPRQLWRULQJRI³&ROOHJLDWDGL6DQWD
0DULD´LQ9LVVR &HQWUDO,WDO\ 'DPDJHGHWHFWLRQDQGRSWLPDOVHQVRUSODFHPHQWLQ
KHDOWKPRQLWRULQJRI³&ROOHJLDWDGL6DQWD0DULD´LQ9LVVR &HQWUDO,WDO\   ±


>@

(*LRUGDQR$)HUUDQWH(5LELORWWD)&OHPHQWL6/HQFL'DPDJH$VVHVVPHQWRI
6DQ)UDQFHVFR&KXUFKLQ$PDQGROD+LWE\&HQWUDO,WDO\6HLVPLF(YHQW
.H\(QJ0DWHU  ±GRLZZZVFLHQWLILFQHW.(0

>@

$)HUUDQWH(5LELORWWD(*LRUGDQR)&OHPHQWL6/HQFL$GYDQFHG6HLVPLF
$QDO\VHVRI³$SHQQLQH&KXUFKHV´6WURNHGE\WKH&HQWUDO,WDO\(DUWKTXDNHVRIE\
WKH1RQ6PRRWK&RQWDFW'\QDPLFV0HWKRG.H\(QJ0DWHU  ±
GRLZZZVFLHQWLILFQHW.(0

>@ (5LELORWWD(*LRUGDQR$)HUUDQWH)&OHPHQWL6/HQFL7UDFNLQJ0RGDO
3DUDPHWHU(YROXWLRQRI'LIIHUHQW&XOWXUDO+HULWDJH6WUXFWXUH'DPDJHGE\&HQWUDO,WDO\
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(DUWKTXDNHRI.H\(QJ0DWHU  ±
GRLZZZVFLHQWLILFQHW.(0
>@ $)HUUDQWH)&OHPHQWL*0LODQL$GYDQFHGQXPHULFDODQDO\VHVE\WKHNon‐6PRRWK
&RQWDFW'\QDPLFVPHWKRGRIDQDQFLHQWPDVRQU\EHOOWRZHU0DWK0HWKRGV$SSO6FL
 PPDGRLPPD
>@ )&OHPHQWL*0LODQL$)HUUDQWH09DOHQWH6/HQFL&UXPEOLQJRI$PDWULFH
FORFNWRZHUGXULQJ&HQWUDO,WDO\VHLVPLFVHTXHQFH$GYDQFHGQXPHULFDOLQVLJKWV
)UDW(G,QWHJULWj6WUXWW  ±GRL,*)(6,6
>@ &*HQWLOH$6DLVL$PELHQWYLEUDWLRQWHVWLQJRIKLVWRULFPDVRQU\WRZHUVIRUVWUXFWXUDO
LGHQWLILFDWLRQDQGGDPDJHDVVHVVPHQW&RQVWU%XLOG0DWHU  
GRLMFRQEXLOGPDW
>@ $'H6WHIDQR(0DWWD3&OHPHQWH6WUXFWXUDOKHDOWKPRQLWRULQJRIKLVWRULFDO
KHULWDJHLQ,WDO\VRPHUHOHYDQWH[SHULHQFHV-&LY6WUXFW+HDO0RQLW  
GRLV\
>@ )8EHUWLQL*&RPDQGXFFL1&DYDODJOL9LEUDWLRQEDVHGVWUXFWXUDOKHDOWKPRQLWRULQJ
RIDKLVWRULFEHOOWRZHUXVLQJRXWSXWRQO\PHDVXUHPHQWVDQGPXOWLYDULDWHVWDWLVWLFDO
DQDO\VLV6WUXFW+HDO0RQLW  GRL
>@ )&OHPHQWL$3LHUGLFFD$)RUPLVDQR)&DWLQDUL6/HQFL1XPHULFDOPRGHO
XSJUDGLQJRIDKLVWRULFDOPDVRQU\EXLOGLQJGDPDJHGGXULQJWKH,WDOLDQ
HDUWKTXDNHVWKHFDVHVWXG\RIWKH3RGHVWjSDODFHLQ0RQWHOXSRQH ,WDO\ -&LY6WUXFW
+HDO0RQLW  ±GRLV
>@ ,9HQDQ]L$.LWD1&DYDODJOL/,HULPRQWL)8EHUWLQL&RQWLQXRXV20$IRU
'DPDJH'HWHFWLRQDQG/RFDOL]DWLRQLQWKH6FLULWRZHULQ3HUXJLD,WDO\ QG 
>@ )8EHUWLQL*&RPDQGXFFL1&DYDODJOL$/DXUD3LVHOOR$/XLJL0DWHUD]]L)
&RWDQD(QYLURQPHQWDOHIIHFWVRQQDWXUDOIUHTXHQFLHVRIWKH6DQ3LHWUREHOOWRZHULQ
3HUXJLD,WDO\DQGWKHLUUHPRYDOIRUVWUXFWXUDOSHUIRUPDQFHDVVHVVPHQW0HFK6\VW
6LJQDO3URFHVV  GRLM\PVVS
>@ 1&DYDODJOL*&RPDQGXFFL)8EHUWLQL(DUWKTXDNH,QGXFHG'DPDJH'HWHFWLRQLQD
0RQXPHQWDO0DVRQU\%HOO7RZHU8VLQJ/RQJ7HUP'\QDPLF0RQLWRULQJ'DWD-
(DUWKT(QJ  ±GRL
>@ 3;&DQGHLDV$&DPSRV&RVWD10HQGHV$$&RVWD3%/RXUHQoR
([SHULPHQWDO$VVHVVPHQWRIWKH2XWRI3ODQH3HUIRUPDQFHRI0DVRQU\%XLOGLQJV
7KURXJK6KDNLQJ7DEOH7HVWV,QW-$UFKLW+HULW  ±
GRL
>@ /)5DPRV/0DUTXHV3%/RXUHQoR*'H5RHFN$&DPSRV&RVWD-5RTXH
0RQLWRULQJKLVWRULFDOPDVRQU\VWUXFWXUHVZLWKRSHUDWLRQDOPRGDODQDO\VLV7ZRFDVH
VWXGLHV0HFK6\VW6LJQDO3URFHVV  GRLM\PVVS
>@ 6:6'RHEOLQJ&5&)DUUDU0%03ULPH':'6KHYLW]'DPDJH
LGHQWLILFDWLRQDQGKHDOWKPRQLWRULQJRIVWUXFWXUDODQGPHFKDQLFDOV\VWHPVIURPFKDQJHV
LQWKHLUYLEUDWLRQFKDUDFWHULVWLFVDOLWHUDWXUHUHYLHZ/RV$ODPRV1DWO/DE  
GRL
>@ &*HQWLOH$5XFFROR)&DQDOL/RQJWHUPPRQLWRULQJIRUWKHFRQGLWLRQEDVHG
VWUXFWXUDOPDLQWHQDQFHRIWKH0LODQ&DWKHGUDO&RQVWU%XLOG0DWHU  
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GRLMFRQEXLOGPDW
>@ /)5DPRV3%/RXUHQoR*'H5RHFN$&DPSRV&RVWD'DPDJHLGHQWLILFDWLRQLQ
PDVRQU\VWUXFWXUHVZLWKYLEUDWLRQPHDVXUHPHQWV6WUXFW$QDO+LVW&RQVWU3UHVHUY
6DI6LJQLILFDQFH3URFWK,QW&RQI6WUXFW$QDO+LVW&RQVWU6$+&  
±GRLFK
>@ *6WDQGROL(*LRUGDQR*0LODQL)&OHPHQWL0RGHO8SGDWLQJRI+LVWRULFDO
%HOIULHV%DVHGRQ2PD,GHQWLILFDWLRQ7HFKQLTXHV,QW-$UFKLW+HULW  ±
GRL
>@ -=KDQJ.0DHV*'H5RHFN(5H\QGHUV*/RPEDHUW([SHULPHQWDOYHULILFDWLRQ
RIRSWLPDOVHQVRUSODFHPHQWIRUPXOWLVHWXSPRGDOWHVWLQJ3URFHGLD(QJ  
±GRLMSURHQJ
>@ -5RGULJXHV,GHQWLILFDomR0RGDO(VWRFiVWLFD0pWRGRVGH$QiOLVHH$SOLFDo}HVHP
(VWUXWXUDVGH(QJHQKDULD&LYLO
>@ 06\VWHPV.8/HXYHQ5HIHUHQFH%DVHG6WRFKDVWLF6XEVSDFH,GHQWLILFDWLRQIRU
2XWSXW2QO\0RGDO$QDO\VLV0HFK6\VW6LJQDO3URFHVV  ±
>@ *%DUWROL0%HWWL/*DODQR*=LQL1XPHULFDOLQVLJKWVRQWKHVHLVPLFULVNRI
FRQILQHGPDVRQU\WRZHUV(QJ6WUXFW  ±
GRLMHQJVWUXFW
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Abstract. The Colosseum is the most famous monument of ancient Rome. Differential settlements of its foundations, standing partly on alluvial deposits and partly on stiff soil, and various
earthquakes are the main causes of collapses that give the Colosseum its present shape. In order to preserve the monument, a number of structural interventions were made during the 19th
century. At present, the health status of the monument requires to be monitored against possible degradation phenomena. During the preliminary design stage of a new underground line
crossing the center of Rome, at present under construction, further investigations on materials
properties and dynamic features have been performed. In particular, twelve accelerometers on
two vertical lines in the highest portion of the monument have been installed. In the present
paper data gathered with this monitoring system for a long period of time gives the opportunity
of a further insight into the health conditions of the structure. The vibration levels induced by
road trafﬁc during a long interval of time and frequencies and mode shapes of low modes are
identiﬁed using ambient vibration. Both these results are compared with the outcomes of an
experimental campaign of a few years ago. Finally, the dynamic behaviour recorded during the
2016-2017 Central Italy seismic sequence is analysed and discussed.
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1

INTRODUCTION

Structural Health Monitoring (SHM) has notably increased its importance in the last decades
[1, 2, 3]. The spreading of this kind of activity is also due to the updating of instruments and the
reduction of their cost; at the same time, theory and techniques of data processing have become
more effective [4, 5, 6, 7, 8, 9]. In this ﬁeld methods based on structural vibration and their
evolution are well established, also because information easily obtained using environmental
excitations happens to be effective in detecting structural deterioration. In the case of large
structures and cultural heritage buildings, SHM should be a must. So, it is natural that the
Colosseum, the most famous monument of ancient Rome, is the object of special attention by
the Superintendent of Cultural Heritage with a series of activities.
A new underground line crossing the center of Rome, at present under construction [10],
run tangentially to the Colosseum; during the design stage a wide campaign of experimental
investigations on materials properties and dynamic features have been performed. Moreover,
the monument has been instrumented in order to develop both static and dynamic monitoring.
In particular, inclinometers and estensometers to measure displacements due to temperature
changes and twelve accelerometers on two vertical lines in the zone with greatest height have
been installed.
The slow movements produced by temperature induce deformations and stresses, with cycles which are repeated every year. The accelerometric registrations of the ambient vibrations
permit to obtain the intrinsic dynamic properties of the structure with a twofold aim. First, the
comparison and correlation between experimental modal parameters and those predicted by a
ﬁnite element model enable us to identify or update an accurate model of the monument; this is
an important item especially where buildings of historical interest are involved, since they are
often characterized by complex geometry and heterogeneity of materials. Second, the evolution
in time of the modal properties gives information on possible degradation phenomena.
In this paper the main attention is devoted to the dynamic response; in particular, the vibration levels induced by road trafﬁc for a long time interval is examined, then ambient vibrations
are used to identify frequencies and shapes of low modes by these incomplete data. These
results are both compared to available data obtained by the authors during an experimental
campaign of a few years ago. Finally, the dynamic response to the 2016-2017 Central Italy
seismic sequence is analysed and discussed.
2

THE NEW UNDERGROUND LINE OF ROME

The severe conditions of the surface trafﬁc in Rome highlighted the need to improve the
public transportation network. The two existing underground Lines A and B did not reach all
the sectors of the city and suburbs. The authority managing the underground lines decided, in
such a context, to construct the new Line C crossing the Rome territory along the alignment
NW-SE. Figure 1, just for the intermediate part of the line, denoted as Section T3, shows the
interference of the new line with some of the most famous monuments in the world. Among the
others, the underground line runs near the Colosseum. Further details can be found at [10].
During the design stage, several forecasting activities have been performed, in order to simulate the effects of the underground works and to estimate the possible impacts on the monuments. For the Colosseum, the effects were estimated as negligible and no special provisional
measures were provided. Nevertheless, a comprehensive monitoring system has been deployed,
in order to study the response of the structure before and during the underground construction.
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Figure 1: The Section T3 of the new Line C of Rome underground and the interference with monuments: 1) Porta
Metronia, 2) Acquedotto Celimontano, 3) Basilica di S. Stefano Rotondo, 4) Porta Asinaria, 5) Colosseum, 6)
Basilica di Massenzio, 7) Colonnacce, 8) Foro di Cesare, 9) Colonna Traiana.

3

DESCRIPTION OF THE MONITORING SYSTEM

A general description of the monitoring framework is reported in [11]. For the Colosseum,
the monitoring system can be divided into 4 sections:
• topographic monitoring, aimed at gathering absolute displacements and rotations;
• geotechnical monitoring, aimed at gathering soil pore pressure and vertical and horizontal
ground displacements;
• structural monitoring, divided into two subsections:
- static monitoring, aimed at gathering structure and air temperatures, existing cracks
openings, relative displacements, rotations;
- dynamic monitoring, aimed at gathering structural accelerations and velocities.
The static monitoring is composed by 4 thermometers, 7 tiltmeters, 22 crackmeters and
12 wire-crackmeters. The dynamic monitoring is composed by 12 triaxial force-balance accelerometers, located along two vertical alignments, as reported in Fig. 2. The present paper is
devoted to the analysis of dynamic measured quantities.
4
4.1

ANALYSIS OF DYNAMIC MEASUREMENTS
Road trafﬁc

The main goal of the accelerometric monitoring system previously described is the survey of
the vibration level during the construction of the underground line. Due to the presence of the
monitoring system since the end of of 2014 and still functioning, both current vibration level
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Figure 2: Locations of the accelerometric sensors and channels positive directions.

and peak values can be evaluated. A comprehensive analysis of data is outside the scope of the
present paper, nevertheless a short discussion on the vibration level measured during one month
(January 2020) is reported here; during this period the construction was inactive. Figure 3
shows the envelopes of the velocity recorded at the base and on the top in each direction. In
vertical and circumferential directions at the base the maximum value of the velocity is about
0.15 mm/s, on top is about 0.5 mm/s, with smaller effective values respectively of about 0.02
mm/s at the base and 0.05-0.1 mm/s on top. In radial direction the maximum values of the
velocity are similar, while the effective values are respectively of about 0.04 mm/s at the base
and 0.15 mm/s on top. With reference to the time interval considered, the vibration level is very
similar to that reported in [6] and it does not exceed the limit values reported in [12].
4.2

Modal analysis using ambient vibration

The experimental modal parameters have been evaluated in [6] using a large number of measurement points, under ambient vibration excitation. It was veriﬁed that the input at the base
of the monument, in the frequency band 1-6 Hz, approximates a white noise. The experimental
modal parameters were therefore derived from the response only, under the hypothesis of white
noise excitation. In this condition, the output spectrum reaches a maximum at the natural frequencies, where the response of the structure peaks. The vibration frequencies of the ﬁrst six
modes, obtained in [6] by a singular value decomposition of the power spectral density matrix
of the responses, are listed in Tab. 1.
Mode
Frequency [6]
Frequency (this study)

1
1.03
1.04

2
1.30
1.28

3
1.49
1.47

4
1.60
1.62

5
1.66
1.71

6
1.75
-

Table 1: Frequencies (Hz) of the ﬁrst modes evaluated in [6] and in the present study.

Data recorded with the new monitoring system has been used to repeat the experimental
modal analysis. In the present setup, few measurements are available, especially on the top
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Colosseo C
Sensore dinamico

N5MXXAC01A

Periodo dal 1/ 1/ 2020 00:00:00

Colosseo B
al 1/ 30/ 2020 23:59:59

Sensore dinamico

0.56 mm/s

N5MXXAC04A

Periodo dal 1/1/2020 00:00:00

N5MXXAC02D

Periodo dal 1/1/2020 00:00:00

al 1/30/2020 23:59:59

0.16 mm/s

AC04AX

$&$;
-0.49 mm/s

-0.17 mm/s

0.37 mm/s

0.48 mm/s

AC04AY

$&$<
-0.56 mm/s

-0.50 mm/s

0.18 mm/s

0.33 mm/s

AC04AZ

$&$=
-0.15 mm/s

-0.46 mm/s

Colosseo B

Colosseo C
Sensore dinamico

N5MXXAC01D

a)

Periodo dal 1/1/2020 00:00:00

Sensore dinamico

al 1/30/2020 23:59:59

b)

al 1/30/2020 23:59:59

0.12 mm/s

0.12 mm/s

AC02DX

AC01DX

-0.14 mm/s

-0.11 mm/s

0.09 mm/s

0.06 mm/s

AC01DY

AC02DY
-0.08 mm/s

-0.11 mm/s

0.15 mm/s

0.06 mm/s

AC02DZ

AC01DZ

-0.11 mm/s

-0.04 mm/s

c)

d)

Figure 3: Velocity vibration levels (mm/s) measured during January 2020; a) sensor A1A (top level); b) sensor
A4A (top level); c) sensor A1D (base level); d) sensor A2D (base level); for each sensor from top to bottom X
(circumferential), Y (radial) and Z (vertical).

of the structure, thus it resulted rather difﬁcult to detect the ﬁrst two modes, which mainly
involve points very far from the sensors. The same techniques applied in [6] have been used.
Figure 4 shows the ﬁrst two singular values of the power spectral density matrix of the response,
where the modes identiﬁed are indicated with black circles. A comparison between the natural
frequencies is reported in Tab. 1, showing a very good agreement. Also the components of
the eigenvectors common to both [6] and present test setup have been compared, obtaining an
acceptable agreement. Thus, with reference to this limited comparison, it can be argued that the
dynamic characteristics of the structure appear stable.
10
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R
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second singular value

-3
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2

Figure 4: Singular value decomposition of the power spectral density matrix using data from ambient vibration.
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n.

year

month

day

hh

mm

ss

Mw

lat

long

1
2
3
4
5
6
7
8
9

2016
2016
2016
2016
2016
2017
2017
2017
2017

8
8
10
10
10
1
1
1
1

24
24
26
26
30
18
18
18
18

1
2
17
19
6
9
10
10
13

36
33
10
18
40
25
14
25
33

32
28
36
7
17
40
9
23
36

6
5.3
5.4
5.9
6.5
5.1
5.5
5.4
5

42.7
42.7
42.9
42.9
42.8
42.5
42.5
42.5
42.5

13.2
13.2
13.1
13.1
13.1
13.3
13.3
13.3
13.3

depth
(km)
8
8
8
10
10
10
10
9
10

dist.
(km)
109
105
122
120
116
97
96
94
92

ab,t
(g %)
0.32
0.24
0.31
0.29
0.95
0.09
0.19
0.24
0.1

ab,r
(g %)
0.35
0.19
0.47
0.39
0.94
0.14
0.36
0.33
0.2

ab,v
(g %)
0.23
0.12
0.17
0.14
0.41
0.08
0.13
0.13
0.08

Table 2: Events with magnitude Mw > 5 during the 2016-2017 Central Italy seismic sequence; the distances are
computed between the epicenters and the Colosseum; ab,t , ab,r and ab,v (measured in g*100) are the peak base
accelerations recorded by the monitoring system respectively along the tangential, radial and vertical directions.

4.3

Response to 2016-2017 Central Italy seismic sequence

The measured response of a structure when it is impacted by a signiﬁcant earthquake often
furnishes signiﬁcant information about its characteristics and health conditions [13, 14]. During
2016 and 2017, Central Italy has been interested by a signiﬁcant seismic sequence. The accelerometric monitoring network was already deployed on the monument, thus several records
of the structural response are available. Here, only events with magnitude greater than 5 have
been considered. The main characteristics of these events are listed in Tab. 2. The epicenters are
rather far from the Colosseum, with distances ranging from 92 to 122 km. The maximum value
of the acceleration recorded at the base is about 0.01 g in the horizontal direction and 0.004 g
in the vertical direction. The event that produced maximum accelerations at the base occurred
on 2016, October 30, with a magnitude of 6.5 (event no. 5 in Tab. 2).
Figure 5 shows the 5% damping acceleration response spectra of event no. 5, as recorded at
the monument base at two points in two directions. Modes 3 to 6 are located in the maximum
ampliﬁcation range of the spectra. In order to have a rough evaluation of the level of shaking,
one could consider that, according to current seismic regulations, the 475-year return period site
response spectrum on stiff soil has spectral ordinates respectively of 0.15, 0.23 and 0.1 g at 0,
0.5 and 1s. Thus, in terms of elastic response spectrum, event no. 5 produced about 1/10 of the
spectral accelerations expected for the design earthquake.
Table 3 lists maximum accelerations recorded in radial directions. As expected, the peak
values have been attained at the top level (about 0.09 g). It is interesting also to note that
the dynamic ampliﬁcation, i.e. the ratio between top and base peak accelerations, decreases
when base peak acceleration increases. At any rate, the minimum dynamic ampliﬁcation in
radial direction is about 8.5. Thus, in the hypothesis of linear behaviour, a 475-year earthquake
could lead to top accelerations up to about 1.3 g. This highlights the seismic vulnerability
of the monument in its actual conﬁguration, which probably requires a study for a mitigation
intervention. In circumferential direction (Tab. 3) maximum accelerations of about 0.02–0.03
g have been recorded. Also in this direction the minimum ampliﬁcation factor is about 3.6,
a value rather common for masonry structures. Maximum recorded accelerations in vertical
direction, not reported here, exhibits a minimum ampliﬁcation factor of 2.4.
The conﬁguration of the accelerometric monitoring system allows us to estimate a drift parameter that can be related to the strain level of the structure, i.e. the relative displacement
between two sensors on the same vertical divided by their distance. Table 4 lists this quantity
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Figure 5: Response spectra at 5% damping of the accelerations recorded at the base during the event n. 5 of Tab. 2;
the ﬁrst letter A of the sensor labels is omitted; the directions X and Y are reported in Fig. 2; the vertical lines
correspond to the ﬁrst 6 modes of the structure.

for both horizontal directions. The graphical representation of Fig. 6 highlights that, in the plane
of the facade, a strain concentration occurs on the third order of openings. In the out-of-plane
direction, the upper part of the facade exhibits almost constant values. This behaviour is common to all 9 seismic events studied here. With reference to the strongest event no. 5 of Tab. 2,
it was veriﬁed that the drift parameters of the upper sections are in phase and the maximum
values are simultaneously attained, thus the behaviour is that of an almost rigid rotation. The
rotation center is located at the base of the third order openings, which can be considered the
most stressed part of the structure, both in plane and out of plane, during an earthquake.
5

CONCLUSIONS

The new Line C of Rome underground passes near the Colosseum. Owing to the historical renown of this ancient monument, the General Contractor, on behalf of Superintendent of
Cultural Heritage, decided to perform a series of experimental activities to investigate its health
conditions; in particular, static and dynamic instruments were used to monitor the structure
before, during and after the underground construction.
In this study the focus was on ﬁve-year recordings of the dynamic quantities, accelerations
and velocities, available to date, considering three different groups of results: the trafﬁc induced
vibration, the ambient vibration and the response to a recent seismic sequence in Central Italy.
As far as the velocities caused by the trafﬁc, the levels of the results processed are very
similar to those measured in a previous experimental campaign conducted by two of the authors
in 2005, and, mainly, the maximum amplitude is below the levels known to cause damage,
according to international guidelines.
As far as the ambient vibration, the procedures of the experimental modal analysis are used
to identify frequencies and modes components at measurement points. Also in this case the
dynamic properties obtained are in good agreement with those determined in 2005, leading to
the preliminary conclusion that no overall deterioration phenomena recently occurred.
The registrations of accelerations produced by the seismic sequence of 2016-2017 in Central
Italy are of some interest because they are the only available recordings of the earthquake effects
on the monument. Notwithstanding the epicenter is far from the Colosseum, around 100 km,
the measurements are sufﬁciently clear, with non-negligible response peaks. For the recorded
earthquakes the maximum ampliﬁcation of the spectrum is observed in a frequency band which
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n.
1
2
3
4
5
6
7
8
9
n.
1
2
3
4
5
6
7
8
9

1AY
3.48
2.53
4.04
3.23
9.27
1.42
2.99
3.43
1.05

2AY
2.28
1.68
2.66
1.96
3.85
1.05
2.01
2.41
0.62

3AY
1.24
0.81
1.19
0.7
1.71
0.69
0.97
1.52
0.31

4AY
5.8
2.59
4.88
5.56
9.41
1.24
2.8
3.95
1.7

5AY
3.09
1.46
2.68
3.13
6.06
0.63
1.34
1.75
1.26

6AY
1.29
0.87
1.25
1.67
2.52
0.55
0.62
1.1
0.63

1BY
0.63
0.40
0.81
0.66
1.82
0.28
0.74
0.67
0.35

2BY
0.8
0.53
0.77
0.88
1.96
0.29
0.59
0.66
0.34

1CY
0.47
0.25
0.62
0.45
1.25
0.19
0.5
0.47
0.22

2CY
0.41
0.30
0.51
0.5
1.36
0.16
0.41
0.38
0.24

1DY
0.35
0.20
0.47
0.34
0.91
0.14
0.36
0.33
0.13

1AX
0.95
0.52
0.89
0.81
2.13
0.38
0.96
0.87
0.45

2AX
0.87
0.55
0.97
0.81
2.16
0.36
0.96
0.85
0.45

3AX
0.84
0.55
0.99
0.79
2.1
0.33
0.93
0.79
0.44

4AX
1.42
0.91
1.1
1.76
3.4
0.46
1
1.22
0.52

5AX
1.25
0.87
1.11
1.45
2.99
0.42
0.85
1.04
0.44

6AX
1.29
0.81
1.05
1.37
2.88
0.42
0.86
1.02
0.45

1BX
0.92
0.53
0.73
0.5
1.34
0.38
0.56
0.91
0.22

2BX
1.35
0.64
0.9
1
2.56
0.4
0.76
0.98
0.44

1CX
0.51
0.31
0.48
0.36
1.15
0.19
0.28
0.43
0.12

2CX
0.74
0.43
0.57
0.64
1.85
0.22
0.51
0.52
0.18

1DX
0.27
0.17
0.31
0.23
0.57
0.09
0.17
0.24
0.07

2DY
0.27
0.19
0.41
0.39
0.94
0.1
0.28
0.24
0.2
2DX
0.32
0.24
0.31
0.29
0.95
0.08
0.19
0.17
0.1

Table 3: Maximum accelerations in (g*100) recorded by the monitoring system in radial (Y) and circumferential
(X) directions during the events described in Tab. 2; the ﬁrst letter A of the sensor labels is omitted.

n.
1
2
3
4
5
6
7
8
9

1AY
0.145
0.103
0.14
0.11
0.329
0.046
0.094
0.117
0.03

2AY
0.113
0.079
0.106
0.077
0.19
0.039
0.072
0.094
0.023

3AY
0.181
0.111
0.166
0.063
0.158
0.068
0.089
0.162
0.028

4AY
0.227
0.113
0.175
0.208
0.472
0.044
0.099
0.143
0.067

5AY
0.176
0.099
0.134
0.164
0.413
0.038
0.069
0.107
0.066

6AY
0.196
0.103
0.186
0.164
0.344
0.034
0.061
0.078
0.079

1BY
0.009
0.007
0.01
0.009
0.026
0.005
0.011
0.014
0.005

2BY
0.018
0.015
0.021
0.026
0.048
0.005
0.013
0.016
0.007

1CY
0.008
0.004
0.01
0.007
0.021
0.003
0.009
0.007
0.004

2CY
0.008
0.006
0.01
0.011
0.028
0.003
0.007
0.009
0.004

n.
1
2
3
4
5
6
7
8
9

1AX
0.012
0.008
0.011
0.007
0.022
0.004
0.007
0.01
0.002

2AX
0.007
0.005
0.005
0.004
0.009
0.004
0.005
0.009
0.001

3AX
0.096
0.078
0.082
0.046
0.128
0.039
0.061
0.128
0.023

4AX
0.073
0.038
0.057
0.067
0.158
0.013
0.024
0.034
0.03

5AX
0.011
0.006
0.009
0.009
0.018
0.002
0.003
0.003
0.005

6AX
0.106
0.075
0.108
0.105
0.309
0.025
0.064
0.073
0.04

1BX
0.047
0.029
0.037
0.019
0.038
0.02
0.027
0.048
0.008

2BX
0.045
0.024
0.035
0.033
0.066
0.009
0.013
0.02
0.014

1CX
0.02
0.014
0.016
0.009
0.025
0.009
0.011
0.024
0.004

2CX
0.027
0.012
0.02
0.022
0.062
0.006
0.013
0.014
0.006

Table 4: Maximum relative displacements divided by the distance between two sensors (mm/m) recorded by the
monitoring system in radial (Y) and circumferential (X) directions during the events described in Tab. 2; the labels
of the columns correspond to the upper sensor; the ﬁrst letter A of the sensor labels is omitted.
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a)

b)

c)

d)

Figure 6: Relative displacements divided by the distance between two sensors recorded by the monitoring system
during the events of Tab. 2; a) Vertical B of Fig.2, radial direction ; b) Vertical C, radial direction; c) Vertical B,
circumferential direction; d) Vertical C, circumferential direction.

does not involve the ﬁrst two modes of the monument, localized mainly at Valadier’s and Stern’s
buttresses, which are the most dangerous. These results are important because they make it
possible to use an updated ﬁnite element model to interpret these data and to predict the response
to the expected earthquakes in Rome, evaluating the actual risk of the monument.
6
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Abstract. Masonry constructions compose the majority of the Architectural Heritage worldwide, thus, their preservation is of great importance. Nevertheless, they usually show a great
vulnerability to seismic and dynamic loads. Several reinforcement techniques can be used in
order to improve their dynamic behaviour. The Textile Reinforced Mortar (TRM) material
appears as very suitable, since it meets the requirements of compatibility and reversibility of
the retrofitting. Moreover, it avoids some problems related to permeability. And strongly reduces adhesion and debonding issues. In this paper the effectiveness of the TRM reinforcement for dynamic loads for windowed brick masonry walls is evaluated through vibration
testing and operational modal analysis. To this aim, two scaled brick masonry walls were
built at the “Laboratorio de Grandes Estructuras” of the University of Alicante. Only one of
them was reinforced with the TRM. Both were damaged with a cyclic in-plane lateral force
for simulating damage due to seismic actions. Structural vibrations of the two walls were
measured in the presence of a white noise excitation. Modal parameters were evaluated
through Operational Modal Analysis (OMA) before and after the damage. Finally, changes in
modal parameters due to damage were compared and investigated in both the unreinforced
and reinforced cases. The results suggest that TRM reinforcement can be considered effective
for improving the mechanical behaviour of a brick windowed masonry wall.
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1

INTRODUCTION

Masonry buildings represent a relevant part of constructions all around the world. Indeed,
the majority of architectural heritage is made of masonry and a lot of new buildings are still
built using masonry materials and traditional techniques. However, masonry buildings usually
show a great vulnerability to seismic and dynamic loads [1], mainly due to the properties of
the materials and to weak connections between horizontal and vertical structural elements [23]. Thus, in order to guarantee the stability and the integrity of the construction, it is of great
importance to improve its mechanical behaviour through appropriate strengthening interventions. In addition, the reinforcement of masonry construction may be also aimed at repairing
damages induced by unexpected static or dynamic loads, in particular earthquakes, that along
with other causes can reduce the mechanical properties of masonry structural elements over
time [4-6]. In this document, the assessment of the reinforcement of masonry walls in particular is addressed. Among possible reinforcement materials for masonry, in the recent past Fiber-Reinforced Polymer (FRP) composites [7-11] have been widely employed, but these
composites show several drawbacks, mostly related to the stress-transfer mechanisms between
reinforcement and masonry supports. More recently, another reinforcement material [12-13],
the Textile Reinforced Mortar (TRM), has gained interest since it is particularly suitable for
masonry constructions. Indeed, due to the presence of a mortar matrix instead of an epoxy one,
it meets the requirements of compatibility and reversibility of the retrofitting. Moreover, it
avoids some problems related to permeability and, above all, TRM strongly reduces adhesion
and debonding issues. Finally, as it is shown in [14], TRM is effective in recovering the predamage stiffness of a scaled masonry building.
For the above, a detailed study on the effectiveness of TRM on different types of wall is of
great interest. The main purpose of this study is the evaluation of the effectiveness of TRM
reinforcement of a windowed brick masonry walls for dynamic loads. For this purpose, two
distinct scaled brick masonry walls were built at the “Laboratorio de Grandes Estructuras” of
the University of Alicante (Alicante, Spain). The two walls were constructed with the same
geometrical features and with the same materials and technique in such a way that they have
about the same mechanical characteristics. Only one of the walls was reinforced with the
TRM. A vertical load was applied on both the two walls for reproducing real loading conditions of a bearing masonry wall. Both walls were damaged with a cyclic in-plane lateral force
in order to simulate damage due to seismic actions. Finally, in order to evaluate the effectiveness of the TRM reinforcement for brick walls in the presence of windows, modal parameters
of the two walls were evaluated through Operational Modal Analysis (OMA) before and after
the damage by using ARTeMIS Modal commercial software. Indeed, since modal parameters
are function of physical features like mass, stiffness and damping, it is well known that these
parameters can be employed for structural assessment and damage identification [15-22].
2

MASONRY WALLS, REINFORCEMENT MATERIAL AND DAMAGE

The two windowed brick walls built for this study are shown in Figure 1a-b. The walls
were built using clay bricks laid by means of 10 mm thick lime mortar joints adopting an
English bond disposition. The geometric and mechanical characteristics of bricks and lime
mortar are reported in Table 1. At the base, the walls were constrained through a steel plate
and anchors to the strong floor of the laboratory in such a way that the lateral displacement is
hindered. In order to simulate real loading conditions of a masonry wall, two vertical loads of
15000 daN were applied on two points (points P1 and P2 in Figure 1c). A steel beam allows
for an approximately uniform distribution of the total load (30000 daN) applied on the top of
the wall (Figure 1).
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(a)

(b)

(c)
Figure 1: (a) Unreinforced and (b) reinforced windowed masonry walls in the undamaged state; (c) scheme of
the experimental setup: preload device and anchorage system.

For the reinforced wall (Figure 1b), a 25x25 mm glass textile mesh embedded into a 10
mm thick cementitious mortar layer was applied on both the two lateral surfaces of the wall.
Specifically, the application of the TRM reinforcement occurred in the following steps: (1) a 5
mm thick cementitious mortar layer was applied on the lateral surfaces of the wall; (2) a glass
fiber textile grid was located on the cementitious layer; (3) the glass fiber grid was covered
with 5 mm thick layer of the cementitious binder. It is worth noting that the first cementitious
mortar layer allows for the bond between the masonry support and the glass fiber textile grid.
The mechanical properties of the reinforcement are shown in Table 2.
Bricks
Dimensions (mm)
Compression strength
(MPa)

Lime mortar
Compression strength at
28 days (MPa)
Compression strength at
100 days (MPa)

230 x 110 x 50
17.20

9.4
10.1

Table 1: Geometric features and compression strength of bricks and lime mortar.

In order to simulate the effects of a high-intensity seismic action, both the two walls were
damaged (Figure 2) by imposing a cyclic in-plane horizontal top displacement with increasing
amplitude. Specifically, the horizontal displacement was determined by means of a hydraulic
jack with a feedback system capable of producing a displacement control load test.
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(a)

(b)

Figure 2: (a) Unreinforced and (b) reinforced masonry walls after damage.

Mortar
Compression strength at
28 days (MPa)
Elastic modulus (MPa)

Textile mesh
15

Tensile strength (kN/m)

45

8000

Elastic modulus (MPa)

7200

Table 2: Mechanical properties of the reinforcing materials.

3

MODAL ANALYSIS

Vibration testing and Operational Modal Analysis (OMA) were carried out on the two
walls in order to estimate their modal properties (natural frequencies, mode shapes and modal
damping) both in the undamaged and damaged state. Schematically, modal properties were
estimated in the following four cases: (1) unreinforced and undamaged wall; (2) unreinforced
and damaged wall; (3) reinforced and undamaged wall; (4) reinforced and damaged wall. In
each of these four cases, the response of the wall was experimentally monitored through accelerometers with respect to 18 DOF. Specifically, a grid of 9 points (Figure 1c) was defined
on each wall and, for each point, the in-plane (x-direction) and out-of-plane (y-direction) vibrations were measured. A white noise excitation was generated through a shaker located in
the middle of the top of each wall.
For data acquisition, 8 piezoelectric accelerometers of sensitivity 10 V/g, two signal conditioner model PCB 482A22 and two data acquisition devices model Kyowa PCD-320 were
employed. The sampling frequency was set to 2000 Hz. Since only 8 accelerometers were
available, the two accelerometers located at point 1 (in the x- and y-direction) were adopted as
reference sensors. Consequently, it was possible to measure the response of the wall at the
considered 18 DOF by three suitable arrangements of accelerometers, thus resulting in 3 data
sets.
Finally, vibration data were processed by using the ARTeMIS Modal commercial software.
In particular, the Enhanced Frequency Domain Decomposition (EFDD) method was employed for determining natural frequencies, mode shapes and modal damping.
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Figure 3: A typical Singular Value Plot obtained by processing acceleration data of the walls through the EFDD
technique.

4

RESULTS

Figure 2 shows both the unreinforced and reinforced wall after the damage process. A classical damage pattern with diagonal cracks is visible for the two walls. The horizontal cracks
of the reinforced wall are due to the presence of the glass textile grid. In the unreinforced wall,
the cracks mainly follow mortar joints, except in some points where they cross one or more
bricks. For the unreinforced wall the initial elastic stiffness was 25.2 kN/mm, the ultimate
horizontal displacement was 22 mm and the ultimate horizontal load was 143 kN. For the reinforced wall the initial elastic stiffness, the ultimate horizontal displacement and the ultimate
horizontal load were 28.7 kN/mm, 33 mm and 351 kN, respectively. Since the two walls were
similar to each other, it is evident that the TRM reinforcement improves the stiffness of the
wall, its ductility and its ultimate strength to horizontal cyclic loads, and thus to seismic actions.
Regarding operational modal analysis, the first three vibration modes for each wall were
identified both in the undamaged and damaged case. Figure 3 shows a typical Singular Value
Plot, in the frequency range from 0 to 30 Hz, obtained through the EFDD method. In Table 3,
a comparison between natural frequencies estimated in the four cases above listed is reported.
Both for the unreinforced and for the reinforced case a noticeable decrease of natural frequencies occurs with damage. In particular, comparing natural frequencies before, fU , and after,
f D , the damage through the frequency discrepancy parameter D f ( f D  fU ) fU , for the
unreinforced case a decrease of 24.09 %, 60.00 % and 31.42 % of the natural frequency of the
first, second and third vibration mode, respectively, it is observed; the corresponding decreases for the reinforced case are of 44.05 %, 39.20 % and 45.42 %, respectively.

Mode no.
1
2
3

fU (Hz)
5.276
15.829
22.415

Unreinforced wall
D f (%)
f D (Hz)
4.005
24.09
6.331
60.00
15.372
31.42

fU (Hz)
6.300
12.891
25.551

Reinforced wall
f D (Hz)
3.525
7.838
13.947

D f (%)
44.05
39.20
45.42

Table 3: Natural frequencies estimated for the unreinforced and reinforced wall both in the undamaged (U) and
damaged (D) state.
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Since the natural frequency is related to the modal stiffness, a decrease of the natural frequency means that the damage has induced a reduction of the modal stiffness for all the three
identified modes. In particular, in the unreinforced wall the damage has mostly affected the
second mode, while in the reinforced case it has affected almost uniformly all the three modes.
It suggests that the application of TRM reinforcement allows distributing on all vibration
modes the negative effects of damage.
Furthermore, it can be observed that, except for the second vibration mode, the reinforced
wall has natural frequencies slightly higher than those of the unreinforced wall. Since the two
walls are similar to each other, this consideration, together with information about the initial
elastic stiffness of the two walls above reported, allows arguing that the TRM reinforcement
slightly increase the stiffness of the wall on which it is applied.
Finally, it is worth observing that, even though the ultimate load was much higher for the
reinforced wall, the frequency decrease (i.e. the stiffness reduction) due to damage is comparable for the two walls. It means that TRM reinforcement limits the negative effects of the
damage on the structural stiffness of the wall.
In Table 4 a comparison between the modal damping ratio estimated for the four considered cases is presented. Both for the unreinforced and for the reinforced case, an increase of
modal damping ratio occurs with damage. Comparing modal damping ratio before, 9 U , and
after, 9 D , the damage through the discrepancy parameter D9 (9 D  9 U ) 9 U , for the unreinforced case an increase of 1.00 %, 227.39 % and 12.16 % of the modal damping of the first,
second and third vibration mode, respectively, it is observed. On the other hand, for the reinforced case an increase of 16.18 %, 87.87 % and 51.95 % of the first, second and third vibration mode, respectively, occur. Since the modal damping is related to energy dissipation, an
increase in modal damping means that, as a result of the damage, the energy dissipation increase. As for natural frequencies, modal damping ratio values suggest that the application of
TRM reinforcement allows distributing on more vibration modes the negative effects of damage. Indeed, considering the discrepancy parameter D9 , in the unreinforced wall the damage
has mostly affected the second mode, while in the reinforced case the effect is distributed on
all the three vibration modes.
Mode no.
1
2
3

9 U (Hz)
1.608
0.449
0.625

Unreinforced wall
D9 (%)
9 D (Hz)
1.624
1.00
1.470
227.39
0.701
12.16

9 U (Hz)
1.922
0.907
0.793

Reinforced wall
9 D (Hz)
2.233
1.704
1.205

D9 (%)
16.18
87.87
51.95

Table 4: Modal damping ratio estimated for the unreinforced and reinforced wall both in the undamaged (U) and
damaged (D) state.

The estimated mode shapes of the reinforced wall in the undamaged state are represented
in Figure 4. The mode shapes estimated in the other three cases are similar. In order to quantitatively compare mode shapes, the Modal Assurance Criterion (MAC) values were calculated.
In Table 5 and in Table 6 the MAC values respectively for the unreinforced and the reinforced
wall are listed. It can be seen that for both walls, the mode shape of the second vibration mode,
which is a bending mode, is the most affected by the damage. Considering the cracking pattern for the two wall (Figure 2), it could be explained by observing that, since the second vibration mode involves opposite transverse displacements of the two free vertexes of the wall
(Figure 4b-4e), the friction at crack surface is emphasized for that vibration mode. Further-
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more, it is worth observing that the MAC values for the unreinforced case are lower than
those for the reinforced case. This can suggest that the TRM reinforcement reduces the negative effects of damage in terms of variation of mode shapes.
First mode

Second mode

Third mode

(a)

(b)

(c)

(d)

(e)

(f)

Figure 4: Mode shapes of the unreinforced wall in the undamaged state. General view: (a), (b) and (c). Plan view:
(d) and (e). Front view: (f).

Frequency (Hz)
5.276
15.829
22.415

4.005
0.712
0.091
0.001

6.331
0.016
0.531
0.054

15.372
0.017
0.003
0.786

Table 5: MAC values between the mode shapes in the pre and post damage state – unreinforced wall.

Frequency ( Hz)
6.300
12.891
25.551

3.525
0.921
0.019
0.001

7.838
0.043
0.842
0.034

13.947
0.001
0.034
0.994

Table 6: MAC values between the mode shapes in the pre and post damage state – reinforced wall.

5

CONCLUSIONS

In this paper, the effectiveness of the TRM reinforcement on scaled windowed brick masonry wall is evaluated through vibration testing and Operational Modal Analysis. In particular, natural frequencies and modal damping are considered as parameters respectively related
to the structural stiffness and the energy dissipation. In addition, for both the two walls, mode
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shapes are investigated through the calculation of the MAC value both in the undamaged and
the damaged state. The results show that, both for the unreinforced and for the reinforced case,
for all the three identified modes there is a decrease of natural frequency and an increase of
the modal damping. This means that after the damage there is a reduction of structural stiffness and an increase of energy dissipation, respectively. Furthermore, it can be seen that the
damage affects the mode shapes mainly for the unreinforced case.
More specifically, the results suggest that the application of TRM reinforcement: (1) improves the stiffness of the wall, its ductility and its ultimate strength to horizontal cyclic loads;
(2) allows distributing on more vibration modes the negative effects of damage related to both
the structural stiffness and the energy dissipation; (3) limits the effects of damage on mode
shapes. This last conclusion remarks that the reinforced wall has at the end of the test higher
level of structural integrity than the unreinforced specimen. In conclusion, it can be argued
that, with respect to horizontal cyclic load, like seismic actions, TRM reinforcement can improve the mechanical behaviour of windowed brick masonry walls.
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Abstract. The preservation of Cultural Heritage assets from natural and man-made disasters
is of great importance for communities because of their architectural and social value. Lack
of any hazard-resisting design, material typology and degradation due to ageing strongly affect
the behaviour of Cultural Heritage assets. In this context, Structural Health Monitoring systems can help stakeholders to control the behaviour of heritage constructions, to improve the
estimation of their residual life expectancy and to optimize maintenance and retroﬁtting interventions. This paper presents the preliminary results of the modal identiﬁcation of the transept
of San Francesco church in Pisa. An experimental campaign aimed at measuring the structural
response under environmental vibrations was performed, and Operational Modal Analysis was
applied to quantify modal properties (frequencies and mode shapes). Data were then used to
calibrate the elastic parameters of a reﬁned numerical model. Issues and practical considerations related to the design and installation of dynamic monitoring systems for complex masonry
constructions (such as the one under investigation) were derived to provide practitioners with
practical guidance.
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1

INTRODUCTION

Cultural Heritage (CH) assets represent a relevant economic resource because of cultural
tourism, but their intangible value is also of primary importance since they play a fundamental
role in fostering a community’s sense of place and belonging. For these reasons, preservation of
heritage constructions is a matter of primary importance, though current conservation efforts are
too often limited to emergency measures, and designed without a comprehensive intervention
plan [1].
In this context, Structural Health Monitoring (SHM) [2] systems can help stakeholders control the behaviour of heritage constructions, while improving the estimation of their residual life
expectancy and optimizing maintenance and retroﬁtting interventions.
Numerical models are commonly used as a tool to assess structural health of CH assets and to
predict the buildings response to environmental conditions. Typical CH assets are characterized
by the lack of any hazard-resisting design, materials of unknown properties and diffused degradation due to ageing. For this reasons, epistemic uncertainties regarding materials, geometry
and boundary conditions [3, 4] strongly affect Finite Element (FE) model results.
Ambient vibration-based modal identiﬁcation techniques are then key to record and derive
information for both model parameter calibration and structural control. Being non-destructive,
such techniques perfectly meet the well-known minimum intervention and reversibility criteria
for CH assets [5]. Through dynamic identiﬁcation, vibrational properties of the structure (natural frequencies, modal shapes and damping coefﬁcients) can be deduced and compared to the
ones obtained from numerical models [6, 7, 8].
In this paper we present the ﬁrst steps towards the deﬁnition of a robust SHM system for
masonry CH assets [10]. The San Francesco church in Pisa, Italy (Figure 1) was chosen as
a case study, and dynamic measurements were performed to evaluate the response of its bell
tower and transept to ambient vibrations.

Figure 1: A) Point cloud survey; B) planimetry; C) façade of the San Francesco church.

The results were elaborated through Operation Modal Analysis (OMA) techniques [9] and
used to identify natural frequencies and mode shapes. A preliminary dynamic identiﬁcation
of the bell tower alone provided ﬁrst estimates for the constitutive parameters of the masonry
walls. A FE model of the entire church was then built in order to preliminarily choose relevant
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mode shapes involving the transept, and to design sensor positioning. After the experimental
campaign, the same model was used to perform a manual mode-matching between numerical
and experimental results.
2

THE SAN FRANCESCO CHURCH IN PISA

The construction of the San Francesco church in Pisa dates back to the 13th century, and was
executed under the direction of architect Giovanni di Simone [11]. It follows the traditional
Franciscan canon of sobriety and humbleness, avoiding frescoes and limiting the use of marble
to the façade (of later construction), preferring exposed brick on the exterior and painted plaster
on the interior.
Its geometry (the nave measures 70.5 m x 17.7 m) makes it the second largest church in
the city, after the Cathedral of Pisa. Its peculiarity is a “hanging” masonry tower, resting at a
height of 12 m above ground level on two limestone cantilevers embedded in the north transept
walls. The dynamic behaviour of the bell tower was already investigated during an experimental
campaign in March 2019 by a research group from the University of Pisa lead by Prof. De Falco.
The campaign’s results are brieﬂy recalled in the following.
A massive restoration work of the San Francesco church is currently underway, thus enabling
the self-standing scaffolding system to be used during the dynamic experimental campaign
herein presented. It is worth noting that the scaffolding system (Figure 2) is designed to have
no contact with the structural system, so that it does not affect dynamic observations. Thanks
to this, a diffuse network of sensors over most of the church’s transept, including the highest
portion of the walls, could be installed, thus obtaining signiﬁcant data for modal identiﬁcation.

Figure 2: Self-standing scaffolding system in the nave.

Plans of renovation also envisage the complete removal and restoration of the roof and of the
supporting truss structures. This will allow a new experimental campaign to be performed in
order to better evaluate the effect of rooﬁng on the overall vibrational behaviour of the building.
3

EXPERIMENTAL CAMPAIGN ON THE BELL TOWER

On the 30th March 2019, an experimental campaign was performed on the San Francesco bell
tower in order to identify its modal properties. Accelerometers and velocimeters were placed
at different positions along the tower’s height (Figure 3), measuring its response to ambient
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vibrations. Natural frequencies and mode shapes were derived using the software LMS Test.Lab
8 [12] to perform digital signal processing and to apply the PolyMax algorithm [13] to the data.
The ﬁrst three identiﬁed frequencies correspond to two ﬂexural modes (1.10 Hz and 1.32 Hz)
and a torsional one (3.55 Hz). Flexural modes are roughly aligned with the main diagonals of
the bell tower’s cross section.

Figure 3: A) Sensor positioning along the bell tower. Accelerometers are indicated with the letter A, velocimeters
with the letter P; B) employed sensors; C) velocimeter acquisition system.

A FE model was developed during this phase to simulate the masonry bell tower together
with a limited portion of the neighbouring church walls (Figure 10). Experimental results were
used to update the value of the elastic material properties of the model. The ﬁrst three natural
frequencies and mode shapes were matched with numerical ones (Figure 4) by varying the values of the Young’s moduli of bell tower and church. Good accordance (less than 5% difference)
between experimental and numerical data was ﬁnally reached for values of 1800 and 1300 MPa
for the bell tower and church, respectively.
4
4.1

EXPERIMENTAL CAMPAIGN ON THE TRANSEPT
Instrumentation and acquisition

After the dynamic identiﬁcation of the bell tower, an experimental campaign was carried out
on the church’s transept during December 2019 and January 2020. A network of accelerometers
was used to record the building’s response to ambient vibrations. Nine monoaxial capacitive
accelerometers (PCB DC capacitive accelerometers – Model 3701G3FA3G) and six monoaxial
piezoelectric accelerometers (PCB ICP accelerometers – Model 393C) from the Structural Laboratory of the University of Pisa were employed. Technical characteristics of the sensors are
summarized in Table 1. Data were recorded and pre-processed through an acquisition system
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Figure 4: Mode matching for the bell tower.

(LMS Scadas Mobile) controlled by a dedicated application (LMS Test.Lab 8). Figure 5 shows
the employed sensors and acquisition system.
PCB DC capacitive accelerometers model 3701G3FA3G
Average sensitivity @ 30 Hz
Average eigenfrequency
Frequency range (± 5 %)

1000 mV/g
540 Hz
0 to 100 Hz

PCB ICP piezoelectric accelerometers model 393C
Average sensitivity @ 100 Hz
Average eigenfrequency
Frequency range (± 5 %)

1000 mV/g
5.3 kHz
0.025 to 8¸00 Hz

Table 1: Technical characteristics of the employed sensors.

The sensors were assembled to create two- or three-directional measurement stations by ﬁxing them to rigid metallic plates. Four different device conﬁgurations were adopted to perform
three 30 minutes records with a sampling frequency of 256 Hz and 8-second average time windows.
Sensor layout was determined beforehand based on the results of a preliminary numerical
model. Two main necessities had to be assessed:
1. to identify the modal properties of all reachable transept portions;
2. to gain insight regarding the inﬂuence of roof and supporting trusses on the vibrational
behaviour of the connected walls.
Figures 6 and 7 show sensor positions, and Table 2 summarizes the conﬁgurations with the
corresponding instrumented positions. Sensors in positions 1, 6, 8, 14 and 25 were used for
each conﬁguration, in order to be able to merge data from the different acquisitions.
Connection between sensors and acquisition system was achieved through cables ranging
in length between 50 and 100 m on account of the church’s geometry. This required careful

2390

E. Lorenzo, F. Canessa, G. Chellini, A. De Falco, C. Resta, E. Savelli and G. Sevieri

Figure 5: Instrumentation. A) Piezoelectric accelerometer; B) capacitive accelerometer; C) piezoelectric twodirectional measurement station; D) acquisition system; E) control station on top of the scaffolding.

POSITION

1

2

3

4

5

6

7

8

9

Conﬁguration 1
Conﬁguration 2
Conﬁguration 3
Conﬁguration 4

•
•
•
•

•
•

•

•

•

•
•
•
•

•
•

•
•
•
•

•

POSITION

14

15

16

17

18

19

20

21

22

Conﬁguration 1
Conﬁguration 2
Conﬁguration 3
Conﬁguration 4

•
•
•
•

•
•

•

•

•
•

•

•

•

10

11

12

13

•

•
•

•

•

23

24

25

26

•

•

•
•
•
•

•

Table 2: Sensor positions used for the different measurement conﬁgurations. In boldface reference positions.

planning in the design of the experimental campaign, to make sure that as few accelerometers
as possible had to be moved between a conﬁguration and the following. Nevertheless, logistics
often required long procedures, resulting even more complex since operations were carried out
on the scaffolding.
Cable length, together with some electrical dissipations which may also have interacted with
the scaffolding system, could have been the cause of issues concerning some of the sensors
during measurements. This was particularly true in the case of capacitive accelerometers, which
required an external power source and for which tripolar power cables were used. Some of the
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Figure 6: Sensor positioning. Church plan, section AA (east transept wall) and section BB (west transept wall).
White portions were impossible to photograph.
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Figure 7: Sensor positioning. Section CC (south partition wall), section DD (north partition wall) and section EE
(south transept wall). White portions were impossible to photograph.

longer cables, when used for sensors located closer to the acquisition system, had to be partially
stored on cable reels. This may have worsened signal quality through induced electro-magnetic
effects. Future testing may beneﬁt from the use of piezoelectric accelerometers only, or from
the use of capacitive accelerometers with better insulated cables.
4.2

Data elaboration and discussion

Data from accelerometers were processed using the software LMS Test.Lab, computing the
Power Spectral Density function with Hanning windowing at 16768 spectral lines and 10%
overlap. To perform a preliminary identiﬁcation of peaks in the transept’s frequency response,
selected signals in the frequency domain were grouped based on sensor position: north and
south partition walls and east, west and south transept walls. Figure 8 shows the resulting PSDs.
Here, the different lines correspond to signals from accelerometers mounted on one wall, and
measuring in orthogonal direction. Peaks have been identiﬁed through manual peak-picking.
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Figure 8: Power Spectral Density of signals recorded from sensors on different transept portions. a) North partition
wall; b) south partition wall; c) east transept wall; d) west transept wall; e) south transept wall.
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Some observations can be derived:
• frequency responses from the north and south partition walls are very similar. This could
be expected since their geometry is roughly the same, even though boundary conditions
differ signiﬁcantly. The north wall is in fact contiguous to the bell tower and to an external
vaulted cloister, while the south portion of the transept is free along its height and borders
with adjacent roads.
• A peak corresponding to approximately 1.10 Hz can be recognized in the frequency responses of the north partition and west transept walls, and is absent from the response of
other walls. This suggests that the ﬁrst natural frequency of the bell tower, corresponding
to its ﬁrst ﬂexural mode, was identiﬁed.
• The vibrational behaviour of the east transept wall is, as expected, quite different from
the other walls. This is due to its being horizontally braced by several vaults that cover
the altar and the chapels.
• The west transept wall is occupied for the most part by an archway that separates the
transept from the nave, as can be seen in Figure 6. Unfortunately, the scaffolding system
did not reach the arch’s keystone, so that sensors were placed in positions very close to
orthogonal walls. The frequency response shown in Figure 8 is detrimentally affected by
the lack of sensors in the higher portion of the wall.
The PolyMax algorithm was applied to each single measurement run in order to identify
natural frequencies which peaks may have been ignored during manual peak-picking, and the
relative partial mode shapes. The results were then combined in LMS Test.Lab to construct
global mode shapes, and a multi-run matrix was constructed, grouping together corresponding peaks from different runs (Table 3). Figure 9 shows the mode shapes identiﬁed with the
PolyMax algorithm, on a simpliﬁed 80-point geometry of the church’s transept. The northern
portion is not shown, since it was not subjected to measurements.

Mode 1
Mode 2
Mode 3
Mode 4
Mode 5
Mode 6
Mode 7
Mode 8
Mode 9
Mode 10
Mode 11
Mode 12

Conﬁguration 1
[Hz]

Conﬁguration 2
[Hz]

Conﬁguration 3
[Hz]

Conﬁguration 4
[Hz]

2.01
2.62
3.09

1.06
2.00
2.60
3.10

4.19
4.90
6.19

4.19
4.87
6.04

10.07

9.64
10.20

1.08
2.00
2.61
3.06
3.27
4.19
4.88
6.04
7.78
10.00
10.28
11.64

2.58
3.07
3.51
4.19
4.84
5.98
7.58
9.84
10.20
11.57

11.31

Table 3: Experimental natural frequencies of the transept.
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Mode 1
f = 1.06-1.08 Hz

Mode 2
f = 2.00-2.01 Hz

Mode 3
f = 2.58-2.62 Hz

Mode 4
f = 3.06-3.10 Hz

Mode 5
f = 3.27-3.51 Hz

Mode 6
f = 4.19 Hz

Mode 7
f = 4.84-4.90 Hz

Mode 8
f = 5.98-6.19 Hz

Mode 9
f = 7.58-7.78 Hz

Mode 10
f = 9.64-10.07 Hz

Mode 11
f = 10.20-10.28 Hz

Mode 12
f = 11.31-11.64 Hz

Figure 9: Experimental transept mode shapes extracted with PolyMax algorithm.

The identiﬁed mode shapes did not provide useful information regarding the inﬂuence of
roof and supporting trusses. In particular, at this stage no conclusive answer can be given to the
question regarding the eventual rigid-link effect exerted by the rooﬁng system: while some of
the mode shapes (e.g., modes 1, 2 and 4) show the two partitioning walls moving in phase, others
(e.g., modes 6 and 7) clearly show them moving in opposition of phase. Further measurements,
concentrating on the trusses’ supports, will help to shed light on the matter.
5

FINITE ELEMENT MODEL

A FE model of the San Francesco church in Pisa was developed using the software Comsol
Multiphysics 5.5 [14]. The church’s geometry was obtained from a reﬁned point cloud, resulting from a survey ﬁeldwork with laser scanner (Figure 1A). The point cloud was imported in
AutoCAD [15] and interpolating solids were deﬁned to assembly the entire geometry of the
church.
In Comsol Multiphysics, tetrahedral ﬁnite elements with Serendipity quadratic shape functions were used to deﬁne a mesh composed of 572991 elements, with maximum dimension
set at 1.00 m (Figure 10). A cloister and part of the monastery are contiguous to the northern
transept and nave walls (Figure 6). Their presence was considered using displacement boundary
conditions to simulate the restraints they exert on the church. Since no conclusive observations
could be made regarding the role of the rooﬁng system in the dynamic characterization of the
transept, trusses were included in the model because this was thought to represent the most “natural” choice. At this stage, values of Young’s moduli for the church’s and bell tower’s masonry
were estimated to be 1300 MPa and 1800 MPa respectively, in accordance with the previous
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Figure 10: FE models. A) The church; B) preliminary model of the bell tower.

dynamic identiﬁcation of the bell tower. An automatic updating procedure will be the object of
further research work.
Modal analysis resulted in more than 150 mode shapes in the frequency range from 0 to 12
Hz, while only twelve were derived from data analysis (Table 3). Most of the former correspond
to natural frequencies of the portions of the church which were not instrumented and therefore
not identiﬁed, such as the nave and the altar chapels. Sensors used during the acquisition may
have not recorded vibrations relative to mode shapes that were not triggered with enough energy
by ambient noise.
Mode-matching was performed, and good accordance between experimental and numerical
data was reached for some of the modes. Figure 11 shows modal shapes for modes 1, 2, 3
and 7 (according to numbering used in Table 3). Results of the FE model are compared with
experimental data. The large number of numerical mode shapes, however, and the presence
of many modes with very similar frequencies suggest the necessity to employ an automatic
mode-matching procedure such as the Modal Assurance Criterion (MAC) [16]. For this reason,
masonry constitutive parameters were not updated using experimental modal information in this
case. This will instead be the topic of future research work.
6

CONCLUSIONS

This paper presents preliminary results of the modal identiﬁcation of the San Francesco
Church in Pisa, which is the ﬁrst step towards the development of a robust SHM system for
masonry CH assets. The church’s bell tower and transept were subjected to dynamic testing,
and operational modal analysis enabled the identiﬁcation of a limited number of vibrational
modes and frequencies. A FE model, preliminarily used to design instrumentation layout, was
employed to perform mode matching between experimental and numerical mode shapes, using
values for material constitutive parameters resulting from a previous experimental campaign
on the bell tower. This ﬁrst effort allowed us to expand our knowledge regarding practical
problems and difﬁculties arising from performing dynamic testing on a complex structure such
as the San Francesco church. Further experimentation will concentrate on speciﬁc substructures
of the church, and on a dedicated investigation regarding the vibrational inﬂuence of roof and
supporting trusses.
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Figure 11: Mode shapes and natural frequencies from the FE model are shown and compared to mode shapes from
the experimental campaign.
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DYNAMIC ANALYSIS OF THE INTERACTION BETWEEN BELLS
AND MASONRY STRUCTURES
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PEHWWL#GLFHDXQLILLW*LDQQLEDUWROL#XQLILLW

Keywords:%HOOWRZHU0DVRQU\'\QDPLF'DPDJH
Abstract. This research show the numerical and experimental results evaluated in the Fiesole
bell tower in Italy. The aim of this investigation is to increase the knowledge related to the
dynamic interaction between the vibration frequencies of the bells and the dynamic behavior of
the masonry tower. In particular, in this paper the numerical evaluation focuses on the bell and
tower interaction, taking into account the behavior of the tower as an exempt structure. In
particular, the study was divided into several phases. The first phase consisted of the geometric
definition of the structure, as well as the definition of the mechanical properties of the bells. In
the second phase the dynamic properties of the structural system were evaluated and the numerical model was calibrated. In the third phase, lateral restrictions of the tower were released
and a parametric study of the interaction of the dynamic forces of the bells with the tower was
carried out. Based on these results, the velocity ranges, and swing amplitude of the bells, which
could damage the tower, were evaluated according to DIN 4178-2005. The main results show
that the biggest bell should not be used for velocity values near 41.53 rpm. regardless of the
swing angle. Also, for smaller bells, swing angles between 50º and 95º and speeds between 2540 rpm. should be avoided.
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1

INTRODUCTION

0DVRQU\WRZHUVDUHYHU\FRPPRQEXLOGLQJVIURPWKHPLGGOHDJHVXQWLOQRZ,QSDUWLFXODU
PDQ\RIWKHPKDYHEHOOWRZHUVDWWKHWRSRIWKHEXLOGLQJV7KHVHEHOOVKDYHEHHQXVHGWRDGYLVH
WKHSRSXODWLRQRIGLIIHUHQWHYHQWVE\PHDQVRIWKHULQJLQJRIWKHEHOOV>@,QUHFHQW\HDUVLQ
WHUHVWLQWKHG\QDPLFEHKDYLRURIVXFKVWUXFWXUHVKDVLQFUHDVHGHVSHFLDOO\WKURXJKWKHXVHRI
PRQLWRULQJWHFKQLTXHV VWUXFWXUDOKHDOWKPRQLWRULQJ UHSRUWLQJSDSHUVRQYLEUDWLRQPRGHVDQG
IUHTXHQFLHV>@DVZHOODVVWXGLHVUHODWHGWRWKHLUVHLVPLFYXOQHUDELOLW\>@2QWKHRWKHUKDQG
VHYHUDO DXWKRUV KDYH SXEOLVKHG DUWLFOHV UHODWHG WR WKH G\QDPLF IRUFHV JHQHUDWHG E\ WKH EHOOV
ULQJLQJ>@+RZHYHUWKHUHDUHQRWPDQ\DXWKRUVZKRDQDO\]HWKHEHKDYLRURIWKHVHVWUXFWXUHV
XQGHUORDGVLQVHUYLFHVXFKDVWKRVHGXHWRWKHVZLQJRIWKHEHOOV
:LWKWKHDLPRILQFUHDVLQJWKLVILHOGRINQRZOHGJHLQWKLVZRUNWKHLQWHUDFWLRQEHWZHHQWKH
YLEUDWLRQIUHTXHQFLHVRIWKHEHOOVDQGWKHG\QDPLFEHKDYLRURIWKHPDVRQU\WRZHUXQGHUWKH
FRQVLGHUDWLRQRIVWUXFWXUHH[HPSWLVHYDOXDWHG,QSDUWLFXODUWKHVWXG\LVGLYLGHGLQWRVHYHUDO
SKDVHV 7KH ILUVW SKDVH FRQVLVWHG RI WKH JHRPHWULF GHILQLWLRQ RI WKH VWUXFWXUH DV ZHOO DV WKH
GHILQLWLRQRIWKHPHFKDQLFDOSURSHUWLHVRIWKHEHOOV,QWKHVHFRQGSKDVHWKHG\QDPLFSURSHUWLHV
RIWKHVWUXFWXUDOV\VWHPDUHHYDOXDWHGDQGWKHQXPHULFDOPRGHOLVFDOLEUDWHG,QWKHWKLUGSKDVH
ODWHUDO UHVWULFWLRQV RI WKH WRZHU DUH UHOHDVHG DQG D SDUDPHWULF VWXG\ RI WKH LQWHUDFWLRQ RI WKH
G\QDPLFIRUFHVRIWKHEHOOVZLWKWKHWRZHULVFDUULHGRXW%DVHGRQWKHVHUHVXOWVWKHYHORFLW\
UDQJHVDQGVZLQJDPSOLWXGHRIWKHEHOOVZKLFKFRXOGGDPDJHWKHWRZHUDUHHYDOXDWHGDFFRUG
LQJWR',1>@
2

CASE OF STUDY: FIESOLE BELL TOWER

7KHWRZHUVHOHFWHGIRUWKHDQDO\VLVLVWKH)LHVROHEHOOWRZHUIURPWKH&DWKHGUDORI)LHVROH
,WDO\ )LJXUH7KLVVWUXFWXUHLVDKROORZUHFWDQJXODUFURVVVHFWLRQRI[Pð7KHWKLFN
QHVVRIWKHH[WHUQDOZDOOLVYDULDEOHZLWKKHLJKW)URPWRPWKHWKLFNQHVVRIWKHZDOOLVD
FRQVWDQWYDOXHRIP7KHWKLFNQHVVIRUWKHQH[WVHFWLRQRIPOHQJWKLVP)RUWKHWKLUG
VHFWLRQRIPOHQJWKWKHWKLFNQHVVLVP)LQDOO\IRUWKHODVWVHFWLRQIURPPWRWKHFURZQ
DWPWKHWKLFNQHVVLVHTXDOWRP5HJDUGLQJWKHRSHQLQJVLQWKHH[WHUQDOZDOOVRIWKH
WRZHUWKHUHDUHQRLPSRUWDQWHOHPHQWVH[FHSWIRUWKHDFFHVVSRLQWDWWKHEDVHRIWKHWRZHUDQG
WKHRSHQLQJVORFDWHGLQWKHEHOIU\DWPDQGP5HJDUGLQJWKHODWHUDOFRQVWUDLQWV
WKHUHDUHWUHHODWHUDOFKXUFKZDOOVFRQQHFWHGRQQRUWKVRXWKDQGZHVWVLGHVZLWKDWKLFNQHVVRI
P,QJHQHUDOWKHPDWHULDORIWKHWRZHUDQGODWHUDOZDOOVDUHLUUHJXODUVWRQHEULFNVZLWKPRUWDU

)LJXUH*HQHUDODQGIURQWDOYLHZVRIEHOOWRZHU)URPOHIWWRULJKW:HVW6RXWK(DVWDQG1RUWK)DFHV
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)LJXUH/HIW6LPSOLILHGEHOOPRGHO5LJKW$UUDQJHPHQWRIWKHEHOOVZLWKWKHLUVZLQJGLUHFWLRQV

3

DYNAMIC BELL FORCES

7KHEHOIU\RIWKHWRZHUVKRZVILYHGLIIHUHQWEHOOV)LJXUH7KHILUVWIRXU)UDWLQD&DQWLQD
0LVHULFRUGLDDQG/LQDUDDUHORFDWHGDWPDQGWKHZHLJKWRIWKHPLVN1N1
N1DQGN17KHODVWRQHLVWKH&DPSDQRQHORFDWHGDWPDQGLWVZHLJKWLV
N17DEOHVKRZVWKHG\QDPLFSURSHUWLHVRIWKHEHOOV7KHVHEHOOVVZLQJDFFRUGLQJWR
WKH&HQWUDO(XURSHDQ6\VWHP>@'\QDPLFKRUL]RQWDOIRUFHRIWKHEHOOVHYDOXDWHGDFFRUGLQJ
RIWKH*HUPDQVWDQGDUG>@(TXDWLRQGHSHQGVRQWKHPDVVRIWKHEHOOVPWKHVZLQJYHORFLW\
ɏWKHJHRPHWU\FRHIILFLHQWFDQGWKHVZLQJURWDWLRQDQJOHĮ7KHFFRHIILFLHQWLVDIXQFWLRQ
RIWKHLQHUWLDDQGWKHGLVWDQFHIURPWKHEHOOJUDYLW\FHQWHUWRWKHURWDWLRQD[LVRIWKHEHOO)LQDOO\
WKHHIIHFWRIWKHURWDWLRQDQJOHĮ)LJXUHLVWDNHQLQWRDFFRXQWE\PHDQVRIWKHߛFRHIILFLHQW
)LJXUHVKRZVDQH[DPSOHRIWKHG\QDPLFIRUFHRIWKH&DPSDQRQHEHOODQGWKHKDUPRQLFV
FRPSRQHQWVRIWKLVIRUFH7KHVHKDUPRQLFVFKDQJHZLWKWKHVZLQJDQJOHDQGYHORFLW\DQGWKH\
FDQLQWHUDFWZLWKWKHYLEUDWLRQIUHTXHQFLHVRIWKHWRZHU
%HOO

*HRPHWU\ :HLJKW 'LDPHWHU
FRHIILFLHQW
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EXPERIMENTAL TEST

,QRUGHUWRDQDO\]HWKHG\QDPLFSURSHUWLHVRIWKHWRZHUVL[3&%3LH]RWURQLFVXQLD[LDO
DFFHOHURPHWHUVDUHSODFHGDWPDQGPRQWKHLQWHUQDOSDUWRIWKHWRZHU(DVWIDoDGHLQD
WULD[LDOFRQILJXUDWLRQ%\PHDQVRIWKLVWHVWVHWXSLWLVSRVVLEOHWRHYDOXDWHWKHIUHTXHQFLHVLQ(
:DQG16GLUHFWLRQ)LJXUH7KHUDQJHRIPHDVXUHPHQWIRUWKHVHGHYLFHVLVIURP+]
WR+]ZLWKDYROWDJHVHQVLYLW\RI9J'DWDDFTXLVLWLRQKDUGZDUHFRQVLVWRIDVLJQDOFRQ
GLWLRQHU3&%$DQGDGDWDORJJHU+%06SLGHU 65 7KHVDPSOHIUHTXHQF\LV
+]7ZRWHVWDUHGRQH'XULQJWKHILUVWRQHDVLJQDORIPLQXWHVLVUHFRUGHGDQGWKHG\QDPLF
ORDGXVHGGXULQJWKLVWHVWLVWKHDPELHQWQRLVH,QWKHVHFRQGWHVWDVLJQDORIPLQXWHVLVUHF
RUGHGDQGWKHG\QDPLFORDGXVHGLQWKLVFDVHLVWKHKRUL]RQWDOIRUFHGXHWRWKHVZLQJLQJRIWKH
0LVHULFRUGLDEHOOZLWKDVZLQJDQJOHDQGVZLQJYHORFLW\HTXDOWRDQGUSP
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1-2. 1st bending mode. 3. Torsion mode, 4-5. 2nd bending mode.
EFDD: Enhanced Frequency Domain Decomposition; CFDD: Curve-fit Frequency Domain Decomposition; CVA: Canonical Variate Analysis.

7DEOH6WDWLVWLFDODQDO\VLVRIDPELHQWYLEUDWLRQWHVW

6LJQDOVDUHDQDO\]HGXVLQJ$57H0,6VRIWZDUHIRU20$DQG0DWODEVRIWZDUH6LJQDOVDUH
GHFLPDWHGIURP+]WR+]DQGILOWHUHGEHWZHHQ+]WR+]'LIIHUHQWWHFKQLTXHV
DUHXVHGIRUWKHDQDO\VLV7DEOHVKRZVWKHPHDQIUHTXHQFLHVDQGWKHVWDQGDUGGHYLDWLRQYDOXHV
IRUWKHSULQFLSDOYLEUDWLRQPRGHVDFFRUGLQJWRWKH(QKDQFHG)UHTXHQF\'RPDLQ'HFRPSRVLWLRQ
WHFKQLTXH ()'' DQG&XUYHILW)UHTXHQF\'RPDLQ'HFRPSRVLWLRQWHFKQLTXH &)'' IRUWKH
DQDO\VLVLQIUHTXHQF\GRPDLQDQGWKHSDUDPHWULFWHFKQLTXH&DQRQLFDO9DULDWH$QDO\VLV &9$ 
IRUWKHDQDO\VLVLQWLPHGRPDLQ)LQDOO\WKHJOREDOGDPSLQJRIWKHVWUXFWXUHLVHYDOXDWHGXVLQJ
GHGDWDRIWKHVHFRQGWHVWDQGWKHORJDULWKPLFGHFD\WHFKQLTXH*OREDOGDPSLQJYDOXHLVHTXDO
WRDQGLWLVYHU\FORVHWRWKHSURSRVHGRQHE\WKHVWDQGDUG',1>@IRUPDVRQU\
EXLOGLQJV
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)LQDOO\ZLWKWKHDLPWRHYDOXDWHWKHH[SHULPHQWDOUHVXOWVWKHDQDO\WLFDOILUVWEHQGLQJIUH
TXHQF\ LV FRPSDUHG ZLWK WKH SURSRVHGLQVRPHVWDQGDUGV7DEOHVKRZVWKHUHVXOWVIRUWKH
17&>@'3&0>@DQG1&6(>@,QJHQHUDODOOWKHUHVXOWVDUHFORVHWRWKHH[SHU
LPHQWDORQHVDQGWKH\DUHYDOLGIRUDSUHOLPLQDU\YDOXH0RUHRYHUWKHUHVXOWVIRUWKH6SDQLVK
VWDQGDUGVKRZVWKHEHVWUHVXOWVFRPSDUHGWRWKHH[SHULPHQWDOGDWD
'LUHFWLRQ
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7DEOH)LUVWEHQGLQJIUHTXHQF\DFFRUGLQJWRGLIIHUHQWVWDQGDUGV

)LJXUH)UHTXHQFLHVDQGPRGDOVKDSHVIRUEHOOWRZHUZLWKRXWODWHUDOUHVWUDLQWV
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DAMAGE EVALUATION DUE TO BELL SWING

$QXPHULFDOPRGHOKDVEHHQLPSOHPHQWHGZLWK$16<6VRIWZDUHZLWKWKHDLPWRHYDOXDWH
WKHG\QDPLFEHKDYLRURIWKHWRZHUDQGWKHG\QDPLFLQWHUDFWLRQEHWZHHQWKHWRZHUDQGWKHEHOOV
$OOWKHHOHPHQWVXVHGDUHVROLGHOHPHQWV3HUIHFWERQGHGFRQWDFWLVVHOHFWHGEHWZHHQWKH
HOHPHQWVLQFRQWDFWZLWKWKHWRZHU7KHDQDO\VLVLVGLYLGHGLQWKUHHSKDVHV7KHILUVWRQHFRQVLVW
RIWKHQXPHULFDOPRGHOFDOLEUDWLRQSURFHVV'XULQJWKLVSKDVHDFRQILQHGPRGHOLVXVHGDQG
WKHRSWLPL]DWLRQSURFHVVLVGRQHXVLQJJHQHWLFDOJRULWKP>@7KHSDUDPHWHUVXVHGLQ*$ZHUH
SRSXODWLRQRIFKURPRVRPHVHOLWHFRXQWDQGFURVVRYHUIUDFWLRQHTXDOWRDQGDQG
JHQHUDWLRQV)LYHYDULDEOHVDUHHYDOXDWHGWKUHHYDULDEOHVIRUWKH(ODVWLFPRGXOXVRIWKHWKUHH
PDVRQU\FRQILQHPHQWZDOOVRQHIRUWKH(ODVWLFPRGXOXVRIWKHPDLQERG\RIWKHWRZHUDQG
ILQDOO\RQHPRUHIRUWKHWRZHUPDVRQU\VHOIZHLJKW5HODWLYHHUURUEHWZHHQQXPHULFDODQGH[
SHULPHQWDOGDWDIRUWKHILUVWILYHYLEUDWLRQIUHTXHQFLHVLVXVHGLQWKHFDOLEUDWLRQSURFHVV)LQDOO\
WKHHODVWLFPRGXOXVDQGWKHVHOIZHLJKWFDOLEUDWHGYDOXHVIRUWKHWRZHUDUH03DDQG
NJPñDQGWKHJOREDOHUURULVHTXDOWR7KHVHFRQGSKDVHFRQVLVWRIWKHDQDO\VLVRIWKH
EHOOVVZLQJYHORFLW\UDQJHWKDWFRXOGJHQHUDWHUHVRQDQFHSUREOHPVZLWKWKHEHOOWRZHU,QWKLV
SKDVHDQGWKHQH[WRQHWKHQXPHULFDOPRGHOXVHGLVWKHVDPHDVWKHFDOLEUDWHGRQHEXWWKH
ODWHUDOUHVWULFWLRQDUHUHOHDVHG)LJXUHVKRZVWKHILUVWILYHPRGDOVKDSHVIRUWKHWRZHUZLWKRXW
ODWHUDOUHVWUDLQWV,WKDVEHHQVHOHFWHGWKHPRGHOZLWKRXWODWHUDOUHVWUDLQWVGXHWRWKHDLPRIWKLV
UHVHDUFKLVIRFXVHGRQWKHG\QDPLFLQWHUDFWLRQEHWZHHQWKHEHOOWRZHUDQGWKHEHOOVLQFDVHRI
DQDO\]LQJWKHWRZHUDVH[HPSWVWUXFWXUH
5HJDUGLQJWKHFULWLFDOEHOOVZLQJYHORFLW\UDQJHDSUHOLPLQDU\DQDO\VLVLVGRQHWDNLQJLQWR
DFFRXQWWKHUHODWLRQVKLSEHWZHHQWKHIUHTXHQF\RIWKHWRZHUDQGWKHKDUPRQLFRIWKHKRUL]RQWDO
EHOOIRUFH)LJXUHVKRZVWKHDPSOLILFDWLRQIDFWRUIRUWKHQRUPDOO\XVHGUDQJHRIEHOOVZLQJ
YHORFLWLHV,WLVSRVVLEOHWRHYDOXDWHWKDWWKHFULWLFDOEHOOVZLQJYHORFLWLHVDQGKDUPRQLFVIRUWKH
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ILUVWDQGVHFRQGPRGHDUHUSP VWKDUPRQLF DQGUSP VWKDUPRQLF IRUWKHWKLUG
PRGHDUHUSP UGKDUPRQLF DQGUSP WKKDUPRQLF IRUWKHIRXUWKPRGHDUH
USP WKKDUPRQLF DQGUSP WKKDUPRQLF DQGILQDOO\IRUWKHILIWKPRGHDUHUSP
WKKDUPRQLF USP WKKDUPRQLF DQGUSP WKKDUPRQLF )LQDOO\LQWKHWKLUG
SKDVHRIWKLVUHVHDUFKDSDUDPHWULFVWXG\RIWKHLQWHUDFWLRQEHWZHHQWKHEHOOIRUFHVDQGEHOO
WRZHULVGRQH)LJXUHVKRZVWKHQRUPDOL]HGUHVXOWDQWYHORFLW\RQWKHWRSRIWKHWRZHUIRUWKH
VZLQJYHORFLWLHVVHOHFWHGDQGWKHQRUPDOL]HGVWDQGDUGYHORFLW\OLPLWDWLRQIRUWKHGLIIHUHQWEHOOV
DFFRUGLQJWRWKHVWDQGDUG',1>@)RUWKHVHYHORFLWLHVDVZLQJDQJOHIURPWR
DQGKHLJKWHTXDOWRPLQ(:GLUHFWLRQLVHYDOXDWHG
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6ZLQJDQJOH 

)LJXUH/HIW/RFDOVHQVLWLYLW\DQDO\VLVRIWKHG\QDPLFLQWHUDFWLRQEHWZHHQEHOOWRZHUIUHTXHQFLHVDQGEHOOKDU
PRQLFV5LJKW0D[LPXPKRUL]RQWDOYHORFLW\RIWKHODVWIORRUIRUEHOOORDGV

7KHUHVXOWVVKRZWKDWIRUEHOOVORFDWHGDWPQRQHRIWKHWKUHHEHOOVLQ(:GLUHFWLRQV
FRXOGEHXVHGIRUVZLQJYHORFLWLHVHTXDOWRUSPDQGUSPZLWKPD[LPXPQRUPDO
L]HGKRUL]RQWDOYHORFLWLHVHTXDOWRPPVDQGPPV5HJDUGLQJWKHRWKHUVEHOOVZLQJ
YHORFLWLHV IRU WKH VDPH ORFDWLRQ DQG EHOO VZLQJ GLUHFWLRQ LW LV SRVVLEOH WR VHH WKDW IRU EHOOV
VLPLODUWR)UDWLQDEHOOVZLQJYHORFLW\RIUSPDQGVZLQJDQJOHIURPWRFRXOG
GDPDJHWKHWRZHUGXHWRWKHLQWHUDFWLRQEHWZHHQWKHVWKDUPRQLFEHOOIRUFHDQGWKHQGYLEUDWLRQ
PRGHRIWKHWRZHU+RZHYHUWKHUHVXOWVVKRZWKDWWKHUHDUHQRWUHVRQDQFHSUREOHPVEHWZHHQ
WKHUGKDUPRQLFRIWKHEHOOIRUFHDQGWKHUGYLEUDWLRQPRGHRIWKHWRZHUDOWKRXJKWKHUHODWLRQ
VKLSEHWZHHQWKHVHIUHTXHQFLHVLVFORVHWRRQH)URPWKHSRLQWRIYLHZRIEHOOVVLPLODUWRWKH
0LVHULFRUGLDEHOOGDPDJHEHOOVZLQJYHORFLWLHVDUHUSPDQGUSPIRUEHOOVZLQJ
DQJOHVORZHUWKDQRUORZHUWKDQUHVSHFWLYHO\5HJDUGLQJWKHLQWHUDFWLRQEHWZHHQWKH
KDUPRQLFVRIWKHEHOOIRUFHVDQGWKHYLEUDWLRQIUHTXHQFLHVRIWKHWRZHUIRUWKHVHEHOOYHORFLWLHV
WKHSUREOHPLVIRFXVHGEHWZHHQWKHVWKDUPRQLFVRIWKHEHOOIRUFHVDQGWKHQGYLEUDWLRQPRGH
RIWKHWRZHU,QWKLVFDVHWKHLQIOXHQFHRIWKHUGDQGWKKDUPRQLFVRIWKHEHOOIRUFHVLQWKHUG
DQGWKYLEUDWLRQPRGHRIWKHWRZHULVQHJOLJLEOH)LQDOO\&DPSDQRQHEHOOVKRZVWKDWRQO\EHOO
VZLQJYHORFLWLHVORZHUWKDQUSPZLWKEHOOVZLQJDQJOHORZHUWKDQFRXOGEHXVHGZLWKRXW
GDPDJLQJWKHWRZHU,WLVLPSRUWDQWWRQRWHWKHUHOHYDQFHIRUWKHVHORZEHOOVZLQJYHORFLWLHV
RIWKHLQWHUDFWLRQEHWZHHQWKHKLJKHURUGHUKDUPRQLFVDQGWKHKLJKHUYLEUDWLRQPRGHVRIWKH
WRZHU
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CONCLUSIONS

,QWKLVSDSHUWKHG\QDPLFEHKDYLRUDQGWKHLQWHUDFWLRQEHWZHHQWKH)LHVROHEHOOWRZHUDQG
PRYHPHQWVRIWKHEHOOVLVHYDOXDWHG)LVW2SHUDWLRQDO0RGDO$QDO\VLVLVXVHGWRHYDOXDWHWKH
ILUVW ILYH YLEUDWLRQ IUHTXHQFLHV RI WKH WRZHU E\ PHDQV RI WKUHH GLIIHUHQW WHFKQLTXHV ()''
&)''&9$6HFRQGJOREDOGDPSLQJRILVHYDOXDWHGXVLQJORJDULWKPLFGHFD\WHFKQLTXH
7KLUGDQXPHULFDOPRGHOLVLPSOHPHQWHGXVLQJ$16<6FRPPHUFLDOVRIWZDUHDQGYDULDEOHV
VXFK DV EHOO VZLQJ YHORFLW\ EHOO VZLQJ DQJOH DQG EHOO G\QDPLF SURSHUWLHV DUH HYDOXDWHG E\
PHDQVDSDUDPHWULFDQDO\VLV7KHUHVXOWVVKRZWKDWIRUDQ\EHOOORFDWHGDWPKHLJKWYHORF
LWLHVHTXDOWRUSPDQGUSPFRXOGGDPDJHWKHEHOOWRZHU,QFDVHRI&DPSDQRQHEHOO
EHOOVZLQJYHORFLWLHVKLJKHUWKDQUSPDQGEHOOVZLQJDQJOHKLJKHUWKDQFRXOGGDPDJH
WKHWRZHU,QFRQFOXVLRQLWFDQEHDUJXHGWKDWWKHG\QDPLFLQWHUDFWLRQEHWZHHQWKHEHOOVPRYH
PHQWVDQGWKHEHOOWRZHUFDQGDPDJHWKH)LHVROHEHOOWRZHU
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REDUCING IMPACT OF VIBRATIONS FROM COMPACTION ON
SLOPE STABILITY
Jörgen A.T. Johansson, Joonsang Park, Christian Madshus, and Carl Wersäll


1RUZHJLDQ*HRWHFKQLFDO,QVWLWXWH
6RJQVYHLHQ122VOR1RUZD\
HPDLOMMR#QJLQRMS#QJLQRFP#QJLQR


.7+5R\DO,QVWLWXWHRI7HFKQRORJ\
6(6WRFNKROP6ZHGHQ
FDUOZHUVDOO#E\YNWKVH

Keywords:&RPSDFWLRQVORSHVWDELOLW\QRQOLQHDUVRLODQGHTXLYDOHQWOLQHDUIUHTXHQF\GR
PDLQ)(
Abstract. A tsunami caused by a landslide caused extensive damage at Statland, Norway in
2014. The landslide was probably triggered by man-made vibrations. To understand better how
vibrations from vibratory compaction affect slope stability, a frequency domain numerical tool
(Comsol Multiphysics) has been extended to account for realistic non-linear soil behaviour.
The tool is validated by comparison with field experiments of vibratory compaction. The nonlinear analysis is believed to capture the essential behaviour of the vibratory compaction and
the response of the slope. The numerical analysis and evaluations indicate vibratory compaction can have contributed to triggering the slide at Statland. To perform compaction in the
vicinity of slopes with low stability near the shoreline with vibration susceptible soils we suggest: 1) using lighter equipment and/or higher loading frequencies or performing compaction
without vibration, and avoiding excessive jumping of the vibratory roller drum; 2) applying
thinner layers and more time between compaction passes, allowing for drainage of potential
built up pore pressures; 3) monitoring slope horizontal and vertical displacements at some
critical points; and 4) monitor pore pressures at critical points, if possible.
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INTRODUCTION

$ODQGVOLGHLQGXFHGWVXQDPLFDXVHGH[WHQVLYHGDPDJHDW6WDWODQG1RUZD\LQ2QO\
OXFNSUHYHQWHGDQ\IDWDOLWLHV7KHLQYHVWLJDWLRQRIWHFKQLFDOFDXVH>@FRQFOXGHGWKHVOLGHZDV
OLNHO\WULJJHUHGE\YLEUDWRU\FRPSDFWLRQRIDURFNILOOLQWKHVKRUHOLQHLQFRQQHFWLRQZLWKGHYHO
RSPHQWDQGH[WHQVLRQRIDQHDUVKRUHUHFUHDWLRQFRWWDJHDUHD)RUVDIHUQHDUVKRUHGHYHORSPHQWV
LWLVYHU\LPSRUWDQWWRXQGHUVWDQGEHWWHUWKHSURFHVVHVLQYROYHGLQWKHODQGVOLGHWULJJHULQJ
2IWHQJURXQGFRQGLWLRQVDORQJWKH1RUZHJLDQIMRUGVFRQVLVWRIORRVHVRLOGHSRVLWVZLWKVLOW
DQGVHQVLWLYHFOD\V,QFRPELQDWLRQZLWKDUWHVLDQZDWHUSUHVVXUHWKHVWDELOLW\RIVXFKVKRUHOLQH
VXEPDULQHVORSHVFDQEHYHU\ORZ7KHFRPELQDWLRQRIORRVHVRLODQGORZVWDELOLW\PDNHVWKHVH
VORSHH[WUDYXOQHUDEOHWRYLEUDWLRQV
$WHQWDWLYHSURFHGXUHRQKRZWRDFFRXQWIRUF\FOLFDQGG\QDPLFHIIHFWVGXULQJYLEUDWRU\
FRPSDFWLRQQHDUVORSHVZLWKYLEUDWLRQVHQVLWLYHPDWHULDOZDVSURSRVHG>@+RZHYHUVXFKDS
SURDFKPD\QRWDOZD\VEHSUDFWLFDOHVSHFLDOO\LQVPDOOSURMHFWV7KHUHIRUHWKHSRVVLELOLW\RI
HVWDEOLVKLQJDYLEUDWLRQOLPLWKDVDOVREHHQLQYHVWLJDWHGLQ>@>@7KURXJKOLQHDUHODVWLFPRGHOV
DFFRXQWLQJIRUVRLOQRQOLQHDULW\E\DQDGKRFUHGXFWLRQRIVRLOVWLIIQHVVGHSHQGLQJRQWKHLQ
GXFHGVWUDLQV5HFHQWO\DQHTXLYDOHQWOLQHDUQXPHULFDOWRROKDVEHHQGHYHORSHGZKLFKKDVEHHQ
YDOLGDWHGDJDLQVWGDWDIURPFRPSDFWLRQDQGSLOHGULYLQJYLEUDWLRQH[SHULPHQWV>@7KLVWRROLV
DSSOLHGWRWKH6WDWODQGFDVHWREHWWHUXQGHUVWDQGKRZQRQOLQHDUVRLOSURSHUWLHVDIIHFWWKHG\
QDPLFUHVSRQVHRIWKHVORSH7KHIROORZLQJVHFWLRQJLYHVDEULHIGHVFULSWLRQRIYLEUDWLRQWULJ
JHUHGODQGVOLGHVDQGVRLOFRPSDFWLRQLQGXFHGYLEUDWLRQVEHIRUHGHVFULELQJWKHQXPHULFDOPRGHO
DQGUHVXOWVIRUWKH6WDWODQGFDVH
2

VIBRATION-TRIGGERED LANDSLIDES

,WLVFRPPRQO\QRWFRQVLGHUHGOLNHO\IRUQRQEODVWLQJFRQVWUXFWLRQYLEUDWLRQVWRFDXVHODQG
VOLGHV:HKDYHRQO\IRXQGWKHIROORZLQJSRWHQWLDOFDVHVLQWKHOLWHUDWXUH
x
7KH 7UHVW\FNHYDWWHQ VOLGH VRXWK RI 8GGHYDOOD 6ZHGHQ LQ  >@ ZDV PRVW
OLNHO\WULJJHUHGE\DKHDY\YLEUDWRU\UROOHUZKLFKFDXVHGWKHIDLOXUHRIDEHUPGHVLJQHG
WRSURYLGHDGGLWLRQDOVWDELOLW\WRDQHPEDQNPHQWIRUWKH(KLJKZD\
x
7KHcVHOHVOLGHLQDOVRLQ6ZHGHQ>@FDXVHGWKHIDLOXUHRIDURDGHPEDQN
PHQWWKDWZDVSDUWLDOO\VXEPHUJHGGXHWRILOOLQJXSRIK\GURHOHFWULFUHVHUYRLU7KHVOLGH
ZDVWULJJHUHGE\WUDFWRUSXOOHGWRQYLEUDWRU\UROOHU
x
7KH  /DNH $FNHUPDQ VOLGH FDXVHG GDPDJH WR +LJKZD\  LQ 0LFKLJDQ
86$>@6L[WRQWUXFNVZLWKYLEUDWRUSODWHVJHQHUDWLQJVLJQDOVIRUDVHLVPLFUHIUDF
WLRQ VWXG\ WULJJHUHG WKH VOLGH 7KH URDG HPEDQNPHQW FRQVLVWHG RI K\GUDXOLF ILOO RI
ORRVHO\GHSRVLWHGVDQG+U\FLZHWDOHVWLPDWHGWKHF\FOLFVKHDUVWUDLQVLQGXFHGLQWKH
ILOORIXSWRZKLFKFRXOGEHHQRXJKWRJHQHUDWHSRUHSUHVVXUHEXLOGXSDQGFDXVH
IDLOXUHLQORRVHILQHVLOW\VDQG >@>@ 
x
7KH6NDJZD\ODQGVOLGHUHSRUWHGLQ>@KDYHVLPLODULWLHVZLWKWKH6WDWODQG
FDVHKRZHYHUWKHUHLVOLPLWHGLQIRUPDWLRQRQWKHURDGFRQVWUXFWLRQGRQHVKRUWO\EHIRUH
WKHVOLGH,WLVQRWFOHDULIFRPSDFWLRQFDQKDYHFRQWULEXWHGWRWKHODQGVOLGH

7KHDERYHFDVHVZHUHDOOQHDUVKRUHOLQHVXEPDULQHODQGVOLGHVZLWKORRVHJURXQGFRQGLWLRQV
)RUODQGVOLGHVZKHUHURFNEODVWLQJZDVDSRWHQWLDOWULJJHUWKHVOLGHRFFXUUHGLQFRPELQDWLRQ
ZLWKRWKHUDGYHUVHIDFWRUVXFKDVORZVWDELOLW\SULRUWREODVWLQJKLJKHUWKDQQRUPDOJURXQGZDWHU
OHYHOGXHWRKLJKSUHFLSLWDWLRQDUWHVLDQSUHVVXUHVHURVLRQDWWKHVORSHEDVHWHPSRUDU\SODFH
PHQWRIILOOPDVVHVHWF,QDGGLWLRQWKHH[LVWHQFHRIWKLQVDQGRUVLOWOD\HUVZLWKLQWKHFOD\DUH
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FRQILUPHGLQPDQ\FDVHVDQGDUHKHQFHDVVXPHGWRKDYHSOD\HGDFUXFLDOUROH>@>@7KHVH
DGYHUVHIDFWRUVDOVRSOD\DQLPSRUWDQWUROHZKHQFRQVWUXFWLRQYLEUDWLRQVLQGXFHODQGVOLGHV
3

STATLAND LANDSLIDE

-DQXDU\DVXEPDULQHODQGVOLGHDQGDUHVXOWLQJWVXQDPL>@FDXVHGGDPDJHWRSRUW
IDFLOLWLHVDQGQHDUVKRUHLQIUDVWUXFWXUHDW6WDWODQGLQWKHFRXQW\RI1RUG7U¡QGHODJ1RUZD\
6RPHSKRWRVRIWKHGDPDJHDUHVKRZQ)LJXUH7KHQHZO\FRQVWUXFWHGURDGDQGSDUWRIDQROG
PRORZDVVZHSWDZD\E\WKHODQGVOLGH/XFNLO\QRKXPDQVZDVLQYLFLQLW\ZKHQWKHODQGVOLGH
RFFXUUHG 7KH WVXQDPL VODPPHG LQWR EXLOGLQJV PDQ\ RI ZKLFK ZHUH WRWDOO\ RU SDUWLDOO\ GH
VWUR\HG7KHLQYHVWLJDWLRQRIWKHSRVVLEOHVOLGHFDXVHV>@HVWDEOLVKHGWKHVOLGHRFFXUUHGDQKRXU
DQGKDOIDIWHUWKHILOOLQJDQGFRPSDFWLRQZRUNZDVILQLVKHG,WIXUWKHUFRQFOXGHGLWZDVYHU\
OLNHO\WKHFRQVWUXFWLRQZRUNWULJJHUHGWKHVOLGH
'HOWDLFGHSRVLWVKDYHDFFXPXODWHGRYHU\HDUVDORQJWKHPDUJLQRI1DPVIMRUGHQRXWVLGHWKH
VPDOOFRPPXQLW\RI6WDWODQG7KHGHSRVLWVFRQVLVWPDLQO\RIORRVHVDQGVDQGVLOWVRYHUOD\LQJ
PDULQHDQGSDUWO\VHQVLWLYHFOD\V TXLFNFOD\V 7KHVRIWDQGZHDNVRLOFRQGLWLRQVUHVXOWLQYHU\
ORZVWDWLFIDFWRUVRIVDIHW\IRUWKHSDUWLDOO\VXEPDULQHVORSH>@,QDGGLWLRQWKHUHDUHFRQVLGHU
DEOHDPRXQWRIRUJDQLFPDWHULDOGRZQWRGHSWKVRIPEHQHDWKWKHVHDEHG>@ZKLFKRULJL
QDWHGIURPVDZPLOOLQGXVWU\LQWKHDUHDGXULQJWKHODVW\HDUV7KHVHGLPHQWDWLRQUDWHLQWKH
DUHD LV HVWLPDWHG WR EH LQ WKH RUGHU RI  FP\HDU 7KXV WKHUH DUH FRQVLGHUDEOH DPRXQWV RI
PDWHULDOVWLOOXQGHUJRLQJFRQVROLGDWLRQ
6XFKORRVHVLOW\VRLOVDUHVXVFHSWLEOHWRVWUHQJWKGHJUDGDWLRQGXHWRYLEUDWLRQVDQGWKXVVRPH
SUHOLPLQDU\DQDO\VLVRIWKHLPSDFWRIYLEUDWRU\FRPSDFWLRQRQWKHVORSHVWDELOLW\ZDVSHUIRUPHG
LQ>@7KHDQDO\VLVLQGLFDWHGWKDWFRPSDFWLRQPD\KDYHFRQWULEXWHGWRVOLGHWULJJHULQJLQFRP
ELQDWLRQZLWKRWKHUIDFWRUVVXFKDVORZWLGHDQGORZVWDWLFVWDELOLW\

Before

After

)LJXUH3KRWRVVKRZLQJGDPDJHFDXVHGE\WKH6WDWODQGODQGVOLGH7KHULJKWKDQGVLGHSKRWRVFRPSDUHWKH
VLWXDWLRQEHIRUHDQGDIWHUWKHODQGVOLGHZLWK\HOORZGDVKHGOLQHVKRZLQJWKHVKRUHOLQHDIWHUWKHVOLGH

2409

-|UJHQ$7-RKDQVVRQ-RRQVDQJ3DUN&KULVWLDQ0DGVKXVDQG&DUO:HUVlOO

4

VIBRATIONS FROM VIBRATORY ROLLERS

*URXQGYLEUDWLRQIURPYLEUDWRU\UROOHUVWUDQVPLWVODUJHG\QDPLFORDGVWRWKHVRLOLQRUGHUWR
FRPSDFW WKH ILOO PDWHULDOV GXULQJ FRQVWUXFWLRQ 6XFK G\QDPLF ORDGV FDQ SRVVLEO\ FDXVH SRUH
SUHVVXUHEXLOGXSDQGUHGXFHVRLOVWUHQJWKLQYLEUDWLRQVXVFHSWLEOHVRLOVVXFKDVORRVHVLOWDQG
VDQGDQGVHQVLWLYHFOD\V7KLVVKRXOGEHFRQVLGHUHGZKHQFDUU\LQJRXWFRQVWUXFWLRQZRUNQHDU
VORSHVZLWKVXFKVRLOV7KHVWUHQJWKUHGXFWLRQGHSHQGVRQVRLOFRQGLWLRQVF\FOLFORDGDPSOLWXGH
DQGQXPEHURIORDGF\FOHV
3HUIRUPLQJ YLEUDWRU\ UROOHU FRPSDFWLRQ DFFRUGLQJ WR JXLGHOLQHV VXFK DV WKH 1RUZHJLDQ
VWDQGDUG16LQYROYHVSDVVLQJRYHUWKHVDPHDUHDVRPHWLPHVXSWRWLPHVZLWKWKHUROOHU
7KLVPHDQVDVRLOHOHPHQWLVH[SRVHG WR D ODUJH QXPEHU RI YLEUDWLRQ F\FOHV 7KH QXPEHURI
F\FOHVGHSHQGVRQWKHVSHHGRIWKHUROOHUDQGWKHYLEUDWLRQIUHTXHQF\9LEUDWRU\UROOHUVKDYH
YLEUDWLRQIUHTXHQFLHVW\SLFDOO\EHWZHHQ+]DQGRQVRPHUROOHUVERWKWKHORDGDPSOLWXGH
DQGYLEUDWLRQIUHTXHQF\FDQEHYDULHGGHSHQGLQJRQWKHW\SHRIVRLODQGWKHWKLFNQHVVRIWKH
FRPSDFWHGOD\HUV7KHVSHHGRIWKHUROOHULVW\SLFDOO\EHWZHHQPVWRPV(JIRUWKH
FDVHRIWKH6WDWODQGODQGVOLGH >@ DORZHVWLPDWHRIQXPEHURIF\FOHVLQGLFDWHGWKHVRLOLQWKH
XSSHUSDUWRIWKHVORSHKDGH[SHULHQFHGVHYHUDOKXQGUHGF\FOHV ZLWKVWUDLQVODUJH HQRXJKWR
EXLOGXSSRUHSUHVVXUH
7KHYLEUDWLRQDPSOLWXGHGHSHQGVRQWKHYLEUDWRU\UROOHU VG\QDPLFEHKDYLRXUDQGLWVLQWHU
DFWLRQZLWKWKHJURXQGGXULQJWKHFRPSDFWLRQSURFHVV VHHHJ>@DQG>@ 7KHUHDUHYDULRXV
YLEUDWLRQPRGHVFKDQJLQJIURPIXOOFRQWDFWEHWZHHQGUXPDQGWKHVXEVWUDWHWRWKHSHULRGLF
ORVVRIFRQWDFWGXULQJQRUPDORSHUDWLRQWRDOHVVGHVLUDEOHFKDRWLFERXQFLQJRIWKHGUXPDV
VKRZQLQ)LJXUH%RXQFLQJRFFXUVZKHQWKHSHULRGIRURQHF\FOHLVORQJHUWKDQWKHWLPHIRU
ORVVRIFRQWDFWDQGLVPRUHFRPPRQDWODUJHUORDGDPSOLWXGHVDQGFDQFDXVHLQFUHDVHGYLEUDWLRQ
DPSOLWXGHV
9LEUDWRU\FRPSDFWRUVFDQVWDUWERXQFLQJZKHQWKHFRPSDFWHGILOOLVEHFRPLQJVWLIIHUDIWHUD
QXPEHURISDVVHVRYHUWKHILOO:KHQWKLVKDSSHQVWKHUROOHUGUXPZLOOORVHFRQWDFWZLWKWKHVRLO
GXULQJDORQJHUSDUWRIHDFKYLEUDWLRQF\FOHDQGWKHUHIRUGRQRWYLEUDWHZLWKWKHVDPHIUHTXHQF\
DVWKHFRPSDFWHGILOODQGVRLO:KHQERXQFLQJRFFXUVWKHVRLOLVVXEMHFWHGWRORDGLPSXOVHVZLWK
DIUHTXHQF\ZKLFKFDQEHFORVHUWRWKHVRLOGHSRVLW VQDWXUDOYHUWLFDOYLEUDWLRQIUHTXHQF\7KLV
FDQOHDGWRODUJHUYLEUDWLRQVDQGSRVVLEO\SRUHSUHVVXUHEXLOGXSIXUWKHUDZD\IURPWKHUROOHU
7KHUHPD\EHDGRXEOHUHVRQDQFHLIWKHQDWXUDOIUHTXHQF\RIWKHYLEUDWRU\UROOHUDQGWKHXQ
GHUO\LQJILOOLVFORVHWRWKHQDWXUDOYLEUDWLRQIUHTXHQF\RIWKHVRLOOD\HUVLQWKHVORSH
)XOOVFDOHWHVWVRIYLEUDWRU\FRPSDFWLRQ>@>@LQGLFDWHWKHODUJHVWYLEUDWLRQDPSOLWXGH
RFFXUVZKHQWKHGUXPYLEUDWLRQIUHTXHQF\LVDERXWWZLFHRIWKHQDWXUDOYHUWLFDOYLEUDWLRQIUH
TXHQF\RIWKHV\VWHPFRQVLVWLQJRIWKHGUXPDQGXQGHUO\LQJILOODQGVRLODVVKRZQLQ)LJXUH
7KLVLVLQWHUSUHWHGDVWKDWHYHU\RWKHUF\FOHWKHUROOHULVLQWKHDLUDQGHYHU\RWKHUF\FOHLWKLWV
WKHFRPSDFWHGILOODQGVRLOLQSKDVHZLWKWKHQDWXUDOYLEUDWLRQIUHTXHQF\EHWZHHQUROOHUDQGILOO
-XPSLQJUHGXFHVWKHFRPSDFWLRQHIILFLHQF\>@DQGLVXQGHVLUHG7KHUHIRUHVRPHPRGHUQ
YLEUDWRU\UROOHUKDYHYDULRXVW\SHVRIDXWRPDWLFIHHGEDFNFRQWUROV\VWHPVWRDYRLGVXFKMXPSLQJ
>@7KHMXPSLQJLVUHGXFHGE\FKDQJLQJGUXPYLEUDWLRQDPSOLWXGHDQGRUIUHTXHQF\ >@ 
6LQFHMXPSLQJFDQFDXVHODUJHUYLEUDWLRQVLWLVDOVRXQGHVLUHGZLWKUHVSHFWWRVORSHVWDELOLW\DQG
VKRXOGEHDYRLGHG7KHORZHUJUDSKLQ)LJXUHVKRZVVFKHPDWLFDOO\WKHG\QDPLFEHKDYLRXURI
DYLEUDWRU\UROOHUGUXPDQGWKHYLEUDWLRQIUHTXHQF\KDOYLQJZKLFKFDQRFFXUGXULQJMXPSLQJ
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)LJXUH'\QDPLFEHKDYLRXURIDYLEUDWRU\UROOHUGUXPD IXOOFRQWDFWE SHULRGLFORVVRIFRQWDFWDQGF 
GRXEOHMXPSLQJ6SHFWUXPVKRZWKHSHULRGGRXEOLQJZKHQWKHGUXPMXPSV)URP>@

5

NUMERICAL METHOD

1XPHULFDOVLPXODWLRQVRIHIIHFWVIURPYLEURFRPSDFWLRQGRQHHDUOLHULQ>@>@ZHUHEDVHG
RQ OLQHDU HODVWLF PDWHULDO SURSHUWLHV 6RLO QRQOLQHDULW\ UHGXFWLRQ RI VWLIIQHVV ZLWK LQFUHDVHG
ORDGLQJ ZDVDFFRXQWHGIRUE\PDQXDOO\UHGXFLQJWKHPDWHULDOVWLIIQHVVLQWKHUHJLRQVVXEMHFWHG
WRWKHODUJHVWF\FOLFVWUDLQV5HFHQWO\ZHLPSOHPHQWHGDQHZIHDWXUHLQ&RPVRO0XOWLSK\VLFV
>@WRDFFRXQWGLUHFWO\IRUVRLOQRQOLQHDULW\E\PHDQVRIODERUDWRU\PHDVXUHGVWUDLQGHSHQGHQW
VHFDQWVWLIIQHVVDQGGDPSLQJ7KLVH[WHQGHGWRROLVGHVFULEHGLQWKHIROORZLQJVHFWLRQV7KH
DQDO\VLVLVGRQHLQWKHIUHTXHQF\GRPDLQZKLFKDOORZVIRUDQHTXLYDOHQWOLQHDUVRLOPRGHOWREH
XVHGWRLWHUDWLYHO\DFFRXQWIRUVRLOQRQOLQHDULW\
0RGHOOLQJRIQRQOLQHDUVRLOEHKDYLRXUZLWKWKHHTXLYDOHQWOLQHDUPHWKRGRULJLQDWHVIURPWKH
DQDO\VLVRIHDUWKTXDNHLQGXFHGJURXQGYLEUDWLRQV>@>@:LWKLQFUHDVLQJF\FOLFVWUDLQWKH
VHFDQWVRLOVWLIIQHVVGHFUHDVHVDQGWKHGDPSLQJLQFUHDVHVDVVKRZQVFKHPDWLFDOO\LQ)LJXUH
7KLVEHKDYLRXULVRIWHQUHSUHVHQWHGE\FXUYHVVKRZLQJUHGXFWLRQRIVHFDQWVKHDUPRGXOXVDQG
LQFUHDVHRIGDPSLQJDVVKRZQLQ)LJXUH
7KHLQSXWSDUDPHWHUVLQWKHPRGHOLVWKHLQLWLDOVKHDUZDYHVSHHGPDVVGHQVLW\DQGK\VWHU
HWLFGDPSLQJ,QWKHIUHTXHQF\GRPDLQDQDO\VLVFRQVWDQWHODVWLFSDUDPHWHUVDUHXVHGDQGWKXV
WKHQRQOLQHDUVWUHVVVWUDLQYDULDWLRQFDQQRWEHIROORZHG7KHUHIRUHIRUHDFKORDGLQJIUHTXHQF\
WKH&2062/VROYHULWHUDWHVXQWLOWKHUHLVVKHDUPRGXOXVLVFRPSDWLEOHZLWKWKHVKHDUVWUDLQLQ
DQHTXLYDOHQWOLQHDUVHQVHLQWKHZKROHFRPSXWDWLRQDOGRPDLQ7KHVHFDQWVKHDUPRGXOXVDQG
GDPSLQJYDU\ZLWKWKHGLVWULEXWLRQRIVKHDUVWUDLQDPSOLWXGHZLWKLQWKHVRLODURXQGWKHUROOHU
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GUXP7KHVHFDQWVKHDUPRGXOXVܩ௦ LVH[SUHVVHGDVYDU\LQJZLWKWKHRFWDKHGUDOVKHDUVWUDLQ
DPSOLWXGHߛDFFRUGLQJWRWKHK\SHUEROLFUHODWLRQVKLSLQ(T  
ܩ௦ = ܩ

1
|ߛ| 
൰
1+൬
ߛ



ZKHUHܩLVWKHLQLWLDOVKHDUPRGXOXVnDQGȖrefDUHPDWHULDOSDUDPHWHUV7KHRFWDKHGUDOVKHDU
VWUDLQȖLVDFRPSOH[YDULDEOHZKHQRSHUDWLQJLQWKHIUHTXHQF\GRPDLQDQGWKHUHIRUHWKHHTXD
WLRQZDVPRGLILHGLQ&2062/WRXVHWKHDPSOLWXGHRIWKHVKHDUVWUDLQ7KHPDWHULDOGDPSLQJ
LVPRGHOOHGZLWKDIUHTXHQF\LQGHSHQGHQWGDPSLQJZKLFKLVLQFOXGHGLQWKHVRLOVWLIIQHVVE\
UHSODFLQJWKHVKHDUPRGXOXVZLWKDFRPSOH[VKHDUPRGXOXV ܩ௦ܩ = כ௦ (1 + ݅2)ܦZKHUHܦLVWKH
PDWHULDOGDPSLQJIDFWRUDQG݅WKHLPDJLQDU\XQLW
7KHDERYHPHWKRGLVQRWUHVWULFWHGWRWKHK\SHUEROLFODZLQ(T  RWKHUIRUPXODWLRQVVXFK
DVSUHVHQWHGLQ>@>@RUVLPSOHWDEXODWHGGDWDSRLQWVIRUVKHDUVWUDLQYHUVXVܩ/ܩ௦ RUGDPS
LQJIRUVSHFLILFPDWHULDOVDUHDOVRSRVVLEOH7KHPDWHULDOGDPSLQJIRUWKHFXUUHQWDQDO\VLVZHUH
JLYHQDVWDEXODWHGYDOXHV
7KHFRPELQDWLRQRIDF\FOLFDQGDQDYHUDJHVKHDUVWUHVVFDQKDYHFRQVLGHUDEOHHIIHFWRQWKH
F\FOLFVWUHVVVWUDLQEHKDYLRXUDQGGDPSLQJ>@>@EXWWKHVHHIIHFWVZHUHQRWFRQVLGHUHGLQ
WKLVVWXG\7KRXJKWKHQRQOLQHDUF\FOLFVWUHVVVWUDLQDQGGDPSLQJVWUDLQEHKDYLRXURIWKHFOD\
VLOWDQGVDQGPDWHULDOVGLIIHUWRVRPHH[WHQWLQWKLVSUHOLPLQDU\VWXG\WKH\ZHUHPRGHOOHGZLWK
WKHVDPHVWLIIQHVVUHGXFWLRQDQGGDPSLQJFXUYHVEDVHGRQWKHHPSLULFDOHTXDWLRQVLQ>@ZLWK
WKHVRLOLQGH[LQSXWSDUDPHWHUVJLYHQLQ7DEOH
3DUDPHWHU
3ODVWLFLW\,QGH[3,
2&5
ıR 
Q
ȖUHI

9DOXH






8QLW


N3D

>@

7DEOH,QSXWSDUDPHWHUVIRUPRGXOXVUHGXFWLRQDQGGDPSLQJFXUYHV
Load or stress

Displacement
or strain

)LJXUH6FKHPDWLFF\FOLFVWUHVVVWUDLQORRSVIRUDVRLOHOHPHQW7KHUHGWULDQJOHDQGWKHJUH\VKDGHGORRSVKRZV
WKHGHILQLWLRQRIHODVWLFHQHUJ\DQGK\VWHUHWLFORVVHQHUJ\UHVSHFWLYHO\LQRQHF\FOH7KHF\FOLFEDFNERQHRU
VNHOHWRQFXUYHZKLFKFRQWUROVWKHVKDSHRIWKHK\VWHUHVLVORRSVLVVKRZQE\WKHEOXHGRWWHGOLQH$VVXPLQJD
K\SHUEROLFVKDSHWKLVOLQHLVJLYHQE\(T  
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Modulus Reduction and Damping vs. Shear strain
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6KHDU6WUDLQ>@

)LJXUH6KHDU0RGXOXVUHGXFWLRQDQGGDPSLQJYHUVXVVKHDUVWUDLQXVHGLQ&2062/DQDO\VLV

$EVRUELQJERXQGDULHVRIWKH3HUIHFWO\0DWFKHG/D\HUV 30/ W\SH>@DUHXVHGWRUHGXFH
XQZDQWHG ZDYH UHIOHFWLRQV IURP WKH ERXQGDULHV RI WKH FRPSXWDWLRQ GRPDLQ LQ WKH G\QDPLF
DQDO\VLV7KLVDOVRDOORZVIRUPRGHOOLQJRIUDGLDWLRQGDPSLQJ
6LQFH WKH VRLO VWUDLQV EHFRPH ODUJH QHDU WKH YLEUDWRU\ UROOHU LW LV LPSRUWDQW WR KDYH PHVK
HOHPHQWVL]HILQHHQRXJKWRUHVROYHWKHKLJKVWUDLQDQGVWUHVVJUDGLHQWV$FRPSDULVRQEHWZHHQ
1st DQGQGRUGHUHOHPHQWVDUHJLYHQLQVHFWLRQ$OVRWKHHOHPHQWVL]HVKRXOGEHVPDOOHQRXJK
WRUHVROYHWKHZDYHOHQJWKVDSSHDULQJIRUWKHYDULRXVVWUHVVDQGVWUDLQFRQGLWLRQVDWWKHYDULRXV
IUHTXHQFLHVDQDO\VHG,QWKUHHGLPHQVLRQVLWLVPRVWOLNHO\IDVWHUWRDGRSWWKHPHVKVL]HDFFRUG
LQJWRWKHIUHTXHQF\LHWKHKLJKHUIUHTXHQF\WKHILQHUWKHPHVK,Q'ZHKDYHIRXQGIRUVRPH
PRGHOVLWZDVIDVWHUWRXVHEUXWHIRUFHDQGXVHWKHVDPHILQHPHVKIRUDOOIUHTXHQFLHV
6

VALIDATION BY COMPARISON WITH FULL SCALE VIBRATORY ROLLER
COMPACTION EXPERIMENTS

$ TXDOLWDWLYH FRPSDULVRQ RI WKH YLEUDWRU\ UROOHU GUXP YHUWLFDO GLVSODFHPHQW DPSOLWXGH LV
VKRZQLQ)LJXUH7KHOHIWILJXUHVKRZPHDVXUHGUHVSRQVHLQWKHILHOG>@DQGWKHULJKWILJXUH
VKRZVLPXODWHGUHVSRQVHIRU'PRGHODVGHVFULEHGLQVHFWLRQIRUVHYHUDOORDGDPSOLWXGHV
FRQVWDQWZLWKIUHTXHQF\7KHPD[LPXPDSSOLHGORDGDPSOLWXGHLVN1VKRZQZLWKOLJKWEOXH
OLQHZLWKFLUFOH±PDUNHGLQWKHOHJHQG WKH RWKHU FXUYHV DUH IRU ORZHU ORDG DPSOLWXGHVDV
LQGLFDWHG E\ WKH QXPEHUV LQ WKH OHJHQG 7KH ILJXUH FOHDUO\ GHPRQVWUDWHV WKDW WKH GHYHORSHG
PRGHOLVDEOHWRFDSWXUHWKHUHVRQDQFHIUHTXHQF\UHGXFWLRQZLWKLQFUHDVLQJORDGDPSOLWXGHDVLW
DSSHDUVGXHWRUHVRQDQFHPDWFKZLWKWKHUROOHUYLEUDWLRQIUHTXHQF\6RPHGDWDSRLQWVDUHPLVV
LQJLQWKHFRPSXWDWLRQGXHWRODFNRIFRQYHUJHQFHLQWKHVROYHUZKLFKWHQGVWRDSSHDUDWYHU\
ODUJHYLEUDWLRQDPSOLWXGHV,PSURYHGFRQYHUJHQFHFDQOLNHO\EHDFKLHYHGZLWKDILQHUPHVK
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)UHTXHQF\>+]@

)LJXUH4XDOLWDWLYHFRPSDULVRQYLEUDWRU\UROOHUGUXPUHVSRQVHWRFDSWXUHWKHFKDQJHRIUHVRQDQFHIUHTXHQF\
GXHWRLQFUHDVLQJORDGDPSOLWXGH7KHOHIWILJXUHLVIURP>@

7RGHPRQVWUDWHTXDQWLWDWLYHO\WKHHTXLYDOHQWOLQHDUPHWKRGFDQFDSWXUHHVVHQWLDOIHDWXUHVRI
QRQOLQHDUG\QDPLFVRLOEHKDYLRUGXULQJYLEUDWRU\FRPSDFWLRQ ZHKDYHFRPSDUHGQXPHULFDO
UHVXOWVZLWKIXOOVFDOHFRPSDFWLRQH[SHULPHQWVGHVFULEHGLQGHWDLOLQ>@DQG>@DQGLQUHI
HUHQFHVWKHUHLQ6HYHUDOIUHTXHQF\VZHHSWHVWVZHUHUXQZLWKWKHUROOHUSDVVLQJRYHUDQDUHD
EHLQJFRPSDFWHG7KHYHUWLFDOGLVSODFHPHQWDPSOLWXGHRIWKHUROOHUGXULQJWKHVZHHSWHVWVDUH
VKRZQLQ)LJXUHD :LWKLQHDFKSDVVRYHUWKHFRPSDFWHGDUHDWKHIUHTXHQF\LVVZHSWIURP
WR+]:LWKLQFUHDVLQJQXPEHURISDVVHVRIWKHYLEUDWRU\UROOHUWKHIUHTXHQF\RIWKHILUVW
SHDNIRXQGEHWZHHQDQG+]LQFUHDVHVGXHWRLQFUHDVLQJVRLOVWLIIQHVVGXHWRWKHHIIHFWRI
WKHFRPSDFWLRQ7KHVHFRQGSHDNLQHDFKFXUYHDWDERXW+]LVGXHWRWKHGUXPLVERXQFLQJ
$QD[LV\PPHWULFPRGHOZDVXVHGIRUTXLFNDQDO\VLVRIWKHYLEURFRPSDFWLRQH[SHULPHQW
7KHGUXPWKHFRPSDFWHGJUDYHOOD\HUDQGWKHXQGHUO\LQJURFNILOOZHUHPRGHOOHGZLWKQGRUGHU
VROLGILQLWHHOHPHQWV$EVRUELQJERXQGDULHVZDVDSSOLHGRQWKHRXWHUDQGERWWRPERXQGDU\RI
WKHPRGHO$VWLIIEORFNZLWKDPDVVRINJUHSUHVHQWVWKHUROOHUGUXP7KHYHUWLFDOG\QDPLF
ORDGRQWKHGUXPGXHWRDQHFFHQWULFPRPHQWRINJPLVSURSRUWLRQDOWRWKHVTXDUHRIWKH
URWDWLRQIUHTXHQF\JLYLQJDORDGDPSOLWXGHRIN1DW+]LQFUHDVLQJWRN1DW+]
7KHGHSWKWREHGURFNZDVDVVXPHGPLQWKHPRGHO
7RDFFRXQWIRUWKHGHQVLILFDWLRQGXULQJFRPSDFWLRQWKHPRGHOZDVUXQZLWKGLIIHUHQWLQLWLDO
VKHDUZDYHVSHHGVLQWKHJUDYHOILOOOD\HURIDQGPV$3RLVVRQ VUDWLRRI
ZDVXVHGLQWKHJUDYHOILOO7KHURFNILOOVKHDUZDYHVSHHGZDVDVVXPHGWRYDU\OLQHDUO\EHWZHHQ
IURPPVEHQHDWKWKHILOOWRPVDWPGHSWK7KHURFNILOOGHQVLW\DQG3RLVVRQ VUDWLR
ZHUHVHWWRNJPDQGUHVSHFWLYHO\
7RPRGHOWKHHIIHFWRIVRLOQRQOLQHDULW\RQWKHUHVSRQVHRIWKHGUXPWKHFXUYHVIRUVKHDU
PRGXOXVUHGXFWLRQDQGGDPSLQJYHUVXVVKHDUVWUDLQVKRZQLQ)LJXUHZHUHXVHGIRUWKHJUDYHO
ILOO)RUVLPSOLFLW\WKHVDPHFXUYHVZHUHXVHGIRUWKHURFNILOODVZHOO
9DU\LQJWKHLQLWLDOVKHDUZDYHVSHHGIURPPVWRPVJDYHDJRRGPDWFKZLWKWKH
IUHTXHQF\YDULDWLRQRIWKHILUVWIUHTXHQF\SHDNREVHUYHGLQWKHH[SHULPHQWDVFDQEHVHHQLQ
)LJXUHE 7KHQGUHVSRQVHSHDNLVGXHWRERXQFLQJRIWKHGUXPDQGLVQRWSRVVLEOHWRDFFRXQW
IRULQWKHQXPHULFDOPRGHOGXHWRDVVXPSWLRQRIIXOOFRQWDFWEHWZHHQGUXPDQGVRLO
7KHH[SHULPHQWDOUHVSRQVHDPSOLWXGHDWWKHKLJKHUIUHTXHQF\RI+]LVQRWYHU\PXFK
KLJKHU a WKDQWKHUHVSRQVHDW+]7KXVWKHORDGDPSOLWXGHH[SHULHQFHGE\WKHVRLOLQ
WKHH[SHULPHQWZKHQWKHGUXPYLEUDWHVZLWK+]DQGERXQFHVLVOLNHO\QRWPXFKODUJHUWKDQ
WKHRQHDW+]
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'LVSODFHPHQWDPSOLWXGH>PP@

7KHDQDO\VLVVKRZLWLVQHFHVVDU\WRXVHDQRQOLQHDUVRLOEHKDYLRXUWRREWDLQDJRRGPDWFK
ZLWKWKHIUHTXHQFLHVREVHUYHGLQWKHH[SHULPHQWV$VVKRZQLQ)LJXUHWKHFRPSXWHGVKHDU
PRGXOXVUHGXFHVWROHVVWKDQRILWVLQLWLDOYDOXHEHQHDWKWKHGUXPDQGWKHPDWHULDOGDPSLQJ
IDFWRUH[FHHGV7KHUHDUHPDQ\XQFHUWDLQWLHVLQWKHQRQOLQHDUPRGHOOLQJLQWHUPVRISK\V
LFDOLQSXWSDUDPHWHUVDQGWKHQXPHULFDOPRGHOLWVHOI+RZHYHUWKHJRRGPDWFKZLWKH[SHUL
PHQWV JLYH FRQILGHQFH WKH PHWKRG FRXOG EH XVHG IRU WKH DQDO\VLV RI YLEUR FRPSDFWLRQ QHDU
VORSHVDQGRWKHUUHODWHGDSSOLFDWLRQVZKHUHWKHQRQOLQHDUVRLOEHKDYLRXULVLPSRUWDQWHJIRXQ
GDWLRQVVXEMHFWHGWRODUJHG\QDPLFORDGV>@

D

)UHTXHQF\>+]@

E

)LJXUH9HUWLFDOGLVSODFHPHQWDPSOLWXGHRIYLEUDWRU\UROOHUGUXPLQIUHTXHQF\VZHHSWHVWD ([SHULPHQWDOUH
VXOW 0RGLILHGDIWHU>@ E 1XPHULFDOUHVXOWV

E

D

)LJXUHD 6KHDUPRGXOXVUHGXFWLRQDQGE VRLOGDPSLQJIDFWRUEHQHDWKYLEUDWLQJEORFNUHSUHVHQWLQJUROOHUGUXP
DW+]IRUDQLQLWLDOVKHDUZDYHYHORFLW\RIPVLQWKHILOOOD\HU

7

VIBRATION ANALYSIS OF THE STATLAND LANDSLIDE

7.1 Numerical model
$WKUHHGLPHQVLRQDOFDOFXODWLRQPRGHOZDVHVWDEOLVKHG VKRZQLQ)LJXUH EDVHGRQWKH'
JHRPHWU\XVHGLQWKHLQYHVWLJDWLRQRIWKHFDXVHRIWKHVOLGH>@7KHFRORXUVLQGLFDWHWKHVKHDU
ZDYHVSHHGDVGHWHUPLQHGIURP&37WHVWVPDGHDWWKHVLWHZLWKLQWHUSUHWDWLRQEDVHGRQHPSLU
LFDOHTXDWLRQVIURP >@$URDGZDVFRQVWUXFWHGE\FRPSDFWLQJDURFNILOO OD\HU XSSHUPRVW
\HOORZOD\HU DQGUHSODFLQJROGHUORRVHILOOV LQWXUTXRLVH 2OGHUILOOPDWHULDOZKLFKZDVQRW
UHSODFHGLVVKRZQLQOLJKWJUHHQ7KHROGILOOFRQWDLQVYDULRXVPDWHULDOVVXFKDVZRRGFKXQNV
HWF7KHVKHDUZDYHVSHHGLQWKHUHSODFHGPDVVHVDQGLQROGILOOVDUHEDVHGRQ1*, VH[SHULHQFH
ZLWKVLPLODUPDWHULDOV>@7KHEHGURFNLVPRGHOOHGOLQHDUHODVWLFZLWKDQDVVXPHGVKHDUZDYH
VSHHGRIPV VKRZQLQEOXH $ERYHWKHEHGURFNWKHUHLV ORRVHUHFHQWO\GHSRVLWHGPDWHULDO
FRQVLVWLQJRIVDQGVLOWDQGTXLFNFOD\ZLWKVKHDUZDYHVSHHGVGHFUHDVLQJZLWKGHSWKIURPRYHU
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PVEHWZHHQRIPWRPGHSWKEHQHDWKWKHVHDIORRUWRDERXWPVDWPGHSWK7KLV
ZDVPRGHOOHGZLWKWKUHHWKLFNHUOD\HUVLQ\HOORZRUDQJHDQGUHGZLWKFRQVWDQWLQLWLDOVKHDU
ZDYHVSHHGVRIDQGPVUHVSHFWLYHO\7KH3RLVVRQ VYDOXHLQWKHILOOPDVVLVVHWWR
DQGLQVRLOEHORZJURXQGZDWHUOHYHO7KHZDWHUDERYHWKHVXEPHUJHGSDUWRIWKHVORSH
KDVQRWEHHQPRGHOOHG)RUDQDQDO\VHGYLEUDWLQJVXEPHUJHGIRXQGDWLRQXQGHUVLPLODUFRQGL
WLRQVWKHZDWHUZDVVKRZQWRLQFUHDVHERWKUDGLDWLRQGDPSLQJDQGDGGHGVRLOPDVV>@>@
WKXVLWZLOOOLNHO\KDYHDQHIIHFWRIWKHG\QDPLFUHVSRQVHRIWKHVORSHEXWLWLVQHJOHFWHGKHUH
7KHUHZDVQRLQIRUPDWLRQDYDLODEOHDERXWVWUHVVVWUDLQFXUYHVIRUWKHPDWHULDOVDWWKHWLPHRI
DQDO\VLVWKHUHIRUHIRUVLPSOLFLW\LQWKHFXUUHQWPRGHOWKHVDPHUHODWLYHVKHDUPRGXOXVUHGXF
WLRQYHUVXVVWUDLQFXUYHZDVDSSOLHGWRERWKILOODQGQDWXUDOVRLO7KHQDWXUDOVRLOLVYHU\ORRVH
DQGDVVXFKWKHPRGXOXVUHGXFWLRQFXUYHPD\JLYHDWRRVWLIIUHVSRQVH+RZHYHUWKHREMHFWLYH
ZDVWRHVWLPDWHWKHRUGHURIPDJQLWXGHRIWKHLQGXFHGVWUDLQVLQWKHVRLO

)LJXUH0RGHOXVHGIRUWKHYLEUDWLRQDQDO\VLVRIWKH6WDWODQGODQGVOLGHFDVH&RORXUVVKRZVKHDUZDYHVSHHGLQ
WKHILOODQGQDWXUDOVRLOV7KHEHGURFNVKHDUZDYHVSHHGZDVVHWWRPV VKRZQLQEOXH 

7KH YLEUDWRU\ UROOHU XVHG GXULQJ WKH FRPSDFWLRQ ZRUN ZDV D 9ROYR &( 6' ' ZLWK D
PZLGHDQGPGLDPHWHUGUXP)XUWKHUWHFKQLFDOLQIRUPDWLRQDERXWWKHYLEURFRPSDFWRU
LVDYDLODEOHLQ>@7KHSDUWRIWKHGUXPLQFRQWDFWZLWKWKHVRLOLVPRGHOOHGDVDPORQJ
ZLGHDQGFPWKLFNULJLGSODWHSODFHGFORVHWRWKHHGJHRIWKHVORSH DVVKRZQLQ)LJXUH
 7KHSODWHPDVVLVHTXDOWRWKHG\QDPLFPDVVRIWKHZKROHGUXPZKLFKZDVHVWLPDWHGWR
NJEDVHGRQWKHQRPLQDOGLVSODFHPHQWDPSOLWXGHRIPPDQGORDGDPSOLWXGHRI
N1DWDYLEUDWLRQIUHTXHQF\RI+]7KH<RXQJ VPRGXOXVRIWKHSODWHZDVVHWWRDKLJK
YDOXHWRVLPXODWHWKHGUXPWREHYHU\ULJLG7KHORDGGXHWRHFFHQWULFPDVVZDVDSSOLHGXQL
IRUPO\RQWKHSODWHDQGWKHUHLVQRVOLSSDJHDOORZHGEHWZHHQWKHSODWHDQGWKHVRLO0RVWYLEUD
WRU\UROOHUVFDQRQO\RSHUDWHZLWKLQDIHZSUHVHWIUHTXHQF\YDOXHV+HUHZHDVVXPHGWKHORDG
LVFRQWLQXRXVLQWKHUDQJHIURP+]DQGSURSRUWLRQDOWRWKHVTXDUHRIWKHGUXPYLEUDWLRQ
IUHTXHQF\VLPLODUWRWKHORDGLQWKHIXOOVFDOHH[SHULPHQWV>@
7KHVWDWLFVWUHVVHVIURPWKHZHLJKWRIWKHYLEUDWRU\UROOHUPD\VRPHZKDWLQFUHDVHWKHVWLII
QHVVDQGVWUHQJWKRIWKHVRLOEHQHDWKWKHGUXPEXWWKLVLVQRWDFFRXQWHGIRULQDQDO\VLV7KH
VWDWLF ORDG GLPLQLVKHV TXLFNO\ ZLWK GHSWK DV RSSRVHG WR WKH G\QDPLF ORDGV ZKLFK SHQHWUDWH
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PXFKGHHSHU$VDYHULILFDWLRQWKHVWDWLFVWUHVVHVLQWKHPRGHOGXHWRWKHZHLJKWRIWKHSODWH
KDYHEHHQFRPSDUHGZLWKILHOGPHDVXUHPHQW>@RIDVLPLODUYLEURFRPSDFWRU7KHVWUHVVHVDUH
RI WKH VLPLODU PDJQLWXGH $QDO\VLV SHUIRUPHG LQ FRQQHFWLRQ ZLWK WKH YDOLGDWLRQ VKRZHG WKH
LQFUHDVHLQVWDWLFVWUHVVEHQHDWKWKHGUXPKDVOLWWOHHIIHFWRQWKHRYHUDOOYLEUDWLRQUHVSRQVH,W
ZDVFKHFNHGE\FKDQJLQJORZVWUDLQVKHDUZDYHVSHHGZLWKLQWKHOD\HUFORVHVWWRWKHGUXP
UHVXOWLQJLQFKDQJHLQUHVRQDQFHIUHTXHQF\7KLVZDVFRQVLGHUHGWRKDYHOLWWOHFRQVHTXHQFH
IRUFRPSXWLQJWKHG\QDPLFHIIHFWVRIYLEURFRPSDFWLRQRQVORSHVWDELOLW\
7.2 Effect of soil non-linearity and frequency dependent load
7KHQXPHULFDO'PRGHOLVVWLOOXQGHUGHYHORSPHQWZLWKWXQLQJRIPHVKVL]HDQGGLVFUHWL]D
WLRQWRKDQGOHWKHODUJHVWUDLQVLQWKHYLFLQLW\RIWKHGUXP+RZHYHUWKHQXPHULFDOUHVXOWVDUH
FRQVLGHUHGWRVWLOOEHLQIRUPDWLYHIRUHQJLQHHULQJSXUSRVHVDQGDUHWKHUHIRUHSUHVHQWHGKHUH
)LJXUHVKRZVWKHYHUWLFDOUHVSRQVHRIWKHGUXPZLWKEOXHFXUYHVIRUDORDGLQFUHDVLQJ
ZLWKWKHVTXDUHRIWKHYLEUDWLRQIUHTXHQF\IURPN1DW+]WRN1DW+]7KHSHDN
UHVSRQVHWDNHQDVDYHUDJHRIWKHWZRSRLQWVRQWKHSODWHLVPPDW+]IRUDORDGRI
N17KHGUXPUHVSRQVHLQFUHDVHVUDSLGO\ZKHQWKHORDGIUHTXHQF\ DSSURDFKHV+]GXHWR
ORFDOUHVRQDQFHEHWZHHQWKHGUXPDQGVRLOLPPHGLDWHO\EHQHDWKLW
$WPEHORZWKHGUXPDQGPIXUWKHURXWLQWKHVORSH ORFDWLRQVLQGLFDWHGZLWKDUURZVLQ
)LJXUH WKHYLEUDWLRQDPSOLWXGH VKRZQZLWKJUHHQDQGUHGFXUYHLQ)LJXUH LQFUHDVHVZKHQ
DSSURDFKLQJ+]ZKLFKDSSHDUVWREHWKHQDWXUDOIUHTXHQF\RIWKHVORSH7KHYLEUDWLRQIXUWKHU
DZD\IURPWKHGUXPGRQRWLQFUHDVHDERYH+]HYHQWKRXJKWKHORDGDPSOLWXGHDQGWKHGUXP
UHVSRQVHLQFUHDVHVYHU\PXFKDWWKDWIUHTXHQF\7KLVLVLQWHUSUHWHGGXHWR WKHVRLOFDQRQO\
WUDQVPLWDOLPLWHGVKHDUVWUHVVGXHWRWKHQRQOLQHDUVRLOEHKDYLRU>@DQG WKHLQFUHDVLQJ
G\QDPLFUHVLVWDQFHGXHLQHUWLDRIWKHYLEUDWLQJSODWH7KLVLVDOVRLQGLFDWHGE\WKHPD[LPXP
VKHDUVWUDLQSORWVIRU+]DQG+] )LJXUHDQG)LJXUH )RUYLEUDWLRQIUHTXHQFLHV
EHORZ+]WKHUHLVYHU\ORZVKHDUVWUDLQVH[FHSWLQWKHYLFLQLW\RIWKHGUXP)RUYLEUDWLRQ
IUHTXHQFLHVRI+]DQGDERYHWKHVKHDUVWUDLQDPSOLWXGHGRQRWLQFUHDVHYHU\PXFKHYHQ
WKRXJKWKHORDGDPSOLWXGHGRXEOHVIURP +]WR+]7KHVKHDUVWUDLQVUHDFKYDOXHVIRU
ZKLFKSRUHSUHVVXUHEXLOGXSFDQEHH[SHFWHG>@SDUWLFXODUO\IRUDODUJHQXPEHURIF\FOHVDQG
LIWKHVRLOFDQQRWGLVVLSDWHWKHSRUHSUHVVXUH6XFKEXLOWXSSRUHSUHVVXUHPD\DOVRVSUHDGWR
FULWLFDOSDUWVRIWKHVORSHWKURXJKSHUPHDEOHOD\HUVZKLFKRIWHQH[LVWLQTXLFNFOD\GHSRVLWVRI
WKLVNLQG >@ 
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)LJXUH9HUWLFDOGLVSODFHPHQWDPSOLWXGH OHIWD[LV DQGORDGDPSOLWXGH ULJKWD[LV YHUVXVORDGLQJIUHTXHQF\
3HDNGUXPUHVSRQVHDW+]

>@

P





P





)LJXUH0D[LPXPVKHDUVWUDLQDW+]IRUORDGDPSOLWXGHRIN1&RORXUVFDOHLVORJDULWKPLFIURP
WRVKHDUVWUDLQ
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>@

P

P









)LJXUH0D[LPXPVKHDUVWUDLQDW+]&RORXUVFDOHLVORJDULWKPLFIURPWRVKHDUVWUDLQ$W
PIURPWKHGUXPWRZDUGVWKHVORSHWKHPD[LPXPVKHDUVWUDLQUHDFKHV

8VLQJQGRUGHUHOHPHQWVDOORZVLPSURYHGFDSWXULQJRIODUJHVWUDLQDPSOLWXGHVDURXQGWKHYL
EUDWLQJSODWH GUXP DQGDOVRUHGXFHVSRVVLEOHYROXPHWULFORFNLQJGXHWRKLJK3RLVVRQ VYDOXHV
LQ WKH VXEPHUJHG SDUW RI WKH VORSH )LJXUH  VKRZV WKH UHVSRQVH IRU WKH VDPH PRGHO DV LQ
)LJXUHH[FHSWIRUWKHXVHRIQGRUGHUHOHPHQWV7KHSHDNUHVSRQVHRIWKHGUXPQRZRFFXUV
DW+]FRPSDUHGWR+]IRUWKHPRGHOZLWKOLQHDUHOHPHQW7KHYLEUDWLRQDPSOLWXGHRIWKH
GUXPLVDSSUR[LPDWHO\WKHVDPHDVIRUVWRUGHUHOHPHQWVZLWKVRPHLQFUHDVHWRWKHVLGHVRIWKH
GUXP GXH WRORFDOQRQOLQHDULW\ VHHVROLG DQG GDVKHG EOXH OLQHV  +RZHYHU WKH DSSOLHG ORDG
DPSOLWXGHRQWKHGUXPLVPXFKORZHUZLWKN1DW+]FRPSDUHGWRN1DW+]ZKLFK
LQGLFDWHVWKHUHVSRQVHLVWRVWLIIZLWKWKHVWRUGHUHOHPHQWV
8VLQJWKHQGRUGHUPHVKGLVFUHWL]DWLRQJLYHDVRIWHUQXPHULFDOEHKDYLRURIWKHVRLODQGWKH
IUHTXHQF\DWWKHSHDNUHVSRQVHRIWKHGUXPILOOQRZFRLQFLGHVZLWKWKHVORSH VQDWXUDOYLEUDWLRQ
IUHTXHQF\RIDERXW+]7KHYLEUDWLRQDPSOLWXGHPEHQHDWKDQGPLQIURQWRIWKHGUXP
LQFUHDVHUDSLGO\ZLWKIUHTXHQF\DVVKRZQZLWKJUHHQDQGUHGFXUYHVLQ)LJXUHPEHQHDWK
WKHGUXPWKHPD[LPXPYHORFLW\DPSOLWXGHLVDERXWPPVDQGPWRZDUGVWKHVORSHLWLV
PPV7KHVHYHORFLW\DPSOLWXGHVFRUUHVSRQGWRVKHDUVWUDLQVKLJKHQRXJKWRFDXVHSRUHSUHV
VXUH EXLOG XS >@ 7KH GRXEOH UHVRQDQFH LH WKH FRLQFLGHQFH RI UHVRQDQFH IUHTXHQF\ RI WKH
GUXPDQGFRPSDFWHGILOOZLWKWKHVORSH VQDWXUDOYLEUDWLRQIUHTXHQF\OLNHO\KDYHFRQWULEXWHGWR
WKHUHODWLYHO\ODUJHVKHDUVWUDLQVLQGXFHG
7KHGLIIHUHQFHLQUHVSRQVHRIWKHVORSHEHORZ DQGDERYHWKHUHVRQDQFHIUHTXHQF\LV DOVR
FOHDUO\VHHQLQWKHSORWVRIVKHDUVWUDLQVIRU+]DQG+]DVVKRZQLQ)LJXUHDQG)LJXUH
 )LJXUHVKRZVDQRGHDQWLQRGHZDYHSDWWHUQZLWKUHJLRQVRIKLJKVKHDUVWUDLQVVXUURXQG
LQJDUHDVZLWKORZVKHDUVWUDLQV
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)LJXUH9HUWLFDOGLVSODFHPHQWDPSOLWXGH OHIWD[LV DQGORDGDPSOLWXGH ULJKWD[LV YHUVXVORDGLQJIUHTXHQF\
3HDNGUXPUHVSRQVHDWDERXW+]
>@










)LJXUH0D[LPXPVKHDUVWUDLQDW+]IRUORDGDPSOLWXGHRIN1&RORXUVFDOHLVORJDULWKPLFIURP
WRVKHDUVWUDLQ
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>@









)LJXUH0D[LPXPVKHDUVWUDLQDW+]&RORXUVFDOHLVORJDULWKPLFIURPWRVKHDUVWUDLQ$W
PIURPWKHGUXPWRZDUGVWKHVORSHWKHPD[LPXPVKHDUVWUDLQUHDFKHV

7.3 Effect of bouncing drum
7RXQGHUVWDQGEHWWHUWKHHIIHFWRIDMXPSLQJGUXPRQWKHVORSHVWDELOLW\DQGVRLOQRQOLQHDULW\
ZH KDYH FRPSDUHG WKH UHVSRQVH IRU IRXU GLIIHUHQW ORDG DPSOLWXGHV DOO DW  +] FORVH WR WKH
QDWXUDOIUHTXHQF\RIWKHVORSHDWZKLFKYLEUDWLRQVFDQSURSDJDWHRXWWRZDUGVWKHVORSHVXUIDFH
7KLVFRPSDULVRQKDYHVRIDURQO\EHHQGRQHIRUVWRUGHUHOHPHQWVEXWJLYHDTXDOLWDWLYHLQGL
FDWLRQ
&RPSDULQJVWDWLFVWUHVVGXHWRZHLJKWRQWKHGUXPZLWKG\QDPLFVWUHVVHVEHQHDWKLWLQGLFDWHV
WKHGUXPPD\QRWEHLQFRQWDFWZLWKWKHVRLOLQSDUWVRIWKHYLEUDWLRQF\FOH LHLWLVERXQFLQJ 
7KHQRQFRQWDFWVLWXDWLRQVWDUWVDWIUHTXHQFLHVLQWKHUDQJH+]LQWKLVDQDO\VLV7KHIUH
TXHQF\UDQJHZLOOYDU\ZLWKGUXPPDVVORDGDPSOLWXGHDQGWKHQRQOLQHDUVRLOVWLIIQHVV
,WLVQRWIXOO\FRUUHFWWRDSSO\WKHHTXLYDOHQWOLQHDUPHWKRGWRWKHSUREOHPRIDERXQFLQJ
GUXP+RZHYHUWKHHVWLPDWHGYLEUDWLRQDPSOLWXGHVDUHOLNHO\RQWKHKLJKVLGHDQGWKXVLWZRXOG
EHFRQVHUYDWLYHWRXVHWKHDSSURDFKWRHVWLPDWHWKHHIIHFWRIFRPSDFWLRQRQVORSHVWDELOLW\$V
PHQWLRQHGWKHORDGDFWLQJRQWKHGUXPLVSURSRUWLRQDOWRWKHVTXDUHRIWKHGUXPYLEUDWLRQIUH
TXHQF\7KXVZKHQWKHGUXPLVERXQFLQJWKHORDGDPSOLWXGHDSSOLHGWRWKHGUXPLVFRQWUROOHG
E\WKHGUXPYLEUDWLRQIUHTXHQF\HYHQWKRXJKWKHVRLOYLEUDWHVZLWKDORZHUIUHTXHQF\
7KHIROORZLQJDQDO\VLVWULHVWRFDSWXUHWKHXQGHUO\LQJPHFKDQLVPFDXVLQJWKHVHFRQGYLEUD
WLRQSHDNDURXQG+]DVVKRZQLQ)LJXUHD $FRPSDULVRQRIVWLIIQHVVGHJUDGDWLRQDWD
YLEUDWLRQIUHTXHQF\RI+]LVJLYHQLQ)LJXUHD G IRUORDGDPSOLWXGHVRIN1 QRW
ERXQFLQJ N1 SDUWLDOORVVRIFRQWDFW N1 SDUWLDOORVVRIFRQWDFW DQGN1 GRXEOH
IUHTXHQF\ERXQFLQJDW+]DVVKRZQLQ)LJXUHF DQGLQWKHH[SHULPHQWUHVXOW)LJXUHD 
N1LVWKHORDGIRUDUROOHUYLEUDWLRQIUHTXHQF\RI+]
)RUWKHORZHUORDGDPSOLWXGH N1 WKHUHLVRQO\VWLIIQHVVGHJUDGDWLRQORFDOO\EHQHDWKWKH
UROOHUDQGVRPHUHGXFWLRQLQWKHXSSHUSDUWRIWKHROGILOOWRZDUGVWKHVHD:LWKLQFUHDV
LQJORDGDPSOLWXGHWKHVWLIIQHVVUHGXFWLRQUHDFKHVGHHSHUGRZQDWN1ORDGWKHUHGXFWLRQ
LVDERXWDWDGHSWKRIP)RUDORDGRIN1WKHVWLIIQHVVUHGXFWLRQLVPRUHWKDQ
GRZQ WR PHWHU GHSWK )RU WKH ODUJH ORDG DPSOLWXGH RI  N1 WKH VWLIIQHVV GHJUDGDWLRQ LV
RFFXUULQJLQDODUJHUVRLOYROXPHGRZQWRVRPHPHWHUGHSWKDQGWKHROGILOOVXVWDLQVODUJHU
VWLIIQHVVGHJUDGDWLRQGRZQWRPHWHUGHSWK
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D

E

F

G
)LJXUH5HGXFWLRQRIVKHDUPRGXOXVIRUDYLEUDWLRQIUHTXHQF\RI+]IRUDORDGDPSOLWXGHRIN1LQD 
FRUUHVSRQGLQJWRRIPD[LPXPORDGDPSOLWXGH,QE WKHORDGLVN1LQF N1DQGLQG WKHPD[L
PXPORDGDPSOLWXGHRIN1LVDSSOLHG

8

DISCUSSION

7KHUH DUH XVXDOO\ PDQ\ FRQWULEXWLQJ IDFWRUV ZKHQ FRQVWUXFWLRQ DFWLYLWLHV FDXVH ODQGVOLGHV
7KHVHFRXOGHJEHXQNQRZQVRLOFRQGLWLRQVVXFKDVWKHSUHVHQFHRIZHDNVRLOOD\HUVDQGDUWH
VLDQZDWHUSUHVVXUHVUHVXOWLQJLQORZHUDFWXDOIDFWRUVRIVDIHW\WKDQDQWLFLSDWHGE\WKHJHRWHFK
QLFDOHQJLQHHU VVWDELOLW\DQDO\VLV,QWKHFDVHRIYLEUDWRU\FRPSDFWLRQRQHVKRXOGFRQVLGHUWKH
HIIHFWRILQFUHDVHGZHLJKWIURPWKHILOOFRPSDFWLRQLQGXFHGLQFUHDVHLQODWHUDOSUHVVXUHVDQG
XVHRIOHVVKHDY\HTXLSPHQW>@>@
+HUHZHKDYHWRWULHGWRXQGHUVWDQGKRZYLEUDWLRQVLQGXFHGE\FRPSDFWLRQPD\DIIHFWWKH
VORSHVWDELOLW\7KHFRPSXWHGVKHDUVWUDLQVGXHWRYLEUDWLRQVIURPFRPSDFWLRQIRUWKH6WDWODQG
FDVHDUHODUJHHQRXJKWRFDXVHSRUHSUHVVXUHEXLOGXSLQWKHVRIWVRLOVHGLPHQWV>@&RQVLGHULQJ
WKHYHU\ORRVHVRLOFRQGLWLRQVDVLQGLFDWHGE\WKHSRVWVOLGHLQYHVWLJDWLRQ>@LWVHHPVYHU\OLNHO\
WKHFRQVWUXFWLRQZRUNFDXVHGWKHODQGVOLGHDQGSUREDEO\WKHYLEUDWRU\FRPSDFWLRQKDYHFRQ
WULEXWHGWRWKHWULJJHULQJ7KLVFRQILUPVWKHFRQFOXVLRQVLQ>@
9LEUDWLRQVZHUHQRWPHDVXUHGIRU6WDWODQG FDVH 7KHUHIRUHLWLVQRWNQRZQKRZODUJHWKH
YLEUDWLRQDPSOLWXGHZDVRUKRZODUJHWKHG\QDPLFLPSDFWRQWKHVORSHZDV7KHDQDO\VLVSUH
VHQWHGLQWKLVSDSHUKDYHWULHGWRFDSWXUHDUDQJHRISRVVLEOHORDGDPSOLWXGHVDQGIUHTXHQFLHV
WRXQGHUVWDQGWKHHIIHFWRIFRPSDFWLRQRQVORSHVWDELOLW\DQGLILWLVSRVVLEOHWRHVWDEOLVKDYL
EUDWLRQOLPLWWRDYRLGVORSHIDLOXUH)RUSUDFWLFDOUHDVRQVVXFKOLPLWYDOXHVVKRXOGEHUHODWHGWR
YLEUDWLRQPHDVXUHGRQWKHJURXQGVXUIDFH7KHYLEUDWLRQDPSOLWXGHRQWKHJURXQGVXUIDFHLV
YHU\KLJKQHDUWKHYLEUDWRU\UROOHUEXWDWWHQXDWHVTXLFNO\ZLWKGLVWDQFH6LQFHWKHUROOHULVPRY
LQJDURXQGZKHQLWRSHUDWHVLWPD\EHGLIILFXOWWRHVWDEOLVKDYLEUDWLRQOLPLWVLQFHWKHGLVWDQFH
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WRWKHUROOHULVQRWNQRZQYDU\LQJDOOWKHWLPH7KXVWKHYLEUDWLRQVFRXOGEHODUJHUWKDQPHDV
XUHGE\WKHYLEUDWLRQVHQVRU+RZHYHULIRQHFDQPHDVXUHYLEUDWLRQVRQWKHJURXQGVXUIDFHDW
FULWLFDOORFDWLRQVHJRQEDVHGVORSHVWDELOLW\DQDO\VLVDQGWHQWDWLYHO\NHHSLQJWKHPORZHUWKDQ
PPVLWVHHPVXQOLNHO\WKHYLEUDWLRQVFRXOGKDYHQHJDWLYHHIIHFWRQVORSHVWDELOLW\,QJHQHUDO
GHSHQGLQJRQWKHJURXQGFRQGLWLRQVDQGFRPSXWHGIDFWRURIVDIHW\IRUWKHVORSHVWDELOLW\DVORSH
FDQWROHUDWHPXFKODUJHUYLEUDWLRQDPSOLWXGHVWKDQPPV
7KHQXPHULFDODQDO\VLVIXUWKHULQGLFDWHIRUDERXQFLQJUROOHULHWKHUROOHUGUXPLVIXOO\LQ
WKHDLUGXULQJHYHU\RWKHUVRLOYLEUDWLRQF\FOHWKHHIIHFWRQVWLIIQHVVDQGVWUHQJWKGHJUDGDWLRQ
LQWKHJURXQGFDQEHHYHQODUJHU7KXVDYRLGLQJERXQFLQJRIWKHGUXPLVLPSHUDWLYHZKHQFRP
SDFWLQJLQWKHYLFLQLW\RIYLEUDWLRQVHQVLWLYHVRLOV0DQ\PRGHUQYLEUDWRU\FRPSDFWLRQUROOHUV
FDQVHQVHDQGDXWRPDWLFDOO\UHGXFHWKHMXPSLQJ>@>@
7KHYLEUDWLRQIUHTXHQF\UDQJHRIPDQ\YLEUDWRU\UROOHUVOLHVZLWKLQDUDQJHVXFKWKDWZKHQ
LWERXQFHVWKHIUHTXHQF\RILPSDFWRQWKHJURXQGPD\FRLQFLGHZLWKJOREDOQDWXUDOYLEUDWLRQ
IUHTXHQF\RIVORSHV7KHSHUIRUPHGQXPHULFDODQDO\VLVLQGLFDWHVWKHJOREDOQDWXUDOIUHTXHQF\
RIWKHVORSHLVPDLQO\FRQWUROOHGE\WKHHODVWLFVKHDUZDYHVSHHGVDQGJHRPHWU\7KHORFDOVRLO
QRQOLQHDULW\ DURXQG WKH GUXP GR QRW DIIHFW WKH JOREDO QDWXUDO IUHTXHQF\ )XUWKHU DQDO\VLV LV
QHHGHGWRXQGHUVWDQGWKHLQWHUSOD\ GRXEOHUHVRQDQFH EHWZHHQWKHJOREDOQDWXUDOIUHTXHQF\
WKHORFDOQDWXUDOIUHTXHQF\RIWKHGUXPVRLODQGKRZWKH\DUHDIIHFWHGE\VRLOQRQOLQHDUVWLII
QHVVDQGVORSHJHRPHWU\
)RUORDGDPSOLWXGHVODUJHHQRXJKWRFDXVHMXPSLQJRIWKHGUXPWKHSHUIRUPHGIUHTXHQF\
GRPDLQDQDO\VLVGRHVQRWFDSWXUHWKHSDUWLDORUQRFRQWDFWEHWZHHQWKHGUXPDQGWKHVRLO7KHUH
IRUHWKHFRPSXWHGYLEUDWLRQDPSOLWXGHVDUHOLNHO\RQWKHKLJKVLGH)XUWKHUFRPSDULVRQZLWK
ILHOGPHDVXUHPHQWVDQGQRQOLQHDUWLPHGRPDLQDQDO\VLVDUHQHHGHG
9

CONCLUSIONS AND RECOMMENDATIONS

7KHQXPHULFDODQDO\VLVLQGLFDWHYLEUDWRU\FRPSDFWLRQKDYHSRVVLEO\FRQWULEXWHGWRWULJJHU
LQJWKHVOLGHDW6WDWODQG7KHQRQOLQHDUDQDO\VLVLVEHOLHYHGWRKDYHFDSWXUHGWKHHVVHQWLDOEH
KDYLRXURIWKHYLEUDWRU\FRPSDFWLRQDQGWKHUHVSRQVHRIWKHVORSH7KHSHDNUHVSRQVHDWWKH
IUHTXHQF\LVFORVHWRWKHRQHVWDWHGE\WKHRSHUDWRURIWKHYLEUDWRU\UROOHUDQGWKHPDQXIDFWXUHU V
GDWDVKHHW
7RUHGXFHWKHODQGVOLGHULVNGXULQJFRPSDFWLRQZRUNLQWKHYLFLQLW\RIVORSHVZLWKYLEUDWLRQ
VXVFHSWLEOHVRLOVDQGORZVWDWLFVWDELOLW\QHDUWKHVKRUHOLQHWKHIROORZLQJLVVXJJHVWHG
x 8VHOHVVKHDY\HTXLSPHQWDQGRUKLJKHUORDGLQJIUHTXHQFLHVRUSHUIRUPFRP
SDFWLRQZLWKRXWYLEUDWLRQ$YRLGLQJH[FHVVLYHERXQFLQJRIWKHYLEUDWRU\UROOHUGUXPLV
LPSHUDWLYH
x $SSO\LQJWKLQQHUOD\HUVDQGPRUHWLPHEHWZHHQFRPSDFWLRQSDVVHV$OORZLQJ
IRUPRUHWLPHEHWZHHQSODFLQJRIOD\HUVUHGXFHVWKHQXPEHURIORDGF\FOHVDSSOLHGE\
WKHVRLODQGDOORZVIRUGUDLQDJHRISRWHQWLDOEXLOWXSSRUHSUHVVXUHVERWKGXHWRF\FOLF
ORDGLQJDQGGXHWRVWDWLFORDGLQJIURPZHLJKWRIWKHILOO
x 0RQLWRUVORSHKRUL]RQWDODQGYHUWLFDOGLVSODFHPHQWVDWVRPHFULWLFDOSRLQWV
x 0RQLWRUSRUHSUHVVXUHVDWFULWLFDOSRLQWV/RFDWLRQVZLWKDUWHVLDQSUHVVXUHKDYH
ORZHUVWDELOLW\DQ\H[WUDSRUHSUHVVXUHIURPWKHFRPSDFWLRQZLOOUHGXFHWKHVWDELOLW\RI
WKHVORSH
10 ACKNOWLEDGEMENT
7KHILQDQFLDOVXSSRUWE\WKHJRYHUQPHQWDOUHVHDUFKSURJUDP1DWXUDO+D]DUGV,QIUDVWUXF
WXUHIRUIORRGVDQGVOLGHV 1,)6 DQGE\WKH1RUZHJLDQ5HVHDUFK&RXQFLOWKURXJK5HPHG\
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SURMHFW%HJUHQV6NDGH,,±5LVN5HGXFWLRQRI*URXQGZRUN'DPDJH*UDQW1RLVJUDWH
IXOO\DFNQRZOHGJHG7KHHTXLYDOHQWOLQHDUG\QDPLF'WRROVSUXQJRXWRIWKHFROODERUDWLRQZLWK
3URI6WDIIDQ+LQW]H 1&& .HQQHWK9LNLQJ 6ZHGLVK7UDQVSRUW$GPLQLVWUDWLRQ DQG)DQQ\
'HFNQHU *HR0LQG ILQDQFLDOO\VXSSRUWHGE\1&&DQGE\WKH'HYHORSPHQW)XQGRIWKH6ZH
GLVK&RQVWUXFWLRQ,QGXVWU\ZKLFKLVDOVRKLJKO\DSSUHFLDWHG
REFERENCES
>@19( 7KH ODQGVOLGH DW 1RUG6WDWODQG ,QYHVWLJDWLRQ RI WHFKQLFDO FDXVHV 5HSRUW QU 
 ,6%1QU  KWWSZZZQDWXUIDUHQRBDWWDFKPHQWEL
QDU\LQ1RUZHJLDQ
>@19( '\QDPLF ORDGLQJ DQG ODQGVOLGH KD]DUG  LQ 1RUZHJLDQ WLWOH '\QDPLVNH
SnNMHQQLQJHURJVNUHGIDUH KWWSVEUDJHELEV\VQR[POXLKDQGOH5HSRUW
QU
>@-RKDQVVRQ-%RXFKDUG6/ +HXUHX[-6  9LEUDWRU\5ROOHU,QIOXHQFH=RQH1HDU
6ORSHVZLWK9LEUDWLRQ6XVFHSWLEOH6RLOV,Q7KDNXU9/ +HXUHX[-6/RFDW$ HGV 
/DQGVOLGHVLQO6HQVLWLYH&OD\V$GYDQFHVLQ1DWXUDODQG7HFKQRORJLFDO+D]DUGV5HVHDUFK
YRO6SULQJHU&KDP
>@-RKDQVVRQ-DQG/ +HXUHX[-6,QIOXHQFHRIYLEUDWRU\FRPSDFWLRQRQVORSHVWDELOLW\
²DQRQJRLQJUHVHDUFKWRSLFLQ1RUZD\$QQLYHUVDU\6\PSRVLXP²<HDUVRI5ROOHU
,QWHJUDWHG&RQWLQXRXV&RPSDFWLRQ&RQWURO &&& '$GDP 6/DUVVRQ HGV 1R
YHPEHUWK9LHQQD$XVWULD
>@-RKDQVVRQ-DQG.D\QLD$0(TXLYDOHQWOLQHDUSVHXGRVWDWLFDQGG\QDPLFPRGHOOLQJ
RIYHUWLFDOO\YLEUDWLQJPRQRSLOH0DULQH6WUXFWXUHVDFFHSWHGPDQXVFULSWXQGHUUHYLVLRQ

>@%HUQDQGHU6WLJ3URJUHVVLYHODQGVOLGHVLQORQJQDWXUDOVORSHV)RUPDWLRQSRWHQWLDOH[
WHQVLRQDQGFRQILJXUDWLRQRIILQLVKHGVOLGHVLQVWUDLQVRIWHQLQJVRLOVS'RF
WRUDOWKHVLV/XOHn8QLYHUVLW\RI7HFKQRORJ\
>@(NVWU|P$ 2ORIVVRQ7  :DWHUDQGIURVWVWDELOLW\ULVNVIRUHPEDQNPHQWVRI
ILQHJUDLQHGVRLOV ,Q )URP3URFHHGLQJV RI WKH 6\PSRVLXP RQ )DLOXUHV LQ (DUWKZRUNV
RUJDQL]HGE\WKH,QVWLWXWLRQRI&LYLO(QJLQHHUVKHOGLQ/RQGRQ0DUFK
>@+U\FLZ59LWWRQ6DQG7KRPDQQ7  ´/LTXHIDFWLRQDQG)ORZ)DLOXUH'XULQJ
6HLVPLF([SORUDWLRQ´-*HRWHFK(QJUJ  ±
>@'REU\59DVTXH]+HUUHUD$0RKDPDG5DQG9XFHWLF0  /LTXHIDFWLRQ
IORZIDLOXUHRIVLOW\VDQGE\WRUVLRQDOF\FOLFWHVWV3URF6HVVLRQRQ$GYDQFHVLQWKH$UW
RI7HVWLQJ6RLOV8QGHU&\FOLF&RQGLWLRQV$6&(
>@9XFHWLF0  &\FOLF7KUHVKROG6KHDU6WUDLQVLQ6RLOV-RXUQDORI*HRWHFKQLFDO(Q
JLQHHULQJ

 
±
KWWSVGRLRUJ DVFH 
    
>@&RUQIRUWK'HUHN/DQGVOLGHVLQ3UDFWLFH,QYHVWLJDWLRQ$QDO\VLVDQG5HPHGLDO3UHYHQ
WDWLYH2SWLRQVLQ6RLOV,6%1$SULO3DJHV
>@ 6%RXFKDUG-6/¶+HXUHX[--RKDQVVRQ6/HURXHLODQG' /H%RHXI%ODVWLQJLQ
GXFHGODQGVOLGHVLQVHQVLWLYHFOD\V/DQGVOLGHVDQG(QJLQHHUHG6ORSHV([SHULHQFH7KH
RU\ DQG 3UDFWLFH ± $YHUVD HW DO (GV   $VVRFLD]LRQH *HRWHFQLFD ,WDOLDQD 5RPH
,WDO\,6%1
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>@ -RKDQVVRQ - /¡YKROW ) $QGHUVHQ .+ 0DGVKXV & DQG $DE¡H 5 ,PSDFW RI EODVW
YLEUDWLRQVRQWKHUHOHDVHRITXLFNFOD\VOLGHV,&60*(3DULV
>@ *OLPVGDO6HWDO7KHWK-DQXDU\VXEPDULQHODQGVOLGHDW6WDWODQG1RUZD\²
ODQGVOLGH G\QDPLFV WVXQDPL JHQHUDWLRQ DQG UXQXS /DQGVOLGHV     ±
KWWSVGRLRUJV
>@ $GDP'3LVWURO-'\QDPLFUROOHUFRPSDFWLRQIRUHDUWKZRUNVDQGUROOHULQWHJUDWHG
FRQWLQXRXVFRPSDFWLRQFRQWURO6WDWHRIWKHDUWRYHUYLHZDQGUHFHQWGHYHORSPHQWV7DON
&RQIHUHQ]HGL*HRWHFQLFDGL7RULQR;;,9&LFOLR7XULQ LQYLWHG 
LQ&RQIHUHQ]HGL*HRWHFQLFDGL7RULQR;;,9&LFOLR00DQDVVHUR$'RPLQ
LMDQQL6)RWL*0XVVR HG   
>@ YDQ6XVDQWH3- 0RRQH\0$  &DSWXULQJ1RQOLQHDU9LEUDWRU\5ROOHU&RP
SDFWRU %HKDYLRU WKURXJK /XPSHG 3DUDPHWHU 0RGHOLQJ Journal of Engineering
Mechanics134  ±KWWSVGRLRUJ DVFH     
>@ :HUVlOO&1RUGIHOW, /DUVVRQ6  6RLOFRPSDFWLRQE\YLEUDWRU\UROOHUZLWK
YDULDEOH
IUHTXHQF\
*pRWHFKQLTXH


 
±
KWWSVGRLRUJMJHRWS
>@:HUVlOO&1RUGIHOW, /DUVVRQ65HVRQDQWUROOHUFRPSDFWLRQRIJUDYHOLQIXOOVFDOH
WHVWV
7UDQVSRUWDWLRQ
*HRWHFKQLFV

±

KWWSVGRLRUJMWUJHR
>@$QGHUHJJ5RODQGDQG.XQR.DXIPDQQ,QWHOOLJHQW&RPSDFWLRQZLWK9LEUDWRU\5ROOHUV
)HHGEDFN&RQWURO6\VWHPVLQ$XWRPDWLF&RPSDFWLRQDQG&RPSDFWLRQ&RQWURO7UDQV
SRUWDWLRQ5HVHDUFK5HFRUG-RXUQDORIWKH7UDQVSRUWDWLRQ5HVHDUFK%RDUG1R75%
1DWLRQDO5HVHDUFK&RXQFLO:DVKLQJWRQ'&SS±
>@7UDQVSRUWDWLRQ5HVHDUFK%RDUG,QWHOOLJHQW6RLO&RPSDFWLRQ6\VWHPV1&+53UHSRUW
KWWSZZZWUERUJ3XEOLFDWLRQV%OXUEVDVS[
>@/\VPHU-8GDND77VDL&)6HHG+%)/86+$FRPSXWHUSURJUDPIRU
DSSUR[LPDWH ' DQDO\VLV RI VRLOVWUXFWXUH LQWHUDFWLRQ SUREOHPV 5HSRUW ((5& 
(DUWKTXDNH(QJLQHHULQJ5HVHDUFK&HQWHU8&%HUNHOH\
>@6FKQDEHO3%/\VPHU-6HHG+%6+$.(DFRPSXWHUSURJUDPIRUHDUWK
TXDNHUHVSRQVHDQDO\VLVRIKRUL]RQWDOO\OD\HUHGVLWHV5HSRUW((5&(DUWKTXDNH
(QJLQHHULQJ5HVHDUFK&HQWHU8&%HUNHOH\
>@'DUHQGHOL0 %'HYHORSPHQWRI D QHZ IDPLO\ RI QRUPDOL]HG PRGXOXV UHGXFWLRQ DQG
PDWHULDOGDPSLQJFXUYHV3K''LVVHUWDWLRQ7KH8QLYHUVLW\RI7H[DVDW$XVWLQ$XJXVW

>@*URKROVNL'5+DVKDVK<0$.LP%0XVJURYH0+DUPRQ- 6WHZDUW-
36LPSOLILHG0RGHOIRU6PDOO6WUDLQ1RQOLQHDULW\DQG6WUHQJWKLQ'6HLVPLF6LWH5H
VSRQVH$QDO\VLV-RXUQDORI*HRWHFKQLFDODQG*HRHQYLURQPHQWDO(QJLQHHULQJ$PHULFDQ
6RFLHW\RI&LYLO(QJLQHHUV $6&( 
>@$PLU)DU\DU%$JJRXU06 0F&XHQ5+8QLYHUVDOPRGHOIRUPVIRUSUHGLFWLQJ
WKH VKHDU PRGXOXV DQGPDWHULDO GDPSLQJ RI VRLOV *HRPHFKDQLFV DQG *HRHQJLQHHULQJ
,QIRUPD8./LPLWHG
>@:LFKWPDQQ7  7ULDQWDI\OOLGLV 7 (IIHFW RI 8QLIRUPLW\ &RHIILFLHQWRQ**PD[DQG
'DPSLQJ5DWLRRI8QLIRUPWR:HOO*UDGHG4XDUW]6DQGV-RXUQDORI*HRWHFKQLFDODQG
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*HRHQYLURQPHQWDO(QJLQHHULQJ$PHULFDQ6RFLHW\RI&LYLO(QJLQHHUV $6&( 

>@$QGHUVHQ . + &\FOLF VRLO SDUDPHWHUV IRU RIIVKRUH IRXQGDWLRQ GHVLJQ 7KH 7KLUG
,660*(0F&OHOODQG/HFWXUH,6)2*,,,0H\HU9 (G &5&3UHVV
>@%ODNHU $QGHUVHQ.  6KHDUVWUHQJWKRIGHQVHWRYHU\GHQVH'RJJHU%DQN
VDQG ,Q )URQWLHUV LQ 2IIVKRUH *HRWHFKQLFV ,,, SS ±  &5& 3UHVV
KWWSVGRLRUJE
>@/¡YKROW)&0DGVKXVDQG.+$QGHUVHQ,QWULQVLF6RLO'DPSLQJIURP&\FOLF/D
ERUDWRU\ 7HVWV ZLWK $YHUDJH 6WUDLQ 'HYHORSPHQW *HRWHFKQLFDO 7HVWLQJ -RXUQDO 
IRUWKFRPLQJ KWWSVGRLRUJ*7->@>@
>@ 3DUN- .D\QLD$0  )(VLPXODWLRQRIVWHDG\VWDWHZDYHPRWLRQLQVROLGV
FRPELQHG ZLWK D 30/ DSSURDFK 3URFHGLD (QJLQHHULQJ  ±
KWWSVGRLRUJMSURHQJ
>@ 5REHUWVRQ3.  ,QWHUSUHWDWLRQRIFRQHSHQHWUDWLRQWHVWV PGDVKDXQLILHGDS
SURDFK&DQDGLDQ*HRWHFKQLFDO-RXUQDO  ±KWWSVGRLRUJW

>@ .D\QLD$0.DXVHO(DQG0DGVKXV&0  ³,PSHGDQFHVRI8QGHUZDWHU5LJLG
6TXDUH)RXQGDWLRQV´3URF$6&(6SHF&RQI*HRWHFK(DUWKTXDNH(QJQJ6HDWWOH:$
86$
>@ - 3DUN DQG $0 .D\QLD 6WLIIQHVV PDWULFHV IRU IOXLG DQG DQLVRWURSLF VRLO OD\HUV ZLWK
DSSOLFDWLRQVLQVRLOG\QDPLFV6RLO'\QDPLFVDQG(DUWKTXDNH(QJLQHHULQJ

>@ 9ROYR&RQVWUXFWLRQ(TXLSPHQW6SHFLILFDWLRQVIRU6'YLEURFRPSDFWRU
>@ 595LQHKDUWDQG0$0RRQH\0HDVXUHPHQWGHSWKRIYLEUDWRU\UROOHUPHDVXUHGVRLO
VWLIIQHVV*pRWHFKQLTXH9ROXPH,VVXH6HSWHPEHUSDJHV±
>@ +LQW]HHWDO5HSRUW(IIHFWRQVXUURXQGLQJGXULQJSLOHDQGVKHHWSLOHLQVWDOODWLRQ
2PJLYQLQJVSnYHUNDQYLGSnORFKVSRQWVODJQLQJ 6ZHGLVK3LOHFRPPLVVLRQ LQ
6ZHGLVK KWWSZZZSDONRPPLVVLRQHQRUJZHESDJHDVS["UHILG 
>@ 0DVVDUVFK . 5  ´(IIHFWV RI 9LEUDWRU\ &RPSDFWLRQ´ 7UDQV9LE  ±,QWHUQD
WLRQDO &RQIHUHQFH RQ 9LEUDWRU\ 3LOH 'ULYLQJ DQG 'HHS 6RLO &RPSDFWLRQ /RXYDLQOD
1HXYH.H\QRWH/HFWXUHSS±
>@ &KHQ7- )DQJ<6  (DUWK3UHVVXUHGXHWR9LEUDWRU\&RPSDFWLRQ-RXUQDO
RI *HRWHFKQLFDO DQG *HRHQYLURQPHQWDO (QJLQHHULQJ    ±
KWWSVGRLRUJ DVFH     
>@ &DQDGLDQ*HRWHFKQLFDO6RFLHW\7KH&DQDGLDQ)RXQGDWLRQ(QJLQHHULQJ0DQXDOWK
(GLWLRQ
>@ 1RUZHJLDQ3XEOLF5RDGV$GPLQLVWUDWLRQ 135$ +DQGERRNLQURDGFRQVWUXFWLRQ
1 LQ1RUZHJLDQ -XO\
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